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Editorial

This Special Issue, ‘Symmetry in Process Optimization’, brings together recent the-
oretical and applied studies demonstrating how the principles of symmetry can be sys-
tematically exploited to enhance optimization methods, improve computational efficiency,
and increase robustness across diverse scientific and engineering domains. In complex
optimization problems—characterized by combinatorial explosion, structural constraints,
and heterogeneous data—symmetry-aware modeling provides a principled mechanism for
reducing redundancy and improving tractability [1–13].

The relevance of symmetry in scheduling and production systems is particularly
evident. The contributions included in this Special Issue address constrained parallel
machine scheduling [1], while related research in the broader literature demonstrates
how metaheuristic frameworks—such as modified Harris Hawks optimization [11] and
artificial bee colony algorithms [12]—can effectively exploit structural symmetries in ma-
chine scheduling. Arc-flow formulations further show how symmetry can be embed-
ded in exact optimization models for uniform parallel machine problems [13]. Collec-
tively, these works reinforce the importance of symmetry in both heuristic and exact
scheduling methodologies.

In manufacturing and additive production systems, symmetry plays a critical role in
design, process planning, and surface optimization. The studies included in this Special
Issue investigate machining symmetry [5] and topology optimization combined with part
orientation strategies in additive manufacturing [6]. These approaches align with broader
investigations into symmetry applications in metal additive manufacturing processes [14]
and medical modeling via additive manufacturing [15], where geometric symmetry directly
influences mechanical performance and functional accuracy.

Machine learning and computer vision represent another prominent axis of symmetry-
aware optimization. Within this Special Issue, symmetry-enhanced few-shot segmen-
tation [2] and hardware-optimized real-time image dehazing systems [9] demonstrate
how symmetry can improve model consistency and efficiency. Complementary studies
in the literature further highlight the importance of symmetric feature representations in
semantic segmentation [16], infrastructure defect detection [17], generative adversarial
dehazing networks [18], and asymmetry-guided object detection frameworks [19]. These
works collectively illustrate how embedding symmetry into deep architectures improves
generalization and robustness.

Control systems and dynamical modeling also benefit from the principles of sym-
metry. Fractional-order control strategies [7] and symmetry-optimized dynamical beam
analysis [8] demonstrate how symmetric system modeling enhances stability and analytical
tractability. Related research in permanent magnet synchronous motor control shows
how symmetry-aware sliding mode control [20] and uncertainty/disturbance estimation
strategies [21] improve precision and robustness in servo systems.

Symmetry 2026, 18, 510 https://doi.org/10.3390/sym18030510
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Finally, symmetry in decision-making and reconstruction frameworks can be ad-
dressed using fuzzy matrix optimization models [10] and symmetry-based 3D reconstruc-
tion using genetic algorithms [3], further emphasizing the versatility of the principles of
symmetry in computational intelligence and engineering design.

Together, the contributions included in this Special Issue and the related works
cited above demonstrate that symmetry is not merely a mathematical abstraction, but
a unifying structural principle that enhances optimization across scheduling, manufac-
turing, machine learning, control, and decision-making systems. By bridging theoretical
foundations with real-world applications, this Special Issue highlights the transforma-
tive potential of symmetry-aware optimization in addressing contemporary scientific and
industrial challenges.

We anticipate that this Special Issue will serve as a valuable reference for researchers
and practitioners and will stimulate continued interdisciplinary research at the intersection
of symmetry theory and process optimization.

Conflicts of Interest: The authors declare no conflicts of interest.
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Abstract

This paper considers the two parallel-machine scheduling problem with intree-precedence
constraints where machines are subject to non-availability constraints. In the literature,
this problem is considered to be an open problem of unknown complexity. The proposed
solution proves that the problem under consideration has polynomial complexity. Periods
of machine unavailability are predetermined, and both task execution and inter-task com-
munication are modeled as requiring one unit of time. The optimization criterion central to
this study is the minimization of the makespan. Such a scheduling challenge is directly
applicable to manufacturing environments, where production equipment can be intermit-
tently offline for reasons such as unscheduled repairs or planned preventative maintenance.
Adopting a unit-time task model offers a valuable framework for subsequently scheduling
larger, preemptable jobs.This work presents a new method, called Scheduling Intrees with
Unavailability Constraints (SIwUC), which operates by aggregating tasks into distinct
groups. The analysis establishes that the SIwUC algorithm produces optimal schedules
and reveals how the underlying problem architecture and its solutions demonstrate a sym-
metrical property in the distribution of tasks across the two parallel machines. This paper
demonstrates that the proposed SIwUC algorithm builds optimal schedules and highlight
how the problem structure and its solutions exhibit a form of symmetry in balancing task
allocation between the two parallel machines.

Keywords: scheduling; parallel computing; unavailability; processors; SIwUC algorithm

1. Introduction

In classical scheduling , it is commonly assumed that a fixed set of machines or
processors remains continuously available throughout the entire planning horizon [1,2].
However, this assumption is often unrealistic in practical environments, where machine
availability may be affected by maintenance operations [3], unexpected breakdowns [4],
or other operational constraints [5,6]. As a result, scheduling problems with machine
non-availability have attracted considerable attention in the literature where different prob-
lems were treated such as scheduling where only a limited number of identical processors
are available [7], scheduling on uniform parallel machines with periodic unavailability
constraints [8,9], scheduling on distributed systems [10,11], and scheduling with communi-
cation costs [12,13].

Symmetry 2026, 18, 103 https://doi.org/10.3390/sym18010103
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In parallel, the scheduling of unit execution time (UET) tasks [14] has been extensively
investigated due to its relevance for modeling preemptable and fine-grained tasks [15,16].
Moreover, precedence constraints and, in particular, intree structures naturally arise in
many applications such as parallel computing and workflow scheduling, where commu-
nication delays between tasks cannot be neglected such as in the problem of scheduling
precedence-constrained tasks [17] and the problem of scheduling-related jobs [18].

Despite these advances, the combined consideration of unitary tasks with intree-
precedence constraints, communication costs, and machine non-availability remains
largely unexplored.

Motivated by this gap, this paper addresses the problem of scheduling N unit execu-
tion time tasks related by intree-precedence constraints with unit communication costs on
two identical parallel machines, where one machine is subject to non-availability periods.
Using the three-field notation introduced by Graham et al. [19], the problem is denoted
as P2|intree, pi = 1, c = 1, nr − a|Cmax. This problem has not been previously investi-
gated, and neither its computational complexity nor an optimal solution method has been
reported in the literature.

The contributions in this paper are as follows:

• Prove that the complexity of the treated problem is polynomial and does not have an
open complexity.

• Propose an optimal algorithm with polynomial complexity.
• Prove the optimality of the proposed algorithm by a set of theorems and lemmas.

The paper is structured as follows: A review of related work is detailed in Section 2,
while Section 3 provides a formal description of the problem under study.The proposed
SIwUC solution is introduced and explained in Section 4, followed by its evaluation on
two illustrative examples in Section 5. Section 6 provides the optimality proof for the
algorithm. The paper concludes in Section 7 with a summary and suggestions for future
research directions.

2. Related Works

This research examines a dual-constrained scheduling problem that combines commu-
nication delays with precedence and non-availability period constraints. Although these
constraints have been studied separately in the past, there is not a perfect way to combine
them. The new heuristic, Adapted CBoS (ACBoS), is introduced in this section after each
constraint has been reviewed separately. For studying the behavior of this heuristic, a new
lower bound is proposed to carry out a comparison between ACBoS and the lower bound.

2.1. Scheduling with Unavailabilities

The study of scheduling with non-availability constraints was first conducted by
Lee et al. [20,21]. They proved that it is an NP-Hard problem to schedule independent
tasks with non-unitary execution times on identical machines while taking unavailability
periods into account [22–24].

The study also proved that there is not a single, universal approximation algorithm
for this issue. This is due to the fact that certain situations can be created in which only
an optimal schedule produces a makespan that is acceptable; in these cases, any algorithm
that is not optimal would perform arbitrarily poorly. Lee therefore made the simplifying
assumption that a machine is always available. Lee showed that the classical Longest
Processing Time (LPT) algorithm achieves a worst-case bound of (m + 1)/2 under this
assumption and when machine j has a single unavailability period [sj, tj] (where 0 ≤ sj ≤ tj)
within the scheduling horizon.

https://doi.org/10.3390/sym18010103
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In [25], the authors study a scheduling scenario that does not allow more than half of
the machines to be down at any given time. Given this setting, the authors prove that the
LPT heuristic has a performance ratio of at most 2. In [26], the same results are extended to
a situation where up to λ machines can be down at once, that is, 1 ≤ λ ≤ m− 1.

In this generalized setting, the authors show the performance ratio of LPT is guaran-
teed to be upper-bounded by the study of scheduling with non-availability constraints was
first conducted by Lee et al. [20,21]. They proved that it is an NP-Hard problem to schedule
independent tasks with non-unitary execution times on identical machines while taking
unavailability periods into account [22].

In [8], the authors address the scheduling problem involving two processors, each
of which experiences a single interval of unavailability. They proposed exponential time
algorithms that gives optimal solutions and showed, through experiments, that their
algorithms generate good results especially in practical cases.

2.2. Scheduling Task Problems with Precedence Constraints and Communications

The CBoS algorithm [27] (Cluster-Based Scheduling) is a polynomial-time opti-
mal algorithm for scheduling intree-structured tasks on two identical processors under
UECT constraints.

Characteristics:

• Assign the root always to processor P1.
• Identify clusters (subtrees) that can be entirely assigned to P2.
• Balance load between P1 and P2 while minimizing communication delays (by keeping

predecessor–successor pairs together when beneficial).

Advantages:

• Polynomial time for two processors.
• Minimizes communication by clustering-related tasks.
• Load balancing through R parameter.
• Optimal for many intree structures under UECT constraints
• Simple to implement.

Limits:

• Only for two processors.
• Assumes unit execution and communication times.
• May not be optimal for all intree structures.
• Does not extend easily to m > 2 processors.

Algorithm steps:

• R computing, which is the number of tasks that will be assigned to the processor P2.
• Cluster selection for P2.
• Processor P1 scheduling.
• Processor P2 scheduling.

CBoS algorithm can be summarized as in Algorithm 1:

https://doi.org/10.3390/sym18010103
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Algorithm 1 Clusters determination algorithm

Input: Intree T-tree, Integer N
Output: Tasks allocated to P2

1: Begin
2: Integer R ← �(n− 2)/2�
3: Integer currentLevel ← 2
4: while R > 0 do
5: L ← {T | T not marked and T ∈ currentLevel}
6: Sorted in decreasing order by weight
7: if |L| > 1 then
8: Let Ti be the first task in L such that w(Ti) ≤ R
9: if such a Ti exists then

10: cluster(Ti) is allocated to P2
11: cluster(Ti) is marked
12: R ← R− w(Ti)
13: Ti is removed from L
14: else
15: currentLevel ← currentLevel + 1
16: end if
17: else
18: Let Ti be the only task of L
19: R ← min(R, �(w(Talone − 1)/2�)
20: currentLevel ← currentLevel + 1
21: end if
22: end while
23: End

In the following Figure 1, an example of scheduling an intree by the CBoS algorithm
is presented:

Number o f tasks = 18 and [18− 2]/2 = 8.

R is initialized to 8. In this example, the CBoS algorithm assigns 3 subtrees to the
processor P2. The sum of tasks of the three subtrees is 8 and the rest is allocated to the
processor P1.

The computed schedule is described by Figure 2.

Figure 1. Task graph of the instance.

https://doi.org/10.3390/sym18010103
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Figure 2. Optimal schedule.

2.3. Problem of Scheduling Tasks with Unavailabilities and Precedence Constraints

In the current literature, there is no best algorithm for scheduling precedence-
constrained jobs on processors that are unavailable for certain time periods. In [5], the
authors proposed a method to address this problem, specifically considering scheduling
UECT intrees on two identical processors, called P1 and P2, both of which may experience
unavailability periods multiple times.

The new algorithm named Adapted CBoS (ACBoS) is based on the original CBoS
algorithm. The most important difference between the two algorithms is how ACBoS
cal-culates the parameter R, which is the upper bound on the number of jobs that can be
assigned to processor P2 in any optimal schedule. The algorithm computes the value for R
as follows:

a. Initialization
Let N denote the total number of tasks in the intree.
Set R = 0 as the task count allocated to P2.
Set t = 0 as the discrete time slot index.

b. Processor availability scanning:
At each time slot t, the availability states of P1 and P2 are evaluated.

c. Task assignment when P1 is available:
If P1(t) is available, decrement N by 1, corresponding to the assignment of one task
to P1.

d. Task assignment when P2 is available:
If P2(t) is available, decrement N by 1 and increment R by 1, representing the assign-
ment of one task to P2.

e. Time progression
After processing the availability at time t, increment t by 1. If both processors are
unavailable at t, increment t until at least one becomes available.

f. Iteration condition
Repeat steps be until N ≤ 3.

g. Boundary case N = 3

• If both P1(t) and P2(t) are available, we simulate assigning two tasks (one to each
processor): set N = N − 2 and R = R + 1.

• If only P1(t) is available, we simulate assigning one task to P1: set N = N − 1
(no change to R).

• If only P2(t) is available, we simulate assigning one task to P2: set N = N − 1 and
R = R + 1. In each case, t is incremented after the simulated assignment to reflect
time progression.

h. Final case N = 2
Increment R by 1 if P1 is unavailable at both t and t + 1, indicating that a task must be
assigned to P2 due to consecutive unavailability of P1.

The algorithm terminates by returning R, which serves as an adaptive upper bound
for task allocation to P2 under intermittent processor unavailability.

The two processors continue to be simulated until N = 0. At this point, the ACBoS
algorithm continues in the same manner as the original CBoS algorithm.

https://doi.org/10.3390/sym18010103
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Steps of R computing (for the considered ACBoS algorithm) are illustrated by
Algorithm 2:

Algorithm 2 R computing algorithm

Input: v : root of the intree
Output: R

1: N ← number of tasks in the intree
2: t ← 0, R ← 0
3: while N > 3 do
4: if P1(t) then
5: N ← N − 1
6: end if
7: if P2(t) then
8: N ← N − 1
9: R ← R + 1

10: end if
11: t ← t + 1
12: end while
13: while P1(t) and P2(t) do
14: t ← t + 1
15: end while
16: if N = 3 then
17: if P1(t) then
18: if P2(t) then
19: R ← R + 1
20: N ← 1
21: else
22: N ← 2
23: t ← t + 1
24: end if
25: else
26: N ← 2
27: R ← R + 1
28: t ← t + 1
29: end if
30: end if
31: if N = 2 then
32: while P1(t) and P2(t) do
33: t ← t + 1
34: end while
35: if P1(t) and P1(t + 1) then
36: R ← R + 1
37: end if
38: end if
39: return R

In order to study the behavior of this algorithm, a lower bound is proposed and
a comparison between ACBoS and the lower bound is carried out. The proposed lower
bound can be summarized as in Algorithm 3.

https://doi.org/10.3390/sym18010103
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Algorithm 3 Bound computation algorithm

1: N ← number of tasks in the intree
2: bound ← 0 � current time slot
3: while N > 0 do
4: if P1(t) then
5: N ← N − 1
6: end if
7: if P2(t) then
8: N ← N − 1
9: end if

10: bound ← bound + 1
11: end while
12: return bound

The simulation of the heuristic [28] shows that it gives good results for instances of
large trees (Figure 3) but mediocre results for chain instances (Figure 4).

Figure 3. Simulation of ACBoS heuristic.

Figure 4. Simulation of ACBoS heuristic.

https://doi.org/10.3390/sym18010103
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Figure 4 illustrates that the disparity in makespan between the lower bound and the
ACBoS algorithm widens as the number of tasks increases. Additionally, the computational
complexity of this problem specifically for schedules involving multiple unavailability
periods on both machines remains an open research question.

3. Problem Formulation

We are given the following:

• Tasks: N tasks, numbered 1, 2, . . . , N.
• Precedence relation: These tasks form an intree (also called intree or converging tree).

An intree:

• Each task has at most one immediate successor (children point to a parent in terms
of precedence, but precedence arrows go from predecessor to successor in schedul-
ing terms).

• In precedence terms: each task can have multiple predecessors but only one successor
(except the root task, which has no successor). So, the successor is the task that must
wait until all its predecessors finish. leaf tasks are the ones with no predecessors
(incoming arcs), and they all point toward one root. So, in scheduling, a predecessor
must finish before a successor starts.

Execution time:

• Every task takes unit time to execute (UET = Unit Execution Time).

Communication cost:

• If a task Ti and its immediate successor Tj are scheduled on different processors, then
after finishing Ti, we must wait one unit of communication delay before Tj can start.

• If they are on the same processor, no communication delay occurs. Otherwise, com-
munication time is Unit (UCT = Unit Communication Time).

• Communication is only between predecessor–successor pairs.

Processors:

• Two identical processors are available to schedule tasks. The first processor de-
noted P1, which is always available, and the second processor P2, subjected to
unavailability periods.
Objective:

• Minimize total schedule length (makespan) subject to precedence, communication,
and resource constraints.
Notation:

• Using the three-field notation introduced by Graham et al. [19], the problem is denoted
as P2|intree, pi = 1, c = 1, nr− a|Cmax.

An example of scheduling under UECT assumption and UET assumption is provided
to explain the difference between these (Figure 5).

Figure 5. Task graph.

https://doi.org/10.3390/sym18010103
11



Symmetry 2026, 18, 103

Figure 5 represents the N tasks related by intree-precedence constraints. All execution
time of tasks is considered to be unitary.

Figure 6 represents a scheduling under UET assumption and Figure 7 represents a
scheduling under UECT assumption.

Figure 6. Sheduling under UET assumption.

Figure 7. Scheduling under UECT assumption.

The first schedule assumes negligible communication overhead between tasks, regard-
less of processor assignment, thus focusing solely on precedence constraints. In contrast,
the second schedule imposes a unit communication cost for dependent tasks executed on
different processors. This restriction prevents task 2 from starting at the second time unit
because its predecessor, task 3, runs on P1 while it is assigned to P2.

The objective of this work is to schedule N intree-structured tasks across two identical
machines, respecting precedence relations to minimize the makespan. The schedule must
also account for unavailability periods on one machine, with the constraint that each
machine processes only one task at a time.

4. The Proposed Scheduling Algorithm: Scheduling Intrees with
Unavailability Constraints (SIwUC)

In this section, we introduce a polynomial algorithm for minimizing the makespan of
UECT intrees on two identical processors (P1 and P2), where one of them is subject to non-
availability constraints. Without loss of generality, the processor subject to unavailabilities
is denoted P2.

4.1. Principle of the Algorithm

The core strategy of the algorithm is to maximize the workload assigned to processor
P2, subject to its scheduled downtime. Once P2 has been loaded to capacity, the remaining
tasks are distributed to P1 or partitioned between both processors, based on the structural
characteristics of the given task set.

Before presenting the complete algorithmic procedure, we introduce a set of domi-
nance rules that govern task assignment and ordering.

Theorem 1. A schedule that eliminates idle time on processor P1 is considered dominant. This
means that any optimal schedule exhibiting idle periods on P1 can be reconfigured without increasing
the makespan into an equally optimal schedule where P1 operates continuously with no idle intervals.

https://doi.org/10.3390/sym18010103
12



Symmetry 2026, 18, 103

Proof of Theorem 1. Consider an optimal schedule with idleness on P1 (Figure 8).

Figure 8. Optimal schedule.

The idle time on P1 in this case originated from a communication delay introduced
between task X and its single successor, task Y.

Specifically, X was processed on P2 at time t− 1, while Y was scheduled on P1 at time
t. Although X may have had multiple predecessors, the last of these completed by time
t− 3, leaving sufficient room to reassign X from P2 at t− 1 to P1 at t without violating any
communication constraints or increasing the makespan.

This transformation illustrates a general principle: schedules that eliminate idle time
on P1 dominate those that do not, since any schedule with idle periods can be reconverted
without worsening the makespan into one where P1 operates continuously.

Theorem 2. Consider an optimal schedule represented by Figure 9 in which processor P2 exhibits
idle time.

This situation arises because task Y, a predecessor of task X, was only executed on
P1 starting at time t − 1. Due to the inherent properties of the intree structure, Y can
have at most one successor, which is task X. As a result, Y can be relocated from P1
at time t− 1 to P2 at time t without violating any constraints, as all predecessors of Y
are completed by time t− 2. Consequently, reassigning Y to P2 at time t eliminates the
initial idle interval on P2. While this shift may introduce new idle time on P1, Theorem
1 guarantees that idle periods on P1 can be removed without increasing the overall
makespan. Moreover, this removal does not reintroduce the original idle interval on P1.
Therefore, by combining the reassignment of Y to P2 with the elimination of P1’s idle
time, we obtain a revised schedule in which both processors operate without any idle
intervals, preserving optimality.

Figure 9. Optimal schedule.

4.2. Description of the Proposed Method
4.2.1. First Step: R Computing

The parameter R is designed to act as a tight upper bound for the number of tasks
that can be assigned to processor P2 within the SIwUC (Scheduling with Unavailability
Constraints) algorithm. The earlier bound of

[ n−2
2
]

established in the CBoS algorithm
no longer applies, since processors may now be subject to intermittent unavailability
periods. To address this, we introduce a new iterative procedure to compute R.

https://doi.org/10.3390/sym18010103
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We initialize R = 0 and then incrementally increase R by verifying whether any
task in the intree can be feasibly assigned to P2 without inducing idle time on P1. This
feasibility check is repeated iteratively; each time a valid task is found, R is increased by
one. The procedure terminates when no additional task can be assigned to P2 without
violating the idle-free condition on P1. The value of R at termination is adopted as the
final bound. Before elaborating on the algorithm, we introduce two conditions that must
be satisfied for any task to be eligible for assignment to P2.

First necessary condition: C1 In a scheduling without idleness, if a task T can be
executed on the processor P2 at time t, then

P2(t) is true.
Level (T) ≤ N − NB(t)

Proof of C1. Consider a task T scheduled on P2 at time t.
In the intree, there are N − level(T) tasks that are not successors of T. For the schedule

to be feasible, this number must be sufficient to occupy all time slots that require filling.
Specifically, these slots include the following:

• NB(t) − 1 slots on P2 before time t (excluding the slot occupied by T itself);
• The slot on P1 at time t.

Because all successors of T incur a communication delay at time t, the slot on P1 at
t must be taken by a task that is not a successor of T. Therefore, we obtain the following
necessary condition

N − level(T) ≥ NB(t)− 1 + 1.

Second necessary condition: C2

In any given schedule, if a task T can be executed on the processor P2 at the slot t, then

P2(t) is true
and

weight(T) ≤ NB(t)− 2i f t > 1
weight(T) = 1i f t = 1

Proof of C2. The algorithmic step establishes the upper bound R, representing the max-
imum number of tasks that can be allocated to processor P2 without introducing idle
time on processor P1. This bound is determined via an iterative analysis of the intree
structure. A candidate task T is considered eligible for assignment to P2 only if it satisfies
two key conditions C1 and C2. Each time a task meets both criteria, R is incremented.
The logical foundation for these assignment conditions rests on the observation that a
task T placed on P2 faces two obstructions that limit the execution of its entire subtree at
specific times:

1. The execution of task T cannot be performed because there is a blocking condition of
task T with regards to time; the insertion of its successor(s) can only occur after it has
completed execution.

2. The execution of task T cannot be performed at t− 1 with regard to the communication
cost between processors; when a successor(s) of task T is scheduled to execute on P1,
there is a one-unit delay for message transmission once task T is complete on P2.

https://doi.org/10.3390/sym18010103
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Here, we have calculated the maximum possible value for R. At the next scheduling
stage, the algorithm will try to form a schedule for P2 containing R tasks and a schedule
for P1 containing N-R tasks; if this does not succeed in creating a feasible schedule, the
algorithm falls back to allocating all remaining tasks to P1.

R computing algorithm can be summarized as in Algorithm 4.

Algorithm 4 R Computation

Input: Intree Tree, Integer N
Output: Integer R

1: B ← true � 1 operation
2: t ← 1 � 1 operation
3: R ← 0 � 1 operation
4: p ← 0 � 1 operation
5: while B = true do � N − 5 comparisons
6: if P2(t) then � N − 5 evaluations
7: if t = 1 then � N − 5 comparisons
8: p ← 1 � N − 5 assignments
9: else

10: p ← R + (t− 1) � N − 5 assignments
11: end if
12: if in Tree exists an unmarked task Ti such that
13: w(Ti) ≤ p and level(Ti) ≤ N − (t + R + 1) then � 7N(N − 5) operations
14: if level(Ti) = N − (t + R + 1) then � 5(N − 5) comparisons
15: mark all tasks in the tree except the successors of Ti � 2(N − 1)(N − 5)

operations
16: end if
17: R ← R + 1 � 2(N − 5) operations
18: mark Ti � 2(N − 5) operations
19: else
20: B ← False � N − 5 assignments
21: end if
22: end if
23: if t + R > N − 5 then � 3(N − 5) comparisons
24: B ← False
25: end if
26: t ← t + 1 � 2(N − 5) operations
27: end while
28: remove task markings for all tasks in the intree � N operations
29: return R

4.2.2. Second Step: Schedule Construction

The Figure 10 introduces the core task assignment algorithm which represented by.
The fundamental principle guiding this algorithm is to distribute tasks between processors
P1 and P2 so as to minimize the overall makespan.

To achieve this, we employ a multi-case heuristic tailored to reduce communication
delays and, most critically, to evenly balance the computational workload across both pro-
cessors. Maintaining a balanced load prevents either processor from becoming a bottleneck,
which is essential for minimizing the total schedule length.

https://doi.org/10.3390/sym18010103
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Figure 10. Flowchart of the proposed algorithm. L: The list of candidate tasks. R: The current upper
bound for the number of tasks on P2. w(T): The weight or processing time of task T. cluster(T): The
set of tasks in the subtree rooted at T. t(R): A function that maps the value R to a specific time point
on P2. N: The total number of tasks. Cmax: The makespan (total schedule length). level cl + 1: A
specific level in the intree graph. The complexity of SIwUC algorithm is O (N2).

5. Complete Examples

In this section, two complete examples are described. In the first one, we consider an
instance of intree and scheduling environment such that the optimal schedule assigns the
root to the processor P1. Then, in the second example, we present another instance of intree
such that the optimal schedule allocates the root to the processor P2.

https://doi.org/10.3390/sym18010103
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5.1. Example 1

In this example, we consider an instance with 16 tasks as illustrated by Figure 11 and
a scheduling environment as described by Figure 12.

Figure 11. Instance of the intree.

Figure 12. Machine profile.

• R computing steps

Table 1 presents the calculation details of R, which represents the maximum number of
tasks that can be assigned to the P2 processor.

Table 1. Iteration values of the algorithm parameters.

Iteration (t) P2(t) p Value R Value

1 true 1 1
2 false 1 1
3 true 3 2
4 true 5 3
5 true 7 4
6 true 9 5

• Schedule Computing steps

Table 2 presents the details in the scheduling calculation, step by step.

https://doi.org/10.3390/sym18010103
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Table 2. Execution steps of the algorithm.

Level List L Satisfied Condition Chosen Task R Marked Tasks

2 {2}
1. All tasks in L have weights higher than R.
2. NB(t(R)) < N − cl.
3. cl := cl + 1.

5

3 {3}
1. All tasks in L have weights higher than R.
2. NB(t(R)) < N − cl.
3. cl := cl + 1.

5

4 {4, 11}
1. All tasks in L have weights higher than R.
2. NB(t(R)) < N − cl.
3. cl := cl + 1.

5

5 {5, 6, 7, 8, 9, 10, 12} 1. In L exists a task Ti such that w(Ti) ≤ R. 12 0 {12, 13, 14, 15, 16}

• Computed schedule

The Figure 13 presents the optimal schedule where 5 tasks are assigned to the processor P2
and 11 tasks are assigned to P1.

Figure 13. Optimal schedule.

5.2. Example 2

In this example, we consider an instance with 7 tasks as illustrated by Figure 14 and a
scheduling environment as described by Figure 15.

Figure 14. Instance of the intree.

Figure 15. Machine profile.
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Step 1: Initialization: The algorithm initializes R := 2, as determined by Algorithm 4.
This parameter R quantifies the remaining communication capacity or available
time slack for task scheduling.

Step 2: Level Selection: The current processing level is set to cl := 2, establishing the
baseline for subsequent scheduling decisions.

Step 3: Task List Identification: The scheduler identifies the task set L = {5, 2} for
processing. Notably, all tasks in L have weights exceeding the current resource
constraint R.

Step 4: Resource Verification: Based on the condition NB(t(R)) = N − cl , the scheduler
examines the next processing level to locate a task T whose corresponding cluster,
cluster(T), can be feasibly scheduled within the time interval [0, 3].

Step 5: Cluster Assignment: Cluster 3 is determined to be schedulable within [0, 3].
This assignment satisfies the feasibility conditions since w(2) < 6 and processor
P2 maintains availability (experiencing no unavailability periods) during the
subsequent interval [3, 5].

Step 6: Resource Update: Following the successful allocation of cluster 3, the remaining
resource R is decremented to zero, reflecting the complete utilization of avail-
able resources.

Step 7: Chain Scheduling: The residual task set {7, 6, 5, 2, 1} undergoes sequential
chain scheduling: tasks are assigned to processor P1 during [0, 3], then to pro-
cessor P2 during [3, 5], ensuring efficient processor utilization and meeting
timing constraints.

The optimal computed schedule is described by Figure 16:

Figure 16. Optimal schedule.

5.3. Example 3

In this example, we consider an instance with 22 tasks as illustrated by Figure 17 and
a scheduling environment as described by Figure 18.

Figure 17. Instance of the intree.
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Figure 18. Machine profile.

For a number of tasks equal to 22, the value of R calculated by Algorithm 3 is equal to
7, and the optimal schedule calculated by Algorithm 4 is represented by Figure 19. Indeed,
the subtree rooted by task T3 is allocated to P2, and the remaining tasks are assigned to P1.

Figure 19. Optimal schedule.

6. Optimality Proof

Lemma 1. An optimal schedule cannot initially assign more than R tasks to the processor P2.

Proof. The parameter R, derived from the initial algorithm, represents the upper bound
on tasks assignable to P2 while maintaining a schedule with no idle time on P1. Under the
assumption that the root task of the intree is allocated to P1, the makespan achieved by
such a schedule is N − R, where N denotes the total number of tasks. This section aims to
demonstrate that this makespan is optimal.

For contradiction, suppose a schedule exists that assigns R + 1 tasks to P2. By the
definition of R, at least one of these R + 1 tasks violates one or both conditions (C1 or C2)
required for a non-idle schedule on P1. Consequently, P1 must experience idle time due
to that task. Given the intree structure and the communication delays between tasks, this
idle time will not be isolated; rather, it will propagate, leading to at least two distinct idle
periods on P1. As a result, the makespan would increase to at least (N − R) + 1. This
contradicts the optimal makespan of N − R, thereby confirming that the maximum feasible
R yields Cmax = N − R, which is indeed optimal.

Lemma 2. The schedule computed by SIwUC algorithm is without idleness on the processor P1.

Proof. Constraints C1 and C2 form the foundational criteria for assigning tasks to pro-
cessor P2. By adhering to these constraints during task allocation, it is guaranteed that
processor P1 will not encounter any idle periods resulting from the distribution of work to
P2. Consequently, any schedule constructed in compliance with C1 and C2 will maintain
continuous execution on P1 without interruptions.

Moreover, Theorem 1 addresses schedules that deviate from C1 and C2 by providing a
corrective mechanism: any idle interval on P1 can be resolved by transferring an appropriate
task currently scheduled on P2 to P1. The steps explained by the flowchart in Figure 10
incorporates this principle by enforcing conditions C1 and C2 during initial task assignment,
and when idle time arises on P1, by applying the transformation prescribed in Theorem 1
to reassign work from P2 to P1, thereby restoring an idle-free schedule.

Lemma 3. The schedule computed by SIwUC algorithm is without idleness on the processor P2.
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Proof. It is impossible that that a time slot t would be able to violate either of the necessary
conditions (C1 or C2) at the same time that its following time slot, t + 1, meets both
conditions. In particular, if a necessary condition is not met at time t, it cannot be met at
any subsequent time slot t + k, where k ≥ 1.

First case: At time t, the first necessary condition (C1) is not satisfied: there exists no
task T in the tree such that level(T) ≤ N − NB(t). C1 remains not satisfied for all future
times t + k (k ≥ 0) because NB(t + k) > NB(t).

Second case: At time t, the second necessary condition (C2) is not satisfied: there
exists no task T in the intree such that weight(T) ≤ NB(t)− 2 and level(T) ≤ N − NB(t).
Observe that for k > 0, both NB(t + k) and weight(T) increase by at least 2 between t and
t + k. Therefore, at time t, C2 does not hold.

The completion of task T that occurs at some future moment (C2) and satisfies both
conditions is completed at time (t + k). Task T meets the level requirement at time (t + k)
(level(T) ≤ N − NB(t + k)). Therefore, it has also met the relaxed level requirement at
a previous point in time, time t (level(T) ≤ N − NB(t)). In order to have violated C2
at time t, task T must have violated the weight requirement for that task (weight(T) >

NB(t)− 2). To satisfy C2 at time (t + k), we must have a weight requirement that satisfies
C2 (weight(T) ≤ NB(t + k)− 2) in order to satisfy NB(t + k) > NB(t). Additionally, any
newly available task that becomes available at (t + k), which causes an increase in NB(t),
will automatically violate the level requirement (level(T)). Thus, C2 is not able to satisfy
the task due to contradictions.

Lemma 4. If it is not possible to assign a hole cluster to P2 (i.e., tasks of the cluster will be allocated
to P1 and P2) or the root cannot be assigned to P1 and the rest of tasks can be allocated without
idleness, then the makespan of the schedule is optimal.

Proof. Once all tasks are assigned to their respective processors, the resulting schedule
achieves an optimal makespan of N − R.

Lemma 5. If it is not possible to obtain a schedule without idleness when the root is allocated to the
processor P1 and the root cannot be assigned to P2, then a decrease of R is the only solution.

Proof. Reducing R is necessary when processor P1 has idle time and assigning the root
task to P2 would increase the makespan.

For this reason, in the definition of R, we speak about the maximum number of tasks
that can be allocated to P2 and not the exact number of tasks that can be allocated to P2.

7. Conclusions and Future Works

The problem of scheduling intrees with unit execution time on two processors where
one of these is subjected to unavailability periods is studied in this paper. In this paper,
a new optimal algorithm is proposed for this problem.

The proposed algorithm is entitled SIwUC.
An optimal proof of the proposed SIwUC algorithm is presented. Depending on the

instance of the graph and the scheduling environment, the optimal schedule assigns the
root to the processor P1 or the processor P2.

The two cases are treated in this paper. The obtained results emphasize how the
scheduling solutions exhibit a form of symmetry in balancing tasks between the two pro-
cessors despite unavailability constraints.

As future work, this problem can be extended to the case of unavailability on both
processors or a number of machines greater than two.
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Abstract: Few-Shot Semantic Segmentation (FSS) faces significant challenges in modeling
complex backgrounds and maintaining prediction consistency due to limited training
samples. Existing methods oversimplify backgrounds as single negative classes and rely
solely on pixel-level alignments. To address these issues, we propose a symmetry-aware
superpixel-enhanced FSS framework with a symmetric dual-branch architecture that ex-
plicitly models the superpixel region-graph in both the support and query branches. First,
top–down cross-layer fusion injects low-level edge and texture cues into high-level se-
mantics to build a more complete representation of complex backgrounds, improving
foreground–background separability and boundary quality. Second, images are partitioned
into superpixels and aggregated into “superpixel tokens” to construct a Region Adjacency
Graph (RAG). Support-set prototypes are used to initialize query-pixel predictions, which
are then projected into the superpixel space for cross-image prototype alignment with sup-
port superpixels. We further perform message passing/energy minimization on the RAG
to enhance intra-region consistency and boundary adherence, and finally back-project the
predictions to the pixel space. Lastly, by aggregating homogeneous semantic information,
we construct robust foreground and background prototype representations, enhancing
the model’s ability to perceive both seen and novel targets. Extensive experiments on the
PASCAL-5i and COCO-20i benchmarks demonstrate that our proposed model achieves su-
perior segmentation performance over the baseline and remains competitive with existing
FSS methods.

Keywords: few-shot learning; semantic segmentation; cross-layer feature fusion; symmetry-
aware superpixels

1. Introduction

Semantic segmentation, a core task in computer vision, has broad applicability across
medical image analysis, autonomous driving, robotic vision, and remote sensing image
interpretation [1,2]. However, the stringent demand for large-scale, pixel-level annotations
in conventional segmentation methods makes data collection and labeling prohibitively
expensive, substantially limiting their practicality in real-world scenarios. To alleviate
this issue, few-shot semantic segmentation (FSS) has emerged, which aims to achieve
rapid adaptation and accurate segmentation of novel classes under conditions of extreme
annotation scarcity.

Symmetry 2025, 17, 1726 https://doi.org/10.3390/sym17101726
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Few-shot segmentation (FSS) typically uses a dual-branch architecture (support and
query). The goal is to learn generalizable representations from the support set and quickly
adapt them for segmenting the query image. Prototype learning, a common approach,
extracts class prototypes from the support set and uses pixel–prototype matching on the
query image for fast adaptation. However, FSS faces challenges due to limited super-
vision, distribution shifts, and noise in pixel-level decisions, leading to issues such as
foreground–background confusion, inconsistent intra-region predictions, and inaccurate
boundaries, especially in complex scenes with varying object scales [3–5].

Most existing prototype-based methods rely on pixel-level prototype alignment. These
approaches tend to oversimplify the background into a single negative prototype, leading
to foreground–background confusion. This practice can induce foreground–background
confusion and biased matching in complex scenes. Simultaneously, the absence of explicit
regional topological constraints in pixel-level decisions often results in discontinuities
within objects and boundary bleeding. To mitigate these limitations, recent studies have
approached the problem from multiple angles: for example, cross-domain FSS explores
automatically generated prompts and interactions with large models to boost generaliza-
tion and transferability; intrinsic feature enhancement and consistency modeling strive to
extract more discriminative and alignable semantic representations from limited samples,
thereby stabilizing pixel-level decisions [6]; in addition, boundary- and structure-aware en-
hancements have been shown to significantly reduce misclassification and omission around
object edges [7]. Despite these efforts, several critical gaps remain insufficiently addressed
in current few-shot semantic segmentation research. First, background oversimplification
persists, as most existing methods treat diverse backgrounds as a uniform negative class,
failing to capture the inherent complexity and heterogeneity of real-world background
distributions. This oversimplification introduces systematic bias during prototype match-
ing and undermines the model’s ability to distinguish subtle foreground–background
boundaries. Second, representations of complex backgrounds remain incomplete—relying
solely on high-level semantics may overlook fine-grained low-level cues such as edges and
textures, which are crucial for accurate boundary localization and foreground–background
separability. Third, a lack of region-level consistency and boundary handling arises from
purely pixel-level prototype alignment, which lacks explicit constraints on regional topol-
ogy and adjacency, making it difficult to guarantee intra-region consistency and precise
boundary alignment. Finally, the need for multi-prototype alignment becomes evident,
as single-prototype strategies fail to capture intra-class variation and cannot adequately
handle diverse object appearances within the same semantic category.

To this end, we propose a symmetry-aware superpixel-enhanced few-shot semantic
segmentation method. The core idea is to explicitly perform symmetric superpixel region-
graph modeling in both the support and query branches. First, through top–down cross-
layer fusion, we inject fine-grained low-level cues (e.g., edges and textures) into high-level
semantics to build a more complete representation of complex backgrounds, thereby
improving foreground–background separability and boundary quality. At the structural
level, we partition the query image into superpixels and construct a Region Adjacency
Graph (RAG): we initialize query-pixel predictions using support prototypes, project them
into the superpixel space for cross-image prototype alignment with support superpixels,
and then perform message passing and energy minimization on the RAG to enhance
intra-region consistency and boundary adherence; finally, we back-project the predictions
to the pixel space. At the representational level, we aggregate homogeneous semantic
information to construct robust foreground and background prototype representations,
compensating for the mismatch caused by oversimplifying the negative class.

Our contributions are as follows:
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1. We design a top–down cross-layer fusion strategy that effectively injects low-level
edge and texture cues into high-level semantics, yielding a more complete and separable
representation in complex backgrounds. This alleviates the foreground–background confu-
sion caused by oversimplifying the negative class and enhances the model’s sensitivity to
seen and unseen targets.

2. We propose a symmetry-aware framework that explicitly performs region-graph
modeling and cross-image prototype alignment in both the support and query branches.
This design systematically improves intra-region consistency and boundary quality.

3. On the PASCAL-5i and COCO-20i benchmarks, our method surpasses the baseline
in segmentation accuracy and delivers competitive results compared with the existing FSS
approaches, validating its effectiveness and generalizability.

2. Related Work

2.1. Few-Shot Learning

Few-shot learning (FSL) aims to build machine learning systems that can learn new
tasks from very limited labeled samples, and has become a key route to addressing data
scarcity [8–10]. Research in this area largely follows two directions: optimization-based
meta-learning and non-parametric metric learning. Meta-learning approaches learn fa-
vorable model initializations or optimization strategies so that the model can quickly
adapt to new tasks with few samples [11–13]. These methods typically optimize model
parameters via meta-learning and often require fine-tuning during testing. In contrast,
metric-learning methods keep parameters fixed at test time and perform inference by
computing similarities between query and support samples, offering fast inference and
obviating parameter updates [14–19]. Concretely, the mean of support features serves as a
class-specific representation, and distance-based matching is used to classify the query set.

The rise of vision–language models has opened new opportunities for FSL: recent
work explores leveraging pre-trained vision–language models to enhance tasks such as
few-shot object detection [20–22]. In addition, cross-domain few-shot learning employs
techniques such as adaptive transformer networks to bridge distribution gaps between the
source and target domains [23,24]. These advances suggest that FSL is progressing toward
more practical and versatile solutions.

2.2. Semantic Segmentation

Semantic segmentation assigns a semantic label to every pixel in an image and has
wide applications in autonomous driving, medical image analysis, and remote sensing im-
age understanding [25,26]. Inspired by the success of fully convolutional networks (FCNs),
numerous FCN-based architectures have been proposed for semantic segmentation, such
as UNet [27], DeepLab [28], SegNet [29], and PSPNet [30]. Traditional methods typically
adopt an encoder–decoder design to support end-to-end learning from feature extraction to
dense prediction. Over time, the field has evolved from conventional FCNs to architectures
that integrate multiple advanced mechanisms. Current research hotspots focus on effec-
tively incorporating attention mechanisms and multi-scale feature fusion strategies into
FCN backbones [31–34]. Notably, despite the strong performance of deep learning under
full supervision, the heavy reliance on large-scale labeled datasets limits applicability in
label-scarce scenarios—motivating the rise of few-shot semantic segmentation research.

2.3. Few-Shot Semantic Segmentation

Few-shot semantic segmentation (FSS) combines the strengths of FSL and semantic
segmentation, aiming to achieve accurate pixel-level segmentation of novel classes with
only a few labeled examples [35,36]. Distinct from image classification, which emphasizes
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global feature matching, FSS requires dense, pixel-level prediction—making learning under
few-shot conditions particularly challenging.

Shaban et al. [37] first proposed an FSS model based on a dual-branch architecture.
Subsequent works have introduced many deep learning-based FSS methods [13,31,38–40].
Recent surveys indicate that existing methods can be broadly grouped into three categories:
prototype metric-based, meta-learning-based, and conditional parameterization-based ap-
proaches [41]. In recent studies [42–46], the averaged deep features extracted by a backbone
are used as class-specific representations—an archetypal use of metric learning. Prototype
metric-based methods, which extract class prototypes from the support set and perform
similarity matching to segment the query image, have become mainstream. However, these
methods typically focus on foreground regions in the current support images and seldom
exploit background regions; moreover, because each class representation is learned inde-
pendently per support set, substantial contextual information is lost. Some meta-learning
approaches [47–50] have shown promising results in FSS, but they often introduce many
hyperparameters and face optimization challenges [6,19]. Subsequent research [51–53]
has enhanced prototype representations by incorporating deep descriptors and pixel-level
metric learning, leveraging richer, transferable semantics in fine-grained features [54,55].
Furthermore, Vision Transformers (ViTs) have demonstrated exceptional performance in the
field of few-shot semantic segmentation. Dos Santos et al. [56] utilized Vision Transformers
for multi-scale feature fusion and enhanced few-shot segmentation effectiveness through
self-attention mechanisms. This study indicates that ViTs possess strong feature learning
capabilities under few-sample conditions. MSDNet [57] incorporates a multi-scale decoder
and transformer-guided prototyping approach to improve few-shot semantic segmentation
performance, further confirming the potential of ViTs in this task.

Nonetheless, purely pixel-based prototype alignment generally lacks explicit con-
straints on regional topology and adjacency, making it difficult to guarantee intra-region
consistency and precise boundary alignment. Furthermore, existing methods often model
the background coarsely as a “single negative class”, which mismatches the diverse and
structurally complex background distributions in real scenes and thus induces systematic
bias during prototype matching. Consequently, under few-shot settings, jointly addressing
the coupled challenges of complex background modeling, robust cross-image matching,
and regional structural consistency remains central to advancing FSS performance.

To mitigate these issues, we adopt a dual-branch design. Even under limited samples,
we posit that background regions may still contain valuable class cues or structural informa-
tion. Accordingly, we propose a symmetry-aware superpixel-enhanced FSS method. The
core idea is to explicitly construct symmetric superpixel region graphs in both the support
and query branches: via top–down cross-hierarchical feature fusion, we inject fine-grained
low-level cues (edges and textures) into high-level semantic representations to strengthen
the modeling of complex backgrounds, thereby improving the foreground–background
separability and boundary quality. Structurally, we first partition the query image into
superpixels and build a Region Adjacency Graph (RAG); initialize query predictions at
the pixel level using support prototypes and project them into the superpixel space to
achieve cross-image prototype alignment between support and query; then perform mes-
sage passing and energy minimization on the RAG to optimize regional consistency and
boundary alignment; and finally, map the optimized results back to the pixel space. At
the representational level, we aggregate semantically consistent regional information to
construct robust foreground and background prototypes, alleviating the mismatch induced
by oversimplifying the negative class.
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3. Task Definition

With the rapid development of deep learning, semantic segmentation has achieved
remarkable progress in computer vision; however, much of this success hinges on large-
scale, pixel-level annotated datasets [6,55]. Acquiring dense pixel annotations is both time
consuming and costly, and is even infeasible in many real-world scenarios [50]. Therefore,
we aim to train a model that can learn from a tiny number of samples and accurately
segment unseen categories using only a few annotated examples. More formally, the task
can be cast as a (C)-way (K)-shot segmentation problem, where there are (C) different
categories and only (K) labeled images per category available as guidance [58]. In line with
prior work, we primarily focus on the 1-way 1-shot and 1-way 5-shot settings.

In few-shot semantic segmentation, the base set Dbase and the novel set Dnovel are
drawn from two disjoint label spaces Cbase and Cnovel, i.e.,

Cbase ∩ Cnovel = ∅. (1)

Following the standard episodic protocol, multiple episodes are sampled from Dbase

and Dnovel, namely
Dbase = {(Si,Qi)}Nbase

i=1 ,

Dnovel = {(Si,Qi)}Nnovel
i=1 ,

(2)

where Nbase and Nnovel denote the numbers of episodes for base and novel classes, respectively.
Each training or testing episode ei consists of a support set Si and a query set Qi, i.e.,

ei = (Si,Qi). (3)

Concretely, the support set Si contains several semantic classes. For each class c ∈ C,
there are K distinct image–mask pairs:

S c
i =
{(

I j
c,s, Mj

c,s
)}K

j=1
, I j

c,s ∈ R
3×H×W , Mj

c,s ∈ {0, 1}H×W (4)

where, I j
c,s represents the feature map at channel c in spatial position s of the j-th layer, and

Mj
c,s represents the corresponding mask encoding at the same position.

Similarly, the query setQi contains li images from the same classes as the support set:

Qc
i =
{(

I j
c,q, Mj

c,q
)}li

j=1
, (5)

where I j
c,q denotes the j-th query RGB image and Mj

c,q is its corresponding ground-truth

binary mask. Note that the query masks Mj
c,q are used only for evaluation during testing

and are not involved in the model’s inference. Throughout, I ∈ R3×H×W represents an RGB
image, and M ∈ {0, 1}H×W is a binary segmentation mask, with 1 indicating foreground
pixels and 0 indicating background pixels.

4. Methodology

4.1. Overview

We propose a symmetry-aware superpixel-enhanced framework for few-shot semantic
segmentation, as illustrated in Figure 1, and the algorithm pseudocode of the model is
presented in Algorithm 1. The model adopts a symmetric dual-branch architecture that
inputs a support image and a query image. The backbone and the Cross-Layer Feature
Fusion (CFF) module share weights across branches, enforcing consistent “symmetry
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awareness”. CFF adaptively fuses high-level semantics with low-level details to produce
feature maps Fs and Fq that encode semantic cues and boundary information.

Algorithm 1: Prototype-guided few-shot image segmentation via cross-layer
fusion and superpixel-relational matching

Input : support image Xs, support mask Ys; query set Xq; network
Θ = {φ,F ,R}; fusion levels L; superpixels N; temperature τ;
binarization threshold δ; epochs E; batch size B.

Output : predicted query masks M̂q; trained network Θ.
1 Initialize backbone φ, fusion module F , relation moduleR, and optimizer

// Stage 1. Prototype construction from the support set

2 Extract multi-level support features: {F
(l)
s }L

l=1 ← {φ(l)(Xs)}L
l=1

3 Fuse support features: F̃s ← F({F
(l)
s }L

l=1
)

4 Resize mask to the feature resolution: Ỹs ← Resize
(
Ys, size(F̃s)

)
5 Compute class prototype by masked average pooling and normalization:

p ← Normalize
(
MAP(F̃s, Ỹs)

)
// Stage 2. Main learning/inference loop

6 t ← 0
7 repeat // stop at t ≥ E or early convergence

8 Sample a mini-batch of queries (with masks if training): (X(b)
q , M

(b)
q ) of size B

9 Extract multi-level query features: {F
(l)
q }L

l=1 ← {φ(l)(X
(b)
q )}L

l=1

10 Fuse query features: F̃q ← F({F
(l)
q }L

l=1
)

11 Generate superpixels: Ss ← SLIC(F̃s, N), Sq ← SLIC(F̃q, N)

12 Superpixel pooling: Zs ← SPPool(F̃s,Ss), Zq ← SPPool(F̃q,Sq)

13 Relational matching to the prototype: rs ← R(Zs, p), rq ← R(Zq, p)

14 Scatter weights and enhance features: F̄s ← Enhance(F̃s,Ss, rs),
F̄q ← Enhance(F̃q,Sq, rq)

15 Non-parametric matching (cosine similarity): S ← CosSim(F̄q, p)

16 Probabilistic mask and upsampling: M̂
(b)
q ← σ(S/τ),

M̂
(b)
q ← Resize

(
M̂

(b)
q , size(X(b)

q )
)

17 if training labels M
(b)
q are available then

18 Compute loss: L ← BCE
(
M̂

(b)
q , M

(b)
q
)
+ λ Dice

(
M̂

(b)
q , M

(b)
q
)

19 Update Θ via backpropagation
20 else

// inference only

21 Binarize masks for reporting: M̂
(b)
q ← I

[
M̂

(b)
q ≥ δ

]
22 t ← t + 1
23 until t ≥ E

To further structure the representation, we introduce a Superpixel–Prototype Rela-
tional Matching (SPRM) module. First, superpixels are generated on both the support and
query sides, and their internal features are aggregated to obtain structured region repre-
sentations. Using the support annotations as priors, we then perform relation modeling
and noise suppression between regions inside/outside the mask and the class prototypes,
strengthening intra-class consistency while mitigating inter-class confusion. After SPRM,
the support image undergoes mask-guided aggregation and prototype refinement to pro-
duce a set of diverse, boundary-sensitive class prototypes (Prototype Generation) that
explicitly capture intra-class multimodality in appearance and deformation. Finally, non-
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parametric matching measures the similarity between the query features Fq and the refined
prototypes, yielding a pixel-wise probability map from which the query mask is predicted.
The entire pipeline is trained end-to-end under an episodic setting: symmetry aware-
ness ensures representational consistency across branches, superpixels enhance boundary
and region consistency, and the prototype set models intra-class diversity, enabling more
accurate and robust segmentation under minimal supervision.
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Figure 1. Overall architecture of the Symmetry-Aware Superpixel-Enhanced Model for few-shot
semantic segmentation in a 1-way 1-shot setting.

4.2. Cross-Layer Feature Fusion

In few-shot semantic segmentation, many existing methods treat the background as a
single monolithic class, overlooking its rich hierarchical structure and fine-grained details.
This simplification hinders the model’s ability to fully understand complex and variable
background content, thereby degrading the accuracy of foreground segmentation. As
illustrated in Figure 2, a visualization of features from different backbone layers reveals that
shallow features retain more detailed edge and texture cues but lack semantic consistency,
whereas deep features possess intense semantic expressiveness yet lose spatial details
critical to segmentation. This representational mismatch and information gap lead to sub-
optimal performance when the model encounters backgrounds with diverse appearances
and complex structures.

CNN
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CNN

Layer

CNN

Layer

CNN

Layer

CNN

Layer

CNN

Layer

Figure 2. Cross-Layer Feature Visualization. From left to right, the figure shows feature heatmaps
from different layers of the backbone network: shallow layers highlight edges and texture details,
while deeper layers produce responses that progressively focus on semantic regions and become
more abstract. This visualization indicates that cross-layer features are complementary.

To address these issues, we propose a top–down Cross-Layer Fusion (CLF) mechanism.
CLF selectively injects fine-grained cues—such as edges and textures—from low-level
features into high-level semantic features, yielding fused representations that combine
semantic consistency with spatial detail. This fusion strategy produces a more complete
and discriminative multi-level characterization of complex backgrounds, which not only
markedly improves the separability between foreground and background regions but
also enhances the boundary localization and overall segmentation quality. To effectively
integrate multi-scale features, we formulate our cross-layer fusion mechanism, where Xl

q
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denotes the query feature representation extracted from the l-th layer, and Xl
s represents

the corresponding support features from the same layer level.
In the query branch, given a query image Iq, we extract multi-level features using the

backbone shared with the support branch:

{X2
q , X3

q , X4
q , X5

q}. (6)

A 1× 1 convolution is applied for channel alignment and normalization. Starting
from the deepest stage, we perform top–down fusion: the high-level feature is upsampled
to provide semantic guidance, while the corresponding low-level feature is selectively
injected via a gating mechanism, forming

Pl
q = Up

(
Pl+1

q

)
+ Gl

q 	 X̂l
q, (7)

where Up(·) denotes upsampling and 	 is element-wise multiplication.
Finally, features from all levels are converted to a high-resolution scale, concatenated,

and compressed to obtain the fused representation:

Fq = ψ
(

Concat
(

P2
q , Up(P3

q ), Up2(P4
q ), Up3(P5

q )
))

. (8)

This fused feature retains both semantic consistency and boundary details, and is
subsequently used to compute similarity with support prototypes for segmentation. The
entire procedure shares weights with the support branch and does not rely on class masks.

In the support branch, we utilize image masks to obtain the background region of
the original image. Given an RGB input image I ∈ R3×w×h and a background mask
M ∈ {0, 1}w×h, where w and h are the image width and height, the background image is
computed according to the following equation:

IBM0 = I 	M (9)

where 	 denotes the Hadamard product. As shown in Figure 3, the image I and the
obtained background image IBM0 are fed into the backbone network for feature extraction.
Cross-layer background feature fusion is performed at the first two layers and the final
output layer of the network. For simplicity, we describe the feature fusion process for
the first layer output of the feature extraction network. After passing through the first
layer of the backbone, I and IBM0 yield feature maps FI ∈ Rc×w′×h′ and FBM0 ∈ Rc×w′×h′ ,
respectively, where c is the number of channels, and w′ and h′ are the width and height
of the feature maps. Using bilinear interpolation to match the mask M with the obtained
feature dimensions, denoted by function τ(·) : Rw×h → Rc×w′×h′ , we then perform feature
masking on FI according to Equation to obtain the first-layer background features:

FBM1 = FI 	 τ(M) (10)

Finally, fine-grained information from FBM0 is supplemented into FBM1 to obtain
the final background feature FBM0−1. As illustrated in Figure 4, to better fuse the feature
information of FBM1 and FBM0 , we introduce the masking method proposed in [59] within
the Hybrid Background Module (HBM). Specifically, inactive values in the high-level back-
ground feature FBM1 are replaced by corresponding values from the low-level background
feature FBM0 , while other activated values remain unchanged to preserve semantic infor-
mation. We then input FBM0−1 and FI to the second layer of the backbone network and
repeat the above operations.
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Figure 3. Cross-Layer Feature Fusion. Through a cross-hierarchical feature integration mechanism,
fine-grained low-level cues are injected into high-level semantics, yielding optimized background
representations in complex scenes.

Figure 4. Hybrid Background Feature Module (HBM). The input feature FI is masked by the
background mask M to obtain the background feature FBM1 . Then, FBM1 is combined with the
background feature FBM0 extracted from the previous convolutional layer to produce the hybrid
background feature FBM0−1 .

4.3. Superpixel–Prototype Relational Matching

Few-shot semantic segmentation suffers from unstable prototypes and imprecise
boundaries. Pixel-wise dense matching is highly susceptible to noise; therefore, we propose
a Superpixel–Prototype Relational Matching (SPRM) module. Pixel-level features are ag-
gregated into superpixel-level tokens to construct a region graph, upon which cross-image
prototype alignment and message passing are performed at the regional level. The refined
representations are then projected back to the pixel space for fine-grained prediction. As
illustrated in Figure 5, this design ensures cross-image semantic alignment while leveraging
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the boundary-awareness of superpixels to enhance regional consistency and boundary
adherence. Superpixel segmentation adaptively partitions the image into regions according
to visual cues; consistency clustering enforces intra-token feature homogeneity, and, when
combined with hierarchical feature fusion, it preserves fine details and edge information
more effectively.

.........

(a) Original image (b) Superpixel clustering (c) Superpixel Region Graph (d) Superpixel Prototype 
Relation Matching

......................................................

(a) Original image (b) Superpixel clustering (c) Superpixel Region Graph (d) Superpixel Prototype 
Relation Matching

Figure 5. Superpixel–Prototype Relational Matching. The image feature map is fed into a superpixel
segmentation module, which groups spatially adjacent and visually similar pixels into superpixels.
For each superpixel, mean pooling is performed in the feature space to obtain its feature centroid,
which serves as a fine-grained pseudo-prototype. The collection of these pseudo-prototypes com-
pactly yet sufficiently characterizes the semantic distribution of the entire query image.

Given a query image Iq and its deep feature map F ∈ RH×W×C, we apply SLIC/SEEDS
to partition the image domain Ω = {1, . . . , H} × {1, . . . , W} into a set of superpixels
S = {Sk}k

k=1 that are pairwise disjoint and whose union covers the whole image, i.e.,
Si ∩ Sj = ∅ for i �= j, and

⋃K
k=1 Sk = Ω. Within each superpixel, mean pooling is performed

to obtain a region token:

pk =
1
|Sk| ∑

x∈Sk

F(x) ∈ R
C, k = 1, . . . , K. (11)

where F(x) denotes the C-dimensional feature vector at pixel x. The resulting token set can
be written as

P = [p1, . . . , pK]

 ∈ R

K×C. (12)

We further construct a Region Adjacency Graph G = (V, E) where V = {1, . . . , N}.
An undirected edge (i, j) ∈ E is created if the superpixels Si and Sj are spatially adjacent
(touch each other). The edge weight integrates color, spatial, and boundary-strength cues
via a weighted combination:

wij = exp
(
− α‖μi − μj‖2

2 − β‖ci − cj‖2
2

)
· (1 + γbij), (13)

where μi denotes the centroid coordinates, ci the average color, and bij the boundary
confidence score.

To capture multi-modal semantics within each category, we introduce Kc prototype
centers {pc,k}Kc

k=1 for each class c. The region–prototype relationship is modeled via a soft
assignment as follows:

qc
i,k =

exp
(
κ〈t̂i, p̂c,k〉

)
∑Kc

m=1 exp
(
κ〈t̂i, p̂c,m〉

) , ∑
k

qc
i,k = 1. (14)

Building on this, the prototypes are updated via weighted aggregation:

pc,k =
∑N

i=1 qc
i,k ti

∑N
i=1 qc

i,k

. (15)

After obtaining the multi-prototypes for each class, we define a region-level class
distribution zi ∈ Δ|c|Zi ∈ Δ|C| (where Δ denotes the probability simplex). Its energy

33



Symmetry 2025, 17, 1726

function consists of a unary term (prototype similarity) and a pairwise term (graph smooth-
ness/boundary alignment) as given by the equation

min
z,{p̂c,k}

E(z, {p̂c,k}) =
N

∑
i=1

CE(zi, σ(max
k
〈{ti, p̂c,k}〉)c∈C) + λ ∑

(i,j)∈E
wij‖zi − zj‖2

2 (16)

where σ(·) denotes the softmax operator. The energy is minimized via a few iterations of
message passing with Laplacian regularization to obtain ẑi. The region-level predictions
are then back-projected to the pixel domain to produce a fine-grained mask, which is fused
with the pixel-level logits as shown in the equation:

�(x, c) = β T(F(x), p(0)c ) + (1− β) ẑs(x)(c), (17)

where the second term represents pixel-class similarity. Here, s(x) returns the superpixel
index to which pixel x belongs, and β ∈ [0, 1] controls the fusion weight.

4.4. Non-Parametric Metric Learning

The semantic segmentation task aims to learn target object segmentation patterns from
support images and generalize them to corresponding targets in query images. Specifically,
this task can be formulated as a pixel-wise category inference problem in the spatial domain.
As illustrated in Figure 6, this work leverages a non-parametric metric learning mechanism
to compute the semantic similarity β

(x,y)
c,q between the feature vector Fq ∈ Rd×h×w at

each spatial location (x, y) of the deep features F(x,y)
q obtained from encoding the query

image and each class prototype pc ∈ Rd×1×1, thereby accomplishing the segmentation of
unknown categories based on this similarity, and the similarity computation is defined as

β
(x,y)
c,q =

F
(x,y)
q · pc

‖F
(x,y)
q ‖ ‖pc‖

, pc ∈ P , c ∈ C (18)

where P ∈ R2×d×1×1 encompasses all class prototypes for both foreground and back-
ground. Subsequently, the class prototype index �

(x,y)
c,q that best matches the feature vector

at each location is obtained through the argmax(·) operation as shown in the follow-
ing equation:

�
(x,y)
c,q = arg max

(
β
(x,y)
c,q

)
(19)

Based on this, the class prototypes corresponding to all spatial locations are integrated
to generate a semantic response map G ∈ Rh′×w′ . Subsequently, bilinear interpolation
is employed to resize G to the original image dimensions, yielding G′ ∈ Rh×w which is
concatenated with the query features EQ along the channel dimension to construct an
enhanced support branch for the better transfer of segmentation information from the
support set. Finally, the model performs pixel-wise classification to determine whether
each pixel belongs to the target class or background in the support image. The overall
pipeline structure is illustrated in Figure 6. During training, a cross-entropy loss function is
utilized to optimize the prototype representations in an end-to-end manner according to
the equation

Ls→q = − 1
hw ∑

x,y
∑
Pc

�
[

M(x,y)
c,q = c

]
log Z(x,y)

c,q (20)

where M(x,y)
c,q is the ground truth mask of the query image. Optimizing the Lq→q will derive

a suitable class-specific prototype for each class. Specifically, M(x,y)
c,q is only used in the

testing stage.
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Figure 6. Illustration of non-parametric metric learning framework. The pipeline begins with
prototypes extracted from support images, which are compared with query features Fq using cosine
similarity computation (1× 1× C). The argmax operation selects the most similar prototype to
generate a guide map at each spatial location. This guide map is concatenated with the original
query features Fq along the channel dimension (denoted by ⊕) to produce enhanced features for final
segmentation prediction. The framework enables effective knowledge transfer from support samples
to query images through prototype-based similarity matching.

5. Experimental Design

5.1. Datasets and Evaluation Protocol

Datasets: We assess our method on two canonical few-shot semantic segmentation
benchmarks, PASCAL-5i and COCO-20i.

PASCAL-5i is constructed from PASCAL VOC 2012 [60] and the SBD dataset [61],
covering 20 object categories. It uses 10,582 training and 1449 validation images as the base
and novel pools, respectively.

COCO-20i [62], derived from COCO-2014, is larger and more challenging, spanning
80 categories with 82,783 training and 40,504 validation images serving as base and novel
pools. For both datasets, we follow the four-fold protocol in [37]: the categories are split
evenly into four folds; in each run, three folds are used for training, and the remaining fold
is reserved for testing.

Evaluation metrics: Following common practice [37,47], we report the mean Inter-
section over Union (mIoU) and foreground–background IoU (FB-IoU). For class c, the
IoU is

IoUc =
tpc

tpc + fpc + fnc
, (21)

where tpc, fpc, and fnc denote the counts of true-positive, false-positive, and false-negative
pixels for that class. The mean over the C foreground classes gives

mIoU =
1
C

C

∑
c=1

IoUc (22)

with C = 5 for PASCAL− 5i and C = 20 for COCO− 20i. FB-IoU disregards class labels
and averages IoU over foreground and background, i.e., C = 2. All numbers are averaged
across four trials.

Test protocol: Because randomly sampled test episodes can vary in difficulty, we
evaluate the baseline and our method on the same test episodes to ensure fair comparison.

Baseline: As our approach is grounded in metric learning, we adopt PANet [39] as
the baseline, consistent with prior work [63], and denote it as PANet. For fairness, both our
method and the baseline share the same backbone feature extractor.

5.2. Implementation Details

We adopt ResNet [64] and VGG [65] as our backbone networks, pre-trained on Ima-
geNet, including ResNet-50 and ResNet-101. We discard the last backbone stage and the
final ReLU to achieve better generalization when using the backbone network. We use
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SGD to optimize our model with a momentum of 0.9, an initial learning rate of 1 × 10−4,
and decay by a factor of 2 every 2000 iterations. The model is trained for 24,000 iterations.
The batch size is set to 4 for training, limited by GPU memory constraints when processing
473 × 473 resolution images with superpixel computation. During evaluation, we use a
batch size of 1 following standard FSS protocols. Both images and masks are resized and
cropped to (473 × 473) and augmented with random horizontal flipping. Evaluation is
performed on original images.

To balance region-level semantic coherence and computational efficiency, we set the
number of superpixels to 300 for all query images by default. For datasets with significantly
different image resolutions, we further adjust the superpixel count according to the image
area as N =

⌊
H×W

600

⌋
, where H and W denote the height and width, respectively. We use the

SLIC algorithm with a compactness parameter set to 10 to generate superpixels, ensuring
each superpixel conveys sufficient local context without sacrificing boundary precision.
The number of support branch multi-prototypes per class is set to 3, empirically determined
to balance alignment robustness and computational efficiency. The loss function comprises
a binary cross-entropy loss and a Dice loss with weights of 1.0 and 1.0 respectively, and the
region consistency term is weighted by 0.5.

For evaluation, we conduct 1000 episodes per class per fold, with each episode
randomly sampling one support–query pair, ensuring statistical significance of the re-
ported mIoU and FB-IoU metrics. Regarding seed policy, we employ a fixed random seed
(seed = 1234) for dataset splitting and episode sampling to ensure reproducible results. All
experiments are implemented on PyTorch 1.13.1 and conducted on a server composed of
one Intel(R) Xeon(R) Gold 6242 CPU with 256 GB memory and one NVIDIA A100 40 GB
GPU accelerator card.

5.3. Experimental Results

We benchmark our approach against state-of-the-art methods on PASCAL-5i and
COCO-20i using two evaluation metrics. Experiments cover the 1-way 1-shot and 1-way
5-shot settings with three backbones—VGG-16, ResNet-50, and ResNet-101—and we report
both mIoU and FB-IoU.

PASCAL− 5i. From Table 1, we can observe that our SSENet method demonstrates
consistent superiority across different backbone networks. For VGG-16, our method
achieves 65.4 mIoU and 77.2 FB-IoU in 1-shot segmentation task, outperforming the pre-
vious best method DCP by 4.47% and 2.12%, respectively. In the 5-shot task, our method
obtains 68.3 mIoU and 81.3 FB-IoU, which surpasses DCP by 0.74% and 0.74%, respectively,
demonstrating the effectiveness of our approach even with limited backbone capacity. For
ResNet-50, our method achieves 67.4 mIoU and 78.9 FB-IoU in the 1-shot segmentation
task, which outperforms the state-of-the-art method DCP by 1.97% and 1.68% respectively.
In the 5-shot task, our method reaches 71.0 mIoU and 81.3 FB-IoU, exceeding DCP by 1.00%
and 3.57%, respectively. Furthermore, our method significantly outperforms PANet by
38.4% and 28.6% mIoU under 1-shot and 5-shot segmentation tasks, respectively, along
with 17.9% and 13.9% higher FB-IoU performance, demonstrating the effectiveness of
our approach in leveraging support features for enhanced segmentation. For ResNet-101,
our method achieves 68.2 mIoU and 78.3 FB-IoU in the 1-shot task, outperforming the
previous best method DCP by 1.34% mIoU while showing a slight decrease of 0.25% in
FB-IoU. In the 5-shot task, our method obtains 72.5 mIoU and 81.6 FB-IoU, which sur-
passes DCP by 1.40% mIoU while showing a decrease of 1.33% in FB-IoU. Compared with
PANet*, our method shows substantial improvements of 33.2% and 26.1% mIoU under
1-shot and 5-shot segmentation tasks respectively, along with 11.4% and 13.3% higher
FB-IoU performance. MSDNet achieves a marginally higher FB-IoU in the ResNet-101
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configuration (e.g., 85.0 vs. 81.6 in the 5-shot setting), as our model prioritizes seman-
tic accuracy through region-level consistency enforcement rather than aggressive binary
foreground–background separation. Overall, our SSENet consistently delivers superior
segmentation performance across different experimental settings, validating the robustness
and effectiveness of our proposed approach.

To further verify the segmentation effectiveness of our proposed method, we evaluate
our method and PANet on 2-way 1-shot and 5-shot segmentation performance as shown
in Table 2. We observe that our method also performs favorably in both metrics across
all backbone networks. Specifically, in the 1-shot setting, our method obtains 62.7, 63.2,
and 67.9 mIoU and 73.8, 74.1, and 77.5 FB-IoU with VGG-16, ResNet-50 and ResNet-101,
respectively, which significantly outperforms PANet by 39.0%, 39.5%, and 36.3% mIoU and
15.0%, 15.1%, and 13.0% FB-IoU, respectively. In the 5-shot setting, our method achieves
59.4, 60.2, and 65.3 mIoU and 78.2, 79.5, and 80.9 FB-IoU with VGG-16, ResNet-50, and
ResNet-101 respectively, surpassing PANet by 23.2%, 23.4%, and 20.0% mIoU and 16.0%,
15.6%, and 10.7% FB-IoU, respectively. These substantial improvements across different
backbone architectures demonstrate that the proposed method has superior generalization
performance and robustness in more challenging 2-way segmentation scenarios.

Regarding COCO-20i dataset analysis, from Table 3, we can observe that our SSENet
method achieves state-of-the-art performance across different backbone networks on the
more challenging COCO-20i dataset. For VGG-16, our method achieves 43.1 mIoU and
65.8 FB-IoU in the 1-shot segmentation task, outperforming the previous best method
SAGNN by 15.5% and 7.5%, respectively. In the 5-shot task, our method obtains 45.6 mIoU
and 66.8 FB-IoU, which surpasses SAGNN by 12.0% and 5.9%, respectively, demonstrating
significant improvements even with limited backbone capacity. For ResNet-50, our method
achieves 47.0 mIoU and 70.1 FB-IoU in the 1-shot segmentation task, outperforming the
state-of-the-art method DCP by 3.3% mIoU. Notably, our FB-IoU performance substantially
exceeds other methods, with a remarkable improvement of 11.3% over ASGNet. In the
5-shot task, our method reaches 53.8 mIoU and 73.9 FB-IoU, exceeding DCP by 5.7%
mIoU and surpassing ASGNet by 26.6% mIoU and 10.1% FB-IoU, respectively. These
results demonstrate the effectiveness of our approach in leveraging multiple support
examples for enhanced performance. For ResNet-101, our method achieves 47.2 mIoU
and 68.9 FB-IoU in the 1-shot task, outperforming the previous best method DCP by 5.8%
mIoU and exceeding NTRENet by 20.7% mIoU and 2.1% FB-IoU. In the 5-shot task, our
method obtains 53.6 mIoU and 72.4 FB-IoU, which surpasses DCP by 8.5% mIoU and
outperforms NTRENet by 24.1% mIoU and 4.0% FB-IoU. The consistent improvements
across different backbone architectures validate that our method can effectively handle
the increased complexity and diversity of the COCO-20i dataset. Overall, our SSENet
demonstrates superior segmentation performance and excellent generalization capability
on this challenging dataset.
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Table 1. Results of 1-way 1-shot and 5-shot segmentation on PASCAL-5i dataset using mIoU and
FB-IoU metric. The best results are in bold. * indicates the results we replicated ourselves.

Methods Backbone
1-Shot 5-Shot

mIoU FB-IoU mIoU FB-IoU

OSLSM [37]

VGG-16

40.8 61.3 44.0 61.5
co-FCN [44] 41.1 60.1 41.4 60.2
PL [42] 42.7 61.2 43.7 62.3
AMP [45] 43.4 62.2 46.9 63.8
PANet [39] 48.1 66.5 55.7 68.4
SG-One [18] 46.3 63.1 47.1 65.9
JGLNet [66] 49.3 68.3 55.6 70.6
DRNet [67] 52.4 67.5 55.2 70.0
PFENet [68] 58.0 – 59.0 –
MGNet [69] 43.9 67.8 50.3 50.3
LSTNet [70] 58.5 – 60.4 –
DCP [71] 62.6 75.6 67.8 80.6
SSENet (Ours) 65.4 77.2 68.3 81.3

PANet * [39]

ResNet-50

48.7 66.9 55.6 71.4
CGNet [72] 47.6 64.1 49.5 66.2
PPNet [52] 52.9 – 63.0 –
SML [47] 51.3 67.1 60.0 72.2
PFENet [68] 60.8 73.3 61.9 73.9
ASGNet [51] 59.3 69.2 63.9 74.2
DRNet [67] 58.6 71.4 61.7 73.7
DGPNet [6] 63.2 – 73.1 –
MSDNet [57] 64.3 77.1 68.7 82.1
DCP [71] 66.1 77.6 70.3 78.5
SSENet (Ours) 67.4 78.9 71.0 81.3

PANet * [39]

ResNet-101

51.2 70.3 57.5 72.0
A-MCG [73] – 61.2 – 62.2
PPNet [52] 55.2 70.9 65.1 77.5
FWB [74] 56.2 – 59.9 –
DAN [75] 58.2 71.9 60.5 72.3
VPI [76] 57.3 – 60.4 –
ASGNet [51] 59.3 71.7 64.4 75.2
LSTNet [70] 61.8 – 64.2 –
PRMG [77] 62.6 – 65.7 –
PFENet+ [78] 62.6 75.1 64.0 76.6
MSDNet [57] 64.7 77.3 70.8 85.0
DCP [71] 67.3 78.5 71.5 82.7
SSENet (Ours) 68.2 78.3 72.5 81.6

Table 2. Results of 2-way 1-shot and 5-shot tasks on PASCAL-5i dataset.

Methods Task
mIoU FB-IoU

VGG-16 ResNet-50 ResNet-101 VGG-16 ResNet-50 ResNet-101

PANet (Baseline) 1-shot 45.1 45.3 49.8 64.2 64.4 68.6
SSENet (Ours) 62.7 63.2 67.9 73.8 74.1 77.5

PANet (Baseline) 5-shot 48.2 48.8 54.4 67.4 68.6 73.1
SSENet (Ours) 59.4 60.2 65.3 78.2 79.5 80.9
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Table 3. Results of 1-way 1-shot and 5-shot segmentation on COCO-20i dataset. * denotes the results
implemented by ourselves. The best results are in bold.

Methods Backbone
1-Shot 5-Shot

mIoU FB-IoU mIoU FB-IoU

PANet [39]

VGG-16

20.9 59.2 29.7 63.5
DRNet [67] 18.5 58.3 25.2 62.6
MGNet [69] 27.8 61.1 35.6 63.8
JGLNet [66] 25.3 61.8 34.7 63.6
LSTNet [70] 35.8 – 37.5 –
PFENet [68] 34.1 60.0 37.7 61.6
SML [47] 22.6 59.3 – –
SAGNN [79] 37.3 61.2 40.7 63.1
SSENet (Ours) 43.1 65.8 45.6 66.8

RPMM [49]

ResNet-50

30.6 60.4 42.5 67.0
PANet * [39] 23.6 63.0 34.2 64.1
PPNet [52] 29.0 – 38.5 –
SML [47] 23.3 59.5 – –
ASR [80] 33.8 – 36.7 –
MLC [63] 33.9 – 40.6 –
ASGNet [51] 34.6 60.4 42.5 67.1
CWT [50] 32.9 – 41.3 –
DRNet [67] 23.3 61.4 32.2 64.8
SSP [81] 33.6 – 41.3 –
QSCMNet [58] 36.4 60.7 42.8 64.8
LSTNet [70] 36.6 – 38.0 –
PFENet + QSR [82] 35.1 – 38.2 –
DCP [71] 45.5 – 50.9 –
SSENet (Ours) 47.0 70.1 53.8 73.9

FWB [74]

ResNet-101

21.2 – 23.7 –
A-MCG [73] – 52.0 – 64.7
PANet * [39] 35.1 63.7 41.4 66.5
PMMs [49] 29.6 – 34.3 –
DAN [75] 24.4 62.3 29.6 63.9
PFENet [68] 38.5 63.0 42.7 65.8
VPI [76] 23.4 – 27.8 –
SAGNN [79] 37.2 60.9 42.7 63.4
CWT [50] 32.4 – 42.0 –
NTRENet [83] 39.1 67.5 43.2 69.6
PFENet+ [78] 38.2 61.8 39.9 63.4
LSTNet [70] 38.2 – 38.2 –
PFENet + QSR [82] 36.9 – 41.2 –
DCP [71] 44.6 – 49.4 –
SSENet (Ours) 47.2 68.9 53.6 72.4

To further verify the segmentation effectiveness of our method, we evaluate and
compare our proposed method and PANet on 2-way 1-shot and 5-shot segmentation
performance on the COCO-20i dataset as shown in Table 4. Additionally, our method also
performs favorably in both metrics across all backbone networks. Specifically, in the 1-shot
setting, our method obtains 39.7, 41.0, and 45.8 mIoU and 64.3, 69.2, and 64.9 FB-IoU with
VGG-16, ResNet-50 and ResNet-101, respectively, which significantly outperforms PANet
by 93.7%, 83.9%, and 33.9% mIoU and 9.5%, 16.1%, and 2.4% FB-IoU, respectively. In the
5-shot setting, our method achieves 48.2, 46.9, and 51.2 mIoU and 66.0, 71.4, and 70.6 FB-
IoU with VGG-16, ResNet-50, and ResNet-101 respectively, surpassing PANet by 47.4%,
44.3%, and 27.7% mIoU and 7.8%, 14.8%, and 7.3% FB-IoU, respectively. These substantial
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improvements across different backbone architectures demonstrate that the proposed
method has superior generalization performance and robustness in more challenging
2-way segmentation scenarios on the COCO-20i dataset.

Table 4. Results of 2-way 1-shot and 5-shot tasks using ResNet-50 backbone on COCO-20i dataset.

Methods Task
mIoU FB-IoU

VGG-16 ResNet-50 ResNet-101 VGG-16 ResNet-50 ResNet-101

PANet (Baseline) 1-shot 20.5 22.3 34.2 58.7 59.6 63.4
SSENet (Ours) 39.7 41.0 45.8 64.3 69.2 64.9

PANet (Baseline) 5-shot 32.7 32.5 40.1 61.2 62.2 65.8
SSENet (Ours) 48.2 46.9 51.2 66.0 71.4 70.6

5.4. Ablation Studies

Here, we conduct ablation studies on PASCAL-5i and COCO-20i datasets using
ResNet-50, and report the average performance of all results on mIoU and FB-mIoU. The
quantitative results are shown in Table 5, and the qualitative results are shown in Figure 7.

Effect of different components. In this section, we analyze the impact of different
components on the performance of our method with ResNet-50 in the 1-way 1-shot setting
as shown in Table 5. Fs+Fq&CLF represents a variant that uses the CLF module to obtain
fine-grained foreground regions (Fs) and query-specific features (Fq) based on extracted
features, while excluding other components. Similarly, Fs&CLF+Fq&CLF represents our
design where both support and query features are processed through the CLF module to
enhance feature fusion. Fs&CLF+Fq&CLF+FG+BG&SPRM denotes a variant of our method
where SPRM is used in conjunction with all other components to extract the fine-grained
relational features of background and foreground regions.

Table 5. Ablation studies on the effect of different components. F: Foreground, B: Background, C: CLF
Module, S: SPRM Module.

Variants
PASCAL-5i COCO-20i

Speed (FPS)
mIoU FB-mIoU mIoU FB-mIoU

F + B (Baseline) 48.7 66.9 23.6 63.0 17.4
Fs + FqC 50.3 67.8 25.8 63.7 17.2
FsC + FqC 52.1 68.6 28.2 64.3 17.2
FsC + FqC + F + B 54.2 69.5 33.8 64.9 17.2
Fs + FqC + FS + B 56.0 70.3 35.1 65.6 16.8
Fs + FqC + F + BS 57.8 71.2 36.4 66.2 16.8
FsC + Fq + FS + B 59.4 72.0 38.6 66.8 16.8
FsC + Fq + F + BS 61.1 72.9 40.7 67.4 16.7
FsC + FqC + F + BS 62.6 73.7 42.8 68.1 16.7
FsC + FqC + FS + B 64.2 74.6 44.7 68.7 16.5
FsC + FqC + F + BS 65.8 75.9 46.2 69.3 16.5
FsC + FqC + FS + BS (Ours) 67.4 78.9 47.0 70.1 16.1

In Table 5, we first analyze the impact of the main components of our method, namely
the fine-grained feature extraction modules (Fs, Fq), Cross-Layer Feature Fusion (CLF),
and the Superpixel–Prototype Relational Matching (SPRM) module. We can see that each
component plays a vital role in performance improvement. Starting from the baseline
FG + BG (48.7% mIoU), the introduction of Fs + Fq&CLF improves the performance to
50.3%, demonstrating the effectiveness of fine-grained feature learning. Furthermore, we
observe that when CLF is applied to both support and query features simultaneously
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(Fs&CLF + Fq&CLF), the performance further improves to 52.1%, which provides better
feature alignment and fusion effects. Moreover, the integration of another module, SPRM,
has also brought significant improvements. For example, Fs + Fq&CLF + FG&SPRM + BG
achieves 56.0%, while our complete model Fs&CLF + Fq&CLF + FG&SPRM + BG&SPRM
reaches the best performance of 67.4% mIoU on PASCAL-5i and 47.0% on COCO-20i.
This further confirms the aforementioned hypothesis that relational matching between
superpixels and prototypes can effectively capture fine-grained spatial correspondences,
and explicit relational modeling can enhance feature discrimination capability.
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Figure 7. Qualitative results of 1-way 1-shot setting on PASCAL-5i.

Visualization analysis. Figure 7 shows our method with the baseline method on 1-way
1-shot qualitative results. We observe that our method can give satisfying segmentation re-
sults on unseen classes from the background with only the guidance of the support images,
even if some support images and query images do not share much appearance similarities.

Compared to the baseline, our SSENet demonstrates significant improvements in
background consistency, with the most notable enhancements evident in boundary quality
and object completeness. In the PASCAL-5i examples shown in Figure 7, specifically in the
train scene (leftmost), our method produces more accurate and complete segmentation of
the red locomotive, while the baseline shows fragmented predictions with missing regions
in the central part of the train. Similarly, in the construction equipment scene (second
from left), our approach achieves better boundary adherence and reduces the obvious
false negative regions present in the baseline results. The animal segmentation examples
(sheep and cat in columns 3–4) particularly highlight our method’s superior capability in
capturing fine-grained details and maintaining object completeness, whereas the baseline
exhibits incomplete segmentations with significant missing portions of the target objects.

This demonstrates that our method effectively suppresses background noise through
the Cross-Layer Feature Fusion (CLF) module, which integrates fine-grained edge and
texture information with high-level semantics, resulting in cleaner and more coherent back-
ground predictions. The most striking improvement lies in boundary precision, where our
Superpixel–Prototype Relational Matching (SPRM) module enforces regional consistency
by operating on superpixel-level tokens rather than individual pixels, leading to markedly
sharper and more accurate object boundaries. In challenging scenarios involving objects
at different scales or with varying contextual backgrounds, our method demonstrates en-
hanced robustness through the CLF module’s ability to inject low-level cues into high-level
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representations, enabling the better handling of fine-grained details while maintaining
semantic understanding for larger structures.

6. Conclusions and Future Work

In this work, we propose a symmetry-aware superpixel-enhanced few-shot semantic
segmentation method that effectively addresses critical limitations in existing approaches,
namely insufficient complex background modeling and poor regional prediction consis-
tency through explicit superpixel region graph modeling. Our main contributions include
three aspects: first, we design a symmetric dual-branch architecture that leverages explicit
superpixel region graph modeling to enhance background representation and prediction
consistency; second, we propose a top–down cross-layer fusion mechanism that effectively
integrates fine-grained edge and texture information into high-level semantic features;
finally, we construct a cross-image prototype alignment strategy based on Region Adja-
cency Graphs (RAG) with message passing optimization to obtain more robust foreground
and background prototype representations. Extensive experiments and ablation studies
on PASCAL-5i and COCO-20i benchmarks demonstrate the effectiveness and superiority
of our proposed method, achieving consistent improvements across multiple backbone
architectures. Despite achieving good results, our framework still has certain limitations.
The method exhibits superpixel granularity sensitivity, where inappropriate superpixel
counts can affect segmentation quality, and shows cross-domain generalization challenges
when substantial domain gaps exist between training and testing scenarios. While these
limitations do not undermine the core contributions, they highlight important areas for
future improvement and represent valuable directions for advancing few-shot semantic
segmentation research.

Adaptive superpixel optimization represents a key direction, and we will explore
dynamic superpixel granularity selection mechanisms and learnable superpixel generation
networks to automatically adapt to different scene complexities and object scales. We plan
to investigate methods for predicting optimal superpixel parameters based on image char-
acteristics and object complexity, potentially through reinforcement learning or adaptive
sampling strategies. We will pursue enhanced cross-domain generalization capabilities
by incorporating domain adaptation techniques into our cross-layer fusion mechanism
and exploring meta-learning approaches to improve adaptation to new domains with
minimal fine-tuning. We will develop domain-aware feature alignment strategies and
investigate adversarial training methods to learn domain-invariant representations that
maintain segmentation accuracy across diverse visual contexts.
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Abstract: The application of CAD/CAM technologies in modern production has revo-
lutionized manufacturing processes, leading to significant improvements in precision,
efficiency, and flexibility. These technologies enable the design and manufacturing of
complex geometries with high accuracy, reducing errors and material waste. CAD/CAM
integration streamlines workflows, enhances productivity, and facilitates rapid prototyping,
accelerating the time-to-market for new products. Additionally, it supports customization
and scalability in production, allowing for cost-effective small-batch and large-scale manu-
facturing. Without a 3D model of the product, it is not possible to use the advantages of
applying advanced CAD/CAM technologies. Recognizing 3D models from engineering
drawings is essential for modern production, especially for outsourcing companies in fluc-
tuating market conditions, where the production process is organized with 2D workshop
drawings on paper. This paper proposes a novel methodology for reconstructing 3D models
from 2D engineering drawings, specifically those in DXF file format, leveraging a genetic
algorithm. A core component of this approach is the representation of the 2D drawing
as a symmetric adjacency matrix. This matrix serves as the foundational data structure
for the genetic algorithm, enabling the evolutionary process to effectively optimize the 3D
reconstruction. The experimental evaluation, conducted on multiple engineering drawing
test cases (including both polyhedral and cylindrical geometries), demonstrated consistent
convergence of the proposed GA-based method toward topologically valid and geometri-
cally accurate 3D wireframe models. The approach achieved successful reconstruction in
all cases, with fitness scores ranging from 1.1 to 112.2 depending on model complexity, and
average execution times from 2 to 100 s. These results confirm the method’s robustness,
scalability, and applicability in real-world CAD environments, while establishing a new
direction for topology-driven 3D reconstruction using evolutionary computation.

Keywords: symmetric adjacency matrices; 3D model reconstruction; genetic algorithm;
engineering drawings; DXF file
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1. Introduction

The integration of computer-aided design and computer-aided manufacturing
(CAD/CAM) technologies has profoundly transformed modern manufacturing by enabling
rapid prototyping, design precision, and flexible production. However, in many indus-
trial environments, particularly those relying on legacy documentation, two-dimensional
(2D) workshop drawings remain the predominant format for technical communication.
These drawings are often the only documentation available, especially in subcontracting or
archival scenarios, making the automatic reconstruction of three-dimensional (3D) models
from 2D sources a critical challenge.

The reconstruction of 3D models from 2D technical drawings is a key problem in CAD,
reverse engineering, and model understanding. Orthographic projections, as standardized
2D representations, encode critical geometric and topological information of an object, yet
lack depth and perspective, making the reconstruction process inherently underdetermined
and often ambiguous.

Despite decades of research, the fully automated reconstruction of 3D models from 2D
orthographic drawings remains a technically demanding problem. The majority of existing
approaches are either limited to specific object categories (e.g., polyhedral shapes), require
supervised learning with annotated datasets, or rely heavily on manually defined features
and heuristics. One critical limitation is the absence of topological data in standard formats
such as Drawing Exchange Format (DXF), which only contain isolated geometric entities
(lines, arcs, circles) without information on how these entities are connected across views.
This is particularly evident in the case of the DXF. Developed by Autodesk, DXF is an open,
CAD-native file format originally created to enable interoperability between different CAD
systems. In a DXF file, each geometric entity is represented by a structured ASCII or binary
record, which facilitates programmatic extraction of coordinates and primitive types but
does not include explicit topological connectivity.

Moreover, many methods do not generalize well to complex industrial parts that
include curved surfaces, intersecting features, or non-standard projection layouts. Com-
putational complexity is another barrier, as approaches based on exhaustive geometric
matching or volumetric reconstruction often become infeasible for drawings with a high
number of elements. Consequently, there is a clear need for reconstruction methods that
can operate without prior knowledge of shape classes, while remaining computationally
tractable and tolerant to incomplete or ambiguous input data.

Automated 3D reconstruction from 2D orthographic projections has become increas-
ingly important due to its role in streamlining digital manufacturing workflows. Since 3D
models serve as the foundation for CAM (such as AutoCAD Mechanical v24.0) software
and the generation of CNC programs, their availability is essential for modern production
systems. Manual reconstruction is time-consuming, error-prone, and incompatible with
the demands of scalable, automated manufacturing environments.

Recent studies have attempted to address these limitations through machine learning
models, rule-based extraction, and graph-based interpretations. For example, Furferi
et al. [1] employed a set of geometric rules for feature recognition, while Zhang et al. [2]
proposed a method based on shape matching and solid feature extraction. However, these
approaches typically depend on either specific geometric constraints or extensive domain
knowledge, which limits their flexibility. CNN-based techniques [3,4] have shown promise
in object classification tasks but are not easily adaptable to wireframe reconstruction without
labeled training datasets.

Furthermore, although some researchers have explored the use of genetic algorithms
(GA) for reconstruction tasks [5], these efforts are often restricted to prismatic objects or
simplified scenarios with predefined projections. To the best of our knowledge, no existing
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study has formulated the reconstruction task using a symmetric topological representation
that abstracts the geometry into a generalized graph structure. This gap highlights the
need for a new approach that combines topological abstraction and evolutionary optimiza-
tion to address the limitations of current methods in terms of generality, scalability, and
independence from geometric priors.

The primary purpose of this study is to develop a robust and generalizable methodol-
ogy for reconstructing 3D wireframe models from 2D orthographic engineering drawings
in DXF format. Unlike existing methods that rely on geometry-specific rules or extensive
training datasets, our approach seeks to abstract the reconstruction process by modeling the
structural relationships within the drawing. This enables the proposed method to function
independently of specific shape types and to be applicable to a broad range of industrial
components, including those with curved or hybrid geometries.

To address these challenges, this paper proposes a novel method that integrates
geometric reasoning with a topological representation based on symmetric adjacency
matrices. This representation compactly encodes the relationships between vertices and
edges, supporting efficient detection of geometric consistencies and inconsistencies across
projections. The proposed method extracts geometric entities directly from DXF files and
constructs a connectivity matrix that forms the basis for identifying spatial relations. A
GA is then employed to search the solution space for a plausible 3D reconstruction that
satisfies geometric constraints while aligning projections from multiple views. This hybrid
strategy enhances automation and robustness, particularly in reconstructing wireframe
models from standard 2D technical drawings.

The proposed approach is expected to achieve accurate and consistent reconstruction
of 3D wireframe models from 2D technical drawings, even in cases where traditional
methods fail due to geometric ambiguity or incomplete data. Through extensive testing on
real-world engineering examples—including both polyhedral and cylindrical components—
the method is designed to demonstrate strong generalization capabilities, low computa-
tional overhead, and high structural fidelity. These outcomes would confirm the practical
potential of the approach for integration into CAD/CAM workflows and digital twin
environments.

The remainder of this paper is organized as follows. Section 2 reviews the background
and related work in 3D reconstruction from 2D drawings, focusing on existing methodolo-
gies and identifying research gaps. Section 3 presents the theoretical model, outlining the
assumptions, mathematical formulation, and the complete workflow for wireframe recon-
struction using symmetric adjacency matrices. Section 4 introduces the genetic algorithm
developed for optimization, including chromosome representation, fitness evaluation, and
evolutionary operators. Section 5 discusses the experimental setup and presents results
obtained on several real-world test cases, including polyhedral and cylindrical geometries.
Section 6 concludes the paper with a summary of findings, identified limitations, and future
research directions.

2. Background and Related Work

The reconstruction of 3D models from 2D technical drawings has been explored since
the 1970s, primarily through two fundamental approaches: Boundary Representation (B-
Rep) and Constructive Solid Geometry (CSG). B-Rep describes objects by their boundaries
(vertices, edges, and surfaces), while CSG relies on Boolean operations over basic geometric
primitives. The first known algorithm for generating 3D models from orthographic pro-
jections was introduced in 1973 [2] and later formalized in subsequent works [3,4]. These
early methods mainly focused on polyhedral object reconstruction, with a more efficient
algorithm proposed in [5].
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Previous studies on 3D model reconstruction from 2D drawings have explored a
range of methodologies, including rule-based systems, graph-based representations, and
evolutionary computation. Zhang et al. [2] classify existing methods into three main
groups: wireframe reconstruction, direct solid reconstruction, and machine learning-based
methods. This classification can be extended to include metaheuristic approaches such as
GAs, which, despite their potential, remain relatively underexplored. A comprehensive
review of modern methods is provided in [2].

Within the wireframe domain, Furferi et al. [1] developed a MATLAB v7. 10 algo-
rithm that utilizes vector drawings and vertex connectivity to construct 3D models. The
authors in [6] applied fuzzy logic to analyze surface connectivity, while [7] addressed the
construction of conic curves using Bézier interpolation. However, most methods struggle
with curved edges and complex shapes. A decision tree approach is used in [8] to recog-
nize surfaces from all three projections, though the algorithm is complex due to multiple
parallel analyses.

Further developments include [9–12], which introduce a hybrid model linking vertices,
edges, and surfaces, later converted into B-Rep. Although informative, this method requires
high computational resources due to surface relation identification in each view. Varley [12]
applied shortest path algorithms on graphs to detect loops corresponding to surfaces.
Others, such as [13,14], rely on extrusion and knowledge bases but are limited to simple
forms and predefined geometries.

Machine learning approaches—particularly convolutional and transformer neural
networks—are becoming more prominent, yet a functional model for direct 3D recon-
struction from 2D drawings is still lacking [9], and thus this work does not explore that
domain further.

Among metaheuristic strategies, GAs show promise. Chen and Feng [15] were the first
to apply GAs for reconstructing 3D models from imprecise 2D contours. Similar concepts
have been explored in [16–18], although these are largely limited to prismatic shapes and
do not handle more complex surfaces.

Based on the literature, three main challenges can be identified: high computational
complexity, limited applicability to drawings with mixed geometries, and underutilization
of genetic algorithms. This paper introduces a novel method based on symmetric connectiv-
ity matrices, which efficiently encodes the topology of 2D entities extracted from DXF files
and serves as the foundation for GA-based optimization. Our approach enables wireframe
model reconstruction through graph-based traversal, independent of shape complexity,
including lines, arcs, and curves.

Unlike existing GA approaches that operate on contours or raster images, our method
uses a graph-based representation with clearly defined topology. To the best of our knowl-
edge, this is the first work to formulate wireframe reconstruction as a graph optimization
problem addressed via evolutionary algorithms. The method demonstrates good perfor-
mance and opens promising directions for further research. The proposed method not only
enhances the efficiency of shape reconstruction but also emphasizes the inherent symmetry
in structural representations of engineering geometries.

3. Model Elements and Workflow for 3D Model Reconstruction from 2D
Engineering Drawings

3.1. Initial Hypotheses and Assumptions

This paper hypothesizes that representing 2D orthographic projections using sym-
metric adjacency matrices enables efficient, scalable, and accurate reconstruction of 3D
wireframe models through evolutionary optimization. The central assumption is that the
topological and geometric relationships inherent in 2D technical drawings can be compactly
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encoded in symmetric matrices and interpreted as graph structures, forming a consistent
foundation for reconstructing 3D geometry.

The main contributions of this paper are:

• A novel representation of 2D engineering drawings using symmetric adjacency matrices.
• A mathematical model that formalizes the 3D wireframe reconstruction problem as a

binary integer optimization task.
• Development and implementation of a customized genetic algorithm for solving this

optimization problem
• Experimental validation across both polyhedral and cylindrical geometries, demon-

strating the method’s generality and robustness, including cases with curved edges
and varying levels of drawing complexity.

Figure 1 shows a 3D model of a typical industrial machine part, designed in one of the
software packages.

Figure 1. Typical industrial machine part.

For drawing creation, including the method of marking individual components of
the drawing, certain conventions have been adopted over the past decades and regulated
by appropriate standards [19]. The goal of adopting these conventions is to ensure that
drawings provide unambiguous instructions for the manufacture of the depicted parts.
These standards, whether international ISO standards or national standards, are integrated
into commercial software packages and offer multiple options for representing individual
elements of machine parts in technical or workshop drawings. These options provide
designers with some freedom when creating workshop drawings, making it practically
impossible to incorporate all possibilities into an algorithm for identifying geometric
information. Therefore, this research is based on the following assumptions:

It is assumed that the 2D workshop drawing is complete and contains three ortho-
graphic projections made according to ISO-E or European projection layout: front view, top
view, and left view, as shown in Figure 2.

It is assumed that the 2D workshop drawing contains all the necessary information
that clearly and unambiguously defines the shape of the machine part. Sections, details,
partial views, etc., are not considered, meaning all edges, vertices, and hidden lines are
shown in the corresponding projections (Figure 2).

The dimensions of the 3D model can be directly obtained from the vertex coordinates,
assuming they can be corrected with an appropriate scaling factor. For simplicity, this
research assumes that the orthographic projections are created at a scale of 1:1.

It is assumed that all three orthographic projections are created in accordance with the
dimensional and geometric tolerances previously embedded in the 3D model.

51



Symmetry 2025, 17, 771

DXF files, due to their binary or ASCII format, offer a significant advantage in entity
recognition tasks, as highlighted in [20,21]. This format simplifies the identification of
geometric entities such as lines, circles, points, and polylines within engineering drawings.
When an object is provided with three projections in the DXF format, identifying the
individual components (such as lines, circles, etc.) is a relatively straightforward process.
However, the DXF format lacks topological data, meaning the file contains no logical
sequence for the entities and no explicit information about their connectivity. In simpler
terms, details about the spatial arrangement of projections and the edges associated with
them are absent. Due to this limitation, a method to separate the drawing into three distinct
views is required before proceeding with further analysis [6].

These assumptions simplify the input data for the process of the identification and
conversion of geometric information, enabling its practical implementation. Without these
assumptions, the process of identifying and recognizing geometric information would
significantly exceed the scope of this research.

Figure 2. Orthographic projections—engineering drawing of an industrial part.

3.2. Workflow of 3D Reconstruction Process

The flowchart presented in Figure 3 outlines the overall workflow of the proposed
methodology, beginning with the parsing of DXF projections and culminating in the
reconstruction process based on a GA. Each element of the flowchart corresponds to a
specific sub-procedure, the details of which are elaborated in the subsequent sections. This
modular structure ensures clarity and reproducibility, reflecting the systematic integration
of geometric data processing and evolutionary optimization.

The orthographic projections shown in Figure 4, which are analogous to the example
found in [16] consist of different flat geometric shapes. These shapes can be lines, circular
arcs and circles. Those geometric shapes represent entities that form contours as shown
in Figure 4. Also, it should be noted that entities are defined by their starting and ending
points and some other characteristics that depend on the type of the entity.

In the example shown in Figure 4, which represents the front view of the part shown
in Figure 1, there are a total of 9 points that form line entities. A line is an entity determined
with the starting point (X1, Y1) and the ending point (X2, Y2), i.e., the coordinates of the
starting and ending points in the Cartesian coordinate system.

In addition to line entities, there are also entity circle, determined by the coordinate
of the center (X, Y) in the Cartesian coordinate system, and the radius R and an Arc or
circular arc, determined by the coordinate of the center (X, Y) in the Cartesian coordinate
system and the radius R, as well as the initial and final angle of the circular arc expressed
in degrees.
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Figure 3. Flow diagram of 3D model reconstruction process.

Figure 4. Entities of orthographic projection.

Recognizing lines, circles, points, and polylines is fundamental to automated 3D model
recognition, as they define surface boundaries. While entities recognition and positioning
in DXF files are relatively simple and well documented in [16], our research addresses the
more complex challenge of automatically establishing topological relationships between
vertices and edges. The following presents the structured pseudocode for the extraction of
line entities from the entities section of a DXF file. A similar approach is used for processing
circular arcs and other entity types (Algorithm 1).

The procedure is organized into five key stages:

• File selection: User selects a DXF file from disk.
• Data initialization: The file is loaded and the ENTITIES section is located.
• Parsing logic: LINE entities are scanned and decomposed into vertex coordinate pairs.
• Edge creation: Edges are constructed by linking each vertex pair.
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• Post-processing: Duplicate vertices are removed and the final vertex and edge arrays
are produced.

Algorithm 1 Extraction of line entities and graph construction from a DXF file.

PROCEDURE ExtractLineEntities
INPUT: FilePath (string)–dxf file path
OUTPUT: VertexList (list of unique vertices), EdgeList (list of edges)
// 1. File selection
Open DXF file at FilePath
IF file cannot be opened THEN

RETURN error
// 2. Data initialization
Locate “ENTITIES” section in file
IF “ENTITIES” section not found THEN

RETURN error
Initialize empty list RawVertices
Initialize empty list EdgeList
// 3. Parsing logic
FOR each entity in “ENTITIES” section DO

IF entity type is “LINE” THEN
Read start point (X1, Y1)
Read end point (X2, Y2)

// 4. Edge creation
Add (X1, Y1) to RawVertices

Add (X2, Y2) to RawVertices
Add edge: ( (X1, Y1), (X2, Y2) ) to EdgeList

END FOR
// 5. Post-processing
VertexList← Remove duplicate points from RawVertices
FOR each edge in EdgeList DO

Replace (X1, Y1) and (X2, Y2) with corresponding indices in VertexList
END FOR
RETURN VertexList, EdgeList

END PROCEDURE

3.3. Creating Orthographic Projection Matrices

This section expands on how edges are formed from vertices based on their coordi-
nates, and how this relationship is mathematically represented to construct the adjacency
matrix AdjA for the front view (Figure 4).

Definition 1. Let:
P = {p1, p2, . . . , p3}: A set VA of n vertices in the front orthographic projection. Each vertex

is represented as: pi =
{

xi, yj
}

, i, j ∈ {1, 2, . . . , n}
E = {e1, e2, . . . , e3}: A set EA of m edges, where each edge ek connects two ver-

tices pi and pj. Each edge is represented as: ek =
{

pi, pj
}

, i, j ∈ {1, 2, . . . , n}, i �= j
Each entity is defined by a start point (xs, ys), and an endpoint (xk, yk).
Edge is defined by start and end points.

pi = (xs, ys), pj = (xe, ye) ek =
(

pi, pj
)
.
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If the start or end point does not exactly match a vertex in P, a proximity threshold ε > 0 to
account for numerical inaccuracies can be applied: pi − (xs, ys)‖ ≤ ε and ‖pj − (xe, ye)‖ ≤ ε

The adjacency matrix is defined as:

AdjA ∈ R
n×n, AdjA[i, j] =

{
1, if

(
pi, pj

) ∈ E
0, otherwise.

where indicates that an edge exists between vertices. It is important to notice that orthogonal
projection can be represented as an undirected graph [16] and then the matrix AdjA is symmetric:

AdjA[i, j] = AdjA[j, i], ∀i, j.

Diagonal elements AdjA[i, i] = 0-no self-loops are considered as: AdjA[i, i] = 0, ∀i.

The adoption of symmetric adjacency matrices is driven by their capacity to compactly
encode topological relationships among vertices in a standardized and computationally effi-
cient format. In contrast to edge lists or conventional graph-based representations, symmet-
ric matrices inherently minimize redundancy—owing to their structural symmetry—and
support efficient matrix operations, such as the computation of the Frobenius norm, which
plays a critical role in the iterative optimization process governed by GA. Furthermore,
this representation naturally corresponds to the undirected nature of edge relationships in
engineering drawings, thereby preserving consistent connectivity across multiple ortho-
graphic projections. By abstracting geometric entities into binary topological relations, the
proposed approach achieves a high level of generality, effectively handling both linear and
curved elements without introducing additional algorithmic complexity.

The preceding definitions lay the groundwork for constructing the adjacency matrix
representing the orthogonal projection. The construction of an adjacency matrix is a simple
algorithm and for verifying the consistency of the matrix two important rules should be
checked as follows:

• Edge count: The total number of edges, i.e., 1’s in AdjA (excluding diagonal elements)
should be equal 2m for m edges: ∑i,j AdjAij −∑i AdjAii = 2m;

• Symmetry: For undirected graph: AdjA = AdjAT .

However, there is one difference in this study that is very important for the
research presented.

Figure 5 presents the orthogonal projection matrix for the front view shown in Figure 4.
As can be seen, vertices F4–F6 form an edge, but so do vertices F4–F7. The same applies
to vertices F4–F2 and F4–F3. The formula for the number of edges would hold if vertices
F4–F3 and F4–F6 formed edges but F4–F7 and F4–F6 did not, and then it would be an
undirected graph. However, the 3D model is unknown, and whether there is, for example,
an edge F4–F7 can only be determined by considering hidden edges and a series of vertex
relationship tests and calculations, which is difficult to perform for more complex models.
Therefore, the assumption is introduced that the orthogonal projection matrix must include
projections of all possible surfaces that the 3D model can have in a direction normal to the
projection plane, which are defined for the example in Figure 4 by vertices 1-2-4-6-7-8-9,
1-2-3-5-6-7-8-9, and 3-4-6-5.

Following the previous discussion, new rules were introduced into the model. These
rules establish a new coordinate, denoted as c ∈ x, y, z, that find all points Vi ∈ S such that :
ci = C, ∀i ∈ I, which states that if there are three or more points where one specific
coordinate remains constant, then any pair of these points can be connected by a valid
edge, as follows:
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1. Let S = V1, V2, . . . , Vn, where Vi = (xi, yi, zi) for i = 1, 2, . . . , n.
2. For a specific coordinate c ∈ x, y, z, find all points Vi ∈ S such that : ci = C, ∀i ∈ I,

where C is a constant. I ⊆ {1, 2, . . . , n}
3. If |I| ≥ 3 then all points in the subset: Sc = Vi : i ∈ I can form valid edges E.

Figure 5. Front orthogonal projection matrix.

The number of valid edges now can be calculated using the formula for the
binomial coefficient

E =

(
|I|
2

)
=
|I|(|I| − 1)

2
, if |I| ≥ 3,

where each edge corresponds to a pair of points., i.e., representing several ways to select a
pair of points from |I|. Now, a completely defined way of forming a matrix of orthogonal
projections is given. In addition to the matrix shown in Figure 5, for each projection, a
sequence of vertex coordinates is defined and shown in Table 1 for the example of the
projection from Figure 4. In the same way, projection matrices and vertex coordinate arrays
are formed for the other two orthogonal projections.

Table 1. Vertex coordinate array for front projection.

X Z

F1 X1 Z1

F2 X2 Z2

F3 X3 Z3

F4 X4 Z4

F5 X5 Z5

F6 X6 Z6

F7 X7 Z7

F8 X8 Z8

F9 X9 Z9

Now, three square adjacency matrices are defined, representing orthogonal pro-
jections AdjA is an nA × nA matrix, AdjB is an nB × nB matrix, AdjC is an nC × nC matrix.
Each matrix corresponding to the to the number of vertices in the respective projection.

For each orthogonal projection, a coordinate array is associated: VA = VA1, VA2, . . . , VAnA
,

VB = VB1, VB2, . . . , VBnB
, VC = VC1, VC2, . . . , VCnC

where the length of each array
(|VA| = nA, |VB| = nB, |VC| = nC) corresponds to the dimension of the associated ad-
jacency matrix. With these definitions, the symmetric adjacency matrix describes the
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connectivity (edges) of vertices in each projection and coordinate arrays provide the spatial
locations of the vertices in their respective views. Now, a 3D model is given with:

M = {AdjA, VA, AdjB, VB, AdjC, VC}

This formulation sufficiently describes each orthogonal projection to proceed with the
identification of candidate vertices and the formation of a pseudo-wireframe model.

Table 2 provides a comparative overview of commonly used topology representations
in 3D model reconstruction. This highlights the advantages of the proposed method over
traditional edge-based, raster, and graph-matching approaches.

Table 2. Comparative overview of topology representations in 3D reconstruction methods.

Representation
Method

Input Structure
Geometry

Independence
Supports

Curved edges
Suitability for GA Complexity Level

Edge list List of connected
points Limited No Medium Medium

B-Rep/CSG Surfaces and
operations No Partial No High

Image-
based/Raster methods

Pixel-based
shape data No No No Medium/High

Graph matching Labeled graphs Partial With conditions Yes High

Symmetric adjacency
matrix (This paper)

Binary vertex–
vertex topology Yes Partial, to be tested

for complex curves Optimized Low/Structured

As seen in Table 2, the symmetric adjacency matrix offers an optimal balance of gener-
ality, simplicity, and GA compatibility, making it a robust foundation for 3D reconstruction
from engineering drawings.

The following pseudocode presents the process of converting a DXF file into a sym-
metric adjacency matrix, encapsulating the previously described methodology in a clear,
step-by-step format (Algorithm 2).

Algorithm 2 Generation of a symmetric adjacency matrix from DXF orthographic
pro-jections.

Pipeline for converting DXF data into a symmetric adjacency matrix
Input: DXF file containing 2D orthographic projections (front, top, left)
Output: Symmetric adjacency matrices for each projection
Import and parse the DXF file (ASCII format)
Segment the drawing into three orthographic views based on spatial grouping
For each view:

1. dentify geometric entities: LINE, ARC, CIRCLE
2. Extract start and end points for each entity
3. Create vertex list by grouping nearby points (with tolerance ε)
4. Generate edge list by mapping entities to vertex pairs
5. Build adjacency matrix: set Adj[i][j] = 1 if an edge connects vertex i and j

Ensure symmetry: enforce Adj[i][j] = Adj[j][i]
Validate: check consistency rules (number of edges, symmetry, no self-loops)
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3.4. Generation of Candidate Vertices and a Pseudo Wireframe Model

The formation of a pseudo-wireframe model was initially described and formalized
in [3,4], with an additional method presented in [5]. In this paper, a new method for forming
a pseudo wireframe model will be presented. The initial step involves defining all potential
vertices for the pseudo-wireframe model, which entails several sub steps. The goal is
to identify all potential 3D vertices V3D

i = (xi, yi, zi) that are consistent across all three
orthogonal projections. This is achieved by verifying compatibility between the projection
based on the given coordinates. Based on the discussions in Section 3.3, a step-by-step
procedure for generating candidate vertices is provided:

1. Iterate over all combinations: For each combination of indices (i, j, k),i ∈ 1, 2, . . . , nA,
j ∈ 1, 2, . . . , nB, k ∈ 1, 2, . . . , nC evaluates the following condition:

2. Compatibility check: A vertex (x, y, z)) is a candidate if the following conditions
are met: ∣∣xAi − xBj

∣∣ = 0∣∣yBj − xCk
∣∣ = 0

|yAi − yCk| = 0

3. Generate candidate vertex: If the conditions hold, compute the candidate vertex as
x = xAi, y = yBj, z = yCk.

4. Store candidate: Add the candidate vertex V3D = (x, y, z) to the result set: V3D
candidates

5. Output: The final result is the set of all valid candidate vertices: V3D
candidates =

V3D
1 , V3D

2 , . . . , V3D
m , where m ≤ nA ·nB ·nC depends on the number of valid combinations.

Following the logic that an orthogonal projection is represented by a symmetric
adjacency matrix and a set of vertex coordinates, the same applies to the pseudo-wireframe
3D model. Therefore, it is necessary to define the matrix Adj as the symmetric adjacency
matrix of edges in the 3D model. The procedure is relatively simple and evaluates whether
an edge exists between two vertices in a 3D model based on their adjacency in the spatial
symmetric adjacency matrix and their projections in the three orthogonal views. An edge
is considered to exist within a 3D model if and only if its representation is present in
all orthogonal projections. The visual representation of an edge in these projections can
vary, appearing as either a line or a point. This variability is determined by the edge’s
spatial orientation relative to the coordinate planes—specifically, whether it is orthogonal
or parallel to them. Generally, if an edge is neither orthogonal nor parallel to any coordinate
plane, it will manifest as a line in all three projections.

For each pair of candidate vertices
(
vi, vj

)
, their corresponding Adj[i][j] is determined

as follows:

1. Map Vertices to Projections: Project vertices vi and vj onto the orthogonal planes:

P1 = (xi, zi) ∧ P2 =
(

xj, zj
)

for xz plane
P3 = (xi, yi) ∧ P4 =

(
xj, yj

)
for xy plane

P5 = (yi, zi) ∧ P6 =
(
yj, zj

)
for yz plane

Using these projections, locate the corresponding indices in the projection vertex arrays:

I1 = IndexO f (P1, VA), I2 = IndexO f (P2, VA)

I3 = IndexO f (P3, VB), I4 = IndexO f (P4, VB)
I5 = IndexO f (P5, VB), I6 = IndexO f (P6, VB)

2. Edge existence check in projections: Evaluate whether edges exist between the pro-
jected vertices in their respective adjacency matrices:
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EA = (AdjA[I1][I2] > 0) ∨ ((I1 = I2) ∧ (AdjA[I1][I2] = 0))
EB = (AdjB[I3][I4] > 0) ∨ ((I3 = I4) ∧ (AdjB[I3][I4] = 0))
EC = (AdjC[I5][I6] > 0) ∨ ((I5 = I6) ∧ (AdjC[I5][I6] = 0))

3. Spatial edge update: Update the spatial symmetric adjacency matrix Adj for the
edge [i][j]

EA ∧ EB ∧ EC ⇒ Adj[i][j] = 1 ¬(EA ∧ EB ∧ EC)⇒ Adj[i][j] = 0

The 3D model is now represented by M =
{

Adj, V3D
candidates

}
, which defines all possible

solutions of the pseudo-wireframe model. Figures 6 and 7 illustrate the reconstruction process
for the part shown in Figure 1. Figure 6 presents the symmetric adjacency matrix AdjA, while
Figure 7 shows all possible 3D models generated from this matrix and the corresponding
candidate vertices. Figure 7a shows a pseudo-wireframe 3D model that encompasses three
valid reconstruction candidates, as their geometries are consistent with the input projections.
Among them, the model in Figure 7d is the one intended for reconstruction, while the models
shown in Figure 7b,c are also geometrically valid solutions; however, they do not represent
the target 3D reconstruction and must therefore be discarded during the process.

Figure 6. Example of adjacency matrix of pseudo-wireframe mode.

Pseudo wireframe model (a)

Valid 3D model (c)

Valid 3D model (d)

Valid 3D model (b)

Figure 7. Example of pseudo wireframe model with all possible 3D models: (a) pseudo-wireframe
model with ambiguous geometry; (b–d) represent different valid interpretations of the 3D model
reconstructed from the same projection data.

59



Symmetry 2025, 17, 771

Human designers often approach engineering drawings by attempting to mentally
reconstruct the 3D object through identification of geometric relationships across multiple
views. This process typically involves a sequence of intuitive evaluations and repeated ad-
justments, which continues until a coherent 3D representation is formed in their minds [6].

The process of 3D wireframe model reconstruction can be defined as a process of
adding or removing candidate vertices and their corresponding edges while respecting
constraints related to geometric consistency until a solution is obtained that satisfies pre-
defined criteria. This defined process of 3D wireframe model reconstruction represents
a standard optimization problem, for the realization of which it is necessary to define a
mathematical model that should be independent of the optimization method.

3.5. Mathematical Formulation of the Proposed Model

Input variables

1. Orthogonal projection symmetric adjacency matrices and their dimensions:

• AdjA ∈ {0, 1}nAxnA adjacency matrix for the front projection;
• AdjB ∈ {0, 1}nBxnB adjacency matrix for the top projection;
• AdjC ∈ {0, 1}nCxnC adjacency matrix for the left projection.

2. Vertex coordinates of projections:

• VA =
{(

xA
i , zA

i
)}nA

i=1 coordinates of vertices in front projection;
• VB =

{(
xB

i , yB
i
)}nB

i=1 coordinates of vertices in top projection;
• VC =

{(
yC

i , zC
i
)}nC

i=1 coordinates of vertices in left projection.

1. Coordinate vertex set and connectivity:

• VK =
{(

xK
i , yK

i , zK
i
)}NK

i=1 3D candidate vertex coordinates;
• Adj ∈ {0, 1}NK xNK symmetric adjacency matrix for pseudo wireframe model.

2. Bounds on the number of vertices:

• n ≤ N ≤ NK, n = max(nA, nB, nC).

3. Target number of edges:

• Marked as T where T is derived from Adj.

Control variables of the mathematical model

In addition to the observed model’s input variables, it is necessary to define a vector
of control variables, that is, variables that describe the optimization objectives stated.

xi ∈ {0, 1}, i = 1, 2, ..., NK (1)

where xi—vertex inclusion indicator is a binary variable indicating whether vertex i is
included in the 3D model

eij ∈ {0, 1}, i, j = 1, 2, ..., NK (2)

where eij—edge inclusion indicator is a binary variable indicating whether edge (i, j) is
included in the 3D model

Adjcurr(xi, eij
) ∈ {0, 1}, i, j = 1, 2, ..., NK (3)

where Adjcurr—reduced symmetric adjacency matrix is a binary variable representing the
current 3D model using xi and eij.

The objective function
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The objective function of the mathematical model represents the criteria of optimiza-
tion. As mentioned earlier the goal is to measure the difference between current 3D model
and the target 3D model where target 3D model is represented with orthogonal projections.
However, determining this difference is not sufficient, and even has a smaller impact
on the optimization result, because orthogonal projections encompass all possible model
solutions that are geometrically consistent. Therefore, in addition to measuring the dif-
ference between projections, it is necessary to introduce an additional parameter into the
objective function. Figure 7 clearly shows that the solutions differ in the number of edges,
although all edges are displayed in a pseudo-wireframe model. The target number of edges
cannot be the number of edges of the pseudo-wireframe model because valid models have
fewer edges. It is necessary to determine the difference between the number of edges of
Adjcurr(xi, eij

)
and the target number of edges that the model to be recognized has. This

can be achieved with the following procedure:

1. Identify the vertex with the highest weight (most edges) in Adj;
2. Set all entries in the corresponding row and column of that vertex 0 in Adj;
3. Adj = Adjcurr(xi, eij

)
;

4. Repeat steps 1–3 until each row and column in Adj has either 0 or 3 non-zero entries
but without violating geometric consistency;

5. The sum off all 1-values in Adj after processing is the target number of edges T.

When there is more than one goal to achieve during the optimization process, there are
several ways to define an objective function [21] without entering in space of multi-objective
optimization. Finally, objective function F(x, e) can be written as:

min(F(x, e)) = min(ω1·FN(x, e) + ω2·(FT(x, e)× p)) (4)

FN(x, e) = ‖AdjA− ProjA(x, e)‖2
F + ‖AdjB− ProjB(x, e)‖2

F + ‖AdjC− ProjC(x, e)‖2
F (5)

FT(x, e) = (E(x, e)− T)2 (6)

where FN(x, e) is the Frobenius norm between goal projections adjacency matrices and
projection adjacency matrices of orthogonal projections of current 3D model ProjA, ProjB,
ProjC. FT(x, e) is the difference between the total number of edges of a current 3D model
and the target number of edges, ω1, and ω2 are weighting coefficients that determine
weights for the two objectives in the overall objective function. Vector

→
p is a penalty vector

and will be explained later.

Constraints of a mathematical model

The vertex–edge consistency constraint ensures that an edge eij can only exist if both of
its corresponding vertices i and j are included in the model. This is critical for maintaining
logical consistency in the graph structure of the 3D model.

eij ≤ xi, eij ≤ xj, ∀i, j. (7)

This constraint ensures that edges cannot “float” without being connected to valid
vertices. In other words, if a vertex is excluded from the model, all edges connected to that
vertex must also be excluded. This maintains the integrity of the graph structure during
the iterative procedure.

The geometric consistency constraint prevents the removal of vertices and their as-
sociated edges if the result violates the required geometric structure during the iterative
procedure. Specifically, it is required that the symmetric adjacency matrix Adjcurr(xi, eij

)
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after removing a vertex (and its corresponding edges) must have a non-zero-sum, ensuring
that at least some connections remain.

∑
i,j

eij · xi · xj �= 0 (8)

The minimum and maximum vertices constraint ensures that the reconstructed 3D
model contains only vertices within the permissible range defined by the input data. This
constraint is expressed as:

n ≤
K

∑
i=1

xi ≤ NK (9)

The edge connectivity constraint ensures that if an edge (eij = 1) exists, then both
vertices xi and xj are present. This adds a lower bound on the sum xi + xj, reinforcing that
both vertices must exist for the edge to be valid.

xi + xj ≥ 2 · eij, ∀i, j. (10)

3.6. Introduction to the Proposed GA for 3D Wireframe Model Reconstruction

An acceptable 3D wireframe model can be defined as a selected subset of vertices de-
rived from a larger set, structured to represent a 3D object while adhering to the constraints
specified in a corresponding integer programming formulation. Genetic algorithms (GAs),
as modern metaheuristic optimization techniques, are particularly well suited for address-
ing such problems due to their strong capability to converge toward a global optimum
with high probability in most cases [22].

It is important to emphasize that the performance of a GA is significantly influenced
by the choice of crossover and mutation operators [23]. However, for the model under
consideration, the most critical component is the penalization of candidate solutions based
on their validity. Only feasible solutions, as defined by the problem’s constraints, are
accepted in the model, and further explanation will be provided in subsequent sections.

Numerous variants of genetic operators exist in the literature, many of which can be
tailored to accommodate specific characteristics of the problem at hand, thereby enhancing
the adaptability of the GA. Since the general functioning of GAs is well established and
extensively documented, this work provides only brief definitions of the fundamental GA
components, contextualized within the proposed model.

In this model, a gene corresponds to a vertex (denoted as xix_ixi) and serves as the
basic unit of encoded information. An individual or chromosome is a combination of such
genes, representing a candidate 3D wireframe model. A population refers to the collection
of all such individuals, i.e., the full set of acceptable 3D wireframe configurations.

Parents are two feasible 3D wireframe models that participate in reproduction to
generate new candidate models. The fitness function evaluates the quality of each model;
in this context, it is based on the discrepancy between the orthogonal projections derived
from the engineering drawing and those generated from the candidate model, along with
the difference in the number of edges. This is formally defined in Equation (4) of the
mathematical model.

The crossover operator is responsible for combining two parent solutions (analogous to
tool paths) to produce a new offspring. The mutation operator, on the other hand, modifies
one or more genes within a single individual with the aim of introducing variability and
potentially discovering superior solutions. The specific implementation of these genetic
operators, as applied in the proposed model, will be detailed in later sections.
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3.7. Chromosome Representation and Decoding: Initial Population

The initial phase of any genetic algorithm involves selecting a suitable encoding
scheme to represent candidate solutions. Choosing the right representation is paramount,
as it impacts every subsequent stage of the GA’s execution. In our framework, this entails
encoding each chromosome as a binary vector, with the specifics dictated by the underlying
model. The approach is based on a binary chromosome representation where each gene
corresponds to a vertex in the model, and the total number of genes equals the dimension
of the symmetric adjacency matrix. A gene’s value indicates the inclusion (1) or exclusion
(0) of a vertex in the reconstructed model. Each vertex is assigned a weight based on
the number of edges connected to it. Typically, vertices in most mechanical parts have
a maximum of three edges, but the pseudo-wireframe model may include vertices with
higher connectivity (e.g., four, five, or more edges).

The reconstruction process differentiates between acceptable and valid individuals.
Acceptable individuals are those maintaining geometric consistency, making them suitable
for the initial population. Valid individuals are obtained through the evolutionary process,
where crossover and mutation operators improve the population by refining geometric and
structural consistency. Geometric consistency is maintained by ensuring that the sum of all
elements in the symmetric adjacency matrix is not zero after the removal of any vertex or
its edges.

The chromosome is decoded into the current symmetric adjacency matrix, reflecting
the connectivity of the vertices included in the current individual. This matrix is compared
with the original adjacency matrix to measure projection consistency and edge count.

The initial population includes chromosomes that do not violate geometric consis-
tency. During the evolutionary process, vertices with higher weights are more likely to be
excluded, provided their removal does not disrupt the model’s structural integrity. The
optimization ensures convergence to a valid model. For a model with 19 vertices (as shown
in Figure 7), the chromosome is represented as a binary vector (11).

x = [1, 0, 1, 1, 0, 1, 1, 1, 0, 0, 1, 1, 1, 1, 0, 0, 1, 1, 0] (11)

w = [3, 3, 4, 3, 4, 4, 3, 6, 4, 4, 3, 3, 4, 3, 4, 3, 3, 3, 3] (12)

The weights are calculated based on the adjacency matrix Adj (Figure 6), resulting in
the weight vector

→
� (12). Each gene is not only defined by its binary value but also by its

position within the chromosome and its associated entry in the adjacency matrix. Beyond its
value, a gene is further specified by an index denoting its position within the chromosome
and its corresponding entry in the connectivity matrix. Gene selection, for creating a
chromosome, specifically the inclusion of vertex ij in the model, is entirely stochastic
taking into account only the constraint given in (9), rendering the example provided in (11)
incompatible with any valid solution in the beginning of the evolution process. The initial
population is formed as an array of chromosomes, without the implementation of other
constraints except (9).

3.8. Fitness Calculation: Penalization of Acceptable Chromosomes

The fitness function plays a central role in steering the GA toward geometrically
valid and topologically optimal 3D reconstructions. It integrates a projection consistency
component—quantified using the Frobenius norm—with a penalty term that accounts for
deviations from the expected number of edges. Each chromosome is assessed according to
these dual criteria, and only individuals that satisfy predefined geometric constraints are re-
tained as valid solutions. This fitness evaluation framework promotes convergence toward
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a unique, structurally coherent configuration, thereby ensuring topological consistency
across projections within a finite number of evolutionary iterations.

The fitness function evaluates the quality of a chromosome in the GA, guiding the
evolutionary process toward reconstructing the 3D wireframe model. It is defined with
Equation (4), where:

• FN(x, e): Frobenius norm-based projection consistency measure, evaluating how well
the reconstructed model matches the initial orthogonal projections.

• FT(x, e) : Edge count consistency measure, assessing the difference between the current
number of edges and the target edge count.

• ω1 and ω2: Weighting coefficients balancing the importance of FN and FT . In the
context of the observed model ω1 = 0.3 and ω2 = 0.7.

• →
p : Penalty vector, calculated as the product of the binary chromosome x and the

weight vector
→
�, which represents the number of edges connected to each vertex.

The penalty mechanism is implemented through the penalty vector
→
p discourages

chromosomes with vertices that have excessive edge weights (w > 3). Each gene xi is
penalized with a factor proportional 10 · wi if wi > 3. This ensures that vertices with high
connectivity do not dominate the solution, as they often represent unrealistic or invalid
structures in the context of the model. A lower fitness value indicates a better individual.
Poorly penalized chromosomes are less likely to be selected as parents, preventing them
from evolving further. This introduces a sort of genetic engineering into the algorithm by
focusing the evolutionary process on improving acceptable solutions into valid ones.

Example of fitness evaluation:

x = [1, 0, 1, 1, 0, 1, 1, 1, 0, 0, 1, 1, 1, 1, 0, 0, 1, 1, 0]

w = [3, 3, 4, 3, 4, 4, 3, 6, 4, 4, 3, 3, 4, 3, 4, 3, 3, 3, 3]

The penalty vector
→
p is computed by multiplying x and � followed by penalizing

genes with wi > 3

p = [3, 0, 40, 3, 0, 40, 3, 60, 0, 0, 3, 3, 40, 3, 0, 0, 3, 3, 0]

• FN(x, e) = 0.2 (normalized projection consistency for example);
• FT(x, e) = 0.1 (normalized edge count difference for example);
• ω1 = 0.5 and ω2 = 0.5.

F(x, e) = 0.5 · 0.2 + 0.5 · 20.2 = 10.2

Computing and summing elements of p gives up p · FT(x, e) = 20.2
Final fitness: F(x, e) = 0.5 · 0.2 + 0.5 · 20.2 = 10.2
Chromosomes with penalized vertices (e .g., w3, w5, w6, w8) contribute to higher fit-

ness values. The algorithm favors chromosomes with lower weights, as they are closer to
valid configurations.

3.9. Selection of Parents, Crossover, and Mutation Operator

In our GA framework, a pair of feasible 3D wireframe models (“parents”) is chosen
to generate a new candidate solution. Parent selection is achieved by ranking models
according to their fitness values; those with the lowest fitness scores are marked as parents
and advanced to the crossover pool. This selection cycle repeats until the predefined
number of parent pairs—determined by the algorithm’s population size—has been reached.
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Crossover then combines genetic information from two parent chromosomes to pro-
duce offspring. Each child inherits a mixture of binary-encoded genes from both par-
ents, and specialized crossover operators (e.g., one-point, two-point, uniform) appropri-
ate for binary strings are applied to effect this exchange. A concise review of the most
widely used crossover techniques can be found in [23–25]. For the observed model, single-
point crossover is chosen. The operation of single-point crossover is illustrated by the
following example:

• Parent 1: x1= [1, 0, 1, 1, 0, 1, 1, 0, 0, 1];
• Parent 2: x2= [0, 1, 0, 0, 1, 0, 1, 1, 1, 0].

A random crossover point is selected. For this example, let the crossover point be after
the 5th gene (index 5). The chromosomes are split into two segments:

• Parent 1: [1, 0, 1, 1, 0]|[1, 1, 0, 0, 1];
• Parent 2: [0, 1, 0, 0, 1]|[0, 1, 1, 1, 0].

The offspring are generated by swapping the segments:

• Offspring 1: [1, 0, 1, 1, 0] + [0, 1, 1, 1, 0] = [1, 0, 1, 1, 0, 0, 1, 1, 1, 0];
• Offspring 2: [0, 1, 0, 0, 1] + [1, 1, 0, 0, 1] = [0, 1, 0, 0, 1, 1, 1, 0, 0, 1].

Each gene in the chromosome corresponds to a vertex in the model. The value
11 means the vertex is included, and 0 means it is excluded. The crossover combines the
structural characteristics of both parents. For instance:

• Offspring 1 inherits the first half of Parent 1 and the second half of Parent 2.
• Offspring 2 inherits the first half of Parent 2 and the second half of Parent 1.

After generating offspring, their fitness is evaluated using the fitness function, where
penalties

→
p are applied if vertices with high edge weights are included. Single-point

crossover creates new combinations of genes, promoting diversity in the population. In the
3D model reconstruction problem, Parent 1 and Parent 2 might represent partial solutions
that preserve different structural features of the model. By combining their chromosomes,
offspring may inherit valid structural properties from both, leading to improved fitness
and closer approximations to the target model.

The mutation operator chosen is an inversion operator. It is a mutation mechanism
used in GA to introduce variability into the population. It works by flipping the value of a
randomly selected gene in a chromosome.

• If the gene’s value is 1, it is changed to 0, and vice versa.
• The operation is triggered based on a predefined mutation rate, ensuring controlled

and rare alterations to preserve promising solutions while exploring new ones.

This operator prevents premature convergence by injecting diversity into the popula-
tion and helps the algorithm explore new areas of the solution space. In the context of 3D
model reconstruction, inversion can add or remove vertices from the model, refining the
population towards geometrically consistent and valid solutions.

A known limitation of GA is its tendency to converge toward a local optimum, which
may not necessarily yield a valid 3D model reconstruction. This is compounded by the fact
that the GA’s execution is typically constrained by a predefined number of generations.
Furthermore, given that the symmetric adjacency matrix encoding the 3D model’s edges
encompasses all potentially valid solutions, it becomes imperative to establish supplemen-
tary termination criteria for the recognition process. Specifically, the reconstructed 3D
model must exhibit geometric consistency, ensuring the absence of edge overlaps and the
uniqueness of the solution. Consequently, an iterative GA execution is required until a
single, geometrically sound solution is achieved, devoid of any edge ambiguities.
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3.10. Pseudo Code of Proposed GA

The genetic algorithm implementation requires four primary configuration parameters:
(1) population cardinality, (2) quantity of parent individuals selected for reproduction, (3)
probability of genetic mutation, and (4) maximum evolutionary cycles. The computational
process begins by instantiating the initial population and evaluating each candidate solution’s
fitness. Through iterative generational advancement, the algorithm performs selective breed-
ing using single-point crossover operations, introduces random mutations, and continuously
monitors for topological validity until convergence criteria are satisfied (Algorithm 3).

Algorithm 3 Evolutionary reconstruction framework.

PseudoCode Evolutionary Reconstruction Framework
Parameters:

- POP_SIZE: Integer (Population cardinality)
- NUM_PARENTS: Integer (Reproductive pool size)
- MUT_RATE: Float ∈ [0, 1] (Variation probability)
- MAX_GEN: Integer (Termination condition)

1. INITIALIZATION:
population = GENERATE_RANDOM_POPULATION(POP_SIZE)
EVALUATE_FITNESS(population)
current_gen = 1

2. GENERATIONAL LOOP:
WHILE current_gen ≤MAX_GEN:

selected_parents = BestFitness(population, NUM_PARENTS)
offspring = EMPTY_SET()
WHILE SIZE(offspring) < (POP_SIZE-NUM_PARENTS):

parent1, parent2 = SELECT_PAIR(selected_parents)
child = SINGLE_POINT_RECOMBINATION(parent1, parent2)
IF RANDOM() < MUT_RATE:

child = APPLY_MUTATION(child)
ADD_TO_SET(offspring, child)

population = COMBINE(selected_parents, offspring)
EVALUATE_FITNESS(population)
current_gen += 1
IF VALID_SOLUTION_EXISTS(population) AND

NOT HAS_EDGE_CONFLICTS(population):
BREAK

3. TERMINATION:
RETURN BEST_SOLUTION(population)

4. Experimental Results

The mathematical model provided in Section 2 is realized through application in
which the previously presented GA is implemented and is written in the object-oriented
programming language Delphi. It is independent executable software platform and in
the following paragraph, a brief overview of the main screen and the functionality of the
application is provided.

4.1. Brief Overview of the Software Platform

Figure 8 presents the application’s initial screen. In the middle of the main form there
are command buttons for the following:
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• Data entry (loading orthogonal symmetric projection matrices and vertex arrays);
• Executing the GA;
• Closing the application.

Figure 8. The main form of application for 3D reconstruction.

The left side of the input form displays the GA execution results, while the bottom
half visualizes the GA process. The left half of the main form displays the results of the
GA execution, the initial symmetric adjacency matrix of the pseudo-wireframe model, the
fitness of each best individual in the generation, and the symmetric adjacency matrix of the
best solution obtained at the end of the GA execution. In the middle of the main form, there
is information about the number of GA executions up to the moment of obtaining the best
solution, as well as the GA parameters that can be changed. In the right part of the main
form, there is a window with a 3D graphical representation of the GA execution, while
at the bottom, there is a diagram of the GA execution The application begins by loading
orthogonal projections, i.e., DXF files for each view, and forming symmetric adjacency
matrices for each projection.

4.2. The Structure and Loading Process of Input Data

The input data consist of pre-generated matrices of orthogonal projections and arrays
of vertex coordinates for each projection. The data are stored in *.txt files for each projection,
as shown in Table 3.

The first line contains the name of the projection (e.g., Front), followed by the dimen-
sion of the matrix AdjA in the format nA × nA, and then the adjacency matrix of the front
orthogonal projection. Next comes the array of vertex coordinates, and at the end, there is
an empty line. This pattern is repeated for the subsequent projections, i.e., AdjB, VB, AdjC
and VA, VB and VC.

Table 3. Sample input structure of projection data stored in plain text files.

Section Example Content

Projection name Front

Adjacency matrix size 9 × 9

Adjacency matrix (AdjA)

0 1 0 0 0 0 0 0 1
1 0 1 1 0 0 0 0 0
0 1 1 1 0 0 0 0 0
0 1 1 0 1 1 0 0 0
0 0 0 1 0 1 0 0 0
0 0 0 1 1 0 1 0 0
0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 1 0 1
1 0 0 0 0 0 0 1 0
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Table 3. Cont.

Section Example Content

Vertex coordinates (VA)

0 0
150 0

150 40
150 60
70 40
70 60
20 60
20 25
0 10

4.3. Testing Parameters

The proposed solution has been tested on several real models, four of which will be
presented here.

The first, which is simpler, is shown as an example throughout this paper. The second,
more complex part, with 40 vertices and 168 edges in the pseudo-wireframe model, is
shown in Figure 9 as a solid model and in Figure 10 as a wireframe model. The edges
marked in red represent those that do not belong to the real model but to the set of all valid
solutions. Also, vertices marked in red are vertices that belong to the candidate set but that
do not belong to the vertices of a real 3D model. In Table 4, the geometric characteristics of
both models are provided.

Figure 9. Solid model of PR0004 test model.

Figure 10. Three-dimensional pseudo-wireframe model of PR0004 test model.
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Table 4. The geometric characteristics of tested models.

Model Name
No. Edges 3D

Wireframe
No. Vertices 3D

Wireframe
No. Edges 3D
Real Model

No. Vertices 3D
Real Model

PR0003 66 19 27 18

PR0004 168 40 60 32

Given that GA results can vary based on input parameters, five GA runs were con-
ducted with different parameter sets. Table 5 presents the parameter values for each run,
while Tables 6 and 7 lists the names of the output parameters with experimental results for
PR0003 and PR0004, respectively.

Table 5. The parameters for the execution of GA.

Name of Parameter I II II IV V

Population size 100 200 300 400 500

Number of parents 80 80 240 320 420

Mutation in % 1 1 1 1 1

Number of generations 100 100 100 100 100

Table 6. Test output parameter list with obtained values for PR0003.

Name of Parameter I II II IV V

Fitness 1.1 1.1 1.1 1.1 /

Execution time/computational complexity in sec 2 2 3 4 /

Valid solution obtained (Yes/No) Yes Yes Yes Yes /

Solution with double edges No No No No /

No. of double edges / / / / /

No. of GA repetitions 1 1 1 1 /

Table 7. Test output parameter list with obtained values for PR0004.

Name of Parameter I II II IV V

Fitness 10.3 10.3 10.3 10.3 10.3

Execution time/computational complexity in sec 60 54 90 94 100

Valid solution obtained (Yes/No) Yes Yes Yes Yes Yes

Solution with double edges No No No No No

No. of double edges / / / / /

No. of GA repetitions 6 4 4 3 3

To evaluate the impact of different parameter settings, the GA was run with four
(PR0003) and five (PR0004) parameter configurations. The results are tabulated in
Tables 6 and 7, and visualized in Figures 11–20. The primary objective was to assess the
GA’s ability to converge to valid solutions for complex shapes like PR0004, while restricting
the analysis to polyhedral shapes.

The second objective of the experimental testing of the proposed GA was to examine
its convergence capability toward valid solutions for geometric solids with cylindrical
surfaces. This presents a greater challenge, particularly for GAs [19]. Figure 21 illustrates
an example of a 3D solid model of PR0007 with cylindrical surfaces, while Figure 22 shows
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the experimental results for I parameter group. The testing was conducted using the first
four configurations of GA parameters, and the results are presented in Table 8. Figure 23
illustrates a more complex, typical industrial part with cylindrical surfaces part tested with
the first three configurations of GA parameters, while Figure 24 shows the experimental
results for I parameter group. The testing results are presented in Table 9.

Figure 11. GA execution-PR0003 I group.

Figure 12. GA execution-PR0003 II group.

Figure 13. GA execution-PR0003 III group.

Figure 14. GA execution-PR0003 IV group.
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Figure 15. GA execution-PR0004 I group.

Figure 16. GA execution-PR0004 II group.

Figure 17. GA execution-PR0004 III group.

Figure 18. GA execution-PR0004 IV group.
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Figure 19. GA execution-PR0004 V group.

Figure 20. PR0004 after execution of GA.

Figure 21. PR0007 3D solid model.

Figure 22. PR0007 results after execution of GA.

To examine the behavior of the proposed genetic algorithm (GA) under different
evolutionary parameter settings, a series of experimental runs was performed on two test
cases of increasing complexity—PR0003 and PR0004. Figures 11–20 provide a detailed
visualization of the algorithm’s execution across five parameter groups for each model,
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with particular focus on convergence characteristics, solution accuracy, and structural
validity of the reconstructed wireframe models.

Table 8. Test output parameter list with obtained values for PR0007.

Name of Parameter I II II IV V

Fitness 2.4 2.4 2.4 2.4 /

Execution time/computational complexity in sec 2 2 3 4 /

Valid solution obtained (Yes/No) Yes Yes Yes Yes /

Solution with double edges No No No No /

No. of double edges / / / / /

No. of GA repetitions 1 1 1 1 /

Figure 23. PR0005 3D solid model.

Figure 24. PR0005 results after execution of GA.

Table 9. Test output parameter list with obtained values for PR0005.

Name of Parameter I II II IV V

Fitness 112.20 112.20 112.20 / /

Execution time/computational complexity in sec 60 86 94 / /

Valid solution obtained (Yes/No) Yes Yes Yes / /

Solution with double edges No No No / /

No. of double edges / / / / /

No. of GA repetitions 6 4 5 / /
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For the simpler polyhedral model PR0003, Figures 11 and 12 depict the GA perfor-
mance under parameter Groups I and II, respectively. In Figure 11, a steady convergence
trend is observed, with gradual fitness improvements stabilizing after approximately
50 generations. The resulting wireframe model adheres to the expected topological struc-
ture, demonstrating that even conservative parameter settings can yield valid results. In
contrast, Figure 12 reveals a steeper initial drop in fitness values under Group II, indicating
faster convergence. Despite the more aggressive parameter configuration, the final model
remains both geometrically and topologically consistent, confirming the robustness of the
GA framework in lower-complexity scenarios.

Further testing with Groups III and IV for PR0003, shown in Figures 13 and 14,
reveals subtle yet meaningful differences in convergence dynamics. Figure 13 demonstrates
that Group III supports rapid early-stage exploration followed by stable convergence,
producing a structurally correct wireframe representation. Figure 14, using Group IV, leads
to slightly faster convergence, suggesting that fine-tuned parameter values can improve
efficiency without compromising solution quality. These results emphasize the importance
of parameter calibration, even when dealing with relatively simple geometric forms.

The evaluation is extended to the more complex polyhedral model PR0004, where
the algorithm’s scalability is tested against increased topological density and geometric
intricacy. In Figure 15, which corresponds to Group I, the convergence curve progresses
more gradually, with fitness values improving steadily over time. The adjacency matrix
and final model visualization confirm the algorithm’s ability to resolve denser connectivity
patterns. Figure 16, representing Group II, shows a more aggressive convergence profile,
with earlier stabilization of fitness values and successful reconstruction of the intended 3D
geometry, underscoring the algorithm’s adaptability to different optimization pressures.

Figures 17 and 18 offer insight into the GA’s behavior under Groups III and IV for
the PR0004 case. Figure 17 illustrates a longer convergence trajectory, with fitness im-
provements extending across 80 generations, a reflection of the search space complexity.
Nonetheless, the final model is both topologically complete and geometrically accurate.
Figure 18 isolates the final reconstruction obtained with Group IV and clearly displays the
fidelity of the solution, even without the accompanying convergence plot. The preservation
of structural proportions across all model layers attests to the reliability of the topological
encoding and optimization procedure.

Finally, the outcomes associated with Group V and the fully reconstructed model are
presented in Figures 19 and 20. As shown in Figure 19, the algorithm exhibits continued
fitness refinement across an extended number of generations, suggesting a broader ex-
ploration phase. Despite the higher number of iterations, the resulting solution remains
robust, validating the algorithm’s effectiveness even under more exhaustive parameter
regimes. Figure 20 displays the final reconstructed geometry in isolation, emphasizing the
GA’s capacity to capture the full complexity of the PR0004 model and maintain structural
integrity throughout the optimization process.

Collectively, these figures provide strong empirical evidence of the proposed method’s
generalizability and resilience across a wide range of parameter settings and model com-
plexities. The consistent convergence behavior and reliable reconstruction outcomes rein-
force the applicability of the GA framework to real-world CAD and reverse engineering
tasks involving polyhedral geometry.

In the subsequent phase of the experimental evaluation, the focus shifts toward more
complex models that incorporate curved surfaces and a combination of cylindrical and rect-
angular geometries. The objective of this testing stage was to assess the genetic algorithm’s
(GA) ability to reconstruct 3D wireframe models for shapes that deviate significantly from
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purely polyhedral forms. These cases increase the reconstruction challenge and provide
insight into the algorithm’s suitability for real-world industrial applications.

Figure 21 presents the 3D solid model of the PR0007 test case, which features a blend
of straight edges, rounded transitions, and a characteristic cutout at the base. This geometry
introduces a reconstruction challenge due to the need to preserve topological consistency
in the presence of local curvature and interrupted surfaces.

The execution of the GA for PR0007 is shown in Figure 22, where the convergence
curve demonstrates rapid early-stage fitness improvement, followed by stabilization. The
reconstructed wireframe model faithfully reproduces the primary geometric and topologi-
cal features of the target object, confirming that the proposed algorithm can handle curved
features without relying on additional heuristics.

Moving forward, Figure 23 depicts a more demanding 3D solid model, designated
PR0005, which includes complex curved contours, multi-layered structures, and non-
rotational symmetries. This model was specifically chosen for its resemblance to real-world
components commonly found in mechatronic and precision mechanical assemblies.

The results of applying the GA to PR0005 are illustrated in Figure 24, where the
algorithm successfully identifies key edge connections and generates a valid topological
mesh. Despite the model’s intricate morphology, the reconstruction maintains geometric
consistency, and the convergence curve indicates that the solution is reached within a
reasonable number of generations. This confirms the method’s applicability to technically
challenging components within engineering environments.

Overall, the visual and quantitative results presented in Figures 11–24 confirm the
effectiveness and versatility of the proposed GA-based reconstruction framework across a
wide spectrum of geometric complexities. The method consistently produced topologically
valid and geometrically accurate wireframe models, demonstrating strong potential for
integration into automated CAD pipelines and reverse engineering workflows in both
academic and industrial contexts.

5. Discussion

The experimental results demonstrate that the GA is highly effective in solving prob-
lems involving simple geometries such as PR0003 and also PR0007 with cylindrical surfaces.
Even under the most constrained parameter settings, the algorithm consistently converged
to the correct solution within a few iterations. For instance, for the PR0003 model, the GA
found the exact solution in just two seconds. The same applies to PR0007, which is a part
with relatively simple cylindrical surface geometry.

During the testing of other models, it was noticed that this GA is very effective for
the models with a number of vertices between 15 and 25 and with a number of edges
between 20 and 35. In these intervals, the GA converges to the accurate solution in a single
run. During testing mutation was always at 10% rate. Since the results for PR0003 did not
change, testing with parameter group V was deemed unnecessary. For more complex parts,
such as PR0004, it is clear that an accurate solution is always obtained, but across several
runs, which leads to an increased runtime.

The execution time of the GA for complex parts is longer, which also depends on the
amount of computation, but this is not a problem regarding the characteristics of modern
computers. For example, for PR0004, the ADj matrix is 40 × 40, and intensive calculations
are performed on it at all times. In this case, as well as in other more complex parts that
were tested, for the number of l vertices greater than 25, solutions are always obtained
where the geometric consistency is not violated and the solution does not go beyond the
set of solutions represented by the pseudo-wireframe model. Also, no new surfaces are
created, and there is no edge overlapping, meaning that individual candidate vertices
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remain in the solution because all constraints are satisfied and they do not create new
shapes in the model.

For typical industrial parts with cylindrical shape, such as the component shown
in Figure 23, the execution time is observed to be longer. However, the correct solution
is obtained after several GA iterations. This demonstrates that the proposed method
effectively handles both simpler and more complex models with cylindrical surfaces.

It should be noted that even the variation of mutation did not lead to convergence to
the exact solution, which is also the nature of GA, while for simpler models it converges
very quickly to the exact solution because the search space is smaller.

Considering the test results presented in Tables 5–7, and the relationship between
the complexity of the part being reconstructed and the GA’s execution time, where this
time encompasses all GA executions until a valid solution is obtained, it is clear that
the proposed GA is most efficient with the second group of parameters for simple and
moderately complex geometry parts. During intensive testing of the proposed algorithm,
it was also shown that for highly complex geometry parts, the best parameters are from
groups IV and V. In all tests conducted to date, the geometry of the part has been consistently
and accurately recognized, even for complex components; however, the number of GA
executions reached up to eight times, with execution times extending up to 180 s. Given that
an accurate solution was consistently obtained, this represents an exceptionally favorable
final testing outcome.

In contrast to previous GA-based approaches—which typically rely on raster prepro-
cessing or predefined libraries of geometric primitives—the proposed method employs
a mathematically rigorous topological framework that supports the reconstruction of a
broader range of 3D models, including those containing curved and free-form elements. By
leveraging a connectivity-based representation rather than heuristic feature extraction, the
approach enhances model generality and eliminates dependence on prior shape classifica-
tion. As summarized in Table 10, this results in improved scalability, increased robustness
across diverse input data, and a significant reduction in preprocessing complexity.

Table 10. Comparison with GA-based 3D reconstruction methods.

Study Input Type Shape Support Method Basis
Optimization

Target
Geometry Type
Independence

DXF (Vector)
Support

Topological
Model

Chen & Feng [15] Raster image Prismatic +
curved

Contour
extraction

Projection
consistency Yes No Full

Gorgani & Pak [6] 2D drawings Only pris-
matic shapes

B-Rep
reconstruction Face alignment No No Partial

Siddique &
Zakaria [17] Raster image Simple shapes Shape features Edge position,

face equalization No No No

This paper DXF (vector) Prismatic +
Curved

Symmetric
matrices

Vertex to Vertex–
edge topology Yes Yes Full

Although some of the limitations of the proposed methodology were briefly outlined in
Section 3.1, they are revisited and elaborated here to ensure clarity and completeness. This
dedicated discussion aims to contextualize the current scope of the model and highlight
avenues for future enhancement.

First, the method assumes that the input 2D engineering drawing is complete and
composed of exactly three orthographic projections—front, top, and left—conforming to the
ISO-E (European) projection standard, as illustrated in Figure 2. These views are expected
to encapsulate all essential geometric information, including both visible and hidden edges.
At the present stage, the framework does not support sectional views, auxiliary projections,
or drawings that are incomplete.
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Second, the approach presumes that all orthographic views are rendered at a consistent
1:1 scale, thereby enabling the direct use of vertex coordinates for 3D reconstruction. A
global scaling factor may be optionally applied, but the model does not yet incorporate
dimensioning metadata or tolerancing information embedded in annotations.

Third, although DXF files are advantageous for extracting basic geometric entities such
as lines and arcs, they lack topological information—i.e., they do not provide an explicit
mapping of entity connectivity or view separation. Therefore, a custom segmentation proce-
dure is required to distinguish between projections and reconstruct their internal structure.

Additionally, the method relies on the recognition of basic geometric primitives
(e.g., LINE, ARC) to infer edge shapes. In its current form, the model does not support
complex freeform surfaces or non-cylindrical geometries. Interpretation of such features
would require integrating advanced geometric representations and curvature analysis tools
and mathematical tools for curvature and surface analysis.

It is important to emphasize that these constraints do not compromise the core of the
methodology, which is fundamentally based on a binary vertex-to-vertex topological model.
The approach remains general and extensible, and these limitations may be addressed
through future enhancements, such as the incorporation of geometric reasoning modules or
hybrid shape descriptors. Therefore, the challenges identified here also represent promising
directions for future research and model refinement.

6. Conclusions

In this paper, a method for encoding 2D engineering drawings using symmetric
connectivity matrices is presented. These matrices significantly facilitate the formation
of a mathematical model and enable the problem of recognizing 3D models from 2D
engineering drawings to be reduced to an integer linear programming problem. A GA has
been developed, successfully recognizing 3D models of both polyhedral shapes and models
with cylindrical surfaces. For testing purposes, a fully independent software platform
was created, covering the entire process from generating symmetric adjacency matrices
from orthogonal projections to part recognition. This platform includes real-time graphical
visualization of the recognition process and allows testing of parts with various geometric
shapes without additional adjustments.

The advantage of the proposed model lies in its simplicity, as the problem of recogniz-
ing a 3D wireframe model is reduced to the problem of linear integer programming. The
model does not necessarily require a DXF format as a starting point, as it is designed to ac-
cept, with minor modifications, any other vector format used for engineering drawings. So
far, it has only been tested on polyhedral shapes, and on simpler cylindrical ones, although
theoretically, it should also work with all shapes since it is based on edges, including curved
edges that are not straight lines.

To the best of our knowledge, no previous work in the available literature has intro-
duced a 3D reconstruction model that combines symmetric connectivity matrices with
GA. Furthermore, studies [16–19] that utilize GA for geometry recognition generally
achieve lower success rates in 3D reconstruction and are predominantly limited to polyhe-
dral shapes.

However, one of its shortcomings is that it does not recognize surfaces but only the
wireframe model, and has not yet been tested on parts with highly complex geometry,
which, in addition to polyhedral shapes and cylindrical surfaces, also include other types
of surfaces.

Future research directions involve improving the GA process, potentially selecting
other crossover and mutation operators, redefining weight coefficients and methods for
penalizing poor individuals, and possibly hybridizing GA with other optimization al-
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gorithms to achieve even better results with polyhedral shapes and cylindrical surfaces.
Additionally, intensive testing and possible modifications are required to recognize other
non-cylindrical surfaces.

This solution, as conceived, can serve as a foundation for the complete automation of
the 3D model recognition process from engineering drawings, or as an initial phase toward
the full integration of CAD/CAM activities.

In future work, we aim to expand the proposed methodology beyond wireframe
reconstruction, with the goal of achieving fully automated generation of solid models
directly from standard technical documentation. This advancement would facilitate the
practical integration of the method into industrial CAD environments, thereby enhancing
its applicability in real-world engineering workflows.

Moreover, the utilization of symmetric adjacency matrices establishes a geometry-
independent framework that enables the method to process both linear and nonlinear
edges with equal robustness. By prioritizing topological relationships over explicit surface
definitions, the approach circumvents limitations commonly associated with specific part
geometries. This abstraction not only improves the generalizability of the system but
also creates opportunities for further extension into complex design domains, including
freeform surfaces and non-standard projection views. Such developments would signifi-
cantly broaden the scope of the method and reinforce its relevance in advanced CAD and
reverse engineering applications.
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Abstract: In integrated turbine wheel designs, small deviations, known as mistuning, often
occur in the modal properties of individual blades due to manufacturing tolerances and
material inhomogeneity. During operation, this mistuning can cause some rotor blades to
be subjected to significantly higher loads than predicted for an ideal rotor. The degree of
rotor mistuning can only be determined using methods of experimental modal analysis.
However, the manual use of the modal hammer cannot ensure precise repeatability of
the force impulse’s location and timing, leading to inaccuracies. This article introduces
a mechanism that replaces manual modal hammer operations, guaranteeing consistent
impact location and timing while eliminating double strikes. The device was verified
on bladed discs of various sizes, and its usability is demonstrated in this article on a
turbine wheel of a marine engine turbocharger. The developed mechanism automates
modal hammer strikes, ensuring precisely repeatable force courses and positioning for each
impact. This automation reduces the measurement time and significantly improves the
accuracy. The results of this research showed that even with careful manual operation of the
modal hammer by an experienced operator, statistically significant differences arise in the
repeated measurements of a bladed disc mistuning, whereas with the use of the presented
measuring device, the results of the repeated measurements are practically identical.

Keywords: bladed disc; mistuning; measuring device; turbocharger; marine engine

1. Introduction

The issue of structural vibrations poses a significant challenge in the design of new
devices across a wide range of engineering products. This challenge spans various applica-
tions, including combustion engine components, turbines, vehicle parts, and even large-
scale structures, such as buildings and bridges, where structural integrity is paramount and
precise knowledge of dynamic characteristics is essential. Addressing dynamic stress in
these applications is, therefore, crucial [1]. This article primarily focuses on machines and
their components, where understanding dynamic behaviour is vital to prevent failure or
damage during operation. Excessive machine vibrations are closely linked to performance
and may cause malfunctions due to the risk of increased mechanical stress. For instance, in
the case of a turbine wheel from a marine engine turbocharger, higher mechanical stress
can accelerate wear or lead to cracks, culminating in the breakage of blade tips or entire
blades. Another notable effect of machine vibrations is increased noise during operation [2],
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which creates an uncomfortable working environment and reduces operator satisfaction.
Reducing machine vibrations remains a pressing issue in the field, drawing the attention of
numerous researchers and experts [3–12].

Vibration measurements can be categorised into two approaches based on their ob-
jectives. The first approach involves measuring vibration responses during the operation
of a machine in its natural working environment and is referred to as the field of vibro-
diagnostics [13]. The second approach, which holds greater relevance to the topic discussed
here [14], involves inducing oscillations in the component or machine through known
excitation and measuring the response, as illustrated in Figure 1. This method is often
carried out in more controlled laboratory conditions outside of the machine’s working
environment, enabling more precise response measurements. Structural excitation can be
implemented in various ways, with the simplest being impact excitation using a modal im-
pact hammer. Alternatively, shakers—connecting devices designed for this purpose—can
be employed. For modal testing of small- to medium-sized structures, excitation with a
modal impact hammer is typically sufficient. The procedure involves identifying specific
points or a network of points on the structure, depending on the component’s scope, where
hammer strikes are executed. The response at these points is recorded by a sensor fixed at a
designated reference point, which remains stationary during excitation. Dynamic responses
can be detected using accelerometers or optical instruments, such as laser vibrometers. The
measured values at individual points form the matrix elements of the frequency response
function H(Ω) [1], as defined in Equation (1) below.

H(Ω) =
output
input

=
motion
f orce

=
response

excitation
(1)

Figure 1. Principle of the experimental modal analysis.

The measured data are processed using the fast Fourier transformation (FFT), which
converts it from the time domain to the frequency domain. Before this conversion, a
weighting function is often applied to minimise the impact of slightly attenuated signals
in the measured data. Following this, the converted data are interpolated with a curve,
enabling the determination of the frequency response function and the extraction of desired
modal parameters.

This method is referred to as modal testing [15]. An example of its application under
real-world conditions is demonstrated in Figure 2, featuring a turbine wheel from a marine
engine turbocharger.

Modal testing, also known as modal analysis, is a critical and robust tool in machinery
design, providing insights into how a structure’s design responds to various dynamic
loads. It involves studying the dynamic properties of structures through structural testing
or simulations based on a finite element analysis. These properties include resonance
frequencies, also referred to as natural frequencies, and structural modes. The dynamic
behaviour of a structure under operational loads is determined by its mass M, stiffness K,
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and damping distribution B. Understanding these properties enables designers to modify
or optimise the structural designs to enhance their dynamic performance [16].

The vibration behaviour of any component, such as a turbocharger turbine wheel, is
governed by the differential equation of motion.

M
..
q + B

.
q + Kq = F(t). (2)

Here, q represents the vector of generalised coordinates, F denotes the vector of forces, and
t stands for time, with the continuous structure being discretised into a finite number of
degrees of freedom [17].

Experimental modal tests on turbine wheels with integrated blades have been per-
formed in the past using a manually controlled excitation of a modal hammer, as described
in [17] and shown in Figure 2. During testing, the turbine wheel is positioned on a highly
flexible pad to minimise the influence of boundary conditions.

 

Figure 2. Experimental modal analysis of a turbine wheel using hand-guided modal hammer excitation.

The modal hammer is used to excite individual rotor blades at an appropriate location,
typically near the blade tip. The resulting blade vibrations are measured contactless using
a laser Doppler vibrometer. However, in experiments involving manual guidance of the
modal hammer, certain inaccuracies can occur due to the inherent variability of manual
operations [18–22].

Some of these inaccuracies include the following:

• Variability of strike force. Manual control of the modal hammer can cause variability
in the strike force between individual measurements. If the strike force is not constant,
it can affect the results of the analysis, especially in terms of accurate measurements of
amplitudes and frequencies of the structure’s response.

• Incorrect strike angle. It is difficult to ensure that the strike is always performed at the
required angle during manual operations. Changes in the angle can alter the excita-
tion characteristics and lead to errors in the data, which may impact the accuracy of
mode identification.

• Lack of repeatability. Manual control can lead to repeatability issues, meaning that
each strike may not be exactly the same. Even small differences in position, angle, and
strike force can cause changes in the dynamic responses of the measured structure.

• Introduction of unwanted influences. In addition to the strike force, manual operation
may transfer vibrations from the hand or arm to the hammer. These transfers can
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affect the results of the analysis, as unwanted interferences may be recorded in the
data instead of a pure structural response.

• Limited positioning accuracy. The placement of the hammer at different points on
the structure (depending on the manual handling) can influence the characteristics of
the excitation. Different areas of the structure may have different dynamic properties,
resulting in varying responses to the same strike.

When evaluating the results of the experimental modal analysis with the manual
control of the modal hammer (see Figure 2), the authors have long observed that the results
of repeated measurements of the same bladed discs show significant statistical dispersion
in the degree of mistuning of individual blades. Therefore, the intention arose to control
the modal hammer with a suitable mechanism instead of a human hand, which would
ensure the repeatability of the location and timing of force impulses on all blades.

2. Materials and Methods

2.1. Inaccuracies in Manual Control of the Modal Hammer

The first type of inaccuracy mentioned above can be observed in Figure 3, which
illustrates the force generated by the hammer’s force sensor during individual blade strikes.
At a glance, variations in the strength of each strike are clearly noticeable. Additionally,
some strikes exhibit double impacts, visible even without zooming in on the time axis.
Achieving consistent, high-quality hammer strikes suitable for a modal analysis demands
significant practice in manually controlling the modal impact hammer.

Figure 3. Signal measured by a force sensor at the tip of a modal hammer during multiple hand-
guided strikes on a single turbine wheel blade.

While these factors—aside from double strikes—may theoretically have a minimal
impact on the evaluation of transfer functions, practical experience reveals that they exert a
non-negligible influence. This makes data evaluation cumbersome, increases testing time,
and, above all, the aforementioned large statistical deviations arise when evaluating the
degree of mistuning.

2.2. Measuring Device Replacing the Human Hand

To address these challenges, a concept was developed for a measuring device capable
of conducting experimental modal tests on integrated bladed discs—specifically turbine
wheels of various sizes and blade counts—while simultaneously mitigating these short-
comings. Ideally, such a device would be fully automatic and remotely controlled via a
computer. However, before developing a more advanced fully automatic system, it was
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necessary to validate the functionality of a simpler, semi-automatic device. This device
replaces the manual guidance of the modal hammer with a controlled mechanism, though
it is still manually operated.

The core of the device consists of a hammer holder mounted on an axis supported
by two radial ball bearings, which facilitate the primary measuring motion—the hammer
strike. Additionally, the device allows for secondary movements, including displacements
and rotations, essential for accurately aligning the hammer perpendicular to the analysed
blade during measurements on turbine wheels of varying sizes.

To conduct the initial tests, the prototype shown in Figure 4 was assembled. This
prototype enables the primary hammer movement as well as secondary adjustments, thanks
to its aluminium adjustable console on which the device is mounted. The hammer is manually
cocked, with its impact and subsequent return to the starting position ensured by a system
of tension springs. The alignment and rotation of the hammer perpendicular to the blade’s
measured location were achieved by adjusting the console to the appropriate position.

 

Figure 4. First assembled prototype of the measuring device.

The principle behind the hammer’s impact on the turbine blade involves setting its
equilibrium position to maintain a gap of several millimetres between the hammer tip
and the blade surface. This gap depends on the desired impact force, the stiffness, and
the number of tension springs. When the hammer is extended to its designated stop, an
over-oscillation occurs upon release, causing it to strike the blade as it moves beyond the
equilibrium position. The system of tension springs ensures that the hammer gradually
returns to its equilibrium without causing any further impacts.

To evaluate the device’s functionality, particularly with regard to double strikes of
the hammer, it is sufficient to analyse the force impulse recorded by the hammer’s force
sensor. A series of hammer strikes was conducted to confirm the device’s operational
accuracy. Data collection was performed at 20 s intervals with a sampling rate of 50 kHz,
facilitated by the NI cDAQ-9179 measurement card. The data were recorded using the
LabView software (version 2024) and subsequently exported to MatLab (version 2024) for
processing and visualisation, with the results displayed in Figure 5.

At first glance, the results demonstrate that the measuring device fulfils the defined
requirements. The location and force of individual strikes remain consistent across all
instances, indicating that the device provides reliable hammer guidance. Consequently,
all test measurements are suitable for experimental modal testing and, importantly, do
not exhibit the previously mentioned errors, particularly double strikes. In Figure 6, there
are examples of incorrect strikes when manually operating the modal hammer. This does
not occur when using the measuring device; Figure 7 shows examples of hammer strikes,
which are practically identical.
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Figure 5. Force waveforms recorded during the operation of the modal hammer by the measuring device.

Figure 6. Incorrect triple and double strikes when manually operating the modal hammer.

Figure 7. Examples of force impulses of the modal hammer when using the measuring device (the
figure on the right is a zoom of the figure on the left).

As observed, each strike involves only a single hammer impact on the turbine blade.
This confirms that the concept of designing a measuring device is validated through the
successful practical testing of the prototype, paving the way for further development of
the device.

The next stage of development focuses on automating the hammer’s cocking mecha-
nism and ensuring consistent striking force. To achieve this, a stepper motor was selected,
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as shown in Figure 8. The motor operates in one full revolution, during which it cocks
and releases the hammer. This design allows the hammer sufficient time to stabilise in
its equilibrium position after each strike before the motor returns to its starting position.
Consequently, strikes can be performed consecutively, reducing the measurement time
while eliminating the need to account for hammer settling, thereby preventing deviations
in the measurements.

 

Figure 8. Details of the measuring device enhanced with a stepper motor for automated functionality.

3. Results

To verify the full functionality of the improved measuring mechanism, an exper-
imental modal analysis was conducted on a real turbine wheel from a marine engine
turbocharger. Utilising a single laser vibrometer in combination with a computational FE
model offers several advantages over scanning vibrometers in turbine wheel analyses. A
simple laser vibrometer is significantly more economical, reducing laboratory equipment
costs. Additionally, the measurement process is less time-intensive, as scanning the entire
turbine wheel surface is unnecessary—measuring a single point on each blade suffices
when natural frequencies are accurately matched to mode shapes derived from the compu-
tational model. This method can also be automated with relative ease, enabling efficient
processing and evaluation of the acquired data. As a result, the turbine manufacturer gains
comprehensive statistical insights into blade parameters, addressing mistuning influenced
by various factors in the production process.

3.1. Computational Model of Tuned Turbine Wheel

The computational finite element model of the tuned turbine wheel was developed
using the ANSA software (version 2024). Leveraging the turbine wheel’s cyclic symmetry,
the analysis focused on a single sector without any loss of information, as all sectors
were considered identical. This approach significantly reduced the model’s degrees of
freedom. Element size and type were carefully optimised through a series of sensitivity
analyses to ensure both accuracy and computational efficiency. A fine, structured mesh
was employed for the blade surface to capture detailed stress distributions and geometric
features, while larger elements were utilised for the disc body and shaft, where stress
gradients were less pronounced. This combination ensured optimal balance between
precision and computational cost.

To validate the robustness of the results, mesh independence was demonstrated
by performing analyses with multiple mesh resolutions. The results showed consistent
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outcomes, indicating that further refinement of the mesh would not significantly alter the
conclusions of the analysis.

To generate the complete rotational model, the mesh of one sector underwent periodic
expansion and merging of sector boundaries, as illustrated in Figure 9. For optimal
correlation with the real turbine wheel mounted in plain bearings, no boundary conditions
were applied during the computational modal analysis.

 

Figure 9. Finite element model of the turbine wheel.

The computed natural frequencies of the blade are presented in Table 1. These fre-
quencies, covering the range up to 18,000 Hz, include the first seven modes. The calculated
values offer an approximation of the blade-dominant mode shapes within the rotationally
symmetric turbine wheel.

Table 1. Computed natural frequencies of the turbine wheel blade section.

Mode [-] Frequency [Hz]

1 4075.7
2 7020.7
3 8556.3
4 10,664.0
5 11,831.0
6 14,548.0
7 16,108.0

3.2. Measurement and Processing of Measured Data

The measuring chain comprises a Dytran modal hammer (Dytran Instruments Inc.,
Chatsworth, CA, USA), which generates excitation impulses that are subsequently cap-
tured by a POLYTEC Sensor Head OFV-505 (Polytec GmbH, Waldbronn, Germany) laser
vibrometer. The vibrometer is connected via an OFV-5000 vibrometer (Polytec GmbH,
Waldbronn, Germany) controller to an NI cDAQ-9179 (National Instruments, Austin, TX,
USA) measurement centre, equipped with NI-9229 and NI-9234 modules. The measure-
ment centre is linked to the computer through a USB interface. Generally, the device can
record data with a high sampling rate. In the case of this measurement, the sampling rate
was set to 50,000 Hz. In terms of the accuracy of the individual modules, the values for
calibration every year at temperatures of 23 ◦C ± 5 ◦C for NI-9232 are “Percent of Reading
(Gain Error)” 0.1% and “Offset (Percent of Range)” 0.023%, and for NI-9229 are “Percent of
Reading (Gain Error)” 0.03% and “Offset (Percent of Range)” 0.008%. The Doppler laser
vibrometer head was configured as per the data sheet instructions, with the laser beam
precisely aimed at the blade tip, where reflective tape was applied. The vibrometer lens
was positioned perpendicular to the blade surface at the prescribed distance.
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The experiment was carried out as a standard experimental modal analysis, with the
only distinction being the placement of the modal hammer within the aforementioned
measuring device. This setup allowed for the automation of hammer strikes, as illustrated
in Figure 10.

 

Figure 10. Experimental modal analysis of the turbine wheel performed using the measuring device
(The turbine wheel blades are numbered).

During the measurement process, the turbine rotor was positioned on a soft plastic
tube with rubber ends. To ensure the response of the measured blade was not influenced by
the oscillation of other blades, all blades were intentionally detuned by attaching weights
of reasonable size [23]. These weights were glued to the tip of each blade using an adhesive
with a consistency similar to beeswax.

Data collection was conducted using the LabView software (version 2024), with a
specially compiled program for recording measurements. Once activated, the program
facilitated the collection and storage of a 20 s measurement segment, during which mul-
tiple strikes with a modal hammer were made at the same blade location. The program
was configured with a maximum sampling rate of 50 kHz, simultaneously recording the
measured response from the laser vibrometer and the excitation pulse from the modal
hammer sensor. This process was repeated for all turbine blades.

The data obtained were processed using the MATLAB software (version 2024). Initially,
data from the LabView program were loaded and subsequently divided into individual
quantities for plotting and further processing. A critical step before converting the data
from the time domain to the frequency domain involved applying a weighting function in
the time domain, specifically an exponential window (Figure 11).

As defined in the following equation:

yi = e
ln f
n−1 i, i = 1 . . . n, (3)

the exponential window is characterised by the parameters f (the final value of the window),
n (the sample count), and i (the function index).

In lightly damped blade systems, the structural response often extends beyond the data
collection period, as illustrated in Figure 12 (TOP). Since the response does not diminish to
near zero by the end of the time record, an exponential window is employed. This technique
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attenuates the signal towards the record’s conclusion, reducing it to approximately 1%. The
resulting signal, as depicted in Figure 12 (BOTTOM), offers a more accurate representation
of a transient event.

Figure 11. Weighting function of the exponential window type.

Figure 12. Measured response signal of a lightly damped turbine blade under impact excitations,
(TOP) original and (BOTTOM) modified, using the exponential window.

The data were analysed using a fast Fourier transform (FFT) algorithm in its complex
form to determine the system’s transfer function. Specifically, an FFT analysis was applied
to the impact force and its corresponding measured response. The transfer function was
then derived by calculating the ratio of the system’s output to its input:

Yi = ABS

(
FFTout

FFT f orce

)
, i = 1 . . . n, (4)

The resulting FFT analysis produced complex vectors, namely FFTout from the re-
sponse data and FFTforce from the force pulse data. These calculations were performed
using complex arithmetic. Each turbocharger blade was measured five times to minimise
potential errors. The data from these measurements were processed, resulting in five FFT
spectra that were subsequently averaged. With a time window of 0.2 s, the FFT offered a
frequency resolution of 5 Hz, ensuring an uncertainty of 2.5 Hz per spectral component, an
accuracy entirely suitable for assessing turbine wheel mistuning.

For illustration, Figure 13 shows the transfer function of blade No. 1, where the men-
tioned appropriate weights were not placed on the other blades during the measurement. It
is evident that, due to mistuning of the other blades, the natural frequency of the measured
blade cannot be reliably evaluated. A significant difference occurs when suitable weights
are applied to the unmeasured blades (Figure 14), making it possible to clearly associate
individual peaks with the corresponding modal shapes of the blades.
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Figure 13. Natural frequencies from the FE model and the transfer function without additional weights.

Figure 14. Natural frequencies from the FE model and the transfer function with additional weights.

The same process, i.e., a measurement with additional weights on the unmeasured
blades, was repeated for all blades. The individual peaks in the transfer functions, as
plotted in Figure 15, represent the natural frequencies of the respective blades.

Figure 15. Comparison of measured transfer functions of individual turbine blades measured by the
presented measuring device.
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Similarly, the results of the modal analysis of the same turbine wheel were evaluated
using manual control of the modal hammer, as shown in Figure 16.

Figure 16. Comparison of measured transfer functions of individual turbine blades measured by a
hand-guided modal hammer.

4. Discussion

Slight deviations in the transfer functions of individual blades can be observed. These
discrepancies stem from minor variations in material and geometric properties, which arise
due to manufacturing tolerances and material inhomogeneity. In real turbine wheels with
an integrated design, such differences lead to small deviations in the modal properties of
individual blades from their nominal values, commonly referred to as mistuning.

As a result, certain blades may experience significantly higher stress levels during
operation than those calculated for an ideal rotor. Determining the extent of turbine wheel
mistuning is only possible through an experimental modal analysis. This challenge inspired
the improvement and acceleration of modal testing for rotors with an integrated design by
developing and manufacturing a measuring device to guide a modal hammer, replacing
manual hammer strikes.

The results of the turbine wheel experimental modal analysis show that the designed
measuring device meets the set requirements for the accuracy and repeatability of the
modal hammer strikes. The mistuning of adjacent blades is represented by the relative
deviations in eigenfrequencies among all of the blades.

Δ fi =
fi − f0

f0
, f0 =

1
N

N

∑
j=1

f j (5)

The blade mistuning results for the measured turbine wheel, obtained using the
measuring device, are depicted in Figure 17, while those derived from a manual operation
with a modal hammer are shown in Figure 18.

From the comparison of these two figures, noticeable differences are evident, with the
only variation in the conducted measurements being the method of modal hammer opera-
tion. The processing and evaluation of the measured signals remained entirely consistent.
The repeated measurements of the same turbine wheel using the measuring device yielded
results that closely matched those shown in Figure 17. In contrast, the manual operation of
the modal hammer resulted in statistically significant deviations compared to the results
depicted in Figure 18. Similar findings were observed during measurements of various
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other turbine wheels of different sizes and designs, conducted using both methods. These
results underscore that the manual operation of the modal hammer introduces significant
inaccuracies in the modal analysis of turbine wheels. Consequently, replacing manual
handling with an appropriate mechanical device is strongly recommended to ensure the
repeatability of force impulses in both their timing and point of application.

Figure 17. Eigenfrequency differences of modes 1–7 measured using the presented device.

Figure 18. Eigenfrequency differences of modes 1–7 measured with a hand-guided modal hammer.

The developed measuring device successfully automates the process of modal hammer
strikes, ensuring consistent force and precise positioning for each impact. This automation
not only significantly reduces the measurement time but also improves the accuracy of
the results. With its ability to deliver reliable and repeatable excitation impulses, the
device proves to be a valuable tool for analysing the dynamic properties and mistuning of
turbocharger blade wheels.

The successful prototype testing highlights its potential for broader applications in
industrial practice. Future enhancements should focus on optimising the design and
integrating the device into comprehensive measurement systems. Moreover, exploring
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additional automation possibilities could further boost the efficiency and precision of the
measurement process.
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Abstract: Current approaches in the process of evaluating the quality of the machined
surface during wire electrical discharge machining (WEDM) generally do not include the
assessment of micro- and macro-geometric indicators of both parts of the cut. In practice,
however, there are specific cases when it is necessary to use both halves of the cut. In such
cases, it is necessary to choose a special approach not only in the machining process but also
when evaluating the quality indicators of the machined surface. Therefore, experimental
measurements were aimed at the identification of these micro- and macro-geometrical
indicators in symmetrical WEDM. Within them, qualitative indicators of flat and curved
surfaces were assessed. The identification of individual characteristics was carried out
using Suftes, Roundtest Mitutoyo, and a 3D coordinate measuring device. The design of
the experiment followed the full DoE factorial design method, and the obtained results
were processed using the Taguchi method. Based on the obtained results, the response of
macro and micro-geometric parameters was characterized by means of multiple regression
models (MRM) in symmetrically machined surfaces of tool steel EN X37CrMoV5-1 (Bohdan
Bolzano, Kladno, ČR) by WEDM technology. They revealed the mutual dependence of the
output qualitative indicators of the eroded area on the input variables’ main technological
parameters (MTP). Subsequent multi-parameter optimization resulted in a suitable level of
setting of the MTP input variable parameters I, ton, U, and toff (9 A, 32 μs, 15 μs, and 70 V),
through which the greatest agreement of macro and micro-geometric output indicators of
symmetrically machined surfaces can be achieved. By applying the optimized levels of
MTP settings for symmetrical WEDM of tool steel EN X37CrMoV5-1, their agreement was
achieved at the level of 95%.

Keywords: optimization; surface quality; symmetry cut (SC); tool steel (TS); wire electrical
discharge machining (WEDM)

1. Introduction

In the wire electrical discharge machining (WEDM) process, it would be most appro-
priate for the cut to have zero width, the same dimensional parameters, the same quality of
the machined surface, and no residual stress acting in the subsurface layers. Since it is not
possible to achieve this 100%, it is necessary to try to at least minimize these shortcomings
in the WEDM process. This is because any deviation of the actually achieved quality of
the machined surface from the ideal state can cause serious problems. Another problem
in the WEDM process is symmetrical machining. Although symmetrical machining in
many classical machining technologies is well mastered, the situation is different in the
WEDM process. This is due to the fact that with this technology, machining is carried
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out by spark erosion during the mutual movement of the tool and the workpiece. At the
same time, the electric potential of the spark can cause the instability of the electro-erosive
process on the individual sides of the cut, which results in a different achieved quality of
the machined surface.

Based on the analysis performed in the given area, it can be concluded that the
potential of electrical discharge has a direct impact on the quality of the machined surface
during WEDM. At the same time, on the basis of a wide range of experiments, it is evident
that it depends on a large number of factors. The experiments carried out so far were
partially focused on the identification of the influence of selected input factors on the
evaluated output qualitative indicators of the machined area. A partial contribution to
the issue was the result of experimental research conducted by Gong et al. [1]. As part
of the conducted experimental research, they dealt with the accuracy and surface quality
of the cut. They found that as the duration of the pause between discharges increased,
the consistency of the notch width improved. They also observed that smaller craters,
fragments, cracks, cavities, and spherical drops on the eroded surface can be achieved
with a lower intensity of electrical discharges during offset cuts. At the same time, they
observed that the size of the convex top of the machined surface decreases, and the peaks
and valleys of the waves are more concentrated. Paulo et al. focused their research in
even greater depth [2]. As part of their research, they dealt with the symmetry of the
crater itself. They found that the aspect ratio of individual craters depends on the pulse
energy. With low-energy pulses, rounder craters are created, while with high-energy
pulses, elongated craters are formed. These craters then have an impact on the final
quality of the eroded surface. A different approach to solving this problem was provided
by Pradhan et al. [3], who, as part of their experimental research, chose the response
method of selected input parameters on the output quality of the machined surface. They
identified parameters that significantly contribute to the resulting quality of the machined
surface. Researchers Rees et al. [4] performed a comparative study in which they described
the effects of material microstructure refinement on the resulting surface quality of the
machined surface during WEDM. They found that the choice of the electrode material used
in the application of the electro-erosive process has a significant impact on the achievable
aspect ratio of the machined surface and its roughness. In addition to the mentioned
authors, many others have described the effects of various input factors and their levels on
the output quality parameters of the machined surface. However, their research was limited
to the selected type of machined material in connection with the selected parameters of the
machined surface.

Although assessing the quality of the machined surface in WEDM from the point of
view of micro-geometry parameters is undeniably important, its assessment from the point
of view of macro-geometry parameters is no less important. Errors in the macro geometry
of the eroded surface affect its future functionality to the same extent. In this direction,
new knowledge was brought by Naveed [5], who, as part of his research, devoted himself
to deformations of the contour of the machined position. The aim of his research was to
identify the extent, nature, and causes of the undesirable effects of the EDM process of
EN3B steel and, at the same time, to identify important parameters that can be used to
demonstrate the quality of the contour cut. He found that a thinner wire diameter provides
a better surface layer quality in terms of its roughness but causes larger contour errors. In
his article [6], he describes the findings regarding the WEDM cutting surfaces of samples on
which the contour method of residual stress measurement was applied. The results of the
research provided detailed information on the effects of the cutting process on the quality
of the machined surface in terms of the contour profile at the beginning, in the middle, and
at the end of the cut. Precise electrical discharge machining of profiles with a small radius
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of rounding was dealt with by Abyar et al. [7]. They theoretically analyzed the causes of
first and second finishing-stage machining errors on arc paths, developing a mathematical
methodology to predict these errors with 78% to 83% accuracy. Authors Zahoor et al. [8]
conducted an experimental study to investigate the effect of galvanized copper wire and
main technological parameters (MTP) in the machining of a complex profile from an IN718
superalloy. They found that galvanized copper wire is suitable for machining complex
curved geometric profiles such as convex, concave, straight, and inclined. At the same
time, the best results in terms of geometric accuracy were recorded with concave geometric
elements. The problem associated with the deviation of the wire guidance in the corner
parts, which causes the profile error, was dealt with by Selvakumar et al. [9]. As part of
their experimental research, they found a way to minimize the corner error by adjustment,
which improved the geometric accuracy of the profile in the corners by 25%. The accuracy of
machined convex and concave profiles through WEDM was addressed by Farooq et al. [10].
They comprehensively investigated the effect of MTP on the geometric accuracy of convex
and concave profiles, including corner radii, during WEDM of a Ti6Al4V alloy. Through
SEM, they found that the discharge energy significantly affects the profile accuracy and
surface integrity. Researchers Firouzabadi et al. [11] focused on improving the accuracy
of concave corners with a small radius in the finishing stage. They found that to achieve
accurate corner radii, it was necessary to increase the length of the corner arc traveled by
the wire in a concave corner with a small radius. Ahmad et al. [12] focused their research
on identifying the influence of residual stress on the errors of the machined profile by
WEDM technology. As part of the experimental research, they found that the duration of
the spark pulse is a critical parameter in improving the quality of the machined profile.
From the analysis carried out in the area of the influence of selected input factors on
the macro geometry of the machined surface in WEDM, it can be concluded that their
research, as in the case of micro geometry, was only carried out to a limited extent. At
the same time, not one of the conducted research studies was concerned with assessing
the quality of symmetrically machined surfaces during WEDM. Therefore, based on the
analysis of the current state in the area of micro- and macro-geometry assessment in the
symmetrical machining of materials by WEDM technology, a research gap was identified.
These reasons led us to carry out experimental research, the aim of which was to optimize
processes in symmetrical machining of materials using WEDM technology. At the same
time, the conducted research contributes to the database of already existing knowledge
in the given area. The inspiration for the multi-parametric optimization process was the
method proposed by Wang et al. [13]. They proposed an optimization method through
which it is possible to improve the accuracy of the machined surface in WEDM. Their
system can also predict corner errors as well as recommend optimal machining parameters
for smaller corner errors and higher machining speed. Optimization in the WEDM process
was also addressed by researchers Divya et al. [14]. As part of the conducted research, they
analyzed the possibilities of using multi-objective optimization in the WEDM process. To
optimize the parameters of the electro-erosive process with one goal, they recommend
applying the Taguchi method.

As already mentioned above, in the process of symmetrical machining by WEDM tech-
nology, a significant problem is the different achieved quality of the machined surface [15].
Since this problem has not yet been solved based on the analysis of the current state, an
experiment was proposed. The proposed experiment to solve the given problem was
oriented with the aim of minimizing micro- and macro-geometric deviations of symmet-
rically machined surfaces by WEDM technology. The experiment followed the method
of full DoE factorial design [16–19]. Significant input variable parameters related to the
MTP and their influence on the monitored output qualitative micro and macro indica-
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tors of the machined surface were identified. In terms of input-independent parameters
of the electro-erosive process, peak current I, pulse on-time duration ton, pulse off-time
duration toff, and voltage of discharge U were assessed at three levels. From the point of
view of the output-dependent qualitative micro- and macro-geometric indicators of the
machined surface, the parameters of roughness Ra and Rz and deviations of flatness Δzf

and cylindricity ΔyC were assessed. The obtained results of experimental measurements
were processed by the Taguchi method [20–23]. Subsequently, based on the processed
results of the experimental measurements, the response of the input variable parameters of
the electro-erosive process to the assessed output-dependent micro- and macro-geometric
indicators during symmetrical WEDM was identified by means of multiple regression mod-
els (MRM) [24–26]. At the same time, the multi-parametric optimization was carried out
to identify suitable levels of MTP input variable parameters of the electro-erosive process,
through which the greatest agreement of macro- and micro-geometric output indicators
of symmetrically machined surfaces can be achieved [27–31]. Experimental research was
carried out on samples that were made by WEDM technology with a brass wire electrode.
It is a type of wire tool electrode, which, based on previous experiments, demonstrates the
achievement of the best qualitative results of the machined surface in terms of the assessed
quality indicators of the machined surface. For that reason, it was assumed that even with
symmetrical machining, this type of electrode would show the smallest deviations of the
output micro- and macro-geometric indicators of the machined surfaces.

2. Materials and Methods

2.1. Theoretical Starting Points for the Research of Micro- and Macro-Geometric Indicators of the
Machined Surface in the Process of Symmetrical WEDM

As is clear from the performed analysis, there has been only minimal interest in the
dimensional accuracy of symmetrically machined surfaces by WEDM technology within
the research community. At the same time, the reported studies regarding the quality of
the machined surface during WEDM in terms of micro- and macro-geometric accuracy
in most cases focused only on assessing the quality indicators of the machined surface of
only one part of the section. In addition, in many cases, research has focused only on the
characteristics of one qualitative indicator. In doing so, researchers did not take into account
mutual combinations of the effects of several output qualitative indicators of the machined
area. Therefore, the aim of the conducted experimental research was to investigate the
mutual effects of the combination of four key qualitative indicators of the machined surface
during symmetrical machining of surfaces by WEDM technology and, at the same time,
find the optimal combination of the main controllable input-independent parameters for
the four output-monitored quality indicators of the eroded area. This problem was solved
in the form of mathematical modeling with subsequent optimization [32–35].

The task of modeling the quality of the machined surface in the WEDM process is
to transform the mechanisms taking place on the machined surface into a mathematical
formula. The latter should accordingly describe the achieved qualitative results of the
machined surface based on a detailed definition of the input variables of the process
parameters. Defining the mathematical function is the first step required in the optimization
process. Its definition requires extensive knowledge of the interrelationships of input-
independent MTP and output-dependent indicators of the machined surface in WEDM.
After defining them, it is possible to select a suitable optimization criterion with subsequent
implementation of the algorithm in a suitable software environment [36,37]. Based on
the analysis of the current state in the field of process optimization in WEDM, it can be
concluded that the optimization of the response of the machined surface, based on the
analysis of the variability of input factors, is a suitable technique for finding optimal
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machining conditions in WEDM [38–41]. For the given case, the minimal deviation of
the assessed micro- and macro-geometric indicators of the eroded area appears to be a
suitable optimization criterion. As part of the experimental measurements, deviations of
the micro-geometric indicators of the eroded surface were assessed in terms of roughness
Ra and Ra. The micro-geometric indicators of the machined surface Ra and Ra are defined
by the standard [42]. The roughness of the machined surface after WEDM is comparable to
the quality of finely ground surfaces. Although ground surfaces are generally characterized
by a high gloss of the machined surface, in many cases, they show higher values of the
mean arithmetic deviation of the roughness profile Ra, or the maximum height of the
roughness profile Rz, than matte eroded surfaces. The parameter Rz characterizes the
largest height of the unevenness of the profile without any averaged values, while the
mean arithmetic deviation of the roughness profile Ra exceeds by 3 to 5 times (Figure 1).

Figure 1. Micro geometry of the eroded surface.

From the performed analysis, it is clear that the macro-geometric indicators of the
machined surface represent a separate group of significant geometric deviations of the
machined surface after WEDM. Oniszczuk-Swiercz et al. [43], Narendranath et al. [44],
and Kadam et al. [45] claim that in order to maintain the required quality of the machined
surface after WEDM, deviations in the flatness and circularity of the eroded profile are
significant. Therefore, within the assessment of the macro-geometric accuracy of the eroded
surface, the deviations of the flatness indicator Δzf were taken into account in accordance
with the applicable standard [46]. In practice, these deviations are evaluated quantitatively
as the largest distance between the points of the given profile in the normal direction or as
the sum of the absolute values of the largest distances of the points of the given profile on
both sides of the middle element. The real eroded surface is then represented by the surface
that is separated from the surrounding environment by an ideal flat surface (Figure 2).

Figure 2. Macro geometry of the eroded surface.

In addition to flatness deviations Δzf, the circularity deviations of the profile ΔyC were
also taken into account when assessing the macro-geometric accuracy of the eroded surface.
Their identification was carried out in accordance with the measurement method according
to the standard [47]. The basic condition for the correct evaluation of the roundness
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deviation was in compliance with the standard [48]. At the same time, for the correct
evaluation of the roundness deviations of the profile ΔyC, data on the actual profile with
the filtered-out roughness and waviness component were required on the nominal surface.
The profile of the circular surface was obtained in the form of a polar diagram. It is about
recording the values of the measured deviations so that it is possible to easily create a
replacement element. The replacement element can be an envelope or a central circle, while
the roundness deviation is evaluated using its center.

On the basis of the detailed identification of all four output qualitative indicators of
the machined surface during symmetrical machining of surfaces by WEDM technology,
it was possible to design mathematical regression models. Through them, using the
optimization method, we subsequently determined a suitable combination of output-
independent parameters of the WEDM process to the required level of combinations of
output-dependent qualitative indicators of the machined surface [49–51]. Additionally,
the optimization of the output-dependent qualitative indicators of the machined area Ra,
Rz, Δzf, and ΔyC must primarily respect their minimum deviation. At the same time,
the experimental research carried out was designed with an emphasis on an organized
approach to obtaining optimal output-dependent qualitative parameters of the machined
surface during WEDM and suitable values of important MTP settings [52,53]. Thus, the
optimization criterion was the minimization of the deviation of the parameters Ra, Rz, Δzf,
and ΔyC, while the predicted response was x, and the desired function was Ra, Rz, Δzf, and
ΔyC. The suitability value varied from 0 to 1. If the suitability value was 0, it meant that
the predicted value was completely undesirable. If the suitability value was equal to 1, the
predicted value was idle. The corresponding response requirement increased with the value
of the parameters Ra, Rz, Δzf, and ΔyC. Formula (1) describes the function of minimizing
the one-sided transformation of the deviations of parameters Ra, Rz, Δzf, and ΔyC.

Ra, Rz, Δz f , Δyc =

⎧⎪⎨⎪⎩
(

x− xmax

xmin − yxmax

)vol

⎧⎪⎨⎪⎩
0 → x ≤ xmin

xmin ≤ x ≤ xmax

1 → x ≤ xmax

(1)

Ra, Rz, Δzf, and ΔyC are a function of the desired value of x, and the parameters
xmin/max are the lower/upper limit values of the x response. Vol is a volume that can be
varied from 0.01 to 10 to adjust the shape of the desired function. The overall desired
function D (0 ≤ D ≤ 1) is then defined as the geometric mean of the individual desired
functions. The multi--objective function is consequently the geometric mean of all the
transformed responses of one objective problem shown in Equation (2). The higher the
value of D, the better the response of the combined levels.

D =
(

Ra× Rz× Δz f × Δyc

) 1
n (2)

Multi-parameter optimization with multi-response can be performed using a demand
function in conjunction with WEDM symmetrically machined surface response methodol-
ogy. The input-independent parameters of the electro-erosive process are then peak current
I, pulse on-time duration ton, pulse off-time duration toff, and voltage of discharge U.

2.2. Material of Experimental Samples and Used Technological Devices

As part of the application experiment, low-alloy tool steel marked EN X37CrMoV5-1
(W.-Nr. 1.2343) was used to make the samples. It is a chromium–molybdenum–silicon–
vanadium tool steel, which has a high hot strength of Rm ≥ 900 N·mm−2 and a high
resistance to tempering. In a wide temperature range, it has good toughness and plastic
properties, with good resistance to the formation of cracks. From the point of view of
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chemical composition, the carbides in a given tool steel are very small and evenly dis-
tributed. This property gives this tool steel excellent cold and hot fatigue resistance and
corrosion resistance. In terms of physical properties, it shows good oxidation resistance,
as well as high toughness and wear resistance at medium temperature. These properties
allow the given tool steel to maintain stable performance in various demanding envi-
ronments. Table 1 shows selected chemical, mechanical, and physical properties of tool
steel EN X37CrMoV5-1.

Table 1. Chemical, mechanical, and physical properties of tool steel EN X37CrMoV5-1.

Chemical Composition (wt %) Mechanical Properties Physical Properties

0.32–0.42 C Tensile strength Rm 950 MPa Specific heat capacity 460 J·kg−1·K−1

0.20–0.50 Mn Yield strength Rp0,2 600 MPa Thermal expansion coefficient
11.5 × 10−6 m·m−1·K−1

0.80–1.20 Si Hardness in the annealed state 225 HBmax Thermal conductivity 25 W·m−1·K−1

4.50–5.50 Cr Achievable hardness after refining 56 HRC Electrical conductivity 1.92 Siemens·m·mm−2

1.10–1.50 Mo Machinability 75.0–80.0% Specific electrical resistance 0.52 Ω·mm2·m−1

0.30–0.50 V Poisson’s ratio 0.27–0.30 Density 7.8 kg·dm−3

0.030 Pmax Elongation 6–16% Hot forming temperature 900–1100 ◦C
0.030 Smax Reduction area 42–58% Exposure temperature 540 ◦C

The experimental samples were made on an AgieCharmilles CUT E 350 electrical
discharge machine. It is a compact electro-erosive device of the Swiss manufacturer GF
that enables the cutting of metallic electrically conductive materials. The AgieCharmilles
CUT E 350 electrical discharge machine has an ergonomic AC CUT HMI interface with a
19” touch screen, a wire preparation system using the Thermocut module, automatic wire
threading, the possibility of bevel cutting, and other progressive functions.

Demineralized water treated with deionization resin to an electrical conductivity of
about 10 μS·cm−1 was used as a dielectric.

The experimental samples were made with a wire tool electrode Ø 0.25 mm labeled
AC Brass LP 1000. It is a standard brass wire electrode in the ratio 63%Cu/37%Zn. It
is designed for a wide range of operations performed on modern electrical discharge
machines. It is particularly suitable for precise machining with acceptable performance,
which puts it in the category of universal wire electrodes.

As already mentioned in the introduction, the output indicators of micro- and macro-
geometric accuracy of the machined surface during symmetrical machining of tool steels
by WEDM technology are largely dependent on the combination of input-independent
MTP settings. At the same time, on the basis of the performed analysis, it can be assumed
that peak current I(A), pulse on-time duration ton(μs), pulse off-time duration toff(μs), and
voltage of discharge U(V) have a significant influence on the assessed output-dependent
indicators of the eroded area Ra, Rz, Δzf, and ΔyC. Table 2 shows the lower, middle,
and upper values of the MTP settings during symmetrical machining of tool steel EN
X37CrMoV5-1 by WEDM technology with a Ø 0.25 mm wire tool electrode marked AC
Brass LP 1000.

Mitutoyo Surftest SJ 400 (Mitutoyo, Kawasaki, Japan) contact roughness meter with
automatic radius and slope compensation with an accuracy of 0.001 μm was used to
measure the micro-geometric indicators Ra and Rz of symmetrically machined surfaces
using WEDM technology. Figure 3 shows the measurement of the micro-geometric indica-
tors Ra and Rz of symmetrically machined surfaces from tool steel EN X37CrMoV5-1 by
WEDM technology.
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Table 2. Lower, middle, and upper values of MTP settings for symmetrical machining of tool steel
with WEDM technology.

Setting Value

MTP

Peak Current I (A)
Pulse On-Time Duration

ton (μs)
Pulse Off-Time Duration

toff (μs)
Voltage of Discharge U

(V)

Low 9 20 10 70
Middle 14 26 15 80
High 19 32 20 90

μ μ

 

Figure 3. Measurement of micro-geometric indicators of the eroded surface Ra and Rz of symmetri-
cally machined surfaces of experimental samples with the Mitutoyo Surftest SJ 400 device (Mitutoyo,
Kawasaki, Japan).

Contact 3D CNC coordinate machine Rapid-Plus (Thome Präzision, GmbH, Messel,
Germany) with a measuring range of 1500 mm × 800 mm × 700 mm and a measurement
accuracy of 0.01 μm was used to measure the macro-geometric indicator of the eroded sur-
face Δzf of symmetrically machined surfaces using WEDM technology. Figure 4 shows the
measurement of macro-geometric deviations of the flatness of the eroded surface Δzf of sym-
metrically machined surfaces made of tool steel EN X37CrMoV5-1 by WEDM technology.

μ μ

 

Figure 4. Measurement of macro-geometric deviations of the flatness of the eroded surface Δzf

of symmetrically machined surfaces of experimental samples by a 3D CNC coordinate machine
Rapid-Plus.

A compact measuring device, Roundtest RA-120 (Mitutoyo, Kawasaki, Japan), was
used to measure the macro-geometric indicator of the eroded surface ΔyC of symmetrically
machined surfaces by WEDM technology in accordance with the valid standards [46,47].
Figure 5 shows the measurement of the macro-geometric deviations of the circularity of the
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eroded surface ΔyC of symmetrically machined surfaces from tool steel EN X37CrMoV5-1
by WEDM technology.

  
Figure 5. Measurement of macro-geometric deviations of circularity ΔyC of the eroded surface of sym-
metrically machined surfaces of experimental samples by the Roundtest RA-120 measuring device.

2.3. Design of Experiment Plan

Based on the analysis of methods suitable for the design of the plan of experiments in
the production of samples through WEDM technology, the Taguchi method was chosen.
It is a very effective tool for investigating the response of the output-dependent quality
indicator of the machined area to several input-independent variables of the MTP. In
addition, it allows us to summarize the condition of minimizing the influence of the causes
of variations with relatively little sensitivity to uncontrollable factors. The advantage of
applying this method compared to traditional fully factorial designs of experiments is that
it allows for reducing the scale of the set of experiments. This is particularly beneficial in
the production of experimental samples by WEDM technology, which is characterized by
an extremely time-consuming nature.

As part of the design of the experiment, the application of a two-level setting of specific
MTPs was considered, while the set would represent 64 samples. However, there was a risk
that in the case of a non-linear dependence of input/output values, the measured results
would be burdened with a disproportionately large error. In the case of the application of a
4-level setting of specific MTP, the recorded results would be somewhat more accurate, but
the set would represent 128 experimental samples, which is twice the number of samples.
Therefore, due to the effectiveness of the conducted research, the design of the experiment
was based on a four-factor analysis of 3 levels of setting the input-independent variables
of the MTP in WEDM, namely peak current I(A), pulse on-time duration ton(μs), pulse
off-time duration toff(μs), and voltage of discharge U(V). This represents a set of 9 levels
(L9) of combinations of MTP settings for each type of cut and height of the material being
machined. In doing so, 2 types of cuts were applied with a material thickness of 30.0 mm
and 130.0 mm. At the same time, with each symmetrical cut, 2 machined surfaces of the
samples were created, which represents a total of 72 experimental samples. The results of
experimental measurements of output qualitative indicators of the machined surface Ra
and Rz after WEDM of tool steel EN X37CrMoV5-1 with brass wire electrode AC Brass
LP 1000 are shown in Tables 3 and 4.

From the results of experimental measurements listed in Table 3, it can be observed
that the lowest value of the quality indicator of the micro geometry of the machined surface
Ra was recorded for the sample with a material thickness of 130.0 mm and the MTP setting
at the L1 level (I 9 A, ton 20 μs, toff 10 μs, and U 70 V). The highest Ra value was recorded
when machining material with a material thickness of 30.0 mm and MTP setting at L9 level
(I 19 A, ton 32 μs, toff 15 μs, and U 70 V). It was found that the opposite sides of the eroded
surface show deviations ΔRa in the range of 0.025 μm to 0.050 μm.
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At the same time, the smallest deviation ΔRa was recorded when machining samples
with a thickness of H = 130.0 mm at the L1 level of the MTP setting, and conversely, the
highest when machining samples with a thickness of H = 30.0 mm at the L9 level. It follows
that, in addition to the MTP, the micro geometry of the machined surface in WEDM is
also influenced by the thickness of the machined material H, while the value of the Ra
indicator decreases with the increasing thickness of the machined material at an identical
MTP setting.

Table 3. Measured values of the micro geometry output indicator of the machined surface Ra
according to the four-factor three-level plan of experiments.

Run
No.

MTP Experimental Results

I
(I)

ton
(μs)

toff
(μs)

U
(V)

Ra (μm) for Adjacent Side
of the Cut

Ra (μm) for Opposite Side
of the Cut

Maximum Deviation
ΔRa (μm)

Percentage
(%)

H = 30 mm H = 130 mm H = 30 mm H = 130 mm H = 30 mm
H =

130 mm
H =

30 mm
H =

130 mm

1 9 20 10 70 1.04 0.98 1.1 1.03 0.030 0.025 5.45 4.85

2 9 26 15 80 1.37 1.29 1.43 1.35 0.030 0.030 4.20 4.44

3 9 32 20 90 1.72 1.63 1.8 1.69 0.040 0.030 4.44 3.55

4 14 20 15 90 2.06 1.94 2.14 2.01 0.040 0.035 3.74 3.48

5 14 26 20 70 2.39 2.27 2.48 2.34 0.045 0.035 3.63 2.99

6 14 32 10 80 2.65 2.52 2.74 2.59 0.045 0.035 3.28 2.70

7 19 20 20 80 2.84 2.69 2.93 2.77 0.045 0.040 3.07 2.89

8 19 26 10 90 2.98 2.83 3.08 2.91 0.050 0.040 3.25 2.75

9 19 32 15 70 3.08 2.92 3.18 3.01 0.050 0.045 3.14 2.99

Table 4. Measured values of the micro geometry output indicator of the machined surface Rz
according to the four-factor three-level plan of experiments.

Run
No.

MTP Experimental Results

I
(I)

ton
(μs)

toff
(μs)

U
(V)

Rz (Mm) for Adjacent Side
of the Cut

Rz (μm) for Opposite Side
of the Cut

Maximum Deviation
ΔRz (μm)

Percentage
(%)

H = 30 mm H = 130 mm H = 30 mm H = 130 mm H = 30 mm
H =

130 mm
H =

30 mm
H =

130 mm

1 9 20 10 70 4.75 4.52 5.04 4.73 0.15 0.11 5.75 4.44

2 9 26 15 80 6.32 5.94 6.63 6.19 0.16 0.13 4.68 4.04

3 9 32 20 90 7.94 7.51 8.29 7.78 0.17 0.14 4.22 3.47

4 14 20 15 90 9.47 8.93 9.85 9.24 0.19 0.16 3.86 3.35

5 14 26 20 70 10.98 10.41 11.42 10.77 0.22 0.18 3.85 3.34

6 14 32 10 80 12.17 11.58 12.63 11.97 0.23 0.20 3.64 3.26

7 19 20 20 80 13.05 12.38 13.53 12.78 0.24 0.20 3.55 3.13

8 19 26 10 90 13.73 13.02 14.24 13.45 0.26 0.22 3.58 3.20

9 19 32 15 70 14.16 13.42 14.69 13.87 0.27 0.23 3.61 3.24

Based on the measured data in Table 4, it can be concluded that the highest value of
the qualitative indicator of the micro geometry of the machined surface Rz was recorded
when machining material with a material thickness of 30.0 mm and the MTP setting at the
L9 level (I 19 A, ton 32 μs, toff 15 μs, and U 70 V). The lowest value of Rz was recorded for
the sample with a material thickness of 130.0 mm and MTP setting at L1 level (I 9 A, ton

20 μs, toff 10 μs, and U 70 V). In addition, the results showed that the opposite sides of the
eroded surface show deviations of ΔRz in the range of 0.11 μm to 0.27 μm. At the same
time, the smallest deviation ΔRz was recorded when machining samples with a thickness of
H = 130.0 mm at the L1 level of the MTP setting. Conversely, the highest when machining
samples with a thickness of H = 30.0 mm at the L9 level of the MTP setting. It follows that
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as the thickness of the machined material increases with the identical MTP setting, the
value of the Rz indicator decreases.

The results of experimental measurements of the output qualitative indicators of the
macro geometry of the machined surface Δzf and ΔyC of symmetrically machined surfaces
of tool steel EN X37CrMoV5-1 with material thickness H = 30.0 and 130.0 mm using WEDM
technology with a brass wire electrode AC Brass LP 1000 are shown in Tables 5 and 6.

Table 5. Measured values of the output indicator of the macro geometry of the machined surface Δzf

according to the four-factor three-level plan of experiments.

Run
No.

MTP Experimental Results

I
(I)

ton
(μs)

toff
(μs)

U
(V)

zf (μm) for Adjacent Side of
the Cut

zf (μm) for Opposite Side of
the Cut

Maximum Deviation Δzf
(μm)

Percentage
(%)

H = 30 mm H = 130 mm H = 30 mm H = 130 mm H = 30 mm
H =

130 mm
H =

30 mm
H =

130 mm

1 9 20 10 70 8.2 16.8 7.8 16.1 0.2 0.35 4.88 4.17

2 9 26 15 80 8.7 18.1 8.1 17.2 0.3 0.45 6.90 4.97

3 9 32 20 90 9.1 19.3 8.4 18.2 0.35 0.55 7.69 5.70

4 14 20 15 90 9.6 20.5 8.8 19.1 0.4 0.7 8.33 6.83

5 14 26 20 70 10.1 21.9 9.1 20.4 0.5 0.75 9.90 6.85

6 14 32 10 80 10.4 23.4 9.3 21.7 0.55 0.85 10.58 7.26

7 19 20 20 80 10.9 24.8 9.7 22.8 0.6 1 11.01 8.06

8 19 26 10 90 11.2 26.5 9.9 24.2 0.65 1.15 11.61 8.68

9 19 32 15 70 11.5 28.3 10.1 25.7 0.7 1.3 12.17 9.19

Table 6. Measured values of the macro geometry output indicator of the machined surface ΔyC

according to the four-factor three-level plan of experiments.

Run
No.

MTP Experimental Results

I
(I)

ton
(μs)

toff
(μs)

U
(V)

Yc (Mm) for Adjacent Side
of the Cut

yC (μm) for Opposite Side
of the Cut

Maximum Deviation ΔyC
(μm)

Percentage
(%)

Ø 30 mm Ø 130 mm Ø 30 mm Ø 130 mm Ø 30 mm
Ø

130 mm
Ø 30 mm

Ø
130 mm

1 9 20 10 70 120.7 65.3 118.1 64.1 1.3 0.6 2.15 1.84

2 9 26 15 80 121.8 66.1 118.9 64.7 1.5 0.7 2.38 2.12

3 9 32 20 90 124.1 66.9 120.7 65.2 1.7 0.9 2.74 2.54

4 14 20 15 90 125.7 69.2 121.9 67.3 1.9 1.0 3.02 2.75

5 14 26 20 70 128.1 69.8 124.1 67.8 2.0 1.0 3.12 2.87

6 14 32 10 80 129.9 70.2 125.5 68.1 2.2 1.1 3.39 2.99

7 19 20 20 80 131.4 71.1 126.7 68.9 2.4 1.1 3.58 3.09

8 19 26 10 90 133.8 71.9 128.9 69.6 2.5 1.2 3.66 3.20

9 19 32 15 70 136.5 74.2 131.4 71.7 2.6 1.3 3.74 3.37

The range of measured data of the parameter zf in Table 5 ranges from 7.8 μm to
28.3 μm. The lowest zf value was recorded at a thickness of 30.0 mm and the MTP setting
at the L1 level (I 9 A, ton 20 μs, toff 10 μs, and U 70 V) and the highest at 130.0 mm thickness
and the MTP setting at L9 level (I 19 A, ton 32 μs, toff 15 μs, and U 70 V). Based on the
measured data, it can also be concluded that the opposite sides of the eroded surface show
deviations Δzf in the range of 0.2 μm to 1.3 μm. At the same time, the smallest deviation Δzf

was recorded when machining samples with a thickness of H = 30.0 mm at the L1 level of
the MTP setting and the largest when machining samples with a thickness of H = 130.0 mm
at the L9 level of the MTP setting. It follows that, in addition to MTP, the thickness of the
machined material H has an influence on the macro geometry of the machined surface in
WEDM, while the value of the Δzf indicator increases with the increasing thickness of the
machined material.
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Based on experimental measurements (Table 6), the yC parameter was found to be
in the range of 64.1 μm to 136.5 μm. At the same time, the lowest yC value was recorded
for the sample with Ø 130.0 mm and an MTP setting at L1 level (I 9 A, ton 20 μs, toff 10 μs,
and U 70 V). On the contrary, the highest value of the qualitative indicator of the macro
geometry of the machined surface yC was recorded when machining the sample with Ø
30.0 mm and setting the MTP at the L9 level (I 19 A, ton 32 μs, toff 15 μs, and U 70 V). It
was also found that the opposite sides of the eroded surface showed deviations ΔyC in
the range of 0.6 μm to 2.6 μm. The lowest value of deviation ΔyC was recorded when
machining samples with Ø 130.0 mm at the L1 level, with the highest at Ø 30.0 mm at the
L9 level. Therefore, it can be concluded that, in addition to MTP, the macro geometry of the
machined surface during WEDM is also influenced by Ø, while as its value increases, the
deviation ΔyC decreases.

3. Results

3.1. Four-Factor Analysis of the Influence of Selected MTP on Micro- and Macro-Geometric
Indicators of Symmetrically Machined Surfaces by WEDM Technology

Based on the average values of the micro-geometry output indicators of the machined
surface Ra and Rz of symmetrically machined surfaces of tool steel EN X37CrMoV5-1 using
WEDM technology with a brass wire electrode AC Brass LP 1000 recorded in Tables 3 and 5,
a four-factor analysis of the influence of selected MTP was performed using the Taguchi
method. The results of the performed four-factor analysis on the three-level MTP settings
are presented in the graphs in Figures 6 and 7.

 
Figure 6. Four-factor analysis of the main effect of MTP with three-level settings on the output
indicator of micro geometry of the machined surface Ra of symmetrically machined surfaces by
WEDM technology.

From the performed four-factor analysis of the main effect of MTP with four-level
settings on the output indicators of micro geometry of the machined surface Ra and Rz of
symmetrically machined surfaces by WEDM technology, the following facts were found.
It was found that parameter I has the greatest influence on the indicator of the micro
geometry of the machined surface Ra and Rz, followed by ton. U and toff have the smallest
influence of the considered parameters. At the same time, it was found that the best and
better quality of the machined surface in terms of Ra and Rz indicators can be achieved
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with the combination of MTP with the minimum value of the parameters I and ton and, at
the same time, with the maximum value of the parameters U and toff.

Figure 7. Four-factor analysis of the main effect of MTP with three-level settings on the out-
put indicator of micro geometry of machined surface Rz of symmetrically machined surfaces by
WEDM technology.

Based on the average values of the output indicators of the macro geometry of the ma-
chined surface zf and yC of symmetrically machined surfaces of tool steel EN X37CrMoV5-
1 using WEDM technology with a brass wire electrode AC Brass LP 1000 recorded in
Tables 5 and 6, a four-factor analysis of the influence of selected MTP was performed using
the Taguchi method. The results of the performed four-factor analysis on the three-level
MTP settings are presented in the graphs in Figures 8 and 9.

 
Figure 8. Four-factor analysis of the main effect of MTP with three-level settings on the output
indicator of macro geometry zf of the machined surface of symmetrically machined surfaces by
WEDM technology.
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Figure 9. Four-factor analysis of the main effect of MTP with three-level settings on the output
indicator of macro geometry of the machined surface yC of symmetrically machined surfaces by
WEDM technology.

From the performed four-factor analysis of the main effect of MTP with three-level
settings on the output indicators of the machined surface macro geometry zf and yC of
symmetrically machined surfaces by WEDM technology, the following facts were found.
It was found that parameter I has the greatest influence on the indicator of the macro
geometry of the machined surface zf and yC, followed by ton. U and toff have the smallest
influence of the assessed parameters. At the same time, the parameters U and toff have an
almost negligible influence on the zf indicator. At the same time, it was found that the best
and better quality of the machined surface in terms of zf and yC indicators can be achieved
with the combination of MTP with the minimum value of the parameters I and ton and, at
the same time, with the maximum value of the parameters U and toff.

3.2. Modeling and Simulation of Macro-Geometric Indicators of the Machined Surface During
Symmetrical WEDM of Tool Steel

In order to mathematically model the output micro- and macro-geometric indicators
of symmetrically machined surfaces by WEDM technology, multiple regression models
(MRM) were compiled at the 95% confidence level. The proposed MRMs apply to the
machining of tool steel EN X37CrMoV5-1 through WEDM technology with brass wire
electrodes Ø 0.25 mm. They are applicable for a wide spectrum of material thickness H.
The input parameters of MRM are the independent variables of MTP (I, ton, toff, and U).
The output parameters of MRM are dependent micro- and macro-geometric indicators
of the eroded area (Ra, Rz, Δzf, and ΔyC). The higher validity of the proposed MRM is
represented by the value of determination coefficients (R2), which is close to the value
of 1. The MRM, which is represented by Equation (3), was compiled on the basis of
experimentally measured values recorded in Table 3 with regard to the minimization of the
Ra indicator.

Ra = −0.7158+0.14875·I+0.03507·ton − 0.01125·toff−0.002292·U (3)

Figure 10 shows the MRM for the micro geometry output indicator Ra of symmetrically
machined surfaces of EN X37CrMoV5-1 tool steel using WEDM technology with brass
wire electrode Ø 0.25 mm, including model building sequence and incremental impact
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of variables. Multiple regression of the Ra indicator depending on the input MTP was
performed with regard to its minimization.

Figure 10. The protocol of the performed multiple regression for the output indicator of micro geom-
etry Ra of symmetrically machined surfaces of tool steel EN X37CrMoV5-1 by WEDM technology.

In an identical way, on the basis of the experimentally measured values recorded
in Table 4, the compiled MRM output indicator of micro geometry Rz of symmetrically
machined surfaces of tool steel EN X37CrMoV5-1 by WEDM technology is represented by
Equation (4):

Rz = −2.53 + 0.7537·I+0.1806·ton−0.0337·to f f−0.0265·U (4)

Figure 11 shows the result of the performed multiple regression, which describes the
dependence of the micro-geometry output indicator Rz of symmetrically machined surfaces
of tool steel EN X37CrMoV5-1 by WEDM technology on input-independent MTP. At the
same time, it presents the model building sequence and incremental impact of variables
within the multiple regression of the Rz indicator with regard to its minimization.

Equation (5) represents the MRM, which was compiled on the basis of experimentally
measured values of the macro-geometry output indicator Δzf of symmetrically machined
surfaces of tool steel EN X37CrMoV5-1 by WEDM technology recorded in Table 5:

Δzf = 5.058 + 0.49917·I+0.14444·ton−0.02083·to f f−0.00375·U (5)

Figure 12 shows the result of the performed multiple regression, which describes
the dependence of the macro geometry output indicator Δzf of symmetrically machined
surfaces of tool steel EN X37CrMoV5-1 by WEDM technology on input-independent
MTP. At the same time, it presents the model building sequence and incremental impact
of variables within the performed multiple regression of the Δzf indicator with regard
to its minimization.

109



Symmetry 2025, 17, 229

Figure 11. The protocol of the performed multiple regression for the output indicator of the Rz micro
geometry of symmetrically machined surfaces of tool steel EN X37CrMoV5-1 by WEDM technology.

 
Figure 12. The protocol of the performed multiple regression for the macro geometry output indicator
Δzf of symmetrically machined surfaces of tool steel EN X37CrMoV5-1 by WEDM technology.

Equation (6) represents the MRM, which was compiled on the basis of experimentally
measured values of the macro geometry output indicator ΔyC of symmetrically machined
surfaces of tool steel EN X37CrMoV5-1 by WEDM technology recorded in Table 6:

ΔyC = 83.55 + 0.9017·I+0.2549·ton−0.1125·to f f−0.0492·U (6)

Figure 13 shows the result of the performed multiple regression, which describes
the dependence of the macro geometry output indicator ΔyC of symmetrically machined
surfaces of tool steel EN X37CrMoV5-1 by WEDM technology on input-independent
MTPs. At the same time, it presents the model building sequence and incremental impact
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of variables within the performed multiple regression of the ΔyC indicator with regard
to its minimization.

 
Figure 13. The protocol of the performed multiple regression for the macro geometry output indicator
ΔyC of symmetrically machined surfaces of tool steel EN X37CrMoV5-1 by WEDM technology.

On the basis of the performed multiple regression, which is described by the compiled
MRM (3) to (6), a simulation of the monitored micro- and macro-geometric indicators (Ra,
Rz, Δzf, and ΔyC) was performed for WEDM tool steel EN X37CrMoV5-1 with brass wire
electrode. All indicators were simulated with regard to their minimization depending on
the input MTP (I, ton, toff, and U) for a wide spectrum of the parameter H. Simulation of
the output indicator of the macro geometry Δzf of symmetrically machined surfaces of tool
steel EN X37CrMoV5-1 by WEDM technology depending on the indicators Ra, Rzm and H
parameters is described by Regression Equation (7):

Δzf = 14.69 − 0.0043· H − 8.04 ·Ra + 0.000179·H2 + 1.848·Ra2 + 0.04502·H·Ra (7)

Δzf = 7.203 + 0.0019· H + 0.0091 ·Rz + 0.000249·H2 + 0.008888·H·Rz (8)

Subsequently, 3D dependences (Figure 14) were constructed, which graphically show
the simulation of the output macro-geometric indicator of the eroded surface Δzf during
symmetrical WEDM of tool steel EN X37CrMoV5-1 with brass wire electrode AC Brass
LP 1000 in the range of thicknesses H = 10.0 mm to 360.0 mm.

From the performed prediction shown in Figure 14 it can be observed that with the
increasing value of the index Ra and Rz of the eroded surface and at the same time with the
increasing value of the parameter H for WEDM tool steel EN X37CrMoV5-1, the simulated
value of the output macro-geometric indicator of the eroded surface Δzf also increases.
With the thickness of the machined material H = 10.0 mm and a constant value of Ra =
0.20 μm, the simulated value of the indicator Δzf = 7.3 μm. At a constant value of Ra =
3.80 μm and thickness H = 10.0 mm, the simulated value of the indicator Δzf = 12.50 μm.
With the thickness of the machined material H = 360.0 mm and the value Ra = 0.20 μm,
the predicted value of the indicator Δzf = 36.70 μm. At the value Ra = 3.80 μm and the
thickness H = 360.0 mm, the predicted value of the indicator Δzf = 91.1 μm. From the
simulated values of the output macro-geometric indicator of the eroded surface Δzf for
symmetrical WEDM of tool steel EN X37CrMoV5-1, it can be concluded that the lowest
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value is possible with the smallest thickness of the machined material H, and at the same
time the lowest value of the Ra and Rz indicators.

 

Figure 14. Simulation of the output macro-geometric indicator of the eroded surface Δzf during
symmetrical WEDM of tool steel EN X37CrMoV5-1.

In the same way, the simulation of the output macro-geometric indicator of the eroded
area ΔyC was performed in the case of symmetrical WEDM of tool steel EN X37CrMoV5-1.
This prediction is described by the following Regression Equations (8):

Δyc = 135.24 − 0.5031· D − 1.189 ·Ra− 0.000131·D2 + 2.248·Ra2 − 0.02404·H·Ra (9)

Δyc = 124.963 − 0.54610· D + 2.977 ·Rz + 0.000151·D2 − 0.05599·Rz2 − 0.006798·H·Rz (10)

Three-dimensional graphical dependence in Figure 15 shows the performed simula-
tion of the output macro-geometric indicator of the eroded area ΔyC during symmetrical
WEDM of tool steel EN X37CrMoV5-1 with a brass wire electrode based on Regression
Equations (9) and (10).

Figure 15. Simulation of the output macro-geometric indicator of the eroded surface ΔyC during
symmetrical WEDM of tool steel EN X37CrMoV5-1.

112



Symmetry 2025, 17, 229

From the graphs in Figure 15, it is evident that with increasing Ø of the machined
surface of tool steel EN X37CrMoV5-1 and with a constant value of the Ra and Rz indicators,
there is a decrease in the predicted value of the output macro-geometric indicator of the
eroded surface ΔyC. With a Ø of the machined material of 10.0 mm and a constant value
of Ra = 0.20 μm, the simulated value of the indicator ΔyC = 129.80 μm. With roughness
Ra = 3.80 μm and Ø 10.0 mm, the simulated value of the indicator ΔyC = 157.20 μm. At
Ø 220.0 mm and a constant value of Ra = 0.20 μm, the predicted value of the indicator
ΔyC = 17.50 μm. With roughness Ra = 3.80 μm and Ø 220.0 mm, the predicted value of
the indicator ΔyC = 26.40 μm. From the simulated values of the output macro-geometric
indicator of the eroded surface ΔyC for symmetrical WEDM tool steel EN X37CrMoV5-1, it
can be concluded that the lowest value is possible at the largest Ø and, at the same time,
lower value of the Ra and Rz indicators.

3.3. Optimization of Micro- and Macro-Geometric Indicators of the Machined Surface During
Symmetrical WEDM of Tool Steel

Based on the obtained multiple regression reports for the optimization of the output
micro- and macro-geometric indicators of the machined surface Ra, Rz, Δzf, and ΔyC

for WEDM tool steel with regard to their minimization and MTP setting I, ton, toff a U,
several facts can be observed. First of all, it can be observed that with the increasing
value of the parameters I and ton, and at the same time with the decreasing value of the
parameter toff and U for WEDM tool steel, there is a significant increase in the output
micro-geometric indicators Ra and Rz. At the same time, the most favorable value of the
parameter Ra = 0.98 μm and Rz = 4.52 μm was achieved at the L1 level with the setting of
MTP (I 9 A, ton 20 μs, toff 10 μs and U 70 V. On the contrary, their highest value Ra = 3.18 μm
and Rz = 14.69 μm was achieved at the L9 level with the MTP setting I 19 A, ton 32 μs, toff

15 μs, and U 70 V. At the same time, with this MTP setting, there is a significant increase in
the output macro-geometric indicators of the machined surface Δzf and ΔyC.

For a more detailed identification of the change in the assessed output micro- and
macro-geometric indicators of the machined surface Ra, Rz, Δzf, and ΔyC after WEDM of
tool steels depending on H and Ø, their mutual optimization was subsequently performed.
Figure 16 shows the graphical optimization of the output micro- and macro-geometric
indicators of the machined area Ra, Rz, and Δzf with regard to their minimization based on
their predicted values, which were obtained through MRM defined by Formulas (7) and (8).

From the graphical dependencies shown in Figure 16, it can be observed that with the
increasing thickness of the machined material H and the increasing value of the output
micro-geometric indicators of the machined surface Ra and Rz for WEDM tool steel, the
value of the output macro-geometric indicator of the machined surface Δzf also increases
significantly. With the thickness of the machined material H = 10.0 mm and the value
Ra = 0.2 μm, the predicted value of the macro-geometric indicator of the machined sur-
face Δzf = 13.2 μm. With the thickness of the machined material H = 360.0 mm and the
value Ra = 3.8 μm, the predicted value of the macro-geometric indicator of the machined
surface Δzf = 94.1 μm.

Based on the performed graphic optimization of WEDM tool steel, it can be concluded
that a favorable value of the output macro-geometric indicator of the machined surface
Δzf is achieved when machining material with a thickness H in the range of 100.0 mm
to 150.0 mm. At the same time, this favorable value can be achieved with MTP settings,
which correspond to the values of the micro-geometric indicators of the machined surface
Ra = 0.4 μm to 0.6 μm and Rz = 2.0 μm to 3.0 μm.
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Figure 16. Optimization of the output micro- and macro-geometric indicators of the machined surface
Ra, Rz, and Δzf during WEDM of tool steel with thickness H with regard to their maximization.

Subsequently, graphic optimization (Figure 17) of the output micro- and macro-
geometric indicators of the machined surface Ra, Rz, and ΔyC was performed with regard
to their minimization based on their predicted values, which were obtained through MRM
defined by Formulas (9) and (10).

From the graphical dependencies shown in Figure 17, it can be observed that with
the increasing Ø of the machined material D for WEDM tool steel, the value of the output
macro-geometric indicator of the machined surface ΔyC decreases. However, with the
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increasing value of the D parameter, the value of the output micro-geometric indicators
of the machined surface, Ra and Rz, increases. With the Ø of the machined material
D = 10.0 mm and the value of Ra = 0.2 μm, the predicted value of the macro-geometric
indicator of the machined surface ΔyC = 130.1 μm. With the Ø of the machined material
D = 220.0 mm and the value of Ra = 1.2 μm, the predicted value of the macro-geometric
indicator of the machined surface ΔyC = 13.2 μm.

 

Figure 17. Optimization of the output micro- and macro-geometric indicators of the machined surface
Ra, Rz, and ΔyC during WEDM of tool steel with D with regard to their maximization.
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4. Discussion

Based on the obtained results of experimental measurements of output micro-
and macro-geometric indicators of symmetrically machined surfaces of tool steel EN
X37CrMoV5-1 with a brass wire electrode by WEDM technology, the following facts were
found. First of all, through a four-factor analysis of the main effect of MTP with three levels
of output micro- and macro-geometry settings of the machined surface indicators Ra, Rz,
zf, and yC, it was found that parameter I has the greatest influence on these indicators,
followed by ton. Furthermore, it was found that the lowest value of the indicators Ra, Rz, zf,
and yC can be achieved at the lowest value of input-independent MTP (I, ton) and, at the
same time, the highest value of MTP (toff, U). This is because the potential of the electrical
discharge is primarily formed by the intensity of the current and the length of its duration.
At the same time, the lower electrical discharge potential has a positive effect on the quality
of the machined surface. However, on the other hand, it negatively affects the overall
productivity of the electro-erosive process. The voltage parameters and the duration of
the break between discharges are only filler parameters to maintain the stability of the
electro-erosive process. Additionally, in cooperation with the dielectric liquid, they help
to effectively remove eroded material particles from the erosion site, which has a positive
impact on improving the quality of the machined surface, both in terms of roughness
parameters and geometric accuracy.

At the same time, it was found that the parameters of micro geometry Ra and Rz and
macro geometry zf and yC influence each other. This means that at a constant thickness
H of the machined material, respectively Ø, when the value of the Ra and Rz indicators
decreases, the values of the zf and yC indicators also decrease. Additionally, the lowest
predicted value of the zf indicator can be achieved with the thickness of the machined
material H = 10.0 mm and the roughness of the eroded surface Ra = 0.20 μm. The lowest
predicted value of the yC indicator can be achieved at Ø 220.0 mm and roughness of the
eroded surface Ra = 0.20 μm.

In addition, based on the results of the WEDM tool steel graphic optimization, it can be
concluded that a favorable value of the output macro-geometric indicator of the machined
surface ΔyC is achieved when machining material with the range Ø of 150.0 to 200.0 mm. At
the same time, this favorable value can be achieved with MTP settings, which correspond to
the values of the micro-geometric indicators of the machined surface Ra = 0.6 to 0.9 μm and
Rz = 3.1 to 4.6 μm. Given the MPT setting and the optimized parameters of the machined
surface, the minimum deviation of the monitored quality indicators of symmetrically
machined surfaces with WEDM technology is achieved. This will increase the efficiency
of the electro-erosion process by eliminating the need to apply another additional cut to
eliminate the resulting deviation.

5. Conclusions

As mentioned in the introduction, the differences in the quality of symmetrically
machined surfaces by WEDM technology are a serious problem that has not been solved
so far. Therefore, the aim of the conducted experimental research was to minimize the
differences in output micro- and macro-geometric indicators of symmetrically machined
surfaces by WEDM technology. From the point of view of the micro-geometric indicators
of the machined surface, the parameters Ra and Rz were taken into account, and from
the point of view of macro-geometric indicators, parameters zf and yC. The design and
evaluation of the experimental results were carried out with the application of Taguchi’s
method. Based on the analysis of the current state, the input variable parameters of
the electro-erosive process I, ton, toff, and U were identified. Subsequently, based on the
experimental measurements, their influence on the output-dependent indicators of the
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micro geometry of the eroded surface was identified Ra in the range of 0.98 μm to 3.18 μm
and Rz in the range 4.52 μm to 13.53 μm, as well as for macro-geometry output indicators of
the eroded surface Δzf in the range of 7.80 μm to 28.30 μm and ΔyC in the range of 64.10 μm
to 136.50 μm. It was found that peak current I and pulse on-time duration have the greatest
influence on the given output qualitative indicators of the eroded area. On the contrary,
pulse off-time duration toff and voltage of discharge U have the smallest influence. The
results of experimental measurements also showed that lower values of indicators Ra, Rz,
and Δzf with identical MTP settings were recorded when machining samples had smaller
thicknesses. On the contrary, lower values of ΔyC indicators at identical MTP settings were
recorded when machining samples had a larger Ø. The differences with respect to the
thickness and diameter of the machined samples ranged in the case of Ra at the level of
4.85% to 3.14%, in the case of Rz at the level of 4.44 to 3.61%, in the case of Δzf at the level
of 4.17% to 12.17%, and in the case of ΔyC at the level of 1.84% to 3.74%. Subsequently,
on the basis of the obtained and numerically processed results, MRMs were compiled,
which enable the prediction of the given output indicators of the eroded surface of tool
steel EN X37CrMoV5-1 for material thickness in the range of 10.0 mm to 360.0 mm and Ø
in the range of 10.0 mm to 220.0 mm. Based on them, the value of Δzf was predicted in
the range of 7.3 μm to 96.3 μm and the value of ΔyC in the range of 13.70 μm to 129.80 μm
with the corresponding value of the Ra indicator 0.20 μm to 3.80 μm and the Rz indicator
0.90 μm to 17.50 μm. It follows that the lowest values of the micro- and macro-geometric
indicators of the machined surface Ra, Rz, zf, and yC can be achieved by optimal MTP
settings when machining materials with a smaller height and larger profile diameter. By
adopting the given recommendations, identical quality in symmetrically machined surfaces
can be obtained by WEDM technology. This eliminates the need for another additional cut
to achieve identical quality in the giant cutting surfaces.

Funding: This research was funded by the Scientific Grant Agency of the Ministry of Education,
Science, Research, and Sport of the Slovak Republic, grant number VEGA 1/0371/23.

Data Availability Statement: All data are published within the paper.

Acknowledgments: The author would like to thank the grant agency for supporting research work
by the project VEGA 1/0371/23.

Conflicts of Interest: The author declares no conflicts of interest.

Nomenclature

H thickness (mm)
TS tool steels
I peak current (A)
MRM multiple regression models
MTP main technological parameters
Ra micro-geometric indicator (μm)
Rz micro-geometric indicator (μm)
D profile diameter (mm)
ton pulse on-time duration (μs)
toff pulse off-time duration (μs)
U voltage of discharge (V)
WEDM wire electrical discharge machining
Δzf flatness deviation (μm)
ΔyC roundness deviation (μm)
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Abstract: This paper investigates the possibility of the application of different optimization techniques
in the design and production planning phase in the metal additive manufacturing process, specifically
laser powder bed fusion (L-PBF) additive technology. This technology has a significant market
share and belongs to the group of mature additive technology for the production of end-use metal
parts. In the application of this technology, there is a space for additional cost/time reduction by
simultaneously optimizing topology structure and part orientations. Simultaneous optimization
reduces the production time and, indirectly, the cost of parts production, which is the goal of effective
process planning. The novelty in this paper is the comparison of the part orientation solutions
defined by the software algorithm and the experienced operator, where the optimal result was
selected from the aspect of time and production costs. A feature recognition method together with
symmetry operations in the part orientation process were also examined. A framework for the
optimal additive manufacturing planning process has been proposed. This framework consists of
design and production planning phases, within which there are several other activities: the redesign
of the part, topological optimization, the creation of alternative build orientations (ABOs), and, as
a final step, the selection of the optimal build orientation (OBO) using the multi-criteria decision
method (MCDM). The results obtained after the MCDM hybrid method application clearly indicated
that simultaneous topology optimization and part orientation has significant influence on the cost
and time of the additive manufacturing process. The paper also proposed a further research direction
that should take into consideration the mechanical as well as geometric, dimensioning and tolerances
(GDT) characteristics of the part during the process of ABOs and OBO, as well as the uses of symmetry
in these fields.

Keywords: topology optimization; build orientation; time and cost optimization; additive
manufacturing process planning; symmetry operation; MCDM

1. Introduction

The modern market imposes new requirements for products. In order to meet these
requirements, it has been important to overcome certain limitations that exist in the de-
sign and production of these products. In addition to that, the modern market also
requires companies to launch innovative, high-quality products to the market quickly
and cost-effectively.

In connection with the design, it is necessary to improve existing or develop new
design capabilities that will enable the design of parts with increased performance, complex
design, and simplified structure in a short time and in a cost-effective way.
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To design parts with the mentioned characteristics, it is necessary to use production
technologies that can ensure the rapid production of parts (requires a quick release to the
market) and to enable production in small quantities as well as to respond to requests for
personalized products. Also, it would be of great benefit if the production technology could
produce complex functional and hierarchical structures, a faster distribution of products
to the end user, and the optimization of the production process through the elimination
of redundant tools, as well as digital data storage. It seems that additive manufacturing
technologies could provide most of these requirements.

In situations characterized by increasing product complexity, tighter development
budgets, and a competitive business environment, manufacturers are required to better
understand product behavior during the design phase. The usual approach meant that
after the end of the design phase, the initial design was moved to a dedicated group of
simulation experts for further design iteration and optimization. It turned out that this
approach was not good because it creates bottlenecks and slows down process efficiency.
One of the requirements is that it is necessary to solve as many challenges as possible, in
connection with the validation and constraints for performance and manufacturability,
even in the design phase.

These conditions impose the need for companies to look for solutions to overcome
these issues. A key strategy to implement simulation into the broader workflow is to put
simulation-driven design early in the development cycle. This helps in reducing operating
costs by preventing time and money spent fixing design flaws in later stages. Benefits of
simulation design applications early in the development process are as follows [1]:

• Better achievement of the quality targets (prior to verification and testing it is possi-
ble to simulate new design under different conditions (vibration and pressure) and
based on the preliminary results some structural issues could be fixed early in the
design process);

• Meeting customers’ expectations (time-to-market, zero defects, performance, cost
expectations, etc.);

• The creation of cost-effective products (for example simulation in a virtual environment
can decrease costs of creating physical prototypes, etc.).

Also, it should be noted that there are case studies in which the prototypes need to
be made. After the optimization process, the prototype could be made using one of the
methods of additive technology, which is becoming economically more profitable compared
to the traditional approach.

The advantages and some disadvantages of PBF technology were explained in [2,3].
Several positive aspects were highlighted, including the possibility of creating functional
metal prototypes, capability of building complex shapes and structures, production of
end products with high parts accuracy (including high material mechanical properties
and integrating functional design), production of different components in one build job,
increased design freedom, fabrication of the lightweight parts as a result of topological
optimization, consolidation of the parts into one assembly, etc.

Among the shortcomings, the following stand out: part size limits and slow deposition
rates; costs (of machines and powder material) make this technology still expensive, but
there are signs that this trend is decreasing; the reliability of the processes is still in question
(due to material defects, part distortion, and residual stress); etc. In addition to the above
mentioned [4,5] add the following: poor surface integrity and marks from removed support
structures, a staircase effect on inclined features, and the requirement for post processing
and further finishing of all functional surfaces. The advantages of additive technology in
relation to conventional production from the aspect of design and production are considered
by [6]. Traditional production methods are still represented in the production of various
products, of greater or lesser complexity. However, if a comparative analysis between
traditional and additive technology were to be made, it comes to the conclusion that
additive manufacturing has certain advantages.
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In order to clarify and understand the terminology, terms such as 3D printing, rapid
prototyping, direct digital manufacturing, rapid manufacturing, and solid freeform fab-
rication are often used to describe AM processes [7]. AM is the potentially disruptive
manufacturing technology in which a structural component is fabricated layer by layer via
digital information [3]. The AM processes are divided into the following seven categories
according to [8]:

1. Vat photopolymerization including stereolithography (SLA) and direct light process-
ing (DLP);

2. Material jetting;
3. Binder jetting;
4. Material extrusion including fused deposition modeling (FDM) and FFF (fused fila-

ment fabrication);
5. Powder bed fusion (PBF) including selective laser sintering (SLS), selective laser

melting (SLM), and direct metal laser sintering (DMLS);
6. Sheet lamination including laminated object manufacturing (LOM);
7. Direct energy deposition (DED) including 3D laser cladding and wire arc additive

manufacturing (WAAM).

Among the additive technologies developed so far, technologies for the production
of metal parts known as MAM (metal additive manufacturing) stand out. According
to [9], there are three primary technologies relevant for metal-based AM: directed energy
deposition (DED), PBF, and binder jetting. All of these technologies have their relative
advantages to certain applications based on material compatibility and manufacturing
limitations. MAM technologies enable the production of complex structures with near-net
shape capabilities (processes that aim to produce products that are close to the final shape)
from different types of metal powders.

Depending on the energy source, the PBF technology is classified into two groups: laser
powder bed fusion (L-PBF) and electron beam powder bed fusion (EB-PBF). The subject
of the further investigation and explanation is L-PBF techniques. The L-PBF techniques
are known as selective laser melting (SLM), direct metal laser melting (DMLM), or direct
metal laser sintering (DMLS), according to [10]. The L-PBF techniques are an additive
manufacturing technology intended for the production of metal parts (using metal or
alloy powder). L-PBF is the process where a laser beam is used to fuse the metal powder
particles on the powder bed [11]. The system of tree chambers (supply chamber, powder
bad chamber, and collector chamber) and recoater provides manipulation with powder.
Powder material is deposited on the powder bed (with recoater), the laser beam selectively
fuses the deposited powder particles based on the layer profile, then the platform is lowered
by a predefined layer thickness, and the same process is repeated until the whole part
is finalized [12].

The L-PBF technology has reached its mature stage, and now it can produce functional
end use parts, not only prototypes [9]. Also, there are several constraints that need to be
addressed during the part design phase (minimum thickness, overhangs, holes, builds
orientations, etc.). If these constraints exceed their limits, it would cause some failures
during the manufacturing stage [13].

Additive manufacturing has gone through a certain development path from the
initial focus on the production of prototypes to the production of parts in small series
with a tendency towards occupying a larger market share in the segment of large-scale
production. Certain obstacles have been overcome on that development path, but there
are still segments in this process that could be optimized and improved, and the planning
process is certainly one of them.

Additive technologies are characterized by the fact that there is a reduction in process
steps, which indicates that the total number of processes and resources required could be
significantly reduced, which ultimately leads to the simplification of processes [14]. All of
these facts lead to the conclusion that it is necessary to carry out detailed planning of the
process, from the design phase to the production of the final part.
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Challenges in AM Process Planning and Research Gaps

Companies that have acquired additive technology for their business are facing some
challenges in the planning of the design and production process for AM. Regarding the
additive manufacturing planning process, it is still questionable how to establish a rela-
tionship between various process parameters and final part quality (GDT properties and
mechanical properties). This is still a popular research goal. The reason is that the 3D
printing process is characterized with several process deficiencies, like poor geometry,
dimensional accuracy, deteriorated surface finish, part shrinkage, pores and micro-cracks,
and residual stress-induced defects, which affect the design of the requirements for the
finished product.

In addition to the production process, the key factor is also the mechanical part itself.
A mechanical part is usually a multi-feature mechanical part (MFMP) which carries on
the production and design knowledge. In order to solve the mentioned problems [15]
considered additional improvements in the planning phase with the aim of reducing
costs, through the part orientation process that affects the quality of the part or individual
functional surfaces, i.e., through supports that have a significant effect on production costs.
The author also mentioned the problem of the available space of the working chamber,
and in that sense, the presented work considers the procedure for separating the parts
and their orientation (PBF additive technology was applied), all with the aim of obtaining
a cost-effective process. The developed procedure for the automatic separation of parts,
taking into account the aspect of costs, reduced production costs by 54% [15].

The tendencies in the development of additive technologies go towards more effi-
cient planning of the additive manufacturing process and the optimization of production
parameters in order to obtain a final product of high performance, with optimized char-
acteristics and produced in an optimized way. The key elements that provide additional
value are topological optimization, parts consolidation, and the simultaneous optimiza-
tion of several process parameters and the integration of topology optimization with
additive technologies.

Simultaneous optimization involves considering the impact of topological optimiza-
tion on production costs, together with the process optimization of additive manufacturing
parameters to reduce total costs [16]. In [16] the simultaneous optimization of topology
and process parameters (laser power and speed), which have a certain influence on the
microstructure of the material, are demonstrated. This considers the production of metal
parts using one of the PBF techniques. It is estimated that certain savings in the costs of
additive manufacturing could be achieved. The benefits provided by the optimization
of the topology were considered through the reduction in the volume of material used,
which indirectly reduces the material costs. The final results indicated that by applying
this approach, the total production costs were reduced by 15% and the production time
was improved by 21% [16].

In [17] the simultaneous optimization of build orientation and topology for self-
supported enclosed voids in additive manufacturing based on the heat-flux approach was
proposed. With the implementation of the “surface slope dependent heat flux through
a domain integral of a Heaviside projected density gradient” to the density-based topology
optimization algorithm, the problem of designing self-supported enclosed voids in additive
manufacturing was solved.

The simultaneous optimization of the geometric orientation and support structure
were applied in [18]. The authors concluded that building direction has an important role
in production cost determination. Innovation in this study was the introduction of an
efficient thermal model for TO in AM and the integration of the support structures into the
design and optimization process.

Topological optimization and its integration with additive manufacturing were also
analyzed by [3]. The author states that additive manufacturing and topological optimiza-
tion were carried out separately for several years, but the latest integration of topology
optimization and additive technologies arises for the following reasons:
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• Topology optimization parts have very complex shapes and cannot be manufactured
with traditional technological processes. Instead they can only be produced by additive
manufacturing technologies.

• The other reason is the fabrication cost, which is proportional to the material and
weight, which benefits additional technologies.

• Topology optimization produces parts with enhanced performance and mechanical
properties, without compromising the strength of the part.

There are a plethora of papers focusing their research on optimization problems in
additive manufacturing. The best results were obtained by simultaneously optimizing at
least two parameters. One of them is topology optimizations, and the others are either
process parameters or part orientations at the build plate. However, when it comes to
the part orientation, none of the authors explicitly described the choice of orientation in
a situation where you have the option to choose between the solution offered by applying
software (through, for example, an optimization orientation module) and an alternative
solution based on the operator’s experience.

This paper presents the simultaneous topological optimization and the part orien-
tation on the working plate (the selection of the orientation of the part is based on the
feature recognition method and symmetry operations) in order to obtain more cost-effective
production with PBF technology. In addition to the symmetry operation, special focus is
placed on the analysis and selection of the part orientation on the work plate in a way
that, in addition to the orientation solution provided by the applied software, alternative
solutions based on the operator’s experience were also applied.

For the conduct of the optimization process (the selection of the best part orientation),
a new framework for design and process planning is proposed with the inclusion of MCDM
hybrid methods. Four build orientating factors were considered, including the total build
time, total build cost, support volume, and support surface.

After the introductory discussion, the next section analyzes the planning process of de-
signing and manufacturing parts by additive technologies, and presents a new framework
for the AM planning process, as well as different parameters affected by L-PBF additive
technology. In the following section, the theoretical assumptions and the importance of
applying finite element (FE) analysis and topological optimization in the design of parts is
explained. Also, the feature recognition method, which is used when choosing ABOs, is
specially explained. The next section is dedicated to the symmetry elements and application
of the symmetry principle in additive technology. The following section is devoted to the
application of the selected MCDM process (hybrid approach) in determining the OBOs.

The subsequent section presents the proposed framework for the AM planning process
together with a case study where the planning process and optimization techniques were
applied on a real example from practice. Finally, at the end of the paper, there is a section
where results from the case study are summarized and a section committed to the conclu-
sions, where advantages and disadvantages of the presented approach and guidelines for
further development of this topic are given.

2. The New Framework for the AM Planning Process

For the purpose of the explanation of the planning process for additive manufacturing,
several papers dealing with the topic are analyzed. Also, a new framework for the AM
planning process is presented.

In [4], the focus is on the importance of creating effective process planning for the de-
signed component/part. The SLM process is considered; however, the proposed approach
is general and can be applied to any additive manufacturing dealing with the production of
metal parts. The author states that the application of additive technology methods requires
a close integration of the design process and production planning.

The presented model for planning design and production consists of the following
three processes:

1. 3D model preparation for printing;
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2. Quality assessment and inspection activities;
3. The planning of necessary finishing processes.

One of the conclusions is that a proper, detailed, and thorough planning process, with
the inclusion of all necessary factors in the 3D model, contributes to the increase in costs
and production time. Based on this conclusion, key parameters (costs and production time)
have been used as build orientation factors in the MCDM process performed in this paper.

Process planning from the aspect of part orientation is also discussed in [6]. It is
pointed out that in comparison with conventional manufacturing processes, the process
planning of AM processes is totally different, and that planning is a key step in order to
ensure the quality of the final product. The methodology of planning and design for the
additive manufacturing process presented in this work consists of the following steps:

• Design stage: the definition of the conceptual model, analyzing the function of the
part, and the topology optimization of the conceptual model. The output is a geometry
model with the required mechanical properties.

• The preparation of the set of process parameters (build orientation, layer thickness,
build orientation, the design of the support structure, and the selection of AM methods,
materials, and machines) in order to perform the manufacturing process simulation
based on the predefined parameters.

• The implementation and analysis of the simulation process. In order to obtain the
most optimal solutions, it is possible to carry out several iterations.

• Manufacturing stage: the author suggests using an “in-process” monitoring system
with the possibility of analyzing collected data and detecting some defects. Corrective
actions could be sent back via a feed-back loop all the way to the planning or even
design phase.

The presented paper further specifically analyzed the planning process for build
orientation due to the significance of build orientation on the quality of the end-use part.
The author emphasizes that before choosing the orientation of the part on the working
plate, it is necessary to perform functional analysis and topological optimization.

Another interesting deduction about the planning process is given in [19]. Based on
the preliminary analysis of several scientific papers, the authors, in their technical report,
conclude that the additive manufacturing planning process consists of a set of standard
operations (repairing, orientation, supports, slicing, and tool path generation), whereby in
the continuation of their conclusions, they state the following:

• There are some common things/problems for all of the printing technologies (mesh
repair, shape orientation, slicing, tool path planning, and external supports). But how
these blocks are related to each other “is still considered as an open problem”.

• These blocks cannot be treated separately—3D printing would be more predictable if
the mutual relationship among these blocks could be better understood.

• Shape orientation is a strategic choice “spanning form the building time to surface quality”.

According to [19], the term process planning (PP) refers to the definition of a set
of individual production operations required for the production of a defined part on
a specific machine.

The paper [20] offers a framework for formalizing the additive manufacturing plan-
ning problem at the operational level and can be used as a reference for focusing and
solving problems related to the efficient planning of this production. The idea arose from
the fact that additive manufacturing introduces a set of problems specific to this technology,
such as the correct orientation of parts or placing several heterogeneous parts in the same
build cycle, which are not solved by traditional approaches to planning and production
scheduling. The review of the literature by the author revealed that there is no unifor-
mity in the identification and solution of the mentioned problems in the application of
additive technologies.

In [21], the focus is on two phases (product design and production for L-PBF tech-
nology) with the aim of their optimization. Product design is based on the integration
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of topological optimization and process simulation tools in order to redesign the initial
product. The production process is based on the systematic use of simulations in order to
prevent errors in production due to possible temperature variations in metal parts, as well
as the occurrence of residual stress and deformations. The whole approach is based on the
application of an integrated project-production PLM platform that enables the digital flow
of information (digital process chain).

Based on the above presented analysis, as well as practical experience, a new frame-
work for AM planning is proposed. The new framework is conceived with the idea of being
cost effective, and providing as much information as possible, available in the planning
phase, for decision-makers. Also, the framework should enable the use of modern optimiza-
tion and decision-making tools, in order to facilitate these processes based on relevant data.
The proposed framework for the AM planning process consists of two phases (Figure 1):

• The first phase (product design)—input in this phase is the CAD model, and the
phase includes the application of different simulation tools for obtaining relevant
data for part design exploration and validation. It contains the selection of parts and
the implementation of FE analysis and topological optimization (TO). FE analysis
is performed before and after topology optimization due to the fact that structural
response before and after TO are not the same. The outcome of the product phase is
a topology-optimized part, which is also the input element to the second phase.

• The second phase (process design)—this phase includes the activities of initial build
preparation through the generation of ABOs, estimation/calculation of the optional
optimization objectives (for the case study in this paper, these include build cost,
support volume, and support surface), and the selection of the OBOs as well as the
virtual machine setup to obtain appropriate data for the decision matrix (for example,
build time, as is the case in this paper). The outcome of this phase is the optimal build
(OB) orientation for the TO part.

Figure 1. The overview of the new framework for the AM planning phase.

In the following sections, theoretical explanations and benefits of the proposed opti-
mization and decision tools in the AM planning phase are given.

Part and Process Parameters Affected by Additive Technology During the Planning Process

In the process of planning additive manufacturing, it is important to know the rela-
tionships and determine how individual elements of the additive process (design, build
orientation determination, etc.) affected part and process parameters.

The most important parameters, presented in [10], within the additive manufacturing
process planning are shown in Table 1.

A comprehensive analysis of the set of parameters affected by the L-PBF technology
was performed in [22,23]. In [22], some of the main parameters affected by build orientation
were grouped as follows:

• Mechanical characteristics of the part (strength, hardness, elongation, residual stress,
and material fatigue).

• Finished product accuracy (GDT and volumetric errors): Due to the possible phe-
nomenon (shrinkage, curling, and distortion), GDT arise. Volumetric errors occur as
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a consequence of the construction of the part in layers, that is, due to the phenomenon
known as the “staircases effect”.

Table 1. Process planning stages with main parameters.

Design for AM
Function analysis

Topology optimization

Build orientation determination

Cost

Mechanical properties

Geometry properties

Support structure generation Building process

Slicing strategy Layer thickness

Scanning path generation
Filling pattern

Feed rate planning

In [23], the criteria affected by the build orientation are also analyzed and divided
into three categories (within which there are several subcategories): (1) technical criteria
(surface properties, geometrical properties, mechanical properties, thermal and electrical
properties), (2) economic criteria (cost and time), and (3) indirect criteria (resources status
and logistics).

This paper analyzes topology optimization and build orientation effects on the total
build cost, total build time, and support volume and surface. The reason for this is that in
the planning phase it is hard to define mechanical and GDT properties of the part unless
historical data about these properties is available in advance, or we have at our disposal
some mathematical model or prediction algorithm that has already been developed. Also,
another constraint is the fact that the OEM (original equipment manufacturer) has already
proposed optimal process parameters and suggested they should not be changed during
printing time. Anyway, these constraints should not in any way affect final results.

3. Optimization Elements in a New Framework for L-PBF Design and Production
Process Planning

This section is dedicated to the theoretical assumptions and the importance of applying
topological optimization and finite element (FE) analysis in L-PBF design and production
process planning. The build orientation problem based on the feature recognition method,
which is used when choosing ABOs, is explained too.

3.1. Topology Optimization

Topology optimization is a structural design technique that optimizes the shape and
material component of a detailed part using the finite element analysis technique and
various optimization techniques [16]. Bearing in mind that each final element of the
structure is defined as a variable, this method enables a flexible approach and obtains
a very complex final geometry.

There are several algorithms based on mass distribution optimization. The most
common, and at the same time the most effective, are the solid isotropic material with
penalization (SIMP) and bi-directional evolutionary structural optimization (BESO) algo-
rithms, according to [16]. In addition to the optimization algorithm based on the mass
distribution (density-based method), there are other optimization algorithms: the evolu-
tionary structural optimization (ESO) and the level set method (LSM), as well as moving
morphable components (MMC), and moving morphable voids (MMV) [24].

Topological optimization consists of the following steps, shown in Figure 2 and based
on [3,25]:

• Three-dimensional modeling using appropriate CAD softwares.
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• Topology optimization: Based on the results of a structural analysis of the stress
distribution, the optimization algorithm removes the material from the area where the
load distribution is less.

• The remodeling of the initial CAD model based on the results of the optimization results.
• Design verification using the FEM (finite element method) or in some cases

prototype testing.

Figure 2. Steps in the topology optimization process.

There are several advantages and application areas of structural/topological optimiza-
tion, according to [25], which are as follows:

• Great freedom in design because it pushes the boundaries of flexibility, and ensures
improved efficiency.

• Topological optimization can generate several design variations allowing for
different applications.

• Topological optimization focuses on elements of stiffness, weight, material distribution,
and lightweight construction (a lighter component of equal or greater strength).

• It contributes to less wastage of materials (due to optimal material distribution).
• It shortens the time to market.

Recently, multidisciplinary optimization is also applied, meaning that the designed
structure must meet multiple goals and certain limitations such as complex loads, resistance
to thermal effects, limited stresses, displacements/movements, etc. [25]. The integration of
materials, structures, processes, and their performance is very important and necessary in
order to achieve high-performance products, multifunctional characteristics, and a light
structure [26].

Topology optimization finds an increasingly intensive application in the design of
parts. The latest adaptation of this method within the DfAM concept refers to the inclusion
and limitations of support structures and internal structures, i.e., in the design of cellular
structures, structures with internal channels, and in medicine for the production of supports
for various tissues. The integration of topology optimization and additive manufacturing
achieves most of their advantages and potential, and the approach as such finds more and
more applications in modern production for special purposes.

3.2. Finite Element Analysis

FE analysis has an important role in the design phase of the product because it can
highlight structural and strength problems and detect their location. It is used to check CAD
models that have already been designed, and which could be modified in case any problems
arise. Simulation analysis early in the design phase (instead of performing experiment after
part is produced) could be of great help for the definition of correct orientations of the part
in order to achieve the best possible mechanical and structural performances. The color
coding system is applied by the FE software in order to better understand the outcomes
of the analysis (the results of a von Mises stress analysis). Cold colors represent the part
volume with low stress and warm colors represent the part volume with high stress, while
the red color represents the maximum stress field [27].

3.3. Alternative and Optimal Build Orientation

The orientation of parts has a strong influence on many characteristics of the parts’
production, and in this sense, certain rules, procedures, and design frameworks are nec-
essary [28]. In the terminological sense, it is the process of orienting parts around the
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coordinate axes within the working space of the machine itself. This terminology does not
refer to the translation of parts around the coordinate axes of the machine.

A key fact in considering the orientation is that the orientation of the parts is directly
related to the achievement of certain quality characteristics in the final product. Some
of them are dimensional accuracy, surface quality, shape accuracy, manufacturing costs,
manufacturing time, the bending of components, stability, the volume of the supporting
structure, the utilization of working space, the reduction in post processing, and the
possibility of removing the supporting structure.

All of these quality characteristics depend on the geometry of the parts. The orientation
of the parts of certain geometry in the working space allows for reaching the optimal values
of these characteristics, and it is basically a process of multi-criteria optimization in order
to achieve a compromise.

According to [29], there are two methods for choosing alternative orientations of parts
on the machine working plate:

• Computation-based methods or direct search method: based on the direct application of
nonlinear optimization-based methods and population-based optimization algorithms.

• Evaluation methods: first, a set of ABOs is defined and then an OBO is gener-
ated from this set. The generation of ABOs is realized by the following techniques:
feature recognition [30], convex hull generation [31], quaternion rotation [32], and
facet clustering [33].

For supporting the decision-makers and solving planning problems which include
multiple (usually conflicting) criteria, one of the most appropriate solutions is the MCDM
model. There are two types of MCDM models: multi attribute decision-making (MADM)
models for ranking alternatives and multi objective decision-making (MODM) models [34].
According to [32], there are several differences between the decision-making methods and
optimization methods:

• In decision-making methods, the alternatives are pre-selected, meaning that the space
for decision-making is limited. On the contrary, for optimization methods, the decision
space is not limited but is actually infinite.

• Optimization methods provide better quality output results because the objective func-
tion reaches the maximum value, but it is not suggested to use too many evaluation
criteria due to the convergence problem.

• The decision-making methods do not have the convergence problem, and can take
into account as many criteria as needed. This means that decision-making methods
can treat part orientation more systematically.

3.4. Feature Recognition Method

In this section, the feature recognition method for choosing alternative orientations
has been explained in more detail, based on the analysis of several key works.

The geometry of the part is a key carrier of information. In additive manufacturing,
the “key” geometries are influenced by the whole set of parameters (the orientation of the
part, overhangs that require an additional support structure, process parameters, scanning
strategy, etc.) and thus form the desired mechanical and geometrical and dimensional toler-
ances (GDT) characteristics in the final product. This clearly indicates the importance of the
selection of “key” surfaces and alternative/optimal orientations in additive manufacturing.
Key explanations and a case study related to the generation of alternatives and selection of
optimal orientations is provided in [35].

The selection of key geometries based on the method of feature-based recognition (the
recognition of “key” shapes) is used in this paper. In this sense, for the generation of the
final number of alternative orientations, a concept based on the recognition of the geometry
of the part and the available knowledge base (lessons learned) regarding the orientation
of the part on the working plate is applied, and the choice of the optimal orientation is
completed by the application of the MADM method.
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One of the first authors who defined the orientation of critical surfaces was [30]. In [33],
it is suggested that it is important to define the coordinate system towards which parts are
oriented, and that the z-axis points in the building direction. Also, in [30], the orientation for
some specific surfaces/features like cuts, protrusions, and shells is proposed. In addition
to the above mentioned, the defined rules for orientation are given in [36], along with other
critical features (overhangs orientation, features with two planes, features with holes, and
features with an inclined plane).

Based on the foregoing it can be concluded that the best GDT values of the parts can
be obtained through the maximization and minimization of the following characteristics
(in the phase of choosing alternative orientations):

• Maximize the horizontal and perpendicular faces in the z-axis (build direction).
• Maximize the cylindrical feature (hole, cone, etc.) axis in line with the z-axis.
• Maximize the total number of curved surfaces in the horizontal plane.
• Maximize the base surface area.
• Minimize angular/inclined surfaces.
• Minimize the overhanging area.
• Minimize the trapped volume.

The influence of the orientation of the parts on the working plate on the production
costs (for the L-BPF process) was discussed in [37] and the following three important facts
were stated:

• The orientation influences the amount of supporting structures;
• The orientation influences the height of the component in the building space;
• The orientation of the component influences the number of parts that can be manufac-

tured simultaneously.

Based on the conducted experiment, which includes two different orientations of the
same components on the working plate, it is concluded that it is necessary to first calculate
the production costs of the relevant parts (based on the selected orientations) and then
choose the most favorable solution. Based on this conclusion, the cost parameter has been
chosen for further analysis in this paper.

4. Symmetry Operations and Symmetry Elements

Symmetry is often used to describe the balance in proportion and objects, to better
understand the geometry, or to create balance. The symmetry operation is related to
symmetrical transformation, and as a consequence, creates one object at the end of that
movement [38]. The geometrical representation of one or more symmetry operations
involves the symmetry elements. Symmetry operations and symmetry elements are pre-
sented in Table 2. The combination of these elements produces complex symmetry elements
like roto-inversion axes, screw axes, and glide planes.

Table 2. Symmetry operations and their corresponding symmetry elements.

Symmetry Operation Symmetry Element Geometrical Entity

Rotation Rotation axis Axis

Inversion Center of inversion Center or point

Reflection Mirror plane Plane

Translation Translation vector Vector

Symmetry elements can be spotted in other objects too. Further implications and the
connection of the symmetry principle to additive technology are given below.

4.1. Symmetry in ADDITIVE Technology

The subject of the research in [39] is the application of symmetry elements in other
additive technologies like wire arc additive manufacturing, WAAM (sub-categories of the
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directed energy deposition, DED, technology). The basis for the research is the fact that ma-
terial deposition techniques, combined with different process parameters, have a negative
impact on the mechanical properties and dimensional and structural accuracy of the part.
A comparison of the shape and physical characteristics of the weld bead for two techniques
(overlapping and oscillating) is performed through the symmetry coefficient including
the calculation of a symmetry coefficient for both techniques. The ultimate goal is to
understand the impact of symmetry on the quality and performance of DED fabricated
parts. The conclusion is that the industrial application of this approach can contribute to
the improvement of quality in DED technology, as well as the acquisition of data (part
geometry, symmetry, and process parameters) in real time and their implementation in the
control loop will significantly improve process adjustment and its optimization.

The work in [40] proposes the simultaneous or parallel application of multiple printers
(the focus is on FFM 3D technology) with the objective of reducing printing time. The pro-
posed algorithm enables the uniform division of a large part (exploits reflective symmetry
to partition models) as well as optimum balanced use of multiple printers in parallel so
that there is no idle work. Although the parallel printing of divided parts is insisted on,
considering the price of the printer, as well as the effort that should be invested in the
preparation and monitoring of parallel printing, the presented application of symmetry for
parallelization remains at the laboratory level for now.

The study in [41] is based on the fact that mechanical performance of 3D printed
ceramic materials depends on both the part orientation and printing angle with respect to
the loading direction. The influence of symmetry in the structure of the material (under
tensile loading) is considered at the filament scale. On the basis of the tests conducted (SEM
micrographs of fractured patterns), it is concluded that orientation and loading direction
have a positive influence on the structure of the material.

The work in [42] presented a practical application of the generative method in creating
complex and materially heterogeneous geometry, which can be manufactured as such
by additive techniques. The generative method implied that, on the basis of the initially
generated user-guided input mesh and the defined set of planes (as a framework for all
subsequent operations), a symmetrical mesh is formed, which is then recursively re-applied
for a certain number of iterations until obtaining the final product. Complex geometries
are driven by the symmetry principle. The additive technology that was considered is
photo polymerization.

In [43], the relationships between symmetry and additive manufacturing workflow
(design/redesign process, manufacturing stage, and post processing—final part geometry
and microstructure) were analyzed in detail and a connection was established. The use of
symmetry in additive technologies is recognized with the aim of optimization. As for the
additive technologies focus was on the analysis of properties and process control.

4.2. Interaction of Symmetry Elements as a Potential Solution for Part Orientation

In order to explain the application of symmetry elements as a potential solution to
the part orientation at the working plate, the model from [39] will be used to explain how
objects can be oriented in different directions.

Since symmetry elements and operations interacting with each other (simultaneously
or consecutively) produce new symmetry elements and symmetry operations, this phe-
nomena can be used for part orientation.

The application of a twofold rotation axis and an inversion (a center of inversion
located on the axis) on the selected object is presented in Figure 3.

An explanation and conclusion of the presented interaction is as follows:

• Starting object (A) is performing twofold rotation (180 degrees Celsius) around
axis (1) to obtain object (B), then object (B) performs inversion and is converted to ob-
ject (C). If we applied the inversion operation to object (A) we would obtain object (D).
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• It can be noticed that objects (C and D) are reflected images of objects (A and B),
respectively. This means that, as a result of two symmetry elements, a new one (mirror
plane perpendicular to the axis) emerges.

Figure 3. Scheme of twofold orientation and an inversion: position A—original position, position
B—rotation of object A for 180 degrees of Celsius (mark twofold rotation in the direction of the
curved dotted arrow), position C inversion of object B (in the direction of straight dotted arrow),
position D—reflection of object B as well as inversion operation of object A.

If the order of symmetry elements is replaced (inversion of object A to obtain object D,
and then a twofold operation: from abject A to get object B and from object D to get
object C), at the end, the same results will emerge.

This brings us to the conclusions mentioned in [39], “any two symmetry operations
applied in sequence to the same object create a third symmetry operation, which applies to
all symmetrically equivalent objects”.

5. Application of Multi-Criteria Decision-Making Process in Selecting the OBO

Based on the research available in [44], it was concluded that orientation problems
(including the set of criteria) can be solved by quantitative methods and techniques, but
these methods and techniques still do not have full application in advanced production
technologies such as additive manufacturing. The authors suggest the improvement of
quantitative and qualitative methods in such a way as to include the perspective of the
decision-maker, which has been done in this paper.

Based on the research conducted in [45], the author concluded that the identification
of the right MCDM techniques from the list of potential candidates is a difficult task. They
conducted some research and assessment on different MCDM approaches in the selection of
the manufacturing process. In the final conclusions, for the selection of the manufacturing
process, they pointed to the VIKOR and TOPSIS methods as adequate methods because
of the number of alternatives and parameters to be processed, adequacy in supporting
a group decision, and agility during the process of decision-making.

In [46], it is emphasized that single MCDM techniques cannot yield the best solution for
a designated problem, so they proposed a hybrid model which can improve “the weakness
and amplify the effect and reliability of solutions acquired through single models”. For their
problem (prioritize risks in self-driving vehicles), the author proposes the application of
hybrid multi-criteria decision-making methods employing the AHP, TOPSIS, and VIKOR.

A methodical review of the application of MCDM methods in material selection is
presented in [47]. It was concluded that the combination of two or more MCDM methods
is the best possible approach in the material selection process.

133



Symmetry 2024, 16, 1616

The MCDM helps a decision-maker to select or rank alternatives, but the first step
is to quantitatively or qualitatively evaluate a group of selected criteria. The MCDM
framework features four elements: alternatives (choices), criteria (attributes), weights of
criteria (comparative significance), and ranking of alternative’s against criteria [48]. MCDM
methods were classified according to the following three criteria:

• Methods of ranking by the closeness score.
• Methods of ranking by the original score.
• Methods of ranking by the positive score.

The distinctive characteristic of methods from the first group (VIKOR and TOPSIS
belong to this group) is the calculation of negative and positive ideal solutions, and then
the calculation of the distances between alternatives and calculated solutions. The ranking
is achieved based on the proximity to the ideal solution [48].

In [49], it is confirmed that, for situations characterized by multiple alternatives and
conflicting criteria, the best solution is to use multi-attribute decision-making (MADM)
techniques instead of MCDM. The authors especially mentioned the use of the AHP method
for determining objective weights.

In [50] it is suggested possibility to use other available MCDM techniques, instead of
TOPSIS and VIKOR, since ideal or anti-ideal solution may not exist in real case scenario.

In [51], it is emphasized the importance of the process of generating attribute weights
directly from the decision-makers through interview, discussion, or questionnaire. They
also classified weight assignment methods into three categories: subjective, objective,
and hybrid.

Based on the above analyzed literature, it was concluded that the optimal solution to
be applied for problem resolution in this paper is a hybrid MCDM approach in which the
following three methods are used:

• The analytic hierarchy process (AHP) for defining the weight of attributes, and for the
ranking of the ABO.

• The technique for order of preference by similarity to ideal solution (TOPSIS).
• VIKOR (multi-criteria compromise ranking).

The complete flow of the MCDM process for choosing the OBO that will be applied in
this paper is shown in Figure 4.

 

Figure 4. Scheme of the proposed MCDM process.

5.1. Analytical Hierarchy Process (AHP) Method

When it comes to the analytical hierarchy process (AHP) method, [51] explains that
the majority of analyzed authors chose this method because of its ability to take into
consideration, in a simple way, both quantitative and qualitative data in the decision-
making process, as well as the consistency measurement for the pairwise comparison of the
alternatives/parameters, which helps to minimize the inconsistency of decision-makers.
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With the ability to use a multi-level hierarchical structure of objectives, criteria, and
alternatives, the AHP is a structured technique and decision support tool which can be used
to solve complex decision problems. In the calculation process, AHP considers the priorities
of each criterion [52]. In a hybrid approach, this method is predominantly used for defining
the weight of attributes (parameters or build orientation factors in additive manufacturing).

For the mutual comparison of criteria, and the construction of a pairwise comparison
matrix, the Saati scale is used, defined on the interval (9, 1/9). In order to check the
consistency of weights and priorities, the AHP method calculates the consistency rate,
which should be less than 0.1 if consistency exists; otherwise, the preference value needs
an additional check [53].

5.2. Technique for Order of Preference by Similarity to Ideal Solution—TOPSIS

This method is based on the concept that the optimal alternative has the least Euclidean
distance from the positive ideal solution and the greatest distance from the negative ideal
solution. Both solutions (positive and negative) are hypothetical solutions for which
attribute values have the most desirable or least desirable values in relation to other criteria.
The best ranked solution maximizes the benefit criteria and minimizes the cost criteria,
according to [54–56].

The simplicity of the method as well as the ability to solve problems regardless of the
number of criteria and alternatives is a main benefit of the TOPSIS [52].

The TOPSIS method tends towards universality in the selection of attributes for
all AM methods, and it connects the evaluation of attributes with their characteristics
and benefits [57].

5.3. Multi-Criteria Compromise Ranking—VIKOR

The name of the method multi-criteria compromised ranking is a Serbian name, but
in English this method can be called criteria optimization and compromised solutions.
VIKOR ranks alternatives and determines the optimal solution by comparing alternatives
with respect to the measure of closeness to the ideal alternative. The VIKOR method is
suitable for decision-making problems where attributes of a quantitative nature prevail,
according to [50–52]. Further, in [52], it is said that what makes VIKOR one of the popular
methods in the MCDM concept is the simplicity of the algorithm and ability to give almost
accurate results.

In [58], it is emphasized that this method is suitable for use because it is a less complex
method for application than others, the method is stable to changes in certain parameters,
and similar results are obtained by applying more complex methods (in their case, the
ELECTRE method).

6. Case Study

The case study is performed based on the proposed framework for the AM planning
process (Figure 1) and an explanation is given in [21]. Each proposed step is executed in
detail, including the use of adequate software with an explanation of the results.

6.1. Case Study—Phase One: Part Selection

Regarding the selection of the part for production, the selection rule related to the
metal AM defined by [59] is applied. The basis for selecting a part for optimization (and
subsequent production) can be an existing CAD model or a new part is designed. In the
first case, the focus is on its redesign for additive manufacturing and the possibility of
applying topological optimization, Figure 5.

In addition to the above, it can also be noted that the generally accepted rule among
manufacturers is that if a part can be economically produced using a conventional produc-
tion process, that part should probably not be produced using AM technology.

A necessary condition regarding the selected part is that it is required to have certain
information related to function, loading conditions, constraints, frequency requirements,
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etc. The above information is necessary in order to carry out the following steps: FE
analysis and topological optimization.

 
Figure 5. Procedure for the selection of the AM part for optimization/production.

In this case study, a part that is an element of the suspension system of an unmanned
vehicle is considered, which serves to connect the fixed and moving parts of the suspension
system and carries certain loads shown in Figure 6.

 
(a) (b) 

Figure 6. MFMP display: (a) as part of suspension system and (b) individually.

It is a multi-functional mechanical part (MFMP), and in that sense, it consists of
a certain number of planes as well as cylindrical surfaces whose axes are parallel to
each other. The part is originally designed for fabrication using traditional production
technologies and now it is planned to be produced using additive technology (L-PBF).

6.2. Case Study—Phase One: Perform Finite Element Analysis

The FE analysis is necessary to define the actual loads and possible displacements of
the considered part, caused by the defined loads. To carry out FE analysis, it is important
to define several initial parameters and then perform the simulation. The following pa-
rameters are defined in the FE analysis module (the solver is the Siemens NX NASTRAN
add-on module):

• The type of load (the analysis type is structural, and the solution type is static 101 and
single constraint).

• Network parameters (3D Tetrahedral Mesh).
• The definition of load characteristics (fixed and variable load was selected) as well as

the magnitude and direction of action (constraint type: fixed constraint and rotation,
and load type: Force 1250 N).

After defining the actual loads and forces and executing the simulation, the obtained
solution was analyzed through the analysis of the load distribution and displacement of
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the structure. The FE analysis was performed for metal alloy steel with the following
characteristics: ultimate tensile strength: 276 MPa, yield strength: 138 MPa, density:
7.829 g/c3, and Poisson’s ratio: 0.288.

Von Mises criteria are among the most commonly used criteria for checking yield
conditions in different engineering fields. Figures 7 and 8 below show the results from the
FE analysis for the following:

• A minimum and maximum displacement of 0.059 mm.
• Stress analysis (calculated stress is 79.15 MPa), which indicates that the part has an FOS

(factor of safety) higher than 1.5.

Figure 7. Color distribution of the displacement on the model.

Figure 8. Von Mises equivalent stress field before optimization.
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Regarding the values of yield stress (138 MPa) and maximal calculated yield stress
(79.15 MPa) it can be concluded that the initial CAD design satisfies all stress constraints.
This is the starting point for our optimization procedure. The current results of displace-
ments (0.0266 mm) show that this part movement is not of great significance to the selected
part and can be accepted.

6.3. Case Study—Phase One: Performing the Topology Optimization

Topology optimization is a powerful tool for obtaining the optimal design based on
a finite element model of the design space and loading conditions. Topological optimization
is carried out in several iterations until the optimal result is obtained. For performing the
topology optimization, the NX Topology Optimizer (Siemens, Minhen, Germany) add-on
module is used.

The first step is to define the design space. We started with the part body (main body
in Figure 9) that will be used to define the functional requirements and our design space.
Then the construction bodies are defined (shafts in Figure 9). These bodies represent areas
where we want to keep a certain material around them while at the other areas of the part
material are removed or optimized.

Figure 9. Initial design (main and construction bodies) for topology optimization.

The next step in performing topology optimization is to define displacement con-
straints and load cases (Figure 10). In this situation, the real case scenario is transferred
to the software for further analysis and simulation. There are two pinning constraints
(places where the part is fixed to the other suspension components—in this case, the shock
absorber) and one load force positioned on the lower hole of the part where the shaft from
the wheel is connected. During the movement force from the ground is pointed upward
onto the shock absorber.

After all parameters are set, we can start topology optimization, and see final results
(Figure 11). Topology-optimized parts are 70% lighter in weight then the initial parts
(0.21 g compared to 0.698 g). This is almost max mass reduction. Since the topological
optimization software could affect the geometry, the weight, and the strength of the final
designs, this needs to be taken into account.
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Figure 10. Fixed constraints and load force (arrow): load force is pointed upward transferring ground
movement up to the next support were shock absorber is attached.

Figure 11. Final optimized part.

After performing FE analysis on the optimized geometry, Figures 12 and 13 show the
displacements and stress results, as well as how the optimized part fits into the assembly
(Figure 14). The results from Figures 8 and 13 are compared with initial data for the metal
alloy (the optimized part form Figure 13 has a max stress of 61.16 MPa and the original
part from Figure 8 has a max stress of 79.15 MPa).

 

Figure 12. Displacement on the optimized part.
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Figure 13. Von Mises equivalent stress after optimization.

 

Figure 14. Optimized part mounted into the assembly.

After optimization, the stress level should be at the same level or higher than in the
initial design, due to the material removal in some areas of the part. In the presented case,
the stress level is smaller and this requires an additional analysis of the following elements:
the shape of the mesh (for example, use of hexagonal instead of tetrahedron mesh), the
direction and the size of the load force, the nature of internal deformation, etc. The resulting
stress after topological optimization is lower than the yield strength of the chosen metal
alloy (61.16 MPa compared to 138 MPa).

6.4. Case Study—Phase Two: Process Design

The first step is the generation of ABOs. The following approach was used to select
an adequate orientation on the working plate:

• Accepting the proposal generated by the software program (Materialize Magic) and
selecting two options (orientations 1 and 2 in Figures 15a and 15b, respectively).

• Other orientations were proposed by the experienced operator by applying the con-
cept of feature recognition (Figure 16) and symmetry operation to the selected part
(orientations from 3 to 7 in Figure 17 from (a) to (e), respectively).
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(a) (b) 

Figure 15. Part orientation on the working plate chosen from the software solution: (a) orientation
that provide minimum support surface (b) orientation that minimize XY projection.

Figure 16. Feature recognition on the optimized part.

6.4.1. Generation of ABOs: Selection of Software-Defined Orientations

Together with the possibility of fine-tuning part orientation using the adequate ro-
tation tool, software Мaterialize Мagics also provides some advanced options (through
the use of the orientation comparator) where three orientations can be calculated (the
shortest Z height, the smallest support surface, and the smallest maximum XY section
orientation from the original CAD file). Two software solutions have been chosen for
further comparison: (1) minimum support surface (orientation 1 in Figure 15a) and
(2) minimize XY projection (orientation 2 in Figure 15b), and data related to these ori-
entations were inserted into the decision matrices. Associated data and positions of these
two chosen orientations on the working plate are shown in Figure 15. The other two pa-
rameters (total build cost and time) were extracted from printing machine software (virtual
print preparation) and mathematical calculation, respectively.

6.4.2. Generation of ABOs: Selection of Orientations Defined on the Basis of
Feature Recognition

In the feature recognition method, the features of the input model for the topology-
optimized model are recognized (Figure 16).

Based on the recognition process, the following five possible positions were considered
(Figure 17 from (a) to (e)):

• Planar feature 3 parallel with the working plate (orientation 3 in Figure 17a).
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• Planar feature 3 rotated 180 degrees (orientation 4 in Figure 17b).
• Cylindrical features 1 and 2 have parallel axes with the build direction (orientation 5

in Figure 17c).
• Planar planes and the working plate are under some degree (orientation 6 in Figure 17d).
• Parallel axes of the main cylindrical feature with the build direction (this orientation

corresponds to the minimum Z-height orientation from the software) (orientation 7
in Figure 17e).

  
(a) (b) 

 
 

(c) (d) 

 
(e) 

Figure 17. Part orientation on the working plate defined by the operator: (a) planar feature 3 parallel
with working plate (orientation 3), (b) planar feature 3 rotated 180 degrees (orientation 4), (c) cylin-
drical features 1 and 2 have parallel axes with build direction (orientation 5), (d) planar planes and
working plate are under some degree (orientation 6), (e) parallel axes of main cylindrical feature with
build direction (this orientation corresponds to the minimum Z-height orientation from the software)
(orientation 7).

6.5. Case Study—Phase Two: Application of Symmetry Operations and Elements

The analytical approach, presented in [39], will serve as the basis for the analysis of
the application of symmetry in this paper.

When selecting ABOs using the feature recognition method, symmetry elements
are found in the position (a, c) shown in Figure 18. These positions are defined as an
asymmetric unit—meaning that the next positions (b, e) will be established from these
asymmetric units and symmetrical operations to be performed, as follows:

• The original object (asymmetric unit—a) is immediately inverted from its original
position through the center of inversion. These operations result in a symmetrical new
object (b) which is positioned 180 degrees opposite to the original one, Figure 18a.
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• The same symmetry operation (inversion) is applied to the asymmetric unit (c) in
order to obtain symmetry part (e), Figure 18b.

• Other positions on the working plate do not have elements of symmetry.

 
(a) (b) 

Figure 18. Use of symmetry operation in part orientation for the presented case study: (a) Object
a inversion to obtain symmetrical new object b which is positioned 180 degrees opposite to the
original one (in the direction of the dotted arrow). (b) The same symmetry operation (inversion)
is applied to the asymmetric unit c in order to obtain symmetry part e (in the direction of the
dotted arrow).

Furthermore, it is also important to cover the application of symmetry in post pro-
cessing since decisions made in the previous planning stage have big influences on several
aspects of the final part. So the application of symmetry can be viewed as a control activity
for the following:

• Performing an analysis of GDT parameters of the final part through a comparison
with the initial CAD model in order to obtain information about the occurrence of
defective parts.

• Checking the existence of symmetrical formation (symmetry pattern) in the crystalline
structure changes.

6.6. Case Study—Phase Two: Estimation of the Build Orientation Factors

In defining the OBOs, the first step is to determine parameters (BOFs—build ori-
entation factors) influenced by the orientation of the part, and calculate them through
mathematical calculation or extracting data from applied software.

In connection with the selection of adequate parameters, the most common parameters
that are characteristic for additive manufacturing have been analyzed and refer to the state
of the parts and some process parameters.

For the purposes of the case study, four parameters were chosen (print time, print cost,
support volume, and support surface) on which the orientation has the greatest influence.
Unlike mechanical parameters, the selected parameters are available in the planning phase,
which makes the decision-making process easier. Other parameters listed above, which
are not analyzed for the purposes of this paper, and which relate to GDT and mechanical
characteristics, can be obtained in the planning phase through mathematical estimations or
at the end of the printing process by measuring their values in the final product.

The amount of material for the supports is obtained from the Materialize Magics (Ma-
terialise, Leuven, Belgium) software for build preparation. Total build time was extracted
directly from software that supports the printing machine, therefore, directly representing
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manufacturing/printing time. Materialize Magics provides automatic support generation
and provide option for support to be later upgraded due to the design changes. Also, this
software provides flexibility to adjust support geometry. For this case study, in order to
provide part stability and to obtain better part quality, the support structure is generated
by the combination of three support types: cones, contours, and blocks.

6.7. Case Study—Phase Two: Cost Calculation

Based on the analysis of the cost model given in [60–63] as well as data obtained from
experienced operators on the machine, values were obtained for calculating the criteria of
printing costs. Total printing costs are the sum of pre-processing costs, process (build) costs
and post-processing costs. More explanations can be found in [63] and reference literature.
For the purposes of this paper, only the costs in the process/build phase of the selected
part were calculated. The total build costs of an individual part (consisting of machine,
material, inert gas, and energy costs) are calculated according to the following formula:

Cbuild(Pi)= Tbuild(Pi)×
(
Cmachine + Cinertgas

)
+ρ× V(Pi)×Cmaterial×1.1 + Ce (1)

where

Cbuild—the cost of the building part with ith geometry (€/part);
Pi—ith geometry;
Tbuild—total build time (hour);
Cmachine—machine cost per hour (€/hour);
Cinertgas—the cost of inert gas (euro/m3);
V—part volume + support volume (mm3);
ρ—the density of metal powder;
Cmaterial—material cost (€/kg);
Ce—the cost of the energy consumed by the machine (euro).
Value 1.1—increase in material consumption by 10% of the non-recyclable powder.

The formula for printing costs also includes energy and machine operating costs.
These costs are calculated as follows. Energy consumption costs are as follows:

Ce = E× Tb × ER (2)

where

Ce—the cost of the energy consumed by the machine (euro);
E—energy consumed by the machine (Kw);
Tb—total build time (hour);
ER—energy cost rate (euro/Kw).

Total machine cost per hour Cmachine (€/part):

Cmachine =
Machine purchase cost

h× upt
+

Maintenance cost per year
upt

(3)

where

Machine purchase cost (euro/part);
Maintenance cost per year (euro);
h—machine depreciation period (years);
upt—machine uptime (hours/year).

The data required for the calculation are partly obtained from publicly available data
and part of the data was obtained by competent persons (operators and process engineers)
from the laboratory where the simulation was carried out. The obtained data are entered
into the decision matrices (Table 3—total build cost column).
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Table 3. Decision matrices with measured values of defined BOFs.

Weights of Parameters 0.39 0.44 0.1 0.07

BOFs Total Build Time (Hour) Total Build Cost (Euro) Support Volume (mm3) Support Surface (mm2)

Orientation 1 12.18 488.10 55,773.19 2478.39

Orientation 2 13.42 539.77 68,668.50 2996.63

Orientation 3 7.48 305.26 36,808.62 4349.03

Orientation 4 8.47 314.10 57,164.96 4359.99

Orientation 5 6.57 273.10 40,606.09 2906.05

Orientation 6 10.43 419.50 47,515.68 3527.98

Orientation 7 5.49 224.37 20,799.81 2986.16

6.8. Case Study—Phase Two: Application of the MCDM Process in the Selection of the Optimal
Build Orientation

The OBO is selected from the set of ABOs that are generated by the orientation of the
part in the machine’s working space (seven orientations are defined). For each selected
orientation, the values for the four selected criteria (total build time, total build cost,
support volume, and support surface) were either calculated or extracted from the adequate
software applied in the planning phase, and hence, the decision matrices presented in
Table 3 were obtained.

Each criterion has its own weighting factor that represents the aggregated values
of the decision-makers. In the process of defining the weights of the selected criteria,
six experts dealing with additive manufacturing (decision-makers—managers, engineers,
and operators) were included in the survey. The AHP method was used for the mutual
comparison of parameters and the results are shown in Table 3 (weights of parameters).

For the selection of the optimal orientation, a hybrid approach was applied using well-
known multi-criteria optimization methods: TOPSIS and VIKOR, as described in [47,48].

With the TOPSIS method, the ranking of alternatives is performed based on the relative
proximity of the alternative to the ideal solution, the best alternative having the biggest
value. With the VIKOR method, the compromise solution is the one that is closest to the
ideal solution, and in this regard, the alternative with the smallest value (distance) is also
the best alternative.

All selected criteria (four in total) are of the cost type, bearing in mind that they all
generate certain costs that affect the total cost of printing with the L-PBF method. This is
significant due to the execution of the normalization process in both selected methods.

The obtained ranks of alternatives (Table 4 columns Rank) using two methods (TOP-
SIS and VIKOR) indicate that there is a maximum matching of results, which indicates
consistency. On the other hand, the results obtained with the VIKOR method, for the first
and last alternative (Table 4, values 0 and 1 in the Value VIKOR column), match with the
negative ideal and positively ideal solution, respectively.

Table 4. Final results and ranking of alternatives.

ABO Value TOPSIS Rank TOPSIS Value VIKOR Rank VIKOR

Orientation 1 0.194636443 6 0.815373669 6

Orientation 2 0.078339882 7 1 7

Orientation 3 0.72514405 3 0.281743461 3

Orientation 4 0.64579099 4 0.38159598 4

Orientation 5 0.83972765 2 0.150856111 2

Orientation 6 0.382107763 5 0.622690496 5

Orientation 7 0.969407647 1 0 1

145



Symmetry 2024, 16, 1616

6.9. Sensitivity Analysis

The MCDM methods are tools for reducing subjectivity in the decision-making process.
Each MDCM method characterizes a different mathematical approach, and in some cases,
the application of different methods to the same problem can give different solutions,
meaning that alternative choices do not depend solely on the chosen criteria but also on
the chosen MCDM method. Although the results largely depend on the applied methods
and analyzed problems, it is also necessary to conduct a sensitivity analysis (an analysis of
the final results on the change in the value of certain parameters).

The sensitivity test can be carried out in the following ways: changing the weight
value of the criterion and by the analysis of the final results obtained from the two MCDM
methods. Given that the VIKOR method gives compromise solutions, the result obtained
in Table 4 was checked against two conditions: (1) the condition of sufficient advantage
and (2) the condition of sufficient stability.

The optimal alternative does not fulfill the condition of sufficient advantage in re-
lation to the second alternative (the value difference 0.151 is less than the condition
0.33 = 1/(number of alternatives − 1)), but it fulfills the additional conditions from point 2.

Namely, the best alternative should meet the following conditions:

• That it is the best according to two metrics (S—overall benefit and R—individual
deviation). Table 5 indicates that the optimal solution has the best scores for S and R
values, hence this condition is fulfilled.

• That it ranks as first for values (υ = 0.25, υ = 0.25, and υ = 0.75, where “υ” represents the
balancing factor between the overall benefit—S and maximum individual deviation—
R). Table 6 shows that the optimal solution maintains the first place for different
“υ” values.

Table 5. Ranking of alternatives according to S, R, and Q metrics.

S Rank R Rank υ = 0.625 Q Rank

0.7700 6 0.3679 6 0.815373669 6

0.9493 7 0.4400 7 1 7

0.3138 3 0.1128 3 0.281743461 3

0.4177 4 0.1466 4 0.38159598 4

0.1784 2 0.0680 2 0.150856111 2

0.6100 5 0.2722 5 0.622690496 5

0.0189 1 0.0189 1 0 1

Table 6. Ranking of alternatives according different balancing factor (υ) values.

υ = 0.25 υ = 0.50 υ = 0.75 Rank

OR-1 0.823445935 0.818064424 0.812682913 6

OR-2 1 1 1 7

OR-3 0.246566062 0.270017661 0.293469261 3

OR-4 0.334539392 0.365910451 0.397281509 4

OR-5 0.130287266 0.143999829 0.157712392 2

OR-6 0.610017676 0.618466222 0.626914769 5

OR-7 0 0 0 1

Since there are zero changes in the ranking of alternatives, with different values for
the balancing factor—“υ”, the results are stable and without sensitivity to the changes in
the balancing factor “υ”.
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7. Discussion of the Results

The selection of adequate parameters and implementation of hybrid MCDM ap-
proaches in the AM decision process poses significant challenges.

The analysis of the weighting coefficients indicates the importance of the first two parameters
(costs and time), while the remaining two parameters have no significant importance, ac-
cording to experts. Regardless of the obtained results of the expert assessment, these
two parameters still significantly contribute to the increase in costs (through the increased
consumption of materials for the construction of the supporting structure).

All of the selected parameters are of the cost type and their value should be as low
as possible, which is certainly a matter of compromise, and this is indicated by the best
alternative, which has the lowest values for each parameter.

The values of the selected parameters can be obtained (either through software or
calculations), even in the production planning phase, so it is not necessary to carry out the
experimental phase, which shortens the preparation time and costs and provides enough
information for quality decision-making.

The choice of parameters does not have to be limited to the proposed four parameters,
and depends on several factors: the choice of additive technology, the choice of software
for production preparation, the needs of the decision-maker, the operator’s experience, etc.

The results showed that the best chosen alternative (orientation 7) is the choice of
an experienced operator who based his attitude on the basis of the feature recognition
approach and symmetry operations. From a more detailed analysis of the proposed
software solution, that was not selected as an option in the case study (orientation solution
that require minimum Z height); it can be concluded that it also matches the operator’s
proposal (as an orientation option). However, it is important to point out that the ranking
positions from 2 to 5 (Table 3) are related to the orientations chosen by the operator, which
points to the conclusion that we cannot fully rely on the software’s suggestions, i.e., that it
is necessary to know the basic settings of additive manufacturing planning as well as the
geometry of complex parts in order to choose an adequate orientation.

The results show that there are no deviations in the rankings of the alternatives using
both chosen methods, so there is a maximum correlation.

The analysis from the aspect of the printing cost parameter indicates that in the
selected formula there are no costs of supporting equipment (for example, a gas generator),
but only the cost of the machine is included. On the other hand, the costs as well as the
operating parameters of the machine can vary, which affects the final price, so the obtained
production price does not always have to be a correct reference.

8. Conclusions

This paper is focused on the planning process of the design and production of metal
parts by additive manufacturing (PBF-L technology). Despite certain disputable facts (about
cost and time), it was determined that this technology offers certain advantages compared
to traditional production technologies, which were also explained in the introductory part
of the paper.

It is proposed that the planning process be carried out in two phases (product and
process design), within which the sub-phases must be carried out in the manner and in the
order as specified. The limitation of the proposed framework is that its complete application
requires knowledge of several areas (topology optimization and FE analysis, mathematical
solutions for build parameters calculation, etc.) and that requires teamwork. The simulation
of process planning and production is time consuming, requiring the implementation of
very expensive software tools as well as expert knowledge in L-PBF additive technology.
Speaking about L-PBF technology operators, users or experts in this field need to be familiar
with machine technology, feedstock powder materials, post-processing activities, etc. In
practice, this process is still labor intensive. The proposed framework is targeted towards
application in L-PBF technology, but with minor changes (mainly depending on the chosen

147



Symmetry 2024, 16, 1616

additive technology) it is applicable for the product and process planning of other available
additive technologies.

Also, the paper emphasizes the importance of simultaneous topological optimization
and the optimization of the orientation of the part on the working plate, with the aim of
achieving an optimal solution (obtaining the final product of reduced mass that satisfies
the initially set structural loads, in a cost-acceptable range).

The benefits of using simulation tools in the earliest stage of conceptual design are
in providing a set of data which can help in the systematic exploration and analysis of
product design (can reduce redesign in later stages and reveal systematic flaws) as well as
in the analysis of process parameters in order to avoid any build cycle failures.

Based on the analysis of the literature in the field of planning, design, and production
with additive technologies, it has been concluded that there is a lack of work in which
the orientation of the parts on the working plate (proposed by an implemented software
solution) is compared to that of an experienced operator.

Four parameters (total build time, total build cost, support volume, and support
surface) were chosen as parameters for comparing the proposed orientations (seven in
total), which clearly and explicitly represent the characteristics of PBF-L additive technology.
The list of parameters is not final and can be arranged according to expectations and the
final goal.

Although not considered in this paper, since we suppose that process parameters are
constant, special attention should be paid to the concept of uncertainty, different sources
of uncertainty, and uncertainty propagation in the additive manufacturing processes.
Uncertainties (in process parameters, printing conditions, etc.) affect the consistency in
the quality of the final product and the repeatability of the additive process. Uncertainty
can be modeled by applying certain uncertainty quantification techniques in order to find
optimal process parameters and increase the resilience of the whole additive process.

Related to the applied MCDM methods (TOPSIS and VIKOR), and since these methods
are based on a computation of ideal or anti-ideal solutions that may not exist in a real
case scenario, this should provoke researchers to look for the implementation of other
MCDM methods like ANP, PROMETHEE, COPRAS, MABAC, etc. Nevertheless, the
hybrid approach in the application of the MCDM method, with the inclusion of the expert
opinions and the implementation of sensitivity analysis, is a suitable and valuable tool for
obtaining quality decision.

In addition to the clear promotion for the acceptance of additive technology for the
production of metal parts, there are some other contributions that this paper brings to
wider scientific community:

• A description of efficient and economically acceptable process planning for additive
manufacturing production of metal parts.

• The paper points out the importance of applying simulation tools in the process
of planning and designing products based on which additional information can be
obtained for decision-making processes.

• The paper also points to the fact that parts designed for production using tradi-
tional production technologies could be good candidates for production through
additive manufacturing.

• The paper emphasizes the importance of including the experienced operator in the
design phase and selection of production parameters for additive production. This
further means that available software solutions and algorithms can provide additional
but not decisive help in the decision-making process to initiate production.

• There are spaces for the application of symmetry operations and associated elements
in the part orientation problem. Symmetry operations (rotation, inversion, mirror, and
transition) can provide a different orientation of parts on the working plate which can
further contribute to the detailed understanding of the influence of the part orientation
on the mechanical and geometrical characteristics of the produced parts. This work
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pointed to some of the stages in the additive manufacturing workflow (product and
process design) where symmetry can contribute significantly.

Further steps in the research should be directed to the analysis of the influence of the
orientation of the part on the geometric, dimensional, and mechanical characteristics. In this
sense, it is necessary to carry out a specific experiment in which these characteristics would
be measured, and then, based on the obtained results, alternatives would be compared and
the best one selected. With this approach, a full cycle of the additive production of metal
parts would be reached.

The presented phases in the preparation and planning of the additive manufacturing
process together with the hybrid MCDM approach as a decision-making tool present a good
framework for implementation in other similar processes.
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Abstract: This paper deals with the tuning of the parameters of a fractional-order PI controller for the
speed control of an electric servo drive in which the torque is set by a torque generator. The controller
parameters are tuned using the multiple dominant pole method (MDPM), while the fractional order
integrator is approximated by the Oustaloup method. The input parameters required for tuning the
controller using MDPM are calculated using the optimization algorithm presented in this paper. This
algorithm selects the optimal parameters from a set of points in three-dimensional space, based on the
symmetry around a central point. The controller tuning is performed for the normalized control loop
model. The obtained optimized normalized fractional order PI controller can then be applied to a real
servo drive with specific parameters. The proposed tuning was also verified experimentally, comparing
the obtained closed-loop responses with those of the integer-order PI controller. Both simulation and
experimental results showed a significant reduction in the integral of the absolute error at the disturbance
step compared to a control loop using an integer-order PI controller. This results in a faster output
response to load torque steps and a smaller control error in a real servo drive.

Keywords: control loop; fractional order controller; Oustaloup’s approximation; servo drive;
speed control

1. Introduction

Fractional order control is based on fractional calculus, a generalization of standard
calculus that uses integral and derivative of fractional order. Fractional calculus defines an
operator for the derivative and integral. This operator can be called the integrodifferentiator [1]
and is given by the Formula (1), where a and t are the limits of the operation and μ is the
order of the derivative or integration.

aDμ
t f (t) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
dμ

dtμ f (t) �(μ) > 0,

1 �(μ) = 0,∫ t

a
f (τ)(dτ)−μ �(μ) < 0

(1)

The Laplace transform L of the derivative/integral of a function f (t) of fractional
order μ is [2]:

L
{

aDμ
t f (t)

}
= sμF(s) (2)

where s is a Laplace operator and

F(s) = L{ f (t)} (3)
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There are various approaches to the definition of the fractional order integrodifferentia-
tion operator, such as the definitions by Grünwald-Letnikov, Riemann-Liouville, or Caputo [3].
Based on these definitions, numerical algorithms have been derived to compute the fractional
order derivative/integral from a given number of input samples, e.g., as in [4].

Another way to implement a fractional order operator is to approximate it by integer
and finite transfer functions, which are summarized in [2]. These approximations lead to
transfer functions of integer order, where N ∈ N+ is the order of the approximation:

sμ ≈ bNsN + bN−1sN−1 + · · ·+ b0s0

aNsN + aN−1sN−1 + · · ·+ a0s0 =
MA(s)
NA(s)

ai ∈ R, bi ∈ R, ai ≥ 0, bi ≥ 0 ∀ i ∈ 〈0, N〉
(4)

where b0 to bN are the coefficients of the numerator and a0 to aN are the coefficients of the
denominator of the transfer function. The numerator and denominator polynomials are
denoted as MA(s) and NA(s).

Linear proportional-integral (PI) controllers are often used to control the torque and
speed of electrical machines. These controllers are popular because of their simplicity and
ease of implementation. Several tuning methods have been published that have proven
themselves in practice.

In electric servo drives, control structures with a fractional-order PID controller
(FOPID) [5] were tested, which has more degrees of freedom in terms of the number
of adjustable parameters compared to the standard integer order PI or PID controllers. The
generalized transfer function of the FOPID controller Gc(s) is given in (5), where U(s) is the
controller output, E(s) is the control error, kp, ki, and kd are the gains of the proportional,
integral, and derivative components, λ is the order of the integrator, and μ is the order of
the derivative. Note that the parameters λ and μ can be real numbers.

Gc(s) =
U(s)
E(s)

= kp + ki
1
sλ

+ kdsμ, λ > 0, μ > 0 (5)

The following is a list of works in which a fractional order PI (FOPI) or PID (FOPID)
controller is used to control an electric servo drive with different tuning procedures.

The speed control of a DC motor using a FOPID controller whose output is the
reference rotor voltage is described in [6]. The tuning of the controller parameters is based
on the specification of the phase margin of the open loop. The performance of the control
loop was verified by simulation and without investigating the effect of the load torque on
the motor speed.

A method for calculating the parameters of an FOPI speed controller for a servo drive
with a torque generator is described in [7]. The phase margin method was used to tune the
controller parameters, whereby the controlled system was replaced by a first-order system
and an integrator. The characteristics of the speed control loop were tested experimentally
on two servo drives. The first was a DC servo drive with rotor current control. The
experimental servo drive with a vector-controlled permanent magnet synchronous motor
(PMSM) was the second. The experiments showed a faster response to setpoint tracking
compared to the servo drive with an integer order PI controller.

The FOPI controller was also used in [8] to control the speed of a PMSM with a torque
generator, where integer-order PI controllers were used to control the flux and torque
components of the stator current vector and the FOPI controller was used only for speed
control (as in the experimental part of this paper). The order of the controller presented
in [8] was time-dependent. This resulted in less overshoot during the setpoint change and
a lower error in disturbance rejection than with the constant-order FOPI controller. The
performance of the control loop was verified experimentally.

Fractional-order PID controllers were also used in motor speed and current vector
torque cascade control loops in servo drive with PMSM [9]. The parameters of the con-
trollers were calculated using particle swarm optimization. The simulation results of the
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speed control loop were compared with FOPID and PID controllers. A significantly smaller
error was achieved with the FOPID controllers.

The use of FOPI controllers to control the speed and the stator current vector of the
PMSM was presented in [10]. The control structure was supplemented by a disturbance
observer. The parameters of the controllers were adjusted depending on the magnitude of
the observed load torque. The performance of the closed-loop was verified by simulations.
The results showed a faster response of the closed-loop and a reduction in oscillations due
to the disturbance observer.

In [11], a fractional order PD position controller is used in a PMSM servo drive. The
output of the controller is the setpoint for the torque component of the stator current vector.
The steady state error caused by the disturbance is suppressed by a linear extended dis-
turbance observer (LESO) of integer order. The parameters of the position controller were
tuned using the phase margin method. In the paper, experimental results are compared
with a servo drive using either an integer order PD controller or a fractional-order PD
controller. The servo drive with an integer order position controller was characterized
by overshoot of the tracking responses, while there was no overshoot with the fractional-
order controller.

The application of the FOPI speed controller to a servo drive with a vector-controlled
induction motor is described in [12]. The parameters of the FOPI controller were set to
achieve a shorter settling time and less overshoot compared to a conventional PI speed
controller, which was verified by simulation and on a test rig.

The application of the FOPID controller in a model for tracking control of a robot
manipulator with two degrees of freedom was used in [13]. The controllers were tuned
using the phase margin method. The authors compared fractional and integer order PID
controllers. The system with the FOPID controller was found to be more robust to external
disturbances, load variations, and noise in the feedback channel.

As can be seen from the above review, the use of a fractional order controller can
improve the quality of control by reducing settling time and/or improving disturbance
rejection (changes in load torque).

The aim of this work was to develop and verify experimentally a FOPI speed controller
tuning method in a servo drive with a torque generator implemented. The method should
be based on knowledge of the parameters of the torque generator and the mechanical
subsystem of the servo drive, and its application should minimize the integral of the
absolute error at a disturbance (load torque) step.

The novelty is that the FOPI speed controller is tuned to a specific implementation of
a fractional order integrator. This means that the properties of a fractional order integrator,
which is approximated by the Oustaloup method, are taken into account when tuning the
controller. Besides the controller gains and the integrator order, the parameters of the con-
troller tuning are also the lower and upper limits of the frequency band of the approximated
fractional-order integrator. This approach was chosen because existing FOPI controller
tuning methods only allow the controller gains and order of the integral component to be
computed by assuming the implementation of an ideal fractional-order integrator. When
the fractional-order integrator is approximated by a rational transfer function using the
Oustaloup method, its frequency response matches that of the ideal integrator only in a
certain frequency band. The lower limit of this band is usually close to zero. However,
increasing the lower frequency of an approximated fractional-order integrator can improve
the output response at the disturbance step. Our approach outperforms existing FOPID
methods, especially in disturbance step responses. In addition, the tuning of the controller
parameters is performed for a normalized process (gain and a time delay equal to one).
The gain and other parameters of the FOPI controller, including the frequency band of the
fractional-order approximated integrator, can then be recalculated during implementation
based on the actual gain and time delay of the controlled process, which is a servo drive
with an implemented torque generator. The actual parameters of the FOPI controller are
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calculated by a combination of analytical and optimization methods developed by the
authors of the paper.

In this paper, it is assumed that an electric servo drive with an implemented torque
generator is the controlled system. It can be represented by the integrator plus dead time
(IPDT) transfer function. This way of representing an electromechanical system of a drive
is given, for example, in [14]. The transfer functions of the process (system) are then

Sc(s) =
ω(s)

M∗
m(s)

= e−Tds Ks

s

Sd(s) =
ω(s)

ML(s)
=

Ks

s

(6)

where the rotor angular velocity ω(s) is the output of the system, Td is the transport delay
(dead time), and Ks is the gain of the system. The reference motor torque M∗

m(s) is the
control variable and the load torque ML(s) is the disturbance variable. The transport delay
Td is determined by the transport delay of the torque generator TGM and the length of
the sampling period of the speed controller Ts in the discrete controller implementation
as follows:

Td = TGM + Ts/2 (7)

The torque generator is implemented in the electrical inverter with a special motor
control algorithm. The actual control system, which is presented in Section 3.2, uses vector
control [15] to control the motor torque.

The system gain Ks is the inverse value of the moment of inertia J, but for generaliza-
tion, the variable Ks is used to denote the gain of the system:

Ks = J−1 (8)

The structure of the speed control loop with a fractional-order PI controller is shown
in Figure 1, where ω∗ is the reference speed, Kp is the gain of the proportional term of the
controller, Ki is the inverse of the integration time constant, and FI(s) is the reference speed
filter. The filter is used to suppress the overshoot of the actual motor speed to the setpoint
change ω∗. The overshoot is caused by zeros in the closed loop transfer function.

Figure 1. Speed control loop structure with fractional order PI (FOPI) controller.

If the fractional order integrator 1/sλ is approximated by a transfer function of integer
order (4), where μ = −λ ∧FI(s) = 1, then the error transfer functions are:

Ge,A(s) =
E(s)

ω∗(s) =
seTdsNA(s)

seTdsNA(s) + KpKi(NA(s) + Ki MA(s))

GeL,A(s) =
E(s)

ML(s)
=

KseTdsNA(s)
seTdsNA(s) + KpKs(NA(s) + Ki MA(s))

(9)
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The steady-state errors for the unit reference speed and the load torque are calculated
as follows

E∞,A = lims→0 Ge,A(s) = 0

E∞L,A = lims→0 GeL,A(s) =
Ksa0

KpKs(a0 + Kib0)

(10)

From the second formula in (10), it can be seen that if we want to eliminate the steady-
state error (E∞L,A = 0), the lowest order coefficients of the numerator and denominator
polynomials of the transfer function of the approximated integrator must be as follows:

a0 = 0∧ b0 > 0 (11)

Expression (11) is fulfilled if the transfer function of the fractional-order integrator has
the form of the product of the transfer functions of the first-order integrator and the
fractional-order integrodifferentiator:

1
sλ

=
1
s

sκ , λ > 0, κ = 1− λ (12)

The paper is organized as follows. First, the transfer functions of the controlled system
and the structure of the control loop are presented above in the paper. Section 2.1 gives
formulas to calculate the parameters of a fractional order integrator approximated by a
rational transfer function. Section 2.2 then normalizes the process transfer function in the
amplitude and time domains to simplify the derivation of the controller parameters (the
actual controller gains can then be calculated by simple conversion according to the actual
process gain and time delay). The tuning method for the normalized FOPI controller is
described and presented in Section 2.3. The method for tuning an integer-order PI controller
is given in Section 2.4. Section 2.5 describes the experimental workstation. The optimized
values of the normalized parameters of the FOPI controller are presented in Section 3.1.
A description of the experiments and experimental results can be found in Section 3.2.
A discussion of the calculated parameters of the normalized control loop, a comparison
of the experimental results with the expected properties of the control loop, and also a
comparison of the properties of the speed loop tuned by the presented method with the
properties of the loop tuned by the methods presented in the cited references are included
in Section 4.

2. Materials and Methods

This section contains the following topics. 1. Transfer function of an approximated
fractional-order integrator and transfer functions of a control loop. 2. The structure and
transfer functions of the normalized control loop. 3. The FOPI controller tuning method.
4. The PI controller tuning. 5. Description of the experimental workstation.

2.1. Approximation of a Fractional Order Integrator by Oustaloup’s Method

A method for approximating a fractional order operator by a transfer function of
integer order was introduced by A. Oustaloup and published in [16]. This method was
used for the implementation of the integral component of the PI controller in this work.

The transfer function Ĝκ
o (s), which has an integer order N and is derived using

Oustaloup’s method, has the same frequency response in the specified frequency band ωb
to ωh as the integrodifferentiator of fractional order sκ . The higher the order N, the less
wavy the frequency response of the transfer function Ĝκ

o (s) and the smaller the difference
to the frequency response of an ideal fractional order integrodifferentiator [17].
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Various forms of the transfer function Ĝκ
o (s) based on the work of [16] are described

in the literature [1]. In this paper, the following form is assumed:

sκ ≈ Ĝκ
o (s) = ωκ

h

N

∏
j=1

s + γ
′
j

s + γj
, κ ∈ R, N ∈ Z, N ≥ 1

γ
′
j = ωb

(
ωh
ωb

) 2j−1−κ
2N

, γj = ωb

(
ωh
ωb

) 2j−1+κ
2N

(13)

For a transfer function of an integer order that approximates the integrator (12) using
the Oustaloup method (13), the following equations apply:

1
sλ

=
1
s

s1−λ ≈ MI(s)
NI(s)

, λ ∈ R , λ > 0

MI(s) = Ko

N

∏
j=1

s + ω
′
j , NI(s) = s

N

∏
j=1

s + ωj

Ko = ω1−λ
h , ω

′
j = ωb

(
ωh
ωb

) 2j−2+λ
2N

, ωj = ωb

(
ωh
ωb

) 2j−λ
2N

(14)

After replacing the fractional order integrator s−λ with a rational transfer function according
to (14), the transfer function of the PI controller becomes

Gc(s) =
M∗

m(s)
E(s)

=
Kp

N
∏
j=1

s + ωj

s
N
∏
j=1

(s + ωj) + KiKo
N
∏
j=1

(s + ω
′
j)

s
(15)

which is the transfer function of a higher-order PID controller with a first-order integral
term, derivative components of order 1 to N, and a filter with real poles −ω1 to −ωN . The
closed-loop transfer functions with an integrator approximated by (14) when FI(s) = 1 are

Gr(s) =
ω(s)
ω∗(s) =

KpKsNI(s) + KpKiKs MI(s)
seTdsNI(s) + KpKsNI(s) + KpKiKs MI(s)

=
MOr(s)
NO(s)

(16)

Gd(s) =
ω(s)

ML(s)
= − KseTdsNI(s)

seTdsNI(s) + KpKsNI(s) + KpKiKs MI(s)
= −MOd(s)

NO(s)
(17)

Since the transfer function Gr(s) in (16) contains zeros, the reference speed steps can
lead to overshoots. To suppress the effect of the zeros and eliminate the overshoot, it is
necessary to filter the reference speed signal (i.e., the setpoint signal) with FI(s). This allows
a real pole −s0 in the transfer function Gr(s) to be compensated. The transfer function of
the filter FI(s), whose order is N + 1, is as follows:

FI(s) =
s−1

0 s + 1
NI(s) + Ki MI(s)

KiKo

N

∏
j=1

ω
′
j (18)

If the speed reference signal ω∗ is filtered with FI(s) (18), then the integral of the error (IE)
for the setpoint step is

IEr =

N
∏
j=1

ωj + KiKo

N

∑
i=1

(
1

ω
′
i

N
∏
j=1

ω
′
j

)

KiKo
N
∏
j=1

ω
′
j

− 1
s0

(19)
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The IE for the disturbance step is as follows:

IEd =
ωλ−1

b
KpKi

(20)

2.2. Normalizing the Control Loop

By normalizing the control loop, the transport delay Td can be replaced by a unit delay
and the system gain Ks by a unit gain. By applying the following substitution:

ξ = Tds (21)

the control loop can be represented by Figure 2, with the overlines indicating the normal-
ized parameters.

Figure 2. Structure of a normalized control loop with a fractional order PI controller with an integral
component approximated by Oustaloup’s method.

The formulas for calculating the normalized parameters of the controller and the
integrator, which are approximated by Oustaloup’s method (14), are as follows

Kp = KpKsTd , Ki = KiTλ
d , ωb = ωbTd , ωh = ωhTd

ω j = ωb

(
ωh
ωb

) 2j−λ
2N

= ωjTd , ω
′
j = ωb

(
ωh
ωb

) 2j−2+λ
2N

= ω
′
jTd

Ko = ω1−λ
h = KoT1−λ

d , MI(ξ) = Ko

N

∏
j=1

ξ + ω
′
j , NI(ξ) = ξ

N

∏
j=1

ξ + ω j

(22)

The transfer functions of the normalized control loop without filtering the reference
speed are:

Gr(ξ) =
ω(ξ)

ω∗(ξ) =
KpNI(ξ) + KpKi MI(ξ)

ξeξ NI(ξ) + KpNI(ξ) + KpKi MI(ξ)
=

MOr(ξ)

NO(ξ)
(23)

Gd(ξ) =
ω(ξ)

ML(ξ)
= − eξ NI(ξ)

ξeξ NI(ξ) + KpNI(ξ) + KpKi MI(ξ)
= −MOd(ξ)

NO(ξ)
(24)
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where
MOr(ξ) = KpNI(ξ) + KpKi MI(ξ)

MOd(ξ) = eξ NI(ξ)

NO(ξ) = ξeξ NI(ξ) + KpNI(ξ) + KpKi MI(ξ)

(25)

Similar to the structure shown in Figure 1, it is possible to filter the reference speed
signal using a filter FI(ξ) that compensates the zeros of the transfer function Gr(ξ) and one
of its real poles −ξ0 = −Tds0:

FI(ξ) =
ξ−1

0 ξ + 1
NI(ξ) + Ki MI(ξ)

KiKo

N

∏
j=1

ω
′
j (26)

If the speed reference signal is filtered by FI(ξ), then the normalized integral of the
error IEr for the step setpoint signal is

IEr =

N
∏
j=1

ω j + KiKo

N

∑
i=1

(
1

ω
′
i

N
∏
j=1

ω
′
j

)

KiKo
N
∏
j=1

ω
′
j

− 1
ξ0

=
IEr

Td
(27)

The normalized integral of the error IEd for the disturbance step is as follows:

IEd =
ωλ−1

b
KpKi

=
IEd

KsT2
d

(28)

2.3. Tuning the FOPI Controller Parameters

The methods for calculating the parameters of a fractional order controller can be di-
vided into two groups: analytical and optimization methods. In some works, the analytical
calculation of the parameters of the fractional-order PI/PID controller is performed by first
calculating the gains and time constants of the integer order controller. These values are
then used in the fractional-order controller, whereby the orders of the integrator or the
derivative terms are additionally tuned [12,18]. Such a tuning approach can provide some
improvement in control performance compared to an integer order PI/PID controller, but
cannot be considered optimal.

For the analytical calculation of the parameters of fractional-order PI/PID controller,
methods based on the frequency responses of the open or closed loop are used instead.
With such methods, the gains and time constants of a fractional-order PI/PID controller
can be calculated for specific orders of the integral and derivative components [7,19]. In
most cases, however, the orders of the integral and derivative components are calculated
analytically [6,11,13,20–22].

Optimization methods tune the controller parameters, including the order of the
integral and derivative components, to minimize the value of the optimization function.
The optimization function is based on integral criteria to evaluate the quality of control [23],
or on phase and gain margin requirements [24]. The approaches use different types of
optimization algorithms to tune the parameters of a fractional-order PI/PID controller,
including the gray wolf algorithm [25], particle swarm optimization [26], or Ant-Lion
optimization [23].

The above-mentioned works, in which the FOPID controller is tuned by analytical
or optimization methods, are based on control loop transfer functions that include a
fractional-order integrodifferentiation operator sμ. In a real control loop, this operator is
replaced by a component whose properties are more or less similar to an ideal fractional
order integrodifferentiator.

When an integrodifferentiator is approximated using Oustaloup’s method, the lower
and upper bounds of the frequency band are specified, which define the region of close
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similarity between the frequency characteristics of the approximated and ideal integrod-
ifferentiators. As shown in [27], the lower limit of the frequency band of the Oustaloup
integrator (ωb) influences the disturbance rejection of the system. Increasing ωb increases
the disturbance rejection. In other words, when the parameters of the controller are cal-
culated analytically for an ideal integrodifferentiator, its characteristics are changed by
changing ωb. Such a change causes the change in the control loop response compared to
the original specifications.

Therefore, this paper presents a method to tune the FOPI controller for a normalized
control loop in Figure 2, where the fractional order integrator is approximated by a rational
transfer function (14). The method for calculating the controller parameters is a combination
of analytical and optimization methods. The normalized controller gains Kp and Ki are
calculated analytically for the given values of ωb, ωh and N. The last four parameters are
calculated by the optimization algorithm in such a way that the value of the integral of the
absolute error is minimized at the disturbance step, whereby the control signal must not
exhibit excessive deviations.

2.3.1. Calculation of the Normalized Gains of the FOPI Controller

The multiple dominant pole method (MDPM) presented in [28], which is based on the
closed loop transfer function, was used to derive the formulas to calculate the normalized
gains of the FOPI controller. The characteristic polynomial of the transfer function can also
contain exponential terms, so that the method can also be applied to systems with transport
delays. With this method, the controller parameters Kp and Ki are calculated in such a way
that the transfer function of the closed control loop has a double dominant real pole −ξ0.
The normalized controller parameters can be calculated using the following equations:

0 = NO(ξ)|ξ=−ξ0

0 =
dNO(ξ)

dξ

∣∣∣∣
ξ=−ξ0

(29)

After substituting for NO(ξ) in (25), the system of Equation (29) has the form

0 = −ξ0e−ξ0 NI(ξ0) + KpNI(ξ0) + KpKi MI(ξ0)

0 = A(ξ0) + KpB(ξ0) + KpKiC(ξ0)
(30)

where the following values apply for A(ξ0), B(ξ0), C(ξ0), MI(ξ0) and NI(ξ0):

A(ξ0) =
d
(
ξeξ NI(ξ)

)
dξ

∣∣∣∣∣
ξ=−ξ0

B(ξ0) =
dNI(ξ)

dξ

∣∣∣∣
ξ=−ξ0

C(ξ0) =
dMI(ξ)

dξ

∣∣∣∣
ξ=−ξ0

MI(ξ0) = MI(ξ)|ξ=−ξ0

NI(ξ0) = NI(ξ)|ξ=−ξ0

(31)

The solution of (30) is as follows:

Kp =
MI(ξ0)A(ξ0) + ξ0e−ξ0 NI(ξ0)C(ξ0)

NI(ξ0)C(ξ0)−MI(ξ0)B(ξ0)

Ki = −
NI(ξ0)

(
A(ξ0) + ξ0e−ξ0 B(ξ0)

)
MI(ξ0)A(ξ0) + ξ0e−ξ0 NI(ξ0)C(ξ0)

(32)
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Expression (32) is used to calculate the values of Kp and Ki for the specified dominant
pole −ξ0. The values of ξ0 are determined together with the order of the fractional order
integrator λ and the lower limit of the frequency band of the approximated integrator ωb
using an algorithm described in Section 2.3.2.

2.3.2. The Optimum Values for ξ0, λ, and ωb

The transfer function of the closed control loop Gr(ξ) is of order N + 2, where N ≥ 1.
Therefore, in addition to the −ξ0 pole, it has other poles, the number and position of which
depend on the order and other parameters of the approximated integrator. The additional
poles can have a considerable influence on the closed control loop. An unsuitable setting of
the parameters of the approximated integrator can lead to oscillations or even instability of
the control loop. Therefore, the algorithm proposed here searches for the values of ξ0, λ,
and ωb for the specified N and ωh in order to minimize the value of the integral of absolute
error (IAE) at the disturbance step:

IAE =

∞∫
0

|ω∗(t)−ω(t)|dt (33)

In addition, the deviations of the control signal from the one-pulse function (1P) are
evaluated at the setpoint and disturbance steps, where the 1P function is defined in [29].
The deviations can be calculated using the following expression [30]:

TV1(U
∗
) = ∑

c

∣∣∣U∗c+1 −U∗c
∣∣∣− ∣∣∣2U∗max −U∗∞ −U∗0

∣∣∣ (34)

where c is the number of samples. U∗0, U∗∞, U∗max are the initial, the final steady state,
and the maximum value of the control signal for the setpoint ω∗ and the disturbance
ML steps, respectively.

The optimization objective is expressed by the function Γd in (35), where IAEd is
the integral of the absolute error at the disturbance step, εr is the maximum allowable
shape deviation at the setpoint or disturbance step, TV1r(U

∗
) and TV1d(U

∗
) are the shape

deviations of the control signal from the 1P function at the setpoint and disturbance step,
respectively, and k ∈ N is the cycle number of the optimization algorithm given below.
The values of IAEd, TV1r(U

∗
), and TV1d(U

∗
) are determined by a simulation in which the

setpoint step is executed first and then the disturbance step.

Γd = min (IAEd(ωb, ξ0, λ)) ∩
(

TV1r(U
∗
) ≤ εr

)
∩
(

TV1d(U
∗
) ≤ εr

)
ωb ∈ 〈ωk

b,min, ωk
b,max〉 = Ωk

b, ξ0 ∈ 〈ξk
0,min, ξk

0,max〉 = Ξk
0

λ ∈ 〈λk
min, λk

max〉 = Λk

(35)

The authors of the article have proposed an algorithm that searches the three-dimensional

space Hk = Ωk
b × Ξk

0 ×Λk in several cycles. When searching the space Hk, the values of the
variables ωb, ξ0 and λ are changed with the step ΔPk

n according to (36), where the index
n is one of the variables in Table 1. NoP is the number of all tested values of a particular
variable (i.e., the values of ωb, ξ0, or λ) applied in one cycle of the algorithm.

ΔPk
n =

P1
n,max − P1

n,min

NoP − 1
k = 1

Pk−1
n,max − Pk−1

n,min

21/3 × (NoP − 1)
k > 1

n ∈ {1, 2, 3}, NoP ∈ N, NoP ≥ 5

(36)
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Table 1. Relations between the variables of the optimization function Γd and the variables of (36).

Variable Corresponding Variable
in (36) n = 1 n = 2 n = 3

Pn ωb ξ0 λ

ΔPk
n Δωk

b Δξk
0 Δλk

Pk
n,min ωk

b,min ξk
0,min λk

min

Pk
n,max ωk

b,max ξk
0,max λk

max

The size (“volume”) of the searched space is halved with each cycle k, as shown in
Figure 3, but the number of tested values of the variables (for which IAEd, TV1r, and TV1d
are calculated) remains unchanged. The limits of the searched interval in the k-th cycle are

Pk
n,min = Pk−1

n,opt − NoP
2 ΔPk

n ∩ Pk
n,min ≥ P1

n,min

Pk
n,max = Pk−1

n,opt +
NoP

2 ΔPk
n ∩ Pk

n,max ≤ P1
n,max

(37)

where Pk−1
n,opt is the value of the parameter Pn that satisfies (35) in the k − 1 cycle. The

Formula (37) is valid for k > 1. The values of the parameter Pn applied in cycle k are
symmetrically distributed around a central value Pk−1

n,opt. The user specifies the range of
parameter changes Pn in the first cycle of the algorithm (k = 1).

Figure 3. The space H in the k-th cycle of the algorithm.

Figure 4 shows the flowchart of the algorithm for selecting the values of ωb, ξ0, and λ
so that expression (35) applies. The algorithm is executed in kmax cycles. The innermost
loop of the algorithm is the loop in which the value of the parameter P3 = λ is calculated.
This loop is run through N3

oP times in one cycle. For NoP = 19 and kmax = 20, the innermost
loop of the algorithm, in which the parameters of the controller and the fractional order
integrator are calculated, is run through 137,180 times. The output variables of the algorithm
are: ωb,opt, ξ0,opt, λopt, Kp,opt, Ki,opt, IAEr,opt, IAEd,opt.
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Figure 4. Flowchart of algorithm using symmetrically distributed points in 3D space to select ωb, ξ0,
and λ values.
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Matlab R 2018b with Symbolic Math Toolbox was used to compute the parameters of
the normalized FOPI controller using the proposed optimization algorithm. Simulink V 9.2
and FOMCON Toolbox V 1.50.3 were used to simulate the FOPI controller.

2.4. PI Controller Tuning

To compare the performance of the FOPI controller with that of the PI controller, the
tuning of the integer order PI controller that minimizes the IAE at the disturbance step is
presented below.

The structure of the control loop is the same as in Figure 2. The polynomials in the
numerator and denominator of the integrator are as follows

MI(ξ)|λ=1 = 1, NI(ξ)|λ=1 = ξ (38)

and the transfer functions Gr(ξ) and Gd(ξ) (23) become:

G1r(ξ) =
Kpξ + KpKi

eξ + Kpξ + KpKi
(39)

G1d(ξ) =
−eξξ

eξ + Kpξ + KpKi
(40)

The expression for calculating the gains of a PI controller (λ = 1) is now as follows:

Kp
∣∣
λ=1 = ξ0e−ξ0(2− ξ0), Ki

∣∣
λ=1 = ξ0

1− ξ0

2− ξ0
(41)

where −ξ0 is the double dominant real pole of the transfer functions G1r(ξ) and G1d(ξ).
The reference speed filter FI(ξ)

FI(ξ)|λ=1 =
ξ−1

0 ξ + 1

K−1
i ξ + 1

(42)

compensates for the zero in the numerator of the transfer function G1r(ξ) and a real
pole −ξ0.

The IE values at the setpoint and disturbance steps when applying the FI(ξ) filter
are (42):

IEr
∣∣
λ=1 =

1
Ki
− 1

ξ0
=

1
ξ0(1− ξ0)

(43)

IEd
∣∣
λ=1 =

1
KpKi

=
eξ0

ξ2
0(1− ξ0)

(44)

The minimum values of the IE and the corresponding values of ξ0, Kp, Ki are

IEr,min = 4, ξ0 = 0.5, Kp = 0.4549, Ki = 0.1667, λ = 1
IEd,min = 12.6387, ξ0 = 0.5858, Kp = 0.4612, Ki = 0.1716, λ = 1

(45)

and since there are no overshoots in the setpoint and disturbance steps, the IAE values are
identical to the IE values:

IAEr,min
∣∣
λ=1 = IEr,min

∣∣
λ=1 , IAEd,min

∣∣
λ=1 = IEd,min

∣∣
λ=1 (46)

A comparison of the achieved results with the fully analytical PI controller design
using the triple real dominant pole method in [31] shows that the new methodology gives
two optimal controller parameter sets instead of a single set of parameters—one optimal
for setpoint steps, the other for disturbance steps. However, this only confirms other results
of [31] obtained by the experimental performance portrait method (PPM). PPM showed
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that for different weighting of setpoint and disturbance steps, there will also be different
optimal settings of the controller (see Table 1 in [31]).

2.5. Experimental Workstation

The performance of the speed control loop with the FOPI controller tuned by the
proposed method described in Section 2.3 was verified on a workstation whose block
diagram is shown in Figure 5. The workstation consists of two servo drives, a mo-
tion controller, and a personal computer running Matlab R 2023a software (Mathworks,
Natick, MA, USA) and Automation Studio V 4.6 (Bernecker & Reiner, Eggelsberg, Austria).

Figure 5. Block diagram and a photography of the workstation.

The servo drives contain two permanent magnet synchronous motors (M1, M2) of type
8LVA23 with a rated power PN = 400 W and a rated speed nN = 3000 rpm. The shafts of
the motors are connected via a rigid coupling. One of the motors is speed-controlled, while
the second motor generates the load torque ML. Absolute position sensors with the current
rotor positions ϕ1 and ϕ2 are integrated in the motors. The information about the current
rotor position is processed by an ACOPOS P3 frequency inverter (Bernecker & Reiner) to
control the torque of the motors and calculate the actual speed ω. The speed controller is
implemented in a motion control unit of type X20CP1586 (Bernecker & Reiner), where the
control algorithm is executed with a sampling period Ts.

The reference speed ω∗ and the load torque M∗
L are sent from Matlab to the motion

controller via OPC UA. Matlab receives the values for the target motor torque M∗
m and the

actual speed ω from the motion controller. The motion controller sends the target motor
torque values M∗

m1 and M∗
m2 to the frequency inverter and receives the actual speed ω from it.

The speed controller was implemented in the motion controller using Matlab and the
Automation Studio Target for Simulink Toolbox. Using the toolbox, Matlab compiles the
program for the control algorithm in C language and saves it in the Automation Studio
project. This loads the program into the memory of the motion controller and executes it.

The basic form of the fractional order PI controller was created in Simulink. The
integrator of the controller had the structure of a sequentially connected first-order system
with the first-order integrator according to (14), which was then transformed into a discrete
form using Tustin’s method [32].

The controlled system parameters used to calculate the process and controller parame-
ters are listed in Table 2.

Table 2. Parameters of the controlled system.

Symbol Value Unit Description

J 6.5 × 10−6 kgm2 Moment of inertia
Ks 15,385 kg−1m−2 System gain

TGM 5 ms Torque generator transport delay
Ts 0.4 ms Sampling period

The value of the moment of inertia J was obtained during the autotuning of the torque
generators in Automation Studio software. The system gain Ks was calculated from the
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moment of inertia according to (8). The torque generator transport delay TGM has been
identified from the speed responses to step changes in the reference torque M∗

m. The
sampling period Ts = 0.4 ms corresponds to the minimum possible program cycle length
for the X20CP1586 motion controller.

3. Results

The results fall into two groups.
The first group is represented by tables with calculated optimal values of the normal-

ized FOPI controller parameters. The calculations of the parameter values in these tables
were performed using the method presented in Section 2.3. The controller parameters
have been calculated for the specified values of the upper limit of the frequency band
of the approximated integrator ωh and for the selected orders of the integrator transfer
function N. These results are presented below in Section 3.1.

Experimental results on a speed actuator with FOPI and PI controller represent the second
group of achieved results. The parameters of the FOPI controller were calculated using the results
in Section 3.1. The description of the experiments and their results are in Section 3.2.

3.1. Optimization Results

A simulation model was created in Simulink based on Figure 2 and the methods
presented in Sections 2.3.1 and 2.3.2. The parameters of the normalized FOPI controller
and the normalized fractional-order integrator, approximated by Oustaloup’s method,
were calculated for the chosen values of ωh and N. During the simulations, unit steps of
the reference speed ω∗ and the normalized disturbance ML were applied. The allowable
shape deviation of the control signal from the 1P signal for the reference and disturbance
steps, the number of algorithm cycles, and the number of different values of the variables in
an algorithm cycle were as follows: εr = 1× 10−6, kmax = 20, NoP = 19, respectively. The
normalized parameters, including the normalized IAE values, are shown in Tables 3–13.
The calculation time for the values of one row of the table took between two and eight
hours, depending on the values of ωh and N.

Table 3. Optimized controller parameters and achieved IAE values, ωh = 0.2.

N ωb ξ0 λ Kp Ki IAEr IAEd

1 0.19904 0.58542 1.0430 0.46118 0.16015 9.1293 12.6327
2 0.19954 0.58517 1.0903 0.46118 0.14840 14.1279 12.6328
3 0.19931 0.58510 1.0619 0.46118 0.15533 19.1416 12.6331
5 0.19935 0.58496 1.1298 0.46120 0.13930 29.1419 12.6382

ω1
b,min = 0.1, ω1

b,max = 0.2, ξ1
0,min = 0.2, ξ1

0,max = 0.8, λ1
min = 0.3, λ1

max = 2.

Table 4. Optimized controller parameters and achieved IAE values, ωh = 0.25.

N ωb ξ0 λ Kp Ki IAEr IAEd

1 0.24075 0.27282 1.1908 0.62507 0.14912 5.5068 8.1764
2 0.23876 0.27227 1.1578 0.62593 0.15600 9.6124 8.1700
3 0.24390 0.27314 1.2597 0.62616 0.13527 13.5996 8.1836
5 0.23122 0.26760 1.0828 0.62736 0.17065 22.2419 8.2751

ω1
b,min = 0.15, ω1

b,max = 0.25, ξ1
0,min = 0.1, ξ1

0,max = 0.9, λ1
min = 0.3, λ1

max = 2.
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Table 5. Optimized controller parameters and achieved IAE values, ωh = 0.3.

N ωb ξ0 λ Kp Ki IAEr IAEd

1 0.27968 0.32034 1.0834 0.60629 0.18876 5.0844 7.8575
2 0.28473 0.32234 1.1002 0.60617 0.18499 8.4988 7.8632
3 0.27806 0.31896 1.0658 0.60819 0.19173 12.0398 7.8838
5 0.28868 0.32531 1.1438 0.60412 0.17630 18.6460 7.8586

ω1
b,min = 1× 10−4, ω1

b,max = 0.3, ξ1
0,min = 0.1, ξ1

0,max = 0.9, λ1
min = 0.1, λ1

max = 2.

Table 6. Optimized controller parameters and achieved IAE values, ωh = 0.5.

N ωb ξ0 λ Kp Ki IAEr IAEd

1 0.49136 0.42308 1.7353 0.60432 0.12606 4.3456 7.7850
2 0.48887 0.42156 1.5779 0.60506 0.14037 6.3713 7.7865
3 0.48093 0.42119 1.3 0.60365 0.17067 8.4360 7.7925
5 0.48363 0.41924 1.3892 0.60469 0.15948 12.4959 7.8157

ω1
b,min = 1× 10−4, ω1

b,max = 0.5, ξ1
0,min = 0.1, ξ1

0,max = 0.9, λ1
min = 0.1, λ1

max = 2.

Table 7. Optimized controller parameters and achieved IAE values, ωh = 1.

N ωb ξ0 λ Kp Ki IAEr IAEd

1 0.40311 0.44050 1.0811 0.63654 0.19193 4.0884 7.6043
2 0.83559 0.52196 1.9890 0.65084 0.18033 4.8221 7.1337
3 0.83715 0.52363 1.9896 0.64986 0.18092 5.9138 7.1334
5 0.83348 0.51830 2.0 0.65323 0.17888 8.1150 7.1329

ω1
b,min = 1× 10−4, ω1

b,max = 1, ξ1
0,min = 0.1, ξ1

0,max = 0.9, λ1
min = 0.1, λ1

max = 2.

Table 8. Optimized controller parameters and achieved IAE values, ωh = 2.

N ωb ξ0 λ Kp Ki IAEr IAEd

1 1.0712 0.52406 1.9963 0.67959 0.21140 3.6584 7.4545
2 0.96845 0.49373 1.9124 0.73147 0.19081 4.3024 6.9584
3 1.1133 0.56681 2.0 0.71028 0.23658 4.7885 6.6255
5 1.1377 0.58334 2.0 0.70271 0.24507 6.1010 6.6065

ω1
b,min = 1× 10−4, ω1

b,max = 2, ξ1
0,min = 0.1, ξ1

0,max = 0.9, λ1
min = 0.1, λ1

max = 2.

Table 9. Optimized controller parameters and achieved IAE values, ωh = 3.

N ωb ξ0 λ Kp Ki IAEr IAEd

1 1.2077 0.55501 1.9913 0.68786 0.23922 3.5730 7.3271
2 1.1599 0.53677 1.9913 0.71464 0.22907 4.0651 7.0761
3 1.0413 0.52033 1.8448 0.74531 0.20657 4.6112 6.7212
5 1.2261 0.58440 2.0 0.73461 0.25918 5.4803 6.4695

ω1
b,min = 1× 10−4, ω1

b,max = 2, ξ1
0,min = 0.1, ξ1

0,max = 0.9, λ1
min = 0.1, λ1

max = 2.

Table 10. Optimized controller parameters and achieved IAE values, ωh = 5.

N ωb ξ0 λ Kp Ki IAEr IAEd

1 1.3231 0.57339 2.0 0.70114 0.26177 3.5106 7.2091
2 1.3004 0.56600 2.0 0.71213 0.25719 3.8814 7.0998
3 1.2405 0.54600 1.9913 0.73529 0.24315 4.2876 6.9254
5 1.1330 0.55400 1.8168 0.75484 0.22603 5.1232 6.4903

ω1
b,min = 1× 10−4, ω1

b,max = 2, ξ1
0,min = 0.1, ξ1

0,max = 0.9, λ1
min = 0.1, λ1

max = 2.
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Table 11. Optimized controller parameters and achieved IAE values, ωh = 10.

N ωb ξ0 λ Kp Ki IAEr IAEd

1 1.4152 0.58932 2.0 0.71148 0.27957 3.4653 7.1150
2 1.4104 0.58849 2.0 0.71473 0.27899 3.7222 7.0728
3 1.3693 0.57426 1.9963 0.72664 0.26902 4.0140 6.9968
5 0.9369 0.51061 1.6065 0.75571 0.18844 4.8956 6.7499

ω1
b,min = 1× 10−4, ω1

b,max = 2, ξ1
0,min = 0.1, ξ1

0,max = 0.9, λ1
min = 0.1, λ1

max = 2.

Table 12. Optimized controller parameters and achieved IAE values, ωh = 20.

N ωb ξ0 λ Kp Ki IAEr IAEd

1 1.4573 0.59854 1.9956 0.71654 0.28731 3.4434 7.0670
2 1.4381 0.58726 2.0 0.72267 0.28225 3.6287 7.0504
3 1.4666 0.60071 2.0 0.71949 0.29073 3.8349 7.0115
5 1.4094 0.58031 2.0 0.73801 0.27741 4.2996 6.8839

ω1
b,min = 1× 10−4, ω1

b,max = 2, ξ1
0,min = 0.1, ξ1

0,max = 0.9, λ1
min = 0.1, λ1

max = 2.

Table 13. Optimized controller parameters and achieved IAE values, ωh = 50.

N ωb ξ0 λ Kp Ki IAEr IAEd

1 1.2936 0.59928 1.9250 0.72134 0.24988 3.4322 7.0396
2 1.4773 0.60060 1.9927 0.72146 0.29036 3.5456 7.0321
3 1.4601 0.58954 2.0 0.72784 0.28607 3.7038 7.0127
5 1.4399 0.58346 2.0 0.73578 0.28190 4.0470 6.9422

ω1
b,min = 1× 10−4, ω1

b,max = 2, ξ1
0,min = 0.1, ξ1

0,max = 0.9, λ1
min = 0.1, λ1

max = 2.

3.2. Laboratory Experiments

Experiments were performed with the servo system described in Section 2.5. The
servo system consists of a controlled drive with a torque generator and a load drive that
generates load torque steps.

3.2.1. Description of the Experiments

One experiment with an integer order PI controller and a series of experiments with a
FOPI speed controller were performed on the workstation. Each experiment evaluated the
response of the actual speed ω to a step change in:

• the reference speed from the value ω∗1 to the value ω∗2 at a constant load torque
ML = ML,1 at time t = t1,

• the load torque from the value ML,1 to the value ML,2 at a constant actual speed
ω = ω∗2 at time t = t2.

The specific values for the reference speed and the load torque can be found in Table 14.
The time t refers to the start of the experiment.

Table 14. Reference values and timing of the experiment.

Symbol Value Unit

ML,1 0.05 Nm
ML,2 0.2 Nm

t1 1 s
t2 2 s
ω∗1 40 rad/s
ω∗2 80 rad/s
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3.2.2. Actual Speed Controller Parameters

The parameters of the speed controller and the fractional order integrator were deter-
mined from the normalized parameters given in Tables 3–13 on the basis of the parameters
listed in Table 2. The formulas for converting the normalized parameters to the actual
parameters are as follows

ωb =
ωb
Td

, ωh =
ωh
Td

, Ko =

(
ωh
Td

)1−λ

, Kp =
Kp

KsTd
, Ki =

Ki

Tλ
d

, s0 =
ξ0

Td

ωj =
ωb
Td

(
ωh
ωb

) 2j−λ
2N

, ω
′
j =

ωb
Td

(
ωh
ωb

) 2j−2+λ
2N

, j ∈ N, 1 ≤ j ≤ N

(47)

Experiments with the FOPI controller were carried out with parameters calculated for:

• N = 3 and ωh ∈ {0.3, 0.5, 1, 2, 3, 5, 10}.
• ωh = 5 and N ∈ {1, 2, 3, 5},

The value N = 3 in the first set of experiments was chosen as the average of the
interval 1 to 5. The values ωh ≥ 0.3 were chosen because there is a significant decrease in
the value of IAEd. For ωh = 5 in the second set of experiments, no time constant less than
twice the sampling period Ts = 0.4 ms appears in the transfer function of the approximated
fractional-order integrator (this is not the case for ωh ≥ 10). This ωh setting guarantees the
fastest output response for this tuning method and for this system.

The calculated controller parameters are listed in Table 15.

Table 15. PI and FOPI controller parameters used in the experiments.

ωh N
ωb

[rad/s]
ωh

[rad/s]
Ko × 103 λ Kp × 103

[Nms/rad]
Ki

[s−1]

s0

[rad/s]

– – – – – 1 5.7643 32.99479 112.654
0.3 3 53.473 57.692 765.81 1.0658 7.6022 52.11632 61.338
0.5 3 92.487 96.154 254.16 1.3000 7.5454 158.9838 80.998
1 3 160.990 192.308 5.4923 1.9896 8.1230 6334.704 100.698
2 3 214.096 384.615 2.6000 2.0 8.8783 8749.260 109.002
3 3 200.250 576.923 4.6495 1.8448 9.3161 3377.414 100.063
5 3 238.558 961.538 1.1040 1.9913 9.1909 8590.072 105.000

10 3 263.327 1923.08 5.3475 1.9963 9.0828 9757.242 110.435
5 1 254.442 961.538 1.0400 2.0 8.7640 9680.843 110.267
5 2 250.077 961.538 1.0400 2.0 8.9014 9511.465 108.846
5 5 217.885 961.538 3.6603 1.8168 9.4353 3189.564 106.538

In a speed control loop with an FOPI controller, the reference speed ω∗ is filtered by a
filter FI(s) (18), where the polynomials MI(s) and NI(s) are given in (14). For an integer
order PI controller, the transfer function of the speed setpoint filter is given by (48).

FI(s)|λ=1 =
s−1

0 s + 1

K−1
i s + 1

(48)

3.2.3. Experimental Results

Figures 6 and 7 show the experimentally determined responses of the motor speed
and the reference torque to step changes in the reference speed and the load torque. The
noise of the constant motor speed is caused by the torque pulsations of the motor, which
are caused by the permanent magnets in the magnetic circuit of the motor. The amplitude
of this pulsating torque component is less than 0.05 Nm, but due to the low moment of
inertia J, it manifests itself as a visible noise in the motor speed. The frequency of the
pulsating component of the motor torque depends on the motor speed.
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Figure 6. The responses of actual speed ω and reference torque M∗
m to reference speed and load

torque steps with integer PI (λ = 1) and FOPI speed controller, for N = 3 and ωh = var.

Figure 7. The responses of actual speed ω and reference torque M∗
m to reference speed and load

torque steps with integer PI (λ = 1) and FOPI speed controller, for ωh = 5 and N = var.
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In the experiments, the results of which are shown in Figure 6, the fractional order
integrator was approximated by the third order transfer function (N = 3) for different
values of the upper limit of the normalized frequency band of the integrator ωh. The
reference tracking performance improves with increasing ωh. In contrast, the disturbance
rejection performance does not visibly depend on ωh.

The results of experiments with the same upper limit of the normalized frequency
band of the integrator (ωh = 5), but with different order N (N ∈ {1, 2, 3, 5}), are shown
in Figure 7. The fastest tracking response is obtained with N = 1, i.e., with the simplest
integrator approximation. Similar to the previous experiment, the disturbance rejection
performance does not seem to depend on N.

4. Discussion

This section compares the expected IAE values of the normalized control loop with PI
and FOPI controllers. It also evaluates the extent to which the experimental IAE values
match the predicted values.

4.1. Comparison of Loop Dynamics with FOPI and PI Controllers for Normalized Control Loop

As already mentioned, Tables 3–13 show the normalized FOPI parameters that achieve
optimum disturbance rejection with the permissible shape deviation of the control signal.
In the mentioned tables, the calculated values of ωb,opt, ξ0,opt, λopt, Kp,opt, and Ki,opt for the
specified upper limit of the integrator frequency band ωh and the specified order of the
approximated integrator N are listed.

The values of IAEr and IAEd from Tables 3–13 versus ωh for N = 1, 2, 3 and 5 are
shown in Figure 8. The horizontal gray lines represent the optimal value of IAEr = 4.1214
and IAEd = 12.6387 with an integer order PI controller (λ = 1).

Figure 8. Plots of IAEr and IAEd versus ωh for N = 1, 2, 3, 5 (IAEr = IAEr, IAEd = IAEd).

The comparison of the IAEr and IAEd waveforms for integer-order and fractional-
order PI controllers in Figure 8 shows the following:

IAEr
∣∣
λ=1 < IAEr

∣∣
λ �=1 for ωh < 1

IAEd
∣∣
λ=1 > IAEd

∣∣
λ �=1 for ωh ≥ 0.2

(49)

The higher the order of the approximated integrator, the higher the IAEr. The lowest
value of IAEr is reached for N = 1.

The IAEd values are always lower for ωh ∈ 〈0.2, 50〉 than when using an integer order PI
controller. The lowest value IAEd = 6.4903 is obtained for N = 5, ωh = 5. This value of IAEd
is 46.1% less than the value of IAEd = 12.0387 obtained with the integer order PI controller. The
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order of the integrator approximation N has no significant influence on the value of IAEd. The
values of IAEd for N = 1 and N = 5 differ from each other in a range of 0.014 to 13.26 percent.
The smallest difference is at ωh = 0.3 and the largest difference at ωh = 3. It is to be expected
that the IAEd value would be even lower at around ωh = 3 for N > 5.

4.2. Comparison of Expected and Actual Control Loop Characteristics

To check the correctness of the conversion of the normalized controller parameters
given in Tables 3–13 to parameters for the real system, the predicted values of IAEr and
IAEd were calculated for each experiment. These were compared with the actual values
from the experiments in Table 16.

In Table 16, the IAE values for the setpoint and disturbance steps are denoted as
IAEr,exp and IAEd,exp, respectively. The values of IAEr,exp were calculated from the actual
speed samples within the time interval from 1 s to 1.15 s. The values of IAEd,exp were
calculated from the actual speed samples within the time interval from 2.005 s to 2.115 s.
For comparison, the theoretical IAE values were calculated from

IAEr,opt = IAErTd(ω
∗
2 −ω∗1 ) , IAEd,opt = IAEdKsT2

d (ML,2 −ML,1) (50)

and are also listed in Table 16. The variables δIAEr and δIAEd were calculated using the
following formula

δIAEr = 100× IAEr,exp − IAEr,opt

IAEr,opt
, δIAEd = 100× IAEd,exp − IAEd,opt

IAEd,opt
(51)

and represent the relative error between the IAE values in the experiment and the IAE
calculated from (50). The values in Table 16 show that the relative error between the
calculated values of IAE and IAE from the experiment is less than four percent, indicating
a high level of agreement between the model and the real system.

Table 16. Integrals of absolute error for setpoint and disturbance steps.

ωh N IAEr,exp IAEr,opt δIAEr [%] IAEd,exp IAEd,opt δIAEd [%]

– – 0.84349 0.85725 −1.61 0.79857 0.78866 1.26
0.3 3 2.46165 2.50428 −1.70 0.49976 0.49196 1.59
0.5 3 1.73665 1.75469 −1.03 0.49411 0.48625 1.62
1 3 1.21870 1.23007 −0.92 0.45999 0.47451 −3.06
2 3 0.99412 0.99601 −0.19 0.42606 0.41344 3.05
3 3 0.94369 0.95129 −0.80 0.42277 0.41941 2.87
5 3 0.88048 0.89182 −1.27 0.44311 0.43215 2.54

10 3 0.82341 0.83491 −1.38 0.45167 0.43661 3.45
5 1 0.72675 0.73021 −0.47 0.46402 0.44985 3.15
5 2 0.79895 0.80733 −1.04 0.45325 0.44303 2.31
5 5 1.06061 1.06562 −0.47 0.41472 0.40500 2.40

As expected, the minimum value of IAEd,exp = 0.41472 is at ωh = 5, N = 5. This value is
48.1% less than the value of IAEd,exp = 0.79857 obtained with the integer order PI controller.

4.3. Comparison with Results from Other Papers

The speed control loop of a servo drive with a torque generator and an FOPI speed
controller is presented in [7,8,10,12]. The speed of a DC motor [7], a PMSM [7,8,10] and
an induction motor [12] was controlled in these papers. In both the experimental servo
drives [7,8,12] and the simulations [10], the dynamics of the torque generator response was
conditioned by the tuning of the torque generator.

In our case, the torque generator channel exhibits a rather significant transport delay
TGM = 5 ms, which is due to the internal parameter settings of the ACOPOS P3 frequency
inverter. We were not able to reduce this delay. It is clear that this transport delay affects the
dynamics of the speed control loop, which is reflected in a slower response to the setpoint
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step and a higher control error at the load torque step than in a servo drive with a faster
torque generator (or with a lower transport delay TGM). The control error at the disturbance
step is also influenced by the gain Ks, which in our case was several times higher than in
the reported papers.

The presented speed controller tuning method was designed to achieve the fastest
possible speed response. However, a first look at the simulation and experimental results
presented in [7,8,10,12] shows a faster response and smaller control inaccuracy for the
load torque step than in our paper. This is due to the high transport delay of our torque
generator TGM and the high value of Ks.

In order to roughly compare the characteristics of the speed control loop of the servo
drive with FOPI controller tuned by the method presented in this paper with the results
presented in cited papers [7,8,10,12], simulations were performed and the magnitude of the
speed error Δω = ω∗ −ω and the settling time Tset were evaluated. The values of Ks and
the value of the load torque step ML were set in the simulations based on the data presented
in the respective paper. The torque generator transport delay TGM was not specified in any
of the papers and was therefore set to the same value in all simulations, TGM = 0.5 ms,
which approximately corresponds to the real transport delays of the current control loops
in the torque generators of the DC motors and the PMSMs. The FOPI controller parameters
in the simulations were calculated for ωh = 3, N = 3. The results of the simulations are
listed in Table 17. The index “No” indicates results from the cited papers.

Table 17. Speed error and speed settling time in servo drives [7,8,10,12] compared to a servo drive
tuned by the presented method.

No
Ks

[kg−1m−2]
ML [Nm]

ΔωNo

[rad/s]
Tset,No [ms] Δω [rad/s] Tset [ms]

[7] 167 2.2 2 147 0.42 10
[8] 500 5 1 20 0.22 10

[10] 167 2 1 15 0.42 10
[12] 120 6 1.4 40 0.85 10

TGM = 0.5 ms, ωh = 3, N = 3.

The results in Table 17 show that the tuning of the FOPI controller parameters by the
presented method achieves lower speed error and shorter settling time for the load torque
step than those obtained in the cited papers.

5. Conclusions

This article describes a method for tuning the parameters of a fractional-order PI (FOPI)
speed controller. The tuning of the controller parameters is based on minimizing the value
of IAE at a disturbance step, while limiting the deviation of the control signal from an ideal
1P pulse. These two requirements make it possible to minimize the settling time with an
overshoot of zero or almost zero.

The tuning of the controller parameters is performed for a normalized process (delay
and gain equal to 1) and a controller where the fractional order integrator is approximated
by a rational transfer function. The approximation of the fractional order integrator is based
on the Oustaloup method and guarantees a zero error in the steady state under disturbance.
Tables with normalized parameters of the FOPI controller were calculated for eleven values
of the upper limit of the frequency band and for four orders (N = 1, 2, 3, 5) of the integrator
approximated by the Oustaloup method. The tables also contain the values of the integral
of the absolute error (IAE) at the setpoint and disturbance steps for the normalized process.

The characteristics of the control loop with the FOPI controller were compared with
those of the integer order PI controller. The aim was to compare the values of the IAE at
the setpoint and disturbance steps. The parameters of the integer order PI controller were
set to minimize the IAE at the disturbance step. The comparison of the IAE values for
an integer order PI controller and a FOPI controller confirms that the FOPI controller can
significantly increase the tracking and disturbance rejection performance. In the best case,
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the IAE value in the disturbance step of the FOPI controller is almost half of the IAE value
with an ordinary PI controller (integer order).

When using a fractional-order PI controller in a real servo drive, the actual controller
parameters are recalculated from the normalized parameters based on the actual charac-
teristics of the servo drive. Similarly, the actual IAE values can be calculated from the
tabulated values.

The characteristics of the control loop were tested on a servo system with a pair of
industrial servo drives. The responses of the motor speed to setpoint speed and load torque
steps were evaluated. The IAE values at the setpoint and disturbance steps were calculated
from the actual rotor speed samples. Comparison of the IAE values calculated from the
experimental results and the tabulated values for the normalized system confirmed the
accuracy of the controller design and the correctness of the calculated IAE values for the
normalized control loop.

Finally, the limitations of this study can be briefly summarized as follows. First, the
optimized parameters of the normalized FOPI controller presented in Section 3.1 are only
applicable when controlling an IPDT system. An electric servo drive with a torque generator
can be considered as such a system. Second, the fractional-order integrator in the FOPI
controller must be approximated by the Oustaloup method, which results in a continuous
transfer function of the chosen order. A proper conversion method to discrete form must
be applied in the digital implementation. Third, the optimized FOPI controller parameters
were computed for the first to fifth order Oustaloup approximation of the fractional order
integrator. The computations were not performed for higher orders due to the increased
computational requirements on the computer executing the FOPI controller parameter opti-
mization algorithm. Fourth, the optimized FOPI controller parameters were not calculated
even for ωh > 50. However, from the plots of IAEr and IAEd versus ωh, it can be inferred
that higher values of ωh would not result in a significant reduction in the values of IAEr and
IAEd. Fifth, the application and applicability of the calculated parameters of the normalized
FOPI controller were experimentally validated on the servo drive, which allowed to correctly
verify the behavior of the speed control loop only for ωh ≤ 5.
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Abbreviations

The following abbreviations are used in this manuscript:

DC Direct Current
FOPI Fractional-Order Proportional-Integral
FOPID Fractional-Order Proportional-Integral-Derivative
IAE Integral of Absolute Error
IE Integral of Error
IPDT Integrator Plus Dead-Time
LESO Linear Extended State Observer
MDPM Multiple Dominant Pole Method
OPC UA Open Platform Communications Unified Architecture
PI Proportional-Integral
PID Proportional-Integral-Derivative
PMSM Permanent Magnet Synchronous Motor
PPM Performance Portrait Method
TV Total Variance

Nomenclature

The following symbols are used in this manuscript:

k Cycle number of the FOPI controller parameter optimization algorithm
kd Gain of the derivative component of the FOPID controller
ki Gain of the integral component of the FOPID controller
kmax The total number of cycles of the FOPI controller parameter optimization algorithm
kp Gain of the proportional component of the FOPID controller
nN Rated speed of the motor
s Laplace operator
s0 Absolute value of the double real pole in the speed control loop transfer function
t Time
t1 Time of the reference speed step in the experiment
t2 Time of the load torque step in the experiment
E Control error
E∞,A Steady-state error at the setpoint step
E∞L,A Steady-state error at the disturbance step
FI(s) Transfer function of the reference speed filter
FI(ξ) Transfer function of the normalized reference speed filter
G1,d(ξ) Closed loop transfer function for a disturbance step with the normalized PI controller
G1,r(ξ) Closed loop transfer function with the normalized PI controller
Ge,A(s) Error transfer function for a setpoint step
GeL,A(s) Error transfer function for a disturbance step
Gd(s) Closed loop transfer function for a disturbance step with the FOPI controller
Gd(ξ) Normalized Gd(s)
Ĝκ

o (s) Transfer function of the fractional-order derivative approximated by the Oustaloup
method

Gr(s) Closed loop transfer function with the FOPI controller
Gr(ξ) Normalized Gr(s)
Hk Three-dimensional space of parameters ωb, ξ0, and λ in the k-th cycle of the

optimization algorithm
IAEd,exp The value of the integral of absolute error at the disturbance step retrieved from

the experiment
IAEd,opt Calculated value of the integral of absolute error at the disturbance step when

using the optimized parameters of the normalized FOPI controller
IAEr,exp The value of the integral of absolute error at the setpoint step retrieved from

the experiment
IAEr,opt Calculated value of the integral of the absolute error at the setpoint step when

using the optimized parameters of the normalized FOPI controller
IAEd Normalized integral of absolute error at the disturbance step
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IAEd,min Minimum IAEd value
IAEd,opt Integral of absolute error at the disturbance step when the optimized parameters

of the normalized FOPI controller are used
IAEr,min Minimum IAEr value
IAEr,opt Integral of absolute error at the setpoint step when the optimized parameters

of the normalized FOPI controller are used
IEd Integral of error at the disturbance step
IEd Normalized integral of error at the disturbance step
IEd,min Minimum IEd value
IEr Integral of error at the setpoint step
IEr Normalized integral of absolute error at the setpoint step
IEr,min Minimum IEr value
J Moment of inertia
Ki Gain of the integral component of the FOPI controller
Ki Normalized Ki
Ki,opt The value of Ki after the optimization algorithm has been completed
Ko Coefficient in the modified form of the Oustaloup approximation
Ko Normalized Ko
Kp Gain of the proportional component of the FOPI controller
Kp Normalized Kp
Kp,opt The value of Kp after the optimization algorithm has been completed
Ks Gain of the system
MA(s) Numerator polynomial of a transfer function approximating a fractional-order

derivative or integral
MI(s) Numerator polynomial in the modified form of the Oustaloup approximation
MI(ξ) Numerator polynomial in the normalized Oustaloup approximation
ML Load torque
ML Normalized load torque
M∗

L Reference load torque
Mm Motor torque
Mm Normalized motor torque
M∗

m Reference motor torque
M∗

m1 Reference torque of the motor No. 1
M∗

m2 Reference torque of the motor No. 2
MOd(s) Numerator polynomial of the transfer function Gd(s)
MOd(ξ) Numerator polynomial of the transfer function Gd(ξ)

MOr(s) Numerator polynomial of the transfer function Gr(s)
MOr(ξ) Numerator polynomial of the transfer function Gr(ξ)

N Order of the transfer function of a fractional-order integrator approximated by the
Oustaloup method

NA(s) Denominator polynomial of a transfer function approximating a fractional-order
derivative or integral

NI(s) Denominator polynomial in the modified form of the Oustaloup approximation
NI(ξ) Denominator polynomial in the normalized Oustaloup approximation
NO(s) Denominator polynomial of the transfer functions Gd(s) and Gr(s)
NO(ξ) Denominator polynomial of the transfer functions Gd(ξ) and Gr(ξ)

NoP The number of all tested values of a particular variable (i.e., the values of ωb, ξ0, or λ)
applied in one cycle of the optimization algorithm

Pn Designates one of the parameters: ωb, ξ0, or λ

Pk
n,max Maximum value of parameter Pn in k-th cycle of optimizing algorithm

Pk
n,min Minimum value of parameter Pn in k-th cycle of optimizing algorithm

Pk−1
n,opt Optimum value of parameter Pn in the optimizing algorithm cycle k− 1

PN Rated power of the motor
Td Transport delay in the control channel of the system
TGM Transport delay of the torque generator
Ts Sampling period of the discrete speed controller
Tset Settling time
TV1(U

∗
) Total variation in the normalized control signal from the one-pulse function

176



Symmetry 2024, 16, 1543

TV1d(U
∗
) Total variation in the normalized control signal from the one-pulse function at the

disturbance step
TV1r(U

∗
) Total variation in the normalized control signal from the one-pulse function at the

setpoint step
U The output of the FOPI controller
U∗ Normalized control signal
U∗0 Initial value of the normalized control signal
U∗c Sample No. c of the normalized control signal
U∗max Maximum value of the normalized control signal
U∗∞ Steady state value of the normalized control signal
aDμ

t Integrodifferentiator operator, where a, t are the limits of the operation
γj Angular frequency representing a pole in the Oustaloup approximation
γ
′
j Angular frequency representing a zero in the Oustaloup approximation

δIAEd Relative deviation between experimental and calculated IAEd value
δIAEr Relative deviation between experimental and calculated IAEr value
εr maximum allowable shape deviation at the setpoint or disturbance step
λ Fractional order of the integral
λ1

max Maximum value of λ in the first cycle of the optimization algorithm
λ1

min Minimum value of λ in the first cycle of the optimization algorithm
λopt The value of λ after the optimization algorithm has been completed
ξ Normalized Laplace operator
ξ0 Absolute value of the double dominant real pole in the normalized closed-loop

transfer function
ξ1

0,max Maximum value of ξ0 in the first cycle of the optimization algorithm
ξ1

0,min Minimum value of ξ0 in the first cycle of the optimization algorithm
ξ0,opt The value of ξ0 after the optimization algorithm has been completed
μ Fractional order of the derivative
κ Fractional order of the derivative
ϕ1 Actual angular position of motor M1
ϕ2 Actual angular position of motor M2
ω Actual angular speed
ω∗ Reference angular speed
ω∗1 , ω∗2 The reference values of the motor speed in the experiment
ωb The lower limit of the frequency band in which the fractional-order derivative/

integrator approximation is valid when the Oustaloup method is used
ωb Normalized ωb
ω1

b,max Maximum value of ωb in the first cycle of the optimization algorithm
ω1

b,min Minimum value of ωb in the first cycle of the optimization algorithm
ωb,opt The value of ωb after the optimization algorithm has been completed
ωh Upper limit of the frequency band in which the fractional-order derivative/

integrator approximation is valid when the Oustaloup method is used
ωh Normalized ωh
ωj Angular frequency representing a pole in the modified form of the Oustaloup

approximation
ω j Normalized ωj
ω
′
j Angular frequency representing a zero in the modified form of the Oustaloup

approximation
ω
′
j Normalized ω

′
j

Γd Optimizing function used to tune ωb, ξ0, and λ values
ΔPk

n Step to change the value of one of the parameters ωb, ξ0, or λ in the k-th cycle
of the optimization algorithm

Δω Speed error at load torque step
Λk Interval of λ values to be applied in the k-th cycle of the optimization algorithm
Ξk

0 Interval of ξ0 values to be applied in the k-th cycle of the optimization algorithm
Ωk

b Interval of ωb values to be applied in the k-th cycle of the optimization algorithm
L Laplace transform
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Abstract: This study employs spatial optimization principles to investigate the nonlinear vibration of
a flexibly supported Euler–Bernoulli beam, a (1 + 1)-dimensional system subjected to axial loads. The
modified Khater method, a crucial tool in mechanical engineering, is utilized to analyze analytical
solutions, which include a symmetric spatial representation of the waveform as an integral part of
each solution. Notably, periodic soliton solutions for the nonlinear model closely align with numerical
and approximate analytical solutions, demonstrating the accuracy of our modeling approach. Density
diagrams, contour diagrams, and Poincaré maps depicting the obtained analytical solutions are
presented to elucidate their accuracy and provide visual confirmation of the optimized engineer-
ing model’s physical significance. The planar dynamical system is derived through the Galilean
transformation by employing mathematical models and appropriate parameter values, thereby fur-
ther refining problem understanding. Sensitivity analysis is conducted, and phase portraits with
equilibrium points are illustrated by analyzing a special case of the investigated dynamical system,
emphasizing its symmetrical properties. Lastly, we perform a global analysis to identify periodic,
quasi-periodic, and chaotic behaviors, with an extra weak forcing term confirmed by Poincaré maps
and a two-dimensional symmetric basin of the largest Lyapunov exponent.

Keywords: Euler–Bernoulli beam; analytical solution; approximate methods; equilibrium points;
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1. Introduction

The demand for engineered construction is continually increasing. In structural
engineering, the investigation of vibrations in beams is of great importance, especially
in the context of tall structures, aerospace vehicles, large bridges, and various industrial
applications. As the oscillation’s amplitude increases, these structures experience nonlinear
vibrations, which can result in material fatigue and structural damage. The repercussions
become more pronounced as the system approaches its inherent frequency. Consequently,
precise mathematical and numerical analysis is imperative to comprehend the nonlinear
vibration characteristics of these structures.

The design of such buildings necessitates careful consideration of multiple factors
to optimize performance and extend their lifespan. Dynamic reactions of structures play
a significant role in the design process. Distributed parameters and continuous systems,
exemplified by the nonlinear vibration of beams, are addressed using linear and nonlinear
partial differential equations (PDEs) in both spatial and temporal dimensions. Attaining
precise or closed-form solutions for nonlinear issues has proven challenging.

Researchers have employed two primary categories of approximation solutions for
initial boundary-value problems: numerical approaches [1,2] as well as approximate an-
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alytical approaches [3,4]. Perturbation methods have not been directly applied to solve
nonlinear PDEs and their appropriate boundary conditions, especially in severely nonlinear
systems. Consequently, the Galerkin method is employed to transform the initial partial
differential equations into a set of nonlinear ordinary differential equations. Subsequently,
these governing equations are analytically resolved in the time domain.

Numerous researchers have addressed the issue of vibrating beams by formulat-
ing partial differential equations of motion with diverse boundary conditions [5–13].
Bayat et al. [14] conducted an extensive investigation into the analytical evaluation of
vibrating tapered beams, achieving notable progress in developing analytical solutions
for nonlinear equations devoid of very small parameters. These advancements have been
instrumental in approximating solutions for nonlinear oscillators.

Various classical methodologies, including perturbation techniques, have been em-
ployed to tackle the governing nonlinear differential equations for investigating nonlinear
vibrations. Noteworthy methods include the Max-Min Approach [15], Homotopy Analysis
Method [16,17], Iteration Perturbation Method [18], ADM-Padé technique [19], Homotopy Per-
turbation Method (HPM) [20], Adomian Decomposition [21], Energy Balance Method [22,23],
Multistage Adomian Decomposition [24], Variational Iteration Method [25,26], Monotone
Iteration Schemes [27], Hamiltonian Approach [28], Navier and Levy-type Solution [29,30],
and Parameter Expansion Method [31].

A critical aspect of investigating nonlinear physical mechanisms involves exploring
solutions in the form of traveling waves for nonlinear PDEs, which find applications in
engineering sciences, mathematics, and technological fields. Nonlinear partial and ordinary
differential equations (PDEs and ODEs) are crucial for simulating various significant
phenomena in sciences such as mechanical engineering, biology, chemistry, and finance, as
demonstrated in the literature [32–35].

Although numerous works exist on approximate analytical solutions in mechanical
engineering, a gap persists in the literature regarding semi-analytical solutions. Therefore,
this study aims to uncover soliton solutions with the aid of semi-analytical methods.
The chosen methodologies encompass the G′/G-expansion method [36], the Sardar sub-
equation method [37], the modified simple equation method [38], the generalized Jacobi
elliptic function method [39], the modified extended tanh scheme [40], the Kudryashov
method [41], the improved Fan sub-equation method [42], the extended rational sine-
cosine method [43], the unified method [44,45], the extended algebraic method [46], the
new auxiliary equation technique [47], bifurcation analysis methods [48,49], and others.

According to Jhangeer et al. [50,51], the perturbed Fokas–Lenells equation has been
demonstrated to have bifurcations, soliton structures, and chaotic dynamics. Solitons play
a significant role in various physical phenomena and manifest in diverse forms, including
kinks, light breathers, periodic structures, darkness, envelopes, and more. Imran et al. [52]
show saddle-node bifurcation while studying the fractional space-time nonlinear Chen–Lee–
Liu equation’s shift from periodic to quasi-periodic behavior. The work analyzes solitonic
structures using direct algebraic methods and Galilean transformations to examine multi-
dimensional bifurcations of dynamical solutions. A chaotic structure and multi-stability
indicate a higher degree of complexity in the equation’s behavior.

In this investigation, we apply the Modified Khater Method (MKM)—a methodology
not previously applied in the field of mechanical engineering of beams. Application of
this effective technique to our experimental equation yields a visualization of novel wave
patterns. Utilizing MKM, periodic soliton solutions, bright solutions, soliton-like solutions,
mixed soliton solutions, and solitary bright solutions are attained. These results are ex-
pressed in terms of trigonometric and hyperbolic functions. The findings presented in this
research have not been previously documented in the existing literature. The solutions de-
veloped in this study are new and hold significant utility across other scientific disciplines.

The Winkler model, introduced in 1867, incorporates the typical displacement of
a structure. This model establishes a linear algebraic relationship between the normal
displacement of the structure and the contact pressure [53]. Utilizing a set of mutually
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parallel and independent spring components to represent the soil medium, the Winkler
model allows for a more straightforward comparison of the system’s nonlinear behavior
compared to other approaches [54,55]. Wu and Liu [56] employed the technique of differ-
ential quadrature to address the buckling equation of a single-span Bernoulli-Euler beam.
In 2006, they proposed the Parameterized-Perturbation method as a solution for highly
nonlinear equations.

Osman and Omer [57] elucidated the relationship between curvature and bending
moment in large-deformation Euler–Bernoulli beams, emphasizing distinctions between
linear and nonlinear theories. Their work cautions against the indiscriminate use of
nonlinear mathematical curvature, providing a numerical example for practical clarity.
Pirbodaghi et al. [58] explored the nonlinear vibration characteristics of Euler–Bernoulli
beams with geometric nonlinearity under axial loads using the homotopy analysis approach.
They also examined the influence of vibration amplitude on nonlinear frequency and
buckling load. In a study by Burgreen [59], the natural vibrations of a buckling beam
supported at both ends were explored using a discretization method that considered a
single mode of vibration. According to Burgreen, the buckling beam’s natural frequencies
are vibration amplitude-dependent.

Abinash and Sundararajan [60] extend the Fragile Points Method (FPM) to analyze the
behavior of isotropic and functionally graded Euler–Bernoulli beams under static bending,
free vibration, and mechanical buckling. This is achieved through a meshless approach
that utilizes discontinuous polynomial test and trial functions, along with numerical flux
corrections, to enhance consistency. Pratiwi et al. [61] presents a Python-based tool that is
validated against analytical solutions and commercial finite element solvers to efficiently
and accurately analyze the structural response of wind turbine blades under aerodynamic
loading using complex Euler–Bernoulli Beam theory and the polygon algorithm. Ataman
and Szcześniak [62] analyze the dynamic response of a Bernoulli–Euler beam on a three-
parameter inertial basis to moving forces. Deformable foundation properties, velocities,
and foundation models all have an impact on beam dynamic deflection. The findings are a
baseline for studying more complicated engineering structures under moving loads like
road or railroad vehicles.

Upon examining the aforementioned achievements, the primary objective of this work
is to derive the mathematical equation that describes the vibration behavior of clamped-
clamped Euler–Bernoulli beams, considering their geometric nonlinearity. These beams are
fixed at one end, and their geometric nonlinearity arises from the nonlinear interactions
between strain and displacement, a topic frequently addressed in existing literature. This
type of nonlinearity stems from various factors, including stretching in the middle of the
structure, high curvatures in structural parts, and significant rotation of elements.

Initially, the governing nonlinear PDE was simplified to a solitary nonlinear ODE using
the Galerkin technique under the assumption that only the basic mode was stimulated.
Subsequently, this problem was analytically solved in the time domain using the MKM
approach employed in this work. Finally, the results obtained from the proposed approach
are compared with numerical solutions.

Finally, in relation to practical applications within the domain of engineering design
and optimization, the precise semi-analytical solutions offered by the model can be utilized
for the design and optimization of structures that involve Euler–Bernoulli beams. This
application ensures enhanced reliability and performance, as demonstrated in studies such
as [4,9,53].

Similarly, regarding vibration control and mitigation, gaining insight into the diverse,
dynamic behaviors of beams can assist in formulating efficient vibration control and
mitigation solutions. These solutions are essential for enhancing the durability and safety
of engineering structures, as evidenced in [5,8,63–66].

The subsequent sections follow this sequence: Section 2 outlines the formulation of
the problem. In Section 3, we illustrate the traveling wave solutions of the model under
consideration. Section 4 presents the visualization and discussion of the dynamics of wave
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patterns, while Section 5.1 showcases phase portraits of the given planar dynamical system,
incorporating bifurcation analysis. Moreover, Section 5.2 demonstrates the sensitivity of
the system corresponding to initial conditions, and Section 5.3 depicts the chaotic behavior
of the system with extra small harmonic forcing (perturbation) term, i.e., later verified with
the help of Poincaré section and Lyapunov exponents spectra. Final conclusions drawn
from these patterns are presented in Section 6.

2. Formulation of the Problem

A linear beam is supported by a flexible base and possesses properties such as length
L̂, cross-sectional area Â, mass per unit length μ̂, moment of inertia Î, and modulus
of elasticity Ê. Additionally, the beam is subjected to an axial force of magnitude F̂ as
shown in Figure 1. Assumptions include a uniform cross-sectional area and homogeneous
material, in accordance with the Euler–Bernoulli beam theory. According to this theory, post-
deformation, cross-sectional planes maintain their planar shape, while lines perpendicular
to the central plane retain their perpendicularity. However, lines running across the cross-
section do not change in length.

Three fundamental assumptions underpin the theory:

• Neglect of deformation within the same plane.
• Dismissal of transverse shear forces (resulting in cross-section rotation solely caused

by bending).
• The incompressibility condition, which suggests the absence of transverse typical strains.

References supporting these assumptions include [65,67].
The equation of motion, considering the impact of mid-plane stretching, is expressed

as follows:

Ê Î
∂4Ŵ

∂X̂4
+ μ̂

∂2Ŵ
∂t̂2 + F̂

∂2Ŵ

∂X̂2
+ Ĉ

∂Ŵ
∂X̂

+ K̂Ŵ − ÊÂ
2L̂

∂2Ŵ

∂X̂2

∫ L

0

(
∂Ŵ
∂X̂

)2

dX̂ = V(X̂, t̂) . (1)

The viscous damping coefficient is represented by Ĉ, the foundation modulus is
denoted by K̂, and Ŵ(X̂, t̂) is an unknown function, and V represents the distributed load
in the transverse direction.

Figure 1. A model of an Euler–Bernoulli beam under the influence of an axial load.

Let us assume that the non-conservative forces are negligible, meaning that the terms
at Ĉ and V are equal to zero. Therefore, Equation (1) can be expressed in the following
manner:

Ê Î
∂4Ŵ

∂X̂4
+ μ̂

∂2Ŵ
∂t̂2 + F̂

∂2Ŵ

∂X̂2
+ K̂Ŵ − ÊÂ

2L̂
∂2Ŵ

∂X̂2

∫ L

0

(
∂Ŵ
∂X̂

)2

dX̂ = 0. (2)

For enhanced convenience, we employ the following non-dimensional variables:

X̄ =
X̂
L̂

, W̄ =
Ŵ
R̂

, t̄ = t̂

√
Ê Î

μ̂L̂4
, F̄ =

F̂L̂2

Ê Î
, K̄ =

K̂L̂4

Ê Î
. (3)
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Here, the symbol R̂ represents the radius of gyration of the cross-section, which is
calculated as R̂ =

√
Î/Â. Therefore, Equation (2) yields:

∂4W̄
∂X̄4

+
∂2W̄
∂t̄2

+ F̄
∂2W̄
∂X̄2

+ K̄W̄ − 1
2

∂2W̄
∂X̄2

∫ L

0

(
∂W̄
∂X̄

)2

dX̄ = 0. (4)

By assuming that W̄(X̄, t̄) can be expressed as the product of δ(X̄) and ω(t̄), where
δ(X̄) represents the first eigenmode of the beam [66], and applying the Galerkin technique,
we can derive the equation of motion as follows:

ω̈(t̄) + αω(t̄) + βω3
(t̄) = 0 , (5)

where α controls the linear stiffness, β controls the amount of nonlinearity in the restoring
force, α = α1 + α2 F̄ + K̄ and the values of α1, α2, and β are as follows:

α1 =

∫ 1
0 δivδdx∫ 1
0 δ2dx

, α2 =

∫ 1
0 δ′′δdx∫ 1
0 δ2dx

, β =
−0.5

∫ 1
0 (δ

′′ ∫ 1
0 δ′2dx)δdx∫ 1

0 δ2dx
. (6)

Equation (5) describes the governing nonlinear vibration behavior of Euler–Bernoulli
beams. The equation is governed by the initial conditions specified at the center of the beam:

ω(0) = A, ω̇(0) = 0 , (7)

where A stands for the dimensionless maximum amplitude of oscillation, the focus is on
analyzing the natural response of the beam. This analysis starts with a specific displacement
with no initial velocity, emphasizing the natural vibrational properties without any external
or damping effects.

In this study, our initial attempt involved applying the Sardar sub-equation method to
derive solutions for the equation. However, this approach proved unsuccessful, primarily
due to square roots in the solution, hindering the separation of variables. Consequently,
we turned to the modified Khater method, which proved to be a more suitable approach
for addressing our problem.

3. The Traveling Wave Solutions

In this section, our focus is on finding the traveling wave solutions to Equation (1).
We generate wave patterns for the Euler–Bernoulli beam using the MKM based on

Equation (5).
By employing the balancing strategy outlined in Appendix A, wherein we compare

the highest-order linear and nonlinear terms, we determine the value of n. Specifically, we
select the linear term ω̈(t̄), denoted as n + 2, and the nonlinear term ω3

(t̄), denoted as 3n,
from Equation (5). Hence, we have n + 1 = 3n. Solving this equation yields n = 1, see [68]
which we then substitute into Equation (A4). Thus, the resulting equation becomes:

V(τ) = λ0 + λ1�(τ) , (8)

where �(τ) is a solution of the ODE:

�̇(τ) = ln(v)(σ1 + σ2�(τ) + σ3�2(τ)) . (9)

By substituting Equations (8) and (9) into Equation (5) and performing simplifications,
we derive a system of equations that provides the following set of solutions:

λ0 = λ0, λ1 =
2λ0σ3

σ2
. (10)

The set of solutions for Equation (1) is obtained by using Equation (10):
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1: If δ < 0 and σ3 �= 0, then:

W̄1(X̄, t̄) =
λ0
√−δ

σ2
tan

(√−δ

2
τ

)
, W̄2(X̄, t̄) = −λ0

√−δ

σ2
cot

(√−δ

2
τ

)
,

W̄3(X̄, t̄) =
λ0
√−δ

σ2

(
tan
(√−δτ

)
±√mc sec

(√−δτ
))

,

W̄4(X̄, t̄) = −λ0
√−δ

σ2

(
cot
(√−δτ

)
±√mc csc

(√−δτ
))

,

W̄5(X̄, t̄) =
λ0
√−δ

2σ2

(
tan

(√−δ

4
τ

)
− cot

(√−δ

4
τ

))
.

(11)

2: If δ > 0 and σ3 �= 0, then:

W̄6(X̄, t̄) = −λ0
√

δ

σ2
tanh

(√
δ

2
τ

)
, W̄7(X̄, t̄) = −λ0

√
δ

σ2
coth

(√
δ

2
τ

)
,

W̄8(X̄, t̄) = −λ0
√

δ

σ2

(
tanh

(√
δτ
)
± ι
√

mc sech
(√

δτ
))

,

W̄9(X̄, t̄) = −λ0
√

δ

σ2

(
coth
(√

δτ
)
±√mc csch

(√
δτ
))

,

W̄10(X̄, t̄) = −λ0
√

δ

2σ2

(
tanh

(√
δ

4
τ

)
+ coth

(√
δ

4
τ

))
.

(12)

3: If σ1σ3 > 0 and σ2 = 0, then:

W̄11(X̄, t̄) =

(
σ2 + 2σ3

(√
σ1
σ3

tan(
√

σ1σ3τ)
))

λ0

σ2
,

W̄12(X̄, t̄) =

(
σ2 − 2σ3

(√
σ1
σ3

cot(
√

σ1σ3τ)
))

λ0

σ2
,

W̄13(X̄, t̄) =

(
σ2 + 2σ3

(√
σ1
σ3

(
tan(2

√
σ1σ3τ)±√mc sec(2

√
σ1σ3τ)

)))
λ0

σ2
,

W̄14(X̄, t̄) =

(
σ2 + 2σ3

(√
σ1
σ3

(− cot(2
√

σ1σ3τ)±√mc csc(2
√

σ1σ3τ)
)))

λ0

σ2
,

W̄15(X̄, t̄) =

(
σ2 + σ3

(√
σ1
σ3

(
tan
(√

σ1σ3
2 τ
)
− cot

(√
σ1σ3
2 τ
))))

λ0

σ2
.

(13)

4: If σ1σ3 < 0 and σ2 = 0, then:

W̄16(X̄, t̄) =

(
σ2 − 2σ3

(√
− σ1

σ3
tanh(

√−σ1σ3τ)
))

λ0

σ2
,

W̄17(X̄, t̄) =

(
σ2 − 2σ3

(√
− σ1

σ3
coth(

√−σ1σ3τ)
))

λ0

σ2
,

W̄18(X̄, t̄) =

(
σ2 − 2σ3

(√
− σ1

σ3

(
tanh(2

√−σ1σ3τ)± ι
√

mc sech(2
√−σ1σ3τ)

)))
λ0

σ2
,

W̄19(X̄, t̄) =

(
σ2 − 2σ3

(√
− σ1

σ3

(
coth(2

√−σ1σ3τ)±√mc csch(2
√−σ1σ3τ)

)))
λ0

σ2
,

W̄20(X̄, t̄) =

(
σ2 − σ3

(√
− σ1

σ3

(
tanh

(√−σ1σ3
2 τ

)
+ coth

(√−σ1σ3
2 τ

))))
λ0

σ2
.

(14)

185



Symmetry 2024, 16, 849

5: If σ1 = σ3 and σ2 = 0, then:

W̄21(X̄, t̄) =
(σ2 + 2σ3(tan(σ1τ)))λ0

σ2
, W̄22(X̄, t̄) =

(σ2 − 2σ3(cot(σ1τ)))λ0

σ2
,

W̄23(X̄, t̄) =
(
σ2 + 2σ3

(
tan(2σ1τ)±√mc sec(2σ1τ)

))
λ0

σ2
,

W̄24(X̄, t̄) =
(
σ2 + 2σ3

(− cot(2σ1τ)±√mc csc(2σ1τ)
))

λ0

σ2
,

W̄25(X̄, t̄) =
(
σ2 + σ3

(
tan
( σ1

2 τ
)− cot

( σ1
2 τ
)))

λ0

σ2
.

(15)

6: If σ1 = −σ3 and σ2 = 0, then:

W̄26(X̄, t̄) =
(σ2 − 2σ3(tanh(σ1τ)))λ0

σ2
, Ŵ27(X̂, t̂) =

(σ2 − 2σ3(coth(σ1τ)))λ0

σ2
,

W̄28(X̄, t̄) =
(
σ2 + 2σ3

(− tanh(2σ1τ)± ι
√

mc sech(2σ1τ)
))

λ0

σ2
,

W̄29(X̄, t̄) =
(
σ2 + 2σ3

(− coth(2σ1τ)±√mc csch(2σ1τ)
))

λ0

σ2
,

W̄30(X̄, t̄) =
(
σ2 − σ3

(
tanh

( σ1
2 τ
)
+ coth

( σ1
2 τ
)))

λ0

σ2
.

(16)

7: If σ2
2 = 4σ1σ3, then W̄31(X̄, t̄) =

(
1− 4σ1σ3(σ2τ ln(v) + 2)

σ3
2 τ ln(v)

)
λ0.

8: If σ2 = μ, σ1 = qμ (q �= 0), σ3 = 0, then W̄32(X̄, t̄) =
(σ2 + 2σ3(vμτ − q))λ0

σ2
.

9: If σ2 = σ3 = 0, then W̄33(X̄, t̄) =
(σ2 + 2σ3σ1τ ln(v))λ0

σ2
.

10: If σ2 = σ1 = 0, then W̄34(X̄, t̄) =
(

1− 2
σ2τ ln(v)

)
λ0.

11: If σ1 = 0 and σ2 �= 0, then

W̄35(X̄, t̄) =
(

1− 2m
cosh(σ2τ)− sinh(σ2τ) + m

)
λ0,

W̄36(X̄, t̄) =
(

1− 2(cosh(σ2τ) + sinh(σ2τ))

cosh(σ2τ)− sinh(σ2τ) + c

)
λ0.

(17)

12: If σ2 = μ, σ3 = qμ (q �= 0), σ1 = 0, then

W̄37(X̄, t̄) =
(

1 +
2σ3mvμτ

(c− qmvμτ)σ2

)
λ0. (18)

The presented approach marks the first application of solving the Euler–Bernoulli
beam problem using a symmetric spatial representation of the waveform as part of each
solution, which includes the τ function in W̄i(X̄, t̄) ∀ i ∈ 1 . . . 37. Following the derivation
of solutions, as detailed in Equation (10), their accuracy was validated by reintegrating
them into the original Equation (5). Upon substitution, all solutions satisfied the equation,
thus affirming their accuracy.

3.1. Strengths and Weaknesses
3.1.1. Strengths

• Direct method: Possibly producing quicker and more effective results, the modified
Khater method looks for solutions directly rather than using iterative methods.
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• Multiple exact solutions: It can often compute more than 1 exact solution to the same
PDE. This gives you flexibility in how to analyze the behavior of your system and
explore different scenarios.

3.1.2. Weaknesses

• Limited applicability: Not all nonlinear PDEs can be solved by the modified Khater
approach. Especially complicated equations or ones with certain nonlinearities might
not work well with it.

• Limited theoretical framework: The modified Khater approach may have a less
developed theoretical framework than some well-known analytical techniques with a
solid theoretical basis.

4. Visualization and Discussion of the Symmetric Wave Patterns

This study showcases the physical significance of the model through a representation
of three- and two-dimensional density and contour diagrams, which illustrate the results
obtained from numerical computations. These diagrams depict periodic soliton patterns,
with each figure accompanied by a detailed list of model parameter values chosen carefully
for accuracy.

In Figures 2 and 3, we present a series of plots depicting the functions of selected
solutions, W̄6(x̄, t̄) and W̄37(x̄, t̄), as described in Equations (12) and (18). Utilizing various
types of plots allows us to illustrate the expected and correctly derived analytical solutions
presented in the previous chapters. To assess the analytical solutions for the vibrations of
the examined beam, density diagrams, and contour plots were employed to visualize and
comprehend the behavior of this structure in time and space. The horizontal axis represents
time t̄, the vertical axis represents position X̄, and density or contour levels represent the
values of the deflection function W̄(x̄, t̄). These visual tools provide insights into several
different aspects of the vibrations of the examined beam.

In Figures 2 and 3e,f, the distribution of amplitude over time and space is illustrated.
The values of the function W̄(x̄, t̄) are depicted using shades, revealing how the amplitude
changes along the beam and over time as well. In Figure 3, we observe blurred and less
distinct cyclically appearing regions compared to Figure 2. Additionally, under certain
assumed boundary conditions and vibration frequencies, density diagrams revealed stand-
ing and traveling wave phenomena, where the deflection exhibits a characteristic pattern
resembling a standing wave. Contour plots depict the dominant modes of vibration in the
beam, with different contours corresponding to different vibration modes. As a result of
this modal analysis, Figure 3 indicates a greater unevenness in the distribution of modes
for the solution W̄37(x̄, t̄).

Figure 4a,b illustrate the influence of the β parameter on the dynamical response of
W̄6(X̄, t̄) at a specific time and position X̄. In Figure 4a, it is evident that when time is held
constant, the β parameter affects the amplitude of the wave without inducing any phase
difference. Conversely, in Figure 4b, the β parameter does not impact the amplitude but
causes a slight forward shift in the wave, resulting in a phase difference.

The fourth-order Runge–Kutta (RK4) numerical integration algorithm has been em-
ployed to numerically solve Equation (5). The obtained numerical solution serves as a
means of comparison to validate our semi-analytical results and to demonstrate their
closeness to the solutions derived from Equation (12), particularly W̄6(X̄, t̄) as depicted in
Figure 5. The approach involves discretizing the differential equation into small steps and
iteratively calculating the approximate solution at each step.

Utilizing this precise and stable numerical method, we successfully captured the
behavior of the system described by Equation (5). The numerical solutions exhibit satisfac-
tory agreement with the semi-analytical solutions of the system W̄6(X̄, t̄), confirming the
reliability of our novel methodology in accurately depicting the dynamics of the system.
This alignment between numerical and semi-analytical results highlights the strength of
the numerical algorithm in approximating the mathematical model (5).
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(a) 3-dimensional wave evaluation plot (b) The displacement time history

(c) The displacement time history (d) The displacement time history

(e) Density plot (f) Contour diagram

Figure 2. Dynamical behavior of the investigated beam on the solution W̄6(X̄, t̄) in the three-
dimensional wave evaluation plot, time-dependent two-dimensional displacement plots, density, and
contour diagrams for the model parameters: α = π, β = 0.15, σ1 = −0.1, σ2 = 2, σ3 = 3, a0 = −1.7,
δ = 5.2.
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(a) 3-dimensional wave evaluation plot (b) The displacement time history

(c) The displacement time history (d) The displacement time history

(e) Density plot (f) Contour diagram

Figure 3. Dynamical behavior of the investigated beam on the solution W̄37(X̄, t̄) in the three-
dimensional wave evaluation plot, time-dependent two-dimensional displacement plots, density,
and contour diagrams for the model parameters: α = π, β = 0.15, σ1 = 0, σ2 = 4, σ3 = 2, a0 = 1,
m = 1, c = 3, v = 1.1, q = 0.5, μ = 4.
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(a) (b)

Figure 4. Influence of β parameter on the response W̄6(X̄, t̄) in the t-dependent 2-dimensional
displacement plots for the model parameters: α = π, σ1 = −0.1, σ2 = 2, σ3 = 3, a0 = −1.7, δ = 5.2.
(a) The time history when t̄ is fixed; (b) The time history when X̄ is fixed.

Figure 5. Numerical solution of the ODE (5) with model parameters α = π and β = 0.15.

5. Dynamical Analysis

This section of the work explores the examined equation to unveil unexplored yet
intriguing dynamics. The theories of sensitivity analysis, bifurcation, and chaos will be
employed for this purpose. Given its applicability to a broad spectrum of independent
variables, all subsequent calculations will be based on Equation (5).

5.1. Computation and Analysis of Equilibrium Points

After substituting ω̇ = y into Equation (5) and replacing t̂ with t, the resulting planar
dynamical system is obtained:⎧⎪⎨⎪⎩

dω

dt
= y(t),

dy
dt

= −βω3(t)− αω(t) .
(19)

In relation to System (19), the first integral takes the form of a Hamiltonian

G(ω, y) =
y2

2
+

β

4
y4 +

α

2
y2 = H , (20)

where H represents the Hamiltonian constant. The vector field of System (19) governs the
phase orbits of this planar dynamical system.

Hence, it is important to examine various phase profiles of the System (19) using
different parameters. The System (19) exhibits three equilibrium points for non-zero
parameters α and β:

V1 = (0, 0), V2 =

(√
−α

β
, 0

)
, V3 =

(
−
√
−α

β
, 0

)
. (21)

190



Symmetry 2024, 16, 849

The expression for the Jacobian of the linearized System (19) is given by

J(ω, y) =
∣∣∣∣ 0 1
−3βω2 − α 0

∣∣∣∣ = 3βω2 + α . (22)

The equilibrium points (Vi, 0), i = 1, 2, 3 exhibit distinct characteristics determined by
the value of J(ω, y), as shown in Figure 6.

(a) (b)

(c) (d)

Figure 6. Phase portrait analysis of equilibrium points. (a) Case 1: α > 0 and β > 0; (b) Case 2: α < 0
and β < 0; (c) Case 3: α > 0 and β < 0; (d) Case 4: α < 0 and β > 0.

They act as saddle points when J(ω, y) < 0, as centers when J(ω, y) > 0, and as
cuspidal points when J(ω, y) = 0. To illustrate the phase portrait analysis of System (19),
we explored various combinations of the parameters. The phase portraits illustrating the
dynamical behavior of the system in Figure 6 depend on the following configurations
of parameters:

• Case 1: α > 0 and β > 0 Three equilibrium points are obtained from the System (19)
by assigning specific values to the free parameters, such as α, β = 1: V1 = (0, 0),
V2 = (ι, 0), and V3 = (−ι, 0). The only actual point, denoted as V1, is illustrated in
Figure 6a, as V2 and V3 are imaginary.

• Case 2: α < 0 and β < 0 Three equilibria are obtained from the System (19) with
specific values assigned to α, β = −1: V1 = (0, 0), V2 = (−ι, 0), and V3 = (ι, 0). The
only actual point V1, is shown in Figure 6b, as V2 and V3 are imaginary.

• Case 3: α > 0 and β < 0 Three equilibria are obtained from the System (19) by
assigning α = 1 and β = −1: V1 = (0, 0), V2 = (1, 0), and V3 = (−1, 0). In this case,
V2 and V3 indicate saddle points, while V1 represents a center; see Figure 6c.
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• Case 4: α < 0 and β > 0 Three equilibria are obtained from the System (19) with
specific values α = −2 and β = 1: V1 = (0, 0), V2 = (1.4142, 0), and V3 = (−1.4142, 0).
In this case, V2 and V3 represent centers, while V1 is a saddle point; see Figure 6d.

5.2. The Sensitivity Analysis

This section addresses the sensitivity analysis of the complex structure described by
Equation (19) from an optimization perspective.

Figure 7a–d depicts three distinct configurations of initial conditions alongside several
cases. Specifically, in Figure 7e, the red curve corresponds to (U, V) = (0.3, 0), the blue
curve to (U, V) = (0.4, 0), and the black curve to (U, V) = (0.5, 0), indicating transient
time. During this transient period, as illustrated in Figure 7e, the system demonstrates
insensitivity. However, upon transitioning beyond the transient state, as evidenced in
Figure 7a–c, System (19) exhibits a notably high level of sensitivity.

At the end, the comparison was conducted using various initial values, specifically
(0.3, 0), (0.4, 0), and (0.5, 0), as illustrated in Figure 7d. The results clearly indicate that
even minor variations in the initial values of System (19) significantly impact the final
output. Consequently, it can be inferred that the investigated model is highly sensitive to
initial conditions, lacking a transitional state.

(a) (0.3, 0) red, (0.4, 0) blue (b) (0.3, 0) red, (0.5, 0) blue

(c) (0.4, 0) red, (0.5, 0) blue (d) (0.3, 0) red, (0.4, 0) blue, (0.5, 0) black

(e) (0.3, 0) red, (0.4, 0) blue, (0.5, 0) black line, where time is transient

Figure 7. Sensitivity plots of the nonlinear dynamical behavior of the examined beam for different
initial conditions (U0, V0) superposed on the states (U, V). The system parameters: α = π, β = 0.15.
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5.3. Quasi-Periodic and Chaotic Dynamics

The primary focus of this section is on describing the quasi-periodic, chaotic, and
periodic dynamics governed by the 2-DOF ODE under investigation. Equation (19) is now
supplemented with the weak forcing term ε cos(ϑt). Therefore, the following system may
be expressed using Equation (19), including an extra forcing term (a form of perturbation):⎧⎪⎨⎪⎩

dω

dt
= y,

dy
dt

= −βω3 − αω + ε cos(ϑt) ,
(23)

where ϑ denotes the angular frequency and ε describes the small amplitude of the har-
monic force. The introduction of the external periodic force, absent in System (19), is now
incorporated into System (23). To explore the various dynamic effects covered by the
description in Equation (1), a weak forcing term with parameters ε and ϑ = π is introduced
while still considering the sustained influence of an external force with a certain excitation
frequency, acting vertically at one end, and simultaneously taking into account specific
physical properties of the model.

Figures 8–10 depict quasi-periodic, chaotic, and periodic two-dimensional phase plane
orbits versus time t ∈ [100, 200] s, respectively.

The dynamical responses shown in Figures 8 and 9 are observed in the appropriate
phase space and are obtained for the same set of model parameters, differing only in the
signs of α and β. For instance, a time history spanning 20,000 s demonstrated in Figure 9
confirms a very weak dissipation of energy, resulting in a prolonged convergence time
to the steady, albeit chaotic, dynamical state. In Figure 8, the periodic system response is
found to be somewhat faster, as confirmed by the closed red Poincaré map, albeit with a
quasi-periodic behavioral shift.

(a) (b)

(c) (d)

Figure 8. The quasi-periodic dynamics of the examined beam at the initial conditions (ω0, y0) =

(0, 0) and model parameters α = π, β = −0.15, ϑ = π, and the weak forcing amplitude ε =

0.035. (a) A quasi-periodic 2D transient phase orbit versus time t ∈ [100, 200] s; (b) Poincaré map
(red dots) on the background of a phase trajectory (gray dots) of the system; (c) Time history of
the symmetrically distributed displacement in the initial state dynamics; (d) Time history of the
symmetrically distributed velocity in the initial state dynamics.
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(a) (b)

(c) (d)

Figure 9. The chaotic dynamics of the examined beam proved by an irregular Poincaré map extended
over a narrow symmetric region of the phase plane at the initial conditions (ω0, y0) = (0, 0), model
parameters α = −π, β = 0.15, ϑ = π, and the small harmonic forcing amplitude ε = 0.035. (a) A
chaotic 2D transient phase orbit versus time t ∈ [100, 200] s; (b) A steady-state Poincaré map (red
dots) on the background of the full phase trajectory; (c) Time history of the symmetrically distributed
displacement in the initial state dynamics; (d) Time history of the symmetrically distributed velocity
in the initial state dynamics.

The dynamic responses, as illustrated in Figure 10, are observed in the corresponding
phase plane for different sets of model parameters: α = 3.41, β = 2.15, ϑ = π/2, and a
small amplitude of ε = 0.035. For example, the 60000-s time history depicted in Figure 10
confirms a prolonged convergence time to steady and periodic dynamics.

The dynamical system described by Equation (23) exhibits chaotic behavior under
weak forcing, as depicted in Figure 9 for a steady-state irregular solution.

In addition to the Poincaré maps, the presence of quasi-periodic, chaotic, and periodic
behavior is confirmed by the Lyapunov exponent spectra, presented in Table 1.

Table 1. Lyapunov exponents spectra.

Figure tend λ1 λ2

Figure 8 2000 0.000010 −0.000010
Figure 9 2000 0.170928 −0.170928
Figure 10 2000 0.000686 −0.000686

From the physics point of view, the influence of parameter α variation is illustrated
in Figure 11a and the initial conditions imposed on the position and initial velocity on
the dynamics of vibrations of the considered beam in Figure 11b. It is evident that both
dependencies exhibit a symmetric nature of the physical system with respect to the zero
velocity value, indicating a boundary of direction change. Within the range α = (−0.7; 0.7),
the motion may exhibit chaotic behavior, while outside of this range, it remains periodic,
assuming that the remaining parameters of the model remain constant, with values of
β = 2.15, ε = 0.035, and θ = π/2 (as depicted in the particular dynamic response in
Figure 10). In this case, periodic motion was observed, confirming the significance of the
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special value of parameter α = 3.41, located outside the window (−0.7; 0.7) in which the
dynamical response is mostly expected to be unstable.

(a) (b)

(c) (d)

Figure 10. The periodic dynamical behavior of the examined beam proved by an irregular Poincaré
map extended over a narrow symmetric region of the phase plane at the initial conditions (ω0, y0) =

(0, 0) and model parameters α = 3.41, β = 2.15, ϑ = π/2, and the small forcing amplitude ε = 0.035.
(a) Time history of the symmetrically distributed displacement in the initial state dynamics; (b) Time
history of the symmetrically distributed velocity in the initial state dynamics; (c) A periodic 2D
transient phase orbit versus time t ∈ [100, 200] s; (d) Poincaré map (red dots) on the background of a
phase trajectory (grey dots) of the system.

Subsequently, we chose one of the values of parameter α and examined the sensitivity
of the investigated dynamical system to changes in initial conditions, as visible in Figure 11b.
A series of dark points symmetrically distributed on a yellow background can be observed.
In these areas, the system will be more sensitive to changes in the pair of initial conditions
(ω, y), and in places of almost black color, where the largest Lyapunov exponent exceeds
0.01, chaotic or quasi-periodic motion will occur. It is interesting to note that these areas
consist of scattered points, yet the map maintains its symmetry.

(a) Symmetric distribution of the Lyapunov spectrum
λ1,2 versus parameter α of the beam model

(b) Two-dimensional symmetric basin of
the largest Lyapunov exponent for α∗ = 0.1

Figure 11. Global illustration showing the influence of varying the parameter α of the model beam on
the distribution of Lyapunov exponents (a) and their dependence on the initial conditions ω(0) and
y(0) (b), depicted across a 200 × 200 rectangular grid basin (α = α∗, β = 2.15, ε = 0.035, θ = π/2).
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6. Conclusions

In this study, the symmetry-optimized method of solution for a boundary- and initial-
value problem, coupled with its dynamical analysis, enabled us to tackle two primary
tasks. Firstly, we aimed to derive precise, explicit semi-analytical solutions. Secondly, we
sought to analyze the dynamical behavior of the integrable Euler–Bernoulli beam model,
representing a two-dimensional dynamical system subjected to axial load from one end
and vertical forcing from the other. Employing the modified Khater approach allowed
us to obtain precise, explicit solutions, including periodic soliton solutions presented in
polynomials as well as rational function forms. The existence of these solutions was found
to depend on the fulfillment of stable and favorable conditions, as illustrated through
various graphical representations.

Furthermore, the phase portraits of the extracted two-degree-of-freedom dynamical
system governing the nonlinear vibration behavior of the analyzed Euler–Bernoulli beams
reveal planar orbits with equilibrium points of two types: center and saddle points. These
results, showcasing bifurcations of solutions in the investigated system, hold promise
for applications in exploring the dynamics and observational aspects of models used in
engineering, bio-mathematics, mathematical physics, optics, and fluid dynamics.

Additionally, alongside the axial load, we introduced a small harmonic horizontal
force acting in a perturbed manner on the second end of the investigated dynamical system.
Subsequently, several techniques of dynamical analysis were employed to detect various
kinds of periodic or even chaotic behavior. Utilizing phase plots, Poincaré maps, time
history plots, Lyapunov exponent spectra, and their basins facilitated the demonstration of
the existence of quasi-periodic, chaotic, and periodic dynamics within the harmonically and
weakly forced system. The results illustrate specific cases of the model equation’s dynamics
on symmetry-optimized global maps, depicting the system’s behavioral dependency on
initial conditions and model parameters.

Furthermore, our analysis has shown symmetry in the system’s sensitivity to initial
conditions. Remarkably, even minor changes in the initial values lead to significant dif-
ferences in the system’s behavior. In summary, the findings of the current study reveal
the effectiveness of the proposed approaches, which will be useful in assessing symmetric
soliton dynamics as well as phase patterns of nonlinear phenomena.
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Nomenclature

X̂ Spatial coordinate along the length of the beam
t̂ Time variable
L̂ Length of the beam
Â Cross-sectional area of the beam
μ̂ Mass per unit length of the beam
F̂ Axial force
Ĉ Viscous Damping coefficient (set to zero in this context)
K̂ Foundation modulus
Ê Young’s modulus (modulus of elasticity) of the beam material
Î Moment of inertia of the beam’s cross-section
Ŵ(X̂, t̂) An unknown function, often used to denote the deflection of a beam
V̂(X̂, t̂) Distributed load in the transverse direction (set to zero in this context)
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Appendix A. Analytical Solution Using the Modified Khater Method

We present the modified technique, see [68–70], for generating a new wave pattern
within the analyzed model. Here are the key steps of this approach:

Step 1: Consider a generic n-th order PDE:

K(Y, Yx, Yxx, . . . , Y, Yt, Ytt, . . . ) = 0 . (A1)

The function Y = Y(x, t) is unknown, while K is a polynomial function with respect
to the provided variables.

Step 2: Introduce the symmetric wave transformation:

τ = δ(x)ω(t), Y(x, t) = V(τ) , (A2)

where δ(x) represents the first eigenmode of the beam [66]. Apply the transformation (A2)
to transform the PDE (A1) into an ODE:

E(V, Vτ , Vττ , . . . ) = 0 . (A3)

Step 3: The general solution of the nonlinear ODE (A3) can be demonstrated as below:

V(τ) =
n

∑
i=o

λi�i(τ) , (A4)

where λi are arbitrary constants with values ranging from 1 ≤ i ≤ n and �(τ) is the
solution of the equation:

�̇(τ) = ln(v)
(

σ1 + σ2�(τ) + σ3�2(τ)
)

, (A5)

where, for convenience v ∈ R \ {0, 1} replaces V, and σ1, σ2 and σ3 are constants.
After assuming δ = σ2

2 − 4σ1σ3, 12 cases of the solutions of Equation (A5) appear:
1: If δ < 0 and σ3 �= 0, then:

�1(τ) = − σ2

2σ3
+

√−δ

2σ3
tan

(√−δ

2
τ

)
, �2(τ) = − σ2

2σ3
−
√−δ

2σ3
cot

(√−δ

2
τ

)
,

�3(τ) = − σ2

2σ3
+

√−δ

2σ3

(
tan
(√−δτ

)
±√mc sec

(√−δτ
))

,

�4(τ) = − σ2

2σ3
−
√−δ

2σ3

(
cot
(√−δτ

)
±√mc csc

(√−δτ
))

,

�5(τ) = − σ2

2σ3
+

√−δ

4σ3

(
tan

(√−δ

4
τ

)
− cot

(√−δ

4
τ

))
.

(A6)

2: If δ > 0 and σ3 �= 0, then:

�6(τ) = − σ2

2σ3
−
√

δ

2σ3
tanh

(√
δ

2
τ

)
, �7(τ) = − σ2

2σ3
−
√

δ

2σ3
coth

(√
δ

2
τ

)
,

�8(τ) = − σ2

2σ3
−
√

δ

2σ3

(
tanh

(√
δτ
)
± ι
√

mc sech
(√

δτ
))

,

�9(τ) = − σ2

2σ3
−
√

δ

2σ3

(
coth
(√

δτ
)
±√mc csch

(√
δτ
))

,

�10(τ) = − σ2

2σ3
−
√

δ

4σ3

(
tanh

(√
δ

4
τ

)
+ coth

(√
δ

4
τ

))
.

(A7)
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3: If σ1σ3 > 0 and σ2 = 0, then:

�11(τ) =

√
σ1

σ3
tan(

√
σ1σ3τ), �12(τ) = −

√
σ1

σ3
cot(

√
σ1σ3τ),

�13(τ) =

√
σ1

σ3

(
tan(2

√
σ1σ3τ)±√mc sec(2

√
σ1σ3τ)

)
,

�14(τ) =

√
σ1

σ3

(− cot(2
√

σ1σ3τ)±√mc csc(2
√

σ1σ3τ)
)
,

�15(τ) =
1
2

√
σ1

σ3

(
tan
(√

σ1σ3

2
τ

)
− cot

(√
σ1σ3

2
τ

))
.

(A8)

4: If σ1σ3 < 0 and σ2 = 0, then:

�16(τ) = −
√
−σ1

σ3
tanh

(√−σ1σ3τ
)
, �17(τ) = −

√
−σ1

σ3
coth
(√−σ1σ3τ

)
,

�18(τ) = −
√
−σ1

σ3

(
tanh

(
2
√−σ1σ3τ

)± ι
√

mc sech
(
2
√−σ1σ3τ

))
,

�19(τ) = −
√
−σ1

σ3

(
coth
(
2
√−σ1σ3τ

)±√mc csch
(
2
√−σ1σ3τ

))
,

�20(τ) = −1
2

√
−σ1

σ3

(
tanh

(√−σ1σ3

2
τ

)
+ coth

(√−σ1σ3

2
τ

))
.

(A9)

5: If σ1 = σ3 and σ2 = 0, then:

�21(τ) = tan(σ1τ), �22(τ) = − cot(σ1τ),

�23(τ) = tan(2σ1τ)±√mc sec(2σ1τ),

�24(τ) = − cot(2σ1τ)±√mc csc(2σ1τ),

�25(τ) =
1
2

(
tan
(σ1

2
τ
)
− cot

(σ1

2
τ
))

.

(A10)

6: If σ1 = −σ3 and σ2 = 0, then:

�26(τ) = − tanh(σ1τ), �27(τ) = − coth(σ1τ),

�28(τ) = − tanh(2σ1τ)± ι
√

mc sech(2σ1τ),

�29(τ) = − coth(2σ1τ)±√mc csch(2σ1τ),

�30(τ) = −1
2

(
tanh

(σ1

2
τ
)
+ coth

(σ1

2
τ
))

.

(A11)

7: If σ2
2 = 4σ1σ3, then �31(τ) =

−2σ1(σ2τ ln(v) + 2)
σ2

2 τ ln(v)
.

8: If σ2 = μ, σ1 = qμ (q �= 0), σ3 = 0, then �32(τ) = vμτ − q.
9: If σ2 = σ3 = 0, then �33(τ) = σ1τ ln(v).

10: If σ2 = σ1 = 0, then �34(τ) =
−1

σ3τ ln(v)
.

11: If σ1 = 0 and σ2 �= 0, then

�35(τ) = − mσ2

σ3(cosh(σ2τ)− sinh(σ2τ) + m)
,

�36(τ) = − σ2(sinh(σ2τ) + cosh(σ2τ))

σ3(sinh(σ2τ) + cosh(σ2τ) + c)
.

(A12)
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12: If σ2 = μ, σ3 = qμ (q �= 0), σ1 = 0, then

�37(τ) =
mvμτ

c− qmvμτ . (A13)

In this context, we establish the definitions of hyperbolic and trigonometric functions
in the following manner:

sinh(τ) =
mvτ − cv−τ

2
, cosh(τ) =

mvτ + cv−τ

2
, tanh(τ) =

mvτ − cv−τ

mvτ + cv−τ
,

coth(τ) =
mvτ + cv−τ

mvτ − cv−τ
, csch(τ) =

2
mvτ − cv−τ

, sech(τ) =
2

mvτ + cv−τ
,

sin(τ) =
mvιτ − cv−ιτ

2ι
, cos(τ) =

mvιτ + cv−ιτ

2
, tan(τ) = −ι

mvιτ − cv−ιτ

mvιτ + cv−ιτ
,

cot(τ) = ι
mvιτ + cv−ιτ

mvιτ − cv−ιτ
, csc(τ) =

2ι

mvιτ − cv−ιτ
, sec(τ) =

2
mvιτ + cv−ιτ

,

(A14)

where constants m and c are both arbitrary.
Step 4: The value of i remains consistently positive when employing the balancing

approach to determine n in ODE (A3) through a comparison of the highest-order linear
and nonlinear terms.

Step 5: We establish a system of algebraic equations by substituting Equations (A4)
and (A5) into Equation (A3) and setting the coefficients of powers of �(τ) to zero. Subse-
quently, in Section 4, we visualize the results through graph plotting.
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Abstract: The acquisition of digital images is susceptible to haze, and images captured under such
adverse conditions may impact high-level applications designed for clean input data. Image dehazing
emerges as a practical solution to this problem, as it can be employed to pre-process images imme-
diately after acquisition. This paper presents a concise review of impactful algorithms, including
those based on deep learning models, to identify the existing gap in real-time processing capabilities.
Subsequently, a real-time dehazing system on a multiprocessor system-on-a-chip (MPSoC) platform
is introduced to bridge this gap. The proposed system balances the trade-off between dehazing
performance and computational complexity; hence, the name “Symmetric” is coined. Additionally,
the entire system is implemented in programmable logic and wrapped by an interface circuit sup-
porting double-buffering, rendering it highly suitable for seamless integration into existing camera
systems. Implementation results on a Zynq UltraScale+ MPSoC ZCU106 Evaluation Kit demonstrate
a maximum operating frequency of 356.51 MHz, equivalent to a maximum processing speed of
40.27 frames per second for DCI 4K resolution.

Keywords: image dehazing; deep learning; real-time processing; MPSoC

1. Introduction

Image dehazing (also known as image defogging or visibility restoration) is a long-
standing problem in computer vision due to its ill-posed nature. One of the earliest
attempts at addressing this challenging problem dates back to the work of Vincent [1] in
1972. Over the years, a myriad of relevant studies have emerged, ranging from heuristic
approaches (such as enhancement-based [2,3] and prior-based [4,5] methods) to data-
driven techniques (such as deep learning methods [6–9]). As a result, the research field has
now matured, with a strong focus on practical and application-oriented solutions, where
dehazing algorithms are required to be computationally efficient for broad deployment.
An illustrative example of this trend can be found in Adobe’s integration of image dehazing
capabilities within the Camera Raw plugin of its renowned image editing application,
Photoshop [10].

Recent years have witnessed rapid developments in self-driving vehicles and smart
surveillance systems, where computer vision algorithms play crucial roles. Integrating
image dehazing into these systems presents a key requirement, that is, processing speed.
For instance, Bosch’s multi-purpose camera [11] is a system-on-a-chip (SoC) device de-
signed for video-based driver assistance systems, and it can generate up to 45 frames per
second (fps) at 2048× 1280 resolution. If a dehazing algorithm with a processing speed of
10 fps were to be implemented, a bottleneck would arise, leading to significant performance
loss. To maintain the high performance and smooth functioning of Bosch’s camera, the de-
hazing algorithm must handle images at a minimum speed of 25 or 30 fps, depending on
whether the video encoding system is PAL or NTSC. This example highlights the critical
importance of processing speed in real-time computer vision systems.
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The following section summarizes the five-decade development of image dehazing,
with a primary focus on daytime single-image approaches. It also highlights a trade-off
between performance and algorithmic complexity. Sections 3 and 4 then detail the proposed
solution based on multiprocessor system-on-a-chip (MPSoC) to balance this trade-off. Our
contributions can be summarized as follows:

• We incorporate a self-calibrating feature, enabling the proposed algorithm to handle
various haze conditions effectively.

• We present a real-time high-quality hardware implementation, facilitating the practical
deployment of the proposed algorithm.

Experimental results are also presented to validate the real-time processing capability and
performance, comparing the proposed solution with the base algorithm and state-of-the-art
methods. Section 5 discusses future development directions and concludes the paper.

2. Image Dehazing Chronicle

Generally, image dehazing algorithms can be broadly categorized into two groups:
heuristic and data-driven methods. These two categories differ in the origin of the uti-
lized image features. Specifically, heuristic methods are grounded on handcrafted features
discovered through engineering efforts. Conversely, data-driven methods focus on archi-
tecture design to learn the most representative features from the abundant data. This paper
further classifies heuristic methods into enhancement-based and prior-based and data-
driven methods into restoration-based and generation-based approaches. The following
subsections chronicle major milestones in the development of single-image dehazing, along
with high-impact studies exemplifying each individual category.

2.1. Heuristic Methods
2.1.1. Enhancement-Based Approach

The presence of haze causes atmospheric scattering and absorption, wherein part
of the incoming light scatters directly into the camera’s aperture, leading to increased
brightness. The remaining light attenuates in the transmission medium before reaching
the aperture, resulting in faintness. Consequently, hazy images exhibit poor visibility.
To address this, enhancement-based methods aim to improve low-level features such as
contrast and brightness. For example, Kim et al. [2] introduced the block-overlapped
histogram equalization method, which spreads out highly populated intensities to enhance
global contrast. This computationally inexpensive method is suitable for mobile phones
and security cameras. However, for images with imperceptible background noise, this
method may increase noise contrast, reducing the signal-to-noise ratio (SNR).

In line with this, Oakley and Satherley [3] proposed a physical-model-based contrast
enhancement method to compensate for the adverse effects of a turbid atmosphere on
digital images. They also noticed the SNR reduction problem and devised a temporal filter,
but the problem persisted. Ancuti and Ancuti [12] adopted multiscale image fusion to
alleviate the visibility reduction problem. They transformed a single input image using
white balance and contrast enhancement to generate multiple variants of the input for
image fusion. After that, they constructed Laplacian pyramids and conducted fusion using
guidance weights derived from saliency, luminance, and chrominance. While multiscale
image fusion guarantees dehazing results with fine details, it can hinder real-time hardware
implementation due to up-sampling and down-sampling processes that require many
frame buffers.

Similarly, Galdran [13] attempted to reverse the effects of atmospheric scattering and
absorption through multiscale image fusion. A single input image undergoes artificial
under-exposure and contrast enhancement to mitigate the haze-induced problems of
brightness increase and contrast degradation. The resulting variants, expressed as Laplacian
pyramids, are then input into the fusion process, where the weighting function is derived
from the pixel-wise contrast and saturation maps, and while artificial under-exposure
renders this method robust to noise amplification, it can also darken the dehazing results.
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2.1.2. Prior-Based Approach

Enhancement-based methods focus on visibility restoration by manipulating low-level
features, but they often overlook haze’s impact on image degradation. To address this,
researchers have modeled image formation in a turbid atmosphere using optical physics,
with the most widely used model being the Koschmieder model.

I(x) = J(x)t(x) + A[1− t(x)], (1)

where I ∈ RH×W×3 denotes the hazy image, J ∈ RH×W×3 the clean image, t ∈ RH×W the
transmission map, and A ∈ R1×1×3 the global atmospheric light. H and W represent the
height and width of images, and x denotes the spatial coordinates of pixels. The terms
J(x)t(x) and A[1− t(x)] correspond to the multiplicative and additive attenuation of
the incoming light due to absorption and scattering. This model assumes a constant
transmission map across color channels, whereas in reality, it is wavelength-dependent.

Another approach, prior-based methods, leverages prior knowledge to estimate the
transmission map and global atmospheric light, then reverses Equation (1) to restore
visibility. He et al. [4] proposed that in local image patches (excluding white and bright
regions), pixels have extremely low intensities in at least one color channel, a concept known
as the dark channel prior. For a local patch Ω(x) centered at x, this prior is represented
by Equation (2). By substituting I, A, and t for J, a direct relation between A and t is
established. He et al. [4] also suggested that the global atmospheric light corresponds to
the brightest pixel in the top 0.1% of highest intensities in the dark channel.

min
y∈Ω(x)

[
min

c∈{R,G,B}
Jc(y)

]
≈ 0. (2)

Despite its simplicity, the method devised by He et al. [4] is highly effective, though it
may cause color distortion in the sky region where the dark channel prior does not hold.
Combining multiple priors can help address these limitations. For instance, Tang et al. [14]
adopted random forest regression to estimate the transmission map from four image
features: dark channel, contrast, saturation, and hue disparity, extracted at four different
scales. They adapted the method of He et al. [4] by using the median (instead of the largest)
of the top 0.1% of dark channel values for atmospheric light, improving robustness at the
cost of a prolonged execution time.

The prior knowledge presented in the aforementioned dehazing solutions is verifiable
with local image patches but not with global image context. Accordingly, Berman et al. [15]
introduced a non-local prior, noting that colors in clean images form tight clusters in
RGB space, spread throughout the image. They employed k-means clustering to identify
these clusters and infer transmission values from their distance to the camera. The global
atmospheric light estimation was similar to the method of He et al. [4]. This non-local
prior is effective and versatile, as demonstrated in [16–18]. However, it shares common
problems with other prior-based methods, such as a tendency to produce over-saturated
dehazing results.

2.2. Data-Driven Methods
2.2.1. Restoration-Based Approach

To enhance the generalizability of dehazing algorithms, researchers have incorporated
deep learning techniques, notably convolutional neural networks (CNNs). Cai et al. [6]
proposed DehazeNet, which infers the transmission map from a single image. The approach
employs a CNN to extract low-level features like contrast, saturation, and edge details.
Maxout layers enhance feature robustness, and convolutional layers with different kernel
sizes induce scale-invariant characteristics. Multiscale features undergo a max-pooling layer
to enhance resilience against minor displacements in the input image. Finally, a bilateral
ReLU performs nonlinear regression to estimate the transmission map. Cai et al. [6] utilized
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the method of He et al. [4] to obtain the global atmospheric light, necessary for recovering
clean images based on the Koschmieder model.

Haze-induced image degradation affects all red, green, and blue channels. However,
Wang et al. [19] observed that it predominantly impacts the luminance channel. They
developed a lightweight variant of DehazeNet to estimate the transmission map from
the image’s luminance, reducing computational costs while maintaining performance.
Dudhane and Murala [20] extended the research of Cai et al. [6] and Wang et al. [19] by
employing two DehazeNet-like networks to estimate two transmission maps in RGB and
YCbCr color spaces, combining them with a fusion network to obtain the final transmission
map. This method improved performance but increased computational costs. Recently,
Sahu et al. [21] presented a dual-channel DehazeNet to improve the accuracy of transmis-
sion map estimation. To attain computational efficiency, they implemented their proposed
model on an FPGA board, where the input images were downsampled to 32× 32 pixels for
real-time processing.

Ren et al. [22] proposed an alternative approach, which has also been widely referenced
in subsequent studies. They devised a deep CNN that estimates the transmission map in a
coarse-to-fine manner. They employed convolutional layers with large receptive fields to
learn the coarse structure and layers with small receptive fields to refine the transmission
map, ensuring smoothness while preserving discontinuities.

Despite their potential for learning complex and abstract patterns from images,
the aforementioned methods solely utilized CNNs for estimating the transmission map.
Additionally, the lack of real ground-truth data for training CNNs limits these methods,
rendering them susceptible to the domain-shift problem.

2.2.2. Generation-Based Approach

The seminal work of Goodfellow et al. [23] on generative adversarial networks, cou-
pled with the increasing adoption of the autoencoder architecture [24], has given rise to
generation-based dehazing. Pan et al. [25] proposed a physics-based network involving
hazy–clean generation followed by clean–hazy regeneration, using a separate discriminator
to ensure consistency with the real input. The authors also incorporated the Koschmieder
model to facilitate the regeneration. However, the network’s capability is constrained by
this physical model and may fail with complex phenomena.

In contrast to the method of Pan et al. [25], Liu et al. [26] improved upon previous
work [27] with GridDehazeNet+, an enhanced multiscale network that dehazes images
and is purely data-driven without relying on the Koschmieder model. GridDehazeNet+
processes images through pre-processing, multiscale image fusion, and post-processing
stages. The multiscale processing employs a grid-like data flow with self-attention to
combine data at different scales. Liu et al. [26] also addressed the domain-shift problem by
utilizing intra-task knowledge transfer, training a teacher network with synthetic images
and initializing a student network with its weights, then training with translated images
via CycleGAN [28]. Anecdotally, using these translated images for model training is a
provisional solution to the domain-shift problem, as they are still artificially generated.

Inspired by the concept of layer disentanglement [29], Li et al. [30] introduced an
unsupervised network, which was trained to generate the transmission map and global
atmospheric light in addition to the clean image. By reconstructing the hazy image using
the Koschmieder model, the network can supervise itself during parameter optimization.
This self-supervision capability significantly aids data preparation, though lacking clean
image domain knowledge may hinder an optimal parameter search.

Recently, Xu et al. [8] introduced a U-Net-like network for video dehazing with a
multiscale encoder and a prior-scene decoder. The multiscale encoder extracts feature
maps at various scales, while the prior-scene decoder layers learn features related to the
prior and scene. Recurrent features from adjacent video frames are aligned and aggregated
to generate the clean image. The network, trained on synthesized hazy videos, remains
susceptible to the domain-shift problem and fails to meet real-time processing requirements.
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Wu et al. [9] sought to mitigate the domain-shift problem by incorporating diverse
degradation types in hazy image synthesis, modifying the Koschmieder model to adjust
light conditions, atmospheric light color bias, and JPEG compression effects. However,
given that the distribution of the synthesized hazy images does not align with that of real
hazy images, their proposed method remains a provisional solution. Sahu et al. [31] pro-
posed Oval-Net, an encoder–decoder network with spatial and channel attention mech-
anisms, for end-to-end image dehazing. Oval-Net was trained using synthetic datasets,
and the authors acknowledged that this could reduce the network’s reliability in real-
world circumstances.

The primary concern with deep-learning-based methods is their high computational
complexity. Even a simple network for image classification can contain millions of pa-
rameters, necessitating significant effort for hyper-parameter tuning and hindering fast
and efficient implementation for widespread deployment. Chen et al. [32] addressed
these challenges with a lightweight dehazing network using an autoencoder architecture,
incorporating difference convolution to integrate low-level prior information and a content-
guided attention mechanism for handling haze heterogeneity; while this network exhibited
relative speed and efficiency, it still falls short of real-time high-quality image processing.

Most data-driven methods are trained on a mix of synthetic and real-world images.
With the increasing prevalence of text-to-image models like StableDiffusion [33] and DALL-
E 2 [34], this trend is expected to continue. Nonetheless, the inclusion of synthetic images
may exacerbate the domain-shift problem, as discussed by Shumailov et al. [35]. Artificially
generated images do not share a similar distribution with real-world images, potentially
reducing network generalizability.

In summary, data-driven methods have demonstrated superior performance over
heuristic approaches in various computer vision tasks. Nevertheless, their limitations, such
as high computational cost and limited generalizability, may render them less favorable for
practical applications.

2.3. Summary

Table 1 presents a summary of the daytime single-image dehazing methods discussed
above. Generally, heuristic methods are computationally efficient but susceptible to noise,
and their results tend to align with human perception. However, they may face challenges
when applied to diverse circumstances. On the other hand, data-driven methods offer
improved generalizability but come with a higher computational cost, and their results often
align better with quantitative assessment metrics. Notably, nearly all data-driven methods
are susceptible to the domain-shift problem due to the lack of real-world training images.

Table 1. Summary of daytime single-image dehazing chronicle.

Category Representative Studies Pros and Cons

Heuristic

Enhancement-based [2,3,12,13]
Pros

Low computational cost
Subjectively favoring results

Prior-based [4,14,15]
Cons

Noise amplification
Lack of generalizability

Data-driven

Restoration-based [6,19,20,22]
Pros

Improved generalizability
Quantitatively favoring results

Generation-based [8,25,26,30,32]
Cons

High computational cost
Domain-shift problem

More importantly, data-driven methods often require graphics processing units (GPUs)
for model inference. Since this computing platform is power-consuming and expensive,
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it is unsuitable for implementation on edge devices, such as CCTVs or cameras mounted
on autonomous driving vehicles. In sharp contrast, the proposed MPSoC-based solution
presented in the following section is fast and compact, occupying less than one-fifth of
the hardware resources available on a mid-size FPGA device (XCZU7EV-2FFVC1156),
as demonstrated in Section 4.2. This makes the proposed MPSoC-based solution a prefer-
able option over data-driven methods for real-time high-quality image dehazing.

3. Proposed Algorithm

As data-driven methods are not yet ready for widespread deployment, this paper
presents an alternative for real-time high-quality single-image dehazing: a symmetric
MPSoC-based solution that balances the trade-off between dehazing performance and
computational complexity. Building upon our previous work of linear-time single-image
dehazing [36], the proposed algorithm incorporates the following features (as illustrated in
Figure 1):

• A self-calibrating feature that enables the algorithm to handle different haze conditions
effectively.

• A real-time high-quality hardware implementation that facilitates the practical de-
ployment of the proposed algorithm.

Haziness degree 
estimation

Self-calibrating 
factor calculation

Input 
image

Output 
image

Unsharp 
masking

Scene depth estimation based on 
image saturation and brightness

Transmission map 
estimation

Scene 
recovery

Color gamut 
expansion

Base algorithm

Proposed algorithm

Figure 1. Block diagram of the proposed algorithm.

3.1. Base Algorithm

In [36], we presented an O(N) dehazing method, where N denotes the number of
image pixels. This method enhances the visibility of hazy images through several steps.
Initially, a pre-processing step involving unsharp masking is applied to the input image
to enhance edge details based on local image statistics. Next, image visibility is restored
using a dehazing step grounded on the improved color attenuation prior. However, this
dehazing step may introduce artifacts like dynamic range reduction. To address this, a post-
processing step, namely color gamut expansion, is employed to ensure an artifact-free
output. Interested readers are referred to [36] for a more comprehensive description.

Let P , D, andH denote the pre-processing, dehazing, and post-processing stages of
the base algorithm. The clean image J is derived from the hazy image I as follows:

J = H{D[P(I)]}, (3)

where spatial coordinates are omitted for clarity. The responses of these three stages to input
images are fixed, irrespective of whether images are affected by haze. Hence, the following
subsection outlines our contribution in adopting a haziness degree estimator [37] to makeP ,
D, andH aware of haze conditions. More precisely, we introduce a self-calibrating weight
ω into P , D, andH to restore the clean image as J = H{ω,D[ω,P(ω, I)]}. Depending on
the haze condition of the input image, the value of ω varies, thus enabling the fine-tuning
of all three processing stages for appropriate enhancement.

In [36], we demonstrated that the base algorithm achieves performance comparable
to data-driven methods, such as those proposed by Cai et al. [6] and Ren et al. [22], while
exhibiting significantly lower computational costs. However, real-time processing require-
ments through software implementation remain challenging. The fastest implementation,
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representing the base algorithm, processes only ten 640× 480 frames per second (fps),
falling short of the desired 25 fps.

The subsequent subsections focus on two main aspects. Firstly, efforts are made
to incorporate a self-calibrating feature into the base algorithm to enhance performance
further. Secondly, a comparative evaluation is conducted to assess the effectiveness of the
proposed improvements. Additionally, Section 4 presents an MPSoC-based solution to
address the real-time processing constraint.

3.2. Self-Calibration on Haze Conditions

The Koschmieder model describes the transmission map t(x) as an exponential func-
tion of the scene depth d(x), denoted as t(x) = exp[−β · d(x)], where β represents the
atmospheric scattering coefficient. This implies that the haze distribution depends on scene
depth, allowing the dehazing algorithm to handle various types of haze, from mild to
dense. In a prior study [38], we introduced a framework for generating a piece-wise linear
weight using the haziness degree estimator [37]. This weight is combined with the scene
depth in a multiplicative manner to address different scenarios:

• Haze-free images. The weight is set to zero, zeroing the scene depth. Consequently,
t(x) = 1 is achieved throughout the image, meaning that no image dehazing is
performed.

• Mildly-to-moderately hazy images. The weight assumes a value ωe, where 0 < ωe < 1,
based on the haziness degree estimate, reducing the dehazing power to prevent artifacts.

• Densely hazy images. The weight is set to one, imposing no constraints on the scene
depth, allowing maximum dehazing power.

By incorporating this adaptive weight, the base algorithm can effectively adapt to
various haze conditions, improving results for different types of hazy images. Figure 2a
illustrates this weighting scheme, where ω and ρ represent the weight and haziness degree
estimate, respectively. The haziness degree range is divided into three regions using two
predefined parameters, ρ1 and ρ2. The weighting scheme is expressed as follows:

ω =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0 ρ < ρ1

ρ− ρ1

ρ2 − ρ1
ρ1 ≤ ρ ≤ ρ2

1 ρ > ρ2

. (4)

In [38], evaluation results indicated that dehazing performance for densely hazy im-
ages was unimpressive, suggesting that greater dehazing power might improve results.
Consequently, in this study, we have modified the original weighting scheme by allowing
the weight (ω) to extend beyond the range [0, 1], up to a predefined value of W , as illus-
trated in Figure 2b. This modification enables the algorithm to effectively “see” through a
thicker haze, surpassing the capabilities of prior-based dehazing methods. The proposed
weighting scheme is expressed as follows:

ω =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

0 ρ < ρ1

ρ− ρ1

ρ2 − ρ1
ρ1 ≤ ρ ≤ ρ2(W − 1

1− ρ2

)
ρ +

1−Wρ2

1− ρ2
ρ > ρ2

. (5)

Figure 2 illustrates a comparison between the original weight presented in [38] and
our proposed weight to highlight their differences. It features a densely hazy image from
the IVC dataset [39] and showcases two dehazing results obtained using the two weights,
respectively. Parameters ρ1 and ρ2 are set to 0.8811 and 0.9344, as described in [40], andW
is fixed at 1.2. Subjective evaluation shows that the dehazing result in Figure 2d is less
favorable compared to the result with our proposed weight in Figure 2e.
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Our contribution extends beyond the weighting scheme, including how the self-
calibrating weight is incorporated into the algorithm. In [38], the self-calibrating weight
was applied to both the dehazing and post-processing stages, while the pre-processing stage
remained unchanged. The pre-processing stage focused on white-balancing the input image
to skip the estimation of the global atmospheric light A (in [38], the global atmospheric
light was set to a fixed value of {1, 1, 1}, under the assumption that image intensities were
normalized within the range [0, 1]). In contrast, the proposed algorithm uses unsharp
masking in the pre-processing stage to enhance distant edge details obscured by haze.
Consequently, we have also equipped this pre-processing stage with the self-calibrating
weight to prevent overshooting in haze-free images.

0 1

1

(a)

0 1

1

(b)

(c) (d) (e)

Figure 2. Illustration of piece-wise linear weights for incorporating the self-calibrating feature. (a)
The original weight presented in [38]. (b) Our proposed weight. (c) A densely hazy image. (d)
Dehazing result with the original weight. (e) Dehazing result with the proposed weight.

3.3. Objective Evaluation

To validate the performance of the proposed algorithm, we conducted a compar-
ative analysis against four methods, including the base algorithm and those proposed
by Cai et al. [6], Liu et al. [27], and Li et al. [30]. We used five public datasets for eval-
uation: FRIDA2 [41], D-HAZY [42], O-HAZE [43], I-HAZE [44], and Dense-Haze [45].
The benchmark methods have been introduced in Section 2.

The FRIDA2 dataset consists of 320 computer-rendered images of road scenes, with 66 haze-
free and 264 hazy images representing four distinct haze conditions. D-HAZY is another syn-
thetic dataset containing 1472 pairs of indoor hazy/clean images, where haze was synthesized
using scene depth information from a Microsoft Kinect camera. In contrast, O-HAZE, I-HAZE,
and Dense-Haze are real-world datasets consisting of 45, 30, and 55 image pairs, respectively,
depicting outdoor, indoor, and both outdoor and indoor scenes.

To assess the experimental results, we employed two metrics: feature similarity
extended to color images (FSIMc) [46] and tone-mapped image quality index (TMQI) [47].
Both metrics provide scores ranging from zero to one, where higher scores indicate better
results. The obtained FSIMc and TMQI scores for each dataset, along with their average
scores, are presented in Table 2.
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The results demonstrate that the proposed algorithm, enhanced with the new self-
calibrating weighting scheme, consistently outperforms the base algorithm in all test
scenarios. Additionally, it is also ranked higher than the other three data-driven bench-
mark methods. This result suggests that even though the proposed method is a heuristic
approach, it effectively addresses the limitation of limited generalizability, thanks to the
new weighting scheme. With its efficacy confirmed, the next section will introduce a
corresponding hardware accelerator to enhance its practical usability.

Table 2. Objective evaluation using feature similarity extended to color images (FSIMc) and tone-
mapped image quality index (TMQI). The best results are highlighted in bold.

Dataset
FRIDA2 [41] D-HAZY [42] O-HAZE [43] I-HAZE [44] Dense-Haze [45] Overall

Method

FS
IM

c

Cai et al. [6] 0.7963 0.8874 0.7865 0.8482 0.5573 0.7725
Liu et al. [27] 0.8003 0.8747 0.8030 0.7416 0.5564 0.7552
Li et al. [30] 0.7849 0.7383 0.6997 0.7564 0.5763 0.7111

Base algorithm [36] 0.8016 0.8763 0.8112 0.8586 0.5728 0.7807
Proposed algorithm 0.8029 0.8733 0.8265 0.8677 0.5799 0.7846

TM
Q

I

Cai et al. [6] 0.7366 0.7966 0.8413 0.7598 0.5723 0.7312
Liu et al. [27] 0.6970 0.7938 0.8267 0.6107 0.5196 0.6896
Li et al. [30] 0.7176 0.6817 0.6566 0.6936 0.5107 0.6520

Base algorithm [36] 0.7242 0.7841 0.8951 0.8204 0.5921 0.7354
Proposed algorithm 0.7244 0.7790 0.8913 0.8101 0.6040 0.7357

4. MPSoC-Based Solution

4.1. Real-Time Hardware Implementation

Previous studies [32,36] have reported that software implementations of dehazing
algorithms are unable to achieve a processing speed of at least 25 fps, failing to meet
real-time processing requirements. This observation underscores the critical need for hard-
ware implementation. In this study, we develop a hardware accelerator for the proposed
algorithm using Verilog HDL [48] (IEEE Standard 1364-2005) and validate its performance
on a Zynq UltraScale+ MPSoC ZCU106 Evaluation Kit [49].

Before implementing the hardware accelerator, let us revisit the block diagram in
Figure 1. It is important to note that all operations in the base algorithm, including unsharp
masking, image dehazing, and color gamut expansion, are pixel-wise. In contrast, our
additions to the base algorithm, involving haziness degree estimation and self-calibrating
factor calculation, are performed on a per-frame basis. This difference poses a challenging
problem in synchronizing data flows within the proposed algorithm. Delaying unsharp
masking, image dehazing, and color gamut expansion until the haziness degree estimate
becomes available is impractical, as it leads to flickering issues.

To address this problem, we leveraged the high similarity between consecutive video
frames, a common characteristic in various video types resulting from the natural continuity
of motion and scenes in real-world scenarios. Numerous video processing and analysis
techniques, such as motion estimation, video stabilization, object tracking, and video
compression, have effectively exploited this characteristic.

Figure 3 shows a plot of structural similarity values [50] for the initial 300 frames of a
video. The plot demonstrates that each frame exhibits a strong resemblance to its preceding
and following frames, as indicated by the red-dotted oval, except during abrupt video
changes highlighted by the blue-dotted and pink-dotted ovals. Given the infrequency of
these scene changes, it is feasible to compute the haziness degree estimate for a specific
frame and apply the computed value to the subsequent frame. This approach not only
addresses the synchronization problem but also significantly reduces the required hardware
resources for implementation.
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After addressing the synchronization problem, the proposed algorithm can be readily
implemented at the register-transfer level using standard design techniques. It is parti-
tioned into blocks similar to the block diagram in Figure 1. By exploiting the pipeline
parallelism, each block corresponds to a processing stage in the pipeline, allowing si-
multaneous processing of pixels from the previous stage, thus increasing the throughput.
The resulting hardware accelerator is then encapsulated by an interface circuit to adhere to
the AXI bus communication protocol [51]. Our interface circuit supports a double-buffering
scheme, enabling the accelerator to seamlessly process the input video stream. Xilinx
Vivado v2019.1 [52] was employed to develop a hardware intellectual property (IP) and
program the Zynq UltraScale+ MPSoC ZCU106 Evaluation Kit.

Frame number

SSIM

t + 3

t + 6t + 9

t

Figure 3. Plot of structural similarity (SSIM) values of the first 300 frames in a video. Red-dotted oval
indicates frames of similar SSIM values, while blue-dotted and pink-dotted ovals indicate frames of
abrupt changes in SSIM values.

Figure 4 provides an overview of our MPSoC-based solution. The input video stream
is processed by a verification platform running on a host computer. This platform acts
as an intermediary between our MPSoC-based solution and users. It receives, packages,
and sends commands received from users, as well as video data, to our hardware IP within
the evaluation kit. The kit features a Zynq UltraScale+ MPSoC device, comprising a quad-
core ARM processor, a dual-core real-time processor, a graphics-processing unit, and a
mid-size FPGA device (XCZU7EV-2FFVC1156) [49]. The ARM processor is referred to
as the processing system (PS), and the FPGA device is referred to as the programmable
logic (PL). We have developed an application called the hardware controller, which runs
on the PS and is responsible for interfacing our hardware IP (located in the PL) with the
outside world.

In this setup, the verification platform acquires the video stream from a camera
and gathers user-inputted data through its graphical user interface. Following a hand-
shaking process, the platform forwards the collected data to the hardware controller in
the PS, which in turn relays the received data to the hardware IP in the PL. Subsequently,
the hardware IP processes the data and generates an interrupt signal upon completion.
The hardware controller acknowledges the signal and transmits the processed data back to
the verification platform, where the input–output data are displayed side-by-side to users
for ease of verification.
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Figure 4. Overview of the proposed MPSoC-based solution.

4.2. Hardware Implementation Results

We utilized Xilinx Vivado v2019.1 [52] to synthesize the proposed hardware IP on
the FPGA device. The implementation results, as summarized in Table 3, demonstrate
that our hardware IP occupies only a modest portion of the available hardware resources.
Specifically, it consumes 9.95% of slice registers, 19.86% of slice look-up tables (LUTs),
and 17.47% of block RAMs (BRAMs). The FPGA device used in this study belongs to the
Zynq UltraScale+ family, which features UltraRAMs and BRAMs. However, the proposed
hardware accelerator does not contain any frame buffers, only line memories for filtering
operations. Thus, BRAMs are adequate, leaving UltraRAMs available for other applications
requiring frame buffers.

Table 3. Hardware implementation results for the proposed algorithm. LUT stands for look-up table,
and the symbol # denotes quantities.

Xilinx Vivado v2019.1

Device XCZU7EV-2FFVC1156

Slice Logic Utilization Available Used Utilization

Slice registers (#) 460,800 45,832 9.95%
Slice LUTs (#) 230,400 45,761 19.86%

BRAMs 312 54.5 17.47%
Minimum period 2.81 ns

Maximum frequency 356.51 MHz

Furthermore, Table 3 shows that the proposed hardware accelerator can operate with a
minimum clock period of 2.81 nanoseconds, allowing it to handle up to 356.51 megapixels
per second. The maximum processing speed (Smax) in fps for a given frame’s resolution of
H×W can be calculated as follows:

Smax =
fmax

(H + VB)(W + HB)
, (6)

where fmax represents the maximum frequency reported in Table 3, and VB and HB denote
the vertical and horizontal blank periods, respectively. Table 4 presents the Smax values
for various resolutions, ranging from Full HD (1920 × 1080) to DCI 4K (4096 × 2160),
demonstrating that the proposed hardware IP exceeds the real-time processing requirement.
For DCI 4K resolution, it achieves a maximum processing speed of 40.27 fps, making it
highly suitable for real-world computer vision systems, irrespective of the color encoding
scheme employed.

Moreover, we conducted a comparative assessment of the proposed accelera-
tor with existing designs for single-image dehazing [53–55]. Park and Kim [53] and
Zhang and Zhao [54] presented their own approaches to implementing the method
of He et al. [4]. Specifically, they explored alternative methods to estimate the global
atmospheric light more cost-effectively. For instance, Park and Kim [53] divided the
image into 12 non-overlapping regions and searched for atmospheric light candidates
in each region. Subsequently, they selected the brightest pixel among the candidates as the
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atmospheric light. Meanwhile, Zhang and Zhao [54] approximated the atmospheric light
as the largest pixel in the locally filtered image (using a minimum filter).

Table 4. Maximum processing speeds in frames per second for various image resolutions. The symbol
# denotes quantities.

Standard Resolution Required Clock Cycles (#) Processing Speed (Smax)

Full HD 1920× 1080 2,076,601 171.68
Quad HD 2560× 1440 3,690,401 96.60

4K
UW4K 3840× 1600 6,149,441 57.97

UHD TV 3840× 2160 8,300,401 42.95
DCI 4K 4096× 2160 8,853,617 40.27

Table 5 illustrates that our hardware IP has the smallest footprint in terms of slice
registers and LUTs while achieving the fastest processing speed. Notably, to the best
of our knowledge, the proposed hardware IP, along with our previous design in [55],
are the sole two hardware implementations equipped with the self-calibrating feature.
Regarding digital signal processors (DSPs), they tend to be costly and are specifically
designed for computationally intensive tasks, such as matrix multiplication in CNNs. Given
that image dehazing frequently serves as a pre-processing step in high-level computer
vision systems, it is preferable to reserve DSPs for more complex tasks like object recognition
and localization. In this context, both of our previous and proposed designs excel by
eschewing the use of DSPs. Through minimal resource utilization and objective evaluation,
the proposed MPSoC-based solution achieves a balance between dehazing performance
and computational complexity, hence termed “symmetric”.

Nonetheless, it is essential to acknowledge that our design necessitates a considerable
amount of memory, primarily utilized as line memories in filtering operations. Considering
the significant impact of these operations on the base algorithm’s performance, eliminating
them is not a viable option. In future studies, we will explore solutions to reduce memory
requirements without compromising performance.

Table 5. Comparison with contemporary hardware accelerators for single-image dehazing. NA
stands for not available, and the symbol # denotes quantities.

Hardware Utilization Park and Kim [53] Zhang and Zhao [54] Lee et al. [55] Proposed Design

Registers (#) 53,400 NA 53,216 45,832
LUTs (#) 64,000 NA 49,799 45,761
DSPs (#) 42 NA 0 0

Memory (Mbits) 3.2 NA 1.4 2.0
Maximum frequency (MHz) 88.70 116.00 271.37 356.51
Maximum video resolution SVGA Quad HD DCI 4K DCI 4K

Self-calibrating feature Unequipped Unequipped Equipped Equipped

5. Conclusions

In this paper, we introduce a symmetric MPSoC-based solution to address the growing
demand for real-time high-quality image dehazing. Our proposed method balances the
trade-off between dehazing performance and computational complexity. It enhances the
base algorithm by incorporating a self-calibrating feature, enabling efficient handling of
various haze conditions. Furthermore, we have improved the piece-wise linear weight-
ing scheme to enhance haze removal under dense-haze conditions. Subsequently, we
have designed a corresponding hardware accelerator using Verilog HDL and verified its
effectiveness against existing implementations.

However, we have identified three main limitations in our proposed solution. Firstly,
it is inefficient in memory usage due to the extensive utilization of filtering operations.
As these operations are crucial to the proposed algorithm’s performance, further refinement
of the design demands substantial effort. Secondly, the proposed algorithm relies on
several parameters that necessitate careful fine-tuning for optimal performance, which is a
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laborious and time-consuming process. Finally, there is no encryption applied to the image
data, posing a security risk. We defer the resolution of these three challenging problems to
future research endeavors.
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Abstract: The current study delves into a fuzzy matrix decision-making problem involving fuzzy
sets of states. It establishes that a maximum guaranteed payoff constitutes a type-2 fuzzy set defined
on the real line. Additionally, it provides the associated type-2 membership function. Moreover,
the paper illustrates that the maximum guaranteed payoff type-2 fuzzy set of the decision-making
problem can be broken down, based on the secondary membership grades, into a finite collection
of fuzzy numbers. Each of these fuzzy numbers represents the maximum guaranteed payoff of the
corresponding decision-making problem with a crisp set of states. This set corresponds to a specific
cut of the original fuzzy set of states. Some properties of the maximum guaranteed payoff type-2
fuzzy set are investigated, and illustrative examples are provided. Since the problem formulation is
symmetrical with respect to alternatives and states of nature, the results obtained can be used in the
case of a fuzzy set of alternatives.

Keywords: decision-making problem; maximum guaranteed payoff; type-2 fuzzy set

1. Introduction

A decision problem modeling in the formal theory requires [1]:

• alternatives (choices of a DM);
• states (events);
• the payoff associated with each alternative and each state.

This is often presented as a payoff matrix (decision matrix). The rows of this matrix
are associated with alternatives, and the columns are associated with states [1].

We note that, at its core, the matrix decision-making problem is symmetrical with
respect to alternatives and states of nature. These elements of the problem differ only
in that the alternatives characterize the actions of the DM, and the states of nature are
characterized by some objective reality, which should not be taken literally. There may well
be situations in which actions are dictated by nature (for example, circumstances related to
weather conditions or natural forces). Therefore, the division into alternatives and states of
nature is conditional and is used only as an element of system analysis that uses symmetry.

The principle of utility maximization was axiomatically substantiated in Von Neumann
and Morgenstern [2] and Savage [3]. This principle consists of choosing an alternative that
maximizes the so-called decision criterion (the utility function of alternatives). The type of
a decision criterion depends on the availability of some additional information about:

• the type of uncertainty;
• the set of states;
• the risk features of a DM.
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In conventional decision-making scenarios under uncertainty, it is typically assumed
that there exists a probability distribution across the space of states, leading to what is
known as decision-making under risk. In this context, DMs assess and choose among
alternatives while considering the probabilities associated with various states of nature.
To solve this problem, statistical criteria are used—for instance, Bayesian criteria, variance
minimization, etc. In situations where information regarding the probability distribution is
unavailable, this model gives rise to what is termed as a decision-making problem under
ignorance. In this case, one uses various decision-making criteria like the maxmin (the
Wald criterion), the maxmax (the optimistic criterion), the minimax regret (the Savage
criterion), and the Hurwicz criterion. Unfortunately, the assumptions of the classical
decision-making theory do not necessarily hold, for probabilities of real-world events
are sometimes imprecise or non-measurable. In addition, a set of alternatives, a set of
states, and payoffs may not be known precisely both in conditions of ignorance and in
conditions of risk. The desire to take these factors into account led to the application
of fuzzy set (FS) theory [4–12]. The corresponding works include approaches to solving
decision problems with:

• a fuzzy set of alternatives [4,5];
• fuzzy states [4–6];
• a fuzzy set of states [1,7];
• fuzzy probabilities of states [8–12];
• fuzzy payoffs [1,8];
• fuzzy information [4–6].

The following contributions transform classical decision theory into fuzzy decision
theory. Ignorance represents a specific instance of uncertainty within decision-making
problems; thus, certain approaches rooted in fuzzy set (FS) theory designed for handling
uncertainty can be utilized in cases of ignorance as well. In [6], Tanaka et al. explored a
decision-making problem wherein the uncertainty surrounding the interpretation of events
was captured using fuzzy sets (FSs), while the uncertainty regarding the likelihood of
events occurring was quantified using probabilities. The authors introduced definitions
related to worth, entropy, and quantity specifically tailored to fuzzy information within
their paper. These concepts play crucial roles in analyzing decision-making processes under
the combined influence of fuzzy logic and statistic uncertainty. Based on these definitions,
an investment problem was analyzed. In [4], Tanaka et al. investigated properties of the
fuzzy Bayes formula and the fuzzy observation system derived from FS theory. The analysis
made it possible to consider the main elements of a fuzzy decision-making problem, which
are states, alternatives, and other available information as fuzzy events. In [5], Tanaka et al.
merged fuzzy set (FS) theory with statistical decision theory to address decision problems
involving fuzzy events. They formulated fuzzy decision-making problems based on
the concept of fuzzy events and introduced definitions related to entropy, the value of
information, and the amount of information within this context. On the other hand, in [7],
Mashchenko explored a method for resolving decision-making problems under uncertainty
using a fuzzy set of states and crisp payoffs. By combining fuzzy set theory with crisp
payoffs, Mashchenko proposed a method to handle decision-making scenarios where states
are described imprecisely but payoffs are known crisply. In this method, a DM maximizes
utilities simultaneously for all states. A type-2 fuzzy relation was constructed, which
characterizes the utility of alternatives. The concept of a maximizing weak solution was
introduced and its properties were explored in the referenced paper. Subsequently, this
method was further developed in [13,14] for decision-making problems with objectives
represented as fuzzy sets of preference relations. Additionally, in [1], Jain investigated
a decision-making approach tailored for systems where either the state of the system
or the utilities of alternatives, or both, were described using fuzzy sets (FSs). Through
this research, Jain aimed to provide a methodology to address decision-making scenarios
characterized by imprecise or uncertain information. The problem reduces to choosing,
in a certain sense, the best FS from a collection of fuzzy estimates of alternatives. Each
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fuzzy estimate is an image of the FS of states under a mapping, which is specified by
the payoff matrix. The method uses the Zadeh concept of a maximizing set to determine
the FS of a solution to the problem. Next, an alternative is selected. This alternative is
a compromise between the value of the utility and the degree of the membership to the
solution FS. The idea of using a maximizing set to determine the solution FS does not
correspond to any of the known optimality criteria of expected utility theory, which is a
drawback of the method and limits its application. In [8], Whalen conducted a comparative
analysis of different types of methodologies for choosing alternatives under uncertainty.
These are:

• the classical statistical analysis;
• the maxmin approach;
• the analysis of fuzzy statistical solutions [9,10];
• the possibilistic decision-making algorithm [11] and its development;
• the L-fuzzy risk minimization algorithm [12], which uses Z-fuzzy sets [15].

These approaches vary based on their underlying assumptions regarding the quality
and quantity of information available concerning the likelihood or probability of different
states and the utility associated with the outcomes (alternative-state pairs). Each approach
may make different assumptions about the precision of the information available, the
form in which it is represented (e.g., probabilistic or fuzzy), and the degree of uncertainty
accounted for in the decision-making process. These differences in assumptions can
significantly influence the strategies and methodologies employed in addressing decision-
making problems under uncertainty.

Advances in the development of the theory of fuzzy numbers (FNs) have made it
possible to generalize the standard criteria of crisp decision-making to cases of payoffs
in the form of FNs and use them directly. The following decision-making criteria under
ignorance were generalized [16]:

• the maxmin (the Wald criterion);
• the maxmax (an optimistic criterion);
• the minimax regret (the Savage criterion);
• the Hurwicz criterion.

In [16], when studying a multicriteria problem with fuzzy parameters in the form of
triangular FNs, Larbani examined a multi-objective two-person zero-sum game scenario,
where the first player acted as the decision maker (DM), and the second player represented
nature. In addressing this problem, Larbani employed the maxmin criterion, a decision-
making approach under uncertainty. While our review does not encompass all the relevant
literature, several conclusions can still be drawn from the existing research:

• Utilizing fuzzy sets (FSs) to represent states offers a more intrinsic and nuanced
depiction of decision-making models under conditions of uncertainty compared to
crisp sets.

• A FS of alternatives, a FS of states, and fuzzy payoffs describe different elements of a
decision-making model under uncertainty and are of interest for research.

• Using FNs allows one to quite effectively solve decision-making problems under
uncertainty by means of the fuzzy arithmetic.

• In the context of decision-making, there has been a lack of investigation into models
utilizing payoffs represented as FNs alongside decision-making criteria under igno-
rance, specifically concerning fuzzy sets of states. This gap in research suggests an
opportunity for further exploration and development in this area.

This article focuses on the exploration of decision-making processes under conditions
of ignorance, specifically within the framework of fuzzy sets of states. The central place
among criteria for decision-making under ignorance is occupied by the maxmin criterion
(the Wald criterion). This stems from the fact that the maxmin criterion is widely used
in practice in cases where it is necessary to completely eliminate a risk. In addition, the
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maxmin criterion is the mathematical basis of other criteria in conditions of ignorance. For
instance, the minimax regret criterion is represented as the maxmin criterion for a negative
relative loss function, the optimistic criterion is represented as the maxmin criterion for
negative payoffs, and the Hurwicz criterion is represented as the linear convolution of the
maxmin and optimistic criteria. In this article, we are going to investigate an application of
the maxmin criterion for a decision-making model under ignorance with a FS of states. For
the sake of simplicity, we investigate the maximum guaranteed payoff without focusing on
an ’optimal’ alternative. Furthermore, the significance of such a study can be elucidated by
the understanding that decision-making problems under uncertainty hold interest beyond
the pursuit of identifying an ‘optimal’ alternative. At times, the maximum guaranteed
payoff holds independent interest, as decision-making theory’s scope extends to encompass
forecasting and analyzing uncertainties from the perspective of a decision-maker, as well
as external agents. The aim of such an analysis is often directed towards informing
decisions concerning alterations in the prerequisites, conditions, and outcomes of situations
characterized by uncertainty. These decisions may involve adjustments in factors such as
awareness levels, model formulations, and other relevant parameters. The formalization of
a set of states through the utilization of a fuzzy set framework enables the incorporation of
not only uncertainty stemming from the decision-maker’s assessment of state admissibility
but also the inherent fuzziness associated with delineating which states are feasible within
the decision-making model. An example of such FSs of states could be ‘possible states’,
‘probable states’, ‘expected states’, etc.

The principal aims of this article are delineated as follows:

• To provide a rationale supporting the claim that a fuzzy set (FS) of states within a
decision-making scenario under ignorance leads to a type-2 fuzzy set (T2FS) of maxi-
mum guaranteed payoff. This T2FS is characterized by a simplified and practical form
tailored for real-world applications, in contrast to the more generalized form of T2FS.

• To thoroughly investigate the properties of this specific T2FS.
• To develop a decomposition method aimed at constructing a T2FS representing the

maximum guaranteed payoff.
• To demonstrate, with the help of an example, that the approach that we develop here

enables us to solve a fuzzy decision-making problem under ignorance in the situation
where standard decision-making criteria fail.

The practical significance of our findings lies in their ability to effectively model the
inherent vagueness in human judgment and the ambiguity surrounding the acceptability
of states during the decision-making process under conditions of ignorance. By acknowl-
edging and accounting for these factors, our research offers valuable insights and method-
ologies for addressing uncertainty and making informed decisions in real-world contexts.

This article is organized as follows: After this introduction, in Section 2, we recall some
definitions and some basic results about MAX and MIN operations on FNs, a maximum
guaranteed payoff in a fuzzy matrix decision-making problem, and T2FSs to be used
later. In Section 3, we formulate the decision-making problem with a fuzzy set of states.
Section 4 proposes an idea for solving this problem. At the end of Section 4, we conclude
that the resulting maximum guaranteed payoff is a T2FS on the real line. Section 5.1 is
devoted to the definition of a maximum guaranteed payoff T2FS and results that simplify
its construction method. Section 5.2 is concerned with the calculation algorithm. Some
useful properties of a maximum guaranteed payoff T2FS to a decision-making problem
for a FS of states are studied in Section 5.3. In Section 5.4, we consider the example of
constructing the resulting T2FS and give a simple interpretation of it. In addition, we study
the ability of the developed approach to find a solution to a decision-making problem
under ignorance in the case where the standard decision-making criteria fail. Section 6 is
devoted to a discussion of the results. In the last section, some conclusions are pointed out.
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2. Materials and Methods

2.1. MAX and MIN Operations on Fuzzy Numbers

In [17], Dubois and Prade introduced the concept of a fuzzy number, defining it
as a normal and convex fuzzy set (FS) defined on the real line R. In broader terms, a
fuzzy number (FN) is conceptualized as a normal fuzzy set (FS) with bounded support,
characterized by a membership function (MF) that is upper semicontinuous and quasi-
concave, as described in reference [18]. This definition encapsulates fuzzy numbers as
having continuous membership values across their domains, with a degree of concavity in
their MF, contributing to their smooth and well-defined properties. One pivotal challenge in
the theory of fuzzy numbers revolves around ordering them, a task facilitated by employing
mathematical operations such as maximum (MAX) and minimum (MIN). This process is
crucial for comparing and arranging fuzzy numbers, which is vital for various decision-
making and analytical purposes within fuzzy systems and applications. The idea of using
the MAX and MIN operations was first proposed by Ambrosio and Martini [19] for fuzzy
symbols. A fuzzy symbol is an analog of a FS, according to Fung and Fu [20]. The MF of
a fuzzy symbol is a mapping from one complete and linearly ordered space to another.
This MF and the MF of a FN enjoy similar properties. In [21], Klir and Yuan defined the
MAX and MIN operations for classical FNs and investigated some basic properties of these
operations. They showed that the threesome (Φ, MIN, and MAX) is a distributive lattice,
where Φ is the set of FNs on R. In [22], Zhang and Hirota developed an algebraic theory
of lattices for FNs. In [23], Tahayoria et al. extended the employment of the MAX and
MIN operations to the case of convex FSs on R with MFs, which do not necessarily have
to be continuous. In [24], Chiu and Wang suggested an approach towards simplifying the
application of the MAX and MIN operations for two FNs with continuous MFs. In [25],
Shirin and Saha worked out an algorithm for computing the MAX and MIN of any two
‘triangular’ FNs and visualizing the resulting MF. In [26], Mashchenko investigated the
MIN operation in the case of a FS of operands.

According to [21], for FNs A and B with the MFs μA(r) and μB(r), r ∈ R, respectively,
the minimum MIN = min{A, B} is defined by the FN MIN = {(r, μMIN(r)) : r ∈ R}with
the MF

μMIN(r) = max{min{μA(rA), μB(rB)} : r = min{rA, rB}, rA, rB ∈ R}, r ∈ R. (1)

To calculate μMIN(r), the idea of demonstrating a FN by its cuts is employed in [17].
To be more specific, one represents MFs of the FNs A, B, and MIN in the form

μA(r) = max
u∈[0,1]

u1[A]u
(r), μB(r) = max

u∈[0,1]
u1[B]u(r), μMIN(r) = max

u∈[0,1]
u1[MIN]u

(r), (2)

where the closed intervals [A]u = [(A)L
u , (A)H

u ], [B]u = [(B)L
u , (B)H

u ], and [MIN]u =

[(MIN)L
u , (MIN)H

u ] are u-cuts, u ∈ [0, 1] of the FNs A, B, and MIN, respectively. Here,
we denote by (·)L

u and (·)H
u the lower and upper end points of the closed interval [·]u =

[(·)L
u , (·)H

u ] of the u-cut, u ∈ [0, 1]. These u-cuts are crisp sets with the MFs

1[A]u
(r) =

{
1, r ∈ [A]u;
0, r /∈ [A]u;

1[B]u(r) =
{

1, r ∈ [B]u;
0, r /∈ [B]u;

1[MIN]u
(r) =

{
1, r ∈ [MIN]u;
0, r /∈ [MIN]u;

r ∈ R, respectively. According to [17], Formula (1) implies that the u-cut [MIN]u of the FN
MIN = min{A, B} is provided by

[MIN]u = [(MIN)L
u , (MIN)H

u ] = [min{(A)L
u , (B)L

u}, min{(A)H
u , (B)H

u }]. (3)

Thus, Formula (2) entails the representations

μMIN(r) = max
{

u ∈ [0, 1] : (MIN)L
u ≤ r ≤ (MIN)H

u

}
, r ∈ R (4)
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and

MIN = {(r, u) : r ∈ [(MIN)L
u , (MIN)H

u ], u ∈ [0, 1]} = {([(MIN)L
u , (MIN)H

u ], u) : u ∈ [0, 1]} (5)

Similarly, we obtain formulae for calculating the maximum MAX = max{A, B} as
the FN MAX = {(r, μMAX(r)) : r ∈ R} with the MF

μMAX(r) = max{min{μA(rA), μB(rB)} : r = max{rA, rB}, rA, rB ∈ R}, r ∈ R. (6)

The u-cut [MAX]u of the FN MAX = max{A, B} is provided by

[MAX]u = [(MAX)L
u , (MAX)H

u ] = [max{(A)L
u , (B)L

u}, max{(A)H
u , (B)H

u }]. (7)

We represent the MF μMAX and the FN MAX as follows:

μMAX(r) = max{u ∈ [0, 1] : (MAX)L
u ≤ r ≤ (MAX)H

u }, r ∈ R (8)

and

MAX = {(r, u) : r ∈ [(MAX) L
u , (MAX)H

u ], u ∈ [0, 1]} = {([(MAX) L
u , (MAX)H

u ], u) : u ∈ [0, 1]}, (9)

respectively.
The lattice (Φ, MI N, MAX) can also be expressed as the pair (Φ, ≺̃), where ≺̃

is a fuzzy partial order, which is defined by A ≺̃ B ⇔ MI N{A, B} = A or otherwise

A ≺̃ B ⇔ MAX{A, B} = B . This method of FNs ranking leads to the conclusion that, in

some cases, the FNs A and B are incomparable. Therefore, the set Φ of FNs is not linearly
ordered, unlike the set of real numbers. This property of fuzzy partial order limits its
use for FNs ranking, since it does not guarantee the uniqueness of choice. To resolve this
problem, a lot of special methods for FNs ranking have been developed, which ensure a
unique choice. A review of ranking methods can be found in [27]. However, applying
these FNs ranking methods for calculating the minimum (maximum) leads to a subset
of the MIN (MAX). Thus, as opposed to crisp numbers, as far as FNs are concerned, it
is important to understand the main problem that a DM faces. If it is more important to
choose a unique minimum (maximum) FN, then it is necessary to use one of the methods
for FNs ranking that is suitable under the given conditions and then take the minimum
(maximum) that is equal to this FN. This FN is a subset of the MIN (MAX) only. If it is
more important to obtain the correct value of the minimum (maximum), then Formula (1)
(Formula (6)) should be used. In this case, the uniqueness of the choice is not guaranteed.
Since, in this article, our concern is the correct values of the minimum and maximum, we
shall use Formulae (1) and (6).

2.2. Maximum Guaranteed Payoff in a Fuzzy Matrix Decision-Making Problem

The problem of decision-making under ignorance is conveniently formalized using a
matrix (we denote this by F̃ = (Fij)i∈M,j∈J) of the payoffs presented in Table 1. In the matrix

F̃ = (Fij)i∈M,j∈J , to the rows i ∈ M = {1, . . . , m}, |M| = m, we associate the alternatives
feasible for the DM. The DM needs to choose one of these alternatives. To the columns
j ∈ J = {1, . . . , l}, |J| = l, we associate the states (events), one of which can occur.
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Table 1. The matrix representing the payoffs.

Alternatives
States

1 2 . . . l

1 F11 F12 . . . F1l
2 F21 F22 . . . F2l
...

...
...

. . .
...

m Fm1 Fm2 . . . Fml

In the matrix F̃ = (Fij)i∈M,j∈J , to the rows i ∈ M = {1, . . . , m}, |M| = m, we associate
the alternatives feasible for the DM. The DM needs to choose one of these alternatives.
To the columns j ∈ J = {1, . . . , l}, |J| = l, we associate the states (events), one of which
can occur. We denote by |·| the cardinality of a set. Each element Fij of the matrix, F̃
represents a payoff (a utility, a win) in the form of the FN with the MF μFij(r), r ∈ R, that
the DM obtains if the alternative i ∈ M has been chosen and the state j ∈ J has occurred.
For the DM, the objective is to select an alternative with a maximum payoff when the
state is unknown. We represent this problem in the form D(J) =

〈
M, J, F̃

〉
. Assume that

information about the probabilities of states is not available or that a decision is made so
seldom that we cannot use this information. According to the maxmin criterion (the Wald
criterion), a maximum guaranteed payoff is calculated by the formula

G(J) = max
i∈M

min
j∈J

Fij. (10)

For the convenience of subsequent presentation, the set J of states is indicated here-
inafter as the parameter in the maximum guaranteed payoff G(J). According to Section 2.1,
the maximum guaranteed payoff is the FN G(J) =

{
(r, μG(J)(r)) : r ∈ R

}
on R.

Formulae (1) and (6) imply that the MF of the FN G(J) = max
i∈M

min
j∈J

Fij is given by

μG(J)(r) = max
{

min
j∈J

μFij(rij) : r = max
i∈M

min
j∈J

rij, rij ∈ R, i ∈ M, j ∈ J}. (11)

To calculate the MF μG(J)(r), we represent the FN G(J) by its cuts. To this end, we
write the MFs of the FNs Fij, i ∈ M, j ∈ J, and G(J) as follows:

μFij(r) = max
u∈[0,1]

u1[Fij ]u
(r), i ∈ M, j ∈ J and μG(J)(r) = max

u∈[0,1]
u1[G(J)]u

(r), (12)

where the closed intervals [Fij]u = [(Fij)
L
u , (Fij)

H
u ] and [G(J)]u = [(G(J))L

u , (G(J))H
u ] are

u-cuts, u ∈ [0, 1], of the FNs Fij, i ∈ M, j ∈ J, and G(J), respectively. These u-cuts are crisp
sets with the MFs

1[Fij ]u
(r) =

{
1, r ∈ [Fij]u;
0, r /∈ [Fij]u;

1[G(J)]u
(r) =

{
1, r ∈ [G(J)]u;
0, r /∈ [G(J)]u;

r ∈ R, respectively. Formulae (3) and (7) imply that the u-cut [G(J)]u of the FN
G(J) = max

i∈M
min
j∈J

Fij is given by

[G(J)]u = [G(J)L
u , G(J)H

u ] = [max
i∈M

min
j∈J

(Fij)
L
u , max

i∈M
min
j∈J

(Fij)
H
u ]. (13)

By (12), this entails the following representations of the MF μG(J) and the FN G(J)

μG(J)(r) = max{u ∈ [0, 1] : (G(J))L
u ≤ r ≤ (G(J))H

u }, r ∈ R (14)

and
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G(J) = {(r, u) : r ∈ [(G(J))L
u , (G(J))H

u ], u ∈ [0, 1]} = {([(G(J))L
u , (G(J))H

u ], u) : u ∈ [0, 1]}, (15)

respectively.

2.3. Type-2 Fuzzy Sets

The concept of type-2 fuzzy sets (T2FSs) was introduced by Zadeh in reference [28] as a
broader framework encompassing type-1 fuzzy sets (T1FSs). As outlined by Mizumoto and
Tanaka in reference [29], a T2FS, symbolized as C̃, defined on a crisp set X is distinguished
by its fuzzy MF MC̃ : X → [0, 1][0,1] . For fixed x′ ∈ X, the value of MC̃(x′) is the T1FS
MC̃(x′) = {(u, μM̃C̃(x′)(u)) : u ∈ Ux′ } on the set Ux′ ⊆ [0, 1] of the primary membership

degrees u of x′ to the T2FS C̃ with the corresponding MF μM̃C̃(x′)(u), u ∈ Ux′ , where the
value μM̃C̃(x′)(u) is the secondary grade of the pair (x, u). The following depiction of
the T2FS

C̃ = {(x, M̃C̃(x′)) : x ∈ X} = {(x, {(u, μM̃C̃(x)(u)) : u ∈ Ux}) : x ∈ X}
is referred to as the vertical slice approach.

Building upon the concepts introduced by Karnik and Mendel [30], Mendel and John
proposed an alternative definition in their work [31]. Additionally, Harding et al. [32] made
several amendments to these definitions: the T2FS C̃ on X is given by C̃ = {((x, u), ηC̃(x, u)):
x ∈ X, u ∈ [0, 1]}, where

ηC̃(x, u) =

{
μMC̃(x)(u), u ∈ Ux;
0, otherwise

is the type-2 membership function (T2MF).

Remark 1. The primary degree u is related to the degree of presence of some property (defining
a given fuzzy set) for x ∈ X. By secondary degree, we mean, by [33], the degree of truth of the
corresponding primary u degree of this property for x.

According to [31], we use notions of the embedded T2FSs and T1FSs for a T2FS
C̃ = {((x, u), ηC̃(x, u)) : x ∈ X, u ∈ [0, 1]}. Letting ux = μCe1(x) ∈ [0, 1] is a unique
primary degree of membership for each x ∈ X, where μCe1(x), x ∈ X is the MF of the T1FS
Ce1 = {(x, μCe1(x)) : x ∈ X}. The T1FS Ce1 and the T2FS C̃e2 = {((x, ux), ηC̃e2(x, ux)) :
x ∈ X} with ηC̃e2(x, ux)) = ηC̃(x, μCe1(x))), x ∈ X are called embedded in the T2FS C̃.

Remark 2. According to [31], the collection C̃ = {((x, u), ηC̃(x, u)) : x ∈ X, u ∈ [0, 1]} is the
classical union of its elements in the sense of T1FSs. In addition, each T2FS can be represented as a
collection of all possible embedded T2FSs.

We use two special cases of T2FSs in view of [13,26]. Letting Ω = {ηC̃(x, u) :
ηC̃(x, u) > 0, x ∈ X, u ∈ [0, 1]} is the finite set of all possible positive values of secondary
grades for the T2FS C̃ = {((x, u), ηC̃(x, u)) : x ∈ X, u ∈ [0, 1]}.

Definition 1 [13]. We say that an embedded T2FS C̃e2
α = {((x, ux), ηC̃e2

α
(x, ux)) : x ∈ X} in

the T2FS C̃ has a constant secondary grade α ∈ Ω if, for each x ∈ X, the unique primary degree
ux = μCe1

α
(x) ∈ [0, 1] exists for which ηC̃e2

α
(x, μCe1(α)(x)) ≡ α.

In this definition, μCe1
α
(x), x ∈ X is the MF of the embedded T1FS Ce1

α = {(x, μCe1
α
(x)) :

x ∈ X} in the T2FS C̃.

Remark 3 [26]. For the T2FS C̃ and each α ∈ Ω, there is the unique embedded T1FS
Ce1

α = {(x, μCe1
α
(x)) : x ∈ X} that corresponds to the embedded T2FS C̃e2

α with a con-
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stant secondary grade α. Hence, C̃e2
α = {(Ce1

α , α)} = {({(x, μCe1
α
(x)) : x ∈ X}, α)} =

{((x, μCe1
α
(x)), α) : x ∈ X}.

Moreover, we examine an additional specific instance of a T2FS.

Definition 2 [26]. We say that the T2FS C̃ is decomposable by secondary grades into a collection of
embedded T2FSs with constant secondary grades if there are the T2FSs C̃e2

α = {((x, μCe1
α
(x)), α) :

x ∈ X} = {(Ce1
α , α)} with constant secondary grades α ∈ Ω, respectively, which are embedded in

the T2FS C̃, satisfying C̃ = {C̃e2
α : α ∈ Ω}.

Remark 4. If the T2FS C̃ is decomposable by secondary grades α ∈ Ω into the collection
C̃ = {C̃e2

α : α ∈ Ω} of embedded T2FSs with constant secondary grades, then the T2FS C̃ is
represented in the form of a collection C̃ = {(Ce1

α , α) : α ∈ Ω} of embedded T1FSs Ce1
α , α ∈ Ω,

each of which is assigned the constant secondary grade α ∈ Ω, respectively.

3. Formulation of the Problem

Consider a fuzzy decision-making problem D(N) =
〈

M, N, F̃
〉

with a matrix of fuzzy
payoffs Fij, i ∈ M, j ∈ N specified in the form of FNs with the corresponding membership
functions μFij(r), r ∈ R. Here, M = {1, 2,. . ., m} is the set of alternatives, |M| = m; N = {1,
2,. . ., n} is the set of states, |N| = n. According to (10) and (11), with J = N, the maximum
guaranteed payoff is given by

G(N) = max
i∈M

min
j∈N

Fij (16)

with the MF

μG(N)(r) = max{min
j∈N

μFij(rij) : r = max
i∈M

min
j∈N

rij, rij ∈ R, i ∈ M, j ∈ N}. (17)

Let Ñ = {(j, μÑ(j)) : j ∈ N} be some FS with the MF μÑ(j), j ∈ N on the set N
of states. We shall call Ñ the FS of states. The following question arises: ‘What is the
maximum guaranteed payoff to a fuzzy decision-making problem in the case when the
set of states is fuzzy?’. The corresponding value will be denoted by max

i∈M
min

(j,μÑ(j))∈Ñ
Fij.

In addition, we represent a fuzzy decision-making problem for the FS Ñ of states in the
form D(Ñ) =

〈
M, Ñ, F̃

〉
. Another natural question is ‘When is there a need for such

problem formulation?’ To answer this question, we consider the following examples.
Assume we know expert estimates of the state probabilities but we may make a

decision only once. In this case, it is not reasonable to use statistical decision-making
criteria, for example, the expectation value criterion. Completely ignoring information
about probabilities is also not rational. Why do not we interpret expert estimates of
probabilities as degrees of membership of a FS of states? In this example, the maximum
guaranteed payoff is the result of calculating the value max

i∈M
min

(j,μÑ(j))∈Ñ
Fij. The idea of

interpreting the probabilities of states as degrees of membership in some FS of states is only
given as a hypothetical example. We shall not consider the validity of such an interpretation
in this article. Also, this should not be considered as the only case in which the problem
formulation under consideration may occur.

4. Main Idea

For each fixed r ∈ R, we consider the mapping Gr : 2N → [0, 1] given by

Gr(J) = max{min
j∈N

μFij(rij) : r = max
i∈M

min
j∈J

rij, rij ∈ R, i ∈ M, j ∈ J}, J ⊆ N. (18)
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In accordance with (11), the mapping Gr links each subset J ⊆ N of states with the
value of the MF μG(J)(r) of the FN

G(J) = {(r, μG(J)(r)) : r ∈ R} (19)

of the maximum guaranteed payoff G(J) = max
i∈M

min
j∈J

Fij to the decision-making problem

D(J) =
〈

M, J, F̃
〉
, which is

Gr(J) = μG(J)(r), r ∈ R. (20)

With Zadeh’s extension principle [34] at hand, we extend the domain 2N of the map-
ping Gr to the collection of FSs Ñ that are defined on the set N of states and generalize
Formulae (18) and (19) to this case. We denote by G̃ = max

i∈M
min

(j,μÑ(j))∈Ñ
Fij the maximum

guaranteed payoff to the decision-making problem D(Ñ) =
〈

M, Ñ, F̃
〉

for the FS Ñ of
states, and we denote by MG̃(r) the relevant MF. In this case, for each fixed r = r*, the value
of the MF MG̃(r) coincides with the image Gr∗(Ñ) of the FS Ñ of states under the mapping
Gr∗ , which is

M G̃(r
∗) = Gr∗(Ñ). (21)

Following Zadeh’s extension principle [34], it can be shown that the image of the FS
Ñ of states under the mapping Gr∗ is the FS:

Gr∗(Ñ) = {(u, μGr∗ (Ñ)(u)) : u ∈ [0, 1]} (22)

with the MF
μGr∗ (Ñ)(u) = max{α : α ∈ [0, 1], u = Gr∗(Nα)}, (23)

u ∈ supp(Gr∗(Ñ)), where the set

supp(Gr∗(Ñ)) = {u ∈ [0, 1] : u = Gr∗(Nα); α ∈ [0, 1]} (24)

is the support of the FS Gr∗(Ñ);
Nα = {j ∈ N : μÑ(j) ≥ α} is the α-cut, α ∈ [0, 1] of the FS Ñ = {(j, μÑ(j)) : j ∈ N}

of states; Gr∗(Nα) is the image of the α-cut Nα, α ∈ [0, 1] of the FS Ñ of states under the
mapping Gr∗ (see (18)); the equality

Gr∗(Nα) = μG(Nα)(r
∗) (25)

holds, where μG(Nα)(r
∗) is the MF value of the FN G(Nα) by (20) with J = Nα.

Remark 5. Let Ω = {μÑ(j) : j ∈ N} be the set of membership degrees values μÑ(j), j ∈ N of the
FS Ñ = {(j, μÑ(j)) : j ∈ N} of states. Note that the cardinality of the set Ω is |Ω| < n. It is clear
that, when obtaining the α-cut Nα = {j ∈ N : μÑ(j) ≥ α} �= ∅ of the FS Ñ, we can assume that
α ∈ Ω rather than α ∈ (0, 1].

Proposition 1 highlights a valuable characteristic of the FS G̃.

Proposition 1. For each fixed r = r∗ ∈ R, the values of the MF M G̃(r
∗) form the FS M G̃(r

∗) =
{(u, μM G̃(r

∗)(u)) : u ∈ [0, 1]} on [0, 1] with the MF

μM G̃(r
∗)(u) = max{α : α ∈ Ω, u = μG(Nα)(r

∗)} (26)

for u ∈ supp(MG̃(r
∗)), where the support of the FS MG̃(r

∗) is given by

supp(MG̃(r
∗)) = {u ∈ [0, 1] : u = μG(Nα)(r

∗), α ∈ Ω}. (27)
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Proof of Proposition 1. According to (21) and (25), Formula (23) implies that μM G̃(r
∗)(u) =

max{α : α ∈ [0, 1], u = μG(Nα)(r
∗)} for u ∈ supp(MG̃(r

∗)). Then, Remark 5 entails (26).
Next, we prove (27). Assume that

u∗ ∈ supp(MG̃(r
∗)). (28)

We aim to verify that

u∗ ∈ {u ∈ [0, 1] : u = μG(Nα)(r
∗), α ∈ Ω}. (29)

According to Remark 5, it suffices to show that there exists α∗ ∈ (0, 1], such that
u∗ = μG(Nα∗ )(r

∗). Assume, on the contrary, that the inequality u∗ �= μG(Nα)(r
∗) holds

for any α ∈ (0, 1], whence u∗ �= Gr∗(Nα) by (25). Therefore, u∗ /∈ supp(Gr∗(Ñ)) by
(24). An appeal to (21) yields u /∈ supp(MG̃(r

∗)), a contradiction to (28). Therefore, (29)
holds true.

On the other hand, let us assume that the inclusion of (29) is valid. Then, there exists
α∗ ∈ Ω, for which

u∗ = μG(Nα∗ )(r
∗). (30)

We intend to prove Formula (28). Assume, on the contrary, that the inequality
u∗ /∈ supp(MG̃(r

∗)) holds. Then, Formula (21) implies that u∗ /∈ supp(Gr∗(Ñ)). There-
fore, u∗ �= Gr∗(Nα) for all α ∈ (0, 1] by (24). Hence, we infer u∗ �= μG(Nα)(r

∗) by (25),
a contradiction to (30). Therefore, (27) holds true. �

Based on Proposition 1, we state that G̃ is a FS on R with the MF which values form
a FS on [0, 1]. Thus, G̃ is the T2FS on R by [28]. In the manner of vertical slices (see
Section 2.3), the T2FS G̃ is given by G̃ = {(r, MG̃(r)) : r ∈ R} = {(r, {(u, μMG̃(r)

(u)) : u ∈
Ur}) : r ∈ R}, where μMG̃(r)

(u), u ∈ [0, 1] is the MF of the FS MG̃(r) = {{(u, μMG̃(r)
(u)) :

u ∈ [0, 1]} of values of fuzzy degree of membership of the number r ∈ R to the T2FS G̃, and
Ur = supp(MG̃(r)) is the set of primary membership degrees. We can also characterize the
T2FS G̃ by the T2MF:

ηG̃(r, u) =

{
μMG̃(r)

(u), u ∈ Ur;
0, otherwise

(see Section 2.3). Then, the T2FS G̃ of the maximum guaranteed payoff is
G̃ = {((r, u), ηG̃(r, u)) : u ∈ [0, 1], r ∈ R}.

5. Maximum Guaranteed Payoff for a FS of States

5.1. Maximum Guaranteed Payoff T2FS

The conclusion drawn in Section 4 leads us to introduce the following concept.

Definition 3. By the maximum guaranteed payoff to the decision-making problem
D(Ñ) =

〈
M, Ñ, F̃

〉
for the FS Ñ = {(j, μÑ(j)) : j ∈ N} of states is meant the T2FS.

G̃ = {((r, u), ηG̃(r, u)) : u ∈ [0, 1], r ∈ R} (31)

with the T2MF

ηG̃(r, u) =
{

max{α ∈ Ω : u = μG(Nα)(r)},
0,

u ∈ Ur;
u /∈ Ur;

(32)

r ∈ R, u ∈ [0, 1].

Here,
Ur = {u ∈ [0, 1] : u = μG(Nα)(r), α ∈ Ω} (33)
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is the set of primary membership degrees that coincides with the support supp(MG̃(r))
(refer to Equality (27)) of the FS MG̃(r) of fuzzy membership degrees of the number r ∈ R;

μG(Nα)(r) = max{min
j∈Nα

μFij(rij) : r = max
i∈M

min
j∈Nα

rij, rij ∈ R, i ∈ M, j ∈ Nα} (34)

is the MF of the FN
G(Nα) = {(r, μG(Nα)(r)) : r ∈ R} (35)

which is the maximum guaranteed payoff G(Nα) = max
i∈M

min
j∈Nα

Fij to the decision-making

problem D(Nα) =
〈

M, Nα, F̃
〉

for the set Nα of states (see (10) and (11) with J = Nα);

Nα = {j ∈ N : μÑ(j) ≥ α} (36)

is the α-cut of the FS Ñ = {(j, μÑ(j)) : j ∈ N} of states, α ∈ Ω;

Ω = {μÑ(j) : j ∈ N} (37)

is the set of the positive membership degree values of the FS Ñ = {(j, μÑ(j)) : j ∈ N} of
states (see Remark 5).

Remark 6. In the case of a decision-making problem with a crisp payoff matrix and a fuzzy set of
states, the maximum guaranteed payoff is G̃ = {((r, u), ηG̃(r, u)) : u ∈ {0, 1}, r ∈ R}, which is a
special case of a T2FS. Since the primary membership degrees u ∈ {0, 1} of the T2FS G̃ take only
two values, 0 or 1, this yields an interesting interpretation of the T2FS G̃ by Remark 1. Similar to a
crisp set, there are only two options for each number r ∈ R: either r completely belongs to the T2FS
G̃ (the primary membership degree is u = 1) or it completely does not belong (u = 0). Unlike a crisp
set, the degrees ηG̃(r, 0) and ηG̃(r, 1) of truth of the identification of these two facts can differ from
1 and take values in the closed interval [0, 1].

We note that this type of a T2FS is already known (see, for instance, [35]).

Remark 7. In the case of a decision-making problem with payoffs in the form of crisp numbers,
we also use MFs to represent these numbers. For example, we represent a crisp number a ∈ R by
{(a, μa(r)) : r ∈ R} = {(a, 1)} ∪ {(r, 0) : r �= a, r ∈ R}, where

μa(r) =
{

1, r = a;
0, otherwise

is the MF (the characteristic function) of the crisp number a.

Proposition 2 validates the decomposability, as defined in Definition 2, of a maximum
guaranteed payoff T2FS for a decision-making problem involving a fuzzy set of states.
This decomposition involves breaking down the T2FS into a collection of embedded T2FSs
characterized by constant secondary grades.

Proposition 2. The maximum guaranteed payoff T2FS G̃ to the decision-making problem
D(Ñ) =

〈
M, Ñ, F̃

〉
for the FS Ñ = {(j, μÑ(j)) : j ∈ N} of states is decomposable by sec-

ondary grades α ∈ Ω into the collection

G̃ = {G̃e2
α : α ∈ Ω} (38)

of the embedded T2FSs
G̃e2

α = {(G(Nα), α)} (39)

and given by
G̃ = {(G(Nα), α) : α ∈ Ω} (40)
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where G(Nα) = {(r, μG(Nα)(r)) : r ∈ R} is the embedded T1FS Ge1
α = G(Nα) with the

MF μGe1
α
(r) = μG(Nα)(r) in Form (34). It is the FN that is the maximum guaranteed payoff

G(Nα) = max
i∈M

min
j∈Nα

Fij to the decision-making problem D(Nα) =
〈

M, Nα, F̃
〉

for the crisp set Nα,

α ∈ Ω of states.

Proof of Proposition 2. In accordance with (31), the maximum guaranteed payoff T2FS is
G̃ = {((r, u), ηG̃(r, u)) : u ∈ [0, 1], r ∈ R}. Then, invoking (32) yields

G̃ = {{((r, u), max{α : α ∈ Ω, u = μG(Nα)(r)}) : u ∈ Ur}∪ {((r, u), 0) : r /∈ Ur} : r ∈ R}.

Remark 2 allows us to ignore pairs (r,u) that have secondary grades that are equal
to 0; therefore, G̃ = {{((r, u), max{α : α ∈ Ω, u = μG(Nα)(r)}) : u ∈ Ur, r ∈ R}. Then,
invoking (33) yields G̃ = {(r, {(μG(Nα)(r), α) : α ∈ Ω}), r ∈ R}. Further, regrouping the
elements, we obtain

G̃ = {(r, (μG(Nα)(r), α)) : α ∈ Ω, r ∈ R} = {{((r, μG(Nα)(r)), α) : r ∈ R} : α ∈ Ω}

Then, (35) entails (40) and, thereupon, (38) by (39). �

Proposition 2 allows us to represent the T2FS G̃ in a form that is more suitable for
calculations and interpretation. Following Remark 1, the T2FS G̃ can be interpreted as the
collection of maximum guaranteed payoffs G(Nα) to the decision-making problem D(Nα)
for the crisp set Nα of states with the degree of truth of the FN G(Nα) being equal to α ∈ Ω.

5.2. Calculation Algorithm of the Maximum Guaranteed Payoff T2FS

In this section, we consider an algorithm for calculating the maximum guaranteed
payoff T2FS.

Step 0. We construct the finite set Ω = {μÑ(j) : j ∈ N} of membership degrees values
of the FS Ñ = {(j, μÑ(j)) : j ∈ N} of states and represent Ω in the form Ω = {α1, . . . , α|Ω|}.

Step k ∈ {1, . . . , |Ω|}. For α = αk, following (36), we construct the α-cut
Nα = {j ∈ N : μÑ(j) ≥ α} of the FS Ñ. We calculate a solution G(Nα) = max

i∈M
min
j∈Nα

Fij to

the problem D(Nα) =
〈

M, Nα, F̃
〉

for the set Nα of states. This is the maximum guaranteed
payoff FN G(Nα) = {(r, μG(Nα)(r)) : r ∈ R} (see (35)), which is the embedded T1FS—that
is, Ge1

α = G(Nα) by Proposition 2. To calculate the FN G(Nα), we use the representation of
this FN by its cuts. According to (15) with J = Nα, we use the formula

G(Nα) = {([(G(Nα))
L
u , (G(Nα))

H
u ], u) : u ∈ [0, 1]}. (41)

The MF of the FN G(Nα) is given by

μG(Nα)(r) = max{u ∈ [0, 1] : (G(Nα))
L
u ≤ r ≤ (G(Nα))

H
u }, r ∈ R (42)

as a consequence of (14) with J = Nα. For each u ∈ [0, 1], we calculate the boundaries

(G(Nα))
L
u = max

i∈M
min
j∈Nα

(Fij)
L
u (43)

and
(G(Nα))

H
u = max

i∈M
min
j∈Nα

(Fij)
H
u (44)

of the closed interval
[G(Nα)]u = [(G(Nα))

L
u , (G(Nα))

H
u ] (45)

according to (13) with J = Nα. In these formulae, (Fij)
L
u and (Fij)

H
u are the lower and the

upper bounds, respectively, of the closed interval [Fij]u = [(Fij)
L
u , (Fij)

H
u ]. This interval is
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the u-cut of the payoff FN Fij of the alternative i ∈ M for the state j ∈ Nα. For approximate
calculations, we choose the values u = us = s/S, s = 0, . . . , S, where (S + 1) is the number
of cut levels.

The final step. Once all FNs G(Nα), α ∈ Ω have been obtained, the resulting T2FS
G̃ is given by G̃ = {(G(Nα), α) : α ∈ Ω} according to (40). The T2MF ηG̃(r, u) can be
calculated with the help of Formulae (32) and (33). According to Remark 1, the T2FS G̃
can be interpreted as follows. The maximum guaranteed payoff T2FS G̃ is equal to the FN
G(Nα1) with the degree of truth being equal to α1; the FN G(Nα2) with the degree of truth
being equal to α2;. . .; and the FN G(Nα|Ω|) with the degree of truth being equal to α|Ω|.

5.3. Properties of the Maximum Guaranteed Payoff T2FS

Proposition 3 highlights several valuable properties of a maximum guaranteed payoff
T2FS to a decision-making problem for a FS of states.

Proposition 3. Let μG(Nα∗ )(r) be the membership degree of a number r ∈ R to the FN G(Nα∗),
which is the maximum guaranteed payoff to the decision-making problem D(Nα∗) =

〈
M, Nα∗ , F̃

〉
for α*-cut, α∗ ∈ Ω Nα∗ of the FS Ñ of states. Then u = μG(Nα∗ )(r) is the primary membership
degree of the number r to the maximum guaranteed payoff T2FS G̃ with the secondary grade not
smaller than α*—that is, ηG̃(r, μG(Nα∗ )(r)) ≥ α∗.

Proof of Proposition 3. Assume that α∗ ∈ Ω and u = μG(Nα∗ )(r). Then, u ∈ Ur according
to (33). Therefore, ηG̃(r, u) = max{α : α ∈ Ω, μG(Nα∗ )(r) = u = μG(Nα)(r)} ≥ α∗ by
(32). �

According to Proposition 3, the maximum guaranteed degree of truth of the primary
degree of membership of some number r ∈ R to the T2FS G̃ is determined by the smallest
degree of membership to the FS Ñ of those states for which this number r is the maximum
guaranteed payoff.

In Proposition 4, we employ the fuzzy number ordering proposed by Ramik and
Rimanek [36].

Definition 4. Let ã and b̃ be two fuzzy numbers and [ã]u = [(ã)L
u , (ã)H

u ]u, [b̃]u = [(b̃)L
u , (b̃)H

u ]u
be their u-cuts, u ∈ [0, 1]. By the fuzzy partial order is meant the relation ã  ̃ b̃ ⇔ (ã)L

u ≥ (b̃)L
u ,

(ã)H
u ≥ (b̃)H

u for all u ∈ [0, 1]. Here (ã)L
u and (ã)H

u are the lower and upper bounds of [ã]u.

Proposition 4. Suppose that the maximum guaranteed payoff T2FS G̃ to the decision-making
problem for the FS Ñ of states is represented as in (40). Then, for any α′, α′′ ∈ Ω with α′ ≥ α′′ ,
the relations Nα′ ⊆ Nα′′ and G(Nα′′ )  ̃ G(Nα′) hold true, where ‘ ̃ ’ is the fuzzy partial order.

Proof of Proposition 4. Formula (36) implies that

Nα′ ⊆ Nα′′ . (46)

According to Definition 4, to prove the relation G(Nα′′ )  ̃ G(Nα′), it suffices to show

that the inequalities G(Nα′′ )
L
u ≥ G(Nα′)

L
u and G(Nα′′ )

H
u ≥ G(Nα′)

H
u hold for each u ∈ [0, 1].

Assume, on the contrary, that there exists u∗ ∈ [0, 1], such that the inequalities

G(Nα′)
L
u∗ < G(Nα′′ )

L
u∗ (47)

or (and)
G(Nα′)

H
u∗ < G(Nα′′ )

H
u∗ (48)
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hold. In the former case, we obtain

(G(Nα′))
L
u∗ = max

i∈M
min
j∈Nα′

(Fij)
L
u∗ < max

i∈M
min

j∈N
α′′
(Fij)

L
u∗ = (G(Nα′′ ))

L
u∗

This entails min
j∈Nα′

(Fij)
L
u∗ < min

j∈N
α′′
(Fi∗ j)

L
u∗ for all i ∈ M and particularly for

i∗ = argmax
i∈M

min
j∈N

α′′
(Fij)

L
u∗ . With this at hand, we conclude that min

j∈Nα′
(Fi∗ j)

L
u∗ < min

j∈N
α′′
(Fi∗ j)

L
u∗

and thereupon Nα′ ⊃ Nα′′ , a contradiction to (46). We also obtain a similar contradiction in
the case where Inequality (48) holds. �

According to Proposition 4, FNs with more favorable maximum guaranteed payoffs,
corresponding to smaller cut levels of the FS of states, exhibit larger secondary membership
degrees (degrees of truth) to the maximum guaranteed payoff T2FS G̃. This is quite natural,
for large degrees of truth correspond to large degrees of membership in a fuzzy set of states.

5.4. Numerical Examples

In this section, we examine examples that demonstrate the construction of a maximum
guaranteed payoff T2FS for a fuzzy set of states. Example 1 serves to illustrate the algorithm
for calculating a maximum guaranteed payoff T2FS. Example 2 demonstrates the ability of
the developed approach to find a solution to a decision-making problem under ignorance
in the case where the standard decision-making criteria fail.

Example 1. We consider the problem of decision-making with the matrix of fuzzy payoffs given in
Table 2 in the form of the ‘triangular’ FNs Fij, i ∈ M, j ∈ N with the MFs μFij(r), r ∈ R, i ∈ M,
j ∈ N, respectively, where M = {1, 2, 3} is the set of alternatives and N = {1, 2, 3, 4} is the set of
states. The input data are given in the form of ‘triangular’ FNs only for the purpose of simplification
and clarity of the description. Recall that the MF for the ‘triangular’ FN B = (a, b, c) is given by

μB(x) =

⎧⎨⎩
1− (b− x)/(b− a), a ≤ x ≤ b;
1− (x− b)/(c− b), b ≤ x ≤ c;
0, otherwise.

(49)

The cuts [B]u = [(B)L
u , (B)H

u ], u ∈ [0, 1] of the ‘triangular’ FN B with the MF in Form (49)
are calculated using the formula [B]u = [a + (b− a)u, c− (c− b)u]. In this example, we use
approximate calculations with the number of u-cuts, u = us = s/10, s = 0, . . . , 10 being equal
to 11. The graphs of the MFs μFij(r), r ∈ R, j ∈ {1, 2, 3, 4} are represented in Figure 1a for
the alternative i = 1, in Figure 1b for i = 2, and Figure 1c for i = 3. In Figure 1a–c, for each
alternative i ∈ {1, 2, 3}, the MFs μFij(r), r ∈ R are drawn blue for the state j = 1, yellow for the
state j = 2, green for state j = 3, and red for the state j = 4.

Assume that a DM perceives the set N = {1, 2, 3, 4} of states in the form of the FS
Ñ = {(1, 0.7), (2, 0.9), (3, 1), (4, 1)} with the MF values μÑ(1) = 0.7, μÑ(2) = 0.9 u μÑ(3) =
μÑ(4) = 1. The DM intends to predict a maximum guaranteed payoff using the algorithm from
Section 5.2.

Step 0. According to (37), the set of membership degrees of the FS Ñ is Ω = {0.7, 0.9, 1}.
Step k = 1. For α = 0.7, according to (36), we construct the 0.7-cut N0.7 = {1, 2, 3, 4} of the FS

Ñ. We intend to find a solution G(N0.7) = max
i∈M

min
j∈N0.7

Fij to the problem D(N0.7) =
〈

M, N0.7, F̃
〉

for the set N0.7 of states. To calculate the FN G(N0.7) in Form (41), we represent this FN by its
cuts [G(N0.7)]u = [(G(N0.7))

L
u , (G(N0.7))

H
u ], u = us = s/10, s = 0, . . . , 10 with the help of

Formulae (43) and (44). In these formulae, we use u-cuts [Fij]u = [(Fij)
L
u , (Fij)

H
u ] of the payoffs Fij

of the alternatives i ∈ M for the states j ∈ N0.7. The MF μG(N0.7)
of the FN G(N0.7) is drawn red

in Figure 1d. We call the FN G(N0.7) ‘approximately 350’ and denote it by 3̃50.
Step k = 2. For α = 0.9, according to (36), we construct the 0.9-cut N0.9 = {2, 3, 4} of the FS

Ñ. We intend to find a solution G(N0.9) = max
i∈M

min
j∈N0.9

Fij to the problem D(N0.9) =
〈

M, N0.9, F̃
〉

for
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the set N0.9 of states. To calculate the FN G(N0.9) in Form (41), we represent this FN by its
cuts [G(N0.9)]u = [(G(N0.9))

L
u , (G(N0.9))

H
u ], u = us = s/10, s = 0, . . . , 10 with the help of

Formulae (43) and (44). The MF μG(N0.9)
of the FN G(N0.9) is drawn green in Figure 1d. We call

the FN G(N0.9) ‘approximately 400’ and denote it by 4̃00.
Step k = 3. For α = 1, according to (36), we construct the 1-cut N1 = {3, 4} of the FS Ñ.

We intend to find a solution G(N1) = max
i∈M

min
j∈N1

Fij to the problem D(N1) =
〈

M, N1, F̃
〉

for the set

N1 of states. To calculate the FN G(N1) in Form (41), we represent this FN by its cuts [G(N1)]u =

[(G(N1))
L
u , (G(N1))

H
u ], u = us = s/10, s = 0, . . . , 10 using Formulae (43) and (44). The MF

μG(N1)
of the FN G(N1) is drawn blue in Figure 1d. We call the FN G(N1) ‘approximately 470’

and denote it by 4̃70.
The final step. Once all FNs G(N0.7) = 3̃50, G(N0.9) = 4̃00, and G(N1) = 4̃70 have

been obtained, the resulting T2FS G̃ = {(G(N0.7), 0.7), (G(N0.9), 0.9), (G(N1), 1)} is given
by G̃ = {(3̃50, 0.7), (4̃00, 0.9), (4̃70, 1)}. The T2MF ηG̃(r, u) can be calculated with the help
of Formulae (32) and (33). The levels ηG̃(r, u) ∈ {0.7, 0.9, 1} are given by blue (for α = 1),
green (for α = 0.9), and red (for α = 0.7) lines in Figure 1d. The obtained T2FS G̃ =
{(3̃50, 0.7), (4̃00, 0.9), (4̃70, 1)} can be interpreted as follows. The maximum guaranteed pay-
off is equal to the FN 3̃50 with the degree of truth being equal to 1, the FN 4̃00 with the degree of
truth being equal to 0.9, and the FN 4̃70 with the degree of truth being equal to 1.

Table 2. Payoffs of Example 1.

Alternatives
States

1 2 3 4

1 (300, 400, 500) (310, 350, 380) (520, 550, 600) (500, 600, 650)
2 (270, 300, 450) (250, 350, 600) (600, 700, 800) (620, 650, 700)
3 (400, 600, 800) (150, 250, 350) (180, 200, 220) (450, 500, 550)

  
(a) (b) 

  
(c) (d) 

Figure 1. The graphs of the MFs μFij of the payoffs Fij, j ∈ {1, 2, 3, 4}: (a) for the alternative i = 1;
(b) i = 2; (c) i = 3; (d) the levels lines of the T2MF η∼

G
. For each alternative i ∈ {1, 2, 3}, the MFs μFij (r),

r ∈ R are drawn blue for the state j = 1, yellow for the state j = 2, green for state j = 3, and red for the state j = 4.
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Example 2. In this example, we take crisp payoffs to transparently compare the results of solving a
decision-making problem using different methods and under different assumptions about a set of
states. The payoff matrix Fij, i ∈ M = {1, 2, 3, 4}, j ∈ N = {1, 2, 3, 4, 5} is given in Table 3.

We consider the following cases.
In the first case, assume that we make a decision when the probabilities p1 = 0.2, p2 = 0.3,

p3 = 0.2, p4 = 0.15, and p5 = 0.15 are available for the states j ∈ {1, 2, 3, 4, 5}, respectively, and
a decision is made sufficiently often so that we can hope for a proper application of statistical criteria.
If we use the Bayesian decision criterion, we obtain equal expected utilities GB

i = ∑
j∈N

Fij pj = 1 for

all alternatives i ∈ N. Therefore, a unique decision is not possible.
In the second case, assume that we make a decision under complete ignorance, when state prob-

abilities are not available and/or a decision is made only once. We consider the following situations:

1. Suppose that the set Ñ of states is crisp—that is μÑ(1) = μÑ(2) = μÑ(3) = μÑ(4) = 1.
Then, in the case of using:

a. the maxmin criterion (the Wald criterion), we obtain equal maximum guaranteed
payoffs GW

i = min
j∈N

Fij = 0 for all alternativesi ∈ N;

b. the optimistic criterion, we obtain equal optimistic payoffs GO
i = max

j∈N
Fij = 2 for all

alternatives i ∈ N;
c. the compromise criterion (the Hurwicz criterion), we obtain equal compromise payoffs

GH
i = λmax

j∈N
Fij + (1− λ)min

j∈N
Fij = 2 for all alternatives i ∈ N for any value of the

parameter λ ∈ [0, 1] characterizing the DM’s propensity to take risks;
d. the minmax regret criterion (the Savage criterion), we obtain equal relative utility

losses GS
i = max

j∈N
(max

k∈M
Fkj − Fij) = 2 for all alternatives i ∈ N.

Thus, in all these cases, applying basic standard decision criteria does not help us to make a
unique decision.

2. Assume that the set Ñ of states is fuzzy. It is quite possible that we can consider the FS Ñ as
‘probable states’ and choose degrees of membership to this FS being equal to the corresponding
probabilities—that is, μÑ(1) = p1 = 0.2, μÑ(2) = p2 = 0.3, μÑ(3) = p3 = 0.2,
μÑ(4) = p4 = 0.15, and μÑ(5) = p5 = 0.15. Using the algorithm from Section 5.2,
we infer:
Ω = {0.15, 0.2, 0.3} is the set of degrees of membership to the FS Ñ;
N0.3 = {2}, N0.2 = {1, 2, 3}, N0.15 = {1, . . . , 5} are the α-cuts, α ∈ Ω of the FS Ñ of states;
G(N0.3) = {(2, 1)} ∪ {(r, 0) : r �= 2} (denote it by ‘2’);
G(N0.2) = {(1, 1)} ∪ {(r, 0) : r �= 1} (denote it by ‘1’);
G(N0.15) = G(N0.1) = {(0, 1)} ∪ {(r, 0) : r �= 1} (denote it by ‘0’)

Are the maximum guaranteed payoffs for the α-cuts, α ∈ Ω of the FS Ñ of states, respectively;
hereinafter, we use Remark 7 to represent crisp numbers using MFs, for example, a crisp number
G(N0.3) is given by

G(N0.3) = ‘2′ =
{
(2, μG(N0.3)

(r)) : r ∈ R} = {(2, 1)} ∪ {(r, 0) : r �= 2}

with the MF

μG(N0.3)
(r) = {1, r = 2;

0, otherwise.

Once all maximum guaranteed payoffs G(N0.3) = ‘2’, G(N0.2) = ‘1’, and G(N0.15) = ‘0’
have been obtained, the resulting T2FS G̃ = {(G(N0.3), 0.3), (G(N2), 0.2), (G(N0.15), 0.15)} is
given by G̃ = {(‘2’,0.3),(‘1’,0.2),(‘0’,0.15)} . The obtained T2FS G̃ can be interpreted as follows.
The maximum guaranteed payoff is equal to ‘2’ with the degree of truth being equal to 0.3, ‘1’ with
the degree of truth being equal to 0.2, and ‘0’ with the degree of truth being equal to 0.15.
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Table 3. Payoffs of Example 2.

Alternatives
States

1 2 3 4 5

1 0 1 1.25 2 1
2 1.5 1 2 0 0
3 1 2 0 0 4/3
4 2 0 1 2/3 2

6. Discussion and Results

Since the purpose of this article was to demonstrate that, in a fuzzy decision-making
problem under ignorance, a FS of states generates a T2FS of the maximum guaranteed pay-
offs, we directed our attention towards outcomes that facilitated this objective. In Section 4,
we provided the rationale supporting the assertion that the maximum guaranteed payoffs
for a fuzzy set of states form a T2FS. This enabled us to outline the corresponding definition
in Section 5.1. Using a decomposition approach, we represented a maximum guaranteed
payoffs T2FS for a FS of states by a collection of embedded T2FSs with constant secondary
grades. In Section 5.2, we worked out the algorithm for constructing a maximum guaran-
teed payoffs T2FS. This study clarified that, while a type-2 fuzzy set (T2FS) is typically a
complex mathematical construct, T2FSs with constant secondary grades exhibit simplicity
suitable for practical applications. This was illustrated through the examples provided in
Section 5.4. In addition, in Example 2 of Section 5.4, we showed how to use our approach
for solving a fuzzy decision-making problem under ignorance in the case where the stan-
dard decision-making criteria fail. Our investigation of some properties of the maximum
guaranteed payoffs T2FS in Section 5.3 showed that:

• The maximum guaranteed degree of truth of the primary degree of membership of
some number r ∈ R to the resulting T2FS was determined by the smallest degree of
membership to the FS Ñ of those states for which this number r was the maximum
guaranteed payoff.

• More preferable FNs of maximum guaranteed payoffs (which corresponded to smaller
cut levels of the FS of states) had larger secondary membership degrees (degrees of
truth) to the maximum guaranteed payoff T2FS. This was quite natural, for large
degrees of truth corresponded to large degrees of membership in a fuzzy set of states.

Upon comparing the maxmin criterion with our approach, we draw the following
conclusion: Our approach exhibits a notable limitation, namely an escalation in computa-
tional complexity when juxtaposed with the maxmin criterion. This is caused by the need
of calculating a maximum guaranteed payoff for each α-cut Nα = {j ∈ N : μÑ(j) ≥ α} of
the FS Ñ of states. This drawback constrains the applicability of our approach to scenarios
involving a substantial number of alternatives and states, which may pose challenges for
solving optimization Problems (43) and (44). However, this limitation can be mitigated
by refraining from undertaking the full computation of the maximum guaranteed payoff
T2FS and instead focusing solely on obtaining the T2FS G̃e2(Nα) = {(G(Nα), α)} with the
constant secondary grade α corresponding to an acceptable fixed value α ∈ Ω of the degree
of truth.

7. Conclusions

The present research shows that, in addition to classical decision criteria, a DM can
use our approach, which is based on representing a set of states by a FS. This FS can
describe some property of the set of states, for example, an expected ability of the states. An
application of the FS theory for solving a decision-making problem in such a formulation
appears quite rational. Since we use a maximum guaranteed payoff, our methodology
accedes to the benefits, drawbacks, and possibility of employment of a guaranteed outcome
in practice.
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Accordingly, our approach guarantees a risk-free decision and an opportunity to
make a decision only once. In addition, using the approach, one constructs a maximum
guaranteed payoff depending on the set of states (fuzzy, in general) that are considered
during the decision-making process. These techniques enable us to optimize decision-
making processes by considering and leveraging the inherent symmetries and patterns
present in the decision-making problem. Since the problem formulation is symmetrical
with respect to alternatives and states of nature, the results obtained can be used in the
case of a fuzzy set of alternatives. Looking ahead, one potential avenue for future research
could involve further exploring the integration of symmetry-aware optimization techniques
with other decision criteria and to develop a similar approach for decision problems with
FSs of alternatives and states. By expanding and refining our approach in this manner,
we can continue to advance decision-making theory across various disciplines, including
social sciences and artificial intelligence. Ultimately, we anticipate that our approach,
alongside contributions from other researchers, will broaden the scope and applicability of
decision-making theory in diverse fields of study.
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