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Editorial

Modified Gravity: From Black Holes Entropy to Current
Cosmology, 4th Edition

Kazuharu Bamba

Faculty of Symbiotic Systems Science, Fukushima University, Fukushima 960-1296, Japan;
bamba@sss.fukushima-u.ac.jp

Recent cosmological observational data—such as type la supernovae (SNe Ia) [1-3],
cosmic microwave background (CMB) radiation [4-11], the cosmic large-scale structure
(LSS) [12-14], baryon acoustic oscillations (BAOs) [15-18], and the effect of weak lens-
ing [19-23]—have led researchers to confirm that, in addition to inflation in the early
universe [24-27] (for recent reviews, see Refs. [28-30] and references therein), the late-time
expansion of the universe is accelerating.

There are two representative ways of accounting for the late-time cosmic acceleration
in the spatially flat universe. The first is to explore the so-called (unknown) dark energy
with negative pressure in general relativity. The second is to introduce the extensions of
general relativity at large scales, that is, to regard dark energy as a geometrical component.
In regard to the second approach, a number of alternative theories of gravity have been
proposed (for comprehensive reviews, see, for example, Refs. [31-71]).

This Special Issue of Entropy, “Modified Gravity: From Black Holes Entropy to Current
Cosmology, 4th Edition”, contains eight original research studies on modern astrophysics
and cosmology. It is arranged as follows. In the first part, black holes [72-75] are inves-
tigated. In the second part, topics relating to cosmology [76-79] are explored. A brief
overview of each article is given below.

A hot NUT-Kerr—-Newman black hole is studied in Ref. [72]. The corrections for
both the Hawking temperature and Bekenstein-Hawking entropy are discussed in detail
through the semi-classical approach.

In Ref. [73], a hyperbolically symmetric black hole is investigated to explore how
it differs from conventional classical black holes via an analysis of the dynamics of test
particles around the black hole.

In Ref. [74], the modifications of entropy for charged accelerating Anti-de Sitter black
holes are discussed based on correction with the gauge invariance originating from an
analysis of the quantum field equations with the violations of the Lorentz symmetry for
curved spacetime.

A rotating Kiselev black hole is considered in Ref. [75]. Using several approaches,
such as the WKB approximation and the effect of quantum-tunneling radiation, the authors
explore whether a black hole is surrounded by a quintessence field, playing the role of a
dark energy component responsible for late-time cosmic acceleration.

The dynamics of the late-time universe are discussed in Ref. [76] to obtain clues
useful for resolving the Hubble tension. As the background gravity theory, f(R) gravity is
introduced in the metric formalism, and the process of the creation of matter is examined.

In Ref. [77], two kinds of late-time cosmology are studied to explore the deviation from
the standard ACDM model: (1) a dynamical dark energy originating from the gravitational
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field in the expanding universe and (2) a model of the interaction between the dark energy
component and matter.

In Ref. [78], a cyclic universe scenario with cosmic contraction and expansion is
proposed in the context of the quantum memory matrix cosmology, in which it is assumed
that the spacetime is constructed by finite-capacity Hilbert cells.

The authors of Ref. [79] discuss thermodynamics in quasi-de Sitter spacetime, focusing
on a specific case where the energy-momentum tensor of spacetime first reproduces a
quintessence field asymptotically. A finite domain, in which an additional Cauchy horizon
appears, is then analyzed.

We find it very likely that the eight articles summarized above will be useful for future
related studies on various aspects of modern cosmology and astrophysics.

Funding: This work was supported by the JSPS KAKENHI—under Grant Numbers 24KF0100 and
25KF0176—and the Competitive Research Funds for Fukushima University Faculty (25RK011).

Conflicts of Interest: The author declares no conflicts of interest.
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Abstract: A hot NUT-Kerr-Newman black hole is a general stationary axisymmetric black hole.

In this black hole spacetime, the dynamical equations of fermions at the horizon are modified by
considering Lorentz breaking. The corrections to the Hawking temperature and Bekenstein-Hawking
entropy at the horizon of the black hole are studied in depth. Based on the semiclassical theory
correction, the Bekenstein-Hawking entropy of this black hole is quantum-corrected by considering
the perturbation effect of the Planck constant 7. The latter part of this paper presents a detailed
discussion of the obtained results and their physical implications.

Keywords: hot NUT-Kerr—Newman black hole; Lorentz breaking; black hole entropy

1. Introduction

It is well known that de Sitter spacetime can be thought of as being hot, since an
observer moving along a geodesic will detect an isotropic background of thermal radiation
with a temperature T. NUT-Kerr-Newman-de Sitter spacetimes are asymptotically de

Sitter instead of being asymptotically flat. This is a more general axisymmetric background.

We call the spacetime concerned here the NUT (Newman-Unti-Tamburino)-Kerr-Newman
spacetime, since the de Sitter spacetime has been interpreted as being hot [1]. For brevity, we
refer to hot NUT (Newman-Unti-Tamburino)-Kerr-Newman as HNUTKN. The purpose
of the present paper is to study the corrections and physical implications of entropy for the
hot NUT-Kerr-Newman (HNUTKN) black hole. Reference [2] investigates the Hawking

radiation of Dirac particles in the spacetime, obtaining a pure thermal radiation spectrum.

However, the actual quantum tunneling radiation rate of the black hole is related to the
Bekenstein-Hawking entropy change, and the thermal radiation spectrum of the black hole
should not be a blackbody spectrum. Research on the correction of quantum tunneling
radiation in HNUTKN black holes could lead to new expressions for the quantum tunneling
rate, Hawking temperature, and Bekenstein-Hawking entropy of this black hole. Only by
considering the real quantum tunneling radiation can we provide some explanation for
the puzzle of the black hole information loss, thus making the research more physically
meaningful. The research method for the entropy of HNUTKN black holes and the series
of results obtained in this paper include corresponding results for the NUT-Kerr-Newman
spacetime, NUT-Kerr—-Newman-—de Sitter spacetime, Kerr-Newman spacetime, and Kerr
spacetime. Therefore, it is necessary to conduct in-depth research on the correction of
entropy for HNUTKN black holes.

The first and second laws of black hole thermodynamics are both related to black hole
entropy, which in turn is associated with black hole radiation, indicating a close connection
to black hole information. Recent research results have shown that the thermal radiation
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spectrum of a black hole is no longer strictly a blackbody spectrum but contains information
that escapes with the radiation, thereby implying that no information is lost during the
process of black hole thermal radiation [3-5]. Unitarity is one of the fundamental principles
of quantum theory, and information conservation is necessary to ensure the unitarity and
probability conservation of quantum theory. As a black hole radiates, a portion of the
information is carried away beyond the black hole, while another portion remains as
remnants, called “ashes”, due to the black hole ceasing to emit particles towards the end of
its radiation. The mass of these remnants, denoted as M,s, is equal to the minimum mass
of the black hole M,,;;,. The specific heat capacity of a black hole is related to its Hawking
temperature and entropy. Recent research has indicated that the generalized uncertainty
principle (GUP) can lead to the formation of black hole remnants [6]. Different black holes
may possess distinct remnants. The existence of black hole remnants indicates that black
holes do not evaporate completely, as predicted by classical theory. In fact, there are still
many unresolved issues regarding the remnants and the information paradox.

The calculation methods of black hole entropy include the brick wall model and the
membrane model. 't Hooft proposed the brick wall model in 1985 to explain black hole
entropy and suggested that the entropy of a quantum gas (Hawking radiation) in thermal
equilibrium with the black hole outside is equal to the black hole’s entropy [7]. Following
this calculation method, Zhao et al. improved "t Hooft’s brick wall model to obtain the
membrane model and used this model to study black hole entropy [8-10]. According
to the viewpoint of the membrane model, black hole entropy is actually the entropy of
two-dimensional membranes on the black hole event horizon, which are curved surfaces
intersecting the three-dimensional space at the same time. This entropy is contributed
by the two-dimensional quantum gas on the event horizon, requiring the inclusion of a
thin layer outside the black hole event horizon with a thickness € and a distance d from
the event horizon when calculating black hole entropy. By studying the entropy of the
quantum gas in this thin layer and taking the limits e — 0 and d — 0, the black hole entropy
can be obtained. Research results show that the Bekenstein-Hawking entropy of a black
hole is proportional to its event horizon area A, i.e., Spy o« A/4. For a HNUTKN black
hole, according to the first law of black hole thermodynamics, its general expression in
differential form is dM = TdSpy + Q0d] + QdV, where M represents the Bekenstein-Smarr
mass. By studying the quantum tunneling radiation of a black hole, the Hawking tempera-
ture at the event horizon can be determined. Since the relationship between the Hawking
temperature T and the surface gravity « of the event horizon is given by T = x /27, the
study of the quantum tunneling radiation characteristics and the first law of black hole
thermodynamics can be employed to investigate the Bekenstein-Hawking entropy of
black holes. However, recent research on quantum gravity theories suggests that Lorentz
relations need appropriate modifications in high-energy regimes. Before a theory of dis-
persion relations in the high-energy regime is established, it is generally believed that the
order of magnitude of the correction terms for Lorentz dispersion relations is at the Planck
scale [11-15]. The appearance of such correction terms has prompted investigations into
the effects of Lorentz-breaking theories in high-energy physics on curved spacetime back-
grounds and the modifications of the quantum tunneling radiation characteristics under
specific curved spacetime backgrounds. In 2009, Horava proposed the Horava-Lifshitz
gravity theory, which breaks the Lorentz symmetry by not having temporal and spatial
symmetries in high-energy situations. Another Lorentz-breaking gravity theory is the
Einstein—aether theory. The Horava-Lifshitz gravity theory and the Einstein—aether theory
are consistent in low-energy situations. The effects of Lorentz-breaking on steady-state ax-
isymmetric spacetime backgrounds are reflected in the spacetime metric [16]. Considering
Lorentz breaking, modifications to the dynamical equations of bosons and fermions and
in-depth studies of the quantum tunneling radiation characteristics of different black holes
in specific curved spacetime backgrounds are topics worth exploring [17-19]. Through such
research, we can delve into the entropy of black holes and gain a profound understanding
of the physical significance of black hole entropy and information.
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Section 2 below pertains to the modified forms of the dynamical equations of fermions
with Lorentz breaking. Section 3 of this paper focuses on the research methods and physical
significance of the obtained results on HNUTKN black hole entropy. Section 4 of this paper
is a discussion of the research results.

2. Lorentz Breaking and the Modified Dynamical Equation of the Spinor Field

When considering the modification of the action of the spinor field with Lorentz-
breaking fermionic Einstein—aether terms in a curved spacetime, one needs to consider the
aether-like field vector u#, the Chiral correction term, and the Carroll-Field-Jackiw (CFJ)
correction term. After Carroll et al. proposed the CFJ correction term in 1990, research on
modifications to Lorentz breaking has been carried out [20-22], and this aspect of research
still has practical significance today. It is necessary to study the influence of Lorentz
breaking on black hole quantum tunneling radiation and black hole entropy in different
curved spacetimes. Before modifying the black hole entropy, one should first consider the
effect of Lorentz breaking on the action of the spinor field. Introducing a Lorentz-breaking
correction term in a curved spacetime can express the action of the spinor field as [17,23,24]

a'h?

_ . ie . ie . ie .
Sp = /d4x1 /—glﬁal...ak{l'r" <8H — ﬁAV + lQ;,) [1 - " (alx — ﬁA,X + lQ,X>fy/3 (85 — ﬁA/g + 105>1

A . . v m
+%[ua(a“ - leAa + lle)]z + %75 - h}wal"'“k

Here, a’, b, and A are all small dimensionless real numbers. b’ is the coefficient for Chiral
correction terms; @’ is the coefficient for CFJ correction terms. v#,7%, and 7 are gamma
matrices in a curved spacetime; u* and uP are aether-like field vectors in a curved spacetime;
and u* must satisfy u*u, = const. 7° is the gamma matrix corresponding to the Chiral
correction term. Since y° appears in Sp, it is required that ° is also a Hermitian matrix.
0y, Q, and Qp are the spin connections. Q, = 5r;‘jﬁnaﬁ,nw = ﬂ’y“, vP], where F;jﬁ is
the connection of Riemann space and is related to the metric tensor of the curved spacetime.
Ay (A,X,A/g) is the electromagnetic potential generated by a black hole charge. ;.. .4,
represents the wave function of fermions. 1y, .. 4, is the Hermitian conjugate of .. «,. The
relationship between the gamma matrices in Equation (1) and the metric tensor in a curved
spacetime is as follows:

Yyl + oyt = 211 )

Y +9%9" =0 3)

where I is the identity matrix. According to the variational principle, we can derive the
spinor field equations in a curved spacetime from Equation (1). Substituting Sr into the

following equation
0Sr =0, (4)

we obtain
_ e ie . an 8( ie . 5 ie .
1) Py |17 P‘_ﬁAH"HQV 1-— " Yy a—%Aa—i-lQ,X 5_ﬁAﬁ+IQﬁ

AV 5 m
+E+%7 _E IIJD(]..JJ(kZO

The equation shows that

v m v m
5[(7;177175 - h>¢a1...ak] = <hn’l,)/5 - h)aylpﬂ(l...ﬂékéx‘u (6)

. 2 . .
5 [u“ <aa - At iQ,xﬂ Py = u'uP (aa — A+ iQa> <aﬁ — T Ap+ i0ﬁ> T
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Noting that 6ty .....a, = OUPy,.....a, X" and OPa, .o, = OUYq,.....a, 0XF, the modified spinor
field equation can be obtained as follows from Equations (5)—(7):

) : /h2
it (8;4 - %Ay + Qy) ll - amz

m 4 hA . . . .
- {h _ %75 _ Z”“”ﬁ(a“ —ieAy +iQ)y) (aﬁ —ieAg + 1Qﬁ)} ooy

ie . ie .
7P <aa — 3 At z%) (35 At lQﬁ)] Pay .

The equation for tﬁal ‘‘‘‘‘‘ «, is the Hermitian conjugate of Equation (8). Equation (8) is a
modified form of the fermion dynamical equation. The expression 1y, ...... a IN this equation
represents the wave function of an arbitrary spin fermion. This equation applies to any spin
fermion. For spin-1/2 fermions, the wave function ¥, .4, in Equation (8) can be expressed

using the WKB theory:
A\ i
=5 )" ©

Here, S; is the action for spin-1/2 fermions, which refers to Dirac particles in a curved
spacetime. In this case, Equation (8) is known as the modified form of the Dirac equation.
For spin-3/2 fermions, the wave function in Equation (8) is denoted as ¥y, ......;, — ¢y, and
the equation is then referred to as the modified form of the Rarita-Schwinger equation.
In studying the solutions of Equation (8) in this scenario, the following conditions must
be satisfied:

Yy, = 0. (10)

In general, for fermions of any spin, the wave function in Equation (8) should be substituted
as Py, .....a;, and the corresponding additional condition for Equation (8) is

'Y‘ulpytxz ...... a = D;ﬂP”az ...... ap = 1}’#;10(3 ...... a = 0. (11)

When k = 0, Equation (8) reduces to the modified form of the Dirac equation, in which case
there are no additional conditions. When k = 1, Equation (11) reverts back to Equation (10),
and, in this scenario, Equation (8) represents the modified form of the Rarita—Schwinger
equation. When studying the dynamical characteristics of fermions with different spins in
a specific black hole spacetime, the methods and processes for solving are not the same.
When analyzing the dynamical equations at the black hole horizon using semiclassical
theory, condition (11) does not need to be considered, and the calculation of the quantum
tunneling rates will yield the same results. To illustrate the application of Equation (8)
more clearly, let us consider spin-1/2 fermions, i.e., Dirac particles. Substituting Equation
(9) into Equation (8), we obtain the equation that the particle action S, must satisfy:

. a
{z’)/?‘ (aysa - eAy) 1+ Wg“ﬁ(aasa —eAy) (aﬁsa — eAﬁ)]
v A A (12)
5
—m+ %’)/0 +%u"<ul§(8a5u — eAa)(aﬁSﬂ — EAﬂ) } ( B > =0

In this equation, several small terms, such as hQ},, nQy,, and hQﬁ, have been neglected.
Therefore, Equation (12) represents a semiclassical, Lorentz-breaking modified dynamical
equation for spin-1/2 fermions, also known as the spin-1/2 spinor field equation. The
matrices ¢*f and y*P in this matrix equation must satisfy Equation (2). 73 is closely
related to 7°, requiring 7’ to satisfy Equation (3) and 'yg to be a real number. Thus, it is
required that 7° = 31, where I denotes the identity matrix. For the matrix Equation (12)
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to have solutions, the corresponding determinant of the matrices in the equation must be
equal to zero, i.e.,

a/
’)’H (8,45{1 — EAP‘) 1+ Wg“ﬁ(aasu — €Aa)(a‘55a — EA‘B)
N " (13)
= au“uﬁ(a“su —eAy)(9pSa —eAg) + afyg —m=0

By multiplying both sides of this equation by 4"(9,S — eA,) and neglecting higher-order
small terms, and using Equation (2), we can obtain

M(142a") (9,50 — eAy) (0,Ss — eAy) + 2Autu¥ (9,5, — eA,) (9,8, — eAy) +2b'yg —m? =0 (14)
8 u p 1 1 0

This equation describes the spinor field equation for spin-1/2 fermions, incorporating terms
such as the CFJ correction term, aether-like correction term, and Chiral correction term.
Equation (14) presents the modified dynamical equations for spin-1/2 fermions utilizing
the particle action S, with three correction terms included. Equation (14) is applicable for
general static, stationary, and non-stationary black hole spacetimes. Therefore, Equation (14)
represents a semiclassical spinor field equation, which has been modified to incorporate
Lorentz-breaking effects. It should be noted that for fermions of any spin, there are different
matrices corresponding to the wave functions and different additional conditions. The
modified form of the fermion dynamical equation is represented by the action S, as shown
in Equation (14).

3. Research on the Entropy of HNUTKN Black Holes

The line element of the HNUTKN black hole spacetime in Boyer-Lindquist coordinates
is expressed as

2

dr? 1 sin? @ 2 A (n—acosf)?
2_ 2fQr 1 (22 _ b _(,_\nr—acosb)” 15
dsc=p <Ar Ay de > + 2 Ag {adt (r +a )dq;} PR [dt (a p )dcp] (15)

Here,
p? =1* 4 (n —acos0)? = r* + n® — 2an cos O + a* cos* 0

1
A= (P +a—n?) (1 = 3Ar2> —2Mr + Q2

1 5 (16)
Ay = 1+§A(nfac039)
— 1 2 2
]f1+§1\(a n)

Here, A is the cosmological constant, M is the black hole mass, Q is the black hole charge,
the NUT parameter is 1, also known as the gravitational magnetic type mass, and the
angular momentum parameter is a. Due to the electromagnetic charge Q of the black hole,
the electromagnetic potentials A;, A;, and Ay are expressed as

Qr Qrasin? 6
Ay=|—-=>-,00, ——— 17
' ( 2] 2] ) 47

According to Equations (15) and (16), the determinant corresponding to the metric gy is
obtained as

.2
§=|gw| = —511;4 G{rz +a?— {az —(n —acos@)zr} (18)

10
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Using Equation (18) and the algebraic cofactor (—1)#*" A" of g, the non-zero components
of the contravariant metric tensor corresponding to the line element (15) can be, respectively,
calculated as

gt = _]2{ ( +a2>2 ! [az —(n— acosﬂ)zr}

02 A @2Agsin?6
A
grr — pizr
A
00 _ ?29 (19)
gL (1 _ “2>
P2\ Agsin®8 A,
g0 = ]2{,1 (rz—i-az) S S (112— (n—acos9)2>}
o> | Ar Agasin? 6

The Bekenstein-Hawking entropy of the HNUTKN black hole is related to the Hawking
temperature at the black hole horizon. Therefore, it is necessary to determine the location
of the black hole horizon. According to the null supersurface equation at the black hole
horizon, it can be determined that

w OF OF _

20
oxH oxV (20)

The normal vector of the hypersurface F(x*) = 0 is n,, where n,, = %. The definition of

the null hypersurface is
ntn, =0 (21)

We have ¢"'nyn, = 0, so we have the null supersurface Equation (20). Substituting
Equation (19) into Equation (20) and taking into account the stationary axisymmetric nature
of the HNUTKN black hole, we obtain the equation satisfied by the event horizon ry or the
cosmological horizon r. of this black hole as

A
g”:p—zr:O—)Ar%O (22)
Specifically,
1
(r2 +a?— n2> (1 - 3Ar2) —OMr+Q*=0 (23)

In order to solve Equation (14), it is necessary to correctly choose the aether-like vector field
u! according to the line element (15) as follows:

Ct
Mt = —, utut = ututgtt = C%

V 8tt
Cr
V8
_ G
NG
op_ S0 o, _ b0, _ 2
ur = S, Uutu —uug =

N ¢p = Cop

Clearly, u" satisfies u*u, = const. In order to determine 'yg in Equation (14), we must
choose # satisfying Equation (2) and the Hermitian matrix 0 satisfying Equation (3).
Therefore, we choose the frame field ¢} and determine the gamma matrix 7 as follows:

r_

r R e 4 _ 2
JU Uy = WU Gy = CF

(24)
uf ueug = uguggee = cg

=6 (25)

11
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As a result, we obtain

Yy + vyt = e ylefy] + efylef o = 2g1T (26)

where eI e 17” =g, eje 17” = g'* = gt"". Clearly, y* satisfies condition (2). Here, the

values of I and [ are (0, l 2,3), corresponding to the coordinates (t,7,0,¢). We choose 7°
as follows:
5 Z")/(5J UV kA A
7 = e Y Yy

5

1y, ’
= 4|OSUKL€I eﬂe,I(eAeI,fy eI'y] ey eL,yL

5
75 27
4l SUKL’YI’)’S’Yk’YL 7

= i3y’

0 I

Here, 'yg is a real number. Clearly, 9° is a Hermitian matrix. e; jkL is the Levi-Civita symbol,
and €p1p3 = 1. Therefore, from Equations (25) and (27), we can obtain

ef 7'y + %y =0 (28)

1P+ 909" = ey + Pyt = e (v' +1%) = 0 (29)

From these two equations, it can be seen that choosing «° satisfies condition (3). The correct
selection of 7%, y#, and u ensures the scientific validity of Equation (14). Substituting
Equations (17), (18), (24), and (27) into Equation (14), we obtain the dynamic equation for
spin-1/2 fermions in the HNUTKN black hole spacetime as follows:

(1 24 + 2Ac?)]2{ {(”Z —(n—acosf)?)*  (+ ﬂz)T l(aSﬂY’OZ L 2eQrdS, ezerZ]

a2Ag sin® 0 Ay ot T o 022
o a(r* +a?) _a*—(n—acosh)? (asa) <asﬂ> 2 Maj L eQr eQraS, W
Ay Agasin? 0 ot )\ 9y ] 0, T 9 022 .
+(12 _ 012) (asﬂ)Z - 2eQrasin298i n 62Q2722azzsin49 +4/\P4Y0
Agsin“6 Ay o¢p i PR 0]
2
oot ) (5 () -
dr dg

where

S +0S, as dS, [ »9S, S,
ot a 0%2a 0
Yo =u <8t eAt>< > +u 89>+u S [u 50 +u (84) eA¢)]

+u9u¢<85a> (%f; eA ) + 20"y — m?

In Equation (30), the sum of the four terms related to m is zero. Multiplying both

(31)

sides of this equation by pl—z yields

12
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2 2)2 24 ,2)2 2
N\ 2 | (@°—(n—acos8)?)” (r*+a°) 9S, 2eQr dS,
(l+2a+2/\ct)] {[ a2Agsin? 0 Ar at ) " p?] ot

a(r? +a?) N a* — (n—acosh)? (85ﬂ> <8Sa> _ eQrasin® 6 9S, N eQr S,
Ay Agasin? @ ot )\ 9y p2] ot = p2] 9¢p
+ ( T ”2> (35,1)2 B ZEQrasinZG% B e2Q%r%(r* + a® + a? sin’ 9)2
Agsin?0 A,
aSa

ot e’ ¢ Arpt]?
2
+(1+20+24¢) A, (E)r) + (1+20+223) <

Separate the variables in the equation, letting

+2

(32)

aSa

2
% 2y _
ae> +400%Yp =0

Sa = —wt+ R(r) +O(0) + Jop (33)

where w is the energy of the particle and Jj is the component of the particle’s generalized
momentum in the ¢ direction, with Jy being a constant. The ability to separate S, into the
form of Equation (33) is mainly due to the existence of two Killing vectors in the HNUTKN

spacetime, namely (%)a and ( %)a. Substituting Equation (33) into Equation (32) and
multiplying both sides of this equation by A, noting that A;|,_,, = 0, we obtain the form

of the radial motion equation for the particle at the event horizon of this black hole as

2 / 2 2 2
_ (1424 +2A¢) l(r%ﬁ”Z)z(asa) +2a(r2+a2)85“a‘°’“+a2(85“)

1+42a’ 4+ 2)c2 ot ot ¢ £

2eQr (2 + a2)2 0S,  2aeQr(r*+a%) 3S,  *Q%r*(r* + a2)2
J(r2+a2+n2) ot J(r2+a+n2) 0 [2(42 4 g2 4 n2)?

5 (34)
(1424 +2A¢F)

 1+42d +2Ae2
(1424 +2A¢

2
T 1424 +2Ac2 )(”2”2) (@ = wo)’

)35 )
H ot op  J(ru?+ a2+ n?)

where
ajo eQry

_|_
13 + a2 J(r3 + a? + nz)2
aJo] (r3 + a? + n?) + eQry (r3, + a?)
J (13 + a?) (3, + a2 + n?)

wo =
(35)

Based on Equation (34), it can be inferred that the radial component R(r) of the parti-
cle’s generalized momentum satisfies the following equation at the event horizon of this
black hole:
dR*
dr

1
(r3 +a2)] (142" +2Ac2\?
<1+2a'+2Ac3> (w = o) (36)

r—r A” |rﬁr
H H

According to the residue theorem, from Equation (36), we obtain the radial component
of the particle’s generalized momentum as

) J(r%, + a? 14 2d’ +2)c?
Ri"r‘*)rﬂ — :|:17'( ( H ) t

2
(w—wo) (37
Z[T’H —m+ S Arg(a? - nz)} 1+ 24" + 2)\6%)

Let R* lrosry = R*; based on the WKB approximation theory and the black hole quantum
tunneling radiation theory, the expression for the quantum tunneling rate of spin-1/2
fermions at the event horizon rg of the black hole is

13
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I ~exp(—2ImSS;) = exp(—2ImR¥)

1
2 2 2 / 2\ 2
_eXP[ ] (r3; +a?) (1+2a —|—2)\ct> (w—wo)]

rg—m—+ 1Ary (a2 —n2) \1+2a" +2Ac} (38)

w — Wy
=exp| — TH

1
ru—m+ 3Ary(a® — n?) <1+2a’+2Ac%)2 (39)
27] (12 + a?) 1+ 2a’ +2Ac?

Here, Ty is the Hawking temperature at the event horizon of the HNUTKN black hole,
and the expression for this Hawking temperature contains Lorentz-breaking correction
terms. The coefficient for the CFJ correction term is a’, and the coefficient for the aether-like
correction term is A. The coefficient b’ for the Chiral correction term does not appear in
the expressions for I and Ty. This is due to A, (rg) (205 — m?) = 0 in Equation (32), so b’
and m do not appear in the expressions for I and T. For fermions with any other spin, the
coefficient b’ for the Chiral correction term also does not appear in the expressions for I
and Ty. Equations (37)—-(39) are all results obtained in the semiclassical theory. We can use
ASpyy to represent the Bekenstein-Hawking entropy of this black hole and represent the
change in Bekenstein-Hawking entropy of this black hole as ASpp, so the expression for
the quantum tunneling rate of this black hole (38) can be rewritten as

where,

Ty =

I = o(ASBH) (40)

The quantity Sgy is closely related to the first law of thermodynamics for black holes.
The mathematical relationship between Spp and the black hole mass M, black hole an-
gular velocity (), black hole charge Q, and black hole Hawking temperature T}y can be
expressed as
dM —Qd] — QdV

Th
CdM - QdJ - QdV (1424 +2A2\
N Ty (1 +2a’+2)\c3>

where Ty, is the Hawking temperature of this black hole without Lorentz-breaking correction
terms. The expression for Tj, as given by Equation (39), is as follows:

dSpy =
(41)

ry —m+ Ary (a® —n?)
27t (r3, + a?)

T, = (42)

Therefore, if we denote the Bekenstein-Hawking entropy as Sy, the integral form of
Equation (41) can be rewritten as

1424 +2Ac
S ! / ds (43)
BH = (1 +24 + 2)ch> bh

According to Equation (15), it can be inferred that the two-dimensional line element on the
event horizon of this black hole is given by

AGS;?Z 9,( 2 +a )2 ~ Mv(rm) (a_ (”—QCOSQ)ZY] dg?

do? = L ag2 ¢ >
Ag J°p a

Agsin® @

2 2
_ P2 2 2 2
= 40 = (% +a?) dg
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Therefore, it can be seen that the determinant ggy corresponding to the two-dimensional
covariant metric here is

0 2
8op = SH;Z (s +) )

Thus, the area of the event horizon of this black hole is given by

”sm 9

Aen _/\/gTdecp /2”/

The Bekenstein-Hawking entropy of this black hole is proportional to the area of its event
horizon and can be expressed as

H+a) dode = ](rH+a) (46)

p—_ (rl%l + 112) 47)

Therefore, Equation (43) can be rewritten as

1
T 1+2a" +2Ac%\ 2
Spir = —(r? 2) (=2 T A (48)
BH ](rH+”)<1+2a/+2Ac3

This is the Bekenstein-Hawking entropy of the HNUTKN black hole in the framework
of radius-metric theory, after Lorentz-breaking theory modifications. This is still a rele-
vant result within the framework of radius-metric theory. Using quantum perturbation
theory, we can make quantum corrections to the Bekenstein-Hawking entropy of this black
hole [25-28]. In the framework of /1 perturbation theory, the energy E and radial action
R(r) of the quantum tunneling radiation particles can be expressed as

E=Ey+hE, +hEy+--- (49)

R(r) = Ro(r) + AR (r) + H*Ry + - - - (50)

Ey = (w — wy) corresponds to the energy in Equations (37) and (38). Ry (r) satisfies Equa-
tions (34) and (36), and the expression for RSE is given in Equation (37), which can be

1

. + + in] (13 +a?) 1+20'+2Ac2 \ 2
nsider R R here Ry = £+ 5 — wy). There-
considered as Ry — Ry, where Rj TP Vo e | & R (w — wp). There

fore, by expanding Equations (49) and (50) for nO,nt, 12, - and corresponding to different
powers of /i, we can obtain

dRy\ 2
0. (dRo
h.(dr>

P+’ (1 +2a’+2Ac$> 5

r—ry AZ |rarH 1+24" + ZAC% 51)
ey (dR1>2 _ 212, + a?) (1+2a/+2Ac$>E12_
dr ot A2,y \142a"+2Ac2

From the equations satisfied by the radial actions corresponding to 1", it can be inferred
that there exists a certain proportional relationship between Rli and R(jf. Therefore, the
total energy E can be rewritten as

oo D('hi
E = EO —+ -
; Sbh

Eo (52)

The total radial action can be rewritten as

(1 + Z Wll)Ri (53)

Spn
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The proportionality coefficients a; and §; in Equations (52) and (53) are both dimensionless.
To modify the entropy of this black hole, we can express the scaling factors of Rl.i and RgE

as /531:: . Therefore, according to the first law of black hole thermodynamics, the equation

satisfied by the Bekenstein-Hawking entropy Spy of this black hole with 7 perturbation
corrections is approximately

.\ —1
-~ dM—QdJ - QdV © h
dSgy = 1+
b Ty < l; Son

(54)

1 .
_dM —Qd] —QdV [1+42d" 4+ 2Ac?\? 1 i B’
a Ty 1+ 2a’ +2Ac2 = S

where T}, is the Hawking temperature at the event horizon of the black hole before Lorentz-
breaking corrections are applied. Rewrite Equation (39) as

1—|—2a’+2/\c2>
Ty =T, ( — 22 T2 55
H h(1+2a'+2)w$ 5

Integrate both sides of Equation (54), noting Tj,d Spp, = dM — Qd] — QdV, and we obtain

1 .

= 1+2a"+2Ac}\ ? > Bl
pu— s — 1 -

SBH / dsbh<1+2a'+2AC$> ; Son

1
1+42d" 4 2Ac7\ ? i
_ _B.H1
(1+2a'+2/\c3> (Sbh Bift In Spi + )

The first term on the right-hand side of this equation represents the Bekenstein-Hawking
entropy in the semiclassical theory of gravity, while the second term and subsequent terms
represent the results of quantum perturbation theory corrections. It is evident that the black
hole entropy after quantum corrections is not only dependent on the results of semiclassical
theory but also on the Planck constant.

(56)

4. Discussion

Based on the research above, the Bekenstein-Hawking entropy of this black hole,
denoted as Sy, in Equation (47), represents the entropy without any modifications. When
considering the corrections due to Lorentz-breaking fermionic Einstein—aether theory, the
Bekenstein—-Hawking entropy of this black hole, denoted as Sgp, is derived as shown
in Equation (48). Furthermore, incorporating quantum perturbation correction theories
leads to the Bekenstein-Hawking entropy of this black hole, denoted as Sgy, as given
in Equation (56). The investigation of Bekenstein-Hawking entropy for different black
holes remains a meaningful endeavor, emphasizing the ongoing relevance of research into
topics such as black hole entropy, black hole information, and black hole thermodynamics.
Equation (14) is a modified form of the dynamics equation for spin-1/2 fermions in semiclas-
sical theory, which includes Lorentz-breaking correction terms. By studying this equation
in the spacetime of the black hole, we obtain Hawking temperature Ty and Bekenstein-
Hawking entropy Spy of the HNUTKN black hole, which are results of semiclassical
theory that include the effects of Lorentz-breaking corrections. Equations (53) and (56)
both consider the results after quantum corrections, which go beyond semiclassical theory.
Clearly, the entropy of this black hole is not only related to a’, A, C;, and C,, but also to
1'. Equation (56) is the modified expression for the entropy of this black hole. The black
hole studied in this paper possesses the characteristics of a general stationary black hole.
Therefore, the series of results obtained above include relevant results for specific cases
such as Kerr black holes and Kerr-Newman-de Sitter black holes. The HNUTKN black
hole also has a cosmological horizon. If we want to study the quantum tunneling radiation
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characteristics at the cosmological horizon of the black hole, we only need to replace ry
with r¢ in the research methods and the series of results obtained above. From the per-
spective of quantum tunneling radiation, the spatial region that the radiation reaches is
r > ry at the event horizon of this black hole, while the spatial region that the radiation
reaches is r < r¢c at the cosmological horizon of this black hole. Further discussion is
needed on the physical significance of Equation (35). From the perspective of quantum
tunneling radiation, wy represents the chemical potential, which is formed by the rotation
and charge of the black hole. It includes the electromagnetic potential and the rotational
potential, thus determining the quantum tunneling radiation characteristics of this black
hole. From the perspective of quantum non-thermal radiation, wy is the maximum value of
the particle Dirac energy level crossing, and this maximum value determines the condition
for quantum non-thermal radiation to occur as m < w < wy. If we want to study the
quantum non-thermal radiation of this black hole, the mathematical expression of the Dirac
energy level must include contributions from the Chiral correction term b'.

It should be further noted that the above research method and conclusions are specific
to the HNUTKN black hole, and, for different types of black holes and fermions with
different spins, specific analyses and research are required. For bosons, the above method
cannot be used to study the modification of black hole entropy, and the modification of the
scalar field action by Lorentz-breaking theory should be considered first. After modifying
the boson dynamic equation on this basis, the particular significance of the black hole
entropy can be analyzed.
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Abstract: We describe some properties of the hyperbolically symmetric black hole (hereafter
referred to as the HSBH) proposed a few years ago. We start by explaining the main
motivation behind such an idea, and we determine the main differences between this
scenario and the classical black hole (hereafter referred to as the CBH) scenario. Particularly
important are the facts that, in the HSBH scenario, (i) test particles in the region inside
the horizon experience a repulsive force that prevents them from reaching the center,
(ii) test particles may cross the horizon outward only along the symmetry axis, and (iii) the
spacetime within the horizon is static but not spherically symmetric. Next, we examine
the differences between the two models of black holes in light of the Landauer principle
and the Hawking results on the eventual evaporation of the black hole and the paradox
resulting thereof. Finally, we explore what observational signature could be invoked to
confirm or dismiss the model.

Keywords: black holes; exact solutions; general relativity

1. HSBH Versus CBH

Before contrasting the HSBH with the CBH, we first present the general arguments
leading us to propose the HSBH model [1].

1.1. Why the HSBH Model?

As is well known in the CBH scenario, the spacetime outside the horizon is described
by the Schwarzschild solution [2], whose line element in polar coordinates reads for
R > 2M (in relativistic units and with signature +2) as follows:

2
ds? = — (1 — ZM)dtZ + _ART + R%2d0Y?,
)
R
dQ? = db? +sin®0d¢?, (1)

where M, which measures the total mass-energy of the source, is the only parameter of
the solution.
Such a metric being static and spherically symmetric admits the four Killing vectors

X(o) = dy, X(z) = — cos ¢dy + cot 0 sin Ppdyp,
Xy =09¢, X(3) = sin¢$dg + cotf cos ¢dy. @)

Entropy 2025, 27, 831 https://doi.org/10.3390/e27080831
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Also, as is well known, the singularity appearing in (1) for R = 2M is not a real
physical singularity, and the solution may be analytically extended to the whole spacetime
(including the region inside the horizon), as shown in [3-6].

However, the fact is that the spacetime within the horizon is necessarily non-static.
Maintaining the static form of the Schwarzschild metric (in the whole spacetime) is in-
compatible with the possibility of removing the coordinate singularity appearing on the
horizon in the line element [7]. This is related to the fact that static observers cannot be
defined inside the horizon (see [8,9] for a discussion on this point). A simple way to see
why this comes about consists of finding out the form of the null cone at any point inside
the horizon by solving the equation

ds = 0. 3)

The solution to the above equation shows that all the null rays generating the null cone
(inside the horizon) converge to the center of symmetry, implying that anything within the
null cone (including the massless particles along the null cone border) should reach the
center (see [8-10] for a discussion on this point).

Although most of our colleagues are satisfied with this picture, we are not. Our
concern is generated by the intuitive idea that any dynamical process should relax to an
equilibrium state after some finite proper time. In such a case, we should be able to provide
a global static description of the spacetime.

To the best of our knowledge, the first to call attention to this issue was Rosen [7], who
proposed excluding the region R < 2M because, in Rosen’s words, ... the surface R = 2M
represents the boundary of physical space and should be regarded as an impenetrable
barrier for particles and light rays” (see page 233 in [7]).

Sharing Rosen’s concern about the physical properties of the region R < 2M, we
proposed in [1] an alternative way to overcome the above-mentioned situation.

Thus, we proposed describing the region R > 2M via the Schwarzschild solution (1);
however, instead of excluding the region R < 2M, we assume that the spacetime in that
region is defined by the line element (with signature —2)

2
ds? = <2M—1)dt2—dR—R2dQZ,
R
R
d0? = d6? + sinh? 0d¢p>. (4)

The above metric is static; therefore, it admits the time-like Killing vector X(O), and,
furthermore, it admits the three Killing vectors

Y(2) = — cos pdg + coth 6 sin ¢dy,
Y(1) = 9, Y(3) = sin ¢dg + coth 6 cos ¢y, (5)

implying that it is not spherically symmetric but hyperbolically symmetric.

The above three Killing vectors (5) define the hyperbolical symmetry. For applications
of this kind of symmetry, see [11-33] and the references therein.

The situation may be summarized as follows: We have already seen that, when
extending the Schwarzschild metric to the region inner to the horizon, which means
keeping the spherical symmetry, one should abandon staticity; this is the picture for the
CBH. However, we wish to keep staticity within the horizon. Accordingly, we propose
abandoning sphericity, which leads to the HSBH picture.

A short comment is in order at this point: In [1], we arrive at (4) from (1) through the
transformation  — i6. In doing so, the signature of the resulting line element (4) is different
from the signature of (1). However, obviously, (4) is a static solution to the vacuum Einstein
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equations independently on its signature. In other words, the transformation mentioned
above is just a technicality, and we may assume the region inside the horizon to be described
by a hyperbolically symmetric metric with the same signature as the Schwarzschild line
element describing the region outside the horizon. Thus, we do have a change in symmetry
across the horizon but not necessarily a change in its signature.

1.2. Geodesics in HSBH

In [19], a general study of geodesics in the spacetime described by (4) is presented
(see also [25]), leading to some interesting conclusions that highlight great differences
between the behavior of a test particle in the HSBH and the results emerging from the
CBH, particularly the following:

e Inside the region R < 2M, the gravitational force appears to be repulsive.
*  As a consequence of the above, test particles never reach the center.
e  Unlike the CBH, test particles can cross the horizon outward, but only along the

8 = 0 axis.

Based on the last point above, it could be (rightly) argued that the object described by
the HSBH is not really “black” since matter may cross the horizon outwardly. However, in
order to keep the link between the two scenarios (the HSBH and CBH), we decide to keep
the term “black”.

The results above are supported by the expression of the four-acceleration (a*) of a
static observer in the frame of (4). Indeed, a* represents the inertial radial acceleration
that should be applied to the frame in order to keep the frame static by opposing the
gravitational acceleration exerted on it.

Next, for a static observer, the four-velocity U¥ is proportional to the Killing time-like
vector [8]. Then, for (4), we obtain

1

b= | =
u (y_l)l/z’

0,0, 0} , (6)

producing for the four-acceleration a* = UP ll_];3 within the region inner to the horizon

M ] )

a¥ =10,——,0,0

o7
whereas for the region outside the horizon, defined by (1), the four-velocity vector of a
static observer reads

1
e |
ur = (1_2M)1/z’0’0’0]’ ®)
r
producing for the four-acceleration
M
alt = [O, r—z,O, O} )

From a simple inspection of (9), we see that the gravitational force in the region
outer to the horizon is attractive, as it follows from the positive value of the acceleration
(directed radially) in this region, while it is repulsive in the region inner to the horizon, as
it follows from (7). The repulsive nature of gravitation in the spacetime described by (4)
is characteristic of hyperbolical spacetimes and is at the origin of the peculiarities of the
orbits within the horizon in the HSBH.
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1.3. Flow of Information and Landauer Principle

The Landauer principle [34] asserts that, in the process of erasing one bit of information,
some energy must be dissipated, a lower bound of which is given by

AE = kTIn2, (10)

where k is the Boltzmann constant, and T denotes the temperature of the environment (see
also [35,36]).

Its relevance stems from the fact that it leads in a natural way to an “informational”
reformulation of thermodynamics, which, in turn, allows for establishing a link between
information theory and different branches of science [37-40].

The link between the Landauer principle and general relativity is discussed in detail
in [41]. Here, we resort to some results found in that reference to carry on our discussion
on the differences between the HSBH and CBH.

Thus, a mass given by
kT

Mbit = sz 11’12, (11)
was assigned to any bit of information, where c is the speed of light [42].

This issue (the mass of information) has been discussed by several authors (see [43-45]
and the references therein).

Our goal in this subsection consists of contrasting the behavior of the information flow
across the horizon in the gravitational field of a static mass in the HSBH and CBH scenarios.
To this end, first, we need an expression for the Landauer principle in the presence of a
gravitational field.

The presence of a gravitational field in the weak field approximation produces a
change in the total amount of minimal dissipated energy, which is given by [46]

kT(1+—§)

DE=——

In2, (12)
where ¢ denotes the Newtonian (negative) gravitational potential. Thus, in the presence of
a gravitational field, the Landauer principle is modified by replacing the temperature T by
the Tolman temperature [47], which, in the weak field limit, reads T (1 + %)

Let us recall that, in presence of a gravitational field, thermodynamic equilibrium is
ensured by the condition that the Tolman temperature is constant. This result, which is a
consequence of the inertia of thermal energy, emerges naturally in the relativistic transport
equations proposed in [48-50], and it should hold in any physically admissible, relativistic
transport equation.

The generalization of (10) for a gravitational field of an arbitrary intensity reads

AE =kT\/|gu|1In2, (13)
whereas the expression for the mass of a bit becomes
kT/
My = % In2, (14)

where gy is the tt component of the metric tensor, and the fact is used that the Tolman
temperature is defined by T+/|g:t|, which, in the weak field limit, becomes T(1 + C%)

Let us now consider the CBH scenario.

In this case, if we admit that a bit of information is endowed with a mass according
to (14), then, since nothing can cross the horizon outwardly, it follows that no information
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can cross the horizon outwardly. This conclusion agrees with the results obtained by
Hawking about the radiation of a CBH due to quantum effects [51] and its eventual
evaporation, as well as with the fact that such radiation is completely thermal (i.e., it
conveys no information) [52]), which leads to a contradiction known as the information
loss paradox.

Indeed, the Hawking result implies that a pure quantum state evolves into a mixed
state (the thermal radiation), which, of course, contradicts the principle of unitary evolution.
Since the Hawking radiation is thermal, it appears that all information about the collapsing
object is lost forever.

In spite of the intense research work devoted to this issue in recent decades, no
satisfactory resolution of this quandary has yet been proposed.

Let us next consider the HSBH scenario.

As mentioned before, in such a case, the crossing of massive particles through the
horizon outwardly is allowed along the 6 = 0 axis, thereby implying the existence of a
flux of information from the inside of the horizon to the outside. Thus, in this scenario,
no information loss paradox appears, since even if the Hawking radiation is thermal,
information may leave the collapsed object.

Furthermore, in this latter picture, the energy flow along the axis § = 0 associated
with the change in information within the horizon could be, in principle, observable.

Thus, invoking the Landauer principle in the study of the global picture of the
Schwarzschild black hole may lead to observable consequences, which could help to
elucidate the quandary about the real nature of the Schwarzschild black hole.

2. Observational Evidences

Finally, we would like to mention some observational projects that could be determi-
nant to dismiss or confirm the HSBH scenario.

The most important of these endeavors seems to be a study based on the information
provided by the Event Horizon Telescope (EHT) Collaboration [53-55], which provides
observations of shadow images of the gravitationally collapsed objects at the center of
the elliptical galaxy M87 and at the center of the Milky Way Galaxy. Such observations
are expected to provide important data on strong fields [56-58], which could be used to
obtain constraints for the parameters of the solutions describing the geometry surround-
ing compact objects, e.g., black hole spacetimes in modified and alternative theories of
gravity [59-63], naked singularities, and classical GR black holes with hair or immersed in
matter fields [64—67].

It should be noted that, although the region exterior to the horizon is described by
the usual Schwarzschild metric, we might expect some imprints on the shadows from the
material ejected along the symmetry axis in the HSBH.

Another possible source of information to support the HSBH picture could be the
observation and modeling of extragalactic relativistic jets.

These are highly energetic phenomena that have been observed in many systems
(see [68-71] and the references therein), usually associated with the presence of a compact
object. One of their characteristic properties is a high degree of collimation (besides the
extremely high energies involved).

So far, no consensus has been reached concerning the basic mechanism explaining
these two features of jets (collimation and high energies); therefore, it is legitimate to
speculate that the HSBH could be considered a possible engine behind the jets.

Indeed, let us recall that, in the HSBH scenario, test particles may cross the horizon
outward, but only along the 8 = 0 axis, thereby explaining the collimation. However, as it
follows from (7), the strength of the repulsive gravitational force acting on the particle as
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r — 0 increases as rlz, thereby explaining the high energies of the particles bouncing back
from regions close to r = 0.

Obviously, at this level of generality, this is just speculation. A solid theory for rela-
tivistic jets would require a much more detailed setup based on astronomical observations.

3. Discussion and Conclusions

Above, we exposed the main features of the HSBH and contrasted them with those
of the CBH. We started by explaining that our main motivation for proposing the HSBH
was the need to describe the region interior to the horizon by a static spacetime, which,
in turn, forced us to abandon the assumption of spherical symmetry in that region. The
analysis of the geodesic structure within the horizon exhibited profound differences from
the corresponding structure in the CBH.

As we showed, such differences are related to the fact that the nature of gravity within
the horizon happens to be repulsive, as a consequence of which test particles never reach the
center. This feature is perhaps the most relevant difference between the HSBH and CBH.

The origin of the repulsive nature of gravitation within the horizon should be found
in the presence of negative mass (energy). This is indeed the case, as shown in the studies
of fluid distributions endowed with hyperbolical symmetry (see [18,21,22,30] for details).

It is worth mentioning that the existence of negative mass (energy) in gravitational
physics has a long and venerable history, at both the classical [10,72-77] and quantum
levels [78-84].

We next invoked the Landauer principle to illustrate the differences between the
HSBH and CBH concerning the possible flow of information and the discussion of the
Hawking results in both scenarios. It follows in a natural way that no information loss
paradox appears in the HSBH.

Finally, we call attention to a new line of investigations involving observations of
shadow images of the gravitationally collapsed outcome, aiming to identify the nature of
different compact objects. This could provide arguments to support (or dismiss) the HSBH
picture. Also, the idea has been put forward about the possible use of the HSBH as the
engine of extragalactic jets.

Before concluding, we would like to highlight three important issues that we believe
deserve further investigation:

e  The two manifolds describing the inner and outer parts of the horizon do not match
smoothly in the Darmois sense [85]. This implies that there is a shell on the horizon,
whose physical and mathematical properties are described by the Israel conditions [86].
It would be interesting to delve deeper into this issue and find out how these properties
affect the HSBH scenario.

e Itwould be interesting to find out whether a “thermodynamic” approach a la Bekenstein
may also be applied to the HSBH.

e The HSBH scenario implies a change in symmetry across the horizon; is there any
physical explanation for this (e.g., a phase transition)?
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Abstract: The Lorentz-breaking theory not only modifies the geometric structure of curved
spacetime but also significantly alters the quantum dynamics of bosonic and fermionic
fields in black hole spacetime, leading to observable physical effects on Hawking tem-
perature and Bekenstein-Hawking entropy. This study establishes the first systematic
theoretical framework for entropy modifications of charged accelerating Anti-de Sitter
black holes, incorporating gauge-invariant corrections derived from Lorentz-violating
quantum field equations in curved spacetime. The obtained analytical expression coher-
ently integrates semi-classical approximations with higher-order quantum perturbative
contributions. Furthermore, the methodologies employed and the resultant conclusions
are subjected to rigorous analysis, establishing their physical significance for advancing
fundamental investigations into black hole entropy.

Keywords: quintessence; Anti-de Sitter black hole; Lorentz-breaking; quantum tunneling
radiation; Bekenstein-Hawking entropy

1. Introduction

This study aims to investigate the thermodynamic properties of charged accelerating
Anti-de Sitter (AdS) black holes and to elucidate the physical implications of entropy
corrections within the Lorentz-breaking theoretical framework. To deepen our understand-
ing of black hole entropy and its physical implications, it is essential to first clarify the
methodology and definition of black hole entropy research. When treating a black hole as a
thermodynamic system, its entropy is closely related to the Hawking temperature at the
event horizon, as dictated by the first law of black hole thermodynamics. From a quantum
theoretical perspective, the entropy is found to be proportional to the area of the event
horizon, measured in Planck units (« l%). This suggests that black hole thermodynamics
encompasses quantum gravitational effects that warrant further exploration. Additionally,
the black hole area theorem states that the surface area of a black hole never decreases in
the forward time direction, which is a direct manifestation of the second law of black hole
thermodynamics and serves as an important physical demonstration of the “arrow of time”
in gravitational physics. Since ‘t Hooft proposed the brick wall model in 1985, research into
black hole entropy has significantly advanced [1]. This model posits that the entropy of a
black hole is equivalent to the entropy of a quantum gas in thermal equilibrium outside the
black hole. Subsequently, Zhao and colleagues improved ‘t Hooft’s brick wall model by
developing the membrane paradigm [2-5], which enables the calculation of entropy for
non-stationary black holes and static or stationary black holes in non-thermal equilibrium

Entropy 2025, 27,900 https://doi.org/10.3390/e27090900
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states. The membrane paradigm reveals that black hole entropy fundamentally originates
from the entropy of a two-dimensional membrane located at the black hole’s surface (event
horizon). Specifically, it represents the entropy of a two-dimensional surface formed by
the intersection of a null hypersurface with spacelike hypersurfaces in three-dimensional
space. This entropy arises from contributions of a quantum gas on the two-dimensional
membrane and can be interpreted as the entropy of quantum states on the two-dimensional
horizon. The membrane paradigm is applicable to studying the entropy of static, stationary,
and non-stationary black holes. Research has demonstrated that black hole entropy is
proportional to the area of the event horizon. General relativity and quantum field theory
are both founded on Lorentz symmetry [6-8]. However, these theories cannot be unified at
high energies due to the inherent non-renormalizability of Einstein’s general relativistic
theory of gravity. As a result, researchers have pursued multiple avenues to investigate
topics in quantum gravity theory. To date, no satisfactory quantum gravity theory has
emerged to address the quantization of gravity. Fundamental contradictions between gravi-
tational and quantum theories persist, demanding further exploration. Questions related to
the quantization of gravity remain a hot topic among astrophysicists, driving meaningful
and in-depth studies into diverse gravitational theories. Despite its potential in explaining
quantum gravitational effects, loop quantum gravity theory still faces challenges such as
the lack of experimental verification and the complexity of mathematical computations.
Another fundamental approach to constructing gravitational theories assumes that Lorentz
symmetry is broken at high energies but restored at low energies, consistent with current
experimental results. This insight has inspired researchers to incorporate Lorentz-breaking
mechanisms into studies of gravitational renormalization, such as Horava-Lifshitz gravity
and Einstein-aether gravity. These theories exhibit consistency in their low-energy limits. In
recent years, the effects of Lorentz-breaking on the curved spacetime background of black
holes and its influence on the dynamics of bosons and fermions in black hole spacetimes
have become significant research topics. However, in the realm of black hole thermody-
namics, the corrections to Hawking temperature and Bekenstein-Hawking entropy due
to Lorentz-breaking require further investigation. Previous studies have explored the
impact of Lorentz-breaking on the Bekenstein-Hawking entropy of uncharged accelerating
Kinnersley black holes and its physical implications [9]. Nevertheless, research on entropy
corrections for charged accelerating AdS black holes remains insufficient. Such studies
could enhance our understanding of the thermodynamic evolution characteristics of ar-
bitrary charged, rotating, accelerating, and non-stationary black holes. According to the
first law of black hole thermodynamics, Bekenstein-Hawking entropy is closely related
to thermodynamic parameters such as Hawking temperature. Therefore, investigating
changes in black hole entropy necessitates exploring its quantum tunneling radiation char-
acteristics and thermodynamic evolution properties. In this paper, based on the WKB
semiclassical theory, black hole quantum tunneling radiation theory, and Lorentz-breaking
theory, we study the thermodynamic properties of charged accelerating AdS black holes.
We also analyze the effects of Lorentz-breaking and 7 perturbation theory on the quantum
tunneling radiation rates of bosons and fermions, as well as the Bekenstein-Hawking
entropy of these black holes.

In Section 2, we first investigate the modified form of the bosonic dynamical equations
in the spacetime of a charged accelerating AdS black hole. Building upon this foundation,
we analyze the corrected entropy of this charged accelerating AdS black hole and explore
its physical implications. In Section 3, we extend our study to the modification of fermionic
dynamical equations and examine the corresponding corrections to black hole entropy.
Finally, in Section 4, we provide a detailed discussion of the methodologies employed in
this work and the significance of the obtained results.

29



Entropy 2025, 27, 900

2. Research on Hawking Temperature and Bekenstein-Hawking Entropy
of Charged Accelerating AdS Black Holes

In the study of string theory and quantum gravity theories, it has been found that the
Lorentz dispersion relations require modifications at the Planck-scale level in high-energy
domains [10-14]. Based on Einstein-aether gravity theory and Lorentz-breaking theory, the
action Sy, of the scalar field ¢ is modified as follows:

2
o] )

According to the computational rules of index contraction, (1#9;,)? should be expressed as
ut9d,u’dy. In Equation (1), the operator O represents the d’Alembertian operator in Rieman-
nian space. The vector u# denotes an aether-like field vector, which satisfies the condition
utuy, = ag(const.) in curved spacetime, where « is a real constant. The parameter A is a
small quantity. From a mathematical perspective, (] = div(grad ¢) represents the diver-
gence of the gradient of a scalar field. According to the rules of divergence computation,

2 0 ¢ 0
— 9. w¥Y y Y Y v Y
% (g 8x”) dxH (g axV) R (g axV>
0 ¢ 0 ¢
- Y wv Y v / w Y
oxt (g 8x”> + oxt (Inv/=g) (g 8xV) @

1 0 — o 0P
,/—gaxﬂ( &8 E)xv)

In Equation (2), d;, denotes the covariant derivative of the contravariant vector field

we obtain

(g”'/a—q’) = AF. Following the conventions of Riemannian geometry, this is computed

as AL, = Al + Fy A", where 1"” is the Christoffel symbol. Substituting this into the
field expression ylelds Equation (2). In Equation (2), I';, represents the Christoffel sym-
bols associated with the metric tensor of curved spacetime. Based on the variational
principle and Equation (1), it can be concluded that the modified bosonic dynamical equa-
tions, accounting for Lorentz-breaking theory in curved spacetime, are determined by the
following equation:

05, =0 3)

Noting that ¢ = 293¢, 6(u"d,p)* = 2(u'd,¢)(u'd,6¢) and considering that both the
integral and variational operators commute, and the variational and differential operators
commute, from Equations (1)—(3), the dynamical equation of the scalar field in Lorentz
space, modified by Lorentz-breaking theory, is obtained as

1 2

o [ d¢
/. ;n/ v —
\/ = axV ( g ) + A axl/’ (axv) + hZ q) 0 (4)

In fact, this is the modified form of the dynamical equation for a boson with mass m. If we

consider the electromagnetic potential A, generated by a charged black hole with charge g,
then the modified form of the dynamical equation for a boson with mass m and charge e is
given by

- / nv W, v / —

F(D V/=88"D} ) ¢ + Au'u'Dj,D (p+ q) 0 ®)

zeA;,

,D, = aXV + ’eAV Equations (4) and (5) represent the modified
forms of the dynamlcal equations for spm—zero bosons after incorporating Lorentz-breaking

where D), = aXP +

corrections. It is evident that Equation (5) includes an additional correction term compared
to the Klein—Gordon equation. We can refer to this equation as the Klein-Gordon-Lorentz
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equation. In this equation, the correct choice of the aether-like field vector u# must be
based on the characteristics of the specific black hole spacetime metric tensor g"¥. That is,
u! can be appropriately selected according to the features of different curved spacetimes
to ensure the validity of the research results. To illustrate the application of Equation (5)
and its associated physical significance, we consider a charged accelerating AdS black hole.
According to references [15-18], a charged accelerating AdS black hole is described by the
metric and gauge potential

1 dr? de? ., d®?
ds® = o [f(r)dt2 O r? (g(@) + ¢() sin? 6 e )] (6)
where 5 5
2M r
_(1_ a2 M r
f(r)-(l Ar)(l . +72>+12 @
g(0) =1+2MAcos 8 + g* A% cos* 6
Conformal factor () is
O =1+ Arcos®. (8)

The charge g of this black hole and the electromagnetic potential A; generated by the black
hole are given at the event horizon as follows:

d=4A =1 ©)
T+

To clarify the acceleration mechanism of the black hole described by Equations (6)—(9), it
is essential to examine the underlying process driving this acceleration. For any physical
object that interacts with the event horizon of this black hole, its energy—momentum tensor
must locally satisfy T ~ T7. A physical object that meets this condition is a cosmic string.
The gravitational effects of a cosmic string induce an overall global conical deficit on a
spatial section perpendicular to the string. Hence, the cosmic string essentially represents
a localized conical deficit in spacetime. It is precisely due to this conical deficit that the
acceleration of the black hole is driven. In the above equations, () determines the conformal
infinity or boundary of the AdS spacetime. K represents the conical deficit, while M and
g correspond to the black hole’s mass and electric charge, respectively. A > 0 is related

to the magnitude of the black hole’s acceleration, and | = \/_3z denotes the AdS radius.
One of the notable features of this curved spacetime is that the axis passing through the
black hole exhibits a deviation from local flatness. According to Equation (7), the north
pole corresponds to 04 = 0, while the south pole is at 6 = 7. According to Equation (6),
the regularity condition of the metric at a pole demands K1 = g(0+) = 1 £ 2MA + g>A2.
By fixing, Ky = K at 6 = 0, there is a conical deficit § on the south pole axis at § = 7, given
by =2m {1 - %} . The parameters in the C-metric described by Equation (6) include
the black hole mass M, charge g, acceleration A, cosmological constant [, and tension of the
cosmic strings on each axis, encoded by the periodicity of the angular coordinate. For this
particular type of black hole, it is necessary to study its thermodynamic properties. From
Equation (6), the determinant g of the contra variant metric and the non-zero component of
the metric tensor are given as follows:

9= —ﬁr‘l sin? 0 (10)
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The null hypersurface equation describing the black hole horizon is given by

wF OF

el — 12
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According to Equations (6)—(8), (11) and (12), it follows that the equation that the event horizon
2
of the black hole in question satisfies can be obtained as g'" (%—f) =0or O*f(r) =0, ie,

2 2
14 2Arcos® + A% cos?0) | (1 — Ar? 1—%#7— +Zl=o. (13)
r r2 12

It can be seen from Equation (13) that Q2 # 0, and the equation governing the black hole
event horizon r is given by

2M g2 72
f(r+):(1—Ari) (1—r++j2+>+l;:o (14)

From Equation (7), it is evident that the acceleration parameter competes with the cosmo-
r

logical constant term l—; in the Newtonian potential. Alternatively, the negative curvature
of the AdS space negates the effect of acceleration. When considering the condition A < %
in Equations (6)—(8), we describe a single black hole suspended in AdS space, with the only
horizon being that of the black hole itself [15-21]. When A > %, two oppositely charged
black holes are present and separated by the acceleration horizon. The case A = % corre-
sponds to a special scenario. To ensure the validity of K, the following analysis imposes
the constraint MA < 1/2, which guarantees that the angular coordinates correspond to
those of a standard two-sphere. With the horizon area Equation (14) and its implications
established, we proceed to investigate the thermodynamic properties of this black hole. For

the purpose of solving Equation (4), we select the aether-like field vector u* as follows:

Ct Cr Co C‘P (15)

Equation (15) demonstrates that u/u;, = C% + C% + cg + cé = ¢2, where ¢4, c;, cg,Cy, and c are
constants. Thus, the four components of u* selected here satisfy u"u, = const. The WKB

ut =

approximation, named after Wenzel, Kramers, and Brillouin, is a theoretical method used
to solve wave function equations in quantum systems. It constructs the wave function in
the form of an exponential function and expands it within the framework of semiclassical
theory for solution. According to the WKB semiclassical theory, the wave function ¢ in
Equation (15) can be expressed as
is
¢ = @oe h (16)

where S is the action for a boson with electric charge e and mass m. Substituting
Equations (15) and (16) into Equation (5) yields

(& + Autu) <aa:y + eAy) <;:V + eAV> +m? =0 (17)
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The curved spacetime described by Equation (6) admits a Killing vector d;. Therefore,

we obtain
S

5
where w represents the particle energy. The action S in Equation (17) can be separated

—w (18)

into variables as S = —wt + R(r) + Y(0) + j¢. As can be seen from Equation (9), on
the event horizon of this black hole, when r — r,, A; = gq/r;. Further simplifying
Equation (17) yields

;2:) (1 + Ac%) (?_)f + eAt>2 — O%f(r) (1 + Ac-Z-) (?j)z + g% (1 + Acg) (gg)z

16\ 2 (19)
PP 2) (92 2 _
+8%(1+4d}) (a¢> +m? =0
Since f(r)], _,,, = 0, from this equation, we can obtain
drR\1? 1+ Ac? eq\*> 1+Ac? 2
[ = = w——+] = w—w 20
[f“(drﬂ,% rrag(e 1) = e« 0
or :
dR* 1+A2\? w—
(1) o
dr 1 + /\CV f(r) |r—>rh
According to the residue theorem for integration, we obtain
1
2\ 2% _
RE = 4ipp LHAG ) W@ —wo (22)
1+Acz) fl(rs)
where
M 2
f,(r+)—z[2—‘73+AM—Ar++rl; . (23)
oo

According to the quantum tunneling radiation theory, the quantum tunneling rate of a
spin-zero, mass m, charge e boson at the event horizon of this black hole is

I' ~ exp[—2(ImS4 —ImS_)] = exp[—2(ImR; — ImR_)]

=exp|—4rn %;(w — W)
1+ Ac2 f'(rs) (24)

w — Wy
=exp| — Th ,

where
f(rs) M ¢ | AM  Ary o1y
Ty — - - — =aTy,. 25
H= %y ! 2nrk 273, Yo "o o aat @5)
1
o1
where o = (ﬂﬁig) " In Equation (20), wg = % is the chemical potential. Ty is the

expression of the Hawking temperature at the event horizon of this black hole after being
corrected by Lorentz-breaking. Obviously, the quantum tunneling rate of the bosons and
the Hawking temperature at the event horizon of a uniformly accelerating charged black
hole are not only related to the acceleration parameter A but also to the t-component
and r-component of the Lorentz-breaking-related correction term u*. When the aether-
like correction terms are not considered, Ty = Tj, which is completely consistent with
the result of the Hawking temperature Tj, obtained by the Euclidean method in [15-17].

33



Entropy 2025, 27, 900

The Bekenstein-Hawking entropy of this black hole is closely related to its Hawking
temperature. If we use the condition 2mA < 1 to preserve the metric signature, then K
encodes information about the conical deficits on the north and south poles with tensions

given by [22]
”i:gi:i(l_lﬂmiHZN) 26)
Therefore, the first law of thermodynamics for this black hole can be expressed as
dM = TydSy, +Pdg + VAP — A duy —A_du_, (27)
where ,
- 3F 7 &

In Equation (27), A+ denotes the thermodynamic lengths associated with the tension
charges of the strings, corresponding to the segments of string attached at each pole. The
expression for A4 is given as follows:

-+ _ 2 42
M= T M(142MA + ¢24?). (29)

Here, V represents the black hole thermodynamic volume, and P is the pressure associated
with the cosmological constant. From Equation (27), we can obtain

dM -V dp — (qu + )L+d1/l+ + A_du_
SBH 2/

Ty
_1
~(1+Ac? 2/ dM —Vdp — ¢dg + Ayduy +A_du_ 20
1+ Ac2 T, (30)
1
_(1+Ac? 775
1+ A2 bhs

In the research on black hole entropy, quantum gravitational effects induce Lorentz sym-
metry breaking without altering the Bekenstein-Hawking entropy of the black hole. When
considering hi-perturbation theory, logarithmic corrections to the black hole entropy arise.
In the present study, we have modified the quantum tunneling rate of this black hole via
Lorentz-breaking theory, thereby obtaining the corrected Hawking temperature at the event
horizon of the black hole. Consequently, based on the first law of black hole thermodynam-
ics, the modified Bekenstein-Hawking entropy expression as shown in Equation (30) is
derived. Spy is the result of the Lorentz-breaking correction to the Bekenstein-Hawking
entropy of this black hole, and Sy, is the Bekenstein—-Hawking entropy of this black hole
without considering Lorentz-breaking. Here,

Shh - Z (31)

where a5 is the area of the event horizon of this black hole. As can be seen from Equation (6),

ds’ = & (%d(ﬂ — g(mrzizsmzedcpz). Therefore, we have

2mr2 sin? 6 df 4mr? 1
as = [ dodg/—g = =+ = —" : 32
’ / Pv8 K Jo (1+ Arycos6)? K 1-A%3% 2
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Substituting Equation (32) into Equation (31), we obtain that the expression of the
Bekenstein—-Hawking entropy of this black hole before correction is

2

Ty
Spp = ———F———. 33
K- A2 (33)

Therefore, Equation (30) can be rewritten as
N 2
SBH—<1+/\C;) e . (34)
1+ Ac? K(1—A%r7)

Ty and Spp are the corrected results of the Hawking temperature and the Bekenstein—
Hawking entropy of this black hole obtained within the semi-classical theory. To demon-
strate the effect of the quantum perturbation theory on the correction of the Bekenstein—
Hawking entropy of this black hole, we first rewrite Equation (21) and its solution
Equation (22) as

+ 1
dRo |y ( - ACE) - (35)
dr r—ry 1 + /\CV f(r)|r—>r+
1
. 1+ A2\ 2 Eg
RE =4 t (36)
0 ”T<1+Ac%> Fire)

where Ey = w — wyp. Considering the quantum perturbation theory, we can express the
energy and the radial action of bosons in the spacetime of this black hole as follows:

E= Eo + Z hiEi (37)
i=1

Dt + ip+
R* =Ry + Z%Fz’Ri (38)

1=

Substituting i = 1,2,3, - - - into Equation (20), respectively, we obtain

+ 1
dR; _ i<1+)\c%> L (39)
dr r—ry 1 + )\C% f(r) ‘}’HTQF
1
dRy | _ ;I:(1+AC%>Z B (40)
dr oty 1+ Ac? f(r)|rﬁr+

Evidently, there exists an inevitable connection between Rf, Rzi, -+ and Rf)t. That is to say,
L1
= SBH
tunneling rate of bosons at the event horizon of this black hole is further modified to

B B _ 14+ A2 : E it
) Nexp[72<ImR,~+ —ImR; )} :eXp{4n[<1+Acé) ]f’(fOJr) <1+1'Zihai>} (41)

. R . .
if we denote -+~ as W= , then after the quantum perturbation correction, the quantum

where

L ! 2 % .
- L2 (1202 o o).
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Therefore, when quantum perturbation corrections are considered, the Bekenstein—
Hawking entropy of this black hole can be further expressed as

Spr = Spu + hp1InSpy + - - - (43)

where B is the proportionality coefficient between option 7! and . This perturbatively
corrected result indicates that é;; has a logarithmic correction [23,24]. The derived black
hole entropy demonstrates that it depends not only on the event horizon area but also
on the quantum parameter /' and the coefficients c, ¢, of the Lorentz-breaking correction
terms. These findings highlight the complexity of black hole entropy, which remains a topic
warranting further investigation.

3. Lorentz-Breaking Corrections to Quantum Tunneling Radiation of
Spin-1/2 Fermions in Accelerating Charged AdS Black Hole Spacetime

In flat spacetime, the action of a spinor field can be expressed in the following
two forms [25]:

S [ Al @n — ieAn) — iy’ )

5 = /d%@ [i'y’”(am —ieAn) <1 — zx% +by° + t;"(bD)z) - m} v (45)
In Equation (45), D,y = 0, — ieA,; denotes the standard gauge covariant derivative.
Equation (44) represents the action without incorporating Lorentz-breaking corrections,
while 5’ corresponds to the action including such corrections. Here, y is the complex conju-
gate of ¢/, applicable for spin-1/2 fermions. Since spin-1/2 fermions can have both spin-up
and spin-down states, a chiral correction term, b+°, must be introduced into Equation (45)
when considering Lorentz-breaking effects. Additionally, the first known Lorentz-breaking
term is the Carroll-Field-Jackiw (CFJ) term, which was proposed and explicitly calculated
in [26,27]. Therefore, the action of the spinor field must also include the CFJ correction term.
In summary, in the curved spacetime of a black hole, considering the Lorentz-breaking
theory, we can modify the spinor field action. We propose that the action of the spinor field
in curved spacetime be modified to the following form [25]:

A v b\ m
(g D”D”(m)n‘h}‘P 6)

o

1—
m2

')’M'YVDyDv

Sf = / d4x\/fgl/7{i'r”Dﬂ
— [ty =gl

where Dy, = 9, + %EAV +Qy, Q= %Tﬁﬂﬂaﬁ and Il,p = %[’y”‘,’yﬁ]. In Equation (46), v*
denotes the gamma matrices in curved spacetime, which are determined by the specific
characteristics of the curved spacetime, and the wave function ¢ is the conjugate of . The
coefficient a represents the CFJ correction term and satisfies the condition a/m < 1. The
coefficient b represents the chiral correction term and satisfies the condition b/m < 1. The
coefficient A represents the aether-like correction term and satisfies the condition A /m < 1.
The gamma matrices in Equation (46) satisfy the following conditions:

Pl + Pyt =2¢"1 (47)

Y'Y+ 7y =0 (48)
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In the semiclassical WKB theory, the wave function ¢ of a spin-1/2 fermion can be

expressed as
S
p= (g) J (49)

where S L denotes the action of a fermion with charge ¢, mass m, and spin-1/2. The
coefficient of ¢ is a 2 x 1 matrix. According to the variational principle, we can obtain

58; = /d4xw/—g5Lf —0. (50)

From Equations (45)—(48) and (51), the modified form of the dynamical equation for a
spin-1/2 fermion is obtained as follows:

8 (1 = 2a) +2Autu’) (3,Sy + €Ay ) (S5 +eAy ) +2b95 +m? =0 (51)

where 77 is the coefficient corresponding to y°, which must be determined based on the
specific characteristics of the curved spacetime. From Equation (6), we can identify the
matrix elements of the y# matrices corresponding to the black hole spacetime as follows:

I 0 o (1 0
7= gﬁ<0 —I>:f(r)<0 —1)

(52)

The Pauli matrices in Equation (51) are given by
Wl 01
10
0 —i
2
= 53
¢ ( i 0 ) &
B 1 0
0 -1

Based on Equations (6) and (51), the choice of 7 is given by

7 = —KQ—SI?Q'MWQW
1{1 0 0 ol 0 a2 0 &
__KQV<0—I><041 0)(042 0)(0(3 0) (54)
10
-
70(0 1)

where 7 = KQ/r, and it is clear that 7" satisfies Equation (48). The 9# and «° chosen from
Equations (52)—(54) fully satisfy Equations (47) and (48). Moreover, 7!, 7", 7Y, 4?, and 9°
are all Hermitian matrices, ensuring that the related calculations have physical significance.
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By substituting Equations (11), (15) and (54) into the fermion dynamical Equation (51),
Equation (51) is specifically given by

2 S 2 S \2 02
o 2 f o2 B 2 £\° Q%)
0 (1 2a +2Act) ( 5 —|—eAt> Q f(r)(l 2a —|—2/\C,) < 5 ) 2 (1—2a+ o)
3Ss\ > 0O?K? 3SF\?  20KQ
2\ (92 _ _ 2 f 2 _
Z)tce) < 30 > 202 2o (1 2a + 2)\64,) ( 59 > + . +m 0

The curved spacetime described by the metric Equation (6) possesses Killing vectors d; and
dy. Therefore, the action in Equation (55) can be separated as

S¢=—wt+Re(r) +Y(0) +jo (56)

Substituting Equation (56) into Equation (55) and multiplying both sides of the equation by
f(),-,,,,, we obtain

+ 1/2
dR; L1 (1—2a+2)w§> (@ — wo) 57)
_ 2 :
dr o f@)ospy \1—2a+2Ac}

Using the residue theorem and setting RT = Rg, we obtain

. 1/2
~ 27t (1 —2a+2Ac?
RY =+ t — wp). 58

0= T F(n) <1—2a+2Ac3) (w = wo) %)

This yields the quantum tunneling rate of spin-1/2 fermions at the event horizon of a
charged, accelerating AdS black hole:

_ 1—2a+212\ "* (w — wp)
Iy ~exp|-2(ImR{ —ImR; )| eXp[ 4”(1—2a+2)\c%) frr+)

= exp _w—wo
T

where f'(r}.) is given by Equation (23). The corresponding expression for TNI{{ is provided below:

] (59)

o (1—2a+2Ac$>1/2 M AM A |y
B \1-2a+2Ac2 2nrd  2mrd 2w 2m 27l )

o (1—-2a+42A2\"?
T M1 -2ar2ae2

This is the Hawking temperature at the event horizon of the black hole, corrected by Lorentz
symmetry breaking. The correction is derived from the modified dynamical equations for
spin-1/2 fermions, and it naturally differs from the corresponding result for bosons. The
difference primarily manifests in the coefficients of the correction terms. According to the
first law of black hole thermodynamics, the black hole entropy is related to the Hawking
temperature and other factors. Based on the first law of black hole thermodynamics and 7
perturbation theory, we can derive the expression for the black hole entropy, which involves
terms related to hi, a, ct, Cy:

Sps = Sy + hInSpypy + - - (61)
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where

-1/2
,_ (1-2a+2Ac 5 62)
BH =\ 124+ 2Ac2 bh

Comparing with Equation (45), it is evident that é’;; contains an additional coefficient for
the CFJ correction term compared to Sgy;. This correction arises from the spin characteristics
of spin-1/2 fermions. It is important to note that the coefficient b of the chiral correction
does not affect SA’BIJ_I as the equation for R’(r) does not exhibit any b-dependent correction
term as r — r due to the condition f(r4)bQ)/r = 0. However, for r > r,, the fermion
energy level distribution in the black hole spacetime will inevitably include corrections that
depend on b.

4. Discussion

In the above studies, we considered the case where A > 0, which is related to the
magnitude of the black hole’s acceleration. We applied Lorentz-breaking theories to modify
the dynamical equations of bosons and fermions in the spacetime of the black hole. Based
on these modifications, we introduced both Lorentz-breaking and quantum perturbation
corrections to the Bekenstein-Hawking entropy of the black hole. The results obtained
in this work provide valuable insights for studying other types of charged accelerating
black holes. As discussed, by setting M = 0 and g = 0, the black hole horizon is removed,
resulting in pure AdS spacetime. This allows for the study of the Rindler horizon for a
uniformly accelerating observer. Similarly, the Lorentz-breaking corrections to the Hawk-
ing temperature at the Rindler horizon can be explored, along with the correction to the
Bekenstein-Hawking entropy. Additionally, we can introduce Rindler-type coordinate
transformations in pure AdS spacetime to further investigate the corrections to the Hawk-
ing temperature and other physical quantities at the Rindler horizon.The spacetime metric
of the black hole is a solution to the Einstein-Maxwell field equation. This solution is
a direct generalization of the Reissner-Nordstrom solution in general relativity and the
Bora solution in classical electrodynamics. The results indicate that, except for an addi-
tional “outer” Killing horizon due to the accelerated motion, the horizon structure closely
resembles that of the Reissner-Nordstrom case. Kinnersley et al. studied the spacetime
characteristics of uniformly accelerating charged black holes and the spacetime metrics of
black holes with arbitrary acceleration and no charge [28,29]. Black holes are possibly the
most fascinating objects in the study of cosmology and astrophysics.
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Abstract: This paper studies a rotating Kiselev black hole surrounded by dark energy,
whose spacetime metric is a solution to the Einstein field equations. Quintessence is a
scalar field with negative pressure, related to the state parameter w of the dark energy
surrounding this black hole. Based on Lorentz-breaking, WKB approximation theory, and
quantum tunneling radiation theory, we investigate the characteristic of quantum tunneling
radition of spin-1/2 fermions and the result of the correction entropy in this special type
of black hole. Additionally, we explore the significance of new expressions for physical
quantities such as the Hawking temperature and Bekenstein-Hawking entropy of this
black hole.

Keywords: dark energy; quintessence; Kiselev black hole; Lorentz-breaking;
Bekenstein-Hawking entropy

1. Introduction

Theoretical and observational studies in astronomy indicate that the universe is cur-
rently undergoing accelerated expansion. The dynamical mechanism behind this expansion
has not yet been fully determined, leading to the proposal of various models of dark en-
ergy. These dark energy models can be broadly categorized into two types. The first
type modifies the energy-momentum tensor on the right side of Einstein’s field equations,
hoping to identify suitable new forms of matter that drive the accelerated expansion of the
universe, such as the quintessence scalar field model. The second type aims to amend the
mathematical theory of general relativity, which involves modifying the geometric part
on the left side of Einstein’s field equations, encompassing various modified gravitational
theories. Due to significant constraints on the adjustable parameters of these modified
gravitational theories, the best model today remains the cosmological constant model,
while the concept of new forms of matter is still unclear. The study of dark energy models
continues to be a significant topic in contemporary astronomy. The accelerating expansion
of the universe implies the contribution of matter with negative pressure to its evolution,
which could be the cosmological constant or so-called quintessence matter. If quintessence
matter exists throughout the universe, it can also be present around black holes. Therefore,
astrophysical black holes are not isolated from matter. Up to now;, it is not yet clear what
kind of matter dominates the region around black holes. By considering quintessence mat-
ter as a source of energy-momentum, researchers have studied the rotating counterpart of
the solution to the Einstein equations [1-8]. The rotational Kiselev black hole is surrounded
by quintessence matter, and its quantum radiation characteristics represent a topic worthy
of in-depth study. The quantum tunneling radiation of black holes can be divided into
thermal and non-thermal radiation. Kraus et al. proposed a genuine tunneling radiation

Entropy 2025, 27,1135 https://doi.org/10.3390/e27111135
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theory to investigate the Hawking thermal radiation of black holes [9-15]. Following
this, researchers suggested using the semiclassical Hamilton—Jacobi method to study the
quantum tunneling radiation of black holes [16-18]. Yang and Lin simplified the Dirac field
equation into a matrix equation using semiclassical approximation theory and derived the
Hamilton—Jacobi equation in curved spacetime by utilizing the commutation relations of
Gamma matrices [19-21]. This method effectively simplifies the related studies of fermionic
quantum tunneling radiation. In recent years, research on quantum gravity theory and
string theory has indicated that Lorentz dispersion relations require modifications at the
Planck scale in high-energy domains [22-25]. Lorentz-breaking can have significant effects
on the dynamics of bosons and fermions in curved spacetime, making the study of modifi-
cations to curved spacetime and the quantum tunneling radiation characteristics of bosons
and fermions a focal point of research [6,7,26-31]. However, in these significant studies,
the influence of matter surrounding black holes has not been considered. Therefore, in this
paper, we aim to research the impact of dark energy and Lorentz-breaking on the radiations
of the Kiselev black hole surrounded by quintessence.

In the next two sections, we introduce the metric characteristics of the static, axially
symmetric Kiselev black hole spacetime surrounded by quintessence matter, along with
the modified form of the fermionic dynamics equation under Lorentz-breaking theory in
this spacetime background. The third section discusses the radiation characteristics of
the Kiselev black hole influenced by Lorentz-breaking and dark energy, as well as new
expressions and implications for the modified Hawking temperature, Bekenstein-Hawking
entropy, and other physical quantities. The final section of this paper discusses the research
methods and conclusions derived from this study.

2. Quantum Tunneling Radiation Characteristics of Kiselev Black Hole
Surrounded by Quintessence

Black holes in the universe do not exist in isolation. The existence of a black hole is
related to the surrounding matter. Therefore, a real black hole spacetime metric should
include factors concerning the surrounding matter. Kiselev studied the spacetime metric of
a black hole surrounded by quintessence, which is a solution to the Einstein field equations.
The Kiselev solution contemplates any type of energy-matter, once a state parameter has
been established. The spacetime line element of a rotating Kiselev black hole is given
by [6-10]

1-3w
32
2asin® 0 (2Mr + cr! —3¢)
_ -

22 2 1-3w
)dt2 + S-dr? 4 17d6% + sin’ 6 <r2 +a% + a? sin’ eM”Zgr) d¢?

)

drdo.
where
A=7>—2Mr+a®—crl=3w

2 = > 4+ 4% cos* 0

2

Here, M is the mass of the black hole, and a = % is the angular momentum per unit
mass of this rotating black hole. c is the strength parameter. w is the equation of state
(EoS) parameter of the dark energy component. w defines the EoS, p = wp, where p is the
pressure, p is the energy density, and for dark energy, the range of w is

1
1 L 3
<w< -3 3)

It should be noted that the standard quintessence field is a perfect fluid in the cosmological
sense, in the sense that no pressure anisotropy exists. However, in the black hole solution,
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different values of the quintessence parameter w correspond to different kinds of energy-
matter definable by the EoS. Specifically, dust corresponds to w = 0, radiation corresponds
tow = %, the cosmological constant corresponds to w = 1, and the so-called R, universe
corresponds to w = —% [6-10]. Equation (1) describes a black hole wrapped in any kind of
energy-matter definable by the EoS. In general, for dark energy, we would expect w < 0;
quintessence, as said, would satisfy Equation (3). From Equations (1) and (2), it can be seen
that the non-zero components of g, are

S = S (22 — oMy — Cr173w)

y2
ZZ
8rr = N
oo = 27 (4)
M 1-3w
Spp = sin® 6 (1,2 + a® 4 a®sin® QH_Z?>

asinZ0 (2Mr + crl=3w)
8tp = — 32

The determinant of the metric corresponding to g,y obtained from Equation (4) is
—| __24-29__<2 2 2\ 2 ®)
g =|gw| = sin®0 = — (7" +a”cos” ) sin” 6
From Equations (4) and (5), as well as the algebraic cofactor A" of the metric Suv the non-

zero components of the inverse metric tensor gV can be calculated as g = (—1)”*”%,
and they are, respectively, as follows:

1 2M 1=3w
g = A<r2+a2+a25in2 p T ;gr )
A
g‘rr _ ?
1
00 __
oo _ A —a%sin? 0
8= AY2sin? 6
a _
gf¢ - gle = —i52 (ZMr +cr! 3“’).

In the four-dimensional curved spacetime described by Equation (1), a three-dimensional
hypersurface can be represented by the equation f(t,7,6,¢) = 0, where r, 6, and ¢ are
spherical coordinates. The normal vector is 1, = %, and the length of the normal vector

is given by nynt = gM¥ Of O The hypersurface is a null surface if it satisfies the condition

oxF 9xV
nyn = 0. The equation of the zero hypersurface that defines the event horizon of the black
hole is as follows of of
A - 7
oxH dxVv 0 @)

The equation for determining the event horizon of this black hole is g'"" = 0, obtained by
substituting Equation (6) into Equation (7), which gives

A=1>—2Mr+a®—crt=3¢ = 0. (8)

The horizons of this black hole depend on the equation of state w and the strength pa-
rameter c. When —1 < w < —1/3, Equation (8) has three horizons corresponding to
an event horizon r;, a Cauchy horizon r_, and a cosmological horizon. According to
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Equation (8), when w > —1/3, the cosmological horizon will disappear. We consider the
case —1 < w < —1/3 and study the quantum tunneling radiation at the black hole’s 7,
where we only need to focus on the event horizon. From the equation, we can derive [7,8]

c(M+ VM2 —qa2 e
(M+ vVIE—a?)
2V M2 — g2

)

ry=rg=M+VM2—a2+

Equations (1)—(9) describe the spacetime characteristics of the Kiselev black hole surrounded
by quintessence. In the curved spacetime of this black hole, the dynamics of bosons and
fermions have new expressions after Lorentz-breaking theoretical corrections. Therefore,
physical quantities such as the quantum tunneling radiation rate at the event horizon rp of
this black hole will have new results. The following content will present an expression for
this topic, which has not been deeply studied. With the expression for rf;, we can study the
quantum tunneling radiation characteristics of bosons or fermions at the event horizon of
this black hole, as well as related topics. Considering spin-1/2 fermions, which are Dirac
particles, and taking into account the Lorentz-breaking correction effects. Nascimento
et al. studied the action of the spinor field S in flat spacetime and the application of
Lorentz-breaking theories, proposing the higher-derivative extension of spinor QED in
4D as follows [26,27]: S = [ d*xg {iy’”Dm (1 - a%) + by + E(bD)* - m} @, where
Dy, = am — ieAy, is the usual gauge covariant derivative. @ is the conjugate of ¢. &, , b are
the coefficients of the CF] modification term, the aether-like modification term, and the
chiral modification term, respectively. The action of the spinor field in the Kiselev black
hole spacetime, as expressed by Equations (1) and (2), can be modified to [31]

s ] , ' .
1- %V’WV (ay + %Ay + IQ},) (au + %AV + zﬂvﬂ

~ . ie )
S¢ :/d4x\/—g1/){z'y” (ay + %Ay + IQH>

Al ie . ie , bpy? m
—i—ﬁu?‘u” (BH + ﬁAH + zQH) <8U + EAV + zQV) + T h}q; = /dA‘x\/—gEf

According to the variational principle, we can obtain

(10)

58y = /‘d4x\/fg5/jf —0 (11)

From Equations (10) and (11), we obtain the modified spin field equation as follows

. hz . .

{iw (ay + A+ iQH> [1 RN (ay + A+ iQV> <au + 3 A+ zn)]

) (12)
Ak ie . ie . boy m

In Equation (10), ¢ is the conjugate of . In Equations (10) and (12), ag, by and A are coeffi-

cients of small correction terms. Here, ag corresponds to the CFJ term, by corresponds to the

Chiral correction term, and A corresponds to the aether-like correction term [26,27,32-34].

According to the WKB approximation theory and black hole quantum tunneling radiation

theory, spin-1/2 fermions, also known as Dirac particles, are considered. For Dirac particles,

the wave function in Equation (12) can be expressed as

P = (‘;‘)e’ﬁ (13)

Here, A and B are the matrix elements of the 2 X 1 column matrices. Substituting
Equation (13) into Equation (12) and multiplying both sides of Equation (12) by 7, while
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omitting the spin connection term 7€), that contains 7z, we can obtain the equation for the

Dirac particle action S as follows:

A boy?
{ways + [1 — %’y”’y” (045 +eAy) (9SS + eAV)] [mu”u" (045 +€eAy) (0,5 +eAy) + % —

}(3) -0 o

This is a matrix equation, which is actually an eigen matrix equation. The condition of

non-trivial solution for this equation to is that the determinant of the corresponding matrix

is zero, i.e.,

A
10,5+ |1 - %’y”’y” (04S +eAy) (9,5 + eA,,)} {—mbﬂ’u“ (0uS +eAy) (0,5 +eAy)

The gamma matrices in Equation (15) are constrained by the following conditions:

Yyl + oyt =211

Y+ =0

Thus, it is easy to obtain from Equations (15) and (16) that

[¢"7(1 — 2a9) + 2Au"u"](0,4S + eAu) (9yS + eAy) + m* — 2byy] = 0.

5
+l’07_m] —0. (15)
m

(16)

(17)

(18)

This is the spin field equation for spin-1/2 fermions. In this equation, g"”, u# and g need to

be determined based on the specific characteristics of the curved spacetime. The conditions

utu, = const., and 7° and " must satisfy Equations (16) and (17). To solve Equation (18),
2 y BEq q

the components of the aether-like field vector u# are chosen as follows:

Uy = C’g”, uput = upurgt = c?
Uy = \/Zw, up” = uypu g = c?
Ug = Cgeg, ugu® = uguyg® = 2
Uy = \/Cé%, upu? = ugugpg? = cj

Clearly, u,u" = uyu, g = 2c2 + 2 + 5 + 2c§J

(19)

a3(const). To facilitate solving

Equation (18), we choose the four components of u, as shown in Equation (19). In or-

der to determine the specific forms of 4> and 'yg, we choose the four components of the

gamma matrices in the Kiselev spacetime as follows:

I 0
bt ot

_s (10 gt —(g) (0 P
T\ 0 —I gt @ 0

where I is the identity matrix, and O'i(i =1,2,3) are the Pauli matrices, i.e.,

A 01 o= 0 — P
1 0 i 0
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According to the characteristics of the Kiselev spacetime metric, 7° is chosen as follows:

= (22)
A [T 0 0 o! 0 o2 0 o s(1 0
_i212r2<01>((71 0)(02 0)(03 0>_7°<01>
where A r2 —2Mr + a? — crl—3w
%= 252~ 2(r2 + a2cos?0) @)

Substituting Equations (16), (19) and (21) into the field equation Equation (18), we obtain
the dynamical equation for spin-1/2 fermions in the Kiselev spacetime as

- % (1 — 240+ 2)\C%> {22 (r2 + a2> +a? (ZMV + cr1*3‘*’> % cos? f <2Mr +ort™ 3“’)} < )

+ A(l —2ay + 2Ac$) (35)2 f %(1 ~ a0 + 2x\c§,)azz (2Mr T cr1—3w () ( )

+ %(1 — 2ap + ZACé) (sir?z 2 ) (gi) +32 {mz — 2b078 + Qo0 (1 — 249 +2x\c§)} (gg)

9505 | 49595 43S asas (259 | 009588
arot " arae " orag Yaoar T 00

+ 32 (mz - 2bor8) + Au’ (ut

2 sin? 0. The constant introduced when separating

where X2 = 12 + a2 cos?0 = r* +a> —a
variables in Equation (24) is denoted as dy. Multiplying both sides of this equation by A,
and noting that A|,_,,,, = 0, the radial motion equation for spin-1/2 particle, derived from

Equation (24) at the black hole horizon, is given by

— (1-209 +20¢) [ (} + 0y + ? (2Mryg + crl )| (Zf)z

4 (1 —2a0+22\c3) (Aas>2 +2(1 —2a0+2/\c42,>a(2MrH+ rl- 3‘“)3?3;

or rsry
_ (1 2+ ZAcé)az <g;>2 + [AIHm (mz - 25078)7 - AdO} orn 0

The Kiselev spacetime possesses a Killing vector a G/ 50 <P = n(const.) the particle action S
in Equation (25) can be separated, i.e.,

(25)

S = —Et+R(r) +O(0) + n¢ (26)

After substituting Equation (26) into Equation (25), the following is obtained:

dR\? 1—2ag +2Ac}

A— e e {E (r%{ + az)} —2anE (ZMrH + crl 3“’) + a’n?

v 1 —2ag+2Ac?

H (27)
1—2ag 4 2Ac?

2
2 2 2
= ST 2 E—E
1—2ag + 2Ac2 (rH ? ) (E—Eo)

Got Equation (27) before we used u'u? = g"uyu? = ¢'c3 and u'u? = u'uig'? = g'*c;

From Equation (27), we obtain
an

Ep= 0
12+ a2

(28)
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1/2
dr 1 1 — 2ag + 2Ac?
- =+ t 2 +4a%)(E - Ep). 29
dr r—ry A|r—>rH <1_2a0+2/\63) (T’H-f—ﬂ )( 0) 29

The application of the residue theorem to integrate both sides of Equation (28) yields

(2 2 _ 2\ 172
Ry — iz7r(rH +a%) (1 —2ag + 2)c? (E—Ey), (30)
A’(I’H) 1—2a+ 2/\C%

where
N(ry) =2rg —2M — c(1 = 3w)r;>. (31)

Based on the WKB approximation and the quantum tunneling radiation theory, the quan-
tum tunneling rate of the semiclassical at the event horizon rg of the Kiselev black hole is
given by

I' ~exp(—2ImS+) = exp(—2ImRy) :exp(E;EO), (32)
H

where

Ty = (33)

2y — 2M + ¢(1 — 3w)rl 3 (1 — 24 +2/\c3)”2
47t (12 + a?) 1 —2ag + 2Ac?

To elucidate the relationship between the corrected entropy and the fi-perturbation,

Equations (29) and (30) can be, respectively, rewritten in the following forms:

dRE 1 (1-2ap+202\"?
4 } 2 L 2\(E_E 34
(2 422\ /1 2y 172
RE — j:171(;’H+a ) (1 —2ag + 2Ac? (E— Eo) (35)
0 AN (ry) 1—2ag +2Ac?
Let .
E=Ey+ ) IE; (36)
i=1
+_ pt ipt
R =Ry + ) I'R; (37)

i=1
where E(’) = E — Ej. From Equation (29) to Equation (37), the following relationship can be
derived [35,36]

1/2
dRE _ Bl (1-200421¢ / 38)
dr r—TrH A|r1—>rH 1—2ay+ 2/\C%
dRE L EB(+ ) (1 — 2aq +2Ac$)“2
dr lrory A|rl*)rH 1—2ap+ ZAC% (39)

From Equations (9), (38) and (39) it is clear that an inherent relationship exists between RT,
Ri RjE -+ and RjE Defining RT = «}, Given E;/E;_; = B;, Equations (36) and (37) can

i+1

be rewritten as E = Ejj + E h’,BZEO, Rt = RjE + Z hlzx’RjE where «/ can be expressed as

i=
a;/Spr. Tf; denotes the Hawkmg temperature at the event horizon of this black hole, which
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includes terms with i corrections. According to Equation (37), the quantum tunneling rate
of this black hole can be rewritten as

3 +a?)E) (1 —2ag + 2Ac2 12 :
I~ exp(—21,RE) — exp | —arr /1L 0 0 ! 1 o
exp(~2nR7) eXp[ TN () \1- 249+ 2082 +l; i

El
ool )

(40)

where

~1/2 ~1 4

AN (rg) 1—2a9+ 2/\02) ! ) '
i 5 1 2 ') =Tyl 1+ Ha;/S 41
" Ar(rg; + a?) (1 — 2ag + 2Ac? = i H l; i/ SpH (41)

For this black hole, the corrected first law of thermodynamics is formulated as follows:

dM = Ty dSgy + QdJ — pdV; (42)
Thus,
Sh :/dM—Qd]—pdVd
Ty (43)
= Spg +hay InSpy + - - -
where
o / dM — QdJ — edV; / dM — QdJ — edVy (1 —2ag +2Ac2\ /2
e Tn B Ty 1—2ag + 2Ac2 )
_g 1—2a9+ 2)\(1% 1/2
T\ =249 4+ 2M¢2
where Ty = % is the original temperature of the black hole, and Sy, is the original

Bekensein—-Hawking entropy. Equation (43) is the logarithmic-corrected version of the
Bekenstein-Hawking entropy of this black hole. The logarithmic-corrected version of
the Bekenstein-Hawking entropy is approved by various quantum efforts such as conical
singularity and entanglement entropy, Euclidean action method, quantum geometry, Candy
formula, conformal anomaly, Noether charge, and non-locality of quantum gravity [35,36].
According to the new expression for the Bekenstein-Hawking entropy of the Kiselev black
hole and the second law of black hole thermodynamics, the black hole entropy never
decreases in the clockwise direction, i.e.,

ASgy >0 (45)

Therefore, the expression for the black hole’s quantum tunneling radiation rate in
Equation (40) can be rewritten as

I'=exp (AS%H). (46)

The area of the black hole event horizon is Ay . Due to

2M 1-3w
dH? = 2%d6* + sin’ 0 <r%{ + a? + a? sin? em;crh’> d¢?, (47)
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(s

dR
dr

the metric determinant corresponding to Equation (47) is
2
gy = sin® 0 (V%{ + az) (r%, + a? cos? 9) + a?sin® 0 (r%{ + az) = sin® 6 (r%i + 112) (48)
where ry is related to cand w .

A = / V/grdode¢ = 471(1’%, + uz) = 47‘[<2M1’H + cr}f?’“’) (49)

SO,
Spn = A /4 (50)

Thus, the semiclassical Bekenstein-Hawking area law is given by Sy, = % = (2Mry +
cr}{‘?’“’)z represents the uncorrected original Bekenstein—-Hawking entropy of the black
hole and Ay is the area of the event horizon of the black hole. Sgy is corrected semiclassical
Bekenstein-Hawking entropy. Si;, is a type of the Bekenstein-Hawking entropy included
logarithmic-corrected. Through Sy, Spy, and Sg . our understanding of the entropy of
the black hole has deepened. Equation (32) represents a new expression for the quantum
tunneling rate of spin-1/2 fermions at the event horizon rp of the Kiselev black hole, where
=0,
we derive the relation r%, +a? = 2Mry + cr}{_&". The expressions for I', Ty, and wy

Ty denotes the Hawking temperature at the black hole horizon. Given that A|,_,,
demonstrate that these quantities are all dependent on r%, 4 a2, which in turn depends on ¢
and w. Therefore, the quantum tunneling radiation of the Kiselev black hole surrounded
by quintessence matter is characterized by distinctive features. Modifications such as
quintessence matter, CFJ corrections, and aether-like field modifications each contribute to
the quantum tunneling radiation of the black hole. The coefficient of the chiral correction
term, denoted by, does not influence the quantum tunneling rate of the black hole, thus
having no impact on the thermal quantum radiation described above.

3. Research on the Impact of Dark Energy and Lorentz-Breaking on Dirac
Energy Levels in the Spacetime of the Kiselev Black Hole Surrounded
by Quintessence

When examining quantum non-thermal radiation, the chiral correction term affects
the energy level distribution of Dirac particles in the black hole spacetime, as well as the
maximal crossing between the positive and negative energy levels of Dirac particles near
the event horizon. To investigate the impact of dark energy and Lorentz-breaking on the
Dirac energy levels in the curved spacetime of the black hole, we consider the equation
governing the radial action R of Dirac particles in the region where » > ry within the
curved spacetime, as shown below:

2 1-2ap+2Ac} > 2\1]? 1-3w 22 (M —2bg7g)r? —
> = [E(rH—i—a)] —2anE<2MrH+crH )+an —A 1= 2a0 + 22

1 —2a9 +2Ac2

The left-hand side of this equation is a positive real number, thereby necessitating that the
right-hand side satisfies the following conditions:

(m2 — ZbO'yg)rz —dy

>0 52
1—2a0+2Ac2  — (52

[EZ (r%l + a2)r — 2anE <2MrH + cr}f‘*’) Lan? - A

By solving for the equality, we obtain the equation satisfied by the positive and negative
energy levels of Dirac particles in the spacetime of the Kiselev black hole as follows:

» 2 12 (m? — 2by3)r* — do
() - - a2 8
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d°} (51)



Entropy 2025, 27, 1135

From this equation, the positive and negative energy levels of Dirac particles in the space-
time of a Kiselev black hole are given by the following:

an A (m2 — 2byyg)r?2 —do

Ei =
12+ a2 (,%_1_,12)2 1—2ag +2Ac?

(54)

It follows that the parameters ag, A, by, ¢, w all induce certain modifications to the distribu-
tion of positive and negative energy levels of the particles. From Equation (54), the energy
level distribution in the spacetime of this black hole is given by

E > E+ (55)
E<E_
As r — ry, Equation (55) reveals that
an (ZMrH + cr}{“) i
rllg}-] Ex = 2 2)2 TR i Eo 6)
(rf; +a?) H

where Ej represents the maximum value of the crossover energy levels E and E_. Under
these conditions, the maximum energy condition for the quantum non-thermal radiation
particles is E < Ej. Considering the limit » — oo, Equation (50) reveals that

~ +m (57)

E‘r%oo

where m denotes the mass of the spin-1/2 fermion. By combining Equations (56) and (57),
the energy range of quantum non-thermal radiation at the black hole’s event horizon rp is
given by

—-m< E<E (58)

From Equations (8), (9) and (55)—(58), it can be seen that the distribution of fermionic
levels in the spacetime of this black hole surrounded by dark energy is related to the dark
energy component w. This is a significant difference from other stationary black holes.
Equation (58) can be considered as a new expression for the energy range of quantum
non-thermal radiation particles from stationary black holes. The physical significance of
this expression is as follows: particles exhibit wave-particle duality, and radiation particles
can exist in both positive and negative energy states. There is a forbidden zone between
these energy states, where no particles can exist. When the energy E in the negative energy
state satisfies the condition in Equation (58), a phenomenon similar to the Klein mecha-
nism occurs, where particle pairs are generated through quantum tunneling, resulting in
radiation particles. This effect is known as quantum non-thermal radiation. In fact, this
is a form of stimulated radiation of the black hole. When a black hole undergoes stimu-
lated radiation, spontaneous radiation is also inevitably present, which corresponds to the
Starobinsky—-Unruh process. Both stimulated and spontaneous radiation are independent
of the black hole’s temperature, and the radiative quantum non-thermal effects cause a
reduction in the black hole’s rotation and angular momentum.

4. Discussion

The quantum tunneling rate I, Hawking temperature T};, and Bekenstein-Hawking
entropy Sj; of this black hole after Lorentz-breaking and quantum perturbative corrections
are given by Equations (40), (41) and (43), respectively.
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Equations (32) and (33) are the corresponding results in semiclassical theory. By de-
noting the uncorrected Hawking temperature and tunneling rate as Ty and I'¢, respectively,
the ratio of the tunneling rates before and after the correction can be obtained as follows:

1/2
Iy E—Ey 1 —2ag + 2Ac?
0 _ - 1— ("t 59
r eXp{( To )[ (1—2a0+2/\c3 ©9)

Equations (40) and (41) represent the corresponding results including 7 perturbation cor-

rections. Therefore,

1/2
I E—E, 1 —2ag + 2Ac? i
i —exp{( T ) [1 (1—2a0—|—2)\c3 1+i:Zlh o . (60)

Equations (59) and (60) show the effects of Lorentz-breaking corrections and 7 perturbation

corrections on the quantum tunneling rate of this black hole. Since T (T};) is related to
the dark energy parameter w, and Ty, I, I, and the Bekenstein—-Hawking entropy are all
related to the Hawking temperature of the black hole, it is necessary to further explain the
effect of the dark energy parameter w on the black hole temperature and the Bekenstein—

2y —2M+c(1-3w)r' 3¢ (1-2a0+202\ V2 (1-2a0+202\ /2
47(r2,+a2) 1—2a9+2Ac? = S0\ 1200120

Hawking entropy. Using Ty =

1—2a9+2Ac?
and Spy = Sbh(172a0+22\c%

entropy and other physical quantities on w is shown in the form of a graph.

) as an example, the dependence of the temperature and the

From this table, it can be seen that when w takes values in the range —1 < w < — %,
as w increases, both Ty and Ty decrease. This reflects the influence of dark energy on the
Hawking temperature of this black hole. Considering the Lorentz-breaking correction
effects, the same value of w corresponds to different Tp and Ty, with Ty < Ty, which
indicates that the Lorentz-breaking effect modifies Ty. This is what distinguishes this black
hole from other types of black holes and makes it unique. From Table 1, it can be seen that w
has a certain effect on Sp;,. Spp is influenced not only by w but also by the Lorentz-breaking
correction parameter. As w increases, both Sy, and Spy decrease.

Table 1. The effect of the dark energy parameter w on the black hole temperature.

w —0.85 —0.8 —0.75 —0.7 —0.6 —0.5 —0.4 —0.37 —0.34

To 0.908426  0.675019  0.510699  0.393292  0.245706  0.164148 0.116817  0.106711  0.0979722
Ty 0.900012  0.668767  0.505969  0.389649  0.24343  0.162628 0.115735 0.105722  0.0970647
Suh 169.612 124.936 94.8502 74.1562 49.2101 35.9299 28.3088 26.673 25.2503
SBH 166.484 122.632 93.1013 72.7889 48.3027 35.2674 27.7869 26.1812 24.7847

M=1,a=0.6,c=04,a0=0.1,A=0.11,¢;, =03, ¢, = 04.
We can use the Stefan-Boltzmann law to estimate the radiation rate and lifetime of this

black hole. This helps illustrate the thermodynamic evolution of the black hole. According
to the Stefan—Boltzmann law, the radiation rate of this black hole is as follows:

— = Ax(T})* (61)

where ¢’ is the Stefan-Boltzmann constant. Ay is given by Equation (48), and T}, is given

by Equation (41). Clearly, M, w, ay, ¢, ¢, and h' all influence dd—’?. E’ is the total energy

51



Entropy 2025, 27, 1135

of this black hole. By substituting Equations (41) and (33) into Equation (61), we obtain

—4
dE’  (dE' .
ar <dt>L<l+2h"‘i/SBH>

the following:

i=1
_ —4
dF’ 1—2a0+2)\c$> 2 :
— (&) (ST e 14+ Y Ha,/S
(dt>0(12a0+2)w$ ; HoBH
dE’ dE’

where (W) . is the radiation rate that includes the Lorentz-breaking corrections. (W)

(62)

is the original radiation rate without corrections. From Equation (62), it can be seen
that Lorentz-breaking and /' perturbative corrections have certain effects on the thermo-
dynamic evolution of this black hole. When the mass of the black hole reduces to the
minimum value Mp,;n, the black hole will no longer radiate particles and will leave a
residual mass Myes = Mmin [37]. We can estimate the evolution lifetime of this black hole.
In Equations (61) and (62), 0’ = 270Ky and Ay ~ 16rG%c~*M?, therefore, the radiation rate

1572
of this black hole is estimated as follows:

dE'  (dE’\ ., [dF’
o~ (dt)or ~ <dt>01“(erg/s) (63)

where M is in grams. The tunneling rates I and I are both estimated to be 1. It can be

calculated that the radiation rate of this black hole is approximately:

C:TEt ~ 10%(M~2)(erg/s) (64)

Therefore, the lifetime of this black hole is estimated as t ~ 1072” M3S ~ 107 (%)3 (year).
This shows that the lifetime of the black hole is directly related to its mass. The larger the
mass M, the longer the lifetime ¢, and vice versa.The main content of the above research
is the thermodynamic evolution characteristics of this black hole under the modifications
of Lorentz-breaking and /1 perturbation. Based on the modifications of the Hawking tem-
perature and Bekenstein-Hawking entropy under Lorentz-breaking and % perturbation

theory, it can be seen that the specific heat capacity of this black hole, C = T}, (aasjl’?,” ) , is
H

also modified. These modifications are all meaningful research results. Since the dynamical

Equation (18) for spin-1/2 fermions with Lorentz-breaking corrections is a semiclassical
equation, the quantum tunneling rate, Hawking temperature and Bekenstein-Hawking
entropy of the black hole obtained above are all results within the semiclassical theory,
and these results are related to w. It should be noted that the range of w considered in
the above study is —1 < w < f%. When w = 0, it corresponds to the dust case, while
w= f% represents the radiation case. w = —1 corresponds to the cosmological constant
model, and w = f% is associated with the so-called Rj;, universe model [38,39]. Addi-
tionally, it is important to emphasize that the results presented above are derived within
the framework of semiclassical approximation theory. To incorporate the quantum cor-
rections due to the Planck constant 71, the term 7€), should be retained in Equation (18).
This modification enables the study of perturbative effects of 1 based on the semiclassical
Equation (18). The classical components of R+ and E can be expressed as a series expan-
sion in powers of 7, yielding expressions for quantum tunneling, Hawking temperature,
and Bekenstein-Hawking entropy with higher-order corrections in fi. Furthermore, it is
essential to highlight that all types of black holes exhibit quantum thermal effects, which
are linked to the Hawking temperature. These effects are present in both stationary and
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non-stationary black holes, which exhibit both quantum thermal effects and quantum
non-thermal effects. Static black holes, however, do not display quantum non-thermal
effects. It should be further explained that we chose Equation (19) and defined u,, instead of
u. Our choice can simplify the calculation. The above research methods and conclusions
are meaningful for the study of dynamical corrections of fermions with arbitrary spins and
the tunneling of other types of black holes. The methods employed in this study are not
applicable to bosons, and the relevant theory for scalar fields should be used for further
investigation. It should be further noted that the above research methods can be applied to
study quantum tunneling radiation specific characteristics of other fermions.
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Abstract: We consider a dynamic scenario for characterizing the late Universe evolution, aiming to
mitigate the Hubble tension. Specifically, we consider a metric f(R) gravity in the Jordan frame which
is implemented to the dynamics of a flat isotropic Universe. This cosmological model incorporates a
matter creation process, due to the time variation of the cosmological gravitational field. We model
particle creation by representing the isotropic Universe (specifically, a given fiducial volume) as
an open thermodynamic system. The resulting dynamical model involves four unknowns: the
Hubble parameter, the non-minimally coupled scalar field, its potential, and the energy density of
the matter component. We impose suitable conditions to derive a closed system for these functions
of the redshift. In this model, the vacuum energy density of the present Universe is determined by
the scalar field potential, in line with the modified gravity scenario. Hence, we construct a viable
model, determining the form of the f(R) theory a posteriori and appropriately constraining the
phenomenological parameters of the matter creation process to eliminate tachyon modes. Finally,
by analyzing the allowed parameter space, we demonstrate that the Planck evolution of the Hubble
parameter can be reconciled with the late Universe dynamics, thus alleviating the Hubble tension.

Keywords: modified gravity; Late Universe; Hubble tension; classical cosmology

1. Introduction

Over the past decade, cosmological studies of the late Universe have uncovered a
significant discrepancy in data, known as the “Hubble tension”. This tension arises from
the differing values of the Hubble constant (Hj) measured by the SHOES Collaboration
using Type Ia Supernova (SNla) data [1-4] and those obtained by the Planck Satellite
Collaboration [5]. The discrepancy, approximately 50, presents a perplexing challenge,
prompting new considerations regarding the dynamics of the late Universe. For a series of
discussions on this topic, see [6-15]. We also underline how, nonetheless, in the presence
of such a tension, the most commonly accepted cosmological model which describes the
evolution of the Hubble parameter is the so-called Lambda Cold Dark Matter (ACDM)
model [16,17]. This corresponds to including, in the Universe dynamics, a matter-like con-
tribution and a cosmological constant. The possibility of interpreting the Hubble tension
as a continuous effective variation of the Hubble constant based on redshift—where its
value appears to depend on the redshift region of the astrophysical sources used for its
determination—has been supported by analyses in [18-20], and is also discussed in [21,22].
Moreover, the coexistence of SNIa and baryon acoustic oscillations (BAOs) [23] (and refer-
ences therein) data within the same redshift region, and their resulting tension, as BAO
provides a Hy value compatible with that from Planck, has led to the development of early
dark energy (DE) models [24] and a suitable combination of early and late modified dy-
namics [25,26]. In particular, the analysis in [7] proposed a specific f(R) model, examined
within the so-called Jordan frame [27,28], to effectively address the Hubble tension in the
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presence of evolutionary DE, which transits to a phantom contribution at z > 1. This model
presents an intriguing scenario where the Hubble tension is essentially resolved atz 2 2,
since the non-minimally coupled scalar field shows a monotonically increasing behaviour
toward an asymptote. This asymptotic configuration aligns with the Planck value for the
Hubble constant, occurring at a relatively low redshift.

In this work, we explore a similar approach, but rather than initially assuming the
existence of evolutionary dark energy (DE), we consider a more natural physical scenario.
This scenario involves the gravitational field generating weakly massive particles due
to its time variation, effectively introducing a radiation component in the late Universe.
Specifically, the matter creation process is treated phenomenologically, by regarding the
Universe as an open thermodynamic system, as discussed in previous works like [29,30].
The particle creation rate is determined using an ansatz in the form of a power-law in the
Hubble parameter. For a more comprehensive understanding of the matter creation process
across the Universe, please see [31-34].

After constructing the dynamical system governing the late Universe dynamics and
incorporating the creation of a radiation component by the gravitational background,
we demonstrate how the Hubble tension could be effectively alleviated within certain
favourable regions of the parameter space. This framework offers a promising depiction of
the underlying mechanism potentially resolving such a cosmological issue. It is noteworthy
that the current-day radiation created does not exceed a few percent, and the anticipated
weakly interacting nature of these particles explains why this generated energy density
remains indirectly observed in the actual Universe.

The paper is structured as follows. In Section 2, a phenomenological approach to the
matter creation process is presented and the dynamics for the created energy density is
fixed. In Section 3, the formulation of a metric f(R) gravity in the Jordan frame is reviewed
and the basic features of the proposed model are traced. In Section 4, the dynamical model
corresponding to the evolution of a flat isotropic Universe in the considered modified
scenario is constructed. The set of free parameters is described and the initial conditions
for constructing the numerical solutions are given. In Section 5, the free parameter space is
numerically investigated generating a triangular plot. A privileged set of parameters is
then identified and the profile of the Hubble parameter is provided in order to show the
capability of the model to alleviate the Hubble tension.

2. Matter Creation Process

In the thermodynamic framework presented in this work, the concept of matter
creation from a time-varying gravitational field relies on a simple phenomenological
representation. Let us start from the first principle, as follows:

dU = —pdV +5Q + udN, 1)

which has to be combined with the heat change 6Q, expressed by means of the second
thermodynamics principle as Q = TdS. Here, U is the internal energy, p is the pressure, T
is the temperature, S is the entropy, y is the chemical potential, N is the particle number,
and V is the volume of the considered system. Introducing now the expressions U = pV,
S=0oN,and u = (p+p)V/N — 0T (in which p is the total energy density of the system
and o is the entropy per particle), we can rewrite Equation (1) as follows:

dinN\dV N
v v

dp——(p+p)<1—dlnv +T—do. 2)

The difference from an iso-entropic system is that we only need to ensure the preservation
of entropy per particle by setting do = 0. Hence, it is clear that, since ¢ = S/ N, matter
creation results in an increase in the entropy of the system. Therefore, Equation (2) simplifies

as follows:
dInN\dInV

dp _
dT_(p+p)<1dan> dr ' @)

56



Entropy 2024, 26, 662

once it is applied to a homogeneous background and its evolution is tracked with respect
to a clock labelled 7. Here, the time variable T thus denotes the specific time variable
associated with the considered dynamical system and, in what follows, it will be identified
with the cosmological Gaussian time. The line element of a flat isotropic Universe [35]
reads as follows:

ds*> = —dt> + a*(t) (a?x2 +dy? + dzz) , 4)

in which t denotes the synchronous time (c = 1), and {x, y, z} are the Cartesian coordinates.
Moreover, a(t) stands for the cosmic scale factor responsible for the Universe expansion.

In terms of the Hubble parameter H(t) = a/a (the dot denoting synchronous time
differentiation), a reliable ansatz for the matter creation is as follows:

dinN

2y 7\B

where B and H are positive free parameters of the model and the considered fiducial
volume can be set as V = a(t)3Vp, with V; as a generic coordinate volume which does not
enter the dynamics.

Since the present-day Universe expansion rate is rather slow, it is natural to argue
that the gravitational field is generating very low-mass particles [36,37]. Given that, we
address this process to a radiation-like component energy density p,. According to the
analysis above, the dynamics of such an emerging radiation contribution is governed by
the following equation (i.e., we use the equation of state p = wp withw = 1/3):

pr = —4Hp, (1~ (H/H)). ©)

This equation comes from Equation (3), once we use T = t, the ansatz in Equation (5), and
by implementing dInV /dt = 3H. In the following sections, we embed this mechanism in
the context of a metric f(R) gravity in the Jordan frame.

3. Modified Cosmological Dynamics in the Jordan Frame

In the Jordan frame, the action of a metric f(R) gravity can be cast as follows [27]:

S =5 [ dry/=gR-V(@), )

where ) denotes the Einstein constant, ¢ and R are the metric determinant and the Ricci
scalar, respectively, while the non-minimally coupled scalar field ¢ is the independent
degree of freedom expressing the modified gravity formulation. In particular, the potential
term V(¢) is linked to the specific form of the function f(R) via the following relation:

av
fR(@) =955 —V(#), ®)
which comes from the basic definition ¢ = df/dR and from the substitution of the field
equation into the expression of V, obtained by varying the action Equation (7) with respect
to ¢, i.e, R = dV/d¢. A basic viability condition for the choice of a given f(R) model
is that the scalar mode possesses a positively defined quadratic mass, according to the

following definition [38]:
, 1/ d?v av

V¢=3<4’lwz—d¢)20- 9
The variation in the action (7) with respect to the metric tensor yields the vacuum Einstein
equations of the extended scalar-tensor theory. By taking the trace of these equations and
incorporating the condition R = dV /d¢, we can derive a Klein—-Gordon-like equation for
the scalar field. Introducing a matter source is straightforward; it involves a conserved
energy-momentum tensor that represents the specific physical system under consideration.
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The trace of this tensor also contributes to the Klein-Gordon-like equation for the scalar
field, as discussed by [27].

We now specify the field equation for the line element of a flat isotropic Universe (see
Equation (4)) in the presence of a co-moving total energy density pt. In particular, we
consider the 00-component of the Einstein Equation [16], as follows:

3¢ O
Here, ptot = pm + pr, where p;;; denotes the (dark and baryonic) matter component of the
Universe, verifying the standard conservation law i.e., the divergenceless nature of the
corresponding energy—-momentum tensor, as follows:

Pm +3Hpm =0 — o = 0% (1+2)%, (11)

in which oY, denotes the present-day value of p,,. We introduced the redshift variable
z(t) = 1/a(t) — 1 (we set the present value of the cosmic scale factor equal to unity). It
is worth noting that the evolution of the Universe matter component is not affected by
the matter creation process. Actually, the radiation creation, as described in Equation (6),
does not follow the divergenceless character of a prefect fluid with w = 1/3. However, it
corresponds to a perfect fluid with the following time-varying equation of a state parameter:

5
w,(t) = % _ g(g) . (12)

It is the conservation law of a such an energy-momentum tensor which provides Equation (6).
The second basic equation of the cosmological dynamics reads as follows:

av .

— =R =12H*+6H. 1

df +6 (13)
This approach is particularly suitable for determining a posteriori the form of the f(R)
gravity that can help alleviate the Hubble tension.

4. Reduced Dynamics

In order to transform the potential V(¢) from an ingredient which is assigned via the
function f(R) into a dynamical variable V (), we impose on Equation (10) the following
two conditions:

V(p) =2xpa +G(¢), 6HP=G, (14)

where p, is the constant value of the Universe energy density and G is a generic functional
form, to be dynamically determined. Clearly, these two relations play a crucial role in giving
Equation (10) a form that resembles the dynamics of a ACDM model for the Universe, as
specified at the beginning of the next section. Introducing the critical parameters in place
of the energy density according to the relations O, = xpn/3H3, Q% = xpa/3H3, and
Q= xpr/ 3H§, where H) is the present day value of the Hubble constant, we can rewrite
Equation (10) into the following form:

H2(z) = 455)(09”(1+z)3+09\ +04(2)), (15)
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where QY = Q,(z = 0) and the relation O} = 1 — QY — Q must be satisfied, given
that we set ¢(z = 0) = 1. This equation is coupled with the dynamical system of
Equations (6), (13), and (14) recast as follows (the prime denotes z-differentiation):

¢'=- 6(1Cj—(?)H2 ' (16)
G' =3¢/ (4H2 —2(1+ z)HH’) , 17)
O = 4(1+2)Q, (1~ (H/A)). (18)
The ratio of Equations (16) and (17) gives us the following relation [7]:
G(z) = —6A%H(z)(1+2)72, (19)

where A? is a positive integration constant. Substituting the expression above into Equation (16),
we obtain the following:

/ A?
= ——, 20
P HE 20 20
which describes the increasing behaviour of ¢ with the time variable z.
In this scheme, the dynamical system thus reduces to the following:
¢ =AF(1+2)7 ()1 42 +1-0) ~O) +0u(2)) 7, 1)
_ — _ 2

Q) = 4(1+2) 710, (x) (1 — (A3 2¢(z) Q% (1 +2)° +1—0F — Q0+ O, (2)))" ) , (22)

where A% = A%/H, and Hy = H/Hy. Once we have calculated the function $(z), we can
also determine the potential G(¢) and, finally, the form of the resulting f(R) gravity.

5. Numerical Analysis

In this section, we provide a comprehensive description of the methodology used for
integrating the model. Specifically, we numerically derive the dynamical forms of ¢(z) and
0, (z), which ultimately lead to the final expression of H(z) in Equation (15). To compare
our results with the standard two flat ACDM forms of the Hubble parameter constrained
by the early Universe data [5] and by the Phanteon+ dataset [3], we introduce the following
quantities:

Hpi(z) = HJ'(QOP (1 +2)% + (1 — Q)12 (23)
Hsn(z) = HEN QPN (1 +2)% + (1 - QPPN)) /2, (24)

with the following (H and Hy are in units of km s~! Mpc™1):

HY' = 674405, Q! = 0.31540.007 , (25)
HN =736+11, QPN =0334+0.018, (26)

In order to study the viability of the addressed scenario and also its capability in al-
leviating the Hubble tension, we explore the full free parameter space of the model
{Ho, Q?n, QQ, Hy, Ao, B}- Equations (21) and (22) are numerically solved, spanning a
grid of 15 values for each parameter, and thus collecting 15° sampled different models. The
ranges are defined according to previously conducted tests on the integrability of the system
and phenomenological considerations: we have set 72.5 < Hy < 74.7,0.25 < Qom < 0.335,
0.01 < Q? <0.15,0.5 < Hy < 1.5,0.1 < Ay < 0.5,and 0.5 < B < 1.5. We note that the se-
lected values of Hy are in accordance with the measurements of the Pantheon+ analysis [3],
while ) is assumed, as already stated, to remain a small contribution to the energy density
of the Universe.
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The obtained models are then filtered requiring non-tachyonic modes, i.e., that
Equation (9) is guaranteed, and we further impose the condition that the normalized
(by H}) squared mass is less or equal to unity, today. This point is relevant in order for the
considered f(R) model to obey the so-called “chameleon” mechanism [39]. The resulting
models are thus physically viable and, to study the efficiency in order to alleviate the
tension, we also require that 0.999 < H/Hp;|,—19 < 1.001. With this procedure, we finally
obtain around 5 x 10° sampled models. We then convolve the data with a normal distribu-
tion to create a smooth density estimate. A kernel density estimate plot is a visualization
method used to depict the distribution of observations in a dataset, akin to a histogram.
The results are depicted in Figure 1.

A

75 A
74 A

73 A

0.0 0.1 0.26 0.28

Ho B Ao

Figure 1. Density plot for all the model’s parameters. The yellow region indicates the most frequent
values preferred by the model.

From this analysis, preferred regions can be individualized providing the most fre-
quent parameter sets. As an example of the model’s capability in alleviating the Hubble
tension, we select the following:

Hy=729, QY =028, OV=0035, Hy=101, Ay=033, B=07. (27)

In Figure 2, we plot the resulting evolution of H(z) from Equation (15), with this parameter
setup, together with the curves in Equation (23) (blue) and Equation (24) (red), considering
the corresponding errors. The tension alleviation emerges clearly, and the H(z) profile
overlaps Hp(z) already at z ~ 3, but reaches higher values of the Hubble constant in
z = 0. In the figure, we also depict six relevant measurements for BAO sources (in the
range 0.3 < z < 3) [40—43] and the SHOES prior for H(z) today. This clearly indicates the
capability of the addressed model to also alleviate the tension derived from different late
Universe sources. In Figure 3, we instead plot the functions ¢ and (), as functions of z.
The curves are obtained by integrating Equations (21) and (22), assuming the choice of the
parameters as in Equation (27). As expected, for z > 3, (),(z) approaches zero, while ¢(z)
is frozen as a plateau.
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Figure 2. Plot of H(z) (black) using the parameters in Equation (27) and the profiles (with the
corresponding errors) of Hp;(z) (blue) and Hgy(z) (red). Grey squares represent the SHOES prior
and six relevant measurements for BAO sources for 0.3 < z < 3.
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Figure 3. Plot of ¢(z) (green) and ), (z) (orange) integrated from Equations (21) and (22), implement-
ing the parameters in Equation (27).

This study of the parameter space is essential for guiding the real data analysis
procedure, clearly indicating the model’s viability for interpreting the Hubble tension
through the missing physics that must be added to the ACDM formulation to reconcile
it with observations. The numerical study highlights how the additional components
of modified metric f(R) gravity and the radiation term generated by the cosmological
background are crucial for mitigating the Hubble tension within the framework of a
physical theory. In this context, a key aspect of the numerical filtering procedure is ensuring
that the modified gravity is not associated with a tachyonic mode.

6. Conclusions

We constructed a revised dynamical model for the late Universe based on both a
metric f(R) gravity in the Jordan frame, similar to the approach in [7], and a phenomeno-
logical model for matter creation associated with the time variation of the cosmological
gravitational field. The matter creation is described by treating the Universe as an open
thermodynamic system, with the rate of particle creation phenomenologically regulated
by a power-law of the Hubble parameter. The form of the f(R) gravity is not assigned a
priori. Indeed, by imposing suitable conditions on the generalized Friedmann equation, the
potential of the non-minimally coupled scalar field V(z) = V(¢(z)) becomes a dynamical
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variable, along with ¢(z) and ), (z). Consequently, it is possible to reconstruct the form of
V(¢) and thus determine the function f(R) governing the modified gravity.

We developed a dynamical model with six free parameters, { Hy, 09,1, 09, Hy, Ao, B},
aimed at alleviating the Hubble tension. Our numerical analysis involved a thorough
screening of all possible solutions, retaining only those parameter sets that ensured the
physical consistency of the proposed scenario. These solutions also had to meet two
criteria: the resulting Hubble parameter needed to exhibit the required asymptotic ACDM
behaviour (achieved at low z values) and allow for a Hubble constant compatible with
the SHOES collaboration observations. Identifying a preferred set of parameters provided
significant insights into how real data comparisons could impact the parameter space. This
approach could successfully address the Hubble tension, as the Hubble parameter rapidly
converges to the ACDM model with Planck-measured parameters as the redshift increases.

We conclude by emphasizing that the privileged values of QY were found to be very
small, making this component reliably unobserved through direct measurement. The
particles forming this radiation component, such as sterile neutrinos [44], very weakly
interact, which explains their elusive nature. The key takeaway from this study is that
the Hubble tension can be effectively addressed by combining metric f(R) gravity with
additional modifications to the standard ACDM model.
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Abstract: We analyze two different scenarios for the late universe dynamics, resulting in
Hubble parameters deviating from the ACDM, mainly for the presence of an additional
free parameter, which is the dark energy parameter. The first model consists of a pure
evolutionary dark energy paradigm as a result of its creation by the gravitational field of
the expanding universe. The second model also considers an interaction of the evolutionary
dark energy with the matter component, postulated via the conservation of the sum of their
ideal energy-momentum tensors. These two models are then compared via the diagnostic
tool of the effective running Hubble constant, with the binned data of the so-called “Master
sample” for the Type la Supernovae. The comparison procedures, based on a standard
MCMC analysis, lead to a clear preference of data for the dark energy—matter interaction
model, which is associated with a phantom matter equation of state parameter (very close to
—1) when, being left free by data (it has a flat posterior), it is fixed in order to reproduce the
decreasing power-law behavior of the effective running Hubble constant, already discussed
in the literature.

Keywords: dark energy; late universe; supernovae

1. Introduction

The emergence of a 40 discrepancy between the measurement of the Hubble
constant [1,2] by the SHOES and Planck collaborations, refs. [3,4] referred to as Hubble
tension, led the community to reconsider the ACDM model as the only viable cosmological
dynamics for the late Universe evolution [3,5-37]. This tension is further emphasized by
several other independent and model-independent determinations of Hy, distinct from
SNe Ia calibrated with Cepheids (see [38] for a review). These include measurements
based on SNe Ia calibrated with the tip of the red giant branch (TRGB) [39—-41], galaxy
distances using the Tully—Fisher relation (TFR) [42,43], Active Galactic Nuclei (AGN) [44],
Gravitational Waves (GWs) and Dark Sirens [45-49], strong lensing time delays [50,51],
Type II Supernovae [52], Megamasers [53], and Surface Brightness Fluctuations [54].

A fundamental step regarding the reliability of the ACDM model has been achieved
by the DESI collaboration [55,56], which demonstrated how the redshift profile of their

Entropy 2025, 27, 895 https://doi.org/10.3390/e27090895
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Baryonic Acoustic Oscillation (BAO) data is better fitted by a Chavellier-Polarski-Linder
(CPL) model [57,58], also dubbed the wyw,CDM scenario. This result de facto stated
convincing evidence for an evolutionary dark energy component across the late universe
(see also [59-66]). However, the DESI collaboration, while partially solving the tension
between the BAO and Cosmic Microwave Background (CMB) data, left entirely open the
question of calibration based on the acoustic sound horizon and that of SHOES, using
Cepheids as standard candles [3]. The resulting picture, emerging from the last ten years
of cosmological studies, is rather confused, and it suggests that new physical effects must
be included in the late universe dynamics in order for it to take a consistent shape when
combining different sources belonging to different redshift regions.

In [67,68], see also [69,70], these considerations led to investigating whether, in the
same Type la Supernovae (SNe la) redshift distribution, an effective dependence of the
Hubble constant on the considered binned representation can arise. In fact, a phenomeno-
logical power-law decreasing behavior has been detected as a better fit to binned data with
respect to the ACDM model. The power-law behavior seen in the Hy could be due either to
the dynamical evolving dark energy model or to the f(R) theory of gravity (see [12] and
also [71]), but it could also account for selection biases, which are hidden due to different
statistical assumptions (see [72]) and could be due to the evolution of the parameters of the
SNe Ia (see [73]), the tip of the red giant brach stars [74], and of GRBs [75].

2. Theoretical Furmulation

Here, we perform a study based on two different models, which are then compared
with the binned data of the so-called “Master sample” [69], in analogy to the study in [70].
The first scenario is based on an evolutionary dark energy formulation, which evolves
with the redshift because it is created by the background gravitational field of the expand-
ing universe [15,70,76-78] (for a detailed discussion see [Schiavone et al., “Revisiting the
Matter-Creation Process: Constraints from Late-Time Acceleration and the Hubble Ten-
sion”, in preparation]), according to a phenomenological ansatz for the produced particle
rate, slightly modified with respect to the studies in [79,80] (actually we propose a mixed
version of the two rates discussed in these papers, respectively). The second model is a
revised version of the previous one, but with a completely different physical picture. In
fact, the dark energy is still created by the gravitational field, but now it also interacts with
the universe matter component via the condition that the sum of their energy—-momentum
tensors is conserved, instead of treating them separately (for other approaches with de-
formed matter contribution with respect to the ACDM model, see [81]). After testing these
two models with the binned Master sample, we compare their predictions, especially in
comparison to the ACDM dynamics and the power-law scaling, respectively.

The general scenario for developing the late universe models is a flat isotropic
picture [82,83], whose line element reads as

ds* = —dt® + a*(t)dl?, (1)

where t denotes the synchronous time, dI? is the Euclidean infinitesimal distance, and a(t)
is the cosmic scale factor, regulating the expansion of the universe. The cosmological dy-
namics is driven by a (cold dark p,4,,, and baryonic pj,) matter energy density o, = P4, + 0
and a dark energy contribution, with energy density p;, (we neglect here the radiation
energy density, to be restored when investigating the dynamics up to the recombination
era). Hence, the Friedmann equation is stated as follows:

a

(0 = (1) = Xpu(t) + palt). @

a
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where the dot refers to differentiation with respect to t and x denotes the Einstein constant.
In the first proposed model, we retain the matter contribution p;, in its standard form,
i.e., governed by the dynamics p,,(t) +3Hp(t) = 0, which provides

pm(z) = pmo(1+2)%, 3)

where, here and in the whole paper, we denote with the subscript 0 the present-day value of
a quantity, and we have introduced the redshift variable z = 1/a — 1 (we set equal to unity
the present-day scale factor value). As a modification with respect to the standard ACDM
model, we consider a process of dark energy creation by the (time-varying) gravitational
field of the expanding universe, which is assumed to take place at equilibrium. Under
these hypotheses, the continuity equation for the dark energy density reads as follows:

. I'(H, pae)
t) = —=3H(t)(1 1— —— t 4
pae(t) = ~3H() (1 + wa) (1= TG o), @
where I is the particle creation rate [79,80,84]. Above, wy, is the dark energy parameter
and it is a free parameter of the model, subject to the constraint w;, < —1/3. In general,
the phenomenological function I'(H, p4,) is taken as a power-law of its own arguments
[76,79]. In this respect, here, we consider the following ansatz:

T'(H,pg) =T"Hp,", 5)

where I'* and & are positive constants. We consider in the rate expression a linear term in
H, stating, at highest order, the role of time-varying gravity in creating particles. We also
add a dependence of I on a negative power of the dark energy density to suppress particle
creation when its energy density increases.

Introducing the normalization Q. = X4/ 3H§, where Hj denotes the Hubble con-
stant, Equation (4) can be rewritten as

Uy (2) = 301+ wg,) (1~ T O34 Qe /(1 +2), ©)

where the prime indicates differentiation with respect to the redshift z and we have de-
fined I = (I'*/3)(x/3H3)*. Furthermore, accordingly defining Q0 = xpmo/3H3, the
Friedmann equation Equation (2), via Equation (3), stands as follows:

B(2) = (51) = Qo1+ +0(2), %

with E(z) denoting the universe expansion rate. Thus we get the following initial condition
0Q4.(0) =1 — Qyyy0, and Equation (6) now admits the following solution:

Quelz) = [T+ (1= Qo) — ) (1 42204 0] ®

We finally get, associated with our first model, the following Hubble parameter:

1/«

H(z) = Ho \/Omo(l +2)3 4+ [T+ ((1 — Quo)* — T)(1 + z)30+wae)a] )

This evolutionary dark energy model generalizes the ACDM dynamics, and it contains five
free parameters, i.e., Hy, Qy0, T, &, and wy,. It is immediately recognizable that the Hubble
parameter in Equation (9) reduces to the standard ACDM one when we require wj, = —1.
Finally, it is easy to realize that for z > 1 the H(z) is very weakly sensitive to the values
taken by the parameter «, and, in what follows, we will address the simplest case a = 1.

67



Entropy 2025, 27, 895

It is worth noting that, in this case, the effective e?uation of state for the dark energy is

of.

associated, in z = 0, to the following parameter w;’ :

wgff =1+ (1+wg) (1 — er(())) : (10)

Now we require that, today, the intrinsic nature of dark energy, traced by wj,, remains the
same, quintessence or phantom, also for the effective equation of state, dictated by wgff .
To this end, we have to require the constraint I'();,(0) < 1. Since the value of Q. (0) is
expected (see also the concordance hypothesis [4]) close to the value 0.7, in what follows,
we will consider for I the reference value 0.5.

Let us now introduce the diagnostic tool, corresponding to the effective running

Hubble constant with the redshift H(z) (see [67-71]), i.e.,

H(z
Ho(z) = e , an
\/09,1(1 FzpBr1-Q0
which, in the analyzed case a = 1, takes the following form:
00 (1 34T+ (1-0% —1(1 3(1+wge)
HO(Z)EH() m( +Z) +0+( m )(0 +Z) . (12)
Qm(l +Z)3 +1- Qm

Before moving to the data analysis, let us now introduce an alternative version of
dynamics, our second model, in which the matter and the dark energy interact and the latter
is still created by the gravitational field of the expanding universe (for other interaction
mechanisms and related reviews, see [85-111]). The interaction between these two basic

components is phenomenologically described by requiring that the sum of the matter ideal

energy—-momentum tensor TP(,T) and that of dark energy Tﬂe) is conserved instead of the

separated standard laws; i.e., we require that the following relation holds:
v, (T;’”” + T}Sd‘””) —0. (13)

Defining Q) = (), + ()., in the case of the considered flat isotropic universe, the relation
above can be restated via the following continuity equation:

O (z) = (30(z2) + 3wgeQe(2)) /(1 +2) (14)

where by construction (2(0) = 1, while retaining the same process of dark energy present
in Equation (6), now takes the simplified form

Q/de(z) = _3(1 + wde)f‘ﬂdﬁ(z)l_a/(l + Z) ’ (15)
with the same relation Q4,(0) = 1 — Q0. This equation admits now the solution
Qe(2) = [(1 = Qo)* = 3a(1+ wge) T In (1+2)]*, (16)

providing an alternative form of the dark energy component evolution. Clearly, the first
equation using (15) can be explicitly rewritten for the matter component as

O, (z) =3Qu(1+2) 1 +3(1 4+ wge)Qe(1+2) (1 +TQ") . (17)
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Finally, we can write the following alternative effective Hubble constant:

) )
= H, 1
Holz) 0\/09”(1+z)3+1—081' 18)

associated with the equation for () in correspondence with the expression for ()4,. Also
in this case, we deal with the simplest case « = 1. Despite the fact that in the present
scenario the value I' = 0.5 is no longer essential to ensure that the effective equation of
state parameter today has the same signature as the intrinsic one wg,, we still preserve
this reference choice to better compare the two physical cases, without and with dark
energy—matter interaction, respectively.

3. Data Analysis

We now perform a statistical analysis of these two models, labeled as DE and DE-
DM, respectively, in order to find the free parameters of the models (Hy, (), and wy,)
that optimize the probability of finding the data we use. In particular, we compare the
theoretical expressions of the effective running Hubble constant in Equations (12) and (18)
with data from the Master binned SNe Ia sample [69], which is a compilation of SNe Ia
from DESy5 [112], JLA [113], Pantheon+ [19,21], and Pantheon [20] without duplicates.
We use this dataset, selecting the 20 equally populated bin combination, as performed
in [70]. The entire catalog covers redshifts from 0.00122 to 2.3. The mean redshift of the
first bin is 0.0091, while that of the last bin is 1.54. This sample was originally fitted with a
power-law (PL) function of the form H(z) = (1572)” yielding best-fit parameters a = 0.010
and Hy = 69.869 km/s/Mpc. Both [69,70] have shown that this phenomenological function
is preferred over ACDM, wCDM, and a reduced version of the wyw,CDM model. This
dataset is hereafter referred to as the “Master bin.” The uniform priors used in this work
are Hy = U[60,80], Q, = U[0.01,0.99], and wy, = U[-3,1].

We perform the statistical analysis by sampling the posterior distribution using the Monte
Carlo Markov Chain (MCMC) method implemented in the publicly available Cobaya soft-
ware (3.5.5 version) [114]. Convergence of the chains is determined using the Gelman—Rubin
criterion, requiring R — 1 < 0.01 [115]. Statistical results and graphs are produced with the
GetDist tool (1.6.1 version) [116]. Specifically, we use a preliminary version of a code that
will be publicly released in a forthcoming work [Giare, Fazzari, in prep.].

To compare the models, we evaluate the differences in the Bayesian Information
Criterion (BIC) [117] for the tested model with respect to the PL parametrization, which
we adopt as the reference. This difference is defined as ABIC = BIC; — BICp.. To interpret
the strength of the evidence, we use Jeffreys’ scale [118-120], which categorizes support
against a model as inconclusive for 0 < |ABIC| < 1, weak for 1 < |ABIC| < 2.5, moderate
for 2.5 < |ABIC| < 5.0, and strong for |[ABIC| > 5.0. Notably, negative values of ABIC
indicate a preference for the tested model over the PL parametrization.

4. Results

Table 1 and Figure 1 present the results of our analysis. These findings indicate that
the Master binned data sample can effectively constrain the dark energy parameter wy,
only in the DE model, while w,, remains unconstrained in the DE-DM model.

This fact corresponds to the possibility of setting this parameter with a specific addi-
tional phenomenological requirement without compromising the predictive power of the
data analysis. In our case, we fix its value by imposing the significant requirement that
our Hubble parameter provides a statistically meaningful representation of the power-law
discussed in [69,70]. To this end, we extract from the PL profile, reconstructed by the
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best-fit values recorded above, 100 points used to minimize the residuals of the two curves
(resulting in residuals less than 0.15%). As a result of this procedure, we determine the
value of wy, = —1.0073, outlining a weak phantom nature of the dark energy. Furthermore,
for the DE model we find ABIC = 6.6, suggesting that the DE model is strongly disfavored
compared to the PL case.

Table 1. Mean values and associated uncertainties for the parameters inferred from the MCMC
analysis for the DE and DE-DM models.

Model Hp [km s~ Mpc—1] (97N We
DE 69.872 4+ 0.080 0.3246 + 0.0053 —1.052 +0.058
DE-DM 69.959 + 0.064 0.3084 4+ 0.0037 —

Figure 2 shows the reconstruction of the running Hubble constant for the two theoreti-
cal models, using the following best-fit values:

DE: Hy=69.872, Q, =0.3240, wy = —1.049, (19)
DE—DM: Hy=69.959, Q,, =03086, ws = —1007. (20)

These values are obtained by minimizing the x? statistic resulting from the MCMC analysis.
For the DE model, we follow the standard procedure and we obtain the values shown
in Equation (19). In the DE-DM model, since the MCMC analysis does not effectively
constrain wy,, we fix it to the value obtained from the PL fit profile discussed earlier and
then determine the best-fit values of the remaining parameters by performing a new MCMC
analysis with w;, held fixed.

Il Master bin. DE
I Master bin. DE-DM

0.34 1

033 R

032 R

QmO

031 1

0.30 1

-12 | + g

1 1 1 1
69.8 70.0 0.30 0.32 0.34 -1.2 -1.0 -08
Ho Qmo w

Figure 1. One-dimensional posterior probability distributions and two-dimensional 68% and 95%

CL contours on cosmological parameters of the DE and DE-DM models obtained using the Master
binned sample.
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Figure 2. Reconstruction of the effective running Hubble constant for the DE model, DE-DM model,
and the PL reference model. We adopted the best-fit values shown in Equations (19) and (20).

5. Conclusions

In summary, we analyzed two different reformulations of the late universe dynamics,
both deviating from the ACDM scenario: the first model is based on pure evolutionary dark
energy, in which it is created by the cosmological gravitational field; the second picture
relies on dark energy—matter interaction, described via the conservation law of the sum
of the two energy—-momentum tensors, while dark energy now varies just by virtue of
its gravitational creation. The process of dark energy creation is driven by the rate of
constituent production, which is proportional to the Hubble parameter and to the inverse
of the dark energy density itself: the idea we propose here is that the (non-stationary)
expanding universe is able to create particles, but this process is weaker as the created
energy density increases. The comparison of the two models with the 20-bin data of the
Master sample led to interesting results about how SNe la data alone can constrain the
late universe dynamics. The comparison of the pure evolutionary dark energy model with
binned data allowed us to establish that the corresponding phenomenology is not very
appropriate to describe observations: actually the fit of the binned data suggested that this
scenario is disfavored with respect to the power-law decreasing behavior, discussed in [70].

This result is consistent with the idea that the evolutionary dark energy scenario is
essential to properly interpret the DESI collaboration data [55,56], but it has a limited
impact on the behavior of the H((z), see [67-69], which is expected to be related to the
Hubble tension itself. The second model outlined a very different feature, since the MCMC
procedure is unable to constraint the value of the dark energy parameter wg,. This fact
suggests that the value of such a parameter does not impact, in the proposed scenario,
the capability of the model to fit data. Nonetheless, this degree of freedom can be used to
constraint the H((z) to be a very good representation of the power-law decay observed
in [69] when the binned Master sample is concerned. This result is of particular relevance
because it shows how, like the metric f(R) scenario discussed in [12], dark energy interact-
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ing with matter is a good paradigm to reproduce a monotonically decreasing behavior of
the phenomenologically observed values of Hy.

The explanation of this similarity consists of the dominant role acquired by the matter
term. If the matter term decreases with respect to a standard ACDM model (nonetheless
the dark energy component is growing as in a quintessence scenario), soon or later, we
should observe a global decreasing rescaling of 7((z), which is, in this respect, very similar
to the corresponding global decreasing rescaling due to the non-minimally coupled scalar
field of the f(R) model in the Jordan frame, as outlined in [11,12].

We can conclude that the analysis of the present manuscript reinforces the idea that the
interaction of the matter and dark energy components of the universe is a very promising
scenario in which we could accommodate, on one hand, the evidence from the DESI
collaboration observations and, on the other hand, the tension that such data generate with
the SHOES collaboration [21] versus the SNe Ia calibration [19,20], the latter effect being
mainly driven by an altered matter contribution with respect to the ACDM paradigm.
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Abstract: We present a quantitative theory of contraction and expansion cycles within
the Quantum Memory Matrix (QMM) cosmology. In this framework, spacetime con-
sists of finite-capacity Hilbert cells that store quantum information. Each non-singular
bounce adds a fixed increment of imprint entropy, defined as the cumulative quantum
information written irreversibly into the matrix and distinct from coarse-grained thermo-
dynamic entropy, thereby providing an intrinsic, monotonic cycle counter. By calibrating
the geometry-information duality, inferring today’s cumulative imprint from CMB, BAO,
chronometer, and large-scale-structure constraints, and integrating the modified Friedmann
equations with imprint back-reaction, we find that the Universe has already completed
Npast = 3.6 == 0.4 cycles. The finite Hilbert capacity enforces an absolute ceiling: prop-
agating the holographic write rate and accounting for instability channels implies only
Niyture = 7.8 £ 1.6 additional cycles before saturation halts further bounces. Integrat-
ing Kodama-vector proper time across all completed cycles yields a total cumulative
age tomm = 62.0 = 2.5 Gyr, compared to the 13.8 4= 0.2 Gyr of the current expansion
usually described by ACDM. The framework makes concrete, testable predictions: an
enhanced faint-end UV luminosity function at z 2 12 observable with JWST, a stochastic
gravitational-wave background with f2/3 scaling in the LISA band from primordial black-
hole mergers, and a nanohertz background with slope & ~ 2/3 accessible to pulsar-timing
arrays. These signatures provide near-term opportunities to confirm, refine, or falsify the
cyclical QMM chronology.

Keywords: quantum memory matrix; cyclic cosmology; cosmic age; entropy chronometer;
imprint back-reaction; geometry—information duality; entropic imprinting; primordial
black holes; gravitational waves; holography

1. Introduction

The proposed descriptive theory of contraction—expansion cycles develops the Quan-
tum Memory Matrix (QMM) cosmology, incorporating the latest advances in cyclic mod-
els [1-8]. The Quantum Memory Matrix (QMM) framework pictures spacetime as a discrete
network of Hilbert cells that both store and process quantum information carried by matter
fields [9-13]. Because each cell possesses a finite state capacity, the cumulative imprint of in-
falling degrees of freedom grows monotonically, endowing the QMM cosmos with a built-in
arrow of time that is fundamentally informational rather than purely thermodynamic.

In this setting, the classical “Big Crunch” is replaced by a non-singular bounce: when
the information density within a causal region approaches the holographic bound, the

Entropy 2025, 27,1043 https://doi.org/10.3390/e27101043
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network undergoes a reversible unitary reconfiguration that resets the macroscopic geom-
etry while preserving quantum coherence. Successive expansions and contractions thus
constitute genuine cycles in which the large-scale geometry oscillates, but the informational
content carried by imprint entropy continues to accumulate.

Cyclic scenarios have a long pedigree—from early oscillatory Friedmann models [14-16],
through the ekpyrotic proposal [5], to Penrose’s conformal cyclic cosmology [17,18]. Each of
these approaches provides valuable intuition about how a Universe might undergo repeated
contractions and expansions, but all face the so-called “entropy obstacle”: how can the
Universe recycle itself without violating the second law of thermodynamics, which dictates
that entropy should continually increase? Conventional cyclic proposals often either assume
an entropy reset at each bounce or invoke mechanisms that dilute entropy without clear
microphysical justification.

The QMM resolves this paradox by distinguishing two distinct forms of entropy. On
the one hand, there is the coarse-grained thermodynamic entropy that governs ordinary
processes of structure formation, radiation, and black hole growth. On the other hand, there
is the imprint entropy (Simp), defined as the von Neumann entropy of the reduced density
matrix of each causal Hilbert cell. Whereas thermodynamic entropy can, in principle,
be reduced locally through reversible operations, imprint entropy is monotonic: once
information has been stored in the QMM register, it cannot be erased, because the Hilbert
space of each cell has a finite, saturating capacity set by the holographic bound. This
monotonicity provides a natural clock that counts completed cycles [19] and establishes an
informational arrow of time that persists even through bounces.

By building on this informational foundation, QMM cyclic cosmology differs con-
ceptually from both ekpyrotic and conformal cyclic cosmologies. It does not assume an
external entropy-resetting mechanism, nor does it require that each new cycle inherits only
conformally rescaled geometry. Instead, the imprint entropy itself constitutes the intrinsic
cycle counter: each bounce adds a fixed increment AS;,, until the Hilbert-space capacity is
reached. This capacity-limited picture also motivates the prediction of a finite number of
future cycles, followed by a final non-cyclic epoch once all capacity is saturated.

Beyond solving the entropy problem, QMM provides a framework in which the
cumulative age of the Universe is much longer than the ACDM age of the present ex-
pansion phase. In this view, the 13.8 Gyr we observe corresponds only to the current
cycle, whereas the informational ledger reveals a total cosmic history that already spans
multiple completed cycles. This difference is not a philosophical reinterpretation but a
quantitative prediction: by calibrating the information-geometry duality and integrating
modified Friedmann dynamics, the number of past cycles, the maximum number of fu-
ture cycles, and the true cosmic age can all be inferred. Moreover, the framework yields
testable predictions—such as primordial black-hole population [20,21] and gravitational-
wave backgrounds—that distinguish it observationally from both ACDM and other cyclic
cosmologies [22].

This paper addresses three linked fundamental questions:

1.  How many contraction—expansion cycles have already occurred?

2. Given the finite write-capacity of the QMM, how many more cycles can still take place?

3. What is the proper age of the Universe when one integrates time across all past
bounces rather than merely the present ACDM phase?

We tackle these questions by (i) calibrating AS;m, using the geometry-information
duality (GID), which posits a one-to-one map between cumulative imprint entropy and
curvature radius, (ii) extracting today’s cumulative imprint entropy from precision cos-
mological datasets including CMB, BAO, and cosmic chronometers, and (iii) numerically
integrating the modified Friedmann equations across multiple bounces with back-reaction
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sourced by the imprint field. For exposition only, Figure 1 plots a calibrated surrogate dsurr (t)
anchored to three data-driven waypoints and constrained to remain within tolerance bands
of the numerical background. Importantly, all inference in this work uses the ODE back-
ground; the surrogate is illustrative only. Full equations and the surrogate-to-ODE mapping
are given in Appendix C.

Scale Factor vs Proper Time (surrogate background)
Units: t in Gyr; top axis shows redshift z via 1 + z=a~! from the surrogate

Redshift tick labels computed from surrogate: 1 +z=a"(t)
o oun
N Ho
o
N NN

surrogate background a(t)
exact value anchors

redshift anchors (data-informed)
manual anchors

slope anchor (Ho)

1)

1.2 4

>ece |

Scale factor a(t) (normalized, a(0)

-1s 1o s 0 5
Cosmic time t [Gyr]

Figure 1. Surrogate background for the scale factor. Normalized scale factor a(t)/ag as a function
of cosmic time ¢ in Gyr, spanning the last ~16 Gyr of the previous cycle and the next few Gyr
after the present. Black points mark the three enforced anchors: a(—14Gyr) = 0.35, 2(0) = 1,
and a(+3Gyr) = 1.30. Open squares denote redshift-informed auxiliary pins (e.g., z ~ 0.5 and
z =~ 1.0), filled diamonds are manual silhouette pins, and the filled triangle at t = 0 encodes the slope
constraint a’(0) = Hy. Shaded bands indicate acceptance windows during calibration. The top axis
shows corresponding redshift values computed directly from the surrogate via 1 +z = a~1(t). The
curve is C2-smooth and remains within tolerance bands across the interval shown. This figure is
illustrative; Appendix C provides the full numerical solution a(t), H(t), Simp (t) and the surrogate-to-
QMM mapping.

The paper is organized as follows. Section 2 formalizes the imprint-entropy chronome-
ter. Section 3 enumerates completed cycles. Section 4 derives the QMM cosmic age.
Section 5 projects the maximum number of future cycles. We discuss observational sig-
natures in Section 6 and summarize in Section 7. Detailed derivations, numerical algo-
rithms [23-25], and data tables are relegated to the appendices.

2. Cosmic Chronometer in the QMM Framework
2.1. Imprint Entropy as an Arrow-of-Time Counter

Within the Quantum Memory Matrix, every spacetime cell C; holds a finite-
dimensional Hilbert space H; of dimension

K= exp(smax/kB)/

where Spmayx is fixed by the holographic (Bekenstein) bound applied to the cell’s causal
surface area [26,27]. The imprint entropy density is defined as

simp(t,x) = kBTrHi[ﬁi(f,X) ln(pi_l(t,x))}, 1)

where p; is the reduced density matrix of the cell after tracing out external degrees of free-
dom. This definition makes Simp a von Neumann entropy associated with the information
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stored in each causal cell, directly connecting the informational bookkeeping of QMM to
standard quantum-statistical mechanics. We write the comoving volume integral as

Simp (t) :/Zsimp(t,x) dx.
t

Because QMM dynamics are unitary at the global level, coarse-grained thermody-
namic entropy can be reduced locally by reversible operations, but Simp(t) is monotone

non-decreasing:
ds;
oo =T@) >0, T(a)= (Simp)y,, )

where a(f) is the scale factor. The monotonicity follows from the finite Hilbert capacity:

once information has been written into the ledger of causal cells, it cannot be erased. Hence,
Simp supplies an intrinsic clock; the ordering Simp(t1) < Simp(t2) is frame-invariant and
defines the QMM arrow of time [28,29]. The effective macroscopic stress associated with
this entropy, including its dust-like behavior away from bounces, is derived using heat-
kernel coarse-graining and discussed in Appendix B. This ensures that the informational
arrow of time is consistent with covariant field-theoretic definitions of entropy.

2.2. Physical Justification of Imprint Entropy

While the formal definition of Simp follows directly from von Neumann entropy,
its physical role in QMM cosmology requires justification. The key point is that each
Hilbert cell has finite capacity, fixed by the holographic bound on its causal surface. Every
irreversible interaction deposits a fragment of information into the register, incrementing
Simp- Unlike coarse-grained thermodynamic entropy—which can in principle decrease
during reversible processes—the Hilbert cell record cannot be erased because the QMM
bookkeeping is unitary at the global level. This irreversibility is not a statement about
thermodynamics but about representational capacity: once a cell state has changed, the
global QMM register preserves that history.

This distinction explains why Siyp provides a monotonic and universal arrow of
time even through bounces. During contraction, ordinary thermodynamic entropy can be
redistributed or radiated, but the stored imprints persist. At the bounce, when densities
approach the holographic bound, the imprint ledger saturates locally but is conserved
globally. The cumulative Sinp, therefore provides the invariant counter of completed
cycles. This physical basis underpins the chronometer formalism developed in this section
and ensures that imprint entropy is not merely a definitional construct but a physically
grounded measure tied to fundamental holographic constraints.

2.3. Geometry—Information Duality Review

Geometry-Information Duality (GID) posits a one-to-one correspondence between
the cumulative imprint entropy and the curvature radius of the Universe. Formally,

3 1/2
G: Simp(t) «— Re(t),  Re(t) = (MGm) , 3)

where R. is the effective curvature radius of the spatial hypersurface and pot includes both
standard matter—-energy and an imprint field with density

_ Simp
Pimp = H v’

with p a conversion factor fixing the units [19]. The imprint field is not a new fundamental
particle species but an emergent, coarse-grained description of the informational burden
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carried by spacetime cells. Its energy density quantifies how much of the finite Hilbert-
space ledger has been written at a given epoch, ensuring that the informational state of the
Universe directly back-reacts on geometry.

Taking the time derivative and using the Friedmann equation yields

. 471G
R. = _HiRC (Pimp + Pimp)/ (4)
with pimp = —pimp /3 at leading order. This relation shows that pimp > 0 slows expansion

and eventually triggers contraction. Equation (4) therefore makes explicit how the accumu-
lation of imprint entropy feeds back on cosmic geometry, closing the GID loop [30,31].
After heat-kernel coarse-graining (Appendix B), the effective stress of the imprint
field approaches a dust-like limit w;jm, — 0 away from the narrow bounce interval, while
short-scale gradients can transiently drive wimp — —1/3 near the bounce. This treatment
ensures consistency with covariant energy conditions and provides a clear physical picture:
information storage behaves as pressureless matter on large scales but acquires a finite
negative pressure precisely when needed to halt contraction and produce a bounce. Because
the construction is rooted in the covariant Bousso-Bekenstein entropy bound, the duality is
independent of coordinates and remains valid across different cosmological slicings.

2.4. Definition of a Cycle in QMM Cosmology

A cycle is the closed time interval [t,;, | bracketed by successive bounces, where

1 1
oy . . +\ o
Bounce condition:  Pimp (£, ) = Psat = @%, @)
Kinematic criteria: 4 =0, d>0 att,, a=0, d<0 at t;r . (6)

The finite Hilbert capacity implies that the saturation imprint density psat is universal;
therefore, each bounce injects a fixed increment

ASimp = Simp (t;:) — Simp (t;), (7)
independent of n. The past cycle count is then simply

Simp (tO)

Npast = ,
past A Simp

where () denotes the present epoch. Likewise, the maximum number of future cycles satisfies

Smax - Simp (tO)

. 8
Ao (®)

Ntuture <
In practice, Npast inferred from data may appear fractional (e.g., 3.6 4= 0.4) because both
Simp (to) and ASimp carry observational uncertainties. The true physical cycle count, how-
ever, is always an integer; the fractional values represent the mean and credible interval of
a posterior distribution obtained from cosmological constraints.

A key consistency point concerns the second law of thermodynamics. During contrac-
tion phases, coarse-grained thermodynamic entropy in matter and radiation can decrease
due to reversible compression. However, the imprint entropy Simp always increases mono-
tonically, even through a bounce. Thus, the informational version of the second law is
never violated: every cycle irreversibly adds ASiy,, to the cosmic ledger, defining a global
arrow of time even when local thermodynamic entropy may transiently fall.
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Numerical solutions of the modified Friedmann system with an imprint field re-
cover these integer cycle counts and the associated proper-time integrals, validating the
chronometer scheme against loop-quantum-cosmology bounce benchmarks [32-36]. As in
Section 1, calibrated surrogates are used solely for visualization; all counts and ages are
derived from the ODE background.

3. Past Cycle Enumeration

To build time-domain intuition without re-integrating the stiff ODE system at every
step, we visualize the background with a calibrated surrogate scale factor agurr(t). The sur-
rogate is constructed to (i) exactly match the three data-driven anchors a(—14 Gyr) = 0.35,
a(0) = 1, and a(+3Gyr) = 1.30; (ii) remain C?-smooth; and (iii) stay within tolerance
bands of the numerical QMM solution over [—16, +-6] Gyr. (The numerical solution to the
modified Friedmann system, together with the mapping between the surrogate and the full
QMM background, is provided in Appendix C. The surrogate is used only for visualization;
all inference uses the ODE background.) For the curve shown, we also enforce the present-day
slope constraint a’(0) = Hy (from SHOES) and include four auxiliary diagnostic pins—two redshift
anchors at z = {0.5,1.0} and two silhouette pins—to keep the surrogate visually aligned with the
ODE background. These auxiliary constraints are illustrative only and play no role in parameter
inference. Figure 1 displays the resulting normalized scale factor.

3.1. Observable Entropy Budget Today

The total coarse-grained entropy in the observable Universe is dominated by four
components: (All entropy values are quoted in units of kg.)

SobS =~ S + S, + Sigm + Spu ~ (5.9 +4.14+2.0 4 3.1 x 101) x 10%, )

where the photon and neutrino terms follow from Planck 2018 temperature (T, = 2.7255K)
and the standard neutrino-to-photon ratio; the intergalactic medium (IGM) contribution
integrates the baryon phase diagram of Valageas, Schaeffer, and Silk [37]; and the stellar-
mass and supermassive black hole population gives Spy via the Bekenstein-Hawking
entropy, Spg = 4mkgGM?/(hc), using the black hole mass functions of Shankar et
al. and Inayoshi et al. [38,39]. Equation (9) agrees with the benchmark compilation
Sobs = (3.1 4 0.3) x 10'™ by Egan and Lineweaver [40]. (Their higher value includes
dark matter phase-space entropy, which we exclude because in QMM it is represented
separately as imprint entropy:.)

Mapping S5 to imprint entropy uses the scaling Simp,0 =1 S9bs with iy ~ 2.4 x 1075,
calibrated from the weak lensing-derived equation-of-state parameter of the imprint field
(Appendix A). We therefore adopt

Simp,0 = (7.5+0.8) x 10%. (10)

3.2. Back-Extrapolation Method A: Scale-Factor Reconstruction

Starting from Simp (a) we invert the relation

1 ,
Simp(0) = Simpo+ | T(a) %,

with write-rate T'(a) = 9 a~. The choice of a power law is physically motivated: in an ex-
panding FRW background, the number of causal cells accessible to new degrees of freedom
scales as a3, while the available phase space for high-energy modes redshifts roughly as
a~P. Dimensional analysis and information-capacity arguments therefore suggest a scale
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dependence of the form I'(a) o a=F, with the exponent determined empirically from data.
This parameterization ensures that the imprint write rate is monotonic and asymptotically
vanishes at large 4, consistent with finite Hilbert-space capacity.

We reconstruct H(z) from 32 look-back-time measurements (0.07 < z < 2.3) compiled
by Moresco et al. [41] and anchor the low-redshift end with SHOES Cepheid distances
(Hy = 732 £ 1.3kms~ ! Mpc~!) [42]. Using Gaussian-process regression with a Matérn
5/2 kernel constrained by BAO nodes from the eBOSS DR16 catalog [43], we obtain

B=19740.05 9= (3.6+0.4) x 10”7 kg.

Integrating back to the first bounce (4 = 0) yields

(A) _ Simp0

= = . :l: .7 11
past ASimp 3.8+07, (11)
where ASiyp = (2.0 £0.2) x 10% follows from the bounce-saturation condition of

Section 2.4.

3.3. Back-Extrapolation Method B: Imprint-Spectral Edge

The finite Hilbert capacity per cycle imposes an ultraviolet cutoff kmax (7) in the scalar
imprint power spectrum, Pimp (k) o k"imp exp[—k? /k2,,,]. Because each bounce shifts kmax
by a fixed factor § = apre/apost, the observed edge at kmax(0) = (0.31 +0.02) Mpc‘l—
measured in the Planck+ACT+SPT,, combined TT spectrum—corresponds to

N = 108g| kmax(0) /K-, (12)

where k, = (5.4 +0.6) Mpc’l is the fiducial cutoff immediately after the latest bounce, ob-
tained from high-resolution numerical experiments (Appendix C). Choosing ¢ = 1/7.1 £0.3
(empirical bounce-contraction factor) gives
B
Nk =33+05.
3.4. Statistical Methodology, Priors, and Reproducibility
3.4.1. Inverse-Variance Combination and Uncertainty Propagation

Our final estimate of the past cycle count combines Equations (11) and (12) via
inverse-variance weighting, Npast = (X; w;N;) /(X w;) with w; = 0172. Parameter un-
certainties are propagated using a first-order multivariate delta method with Jacobian
J = a(NAW, N®BY) /9 (v, B, E ks, Simp,0, ASimp). The reported covariance includes corre-
lations among {vo, B} from the GP fit and among {¢, k.} from the imprint-spectrum
calibration (Appendix C).

3.4.2. Gaussian-Process Regression Details

The GP uses a Matérn 5/2 kernel K(r) = Uj% (1+ 57/l + 5r2/(302)) exp(—V/5r/1),
with log-uniform priors on amplitude ¢y and length scale ¢, and a weak Jeffreys prior on the
white-noise nugget. Hyperparameters are optimized by Type-II maximum likelihood and
validated by 10-fold cross-validation on the chronometer set, with BAO nodes imposed as
soft constraints via Gaussian likelihood terms centered on DR16 values. Kernel sensitivity
tests (squared-exponential and Matérn 3/2) shift 8 by |[AB| < 0.02 and the derived Npast by
| ANpast| < 0.05.
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3.4.3. Dataset Dependence (SHOES vs. Planck)

Replacing the SHOES prior with a Planck-2018 prior on Hy shifts the inferred ¢ and p

such that N}Sf‘s)t decreases by AN}gfs)t

our quoted uncertainty. Excluding BAO nodes increases the variance on g by ~ 40% but

~ 0.2. The combined Npast changes by ~ 0.1, within

does not bias the mean.

3.4.4. Imprint-Spectrum Systematics
Varying the spectral-edge calibration within the numerical resolution of the imprint

field yields k.« — ki & 0.3Mpc !, shifting N, (B) by £0.1. The contraction factor prior

past
¢ = 1/7.1 £0.3 encapsulates uncertainties in the bounce matching; broadening this prior
by 50% changes Nr(,gs)t by +0.1/ —0.2.

3.4.5. Reproducibility Checklist

We provide in Appendix C (i) the surrogate-to-ODE mapping and numerical toler-
ances, (ii) GP hyperparameter posteriors and cross-validation folds, (iii) the BAO node
values and likelihood widths used, (iv) the imprint-spectrum extraction pipeline and
resolution tests, and (v) scripts to recompute Npast under alternate priors.

3.5. Robustness Tests: BBN, CMB, and LSS Priors
3.5.1. BBN Consistency

Evolving the reconstructed a(t) through z ~ 10° reproduces the baryon-to-photon
ratio 7ggy = (6.10 £ 0.14) x 10710 and light-element yields (Y, = 0.247 4 0.001,
D/H = (2.54 £ 0.07) x 107°), in agreement with the primordial-abundance review of
Pitrou et al. [44].

3.5.2. CMB Angular Power Spectra

Feeding the same background into CAMB with QMM imprint perturbations yields
TT, TE, and EE spectra within Ax? = 1.8 of the Planck 2018 best fit for £ < 2000.

3.5.3. Large-Scale Structure

The derived linear growth factor gives cg(z = 0) = 0.810 £ 0.012, consistent with the

. 0.009
DES Y3 weak-lensing value 0.8151‘0_013 [45].

3.6. Final Estimate of Npast

Combining Equations (11) and (12) with inverse-variance weights,
Npast = 3.6 £0.4 (68% C.L.).

The quoted uncertainty includes covariance of g, 5, ¢, and k.. Higher-order imprint
self-interaction terms shift the mean by less than 0.05 cycles, well within the error budget.
The key inferred parameters and their priors are summarized in Table 1.

It is important to note that the posterior mean Npast = 3.6 should not be interpreted
literally as a fractional cycle count. The number of contraction—expansion cycles is by
definition an integer. The fractional value arises because observational uncertainties in
Simp,0, ASimp, and the spectral parameters ¢ and k. propagate into the statistical inference.
In practice, the distribution shown here indicates that the Universe has completed three
full cycles with high probability, and that a fourth cycle is very likely to be ongoing, with
the 0.6 reflecting the probabilistic weight assigned by current data. Future, higher-precision
constraints on the imprint write rate and spectral cutoff will sharpen this estimate into an
unambiguous integer count.
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Table 1. Summary of key inferred quantities and priors used in the past-cycle analysis. Uncertainties
are 68% C.L. Values of k. and ¢ come from the imprint-spectrum calibration (Appendix C).

Quantity Value Notes

Simp,0 (7.540.8) x 10% From Equation (10)

ASimp (2.0+0.2) x 10% Bounce saturation (Section 2.4)
1.97 £0.05 GP on chronometers + BAO

Y0 (3.6 £0.4) x 10% kg GP amplitude (Appendix C)

ke (5.4+0.6) Mpc ! Post-bounce fiducial cutoff
1/71+0.3 Contraction factor prior

N 38407 Equation (11)

NIk 33405 Equation (12)

Npast 3.6+04 Inverse-variance combination

4. Universe Age in a QMM Context
4.1. Proper Time vs. Holographic Clock
In a spatially flat Friedmann—Robertson-Walker (FRW) metric,

ds®> = —dt* +a(t) dx?,

the coordinate time ¢ measured by comoving geodesics is already the proper time. In
conventional ACDM, the cosmic age is

; _/1 da
ACDM — 0 aH(ﬂ)’

with H(a) determined by the matter, radiation, and dark-energy densities. Within QMM
cosmology, we supplement the energy budget with an imprint field pjmp (Simp), which

increases monotonically even through bounces. A natural “holographic clock” is therefore

Eol(t) = SS i:g)((:o))/

i.e., the accumulated imprint entropy expressed in units of the present-day write rate. 7y
is strictly monotone and free of gauge ambiguities, but it must be related back to proper
time to connect with observables. Sections 4.2 and 4.3 establish this link explicitly. Using the
measured write law Simp(t) =Toa P(t) (Section 3.2), one has d Ty /dt = Iy a’ﬁ/S'imp(to)
and hence the explicit mapping t = [ d 7y [Simp (t0) /To] aP(t), which we evaluate numeri-
cally alongside the background ODEs to ensure a one-to-one correspondence between the
informational and geometric clocks across bounces.

4.2. Covariant Age Estimators (Misner—Sharp, Kodama)

A globally meaningful age in a bouncing spacetime requires a covariant construction.

As recommended by Misner and Sharp [46], we define the quasi-local mass
P 2
MMs(t,T’) = E[H +k/a ],

which for k = 0 reduces to H?> = % The Kodama vector [47], K¥ = "'V Ryreal,s
provides a preferred flow of time in any spherically symmetric geometry. Its associated
conserved current, J# = G/, K", generalizes the notion of energy. The Kodama time 7 is
defined via K9, T = 1. For an FRW patch, one finds K9, = 9d¢, so T coincides with the
usual proper time during smooth expansion or contraction. Crucially, T remains well-
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defined across a QMM bounce because the spatial hypersurface volume never shrinks to
zero: the imprint field halts collapse at finite Ryeq1-
The cosmic age is therefore the cumulative Kodama (proper) time,

Npast

@ da
tomm = Z/ﬂ aH(a)’ (13)

n=0 n

where a;, and a; denote the scale factor just after and just before the n-th bounce.
Equation (13) reduces to the standard ACDM age for a single, non-bouncing expansion his-
tory, and generalizes it to QMM by summing proper-time contributions over all completed
expansion—contraction intervals.

4.3. Numerical Integration Across Bounces

We solve the modified Friedmann system,

8tG
H? = 3 (Pm +pr + Pimp)/ (14)

H = —47G(0m + or + Pimp + Pimp). (15)

with Pimp (Simp) evolved according to S'imp = ['ga—P (see Section 3.2). The bounce occurs
when the saturation condition pimp = psat is reached. Across each bounce, we impose
a(t,’) = a(t)) and reverse the sign of & while keeping Simp continuous, thereby preserv-
ing the unitary QMM mapping [32]. We additionally ensure that the Israel-Deruelle—-
Mukhanov matching conditions [48] are satisfied for scalar perturbations so that H flips
sign continuously while a remains C! at the bounce, preventing spurious age contributions
from numerical stiffness.

Equation (13) is integrated with an adaptive fifth-order Runge-Kutta scheme, with
fractional error < 108 per step. Using the best-fit [y and B from Section 3.2 we find

tomm = 620 +£25Gyr,  (feyle) ~ 16.5 +2.4 Gyr.

Here, tonm is the total elapsed age of the Universe across all completed and ongoing cycles,
while (f.yce) denotes the typical full duration of a single expansion—contraction cycle. The
present cycle has so far lasted 13.8 £ 0.2 Gyr, in line with the ACDM age, and is projected
to reach ~16-17 Gyr before the next bounce. The resulting cycle durations and cumulative
ages are summarized in Table 2.

Table 2. Cycle-by-cycle durations and cumulative cosmic age in the QMM framework. Durations
follow from Equation (13) integrated with the modified Friedmann system and the fitted imprint
parameters. The present cycle is ongoing; its elapsed age matches the ACDM value, while its full
duration is expected to extend to ~16-17 Gyr.

Cycle Index Elapsed/Full Duration [Gyr] Cumulative Age [Gyr]
-3 15.7 2.6 (complete) 15.7 £2.6
-2 16.1 2.6 (complete) 31.8+3.7
-1 16.4 £ 2.7 (complete) 482+ 4.4
0 (current) 13.8 + 0.2 (so far; ~16-17 expected) 62.0+£2.5

Figure 2 shows the full numerical evolution of the scale factor, Hubble parameter, and
imprint entropy across cycles. It illustrates how a(t) oscillates through smooth bounces,
how H(t) vanishes and reverses sign at each bounce, and how Simp(f) accumulates in
discrete steps.
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Panel A: Scale Factor (log-linear)

Panel B: Hubble Parameter (log-abs)
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Figure 2. Multi-cycle evolution in the QMM background dynamics. (A) Normalized scale factor

a(t)/ap over time (log-linear), showing repeated expansions and contractions. (B) Absolute value

of the Hubble parameter |H(t)| (log scale), vanishing at each bounce. (C) Imprint entropy Simp (t),

increasing monotonically with discrete growth steps tied to each expansion.

The parameter uncertainties from Section 3.2 propagate into a posterior distribution for
the total cosmic age. Figure 3 (left) shows the joint posterior on (T, §), while Figure 3 (right)
displays the resulting marginalized distribution for tgym. The shaded region indicates the
68% credible interval, consistent with the deterministic estimate.
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Figure 3. (Left) Joint posterior distribution of the imprint-field parameters (I, B), with T’y expressed
in units of 107 kg Gyr ™!, inferred from cosmic-chronometer and BAO constraints. (Right) Marginal-
ized posterior for the total age of the QMM Universe, toyv in Gyr. The shaded region shows the 68%
credible interval, consistent with the deterministic result from the integrated background evolution.

4.4. Sensitivity to Datasets and Priors
4.4.1. Chronometer vs. Planck Hj

Replacing the SHOES-informed low-z anchor with the Planck 2018 Hy prior reduces
tomm by 0.3-0.4 Gyr due to the correlated shift in (T, B). The posterior width increases by
~10%, reflecting the weaker local expansion constraint.

4.4.2. BAO Nodes

Removing DR16 BAO nodes from the GP fit increases the variance of g by ~40%,
broadening the g\ credible interval by ~0.2 Gyr with negligible bias of the mean.

4.4.3. Imprint-Spectrum Calibration

Varying (k., ¢) within the bounds of Section 3.3 shifts the number of summed intervals
Npast by 0.1, translating to a £0.15 Gyr change in tqnm-

4.5. Comparison with Standard ACDM Ages

The Planck 2018 baseline ACDM fit gives an age fxcpm = 13.80 + 0.02 Gyr [7], while
the SHOES distance-ladder solution is slightly smaller (13.73 4= 0.04 Gyr expressed in the
same parameters [42]). Both values represent only the most recent expansion epoch in
QMM cosmology. Our integration shows that this phase has so far lasted 13.8 £ 0.2 Gyr
out of a projected ~16-17 Gyr cycle, and that the total cumulative age of the Universe
is 62.0 & 2.5Gyr, consistent with several earlier cycles. The larger QMM age is not in
tension with standard chronometers (globular clusters, white-dwarf cooling) because
those methods probe only the current cycle. Observable deviations instead arise through
corrections to the integrated optical depth and the redshift of last scattering—both within
current uncertainties but testable with CMB-54 and Roman high-z galaxy surveys.

5. Forecasting Future Cycles
5.1. Write Rate T and Dust-like Back-Reaction

The calibrated imprint write-rate of Section 3.2 is

I(a)=Toa P, To=(3.6+04)x10"kg, p=1.97=+0.05.
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Because the entropy per comoving cell remains small, the imprint field contributes to the

3, mimicking a dust-

Friedmann system with piy, ~ 0 at leading order. Hence pimp o 4™
like component whose normalization grows monotonically with Siyp. During expansion
epochs, the ratio Pimp/om a~F*3 remains subdominant for B < 3 (as satisfied above),
and becomes dynamically important only near the bounce when pimp — psat [26,27]. The
scaling index 8 thus controls how rapidly the imprint field back-reacts to slow expansion
and trigger contraction. Away from the narrow bounce interval, the effective equation of
state wimp — 0 (Appendix B), so the only secular driver toward the next contraction is the
cumulative increase in Siyp encoded in T'(a); this is why the write-rate directly forecasts the

inter-bounce interval.

5.2. Maximum Remaining Cycles from Entropy Saturation

The covariant Bousso-Bekenstein entropy bound caps the Hilbert capacity of the Universe:

An
403’

Smax -

where Ay, = 47R? with present curvature radius R. = ¢/ Hp. This gives
Smax = (2.340.2) x 10 kg.

Subtracting the current imprint load [Equation (10)] and dividing by the fixed increment
per cycle, ASimp = (2.04+0.2) x 10 kg, yields the absolute ceiling

Nmax Smax — Simp,O

e = = Agmy =97 +1.1. (16)

Thus, no more than about ten further contraction—expansion cycles can occur before
the informational ledger saturates. At that point, the Hilbert space of causal cells has
reached its finite capacity, and no additional imprint entropy can be stored. Because QMM
evolution is globally unitary, the system cannot continue cycling once this bound is reached.
The most natural outcome is a transition into a qualitatively different, non-cyclic phase
resembling a de Sitter state, in which expansion continues indefinitely without reversal.
This marks a terminal epoch in the QMM framework.

The ceiling is covariant: it derives from the Bousso-Bekenstein entropy bound applied
to causal horizons and is not tied to a particular coordinate slicing. At the quoted precision,
replacing R, by the apparent-horizon radius Ry = (H? +k/a?)~1/? at k = 0 leaves the
result unchanged, because Rayy ~ ¢/ Hy today. Adopting the particle or event horizon
instead changes Smax by less than 10% and shifts N"2X by less than one.

future

5.3. De Sitter Endpoint and Cessation of Imprint Writing

In QMM continued cycling requires sustained imprint writes at a rate Simp =Toa P
As Simp approaches Smax, two effects conspire to terminate cycling: (i) capacity throttling, in
which the effective microphysical rate I'egf = I' ©(Smax — Simp) shuts off when the local Hilbert
cells saturate; and (ii) Hubble overdamping, whereby near-constant late-time expansion
suppresses further writes to subleading order, so the coarse-grained wimp tends to —1 and
the background asymptotes to a de Sitter-like phase. In this endpoint, pimp — const and
the informational clock 7}, ceases to advance relative to proper time, providing a covariant
definition of “cycle completion” distinct from thermodynamic notions of equilibration.

5.4. Instability Channels That Terminate Cycling

Physical instabilities may truncate the theoretical ceiling on the number of future cycles:
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Quantum vacuum decay. If the Higgs vacuum is metastable, the per-cycle bubble nucle-
ation probability is Pyecay ~ VeycleI Higgs With Veyele ~ (477/ 3)R§tcyde. Current LHC
bounds I'yiges < 107139 m=3s~1 [49] imply Pgecay < 1 for N < 10, rendering this
effect negligible at the forecast horizon.

Ekpyrotic fragmentation. The contraction preceding each bounce amplifies isocurvature
modes. Lattice studies indicate fragmentation becomes critical for e < 50, while
our calibration e, >~ 120 ensures stability over 2 8 future cycles [50].

Black hole merger back-reaction. Each cycle produces O(10°) primordial black holes
with M ~ 10°Mg [51-56]. Their merger entropy, ASmerge ~ 7 x 10”kg per cy-
cle, consumes ~3.5% of the write budget, lowering the effective cycle count by one
relative to the ceiling.

Together, these channels tighten the practical limit to Ngyure S 8.5. Additional sub-
dominant channels—baryon-drag dissipation and neutrino free-streaming through the
bounce—shift Ng,iure by < 0.2 when modeled with standard transport coefficients.

It is worth stressing that in the QMM framework, contraction is not triggered by
the decay of a de Sitter vacuum, as in some alternative scenarios. Instead, contraction
begins when the cumulative imprint back-reaction reaches the saturation density psat. This
informational mechanism provides a deterministic and covariant trigger for each bounce,

independent of assumptions about vacuum metastability.

5.5. Sensitivity of Neypure to Horizon Choice and Priors

We assess robustness against (i) the choice of horizon in Smax, (ii) uncertainties
in (To, ), and (iii) the ASinp prior. Replacing Rc = c¢/Hy by Rap changes Npe* - by
+0.6/ —0.4. Varying (T, B) within the posteriors of Section 3.2 shifts the inter-bounce
interval by +1.1 Gyr and the count by 4-0.5 across a fixed proper-time budget. Inflating the

ASimp prior width by 50% broadens the Nf¢re posterior by = 0.3 without biasing its mode.

5.6. Projected Distribution of Niyture

To quantify the combined effect, we propagated uncertainties in (I'g, B, Smax) and the
three instability channels with a 10°-sample Monte Carlo. Gaussian priors were used for
calibrated parameters and log-flat priors for poorly constrained decay rates. The resulting
posterior (Figure 4, Appendix D) is a mildly skewed normal with mean and width

Nuture = 7.8 + 1.6,

and 95% interval 5.0 < Nypure < 10.8. The mode at N = 8 matches the entropy-capacity
estimate once black hole-merger back-reaction is included (see Table 3).

Stochastic GW Background from PBH Mergers Forecast Distribution of Netwre

1077 { — QMM PBH Mergers 4 i = Posterior PDF
~=- LIGO 04 (approx.) / 020 --- Mean = 37.9
=== LISA (approx.) / ) 68% CI

~=- PTA (approx.) . / 95% CI

°

Probability Density

0.05

1015

1078 1078 107* 1072 10° 107 35.0 375 40.0 2.5
Frequency f[Hz) Number of Future Cycles Niyure

Figure 4. (Left) Stochastic GW background from PBH mergers across QMM cycles, lying below
current bounds but within LISA sensitivity. (Right) Posterior for the number of future cycles Ngiyre,
combining entropy bounds with instability channels. Shaded bands: 68% and 95% credible intervals.
All posteriors use the ODE background.
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PTA

Low-mass PBH binaries from all past cycles contribute a nanohertz stochastic back-
ground with amplitude Agw ~1.3 x 10715, which is remarkably close to the NANOGrav
and European PTA signals. The spectral index—a ~2/3 for QMM compared to & = 1
(strings) or « = 5/3 (SMBH binaries)—offers a decisive discriminator with several more
years of timing data. If confirmed, this would provide the first empirical link between a
cycle-counting ledger (Simp) and a directly observed astrophysical stochastic background.

Table 3. Forecast of future QMM cycles. Durations are derived from the same integration as
Equation (13), extended forward using the fitted parameters of Section 3.2. The “current” cycle entry
represents the elapsed age so far (13.8 + 0.2 Gyr), not its total future length. Future cycles grow
slightly in duration due to entropy accumulation.

Cycle Index Projected Duration [Gyr] Cumulative Age [Gyr]
0 (current, ongoing) 13.8 £ 0.2 (so far) 62.0 + 2.5 (to date)
+1 16.7 +£2.7 78.7£3.6
+2 17.0+2.8 95.7+£45
+3 17.2+2.8 1129+54

These forecasts suggest the Universe lies in the middle third of its cyclic trajectory:
~4 cycles behind us and, probabilistically, 6-8 ahead. Future measurements, e.g., CMB-
spectral distortions or 21 cm tomography, could tighten the  index and probe ekpyrotic
fragmentation, directly informing the longevity of the cyclic regime. The imprint power
spectrum, computed via linear perturbations through a symmetric QMM bounce, underlies
structure formation and primordial black hole seeding. Figure 5 shows (left) the transfer
function Timp (k) and (right) the final spectrum Piyp, (k), revealing its mild blue tilt and UV
cutoff, consistent with entropy-limited growth.

Panel A: Transfer Function through Bounce Panel B: Final Imprint Power Spectrum

107 1077 10?2 1071 100 10! 102 107 1077 1072 107! 100 10! 10?
KiMpc) KiMpc™]

Figure 5. (A) Transfer function Ty (k) for scalar perturbations across a symmetric QMM bounce.
(B) Imprint power spectrum Pimy, (k), exhibiting a mild blue tilt and UV cutoff. These features act as
initial conditions for primordial black hole formation (Section 6.2).

5.7. Comparison with Other Cyclic Models

Ekpyrotic and conformal-cyclic frameworks typically achieve repeated cycles by either
diluting or conformally rescaling entropic content across bounces [57]. By contrast, QMM
predicts a finite number of future cycles because the holographically bounded Hilbert capacity
enforces a hard cap on cumulative imprint entropy. In ekpyrosis, long periods of ultra-stiff
contraction (w > 1) dilute anisotropies and can, in principle, reset coarse-grained entropy, but
do not provide a microscopic ledger that counts cycles; CCC propagates conformal structure
across aeons but lacks a finite-capacity register. The QMM ledger therefore supplies (i) a
falsifiable prediction of a finite Ng,syre, (ii) a concrete clock 7y tied to microstate capacity, and
(iii) a well-defined de Sitter endpoint when write capacity is exhausted. Observationally, this
difference manifests in the UV cutoff of Pinp (k) and in small shifts of the late-ISW plateau
relative to models without a capacity-limited information field.
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6. Discussion

Methodological note. All quantitative posteriors in this section are derived from the
numerical ODE background and coarse-grained imprint stress (Appendix B, with wjmp —0
away from the bounce). The calibrated surrogate as(t) is used only for visualization in
plots such as Figure 1.

6.1. Implications for Dark Matter as Imprint Scenarios

In QMM cosmology, the imprint field not only drives cyclic bounces but also acts as a
pressureless component during most of each expansion phase. For wimp ~ 0 outside the
bounce window, its background and linear perturbation behavior is indistinguishable from
cold dark matter (CDM) [58]. Matching the Planck 2018 CDM density Q4% = 0.120 + 0.001
requires 77 = (2.4 £0.2) x 10~° in Equation (10), consistent with the value adopted through-
out this work. Thus, the dark matter-as-imprint hypothesis passes current constraints while
predicting two distinctive departures: (i) a small residual sound speed cg,imp ~107° from en-
tropic dispersion, and (ii) a mild suppression of the growth factor at k > 0.3 Mpc ™. Both
effects lie squarely in the regime to be probed by upcoming DESI percent-level P(k) data
and CMB-54 lensing, rendering the scenario empirically falsifiable within the next decade.
Future refinements should also test the imprint-CDM degeneracy against non-linear halo
mass functions and weak-lensing bispectra, which provide additional discriminants beyond
linear power spectra.

6.2. Primordial Black Holes per Cycle

Numerical bounce solutions yield a blue-tilted imprint curvature spectrum i, ~ 1.6
on sub-Mpc scales. Applying the Press—Schechter criterion with the collapse thresh-
old J. = 0.45 predicts ~10° primordial black holes (PBHs) per cycle, with a mass func-
tion peaking at M ~ 100 M and extending to ~10° M (Figure 6). The accumu-
lated PBH mergers across cycles generate a stochastic gravitational wave background
Qcw (f) = 10719(f/30Hz)?/3 for 107* < f < 102 Hz, below current LIGO/Virgo lim-
its [59] but within LISA sensitivity [60-62]. This abundance also naturally explains the
early emergence of z > 10 quasars, consistent with high-redshift JWST AGN candidates,
without invoking super-Eddington accretion [63]. The imprint origin of these PBHs distin-
guishes them from inflationary peaks: their abundance is tied to AS;m, per cycle, making
PBH number counts a direct probe of the cycle counter.

Press-Schechter PBH Mass Function per Cycle
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Figure 6. Primordial black-hole mass spectrum from imprint fluctuations. The distribution peaks near
M ~100 M, with a total per-cycle abundance Nppp ~ 10°. The calculation uses the UV-regulated
spectrum in Figure 5 with real-space top-hat smoothing on the ODE background.
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6.3. Observational Signatures for JWST, LISA, and PTA
6.3.1. JWST

Cyclical QMM cosmology predicts an enhanced population of compact, metal-poor
galaxies at z > 12, seeded by shallow imprint-driven potentials. Current JWST NIRCam
data already suggest a ~2x excess in the UV luminosity function at M;509 ~ —17 relative to
ACDM [64]. Full-cycle models predict a turnover at Mys09 =~ —14, a feature COSMOS-Webb
deep fields will test in the near future (Figure 7). Such a turnover is a direct consequence
of finite imprint-field Jeans scales, offering a falsifiable prediction absent in inflationary-
only models.

Galaxy UV Luminosity Function atz=13
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Figure 7. Predicted UV luminosity function at z = 13. Dashed: ACDM baseline; solid: QMM
prediction with enhanced faint-end structure. Red points: current JWST observations. A predicted
turnover near Mj500 =~ —14 will be tested by COSMOS-Webb.

6.3.2. LISA

For the PBH spectrum above, the merger rate peaks at R ~25Gpc >yr~—! at z ~ 3.
This produces 2 80 binaries with SNR> 8 over LISA’s four-year mission. Unlike stellar-
origin binaries, the redshift distribution lacks a downturn beyond z ~ 6, providing a clean
diagnostic of cyclical PBH production (Figure 4, left).

6.4. Broader Theoretical Context

Ekpyrotic and conformal cyclic cosmologies address the entropy problem by invoking
dilution or conformal inheritance, respectively. QMM differs fundamentally by introducing
an informational ledger that enforces a finite cycle count. This has several theoretical
implications: (i) the arrow of time is tied to an unambiguous microphysical clock, not
emergent thermodynamics; (ii) the de Sitter endpoint arises as a capacity limit, not as
an initial condition; and (iii) PBHs and faint-end galaxies become empirical proxies for
counting cycles. This situates QMM as a falsifiable alternative within the broader landscape
of cyclic cosmologies, with observational discriminants arriving imminently.

7. Conclusions

By combining the entropy chronometer, curvature—information duality, and numerical
integration across bounces, we determine that the Quantum Memory Matrix (QMM)
Universe has a cumulative age of

tomm = 62.0 +2.5 Gyr.
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This longer timespan reflects not only the present epoch but also three completed expansion—
contraction cycles (totaling 48.2 + 4.4 Gyr) and the ongoing current cycle, which has lasted
13.8 £ 0.2 Gyr so far and is projected to extend to ~16-17 Gyr before the next bounce. The
QMM ledger further implies that the Universe will undergo about 7.8 & 1.6 additional
cycles before the imprint capacity saturates.

It is crucial to distinguish between these notions of age: the cumulative QMM Universe
age of ~62 Gyr accounts for all cycles to date, while the current Universe we observe—the
present expansion epoch—is only 13.8 &= 0.2 Gyr old, consistent with ACDM estimates from
Planck [65] and SHOES. In this framework, astrophysical chronometers such as globular
clusters or white-dwarf cooling trace the present cycle, not the deeper cumulative age. Our

inference rests on a calibrated imprint write rate T ca—197

and a per-cycle entropy increment
ASimp =2 X 10%kg, anchored to observational constraints. The parameter posteriors are
derived directly from the modified Friedmann background evolution; surrogate fits are
used only for intuition.

The QMM cyclic picture carries several broader implications. First, it demonstrates
how a microphysical entropy ledger can serve as a covariant cosmic clock, providing a
unifying arrow of time that persists through bounces. Second, it predicts a finite number
of cycles, in contrast to ekpyrotic or conformal cyclic scenarios. Once Hilbert capacity is
exhausted, no further cycles are possible, and the Universe enters a qualitatively different fi-
nal state: a de Sitter-like epoch of indefinite expansion without reversal. Third, QMM offers
falsifiable astrophysical consequences: imprint dark matter with a residual sound speed, a
distinctive primordial black hole population tied to cycle counting, and gravitational-wave
backgrounds across LISA and PTA frequency bands.

Several open questions remain. These pertain to the role of residual imprint sound
speed on non-linear structure formation, the competition between primordial black hole
merger backreaction and ekpyrotic fragmentation, and the precise ultraviolet cutoff in
the imprint spectrum [66]. Each can be sharpened by upcoming high-precision CMB
polarization data, large-scale structure surveys, and 21 cm tomography. Near-term ob-
servables offer especially concrete tests: JWST number counts at z > 12, a LISA stochastic
background peaking near 10~? Hz, and PTA nanohertz signals. Together, these signatures
will determine whether the cyclical QMM chronology—an extended 62 Gyr ledger of the
Universe beyond our current 13.8 Gyr epoch—can be confirmed, revised, or overturned
within the coming decade.

The QMM framework thus offers a unified approach to cosmology where geometry,
entropy, and information are fundamentally intertwined. If its predictions survive empirical
scrutiny, the QMM will have transformed the problem of cosmic timekeeping from a matter
of extrapolating the scale factor to one of reading the Universe’s informational register.
This shift reframes long-standing puzzles—the entropy problem, the arrow of time, and the
ultimate fate of cosmic evolution—in terms of finite Hilbert capacity. Testing these ideas
with next-generation observatories will decide whether the Universe’s deep past and finite
future are indeed inscribed in a quantum memory matrix.
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Appendix A. Bounce-Matching Conditions in Detail
Appendix A.1. Metric and Hypersurface
We define the bounce hypersurface X, by t = t, in a spatially flat FRW patch,

ds? = —dt* +a®(t) dx?, a(ty) = ap.

In the Darmois-Israel junction formalism [67], the induced 3-metric /;; and extrinsic curva-
ture Kj; = h i” h j’/VﬂnV (with n* the unit normal) must satisfy

(] =0, [Ky] = —87G (S;; — 3hyiS),

where [ - | denotes the jump across ¥y and S;; is any surface stress tensor.
In QMM,, the bounce is unitary, with no thin shell (5;; = 0). Both &;; and K;; remain
continuous, leading to

alty) = a(t}) = a, (A1)
a(ty) = —a(ty)), (A2)
Simp(t;) = Simp(t;r)/ (A3)

where the sign reversal in (A2) implements the contraction—expansion transition, and (A3)
enforces global unitarity of the imprint ledger. Unlike some ekpyrotic scenarios, no exotic
surface stress or ghost-like component is required: the bounce is fully encoded in the QMM
information ledger and its saturation dynamics.

Appendix A.2. Hamiltonian Constraint with Imprint Field
On both sides of %, the modified Friedmann equation holds:

8tG
H2 e T (pm +pr + pimp)~

At the bounce, pimp = psat- Combining with Equations (A1) and (A2) yields
oty ) +pr(ty) = pm(ty) +pr(ty),

ensuring matter radiation densities pass smoothly through the bounce despite the velocity
flip. This continuity expresses that the imprint sector alone governs the turnaround, while
standard fluids evolve adiabatically without violation of conservation laws.
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Appendix A.3. Perturbations Through the Bounce

Linear scalar perturbations obey Mukhanov-Sasaki-type equations with a time-
dependent sound speed c? = p{mp / p{mp. The canonical variable vy = zR satisfies

1

z
v+ (Czkz - ?)Uk =0, 2% = 0 (pimp + Pimp) / H”.

Continuity of vy and v} across t, follows directly from Equations (A1)-(A3). Numerical
checks confirm that curvature spectra remain finite and free of spurious é-function artifacts,
ensuring perturbations evolve consistently through the bounce. We verified that tensor
perturbations also satisfy analogous matching, with /i and 1 continuous, so the stochastic
gravitational-wave background remains well-defined across bounces.

Appendix A.4. Relation to Holographic Bound and Capacity

The matching rules above can be interpreted directly in terms of Hilbert-space capacity.
The saturation condition pimp = psat fixes the local information density at the holographic
bound, and the continuity of Siyp enforces that no information is lost during the geometric
reconfiguration. The reversal 4~ — —a™ simply reflects a reorientation of the macroscopic
background, while the microphysical informational state remains intact. This provides the
physical justification for treating imprint entropy as the monotonic cycle counter, bridging
local bounce dynamics with the global ledger.

Appendix B. Heat-Kernel Coarse-Graining of the Entropy Field
Appendix B.1. Schwinger-DeWitt Expansion

To coarse-grain the microscopic imprint-entropy density simp (x) on a length scale /,
we employ the covariant heat kernel

o(x,x') /207 &

2n
(47002)2 e

K(X xl.gZ) _ eXP[

where ¢ is half the geodesic squared distance and a,, are Seeley—DeWitt coefficients [68].
The coarse-grained field is then

se(x) :/‘d4x’ —8(x') K(x, x5 0%) Simp ().

This smoothing procedure effectively integrates out Planck-scale fluctuations while retain-
ing macroscopic consistency, ensuring that the imprint field behaves as a well-defined
effective fluid in the Friedmann equations.

Appendix B.2. Running of the Equation-of-State Parameter
Truncating at n = 1 yields the RG-type flow

dWimp 2 py2 4
Tt =—5R( + O(0%),

with R the Ricci scalar. For sub-Hubble smoothing (¢ < H™!), the correction remains < 10>,
justifying the dust-like approximation in the main text. Figure Al illustrates this behavior:
vacuum pressure is suppressed at large ¢, while near ¢ < 0.2 /p quantum stiffness re-emerges.
The result is that the effective equation of state interpolates smoothly from wjy,, ~ 0 on
cosmological scales to wimp ~ —1/3 in the immediate vicinity of a bounce, consistent with the
back-reaction required to halt collapse.
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Heat-Kernel RG Regulated winp vs. £/Ep
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Figure A1. Scale dependence of the equation-of-state parameter wjmp (¢) from heat-kernel smoothing.
At ¢ > H™! the effective vacuum pressure vanishes, supporting the dust-like treatment. Quantum
corrections restore stiffness below ¢ ~ 0.2 {p.

Appendix B.3. Consistency with Von Neumann Entropy

Using the Parker-Toms point-splitting regulator [69], we verified that the coarse-
grained von Neumann entropy,

S¢= —kB/dgx [orInpy],

matches the microscopic Hilbert-space sum to better than 0.3% for £ > 0.2 /p in numerical
lattice experiments. This agreement demonstrates the consistency of heat-kernel regular-
ization with the unitary entropy bookkeeping central to QMM. In particular, the small
discrepancy at ¢ ~ 0.2 {p sets a natural cutoff scale below which the continuum approx-
imation breaks down, providing a quantitative boundary between microscopic Hilbert
dynamics and macroscopic cosmology.

Appendix B.4. Implications for Observables

The scale dependence of wimp propagates into small but measurable corrections
in observables:

e  For CMB lensing, a residual sound speed ciimp ~ 1076 slightly damps power at
£ 2 2000, within reach of CMB-54.

* In large-scale structure, the running wimp(¢) alters the non-linear halo bias at the
percent level for k > 0.5 Mpc ™!, testable with DESI and Euclid.

*  During the bounce itself, transient wim, — —1/3 episodes seed the UV cutoff in the
imprint spectrum (Figure 5), linking coarse-graining directly to primordial black hole
abundance forecasts.

Thus, the heat-kernel analysis not only validates the dust-like treatment used in the main
text but also yields testable signatures at high precision in forthcoming surveys.
Appendix C. Numerical Scheme for Multi-Cycle Integration
Appendix C.1. ODE System

We evolve the state vector y = (a, H, Simp) with
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a=aH,
H = —47G [om + pr + Pimp + Pimp) -
Simp =T a P,

Matter and radiation scale in the usual way: p,; « a~2 and p, « a~*. The imprint sector
enters through (Oimp, pimp) and the write-rate law I'(a) = Toa~P (Section 3.2). Throughout
the inference pipeline we use the heat kernel coarse-grained effective stress described in
Appendix B: away from the narrow bounce interval the imprint behaves in a dust-like
manner: (Wimp = Pimp/ Pimp — 0), while short-scale gradients near the bounce transiently
drive wimp — —1/3 to regularize the turnaround. This prescription ensures that the
dynamical system remains stable, causal, and covariant even when S;n,, approaches the
holographic saturation threshold.

Appendix C.2. Integrator and Event Detection

We implement an embedded Dormand-Prince 5(4) scheme (DOPRIS5) [70] with adap-
tive time steps, enforcing

19y] <1078 (relative), |6y| < 1071°  (absolute).

|
A root-finding event triggers a bounce when |H| < 10712 Hyand || < 10715 (kinematic criteria).
Upon detection, we apply the matching conditions from Appendix A, Equations (Al) and (A2),
and restart integration on the next branch. No density-dependent modification of H is used
in the baseline runs; see Appendix C.5 for exploratory variants. This combination of adaptive
stepping and kinematic event detection guarantees both numerical efficiency and physical
fidelity across dozens of bounces.

Appendix C.3. Validation

Figure A2 shows convergence and constraint-consistency results from our numeri-

cal tests.

Step-Size Convergence Energy Conservation over Cycles

10-5 4

Relative Error
Friedmann Constraint Violation

107 4

10-11 4

T T T T T T T T T T
1071 107? 1077 10°° 1073 2 4 6 8 10
Integrator Tolerance Cycle Number

Figure A2. (left) Step-size convergence showing near-first-order reduction in integration error
with tighter tolerance. (right) Constraint violation in the Friedmann equation across ten full cycles,
remaining below 10~® and decreasing with cycle number.

e Energy Error. The Hamiltonian constraint is conserved to AH/H < 2 x 10~ per cycle.

®  Step-Size Robustness. Halving the error tolerances changes cycle-averaged observ-
ables (fcycle, ASimp) by less than 0.05%.

e  Cross-Code Check. Results reproduce those from a second, independent Bulirsch—
Stoer implementation to within numerical noise.
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Appendix C.4. Surrogate Background Used in Figure 1

Figure 1 in the main text is an expository time-domain visualization built from a
calibrated surrogate sy (t). The surrogate is C?, anchored to three waypoints, and con-
strained to stay within a uniform-in-time tolerance band relative to the numerical ODE
background on the plotted interval.

Appendix C.4.1. Definition

Lett, = —14Gyrand t; = +3 Gyr denote the centers of the past and future waypoints.
Define two smooth, localized windows

Pp(t) = tanh(t ;ptp) - tanh(l?), Pe(t) = tanh(tTftf> - tanh(l_;f),

which satisfy ¢,(0) = 1£(0) = 0. The surrogate is
asure (£) = 1+ Ap Pp(t) + A s (t). (A4)

Appendix C.4.2. Amplitude Solve (2x2).
Enforcing asur: (ty) = 0.35 and agyrr (¢ f) = 1.30 yields

Ap

- ‘/’p(tp) ‘/Jf(tp) B 035—-1
Af|

Yp(te) rltp)] 1301

], asurr(0) = 1 by construction. (A5)

Appendix C.4.3. Choice of Widths and Tolerance Band

The window widths (7, 7f) are chosen so that the sup-norm deviation from the
numerical background appg(f) over the domain [—16, +6] Gyr satisfies

< g (A6)

Hasurr - aODE| 0o, [~16,+6] Gyr —

where ¢ equals the half-width of the gray acceptance bands shown in Figure 1. In practice,
we choose (T, T¢) by a one-dimensional line search (fix 7, /7y, scan s) to minimize the
sup-norm subject to (A6). The surrogate is used for the figure only; all posteriors and point
estimates in the paper are computed with aopg/(t).

Appendix C.4.4. Reproducibility

To regenerate Figure 1, (i) evaluate the numerical background on a uniform time grid
over [—16,+6] Gyr; (ii) pick initial widths (7, 7¢) (values of order Gyr work robustly);
(iii) solve (A5) for (Ap, Af); (iv) refine (1, T¢) until (A6) is met; and (v) plot asur () with
the gray band =*e.

Appendix C.5. Optional Variants Explored During Development (Not Used for Baseline Results)

For completeness we record three closures tested while developing the code. They are
not used in the baseline analysis and have no impact on the headline numbers when disabled.

Appendix C.5.1. Running Imprint Coupling

A mild renormalization of the imprint coupling,

S.
a(S) = a0(1 +B S'““PO), Be[107%,1073,
imp,
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was used in exploratory runs to study the sensitivity of bounce timing. With the inference
priors adopted in the main text, the effect on Npast was well below the quoted uncertainties
and we keep o =n fixed in baseline results.

Appendix C.5.2. Density-Dependent Turnaround Guard
As a numerical safeguard in very stiff regimes, we experimented with a density-
dependent modification of the kinematics near the bounce, H — H/1 — pimp/px with

large p.. This was unnecessary for the tolerances listed above and is disabled in all
production runs; bounce detection is purely kinematic (Appendix C.2).

Appendix C.5.3. Threshold Event Parameter

Some early runs introduced a finite threshold Hy,, for defining turnaround. After
refining event detection and tolerances, the baseline uses Hy,, — 0 as stated in Appendix C.2.

Appendix C.6. Reproducibility Notes

All integrations use t in Gyr and 4(0) = 1. Cosmological parameters (Hp, O, ),
the write-rate constants (I'y, B), and Simp,0 are taken from the main text and Appendix D
tables. Random seeds enter only in Monte-Carlo error propagation for the robustness tests
(Section 3.5); the background solver itself is deterministic for fixed tolerances. All code
and configuration files used for these integrations are archived in a version-controlled
repository to guarantee the exact reproducibility of the results and figures.

Appendix D. Data Tables
Appendix D.1. CMB Power Spectrum (Planck 2018)

Representative points from the Planck 2018 TT spectrum used in surrogate calibration
and error propagation. For the full dataset, see the Planck Legacy Archive (see Table Al).

Table A1. Representative Planck 2018 TT power spectrum values used in surrogate calibration.

¢ D} [uK?] 7 (Dy)

30 1187.2 334
200 255.6 5.8
1000 70.3 11

Appendix D.2. BAO Distance Measurements (eBOSS DR16)

Entries correspond to the consensus anisotropic BAO fit to the eBOSS DR16 galaxy
and quasar sample, as compiled in [43]. These values provide the mid-redshift anchors for
the Gaussian-process regression in Section 3.2 (see Table A2).

Table A2. Anisotropic BAO distance measurements from the eBOSS DR16 galaxy and quasar sample.

Zeff Dy (z) h [Mpcl H(z)/h [km s—! Mpc~!]
0.38 1512 +£24 81.1+£23
0.51 1975 £ 22 909 +2.0
0.61 2283 + 26 99.0+2.2

Appendix D.3. Cosmic-Chronometer H(z) Sample (Moresco 2016 + SHOES)

Representative subset of the H(z) compilation employed in the Gaussian-process
regression of Section 3.2. Low-z normalization uses the SHOES Cepheid-calibrated distance
ladder [42] (see Table A3).
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Table A3. Representative cosmic-chronometer H(z) sample combining Moresco (2016) and SHOES
low-redshift normalization.

z H(z) [km s~ Mpc™1]
0.09 69.0£22
0.45 87.1+44
1.53 140.0 £14.0

Appendix D.4. Imprint-Field Calibration Parameters

For convenience, we list the calibrated imprint-sector parameters used in all numerical
integrations (see Sections 3.2 and 5.2). These values are directly inferred from the combined
CMB, BAO, and chronometer dataset (see Table A4).

Table A4. Calibrated imprint-field parameters used for all numerical integrations.

Parameter Value
Ty (3.6 +£0.4) x 10 kg
B 1.97 £+ 0.05
Simp,0 (754+0.8) x 10%
ASimp (2040.2) x 10%
Smax (2.340.2) x 1011

Appendix D.5. Derived Cycle Counts and Ages

Posterior means and 1o uncertainties for the main quantities of interest (see Table A5).

Table A5. Posterior means and 1o uncertainties for derived quantities related to the QMM cycles and

total age.
Quantity Value
Npast 3.6+04
Ntuture 78+1.6
tomm (cumulative age) 62.0 £2.5 Gyr
(teycle) (mean cycle length) 16.5+2.4 Gyr

Appendix D.6. Notes on Data Usage

e All tables above list the reduced representative values that have actually passed to the
inference pipeline; full datasets are available in the cited references.

*  Quoted errors are 1o Gaussian uncertainties; in Monte Carlo propagation they are
sampled with Gaussian or log-normal priors as appropriate.

*  Units are chosen for consistency across appendices: H(z) in km s ! Mpc~!, Dy((z) in
Mpc, and entropies in kg.

Supplementary Materials. All numerical routines for solving the modified Friedmann
equations with imprint back-reaction, the MCMC inference of cycle counts and cosmic
age, and the plotting scripts for the cycle chronology are provided in the accompanying
Jupyter notebook. Executing the notebook regenerates all figures, reproduces the posteriors
for Npast, Nfuture, and fgyv, and outputs machine-readable tables of the derived cycle
chronology and age constraints.
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Abstract

We investigate the thermodynamic properties of a generalized de Sitter-like configura-
tion. This investigation proceeds in two essential steps: (1) first, we construct a spacetime
whose energy-momentum tensor asymptotically reproduces quintessence while main-
taining isotropic pressures, despite being fueled by a nonconstant energy-momentum
tensor; (2) second, we define a finite domain of validity for the solution, within which
an additional Cauchy horizon emerges. Afterwards, we analyze the thermodynamic be-
havior of this configuration and compare it with the standard de Sitter case. Our results
indicate that the extra parameter introduced in the metric does not lead to a positive
specific heat; this value remains negative, suggesting that the role of such a parameter is
thermodynamically nonessential.

Keywords: black holes; thermodynamics; de Sitter space

1. Introduction

Recent progress in observational astrophysics has significantly intensified the theoreti-
cal modeling of black holes [1,2]. Exploring black hole dynamics in the presence of external
fields, such as dilatons [3-6], quintessence and dark energy [7-11], quasi-quintessence
and generalized K-essence [12] or, more broadly, within dark energy-dominated environ-
ments [13], offers a promising avenue for elucidating the interplay between compact objects
and cosmological large-scale structures [14-16].

Parallel theoretical developments have addressed the existence and the properties of
nonsingular black hole solutions, often referred to as regular black holes [17-20]. These
models, obtained as exact or approximate solutions of Einstein’s field equations, fundamen-
tally alter the internal geometry of black holes, typically violating the energy conditions and
making the curvature invariants regular at the core [21-26]. A highly relevant key feature
of such solutions is that they may incorporate effective vacuum energy cores, as exemplified by
the Hayward geometry [27] and its subsequent generalizations. In this respect, the regular
spacetimes may be seen as hairy black holes, where the central region is characterized by a
de Sitter-like core, smoothly transitioning to an asymptotically Schwarzschild spacetime at
large radii, effectively replacing the classical singularity with a regular phase of constant
positive curvature.
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This appears consistent with the current understanding of cosmology, where the
initial, naked, purely classical singularity may be mitigated by quantum effects, thereby
avoiding de facto a classical Big Bang; such mitigation can be achieved by incorporating a
vacuum energy contribution from the de Sitter metric at primordial times. Accordingly,
de Sitter and anti-de Sitter spaces appear particularly intriguing in the context of framing
gravitational situations. The great advantage of such solutions is that they can admit
a correspondence with conformal field theories, as in the anti-de Sitter case, and they
can exhibit a energy—-momentum tensor that exhibits constant effective vacuum energy
in the form of a unbounded cosmological constant. Moreover, the de Sitter phase finds
applications in pure cosmology and serves as a prototypical example of a regular solution.
Although they are extremely interesting, such solutions do not incorporate mass as possible
gravitational generator of a compact object made by pure vacuum energy. Moreover,
the energy—momentum tensor is purely constant. Quite surprisingly, the anti-de Sitter
solution appears to also be unstable [28,29], and the corresponding thermodynamics of
the de Sitter space show, in analogy to the Schwarzschild solution, a negative specific heat,
which results in thermodynamic instability.

Motivated by the above considerations, we here explore a class of deformed de Sitter
phases, limiting our attention to the case of a positive cosmological constant and thus
assuming the existence of a horizon. Accordingly, we propose a generalization of de Sitter
space that includes an additional term that extends the solution to a nontrivial energy—
momentum tensor that asymptotically reproduces the effects of quintessence. Locally,
and as the radial coordinate approaches inner values toward the core, the solution exhibits
negative energy and the emergence of a Cauchy horizon, extending the pure de Sitter
geometry to include a ring in which observers may propagate. The corresponding ther-
modynamic properties are thus explored and compared with those of the de Sitter space.
The entropy, temperature and specific heat are thus computed, and the deviations from
the case of a pure vacuum energy case are found. We emphasize that the solution appears
to depend on the extra term, although we see that, after manipulation, it is possible to
demonstrate that the extra term has no effect. Hence, the thermodynamics of the solution so
obtained remain fully unaltered, suggesting that the capacity to transport vacuum energy
is the principal characteristic that gives the system its defining thermodynamic properties.
Moreover, the thermodynamic instability associated with the specific heat persists, like
due to the symmetry of the solution and the fact that we are limiting ourselves to general
relativity. Possible approaches to resolving these issues and to extending our solutions are
explored in the final section of this paper.

The paper is organized as follows. In Section 2, we introduce the main features of
de Sitter space. In Section 3, the class of deformed de Sitter spacetimes is summarized.
In Section 4, the corresponding thermodynamics are analyzed, and in Section 5, we discuss
our solutions, along with the conclusions and future perspectives of this work.

2. Summary of de Sitter Space Thermodynamics

We work within Einstein’s gravity with a positive cosmological constant A > 0,
adopting the metric signature (—, +, +, +) and starting from Einstein’s field equations
Guv + A guv = 871G Ty, recalling that the de Sitter solution satisfies

Ruv = N guv, (1)

R = 4A, 2)
A

Rywpr = = (81p8ve — Suoup)- ®)
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Employing the static patch, as seen by a timelike observer and in analogy to cosmology,

/A
H= 5 @

writing up the static-patch line element as follows:

we adopt the following nomenclature

dr?
2 _ 2,2\ 342 2 102
with d03 the unit two-sphere metric.
The static Killing field is x = d;. The cosmological horizon is the Killing horizon
where Xz =gu=—(1- Hzrz) vanishes, as follows:

1-H*?=0 = r=r,=H, (6)

Thus, the corresponding area associated with the horizon reads

12

Ac =4nrs =4nH 2 = -

@)
From the above definitions, it is easy to argue the corresponding thermodynamics,
split into the computations of entropy, temperature and, accordingly, specific heats.

2.1. Entropy and Surface Gravity

To define the temperature, a Killing horizon generated by x has surface gravity x
defined by
X' Voxt =wxt, ®)

on the horizon that equivalently reads

1
K = _E(VVXV>(VHXV) . )
r=ry
Thus, since our de Sitter metric appears as a static, spherically symmetric spacetime of the
form ds? = —f(r) dt* + ;l(—’:) + r2dQ%, identifying f = ¢=1— %Arz, having a simple root
f(ry) = 0, one immediately finds
/
/()] .

T

with f'(r) = —2H?r, f'(r;) = —2H giving rise to x = H.
The associated Hawking temperature is therefore
x _H

T=_—

= 11
2t 271’ (1)

where the Boltzmann constant is kg = 1 in our unit convention.
Accordingly, we have a Hawking temperature of the form

1 /A

At this stage, the entropy of any Killing horizon equals one quarter of its area,
S=— (13)

4/
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leading, for de Sitter, to
= 3—” (14)

A T
SEITmT A

Euclidean Derivation for the Temperature

The same result follows from imposing regularity of the Euclidean metric via a Wick
rotation, namely f — —iT, obtaining ds% = f(r) dt? + Jﬁi(—’rz) + r2dQ3. Near the horizon, this

metric can be approximated as follows:

f(r) = f'(rp)(r —ry) = =2H(r — ). (15)

An appropriate coordinate change can thus be used to recast the de Sitter metric into a
Rindler spacetime. So, defining p via
dr? dr?

2 __ ~
W= F0 Y T2HG ) (16)

and
f(r) =~ 2H(r, — 1) ~ H*0?, (17)

we conclude that the metric near the horizon becomes
ds? ~ p*H? d7* + dp? + r7d 3. (18)

Hence, the (p, T) plane is regular only if T has period

which yields
1 H

in agreement with the surface gravity calculation.

2.2. Specific Heat of de Sitter Space

The thermodynamic behavior of de Sitter space can be further analyzed by studying
the specific heat associated with the cosmological horizon. In semiclassical gravity, one can
treat the horizon as a thermodynamic system characterized by entropy S, temperature T,
and an effective energy E.

The specific heat is defined as

_JE aS
C= 37 = Tﬁ’ (21)
where we express dE = TdS as a function of T by eliminating H. From T = H/(2m),
we have 1 1
H — 27TT, rh — ﬁ — m, (22)
indicating that
1
= __ 2
S 47tT? @3)
This result is consistent with the fact that S > 0.
Substituting into the expression for the specific heat, we obtain
1
=——s. 24
¢ 27T? @)
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The result indicates, this time, that C = —28.
-1
One arrives at the same result, noticing that C = TgTSh STT}

The negative sign of C shows that the de Sitter cosmological horizon, like the
Schwarzschild black hole horizon, has a negative specific heat. This indicates that the
thermodynamic system is thermodynamically unstable in a canonical ensemble, as an increase
in energy reduces the temperature.

In terms of the cosmological constant, A, we obtain
671

1 1 5 5
— [ (2 = -2 = ——. 2
T C op (27ry,) nr; (25)

This result emphasizes the similarity between de Sitter horizons and black hole hori-
zons: both exhibit thermodynamic instability in canonical ensembles, as expected for
self-gravitating systems.

One may ask whether this result is general, or, in other words, whether the above
occurrence is a direct consequence of the spherical symmetry alone. In addition, one may
wonder under which circumstances a spherically symmetric object could exist without a
central mass, M, supported only by a cosmological constant. The presence of mass, in fact,
is essential for characterizing known compact objects, while de Sitter or generalized de
Sitter space contain only A, without an associated central mass.

In general, recent observations have not revealed objects that have exact spherical sym-
metry, instead indicating the presence of quadrupole moments or angular momentum [30].
The Kerr hypothesis states that compact objects are described by either Kerr or Schwarzschild
metrics. However, thermodynamic instability appears to be a symmetry-related effect and
suggests, that at least within general relativity, compact objects endowed with exact spher-
ical symmetry may not truly exist in nature. On the other hand, observations seem to
indicate that astrophysical compact objects are rotating, and therefore may point toward
excluding those solutions that exhibit negative specific heats. Hence, although spherical
symmetry remains essential from a theoretical viewpoint, more studies are needed in
light of the possible thermodynamic instability that may preclude the existence of purely
spherically symmetric compact configurations.

Below, we therefore deform the de Sitter space, computing the corresponding thermo-
dynamics.

3. Generalization of de Sitter Space

Generalized de Sitter space or, more briefly, quasi-de Sitter space, can be argued
following the argument raised in Ref. [31,32].
The corresponding metrics can be obtained in two different ways, as reported below.

- Extending de Sitter space. This procedure requires finding the most general metric that
emulates de Sitter, providing isotropic pressures that are not constant, as well as an energy
density that is a function of the radial coordinate.

- Requiring a finite region with an emergent Cauchy horizon. In this way, it is possible
to construct a region analogous to the de Sitter space, in which an observer placed in
the center of the reference frame encounters a Cauchy horizon, which does not exist
in pure de Sitter space.

For the first approach, we can consider a spherically symmetric spacetime [33]

b

2 _ 2
ds® = —f(r)dt +g(r)

dr? + h(r) dQP?, (26)
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whose stationary region, where the Killing field o; is timelike, corresponds to the domain
in which all three functions remain positive. In this coordinate chart (t,7,6, ¢), the energy—
momentum tensor of an anisotropic fluid takes the diagonal form

0 0 0 0
0 P 0 0

T = ’ , 27

{U} 0 0 P 0 @7
0 0 0 P

where p denotes the energy density, while P, and P; represent the radial and tangential
pressures, respectively.

Imposing spherical symmetry, one may always redefine the radial coordinate such
that h(r) = 12, which is exactly the case that we consider below. The resulting general
metric describes the spherically symmetric solution of an anisotropic fluid, in which we
intend to impose isotropic pressure and include a cosmological constant as part of the
energy—momentum tensor, although it is quite different from the de Sitter case.

The sign of A plays a crucial role in determining whether the spacetime is asymptoti-
cally de Sitter (A > 0) or anti-de Sitter (A < 0), with well-known implications for quantum
field theory, holography, and the AdS/CFT correspondence [34].

This correspondence asserts a duality between a (d+1)-dimensional gravitational
theory defined on an asymptotically anti-de Sitter (AdS) spacetime and a d-dimensional
conformal field theory (CFT) living on its boundary.

More precisely, the duality asserts an exact equivalence between the partition functions
Zgrav|po] = Zcrr[]], where ¢y denotes the boundary value of a bulk field ¢, acting as
a source | for the corresponding operator O in the CFT. Although exploring this is far
beyond the scope of the present work, we leave open the possibility of extending the
correspondence to a space that resembles the AdS, such as the one that we report below.
In other words, our deformed AdS mass may provide a framework for generalizing the
correspondence, further motivating the exploration of ways to extend standard AdS and
dS frameworks via additional metrics that look similar to the original formulation.

Black hole thermodynamics in AdS space, for instance, exhibit the Hawking—-Page
transition.

In our framework, we focus exclusively on positive A to ensure the existence of an
horizon and, accordingly, a thermodynamic framework, and we require that corresponding
metric asymptotically resembles quintessence.

Accordingly, for quintessence, additional restrictions over the equation of state are
needed. Specifically, defining w = % and having Pr = Py = P, we require that asymptoti-
cally -1 <w < 0.

Motivated by this framework, it is natural to consider the following;:

- aclass of regular, spherically symmetric spacetimes allowing for a vacuum energy
contribution capable of inducing a de Sitter phase with a (not necessarily constant)
effective energy density A;

- an equation-of-state parameter w approaching a constant asymptotic value, consistent
with experimental constraints [35,36], thereby enabling the existence of a dark energy
component that may violate the WEC.

Incorporating a deformation of the standard de Sitter space, we can write

ds? = — (l _A r2+e> ar> + Ldrz +r2d0?, (28)
3 8(r)
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where deviations from the pure de Sitter geometry are encoded in € and in the requirement

to have isotropic but nonconstant pressures. Specifically, g(7) is chosen to be regular atr = 0

and to grow as g(7) ~ 72 in the limit r — oo, thus restoring a de Sitter asymptotic regime.
Thus, from the Einstein field equations, we end up with

2 . e A 2 2
zH(*m, — 1 s g e+ 4)ret ) + kor

(1 — B(e+ 4)r€+2) st

g(r) = f(r) , (29)

where » Fj is the analytical continuation of the hypergeometric function and kg a further
integration constant, whose meaning will be clarified later in the text. The above expression
turns out to be particularly interesting in the case € = 0 and ko # —%A, giving rise to

— 2ZAp2)dr2
i — — (1 . /;rz) a2y (LZ5AT)AT (30)
(1 — %rz) (1+kor?)

where the significance of the integration constant k( is not known a priori. Indeed, in the
original formulation of the metric, see Ref. [31], no definitive conclusions were drawn
concerning this constant. There, it was argued that, when € — 0, de Sitter solution is not
recovered not because of the presence of ko but rather because k is a priori unbounded and
may significantly depart from the case kg = — %A; this is in fact required to recover de Sitter
space. Thus, in this work, we aim at finding a possible connection between this further
constant, kg, and the underlying thermodynamics of our extended de Sitter space.

Concerning the second approach, the above metric can be derived alternatively from
the previously obtained solution, constructed by starting from a spherically symmetric,
singular seed metric subjected to an additive deformation, as proposed in Ref. [37].

We assume that the metric components can be expressed via a /—expansion, where
0 parameterizes deviations from the vacuum Schwarzschild-de Sitter solution. Thus,
ensuring x(r) = 1— 24 — 412, we find explicitly f(r) = x(r) + dfi(r) + O(6%) and
g(r) = x(r) + 81 (r) + O(2%).

Accordingly, the same class of solutions previously analyzed can be recovered by
starting from a spherically symmetric singular background and introducing an additive
deformation, following the approach of Ref. [37]. To this end, we assume that the met-
ric functions admit a é—expansion, where the parameter § quantifies the deviation from
the vacuum solution with a cosmological constant, i.e., from the Schwarzschild-de Sitter
spacetime. Accordingly, we write

flr)y=x(r)+sflr)+..., (31)
g(r)=x(r)+og1(r)+..., (32)

with x(r) = 1— 24 — % 2. The isotropy condition can be considerably simplified by
introducing the additional ansatz

Ar) =x(r)alr),  gi(r) = x(r) B(r). (33)

Focusing on the exact linear solutions, obtained by setting a(r) = 0, one finds

fr)=x(r),  g(r)=x(r)(1+3p(r)), (34)
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so that the isotropy condition reduces to the ordinary differential equation

B(r) — 3M+2Ar3—3r

In this framework, the energy—momentum tensor turns out to be exactly linear in §, namely

0o _ B g_ 3(1’—3M)
To= A+< A+72 r2(3M+2Ar3—3r)>5B(r)' (36)

T = —A+ (—A + rlz)a/s(r), (37)

where B(r) is the solution of Equation (35), which is manifestly a linear differential equation.
At this stage, then, we can take the parameter J to be absorbed into the integration constant
(denoted by D) emerging from Equation (35) by defining Y := D 6. One is then left with a
family of solutions parameterized by the single real constant Y.

In general, the metric functions f(r) and g(r) obtained in this way do not necessarily
share the same sign for all > 0, a condition that must be enforced in order to ensure a
Lorentzian geometry, as discussed earlier.

Assuming M > 0 and A < 1/(9M?), both f(r) and g(r) are positive in a neighbor-
hood (r4,r.), where 4 denotes the black hole horizon and r. the cosmological horizon.
Furthermore, for Y > 0, one can show the existence of a radius o € (r4,7.) at which
curvature invariants diverge. In this case, the static geometry is well defined only in the
interval (rg, r.) and exhibits a naked singularity as r — ry.

For Y < 0, the structure of the geometry is more involved, since g(r) vanishes at a
radius ryy, € (74, 7c), although the metric remains regular at that location.

If M = 0, one recovers our initial ansatz for f(r),

fn=1-57, @9)

which coincides with our solution in the limit € = 0.

This justifies our initial choice of f(r), made with the aim of finding g(7).

It can also be shown that, under the above assumptions on A and Y, the metric is
defined for all 7 € (ry,, 7). By gluing two copies of such a solution at r = ry,;, one can
construct a wormhole geometry, as discussed in Ref. [37].

In summary, our metric is sufficiently general to reproduce both singular and regular so-
lutions. When additional requirements are imposed, it also admits wormhole configurations.

4. Thermodynamics of Quasi-de Sitter Space

Below, we consider the special case of Equation (30) as a starting point, employing
€ = 0. The effects of deformation, induced by €, have been discussed in Ref. [31] and
appear to not affect the spacetime structure.

Since f # g, the surface gravity, x turns out to be

k=217 g ), 9

and, so, the Hawking temperature becomes, in this case,

- 1
T== I g ), (40)
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where the tilde~indicates that this temperature is, in principle, different from T, which was
previously introduced.
Accordingly, the specific heat becomes

- ~dS
C=T—, 41
77 (41)

under the assumption that kg is fully independent of A. This immediately yields

(42)
(43)
- 1],
C = —2mlko + — |1, (44)
i
which, in the limiting case, ko — —%A reducestoT - T,5 — Sand € — C.
Alternatively, the specific heat is given by
~ 83T
- _ 4
¢ (ko — 4702T2)%’ (45)
where ky < 0 is an unavoidable condition, thereby forcing C < 0.
A similarly intriguing outcome arises when expressing C as
~ 3ko + A
¢ = —67r<|0A2>, (46)

At first glance, there is no way to ensure thermodynamic stability.

Nevertheless, if kg = ko(r;,), then [ko] = [A] = [L] 2.

Hence, to guarantee that the metric g does not change its sign, i.e., that the Lorentzian-
ity is preserved, we require

1+ ko?’z
— >0, 47
e (47)
since before the horizon, 7, 1 — %rz > 0. Moreover, around r ~ 0, expanding to the second
order gives
AN o
g~1+ k0+§ r+..., (48)

Therefore, without loss of generality, for a positive cosmological constant, the solution
cannot be defined for all » > 0 if our solution is not a de Sitter space.

Hence, for kg < —2A /3, we expect to have r €]0,1/+/—ko[U]/3/(2A), +o], corre-
sponding to two patches. The first, r €]0,1/+/—k|, is regular up to r = 0, but with no
horizon and, accordingly, no associated thermodynamics. The second patch has a singular

boundary placed at r = 4/ % In all other cases, the singularity is present and contained in

the stationary region bounded by the horizon r;, = \/g .

In addition, the case —2A/3 < kg < —A/3 provides a solution, defined within
r €]0,/3/(2A)[U]1/+/ kg, +o0].

The first patch is again regular, featuring a singular noncentral boundary at
r = +/3/(2A). The other patch has an horizon but remains regular up to the boundary

r = 1/\/—](0.
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Last but not least, for —A /3 < kg < 0 appears similar to the above case, with the
exception that the outer patch r €]1/+1/—kg, +o0[ has no horizons. Finally, for kg > 0,
the outer patch disappears, leaving only the patch defined in the right neighborhood of
r =0 given by r €]0, \/3/(2A)[, exists, which again contains a noncentral singularity.

All these considerations, together with the expansion of g around r ~ 0, suggest
that the overall thermodynamics in the generalized de Sitter spacetime are not altered
significantly, and the presence of ky appears as a shift in A.

Accordingly, as kg is negative, its primary effect is to reduce the specific heat without
substantially modifying the overall thermodynamics, as stated above.

Last but not least, one can wonder how using Equation (29), instead of Equation (30)
affects the specific heats. Since € is very small, it does not influence the properties of the
specific heat and, as has been shown in Ref. [31], its effect is not thermodynamic, so the
overall results are largely unchanged and the specific heats remain negative.

4.1. Euclidean Derivation for the Temperature

The same procedure can be applied using the Euclidean formulation. Since our metric
in Equation (30) satisfies f(r) # g(r), our above treatment must be extended to this case,
as we show below.

Near the horizon, we expand both the functions through

r—=ry r—=ry

fr) =" filr=mn), &) =" gylr—m), (49)

with f'(r,) = f}, and g'(r,) = g}, yielding, near the horizon,

!
a2~ Iy Lg2 (50)
fo 8n?
where we have used the fact that, for our metric, f(r,) = g(r;) = 0. Moreover, we set
dQ) = 0 for simplicity and r = rg as a static point, where the observer measures proper
time, so that dt = \/fodt, with fy = f(ro).

Through a coordinate transformation, dR ~ —*—

— dz, we obtain
z

V&
! 5/
ds® ~ JngOhRZ dr? 4+ dRr>. (51)

Following the same procedure used in Equation (19), we find here

o2 figh A Ifgi
Teny = 4fo =73 fo(2rr)’ .

This reduces to Equation (40) if fy = 1, certifying the viability of our analysis.

4.2. Comparative Remarks and Cosmological Implications

The quasi-de Sitter construction developed in this work naturally invites comparison
with many modified gravity scenarios, including f(R) extensions, nonlinear electrodynam-
ics (NLED) models, and semiclassical quantum-gravity corrections. There, the temperature
and entropy of cosmological or black-hole horizons acquire model-dependent contributions.
For instance, in NLED-based regular geometries [21], as well as in anti-de Sitter-inspired
extensions and deformed black-bounce metrics, the thermodynamic quantities typically
depend on additional curvature or on matter couplings that alter the effective gravita-
tional sector.
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In contrast, our solution relies on general relativity alone, as the metric modification
enters exclusively through a geometrical integration constant ko, without introducing
higher-order curvature invariants or new propagating degrees of freedom.

Moreover, the case kg = 0 is, at least in principle, possible. This provides a clear
benchmark by which to disentangle genuine nongeneral relativity thermodynamic effects
from those induced simply by modifying the radial dependence of the metric functions.

Our analysis shows that, even when the metric is not written in Schwarzschild coordi-
nates, the resulting thermodynamics remain formally identical to the de Sitter case once kg
is re-expressed in terms of A.

We thus interpret the role of kg as an additional cosmological constant, which, however,
does not influence the net thermodynamics.

This behavior may significantly differ across alternatives to general relativity [38,39],
where additional couplings typically produce nonuniversal corrections to the horizon tem-
perature or entropy. Although our treatment is analytical, the behavior of thermodynamic
quantities can be complemented with a numerical exploration of the parameter space
(A, ko), as can be found in Ref. [31].

From a cosmological perspective, the invariance of the entropy-specific heat struc-
ture indicates that the quasi-de Sitter phase cannot mimic dark energy models featuring
evolving effective vacuum energy, such as those driven by K-essence [40] or chiral-quintom
fields [41].

Instead, the model represents a geometric deformation of de Sitter space that preserves
the intrinsic thermodynamic signature of vacuum-dominated cosmologies.

This reinforces the interpretation that the observed thermodynamic instability is not
an artifact of the deformation, but rather a robust feature of spherically symmetric general
relativity backgrounds with a cosmological horizon.

4.3. Physical Interpretation of Negative Specific Heat and Thermodynamic Instability

The negative specific heat in our quasi-de Sitter configuration has important physical
implications in cosmology, see e.g., [42].

More broadly, in gravitational systems, this property is commonly interpreted as
signature for a self-gravitating instability: an increase in internal energy leads to a decrease in
temperature, preventing the construction of a canonical thermodynamic ensemble.

This feature is quite common since, as stated above, it is even shared by the simplest
Schwarzschild solution, as well as by more complicated spacetimes.

Within the present framework, the negative sign of the specific heat is not altered by
ko, which represents the parameter responsible for deviations from a de Sitter space.

This indicates that this instability is structurally tied to the combination of spherical
symmetry and the existence of a cosmological horizon, although no theorem, so far, has
mathematically demonstrated this.

The generalized de Sitter space modifies the local relation between (f, g) in de Sitter
space but leaves the global thermodynamic behavior almost unchanged, suggesting that
the instability is controlled primarily by the vacuum-energy term, namely A.

In quantum gravity and in approaches inspired by it, such as semiclassical corrections,
the negative specific heat is sometimes interpreted as a signal of missing degrees of freedom
in the coarse-grained thermodynamic description, which is clearly fully classical, as noted
above in the context of the AdS/CFT correspondence.

Similarly, modified gravity models can map this property through the presence of
additional curvature modes that redistribute energy nonlocally.

In contrast, our construction does not involve extra dynamical fields and the instability
is thus genuinely geometric, originating from the global structure of the horizon itself.

https://doi.org/10.3390/e28010043
116



Entropy 2026, 28, 43

These considerations reinforce the conclusion that resolving the thermodynamic insta-
bility of de Sitter-like spacetimes may require either

- breaking spherical symmetry in general relativity,
- including rotating or axisymmetric deformations, as prompted in Ref. [32], or
- extending general relativity by introducing additional degrees of freedom.

Moreover, for completeness, the negative behavior of specific heats can be associated
with long-range interactions, which may be interpreted as a possible signature of nonlocal
effects in gravity. More plausibly, however, the thermodynamic stability may be restored
depending on the underlying underlying microphysics, a possibility that remains unclear
in the literature.

5. Final Outlooks

In this work, we explored the thermodynamic properties of a quasi-de Sitter spacetime
obtained by deforming the standard de Sitter space.

Specifically, we introduced two distinct procedures to derive the metric under con-
sideration and provided two complementary interpretations of the resulting solution. We
demonstrated that this geometry exhibits an asymptotically quintessence-like behavior,
characterized by isotropic pressures and a nonconstant energy—-momentum tensor and that
it thereby differs substantially from the exact de Sitter configuration.

Moreover, we highlighted that a nonvanishing cosmological constant—or, equivalently,
a vacuum energy contribution—persists in this scenario, with the metric admitting a finite
radial domain wherein the Lorentzian signature is preserved.

A key feature of this construction is the emergence of an additional parameter, denoted
ko, whose thermodynamic implications we examined in detail. Even though kj is naively
found by Einstein’s field equations, requiring isotropic pressure, its role appears a priori
unspecified. Moreover, the modifications over the de Sitter phase do not depend on it
alone, but also depend on a deformation on the shift function that also involves A.

Afterwards, we explicitly derived the entropy, Hawking temperature, and specific
heat associated with this geometry, performing a comparative analysis with their de
Sitter counterparts.

While the entropy remains unchanged, since the horizons are the same in both space-
times under consideration, both the Hawking temperature and the specific heat acquire
nontrivial corrections, parameterized by ky. At first glance, these deviations appear to
increase the complexity of the deformed metric; however, by interpreting k¢ as a parameter
of the same dimensionality as the cosmological constant and imposing kg < 0 and ko < %,
we demonstrated that the thermodynamic quantities are slightly modified from those of de
Sitter spacetime.

This reinforces the conclusion that the thermodynamic structure is intrinsically deter-
mined by the underlying geometric properties encoded in A alone, which remains formally
identical between the quasi—de Sitter and de Sitter cases.

The issue of negative specific heat, along with its associated inconsistencies and
indications of thermodynamic instability, remains here unresolved. Clearly, this depends on
how f(r), g(r) and h(r) have been defined throughout our manuscript. Even though none
of these quantities has been arbitrarily fixed, as stressed in the text, our metric deforms de
Sitter space in a very precise and possibly nonunique manner. Alternatives may be explored
in future efforts, although our findings appear consistent with the interpretation that these
pathologies are inherently linked to spherical symmetry and to pure general relativity.

Several future directions naturally emerge, as summarized below.
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(i) Turbulentand geometric instabilities. As discussed in Ref. [29], anti-de Sitter spacetime
may exhibit weakly turbulent instabilities, where nonlinear mode coupling drives the
system toward collapse. Given the similarity between our quasi-de Sitter model and
de Sitter space, a full nonlinear stability analysis, combining perturbative techniques
and numerical evolution, would be a useful future step.

(i) Axisymmetric and rotating generalizations. Since the thermodynamic instability
persists under spherical symmetry, a natural extension involves relaxing this symmetry
and constructing axisymmetric solutions [32]. There, the role of the parameter k
would be re-explored, with the expectation that it would significantly differ from the
present case.

(iii) Inclusion of matter sources and mass terms. Another promising direction concerns
incorporating additional sources into the metric, such as scalar fields, anisotropic
fluids or NLED. This prerogative will be investigated to understand how these sources
influence the horizon thermodynamics.

(iv) Quantum and semiclassical corrections. The present work is fully classical; therefore,
we intend to study semiclassical effects such as trace anomalies, one-loop corrections
to the effective action, or nonperturbative quantum-gravity contributions to determine
whether these effects can alter the sign of the specific heat.

(v) Euclidean quantum gravity and path-integral extensions. The Euclidean derivation
presented here may be generalized by constructing the full Euclidean instanton associ-
ated with the quasi-de Sitter metric.

(vi) Implications for cosmology and vacuum-energy modeling. Since the asymptotic be-
havior of our solution resembles that of quintessence-like configurations, a systematic
study of its cosmological embedding would be highly relevant, and, in particular,
it would be worthwhile to explore whether the quasi-de Sitter phase may serve as
an effective description of transitions between vacuum-dominated epochs, among
other studies.
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