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Editorial

Preface to the Special Issue “Advanced Research in Pure and
Applied Algebra”

Xiaomin Tang

School of Mathematical Science, Heilongjiang University, Harbin 150080, China; x.m.tang@163.com

MSC: 11E81; 13A02; 15A80; 16W22; 16W25; 16N60; 16U40; 17A01; 17B3; 20B99; 81R50

This is a continuation of the work initiated with a previous Special Issue entitles
“Advanced Research in Pure and Applied Algebra” published in the MDPI journal Mathe-
matics. Among the 48 submissions received for this Special Issue, the editors selected ten
articles that successfully passed the peer-review process, and were then published in the
journal in the period from March 2024 to November 2025. The selected contributions delve
into the intricate structures of rings, algebras, and their representations, exploring deep
interconnections with quantum mechanics, group theory, and topological algebra.

The works presented in this volume reflect a broad spectrum of contemporary alge-
braic research. A significant theme is the exploration of various types of derivations and
their impact on the structure of rings. For instance, Alsowait et al. in (Contributions 2), in
their two contributions, investigate how generalized reverse derivations and generalized
(α, β)-derivations influence the commutativity of quotient rings modulo a prime ideal,
providing essential conditions under which these structures become commutative. Com-
plementing this, Hummdi et al. in (Contributions 3) present a comprehensive study on
homoderivations in semiprime rings, establishing several conditions that force these maps
to act as commuting maps on Lie ideals, thus generalizing several classical results in this
area. Another prominent thread is the study of non-commutative and deformed algebraic
structures. Zhu and Teng offer a sophisticated treatment of the cohomology and crossed
modules of modified Rota–Baxter pre-Lie algebras, linking their findings to infinitesimal
deformations and extension theory. In a similar way, Zhong and Tang bridge the gap
between one- and two-parameter quantum groups by elucidating the precise connections
between their derivation algebras, providing a valuable tool for parallel development in
both theories. Furthermore, Sun et al. undertake a detailed analysis of the ribbon elements
in the quantum double of a generalized Taft–Hopf algebra, offering a complete classifi-
cation based on the parity of the parameters involved. The special issue also features
novel algebraic constructions. Saad et al. in (Contributions 5) introduce the intriguing
concept of i-commutative rings, a new class defined by idempotent-driven commutativity
conditions, and explore their fundamental properties with illustrative matrix examples.
Cheng contributes to tropical algebra by establishing equivalent standard forms for a class
of tropical matrices and describing the structure of their centralizer groups, revealing new
insights into their algebraic symmetry. The connection between algebra and quantum
physics is powerfully demonstrated by Nieto-Chaupis, who derives the canonical commu-
tation relation of quantum mechanics from the Witt algebra (Virasoro algebra with null
central charge). This groundbreaking work suggests a profound and previously unex-
plored link between fundamental quantum observables and this infinite-dimensional Lie
algebra. Finally, Al-Omari and Al-Shomrani advance graded module theory by introducing

Mathematics 2025, 13, 2934 https://doi.org/10.3390/math13182934
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and studying G-weak graded rings and modules, proving a Maschke-type equivalence of
categories for strongly graded rings in this generalized setting.

The Guest Editor wishes to express their deepest gratitude to all the authors for their
excellent contributions, which have significantly enriched this Special Issue. We are also
profoundly indebted to the numerous anonymous reviewers for their rigorous peer review,
insightful comments, and invaluable suggestions that greatly enhanced the quality of the
manuscripts. Furthermore, we acknowledge the excellent collaboration with the publisher,
the constant assistance provided by the MDPI associate editors in bringing this project to
the end, and the great support of the Managing Editor of this Special Issue, Ms. Jialin Su.

Conflicts of Interest: The guest editors declare no conflicts of interest.
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Article

Minimal Polynomials of Some Eta-Quotients Evaluated at
CM Points

Ho Yun Jung

Department of Mathematics, Dankook University, Cheonan-si 31116, Republic of Korea;
hoyunjung@dankook.ac.kr

Abstract

We study certain eta-quotients of weight zero evaluated at CM points of imaginary
quadratic orders. Using the theory of extended form class groups, we show that these
special values generate the corresponding ring class fields and we provide explicit
descriptions of their minimal polynomials. Finally, we apply these results to certain
Diophantine problems.

Keywords: class field theory; form class groups; ideal class groups; modular functions

MSC: 11R37; 11E12; 11F03; 11R65

1. Introduction

Let H denote the complex upper half-plane, namely,

H = {τ ∈ C | Im(τ) > 0}.

The Dedekind eta-function on H is defined by the infinite product

η(τ) = q1/24
∞

∏
m=1

(1− qm) (τ ∈ H, q = e2πiτ). (1)

For a positive integer N, a function of the form

∏
d|N

η(dτ)md (md ∈ Z)

is called an eta-quotient, whose modularity was investigated by Newman [1,2] and Gordon-
Sinor [3]. Such eta-quotients can be used to construct bases for certain spaces of modular
forms for the congruence subgroup

Γ0(N) =

{
γ =

[
a b
c d

]
∈ SL2(Z) | c ≡ 0 (mod N)

}

(see [4–6]).
The aim of this paper is to enrich the explicit class field theory for imaginary quadratic

fields in terms of eta-quotients. More precisely, we consider eta-quotients of weight 0
evaluated at CM points and study their minimal polynomials.

Mathematics 2025, 13, 3127 https://doi.org/10.3390/math13193127
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Let K be an imaginary quadratic field with the ring of integers OK, and let O be an
order in K with conductor �O and discriminant DO . Define the element τO in H by

τO =

⎧⎪⎪⎨⎪⎪⎩
−1 +

√
DO

2
if DO ≡ 1 (mod 4),

√
DO
2

if DO ≡ 0 (mod 4)
(2)

so that O = ZτO +Z. Eum et al. proved that if N ≡ 0 (mod 4) and ηN is the eta-quotient
given by

ηN(τ) = 44 η(Nτ)8

η((N/4)τ)8 (τ ∈ H),

then the special value ηN(τOK ) is a real algebraic integer and generates the ring class field
of the order of conductor N over K ([7], Theorem 4.5) (see also [8]). In this paper, we extend
this result to CM points associated with arbitrary quadratic orders and we further describe
the Galois actions concisely by means of the extended form class group. Our main theorem
is as follows.

Theorem 1 (Theorem 3). Assume that N ≡ 0 (mod 4).

(i) The special value ηN(τO) is a real algebraic integer.
(ii) It generates the ring class field of the order of conductor N�O over K.
(iii) Let Q1, Q2, . . . , Qs be all the reduced binary quadratic forms of discriminant DO . Further-

more, let γ1, γ2, . . . , γt be a complete set of representatives for the left cosets of Γ0(N) in
SL2(Z). If DO �= −3, −4, then the minimal polynomial of ηN(τO) over K is given by

∏
(i, k)∈SO, N

(
x− ηN(γ̂k(−ωQi ))

)
(∈ Z[x]),

where

SO, N =

{
(i, k) ∈ Z×Z

∣∣ 1 ≤ i ≤ s, 1 ≤ k ≤ t, Qi

(
γk

[
x
y

])
∈ Q(DO , N)

}
.

For the extended form class group Q(DO , N)/ ∼Γ0(N), developed in [9,10], see

Section 3. Furthermore, for γ =

[
a b
c d

]
∈ SL2(Z), we denote by γ̂ =

[
d b
c a

]
. We

note that Theorem 1 (iii) can be viewed as a refinement of ([11], Section 6). We then present
a couple of examples illustrating Theorem 1 (iii) and conclude with an application of our
results to the primes of the form x2 + ny2.

2. Class Fields for Orders

Throughout this paper, we use the following notation:

• K: An imaginary quadratic field.
• O: An order in K.
• �O : The conductor of O.
• DO : The discriminant of O.
• N: A positive integer.

In this section, we shall introduce class fields for O and their construction.

4
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Let I(O) be the group of proper fractional O-ideals, and let P(O) be its subgroup
consisting of principal fractional O-ideals (cf. [12], Section 7.A). For each subgroup G of
(Z/NZ)∗, we define

CG(O, N) = I(O, N)/PG(O, N)

where I(O, N) and PG(O, N) are subgroups of I(O) and P(O), respectively, given by

I(O, N) = 〈a | a , a nontrivial proper O-ideal prime to N〉;
PG(O, N) = 〈νO | ν ∈ O \ {0} and ν ≡ t (mod NO) for some t ∈ Z satisfying t + NZ ∈ G〉.

As shown in ([9], Corollary 2.8), the group CG(O, N) is isomorphic to a generalized ideal
class group of K modulo N�OOK. Thus, by the existence theorem of class field theory
(cf. [13], V.8), there exists a unique abelian extension KO, G of K such that

(i) Every prime of K ramified in KO, G divides �ONOK;
(ii) Gal(KO, G/K) is isomorphic to the generalized ideal class group via the Artin map for

the modulus �ONOK.

In particular, if N = 1 (so G = (Z/Z)∗), then CG(O, N) is the usual O-ideal class
group I(O)/P(O). Note further that

I(O)/P(O) � I(OK, �O)/P(Z/�OZ)∗(OK, �O) (3)

(cf. [12], Proposition 7.22). In this case, KO, G is called the ring class field of the order O,
simply denoted by KO . Let j be the elliptic modular function with Fourier expansion

j(τ) =
1
q
+ 744 + 196884q + 21493760q2 + · · · (τ ∈ H).

As a consequence of the first main theorem of the theory of complex multiplication, we
obtain the following.

Proposition 1. With τO as in (2), the singular modulus j(NτO) = j(N�OτOK ) generates KO′

over K, where O′ is the order of conductor N�O in K.

Proof. Observe that
Z(NτO) +Z = Z(N�OτOK ) +Z = O′.

The proposition follows from ([14], Theorem 5 in Chapter 10).

Remark 1. Note that j(Nτ) ∈ FΓ0(N),Q (cf. [12], Theorem 11.9).

For a congruence subgroup Γ of SL2(Z), let FΓ,Q denote the field of meromorphic
modular functions for Γ with rational Fourier coefficients (cf. [15], Section 2.1). Define

ΓG =

{
γ ∈ SL2(Z) | γ ≡

[
t ∗
0 ∗

]
(mod NM2(Z)) for some t ∈ Z such that t + NZ ∈ G

}
.

Here, for matrices γ, δ ∈ M2(Z), the notation γ ≡ δ (mod NM2(Z)) means that γ− δ ∈
NM2(Z).

Using the theory of Shimura’s canonical models ([15], Chapter 6), we obtain the following.

5
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Proposition 2. We have

KO, G = K( f (τO) | f ∈ FΓG ,Q is finite at τO).

Proof. See ([9], Theorem 3.5).

3. Extended Form Class Groups

Following [9,10], we shall review explicit class field theory via extended form
class groups.

Let D be a negative integer such that D ≡ 0 or 1 (mod 4). Define

Q(D, N) =

⎧⎪⎨⎪⎩Q(x, y) = Q

([
x
y

])
= ax2 + bxy + cy2 ∈ Z[x, y]

∣∣∣∣∣
gcd(a, b, c) = 1,
b2 − 4ac = D, a > 0,
gcd(a, N) = 1

⎫⎪⎬⎪⎭.

The congruence subgroup ΓG naturally acts on the set Q(D, N), inducing the equivalence
relation ∼ΓG defined by the following:
For Q, Q′ ∈ Q(D, N),

Q ∼ΓG Q′ ⇐⇒ Q′
([

x
y

])
= Q

([
x
y

])γ

= Q

(
γ

[
x
y

])
for some γ ∈ ΓG.

For Q(x, y) = ax2 + bxy + cy2 ∈ Q(D, N), let ωQ be the root of the quadratic polynomial
Q(x, 1) = ax2 + bx + c lying in H, i.e.,

ωQ =
−b +

√
D

2a
.

Proposition 3. The set of equivalence classes Q(DO , N)/ ∼ΓG can be endowed with a group
structure such that the map

Q(DO , N)/ ∼ΓG → Gal(KO, G/K)

[Q] �→
(

f (τO) �→ f (−ωQ)
∣∣ f ∈ FΓG ,Q is finite at τO

)
is a well-defined isomorphism. Here, · denotes the complex conjugation.

Proof. See Proposition 2 and ([9], Corollary 5.5).

We call the group Q(DO , N)/ ∼ΓG in Proposition 3 an extended form class group of dis-
criminant DO and level N, which extends the classical form class groupQ(DO , 1)/ ∼SL2(Z)

due to Gauss (cf. [12], Section 7.B).

Remark 2. (i) Moreover, the map

Q(DO , N)/ ∼ΓG → CG(O, N)

[Q] �→ [ZωQ +Z]

is a well-defined isomorphism ([9], Theorem 5.4).
(ii) Let f ∈ FΓG ,Q be finite at τO . By Proposition 3, we have

irr( f (τO), K) =
h

∏
i=1

(x− f (−ωQi )),

6
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where Q1, Q2, . . . , Qh ∈ Q(DO , N) form a complete set of representatives for the elements
of the extended form class group Q(DO , N)/ ∼ΓG . Since e2πiτO is real, f (τO) is real as well.
Hence irr( f (τO), K) has coefficients in Q.

4. Representatives for the Elements of an Extended Form Class Group

Using the argument of ([16], Section 6), we shall present a complete set of repre-
sentatives for the elements of the extended form class group Q(DO , N)/ ∼ΓG under the
assumption that DO �= −3, −4.

Lemma 1. If DO �= −3, −4, then the isotropy group of Q ∈ Q(DO , 1) in SL2(Z) is {±I2}.

Proof. See ([17], Proposition 1.5 (c)).

Theorem 2. Let Q1, Q2, . . . , Qs be all the reduced binary quadratic forms of discriminant DO .
Furthermore, let γ1, γ2, . . . , γt be a complete set of representatives for the left cosets of the subgroup
±ΓG in SL2(Z), i.e.,

SL2(Z) = γ1Γ ∪· γ2Γ ∪· · · · ∪· γtΓ with Γ = ±ΓG. (4)

If DO �= −3, −4, then the forms

Qγk
i (1 ≤ i ≤ s, 1 ≤ k ≤ t such that Qγk

i = Qi(γk

[
x
y

]
) belongs to Q(DO , N)) (5)

represent all distinct elements of the extended form class group Q(DO , N)/ ∼ΓG .

Proof. Let C ∈ Q(DO , N)/ ∼ΓG . Then

C = [Q] for some Q ∈ Q(DO , N). (6)

Since
Q(DO , 1)/ ∼SL2(Z)= {[Q1], [Q2], . . . , [Qs]} of order s (7)

(cf. [12], Theorem 2.8), we have

Q = Qα
i for some α ∈ SL2(Z). (8)

From the left coset decomposition (4) of SL2(Z), it follows that

α = γkβ for some 1 ≤ k ≤ t and β ∈ Γ = ±ΓG. (9)

By (6), (8), and (9), we obtain

C = [Qγk β
i ] = [(Qγk β

i )β−1
] = [Qγk

i ].

Hence every element of Q(DO , N)/ ∼ΓG can be represented by a form of the type given
in (5).

On the other hand, suppose that in the form class group Q(DO , N)/ ∼ΓG

[Qγk
i ] = [Qγk′

i′ ] for some 1 ≤ i, i′ ≤ s and 1 ≤ k, k′ ≤ t such that Qγk
i , Qγk′

i′ ∈ Q(DO , N).

7
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Then
Qγk′

i′ = (Qγk
i )γ for some γ ∈ ΓG.

This forces—by (7)—that i′ = i, and hence,

Qγk′
i = Qγkγ

i .

Since the isotropy group of Qi in SL2(Z) is {±I2} by Lemma 1, we obtain

γk′ = γkγ or γk′ = −γkγ.

Therefore, γk′Γ = γkΓ with Γ = ±ΓG. By (4), it follows that k′ = k, which shows that no
two forms in (5) represent the same element of Q(DO , N)/ ∼ΓG .

Remark 3. (i) Recall that a form Q(x, y) = ax2 + bxy+ cy2 ∈ Q(DO , 1) is said to be reduced
if

|b| ≤ a ≤ c and b ≥ 0 if either |b| = a or a = c.

One sees that if Q(x, y) is reduced, then a ≤
√

|DO|
3 .

(ii) Consider the case where G = (Z/NZ)∗. Then we have ±ΓG = Γ0(N). Let SL2(Z)/Γ0(N)

denote the set of left cosets of Γ0(N) in SL2(Z). There is a well-known bijection ([15],
Proposition 1.43):

{(c, d) ∈ Z2 | gcd(N, c, d) = 1}/ ∼ → SL2(Z)/Γ0(N)

[(c, d)] �→ [any γ ∈ SL2(Z) satisfying γ ≡
[
∗ ∗
c d

]
(mod NM2(Z))],

where ∼ is the equivalence relation defined by

(c, d) ∼ (c′, d′) ⇐⇒ (c, d) ≡ u(c′, d′) (mod NZ2) for some u ∈ (Z/NZ)∗.

Thus, we have [SL2(Z) : Γ0(N)] = N ∏p|N
(

1 + 1
p

)
.

5. Special Values of Some Eta-Quotients

In this section, we shall prove our main theorem concerning special values of eta-quotients.

Lemma 2. If {md}d|N is a family of integers such that

(i) ∑d|N md = 0,
(ii) ∑d|N dmd ≡ ∑d|N(N/d)md ≡ 0 (mod 24),
(iii) ∏d|N dmd is a rational square,

then the associated eta-quotient ∏d|N η(dτ)md is a weakly holomorphic modular function for Γ0(N)

with rational Fourier coefficients.

Proof. See [2] or [18].

We focus on the specific eta-quotient

ηN(τ) = 44 η(Nτ)8

η((N/4)τ)8 (τ ∈ H) (10)

8
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when N ≡ 0 (mod 4). It is a weakly holomorphic modular function for Γ0(N) with rational
Fourier coefficients by the definition (1) and Lemma 2.

Lemma 3. If N ≡ 0 (mod 4), then there is a pair of polynomials A(x), B(x) ∈ Q[x] satisfying

(i) j(Nτ) = A(ηN(τ))/B(ηN(τ)),
(ii) B(ηN(τO)) �= 0.

Proof. (i) Note that if we set g(τ) = 44η(4τ)8/η(τ)8, then the field FΓ0(4),Q = Q(g(τ))
(see [7], Lemma 3.5). Since j(4τ) ∈ FΓ0(4),Q, there exist relatively prime polynomials
A(x), B(x) ∈ Q[x] such that

j(4τ) =
A(g(τ))
B(g(τ))

.

By substituting (N/4)τ for τ, we obtain the assertion.
(ii) From Proposition 2, we know that ηN(τO) ∈ KO,(Z/NZ)∗ . If B(ηN(τO)) = 0, then

A(ηN(τO)) = 0, since j(Nτ) is weakly holomorphic. However, this would imply
that the minimal polynomial of ηN(τO) over Q divides both A(x) and B(x), which is
impossible.
See also ([7], Lemmas 3.5 and 4.3).

Lemma 4. If M is a positive integer and τ0 ∈ H is an imaginary quadratic argument, then the
special value Mη(Mτ0)

2/η(τ0)
2 is an algebraic integer dividing M.

Proof. See ([14], Theorem 4 in Chapter 12).

Theorem 3. Assume that N ≡ 0 (mod 4):

(i) The special value ηN(τO) is a real algebraic integer.
(ii) It generates the ring class field of the order of conductor N�O over K.
(iii) Let Q1, Q2, . . . , Qs be all the reduced binary quadratic forms of discriminant DO . Further-

more, let γ1, γ2, . . . , γt be a complete set of representatives for the left cosets of Γ0(N) in
SL2(Z). If DO �= −3, −4, then the minimal polynomial of ηN(τO) over K is given by

∏
(i, k)∈SO, N

(
x− ηN(γ̂k(−ωQi ))

)
(∈ Z[x]),

where

SO, N =

{
(i, k) ∈ Z×Z

∣∣ 1 ≤ i ≤ s, 1 ≤ k ≤ t, Qi

(
γk

[
x
y

])
∈ Q(DO , N)

}
.

Proof. (i) From Remark 2 (ii), we observe that the special value ηN(τO) is a real number.
Moreover, since (N/4)τO ∈ H, the special value

4η(4 · (N/4)τO)2/η((N/4)τO)2

is an algebraic integer by Lemma 4. Consequently, by the definition (10), ηN(τO) is a
real algebraic integer.

(ii) We deduce that

KO, (Z/NZ)∗ = K( f (τO) | f ∈ FΓ0(N),Q is finite at τO) by Proposition 2

= K( f (
[

1 u
0 1

]
(�OτOK )) | f ∈ FΓ0(N),Q is finite at τO)

9
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where u is an integer satisfying τO = �OτOK + u

= K( f (�OτOK ) | f ∈ FΓ0(N),Q is finite at τO) because
[

1 u
0 1

]
∈ Γ0(N)

⊆ K(g(τOK ) | g ∈ FΓ0(N�O),Q is finite at τO)

since f (�Oτ) = f (
[
�O 0
0 1

]
(τ)) ∈ FΓ0(N�O),Q for all f ∈ FΓ0(N),Q

= KOK , (Z/N�OZ)∗ by Proposition 2

= KO′ where O′ is the order of conductor N�O in K

= K(j(NτO)) by Proposition 1

⊆ K(ηN(τO)) by Lemma 3

⊆ KO, (Z/NZ)∗ by Lemma 2 and Proposition 2.

This argument yields the following chain of inclusions:

KO, (Z/NZ)∗ ⊆ KO′ ⊆ K(ηN(τO)) ⊆ KO, (Z/NZ)∗ .

Since the two ends of this chain coincide, we obtain that

K(ηN(τO)) = KO, (Z/NZ)∗ = KO′ . (11)

(iii) The result follows by (i), (ii), (11), Remark 2 (ii), Theorem 2 and the observation

−ωQ
γk
i

= γ̂k(−ωQi )((i, k) ∈ SO, N).

In the next section, we present several examples. The computations were carried
out using the MAPLE software (Version 2025.1). The procedures for finding reduced
quadratic forms and coset representatives were based on Remark 3. From a computational
perspective, eta-quotients are advantageous because they are defined by relatively simple
q-products and are classical modular functions in number theory with rational Fourier
coefficients. In our computations with MAPLE, we truncate the product expansion of the
eta function up to m = 500 and determine the minimal polynomial of ηN(τO) over K by
combining the approximate values with the theoretical fact that the coefficients are integers.

6. Examples

In this section, we shall present a couple of examples of Theorem 3 (iii).

Example 1. Let K = Q(
√
−2), O be the order of conductor 3 in K, N = 4. There are two reduced

forms of discriminant DO = −72:

Q1 = x2 + 18y2, Q2 = 2x2 + 9y2.

By Remark 3 (iii), we determine a complete set of representatives for the left cosets of Γ0(4) in
SL2(Z) as follows:

γ1 =

[
1 0
0 1

]
, γ2 =

[
0 −1
1 0

]
, γ3 =

[
1 −1
1 0

]
,

γ4 =

[
1 0
2 1

]
, γ5 =

[
1 0
3 1

]
, γ6 =

[
2 −1
1 0

]
.

10
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By using these representatives, we compute

Qγ1
1 = x2 + 18y2, Qγ2

1 = 18x2 + y2, Qγ3
1 = 19x2 − 2xy + y2,

Qγ4
1 = 73x2 + 72xy + 18y2, Qγ5

1 = 163x2 + 108xy + 18y2, Qγ6
1 = 22x2 − 4xy + y2,

Qγ1
2 = 2x2 + 9y2, Qγ2

2 = 9x2 + 2y2, Qγ3
2 = 11x2 − 4xy + 2y2,

Qγ4
2 = 38x2 + 36xy + 9y2, Qγ5

2 = 83x2 + 54xy + 9y2, Qγ6
1 = 17x2 − 8xy + 2y2.

From this computation, we obtain

SO,4 = {(1, 1), (1, 3), (1, 4), (1, 5), (2, 2), (2, 3), (2, 5), (2, 6)} .

Applying Theorem 3 (iii), we deduce that the minimal polynomial of η4(τO) = η4
(√
−18

)
over K

is

∏
(i, k)∈SO, 4

(
x− η4(γ̂k(−ωQi ))

)

=

(
x− η4

([
1 0
0 1

](√
−18

)))(
x− η4

([ 0 −1
1 1

](√
−18

)))(
x− η4

([
1 0
2 1

](√
−18

)))
×
(

x− η4

([
1 0
3 1

](√
−18

)))(
x− η4

([ 0 −1
1 0

](√−18
2

)))(
x− η4

([ 0 −1
1 1

](√−18
2

)))
×
(

x− η4

([
1 0
3 1

](√−18
2

)))(
x− η4

([ 0 −1
1 2

](√−18
2

)))
= x8 + 64x7 + 616160x6 + 29518336x5 + 500985984x4 + 3441954816x3 − 370278512640x2

− 6042786430976x + 4096 .

Example 2. Let K = Q(
√
−15), O be the order of conductor 2 in K, N = 12. There are two

reduced forms of discriminant DO = −60:

Q1 = x2 + 15y2, Q2 = 3x2 + 5y2.

A complete set of the left coset representatives of Γ0(12) in SL2(Z) is given by

γ1 =

[
1 0
0 1

]
, γ2 =

[
0 −1
1 0

]
, γ3 =

[
1 −1
1 0

]
, γ4 =

[
1 0
2 1

]
, γ5 =

[
1 0
3 1

]
, γ6 =

[
1 0
4 1

]
,

γ7 =

[
1 0
5 1

]
, γ8 =

[
1 0
6 1

]
, γ9 =

[
1 0
7 1

]
, γ10 =

[
1 0
8 1

]
, γ11 =

[
1 0
9 1

]
, γ12 =

[
1 0
10 1

]
,

γ13 =

[
1 0
11 1

]
, γ14 =

[
2 −1
1 0

]
, γ15 =

[
2 −1
3 −1

]
, γ16 =

[
2 −1
5 −2

]
, γ17 =

[
3 −1
1 0

]
, γ18 =

[
3 1
2 1

]
,

γ19 =

[
3 −1
4 −1

]
, γ20 =

[
3 −1
7 −2

]
, γ21 =

[
4 −1
1 0

]
, γ22 =

[
4 1
3 1

]
, γ23 =

[
4 −1
5 −1

]
, γ24 =

[
6 −1
1 0

]
.

From these, one can compute that

11
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Qγ1
1 = x2 + 15y2, Qγ2

1 = 15x2 + y2, Qγ3
1 = 16x2 − 2xy + y2,

Qγ4
1 = 61x2 + 60xy + 15y2, Qγ5

1 = 136x2 + 90xy + 15y2, Qγ6
1 = 241x2 + 120xy + 15y2,

Qγ7
1 = 376x2 + 150xy + 15y2, Qγ8

1 = 541x2 + 180xy + 15y2, Qγ9
1 = 736x2 + 210xy + 15y2,

Qγ10
1 = 961x2 + 240xy + 15y2, Qγ11

1 = 1216x2 + 270xy + 15y2, Qγ12
1 = 1501x2 + 300xy + 15y2,

Qγ13
1 = 1816x2 + 330xy + 15y2, Qγ14

1 = 19x2 − 4xy + y2, Qγ15
1 = 139x2 − 94xy + 16y2,

Qγ16
1 = 379x2 − 304xy + 61y2, Qγ17

1 = 24x2 − 6xy + y2, Qγ18
1 = 69x2 + 66xy + 16y2,

Qγ19
1 = 249x2 − 126xy + 16y2, Qγ20

1 = 744x2 − 426xy + 61y2, Qγ21
1 = 31x2 − 8xy + y2,

Qγ22
1 = 151x2 + 98xy + 16y2, Qγ23

1 = 391x2 − 158xy + 16y2, Qγ24
1 = 51x2 − 12xy + y2,

Qγ1
2 = 3x2 + 5y2, Qγ2

2 = 5x2 + 3y2, Qγ3
2 = 8x2 − 6xy + 3y2,

Qγ4
2 = 23x2 + 20xy + 5y2, Qγ5

2 = 48x2 + 30xy + 5y2, Qγ6
2 = 83x2 + 40xy + 5y2,

Qγ7
2 = 128x2 + 50xy + 5y2, Qγ8

2 = 183x2 + 60xy + 5y2, Qγ9
2 = 248x2 + 70xy + 5y2,

Qγ10
2 = 323x2 + 80xy + 5y2, Qγ11

2 = 408x2 + 90xy + 5y2, Qγ12
1 = 503x2 + 100xy + 5y2,

Qγ13
2 = 608x2 + 110xy + 5y2, Qγ14

2 = 17x2 − 12xy + 3y2, Qγ15
2 = 57x2 − 42xy + 8y2,

Qγ16
2 = 137x2 − 112xy + 23y2, Qγ17

2 = 32x2 − 18xy + 3y2, Qγ18
2 = 47x2 + 38xy + 8y2,

Qγ19
2 = 107x2 − 58xy + 8y2, Qγ20

2 = 272x2 − 158xy + 23y2, Qγ21
2 = 53x2 − 24xy + 3y2,

Qγ22
2 = 93x2 + 54xy + 8y2, Qγ23

2 = 173x2 − 74xy + 8y2, Qγ24
1 = 113x2 − 36xy + 3y2.

In this case, the set SO,12 is given precisely by

SO,12 ={ (1, 1), (1, 4), (1, 6), (1, 8), (1, 10), (1, 12), (1, 14), (1, 15),

(1, 16), (1, 21), (1, 22), (1, 23), (2, 2), (2, 4), (2, 6), (2, 10),

(2, 12), (2, 14), (2, 16), (2, 18), (2, 19), (2, 21), (2, 23), (2, 24) } .

By Theorem 3 (iii), the minimal polynomial of η12(τO) = η12
(√
−15

)
over K is

∏
(i, k)∈SO, 12

(
x− η12(γ̂k(−ωQi ))

)

=

(
x− η12

([
1 0
0 1

](√
−15

)))(
x− η12

([
1 0
2 1

](√
−15

)))(
x− η12

([
1 0
4 1

](√
−15

)))
×
(

x− η12

([
1 0
6 1

](√
−15

)))(
x− η12

([
1 0
8 1

](√
−15

)))(
x− η12

([
1 0

10 1

](√
−15

)))
×
(

x− η12

([ 0 −1
1 2

](√
−15

)))(
x− η12

([ −1 −1
3 2

](√
−15

)))(
x− η12

([ −2 −1
5 2

](√
−15

)))
×
(

x− η12

([ 0 −1
4 1

](√
−15

)))(
x− η12

([
1 1
3 4

](√
−15

)))(
x− η12

([ −1 −1
5 4

](√
−15

)))
×
(

x− η12

([ 0 −1
1 0

](√−15
3

)))(
x− η12

([
1 0
2 1

](√−15
3

)))(
x− η12

([
1 0
4 1

](√−15
3

)))
×
(

x− η12

([
1 0
8 1

](√−15
3

)))(
x− η12

([
1 0

10 1

](√−15
3

)))(
x− η12

([ 0 −1
1 2

](√−15
3

)))
×
(

x− η12

([ −2 −1
5 2

](√−15
3

)))(
x− η12

([
1 1
2 3

](√−15
3

)))(
x− η12

([ −1 −1
4 3

](√−15
3

)))
×
(

x− η12

([ 0 −1
1 4

](√−15
3

)))(
x− η12

([ −1 −1
5 4

](√−15
3

)))(
x− η12

([ 0 −1
1 6

](√−15
3

)))
= x24 + 192x23 − 7122306993261792x22 − 1253526030816147968x21 − 91383204195139439529x20

− 3389719435105910475168x19 − 49401241850013269672816x18

+ 1228473321987438668964096x17 + 86840132355875889487145349x16

+ 2457144449583692060476097152x15 + 44234812305221946123591380928x14

12
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+ 552735876182379232822999458810x13 + 4841799881653100583964377978842x12

+ 28308281222344201581487804712803x11 + 90141810550325076912679521259347x10

− 37037392168787459577963652303623x9 − 1550236147193962873251193610591518x8

− 3639162775938143122457492966909150x7 + 18821613358222160529419402240943524x6

+ 136332738915817934864732450527911904x5 + 298872342513781468168883205086012077x4

+ 22964197003252385546057560757637927x3 + 1694808824718030833349954509125564x2

− 198153347290972848225794251004x + 1

Additionally, we observe that η12(τO) = η12
(√
−15

)
is a unit.

Remark 4. The computations in the above examples were carried out with the MAPLE software, us-
ing 100 significant digits for numerical approximations. For instance, in Example 1, the approximate
value of the coefficient of x7 is

63.999 . . . 9760481790273634068827

from which the corresponding integer coefficient is determined to be 64. For all other coefficients,
the error between the approximate value and the corresponding integer is less than 10−60.

7. Application to Primes of the Form x2 + ny2

Let n be a positive integer. In this final section, we present our recent joint work with
Koo, Shin and Yoon [9], which extends Cho’s study ([12], Theorem 15.19) on primes of the
form x2 + ny2 under the additional conditions x ≡ 1 (mod N) and y ≡ 0 (mod N). We
further apply these results to the minimal polynomial of ηN(τO) over K.

It is worth noting that the study of primes of this type has a long history. In his
two-squared theorem, Gauss showed that class field theory is useful:

p = x2 + y2 ⇐⇒ p = 2 or p splits completely in Q(
√
−1).

Here, Q(
√
−1) is a class field (an abelian extension) of Q. Later, Weber, Hilbert, and Artin

extended this idea to primes of the form x2 + ny2 for positive integers n (see [7]).
For a prime p, we let

(
·
p

)
be the Kronecker symbol.

Proposition 4. Let n be a positive integer, K = Q(
√−n) and O = Z[

√−n]. Let v be a real
algebraic integer which generates KO,G over K and f (X) ∈ Z[X] be its minimal polynomial over
K. If p is a prime dividing neither 2nN nor the discriminant of f (X), then

p splits completely in KO,G

⇐⇒ p = x2 + ny2 for some x, y ∈ Z such that x + NZ ∈ G and y ≡ 0 (mod )N

⇐⇒
(−n

p

)
= 1 and f (X) ≡ 0 (mod p) has an integer solution.

Example 3. Let n = 18 and N = 4. In this case, K = Q(
√
−18) = Q(

√
−2) and O =

Z[
√
−18] is the order of conductor 3 in K as in Example 1. By Theorem 3 (ii), the special value

η4(τO) generates the field KO,(Z/4Z)∗ over K.
Now, let F1(X) denote the minimal polynomial of η4(τO) computed in Example 1. The dis-

criminant of F1(X) is

2140 × 34 × 524 × 724 × 134 × 232 × 294 × 314 × 472 × 534 × 614 × 712

13
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By Proposition 4, we obtain that if p is a prime dividing neither 2× 18× 4 = 24 × 32 nor the
discriminant of F1(X), then

p = x2 + 18y2 for some x, y ∈ Z such that x + 4Z ∈ (Z/4Z)∗ and y ≡ 0 (mod )4

⇐⇒
(−18

p

)
=

(−2
p

)
= 1 and F1(X) ≡ 0 (mod p) has an integer solution.

Example 4. Now suppose that n = 15 and N = 12. In this setting, K = Q(
√
−15) and

O = Z[
√
−15] is the order of conductor 2 in K as in Example 2. According to Theorem 3 (ii),

the special value η12(τO) generates the field KO,(Z/12Z)∗ over K.
Let F2(X) be the minimal polynomial of η12(τO) obtained in Example 2. Its discriminant is

1632307284832228718158746061289157482137253227993306249138258190141743

4443886904187699419233968544129371609537666746058020201645256459023316

1450976209285388060263902555546664209814035196870467272938837811559698

4646777031790006030223836505343256035536977578802290009208146418232314

7207023344755523235848212080602604501510776930718153742770446681908313

1121066322695831455501223560962300752968883605012639239629618085337152

4135622077689093458736503200226802006277447862764466920648473690147947

8838276826852283173788448512760066665196740033344822814786500932531274

3066197568526166959058190073392084856601495255137071381658875036689443

7316416266743663550022019921472794570589619274430792993430690949100309

3301211813098054734935429130659739199585880351314003697305749253438887

8125460909721029258210543309243456065960236418896059032355518538069598

8769704753247909041266437556413094470271294756321425909670008432149825

6632191525267779790953881718905128776564373037893414184701110326854965

3620150694730593478351814158637819770323066261877876743430503705793406

9288576995423061523788622204848624863398597089386590680850993070553066

136720240398698093565827667947828132747941752323889.

Proposition 4 implies that if p is a prime dividing neither 2× 15× 12 = 23 × 32 × 5 nor the
discriminant of F2(X), then

p = x2 + 15y2 for some x, y ∈ Z such that x + 12Z ∈ (Z/12Z)∗ and y ≡ 0 (mod 12)

⇐⇒
(−15

p

)
= 1 and F2(X) ≡ 0 (mod p) has an integer solution.
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Abstract

A left group is a semigroup that is the direct product of a left zero semigroup and a group.
In this paper, we investigate some group-like properties of left groups. In particular,
we characterise monogenic left group monoids and prove some fundamental results on
left group morphisms. We also characterise Green’s equivalences on left groups and,
analogously to groups, establish a correspondence between congruences and normal sub-
left groups. Finally, we characterise DSC left groups.
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1. Introduction and Preliminaries

A non-empty set S together with an associative binary operation is called a semigroup.
An element a of a semigroup S is called a left zero element if ab = a for all b in S. A
semigroup consisting entirely of left zero elements is called a left zero semigroup. A right zero
semigroup is defined analogously. A semigroup S is called left simple if S = Sa for all a ∈ S.
If for all a, b, c in S, ac = bc implies a = b, we say that S is a right-cancellative semigroup.
Dually, one can define a right simple semigroup and a left-cancellative semigroup.

A semigroup S is called a left group if it is left simple and right cancellative. Every
group is a left group, but the converse is not true (see [1]). In Exercises 2.6 (5(b)) of [1], the
Bear–Levi semigroup is not a left group. Following Clifford and Preston [2] (Theorem 1.27),
a semigroup S is a left group if, and only if, S = L×G, where L is a left zero semigroup and
G is a group. If S is a left group, then the following are true: the set E(S) of idempotents of
S is non-empty and is a left zero subsemigroup of S; every idempotent is a left identity of
S; and eS is a subgroup of S for every e ∈ E(S) (see Exercise 2.6 (6) of [1]). Analogously, a
semigroup S is called a right group if it is right simple and left cancellative. Alternatively,
by [2] (Theorem 1.27), S is a right group if, and only if, S = R× G, where R is a right zero
semigroup and G is a group. The analogue of the above-mentioned facts about left groups
also holds for right groups. For more details on left (right) groups, the reader is referred
to [2] (Section 1.11, pp. 37–40) and [1] (Exercises 2.6 (5–6)). In this paper, we shall only
consider the study of left groups. The analogous results for right groups can be proven in a
similar way and shall not be a part of this paper.

Left groups are peculiar in the sense that, on one hand, they behave like groups, but on
the other hand, they fail in some of the basic algebraic properties which hold in a group. For
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example, a non-trivial left group has no identity element, and no element has a two-sided
inverse. Left groups play a foundational role in semigroup theory, particularly within the
study of regular semigroups and their structural properties. They provide a structural
foundation for decomposing more complex semigroups. Specifically, a semigroup is a left
group if, and only if, it is left simple and contains at least one idempotent element. The
idempotent theory for left regular bands of groups has been developed by researchers. This
structure generalises group algebras of finite groups and left regular band algebras, showing
how concepts from left groups are used in the representation theory of more complex
algebraic structures. The study of left groups has led to the generalisation of semigroup
regularities. For instance, concepts such as left regular elements and left magnifying
elements are important in studying regular semigroups, which have applications in other
areas of mathematics and theoretical computer science.

Semigroups have applications in automata theory, coding theory and formal languages,
where concepts such as left and right ideals and Green’s relations are used to understand the
structure and behaviour of automata. In short, left groups serve as fundamental building
blocks in the structural theory of semigroups, providing a deep understanding of regularity
and the decomposition of more complex semigroups into simpler, group-like components.

This motivated the first and third author [3] to consider studying left groups, where
weaker notions such as L-identity and L-inverse have been introduced. They also charac-
terised all morphisms between any two left groups, and a characterisation of congruences
on a left group is also provided, besides investigating various properties of the monoid of
endomorphisms of a left group S. In [4], these authors further investigated the structure
and endomorphisms of a strong semilattice of left groups.

This paper is a sequel to [3,4] and aims to investigate the group-like properties of left
groups. Cyclic groups play a central role in group theory, and the analogous notion of a
monogenic semigroup exists for semigroups. In Section 2, we explore monogenic left group
monoids and provide some necessary and sufficient conditions for a left group monoid
to be a monogenic monoid. In Section 3, we exhibit group-like properties for left group
homomorphisms. We extend the notion of the kernel of group homomorphism to a left
group homomorphism, which we call the L-kernel of a left group homomorphism, and
prove that some of the basic properties of the kernel hold for the L-kernel.

Green’s equivalences are very important relations defined on a semigroup. Exploring
them provides deep insight into the structure of semigroups. This motivates us to explore
these equivalences of left groups. In Section 4, we characterise Green’s equivalences on left
groups. It is a well-known result that for a group G, the notion of a congruence relation
is equivalent to that of a normal subgroup. This motivates us to see the analogy for a left
group. In Section 4, we introduce the concept of a normal sub-left group of a left group and
prove a similar equivalence between a congruence and a normal sub-left group. Finally, in
Section 5, we study the relation between a diagonal subsemigroup and a congruence on a
left group.

In summary, since this paper explores the basic structure of a left group, it will
open up new dimensions for further research on this important algebraic object. In the
future, we intend to apply our expertise on automorphism groups of semigroups (see [5])
and epimorphisms, dominions and amalgams (see [6,7]) to left groups and their strong
semilattices in order to produce some exciting and fruitful research.

If a semigroup S does not contain the identity element, then S1 = S ∪ {1} denotes the
monoid obtained by adjoining the identity element 1 to S, where the extended operation on S1 is
defined as 1s = s = s1 for all s ∈ S and 11 = 1. Note that the element 1 does not have the
left zero property, so a left zero semigroup L cannot contain 1. Thus, a left group S = L× G
cannot be a monoid. This prompts us to consider the monoid L1 obtained by adjoining
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the element 1 to the left zero semigroup L and the monoid S1 = L1 × G with the identity
element (1, e), where e is the identity of the group G. We call L1 a left zero monoid and S1

a left group monoid. In this paper, the terms ‘left group’ and ‘left group monoid’ shall be
distinct and shall be mentioned explicitly.

Suppose S is a left group. Then, the element (1, e) is not in S. In this case, for each
a = (l, g) ∈ S, there exists a unique element ae = (l, e) ∈ S such that aae = aea = a.
We call ae the L-identity for a. Also, there exists a unique element a⊥ = (l, g−1) for each
a = (l, g) ∈ S such that aa⊥ = a⊥a = (l, e) = ae, and we call it the L-inverse of a (see [3]
for details).

An element a of a semigroup S is said to be an idempotent if a2 = a. Note that every
element of a left zero semigroup L is idempotent. Let a = (l, g) be an idempotent element
of a left group S. Then, a2 = a implies (l, g2) = (l, g). As g2 = g in a group G if, and only
if, g = e, it follows that a = (l, e) = ae. Hence, if E(S) denotes the set of idempotents of
the left group S, then E(S) = {ae : a ∈ S}. Before we move on to the next sections, we
want to end this section by presenting some simple but nontrivial examples to clarify the
definitions introduced so far.

Example 1. Let L be any element left zero semigroup and let G = Z2 = {0, 1} be the cyclic group
of order 2. Consider the left group S = L× G. Then,

S = {(l, 0), (l, 1) : l ∈ L}.

The set E(S) of L-identities (idempotents) is E(S) = {(l, 0) : l ∈ L}. This semigroup possesses
very nice algebraic properties.

(i) For each l ∈ L, (l, 1)e = (l, 0), i.e., (l, 0) is the L-identity of (l, 1).
(ii) For each x ∈ S, x⊥ = x, i.e., every element of S is a self L-inverse.
(iii) For any x, y ∈ S \ E(S), we have xy = xe and yx = ye, i.e., the product of any two non-

idempotent elements is an idempotent element and is the L-identity of the element appearing
on the left in the product.

Example 2. Let L be any left zero semigroup and G = K4 = {1, a, b, c} be the Klein 4-group, the
non-cyclic abelian group of order 4. Consider the left group S = L× G. Then,

S = {(l, 1), (l, a), (l, b), (l, c) : l ∈ L}.

Some important properties of S are as follows:

(i) The set of L-identities of S is E(S) = {(l, 1) : l ∈ L}.
(ii) For each x ∈ S, x⊥ = x, every element of S is a self L-inverse.
(iii) For each fixed l ∈ L, the subset Sl = {(l, 1), (l, g) : g ∈ G} of S is a group and Sl

∼= G.

2. Monogenic Left Group Monoids

Cyclic groups are important objects in the theory of groups and equally important is
the structure of a monogenic semigroup in semigroup theory. Since a left group is a direct
product of a left zero semigroup and a group, it is important to investigate how the cyclic
structure in the second component affects the monogenic part of the first component and
vice versa. Also worth investigating are cases in which a left group is monogenic. In this
section, we answer these questions.

Let S be a semigroup and a ∈ S. Then, < a > = {an : n ∈ N} is called the monogenic
subsemigroup of S generated by a. If S is a monoid with identity 1 and a ∈ S, then the mono-
genic submonoid of S generated by a will contain 1 and thus it is < a >∗ = {an : n ∈ N0}.
The semigroup S is said to be monogenic if S =< a > for some a ∈ S. A monogenic
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monoid can be defined similarly. We begin by proving a very basic result on monogenic
left group monoids.

Proposition 1. Let S1 = L1 × G be a left group monoid. S is a monogenic monoid if, and only if,
L1 = {l}1 = {l} ∪ {1} and G is a monogenic monoid.

Proof. Suppose that S1 is a monogenic monoid. Then, S1 =< a >∗ for some a = (l, g) ∈ S.
For any x ∈ S, there exists k ∈ N0 such that x = ak. If x = (1, e), then by taking k = 0,
we have a0 = (l, g)0 = (1, e). Suppose now that x = (l′, g′) �= (1, e). Then, k ∈ N with
(l′, g′) = (l, g)k = (lk, gk) = (l, gk). This means l′ = l and g′ = gk. Hence, L1 = {l}1 and
G =< g >∗ is a monogenic monoid. Conversely assume that these two conditions are
satisfied. Take any x = (l′, g′) ∈ S1. If x = (1, e), then for any a = (l, g) ∈ S, x = a0. On
the other hand, if x �= (1, e), then l′ = l and g′ = gr for some r ∈ N, where G =< g >.
Therefore, x = (l′, g′) = (l, gr) = (l, g)r, where r ∈ N0. Hence, S1 is a monogenic monoid
with identity 1 = (1, e), as required.

From the proof of the proposition above, one sees that a left zero monoid L1 is mono-
genic if, and only if, L1 = {l}1. Therefore, we have:

Corollary 1. A left group monoid S1 = L1 × G is a monogonic monoid if, and only if, L1 and G
are monogenic monoids.

Next, we prove that the terms ‘cyclic’ and ‘monogenic’ are equivalent in the case
of finite groups. We also illustrate with an example that the same is not true for all
infinite groups.

Proposition 2. Let G be a finite group. G is a monogenic monoid if, and only if, it is a cyclic group.

Proof. Let |G| = m. Suppose that G =< a > is a cyclic group. Then, m is the least positive
integer such that am = 1 = a0 and a0, a1, a2, . . . , am−1 are all distinct. Since all elements of
G are obtained as non-negative powers of a, it follows that G =< a >= {1, a, a2, . . . , am−1}
is a monogenic monoid. Conversely, assume that G =< a > is a monogenic monoid of
order m. Since G is a group, it must be a cyclic group of order m.

Remark 1. The above proposition is not valid if we take G as an infinite group. Take G = (Z,+).
Then, G is an infinite cyclic group generated by both 1 and −1, respectively. However, it is not a
monogenic monoid since for any negative integer k, we have k �= m.1 for any positive integer m. A
similar argument applies when 1 is replaced by −1 and k is a positive integer. Also, as every infinite
cyclic group is isomorphic to (Z,+), the above proposition is not valid for all infinite groups G.

Recall that a finite cyclic group of order n is isomorphic to Zn, the group of integers
modulo n. This enables us to deduce a very important result regarding left groups.

Corollary 2. A finite left group monoid S1 = L1 × G is a monogenic monoid if, and only if,
L = {l}1 and G is Zn for some positive integer n.

The connection between monogenic semigroups and homomorphisms is fundamental
to understanding the structure of these semigroups. For monogenic semigroups, this
relationship allows for a complete classification of their structure and reveals a direct link
to a special class of quotient semigroups and cyclic groups. Let F be the free monogenic
semigroup, which is isomorphic to (Z+,+). This semigroup consists of all formal powers
of a single generator, x, with no relations imposed. For any monogenic semigroup S = 〈a〉,
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a canonical surjective homomorphism f : F → S can be defined by mapping the generator
of F to the generator of S: f (xn) = an. The properties of this homomorphism f directly
reflect the structure of S. If S is infinite, f is an isomorphism, mapping F bijectively to
S. If S is finite with index m and period r, the homomorphism f is many-to-one. The
equality ak = al in S means that the corresponding powers xk and xl in F map to the same
element, ak, in S. The kernel of a finite monogenic semigroup is the minimal ideal, which is
a cyclic group.

This cyclic group is one of the congruence classes of a canonical homomorphism,
illustrating how the homomorphism’s kernel reveals key structural components of the
monogenic semigroup. In the next section, we explore the group-like properties of left
group homomorphisms.

3. Homomorphisms of Left Groups

Homomorphisms play a central and unifying role in algebra. They are structure-
preserving maps between algebraic structures that respect the operations defined on those
structures. Some of the well-known important properties of a group homorphism f between
the groups G and H are that it preserves the identity, preserves inverses and preserves
integer powers. Also its kernel, ker f , is a normal subgroup of G and its image, and Im f
is a subgroup of H. The homomorphism f is injective if, and only if, ker f is trivial. The
preimage of a subgroup is a subgroup, and the image of a cyclic group is a cyclic group.
Not all of these properties are necessarily satisfied by a semigroup homomorphism. As left
groups are a special kind of semigroup, we shall try to investigate which of these properties
can be generalised to a left group homomorphism.

If S and T are any two semigroups (groups), by Hom(S, T), we mean the set of all
semigroup (group) homomorphisms from S into T. The next lemma is an important result
from [3], which characterises the set Hom(S, T), where S and T are left groups.

Lemma 1 ([3] Theorem 4.1). Let L1 × G and L2 × H be two left groups. Take t ∈ Hom(G, H)

and s ∈ Hom(L1, L2). Define f : L1 × G → L2 × H by

(l, x) f = ((l)s, (x)t)

for every (l, x) ∈ L1 × G. Then, f is a homomorphism, and conversely, every homomorphism
from L1 × G into L2 × H can be so constructed. Moreover, f is bijective if, and only if, s and t
are bijective.

We can now adopt the notation for a homomorphism f between the left groups
S = L1 × G and T = L2 × H as f = (s, t), where s and t are given in Lemma 1.

In the next proposition, we show that some of the crucial properties of a group
homomorphism listed at the beginning of this section can be extended to a left group
homomorphism.

Proposition 3. Let S = L1 × G and T = L2 × H be two left groups and f = (s, t) ∈ Hom(S, T).
Then, the following statements are true.

(i) (a⊥) f = [(a) f ]⊥ ∀ a ∈ S, i.e., a left group homomorphism preserves the L-inverse of
an element.

(ii) (E(S)) f ⊆ E(T), i.e., a left group homomorphism carries the set idempotents of S into the set
of idempotents of T. The equality holds if s is onto.

(iii) (ae) f is the L-identity of (a) f ∀ a ∈ S, i.e., f preserves the L-identity of an element.
(iv) For each n ∈ N0 and each (l, g) ∈ S, ((l, g)n) f = ((l, g) f )n.
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Proof. Let S = L1 × G and T = L2 × H be two left groups and f = (s, t) ∈ Hom(S, T).

(i) Let a = (l, g) be any element of L1 × G. Then,
(a) f = (l, g) f = ((l)s, (g)t) = (l

′
, k), where l′ = (l)s and k = (g)t.

Now,

(a⊥) f = (l, g−1) f

= ((l)s, (g−1)t)

= (l
′
, [(g)t]−1) (as t ∈ Hom(G, H)).

= (l
′
, k−1)

= [(a) f ]⊥.

(ii) Let (l, e) ∈ E(S). Then, (l, e) f = ((l)s, (e)t) = (l′, e′) ∈ E(T) for some l′ ∈ L2 and e′

is the identity of H; thus, (E(S)) f ⊆ E(T).
Take any (l′, e′) ∈ E(T), as s is onto l′ = (l)s for some l ∈ L1 and t being in
Hom(G, H) implies e′ = (e)t. Therefore, (l′, e′) = ((l)s, (e)t) = (l, e) f . This implies
E(T) ⊆ (E(S)) f , and so we have the desired equality.

(iii) Take any a ∈ S. As already noted, aae = a = aea = a. Therefore, (a f )(ae f ) =

(aae) f = (a) f . Similarly, (ae f )(a f ) = (a) f . Thus, (ae) f is the L-identity of (a) f .
(iv) This is straightforward.

Part (ii) of Proposition 3 motivates us to investigate cases in which elements other than
idempotent elements of S are mapped to idempotent elements of T. For this, let S = L1 ×G
and T = L2 × H be two left groups and f ∈ Hom(S, T). The L-kernel of f , denoted by
L− Ker( f ), is the set of elements a ∈ S such that (a) f ∈ E(T), i.e.,

L− Ker( f ) = {(l, g) ∈ S : (l, g) f = (l
′
, e

′
) where l

′ ∈ L′ and e
′

is the identity of H}.

Equivalently,

L− ker( f ) = {(l, g) ∈ S : (l)s = l
′

and g ∈ Ker(t)}.

Clearly, E(S) ⊆ L − ker( f ), so it is non-empty. We say that L − ker( f ) is trivial if
L− ker( f ) = E(S). Also, we note that if the left group S is trivial, then L− ker( f ) reduces
to the kernel of a group homomorphism.

Following [3], a non-empty subset U of a left group S is said to be the sub-left group of
S if U itself is a left group under the operation of S. The next two results from [3] give the
criteria for a subsemigroup of a left group to be a sub-left group.

Lemma 2 ([3] Lemma 2.6). Let S = L1 × G be a left group and T be a subset of S. Then, T is
a sub-left group of S if, and only if, T = L2 × H, where L2 is a subsemigroup of L1 and H is a
subgroup of G.

Lemma 3 ([3] Proposition 2.8). A subset T of a left group S = L1 × G is a sub-left group of S if,
and only if, ab⊥ ∈ T for all a, b ∈ T.

A sub-left group T of a left group S is said to be a normal sub-left group of S if for each
a ∈ S and b ∈ T, we have aba⊥ ∈ T.

The next proposition gives a characterisation of a normal sub-left group of a left group.
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Proposition 4. Let S = L× G be a left group and T = L′ × H be a sub-left group of S. T is a
normal sub-left group of S if, and only if, L′ = L and H is a normal subgroup of G.

Proof. Suppose that T is a normal sub-left group of G. Then, for each a = (l, g) ∈ S and
b = (k, h) ∈ T, we have aba⊥ ∈ T. This means that (l, ghg−1) ∈ L′ × H. Therefore, l ∈ L′

and ghg−1 ∈ H. Thus, L′ = L and H is a normal subgroup of G. Conversely, suppose
that L′ = L and H is normal in G. Take any a = (l, g) ∈ S and b = (k, h) ∈ T. Now,
aba⊥ = (l, ghg−1), and from the given conditions, we have l ∈ L′, ghg−1 ∈ H. Thus,
aba⊥ ∈ T, proving that T is a normal sub-left group of G.

The next two examples illustrate how to construct sub-left groups and normal sub-left
groups of well-known left groups.

Example 3. Consider the left group S = L×Z2. The only subgroups of Z2 are Z2 and the trivial
subgroup {0}, which are clearly normal in Z2. Thus, the sub-left groups of S are of the form L′ ×Z2

and L′ × {0}, where L′ is a subsemigroup of L. There are only two normal sub-left groups, namely,
S itself and L× {0}.

Example 4. Consider the left group S = L× K4. The subgroups of K4 are {1}, {1, a}, {1, b},
{1, c} and K4 itself. All the subgroups of K4 are normal in K4. Any sub-left group of S will be of
any of the following types:

(i) L′ × K4;
(ii) L′ × {1};
(iii) L′ × {1, a};
(iv) L′ × {1, b};
(v) L′ × {1, c};

where L′ is a subsemigroup of L. On the other hand, by taking L′ = L in these cases, we obtain all
the 5 normal sub-left groups of S.

The next theorem is the main result of this section, where we generalise some of the
properties being preserved by a group homomorphism to a left group homomorphism.

Theorem 1. Let S = L1 × G and T = L2 × H be two left groups, R be any sub-left group of S
and f ∈ Hom(S, T). The following statements are true.

(i) (R) f is a sub-left group of T.
(ii) L− ker( f ) is trivial if, and only if, t is one-to-one.
(iii) L− ker( f ) is a normal sub-left group of S.
(iv) (L− ker( f )) f ⊆ E(T). Moreover (L− ker( f )) f = E(T) if s is onto, and in this case, the

former is a normal sub-left group of T.

Proof.

(i) By Lemma 2, R = L′1 × K, where L′1 is a subsemigroup of L1 and K is a sub-
group of G. Let x = (l2, h), y = (l′2, h′) ∈ (R) f . Then, there exist l1, l′1 ∈ L′1,
g, g′ ∈ K such that (l2, h) = (l1, g) f and (l′2, h′) = (l′1, g′) f . Now, xy⊥ =

(l1, g) f ((l′1, g′) f )⊥ = (l1, g) f (l′1, g′)⊥ f (by Proposition 3 (ii)). Since f ∈ Hom(S, T),
we have (l1, g) f (l′1, g′)⊥ f = ((l1, g)(l′1, g′)⊥) f . Since R is a sub-left group of S, by
Lemma 3, we have (l1, g)(l′1, g′)⊥ ∈ R. Thus, xy⊥ ∈ (R) f as required.

(ii) We have to show that L− ker( f ) ⊆ E(S). Take any (l, g) ∈ L− ker( f ). Then, (l, g) f =

(l′, e′), so ((l)s, (g)t) = (l′, e′), where l′ = (l)s and e′ is the identity of H. Now,
(g)t = e′ if, and only if, g ∈ ker(t). As t is one-to-one, ker(t) = {e}, and therefore,
g = e. Thus, (l, g) ∈ E(S), as required.
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(iii) Note that L − ker( f ) = L1 × ker(t). Since ker(t) is a normal subgroup of G, using
Lemma 2, we have that L− ker( f ) is a normal sub-left group of S, as required.

(iv) Clearly, (L − ker( f )) f ⊆ E(T). For the last statement, as E(S) ⊆ L − ker( f ),
this implies that (E(S)) f ⊆ (L − ker( f )) f . as s is onto according to Proposi-
tion 3 (ii) (E(S)) f = E(T). Therefore, E(T) ⊆ (L − ker( f )) f , showing the
reverse inclusion. As s is onto, (kert)t is a normal subgroup of H. Now,
(L− ker( f )) f = (L1 × ker(t)) f = (L1)s× (ker(t))t = L2 × H′, where L2 = (L1)s is a
subsemigroup of L2 and H′ = (ker(t))t is a normal subgroup of H. Thus, (L− ker( f )) f
is a normal subgroup of T, as required.

In the next example, we exhibit a non-trivial left group homomorphism of an infinite
left group where the L-kernel is normal but not trivial.

Example 5. Let L be a non-trivial left zero semigroup and G = Z be the group of integers. Suppose
H = Z

nZ with n ≥ 2. Consider the left groups S = L× G and T = L× H. Let f : S −→ T be a
homomorphism given by f (l, k) = (l, k(modn)). Then, L− ker( f ) = L× ker(t) = L× nZ. As
nZ is a normal subgroup of Z by Proposition 4 L− ker( f ) is a normal sub-left group of S and is
clearly non-trivial.

In a semigroup, the relationship between homomorphisms and Green’s equivalences
is complex, providing insight into the semigroup’s internal structure. Homomorphisms do
not necessarily preserve the fine structure of Green’s classes, but they do map principal
ideals to ideals. That is, if f : S → T is a homomorphism, then f (S1a) = f (S)1 f (a).
The Green’s classes in the image of a homomorphism, f (S), are often smaller than their
corresponding Green’s classes in S. For example, a single L class in S may be mapped
to multiple L classes in T by a homomorphism. Specialised semigroups called ‘trans-
formation semigroups’ are defined by maps that explicitly preserve a given equivalence
relation. These are a good example of how homomorphisms can be constructed to uphold a
specific Green’s relation. In regular semigroups, homomorphisms can have a well-defined
relationship with Green’s relations. For instance, in an inverse semigroup, which is a
special type of regular semigroup, each L class and R class contains a unique idempo-
tent. Studies on specific semigroup classes, such as completely regular semigroups, have
shown that homomorphisms can facilitate the decomposition of these semigroups based
on Green’s relations.

Like any other algebraic structure, homomorphisms are well behaved with congru-
ences in semigroups. For any homomorphism f : S → T, the kernel of f is a semigroup
congruence on S. This congruence, denoted by ker f , relates elements that map to the same
image in T, i.e., (a, b) ∈ ker f if, and only if, f (a) = f (b). A homomorphism f : S → T
also induces an isomorphism between the quotient semigroup S/ ker f and the image f (S).
This means the structure of the image can be understood by examining the congruence
classes of the kernel. In the next section, we further explore these relations in the case of
left groups.

4. Green’s Equivalences and Congruences on Left Groups

Green’s equivalences (or Green’s relations) are fundamental tools in semigroup theory.
They partition a semigroup S into classes that reveal its internal structure, especially
regarding ideals, principal ideals and factorisation properties. For a group G, Green’s
equivalences simplify drastically because every element is invertible. This forces every
group into a single Green’s class and thus there is no finer partition because invertibility
collapses the distinctions.
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Congruences are central to semigroup theory because they provide the primary mech-
anism for decomposing and analysing semigroups. In semigroup theory, a congruence is
the analogue of a normal subgroup in group theory. It is a way to define a quotient struc-
ture that remains a semigroup and enables the factorisation of a semigroup into simpler
components, analogous to factor groups.

In this section, we characterise Green’s equivalences in the case of left groups. We also
generalise some well-known results regarding congruences from groups to left groups.

Let S = L× G be a left group and let

ρ = {((l1, g1), (l2, g2)) : l1, l2 ∈ L, g1, g2 ∈ G}

be a binary relation on S. Then, ρ gives rise to binary relations σ and τ on L and G, respec-
tively, given by ((l, g), (l′, g′)) ∈ ρ if, and only if, (l, l′) ∈ σ and (g, g′) ∈ τ. Conversely,
every binary relation σ on L and τ on G gives a binary relation ρ on S. Therefore, ρ can be
viewed as the pair (σ, τ).

Let S be a semigroup and a, b ∈ S, S1a (aS1, S1aS1) denotes, respectively, the principal
left (right, two-sided) ideal of S generated by a. The five Green’s equivalences are defined
in terms of principal ideals as follows:

aLb if, and only if, S1a = S1b

aRb if, and only if, aS1 = bS1

aJ b if, and only if, S1aS1 = S1bS1

aHb if, and only if, aLb and aRb

D = L ◦R = R ◦ L = L ∨R

One can easily check that H = L ∩R, L ⊆ J and R ⊆ J since D is the join of L and
R, D ⊆ J . If the semigroup S is a group G, then all reduce to the universal relation on G,
i.e., L = R = D = J = G× G.

A relation ρ on a semigroup is considered left compatible if for all a, b, t ∈ S, we
have (a, b) ∈ S implies (ta, tb) ∈ S and right compatible if ∀ a, b, t ∈ S, (a, b) ∈ S implies
(at, bt) ∈ S. It is called compatible if it is both left compatible and right compatible. A
compatible equivalence relation on S is called a congruence on S.

Remark 2. It is easy to verify that, if ρ = (σ, τ) is an equivalence on a left group S = L× G, then
ρ is a congruence on S if, and only if, σ is a congruence on L and τ is a congruence on G.

Further details on Green’s equivalences and congruences can be found in any standard
text on semigroup theory. In particular, the reader is referred to Howie [1] and Clifford and
Preston [2].

Next, we first characterise Green’s equivalences on left groups. Unlike groups, it turns
out that not all the Green’s relations on a left group are universal. However, like in a group
G, each of the Green’s equivalence is proven as a congruence on a left group S. First, we
characterise Green’s equivalences on a left zero semigroup L. This, together with the results
on groups, provides a characterisation of left groups.

For any semigroup S, IS denotes the identity relation on S.

Proposition 5. Let L be a left zero semigroup. Then, the following statements are true.

(i) R = H = IL.
(ii) L = J = D = L× L.
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Proof. Let L be a left zero semigroup.

(i) Take any a, b ∈ L such that aRb. Then, there exists u, v ∈ L1 such that au = b, bv = a.
By the left zero property of L, a = b. This implies R = IL. Since H = L ∩ R =

L ∩ IL = IL; therefore, R = H = IL.
(ii) For any (a, b) ∈ L × L by the left zero property of L, we have ab = a and ba = b.

This implies aLb, and thus L × L = L. Now, L × L = L ⊆ J ⊆ L × L = L,
so it follows that L = J = L × L. Finally, as D = L ◦ R = R ◦ L; therefore,
D = L ◦ IL = IL ◦ L = L. Hence, L = J = D = L× L, as required.

Note that the identity relation IS and the universal relation S× S are easily seen as
compatible on any semigroup S, so the next corollary is immediate.

Corollary 3. Let S be a left zero semigroup. Then, all the Green’s equivalences are congruences
on S.

If S = L× G is a left group and ρ ∈ {L,R,H,J ,D} on S, then we denote it by ρS,
and so ρS = (ρL, ρG), where ρL and ρG denote the corresponding relations on L and G,
respectively. We are now in a position to characterise Green’s equivalences on the left
group S.

Theorem 2. Let S = L× G be a left group. Then, the following statements are true.

(i) LS = J S = DS = S× S.
(ii) RS = HS = (IL, G× G) = IL × (G× G)

Proof. Let S = L× G be a left group and ρS = (ρL, ρG) ∈ {L,R,H,J ,D}.

(i) Let ρ = L. Then, LS = (LL,LG). By Proposition 5 LL = L × L, and as already
mentioned above (see [1]), LG = G×G. Therefore, LS = (L× L, G×G) = (L×G)×
(L×G) = S× S. Since DG = J G = G×G, we can apply a similar argument to prove
that J S = DS = S× S.

(ii) By Proposition 5 HL = RL = IL, and as mentioned above, HG = RG = G× G. Now,
RS = (RL,RG) = (IL, G× G) = IL × (G× G). Since, HG = G× G, we can apply a
similar argument to prove that HS = IL × (G× G).

The equalities established in the above theorem may not hold for non-left group
semigroups. By Exercise 2.6 (1) of [1], if C is a cancellative semigroup without identity,
then L = R = D = IC, but there is a cancellative semigroup S without identity such
that J = S× S. Again, by Exercise 2.6 (2) of [1], in the bicyclic semigroup, B = N0 ×N0,
L ⊂ D = J = B× B. Thus, it would be interesting for future research to explore the
non-left group semigroup classes in which the equalities established in the above theorem
are true.

Corollary 4. Let S = L × G be a left group and ρS ∈ {LS,RS,HS,J S,DS}. Then, ρS is a
congruence on S.

Proof. We complete the proof in the form of two cases. Suppose first that ρS ∈ {LS,J S,DS}.
By part (i) of Theorem 2, ρS = S × S so trivially is a congruence on S. Suppose next
that ρS = RS and take any a, b, s ∈ S such that (a, b) ∈ ρS. Let a = (l, g), b = (l′, g′)
and s = (l′′, g′′). Now, (a, b) ∈ ρS implies (l, l′) ∈ ρL and (g, g′) ∈ ρG. By part (ii) of
Theorem 2, ρL = IL and ρG = G × G are congruences on L and G, respectively. Thus,
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ρS = RS = (RL,RG) is a congruence on G. By the similar argument HS is a congruence
on S.

In group theory, every congruence on a group G corresponds to a unique normal
subgroup and vice versa. This fundamental correspondence allows us to translate problems
on congruences into normal subgroups, which are more familiar and easy to handle. It is
natural to expect a similar kind of correspondence in the case of left groups. We are able
to provide such a correspondence on left groups. We first prove a basic lemma, which is
required to prove the main result.

Lemma 4. Let S = L × G be a left group. Then, for any a = (l, g), b = (l′, g′) ∈ S,
(ab)⊥ = b⊥a⊥.

Proof. Let a = (l, g), b = (k, h) ∈ S. Then,

(ab)b⊥a⊥(ab) = (l, ghh−1g−1gh) = (l, gh) = (l, g)(k, h) = ab.

Similarly, b⊥a⊥(ab)b⊥a⊥ = b⊥a⊥. Therefore, we get (ab)⊥ = b⊥a⊥, as required.

Now, we prove the main result of this section.

Theorem 3. Let S = L× G be a left group. The following statements hold.

(i) For any normal sub-left group T of S,

ρT = {(x, y) ∈ S× S : xy⊥ ∈ T}

is a congruence on S.
(ii) Let ρ = (σ, τ) be a congruence on S. For each idempotent (l, e) in S, the set T = (l, e)ρ is a

normal sub-left group of S if, and only if, lσ = L, and so ρ = ρT.
(iii) If T, U are normal sub-left groups of S, then ρT ∩ ρU = ρT∩U and ρT ◦ ρU = ρTU .

Proof.

(i) Let T be a normal sub-left group of a left group S. By Proposition 4, T = L× H, where
H is a normal subgroup of G. First, we show ρT is an equivalence on S.

• Reflexive: Take any a = (l, g) ∈ S. As T is a normal sub-left group of S, it follows that
aa⊥= (l, gg−1) = (l, e) ∈ T. This implies (a, a) ∈ ρT .

• Symmetric: Take any a = (l, g), b = (k, h) ∈ S. Let (a, b) ∈ ρT. Then,
ab⊥= (l, gh−1) ∈ T. Again, as S is a normal sub-left group of S, we have ba⊥= (k, hg−1)

= (k, (gh−1)−1) ∈ T. Thus, (b, a) ∈ ρT.
• Transitive: Let (a, b) and (b, c) ∈ ρT . Then, ab⊥ and bc⊥∈ T. Now bb⊥= be and

abe= a, so T being a sub-left group implies ab⊥bc⊥= ac⊥∈ T. Thus, (a, c) ∈ ρT .
Now, it remains to be shown that ρT is left and right compatible. Take any a = (l, g),
b = (k, h) and s = (m, n) ∈ S. Suppose that (a, b) ∈ ρT and so ab⊥∈ T. By Lemma 4,
sa(sb)⊥= sab⊥s⊥, and as ab⊥∈ T and T is a normal sub-left group, it follows
that sa(sb)⊥= s(ab⊥)s⊥∈ T. Thus, (sa, sb) ∈ ρT , proving the left compatibility of
ρT . Again, using Lemma 4, we get as(bs)⊥= ass⊥b⊥= aseb⊥= ab⊥∈ T. Thus,
(as, bs) ∈ ρT , proving the right compatibility. Hence, ρT is a congruence on S.

(ii) Take any congruence ρ = (σ, τ) on S = L× G and let T = (l, e)ρ, where (l, e) is an
idempotent in S. Now, as (l, e)ρ = lσ× eτ, we have to show that lσ× eτ is a normal
sub-left group, which, by Proposition 4, is equivalent to showing that lσ = L and eτ

is a normal subgroup of G. By Proposition 1.8.2 of [1] eτ is a normal subgroup of G.
Therefore, the statement holds if, and only if, lσ = L.
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Next, we have to prove that ρ = (σ, τ) = ρT = ρ(l,e) = (σl , τe), and this happens if,
and only if, σ = σl and τ = τe. Since lσ = l, it follows that σl = L × L, so σ ⊆ σl .
On the other hand, if (l1, l2) ∈ σl , then (l1, l) ∈ σ and (l, l2) ∈ σ, and because σ is
transitive, it follows that (l1, l2) ∈ σ. This proves the reverse inclusion, and thus
σ = σl . For the remaining case, (g, h) ∈ τ if, and only if, (gh−1, hh−1) ∈ τ if, and only
if, (gh−1, e) ∈ τ if, and only if, gh−1 ∈ eτ if, and only if, (g, h) ∈ τe. Thus, τ = τe

as required.
(iii) Finally, if T and U are normal sub-left groups of S, then

(a, b) ∈ ρT ∩ ρU

⇔ ab⊥ ∈ T and ab⊥ ∈ U

⇔ ab⊥ ∈ T ∩U

⇔ (a, b) ∈ ρT∩U .

Next, take any (a, b) ∈ ρT ◦ ρU there exists some c ∈ S such that (a, c) ∈ ρT and
(c, b) ∈ ρU . This implies ac⊥ ∈ T and cb⊥ ∈ U, and so ab⊥ = ac⊥cb⊥ ∈ TU. Thus,
(a, b) ∈ ρTU , proving that ρT ◦ ρU ⊆ ρTU . For the reverse inclusion, assume that
(a, b) ∈ ρTU , which implies ab⊥ ∈ TU. Thus, ab⊥ = tu for some t ∈ T and u ∈ U.
Take c = ub. Then, ac⊥ = a(ub)⊥ = ab⊥u⊥ = tuu⊥ = t ∈ T, and so (a, c) ∈ ρT . Also,
cb⊥ = ubb⊥ = u ∈ U, proving that (c, b) ∈ ρU . Thus, (a, b) ∈ ρT ◦ ρU , as required.

Hence, ρT ∩ ρU = ρT∩U and ρT ◦ ρU = ρTU . This completes the proof of the theo-
rem.

This correspondence between normal sub-left groups and congruences cannot be
extended to more general classes of semigroups because one cannot exploit the existence
of L-inverses, L-identities and idempotents in a general semigroup. For example, if S is
a commutative semigroup, then there exists a congruence η on S such that the quotient
semigroup S/η is a semilattice. Since a semilattice is not a left group, this congruence
cannot correspond to a normal sub-left group.

In a semigroup S, a congruence is a special type of equivalence relation that can be
characterised as a diagonal subsemigroup of the direct product S × S with additional
properties. The connection reveals how a congruence can be understood as an algebraic
substructure of the larger semigroup product. The connection is established by showing
that a congruence on S is precisely a diagonal subsemigroup of S× S that is also a reflexive,
symmetric and transitive relation. For a group G, the connection becomes simpler. In
this case, every diagonal subgroup of G × G is automatically a congruence on G. The
equivalence between diagonal subsemigroups and congruences does not hold for general
semigroups, showing a key difference from groups. This difference motivated the definition
of a DSC semigroup—a semigroup where every diagonal subsemigroup is necessarily a
congruence. In the next section, we explore the DSC property in the case of left groups.

5. Diagonal Subsemigroups and Left Groups

Let S be a semigroup and ρ ⊆ S× S. Then, ρ is said to be a diagonal subsemigroup of
S× S if ρ is a subsemigroup of S× S containing the identity relation IS on S. It is natural
to then determine for which semigroups S a congruence ρ on S corresponds to a diagonal
subsemigroup of S × S and vice versa. This study has been undertaken in [8], and this
motivated us to investigate this interesting question for a left group S. The next lemma is
immediate, but for completeness, we include its proof.

Lemma 5. If ρ is a congruence on a semigroup S, then it is a diagonal subsemigroup of S× S.
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Proof. Let ρ be a congruence on S. Since ρ is reflexive, it follows that IS ⊆ ρ. Take any
(a, b) and (c, d) in ρ. Since ρ is compatible, it follows that (a, b)(c, d) = (ac, bd) ∈ ρ. This
proves that ρ is a diagonal subsemigroup of S× S.

It is important to determine when the converse of the above lemma holds. In par-
ticular, is the converse true if S = L× G is a left group? In this section, we shall answer
this question.

Lemma 6. Let S = L × G be a left group and ρ = (σ, τ) ⊆ S × S. Then, ρ is a diagonal
subsemigroup of S× S if, and only if, σ is a diagonal subsemigroup of L× L and τ is a diagonal
subsemigroup of G× G.

Proof. Observe that σ ⊆ L× L and τ ⊆ G × G. Also, ρ2 ⊆ ρ if, and only if, σ2 ⊆ σ and
τ2 ⊆ τ. Thus, ρ is a subsemigroup of S× S if, and only if, σ is a subsemigroup of L× L and
τ is a subsemigroup of G× G. Finally, as IS = (IL, IG), it follows that IS ⊆ ρ if, and only
if, IL ⊆ σ and IG ⊆ τ. Hence, we conclude that ρ is a diagonal subsemigroup of S× S if,
and only if, σ is a diagonal subsemigroup of L× L and τ is a diagonal subsemigroup of
G× G.

The next result shows that for a group G, the notions of a diagonal subgroup and a
congruence are equivalent.

Proposition 6. Let G be a group and τ be a diagonal subgroup of G× G. Then, τ is a congruence
on G.

Proof. As τ is a subgroup of G× G, the compatibility follows automatically. So, we only
need to show that τ is an equivalence on G.

(i) Reflexive: Since IS ⊆ τ, clearly τ is reflexive.
(ii) Symmetric: Let (g, h) ∈ τ. As (h−1, h−1) ∈ τ and τ is a subgroup of G × G, it

follows that (g, h)(h−1, h−1) = (gh−1, e) ∈ τ. Again, as (g−1, g−1) ∈ τ, by the same
argument, we have (g−1, g−1)(gh−1, e) = (h−1, g−1) ∈ τ. Since τ is a subgroup,
(h, g) = (h−1, g−1)−1 ∈ τ, as required.

(iii) Transitive: Let (g, h) and (h, k) ∈ τ. As (h−1, h−1) ∈ τ and τ is a subgroup of G× G,
we get (g, k) = (g, h)(h−1, h−1)(h, k) ∈ τ. This shows that τ is transitive.

Hence, τ is a congruence on G.

By Example 1.3 of [8], for a 2-element left zero semigroup L, it is not true in general
that a diagonal subsemigroup of L× L is a congruence on L. The next example illustrates
that the same holds for a 3-element left zero semigroup.

Example 6. Consider the left zero semigroup L = {l, m, n} and take

σ = {(l, l), (l, m), (m, m), (l, n), (n, n)}.

Clearly, σ is a diagonal subsemigroup of L × L, but it is not a congruence on L, as it is not
symmetric.

Following [8], a semigroup S is said to be DSC if every diagonal subsemigroup of
S× S is a congruence on S. Thus, by the above examples, any 2-element and 3-element
left zero semigroup is not DSC. The next proposition allows us to extend it to any left
zero semigroup.
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Proposition 7. A 3-element left zero semigroup can be embedded into any left zero semigroup T
such that |T| ≥ 3.

Proof. Let S = {a1, a2, a3} be a 3-element left zero semigroup and let T = {b1, b2, b3, . . .}
be any left zero semigroup, where |T| ≥ 3. Since |T| ≥ 3, we can select three distinct
elements from T to be the images of the elements of S. Let us define a map φ : S → T as
follows: φ(a1) = b1, φ(a2) = b2 and φ(a3) = b3. The map φ is clearly injective, as it maps
distinct elements of S to distinct elements of T. For any x, y ∈ S, we have φ(xy) = φ(x)
and φ(x)φ(y) = φ(x). Since φ(xy) = φ(x)φ(y), the map is a homomorphism and thus an
embedding.

The next proposition is important in deciding the DSC property for the case of left
groups.

Proposition 8. Let S = L × G be a left group. Then, S is DSC if, and only if, both L and G
are DSC.

Proof. By Remark 2, an equivalence ρ = (σ, τ) is a congruence on S if, and only if, σ is
a congruence on L and τ is a congruence on G. By Lemma 6, ρ = (σ, τ) is a diagonal
subsemigroup of S× S if, and only if, σ is a diagonal subsemigroup of L× L and τ is a
diagonal subsemigroup of G× G. This completes the proof of the lemma.

Thus, through Propositions 7 and 8, we conclude the following important results
regarding the DSC property of left zero semigroups and left groups.

Corollary 5. A left zero semigroup L is DSC if, and only if, it is trivial.

By Corollary 2.5 of [8], a finite semigroup S is DSC if, and only if, it is a group. In
particular, it implies that every finite group G is DSC. The next example illustrates that an
infinite group is not necessarily DSC.

Example 7 ([8] Example 1.5). Let Z denote the infinite cyclic group. Then, the relation τ =

{(x, y) : x ≤ y} is a diagonal subsemigroup of Z×Z but not a congruence on Z.

Corollary 6. If S = L× G is a non-trivial left group (finite or infinite), then S is not necessar-
ily DSC.

In fact, we have a stronger result.

Corollary 7. A left group S = L× G is DSC if, and only if, |L| = 1 and G is a finite group.

Proof. Suppose that S = L × G is a DSC semigroup. Then, by Lemma 6, both L and G
must be DSC. If |L| ≥ 2, then by Example 6 and [8], Example 1.3 L cannot be DSC. Thus, |L|
must be 1. Also by Example 7 and Corollary 2.5 of [8], G must be a finite group. Conversely,
if these two conditions are satisfied, then S = {l} × G is a finite semigroup isomorphic to
G. As G being a finite group is DSC, it follows that S is DSC, as required.

Next, we illustrate the above corollary with the help of an example.

Example 8. Consider the left group S of Example 1 with L = {l1, l2}. Let σ = {(l1, l1), (l1, l2),
(l2, l2)}. Then, σ is a diagonal subsemigroup of L× L but not a congruence on L. Take any diagonal
subsemigroup τ of G× G. Then, τ is a congruence on G. By Lemma 8, S cannot be DSC.
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We end this section by observing whether or not the DSC property is preserved under
the common construction of left groups, such as direct products or strong semilattices of
left groups. By Corollary 7, a left group is DSC if, and only if, it is isomorphic to a finite
group G. As any finite direct product of finite groups is again a finite group, it must be
DSC. Thus, we get an important result.

Corollary 8. Let S1, S2, . . . , Sn be DSC left groups and let S = S1 × S2 × · · · × Sn be their finite
direct product. Then, S is DSC.

By Theorem 4.2.1 of [1], a semigroup S is a strong semilattice of groups if, and only if,
S is a Clifford semigroup; that is, if, and only if, S is regular and the idempotents of S are
central. A finite strong semilattice of finite groups is not necessarily a finite group and so
cannot be DSC. The simplest example is the two-element semigroup S = {0, 1} with usual
multiplication of integers. It is clearly a regular semigroup with two central idempotents 0
and 1. Thus, S is a finite non-group Clifford semigroup, as 0 has no inverse in S. Hence, we
conclude that a strong semilattice of DSC left groups may not be a DSC semigroup.

6. Conclusions

In this paper, we explored the group-like properties of left groups. We considered the
study of monogenic left group monoids and proved that a left group monoid is monogenic
if, and only if, the left zero monoid component,and the group component are monogenic.
We extended properties of group homorphisms to that of left group homomorphisms. In
particular, we introduced the notion of the L-kernel, which extends the kernel of a group
homomorphism and forms a normal sub-left group. We also characterised Green’s equiva-
lences and congruences on left groups. The major contribution of this characterisation is
the establishment of a correspondence between congruences and normal sub-left groups,
analogous to a well-known correspondence between congruences and normal subgroups in
groups. Finally, we explored the DSC property for left groups and proved that a non-trivial
group fails to satisfy the DSC property. Basic but non-trivial examples have been provided
to the reader to explain the new concepts and to justify the analogous results. Detailed
counter examples have been provided for certain results that do not hold. The impacts of
the results on their applications have been highlighted in the introduction. Overall, the
paper has achieved its goal of exploring group-like properties for left groups. However,
this paper has opened a new direction for future research. Specifically, one may explore the
deep structure of left groups, their endomorphisms and their automorphisms by taking
some well-known groups. One could also explore these properties for rectangular groups,
strong semilattices of left groups and strong semilattices of rectangular groups (see [9–15]).
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Abstract: From an arbitrary definition of operators inspired by oscillators of Virasoro, an
algebra is derived. It fits the structure of Virasoro algebra with null central charge or Witt
algebra. The resulting formalism has yielded commutators with a dependence on integer
numbers, and it follows the Witt-like algebra. Also, the quantum mechanics evolution
operator for the case of the quantum harmonic oscillator was identified. Furthermore, the
Schrödinger equation was systematically derived under the present framework. When
operators are expressed in the framework of Hilbert space states, the resulting Witt algebra
seems to be proportional to the well-known canonical commutation relation. This has
demanded the development of a formalism based on arbitrary and physical operators as
well as well-defined rules of commutation. The Witt-like was also redefined through the
direct usage of the uncertainty principle. The results of the paper might suggest that Witt
algebra encloses not only quantum mechanics’ fundamental commutator but also other
unexplored relations among quantum mechanics observables and Witt algebra.
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1. Introduction

1.1. Motivation

It is well known the role of string theories in the direct development of mathematical
physics and in the theory of elementary particles. String theories have influenced us to
gain a deep understanding of cosmology and gravitation, black holes, for example, and
other areas of theoretical physics. Although it has not been experimentally probed so
far, a noteworthy strength and well-known capability of string theories constitutes its
theoretical formalism exhibiting a robust mathematical structure. On the other hand, it is
fair to wonder if such mathematical technology might have direct application to tangible
quantum theory and solve realistic problems. For instance, abstract theories based on
algebra applied to tangible QM are seen in the work of Girving et al. [1]. There, the density
operator has been used in the study of variational estimates for the excitation energy of
the quantum Hall effect. This operator has fulfilled the Lie algebra. P. Ginsparg [2], under
the context of conformal field theory, has applied Laurent expansion to the stress-energy
tensor to derive Virasoro’s algebra, which was discovered inside the framework of string
theories. J. Ellis et al. [3] have concluded that the whole string theory is quantum mechanics
(QM) according to their results, by which it was found that massive string states are related
to quantum light states. In the same way, S. Katagiri et al. [4] have tried to close the
gap between abstract string theory formalism and QM observables. In fact, they have
reformulated Virasoro’s generators to address the modeling of Nth-order squeezing with
operators’ position and momentum. Indeed, the well-known quantum time-dependent
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harmonic oscillator was treated with Virasoro’s oscillators. The spirit of this paper just
goes over the avenue characterized by the lack of a direct link between string theory and
quantum mechanics. This paper just explores this lack by using new definitions based on
Virasoro’s generators.

1.2. Background

In the context of the Veneziano model [5], new gauge conditions were formulated,
giving origin to what is known as string theory. In this context emerged the so-called
Virasoro algebra [6] with central charge c, and this algebra can be written below as follows:

[Lm,Ln] = (m− n)Lm+n +
c

12
(m3 −m)δm+n,0. (1)

It is evident that δm,−n is well-known as the delta of Krönecker. Operators Lm, also called
oscillators of Virasoro, defined as a sum of products between no-commutative modes, can
be written as

Ln =
1
2 ∑

p∈Z
αn−pαp. (2)

The Operators written above have played a critical role in the formulation of dual models
that express the covariant form of harmonic oscillator containing infinite modes satisfy-
ing [α

μ
p , αν

q ]=δp,qgμ,ν as seen in the work of R. C. Brower in [7]. Virasoro algebra from
Lie generators and its link to Lie group because the c−number was studied by P. V.
Alstine in [8], where it was also analyzed as to its direct relation to QM Jacobi the-
ory, yielding interesting relationships involving the oscillators as new representations
of c−number. In [9] R. Akhoury and Y. Okada have investigated the role of Virasoro
oscillators as a function of classical variables inside the framework of Hamiltonian such as
H = ∑i πi q̇i − L(Xμ, Xν) with the Lagrangian enclosing the action of closed bosonic string
theory. The resulting oscillators have yielded a copy of Virasoro algebra at the flat space.
Here, it was also reformulated oscillators that have been defined in order to annihilate
ghosts, a fact that demanded the construction of a series of commutation relations (not like
Virasoro algebra). Y. Saito in [10] has investigated the action of Virasoro oscillators inside
the Becchi–Rouet–Stora (BRS) formalism in the form of subsidiary conditions specifically
as seen in the action of them onto the Fock’s space for n > 0:

(Ln + α0δn,0) |phys〉 = 0. (3)

Indeed, Saito observed that under conditions dictated by Virasoro algebra, they do not
eliminate the negative states of a squeezed string. Such conditions have derived the
redefinition of Virasoro oscillators in a new version, this being a kind of extension from
the standard structure of algebra. In addition, complex forms in accordance with the ones
obtained by Scherk, as seen in [11], were found. Variations on the Virasoro oscillators
have been obtained in [12] through the modifications of Kac–Moody algebra, arriving at
modified Virasoro oscillators containing also Kac–Moody generators and yielding other
classes of Virasoro algebra (Equation (2.7), Ref. [11]). Here, it was seen the role of the central
charge to interpret some properties of oscillators to some extent (see [13] for example).

1.3. Contribution of Paper

As mentioned above in [4], S. Katagiri and collaborators have postulated the idea that
Virasoro generators, despite the fact that they are dimensionless entities in string theories,
can be expressed as linear combinations of momentum and position operators (see in [4]
Section 4.1, Equation (1), for instance). In the context of Katagiri’s work the generators can
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be written as Li = − i
2 (x̂

i+1p̂− p̂x̂i+1) with an i integer number and Li satisfying algebra
Equation (1). It is interesting to find possible links between dimensionless operators
(Virasoro oscillators) and QM observables since it might yield important implications that
cross an unproven string theory and tested QM theory [14]. As it is well-known, QM is
based on a sophisticated mathematical formulation of physics operators acting on wave
functions, in full agreement with QM postulates [15]. The central equation of QM theory,
known as the Schrödinger equation, is written as

H(x̂, p̂) |Ψ(r, t)〉 = E |Ψ(r, t)〉 , (4)

being H is the Hamiltonian operator [16–19] often depending on x̂ and p̂, the position
and momentum operators, respectively, satisfying the well-known canonical commutation
relation that can be written as

[x̂, p̂] = ih̄, (5)

and h̄ the Planck constant [20–23]. This relation constitutes the main piece in the formulation
of quantum theory. Moreover, other relations can be derived from it. An important aspect
linked to Equation (5) is the unknown mathematical procedure that yields that. Some
attempts have been performed in the past [24,25]. In this manner, it is interesting to identify
a clear link (if any) between Equation (5) and the so-called Witt’s algebra (or also centerless
Virasoro algebra) [26–29] that is defined as

[Ξm, Ξn] = (m− n)Ξm+n, (6)

with Ξq Virasoro oscillators that have played a noteworthy role in the development of
string theory. While m and n are integer numbers, Equation (6) is also called Virasoro
algebra without central extension [30–35] or Witt’s algebra that can be rewritten again as

[L(u, m),L(u, n)] = g(m, n)A(u, Ξq), (7)

with g(m, n) a function of integer numbers, and A(u, Ξq) a function of commutators such
as the ones of Equation (5), and u being a physical observable. Therefore, this paper has as
its central objective to demonstrate that there exists an alternative way that would allow us
to arrive at the Canonical Commutation Relation (CCR) in a closed form from Witt algebra
in a direct or indirect way. (By which new types of Virasoro oscillators Lq are proposed.)
To accomplish this, it is argued that Lq(s) is proportional to the QM momentum operator
defined as

p̂ =
h̄
i

d
ds

, (8)

in the sense that (Lq(s) ∝ pY(s), with operator operating onto Y(s) being an arbitrary
integration as shall be seen below). Thus, all of the above allows us to write down the
oscillator Lq(s) as

Lq(s) =
d
ds

∫
δ(w− s) f (w)gq(s, w)dw. (9)

It should be noted that the derivative in Equation (8) comes from Equation (8), and the
quantity h̄

i is absorbed by integration (only for pedagogical reasons). With respect to
Equation (9), the derivative d

ds with s having units of distance with q integer number
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and “δ(w − s)” Dirac delta function and gq(s, w) arbitrary function. In this manner the
hypothesis would consist that these oscillators are fulfilling the algebra:

[Lp,Lq] = (p− q)Lp+q. (10)

Therefore, the proposal of this paper is to establish that the left side of Equation (10) follows
the rule:

[Lp,Lq] ≡ A([x̂, p̂]), (11)

by which one can see that Witt algebra might be an explicit function of CCR through the
A(·) function of QM commutators [x̂, p̂] . As shall be demonstrated in the next sections,
Lq(s) is a pure QM expression in the sense that it has an imminent ground based on wave
function and physical observables. Because of this, one would expect a set of QM relations
such as CCR, for example. Indeed, extra commutators can also be derived, but without
physics meaning.

Thus, oscillator Equation (9) can be seen as a kind of arbitrary expression instead of
being perceived as one belonging to QM or having a well-defined physics profile. When h̄

i
is restored into Equation (9):

Lq(s) =
h̄
i

d
ds

.
∫

δ(w− s) f (w)gq(s, w)dw. (12)

One can see that while
∫

δ(w− s) f (w)gq(s, w)dw the whole integration is dimensionless,
oscillator Lq(s) from Equation (12) is proportional to momentum operator Lq(s) ≈ p, since
h̄ has units of momentum times distance. The rest of the paper is as follows: The second
section presents the proposal of redefining Virasoro oscillators as a kind of Witt operator.
Here are described the key pieces of paper. In the third section, the QM interpretation of
Witt operators is explored by means of the derivation of the QM evolution operator as well
as the Schrödinger equation. In the fourth section, the results of the paper are explicitly
presented, and finally, the conclusion of the paper is given.

2. Definition and Properties of Witt Operators

We begin the present debate with the consideration of arbitrary operators: Am and An

with m and n integer numbers, then it is said that both satisfy Witt algebra [36–40] if

[Am,An] = (m− n)Am+n. (13)

From above it is clear that commutator is understood to follow the rule:

[Am,An] = AmAn −AnAm, (14)

so that it is obvious that

AmAn −AnAm = mAm+n − nAm+n. (15)

So far, no information about operators Am and An has been explicitly manifested. In other
words, these operators are not necessarily to be subjected to being a real or complex quantity.
Nevertheless, in virtue of Equation (12), one can see its complex character (although it can
also be defined as pure real expression). It is important to observe that such operators are
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arbitrary entities without any concrete role. Based on the structure shown in Equation (12)
with h̄ = 1, one can define a kind of Witt operator (being them complex quantities) as

LK = x�

(
i√
2

)
δm
�

d
dx

∫ ∞

−∞
δ(x− xm)xK

mdxm, (16)

and its corresponding “partner” (essentially follows the change K → L) in the sense that

LL = x�

(
i√
2

)
δm
�

d
dx

∫ ∞

−∞
δ(x− xm)xL

mdxm. (17)

It should be noted that subindices K and L are seen inside integration through polynomials
xK

m and xL
m. Now, written in that way, LK and LL are exhibiting their dimensionless

character. Indeed, it is seen in both the presence of the delta of Krönecker as well as the
Dirac delta function [41–43]. Indeed, it should be noted that 1√

2
plays the role of a kind

of normalization constant, although it is not exactly its genuine function, as shall be seen
later. Because of the complex numbers, one can claim at first instance that both operators
are pure complex entities. The reader can be aware that when Equations (16) and (17) are
solved independently, [LK,LL]=LKLL − LLLK = 0. Nevertheless, the case when we are
operating on each other and vice versa, the commutator yields [LKLL −LLLK] �= 0.

In this manner and by following the order seen in Equation (14), the next step is to
calculate [LK,LL] = LK ⊗LL − LL ⊗LK, that demands to calculate the products:

LK ⊗LL, (18)

LL ⊗LK, (19)

with ⊗ denoting the product of operators. In this manner one can carry out the products
firstly in Equation (18) as follows:

LK ⊗LL = x�

(
i√
2

)
δm
�

d
dx

∫ ∞

−∞
δ(x− xm)xK

mdxm ⊗ x�

(
i√
2

)
δm
�

d
dx

∫ ∞

−∞
δ(x− xm)xL

mdxm. (20)

This can be also written as[
x�δm

�

(
i√
2

)
d

dx

∫ ∞

−∞
δ(x− xm)xK

mdxmx�δm
�

]
⊗
(

i√
2

)
d

dx

∫ ∞

−∞
δ(x− xm)xL

mdxm. (21)

Also that product x�δm
� has passed to be inside the bracket on the left side. Further oper-

ations will do the direct usage of delta of Krönecker by affecting the quantity x� in both
extremes, yielding for them δm

� x� = xm, so that subsequently � opts for m in the whole
Equation (21). Thus, one obtains

LK ⊗LL =

[(
i√
2

)
d

dx

∫ ∞

−∞
δ(x− xm)xK+2

m dxm

]
⊗
(

i√
2

)
δm
�

d
dx

∫ ∞

−∞
δ(x− xm)xL

mdxm. (22)

The same operation as done to the left-side bracket is applied to the right side. On the
other side, it is obvious that

(
i√
2

) (
i√
2

)
= − 1

2 by which the product LK ⊗LL is flipping to
real space. In this manner, one arrives at

LK ⊗LL =

(
−1

2

)[
d

dx

∫ ∞

−∞
δ(x− xm)xK+2

m dxm

]
⊗ δm

�
d

dx

∫ ∞

−∞
δ(x− xm)xL

mdxm. (23)
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From above it is clear that polynomial xm was absorbed by integrations in both sides,
so that one has below that

LK ⊗LL =

(
−1

2

)
d

dx

∫ ∞

−∞
δ(x− xm)xK+2

m dxm
d

dx

∫ ∞

−∞
δ(x− xm)xL

mdxm. (24)

Integrations containing the Dirac delta functions and their subsequent derivatives are
solved in a straightforward manner. For the right side, one obtains

d
dx

∫ ∞

−∞
δ(x− xm)xL

mdxm =
d

dx
xL = LxL−1. (25)

The same procedure is applied to the left side as follows:

d
dx

∫ ∞

−∞
δ(x− xm)xK+2

m dxm =
d

dx
xK+2 = (K + 2)xK+1, (26)

so that one arrives at

LK ⊗LL =

(
−1

2

)
(K + 2)xK+1LxL−1 =

(
−1

2

)
L(K + 2)xK+L. (27)

In order to solve product LL ⊗LK, the reader should be aware that it follows as done to
LK ⊗LL. With this view, one can write down

LL ⊗LK =

(
−1

2

)
xm d

dx

∫ ∞

−∞
δ(x− xm)xL

mdxmxm d
dx

∫ ∞

−∞
δ(x− xm)xK

mdxm. (28)

Therefore, one arrives at

LL ⊗LK =

(
−1

2

)
(L + 2)xL+1KxK−1 =

(
−1

2

)
K(L + 2)xK+L. (29)

Equations (27) and (29) allow us to calculate the commutator [LK,LL] =LK ⊗LL −LL⊗LK.
Therefore, by putting them altoobtainher, one can demonstrate that [LK,LL] is in full
agreement with Witt algebra LK ⊗LL −LL ⊗LK =(

−1
2

)
L(K + 2)xK+L −

(
−1

2

)
K(L + 2)xK+L =

(
−1

2

)
(LK + 2L− KL− 2K)xK+L

=

(
−1

2

)
(2L− 2K)xK+LLK ⊗LL −LL ⊗LK = (K− L)xK+L ⇒ [LK,LL] = (K− L)xK+L, (30)

that satisfies the Witt-like algebra:

[LK,LL] = (K− L)xK+L. (31)

One can note that Equation (31) fits exactly to Witt algebra if the following proposal holds:

xK+L ⇒ LK+L, (32)

that can be validated through the usage of Equation (16), for example, with the substitution
K → K + L
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LK+L = x�

(
i√
2

)
δm
�

d
dx

∫ ∞

−∞
δ(x− xm)xK+L

m dxm (33)

=

(
i√
2

)
d

dx

∫ ∞

−∞
δ(x− xm)xK+L+1

m dxm =

(
i√
2

)
(K + L + 1)xK+L+1 (34)

⇒ LK+L =

(
i√
2

)
(K + L)xK+L+1 +

(
i√
2

)
xK+L+1. (35)

Aside, while Equation (35) is divided by ix√
2

one obtains

⇒ LK+L
ix√

2

= (K + L)xK+L + xK+L ⇒ LK+L
ix√

2

− xK+L = (K + L)xK+L, (36)

and one can see from above right-side Equation (36) one obtains directly the following:

LK+L
ix√

2

= (K + L + 1)xK+L. (37)

Yielding that Equation (32) is satisfied under the condition derived above, written as

x =

√
2

i(K + L + 1)
, (38)

establishing the fact that under the proposal given by Equation (32), K + L �= 1. One can
see that if this inequality is violated, therefore, one can see in a straightforward manner
inside Witt algebra the following:

[LK,LL]

∣∣∣∣
K+L=1

= (K− L)xK+L
∣∣∣∣
K+L=1

⇒ [L1−L,LL] = (1− 2L)x, (39)

yielding another type of algebra differing notably from Witt algebra. It is easy to check that
the commutation is null only when L = 1

2 , which cannot be sustained in a scenario of Witt
or Virasoro algebra that depends only on integer numbers.

Interestingly, the Witt commutator in the last term of Equation (29) can also be de-
rived in a straightforward manner through the assumption that symmetry exists between
operators, in the sense that when Equation (27) opts for K → L and L → K, one obtains
Equation (29). Thus, has that

LK ⊗LL =

(
−1

2

)
L(K + 2)xK+L, (40)

K → L

L → K

LL ⊗LK =

(
−1

2

)
K(L + 2)xL+K, (41)

yielding directly [LK,LL] = (K − L)xK+L providing the fulfilling of Witt algebra. Aside,
one can argue that this operation of symmetry might be considered a sufficient condition
to arrive at Witt algebra in a straightforward manner.
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3. Role of Witt Operators in Non-Relativistic QM

3.1. Identification of QM Structures

Since DeWitt operators Equations (16) and (17) exhibit the same structure, then one
can carry out kind of “mathematical radiography” in order to interpret them inside QM
territory. Thus, for example, one can rewrite Equation (16) as

LK = x�

(
i√
2

)
δm
�

d
dx

∫ ∞

−∞
δ(x− xm)xK

mdxm, (42)

moreover, by taking into account these definitions through the usage of bra and kets as
states of Hilbert space, one obtains below:

δ(x− xm) = 〈x|xm〉 , (43)

xK
m = 〈xm|K〉 . (44)

In virtue to properties of brat and ket of Dirac’s formalism, ΦK(xm) = 〈xm|K〉 = xK
m, indi-

cating now braket 〈xm|K〉 is defined as a polynomial of Kth order, so that one can rewrite
Equation (42) as

LK = x�

(
i√
2

)
δm
�

d
dx

∫ ∞

−∞
〈x|xm〉 〈xm|K〉 , dxm. (45)

Here, it should be noted that one can appeal to the well-known completeness relationship
as commonly used in QM: ∫ ∞

−∞
|xm〉 〈xm| dxm = I, (46)

that applies to integration Equation (45) as follows:

LK = x�

(
i√
2

)
δm
�

d
dx

∫ ∞

−∞
〈x| |xm〉 〈xm| dxm |K〉 ,= x�

(
iδm
�√
2

)
d

dx
〈x|

[∫ ∞

−∞
|xm〉 〈xm| dxm

]
|K〉 . (47)

In this way, operator can again be rewritten as

LK = x�

(
iδm
�√
2

)
d

dx
〈x| I |K〉 =

(
iδm
�√
2

)
x�

d
dx
〈x|K〉 . (48)

With the definition of function 〈x|K〉 = ΦK(x), it allows to arrive to a form of operator as

LK =

(
iδm
�√
2

)
x�

d
dx

ΦK(x), (49)

in conjunction with its partner, given by

LL =

(
iδm
�√
2

)
x�

d
dx

ΦL(x). (50)

Subsequently, when we incorporate the Planck’s constants in both Equations (49) and (50),
we arrive at

LK =

(
− δm

�√
2h̄

)
x�

h̄
i

d
dx

ΦK(x), (51)

LL =

(
− δm

�√
2h̄

)
x�

h̄
i

d
dx

ΦL(x). (52)
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It is easy to observe above that the momentum operator p = h̄
i

d
dx has been identified. With

this, one can rewrite Equations (51) and (52) as follows:

LK =

(
− δm

�√
2h̄

)
x�pΦK(x), (53)

LL =

(
− δm

�√
2h̄

)
x�pΦL(x). (54)

Consider for example, Equation (53), so that both sides are multiplied by p

M
√

2
; in this

manner, one obtains

p

M
√

2
LK =

(
− δm

�

h̄

)
x�

p2

2M
ΦK(x) =

(
− xm

h̄

) p2

2M
ΦK(x), (55)

the right side exhibits the form of kinetic energy. This fact can be harnessed in order to ad-
dress quantum properties that presumably would emerge Witt operators in a direct manner.

3.2. Quantization of Harmonic Oscillator

One can write again Equation (55) under the argumentation of eigenvalue equations
such as

p2

2M
ΦK(x) = − h̄p

M
√

2xm
LK. (56)

Thus, one can claim that Equation (56) is a kind of Schrödinger equation established
for a harmonic oscillator whose Hamiltonian is operating onto ΦK(x). Therefore, by
incorporating the potential energy in the left side above, one obtains

HΦK(x) =
[

p2

2M
+

Mω2x2
m

2

]
ΦK(x). (57)

From Equation (56), one arrives at

HΦK(x) = − h̄p

M
√

2xm
LK. (58)

It can be noted that on the right side of Equation (58), a frequency emerges in the sense that

p

M
√

2xm
≡ ω, (59)

by encompassing the balance of physical units on both sides of Equation (58). Thus, one
obtains below that

HΦK(x) = −h̄ωLK. (60)

Equation (60) offers an interesting scenario to speculate about the physical meaning of that
equation. Thus, while it is assumed, for instance, (It is allowed in virtue of the polynomial
character of Equations (16) and (17).) ΦK(x) = x−( K

2 +1) and guided by main definitions
Equations (16) and (17) (having a derivative), then one can also assume the relationship:

LK =
d

dx
ΦK(x), (61)
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fact that allows us to arrive at quantized energies of harmonic oscillator given by

HΦK(x) = h̄ω(
K
2
+ 1)ΦK(x). (62)

3.3. Derivation of Schrödinger Equation

Despite the fact that to some extent the procedures above have been done inside a
purely arbitrary scheme, some noteworthy aspects associated with tangible physics, such as
the harmonic oscillator (e.g., Equation (62) presented above), might be consistently derived.
For example, consider the case that states are canceling each other:

LK + ΦK(x) = 0, (63)

implying the triviality LK ⇒−ΦK(x), then from Equation (58) one arrives at

HΦK(x) =
h̄p

M
√

2xm
ΦK(x). (64)

In this way one should be guaranteed that h̄p

M
√

2xm
must be consistent with units of energy.

It can be so only if

p

Mxm
√

2
=

1
t
≡ ω, (65)

having units of frequency. In this way, one can multiply by the left side of both terms of
Equation (59) by Mx2

mω, yielding√
1
8

ωxmp =
1
2

Mx2
mω2 = EHAR, (66)

the classical energy of the harmonic oscillator again, and units are checked on both sides.
In addition, from Equation (53), for example, one has again that

LK =

(
− δm

�√
2h̄

)
x�pΦK(x) =

(
− 1√

2h̄

)
xmpΦK(x). (67)

With the usage of Equations (65) and (66) one arrives at

LK =

(
− 2

h̄ω

)√
1
8

ωxmpΦK(x). (68)

Now one can see that now operator is proportional to the energy of the harmonic oscillator,
so that one can write down that

LK =

(
− 2

h̄ω

)
EHARΦK(x). (69)

Based on the approximation Equation (65),

ω =
1

Δt
. (70)

Additionally, one can extend the meaning of Equation (63) so that one has two roots:

(ΦK(x)−LK)

(
ΦK(x)− i

2
ΨK(x)

)
= 0, (71)
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by allowing to arrive in the reformulation of field ΦK(x) as

ΦK(x)⇒ i
2

ΨK(x), (72)

then, operator Equation (69) can be written as

LK =

(
− iEHARΔt

h̄

)
ΨK(x). (73)

From above, if Δt passes to the left side, then one has the below:

LK
Δt

=

(
− iEHAR

h̄

)
ΨK(x). (74)

In this way, the mathematical structure of the above Equation (74) is suggesting to accept
that term in brackets on the right side is the outcome of the time-derivative of the well-
known QM evolution operator given by U(t − t0) = Exp

[
−i iEHAR(t−t0)

h̄

]
. Thus from

Equation (74) follows that

LK
Δt

≡
{

∂

∂t
U(t− t0)

}
ΨK(x) =

{
∂

∂t
Exp

[
−i

iEHAR(t− t0)

h̄

]}
ΨK(x) =

(
− iEHAR

h̄

)
ΨK(x), (75)

by which it was assumed Δ = t − t0. By taking into account the first and last terms of
Equation (75) (from left to right), it can also be written in a more familiar manner as

ih̄
1

Δt
LK = EHARΨK(x). (76)

Since the kinetic part is missing, then it might be associated with the approximation under
the assumption (That can also be understood as the inequality: xm � p

Mω in the classical
limit applying systems with a large amplitude of oscillation) of EKI

EHAR
≈ 0

EHAR ≈ EHAR

(
1 +

EKI

EHAR

)
⇒ EHAR + EKI. (77)

For infinitesimal times (commonly expected in quantum systems), one can approximate
1
Δ → ∂

∂t so that one can employ the time derivative on the left side of Equation (57); therefore
one arrives at

ih̄
∂

∂t
LK = (EHAR + EKI)ΨK(x) = EΨK(x). (78)

Also, one can see that if operator LK coincides with field ΨK(x) (or LK = ΨK(x)), then,
because of this, one can write down the Schrödinger equation:

ih̄
∂

∂t
ΨK(x) = EΨK(x). (79)

It should be noted that under the equality LK = ΨK(x) and Equation (72), one also arrives at

(LK −Ψk)(LK −
i
2

Ψk) = 0, (80)

leading to quadratic equation:

L2
K −

(
i
2
+ 1

)
ΨKLK −

i
2

Ψ2
K = 0. (81)
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by which holds the commutation [LK, ΨK] = 0, clearly not necessarily to be fulfilled.

4. Main Result

As shown above, both the evolution operator and the Schrödinger equation might be
revealing some aspects that are not evident from Witt algebra as well as from the operators
initially defined by Equations (13) and (14). In this manner, one can argue that these central
operators and involved algebra would be more intrinsically associated with the aspects
of quantum mechanics than being simple abstract operators belonging to unphysical Witt
algebra. Under this view, Equations (49) and (50) can be harnessed to be used directly, with
p = h̄

i
d

dx , in commutators such as [LK,LL] = LK ⊗LL −LL ⊗LK =

[LK,LL] =

[−δm
� x�

i
√

2
d

dx
ΦK(x)

]
⊗
[−δm

� x�
i
√

2
d

dx
ΦL(x)

]
−
[−δm

� x�
i
√

2
d

dx
ΦL(x)

][−δm
� x�

i
√

2
d

dx
ΦK(x)

]
(82)

=

[
δm
� x�

i
√

2

δm
� x�

i
√

2

]
⊗
[

d
dx

ΦK(x)
d

dx
ΦL(x)

]
−
[

δm
� x�

i
√

2

δm
� x�

i
√

2

]
⊗
[

d
dx

ΦL(x)
d

dx
ΦK(x)

]
(83)

=

[
x2

m
2

]
⊗
[

d
dx

ΦL(x)
d

dx
ΦK(x)

]
−
[

x2
m
2

]
⊗
[

d
dx

ΦK(x)
d

dx
ΦL(x)

]
(84)

=

[
x2

m
2

](
d

dx
ΦL(x)

d
dx

ΦK(x)− d
dx

ΦK(x)
d

dx
ΦL(x)

)
. (85)

Clearly while, not any rule of commutation between ΦK(x) and ΦL(x) has been explicitly
established, then it is assumed that [ΦK(x), ΦL(x)] �= 0.

On the other side, one can employ the momentum-based definitions as seen in

Equation (67) for both cases: LK= −δm
� x�√
2h̄

pΦK(x) and LL= −δ
q
� x�√
2h̄

pΦL(x) ) inside
Equation (82) so that one obtains

[LK,LL] =
−δm

� x�√
2h̄

pΦK(x)
−δ

q
�x�√
2h̄

pΦL(x)− −δ
q
�x�√
2h̄

pΦL(x)
−δm

� x�√
2h̄

pΦK(x) (86)

=
xm√

2h̄
pΦK(x)

xq√
2h̄

pΦL(x)− xq√
2h̄

pΦL(x)
xm√

2h̄
pΦK(x) (87)

=
1

2h̄2

[
xmpxqpΦK(x)ΦL(x)− xqpxmpΦL(x)ΦK(x)

]
. (88)

It should be remarked that the change of Equation (86) to Equation (87) has demanded to
accept the validity of these commutators:[

ΦK, xq
]
= 0, (89)

[ΦL, xm] = 0. (90)

From above, one can argue that Equation (88) might also be written as (By which it was
added and subtracted the term xqpxmpΦK(x)ΦL(x).):

[LK,LL] =
1

2h̄2 [xmpxqpΦK(x)ΦL(x)− xqpxmpΦK(x)ΦL(x)

+xqpxmpΦK(x)ΦL(x)− xqpxmpΦL(x)ΦK(x)] (91)

=
1

2h̄2

[
[xmp, xqp]ΦK(x)ΦL(x) + xqpxmp[ΦK(x), ΦL(x)]

]
. (92)
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Clearly, from [xmp, xqp] in Equation (92), it is needed the usage of identity [AB, CD] =
A[B, C]D + [A, C]BD + CA[B, D] + C[A.D]B. By applying this in a straightforward manner,
one obtains the following:

[LK,LL] =
1

2h̄2

[
(xq[xm, p]p− xm[xq, p]p)ΦK(x)ΦL(x) + xqpxmp{ΦK(x), ΦL(x)}

]
, (93)

demonstrating the validity of the hypothesis formulated in Equation (7). Equation
(93) becomes the main result of this paper. The general formulation of CCR given by
[xI , pJ] = ih̄δI,J stops us from going through commutators in Equation (93), essentially be-
cause neither xm,q nor p have been explicitly specified. In this way, various scenarios might
emerge for the choice of a concrete component of p, as well as for xm and xq. The particular
case when m = q reduces Equation (93) to

[LK,LL] =
1
2

( xmp

h̄

)2
[ΦK(x), ΦL(x)]. (94)

Because commutator [LK,LL] has now acquired a certain physical meaning because the
position and momentum operators, then Equation (94) can also be rewritten as a function
of observables measurements such as

[LK,LL] =
1
2

(
ΔxmΔp

h̄

)2

[ΦK(x), ΦL(x)]. (95)

Inspired at the uncertainty principle, one can impose the following restriction:

ΔxmΔp ≥
√

2h̄, (96)

yielding an alternative redefinition of Witt algebra through new operators ΦK(x) and ΦL(x) as

[LK,LL] = [ΦK(x), ΦL(x)], (97)

entering into a total contradiction with Equation (63). This suggests keeping Equation (96)
as ΔxmΔp ≥ h̄, which allows writing Equation (95) down as

[LK,LL] =

[
−i

ΦK(x)√
2

, i
ΦL(x)√

2

]
, (98)

by which emerges the complex version of Equation (63) in the sense of

LK + i
ΦK(x)√

2
= 0, (99)

LL − i
ΦL(x)√

2
= 0. (100)

5. Discussion

Along the paper, it was employed the so-called Witt operators, essentially
Equations (16) and (17), constructed in an artificial manner to demonstrate that they
fulfill the Witt algebra or Virasoro centerless algebra. Although the whole procedure has
been merely operative, it has planted the idea that these formulations have implications
in a tangible QM. It is remarked on the role of integrals whose form has been relevant
to deriving the QM evolution operator and the Schrödinger equation. The polynomial
term Equation (44) has been crucial to claiming quantization of harmonic oscillators, even
though no annihilation or creation operators have been considered. Because of this, one can
wonder if all structures that fulfill Witt algebra can be seriously considered as unexplored
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territories and ends in a QM arena. Or results can be seen as fortuitous derivations that
can also be ambiguities of a single formalism? The only fact that commutators of Witt
operators yield the CCR is proof that Virasoro-like schemes might also be open windows to
a general usage of string theories in concrete QM applications. As seen in [4], the Virasoro
algebra has served to build a model of N-th order squeezing based on Virasoro oscillators
through the definition of oscillators as functions of annihilation and creation operators as an
indirect way to link the algebra to momentum and position operators. In the present paper,
instead of opting for intermediate derivations involving extra operators, it was assumed
the integral form as given at Equations (16) and (17), whose structure has been harnessed to
derive QM energies (quantization of harmonic oscillator). For example, in [44], ideas about
string theory as dissipative QM based at symmetries have yielded interesting similarities
(both might be the same theory), far from common considerations as done in field theories.
The proposal of this paper clearly is going in a novel direction with robust redefinitions of
Virasoro oscillators that allow it to pass over the QM area without appealing to quantum
symmetries or incorporating extra structures based on QM operators. On the other side,
the spirit of this paper is to some extent inclined to view [45] in the sense that association
of QM and general relativity can be only consistent through an inclusion of all spectrum
of topological string states. The fact that Equations (16) and (17) have turned out to be
fulfilling Witt algebra and are also a robust scheme for the derivation of QM relations and
equations is, to some extent, comparable to the work of Bars and Rychkov [46] since they
have taken advantage of Moyal string field theory formalism to derive commutators of
operators’ position and momentum. Indeed, Equation (57) of this paper might be aligned
with the idea that the Moyal product yields products of string fields that finally can be
recognized as ordinary QM Hamiltonians. Furthermore, Equation (44), which introduces
the polynomial profile to Witt operators, would be in agreement with recent work [47],
where Lie algebra based on polynomial algebra structures offers a new path to be applied
in QM and related areas.

6. Conclusions

In this paper, it was presented a mathematical methodology that allows demonstrating
that schemes based on Witt algebra are consistently linked to quantum mechanics canonical
commutation relation (CCR), despite the fact that not any assumption associated with
quantum variables or quantum mechanics formalism was deeply considered. As seen in
Equations (16) and (17), operators have been defined built on the basis of the Krönecker
delta and Dirac delta function, as well as the operations of derivative and integration. After
closed-form operations, as seen in previous sections, these operators have turned out to
fulfill the Witt algebra. Although some abstract procedures have been applied, it was seen
that all that have acquired sense when quantum mechanics definitions were shortly applied.
Particularly, the momentum operator emerged in a spontaneous manner. It has played a
noteworthy role, as noted in the last section of the paper. In this manner, based rigorously
on the presented formalism (by which it might be extended and improved), Witt algebra
has turned out to be proportional to well-known CCR. Certainly, more formalism and
operations would have to be added in order to claim a robust proportionality between
the DeWitt (Virasoro central charge [48]) algebra and the quantum mechanics canonical
commutation relation.
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Abstract: In this article, for a prime ideal ρ of an arbitrary ring �, we study the commu-
tativity of the quotient ring �/ρ, whenever � admits a generalized reverse derivation ϑ

associated with a reverse derivation ∂ that satisfies certain identities in ρ. Additionally,
we show that, for some cases, the range of the generalized reverse derivation ϑ lies in the
prime ideal ρ. Moreover, we explore several consequences and special cases. Throughout,
we provide examples to demonstrate that various restrictions in the assumptions of our
results are essential.

Keywords: prime ideal; integral domain; generalized reverse derivation; quotient ring

MSC: 16W25; 16N60; 16U80

1. Introduction

The study of derivations on rings plays an important role and has many applications
in other areas of mathematics, such as analysis, algebraic geometry, and the properties of
algebraic systems. These applications are outside the scope of current study.

In this article, � is an associative ring and Z(�) is its center. A proper ideal ρ of � is
prime if, for each pair of elements ξ and η in �, the condition ξ�η ⊆ ρ implies that either ξ

belongs to ρ or η belongs to ρ. A ring � is prime if and only if the set {0} is a prime ideal
of �. A domain is a ring that does not have any non-zero divisors.

An additive mapping ∂ : � → � is called a derivation if it satisfies the equation
∂(ξη) = ∂(ξ)η + ξ∂(η) for all ξ, η ∈ �. An additive mapping ϑ : � → � is a generalized
derivation associated with the derivation ∂ if the equation ϑ(ξη) = ϑ(ξ)η + ξ∂(η) is
satisfied for all ξ, η ∈ �. For a fixed r ∈ �, a mapping ∂r : � → � such that ∂r(ξ) = [r, ξ]

for any ξ ∈ � is a derivation, which is called the inner derivation induced by r. For a
non-trivial example of a derivation on a non-commutative ring, the reader can refer to [1]
(Example 2.2).

The concept of a reverse derivation was initially defined by Herstein in [2] when he
proved that the prime ring � is a commutative integral domain whenever the imposed
derivation is a Jordan derivation. It was defined to be an additive mapping ∂ : � → � that
satisfies the equation ∂(ξη) = ∂(η)ξ + η∂(ξ) for any ξ, η ∈ � . It can be noted that, in the
case of Lie algebras, the concept of a reverse derivation is analogy to the concept of the
antiderivation. According to this fact, several authors have studied the reverse derivation
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on algebra and subalgebra (see, for example [3–5]). In ref. [6], a study was conducted by
Samman et al. on the reverse derivation of the semiprime ring.

In [7], Aboubakr et al. discussed the correlation between a generalized reverse deriva-
tion and a generalized derivation on a semiprime ring. A generalized reverse derivation is
defined as an additive map ϑ that satisfies the equation ϑ(ξη) = ϑ(η)ξ + η∂(ξ) for all ξ and
η in �, where ∂ is a reverse derivation of �. In the previous literature, there are numerous
non-trivial examples of generalized reverse derivations on non-commutative rings. For
example, please see reference [8]. Furthermore, we will provide several concrete examples
of generalized reverse derivations on non-commutative rings at the end of this article. It
is known that every generalized reverse derivation is a reverse derivation. However, it is
important to note that the converse is not always true. The concepts of generalized reverse
derivations are related to generalizations of generalized derivations. It is clear that if � is
commutative, then both generalized reverse derivations and generalized derivations are
the same. However, the converse may not be true in general, as shown in [9] (Example 1).

In a study by Ibraheem [10], it was proven that a prime ring is commutative, if
[ϑ(ξ), ξ] ∈ Z(�) for all ξ belonging to a right ideal ℵ of a ring, given that the right ideal
ℵ ∩ Z(�) �= 0. Here, ϑ represents a generalized reverse derivation associated with a
nonzero reverse derivation ∂. In a related study by Bulak et al. [11], further exploration
of generalized reverse derivations was conducted. The first part of the study focused on
the commutativity of prime rings under the influence of differential identities provided by
two generalized reverse derivations. The second part examined the relationships between
r-generalized reverse derivations and l-generalized derivations, as well as l-generalized
reverse derivations and r-generalized derivations, in a non-central square closed Lie ideal
in a semiprime ring

Building upon prior findings, many researchers have achieved multiple outcomes re-
garding commutativity across diverse algebraic structures, including prime and semiprime
rings. These outcomes have been attained through the utilization of suitable mappings,
such as derivations, generalized derivations, and generalized reverse derivations, which
adhere to specific identities when operating on suitable subsets of �. The interested readers
can be referred to [1,8,9,12].

Recently, in continuation of the above studies, several authors have discussed the
situation of a quotient ring �/ρ and the way it behaves under derivation or generalized
derivation that satisfies certain identities involving a prime ideal (for more details, refer
to [13–20]).

In [21], the concept of the generalized derivation ϑ was replaced by a generalized
reverse derivation, and the commutativity of �/ρ was studied whenever the proposed
algebraic identities contained in a prime ideal were concerned with ϑ.

The main aim of this article is to study further in this direction. More precisely, assum-
ing that � is an arbitrary ring that admits a generalized reverse derivation ϑ associated
with a reverse derivation ∂, we prove that if ϑ satisfies certain identities involving a prime
ideal ρ, then the quotient ring �/ρ is a commutative integral domain. In some cases, it
comes out that the range of the generalized reverse derivation ϑ is in a prime ideal ρ, i.e.,
ϑ(�) ⊆ ρ. Moreover, some consequences as well as special cases are obtained. Examples
that illustrate the necessity of the assumptions stated in our theorems are provided.

2. Preliminary Results

We begin this section by recalling the following basic concepts: Let ξ, η ∈ �. We may
define the commutator [ξ, η] as the difference between ξη and ηξ, and the anticommutator
ξ ◦ η as the sum of ξη and ηξ. The following identities will be used extensively throughout
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this article to facilitate access to the proofs of our theorems, which are satisfied for all
ξ, η, ζ ∈ �:

[ξη, ζ] = ξ[η, ζ] + [ξ, ζ]η,

[ξ, ηζ] = η[ξ, ζ] + [ξ, η]ζ,

ξ ◦ (ηζ) = (ξ ◦ η)ζ − η[ξ, ζ] = η(ξ ◦ ζ) + [ξ, η]ζ,

(ξη) ◦ ζ = ξ(η ◦ ζ)− [ξ, ζ]η = (ξ ◦ ζ)η + ξ[η, ζ].

For the purpose of developing our proofs, we will present the following important
remark and lemmas: The proof of Remark 1 is based on the fact that a group cannot be
written as the set-theoretic union of its two proper subsets, and the proof of Lemma 1 can
be found in [20].

Remark 1. Let ρ be a prime ideal of an arbitrary ring �, and let ℵ be an additive subgroup of
�. Let �,℘ : ℵ → � be additive functions such that �(s)�℘(s) ⊆ ρ for all s ∈ ℵ. Then, either
�(s) ∈ ρ for all s ∈ ℵ, or ℘(s) ∈ ρ for all s ∈ ℵ.

Lemma 1 ([20], Lemma 1.2). Let � be a ring and let ρ be a prime ideal of �. If [ξ, η] ∈ ρ for all
ξ, η ∈ �, then �/ρ is a commutative integral domain.

The following lemma is an expansion of ([21], Lemma 2.5).

Lemma 2. Let ρ be a prime ideal of an arbitrary ring �. If � admits a generalized reverse derivation
ϑ associated with a reverse derivation ∂ such that [ξ, ϑ(ξ)] ∈ ρ for all ξ ∈ ρ, then either ∂(�) ⊆ ρ

or �/ρ is a commutative integral domain.

Proof. From the hypothesis, we have

[ξ, ϑ(ξ)] ∈ ρ, for all ξ ∈ �. (1)

By linearizing Equation (1), which simply means replacing ξ by ξ + η, we obtain

[ξ, ϑ(η)] + [η, ϑ(ξ)] ∈ ρ, for all ξ, η ∈ �. (2)

By replacing η by ηξ in (2) and utilizing (1), we get

ϑ(ξ)[ξ, η] + ξ[ξ, ∂(η)] + [η, ϑ(ξ)]ξ ∈ ρ, for all ξ, η ∈ �. (3)

Setting ξ = η in (3) and using (1) again, we obtain ξ[ξ, ∂(ξ)] ∈ ρ, for all ξ ∈ �.
Replacing ∂(ξ) by ∂(ξ)τ in the previous equation and using it, we get ξ∂(ξ)[ξ, τ] ∈ ρ

for all ξ, τ ∈ �. Placing τν instead of τ in the previous equation and using it, we get
ξ∂(ξ)τ[ξ, ν] ∈ ρ for all ξ, τ, ν ∈ �. In other words, ξ∂(ξ)�[ξ, ν] ⊆ ρ for all ξ, ν ∈ �. Since ρ

is prime, considering Remark 1, we find that either ξ∂(ξ) ∈ ρ or [ξ, ν] ∈ ρ for all ξ, ν ∈ �.
If [ξ, ν] ∈ ρ for all ξ, ν ∈ �, we deduce that �/ρ is a commutative integral domain, by
Lemma 1. In the alternative scenario, we have ξ∂(ξ) ∈ ρ for all ξ ∈ �. Linearizing
the previous expression, we obtain ξ∂(η) + η∂(ξ) ∈ ρ for all ξ, η ∈ �. By replacing ξ

by νξ in the previous equation and using it we find, after appropriate treatment, that
η∂(ξ)ν − νη∂(ξ) + ηξ∂(ν) ∈ ρ for all ξ, η, ν ∈ �. Again, placing τη instead of η in the
last relation and using it, we find [τ, ν]η∂(ξ) ∈ ρ for all ξ, τ, ν, η ∈ �. This results in
[τ, ν]�∂(ξ) ⊆ ρ for all ξ, τ, ν ∈ �. By employing the assumption that ρ is prime along with
Remark 1, we conclude that either ∂(ξ) ∈ ρ or [τ, ν] ∈ ρ for all ξ, τ, ν ∈ �. Therefore, we
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can infer that the first case leads to ∂(�) ⊆ ρ , and for the second case, we use Lemma 1 to
obtain that �/ρ is a commutative integral domain.

Corollary 1. Let ρ be a prime ideal of an arbitrary ring �. If � admits a reverse derivation ∂, such
that [ξ, ∂(ξ)] ∈ ρ for all ξ ∈ �, then either ∂(�) ⊆ ρ or �/ρ is a commutative integral domain.
Moreover, if ρ = {0}, then either � is commutative or ∂ turns out to be zero.

Remark 2. In Lemma 2, if � is commutative, then ϑ becomes a generalized derivation, and thus
we obtain ([20], Proposition 1.3).

3. Main Results

In [14] (Theorem 2.5), Bouchannafa et al. proved that either the ring �/ρ is a com-
mutative integral domain or ∂(�) is a subset of ρ, whenever the ring � has a generalized
derivation ϑ such that ϑ(ξ ◦ η)− ϑ(ξ) ◦ η belongs to the center Z(�/ρ) for all ξ and η in
�, where ρ is a prime ideal of �. In the next theorem, our objective is to achieve the same
outcome by substituting the generalized derivation ϑ from the previous theorem with the
notion of a generalized reverse derivation, which is associated with a reverse derivation ∂

that fulfills the condition ϑ(ξ) ◦ η − ϑ(ξ ◦ η) ∈ ρ, for all ξ, η ∈ �.

Theorem 1. Consider a prime ideal ρ in a ring �, where � can be any ring. If � admits a
generalized reverse derivation ϑ that is associated with a reverse derivation ∂, and satisfies the
condition ϑ(ξ) ◦ η − ϑ(ξ ◦ η) ∈ ρ for all ξ and η in �, then either ∂(�) is a subset of ρ or the
quotient ring �/ρ is a commutative integral domain.

Proof. Suppose that

ϑ(ξ) ◦ η − ϑ(ξ ◦ η) ∈ ρ, for all ξ, η ∈ �. (4)

Placing ηξ instead of ξ in (4) yields

(ϑ(ξ) ◦ η)η + (ξ ◦ η)∂(η) + ξ[∂(η), η]− ϑ(ξ ◦ η)η − (ξ ◦ η)∂(η) ∈ ρ, for all ξ, η ∈ �. (5)

By multiplying (4) by η from the right and comparing it with (5), we obtain

ξ[∂(η), η] ∈ ρ, for all ξ, η ∈ �.

The last equation is simplified as follows: ξ�[∂(η), η] ⊆ ρ, where ξ and η are elements
of �. Given that ρ �= � and ρ is a prime, the last equation implies that [∂(η), η] belongs to ρ

for every η in �. Therefore, according to Corollary 1, either �/ρ is a commutative integral
domain or ∂(�) is a subset of ρ.

When � is a prime ring and ϑ = ∂, respectively, the following corollaries can be
immediately obtained from Theorem 1.

Corollary 2. Consider a ring �, which is prime. If � admits a generalized reverse derivation
ϑ associated with a reverse derivation ∂, satisfying the equation ϑ(ξ) ◦ η − ϑ(ξ ◦ η) = 0 for all
ξ, η ∈ �, then either ∂ is equal to zero or � is a commutative ring.

Corollary 3. Consider a prime ideal ρ in a ring �, where � can be any ring. If � admits a reverse
derivation ∂, and satisfies the condition ∂(ξ) ◦ η − ∂(ξ ◦ η) ∈ ρ for all ξ and η in �, then either
∂(�) is a subset of ρ or the quotient ring �/ρ is a commutative integral domain.
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Theorem 2. Consider a prime ideal ρ of a ring �. If � admits a generalized reverse derivation ϑ

associated with a reverse derivation ∂, such that ϑ(ξ) ◦ η + ϑ(ξ ◦ η) ∈ ρ, for all ξ, η ∈ �, then
either ∂(�) ⊆ ρ or �/ρ is a commutative integral domain of char(�/ρ) = 2.

Proof. The given identity states that

ϑ(ξ) ◦ η + ϑ(ξ ◦ η) ∈ ρ, for all ξ, η ∈ �. (6)

Replacing ξ by ηξ in (6), gives

(ϑ(ξ) ◦ η)η + (ξ ◦ η)∂(η) + ξ[∂(η), η] + ϑ(ξ ◦ η)η + (ξ ◦ η)∂(η) ∈ ρ, for all ξ, η ∈ �. (7)

By multiplying (6) by η from the right-hand side and comparing it with (7), we obtain

2(ξ ◦ η)∂(η) + ξ[∂(η), η] ∈ ρ, for all ξ, η ∈ ρ. (8)

Now, we discuss the following two cases:
Case (i): If char(�/ρ) = 2, then (8) becomes ξ[∂(η), η] ∈ ρ, for all ξ, η ∈ ρ. Fol-

lowing the same arguments as above, we find either ∂(�) is a subset of ρ or �/ρ is a
commutative integral domain.

Case (ii): If char(�/ρ) �= 2, then replacing ξ by τξ in (8) results in

2τ(ξ ◦ η)∂(η)− 2[τ, η]ξ∂(η) + τξ[∂(η), η] ∈ ρ, for all ξ, η, τ ∈ ρ. (9)

Now, multiplying (8) by τ from the left-hand side and comparing with (9), yields
2[τ, η]ξ∂(η) ∈ ρ for all ξ, η, τ ∈ �. Our assumption that char(�/ρ) �= 2 leads to

[τ, η]ξ∂(η) ∈ ρ for all ξ, η, τ ∈ �, and hence [τ, η]�∂(η) ⊆ ρ for all η, τ ∈ �. Thus, the
primeness of ρ together with Remark 1 lead to either [τ, η] ∈ ρ for all τ, η ∈ � or ∂(�) ⊆ ρ.
If ∂(�) is not a subset of ρ, then [τ, η] belongs to ρ for every elements τ and η in �. Using
Lemma 1 shows that the quotient ring �/ρ is a commutative integral domain. By utilizing
the commutativity of �/ρ with the identity (8), we can easily deduce that 2(ξ ◦ η)∂(η)

belongs to ρ for all ξ and η in �. The statement 4ξη∂(η) ∈ ρ holds for all ξ, η ∈ � because
char(�/ρ) �= 2. This implies that ξη∂(η) ∈ ρ for all ξ, η ∈ �, due to the commutativity of
�. Furthermore, the previous expression is equivalent to ηξ∂(η) ∈ ρ for all ξ, η ∈ �, which
may be written as η�∂(η) ⊆ ρ for all η ∈ �. However, our hypothesis that ∂(�) � ρ and ρ

is a prime ideal of � forces ξ ∈ ρ, which eventually implies that � = ρ. This contradicts
our basic hypothesis about ρ being a proper ideal of �. Therefore, we can deduce that
∂(�) ⊆ ρ.

If the ring � imposed in Theorem 2 is prime, meaning ρ = {0}, then the following
corollary results immediately:

Corollary 4. Consider a prime ring �. If � admits a generalized reverse derivation ϑ associated
with a reverse derivation ∂ such that ϑ(ξ) ◦ η + ϑ(ξ ◦ η) = 0 for all ξ and η in �, then either
∂(R) = 0 or � is commutative of char(�) = 2.

When we consider ϑ = ∂ in Theorem 2, the following corollary is immediately obtained.

Corollary 5. Consider a prime ideal ρ of a ring �. If � admits a reverse derivation ∂ such that
∂(ξ) ◦ η + ∂(ξ ◦ η) ∈ ρ for all ξ, η ∈ �, then either ∂(�) ⊆ ρ or �/ρ is a commutative integral
domain of char(�/ρ) = 2.
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In ref. [20], Rehman et al. established a result stating that if � is a ring and ρ is a
prime ideal of it, such that � admits a generalized derivation ϑ associated with ∂ and
meets the condition ϑ(ξ)ϑ(η)− [ξ, η] ∈ ρ for all ξ, η ∈ �, then either ∂(�) ⊆ ρ or �/ρ is a
commutative integral domain.

This result prompts us to investigate the properties of the ring �/ρ when we replace
the assumption that ϑ is a generalized derivation by a generalized reverse derivation asso-
ciated with a reverse derivation ∂. For this purpose, we introduce the following theorem:

Theorem 3. Consider ρ as a prime ideal in any ring �. If � admits a generalized reverse derivation
ϑ which is associated with a reverse derivation ∂ and satisfies the condition ϑ(ξ)ϑ(η)± [ξ, η] ∈ ρ

for all ξ and η in �, then ∂(�) is a subset of ρ and the quotient ring �/ρ is a commutative
integral domain.

Proof. The given identity states that

ϑ(ξ)ϑ(η)− [ξ, η] ∈ ρ, for all ξ, η ∈ �. (10)

By replacing η with ξη in (10), we obtain

ϑ(ξ)ϑ(η)ξ + ϑ(ξ)η∂(ξ)− ξ[ξ, η] ∈ ρ, for all ξ, η ∈ �. (11)

Multiplying (10) by ξ on the right gives

ϑ(ξ)ϑ(η)ξ − [ξ, η]ξ ∈ ρ, for all ξ, η ∈ �. (12)

By comparing Equations (11) and (12), we obtain

ϑ(ξ)η∂(ξ)− ξ[ξ, η] + [ξ, η]ξ ∈ ρ, for all ξ, η ∈ �. (13)

Again, by replacing η by ξη in the previous equation, we obtain

ϑ(ξ)ξη∂(ξ)− ξ2[ξ, η] + ξ[ξ, η]ξ ∈ ρ, for all ξ, η ∈ �. (14)

Multiplying (13) from the left by ξ and comparing it with (14) yield

ϑ(ξ)ξη∂(ξ)− ξϑ(ξ)η∂(ξ) ∈ ρ, for all ξ, η ∈ �.

It follows that [ϑ(ξ), ξ]�∂(ξ) ⊆ ρ for all ξ ∈ �. Hence, the primeness of ρ together
with Remark 1 forces that either [ϑ(ξ), ξ] ∈ ρ for all ξ ∈ � or ∂(ξ) ∈ ρ for any ξ ∈ �. If
[ϑ(ξ), ξ] ∈ ρ for all ξ ∈ �, then, according to Lemma 2, �/ρ is a commutative integral
domain or ∂(�) ⊆ ρ.

Let�/ρ be a commutative integral domain. Then, (10) can be reduced to ϑ(ξ)�ϑ(η) ⊆ ρ

for all ξ, η ∈ �. That is ϑ(ξ) ∈ ρ, for all ξ ∈ �. Now, we replace ξ by ηξ in the previous
expression and use it to conclude that ∂(�) ⊆ ρ. On the other hand, if we assume ∂(�) ⊆ ρ,
then (13) can be simplified to

[ξ, [ξ, η]] ∈ ρ, for all ξ, η ∈ �. (15)

By setting ξ = ξ + ζ in the previous equation and using it, we can easily find
[ξ, [ζ, η]] + [ζ, [ξ, η]] ∈ ρ for all ξ, η, ζ ∈ �. Replacing ζ by ηζ in the last relation and using
it, we obtain [ξ, η][ζ, η] + [η, [ξ, η]]ζ ∈ ρ for all ξ, η, ζ ∈ �. By replacing ζ by ζξ in the last
expression and using it, we deduce that [ξ, η]�[ξ, η] ⊆ ρ for all ξ, η ∈ �. The primeness
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of ρ implies that [ξ, η] ∈ ρ for all ξ, η ∈ �. Therefore, once again, �/ρ is a commutative
integral domain, by using Lemma 1.

By applying similar arguments to those shown earlier, with only slight adjustments,
the same result can be obtained for the case ϑ(ξ)ϑ(η) + [ξ, η] ∈ ρ, for all ξ and η in �.

In Theorem 3, if � is assumed to be prime, the following corollary can be
immediately obtained.

Corollary 6. Consider � is a prime ring admits a generalized reverse derivation ϑ, which is
associated with a nonzero reverse derivation ∂ and satisfies the condition ϑ(ξ)ϑ(η)± [ξ, η] = 0 for
all ξ and η in �, then the ring � a commutative.

By setting ϑ = ∂ in Theorem 3, we promptly obtain the subsequent corollary.

Corollary 7. Consider a prime ideal ρ in any ring �. Suppose that � admits a reverse derivation
d such that ∂(ξ)∂(η)± [ξ, η] belongs to ρ for all ξ, η ∈ �. In this case, ∂(�) is a subset of ρ and
�/ρ is a commutative integral domain.

Proof. The proof can be directly obtained from Equation (10) in Theorem 3, by setting
ϑ = ∂ and following the same arguments and techniques of its proof.

Theorem 4. Let ρ be a prime ideal in any ring �. If � admits a generalized reverse derivation ϑ

that is associated with a reverse derivation ∂ and satisfies the condition ϑ(ξη)± ∂(ξ)ϑ(η) ∈ ρ for
all ξ, η ∈ �, then ϑ(�) ⊆ ρ.

Proof. The given assumption states that

ϑ(ξη) + ∂(ξ)ϑ(η) ∈ ρ for all ξ, η ∈ �. (16)

Replacing η by ξη in (16) gives

ϑ(ξη)ξ + ξη∂(ξ) + ∂(ξ)ϑ(η)ξ + ∂(ξ)η∂(ξ) ∈ ρ, for all ξ, η ∈ �. (17)

Multiplying Equation (16) by ξ from the right and comparing it with (17) yield
∂(ξ)η∂(ξ) + ξη∂(ξ) ∈ ρ for all ξ, η ∈ �. That is, (∂(ξ) + ξ)�∂(ξ) ⊆ ρ for all ξ ∈ �. By
using the primeness of ρ together with Remark 1, we get either ∂(ξ) ∈ ρ for all ξ ∈ � or
(∂(ξ) + ξ) ∈ ρ for all ξ ∈ �. If ∂(ξ) ∈ ρ for all ξ ∈ �, (16) can be reduced to ϑ(η)ξ ∈ ρ for
all ξ, η ∈ �. Hence, we have ϑ(�) ⊆ ρ. On the other hand, for

∂(ξ) + ξ ∈ ρ, for all ξ ∈ �, (18)

we substitute ηξ in the place of ξ in (18) to obtain ∂(ξ)η + ξ∂(η) + ηξ ∈ ρ for all ξ, η ∈ �.
Multiplying (18) by η from the right and comparing it with the last relation, we get

ξ∂(η) + [η, ξ] ∈ ρ, for all ξ, η ∈ �. (19)

Now, placing τξ instead of ξ in Equation (19), we get

τξ∂(η) + τ[η, ξ] + [η, τ]ξ ∈ ρ, for all ξ, η, τ ∈ �. (20)

Left-multiplying (19) by τ and comparing it with (20) yields [η, τ]ξ ∈ ρ for all ξ, η, τ ∈ �.
Again, replacing τ by ντ in the last equation and using it gives [η, ν]�ξ ⊆ ρ for all
ξ, η, ν ∈ �. Since ρ is a prime ideal, either ξ ∈ ρ for all ξ ∈ � or [η, ν] ∈ ρ for all η, ν ∈ �. If
ξ ∈ ρ for all ξ ∈ �, then it implies that ρ = �, which contradicts the fact that ρ is a proper
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ideal. If [η, ν] ∈ ρ for all η, ν ∈ �, then, according to Lemma 1, �/ρ is a commutative
integral domain. In this case, (19) can be simplified to ξ∂(η) ∈ ρ for all ξ, η ∈ �, which is
leading to ∂(�) ⊆ ρ. So, we can conclude, as above, that ϑ(�) ⊆ ρ.

By following the exact techniques as described previously, we can prove the same
conclusion in the case of the identity ϑ(ξη)− ∂(ξ)ϑ(η) ∈ ρ for all ξ, η ∈ �.

By equating ϑ to ∂ in the prior theorem, we can obtain the following conclusion as a
similar version of ([16], Theorem 4(1)).

Corollary 8. Let ρ be a prime ideal in any ring �. If � admits a reverse derivation ∂ such that
∂(ξη)± ∂(ξ)∂(η) ∈ ρ for all ξ, η ∈ �, then ∂(�) ⊆ ρ.

Corollary 9. Let � be a prime ring that admits a generalized reverse derivation ϑ that is associated
with a reverse derivation ∂ and satisfies the condition ϑ(ξη)± ∂(ξ)ϑ(η) = 0 for all ξ, η ∈ �, then
ϑ(�) = 0.

Theorem 5. Consider ρ as a prime ideal in any ring �. If � admits a generalized reverse derivation
ϑ, which is associated with a reverse derivation ∂, and satisfies the condition ϑ(ξη)± ∂(η)ϑ(ξ) ∈ ρ

for all ξ, η ∈ �, then ϑ(�) ⊆ ρ.

Proof. The given assumption states that

ϑ(ξη)− ∂(η)ϑ(ξ) ∈ ρ, for all ξ, η ∈ �. (21)

We replace ξ by τξ in (21) and use it to obtain

ξη∂(τ)− ∂(η)ξ∂(τ) ∈ ρ, for all ξ, η, τ ∈ �. (22)

If we replace ξ by νξ in the previous equation, we obtain νξη∂(τ)− ∂(η)νξ∂(τ) ∈ ρ

for all ξ, η, τ, ν ∈ �. By left multiplying Equation (22) by ν and comparing it with the
last equation, we find ν∂(η)ξ∂(τ) − ∂(η)νξ∂(τ) ∈ ρ for all ξ, η, τ, ν ∈ �. This implies
that [ν, ∂(η)]ξ∂(τ) ∈ ρ for all ξ, η, τ, ν ∈ �. In other words, [ν, ∂(η)]�∂(τ) ⊆ ρ for all
η, τ, ν ∈ �. Using the primeness of ρ together with Remark 1 yield either [ν, ∂(η)] ∈ ρ

for all η, ν ∈ � or ∂(�) ⊆ ρ. In the second case, (21), becomes ϑ(η)ξ ∈ ρ for all
ξ, η ∈ � and therefore, ϑ(�) ⊆ ρ. For the case of [ν, ∂(η)] ∈ ρ for all η, ν ∈ �, we
have, in particular, that [η, ∂(η)] ∈ ρ for all η ∈ �. We use Corollary 1 to obtain that
either �/ρ is a commutative integral domain or ∂(�) ⊆ ρ. If �/ρ is a commutative
integral domain, then (22) can be rewritten as (η − ∂(η))ξ∂(τ) ∈ ρ for all ξ, η, τ ∈ �.
That is, (η − ∂(η))�∂(τ) ⊆ ρ for all η, τ ∈ �. Again, using the primeness of ρ to-
gether with Remark 1 give that either (η − ∂(η)) ∈ ρ for all η ∈ � or ∂(�) ⊆ ρ.
When (η − ∂(η)) ∈ ρ for all η ∈ �, we replace η by ξη in the last relation and use
it to get [ξ, η] − η∂(ξ) ∈ ρ for all ξ, η ∈ �. For the other case, the commutativity of
�/ρ leads to η∂(ξ) ∈ ρ for all ξ, η ∈ �, and hence, ∂(�) ⊆ ρ. Thus, (21) becomes
ϑ(η)ξ ∈ ρ for all ξ, η ∈ �. Therefore, ϑ(�) ⊆ ρ.

By following the exact techniques as described previously, we can prove the same
conclusion for the case of the identity ϑ(ξη) + ∂(η)ϑ(ξ) ∈ ρ for all ξ, η ∈ �.

Corollary 10. Consider � is a prime ring that admits a generalized reverse derivation ϑ associated
with a reverse derivation ∂ and satisfies the condition ϑ(ξη)± ∂(η)ϑ(ξ) = 0 for all ξ, η ∈ �, then
ϑ(�) = 0.
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Corollary 11. Consider ρ as a prime ideal in any ring �. If � admits a reverse derivation ∂ and
satisfies the condition ∂(ξη)± ∂(η)∂(ξ) ∈ ρ for all ξ, η ∈ �, then ∂(�) ⊆ ρ.

In [20] (Theorem 1.5(iii)), Rehman et al. showed that the quotient ring �/ρ is a commu-
tative integral domain, where ρ is a prime ideal of �, if � admits a generalized derivation ϑ

associated with a derivation ∂ that satisfies ϑ(ξ)ϑ(η)± ξη ∈ ρ, for every ξ, η ∈ �.
The following theorem aims to generalize the above identity to ϑ(ξ)ϑ(η) + ∂(ξ)∂(η) ∈ ρ

for every ξ, η ∈ � and prove that ϑ(�) is a subset of ρ when char(�/ρ) �= 2 and the im-
posed ϑ is a generalized reverse derivation associated with a reverse derivation ∂.

Theorem 6. Consider a prime ideal ρ in a ring � with a characteristic not equal to 2. If �
admits a generalized reverse derivation ϑ that is associated with a reverse derivation ∂, and if
ϑ(ξ)ϑ(η) + ∂(ξ)∂(η) ∈ ρ for all ξ and η in �, then ϑ(�) is a subset of ρ.

Proof. The given hypothesis states that

ϑ(ξ)ϑ(η) + ∂(ξ)∂(η) ∈ ρ, for all ξ, η ∈ �. (23)

By replacing η with τη in (23), we obtain

ϑ(ξ)ϑ(η)τ + ϑ(ξ)η∂(τ) + ∂(ξ)∂(η)τ + ∂(ξ)η∂(τ) ∈ ρ, for all ξ, η, τ ∈ �. (24)

Now, by multiplying Equation (23) by τ from the right and comparing it with (24),
we obtain

(ϑ(ξ) + ∂(ξ))η∂(τ) ∈ ρ, for all ξ, η, τ ∈ �. (25)

That is, (ϑ(ξ) + ∂(ξ))�∂(τ) ⊆ ρ. Hence, the condition of ρ being prime, together with
Remark (1), forces either ϑ(ξ) + ∂(ξ) ∈ ρ for all ξ ∈ � or ∂(τ) ∈ τ for all τ ∈ �. Let us
consider the first case and replace ξ with ηξ. This yields ϑ(ξ)η + ξ∂(η) + ∂(ξ)η + ξ∂(η) ∈ ρ

for all ξ, η ∈ �. By multiplying the first equation by η from the right and comparing it
with the second equation, we obtain ξ∂(η) + ξ∂(η) ∈ ρ for all ξ, η ∈ �, which in turn
means that 2ξ∂(η) ∈ ρ for every ξ, η ∈ �. The basic assumption char(�/ρ) �= 2 leads
to ξ∂(η) ∈ ρ for every ξ, η ∈ �. That is, �∂(η) ⊆ ρ. As ρ �= � and ρ is prime, we get
∂(η) ∈ ρ for any η ∈ �. Thus, we deduce that ∂(�) ⊆ ρ. In the second case, we observe
that ∂(τ) belongs to ρ for every τ ∈ �, indicating that ∂(�) ⊆ ρ. So both cases lead to
∂(�) ⊆ ρ, which reduces (23) to ϑ(ξ)ϑ(η) ∈ ρ for all ξ, η ∈ �. Replacing ξ by ξτ in the
last relation, we get ϑ(τ)�ϑ(η) ⊆ ρ for all τ, η ∈ �. Therefore, we have ϑ(�) ⊆ ρ for both
cases as required.

As an immediate consequent of the above theorem, we have the following corollary
when the imposed ring � is prime.

Corollary 12. Consider a prime ring � with a characteristic that is not equal to 2. If � admits
a generalized reverse derivation ϑ associated with a reverse derivation ∂, satisfying the equation
ϑ(ξ)ϑ(η) + ∂(ξ)∂(η) = 0 for all ξ and η in �, then ϑ turns out to be zero.

Next, we will explore some counterexamples that illustrate the necessity of assuming
that ρ is prime in the hypotheses of our theorems.
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Example 1. Consider the ring of integers Z and let � = {

⎛⎜⎜⎜⎝
0 α β γ

0 0 0 β

0 0 0 −α

0 0 0 0

⎞⎟⎟⎟⎠ | α, β, γ ∈ Z},

ρ = {

⎛⎜⎜⎜⎝
0 0 0 2γ

0 0 0 0
0 0 0 0
0 0 0 0

⎞⎟⎟⎟⎠}. Define ϑ, ∂ : � −→ �, by ϑ

⎛⎜⎜⎜⎝
0 α β γ

0 0 0 β

0 0 0 −α

0 0 0 0

⎞⎟⎟⎟⎠ =

⎛⎜⎜⎜⎝
0 0 0 −γ

0 0 0 0
0 0 0 0
0 0 0 0

⎞⎟⎟⎟⎠

and ∂

⎛⎜⎜⎜⎝
0 α β γ

0 0 0 β

0 0 0 −α

0 0 0 0

⎞⎟⎟⎟⎠ =

⎛⎜⎜⎜⎝
0 0 0 −γ

0 0 0 β

0 0 0 −α

0 0 0 0

⎞⎟⎟⎟⎠. Thus, it is evident that � is a ring, ρ is an

ideal of �, and ϑ is a generalized reverse derivation associated with the reverse derivation ∂ that
satisfies ϑ(ξ) ◦ η ± ϑ(ξ ◦ η) ∈ ρ, ϑ(ξ)ϑ(η)± [ξ, η] ∈ ρ, and ϑ(ξ)ϑ(η) + ∂(ξ)∂(η) ∈ ρ for all
ξ, η ∈ ρ. However, �/ρ is non-commutative, ∂(�) � ρ, and ϑ(�) � ρ. Moreover, ρ is not a

prime ideal of � since

⎛⎜⎜⎜⎝
0 0 0 0
0 0 0 β

0 0 0 α

0 0 0 0

⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎝

0 0 α 0
0 0 0 0
0 0 0 α

0 0 0 0

⎞⎟⎟⎟⎠ ∈ ρ, but neither

⎛⎜⎜⎜⎝
0 0 0 0
0 0 0 β

0 0 0 α

0 0 0 0

⎞⎟⎟⎟⎠ ∈ ρ

nor

⎛⎜⎜⎜⎝
0 0 α 0
0 0 0 0
0 0 0 α

0 0 0 0

⎞⎟⎟⎟⎠ ∈ ρ; hence, ρ is not prime ideal of �. Therefore, the assumption that ρ is

prime in Theorems 1–3 and 6 cannot be omitted.

Example 2. Let � = {pξe12 + ηe13 + τe23| ξ, η, τ ∈ C, p is a prime number}, where C is the
complex number ring. Let ρ = {pηe13}. Define ϑ, ∂ : � −→ � as follows:

ϑ(pξe12 + ηe13 + τe23) = pτe23, with ∂(pξe12 + ηe13 + τe23) = ξe13.

Thus, it is evident that � is a ring, ρ is an ideal of �, and ϑ is a generalized reverse derivation
associated with the reverse derivation ∂ that satisfies ϑ(ξ) ◦ η± ϑ(ξ ◦ η) ∈ ρ, ϑ(ξ)ϑ(η)± [ξ, η] ∈ ρ,
ϑ(ξη)± ∂(ξ)∂(η) ∈ ρ, ϑ(ξη)± ∂(η)∂(ξ) ∈ ρ, and ϑ(ξ)ϑ(η) + ∂(ξ)∂(η) ∈ ρ for all ξ, η ∈ �.
However, �/ρ is non-commutative and ∂(�) � ρ. Moreover, ρ is not a prime ideal of � since
ηe31�(ξe31 + ηe23) ∈ ρ, but ηe31 /∈ ρ and ξe31 + ηe23 /∈ ρ. Therefore, assumption that ρ is prime
in Theorems 1–6 cannot be omitted.

Example 3. Consider the ring of integers Z and let � = {

⎛⎜⎝0 0 0
α 0 0
β 2γ 0

⎞⎟⎠|α, β, γ ∈ Z},

ρ = {

⎛⎜⎝ 0 0 0
0 0 0

2β 0 0

⎞⎟⎠|β ∈ Z}. Define ϑ, ∂ : � −→ � by ϑ

⎛⎜⎝0 0 0
α 0 0
β 2γ 0

⎞⎟⎠ =

⎛⎜⎝ 0 0 0
2α 0 0
0 0 0

⎞⎟⎠,

∂

⎛⎜⎝0 0 0
α 0 0
β 2γ 0

⎞⎟⎠ =

⎛⎜⎝0 0 0
0 0 0
γ 0 0

⎞⎟⎠. Thus, it is evident that � is a ring, ρ is an ideal of �, and ϑ is a

generalized reverse derivation associated with the reverse derivation ∂ that satisfies the following iden-
tities for all ξ, η, τ ∈ �: ϑ(ξ) ◦ η− ϑ(ξ ◦ η) ∈ ρ, ϑ(ξ) ◦ η + ϑ(ξ ◦ η) ∈ ρ, ϑ(ξ)ϑ(η)± [ξ, η] ∈ ρ,

ϑ(ξ)ϑ(η) + ∂(ξ)∂(η) ∈ ρ for all

⎛⎜⎝0 0 0
α 0 0
β 2γ 0

⎞⎟⎠ ∈ �. However, �/ρ is non-commutative and
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∂(�) � ρ. Moreover, ρ is not a prime ideal of � since

⎛⎜⎝0 0 0
α 0 0
0 0 0

⎞⎟⎠
⎛⎜⎝0 0 0

0 0 0
0 2γ 0

⎞⎟⎠ ∈ ρ, but

⎛⎜⎝0 0 0
α 0 0
0 0 0

⎞⎟⎠ /∈ ρ and

⎛⎜⎝0 0 0
0 0 0
0 2γ 0

⎞⎟⎠ /∈ ρ. Therefore, the assumption that ρ is prime in Theorems

1–3 and 6 cannot be omitted.

Example 4. In Example 3, one can note that ϑ(ξη)± ∂(ξ)∂(η) ∈ ρ and ϑ(ξη)± ∂(η)∂(ξ) ∈ ρ

hold for all ξ, ι ∈ � though ϑ(�) � ρ. This emphasizes the necessity of primeness of ρ.

4. Conclusions

In the current article, we continued the study of generalized reverse derivation associ-
ated with reverse derivation via a contemporary approach wherein we assume that ring
� has no restrictions and the studied identities are contained in prime ideal ρ. We have
reached the following results: associated derivation maps a ring � to ρ, or a quotient ring
of � by prime ideal ρ becomes a commutative integral domain, or the generalized reverse
derivation mapping the ring to the chosen prime ideal ρ as proven in this article. We con-
clude with two examples clarifying the necessity of the considered assumption hypotheses.

In future studies of our current topic, the behavior of a quotient ring �/ρ can be
explored by replacing the generalized reverse derivation with any of the following map-
pings: a generalized (α, β)-derivation where α and β are automorphisms on �, or a mul-
tiplicative reverse derivation, or a generalized P-reverse derivation, or a generalized
reverse homoderivation.
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Abstract: Let S be a 2-torsion free semiprime ring and U be a noncentral square-closed
Lie ideal of S. An additive mapping � on S is defined as a homoderivation if �(ab) =

�(a)�(b) + �(a)b + a�(a) for all a, b ∈ S. In the present paper, we shall prove that �
is a commuting map on U if any one of the following holds: (i) �(ã1 ã2) + ã1 ã2 ∈ Z,
(ii) �(ã1 ã2) − ã1 ã2 ∈ Z, (iii) �(ã1 ◦ ã2) = 0, (iv) �(ã1 ◦ ã2) = [ã1, ã2], (v) �([ã1, ã2]) = 0,
(vi) �([ã1, ã2]) = (ã1 ◦ ã2), (vii) ã1�(ã2)± ã1 ã2 ∈ Z, (viii) ã1�(ã2)± ã2 ã1 = 0, (ix) ã1�(ã2)±
ã1 ◦ ã2 = 0, (x) [�(ã1), ã2]± ã1 ã2 = 0, (xi) [�(ã1), ã2]± ã2 ã1 = 0, for all ã1, ã2 ∈ U, where �
is a homoderivation on S.

Keywords: semiprime ring; Lie ideal; derivation; homoderivation; commutativity

MSC: 16W25; 16N60; 16U80

1. Introduction

The symbol S used throughout this article denotes a ring with center Z. A ring S is
called prime if I J �= 0 for any two nonzero ideals I, J ⊆ S, and semiprime if it contains no
nonzero ideals whose square is zero. A proper ideal P of S is said to be prime if for any
ã1, ã2 ∈ S, ã1Sã2 ⊆ P implies that ã1 ∈ P or ã2 ∈ P. In other words, the ring S is prime ring
if and only if (0) is a prime ideal of S, or equivalently, a ring S is prime if for ã1, ã2 ∈ S,
ã1Sã2 = (0) implies either ã1 = 0 or ã2 = 0. Recall that a proper ideal P of S is said to be
semiprime if for any ã1 ∈ S, ã1Sã1 ⊆ P implies that ã1 ∈ P and the ring S is a semiprime
ring if P = (0) is a semiprime ideal of S. Every prime ideal is a semiprime ideal but the
converse is not true in general. An additive subgroup U of S is called a Lie ideal of S if
[ã1, r] ∈ U, for all ã1 ∈ U, r ∈ S. U is called a square-closed Lie ideal of S if U is a Lie ideal
and ã2

1 ∈ U for all ã1 ∈ U. If U is a square-closed Lie ideal of S, then we have (ã1 + ã2)
2 ∈ U

and so (ã1 + ã2)
2 − ã2

1 − ã2
2 = ã1 ã2 + ã2 ã1 ∈ U for all ã1, ã2 ∈ U. Hence, we find 2ã1 ã2 ∈ U,

for all ã1, ã2 ∈ U.
An additive mapping d : S → S is called a derivation if d(ã1 ã2) = d(ã1)ã2 + ã1d(ã2)

holds for all ã1, ã2 ∈ S. Research on the subject of derivations in prime rings was initiated
by E. C. Posner [1]. Regarding commuting mappings, Posner’s theorem, as discussed
in this paper, is a crucial finding in the investigation of these mappings. It states that
a prime ring possessing a nonzero commuting d mapping must be commutative. This
theorem marks an important initial outcome in the study of commuting mappings. After-
wards, many researchers studied commutativity theorems for prime or semiprime rings

Mathematics 2025, 13, 548 https://doi.org/10.3390/math13040548
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admitting automorphisms or derivations on suitable subsets. A mapping f : S → S is
called centralizing if [ f (ã1), ã1] ∈ Z(S) holds for all ã1 ∈ S; in the special case where
[ f (ã1), ã1] = 0 holds for all ã1 ∈ S, the mapping f is said to be commuting. In 2000, El
Soufi [2] defined a homoderivation on S as an additive mapping � : S → S satisfying
�(ã1 ã2) = �(ã1)�(ã2) + �(ã1)ã2 + ã1�(ã2) for all ã1, ã2 ∈ S. An example of such mapping
is to let �(ã1) = f (ã1) − ã1, for all ã1, ã2 ∈ S where f is an endomorphism on S. It is
clear that a homoderivation � is also a derivation if �(ã1)�(ã2) = 0 for all ã1, ã2 ∈ S. In
this case, �(ã1)S�(ã2) = 0 for all ã1, ã2 ∈ S. Therefore, if S is a prime ring, then the only
additive mapping which is both a derivation and a homoderivation is the zero mapping.
Another example of homoderivations is when the additive mapping � : S → S defined by
�(x) = −x is a homoderivation of S.

In Daif and Bell, Let S be semiprime ring, d is nonzero derivation of S and I is nonzero
ideal of S. S contains a nonzero central ideal if one of the following conditions is provide; (i)
d([ã1, ã2]) = [ã1, ã2] (ii) d([ã1, ã2]) = −[ã1, ã2] for all ã1, ã2 ∈ I has been proven in [3]. In [4],
Quadri, Khan, and Rehman examined the following conditions for generalized derivation:
(i) f ([ã1, ã2]) = [ã1, ã2], (ii) f ([ã1, ã2]) = −[ã1, ã2], (iii) f (ã1oã2) = ã1oã2, (iv) f (ã1oã2) =

−(ã1oã2). The conditions discussed above by various authors have been studied by many
authors in recent years for different structures and derivation. For more details, see the
references [5–9].

In [2], El Soufi also proved the commutativity of prime rings, admitting a homoderiva-
tion � that satisfies the condition �([ã1, ã2]) = ±[ã1, ã2] for all ã1, ã2 ∈ I, with a nonzero
two-sided ideal of S. Following this line of investigation, several authors studied homod-
erivations acting on appropriate subsets of the prime ring and semiprime rings. In [10],
Asmaa Melaibari et al. studied the commutativity of rings admitting a homoderivation �
such that �([ã1, ã2]) = 0 for all ã1, ã2 ∈ U, where U is a nonzero ideal of S.

On the other hand, Ashraf and Rehman showed that if S is a prime ring with a nonzero
ideal U of S and d is a derivation of S such that d(ã1 ã2)± ã1 ã2 ∈ Z, d(ã1 ã2)± ã2 ã1 ∈ Z, for
all ã1, ã2 ∈ U, then R is commutative in [11]. Alharfie and Muthana proved similar results
regarding homoderivations in [12].

In light of all these results, our aim in this article is to explore a more general context
of differential identities involving a Lie ideal of the semiprime ring with homoderivation.
Some conditions about commutativity on Lie ideals of prime rings with homoderivation
were proved in [13]. Futhermore, in Section 4 of the paper [14], it was shown that the study
of differential identities on algebras plays a crucial role. This approach provides us with
the opportunity to generalize the results obtained earlier.

2. Results

The symbol S throughout this article will denote a 2−torsion free semiprime ring.
In addition, U will symbolize a noncentral square-closed Lie ideal of S and � will symbolize
a homoderivation of S. In addition, for any ã1, ã2 ∈ S, [ã1, ã2] = ã1 ã2 − ã2 ã1 and ã1oã2 =

ã1 ã2 + ã2 ã1 will denote the well-known Lie and Jordan product, respectively.
We will make use of the following fundamental identities that apply to every

ã1, ã2, ã3 ∈ S without explicitly mentioning them:

[ã1, ã2 ã3] = ã2[ã1, ã3] + [ã1, ã2]ã3

[ã1 ã2, ã3] = [ã1, ã3]ã2 + ã1[ã2, ã3]

ã1o(ã2 ã3) = (ã1oã2)ã3 − ã2[ã1, ã3] = ã2(ã1oã3) + [ã1, ã2]ã3

(ã1 ã2)oã3 = ã1(ã2oã3)− [ã1, ã3]ã2 = (ã1oã3)ã2 + ã1[ã2, ã3].
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Remark 1. For all ã1, ã2 ∈ S, we obtain

�([ã1, ã2]) = �(ã1 ã2 − ã2 ã1) = �(ã1 ã2)− �(ã2 ã1)

= �(ã1)�(ã2) + �(ã1)ã2 + ã1�(ã2)− �(ã2)�(ã1)− �(ã2)ã1 − ã2�(ã1)

= [�(ã1),�(ã2)] + [�(ã1), ã2] + [ã1,�(ã2)].

Lemma 1 ([15], Corollary 2.1). Let R be a 2−torsion free semiprime ring, U a Lie ideal of R such
that U � Z(R) and a, b ∈ U.

(i) If aUa = 0, then a = 0.
(ii) If aU = 0 ( or Ua = 0), then a = 0.
(iii) If U is square-closed and aUb = 0, then ab = 0 and ba = 0.

Theorem 1. Let S be a 2−torsion free semiprime ring, U a noncentral square-closed Lie ideal of S,
and � a homoderivation which is zero-power valued on U. If � is the centralizing map on U, then �
is the commuting map on U.

Proof. By the hypothesis, we have

[ã1,�(ã1)] ∈ Z, for all ã1 ∈ U. (1)

Writing ã1 by 2ã2
1 in the last equation, we have

Z  4[ã2
1,�(ã2

1)] = 4[ã2
1,�(ã1)�(ã1) + ã1�(ã1) + �(ã1)ã1]

= 4[ã2
1,�(ã1)�(ã1) + ã1�(ã1) + �(ã1)ã1 − ã1�(ã1) + ã1�(ã1)]

= 4[ã2
1,�(ã1)�(ã1) + 2ã1�(ã1)− [ã1,�(ã1)]]

Since S is 2-torsion free, we obtain

[ã2
1,�(ã1)�(ã1) + 2ã1�(ã1)− [ã1,�(ã1)]] ∈ Z.

By the hypothesis, we have
[ã2

1,�(ã2
1)] ∈ Z.

Expanding this equation and using [ã1,�(ã1)] ∈ Z, we obtain

[ã2
1,�(ã2

1)] = [ã2
1,�(ã1)�(ã1) + 2ã1�(ã1)] = ã1[ã1,�(ã1)�(ã1)] + [ã1,�(ã1)�(ã1)]ã1

+ã1[ã1, 2ã1�(ã1)] + [ã1, 2ã1�(ã1)]ã1

= ã1�(ã1)[ã1,�(ã1)] + ã1[ã1,�(ã1)]�(ã1) + �(ã1)[ã1,�(ã1)]ã1

+[ã1,�(ã1)]�(ã1)ã1 + 2ã2
1[ã1,�(ã1)] + 2ã1[ã1,�(ã1)]ã1

= 2ã1�(ã1)[ã1,�(ã1)] + 2�(ã1)ã1[ã1,�(ã1)] + 4ã2
1[ã1,�(ã1)]

= 2ã1(ã1 + �(ã1))[ã1,�(ã1)] + 2(�(ã1) + ã1)ã1[ã1,�(ã1)]

= (2ã1(ã1 + �(ã1)) + 2(�(ã1) + ã1)ã1)[ã1,�(ã1)]

= 2(2ã2
1 + �(ã1)ã1 + ã1�(ã1))[ã1,�(ã1)]

Since S is 2−torsion free, we have

(2ã2
1 + �(ã1)ã1 + ã1�(ã1))[ã1,�(ã1)] ∈ Z.

Commuting this term with ã1, we find that

[(2ã2
1 + �(ã1)ã1 + ã1�(ã1))[ã1,�(ã1)], ã1] = 0.
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Using the hypothesis, we obtain

[2ã2
1 + �(ã1)ã1 + ã1�(ã1), ã1][ã1,�(ã1)] = 0

and so
([�(ã1)ã1, ã1] + [ã1�(ã1), ã1]) = 2ã1[�(ã1), ã1][ã1,�(ã1)] = 0.

Since S is 2−torsion free, we have

ã1[�(ã1), ã1]
2 = 0. (2)

Multiplying Equation (2) from the left side by �(ã1), we find that

�(ã1)ã1[�(ã1), ã1]
2 = 0. (3)

Multiplying (2) from the left side by �(ã1), we obtain

ã1[�(ã1), ã1]
2�(ã1) = 0.

Since � is centralizing map on U, we have

ã1�(ã1)[�(ã1), ã1]
2 = 0. (4)

Comparing (3) and (4), we find that

[ã1,�(ã1)]
3 = 0.

Since the center of a semiprime ring contains no nonzero nilpotent elements, we obtain
[ã1,�(ã1)] = 0 for all ã1 ∈ U. Hence, we conclude that � is a commuting map on U.

Theorem 2. Let S be a 2−torsion free semiprime ring, U a noncentral square-closed Lie ideal of
S, and � a homoderivation which is zero-power valued on U. If any of the following holds for all
ã1, ã2 ∈ U,

(i) �(ã1 ã2) + ã1 ã2 ∈ Z, or
(ii) �(ã1 ã2)− ã1 ã2 ∈ Z,

then � is a commuting map on U.

Proof. (i) By the hypothesis, we obtain

�(ã1 ã2) + ã1 ã2 ∈ Z for all ã1, ã2 ∈ U.

That is,
�(ã1)�(ã2) + �(ã1)ã2 + ã1�(ã2) + ã1 ã2 ∈ Z.

Substituting ã2 by 2ã2 ã3, ã3 ∈ U in the last equation, we obtain

2�(ã1)�(ã2)�(ã3) + 2�(ã1)�(ã2)ã3 + 2�(ã1)ã2�(ã3) + 2�(ã1)ã2 ã3

+2ã1�(ã2)�(ã3) + 2ã1�(ã2)ã3 + 2ã1 ã2�(ã3) + 2ã1 ã2 ã3 ∈ Z,

and so
2(�(ã1)�(ã2) + �(ã1)ã2 + ã1�(ã2) + ã1 ã2)�(ã3)

+2(�(ã1)�(ã2) + �(ã1)ã2 + ã1�(ã2) + ã1 ã2)ã3 ∈ Z.
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Substituting this term with ã3, we obtain

2[(�(ã1)�(ã2) + �(ã1)ã2 + ã1�(ã2) + ã1 ã2)�(ã3), ã3] = 0, for all ã1, ã2, ã3 ∈ U.

That is
[(�(2ã1 ã2) + 2ã1 ã2)�(ã3), ã3] = 0, for all ã1, ã2, ã3 ∈ U.

Since � is zero-power valued on U, there exists an integer n > 1 such that �n(ã1) = 0 for all
ã1 ∈ U. Using ã1, ã2 ∈ U, we obtain that 2ã1 ã2 ∈ U. Replacing 2ã1 ã2 by 2ã1 ã2 − 2�(ã1 ã2) +

2�2(ã1 ã2) + ... + 2(−1)n−1�n−1(ã1 ã2) in this equation and using S is 2−torsion free, we
find that

[ã1 ã2�(ã3), ã3] = 0, for all ã1, ã2, ã3 ∈ U.

That is
ã1 ã2[�(ã3), ã3] + ã1[ã2, ã3]�(ã3) + [ã1, ã3]ã2�(ã3) = 0. (5)

Replacing ã1 by 2rã1, r ∈ U in this equation, we obtain

2rã1 ã2[�(ã3), ã3] + 2rã1[ã2, ã3]�(ã3) + 2r[ã1, ã3]ã2�(ã3) + 2[r, ã3]ã1 ã2�(ã3) = 0.

Since S is 2−torsion free, we see that

rã1 ã2[�(ã3), ã3] + rã1[ã2, ã3]�(ã3) + r[ã1, ã3]ã2�(ã3) + [r, ã3]ã1 ã2�(ã3) = 0.

Using Equation (5), we have

[r, ã3]ã1 ã2�(ã3) = 0, for all ã1, ã2, ã3, r ∈ U.

Replacing ã2 by 4ã2[r, ã3]ã1 and using S is 2−torsion free, we obtain

[r, ã3]ã1 ã2[r, ã3]ã1�(ã3) = 0, for all ã1, ã2, ã3, r ∈ U.

Writing ã1 by 2ã1�(ã3) and again using S is 2−torsion free, we have

[r, ã3]ã1�(ã3)ã2[r, ã3]ã1�(ã3) = 0, for all ã1, ã2, ã3, r ∈ U.

By Lemma 1, we obtain that

[r, ã3]ã1�(ã3) = 0, for all ã1, ã3, r ∈ U. (6)

Now, writing r by �(ã3) in (6) and multiplying this equation from the right by ã3, we have

[�(ã3), ã3]ã1�(ã3)ã3 = 0, for all ã1, ã3 ∈ U. (7)

Taking ã1 by 2ã1 ã3 in (7), we obtain that

2[�(ã3), ã3]ã1 ã3�(ã3) = 0, for all ã1, ã2, ã3 ∈ U.

Since S is 2−torsion free,we obtain

[�(ã3), ã3]ã1 ã3�(ã3) = 0, for all ã1, ã2, ã3 ∈ U. (8)

Combining (7) and (8), we find that

[�(ã3), ã3]ã1[�(ã3), ã3] = 0, for all ã1, ã2, ã3 ∈ U. (9)
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Again by Lemma 1, we obtain that � is a commuting map on U.
(ii) If � is a homoderivation satisfying �(ã1 ã2) − ã1 ã2 ∈ Z, for all ã1, ã2 ∈ U, then

(−�)(ã1 ã2)− ã1 ã2 ∈ Z. Since (−�) is a homoderivation on S, we obtain that � is a com-
muting map on U by Theorem 2 (i).

Theorem 3. Let S be a 2−torsion free semiprime ring, U a noncentral square-closed Lie ideal of S,
and � a homoderivation on S. If any of the following holds for all ã1, ã2 ∈ U

(i) �([ã1, ã2]) = ã1 ◦ ã2, or
(ii) �(ã1 ◦ ã2) = [ã1, ã2], or
(iii) �(ã1 ◦ ã2) = ã1 ◦ ã2, or
(iv) �([ã1, ã2]) = [ã1, ã2], or

then U[S, S] = (0) and [U, S] = (0). In particular, [�(ã1), ã1] = 0 for all ã1 ∈ U.

Proof. (i) Assume that

�([ã1, ã2]) = ã1 ◦ ã2 for all ã1, ã2 ∈ U (10)

Putting ã2 = ã1 in (10), we have 0 = ã1 ◦ ã1 ⇒ 2ã2
1 = 0. Since S is 2-torsion free, we have

ã2
1 = 0. By linearizing, we obtain

ã1 ◦ ã2 = 0, for all ã1, ã2 ∈ U. (11)

Replacing ã2 by 2ã2r, where r ∈ S in this equation, we have (ã1 ◦ ã2)r− ã2[ã1, r] = 0, and by
using (11), we obtain [ã1, r]ã2[ã1, r] = 0 for all ã1, ã2 ∈ U and r ∈ S. Hence, [ã1, r]U[ã1, r] =
(0) for all ã1, ã2 ∈ U and r ∈ S. Since [ã1, r] ∈ U and by using Lemma 1, we obtain [ã1, r] = 0
for all ã1 ∈ U and r ∈ S, that is, [U, S] = (0), hence U ⊆ Z(S), a contradiction with the fact
that U is a noncentral. Therefore, we have to remove this condition.

Now, we will continue; we have [ã1, r] = 0 for all ã1 ∈ U and r ∈ S. Replacing ã1 by
2ã1s, where s ∈ S, we obtain ã1[s, r] = 0 for all ã1 ∈ U and r, s ∈ S. That is, U[S, S] = (0)
and [U, S] = (0).

(ii) Assume that
�(ã1 ◦ ã2) = [ã1, ã2] for all ã1, ã2 ∈ U. (12)

Putting ã2 = ã1 in (12), we have 0 = �(ã1 ◦ ã1)⇒ 2�(ã2
1) = 0. Since S is 2-torsion free, we

obtain �(ã2
1) = 0. By linearizing, we have

�(ã1 ◦ ã2) = 0, for all ã1, ã2 ∈ U. (13)

Using (13) in (12), we obtain

[ã1, ã2] = 0, for all ã1, ã2 ∈ U. (14)

Replacing ã2 by 2ã2r, where r ∈ S, we obtain 2[ã1, ã2]r + 2ã2[ã1, r] = 0, hence [ã1, ã2]r +
ã2[ã1, r] = 0, and by using (14), we obtain ã2[ã1, r] = 0. Hence, [ã1, r]ã2[ã1, r] = 0 for all
ã1, ã2 ∈ U and r ∈ S. Thus,

[ã1, r]U[ã1, r] = (0) for all ã1 ∈ U and r ∈ S.

Since[ã1, r] ∈ U and by using Lemma 1, we obtain [ã1, r] = 0 for all ã1 ∈ U and r ∈ S;
that is, [U, S] = (0), hence U ⊆ Z(S), a contradiction with the fact that U is a noncentral.
Therefore, we have to remove this condition. Now, we have [ã1, r] = 0 for all ã1 ∈ U and
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r ∈ S. Replacing ã1 by 2ã1s, where s ∈ S, we obtain ã1[s, r] = 0 for all ã1 ∈ U and r, s ∈ S.
That is, U[S, S] = (0) and [U, S] = (0).

(iii) Assume that
�(ã1 ◦ ã2) = ã1 ◦ ã2 for all ã1, ã2 ∈ U (15)

Replacing ã2 by 2ã2 ã1 in (15), we have

�((ã1 ◦ ã2)ã1) = (ã1 ◦ ã2)ã1

and so
�(ã1 ◦ ã2)�(ã1) + �(ã1 ◦ ã2)ã1 + (ã1 ◦ ã2)�(ã1) = (ã1 ◦ ã2)ã1.

Using (15),
(ã1 ◦ ã2)�(ã1) + (ã1 ◦ ã2)ã1 + (ã1 ◦ ã2)�(ã1) = (ã1 ◦ ã2)ã1

and so

(ã1 ◦ ã2)�(ã1) + (ã1 ◦ ã2)�(ã1) = 0

2(ã1 ◦ ã2)�(ã1) = 0

(ã1 ◦ ã2)�(ã1) = 0.

Replacing ã1 by ã2
1 in the last relation, we obtain (ã2

1 ◦ ã2)�(ã2
1) = 0. Putting ã2 = ã1 in (15)

and using this in last equation we obtain

(ã2
1 ◦ ã2)ã2

1 = 0, for all ã1, ã2 ∈ U. (16)

Replacing ã2 by 2rã2, where r ∈ S, 2r(ã2
1 ◦ ã2)ã2

1 + 2[ã2
1, r]ã2 ã2

1 = 0. Using (16) in this relation,
we obtain 2[ã2

1, r]ã2 ã2
1 = 0, and so [ã2

1, r]ã2 ã2
1 = 0 ⇒ [ã2

1, r]ã2[ã2
1, r] = 0 for all ã1 ∈ U and

r ∈ S. By Lemma 1, we obtain [ã2
1, r] = 0 for all ã1 ∈ U and r ∈ S. By linearizing, we obtain

[ã1 ◦ ã2, r] = 0, for all ã1, ã2 ∈ U, r ∈ S. (17)

Replacing ã2 by 2ã2r, we obtain [(ã1 ◦ ã2)r − ã2[ã1, r], r] = 0 for all ã1 ∈ U and r ∈ S.
Using (17), we obtain

ã2[[ã1, r], r]− [ã2, r][ã1, r] = 0, for all ã1, ã2 ∈ U, r ∈ S (18)

Replacing ã2 by 2ã1 ã2, in (18), we obtain

ã1 ã2[[ã1, r], r]− ã1[ã2, r][ã1, r]− [ã1, r]ã2[ã1, r] = 0, for all ã1, ã2 ∈ U, r ∈ S

and so

ã1(ã2[[ã1, r], r]− [ã2, r][ã1, r])− [ã1, r]ã2[ã1, r] = 0, for all ã1, ã2 ∈ U,r ∈ S.

Using (18) in the last relation, we obtain [ã1, r]ã2[ã1, r] = 0 for all ã1, ã2 ∈ U and r ∈ S.
By Lemma 1, we obtain [ã1, r] = 0 for all ã1 ∈ U and r ∈ S. That is, [U, S] = (0), hence
U ⊆ Z(S), a contradiction with the fact that U is a noncentral. Therefore, we have to
remove this condition.

Now, we will continue; we have [ã1, r] = 0 for all ã1 ∈ U and r ∈ S. Replacing ã1 by
2ã1s, where s ∈ S, we obtain ã1[s, r] = 0 for all ã1 ∈ U and r, s ∈ S.That is, U[S, S] = (0)
and [U, S] = (0).
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(iv) Assume that

�([ã1, ã2]) = [ã1, ã2] for all ã1, ã2 ∈ U. (19)

As in (iii), we obtain [ã1, ã2]�(ã1) = 0 for all ã1, ã2 ∈ U. Replacing ã1 by [ã1, r], where
z ∈ U, we obtain [[ã1, z], ã2]�([ã1, z]) = 0 for all ã1, ã2, z ∈ U. Using (19), we obtain
[[ã1, z], ã2][ã1, z] = 0 for all ã1, ã2, z ∈ U. Replacing ã2 by 2rã2, where r ∈ S, we obtain
[[ã1, z], r]ã2[ã1, z] = 0 for all ã1, ã2, z ∈ U and r ∈ S. That is, [[ã1, z], r]ã2[[ã1, z], r] = 0 for all
ã1, ã2, z ∈ U and r ∈ S. By Lemma 1, we obtain [[ã1, z], r] = 0 for all ã1, z ∈ U and r ∈ S.
Replacing z by zã1, we obtain [ã1, z][ã1, r] = 0 for all ã1, z ∈ U and r ∈ S. Replacing z by rz,
we obtain [ã1, r]z[ã1, r] = 0 for all ã1, z ∈ U and r ∈ S. By Lemma 1, we obtain [ã1, r] = 0
for all ã1 ∈ U and r ∈ S. That is, [U, S] = (0), hence U ⊆ Z(S), a contradiction with fact
that U is a noncentral. So we have to remove this condition. Now we have [ã1, r] = 0 for all
ã1 ∈ U and r ∈ S. Replacing ã1 by 2ã1s, where s ∈ S, we obtain ã1[s, r] = 0 for all ã1 ∈ U
and r, s ∈ S. That is, U[S, S] = (0) and [U, S] = (0).

Example 1. Let S =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
⎛⎜⎜⎜⎝

0 a b c
0 0 0 b
0 0 0 −a
0 0 0 0

⎞⎟⎟⎟⎠ : a, b, c ∈ Z

⎫⎪⎪⎪⎬⎪⎪⎪⎭ be a 2-torsion free ring, and is not a

semiprime ring U =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
⎛⎜⎜⎜⎝

0 a a c
0 0 0 a
0 0 0 −a
0 0 0 0

⎞⎟⎟⎟⎠ : a, c ∈ Z

⎫⎪⎪⎪⎬⎪⎪⎪⎭ be a noncentral square-closed Lie ideal of

S. � : S → S �

⎛⎜⎜⎜⎝
⎛⎜⎜⎜⎝

0 a b c
0 0 0 b
0 0 0 −a
0 0 0 0

⎞⎟⎟⎟⎠
⎞⎟⎟⎟⎠ =

⎛⎜⎜⎜⎝
0 0 −b c
0 0 0 −b
0 0 0 0
0 0 0 0

⎞⎟⎟⎟⎠. Then, it easy to check that �

is a homoderivation of S. The conditions (i)− (iv) given in Theorem 3 are satisfied on U. However,
S is not semiprime and h is not commuting in U. Thus, the conditions’ semiprimeness is essential.

Theorem 4. Let S be a 2−torsion semiprime ring, U a noncentral square-closed Lie ideal of S, and
� a zero-power valued on U. Suppose that S admits a homoderivation � such that for all ã1, ã2 ∈ U

(i) ã1�(ã2)± ã1 ã2 ∈ Z, or
(ii) ã1�(ã2)± ã2 ã1 = 0, or
(iii) ã1�(ã2)± ã1 ◦ ã2 = 0, or
(iv) [�(ã1), ã2]± ã1 ã2 = 0, or
(v) [�(ã1), ã2]± ã2 ã1 = 0.

Then � is a commuting map on U.

Proof. (i) By the hypothesis, we obtain

ã1�(ã2) + ã1 ã2 ∈ Z, for all ã1, ã2 ∈ U.

That is
ã1(�(ã2) + ã2) ∈ Z, for all ã1, ã2 ∈ U.

Since � is zero-power valued on U, there exists an integer n > 1 such that �n(ã1) = 0 for all
ã1 ∈ U. Replacing ã2 by ã2 − �(ã2) + �2(ã2) + ... + (−1)n−1�n−1(ã2) in this equation, we
obtain that

ã1 ã2 ∈ Z, for all ã1, ã2 ∈ U.
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Commuting this term with r ∈ S, we obtain

0 = [ã1 ã2, r] = [ã1, r]ã2 + ã1[ã2, r].

Replacing ã1 by 2ã3 ã1, ã3 ∈ U in this equation and using this equation, we obtain

2[ã3, r]ã1 ã2 = 0.

Since S is 2−torsion free ring, we see that

[ã3, r]ã1 ã2 = 0.

Taking ã2 by [ã3, r] in this equation, we have

[ã3, r]ã1[ã3, r] = 0, for all ã1, ã3 ∈ U, r ∈ S.

Replacig r by �(ã3) in this equation, we obtain

[ã3,�(ã3)]ã1[ã3,�(ã3)] = 0, for all ã1, ã3 ∈ U.

By Lemma 1, we obtain that � is a commuting map on U.
ã1�(ã2)− ã1 ã2 ∈ Z is proved similarly. We complete the proof.
(ii) We obtain

ã1�(ã2) + ã2 ã1 = 0, for all ã1, ã2 ∈ U.

Replacing ã2 by ã1 ã2, ã2 ∈ U in this equation and using this, we have

ã1�(ã1)(�(ã2) + ã2) = 0.

Since � is zero-power valued on U, there exists an integer n > 1 such that �n(ã1) = 0 for all
ã1 ∈ U. Replacing ã2 by ã2 − �(ã2) + �2(ã2) + ... + (−1)n−1�n−1(ã2) in this equation, we
obtain that

ã1�(ã1)ã2 = 0, for all ã1, ã2 ∈ U.

Writing ã2 by 4ã2 ã1�(ã1) in the last equation, we have

4ã1�(ã1)ã2 ã1�(ã1) = 0, for all ã1, ã2 ∈ U.

Since S is 2−torsion free ring, we obtain that

ã1�(ã1)ã2 ã1�(ã1) = 0, for all ã1, ã2 ∈ U.

By Lemma 1, we obtain
ã1�(ã1) = 0, for all ã1, ã2 ∈ U. (20)

By the hypothesis, we obtain

ã1�(ã1) + ã2
1 = 0, for all ã1 ∈ U.

Using Equation (20), we obtain that

ã2
1 = 0, for all ã1 ∈ U. (21)
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Replacing ã1 by ã1 + ã2 in this equation, we have

ã1 ◦ ã2 = 0, for all ã1, ã2 ∈ U.

Replacing ã2 by 2ã2 ã3, ã3 ∈ U in the above expression and using this, we obtain

2[ã1, ã2]ã3 = 0, for all ã1, ã2, ã3 ∈ U.

Since S is 2−torsion free ring, we have

[ã1, ã2]ã3 = 0, for all ã1, ã2, ã3 ∈ U.

Replacing ã3 by 2ã3[ã1, ã2] in this equation and using S is 2−torsion free ring, we have

[ã1, ã2]U[ã1, ã2] = (0), for all ã1, ã2 ∈ U.

By Lemma 1, we find that

[ã1, ã2] = 0, for all ã1, ã2 ∈ U.

Replacing ã2 by �(ã1) in this equation, we obtain [ã1,�(ã1)] = 0. Hence, we conclude that
� is a commuting map on U. This completes the proof.

ã1�(ã2)− ã2 ã1 = 0 is proved similarly.
(iii) By the hypothesis, we obtain

ã1�(ã2)± ã1 ◦ ã2 = 0.

Replacing ã2 by 2ã2 ã1 in this equation and using S is 2−torsion free ring, we get

ã1�(ã2)�(ã1) + ã1�(ã2)ã1 + ã1 ã2�(ã1)± (ã1 ◦ ã2)ã1 = 0.

Using the hypothesis, we get

ã1�(ã2)�(ã1) + ã1 ã2�(ã1) = 0.

That is
ã1(�(ã2) + ã2)�(ã1) = 0.

Since � is zero-power valued on U, there exists an integer n > 1 such that �n(ã1) = 0 for
all ã1 ∈ U. Replacing ã2 by ã2 − �(ã2) + �2(ã2) + · · ·+ (−1)n−1�n−1(ã2) in this equation,
we obtain that

ã1 ã2�(ã1) = 0, for all ã1, ã2 ∈ U.

Taking ã2 by 4�(ã1)ã2ã1 in the above equation and using S is 2−torsion free ring, we see that

ã1�(ã1)ã2 ã1�(ã1) = 0.

By Lemma 1, we have
ã1�(ã1) = 0, for all ã1, ã2 ∈ U.

By our hypothesis, we obtain

ã1�(ã1)± ã2
1 = 0, for all ã1 ∈ U
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and so
ã2

1 = 0, for all ã1 ∈ U.

The rest of the proof is the same as Equation (21).
(iv) We obtain

[�(ã1), ã2]± ã1 ã2 = 0, for all ã1, ã2 ∈ U.

Taking ã2 by 2ã2 ã1 in this equation and using S is 2−torsion free ring, we obtain

[�(ã1), ã2]ã1 + ã2[�(ã1), ã1]± ã1 ã2 ã1 = 0.

By the hypothesis, we find that

ã2[�(ã1), ã1] = 0, for all ã1, ã2 ∈ U. (22)

Replacing ã2 by 2[�(ã1), ã1]ã2 in this equation and using S is 2−torsion free ring, we obtain

[�(ã1), ã1]r[�(ã1), ã1] = 0.

By Lemma 1, we have
[�(ã1), ã1] = 0, for all ã1 ∈ U.

This completes the proof.
(v) By the hypothesis, we obtain

[�(ã1), ã2]± ã2 ã1 = 0, for all ã1, ã2 ∈ U.

Replacing ã2 by 2ã1 ã2 in this equation, we have

2ã1[�(ã1), ã2] + 2[�(ã1), ã1]ã2 ± 2ã1 ã2 ã1 = 0.

Since S is 2−torsion free ring, we can write

ã1[�(ã1), ã2] + [�(ã1), ã1]ã2 ± ã1 ã2 ã1 = 0.

By our hypothesis, we obtain

[�(ã1), ã1]ã2 = 0, for all ã1, ã2 ∈ U.

The rest of the proof is the same as Equation (22). Hence, we complete the proof.

3. Open Problems

Our assumptions focus on a noncentral square-closed Lie ideal within a 2-torsion free
semiprime ring. As a direction for future research, similar investigations can be conducted
without imposing the square-closed condition on Lie ideals of rings. Additionally, this study
extends to various algebraic structures, including alternative rings, algebras, and near-rings.

Ruth N. Ferreira and Bruno L. M. Ferreira established the following theorem in ([16],
Theorem 1.1):

Theorem 5. Let S be a 3−torsion free alternative ring. S is a prime ring if and only if aS·b = 0 (or
a·Sb = 0) implies a = 0 or b = 0 for a, b ∈ S.
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It is well known that the 3-torsion free condition is unnecessary in the case of associative
rings. Therefore, the findings in this paper can also be explored within the framework of
alternative rings. Several studies in the literature address related topics (see [16–18], etc.).

4. Conclusions

In this work, we examine the commutativity of semiprime rings influenced by the
action of homoderivations. Our study generalizes prior results by identifying conditions
under which a noncentral square-closed Lie ideal of a 2-torsion free semiprime ring admits
a homoderivation. To demonstrate the necessity of these conditions, we present an illustra-
tive example within the framework of our theorem. The findings contribute to the broader
landscape of commutativity theorems, offering new insights into the structural properties
of rings with derivations. Moreover, this research paves the way for further exploration of
derivations in algebraic systems, with potential applications in operator algebras, noncom-
mutative geometry, and other areas where ring theory plays a fundamental role.

Author Contributions: The material is the result of the joint efforts of A.Y.H., Z.B., E.K.S., Ö.G. and
N.u.R. All authors have read and agreed to the published version of the manuscript.

Funding: The authors extend their appreciation to the Deanship of Research and Graduate Studies
at King Khalid University for funding this work through the Large Research Project under grant
number RGP2/293/45.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: All data required for this article are included within the article.

Acknowledgments: The authors are greatly indebted to the referee for their valuable suggestions
and comments, which have immensely improved the article.

Conflicts of Interest: The authors declare no conflicts of interest.

References

1. Posner, E.C. Derivations in prime rings. Proc. Am. Math. Soc. 1957, 8, 1093–1100. [CrossRef]
2. El Sofy, M.M. Rings with some kinds of mappings. Master’s Thesis, Cairo University, Branch of Fayoum, Fayoum, Egypt, 2000.
3. Daif, M.N.; Bell, H.E. Remarks on derivations on semiprime rings. Int. J. Math. Math. Sci. 1992, 15, 205–206. [CrossRef]
4. Quadri, M.A.; Khan, M.S.; Rehman, N. Generalized derivations and commutativity of prime rings. Indian Pure Appl. Math. 2003,

34, 1393–1396.
5. Koc, E.; Golbasi, Ö. Some results on ideals of semiprime rings with multiplicative generalized derivations. Commun. Algebra 2018,

46, 4905–4913. [CrossRef]
6. Bell, H.E.; Daif, M.N. On derivations and commutativity in prime rings. Acta Math. Hung. 1995, 66, 337–343. [CrossRef]
7. Nabiel, H. Semiderivations and commutativity in semiprime rings. Gen. Math. Notes 2013, 19, 71–82.
8. Hongan, M. A note on semiprime rings with derivation. Internat. J. Math. Math. Sci. 1997, 20, 413–415. [CrossRef]
9. De Filippis, V.; Mamouni, A.; Oukhtite, L. Semiderivations satisfying certain algebraic identities on Jordan ideals. Int. Sch. Res.

Not. 2013, 2013, 738368. [CrossRef]
10. Melaibari, A.; Muthana, N.; Al-Kenani, A. On homoderivations in rings. Gen. Math. Notes 2016, 35, 1–8.
11. Ashraf, M.; Rehman, N. On derivations and commutativity in prime rings. East-West J. Math. 2001, 3, 87–91. [CrossRef]
12. Alharfie, E.F.; Muthana, N.M. The commutativity of prime ring with homoderivations. Int. J. Adv. Appl. Sci. 2018, 5, 79–81.

[CrossRef]
13. Engin, A.; Aydın, N. Homoderivations in prime rings. J. New Theory 2023, 43, 23–34. [CrossRef]
14. Centrone, L.; Zargeh, C. Varieties of Null-Filiform Leibniz Algebras Under the Action of Hopf Algebras. Algebr. Repr. Theory 2023,

26, 631–648. [CrossRef]
15. Hongan, M.; Rehman, N.; Al-Omary, R.M. Lie ideals and Jordan triple derivations in rings. Rend. Semin. Mat. Univ. Padova 2011,

125, 147–156. [CrossRef]
16. Ferreira, R.N.; Ferreira, B.L.M. Jordan triple derivation on alternative rings. Proyecciones 2018, 37, 171–180. [CrossRef]

71



Mathematics 2025, 13, 548

17. Ferreira, B.L.M.; Guzzo, H., Jr.; Ferreira, R.N.; Wei, F. Jordan derivations of alternative rings. Commun. Algebra 2020, 48, 717–723.
[CrossRef]

18. Ferreira, B.L.M.; Kaygorodov, I. Commuting maps on alternative rings. Ric. Mat. 2022, 71, 67–78. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

72



Article

The Equivalent Standard Forms of a Class of Tropical Matrices
and Centralizer Groups

Yanliang Cheng

School of Mathematics, Northwest University, Xi’an 710127, China; 202110145@stumail.nwu.edu.cn

Abstract: In this paper, the equivalent standard forms of tropical idempotent strongly
definite matrices are introduced. In particular, the observation of the equivalent standard
forms of tropical idempotent normal matrices is given. An equivalence relation ρ on the set
of all tropical idempotent normal matrices, which is relevant to their centralizer groups, is
introduced and studied. It is proved that every ρ-class contains at least one strongly regular
tropical idempotent normal matrix. Furthermore, a structural description of the centralizer
groups of partial strongly regular tropical idempotent normal matrices is given.
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1. Introduction and Preliminaries

The tropical semiring R is the set R∪ {−∞} equipped with the operations of tropical
addition a⊕ b := max{a, b} and tropical multiplication a⊗ b := a + b, where 0 and −∞
are the multiplicative neutral element and the additive neutral element, respectively. The
completed tropical semiring R is the tropical semiring augmented with an extra element
+∞ (see [1]). Note that, by definition,

(−∞)⊗ (+∞) = (+∞)⊗ (−∞) = −∞.

Let Mn(R) denote the set of n × n matrices with entries in R. As in conventional
linear algebra, we can extend the operations ⊕ and ⊗ on the tropical semiring R to Mn(R).
Indeed, if A = (aij), B = (bij) ∈ Mn(R), then we have

(A⊕ B)ij = aij ⊕ bij, (A⊗ B)ij =
n⊕

k=1

aik ⊗ bkj,

for all i, j ∈ [n](= {1, 2, . . . , n}), where (A⊕ B)ij and (A⊗ B)ij denote the (i, j)-th entries of
the matrices A⊕ B and A⊗ B, respectively. For brevity, we usually write AB in place of
A⊗ B for a product of matrices. It is easy to check that (Mn(R),⊕,⊗) is an idempotent
semiring. The additive neutral element of Mn(R) is the tropical n× n matrix whose entries
are all −∞, denoted by Zn, and the multiplicative neutral element of Mn(R) is the tropical
identity matrix whose diagonal entries are 0 and off-diagonal ones are −∞, denoted by In.
We are interested in studying the multiplicative structure of the tropical matrices. There
is a series of papers in the literature studying the multiplicative structure of this semiring
(see [2–5]).

Mathematics 2025, 13, 399 https://doi.org/10.3390/math13030399
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Recall that a tropical matrix E ∈ Mn(R) is said to be idempotent if E2 = E and a tropical
matrix A = (aij) ∈ Mn(R) is said to be normal if −∞ ≤ aij ≤ 0 and aii = 0 for all i, j ∈ [n]
(see [1,6]). Since we never refer to classical matrices in this paper, the following matrices
refer to tropical matrices. A matrix A ∈ Mn(R) is said to be strongly regular if the system
Ax = b has a unique solution for some b ∈ Rn. It is well known that an n × n matrix
A = (aij) is strongly regular if and only if it has a strong permanent (see [1] [Proposition
6.2.2])—that is, there exists a unique σ ∈ Sn such that

maper(A) = a1,1σ ⊗ a2,2σ ⊗ · · · ⊗ an,nσ ,

where maper(A) =
⊕

σ∈Sn a1,1σ ⊗ a2,2σ ⊗ · · · ⊗ an,nσ is called the permanent of A. Through-
out this paper, MI

n and MIN
n stand for the set of all idempotent n × n matrices and all

idempotent normal n × n matrices, respectively. MSR
n stands for the set of all strongly

regular idempotent normal matrices and MNSR
n stands for the set of all idempotent normal

matrices that are not strongly regular (that is, MNSR
n = MIN

n \ MSR
n ). For more details about

idempotent normal matrices, the reader is referred to [2,7–11].
An n× n matrix is called diagonal—notation diag(λ1, λ2, · · · , λn)—if its diagonal en-

tries are λ1, λ2, · · · , λn ∈ R and the off-diagonal entries are −∞. A matrix is said to be
a permutation matrix (generalized permutation matrix, respectively) if it is formed from the
identity matrix (the diagonal matrix, respectively) by reordering its columns and/or rows.
Let GLn(R) and Pn(R) denote the set of all generalized permutation matrices and the set of
all permutation matrices in Mn(R), respectively. It is easy to see that GLn(R) and Pn(R) are
subgroups of the semigroup (Mn(R),⊗). In fact, the position of generalized permutation
matrices in max-algebra is slightly more special than in conventional linear algebra as they
are the only matrices having an inverse (see ([1], Theorem 1.1.3)). Let A = (aij) ∈ Mn(R).
Define

Un(A) := {P ∈ GLn(R) | PA = AP}, Pn(A) := {Pσ ∈ Pn(R) | Pσ A = APσ},

where Pσ denotes an n× n permutation matrix whose i-th row is equal to the iσ-th row of
In for any i ∈ [n]. It is easy to check that Pn(A) ≤ Un(A), Pn(A) ∼= GA, where

GA := {σ ∈ Sn | (∀i, j ∈ [n]) aiσ ,jσ = aij}.

Un(A) will be called the generalized centralizer group of A and Pn(A)(or GA) will be called
the centralizer group of A (see [11]).

There are a series of papers in the literature that study tropical matrix groups. In 2011,
Johnson and Kambites [5] studied the algebraic structure of the multiplicative semigroup of
all tropical 2× 2 matrices. They described completely the structures of maximal subgroups
of this semigroup. In 2012, Shitov [3] gave a complete description of the subgroups
of the multiplicative semigroup of tropical n × n matrices up to isomorphism. They
showed that every group of tropical matrices is isomorphic to a subgroup of GLn(R) and
therefore embeds into the permutation wreath product R " Sn. In 2018, Izhakian et al. [12]
studied the structure of the maximal subgroups of finitary tropical n× n matrices. They
showed that the maximal subgroup containing a tropical idempotent matrix E is isomorphic
to Un(E). Moreover, the maximal subgroup is, up to isomorphism, exactly the direct
product of GE and R. In 2018, Yang [4,13] studied the generalized centralizer groups of
nonsingular tropical idempotent matrices. In particular, a decomposition of the generalized
centralizer groups of nonsingular symmetric tropical idempotent matrices was given. In
2022, Deng et al. [11] studied the generalized centralizer groups and centralizer groups
of tropical n × n matrices. They proved that the centralizer group of a tropical matrix
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is isomorphic to the centralizer group of an idempotent normal matrix E. Moreover,
the structure of the centralizer group of E is given when E is not strongly regular. In
this paper, by means of the introduction of the equivalent standard form of idempotent
strongly definite matrices, we obtain that the centralizer group of every not strongly
regular idempotent normal matrix is equal to the centralizer group of some strongly regular
idempotent normal matrix. Further, a structural description of the centralizer groups
of partial strongly regular idempotent normal matrices is given. Our results generalize
and enrich corresponding results about idempotent normal matrices and their centralizer
groups (see [11]).

In the remainder of this section, we recall some notions and results related to
the weighted digraph D(A) of a matrix A (see [1]), which will be required later. Let
A = (aij) ∈ Mn(R). The weighted digraph associated with A is D(A) = (N(A), E(A), w),
where the node set N(A) = [n] and the edge set E(A) = {(i, j) | aij > −∞} with weights
w(i, j) = aij for all (i, j) ∈ E(A). Suppose that π = (i1, i2, · · · , ip) is a path in D(A);
then, the weight of π is defined to be w(π, A) = ai1,i2 + ai2,i3 + · · ·+ aip−1,ip if p > 1 and
w(π, A) = −∞ if p = 1. The number p− 1 is called the length of π, denoted by �(π). Recall
that a path (i1, i2, · · · , ip) is called a cycle if p > 1 and i1 = ip, and it is called an elementary
cycle if, moreover, ik �= i� for any k, � ∈ [p− 1] and k �= �. The maximum cycle mean of A,
denoted by λ(A), is defined by

λ(A) = maxσμ(σ, A),

where the maximization is taken over all elementary cycles in D(A) and

μ(σ, A) =
w(σ, A)

�(σ)

denotes the mean of a cycle σ.
A cycle in D(A) is called critical if its cycle mean is equal to λ(A). The nodes and the

edges of D(A) that belong to some critical cycles are called critical. The critical digraph of A
is the digraph C(A) = (Nc(A), Ec(A)), where Nc(A) and Ec(A) denote the set of critical
nodes and critical edges of D(A), respectively. If i, j ∈ Nc(A) belong to the same critical
cycle, then i and j are called equivalent in D(A) and we write i ∼A j. Clearly, ∼A is an
equivalence relation on Nc(A).

A matrix A is called definite if λ(A) = 0. Thus, a matrix is definite if and only if all
cycles in D(A) are non-positive (i.e., its cycle mean is non-positive) and at least one has
weight zero. A matrix A = (aij) ∈ Mn(R) is called increasing if aii ≥ 0 for all i ∈ [n], and
is called strongly definite if it is definite and increasing. Since the diagonal entries of A are
the weights of cycles (loops), we have that aii = 0 for all i ∈ [n] if A is strongly definite.
In the following, MISD

n stands for the set of all idempotent strongly definite matrices. For
more details about idempotent strongly definite matrices, the reader is referred to ([1],
Section 6.2).

In addition to this introduction and preliminaries, this paper comprises two sections.
In Section 2, we give some characterizations of ∼E and introduce the equivalent standard
forms of E, where E ∈ MISD

n . In particular, we give the observation of the equivalent
standard forms of E ∈ MIN

n . In Section 3, by using the centralizer groups of idempotent
normal matrices we introduce an equivalence relation ρ on MIN

n . We prove that every
ρ-class contains at least one strongly regular idempotent normal matrix. Let E ∈ MSR

n . A
new idempotent normal matrix E(et) is constructed from E, where et is an off-diagonal entry
of E. We give the equivalent conditions for which E(et) is not strongly regular. Further, a
structural description of GE is given when E(et) is not strongly regular.
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For other notations and terminologies not given in this article, the reader is referred to
the books [1,14,15].

2. The Equivalent Standard Forms of Idempotent Strongly
Definite Matrices

Let R
n

denote the set of all n-tuples x with entries in R. We write xi for the i-th
component of x. For any x, y ∈ R

n
, we define

〈x | y〉 := max{λ ∈ R | λ⊗ x ≤ y} = mini∈[n]{yi − xi},

where λ⊗ x = (λ + x1, λ + x2, . . . , λ + xn). We set (−∞)− a = −∞, a− (−∞) = +∞ and
(−∞)− (−∞) = +∞ for any a ∈ R. The map (x, y) �→ 〈x | y〉 is a residuation operator
in the sense of residuation theory [16], and is ubiquitous in tropical algebra. Notice that
〈x | y〉 = +∞ if and only if x = −∞. 〈x | y〉 = −∞ if and only if there exists j ∈ [n] such
that yj = −∞ and xj �= −∞.

As a consequence of ([7], Lemma 5.3), we have the following:

Lemma 1. Suppose that E = (eij) ∈ MI
n. Let r1, r2, . . . , rn denote the rows of E and c1, c2, . . . , cn

denote the columns of E. Then,

(i) eij ≤ min{〈rj | ri〉, 〈ci | cj〉} for any i, j ∈ [n];
(ii) If eii = 0, then eij = 〈ci | cj〉 and eji = 〈ri | rj〉 for all j ∈ [n].

Proof. Part (i) is a direct consequence of ([7], Lemma 5.3).
To prove part (ii), let eii = 0. Suppose that eij < 〈ci | cj〉 for some j ∈ [n]. Then,

eij < 〈ci | cj〉 ⊗ eii. Since 〈x | y〉 ⊗ x ≤ y for any x, y ∈ R
n
, it is implied that 〈ci | cj〉 ⊗ ci ≤ cj.

Hence, 〈ci | cj〉 ⊗ eki ≤ ekj for all k ∈ [n]. This contradicts eij < 〈ci | cj〉 ⊗ eii. Thus,
eij = 〈ci | cj〉 for all j ∈ [n]. Similarly, eji = 〈ri | rj〉 for all j ∈ [n].

Furthermore, we have the following lemma.

Lemma 2. Let E = (eij) ∈ MISD
n and i, j ∈ [n]. Then, the following are equivalent:

(i) eij = eji = 0;
(ii) eik = ejk for all k ∈ [n];
(iii) eki = ekj for all k ∈ [n].

Proof. We need only to prove the equivalence of (i) and (ii), since the equivalence of (i)
and (iii) may be showed dually.

(i)⇒ (ii). Suppose that eij = eji = 0. Then, by Lemma 1 and E ∈ MISD
n , eij = 〈rj | ri〉

and eji = 〈ri | rj〉, where ri and rj denote the i-th and j-th row of E, respectively. Moveover,
〈rj | ri〉 = 〈ri | rj〉 = 0, and so ri = rj. That is, eik = ejk for all k ∈ [n].

(ii) ⇒ (i). Suppose that eik = ejk for all k ∈ [n]. Setting k = i, we have eji = eii = 0.
Setting k = j, we have eij = ejj = 0. Thus, eij = eji = 0.

Let E = (eij) ∈ MISD
n . It is easily seen that the maximum cycle mean λ(E) = 0 and

that every node of D(E) is critical, since all the diagonal entries of E are equal to 0. That is,
Nc(E) = [n]. So, ∼E is an equivalence relation on [n].

Note that MIN
n ⊆ MISD

n . It is clear that Lemma 2 generalizes the part results of ([11],
Lemma 3.2), which asserts that if E = (eij) ∈ MIN

n and i, j ∈ [n], then i ∼E j if and only if
eij = eji = 0. Now, let E = (eij) ∈ MISD

n . If eij = eji = 0, then i ∼E j by λ(E) = 0. However,
the inverse of this result is not true. In fact, for idempotent strongly definite matrices,
we have the following:
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Proposition 1. Let E = (eij) ∈ MISD
n and i, j ∈ [n]. Then, the following are equivalent:

(i) i ∼E j;
(ii) eij + eji = 0;
(iii) eik − ejk = eij for all k ∈ [n];
(iv) ekj − eki = eij for all k ∈ [n].

Proof. We need only to prove the equivalence of (i), (ii), and (iii), since the equivalence of
(i), (ii), and (iv) may be showed dually.

(i) ⇒ (ii). Suppose that i ∼E j. Then, there is a critical cycle π containing both i
and j in D(E). We shall write π = (i1i2 . . . is . . . ip), where i1 = i and is = j. Moreover,
w(π, E) = ei1,i2 + . . . + eis−1,is + eis ,is+1 + . . . + eip ,i1 = 0. Since E is idempotent, it follows
that ei1,i2 + . . . + eis−1,is ≤ eij and eis ,is+1 + . . . + eip ,i1 ≤ eji. Thus, w(π, E) ≤ eij + eji ≤ 0,
and so eij + eji = 0.

(ii)⇒ (iii). Suppose that eij + eji = 0. Then, by Lemma 1, 〈rj | ri〉+ 〈ri | rj〉 = 0, and
so 〈rj | ri〉 = −〈ri | rj〉—i.e.,

mink∈[n]{eik − ejk} = maxk∈[n]{eik − ejk}.

This means that eik − ejk = ei� − ej� for any k, � ∈ [n]. Putting � = j, we deduce that
eik − ejk = eij for all k ∈ [n].

(iii) ⇒ (i). Suppose that eik − ejk = eij for all k ∈ [n]. Putting k = i, we obtain that
eij + eji = 0. Thus, τ = (ij) is a critical cycle with length two in D(E). Consequently,
i ∼E j.

It is clear that the above proposition is a generalization of ([11], Lemma 3.2). As usual,
Δ (resp. ∇) stands for the equality relation (resp. universal relation).

Proposition 2. Let E = (eij) ∈ MISD
n . Then, E is not strongly regular ⇐⇒ ∼E �= Δ.

Proof. Suppose that E is not strongly regular. Then, there exists τ ∈ Sn \ {1} such that
e1,τ(1) ⊗ e2,τ(2) ⊗ · · · ⊗ en,τ(n) = 0. Write τ as a product of non-trivial disjoint cycles, say,
τ = τ1τ2 . . . τ� (� < n). Then, any such cycle τi(i ∈ [�]), say, τi = (j1 j2 · · · jk), satisfies
ej1,j2 ⊗ ej2,j3 ⊗ · · · ⊗ ejk ,j1 = 0. Since E is idempotent, it follows that ej1,jk ≥ ej1,j2 ⊗ · · · ⊗
ejk−1,jk = −ejk ,j1 . Moreover, ej1,jk + ejk ,j1 ≥ 0. By ej1,jk ⊗ ejk ,j1 ≤ ej1,j1 = 0, which implies that
ej1,jk + ejk ,j1 = 0. It follows from Proposition 1 that j1 ∼E jk, and so ∼E �= Δ.

Assume that ∼E �= Δ. Then, by Proposition 1, eij + eji = 0 for some i, j ∈ [n] and i �= j.
It follows from ([7], Lemma 3.3) that maper(E) = 0. Hence, the transposition (ij) ∈ Sn

attains the permanent of E, as required.

Let G ≤ Sn. Recall that ∅ �= Γ ⊆ [n] is called a block for G if for each σ ∈ G either
Γσ = Γ or Γσ ∩ Γ = ∅, where Γσ = {iσ | i ∈ Γ}. Clearly, for each σ ∈ G, Γσ is also a
block for G (see [14]). A G-congruence on [n] is an equivalence relation ∼ on [n] with the
property that

i ∼ j ⇐⇒ iσ ∼ jσ for all σ ∈ G.

Let G be transitive on [n] and Γ a block for G. Then, {Γσ | σ ∈ G} is a partition of [n] and
|Γσ| = |Γ| for each σ ∈ G. {Γσ | σ ∈ G} is called a system of blocks for G containing Γ. If ∼
is a G-congruence on [n], then the equivalence classes of ∼ form a system of blocks for G
(see ([14], Exercise 1.5.4)).
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Proposition 3. Let E = (eij) ∈ MISD
n and {Γ1, Γ2, . . . , Γm} be the set of all classes of ∼E. Then,

∼E is a GE-congruence on [n]. Also, {Γ1, Γ2, . . . , Γm} is a system of blocks for GE if GE is transitive
on [n].

Proof. Suppose that σ ∈ GE. Then, for any i, j ∈ [n],

i ∼E j ⇐⇒ eik − ejk = eij (by Proposition 1)
⇐⇒ eiσ ,kσ − ejσ ,kσ = eiσ ,jσ (since σ ∈ GE)

⇐⇒ iσ ∼E jσ.

This shows that ∼E is a GE-congruence on [n], and so {Γ1, Γ2, . . . , Γm} is a system of blocks
for GE if GE acts transitively on [n].

Now, suppose that E ∈ MISD
n and {Γ1, Γ2, . . . , Γm} is the set of all classes of ∼E, where

1 ≤ m ≤ n. If E is not strongly regular, then m �= n by Proposition 2. Without loss of
generality, let 1 ≤ |Γ1| ≤ |Γ2| ≤ · · · ≤ |Γm| ≤ n and |Γk| = tk for any k ∈ [m]. That is,
1 ≤ t1 ≤ t2 ≤ · · · ≤ tm ≤ n and t1 + t2 + · · ·+ tm = n. It follows from Proposition 1 that
for any i, j ∈ Γk and k ∈ [m], cj = eij ⊗ ci and ri = eij ⊗ rj.

Next, for each k ∈ [m], we shall write

Ωk = {
k−1

∑
i=1

ti + 1,
k−1

∑
i=1

ti + 2, . . . ,
k

∑
i=1

ti}.

Take τ ∈ Sn such that Ωτ
k = Γk for each k ∈ [m]. Further, by permuting simultaneously the

rows and columns of E with τ, we obtain the following block matrix, E = PτEP−1
τ :

E = (eij)n×n =

⎛⎜⎜⎜⎜⎝
E1 E12 · · · E1m

E21 E2 · · · E2m
...

...
. . .

...
Em1 Em2 · · · Em

⎞⎟⎟⎟⎟⎠, (1)

where 1 ≤ m ≤ n, for each k ∈ [m], Ek is an antisymmetric tk × tk matrix, and for any
k, � ∈ [m] and k �= �, Ek� is an tk × t� matrix with cj(Ek�) = eij ⊗ ci(Ek�) for any i, j ∈ Ω� and
ri(Ek�) = eij ⊗ rj(Ek�) for any i, j ∈ Ωk. In fact, since E = PτEP−1

τ , we have that E ∈ MISD
n

and eij = eiτ ,jτ for any i, j ∈ [n]. Then, for each k ∈ [m],

i, j ∈ Ωk ⇔ iτ , jτ ∈ Γk ⇔ iτ ∼E jτ ⇔ eiτ ,jτ + ejτ ,iτ = 0 ⇔ eij + eji = 0 ⇔ i ∼E j.

This implies that {Ω1, Ω2, . . . , Ωm} is the set of all classes of ∼E and eij = −eji for any
i, j ∈ Ωk. That is to say, Ek is an antisymmetric tk × tk matrix for each k ∈ [m]. Also,
cj(E) = eij ⊗ ci(E) and ri(E) = eij ⊗ rj(E) for any i, j ∈ Ωk and k ∈ [m]. Moreover, for any
k, � ∈ [m] with k �= �, Ek� is an tk × t� matrix with cj(Ek�) = eij ⊗ ci(Ek�) for any i, j ∈ Ω�

and ri(Ek�) = eij ⊗ rj(Ek�) for any i, j ∈ Ωk.
Now, we shall call the block matrix E the equivalent standard form of E ∈ MISD

n . It is
easy to see that every idempotent strongly definite n × n matrix E can be transformed
in linear time by simultaneous permutations of the rows and columns to an equivalent
standard form E as above.
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In particular, let E = (eij) ∈ MIN
n . Then, E is equivalent to the following equivalent

standard form E:

E = (eij)n×n =

⎛⎜⎜⎜⎜⎝
0 E12 · · · E1m

E21 0 · · · E2m
...

...
. . .

...
Em1 Em2 · · · 0

⎞⎟⎟⎟⎟⎠, (2)

where 1 ≤ m ≤ n and Ek� is an tk × t� matrix with all entries êk� ≤ 0, for any k, � ∈ [m]

with k �= �. In fact, since eij = −eji for any i, j ∈ Ωk and k ∈ [m], it follows that eij = 0 for
any i, j ∈ Ωk and k ∈ [m] by E ∈ MIN

n . Thus, all diagonal blocks of E are 0. Moreover, for
any k, � ∈ [m] with k �= �, cj(Ek�) = ci(Ek�) for any i, j ∈ Ω� and rj(Ek�) = ri(Ek�) for any
i, j ∈ Ωk. Thus, all entries of Ek� are equal.

Notice that if êk� = 0 for some k, � ∈ [m] with k �= �, then ê�k < 0. In fact, suppose that
ê�k = 0. Then, Ek� = 0 and E�k = 0. That is, eij = eji = 0 for any i ∈ Ωk and j ∈ Ω�. This
follows from ([11], Lemma 3.2) that i ∼E j for any i ∈ Ωk and j ∈ Ω�. This contradicts the
fact that Ωk and Ω� are two different ∼E-classes.

Remark 1. In general, the equivalent standard forms of E are not unique. For instance, let

E =

⎛⎜⎜⎜⎜⎜⎝
0 −2 −1 −1 −2
−1 0 −2 −2 0
−2 −1 0 0 −1
−2 −1 0 0 −1
−1 0 −2 −2 0

⎞⎟⎟⎟⎟⎟⎠. (3)

It is easy to see that E ∈ MIN
n ⊆ MISD

n . If we take τ1 = (35) ∈ S5, then E = Pτ1 EP−1
τ1

is an
equivalent standard form of E as follows:

E =

⎛⎜⎜⎜⎜⎜⎝
0 −2 −2 −1 −1
−1 0 0 −2 −2
−1 0 0 −2 −2
−2 −1 −1 0 0
−2 −1 −1 0 0

⎞⎟⎟⎟⎟⎟⎠. (4)

If we take τ2 = (24) ∈ S5, then E = Pτ2 EP−1
τ2

is also an equivalent standard form of E as follows:

E =

⎛⎜⎜⎜⎜⎜⎝
0 −1 −1 −2 −2
−2 0 0 −1 −1
−2 0 0 −1 −1
−1 −2 −2 0 0
−1 −2 −2 0 0

⎞⎟⎟⎟⎟⎟⎠. (5)

In fact, for a general idempotent strongly definite matrix E, the diagonal blocks
of the equivalent standard form of E are determined uniquely up to a simultaneous
permutation of the rows and columns. Any such form is essentially determined by the
critical components of C(E). The form forms an interesting correspondence with the
Frobenius normal form of E, which is essentially determined by the strongly connected
components of D(E) (see [1]).
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3. The Centralizer Groups of Idempotent Normal Matrices

In this section, we shall study the centralizer groups of tropical matrices. By ([11],
Proposition 3.1), we know that the centralizer group of every tropical matrix equals the
centralizer group of some idempotent normal matrix. Based on this fact, we need only to
consider the centralizer groups of idempotent normal matrices.

Define a binary relation ρ on MIN
n by

A ρ B ⇐⇒ GA ∼= GB.

Clearly, ρ is an equivalence relation on MIN
n . It is easy to check that GIn = Sn, and GA = Sn

if and only if all off-diagonal entries of A are a ≤ 0, where A ∈ MIN
n . Furthermore, we

have immediately the following result.

Lemma 3. Inρ = {A = (aij) ∈ MIN
n | aij = a for any i, j ∈ [n] with i �= j, a ≤ 0}, where Inρ

denotes the ρ-class containing In.

Let [−∞, 0] denote the set {a ∈ R | −∞ ≤ a ≤ 0}. Then, there exists a natural bijection
between Inρ and [−∞, 0]. That is, A corresponds to a, where a is the off-diagonal entries
of A.

Suppose that E ∈ MIN
n and E is the equivalent standard form of E related to τ ∈ Sn,

i.e., E = PτEPτ−1 . Then, GE = GPτ EP
τ−1 = τGEτ−1. Further, GE

∼= GE. Therefore, in order
to study the centralizer group GE, we need only to consider GE up to isomorphism.

Now, let E = (eij) ∈ MNSR
n be in the form (2). By replacing all diagonal blocks tk × tk

matrix 0 of E with tk × tk matrix A, where A ∈ Itk ρ and all off-diagonal entries are a < 0,
we can obtain the following block matrix Ẽ.

Ẽ = (ẽij)n×n =

⎛⎜⎜⎜⎜⎝
A E12 · · · E1m

E21 A · · · E2m
...

...
. . .

...
Em1 Em2 · · · A

⎞⎟⎟⎟⎟⎠, (6)

where 1 ≤ m < n, Ek� is an tk × t� matrix with all entries êk� ≤ 0, and k, � ∈ [m] with k �= �.
For each k ∈ [m], we let

dk =
⊕

�∈[m]\{k}
(êk� ⊗ ê�k).

Note that for any k, � ∈ [m] and k �= �, êk� = 0 implies ê�k < 0. Thus, dk < 0 for all k ∈ [m].
Suppose that T = {e1, e2, . . . , eh} is the set of all entries in E, where 1 ≤ h ≤ m2 −m + 1.
We shall write

Σ := {a ≤ 0 | a /∈ T and a > dk for all k ∈ [m]}.

Since T is finite and dk < 0 for all k ∈ [m], we have that Σ �= ∅ by the denseness of the
real numbers.

Lemma 4. Let E ∈ MNSR
n be in the form (2) and Ẽ be defined as above. If a ∈ Σ, then Ẽ ∈ MSR

n .

Proof. It is clear that Ẽ is a normal matrix. Now, we shall show that Ẽ is idempotent. By
a ∈ Σ, it is implied that a > dk for all k ∈ [m]. Hence, for any k ∈ [m],

Ek1E1k ⊕ Ek2E2k ⊕ · · · ⊕ A2 ⊕ · · · ⊕ EkmEmk = A2 = A.
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For any k, � ∈ [m] and k �= �, without loss the generality, let k < �. Since E is idempotent, it
follows that

Ek1E1� ⊕ Ek2E2� ⊕ · · · ⊕ 0Ek� ⊕ · · · ⊕ Ek�0⊕ · · · ⊕ EkmEm� = Ek�.

It is easy to check that AEk� = Ek�A = 0Ek� = Ek�0 = Ek�. Moreover, we have

Ek1E1� ⊕ Ek2E2� ⊕ · · · ⊕ AEk� ⊕ · · · ⊕ Ek�A⊕ · · · ⊕ EkmEm� = Ek�.

This shows that Ẽ is idempotent. That is, Ẽ ∈ MIN
n . It follows from the construction of Ẽ

that either ẽij = 0 or ẽji = 0 for any i, j ∈ [n] with i �= j. Thus, by ([11], Lemma 3.2), ∼Ẽ= Δ,
and so Ẽ ∈ MSR

n by ([11], Lemma 3.3).

Furthermore, we have the following theorem.

Theorem 1. Let E = (eij) ∈ MNSR
n be in the form (2) and Ẽ = (ẽij) ∈ MSR

n as above. Then,
GE = GẼ. Moreover, Ẽ ∈ Eρ.

Proof. Suppose that σ ∈ GE and i, j ∈ [n]. If i, j ∈ Ωk for some k ∈ [m], then by Propo-
sition 3, iσ, jσ ∈ Ω� for some � ∈ [m]. Thus, ẽii = ẽiσ ,iσ = 0 and ẽij = ẽiσ ,jσ = a for any
i, j ∈ Ωk with i �= j.

If i ∈ Ωk and j ∈ Ω� for some k, � ∈ [m] with k �= �, then iσ ∈ Ωu and jσ ∈ Ωv for
some u, v ∈ [m] and u �= v. In fact, suppose that u = v. Then, iσ, jσ ∈ Ωu. That is, iσ ∼E jσ.
Since ∼E is a GE-congruence, it implies that (iσ)σ−1

∼E (jσ)σ−1
by σ−1 ∈ GE. That is, i ∼E j

and so Ωk = Ω�, yielding a contradiction. Clearly, ẽij = eij and ẽiσ ,jσ = eiσ ,jσ . Notice that
eij = eiσ ,jσ . This implies that ẽij = ẽiσ ,jσ . We conclude that ẽij = ẽiσ ,jσ for any i, j ∈ [n].
Consequently, σ ∈ GẼ. Thus, GE ≤ GẼ.

On the other hand, suppose that σ ∈ GẼ. Then, ẽij = ẽiσ ,jσ for any i, j ∈ [n]. If i, j ∈ Ωk

for some k ∈ [m], then ẽiσ ,iσ = ẽii = 0 and ẽiσ ,jσ = ẽij = a for i �= j. By a ∈ Σ, it is implied
that a /∈ T. Therefore, iσ, jσ ∈ Ω� for some � ∈ [m], and so eiσ ,jσ = eij = 0.

If i ∈ Ωk and j ∈ Ω� for some k, � ∈ [m] with k �= �, then ẽiσ ,jσ = ẽij = eij. Since a /∈ T,
it implies that eij �= a and so ẽiσ ,jσ �= a. By i �= j, it follows that iσ �= jσ. Thus, there exist
u, v ∈ [m] and u �= v such that iσ ∈ Ωu and jσ ∈ Ωv. Moreover, ẽiσ ,jσ = eiσ ,jσ . Consequently,
eiσ ,jσ = eij. This shows that eiσ ,jσ = eij for any i, j ∈ [n]. Hence, σ ∈ GE, and so GẼ ≤ GE.
Thus, GE = GẼ. This completes the proof.

From the above theorem, we know that every ρ-class contains at least one strongly
regular idempotent normal matrix. Therefore, to study the centralizer groups of idempotent
normal matrices, we need only to consider the centralizer groups of strongly regular
idempotent normal matrices up to isomorphism.

Now, let E = (eij) ∈ MSR
n and O(E) = {e1, e2, . . . , er} be the set of all off-diagonal

entries of E, where 1 ≤ r ≤ n2 − n. By replacing only all diagonal entries 0 of E with some
et ∈ O(E), we can obtain an n× n matrix Eet as follows:

Eet = (eet
ij )n×n =

⎛⎜⎜⎜⎜⎝
et e12 · · · e1n

e21 et · · · e2n
...

...
. . .

...
en1 en2 · · · et

⎞⎟⎟⎟⎟⎠. (7)

It is easy to check that GE = GEet . We define an equivalence relation ∼Eet on [n] by

i ∼Eet j ⇐⇒ eet
ik = eet

jk and eet
ki = eet

kj for all k ∈ [n].
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That is, i ∼Eet j if and only if the i-th row and the j-th row of Eet are equal and so are the
i-th column and the j-th column. In the following, we shall give the equivalent conditions
of ∼Eet �= Δ. Further, a structural description of the centralizer group GE is obtained.

Suppose that {Σ1, Σ2, . . . , Σs} is the set of all ∼Eet -classes for some et ∈ O(E), where
1 ≤ s ≤ n. Let Eet [Σk] denote the principal submatrix of Eet where the row indices and the
column indices are taken from Σk for each k ∈ [s]. It is clear that all entries of Eet [Σk] are et.
In fact, for any i, j ∈ Σk, eet

ij = eet
ii = et by i ∼Eet j. By replacing Eet [Σk] with 0 for all k ∈ [s],

we can obtain an n× n matrix E(et) = (e(et)
ij ). That is to say, e(et)

ij = 0 for any i, j ∈ Σk and

k ∈ [s], and e(et)
ij = eet

ij = eij for any i ∈ Σk and j ∈ Σ�, where k, � ∈ [s] and k �= �. Moreover,
we obtain a preliminary lemma.

Lemma 5. Suppose that E = (eij) ∈ MSR
n and E(et) is defined as above. Then, E(et) ∈ MIN

n .

Proof. Clearly, E(et) is a normal matrix. Now, we shall show that E(et) is idempotent,
i.e., e(et)

ij = maxk∈[n]{e(et)
ik + e(et)

kj } for any i, j ∈ [n].

Suppose that i, j ∈ Σ� for some � ∈ [s]. Then, e(et)
ij = 0. If k ∈ Σ�, then e(et)

ik + e(et)
kj = 0.

If k /∈ Σ�, then e(et)
ik + e(et)

kj = eik + ekj. Since E is idempotent, it implies that eik + ekj ≤ eij

for any k ∈ [n], and so e(et)
ik + e(et)

kj ≤ eij ≤ 0. Thus, maxk∈[n]{e(et)
ik + e(et)

kj } = e(et)
ij = 0.

Assume that i ∈ Σ�1 and j ∈ Σ�2 , where �1, �2 ∈ [s] and �1 �= �2. Then, e(et)
ij = eij. If

k ∈ Σ�1 , then e(et)
ik + e(et)

kj = e(et)
kj = ekj. Since i, k ∈ Σ�1 , i.e., i ∼Eet k, we have that ekj = eij.

Thus, e(et)
ik + e(et)

kj = eij. If k ∈ Σ�2 , then e(et)
ik + e(et)

kj = e(et)
ik = eik. Since j, k ∈ Σ�2 , i.e., j ∼Eet k,

we have that eik = eij. Thus, e(et)
ik + e(et)

kj = eij. If k /∈ Σ�1 ∪ Σ�2 , then e(et)
ik + e(et)

kj = eik + ekj.

Since E is idempotent, it implies that eik + ekj ≤ eij, and so e(et)
ik + e(et)

kj ≤ eij. Consequently,

maxk∈[n]{e(et)
ik + e(et)

kj } = e(et)
ij = eij. This shows that e(et)

ij = maxk∈[n]{e(et)
ik + e(et)

kj } for any
i, j ∈ [n], as required.

Now, we have the following:

Theorem 2. Let E = (eij) ∈ MSR
n and E(et) be defined as above. Then, ∼Eet = ∼E(et) .

Proof. Suppose that i ∼Eet j for any i, j ∈ [n]. Then, i, j ∈ Σ� for some � ∈ [s]. Thus,
e(et)

ij = e(et)
ji = 0. By E(et) ∈ MIN

n and ([11], Lemma 3.2), it follows that i ∼E(et) j. Thus,

∼Eet⊆ ∼E(et) .
On the other hand, assume that i ∼E(et) j for any i, j ∈ [n]. It follows from ([11],

Lemma 3.2) that e(et)
ik = e(et)

jk and e(et)
ki = e(et)

kj for all k ∈ [n]. Now, we shall show that i ∼Eet j,

i.e., Σ(i) = Σ(j), where Σ(i) and Σ(j) denote the ∼Eet -classes containing i and j, respectively.
Suppose that Σ(i) �= Σ(j). For any k ∈ Σ(i), i.e., i ∼Eet k, we have e(et)

ik = e(et)
ki = 0.

Moreover, by ([11], Lemma 3.2), i ∼E(et) k. Since i ∼E(et) j, it implies that k ∼E(et) j and

so e(et)
jk = e(et)

kj = 0. Note that Σ(k) �= Σ(j), which implies that e(et)
jk = eet

jk = ejk and

e(et)
kj = eet

kj = ekj. Moreover, ejk = ekj = 0. It follows from ([11], Lemma 3.2) that j ∼E k.

Therefore, E ∈ MNSR
n —a contradiction. Consequently, Σ(i) = Σ(j). That is, i ∼Eet j. Thus,

∼E(et)⊆ ∼Eet , and so ∼Eet = ∼E(et) .

Corollary 1. Suppose that E ∈ MSR
n and et ∈ O(E). Then,

∼Eet �= Δ ⇐⇒∼E(et) �= Δ ⇐⇒ E(et) ∈ MNSR
n .
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By GE = GEet , ([11], Theorem 3.7, Lemma 4.4) and Corollary 1, we have immediately
the following theorem.

Theorem 3. Let E = (eij) ∈ MSR
n . If there exists et ∈ O(E) such that E(et) ∈ MNSR

n , then GE is
a split extension of G̃Eet by HEet , i.e., GE = G̃Eet � HEet , where

G̃Eet := {σ ∈ Sn | PσEet = Eet Pσ = Eet}

and
HEet := {σ ∈ GEet | (∀k ∈ [s]) (∀i, j ∈ Σk) i ≤ j ⇔ iσ ≤ jσ}.

Example 1. Consider the centralizer group of the following strongly regular idempotent normal matrix:

E =

⎛⎜⎜⎜⎜⎜⎝
0 d d x x
d 0 d x x
d d 0 x x
y y y 0 u
y y y u 0

⎞⎟⎟⎟⎟⎟⎠, (8)

where x, y, d, u ∈ [−1.1,−0.9] are distinct. By ([12], Theorem 5.10), it follows that E ∈ MIN
n . It is

easy to check that G̃Ed
∼= S3 and HEd

∼= S2. Thus, GE = S3 � S2.

Remark 2. According to Corollary 1 and Theorem 3, we give a structural description of the
centralizer groups of partial idempotent normal matrices. The characterization of the centralizer
groups of the remaining idempotent normal matrices, which are strongly regular idempotent normal
matrices E satisfying E(et) ∈ MSR

n for all et ∈ O(E), is still an unsolved problem. It is well known
that G is a finite two-closed permutation group if and only if G equals to GE, where E is idempotent
normal matrix. The polycirculant conjecture, which is important in graph theory, asserts that every
non-trivial finite transitive two-closed permutation group contains a fixed-point-free element of
prime order. By Theorem 3, it is clear that the centralizer groups of partial idempotent normal
matrices contains a fixed-point-free element of prime order. Furthermore, the main results of this
paper may be helpful for further research on the polycirculant conjecture.
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1. Introduction

In this paper, all rings are assumed to be nonzero associative with an identity, unless
otherwise stated. For a given ring R, the set of idempotents of R, the set of all square-zero
elements of R (i.e., the nilpotent elements of index 2 or 1), the set of all involutory elements
of R (i.e., the invertible elements that are own inverse), the Jacobson radical of R, the n-by-n
full matrix ring over R, and the n-by-n upper triangular matrix ring over R are denoted by
I(R), N2(R), I2(R), J (R), Mn(R), and Tn(R), respectively.

Recall that two idempotents e and f of a ring R are said to be commutating if e f = f e
and orthogonal if the additionally satisfy e f = 0. Furthermore, e and f are said to be
isomorphic, denoted by e ∼= f , if eR = f R as right R-modules. It is well known that
idempotents e and f of R are isomorphic if and only if there exist elements a, b ∈ R, such
that e = ab and f = ba (see [1], (21.20)). Notice that the isomorphism of idempotents is an
equivalence relation. Idempotents e and f are said to be isomorphic complements if 1− e and
1− f are isomorphic. We say that the idempotents e and f are conjugate if they are both

isomorphic and isomorphic complements, denoted by e
c∼= f . Recall that two elements a

and b of a ring R are called equivalent if there exist invertible elements u and v of R, such
that b = vau. According to [2] (Theorem 2), two idempotents in a ring are equivalent if and
only if they are conjugate. In commutative rings, an idempotent is isomorphic only to itself.
Therefore, the isomorphism of idempotents is considered only in non-commutative rings.

A ring is termed reduced if it contains no nonzero nilpotent elements, and it is referred
to as directly finite if ba = 1 whenever ab = 1 for all a, b ∈ R. An idempotent e of a ring R is
considered left (resp. right) semicentral if ae = eae (resp., ea = eae) for all a ∈ R. The sets of
left and right semicentral idempotents of R are denoted by Sl(R) and Sr(R), respectively.
An idempotent is central if it is both left and right semicentral. A ring R is deemed abelian if
every idempotent element is central.

Mathematics 2025, 13, 253 https://doi.org/10.3390/math13020253
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Cohn [3] presented the concept of reversible rings as a generalization of commutative
rings and defined it as a ring R for which ab = 0 if and only if ba = 0 for a, b ∈ R. In [4],
(Proposition 1.4), an equivalent definition for reversible rings using idempotents is given.
A ring R is reversible if and only if ba is an idempotent whenever ab is an idempotent for
every a, b ∈ R. In [5], Khurana showed that the condition ba is a nonzero idempotent if and
only if ab is also, so this is not sufficient to make R reversible.

For this reason, i-reversible rings, which are a generalization of reversible rings, are
defined to contain the property that if ab is a nonzero idempotent, then so is ba. I-reversible
rings are also referred to as quasi-reversible rings (see [6]). All of the above inspired us to
find an equivalent definition of commutative rings using idempotents in the next theorem.
Let us recall the celebrated commutativity result of Herstein (see [7]).

Theorem 1 (Herstein’s Identity). A ring R is commutative if and only if for each x, y ∈ R there
exists an integer n(x, y) > 1, such that (xy− yx)n(x,y) = (xy− yx).

Theorem 2. A ring R is commutative if and only if ab + cd is idempotent, for some a, b, c, d ∈ R,
which implies ba + dc is also idempotent.

Proof. The sufficiency is obvious. For necessity, for a, b ∈ R, we have 0 = ab − ab =

ab + (−1)(ab) as an idempotent. Hence, ba− ab is an idempotent and R is commutative,
according to Herstein’s identity.

Observe that changing the condition in the previous theorem from “ab + cd is an
idempotent” to “ab+ cd is a nontrivial idempotent” does not suffice to make R commutative,
as the following examples illustrate.

Example 1. Let R be the ring of 2-by-2 upper triangular matrices over a field F. The nontrivial

idempotents of R have the two forms

[
1 α

0 0

]
and

[
0 α

0 1

]
, where α is arbitrary in F. For

all elements a, b, c, d of R, we have [ab + cd]11 = [ba + dc]11 and [ab + cd]22 = [ba + dc]22.
Therefore, ab + cd can only be considered a nontrivial idempotent if ba + dc also is. However, R is
not commutative.

Motivated by the previous example and Theorem 2, we delve into introducing a
concept that pertains to a ring R satisfying that ba + dc is idempotent whenever ab + cd is a
nontrivial idempotent for a, b, c, d ∈ R, and calling it i-commutative. This work primarily
aims to introduce i-commutative rings, a new class of rings that extends commutative-
like structures through idempotent elements. This paper sets up the basic properties of
this structure and shows that it is not the same as other generalizations of commutative
rings, like reversible and abelian rings, by using carefully thought-out examples that
demonstrate independence.

2. Definitions and Basic Properties

We initiate this section by introducing the following definition.

Definition 1. A ring R is said to be i-commutative if either R has only trivial idempotents or
ab + cd is a nontrivial idempotent for some a, b, c, d ∈ R, which implies ba + dc is idempotent.

From Theorem 2, every commutative ring is i-commutative, while the converse is not
necessarily true, as shown in Example 1. Moreover, the next proposition gives an equivalent
definition for i-reversible rings, showing that every i-commutative ring is i-reversible.
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Proposition 1. A ring R is i-reversible if and only if R has only trivial idempotents or ab is a
nontrivial idempotent implies ba is idempotent, where a, b ∈ R.

Proof. If R is i-reversible, then it is satisfying the condition. Conversely, let R satisfy the
assumption, such that ab is a nonzero idempotent for some a, b ∈ R. If R has only trivial
idempotent, then ab = 1 and (ba)2 = baba = ba and ba is an idempotent. If not, then ba is
an idempotent from the assumption.

Corollary 1. Every i-commutative ring is i-reversible.

The next example illustrates that the converse of the previous result is not necessary,
as there exists an i-reversible ring that is not i-commutative.

Example 2. Let H be the Hamilton quaternions over the real number field and R = T2(H).
Indeed, H is reduced (consequentially reversible) and has no nontrivial idempotents. Therefore,
R is i-reversible by [5] (Corollary 3.2). However, S is not i-commutative since the elements

α =

[
i i + j
0 j

]
, β =

[
1 k
0 1

]
, γ =

[
1− i −j

0 i

]
, and δ =

[
1 −k
0 k

]
satisfy that

αβ + γδ =

[
1 −j− k
0 0

]
is idempotent while βα + δγ =

[
1 −j
0 2j

]
is not an idempotent.

From the last proposition and [5] (Proposition 2.1 (6)), we obtain the following corollary.

Corollary 2. Every i-commutative ring is directly finite.

It is widely recognized that every abelian ring is directly finite. However, the
abelian and i-commutative properties are independent. The ring R in Example 1 is i-
commutative but not abelian. The next proposition provides a sufficient condition to make
an i-commutative ring abelian.

Proposition 2. A semiprime i-commutative ring is abelian.

Proof. Let R be a semiprime i-commutative ring, and let e be a nontrivial idempotent of
R. So, the element e(1 + r − er)− es(1− e) is a nontrivial idempotent for every r, s ∈ R.
Applying the i-commutativity condition, we get (1 + r− er)e− es(1− e) = e + (1− e)re−
es(1 − e) is idempotent and e + (1 − e)re − es(1 − e) = e + (1 − e)re − es(1 − e) − (1 −
e)res(1− e)− es(1− e)re implies (1− e)res(1− e) + es(1− e)re = 0. Multiplying the last
equation by e from the left, we get es(1− e)re = 0, for every r, s ∈ R and eR(1− e)Re = 0.
For every x ∈ R, we have ((1− e)xe)R((1− e)Re) ⊆ R(1− e)R(eR(1− e)Re) = 0 and
(1 − e)xe = 0 using the semiprimeness of R. So, e ∈ Sl(R) and, similarly, we obtain
e ∈ Sr(R). Thus, R is abelian.

Moreover, there is an abelian ring that is not i-commutative. For example, the ring
D⊕D, where D is a non-reversible local ring, is abelian but not i-reversible, as shown in [5]
(Proposition 2.1), and, therefore, R is not i-commutative from Corollary 1.

The classes of reversible rings and i-commutative rings do not contain each other.
Indeed, the ring R in Example 1 is i-commutative but not reversible, since the elements

a =

[
0 1
0 1

]
and b =

[
1 1
0 0

]
satisfy ab = 0 while ba �= 0. Moreover, the next example

demonstrates a reversible ring that is not i-commutative.
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Example 3. Let D be a non-commutative reversible ring. Hence, the ring R = D⊕D is reversible.
From the assumed non-commutativity of R and Herstein’s identity, we can find elements α, β ∈ D,
such that αβ − βα is not idempotent. Define the elements a = (1, α), b = (1, β), c = (0, 1),
and d = (1, αβ) of R. We have ab + cd = (1, 0) is a nontrivial idempotent of R, but ba + cd =

(1, αβ− βα) is not idempotent. Therefore, R is not i-commutative.

Below are shown some interesting nontrivial implications in the class of rings pre-
sented in this article.

commutative

��

�� reversible

��

�� abelian

��
I(R) = {0, 1} �� i-commutative �� i-reversible �� directly finite

Proposition 3. Every subring (not necessarily with identity) of an i-commutative ring is i-commutative.

Proof. Straightforward.

Note that the class of i-commutative rings is not closed under direct sums, as in the
next example.

Example 4. Let R be the i-commutative ring in Example 1 and S = R ⊕ R. The elements

α =

([
1 2
0 1

]
,

[
0 1
0 1

])
and β =

([
1 −2
0 1

]
,

[
1 1
0 0

])
of S satisfy αβ = (1, 0),

which is a nontrivial idempotent of S, but βα is not idempotent. Therefore, S is not i-reversible, and,
consequently, it is not i-commutative.

Proposition 4. If an i-commutative ring R has nonorthogonal commutating nontrivial idempotents
e and f , then the subring (1− e)R(1− f ) (as a ring without identity) is commutative.

Proof. Let a and b be arbitrary elements in (1− e)R(1− f ). Define the elements α = a + e
and β = b + f in R. So, αβ = ab + e f and 1(αβ) + (−a)b = e f . However, e f �= 0
and e f �= 1, since both e and f are nontrivial idempotents. Hence, e f is a nontrivial
idempotent. So, αβ − ba is an idempotent, and ab − ba + e f = αβ − ba = (αβ − ba)2 =

(ab− ba + e f )2 = (ab− ba)2 + e f . Therefore, (ab− ba)2 = ab− ba and eR f is commutative
from Herstein’s identity.

Corollary 3. If an i-commutative ring R has a nontrivial idempotent e, then the corner eRe
is commutative.

In [8], a ring whose central idempotents are only 0 and 1 is called central reduced. The
next proposition gives a sufficient condition for an i-commutative ring to be commutative.

Proposition 5. A ring R is commutative if it is i-commutative and not central reduced.

Proof. If R is not central reduced, then it has a nontrivial central idempotent e. From
Corollary 3, eR and (1 − e)R are commutative, since R is i-commutative. Therefore,
R = eR⊕ (1− e)R is also commutative, following Proposition 3.
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3. i-Commutativity of Matrix Rings

In this section, we study the i-commutativity condition for matrix rings and their
subrings. First, we show that the matrix ring Mn(R) over a ring R is not i-commutative for
any ring R and n ≥ 2.

Proposition 6. For any ring R and integer n ≥ 2, Mn(R) is not i-commutative.

Proof. For a ring R, consider the elements α =

[
0 0
1 1

]
, β =

[
1 0
1 1

]
, γ =

[
0 1
0 0

]
,

and δ =

[
1 0
0 0

]
in M2(R). We have αβ + γδ =

[
0 0
0 1

]
as a nontrivial idempotent,

while βα + δγ =

[
0 1
1 1

]
is not idempotent. Thus, M2(R) is not i-commutative and,

therefore, Mn(R) is not i-commutative, for every n ≥ 2, according to Proposition 3.

The next corollary gives another counterexample of an i-reversible ring that is not
i-commutative.

Corollary 4. For any commutative ring S with only trivial idempotents, M2(S) is i-reversible but
not i-commutative.

Proof. It is taken directly from of the previous proposition and [5] (Theorem 4.3).

While it is impossible to obtain a matrix ring satisfying the i-commutativity condition,
we will explore the extent to which this property holds in some of its subrings or certain
matrix contexts.

For rings R and S, let M and N be (R, S)-bimodule and (S, R)-bimodule, respectively.

The set of all matrices of the form

[
r m
n s

]
, where r ∈ R, s ∈ S, m ∈ M, and n ∈ N. With

the standard matrix addition, this is an abelian group. To define a matrix multiplication
for these elements, we need to define the products of mn and nm in R and S, respectively,
for every m ∈ M and n ∈ N. We assume that there are two bimodule homomorphisms,
as follows: φ : (M, N) → R and ψ : (N, M) → S. Simply, mn = φ(m, n) and nm =

ψ(n, m) for all m ∈ M and n ∈ N. These maps satisfy the associativity conditions that
are required to make the set with usual matrix addition and context multiplication an

associative ring with identity, notated by

[
R M
N S

]
. This ring is called the Morita context

(R, M, N, S, φ, ψ), or a formal matrix ring (of order 2), or a ring of generalized matrices. The
readers are referred to [9–12], as well as the references therein, for detailed information on
studies on Morita contexts.

Theorem 3. Let R and S be commutative rings with only trivial idempotents and let T =[
R M
N S

]
be a Morita context, such that MN ⊆ N2(R) and NM ⊆ N2(S). An element

e of T is a nontrivial idempotent if and only if it takes one of the following forms:[
1−mn m

n nm

]
and

[
mn m
n 1− nm

]

for some m ∈ M and n ∈ N.
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Proof. Let e =

[
r m
n s

]
be an idempotent in T. So, we have r = r2 + mn, s = s2 + nm,

m = rm + ms, and n = nr + sn. Indeed, 1 − 2e is invertible in T and, therefore, both
1− 2r and 1− 2s are invertible in R and S, respectively, from [13] (Lemma 3.1 (2)), since
N2(R) ⊆ J (R) and N2(S) ⊆ J (S). Now, (r− 1)4 = (1− 2r + r2)(r− 1)2 = (1− 2r)(r−
1)2 + r2(r − 1)2 = (1− 2r)(r − 1)2 + (mn)2 = (1− 2r)(r − 1)2 and (1− 2r)−2(r − 1)4 =

(1− 2r)−1(r− 1)2. Hence, (1− 2r)−1(r− 1)2 is an idempotent in R. From the assumption,
either (1 − 2r)−1(r − 1)2 = 0 or (1 − 2r)−1(r − 1)2 = 1. For the first case, we have
(r − 1)2 = 0 and r = r2 + mn = 2r − 1 + mn; that is, r = 1 − mn. For the second
case, 1 − 2r = (r − 1)2 = r2 − 2r + 1 and r2 = 0; that is, r = mn. Similarly, we find
out that s = 1 − nm or s = nm. If r = mn and s = nm, we obtain m = rm + ms =

(mn)m + m(nm) = 2mnm. So, r = mn = 2(mn)2 = 0 and s = nm = 2(nm)2 = 0.
Therefore, m = 0 and n = 0; that is, e = 0. If r = 1− mn and s = 1− nm, we obtain
m = (1−mn)m + m(1− nm) = 2m− 2mnm and m = 2mnm. Again, mn = 0 and nm = 0;
here, e = 1. Therefore, the nontrivial idempotents of T take one of the following forms,

e =

[
1−mn m

n nm

]
or e =

[
mn m
n 1− nm

]
, for some m ∈ M and n ∈ N.

Conversely, the given forms of matrices in the statement can be proved to be idempo-
tents via the direct calculations and by using the assumptions.

Recall from [14] that a Morita context, T =

[
R M
N S

]
, is called trivial if MN = 0 and

NM = 0.

Corollary 5. Let R and S be commutative rings with only trivial idempotents, and T =[
R M
N S

]
be a trivial Morita context. An element e of T is a nontrivial idempotent if and

only if it takes one of the following forms:[
1 m
n 0

]
or

[
0 m
n 1

]

for some m ∈ M and n ∈ N.

Theorem 4. Let T =

[
R M
N S

]
be a trivial Morita context, such that M and N cannot be zero

simultaneously. Then, T is i-commutative if and only if R and S are commutative rings with only
trivial idempotents.

Proof. For sufficiency, assume that T is i-commutative. Therefore, both R and S are
commutative from Corollary 3 and T is i-reversible from Corollary 1. Now, let e be a

nontrivial idempotent of R and consider the elements α =

[
e m
0 0

]
and β =

[
1 0
0 0

]
of

T for an arbitrary element m of M. So, αβ =

[
e 0
0 0

]
is a nontrivial idempotent. Hence

βα =

[
e m
0 0

]
is idempotent, from the i-reversibility of T, and em = m for every m ∈ M;

that is, (1− e)M = 0. Furthermore, 1− e is a nontrivial idempotent and, similarly, we

have eM = 0 and therefore M = 0. By applying the previous steps using γ =

[
e 0
n 0

]
,
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where n is an arbitrary element of N, instead of α, we obtain N = 0. So R has only trivial
idempotents, and, similarly, we can show that S also does not have nontrivial idempotents.

For necessity, let R and S be commutative rings with only trivial idempotents. Now,

the elements ai =

[
ri mi

ni si

]
of T, where i = 1, 2, 3, 4, satisfy the following:

a1a2 + a3a4 =

[
r1r2 + r3r4 r1m2 + m1s2 + r3m4 + m3s4

n1r2 + s1n2 + n3r4 + s3n4 s1s2 + s3s4

]

which is a nontrivial idempotent. From Corollary 5, we obtain r1r2 + r3r4 and s1s2 + s3s4,
which are distinct trivial idempotents. So, a2a1 + a4a3 is a nontrivial idempotent. Thus, T
is i-commutative.

Notice that formal triangular matrix rings are obvious examples of trivial Morita
contexts. Therefore, we have the following corollaries.

Corollary 6. Let M be a nonzero (R, S)-bimodule for some rings R and S. Then, T =

[
R M
0 S

]
is i-commutative if and only if both R and S are commutative and have only trivial idempotents.

Corollary 7. For any ring R and any integer n > 1, the ring Tn(R) is i-commutative if and only
if n = 2, R is commutative, and R has only trivial idempotents.

Corollary 8. If R is a non-commutative i-commutative ring of minimal order, then R is of order 8
and is isomorphic to T2(Z2).

Proof. It is taken directly from Corollary 6 and the results in [15].

The next proposition provides a sufficient condition for a commutative ring R with
trivial idempotents to make M2(R), which has maximal i-commutative subrings.

Proposition 7. Let R be a commutative reduced ring with only trivial idempotents. Then, T2(R)
is a maximal i-commutative subring of M2(R).

Proof. Let S =

[
R R
V R

]
, where V is a nontrivial subring of R, be i-commutative. So, T is

a subring of M2(R) that contains T2(R), and V is an ideal of R. For arbitrary v ∈ V, consider

the elements α =

[
0 0
v 0

]
, β =

[
1 1
0 0

]
, γ =

[
1 0
0 −1

]
, and δ =

[
1 −1
v v

]
of S. We

have αβ + γδ =

[
1 1
0 0

]
is a nontrivial idempotent of S. Due to the i-commutativity of

S, we obtain βα + δγ =

[
v + 1 −1

v −v

]
, which is an idempotent. So, v2 = 0 and v = 0

form the reducedness of R. Thus, V = 0, and T2(R) is a maximal i-commutative subring
of R.

4. i-Commutativity and Commutative-like Rings

In this section, we explore the connection between i-commutativity and various
commutative-like ring structures. We highlight how i-commutativity helps to reveal
nontrivial properties of these generalized classes of rings.

Recalling [16], an element x of a ring R is called exchange if there exists e ∈ I(R), such
that e ∈ aR and 1− e ∈ (1− a)R. Furthermore, a is called clean if a = e + u for some
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idempotent e and unit u in R. A ring is said to be exchange (resp. clean) if all its elements are
exchange (resp. clean). In [16] (Proposition 1.8), Nicholson showed that clean elements of a
ring R are exchange and the converse holds when R is abelian. However, as we demon-
strated in the previous section, the independence between abelian and i-commutative
properties indicates that Nicholson’s result also applies to i-commutative rings.

Proposition 8. Let R be an i-commutative ring. If a is an exchange element of R, then a is a
clean element.

Proof. Since a is an exchange element, there is therefore an idempotent e of R, such that
e ∈ aR and 1− e ∈ (1− a)R. If e = 1, a is invertible and consequently clean. If e = 0, then
1− a is invertible, and, again, a is clean. Now, assume that e is a nontrivial idempotent, such
that e = ax and 1− e = (1− a)y for some x, y ∈ R. Therefore, (a− 1+ e)(x− y) = ax+(1−
a)y− x+ ex− ey = e+ 1− e− x+ ex− ey = 1− (1− e)x− ey. For every r ∈ R, the element
e(1+ r− er)− ey(1− e) is a nontrivial idempotent. Applying the i-commutativity condition
implies that (1 + r− er)e− ey(1− e) = e + (1− e)re− ey(1− e) is idempotent. Therefore,
e + (1− e)re− ey(1− e) = e + (1− e)re− ey(1− e)− (1− e)rey(1− e)− ey(1− e)re gives
(1− e)rey(1− e) + ey(1− e)re = 0. Multiplying the last equation by e from the left, we
obtain ey(1 − e)re = 0. Notice that choosing y = y(1 − e) and x = xe does not lose
the generality of proof. Hence, (eyr)2 = eyreyr = ey(1 − e)reyr = 0, for every r ∈ R,
which means that ey ∈ J (R). Similarly, we can obtain (1 − e)x ∈ J (R) and, hence,
(a− 1+ e)(x− y) = 1− (1− e)x− ey is a unit. According to Corollary 2, R is directly finite,
and, therefore, (a− 1 + e) is a unit in R, which implies that a is clean.

Corollary 9. An i-commutative exchange ring is clean.

Recall from [17] that a ring R is said to be semiabelian if every idempotent of R is left
or right semicentral. The ring T2(F), for some field F, is i-commutative, as is shown in
Example 2. Furthermore, I(R) = Sl(R) ∪ Sr(R), and R is semiabelian. However, the
semiabelianity and i-commutativity are independent. The ring R defined in Example 1 is
semiabelian but not i-commutative. Furthermore, Example 5 gives an i-commutative ring
that is not semiabelian.

Example 5. Let S = Z2[x]/〈x2〉 and M = xS. Then, the trivial Morita context T =

[
S M
M S

]

is i-commutative, according to Theorem 4. Furthermore, the idempotent e =

[
1 x
x 0

]
is neither

left nor right semicentral, since the elements α =

[
0 x
0 0

]
and β =

[
0 0
x 0

]
satisfy eαe �= eα

and eβe �= βe. Therefore, T is not semiabelian.

A ring R is called regular (in the sense of von Neumann) if, for each a ∈ R, there exists
b ∈ R, such that a = aba. A ring R is called strongly regular if, for every element a ∈ R,
a ∈ a2R ∩ Ra2. It is well known that a ring is strongly regular if and only if it is abelian
and regular.

Although the abelianity and i-commutativity properties are independent, as we have
previously shown, we prove that the i-commutativity of a ring is sufficient to make it
strongly regular.

Proposition 9. An i-commutative regular ring is either a division ring or commutative ring.
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Proof. Let R be an i-commutative regular ring. If R has only trivial idempotents, then
R is a division ring. If R has a nontrivial idempotent e, define the nilpotent element
a = er(1− e), where r is an arbitrary element of R. Since R is regular, there exists b ∈ R,
such that a = aba. However, a = ea(1− e), and, therefore, we can choose b = (1− e)be.
Now, (e + a)(e + b) − ab = e and, hence, (e + b)(e + a) − ab is idempotent. Therefore,
(e + b)(e + a)− ab = e + a + b + ba− ab = e + baba + abab + a + b + ba− ab + bab− bab =

e + 2ba + a + b and ba = −ab. Hence, a = aba = −a2b = 0 and e ∈ Sr(R). Similarly,
e ∈ Sl(R) and e is central. Thus, R is commutative from Proposition 5.

Corollary 10. An i-commutative regular ring is strongly regular.

Recall that a ring R is called π-regular (resp. strongly π-regular) if, for every a ∈ R,
there is a positive integer n, such that an ∈ anRan (resp. an ∈ an+1R∩ Ran+1). Chen, in [17],
showed that the semiabelian condition is sufficient to make a π-regular ring strongly π-
regular. By applying the same techniques as used to prove Proposition 9, we can obtain the
i-commutative property, which is independent of the semiabelian property and is sufficient
to make π-regular ring strongly π-regular.

Proposition 10. An i-commutative π-regular ring is strongly π-regular.

5. Idempotents in i-Commutative Rings

In this section, we study the properties of idempotents in i-commutative rings and
construct the idempotents in some extensions of i-commutative rings.

The next theorem generalizes the result of Proposition 5.

Theorem 5. If R is an i-commutative ring and has a pair of nonorthogonal commutating distinct
nontrivial idempotents, then R is commutative.

Proof. Let e and f be nontrivial idempotents of R, such that e f = f e �= 0 and e �= f .
Notice that e f = e f e ∈ eRe and that eRe is a commutative ring from Corollary 3. So,
(e f )(ere) = (ere)(e f ), and, consequently, e f re = ere f , for every r ∈ R. Similarly, if
f R f is commutative and e f ∈ f R f , then e f r f = f re f for every r ∈ R. Furthermore,
e f re f = e( f re f ) = e(e f r f ) = e f r f and e f re f = f er f e = f (ere f ) = f (e f re) = e f re. From
all the previous steps, we obtain the following:

e f re f = e f re = e f r f = ere f = f re f .

Additionally, (1 − e) and (1 − f ) represent distinct nontrivial idempotents, which are
nonorthogonal idempotents of R. Swapping e and f by 1− e and 1− f , we obtain the
following:

e f r− re f = f r(1− e)− (1− e)r f = er(1− e)− (1− f )r f = f r(1− f )− (1− e)re = er(1− f )− (1− f )re,

for every r ∈ R. Multiplying the previous augmented equation by e and f from left and
right independently, we obtain the below equations:

re f = (1− e− f + 2e f )re; (1)

re f = (1− e− f + 2e f )r f ; (2)

e f r = er(1− e− f + 2e f ); (3)

e f r = f r(1− e− f + 2e f ). (4)
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Notice that 1− e− f + 2e f is a nontrivial idempotent, since 1− e− f + 2e f = 0 if e f = 0
and 1− e− f + 2e f = 1 if e = f . Furthermore, (1− e− f + 2e f )e = (1− e− f + 2e f ) f = e f .
Using Equations (1) and (2), we obtain the following:

(1− e− f + 2e f )r(1− e− f + 2e f ) = (1− e− f + 2e f )r− (1− e− f + 2e f )re

−(1− e− f + 2e f )r f + 2(1− e− f + 2e f )re f

= (1− e− f + 2e f )r− re f − re f + re f

= (1− e− f + 2e f )r,

for every r ∈ R. Therefore, (1− e− f + 2e f ) ∈ Sl(R). Similarly, we obtain (1− e− f +
2e f ) ∈ Sr(R), using Equations (3) and (4). Therefore, (1 − e − f + 2e f ) is a nontrivial
central idempotent, and R is not central reduced. Thus, R is commutative, according to
Proposition 5.

In [2], sufficient conditions for two idempotents to be conjugate are given. The
next proposition shows that this condition is necessary for isomorphic idempotents in
i-commutative rings.

Proposition 11. For a ring R and its idempotents e and f , the following two statements are valid:

(i) If e− f ∈ N2(R), then e and f are conjugate.
(ii) If e− f ∈ I2(R), then e and 1− f are conjugate.

If, additionally, R is i-commutative, then the following two statements are valid:

(iii) If e and f are conjugate, then e− f ∈ N2(R) or Char(R) = 2.
(iv) If e and 1− f are conjugate, then e− f ∈ I2(R) or Char(R) = 2.

Proof.

(i) It is part of [2] (Proposition 3).
(ii) In the case of e − f ∈ I2(R), we have ((1− e)− f )2 = ((1− 2e) + (e − f ))2 =

1+ 1+(1− 2e)(e− f )+ (e− f )(1− 2e) = 2+ e− f − 2e+ 2e f + e− f − 2e+ 2 f e =
2 − 2 f − 2e + 2e f + 2 f e = 2 − 2(e − f )2 = 0 and ((1 − e) − f ) ∈ N2(R). So,

(1− e)
c∼= f and, consequently, (1− f )

c∼= e from (i).

For the last two implications, consider that R is i-commutative.

(iii) Assume that e and f are conjugate. If e and f are trivial and isomorphic, then
e− f = 0, and the condition holds. If e and f are nontrivial isomorphic, then e = xy
and f = yx for some x, y ∈ R. So, xy + 1(yx− xy) is a nontrivial idempotent. Also,
2 f − e is an idempotent, and, therefore, 2(e− f )2 = 0. Moreover, (e f ) f + 1(e− e f )
is a nontrivial idempotent. So, f e f − e f + e is idempotent and f e f − e f e f + e f e−
f e f e = 0. Furthermore, (e− f )4 = (e + f − e f − f e)2 = ((1− f )e + (1− e) f )2 =

(1− f )e(1− f )e + (1− e) f (1− e) f = ((1− f )e + (1− e) f )− (e f e− f e f e + f e f −
e f e f ) = (e− f )2. Therefore, (e− f )2 is an idempotent. In summary, we obtain the
following cases:
Case 1. If (e− f )2 = 0, then e− f ∈ N2(R) follows.
Case 2. If (e− f )2 = 1, then Char(R) = 2, since 2(e− f )2 = 0.
Case 3. Finally, we have (e− f )2, which is a nontrivial idempotent that commutes
with both e and f .
Subcase 3.1. If (e− f )2e = 0 or (e− f )2 f = 0, then e = e f e and f = f e f , which
implies (e − f )2 = (e f e − f e f )2 = e f e f e + f e f e f − e f e f e f − f e f e f e = e f (e f e −
e f e f ) + f e( f e f − f e f e) = e f ( f e f − f e f e) + f e(e f e − e f e f ) = e( f e f − f e f e) +
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f (e f e − e f e f ) = e(e f e − e f e f ) + f ( f e f − f e f e) = e f e − e f e f + f e f − f e f e = 0
and e− f ∈ N2(R).
Subcase 3.2. If (e− f )2 = e and (e− f )2 = f , then 0 = e− f ∈ N2(R).
Subcase 3.3. Finally, at least one of e and f forms, with (e − f )2, nonorthogo-
nal commutating distinct nontrivial idempotents. According to Theorem 5, R is
commutative and f = e; that is, e− f ∈ N2(R).

(iv) If e and 1 − f are conjugate, then Char(R) = 2 or 0 = (e − (1 − f ))2 = ((e −
f ) + (2 f − 1))2 = (e − f )2 + (2 f − 1)2 + (e − f )(2 f − 1) + (2 f − 1)(e − f ) =

(e− f )2 + 1− 2(e− f )2 and (e− f )2 = 1, using the result in (iii).

Proposition 12. For a non-commutative i-commutative ring R with I(R) �= {0, 1}, nontrivial

idempotents e and f satisfy e
c∼= f or e

c∼=(1− f ).

Proof. Obviously, if e and f are equal, then they are conjugate. So, we assume, without loss
of generality, that e �= f through the proof. For every nontrivial idempotent e of a ring R, we
have 1(e f ) + e(1− f ), which is a nontrivial idempotent. So, (e f )1 + (1− f )e = e + e f − f e
is idempotent, and e f e + f e f = e f e f + f e f e. Multiplying the obtained equation by e, we
obtain e f e = e f e f e and, hence, e f e is idempotent. Therefore, we have the following cases:

Case 1. If e f e = 1, then e is invertible and e = 1 is a contradiction.
Case 2. If e f e = 0, then e f e + f is a nontrivial idempotent, and e f + f is idempotent

from the i-commutative condition. So, e f + f = e f e f + f + e f + f e f and f e f = 0. Then,
(e− f )2 = e + f − e f − f e and (e− f )4 = (e + f − e f − f e)2 = e + f + e f e f + f e f e + e f +
f e− e f − e f e− e f e− f e− f e f − e f − f e− f e f + e f e + f e f = e + f − e f − f e. So, (e− f )2

is idempotent, and we have the following subcases:

Subcase 2.1. If (e− f )2 = 1, then e
c∼=(1− f ), according to Proposition 11.

Subcase 2.2. If (e− f )2 = 0, then e− f ∈ N2(R) and e
c∼= f , according to Proposition 11.

Subcase 2.3. If (e− f )2 = e + f − e f − f e is a nontrivial idempotent, then e + f − 2e f
by applying the i-commutativity of R. So, e f = f e and f e = e f = e(e f ) = e f e = 0. If

(1− e)(1− f ) = 0, then f = 1− e and e
c∼=(1− f ). If this is not the case, then 1− e and 1− f

are nonorthogonal and nontrivial commutating idempotents. Hence, R is commutative,
according to Theorem 5, which contradicts the assumption.

Case 3. If e f e is a nontrivial idempotent, then e f and f e also qualify as nontrivial
idempotents, due to the i-commutativity of R. If e f e = e and f = f e f , then e = (e f )( f e)

and f = ( f e)(e f ); that is, e
c∼= f . If e f e �= e or f e f �= f , then at least one of e − e f e and

f − e f e is a nontrivial idempotent. In case e− e f e is a trivial idempotent, then e− e f and
e − f e are idempotent. If so, we obtain the result that f e = e f , and, consequently, R is
commutative, according to Theorem 5; this is a contradiction. In the case of f − e f e, we
obtain the same result.

For a ring R, the trivial extension of R by R, denoted by T(R, R), is Morita con-
text (R, R, 0, R, φ, ψ), where φ and ψ are trivial homomorphisms. Therefore, T(R, R) =

R ⊕ R with the componentwise addition and multiplication defined as (r1, r2)(r3, r4) =

(r1r2, r1r4 + r2r3), for every ri ∈ R with i = 1, 2, 3, 4. The idempotents of trivial extension
over an i-commutative ring are constructed in the next proposition.

Proposition 13. If R is an i-commutative ring with Char(R) �= 2, then the following is true:

I(T(R, R)) =
{
(e, e− f ) | e ∈ I(R) and e

c∼= f
}

.
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Proof. If R has only trivial idempotents, then T(R, R) does not have nontrivial idempotents,
and, therefore, I(T(R, R)) = {(0, 0), (1, 0)}. Furthermore, R is commutative if and only
if T(R, R) is also. Here, each idempotent is isomorphic to itself only and I(T(R, R)) =

{(e, 0) | e ∈ I(R)}. In the remainder of the proof, we consider that R is a non-commutative
i-commutative ring with nontrivial idempotents. Let (a, b) be a nontrivial idempotent of
T(R, R), then a2 = a = e is a nontrivial idempotent in R and eb + be = b. Notice that
ebe = 0 and eb2 = b2e. By applying the i-commutativity of R to the nontrivial idempotent
e(b + 1) + b(e− 1), we derive e(b + 1) + (e− 1)b = e− (1− 2e)b, which is an idempotent,
and e − (1 − 2e)b = (e − (1 − 2e)b)2. Simplifying this, we obtain 2beb = (1 − 2e)b2.
Multiplying both sides of the obtained equation by (1− 2e) from the left, we obtain b2 =

2beb. Now, b2 = (eb + be)2 = ebeb + bebe + eb2e + beb = beb, and, therefore, b2 = beb = 0.
Hence, (e− b)2 = e− eb− be + b2 = e− b, and e− b is an idempotent, say f . So, b = e− f

and (e − f )2 = b2 = 0. Thus, e − f ∈ N2(R) and e
c∼= f , according to Proposition 11.

Conversely, let ε = (e′, e′ − f ′) for some isomorphic nontrivial idempotents e′ and f ′ of
R. If Char(R) �= 2, then ε2 = (e′, e′ − e′ f ′ + e′ − f ′e′) = (e′, e′ − f (e′ − f ′)2) = (e′, e′ − f ′),
according to Proposition 11, and ε is an idempotent in T(R, R).

Finally, we describe the idempotents of the polynomial ring R[x] with an indeterminate
x and the power series ring R[[x]] with an indeterminate x over R, respectively.

Proposition 14. Let R be an i-commutative ring with Char(R) �= 2; then, teh following is true:

I(R[[x]])) =

{
e +

∞

∑
i=1

(e− fi)xi | e ∈ I(R) and fi
c∼= e, for all i

}

Proof. If e(x) is an idempotent of R[[x]], then e0 = e is also an idempotent of R. Indeed,
R[x] does not have nontrivial idempotents if and only if R does not. So, we assume that R
has nontrivial idempotents, and we obtain the following equations:

ee1 + e1e = e1; (5)

e2e + e2
1 + ee2 = e2; (6)

e3e + e2e1 + e1e2 + ee3 = e3; (7)
... .

Applying the same technique used to prove Proposition 13 on Equation (5), we obtain
e1 = e − f1 for some idempotent f1 conjugate to e, and e2

1 = 0. Equation (6) becomes

e2e + ee2 = e2 and, again, e2 = e − f2 where f2
c∼= e. Therefore, f1 and f2 are also dual

isomeric, since
c∼= is a transitive relation. Now, e2e1 + e1e2 = (e− f2)(e− f1) + (e− f1)(e−

f2) = e − e f1 − f2e + f2 f1 + e − e f2 − f1e + f1 f2 = e − f1 − e + f1 + e − f2 − e + f1 =

0. Therefore, Equation (7) becomes e3e + ee3 = e3 and again e3 = e − f3, where f3 is
a conjugate idempotent of e. Continuing, we obtain e(x) = e + ∑∞

i=1(e − fi)xi, where
fi’s are idempotents conjugate to e. Conversely, let e(x) = e + ∑∞

i=1(e − fi)xi, where
{e, f1, f2, f3, · · · } are conjugate idempotents of R. Therefore, the coefficient of xi in e2(x) is
given by the following:

e(e− fi) + (e− fi)e +
i

∑
k=1

(e− fk)(e− fi−k).
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If i is even, then the coefficient of xi in e2(x) can be written as follows:

e(e− fi) + (e− fi)e +

i
2

∑
k=1

(e− fk)(e− fi−k) + (e− fi−k)(e− fk).

However,

(e− fk)(e− fi−k) + (e− fi−k)(e− fk) = e− e fi−k − fke + fk fi−k + e− e fk − fi−ke + fi−k fk

= (e− fk)
2 + (e− fi−k)

2 − ( fk − fi−k)
2 = 0.

Furthermore, e(e− fi) + (e− fi)e = (e− fi)
2 + (e− fi) = e− fi. Similarly, e2(x) = e(x). In

a case where n is odd, the coefficient of xi is e2(x) and can be written as follows:

e(e− fi) + (e− fi)e +
(

e− e i−1
2

)2
+

i−1
2

∑
k=1

(e− fk)(e− fi−k) + (e− fi−k)(e− fk).

Again, e2(x) = e(x).

We can prove the next proposition using the same technique we used to prove the last
one.

Proposition 15. Let R be an i-commutative ring with Char(R) �= 2; then, the following is true:

I(R[x])) =

{
e +

n

∑
i=1

(e− fi)xi | e ∈ I(R) and fi
c∼= e, for all i, n ∈ Z+

}
.

6. Conclusions

This paper introduced a new class of rings, termed i-commutative rings, characterized
by the condition that ba + dc is idempotent whenever ab + c is a nontrivial idempotent.
We proved that every i-commutative ring is i-reversible, although the converse is not true.
Furthermore, we showed that nontrivial corner subrings of an i-commutative ring are
commutative, and i-commutative rings with nontrivial central idempotents are necessarily
commutative. In the context of matrix rings, we demonstrated that Mn(R) over any
ring R does not satisfy the i-commutativity condition. We looked at how this property
works in some structures related to matrices, like upper triangular rings and Morita
contexts. We also introduced maximal i-commutative subrings of matrix rings. We also
looked at the connections between i-commutative rings and other types of commutative
rings, like abelian and semi-abelian rings, using counterexamples to show that they are
independent. Additionally, we investigated the behavior of i-commutative rings under
regularity conditions and studied the properties of idempotents in such rings. Finally, we
discussed the construction of idempotents in polynomial extensions of i-commutative rings,
offering insights into their structural behavior.
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1. Introduction

Recall that, for a group X and an X-graded ring R, a left R-module M is called an
X-graded module if it can be written as a direct sum decomposition M =

⊕
x∈X Mx such

that, for all x, y ∈ X, we have RxMy ⊆ Mxy, where My is an Re-submodule for each y ∈ X

and e is the identity element of X. If the condition RxMy ⊆ Mxy is replaced by RxMy = Mxy

for all x, y ∈ X, then M is called a strongly X-graded module. Group-graded rings and
modules have been extensively studied, either alone or in connection with different areas
of mathematics; see ref. [1]. Many mathematicians have generalized the concept of group-
graded rings and modules by using monoids or semigroups for grading; see, for example,
refs. [2,3]. The concept of semi-graded rings and modules was introduced as a different
means to generalize group-graded rings and modules; see ref. [4].

The properties of graded rings and modules have been investigated using various
methods, such as duality theorems [5] and categorical methods, which are used to study
separable functors; see refs. [6,7].

In ref. [8], an algebraic structure consisting of a set G of left coset representatives and
a binary operation ” ∗ ” was constructed. This structure led to interesting categories; see
refs. [8,9]. Additionally, it was used to introduce the new concept of G-weak graded rings and
modules, which generalizes the concept of group-graded rings and modules; see ref. [10].

This work is a continuation of [11], which generalized the concepts of group-graded
rings and group-graded modules by associating the grading with the factorization of a
given finite group and using a set of left coset representatives for grading, rather than
groups. In this work, we generalize and prove some important results given in the literature
concerning the category G-GrR-Mod and its objects of G-weak graded left R-modules.
Specifically, we prove that a G-weak graded ring R is strongly graded if and only if each
G-weak graded R-module V is induced from an ReG-module. We also prove that the
additive induction functor (−)R, which takes any left ReG -module K to the tensor product
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R⊗ReG
K, and the restriction functor (−)eG form an equivalence between the categories

G-GrR-Mod and ReG -Mod if R is a strongly G-weak graded ring. Some other important
related results are also proven. Finally, some illustrative examples of G-weak graded
R-modules are provided.

The significance of this work lies in the fact that it presents a generalization of the
important concepts of group-graded rings and group-graded modules, which play a
vital rule in abstract algebra. Consequently, the exploration of G-weak graded rings and
modules and their properties remains an active field for interested researchers. Furthermore,
this work may lead to further generalization to the quantum case, particularly to the
bicrossproduct Hopf algebras associated with the factorization of a finite group X = HG;
see refs. [12,13].

Throughout this research, we assume, unless otherwise stated, that all groups are
finite, all rings are associative with unity, and all modules are unital.

2. Preliminaries

In this section, we include fundamental definitions and results that are essential to prove
our results.

Recall that the category ofG-weak graded left R-modules is denoted byG-GrR-Mod [11]. If
a morphism ϕ : V −→ W in G-GrR-Mod, then ϕ(v) ∈ Wp for all v ∈ Vp and p ∈ G, where
V and W are G-weak graded left R-modules. We denote the class of these morphisms by
G-GrHomR(V, W) [11]. Based on this, we denote the category of strongly G-weak graded
R-modules by G-StGrR-Mod, with G-Gr-R as the category of G-weak graded rings and
G-StGr-R as the category of strongly G-weak graded rings.

Definition 1 ([8]). Consider a group X and a subgroup H. The set G ⊂ X is called a set of left
coset representatives if there exists a unique p ∈ G for each x ∈ X such that x ∈ Hp. We define a
binary operation ∗ on G that satisfies the right division property with a unique left identity eG ∈ G.

Definition 2 ([8]). For p, q ∈ G, f (p, q) ∈ H and p ∗ q ∈ G are defined by the unique factorization
pq = g(p, q)(p ∗ q) in X, where g is the cocycle map satisfying o � g(p, q) ∗ (p ∗ q) = (o ∗ p) ∗ q,
provided that � : G×H→ H and � : G×H→ G are defined by ph = (p � h)(p � h), for h ∈ H,
which is also unique.

Definition 3 ([10]). A G-weak graded ring R is a ring that satisfies

R =
⊕
p∈G

Rp, (1)

and
RpRq ⊆ Rp∗q for all p, q ∈ G, (2)

where Rp is an additive subgroup for each p ∈ G. If, instead of (2), we have

RpRq = Rp∗q, (3)

for all p, q ∈ G, then R is called a strongly G-weak graded ring.

Definition 4 ([10]). A G-weak graded R-module V is a left R-module that satisfies

V =
⊕
p∈G

Vp ( in ReG -Mod) (4)

and
RpVq ⊆ Vp∗q for all p, q ∈ G, (5)

100



Mathematics 2024, 12, 3344

where R ∈ G-Gr-R. If, instead of (5), we have

RpVq = Vp∗q, (6)

for all p, q ∈ G, then V is called a strongly G-weak graded R-module.

Definition 5 ([11]). For V, W ∈ G-GrR-Mod, the additive subgroup
G-GrHomR(V, W)q of G-GrHomR(V, W) for q ∈ G is defined by

G-GrHomR(V, W)q = {ϕ ∈ G-GrHomR(V, W) : ϕ(Vp) ⊆ Wp∗q, for all p ∈ G}.

Definition 6 ([10]). Let K be a left ReG-module. The tensor product R ⊗ReG
K is a left R-

module with
(r1(r2 ⊗ k) = (r1r2)⊗ k, f or all r1, r2 ∈ R and k ∈ K. (7)

Theorem 1 ([10]). For R ∈ G-Gr-R, the composite functor

βReG
,− = (R⊗ReG

−)eG = (ReG ⊗ReG
−) : ReG-Mod → G-GrR-Mod,

which is defined by
βReG

,K = (R⊗ReG
K)eG = ReG ⊗ReG

K ∼= K,

for any left ReG-module K, forms the following natural isomorphisms:

((−)R)eG ≈ IReG
-Mod, (8)

where (−)R = (R⊗ReG
−) and IReG

-Mod is the identity functor on the category ReG-Mod.

Proposition 1 ([10]). If a right inverse pR exists for any p ∈ G, and if the ring R is strongly
G-weak graded, then every G-weak graded R-module V is strongly graded.

3. The Category of G-Weak Graded Modules

Definition 7. For all p, q ∈ G, and all modules V, W and morphisms ϕ : V → W in G-GrR-Mod,
a conjugation action of the set G as automorphisms of G-GrR-Mod is defined by Vp = V in
R-Mod, (Vp)q = Vq∗p in ReG-Mod, and ϕp = ϕ in HomR(V, W) = HomR(Vp, Wp), where
eG is a two-sided identity.

It can be noted that the G-weak grading is the only effect of this action for each module.

Theorem 2. For any strongly G-weak graded R-module V, the natural map

βR,VeG
: R⊗ReG

VeG → V,

which sends r ⊗ veG into rveG ∈ V for all r ∈ R and veG ∈ VeG , is an isomorphism in
G-GrR-Mod.

Proof. Let V ∈ G-StGrR-Mod; then, V =
⊕

p∈G Vp in ReG -Mod and VpRq = Vp∗q for all
p, q ∈ G. Since V =

⊕
p∈G Vp, we have

βR,VeG
: R⊗ReG

VeG → V,

which is an epimorphism in G-GrR-Mod for any V ∈ G-StGrR-Mod.

The kernel W of βR,VeG
is a G-weak graded R-submodule of R⊗ReG

VeG . Since, for
any left ReG-module K, we have

(KR)p = Rp ⊗ReG
K, ( in ReG -Mod) for all p ∈ G,
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and
ReG ⊗eG VeG

∼= VeG .

Then, the kernel of

βReG
,VeG

: ReG ⊗ReG
VeG

onto−→ VeG

is the eG-component of W
WeG = W ∩ (ReG ⊗ReG

VeG).

Hence, WeG = 0. Moreover, as W ∈ G-StGrR-Mod, we have, for all p in G,

Wp = RpWeG = 0.

Hence,
W =

⊕
p∈G

Wp = 0.

Thus, βR,VeG
is also a monomorphism and therefore is an isomorphism map

as required.

Theorem 3. Let R ∈ G-StGr-R. Then, βR,VeG
forms a natural isomorphism of the composite

functor ((−)eG)
R with the identity functor of G-GrR-Mod, i.e.,

((−)eG)
R ≈ IG-GrR-Mod (9)

for all G-weak graded R-modules V in G-GrR-Mod.

Proof. The additive induction functor

(−)R = R⊗ReG
− : ReG -Mod → G-GrR-Mod (10)

is given, for any left ReG -module K, by

(K)R = R⊗ReG
K. (11)

The p-component of KR in ReG-Mod is given by

(KR)p = Rp ⊗ReG
K, (12)

for all p ∈ G. For any map ϕ : K → L in ReG-Mod, we have

ϕR = IR ⊗ReG
ϕ : R⊗ReG

K → R⊗ReG
L, (13)

where IR is the identity map of R onto itself. In addition, the restriction functor

(−)eG : G-GrR-Mod → ReG-Mod (14)

sends any V ∈ G-GrR-Mod into its ReG-component VeG and any morphism

ϕ : V → W in G-GrR-Mod

into its restriction
ϕeG : VeG → WeG in ReG-Mod.

Combining the additive induction functor (10) and the restriction functor (14) gives
the following composite functor:

((−)eG)
R : G-GrR-Mod → ReG -Mod → G-GrR-Mod,
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which is defined by

R⊗ReG
VeG → ReG ⊗ReG

VeG → R⊗ReG
VeG ,

for any VeG ∈ ReG-Mod. Since ReG ⊗ReG
VeG

∼= VeG , we have

R⊗ReG
VeG → VeG → R⊗ReG

VeG .

Note that, for any V ∈ G-GrR-Mod, the map βR,VeG
always forms a natural transfor-

mation of ((−)eG)
R into the identity functor on G-GrR-Mod.

Corollary 1. Let R ∈ G-StGr-R. Then, the additive induction functor (−)R and the restriction
functor (−)eG form an equivalence between the categories G-GrR-Mod and ReG -Mod.

Proof. The proof is derived directly from Theorems 1 and 3.

Theorem 4. Let eG be a two-sided identity in G and R ∈ G-Gr-R. Then, R ∈ G-StGr-R if and
only if each G-weak graded R-module V in G-GrR-Mod is isomorphic in G-GrR-Mod to a module
KR induced from some ReG-module K.

Proof. (=⇒) Assume that R ∈ G-StGr-R. Then, each V ∈ G-GrR-Mod is strongly graded
according to Proposition 1. Thus, V is isomorpmic in G-GrR-Mod to a module KR induced
from some ReG-module K via Theorem 2 and Corollary 1.

(⇐=) Here, assume that each V ∈ G-GrR-Mod is isomorphic in G-GrR-Mod to a
module KR induced from some ReG-module K. Then, according to Corollary 3.3 and
Proposition 3.5 in [10], we have

RqReG = Rq,

for any q ∈ G. Thus, from the tensor product’s definition, and since (KR)p = Rp ⊗ReG
K,

for all p ∈ G, we have

Rq(KR)eG = Rq(ReG ⊗ReG
K) = (RqReG)⊗ReG

K = Rq ⊗ReG
K = (KR)q (15)

for any ReG-module K. Since each V ∈ G-GrR-Mod is isomorphic in G-GrR-Mod to a
module KR, we conclude that

RqVeG = Vq∗eG = Vq,

for any V ∈ G-GrR-Mod. The regular R-module R with its G-weak grading R =
⊕

p∈G Rp

is in G-GrR-Mod by RqRp ⊆ Rq∗p. Let V be the conjugate module Rp for some p ∈ G, and
we conclude that

RqRp = Rq(ReG∗p) = Rq(Rp)eG = (Rp)q = Rq∗p

according to Definition 7 and relation (15). Therefore, R ∈ G-StGr-R.

Corollary 2. Let eG be a two-sided identity in G and R be a strongly G-graded ring; let ϕ : V → W
be a morphism in G-GrR-Mod; and let p be an element of G. Then, ϕ is a monomorphism in
G-GrR-Mod if and only if its restriction ϕp : Vp → Wp is a monomorphism in ReG -Mod.

Proof. From Definition 7, we have ϕp = ϕ in HomR(V, W), which is equal to HomR(Vp, Wp).
The map ϕ is also a morphism ϕp from Vp to Wp in G-GrR-Mod. From Corollary 1, ϕp is a
monomorphism if and only if its restriction (ϕp)eG is a monomorphism. Definition 7 implies
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that (ϕp)eG is precisely the map ϕp of (Vp)eG = VeG∗p = Vp into (Wp)eG = WeG∗p = Wp.
Hence, the corollary holds.

Corollary 3. Let eG be a two-sided identity in G and R be a strongly G-graded ring; let ϕ : V → W
be a morphism in G-GrR-Mod; and let p be an element of G. Then, ϕ is an epimorphism in
G-GrR-Mod if and only if its restriction ϕp : Vp → Wp is an epimorphism in ReG -Mod.

Proof. Similarly to the proof of Corollary 2, the map ϕ is also a morphism ϕp : Vp → Wp

in G-GrR-Mod. From Corollary 1, the map ϕp is an epimorphism if and only if its restriction
(ϕp)eG is an epimorphism. Moreover, we find that (ϕp)eG is precisely the map ϕp of
(Vp)eG = VeG∗p = Vp into (Wp)eG = WeG∗p = Wp via Definition 7.

Corollary 4. Let eG be a two-sided identity in G and R be a strongly G-graded ring; let ϕ : V → W
be a morphism in G-GrR-Mod; and let p be an element of G. Then, ϕ is an isomorphism in
G-GrR-Mod if and only if its restriction ϕp : Vp → Wp is an isomorphism in ReG -Mod.

Proof. The proof follows via Corollaries 2 and 3.

Next, we use Definition 7 and relations (11)–(13) to obtain the following definition.

Definition 8. For a two-sided identity eG in G, R ∈ G-Gr-R and p in G, we define an additive
functor (−)p : G-GrR-Mod → G-GrR-Mod as

Kp = (KR)p = Rp ⊗ReG
K. (16)

Equivalently, we write the composite additive functor (−)p as follows:

(−)p = (((−)R)p)eG : ReG -Mod → ReG -Mod. (17)

Moreover, we define ϕp : Rp ⊗ReG
K → Rp ⊗ReG

L as

ϕp = Ip ⊗ReG
ϕ, (18)

for any ReG-modules K and L and any ReG-homomorphism ϕ : K → L, where Ip is the identity
map of Rp onto itself.

Theorem 5. Let eG be a two-sided identity in G and R ∈ G-Gr-R. Then, for any p, q in G and for
any left ReG-module K, the map

βRq,Kp = Rq ⊗ReG
(Rp ⊗ReG

K)→ Rq∗p ⊗ReG
K, (19)

which sends rq ⊗ (rp ⊗ k) into (rqrp) ⊗ k for any k ∈ K, rp ∈ Rp, and rq ∈ Rq, forms the
following natural transformation:

((−)p)q into (−)q∗p : ReG -Mod → ReG -Mod.

Proof. From Definition 8, we have the composite additive functor

(−)p = (((−)R)p)eG : ReG-Mod → G-GrR-Mod → G-GrR-Mod → ReG-Mod.

From Theorem 1, we have

(−)eG = (((−)R)eG)eG = ((−)R)eG ≈ IReG
-Mod.

Thus, in light of the relation (16) of Definition 8, we conclude that

βRq,Kp = Rq ⊗ReG
Kp = Rq ⊗ReG

(Rp ⊗ReG
K)→ Rq∗p ⊗ReG

K,
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which sends rq ⊗ (rp ⊗ k) into (rqrp) ⊗ k for any k ∈ K, rp ∈ Rp, and rq ∈ Rq forms a
natural transformation of ((−)p)q into (−)q∗p : ReG -Mod → ReG -Mod.

Corollary 5. Let eG be a two-sided identity in G and R ∈ G-StGr-R. Then, the map βRq,Kp is an
ReG -isomorphism of (Kp)q onto Kq∗p for any ReG -module K.

Proof. From Theorem 5, there is a natural transformation between ((−)p)q and (−)q∗p:
G-GrR-Mod → G-GrR-Mod, for any p, q ∈ G. Thus, Theorem 3 and relation (17) of Definition 8
yield that βRq,Kp is a natural isomorphism of ((−)p)q onto (−)q∗p: ReG-Mod → ReG-Mod.

Example 1. Consider the Morita ring

T =

{(
r v
w s

)
: r ∈ R, v ∈ V, w ∈ W and s ∈ S

}
,

with a Morita contex (R, S,R VS,S WR, ϕ, ψ) such that the bimodule homomorphisms

ϕ : V ⊗S W → R and ψ : W ⊗R V → S

satisfy (vw)v′ = v(wv′) as ϕ(v, w) = vw and ψ(w, v) = wv, i.e., ϕ(v⊗ w)v′ = vψ(w⊗ v′)
and ψ(w⊗ v)w′ = wϕ(v⊗ w′) for all v, v′ ∈ V and w, w′ ∈ W. It is well known that T with the
usual matrix addition and multiplication forms a ring. Here, let X be the permutation group S3
and H be the non-normal subgroup {e, (23)}. We choose G = {(e, (132), (13)} to be the set of left
coset representatives. Then, the operation ∗ is as given in the following table (Table 1).

Table 1. The binary operation ∗.

∗ e (132) (13)

e e (132) (13)

(132) (132) (13) e

(13) (13) e (132)

Thus, T = Te ⊕ T(132) ⊕ T(13), where

Te =

(
R 0
0 S

)
=

{(
r 0
0 s

)
: r ∈ R and s ∈ S

}
,

T(132) =

(
0 V
0 0

)
=

{(
0 v
0 0

)
: v ∈ V

}
and

T(13) =

(
0 0
W 0

)
=

{(
0 0
w 0

)
: w ∈ W

}
.

Next, we check the property RpRq ⊆ Rp∗q for all p, q ∈ G as follows:

1. TeTe ⊆ Te∗e, as, for all
(

r1 0
0 s1

)
,
(

r2 0
0 s2

)
∈ Te, we have(

r1 0
0 s1

)(
r2 0
0 s2

)
=

(
r1r2 0
0 s1s2

)
∈ Te = Te∗e.

2. TeT(132) ⊆ Te∗(132), as, for all
(

r 0
0 s

)
∈ Te,

(
0 v
0 0

)
∈ T(132), we have(

r 0
0 s

)(
0 v
0 0

)
=

(
0 rv
0 0

)
∈ T(132) = Te∗(132), since rv ∈ V as V is a

left R-module.
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3. TeT(13) ⊆ Te∗(13), as, for all
(

r 0
0 s

)
∈ Te,

(
0 0
w 0

)
∈ T(13), we have(

r 0
0 s

)(
0 0
w 0

)
=

(
0 0
sw 0

)
∈ T(13) = T2∗(13), since sw ∈ W as W is a

left S-module.

4. T(132)Te ⊆ T(132)∗e, as, for all
(

0 v
0 0

)
∈ T(132),

(
r 0
0 s

)
∈ Te, we have(

0 v
0 0

)(
r 0
0 s

)
=

(
0 vs
0 0

)
∈ T(132) = T(132)∗e.

5. T(132)T(132) ⊆ T(132)∗(132), as, for all
(

0 v1
0 0

)
,
(

0 v2
0 0

)
∈ T(132), we have(

0 v1
0 0

)(
0 v2
0 0

)
=

(
0 0
0 0

)
∈ T(13) = T(132)∗(132).

6. T(132)T(13) ⊆ T(132)∗(13), as, for all
(

0 v
0 0

)
inT(132),

(
0 0
w 0

)
∈ T(13), we have(

0 v
0 0

)(
0 0
w 0

)
=

(
vw 0
0 0

)
∈ Te = T(132)∗(13).

7. T(13)Te ⊆ T(13)∗e, as, for all
(

0 0
w 0

)
∈ T(13),

(
r 0
0 s

)
∈ Te, we have(

0 0
w 0

)(
r 0
0 s

)
=

(
0 0
wr 0

)
∈ T(13) = T(13)∗e.

8. T(13)T(132) ⊆ T(13)∗(132), as, for all
(

0 0
w 0

)
∈ T(13),

(
0 v
0 0

)
∈ T(132), we have(

0 0
w 0

)(
0 v
0 0

)
=

(
0 0
0 wv

)
∈ Te = T(13)∗(132).

9. T(13)T(13) ⊆ T(13)∗(13), as, for all
(

0 0
w1 0

)
,
(

0 0
w2 0

)
∈ T(13), we have(

0 0
w1 0

)(
0 0
w2 0

)
=

(
0 0
0 0

)
∈ T(132) = T(13)∗(13).

Therefore, T is a G-weak graded ring. However, T is not strongly graded. For example,
T(13)T(13) �= T(13)∗(13) as T(132) = T(13)∗(13) � T(13)T(13).

Example 2. Let R = M2(R) =

{(
a b
c d

)
: a, b, c, d ∈ R

}
and let X = Z2 × Z3 =

{(0, 0),
(0, 1), (0, 2), (1, 0), (1, 1), (1, 2)} under addition with a subgroup H = {(0, 0), (1, 0)}. Choose
G = {(1, 0), (0, 1), (1, 2)}. Then, the ∗ operation is as given in the following table (Table 2).

Table 2. The binary operation ∗.

∗ (1, 0) (0, 1) (1, 2)

(1, 0) (1, 0) (0, 1) (1, 2)

(0, 1) (0, 1) (1, 2) (1, 0)

(1, 2) (1, 2) (1, 0) (0, 1)

Hence, we have R = R(1,0) ⊕ R(0,1) ⊕ R(1,2), where R(1,0) =

{(
a 0
0 d

)
: a, d ∈ R

}
,

R(0,1) =

{(
0 b
0 0

)
: b ∈ R

}
, and R(1,2) =

{(
0 0
c 0

)
: c ∈ R

}
. Here, we check the prop-

erty RpRq ⊆ Rp∗q for all p, q ∈ G as follows:
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1. R(1,0)R(1,0) ⊆ R(1,0)∗(1,0) = R(1,0), as, for all
(

a1 0
0 d1

)
and

(
a2 0
0 d2

)
∈ R(1,0),

we have (
a1 0
0 d1

)(
a2 0
0 d2

)
=

(
a1a2 0

0 d1d2

)
∈ R(1,0) = R(1,0)∗(1,0).

2. R(1,0)R(0,1) ⊆ R(1,0)∗(0,1) = R(0,1), as, for all
(

a 0
0 d

)
∈ R(1,0) and

(
0 b
0 0

)
∈ R(0,1),

we have (
a 0
0 d

)(
0 b
0 0

)
=

(
0 ab
0 0

)
∈ R(0,1) = R(1,0)∗(0,1).

3. R(1,0)R(1,2) ⊆ R(1,0)∗(1,2) = R(1,2), as, for all
(

a 0
0 d

)
∈ R(1,0) and

(
0 0
c 0

)
∈ R(1,2),

we have (
a 0
0 d

)(
0 0
c 0

)
=

(
0 0
dc 0

)
∈ R(1,2) = R(1,0)∗(1,2).

4. R(0,1)R(1,0) ⊆ R(0,1)∗(1,0) = R(0,1), as, for all
(

0 b
0 0

)
∈ R(0,1) and

(
a 0
0 d

)
∈ R(1,0),

we have (
0 b
0 0

)(
a 0
0 d

)
=

(
0 ab
0 0

)
∈ R(0,1) = R(0,1)∗(1,0).

5. R(0,1)R(0,1) ⊆ R(0,1)∗(0,1) = R(1,2), as, for all
(

0 b1
0 0

)
and

(
0 b2
0 0

)
∈ R(0,1),

we have (
0 b1
0 0

)(
0 b2
0 0

)
=

(
0 0
0 0

)
∈ R(1,2) = R(0,1)∗(0,1).

6. R(0,1)R(1,2) ⊆ R(0,1)∗(1,2) = R(1,0), as, for all
(

0 b
0 0

)
∈ R(0,1) and

(
0 0
c 0

)
∈ R(1,2),

we have (
0 b
0 0

)(
0 0
c 0

)
=

(
bc 0
0 0

)
∈ R(1,0) = R(0,1)∗(1,2).

7. R(1,2)R(1,0) ⊆ R(1,2)∗(1,0) = R(1,2), as, for all
(

0 0
c 0

)
∈ R(1,2) and

(
a 0
0 d

)
∈ R(1,0),

we have (
0 0
c 0

)(
a 0
0 d

)
=

(
0 0
ac 0

)
∈ R(1,2) = R(1,2)∗(1,0).

8. R(1,2)R(0,1) ⊆ R(1,2)∗(0,1) = R(1,0), as, for all
(

0 0
c 0

)
∈ R(1,2) and

(
0 b
0 0

)
∈ R(1,0),

we have (
0 0
c 0

)(
0 b
0 0

)
=

(
0 0
0 bc

)
∈ R(1,0) = R(1,2)∗(0,1).

9. R(1,2)R(1,2) ⊆ R(1,2)∗(1,2) = R(0,1), as, for all
(

0 0
c1 0

)
and

(
0 0
c2 0

)
∈ R(1,2),

we have (
0 0
c1 0

)(
0 0
c2 0

)
=

(
0 0
0 0

)
∈ R(0,1) = R(1,2)∗(1,2).

Thus, R is a G-weak graded ring. However, it is not strongly graded—for instance, R(1,2)∗(1,2) �=
R(1,2)R(1,2) as R(0,1) = R(1,2)∗(1,2) � R(1,2)R(1,2).
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Next, if we define V = M2×3(R), then V is a G-graded R-module with V = V(1,0)⊕V(0,1)⊕

V(1,2), where V(0,1) =

(
R 0 0
0 R 0

)
, V(1,0) =

(
0 0 R
R 0 0

)
and V(1,2) =

(
0 R 0
0 0 R

)
.

Here, we show that the inclusion property RpVq ⊆ Vp∗q is satisfied for all p, q ∈ G as follows:

1. R(1,0)V(0,1) ⊆ V(0,1)∗(0,1), as, for all
(

a 0
0 d

)
∈ R(1,0) and

(
r1 0 0
0 r5 0

)
∈ V(0,1), we

have
(

a 0
0 d

)(
r1 0 0
0 r5 0

)
=

(
ar1 0 0
0 dr5 0

)
∈ V(0,1) = V(1,0)∗(0,1).

2. R(1,0)V(1,0) ⊆ V(1,0)∗(1,0), as, for all
(

a 0
0 d

)
∈ R(1,0) and

(
0 0 r3
r4 0 0

)
∈ V(1,0), we

have
(

a 0
0 d

)(
0 0 r3
r4 0 0

)
=

(
0 0 ar3
r4 0 0

)
∈ V(1,0) = V(1,0)∗(1,0).

3. R(1,0)V(1,2) ⊆ V(1,0)∗(1,2), as, for all
(

a 0
0 d

)
∈ R(1,0) and

(
0 r2 0
0 0 r6

)
∈ V(1,2), we

have
(

a 0
0 d

)(
0 r2 0
0 0 r6

)
=

(
0 ar2 0
0 0 dr6

)
∈ V(1,2) = V(1,0)∗(1,2).

4. R(0,1)V(0,1) ⊆ V(0,1)∗(0,1), as, for all
(

0 b
0 0

)
∈ R(0,1) and

(
r1 0 0
0 r5 0

)
∈ V(0,1), we

have
(

0 b
0 0

)(
r1 0 0
0 r5 0

)
=

(
0 br5 0
0 0 0

)
∈ V(1,2) = V(0,1)∗(0,1).

5. R(0,1)V(1,0) ⊆ V(0,1)∗(1,0), as, for all
(

0 b
0 0

)
∈ R(0,1) and

(
0 0 r3
r4 0 0

)
∈ V(1,0), we

have
(

0 b
0 0

)(
0 0 r3
r4 0 0

)
=

(
br4 0 0
0 0 0

)
∈ V(0,1) = V(0,1)∗(1,0).

6. R(0,1)V(1,2) ⊆ V(0,1)∗(1,2), as, for all
(

0 b
0 0

)
∈ R(0,1) and

(
0 r2 0
0 0 r6

)
∈ V(1,0), we

have
(

0 b
0 0

)(
0 r2 0
0 0 r6

)
=

(
0 0 br6
0 0 0

)
∈ V(1,0) = V(0,1)∗(1,2).

7. R(1,2)V(0,1) ⊆ V(1,2)∗(0,1), as, for all
(

0 0
c 0

)
∈ R(1,2) and

(
r1 0 0
0 r5 0

)
∈ V(0,1), we

have
(

0 0
c 0

)(
r1 0 0
0 r5 0

)
=

(
0 0 0
cr1 0 0

)
∈ V(1,0) = V(1,2)∗(0,1).

8. R(1,2)V(1,0) ⊆ V(1,2)∗(1,0), as, for all
(

0 0
c 0

)
∈ R(1,2) and

(
0 0 r3
r4 0 0

)
∈ V(1,0), we

have
(

0 0
c 0

)(
0 0 r3
r4 0 0

)
=

(
0 0 0
0 0 cr3

)
∈ V(1,2) = V(1,2)∗(1,0).

9. R(1,2)V(1,2) ⊆ V(1,2)∗(1,2), as, for all
(

0 0
c 0

)
∈ R(1,2) and

(
0 r2 0
0 0 r6

)
∈ V(1,2), we

have
(

0 0
c 0

)(
0 r2 0
0 0 r6

)
=

(
0 0 0
0 cr2 0

)
∈ V(0,1) = V(1,2)∗(1,2). Therefore, V is

a G-weak graded R-module. It can be noted that V is not strongly graded as R(0,1)V(0,1) ⊆
V(1,2) but V(1,2) = V(0,1)∗(0,1) � R(0,1)V(0,1).

4. G-Weak Homomorphism Groups

In ref. [11], it was proven that G-GrHomR(V, W) is an additive subgroup of HomR(V, W)
and that G-GrHomR(V, W) =

⊕
p∈GG-GrHomR(V, W)p as an additive subgroup. We can

now prove the following.

Proposition 2. Let eG be a two-sided identity in G and V, W ∈ G-GrR-Mod. Then, for any
p, q in G, G-GrHomR(V, W)q is the additive subgroup G-GrHomR(Vp, Wp∗q) of HomR(V, W).

Proof. SinceG-GrHomR(V, W)q is an additive subgroup ofG-GrHomR(V, W) of HomR(V, W),
then Definition 7 yields the required result for the conjugation action.
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Proposition 3. For the G-weak graded R-modules L, V, and W in G-GrR-Mod, we have

G-GrHomR(V, W)pG-GrHomR(L, V)q ⊆ G-GrHomR(L, W)p∗q, ∀ p, q ∈ G. (20)

Proof. Let ϕ in G-GrHomR(V, W)p and ψ in G-GrHomR(L, V)q; then, for all p, q ∈ G,
we have

ϕ(Vp) ⊆ Wp∗q,

and
ψ(Lq) ⊆ Vq∗p.

From [8], Proposition 2.4, we have

ϕ(ψ(Lq)) ⊆ ϕ(Vq∗p) ⊆ W(q∗p)∗q = W(
q�g(p,q)

)
∗(p∗q).

As q � g(p, q) is also in G, we have

(ψ ◦ ϕ) ∈ G-GrHomR(L, W)p∗q.

Lemma 1. Let V and W be G-weak graded R-modules. Then, for any ϕ in G-GrHomR(V, W) and
for all p in G, we have

ϕ(Vp) ⊆ ∑
q∈G

Wp∗q. (21)

Proof. The proof follows directly via Definition 5 and [11], Theorem 1.

Theorem 6. For any G-weak graded R-modules V and W in G-GrR-Mod, the equality

G-GrHomR(V, W) = HomR(V, W)

is satisfied.

Proof. Since G-GrHomR(V, W) is an additive subgroup of HomR(V, W), we have

G-GrHomR(V, W) ⊆ HomR(V, W).

Here, let ϕ in HomR(V, W), p ∈ G and v ∈ V. Since G is a finite set, we can write vp
as the finite sum of its homogeneous components as follows: v = ∑p∈G vp, for all p ∈ G

and vp ∈ Vp. Since G is closed under the ∗ operation and W is a G-weak graded R-module,
the direct sum W =

⊕
p∈G Wp is equivalent to

W =
⊕
q∈G

Wp∗q,

for any p ∈ G. Thus, there exists ϕp∗q ∈ HomRe(Vp, Wp∗q) for p, q ∈ G, such that

ϕ(vp) = ∑
q∈G

ϕp∗q(vp) for all p ∈ G and vp ∈ Vp,

where ϕp∗q(vp) is the homogeneous component of ϕ(vp) that lies in Wp∗q. Here, for any
q ∈ G, we define a map ϕq ∈ G-GrHomR(V, W) as

ϕq( ∑
p∈G

vp) = ∑
p∈G

ϕp∗q(vp) = ϕp∗q( ∑
p∈G

vp). (22)

Since G is a finite set, this sum is finite and well defined. Moreover, for all p ∈ G

and all vp ∈ Vp, we know that ϕ(vp) ∈ W because ϕ is an R-homomorphism. Hence,
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ϕq(Vp) = ∑q∈G ϕp∗q(Vp) = ϕp∗q(∑q∈G Vp) ⊆ Wp∗q. Thus, from Definition 5, each
ϕq ∈ G-GrHomR(V, W)q. From (22), we have

ϕ(vp) = ∑
q∈G

ϕp∗q(vp) = ∑
q∈G

ϕq(vp),

which implies that ϕ = ∑q∈G ϕq. This sum is finite and well defined since G is a finite set.
Therefore, ϕ ∈ G-GrHomR(V, W).

Proposition 4. If eG is a two-sided identity in G, R is a strongly G-graded ring, and K and L are
ReG -modules. Then, the restriction to Kp = (KR)p induces

HomR(KR, LR)q ∼= HomReG
(Kp, Lp∗q) for all p, q in G.

Proof. From Definition 8, the functor (−)eG sends ((K)R)p into Kp, for any ReG -module K.
We know from Proposition 2 that HomR(V, W)q is the additive subgroup
G-GrR-HomR(Vp, Wp∗q) of HomR(V, W), for any p, q in G. Moreover, we know from Corol-
lary 1 that the functors (−)eG and (−)R form G-GrR-Mod ≈ ReG-Mod. Thus, we conclude
that the restriction to Kp = (KR)p is an isomorphism of the additive group HomR(KR, LR)q
onto HomReG

(Kp, Lp∗q) for all p, q in G.

Example 3. Let X = D6 = {1, a, a2, a3, a4, a5, b, ab, a2b, a3b, a4b, a5b} and

H = {1, a2, a4, b, a2b, a4b}

be a subgroup of X. Choose the set of left coset representatives to be G = {1, a}. Then, the ∗ is as
given in the following table (Table 3).

Table 3. The binary operation ∗.

∗ 1 a

1 1 a

a a 1

Consider the ring of polynomials with integer coefficients R = Z[x] to be graded by G = {1, a}.
In this case, the grading is determined by the degree of the polynomial. The subgroups R1 and Ra
correspond to polynomials with even and odd degrees, respectively:

R1 = {c0 + c2x2 + c4x4 + . . . |ci ∈ Z for all even i},

Ra = {c1x + c3x3 + c5x5 + . . . |ci ∈ Z for all odd i}.

Hence, R is a G-weak graded ring. Here, let V be defined as the module of polynomials; thus,
V = V1 ⊕Va, where V1 is defined as the module of polynomials with even degrees:

V1 = {c0 + c2x2 + c4x4 + . . . |ci ∈ Z for all even i}

and Va is defined as the module of polynomials with odd degrees:

Va = {c1x + c3x3 + c5x5 + . . . |ci ∈ Z for all odd i}.

Hence, V ∈ G-GrR-Mod. Similarly, let W be the module of polynomials; thus,
W = W1 ⊕Wa, where W1 is defined as the module of polynomials with even degrees:

W1 = {d0 + d2x2 + d4x4 + . . . |di ∈ Z for all even i}
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and Wa is defined as the module of polynomials with odd degrees:

Wa = {d1x + d3x3 + d5x5 + . . . |di ∈ Z for all odd i}.

Then, W ∈ G-GrR-Mod. Here, we can define a morphism ϕ : V → W as follows:

ϕ(c0 + c2x2 + c4x4 + . . . ) = d2x2 + d4x4 + · · · ⊆ W1,

and
ϕ(c1x + c3x3 + c5x4 + . . . ) = d3x3 + d5x5 + · · · ⊆ Wa,

where ci = di+2 for all i. Hence, ϕ ∈ G-GrHomR(V, W) since ϕ(V1) ⊆ W1 and ϕ(Va) ⊆ Wa.
Thus, ϕ(Vg) ⊆ Wg for all v ∈ Vg and g ∈ G. Note that, since G is a finite set, according to
Theorem 6, we have G-GrHomR(V, W) = HomR(V, W).

5. Conclusions

In this work, it was shown that many results in the literature concerning group-graded
rings and group-graded modules can be generalized and proven using the new concepts
of G-weak graded rings and G-weak graded modules. Moreover, this generalization may
form a bridge between the classical group theory and the theory of quantum groups. Using
these new concepts, interested readers can study several properties of group- or semigroup-
graded rings and modules in the literature, such as simplicity and semi-simplicity.
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1. Introduction

In 1985, Drinfel’d introduced the concept of quantum groups while investigating the
quantum Yang–Baxter equation [1]. Over the past three decades, scholars have extensively
explored and demonstrated the significant influence of quantum group theory across
diverse domains of mathematics and physics. In 1990, Kulish introduced a two-parameter
quantum group utilizing the constant solution of the Yang–Baxter equation.

Benkart and Witherspoon studied the two-parameter quantum groups Ur,s(gln) and
Ur,s(sln) through down–up algebra [2,3]. Bergeron, Gao and Hu extended this analysis to
two-parameter quantum orthogonal and symplectic groups [4,5]. Subsequently, Hu and
Shi investigated the two-parameter quantum group for exceptional types G2 [6]; Hu and
Wang further developed the Bn-type [7].

In particular, Hu and Pei presented a simplified definition for a class of two-parameter
quantum groups Ur,s, demonstrating that the two-parameter quantum groups Ur,s(g) can be
obtained from the one-parameter quantum group Uq,q−1(g) by twisting the multiplication
via an explicit Hopf 2-cocycle σ [8,9].

In 2015, building on Lusztig’s work, Fan and Li constructed another version of the two-
parameter quantum group using simple perverse sheaves [10]. This geometric construction
provides a new representation of the generators and generation relationships of two-
parameter quantum group Uv,t.

In the study of quantum groups, derivations may be used to describe some deforma-
tion or evolution of quantum groups, or to reveal relationships between quantum groups
and other algebraic structures. In this paper, our main focus is to explore the connection
between derivative algebras of one-parameter quantum groups and derivation algebras
of two-parameter quantum groups, where one-parameter and two-parameter quantum
groups correspond to simple Lie algebras of the same finite type. Unlike previous studies of
derivation algebra of a quantum group, a key contribution of this study is the establishment
of the structure of derivation algebra of an iterated Ore extension, so that through this struc-
ture, we can obtain the derivation algebra of any quantum group, thus building a bridge
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for understanding the relationship between the derivative algebras of single-parameter
quantum groups and two-parameter quantum groups.

In Section 4, we initially derive the corresponding one-parameter quantum group
derivation algebra from the derivation algebra of the two-parameter quantum group. This
process is relatively straight forward. Conversely, constructing a two-parameter quantum
group from a one-parameter quantum group is complex, thus making it challenging to
construct the derivation algebra of a two-parameter quantum group from that of a one-
parameter quantum group. Finally, we employ the method proposed by Fan and Li to
construct two-parameter quantum groups from one-parameter quantum groups. Building
upon this approach, we derive the derivation algebra of a two-parameter quantum group
from that of a one-parameter quantum group.

2. Preliminaries

Before delving into the main topic of this article, we will first review some pertinent
preparatory knowledge to ensure that readers are equipped for subsequent discussions. In this
section, we fix the notations that will be used throughout this paper. For any n, k, v > 0, let

(n)v =
vn − 1
v− 1

, [n]v =
vn − v−n

v− v−1

(n)v! = (1)v · · · (n)v, [n]v! = [1]v · · · [n]v(
n
k

)
v
=

(n)v!
(k)v!(n− k)v!

,
[

n
k

]
v
=

[n]v!
[k]v![n− k]v!

and [0]v! = 1, (0)v! = 1.

2.1. The Algebras Uq(g) and Ur,s(g)

This subsection introduces the definitions of one-parameter quantum groups and
two-parameter quantum groups, which will serve as the foundation for our subsequent
research and analysis.

Let g be a finite-dimensional simple Lie algebra over a field C and A = (aij)n×n be an
associated Cartan matrix, there exists a diagonal matrix D = diag(d1, · · · , dn) such that
di ∈ Z\{0} and DA = (DA)T . Let q ∈ C∗ be such that q is not a unit root.

Definition 1. The one-parameter quantum group Uq(g) is a unital associative algebra over C by
generators Ei, Fi, K±1

i (1 ≤ i ≤ n), and relations

(A1) KiK−1
i = K−1

i Ki = 1, KiKj = KjKi

(A2) KiEiK−1
i = qdiaij Ej, KiFiK−1

i = qdiaij Fj

(A3) EiFj − FjEi = δ
K2

i − K−2
i

q2di − q−2di

(A4)
1−aij

∑
v=0

(−1)v
[

1− aij
v

]
q2di

E
1−aij−v
i EjEv

i = 0 (i �= j)

(A5)
1−aij

∑
v=0

(−1)v
[

1− aij
v

]
q2di

F
1−aij−v
i FjFv

i = 0 (i �= j)

The above content described the generators and generating relations for one-parameter
quantum groups. Next, let us review the generators and generating relations for two-
parameter quantum groups.
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Let Π = {αi|i ∈ I} be the set of simple roots, Φ be the set of roots and Φ+ positive
roots. Let Q(r, s) be the rational functions field in two variables r, s over Q. Let ri = rdi ,
si = sdi for i ∈ I and 〈−,−〉 be the Euler bilinear form on Z defined by

〈i, j〉 := 〈αi, αj〉 =

⎧⎪⎨⎪⎩
diaij i < j
di i = j
0 i > j

(1)

Definition 2. The two-parameter quantum group Ur,s(g) is a unital associative algebra over
Q(r, s) generated by ei, fi, ω±1

i , ω′
i
±1 (1 ≤ i ≤ n), subject to the relations:

(B1) ω±1
i ω±1

j = ω±1
j ω±1

i , ω′
i
±1

ω′
j
±1

= ω′
j
±1

ω′
i
±1

ω±1
i ω′

j
±1

= ω′
j
±1

ωi
±1, ωi

±1ωi
∓1 = ω′

i
±1

ω′
i
∓1

(B2) ωiejω
−1
i = r〈j,i〉s−〈i,j〉ej, ω′

i ejω
′
i
−1

= r−〈i,j〉s〈j,i〉ej

ωi f jω
−1
i = r−〈j,i〉s〈i,j〉 f j, ω′

i f jω
′
i
−1

= r〈i,j〉s−〈j,i〉 f j

(B3) ei fj − f jei = δi,j
ωi −ω′

i

vi − v−1
i

(B4)
1−aij

∑
k=0

(−1)k
(

1− aij
k

)
ris

−1
i

c(k)ij e
1−aij−k
i ejek

i = 0 i �= j

(B5)
1−aij

∑
k=0

(−1)k
(

1− aij
k

)
ris

−1
i

c(k)ij f k
i f j f

1−aij−k
i = 0 i �= j

Let U+
q (g) (resp., U−

q (g)) be the subalgebra of Uq(g) generated by the elements Ei

(resp., Fi) for 1 ≤ i ≤ n, and U0
q (g) is subalgebra of Uq(g) generated by K±1

i for 1 ≤ i ≤ n.
Moreover, we know

Uq(g) ∼= U+
q (g)⊗U0

q (g)⊗U−
q (g)

Similary, Let U+
r,s(g) (resp., U−

r,s(g)) be the subalgebra of Ur,s(g) generated by the
elements ei (resp., fi) for 1 ≤ i ≤ n, and U0

r,s the subalgebra of Ur,s(g) generated by ω±1
i ,

ω′
i
±1 for 1 ≤ i ≤ n, we have

Ur,s(g) ∼= U+
r,s(g)⊗U0

r,s(g)⊗U−
r,s(g)

In this paper, our primary focus is on the derivation algebras of the positive parts of
both one-parameter and two-parameter quantum groups.

2.2. Iterated Ore Extension

This subsection will furnish the definitions and properties of iterative Ore extensions,
crucial for the subsequent discussion regarding the derivation algebra of quantum groups.

Let R be a ring. An Ore extension R[x, σ, δ] is a ring with elements of the form
f (x) = ∑n

i=0 aixi, ai ∈ R and multiplication satisfying xr = σ(r)x + δ(r) for all r ∈ R,
where σ is an endomorphism of R and δ is a σ-derivation of R, i.e.,

δ(r1r2) = σ(r1)δ(r2) + δ(r1)r2, f or all r1, r2 ∈ R

Definition 3. An iterated Ore extension R[x1, σ1, δ1] · · · [xn, σn, δn] is an Ore extension where
for all j ≥ 1, σj and δj are a ring endomorphism and a σj-derivation of R(j−1) := R[x1, σ1, δ1] · · ·
[xj−1, σj−1, δj−1]. Elements in this extension have the form ∑n

i=0 aix
i1
1 · · · xin

n , ai ∈ R.
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Let us review the concept of quantum root vectors in quantum groups and the ex-
change relationship.

Let g be a finite dimensional simple Lie algebra, Φ+ be a positive root system of the
complex simple Lie algebra of g and |Φ+| = n. The following lemma holds.

Lemma 1 ([11]). For each of the trees in Figure 1, the set of words determined by the Lyndon paths
in the tree is the complete set of standard Lyndon words for the corresponding finite-dimensional
simple Lie algebra.
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2 33 2
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7 8
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5 6 7 8

4 5 6 7 8

8

876543

E8

Dn ...... ......
nn-2i+1i i+1i+2n-1

n-1

i+1i
......

n-1 i+2 i+1i i+1 n-1 n
............Cn

Bn ...... ......
nn-1i+1i ii+1n-1n

nn-1i+1i ......An

Figure 1. The tree given standard Lyndon paths. The root of each tree is the leftmost vertex.

Assuming that βi, β j ∈ Φ+, Xi and Xj are the quantum root vectors corresponding to
βi and β j, respectively. We have that U+

q (g) consists of quantum root vectors X1, · · · ,Xn
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and the set of products {X a1
1 · · · X an

n |ai ∈ Z} forms a basis for U+
q (g). If i and j are two

integers such that 1 ≤ i < j ≤ n, then we can obtain

XiXj − q(i,j)XjXi = ∑
k=(ki+1,··· ,kj−1)

ckX ki+1
i+1 · · · X kj−1

j−1 (2)

where ck ∈ C, q(i,j) := q(βi ,β j), and (βi, β j) is the inner product of βi and β j. Similarly,
Xi and Xj are the quantum root vectors corresponding to βi and β j, respectively. The
two-parameter quantum group U+

r,s(g) contains a set of quantum root vector and the
products {Xa1

1 · · ·Xan
n |ai ∈ Z} form a basis of U+

r,s(g). If i and j are two integers such that
1 ≤ i < j ≤ l, then we can obtain

XiXj − (ω′
i , ωj)XjXi = ∑

k=(ki+1,··· ,kj−1)

ekXki+1
i+1 · · ·X

kj−1
j−1 (3)

where ek ∈ C, (ω′
i , ωj) = r〈βi ,β j〉s−〈β j ,βi〉.

Based on the Definition 3, in conjunction with Equations (2) and (3), it is evident that
the following lemma is valid.

Lemma 2. U+
q (g) and U+

r,s(g) are two skew polynomial rings, which can be expressed as

U+
q (g) = C[X1][X2; σ2, δ2] · · · [Xl ; σl , δl ]

U+
r,s(g) = C[X1][X2; σ′2, δ′2] · · · [Xl ; σ′l , δ′l ]

where the σj’s are C-linear automorphisms and the δj’s are C-linear σj-derivations such that

for 1 ≤ i < j ≤ l, σj(Xi) = q(i,j)Xi and δj(Xi) = ∑k=(ki+1,··· ,kj−1)
ckX ki+1

i+1 · · · X kj−1
j−1 ; for

1 ≤ i < j ≤ l, σ′j (Xi) = 〈ω′
i , ωj〉Xi and δ′j(Xi) = ∑k=(ki+1,··· ,kj−1)

ekXki+1
i+1 · · ·X

kj−1
j−1 .

In [9], Hu and Pei offer a more straightforward definition for a class of two-parameter
quantum groups, denoted as Ur,s(g), associated with semisimple Lie algebras. They do so
by employing the Euler form and further elucidate the connection between two-parameter
quantum groups and the one-parameter Drinfel’d–Jimbo quantum group. More specifically,
In the subsequent lemma, they detail the method of deriving a one-parameter quantum
group from a two-parameter one by adjusting the parameters.

Lemma 3. Let r = q, s = q−1. Then, Uq,q−1(g) modulo is the Hopf ideal generated by ω′
i −ω−1

i
(i ∈ [1, n]) is isomorphic to the standard one-parameter quantum group Uq(g).

3. Derivations of Iterated Ore Extension

Drawing on the foundational principles outlined in Section 2, it is clear that both
one-parameter quantum groups and two-parameter quantum groups can be characterized
as iterated Ore extensions. As a result, the central objective of this section is to clarify the
structural underpinnings of the derivative algebra associated with iterative Ore extensions.
This elucidation forms a crucial basis for delving deeper into the relationships between the
derivation algebra of one-parameter quantum groups and two-parameter quantum groups.

Definition 4 ([12]). Let R be an algebra over the field F, and δ be a linear transformation over R.
If δ satisfies the following conditions:

δ(r + s) = δ(r) + δ(s), ∀r, s ∈ R,

δ(rs) = δ(r)s + rδ(s). ∀r, s ∈ R,

then δ is called a derivation of R.
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Example 1. Let R be a polynomial ring over the complex field C, δ be a mapping over R, and
satisfying the following:

δ
(
∑

i
aiXi) = ∑

i
iaiXi−1,

so δ is a derivative on R.

Let Rn := C[X1][X2; σ2, δ2] · · · [Xn; σn, δn] be a special type of iterated Ore extension,
for 1 ≤ j < i ≤ n,

XjXi − λ(Xj, Xi)XiXj = P(Xj, Xi), (4)

where P(Xj, Xi) = ∑k̄=ki+1,··· ,kj−1
ck̄Xki+1

i+1 · · ·X
kj−1
j−1 . It is worth noting that U+

r,s(g) and U+
q (g)

are all iterated Ore extensions of this type.
We give a mapping ar, which is mapped from Rn to C and satisfies aXk

i +Xl
j
(Xk

i + Xl
j) =

2k−1aXi (Xi) + 2l−1aXj(Xj)

Theorem 1. If Rn is a special type of iterated Ore extension, then the derivation of Rn can be
uniquely written in the following form:

D(Xi) = aXi (Xi)Xi,

for some r ∈ Rn, and where aXi (Xi) ∈ C and

aXi (Xi) + aXj(Xj) = aP(Xj ,Xi)
(P(Xj, Xi)). (5)

Proof. Let D be the derivation of Rn; we have

D(y) = ∑
r

ar(y)r, (6)

where ar is the mapping from Rn to C. In fact, we know XjXi − λ(Xj, Xi)XiXj = P(Xj, Xi)

for P(Xj, Xi) = ∑k̄=ki+1,··· ,kj−1
ck̄Xki+1

i+1 · · ·X
kj−1
j−1 . Based on the definition of derivations,

there is

D(XjXi) = D(Xj)Xi + XjD(Xi)

= ∑
r

ar(Xj)rXi + ∑
r

ar(Xi)λ(Xj, r)rXj + ∑
r

ar(Xi)P(Xj, r). (7)

Since D is a bilinear mapping; thus, we have

D(XjXi) =λ(Xj, Xi)D(XiXj) + D(P(Xj, Xi))

=λ(Xj, Xi)
(
∑

r
ar(Xi)rXj + ∑

r
ar(Xj)λ(Xi, r)rXi + ∑

r
ar(Xj)P(Xi, r)

)
(8)

+ ∑
r

ar(P(Xj, Xi))r,

then P(Xj, Xi) does not include XjXi, so that

∑
r

ar(Xi)λ(Xj, r)rXj = ∑
r

ar(Xi)λ(Xj, Xi)rXj, (9)

∑
r

ar(Xj)rXi = ∑
r

ar(Xj)λ(Xj, Xi)λ(Xi, r)rXi, (10)

∑
r

ar(Xi)P(Xj, r) = ∑
r

ar(Xj)λ(Xj, Xi)P(Xi, r)
)
+ ∑

r
ar(P(Xj, Xi))r. (11)
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From this, by comparing coefficients of (9), when r = Xi, there is aXi(Xi)λ(Xj, Xi)XiXj =
aXi(Xi)λ(Xj, Xi)XiXj, and when r �= Xi, there is ar(Xi) = 0. Similarly, in Equation (10), when
r = Xj, aXj(Xj)XjXi = aXj(Xj)λ(Xj, Xi)λ(Xi, Xj)XjXi holds, and when r �= Xj, ar(Xj) = 0.

In Equation (11), there is aXi (Xi)P(Xj, Xi) = aXj(Xj)λ(Xj, Xi)P(Xi, Xj)+

aP(Xj ,Xi)
P(Xj, Xi). Since P(Xi, Xj) = −λ(Xj, Xi)

−1P(Xj, Xi), we obtain

aXi (Xi) = −aXj(Xj) + aP(Xi ,Xj)
(P(Xi, Xj)).

Under the above results, we further discuss the action of mapping aP(Xi ,Xj)
(P(Xi, Xj)).

We can characterize aP(Xi ,Xj)
(P(Xi, Xj)) in two situations.

We first suppose that aP(Xi ,Xj)
(P(Xi, Xj)) contains only one generator and its exponent

is 1, i.e., XjXi = λ(Xj, Xi)XiXj + ckXk for 1 ≤ i < k < j ≤ n. Therefore, we would have

aXi (Xi) = −aXj(Xj) + aXk (Xk).

Next, we will prove by using mathematical induction that D(Xk
i ) = 2k−1aXi (Xi)Xk

i .

D(X2
i ) = D(Xi)Xi + XiD(Xi)

= 2aXi (Xi)X2
i .

Suppose that D(Xk−1
i ) = 2k−2aXi (Xi)Xk−1

i for k ∈ [[1, n]], then

D(Xk
i ) = D(Xk−1

i )Xi + XiD(Xk−1
i )

= 2k−2aXi (Xi)Xk−1
i Xi + Xi2aXi (Xi)Xk−2

i

= 2k−1aXi (Xi)Xk
i ,

it can be concluded that aXk
i
(Xk

i ) = 2k−1aXi (Xi). We thus obtain

D(∑̄
k

ck̄Xki+1
i+1 · · ·X

kj−1
j−1 ) = ∑̄

k

ck̄
(
2ki+1−1aXi+1(Xi+1) + · · ·+ 2kj−1−1aXj−1(Xj−1)

)
Xki+1

i+1 · · ·X
kj−1
j−1 ,

where k̄ = ki+1, · · · , kj−1. The proof is complete.

4. The Relationship between Der(U+
q (g)) and Der(U+

r,s(g))

In this section, we delve into the structure of the derivative algebra of one-parameter
quantum groups and two-parameter quantum groups. This exploration is aimed at in-
spiring further research on the relationship between the derivations of these two types of
quantum groups.

4.1. Derivations of Quantum Groups

As U+
q (g) and U+

r,s(g) are iterated Ore extensions, this means that the derivations of
U+

q (g) or U+
r,s(g) have the following structure: D(xi) = aixi, where xi is the quantum root

vector of U+
q (g) or U+

r,s(g).
For the convenience of subsequent operations, we first provide a proposition.

Proposition 1. Let Z(U+
r,s(g)) be the center of U+

r,s(g) and D be a derivation of U+
r,s(g); then, for

all μ ∈ Z(U+
r,s(g)), μD is a derivation of U+

r,s(g).
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Proof. Since μ ∈ Z(U+
r,s(g)), we have

μD(XjXi) = μD(Xj)Xi + XjμD(Xi)

= μajXjXi + Xjμa(k)i Xi

= μ(aj + ai)XjXi.

This is precisely the assertion of the proposition.

Theorem 2. Let U+
r,s(g) be the positive part of the two-parameter quantum group Ur,s(g) corre-

sponding to g; then, each derivation D of U+
r,s(g) must be written in the following form:

D(Xi) = adξ(Xi) + ∑
k

μka(k)Xi
(Xi)Xi, (12)

where ξ ∈ U+
r,s(g), μk ∈ Z(U+

r,s(g)), a(k)Xi
(Xi) ∈ C, k = 1, · · · , p(p ≤ n) and the following

equation holds:
a(k)Xi

(Xi) + a(k)Xj
(Xj) = a(k)P(Xj ,Xi)

(P(Xj, Xi))

Proof. Based on Lemma 2, the positive part U+
r,s(g) of the two-parameter quantum group

Ur,s(g) constitutes an iterated Ore extension. Let X1, · · · , Xn be the quantum root vectors
of U+

r,s(g) and Dk, k = 1, · · · , p(p ≤ n) represent the derivation of U+
r,s(g); we have

Dk(Xi) = a(k)Xi
(Xi)Xi

and
a(k)Xi

(Xi) + a(k)Xj
(Xj) = a(k)P(Xj ,Xi)

(P(Xj, Xi)).

By consolidating Proposition 1, we can conclude that

μDk(XiXj) = μDk(Xi)Xj + μXiDk(Xj)

= μDk(Xi)Xj + XiμDk(Xj)

Therefore, we can conclude that any outer derivation of U+
r,s(g) can be expressed in the

form of ∑
k

μka(k)Xi
(Xi)Xi. It can be seen from this that the theorem proof is completed.

For convenience, in subsequent studies, we will denote a(k)Xi
(Xi) by the symbol aki.

Theorem 3. Let D be the derivation of a two-parameter quantum group U+
r,s(g) as shown in

Equation (21); then, the derivation of the one-parameter quantum group U+
q (g) corresponding to

U+
r,s(g) can be uniquely written in the following form:

D′(Xi) = adξ ′(Xi) + ∑
i

c′kakjXj (13)

where ξ ′ ∈ U+
q (g), cks′ ∈ Z(U+

q (g)).

Proof. Let Dk(k = 1, · · · , p) be the derivations of U+
r,s(g) and

Dk(Xj) = akjXj.

According to Lemma 3, when r = q and s = q−1, there is U+
q,q−1(g) ∼= U+

q (g). Let

ψ : U+
q,q−1(g)→ U+

q (g)
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be a mapping from U+
q,q−1(g) to U+

q (g); so, we have

ψDk(Xj) = akjXj.

Let D′
k be a map on U+

q (g) and D′
k(Xj) = akjXj = ψDk(Xj); then, we prove that D′

k
(k = 1, · · · , p) are derivations of U+

q (g). According to the definition of D′
k, we can obtain

D′
k(XjXi) = ψ(Dk(XjXi)) = akjXjXi + akiXjXi

= D′
k(Xj)Xi +XjD′

k(Xi)

From the above results, we can know that D′
i (i = 1, · · · , p) are the derivations of U+

q (g).
According to Proposition 1, if μ ∈ Z(U+

q (g)), then μD′
k is also a derivation of U+

q (g).
Therefore, we obtain that all outer derivations of U+

q (g) have the form of ∑
i

c′i aijXj, where

c′i ∈ Z(U+
q (g)). Therefore, all derivations of U+

q (g) can be uniquely written in the form of
Equation (22).

Example 2. Suppose g is a finite-dimensional complex simple Lie algebra of B2-type, the Cartan
matrix for the B2-type Lie algebra is

B :=
[

2 −1
−2 2

]
Moreover, it can be deduced that U+

r,s(B2) is a C-algebra generated by generators e1 and e2,
satisfying the following relationship:

e2
1e2 − (r2 + s2)e1e2e2 + r2s2e2e1 = 0,

e1e3
2 − (r2 + rs + s2)e2e1e2

2 + rs(r2 + rs + s2)e2
2e1e2 − r3s3e3

2e1 = 0.

Based on the standard Lyndon basis presented in Figure 1, we can obtain an ordering of the positive
roots of B2: α1, α1 + α2, α1 + 2α2, α2, which corresponds to the quantum root vectors in U+

r,s(B2):

X1 = e1, X2 = e1e2 − r2e2e1, X3 = e2X2 − s−2X2e2, X4 = e2,

and there is an exchange relationship:

X1X2 = s2X2X1,

X1X3 = r2s2X3X1,

X2X3 = rsX3X2,

X1X4 = r2X4X1 + X2,

X2X4 = s2X4X2 − s2X3,

X4X3 = r−1s−1X3X4.

In the above exchange relationship, when i = 1, j = 4, we have P(Xi, Xj) is X2 and i = 2, j = 4,
we have P(Xi, Xj) is X3; in other cases, P(Xi, Xj) = 0. Therefore, assuming that D is a derivation
of U+

r,s(B2), there is D(Xi) = aXi (Xi)Xi, aXi (Xi) ∈ C, i ∈ [[1, 4]] and

aX1(X1) + aX4(X4) = aX2(X2) (14)

aX2(X2) + aX4(X4) = aX3(X3) (15)

The fundamental solution system can be derived by solving Equations (14) and (15): ξ1 =
(1, 1, 1, 0)T and ξ2 = (0, 1, 2, 1)T. We introduce the following notations: ai, ai′, with 1 ≤ i ≤ 4:

a1 = 1, a2 = 1, a3 = 1, a4 = 0,
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a′1 = 0, a′2 = 1, a′3 = 2, a′4 = 1.

Let D1 and D2 be derivations corresponding to two fundamental solution systems; therefore, there are

D1(X1) = X1, D1(X2) = X2, D1(X3) = X3, D1(X4) = 0,

D2(X1) = 0, D2(X2) = X2, D2(X3) = 2X3, D2(X4) = X4.

Then, each derivation Dof U+
r,s(B2) can be written in the following form:

D = adx + μ1D1 + μ2D2 (16)

where μ1, μ2 ∈ Z(U+
r,s(B2)).

According to Theorem 3, there exist two mappings D′
1 and D′

2 on U+
q (B2), such that

D′
1(X1) = X1, D′

1(X2) = X2, D′
1(X3) = X3, D′

1(X4) = 0,

D′
2(X1) = 0, D′

2(X2) = X2, D′
2(X3) = 2X3, D′

2(X4) = X4.

Therefore, the derivation D′ of U+
q (B2) can be written as

D′(Xi) = adg(Xi) + aiζ1Xi + a′iζ2Xi (17)

where g ∈ U+
q (B2) and ζi ∈ Z(U+

v (B2)).
Next, we need to verify that every derivation of U+

q (B2) can be expressed as shown in
Equation (17). Suppose D′′ is any derivation of U+

q (B2).
By combining Theorem 1 and applying D′′ on X1X4 and X2X4, respectively, it can be

determined that

D′′(X4X1) = D′′(q−2X1X4)− D′′(q−2X2) (18)

D′′(X4X2) = D′′(q2X2X4) + D′′(X3) (19)

We can obtain the fundamental solution system by solving Equations (18) and (19): ξ1 =
(1, 1, 1, 0)T and ξ2 = (0, 1, 2, 1)T.

Let D′′
1 and D′′

2 be the derivatives corresponding to the fundamental solution system; therefore,

D′′
1 (X1) = X1, D′′

1 (X2) = X2, D′′
1 (X3) = X3, D′′

1 (X4) = 0,

D′′
2 (X1) = 0, D′′

2 (X2) = X2, D′′
2 (X3) = 2X3, D′′

2 (X4) = X4.

Clearly, D′′
1 = D′

1 and D′′
2 = D′

2, so it can be concluded that the derivations of U+
q (B2) can be

expressed as
D′′ = adg + ζ1D′′

1 + ζ2D′′
2 = D′

where g ∈ U+
q (B2) and ζq, ζ2 ∈ Z(U+

q (B2)).

4.2. Obtain Der(U+
v,t(g)) from Der(U+

v (g))

It is worth noting that while it is relatively easy to derive a one-parameter quan-
tum group from a two-parameter quantum group, the reverse process of obtaining a
two-parameter quantum group from a one-parameter quantum group is usually more chal-
lenging. Therefore, in order to facilitate future research, this section begins with a review of
the definition and key properties of the two-parameter quantum group introduced by Fan
and Li.

Let I be a finite set, and fix a matrix Ω = (Ωij)i,j∈I satisfying the following conditions:

(i) Ωii ∈ Z>0, Ωij ∈ Z≤0 for all i �= j ∈ I;

(ii)
Ωij+Ωji

Ωii
∈ Z≤0 for all i �= j ∈ I;

(iii) The greatest common divisor of all Ωii is equal to 1.
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Connect matrix Ω with three bilinear forms on ZI :

〈i, j〉 = Ωij, ∀i, j ∈ I.

[i, j] = 2δijΩii −Ωij, ∀i, j ∈ I. (20)

i · j = 〈i, j〉+ 〈j, i〉, ∀i, j ∈ I.

Definition 5. Let Ω = (Ωij)i,j∈I be the matrix as described above. The two-parameter quantum
group Uv,t associated to Ω is an associative Q(v, t)-algebra with 1 generated by symbols Ei, Fi,
K±1

i , K′i
±1, ∀ ∈ I and subject to the following relations:

(R1) K±1
i K±1

j = K±1
j K±1

i , K′i
±1K′j

±1
= K′j

±1K′i
±1,

Ki
±1K′j

±1
= K′j

±1Ki
±1, Ki

±1Ki
∓1 = 1 = K′i

±1K′i
∓1,

(R2) KiEjK−1
i = vi·jt〈i,j〉−〈j,i〉Ej, K′i EjK′i

−1
= v−i·jt〈i,j〉−〈j,i〉Ej,

KiFjK−1
i = v−i·jt〈j,i〉−〈i,j〉Fj, K′i FjK′i

−1
= vi·jt〈j,i〉−〈i,j〉Fj,

(R3) EiFj − FjEi = δij
Ki − K′i
vi − v−1

i

,

(R4) ∑
p+p′=1−2 i·j

i·i

(−1)pti
−p

(
p′−2 〈i,j〉i·i +2 〈j,i〉i·i

)
E(p′)

i EjE
(p)
i = 0, i f i �= j,

∑
p+p′=1−2 i·j

i·i

(−1)pti
−p

(
p′−2 〈i,j〉i·i +2 〈j,i〉i·i

)
F(p)

i FjF
(p′)
i = 0, i f i �= j,

where E(p)
i =

Ep
i

[p]!vi ,ti
.

In reference [10], the author compared the algebraic structure Uv,t with the two-
parameter quantum group defined in Definition 2 and concluded that when v = (rs−1)

1
2

and t = (rs)−
1
2 , the Serre relations of the algebraic Uv,t are entirely consistent with those

given in Definition 2. Therefore, our primary focus will be on studying how to derive the
derivation algebra of U+

v,t(g) from that of U+
v (g).

We denote by U+
v (g) the positive part of the quantum group U = Uv(g) over Q(v);

it is the free Q(v) - algebra. Let Φ+ be a positive root system of the complex simple Lie
algebra of g, and |Φ+| = n. Let X1, · · · ,Xn be the quantum root vector of U+

v (g) and satisfy
the exchange relation (2).

Theorem 4. Let U+
v (g) be the positive part of the one-parameter quantum group Uv(g) corre-

sponding to g; then, each derivation D of U+
v (g) must be written in the following form:

D(Xi) = adξ(Xi) + ∑
k

μka(k)Xi
(Xi)Xi, (21)

where ξ ∈ U+
v (g), μk ∈ Z(U+

v (g)), a(k)Xi
(Xi) ∈ C, and k = 1, · · · , p(p ≤ n), and the following

equation holds:
a(k)Xi

(Xi) + a(k)Xj
(Xj) = a(k)P(Xj ,Xi)

(P(Xj, Xi)).

Proof. The proof for Theorem 4 mirrors that of Theorem 2; thus, we will not present a
detailed proof.
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Theorem 5. If Di(i = 1, · · · , n) are the derivations of U+
v (g) and Di(Xj) = aijXj, then there

exists a mapping D′
i(i = 1, · · · , n), where D′

i(Xj) = aijXj are the derivations of U+
v,t(g), and each

derivation of U+
v,t(g) can be uniquely written in the following form:

D′(Xi) = adξ ′(Xi) + ∑
i

c′i aijXj, (22)

where ξ ′ ∈ U+
v,t(g), c′i ∈ Z(U+

v,t(g)).

Proof. Let Uv,t = Uv ⊗Q(v) Q(v, t); according to Theorem 4 in reference [10], the bialgebra
structure of Uv can be naturally extended to Uv,t. We define a new multiplication “◦” on
Uv,t by

x ◦ y = t[|x|,|y|]xy,

for any homogeneous elements x, y ∈ Uv,t, where [, ] is defined in (20).
Since X1, · · · ,Xn are quantum root vectors of U+

v (g) and satisfy Equation (2), the
following formula holds for the algebra U+

v,t(g):

t−[|Xi |,|Xj |]Xi ◦ Xj − v(i,j)t−[|Xj |,|Xi |]Xj ◦ Xi

= ∑
k=(ki+1,··· ,kj−1)

ckt

−

⎡⎢⎢⎢⎢⎣
ki+1︷ ︸︸ ︷

|Xi+1|, · · · , |Xi+1|,··· ,
kj−1︷ ︸︸ ︷

|Xj−1|, · · · , |Xj−1|

⎤⎥⎥⎥⎥⎦
X ki+1

i+1 ◦ · · · ◦ X kj−1
j−1 . (23)

If D′ is the derivation of U+
v,t(g), then we have

D′(Xi ◦ Xj) = D′(t[|Xi |,|Xj |]XiXj)

= t[|Xi |,|Xj |]D′(XiXj).

Therefore, we can conclude that if D′ is a derivation of U+
v,t(g), then D′ acting on U+

v (g)
must be a derivation of U+

v (g).
According to the given assumption, Di, i = 1, · · · , n represents the derivation of

U+
v (g), with Di(Xj) = aijXj. Referring to Proposition 4, we can determine that μD′

i are
the derivation of U+

v,t(g), where μ ∈ Z(U+
v,t(g)), D′

i(Xj) = aijXj, Based on this, we can
conclude that the theorem is valid.

Example 3. Suppose g is a finite-dimensional complex simple Lie algebra of B2-type. Moreover, it
can be deduced that U+

v (B2) is a C-algebra generated by generators E1 and E2, and satisfies the
following relationship:

E2
1E2 − (v2 + v−2)E1E2E1 + E2E2

1 = 0,

E1E3
2 − (v2 + 1 + v−2)E2E1E2

2 + (v2 + 1 + v−2)E2
2E1E2 − E3

2E1 = 0.

On the other hand, α1, α1 + α2, α1 + 2α2, α2 correspond to the quantum root vectors X1, X2, X3,
X4 in U+

v (B2):

X1 = E1, X2 = E1E2 − v2E2E2, X3 = E2X2 − v2X2E2, X4 = E2.

And there is an exchange relationship:

X2X3 = X3X1, X1X3 = X3X1, X1X2 = v−2X2X1,

X4X3 = X3X4, X4X2 = v2X2X4 +X3, X4X1 = v−2X1X4 − v−2X2.
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Suppose D is a derivation of U+
v (B2). Since U+

v (B2) is an iterated Ore extension, there is D(Xi) =
aXi (Xi)Xi, aXi (Xi) ∈ C. Therefore, we have

aX1(X1) + aX4(X4) = aX2(X2), (24)

aX2(X2) + aX4(X4) = aX3(X3). (25)

The fundamental solution system can be derived by solving Equations (24) and (27): ξ1 =
(1, 1, 1, 0)T and ξ2 = (0, 1, 2, 1)T. Let D1 and D2 be derivations corresponding to two funda-
mental solution systems; therefore, there are

D1(X1) = X1, D1(X2) = X2, D1(X3) = X3, D1(X4) = 0,

D2(X1) = 0, D2(X2) = X2, D2(X3) = 2X3, D2(X4) = X4.

Then, each derivation D of U+
v (B2) can be written in the following form:

D = adx + μ1D1 + μ2D2 (26)

where μ1, μ2 ∈ Z(U+
v (B2)). Let Uv,t(B2) = Uv(B2)⊗Q(v) Q(v, t); the bialgebra structure of

Uv(B2) can be naturally extended to Uv,t(B2). According to Theorem 5, there exist two mappings
D′

1 and D′
2 on U+

v,t(B2), such that

D′
1(X1) = X1, D′

1(X2) = X2, D′
1(X3) = X3, D′

1(X4) = 0,

D′
2(X1) = 0, D′

2(X2) = X2, D′
2(X3) = 2X3, D′

2(X4) = X4.

Therefore, the derivation D′ of U+
v,t(B2) can be written as

D′(Xi) = adg(Xi) + ζ1D′
1(Xi) + ζ2D′

2(Xi) (27)

where g ∈ U+
v,t(B2) and ζi ∈ Z(U+

v,t(B2)).
Similar to the conclusion in Example 2, we can verify that each derivation of U+

v,t(B2) can be
represented as Equation (27).

5. Conclusions

In conclusion, this paper gives the derivation algebraic structure of a special class of
iterated Ore extension, and discusses the relationship between derivation of one-parameter
quantum groups and derivation of two-parameter quantum groups. Our results provide a
new perspective for understanding the derivation algebra of quantum groups. Despite the
important progress made in this paper, the application of derivation algebras to broader
quantum groups needs to be further explored. For example, the derivation has a close
relationship with the automorphism group of quantum groups; this relationship will
help us gain a deeper understanding of quantum groups and their intrinsic properties of
algebraic structures.
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Abstract: The purpose of this article is to enhance the previous studies regarding the behavior of
a quotient ring %/℘, where ℘ is a prime ideal in a ring %. In particular, we are going to explore
more general scenarios whenever a ring % admits a generalized (α, β)-derivation associated with an
(α, β)-derivation ∂ that satisfies certain criteria involving ℘, where α and β are automorphisms on %.
Moreover, we provide some examples to demonstrate the importance of the assumptions made in
our results.
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1. Introduction

Throughout this paper % stands for an associative ring and its center is Z(%). It is
appropriate to start by recalling some well-known concepts about rings. A ring % is called a
prime ring if ς%ι = 0 for each ς, ι ∈ %, then either ς = 0 or ι = 0. An ideal ℘ of a ring%with
℘ �= % is called prime if ς%ι ⊆ ℘ (ςι ∈ ℘) for ς, ι ∈ %, which implies that either ς ∈ ℘ or
ι ∈ ℘. Consequently, % is a prime ring if and only if {0} is a prime ideal of %. We recall that
a ring without non-zero divisors is a domain, and the integral domain is a commutative
domain with identity. It is known that every integral domain is a prime ring and the
converse needs not to be true in general. It is also known that ℘ is a prime ideal if and only
if %/℘ is an integral domain. Additionally, if ℘ is an ideal in a commutative ring %, then
%/℘ is commutative. It is worth mentioning prime ideal would make an interesting fertile
topic to research, not only in rings, but also in algebras such as BCI−algebras, C∗-algebra
and Lie algebra (for more details, see refs. [1–4]). An additive map ∂ : % −→ % that satisfies
∂(ςι) = ∂(ς)ι + ς∂(ι) for all ς, ι ∈ % is called an ordinary derivation, while an additive map
ϑ : % −→ % which satisfies ϑ(ςι) = ϑ(ς)ι + ς∂(ι) for every ς, ι ∈ % is called a generalized
derivation, where ∂ is just an associated derivation map.

Suppose that α, β : % −→ % are automorphisms on %, then an additive map
∂ : % −→ % is called an (α, β)-derivation if it satisfies ∂(ςι) = ∂(ς)α(ι) + β(ς)∂(ι) for
any two elements ς, ι ∈ %. Afterwards, this concept was expanded to a generalized (α, β)−
derivation as follows: ϑ(ςι) = ϑ(ς)α(ι) + β(ς)∂(ι) for any two elements ς, ι ∈ %. With-
out any controversy, this concept covers the generalized derivation when α = β = I as well
as the ordinary derivation when ϑ = ∂ and α = β = I, where I the identity map on %. One
of the basic problems in ring theory is to investigate the various conditions under which
a ring % becomes commutative. For this purpose, there has been a great deal of effort to
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link the commutativity of a prime or a semiprime ring % with the existence of additive
maps defined on it, such as a generalized (α, β)-derivation and an (α, β)-derivation that
satisfy differential identities over the entire ring or any appropriate subset of it. For more
details, the reader can refer—for example—to refs. [5–8]. As an extension of these stud-
ies, instead of proving commutativity on a prime or a semiprime ring, Almahdi et al. [9]
strengthened it without imposing any restrictions on the ring %. They proved that either
%/℘ is a commutative integral domain or ∂(%) ⊆ ℘, if % admits a derivation ∂ that satisfies
[[∂(ς), ς], ι] ∈ ℘ for any ς, ι ∈ %, where ℘ is a prime ideal on %, which is generalized by the
second Posner’s Theorem. Before these authors, in ref. [10], Creedon generalized the first
Posner’s Theorem in prime ideal with two iterates of derivations when a ring is restricted
by a characteristic two. In this direction, studies and interests have been continued by many
researchers; see for example refs. [11–14]. In this article, instead of considering a general-
ized derivation, we examine differential identities involving a generalized (α, β)-derivation
ϑ associated with an (α, β)-derivation ∂. Consequently, we prove that either %/℘ is a
commutative integral domain or ∂(%) ⊆ ℘, where ℘ is a prime ideal of an arbitrary ring
%. Furthermore, we explore several sequels and special cases as corollaries of our results.
Finally, we devote several examples to emphasize the necessity of the various hypotheses
imposed in our theorems.

2. Preliminaries

For any pair of elements ς, ι ∈ %, the symbol [ς, ι] indicates the commutator ςι− ις
while ς ◦ ι indicates the anticommutator ςι + ις. The following identities will be used vastly
throughout this paper to make access easier to the proofs of our theorems that hold for all
ς, ι, κ ∈ %:

[ςι, κ] = ς[ι, κ] + [ς, κ]ι
[ς, ικ] = ι[ς, κ] + [ς, ι]κ

ς ◦ (ικ) = (ς ◦ ι)κ − ι[ς, κ] = ι(ς ◦ κ) + [ς, ι]κ
(ςι) ◦ κ = ς(ι ◦ κ)− [ς, κ]ι = (ς ◦ κ)ι + ς[ι, κ].

To develop our results, we exhibit the following important lemma:

Lemma 1 ([14], Lemma 1). Let % be a ring. If ℘ is a prime ideal of %, then %/℘ is a commutative
integral domain if any of the following holds, for every ς, ι ∈ %:

(i) [ς, ι] ∈ ℘,
(ii) ς ◦ ι ∈ ℘.

3. Main Results

In the context of this paper, the pair (ϑ, ∂) stands for a generalized (α, β)-derivation
associated with an (α, β)-derivation ∂, where the two maps α, β : % −→ % are automor-
phisms on %, unless we mention otherwise. Moreover, the map I : % −→ %, defined by
I(ς) = ς for any ς ∈ %, expresses the identity map on %.

In ref. [15] (Lemma 2.1), Bera et al. showed that ∂ maps % to Z(%), if a semiprime ring
% admits a generalized (α, β)-derivation ϑ associated with an (α, β)-derivation ∂ such that
[∂(ς), β(ς)] ∈ Z(%) for every ς ∈ %. Here, we will verify a similar result without imposing
any restrictions on %, as shown below:

Theorem 1. Assume that ∂ is an (α, β)-derivation on an arbitrary ring % such that [∂(ς), β(ς)] ∈
℘ for every ς ∈ %, where ℘ is a prime ideal of %. Then %/℘ is a commutative integral domain or
the associated (α, β)-derivation ∂ maps % to ℘.

Proof. The given hypothesis states

[∂(ς), β(ς)] ∈ ℘, for all ς ∈ %, (1)

applying the linearity in the previous equation, we obtain
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[∂(ς), β(ι)] + [∂(ι), β(ς)] ∈ ℘, for all ς, ι ∈ %, (2)

if we set ςι instead of ι in Equation (2) and use it in Equation (1), we have

∂(ς)[α(ι), β(ς)] ∈ ℘, for all ς, ι ∈ %,

again, we set ικ instead of ι in the above relation to obtain

∂(ς)α(ι)[α(κ), β(ς)] ∈ ℘, for all ς, ι, κ ∈ %, (3)

according to the assumption that ℘ is prime and α is an automorphism on %, we deduce
either ∂(ς) ∈ ℘ or [α(κ), β(ς)] ∈ ℘, for all ς, κ ∈ %. Let Γ = {ς ∈ % : ∂(ς) ∈ ℘} and
Λ = {ς ∈ % : [α(κ), β(ς)] ∈ ℘, for all κ ∈ %}. Then, it can be easily verified that both
Γ and Λ are additive subgroups of % and their union equals %. Applying Brauer’s trick,
we obtain either Γ = % or Λ = %. If Γ = %, then ∂(ς) ∈ ℘, for all ς ∈ % and hence
∂(%) ⊆ ℘. On the other hand, if Λ = %, then [α(κ), β(ς)] ∈ ℘, for all ς, κ ∈ %. In the
previous relation, as α, β are automorphisms on %, it is possible to set κ = α−1(ν) and
ς = β−1(μ) to obtain [ν, μ] ∈ ℘, for all ν, μ ∈ %. Thus, %/℘ is a commutative integral
domain, according to Lemma 1.

Remark 1. Lemma 2.1 of ref. [9] will be a special case of Theorem 1 by putting α = β = I.

The conclusion of ref. [14], Proposition 1.3, is that either %/℘ or ∂(%) ⊆ ℘, when % ad-
mits a generalized derivation that satisfies [ϑ(ς), ς] ∈ ℘, for every ς ∈ %, where ℘ is a prime
ideal of %. Also, in ref. [11], Theorem 3.1, the same conclusion is obtained, when % admits
a multiplicative left-generalized (α, β)-derivation associated with an (α, β)-derivation ∂
that satisfies [α(ς), ϑ(ι)] ∈ ℘ for each ς, ι ∈ %, where α and β are automorphisms of %.
The following theorem aims to discuss the effect of the identity [ϑ(ς), α(ς)] ∈ ℘ for any
ς ∈ % on the behavior of the ring %.

Theorem 2. Assume that (ϑ, ∂) is a generalized (α, β)-derivation on an arbitrary ring % such that
[ϑ(ς), α(ς)] ∈ ℘ for every ς ∈ %, where ℘ is a prime ideal of %. Then, %/℘ is a commutative
integral domain or the associated (α, β)-derivation ∂ maps % to ℘.

Proof. For each ς ∈ %, we have the following assumption:

[ϑ(ς), α(ς)] ∈ ℘. (4)

Using the linearity in the previous equation, we obtain

[ϑ(ς), α(ι)] + [ϑ(ι), α(ς)] ∈ ℘, for all ς, ι ∈ %.

Replacing ι with ις in the last expression and using it in Equation (4) gives

β(ι)[∂(ς), α(ς)] + [β(ι), α(ς)]∂(ς) ∈ ℘, for all ς, ι ∈ %. (5)

For each κ ∈ %, we put κι in the place of ι in Equation (5) to obtain

β(κ)β(ι)[∂(ς), α(ς)] + β(κ)[β(ι), α(ς)]∂(ς) + [β(κ), α(ς)]β(ι)∂(ς) ∈ ℘.

Multiplying Equation (5) from the left by β(κ) and subtracting it from the previous equation,
we obtain

[β(κ), α(ς)]β(ι)∂(ς) ∈ ℘, for all ς, ι, κ ∈ %. (6)

Now, applying a similar argument as that after Equation (3), we obtain the desired
conclusion.
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In ref. [8], Rehman et al. showed that L is contained in the center of a prime ring
(%, ∗) admitting a generalized (α, β)-derivation ϑ associated with an (α, β)-derivation ∂,
that satisfies ϑ[ς, ι]− α(ς ◦ ι) = 0 for all ς, ι ∈ L, where L is a Lie ideal and ∗ is an involution
on %. In the following theorem, we will see what happens when the prior identity involves
a prime ideal ℘ of a ring % that is neither prime nor equipped with ∗.

Theorem 3. Assume that (ϑ, ∂) is a generalized (α, β)-derivation on an arbitrary ring % such
that ϑ([ς, ι])± α(ς ◦ ι) ∈ ℘ for every ς, ι ∈ %, where ℘ is a prime ideal of %. Then, %/℘ is a
commutative integral domain or the associated (α, β)-derivation ∂ maps % to ℘.

Proof. From the given assumption, we have

ϑ([ς, ι])± α(ς ◦ ι) ∈ ℘, for all ς, ι ∈ %, (7)

if ϑ = 0, then α(ς ◦ ι) ∈ ℘, for all ς, ι ∈ %. The automorphism property of α implies that
α(ς) ◦ α(ι) ∈ ℘, for all ς, ι ∈ %. We set ς = α−1(ν) and ι = α−1(μ) to obtain ν ◦ μ ∈ ℘,
for all ν, μ ∈ %. Hence, using Lemma 1, %/℘ is a commutative integral domain.

From now on, let ϑ �= 0. Then, for all ς, ι ∈ %, we have

ϑ([ς, ι])± α(ς ◦ ι) ∈ ℘, (8)

setting ις instead of ι in Equation (8) gives

ϑ[ς, ι]α(ς) + β[ς, ι]∂(ς)± α(ς ◦ ι)α(ς) ∈ ℘, for all ς, ι ∈ %,

if we multiply Equation (8) by α(ς) from the right and comparing it with the previous
equation, we obtain

β[ς, ι]∂(ς) ∈ ℘, for all ς, ι ∈ %,

but β is an automorphism on%, so the previous equation can be rewritten as [β(ς), β(ι)]∂(ς) ∈
℘ for all ς, ι ∈ %. If we change ι by κι in the last relation and apply it, we find
[β(ς), β(κ)]β(ι)∂(ς) ∈ ℘ for all ς, ι, κ ∈ %. By repeating the similar arguments and techniques
after Equation (3), we obtain the desired result.

Remark 2. Corollary 11(1) of ref. [13], will be an immediate consequence of Theorem 3 by putting
α = β = I.

As an application of the previous theorem, if % is a prime ring, then we have the
following corollary:

Corollary 1. Assume that (ϑ, ∂) is a generalized (α, β)-derivation on a prime ring % such that
ϑ([ς, ι])± α(ς ◦ ι) = 0 for every ς, ι ∈ %. Then, % is either commutative or the (α, β)-associated
derivation ∂ is zero (in this case, ϑ outputs a left centralizer).

The following theorem is an extension of ref. [7], Theorem 3.5.

Theorem 4. Assume that (ϑ, ∂) is a generalized (α, β)-derivation on an arbitrary ring % such
that ϑ(ς ◦ ι) ∈ ℘, for every ς, ι ∈ %, where ℘ is a prime ideal of %. Then, %/℘ is a commutative
integral domain or the associated (α, β)-derivation ∂ maps % to ℘.

Proof. We start with the given assumption

ϑ(ς ◦ ι) ∈ ℘, for all ς, ι ∈ %, (9)

and set ις instead of ι to have

ϑ(ς ◦ ι)α(ς) + β(ς ◦ ι)∂(ς) ∈ ℘, for all ς, ι ∈ %.
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We multiply Equation (9) by α(ς) from the right and subtract it from the previous equation
to obtain

β(ς ◦ ι)∂(ς) ∈ ℘, for all ς, ι ∈ %.

Putting κι instead of ι in the previous equation and using it give β([ς, κ])β(ι)∂(ς) ∈ ℘ for
each ς, ι, κ ∈ %, this equation is similar to Equation (3); so, following similar arguments
and techniques with some necessary modifications leads to the desired result.

Theorem 5. Assume that (ϑ, ∂) is a generalized (α, β)-derivation on an arbitrary ring % such that
ϑ(ς2) ∈ ℘ for every ς ∈ %, where ℘ is a prime ideal of %. Then, %/℘ is a commutative integral
domain or otherwise the associated (α, β)-derivation ∂ maps % to ℘.

Proof. The given assumption states that

ϑ(ς2) ∈ ℘, for all ς ∈ %,

Linearizing the previous equation and then applying it give ϑ(ςι + ις) ∈ ℘ for all
ς, ι ∈ %, that is, ϑ(ς ◦ ι) ∈ ℘ for all ς, ι ∈ % which is the same as the identity in Theorem 4.
Therefore, following it induces the desired conclusion.

Remark 3. It is easy to verify that, if ϑ is a generalized (α, β)-derivation associated with an (α, β)-
derivation ∂, then ϑ± α is also a generalized (α, β)-derivation associated with an (α, β)-derivation
∂.

Applying the previous remark in Theorem 4 leads to the following result:

Theorem 6. Assume that (ϑ, ∂) is a generalized (α, β)-derivation on an arbitrary ring % such
that ϑ(ς ◦ ι)± α(ς ◦ ι) ∈ ℘ for every ς, ι ∈ %, where ℘ is a prime ideal of %. Then, %/℘ is a
commutative integral domain or ∂ maps % to ℘.

Proof. Given that ϑ is a generalized (α, β)-derivation with an (α, β)-derivation ∂, hence,
according to Remark 3, ϑ± α is also a generalized (α, β)-derivation that satisfies Identity
9. Thus, (ϑ± α)(ς ◦ ι) = ϑ(ς ◦ ι)± α(ς ◦ ι) ∈ ℘ for each ς, ι ∈ %. Therefore, by employing
similar arguments as those mentioned above, we can achieve the desired outcome.

The question which arises here is whether Theorem 6 is still valid in the case of a
commutator. The following theorem provides the answer:

Theorem 7. Assume that (ϑ, ∂) is a generalized (α, β)-derivation on an arbitrary ring % such
that ϑ([ς, ι]) ± α[ς, ι] ∈ ℘ for every ς, ι ∈ %, where ℘ is a prime ideal of %. Then, %/℘ is a
commutative integral domain or ∂ maps % to ℘.

Proof. Applying arguments and techniques similar to those used to prove Theorem 3 with
a few necessary modifications yields the required proof.

As an application of the previous theorem, we present the following corollary, which
is a generalization of ref. [13], Theorem 6:

Corollary 2. Assume that (ϑ, ∂) is a generalized (α, β)-derivation on an arbitrary ring % such
that ϑ([ς, ι]) ∈ ℘ for every ς, ι ∈ %, where ℘ is a prime ideal of %. Then, %/℘ is a commutative
integral domain or ∂ maps % to ℘.

Proof. Note that Remark 3 states that ϑ± α is a generalized (α, β)-derivation associated
with an (α, β)-derivation ∂. Hence, we can immediately derive the proof by applying the
identity ϑ([ς, ι])± α[ς, ι] ∈ ℘ for every ς, ι ∈ % in Theorem 7.
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Remark 4. In the previous corollary, if we choose both α and β to be equal to the identity map, then
ref. [13], Corollary 11(2), is directly taken as a special case.

In ref. [15], Theorem 3.1, Bera et al. discuss the identities �(ςι) + ∂(ς)ϑ(ι) + α(ςι) = 0,
�(ςι) + ∂(ι)ϑ(ς) + α(ις) = 0 and �(ςι) + ∂(ς)ϑ(ι) + α(ις) = 0 for all ς, ι ∈ ℵ, where ℵ is a
left ideal of a semiprime ring % and �, ϑ are two generalized (α, β)-derivations associated
with (α, β)-derivations ζ, ∂, respectively. In the following theorem, without imposing
any restrictions on the ring %, we will discuss analog identities in a prime ideal for one
generalized (α, β)-derivation ϑ associated with an (α, β)-derivation ∂.

Theorem 8. Assume that (ϑ, ∂) is a generalized (α, β)-derivation on an arbitrary ring % such
that ϑ(ςι) + ∂(ς)ϑ(ι) + α(ςι) ∈ ℘ for every ς, ι ∈ %, where ℘ is a prime ideal of %. Then, the
associated (α, β)-derivation ∂ maps % to ℘ and (ϑ + α)(%) ⊆ ℘.

Proof. We have
ϑ(ςι) + ∂(ς)ϑ(ι) + α(ςι) ∈ ℘, for all ς, ι ∈ %. (10)

For each κ ∈ %, we put ικ instead of ι in Equation (10) to obtain

ϑ(ςι)α(κ) + β(ςι)∂(κ) + ∂(ς)(ϑ(ι)α(κ) + β(ι)∂(κ)) + α(ςι)α(κ) ∈ ℘. (11)

Multiplying Equation (10) from the right by α(κ) and then comparing with Equation (11)
yields

β(ςι)∂(κ) + ∂(ς)β(ι)∂(κ) ∈ ℘, for all ς, ι, κ ∈ %. (12)

Once again, if we put ςι instead of ι in Equation (12), we obtain

β(ς)β(ςι)∂(κ) + ∂(ς)β(ς)β(ι)∂(κ) ∈ ℘, for all ς, ι, κ ∈ %. (13)

Multiplying Equation (12) from the left by β(ς) and then comparing with Equation (13)
yields

[β(ς), ∂(ς)]β(ι)∂(κ) ∈ ℘, for all ς, ι, κ ∈ %,

that is
[β(ς), ∂(ς)]%∂(κ) ⊆ ℘, for all ς, κ ∈ %.

Applying the hypothesis that ℘ is prime together with Brauer’s trick, we obtain either
[β(ς), ∂(ς)] ∈ ℘ for all ς ∈ %, or ∂(κ) ∈ ℘ for all κ ∈ %.

We begin by assuming that for each κ ∈ %, ∂(κ) ∈ ℘. Hence, Equation (10) is reduced
to ϑ(ς)α(ι) + α(ςι) ∈ ℘ for every ς, ι ∈ %. Thus, (ϑ(ς) + α(ς))α(ι) ∈ ℘ for every ς, ι ∈ %.
Since ℘ is a prime ideal and α is an automorphism, then ϑ(ς) + α(ς) ∈ ℘ for every ς ∈ %.
Therefore, (ϑ + α)(%) ⊆ ℘.

On the other hand, if [β(ς), ∂(ς)] ∈ ℘ , for all ς ∈ %, then by Theorem 1, either %/℘ is
a commutative integral domain or ∂ maps % to ℘. The second case was discussed above, so
we consider the case that %/℘ is a commutative integral domain. Hence, Equation (12):
β(ςι)∂(κ) + ∂(ς)β(ι)∂(κ) ∈ ℘, for all ς, ι, κ ∈ % can be rewritten as β(ι)(β(ς) + ∂(ς))∂(κ) ∈
℘, for all ς, ι, κ ∈ %. Using the two assumptions that β is an automorphism and ℘ �= %
is a prime ideal gives (β(ς) + ∂(ς))∂(κ) ∈ ℘, for all ς, κ ∈ %. Now, we put �ς instead of
ς in the last equation and use it to have ∂(�)α(ς)∂(κ) ∈ ℘ for all ς, �, κ ∈ %. Since α is an
automorphism, the previous equation becomes ∂(�)%∂(κ) ∈ ℘ for all �, κ ∈ %. Thus, either
∂(�) ∈ ℘ or ∂(κ) ∈ ℘. Both cases yield ∂(%) ⊆ ℘. Therefore, as above, we conclude that
(ϑ + α)(%) ⊆ ℘ as required.

In the case that either α = β = I or % is prime, we derive the following two corollaries,
respectively:
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Corollary 3. Assume that (ϑ, ∂) is a generalized derivation on an arbitrary ring % such that
ϑ(ςι) + ∂(ς)ϑ(ι) + ςι ∈ ℘ for every ς, ι ∈ %, where ℘ is a prime ideal of %. Then, ∂ maps % to ℘
and (ϑ + I)(%) ⊆ ℘.

Corollary 4. Assume that (ϑ, ∂) is a generalized (α, β)-derivation on a prime ring % such that
ϑ(ςι) + ∂(ς)ϑ(ι) + α(ςι) = 0 for every ς, ι ∈ %. Then, the associated (α, β)-derivation ∂ is zero
and ϑ = −α.

Theorem 9. Assume that (ϑ, ∂) is a generalized (α, β)-derivation on an arbitrary ring % such that
ϑ(ςι) + ∂(ι)ϑ(ς) + α(ις) ∈ ℘ for every ς, ι ∈ ℘, where ℘ is a prime ideal of %. Then, %/℘ is a
commutative integral domain.

Proof. According to the given hypothesis, we have

ϑ(ςι) + ∂(ι)ϑ(ς) + α(ις) ∈ ℘, for all ς, ι ∈ %. (14)

Setting ςι instead of ς in Equation (14) gives

ϑ(ςι)α(ι) + β(ςι)∂(ι) + ∂(ι)(ϑ(ς)α(ι) + β(ς)∂(ι)) + α(ις)α(ι) ∈ ℘. (15)

Multiplying Equation (14) from the right by α(ι) and then comparing with
Equation (15) yields

β(ςι)∂(ι) + ∂(ι)β(ς)∂(ι) ∈ ℘, for all ς, ι ∈ %. (16)

If we set ις instead of ς in Equation (16), we obtain

β(ι)β(ςι)∂(ι) + ∂(ι)β(ι)β(ς)∂(ι) ∈ ℘, for all ς, ι ∈ %. (17)

Now, multiplying Equation (16) from the left by β(ι) and comparing with Equation (17)
yields

[β(ι), ∂(ι)]β(ς)∂(ι) ∈ ℘, for all ς, ι ∈ %.

The automorphism property of β gives

[β(ι), ∂(ι)]%∂(ι) ⊆ ℘, for all ι ∈ %.

where ℘ is prime, and applying Brauer’s trick implies either [β(ι), ∂(ι)] ∈ ℘ for all ι ∈
%, or ∂(ι) ∈ ℘ for all ι ∈ %. We start with the first case when [β(ι), ∂(ι)] ∈ ℘ for all
ι ∈ % and apply Theorem 1, which implies that either %/℘ is a commutative integral
domain or ∂ maps % to ℘. When ∂ maps % to ℘, then Equation (14) can be reduced to
ϑ(ς)α(ι) + α(ις) ∈ ℘ for every ς, ι ∈ %. We set ικ instead of ι in the previous equation
and apply some calculations to obtain α(ι)α(κ)α(ς)− α(ι)α(ς)α(κ) ∈ ℘ for all ς, ι, κ ∈ %,
which is equivalent to α(ι)[α(κ), α(ς)] ∈ ℘ for any ς, ι, κ ∈ %. Since α is an automorphism
on %, the previous expression becomes ι[κ, ς] ∈ ℘ for any ς, ι, κ ∈ %, which means that
%[κ, ς] ⊆ ℘. As ℘ is prime and does not equal to %, then the last relation becomes [κ, ς] ∈ ℘
for any ς, κ ∈ %. Then, applying Lemma 1 implies that %/℘ is a commutative integral
domain which completes the proof.

Corollary 5. Assume that (ϑ, ∂) is a generalized derivation on an arbitrary ring % such that
ϑ(ςι) + ∂(ι)ϑ(ς) + ις ∈ ℘ for every ς, ι ∈ %, where ℘ is a prime ideal of %. Then, %/℘ is a
commutative integral domain.

Corollary 6. Assume that (ϑ, ∂) is a generalized derivation on a prime ring % such that ϑ(ςι) +
∂(ι)ϑ(ς) + ις = 0 for every ς, ι ∈ %. Then, % is commutative.
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Theorem 10. Assume that (ϑ, ∂) is a generalized (α, β)-derivation on an arbitrary ring % such
that ϑ(ςι) + ∂(ς)ϑ(ι) + α(ις) ∈ ℘ for every ς, ι ∈ %, where ℘ is a prime ideal of %. Then, %/℘ is
a commutative integral domain.

Proof. By this hypothesis, we have

ϑ(ςι) + ∂(ς)ϑ(ι) + α(ις) ∈ ℘, for all ς, ι ∈ %, (18)

for any κ ∈ %, set ικ instead of ι in Equation (18) to have

ϑ(ςι)α(κ) + β(ςι)∂(κ) + ∂(ς)ϑ(ι)α(κ) + ∂(ς)β(ι)∂(κ) + α(ικς) ∈ ℘. (19)

Then, multiplying Equation (18) from the right by α(κ) and then comparing with
Equation (19) yields

β(ςι)∂(κ) + ∂(ς)β(ι)∂(κ) + α(ικς)− α(ιςκ) ∈ ℘, for all ς, ι, κ ∈ %. (20)

Choose ς = κ in Equation (20) to obtain

β(ςι)∂(ς) + ∂(ς)β(ι)∂(ς) ∈ ℘, for all ς, ι ∈ %.

The previous equation is similar to Equation (16), so we repeat similar arguments and
techniques to obtain the desired goal.

We can derive the following two corollaries:

Corollary 7. Assume that (ϑ, ∂) is a generalized derivation on an arbitrary ring % such that
ϑ(ςι) + ∂(ς)ϑ(ι) + ις ∈ ℘ for every ς, ι ∈ %, where ℘ is a prime ideal of %. Then, %/℘ is a
commutative integral domain.

Corollary 8. Assume that (ϑ, ∂) is a generalized derivation on a prime ring % such that ϑ(ςι) +
∂(ς)ϑ(ι) + ις = 0 for every ς, ι ∈ %. Then, % is a commutative.

Finally, we devoted the following examples to emphasize the necessity of the various
hypotheses imposed in our theorems:

Example 1. Let % be the quaternions ring H, that is

% = H = {μ = α + βi + γj + δk | α, β, γ, δ ∈ R}.

and let ℘ = {0} be a prime ideal of the quaternions ring H. Define (ϑ, ∂), α, β : % −→ % by

ϑ(μ) = ∂(μ) = nμ, α(μ) = 2nμ, and β(μ) = −2(n− 1)μ

where n ∈ Z. It is easy to see that (ϑ, ∂) is a generalized (α, β)-derivation associated with ∂
where α and β are automorphisms on %. Furthermore, we can see that [∂(ς), β(ς)] ∈ ℘ and
[ϑ(ς), α(ς)] ∈ ℘ for every ς, ι ∈ %, although %/℘ is not commutative and ∂(%) � ℘.

Example 2. Let Λ be a ring with property ρ2 = 0 and let % = {
(

ς ι
0 ς

)
|ς, ι ∈ Λ}. Since

(ρ + �)2 = 0 and (ρ − �)2 = 0, then ρ ◦ � = 0 and [ρ, �] = 0 for any ρ, � ∈ Λ. Let

℘ = {
(

0 ι
0 0

)
}. Define (ϑ, ∂), α, β : % −→ % by ϑ(

(
ς ι
0 ς

)
) = ∂(

(
ς ι
0 ς

)
) =

(
0 ι
0 0

)
,

α(

(
ς ι
0 ς

)
) =

(
0 0
0 ς

)
and β(

(
ς ι
0 ς

)
) =

(
ς 0
0 0

)
. It is easy to check that (ϑ, ∂) is a

generalized (α, β)-derivation of %. Furthermore, (i) [∂(ς), β(ς)] ∈ ℘, (ii) [ϑ(ς), α(ς)] ∈ ℘,
(iii) ϑ([ς, ι])± α(ς ◦ ι) ∈ ℘ , (iv) ϑ(ς ◦ ι) ∈ ℘, (v) ϑ(ς2) ∈ ℘, (vi) ϑ(ς ◦ ι)± α(ς ◦ ι) ∈ ℘,
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(vii) ϑ([ς, ι]) ∈ ℘ for every ς, ι ∈ %. Also, we note that %/℘ is not an integral domain and ℘ is

not a prime ideal as
(

0 ι
0 0

)(
0 ς
0 0

)
∈ ℘, but neither

(
0 ς
0 0

)
∈ ℘ nor

(
0 ι
0 0

)
∈ ℘. Also, α

and β are not automorphisms whenever ∂(%) ⊆ ℘.

Example 3. Let % = Z[ς] be the ring of polynomial with integers coefficient, and let ℘ =<
ς2 >. Define (ϑ, ∂), α, β : Z[ς] −→ Z[ς] by ϑ( f (ς)) = ∂( f (ς)) = ς f ′(ς), α( f (ς)) = − f ′(ς),
and β( f (ς)) = 2 f ′(ς). It is easy to verify that (ϑ, ∂) is a generalized (α, β)-derivation associated
with ∂. One can check that (i) [∂(ς), β(ς)] ∈ ℘, (ii) [ϑ(ς), α(ς)] ∈ ℘, (iii) ϑ([ς, ι])± α[ς, ι] ∈ ℘,
(iv) ϑ([ς, ι]) ∈ ℘ for every ς, ι ∈ %, although neither Z[ς]/ < ς2 > is an integral domain nor
∂(%) ⊆ ℘. Also, ℘ is not a prime ideal in Z[ς], since ς(ς + ς3) ∈ ℘, but ς, ς + ς3 /∈ ℘ as well as
α and β are not automorphisms. So, the primeness of ℘ and the automorphism property of α and β
are necessary conditions.

Example 4. Let % = {

⎛⎝0 0 0
ς 0 0
ι κ 0

⎞⎠|ς, ι, κ ∈ H}, where H is the Hamilton ring as in Example 1

and let ℘ = {

⎛⎝0 0 0
0 0 0
0 0 0

⎞⎠}. Define (ϑ, ∂), α, β : % −→ % by ϑ

⎛⎝0 0 0
ς 0 0
ι κ 0

⎞⎠ =

⎛⎝0 0 0
0 0 0
0 κ 0

⎞⎠,

∂

⎛⎝0 0 0
ς 0 0
ι κ 0

⎞⎠ =

⎛⎝0 0 0
ς 0 0
0 0 0

⎞⎠, α

⎛⎝0 0 0
ς 0 0
ι κ 0

⎞⎠ =

⎛⎝0 0 0
0 0 0
2κ 0 0

⎞⎠, and β

⎛⎝0 0 0
ς 0 0
ι κ 0

⎞⎠ =

⎛⎝0 0 0
2κ 0 0
0 0 0

⎞⎠. It is

easy to verify that (ϑ, ∂) is a generalized (α, β)-derivation associated with an (α, β)-derivation
∂. Also, one can check that (i) [∂(ς), β(ς)] ∈ ℘, (ii) ϑ([ς, ι])± α(ς ◦ ι) ∈ ℘, (iii) ϑ(ς ◦ ι) ∈ ℘,
(iv) ϑ(ς2) ∈ ℘, (v) ϑ(ς ◦ ι) ± α(ς ◦ ι) ∈ ℘, (vi) ϑ[ς, ι] ± [ς, ι] ∈ ℘, (vii) ϑ([ς, ι]) ∈ ℘,
(viii) ϑ(ςι)+ ∂(ς)ϑ(ι)+ α(ςι) ∈ ℘, (ix) ϑ(ςι)+ ∂(ι)ϑ(ς)+ α(ις) ∈ ℘, for all ς, ι ∈ %. However,
neither %/℘ commutative nor ∂ maps the ring % to a prime ideal ℘. Note that ℘ is not a prime

ideal of % since

⎛⎝0 0 0
ς 0 0
0 0 0

⎞⎠2

∈ ℘ but

⎛⎝0 0 0
ς 0 0
0 0 0

⎞⎠ /∈ ℘.

4. Conclusions

In the current article, we continued the study of generalized (α, β)-derivation asso-
ciated with (α, β)-derivation via a contemporary approach wherein we assume the ring
% is without restriction and the studied identities involved in prime ideal ℘. We have
reached the following results: associated derivation maps a ring % to ℘, or a quotient
ring of % by prime ideal ℘ becomes a commutative integral domain, or a combination of
generalized (α, β)-derivation with automorphism α maps a ring % to ℘, where one or more
holds, as proven in this article. We conclude with four examples clarifying the necessity of
the considered assumption herein.
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coefficients in a suitable bimodule. Furthermore, we study the infinitesimal deformations and abelian
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that skeletal modified Rota–Baxter pre-Lie 2-algebras can be classified into the third cohomology
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1. Introduction

Cayley [1] first introduced pre-Lie algebras (also called left-symmetric algebras) in the
context of rooted tree algebras. Independently, Gerstenhaber [2] also introduced pre-Lie
algebras in the deformation theory of rings and algebras. Pre-Lie algebras arose from
the study of affine manifolds, affine structures on Lie groups and convex homogeneous
cones [3], and then appeared in geometry and physics, such as integrable systems, clas-
sical and quantum Yang–Baxter equations [4,5], quantum field theory, Poisson brackets,
operands, complex and symplectic structures on Lie groups and Lie algebras [6]. Also
see [7–18] for some interesting related studies about pre-Lie algebras.

Rota–Baxter operators on associative algebras were first introduced by Baxter [19] in
his study of probability fluctuation theory, and then it was further developed by Rota [20].
The Rota–Baxter operator has been widely used in many fields of mathematics and physics,
including combinatorics, number theory, operands and quantum field theory [21]. The
cohomology and deformation theory of Rota–Baxter operators of weight zero have been
studied on various algebraic structures; see [22–26]. Recently, Wang and Zhou [27] and
Das [28] studied Rota–Baxter associative algebras of any weight using different methods.
Inspired by Wang and Zhou’s work, Das [29] considered the cohomology and deformations
of weighted Rota–Baxter Lie algebras. The authors in [30,31] developed the cohomology,
extensions and deformations of Rota–Baxter 3-Lie algebras with any weight. In [32], Chen,
Lou and Sun studied the cohomology and extensions of Rota–Baxter Lie triple systems. See
also [33] for weighted Rota–Baxter Lie supertriple systems.

The term modified Rota–Baxter operator stemmed from the notion of the modified
classical Yang–Baxter equation, which was also introduced in the work of Semenov-Tian-
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Shansky [34] as a modification of the operator form of the classical Yang–Baxter equation.
Recently, Jiang and Sheng the established cohomology and deformation theory of modified
r-matrices in [35]. Inspired by the modified r matrix [34,35], due to the importance of pre-
Lie algebras, we naturally study modified Rota–Baxter pre-Lie algebras. More precisely, we
introduce the notion of a modified Rota–Baxter pre-Lie algebra and its bimodule. We define
a cochain map, Υ, and then the cohomology of modified Rota–Baxter pre-Lie algebras
with coefficients in a bimodule is constructed. Finally, as applications of our proposed
cohomology theory, we consider the infinitesimal deformations and abelian extensions
of a modified Rota–Baxter pre-Lie algebra in terms of second cohomology groups. In
addition, we further classify skeletal modified Rota–Baxter pre-Lie 2-algebras using the
third cohomology group of a modified Rota–Baxter pre-Lie algebra, and show that strict
modified Rota–Baxter pre-Lie 2-algebras are equivalent to crossed modules of modified
Rota–Baxter pre-Lie algebras.

This paper is organized as follows. In Section 2, we introduce the concept of modified
Rota–Baxter pre-Lie algebras, and give its bimodules. In Section 3, we establish the coho-
mology theory of modified Rota–Baxter pre-Lie algebras with coefficients in a bimodule,
and apply it to the study of infinitesimal deformation. In Section 4, we discuss an abelian
extension of the modified Rota–Baxter pre-Lie algebras in terms of our second cohomology
groups. Finally, in Section 5, we classify skeletal modified Rota–Baxter pre-Lie 2-algebras
using the third cohomology group. Then, we introduce the notion of crossed modules of
modified Rota–Baxter pre-Lie algebras, and show that strict modified Rota–Baxter pre-Lie
2-algebras are equivalent to crossed modules of modified Rota–Baxter pre-Lie algebras.

Throughout this paper, K denotes a field of characteristic zero. All the vector spaces
and (multi)linear maps are taken over K.

2. Bimodules of Modified Rota–Baxter Pre-Lie Algebras

In this section, we introduce the notion of modified Rota–Baxter pre-Lie algebras
and give some examples. Next, we propose the bimodule of modified Rota–Baxter pre-
Lie algebras. Finally, we establish a new modified Rota–Baxter pre-Lie algebra and give
its bimodule.

First, let us recall some definitions and results of pre-Lie algebra and its bimodules
from [2,8].

Definition 1 ([2]). A pre-Lie algebra is a pair (P , •) consisting of a vector space, P , and a binary
operation, •,P ×P → P , such that for all a, b, c ∈ P , the associator:

(a, b, c) = (a • b) • c− a • (b • c),

is symmetric in a, b, i.e.,

(a, b, c) = (b, a, c), or equivalently, (a • b) • c− a • (b • c) = (b • a) • c− b • (a • c). (1)

Given a pre-Lie algebra (P , •), the commutator, [a, b]c = a • b− b • a, defines a Lie
algebra structure on P , which is called the sub-adjacent Lie algebra of (P , •), and we
denote it by P c.

Inspired by the modified r-matrix [34,35], we propose the notion of a modified Rota–
Baxter operator on pre-Lie algebras.

Definition 2. (i) Let (P , •) be a pre-Lie algebra. A modified Rota–Baxter operator on P is a linear
map, M : P → P , subject to the following:

Ma • Mb =M(Ma • b + a • Mb)− a • b for all a, b ∈ P . (2)

Furthermore, the triple (P , •, M) is called a modified Rota–Baxter pre-Lie algebra, simply denoted
by (P , M).
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(ii) A homomorphism between two modified Rota–Baxter pre-Lie algebras (P1, M1) and
(P2, M2) is a pre-Lie algebra homomorphism, F : P1 → P2, such that F ◦ M1 = M2 ◦ F.
Furthermore, F is called an isomorphism from (P1, M1) to (P2, M2) if F is bijective.

Example 1. Let (P , •) be a pre-Lie algebra. Then, (P , •, idP ) is a modified Rota–Baxter pre-Lie
algebra, where idP : P → P is an identity mapping.

Example 2. Let (P , •) be a two-dimensional pre-Lie algebra and {ε1, ε2} be a basis, whose nonzero
products are given as follows:

ε1 • ε2 = ε1, ε2 • ε2 = ε2.

Then, the triple (P , •, M) is a two-dimensional modified Rota–Baxter pre-Lie algebra, where

M =

(
1 k
0 −1

)
, for k ∈ K.

Example 3. Let (P , •) be a pre-Lie algebra. If a linear map, M : P → P , is a modified Rota–Baxter
operator, then −M is also a modified Rota–Baxter operator.

Definition 3 ([16]). Let (P , •) be a pre-Lie algebra. A Rota–Baxter operator of weight-1 on P is a
linear map, R : P → P , subject to the following:

Ra • Rb = R(Ra • b + a • Rb− a • b) for all a, b ∈ P .

Then, the triple (P , •, R) is called a Rota–Baxter pre-Lie algebra of weight-1.

Proposition 1. Let (P , •) be a pre-Lie algebra. If a linear map, R : P → P , is a Rota–Baxter
operator of weight -1, then the map, 2R− idP , is a modified Rota–Baxter operator on P .

Proof. For any a, b ∈ P , we have the following:

(2R− idP )a • (2R− idP )b

= (2Ra− a) • (2Rb− b)

= 4Ra • Rb− 2Ra • b− 2a • Rb + a • b

= 4R(Ra • b + a • Rb− a • b)− 2Ra • b− 2a • Rb + a • b

= (2R− idP )
(
(2R− idP )a • b + a • (2R− idP )b

)
− a • b.

The proposition follows.

Recall from [16] that a Nijenhuis operator on a pre-Lie algebra (P , •) is a linear map,
N : P → P , that satisfies the following,

Na • Nb =N(Na • b + a • Nb− N(a • b)),

for all a, b ∈ P . The relationship between the modified Rota–Baxter operator and Nijenhuis
operator is as follows, which proves to be obvious.

Proposition 2. Let (P , •) be a pre-Lie algebra and N : P → P be a linear map. If N2 = idP ,
then N is a Nijenhuis operator if, and only if, N is a modified Rota–Baxter operator.

Definition 4 ([8]). Let (P , •) be a pre-Lie algebra and V a vector space. A bimodule of P on
V consists of a pair (•l , •r), where •l : P × V → V and •r : V × P → V are two linear maps
satisfying the following:

a •l (b •l u)− (a • b) •l u = b •l (a •l u)− (b • a) •l u,

a •l (u •r b)− (a •l u) •r b = u •r (a • b)− (u •r a) •r b for all a, b ∈ P , u ∈ V.

139



Mathematics 2024, 12, 2260

Definition 5. A bimodule of the modified Rota–Baxter pre-Lie algebra (P , •, M) is a quadruple
(V; •l , •r, MV) such that the following conditions are satisfied:

(i) (V; •l , •r) is a bimodule of the pre-Lie algebra (P , •) ;
(ii) MV : V → V is a linear map satisfying the following equations,

Ma •l MVu =MV(Ma •l u + a •l MVu)− a •l u, (3)

MVu •r Ma =MV(MVu •r a + u •r Ma)− u •r a, (4)

for a ∈ P and u ∈ V. In this case, the quadruple (V; •l , •r, MV) is also called a representation over
(P , •, M).

Example 4. (P ; •l = •r = •, M) is an adjoint bimodule of the modified Rota–Baxter pre-Lie
algebra (P , •, M).

Next, we construct the semidirect product of the modified Rota–Baxter pre-Lie algebra.

Proposition 3. The quadruple (V; •l , •r, MV) is a bimodule of a modified Rota–Baxter pre-Lie
algebra (P , •, M) if, and only if, P ⊕ V is a modified Rota–Baxter pre-Lie algebra with the
following maps,

(a + u) •� (b + v) := a • b + a •l v + u •r b,

M⊕ MV(a + u) = Ma + MVu,

for a ∈ P and u ∈ V. In the case, the modified Rota–Baxter pre-Lie algebra P ⊕ V is called a
semidirect product of P and V, denoted by P � V = (P ⊕V, •�, M⊕ MV).

Proof. Firstly, it is easy to verify that (P ⊕V, •�) is a pre-Lie algebra. In addition, for any
a, b ∈ P and u, v ∈ V, via Equations (2)–(4), we have

M⊕ MV(a + u) •� M⊕ MV(b + v)

= (Ma + MVu) •� (Mb + MVv)

= Ma • Mb + Ma •l MVv + MVu •r Mb

= M(Ma • b + a • Mb)− a • b + MV(Ma •l u + a •l MVu)− a •l u

+ MV(MVu •r b + u •r Mb)− u •r b

= M⊕ MV
(
(a + u) •� M⊕ MV(b + v) + M⊕ MV(a + u) •� (b + v)

)
− (a + u) •� (b + v),

which means that (P ⊕V, •�, M⊕ MV) is a modified Rota–Baxter pre-Lie algebra.

Proposition 4. Let (P , •, M) be a modified Rota–Baxter pre-Lie algebra. Define a new operation
as follows:

a •M b =Ma • b + a • Mb for all a, b ∈ P . (5)

Then, (i) (P , •M) is a pre-Lie algebra. We denote this pre-Lie algebra as PM.
(ii) (PM, M) is a modified Rota–Baxter pre-Lie algebra.
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Proof. (i) For any a, b, c ∈ P , according to Equations (1) and (2), we have the following:

(a •M b) •M c− a •M (b •M c)

= M(Ma • b + a • Mb) • c + (Ma • b + a • Mb) • Mc− Ma • (Mb • c + b • Mc)

− a • M(Mb • c + b • Mc)

= M(Mb • a + b • Ma) • c + (Mb • a + b • Ma) • Mc− Mb • (Ma • c + a • Mc)

− b • M(Ma • c + a • Mc)

= (b •M a) •M c− b •M (a •M c).

Thus, (P , •M) is a pre-Lie algebra.
(ii) For any a, b ∈ P , according to Equation (2), we have

Ma •M Mb =M2a • Mb + Ma • M2b

=M(M2a • b + Ma • Mb)− Ma • b + M(Ma • Mb + a • M2b)− a • Mb

=M(Ma •M b + Ma •M b)− a •M b.

Hence, (PM, M) is a modified Rota–Baxter pre-Lie algebra.

Proposition 5. Let (V; •l , •r, MV) be a bimodule of the modified Rota–Baxter pre-Lie algebra,
(P , •, M). Define two bilinear maps, •M

l : P ×V → V and •M
r : V ×P → V, via the following:

a •M
l u := Ma •l u− MV(a •l u), (6)

u •M
r a := u •r Ma− MV(u •r a) for all a ∈ P , u ∈ V. (7)

Then, (V; •M
l , •M

r ) is a bimodule of a pre-Lie algebraPM. Moreover, (V; •M
l , •M

r , MV) is a bimodule
of a modified Rota–Baxter pre-Lie algebra (PM, M).

Proof. First, by direct verification, we determine that(V; •M
l , •M

r ) is a bimodule of the
pre-Lie algebra PM. Further, for any a ∈ P and u ∈ V, according to Equation (3), we have
the following:

Ma •M
l MVu

= M2a •l MVu− MV(Ma •l MVu)

= MV(M2a •l u + Ma •l MVu)− Ma •l u− M2
V(Ma •l u + a •l MVu) + MV(a •l u)

= MV
(

M2a •l u + Ma •l MVu− MV(Ma •l u + a •l MVu)
)
−
(

Ma •l u− MV(a •l u)
)

= MV(Ma •M
l u + a •M

l MVu)− a •M
l u.

Similarly, according to Equation (4), there is also MVu •M
r Ma = MV(MVu •M

r a + u •M
r

Ma)− u •M
r a. Hence, (V; •M

l , •M
r , MV) is a bimodule of (PM, M).

Example 5. (P ; •M
l , •M

r , M) is an adjoint bimodule of the modified Rota–Baxter pre-Lie algebra
(PM, M), where

a •M
l b : = Ma • b− M(a • b),

a •M
r b : = a • Mb− M(a • b),

for any a, b ∈ P .

3. Cohomology of Modified Rota–Baxter Pre-Lie Algebras

In this section, we develop the cohomology of a modified Rota–Baxter pre-Lie algebra
with coefficients in its bimodule.
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Let us recall the cohomology theory of pre-Lie algebras in [17]. Let (P , •) be a pre-Lie
algebra and (V; •l , •r) be a bimodule of it. Denote the n−cochains of P with coefficients in
representation V via the following:

Cn
PLie(P , V) := Hom(P⊗n, V).

The coboundary operator δ : Cn
PLie(P , V) → Cn+1

PLie(P , V), for a1, · · · , an+1 ∈ P and
g ∈ Cn

PLie(P , V), as follows:

δg(a1, . . . , an+1)

=
n

∑
i=1

(−1)i+1ai •l g(a1, . . . , âi, · · · , an+1) +
n

∑
i=1

(−1)i+1g(a1, . . . , âi, . . . , an, ai) •r an+1

−
n

∑
i=1

(−1)i+1g(a1, . . . , âi, . . . , an, ai • an+1) + ∑
1≤i<j≤n

(−1)i+jg([ai, aj]
c, a1, . . . , âi, . . . , âj, . . . , an+1). (8)

Then, it is proven in [17] that δ2 = 0. Let us denote, via H∗
PLie(P , V), the cohomology group

associated to the cochain complex (C∗PLie(P , V), δ).
We first study the cohomology of the modified Rota–Baxter operator.
Let (P , •, M) be a modified Rota–Baxter pre-Lie algebra and (V; •l , •r, MV) be a bi-

module of it. Recall that Proposition 4 and Proposition 5 give a new pre-Lie algebra, PM,
and a new bimodule, VM = (V; •M

l , •M
r ), over PM. Consider the cochain complex of PM

with coefficients in VM:

(C∗PLie(PM, VM), δM) = (⊕∞
n=1Cn

PLie(PM, VM), δM).

More precisely, Cn
PLie(PM, VM) := Hom(P⊗n

M , VM) and its coboundary map,
δM : Cn

PLie(PM, VM) → Cn+1
PLie(PM, VM), for a1, · · · , an+1 ∈ PR and f ∈ Cn

PLie(PM, VM),
are given as follows:

δM f (a1, . . . , an+1)

=
n

∑
i=1

(−1)i+1
(

Mai •l f (a1, . . . , âi, · · · , an+1)− MV
(
ai •l f (a1, . . . , âi, · · · , an+1)

))
+

n

∑
i=1

(−1)i+1
(

f (a1, . . . , âi, . . . , an, ai) •r Man+1 − MV
(

f (a1, . . . , âi, . . . , an, ai) •r an+1
))

−
n

∑
i=1

(−1)i+1 f (a1, . . . , âi, . . . , an, Mai • an+1 + ai • Man+1)

+ ∑
1≤i<j≤n

(−1)i+j f (Mai • aj + ai • Maj − Maj • ai − aj • Mai, a1, . . . , âi, . . . , âj, . . . , an+1). (9)

In particular, for n = 1,

δM f (a1, a2)

= Ma1 •l f (a2)− MV(a1 •l f (a2)) + f (a1) •r Ma2 − MV( f (a1) •r a2)− f (Ma1 • a2 + a1 • Ma2).

Definition 6. Let (P , •, M) be a modified Rota–Baxter pre-Lie algebra and (V; •l , •r, MV) be a
bimodule of it. Then, the cochain complex (C∗PLie(PM, VM), δM) is called the cochain complex of
the modified Rota–Baxter operator, M, with coefficients in VM, denoted by (C∗MRBO(P , V), δM).
The cohomology of (C∗MRBO(P , V), δM), denoted by H∗

MRBO(P , V), is called the cohomology of
modified Rota–Baxter operator M with coefficients in VM.

In particular, when (P ; •M
l = •M

r = •M, M) is the adjoint bimodule of (PM, M), we
denote (C∗MRBO(P ,P), δM) as (C∗MRBO(P), δM) and call it the cochain complex of modified
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Rota–Baxter operator M, denote H∗
MRBO(P ,P) as H∗

MRBO(P) and call it the cohomology
of modified Rota–Baxter operator M.

Next, we will combine the cohomology of pre-Lie algebras and the cohomology of
modified Rota–Baxter operators to construct a cohomology theory for modified Rota–Baxter
pre-Lie algebras.

Let us construct the following cochain map. For any n ≥ 1, we define a linear map,
Υ : Cn

PLie(P , V)→ Cn
MRBO(P , V), via the following:

(Υ f )(a1, . . . , an)

=
& n

2 '+1

∑
i=1

(
∑

1�j1<···<j2i−2�n
f (a1, . . . , Maj1 , . . . , Maj2i−2 , . . . , an)

− ∑
1�j1<···<j2i−3�n

MV f (a1, . . . , Maj1 , . . . , Maj2i−3 , . . . , an)
)
, if n is an even, (10)

(Υ f )(a1, . . . , an)

=
& n

2 '+1

∑
i=1

(
∑

1�j1<···<j2i−1�n
f (a1, . . . , Maj1 , . . . , Maj2i−1 , . . . , an)

− ∑
1�j1<···<j2i−2�n

MV f (a1, . . . , Maj1 , . . . , Maj2i−2 , . . . , an)
)
, if n is an odd, (11)

Among them, when the subscript of j2i−3 is negative, f is a zero map. For example,
when n = 1, according to Equation (11), the map Υ : C1

PLie(P , V) → C1
MRBO(P , V) is

as follows:

(Υ f )(a1) = f (Ma1)− MV f (a1). (12)

Lemma 1. Map Υ is a cochain map, i.e., Υ ◦ δ = δM ◦ Υ. In other words, the following diagram
is commutative:

C1
PLie(P , V)

δ ��

Υ
��

C2
PLie(P , V)

Υ
��

Cn
PLie(P , V)

δ ��

Υ
��

Cn+1
PLie(P , V)

Υ
��

C1
MRBO(P , V)

δM �� C2
MRBO(P , V) Cn

MRBO(P , V)
δM �� Cn+1

MRBO(P , V) .

Proof. It can be proven by using similar arguments to those in Appendix A in [31]. Here,
we only prove the case of n = 1. For any f ∈ C1

PLie(P , V) and a, b ∈ P , according to
Equations (2)–(10) and (12), we have the following:

Υ(δ f )(a, b)

= (δ f )(Ma, Mb)− MV
(
(δ f )(Ma, b) + (δ f )(a, Mb)

)
+ (δ f )(a, b)

= Ma •l f (Mb) + f (Ma) •r Mb− f (Ma • Mb)− MV
(

Ma •l f (b) + f (Ma) •r b− f (Ma • b)

+ a •l f (Mb) + f (a) •r Mb− f (a • Mb)
)
+ a •l f (b) + f (a) •r b− f (a • b) (13)

and

δM(Υ f )(a, b)

= Ma •l ( f (Mb)− MV f (b))− MV(a •l ( f (Mb)− MV f (b))) + ( f (Ma)− MV f (a)) •r Mb

− MV(( f (Ma)− MV f (a)) •r b)− f (Ma • Mb + a • b) + MV f (Ma • b + a • Mb) (14)

Further comparing Equations (13) and (14), we have (13) = (14). Therefore, Υ ◦ δ = δM ◦Υ.
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Definition 7. Let (P , •, M) be a modified Rota–Baxter pre-Lie algebra and (V; •l , •r, MV) be a
bimodule of it. We attribute the cochain complex (C∗MRBPLie(P , V), ∂) of a modified Rota–Baxter
pre-Lie algebra (P , •, M) with coefficients in (V; •l , •r, MV) to the negative shift in the mapping
cone of Υ, that is, let

C1
MRBPLie(P , V) = C1

PLie(P , V) and Cn
MRBPLie(P , V) := Cn

PLie(P , V)⊕ Cn−1
MRBO(P , V) for n ≥ 2,

The coboundary map ∂ : C1
MRBPLie(P , V)→ C2

MRBPLie(P , V) is given by the following:

∂( f ) = (δ f ,−Υ f ) for all f ∈ C1
MRBPLie(P , V);

For n ≥ 2, the coboundary map ∂ : Cn
MRBPLie(P , V)→ Cn+1

MRBPLie(P , V) is given by the following:

∂( f , g) = (δ f ,−δMg− Υ f ) for all ( f , g) ∈ Cn
MRBPLie(P , V).

The cohomology of (C∗MRBPLie(P , V), ∂), denoted by H∗
MRBPLie(P , V), is called the cohomology

of the modified Rota–Baxter pre-Lie algebra (P , •, M) with coefficients in (V; •l , •r, MV). In
particular, when (V; •l , •r, MV) = (P ; •l = •r = •, M), we just denote (C∗MRBPLie(P ,P), ∂)
and H∗

MRBPLie(P ,P) by (C∗MRBPLie(P), ∂), H∗
MRBPLie(P), and call them the cochain complex and

the cohomology of the modified Rota–Baxter pre-Lie algebra (P , •, M), respectively.

It is obvious that there is a short exact sequence of cochain complexes:

0 → C∗−1
MRBO(P , V) −→ C∗MRBPLie(P , V) −→ C∗PLie(P , V)→ 0.

This induces a long exact sequence of cohomology groups:

· · · → Hn
MRBPLie(P , V)→ Hn

PLie(P , V)→ Hn
MRBO(P , V)→ Hn+1

MRBPLie(P , V)→ Hn+1
PLie(P , V)→ · · · .

At the end of this section, we use the established cohomology theory to characterize
infinitesimal deformations of modified Rota–Baxter pre-Lie algebras.

Definition 8. An infinitesimal deformation of the modified Rota–Baxter pre-Lie algebra (P , •, M)
is a pair (•t, Mt) of the following forms,

•t = •+ •1t, Mt = M + M1t,

such that the following conditions are satisfied:
(i) (•1, M1) ∈ C2

MRBPLie(P);
(ii) (P [[t]], •t, Mt) is a modified Rota–Baxter pre-Lie algebra over K[[t]].

Proposition 6. Let (P [[t]], •t, Mt) be an infinitesimal deformation of modified Rota–Baxter pre-Lie
algebra (P , •, M). Then, (•1, M1) is a 2-cocycle in the cochain complex (C∗MRBPLie(P), ∂).

Proof. Suppose (P [[t]], •t, Mt) is a modified Rota–Baxter pre-Lie algebra. Then, for any
a, b, c ∈ P , we have

(a •t b) •t c− a •t (b •t c) =(b •t a) •t c− b •t (a •t c),

Mta •t Mtb =Mt(Mta •t b + a •t Mtb)− a •t b.

Comparing coefficients of t1 on both sides of the above equations, we have

(a •1 b) • c + (a • b) •1 c− a • (b •1 c)− a •1 (b • c)

= (b •1 a) • c + (b • a) •1 c− b •1 (a • c)− b • (a •1 c),

M1a • Mb + Ma • M1b + Ma •1 Mb

= M(M1a • b + Ma •1 b + a • M1b + a •1 Mb) + M1(Ma • b + a • Mb)− a •1 b.
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Therefore, ∂(•1, M1) = (δ•1,−δM M1 − Υ•1) = 0, that is, (•1, M1) is a 2-cocycle.

Definition 9. The 2-cocycle (•1, M1) is called the infinitesimal of the infinitesimal deformation
(P [[t]], •t, Mt) of the modified Rota–Baxter pre-Lie algebra (P , •, M).

Definition 10. Let (P [[t]], •t, Mt) and (P [[t]], •′t, M′
t) be two infinitesimal deformations of

a modified Rota–Baxter pre-Lie algebra (P , •, M). An isomorphism from (P [[t]], •′t, M′
t) to

(P [[t]], •t, Mt) is a linear map, ϕt = id + tϕ1, where ϕ1 : P → P is a linear map, such that:

ϕt ◦ •′t = •t ◦(ϕt ⊗ ϕt), (15)

ϕt ◦ M′
t =Mt ◦ ϕt. (16)

In this case, we say that the two infinitesimal deformations (P [[t]], •t , Mt) and (P [[t]], •′t , M′
t)

are equivalent.

Proposition 7. The infinitesimals of two equivalent infinitesimal deformations of (P , •, M) are in
the same cohomology class in H2

MRBPLie(P).

Proof. Let ϕt : (P [[t]], •′t, M′
t) → (P [[t]], •t, Mt) be an isomorphism. By expanding

Equations (15) and (16) and comparing the coefficients of t1 on both sides, we have

•′1 − •1 = • ◦ (ϕ1 ⊗ id) + • ◦ (id⊗ ϕ1)− ϕ1 ◦ • =δϕ1,

M′
1 − M1 = M ◦ ϕ1 − ϕ1 ◦ M =− Υϕ1,

that is, we have the following:

(•′1, M′
1)− (•1, M1) = (δϕ1,−Υϕ1) = ∂(ϕ1) ∈ B2

MRBPLie(P).

Therefore, (•′1, M′
1) and (•1, M1) are cohomologous and belong to the same cohomol-

ogy class in H2
MRBPLie(P).

4. Abelian Extensions of Modified Rota–Baxter Pre-Lie Algebras

In this section, we prove that any abelian extension of a modified Rota–Baxter pre-Lie
algebra has a bimodule and a 2-cocycle. It is further proven that they are classified by the
second cohomology, as one would expect of a good cohomology theory.

Definition 11. Let (P , •, M) be a modified Rota–Baxter pre-Lie algebra and (V, •V , MV) be an
abelian modified Rota–Baxter pre-Lie algebra with the trivial product •V. An abelian extension
(P̂ , •̂, M̂) of (P , •, M) by (V, •V , MV) is a short exact sequence of morphisms of modified Rota–
Baxter pre-Lie algebras,

0 −−−−→ (V, •V , MV)
i−−−−→ (P̂ , •̂, M̂)

p−−−−→ (P , •, M) −−−−→ 0

such that M̂u = MVu and u•̂v = 0, for u, v ∈ V, i.e., V is an abelian ideal of P̂ .

Definition 12. A section of an abelian extension (P̂ , •̂, M̂) of (P , •, M) by (V, •V , MV) is a
linear map, s : P → P̂ , such that p ◦ s = idP and s ◦ M = M̂ ◦ s.
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Definition 13. Let (P̂1, •̂1, M̂1) and (P̂2, •̂2, M̂2) be two abelian extensions of (P , •, M) by
(V, •V , MV). They are said to be equivalent if there is an isomorphism of modified Rota–Baxter
pre-Lie algebras, F : (P̂1, •̂1, M̂1)→ (P̂2, •̂2, M̂2) such that the following diagram is commutative:

0 −−−−→ (V, •V , MV)
i1−−−−→ (P̂1, •̂1, M̂1)

p1−−−−→ (P , •, M) −−−−→ 0∥∥∥ F
⏐⏐9 ∥∥∥

0 −−−−→ (V, •V , MV)
i2−−−−→ (P̂2, •̂2, M̂2)

p2−−−−→ (P , •, M) −−−−→ 0.

(17)

Now for an abelian extension (P̂ , •̂, M̂) of (P , •, M) by (V, •V , MV) with a section,
s : P → P̂ , we define two bilinear maps, •l : P ×V → V, •r : V ×P → V, by

a •l u = s(a)•̂u, u •r a = u•̂s(a) for all a ∈ P , u ∈ V.

Proposition 8. With the above notations, (V; •l , •r, MV) is a bimodule of the modified Rota–Baxter
pre-Lie algebra (P , •, M) and does not depend on the choice of s.

Proof. First, for any other section, s′ : P → P̂ , for any a ∈ P , we have the following:

p(s(a)− s′(a)) = p(s(a))− p(s′(a)) = a− a = 0.

Thus, there exists an element, u ∈ V, such that s′(a) = s(a) + u. Note that V is an
abelian ideal of P̂ ; this yields the following:

s′(x)•̂u = (s(x) + v)•̂u = s(x)•̂u, u•̂s′(x) = u•̂(s(x) + v) = u•̂s(x).

This means that •l , •r does not depend on the choice of s.
Next, for any a, b ∈ P and u ∈ V, V is an abelian ideal of P̂ and s(a)•̂s(b)− s(a • b) ∈

V; we have the following:

a •l (b •l u)− (a • b) •l u = s(a)•̂(s(b)•̂u)− s(a • b)•̂u

= s(a)•̂(s(b)•̂u)− (s(a)•̂s(b))•̂u

= s(b)•̂(s(a)•̂u)− (s(b)•̂s(a))•̂u

= b •l (a •l u)− (b • a) •l u.

By the same token, there is also a •l (u •r b)− (a •l u) •r b = u •r (a • b)− (u •r a) •r b.
This shows that (V; •l , •r) is a bimodule of the pre-Lie algebra (P , •)

On the other hand, according to M̂s(a)− s(Ma) ∈ V, we have the following:

Ma •l MVu =s(Ma)•̂MVu = M̂s(a)•̂MVu = M̂s(a)•̂M̂u

=M̂(M̂s(a)•̂u + s(a)•̂M̂u)− s(a)•̂u

=MV(s(Ma)•̂u + s(a)•̂MVu)− s(a)•̂u

=MV(Ma •l u + a •l MVu)− a •l u.

In the same way, there is also MVu •r Ma = MV(MVu •r a + u •r Ma)− u •r a. Hence,
(V; •l , •r, MV) is a bimodule of (P , •, M).

Let (P̂ , •̂, M̂) be an abelian extension of (P , •, M) by (V, •V , MV) and s : P → P̂ be a
section of it. Define the maps ω : P ×P → V and χ : P → V by the following, respectively:

ω(a, b) = s(a)•̂s(b)− s(a • b),

χ(a) = M̂s(a)− s(Ma) for all a, b ∈ P .
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We transfer the modified Rota–Baxter pre-Lie algebra structure on P̂ to P ⊕ V by
endowing P ⊕ V with a multiplication, •ω, and a modified Rota–Baxter operator, Mχ,
defined by the following:

(a + u) •ω (b + v) = a • b + a •l v + u •r b + ω(a, b), (18)

Mχ(a + u) = Ma + χ(a) + MVu for all a, b ∈ P , u, v ∈ V. (19)

Proposition 9. The triple (P ⊕V, •ω , Mχ) is a modified Rota–Baxter pre-Lie algebra if, and only
if, (ω, χ) is a 2-cocycle of the modified Rota–Baxter pre-Lie algebra (P , •, M) with the coefficient in
(V, •V , MV). In this case,

0 −−−−→ (V, •V , MV)
i−−−−→ (P ⊕V, •ω, Mχ)

p−−−−→ (P , •, M) −−−−→ 0

is an abelian extension.

Proof. The triple (P ⊕V, •ω , Mχ) is a modified Rota–Baxter pre-Lie algebra if, and only if,
for any a, b, c ∈ P and u, v, w ∈ V, the following equations hold true:

((a + u) •ω (b + v)) •ω (c + w)− (a + u) •ω ((b + v) •ω (c + w))

= ((b + v) •ω (a + u)) •ω (c + w)− (b + v) •ω ((a + u) •ω (c + w)), (20)

Mχ(a + u) •ω Mχ(b + v)

= Mχ(Mχ(a + u) •ω (b + v) + (a + u) •ω Mχ(b + v))− (a + u) •ω (b + v). (21)

Further, Equations (20) and (21) are equivalent to the following equations:

ω(a, b) •r c + ω(a • b, c)− a •l ω(b, c)−ω(a, b • c)

= ω(b, a) •r c + ω(b • a, c)− b •l ω(a, c)−ω(b, a • c), (22)

Ma •l χ(b) + χ(a) •r Mb + ω(Ma, Mb)

= χ(Ma • b + a • Mb) + MV
(
χ(a) •r b + a •l χ(b) + ω(Ma, b) + ω(a, Mb)

)
−ω(a, b). (23)

Using Equations (22) and (23), we have δω = 0 and −δMχ− Υω = 0, respectively. There-
fore, ∂(ω, χ) = (δω,−δMχ− Υω) = 0, that is, (ω, χ) is a 2-cocycle.

Conversely, if (ω, χ) is a 2-cocycle of (P , •, M) with the coefficient in (V, •V , MV),
then we have ∂(ω, χ) = (δω,−δMχ− Υω) = 0, in which case Equations (20) and (21) hold
true. Hence, (P ⊕V, •ω, Mχ) is a modified Rota–Baxter pre-Lie algebra.

Proposition 10. Let (P̂ , •̂, M̂) be an abelian extension of (P , •, M) by (V, •V , MV) and s be
a section of it. If the pair (ω, χ) is a 2-cocycle of (P , •, M) with the coefficient in (V, •V , MV)
constructed using the section s, then its cohomology class does not depend on the choice of s.

Proof. Let s1, s2 : P → P̂ be two distinct sections; according to Proposition 9, we have
two corresponding 2-cocycles, (ω1, χ1) and (ω2, χ2), respectively. Define a linear map,
γ : P → V, by γ(a) = s1(a)− s2(a). Then,

ω1(a, b) = s1(a)•̂1s1(b)− s1(a • b)

= (s2(a) + γ(a))•̂1(s2(b) + γ(b))− (s2(a • b) + γ(a • b))

= s2(a)•̂2s2(b)− s2(a • b) + s2(a)•̂2γ(b) + γ(a)•̂2s2(b) + γ(a)•̂2γ(b)− γ(a • b)

= s2(a)•̂2s2(b)− s2(a • b) + a •l γ(b) + γ(a) •r b− γ(a • b)

= ω2(a, b) + δγ(a, b)

147



Mathematics 2024, 12, 2260

and

χ1(a) = M̂s1(a)− s1(Ma)

= M̂(s2(a) + γ(a))− (s2(Ma) + γ(Ma))

= M̂s2(a)− s2(Ma) + M̂γ(a)− γ(Ma)

= χ2(a) + MVγ(a)− γ(Ma)

= χ2(a)− Υγ(a).

Hence, (ω1, χ1) − (ω2, χ2) = (δγ,−Υγ) = ∂(γ) ∈ B2
MRBPLie(P , V), that is (ω1, χ1) and

(ω2, χ2) form the same cohomological class in H2
MRBPLie(P , V).

Next, we are ready to classify abelian extensions of a modified Rota–Baxter
pre-Lie algebra.

Theorem 1. Abelian extensions of a modified Rota–Baxter pre-Lie algebra (P , •, M) by
(V, •V , MV) are classified by the second cohomology group, H2

MRBPLie(P , V).

Proof. Assume that (P̂1, •̂1, M̂1) and (P̂2, •̂2, M̂2) are equivalent abelian extensions of
(P , •, M) by (V, •V , MV) with the associated isomorphism F : (P̂1, •̂1, M̂1)→ (P̂2, •̂2, M̂2)
such that the diagram in (17) is commutative. Let s1 be a section of (P̂1, •̂1, M̂1). As
p2 ◦ F = p1, we have the following:

p2 ◦ (F ◦ s1) = p1 ◦ s1 = idP .

That is, F ◦ s1 is a section of (P̂2, •̂2, M̂2). Denote s2 := F ◦ s1. Since F is an isomorphism of
modified Rota–Baxter pre-Lie algebras such that F|V = idV , we have the following:

ω2(a, b) = s2(a)•̂2s2(b)− s2(a • b)

= F ◦ s1(a)•̂2F ◦ s1(b)− F ◦ s1(a • b)

= F
(
s1(a)•̂1s1(b)− s1(a • b)

)
= F(ω1(a, b))

= ω1(a, b)

and

χ2(a) = M̂s2(a)− s2(Ma)

= M̂(F ◦ s1(a))− F ◦ s1(Ma)

= M̂(s1(a))− s1(M(a))

= χ1(a).

Thus, two isomorphic abelian extensions give rise to the same element in H2
MRBPLie(P , V).

Conversely, given two 2-cocycles (ω1, χ1) and (ω2, χ2), we can construct two abelian
extensions, (P ⊕V, •ω1 , Mχ1) and (P ⊕V, •ω2 , Mχ2), via Proposition 9. If they represent
the same cohomology class in H2

MRBPLie(P , V), then there is a linear map, ι : P → V,
such that

(ω1, χ1)− (ω2, χ2) = ∂(ι).

Define a linear map, Fι : P ⊕V → P ⊕V, by Fι(a + u) := a + ι(a) + u, a ∈ P , u ∈ V.
Then, it is easy to verify that Fι is an isomorphism of the two abelian extensions (P ⊕
V, •ω1 , Mχ1) and (P ⊕V, •ω2 , Mχ2) .
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5. Modified Rota–Baxter Pre-Lie 2-Algebras and Crossed Modules

In this section, we introduce the notion of modified Rota–Baxter pre-Lie 2-algebras
and show that skeletal modified Rota–Baxter pre-Lie 2-algebras are classified by 3-cocycles
of modified Rota–Baxter pre-Lie algebras.

We first recall the notion of pre-Lie 2-algebras from [18], which is a categorization of a
pre-Lie algebra.

A pre-Lie 2-algebra is a quintuple, (P0,P1, h, l2, l3), where h : P1 → P0 is a linear map,
l2 : Pi ×Pj → Pi+j are bilinear maps and l3 : P0 ×P0 ×P0 → P1 is a trilinear map, such
that for any a, b, c, x ∈ P0 and u, v ∈ P1 , the following equations are satisfied:

hl2(a, u) = l2(a, h(u)), (24)

hl2(u, a) = l2(h(u), a), (25)

l2(h(u), v) = l2(u, h(v)), (26)

hl3(a, b, c) = l2(a, l2(b, c))− l2(l2(a, b), c)− l2(b, l2(a, c)) + l2(l2(b, a), c), (27)

l3(a, b, h(u)) = l2(a, l2(b, u))− l2(l2(a, b), u)− l2(b, l2(a, u)) + l2(l2(b, a), u), (28)

l3(h(u), b, c) = l2(u, l2(b, c))− l2(l2(u, b), c)− l2(b, l2(u, c)) + l2(l2(b, u), c), (29)

l2(x, l3(a, b, c))− l2(a, l3(x, b, c)) + l2(b, l3(x, a, c)) + l2(l3(a, b, x), c)− l2(l3(x, b, a), c)

+ l2(l3(x, a, b), c)− l3(a, b, l2(x, c)) + l3(x, b, l2(a, c))− l3(x, a, l2(b, c))− l3(l2(x, a)− l2(a, x), b, c)

+ l3(l2(x, b)− l2(b, x), a, c)− l3(l2(a, b)− l2(b, a), x, c) = 0. (30)

Motivated by [18] and [26], we propose the notion of a modified Rota–Baxter pre-Lie
2-algebra.

Definition 14. A modified Rota–Baxter pre-Lie 2-algebra consists of a pre-Lie 2-algebra,
P = (P0,P1, h, l2, l3) and a modified Rota–Baxter 2-operator M = (M0, M1, M2) on P, where
M0 : P0 → P0, M1 : P1 → P1 and M2 : P0 ×P0 → P1, for any a, b, c ∈ P0, u ∈ P1, satisfying
the following equations:

M0 ◦ h = h ◦ M1, (31)

hM2(a, b) + l2(M0a, M0b) = M0
(
l2(M0(a), b) + l2(a, M0(b))

)
− l2(a, b), (32)

M2(h(u), b) + l2(M1u, M0b) = M1
(
l2(M1(u), b) + l2(u, M0(b))

)
− l2(u, b), (33)

M2(a, h(u)) + l2(M0a, M1u) = M1
(
l2(M0(a), u) + l2(a, M1(u))

)
− l2(a, u), (34)

M1l2(a, M2(b, c))− l2(M0a, M2(b, c)) + l2(M0b, M2(a, c))− M1l2(b, M2(a, c))

− l2(M2(b, a), M0c) + M1l2(M2(b, a), c) + l2(M2(a, b), M0c)− M1l2(M2(a, b), c)

+ M2(b, l2(M0a, c) + l2(a, M0c))− M2(a, l2(M0b, c) + l2(b, M0c))

+ M2(l2(M0a, b) + l2(a, M0b)− l2(M0b, a)− l2(b, M0a), c)− l3(M0a, M0b, M0c)

+ M1(l3(a, M0b, M0c) + l3(M0a, b, M0c) + l3(M0a, M0b, c))

− l3(M0a, b, c)− l3(a, M0b, c)− l3(a, b, M0c) + M1l3(a, b, c) = 0. (35)

We denote a modified Rota–Baxter pre-Lie 2-algebra by (P,M).

A modified Rota–Baxter pre-Lie 2-algebra is said to be skeletal (resp. strict) if h = 0
(resp. l3 = 0, M2 = 0).

Example 6. For any modified Rota–Baxter pre-Lie algebra, (P , •, M), (P0 = P1 = P , h =
0, l2 = •, M0 = M1 = M) is a strict modified Rota–Baxter pre-Lie 2-algebra.

Proposition 11. Let (P,M) be a modified Rota–Baxter pre-Lie 2-algebra.
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(i) If (P,M) is skeletal or strict, then (P0, •0, M0) is a modified Rota–Baxter pre-Lie algebra,
where a •0 b = l2(a, b) for any a, b ∈ P0.

(ii) If (P,M) is strict, then (P1, •1, M1) is a modified Rota–Baxter pre-Lie algebra, where
u •1 v = l2(h(u), v) = l2(u, h(v)) for any u, v ∈ P1.

(iii) If (P,M) is skeletal or strict, then (P1; •l , •r, M1) is a bimodule of (P0, •0, M0) where
a •l u = l2(a, u) and u •r a = l2(u, a) for a ∈ P0, u ∈ P1.

Proof. Then, (i), (ii) and (iii) can be directly verified by Equations (24)–(29) and (31)–(34).

Theorem 2. There is a one-to-one correspondence between skeletal modified Rota–Baxter pre-Lie
2-algebras and 3-cocycles of modified Rota–Baxter pre-Lie algebras.

Proof. Let (P,M) be a skeletal modified Rota–Baxter pre-Lie 2-algebra. According to
Proposition 11, we can consider the cohomology of modified Rota–Baxter pre-Lie algebra
to be (P0, •0, M0) with coefficients in the bimodule (P1; •l , •r, M1). For any a, b, c, x ∈ P0,
combining Equations (8) and (30), we have the following:

δl3(x, a, b, c)

=x •l l3(a, b, c)− a •l l3(x, b, c) + b •l l3(x, a, c) + l3(a, b, x) •r c− l3(x, b, a) •r c + l3(x, a, b) •r c

− l3(a, b, x •0 c) + l3(x, b, a •0 c)− l3(x, a, b •0 c)− l3(x •0 a− a •0 x, b, c) + l3(x •0 b− b •0 x, a, c)

− l3(a •0 b− b •0 a, x, c)

=l2(x, l3(a, b, c))− l2(a, l3(x, b, c)) + l2(b, l3(x, a, c)) + l2(l3(a, b, x), c)− l2(l3(x, b, a), c) + l2(l3(x, a, b), c)

− l3(a, b, l2(x, c)) + l3(x, b, l2(a, c))− l3(x, a, l2(b, c))− l3(l2(x, a)− l2(a, x), b, c)

+ l3(l2(x, b)− l2(b, x), a, c)− l3(l2(a, b)− l2(b, a), x, c)

=0.

According to Equations (9) and (35), the following hold true:

(−δM M2 − Υl3)(a, b, c) = −δM M2(a, b, c)− Υl3(a, b, c)

=− M0a •l M2(b, c) + M1(a •l M2(b, c)) + M0b •l M2(a, c)− M1(b •l M2(a, c))

− M2(b, a) •r M0c + M1(M2(b, a) •r c) + M2(a, b) •r M0c− M1(M2(a, b) •r c)

+ M2(b, M0a •0 c + a •0 M0c)− M2(a, M0b •0 c + b •0 M0c)

+ M2(M0a •0 b + a •0 M0b− M0b •0 a− b •0 M0a, c)− l3(M0a, M0b, M0c)

+ M1(l3(a, M0b, M0c) + l3(M0a, b, M0c) + l3(M0a, M0b, c))

− l3(M0a, b, c)− l3(a, M0b, c)− l3(a, b, M0c) + M1l3(a, b, c)

=− l2(M0a, M2(b, c)) + M1l2(a, M2(b, c)) + l2(M0b, M2(a, c))− M1l2(b, M2(a, c))

− l2(M2(b, a), M0c) + M1l2(M2(b, a), c) + l2(M2(a, b), M0c)− M1l2(M2(a, b), c)

+ M2(b, l2(M0a, c) + l2(a, M0c))− M2(a, l2(M0b, c) + l2(b, M0c))

+ M2(l2(M0a, b) + l2(a, M0b)− l2(M0b, a)− l2(b, M0a), c)− l3(M0a, M0b, M0c)

+ M1(l3(a, M0b, M0c) + l3(M0a, b, M0c) + l3(M0a, M0b, c))

− l3(M0a, b, c)− l3(a, M0b, c)− l3(a, b, M0c) + M1l3(a, b, c)

=0.

Thus, ∂(l3, M2) = (δl3,−δM M2 − Υl3) = 0, that is (l3, M2) ∈ C3
MRBPLie(P0,P1) is a 3-

cocycle of a modified Rota–Baxter pre-Lie algebra (P0, •0, M0) with coefficients in the
bimodule (P1; •l , •r, M1).

Conversely, suppose that (l3, M2) ∈ C3
MRBPLie(P , V) is a 3-cocycle of a modified Rota–

Baxter pre-Lie algebra (P , •, M) with coefficients in the bimodule (V; •l , •r, MV). Then,
(P,M) is a skeletal modified Rota–Baxter pre-Lie 2-algebra, where P = (P0 = P ,P1 =
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V, h = 0, l2, l3) and M = (M0 = M, M1 = MV , M2) with l2(a, b) = a • b, l2(a, u) =
a •l u, l2(u, a) = u •r a for any a, b ∈ P0, u ∈ P1.

Whitehead [36] introduced the notion of crossed modules in the context of homotopy
theory. At the end of this section, we introduce the notion of crossed modules of modified
Rota–Baxter pre-Lie algebras and show that they are equivalent to strict modified Rota–
Baxter pre-Lie 2-algebras.

Definition 15. A crossed module of modified Rota–Baxter pre-Lie algebras is a quadruple(
(P0, •0, M0), (P1, •1, M1), h, (•l , •r)

)
, where (P0, •0, M0) and (P1, •1, M1) are modified Rota–

Baxter pre-Lie algebras, h : P1 → P0 is a homomorphism of modified Rota–Baxter pre-Lie algebras
and (P1; •l , •r, M1) is a bimodule of (P0, •0, M0), for any a ∈ P0, u, v ∈ P1, satisfying the
following equations:

h(a •l u) = a •0 h(u), h(u •r a) = h(u) •0 a, (36)

h(u) •l v = u •r h(v) = u •1 v. (37)

Example 7. Let (P , •, M) be a modified Rota–Baxter pre-Lie algebra, F be its two-sided ideal—
that is, F satisfies F • P ⊆ F ,P • F ⊆ F and M(F ) ⊆ F—and in : F → P be the inclusion.
Then,

(
(P , •, M), (F , •, M|F ), in, (•l = •r = •)

)
is a crossed module of modified Rota–Baxter

pre-Lie algebras. In particular,
(
(P , •, M), (P , •, M), idP , (•l = •r = •)

)
is a crossed module of

modified Rota–Baxter pre-Lie algebras.

Example 8. Let F : (P1, •1, M1) → (P0, •0, M0) be a homomorphism of modified Rota–Baxter
pre-Lie algebras. Then, ker(F) is a two-sided ideal of (P1, •1, M1). Thus, according to Example 7,(
(P1, •1, M1), (ker(F), •1, M1|ker(F)), in, (•l = •r = •1)

)
is a crossed module of modified Rota–

Baxter pre-Lie algebras.

Example 9. Let (V; •l , •r, MV) be a bimodule over a modified Rota–Baxter pre-Lie algebra
(P , •, M). Endow V with the trivial pre-Lie algebra structure, •V = 0; in this case,

(
(P , •, M),

(V, •V , MV), 0, (•l , •r)
)

is a crossed module of modified Rota–Baxter pre-Lie algebras.

Theorem 3. There is a one-to-one correspondence between strict modified Rota–Baxter pre-Lie
2-algebras and crossed modules of modified Rota–Baxter pre-Lie algebras.

Proof. Let ((P0,P1, h, l2, l3 = 0), (M0, M1, M2 = 0)) be a strict modified Rota–Baxter pre-
Lie 2-algebra. Define the following two operations on P0 and P1:

a •0 b = l2(a, b),

u •1 v = l2(h(u), v) = l2(u, h(v)) for all a, b ∈ P0, u, v ∈ P1.

It is straightforward to see that both (P0, •0, M0) and (P1, •1, M1) are modified Rota–Baxter
pre-Lie algebras. l2 also gives rise to two maps: •l : P0 ×P1 → P1, •r : P1 ×P0 → P1 by

a •r u = l2(a, u), u •r a = l2(u, a) for all a ∈ P0, u ∈ P1.

According to (33) and (34), we deduce that (P1; •l , •r, M1) is a bimodule of (P0, •0, M0).
According to Equation (26), we have

h(u •1 v) = hl2(h(u), v) = l2(h(u), h(v)) = h(u) •0 h(v),
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which implies that h is a homomorphism of modified Rota–Baxter pre-Lie algebras. Fur-
thermore, we have

h(a •l u) = hl2(a, u) = l2(a, h(u)) = a •0 h(u),

h(u •r a) = hl2(u, a) = l2(h(u), a) = h(u) •0 a,

h(u) •l v = l2(h(u), v) = l2(u, h(v)) = u •r h(v) = u •1 v.

Thus, we obtain a crossed module of modified Rota–Baxter pre-Lie algebras.
Conversely, a crossed module of modified Rota–Baxter pre-Lie algebras

(
(P0, •0, M0),

(P1, •1, M1), h, (•l , •r)
)

gives rise to a strict modified Rota–Baxter pre-Lie 2-algebra
((P0,P1, h, l2, l3 = 0), (M0, M1, M2 = 0)), in which l2 : gi × gj → gi+j are given by

l2(a, b) = a •0 b,

l2(u, v) = u •1 v,

l2(a, u) = a •l u,

l2(u, a) = u •r a,

for all a ∈ P0, u, v ∈ P1. The crossed module equations give various equations for strict
modified Rota–Baxter pre-Lie 2-algebras. The proof is completed.

6. Conclusions

In the current research, we mainly study a modified Rota–Baxter pre-Lie algebra,
which includes a modified Rota–Baxter operator and a pre-Lie algebra. More precisely, we
introduce the bimodule of a modified Rota–Baxter pre-Lie algebra. We show that a modified
Rota–Baxter pre-Lie algebra induces a pre-Lie algebra, and the bimodule of a modified Rota–
Baxter pre-Lie algebra induces the bimodule of a pre-Lie algebra. Considering this fact, we
define the cohomology of a modified Rota–Baxter operator on a pre-Lie algebra. Using
the cohomology of pre-Lie algebras, we construct a cochain map, and the cohomology of
modified Rota–Baxter pre-Lie algebras is defined. We study infinitesimal deformations of
modified Rota–Baxter pre-Lie algebras and show that equivalent infinitesimal deformations
are in the same second cohomology group. We investigate abelian extensions of modified
Rota–Baxter pre-Lie algebras by using the second cohomology group. Additionally, the
notion of modified Rota–Baxter pre-Lie 2-algebra is introduced, which is the categorization
of a modified Rota–Baxter pre-Lie algebra. We study the skeletal modified Rota–Baxter
pre-Lie 2-algebras using the third cohomology group. Finally, we introduce the notion of
crossed modules of modified Rota–Baxter pre-Lie algebras, give some examples, and prove
that strict modified Rota–Baxter pre-Lie 2-algebras are equivalent to crossed modules of
modified Rota–Baxter pre-Lie algebras.
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Abstract: Let s, t be two positive integers and k be an algebraically closed field with char (k) � st. We
show that the Drinfeld double D(

∧∗cop
st,t ) of generalized Taft–Hopf algebra

∧∗cop
st,t has ribbon elements

if and only if t is odd. Moreover, if s is even and t is odd, then D(
∧∗cop

st,t ) has two ribbon elements, and
if both s and t are odd, then D(

∧∗cop
st,t ) has only one ribbon element. Finally, we compute explicitly all

ribbon elements of D(
∧∗cop

st,t ).
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1. Introduction

The representation category of a quasi-triangular Hopf algebra is a braided tensor
category. The braiding structure of a quasi-triangular Hopf algebra can supply a solution
to the Yang–Baxter equation. Recently, great progress has been made in the research
of the quasi-triangular Hopf algebra. Drinfeld [1] constructed a quasi-triangular Hopf
algebra from a finite-dimensional Hopf algebra, i.e., the quantum double (or Drinfeld
double) of a Hopf algebra. Ribbon Hopf algebra is a quasi-triangular Hopf algebra with
a ribbon element. The finite-dimensional ribbon Hopf algebra plays an important role in
constructing invariants of three-manifolds [2]. Thus, researchers have paid much attention
to the question of when a quasi-triangular Hopf algebra has ribbon structures. In [3], Chen
and Yang gave a necessary and sufficient condition for the Drinfeld double of a finite-
dimensional Hopf superalgebra to have a ribbon element. Kauffman and Radford [4] gave
a necessary and sufficient condition for the Drinfeld double of a finite-dimensional Hopf
algebra to admit a ribbon structure, and they proved that (D(An(q)),R) is a ribbon Hopf
algebra if and only if n is odd, where D(An(q)) is the Drinfeld double of n2-dimensional
Taft algebra An(q) and R is the universal R-matrix of D(An(q)). In [5], Benkart and
Biswal computed the ribbon element of (D(An(q)),R) explicitly when n is odd. In [6],
Andruskiewitsch and Schneider constructed u(D, 0, 0), which is a pointed Hopf algebra of
the nilpotent type. In particular, if D = (G, gs, χ, μ), u(D, 0, 0) is the generalized Taft–Hopf
algebra denoted by

∧∗cop
st,t . Burciu [7] provided a sufficient condition for the quantum

double of u(D, 0, 0) to be a ribbon Hopf algebra. If χ(gs) = t is an odd that is coprime to
three, then D(

∧∗cop
st,t ) is a ribbon Hopf algebra. Leduc and Ram [8] showed how the ribbon

Hopf algebra structure on the Drinfeld–Jimbo quantum groups of types A, B, C, and D can
be used to derive formulas giving explicit realizations of the irreducible representations
of the Iwahori–Hecke algebras of type A and the Birman–Wenzl algebras. Centrone and
Yasumura [9] extended the action of the n-th Taft–Hopf algebra H on A = k[u] with un = β
to the Drinfeld double D(H). This is used to show that, for each H-action on A, there is a
unique left H-comodule algebra structure on A such that A is a Yetter–Drinfeld algebra over
H. Montgomery and Schneider [10] characterized the action of a Taft algebra Hn on finite-
dimensional algebras A that satisfy that every skew derivation is inner. Farsad [11] proved
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that the Drinfeld double D(Kn) of Nichols–Hopf algebra Kn is a ribbon Hopf algebra when
n is even. Chang [12] provided the explicit expression of the ribbon elements of D(Kn).

In this paper, we give a sufficient and necessary condition for the Drinfeld double
D(

∧∗cop
st,t ) of generalized Taft–Hopf algebra

∧∗cop
st,t to have a ribbon structure. The paper is

organized as follows. In Section 2, we recall some definitions and notions and the structures
of generalized Taft–Hopf algebra

∧∗cop
st,t . In Section 3, we describe the Hopf algebra structure

of (
∧∗cop

st,t )∗. In Section 4, we show that (D(
∧∗cop

st,t ),R) have ribbon elements if and only if t
is odd. Finally, we compute all ribbon elements of (D(

∧∗cop
st,t ),R).

2. Preliminaries

Throughout, we work over an algebraically closed field k with char (k) � st. Unless
otherwise stated, all algebras and Hopf algebras are defined over k; dim and ⊗ denote
dimk and ⊗k, respectively. References [13–15] are basic references for the theory of Hopf
algebras and quantum groups.

Let 0 �= q ∈ k. For any non-negative integer n, define (n)q by (0)q = 0 and
(n)q = 1 + q + · · ·+ qn−1 for n > 0. Observe that (n)q = n when q = 1 and

(n)q =
qn − 1
q− 1

when q �= 1. Define the q-factorial of n by

(n)!q =
(qn − 1)(qn−1 − 1) . . . (q− 1)

(q− 1)n

when n > 0 and q �= 1. The q-binomial coefficients

(
n
i

)
q

are defined inductively as

follows for 0 ≤ i ≤ n: (
n
0

)
q

= 1 =

(
n
n

)
q

, f or n ≥ 0,

(
n
i

)
q

= qi

(
n− 1

i

)
q

+

(
n− 1
i− 1

)
q

, f or 0 < i < n.

It is well-known that

(
n
i

)
q

is a polynomial in q with integer coefficients and with the

value at q = 1 equal to the usual binomial coefficient

(
n
i

)
and that

(
n
i

)
q

=
(n)!q

(i)!q(n− i)!q

when (n− 1)!q �= 0 and 0 < i < n.
Next, we use the sigma notation: for x ∈ H, H being a coalgebra,

Δ(x) = ∑ x1 ⊗ x2.

Suppose that H is a bialgebra over k. The left and right H-module actions defined on H∗ by

< a ⇀ p, b >=< p, ba >=< p ↼ b, a >,
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respectively, for a, b ∈ H and p ∈ H∗ give H∗ an A-bimodule structure. Likewise, the left
and right H∗-modules actions on H by

p ⇀ a = ∑ a1 < p, a2 >, a ↼ p = ∑ < p, a1 > a2,

respectively, for p ∈ H∗ and a ∈ H give H a H∗-bimodule structure.

2.1. Generalized Taft–Hopf Algebra

In this subsection, we recall the structure of generalized Taft–Hopf algebra
∧∗cop

st,t .
Let s ≥ 2, t ≥ 1, and let p ∈ k be a primitive t-th root of unity. The generalized

Taft–Hopf algebra
∧∗cop

st,t is generated as an algebra by g and x subject to the following
relations:

gst = 1, xt = 0, xg = pgx.

The comultiplication Δ, counit ε, and antipode S are given, respectively, by

Δ(x) = x⊗ g + 1⊗ x, ε(x) = 0, S(x) = −xg−1,

Δ(g) = g⊗ g, ε(g) = 1, S(g) = g−1 = gst−1.

Note that dim(
∧∗cop

st,t ) = st2, and
∧∗cop

st,t has a k-basis {gixj|0 ≤ i ≤ st− 1, 0 ≤ j ≤ t− 1}. In
case s = 1, then

∧∗cop
st,t =

∧∗cop
t,t is the t2-dimensional Taft–Hopf algebra. For this reason,∧∗cop

st,t is called a generalized Taft algebra. For details, one can refer to [16]. In the following,
we denote

∧∗cop
st,t by T .

2.2. Ribbon Hopf Algebra

In this subsection, we recall the definition of the quasi-triangular Hopf algebra and
ribbon Hopf algebra [5] (Section 3.1).

Definition 1. Let H be a Hopf algebra. If there exists an invertible element R ∈ H ⊗ H, such that

RΔ(x) = Δop(x)R, f or all x ∈ H,

(Δ⊗ id)R = R13R23,

(id⊗ Δ)R = R13R12,

then H is called a quasi-triangular Hopf algebra. Here, Δop(x) has the tensor factors in Δ(x)
interchanged, and R = ∑i xi ⊗ yi,R12 = ∑i xi ⊗ yi ⊗ 1,R13 = ∑i xi ⊗ 1⊗ yi,R23 = ∑i 1⊗
xi ⊗ yi. LetRop = ∑i yi ⊗ xi. For instance, both Radford–Hopf algebra and generalized Taft algebra
are a quasi-triangular Hopf algebra.

We assume R = ∑i xi ⊗ yi as above and use the antipode S to define

u = ∑
i

S(yi)xi ∈ H. (1)

Then, the following expressions hold

uxu−1 = S2(x) f or all x ∈ H and Δ(u) = (RopR)−1(u⊗ u).

Definition 2. Let H be a quasi-triangular Hopf algebra. If there exists an invertible element v (the
ribbon element) in the center of H such that

v2 = uS(u), S(v) = v, ε(v) = 1, Δ(v) = (RopR)−1(v⊗ v), (2)

where u is as in (1), then (H,R, v) is called a ribbon Hopf algebra. For example, at2-dimensional
Taft–Hopf algebra is a ribbon Hopf algebra (see [4]).
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3. The Structure of T ∗

In this section, we describe the Hopf algebra structure of T ∗.
Let {gixj|0 ≤ i ≤ st − 1, 0 ≤ j ≤ t − 1} be the basis of Hopf algebra T ∗ such that

gixj(gixj) = 1 and gixj(gi
′
xj
′
) = 0 for (i

′
, j
′
) �= (i, j), 0 ≤ i, i

′ ≤ st− 1, 0 ≤ j, j
′ ≤ t− 1.

Lemma 1. Let 0 ≤ i, k ≤ st− 1 and 0 ≤ j, l ≤ t− 1. Then,

gixj ∗ gkxl =

⎧⎪⎪⎨⎪⎪⎩
0, if k �= i + j(mod st) or l + j ≥ t,(
l + j

j

)
p

gixj+l , otherwise.

Proof. By the coalgebra structure of T , we have Δ(gaxb) = (ga ⊗ ga)(x ⊗ g + 1⊗ x)b =

∑b
u=0

(
b
u

)
p

gaxb−u ⊗ ga+b−uxu, where 0 ≤ a ≤ st− 1, 0 ≤ b ≤ t− 1. If 0 ≤ i, k ≤ st− 1,

0 ≤ j, l ≤ t − 1, then (gixj ∗ gkxl)(gaxb) = ∑b
u=0

(
b
u

)
p

gixj(gaxb−u)gkxl(ga+b−uxu).

Hence, (gixj ∗ gkxl)(gaxb) �= 0 if and only if a = i, b = l + j, j + l < t and k ≡ i + j(mod st).

Obviously, (gixj ∗ gkxl)(gaxb) =

(
l + j

j

)
p

.

Obviously, ∑st−1
i=0 gi = ε is the identity of the algebra T ∗.

Let ω ∈ k be a primitive st-th root of unity with ωs = p. Put α = ∑st−1
i=0 ωigi and

β = ∑st−1
i=0 gix.

Lemma 2. T ∗ is generated as an algebra by α and β.

Proof. Obviously, α, β ∈ T ∗. Let A be a subalgebra of T ∗ generated by α and β. It follows
from Lemma 1 that βj = (j)!p(xj + gxj + · · ·+ gst−1xj), 1 ≤ j ≤ t− 1, and

α = 1 + ωg + ω2g2 + · · ·+ ωst−1gst−1,

α2 = 1 + ω2g + ω4g2 + · · ·+ ω2(st−1)gst−1,

. . .

αst−1 = 1 + ωst−1g + ω2(st−1)g2 + · · ·+ ω(st−1)(st−1)gst−1.

(3)

Then, we have

1
(j)!p

αβj = xj + ωgxj + ω2g2xj + · · ·+ ωst−1gst−1xj,

1
(j)!p

α2βj = xj + ω2gxj + ω4g2xj + · · ·+ ω2(st−1)g2(st−1)xj,

. . .
1

(j)!p
αst−1βj = xj + ωst−1gxj + ω2(st−1)g2xj + · · ·+ ω(st−1)(st−1)gst−1xj,

1
(j)!p

αstβj = xj + gxj + g2xj + · · ·+ gst−1xj.
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The coefficient determinant of (3) is |B| =

∣∣∣∣∣∣∣∣∣∣
1 ω ω2 · · · ωst−1

1 ω2 ω4 · · · ω2(st−1)

· · ·
1 ωst−1 ω2(st−1) · · · ω(st−1)(st−1)

∣∣∣∣∣∣∣∣∣∣
= ∏0≤i<j≤st−1(ω

i −ω j) �= 0.

Therefore, by Cramer’s Rule, we have g ∈ A. Similarly, one can prove that gixj ∈ A
for 0 ≤ i ≤ st− 1, 0 ≤ j ≤ t− 1.

Proposition 1. In T ∗, we have

αst = ε, βt = 0, βα = ωαβ.

Proof. It follows from Lemma 1 that αst = 1 + g + g2 + · · ·+ gst−1 = ε, βt = (t)!p(xt +

gxt + · · · + gst−1xt) = 0, and βα = (j)!p(ωx + ω2gx + · · · + ωstgst−1x) = ωαβ. This
completes the proof.

Proposition 2. The comultiplication, the counit, and the antipode of T ∗cop are given by

Δ(α) = α⊗ α,

Δ(β) = β⊗ 1 + αs ⊗ β,

ε(α) = 1, ε(β) = 0,

S(α) = αst−1, S(β) = −α−sβ.

Proof. We only consider the formula of Δ(α) since the proof for Δ(β) is similar. Suppose

that Δ(gt) = ∑st−1
j=0 ∑t−1

k=0 θj,k,j′ ,k′ g
jxk ⊗ gj′ xk′ , where θj,k,j′ ,k′ = gt(gjxkgj

′
xk

′
). One can prove

that θj,k,j′ ,k′ = 1 if an only if j + j
′ ≡ t(mod st), k = k

′
= 0. Consequently, in T ∗cop, we

have Δ(gt) = ∑i+j≡t(mod st) gi ⊗ gj, then we have Δ(α) = α⊗ α. Similarly, one can show
the formulas of the counit ε and antipode S of T ∗cop.

Definition 3 ([13] (Definition IX.4.1)). The quantum double D(T ) of Hopf algebra T is the
bicrossed product of T and of T ∗cop.

D(T ) = T ∗cop �� T .

By Proposition 3 and Lemma 2, one knows that D(T ) is generated as an algebra by
ε �� g, ε �� x, α �� 1, and β �� 1.

Lemma 3 ([13] (Lemma IX.4.2)). The multiplication, comultiplication, and counit in D(T ) are
given by

( f �� a)(g �� b) = ∑
(a)

f (a1 ⇀ g ↼ s−1(a3)) �� a2b,

ε( f �� a) = ε(a) f (1),

Δ( f �� a) = ∑
(a)( f )

( f1 �� a1)( f2 �� a2),

S( f �� a) = ∑(S(a2) ⇀ S( f1)) �� ( f2 ⇀ S(a1))

= ∑(S( f2) ↼ a1) �� (S(a2) ↼ S( f1)),

where f , g ∈ T ∗cop and a, b ∈ T , ∑ f1(x) f2(y) = f (yx) for all x, y ∈ T .
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4. The Ribbon Elements of (D(T ),R)

In this section, we recall some results about quasi-triangular Hopf algebras, and then,
we investigate the ribbon elements of (D(T ),R).

4.1. Universal R-Matrix of D(T )

In this subsection, we determine the universal R-matrix of D(T ).
By [13] (Lemma IX.4.2), the universal R-matrix of the quantum double has an explicit

formula:
R = ∑

i∈I
(1 �� ei)⊗ (ei �� 1),

where {ei}i∈I is a basis of the vector space H and {ei}i∈I is its dual basis in
(Hop)∗ = (H∗)cop.

Lemma 4. For any 0 ≤ i ≤ st− 1, 0 ≤ j ≤ t− 1, set

yi,j =
1
st

1
(j)!p

st−1

∑
k=0

ω−ikαkβj

in T ∗. Then, yi,j(gi1 xj1) = δi,i1 δj,j1 for all any 0 ≤ i, i1 ≤ st− 1, 0 ≤ j, j1 ≤ t− 1.

Proof. For 0 ≤ i ≤ st− 1, 0 ≤ j ≤ t− 1, let δi,j be the Kronecker symbol, then we have

yi,j(gi1 xj1)

=
1
st

1
(j)!p

(
st−1

∑
k=0

ω−ikαkβj)(gi1 xj1)

=
1
st

1
(j)!p

(j)!p(βj + ω−1αβj + · · ·+ ω−(st−1)iαst−1βj)(gi1 xj1)

=
1
st
(

st−1

∑
v=0

gvxj + ω−i
st−1

∑
v=0

ωvgvxj + · · ·+ ω−(st−1)i
st−1

∑
v=0

ω(st−1)vgvxj)(gi1 xj1)

=
1
st
(1 + ω(i1−i) + · · ·+ ω(i1−i)(st−1))δj,j1

=δi,i1 δj,j1 .

By Lemma 4, one can easily know that the R-matrix of D(T ) is

R = ∑
i,j
(1 �� gixj)⊗ (yi,j �� 1)

=
1
st ∑

i,j,k

1
(j)!p

ω−ik(1 �� gixj)⊗ (αkβj �� 1).

4.2. The Existence of Ribbon Elements

In this subsection, we review some facts about the integral and quasi-ribbon element
for a finite-dimensional Hopf algebra H. For h ∈ H and α in the dual space H∗, we define

〈α, h〉 := α(h) ∈ k.

The following results on the integral can be found in [14] (Chapter 2):

• A left integral element in H is an element t in H such that ht = ε(h)t, ∀h ∈ H. A right
integral element in H is an element t

′
in H such that t

′
h = ε(h)t

′
, ∀h ∈ H.
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∫ l
H denotes the subspace of left integrals in H, and

∫ r
H denotes the subspace of right

integrals in H. H is called unimodular if
∫ l

H =
∫ r

H .

• Let H be a finite-dimensional Hopf algebra. Then, we have the following:

(1)
∫ l

H and
∫ r

H are each one-dimensional.

(2) The antipode S of H is bijective, and S(
∫ l

H) =
∫ r

H , S(
∫ r

H) =
∫ l

H .

• Suppose t ∈
∫ l

H and T ∈
∫ r

H∗ . Notice that the left integrals for H form a one-
dimensional ideal of H. Hence, there is a unique α̃ ∈ G(H∗) such that th = 〈α̃, h〉t for
all h ∈ H. The condition that H is unimodular is equivalent to α̃ = ε.

Likewise, there is a unique g̃ ∈ H such that qT = 〈q, g̃〉T, for all q ∈ H∗. We call α̃ and
g̃ the distinguished group-like elements of H∗ and H, respectively.

As above, assume the R-matrix is R = ∑i xi ⊗ yi, and define

gα̃ = ∑
i

xiα̃(yi), and hα̃ = gα̃ g̃−1, (4)

where α̃ is the distinguished group-like element of H∗ and g̃ is the distinguished group-like
element of H.

A quasi-ribbon element of Hopf algebra H is an element satisfying all the ribbon
conditions in (2), except for the requirement that it is central. Our approach to finding
an explicit formula for the ribbon element of D(T ) is to use the following results from
quasi-ribbon elements.

Theorem 1 ([4] (Theorem 1)). Let (H,R) be a finite-dimensional quasi-triangular Hopf algebra
over a field k. Suppose h

′
α̃ is any element of H such that (h

′
α̃)

2 = hα̃, i.e., h
′
α̃ is any square root of

the element hα̃ in (4). Then, v = uh
′
α̃ is a quasi-ribbon element, where u is as in (1). Moreover,

v = uh
′
α̃ is a ribbon element of (H,R) if and only if S2(a) = (h

′
α̃)
−1ah

′
α̃ for all a ∈ H.

Theorem 2 ([4] (Theorem 3)). Suppose that H is a finite-dimensional Hopf algebra with antipode
S over a field k. Let g̃ and α̃ be the distinguished group-like elements of H and H∗, respectively. Then,
we have the following:

(1) (D(H),R) has a quasi-ribbon element if and only if there are h ∈ G(H) and γ ∈ G(H∗)
such that h2 = g̃ and γ2 = α̃.

(2) (D(H),R) has a ribbon element if and only if there are h ∈ G(H) and γ ∈ G(H∗) as in
part (1) such that

S2(y) = h(γ ⇀ y ↼ γ−1)h−1

for all y ∈ H.

Corollary 1 ([4] (Proposition 3)). Let S be the antipode of D(H), and set U = ∑ S(yi)xi. Then,

(γ, h) �→ U (γ−1 ⊗ h−1)

defines a one-to-one correspondence between those pairs (γ, h) ∈ G(H∗)×G(H) such that h2 = g̃
and γ2 = α̃ and the quasi-ribbon elements of (D(H),R). The ribbon elements correspond to those
pairs (γ, h), which further satisfy S2(y) = h(γ ⇀ y ↼ γ−1)h−1, for all y ∈ H.

By [17], D(T ) is unimodular, so that αD = εD, where αD and εD are the distinguished
group-like element and the counit of (D(T ))∗, respectively.

Lemma 5. (1) ∑st−1
i=0 ω(t−1)iαiβt−1 is a right integral in T ∗, and the distinguished group-like

element of T is g1−t.
(2) ∑st−1

i=0 gixt−1 is a left integral in T , and the distinguished group-like element of T ∗ is α−s.
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Proof. Let λ = ∑0≤i≤st−1
0≤j≤t−1

aijα
iβj. We use the definition of a right integral of T ∗:

λ ∈
∫ r

T ∗
⇔ λh∗ = ε(h∗)λ,

for all h∗ ∈ T ∗. Let h∗ = β; we have

∑
0≤i≤st−1
0≤j≤t−1

aijα
iβj+1 = 0.

Since {αiβk|0 ≤ i ≤ st− 1, 0 ≤ j ≤ t− 1} is the basis of T ∗, and βt = 0, we obtain

λ =
st−1

∑
i=0

ai,t−1αiβt−1.

Let h∗ = α. We have

st−1

∑
i=0

ai,t−1ωt−1αi+1βt−1 =
st−1

∑
i=0

ai,t−1αiβt−1,

Then, ai,t−1ωt−1 = ai+1,t−1. Moreover,
∫ r
T ∗ is one-dimensional. Therefore,

λ = ∑st−1
i=0 ω(t−1)iαiβt−1.

Let g̃ = ∑0≤k≤st−1
0≤l≤t−1

bkl gkxl be the distinguished group-like element of T . Then, we

have
h∗λ = h∗(g̃)λ.

Let h∗ = αj. We have

∑
0≤i≤st−1
0≤j≤t−1

ω(t−1)iαi+jβt−1 = 〈 ∑
0≤i≤st−1
0≤j≤t−1

ωijgi, ∑
0≤k≤st−1
0≤l≤t−1

bkl gkxl〉
st−1

∑
i=0

ω(t−1)iαiβt−1.

Thus, ∑st−1
k=0 ωkjbk0 = ω(1−t)j, 0 ≤ j ≤ st − 1. By Cramer’s Rule and the Vandermonde

determinant, we have

bk0 =

{
1, k = st + 1− t,
0, otherwise.

, where 0 ≤ k ≤ st− 1.

Let h∗ = αjβz, 0 ≤ j ≤ st− 1, 1 ≤ z ≤ t− 1. We have

〈(z)!p

st−1

∑
k=0

ω jkgkxz, ∑
0≤k≤st−1
0≤l≤t−1

bkl gkxl〉
st−1

∑
i=0

ω(t−1)iαiβt−1 = 0.

Since {αiβk|0 ≤ i ≤ st− 1, 0 ≤ j ≤ t− 1} is the basis of T ∗, we have

〈(z)!p

st−1

∑
k=0

ω jkgkxz, ∑
0≤k≤st−1
0≤l≤t−1

bkl gkxl〉 = (z)!p

st−1

∑
k=0

ω jkbkz = 0.

By Cramer’s Rule and the Vandermonde determinant, we have

bkl = 0, 0 ≤ k ≤ st− 1, 1 ≤ l ≤ t− 1.

Consequently, g̃ = g1−t. Similarly, we can prove part (2).
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Theorem 3. (1) (D(T ),R) has quasi-ribbon elements if and only if t is odd.
(2) (D(T ),R) has unique ribbon element if and only if both s and t are odd.
(3) (D(T ),R) has two ribbon elements if and only if s is even and t is odd.

Proof. (1) By part (1) of Theorem 2, (D(T ),R) has a quasi-ribbon element if and only if
there exist h = gj ∈ G(T ), γ = αk ∈ G(T ∗), where j, k ∈ Z, such that (gj)2 = g1−t,
α2k = α−s, which implies st | (2j + t − 1) and st | (2k + s). Since, when t is even,
2j + t− 1 is odd, st is even, which contradicts st | (2j + t− 1). However, when t is
odd, no matter whether s is even or odd, there exist j = 2st+1−t

2 , k = st−s
2 ∈ Z such

that st | (2j + t− 1), st | (2k + s). Thus, one knows that (D(T ),R) has quasi-ribbon
elements if and only if t is odd.

(2) By part (2) of Theorem 2, (D(T ),R) has ribbon elements if and only if there exist
γ = αk ∈ G(T ∗), h = gj ∈ G(T ), which satisfy

h2 = g1−t, γ2 = α−s,

S2(x) = h(γ ⇀ x ↼ γ−1)h−1,

S2(g) = h(γ ⇀ g ↼ γ−1)h−1,

(5)

where x and g are the generators of T , k, j ∈ Z and γ, h are given in part (1).
It follows S2(x) = ω−sx, h(γ ⇀ x ↼ γ−1)h−1 = gj(ωkx)g−j = ωk−sjx, S2(g) = g,

h(γ ⇀ g ↼ γ−1)h−1 = gjgg−j = g that (D(T ),R) has ribbon elements if and only if there
exist pairs (γ, h) = (αk, gj) such that

g2j = g1−t, α2k = α−s,

ω−sx = ωk−sjx.

Since the order of α is st and the order of g is st, (D(T ),R) has ribbon elements if and only
if there exist pairs (γ, h) = (αk, gj) such that

st | (2j + t− 1), st | (2k + s), st | (ks− sj).

⇔

j =
stu + 1− t

2
∈ Z, k =

stv− s
2

∈ Z, v− su = 2w− 1, (6)

where u, v, w ∈ Z.
By part (1), one knows that, if (D(T ),R) has ribbon elements, then t must be odd.

If v is odd, then αk = α
stv−s

2 = α
s(t−1)

2 ; if v is even, αk = α
stv−s

2 , k = stv−s
2 ∈ Z, which

implies that s must be even. If u is odd, j = stu+1−t
2 ∈ Z, which implies s must be even,

then we have gj = g
stu+1−t

2 = g
st+1−t

2 ; if u is even, then gj = g
stu+1−t

2 = g
1−t

2 . If both
t and s are odd, u is even, v is odd or u is odd, and v is even since v − su = 2w − 1.
Moreover, j = stu+1−t

2 ∈ Z and k = stv−s
2 ∈ Z imply that u is even and v is odd, then

there exists a unique pair (γ, h) = (α
s(t−1)

2 , g
1−t

2 ) satisfying (5). If t is odd and s is even,
v must be odd since v − su = 2w − 1. In this case, no matter whether p is odd or even,

j = stu+1−t
2 ∈ Z and k = stv−s

2 ∈ Z. Thus, there exist two pairs (γ1, h1) = (α
s(t−1)

2 , g
1−t

2 )

and (γ2, h2) = (α
s(t−1)

2 , g
(s−1)t+1

2 ) satisfying (5). Consequently, by Corollary 1, (D(T ),R)
has a unique ribbon element if and only if both s and t are odd; (D(T ),R) has two ribbon
elements if and only if s is even and t is odd.

4.3. Computation of the Ribbon Elements of D(T )

Throughout this subsection, assume t is an odd integer. Notice that α̃ = α−s and
g̃ = g1−t are the distinguished group-like elements in T ∗ and T , respectively. By the
description about the distinguished group-like element of the Drinfeld double of a finite-
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dimensional quasi-triangular Hopf algebra in [17], the distinguished group-like element in
D(T ) is α̃ �� g̃.

Recall the universal R-matrix of D(T ) given in Section 4.1:

R =
1
st ∑

i,j,k

1
(j)!p

ω−ik(1 �� gixj)⊗ (αkβj �� 1). (7)

Theorem 4. Assume that t is an odd integer:

(1) When s is odd, the unique ribbon element in D(T ) is

v = u(α
s(t+1)

2 �� g
t−1

2 ),

where u =
1
st ∑

0≤i,k≤st−1
0≤j≤t−1

(−1)j 1
(j)!p

ω−(i+j)k− j(j−1)s
2 (α−sj−kβj �� gixj).

(2) When s is even, the ribbon elements in D(T ) are

v1 = u(α
s(t+1)

2 �� g
t−1

2 ), v2 = u(α
s(t+1)

2 �� g
t(s+1)−1

2 ),

where u =
1
st ∑

0≤i,k≤st−1
0≤j≤t−1

(−1)j 1
(j)!p

ω−(i+j)k− j(j−1)s
2 (α−sj−kβj �� gixj).

Proof. (1) We adopt the previous conventions and set gαD = gεD (which holds as D(T )
is unimodular). By (4) and (7), we have

gεD =
1
st ∑

0≤i,k≤st−1
0≤j≤t−1

1
(j)!p

ω−ikε(αkβj �� 1)(1 �� gixj)

=
1
st ∑

0≤i,k≤st−1
0≤j≤t−1

1
(j)!p

ω−ikε(1)αkβj(1)(1 �� gixj).

Since βj(1) = 0 when j �= 0 and εD is an algebra homomorphism, only the terms with
j = 0 survive, and therefore,

gεD =
1
st ∑

0≤i,k≤st−1
0≤j≤t−1

ω−ik(1 �� gi)

=
1
st

st−1

∑
i=0

(
st−1

∑
k=0

ω−ik)(1 �� gi).

Observe that
st−1

∑
k=0

ω−ik =
1− (ω−i)st

1−ω−i = 0

unless i = 0, in which case ∑st−1
k=0 ω−ik = st. Therefore, gεD = 1D(E).

By the discussion above, the distinguished group-like element in D(T ) � T ∗ ⊗ T is
ĝ = α−s �� g1−t.

By (4), hεD = gεD (ĝ)−1 = (α−s �� g1−t)−1 = αs �� gt−1. When s and t are both odd,
the square root h

′
εD

of hεD is unique, because hεD , and therefore, h
′
εD

has odd order. Thus,

h
′
εD

= α
s(t+1)

2 �� g
t−1

2 ,
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v = uh
′
εD

= u(α
s(t+1)

2 �� g
t−1

2 ).

By Theorem 1, the quasi-ribbon element v is the unique ribbon element of D(T ).

(2) When s is even and t is odd, hεD has four square roots:

h
′
εD1

= α
s(t+1)

2 �� g
t−1

2 , h
′
εD2

= α
s
2 �� g

t−1
2 ,

h
′
εD3

= α
s(t+1)

2 �� g
t(s+1)−1

2 , h
′
εD4

= α
s
2 �� g

t(s+1)−1
2 .

By Theorem 1,

S2(ε �� g) = (h
′
εDi

)−1(ε �� g)h
′
εDi

, S2(ε �� x) = (h
′
εDi

)−1(ε �� x)h
′
εDi

,

S2(α �� 1) = (h
′
εDi

)−1(α �� 1)h
′
εDi

, S2(β �� 1) = (h
′
εDi

)−1(β �� 1)h
′
εDi

,

where i = 1, 3 and ε �� g, ε �� x, α �� 1, β �� 1 are the generators of D(T ).
Therefore, quasi-ribbon elements

v1 = uh
′
εD1

= u(α
s(t+1)

2 �� g
t−1

2 ) and v2 = uh
′
εD3

= u(α
s(t+1)

2 �� g
t(s+1)−1

2 )

are the ribbon elements of D(T ).
It remains to show that u has the expression in (1). Recall that u = ∑i S(yi)xi, where

R =
1
st ∑

i,j,k

1
(j)!p

ω−ik(1 �� gixj)⊗ (αkβj �� 1).

Therefore,

u =
1
st ∑

0≤i,k≤st−1
0≤j≤t−1

1
(j)!p

ω−ikS(αkβj �� 1)(1 �� gixj)

=
1
st ∑

0≤i,k≤st−1
0≤j≤t−1

1
(j)!p

ω−ik((−α−sβ)j(αst−1)k) �� 1)(1 �� gixj)

=
1
st ∑

0≤i,k≤st−1
0≤j≤t−1

(−1)j 1
(j)!p

ω−ik−jk− j(j−1)s
2 (α−sj−kβj �� 1)(1 �� gixj)

=
1
st ∑

0≤i,k≤st−1
0≤j≤t−1

(−1)j 1
(j)!p

ω−(i+j)k− j(j−1)s
2 (α−sj−kβj �� gixj).

Finally, we know that, when s is odd, v = u(α
s(t+1)

2 �� g
t−1

2 ) is the unique ribbon element of

D(T ). When s is even, v1 = u(α
s(t+1)

2 �� g
t−1

2 ) and v2 = u(α
s(t+1)

2 �� g
t(s+1)−1

2 ) are the ribbon
elements of D(T ).

Remark 1. The generalized Taft algebra is a special rank-one pointed Hopf algebra of the nilpotent
type. We have provided a necessary and sufficient condition for the quantum double of generalized
Taft algebra

∧∗cop
st,t to be a ribbon Hopf algebra. Besides, we computed all ribbon elements of

D(
∧∗cop

st,t ). Further research is required to obtain the necessary and sufficient condition for the
quantum double of all pointed Hopf algebras of the nilpotent type.
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