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Preface

Energy is the fundamental cornerstone of modern civilization, driving economic growth,

technological innovation, and the enhancement of global living standards. As the world transitions

toward a more sustainable and electrified future, the reliance on resilient, efficient, and clean

energy systems has never been more critical. However, this transition introduces unprecedented

complexities, such as the volatility of renewable energy sources, the decentralization of power

generation, and the increasing demand for high-performance energy storage. To navigate these

challenges, the development and application of intelligent control and optimization modeling have

become indispensable. These mathematical and algorithmic tools serve as the “brain” of modern

energy infrastructure, enabling the seamless integration of diverse technologies while ensuring

stability and economic viability.

The primary purpose of this Reprint is to provide a comprehensive overview of the latest

breakthroughs in mathematical modeling and intelligent control within the energy sector. By bridging

the gap between theoretical mathematical frameworks and practical engineering applications, this

work aims to offer a roadmap for researchers and practitioners striving to optimize the next

generation of power systems. The scope of this volume is broad, encompassing critical areas such

as the optimization and scheduling of microgrids, the advancement of distributed renewable energy

generation, and the refinement of grid-optimization control mechanisms.

This collection places significant focus on the health and safety of energy assets. Several

papers delve into the intricate modeling of energy system health states, particularly focusing on the

estimation of State of Charge (SOC) and State of Health (SOH) for battery systems. Furthermore, the

Reprint explores the integration of artificial intelligence and machine learning in load forecasting,

demand response, and the optimization of electric vehicle (EV) charging infrastructures. These

contributions highlight how data-driven modeling and advanced intelligent optimization strategies

can transform raw energy data into actionable insights, facilitating more responsive and robust

energy management systems.

This Reprint contains the 12 articles accepted and published in the Special Issue “Intelligent

Optimization and Control Modeling in Power and Energy Systems” of the MDPI journal Mathematics.

Each article underwent a rigorous peer-review process to ensure scientific excellence and technical

relevance. The compilation of these works serves not only as a record of recent academic progress

but also as a catalyst for future research in hybrid renewable systems and distributed optimization

techniques for power networks.

As the Guest Editors of this Special Issue, we would like to express our sincere gratitude to

the authors for their high-quality contributions and their dedication to advancing this field. We are

also deeply thankful to the reviewers for their meticulous comments and valuable feedback, which

significantly enhanced the clarity and impact of the research presented here. Finally, we extend the

appreciation to the editorial and administrative staff at MDPI, particularly the Managing Editor,

for their professional collaboration and support throughout the publication process. We hope that

this Reprint will prove to be a valuable resource for those working at the intersection of applied

mathematics, control theory, and energy engineering, inspiring continued innovation in the quest for

a smarter and more sustainable energy future.

Yuan Cao, Chunsheng Wang, and Liqing Liao

Guest Editors
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Abstract

We consider a network of a residential heating system (RHS) composed of two types of
agents: a prosumer and a consumer. Both are connected to a community heating system
(CHS), which supplies non-intermittent thermal energy for space heating and domestic
hot water. The prosumer utilizes a combination of solar thermal collectors and CHS
heat, whereas the consumer depends entirely on the CHS. Any excess heat generated by
the prosumer can either be stored on-site or fed back into the CHS. Weather conditions,
modeled as a common noise term, affect both agents simultaneously. The prosumer’s
objective is to minimize the expected discounted total cost, taking into account storage
charging and discharging losses as well as uncertainties in future heat production and
demand. This leads to a stochastic optimal control problem addressed through dynamic
programming techniques. Scenario-based analyses are then performed to examine how
different parameters influence both the value function and the resulting optimal control
strategies. For a common noise coefficient σ0 = 0.4, the prosumer incurs an approximate
16.08% increase in the aggregated discounted cost from the case of no common noise. For
a discharging efficiency ηE = 1

0.9 , the maximum aggregated discounted cost increases by
approximately 1.85% as compared to the perfect discharging efficiency. Similarly, for a
charging efficiency ηE = 0.9, we observe an approximate 1.94% increase in the aggregated
discounted cost as compared to a perfect charging efficiency. Furthermore, we derive
insights into the maximum expected discounted investment that a consumer would need
to make in renewable technologies in order to transition into a prosumer.

Keywords: residential heating system; prosumer; stochastic optimal control; dynamic
programming; storage efficiency; thermal energy storage

MSC: 93E20; 49L20; 91G80; 65N06

1. Introduction

In recent decades, global weather patterns have shifted markedly, largely due to
human-driven factors such as extensive fossil fuel use and deforestation, both of which
have significantly increased the global carbon footprint. Projections from the United Na-
tions Department of Economic and Social Affairs indicate that, by 2050, urbanization will
reach 68%, with more than 40 metropolitan areas exceeding 10 million inhabitants [1].

Mathematics 2026, 14, 489 https://doi.org/10.3390/math14030489
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As noted in [1], cities currently account for over two-thirds of global CO2 emissions and en-
ergy consumption. These combined pressures—accelerating urbanization, climate change,
and rising energy demand—underscore the urgent need to transition away from a business-
as-usual economic model toward one that prioritizes sustainability and energy efficiency
across all sectors. According to the International Energy Agency (IEA), buildings contribute
roughly 30% of global final energy use and 26% of energy-related emissions. Consistent
with [2], in the United States and many European countries, 18–30% of total energy con-
sumption is associated with the thermal energy needs of buildings. In this study, we
consider a residential heating system (RHS) composed of two agents—a prosumer and a
pure consumer (hereafter simply “consumer”)—as illustrated in Figure 1. In this setting,
a prosumer is an entity capable of producing and consuming thermal energy, whereas a
consumer only uses energy supplied to it. The RHS provides heat for space heating and
domestic hot water demands. The prosumer is equipped with a solar thermal collector for
local heat generation, an internal storage (IS), and an external storage (ES), both modeled
as water-based storage tanks for simplicity [2]. The IS serves short-term storage needs,
while the ES accommodates longer-term storage. Because solar production and residual
thermal demand are highly intermittent and weather-dependent, additional support is
required to ensure a stable and sustainable thermal supply. To address this, both build-
ings are connected to a community heating system (CHS). In this work, we consider a
low-temperature bidirectional CHS (LTB-CHS) [1,3–5] and assume, for simplicity, that
the temperature in the distribution pipes remains constant. The LTB-CHS is a relatively
recent concept in district energy networks, offering benefits such as improved integration
of renewable heat sources, simplified coupling with distributed technologies, and reduced
carbon emissions. Its bidirectional capability allows buildings to inject surplus heat into the
network, lowering peak central production requirements and enabling economic incentives
whereby building owners can sell excess heat. Since the supply temperature in an LTB-CHS
is lower than that in conventional systems, a heat pump (HP) is required to upgrade the
delivered heat to the desired level.

Figure 1. A model with a consumer and a prosumer connected to a community heating system.

In our modeling approach, daily temperature variations influence both the prosumer
and consumer and are represented by a common noise process. Following [2,6,7], we
define residual demand as the imbalance between thermal supply and demand. We assume
that the prosumer can meet this residual demand either via the CHS or by using the ES,

https://doi.org/10.3390/math14030489
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whereas the consumer relies solely on the CHS. When production falls short, the prosumer
either purchases heat from the CHS or releases it from the ES. Conversely, during periods
of surplus production, the prosumer may store the excess in the ES (subject to capacity
limits) or sell it to the CHS. The consumer, lacking local production and storage, always
faces unmet demand that must be satisfied exclusively through CHS purchases. Consistent
with [2], we assume that the CHS is responsible for fulfilling the residual thermal demands
of both agents, even though this demand fluctuates with respect to the common noise.
Moreover, energy transfer between the IS and ES, as well as energy exports from the
prosumer to the CHS, requires an ordinary pump (OP). The prosumer aims to minimize
the expected total discounted cost associated with meeting its thermal demand, while
accounting for uncertain weather conditions and variability in solar output. In contrast,
the consumer—lacking local production or storage—continuously faces unmet thermal
demand that must be supplied entirely from the CHS.

Including both agents in our framework enables us to determine the maximum ex-
pected investment that would make it economically reasonable for a consumer to adopt
distributed renewable heating technologies and storage infrastructure, thereby transition-
ing into a prosumer.

Previous work, such as [2], has formulated an RHS model and solved a stochastic
optimal control problem using semi-Lagrangian and dynamic programming approaches. In
Ref. [7], the authors addressed a similar problem for a stand-alone system with geothermal
storage. However, these studies did not explicitly model the dependence of residual
demand on daily temperature variations via a common noise process, nor did they include
ES charging and discharging inefficiencies. Our model fills this gap by incorporating these
features, which increase realism. Models with common noise are advantageous because
they reflect uncertainties that affect all agents simultaneously, potentially altering both
qualitative and quantitative system behavior. Applications of common noise models in the
energy sector include [6,8–13].

Unlike in [2,7], we incorporate ES charging and discharging efficiencies, which account
for storage losses when heat is stored or released. For simplicity, we assume that these
efficiency factors depend solely on the residual demand, as in [14].

Our contributions include first modeling a consumer connected to the CHS. We also
motivate a common noise in the dynamics of the residual demands. This allows us to
capture the impact of daily temperature variations on the residual demand. In addition,
we include charging/discharging efficiencies in the dynamics of the ES temperature level.
In reality, losses are observed during charging or discharging processes of the ES. Therefore,
modeling these efficiencies is required. Furthermore, we perform a sensitivity analysis
on the common noise, charging and discharging parameters to evaluate their impact on
the expected total discounted cost. We also show that the value function is a viscosity
solution of the associated partial differential equation (PDE). We derive the discrete-time
state-dependent control set from the state constraint without imposing charging and
discharging thresholds. In this work, the state-dependent control intervals depend on the
charging/discharging efficiencies. We compare the costs of satisfying residual demands
for both the consumer and the prosumer, and we estimate the expected investment that
a consumer would need to undertake to transition into a prosumer. Finally, we perform
extensive numerical experiments and provide economic interpretations.

The remainder of this paper is structured as follows: Section 2 introduces the model,
including state variables, control variables, constraints, and the heat price specification.
Section 3 presents the optimal control problems for both agents. Sections 4 and 5 describe
the semi-Lagrangian discretization and numerical results, including sensitivity analysis.
Section 6 concludes and outlines directions for future research.

https://doi.org/10.3390/math14030489
3



Mathematics 2026, 14, 489

2. Model Formulation

In what follows, we study a model that includes both a prosumer and a consumer
connected to a CHS. The prosumer is able to generate thermal energy locally while also
drawing from, or supplying heat to, the CHS. In contrast, the consumer has neither local
production capabilities nor on-site storage units. We present a mathematical framework
and corresponding optimization problems for both agents. Throughout this paper, we
work on a fixed probability space (Ω,F ,P) endowed with a filtration F = (Ft)t∈[0,T] that
satisfies the usual conditions and supports two independent standard Brownian motions
WR and W0. The parameter T > 0 denotes the finite planning horizon.

An RHS is designed to supply thermal energy for both space heating and domestic
hot water in a building. The prosumer is equipped with a solar collector, two storage units,
a heat pump, and ordinary pumps. Thermal energy generated by the solar collector is
first directed to the internal storage (IS) to meet immediate demand, while the external stor-
age (ES) serves as a long-term buffer to handle periods of insufficient or excess production.
We describe the imbalance between thermal supply and demand, resulting from stochastic
fluctuations in solar collector output, by a stochastic process R = (R(t))t∈[0,T]. This process
is decomposed as R(t) = μR(t) + ZR(t), where μR(t) denotes the seasonal average and
ZR(t) represents random deviations from this mean.

The IS is modeled as a cylindrical tank whose water temperature must remain within
prescribed bounds, imin and imax. In this study, we treat the IS as a black box and do not
model its internal thermodynamic behavior explicitly. The ES is also represented as a
cylindrical water tank with a fixed mass of stored water, which can be heated up to a
maximum temperature q through transfers of thermal energy from the IS. Conversely, it
can be cooled to a minimum temperature q when heat is withdrawn to satisfy the residual
demand. For simplicity, we assume that charging and discharging the ES involves only
ordinary pumps.

At any time t ∈ [0, T], the prosumer’s state variables consist of the exogenous, desea-
sonalized residual demand ZR and the endogenous ES temperature level Q. We therefore
define the prosumer’s state process as X = (ZR, Q)ᵀ.

For the consumer, the state is given solely by the deseasonalized residual demand Z̃,
which is entirely exogenous.

Residual Demand: The deseasonalized residual demand processes ZR and Z̃, associ-
ated with the prosumer and the consumer, respectively, evolve according to

dZR(t) = −κRZR(t)dt + σR(t)dWR(t) + σ0dW0(t), (1)

dZ̃(t) = −κ0Z̃(t)dt + σ0dW0(t), (2)

where WR represents the idiosyncratic noise capturing uncertainties specific to the pro-
sumer’s heat demand, and W0 is the common noise accounting for shared weather-
driven fluctuations.

The seasonal behavior of the residual demands is modeled by bounded and deter-
ministic seasonality functions μR, μ̃ : [0, T] → R for the prosumer and the consumer,
respectively. Typical choices of μ̂(t) = μR, μ̃ include

μ̂(t) = c0 + ct +
m1

∑
j=1

(
cj cos

(2π

ρj
(t − tj)

)
+ dj sin

(2π

ρj
(t − tj)

))
, (3)

where c0 is the long-term mean residual demand; cj, dj represent the amplitudes of season-
ality component j of the cosine and sine terms, respectively; ρj, tj represent the length and
a reference time of seasonality component j, respectively; c is the coefficient of the linear
term; and m1 is the number of seasonality components.

https://doi.org/10.3390/math14030489
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Since the prosumer is equipped with a local production unit, which can lead to
overproduction, the expression of R(t) agrees with our modeling perspectives. Similarly,
we model R̃(t) = μ̃(t) + Z̃(t) and choose parameters of μ̃(t) and Z̃(t) for which there exists
ν � 1 such that P(R̃(t) < 0) < ν. Below, R > 0 is referred to as unsatisfied demand and
R < 0 as overproduction.

The control α ∈ [0, 1] denotes the proportion of residual demand satisfied by the
CHS. As in Ref. [2], we assume the decomposition R(t) = α(t)R(t) + (1− α(t))R(t), where
α(t)R(t) is the residual demand satisfied by the ES, and (1 − α(t))R(t) is the residual
demand satisfied by the CHS. Satisfying the residual demand via the CHS suggests either
buying (for R > 0) or selling (for R < 0). Likewise, satisfying the residual demand via the
ES implies either discharging (for R > 0) or charging (for R < 0).

External Storage: In the following, we consider as storage a water tank where the
water mass and specific heat capacity are given by mQ[kg] and cP[KWh/kg K], respectively.
The surface area of the tank is denoted as A[m2]. From the heat fluxes and the Newton
cooling law with the heat transfer coefficient γ [kW/m2K], the change in the thermal energy
of the water inside the ES is given by

dQ(t) =
−1

mQcP
(ηE(t)(1 − α(t))R(t) + Aγ(Q(t)− q))dt, Q(0) = Q0. (4)

The first term ηE(t)(1 − α(t))R(t) represents the ES’s charging or discharging rate.
Indeed, for an unsatisfied demand (R(t) > 0) and for a non-empty ES (Q(t) > q), the pro-
sumer discharges the storage at a rate α(t) > 0. For an overproduction (R(t) < 0) and for
a non-full ES (Q(t) < q), the prosumer can charge the storage at the rate α(t) < 0. The
second term Aγ(Q(t)− q) is the rate of heat transfer with the environment. ηE represents
the charging or discharging efficiency of the ES. Letting ηC

E , ηD
E ∈ (0, 1), we model ηE for

simplicity as in [14] by

ηE(t) := ηE(R(t)) =

⎧⎪⎨⎪⎩
ηC

E , if R(t) < 0,

1/ηD
E , if R(t) ≥ 0.

(5)

Remark 1.

• A large γ implies large losses per unit of time, prohibiting long-term storage. Similarly, a small
γ implies small losses per unit of time, allowing for long-term storage.

• In the case α = 0, the prosumer does not satisfy its residual demand via the CHS. In the event
of an unsatisfied demand (R(t) > 0), α = 1 implies that the prosumer satisfies all of the
residual demand via the CHS. However, for an overproduction (R(t) < 0), α = 1 implies that
the prosumer sells all the residual demand to the CHS.

State and Control Constraints: In order to reflect physical limitations of our external
storage, we suggest that Q(t) ∈ [q, q], where q and q are the minimum and maximum
storage levels, respectively. Q(t) = q is referred to as an empty storage, while Q(t) = q is a
full storage.

The operational limitations experienced by the prosumer give rise to state-dependent
control constraints:

1. If Q(t) = q, only charging is feasible. Therefore,

• If R(t) > 0, all residual demand is satisfied by the CHS, implying α(t) = 1.
• If R(t) < 0, there are no control constraints other than the requirement

α(t) ∈ [0, 1].

2. If Q(t) = q, we examine the following cases:

https://doi.org/10.3390/math14030489
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• R(t) > 0, no control constraints other than the requirement α(t) ∈ [0, 1].
• R(t) < 0 and (4) suggest that ηE(1 − α(t))R(t) + Aγ(Q(t) − q) ≥ 0, hence

implying that α(t) ≥ 1 +
Aγ(q−q)
R(t)ηC

E
=: χ̂(t, R(t)). In the following, we define

χ(t, R(t)) = χ̂(t, R(t)) ∨ 0 and choose α(t) = χ(t, R(t)) = χ(t).

Hence, the state-dependent set of feasible controls, U (t, zR, q), is defined by

U (t, zR, q) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
[0, 1], q > q, zR ≥ −μR(t),

{1}, q = q, zR ≥ −μR(t),

[0, 1], q < q, zR < −μR(t),

[χ(t), 1], q = q, zR < −μR(t).

Heat Price Formulation: We introduce time-varying heat buying and selling prices,
denoted by Pbuy(t) and Psell(t), respectively, for all t ∈ [0, T]. We assume a contractual
agreement between the prosumer and the CHS, binding the latter to always satisfy the
residual demand of the former. To incentivize the CHS, it retains the right to determine
the values of Pbuy(t) and Psell(t). We model Pbuy as a deterministic function composed of a
constant baseline and multiple seasonal fluctuations. Psell is a fixed markdown from the
buying price through the spread parameter ξ > 0. Therefore, we obtain

Pbuy(t) = �0 +
m2

∑
j=1

�j cos
(2π

ρS
j
(t − tS

j )
)

, and Psell(t) = Pbuy(t)− ξ. (6)

The constant term �0 [ ACkWh ] corresponds to the long-term average heat price, while each

cosine term introduces a seasonal component with amplitude �j [
AC

kWh ], period ρS
j [h],

and phase shift tS
j [h]; m2 represents the number of seasonalities. The sum in the heat

price model means that it is not driven by a simple seasonal pattern but by the combined
effects of several independent and interpretable cycles, each corresponding to a different
physical, operational, or economic rhythm of the heating system. The deterministic seasonal
structure makes prices transparent and predictable for the prosumer, while the positive
spread guarantees economic viability for the CHS. The bid–ask spread reflects transaction
costs, operational constraints, or the market power of the CHS. It ensures that the CHS is
compensated for providing balancing and backup services.

Assumption 1. Let Pc and id denote the heat pump inlet and outlet temperatures, respectively.
Similar to [2], we assume that the condition q > id > imin > Pc holds.

Assumption 1 suggests that no heat pumps are necessary when satisfying the residual
demand via the ES. This justifies the use of ordinary pumps in our model.

3. Problem Formulation

In this section, we formulate both the prosumer’s and consumer’s problems. The
prosumer’s objective is to satisfy its heating and hot water demand while minimizing the
cost of running the pumps and payments to the CHS.

3.1. Prosumer’s Problem

In the following, we present a mathematical framework to determine both the value
and the optimal control strategy for the prosumer’s problem. This leads to the formu-
lation of a stochastic optimal control problem for which the state process is defined as

https://doi.org/10.3390/math14030489
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X = (ZR, Q) ∈ X = R× [q, q], representing the relevant system variables. From the dy-
namics described in the first equation in (1) and (4), the state process evolves as follows:

dZR(t) = f (ZR(t))dt + σRdWR(t) + σ0dW0(t), ZR(0) = ZR
0 ∈ R,

dQ(t) = h(ZR(t), Q(t), α(t))dt, Q(0) = Q0 ∈ [q, q], (7)

where f (zR) = −κRzR and h(zR, q, υ) = −1
mQcP

(ηE(t)(1 − υ)(μR(t) + zR) + Aγ(q − q)).

Assumption 2. Let (zR, q) ∈ R× [q, q] and q1, q2 ∈ [q, q].

1. The function h(zR, q, υ) is F -measurable.
2. The function h(zR, q, υ) is continuous for almost all zR.
3. For almost all zR, there exists C ∈ R such that |h(zR, q1, υ)− h(zR, q2, υ)| ≤ C|q1 − q2|.

As in [15], this assumption ensures that the random ordinary differential equation
(RODE) in (7) is well defined.

Cost Formulation

The costs incurred for operating the prosumer’s system are divided into a running
cost and a terminal cost. Together, they define the total cost that needs to be minimized.

Running Cost: This consists of the cost (revenue) of satisfying the residual demand
via the CHS, along with the cost of electricity consumption for operating the pumps when
interacting with both the CHS and the ES. At t ∈ [0, T], the prosumer can either purchase or
sell thermal energy from or to the CHS at prices Pbuy(t) and Psell(t), respectively, to satisfy
its residual demand. Let ϕ0 denote the cost (revenue) per unit of time of buying (selling)
thermal energy from (to) the CHS, defined by

ϕ0(t, zR, υ) =

{
υ(μR(t) + zR)Pbuy(t), zR ≥ −μR(t),
υ(μR(t) + zR)Psell(t), zR < −μR(t).

Since we assume that the prosumer is connected to an LTB-CHS, we incur an additional
cost for the electricity consumption due to the use of a heat pump when satisfying the
residual demand via the CHS. Let b1 and b2[K−1] denote positive constants penalizing a
high water flow rate and a high temperature difference between Pc and id, respectively.
Letting S denote the electricity price, the cost of electricity consumption ϕ1 incurred when
interacting with the CHS is modeled by

ϕ1(t, zR, υ) =

{
υ(μR(t) + zR)(b1 + b2(id − Pc))S, zR ≥ −μR(t),
−υ(μR(t) + zR)b1S, zR < −μR(t),

For zR ≥ −μR(t), the first equation in ϕ1 is the cost per unit of time of electricity
consumption to run the heat pump to increase the temperature from Pc to id. On the other
hand, for zR < −μR(t), the last equation in ϕ1 is the cost per unit of time of electricity
consumption for operating the ordinary pump when selling thermal energy to the CHS.

The cost of satisfying the residual demand via the ES comes from the cost of electricity
consumption to operate the ordinary pumps and is given by

ϕ2(t, zR, υ) = (1 − υ)|μR(t) + zR|b1S.

Therefore, the running cost Γ(t, zR, υ) is given by Γ(t, zR, υ) = ϕ0(t, zR, υ) + ϕ1(t, zR, υ) +

ϕ2(t, zR, υ).

https://doi.org/10.3390/math14030489
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Terminal Cost: In the context of finite-time horizon models with terminal time T > 0,
it is customary to incorporate a terminal cost. In our context, this depends on the ES storage
level at time T and is denoted by Φ(Q(T)). This terminal cost can reflect a contractual
agreement for the ES temperature to be at an agreed level at T. Let Pliq, Ppen denote the
liquidation price and penalty price, respectively. Indeed, at terminal time, the prosumer can
sell the leftover thermal energy at Pliq per unit of thermal energy. Similarly, the prosumer
can be penalized for failing to keep the ES at a certain level at T, where Ppen is the penalty
price per unit of thermal energy. The liquidation price Pliq and penalty price Ppen satisfy
the conditions Pliq < Psell(T) and Ppen > Pbuy(T), respectively. In the following, we let qre f

denote a pre-agreed temperature level in the ES, such that

Φ(q) =

⎧⎨⎩
PpenmQcP(qre f −q)

ηC
E

, q < qre f ,

−ηD
E PliqmQcP(q − qre f ), q ≥ qre f .

(8)

In this model, the terminal cost Φ(q) now depends on the charging and discharging
efficiency term ηE(R(t)).

The performance criterion JP: [0, T]×X × U → R denotes the expected aggregated
total discounted cost over the time interval [0, T] and is defined as follows:

JP(t, x, α) = Et,x

[ ∫ T

t
e−δ(s−t)Γ(s, ZR(s), α(s))ds + e−δ(T−t)Φ(Q(T))

]
, (9)

where x = (zR, q), δ ≥ 0 is a discount rate and Et,x[·] is the conditional expectation given
that at initial time t, X(t) = x.

Assumption 3. For any admissible control α, the functions Γ and Φ satisfy the condition

E

[ ∫ T

t
|Γ(s, ZR(s), α(s))|ds + |Φ(Q(s))|

]
< ∞. (10)

Given that we want to use dynamic programming techniques, we restrict to Markov
controls defined by α(t) = θ(t, X(t)), for all t ∈ [0, T] with a measurable function θ:
[0, T]×X → U , which is called a decision rule and is adapted to the filtration F. We denote
by A the class of admissible controls, defined as follows:

A = {(α(t))t∈[0,T] | α is F− progressively measurable, α(t) = θ(t, X(t)),

∀t ∈ [0, T], θ(t, x) ∈ U (t, x) and Equations (7) and (9) are well defined}. (11)

The prosumer seeks to minimize JP over all admissible controls. The value of the
prosumer’s problem for all (t, x) ∈ [0, T]×X is given by

V(t, x) = inf
α∈A

JP(t, x, α). (12)

3.2. Consumer’s Problem

We discuss the mathematical framework to determine the value of the consumer’s
problem. We recall that the consumer is not equipped with local production or storage
units and is always subject to a positive residual demand. As a result, it always satisfies all
residual demand via the CHS. The state process of the consumer is given by

dZ̃(t) = f2(Z̃(t))dt + σ0dW0(t), Z̃(0) = Z̃0 ∈ R, (13)

where f2(z̃) = −κ0z̃.

https://doi.org/10.3390/math14030489
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Similar to the prosumer’s case, the consumer’s running cost consists of the cost of
purchasing thermal energy from the CHS and the cost of operating the heat pump to raise
the temperature from Pc to ĩd. Let ϕ̃0 and ϕ̃1 denote the cost per unit of time of purchasing
thermal energy from the CHS and that of electricity consumption to run the heat pump,
respectively, which are defined as follows:

ϕ̃0(t, z̃) = R̃(t)Pbuy(t), (14)

ϕ̃1(t, z̃) = R̃(t)(b1 + b2(ĩd − Pc))S, (15)

where R̃(t) = μ̃(t) + Z̃(t). Therefore, Γ̃(t, z̃) = ϕ̃0(t, z̃) + ϕ̃1(t, z̃).
Since the consumer is not equipped with a local storage unit, there is no terminal cost.

The performance criterion JC : [0, T] × R → R+ denotes the expected aggregated total
discounted cost over the time interval [0, T] and is defined as follows:

JC(t, z̃) = Et,z̃

[ ∫ T

t
e−δ(s−t)Γ̃(s, Z̃(s))ds

]
, (16)

where δ ≥ 0 is a discount rate and Et,z̃[·] is the conditional expectation given that at initial
time t, Z̃(t) = z̃. The value of the consumer’s problem for all (t, z̃) ∈ [0, T]×R is given by

Ṽ(t, z̃) = JC(t, z̃). (17)

4. Semi-Lagrangian Discretization

In this section, we recall the discrete-time numerical scheme in [2]. We focus on the
prosumer’s problem, since the consumer’s problem can be solved directly. We start by
discussing the state discretization.

State Discretization: Let Nt, Nz, and Nq denote the number of grid points in the t-, zR-,
and q-directions, respectively. For computational reasons, we truncate the domain X =

R× [q, q] to X̂ = [zR, zR]× [q, q], such that for a tolerance ε � 1,P(ZR(t) ∈ [zR, zR]) ≥
1 − ε, for all t ∈ [0, T]. zR and zR represent the minimum and maximum values of the
deseasonalized residual demand ZR, respectively. Given the asymptotic standard deviation

s0 =

√
σ2

R+σ2
0

2κR
of ZR, the 3-σ rule motivates zR = −3s0 and zR = 3s0.

Let t0 < t1 < · · · < tNt , zR
0 < zR

1 < · · · < zR
Nz

, and q0 < q1 < · · · < qNq be a finite
number of grid points in the zR and q-directions. We define

Ĝ = Ĝt × Ĝz × Ĝq = [t0, . . . , tNt ]× [zR
0 , · · · , zR

Nz
]× [q0, . . . , qNq ],

where tn = t0 + nΔt, zR
i = zR + iΔzR, qk = q + kΔq, for n ∈ Ĝn = {0, 1, . . . , Nt},

i = 0, . . . , Nz and k = 0, . . . , Nq, as a 3-dimensional equidistant grid on X̂ with the temporal
and spatial step sizes

tn+1 − tn =: Δt =
T − t0

Nt
, ΔzR =

zR − zR

Nz
, Δq =

q − q
Nq

.

We now recall the discrete-time numerical scheme discussed in [2]. This is an alter-
native to the semi-Lagrangian approach introduced in [16] and extended in [17,18]. It is a
finite difference scheme based on the theory presented in [19].

The control problem in (12) can be solved through dynamic programming techniques
that rely on the following dynamic programming principle (DPP). The subsequent result is
useful for solutions to the control problem in (12).

https://doi.org/10.3390/math14030489
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Theorem 1 (DPP). For all (t, x) ∈ [0, T)×X , h > 0 and t + h ≤ T, the value function V(t, x),
satisfies the DPP

V(t, x) = inf
α∈A

Et,x

[ ∫ t+h

t
e−δ(s−t)Γ(s, ZR(s), α(s))ds + e−δhV(t + h, X(t + h))

]
. (18)

Proof. For a proof, we refer to [20].

The following result shows that the value function V, defined in (12), is a viscosity
solution of an associated partial differential equation (PDE).

Proposition 1. Let Θ(t, x, υ) = f (zR), h(zR, q, υ), Γ(t, zR, υ), Φ(q). Thus, there exists L > 0
such that

|Θ(t, x, υ)− Θ(t, x̂, υ)| ≤ L|x − x̂|, ∀t ∈ [0, T], x, x̂ ∈ X , υ ∈ U , (19)

|Θ(t, 0, υ)| ≤ L, ∀(t, υ) ∈ [0, T]× U . (20)

Therefore, the value function V is a viscosity solution of the PDE

∂V
∂t

+ LV + inf
υ∈U (t,zR ,q)

{LqV + Γ(t, zR, υ)} = 0, (21)

with the terminal condition V(T, q) = Φ(q) and LV = f (zR) ∂V
∂zR + 1

2 (σ
2
R(t) + σ2

0 )
∂2V

∂(zR)2 − δV,

Lq = h(zR, q, υ) ∂V
∂q .

Proof. First, we note that the functions f (zR), h(zR, q, υ), Γ(t, zR, υ), Φ(q) are linear in the
states zR and q. Then, there exits L > 0, such that

|Θ(t, x, υ)− Θ(t, x̂, υ)| ≤ L|x − x̂|, ∀t ∈ [0, T], x, x̂ ∈ X , υ ∈ U .

In addition, we have |Θ(t, 0, υ)| ≤ L, ∀(t, υ) ∈ [0, T]× U . Finally, the result follows
from Theorem 2.3 in [21].

Idea of the Scheme: We begin by fixing the triple (tn, zR
i , qk) and assume that, for

t ∈ [tn, tn+1), the deseasonalized residual demand remains constant, i.e., ZR(t) = zR
i , where

zR
i is fixed and known. Next, we assume that the control is constant over this interval,

i.e., α(t) = αn
i,k =: υ, which is fixed but unknown. Under these assumptions, and using

the explicit solution, we compute the arrival point Qυ,n+1
k(i,n) of the ES temperature level,

given that at time tn, the storage level was qk, the residual demand was μR(tn) + zR
i , and

constant action υ was taken. We then apply the DPP in two steps: In the first step, using the
above discretization, we obtain an approximation of the optimal control α∗n

i,k =: υ∗. In the
second step, we substitute this approximate optimal control in the DPP and “release” the
deseasonalized residual demand ZR. Finally, by applying the Feynman–Kac formula to
the second step, we derive a one-period PDE, which we discretize using finite difference
methods to obtain a discrete-time scheme. This scheme is implemented in Algorithm 1.

From the above discussion, we formulate the following assumptions:

Assumption 4 (Piecewise Constant Control). For n = 0, 1, · · · , Nt − 1 and t ∈ [tn, tn+1),
the control α and the associated decision rule θ are kept constant between two consecutive grid
points of the time discretization. That is,

α(t) = α(tn) and θ(t, X(t)) = θ(tn, X(tn)).

https://doi.org/10.3390/math14030489
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Algorithm 1 Backward Recursion Algorithm

Data: {tn}n=0,··· ,Nt , {zR
i }i=0,··· ,Nz , {qk}k=0,··· ,Nq

Input: Γ, Φ, δ
Output: Approximation of the value function Vn

i,k and optimal control υ∗n
i,k

Step 1 At the terminal time n := Nt ;
for i := 0 to Nz do

for k := 0 to Nq do

VNt
i,k ← Φ(qk)

end

end
Step 2 Backward recursion in time

for n := Nt − 1 to 0 do
Internal points
for k := 1 to Nq − 1 do

for i := 1 to Nz − 1 do
Compute Vn

i,k by solving the linear system (41),

υ∗n
i,k ← argmin

υ∈Un
d (tn ,zR

i ,qk)

[ ∫ tn+1

tn
e−δ(t−tn)Γ(t, zR

i , υ)dt + e−δΔt V(tn+1, zR
i Qυ,n+1

k(i,n) )

]
.

end

end
Compute the boundary and corner value functions Vn

0,0, Vn
0,Nq

, Vn
Nz ,0, and Vn

Nz ,Nq
and

their corresponding approximate controls.

end

Assumption 5 (Piecewise Constant Model Parameters). For n = 0, 1, · · · , Nt − 1 and
t ∈ [tn, tn+1), the time-dependent seasonality μR and the efficiency parameter ηE are kept con-
stant between two consecutive grid points of the time discretization. That is,

μR(t) = μR(tn) = μR
n , μR(T) = μR

Nt
,

ηE(t) = ηE(tn) = ηE,n, ηE(T) = ηE,Nt ,

Assumptions 4 and 5 suggest that the system’s time-dependent parameters are ad-
justed only at discrete-time points and remain constant within two consecutive discrete-time
points. This situation is also consistent with reality.

Let Qυ(t) denote the solution of the ODE (7) for the ES temperature level on the time
interval [tn, tn+1) for a fixed but unknown control υ, satisfying

dQυ(t) = h(ZR(t), Qυ(t), υ)dt, Qυ(tn) = qk, t ∈ [tn, tn+1). (22)

Lemma 1. Let Assumptions 4 and 5 hold and λ = Aγ
mQcP

. Then, for n = 0, 1, · · · , Nt, i =

0, 1, · · · , Nz, k = 0, 1, · · · , Nq, t ∈ [tn, tn+1) and Qυ(tn) = qk, the closed-from solution of Qυ is
given by

Qυ(t) = qke−λ(t−tn) +
(ηE,n(υ − 1)(μR

n + zR
i )

Aγ
+ q

)
(1 − e−λ(t−tn)). (23)

Moreover, letting t = tn+1 and θn
i,k =

Aγqk−[ηE,n(υ−1)(μR
n +zR

i )−Aγq]
Δq

1−e−λΔt

Aγ , (23) becomes

Qυ,n+1
k(i,n) = qk − θn

i,kΔq. (24)

https://doi.org/10.3390/math14030489
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Proof. Let λ = Aγ
mQcP

. For n = 0, 1, · · · , Nt, i = 0, 1, · · · , Nz and k = 0, 1, · · · , Nq, assume
that Qυ(tn) = qk. Under Assumptions 4 and 5, (22) is a linear first-order ODE with constant
coefficients and source term, which is solved to obtain the desired result. Now, substituting
t = tn+1 in (23) yields

Qυ,n+1
k(i,n) = qke−λΔt +

(ηE,n(υ − 1)(μR
n + zR

i )

Aγ
+ q

)
(1 − e−λΔt) (25)

Rearranging the terms in (25) yields (24).

Qυ,n+1
k(i,n) denotes the ES temperature level at time tn+1 knowing that, at time tn, the ES

was at the level qk with a residual demand μR
n + zR

i and an action υ was taken.
Discrete-Time State-Dependent Control Constraints: In order for Qυ,n+1

k(i,n) to always

satisfy the condition Qυ,n+1
k(i,n) ∈ [q, q], we reformulate U to adapt to the discrete-time setting,

where the control can only be adjusted at the end of the time interval [tn, tn+1). We obtain

Un
d (z

R
i , qk) = {υ ∈ U (tn, zR

i , qk) | Qυ,n+1
k(i,n) ∈ [q, q]}. (26)

In the following lemma, we give the full expression of Un
d (z

R
i , qk).

Lemma 2. Under Assumptions 4 and 5, the set of discrete-time state-dependent constraints is

Un
d (z

R
i , qk) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
[max(0, υd

min), min(1, υd
max)], qk > q, μR

n + zR
i ≥ 0,

{1}, qk = q, μR
n + zR

i ≥ 0,

[max(0, υc
min), min(1, υc

max)], qk < q, μR
n + zR

i < 0,

[max(χ(tn), υc
min), min(1, υc

max)], qk = q, μR
n + zR

i < 0,

where

υd
min = 1 +

ηD
E [Aγ(q − qke−λΔt)− q(1 − e−λΔt)]

(1 − e−λΔt)(μR
n + zR

i )
,

υd
max = 1 +

ηD
E [Aγ(q − qke−λΔt)− q(1 − e−λΔt)]

(1 − e−λΔt)(μR
n + zR

i )
,

υc
min = 1 +

Aγ(q − qke−λΔt)− q(1 − e−λΔt)

ηC
E (1 − e−λΔt)(μR

n + zR
i )

,

υc
max = 1 +

Aγ(q − qke−λΔt)− q(1 − e−λΔt)

ηC
E (1 − e−λΔt)(μR

n + zR
i )

.

Proof. From the condition Qυ,n+1
k(i,n) ∈ [q, q], we obtain

Aγ(q − qke−λΔt)

1 − e−λΔt − q ≤ ηE(υ − 1)(μR
n + zR

i )

≤ Aγ(q − qke−λΔt)

1 − e−λΔt − q.

If μR
n + zR

i ≥ 0, ηE = 1
ηD

E
, and we obtain υ ∈ [υd

min, υd
max]. Similarly, if μR

n + zR
i < 0, ηE =

ηC
E , and we have υ ∈ [υc

min, υc
max]. Therefore, for μR

n + zR
i ≥ 0, Un

d (z
R
i , qk) = U (tn, zR

i , qk) ∩
[υd

min, υd
max], and for μR

n + zR
i < 0, Un

d (z
R
i , qk) = U (tn, zR

i , qk) ∩ [υc
min, υc

max].

One-Step Terminal Value Problem: Starting from the DPP as in [22], we derive the
following proposition, which is analogous to Theorem 4.3 in [2]. This result provides the
one-step approximate optimal control together with the associated terminal value problem.

https://doi.org/10.3390/math14030489
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The latter is then solved numerically to determine the value and optimal strategy of the
prosumer’s optimization problem.

Proposition 2. Let (tn, zR
i , qk) be fixed, and suppose that Assumptions 4 and 5 hold. Then, starting

from the DPP, the one-step approximate optimal control υ∗ is given by

υ∗ = arg min
υ∈Un

d (z
R
i ,qk)

{ ∫ tn+1

tn
e−δ(t−tn)Γ(t, zR

i , υ)dt + e−δΔtV(tn+1, zR
i ,Qυ,n+1

k(i,n) )
}

. (27)

In addition, setting H(t, zR) = V(t, zR,Qυ∗), we obtain the one-step terminal value problem

∂H
∂t

(t, zR) + LH(t, zR) + Γ(t, zR, υ∗) = 0, on [tn, tn+1)×X (28)

H(tn+1, zR) = V(tn+1, zR,Qυ∗ ,n+1
k(i,n) ),

where LH = f (zR) ∂H
∂zR + 1

2 (σ
2
R(t) + σ2

0 )
∂2 H

∂(zR)2 − δH.

Proof. The proof is similar to that of Theorem 4.3 in [2], taking σ2 = σ2(t) + σ2
0 .

Positivity Condition: In order to solve the one-step terminal value problem (28) using
numerical techniques, we first discretize the differential operator L. We let Λ denote the
discretization operator of L and denote ϑi = −κRzR

i . Given that the sign of ϑi changes
according to zR

i and cannot easily be determined, we apply the upwind discretization for
the convection term ∂V

∂zR . Subsequently, we apply the central second-order finite difference

for the diffusion term ∂2V
∂(zR)2 . Letting σR(tn) = σR,n, we obtain

ΛVn
i,k =

1
2
(σ2

R,n + σ2
0 )

Vn
i−1,k − 2Vn

i,k + Vn
i+1,k

(ΔzR)2 − δVn
i,k +

⎧⎪⎪⎨⎪⎪⎩
ϑi

Vn
i,k−Vn

i−1,k
ΔzR , ϑi ≥ 0,

ϑi
Vn

i+1,k−Vn
i,k

ΔzR , ϑi < 0,

= AiVn
i+1,k − BiVn

i,k + CiVn
i−1,k, (29)

where the expressions of Ai, Bi, and Ci change depending on the sign of ϑi. The following
result gives us the upper bound for ΔzR and defines the positivity condition for the
coefficients Ai, Bi, and Ci.

Lemma 3 (Positivity Condition). For i = 1, . . . , Nz − 1 and n = 0, . . . , Nt − 1, the coefficients
Ai, Bi, and Ci remain positive provided

ΔzR ≤
√

2κR(σ
2
R,n + σ2

0 )

6κR
. (30)

Proof. Similar to the proof of Proposition 4.4 in [2].

CFL Condition: In the following, we formulate the Courant–Friedrichs–Lewy (CFL)
condition, as introduced in [23]. It relates the spatial step size Δq to the time step Δt and
ensures that the arrival point Qυ,n+1

k(i,n) consistently lies within the interval defined by the
neighboring grid points qk−1 = qk − Δq and qk+1 = qk + Δq adjacent to qk. From this
assumption, the following inequalities can be derived

https://doi.org/10.3390/math14030489
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q := q0 ≤ q − θn
i,0Δq ≤ q1 := q + Δq, θn

i,0 ≤ 0,

qk−1 ≤ qk − θn
i,kΔq ≤ qk+1, k = 1, . . . , Nq − 1, (31)

q − Δq := qNq−1 ≤ q − θn
i,Nq

Δq ≤ qNq := q, θn
i,Nq

≥ 0,

In the following, we obtain the Courant–Friedrichs–Lewy (CFL) condition ([23])
relating the time step size Δt to the ES step size Δq. This ensures the stability of the derived
numerical scheme. Let μR = min

n∈{0,1,··· ,Nt}
μR

n , μR = max
n∈{0,1,··· ,Nt}

μR
n . Therefore, from the

above inequalities and the state-dependent set of feasible controls, the CFL condition is
given by

Δq ≥ Δt
mQcP

max
(
− ηC

E (μ
R + zR),

μR + zR

ηD
E

+ Aγ(q − q)
)

. (32)

Interpolation: As noted in [2], the arrival point Qυ,n+1
k(i,n) does not necessarily coincide

with a grid point qk ∈ Ĝq. This prompts an interpolation of V(tn+1, zR
i ,Qυ,n+1

k(i,n) ) based on

the function values Vn+1
i,k at the grid points of Ĝ. Following [17], a linear interpolation is

sufficient to construct a monotone difference scheme. In what follows, we denote by Vn+1
k(i,n),

the interpolated values of V(tn+1, zR
i ,Qυ,n+1

k(i,n) ) defined in the result below.

Proposition 3. Let θn
i,k =

Aγqk−[ηE,n(υ−1)(μR
n +zR

i )−Aγq]
Δq

1−e−λΔt

Aγ , and assume that the CFL condi-

tion holds. Then, the interpolated value Vn+1
k(i,n) is given by

Vn+1
k(i,n) = D(q,n)

i,k Vn+1
i,k +F (q,n)

i,k Vn+1
i,k−1 +H(q,n)

i,k Vn+1
i,k+1, (33)

for i = 0, . . . , NzR , k = 1, . . . , Nq − 1, n = 0, . . . , Nt − 1 and where

D(q,n)
i,k = 1 − |θn

i,k|, F (q,n)
i,k =

θn
i,k+|θn

i,k |
2 and H(q,n)

i,k = − θn
i,k−|θn

i,k |
2 .

Furthermore, we obtain that for k = 0 and k = Nq,

Vn+1
0(i,n) = D(q,n)

i,0 Vn+1
i,0 +H(q,n)

i,0 Vn+1
i,1 ,

Vn+1
Nq(i,n)

= D(q,n)
i,Nq

Vn+1
i,Nq

+F (q,n)
i,Nq

Vn+1
i,Nq−1.

Proof. See Appendix C.3 in [2].

Now, we discretize the one-step terminal value problem (28) to obtain

Vn+1
i,k − Vn

i,k

Δt
+ ΛVn

i,k + Γ(tn, zR
i , υ∗) = 0. (34)

Finally, we obtain the fully implicit scheme given by

Vn
i,k − Δt

{
AiVn

i+1,k − BiVn
i,k + CiVn

i−1,k

}
= Vn+1

k(i,n) + ΔtΓ(tn, zR
i , υ∗),

Qυ,n+1
k(i,n) = qk − θn

i,kΔq, (35)

υ∗n
i,k = arg min

υ∈Un
d (z

R
i ,qk)

{ ∫ tn+1

tn
e−δ(t−tn)Γ(t, zR

i , υ)dt

+ e−δΔtVn+1
k(i,n)

}
Un

d (z
R
i , qk) = {υ ∈ U (tn, zR

i , qk) | Qυ,n+1
k(i,n) ∈ [q, q]}

VNt
i,k = Φ(qk).
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From the first equation in (35), we want to form a system of linear algebraic equations
that are useful to obtain the values of Vn

i,k. In that regard, we set Γn+1
i,k = Γ(tn, zR

i , υ∗) and
assume that, for fixed n and k, the optimal strategy υ∗ = υ∗n

i,k , the CFL condition, and
the terms in (33) for all i are known. We denote by Ψn+1

i,k the known right-hand side of
the difference equation (35) for fixed tn, qk and for all i. Hence, for i = 1, · · · , Nz − 1,
k = 1, · · · , Nq − 1, n = 0, 1, · · · , Nt − 1, we obtain

(1 + ΔtBi)Vn
i,k − ΔtCiVn

i−1,k − ΔtAiVn
i+1,k = Ψn+1

i,k , (36)

At the boundary q = q, i.e., k = 0, we recall that θn
i,0 ≤ 0. Similarly, at the boundary

q = q, i.e., k = Nq, we have θn
i,Nq

≥ 0. Therefore, we have the following

Vn+1
k(i,n) =

⎧⎨⎩
(

1 − θn
i,k

)
Vn+1

i,k + θn
i,kVn+1

i,k−1 θn
i,k ≥ 0, k = 1, . . . , Nq,(

1 + θn
i,k

)
Vn+1

i,k − θn
i,kVn+1

i,k+1 θn
i,k < 0, k = 0, . . . , Nq − 1.

(37)

Boundary Conditions: To ensure that the one-step terminal value problem, formulated
as a PDE, is well posed, we specify boundary conditions at zR = zR, zR and q = q, q.
These conditions arise from truncating the computational domain of the PDE from X to a
bounded domain X̂ . Accordingly, we require that

∂2V
∂(zR)2 (t, zR, q) = 0,

∂2V
∂(zR)2 (t, zR, q) = 0, (t, q) ∈ (0, T)× [q, q]. (38)

∂2V
∂q2 (t, zR, q) = 0,

∂2V
∂q2 (t, zR, q) = 0, (t, zR) ∈ (0, T)× [zR, zR]. (39)

We note that the corner values Vn
0,0, Vn

0,Nq
, Vn

Nz ,0, and Vn
Nz ,Nq

are computed using previ-
ously obtained values Vn

i,k for i = 0, · · · , Nz, k = 0, · · · , Nq, so that

Vn
0,0 = 2Vn

1,0 − Vn
2,0,

Vn
0,Nq

= 2Vn
0,Nq−1 − Vn

0,Nq−2,

Vn
Nz ,0 = 2Vn

Nz ,1 − Vn
Nz ,2, (40)

Vn
Nz ,Nq

= 2Vn
Nz ,Nq−1 − Vn

Nz ,Nq−2.

Combining (40), the boundary conditions, and the difference equation (35), we proceed
to the matrix formulation below.

Matrix Formulation: Simultaneously varying the indices i, k, for n fixed in the differ-
ence equation (35), and using (40), we obtain the following system of linear equations:

GVn
k = Ψn+1

k , for n = 0, . . . , Nt − 1, k = 1, . . . , Nq − 1, (41)

where Vn
k = (Vn

1,k, . . . , Vn
Nz−1,k)

T , Ψn+1
k = (Ψn+1

1,k , . . . , Ψn+1
Nz−1,k)

T , with G an (Nz − 1) ×
(Nz − 1) tridiagonal matrix given as

G =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

e1 p1 0 0 . . . 0 0
h2 e2 p2 0 . . . 0 0
0 h3 e3 p3 . . . 0 0

. . . . . . . . . . . . . . . . . . . . .
0 0 0 . . . hNz−2 eNz−2 pNz−2

0 0 0 . . . 0 hNz−1 eNz−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
(42)
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where

e1 = 1 + ΔtB1 − 2ΔtC1, p1 = Δt(C1 − A1),

ek = 1 + ΔtBk, hk = −ΔtCk, pk = −ΔtAk, k = 2, · · · , Nz − 2

eNz−1 = 1 + ΔtBNz−1 − 2ΔtANz−1 hNz−1 = −Δt(CNz−1 − ANz−1).

It now remains to obtain the values Vn
0,k, Vn

Nz ,k, Vn
i,0, and Vn

i,Nq
. To do so, we substitute

the boundary conditions (38) in the difference equation (35) to obtain

∂V
∂t

(t, zR, q) + L1V(t, zR, q) + Γ(t, zR, υ∗) = 0, (43)

where for i = 0,L1V = −κRzR ∂V
∂zR − δV, while for i = Nz,L1V = −κRzR ∂V

∂zR − δV. Follow-
ing similar steps as above, we obtain the following for zR = zR:

KVn
0 = Ψn+1

0 + ΔtA0Vn
1 , for n = 0, . . . , Nt − 1, (44)

Vn
0 = (Vn

0,1, . . . , Vn
0,Nq−1)

T , Ψn+1
0 = (Ψn+1

0,1 , . . . , Ψn+1
0,Nq−1)

T , Vn
1 = (Vn

1,1, . . . , Vn
1,Nq−1)

T .

Similarly, for zR = zR, we have

MVn
Nz

= ΨNz + ΔtCNz V n
Nz−1, for n = 0, . . . , Nt − 1, (45)

Vn
Nz

= (Vn
Nz ,1, . . . , Vn

Nz ,Nq−1)
T , Ψn+1

Nz
= (Ψn+1

Nz ,1, . . . , Ψn+1
Nz ,Nq−1)

T ,

Vn
Nz−1 = (Vn

Nz−1,1, . . . , Vn
Nz−1,Nq−1)

T . Letting INq−1 denote the (Nq − 1)× (Nq − 1)
identity matrix, K and M are (Nq − 1)× (Nq − 1) diagonal matrices given by

K = (1 + ΔtB0)INq−1, M = (1 + ΔtCNz)INq−1. (46)

Substituting k = 0 and k = Nq, respectively, in the difference equation (35), we obtain the
following for n = 0, . . . , Nt − 1:

GV n
0 = Ψn+1

0 , for i = 1, . . . , Nz − 1,

GVn
Nq

= Ψn+1
Nq

, for i = 1, . . . , Nz − 1, (47)

Vn
0 = (Vn

1,0, . . . , Vn
Nz−1,0)

T , Ψn+1
0 = (Ψn+1

1,0 , . . . , Ψn+1
Nz−1,0)

T , Vn
Nq

= (Vn
1,Nq

, . . . , Vn
Nz−1,Nq

)T ,

Ψn+1
Nq

= (Ψn+1
1,Nq

, . . . , Ψn+1
Nz−1,Nq

)T . Further details can be obtained in [2].
Backward Recursion Algorithm: The approximate optimal control presented in

(27), along with the value functions in (41), (44), (45), and (47), can be computed using
Algorithm 1, proceeding backward in time from the terminal time step Nt. To determine
υ∗ = υ∗n

i,k , we take into account the storage level and distinguish between scenarios of
unsatisfied demand and overproduction. This classification indicates which subinterval
of Un

d should be evaluated. Subsequently, an optimization procedure is carried out to
identify the control value that minimizes the objective function. The resulting control is
then interpreted as the optimal decision for the given state variables at grid points zR

i and
qk. This procedure is applied iteratively across all combinations of grid points to recover
the complete set of optimal controls.

5. Numerical Results

In this section, we discuss the numerical solution for the prosumer’s problem. The re-
sults are based on the implementation of Algorithm 1 to find the optimal strategies and the
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value functions as well as studying the properties of the obtained value functions. As the
terminal condition, we consider a penalization problem modeled as

Φ(q) =

⎧⎨⎩
PpenmQcP(qpen−q)

ηC
E

, q < qpen,

0, q ≥ qpen.
(48)

For the purpose of the numerical simulations, the seasonality function and heat price
are modeled, respectively, by

μR(t) = c0 + c cos
(2πt

ρ

)
, Pbuy(t) = �0 + � cos

(2πt
ρ

)
, Psell(t) = Pbuy(t)− ξ. (49)

The full description of the model parameter values is given in the Table 1 below.

Table 1. Model and discretization parameters.

Parameters Values Units Parameters Values Units

κR 0.025 h−1 S 0.335 AC
kWh

σR, σ0 0.005, 0.4 kW√
h

Ppen 0.325 AC
kWh

c0, c 0.37, 1.00 kW ξ 0.02 AC
kWh

�0, � 0.17, 0.15 AC
kWh

ρ 8760 h zR, zR −5.37, 5.37 kW
b1 0.01 T, Δt 8760, 1 h
b2 0.012 K−1 Nt 8760

mQ 7854 kg ηD
E , ηC

E 0.95, 0.95
cP 0.0012 kWh

kg K Nz, Nq 85, 60
A 21.99 m2 Pc, id 20, 25 ◦C
γ 2.34 × 10−4 kW

m2 K q, qpen, q 25, 40, 85 ◦C

Parameters γ, c0, c, b1, and b2 are calibrated to the model, and the idea for the calibra-
tion is provided in [2].

Terminal Cost: Figure 2 shows the terminal cost Φ(q) as a function of the residual
demand r and the ES storage level q. Here, the terminal cost is formulated as a penalization
problem. By construction as in (48), we observe that the value function is constant with
respect to the residual demand at the terminal time. However, if the storage level falls
below the reference temperature qre f = 40 ◦C, the prosumer incurs a cost proportional to the
deviation from qre f and the charging efficiency ηC

E . This cost increases the further the stor-
age temperature is below the reference. For temperatures above the reference, no additional
cost is incurred, and the storage is effectively considered to have no residual value.

Value Function and Optimal Strategy for Time-Dependent Heat Buying and Selling

Prices: Figure 3 depicts the value functions and optimal strategies of the prosumer at the
initial time t = 0 and on day t = 362. From the top- and bottom-left panels, we can observe
that as the ES temperature increases, the prosumer incurs lower costs. Conversely, as the
residual demand increases, the prosumer incurs higher costs. The top-right panel shows
that, for an unsatisfied demand (r ≥ 0), the prosumer satisfies all residual demand via
the CHS if the ES is empty; otherwise, it discharges the ES. In the case of overproduction
(r < 0), all excess production is sold to the CHS. From the bottom-right panel, we can note
that, for an unsatisfied demand, the prosumer satisfies all residual demand via the CHS
when q < 40 ◦C. For q ≥ 40 ◦C, all residual demand is satisfied by the ES. In the case of
overproduction, the prosumer first stores some energy in the ES and subsequently sells any
remaining excess to the CHS. Since the horizon is one year (365 days), with a penalization
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cost at the terminal time, we can observe that on day 362, the prosumer begins filling the
storage close to the penalty temperature qre f = 40 ◦C to avoid higher terminal costs.

Figure 2. Terminal cost function Φ(q) = V(tNt , x) for a penalization problem.

Figure 3. Value functions and optimal strategies of the prosumer at t = 0, 362 days for time-dependent
heat buying and selling prices.

Figure 4 shows the prosumer’s value functions and optimal strategies as functions
of the residual demand r and the ES temperature level q on day t = 230. In the top-left
panel, we can observe that, for a given residual demand, the prosumer incurs lower costs
as the ES temperature increases. The expected aggregated discounted cost is higher for the
strongest unsatisfied residual demand and lower for the strongest overproduction. On the
other hand, the bottom-left panel shows that the cost increases with respect to the residual
demand, with the highest cost incurred for an empty storage. The smallest cost is incurred
for a full storage. In the top-right panel, we can observe that, for both the strongest and
smallest unsatisfied demand, the prosumer first purchases thermal energy from the CHS.
Afterwards, for a sufficiently filled ES, it discharges the storage to meet the unsatisfied
demand. For the strongest overproduction, the prosumer stores all excess production in the
ES and only sells to the CHS if the ES is full. In the bottom-right panel, for both an empty
and 50%-full ES, the prosumer stores the excess production in the ES for an overproduction
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and satisfies all unsatisfied demand via the CHS for an unsatisfied residual demand. Now,
for a full ES, the prosumer compensates the loss to the environment of the ES in the case of
overproduction. For an unsatisfied demand, all residual demand is satisfied by the ES.

Figure 4. Value functions (left) and optimal strategies (right) as functions of the residual demand r
and ES temperature level q at t = 230 days for time-dependent heat buying and selling prices.

Value Function and Optimal Strategy for Constant Heat Buying and Selling Prices:

For the case of constant heat buying and selling prices, we focus on the value function and
optimal strategies as functions of the residual demand r and the ES temperature level q.
Let PC

buy and PC
sell denote the constant heat buying and selling prices, respectively. In the

following, we model PC
buy and PC

sell as

PC
buy = max

t∈[0,T]
Pbuy(t) PC

sell = PC
buy − ξ, (50)

where Pbuy, Psell , and ξ are the same as in (49). In Figure 5, we focus on the top- and
bottom-right panels since the top- and bottom-left panels have the same interpretation
as in Figure 4. In the top-right panel of Figure 5, for both the strongest and the smallest
unsatisfied demand, the prosumer discharges the ES if it is not empty; otherwise, all
residual demand is satisfied by the CHS, at a higher cost. For the strongest overproduction,
all excess thermal energy is sold to the CHS for revenue. As shown in the bottom-right
panel, for an empty ES and overproduction, the prosumer sells all residual demand to the
CHS. However, for an unsatisfied demand, all residual demand is satisfied by the CHS.
For a half-full or full ES, the prosumer sells all residual demand to the CHS in the event of
overproduction. For an unsatisfied demand, it discharges the ES.

Let Vmax denote the maximum value function of the prosumer for time-dependent
heat buying and selling prices. Vmax

Constant denotes the maximum value function of the
prosumer for constant heat buying and selling prices, and Ṽmax is the maximum value
function of the consumer for time-dependent heat buying and selling prices.

In Table 2, we note that the prosumer incurs a higher expected aggregated discounted
cost under the time-dependent heat prices model than with its constant counterpart. This
is due to the fact that the time-dependent heat prices model reflects the changes in heat
prices during cold and warm seasons, which is not observed in the constant pricing case.
Since the consumer is not equipped with heat production and storage units, it relies solely
on the CHS for its unsatisfied residual demand, hence leading to a much higher expected
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aggregated discounted cost. From the values of Ṽmax and Vmax, we can compute the
expected consumer investment cost into heat production and storage units in order to
reduce the cost of satisfying its heating and hot water demands. This investment cost is
denoted by C̃invest = Ṽmax − Vmax.

Figure 5. Value functions (left) and optimal strategies (right) as functions of the residual demand r
and ES temperature level q at t = 230 days for constant heat buying and selling prices.

Table 2. Maximum value function for an imperfect efficiency with time-dependent and constant heat
buying and selling prices, in EUR, for a prosumer and a consumer.

Value Function Numerical Value

Vmax 1562.9

Vmax
Constant 1465.1

Ṽmax 40,474.0

5.1. Sensitivity Analysis

In this section, we perform a sensitivity analysis on σ0, ηC
E , and ηD

C to study their
impact on the expected aggregate discounted cost. The results presented correspond to
the case of time-dependent heat buying and selling prices. All parameters are fixed, with
values given in Table 1, except for σ0, ηC

E and ηD
C , which are varied. Throughout this section,

we let Vmax denote the maximum value function, as in Table 2.
In Table 3, we can observe that as the impact of the weather conditions increases,

the aggregated discounted cost becomes higher. This is the case because higher values of σ0

increase the residual demand, which, in turn, increases the prosumer’s cost. Thus, the more
pronounced the impact of weather conditions is on the heating system, the higher the
aggregated discounted cost the prosumer will incur. For example, for σ0 = 0, the prosumer
incurs a maximum cost of Vmax = 1346.4 EUR whereas for σ0 = 0.4, Vmax = 1562.9 EUR,
which is approximately a 16.08% increase from the case of no common noise.

Table 3. Maximum value function from varying common noise volatility coefficient σ0 under time-
dependent heat buying and selling prices, in EUR.

σ0 0 0.1 0.15 0.25 0.35 0.4

Vmax 1346.4 1377.3 1400.8 1459.4 1527.1 1562.9
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In Table 4, we can observe that the better the discharging efficiency, the smaller the
cost incurred by the prosumer. This is due to the fact that, for a weak discharging efficiency,
the prosumer, when satisfying residual demand via the ES, discharges more thermal energy
to compensate for the loss during the process. Hence, a better discharging efficiency
reduces losses during the discharge, hence contributing to the reduction in the prosumer’s
aggregated discounted cost. For a discharging efficiency ηE = 1

0.9 , we can observe an
increase of approximately 1.85% in the aggregated discounted cost as compared to the case
of a perfect discharging efficiency ηE = 1.

Table 4. Maximum value function for varying ηD
E under time-dependent heat buying and selling

prices, in EUR.

ηD
E 0.90 0.92 0.94 0.96 1

Vmax 1574.3 1570.2 1565.5 1559.9 1545.7

As the charging efficiency improves in Table 5, we can observe that the prosumer incurs
a smaller aggregated discounted cost. For a weak charging efficiency, not all overproduction
can be stored in the ES, due to the losses to the environment during charging. Therefore,
as the charging efficiency improves, more thermal energy can be stored in the ES for further
use. Hence, for a charging efficiency of 0.9, we observe an approximate 1.94% increase in
the aggregated discounted cost as compared to a perfect charging efficiency.

Table 5. Maximum value function for varying ηC
E under time-dependent heat buying and selling

prices, in EUR.

ηC
E 0.90 0.92 0.94 0.96 1

Vmax 1575.2 1570.7 1565.7 1559.7 1545.2

5.2. Optimal Path of ES Level

In Figure 6, we show the optimal path of the ES temperature level Q together with
the residual demand R, the seasonality function μR, and the absolute optimal control α∗R
for a time-dependent heat price. At the initial time, we assume that the prosumer starts
with a full storage. Hence, for an unsatisfied residual demand, the prosumer discharges
the ES until it becomes empty. For overproduction, the prosumer slowly charges the ES
and drives it almost full in late summer. We further observe that for R > 0, the prosumer
discharges the ES to satisfy the unsatisfied demand and charges the ES for R < 0.

Figure 6. Optimal path of the ES Q (blue), seasonality function μR (magenta), residual demand R
(red), and optimal absolute control α∗R (green). The minimum and maximum storage levels are
represented by dotted lines (reddish orange and golden yellow, respectively).
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6. Summary and Outlook

In this work, we investigated a stochastic optimal control problem involving a pro-
sumer and a consumer, both connected to a CHS. The prosumer is equipped with a local
renewable heat production source (solar collector) and a local storage unit. The ES allows
the prosumer to store excess thermal energy for future use. However, we assume that it
is subject to charging and discharging efficiencies. In contrast, the consumer has no local
production or storage unit and is therefore constantly subject to an unsatisfied demand. We
focused primarily on the prosumer problem, as the consumer always satisfies all residual
demand directly via the CHS. The prosumer’s problem was formulated as a mathematical
optimization problem, which we solved using semi-Lagrangian techniques. We presented
the numerical results for both a time-dependent and a constant heat price formulation and
observed that, under the former price formulation, the prosumer incurred a higher maxi-
mum expected aggregated discounted cost than in the latter price formulation. We further
performed a sensitivity analysis on the common noise and charging/discharging efficiency
parameters. For the case of the common noise, we noted that for σ0 = 0.4, the maximum
expected aggregated discounted cost increases by approximately 16.08% as compared to no
common noise. Meanwhile, for the discharging efficiency, we observed that for ηE = 1

0.9 ,
the prosumer incurs a cost about 1.85% higher than in the case of a perfect discharging
efficiency. Also, for the charging efficiency, we noted that for ηE = 0.90, the maximum
expected aggregated discounted cost increases by approximately 1.94% as compared to the
case of a perfect charging efficiency. Our numerical results also highlight the value function
and the optimal strategies of the prosumer. Finally, for the consumer, we evaluated the
maximum expected investment required in local heat production and storage to transform
into a prosumer.

Looking ahead, it would be interesting to incorporate additional weather factors, such
as ambient temperature, to better model the residual demand. Furthermore, modeling
electricity prices as a stochastic differential equation (SDE) could provide more realistic
dynamics. These extensions are currently under investigation in ongoing research.
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Abstract: The development of electric quarry transport puts a significant strain on local
power grids, leading to sharp peaks in consumption and degradation of power quality.
Existing methods of peak smoothing, such as generation control, virtual power plants, or
intelligent load management, have limited efficiency under the conditions of stochastic and
high-power load profiles of industrial charging stations. A new strategy for direct charge
and discharge management of a system for integrated battery energy storage (IBES) is
based on dynamic iterative adjustment of load boundaries. The mathematical apparatus of
the method includes the formalization of an optimization problem with constraints, which
is solved using a nonlinear iterative filter with feedback. The key elements are adaptive
algorithms that minimize the network power dispersion functionality (i.e., the variance
of Pgrid(t) over the considered time interval) while respecting the constraints on the state
of charge (SOC) and battery power. Numerical simulations and experimental studies
demonstrate a 15 to 30% reduction in power dispersion compared to traditional constant
power control methods. The results confirm the effectiveness of the proposed approach
for optimizing energy consumption and increasing the stability of local power grids of
quarry enterprises.

Keywords: optimal control; mathematical modeling; load peak smoothing; integrated
battery energy storage system; dynamic optimization; iterative algorithms; nonlinear
filtering; constrained problem; real-time control; adaptive systems; numerical methods
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1. Introduction

The rapid development of electric transport in the industrial sector, especially in
the mining industry, leads to a significant increase in electricity consumption and the
emergence of new load profiles that put pressure on the power system [1,2]. In recent
years, large mining companies have been switching from diesel mining trucks to electric
ones, reducing carbon emissions and operating costs. However, the mass introduction
of such vehicles sharply increases peak loads in local power grids that supply charging
stations, deteriorates the quality of electricity, increases losses, requiring modernization
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of distribution substations and power lines. The problem of smoothing peaks and fill-
ing in consumption dips is becoming a key area in the field of smart grids and flexible
load management [3].

One of the most obvious ways to solve the problem of compensating peak loads is to
regulate generation from energy sources, when power plants change the generated power
depending on fluctuations in consumption. Similar approaches were actively used in ther-
mal and hydropower engineering. For example, in [4] the authors proposed an algorithm
for controlling thermal power plants to regulate load schedules by changing the modes
of turbine generators. In [5], a system for optimizing gas turbine plants in the Shanghai
energy system was developed, which reduced peaks by up to 12%. In [6], the authors
studied the capabilities of hydroelectric units to compensate for daily load fluctuations and
showed that increasing the flexibility of hydroelectric power plants requires significant
operating costs. Despite certain successes, generation control methods have a number of
drawbacks (long reaction time, low economic efficiency and high capital intensity) when
expanding the capacity of plants. In addition, their use is limited in local power grids
without generation, and the load is formed exclusively by consumers.

Another area is the use of renewable energy sources in conjunction with storage
devices, accumulating excess electricity during periods of low demand and supplying it to
the grid during peak consumption. In [7], the authors proposed a model for the market
evaluation of energy storage systems taking into account the nonlinear characteristics
of batteries, showing that optimizing the storage device parameters could increase the
profitability of the project by 8–10%. The authors of [8] investigated the application of
pumped storage systems in isolated island networks, where wind energy was used to pump
water, providing up to 30% of fuel savings in diesel installations. However, for quarry
enterprises remote from large sources of renewable energy, such solutions are not always
feasible. The limited availability of wind and solar energy and the need for significant
investment in infrastructure make this approach less suitable for off-grid industrial areas.

In recent years, special attention has been paid to virtual power plants (VPPs), which
combine distributed energy sources, consumers and energy storage into a single control
system. The authors of [9] performed an economic analysis of VPPs with large-scale battery
systems and showed that their integration could increase the utilization rate of generating
capacity and reduce the cost of electricity by 6–9%. However, the high complexity of
prediction algorithms and the need for high-speed communication links limit the practical
implementation of VPP in real-time, especially in industrial areas with unstable load
profiles. In addition, the efficiency of virtual power plants decreases dramatically in the
absence of reliable data on the state of grid elements.

Intelligent load management involving the system of integrated battery energy storage
(IBES), which is connected to distribution networks or charging stations and acts as a
buffer between the grid and consumers, is considered a promising area. In [10], a tool was
developed for technical and economic analysis and optimization of small-scale photovoltaic
systems with batteries, showing that the correct selection of the capacity and operating
mode of the storage device can reduce peak loads by up to 18% and extend the service
life of the battery by 25%. In [11], the authors demonstrated that the joint planning of
household appliances and IBES reduced energy costs by up to 15% and load peaks by
20%. Despite these advances, most of the work is focused on the domestic or urban sector,
where the load capacity is relatively low and temporary fluctuations in consumption are
easily predictable. In the case of industrial charging systems for quarry transport, the load
pattern is much more stochastic, and short-term peaks reach hundreds of kilowatts, making
traditional strategies ineffective.

25



Mathematics 2025, 13, 3964

In summary, existing approaches show good results in residential or grid-connected
environments but demonstrate limited transferability to quarry conditions. Generation
control solutions require significant reserve capacity and have response times on the scale
of minutes, which is insufficient for short spikes of 200–500 kW typical of haul truck
charging [4–6]. VPP-based architectures depend on continuous high-speed communication
and accurate forecasting that are difficult to maintain at remote sites with unstable power
profiles [9]. Intelligent load-shifting methods with IBES buffers reported 15–20% of peak
reduction in household and commercial studies [10,11], whereas quarry stations exhibit
irregular multi-megawatt charging waves with poor predictability, reducing the effec-
tiveness of rule-based scheduling. Therefore, the proposed approach specifically targets
high-amplitude stochastic load patterns, where dynamic boundary adjustment provides
faster response and does not rely on prediction accuracy.

Recent research has started to focus specifically on high-power charging infrastructure
in industrial environments. The authors of [3] proposed a sequential decision-making
process for the techno-economic operation of grid-connected traction substations with
integrated solar PV and IBES, showing that the coordinated scheduling of storage and
fast charging could significantly reduce demand peaks at traction nodes in the context of
electric transport. In [4], the authors analyzed battery charging from a traction voltage
inverter with an integrated charger and demonstrated the importance of matching charg-
ing profiles to the upstream network constraints and converter capabilities. For mining
applications, the study [5] developed an optimal energy-efficiency control framework for
a system of distributed energy-storage-based mining truck. These studies confirm that
the electrification of heavy-duty vehicles creates highly concentrated and intermittent
charging demand at industrial fast-charging stations, which in turn calls for dedicated
peak-shaving strategies coordinated with the local grid. At the same time, a number of
recent works have analyzed the use of battery energy storage systems for peak shaving
in distribution grids and industrial consumers. The authors of [6] proposed a BESS-based
scheme to reduce local and global peak loads in distribution networks, highlighting the
role of storage placement and control strategy. The researchers of [7,8] formulated joint
optimization problems for storage operation that simultaneously address peak shaving and
ancillary services, obtaining super-linear economic benefits compared with independent
operation. The scientists of [9] carried out techno-economic assessments of battery storage
for peak demand management in smart grids and commercial facilities, while the research
of [10] demonstrated that coordinated control of generation and storage could substantially
improve reliability and peak-load handling capability in isolated or weak grids. However,
most of these approaches rely on day-ahead optimization or model-predictive control with
explicit forecasts of the load profile and electricity prices, which may be difficult to obtain
in applications of stochastic industrial charging.

IBES distributed control systems based on machine learning algorithms are also of
interest. In [12], a distributed control system was developed, using reinforcement learning
to mitigate overvoltage during high penetration at solar power plants. The simulation
results showed that voltage deviation was reduced by 35% while reducing load peaks.
However, the use of such algorithms requires large computing resources and constant
access to telemetry data, which makes it difficult to use them in conditions of limited
communication channels at remote industrial facilities.

Another approach involves optimizing EV charging schedules based on network
conditions and IBES parameters. In [13], the authors proposed a consistent decision-
making algorithm for the optimal operation of traction substations integrated with solar
photovoltaic systems and storage devices. Their model reduced peak loads by 22% and
increased the use of renewable energy by up to 91% during the day. However, the method
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requires accurate prediction of the movement profile and consumption of electric dump
trucks, which is extremely difficult in quarry conditions, where transportation cycles are
irregular and depend on technological downtime.

A number of authors have considered hybrid energy storage schemes that combine
lithium-ion batteries with supercapacitors or flywheels. In [13], the authors showed that
combining systems can improve primary standby and load smoothing by 25% compared
to single battery storage. In [14], the authors proposed a strategy for planning the work
schedules of companies operating battery systems in the electricity market, which made
it possible to increase the equipment utilization rate and to ensure the economic stability
of the system. However, the use of hybrid schemes is associated with the complication of
the control system, the need to synchronize the operating modes of various drives and an
increase in the cost of installation.

Compared to state-filtered disturbance rejection and multilayer neuro-control algo-
rithms, the proposed method has a simpler computational structure and does not require
forecasting models, deep training datasets or high-performance processors. Active distur-
bance rejection controllers achieve high tracking quality but depend on internal observer
tuning and may be sensitive to noise under stochastic load fluctuations. Neuro-control
approaches provide strong generalization ability, but their implementation at remote in-
dustrial sites is limited by data availability and training stability.

The advantage of the present approach is real-time adaptability using iterative bound-
ary adjustment applying only measurable variables (SOC, Pgrid(t), Pload), which reduce
the variance by 15–30% without predictive models. The main limitation of our method
is sub-optimality in long-horizon planning. In contrast to forecast-driven controllers, it
operates reactively and does not anticipate future load surges. However, for isolated
mine grid conditions with unpredictable duty cycles, this reactive robustness becomes a
practical benefit.

In comparison with well-established strategies of energy storage control such as model
predictive control (MPC), fuzzy logic controllers, and adaptive filtering approaches, the
proposed method does not rely on a predictive model or rule base and does not require
solving an optimization problem at each control step. MPC-based BESS controllers achieve
high global optimality but require forecasting accuracy, matrix inversion, and horizon
tuning, which limits their use in stochastic microgrids with rapidly varying loads. Fuzzy
logic schemes ensure robustness to uncertainty but cannot guarantee variance minimization
as a formal objective and require expert-defined membership functions. Adaptive filters
smooth signals effectively, but do not incorporate physical battery constraints or allow
boundary reconfiguration in response to SOC dynamics.

The novelty of the proposed approach lies in the dynamic iterative adjustment of the
upper and lower power boundaries of PH(t) and PL(t) directly as a function of real-time
energy capacity (Ec, Ed) and SOC, without prediction, rule tables or offline tuning. This
makes the algorithm computationally lightweight and scalable for industrial stations where
load uncertainty is high and predictive accuracy is limited.

Despite significant progress, all the considered approaches have common limitations.
Generation control methods do not provide local load compensation in distribution net-
works; renewable energy solutions depend on weather conditions and require power
redundancy [15]. Virtual power plants are difficult to implement in real time [16,17], and
intelligent control algorithms and hybrid systems require high computing power and
expensive components [18]. In mining environments where power is often supplied from
isolated grids or loosely connected feeders, the greatest potential is to integrate the systems
of battery energy storage directly into the charging stations of electric mining trucks. This
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approach makes it possible to locally smooth out peak loads [19], increase the stability of
power supply and reduce the cost of reconstructing network equipment [20].

In contrast to the solutions considered earlier, this paper proposes using the strategy
of direct charge and discharge control of IBES applying dynamic adjustment of load
boundaries. This method is based on the continuous redistribution of energy between the
grid and the storage device depending on the current consumption capacity [21]. Unlike
traditional methods with fixed charging thresholds, the proposed algorithm allows for
real-time adaptation of the charging and discharging boundaries. This provides a more
accurate match to the load profile and extends the life of batteries by limiting the cycling
depth [22]. This approach smooths peaks, fills troughs, increases the utilization rate of
electrical equipment, savings in capital costs for the modernization of power grids [23].

The relevance of the chosen direction is conditioned by the combination of technologi-
cal, economic and environmental significance. On the one hand, the transition of mining
equipment to electric traction is a prerequisite for the decarbonization of the industry and is
in line with global trends in sustainable development [24]. On the other hand, the increasing
load on power systems requires intelligent solutions for adaptive energy flow management.
The use of IBES as part of charging stations makes it possible to efficiently use the stored
energy during periods of peak demand and create a buffer capacity without increasing
transformer capacity. Moreover, the proposed direct control strategy can be implemented at
the level of controllers of the local charging station without expensive data centers, which
makes it especially attractive for industrial facilities with limited resources [25,26].

Therefore, this study is aimed at developing and experimentally testing a method
for direct control of charge and discharge of a system of battery energy storage using
dynamic adjustment of load boundaries integrated into an electric charging station for
mining electric dump trucks. The main goal of this study is to develop and verify a mathe-
matical model and algorithm for direct charge and discharge control IBES, integrated into
a charging station for mining electric dump trucks. The algorithm is aimed at minimizing
the target functional characterizing the dispersion of network power, while observing the
system of differential and algebraic constraints describing the energy balance and physical
limits of the storage battery. In what follows, we denote this objective as the dispersion
functional DDD. A single mathematical definition of DDD is used throughout the work
(see Equation (1) in Section 3, where DDD is given as the time variance of the network
power (Pgrid(t)) over the calculation interval TTT).

The algorithmic component is separated here from the general mathematical model to
maintain clarity. The following text describes step-by-step boundary update rules, SOC-
driven adaptation and convergence properties. The scientific novelty of the work lies in
the following:

A new mathematical formalism of the problem of smoothing load peaks is proposed,
representing it as a conditional optimization problem in continuous time with dynamically
adaptable constraints.
An original iterative algorithm with dynamic adjustment of load boundary values (upper
PH(t) and lower PL(t)) have been developed, which is interpreted as a nonlinear adaptive
filter. Unlike classical methods with fixed thresholds, this algorithm recalculates the
boundaries in real time based on the current state of charge (SOC) and integral estimates of
the charge/discharge energy (Ec, Ed).
The convergence of the iterative process to a quasi-stationary solution providing min-
imal power dispersion under conditions of a stochastic load profile is mathematically
substantiated and experimentally confirmed.

Compared to existing adaptive BESS controllers, the key novelty of this work lies not
in the use of iteration or feedback themselves, but in the mechanism of real-time bound-
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ary reconfiguration. Traditional strategies rely on fixed charging thresholds, predictive
scheduling or model-based foresight, while the proposed method treats the upper and
lower power limits (PH(t), PL(t)) as continuously adjustable control variables. Their val-
ues evolve dynamically based on instantaneous grid power deviation and the integrated
charge/discharge availability (Ec, Ed), enabling the controller to redistribute power without
forecasting, optimization solvers or long-horizon planning. The system therefore adapts
to stochastic load peaks using boundary migration rather than explicit trajectory tracking,
which distinguishes the approach from gradient-based MPC, rule-driven battery dispatch
and conventional constant-limit BESS operation reported in the literature.

Compared with existing optimization-based and model-predictive control strategies
for load profile smoothing, the proposed dynamic boundary algorithm follows a different
philosophy. Classical MPC or multi-time-scale optimal control formulations compute the
storage power set-point by repeatedly solving a constrained optimization problem over
a prediction horizon, which requires accurate forecasts of the load profile and relatively
high computational resources. Advanced control schemes for BESS, including adaptive
and distributed charge/discharge control, typically rely on detailed system models and
communication between multiple agents, and their performance is sensitive to parameter
tuning. In contrast, our approach embeds the minimization of network power variance
into a nonlinear iterative filter that directly adjusts the admissible power band (PH(t), PL(t))
in response to the measured SOC and cumulative charge/discharge energy. As a result, the
controller operates without explicit load prediction, uses only local measurements available
at the charging station, and can be implemented on low-cost industrial controllers while
still providing a 15–30% of reduction in the power variance in the considered industrial
fast-charging scenario.

The article structure: The article is organized as follows. Section 2 presents a mathe-
matical formulation of the problem, including a system of power balance equations and
constraints, a detailed description of an iterative algorithm for dynamic boundary tuning,
illustrated by flowcharts. Section 3 demonstrates the quantification of the method effective-
ness based on the introduced optimization criteria (variance, peak/trough difference) and
visualizes the results of the algorithm for four typical operating modes. Section 4 provides a
comparative analysis of the proposed strategy with the traditional constant-power method,
supported by full-scale test data. Section 5 summarizes the main findings and outlines
directions for future research.

2. Methods and Materials

The study is based on a combination of theoretical modeling and experimental ver-
ification aimed at analyzing the joint operation of an electric charging station for min-
ing electric dump trucks [27] with a system of integrated battery energy storage (IBES).
The study was carried out in two consecutive stages: at the first stage, a mathematical
model of the interaction of the charging station, the power grid and the battery was created.
At the second stage, full-scale tests were carried out on an experimental facility, including a
charging module, an energy storage device, and a control system [28].

The experimental stand of the electric charging station was made in the form of a
modular installation, including a converter part, a battery pack and a digital control system.
To visualize the relationships between the components of the system, Figure 1 shows
the structural diagram of the experimental test bench. The diagram shows the power
supply network, the AC/DC converter, the battery energy storage system (IBES) with the
BMS system, the load in the form of charging system modules for mining dump trucks,
and a central controller that implements the proposed algorithm. The arrows show the
power flows (Pgrid, Pbat, Pload) and information feedback (SOC, power measurements) that
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close the control loop [29]. The following subsection formalizes the objective, constraints
and stability criteria that define the IBES peak-shaving task. This part focuses strictly
on the mathematical representation, without implementation-specific assumptions. The
mathematical formulation of the problem was based on the representation of network
power as Pgrid(t), load power as Pload(t), and battery power as Pbat(t). In this case, the power
balance is implemented.

Figure 1. The structural diagram of the charging station system with a system of integrated battery
energy storage (IBES).

Dotted lines indicate data flows (feedbacks); solid lines indicate power flows based on
measurements of network power (Pgrid), load power (Pload), and state of charge (SOC) of
the battery. The main element of the energy part was an AC/DC converter, which provided
a bidirectional energy conversion between the AC network and the DC bus. To protect
against reverse currents, a diode barrier was used to prevent the flow of energy from the
batteries to the grid in abnormal modes [30]. The battery module was a set of lithium-ion
cells combined in a configuration with a rated power of up to 40 kW that was controlled by
a BMS system that monitored currents, voltage, and state of charge (SOC). To simulate the
load of an electric vehicle, a programmable active load was used, which made it possible
to reproduce typical charging profiles for mining dump trucks [31]. All elements of the
plant were controlled via the industrial CAN bus, which provided synchronization with
the central controller and transmission of telemetry data to a personal computer. Using
the PC, data were collected, power curves were visualized, and control algorithms were
developed within the framework of a mathematical model [32].

For the reader’s convenience, the main symbols and notations used in the mathemati-
cal formulation are summarized in Table 1.
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Table 1. Main symbols and notations used in the mathematical model.

Symbol Meaning Units Representative Values Used in
Numerical Examples

Pgrid(t)
Power drawn from the external grid by

the charging station at t time MW (given by load-flow
solution/measurement)

Pload(t)
Total load power of the fast-charging

station (traction converters, auxiliaries,
etc.) at t time

MW Given by the measured load profile
in Section 2

Pbat(t)
Power of the IBES battery at t time;

positive for discharge, negative
for charge

MW –

Rbat

Sign indicator of the battery operating
mode: Rbat > 0

for discharge, Rbat < 0 for charge
– –

SOC(t)
State of charge of the battery at t time

(the ratio of stored energy to
nominal capacity)

p.u. Typically, within 0.1–0.9 in simulations

SOCmin, SOCmax Lower and upper admissible SOC limits p.u. SOCmin = 0.1, SOCmax = 0.9

Emax
Nominal (maximum) energy capacity of

the battery MWh 100 MWh (200 MWh in Mode 4)

E0
Initial stored energy in the battery at the

beginning of the simulation MWh 10–40 MWh depending on the scenario

Ec(t), Ed(t)
Cumulative charging and discharging
energy of the battery over the current

control interval
MWh Reset to 0 at the beginning of each

control interval

Ecmax, Edmax

Admissible limits for cumulative charge
and discharge energy, ensuring
compliance with SOC bounds

MWh Selected according to SOCmin and
SOCmax in Section 2

PH(t), PL(t)
Dynamic upper and lower boundaries of

the admissible network power band
used by the algorithm

MW Adapted iteratively according to the
dynamic boundary algorithm

γ
Iterative step coefficient in the dynamic

boundary update law – Chosen empirically to ensure
convergence (see Section 2)

λ
Filtering parameter that determines the
smoothing of the dynamic boundaries
and the sensitivity to random spikes

– 0 < λ < 10; the value used in simulations
is given in Section 2

D
Variance (dispersion) of the network

power of Pgrid(t) over the
observation period

MW2 Computed according to Equation (1)

ΔPload

Difference between maximum and
minimum values of the network power

over the observation period
MW Computed according to Equation (2)

β
Peak–Valley Coefficient characterizing

the contrast between peak and
valley loads

– Computed according to Equation (4)

Δt Time step of the discrete load and
control profile

h or s, depending on
data resolution)

Given by the sampling interval of the
measured load profile

k Iteration index of the dynamic boundary
update algorithm – k = 0, 1, 2, . . .

The mathematical formulation of the problem was based on the representation of
the power system of the charging station in the form of three interacting subsystems: the
power supply network, the battery storage and the external load, whose role belongs to the
electric car. Let the instantaneous power of load consumption be denoted as Pload(t), the
power output by the network as Pgrid(t), and the battery power as Pbat(t). In this case, the
power balance is achieved.

Pgrid(t) = Pload(t) + Pbat(t), (1)

where Rbat > 0 corresponds to the discharge of the battery (the transfer of energy to the
load), and Rbat < 0 corresponds to its charge.

D =
1
T

T∫
0

[Pgrid(t) = Pgrid]
2dt, (2)
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where Pgrid is the average value of the network power for the time interval (T). This expres-
sion coincides with the dispersion functional D introduced in Equation (1). Minimization of
this functional makes it possible to obtain an optimal distribution of charge and discharge
modes, when network power fluctuations are minimal.

For the algorithm to work correctly, it is necessary to take into account the physical
limitations of the battery. Firstly, the charging and discharging power is limited by Pmax

c
and Pmax

d values, which is formalized by inequalities

−Pmax
c ≤ Pbat(t) ≤ Pmax

d . (3)

Secondly, the state of charge (the SOQ of the battery must remain within acceptable
limits) is

SOCmin ≤ SOC(t) ≤ SOCmax. (4)

The dynamics of the SOC change is described by the differential equation

dSOC(t)
dt

= −ηcPbat(t)
Emax

, (5)

where ηc is the energy conversion efficiency factor, and Emax is the nominal capacity of the
battery. These dependencies form a system of constraints within which the charging and
discharging modes are optimized [33].

In the developed model, the key element is the mechanism for dynamic adjustment of
load boundary values, which ensures the adaptation of the control algorithm to current
fluctuations in consumption [34]. In traditional methods, peak smoothing is carried out
using fixed power thresholds, above which the battery charge or discharge is turned on [35].
However, this approach does not take into account the non-stationarity of the load and does
not allow using the potential of the storage device efficiently. According to the proposed
methodology, the boundary values of PH(t) and PL(t) are determined iteratively in the
modeling process and change depending on the current levels of peaks and troughs of the
consumption curve [36].

In this work, adaptivity means real-time modification of the control boundaries based
on instantaneous feedback rather than on fixed thresholds. During every cycle of the
Δt duration, the algorithm receives updated values of Pload(t), Pgrid(t) and SOC(t) and
recalculates Ec and Ed. If the current boundary pair of (PH(t) and PL(t)) leads to insufficient
charge/discharge capability or violates SOC/power limits, the boundaries are shifted by
±ΔP until a feasible state is reached. The adaptation therefore does not rely on forecasting
or learning-based prediction; instead, it continuously tunes the boundaries according to
the measured operating state of the system. In contrast to static tuning, where a fixed
pair of (PH(t) and PL(t)) cannot track rapid fluctuations, the dynamic update compensates
stochastic peaks more effectively and prevents battery saturation by tightening or relaxing
limits depending on available SOC reserve. This feedback-driven boundary update is the
core mechanism that provides adaptability under highly variable industrial load conditions.

To find these limits, an iterative process is used, based on minimizing the discrepancy
between the actual and desired charging or discharging capacity. Let Ec and Ed denote the
energy stored and delivered by the battery per cycle (P0

H ,P0
L):

P0
H = Pmax − Pmax

d , P0
L = Pmin − Pmax

c . (6)

At each step of the iteration, the integral area under the load plot sections above
and below these boundaries is calculated, which makes it possible to estimate the current
values of Ec and Ed. If the calculated values are outside the permissible range of the
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battery’s capacity, the boundaries are corrected by stepping ΔP up or down. Therefore,
the algorithm tends to achieve a position of boundaries when the charge and discharge
energy corresponds to the physical capabilities of the storage device [37], and the variance
of network power is minimal.

Mathematically, this process can be considered as a problem of finding a quasi-
stationary solution to a system of nonlinear equations that relate instantaneous values of
power and accumulated energy [38]. The solution is found by iterative methods until the
change in the load variance between adjacent iterations is less than that of the specified
threshold (ε). To make the mathematical structure explicit, the control task can be written
as a constrained optimization problem:

min
Pbat(t)

D =
1
T

T∫
0

(
Pgrid(t)− Pgrid

)2 · dt (7)

Subject to power constraints:

Pmin
bat ≤ Pbat(t) ≤ Pmax

bat (8)

and SOC feasibility conditions:

SOCmin ≤ SOC(t) ≤ SOCmax, S
.

OC(t) = −ηcPbat(t)
Emax

, (9)

The iterative nonlinear filter performs gradient-free adjustment of dynamic load
boundaries (PH(t) and PL(t)) to minimize D while ensuring that all candidate control actions
remain inside the feasible domain defined above. At each iteration of k, the boundary
is perturbed by ±ΔP, and the step is accepted only if both power and SOC constraints
remain satisfied; otherwise, the change is rejected and the boundary is shifted in the
opposite direction.

Convergence in simulation is demonstrated by the fact that for all 4 test modes the
iteration count remained finite (10–35 iterations per cycle), and the stopping criterion of
|Dk+1 − Dk| < 10−3 was consistently achieved. Numerical experiments and full-scale tests
showed no divergence or boundary oscillations, confirming practical stability of the filter
under stochastic load conditions.

This approach ensures the convergence of the algorithm even with sharp fluctuations
in the consumption profile.

The logic of the proposed adaptive iterative algorithm for dynamic adjustment of
the PH(t) and PL(t) load boundaries is presented in the form of a flowchart in Figure 2.
The algorithm begins by measuring the current values of the load power and the state of
IBES charge. Based on this data, the current energy capacitances of Ec and Ed are calculated.
The key step is the condition check, which determines one of the four possible modes of
operation of the system. Depending on the mode, the upper and/or lower limit of the load
is adjusted by the value of ΔP. The iteration process continues until a balance is reached
between the charge/discharge energy and capacitive capabilities of IBES, which minimizes
the dispersion of network power. Figure 2 shows a flow diagram of an adaptive iterative
algorithm for direct charge and discharge control of IBES.
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Figure 2. The block diagram of an adaptive iterative algorithm for direct charge and discharge control
of IBES.

In real-time operation, the algorithm works as follows. First, the initial load boundaries
of P0

H and P0
L are set based on a predicted or historically observed daily load curve and
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on the nominal charging/discharging capabilities of the battery (Equations (5)–(7)). Then,
at each control step of the Δt duration (1 s in the numerical experiments), the controller
receives updated measurements of the grid power (Pgrid(t)), the load power (Pload(t)) and
the battery state of charge (SOC(t)). Using these real-time inputs, the current charge and
discharge energies per cycle (Ec and Ed) are recalculated as the areas of the load curve
above and below the active boundaries of PH(t) and PL(t). If Ec and Ed satisfy the capacity
constraints and the instantaneous power and SOC remain within the limits given by
Equations (5) and (6), the boundaries are kept unchanged and the IBES charge/discharge
power is determined directly from the position of PH(t) and PL(t). Otherwise, the algorithm
slightly shifts one or both boundaries by a ΔP step up or down and repeats the calculation
of Ec and Ed. In this way, each iteration first enforces the hard constraints on battery
power and SOC, and it reduces the variance of the grid power (D) only within this feasible
region. The cycle of measurement–update–correction is repeated at every time Δt step,
which enables the system to track fast stochastic changes in the load without relying on
long-horizon forecasts.

The algorithm functions in real time, calculating the current energy capacitances
(Ec, Ed) at each step and adapting the load boundaries accordingly; a detailed description
of the four operating modes will be provided later in this section.

In Figure 2, the following notations are adopted: PH ↑ is an increase in the upper limit
of power; PH ↓ is a decrease in the upper limit of power; PL ↑ is an increase in the lower
limit of power. PL ↓ is reducing the lower limit of power; Ec is the current energy capacity;
Ed is the current energy dissipation; Δt is the time lag between iterations. Figure 2 shows
the sequence of steps, logical branching (4 modes) and the closed nature of the algorithm.
To clarify the link between the flowchart and the mathematical formulation, each block in
Figure 2 directly corresponds to specific expressions introduced in Section 2. The calculation
of Ec and Ed is based on integral evaluation of the areas defined in Equations (8) and (9),
while SOC evolution follows the dynamic model (6). The decision node in the flowchart
maps for the four conditional states is listed in Table 1, where each combination of (Ec,Ed)
relative to (Emax

c , Emax
d ) selects a specific update rule for PH(t) and PL(t). The adjustment step

of ΔP shown in the diagram reflects the iterative boundary update mechanism formalized
in Equations (25)–(27). In view of this, the flowchart is not abstract but represents a compact
procedural form of the mathematical algorithm described earlier.

This visualizes the novelty of the proposed solutions: adaptive logic is based on
dynamic boundaries rather than on static thresholds or predictions. A description of the
characteristics of the operating modes of the above algorithm is given in Table 2.

Table 2. Modes Description.

No.
Mode

Mode Options
Ec, Ecmax, Ed, Edmax

Parameters of the PH and PL Power Boundaries

1 Ec > Ecmax, Ed ≤ Edmax
– PH ↑: Increasing the upper limit of power
– PL ↓: Reducing the lower limit of the capacity

2 Ec > Ecmax, Ed > Edmax
– PH ↓: Decreasing the upper limit of power
– PL ↓: Reducing the lower limit of the capacity

3 Ec ≤ Ecmax, Ed ≤ Edmax
– PH ↑: Increasing the upper limit of power
– PL ↑: Increasing the lower limit of the capacity

4 Ec ≤ Ecmax, Ed > Edmax
– PH ↓: Decreasing the upper limit of power
– PL ↑: Increasing the lower limit of the capacity

For numerical modeling, experimental data of the daily consumption schedule of
the experimental charging station were used, which are characterized by the presence of
two pronounced peak sections and several zones of minimum load. In the considered
dataset, the instantaneous load power (Pload(t)) varies between approximately 41.7 and
51.8 kW over a 24 h interval, with an average value of 46.9 kW. The most intensive charging
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periods correspond to clusters of high-power sessions when one or more dump trucks are
connected, during which the power remains close to the upper level for several tens of
minutes. Between these clusters, the station operates near the average power level, while
shorter step-like changes caused by individual connection and disconnection events are
superimposed in this trend. Such pattern reflects the stochastic nature of truck arrival times
and leads to a sequence of peaks and troughs on time scales from several minutes up to a
few hours.

Based on these data, different modes of IBES operation were compared. The com-
putational experiments were performed in the MATLAB/Simulink R2020b software en-
vironment [39], where modules for modeling the network, battery and controller were
implemented. In the numerical integration of the differential equations, the fourth-order
Runge–Kutta scheme with a discretization step of 1 s was used, which provides stability
under rapidly changing power profiles.

Laboratory tests were carried out to verify the adequacy of the model. Experimental
data were taken using current and voltage sensors with a sampling rate of 10 Hz built
into the converter, and data processing and algorithm implementation were performed
in real time using an industrial controller with an ARM microprocessor. The obtained
experimental power curves were compared with the results of modeling according to the
standard deviation criterion and the peak-trough ratio coefficient. The discrepancy did
not exceed 5%, which confirms the reliability of the proposed model and the mathematical
transformations used.

From the point of view of the mathematical apparatus, the main transformation used
in the study can be considered as the operation of the nonlinear filtering of the power
time series [40]. In this case, a nonlinear iterative filter implies a feedback operator that
maps the raw grid power signal (Pgrid(t)) to a smoothed signal (Pgrid(t)) by repeatedly
updating the control boundaries of PH(t) and PL(t) so as to reduce the variance of Pgrid(t)
under the battery constraints. At each time step, the filter computes correction increments
for PH and PL based on the current power deviation, available charge/discharge energy
and SOC limits and applies these corrections until the change in the dispersion measure
between successive iterations becomes negligible. In contrast to the standard smoothing
methods based on convolution of a signal with a fixed core, adaptive nonlinear filtering is
used here, whose parameters are determined by the state of the battery and the dynamic
limits of the load feedback and optimization algorithms in continuous time [41]. Essentially,
the algorithm implements a discrete-continuum transformation in which the solution of
the optimization problem is updated iteratively in time increments (Δt), and the load
boundaries are recalculated as a function of the power deviations and the current SOC:

P(k+1)
H = P(k)

H + γ(E(k)
d − E∗

d), P(k+1)
L = P(k)

L − γ(E(k)
c − E∗

c ), (10)

where γ is the iterative step coefficient, and the asterisks indicate the target capacitance
values. This transformation provides a quick approximation to a sustainable solution and
allows the system to adapt to any changes in load without the need to predict its profile.

This subsection summarizes real-time execution settings, controller parameters, and a
communication structure. Numerical examples remain in Sections 3 and 4 for separation
between method and results. The developed algorithm was tested for four typical operating
modes, differing in initial SOC values and battery power [42]. These four operating modes
correspond exactly to the conditional branches shown in Figure 2, confirming that the
flowchart reflects the executable control logic used in modeling and experiments. In each
mode, the dispersion indicators, peak and trough differences, and a smoothing coefficient
were evaluated. The results confirmed that the application of dynamic configuration of load
boundaries could reduce the network power variance by 15–30% compared to traditional
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constant power management. This demonstrates the mathematical efficiency of an iterative
approach that combines energy constraints with the principle of minimizing the functional
of the variational type.

For clarity, the reported 15–30% reduction corresponds to measured decreases in the
variance of Pgrid(t) over a 24 h operating cycle reproduced on a full-scale charging station
test bench. The load profiles were derived from real operating data of mining haul trucks
and replayed using a programmable active load to emulate quarry charging dynamics. The
DDD variance was calculated according to (1) based on time-series measurements sampled
at 10 Hz, and the baseline for comparison was the conventional constant-power charging
strategy used in industrial charging stations. The experimental campaign covered four
representative operating modes differing in initial SOC and power capacity, each evaluated
in both baseline and adaptive-control configurations. In all modes, the adaptive method
consistently yielded lower dispersion values, which confirms the quantitative improvement
reported above.

It should be noted that the algorithm was implemented using numerical differentiation
and integration methods that are resistant to measurement noise [43]. To eliminate the drift
of the power signal, sliding averaging with exponential attenuation was used, which can
be written as a recurrence relation:

Pgrid(t + Δt) = λPgrid(t) + (1 − λ)Pgrid(t), (11)

where λ is the filtering parameter that determines the degree of averaging. This made it
possible to ensure the stability of calculations and reduce the sensitivity of the algorithm to
random load spikes.

Therefore, the proposed method combines the mathematical modeling of the dynamic
processes of charge and discharge of IBES with experimental verification of the results. The
central element of the study is the use of adaptive iterative transformations, which make
it possible to adjust the boundaries of control in real time depending on the current state
of the system [44]. From a mathematical point of view, this is a solution to the constraint
optimization problem implemented by means of a nonlinear iterative feedback filter. Such
formulation ensures high accuracy and stability of the algorithm, and experimental data
confirm its applicability for industrial charging stations of mining electric dump trucks
operating under conditions of variable load and limited power of the supply network [45].

3. Results and Discussion

In continuation of the presented method of modeling and experimental analysis, spe-
cial attention is paid to the assessment of quantitative characteristics that make it possible
to objectively determine the effectiveness of the proposed algorithm for direct control of the
charge and discharge of the battery energy storage system. Since the developed approach
is aimed at reducing dynamic fluctuations in power consumption and leveling the load
profile, it is necessary to formalize the parameters that characterize the degree of power
smoothing after the implementation of IBES. This section provides a mathematical basis for
assessing the compensating properties of the energy storage device in various modes of
operation of the charging station.

The basic idea is to compare the initial load profile without the drive and the corrected
profile after applying a dynamic load boundary strategy. At the same time, the analysis
is carried out not only for local fluctuations (within short time intervals), but also for the
global trend of power change during the entire calculation period. The efficiency of IBES is
evaluated by a number of indicators reflecting the degree of reduction of peaks and the
leveling of thickness troughs [46].
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The time series of network power (Pgrid(t)), corresponding to the power mode of the
charging station, and the power of the storage battery (Pbat(t)), which describes the energy
exchange between the grid and the storage device, are used as initial data. The combination
of these dependencies makes it possible to form a resultant load graph of the system with
compensation, which serves as the basis for calculating integral estimates. The description
of the degree of vibration compensation, four complementary indicators are introduced,
covering the statistical and extreme properties of the power signal [47].

In what follows, we treat the variance of the series of grid power time as the dispersion
functional of the network power. The first indicator is the dispersion (deviation) of power
fluctuations, i.e., a value that characterizes the degree of dispersion of instantaneous
power values relative to the average level. This parameter reflects the stability of energy
consumption and is sensitive to short-term fluctuations. Mathematically, this dispersion
functional (DDD) is expressed as:

D =
1
T

T∫
0

[Pgrid(t) = Pgrid]
2dt, (12)

where Pgrid(t) is the power coming from the grid at t time; Pgrid is its average value for the
design period (T). The lower the value of D, the higher the system’s ability to compensate
for peak fluctuations and the more evenly the load is distributed over time.

The following indicator is the absolute difference between load peaks and troughs,
defined as the difference between the maximum and minimum values of network power
during the observation period:

ΔPload = Pmax − Pmin, (13)

where Pmax and Pmin are the extreme values of the load graph, respectively. This parameter
characterizes the total amplitude of oscillations and makes it possible to assess the efficiency
of peak smoothing at the level of the power system [48].

For additional analysis of the relationship between local maximums and load mini-
mums, the coefficient of the relative difference between peaks and bottoms is used:

α =
Pmax − Pmin

Pmax
, (14)

which shows the relative magnitude of the uneven power distribution. When α −→ 0, the
load is almost uniform, while an increase in α indicates a significant power variation and
the need to adjust the IBES modes.

The Peak–Valley Coefficient is defined as

β =
Pmin

Pmax
. (15)

This parameter is inversely proportional to the contrast of the load graph and allows
conveniently comparing the simulation results between different charging and discharging
modes. The higher the β value, the closer the network load becomes to a constant one.

These indicators are used together, forming a mathematical system of criteria for quan-
titative analysis. Minimization of the D variance and the ΔPload difference in combination
with an increase in β serves as an indicator of successful compensation for fluctuations
in consumption. In view of this, the developed estimation methodology integrates both
integral statistical characteristics (variance) and extreme values that determine the real
limits of the load. For the initial (uncompensated) daily profile of the experimental charging
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station these indicators take the following values: D = 50.7866 kW, ΔPload = 159.1481 kW,
α = 0.6798 and β = 0.3202. The corresponding standard deviation of the network power
is

√
D ≈ 7.1 kW, which is about 15% of the average load of 46.9 kW. These numerical

characteristics quantify the stochastic high-power load of the quarry charging station and
serve as a reference for assessing the performance of the proposed optimization strategy.

However, formal minimization of these parameters is impossible without taking into
account the physical limitations of the battery system. The charging and discharging power
of the battery is limited by limit values depending on its design and operating conditions.
These limits are described by the ratio:

−Pmax
c ≤ Pbat(t) ≤ Pmax

d . (16)

where Pmax
c is the maximum charging power (with Pbat < 0), and Pmax

d is the maximum
discharge power (with Pbat > 0). To prevent the accelerated aging of batteries, charge
efficiency factors (ηc) and discharge (ηd) are introduced, which are taken into account when
calculating the energy balance. In future, we denote these bounds by Pmax

c (maximum
charging power) and Pmax

d (maximum discharging power). These symbols are used consis-
tently in all subsequent equations. For brevity, in the configuration of Table 2 below, the
same quantities are shown as Pc and Pd, i.e., Pc = Pmax

c and Pd = Pmax
d .

In addition to power limitation, the battery is characterized by a finite capacity that
determines the range of change in the state of charge (SOC). To ensure safe and long-term
operation, the SOC must remain within

SOCmin ≤ SOC(t) ≤ SOCmax. (17)

where SOCmin and SOCmax are the lower and upper limits of the charge level. These limits
prevent deep discharge and the overcharging of the battery, which lead to the degradation
of electrochemical cells and a decrease in service life.

As part of the developed strategy for direct control of battery charge and discharge,
dynamic power and capacity limits are used as active boundaries involved in the formation
of the load profile. For this purpose, variable upper PH and lower PL load boundaries are
introduced, which change over time depending on the current values of Pgrid(t), SOC(t)
and the maximum power of the battery [49]. In this context, the term load boundaries refers
to two time-varying reference levels (PH(t) and PL(t)) that delimit the admissible range of
grid power. When the instantaneous load (Pload(t)) tends to exceed PH(t), IBES switches to
a discharge mode to keep Pgrid(t) close to the upper boundary. Conversely, when Pload(t)
falls below PL(t), IBES is charged to prevent the grid power from dropping below the
lower boundary. Therefore, PH(t) and PL(t) act as dynamic control thresholds shaping the
effective load profile seen by the grid.

The initial values of these boundaries are determined based on the predicted load
curve characteristic. Let the P̂max P̂min predicted consumption extremes be described; then
the initial boundaries are chosen as

P0
H = P̂max − Pnom

d , P0
L = P̂min − Pnom

c , (18)

where Pnom
d and Pnom

c are the nominal discharge and charging powers, respectively. These
parameters determine the initial limits of the area within which vibration compensation is
carried out [50].

We denote these nominal powers by Pnom
c (nominal charging power) and Pnom

d (nomi-
nal discharging power). Together with Pmax

c and Pmax
d introduced after Equation (5), this

provides a unique and unambiguous set of symbols used in the subsequent derivations.
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Direct control of the IBES charge/discharge power is realized by means of dynamic
load boundary control. In order to take full advantage of the effects of compensation for
load peaks and consumption dips of battery energy storage systems, a strategy for direct
control of the IBES charge/discharge power using dynamic adjustment of load boundaries
is proposed. The strategy is presented below.

Initial parameter setting. As shown in Figure 3, the maximum load (Pload) and the
minimum load (Pmax) can be determined as Pmin from the predicted characteristic load
curve, and the initial upper load limit (PH−ini) and the initial lower load limit (PL−ini) can
be defined as {

PH−init = Pmax − Pd

PL−init = Pmin + Pc
(19)

where Pd and Pc are the rated discharge power and charge of the battery, respectively.

Figure 3. The diagram of initial load power time.

In addition, the area below PL−ini bounded by Pload is defined as the initial charging
capacity of Ec−ini. And the area above PH−ini limited by Pload is defined as the initial
discharge capacity of Ed−ini, Ec−ini and Ed−ini and can be expressed as{

Ec−ini =
∫
(PL−ini − Pload(t))dt

Ed−ini =
∫
(Pload(t)− PH−ini)dt

(20)

The charge management strategy. Using the iterative process described above, it is
possible to determine the time and power of charge and discharge. When the IBES power
is low, areas of peaks and dips can be compensated. With high IBES power, using the
maximum power, charging and discharging power of IBES, it is possible to improve the
efficiency of compensation for load peaks and consumption dips.

A typical mode of operation of IBES for load power compensation is shown in Figure 4,
where Ec > Ecmax and Ed > Edmax. The upper limit of the load of PH needs to be iterated
up and the lower limit of the load of PL needs to be iterated down. This operating mode is
suitable for scenarios with low IBES power, where the load curve is stable at the peak and
trough points.
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Figure 4. The iteration diagram when Ec−init > Ecmax.

When the initial charging capacity of Ec−ini exceeds the maximum rechargeable capac-
ity of the Ecmax battery, then the capacity limit cannot be met. If Ec−ini is less than Ecmax,
the battery capacity cannot be fully utilized.

Ecmax can be expressed as:

Ecmax = Emax − E0 (21)

where Ecmax is the maximum capacity of the battery, and E0 is the initial capacity of
the battery:

Ec−init > Ecmax

In order to reduce the charging capacity, Ec as the lower limit value of the load of PL is
repeated downwards. The iterative process is as follows:{

PL = PL−init − kδP
k = k + 1

(22)

Using δP in Figure 4, we determine the updated value of Ec according to
Equations (9) and (11) and compare it to Ecmax. If Ec > Ecmax at this point, we con-
tinue the iteration until the condition of Ec < Ecmax is met. We determine the number of
iterations when k = kn in order to determine the dynamically adjusted lower limit value of
the load of PL.

Pload(t) < PLPbat(t) = Pload(t)− PL (23)

When Ec−ini < Ecmax, a load curve is used to facilitate the calculation of the battery’s
rechargeable capacity. Pload(t) shifts upwards by the amplitude of Pc and the auxiliary
curve of Pnet−c(t) is plotted as shown in Figure 5.

Pnet−c(t) = Pload(t) + Pcy (24)
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Figure 5. The iteration diagram when Ec−init < Ecmax.

At the same time Pmin is defined as Pload(k1), which means that the sampling time
corresponding to Pmin is k1. It is possible to define the initial power separation time as kc1 −
kc2 = k1. Then kc1 and kc2 will participate in the left and right iterations, respectively,
depending on the size of the charging capacity, thereby dividing the charging area into
three areas, as shown in Figure 5, namely:

• Domain I: When t ∈ [0, kc1], simultaneously satisfying Pload(t) < Pnet−c(kc1) and
Pnet−c(t) > Pnet−c(kc1).

• Domain II: When t ∈ (kc1, kc2) and Pnet−c(t) ≤ Pnet−c(kc2).
• Domain III: t ∈ [kc2, T], satisfying Pload(t) < Pnet−c(kc2) and Pnet−c(t) > Pnet−c(kc2).

The charging capacities in the above three areas are Ec1, Ec2 and Ec3 accordingly, and
they can be calculated as ⎧⎪⎨⎪⎩

Ec1 =
∫ kc1

0 (Pload(kc1)− Pload(t))dt
Ec2 =

∫ kc2
k1 Pcdt

Ec3 =
∫ T

kc2
(Pload(kc2)− Pload(t))dt

(25)

Therefore, the total charging capacity will be equal to

Ec = Ec1 + Ec2 + Ec3 (26)

By increasing Ec, the maximum power load can be fully utilized, and the power
sharing points must be iterated as kc1 kc2 both left and right, respectively. The iterative
process is as follows: ⎧⎪⎨⎪⎩

kc1 = k1 − k
k = k + 1
Pload(kc2) = Pload(kc1)

(27)

When Ec < Ecmax, we continue to repeat the iterations. When Ec > Ecmax, we stop the
iterations. Next, we will fix the points of power sharing of kc1 and kc2 during the end of the
iteration to obtain a dynamically adjusted lower kc1 limit value of the load of PL

PL =

{
Pload(kc1) + Pc

Pload(t) + Pc
(28)
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Therefore, the charging power of a battery is defined as:

Pbat(t) = Pload(t)− PL (29)

The strategy for controlling the discharge. The maximum discharge capacity is defined
as Edmax:

Edmax = Emax − Emin (30)

where Emin and Emax are the capacity of the battery at the minimum and maximum SOC
levels, respectively.

Similar to the charging management method, the discharge methods must be consid-
ered: Ed−init > Edmax Ed−init < Edmax.

(1) Under the Ed−init > Edmax condition, it is necessary to reduce the capacity of Ed to
meet the capacity limitation, so it is necessary to repeat the upper limit value of the
load of PH . The iterative process is as follows:{

PH = PH−init + kδP
k = k + 1

(31)

As shown in Figure 6, we calculate and update the Ed value according to
Equations (9) and (20). If Ed > Edmax, we continue the iteration, and when Ed < Edmax,
we stop the iteration. We record the number of iterations of k = k f 2 to determine the
dynamically adjusted upper G limit value of the PH load. In view of this, the partial power
of the battery when Pload(t) > PH is:

Pbat(t) = Pload(t)− PH (32)

Figure 6. The iteration diagram when Ed−ini > Edmax.

(2) When Ed−init < Edmax, the curve of Pload(t) shifts down by the amplitude of Pd and
plot an auxiliary charging curve of Pnet−d(t) as shown in Figure 5. Pnet−d can be
expressed as:

Pnet−d(t) = Pload(t)− Pd (33)

Here, Pmax is defined as Pload(k2), which means that the sampling time corresponding
to Pmax is k2. We define the initial power sharing time as kd1 = kd2 = k2. Among them, kd1

and kd2 will iterate left and right depending on the size of the charging capacity, thereby
dividing the charging area into three domains, as shown in Figure 7, namely:
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• Domain IV: when t ∈ [0, kd1], and it satisfies Pload(t) > Pnet−c(kd1) and
Pnet−d(t) < Pnet−d(kd1);

• Domain V: when Pnet−d(t) ≥ Pnet−d(kc2);
• Domain VI: when t ∈ [kd2, T], and it satisfies both Pload(t) > Pnet−d(kd2) and

Pnet−d(t) < Pnet−d(kd2).

Figure 7. The iterative diagram for selecting the charging capacity of a battery pack.

The discharge capacity of the battery in the above three domains is Ed1, Ed2 and Ed3,
accordingly, and can be calculated as:⎧⎪⎪⎪⎨⎪⎪⎪⎩

Ed1 =
∫ kd1

0 (Pload(t)− Pload(kd1))dt

Ed2 =
∫ kd2

kd1
Pddt

Ed3 =
∫ T

kd2
(Pload(t)− Pload(kd2))dt

(34)

Total Discharge Energy:
Ed = Ed1 + Ed2 + Ed3 (35)

When increasing Ed in order to fully utilize the maximum power load, it is necessary
to iterate the power sharing points of kd1 and kd2, left and right, respectively, to dynamically
adjust the upper limit value of the load of PH . The iterative process is⎧⎪⎨⎪⎩

kd1 = k2 − k
k = k + 1
Pload(kd2) = Pload(kd1)

(36)

If Ed < Edmax, it is still running; if we continue the iteration until Ed > Edmax, it
stops. By defining the power separation points of kd1 and kd2 at this time, the dynamically
adjusted upper limit value of the load of PH can be obtained as

PH =

{
Pload(kd1)− Pd

Pload(t)− Pd
(37)

Therefore, charging power can be expressed by the expression:

Pbat(t) = Pload(t)− PH (38)
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When the IBES power is low, the peak and trough parts can be “filled”; when the IBES
power is large, the peaks and troughs are converted into a “circular ring” in (kc1, kc2) and
(kd1, kd2) intervals and “filled” in the remaining parts.

To program the IBES automatic control system, the algorithm shown in Figure 8 was
synthesized. In the above algorithm, there are two iterative methods for dynamically
adjusting the boundary value of the charging and discharging load [51] at the charging
and discharging stage, based on the relationship between the initial value of the load and
discharge and the maximum charging and discharging capacity of the load. Four charging
and discharging control modes were proposed, as shown in Figure 9.

Figure 8. The charge–discharge algorithm for IBES automatic control system programming.
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(a) (b) 

  
(c) (d) 

Figure 9. The temporary diagram of load power compensation using IBES of four types of charg-
ing/discharging modes: (a) mode 1, (b) mode 2, (c) mode 3, (d) mode 4.

Mode 1: As shown in Figure 9, when Ec > Ecmax and Ed > Edmax, the upper limit of
the PH load needs to be iterated up and the lower bound of the PL load needs to be iterated
down. This operating mode is suitable for scenarios with low IBES power where the load
curve is stable at the peak and trough points.

Mode 2: As shown in Figure 9b, when Ec > Ecmax and Ed ≤ Edmax, both the upper
bounds of the PH load and the lower bound of the PL load need to be iterated down.
This mode of operation is suitable for scenarios with high initial battery capacity in IBES.
Due to the low Ecmax, the lower limit of the load can be shifted down to reduce the
charging capacity. The discharge occurs at rated power, while other parts will be reduced to
“flat-top waves”.

Mode 3: As shown in Figure 9c, when Ec ≤ Ecmax and Ed > Edmax, the upper limit of
the PH load needs to be iterated up, and the lower limit of the PL load needs to be iterated
up. This mode is suitable for high battery scenarios of SoCmin. At this point, the battery
cannot fully release the stored energy at the peak, so it is necessary to perform an upward
iteration of the PH.

Mode 4: As shown in Figure 9d, when Ec ≤ Ecmax and Ed ≤ Edmax, the upper limit
of the PH load needs to be iterated down, and the lower limit of the PL load needs to be
iterated up. This mode is suitable for scenarios with high battery capacity and low SoC0

capacity. In this way, it is possible to fully charge the IBES during the decline and release of
the entire energy stored in the IBES at the peak.

4. Experimental Research and Analysis

As shown in Figure 10, using the example of the daily load curve of the consumption
of an experimental charging station for charging an electric vehicle for a daily time interval.

46



Mathematics 2025, 13, 3964

At the same time, the maximum, minimum and average load values are 51.8, 41.7 and
46.9 kW, respectively.

 

Figure 10. The daily load graph of the case under consideration.

In Table 3, Emax denotes the energy capacity of the storage system; Pc and Pd corre-
spond to the maximum charging and discharging power limits introduced in Equation (5).
Pc ≡ Pmax

c and Pd ≡ Pmax
d , and E0 are the initial energy content of the battery.

Table 3. The diagram of the energy storage configuration for four modes of operation.

Estimates Mode 1 Mode 2 Mode 3 Mode 4

Emax, MWh 100 100 100 200
Pc, MW 20 20 15 20
Pd, MW 40 20 40 40

SOC, Range 0.1–0.9 0.1–0.9 0.1–0.9 0.1–0.9
E0, MWh 40 10 10 20

Figure 11 shows the waveform for simulating battery charging and discharging control
modes. Both dynamically adjustable upper and lower load boundary lines are horizontal
lines. The basic waveform shown in Figure 9a corresponds to that in Figure 11. Table 2
presents the characteristics of the indicators for assessing the compensation of load peaks
and consumption dips in comparison with the traditional constant power method.

To visually assess the effectiveness of the proposed method, Figure 12 shows the time
power plots for mode 1. The graph allows one to directly compare the initial load profile
(Pload(t)), the network power profile using the traditional constant power method, and the
profile obtained using the developed adaptive algorithm and PL(t) during the day.

In Figure 12, the gray area shows the initial load profile. The dashed black line
represents the operation of the system with the traditional constant power method. The
solid blue line shows the network power profile using the proposed adaptive algorithm.
The red and green dashed lines illustrate the dynamic adjustment of the top (PH) and bottom
(PL) load limits, respectively. Visually, it is noticeable that the proposed method provides
a significantly better smoothing of peaks and the filling of dips. Figure 12 demonstrates
direct, visual evidence of the superiority of the new algorithm over the traditional approach.
The figure shows how dynamic boundaries “trim” peaks and “raise” troughs. At the same
time, the work of dynamic boundaries is visualized in real time, which is adapted to the
shape of the load, in contrast to the static line of the traditional method.
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Figure 11. Results of simulation of charging/discharging modes.

Figure 12. Comparative analysis of daily power profiles for mode 1.

The operation of the control algorithm is directly related to the state of the battery [52].
Figure 13 shows the dynamics of the IBES state of charge (SOC) for the same time interval
as in Figure 12. The graph clearly demonstrates how energy is stored in the battery during
periods of low load (when Pgrid is close to PL) and released to the grid during peak periods
(when Pgrid is limited by PH).

Horizontal dotted lines indicate the permissible operating range of the SOC (20–90%).
Charge cycles (SOC increase) in night and day hours with low power consumption and
discharge cycles (SOC decrease) to compensate for morning and evening load peaks are
clearly visible [53]. The algorithm ensures efficient use of IBES capacity within the set limits.
Figure 13 demonstrates energy balance of the system and shows that the algorithm not
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only smooths the power but also does so while remaining within the safe and operational
constraints of IBES. Therefore, it is emphasized that the adaptive strategy intelligently
manages the energy buffer, preventing it from being overcharged or deeply discharged,
which is critical for the longevity of the system [54].

Figure 13. Dynamics of the state of charge (SOC) of the battery during the day when operating
according to the proposed algorithm (Mode 1).

Both methods have specific features to compensate for load peaks and consumption
dips. However, compared to the four deflection indicators, peak trough difference, a coeffi-
cient of peak trough difference and a peak trough coefficient in the charge and discharge
mode, the proposed direct control strategy is significantly superior to the traditional con-
stant power method, thus having better peak performance in the ability to compensate for
load peaks and consumption dips (Table 4).

Table 4. Comparison of indicators in mode 1.

Estimates Before Optimization
Power Control

(Electricity Meter)
Suggested Method

D 50.7866 43.5259 42.8439
ΔPload 159.1481 140.2782 107.1481

α 0.6798 0.6376 0.5467
β 0.3202 0.3624 0.4533

As shown in Figure 7, in mode 2, the upper limit of the PH load needs to be iterated
down, and the lower bound of the PL load needs to be iterated down. The method of
controlling the charge is the same as in mode 1 during load drop. However, at the peak
end of the load, according to power constraints and iterative methods, there is a partially
curved arc segment at the upper limit of the load, which will be discharged at rated power,
and the rest will be flat-top waves. This feature is fully consistent with the basic waveform
shown in Figure 7. Table 5 shows the characteristics of the peak smoothing and trough fill
evaluation values compared to the traditional constant power method. It can be seen that
the proposed strategy of direct power charging and discharging control can achieve less
variance, peak trough difference, and a peak trough difference rate, but the peak trough
coefficient is slightly higher. Therefore, the effect of peak smoothing and trough filling in
mode 2 is still better than the traditional constant power method.
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Table 5. Comparison of indicators in mode 2.

Estimates Before Optimization
Power Control

(Electricity Meter)
Suggested Method

D 50.7866 42.1240 42.0056
ΔPload 159.1481 132.3654 120.4281

α 0.6798 0.6182 0.5624
β 0.3202 0.3818 0.4376

As shown in Figure 9c, in mode 3, the upper bound of the PH load must be iterated
up, and the lower bound of the PL load must be iterated up. At this point, the peak load
discharge management method is the same as in mode 1. When the load drops, based on
power constraints and iterative methods, the lower boundary line is iteratively adjusted
upwards. Therefore, at the lower limit of the load, there is a partially curved arc section
that will be charged at rated power, and the rest will be flat-top waves and charged in the
same way as in modes 1 and 2. Table 6 shows that the proposed strategy of direct power
charge and discharge control can provide less dispersion, peak trough difference, and peak
trough difference compared to the traditional constant power method. However, the peak
trough ratio is slightly higher, so the effect of peak smoothing and trough filling in mode 3
is still better than the traditional constant power method.

Table 6. Comparison of indicators in mode 3.

Estimates Before Optimization
Power Control

(Electricity Meter)
Suggested Method

D 50.7866 41.9054 41.1882
ΔPload 159.1481 134.3060 105.7481

α 0.6798 0.6084 0.5403
β 0.3202 0.3916 0.4597

As shown in Figure 9d, in mode 4, the upper bound of the PH load must be iterated
down, and the lower bound of the PL load must be iterated up. The charging method in this
mode in the minimum load area is completely similar to mode 3, and the discharge method
in the peak load area is completely similar to mode 2. Table 7 shows that the proposed
strategy of direct power charge and discharge control has less variance in load fluctuations
compared to the traditional constant power method, indicating that this method is still
superior to the traditional constant power method in convergence peaks and trough fills
of Mode 4.

Table 7. Comparison of indicators in mode 4.

Estimates Before Optimization
Power Control

(Electricity Meter)
Suggested Method

D 50.7866 34.5819 33.9679
ΔPload 159.1481 99.1481 99.1481

α 0.6798 0.5107 0.5107
β 0.3202 0.4893 0.4893

For a comprehensive comparison of the effectiveness of the management strategy
proposed across all regimes, Figure 14 shows a summary bar chart showing the key in-
dicator, i.e., network power variance (D). Although the performance comparison in this
study is made relatively conventional constant power control, this reference baseline is
relevant because it represents the default strategy currently implemented in industrial
charging stations and thus reflects the real operational practice. More complex predictive
and rule-based controllers are not used in quarry-grid environments due to communica-
tion restrictions and absence of reliable stochastic forecasting. The proposed approach is
therefore positioned not only as theoretically novel, but as immediately deployable under
current infrastructure limitations. The graph compares the variance values for the initial
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load profile, the system with traditional constant power management, and the system with
the proposed adaptive algorithm for all four IBES modes of operation.

 

Figure 14. Comparative analysis of network power dispersion for different control methods and IBES
operating modes.

In Figure 14, the columns clearly demonstrate that the proposed adaptive algorithm
(dark blue) provides the least variance and, therefore, the best smoothing of the load profile
in all four modes compared to the traditional method (orange) and the original profile
(gray). The greatest relative efficiency is observed in Mode 4, where the capabilities of
IBES are used to the fullest. Therefore, a summarized, quantitative picture of the effective-
ness of the new method under various initial conditions (capacity, power) was obtained.
The universality and robustness of the proposed algorithm is visually confirmed. It per-
forms better in one scenario and consistently delivers superior performance in different
system configurations.

5. Conclusions

In this paper, a new strategy for direct charge and discharge control of the system of
integrated battery energy storage (IBES) based on dynamic iterative adjustment of load
boundaries is proposed and investigated. The mathematical foundation of the method is
the formalization of the problem of minimizing the dispersion of network power in the
presence of nonlinear constraints related to the power and state of charge (SOC) of the
battery. The developed adaptive algorithm demonstrates high efficiency for smoothing
peaks and filling load dips in the power grids of industrial charging stations.

The results of theoretical analysis, numerical modeling, and experimental verification
allow us to formulate the following main conclusions:

1. Mathematical efficiency and robustness. The proposed iterative algorithm with dy-
namic boundaries of PH(t) and PL(t) provides a steady reduction in network power
dispersion by 15–30% compared to the traditional constant-power control method.

2. Optimal control and increased reliability. Dynamic adjustment of the load limits
allows the charge and discharge energy to be optimally distributed in strict accor-
dance with the current capacitive availability of the battery. This not only maximizes
the utilization of IBES capacitance but also extends its lifespan by actively limiting
the depth and number of charge–discharge cycles, thereby improving the overall
reliability of the system.
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3. Practical applicability. The algorithm is computationally simple, does not require
complex predictive models, and can be implemented on local controllers with limited
resources. This makes the proposed strategy particularly attractive for use at remote
and isolated industrial sites, such as quarry plants.

Despite its advantages, several limitations should be acknowledged for realistic de-
ployment. First, under tight SOC boundaries, the feasible region for boundary updates
(PH, PL) becomes narrow, which may reduce smoothing performance in long-duration
peak clusters. Second, the current implementation assumes observed rather than forecasted
truck arrivals; therefore, large uncertainty in charging events can increase iteration count
and delay convergence. Finally, although the iterative algorithm remains computationally
lightweight, scaling to fleets with tens of chargers may require controller hardware with
sufficient processing margin to maintain the 1 s update cycle. These aspects do not diminish
the method’s applicability but highlight conditions under which performance may degrade
and where further research could be directed.

In terms of scalability, the proposed control approach can be extended to multi-
charger configurations by assigning a shared IBES pool and applying the boundary update
procedure independently for each charging port. Since the algorithm relies only on real-
time measurements of Pload(t), Pgrid(t) and SOC(t), computational complexity grows linearly
with the number of chargers, while the control step of Δt = 1 s remains sufficient for practical
deployment. Increasing IBES capacity improves peak-shaving capability proportionally,
as a larger energy buffer widens feasible ranges of PH(t) and PL(t), reducing boundary
saturation and iteration count.

From an engineering perspective, the controller operates with modest communication
requirements (10 Hz of telemetry exchange already validated in experiments) and reacts
within one control cycle without the need for long-horizon forecasting. The integration into
systems of quarry energy management may be achieved through standard CAN/MODBUS
protocols, allowing the IBES controller to function as a supervisory layer above existing
dispatch logic. These aspects support the applicability of the method to large-scale multi-
vehicle charging stations and industrial operation scenarios.

Prospects for further research are seen in the following areas: an integration of stochas-
tic load forecasting models for the implementation of predictive control, an extension of
the mathematical model for the control of hybrid energy storage systems (IBES + superca-
pacitors), the development of multi-criteria optimization algorithms that simultaneously
consider technical and economic indicators.
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Abstract: The design of high-precision total temperature probes for aero-engines is con-
strained by the massive computational cost of high-fidelity simulations. This paper over-
comes this barrier by introducing a surrogate model-based optimization framework for
a dual-shield probe. A computationally efficient data-driven framework is established,
merging conjugate-heat-transfer Computational Fluid Dynamics (CFDs), a Support Vector
Regression (SVR) model, and a Genetic Algorithm (GA), which collectively replace the
traditional costly design loop. The surrogate model’s exceptional predictive fidelity is
confirmed, and this approach obtains improvement in measurement accuracy, success-
fully reducing the temperature deviation and meeting the stringent requirement. Finally,
the demonstrated framework is geometry-agnostic, establishing a generalizable and cost-
effective strategy for the rapid design of high-performance thermometric components in
gas turbine systems.

Keywords: total temperature probe; surrogate model; support vector regression; genetic
algorithm; optimization

MSC: 65K10; 68T05; 76F60; 90C59

1. Introduction

The total temperature probe is a crucial sensor in testing aero engines and high-
temperature airflows. Its measurement accuracy directly affects the engine’s performance
evaluation and safety control [1,2]. Much research has been conducted on improving
measurement accuracy and calibrating probes in aircraft engines [3,4]. In practical ap-
plications, the coupling between thermodynamics and fluid mechanics under complex
flow conditions leads to significant errors in total temperature measurements, primarily
radiation, conduction, and velocity errors [5]. Meanwhile, due to issues with radiative
heat dissipation and the limited installation space for dedicated temperature sensors, it
is impossible to eliminate errors solely by designing a special head structure. Therefore,
during the design stage, it is necessary to optimize the probe’s shape as much as possible to
improve its accuracy and to calibrate its measurement accuracy before use [6,7]. However,
the inherent errors (e.g., radiation, conduction, and velocity) of standard probes, as well as
the uneven airflow distribution caused by limited installation space, can pose challenges to
probe design and calibration.

A large number of experiments have been carried out to optimize and calibrate
probes [8,9]. These experimental results provide an essential basis for studying the total
temperature error. However, the experimental methods are time-consuming. Especially,
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some repetitive work and the high cost in extreme cases have led to difficulties in experi-
mental research. Furthermore, the source causing the total temperature thermocouple error
cannot be accurately calibrated through experiments [10]. Numerical simulation offers
an efficient means to optimize probe performance and analyze error mechanisms [11]. It
can reveal the influence patterns of flow field interference, heat conduction, and radiation
through multiphysics field-coupling simulation [12,13]. Compared to theoretical methods,
numerical simulations have fewer assumptions and a broader range of applications. Unlike
experimental methods, they do not require standard probes to measure flow field tempera-
ture, making them more efficient and cost-effective. They can also provide more physical
phenomena and values within the flow field.

In recent years, with the advancement of CFD and conjugate heat transfer methods, an
increasing number of scholars have applied numerical simulation technology to conduct
extensive research on total temperature probes. Villafañe et al. [14] from the Von Karman
Institute of Fluid Dynamics used numerical simulation methods for conjugate heat transfer
to analyze probe response and various sources of temperature errors. Matas et al. [15]
employed thermal network simulation methods and numerical simulation approaches
to simulate multipoint total temperature probes for compressors and also compared the
effects of different Reynolds-Averaged Navier–Stokes turbulence models on numerical
simulation temperature measurement deviations. Wang et al. [16] designed a new shielded
total temperature probe for relatively low-temperature gas measurement; the probe’s
characteristics and various error sources were analyzed using the conjugate heat transfer
simulation method.

The gas flow and temperature fields in the engine are complex. To obtain a relatively
accurate temperature field, probes are usually installed at different positions. Due to
differences in installation locations, different flow field conditions, and temperature ranges,
it is difficult for universal probes to achieve high-precision measurements in all situations.
Therefore, it is usually necessary to separately design the structural parameters of probes
for different working conditions and conduct calibration tests, which involves a significant
amount of repetitive work. Wang et al. [7] combined numerical simulation with parametric
design to streamline this process. The parametric method handles probe sizing, while
numerical simulation conducts experimental analysis. This integration reduces repetitive
design and calibration work, thereby enhancing the optimization of probe performance.
Structural optimization represents a well-established approach for enhancing thermo-
fluidic system performance, as similarly demonstrated in the optimization of porous cavity
flow and heat transfer [17].

However, this method relies on high-precision CFD simulations, and each simulation
takes considerable time. As the dimension of the optimization parameters increases, the
computational cost rises significantly, making it challenging to meet the requirements for
rapid iteration [18,19]. Meanwhile, this method relies on numerical simulation rather than
experiments, making it difficult to fully utilize experimental data, such as wind tunnel
calibration results, in the design and calibration of probes.

Surrogate modeling is a method for creating mathematical approximations of complex
systems. Machine learning-based surrogate models can bypass computationally expensive
simulations and have been widely adopted in CFD to accelerate design optimization and
uncertainty quantification. They have been successfully applied across various domains,
including turbulent modeling, flow control, and design optimization. Du et al. [20] pro-
posed a deep learning-based surrogate for rapid prediction around complex 3D geometries,
enabling efficient prediction of patient-specific aortic hemodynamics with a 100,000×
speedup over traditional CFD simulations. Wilson et al. [21] built a surrogate model
to predict wake-internal wind speeds from CFD data, achieving accurate interpolation
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of 3D wake velocities and extrapolation to novel wind speeds with low error, and Elka-
rii et al. [22] developed one for predicting pressure drop in slurry flow, proposing a new
friction factor correlation based on 525 CFD data points with over 85% prediction accuracy.
These methods are typically trained on data from high-fidelity numerical models, such as
CFD. They can accurately predict outcomes with significantly less computational effort
than the original simulations, making them an effective solution for scenarios requiring
rapid analysis.

In the specific context of temperature measurement and sensor design, several studies
demonstrate the potential of surrogate modeling. For instance, Jeon et al. [23] developed
a Deep-Neural-Network-based surrogate model to optimize gas detector layouts, while
Morozova et al. [24] created a CFD-driven surrogate model to predict flow parameters in
mechanically ventilated rooms. These successful applications provide strong precedents
and confidence for the present study to employ an SVR surrogate model to optimize total
temperature probes.

In the design and optimization of instrumentation and precision sensors, machine
learning surrogate models have demonstrated significant advantages for high-end equip-
ment. For instance, Zhu et al. [25] applied an improved Back Propagation Neural Network
(BPNN) and a genetic algorithm to optimize 11 thermal design parameters of a space tele-
scope. Similarly, Zhang et al. [26] built a CatBoost surrogate to predict motor efficiency and
torque for an aerospace system, and coupled it with the Non-dominated Sorting Genetic
Algorithm-III algorithm to optimize 71 structural parameters, improving performance
while reducing computational overhead. In microelectronic packaging, Shan et al. [27] used
a Kriging surrogate model to rapidly evaluate how nozzle and backflow chamber structures
affect jetting velocity and volume, and validated the optimized design experimentally via
multi-objective genetic algorithm optimization.

To apply the surrogate model’s predictive ability to the design of structural parameters,
a powerful optimization method must work in conjunction with it. For such engineer-
ing optimization problems characterized by multivariate, nonlinear, and computationally
expensive objective functions, population-based global optimization algorithms, such as
GA, have been proven to be an ideal choice. Zhu et al. [25] used a Genetic Algorithm to
optimize the parameters of their improved BP neural network surrogate model and to find
the optimal thermal design parameters for a space telescope. Zhang et al. [26] employed the
Non-dominated Sorting Genetic Algorithm-III algorithm, an advanced multi-objective Ge-
netic Algorithm, to achieve rapid multi-objective optimization of 71 structural parameters
for a complex electromechanical system. Shan et al. [27] applied a bi-objective Genetic Algo-
rithm to concurrently optimize the dispensing velocity and the dispensed volume in their
surrogate model-based study of a jetting system. Li et al. [28] utilized a Multi-Objective
Genetic Algorithm to optimize the heat dissipation performance of an air-cooling battery
pack based on a Kriging surrogate model. Gu et al. [29] adopted the Non-dominated Sort-
ing Genetic Algorithm-II algorithm to solve the computationally expensive multi-objective
optimization problem of a high-speed permanent magnet synchronous machine, leveraging
surrogate models to reduce the FEM calculation burden. These algorithms can effectively
avoid local optima and operate without gradient information, enabling them to collaborate
efficiently with the surrogate model to jointly address challenges in probe optimization.

The shielded total temperature probe is typically used to measure the total temper-
ature of high-temperature, high-speed gas flows, particularly to determine the exhaust
temperature of aeroengine tail nozzles [5,30]. The key to improving the accuracy of flow
field temperature measurement by probes lies in stopping the flow field. The probe’s
shielding cover plays an important role [31]. Different parameters of the shielding cover
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have varying degrees of hindrance to radiant heat transfer. Optimizing the design of the
shielding cover is crucial for enhancing the temperature measurement accuracy of probes.

Despite the critical role of total temperature probes in aero-engine monitoring, their
design optimization faces significant challenges. Traditional approaches, which rely heav-
ily on experimental calibration or high-fidelity conjugate heat transfer CFD simulations,
are often prohibitively time-consuming and computationally expensive for rapid design
iterations. This is particularly true when dealing with multivariate geometric parameters
under extreme operating conditions. Consequently, there is an urgent need for an efficient
and automated optimization framework that can achieve high measurement accuracy for
complex design spaces, significantly shorten the development cycle, and reduce compu-
tational costs. Therefore, this research aims to develop a design optimization framework
based on surrogate models to address the limitations of traditional methods in the design
of dual-shielded total temperature probes.

This study successfully developed and validated a surrogate model-based optimiza-
tion framework for the design of a dual-shield total temperature probe. The main contribu-
tions are as follows:

(1) We have proposed an effective optimization methodology that integrates CFD, SVR
surrogate model, and GA optimization. This framework effectively replaces tradi-
tional, expensive numerical simulation and experimental methods and can quickly
achieve global optimization of probe structure parameters at relatively low computa-
tional cost.

(2) The framework delivers a substantial performance improvement. Through this ap-
proach, the probe’s temperature measurement deviation was successfully reduced
to within the acceptable range, demonstrating a significant improvement in accu-
racy. This optimized design meets the stringent accuracy requirement for critical
aero-engine applications.

(3) The developed methodology is geometry-agnostic and extensible. The core work-
flow is not limited to the specific probe geometry presented here. It provides a
cost-effective and generalizable framework for the optimized design of various tem-
perature sensors and similar aerothermodynamic components across a wide range of
operating conditions.

In Section 2, numerical simulations are used to generate a training dataset for a surro-
gate model. This enables the rapid prediction of temperature measurement errors under
various structural parameters. In Section 3, a genetic algorithm based on a surrogate model
is applied to efficiently find the optimal probe structure. This approach significantly re-
duces computational costs, enhances optimization efficiency, and provides a novel method
for designing high-precision total temperature probes. Finally, the conclusion is given in
Section 4.

2. Numerical Simulation Analysis

2.1. Research Object

The research object of this paper is the double-shielded water-cooled standard total
temperature probe, whose structure comprises internal and external shields, a thermocou-
ple wire, a flange, a water-cooled structure, and sealing components, as shown in Figure 1.
The sensing part, indicated by the orange component in Figure 1, is made of precious metals,
with the sensitive element being an iridium-rhodium alloy probe of 0.5 mm diameter. The
support structure operating in the high-temperature airflow is divided into two sections:
the portion supporting the sensing element is dry-fired and fabricated from precious metal,
while the external section exposed to the high-temperature airflow is water-cooled and
constructed from superalloy.
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Figure 1. Total temperature probe structure.

According to the physical characteristics of the total temperature probe, the calculation
domain is divided into three parts: the first part is the air fluid domain in contact with the
sensing part of the probe, the second part is the cooling water domain involved in the total
temperature probe cooling, and the third part is the solid domain of the total temperature
probe structure. The structure diagram is shown in Figure 2, where the air fluid domain is
consistent with the actual test environmental parameters of the total temperature probe.

Figure 2. Simulation computational domain.

2.2. Numerical Method

Numerical simulations were performed using the commercial software ANSYS Fluent
2022R1. A conjugate heat transfer model was employed to solve the three-dimensional,
steady-state Navier–Stokes equations using the Semi-Implicit Method for Pressure Linked
Equations algorithm. For spatial discretization, the Least Squares Cell-Based scheme was
utilized due to its accuracy and suitability for the polyhedral mesh employed in this study.

The Shear Stress Transport (SST) turbulence model was selected for its demonstrated
accuracy in predicting flows with adverse pressure gradients and separation, which are
anticipated around the probe geometry. This choice is supported by its proven capability
in complex convective heat transfer simulations, as evidenced in the uncertainty and
sensitivity analysis of [32]. The model maintains robustness throughout the boundary layer,
making it particularly suited for the present conjugate heat transfer problem.
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The fluid domain (air) was treated as an ideal gas to account for compressibility effects
at the high Mach number (0.6) condition. The dynamic viscosity of air was calculated
using Sutherland’s formula, a standard semi-empirical relation for temperature-dependent
viscosity [33]. The thermal conductivity was subsequently determined by the solver based
on kinetic theory and its relation to the dynamic viscosity. Radiation heat transfer was
modeled using the Discrete Ordinates model, which is capable of accounting for the
participating media effects of the air within the computational domain.

Due to the complexity of the total temperature sensor model in this study, a polyhedral
mesh was employed for grid generation. To ensure simulation accuracy, the mesh was
refined around the total temperature probe, and boundary layers were generated on all
fluid domain walls. The minimum grid size in the entire computational domain was set
to one-tenth of the total temperature probe wire diameter, while the maximum grid size
was set to one-fiftieth of the fluid domain diameter. Additionally, the entire computational
region was refined with the total temperature probe as the center, using a growth rate of
1.05. Ultimately, the total number of grid cells was approximately 3 million, with about
200,000 in the solid domain, 300,000 in the cooling water fluid domain, and 2.5 million in
the air fluid domain. The resulting mesh is shown in Figure 3.

Figure 3. Computational domain mesh and distribution.

In the calculation conditions, the incoming flow Mach number within the domain is set
to 0.6. The total temperature of the incoming flow is set to 2300 K, while the environmental
pressure is maintained at 1.0 MPa. The cooling water flow rate is set to 1.0 kg/s. The heat
transfer coefficient is 25 W/(m2·K), and the ambient temperature is 293.15 K. The emissivity
of the shield is specified as 0.85, the emissivity of the probe wire is 0.9, and the emissivity
of the ball welding is also set to 0.9.

2.3. Error Analysis

The primary sources of temperature measurement error ΔT of the total temperature
probe, are velocity error σw, thermal conductivity error σc and radiation error σr, among
which the velocity error σw refers to the deviation between the total temperature T0 of the
air stream and the effective temperature Tg of the air stream, as shown in Equation (1):

σw = T0 − Tg (1)

Thermal conductivity error σc means that there is a temperature gradient between the
measuring end and the support, and the heat will be conducted from the high temperature
measuring end to the low temperature support, so that the indicated temperature of the
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sensor Tjg is lower than the effective temperature of the air flow Tg, and the difference
between the two is called the thermal conductivity error, as shown in Equation (2):

σc = Tg − Tjg (2)

Radiation error σr is only caused by the probe node and the surrounding solid wall
exchanging heat through radiation, so that the temperature indicated by the sensor Tj

deviates from the effective temperature of the airflow Tjg, and the deviation between the
two is called radiation error, as shown in Equation (3) below:

σr = Tjg − Tj (3)

The temperature measurement deviation of the total temperature probe can be ex-
pressed as the sum of velocity error, thermal conductivity error, and radiation error, or it
can be expressed as the difference between the total temperature and the indicated temper-
ature of the sensor when considering the air recovery characteristics, thermal conductivity
characteristics, and radiation characteristics, namely:

ΔT = σw + σc + σr = T0 − Tj (4)

In this paper, the deviation in temperature measurement of the total temperature
probe is mainly analyzed. During the simulation, a fluid-solid conjugate heat transfer
coupling is performed for the air-fluid domain, the total temperature probe solid domain,
and the cooling-water fluid domain, which requires a radiation model. The simulated
flow field velocity cloud images and the temperature cloud image are shown in Figures 4
and 5, respectively. The figure shows that when airflow flows from the inlet to the shield
of the total temperature probe, the closer the shield is, the lower the flow rate, and the
higher the static temperature. When the airflow reaches the vicinity of the ball welding, the
flow rate decreases to 0, and the static temperature reaches its highest. At the same time,
due to the effective heat transfer of cooling water through the total temperature probe,
the surface temperature of the shield is reduced, and the radiation heat between the ball
welding surface and the shield is increased, thereby reducing the surface temperature of
the ball welding.

Figure 4. Flow field velocity cloud diagram.
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Figure 5. Flow field static temperature cloud diagram.

In the simulation, factors such as aerodynamics, the cooling water region, fluid–structure
interaction, and radiation heat transfer were considered. The average temperature of bead
welding obtained from the simulation is the result of combined velocity, conduction, and
radiation errors. From the bead welding temperature cloud diagram (Figure 6) and the
average temperature value of the bead welding surface, the average temperature of the
bead welding surface is 2280.73 K. According to Equation (4), the temperature measurement
deviation of the total temperature probe is calculated to be 19.27 K. It is this CFD-simulated
ΔT value, derived directly from Equation (4), that serves as the objective function to be
minimized in our subsequent optimization model.

Figure 6. Total temperature probe bead welding temperature cloud diagram and average tempera-
ture values.

3. Optimization Design

The shielded total temperature probe is typically used to measure the total temperature
of high-temperature, high-speed airflow. During the measurement, there is usually steady-
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state error, including velocity error, thermal conductivity error, and radiation error, which
causes the probe’s temperature to fail to accurately represent the total temperature of the
incoming flow, thereby reducing the probe’s temperature measurement accuracy. Several
factors influence the measurement accuracy of the shielded probe, including the material
and shape. The probe in this paper is made of a precious metal and is very sensitive to
temperature. Optimizing the design of the probe’s shielding cover is crucial for improving
its temperature measurement accuracy.

3.1. Optimization Problem
3.1.1. Shield-Structure Design

The ratio of the inlet to outlet areas of the shield significantly influences thermal
conductivity error by altering the internal gas flow state and velocity distribution, thereby
modifying the heat transfer process. Previous studies demonstrate that reducing this area
ratio increases velocity error but decreases radiation error, while also affecting thermal
conductivity error [31]. An optimal ratio exists that minimizes the total steady-state
error, including thermal-conductivity error, achievable by adjusting the inner shield’s
opening diameter.

Employing a double-shield configuration effectively increases the probe’s flow-facing
surface area, reducing radiant heat transfer and the temperature difference between the
probe and computational domain perimeter [7]. Different shield parameters provide
varying degrees of obstruction to radiant heat transfer. The synergistic effect between
inner and outer shields enhances measurement accuracy in complex environments: the
outer shield protects against direct mechanical damage from high-speed airflow, while the
inner shield stabilizes the sensitive element and minimizes vibration from airflow impacts.
For instance, in aero-engine exhaust temperature measurements, properly designed outer
shield shape and size promote uniform airflow distribution around the probe, thereby
reducing velocity-induced measurement errors.

The optimization process aims to minimize the deviation in the total temperature
probe’s temperature measurements by adjusting its structural parameters. Given the
high-temperature (2300 K), high-pressure (1.0 MPa), and high-Mach number (0.6) operating
environment, the primary sources of temperature measurement deviation are conduction
and radiation errors. Therefore, the structural parameters selected for optimization are
the diameter of the internal shield, the orifice diameter of the internal shield, the diameter
of the external shield, the internal shield length, the external shield front length, and the
external shield rear length, as shown in the schematic diagram of the optimized parameters
in Figure 7. The initial values and ranges of these parameters are presented in Table 1.

 

Figure 7. Structural diagram of optimized parameters for the total temperature probe.
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Table 1. Initial values and ranges of variation in the optimized parameters.

Structural
Parameters

The Diameter of
the Internal

Shield
D_in (mm)

Bore Diameter
of the Internal

Shield
D (mm)

The Diameter
of the External

Shield
D_ex (mm)

Internal Shield
Length

L_in (mm)

Front Length of
External Shield

L_1 (mm)

Rear Length of
External Shield

L_2 (mm)

Initial value 5.00 2.00 11.00 11.60 21.50 36.70
Range of
variation 5.0–7.0 1.5–2.5 10.0–12.0 9.6–13.6 18.5–21.5 28.7–36.7

This parameter selection is justified by their distinct roles: D_in and D collectively
determine the inlet-to-outlet area ratio, critically influencing internal flow field structure
and recovery characteristics, with literature confirming an optimal ratio exists for mini-
mizing total steady-state error [26]. D_ex serves as the primary barrier against high-speed
incoming flow, providing flow rectification and deceleration while influencing radiative
heat loss. L_in governs the internal flow development length and heat conduction path,
balancing velocity error reduction against conduction error. L_1 and L_2 define the external
shield’s geometric configuration, where L_1 guides incoming flow and affects pressure
distribution, while L_2 governs flow stability and wake effects—together ensuring a stable,
low-pressure-loss flow environment for the internal shield.

The objective is to optimize the structure of the total temperature probe by minimizing
its temperature measurement deviation. The objective function is established as follows:

min F(D_in, D, D_ex, L_in, L_1, L_2)

s.t.

⎧⎪⎪⎨⎪⎪⎩
(D_in∈[ 5.0 , 7.0 ]

D∈[ 1.5 , 2.5 ]
)

(D_ex∈[ 10.0 , 12.0 ]
L_in∈[ 9.6, 13.6 ]

)

(L_1∈[ 18.5 , 21.5 ]
L_2∈[ 28.7 , 36.7] )

(5)

The temperature-measurement deviation ΔT is governed by a six-parameter function
F(D_in, D, D_ex, L_in, L_1, L_2), i.e., ΔT = F(D_in, D, D_ex, L_in, L_1, L_2).

3.1.2. Structural Parameter Analysis

Before constructing the surrogate model and performing optimization, it is essential to
quantify the influence of the six key structural parameters on the temperature measurement
deviation ΔT of the total temperature probe and identify their interactions.

To ensure the reliability and robustness of the sensitivity analysis results, global
sensitivity analysis based on the Sobol method was conducted using three distinct surrogate
modeling approaches: grid-search-optimized SVR, Kriging, and BPNN. This multi-model
comparative analysis aims to quantify the influence of the six key structural parameters on
the temperature measurement deviation ΔT and identify their interactions, while verifying
the consistency of sensitivity rankings across different modeling techniques.

This study employs three key sensitivity metrics: the first-order index (S1) quantifying
individual parameter effects, the total-order index (ST) capturing comprehensive influences
including all interactions, and their difference (ST-S1) measuring interaction strength [34].

The first-order sensitivity index S1i measures the direct contribution of the input
parameter Xi to the output variance, excluding the interaction effects of this parameter
with other parameters. Xi denotes the i-th parameter among the six structural parameters.
S1i is calculated using the following formula [35]:

S1i =
V[E(Y|Xi)]

V(Y)
(6)
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where V[E(Y|Xi)] is the variance of the conditional expectation when Xi is fixed. Y is the
true value of the output.

The total-order sensitivity index STi measures the total contribution of the input
parameter Xi to the output variance. The formula for STi is as follows:

STi = 1 − V[E(Y|X∼i)]

V(Y)
(7)

where V[E(Y|X∼i)] is the variance of the conditional expectation when other parameters is
fixed. X∼i is the set of all parameters except Xi.

The sensitivity rankings of parameters obtained from the three surrogate models are
visually presented in Figure 8, where Figure 8a illustrates the ranking from the SVR model,
Figure 8b from the Kriging model, and Figure 8c from the BPNN model. These visual
comparisons provide an intuitive understanding of parameter importance across different
modeling approaches. The first-order, total-order, and interaction strength Sobol indices
obtained from each model are comparatively presented in Table 2.

  
(a) (b) (c) 

Figure 8. (a) The ST of the SVR model; (b) The ST of the Kriging model; (c) The ST of the BPNN
model.

Table 2. Comparison of Sobol sensitivity indices from three surrogate models.

Model Structural Parameter S1 ST ST-S1

SVR

D_in 0.1240 0.3182 0.1942
D 0.0067 0.1444 0.1377

D_ex 0.1436 0.3567 0.2130
L_in 0.0110 0.1081 0.0970
L_1 −0.0047 0.1609 0.1657
L_2 0.2605 0.4723 0.2118

Kriging

D_in 0.1195 0.4059 0.2864
D 0.0045 0.2037 0.1992

D_ex 0.1006 0.3702 0.2697
L_in −0.0047 0.1089 0.1136
L_1 0.0281 0.2202 0.1921
L_2 0.1871 0.4502 0.2630

BPNN

D_in 0.1289 0.3244 0.1956
D 0.0196 0.1218 0.1022

D_ex 0.1425 0.4185 0.2761
L_in 0.0223 0.0764 0.0541
L_1 −0.0103 0.1490 0.1593
L_2 0.2408 0.4926 0.2519

The Sobol sensitivity analysis results from the three surrogate models demonstrate
good consistency, validating the reliability of the conclusions. As shown in Table 2, all
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three models identified L_2 as the most sensitive parameter, with total-order indices (ST)
ranging from 0.4502 to 0.4926; D_ex and D_in ranked as the second and third most sensitive
parameters, with ST values ranging from 0.3567 to 0.4185 and 0.3182–0.4059, respectively.
Notably, the Kriging model showed slight differences in the ranking of D_in and D_ex
compared to the other two models, but the numerical differences remain within acceptable
limits. The interaction strength analysis revealed significant nonlinear coupling effects. All
models indicated that L_2, D_ex, and D_in exhibit the strongest interactions (ST-S1 > 0.19),
suggesting complex synergistic or antagonistic effects among these parameters when
influencing temperature measurement deviation.

The medium-sensitivity parameters L_1 and D, with ST values in the 0.12–0.22 range,
require consideration of their interaction effects with other parameters during optimization.
Regarding low-sensitivity parameters, all three models consistently identified L_in as
having the least influence (ST < 0.12), suggesting it can be assigned lower priority during the
optimization process while focusing computational resources on more sensitive parameters.

Overall, the consistency in parameter sensitivity rankings and interaction strength
patterns across the three models enhances the credibility of the analysis results, providing
a solid theoretical foundation for subsequent probe structure optimization.

In this paper, the sample data are obtained using the numerical simulation method
for the total temperature probe described in Section 2. Under the design conditions of
the total temperature probe (inlet total temperature: 2300 K, inlet Mach number: 0.6,
environmental pressure: 1.0 MPa), a sensitivity-analysis-based non-uniform sampling
strategy was implemented for its six key structural parameters. According to the Sobol
sensitivity analysis results, five levels were selected for each of the three highly sensitive
parameters (L_2, D_ex, D_in), while three levels were chosen for each of the three less
sensitive parameters (L_1, D, L_in). A full factorial design was employed, generating
3375 representative parameter combinations. For these sampled points, the numerical
calculation method described in Section 2, along with Fluent commands, was utilized to
individually perform geometric modeling, mesh generation, and numerical simulation.
The initial values of the optimization objectives corresponding to the sampled points were
obtained by post-processing the simulation results. The sampling strategy, guided by
sensitivity analysis, ensures comprehensive coverage of the entire design space while
significantly improving the efficiency and focus of data acquisition.

3.2. Surrogate Model

To address the computational challenges associated with high-fidelity numerical
simulations, surrogate models have emerged as a powerful tool for efficient optimization
and design. These models approximate complex systems with reduced computational cost
while maintaining high accuracy. Selecting an appropriate surrogate model is critical. Given
that the input is a low-dimensional, structured vector of geometric parameters and the
output is a scalar temperature deviation, the problem is well-suited for regression models
that excel at learning nonlinear mappings in tabular data. While advanced architectures like
Convolutional or Recurrent Neural Networks are powerful for spatial or sequential data,
they are not optimized for this type of structured input and may introduce unnecessary
complexity. In the context of optimizing the dual-shield total temperature probe for aero-
engine applications, a surrogate model based on SVR is employed to predict temperature
measurement deviations under varying structural parameters.

We have N data points X(i) =
[

Din
(i), D(i), Dex

(i), Lin
(i), L1

(i), L2
(i)

]
, i = 1, 2, . . . , N

and their corresponding outputs y(i), the objective is to predict the output ŷ
(

X(new)
)

for a

new input point X(new) = [D_in, D, D_ex, L_in, L_1, L_2].
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SVR seeks to identify a hyperplane that best fits the training data while minimizing
prediction error. Unlike methods that require minimizing errors for all sample points, it
employs a loss function known as the ε-insensitive loss function. This function does not
penalize prediction errors smaller than ε, while applying linear penalties only to deviations
exceeding this threshold. Such a design enhances the model’s robustness. The loss function
is formally defined as follows:

L
(

y(i), ŷ(i)
)
=

⎧⎨⎩ 0 i f
∣∣∣y(i) − ŷ(i)

∣∣∣ ≤ ε∣∣∣y(i) − ŷ(i)
∣∣∣− ε otherwise

(8)

where y(i) is the true value, ŷ(i) is the predicted value. This equation indicates that loss
is calculated only when the difference between the predicted and actual values exceeds ε.
When the error exceeds ε, the loss becomes proportional to the amount by which it exceeds
this threshold.

The mathematical model of SVR can be expressed as the following optimization
problem:

min
ω,b,ξ,ξ∗

(
1
2
‖ω‖2 + C∑N

i=1(ξi + ξ∗i )
)

(9)

where ω is the weight vector representing model complexity. ξi and ξ*
i are slack variables

used to handle data points that cannot be fitted precisely. C is the regularization parameter
that controls the trade-off between model complexity and error, also referred to as the
penalty parameter. A larger C imposes a heavier penalty on points lying outside the margin
band, causing the model to attempt to fit more data points; conversely, a smaller C results
in higher tolerance for errors.

The constraints for SVR are as follows:⎧⎪⎪⎨⎪⎪⎩
y(i) −

(
ωTX(i) + b

)
≤ ε + ξi,(

ωTX(i) + b
)
− y(i) ≤ ε + ξ∗i ,

ξi, ξ∗i ≥ 0 i = 1, . . . , N

(10)

where b is the bias term. These constraints ensure that the model’s prediction errors do
not exceed ε, and they allow for some flexibility through the slack variables to handle data
points that are difficult to fit precisely.

SVR employs a kernel function to map the input data into a high-dimensional space,
enabling the identification of a linear hyperplane for fitting the data in this space. Com-
monly used kernel functions include linear, polynomial, and radial basis function (RBF)
kernels. The RBF kernel function K(X(i), X(j)) is defined as:

K(X(i), X(j)) = Φ
(

X(i)
)T ·Φ

(
X(j)

)
= exp

(
−γ

∥∥∥X(i) − X(j)
∥∥∥2

)
(11)

where Φ
(

X(i)
)

is the high-dimensional mapping of the input vector X(i), the parameter γ

controls the shape of the kernel function.
By solving the dual problem of Equation (9), the optimal Lagrange multipliers αi, α∗i

can be obtained. Subsequently, ω and b are calculated. Finally, the prediction for a new
input point X(new) is:

ŷ
(

X(new)
)
= ∑N

i=1 (αi − α∗i )K
(

X(i), X(new)
)
+ b (12)
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3.3. Genetic Algorithm Optimization

To efficiently identify the global optimal configuration of the probe’s structural param-
eters for minimizing temperature measurement deviation, a GA was employed. GAs are
a class of population-based optimization techniques inspired by the principle of natural
evolution, renowned for their robustness in handling nonlinear, high-dimensional prob-
lems and their strong global search capability without requiring gradient information. This
makes them particularly suitable for the present study, where the trained SVR surrogate
model implicitly defines the objective function.

The selection of the Genetic Algorithm for this optimization task was motivated by
several key factors that align with the problem’s characteristics. Firstly, the relationship
between the six structural parameters and the temperature deviation is highly nonlinear
and expected to be multimodal, presenting a complex design space. GA, as a population-
based global search method, is particularly adept at exploring such spaces without being
trapped in local optima, a common pitfall of gradient-based algorithms. Secondly, GA
operates without requiring derivative information, which is advantageous when the ob-
jective function is implicitly defined by a surrogate model, as in this study. Lastly, GA
has a well-established track record of successful integration with surrogate models for the
optimization of complex engineering systems, including thermal management [25,28], elec-
tromechanical design [26,29], and fluidic systems [27], providing a reliable and validated
foundation for our approach.

A GA is used to optimize the probe’s structural parameters to minimize the tempera-
ture measurement deviation of total temperature probe. These parameters include inner
screen aperture diameter, inner screen length, external shield front length, and external
shield rear length. The optimization problem can be described as follows.

min
X

|Tmean(X)− Ttrue|

s.t. σT, weighted =

√
∑n

i=1 Ai(Ti−Tmean(X))2

∑n
i=1 Ai

< 1
(13)

In the formula, X is the vector of structural parameters [D_in, D, D_ex, L_in, L_1, L_2]T .
Tmean is the probe’s measured value from the simulation, which corresponds to the true
output value y(i) for that data point. Ttrue is the true total temperature (2300 K). In the con-
straint formula, σT, weighted is the standard deviation of the surface Weighted temperature.
n is the number of grid points on the thermocouple bead surface, which is 1426 in this
study. Ti is the temperature at the i-th surface cell. Ai is the area of the i-th cell. ∑N

i=1 Ai is
the total surface area.

σT, weighted directly quantifies the absolute dispersion of the local temperature from the
mean value. A smaller σT, weighted indicates a more uniform temperature field with smaller
thermal gradients.

Imposing a constraint σT, weighted guides the optimization away from designs that
might have a good average temperature but suffer from severe local hot spots or cold spots.
A uniform temperature distribution on the sensing element leads to a more stable and
reliable measurement signal by minimizing errors induced by internal heat conduction.

As shown in Figure 9, the optimization of the total temperature probe follows
these steps:

The GA was configured with careful consideration to balance exploration of the design
space and convergence efficiency. The fitness function was defined as the temperature
measurement deviation determined by six key structural parameters, which was approxi-
mated using the SVR surrogate model to replace computationally expensive high-fidelity
simulations. A population size of 500 individuals was chosen to maintain sufficient genetic
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diversity. The algorithm used a blend crossover with a probability of 0.9 to recombine
promising solutions, and a Gaussian mutation operator with a probability of 0.1 to intro-
duce perturbations and prevent premature convergence. The optimization process was
set to terminate after 1000 generations, with elitism used to preserve the best solution
across generations.

Figure 9. Schematic of the total temperature probe optimization process.

3.4. Simulation Verification

To clearly demonstrate the implementation process of the simulation verification and
its position within the overall optimization framework, the comprehensive workflow is
depicted in Figure 10. This verification step essentially executes the “Numerical simulation”
branch of the framework, utilizing the optimal structural parameters obtained from the
“Offline Model”.

The specific implementation follows the detailed settings outlined in the diagram:
an unstructured grid was employed for meshing, and the boundary conditions were
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applied. This high-fidelity simulation, conducted under the same rigorous conditions
used to generate the training dataset, serves as the definitive benchmark for validating the
surrogate model’s predictive accuracy and the genetic algorithm’s optimal solution.

Figure 10. Framework of the surrogate model-based optimization methodology.

3.4.1. Surrogate Model Construction

The dataset was divided into training and test sets at a ratio of 9:1. The optimal
parameters for the SVR model were determined through a comprehensive grid search
process, considering various combinations of regularization parameter C, kernel parameter
γ, and ε-insensitive zone width. The final SVR model in this study employs an RBF
kernel, with the regularization parameter C set to 1000, the kernel parameter γ set to 1,
and the ε-insensitive zone width set to 0.2. These parameters are chosen to balance model
complexity and predictive accuracy.

The parameter C controls the trade-off between the model’s complexity and its ability
to fit the training data. A smaller C value results in a simpler model that allows for larger
errors, potentially leading to underfitting. Conversely, a larger C value results in a more
complex model that fits the training data more precisely, potentially leading to overfitting.
In this study, C is set to 1000 to ensure a high level of model complexity and precise fitting
of the training data.
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The kernel parameter γ controls the width of the RBF kernel. A smaller γ value
indicates a wider kernel, making the model less sensitive to local variations and more
suitable for capturing global trends. A larger γ value indicates a narrower kernel, making
the model more sensitive to local variations and better suited for capturing local features.
In this study, γ is set to 1 to balance sensitivity to local and global variations in the data.

The ε-insensitive zone width ε defines the model’s tolerance for errors. A smaller ε

value makes the model more sensitive to errors, allowing fewer errors and thus increasing
the model’s complexity. A larger ε value makes the model less sensitive to errors, allowing
more errors and thus reducing the model’s complexity. In this study, ε is set to 0.2 to provide
a moderate level of error tolerance, ensuring that the model is neither overly complex nor
overly simplified.

To demonstrate the advantages of the SVR model as a surrogate model for this prob-
lem, we additionally employed Kriging and BPNN as surrogate models to approximate
the target problem. The performance of these three models was evaluated under their
respective optimal parameter configurations.

The relevant parameters of the Kriging model were configured as follows: the initial
parameter θ was set to 0.01 to control the kernel width and balance sensitivity to local
variations against overfitting risks; the squared exponential kernel function was selected
for its suitability to smooth data; and a nugget parameter δ of 1 × 10−12 was applied to
enhance numerical stability while preventing underfitting from excessive regularization.

The relevant parameters of the BPNN model were configured as follows: the input
layer consists of 6 nodes; there are two hidden layers, the first with 128 nodes and the
second with 64 nodes, both using the ReLU activation function; the output layer has one
node with a linear activation function; the Adam optimizer was adopted with a learning
rate of 0.02; the training was run for 2000 epochs with a batch size of 20, and the verbose
setting was set to 1.

The model evaluation metric uses the coefficient of determination, R2, which ranges
from 0 to 1. A value closer to 1 indicates better model performance, while a value closer to
0 suggests worse performance. The formula is as follows:

R2 = 1 −
∑N

i=1

(
y(i) − ŷ(i)

)2

∑N
i=1

(
y(i) − y

)2 (14)

where ŷ(i)(i = 1, 2, . . . , N) is the predicted value for the i-th sample, y(i)(i = 1, 2, . . . , N) is
the actual value for the i-th sample, y is the average value of the actual value, and N is the
number of samples.

The prediction results of the three models are shown in Figure 11, where Figure 11a
presents the SVR model’s performance, Figure 11b shows the Kriging model’s performance,
and Figure 11c displays the BPNN model’s results.

The SVR model achieved an R2 value of 0.9591 and a Mean Squared Error (MSE) of
3.3869; the Kriging model attained an R2 of 0.9086 and an MSE of 2.1594; while the BPNN
model yielded an R2 of 0.7881 and an MSE of 10.8098, as shown in Table 3.

Table 3. Comparative Performance of Three Surrogate Models.

Evaluation Metrics The SVR Model The Kriging Model The BPNN Model

R2 0.9591 0.9086 0.7881
MSE 3.3869 2.1594 10.8098
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(a) (b) (c) 

Figure 11. (a) The model performance of the SVR model on the testing set; (b) The model performance
of the Kriging model on the testing set; (c) The model performance of the BPNN model on the
testing set.

In terms of R2, the SVR model significantly outperforms both Kriging and BPNN. As
evidenced in Figure 11, the deviations between the predicted and actual values are notably
smaller for the SVR model. Therefore, the SVR model is more suitable for the problem
under investigation.

The complete training results of the SVR model are presented below. Figure 12
illustrates the model performance on the training set, where the R2 is 0.9840 and the MSE
is 0.7220. These metrics indicate that the model fits the training data very well. The low
MSE value further suggests that the model’s predictions are close to the actual values, with
minimal deviation.

Figure 12. The model performance of the SVR model on the training set.

Figure 11a presents the model performance on the testing set, with an R2 of 0.9503 and
an MSE of 3.3869. The slightly lower R2 value and higher MSE on the test set compared to
the training set suggest that, while the model generalizes well to unseen data, it shows a
modest increase in prediction error. This is expected, as models often perform better on
training data due to overfitting.

Figure 13 compares prediction results. This suggests the SVR is suitable as a surrogate
model for genetic algorithm optimization in this paper.
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Figure 13. Comparison of prediction results.

3.4.2. Verification of Optimization Results

In Section 3.3, we discussed the basic optimization workflow and detailed the genetic
algorithm’s parameter settings. In this section, we validate the optimization results to
demonstrate the feasibility of the proposed methodology.

The convergence behavior of the Genetic Algorithm, monitored through the evolution
of the objective function (temperature deviation ΔT), is presented in Figure 14. The history
shows a characteristic trend: a rapid and substantial decrease in ΔT during the initial
20 generations, as the algorithm efficiently explores the design space and identifies promis-
ing regions. This is followed by a period of refined search with diminishing returns, where
only minor improvements are achieved. The population reached a stable global optimum
around the 70th generation, with no further significant improvement observed thereafter.

Figure 14. Evolution of cost function.

The optimal set of structural parameters identified by the GA is listed in Table 4. The
temperature measurement deviation was reduced from an initial value of 2.05 K to an
optimal value of 0.75 K, corresponding to a reduction of 1.30 K.
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Table 4. Comparison of structural parameter dimensions before and after.

Structural
Parameters

The Diameter
of the Internal

Shield
D_in (mm)

Bore Diameter
of Internal

Shield
D (mm)

The Diameter
of the Internal

Shield
D_ex (mm)

Internal Shield
Length

L_in (mm)

Front Length of
External Shield

L_1 (mm)

Rear Length of
External Shield

L_2 (mm)

Before 5.00 2.00 11.00 11.60 21.50 36.70
After 5.90 2.07 11.92 11.77 20.36 35.39

The optimization results are both physically meaningful and align with the earlier
sensitivity analysis. The most significant adjustments occurred in the most sensitive
parameters: a reduction in the rear shield length (L_2) to stabilize the wake flow, and
an increase in the shield diameters (D_in, D_ex) to enhance radiative shielding and flow
recovery. These synergistic changes effectively balance the reduction in velocity, conduction,
and radiation errors.

Under representative aero-engine operating conditions (total temperature: 2300 K,
Mach number: 0.6, pressure: 1.0 MPa), the probe was redesigned in 3D using optimized
structural parameters to verify its measurement accuracy. After extracting the computa-
tional domain, meshing, and setting the boundary conditions, high-fidelity simulations
were conducted to obtain detailed temperature distributions. Figure 15a presents the
simulation results for the initial design, showing a temperature deviation of 2.05 K. In
contrast, the optimized probe in Figure 15b exhibits a significantly reduced deviation
of approximately 0.86 K. This performance meets the stringent accuracy requirements
(typically within ±1.0 K) for high-precision temperature measurement in critical aero-
engine applications. Furthermore, the absolute error between this validated result and the
genetic-algorithm-predicted value (0.75 K) is only 0.11 K, demonstrating the high predictive
accuracy of the surrogate model-based optimization framework and its ability to meet
rigorous engineering design goals.

  
(a) (b) 

Figure 15. (a) The simulation verification results under the initial state; (b) Simulation verification
results after optimization.
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4. Conclusions

This study developed and validated an automated optimization framework inte-
grating conjugate heat transfer CFD, Support Vector Regression surrogate modeling,
and a Genetic Algorithm for the design of a dual-shield total temperature probe for
aero-engine applications.

The framework effectively solves the problems of traditional design methods re-
liant on costly experimentation or high-fidelity simulation loops. The application of
the proposed framework successfully reduced the probe’s temperature measurement
deviation from an initial 2.05 K to an optimized value of 0.86 K. This represents an
absolute reduction of 1.19 K and a 58% relative improvement in accuracy. The opti-
mized design meets the stringent ±1.0 K accuracy requirement for critical aero-engine total
temperature measurements.

The core workflow of the developed framework is geometry-agnostic. It provides a
cost-effective and generalizable strategy that can be readily adapted to the optimized design
of various other temperature sensors, pressure probes, and similar aerothermodynamic
components across a wide range of operating conditions, making way for high-performance,
low-cost, and rapid development cycles for advanced equipment.

Despite these promising results, certain limitations remain. Firstly, the current surro-
gate model is constructed for a fixed set of inflow conditions. Future work will incorporate
inflow Mach number, total temperature, and pressure as additional input variables to de-
velop a condition-agnostic design tool with stronger generalization capabilities. Secondly,
as problem complexity increases, both surrogate modeling and optimization methods
need enhancement. We plan to explore deep learning-based modeling approaches and
more advanced optimization algorithms like PSO or SSO to solve more challenging design
problems. Finally, physical experimentation remains essential for validation. Our next step
is to manufacture the optimized probe and conduct calibration tests in a high-temperature
wind tunnel, closing the loop between digital design and physical implementation.
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Abstract

Short-term load forecasting of distributed user groups is crucial for the efficient operation
of electricity markets, but existing methods mainly rely on intra-group consistency while
neglecting inter-group correlations, which limits the utilization of cross-group information
and reduces forecasting accuracy. To overcome these limitations, this study introduces
a clustering and multi-task learning-based framework for short-term load forecasting of
distributed user groups. First, historical load data are clustered to form representative
consumption groups. Next, a Transformer encoder is used as a hard parameter shared
network for multi-task learning. Within the multi-task framework, we apply dynamic task
weighting and task-specific prediction heads, which balance multi-task losses while opti-
mizing the forecasting performance of each group. Moreover, a filter-attention mechanism
and an Inception convolution module are introduced into the encoder to improve local
pattern extraction and multi-scale feature fusion. Experiments conducted on two publicly
available datasets show that, for the London smart meter dataset, the MAE values of the
clusters are 0.2858 and 0.4312, and the RMSE values are 0.5042 and 0.5266. On different
clusters of the UCI electricity load dataset, the MAE values are 0.1617, 0.1554, and 0.2608,
and the RMSE values are 0.2299, 0.2130, and 0.3678, respectively. These results demonstrate
that our method outperforms baseline models and significantly improves the accuracy of
distributed user short-term load forecasting in electricity markets.

Keywords: clustering; distributed user group; filter-attention; multi-task learning;
short-term load forecasting; Inception convolution

MSC: 68T07

1. Introduction

To accelerate the development of a unified national electricity market and ensure the
high-quality operation of the new power system, it is essential to address the challenge of
accurate electricity consumption [1]. Short-term power load forecasting for the distributed
user aggregate is a critical process in formulating spot trading clearing strategies, and accu-
rate load forecasting for different groups of distributed users plays a vital role in ensuring
the stable operation of power systems, optimizing resource allocation, and enhancing
economic efficiency [2,3].

Mathematics 2025, 13, 3820 https://doi.org/10.3390/math13233820
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Compared with traditional large-scale entities participating in the spot market, dis-
tributed users are numerous, with small individual loads and high heterogeneity, posing
significant challenges for load forecasting [4]. In particular, different user groups exhibit
distinct consumption patterns. Conventional models struggle to uncover true load–driver
relationships amid strong nonlinearities and high-dimensional covariates [5,6]. There is an
urgent need to develop aggregation methods for large-scale heterogeneous user resources
within the electricity market environment, to identify the key factors influencing electricity
consumption across various user types and time periods [7]. Moreover, traditional electric-
ity demand forecasting approaches primarily perform system-level predictions uniformly
across all users, failing to effectively account for the diversity in consumption habits and
the complexity of influencing factors among different industries and user groups [8–10].

To address the higher requirements for load forecasting accuracy posed by the di-
versity and volatility of users’ electricity consumption behaviors, in recent years, some
studies have employed cluster analysis methods to capture electricity consumption differ-
ences among various user groups, thereby achieving more accurate load forecasting [11,12].
The load clustering algorithm is used to partition users into different clusters, forming
corresponding resource aggregates, and further analyzing the users’ electricity consump-
tion characteristics [13]. By grouping and modeling users with similar electricity con-
sumption patterns, such methods effectively reduce the prediction errors caused by the
randomness of individual user behaviors and lay a foundation for subsequent refined
load management [14].

In the scenario of multi-user collaborative prediction, how to leverage the corre-
lations among users to improve overall prediction performance has become a research
hotspot. Multi-task learning has been applied to time-series prediction for multiple users
recently [15]. By sharing the underlying feature representations and model parameters,
the correlations among different tasks are mined. Meanwhile, multi-task learning can study
multiple tasks simultaneously during the training process and is capable of capturing
a broader range of power consumption pattern features [16]. This mechanism not only
enhances the model’s ability to characterize complex electricity consumption patterns but
also alleviates the data sparsity problem through information complementarity, making
it particularly suitable for practical scenarios with a large number of users but limited
individual data [17].

Although these methods are effective in most application scenarios, there are still some
fundamental challenges that remain unresolved: (1) The electricity market has numerous
participants with distinct consumption patterns. Therefore, making overall predictions
without considering these variations may obscure group-specific characteristics, increasing
prediction errors. (2) Predicting each user group separately ignores the inherent correlations
in electricity consumption trends between different groups and fails to effectively integrate
multi-source information to improve prediction accuracy. (3) Existing methods capture
the insufficient local features of electricity load data, have poor dynamic adaptability,
and struggle to balance short-term fluctuations and long-term trends within one scale.

To address the above issues, our paper proposes a short-term load forecasting frame-
work for distributed user Groups based on Clustering and Multi-task Learning, called
GCML. Firstly, distributed user groups are formed by clustering load curves. Secondly,
a multi-task learning framework based on the Transformer encoder is employed, combined
with a dynamic weighting mechanism and lightweight prediction heads designed for
specific tasks, enabling unified feature extraction and information sharing across different
user groups. Finally, we employ a filter-attention mechanism and an Inception convolution
module within the shared encoder to enhance the model’s ability to capture local patterns
and fuse multi-scale information.
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The main contributions of this paper are summarized as follows:

(1) This paper proposes a novel load forecasting model, which forecasts the short-term
load by segmenting electricity user groups and jointly optimizing multiple fore-
casting tasks, thereby improving prediction accuracy on the demand side of the
electricity market.

(2) An improved multi-task learning architecture is proposed to capture correlations
between distributed user groups. It uses an encoder-only approach to extract
common features across clusters, introduces dynamic weighting, and assigns in-
dependent task heads for multiple forecasting tasks, overcoming the limitations of
single-task modeling.

(3) The filter-attention mechanism and Inception convolution module are integrated into
an encoder, significantly enhancing the model’s ability to capture local patterns and
fuse multi-scale features of load data.

(4) We conducted experiments on publicly available datasets, and the experimental results
show that GCML outperforms existing baseline models.

2. Related Work

As a central issue in the development of trading strategies for electricity markets,
the accuracy of short-term electricity load forecasting for distributed users has attracted
considerable research attention [18]. However, the diversity of customer types and elec-
tricity consumption behaviors in the electricity market poses a significant challenge to
achieving highly accurate forecasts; existing research has primarily focused on modeling
within the group correlations and capturing complex patterns, which often neglects the
variations between different distributed user groups [9,19].

Currently, the short-term electricity load forecasting for distributed users research
primarily includes two approaches: (1) clustering-based load forecasting methods;
(2) multi-task learning-based forecasting methods.

2.1. Clustering-Based Load Forecasting Methods

In order to identify different patterns in load data and achieve more accurate short-
term load forecasting, researchers have proposed many time-series forecasting methods
based on clustering. By clustering historical data and building specialized forecasting
models for each group, these methods reduce the interference of complex load patterns on a
single model and improve prediction performance [20]. For example, Hyojeoung et al. [21]
used a time-series clustering method based on Euclidean distance and dynamic time
warping distance to cluster household electricity demand before forecasting. Dalil et al. [22]
extracted consumption patterns through outlier detection and replacement, followed by
cluster analysis, and improved prediction accuracy. Fang et al. [23] developed a short-
term time-series prediction model based on multilinear trend fuzzy information particles,
employing K-Medoids clustering and novel fuzzy association rules to enhance both data
characterization and semantic representation.

Existing studies mainly applied the clustering algorithms to classify users into clusters
and then use prediction algorithms to predict the electricity load for each group [13,24],
but these methods have some shortcomings. First, predicting each group individually
ignores the possible intrinsic correlation of electricity consumption trends among different
user groups, and the model can only learn the electricity consumption patterns within
the clusters, which restricts the generalization ability of the model; second, the model
needs to be trained individually for each type of group, which increases the complexity of
the model [25].
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2.2. Multi-Task Learning Methods for Time-Series Forecasting

In recent years, multi-task deep learning has been used for time-series prediction in
several fields, and existing studies have proved that multi-task learning frameworks can
implicitly capture the dynamic relationship between multiple time series and improve
the accuracy and generalization ability of time-series prediction [26,27]. Tian et al. [28]
adopted multi-task learning techniques and an end-to-end learning framework to handle
multiple load forecasting tasks in parallel, achieving favorable prediction performance.
Guo et al. [29] proposed a multi-task learning method based on bidirectional long short-
term memory to realize the prediction of cold, heat, and electricity combined loads.
Jiang et al. [30] constructed a multi-task framework of dual-level information extraction by
integrating LSTM and CNN methods to realize multi-family short-term load forecasting.
Zhang et al. [31] used the DBSCAN clustering algorithm to group data and proposed a
multi-task graph convolutional network to learn different spatial patterns for short-term
load forecasting.

However, existing multi-task learning methods still face challenges in distributed user
groups, primarily due to the insufficient consideration of variations and dynamic changes
between different user groups, which limits the model’s adaptability and accuracy.

To address the limitations of previous studies, this paper proposes a short-term load
forecasting method that integrates clustering and multi-task learning. By applying a
multi-task learning framework to distributed user groups aggregated through time-series
clustering, while incorporating dynamic weighting, innovative attention mechanisms,
and multi-scale feature extraction methods, our approach enhances both the forecasting
accuracy and the time performance.

3. Methodology

3.1. Problem Definition

The purpose of distributed user group short-term load forecasting is to simultaneously
predict the future load values of M user groups over the next S time steps. Given a total
of M load forecasting tasks, the historical load data of the m-th user group is represented
as follows:

X(m) = {x(m)
:,1 , . . . , x(m)

:,T } ∈ R
nm×T (1)

where X(m) denotes the historical load data matrix of the m-th user group, nm is the number
of measurement channels in that group, and T represents the number of time steps in the
historical observation window. The forecasting target for the m-th user group is formulated as

Y(m) = {x(m)
:,T+1, . . . , x(m)

:,T+S} ∈ R
nm×S, m = 1, 2, . . . , M (2)

where Y(m) represents the predicted load matrix of the m-th user group for the next S steps.
The forecasting results of all user groups are organized as follows:

Yall = {Y(1), Y(2), . . . , Y(M)} ∈ R
M×nm×S (3)

where Yall denotes the unified output representation of multi-task forecasting.

3.2. Processing Model

In order to capture the power consumption differences in the load aggregates and
achieve more accurate power load forecasting, this paper proposes a short-term power
load forecasting model based on clustering and multi-task learning. The processing model
of GCML is shown in Figure 1.
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Figure 1. The processing model of GCML for short-term electricity load forecasting for distributed users.

As illustrated in Figure 1, the proposed model consists of 3 main components:
(1) Distributed user clustering: the historical load data of distributed users are first clus-
tered, with users exhibiting similar consumption patterns grouped into different categories.
(2) Multi-task learning framework: a hard parameter sharing strategy is adopted, where
different groups share the encoder of the Transformer to achieve joint modeling and feature
extraction across groups. In addition, each group is assigned an independent linear layer
as the task-specific prediction head, ensuring that group-specific load characteristics can
be accurately captured based on the shared global representations. (3) Enhanced feature
extraction module: An Inception convolution module and a filter-attention mechanism are
incorporated into the encoder. These components collectively enhance the model’s ability
to represent and forecast complex time-series data.

3.3. Clustering for Distributed Users

The clustering of electricity users is based on their power consumption behaviors,
grouping users with similar consumption patterns to form corresponding load aggregates.
In this paper, we utilize a deep clustering algorithm to achieve the clustering of hetero-
geneous electricity users. Specifically, low-dimensional features of the load curves are
extracted by an autoencoder [32], and then K-means [33] is applied for clustering. The set
of electricity consumption of all users is A = {z1, z2, . . . , zN}, zi ∈ RT , where A represents
the set of historical load curves of all users, zi represents the power load curve of the i-th
user, and T is the number of time points.

Firstly, the low-dimensional representation of the load data is extracted through the
self-encoding encoding and decoding process, as shown in Equations (4) and (5).

hi = fθenc(zi) = σenc(Wenczi + benc) (4)

ẑi = fθdec
(hi) = σdec(Wdechi + bdec) (5)

where Wenc and benc are the encoder parameters, σenc is the activation function, Wdec and
bdec are the decoder parameters, fθenc is the mapping function of the encoder, θdec denotes
the parameter set of the decoder, and σdec is the output layer activation function.

Next, the low-dimensional latent vectors h1, h2 . . . hn obtained by the autoencoder are
used as inputs to K-means clustering, which classifies users into multiple distinct clusters.
We randomly select K hidden vectors as the initial center {c1, c2 . . . cK}, assign the sample
to the nearest cluster k, and update the cluster center, as shown in Equations (6) and (7).

ki = arg min
k∈{1,...,K}

‖hi − ck‖2
2 (6)
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ck =
1

|Sk| ∑
i:ki=k

hi (7)

where ki is the cluster to which the ith sample belongs, Sk = {i|ki = k} is the sample set of
the k-th cluster, and |Sk| is the number of samples in the cluster.

By analyzing the consumption behaviors of distributed users, those with similar load
patterns are grouped together, enabling more accurate predictions. However, forecasting
the load behavior of these groups requires not only capturing the internal relationships
within each cluster but also modeling the interactions between clusters of distributed users.

3.4. Multi-Task Learning

To extract useful information from correlated distributed user groups, this study
adopts a multi-task learning (MTL) framework [34], treating the load forecasting tasks for
each user group as distinct yet related, thus effectively capturing the inherent relationships
between different clusters. The MTL enables the parallel training of multiple load fore-
casting tasks by leveraging shared parameters in the lower layers of the model to extract
common features across tasks, thereby improving overall forecasting accuracy.

According to the parameter sharing strategy, this method is generally categorized
into hard parameter sharing and soft parameter sharing [35]. In this paper, we employ a
hard parameter sharing framework. The encoder serves as a shared backbone network for
forecasting tasks from different clusters, while each task has its own task-specific linear
prediction head. In the shared layers, all tasks use identical parameters, which effectively
mitigate overfitting and enhance the model’s generalization ability [36]. The multi-task
learning architecture of our proposed model is illustrated in Figure 2.

Figure 2. Encoder-only-based multi-task learning architecture for extracting inter-group
shared information.

As shown in Figure 2, this paper employs an encoder-only Transformer architecture [37]
as the backbone network to learn representative features of different user groups
T1, T2, . . . , Tn and introduces a weighting mechanism. Additionally, to improve the predic-
tion accuracy of the standard Transformer, a linear layer is designed as the prediction head.
The MTL framework is trained end-to-end, with samples from all user clusters processed in
parallel. During forward propagation, the shared encoder extracts common features, while
task-specific heads generate forecasts for their respective clusters. Thus, the Transformer
encoder serves as a unified feature extractor, enabling the model to capture both global
consumption trends and cluster-specific patterns.
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The overall loss in multi-task learning is typically formulated as a weighted sum of
the individual task losses. To ensure balanced training, we employ a dynamic weighting
strategy that adapts to each task’s learning stage, inherent difficulty, and current per-
formance [34,38]. Specifically, all clusters perform load forecasting, and the weights are
dynamically adjusted according to the rate of change in each task’s loss function, encour-
aging similar learning progress across tasks. This strategy prevents any single task from
dominating the optimization and ensures that all tasks receive sufficient training. Assum-
ing a total of n tasks, the weight for task d at iteration t, denoted as αd(t), is computed
according to Equations (8) and (9).

αd(t) =
d exp(rd(t − 1)/T)
∑i exp(ri(t − 1)/T)

(8)

rd(t − 1) =
Lossd(t − 1)
Lossd(t − 2)

, rd(t − 1) > 0 (9)

where t is the number of iterations; Lossd(t − 1) and rd(t − 1) are the loss function and
relative decline rate of task d at iteration t − 1, respectively; and T is a constant to control
the smoothness of the task weights.

The dynamic weighting strategy adaptively adjusts task weights according to learning
progress, effectively balancing training across different user groups. Compared to meth-
ods such as uncertainty weighting [39], it requires no additional learnable parameters,
thereby avoiding instability in parameter estimation under small-sample or low-quality
data conditions.

After sharing the encoder, an independent task-specific prediction head is designed
for each forecasting task. Each head implemented as a fully connected neural network,
is responsible for generating the predicted values corresponding to its respective cluster.
By employing separate task heads, the model enables differentiated outputs across tasks,
thereby achieving joint modeling of load data from multiple user aggregates.

3.5. Encoder-Only-Based Shared Encoder Architecture

In this paper, we adopt the encoder-only architecture of the Transformer [37] as the
shared component in the multi-task learning framework to extract features from different
users. This design reduces the number of parameters and enables faster convergence on
strongly periodic electricity load data by incorporating a linear layer as the prediction head,
further improving prediction accuracy. Additionally, to better capture local patterns and
multi-scale features, we apply a filter-attention mechanism and an Inception convolution
module into the model.

3.5.1. Filter-Attention Mechanism

The self-attention mechanism distributes the weights across the entire sequence, which
limits its ability to capture the local temporal patterns [40,41]. To address the above issues,
we propose a filter-attention mechanism that strengthens the model’s focus on short-
term dependencies.

By applying a two-dimensional convolutional filter to the attention matrix and per-
forming filtering operations on the attention distribution, the model has enhanced the
ability to capture and model local patterns. This enables the model to pay more attention
to the local important information in the data when calculating the attention weights, and
suppress unnecessary information interference, thereby enhancing the model’s perfor-
mance when dealing with complex and variable time-series data and allowing the model
to capture the key features and local changes in the data more accurately. The structure of
the filter-attention mechanism is illustrated in Figure 3.
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Figure 3. Multi-head filter-attention mechanism structure.

In Figure 3, the values of Q, K, and V are initially obtained through a process of linear
projection, which can be mathematically expressed as follows:⎧⎪⎨⎪⎩

Q = Linear(X) ∈ RB×L×H×dk

K = Linear(X) ∈ RB×L×H×dk

V = Linear(X) ∈ RB×L×H×dv

(10)

where dk = dv = d mod el/H, Q, K, and V represent the query, key, and value, respectively,
and H is the number of attention heads.

The dot product between the query and the key is calculated and multiplied by the
scaling factor to obtain the attention score as defined in Equation (11).

scores =
QKT
√

dk
(11)

Instead of directly proceeding with aggregation, the attention distribution is divided
according to the number of heads, and a two-dimensional convolution filter with kernel
size (1, fs), where fs denotes the filter window size, is applied to the attention map of
each head.

The filtered-attention maps are subsequently recombined, and the resulting matrix
is then used to compute the weighted sum over the value matrices, thereby producing
the final attention outputs. The process of filtered-attention can be formally defined in
Equations (12) and (13),

Afiltered = Conv2D(so f tmax(scores)); kernel = (1, fs) (12)

Attnout = Linear(concat(AfilteredV)) (13)

where Afiltered denotes the filtered-attention weight matrix, and Attnout represents the final
attention output. The filter-attention mechanism enhances the expression ability of local
patterns by applying convolution filters on the attention matrix, so that the model can
pay more attention to the local important information in the data, thereby improving the
performance of the model in dealing with complex time-series data.

3.5.2. Multi-Scale Information Fusion

The Inception convolution [42] module performs parallel convolution operations using
kernels of various sizes, enabling the extraction of features at multiple scales. Concatenating
and fusing features from different scales allows the model to analyze data from multiple
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perspectives and levels of granularity, enhancing its expressive power and significantly
improving performance on complex datasets.

As shown in Figure 4, the parallel 1D convolution branches are set within the mod-
ule, and convolution kernels of different sizes slide along the time axis, as shown in
Equations (14)–(16),

conv1 = Conv1d
(

XT
attn, kernel = 1, out_channels = dff

)
(14)

conv3 = Conv1d
(

XT
attn, kernel = 3, padding = 1, padding_mode = circular

)
(15)

conv5 = Conv1d
(

XT
attn, kernel = 5, padding = 2, padding_mode = circular

)
(16)

where d f f represents the number of convolution output channels, and conv1, conv3, and
conv5, respectively, indicate the results of one-dimensional convolution operations using
convolution kernels of sizes 1, 3, and 5.

Figure 4. Inception network architecture for multi-scale information extraction.

Through the combined use of these convolution operations, the model effectively
extracts both local and global features of time-series data at multiple scales while preserving
sequence integrity. Next, the temporal features at different scales will be captured and
concatenated to integrate multi-scale information, as described in Equation (17),{

convall = concat(conv1, conv3, conv5)
FFN = Conv1d(ReLU(convall), kernel = 1, out_channels = dmodel)

(17)

where convall denotes the fused feature obtained after concatenation, FFN refers to the out-
put of the feedforward network, and out_channels indicates the number of output channels.

By concatenating data at multiple scales, the model is capable of not only accurately
capturing local patterns within complex load data but also learning the underlying long-
term trends. Therefore, the model’s ability is enhanced to represent the internal structure
of load data while preserving computational efficiency.

4. Experiments

4.1. Experimental Settings
4.1.1. Experimental Environment

The experimental platform is Windows Server 2019, with an Intel Xeon E5-2686 v4
CPU, 96 GB of server memory, and an NVIDIA Tesla P40 GPU equipped with 24 GB
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memory and configured with CUDA 11.6. The model is implemented using PyTorch 1.13.1
and Python 3.8.

4.1.2. Datasets

In this paper, we conduct experiments on publicly available datasets, using the follow-
ing datasets:

(1) Dataset I: London smart meter dataset (https://www.kaggle.com/datasets/jeanmidev/
smart-meters-in-london, accessed on 16 November 2025).

(2) Dataset II: UCI electricity load dataset (https://archive.ics.uci.edu/dataset/321, ac-
cessed on 16 November 2025).

Dataset I mainly contains daily and hourly electricity consumption data of 5567 London
households, and this paper selects the hourly electricity consumption dataset, while dataset
II includes the daily electricity load data of 321 customers with hourly electricity consump-
tion from 2011 to 2014.

4.1.3. Data Processing

In order to solve the impact of missing data in the dataset on the experimental results
and deal with the subtle differences in the time-series data, the linear interpolation [43]
method is used to fill the missing values to ensure the continuity and integrity of the
data. For two given data points x1 and x0, we perform linear interpolation to fill in period-
missing values, which is calculated as Equation (18).

y = y0 +
(y1 − y0)(x − x0)

x1 − x0
(18)

Using linear interpolation to fill in missing values preserves the continuity and smooth-
ness of time-series data, making it particularly effective for datasets with strong temporal
patterns. For each user, the missing energy values of certain days are estimated by calculat-
ing the linear interpolation between the nearest known values before and after the interval.
Additionally, it reduces the risks of overfitting and noise amplification.

To further address dimensional discrepancies among different features, a standard-
ization method is employed in this study to preprocess the data. We applied Z-score
normalization to standardize the features by subtracting the mean and dividing by the
standard deviation, ensuring zero mean and unit variance for each feature and thereby elim-
inating scale differences across features and improving the stability and convergence speed
of the model training. Thereby, this enables fair comparison and evaluation of various
indicators on a uniform scale and improves the reliability and validity of the subsequent
analysis. Additionally, the 2 datasets were divided into a training set and a test set in an
8:2 ratio.

4.1.4. Result Evaluation

To evaluate the clustering performance of the proposed method, this paper adopts
the silhouette coefficient (SC) [33] as the evaluation metric. The SC is an indicator used to
evaluate clustering performance. A higher SC value closer to 1 indicates better clustering
results, and its calculation formula is as Equations (19) and (20),

s(i) =
b(i)− a(i)

max(a(i), b(i))
(19)

SC =
1
n

n

∑
i=1

s(i), (20)
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where a(i) denotes the average distance from sample point i to other points in the same
cluster, and b(i) denotes the average distance from sample point i to the nearest point in
the other cluster. The overall silhouette coefficient is obtained by averaging the silhouette
coefficient of all individual points.

To quantitatively assess the prediction accuracy of the GCML model, we adopt the
Mean Absolute Error (MAE) [44], coefficient of determination (R2) [45], and Root Mean
Square Error (RMSE) [46] as evaluation metrics.

The MAE evaluates the model’s performance by calculating the average absolute
difference between the actual and predicted values, which is highly general and easy to
compute. The RMSE highlights larger deviations while maintaining consistent dimensions,
and R2 provides a better reflection of the model’s fit to the data. The calculation methods
are shown in Equations (21)–(23), respectively,

MAE =
1
n

n

∑
i=1

|yi − ŷi| (21)

RMSE =

√√√√ 1
n

n

∑
i=1

(yi − ŷi)
2

(22)

R2 = 1 − ∑n
i=1(yi − ȳ)2

∑n
i=1(yi − ŷi)2 (23)

where yi is the true value, ŷi is the predicted value, and n is the number of samples.

4.2. Comparison of Clustering Results on 2 Datasets

After preprocessing the data, we chose the silhouette coefficient (SC) as the evaluation
metric, as it effectively considers both intra-cluster cohesion and inter-cluster separation,
providing an intuitive and reliable measure for determining the optimal number of clusters.

By comparing the SC for different numbers of clusters, the optimal clustering so-
lutions for datasets I and II can be identified, enabling the classification of user types.
Figure 5 shows the silhouette coefficients obtained for different numbers of clusters on
two datasets.

Figure 5. Comparison of SC under different number of clusters on 2 datasets.

As shown in Figure 5, dataset I achieves the highest silhouette coefficient when the
number of clusters is 2, indicating that 2 is the optimal choice. For dataset II, the silhouette
coefficient reaches its maximum value when the number of clusters is 3, suggesting that di-
viding users into 3 groups is more appropriate. After clustering the two datasets according
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to the optimal number of clusters, the electricity consumption patterns of typical users in
each cluster are illustrated in Figure 6.

Figure 6 demonstrates the effectiveness of the clustering results in revealing distinct
electricity consumption patterns among user groups. In dataset I, Cluster 0 corresponds to
high-demand users with consistently high load levels, pronounced peak–valley variations,
and strong temporal regularity, while Cluster 1 represents low-demand users exhibiting
relatively low overall consumption and minor fluctuations. For dataset II, Cluster 1 consists
of high-demand users characterized by intense electricity usage and prominent peaks;
Cluster 2 represents medium-demand users with periodic load profiles; and Cluster 0
includes low-demand users whose consumption behavior is stable but less structured.

(a) (b)

Figure 6. The electricity consumption trends of typical users in each cluster after clustering.
(a) The electricity consumption trends of typical users in each cluster after clustering on dataset I.
(b) The electricity consumption trends of typical users in each cluster after clustering on dataset II.

By partitioning users into clusters, tailored modeling for each cluster can effectively
capture group-specific temporal characteristics, mitigating biases caused by holistic mod-
eling and significantly improving short-term load forecasting accuracy. Furthermore,
in electricity market clearing, cluster-based user classification enables more accurate pre-
diction of bidding behaviors and demand response potentials across different groups,
thereby optimizing the price formation mechanism and enhancing market efficiency and
resource allocation.

The clustering algorithm groups users with similar electricity consumption patterns
into corresponding load aggregates, thereby reducing the number of users that need to be
modeled independently. This approach enables more accurate prediction of electricity de-
mand for different user groups, enhances the model’s ability to capture and exploit patterns
in the data, and contributes to the effective optimization of power market operations.

4.3. Training Parameter Tuning

The reasonable selection of training epochs is essential for preventing overfitting or
underfitting, optimizing training efficiency, and ensuring prediction accuracy. As presented
in Figure 7, on both dataset I and dataset II, the training and test losses of the proposed
model decrease rapidly in the early stages and gradually stabilize after about 50 epochs,
indicating that 50 iterations are sufficient for model convergence.

After an initial decline, the model performance stabilizes on both datasets, indicat-
ing effective learning of load data features and good generalization ability. Therefore,
the number of training epochs is set to 50 in the prediction experiments on both datasets.
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(a) (b)

Figure 7. The change in loss in the multi-task Transformer model during training and testing.
(a) Training loss and testing loss changes of the model when using the clusters clustered on dataset I.
(b) Training loss and testing loss changes of the model when using the clusters clustered on dataset II.

An appropriate look-back length is crucial for short-term power load forecasting.
In our paper, historical window lengths of 24, 48, 72, and 96 h are selected for training.
The MAE and RMSE of the clustered data are then compared to serve as the evalua-
tion criteria for subsequent experiments. The experimental results are demonstrated
in Figure 8.

(a) (b)

(c) (d)

Figure 8. Comparison of forecasting results for different clusters under various historical win-
dow lengths. (a) Comparison of predicted MAE values for different historical window lengths
on dataset I. (b) Comparison of predicted RMSE values for different historical window lengths
on dataset I. (c) Comparison of predicted MAE values for different historical window lengths on
dataset II. (d) Comparison of predicted RMSE values for different historical window lengths on
dataset II.
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As shown in Figure 8, with the increase in the historical window length, the MAE val-
ues obtained for different clusters in dataset I exhibit an overall upward trend, although the
differences remain relatively small. At the same time, the RMSE achieves its best perfor-
mance when the historical window length is 24. For dataset II, both the MAE and RMSE
reach their minimum values when the historical window length is smallest, outperforming
other settings. Considering the results from both datasets and the short-term electricity
load forecasting scenarios in this study with prediction lengths of 12 and 24, the historical
window length of 24 is selected as the optimal configuration.

In the following experiments, we set the historical input length to 24, employ the
Adam optimizer with a learning rate of 1 ×10−3, apply a dropout rate of 1 ×10−1, and use
a batch size of 32. Moreover, training runs for 50 epochs are performed on two datasets.

4.4. Effectiveness of Clustering for Short-Term Forecasting

We evaluate the effectiveness of distributed user clustering by comparing the load fore-
casting results of each aggregated cluster with those obtained from the original unclustered
data. The results for prediction horizons of 12 and 24 steps are shown in Figure 9, where
Cluster i denotes the i-th cluster formed after data aggregation, and Original represents the
unclustered dataset.

(a) (b)

Figure 9. The prediction results of the clustered aggregates and the original data under different
prediction windows. (a) Comparison of the predicted results between the clustered clusters and the
original data when the prediction window is 12. (b) Comparison of the predicted results between the
clustered clusters and the original data when the prediction window is 24.

As demonstrated in Figure 9, when the prediction window is 12, the proposed model
achieves significantly lower MAE and RMSE values for both clustered aggregates compared
to direct predictions on the original data. Similarly, at a 24-step prediction horizon, the MAE
and RMSE of the clustered groups remain smaller than the original dataset. These results
clearly indicate that clustering the distributed users significantly improves forecasting
performance compared to direct predictions on the original dataset.

4.5. Comparison with Baseline Models

To evaluate the proposed method, we compare it with the representative methods as
the baseline from both multi-task and single-task models.

(1) Single-task models: we adopt Timemixer [47], Convtimenet [48], Timesnet [49],
ETSformer [50], Fedformer [51], and Dlinear [52].

(2) Multi-task models: include Multi-Transformer [53], AutoSTL [54], and Multitask-
GNN [55].
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4.5.1. Comparison of Experimental Results on Dataset I

Evaluation of prediction performance based on MAE and RMSE: When the predic-
tion lengths are 12 and 24, short-term load forecasting experiments were conducted on
clustered distributed users using the method proposed in this paper and baseline models
on dataset I. The experimental results are summarized in Table 1.

Table 1. Comparison of short-term load forecasting performance of different models on dataset I.

Task Type Method
Cluster 0 (12-Step) Cluster 1 (12-Step) Cluster 0 (24-Step) Cluster 1 (24-Step)

MAE RMSE MAE RMSE MAE RMSE MAE RMSE

Single-task models

Timemixer 0.5049 0.9387 0.4964 0.9749 0.5079 0.9248 0.5052 0.9929
Convtimenet 0.5052 0.9928 0.4863 0.9764 0.5124 0.9937 0.5083 1.0245

Timesnet 0.4860 0.8588 0.4898 0.8860 0.4483 0.8349 0.4981 0.8894
ETSformer 0.5554 0.9029 0.6875 1.0601 0.5592 0.8992 0.7540 1.1250
Fedformer 0.7412 1.1114 0.6924 1.1659 0.7511 1.1215 0.7424 1.1973

Dlinear 0.4614 0.8024 0.5016 0.8830 0.4661 0.8072 0.5068 0.8853

Multi-task models

Multi-Transformer 0.3543 0.6467 0.4877 0.6750 0.3259 0.6108 0.4892 0.7109
AutoSTL 0.4037 0.7412 0.4966 0.7635 0.4174 0.7603 0.5063 0.7940

Multitask-GNN 0.2917 0.5323 0.5071 0.7126 0.4001 0.6246 0.4738 0.6929
GCML 0.2858 0.5042 0.4312 0.5266 0.3090 0.5596 0.4433 0.5690

As illustrated in Table 1, in the 12-step short-term load forecasting task for distributed
user groups, the proposed method achieves MAE values of 0.2858 and 0.4312 while the
RMSE values are 0.5042 and 0.5266. When the forecasting horizon is extended to 24 steps,
the MAE values remain as 0.3090 and 0.4433, and the RMSE values are 0.5596 and 0.5690.
In both cases, the results are significantly better than those of other baseline methods,
including both single-task and multi-task models.

Across all forecasting tasks, the method achieves the most favorable results: (1) Compared
to DLinear, the best-performing single-task baseline, the proposed method reduces the
MAE by 38.06% and 14.03%, while the RMSE is reduced by 37.16% and 40.36% in the
12-step scenario. In the 24-step scenario, the reductions are 33.71% and 12.53% for the
MAE, as well as 30.67% and 35.73% for the RMSE. (2) In the 12-step case, it yields relative
MAE reductions of 19.33% and 11.59% and RMSE reductions of 22.04% and 21.99% across
the two clusters. (3) In the 24-step case, the method consistently surpasses the baselines;
compared with the Multi-Transformer baseline, it decreases the MAE by 5.19% and 9.3%
and the RMSE by 8.38% and 19.96%. These results highlight the effectiveness of the model
in capturing short-term load variations and its robust generalization capability across
different forecasting horizons.

Moreover, the experimental results demonstrate that the multi-task model outperforms
the single-task model in both prediction horizons. This is because many single-task baseline
methods fail to capture cross-cluster dependencies and struggle with complex time-series
patterns and noisy data. These limitations highlight the effectiveness of multi-task learning,
which leverages the correlations and complementarities between different user groups
with varying distributions, thereby enhancing the model’s ability to capture load variation
patterns and improving forecasting performance.

Evaluation of model interpretability based on R2: In order to more comprehensively
evaluate the performance of each model in the short-term power load forecasting task,
we also compare the R2 values obtained by different models for short-term power load
forecasting on dataset I, and the obtained experimental results are shown in Table 2.
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Table 2. Comparison of R2 in short-term load forecasting among different models on dataset I.

Task Type Method

Cluster 0 Cluster 1

R2

(12-Step)
R2

(24-Step)
R2

(12-Step)
R2

(24-Step)

Single-task models

Timemixer 0.2595 0.2445 0.2516 0.2316
Convtimenet 0.4211 0.3721 0.3745 0.3624

Timesnet 0.5636 0.5516 0.5549 0.5381
ETSformer 0.5671 0.5238 0.4553 0.4108
Fedformer 0.3464 0.3240. 0.3266 0.3445

Dlinear 0.6432 0.6388 0.6238 0.5812

Multi-task models

Multi-Transformer 0.5816 0.6269 0.5447 0.4945
AutoSTL 0.4511 0.4221 0.4167 0.3706

Multitask-GNN 0.7168 0.6908 0.4922 0.5200
GCML 0.7587 0.6958 0.7297 0.6856

As illustrated in Table 2, our model demonstrates superior performance across dif-
ferent clusters and forecasting horizons, achieving the optimal prediction results. For the
12-step forecasting horizon, compared to the best-performing single-task model Dlinear,
it shows improvements of 17.96% and 17.01%, respectively. Meanwhile, compared to the
better-performing multi-task model Multitask-GNN, it achieves increases of 5.85% and
48.25%, respectively. Additionally, it also shows significant improvements over other mod-
els for the 24-step forecasting horizon, fully verifying the superiority of GCML in complex
data distributions and multi-task scenarios.

In addition, when the prediction length is 4 steps, the MAE, RMSE, and R2 of Cluster 0
forecasting using GCML are 0.2386, 0.4179, and 0.8254, respectively. Meanwhile, on Cluster 1,
the MAE is 0.4089, RMSE is 0.4988, and R2 is 0.7499. The proposed model outperforms other
comparison methods, demonstrating superior performance in short-term load forecasting.

4.5.2. Comparison of Experimental Results on Dataset II

Evaluation of prediction performance based on MAE and RMS: The experimental
results of short-term electricity load forecasting with prediction horizons of 12 steps and
24 steps, conducted on different clusters obtained from clustering dataset II using the model
proposed in this study, are presented in Table 3.

Table 3. Comparison of short-term load forecasting performance of different models on dataset II.

Task Type Method
Cluster 0 (12-Step) Cluster 1 (12-Step) Cluster 2 (12-Step) Cluster 0 (24-Step) Cluster 1 (24-Step) Cluster 2 (24-Step)

MAE RMSE MAE RMSE MAE RMSE MAE RMSE MAE RMSE MAE RMSE

Single-task models

Timemixer 0.2564 0.3962 0.2626 0.3997 0.3226 0.5268 0.2705 0.4200 0.2745 0.4206 0.3446 0.5674
Convtimenet 0.3674 0.4788 0.3764 0.5436 0.5099 0.9008 0.3824 0.5332 0.4861 0.7263 0.5467 0.8592

Timesnet 0.3664 0.4831 0.277 0.4063 0.3626 0.5922 0.3801 0.5051 0.3116 0.4678 0.4007 0.6473
ETSformer 0.3757 0.4908 0.3596 0.4594 0.5099 0.6825 0.4185 0.5546 0.4169 0.5365 0.5884 0.7911
Fedformer 0.4581 0.6036 0.4130 0.5515 0.5393 0.7440 0.4850 0.6440 0.4434 0.5924 0.5733 0.7843

Dlinear 0.3771 0.5231 0.5093 0.6708 0.6293 0.8688 0.4309 0.5899 0.5576 0.7306 0.6904 0.9252

Multi-task models

Multi-Transformer 0.1883 0.2622 0.2264 0.3177 0.2792 0.3973 0.1909 0.2648 0.1888 0.2602 0.2887 0.2887
AutoSTL 0.2445 0.3306 0.2427 0.3295 0.4258 0.5914 0.2643 0.3556 0.2675 0.3660 0.4076 0.5588

MultiTask-GNN 0.3644 0.4586 0.3249 0.4181 0.2808 0.3932 0.3767 0.4760 0.3949 0.4823 0.2920 0.4098
GCML 0.1617 0.2299 0.1554 0.2130 0.2608 0.3678 0.1769 0.2481 0.1725 0.2353 0.2682 0.3799

As demonstrated in Table 3, the proposed method consistently achieves the lowest
MAE and RMSE values in all forecasting scenarios, showing clear improvements over the
compared models: (1) In the 12-step forecasting task, the MAE values obtained for the three
clusters are 0.1617, 0.1554, and 0.2608, while the corresponding RMSE values are 0.2299,
0.2130, and 0.3678. Compared with TimeMixer, which performs relatively well among the
single-task models, the MAE is reduced by 37.01%, 40.82%, and 19.16%, and the RMSE is
reduced by 42.00%, 46.71%, and 30.18%, respectively. (2) In the 24-step forecasting task,
the MAE values for the three clusters are 0.1796, 0.1725, and 0.2682, with RMSE values of
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0.2481, 0.2353, and 0.3799. Relative to TimeMixer, the MAE decreases by 34.60%, 37.16%,
and 22.17%, and the RMSE decreases by 40.93%, 44.06%, and 33.05%, respectively.

In addition, the approach also shows clear advantages over advanced multi-task
learning frameworks. We use AutoSTL as a representative baseline, and the method con-
sistently outperforms across different forecasting horizons and user groups. The detailed
performance in different scenarios is as follows: (1) In the 12-step forecasting task, the MAE
and RMSE are reduced by 33.86% and 30.46% for Cluster 1, by 36.00% and 35.36% for
Cluster 2, and by 38.75% and 37.81% for Cluster 3; (2) for the 24-step task, the reductions
in the MAE are 33.07%, 35.52%, and 34.20%, with corresponding decreases in the RMSE
of 30.23%, 35.71%, and 32.02% across the three clusters. These results indicate that the
proposed method not only improves short-term prediction accuracy but also delivers stable
gains across varying conditions.

Evaluation of model interpretability based on R2: To evaluate the interpretability
and fitting performance of different models in the short-term load forecasting task, we
employed R2 as the evaluation metric to assess their fitting performance. Table 4 presents
the R2 values of various models for the 12-step and 24-step forecasting tasks across different
clusters, offering a clear comparison of their effectiveness and fitting effects at different
forecasting horizons.

As shown in Table 4, our model consistently achieves higher R2 values than the base-
line models under different clustering scenarios, indicating superior fitting performance
and stability. In the 12-step forecasting task, it outperforms the best-performing baseline
across all clusters, with improvements ranging from about 1.7% to 6.2%. Similarly, in the
24-step task, the proposed model maintains its advantage, yielding gains of approximately
0.9% to 2.8% over the strongest baseline. These results highlight the model’s ability to
exploit inter-cluster correlations and enhance pattern learning through knowledge sharing,
thereby improving prediction accuracy.

Table 4. Comparison of R2 in short-term load forecasting among different models on dataset II.

Task Type Method

Cluster 0 Cluster 1 Cluster 2

R2

(12-Step)
R2

(24-Step)
R2

(12-Step)
R2

(24-Step)
R2

(12-Step)
R2

(24-Step)

Single-task models

Timemixer 0.8798 0.8648 0.8745 0.8610 0.8745 0.8109
Convtimenet 0.8363 0.8048 0.8251 0.7610 0.7759 0.7230

Timesnet 0.7764 0.7556 0.8388 0.7853 0.7387 0.6750
ETSformer 0.5554 0.9029 0.6875 1.0601 0.5592 0.8992
Fedformer 0.7412 0.8014 0.6924 0.8059 0.7511 0.8215

Dlinear 0.7379 0.6668 0.7465 0.6804 0.6804 0.6296

Multi-task models

Multi-Transformer 0.9313 0.9299 0.8991 0.9323 0.8421 0.8327
AutoSTL 0.8907 0.8735 0.8914 0.8660 0.6501 0.6877

Multitask-GNN 0.7896 0.7734 0.8252 0.7674 0.8252 0.8321
GCML 0.9471 0.9384 0.9546 0.9446 0.8647 0.8557

To further evaluate the model’s performance in short-term forecasting, we conducted
experiments using a 4-step prediction horizon. The results show that for Cluster 0,
the model achieved an MAE of 0.1561, an RMSE of 0.2216, and an R2 of 0.9509. In Cluster 1,
it obtained even better performance with an MAE of 0.1461, an RMSE of 0.1986, and an R2

of 0.9605. For Cluster 3, the metrics were 0.2631, 0.3738, and 0.8603, respectively. Compared
with other methods, our model demonstrates superior accuracy and stronger predictive
capability across all clusters.

Experimental results on multiple datasets demonstrate that the proposed model consis-
tently achieves superior predictive performance. By employing a multi-task learning frame-
work with a shared encoder, the model simultaneously acquires knowledge across related
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tasks, thereby enhancing its generalization to unseen scenarios. In addition, the integration
of a filter-attention mechanism emphasizes critical local information, while multi-scale
feature extraction enables the capture of complex dynamic patterns in time-series data.
The improved forecasting accuracy enables aggregators to submit more reliable bids in
electricity markets and enhances the operational efficiency of power systems with high
penetration of distributed energy resources.

4.6. Performance Comparison

By adopting a multi-task model, multiple forecasting tasks can be addressed simulta-
neously, whereas single-task models handle only one objective. The multi-task approach
improves prediction accuracy, reduces redundant computation, and enhances efficiency.

To assess practicality, this study evaluates time performance by recording training
and testing durations of each model, reflecting computational efficiency and real-time
applicability. For fairness, the reported time of single-task models corresponds to the total
duration required for predicting each cluster separately. Comparative results for the 24-step
forecasting horizon are shown in Figure 10.

As illustrated in Figure 10, a comparison of time performance on the two datasets
indicates that the multi-task model generally outperforms the single-task baseline models,
with the only exception being the linear model DLinear. This may be attributed to the
relatively simple structure and small number of parameters of DLinear, which allow it to
maintain high computational efficiency even in single-task scenarios.

To sum up, the results on dataset I and dataset II demonstrate that multi-task learning
not only provides advantages in forecasting accuracy but also exhibits superior efficiency
and practicality in terms of time performance, further validating the feasibility and effec-
tiveness of the proposed approach in real-world applications.

(a) (b)

Figure 10. Comparison of training and testing time of different models on 2 datasets. (a) Comparison
of training time of different models on 2 datasets. (b) Comparison of testing time of different models
on 2 datasets.

4.7. Ablation Experiment

In order to verify the effectiveness of each module in the multi-task model proposed
in this paper, ablation experiments are carried out for comparative analysis. The model
used in this paper is regarded as the benchmark network, and the following three models
are obtained by removing the relevant modules in the proposed model, respectively, which
are used for ablation experiments.

(1) w/o Multi-task: Instead of adopting the multi-task learning paradigm, load forecasting
is performed independently for each cluster after clustering.

(2) w/ Self-attention: The filter-attention module is replaced with the vanilla self-attention
module from the original Transformer architecture.
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(3) w/o Inception: The Inception module is removed from the model, thus disabling
multi-scale feature extraction.

(4) w/o Dy-weighting: The dynamic weighting strategy is removed from the model.
(5) w/ Un-weighting: The dynamic weighting is replaced with the uncertainty weighting.
(6) w/ InceptionSize: The number of convolutional branches in the Inception module is

set to 4, with an additional branch of kernel size 7.
(7) w/ FilterSize: The window size in the filter-attention mechanism is set to 5.

The ablation experiments were conducted using the above variant models, and their
results were compared with those of the proposed model. The detailed experimental
findings are presented in Table 5.

Table 5. Comparison of short-term load forecasting performance of different models on dataset I.

Method
Cluster 0 (12-Step) Cluster 1 (12-Step) Cluster 0 (24-Step) Cluster 1 (24-Step)

MAE RMSE MAE RMSE MAE RMSE MAE RMSE

w/o Multi-task 0.5521 0.9515 0.6898 1.0363 0.5785 0.9714 0.6309 1.0019
w/ Self-attention 0.3372 0.6452 0.4964 0.7103 0.3218 0.6181 0.4903 0.7131

w/o Inception 0.3828 0.7067 0.5058 0.7715 0.3539 0.6853 0.5022 0.7347
w/o Dy-weighting 0.3263 0.5205 0.4601 0.5857 0.3363 0.5687 0.4984 0.6132
w/ Un-weighting 0.3058 0.5639 0.4437 0.5563 0.3257 0.6088 0.4834 0.5865
w/ InceptionSize 0.2907 0.5251 0.4452 0.5405 0.3194 0.5992 0.4834 0.5865

w/ FilterSize 0.2983 0.5565 0.4474 0.5766 0.3146 0.5893 0.4560 0.5712
GCML 0.2858 0.5042 0.4312 0.5266 0.3090 0.5596 0.4433 0.5690

As shown in Table 5, the proposed model demonstrates the following improvements
across different clusters and forecasting horizons: (1) In the 12-step forecasting, compared
with the experimental results of the w/o Multi-task, w/ Self-attention, w/o Inception
models, w/o Dy-weighting, and w/ Un-weighting, the MAE obtained by the proposed
model on Cluster 0 is reduced by 48.23%, 15.24%, 25.34%, 12.41%, 6.54%, 1.69%, and 4.19%,
respectively, and the RMSE is reduced by 47.01%, 21.85%, 28.65%, 3.13%, 10.59%, 3.98%,
and 9.40%, respectively; (2) for Cluster 1, the proposed model outperforms the other
models, with the MAE reduced by 37.50%, 13.14%, 14.75%, 6.28%, 2.82%, 3.15%, and 3.62%,
respectively, and the RMSE reduced by 49.18%, 25.86%, 31.74%, 10.09%, 5.34%, 2.57%,
and 8.67%, respectively. In the 24-step forecasting scenario, the proposed model continues
to yield lower values for the relevant metrics on both distributed user groups, surpassing
the results of the ablation models.

The ablation experiment was conducted using the user aggregates obtained after
clustering in dataset II, and the experimental results are shown in Table 6.

Table 6. Comparison of short-term load forecasting performance of different models on dataset II.

Method
Cluster 0 (12-Step) Cluster 1 (12-Step) Cluster 2 (12-Step) Cluster 0 (24-Step) Cluster 1 (24-Step) Cluster 2 (24-Step)

MAE RMSE MAE RMSE MAE RMSE MAE RMSE MAE RMSE MAE RMSE

w/o Multi-task 0.3542 0.4683 0.2765 0.3857 0.3329 0.5086 0.3862 0.5091 0.2907 0.4117 0.3555 0.5632
w/ Self-attention 0.1861 0.2604 0.1876 0.2649 0.3005 0.4371 0.1936 0.2683 0.1888 0.2618 0.2890 0.4109

w/o Inception 0.2144 0.2963 0.1996 0.2824 0.3149 0.4645 0.2211 0.3007 0.3007 0.2919 0.2981 0.4293
w/o Dy-weighting 0.1919 0.2682 0.1865 0.2593 0.3107 0.4461 0.2177 0.2990 0.1902 0.2612 0.4306 0.6090
w/ Un-weighting 0.1985 0.2757 0.1684 0.2321 0.3901 0.5595 0.2158 0.2972 0.2077 0.2860 0.3248 0.4652
w/ InceptionSize 0.1755 0.2346 0.1659 0.2240 0.2732 0.3880 0.1781 0.2677 0.1747 0.2867 0.2759 0.3978

w/ FilterSize 0.1695 0.2378 0.1580 0.2161 0.2644 0.3781 0.1831 0.2565 0.1946 0.2558 0.2729 0.3869
GCML 0.1617 0.2299 0.1554 0.2130 0.2608 0.3678 0.1769 0.2481 0.1725 0.2353 0.2682 0.3799

From Table 6, the proposed model demonstrates superior performance across dif-
ferent clusters, with the key results under the 12-step forecasting horizon summarized
as follows: (1) On the aggregate obtained by Cluster 0, compared with the experimental
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results of the w/o Multi-task, w/ Self-attention, w/o Inception models, w/o Dy-weighting,
w/ Un-weighting, w/ InceptionSize, and w/ FilterSize, the MAE of the proposed model
is decreased by 54.35%, 13.11%, 24.58%, 18.64%, 15.74%, 7.86%, and 4.60%, respectively,
and the RMSE is reduced by 50.91%, 11.71%, 22.41%, 14.28%, 16.61%, 2.00%, and 3.32%,
respectively; (2) in the case of Cluster 1, the MAE is reduced by 43.79%, 17.17%, 22.14%,
7.72%, 16.68%, 7.17%, and 2.53%, respectively, and the RMSE is reduced by 44.78%, 19.59%,
24.58%, 7.37%, 17.86%, 4.91%, and 1.43%, respectively; and (3) on the Cluster 3 dataset,
the MAE is decreased by 21.66%, 13.21%, 17.18%, 33.14%, 16.06%, 4.54%, and 1.36%, respec-
tively, while the RMSE is diminished by 27.68%, 15.86%, 20.82%, 34.26%, 17.68%, 5.21%,
and 2.72%, respectively. Meanwhile, the experimental results also indicate that the model
proposed in this study outperforms the ablation models in the 24-step forecasting scenario.

The ablation experiment results demonstrate that GCML achieves superior perfor-
mance across different architectural designs. By leveraging multi-task learning, the model
can capture inter-group correlations and enhance generalization ability for complex load
patterns. The integration of the filter-attention mechanism and Inception convolution fur-
ther strengthens local feature extraction and multi-scale representation. Meanwhile, key pa-
rameters such as the window size of the filter-attention mechanism and the number of con-
volution kernels in the Inception module also have a certain impact on model performance.

4.8. Visualization of Prediction Results on Different Datasets

In order to better understand the characteristics of the load sequence under test, we
present the visualization case of short-term power load forecasting using the proposed
method in Figure 11, mainly including the results on two clusters after clustering, when
the prediction length is 24 and 12, respectively. In each subfigure, the solid line represents
the ground truth, while the dashed line shows the prediction value generated by the
corresponding model.

(a) (b)

(c) (d)

Figure 11. Visualization of prediction cases for load aggregators under different forecasting lengths on
dataset I. (a) Visualization of the results for Cluster 0 with a prediction length of 24. (b) Visualization of
the results for Cluster 1 with a prediction length of 24. (c) Visualization of the results for Cluster 0 with a
prediction length of 12. (d) Visualization of the results for Cluster 1 with a prediction length of 12.
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As shown in Figure 11, the proposed model demonstrates remarkable stability in
prediction trends. For both forecasting horizons, the predicted loads for all types of users
closely match the actual power values, indicating excellent performance in load forecasting.
This result suggests that the model can provide valuable support for management and
operation in the electricity market.

Figure 12 presents the visualization results of short-term electricity load forecasting
on the three clusters obtained after clustering dataset II. From the visualization results, it
can also be observed that our model exhibits excellent predictive performance. Meanwhile,
it can effectively capture complex trends in different samples, which demonstrates that the
proposed method has strong capability in extracting features of load data.

(a) (b) (c)

(d) (e) (f)

Figure 12. Visualization of prediction cases for load aggregators under different forecasting lengths on
dataset II. (a) Visualization of the results for Cluster 0 with a prediction length of 24. (b) Visualization
of the results for Cluster 1 with a prediction length of 24. (c) Visualization of the results for Cluster 2
with a prediction length of 24. (d) Visualization of the results for Cluster 0 with a prediction length
of 12. (e) Visualization of the results for Cluster 1 with a prediction length of 12. (f) Visualization of
the results for Cluster 2 with a prediction length of 12.

4.9. Results Discussion

Experiments were conducted on two publicly available power datasets to verify the
effectiveness of the proposed short-term load forecasting algorithm based on clustering and
multi-task learning. A comprehensive analysis of the experimental results was performed,
taking into account the advantages, limitations, and comparisons with other methods.

(1) Our model combines clustering algorithms with multi-task learning to accurately
classify user electricity consumption patterns while overcoming the limitations of
traditional models. By learning from multiple related tasks, the model captures shared
patterns across different groups, improving prediction accuracy and adaptability in
complex scenarios with diverse user behaviors.

(2) Compared to other models, our approach’s main advantage lies in the integration
of filter-attention mechanisms and Inception convolution modules into the encoder.
This combination enhances the model’s ability to capture local patterns and fuse
multi-scale features, resulting in improved prediction performance. By focusing on
relevant features and extracting information at multiple scales, the model becomes
more robust to variations in the data.
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(3) The effectiveness of the proposed model is systematically validated through compara-
tive experiments and ablation studies. Experimental analysis demonstrates that the
proposed method exhibits significant advantages in prediction accuracy, with each
module playing a crucial role.

5. Conclusions

To effectively utilize cross-group information between distributed user groups and
improve short-term load forecasting accuracy, this research proposes a clustering and
multi-task learning framework. Firstly, users are divided into consumption groups using
clustering algorithms. Secondly, a shared encoder with dynamic weighting is employed
for joint multi-task training, while independent linear task heads are assigned to each
group. Furthermore, a filter-attention mechanism and an Inception convolution module
are incorporated into the encoder to capture local patterns and extract multi-scale temporal
features from load data. The experiment results demonstrate that GCML outperforms the
comparison methods in load forecasting across various horizons, effectively improving
prediction accuracy for distributed users. And this model can be used for diverse elec-
tricity usage scenarios and holds importance for efficient market clearing in the electricity
spot market.

In the future, we can explore dynamic clustering methods for seasonal patterns to
further enhance the adaptability and prediction performance of the model in scenarios
where external variables are introduced, and we will investigate incremental learning
strategies and lightweight model update mechanisms.
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Abstract: The efficiency of intelligent urban mobility increasingly depends on adaptive
mathematical models that can optimize multimodal transportation resources under stochas-
tic and heterogeneous conditions. This study proposes a Markovian stochastic modeling
and metaheuristic optimization framework for the adaptive management of bus lane ca-
pacity in mixed connected traffic environments. The heterogeneous vehicle arrivals are
modeled using a Markov Arrival Process (MAP) to capture correlated and busty flow
characteristics, while the system-level optimization aims to minimize total fuel consump-
tion through discrete lane capacity allocation. To support real-time adaptation, a Hidden
Markov Model (HMM) is integrated for queue-length estimation under partial observabil-
ity. The resulting nonlinear and nonconvex optimization problem is solved using Genetic
Algorithm (GA), Differential Evolution (DE), and Particle Swarm Optimization (PSO), en-
suring robustness and convergence across diverse traffic scenarios. Numerical experiments
demonstrate that the proposed stochastic–adaptive framework can reduce fuel consump-
tion and vehicle delay by up to 68% and 65%, respectively, under high saturation and
connected-vehicle penetration. The findings verify the effectiveness of coupling stochastic
modeling with adaptive control, providing a transferable methodology for energy-efficient
and data-driven lane management in smart and sustainable cities.

Keywords: Markov Arrival Process (MAP); stochastic queuing model; adaptive traffic
control; metaheuristic optimization; hidden Markov model (HMM)

MSC: 90B20

1. Introduction

The rapid evolution of smart cities is transforming urban mobility through the in-
tegration of intelligent, connected, and sustainable transportation systems. As global
urbanization accelerates, cities are increasingly challenged by congestion, excessive fuel
consumption, and environmental degradation. Intelligent Transportation Systems (ITS)
have therefore become a cornerstone for achieving efficient and sustainable mobility by
leveraging data-driven and model-based control technologies to optimize traffic operations
and energy utilization [1–3]. Public transportation, in particular, plays a pivotal role in
promoting carbon neutrality and social equity, as demonstrated by recent smart transit
initiatives in the United States, Australia, and China [4–6].

Among various ITS strategies, bus lane management is recognized as one of the most
effective approaches to enhance transit efficiency and reliability in dense urban areas [7,8].
Conventional bus lanes (BLs), while guaranteeing priority for public transport, often suffer
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from inefficiencies such as unauthorized vehicle intrusion, underutilization during off-
peak hours, and increased congestion in adjacent lanes during peak demand [9,10]. To
overcome these limitations, Dynamic bus lane (DBL) strategies enable flexible lane capacity
allocation in response to temporal traffic variations. Early models such as the Intermittent
Bus Lane (IBL) [11] and Bus Lane with Intermittent Priority (BLIP) [12,13] attempted to
optimize road-space usage through rule-based switching mechanisms. However, these
methods exhibited limited adaptability to stochastic traffic variations and frequently failed
to maintain operational stability under high saturation conditions [14,15].

Recent advances in connected vehicle (CV) technologies have created new oppor-
tunities for adaptive and cooperative management of DBL systems. Through vehicle-to-
everything (V2X) communication, connected vehicles can share speed, position, and signal
phase information in real time, enabling predictive traffic control and coordinated bus
prioritization [16,17]. Previous studies, including those by Guler et al. [18] and Zhao and
Zhou [19], demonstrated that cooperative signal control combined with dynamic bus lane
activation can substantially improve intersection throughput and travel time reliability.
Building upon these findings, further developments—such as dynamic or cooperative
bus lane priority algorithms [20,21]—have shown the potential of CV-assisted control in
enhancing efficiency and sustainability. Nevertheless, most of these studies assume deter-
ministic or homogeneous traffic conditions, neglecting the stochastic interactions between
connected and non-connected vehicles. This simplification restricts the scalability and
robustness of existing models in realistic heterogeneous traffic environments.

Modeling traffic flow under mixed connected environments requires a stochastic math-
ematical framework capable of capturing both correlated arrivals and random variability.
Queueing theory provides a rigorous foundation for describing such dynamic processes,
particularly at signalized intersections [22,23]. The Markov Arrival Process (MAP), an
extension of the Poisson process, is widely recognized for its ability to represent bursty and
correlated traffic arrivals [24–26]. For example, Alfa and Neuts [25] and Mirzaeian et al. [26]
verified that MAP-based models can effectively characterize vehicular arrival dependencies
in intelligent transportation systems. More recent studies have successfully employed
MAP structures to optimize traffic signal control [27] and highway toll operations [28,29].
However, their integration into bus lane capacity optimization frameworks remains largely
unexplored. This research gap highlights the necessity of a stochastic–adaptive modeling
approach that can represent time-varying heterogeneous flows while supporting analytical
optimization and control.

In parallel, traffic state estimation under partial observability has been extensively
investigated using the Hidden Markov Model (HMM) framework. HMMs are partic-
ularly suitable for reconstructing unobservable states—such as queue length and con-
gestion level—based on incomplete probe-vehicle observations [30,31]. Hao et al. [32]
and Zhao et al. [33] demonstrated that HMM-based inference can accurately estimate
queue length distributions even under low connected-vehicle penetration. The fusion of
HMM estimation with stochastic optimization therefore provides a promising basis for
developing adaptive and data-driven control strategies. Despite these advances, only
limited research has explored how real-time estimation mechanisms can be mathematically
embedded within optimization frameworks for bus lane management in connected and
heterogeneous environments.

While previous MAP- or HMM-based studies [27–29,32,33] have effectively modeled
correlated traffic arrivals or estimated hidden queue states, they treated these two aspects
separately—focusing either on stochastic arrival modeling or on real-time state estimation.
In contrast, the present study integrates both MAP-based stochastic flow modeling and
HMM-based adaptive estimation into a unified optimization–control framework. Moreover,
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unlike earlier deterministic or single-stage approaches, our model embeds metaheuristic
optimization (GA/DE/PSO) directly into the stochastic–adaptive structure, allowing co-
ordinated offline capacity allocation and online queue regulation under heterogeneous
connected traffic. This coupling of stochastic theory, probabilistic estimation, and evolu-
tionary optimization constitutes a key advancement beyond existing MAP/HMM-based
traffic control studies.

To address these limitations, this study proposes an adaptive mathematical optimization–
control framework for the Connected Dynamic Bus Lane (C-DBL) system at isolated in-
tersections under heterogeneous traffic conditions. The framework integrates MAP-based
stochastic queueing modeling, HMM-based real-time estimation, and metaheuristic op-
timization algorithms—including Genetic Algorithm (GA), Differential Evolution (DE),
and Particle Swarm Optimization (PSO)—to achieve energy-efficient and adaptive lane
management. Specifically, the model determines the optimal lane capacity allocation that
minimizes total fuel consumption and vehicle delay while enabling online adjustments
according to real-time traffic states. The proposed methodology contributes to the literature
by combining stochastic modeling, adaptive control, and evolutionary optimization within
a unified mathematical structure, offering a scalable solution for sustainable and intelligent
urban mobility.

The main contributions of this research are fourfold:

1. A stochastic queuing model for heterogeneous connected traffic. A MAP-based queu-
ing framework is developed to capture dynamic arrival correlations between con-
nected and conventional vehicles in mixed traffic flows, improving the realism of
traffic representation.

2. An intelligent optimization algorithm for lane capacity management. A non-linear
optimization problem is formulated to minimize total fuel consumption, solved via
metaheuristic techniques suited for complex and nonconvex systems.

3. An adaptive control mechanism integrating real-time estimation. The HMM-based
queue estimation model enables online adjustments of the C-DBL activation and capac-
ity according to observed traffic conditions, ensuring responsive and stable operation.

2. C-DBL System and Control Strategy

2.1. System Description

As shown in Figure 1, the C-DBL system includes a dedicated bus lane alongside
adjacent general-purpose lanes (for through, left, or right turns). Its primary purpose is to
provide a partially dedicated lane for CVs. CVs are required to have mutual communication
capabilities to collect real-time vehicle queue data. Buses utilize global positioning systems
or wireless communication features to capture their status. Roadside devices acquire and
forward real-time vehicle queue and signal phase and timing (SPaT) information to a cloud
server for data analysis and planning. In the C-DBL system, the trajectory of CVs after
entering the system can be divided into four main segments: (1) changing lanes to enter the
C-DBL; (2) queuing within the C-DBL during the red signal phase; (3) waiting to depart;
and (4) accelerating to a specified speed.

Based on the description, we establish a dual-layer optimization-control framework
for C-DBL, as illustrated in Figure 2. The upper layer is an optimal model based on SQM,
designed to determine the optimal capacity configuration of the C-DBL under varying
traffic scenarios. The lower layer is a dynamic control decision model that estimates
the traffic situation in the social lane (SL) using the characteristics of connected vehicles
and indicates when CVs should enter the C-DBL based on the obtained optimal capacity.
Specifically, the control strategy is triggered at the start of each intersection signal cycle
(C i, i = 1, 2, . . .), when the signal light turns red, the first action is to determine the number
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of queued vehicles V in the SL during the current signal cycle ( Ci). If V reaches the optimal
configuration L∗, the second action is to determine whether the last bus is within the
priority access range. If it is not, the CV will then enter the C-DBL.

Figure 1. Overall architecture of C-DBL system.

Figure 2. C-DBL system optimization and control framework (the green section for Modeling &
Optimization, the yellow section for C-DBL Control Strategy, and other functional modules).

In the proposed C-DBL system, the lane prioritization policy is designed as a hierarchi-
cal structure. Under normal conditions, the C-DBL maintains bus priority to ensure reliable
public transport operation to ensure public transport reliability. However, during non-bus
phases or when the bus headway exceeds a threshold, the C-DBL can be adaptively shared
with connected vehicles (CVs) from adjacent social lanes. The access decision is governed
by the real-time queue state estimated via the HMM-based module, ensuring that shared
use by CVs does not interfere with scheduled bus operations. Therefore, the lane prioritizes
buses first while conditionally admitting CVs when capacity permits.

2.2. Vehicle Queue Detection Using HMM

In connected vehicle environments, probe vehicle data can be used to estimate queue
lengths at signalized intersections. This process is modeled using an HMM, where the
queue lengths are treated as hidden states, and the stopping positions of probe vehicles
serve as observations.

The sequence of queue lengths V = {V1, V2, . . . , VC} follows a time-homogeneous
Markov process, with the transition probabilities describing how queue lengths evolve
between cycles. The observations q = {q1, q2, . . . , qC} represent the partial queues ob-
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served by probe vehicles, with the emission probabilities relating these observations to the
underlying queue lengths.

The emission probability P(qi | Vi) for a given cycle is defined by

P(qi | Vi) =

{
pni (1 − p)Vi−ni i f Vi ≥|qi|

0 i f Vi ≤|qi|
(1)

where ni is the number of probe vehicles in cycle i, and p is the penetration rate of
probe vehicles.

To estimate queue lengths cycle-by-cycle, we apply the Maximum Likelihood Estima-
tion (MLE) using the Viterbi algorithm. This approach finds the most probable sequence of
queue lengths given the observed data by maximizing the likelihood of the sequence. The
transition probabilities, emission probabilities, and initial state probabilities are required
for this estimation process. For details on the HMM, please refer to the literature [32,33].

2.3. Transit Priority Communications Range

A networked environment facilitates the direct transmission of real-time data to the
traffic signal control system. To ensure seamless execution of prioritized access, the control
system must determine the minimum upstream distance required to initiate prioritization
decisions. This distance is referred to as the minimum communication range Dpr.

Unlike traditional fixed-position detection systems [18], this distance is variable within
a connected environment. Therefore, the activation range for priority should be dynamically
adjusted based on real-time bus kinematics and current traffic conditions. Let us assume
that the signal cycle duration at the target intersection is c, with a green light duration of
g, a red-light duration of r, and that the allowable throughput capacity of the C-DBL is
L∗ (in pcu/cycle). According to traffic flow theory, the required activation distance can be
expressed as follows

Dpr(i) ≥ L∗(i) + max{rre(i)L∗(i)
kjamg

r
, vbusrre} (2)

where kjam denotes traffic density, rre denotes the remaining red-light duration after the last
CV enters during the i-th signal cycle, and vbus indicates the speed of the connected bus.
Additionally, the capacity L∗(i) of the C-DBL during the i-th signal cycle will be discussed
in the following section.

2.4. Traffic Flow Modeling in Heterogeneous and Connected Environments

We consider the arrival process of hybrid traffic flow, comprising both connected vehi-
cles (CVs) and conventional vehicles (NCVs), within a networked environment. The arrival
process of these vehicles is modelled using a MAP, which effectively captures the correlation
and heterogeneity of vehicle arrivals in intelligent transportation systems [25,26].

Let the state of the underlying Markov process governing the vehicle arrivals be
denoted as vt, t ≥ 0, and the state space is {0, 1, . . . , M}. The dynamics of the process
vt follow an irreducible continuous-time Markov chain with transition rates defined by
the infinitesimal generator D. For two vehicle types, the MAP is completely characterized
by the state space of the underlying process and the corresponding transition matrices
Dk for each type of vehicle, where k = 1, 2 with D0 representing the rate matrix when no
vehicle arrives.

The vehicle arrival rates for each type k (with k = 1 for CVs and k = 2 for NCVs) are
computed as
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λk = ϑDke, k = 1, 2 (3)

where ϑ is the steady-state probability vector of the underlying Markov process vt, and e is a
column vector of ones. The total arrival rate of vehicles, λ, is the sum of the individual rates

λ = λ1 + λ2 (4)

The variance of the inter-arrival times for vehicles of type k is expressed as

v(k) = 2ϑ(−D0 − Dk)
−1e −

(
1

λk

)2
, k = 1, 2 (5)

The correlation coefficient c(k) between consecutive inter-arrival times for vehicles of
type k is given by

cor(k) =
[ϑ(D0 + Dk)

−1λkDk(D0 + Dk)
−1e − 1

λ2
i
]

v(k)
(6)

Detailed definitions of the abbreviations and mathematical symbols covered in this
study can be found in the Abbreviations.

3. Stochastic Queuing Model and Performance Index

3.1. System State

To construct a theoretical model of the queuing process at a signalized intersection
under the C-DBL system. Let us define two phase matrices, HG and HR, representing
the system states during the green and red phases, respectively. Each matrix encodes the
active duration of its corresponding signal phase within one complete cycle. Specifically,
HG ∈ R(g+r)×g, HR ∈ R(g+r)×r, where g and r denote the number of discrete time steps
(or phase units) of the green and red lights, respectively. For the matrix HG, the elements
are defined as follows: if i = 1, 2, . . . , g − 1 or i = r, j = 1, then HG

(i,j+1) = 1; otherwise,

HG
(i,j) = 0. For the matrix HR, the elements are defined as follows: if i = 0, 1, . . . , r − 1, then

HR
(g+i,j+1) = 1; otherwise, HR

(g+i,j) = 0.
At time n, let Ln represent the number of vehicles in the normal lanes and Kn denote

the number of vehicles in the C-DBL. Additionally, Hn refer to the values of the green and
red phases, respectively, and Jn indicate the state of the MAP. Thus, the system state can be
characterized by a Markov chain {Ln, Kn, Sn, Jn, n > 0} with a state space

Let l and k denote the number of social vehicles in the social lane and C-DBL, respec-
tively, and s denote the signal state at time tn, where l ≥ 0, 0 ≤ k ≤ V. The state space ∅ of
the process {Ln, Kn, Sn, n > 0} can be represented as

∅ = {(l, 0, s, j), l ≥ 0, 1 ≤ s ≤ g + r, 1 ≤ j ≤ M}
∪
{
(l, k, s, m), 0 ≤ l ≤ V, 1 ≤ k ≤ min(k, V),

V − l ≤ s ≤ V − k

}

∪
{
(l, k, s, m), l ≥ V, 1 ≤ k ≤ min(k, V),

1 ≤ s ≤ V − k

}

∪
{
(l, k, s, m), l ≥ V, 1 ≤ k ≤ min(k, V),

g + l ≤ s ≤ c

}
(7)
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The state ∅ is arranged in lexicographic order, and the infinitesimal generator of the
Markov chain {Ln, Kn, Sn, Jn, n > 0} exhibits the following block structure

Q =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

B0 B1 0 · · · 0 0
A2 A1 A0 · · · 0 0

A2 A1 A0
... 0

. . . . . . . . .
...

0 0 · · · A2 A1 A0

0 0 0 · · · A1 A0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(8)

where

B0
i,j =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

[
0, HR ⊗

D1
]

0 ≤ i ≤ V − 1; j = i + 1

[H G ⊗
D0, 0

]
1 ≤ i ≤ V; j = i − 1

HG ⊗
D0, HR ⊗

D0
]

i = j = 0[
0, HR ⊗

D0

]
1 ≤ i = j ≤ V

;

B1
i,i = diag

{[
HG ⊗

(D1 + D2), HR ⊗
D2

]}
1 ≤ i ≤ V

A0
i,i = diag

{[
0, HR ⊗

D2
]

1 ≤ i ≤ V
}

A2
i,j =

⎧⎨⎩ [H G ⊗
D0, 0

]
1 ≤ i ≤ V; j = i − 1

[H G ⊗
D0, 0

]
i = j = 0

A1
i,j =

{ [
0, HR ⊗

D1
]

0 ≤ i ≤ V − 1; j = i + 1[
HG ⊗

(D1 + D2) HR ⊗
D0

]
1 ≤ i = j ≤ V

3.2. Model Solution

Assume that the Markov process {Ln, Kn, Sn, Jn, n > 0} is irreducible and defined
within a finite state space. Consequently, for any specified set of system parameters, there
exists a unique stationary distribution h̄ associated with the process.

�Q = 0;�e = 1 (9)

where e is the unit column vector, h̄ = (h̄0, h̄1, h̄2, . . .) and h̄i
j =

(
h̄i

j1, h̄i
j2, . . . , h̄i

jV

)
.

As shown in Equation (9), the stationary distribution h̄Q = 0, which can be solved
using standard linear algebra methods. However, solving high-dimensional systems
becomes challenging due to constraints on computational memory and processing speed.
To resolve these issues, a specialized stable algorithm is recommended. Algorithm 1
summarizes the computational procedure based on the matrix-geometric method to obtain
the stationary distribution and key performance metrics.

The solution process for the stochastic queueing model is summarized in Algorithm 1,
which is based on the matrix-geometric method for level-dependent quasi-birth-and-death
(QBD) processes. The goal of this algorithm is to derive the stationary probability vector h̄
and the rate matrix R, which describe the steady-state behavior of the system under het-
erogeneous traffic arrivals modeled by the MAP structure. The main inputs, intermediate
computations, and outputs are detailed step-by-step below.
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Algorithm 1. Solving Process for Random Queueing Models

Step Description

Input: Block matrices {B0, B1, A0, A1, A2} from the infinitesimal generator of the
MAP/QBD system; convergence threshold ε.
Output: Steady-state probability vectors h̄ and the rate matrix R.

Step 1. Initialization

Import the block matrices
{B0, B1, A0, A1, A2} representing
transitions among boundary and internal
levels. Set iteration counter k = 0 and
initialize R(0) = 0

Step 2. Ergodicity Check and Base
Probability

Compute the stationary vector h̄ satisfying
h̄∑2

i=0 Ai = h̄; πe = 1. The stability
(ergodicity) condition h̄A0e < h̄A2e is
verified to ensure that the system
converges to a steady state.

Step 3. Computation of the Rate Matrix R

Iteratively solve R from the nonlinear
matrix equation A0 + RA1 + R2 A1 = 0.
Using the functional iteration
R[k + 1] = −(

A0 + R2 A1
)

A2
−1, repeat

until ||R(k + 1)− R(k)||< ε .

Step 4. Boundary Probability
Computation

Form the boundary-level blocks (h̄0, h̄1)

by solving (h̄0, h̄1) =

(
B0 B1

A2 A1 + RA2

)
,

together with the normalization condition
h̄0e + h̄1(I − R)−1e = 1

Step 5. Computation of Level Probabilities

Obtain the stationary probability vectors
for higher levels as h̄n = h̄1Rn−1, n ≥ 1 for,
n ≥ 1. This step yields the limiting
distribution of queue states under steady
conditions.

Step 6. Performance Metric Evaluation

Based on {h̄n}, compute expected queue
length, average delay, and fuel
consumption as given in Equations
(10)–(15).

3.3. Performance Metrics
3.3.1. Vehicle Average Queue Length and Delay

The average queue length and delay are computed according to Equations (10) and (11),
respectively, which link the expected number of vehicles to the system’s service rate.

L = ∑∞
l+k=0 (l + k)∑g+r

s=1 ∑M
j=1 �l,k,s,j (10)

W =
E(L)

λ
=

∑∞
l+k=0 (l + k)∑

g+r
s=1 ∑M

j=1 �l,k,s,j

∑2
k=1 ϑDke

(11)
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3.3.2. Queuing of Vehicles in SL

The number of queued vehicles in the SL can serve as a straightforward indicator of
the effectiveness of C-DBL system, compared against the average total queue length. Let’s
denote LS as the number of vehicles in the social lane.

LS = ∑∞
l=0 ∑V

k=0 ∑g+r
s=1 ∑M

j=1 k�l,k,s,j (12)

3.3.3. Maximum Queue Length for Vehicles

Let us designate Lmax as the maximum total number of social vehicles at signalized
intersection and Lsl−max as the maximum number of vehicles in the social lane.

Lmax = ∑∞
l+k=0 (l + k)∑M

j=1 �l,k,(g+r),j (13)

Lsl−max = ∑∞
l=0 ∑V

k=0 k∑M
j=1 �l,k,(g+r),j (14)

3.3.4. Fuel Consumption of Vehicles in a Cycle

Depending on the state of travel of the vehicle at the intersection (acceleration, decel-
eration, idling, constant speed). The total fuel consumption of the vehicle can be calculated
using the formula provided by Wu et al. [34].

F = ∑λT(g+r)
i=1 Fi = λ(g + r)(Rata +Rdtd+Riti+Rctc) (15)

where F represents the total fuel consumption of all vehicles passing through the in-
tersection; Fi represents the fuel consumption of vehicle i passing through the signal-
ized intersection; Ra, Rd, Ri, Rc denote the average fuel consumption rate of the vehi-
cle under acceleration, deceleration, idling, and constant speed, respectively; and ta, td,
ti, tc represent the duration of the vehicle under acceleration, deceleration, idling, and
constant speed, respectively.

Define the number of stranded vehicles Lg at the moment of the end of the green light
by the following equation

Lg = ∑∞
l+k=0 (l + k)∑M

j=1 �l,k,g,j (16)

Thus, the total number of vehicles stops under the C-DBL system is divided into the
following two scenarios.

• Non-Congested
(

Lg < V
)

In this scenario, the intersection is in a non-congested state. Social vehicles will not
receive the information to enter the BL. The total number of stops N1 can be calculated
using the following equation

N1 = Lsl−max + min
(

Lsl−maxλ

1 − λ
, λg

)
(17)

• Congested
(

Lg ≥ V
)

In this situation, the signalized intersection is in a congested state, and the C-DBL
provides passage for social vehicles. At this time, the total number of stops N2 can be
expressed as

N2 = 2
(

Lg − V
)
+ min{min

[(
Lg − V

)
, Lsl−max

]
λ

1 − λ
, λg} (18)
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Therefore, the number of stops under non-congested and congested conditions are
described by Equations (17) and (18), and the stopping rate per vehicle is calculated
by Equation (19).

Rs =
N1 + N
(g + r)λ

(19)

The total vehicle fuel consumption through signalized intersection can be expressed as

F = λ(g + r)
[(Ra +Rd

)·Rs·td+Ri·W
]

(20)

where td is the average time for each acceleration and deceleration of the vehicle.

4. Optimal Capacity Allocation

4.1. Problem Definition

The optimization problem is formulated in Equation (21), where the nonlinear
objective function F(L) in Equation (22) minimizes total fuel consumption derived
from Equation (20).

F(L∗) = min F(L)−F(0)
F(0)

s.t. 0 ≤ L ≤ Lmax, L ∈ N
(21)

where F(L) denotes the total fuel consumption of all vehicles under lane configuration L,
and F(0) represents the baseline fuel consumption when no C-DBL control is implemented.
The normalization by F(0) allows for a dimensionless performance index, facilitating
comparison across different traffic demand levels or arrival modes.

The fuel consumption function F(L) is a non-linear, non-convex function of L, where
changes in the allocated bus lane volume result in variations in the traffic flow dynamics
and fuel consumption of vehicles. The objective function is often expressed in the form of

F(L) = Cs·Rs(L)·td + Cd·W(L) (22)

where Cs denotes the fuel consumption of the vehicle at the intersection due to acceleration
and deceleration and Cd denotes the fuel consumption of the vehicle at the intersection due
to idling.

4.2. Solution Methodology

The high-dimensional stochastic system is solved using the matrix-geometric method
summarized in Algorithm 1 to solve the optimization problem, three well-known opti-
mization algorithms—Differential Evolution (DE), Genetic Algorithm (GA), and Particle
Swarm Optimization (PSO)—are employed. These algorithms are adapted for discrete
optimization by ensuring that the bus lane allocation V is treated as an integer variable.,
Algorithm 2 shows the pseudo code for solving the optimal C-DBL volume. The solution
methodology is as follows:

• Initialization: Define a population of candidate solutions (individuals or particles), ran-
domly initialized within the feasible solution space for L (i.e., Lmin ≤ L ≤ Lmax, L ∈ N).

• Fitness Evaluation: Evaluate the fitness of each candidate solution by computing the
objective function F(L). The fitness is based on minimizing the fuel consumption over
time, which depends on the lane allocation L.

Fitness (Li) = F(Li) (23)
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Algorithm 2. GA pseudo-code for solving the optimal C-DBL volume

INPUT: Objective function F(L)
OUTPUT: The optimal bus lane capacity L* that minimizes fuel consumption F(L)
Initialize:

• Set the number of generations t = 0.
• Generate an initial population P(t) randomly within Lmin ≤ L ≤ Lmax.

Evaluate: Evaluate the population P(t) using the objective function F(L)
while termination criterion is not satisfied do

t = t + 1
Choose users to assemble P(t) from P(t − 1) based on their fitness.
Alter users of P(t) by applying crossover and mutation operations.

• Apply mutation and crossover to generate new individuals (solutions for L)
• Ensure that L remains a discrete integer after mutation and crossover operations

end while

Return the optimal bus lane capacity L that minimizes the fuel consumption F(L), which
corresponds to the best solution found during the evaluation.

5. Validation

5.1. Comparison with Existing Research

To demonstrate the feasibility of the C-DBL strategy, this paper conducted a numer-
ical comparison with existing literature, including a DBL design proposed by Zhao and
Zhou [19] to regulate the allowance of left-turning buses into the opposite dedicated bus
lane, a pre-signal strategy proposed by He et al. [35] to reduce vehicle delay, and a DBL
control strategy proposed by Shan et al. [36] in a partially connected vehicle environment,
Wu et al. [17] developed and evaluated bus lanes with intermittent and dynamic priority
in connected vehicle environments. All papers provide detailed data analysis of their
respective systems.

As shown in Figure 3a, under varying traffic saturation levels (0.2–1.0), the proposed
C-DBL strategy demonstrates significant improvement in reducing traffic delays compared
to three state-of-the-art DBL methods. At low saturation levels (0.2–0.4), the C-DBL strategy
achieves a 12–18% improvement over the model proposed by Wu et al. [17]. For medium
saturation levels (0.6–0.8), it surpasses the rule-based strategy developed by Zhao and
Zhou [19] by 22–27%. Under high saturation conditions (V/C = 1.0), the C-DBL strat-
egy reduces delays by 35%, highlighting its advantage in congested scenarios compared
to He et al.’s [35] traffic-responsive system. Figure 3b highlights the energy efficiency
comparison between C-DBL and Shan et al.’s [36] hybrid DBL framework. Under peak
hour conditions, the proposed strategy reduces fuel consumption by 40.55%, outperform-
ing Shan et al.’s [36] benchmark by 19.13%. The comparative analysis confirms that the
C-DBL strategy is a technically feasible and environmentally beneficial solution for modern
transportation systems.
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(a) (b)

Figure 3. Comparison results with existing research (a) Reduction in delay [17–19]. (b) Reduction in
energy consumption [36].

5.2. Simulation

To validate the effectiveness of the proposed methodology, we developed four repre-
sentative traffic scenarios through the SUMO simulation platform. A comprehensive com-
parative analysis was conducted among three approaches: (1) the baseline SUMO simula-
tion, (2) HMM with varying connected vehicle penetration rates (10%, 50%, 90%), and (3) the
proposed method, with particular focus on vehicle queue length estimation performance.

As illustrated in Figure 4a,b, The proposed method demonstrates remarkable consis-
tency with SUMO simulation results in vehicle queue length estimation, while exhibiting
significantly lower estimation errors compared to traditional HMM approaches. Quanti-
tative error metrics reveal that our method achieves an RMSE of 3.33, maintaining min-
imal deviation from the SUMO baseline. This performance substantially outperforms
HMM implementations with 10% penetration rate (RMSE = 47.8981) and 50% penetration
rate (RMSE = 5.4231), while approaching the accuracy level of HMM-90% implementa-
tion (RMSE = 2.8825). In terms of MAPE metric, the proposed method achieves 0.55%,
demonstrating clear advantages over HMM-10% (6.08%) and HMM-50% (0.70%), with
only marginal difference compared to HMM-90% (0.46%). These quantitative findings
collectively demonstrate that the proposed MAP-based SQM effectively characterizes traffic
flow performance in connected environments, showing strong agreement with simulation
benchmarks. The results validate the method’s generalization capability and engineering
applicability for real-world implementations.

(a) (b)

Figure 4. Comparison with simulation benchmarks, “&&” representing the signal cycle and red light
duration (s). (a) Queue length (pcu) over saturation levels. (b) Estimation errors—RMSE (veh) and
MAPE (%) under different HMM penetration rates.
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6. Numerical Experiment

To ensure the reproducibility and transparency of the proposed experiments, the
simulation configuration is summarized in Table 1. The model integrates the MAP-based
stochastic traffic flow generation, HMM-based queue estimation, and GA/DE/PSO under
heterogeneous connected traffic environments.

Table 1. Simulation Settings for the C-DBL Numerical Experiments.

Category Parameter/Description Value/Setting

Simulation
Environment

Platform SUMO 1.19.0 (for microscopic traffic simulation) + MATLAB
2023a (for optimization and analysis)

Processor and Memory Intel Core i5-9300H (2.4 GHz), 16 GB RAM
(Intel Corporation, Santa Clara, CA, USA)

Signal Control
Parameters

Signal cycle length (C) 100 s

Green phase duration (g) 50 s

Red phase duration (r) 50 s

Road Configuration Intersection layout 1 through lanes + 1 C-DBL

Traffic Composition
Vehicle types CVs, NCVs and Buses

Proportion 30% CVs, 60% NCVs, 10% Buses

Arrival Scenarios
Traffic saturation levels 0.3 (low), 0.6 (medium), 0.9 (high)

Arrival modes (i) Steady (M); (ii) Busty NCV (MAP1); (iii) busty CV (MAP2)

Optimization
Parameters

Algorithms GA, DE, PSO

Population size 50

Maximum generations 100

Mutation/Crossover settings Empirically tuned for convergence stability

Validation Setup Simulation runs 30 independent runs per scenario with random seeds

6.1. Optimal Capacity Configuration

To analyze the numerical results of the C-DBL optimal capacity allocation experiments
for different traffic saturation and arrival modes, we evaluate the performance of three
optimization algorithms (GA, DE and PSO) in terms of the optimal capacity L∗ and the
associated fuel consumption F(L∗).

As shown in Table 2, the experiments consider three traffic saturation levels (I: 0.3; II:
0.6; III: 0.9) and three vehicle arrival modes: stable arrival (M), conventional vehicle burst
arrival (MAP1) and CVs burst arrival (MAP2).

From Table 3, it can be observed that as the saturation level increases or as the arrival
pattern transitions from steady to busty, the optimal capacity shows an increasing trend.
The improvement in fuel consumption is particularly significant under high saturation
or high variability arrival patterns. The optimization effects of the three algorithms are
generally similar; however, slight differences exist in certain scenarios, indicating that the
capacity configuration problem proposed in this study, C-DBL, exhibits good adaptability
to various evolutionary algorithms.
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Table 2. Experimental parameter.

M MAP1 MAP2

I
D0 = −0.025

D = 0.025

D0 =

[−0.065 0.024
0.008 −0.028

]
D =

[
0.04 0

0 0.02

] D0 =

[−0.065 0.024
0.008 −0.028

]
D =

[
0.04 0

0 0.02

]

II
D0 = −0.1

D = 0.1

D0 =

[−0.542 0.203
0.027 −0.095

]
D =

[
0.339 0

0 0.068

] D0 =

[−0.086 0.032
0.092 −0.323

]
D =

[
0.054 0

0 0.231

]

III
D0 = −0.225

D = 0.225

D0 =

[−0.438 0.164
0.008 −0.281

]
D =

[−0.274 0
0 −0.201

] D0 =

[−0.274 0.104
0.114 −0.399

]
D =

[
0.171 0

0 0.285

]

Table 3. Optimal capacity allocation results.

Saturation
Level

Arrival Mode
Optimization

Algorithm
Optimal Capacity L*

(pcu/cycle)
FC Reduction (%)

0.3

Steady (M)
GA 2 0.143
DE 2 0.143

PSO 2 0.143

Burst (MAP1)
GA 2 0.042
DE 2 0.042

PSO 2 0.042

Connected Burst (MAP2)
GA 2 0.896
DE 2 0.896

PSO 2 0.896

0.6

Steady (M)
GA 2 2.322
DE 2 2.322

PSO 2 2.322

Burst (MAP1)
GA 4 1.436
DE 4 1.436

PSO 4 1.436

Connected Burst (MAP2)
GA 3 18.599
DE 3 18.599

PSO 3 18.599

0.9

Steady (M)
GA 5 27.858
DE 5 27.858

PSO 5 27.858

Burst (MAP1)
GA 5 27.027
DE 5 27.027

PSO 5 27.027

Connected Burst (MAP2)
GA 5 50.766
DE 5 50.766

PSO 5 50.766

It is noteworthy that under a saturation level of 0.9 and a bursty arrival pattern
(especially MAP2), the maximum reduction in fuel consumption can exceed 50%. This
finding validates that a reasonable configuration of lane capacity can effectively reduce
queuing and idling energy consumption, thereby significantly alleviating the energy waste
and emission pressure associated with congestion. Overall, the experimental results pro-
vide strong evidence for the feasibility and robustness of capacity optimization based on
C-DBL across diverse traffic scenarios, offering substantial support for energy savings and
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emission reductions in intelligent transportation systems operating in high-traffic or highly
variable environments.

6.2. Results of the C-DBL Control Strategy

This section analyzes the effect of adaptive C-DBL and fixed-capacity C-DBL strategies
on vehicle fuel consumption reduction under different traffic saturation levels, based on
experimental results with a penetration rate of 0.9 (Figure 5a) and 0.3 (Figure 5b) for
connected vehicles, respectively. As shown in Figure 5, the adaptive C-DBL consistently
outperforms the fixed-capacity C-DBL as the traffic saturation increases. Notably, at a traffic
saturation of 1.2, the adaptive C-DBL achieves a fuel consumption reduction of about 67%,
which is more than that of the fixed-capacity scheme (57%), demonstrating its excellent
adaptability under high saturation and high penetration conditions.

(a) (b)

Figure 5. Comparison of two C-DBL control strategies (a) CVs penetration = 0.3. (b) CVs
penetration = 0.9.

In Figure 5, the adaptive C-DBL shows an advantage even though the overall fuel
consumption reduction is small. At a traffic saturation of 1, the adaptive strategy reduces
fuel consumption by 15%, while the fixed capacity approach reduces fuel consumption by
9%. Together, these results validate that the adaptive C-DBL control strategy can reduce fuel
consumption more effectively than the fixed-capacity scheme at different traffic saturation
levels, regardless of whether the penetration of connected vehicles is high or low.

7. Sensitivity Analysis

7.1. Sensitivity to Random Traffic Flows

This study evaluates the impact of the C-DBL strategy on traffic performance across
varying saturation levels (0.1 to 0.9). Figure 6 illustrates the key effects on vehicle delay, fuel
consumption, and the number of stops. The data presented in Figure 6a clearly demonstrate
that C-DBL outperforms the C-DBL control strategy across all metrics at different saturation
levels. At a saturation level of 0.1, the optimization improvements for C-DBL in terms of
delay, fuel consumption, and the number of stops is 0.47%, 0.18%, and 0.10%, respectively.
As saturation increases to 0.9, CDBL achieves a delay of 34.75%, showing significant
optimization compared to DBL in terms of reduced delay, fuel consumption, and the
number of stops.
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(a) (b)

Figure 6. Sensitivity analysis to traffic saturation (V/C = 0.3–0.9) for the proposed C-DBL system with
MAP2 arrivals. (a) overall performance (Average delay (s/veh); FC (mL/cycle); stops (pcu/cycle));
(b) traffic intensity and queue length (pcu). Optimization performed with GA, DE, and PSO (Np = 50,
Gmax = 100).

C-DBL consistently exhibits stronger performance than DBL in alleviating congestion,
reducing fuel consumption, and minimizing stops across the entire traffic volume range,
with particularly pronounced improvements at higher traffic volumes. Figure 6b further
indicates that the performance enhancements of C-DBL relative to DBL in terms of traffic
intensity and vehicle queue length significantly increase with rising saturation levels. This
suggests that C-DBL possesses greater adaptability and cooperative control advantages
under high-flow and even oversaturated conditions, effectively reducing vehicle queuing
and significantly alleviating congestion while lowering energy consumption.

7.2. Sensitivity to CVs Penetration

To evaluate the applicability and robustness of the proposed C-DBL strategy un-
der varying CV penetration, we conduct numerical experiments at 10%, 20%, 40%, 60%,
80%, and 100% CV market shares. As shown in Figure 7a, when the CV penetration is
only 10%, C-DBL reduces vehicle delays, fuel consumption, and number of stops by ap-
proximately 11.9%, 9.3%, and 9.3%, respectively, compared with the conventional DBL
approach. As the penetration rate increases to 100%, these improvements further rise to
56.1%, 51.3%, and 59.3%, respectively, indicating that higher CV penetration enables C-DBL
to leverage vehicle connectivity and real-time information sharing more fully for significant
performance gains.

(a) (b)

Figure 7. Impact of CV penetration rate (10–100%) on system performance under MAP2 arrival
pattern and V/C = 0.6. (a) overall performance; (b) queue length in SL (blue line) and C-DBL
(pink line).

119



Mathematics 2025, 13, 3666

Figure 7b provides additional insight into C-DBL’s sensitivity to CV penetration by
examining queue lengths. Specifically, as the CV penetration rate increases from 10% to
100%, the queue length of social vehicles (i.e., non-connected vehicles) decreases markedly
from approximately 14.95 NCVs units (pcu) to 5.94 pcu. Meanwhile, the queue length of
connected vehicles increases from near 0.0 pcu to about 2.37 pcu. This redistribution of
queues highlights C-DBL’s ability to dynamically balance congestion between social and
connected vehicles in mixed traffic settings. Overall, these findings confirm the robustness
and adaptability of C-DBL across a wide range of CV penetration levels, demonstrating
its potential to enhance network-wide efficiency in evolving connected and automated
transportation systems.

7.3. Sensitivity to the C-DBL Capacity

To comprehensively assess the applicability of the C-DBL strategy under varying
traffic congestion conditions, this study conducts numerical research based on four key
performance indicators: vehicle delay, fuel consumption, number of stops, and queue
length in SL. The analysis spans saturation levels from 0.1 to 0.9 and congestion levels
from 1 to 7.

As illustrated in Figure 8a, the optimal lane-capacity configurations converge stably
across increasing traffic saturation levels under GA, DE, and PSO. For instance, under
low saturation (0.1) and mild congestion (congestion level 1), the optimization is only
0.54%. In contrast, at high saturation (0.9) and severe congestion (capacity level 7), the
optimization reaches 41.81%. These results indicate that the C-DBL strategy is more effective
at reducing vehicle delays when the road network is under high load. Furthermore, at the
same saturation level (0.9), the optimization exhibits a nonlinear variation with increasing
capacity of C-DBL (initially rising from 6.37% to a peak of 43.39%, then declining to 37.57%),
suggesting that C-DBL requires the integration of other control mechanisms to maintain
stability under moderate to high congestion conditions. Figure 8b shows that total fuel
consumption decreases monotonically as the allocated capacity approaches its optimum,
but improves significantly when saturation is ≥0.5 and congestion level is ≥3 (increasing
from 5.32% to 31.41%).

  
(a) (b) 

Figure 8. Optimization results for C-DBL capacity allocation under heterogeneous arrivals and
saturation levels V/C = 0.3, 0.6, 0.9. (a) Convergence of GA, DE, and PSO algorithms for optimal
lane capacity (pcu). (b) Fuel consumption (L/100 km) versus capacity showing monotonic decrease
toward the optimum.

The results presented in Figure 9a demonstrate a positive correlation between fuel
consumption optimization and saturation levels. Under low congestion (congestion
levels 1 to 2), the optimization of fuel consumption increases gradually with saturation,
while under high congestion (congestion levels 6 to 7), the optimization effect improves
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significantly, indicating a strong dependency of C-DBL’s fuel consumption optimization
performance on traffic volume thresholds. Figure 9b further highlights the optimization
advantage of C-DBL regarding societal lane queue length, achieving an optimization rate
of 50.48% under a saturation level of 0.9 and moderate congestion (congestion level 4),
demonstrating the significant role of dynamic lane allocation in mitigating congestion
spillover in bottleneck areas.

 
(a) (b) 

Figure 9. Sensitivity to C-DBL capacity for different saturation levels (V/C = 0.3, 0.6, 0.9) under
M arrivals. (a) Fuel consumption (mL/cycle). (b) Queue length (pcu). The proposed optimization
achieves balanced performance between energy efficiency and traffic delay.

Overall, the response of the C-DBL strategy to congestion levels exhibits notable
nonlinear characteristics. Under high saturation and severe congestion conditions, the
strategy excels in reducing vehicle delays and alleviating societal lane queue lengths;
however, its optimization effects are limited by activation thresholds in low saturation or
mild congestion scenarios.

7.4. Sensitivity to Traffic Flow Heterogeneity

This section analyzes the sensitivity of C-DBL performance to traffic flow heterogeneity,
considering Poisson arrivals, MAP I, and MAP II. As shown in Figure 10a, under high
traffic saturation (0.9), system idleness is highly sensitive to traffic heterogeneity. For MAP
I, SL exhibits a relatively low inter-arrival time variance (0.692) and moderate correlation
(2.127), whereas CV presents a significantly higher variance (4.255) and stronger correlation
(2.375). This stark contrast results in generally lower idleness, primarily due to the bursty
arrivals of CV, which increase C-DBL utilization. In contrast, MAP II balances variance
(SL: 1.257; CV: 3.121) while maintaining stable correlation (~1.9–2.3), leading to a relatively
higher idleness compared to MAP I. The Poisson model demonstrates the least sensitivity,
with idleness decreasing by only 1.5% (from 0.447 to 0.44), as its inherent randomness
mitigates the impact of saturation-driven resource contention.

As shown in Figure 10b, at low saturation (0.3), reduced congestion leads to stable sys-
tem idleness across all traffic models. Despite the higher variance of vehicle 2 (5.891), MAP
I maintains a relatively low idleness (decreasing by 2.5%, from 0.161 to 0.166), as resource
redundancy compensates for sporadic arrivals. MAP II further highlights its resilience, with
moderate variance (SL: 2.161; CV: 2.337) and reduced correlation (~1.67–1.98), resulting in
a slight idleness decrease (1.0%, from 0.312 to 0.309). The Poisson model remains stable
(idleness: 0.447 to 0.44), underscoring its robustness under low-density conditions.
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(a) (b) 

Figure 10. Sensitivity to C-DBL capacity: (a) traffic saturation = 0.9; (b) traffic saturation = 0.3.

8. Discussion

This study developed a stochastic–adaptive optimization framework for Connected
Dynamic Bus Lane (C-DBL) systems, integrating MAP-based stochastic queue modeling,
HMM-based real-time estimation, and metaheuristic optimization to achieve coordinated
lane capacity management in heterogeneous connected traffic. Compared with previous
MAP-or HMM-based traffic control studies [27–29,32,33], the proposed framework estab-
lishes a closed-loop stochastic–adaptive mechanism that simultaneously captures correlated
arrivals (via MAP) and real-time hidden-state feedback (via HMM), which were previously
treated as independent sub-problems. This integration enables adaptive bus-lane capacity
management under realistic heterogeneous connected environments.

The results reveal that the proposed C-DBL strategy effectively reduces intersection
delay and fuel consumption—achieving up to 68.3% reduction in fuel use and 65.5%
reduction in average delay—while maintaining system stability across varying traffic
saturations and connected-vehicle penetration rates. The integration of MAP and HMM
enables accurate representation of stochastic and partially observable traffic dynamics,
while the application of GA, DE, and PSO ensures robust global optimization in nonconvex
solution spaces.

From a broader perspective, this research contributes a generalizable stochastic–
adaptive control paradigm applicable to other intelligent transportation systems. The
combination of probabilistic modeling, real-time estimation, and evolutionary optimization
offers a scalable approach for managing uncertainty, enhancing energy efficiency, and
supporting sustainable urban mobility planning.
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Abbreviations

The following abbreviations are used in this manuscript:

BLIP Bus Lane with Intermittent Priority
C-DBL Connected Dynamic Bus Lane
CV connected vehicles
DE Differential Evolution
HMM Hidden Markov Model
ITS Intelligent Transportation Systems
GA Genetic Algorithm
MAP Markov Arrival Process
MAPE Mean Absolute Percentage Error
MLE Maximum Likelihood Estimation
NCV non-connected vehicle
PSO Particle Swarm Optimization
RMSE Root Mean Square Error
SL social lane
SPaT signal phase and timing
Ai, Bi Block matrices of the infinitesimal generator Q of the Markov chain (i = 0.1 . . .).
Ci Signal cycle of the intersection (i = 1, 2, ...).
c Signal cycle duration at the target intersection.
Cs Fuel consumption coefficient due to vehicle acceleration and deceleration
Cd Fuel consumption coefficient due to vehicle idling
cor(k) Correlation coefficient between consecutive inter-arrival times for vehicles.
D0, D1 Transition rate matrices of the MAP
Fi Fuel consumption of the ith vehicle passing through the signalized intersection
g, r Duration of green and red phases at signalized intersection

[H G, HR
]

Matrix representing green and red light duration

Jn State of the MAP at time n
Kjam Traffic density
Kn Number of vehicles in the C-DBL at time n
L Average total queue length of vehicles
p Penetration rate of probe vehicles
π Steady-state probability vector of underlying Markov chain
Q Infinitesimal generator of the Markov chain
Ra, Rd, Ri,Rc Average fuel consumption rate under acceleration, deceleration, idling, and cruising
R Matrix solved iteratively in the model solution process
v(k) Variance of inter-arrival times for vehicles
λ Total vehicle arrival rate
h̄ Unique stationary distribution of the Markov chain
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Abstract: With increasing global pressure to decarbonize electricity systems, particularly in
regions outside international carbon trading frameworks, it is essential to develop adap-
tive optimization tools that account for regulatory policies and system-level uncertainty.
An emission-constrained power dispatch strategy based on an Adaptive Grouped Fish
Migration Optimization (AGFMO) algorithm is proposed. The algorithm incorporates
dynamic population grouping, a perturbation-assisted escape strategy from local optima,
and a performance-feedback-driven position update rule. These enhancements improve
the algorithm’s convergence reliability and global search capacity in complex constrained
environments. The proposed method is implemented in Taiwan’s 345 kV transmission
system, covering a decadal planning horizon (2023–2033) with scenarios involving varying
load demands, wind power integration levels, and carbon tax schemes. Simulation results
show that the AGFMO approach achieves greater reductions in total dispatch cost and CO2

emissions compared with conventional swarm-based techniques, including PSO, GACO,
and FMO. Embedding policy parameters directly into the optimization framework enables
robustness in real-world grid settings and flexibility for future carbon taxation regimes.
The model serves as decision-support tool for emission-sensitive operational planning in
power markets with limited access to global carbon trading, contributing to the advanced
modeling of control and optimization processes in low-carbon energy systems.

Keywords: carbon emission constraints; adaptive grouped fish migration optimization
(AGFMO); renewable energy integration; power dispatch optimization; low-carbon energy
transition

MSC: 90C90; 91B76; 49M37

1. Introduction

As climate change mitigation efforts accelerate, carbon trading schemes have become
essential instruments for incentivizing low-carbon transitions in energy systems. By assign-
ing economic value to greenhouse gas emissions, these markets encourage utilities and
industrial actors to invest in cleaner technologies and reduce their carbon footprint [1,2].
Their widespread adoption has significantly reshaped dispatch strategies and long-term
planning in the power sector [3,4].
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However, not all regions benefit from participation in such mechanisms. Taiwan,
for instance, remains excluded from international carbon markets due to geopolitical
constraints [5,6]. This exclusion poses a structural challenge: without access to carbon pric-
ing signals or international offsetting mechanisms, Taiwan must pursue decarbonization
through internally driven, policy-compatible dispatch strategies.

Despite recent growth in wind and solar deployment, Taiwan’s power system remains
predominantly fossil-fueled, with coal and natural gas accounting for the bulk of genera-
tion [7]. The intermittency of renewables adds further complexity, making it difficult to
reconcile emission goals with grid reliability [8,9]. Although Taiwan’s renewable energy
development includes both solar PV and wind energy, this study focuses primarily on wind
power for several reasons. First, Taiwan’s government has designated offshore wind as a
core strategy in its long-term decarbonization plan, with substantial capacity expansion
planned through to 2030. Second, wind energy exhibits greater resilience during extreme
weather events, as evidenced by continued wind turbine operation during Typhoon Danas
in 2025, while PV installations suffered widespread damage. Third, due to land and geo-
graphical constraints, PV expansion is expected to plateau, making wind energy a more
viable long-term lever for carbon reduction. As such, this paper focuses on wind-based
dispatch modeling to provide policy-relevant insights and can serve as a reference for
similar regions globally.

Existing research offers limited guidance for such non-market contexts. For example,
Qiu and Entchev [10] and De Carne et al. [11] focus on renewable variability within market-
integrated systems, while Wu et al. [12] and Leal Filho et al. [13] emphasize the role of
carbon pricing in reshaping fossil-fuel usage—an option unavailable in Taiwan.

More broadly, the literature assumes the presence of carbon markets, leaving a strategic
and methodological gap for regions without such mechanisms. Hameed et al. [14] present
optimization models embedded within market structures, and Bechara and Alnouri [15]
explore carbon-constrained planning but stop short of addressing renewable-induced dis-
patch volatility. Han et al. [16] consider demand response and storage, yet do not examine
how fossil-fuel-heavy systems maintain dispatch feasibility during energy transitions. Like-
wise, studies by Russo et al. [17] and Gao et al. [18] address renewable integration in island
contexts but do not grapple with the policy isolation that defines Taiwan’s case.

In addition, while optimization techniques such as PSO, NSGA-II, and MOPSO have
been applied to emission-constrained dispatch [19–24], they often rely on problem struc-
tures and parameter regimes that presume market participation. For example, Li et al. [21]
and Li and Liu [22] model trading environments or microgrids, but their solutions are
poorly suited to national-scale, policy-constrained systems. Liu et al. [23] discuss AI-driven
decarbonization without tailoring methods to the technical dynamics of grid-scale fossil–
renewable coexistence. Qin et al. [25] offer low-carbon dispatch models but do not tackle
algorithmic robustness under volatile load and fuel-price scenarios.

These gaps are addressed through a tailored dispatch optimization method based
on an Adaptive Grouped Fish Migration Optimization (AGFMO) algorithm. Designed
specifically for systems operating outside of carbon market frameworks, AGFMO integrates
genetic recombination strategies with grouped migration dynamics to improve global
search capacity and solution adaptability. The proposed method is implemented within
a dispatch model that reflects Taiwan’s energy mix, renewable growth projections, and
carbon taxation policies.
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The contributions of this work are threefold:

(1) Algorithmic innovation: AGFMO is extended the traditional fish migration model
through adaptive dynamic grouping and local disturbance mechanisms, enhanc-
ing exploration capacity in constrained, high-renewable scenarios. It addresses the
convergence limitations often observed in PSO-based dispatch models.

(2) Context-specific dispatch framework: The model is explicitly developed for fossil-
fuel-dependent grids operating without international market access. It provides
actionable strategies for emission-aware dispatch and renewable integration under
isolated policy regimes.

(3) Scalable application for isolated or developing regions: While tailored to Taiwan, the
framework is designed to be flexible enough to be adapted to other regions facing
similar geopolitical or infrastructural constraints. The framework offers a viable
carbon reduction pathway that complements international climate objectives without
requiring full market integration.

By addressing both methodological and contextual gaps, this study contributes to the
global dialog on low-carbon energy transitions in policy-constrained environments. It offers
both a robust optimization tool and a replicable dispatch strategy for achieving meaningful
emission reductions in systems that fall outside conventional carbon pricing mechanisms.

Following this introduction, Section 2 uses data mining techniques to develop wind
power output forecasts and analyze installed capacity utilization, providing a data-driven
foundation for the emission-constrained dispatch model formulated in Section 3. Section 3
defines the optimal power flow framework under carbon emission constraints on Taiwan’s
345 kV system, establishing the context-specific dispatch optimization problem addressed
in this work. Section 4 details the design of the proposed AGFMO algorithm and its
enhancements over the standard fish migration approach, highlighting how this algorith-
mic innovation improves global search and convergence for the dispatch optimization.
Section 5 presents the simulation studies and results, including scenario analyses under
various carbon tax and renewable integration levels. The efficacy of the proposed approach
and its advantages over conventional methods are demonstrated by these findings, illus-
trating the method’s viability and scalability for emission-constrained dispatch planning.
Finally, Section 6 provides a summary of key insights and a critical analysis, linking the
outcomes back to the contributions and discussing implications for low-carbon power
system operation.

2. Application of Data Mining in Wind Power Output and Installed
Capacity Forecasting

2.1. Application of Data Mining in Wind Power Forecasting

Forecasting wind power output is notoriously difficult, largely due to the inherent
variability caused by shifting weather patterns, seasonal dynamics, and local geographical
features. Taiwan, with its growing portfolio of wind energy installations, faces an urgent
need to improve the predictability of wind power output (WPO) and installed capacity
(WIC) to manage grid stability and ensure efficient power dispatch [26].

To address this challenge, data mining was adopted—not merely as a statistical
tool, but as a means to uncover hidden regularities and inform smarter decision-making.
Drawing on several years of historical data in Taiwan, a forecasting model was developed
that is designed to support day-ahead power dispatch [27,28].

The analysis revealed patterns that, while not unexpected, are highly actionable;
once cleaned and processed, these patterns can reveal insights beyond what raw intuition
can provide.
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(1) Data Collection and Cleaning:

The dataset spanned multiple years and included site-level data such as wind speed,
power output, temperature, and installed capacity. Basic preprocessing was applied: obvi-
ous outliers were removed, and missing values imputed based on local regression. While
the dataset was relatively clean, some anomalies were still identified and manually verified.

(2) Feature Selection and Modeling:

Using multivariate regression analysis, wind speed, ambient temperature, and month
of the year were identified as the most predictive variables. The resulting model (see below)
offers a practical baseline for regional wind output estimation:

Pwind = α0 + α1·Windspeed + α2·Temperature + α3·Season + ε (1)

where Pwind represents the predicted wind power generation, and α1, α2, α3 are regression
coefficients. The residual term ε captures the deviation between the observed and predicted
values, accounting for random fluctuations and other external factors not explicitly mod-
eled. By applying multivariate regression, this model captures the relationships between
wind power output and various influencing factors.

(3) Construction of the wind power forecasting model

Based on the results of the regression analysis, a forecasting model for wind power
generation was developed. This model not only reflects patterns in historical data but also
dynamically adjusts forecasts using current meteorological data. The forecasting model
can be expressed as follows:

P̂wind = f
(

Windspeed, Temperature, Season, Variation . . .
)

(2)

The model is used to predict wind power output under different meteorological
conditions, providing a reliable input for optimizing future power dispatch [27,28].

2.2. Relationship Between Data Mining and Installed Capacity

Beyond forecasting wind power generation, this study also investigates how in-
stalled wind capacity relates to actual generation efficiency. Understanding how effectively
installed capacity is utilized—especially under varying operational and environmental
conditions—provides insight into overall system performance. To this end, data mining
techniques were applied to uncover trends and correlations that would otherwise remain
hidden in the raw data [28].

(1) Installed capacity analysis:

Data were collected from both onshore and offshore wind farms across Taiwan, in-
cluding variables such as nameplate capacity, maintenance schedules, downtime records,
and actual generation figures. By comparing output under different load conditions, the
effective utilization rate of installed capacity was estimated. Notably, offshore installations
showed greater variability during seasonal transitions, likely due to harsher environmental
exposure [26].

(2) Modeling the Efficiency Relationship:

To quantify this relationship, a regression-based model was constructed in which
generation efficiency was treated as the dependent variable and installed capacity as the
key predictor. The model can be expressed as:

E fwind = β0 + β1·Sinstalled + β2·TD + β3·Mw + ρ (3)
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where E fwind represents generation efficiency, Sinstalled denotes the installed capacity, β0,
β1, β2, β3 are regression coefficients. TD stands for the transmission distance from the wind
farm to the nearest grid connection point (km), Mw is the site’s average wind speed (m/s),
and ρ is the error term. This model enables the prediction of generation efficiency under
varying installed capacity conditions [28]. According to the regression analysis conducted
in [28], the estimated values of the coefficients are β0 = 0.35, β1 = 0.0024, β2 = −0.0018, and
β3 = 0.045, which reflect the empirical influence of capacity size, grid distance, and wind
conditions on generation performance.

(3) Integrating forecast and optimization:

The insights obtained through data mining are directly fed into the power dispatch
optimization framework. By anticipating shifts in demand and generation potential, re-
sources can be allocated more effectively and dispatch can be scheduled more efficiently.
For instance, knowing that offshore capacity drops by 12–15% during typhoon season
enables preemptive load rerouting or reserve activation by operators. These predictive
components, when integrated into the AGFMO-based optimization (detailed in the next
section), enhance not only dispatch precision but also the resilience of the system under
carbon emission constraints [29].

By analyzing wind power output in relation to installed capacity through data mining
methods, this chapter establishes a data-driven foundation for optimizing power dispatch.
The insights gained here—particularly the predictive understanding of utilization rates—
will inform the optimization strategy presented in the next section where the design of
the AGFMO algorithm and its application to achieving optimal dispatch under carbon
emission constraints are presented.

3. Optimal Power Flow (OPF) with Carbon Emission Constraints

To enhance the clarity of the solution framework, an integrated flowchart is provided
in Figure 1. This diagram illustrates the main procedural steps of the emission-constrained
OPF model, highlighting its integration with the wind utilization prediction module devel-
oped in Section 2. Specifically, the forecasted wind availability is treated as a constraint
within the OPF formulation. The AGFMO algorithm employs the dispatch of fossil-fuel
generators, taking into account both fuel costs and carbon taxation schemes. The re-
sulting outputs include optimal power generation schedules and associated carbon cost
metrics. This integration enables a practical low-carbon dispatch strategy suited to policy-
constrained energy systems to be developed.

The traditional OPF formulation is extended by incorporating carbon dioxide emission
constraints. Using the 345 kV transmission system of the Taiwan Power Company, carbon
emission control is simulated under various load conditions for 2023, 2028, and 2033,
covering off-peak, average, and peak loads. The objective is to determine whether Taiwan’s
carbon emission cap can be met under actual power generation costs, or to estimate the
excess emissions if the cap is exceeded. The study also integrates independent power
producers (IPPs) for optimal emission control and evaluates the impact of renewable
energy investments. To simplify comparing emissions and fuel costs, carbon pricing from
international carbon markets is used to convert emissions into the same currency as fuel
costs for analysis.
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Figure 1. Flowchart of the emission-constrained optimal power flow (OPF) model integrating wind
utilization forecasts and AGFMO-based dispatch optimization.

3.1. Objective Equation

The following equations were developed to minimize the cost of fuel dispatch in a
power system considering carbon dioxide emissions.

Cgen =
N

∑
k=1

ak + bkPk + ckP2
k (4)

CCO2 =

(
N

∑
k=1

αk + βkPk + γkP2
k

)
·λCO2 (5)

Min (Ctotal) = min
(
Cgen + CCO2

)
(6)

where N represents the total number of generators in the system, while Pk denotes the
power output of the k-th generator. The cost structure includes several components: ak

refers to the fixed cost associated with operating the k-th generator, bk is the linear fuel cost
coefficient that indicates how fuel costs increase proportionally with the power output, and
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ck captures the quadratic fuel cost coefficient, accounting for the non-linear increase in fuel
consumption as the generator output increases. On the emissions side, λCO2 represents
a flat-rate carbon cost per ton of CO2, which, when combined with generator-specific
emission factors, determines the total emission-related cost. This modeling approach
reflects a fixed carbon tax scenario, in line with Taiwan’s current situation where no official
carbon pricing mechanism has been implemented, and policy development remains in
discussion. The inclusion of λCO2 within the objective function enables direct incorporation
of carbon-related penalties into dispatch optimization. Specifically, αk represents the fixed
carbon emissions from the k-th generator, while the linear and quadratic components of
carbon emissions are described by βk and γk, respectively, reflecting how emissions vary
with power output.

The coefficients ak, bk, ck and αk, βk, γk are parameterized according to the typical
characteristics of fossil-fueled generators in Taiwan. Coal-fired units are modeled with
higher baseline cost and emission levels, where ak = 510, bk = 14.3, and ck = 0.0045, while the
corresponding emission coefficients are set as αk = 0.215, βk = 0.0038, and γk = 0.000012. For
gas-fired units, the operational cost is relatively lower in fixed and quadratic terms, with
ak = 780, bk = 19.6, and ck = 0.0078, and emissions are accordingly reduced with coefficients
αk = 0.172, βk = 0.0025, and γk = 0.000009. Oil-fired units, characterized by their higher
carbon intensity and cost, are represented by ak = 1200, bk = 36.5, and ck = 0.0102, alongside
emission coefficients of αk = 0.26, βk = 0.0045, and γk = 0.000015. These parameter values
are selected with reference to the Taiwan Power Company’s public disclosures and national
emission factor databases [26], ensuring that the dispatch and emission cost modeling is
grounded in realistic, region-specific data.

3.1.1. Equality Constraints

The equality constraints ensure that the total power generated by the main generator
buses, along with the wind turbine output, must be equal to the total load demand plus
transmission losses. The load balance equation can be formulated as follows:

N

∑
k=1

Pgen, k +
y

∑
j=1

Pwind, j =
x

∑
i=1

Pload, k + Ploss (7)

where Pgen,k represents the power output of the k-th generator bus, while Pwind, j indicates
the power produced by the j-th wind turbine bus. The total load at the i-th load bus is
denoted by Pload,k and Ploss accounts for the total transmission losses within the system.
Additionally, the variables N, y, and x correspond to the total number of generator buses,
wind turbine buses, and load buses, respectively.

3.1.2. Inequality Constraints

The inequality constraints reflect the operational limits of the system, including gener-
ation capacity bounds, bus voltage ranges, wind power output limits, and overall carbon
emission caps. These constraints ensure that the power system operates safely, efficiently,
and within the boundaries of environmental regulations. The mathematical formulation of
these inequality conditions is as follows:

Pgen, k ≤ Pgen, k ≤ Pgen, k (8)

Ue ≤ Ue ≤ Ue (9)

0 ≤ Pwind ≤ Pwind (10)

Sd ≤ Sd (11)
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N

∑
k=1

CO2,k ≤ CO2,k (12)

The system operates under several constraints. The generation limits for each genera-
tor bus, denoted by Pgen, k and Pgen, k, set the minimum and maximum allowable power

output, while the voltage at each bus e must remain within the bounds Ue and Ue. The total
number of buses in the system is represented by N. For wind turbines, their generation
is capped at Pwind. Additionally, transmission line d has a capacity limit defined by Sd.
Regarding environmental considerations, the carbon emissions from the k-th generator bus,
denoted as CO2,k, must not exceed the annual carbon emission limit, CO2,k.

In this study, all wind energy generated is directly dispatched without curtailment.
Photovoltaic sources are not considered in the optimization model due to focus on wind-
based dispatch, which is consistent with Taiwan’s long-term offshore wind policy emphasis.
Battery energy storage systems (BES) are not included in the current formulation, as the
study focuses on direct dispatch optimization under renewable uncertainty and fossil
balancing, reflecting real-world operational constraints in Taiwan.

3.2. The ECI for Power Flow Solution

The Equivalent Current Injection (ECI) method is employed [30,31] for solving the
power flow, as it provides faster convergence compared to the Newton-Raphson method,
especially in systems with complex load conditions. Load scenarios are evaluated for short-
term (2023), medium-term (2028), and long-term (2033) with the integration of onshore
and offshore wind turbines. The focus is on minimizing the power system’s fuel dispatch
cost while considering carbon dioxide emissions. The procedure for the equivalent current
injection (ECI) method can be described as follows:

Step 1: The process begins with defining the allowable error threshold, typically set
below 10−6.

Step 2: Import the system data required for analysis, which includes bus data, transmission
line details, as well as predefined voltage settings and real/reactive power values.

Step 3: Formulate the admittance matrix (YBus) for the power system.
Step 4: Check for the presence of any voltage-controlled buses (PV Bus) in the system.

If present, proceed to Step 5;
If absent, move to Step 6.

Step 5: Make necessary adjustments to the Jacobian matrix before moving to Step 6.
Step 6: Perform LU decomposition on the Jacobian matrix.
Step 7: Compute the equivalent current injection at load buses and calculate the error

values for the real and imaginary components of the generator bus voltage.
Step 8: Use the computed voltage error values to update the voltage values.
Step 9: Check if the computed error falls within the acceptable range (error ≤ tolerance).

If so, the process concludes; otherwise, return to Step 5 for further iterations.

A detailed derivation of the ECI method can be found in [32]. This method’s abil-
ity to handle complex and dynamic load conditions, while minimizing fuel and carbon
costs, highlights its suitability for modern power systems with integrated renewable
energy sources.

4. Adaptive Grouped Fish Migration Optimization (AGFMO) with
Carbon Emission Constraints

4.1. AGFMO

The Fish Migration Optimization (FMO) algorithm draws inspiration from the natural
behaviors of fish, particularly their migratory patterns in search of food, breeding grounds,
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and favorable environmental conditions [32]. These biologically driven behaviors are
abstracted into a computational framework capable of addressing complex numerical
optimization problems.

Building upon the standard FMO, an improved variant, termed Adaptive Grouped
Fish Migration Optimization (AGFMO), is proposed. The core enhancement lies in the inte-
gration of an adaptive dynamic population grouping strategy (ADGPS), which facilitates a
more effective balance between global exploration and local exploitation throughout the
optimization process. Specifically, AGFMO partitions the fish population into subgroups
based on their fitness values, allowing different search behaviors to emerge dynamically
during the algorithm’s evolution. This design enables the algorithm to more efficiently
navigate multi-objective and constrained optimization landscapes—such as power dispatch
problems under carbon emission limits.

The original FMO relies on a simplified bioenergetic model to describe energy con-
sumption during fish migration. This is represented mathematically as:

E = a·t + a·Ux
s (13)

where E represents the energy consumption, t is the time spent, Us is the swimming speed
of the fish, and a, b, and x are constants related to metabolic rate, energy use scaling,
and swimming speed, respectively. In this study, the parameter values were adopted
from existing literature on fish bioenergetics modeling, with a = 0.6, b = 1.2, and x = 2.0,
reflecting typical metabolic scaling observed in similar agent-based or population-based
models [32]. These constants ensure that the model realistically captures the trade-off
between exploration and exploitation in the fish migration process, as adapted in the
original FMO framework.

In AGFMO, the population of fish is dynamically divided into subgroups based on
their fitness values. This strategy allows the algorithm to switch between global exploration
and local exploitation, increasing the chances of finding a global optimum while still
refining local solutions.

The steps of the AGFMO algorithm with ADGPS are as follows:

(1) Initialization: The initial fish population is generated by randomly assigning posi-
tions and velocities within predefined bounds. Each fish’s position Pi represents a
candidate solution to the optimization problem (e.g., generator dispatch levels), and
is initialized as:

Pi = Pmin + rand()·(Pmax − Pmin) (14)

where Pmin and Pmax represent the lower and upper bounds of the search space.

(2) Fitness function: Each fish is evaluated using a fitness function that accounts for both
economic and environmental objectives. Specifically:

Fitness(Pi) = ω1Cgen(Pi) + ω2CCO2(Pi) (15)

where Cgen(Pi) is the power generation cost of solution Pi, CCO2(Pi) is the carbon emission
cost of the same solution, ω1 and ω2 are weight factors representing the relative importance
of generation cost and carbon emissions, respectively.

(3) Swim process: In each iteration, every fish evaluates multiple candidate positions
within its movement range before selecting the best one. The swimming distance is
governed by its velocity Us and a time t parameter:

d = Us·t (16)
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The energy consumption during swimming is given by:

E = a·Ux
s (17)

After evaluating all candidates, the fish moves to the position with the highest fitness.
The parameters for the energy model are adopted based on standard bioenergetic formu-
lations, where a = 0.6 and x = 2.0, consistent with metabolic scaling observed in previous
fish migration optimization literature [32]. The swimming time t is normalized to 1 for
simplicity, allowing Us to directly represent the movement range in each iteration.

(4) Dynamic grouping: The population is dynamically divided into two groups based on
fitness:

(1) Local search group: Fish with higher fitness values perform fine-tuned local
exploitation around known optima.

(2) Global search group: Lower-performing individuals explore under-sampled re-
gions of the search space to maintain population diversity and avoid premature
convergence.

(5) Migration process: Fish that fail to improve their fitness through local search are reallo-
cated to new global positions, a process aimed at escaping local optima. Their updated
position is calculated using a velocity-based rule inspired by social best guidance:

Pi(t + 1) = Pi(t) + Ui(t) (18)

where Pi(t) is the current position, and Ui(t) is the updated velocity based on the fish’s
best position and the global best position found so far.

Cooperative evolution: At each generation, cooperative crossover allows individuals
from different groups to exchange information. The offspring position is generated using:

Pnew = β·Ppartent1 + (1 − β)·Ppartent2 (19)

where β is a parameter controlling the contribution of each parent, and Pparent1 and Pparent2

are selected from different groups.

4.2. AGFMO for Solving the Power Dispatch Problem with Carbon Emission Constraints

As formulated in Section 3, the carbon-constrained optimal power flow (OPF) problem
aims to minimize the total generation cost and associated CO2 emissions while adhering to
a set of operational and environmental constraints. These include generator output limits,
transmission line capacities, and regulatory caps on carbon emissions. Equation (4) defines
the multi-objective cost function, integrating both economic and environmental components.

To solve this non-linear and high-dimensional optimization problem, the AGFMO
algorithm is applied. AGFMO is well-suited for the carbon-constrained dispatch setting,
as it combines adaptive subgrouping, cooperative search dynamics, and bio-inspired
movement strategies to balance convergence and diversity.

Within the AGFMO framework, each fish is used to represent a candidate dispatch
vector P = {P1, P2, . . ., Pn}, corresponding to the power outputs of all generating units. The
fitness function evaluates each fish based on a weighted sum of fuel cost and CO2 emissions:

min
(
ω1·Cgen·Pi(t) + ω2·CCO2 ·Pi(t)

)
(20)

where ω1 and ω2 are weights that reflect the importance of generation cost and carbon
emissions, respectively.

The Adaptive Grouped Fish Migration Optimization (AGFMO) algorithm addresses
the constrained optimization problem by iteratively guiding a population of candidate
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solutions—represented as individual “fishes”—toward the optimal power dispatch config-
uration. The algorithm proceeds through the following steps:

Step 1: Initialization

(1) Population Initialization: Each fish is randomly initialized within permissible gen-
eration bounds, where its position Pi corresponds to a specific generation schedule
across all units.

(2) Velocity Initialization: Each fish is also assigned an initial velocity vector Ui, repre-
senting its search direction in the solution space.

Step 2: Fitness Evaluation

Each fish is evaluated based on a composite fitness function that integrates both fuel
generation cost and carbon emission penalties.

Step 3: Dynamic grouping

Using the ADGPS, the population is split into two subgroups based on fitness:

(1) Local search group: Fish with better fitness values perform local exploitation, refining
the solutions in their immediate neighborhood.

(2) Global search group: Fish with lower fitness values explore new regions of the search
space, ensuring diversity and preventing premature convergence.

Step 4: Local search (swimming process)

For fish in the local search group, a local search is applied within a smaller range. Each
fish evaluates potential new positions by updating its position and velocity based on its
current best-known position and the global best solution.

The velocity update is influenced by the fish’s personal best position Pbest and the
global best position Pglobal_best:

Ui(t + 1) = ω·Ui(t) + c1·r1(Pbest − Pi(t)) + c2·r2

(
Pglobal_best − Pi(t)

)
(21)

where ω is the inertia weight, c1 and c2 are cognitive and social coefficients, r1 and r2 are
random numbers between 0 and 1.

Step 5: Global search (migration process)

For fish in the global search group, a migration step is performed to explore the global
search space.

Step 6: Cooperative evolution

Periodically, the fish in the local and global groups exchange information through co-
operative evolution. This exchange enables the global group to benefit from the knowledge
of the local group and vice versa.

Step 7: Update fitness and selection

New candidate positions are evaluated. If a fish’s new position yields improved
fitness, it is retained; otherwise, the fish reverts to its previous best-known solution.

Step 8: Termination

The algorithm halts when either the maximum number of iterations is reached or
when improvements in the global best solution fall below a predefined threshold over
successive generations.
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Step 9: Return the Optimal Dispatch Solution

Upon convergence, the fish with the best fitness value is taken to represent the op-
timal dispatch configuration that minimizes both cost and emissions while satisfying all
system constraints.

The following Algorithm 1 outlines the AGFMO pseudocode for solving the power
dispatch problem:

Algorithm 1. Pseudocode of the AGFMO algorithm.

Initialize parameters:
Set population size N, maximum iterations T, velocity limits, and generator output
bounds.
Initialize fish population:
P ← Random positions Pi within bounds for each fish;
U ← Random initial velocities Ui for each fish;
Evaluate initial fitness:
For each fish Pi in population:

Compute fitness: (Pi)= ω1·Cgen·Pi(t) + ω2·CCO2 ·Pi(t)
Store personal best position: Pbest_i ← Pi

Set global best: Gbest ← best(Pbest_i)
While iteration < T do:

Sort fish by fitness F(Pi)
Divide population into two groups:

Local search group: top-performing fish;
Global search group: remaining fish;

For each fish in local search group:
Update velocity;
Update position;
Apply bounds to Pi;
Re-evaluate fitness F(Pi);
If F(Pi) < F(Pbest_i):

Pbest_i = Pi

For each fish in global search group:
Migrate to a new random position within bounds;
Re-evaluate fitness F(Pi);
If F(Pi) < F(Pbest_i):

Pbest_i = Pi

Apply cooperative evolution across groups;
Update fish positions and velocities across all dimensions;
If stopping criteria met (e.g., max iterations or no fitness improvement):

Break loop;
Return:

Return best-found solution Pbest

5. Case Analysis and Discussion

The Taiwan 345 kV power system, shown in Figure 1, was analyzed using the ECI
method for power flow and the AGFMO algorithm to optimize system parameters, minimiz-
ing carbon emissions and operational costs. This approach effectively handles the complexity
of the 345 kV system. Each test case considered varying load conditions and renewable
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energy integration, providing insights into system performance. Tests were conducted using
MATLAB 2016b on a PC with a 2.9-GHz Intel processor and 16 GB memory.

5.1. The Model of Taipower’s 345 kV High-Voltage Transmission System

The Taipower 345 kV system is the core network used for Taiwan’s power transmis-
sion [26], as shown in Figure 2. It uses high-voltage transmission lines to deliver electricity
generated by nuclear, thermal, hydroelectric power plants, and renewable energy sources
such as wind and solar power to substations across Taiwan. The electricity is then stepped
down and supplied to users. This system encompasses key components such as power
plants, transmission lines, and substations, ensuring stable and efficient power transmis-
sion. It also incorporates redundancy designs and protection measures to handle faults and
ensure the safety and reliability of the power grid.
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Figure 2. Taiwan power grid structure diagram.

The system’s total load for each year in the cases is referenced from the study [33].
In 2023, the peak load was 33,927 MW, the annual average load was 24,816 MW, and the
off-peak load was 15,706 MW. For 2028 and 2033, the load growth estimates are based on
Taipower’s projections for the next decade [34]. In 2028, the peak load is expected to reach
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40,263 MW, with an annual average load of 29,451 MW and an off-peak load of 18,337 MW.
By 2033, the peak load is forecasted to rise to 47,033 MW, with an annual average load of
34,403 MW and an off-peak load of 20,465 MW.

As highlighted in related studies [35], the proportion of different power generation
capacities in Taiwan correlates with load growth forecasts. In 2023, the total installed
capacity was approximately 38,446 MW, with small hydropower and solar power plants
excluded due to their negligible impact on overall capacity. This adjustment, consistent
with common modeling practices, slightly reduces the total compared to the Taiwan Power
Company’s official data but maintains the key trends needed for macro-level analysis.

Looking ahead, Taiwan Power Company’s 2022 development plan projects a steady
increase in generation capacities over the next decade [34]. The projected expansions
include renewable energy, conventional hydropower, thermal power, and nuclear power,
reflecting the Taiwan’s strategic focus on diversifying its energy sources and increasing
capacity to meet future load demands. By aligning with the latest expected commercial
operation years, this study provides a forward-looking analysis that captures dynamic
shifts in Taiwan’s power system and offers valuable insights for future energy planning.

5.2. Utilizing Data Mining for the Assessment of Wind Power Output and Installed Capacity

Using data mining and multivariate regression analysis, a cyclical pattern in load
fluctuations was identified, with low-load periods in February, average loads in May
and October, and peak loads in July (as shown in Table 1), reflecting seasonal power
demand shifts. As Taiwan plans to expand offshore wind power, onshore and offshore
wind generation are evaluated separately. Onshore data cover Taiwan’s main island,
while offshore data are based on estimates from islands like Penghu and Kinmen [36]. A
regression model was used to calculate average hourly power generation per kilowatt of
installed capacity under different load conditions. During peak loads, generation averages
11.67 kWh per kW, 42.05 kWh during average loads, and 52.97 kWh during low loads.
Lower generation rates are typically associated with malfunctions or maintenance [36].
Wind power analysis under seasonal and monthly load changes provides insights into
wind output under varying conditions.

Table 1. Comprehensive statistics of wind power generation in Taiwan’s power system.

Metric Year Peak Year Average Year Low

Rep. month 7 10 2
Wind power generation (kWh) 23,167,537 8,265,104 100,165,267

Operating hours (H) 108,579.55 104,333.1 105,411.15
Downtime (H) 10,489.66 14,706.91 5948.85

Avg. hourly generation (kWh) 31,139.52 111,377.83 134,630.74
Fault-free avg. hourly generation (kWh) 33,536.25 120,778.67 151,114.34

Onshore net gen./capacity (%) 11.66 42.04 52.97
Offshore net gen./capacity (%) 13.82 61.55 65.83

Monthly availability (%) 91.22 87.53 94.7

In addition, Table 2 shows a significant increase in both onshore and offshore wind
power generation from 2023 to 2033. Offshore wind, which has no contribution in 2023,
is projected to rise significantly by 2033, highlighting its growing importance in Taiwan’s
energy mix. This approach not only explains and predicts complex systems, as shown
in the tables, but also lays a solid foundation for future power scheduling and wind
energy development.
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Table 2. Yearly wind power generation evaluation results.

Year Onshore Wind (MWh) Offshore Wind (MWh) Total Wind (MWh)

2023 1,468,670.42 0 1,468,670.42
2028 2,317,986.21 1,088,886.33 3,406,872.54
2033 3,090,528.53 2,750,002.32 5,840,530.85

5.3. Minimization of Fuel Dispatch Costs and Emissions Under Carbon Tax Scenarios

The AGFMO algorithm was used to obtain the results presented in Tables 3–5 for
dispatch cost and CO2 emissions under varying carbon tax levels. Each table corresponds
to a different planning year—2023, 2028, and 2033—evaluated using the same optimization
model described in Section 3, with updated load and capacity data. The findings reveal
a clear pattern: while increasing carbon taxes substantially raises dispatch costs, the
corresponding reductions in emissions are relatively modest.

Table 3. Minimization of fuel dispatch cost under carbon emission pricing in 2023.

Metric
Carbon Tax (NTD)

500 1500 2500

Dispatch cost (NTD)
Peak (20%) 137,341,336 150,594,559 172,301,044
Avg (65%) 73,819,293 90,000,017 104,131,988
Low (15%) 41,299,501 46,504,288 52,340,511

Total cost (NTD) 713,713,208,005 831,270,998,730 962,388,054,661
Avg cost (NTD/MWh) 3233.01 3770.75 4247.43

Carbon emissions (tons)
Peak (20%) 19,001 18,521 18,759
Avg (65%) 13,950 14,121 13,487
Low (15%) 4694 4613 4673

Total emissions (tons) 122,079,250 117,758,501 115,991,850
Emissions (tons/MWh) 0.53 0.52 0.51

Table 4. Minimization of fuel dispatch cost under carbon emission pricing in 2028.

Metric
Carbon Tax (NTD)

500 1500 2500

Dispatch cost (NTD)
Peak (20%) 167,182,804 183,251,821 211,410,310
Avg (65%) 82,240,770 91,441,180 102,483,167
Low (15%) 1,566,809,501,147 1,720,687,815,156 1,870,560,887,881

Total cost (NTD) 5847.21 6402.41 7021.08
Avg cost (NTD/MWh) 21,791 21,751 21,897

Carbon emissions (tons)
Peak (20%) 17,451 17,007 15,907
Avg (65%) 7081 7351 6752
Low (15%) 148,012,721 145,670,911 143,819,537

Total emissions (tons) 0.55 0.54 0.53
Emissions (tons/MWh) 292,001,901 314,174,027 345,627,781

In 2023 (Table 3), with a carbon tax of 500 NTD/ton, the dispatch cost during the peak
period is 137,341,336 NTD, and annual CO2 emissions total 122,079,250 tons. When the tax
increases to 2500 NTD/ton, the dispatch cost escalates dramatically to 962,388,054,661 NTD,
while emissions drop only slightly to 115,991,850 tons. This suggests a non-linear relation-
ship where emission reductions taper off despite a steep rise in cost.

A similar trend is observed in 2028 (Table 4). At 500 NTD/ton, dispatch costs are
1.57 trillion NTD, with emissions at 148 million tons. At 2500 NTD/ton, costs rise to nearly
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1.87 trillion NTD, yet emissions only decline to 143.8 million tons. These results imply that
the marginal effectiveness of carbon taxes in reducing emissions diminishes over time as
the energy system matures.

Table 5. Minimization of fuel dispatch cost under carbon emission pricing in 2033.

Metric
Carbon Tax (NTD)

500 1500 2500

Dispatch cost (NTD)
Peak (20%) 333,370,429 361,553,285 405,567,495
Avg (65%) 158,657,560 145,566,522 160,612,670
Low (15%) 3,179,699,580,483 3,311,754,575,311 3,588,500,497,124

Total cost (NTD) 9801.21 10,528.36 11,507.33
Avg cost (NTD/MWh) 29,720 29,598 29,512

Carbon emissions (tons)
Peak (20%) 24,702 24,501 23,052
Avg (65%) 10,021 8587 8981
Low (15%) 204,311,588 201,302,527 193,521,851

Total emissions (tons) 0.64 0.64 0.62
Emissions (tons/MWh) 560,526,821 582,511,836 605,521,781

The trend continues in 2033 (Table 5). Even with a high carbon tax of 2500 NTD/ton,
emissions fall only slightly—from 204.3 million tons to 193.5 million tons—while dispatch
costs climb sharply to 3.59 trillion NTD. This indicates that without structural changes in
fuel usage, carbon taxes alone yield limited emission reduction benefits, despite increasing
economic costs.

Table 6 illustrates changes in the fuel mix under different carbon tax levels. In 2023, coal
accounted for 62.21% and gas 35.25% of total electricity generation under a 500 NTD/ton
tax. With a tax of 2500 NTD/ton, coal’s share declines marginally to 57.50%, while gas rises
to 40.36%. However, even in 2033 under the same high tax rate, coal still makes up 62.28%
of generation—indicating little progress toward decarbonization. These results suggest
that without complementary policy interventions, carbon pricing alone is insufficient to
significantly reduce coal dependence.

Table 6. Analysis of carbon tax and fuel mix by year.

Year
Carbon Tax

(NTD)

Total
Generation

(MW)

Coal
Generation

(MW)

Coal Mix
(%)

Oil
Generation

(MW)

Oil Mix
(%)

Gas
Generation

(MW)

Gas Mix
(%)

2023
500 17,811.20 11,081.11 62.21 450.21 2.52 6279.88 35.25
1500 18,001.05 10,840.53 58.84 251.81 1.39 7160.52 39.77
2500 17,765.50 10,237.036 57.50 377.03 2.12 7171.88 40.36

2028
500 22,362.27 12,957.07 57.82 709.39 3.17 8721.69 39.00
1500 22,262.65 12,545.19 56.23 731.19 3.28 9011.33 40.47
2500 22,350.35 10,956.77 48.92 1157.14 5.17 10258.32 45.89

2033
500 27,793.71 19,440.05 69.80% 511.44 1.84 7881.06 28.35
1500 27,454.14 18,955.15 68.90% 376.90 1.37 8159.95 29.72
2500 27,473.60 17,146.30 62.28% 758.88 2.76 7171.88 34.95

Although higher carbon taxes shift generation marginally toward gas, low-cost coal
remains dominant. For example, in 2023, the AGFMO-optimized dispatch results in
11,081.11 MW of coal generation and 6279.88 MW of gas. At 2500 NTD/ton, coal generation
falls to 10,237.04 MW and gas increases to 7171.88 MW. Despite these changes, the system
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remains constrained by its reliance on coal, limiting the effectiveness of carbon pricing in
driving down emissions.

Overall, while the AGFMO algorithm effectively minimizes costs under given con-
straints, the results highlight a critical insight: carbon taxes alone do not lead to significant
emission reductions unless accompanied by broader structural reforms in the energy
system. Long-term decarbonization will require complementary policies beyond price
signals—such as fuel switching incentives, renewable energy mandates, or stricter emis-
sions caps.

5.4. Balancing Cost and Carbon: Dispatch Optimization Under Emission Limits

The results point to an increasingly evident trend in energy system planning: carbon
emission constraints are becoming central to dispatch decisions—not just technically, but
politically and ethically as well. The AGFMO algorithm, in its dynamic OPF form, attempts
to reconcile these layers of complexity. Yet, as seen in the 2023 simulation (Table 7), the
presence of a carbon cap did not really change the outcome. Why? Because emissions
were already within policy limits that year, meaning cost minimization and compliance
essentially coincided.

Table 7. Results of 2023 cost minimization analysis with carbon emission constraints.

Metric
Carbon Tax (NTD)

500 1500 2500

Dispatch cost (NTD)
Peak (20%) 141,838,709 156,131,118 175,651,393
Avg (65%) 76,247,689 88,157,397 104,580,690
Low (15%) 42,287,502.8 48,534,629 52,611,982

Total cost (NTD) 734,161,332,165 851,213,119,090 980,934,218,911
Avg cost (NTD/MWh) 3157.36 3734.95 4313.99

Carbon emissions (tons)
Peak (20%) 19,431 18,217 19,097
Avg (65%) 14,549 14,425 13,310
Low (15%) 4931 4917 4831

Total emissions (tons) 122,008,876 119,537,619 116,607,114
Emissions (tons/MWh) 0.53 0.52 0.51

That alignment does not hold in 2028 (Table 8) or 2033 (Table 9). The rising load
demand starts to push the system up against those same carbon thresholds. For exam-
ple, Taiwan’s 2035 target is 139.1 million tons of CO2—a 25–28% reduction from 2005
levels. In 2028, even with a steep carbon tax of 2500 NTD/ton, emissions still clock in at
139,328,479 tons. Close, but not quite. By 2033 (Table 9), the goal is still exceeded unless
carbon abatement mechanisms are significantly tightened. It is a clear tension: reducing
emissions while keeping systems cost-efficient becomes harder as demand rises.

And it is not just about emissions. Table 7 shows that dispatch costs, surprisingly,
stay in a fairly tight range across tax levels. This raises a different kind of question: if cost
does not vary much, why is carbon not falling faster? The answer seems to lie in structural
inertia—namely, coal. Even with tax pressure, it does not exit the mix easily.

The AGFMO model adapts dispatch in response to cost and carbon signals. In 2023,
under a 500 NTD/ton tax, emissions hit 122 million tons, and the dispatch cost lands at
734.2 billion NTD. At higher tax levels, emissions nudge downward, but not dramatically.
The signal is there, but the system is not pivoting fast enough.

This all points to a broader insight: carbon pricing helps, but it will not carry the
whole decarbonization load. Without complementary policy moves—fuel switching man-
dates, capacity caps, or technology subsidies—progress stalls. Carbon taxes can shape the
direction, but structural reform is what gets you there.
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Table 8. Results of 2028 cost minimization analysis with carbon emission constraints.

Metric
Carbon Tax (NTD)

500 1500 2500

Dispatch cost (NTD)
Peak (20%) 296,721,83 310,584,094 345,069,350
Avg (65%) 179,164,910 192,945,169 202,292,615
Low (15%) 94,600,393 96,617,308 103,659,348

Total cost (NTD) 1,654,241,780,591 1,738,198,483,069 1,897,727,342,301
Avg cost (NTD/MWh) 6038.39 6460.29 7076.44

Carbon emissions (tons)
Peak (20%) 22,614 22,419 23,202
Avg (65%) 15,526 15,712 15,578
Low (15%) 6406 6850 6735

Total emissions (tons) 139,023,194 138,564,127 139,328,479
Emissions (tons/MWh) 0.51 0.52 0.51

Table 9. Results of 2033 cost minimization analysis with carbon emission constraints.

Metric
Carbon Tax (NTD)

500 1500 2500

Dispatch cost (NTD)
Peak (20%) 629,145,597 646,260,891 688,809,335
Avg (65%) 524,092,942 547,841,323 520,853,527
Low (15%) 207,220,315 212,196,309 216,637,323

Total cost (NTD) 4,325,948,476,247 4,439,729,682,009 4,473,557,069,706
Avg cost (NTD/MWh) 13,348.43 13,962.43 14,090.23

Carbon emissions (tons)
Peak (20%) 26,075 26,086 26,681
Avg (65%) 14,687 14,878 14,740
Low (15%) 7095 7041 7034

Total emissions (tons) 141,207,615 140,531,437 140,919,598
Emissions (tons/MWh) 0.44 0.44 0.43

As shown in Table 10, in 2023, without the addition of new renewable energy, the
system’s carbon emissions reached approximately 140,919,598 tons, exceeding the policy
limit of 139,000,000 tons. By integrating 2500 MW of wind power, emissions were reduced
to 139,466,684 tons, successfully meeting the emissions target.

Table 10. Cost minimization under wind power increment and carbon emission constraints in 2023.

Metric
Carbon Tax (NTD)

500 1500 2500

Dispatch cost (NTD)
Peak (20%) 620,480,292 611,651,084 688,949,738
Avg (65%) 494,575,870 494,948,891 475,215,728
Low (15%) 203,415,678 204,225,477 218,363,863

Total cost (NTD) 4,139,911,890,922 4,160,944,758,703 4,213,821,810,374
Avg cost (NTD/MWh) 12,640.65 12,916.99 13,269.20

Carbon emissions (tons)
Peak (20%) 25,877 25,906 27,117
Avg (65%) 14,311 14,455 14,185
Low (15%) 7705 7602 7513

Total emissions (tons) 138,466,684 138,690,758 138,102,927
Emissions (tons/MWh) 0.43 0.43 0.42

Under a carbon tax of 500 NTD/ton, the total dispatch cost was reduced to
4,139,911,890,922 NTD, with an average generation cost of 12,640.65 NTD/MWh. When
the carbon tax increased to 1500 NTD/ton, the total dispatch cost rose slightly to
4,160,944,758,703 NTD, with an average generation cost of 12,916.99 NTD/MWh. At the
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highest carbon tax of 2500 NTD/ton, the dispatch cost increased further to 4,213,821,810,374 NTD,
while emissions remained controlled at 138,102,927 tons, staying within the target.

The integration of wind power led to significant cost reductions across different carbon
tax levels. For a 500 NTD/ton tax, generation costs were reduced by 186,036,585,325 NTD;
for a 1500 NTD/ton tax, the reduction was 278,784,923,306 NTD; and under a 2500 NTD/ton
tax, the cost was reduced by 259,735,259,332 NTD compared to scenarios without renewable
energy integration. To maintain cost efficiency, the optimal purchase price for wind energy
should not exceed 16,172 NTD/MWh at a 500 NTD/ton carbon tax, 17,987.9 NTD/MWh
at a 1500 NTD/ton tax, and 22,789 NTD/MWh at a 2500 NTD/ton tax. Ensuring that
renewable energy purchase prices remain below these levels would prevent excessive
increases in generation costs, making wind power integration both environmentally and
economically viable.

This analysis highlights the importance of integrating renewable energy, such as wind
power, to meet emissions targets while keeping generation costs manageable. Carbon
pricing alone is insufficient to achieve these goals, underscoring the need for renewable
energy expansion to ensure long-term sustainability.

5.5. Performance Evaluation of AGFMO

To achieve the most precise cost analysis and evaluation, as illustrated in Tables 3–10,
the AGFMO algorithm is utilized. Compared to other algorithms, AGFMO demon-
strates superior accuracy in minimizing dispatch costs across a variety of constrained
scenarios, making it the optimal solution for handling complex optimization tasks under
multiple constraints.

To further demonstrate AGFMO’s outstanding performance, this section evaluates its
application under wind power increments and carbon tax constraints. Figures 3–5 illustrate
the convergence of dispatch costs under carbon taxes of 500, 1500, and 2500 NTD, with
an annual average rate of 65%. The results indicate that AGFMO is highly effective in
managing multi-constraint optimization problems, particularly over long-term iterations
where its convergence continues to improve. In contrast, other algorithms like PSO [23],
genetic ant colony optimization (GACO) [37] and FMO [32], although showing faster initial
convergence, tend to plateau early and exhibit limited effectiveness in cost minimization
under stricter conditions.
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Figure 3. Dispatch cost convergence under wind power and carbon tax constraints (500 NTD, 65%
annual average).
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The quantitative comparison in Table 11 provides further evidence for these observa-
tions. Across all carbon tax scenarios, AGFMO consistently achieves lower total dispatch
costs, converges in fewer iterations or with more stable patterns, maintains a higher success
rate, and preserves greater population diversity (measured by average Euclidean distance)
compared to the original FMO. These metrics were obtained from 30 independent simula-
tion runs for each scenario, with success defined as achieving a final cost within 0.1% of
the best-known solution. This confirms that the adaptive grouping strategy in AGFMO
not only improves convergence speed but also enhances solution robustness and stability
under varying policy constraints.
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Table 11. Comparative performance of AGFMO and FMO under different carbon tax scenarios (65%
annual average wind utilization).

Carbon Tax
(NTD)

Algorithm
Total Cost

(NTD)
Iterations to

Converge
Success Rate

Avg. Euclidean
Distance

500
FMO 495,583,410 83 88.9% 0.136

AGFMO 494,575,870 93 96.7% 0.182

1500
FMO 495,001,915 236 86.7% 0.129

AGFMO 494,948,891 81 93.3% 0.176

2500
FMO 475,443,854 116 90.0% 0.141

AGFMO 475,215,728 110 96.7% 0.185
Note: Success rate is calculated based on 30 independent runs for each scenario, with success defined as achieving
a final cost within 0.1% of the best-known solution.

To further validate the general optimization capability of AGFMO beyond the power
dispatch context, the algorithm was also evaluated on selected CEC2020 benchmark func-
tions under a 15-dimensional (15D) search space. Due to space constraints, three represen-
tative functions—F1 (unimodal), F5 (hybrid), and F9 (composition)—were selected to cover
diverse optimization landscapes. The results, summarized in Table 12, show that AGFMO
achieves mean fitness values close to the ideal optima, with low standard deviations and
small relative errors, indicating high stability and accuracy. In particular, the algorithm
demonstrates consistent convergence behavior across unimodal and multimodal functions,
as illustrated in Figure 6 for the F9 case. These findings confirm that AGFMO’s adaptive
grouping mechanism is effective not only in complex, real-world dispatch problems but
also in generalized benchmark scenarios.

Table 12. AGFMO performance on selected CEC2020 benchmark functions (15D).

Function Ideal Value Mean Fitness Value STD Relative Error

F1 100 101.6114 0.02 1.6114%
F5 1700 1755.845 25.48 3.2856%
F9 2400 2516.537 10.63 4.8557%

AGFMO’s superior performance can be attributed to its adaptive mechanism, which
allows it to flexibly explore the solution space and reduce the likelihood of becoming
trapped in local optima. This adaptability is especially valuable when managing complex
energy systems, where balancing fluctuating renewable energy sources with strict carbon
emission limits is crucial. The results not only demonstrate AGFMO’s capability to optimize
dispatch costs but also highlight its robustness and reliability in addressing real-world
energy challenges.

In summary, AGFMO provides both the highest precision in cost evaluation and long-
term stability, making it an ideal tool for future energy systems that must meet increasing
environmental and regulatory demands.
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Figure 6. Dispatch cost convergence under wind power and carbon tax constraints (2500 NTD, 65%
annual average).

6. Conclusions and Critical Analysis

This study introduced an Adaptive Grouped Fish Migration Optimization (AGFMO)
algorithm to address the complex challenge of optimizing power dispatch in carbon-
constrained environments, using Taiwan as a representative case. In the absence of access
to international carbon trading mechanisms, the results show that meaningful emissions
reductions are still achievable through internal, algorithm-driven dispatch strategies. By
incorporating projected renewable energy development and fluctuating carbon tax scenar-
ios, the proposed framework offers a realistic pathway toward meeting Taiwan’s national
targets by 2033.

From a methodological standpoint, the AGFMO algorithm extends conventional meta-
heuristics by incorporating adaptive grouping, recombination, and disturbance strategies
that enhance global search behavior and mitigate premature convergence. These features
have proven critical in navigating the non-linear, multi-constraint dispatch landscape asso-
ciated with high renewable penetration and emission limits. The comparative performance
gains over traditional methods underscore AGFMO’s potential as a flexible optimization
engine for energy systems facing structural constraints.

On the practical front, the findings carry broader implications beyond the Taiwan
case. Many regions—whether politically isolated or institutionally underdeveloped—face
similar challenges in balancing fossil-fuel dependence with decarbonization mandates.
The AGFMO-based framework offers a scalable, market-independent solution for dispatch
planning, capable of adapting to local resource availability, policy settings, and operational
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uncertainties. Importantly, it offers a viable strategy for aligning domestic energy planning
with broader climate goals, even in the absence of external market incentives.

In summary, advanced algorithmic design can play a pivotal role in enabling low-
carbon transitions within constrained environments. AGFMO not only delivers technical
improvements over existing optimization methods but also addresses a critical policy gap
by enabling emission reductions in systems excluded from global trading regimes. Its
adaptability and robustness position it as a strong candidate for application across a wider
range of energy planning contexts in the era of deep decarbonization.
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Abstract: The State of Charge (SOC) is vital for battery system management. Enhancing
SOC estimation boosts system performance. This paper presents a combined framework
that improves SOC estimation’s accuracy and stability for electric vehicles. The framework
combines a Long Short-Term Memory (LSTM) network with an Adaptive Unscented
Kalman Filter (AUKF). An Improved Arithmetic Optimization Algorithm (IAOA) fine-
tunes the LSTM’s hyperparameters. Its novelty lies in its adaptive iteration algorithm,
which adjusts iterations based on a threshold, optimizing computational efficiency. It also
integrates a genetic mutation strategy into the AOA to overcome local optima by mutating
iterations. Additionally, the AUKF’s adaptive noise algorithm updates noise covariance in
real-time, enhancing SOC estimation precision. The inputs of the proposed method include
battery current, voltage, and temperature, then producing an accurate SOC output. The
predictions of LSTM are refined through AUKF to obtain reliable SOC estimation. The
proposed framework is firstly evaluated utilizing a public dataset and then applied to
battery packs on actual engineering vehicles. Results indicate that the Root Mean Square
Errors (RMSEs) of the SOC estimations in practical applications are below 0.6%, and the
Maximum Errors (MAX) are under 3.3%, demonstrating the accuracy and robustness of the
proposed combined framework.

Keywords: adaptive unscented Kalman filter; arithmetic optimization algorithm; Lithium-ion
batteries; State of Charge; long short-term memory network

MSC: 68T05; 68T07

1. Introduction

Batteries are a crucial energy carrier in diverse fields such as consumer electronics,
electric vehicles, smart grids, and others [1–4]. Currently, the commonly used types
of batteries include Lead–Acid, Nickel–Metal Hydride, and Lithium-ion batteries [5–8].
Lithium-ion batteries are highly sought after due to their extended lifespan and exceptional
energy density [9–12].

In battery systems, the SOC is a crucial indicator that represents a battery’s avail-
able capacity [13]. However, the SOC is difficult to measure directly due to the battery’s
chemical complexity, nonlinear response, and potential measurement errors [14,15]. Inac-
curate estimation of the SOC can result in overcharging or over-discharging of the battery,
potentially leading to thermal runaway, fire, or even explosion in severe scenarios [16–18].
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Various methods for SOC estimation have been discussed. Traditional SOC estimation
method includes the Coulomb counting (CC) method [19] and the open-circuit voltage
(OCV) method [20]. The CC method involves integrating the current over time. However,
current measurement errors can lead to cumulative errors with this approach, reducing
estimation accuracy. The OCV method establishes a look-up table, allowing for a precise
SOC estimate to be obtained by matching the measured OCV with the corresponding SOC
value in the table. However, during operation, the value of OCV is difficult to measure or
calculate due to varying currents [20].

The model-based filtering method is a reliable approach, with several methods
available such as sliding mode observer [21], H-infinity observer [22,23], Kalman filter
(KF) [24,25], and others. The KF is widely used among these methods due to its excellent
autoregressive and state estimation ability. However, the standard KF is limited to linear
models, while battery models exhibit nonlinearity. To overcome this limitation, an extended
Kalman filter (EKF) has been proposed and employed in SOC estimation [24]. However,
the EKF ignores high-order terms of the system, which leads to decreased filtering accuracy.
Therefore, an unscented Kalman filter (UKF) has sometimes been adopted as a substitute.
However, the fixed initial noise set by the algorithm does not adjust with the battery’s
operational dynamics, which can lead to significant fluctuations in the estimation results.
To update the noise adaptively, Wang et al. [25] employed an adaptive algorithm that al-
lows noise to vary with the battery’s operation. The validation conducted on a third-order
resistance–capacitance model showed that this method achieved improved accuracy and
robustness than UKF. Currently, various modifications and adaptations of model-based
filtering methods are proposed to enhance the robustness of results. However, building an
accurate and universal battery model is challenging because of the inherent complexity of
chemical reactions and dynamic environments within batteries [26].

Compared to the model-based filtering method, data-driven approaches utilize ex-
tensive relevant data to establish mathematical relationships between SOC and input
parameters, avoiding the necessity for constructing intricate mechanistic models [27]. Com-
mon data-driven methods include support vector machines [28], neural networks [29–33],
and enhanced networks [34]. For instance, Deng et al. [30] proposed a data-driven ap-
proach utilizing Gaussian Process Regression (GPR) to address SOC estimation challenges
in battery packs. The results verified that the proposed model has better SOC estimation
performance than the regular model. Chaoui et al. [31] and Hong et al. [33] applied a
recurrent neural network (RNN) and LSTM network in online electric vehicle battery
analysis. Results demonstrated that the LSTM network exhibited more strong and effi-
cient prediction capabilities. To achieve optimal performance in deep learning methods,
optimization algorithms are used to optimize the network. Mao et al. [34] utilized particle
swarm optimization to optimize the neural network, aiming to enhance the precision of
SOC estimations. However, the results obtained by this approach did not meet the desired
expectations. It was evident that employing a more effective optimization algorithm could
yield superior outcomes. Abualigah et al. [35] introduced the AOA and evaluated its
performance on actual engineering issues.

Existing data-driven methods primarily rely on neural networks for SOC estimation,
enhancing estimation accuracy through optimization algorithms. By employing suitable
networks and optimization algorithms, improved estimations can be achieved. However,
data-driven methods rely on a substantial amount of data, and noise in the dataset can
cause significant errors in the estimation results [36]. In response to this situation, re-
searchers have designed hybrid methods that leverage the advantages of various methods.
Common hybrid methods include segmented models that combine traditional SOC estima-
tion methods with model-based filtering methods [37] and fusion models that integrate
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data-driven methods with model-based filtering methods [38–41]. For instance, Misyris
et al. [37] combined the OCV method with a linear Kalman filter to achieve both short-term
and long-term SOC estimation. However, this method relies on an accurate equivalent
battery model and struggles to estimate the SOC of nonlinear battery systems effectively.
Charkhgard et al. [38] presented a hybrid model that combined a neural network (NN)
and extended Kalman filter (EKF). In this model, the NN was employed to perform an
initial SOC estimation using historical battery data, while the EKF was utilized to refine the
SOC estimations based on the battery’s terminal voltage. This approach offered improved
estimation accuracy and reduced disturbances compared to estimating the SOC using either
an NN or EKF alone. However, the extent of improvement was limited by the methods
employed in the hybrid method. The traditional NN had difficulty predicting time-series
data effectively, and the EKF faced challenges in achieving high-precision filtering for
nonlinear systems like batteries. Therefore, He et al. [39] and Cui et al. [40] developed a
hybrid method utilizing a combination of neural networks and UKF. However, the neural
networks used in [39,40] fail to fully exploit historical data to enhance the relationship
between input data and the SOC. Moreover, fixed-noise statistical characteristics of the UKF
determined based on prior knowledge can potentially cause filtering failure, leading to
errors in system state estimation. Zhang et al. [41] employed an LSTM network optimized
by an attentional mechanism algorithm combined with the KF for SOC estimation. The
LSTM network was effective at handling time-series data, and the attentional mechanism
algorithm improved the correlation between input data in the model. Finally, the KF was
used to achieve higher-precision SOC estimation. However, this model requires manual
tuning of the LSTM network hyperparameters, which is highly time-consuming. In sum-
mary, existing hybrid methods typically combine neural networks with Kalman filtering
algorithms. However, current research lacks suitable algorithms for optimizing network
hyperparameters. The employed filtering algorithms need to be adaptable to nonlinear
systems while ensuring adaptive noise adjustment. As a result, there is a demand for a
combined framework that achieves two goals: optimizing the initial hyperparameters of
the data-driven method and adaptively updating noise to ensure precise and consistent
SOC estimation.

In this paper, a combined framework is presented, which combines an LSTM network
optimized by an Improved Arithmetic Optimization Algorithm (IAOA) and Adaptive
Unscented Kalman Filter (AUKF) algorithm. The combined framework aims to address the
challenges of optimizing LSTM hyperparameters, ensuring the applicability of nonlinear
systems, and adapting to noise covariance, thus facilitating accurate SOC estimation. The
LSTM network is utilized for preliminary SOC estimation, with the IAOA determining
the optimal hyperparameters of the network and the AUKF providing the final SOC
estimations. The main contributions are summarized as follows:

(a) This study presents a hybrid framework that combines a data-driven approach (LSTM)
with a model-based filtering (AUKF) method for estimating the State of Charge (SOC).
The framework automates the time-consuming hyperparameter tuning process and
combines the predictive strength of deep learning with the error correction strength
of AUKF. This results in an efficient and robust solution for high-accuracy SOC
estimation that does not require complex battery modeling.

(b) An IAOA is incorporated within the proposed framework to efficiently optimize the
LSTM network’s hyperparameters. The IAOA enhances the standard Arithmetic
Optimization Algorithm (AOA) in two key aspects: an adaptive iteration mechanism
that improves computational efficiency by terminating early when a fitness threshold
is met, and a genetic mutation strategy that helps the algorithm escape local optima,
thereby enhancing its global search capability.
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(c) The AUKF can adaptively update its noise covariance in real-time based on the bat-
tery’s operational state; thus, the estimation errors are adaptively reduced. The integra-
tion of the AUKF further improves the accuracy and robustness of the estimation, es-
pecially under the complex and dynamic conditions found in real-world applications.

(d) The proposed framework is rigorously validated not only on a public dataset un-
der various standard conditions but also on operational data from two distinct
real-world electric vehicle battery packs, confirming its practical effectiveness and
generalization capability.

The subsequent structure is as follows. Section 2 provides a detailed description of the
proposed method. Section 3 analyzes its performance and practicality. Finally, Section 4
summarizes the paper.

2. Methodology

Figure 1 depicts the combined framework for SOC estimation. It comprises three
main components: LSTM construction, IAOA for parameter optimization, and AUKF
correction. The IAOA is utilized to determine the initial hyperparameters for the LSTM
network. The SOC estimation from the optimized LSTM network serves as the output
of the measurement function, while the SOC estimates from Coulomb counting (CC) are
selected as the output of the state function. By incorporating the AUKF and combining
these two outputs, an accurate SOC estimation is ultimately obtained.

Figure 1. The proposed combined framework for SOC estimation.

2.1. Structure of the LSTM Network

To address the modeling issues of a series of serialized data with nonlinear features
over the time scale, the RNN has been widely applied. However, the RNN struggles to
handle long-term dependencies within time series data, and training failures may occur.
The LSTM has been developed as an enhanced version of the RNN to overcome this
challenge, specifically developed to handle long-term dependencies.
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The structure of an LSTM cell is depicted in Figure 2. The LSTM network comprises
three main components: the forget gate, input gate, and output gate. These components
collaborate to determine whether to retain or forget newly received information. Specifically,
the input gate decides how much of the current input data should be saved to the cell state;
the forget gate determines how much of the previous cell state should be retained in the
current cell state; and the output gate controls how much of the current cell state should be
passed on as the current output value. The mathematical expressions of the LSTM unit are
as given by (1). ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

it = sig(wxixt + whiht−1 + bi)

ft = sig
(

wx f xt + wh f ht−1 + b f

)
ct = ftci−1 + it·tanh(wxcxt + whcht−1 + bc)

ot = sig(wxoxt + whoht−1 + bo)

ht = ottanh(ct)

(1)

where w and b represent weights and bias, xt, ht, and ct denote the input sequence, output
data, and memory of hidden cell at time t, and sig() means the sigmoid activation function.

Figure 2. Structure of an LSTM cell. The ‘×’ and ‘+’ symbols represent element-wise multiplication
and addition, respectively.

Within the LSTM unit, the input data xt is combined with the output data ht−1 from
the previous neuron. Each is multiplied by their respective weights and added with biases
to obtain the forget gate factor ft. The forget gate factor is responsible for generating a new
memory cell ct based on the memory cell ct−1 from the previous neuron, influencing the
output data ht of the current neuron accordingly.

Simultaneously, the input gate factor it is involved in the update of the memory cell,
allowing the memory cell ct to be influenced by both the previous memory cell ct−1 and
the current input factor it. Finally, the output gate factor ot is responsible for adjusting the
value of the output data ht.

The LSTM network takes battery voltage, current, and temperature data as inputs,
represented as xt = [Vt, It, Tt], and outputs the corresponding SOC value SOCt. To
enhance the utilization of historical information in the input data, an information en-
hancement unit was designed, with its architecture illustrated in Figure 3. This unit
employs a sliding window technique with a window size of s, reconstructing the input as
[x(t), x(t − s), . . . , x(t − s × k)], where k represents the number of time steps.

To fully leverage the capabilities of LSTM for accurate SOC estimation, several hy-
perparameters require careful configuration during the training process. These critical
hyperparameters include the number of hidden layers, the number of neurons, the max-
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imum epoch, the initial learning rate, and the dropout rate. It is noteworthy that while
increasing the number of hidden layers can enhance LSTM performance to some extent,
this improvement comes at the cost of exponential growth in computational complexity
and increased risk of overfitting. To maintain a balance between computational efficiency
and overfitting prevention, a single hidden layer is chosen.

Figure 3. The information enhancement unit.

Regarding the optimization of remaining hyperparameters, manual tuning through
repetitive experiments proves to be time-consuming and unlikely to yield optimal configu-
rations. To address this challenge, we have designed IAOA to systematically search for and
identify the optimal combination of these hyperparameters, thereby enhancing the overall
efficiency of the LSTM network.

2.2. Improved Arithmetic Optimization Algorithm

The AOA is a meta-heuristic optimization approach that leverages arithmetic operators
to achieve global optimization. It possesses notable advantages such as rapid convergence
speed and high precision.

The standard AOA’s optimization process primarily consists of three stages: initial-
ization, exploration, and development. Initially, a math optimizer accelerated (MOA)
is initialized to determine a search stage and set a math optimizer probability (MOP)
to identify the optimal position. The calculations for MOA and MOP are defined by
Equations (2) and (3), respectively.

MOA(Ct) = L + Ct × (
U − L

Mt
) (2)

MOP(Ct) = 1 − C1/μ
t

M1/μ
t

(3)

where Ct represents the current iteration, Mt represents the maximum iterations, L and U
represent the lower and upper bounds of the MOA, and μ denotes the sensitive parameter
defining the convergence accuracy during the iterative process.

Next, a random number r1 is generated within the range of 0 and 1 to determine
whether the algorithm should proceed to the exploration or development stage. During the
exploration stage, the AOA conducts a global search within the search interval and employs
different search strategies based on division and multiplication. On the other hand, the
development stage focuses on high-precision calculations using subtraction and addition
operations, which are suitable for local area search. In both stages, random numbers r2

and r3 are utilized to determine whether multiplication, division, addition, or subtraction
operations should be employed.

Lastly, a fitness function is utilized to assess each individual’s optimality during each
current iteration. After Mt iterations, the optimal individual can be determined as the
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combination of the hyperparameters (the number of neurons, the maximum epoch, the
initial learning rate, and the dropout rate). In the case of AOA, the RMSE is adopted as the
fitness function as given by (4).

RMSE =

√√√√ 1
S

S

∑
i=1

(SOCact(i)− SOCest(i))
2 (4)

where S represents the data sample size, i represents the current individual number, SOCest

represents the estimated SOC value, and SOCact represents the actual SOC value.
However, the standard AOA has two notable issues. Firstly, the AOA requires iterating

until Ct reaches Mt, even if the fitness function value is already sufficiently small. This
will result in additional computational costs. Secondly, the standard AOA may encounter
the problem of converging to a local optimal value during the iteration process, which
can lead to the optimal individual failing to meet the desired requirements. To address
these two problems, some approaches have been introduced to enhance the standard AOA.
Firstly, an adaptive iteration method is employed to dynamically adjust the number of
iterations based on the convergence status. This helps to reduce unnecessary computation
and improve efficiency. Secondly, a genetic mutation technique is integrated into the AOA,
enhancing its capability and mitigating the risk of becoming trapped in local optima.

In contrast to the standard iteration process, the adaptive iteration approach employs
the optimal fitness function (OFF) to determine whether to terminate the iteration before Ct

reaches Mt. If the value of OFF drops below the fitness function threshold, the iteration is
concluded early. Conversely, if the value of OFF does not meet the termination criterion,
the iteration continues until Ct reaches Mt. This adaptive iteration strategy enables the
rapid acquisition of the optimal individual. To avoid premature termination of the iteration
without achieving optimal results, it is crucial to set a small fitness function threshold FF.
The value of FF is typically set to a target optimum value to ensure the iteration continues
until an acceptable level of optimization is reached. This prevents premature convergence
to suboptimal solutions.

To prevent the algorithm from becoming trapped in local optima, a genetic mutation
operator is incorporated into the AOA. This operator introduces random variations by
occasionally reinitializing individuals during the update process. Such a mechanism
enables the algorithm to explore new regions of the search space, thereby increasing the
probability of discovering globally superior solutions.

In summary, the IAOA is employed to optimize the remaining hyperparameters for
the LSTM network. The parameter search ranges were set to [32, 50, 0.001, 0.1] for the
lower bounds and [256, 300, 0.01, 0.5] for the upper bounds, corresponding to the number
of neurons, maximum epochs, initial learning rate, and dropout rate, respectively. The
process involves initializing the parameters, updating individuals using four operators,
and calculating fitness function values. Additionally, the OFF is continuously updated
during the iteration and compared to a predefined threshold to determine whether to
terminate the iteration. At the end of each iteration, the individual undergoes genetic
mutation using the genetic mutation algorithm. The value of the optimal individual is
then assigned to the desired hyperparameters, completing the construction of the LSTM
network. The operational procedure of the IAOA is detailed in Algorithm 1.
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Algorithm 1 Improved Arithmetic Optimization Algorithm

Input: Current iteration and maximum iterations Ct, Mt, fitness function threshold FF,
upper and lower limits of hyperparameters UB, LB, sensitive parameter α, and initial
individual x.
Output: Optimal individual xbest.
1: While OFF > FF && Ct < Mt % adaptive iteration
2: Calculate the updated MOA and MOP.
3: for i = 1: size(x, 1)
4: for j = 1: size(x, 2)
5: Set random numbers r1, r2, r3.
6: if r1 > MOA
7: Entering the exploration stage.
8: Choose multiplication or division based on r2.
9: else
10: Entering the development stage.
11: Choose addition or subtraction based on r3.
12: end
13: end
14: Determine and update the optimal individual.
15: end
16: Ct = Ct + 1
17: Genetic mutation algorithm.
18: end

2.3. Adaptive Unscented Kalman Filter

In UKF, noise covariances are treated as constant. However, the noise calculated by
prior knowledge may not accurately represent the actual noise generated during battery
operation, which can vary over time. Estimating the system state using constant noise
can lead to significant errors. To address this issue and improve estimation accuracy,
an adaptive noise covariance method is employed. Firstly, initialize system parameters
and compute the mean and covariance of the state variables. Then, sample the state
variables using a sigma sampling strategy and calculate the updated parameters through
the unscented transformation. Subsequently, update the cross-covariance Pxy,t and Kalman
gain Kkal,t based on the modified parameters. Finally, flexibly tune the model’s noise
variance to better match the observed noise characteristics during battery operation. By
incorporating the adaptive noise covariance method into the UKF framework, the AUKF
aims to improve accuracy by considering the time-varying characteristics of the noise.

In this paper, the initial estimation of the SOC is conducted using the IAOA-LSTM
method, resulting in a set of measured values. Subsequently, the AUKF is employed to
refine the measured values, integrating the Coulomb counting method, thereby achieving
high-precision estimation. The proposed model is given by (5).{

SOCC,t = SOCC,t−1 − η ItΔt
Cn

+ wt

yt = SOCLSTM,t + νt = LSTM(It, Ut, Tt) + νt
(5)

where η indicates coulomb efficiency, and It, Ut, and Tt represent current, voltage, and
temperature at time t, respectively. Δt denotes the sampling interval, Cn is the nominal
capacity, wt and νt are the process and measurement noises with variances Qt and Rt,
and SOCC,t and SOCLSTM,t represent the calculated SOC of Coulomb counting and the
measured SOC by the AOA-LSTM network, respectively.
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Then, the UT is utilized to obtain new state variables and joint covariance through
point transformation. Sigma points are constructed for the state variables SOCC,t−1 and
SOCLSTM,t−1, and updated sigma points are generated for the state variable SOCC,t and
the output variable yt. Subsequently, the joint covariance Pxy,t and the Kalman gain Kkal,t

of the state and output variables are calculated as given by (6) and (7).

Pxy,t =
2N

∑
i=0

Wc,i(SOCi − SOCi)(yi − yi)
T (6)

Kkal,t = Pxy,t(Py,t)
−1 (7)

where N represents the sample number, Wc represents the covariance weight, yi represents
the mean of the output variable, and Py,t indicates the covariance of the output variable.

Finally, online correction of the covariance of noises is conducted using the error
sequence Ht between the actual output and measurement output, as given by (8)–(10). The
calculated noise covariances are incorporated into the state space model. The flow of AUKF
can be expressed as Algorithm 2.

Ht =
1
N

t

∑
i=t−N+1

(yi − yi)(yi − yi)
T (8)

Qt = Kkal,t HtKT
kal,t (9)

Rt = Ht +
2N

∑
i=1

Wc,i(yi − yi)(yi − yi)
T (10)

The above analysis shows that the SOC calculated using the Coulomb counting method
is treated as a state vector and is involved in the unscented transformation, yielding an
estimated value. This estimated value is then combined with the measured value obtained
from the LSTM network to update the Kalman gains, state vector, and covariance, resulting
in an improved SOC estimation.

Algorithm 2 Adaptive Unscented Kalman Filter

Input: Initial value of state variable x0, and number of samples n.
Output: State after filtering Xnew.
1: Building the state space model.
2: Calculate state mean x0 and covariance P0|x.
3: for t = 1: n − 1
4: Sampling sigma points.
5: Unscented transform.
6: Calculate joint covariance Pxy,t and Kalman gain Kkal,t.
7: Update state variable Xnew,t = xt, and state covariance Px,t.
8: Noise variances Qt and Rt adaptive correction.
9: Update noise w(t) and v(t).
10: end

3. Experiment Results and Analysis

This section provides a comprehensive description of the collected experimental data,
encompassing a public battery test dataset and a set of operational data from batteries in
practical engineering applications. Based on the experimental data, we have designed a
series of comparative experiments to rigorously validate the superiority and generalizability
of the proposed framework.

158



Mathematics 2025, 13, 2590

3.1. Datasets and Parameters Setting

The experimental data consists of two parts: the first part uses a public battery
cell dataset to verify the predictive performance of the method, and the second part
uses the battery pack data from actual engineering vehicles to verify the robustness and
generalization performance of the method.

The battery cell dataset is derived from the A123 battery subset within the University
of Maryland open source battery dataset [42], with detailed information available at https:
//calce.umd.edu/battery-data#INR (accessed on 13 December 2023). The A123 battery
cell dataset encompasses comprehensive voltage, current, and temperature measurements
under various operating conditions at multiple temperatures (0 ◦C, 20 ◦C, 30 ◦C, and 50 ◦C).
The dataset includes diverse operational profiles, specifically the Dynamic Stress Test (DST),
US06 (United States Government’s Light Vehicle Drive Cycle) and Federal Urban Driving
Schedule (FUDS). This dataset is utilized to validate the effectiveness of the proposed
framework across different operating conditions. The dataset was partitioned into training,
validation, and test sets in a 50%/10%/40% split.

The battery pack dataset is derived from the operational data of two distinct engineer-
ing vehicles. The dataset includes current, voltage, and temperature measurements from
two vehicle battery packs in Shanghai and Hefei. The dataset collects data from different
months of the year to simulate the effectiveness of the method under different temperature
conditions. The historical data from electric vehicles is used as the training/validation set,
while the data in August 2022, December 2022, and April 2023 are utilized as the test set,
respectively. Table 1 summarizes the fundamental parameters of the battery cells and packs
in the datasets. Additionally, Table 2 lists the initial parameters of the algorithms employed
in the proposed combined framework, and their settings were determined based on the
following consideration:

1. Sliding Window Parameters (s and k): The sliding window interval (s = 4) and the
number of time steps (k = 30) were chosen to provide the LSTM network with sufficient
historical context for accurate time-series prediction. These values represent a trade-
off between capturing long-term battery dynamics and maintaining manageable
computational complexity.

2. IAOA Parameters (Mt, FF, μ and Pm): The maximum number of iterations (Mt = 100)
was set to ensure the IAOA had adequate opportunity to converge to an optimal solu-
tion without incurring excessive computational time. The fitness function threshold
(FF = 0.01) serves as an early stopping criterion, allowing the optimization to termi-
nate if a sufficiently low error (RMSE < 1%) is achieved, thereby improving efficiency.
The mutation probability (Pm = 0.1) is set to maintain sufficient diversity for escaping
local optima, without compromising the algorithm’s convergence due to excessive
mutation. The sensitive parameter (μ = 5) is a standard value recommended by the
algorithm, chosen to maintain a proper balance between the algorithm’s exploration
and exploitation phases.

Table 1. Parameters of cells and packs.

Parameters Cells in A123 Dataset Pack1 Pack2

Cell Chemistry LiFePO4 LiFePO4 LiFePO4
Nominal Capacity 1.1 Ah 405 Ah 206 Ah

Cell Voltage 3.2 V 3.2 V 3.2 V
Maximum Voltage 3.6 V - -

Number of Series-Parallel Cells - 26 Series and 2 Parallel 8 Series and 1 Parallel
Pack Nominal Voltage - 83.2 V 25.6 V
Pack Nominal Current - 400 A 206 A
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Table 2. Parameters of the proposed method.

Parameter Meaning Value

s Sliding Window Interval 4
k Time Step of Sliding Window 30

Mt
Maximum Number of

Iterations 100

FF Fitness Function Threshold 0.01
μ Sensitive Parameter 5

Pm Mutation Probability 0.1

To improve convergence, enhance model performance, prevent numerical overflow,
and reduce the risk of overfitting, the data is converted into the range of [−1, 1] with the
normalization formula as given by (11).

xnor =
2
(

xi − xaνg
)

xa − xb
(11)

where xa and xb denote the maximum and minimum values of the data, xaνg denotes the
average value, and xi denotes the individual data point.

RMSE and MAX are selected as the performance indicators. The equations of RMSE
and MAX are as given by (4) and (12), respectively.

MAX = max(| SOCact − SOCest |) (12)

3.2. SOC Estimation with the IAOA-LSTM Network

In this subsection, the US06, FUDS, and DST datasets of A123 battery cells are used
to validate the accuracy of the method. The results under the US06 cycle are depicted
in Figure 4. In this study, it is assumed that the discharge processes begin at 100% SOC.
Additionally, considering the precision of the measuring instrument and data preprocessing,
the actual SOC values can be calculated using the CC method.

Figure 4. Results of the IAOA-LSTM network for US06 condition at (a) 0 ◦C, (b) 20 ◦C, (c) 30 ◦C, and
(d) 50 ◦C.

The results demonstrate that the IAOA-LSTM network can generally estimate the SOC
trend with an RMSE of around 2.5%. However, the MAX of the results for both testing
cycles is within the range of 7% to 10%. This indicates that while the IAOA-LSTM network
can achieve SOC estimation to a certain extent, there is room for improving the results’
precision and resilience. To tackle this challenge, the proposed method incorporates AUKF
to mitigate fluctuations and enhance the precision of the results.
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3.3. SOC Estimation with the Proposed Combined Framework

AUKF, which incorporates adaptive noise correction and compensates for UKF’s
limitations, is utilized to enhance the outcomes of the IAOA-LSTM network. The results of
the proposed method under the US06 cycle are illustrated in Figure 5. It is apparent that the
proposed method achieves precise SOC estimation across different temperatures, yielding
smooth results. The comparative experimental results are summarized in Tables 3–5.

Figure 5. Results of the proposed IAOA-LSTM-AUKF method for US06 condition at (a) 0 ◦C, (b) 20 ◦C,
(c) 30 ◦C, and (d) 50 ◦C.

Table 3. SOC estimation results for US06 condition at 0 ◦C, 20 ◦C, 30 ◦C, and 50 ◦C.

US06
RMSE (%) MAX (%)

0 ◦C 20 ◦C 30 ◦C 50 ◦C 0 ◦C 20 ◦C 30 ◦C 50 ◦C

IAOA-LSTM 2.31 ± 0.32 2.36 ± 0.27 2.75 ± 0.23 2.69 ± 0.31 9.78 8.33 9.06 9.74
IAOA-LSTM-UKF 1.32 ± 0.10 1.19 ± 0.07 1.09 ± 0.16 1.30 ± 0.14 8.73 5.40 4.22 5.05
AOA-LSTM-AUKF 0.68 ± 0.04 0.58 ± 0.06 0.55 ± 0.03 0.63 ± 0.06 1.94 1.99 2.35 2.46
Proposed method 0.58 ± 0.03 0.53 ± 0.07 0.53 ± 0.01 0.61 ± 0.02 1.83 1.89 2.19 2.27

Table 4. SOC estimation results for FUDS condition at 0 ◦C, 20 ◦C, 30 ◦C, and 50 ◦C.

FUDS
RMSE (%) MAX (%)

0 ◦C 20 ◦C 30 ◦C 50 ◦C 0 ◦C 20 ◦C 30 ◦C 50 ◦C

IAOA-LSTM 1.76 ± 0.19 2.19 ± 0.22 3.14 ± 0.19 2.26 ± 0.12 7.07 8.27 11.37 8.50
IAOA-LSTM-UKF 1.17 ± 0.10 1.29 ± 0.11 1.60 ± 0.10 1.24 ± 0.09 5.02 6.52 7.31 5.32
AOA-LSTM-AUKF 0.54 ± 0.02 0.51 ± 0.07 0.51 ± 0.10 0.66 ± 0.04 2.13 2.34 2.28 1.89
Proposed method 0.45 ± 0.03 0.43 ± 0.03 0.47 ± 0.07 0.49 ± 0.04 1.99 2.02 2.21 1.52

Table 5. SOC estimation results for DST condition at 0 ◦C, 20 ◦C, 30 ◦C, and 50 ◦C.

DST
RMSE (%) MAX (%)

0 ◦C 20 ◦C 30 ◦C 50 ◦C 0 ◦C 20 ◦C 30 ◦C 50 ◦C

IAOA-LSTM 2.12 ± 0.21 2.31 ± 0.18 3.01 ± 0.19 2.77 ± 0.12 9.54 8.56 8.89 10.17
IAOA-LSTM-UKF 1.41 ± 0.14 1.27 ± 0.17 1.26 ± 0.11 1.42 ± 0.09 7.89 5.68 6.41 6.64
AOA-LSTM-AUKF 0.64 ± 0.04 0.56 ± 0.04 0.57 ± 0.03 0.60 ± 0.05 2.05 2.16 2.26 2.56
Proposed method 0.54 ± 0.02 0.44 ± 0.03 0.43 ± 0.02 0.55 ± 0.04 1.89 1.77 1.80 2.11

The results indicate that the proposed method achieves significantly lower values
of both RMSE and MAX for SOC estimation compared to the other three methods. The
proposed combined method exhibits significant improvements compared to the IAOA-
LSTM-UKF method. Under the US06 cycle at 30 ◦C, the RMSE is reduced from 1.09% to
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0.53%, and under the FUDS cycle at 30 ◦C, it decreases from 1.60% to 0.47%. The MAX is
significantly reduced from 4.22% to 2.19% under the US06 cycle at 30 ◦C and from 7.31% to
2.21% under the FUDS cycle at 30 ◦C. Overall, the proposed combined method maintains
an RMSE within 0.7% and a MAX within 2.5% for SOC estimation. It exhibits high accuracy
in SOC estimation for battery cells.

To evaluate the proposed model’s estimation performance, it is compared with some
advanced existing methods, including LSTM-EKF [43], LTG-SABO-GRU [44], RNN with
small sequence [45], and unidirectional LSTM [46]. Table 6 shows the RMSE of various
models on the FUDS test condition at 20 ◦C.

Table 6. SOC estimation results of some advanced methods for FUDS.

Methods RMSE (%)
Parameter

Optimization
Denoising
Algorithm

LSTM-EKF [43] 0.72 No Yes
LTG-SABO-GRU [44] 0.62 Yes No

RNN with small sequence [45] 0.82 Yes No
Unidirectional LSTM [46] 0.73 Yes No

Proposed method 0.43 Yes Yes

It can be observed that the proposed IAOA-LSTM-AUKF exhibits the best estimation
performance with an RMSE of 0.43%. The proposed model synergistically integrates an
optimization algorithm, a data-driven method, and a model-based filtering method, amal-
gamating the advantages of these two types of hybrid models. Moreover, it optimizes the
hyperparameters of the data-driven model and exhibits superiority in handling nonlinear
problems. As a result, it demonstrates superior performance in SOC estimation compared
to other methods.

3.4. Discussion for Computational Burden

While the proposed method can significantly enhance SOC estimation accuracy, it is
essential to avoid incurring an excessive computational burden in the process. To evaluate
the computational load of the proposed model, it is compared with LSTM and LSTM-UKF.
All experiments were conducted on a desktop workstation with the following hardware
configuration. The system was equipped with an Intel Core i7-8700K CPU operating at
3.70 GHz, 32 GB of DDR4 RAM, and an NVIDIA GeForce GTX 1050 Ti GPU with 4 GB of
VRAM. Table 7 presents the results for SOC estimation under FUDS condition. The results
contain the estimation errors and computation times of the BPNN, LSTM, IAOA-LSTM,
LSTM-UKF, and proposed IAOA-LSTM-AUKF methods. Compared to the LSTM network,
the proposed method exhibits superior performance with highly accurate results, albeit
requiring a longer computation time. At 30 ◦C, the LSTM network yields estimation results
that exhibit significant fluctuations, as evidenced by an RMSE of 2.77%. In contrast, the
proposed hybrid method delivers highly accurate and smooth results, with an RMSE of only
0.48%. Although the proposed method takes less than twice the computation time of the
LSTM network, it produces errors that are 4–5 times smaller. Overall, the proposed model
demonstrates better performance than the BPNN, LSTM, IAOA-LSTM and LSTM-UKF
regarding the RMSE while still maintaining an acceptable computation time.
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Table 7. Computation burden results for FUDS under various temperature conditions.

Temperature
RMSE (%) Computation Time (s)

0 ◦C 20 ◦C 30 ◦C 50 ◦C 0 ◦C 20 ◦C 30 ◦C 50 ◦C

BPNN 7.17 5.94 4.52 3.91 0.52 0.53 0.59 0.57
LSTM 2.97 2.56 2.77 2.79 0.44 0.42 0.48 0.45

IAOA-LSTM 1.87 2.19 3.14 2.26 0.47 0.48 0.53 0.49
LSTM-UKF 1.17 1.29 1.60 1.24 0.79 0.82 0.86 0.88

IAOA-LSTM-AUKF 0.45 0.43 0.47 0.49 0.90 0.92 0.98 0.97

3.5. Assessment of the Convergence Rate

To estimate SOC utilizing the CC method in AUKF, it is difficult to obtain a precise
initial SOC value. However, in practical applications, obtaining such a value can be
challenging as the measured initial SOC may be influenced by temperature and sensor
performance, leading to errors. Therefore, a reliable SOC estimation method should quickly
correct any errors in the initial value. In this subsection, the initial SOC is initialized to 70%
and 50% under US06 cycle at 20 ◦C, whereas the actual remains 100%. Figure 6 displays
the SOC estimation results obtained using the proposed method. In the figure, the solid
line represents the actual SOC values, gradually decreasing from 100% to 0%. The dashed
line, on the other hand, represents the estimated SOC values, starting from either 70% or
50% and gradually fitting to the actual values, eventually reaching 0%.

Figure 6. Results of proposed IAOA-LSTM-AUKF method under different initial SOC values: (a) 70%;
(b) 50%.

It is shown that with the proposed method, regardless of the initial SOC being con-
figured at 70% or 50%, the SOC converges rapidly to its actual value within 10 s. This
demonstrates the adaptability of the proposed method in correcting initial noise. Even if
there are significant changes or errors in the initial SOC due to environmental or other fac-
tors, the proposed method exhibits excellent convergence ability and accurately estimates
the true SOC value.

3.6. Verification by Electric Vehicle Battery Pack

In practical engineering applications, batteries are typically deployed as battery packs
in electric vehicles. To validate the effectiveness of the proposed method in applications,
actual performance data from electric vehicles is utilized for testing purposes. In this
subsection, the practicality of the proposed framework in real-world scenarios is evaluated
by collecting operation data from two electric aerial lift vehicle (EALV) battery packs, as
illustrated in Figure 7. The operating conditions of battery pack 1 and pack 2 from EALV
models G01BB03 and G01JB01 are illustrated in Figures 8 and 9, respectively. The operating
condition data are collected on the basis of the complete battery pack assembly. While
minor inconsistencies between individual cells can create a small self-balancing current
(100–300 mA), its effect on SOC estimation is negligible. Given that the rated current of the
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packs exceeds 200 A, this balancing current accounts for less than 0.15% of the total current
and does not significantly impact the results.

Battery Modules

Battery Pack Electric Aerial 
Lift Vehicle

 

Figure 7. Electric vehicle and battery pack.

 

Figure 8. Operating conditions of battery pack 1. (a,d,g) are current, voltage, and temperature in
August 2022. (b,e,h) are current, voltage, and temperature in December 2022. (c,f,i) are current,
voltage, and temperature in April 2023.

 

Figure 9. Operating conditions of battery pack 2. (a,d,g) are current, voltage, and temperature in
August 2022. (b,e,h) are current, voltage, and temperature in December 2022. (c,f,i) are current,
voltage, and temperature in April 2023.
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The results and errors obtained from the experimental testing are presented in
Figures 10 and 11, while a summary is provided in Tables 8 and 9. For battery pack1,
the proposed method demonstrates superior accuracy compared to the other two methods,
with an RMSE of 0.6% and MAX of 3.05% in December 2022, and an 0.31% RMSE of 0.31%
and MAX of 1.82% in April 2023. Regarding battery pack 2, the proposed method attains
remarkable precision, reflecting an RMSE of 0.24% and a MAX of 2.25% for the actual bat-
tery SOC estimation, demonstrating its excellent applicability. These results demonstrate
that the proposed method can provide accurate SOC estimations of battery packs across
various temperature conditions throughout the year.

 

Figure 10. Results and errors for battery pack 1 in (a) August 2022, (b) errors of (a), (c) December
2022, (d) errors of (c), (e) April 2023, (f) errors of (e).

 

Figure 11. Results and errors for battery pack 2 in (a) August 2022, (b) errors of (a), (c) December
2022, (d) errors of (c), (e) April 2023, (f) errors of (e).
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Table 8. SOC estimation results for battery pack 1.

DST
RMSE (%) MAX (%)

IAOA-LSTM IAOA-LSTM-UKF Proposed Method IAOA-LSTM IAOA-LSTM-UKF Proposed Method

August 2022 0.87 0.48 0.38 7.76 6.74 2.01
December 2022 2.62 0.99 0.60 8.14 5.92 3.05

April 2023 4.06 0.74 0.31 12.76 3.99 1.82

Table 9. SOC estimation results for battery pack 2.

DST
RMSE (%) MAX (%)

IAOA-LSTM IAOA-LSTM-UKF Proposed Method IAOA-LSTM IAOA-LSTM-UKF Proposed Method

August 2022 3.07 0.87 0.32 20.94 6.39 3.26
December 2022 4.88 0.72 0.33 21.96 3.18 3.06

April 2023 1.72 0.71 0.24 22.97 3.01 2.25

The results demonstrate that the proposed method excels in accurately and smoothly
estimating the SOC of battery cells. The proposed method effectively corrects errors arising
from the initial SOC offset and achieves exceptional SOC estimation for actual electric
vehicle battery packs. These findings highlight the potential of the proposed method for
practical applications. Accurate SOC estimation using the proposed method is essential for
optimizing battery management and improving the overall performance and reliability of
electric vehicle systems.

4. Conclusions

This research presents a combined framework combining an optimized Long Short-
Term Memory (LSTM) network with an Adaptive Unscented Kalman Filter (AUKF) for
State of Charge (SOC) estimation. The method is designed to harness the predictive power
of LSTM and the refinement capabilities of AUKF to enhance estimation accuracy and
precision. The LSTM network is fine-tuned using an Improved Arithmetic Optimization
Algorithm (IAOA) to ascertain the most effective hyperparameters, ensuring the network’s
optimal operation. The AUKF is then employed to refine the LSTM’s initial estimates,
with a dynamic noise algorithm rectifying the inaccuracies inherent in standard Unscented
Kalman Filter (UKF) noise assumptions, thereby boosting the SOC estimation’s precision
and robustness.

The method’s efficacy is validated through SOC estimations of battery cells under
standard conditions. Comparative analysis reveals that this method surpasses IAOA-
LSTM, IAOA-LSTM-UKF, and AOA-LSTM-AUKF methods in accuracy metrics, recording
a Root Mean Square Error (RMSE) and Maximum error (MAX) of less than 0.6% and
3.3%, respectively. Further evaluations using battery pack datasets confirm the method’s
capability to precisely predict SOC in electric vehicles under real operating conditions,
achieving an RMSE of 0.31% and an MAX of 1.82%.
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Abbreviations

The following abbreviations are used in this manuscript:

SOC State of Charge
LSTM Long Short-Term Memory
AUKF Adaptive Unscented Kalman Filter
IAOA Improved Arithmetic Optimization Algorithm
CC Coulomb Counting
RMSE Root Mean Square Errors
MAX Maximum Errors
OCV Open-circuit Voltage
MOA Math Optimizer Accelerated
MOP Math Optimizer Probability
DST Dynamic Stress Test
FUDS Federal Urban Driving Schedule
US06 United States Government’s Light Vehicle Drive Cycle
EALV Electric Aerial Lift Vehicle
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Abstract: With the progressive advancement of the energy transition strategy, wind–solar
energy complementary power generation has emerged as a pivotal component in the global
transition towards a sustainable, low-carbon energy future. To address the inherent chal-
lenges of intermittent renewable energy generation, this paper proposes a comprehensive
energy optimization strategy that integrates coordinated wind–solar power dispatch with
strategic battery storage capacity allocation. Through the development of a linear program-
ming model for the wind–solar–storage hybrid system, incorporating critical operational
constraints including load demand, an optimization solution was implemented using the
Artificial Fish Swarm Algorithm (AFSA). This computational approach enabled the deter-
mination of an optimal scheme for the coordinated operation of wind, solar, and storage
components within the integrated energy system. Based on the case study analysis, the
AFSA optimization algorithm achieves a 1.07% reduction in total power generation costs
compared to the traditional Simulated Annealing (SA) approach. Comparative analysis
reveals that the integrated grid-connected operation mode exhibits superior economic
performance over the standalone storage microgrid system. Additionally, we conducted
a further analysis of the key factors contributing to the enhancement of economic benefits.
The strategy proposed in this paper significantly enhances power supply stability, reduces
overall costs and promotes the large-scale application of green energy.

Keywords: wind–solar energy storage microgrid system; energy optimization strategy;
artificial fish swarm algorithm; simulated annealing; joint operation

MSC: 68W50

1. Introduction

The ongoing global energy transition has been significantly accelerated by remarkable
advancements in renewable energy technologies [1]. In parallel, the dual challenge of opti-
mizing cost-effectiveness while ensuring reliable energy supply has emerged as a critical
strategic imperative for the development of sustainable low-carbon economies [2,3].
A dual-phase energy transition strategy has been established by Chinese government,
with ambitious targets of achieving a 20% share of non-fossil energy in primary consump-
tion by 2030, followed by carbon neutrality by 2060 [4,5]. To accomplish this objective,
the implementation of wind–solar–storage microgrid model becomes particularly crucial,
boasting advantages such as environmental friendliness, reduced reliance on fossil fu-
els, and enhanced utilization efficiency of renewable energy. Nevertheless, this model
also faces several challenges, including high initial investment costs, energy losses, and
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lifespan constraints. According to the latest research data released by the International
Renewable Energy Agency (IRENA) [6], global renewable energy capacity additions are
projected to experience a substantial surge in 2024, with annual installations anticipated
to rise by 25% compared to current levels, surpassing the 700 GW threshold. Notably,
solar photovoltaic (PV) technology demonstrates particularly robust momentum within
this expansion framework, with its annual newly installed capacity projected to achieve
a year-on-year increase of approximately 30%. Accounting for approximately 550 GW of
the total additions, solar PV installations are expected to represent nearly 80% of the annual
capacity expansion, further solidifying their status as the principal driving force in global
clean energy transition initiatives. However, China remains the main driving force behind
the increase in installed capacity of renewable energy worldwide. In 2024, the newly added
photovoltaic capacity exceeded 340 GW, an increase of 30% compared to 2023, while the
newly added wind energy capacity was 80 GW, unchanged from last year. (Figure 1).

Figure 1. (a) Global installed capacity of renewable energy in 2024, (b) Global distribution of
renewable energy types in 2024 and (c) Classification of renewable energy in China.

Battery energy storage systems have garnered significant research attention due to
their crucial role in maintaining grid stability through peak shaving and valley filling
operations [7]. These systems effectively mitigate the inherent intermittency of renewable
energy generation while enhancing grid flexibility and dispatchability [8]. The key to
improving the stability and economic benefits of distributed renewable energy system is
not only in optimizing the configuration scheme of energy storage system and ensuring
efficient and reasonable dispatching, but also in optimizing the operation mode of power
system [9,10]. Although numerous studies have explored the impact of integrating solar
and wind energy into power systems, a systematic solution to the grid operation challenges
caused by intermittency and volatility has yet to be established [11].

Recently, extensive research has been conducted on the wind–solar–storage microgrid
scheduling optimization. Huang et al. developed an energy optimization scheduling
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model for wind–solar–storage microgrids incorporating comprehensive cost factors with
a specific focus on minimizing demand response costs [12]. In a related study, Ma et al.
implemented a particle swarm optimization (PSO) algorithm for capacity allocation in
wind–solar–storage systems within smart microgrids. However, this solution process was
often found to converge to local optima [13]. To enhance the accuracy of search direction
and prevent convergence to local optima, Zhang et al. developed an enhanced artificial fish
swarm algorithm (AFSA). This improved version incorporates a decay factor and introduces
regional search uncertainty, effectively mitigating repetitive search patterns and improving
optimization performance [14]. Additionally, Zhang et al. proposed an innovative hybrid
optimization approach combining modified genetic algorithms (GAs) with ant colony
optimization (ACO) to enhance the reliability of sustainable energy systems by addressing
key challenges including renewable energy variability, energy storage limitations, and
residential demand fluctuations [15]. Simultaneously, Maklewa Agoundedemba et al. used
the combined genetic algorithm (GA) and model predictive control (MPC) to size and
optimize the hybrid renewable energy system (PV/Wind/FC/Battery), subject to certain
constraints on the power flow and battery state of charge [16]. Furthermore, Parastegari et al.
investigated the optimal scheduling problem for both joint operation (JO) and uncoordinated
operation (UO) of wind farms and pumped storage power stations, which was systematically
verified to enhance the system’s profitability through JO implementation [17].

Although extensive research has been conducted on wind–solar–storage microgrid
systems and battery capacity optimization, encompassing diverse technical perspectives,
the joint operational mechanisms of microgrid systems remain significantly underexplored
in current literature. Meanwhile, the existing fossil fuel-based power generation mod-
els are plagued by issues such as environmental pollution, resource depletion, and price
volatility [18], whereas independently operated power grid models face challenges like en-
ergy wastage and limited anti-interference capabilities. Particularly in the context of China’s
comprehensive requirements for energy security assurance and economic performance
enhancement [19], several critical research gaps persist. These include the optimization
of environmental benefits and the development of advanced operational strategies for
storage-integrated microgrid systems, which warrant comprehensive investigation.

This paper explores the optimization of wind–solar–storage configuration schemes.
By integrating renewable energy and energy storage technologies for rational configuration
and joint operation of multiple power grids, it effectively overcomes the environmental
problems of fossil energy generation, while improving the flexibility and anti-interference
ability of the power grid. The proposed model incorporates critical system operational
constraint condition, particularly focusing on safety and stability requirements. Through
comparative performance analysis on the artificial fish swarm algorithm (AFSA) and the
conventional Simulated Annealing (SA) approach, an optimal energy storage configuration
scheme and energy management strategy are derived, demonstrating significant economic
benefits while simultaneously enhancing renewable energy integration and optimizing
resource utilization.

2. The Wind–Solar–Storage Microgrid Model

The wind–solar–storage microgrid system structure is illustrated in Figure 2, consisting
of a 275 kW wind turbine model, 100 kW photovoltaic model, lithium iron phosphate
battery, and user load. When power demand is not fully met, electricity can be obtained
from the main grid or supplied by the battery storage system. During periods of excess
power, surplus energy is directed to the storage system rather than fed back to the main grid,
thereby minimizing grid fluctuations. The symbol list in this model is shown in Table 1.
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Figure 2. Structural diagram of wind–solar-energy storage microgrid system.

Table 1. Basic list of symbols.

Symbols Meaning

PW the output power of the fan
PR the rated power of the fan

vc, vR, vF the cut-in, rated, cut-off wind speed
Cwind the unit cost of wind power generation

Pa the annual average output power
Csolar the unit cost of photovoltaic power generation

Cp the installation cost
yp lifespan years

Rop, Ploan, Pintr operating rates, loan ratio and loan interest rate
Hf p the equivalent annual power generation hours
Pess,t the charging and discharging power of the energy storage system at time t

SOCt, SOCt+1 the state of charge before and after the battery respectively
Estorage the rated capacity of the energy storage system

Cbat the life loss cost of lithium iron phosphate battery
Cinvest the total investment cost of lithium iron phosphate battery

2.1. The Wind Turbine Model

The relationship between wind turbine output power and wind speed has been demon-
strated to be representable through a piecewise function, as shown in numerous studies [20].

PW =

⎧⎪⎨⎪⎩
PR f or vR < v ≤ vF

PR
v−vc

vR−vc
f or vc ≤ v ≤ vR

0 otherwise
(1)

In which PW is the output power of the fan, PR is the rated power of the fan, vc is the
cut-in wind speed, vR is the rated wind speed, vF is the cut-off wind speed. According to
the manufacturer’s data, the fan utilized in this study has a rated power of 275 kW, a cut-in
wind speed of 4 m/s, a rated wind speed of 12 m/s, a cut-off wind speed of 20 m/s, and
a design life of 20 years.
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A unit power generation cost calculation model is established in this paper, based on the
equal distribution of total generation costs over the wind farm’s entire expected lifespan [21].

Cwind =
r(1 + r)yw

(1 + r)yw − 1
·
[

Q
8760F

]
(2)

F =
Pa

PR
(3)

In which Cwind is the unit cost of wind power generation, r is the annual interest rate
of investment loans, yw refers to the payback time of the investment in the construction
of the plant, Q is the unit investment cost of plant construction, F is the capacity factor,
Pa is the annual average output power. By consulting the reference [22], the parameters
of the cost model for wind power generation are shown in Table 1: The parameters of the
economic cost model for wind turbine power generation are provided in Table 2.

Table 2. Parameters of economic cost model of wind turbine power generation.

Parameter Type r (%) yw (Years) Q ($/kW) F

numeric value 10 20 1142 0.5

2.2. The PV Battery Model

In order to facilitate practical application, the steady-state power output of PV batteries
can be simplified as follows, and the formula of PV output power is [23]:

PPV = PSTCGAC[1 + k(Tc − Tτ)]/GSTC (4)

In which GAC is the light intensity, PSTC and GSTC are the maximum test power and
light intensity under standard test conditions respectively, k is the power temperature coef-
ficient, Tc is the working temperature of the battery panel, Tτ is the reference temperature
and its value is 25 ◦C. The cost of photovoltaic power generation is primarily determined
by installation costs, system efficiency, policy and financing conditions, operational lifespan,
and maintenance expenses. Based on these factors, the PV unit generation cost model can
be established [22].

Csolar = Cp(1/yp + Rop + Ploan·Pintr)/Hf p (5)

In which Csolar and Cp are the unit cost of photovoltaic power generation and the
installation cost, yp is lifespan years, Rop is operating rates, Ploan and Pintr are loan ratio
and loan interest rate, and Hf p is the equivalent annual power generation hours. The
parameters of the economic cost model for photovoltaic power generation were obtained
by consulting reference [22], as shown in Table 3.

Table 3. Parameters of the economic cost model for PV power generation.

Parameter
Type Cp ($) yp (Years) Rop Ploan Pintr Hfp (h)

numeric value 1651 20 2% 70% 7% 1600

2.3. The Battery Charging and Discharging Model
2.3.1. Battery State of Charge

The state of charge (SOC), a critical parameter for indicating remaining battery capacity,
must be maintained consistent between the start and end of each dispatch cycle to ensure
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continuous operation. The simplified SOC update formula for the energy storage system
can be expressed as [24–26]:

SOCt+1 = SOCt +
Pess,t · � t

Estorage
(6)

SOC0 = SOCn (7)

In which Pess,t is the charging and discharging power of the energy storage system at
time t, SOCt and SOCt+1 are the state of charge before and after the battery respectively,
Estorage is the rated capacity of the energy storage system, �t is the time interval of each
time period of the energy storage system, n is the last time value of a scheduling cycle of
the energy storage system.

2.3.2. Battery Discharge Cost

We compared batteries with other energy storage methods in terms of working princi-
ple, energy storage time, cycle life, recycling capacity, and cost by consulting a large number
of references, as shown in Table 4. Overall, batteries have significant advantages [27–30].
The lithium iron phosphate (LiFePO4) batteries utilized in this study has its discharge
cost determined by its lifecycle, which is influenced by factors such as charge–discharge
cycles, depth of discharge, and operating temperature. The equivalent economic loss cost
of lithium iron phosphate batteries is expressed as follows [31]:

Cj =
Cinvest
NESS

(8)

Cbat = ∑Nb
j=0 Cj (9)

Table 4. Performance comparison of various energy storage methods.

Battery Pumped-Storage Supercapacitors RSOC System

Working principle electrochemical
reaction

Potential energy
storage

Electrostatic energy
storage

Reversible
electrochemistry

Energy storage duration 4–5 h 4–24 h <30 min >12 h
cycle life >3000 times >50 years >500,000 times 20,000 h

resources sustainability Rich in iron and
phosphorus

Water resource
dependence

Carbon materials are
abundant

Ceramic materials
are abundant

Recycling capacity Low The equipment can
be reused

The material can be
100% recycled

Ceramic components
can be recycled

Costs Low Medium Average High

In which Cbat and Cinvest are respectively the life loss cost and total investment cost
of lithium iron phosphate battery, Cj is the cost corresponding to the battery charge and
discharge depth of dj, Nb and NESS are the charge and discharge times in a scheduling cycle
and the maximum charge and discharge times in the life cycle of the battery. According
to the literature [32], LiFePO4 batteries are employed in this study, with the detailed
parameters presented in Table 5:

Table 5. Relevant parameters of LiFePO4 battery.

Parameter Type
Pcharge,t(max)

(kW)

Pdischarge,t(max)
(kW)

SOCmax SOCmin ηcharge ηdischarge

numeric value 12 12 10% 90% 95% 95%
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2.4. The Joint Grid Energy Storage Configuration Model

The joint grid model, as illustrated in Figure 3, is designed to effectively interconnect
multiple power grids and energy storage systems, enabling optimal resource allocation
and sharing across different regions. This approach has been demonstrated to enhance
overall operational efficiency while reducing operational costs of storage facilities, thereby
improving economic performance. Additionally, the system’s flexibility is enhanced to
better accommodate the stochastic variability of renewable energy generation.

 

Figure 3. United grid energy storage configuration system diagram.

2.5. Operating Costs and Power Purchase Costs

In wind–solar–storage systems, annual equipment replacement costs and opera-
tional maintenance expenses are identified as significant components of operational
expenditures [33]. At the same time, in the power purchase pricing system, differences
between summer and winter are primarily reflected during peak demand periods. On
weekdays, peak electricity rates are typically observed during morning and dusk hours,
while off-peak electricity rates are typically observed during night hours. Furthermore,
weekend rates are generally lower than those on weekdays [34,35]. The power purchase
pricing system and peak/off-peak periods are shown in Figure 4.
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Figure 4. The time-of-use power purchase pricing system and the peak/off-peak periods diagram.

3. Energy Optimization and Algorithm Solving

3.1. Energy Optimization Strategy

The system energy optimization in this strategy is achieved through a time-segmented
dynamic regulation mechanism and the specific workflow is structured as follows: Initial
wind–solar–storage power values are collected in real-time and dynamically matched with
user load demands for supply-demand analysis. Predefined differentiated energy dispatch
strategies are automatically triggered when integrated generation deviates from load
requirements. Then, the daily cycle is then divided into 24 equal intervals, during which
programmed algorithms are executed to perform dynamic regulation of charge/discharge
power, real-time tracking and adjustment of battery state-of-charge (SOC), among other
operational tasks. The operational strategies and electricity procurement plans for the
energy storage system are ultimately derived, as illustrated in Figure 5.

 

Figure 5. System operation judgment strategy chart.
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Initially, the system reads the initial parameters and evaluates whether satisfies the
load demand. When the conditions are met, first determine whether the SOC exceeds the
upper limit (90%). If exceeded, charging is prohibited. Otherwise, the system evaluates
whether the remaining power exceeds the rated charging power of the battery. If exceeded,
the battery will be charged at its maximum rated power. On the contrary, if it is below this
threshold, the battery will absorb the remaining available power.

When the power generation is insufficient, if the SOC is below 10%, the battery will
neither charge nor discharge. If it has not been reached yet, continue to determine whether
the remaining capacity meets the demand gap. If satisfied, the battery will discharge at the
required power; Otherwise, discharge according to the remaining capacity power. Then
update the battery charging status.

3.2. The Linear Programming Model of Wind–Solar Energy Storage Microgrid

To address the linear programming problem in energy management strategies for the
wind–solarenergy storage microgrid, an objective function needs to be established for the
linear programming model of the wind–solar–storage microgrid.

minCtotal = PW ·Cwind·T + PPV ·Csolar·T + Cbat·Pdischarge,t·T + f ·Pgrid,t·T (10)

In which Ctotal is the total operation cost of the microgrid, f is the power purchase
price, Pdischarge,t and Pgrid,t are the discharge power of the energy storage system at time t
and the power purchased from the main grid.

An objective function is formulated to minimize the total operational costs of the
microgrid, while simultaneously accounting for critical constraints such as generation
capacity limits, charge–discharge power balance, battery state-of-charge limitations, and
climbing rate constraint [36].

3.2.1. The Charge–Discharge Power Balance

PW + PPV + Pess,t + Pgrid,t = Pt + Pcurtailment,t (11)

In which Pcurtailment,t is the amount of abandoned wind and solar power of the energy
storage system at the moment.

3.2.2. The Generation Capacity Limits

−Pmax,t � Pess,t � Pmax,t (12)

PW,min � PW � PW,max (13)

PPV,min � PPV � PPV,max (14)

In which Pmax,t is the maximum charging and discharging power of the energy storage
at the moment, PW,min and PW,max are the minimum and maximum values of fan out-
put power respectively, PPV,min and PPV,max are the minimum and maximum values of
photovoltaic output power.

3.2.3. The Battery State-of-Charge Limitations

SOCmin ≤ SOCt ≤ SOCmax (15)

178



Mathematics 2025, 13, 1755

This constraint can prevent overcharging and overdischarging of the battery and
increase its service life.

3.2.4. The Climbing Rate Constraint

�PW ≤ PW,control (16)

�PPV ≤ PPV,control (17)

In which �PW and �PPV are the difference between the current and previous given
values of wind turbine and photovoltaic output, respectively, PW,control and PPV,control are
the constraint values for wind turbine and photovoltaic output, respectively.

3.3. The Simulated Annealing Optimization Algorithm (SA)

Given the presence of exceedingly complex constraint condition inherent in this
study, we ultimately decided to employ the simulated annealing algorithm The simulated
annealing optimization algorithm (SA), a robust global optimization method based on
stochastic search, is inspired by the annealing process in solid-state physics [37,38]. This
algorithm demonstrates distinctive advantages through the effective escape from local
optima to approach global optimal or superior solutions, thereby facilitating the discovery
of global or near-global optimal solutions. This algorithm is widely implemented in
practical engineering domains including manufacturing scheduling, network optimization,
and path planning scenarios. These optimization problems are characterized by multiple
local optima, where traditional methods are easily trapped in local solutions, resulting in
suboptimal outcomes [39–41].

3.4. AFSA Based on Hybrid Mutation Operator and SA

In addition, we introduce another artificial fish swarm optimization algorithm (AFSA),
which demonstrates significant advantages in directional search guidance and local op-
timum avoidance. However, its convergence performance is significantly compromised
under two specific operational scenarios. (1) random individual fish movements that
disrupt systematic search patterns, and (2) excessive aggregation phenomena at subop-
timal solutions. These limitations ultimately lead to reduced optimization accuracy and
compromised solution quality [42–44]. A genetic algorithm-inspired mutation operation
is introduced to enhance algorithm diversity and adaptability in this paper. Through this
method, the exploratory capability of AFSA in complex optimization problems is effec-
tively enhanced, thereby improving global optimum identification. The overall process
is structured as follows: Initially, a global search is conducted using the AFSA with muta-
tion operators for optimal solution identification in the solution space. Subsequently, the
simulated annealing algorithm is applied to perform a localized refinement search on the
optimal artificial fish individuals, achieving local optimization [45]. The optimal near-exact
extreme value is ultimately achieved through this process. The fundamental workflow of
the AFSA based on hybrid mutation operator and SA is illustrated in Figure 6.
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Figure 6. Flow chart of AFSA based on mutation operator and SA.

4. Example Analysis and Discussion

Three independent park-level wind–solar microgrid systems (Park A, B, C) are analyzed
in this study. The only variation between systems is assumed to be in wind turbine and PV
cell quantity, and battery energy storage system configurations. The parameters of various
components such as wind turbines, PV cells, and batteries are shown in Tables 1–3 above.

4.1. Independent Operation and Energy Storage Configuration of Each Park

According to the equipment manual and analysis of numerous case results, indepen-
dent park-level storage systems employ LiFePO4 batteries with the following technical
and economic parameters: a discharge cost of 110.12 $/kWh, an operational SOC range of
10–90%, charge/discharge efficiency of 95%, and a projected lifespan of 10 years. Subse-
quently, based on the formula of the wind solar discharge cost model mentioned earlier,
the purchase cost of renewable energy was calculated to be 0.0688 USD/kWh for wind
energy and 0.0551 USD/kWh for solar energy. Table 6 comprehensively presents three
key performance metrics for each park: operational costs, optimal battery configurations
obtained through SA algorithm, and average unit electricity supply costs.

Table 6. Comparison table of basic parameters of each park.

Microgrid A Microgrid B Microgrid C

Operating costs ($ ) 5506 6882 6194
Battery configuration scheme 100 kW/150 kWh 100 kW/230 kWh 80 kW/150 kWh

Average cost ($ /kW) 0.1144 0.0983 0.0964
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4.2. Joint Park Operation Energy Storage Configuration

When the aggregate power generation of the three parks matches the total load de-
mand, an integrated joint operation system is established, whose architectural configuration
is illustrated in Figure 3. The joint operation maintains consistent renewable energy pro-
curement costs at 0.0688 $/kWh for wind power and 0.0551 $/kWh for solar energy, with
the energy storage system configuration remaining identical to individual park operations.
The total operational cost is calculated as 18,583 $, while an additional cost of 4,129 $ is
required for joint system coordination and inter-park electricity transmission. In addition,
other costs are ignored. The optimal battery configuration for the joint park is determined
to be 182.48 kW/405 kWh through energy storage optimization performed using the sim-
ulated annealing optimization algorithm (SA). Among them, a 0.0925 $/kWh average
unit electricity supply cost is achieved for the joint park system, 11.37% lower than the
average cost of standalone park operations. Figure 7 provides a comprehensive temporal
analysis of energy flow characteristics throughout a 24-h period, illustrating three key
parameters for both individual and joint park operations: daily load profiles, electricity
procurement from the main grid, and abandoned wind/solar power due to generation
overcapacity. Table 7 presents a comprehensive comparison of key operational metrics
between standalone and joint operation modes, including: (1) total electricity procurement
from the grid, (2) cumulative energy curtailment, (3) aggregate power supply expenditures,
and (4) mean unit electricity costs.

Figure 7. Daily load, power purchase and waste conditions of each park: (a) Park A, (b) Park B,
(c) Park C and (d) Joint Park.

Table 7. Comparison table of corresponding parameters of independent operation and joint operation.

Microgrid A Microgrid B Microgrid C Joint Microgrids

Total purchased (kW ) 4879.30 2570.00 2699.39 8823.55
Total abandoned (kW ) 1098.65 676.70 1128.02 1578.23

Total cost ($ ) 898.54 754.13 753.26 1841.84
Average cost ($ /kW) 0.1144 0.0983 0.0964 0.0925
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From the comprehensive analysis of Figure 7 and Table 5, it can be seen that: The total
purchased electricity for independent operation is 10,148.68 kW, and through joint park
operation, power resource sharing and optimized scheduling have been achieved. The total
purchased electricity is 8823.55 kW, which has been significantly reduced. This change not
only highlights the advantages of resource sharing, but also reflects the effectiveness of joint
operation in reducing the dependence on the main power grid. By optimizing load balanc-
ing and sharing power resources in joint operations, the total abandoned power of the joint
park is 1578.23 kW, which significantly reduces power waste and abandonment compared to
the total abandoned power of 2903.63 kW of independent parks, thereby improving overall
power utilization efficiency. Additionally, internal power demand is effectively balanced by
the shared use of energy storage systems across multiple parks or regions. During periods
of low electricity prices, energy is stored in the energy storage system and later released
during peak price periods, thereby reducing the need to purchase high-priced electricity.
This dispatching strategy not only leads to a reduction in enterprise electricity procurement
expenditures but also results in decreased production costs, shortened payback period, and
enhanced economic efficiency. The joint operation model demonstrates remarkable potential
in optimizing energy utilization, particularly through two key aspects: significant mini-
mization of energy waste and substantial improvement in electricity utilization efficiency,
establishing it as a promising solution for industrial energy management.

Furthermore, the joint microgrid is optimized through AFSA integrated with mutation
operators and SA, resulting in an average power supply cost of 0.0913 $/kWh, which is
1.07% lower than that achieved by the traditional SA. The energy storage configuration for
the joint park operation under the two dispatching optimization methods is illustrated in
Figure 8. Based on the analysis, the following conclusions can be drawn:

 

Figure 8. Optimal scheduling process of two algorithms for joint Park: (a) Simulated annealing
algorithm, (b) Artificial Fish Swarm Algorithm.

(1) The optimization algorithm outperforms the traditional algorithm in guiding the
search trajectory, allowing it to escape local optima and identify superior configuration
solutions. (2) Throughout a given day, the optimization algorithm more closely aligns
the daily load curve with the power output curve, leading to a significant reduction in
total electricity purchased and wasted. In contrast, between 4:00 and 8:00, the curves
under the traditional algorithm show a lower degree of coincidence, likely because the
algorithm becomes trapped in a local optimum during the search process. (3) Traditional
algorithms often charge and discharge batteries between 10:00 and 14:00, which may have
a negative impact on their lifespan. In contrast, the optimization algorithm primarily
relies on power procurement from the main grid, resulting in a significant reduction in the
number of charge–discharge cycles for the joint system’s battery. This helps extend the

182



Mathematics 2025, 13, 1755

battery’s lifespan while achieving cost savings. During this period, which coincides with
the off-peak electricity pricing, purchasing power from the main grid is more cost-effective
compared to obtaining electricity from the battery storage system. (4) The scheduling
results of optimization algorithms are superior to traditional algorithms and the SOC curve
of the optimization algorithm exhibits narrower fluctuations, with less variation in the
depth of battery charge and discharge, which contributes to the deceleration of battery
aging. As a consequence, the frequency of replacements and maintenance costs are reduced,
ultimately lowering overall production costs and improving the equipment’s economic
efficiency and sustainable development.

5. Conclusions

In conclusion, this study establishes a linear programming model for wind–solar–
storage integrated microgrid systems addressing the stochastic variability of renewable
energy and the coordination capabilities of LiFePO4 battery storage systems, while com-
prehensively considering various constraints, including load demand, grid limitations,
and battery capacity. The solution is achieved through an enhanced AFSA, which incor-
porates a genetic algorithm-inspired mutation operator to improve population diversity
and adaptive search capabilities. This algorithmic enhancement enables more effective
global optimum exploration, ultimately yielding an optimized configuration scheme for
coordinated wind–solar–storage system operation. On this basis, this study proposes
a joint microgrid energy storage configuration model. A comparative case analysis shows
that: (1) The joint operation mode achieves significant economic advantages by reducing
the total purchased electricity from 10,148.68 kW in independent operation to 8823.55 kW.
(2) The system curtailment is considerably reduced from 2903.63 kW to 1578.23 kW repre-
senting a 45.7% reduction in energy waste and a corresponding improvement in energy
utilization efficiency. (3) In the joint microgrid, compared with traditional strategies, the
optimization strategy proposed in this study reduces the total power generation cost by
1.07%. The proposed strategy offers practical guidance for short-term dispatch operations
in wind–solar–storage microgrids while informing future research directions, particularly
in further improving the economic optimization scheduling model, considering the impact
of factors such as weather changes and labor costs.
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Abstract: In recent years, finite-control-set model predictive control (FCS-MPC) has at-
tracted significant attention in power electronic converter control, resulting in substantial
research advancements. However, no formal method currently exists to prove the stability
of FCS-MPC systems. Additionally, many application studies have yet to adequately ad-
dress the relationship between the selection of design parameters and system performance.
To address the lack of stability and performance guarantees in FCS-MPC system design,
this paper investigates a class of single-step FCS-MPC systems. The analysis is based on
regional input-to-state stability (ISS) theory. Sufficient conditions for ensuring regional
stability are derived, and a method for estimating the system’s domain of attraction and
ultimate bounded region is developed. Simulation experiments validated the analytical
results and revealed the relationships between the domain of attraction and system stability,
as well as between the ultimate bounded region and steady-state performance. The results
indicate that appropriate parameter design can ensure system stability. Furthermore, the
proposed method elucidates how changes in design parameters affect system stability
and steady-state performance, providing a theoretical foundation for designing a class of
FCS-MPC systems.

Keywords: finite-control-set model predictive control (FCS-MPC); stability analysis; perfor-
mance analysis; regional input-to-state stability (ISS); power converter

MSC: 93D23; 93D30; 93C10

1. Introduction

Finite-control-set model predictive control (FCS-MPC) is a special form of model
predictive control (MPC) characterized by restricting control inputs to a discrete set with a
finite number of elements. Besides the general advantages of MPC, the most remarkable
feature of FCS-MPC is its ability to solve optimization problems using the enumeration
search algorithm. This makes the formulation of FCS-MPC strategies extremely simple
and intuitive, and also results in a relatively low computational complexity under a short
prediction horizon [1–3]. In recent years, FCS-MPC has attracted significant attention in the
field of power electronic converter control, driving numerous research advancements [4–7].
Despite the extensive application and research on FCS-MPC algorithms in recent years,
some issues still remain to be fully resolved. First, to date, there is no formal method
available to prove the stability of FCS-MPC algorithms. Second, the relationship between
system parameters and performance has not been adequately explored [8–10]. These issues
undoubtedly hinder the further development of FCS-MPC.
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In applied research, several novel design schemes aiming to ensure stability have been
proposed [11–14]. These schemes rely on the Lyapunov direct method. Specifically, this
method either introduces additional Lyapunov functions or uses the Lyapunov function
itself as the cost function. System stability is ensured by guaranteeing a non-positive change
in the Lyapunov function during the optimization process. However, due to the limitation
of control inputs to a finite set, it is not always possible to find a feasible control input from
this set during system operation to ensure a non-positive change in the Lyapunov function.
This lack of necessary theoretical support has been a major constraint in the application of
these methods.

In the initial development stage of FCS-MPC, some pioneering theoretical studies
focusing on its stability were carried out. References [15,16] proposed a method to express
the closed-loop solution of FCS-MPC systems. Based on this, reference [17] presented the
stability results for linear time-invariant (LTI) systems with finite constraint sets. However,
these results are only applicable to open-loop stable systems, and the finite control set must
contain the origin. Reference [18] analyzed the stability of the FCS-MPC system using the
regional input-to-state stability (ISS) theory, extending the analysis to open-loop unstable
systems. Nevertheless, the obtained results were overly conservative. Subsequently,
references [19,20] employed the practical stability theory to reduce the conservatism of the
results through direct analysis. However, these methods are only applicable to single-input
systems without constraints, and the theoretical derivation processes in these references
are incomplete. The above-mentioned studies jointly constitute the analysis framework
based on LTI systems with quantized inputs. Nevertheless, there are still some urgent
problems to be solved within this framework. Unfortunately, after these initial studies, the
theoretical research on the stability of FCS-MPC stagnated for a long time. In recent years,
references [21–23] introduced a new analysis framework based on affine switching systems,
providing new ideas for the stability research of FCS-MPC. However, compared with the
earlier framework, these methods can only guarantee stability near a few equilibrium
points determined by the discrete control set, which limits their practical applicability.

In summary, although the affine switching system provides an interesting new per-
spective, considering the potential for practical application, we chose to continue the
theoretical research within the earlier framework. First, to address the issues such as the
narrow applicability of the analysis methods and the incomplete theoretical derivations
in the existing research under this framework, we analyzed the closed-loop model of the
FCS-MPC system in detail. Following the approach in references [19,20], we modeled
the effect of the finite control set as a quantization error. On this basis, we proposed a
more general method for calculating the quantization error, which enables the analysis
to be extended to multi-input systems, thus broadening the applicability of the method.
Subsequently, by applying the ISS theory, we fully derived the sufficient conditions for
system stability, provided a complete theoretical derivation and proof, and established the
relationship between quantization error and system performance. At the same time, to
address the issue of the unclear relationship between system parameters and performance
to some extent, based on the above-derived theoretical results, we developed an iterative
algorithm that can be used to estimate the system’s domain of attraction and ultimate
convergence region. This method can intuitively demonstrate the stability characteristics
and steady-state performance of the system under the current parameters, filling a gap
in the current research within this framework, and thus providing a theoretical reference
for controller design. Finally, simulation examples were used to verify the correctness of
the theoretical results and demonstrate the reference value of the proposed method for
controller design.
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The rest of this paper is organized as follows. Section 2 presents the mathematical
model of the studied system. Section 3 introduces the key concepts of the regional ISS
theory. Section 4 analyzes the stability of the system and proposes a method for estimating
the domain of attraction and ultimate bounded region. Section 5 validates the proposed
method through simulation examples. Section 6 summarizes the main research findings
and concludes the paper.

Notation and Basic Definitions: The sets of real numbers, integers, non-negative real
numbers, non-negative integers, n-dimensional real vectors and n × m-dimensional real
matrices are denoted by R, Z, R≥0, Z≥0, Rn and R

n×m respectively. The Euclidean norm
of a vector or matrix is denoted by |·|. Given a signal w, w � {w0, w1, . . .} denotes the
signal’s sequence; ||w|| � supk≥0{|wk|} and MW denote the set of w where the values
of w are limited to a compact set W ∈ R

m. Given a matrix A ⊆ R
n×n, the maximum

and minimum eigenvalues of A are denoted by λmax(A) and λmin(A) respectively. Given
closed sets A ⊆ R

n B ⊆ R
n, where B ⊆ A, then A\B � {x|x ∈ A, x /∈ B}. If function

f (x) : R≥0 → R≥0 is continuous, strictly increasing and positive definite, it is said to
be a K-function. If for each fixed k ≥ 0, f (x, k) : R≥0 → R≥0 is a K-function, for each
fixed x ≥ 0, f (x, k) : Z≥0 → R≥0 is a non-increasing function, and lim

k→∞
f (x, k) = 0; then,

function f (x, k) : R≥0 ×Z≥0 → R≥0 is said to be a KL-function.

2. Mathematical Model of Single-Step FCS-MPC System

2.1. Mathematical Model of the Controlled Plant

In the application research of FCS-MPC, one class of systems is the LTI system [2,3],
which can be represented by the following dynamic equation:

xk+1 = Axk + Buk, (1)

where k ∈ Z≥0, xk ∈ R
n and uk ∈ R

m are the state vector and control input vector,
respectively; A ∈ R

n×n and B ∈ R
n×m are constant matrices. The system is subject to the

following state and control constraints:

xk ∈ X , ∀k ∈ Z≥0, (2)

uk ∈ U =
{

u1, u2, . . . , up
}

, ∀k ∈ Z≥0, (3)

where X is a compact set and U is a known finite set; the subscript p ∈ Z≥0 is a constant
indicating the number of control candidates.

Let the reference value be denoted by xk
∗, which represents either a fixed point in the

state space or a periodic state trajectory, satisfying

xk+1
∗ = Axk

∗ + Buk
∗, (4)

where uk
∗ denotes the steady-state control input, which may be a constant or a periodic

value depending on the reference trajectory. Therefore

uk
∗ ∈ U∗, ∀k ∈ Z≥0, (5)

where U∗ is a known finite set. Let εk = xk − xk
∗, and the error dynamics can then be

expressed as
εk+1 = Aεk + B(uk − uk

∗), (6)

The control objective is to drive εk to zero.
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2.2. Control Law of Single-Step FCS-MPC

Based on the discrete-time LTI system with state and finite-control-set constraints
introduced in Section 2.1, this section presents the fundamental features of the single-step
FCS-MPC algorithm applied to the aforementioned system. In Section 2.3, we will further
formulate the mathematical model of the closed-loop system composed of the controlled
plant and the FCS-MPC controller.

The general form of the FCS-MPC cost function is given by

J(εk, uk, uk
∗) = εk

TQεk + (uk − uk
∗)T R(uk − uk

∗) + ε̂T
k+1Pε̂k+1, (7)

where ε̂k+1 denotes the predicted state error calculated according to (6), and P ∈ R
n×n,

Q ∈ R
n×n and R ∈ R

m×m. Since the main idea of the FCS-MPC controller is to minimize a
cost function related to the state error, matrix P must be positive definite, while Q and R
are required to be positive semidefinite, as they may be zero in practical applications. For
simplicity and clarity, the weighting matrices Q and R are often chosen to be diagonal.

The structure of the single-step FCS-MPC system is illustrated in Figure 1.

Figure 1. Structure of the single-step FCS-MPC system.

The single-step FCS-MPC algorithm can thus be formulated as the following optimiza-
tion problem:

min
uk

J(εk, uk, uk
∗) = εk

TQεk + (uk − uk
∗)T R(uk − uk

∗) + ε̂T
k+1Pε̂k+1 (8)

subject to the following:

(1) The dynamic Equation (6);
(2) The state constraint (2) and the discrete control constraints (3).

Let the solution to the above optimization problem be denoted by uopt(εk, uk
∗). Then,

the closed-loop form of the FCS-MPC system can be expressed as

εk+1 = Aεk + B(uopt(εk, uk
∗)− uk

∗). (9)

According to Refs. [17,24], uopt(εk, uk
∗) is a piecewise function. Depending on the

number of candidate inputs in the control set, the number of segments can be extremely
large, making direct analysis of system (9) challenging.

Given that the control input is constrained to a finite set, if the state region under
investigation is bounded such that all admissible inputs selected from the control set cannot
drive the system state outside the constraint set, the state constraints can be neglected.
Consequently, we consider the optimal control law without state constraints, which will be
derived below.
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Equation (7) can be transformed into the following form:

J(εk, uk, uk
∗) = (H1/2uk − H1/2(Kεk + uk

∗))T
(H1/2uk − H1/2(Kεk + uk

∗)) + d(εk), (10)

where H = R + BT PB, K = −H−1BT PA and d(xk) = εk
T(Q + AT PA − KT HK)εk. The

optimal control vector without state constraints can be expressed as [15,16]

uk
o f = Kεk + uk

∗ + H−1/2w(εk, uk
∗) (11)

where w(εk, uk
∗) = (qV(H1/2(Kεk + uk

∗))− H1/2(Kεk + uk
∗)), V = H1/2U , qV( ) denotes

the Euclidean quantifier, which is defined as follows.

Definition 1 [Euclidean Vector Quantizer]. Consider a set A ⊆ Rn and a countable (not neces-
sarily finite) set B � {bi} ⊂ R

n, i ∈ I ⊆ Z≥0, which satisfies that ∃ε > 0 :
∣∣bi − bj

∣∣ ≥ ε, ∀i, j ∈ I.
If function qB(·) : A → B satisfies that qB(a) = bi ∈ B, where |a − bi| ≤ ∣∣a − bj

∣∣, hold
for ∀bj �= bi; then, qB(·) is a Euclidean vector quantizer.

2.3. Closed-Loop System Model in Positively Invariant Set

If there exists an invariant set of system (6) with respect to the control law (11), and
this set lies within the state constraint set X , then (11) represents the optimal solution to
the optimization problem (8) within this invariant set. Consequently, the closed-loop form
of system (9) can be established for further analysis. To compute this invariant set in the
following discussion, the controlled system is assumed to satisfy the following condition.

Assumption 1. There exists a feedback control law K̃ ∈ R
m×n, as well as a symmetric positive

definite matrix QP ∈ R
n×n, such that the matrices P and R in the cost function (7) satisfy the

following relationship:

P = (A + BK̃)
T

P(A + BK̃) + (QP + K̃T RK̃). (12)

This assumption is not overly restrictive, as it can be satisfied whenever system (1)
is stabilizable.

If Assumption 1 holds, the following properties of the system matrices can be derived,
which are essential in the subsequent analysis. It is straightforward to obtain

P − Q = (A + BK̃)
T

P(A + BK̃) + K̃T RK̃. (13)

This implies that (P − Q) is positive definite, and hence

λmax(P)− λmin(Q) > 0, (14)

Furthermore, similar to the derivation of (10), we have

AT PA − P + Q − KT HK = −(K̃ − K)
T

H(K̃ − K), (15)

which implies that (AT PA − P + Q − KT HK) is negative semidefinite.
Based on (10) and (15), for the unconstrained optimal control law (11) applied to

system (6), we derive

f (ε, uo f , u∗)T
P f (ε, uo f , u∗)− εT Pε ≤ −εTQε − (uo f − u∗)T

R(uo f − u∗) + |w|2 (16)

and therefore, the set Ξ �
{

ε|εT Pε ≤ d, d ∈ R>0
}

is a candidate invariant set.
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To determine the conditions under which Ξ becomes invariant, we analyze the bound-
edness of |w(εk, uk

∗)| over Ξ × U∗. Its upper bound can be computed as follows:

(1) Compute the set Uh(uk
∗):

Define
Uh(uk

∗) �
{

H1/2Kεk + H1/2uk
∗
∣∣∣εk ∈ Ξ

}
(17)

Let uh = H1/2Kεk + H1/2uk
∗. Since H1/2K ∈ Rm×n, by augmenting it with n − m

linearly independent row vectors k̃1, . . . , k̃n−m, we obtain a nonsingular matrix:

K̃h �
[

H1/2K; k̃1; . . . ; k̃n−m

]
(18)

Then, we have
Ũ∗

h �
{

ũ∗
h|ũ∗T

h (K̃−1
h )

T
PK̃−1

h ũ∗
h ≤ d

}
, (19)

where ũ∗
h = [uh

∗; ũ1; . . . ; ũn−m], uh
∗ = uh − H1/2uk

∗, and ũ1, . . . , ũn−m are auxiliary vari-
ables to be eliminated.

Let
f̃h(ũ∗

h) � ũ∗T
h (K̃−1)

T
PK̃−1ũ∗

h, (20)

and by setting the partial derivatives of f̃h(ũh) with respect to the auxiliary variables to
zero and solving the resulting equations, we obtain

[ũ1; . . . ; ũn−m]
T = Ãuh

∗. (21)

Substituting ũ∗
h =

[
I; Ã

]
uh

∗ into the inequality f̃h(ũh) ≤ d leads to

Uh
∗ �

⎧⎨⎩uh
∗|uh

∗T

[
I
Ã

]T

(K̃−1)
T

PK̃−1

[
I
Ã

]
uh

∗ ≤ d

⎫⎬⎭. (22)

As illustrated in Figure 2, this set is the projection of Ũ∗
h onto the m-dimensional

hyperplane where uh
∗ resides.

Figure 2. Illustration for relationship between Ũ∗
h and Uh

∗ with n = 3, m = 2.

Thus,

Uh(uk
∗) �

⎧⎨⎩uh|(uh − H1/2uk
∗)T

[
I
Ã

]T

(K̃−1)
T

PK̃−1

[
I
Ã

]
(uh − H1/2uk

∗) ≤ d

⎫⎬⎭. (23)
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As shown in Figure 3, for each uk
∗, Uh is obtained by translating Uh

∗ in the hyperplane.

Figure 3. Illustration for relationship between Uh and Uh
∗, and the optimal space Ri corresponding

to each discrete control vector with m = 2, p = 5. The solid and dashed ellipses correspond to Uh
and Uh

∗, respectively.

(2) Calculate the upper bound of |w(εk, uk
∗)| on Ξ × U∗:

For each discrete control value vi ∈ H1/2U , define the region [17]:

R̃i �
{

x
∣∣∣(vi − x)T(vi − x) ≤ (vj − x)T(vj − x), j �= i

}
=

{
x
∣∣2(vj

T − vi
T)x ≤ vj

Tvj − vi
Tvi, j �= i

} , (24)

so that qV(x) = vi for x ∈ R̃i.
Define

Ri(uk
∗) = R̃i ∩ Uh(uk

∗). (25)

For each fixed uk
∗ ∈ U∗, solving the optimization problem

max
x∈Ri(uk

∗)
fw(x) = (vi − x)T(vi − x) (26)

over all regions Ri(uk
∗) yields the upper bound of |w(εk, uk

∗)| over Ξ × U∗, denoted as

Δq � max
ε∈Ξ,uk

∗∈U∗

∣∣∣qV(H1/2(Kεk + uk
∗))− H1/2(Kεk + uk

∗)
∣∣∣. (27)

As shown in Figure 3, for each fixed uk
∗, (26) is a quadratic optimization problem

with linear and quadratic inequality constraints, which can be solved using standard
optimization tools.

Assumption 2. Suppose that there exists a constant d, such that d > Δq2λmax(P)
λmin(Q)

, and for all ε ∈ Ξ,
the corresponding state x ∈ X .

If Assumption 2 holds, then from (14) and (16), for any ε ∈ Ξ uk
∗ ∈ U∗, we have

f (ε, ûo f (ε, u∗), u∗)T
P f (ε, ûo f (ε, u∗), u∗) < d. (28)

Hence, Ξ is an invariant set of system (6) with respect to (11). When xk ∈ Ξ and
uk

∗ ∈ U∗, the solution of (8) is

uopt(xk) = uo f (xk) = Kεk + uk
∗ + H−1/2w(εk, uk

∗). (29)
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By treating w(εk, uk
∗) as a disturbance and denoting it as wk, we have

wk ∈ { x||x| ≤ Δq}, ∀k ∈ Z≥0, (30)

And
||w|| = Δq. (31)

Thus, the closed-loop system (9) on the set Ξ becomes

εk+1 = F(εk, wk) = Aεk + B(Kεk + H−1/2wk). (32)

3. Regional ISS Theory

ISS theory is an important tool to analyze the relationship between state trajectories
and inputs of nonlinear systems. This concept was first proposed in [25] and has since been
extended in various directions by subsequent researchers. In practical model predictive
control (MPC) applications, state and input constraints are typically present, rendering
global ISS results less applicable. To address this limitation, a regional version of ISS
was proposed in [26], which allows for stability analysis within a restricted domain. This
concept makes it feasible to apply ISS theory to constrained MPC systems. To characterize
the stability properties of the FCS-MPC system studied in this paper, we adopt the definition
of regional ISS presented in [27]:

Consider a discrete-time autonomous system of the following form:

xk+1 = F(xk, wk), k ∈ Z≥0, (33)

where xk ∈ R
n is the state, wk ∈ R

q represents an unknown disturbance, and the transition
map F(xk, wk) may be discontinuous. Given an initial state x and a disturbance sequence
w, the state trajectory of the system is denoted as x(k, x, w).

Assumption 3.

(1) For system (33), the origin is an equilibrium point.
(2) The disturbance wk satisfies wk ∈ W for ∀k ∈ Z≥0, where W is a compact set containing

the origin.

Definition 2 [Robust Positively Invariant Set (RPIS)]. Suppose that Assumption 3 holds;
Ξ ⊆ Rn is an RPIS for system (33) if F(x, w) ∈ Ξ holds for ∀w ∈ W and ∀x ∈ Ξ.

Definition 3 [Regional Input-to-State Stability (ISS)]. Suppose that Assumption 3 is satisfied.
Given a compact set Ξ ⊆ Rn containing the origin as an interior point, if Ξ is an RPIS for system
(33), and there exists a KL-function β and a K-function γ , such that

|x(k, x, w)| ≤ β(|x|, k) + γ(||w||), ∀k ≥ 0, ∀x ∈ Ξ. (34)

Then the system (33) is said to be regional ISS with w ∈ MW in Ξ.

4. Analysis of System Stability and Performance

If Assumption 1 and Assumption 2 hold, then system (9) can be represented by (32)
within the set Ξ. Moreover, system (32) satisfies Assumption 3, and Ξ is an RPIS for (32).
The following proof establishes the ISS property of system (32) in Ξ.
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4.1. ISS Proof

Theorem 1. Suppose that Assumption 1 and Assumption 2 hold; then, system (32) is ISS in
Ξ with respect to the disturbance sequence w ∈ MW.

Proof of Theorem 1. To facilitate the proof, we define several parameters and functions.
Let a1 = λmin(P), a2 = λmax(P), a3 = λmin(Q), a4 = a3a2

−1, a5 = a2a3
−1b−1,

V(ε) � εT Pε, (35)

Θ �
{

ε
∣∣∣V(ε) ≤ a5||w||2

}
, w ∈ MW , (36)

where b ∈ R(0,1]. Using these definitions, the set Ξ can be rewritten as

Ξ � {ε : V(ε) ≤ d}. (37)

It is straightforward to obtain

V(εk) ≥ a1|εk|2, ∀εk ∈ Ξ, (38)

V(εk) ≤ a2|εk|2, ∀εk ∈ Ξ. (39)

From inequality (16), we know that

ΔV(εk) = εk+1
T Pεk+1 − εk

T Pεk ≤ −a3|εk|2 + |wk|2, ∀εk ∈ Ξ (40)

By Assumption 2, there exists a constant b ∈ R(0,1] such that a5Δq < d, and thus
Θ ⊂ Ξ. If xk ∈ Θ, from (39), (40), and (14), we obtain

V(εk+1) ≤ (1 − a4)V(εk) + ||w||2 ≤ a5||w||2. (41)

which implies that εk+1 ∈ Θ. Therefore, once the state trajectory enters Θ, it remains inside.
If εk ∈ Ξ\Θ, from (39) and (40), it follows that there exists a constant c > 0 such that

ΔV(εk) ≤ −a4V(εk) + ||w||2 ≤ −c. (42)

As Ξ is an RPIS containing the origin as an interior point for system (32), and V(ε) is
upper bounded on Ξ, for any initial condition ε ∈ Ξ, there exists a finite time index

j0 = min{k ∈ Z≥0 : ε(k, ε, w) ∈ Θ} (43)

For k < j0, we must have V(ε(k, ε, w)) > a5||w||2. From (39) and (40), it follows that

V(ε(k, ε, w)) ≤ (1 − (1 − b)a4)V(ε(k − 1, ε, w)), (44)

and iteratively
V(ε(k, ε, w)) ≤ (1 − (1 − b)a4)

kV(ε). (45)

Thus, we have

V(ε(k, ε, w)) ≤ max
{

βa(V(ε), k), a5||w||2
}

, ε ∈ Ξ, k ∈ Z≥0, (46)

where βa(ε, r) = (1 − (1 − b)a4)
rε, which is a KL-function.
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From inequality (38), it follows that

|ε(k, ε, w)| ≤ max
{√

a1
−1βa(a2|ε|2, k),

√
a1

−1a5||w||2
}

, ε ∈ Ξ, k ∈ Z≥0. (47)

Finally, define

β(ε, r) =
√

a1
−1βa(a2|ε|2, r), (48)

γ(ε) �
√

a1
−1a5ε2. (49)

It can be verified that β(ε, s) is a KL-function and γ(ε) is a K-function. Therefore, the
system (32) is ISS in Ξ with respect to the disturbance sequence w ∈ MW . �

4.2. Performance Estimation

This section presents a computational procedure for estimating the domain of attrac-
tion and the ultimate bounded region of the system state trajectories, based on the results
established in Sections 2.3 and 4.1. In Section 5.1, the proposed method will be illustrated
through simulation examples, where we demonstrate the relationship between the domain
of attraction and system stability, as well as between the ultimate bounded region and
steady-state performance.

According to inequality (46), the state trajectories originating from Ξ will asymptoti-
cally approach and eventually enter the set Θ. Specifically, we have

lim
k→∞

ε(k, ε, w)T Pε(k, ε, w) ≤ a5Δq2, ∀x ∈ Ξ. (50)

Once the state trajectory enters Θ, the feasible set of optimal control values changes,
leading to a corresponding update in Δq. If the new value of Δq recalculated over Θ still
satisfies Assumption 2, then ISS analysis can be iteratively applied on the newly defined
region Θ. This process can continue until Assumption 2 is no longer satisfied.

Based on this idea, the following iterative algorithm (Algorithm 1) is proposed for
estimating the domain of attraction and the ultimate bounded region of system (9):

Algorithm 1 Calculation of Domain of Attraction and Ultimate Bounded Region

1: Input the parameters d, a4 and the number of iterations n. Let dMPC = d.
2: Extend H1/2K ∈ R

m×n to obtain K̃h ∈ R
n×n.

3: Set the partial derivative of Equation (20) with respect to the auxiliary control vari-
4: able to zero, and solve the system of equations to obtain Equation (21).
5: Obtain Uh(uk

∗) according to Equation (23).
6: for i = 1: n
7: For each uk

∗ in U∗, partition Uh(uk
∗) into Ri(uk

∗) according to (25).
8: Use the optimization tool to calculate the maximum value of |w(εk , uk

∗)| on
9: all Ri(uk

∗)and record it in Δq.
10: if d > a4

−1Δq
11: d = a4

−1Δq
12: else
13: Record the value of d that last satisfies d > a4

−1Δq as d f .
14: Break the loop.
15: end if
16: end for
17:
18: if i = 1
19: The system is unstable on XMPC .
20: else
21: The system is stable on XMPC and ultimately converges to Θ f .
22: end if
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Then, the domain of attraction and the ultimate bounded region of system (9) can be
expressed as

XMPC =
{

ε|εT Pε ≤ dMPC

}
, (51)

Θ f =
{

ε|εT Pε ≤ d f

}
. (52)

Remark 1. The number of iterations n is introduced to limit the computational time. By setting a
maximum number of iterations within an acceptable range, a more accurate estimate of the ultimate
bounded region Θ f can be obtained without excessive computational burden.

Remark 2. According to [28], it is generally permissible for the state to temporarily exceed the
constraint limits. This is because, as long as Θ f is within the state constraint bounds, the state
trajectory will quickly converge back within the state constraints.

5. Simulation Experiment

Two models are considered in this section. The first is an open-loop unstable math-
ematical model with a fixed reference value, and the second is a three-phase inverter
simulation model with a periodic reference signal. In both cases, the controller parameters
are designed based on the procedures described in the previous sections. The stability and
performance of the system are then analyzed, and the accuracy of the theoretical analysis is
verified through simulations.

5.1. Illustrative Mathematical Example

The plant model is defined as

A =

[
0.2 0
0.2 1.1

]
, B =

[
0.3 0.4
0.5 0.2

]
;

The state constraint set and the finite control set are

X =

⎧⎨⎩x :

[
1 −1 0 0
0 0 1 −1

]T

x ≤
[
3.8 −0.2 3.2 −0.4

]T

⎫⎬⎭, (53)

U =

{[
−3.6361
7.0134

]
,

[
−4.3848
7.3378

]
,

[
−3.5010
6.5765

]
,

[
−4.2496
6.9009

]}
, (54)

The weighting matrices are

Q =

[
1 0
0 1

]
, R =

[
0.1 0
0 0.1

]
, P =

[
1.0138 0.0374
0.0374 1.5926

]
,

where P is obtained by solving the discrete Riccati equation. The reference state is

x∗ =
[
2 1.8

]T
, and the corresponding steady-state control is u∗ =

[
−3.9429 6.9571

]T
.

Using Algorithm 1, the domain of attraction and ultimate bounded region are calcu-
lated as shown in Figure 4.
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Figure 4. Calculation results of the system’s domain of attraction and convergence region, and the
state error trajectories. ε1, ε2 represent the two components of the error vector ε. The black solid circle
represents the domain of attraction, and the red circle indicates the convergence region. The black
dashed circles illustrate the intermediate iterations in Algorithm 1, and the black dashed box denotes
the imposed state constraints.

ΞMPC =
{

ε|εT Pε ≤ 1.47
}

, (55)

and after 30 iterations, the estimated ultimate bounded region becomes

Θ f =
{

ε|εT Pε ≤ 0.0585
}

. (56)

From the discussion in Section 4.1, it can be concluded that the domain of attraction
represents the region within which the system stability is guaranteed. If the initial state
error belongs to ΞMPC, the error trajectory will converge to Θ f and remain within ΞMPC in
this process. Otherwise, it may diverge.

For example, with initial error x1 =
[
2 0.8393

]T
, the trajectory converges to Θ f .

However, for x2 =
[
2 0.41

]T
, the system diverges, as shown in Figures 4 and 5, verifying

the regional ISS property.

Figure 5. System state trajectories starting from x2 =
[
2 0.41

]T
.
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According to the definition of Θ f , the Euclidean norm of the steady-state error satisfies

lim
k→∞

|ε(k, ε, w)| ≤
√

d f /λmin(P) = 0.2405. (57)

Therefore, the size of ultimate bounded region represents the steady-state error of the
system. The norm of the state error starting from x1 is shown in Figure 6. As shown in
Figure 6, this bound aligns with simulation results. The state waveform is illustrated in
Figure 7.

Figure 6. Estimated performance results and norm of state error starting from x1. The black solid line
represents the Euclidean norm of the state error trajectory starting from x1, and the red dashed line
indicates the estimated upper bound of the steady-state error norm.

Figure 7. System state waveform starting from x1. The red and blue dashed lines indicate the
reference values of x1 and x2.

5.2. Two-Level Inverter Simulation Model

The circuit is shown in Figure 8, with parameters Vdc = 80 V, r = 5 Ω and L = 17 mH.
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Figure 8. Two-level inverter topology. The arrows indicate the reference directions of phase currents
ia, ib and ic.

In the two-phase rotating coordinate system, the continuous-time model is[
diα
dt

diβ

dt

]T
= Ac

[
iα iβ

]T
+ Bc

[
uα uβ

]T
, (58)

where

Ac =

[
− r

L 0
0 − r

L

]
, Bc =

[
1
L 0
0 1

L

]
.

Using zero-order hold with sampling time T = 75 μs, we discretize the system

A = eAcT , (59)

B = (eAcT − I)Ac
−1Bc. (60)

Based on the circuit structure, the finite control set can be represented as

U = Udc

{[
0
0

]
,

[
−1/3
−1/

√
3

]
,

[
−1/3
1/

√
3

]
,

[
−2/3

0

]
,

[
2/3

0

]
,

[
1/3

−1/
√

3

]
,

[
1/3

1/
√

3

]
,

[
0
0

]}
. (61)

To simplify analysis, the state constraints are rewritten in terms of error

X =

⎧⎨⎩x

∣∣∣∣∣∣
[

1 −1 0 0
0 0 1 −1

]T

ε ≤
[
5.5 5.5 5.5 5.5

]T

⎫⎬⎭, (62)

which indicates that the state variables do not exceed a certain range from the refer-
ence value.

The cost matrices are

Q =

[
1 0
0 1

]
, R =

[
0.001 0

0 0.001

]
, P =

[
5.1165 0

0 5.1165

]

where P is obtained by solving the discrete Riccati equation. The reference is xk
∗ =[

5 cos(100πkT) 5 sin(100πkT)
]T

, and the steady-state control is uk
∗ = B−1(xk+1

∗ −
Axk

∗).
Using Algorithm 1, as shown in Figure 9, we obtain the following:

ΞMPC =
{

ε|εT Pε ≤ 64.2328
}

. (63)
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Figure 9. Calculation results of the system’s domain of attraction and convergence region, and the
state error trajectories. ε1, ε2 represent the two components of the error vector ε. The black solid circle
represents the domain of attraction, and the red circle indicates the convergence region. The black
dashed circles illustrate the intermediate iterations in Algorithm 1, and the black dashed box denotes
the imposed state constraints.

After iterations,
Θ f =

{
ε|εT Pε ≤ 0.263

}
. (64)

For initial value x =
[
0 0

]T
, the error state trajectory, as shown in Figure 9, converges

to Θ f .
According to the definition of Θ f , the Euclidean norm of the steady-state error satisfies

lim
k→∞

|ε(k, ε, w)| ≤ 0.3520. (65)

as shown in Figure 10, aligning with the performance estimation results. Additionally, the
state waveform is illustrated in Figure 11.

Figure 10. Estimated performance results and norm of state error starting from x. The black solid line
represents the Euclidean norm of the state error trajectory starting from x, and the red dashed line
indicates the estimated upper bound of the steady-state error norm.
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Figure 11. System state trajectories starting from x.

Through the analysis of the mathematical model and circuit model, the specific calcu-
lation process of Algorithm 1 is elucidated, and the relationship between the domain of
attraction and system stability, as well as the relationship between the ultimate bounded
region and steady-state performance of the system, is shown. Additionally, the results of
the analysis have been validated, proving the effectiveness of the analysis method and its
applicability to a class of power electronic converters.

6. Conclusions

In this paper, we first conducted a detailed analysis of the closed-loop model of the
single-step FCS-MPC system. Based on the relevant concepts of regional input-to-state
stability (ISS) theory, we derived sufficient conditions to ensure the regional ISS of the
system, established the relationship between quantization error and system performance,
and provided a complete theoretical derivation and proof. On this basis, an iterative
algorithm was proposed for estimating the system’s domain of attraction and ultimate
bounded region. Finally, simulation experiments were carried out to verify the correctness
of the theoretical analysis, which also demonstrated the relationship between the domain of
attraction and system stability, as well as between the ultimate bounded region and steady-
state performance. The results indicate that appropriate parameter design can provide
stability assurance for the system, and the proposed method enables an intuitive illustration
of the stability characteristics and steady-state performance under different parameter
settings, thereby offering theoretical guidance for the design of a class of FCS-MPC systems.
Compared with existing studies, this paper presents a more general quantization error
calculation method, which extends the analysis from previously studied single-input
systems to multi-input systems with state constraints. Furthermore, we provide a complete
derivation of the sufficient conditions for ISS under certain conditions, thereby addressing
the incomplete theoretical proofs observed in some earlier works within the same analytical
framework. In addition, the iterative algorithm proposed in this study serves as an effective
tool for exploring the relationship between system parameters and performance, filling a
gap in the current research within this framework.
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Abstract: The advent of large-scale distributed generation (DG) has introduced several challenges to the
voltage control of active distribution networks (ADNs). These challenges include the heterogeneity of
control devices, the complexity of models, and their inherent fluctuations. To maintain ADN voltage
stability more economically and quickly, a data-driven ADN voltage control scheme is proposed in this
paper. Firstly, based on the multi-run state sensitivity matrix, buses with similar voltage responses are
clustered, and critical buses are selected to downsize the scale of the model. Secondly, a linear voltage-
to-power dynamics model in high-dimensional state space is trained based on the offline data of critical
bus voltages, DGs, and energy storage system (ESS) outputs, utilizing the Koopman theory and the
Extended Dynamic Mode Decomposition (EDMD) method. A linear model predictive voltage controller,
which takes ADN stability and control cost into account, is also proposed. Finally, the effectiveness
and applicability of the method are verified by applying it to an improved 33-bus ADN system. The
proposed control method can respond more quickly and accurately to the voltage fluctuation problems
caused by source-load disturbances and short-circuit faults.

Keywords: active distribution networks; voltage control; Koopman operator theory; data-driven;
model predictive control; partition

MSC: 37M10

1. Introduction

The vigorous development of DG, such as wind power and photovoltaic power
generation, to facilitate the decarbonization of distribution networks is a crucial goal for
the development of future energy and power systems [1]. The uncertainty associated with
DG may result in more frequent and rapid voltage fluctuations [2], which places higher
demands on the performance of the ADN voltage control method.

Currently, most ADN voltage control modes and methods inherit the “hierarchical”
control system of the transmission network. The traditional timescales for the action of
steady-state ADN voltage control are on the order of minutes and above [3], with the
optimal control solutions based on accurate models of each action typically requiring
more time to compute [4]. Papers [5,6] propose multi-stage voltage control strategies that
integrate resources such as plug-in electric vehicles (PEVs), DGs, and on-load tap changers
(OLTC), using predictive or robust control methods to manage voltage regulation under
high renewable penetration and uncertainty. Papers [7,8] present coordinated voltage/VAR
control methods that utilize multiple devices across different timescales to mitigate voltage
fluctuations in high renewable penetration scenarios, incorporating uncertainties in load
and generation and leveraging real-time simulations for validation. These approaches focus
on voltage control within timescales of minutes or longer. On timescales of milliseconds,
ADNs remain vulnerable to risky conditions caused by unforeseen events such as rapid
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changes in DG outputs and large-capacity load casting [9,10], which in turn lead to unac-
ceptable voltage fluctuations for sensitive users, such as the semiconductor industry [11].
Therefore, faster and more accurate voltage control methods are needed to improve the
voltage reliability and safety of ADNs.

Simultaneously, novel types of resources and devices, including DGs and ESS, are
being utilized extensively on the ADN, thereby creating a sophisticated operational environ-
ment characterized by frequent alterations in device status and topology information [12].
Papers [13,14] propose model predictive control (MPC)-based voltage optimization tech-
niques that coordinate the operation of DGs, OLTC, and capacitor banks to improve voltage
regulation and minimize energy loss, while considering uncertainties and various load
behaviors in distribution networks. The traditional model-based voltage control methods
are confronted with two major challenges: (1) The control method is predicated on the
assumption that the precise dynamic models and parameters are known, which is often
impractical in real-world applications [15,16]. (2) These models, typically based on offline
data, lack the requisite adaptability needed to cope with evolving system dynamics and
substantial unpredictability [17].

The recent digitization of ADNs has provided the wide availability of a substantial
volume of real-time operational data [18], which encompasses valuable insights such as
user behavioral characteristics and system state alterations [19]. Consequently, data-driven
control methodologies have attracted considerable attention as a solution to the challenge
presented by inadequate precise model parameters. Data-driven control methods for power
systems can be classified into two categories, depending on whether the dynamic models
are explicitly mapped. Approaches such as Deep Reinforcement Learning (DRL) typically
do not necessitate acquiring an analytical dynamics model. In nature, DRL constructs the
control method through direct interaction with input data. Paper [17] proposes a novel
dual timescale DRL-based voltage control framework for fast control of photovoltaic (PV)
inverters in the ADN that does not require a physical model. However, DRL-based methods
hardly capture the nonlinear features, and the training process is time-consuming. This
makes it difficult to adapt quickly to the rapid state changes of the ADN [11].

Another data-driven approach focuses on linearizing the nonlinear system to derive an
approximate linearized model for state prediction and controller design. To illustrate, Flo-
quet theory addresses the time evolution of periodically driven systems [11]. Alternatively,
Koopman operator theory provides a promising method for deriving high-dimensional
linear approximate models directly from data [20]. The lifting process employs nonlinear
basis functions, and an approximation of the original nonlinear dynamics is obtained when
the lifted linear dynamical system is projected into the original space [21]. Paper [22]
develops a large-signal linear microgrid model using Koopman for voltage control, while
paper [23] introduces an online adaptive Koopman operator optimal control (AKOOC)
method for secondary voltage and frequency control, demonstrating improved stability
and adaptiveness under varying conditions. However, most existing studies concentrate
solely on the transient process of the transmission network [24] and microgrid, and have
not fully explored the potential of Koopman operator theory in addressing the voltage
control challenge in ADNs. Furthermore, their methodologies entail the necessity for
comprehensive state measurements, which places considerable demands on the reliability
of sensor configurations and communication infrastructure.

The extensive utilization of distributed resources has reduced the efficiency and
precision of the traditional centralized voltage control mechanisms in ADNs [13]. The
large-scale installation of sensors throughout ADNs presents significant economic and
engineering challenges. In contrast, Koopman-based controllers can achieve stable voltage
control across the full area with less state-measurement information, provided that the
critical buses are selected reasonably [24]. The critical step involves clustering buses with
analogous voltage response characteristics into the same partition. The majority of existing
studies employ Euclidean distance or cosine similarity to quantify the similarity between
two bus sensitivity vectors. Paper [25] uses modified cosine similarity to cluster nodes with
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similar voltage fluctuations and selects critical measurements from each cluster to reduce
measurement requirements while ensuring optimal control. However, Euclidean distance
solely measures the straight-line distance between two vectors, neglecting directionality and
correlation. Similarly, cosine similarity prioritizes directional similarity between vectors,
yet it does not fully utilize magnitude information.

To address the aforementioned issues, this paper presents a novel approach to ADN
voltage control, grounded in Koopman operator theory. The main contributions are as follows:

(1) A novel partitioning and critical bus selection method for active distribution net-
works (ADNs) based on Mahalanobis distance. This method utilizes the local monotonicity
and directional characteristics of voltage distribution. The Mahalanobis distance-based
partitioning and critical bus selection approach captures both the magnitude and direc-
tional sensitivity of voltage-to-power responses. It enables the more precise identification
of critical buses while reducing the computational burden on controllers and minimizing
the measurement requirements for state estimation.

(2) The rapid construction of a high-dimensional linear state-space model of ADN
voltage-to-power dynamics using Koopman operator theory and the Extended Discrete
Multivariate Decomposition (EDMD) method. By leveraging partitioning, the system’s
strong time-domain dependencies, and the fact that voltage control strategies typically
do not undergo drastic changes, the Koopman operator efficiently linearizes the system’s
dynamics. This approach captures the time-varying nonlinear characteristics of voltage
changes in ADNs without relying on network topology or parameters during training
or voltage control. This model significantly reduces the response time of optimal control
strategies, demonstrating strong practical potential for mitigating voltage fluctuations in
future power systems.

The remainder of this paper is structured as follows: Section 2 outlines the ADN
partitioning and critical bus selection methodology. Section 3 presents a data-driven lin-
earization method for the voltage-to-power dynamics model. Section 4 presents the design
of the ADN model predictive voltage controller based on the aforementioned linearized
model. Section 5 validates the effectiveness and applicability of the control algorithm
based on the improved 33-bus ADN. Section 6 concludes the paper. The framework of the
proposed voltage control strategy is depicted in Figure 1.

Figure 1. Framework of the proposed voltage control strategy.

2. ADN Partitioning and Critical Bus Selection

The voltage-to-power sensitivity reflects the voltage response characteristics of the
buses. In this section, the improved Mahalanobis distance is employed to measure the
similarity between bus sensitivity matrices. The Mahalanobis distance accounts for the cor-
relation between variables by incorporating the covariance matrix. This method combines
magnitude and direction information, increasing accuracy in high-dimensional space and
enhancing the applicability of the analysis of complex systems.
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2.1. Similarity Metric Quantization of Bus Voltage Response Characteristics

Taking bus i in an ADN containing Nm buses as example, the similarity between the
voltage response characteristics of bus i and the other buses can be quantified using the
Mahalanobis distance:

d(Mi, Mj) =
√
(Mi − Mj)

TS−1
ij (Mi − Mj) (1)

where d(Mi, Mj) denotes the sensitivity similarity between bus i and bus j. Mi and Mj
represent the sensitivity matrices of bus i and j, respectively. Sij is the covariance matrix of
the sensitivity matrices of bus i and j, indicating the correlation between the sensitivities of
the bus:

Sij =
1

Nm × Ns − 1
(M̃i M̃T

i + M̃j M̃T
j )

M̃i = vec(Mi(ns)− μi)

M̃j = vec(Mj(ns)− μj)

μi =
1

Nm × Ns
∑Ns

ns=1 ∑Nm
i=1 Mi(ns)

μj =
1

Nm × Ns
∑Ns

ns=1 ∑Nm
j=1 Mj(ns)

(2)

where μi and μj represent the average values of the elements in the similarity matri-
ces Mi and Mj at bus i and j, respectively. Ns denotes the number of typical scenarios.
vec(·) refers to a function that converts a matrix into a column vector by stacking its
columns sequentially.

The sensitivity matrix Mi for bus i can be derived from a review of historical data or
the execution of simulations:

Mi = [MP,i MQ,i], Mi ∈ RNm×2Ns

MP,i =

⎡⎣ Pi,1(1) . . . Pi,1(ns) . . . Pi,1(Ns)
. . . . . . . . .
Pi,Nm(1) . . . Pi,Nm(ns) . . . Pi,Nm(Ns)

⎤⎦ i, j ∈ {1, 2, . . . , Nm}, ns ∈ {1, 2, . . . , Ns}

MQ,i =

⎡⎣ Qi,1(1) . . . Qi,1(ns) . . . Qi,1(Ns)
. . . . . . . . .
Qi,Nm(1) . . . Qi,Nm(ns) . . . Qi,Nm(Ns)

⎤⎦ i, j ∈ {1, 2, . . . , Nm}, ns ∈ {1, 2, . . . , Ns}

(3)

where Pi,j(ns) represents the voltage-active power sensitivity between bus i and j in scene
ns, while the value of Qi,j(ns) denotes the voltage-reactive power sensitivity:

Pi,j(ns) = ΔUi(ns)/ΔPj(ns)
Qi,j(ns) = ΔUi(ns)/ΔQj(ns)

(4)

2.2. Partitioning and Critical Bus Selection

The number of sets is not a predefined parameter in the division of buses. Once the
similarity between the buses has been quantified, the buses whose Mahalanobis distance is
below a predefined value σ can be divided into the partitioned set Hn:

i, j ∈ Hn, i f d(Mi, Mj) < σ (5)

Since the number of partitions directly influences the required number of sensors
and thus the associated costs, the selection of σ must balance precision and practicality.
Moreover, historical partitioning data can provide valuable insights, serving as a reference
for setting an appropriate threshold that aligns with prior successful implementations
while ensuring system efficiency and cost-effectiveness.
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The similarity between the buses within Hn can then be expressed as:

Φn =

⎡⎣d(Mi, Mi) . . . d(Mi, Mj)
. . . . . . . . .

d(Mj, Mi) . . . d(Mj, Mj)

⎤⎦ i, j ∈ Hn (6)

The critical bus dominant index ci is defined as follows:

ci =
m

∑
bi=1

Φn(ai, bi),i ∈ Hn (7)

where m represents the number of buses in Hn, while Φn(ai, bi) denotes the aith column
element of the bith row of the matrix.

The buses within Hn are ordered according to ci, with the bus exhibiting the highest
index designated as the critical bus.

In existing ADNs, if the historical operational data of each bus are available, the unit
voltage-to-power sensitivity matrix can be calculated. If the historical data are insufficient,
it can be obtained through an offline power flow calculation based on the state estimation
and simulation model of the ADN, or by inverting the Jacobi matrix.

3. Koopman High-Dimensional Dynamic Linearization of ADN Voltage-to-Power
Dynamics Models

The voltage control system of an ADN can be conceptualized as a multiple-input
multiple-output discrete-time nonlinear dynamical system [26]:

x(k + 1) = f (x(k), Δu(k))
y(k) = Dx(k)

(8)

where x(k) is the system state at time step k. y(k) is the system output and the dimension is
the number of critical buses. Δu(k) represents the control input change. f (·) is a nonlinear
function describing the input–output relationship of the system.

Remark: While the Koopman operator method does not strictly require the nonlinear func-
tion f (·) to satisfy local Lipschitz continuity, such a condition is often desirable to ensure
the existence of a well-defined Koopman operator and to facilitate the convergence of numeri-
cal approximation methods such as EDMD. Moreover, since the dynamical model f (·) originates
from an actual physical system, its nonlinear relationships are typically expected to satisfy local
Lipschitz continuity.

Due to the fact that voltage control strategies in power systems typically do not un-
dergo drastic changes, and that the system’s historical states (e.g., previous voltage and
power conditions) significantly influence voltage variations, the system can be adjusted in
a relatively stable manner, which provide Koopman operator theory with enhanced adapt-
ability. Based on Koopman operator theory [20,26,27], the above model is approximated as
the following dynamical model in the form of a high-dimensional linear state space:

Z(k) = g(x(k), Δu(k))
Z(k + 1) = AZ(k) + BΔu(k)
x(k) = CZ(k)
y(k) = Dx(k)

(9)

where Z(k) represents the state of the linear dynamical system after lifting, Z ∈ RNl , Nl is
contingent upon the dimensions of nonlinear observation functions. Z(k + 1) denotes the
state at the k + 1 predicted from the previous step. g(·) is the observable function. Under
the approximation provided by the EDMD method, A, B, and C are all constant linear
matrices. The matrices A and B facilitate the prediction of high-dimensional linear state
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variables comprising control inputs. The C matrix maps the high-dimensional state back to
the original low-dimensional state space of the original system. Figure 2 shows a schematic
of linearization.

Figure 2. Schematic of linearization of voltage-power dynamics model.

Combine the system state variables x(k) and the control inputs Δu(k) into the extended
state variables:

χ(k + 1) = F(χ) =
[

f (x(k), Δu(k))
Δu(k + 1)

]
(10)

Then the corresponding Koopman operator K is defined as:

(Kg)(χ) = g·F(χ) (11)

As K is infinite-dimensional and cannot be realized in practical control systems, a
finite-dimensional approximation K f is obtained by EDMD:

min
K f

1
2

Nk−1
∑

k=0

∥∥∥ψ(χ(k + 1))−K f ψ(χ(k))
∥∥∥2

ψ(χ) = [ψ1(χ), ψ2(χ), . . . , ψN(χ), a], a ∈ Rm
(12)

where a is a constant term. Nk represents the total sampling point. ψi(x) is the chosen
observation function, and the first item of Equation (9) is rewritten as:

Z = g(χ) = [χ, ψ(χ)] (13)

According to Equation (12), the collected state data
{

x1, x2, . . . , xp
}

and control data{
Δu1, Δu2, . . . , Δup

}
satisfy:

yi = f (xi, Δui), i = 1, 2, . . . , p
yi = xi+1

(14)

By decomposing the first Nk elements of K f as K f =
[
Ak Bk

]
, the optimization

problem Equation (12) can be transformed into:

min
K f

1
2

Nk−1

∑
k=0

‖ψ(χ(k + 1))− Akψ(χ(k))− BkΔu(k)‖2 (15)
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Under the given observation function space and dataset, Equation (15) constitutes a
convex optimization problem. Solving the above minimization problem yields the Ak and
Bk matrices. The matrix Ck can be found using the least squares method:

min
Ck

1
2

Nk−1

∑
k=0

‖x(k + 1)− Ckψ(x(k))‖2 (16)

4. Voltage Control Scheme Based on Voltage-to-Power High-Dimensional
Linearization Model

MPC is a widely utilized linear control method that optimizes current control de-
cisions by predicting future behavior [28]. In the case of nonlinear systems, this can be
approximated by utilizing a local linearization method in the vicinity of the equilibrium
point, which is then integrated into a linear MPC strategy. However, this approach is
typically effective within a limited region around the equilibrium point [29]. For the
ADNs with multi-heterogeneous power access, the reliability of relying solely on multi-
step model projections to mitigate the inaccuracies introduced by local linearization is
significantly limited [30].

This section presents a new voltage control scheme for ADN, which employs the MPC
strategy on a high-dimensional linear state-space model. This approach not only captures
the nonlinear characteristics of the system but also enables rapid and precise voltage control
by considering the dynamic constraints and uncertainties of the system throughout the
control process.

4.1. Controller Design

The state variables for the voltage controller include the rotor angle δg and rotor speed
of the measurable synchronous machine relative to the standard frequency deviation value
Δωg and the voltage of each critical bus Vn, x(k) = [δ1, . . . , δg, Δω1, . . . , Δωg, V1, . . . , Vb]. g
is the number of observable synchronous machines and b is the number of critical buses.
The control variables of the voltage controller are the power output of all controllable units
in the area that are capable of meeting the requisite fast-response requirements, including
ESS, reactive power compensation equipment, controllable DG, and other similar devices.
Figure 3 shows the framework of the proposed control method.

Figure 3. Framework of voltage controller based on the high-dimensional model and MPC.

The prediction and control horizons of the MPC are Ny and Nu, respectively. The
prediction and control step lengths are Ny/tc and Nu/tc, respectively, where tc denote
the control period. The length of Ny is generally equal to or greater than the length of
Nu. For the case i > Nu, let Δu(k + i) = 0. It is assumed that there is a communication
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infrastructure available for information flow in the system. The set of predicted input and
output variables at each moment is denoted by Δu and yPred:

Δu =
[
Δu(k)T Δu(k + 1)T . . . Δu(k + Nu − 1)T

]T
(17)

yPred = [yPred(k + 1)T yPred(k + 2)T . . . yPred(k + Ny)
T ]

T
(18)

The state prediction can be calculated sequentially by Equation (19):

yPred(k + 1) = DxPred(k + 1) = CDZPred(k + 1)
= CD[AZ(k) + BΔu(k)]
= CDAg(x(k), Δu(k)) + CDBΔu(k)

(19)

Alterations in system dynamics or external disruptions lead to the updated predicted
values at each stage, which are then treated as new state inputs and expanded over the
horizon Ny:

yPred = ψg(x(k), Δu(k)) + φΔu (20)

where ψ, φ are the coefficient matrices:

ψ = [CDA CDA2 . . . CDANy ]
T (21)

φ =

⎡⎢⎢⎢⎢⎢⎢⎣

CB 0 0 0
CAB CB 0 0

. . . . . . . . . . . .
CANu−1B CANu−2B . . . CB

. . . . . . . . . . . .
CANy−1B CANy−2B . . . CANy−Nu B

⎤⎥⎥⎥⎥⎥⎥⎦ (22)

The relationship between u(k) and Δu(k) can be expressed as follows:

u(k) = u(k − 1) + Δu(k) (23)

u(k + 1) = u(k) + Δu(k + 1) = u(k − 1) + Δu(k) + Δu(k + 1) (24)

Expand further to Nu:

u(k) = ϕu(k − 1) + θΔu(k) (25)

where ϕ and θ are the additional coefficient matrices, which can be expressed by the identity
matrix I:

ϕ = [I I . . . I]T

θ =

⎡⎢⎢⎣
I 0 0 0
I I 0 0

. . . . . . . . . . . .
I I I I

⎤⎥⎥⎦ (26)

The objective of the MPC is to minimize the discrepancy between the predicted voltage
and the rated voltage over the horizon Ny:

minJ = (yPred − yre f )
TQy(yPred − yre f ) (27)

where Qy is the matrix of weight coefficients for the control error of the voltage of the bus,
Qy ∈ Rn×n, and n is the number of state variable dimensions. The rated voltage yre f is
taken at the last sample before the controller is triggered.
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To achieve optimal performance, it is essential to minimize the control cost, which
allows Equation (27) to be reformulated as a quadratic programming problem:

minJ =
Ny

∑
i=1

∥∥∥(yPred(k + i)− yre f )
∥∥∥2

Qy
+

Nu−1

∑
i=0

‖Δu(k + i)‖2
Qu

(28)

where Qu is the matrix of cost coefficients for the control output, Qu ∈ Rm×m, and m is
the number of control variable dimensions. The objective of the MPC can be adjusted by
modifying the weighting matrices.

4.2. Voltage Controller Constraints and Output Corrections

The state constraints are:

xmin ≤ x(k + i) ≤ xmax (29)

where umin and xmax are the boundary constraints of the state variables, for Vn set 0.95 p.u.
and 1.05 p.u., Δωg set −0.1 p.u. and 0.1 p.u., and δg set 0 rad and 1 rad.

The control constraints are:

δk+iΔumin ≤ Δu(k + i) ≤ δk+iΔumax

umin ≤ u(k + i) ≤ umax (30)

where δk+i is the available state vector of the control object, with elements that are 0–1
binary variables. If the control object is in an uncontrollable state, the available state flag of
the device is assumed to be zero. By incorporating δk+i, the model can adaptively capture
the dynamic constraints, thereby providing a more accurate and flexible representation of
the system’s control behavior. umin, umax, Δumin and Δumax represent the boundaries of the
control inputs and the boundaries of the amount of control change, respectively. Due to
the limited timescale of voltage control, the controller does not consider constraints on the
charge state of ESS.

Control correction:
As illustrated by Equation (28), the controller exhibits the distinctive attribute of real-

time correction. It is possible that during the voltage stabilization period and at the outset
of the control, the estimation of the controller may exhibit a degree of deviation, which
could result in the oscillation of the ADN voltage. To address this issue, it is necessary to
implement corrective measures to the control inputs:

u(k + 1) = Mu(k) i f
∣∣∣yPred(k)− yre f (k)

∣∣∣ < ε (31)

where M is the identity diagonal matrix and ε is the control trigger positive constant.

4.3. Robustness Derivation of Voltage Controllers

Considering the high-security requirements of ADNs, the high-dimensional lifting of
the state in the mapping linear space needs to be robust to input uncertainty.

Proposition 1. If a bounded voltage noise perturbation input is present, and provided that the
ADN state volume satisfies xmin ≤ x(k + i) ≤ xmax and the control input satisfies Δumin ≤
Δu(k + i) ≤ Δumax, it can be demonstrated that the perturbation of the predicted state is also
bounded in the Koopman lifting space.

Proof of Proposition 1. For a given input state and current control, the lifted state in the
high-dimensional linear space can be expressed as follows:

Z = g(χ) = [χ, ψ(χ)] (32)
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From Equation (10) it follows that the augmented state χi satisfies the boundedness
condition when xmin ≤ x(k + i) ≤ xmax and Δumin ≤ Δu(k + i) ≤ Δumax are satisfied.
Therefore, it is only necessary to discuss the boundedness of the following parts:

z̃ = ψ(χ) = ‖Mχ + D‖2 (33)

where M ∈ N is the state variable weight matrix, which is non-negative, M ∈ RN×(n+m).
D is the deviation vector, and ‖·‖2 is the quadratic form.

Since the quadratic form is a convex function and the augmented state variables are
non-negative, the bounds of the lifted state can be obtained as follows:

z̃min ≤ z̃ ≤ z̃max
z̃max = ‖Mxxmax + Mu|Δu|max + D‖2
z̃min = ‖Mxxmin + D‖2

(34)

where Mx and Mu are the state variable and control input weight matrices, respectively.
Mx ∈ RN×n, Mu ∈ RN×m. The boundedness of ‖Mχ + D‖2 is ensured by the finite-
dimensional nature of M and the constraints on χ. The maximum and minimum values
exist within the feasible region and can be determined either numerically or through
eigenvalue analysis, regardless of whether M is positive semidefinite [30].

Then, the lifted state variable in the prediction time domain can be determined from
Z(k + 1) = AZ(k) + BΔu(k). Matrices A and B satisfy Aij > 0, ∀i, j and Bij > 0, ∀i, j.
Therefore, the lifted state will be bounded within the following limits:

AZmin + BΔumin ≤ Z+ ≤ AZmax + BΔumax (35)

where Z+ is the state vector in the high-dimensional linear space in the prediction time
domain. Zmin, Zmax are the boundaries in the prediction time domain.�

Accordingly, when transferring the ADN state variables from the initial nonlinear
space to the elevated linear space, the impact of noise or disturbance remains constrained
within the complete prediction horizons. This indicates that the proposed voltage controller,
based on the high-dimensional linearized model, is resilient to noise and disturbance.

4.4. ADN Voltage Control Program

The voltage control scheme of the ADN based on the Koopman operator can be
implemented through the following steps.

Step 1: Partition the ADN and identify critical buses.
Divide the ADN into regions and select the critical bus in each region for monitoring

and control.
Step 2: Collect data from measurements.
Gather the voltage data from the critical buses, along with the active and reactive

power outputs of the distributed generators (DG) and energy storage systems (ESS).
Step 3: Check for necessary corrections.
Determine if the control inputs require correction. If a correction is necessary, initiate

the procedure outlined in Equation (31). Otherwise, the subsequent step is undertaken.
Step 4: State prediction and MPC optimization.
Predict the state at Ny. Solve the MPC optimization problem to determine the optimal

control sequence for each prediction step. The control variables for the first prediction step
are then applied.

Step 5: Repeat the process.

Repeat Steps 2 through 4 in a loop. Once the stopping criterion
N
∑

n=0
(yPred(k− n)− yre f )

2 < ε

is satisfied, the control process is complete.
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5. Case Analysis

5.1. Case Settings

To validate the ADN critical bus selection scheme and voltage control scheme proposed
in the paper, simulation calculations are carried out in the improved 33-bus ADN system.
To simplify the analysis, the transmission grid is modeled as a standard 3-machine, 9-bus
system. The ADN is equipped with four distributed wind turbines (WTs) located at buses 3,
16, 23, and 31, and eight ESSs located at buses B1, B3, 3, 7, 11, 18, 25, and 27. The distributed
WTs operate with a power factor of not less than 0.95. The capacity of the ESSs in the ADN
is 400 kW·h, with an upper limit of 400 kW for charging and discharging power and an
upper limit of 200 kVar for reactive power output. The ESS in the transmission grid has a
power capacity of 30% of the nominal value of the corresponding synchronous generators,
respectively [31]. The sampling time of the voltage sensor is 0.01 s, and both the response
time and communication delay of the ESS are assumed to be 0.01 s.

5.2. Partitioning and Selection of Critical Buses

The voltage-to-power sensitivity of each bus is calculated under different operating
state scenarios. As an example, the sensitivity of buses 2, 5, 15, and 20 in varying operational
scenarios is illustrated in Figure 4. Following the methodology outlined in Section 2.1, the
ADN is divided into five regions.

Figure 4. Multi-operation state sensitivity schematic. (a) Sensitivity of bus-2; (b) sensitivity of bus-5;
(c) sensitivity of bus-15; (d) sensitivity of bus-20.

Following the critical bus selection method outlined in Section 2, it is established
that the critical buses encompass [2,15,21,26,32]. The ADN topology, device locations, and
critical bus locations are illustrated in Figure 5.
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Figure 5. Schematic diagram of ADN partitioning and critical bus selection.

5.3. Selection of Optimal Lifting Dimension and Verification of Linearization

In this subsection, the control input data and the voltage state data are processed to
obtain the high-dimension model and to validate the model’s accuracy through the EDMD
method. The specific data collection methods are detailed in the Appendix. The analysis
reveals that a lifting dimension of 3 achieves the best balance between model accuracy and
computational efficiency. This result is further supported by a comparison of the model’s
accuracy across different lifting dimensions.

The initial state is that of an 11-dimensional space. The selected lifting dimensions are
tested in the range of 0–50. As illustrated in Figure 6, the root mean square error (RMSE)
results exhibit a notable increase when the number of lifting dimensions is in the range of
10–25. Outside this range, whether in lower or higher numbers of lifting dimensions, the
model demonstrates relatively high accuracy. The results demonstrate that the accuracy is
not directly proportional to the number of lifting dimensions. The selection of the optimal
dimensions should balance the computational cost and the desired level of accuracy.

Figure 6. Prediction of RMSE in different lifting dimensions.

To verify the advantage of the Koopman-base model relative to the voltage-to-power
sensitivity model [29], a set of the sampled data is selected for the comparison of the
prediction effect. Under the same initial state, the RMSE of the predicted and actual state
variable curves are calculated separately as in Table 1.

Table 1. RMSE under different methods of prediction.

Methods of Prediction
Koopman

Lifting 3 Dimensions
Koopman

Lifting 13 Dimensions
Sensitivity Matrix

RMSE 0.0236 0.0248 0.0297

The Koopman model demonstrates superior prediction accuracy in the presence of
diverse parameter fluctuations. In contrast, the predictor based on the sensitivity matrix
is less effective when the operating state changes, since linearization is only conducted at
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x0. This may result in suboptimal solutions. Meanwhile, the single Koopman linearization
process is completed in a mere 0.38 s, demonstrating impressive training efficiency and the
capability to effectively cope with the rapid state changes of the ADN.

5.4. Voltage Control Case Comparison

The control performance of the coordinated voltage control method based on the
MPC of the Koopman linearized system is validated in the improved 33-bus system and
evaluated in comparison with alternative voltage control methodologies.

Scheme 1: K-VMPC-based predictive control of voltage of ADN (lifting 3 dimen-
sions) (K-VMPC-3).

Scheme 2: K-VMPC-based predictive control of voltage of ADN (lifting 13 dimen-
sions) (K-VMPC-13).

Scheme 3: voltage control based on one-step optimal control (VOPC) [32].
Scheme 4: MPC voltage control based on sensitivity matrix (S-MPC) [28].
Scheme 5: no voltage control (No-Control).

5.4.1. ADN Power Fluctuation

(1) DG output plummet
Within t = 3 s - 3.1 s , the DG at bus-16 in the ADN is set to plummet by 150 MW in

a relatively short period, resulting in an overall voltage drop. Voltage control is initiated
at t = 3.05 s to facilitate the coordinated response of all fast-response units to mitigate the
impact of the perturbation. The voltage change of the critical bus under each scheme is
illustrated in Figure 7. As the degree of voltage fluctuation of bus-2 is not significant, only
the voltage change of buses 15, 21, 26, and 32 is depicted.

Figure 7. Variation of voltage magnitude at each critical bus under different control schemes.
(a) Voltage at bus-15; (b) voltage at bus-21; (c) voltage at bus-26; (d) voltage at bus-32.
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(2) Load demand increase
Within t = 3 s - 3.1 s, a 140 kW load is connected to the grid in the ADN at bus-14. This

results in an overall voltage drop, which in turn triggers the voltage control at t = 3.05 s.
Figure 8 illustrates the variation of the critical bus voltage under each control scheme.

Figure 8. Variation of voltage magnitude at each critical bus under different control schemes.
(a) Voltage at bus-15; (b) voltage at bus-21; (c) voltage at bus-26; (d) voltage at bus-32.

As illustrated in Figures 7 and 8, fluctuations in regional voltage are observed when
there is an abrupt change in DG or when a significant load is connected to the grid. In
some instances, the voltage at critical buses drops below 0.95 p.u., resulting in voltage
over-limit and deterioration in power quality at the customer side. When the voltage
fluctuation meets the criteria for triggering the controller, the adjustable resources in the
regional grid are activated to address the power quality degradation. The VOPC method
is capable of accurately restoring the voltage, but it requires time to restore the voltage
operation to its state before the disturbance. The S-MPC method struggles to adapt to
changes in the system state, thereby preventing it from accurately restoring the voltage to
its pre-disturbance level. The K-VMPC-13 method also exhibits limitations in accurately
controlling the voltage restoration effect in certain scenarios. Consequently, a comparison
of prediction accuracies based on test data is crucial for the selection of lifting dimensions.

The K-VMPC-3 method exhibits a single optimal voltage recovery control solution
time of 0.05 ms to 0.2 ms, a markedly shorter interval than that required to meet the
criteria for a rapid solution. Furthermore, it rapidly determines the optimal output for each
controllable unit and demonstrates superior rapid and precise regulation capabilities in
comparison to conventional voltage control methodologies.
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5.4.2. Three-Phase Short-Circuit Faults

A three-phase short-circuit fault is scheduled to occur at bus-6 at t = 2 s, and it is
anticipated to be removed at t = 2.15 s. This is expected to result in voltage dips and
fluctuations in the transmission grid and ADN, which will in turn trigger voltage control.
A coordinated control strategy is employed to regulate the response of all fast-response
units to mitigate the impact of this disturbance. Figure 9 illustrates the ADN’s voltage
variation under each control scheme.

 
(a) (b) 

  

 
(c) (d) 

Figure 9. Variation of ADN voltage amplitude under different control schemes. (a) No-control;
(b) K-VMPC-3; (c) K-VMPC-13; (d) S-MPC.

From Figure 9, it is evident that the overall voltage can be restored to the normal level
after adopting the control method because the ADN operating state is unchanged before
and after the fault, but there are differences in the voltage recovery effect among different
control methods. The voltage under the K-VMPC-3 voltage control method proposed in this
paper is shown in Figure 9b, which shows faster voltage restoration with the least overall
fluctuation compared with the K-VMPC-13 and S-MPC methods shown in Figure 9c,d.

Under the scenario of a short-circuit fault, the K-VMPC-based ADN voltage control
scheme is also able to quickly solve the optimal output of each controllable unit to realize
the rapid recovery of the overall voltage and has a faster and more accurate performance
compared with other traditional voltage control schemes.

6. Conclusions

To address the voltage recovery needs that arise from fluctuations in load and energy
sources in the ADN, this paper presents a data-driven voltage control method, which is
based on Koopman operator theory. The conclusions are as follows:

218



Mathematics 2024, 12, 3944

1. A methodology for the partitioning and selection of critical buses based on the
Mahalanobis distance is proposed. The method ensures voltage control performance in
incomplete state-measurement scenarios while reducing the stringent requirements for
measurement and communication, thereby it enhances the economic feasibility of the
control method.

2. A data-driven control method is employed to achieve the mapping of the high-
dimensional linear space of the voltage-to-power dynamics system. This approach enables
lifting linearization without information about the actual ADN voltage control model.

3. Considering the associated costs of ESS and DG, a voltage MPC law is devised
based on linearized voltage-to-power dynamics. The controller developed in this paper
significantly reduces the solution time of the optimal control method in comparison to
traditional controllers based on the real model.

4. Conducting multi-scenario simulations and comparisons of the efficiency of voltage
control schemes on the improved IEEE 33-bus distribution system, the proposed controller
is less demanding regarding system parameter accuracy. Furthermore, it is capable of
effectively supporting the voltage stability of the entire system during periods of significant
fluctuations in sources or loads and the recovery from three-phase faults. This ensures the
full consumption of new energy while maintaining the security and stability of loads in
the ADN.

Moreover, the interconnection between the source, network, load, and storage compo-
nents of the power system deepens and the scope of demand-side response and integrated
energy systems expands. The ability to adaptively select nonlinear observation functions
for Koopman operation is identified as a pivotal area of inquiry for subsequent research.
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Appendix A

Linearized data collection methods:
The linearization of the Koopman model necessitates a substantial quantity of system

input and output data, including current state data, control input data, and output data
about the subsequent moment in time. The dataset should satisfy the following criteria: it
should contain as much of the nonlinear dynamics of the system as possible. Accordingly,
the data collection process should be designed to maximize randomness and facilitate the
expansion of the system state across its entire operational range.

Following the aforementioned analysis, this section collates data from 60 distinct
sets of random initial states, comprising the voltage value of the low-voltage side of the
transformer connected to the upper grid, the load at each bus, and the line impedance.
Each set of initial states is matched with a sequence of randomly generated control inputs
to a controllable unit of length 1400. The current input state of the ADNs that are controlled
in each step (a total of 1400) is collected, as well as the voltage value of each bus. The data
are collected with a fixed sampling period of 0.01 ms. The randomly generated LV-side
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voltages of the upper transformer are situated within the interval [1.02 p.u., 1.05 p.u.]. The
ADN parameters are located within the interval [0.98 p.u., 1.02 p.u.] to simulate parameter
uncertainties and state variations in the real situation.

The generation of the stochastic control sequence is contingent upon the initial determi-
nation of the range of output signals of the controllable unit. To illustrate, in the case of an
ESS installed in the distribution network, the capacity of S is 400 kW-h, the upper limit of
the charging/discharging power is 400 kW, and the upper limit of the reactive power output
is 200 kVar. In light of the aforementioned range of the control volume stochastic matrix,
designated as

{
UESS}, and the vector of the kth column in the matrix, denoted as UESS

k , the
interval time Tu between every two vectors in this ESS output sequence is selected. Tu must
be considerably longer than the sampling time Δt of the system during the experiment to
guarantee the smoothness of the control signal. In this case, Tu = 0.5s is chosen.

The principle of determining the ith (total I) random control output value at the
current moment is that if t is an integer multiple of the interval time Tu, such as k times,
then the kth column vector UESS

k in the random control output sequence
{

UESS} is taken
as the output value at the current moment. Otherwise, if t is between kTu and (k + 1)Tu,
the voltage value at the current moment is obtained according to the linear interpolation
method by using UESS

k and UESS
k+1 . The expression is shown in Equation (36), in which ceil(·)

is the upward rounding function.

k = ceil(t/Tu)

ui(t) =
UESS

k+1,i−UESS
k,i

Tu
(t − (k − 1)Tu) + UESS

k,i , i = 1, 2, . . . , I
(A1)
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Abstract: In electrical power system engineering, the economic load dispatch (ELD) problem is a
critical issue for fuel cost minimization. This ELD problem is often characterized by non-convexity
and subject to multiple constraints. These constraints include valve-point loading effects (VPLEs),
generator limits, emissions, and wind power integration. In this study, both emission constraints and
wind power are incorporated into the ELD problem formulation, with the influence of wind power
quantified using the incomplete gamma function (IGF). This study proposes a novel metaheuristic
algorithm, the modified moth flame optimization (MMFO), which improves the traditional moth
flame optimization (MFO) algorithm through an innovative flame selection process and adaptive
adjustment of the spiral length. MMFO is a population-based technique that leverages the intelligent
behavior of flames to effectively search for the global optimum, making it particularly suited for
solving the ELD problem. To demonstrate the efficacy of MMFO in addressing the ELD problem, the
algorithm is applied to four well-known test systems. Results show that MMFO outperforms other
methods in terms of solution quality, speed, minimum fuel cost, and convergence rate. Furthermore,
statistical analysis validates the reliability, robustness, and consistency of the proposed optimizer, as
evidenced by the consistently low fitness values across iterations.

Keywords: economic load dispatch; wind power; emission; nature-inspired optimization; modified
technique; moth flame optimizer

MSC: 68T20

1. Introduction

Growing power demand has significantly increased the generation costs. Hence,
there is an increasing need to economically disengage the power in order to reduce fuel
expenses and ensure the consistent functioning of the power grid [1,2]. To minimize
fuel costs and adhere to all system and producing unit constraints, the economic load
dispatch (ELD) problem primarily seeks to organize the output of power generation units
to meet the needed load demand in a logical manner. Newton–Raphson, lambda iteration,
dynamic programming, and gradient methods are some of the well-established procedures
that have been suggested in the literature as appropriate ways to address this particular
issue. However, as shown in [3], the gradient approach demonstrates a sluggish rate of
convergence and has difficulties when faced with constraints related to inequality. The
convergence characteristics of Newton’s approach are subject to the influence of the initial
estimation, which might potentially hinder its effectiveness in obtaining an optimal solution
if the initialization is wrong. The linear programming approach is plagued by inaccuracies
and the approximation of piece-wise linear costs. Additionally, as mentioned in [3], the
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application of quadratic programming to the piece-wise quadratic cost approximation
demonstrates inefficiency if the step size is not appropriately chosen. The interior point
approach, although commonly seen as more computationally efficient, may not yield a
realistic solution for non-linear objective functions [4]. Furthermore, it is important to
acknowledge that these traditional approaches need the utilization of incremental fuel cost
curves, which demonstrate a consistent upward trend or incremental linear trend. The
ELD problem demonstrates input–output features that are non-convex, non-linear, and
non-smooth [5]. In order to get beyond the limitations of conventional methods, several
soft computing approaches have been proposed in the literature.

In [5], an innovative methodology for oppositional pigeon-inspired optimization
has been proposed to address the prevalent problem of premature convergence in the
case of power system problem optimization. A chameleon swarm algorithm is proposed
in [6] to address the ELD problem. In addition, a comprehensive exploitation phase is
carried out to tackle the problem of ELD using quasi-quadratic programming for smart
building [7]. In [8], a Q-learning-based search optimization was used to solve the ELD
problem for different IEEE benchmark functions. The ELD problem is solved as multi-
objective economic load dispatch (MELD) considering generation cost and transmission
losses in [9] using the Particle Swarm Optimization (PSO) algorithm. In [10], the modified
version of PSO was used for the utilization of adaptive acceleration constants. This strategy
helps in determining the most suitable value for the acceleration constant in the evaluation
of fitness function values. In [11], a hybrid approach was utilized consisting of bacteria
foraging (BSA) and PSO to deal with the non-convex ELD problem considering the influence
of valve-point effects. This inclusion aims to decrease the degree of unpredictability in
the search procedure and improve the collective behavior of the optimizer. The ELD
problem has been solved utilizing the application of invasive weed optimization [12] while
considering the effects of valve-point loading effect and prohibited operation zones. In
order to best solve the ELD problem, grey wolf optimizer (GWO) has been used for different
IEEE test systems [13]. In [14], an ant lion optimizer was recalled to solve the ELD problem
on four compact test systems keeping in view the valve-point effect scenario. A novel
hybrid methodology was designed in [15] by combining the PSO with pattern search to
solve the ELD problem formulation. In [16], a combination of the Big Bang–Big Crunch
(BB-BC) and PSO optimization techniques has been suggested for solving the ELD problem
in a more resilient and efficient way. Artificial bee colony (ABC) optimization has been
utilized in [17] to solve the ELD problem considering the valve-point effects for different
IEEE test systems, i.e., IEEE three, thirteen, and forty systems.

In [18], the authors explore the possibility of improving the ELD problem solution
by the deployment of a hybrid algorithm that combines a genetic algorithm (GA) and
differential evolution (DE) with a dynamically coordinated PS algorithm considering the
valve-point loading effect. In order to best solve the ELD problem including the valve-point
effects, a new variant of PSO known as catfish PSO has been utilized in [19]. In [20], the
authors examined the conventional ELD problem and proposed a novel approach that
involves the elimination of inefficient generators through the utilization of the differential
evolution (DE) technique. The implementation of this methodology has resulted in a
reduction of 19.88% in the overall fuel cost in comparison to conventional methods. In [21], a
comparative analysis of five soft computing approaches, specifically DE, PSO, evolutionary
programming (EP), genetic algorithm (GA), and simulated annealing (SA), has been utilized
to solve the dynamic ELD problem. This comparative analysis takes into account several
constraints, including limitations on the generator ramp rate. In [22], an improved version
of teaching–learning-based optimization with incorporation of quasi-oppositional-based
learning has been proposed to enhance the exploration and convergence characteristics of
the proposed optimizer in order to best solve the ELD problem. To tackle the ELD problem,
a modified version of the DE approach is suggested in [23]. The proposed optimizer entails
the incorporation of a tournage-best vector during the mutation phase.
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The generation of electrical energy from fossil fuel-based thermal power stations has
led to an increase in the emission of harmful pollutants, including oxides of nitrogen (NOx),
sulfur oxides (SO), and carbon monoxide (CO). To address these environmental issues,
computational methods have been developed to optimize power generating efficiency while
reducing hazardous emissions. The integration of renewable energy sources (RESs), such as
wind and solar power, has significantly alleviated the challenges related to rising generating
prices and harmful fossil emissions [23]. The assimilation of energy from RESs into thermal
power systems has necessitated alterations to the traditional quadratic equation utilized
for calculating the cost of fuel. These enhancements include the incorporation of Beta
and Weibull distribution functions, which account for the probabilistic fluctuations in the
supply of solar and wind energy [24], respectively. PSO is a global methodology inspired
by metaheuristic principles used to achieve optimal results in ELD integrated with wind
power for the development of hybrid energy generating systems [25]. The enhancement
of wind power availability, in conjunction with thermal power generation units, has been
accomplished by a unique optimization technique known as HIC-SQP [26]. The aim is
to optimize direct costs, inflated costs, and underestimated costs to reduce both power
generating expenses and hazardous gas emissions. In [27], an exchange market algorithm
(EMA) has been recalled to solve the ELD problem with wind power integration.

The optimization of the ELD problem is crucial for effective power grid management
due to rising global energy demands and power generation costs as well as with integration
of renewable energies Conventional approaches have difficulties with restrictions and non-
convexity in ELD to handle the inherent unpredictability and non-linear dynamics resulting
in unsatisfactory solutions The aforementioned research indicates that a majority of the
techniques [5–25] require the adjustment of a significant amount of control parameters.
Therefore, in order to obtain an optimal solution, it is necessary to accurately adjust the
control settings, a process that can be both time-consuming and laborious. The moth
flame optimization (MFO) algorithm [28] is a recently developed methodology that draws
inspiration from the migration patterns of moths in relation to moonlight. The moth
employs a mechanism called transverse orientation to enhance its movement [29]. This
technique has demonstrated rapid convergence and effective utilization in tackling diverse
engineering design issues. However, in the conventional MFO approach, in the last step of
iterative optimization, the majority of individuals are concentrated in a limited terrestrial
area surrounding the present ideal individual [30–33]. If sophisticated multimodal global
optimization problems are being addressed, it is possible for the entire population to
quickly achieve the local optimum [31] and be prone to early convergence.

This paper proposes the modified version of MFO known as MMFO. The MMFO tech-
nique entails incorporating the idea of the Archimedean spiral into the conventional MFO;
employing these modifications has led to improvements in the resilience, precision, and
search efficiency of the optimizer while also drastically lowering the number of iterations
needed to obtain the best solution. This Archimedean spiral enables moths to perform
adaptive movements, which ensures a balanced exploration of the search space early in
the optimization process and a more focused exploitation near the optimal solutions in
later stages. This study presents the MMFO methodology as a potential resolution for the
ELD problem.

The key contribution of this paper is expressed as follows:

1. A novel metaheuristic optimization algorithm referred to as MMFO that aims to
improve the exploration capacity of the traditional MFO to the ELD problem.

2. The proposed MMFO is successfully applied to four well-known IEEE ELD test
systems as well as on 11 benchmark functions to verify the MMFO.

3. The proposed approach is validated in independent runs using various statistical
illustrations, including minimal fitness value quantile plots, boxplots, histograms,
standard normal plots, and cumulative distribution function plots for each distinct
case study for accuracy, robustness, and stability.
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The subsequent sections of this paper are organized in the following manner. The
problem formulation of the ELD problem is presented in Section 2. The methods for solving
the problem are elaborated in Section 3. The findings and subsequent statistical analysis
are discussed in Sections 4 and 5.

2. Mathematical Modeling of Problem Formulation

The ELD problem is an optimization problem with constraints that seeks to streamline
the allocation of total power to different generating units by optimizing the overall fuel and
emission costs. Within the framework of the ELD problem, specific limitations are consid-
ered, including the equilibrium of power in the presence and absence of transmission line
losses, the maximum capacity for production, and the influence of valve-point loading [22].

2.1. Objective Function

Minimizing the overall amount of fuel used and the amount of pollution from power
plants is the main goal of the ELD problem. Therefore, as shown below, the objective
function is created by adding the fuel prices of individual dedicated generating units and
the emissions from fossil-fueled thermal units, weighted by their respective contributions.

F1 = ∑N
i=1 Ci(Pi) + σ × ∑N

i=1 Ei(Pi) (1)

For the sake of this discussion, we will use the notation Ei(Pi) to indicate emissions,
Ci(Pi) to indicate fuel cost, N to denote the number of generating units, and Pi to indicate
active power generated by the i-th generating unit, while σ denotes C(pi)

max and E(pi)
min.

2.1.1. Characteristics of a Smooth Cost Function

The quadratic function is used to express the smooth fuel cost characteristic function
in the standard ELD problem, as explained in reference [22].

∑N
i=1 Ci(Pi) = ∑N

i=1 ai + biPi + ciP2
i (2)

The coefficients representing the fuel cost of the i-th unit are represented by ai, bi,
and ci.

2.1.2. Characteristics of Non-Smooth Cost Functions

The output power of the generating unit is regulated via several valves in thermal
power plants. Incoming steam flow is mostly controlled by these valves. Thus, the steam
valves are opened in response to rising power demand, which causes a spike in losses
and changes in the cost curve’s shape. The effect that has been described is sometimes
called a valve-point loading effect. Considering the numerous non-differential scores and
non-smooth features in the cost curve, this phenomenon of valve-point loading [22] is
important. Here, we show how the existence of valve-point effects transforms the objective
function of the ELD problem into a non-convex quadratic and sinusoidal function.

F2 = ∑N
i=1 Ci(Pi) = ∑N

i=1 ai + biPi + ciP2
i + |eisin

(
fi

(
Pmin

i − Pi

))
| (3)

The cost coefficients, denoted as ei and fi, are used to illustrate the effects of valve-point
loading. Additionally, Pi

min is employed to show the minimal active power generation
limit of the i-th generator.
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2.1.3. Characteristics of Non-Smooth Emission Functions

Fossil fuel generating units are primarily responsible for emitting two main pollutants,
namely SOx and NOx. The mathematical expression that represents the functionality of the
overall pollutant emissions is as follows.

N

∑
i=1

Ei(Pi) =
N

∑
i=1

αi + βiPi + γiP2
i + ηiexp(δiPi) (4)

The emission coefficients of the i-th generator are denoted by αi, βi, γi, ηi, and δi.
The equation presented above demonstrates that the pollutant emission function has a
high degree of non-linearity, mostly attributed to the inclusion of both quadratic and
exponential terms.

2.1.4. Wind Power Generation Availability Cost Function

A significant advantage in electrical power generation with regard to cost-effectiveness
and environmental sustainability is the incorporation of wind power into thermal power
producing units. Several models aim to explain the scheduling of operational generating
cost and real power generation in power generation systems that include both wind and
thermal power units. Given the unpredictable nature of wind speed, the power generation
operator is unsure about the availability of wind power. Given the discrepancy between
the actual and predicted power output, it is possible that there was an overestimation of
the wind power availability. This could have resulted in the need to purchase additional
electricity to meet the load requirements. Occasionally, there may be surplus power
resulting from underestimating the availability of wind power. This surplus power is then
utilized to compensate the wind power suppliers for the costs incurred from underutilizing
all of the available wind power. The following model can be used to show the total cost of
generating wind electricity [33].

C3 =
wg

∑
n=1

[(
CW.P(DIR,n) + CW.P(OE,n)

)
+ CW.P(UE,n)

]
(5)

The entire number of wind power generating units is denoted by wg, and the variable
C3 stands for the aggregate cost of wind power generation. Here, CW.P(DIR,n) refers to the
direct cost, CW.P(OE,n) to the overestimated cost, and CW.P(UE,n) to the underestimated cost
as they relate to wind power generating units. A direct proportionality exists between CW
and the output of wind power generation. In terms of mathematics, the nth wind power
generating unit can be expressed as P (DIR, n).

CW.P(DIR,n) =
wg

∑
n=1

(qn × W.Pn) (6)

The coefficient qn in Equation (6) represents the direct electrical energy cost from the
nth wind power generating unit, measured in dollars per megawatt-hour (MWh). On the
other hand, W represents the true electrical output power, measured in megawatts (MW),
from the nth wind power producing unit. The variable CW represents the unbalanced over-
estimated cost resulting from an overestimation of wind power availability. In response to
a lack of electrical power from wind power generating units, more real power in megawatts
(MW) is obtained. This can be mathematically represented as follows:

CW.P(OE,n) =
wg

∑
n=1

(Crw,n × X(Voe,n)) (7)

The cost coefficient for overestimation for each wind power generating unit is repre-
sented by Crw,n and is measured in dollars per megawatt-hour (MWh), whereas X(VOE,n)
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represents the predicted value of wind power overestimation for the nth wind power
generating unit, as demonstrated in Equation (8).

X(VOE,n) = W.Pn

[
1 − exp

(
−VKn

IN,n

CKn
n

)
+ exp

(
−VKn

OUT,n

CKn
n

) ]
+

(
W.Pr,n×VIN,n

Vr,n−VIN,n
+ W.Pn

)
.
[

exp
(
−VKn

IN,n

CKn
n

)
− exp

(
−VKn

1,n

ckm
n

) ]
+(

W.Pr,n×Cn
Vr,n−VIN,n

){
Γ
[

1 + 1
Kn

,
(

V1,n
cn

)Kn
]
− Γ

[
1 + 1

Kn
,
(

VIN,n
Cn

)Kn
] } (8)

The cut-in, cut-out, and rated wind speeds are represented by the variables VIN, VOUT,
and Vr, respectively, and are expressed in meters per second. One way to represent the
intermediary parameter is as V1 = VIN + (Vr − V IN) × W.P1/W.Pr. The coefficients Cn and
Kn represent the size and shape factor, respectively, for the nth wind power generating unit
in the Weibull distribution. In megawatts (MW), W.Pn and W.Pr denote the electrical power
produced and rated for the nth wind power producing unit, respectively. Additionally, the
following mathematical expression can be used to describe the gamma function, which is
defined by its incompleteness and limited parameter count of two [33].

Γ(p, c) = 1/Γ(c)×
p∫

0

tc−1e−tdt (9)

A typical gamma function consists of a solitary parameter that is expressed as follows:

Γ(p) =

p∫
0

tp−1e−pdt (10)

The penalty cost, denoted as CW.P(UE,n), arises from the underestimation of wind
power availability, wherein the actual active power generated by wind power producing
units exceeds the forecast active power. Compensation is offered to cover the costs incurred
by wind power suppliers in this context.

CW.P(UE,n) =
wg

∑
n=1

(Cew,n × Y(VUE,n)) (11)

Cew,n represents the cost coefficient for underestimate in dollars per megawatt-hour
(MWh) for the nth wind power producing unit. Equation (12) mathematically represents
the expected value of wind power underestimate for the nth wind power producing unit,
denoted as Y(VUE,n).

Y(VUE,n) = (W.Pr,n − W.Pn)

[
exp

(
− VKn

r,n

CKn
n

)
− exp

(
− VKn

OUT,n

CKn
n

) ]
+

(
W.P1,n×VIN,n

Vr,n−VIN,n
+ W.Pn

)
.
[

exp
(
− VKn

r,n

CKn
n

)
− exp

(
− VKn

1,n
ckn

n

) ]
+(

W.Pr,n×Cn
Vr,n−VIN,n

){
Γ
[

1 + 1
Kn

,
(

V1,n
cn

)Kn
]
− Γ

[
1 + 1

Kn
,
(

Vr,n
Cn

)Kn
] } (12)

To model the objective function, one can combine the quadratic fuel cost function,
which includes V.P.L.E (Equation (3)), with the wind power generation availability cost
function (Equation (5)). This combination results in the total generating cost (TGC) in
dollars per hour:

TGC =
tg

∑
m=1

[
Am + BmPm + CmP2

m+
abs(Em sin(Fm(Pm,min − Pm)))

]
+

wg

∑
n=1

[
(qn × W.Pn) + (Crw,n × X(Voe,n)+
(Cew,n × Y(VUE,n)

]
(13)
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2.2. Constraint Functions
2.2.1. Constraint on Power Balance

As stated in reference [22], it is expected that the aggregate power produced by
dedicated generators will be equal to the combined value of the load demand (PD) and the
entire losses incurred during transmission.

N

∑
i=1

Pi − PD − PL = 0 (14)

The symbol PL represents the overall transmission loss, and PD is the load demand.
The calculation of losses associated with the transmission of electricity from the producing
station to the load is often performed by load flow analysis or by utilizing Kron’s loss
coefficients, as outlined below.

PL =
N

∑
i=1

N

∑
j=1

PiBijPj +
N

∑
i=1

PiB0i + B00 (15)

The variables Bij, B0i, and B00 represent the loss B coefficients and constants under
typical operational circumstances.

2.2.2. Constraints on Generation Limits

The maximum Pmax and minimum Pmin restrictions, as indicated in reference [22],
and the active power-generated output of each producing unit must meet the
specified requirements.

Pi
min ≤ Pi ≤ Pi

max, f or i = 1, 2, 3, . . ., N. (16)

2.2.3. Ramp Rate Limit Constraints

The power outputs of thermal power units are limited by the ramp rate restrictions
due to their inertia. This limitation is beneficial for prolonging the service life of the units
and is characterized as follows: {

Pt,i − Pt−1,i ≤ URi
Pt−1,i − Pt,i ≤ DRi

(17)

3. Design Methodology Using MMFO

3.1. Moth Flame Optimization

A new swarm intelligence optimization technique called the moth flame optimization
(MFO) algorithm was introduced by Seyedali Mirjalili in 2015 [28]. It takes its cue from the
nighttime spiral flight of a moth, which changes its direction of flight in response to the
moon. However, in the case of artificial flame which is very close as compared to the moon,
moths would eventually form a spiral flight path toward the flame, keeping their angle
with the artificial light constant. The MFO is capable of exploring many solution spaces
and has excellent parallel optimization abilities. For multimodal and non-convex problems
where there is the possibility of many local optimum points, the MFO is more suitable.

3.1.1. Initialize Parameters

The MFO is fundamentally a swarm intelligence optimization algorithm. In the ELD
problem, the candidate solutions are represented by m, where m refers to the moths. Moths
navigate either in a one-dimensional or multi-dimensional space within the feasible domain,
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with their flight paths defining the range of possible solutions. The population of moths,
M, is described as follows:

M =

⎡⎢⎢⎢⎣
m1,1 m1,2 · · · m1,d
m2,1 m2,2 · · · m2,d

...
...

. . .
...

mn,1 mn,2 · · · mn,d

⎤⎥⎥⎥⎦ (18)

Here, d is dimension size, where n represent the number of moths.
Every moth in the MFO has a matching flame, and the moth updates its position by

flying along the flame. The flame that the dimension represents as F is matched by the
moth. The flame’s position is stated as follows:

F =

⎡⎢⎢⎢⎣
F1,1 F1,2 · · · F1,d
F2,1 F2,2 · · · F2,d

...
...

. . .
...

Fn,1 Fn,2 · · · Fn,d

⎤⎥⎥⎥⎦ (19)

The search space’s upper bound (ub) and lower bound (lb) are as follows:

ub = [ub1, ub2, ub3, · · · · · · , ubn−1, ubn] (20)

lb = [lb1, lb2, lb3, · · · · · · , lbn−1, lbn] (21)

3.1.2. The Moth’s Location Updating

The logarithmic spiral function (S) that the moth flies according to is constructed
as follows:

S
(
Ki, Fj

)
= di × eat × cos(2πt) + Fj (22)

where the symbol Ki indicates the i-th moth and designates a spiral function, and Fj signifies
the location of the j-th flame. The constant a represents the value required to preserve the
shape of the logarithm spiral. The distance between the j-th flame and the i-th moth is
denoted as di. The random integer t is the distance parameters. The computation of the
value of di is performed by employing Equation (20), defined as a value between −1 and +1.

di =
∣∣Fj − Ki

∣∣ (23)

The variable Ki represents the position of the i-th flame, Fj represents the position of
the j-th moth, and the distance between the j-th flame and the i-th moth is represented by i
and is updated by the following:

f lame number = round
(
(N − L)× N − 1

T

)
(24)

where N indicates the upper limit of flames, T marks the upper limit of iterations, and L
represents the current number of iterations. The adjustment of the position of each moth in
relation to a flame is determined by the following equation.

3.2. Modified Moth Flame Optimizer

The MMFO is an enhanced version of the moth flame optimization (MFO) algorithm,
where the movement of moths is based on the Archimedean spiral rather than the logarith-
mic spiral used in the standard MFO. The flight paths of the moths toward flames follow a
spiral trajectory, providing better exploration and exploitation of the search space.
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The position update formula for the MMFO using the Archimedean spiral is mathe-
matically expressed as follows:

Mi
t+1 = Fi + D.eb.l × cos(2πl) (25)

where Mi
t+1 is the updated position of the moth iii at iteration t + 1, Fi is the position of the

flame i (the best solution found so far), D is the distance between the moth and the flame, b
controls the shape of the spiral, and l is a random number in the range [−1,1].

This Archimedean spiral enables moths to perform adaptive movements, which
ensures a balanced exploration of the search space early in the optimization process and a
more focused exploitation near the optimal solutions in later stages.

Archimedean Spiral Motion

The core idea of the MMFO is to update the position of each moth based on the
Archimedean spiral toward a flame. This spiral is given by the following:

Mi
t+1 = Fi + D.l (26)

Here, D =
∣∣∣Mi

t+1 − Fi

∣∣∣ is the Euclidean distance between the moth and the flame.
The Archimedean spiral is described mathematically as follows:

S(θ) = r(θ).(cosθ, sinθ) (27)

where r(θ) = a + b.θ) defines the radius of the spiral as a function of the angle θ, and a
and b are constants controlling the growth of the spiral. For the MMFO, this translates to
the following:

Mi
t+1 = Fi + (a + b.θ).(cosθ, sinθ) (28)

where a controls the initial radius of the spiral, b defines how fast the spiral expands or
contracts, and θ is a random value determining the angle of the spiral. Also, the coordinate
for the Archimedean spiral could be found in [34,35].

This equation ensures that moths follow a spiral trajectory toward the flames, where
they explore the search space in wide arcs initially (exploration) and tighten their paths
as they converge toward the best solutions (exploitation). The pseudocode summary and
graphical abstract of the proposed MMFO is given in Algorithm 1 and Figure 1.
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Figure 1. Graphical abstract of the proposed methodology.
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Algorithm 1: Pseudocode of MMFO

1. Initialize parameters:

Number of moths (N);
Maximum number of iterations (MaxIter);
Search space bounds (LB, UB);
Moths’ positions (M) randomly within the search space;
Number of flames (F), initially equal to N.

2. Initialize flames (best solutions):

Set the initial positions of flames (F) as the top N moths’ positions.

3. Evaluate the fitness of all moths:

For each moth Mi, evaluate the fitness using the objective function.

4. Sort moths based on fitness:

Rank moths from best to worst based on fitness values.
The best moths are selected as flames (F).

5. Loop through iterations (t = 1 to MaxIter):

a. Update number of flames dynamically:
Reduce the number of flames as iterations progress.
Flame_no = round (N − t × (N − 1)/MaxIter)

b. For each moth Mi (i = 1 to N):

i. Select the corresponding flame Fi:
If i ≤ Flame_no, select the i-th flame;
If i > Flame_no, select the last flame.

ii. Calculate distance between the moth and the flame: D = |Fi − Mi|
iii. Update moth position using Archimedean spiral:

Mi
t+1 = Fi + D.l

where l is a random number in the range [−1, 1], determining the spiral
movement’s direction and distance.

iv. Ensure the updated moth position is within search bounds (LB, UB).

c. Evaluate the fitness of updated moths:
For each updated moth Mi, calculate its fitness using the objective function.

d. Sort moths based on their updated fitness:
Rank all moths based on fitness values.

e. Update flames:
Select the top Flame_no moths as the new flames for the next iteration.

f. Check stopping criteria:
If the maximum number of iterations is reached or the convergence condition

is met, exit the loop.

6. Return the best flame (optimal solution) as the result.

4. Results and Discussion

The effectiveness of the proposed MMFO approach in solving the constraint opti-
mization problem is assessed by initially applying it on a standard benchmark function.
The most effective way for evaluating optimization techniques is to employ to standard
unimodal and multimodal benchmark functions. The optimizer with the lowest error
is regarded as a good optimizer [30,31]. For a fair comparison of performances of the
proposed MMFO and other competing algorithms in solving the benchmark, common and
default settings for all and individual algorithms are shown in Table 1.
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Table 1. Common and default settings for all algorithms.

Common Setting
Default Setting

Algorithm Population Size Number of Iterations

PSO 30 1000 Inertia weight = 0.7, cognitive C1 = 2, Social (C2) = 2

GSA 30 1000 Gravitational constant (G) = 1

BA 30 1000 Loudness (A) = 0.5, pulse rate = 0.5

MFO 30 1000 Spiral function parameter (b) = 1

MMFO 30 1000 b = 1 + 0.5 × (1 − Iteration/Max_iteration);

In order to evaluate different optimization methods across different contexts, this
paper uses a complete set of 11 benchmark functions. Unimodal functions are the first
seven functions (F1–F7), whereas multimodal functions are the last four functions (F8–F11).
All these benchmark functions have been taken from [28]. The MMFO achieves an optimum
result in all different test scenarios. The results are tabulated in Table 2 which shows the
performance of MMFO in terms of average fitness value over 100 independent runs with
other state-of-the-art solvers, and it has been observed that the MMFO surpasses other
optimization techniques in terms of average fitness value. To further demonstrate the
superiority of our proposed optimizer, it has been also applied to a set of 10 benchmark
functions consisting of different multimodal multi-objective optimization functions. The
mathematical formulation and function details could be found in reference [36]. From
Table 3, it has been realized that the MMFO outperforms the conventional MFO in terms of
best, median, mean, and worst value and optimizes it up to optimum values. The results
shown in Table 4 present statistically significant differences between MMFO and MFO in
all metrics, with p-values below 0.05 using the Wilcoxon test. This indicates that MMFO
exhibits a distinct optimization performance compared to MFO, suggesting that the modifi-
cations in MMFO have a substantial impact on the optimization outcomes. The consistent
differences across metrics highlight the different behaviors of these two methods. In Table 4,
it has been further concluded that the null hypothesis (H0) is rejected in all scenarios which
indicates that our proposed MMFO differed significantly and outperformed its counterpart
MFO.

In order to further validate the performance of the MMFO approach, it is first applied
on the conventional ELD problem, which entails minimizing fuel cost. This assessment
is carried out utilizing two practical benchmark IEEE testing systems. The subsequent
content is presented as follows.

Case study 1 examines a small test system including three thermal units, each sup-
porting a load requirement of 850 MW. The second case study focuses on a medium-sized
test system consisting of 13 thermal generating units having a load demand of 1800 MW.

After validating the performance to solve the traditional ELD problem, the suggested
technique minimizes fuel cost and emission by taking into consideration VPLEs, transmis-
sion line loss generator limitations of a standard IEEE benchmark system consisting of six
power units for emission, and forty power units for wind power.
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Table 4. Statistical comparison of MMFO and MFO performance using Wilcoxon signed-rank test.

Test Metric p-Value Test Statistic (W)
Conclusion
(Reject H0)

Best value 0.0001 116866.0000 Yes

Median value 0.0000 116867.0000 Yes

Mean value 0.0001 116884.0000 Yes

Std 0.0000 423354.0000 Yes

Worst value 0.0000 129714.0000 Yes

4.1. Case 1. Three Thermal Generating Units with a Load Demand of 850 MW

The purpose of this case study is to assess the performance of the proposed MMFO
and MFO with a load demand of 850 MW using a three-unit producing system, taking
into account the valve-point loading impact. The parameters for fuel cost and the upper
and lower limits for generators have been sourced from references [17,33,37–42]. The
findings derived from the use of MMFO and MFO are presented in Table 5, alongside
the findings documented in the existing literature. Table 6 illustrates the distribution of
powers among several generators in response to a specified load demand of 850 MW. The
suggested MMFO algorithm demonstrates superior performance, achieving a total cost of
8194.48008 USD/h, in comparison to MFO and other state-of-the-art algorithms.

Table 5. Optimum results for case 1 with other optimization techniques.

Algorithm P1 (MW) P1 (MW) P1 (MW) PG (MW) Cost (USD/h)

GSA [39] 300.210 149.795 399.995 850 8234.1

PSO-SQP [38] 300.3 400 149.7 850 8234.1

PSO [38] 300.3 400 149.7 850 8234.1

GA [38] 398.7 399.6 50.1 848.4 8222.1

GA-PS-SQP [38] 300.30 400 149.70 850 8234.10

QOPO [43] 300.25 400 149.75 850 8234.07

MFO 358.0935 365.7145 126.192 850 8198.2314

MMFO 396.769 328.4747 124.7563 850 8194.4800

Table 6. Comparison of total fuel cost with up-to-date algorithms for case 1.

Method Minimum Cost (USD/h)

GWO [13] 8253.11

GA [37] 8234.419

EP [37] 8234.1357

SA [37] 8234.1355

GA-PS-SQP [38] 8234.1

CPSO-SQP [41] 8234.07

NDS [44] 8234.07

MFEP [40] 8234.08

NSS [37] 8234.08

CPSO [41] 8234.07

GSA[39] 8234.1

iBA [42] 8234.07

GAB [40] 8234.08

QOPO [43] 8234.07

MFO 8198.23141

MMFO 8194.48008
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Moreover, the findings are succinctly presented in Table 6 and juxtaposed with al-
ternative comparison methodologies proposed in the existing literature. The proposed
method yields superior outcomes compared to previous procedures. It has been seen that
the proposed method achieved a superior solution and minimized the overall fuel cost
to the optimal level, demonstrating the superiority of the suggested technique over other
state-of-the-art algorithms in terms of total net gain in cost (USD/h). Figure 2 displays the
convergence characteristic graph of MMFO vs. MFO, illustrating a more rapid convergence
and the achievement of the lowest fuel cost within a reduced number of iterations as com-
pared to MFO. Figure 3 shows the statistical analysis of MMFO vs MFO using cumulative
distribution function (CDF), histograms, boxplot and fitness propagation obtained during
the course of simulation
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Figure 2. MMFO vs. MFO convergence characteristics curve for case 1.

4.2. Case 2. Thirteen Thermal Generating Units with 1800 MW Load Demands

This case study examines the efficacy of the suggested MMFO with load requirements
of 1800 MW using the system of 13 generating units, taking into account the valve-point
loading effect. The parameters for fuel cost and the upper and lower limits for generators
have been sourced from references [8,17,38,40,43,45,46]. The outcomes derived using
MMFO and MFO are presented in Table 7 for load demands of 1800 MW, in addition to the
findings reported in the literature. Table 7 depicts the distribution of power among various
generators in response to load demands of 1800 MW. The suggested MMFO demonstrates
superior outcomes, with a total expenditure of 17,960.14253 USD/h. The data presented
in Table 8 clearly demonstrate that the suggested method outperforms other strategies,
including conventional Fast EP (FEP), EP (CEP), MFEP, enhanced FEP (IFEP), and PSO.
With the expansion of the system to 13 units, the suggested technique has demonstrated
a significant cost reduction of at least USD per hour in comparison to the Fast EP (FEP),
MFEP, and PSO techniques for a load requirement of 1800 MW. The aforementioned results
demonstrate the efficacy of the suggested MMFO approach. Figure 4 indicates that the
MMFO and MFO convergence characteristic allows it to reach the global optimal solution
with fewer iterations. When compared to other methods discussed in the relevant literature,
the suggested MMFO has shown to be more effective. Optimal fuel cost and enhanced
convergence rate have improved the solution’s overall quality. Figure 5 shows the complete
statistical analysis of the proposed MMFO VS MFO consisting of CDF, histogram, boxplot
and fitness propagation demonstrating the reliability consistency of MMFO over MFO.
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Figure 3. MMFO vs. MFO comparison during total fuel cost minimization for 3 thermal generating
units: (a) CDF, (b) boxplot illustration, (c) histogram, (d) probability plot for normal distribution, and
(e) quantile–quantile plot.
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Figure 4. Convergence characteristic of MMFO vs. MFO for 13-unit system.
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Figure 5. MMFO vs. MFO comparison during total fuel cost minimization for 13 thermal generating
units: (a) CDF, (b) boxplot illustration, (c) histogram, (d) probability plot for normal distribution, and
(e) quantile–quantile plot.

Table 7. Optimum power distribution for 13 generator units with other algorithms.

Unit GWO [13] NN-EPSO [13] MFO MMFO

1 807.1247 490 532.6321 481.7726

2 144.869 189 305.1329 194.1905

3 297.9434 214 89.01453 244.7307

4 60 160 117.7604 116.1982

5 60 90 117.7238 117.4941

6 60 120 122.1081 132.1647

7 60 103 60 77.94045
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Table 7. Cont.

Unit GWO [13] NN-EPSO [13] MFO MMFO

8 60 88 99.69107 125.2659

9 60.0362 104 92.019 92.16435

10 40 13 40 40

11 40.0267 58 48.91808 43.26936

12 55 66 120 78.6438

13 55 55 55 56.16537

TG (MW) 1800 1750 1800 1800

Total Cost (USD/h) 18,051.11 18,442.59 18,008.89 17,960.14

Table 8. Comparison of total fuel cost with up-to-date algorithms for case 2.

Technique Total Fuel Cost (USD/h)

MFEP [40] 18,028.09

FEP [40] 18,018.00

PSO [43] 18,030.72

CEP [40] 18,048.21

MFO 18,008.89

MMFO 17,960.14253

4.3. Case 3. Six Generating Units with 1000 MW Load Demand with Emission

A small test system has been used in this scenario to assess its efficacy in delivering a
more efficient and precise solution for high load demand. The generator maximum and
lowest limitations, emission coefficients, and fuel cost coefficients have been extracted from
references [43,47–50]. Table 9 displays the optimal solutions obtained by MMFO, which
includes the power generating output of each unit for the economic emission dispatch
(EELD) problem. This study examines the outcomes obtained utilizing the scalar factor
w. It has been noticed that when w is set to 0.5, the desired balance values are reached.
In this situation, the EELD problem obtained with a weight (w) of 0.5, as shown in the
table, has been selected for further investigation and comparison [4]. Table 10 presents a
comparison of the solutions obtained by MMFO and other previously published approaches
for minimizing fuel cost (FC) in ELD and minimizing emissions (E) in the economic
emission issue. Based on the table, MMFO has produced lower results for the lowest
fuel cost compared to other algorithms. The acquired findings are compared with nine
distinct strategies that have been suggested in the literature and sourced from [43] The
simulation results indicate that the suggested MMFO approach offers superior fuel cost
compared to other strategies but with somewhat higher emissions compared to NGPSO.
The emission level is significantly elevated owing to the significant reduction in fuel cost
of 51,337.3323 USD/h, which is 15,201.0077 USD/h lower than NGPSO. In addition, the
suggested MMFO approach has been shown to provide both the lowest fuel cost and the
lowest pollution cost when compared to other strategies. The graph in Figure 6 illustrates
the convergence characteristic of total fuel cost when using various scaling factors. It reveals
that the convergence is rapid and achieves the optimal solution in a reduced number of
iterations. Thus, it can be said that the suggested MMFO offers a superior and better
compromised solution.
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Table 9. Optimum power allocation among 6 units for different values of w.

w P1 P2 P3 P4 P5 P6
Total
Load

Fuel Cost
(USD/h)

Emission
(tons/h)

0 103.652 99.53047 154.1789 159.767 246.1043 236.7673 1000 52,009.8943 801.4391

0.1 103.652 99.53047 154.1789 159.767 246.1043 236.7673 1000 51,796.5424 807.0951

0.2 103.652 99.53047 154.1789 159.767 246.1043 236.7673 1000 51,812.7033 806.5594

0.3 103.652 99.53047 154.1789 159.767 246.1043 236.7673 1000 51,616.4886 813.7519

0.4 103.652 99.53047 154.1789 159.767 246.1043 236.7673 1000 51,347.5181 824.8128

0.5 103.652 99.53047 154.1789 159.767 246.1043 236.7673 1000 51,337.3323 824.4148

0.6 103.652 99.53047 154.1789 159.767 246.1043 236.7673 1000 51,048.3607 842.7160

0.7 103.652 99.53047 154.1789 159.767 246.1043 236.7673 1000 51,023.9795 845.2482

0.8 103.652 99.53047 154.1789 159.767 246.1043 236.7673 1000 50,824.5949 862.3027

0.9 103.652 99.53047 154.1789 159.767 246.1043 236.7673 1000 50,508.2147 910.1253

1 103.652 99.53047 154.1789 159.767 246.1043 236.7673 1000 50,385.4867 986.7312

Table 10. Comparison of results of six-unit system with other algorithms.

Unit 1 2 3 4 5 6 C E

QOTLBO 107.3101 121.497 206.501 206.5826 304.9838 304.6036 64,912 1281

TLBO 107.8651 121.5676 206.1771 205.1879 306.5555 304.1423 64,922 1281

MODE 108.6284 115.9456 206.7969 210 301.8884 308.4127 64,843 1286

PDE 107.3965 122.1418 206.7536 203.7047 308.1045 303.3797 64,920 1281

NSGA 113.1259 116.4488 217.4191 207.9492 304.6641 291.5969 64,962 1281

SPEA 104.1573 122.9807 214.9553 203.1387 316.0302 289.9396 64,884 1285

MOGA 108.9318 123.1808 205.1513 206.67 304.8553 302.6093 64,838.57 1285.49

OGHS 105.7331 119.0825 205.2976 204.7772 305.8042 308.9128 64,722.74 1281.349

NGPSO 144.0425 150 190.507 192.9285 284.9083 288.0456 66,538.34 1228.365

QOPO 82.83027 82.61994 197.7722 202.2269 317.4203 317.6234 61,197.88 1238.819

MMFO 103.652 99.53047 154.1789 159.767 246.1043 236.7673 51,337.3323 824.4148
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Figure 6. MMFO convergence graphs for IEEE six-generator system with different scaling.
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4.4. Case 4. Thirty-Seven Thermal Generating Units and Three Wind Power Units with Demand
of 10,500 MW

This scenario investigates a modified case study of ELD-VPLE, focusing on a total
of 40 generators. Specifically, the analysis includes thirty-seven thermal power generat-
ing units and three units of wind power producing units, which are examined for the
bi-objective function. The integration of ELD-VPLE with wind power is achieved by em-
ploying the system model formulation of Equation (3). Equation (5) is used to include
the total cost of generation. The dataset containing information on thermal and wind
power generating units has been sourced from references [27,45,46,51,52]. Table 11 de-
picts the distribution of power among various generators in response to load demands
of 10,500 MW. Table 12 presents the optimal overall cost value in dollars per hour when
compared to alternative algorithms. Furthermore, it has been shown that the suggested
MMFO exhibits strong performance in the context of bi-objective functions, thereby reduc-
ing the overall fuel cost to an optimal level. Furthermore, it has significantly enhanced
the overall quality of the solution in terms of achieving the most efficient fuel cost, faster
convergence rate, and improved dependability. As shown in Figure 7, the minimum fitness
value is obtained in a fewer number of iterations; furthermore, it has been observed that
the convergence process is expedited, resulting in a shorter number of iterations to obtain
the global optimum solution.

Table 11. Optimum power allocation for 40-unit test system (37 thermal and 3 wind power units).

Power Units MFO MMFO Power Units MFO MMFO

1 114 112.2146 21 523.2265 534.9080

2 110.782043 85.7714 22 345.1678 519.7360

3 97.35768193 88.2117 23 523.2798 461.0149

4 179.853732 180.9641 24 550 532.9676

5 47 82.4790 25 523.2365 532.8027

6 140 139.9986 26 522.6056 541.2884

7 300 300 27 47 80.9368

8 300 289.7228 28 163.3979 112.6556

9 285.1041 288.4185 29 169.6291 126.9149

10 130 200.5044 30 190 158.8551

11 318.0878 289.2551 31 172.465 199.9890

12 94 243.7934 32 166.535 172.3346

13 216.8874 304.4608 33 90 90

14 484.0405941 390.7212 34 65.63347 86.84495

15 500 500 35 110 57.10207

16 500 353.3224 36 110 72.98398

17 500 313.0460 37 511.2403 500.4913

18 220 421.2108 38 18 19.85508

19 511.4687 495.8544 39 46 46.0001

20 550 518.3697 40 54 54

Total cost MFO 139,576.3965 Total cost MMFO 138,155.7853
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Table 12. Comparison of total fuel cost for 40-unit test system with wind power units.

Method Minimum Cost (USD/h)

Best Compromise [51] 143,587.90

PSO [52] 139,000.03

DWTED2 [51] 154,993.00

PWTED2 [51] 156,878.97

EMA [27] 144,356.00

GAEPSO [27] 146,035.00

PSO [27] 142,068.00

COOT [52] 139,000.63

MFO 139,576.3965

MMFO 138,155.7853
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Figure 7. Convergence characteristic of MMFO vs. MFO for 40-unit system with wind power.

5. Comparative and Statistical Analysis

The proposed MMFO was applied to solve the ELD problem for the IEEE bench-
mark systems comprising three, six, eleven, and forty generating units, incorporating
wind power effects. The results obtained by the proposed optimizer were aligned with
and superior to those reported in references [13,27,37–46,51,52]. The MMFO successfully
achieved optimal solutions for addressing the ELD problem while considering both emis-
sion constraints and wind power factors. The findings confirm that MMFO outperforms
other optimization methods in solving this non-convex, non-linear, and complex optimiza-
tion problem, offering a faster convergence rate. In comparison with methods cited in
the literature, the MMFO demonstrated superior performance under similar boundary
conditions and characteristics. Convergence graphs from the simulations across all case
studies highlight MMFO’s faster convergence and ability to find optimal solutions in
fewer iterations. As evidenced in Tables 6, 8, 10, and 12, the proposed MMFO achieved
a significant reduction in total fuel cost, demonstrating a clear advantage over state-of-
the-art techniques. The results show that MMFO consistently improves solution quality
and minimizes total cost to its optimal value. A comprehensive statistical analysis was
conducted on the test systems to ensure the dependability, consistency, and stability of
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the proposed method. A total of 100 independent simulations were performed, with the
median outcome serving as a benchmark for determining the best solution. Figures 3, 5
and 8 provide a quantitative analysis using the empirical cumulative distribution function
(CDF), histograms, boxplots, and fitness progressions in each independent run. Figures 3a,
5a, and 8a demonstrate that MMFO significantly increases the probability of finding the
optimal solution compared to traditional MFO. Figures 3b, 5b and 8b reveal that MMFO
consistently achieves a lower median of the final solution in 100 trials compared to MFO,
while Figures 3c, 5c, and 8c show the histogram indicating minimal fitness after multiple
trials. Moreover, Figures 3d, 5d and 8d reflect the probability distribution for normality,
indicating that MMFO has a higher likelihood of solving the ELD and EELD problems more
efficiently than conventional MFO. Finally, Figures 3e, 5e and 8e show that MMFO exhibits
a favorable minimum fitness relative to the quantiles of the normal distribution. Based on
these visual and graphical analyses, it is evident that incorporating the Archimedean spiral
into the optimization framework significantly enhances MMFO’s performance and serves
as a robust mathematical tool for developing new variants of traditional optimization
techniques.
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Figure 8. MMFO vs. MFO statistical analysis during total fuel cost minimization for 37 thermal
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6. Conclusions

This study introduces a novel variant of the moth flame optimization algorithm,
termed MMFO, designed to address the complex ELD and EELD problems, which are
characterized by non-linearity, non-convexity, and non-smoothness. The proposed MMFO
method is initially validated through its application to a wide range of generating units,
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from small systems with three units to large-scale systems with up to forty units, demon-
strating its capability to deliver reliable and competitive solutions.

The effectiveness and performance of the MMFO approach are assessed across various
scales, including small (three units and six units with emission), medium (thirteen units),
and large (forty units) generating systems consisting of thirty-seven thermal and three
wind power units. The evaluation considers fuel cost, emission cost, and wind power cost
under different load demands and constraints. Comparative results highlight the efficacy
of the proposed method in solving simple ELD problems, EELD and ELD with wind power
scenarios, by achieving the lowest cost and emissions in power generation across all unit
sizes in distinct case studies.

For case 1, the proposed MMFO reveals an improvement in percentages of 0.71% for
GWO, 0.485% for GA, and 0.48% over EP, SA, GA-PS-SQP, NDS, MEEP, NSS, HCPSO, GSA,
iBA, GAB, QOPO, and MFO in total fuel cost in dollars per hour, keeping in view it is a
very small system. For case 2, the optimal setting determined by MMFO with MEEP, FEP,
PSO, CEP, and MFO shows an improvement in percentages of 0.3768%, 0.3211%, 0.3914,
0.4879%, and 0.2706%, respectively, in dollars per hour.

For case 3, the MMFO again has superiority in net improvement in percentage over
other state-of-the-art solvers in both fuel cost and emission. There were observed net
improvements in percentages in fuel cost of 20.912%, 20.924%, 20.828%, 20.922%, 20.973%,
20.878%, 20.822%, 20.681%, 22.845%, and 16.112% with QOTLBO, TLBO, MODE, PDE,
NSGA, SPEA, MOGA, OGHS, NGPSO, and QOPO, respectively, while in the case of
emission reduction, there was an improvement of 35.64% with QOTLBO and TLBO, 35.893%
with MODE, 35.64 with PDE and NSGA, and 35.84%, 35.867%, 35.860%, and 35.88% with
SPEA, MOGA, OGHS, NGPSO, and QOPO, respectively.

For case 4 consisting of thirty-seven thermal units and three wind power units, a net
improvement in percentage in total fuel cost was obtained that corresponds to 3.783%,
0.6073%, 10.863%, 11.934%, 4.295%, 2.753%, 0.6077%, and 1.017%.

Furthermore, the method’s reliability, robustness, and consistency are confirmed
through statistical analyses, including cumulative distribution function (CDF) plots, lowest
objective function values, normal distribution probabilities, and histogram representations
across independent runs. The results reveal that incorporating the Archimedean spiral
within the MFO framework significantly enhances the optimizer’s convergence speed. The
obtained results provide strong evidence of MMFO’s efficiency in discovering superior
and optimal solutions for the EELD problem, establishing MMFO as a highly effective
tool for combined economic and emission optimization as well as for the ELD problem
with wind power. Additionally, the proposed approach requires less computational effort
and demonstrates superior convergence properties, achieving optimal trade-offs more
efficiently than alternative methods.

In the future, the proposed MMFO will be implemented for real-time load dispatch in
smart grids for fuel costs and emission optimization with the integration of more complex
constraints in real-time power dispatch.
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Abstract: In predicting the remaining lifespan of Proton Exchange Membrane Fuel Cells (PEMFC), it
is crucial to accurately capture the multi-scale variations in cell performance. This study employs
Variational Mode Decomposition (VMD) to decompose performance data into intrinsic modes,
elucidating critical multi-scale dynamics vital for understanding the complex degradation processes
in fuel cells. In addition to VMD, this research utilizes an Improved Whale Optimization Algorithm
(IWOA) to optimize a Back Propagation (BP) Neural Network. The IWOA focuses on precise
adjustments of weights and biases, enabling the BP network to effectively interpret complex nonlinear
relationships within the dataset. This optimization enhances the predictive model’s reliability and
stability. Extensive experimental evaluations demonstrate that the integration of VMD, and the
learning capabilities of the IWOA-optimized BP network significantly improves the model’s accuracy
and stability across multiple predictions, thereby increasing the reliability of lifespan predictions
for PEMFCs. This methodology offers a robust framework for extending the operational life and
efficiency of fuel cells.

Keywords: proton exchange membrane fuel cells; variational mode decomposition; back propagation
neural network; degradation prediction

MSC: 62M20

1. Introduction

In recent years, the continuous increase in global energy consumption has led to the
gradual exposure of issues such as resource depletion and environmental pollution associ-
ated with traditional fossil fuels. The energy crisis has become a key factor constraining
the sustainable development of society [1]. Against this backdrop, clean and renewable
energy technologies have garnered unprecedented attention. Proton Exchange Membrane
Fuel Cells (PEMFC) are widely recognized for their high energy conversion efficiency,
low emissions [2], and extensive applications, particularly in transportation [3,4]. How-
ever, their long-term operational stability and lifespan pose significant challenges [5–7],
as performance degradation often occurs over time [8]. During operation, PEMFC un-
dergo performance degradation, which manifests in the degradation of the membrane
and deactivation of the catalyst [9]. Conducting research on the prediction of PEMFC
degradation is of significant importance for reducing maintenance costs and facilitating the
commercialization of this technology [10].

PEMFCs are complex nonlinear systems, the specific mechanisms of which are yet to be
thoroughly investigated. Current primary degradation prediction methods can be categorized
into model-based, data-driven, and hybrid forecasting approaches [11]. Model-based predictive
methods rely on a deep understanding of the degradation mechanisms of PEMFC [12]. These
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methods utilize mathematical models to describe the physicochemical processes underlying the
performance decay of the fuel cells. Mlakar et al. [13] developed a semi-empirical model that
accounts for the performance degradation of PEMFCs during operation. The model, which
integrated degradation effects, utilized data derived from accelerated stress tests. Khan et al. [14]
introduced a dynamic semi-empirical aging model for PEMFCs, incorporating time-based elements
to predict the degradation of the fuel cells. This model calculated the membrane water content
in PEMFCs, enabling the diagnosis of membrane drying and flooding faults. Additionally, the
model parameters were optimized using the Butterfly Optimization Algorithm. Semi-empirical
models can also be integrated with filtering algorithms. Song et al. [15] proposed an online
prediction method for the remaining useful life of power fuel cells, based on an Adaptive Extended
Kalman Filter (AEKF). This method accounted for the degradation characteristics of vehicular fuel
cells under actual operating conditions. Also, it dynamically updated the weights of operational
and environmental factors utilizing AEKF, thereby enhancing prediction accuracy. Model-based
predictive methods offer an intuitive understanding of the aging process and allow predictions to
be made without extensive experimental data [16]. However, the accuracy of these models may be
constrained by oversimplification or the failure to account for all relevant factors [17].

Data-driven approaches, particularly machine learning techniques, predict outcomes
by learning patterns from historical data. These methods do not necessitate an in-depth
physical understanding of the aging mechanisms but instead directly extract features from the
data [18]. Among these techniques, the Back Propagation Neural Network (BPNN) has been
extensively applied to the prediction of fuel cell aging. Huang et al. [19] analyzed the voltage
characteristics of the start–stop process of PEMFC buses in actual traffic environments and
proposed an Organic Grey BP Neural Network Model (OGNNM) to predict the start–stop
voltage of PEMFCs. It provided a foundation for performance optimization and lifespan
prediction of fuel cell vehicles. Commonly, optimizing BPNN parameters with optimization
algorithms enhances model efficacy [20]. Chen et al. [21] proposed a predictive model that
integrates a Back Propagation Neural Network (BPNN) with optimization algorithms. The
model takes into account the impact of PEMFC current, hydrogen pressure, temperature, and
relative humidity on the aging of PEMFCs. The optimization of the model parameters was
carried out utilizing the Mind Evolutionary Algorithm (MEA), Particle Swarm Optimization
(PSO), and Genetic Algorithm (GA). Similarly, Zhao et al. [22] developed a Time Convolutional
Network (TCN) model optimized with GA, which demonstrated strong accuracy, robustness,
and adaptability in predicting PEMFC performance degradation. The advantages of data-
driven methods include powerful pattern recognition capabilities, the ability to handle large
datasets, and adaptability to complex nonlinear relationships [23,24].

Hybrid models, which combine the advantages of mechanistic models and data-
driven approaches, provide more accurate predictions in certain application scenarios.
Tian et al. [25] introduced a method that integrated a voltage recovery model with multi-
kernel relevance vector machines. To further enhance prediction accuracy, Bayesian op-
timization algorithms were employed to optimize the weight coefficients of the kernel
functions. This approach has been verified to achieve a prediction accuracy of up to 95.35%.
Similarly, Wang et al. [26] combined a semi-empirical model of voltage loss with a machine
learning method based on a sliding window approach. This integration utilized the pre-
dictions from the semi-empirical model to correct inputs to the machine learning method,
effectively suppressing fluctuations in long-term forecasting. However, the complexity of
hybrid models may increase the risk of overfitting, particularly when data availability is
limited. In contrast, focusing solely on data-driven methods might be more advantageous
for the rapid development and deployment of effective predictive models.

In response to the aforementioned challenges, this paper presents a VMD-IWOA-BP
predicting method, with the following main innovations:

(1) PEMFC stack voltage data are analyzed using Variational Mode Decomposition (VMD)
to extract multi-scale features, enhancing the prediction of degradation by capturing
subtle aging changes more effectively than traditional methods.
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(2) This study employs the Improved Whale Optimization Algorithm (IWOA) combined
with a Back Propagation (BP) Neural Network to optimize network parameters,
improving learning efficiency and fitting complex nonlinear relationships.

(3) A comprehensive VMD-IWOA-BP prediction model has been developed, integrating
multi-scale data analysis, parameter optimization, and neural network prediction.
This approach enhances the model’s accuracy, reliability, and adaptability across
different operating conditions and aging stages.

By employing this integrated approach, this paper offers a novel technical avenue for
the prediction of PEMFC degradation, with the potential to achieve improved forecasting
outcomes in practical applications. The structure of this paper is as follows: Section 2
initially presents the experimental data utilized, followed by the proposal of a PEMFC
degradation prediction method based on VMD-IWOA-BP. Section 3 provides the experi-
mental predictions of the presented method, with conclusions drawn in Section 4.

2. Predictive Model Construction

2.1. The Working Principle of PEMFC

PEMFCs efficiently convert chemical energy into electrical energy utilizing electro-
chemistry [27]. As shown in Figure 1, hydrogen is supplied to the anode and oxygen to
the cathode. At the anode, hydrogen is split into protons and electrons. The protons pass
through the Proton Exchange Membrane (PEM) to the cathode, while the electrons flow
through an external circuit, generating electricity. At the cathode, protons, electrons, and
oxygen react to produce water, the only emission, making the process environmentally
friendly and highly efficient [28,29].

Figure 1. Schematic diagram of the working principle of PEMFC.

In this study, the RUL of the PEMFC is indirectly predicted by focusing on voltage
degradation over time. The model is designed to forecast voltage decay utilizing historical
operational data, with voltage decline serving as a key indicator of fuel cell health. As
voltage decreases below a defined threshold, it signals the end of the fuel cell’s RUL,
making it a reliable proxy for estimating the remaining operational lifespan.

2.2. Basic Principles
2.2.1. Variational Mode Decomposition (VMD)

VMD [30] is an adaptive signal processing technique utilized for decomposing complex
signals into intrinsic oscillatory modes that span various time scales. The essence of VMD
lies in the use of a complete set of sinusoidal basis functions, allowing the signal to be
represented as a linear combination of these sinusoidal waves. This process enables the
decomposition of the signal across multiple scales, facilitating multi-scale signal analysis.

VMD decomposes the voltage signal U(t) into K sub-signals {uk}K
k=1, with each sub-

signal represented as an intrinsic mode function (IMF).

uk = Ak(t)cos(φk(t)) (1)
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Each IMF is characterized by an amplitude Ak(t), time variable t, and phase φk(t). VMD’s
decomposition principle is grounded in the minimization of the following variational problem:⎧⎨⎩ min

{uk},{wk}
{∑K

k=1

∥∥∥∂k

(
δ(t) + j

ωk

)
uk(t)e−jωkt

∥∥∥2

2
}

s.t.∑K
i=1 uk(t) = f (t)

(2)

Each sub-signal uk is modulated around a specific central frequency ωk, involving
the Dirac function δ(t), imaginary unit j, and partial derivative ∂k. To ensure effective
decomposition, VMD requires the sum of all modes to equate the original voltage signal U(t):

∑K
k=1 uk(t) = U(t) (3)

The method addresses the variational model by introducing a Lagrange multiplier
λ(t) and a regularization parameter α, ensuring the decomposition aligns with the original
signal dynamics:

L(uk, ωk, λ) = α∑K
k=1

∥∥∥∂k

(
δ(t) + j

ωk

)
uk(t)e−jωkt

∥∥∥2

2

+
∥∥∥U(t)− ∑K

k=1 uk(t)
∥∥∥2

2
+

〈
λ(t), U(t)− ∑K

k=1 uk(t)
〉 (4)

Compared to traditional Empirical Mode Decomposition (EMD), VMD exhibits greater
robustness to noise and disturbances. The adaptive mechanism of VMD ensures that each
mode has a concentrated and finite bandwidth. This adaptability renders VMD highly
flexible and accurate in processing nonlinear and non-stationary signals.

2.2.2. Improved Whale Optimization Algorithm (IWOA)

The Whale Optimization Algorithm (WOA) is a metaheuristic algorithm inspired by
the social behavior of humpback whales, as introduced by Mirjalili et al. [31]. Similar to
other heuristic algorithms, the essence of WOA primarily lies in the update of the whale
positions or solutions. WOA is mathematically modeled on the unique bubble-net feeding
behavior of humpback whales:

1. Encircling prey

⇀
D =

∣∣∣∣C· ⇀X∗(t)−⇀
X(t)

∣∣∣∣ (5)

⇀
X(t + 1) =

⇀
X∗(t)− A·⇀D (6)

In the WOA, the current best solution position, denoted as
⇀
X∗(t), is updated with each

iteration. Here, the target prey of the humpback whale is modeled as the optimal solution
to the problem at hand, where t represents the current iteration number. The coefficients A

and C are vector coefficients, and
⇀
D is the displacement vector moving towards the optimal

solution. The formulas for calculating A and C are as follows:

A = 2ar1 − a (7)

C = 2r2 (8)

In the iterative process, the coefficient a linearly decreases from 2 to 0. The variables r1
and r2 are random numbers generated within the interval [0, 1].

2. Bubble-net attacking method (exploitation phase)
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⇀
X(t + 1) =

⎧⎨⎩
⇀
X∗(t)− A·⇀D, p < 0.5

⇀
X∗(t) +

⇀
D·ebl ·cos(2πl), p ≥ 0.5

(9)

In the model, p is a random number within the range [0, 1], l is a random number
within the range [−1, 1], and b is a constant defining the logarithmic spiral shape. The
mathematical modeling encompasses two types of humpback whale hunting behaviors: the
shrinking encircling mechanism and the spiral updating mechanism. Since these behaviors
coexist in actual predation, the parameter p is utilized to randomly select the updating
mechanism.

3. Bubble-net attacking method (exploitation phase)

When A ≥ 1, it indicates that the humpback whale is outside the encircling ring, and
thus, a random search update is employed.

⇀
D =

∣∣∣∣C·⇀Xrand(t)−
⇀
X(t)

∣∣∣∣ (10)

⇀
X(t + 1) =

⇀
Xrand(t)− A·⇀D (11)

In the model,
⇀
Xrand(t) is the position of a randomly selected whale. Additionally,

when A < 1, the spiral encircling mechanism is employed.
Although widely utilized for its simplicity in structure, minimal parameter config-

uration, and ease of understanding and implementation, WOA faces certain limitations
in practical applications. These include instability in the quality of the initial solutions
and a tendency to become trapped in local optima. To address these issues, the following
enhancement strategies are proposed in this paper:

1. Improvement in initial population generation: The incorporation of chaos mapping
techniques is introduced for generating the initial population. Among various chaos
mappings, the Tent map is selected for its remarkable chaotic properties and ergodicity.
The mathematical expression of the Tent map is defined as follows:

xi+1 =

{
2xi, 0 ≤ xi < 0.5

2(1 − xi), 0.5 ≤ xi < 1
(12)

This mapping generates a chaotic and highly random sequence of values within the

interval [0, 1]. By repeatedly applying the Tent map, the initial population
⇀
X(0) for the

WOA is generated.
⇀
X(0) = {xi}N

i=1 (13)

The population size N facilitates the Tent map’s ability to exhibit strong chaotic
behavior for most initial values, offering an effective mechanism to help the algorithm
escape local minima and explore the search space more comprehensively. Additionally, the
Tent map evenly covers the entire available state space, thereby enhancing the diversity of
the initial population in the WOA.

2. Enhancement of global search capability: Simulated Annealing (SA) is employed to
accept suboptimal solutions with a certain probability, preventing the algorithm from
prematurely converging to local minima. Integrating the principles of SA into the
WOA enhances its global search capabilities by allowing the acceptance of inferior
solutions under controlled probabilities.

⇀

X′(t + 1) =
⇀
X(t + 1)+ ∈ ·Δ (14)
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A random perturbation is applied to generate a new position, where ∈ represents a small
random number and Δ indicates the direction of the random vector. The difference in the
objective function, Δm(t + 1), is calculated to determine the change in solution quality:

Δm(t + 1) = m(
⇀

X′(t + 1))− m(
⇀
X(t + 1)) (15)

In the optimization process, the objective function values for the solutions, m(
⇀

X′(t + 1))

and m(
⇀
X(t + 1)), are evaluated. If Δm(t + 1) < 0, it indicates that the new solution

⇀
X
′
(t + 1) is superior to the original solution

⇀
X(t + 1), thus

⇀

X′(t + 1) is accepted as the new
current solution. Conversely, if the change in the objective function value is not favorable,
a suboptimal solution may still be accepted based on the Metropolis criterion, with an
acceptance probability Pt+1.

Pt+1 = e
Δm(t+1)

Tt+1 (16)

In this context, T represents the temperature in SA, which decreases with each iteration,
progressively reducing the probability of accepting inferior solutions:

Tt+1 = Tt·α (17)

This reduction follows an exponential decay function, where α, a constant, controls
the rate of temperature decline to prevent the algorithm from cooling too rapidly and
potentially settling into a local optimum (see Algorithm 1).

Algorithm 1 Improved Whale Optimization Algorithm

1: procedure IWOA
2: Initialize the parameters a, A, C, l, p

3: Generate initial population
⇀
X(0) utilizing Tent chaos map with Equations (12) and (13)

4: Calculate the fitness of each search agent

5:
⇀
X
∗
: the best search agent

6: t: 0
7: while (t < MaxIterations) do
8: foreach search agent → Ps do
9: Update a, A, C, l, p
10: if (p < 0.5) then
11: if (|A|< 1 ) then /* Shrinking encircling mechanism */
12: Update the position of the current agent with Equations (5) and (6)
13: else /* Search randomly for prey */

14: Select a random search agent
⇀
Xrand(t)

15: Update the position of the current agent with Equations (10) and (11)
16: end if
17: else /* Spiral updating mechanism */

18:
⇀
X(t + 1) =

⇀
D·ebl ·cos(2πl) +

⇀
X
∗
(t)

19: end if
20: end for
21: Generate a new position with Equation (14)
22: Calculate the fitness of each search agent
23: Calculate the difference Δm(t + 1) with Equation (15)
24: if (Δm(t + 1) < 0) then
25: Update the best search agent
26: else
27: Acceptance of inferior solutions under controlled probabilities with Equations (15)–(17)
28: t = t + 1
29: end while
30: return

⇀
X
∗
(MaxIterations)

31: end procedure
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2.2.3. Back Propagation (BP) Neural Network

The Back Propagation (BP) algorithm is a commonly utilized supervised learning
technique that optimizes neural network weights through gradient descent. Errors are
minimized by adjusting weights and biases based on the gradients of the loss function
relative to the network parameters. As shown in Figure 2, a basic neural network is often
referred to as a multi-layer perceptron (MLP) or artificial neural network (ANN). It consists
of three layers. The input layer receives the data. The hidden layer processes the data using
weighted sums and nonlinear activation functions. Finally, the output layer generates the
prediction or decision.

Figure 2. A basic neural network model.

The BP algorithm adjusts the connection weights between layers utilizing stochastic
gradient descent (SGD), allowing the network to learn the mapping between input and
output data. Through training with historical data, the network can predict the aging
state of new input data, providing valuable insights for fuel cell maintenance and lifespan
prediction. This method captures complex nonlinear patterns in fuel cell degradation,
enhancing both accuracy and reliability in aging predictions.

2.3. VMD-IWOA-BP Predictive Method

This paper presents a VMD-IWOA-BP-based prediction methodology for the remain-
ing useful life (RUL) of PEMFC. This comprehensive approach integrates signal processing,
algorithm optimization, and predictive analysis, significantly enhancing the accuracy and
robustness of prediction outcomes. The detailed implementation process is illustrated in
Figure 3.

As depicted in the green box of Figure 3, the input data, after being processed by VMD,
is decomposed into several sets of Intrinsic Mode Functions (IMF), denoted as IMFK. These
IMFs not only capture the multi-scale characteristics of the original data but also provide
abundant information for the subsequent prediction model. Subsequently, the IMFs are
partitioned into training and testing sets according to a predetermined ratio, providing
data support for the training and validation of the BP neural network model. During the
model training process, as indicated by the red box in the figure, the IWOA is introduced
to optimize the weights and thresholds of the BP neural network. In this context, the Mean

Squared Error (MSE) is employed as the fitness function m(
⇀
X(t), serving as a measure to

evaluate the efficacy of the solution vector
⇀
X(t) within the optimization process:⎧⎪⎨⎪⎩

m(
⇀
X(t) = 1

nt
∑nt

i=1

(
Upt−i − Umt−i

)2

⇀
X(t) = [W, b]

(18)

In this study, the weights W and biases b of the BP neural network are integrated

into the population
⇀
X(t) of the WOA. Also, nt represents the number of the predicted

output voltage in the train set. Upt−i denotes the predicted output voltage of train set, and
Umt−i is the actual output voltage from the train set. The optimized BP model is trained on
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historical data to predict future output voltage components. Finally, the predicted voltage
components are superimposed to obtain a comprehensive prediction result. This prediction
process not only enhances the model’s ability to capture the degradation trends in PEMFC
performance but also improves the accuracy and reliability of the prediction outcomes.

 

Figure 3. VMD-IWOA-BP flowchart.

3. Results and Discussion

To validate the predictive accuracy of the proposed VMD-IWOA-BP method, publicly
accessible datasets were selected as the basis for experimentation. The experimental
process was conducted on the Matlab R2022b software platform, leveraging its robust
computational and visualization capabilities to complete the simulation training. The
methodological design of this study aims to provide a scientific and precise analytical tool
for PEMFC remaining useful life prediction through rigorous experimental validation.

3.1. Data Sources and Evaluation Metrics

The dataset utilized in this study comes from the IEEE PHM 2014 Data Challenge,
focusing on PEMFC durability analysis. As shown in Figure 4, the experiments involved
two PEMFC stacks, each with five cells. The first stack, FC1, was tested under static
conditions at a constant 70A current, while the second, FC2, underwent dynamic tests with
high-frequency triangular waveform current variations around 70A. Weekly experiments,
including polarization curve measurements and Electrochemical Impedance Spectroscopy
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(EIS), were conducted to monitor PEMFC performance changes, providing essential data
for model construction and validation.

Figure 4. PEMFC fuel cell test bench [32].

To verify the predictive accuracy of the proposed method, Root Mean Square Error
(RMSE) and Mean Absolute Error (MAE) are adopted as evaluation metrics for prediction
performance. The corresponding formulas are as follows:

RMSE =

√
1
n∑n

i=1

(
Up−i − Um−i

)2 (19)

MAE =
1
n∑n

i=1

∣∣Up−i − Um−i
∣∣ (20)

Here, n represents the number of data points in the test set, Up−i denotes the predicted
output voltage of test set, and Um−i is the actual output voltage from the test set. RMSE
measures the standard deviation of the differences between predicted and actual values,
reflecting the magnitude of prediction errors and imposing a heavier penalty on larger
errors. Consequently, it serves as a more stringent performance evaluation metric. MAE,
on the other hand, represents the average of the absolute values of prediction errors,
which is unaffected by the direction of the errors, providing an unbiased measure of error.
Together, these two indicators comprehensively assess the predictive accuracy of the model.
Generally, smaller values of RMSE and MAE indicate better prediction performance of
the model.

3.2. Data Processing and Decomposition

In conducting data analysis and model prediction, ensuring the quality of raw data is
paramount. Given that the original dataset contains noticeable noise and outliers, these
factors can adversely impact the accuracy of model predictions. To enhance data usability
and precision, this study adopts various data preprocessing techniques, including the
moving average algorithm, to optimize the dataset.

As depicted in Figure 5, the preprocessed data, when compared to the raw data,
exhibits a clearer and smoother curve while preserving the original degradation trends. This
processing not only improves data readability but also provides a more robust foundation
for subsequent model construction and prediction. Notably, Figure 5 reveals that FC1
exhibits a relatively gradual decay trend, whereas FC2 demonstrates a steeper downward
trend accompanied by more extreme values that deviate from the overall trend to some
extent. These observations underscore the pivotal role of data preprocessing in uncovering
inherent data patterns and enhancing the performance of predictive models.

The VMD method is applied to the preprocessed data to extract its IMFs. During
the VMD process, the modal number K is set to 8, decomposing the data into eight sets
of IMFs. These IMFs not only capture the multi-scale characteristics of the data but also
provide abundant information for model training and validation. To further optimize
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model performance, these IMFs are meticulously partitioned into training and testing sets.
Subsequently, to effectively mitigate the interference of outliers and enhance the model’s
generalization ability, a normalization process is performed on the IMFs. Normalization
serves as a crucial step, unifying the numerical scales across different IMFs, which not only
improve computational efficiency but also optimize algorithm performance. Additionally,
normalization contribute to bolstering the model’s generalization capabilities, mitigating
biases that might arise from improper data initialization during model training.

Figure 5. Data preprocessing (a) FC1 (b) FC2.

Taking FC1 as an example, Figure 6 presents the normalized voltage IMF components
of the test set. As shown in Figure 6, the normalized IMF components retain their original
trends while demonstrating a more consistent numerical distribution. This results in
a more reliable data foundation for subsequent model training and prediction, improving
the overall accuracy and stability of the model’s performance.

Figure 6. VMD component results.

As observed in Figure 6, each component exhibits distinct characteristics and behav-
iors. Specifically, IMF1, acting as the trend component, demonstrates relatively stable
fluctuations, primarily reflecting the overall trend in voltage variation in fuel cell FC1.
This indicates that IMF1 captures the long-term changes and primary trends within the
data, providing crucial information for understanding the macro-level variations in fuel
cell performance.

In contrast, IMF2 through IMF8 exhibits significantly larger fluctuations, primarily
reflecting short-term variations and high-frequency changes within the data. These high-
frequency components may be associated with instantaneous load changes, environmental
factors, or microscopic reactions within the fuel cell during operation. Their variations may

257



Mathematics 2024, 12, 2959

be more intricate and difficult to predict, yet they offer abundant detailed information for
a profound understanding of the dynamic characteristics of fuel cell performance.

A meticulous analysis of these IMF components enables a more comprehensive
grasp of the multi-scale features of fuel cell performance variations. This multi-scale
approach facilitates the development of more accurate prediction models for battery per-
formance degradation and provides a scientific basis for fuel cell health management and
lifetime prediction.

3.3. Degradation Prediction under Different Predictive Methods

The structure of the BP network utilized in this study is shown in Table 1. The network
consists of five input layers, ten hidden neurons, and one output layer. The hidden layer
utilizes a sigmoid activation function to capture nonlinear relationships. A learning rate of
0.01 ensures steady learning and stable convergence, balancing model performance and
preventing overfitting.

Table 1. Parameters of BP network.

Parameters Value

Learning rate 0.01
Activation sigmoid

Number of input layers 5
Number of hidden layers 10
Number of output layers 1

Table 2 compares various prediction models and their applications. The presented
VMD-IWOA-BP model is specifically designed for the complex task of fuel cell aging predic-
tion, which requires capturing long-term degradation and nonlinear dynamics. In contrast,
models like the Dendritic Neuron Model (DNM) [33] are designed for general prediction
tasks. Single Dendrite Neuron (SDN) [34], which utilizes Seasonal-Trend Decomposition
(STD), is more suitable for handling seasonal data. The FD3 framework [35], utilizing Com-
plete Ensemble Empirical Mode Decomposition (CEEMD), is applied to carbon emissions
prediction. These models are more suited for simpler, short-term prediction tasks. While
SDN and FD3 utilize decomposition techniques, they focus on short-term trends and lack
global optimization, limiting their ability to handle the complexity of fuel cell degradation.
By combining VMD for multi-scale feature extraction with IWOA for global optimization,
the VMD-IWOA-BP model offers superior accuracy and adaptability for long-term fuel
cell prediction.

Table 2. Comparison of different prediction models.

Feature This Paper DNM [33] SDN [34] FD3 Framework [35]

Problem
domain

Fuel cell aging,
RUL prediction

General prediction and
classification

Greenhouse time series,
seasonal prediction

Carbon emissions
prediction

Model BP DNM SDN DNM
Decomposition VMD None STD CEEMD
Optimization
algorithm IWOA BBO\PSO\GA

\ACO\ES\PBIL None None

The WOA is selected for this study due to its superior performance, as shown by the
experimental results. As illustrated in Figure 7, WOA consistently demonstrates faster con-
vergence and achieves lower fitness values when compared to other optimization methods
such as Genetic Algorithm (GA), Differential Evolution (DE), and Particle Swarm Opti-
mization (PSO). These findings indicate that WOA is particularly effective in identifying
optimal solutions early in the iteration process, resulting in a quicker convergence.
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Figure 7. Convergence curve.

Figure 7 reveals that the initial fitness value of the IWOA is lower compared to
WOA. This is attributed to the application of chaotic mapping in IWOA, which ensures
a more uniform distribution of the initial population. By enhancing the diversity of the
population, chaotic mapping allows the algorithm to start closer to optimal solutions,
thereby accelerating the convergence process from the very beginning.

The results in Table 3 demonstrate that under the same experimental settings, WOA
outperforms other traditional optimization algorithms in terms of prediction accuracy.
Therefore, WOA is selected as the preferred optimization algorithm for this task due to its
superior performance.

Table 3. RMSE of different optimization algorithms.

Dataset VMD-GA-BP VMD-DE-BP VMD-PSO-BP VMD-WOA-BP VMD-IWOA-BP

FC1 0.0112 0.0120 0.0110 0.0102 0.0021
FC2 0.0066 0.0081 0.0038 0.0030 0.0024

Simulations are conducted utilizing BP, VMD-BP, VMD-WOA-BP, and VMD-IWOA-BP
models, with the same dataset trained on 60% of the data as shown in Figure 8. The results
from Figure 8 reveal that the predictive errors of the VMD-IWOA-BP model are significantly
lower than those of the other methods, demonstrating its superior predictive capabilities.
In the comparison depicted in Figure 8, the conventional BP network exhibits relatively
large prediction errors due to the lack of effective data preprocessing and parameter
optimization mechanisms. Although the VMD-BP model utilizes VMD technology to
decompose the data, enhancing its representation capability, it still employs traditional
methods for parameter optimization, which do not fully exploit its potential.

Tables 4 and 5 demonstrate the superior performance of the VMD-IWOA-BP model
compared to other models, as evidenced across two distinct datasets. This discrepancy
highlights the model’s robust adaptability and versatility. Particularly notable is the model’s
performance on the FC1 dataset, where there was a significant reduction in prediction
errors, with RMSE decreasing by 91% and MAE by 93%. Such improvements represent a
substantial leap in predictive accuracy.
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Figure 8. Prediction results: (a) FC1, (b) FC2.

Table 4. Prediction performance metrics of FC1.

Method RMSE MAE Time (s)

BP 0.0237 0.0139 0.9062
VMD-BP 0.0136 0.0106 8.7393

VMD-WOA-BP 0.0102 0.0073 48.9033
VMD-IWOA-BP 0.0021 0.0009 56.9953

Table 5. Prediction performance metrics of FC2.

Method RMSE MAE Time (s)

BP 0.0125 0.0082 0.9354
VMD-BP 0.0065 0.0034 7.8048

VMD-WOA-BP 0.0030 0.0015 43.8735
VMD-IWOA-BP 0.0024 0.0009 56.9243

On the FC2 dataset, the model also demonstrated superior predictive capabilities,
with reductions in RMSE and MAE by 81% and 91%, respectively. This further confirms
the robust performance of the VMD-IWOA-BP model in processing various types of fuel
cell data.

In this study, both IWOA and WOA are set with the same maximum number of
iterations (50). However, the function evaluations differ due to the introduction of the
Simulated Annealing (SA) mechanism in IWOA. This mechanism allows for additional
evaluations between the optimal and suboptimal solutions, enhancing the global search
capability by preventing the algorithm from becoming trapped in local optimum. The
analysis shows that while the VMD-IWOA-BP model offers the best accuracy, it comes at
a higher computational cost, with runtimes increasing from under 1 s (BP) to approximately
57 s. However, the significant reduction in RMSE (from 0.0237 to 0.0021 for FC1) justifies
the increased computational time in applications where precise predictions are critical. The
time increase from VMD-WOA-BP (48 s) to VMD-IWOA-BP (57 s) is moderate. This results
in a substantial boost in accuracy, making the added computational cost worthwhile when
balancing accuracy with processing time. Thus, for high-accuracy demands, the improved
model’s efficiency remains reasonable.

To better validate the effectiveness of the presented IWOA, an ablation study was
conducted. Based on the VMD-WOA-BP model, two modifications are tested separately:
the addition of Tent mapping (WOA-Tent) and the inclusion of Simulated Annealing
(WOA-SA). The RMSE results from these variations are presented in Table 6.
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Table 6. RMSE of ablation study.

Setup FC1 FC2

WOA 0.0102 0.0030
WOA-Tent 0.0055 0.0028
WOA-SA 0.0040 0.0027

WOA-Tent-SA 0.0021 0.0024

The results of the ablation study clearly illustrate the impact of incorporating the Tent
map and SA into the WOA. The baseline WOA model shows high RMSE values of 0.0102
for FC1 and 0.0030 for FC2, indicating its limitations in accurately capturing the complex
degradation patterns. Adding the Tent map (WOA-Tent) leads to a significant reduction in
RMSE, particularly for FC1 (0.0055), by improving the diversity of the initial population and
enhancing the exploration process. Similarly, the use of Simulated Annealing (WOA-SA)
further reduces the RMSE, with FC1 achieving 0.0040, demonstrating that SA enhances
global search capabilities and prevents premature convergence.

To more clearly demonstrate the advantages of the method presented in this paper,
Table 7 presents the RMSE metrics from various studies, where the training set constitutes
60% of the data. Among the comparative approaches, the AEKF-NARX hybrid method [36]
combines the strengths of both model-based and data-driven techniques. By leveraging the
physical degradation characteristics of fuel cells and the capability of neural networks to
process nonlinear time series data, this approach effectively predicts both overall degra-
dation trends and finer details. The Transformer-LSTM hybrid method [11] integrates
a Wiener process to model stochastic degradation trends with a Transformer network
for capturing long-term dependencies and patterns in the data. Monte Carlo dropout is
employed to quantify prediction uncertainty, offering a confidence interval for the results.
This combination enables a more robust and adaptable approach to degradation prediction,
capturing both global trends and local fluctuations in performance.

Table 7. Performance compared with published methods.

Method FC1 FC2

AEKF-NARX [36] 0.0095 0.0085
Transformer-LSTM [11] 0.0038 0.0041

VMD-IWOA-BP 0.0021 0.0024

The comparative analysis in Table 7 demonstrates the superior prediction accuracy of
the VMD-IWOA-BP model. For FC1, the RMSE decreases from 0.0095 with AEKF-NARX
and 0.0038 with Transformer-LSTM to 0.0021 with the proposed model. Similarly, for FC2,
the RMSE drops from 0.0085 (AEKF-NARX) and 0.0041 (Transformer-LSTM) to 0.0024.
These results highlight the model’s ability to capture both long-term degradation trends
and finer-scale fluctuations, outperforming other methods in accuracy.

4. Conclusions

This study employs VMD technology to extract multi-scale features from historical
data of PEMFC, providing a detailed revelation of the subtle changes occurring during
the PEMFC aging process. Compared to traditional single-scale analysis methods, this
technique significantly enriches the data foundation for aging prediction. Additionally, the
IWOA is utilized to optimize the parameters of the BP neural network. This combined strat-
egy not only enhances the network’s learning efficiency but also significantly improves the
model’s ability to fit complex nonlinear relationships. By integrating the global search capa-
bility of IWOA with the learning mechanism of the BP neural network, an effective method
for parameter adjustment and network training is provided for the PEMFC aging pre-
diction model. Furthermore, by developing a comprehensive VMD-IWOA-BP prediction
model, this research effectively combines multi-scale data analysis, parameter optimization,
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and neural network prediction. This innovative approach to model construction not only
increases the accuracy and reliability of aging predictions but also enhances the model’s
adaptability to different operational conditions and aging stages. Experimental results
demonstrate that the model achieves RMSE of 0.0021 and 0.0024 under dynamic and static
conditions, respectively, showcasing its substantial potential for practical applications.

Although this study demonstrates the efficacy of the VMD-IWOA-BP model, certain
limitations need to be addressed. The model’s performance heavily depends on the quality
and quantity of the input data, and in scenarios where data are limited, the risk of overfitting
may increase. Future research could focus on mitigating this risk by incorporating more
advanced regularization techniques and exploring transfer learning to leverage data from
related systems.

Additionally, the computational cost of combining VMD with IWOA may pose chal-
lenges for real-time applications. Future work should investigate more efficient algorithms
or hybrid models to reduce the computational load while maintaining high accuracy.
Broader implications of this research include the potential to adapt the model to other fuel
cell types or energy storage systems, extending its applicability across various fields.
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