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Preface

Mathematical modeling and simulation play a crucial role in understanding, predicting, and
controlling complex phenomena in mechanics and dynamic systems. Over the past decades, the
development of computational methods and numerical algorithms has allowed researchers to tackle
problems that were previously intractable. The present reprint contains the articles accepted for
publication in the Special Issue “Mathematical Modeling and Simulation in Mechanics and Dynamic
Systems, 3rd Edition” of the MDPI Mathematics journal. These contributions illustrate state-of-the-art
research in modeling, simulation, and analysis of dynamic and mechanical systems, covering topics
such as nonlinear dynamics, control systems, computational mechanics, numerical methods, multibody
simulations, and applications in engineering and physics.

The collected papers demonstrate both theoretical developments and practical applications,
providing insights into methods for simulating and understanding complex phenomena in mechanical
and dynamic systems.

As Guest Editors of this Special Issue, we are grateful to the authors for their high-quality
contributions, to the reviewers for their constructive feedback, and to the MDPI administrative staff
for their support in bringing this project to completion. Special thanks are due to the Managing Editor
of the Special Issue, Dr. Syna Mu, for his excellent collaboration and assistance.

Maria Luminita Scutaru, Catalin I. Pruncu, and Luciano Lamberti
Guest Editors
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Abstract: In order to examine the significance of Stress Intensity Factor and T-stress (K-T parameters)
in modeling pressure-cracked structures, we propose a novel method known as the Isogeometric
Over-Deterministic Method IG-ODM. IG-ODM utilizes the computation of stress and displacement
fields through Extended Isogeometric Analysis to improve the geometry and enhance the crack.
Subsequently, these results are incorporated into the Williams expression, resulting in a set of deter-
ministic equations that can be solved using a common solving method; this particular combination
has never been attempted before. IG-ODM enables the computation of stress intensity factor SIF,
T-stress, and higher-order parameters in the Williams expansion. To validate the effectiveness of this
method, we conducted tests on a single-edge uniaxial-stress-cracked plate and a central uniaxial-
stress-cracked plate. The results showed an error ranging from 0.06% to 2%. The obtained results
demonstrate accuracy and satisfaction when compared to existing findings.

Keywords: T-stress; X-IGA; over-deterministic method; IG-ODM; abaqus; MATLAB; NURBS

MSC: 82C27; 65K15

1. Introduction

Asymptotic analysis is an approach which consists of giving an asymptotic develop-
ment using the defect parameters and the links with the stress/strain field around the crack.
According to Cotterell [1], the first term of Williams expansion is the stress intensity factor
SIF, determining crack initiation, the next is the T-stress controlling the stability of the crack
direction, and the third verifies the stability of the crack propagation.

Several studies have demonstrated that T-stress has a major impact on crack behavior.
Nejati et al. [2] investigated the link between T-stress and material properties. Matvienko [3]
discussed the influence of T-stress in fracture mechanics. Ayatollahi and Zakiri [4] studied
the effect of T-stress on fringe patterns around the crack tip in mode II using the theory
of photoelasticity. Jayadevan [4] demonstrated that when the T-stress is negative, the
plastic zone appears like butterfly wings. When there is a positive T-stress, these wings
will reverse towards the back of the fracture. Ayatollahi and Hashmi [5] demonstrated the
remarkable effect of composite patching on T-stress. Sherry et al. [6] described various
methods, such as the Eshelby J-integral method, weight function technique, interaction
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integral method, stress substitution method, and stress difference methods, for determining
T-stress. T-stress affects the plastic zone [7] and propagation direction [8]. A negative
T-stress stabilizes the fracture path, which means that a minor disruption in the crack
path is soon attenuated, whereas a positive T-stress emphasizes deviations, and crack
initiation angle [9]. Miao et al. [10] evaluated the role of T-stress on crack initiation and
crack bottom plasticity through 3D finite element analysis of three specimens: CCP, CTS,
and FPB. Yakoubi et al. [10] studied the utility of the K-T approach in modeling pressure
fractured structures.

In the literature, there are several methods to determine the crack parameters, specifi-
cally T-stress. These include Stress Different Methods (SDM) introduced by Yang et al. [11],
which eliminate errors by considering the variation of numerical values near the crack
point. Maleski et al. developed the Extrapolation method, and Wang et al. calculated the
stress by the superposition method; in the case of a sample with a fracture loaded with the
nominal mode T is a superposition of the T-stress for two situations: the first is a stress T
for a cracked specimen loaded with a pressure o(x) on its lips, while the second is a stress
T in an uncracked specimen under a nominal load. Hou et al [12] developed the Esheby in-
tegral approach for estimating the T-stress, which takes advantage of the path-independent
J-integral’s characteristics. The over-deterministic method (ODM) [13] is another approach
used to determine crack parameters, including SIF, T-stress, and higher-order parameters
in the Williams expansion. ODM has demonstrated efficacy in several studies [14,15].

The SIF and T-stress are crucial in the research of cracking in linear elasticity. Singular
stress entities are frequently used to represent the area around the crack tip. SIF is used to
assess their resistance. The parameter T is the non-singular stress that characterizes the
local stress field near the fracture tip. T-stress has the role of enriching the parameter K
(SIF) and the model in the elastic stress zone. The majority of approaches only consider
SIF extraction and pay little attention to T-stress and higher-order terms. The transverse
constraint, or T-stress, acts parallel to the crack’s propagation.

Isogeometric analysis (IGA) is a computer approach for simulating physical processes
in engineering and mathematics. IGA is an approach that integrates finite element analysis
(FEA) with classical NURBS-based CAD design tools. It has shown promising results in var-
ious fields, including vibration analysis [16,17], composites, and optimization problems [18].
Farshid Fathi et al. [19] presented geometrically nonlinear extended iso-geometric analysis
(X-IGA) for cohesive fracture. Wenbin Hou et al. [20] coupled X-IGA and B++ spline to
study crack behavior in 2D elasticity solids. X-IGA combines isogeometric analysis with the
extended finite element method (X-FEM), utilizing IGA for accurate geometry representa-
tion and X-FEM for crack enrichment. The dynamic fracture behavior of stationary fractures
in isotropic/orthotropic medium under impact stress was studied by Yadav et al. [21] using
the X-IGA approach. Ghorashi et al. [20] demonstrated that X-IGA outperforms X-FEM in
terms of accuracy, requiring significantly fewer elements to achieve an error of less than 0.1.

The objective of this study is to compute the K-T parameters in a simple and efficient
method; IG-ODM employs Extended Isogeometric Analysis to calculate stress and displace-
ment distributions, thereby refining the geometry and augmenting crack behavior. These
outcomes are then integrated into the Williams expression, yielding a series of deterministic
equations solvable through a conventional method. This unique combination represents an
unprecedented endeavor in this field.

The article is organized as follows: Section 2 discusses X-IGA and iso-geometric over-
deterministic method. Section 3 presents the numerical application, result, and discussion.
Finally, the conclusion is provided in the subsequent section.

2. Models and Method
2.1. Extended Iso-Geometric Analysis (IGA)

IGA use Non-Uniform Rational B-Splines (NURBS) as a discretization method for
analysis. The IGA can produce correct results even with large meshes, whereas the finite
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element technique (FEM) requires refining. B-splines are defined from a knot vector. A
knot vector is a set of increasing reals defined in the parameter space.

E= {51’52""'5”%1} 7 Gi < Giv1 1)

where ¢; € Ris theithknot,i=1,2,...,n+p+1, pis the polynomial order, and # is the
number of basis functions. The B-spline basis functions are defined by the following:

Forp =0,
1 < ¢ < ¢
Ni,() _ { Cl = g ?H—l} (2)
0 otherwise
Forp=1,2,...,
¢—Gi Givpr1 —¢C
Nip(@) =25 N b P8 Ny 3
z,p({:) Ci—i—p — & i,p—1 §i+p+1 _‘:i-‘rl (6)1+1,p 1 ( )

The properties of B-spline basis function are as follows:

e  Partition of unity: 'y N; ,(5) = 1;

e The continuity of the basic functions is C”~!, where p is the polynomial degree and m
is the multiplicity of the knot;

e  The support of N; , is included in [&;, Giy p11];

e  The first derivative of a B-spline basis function.

d 4 4

d(: Nz,p(€> gi-i—p — gi Nz,pfl (g) §i+p+1 — Ci—i—l N1+1,p71 (‘:) (4)

NURBS are built from B-spline functions by assigning a weight to each control point.

NURBS are still the dominating engineering design technology. T-splines are recent tech-

nical generalizations based on NURBS that can be somewhat unstructured. T-splines are

a NURBS superset, and their local refinement features enable solving the gap/overlap
problems of intersecting NURBS surfaces more easily.

Pray N; p(8)w;
Ri ©) i1 Ni,p(g)wi

where N; ,(¢) is the i™¢ B-Spline function of degree p; w; : weight. The basic function and
the control points Bi are combined linearly to create the B-spline curve:

C(§) =) NipBi ©)

There are three types of refinement in iso-geometric analysis:

©)

1. Knot insertion is the h-refinement; this refinement changes the basic functions N; ,
defined on a node vector, to a new basis N; ,:

+1 -
Yo NipPi=3" NiyP; )

2. Degree elevation entails raising the polynomial order of the basic functions, and well
nodes are added to the edge. The added values are values that already exist in the
initial node vector, they are the p-refinement.

3.  k-refinement involves refinement steps h and p [22,23], and increases continuity as
well as polynomial order.

Extended Isogeometric analysis X-IGA is a coupling between the extended finite ele-
ment method X-FEM [23] and the IGA. The IGA aims to present the exact geometry, and
X-FEM to model the crack by enrichment. X-IGA extends the capabilities of IGA by provid-
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ing precise analysis of complicated structural phenomena such as fracture propagation and
deformation, which are critical in materials science and engineering.

The level set technique is used for enrichment, which identifies the position of the
crack and the crack tip in order to enrich it with the necessary function. Sethian and
Osher [23] proposed the level set method as a numerical method for tracking the evolution
of interfaces and shapes. The LSM is a great complement to the X-FEM because it informs
you where and how to enrich:

n an Net 4
(€)= YR+ T RiE) [HE) ~ HE) o+ Y RKE) L@~ vl ®
i j a=

where Ri is the basis function; n.s is the number of nodes enriched by the Heaviside
function; n. is the number of nodes enriched by the functions of enrichments in the crack
tip; Ya: the functions of enrichments in the crack tip and H is the Heaviside function,
+1¢(¢) >0
H(G) =1{ 09(&) =0 o,
—1¢(¢) <0

uj, aj, by represent the classical, discontinuous, and singular degrees of freedom, respectively.

2.2. Iso-Geometric Over-Deterministic Method

IG-ODM is based on the calculation of displacement and stress around the crack point
(Figure 1).

VA

Crack

Figure 1. Stresses in a Cartesian reference frame.

These results are then introduced into the Williams expression [24], yielding a set of
over-deterministic equations. The least squares method [13] is used to solve these equations
and obtain the crack parameters. In our study, we utilize the X-IGA numerical technique to
obtain a more precise displacement field. By improving the precision of the displacement
field, we can achieve more accurate parameter computation using the ODM technique in
Figure 2.



Mathematics 2023, 11, 4293

Isogeometric Over-Deterministic Method

IG-ODM
X-IGA Over-Deterministic Method
uses a large data point to
Compute determine a limited number
displacement/stress fields. of unknown coefficients.

___________________________________________________________________________

Stress Intensity Factor / T-stress

Figure 2. Diagram of the proposed IG-ODM method.

The displacement field at the crack tip:
_ 3 Augns2 k421 (—1)"cos 29 — 1 n_12)g
u_202;4r x {k+ %4 (—1)"cos 50 — 5cos(5 —2)6}
n=

M
+¥ g—;r”/z x {—k—5%+(—1)"sin56 — 5sin(5 —2)6}
n=0
©)
N
v = Zo %’;r”/z x {k—1%—(—1)"sin 50 — 5sin(§ —2)60}
n=
M By .n/2 n n n n n
+ X e x {k—%+(—1)"cos 36 — 4cos(5 —2)6}
n=0
u and v are the displacement in x and y directions, y = %(1 + 0) is the shear modulus,

and k the Kolosov constant.
Equation (6) can be written as

N M N M
u=Y Anfy(r,0)+ Y Bufa(r,0); v=1Y Aug(r,0)+) Bugn(r,0) (10)

fi(r,0), f2(r,6),8k(r,0) and g(r,0) are functions of coordinates  and 8; A, and B, are
related to the crack parameters, SIF K; and Kj, T-stress and the higher order parameters.

K1 =+v2rA; , T =4A,. (11)
The set of equations can be represented as follows, if there are k nodes near the crack:

[Ulor = [Clarvimez) X (v ar42)- (12)

The terms An and Bn are associated with the mode I and mode II components of
deformation, respectively. For n = 0, the displacement components can be written as

x+1 x+1
2 Ap; v = goBo = 2

upg = fOAO = B(). (13)
Equation (12) is the rigid body translation of the crack tip that is independent of the
position of the points. « is the Kolosov constant, and y is the shear modulus.
The term B2 refers to the crack’s rigid body rotation with regard to the crack tip.

1 1
u:K+ Byrsin; v = T
2u 2y

Bycosf (14)
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The amplitude of the crack’s rigid body rotation is equal to the angle formed by
the initial direction of the fracture and the bisector of crack faces following structural
deformation. [U] contains the nodal displacement calculated by extended iso-geometric
analysis X-IGA, so

n et 4

ef
u(@) =Y Ri(&)u; + ZRj(g) [H(Z) — H(&j)]aj + ;Rk(é) Y [¥a(8) — Yu(@)]bax  (15)
j

i a=1

The second term in the equation represents the enrichment of the discontinuity,
and the third to model the crack tip, and the NURBS basic function R; are presented
by Equations (3) and (4). [C] includes the values of functions f(r,0) and g(r,0) at the
nodal position.

f(n,r,0) = %r%_l {(2+ g + (—1)"cos(g — 1)9 — (g — 1)cos(g — 3)9} (16)
o(n,1,0) = gr%*l [(2- g - (—1)"cos(g ~1)0+ (g - l)cos(g -3)o] a7

[X] includes the coefficients of the Williams expansion, unknown parameters, SIF,
T-stress and higher-order terms:

()" ul. (18)

The least-squares approach is used to calculate the unknown parameters.

3. Results

In order to investigate the crack parameters in pure mode I using IG-ODM, we conducted
tests on two geometries: the SECT and the CCT, as shown in Figure 3. The geometric
dimensions used in the test were h = w = 4, a = 1 and ¢ = 1 MPa [13]. For the calculations,
we selected the Young’s modulus (E) as 1000 MPa and the Poisson’s ratio (v) as 0.3.

o

eptteeert LIIL LD

2h 2h
2a

2W

w

e TITTTT I

Figure 3. SECT and CCT.

In the case of the CCT specimen, we employed 1600 control points, 1444 nodes, and
a polynomial order of p = q = 3. For the SECT specimens, we used 1200 nodes and
1352 control points (Figure 4). the type of crack is sharp. The X-IGA method was utilized
to compute the displacement fields, while the ODM (over-deterministic method) was
employed to calculate the higher-order parameters in the Williams series.
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Figure 4. Meshes of SECT and CCT specimen.

The input parameters (the polynomial order, control points, and node vectors) are the
initial phase in the MATLAB 2020 software computing approach for the X-IGA implemen-
tation. Secondly, the crack data are introduced. For determining the crack position and
enrichment points, we employed the level set approach. Then, the boundary conditions,
nodal force vector, and stiffness matrix are determined.

After obtaining the displacement and stress fields using X-IGA, we select a ring around the
crack tip (as shown in Figure 4). The selected ring satisfies the condition a/4 <r <a/2, where a is
the crack length. In order to ensure the solvability of the system, the number of equations must
be greater than twice the number of unknowns, following the inequality 2k > 2(N + M + 2) [14],
where K is the number of nodes used to compute SIF and T-stress; and N and M are the numbers
of terms used in the Williams expression for mode 1 and 2, respectively.

We have selected 52 nodes to calculate the SIF and T-stress, denoted as K = 52. In our
calculation, we consider N = 10 terms in the Williams series for Mode I crack analysis. A
MATLAB algorithm is used to compute the unknown parameters, employing the least-
squares method [25].

Tables 1 and 2 present the SIF K1 and T-stress for the Mode I crack under static loading.
To evaluate the accuracy of the proposed method, we calculate the error using the formula:
K’G+Di’"% % 100. The distribution of stress intensity factor by X-IGA et X-FEM at the
crack tip as a function of crack size for the CCT and SECT specimen, as illustrated in
Figures 5 and 6.

Table 1. SIF and T-stress for CCT specimens.

K1 [MPa,/m,] Error = W x 100 T-Stress [MPa] Error = W x 100
1G-ODM 1.8884 - —1.1037 -—
Ref. [13] 1.9252 1.911% —1.1044 0.06%
Ref. [26] 1.923 1.799% —1.1116 0.64%

Table 2. SIF and T-stress for SECT specimens.

K1 [MPa,/m,] Error = W x 100  T-Stress [MPa] Error = W x 100
1G-ODM 2.6631 —0.6129 -
Abaqus Contour Integral 2.657 0.2% —0.6008 2%
Ref. [13] 2.6560 0.267% —0.6028 1.6%
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Figure 5. Distribution of stress intensity factor by X-IGA et X-FEM at the crack tip as a function of
crack size for CCT specimen.
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Figure 6. Distribution of stress intensity factor by X-IGA et X-FEM at the crack tip as a function of
crack size for SECT specimen.

For the CCT specimen, the IG-ODM yields a SIF of 1.888MPa+/m, with an inaccuracy
of 1.911% compared to reference [13] and 1.799% compared to reference [26]. The T-
stress obtained is —1.1037 MPa, with an error of less than 0.64% (Table 1). These results
demonstrate that the proposed method exhibits errors ranging from 0.06% to 2% when
compared to other research studies.

Table 2 compares the SIF and T-stress results obtained by IG-ODM for SECT specimens
to those obtained by previous studies. The error is less than 0.26 percent for SIF and less
than 2 percent for T-stress.

In Figure 5, which pertains to the CCT geometry, the SIF obtained from the X-IGA
method shows an upward trend as the crack size (1) increases. This indicates that larger
cracks result in higher stress intensity at the crack tip.

Similarly, Figure 6 presents the SIF variation for the SECT geometry. Here as well, the
SIF obtained from the X-IGA method exhibits a rising pattern with increasing crack size (a).
This implies that larger cracks lead to higher stress intensity in the SECT specimen.
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Figure 7 represents the variation of T-stress by stress different method using X-IGA
and X-FEM as a function of the size of the crack g; the absolute value of T decreases with
the increase in a.

-01

—a—X-IGA

Ses —e— X-FEM

-0.3 4
-04 4
—0.5-

-0.6

T-stress[MPa]

-0.7 -
-0.8 1

-0.9 1

T T T N T

05 1.0 15
a[mm]

Figure 7. T-stress calculated by stress different method SDM for SECT specimens.

4. Discussion and Conclusions

The paper discusses the fracture parameters SIF (stress intensity factor) and T-stress
using a novel IG-ODM (Isogeometric Over-Deterministic Method) approach.

Most approaches concentrate primarily on SIF extraction, with little focus devoted to
T-stress and higher-order terms. The objective of this work is to more precisely determine
SIF and T-stress using the IG-ODM approach, and evaluate its accuracy compared to other
methods. The approach involves computing the displacement and stress around the crack
using extended isogeometric analysis X-IGA, incorporating the results into the Williams
expression, and obtaining crack parameters through the least-squares method.

Computing fracture parameters provides valuable insights into the crack, its propaga-
tion, and the stability of its path. Ensuring the accuracy of these computations is crucial,
and X-IGA has proven to be effective in various studies. For instance, Yin et al. [27] used
the X-IGA to study static crack problems in the two-dimensional model, achieving an error
of ex; = 0.1406% for an edge-crack plate with 656 control points, and obtained excellent
results for K1 for the center crack. Additionally, a comparison between X-IGA and X-FEM
demonstrated that X-IGA is more accurate than X-FEM with fewer elements and less
computation time [28]. El Fakkoussi et al. [29] emphasized the importance and accuracy of
X-IGA compared to FEM and X-FEM in computing SIF at the point of an external crack
in an arc under internal pressure. Ghorashi et al. [20] demonstrated that X-IGA provides
computation times twice as fast as X-FEM. Even with a large mesh, the X-IGA approach is
more accurate than the finite element method [10], so the number of elements is chosen
according to calculation time, in order to reduce costs.

Leveraging these advantages, the paper aimed to achieve greater precision in com-
puting the displacement field using X-IGA, followed by the application of ODM (Over-
Deterministic Method), which has also proven to be effective in computing the coefficients
of the Williams series. Accurate results were obtained, demonstrating that IG-ODM is an
efficient method for computing crack characteristics such as SIF and T-stress. We selected
the distance of the ring from the fracture tip to verify a/4 <r < a/2, because of the relatively
substantial numerical errors that exist in nodes extremely near the crack tip.

The ODM approach, based on the stress field, was originally proposed by Cheng
Hou et al. [12] for the computation of SIF and T-stress; they achieved accurate results
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for SECT (K_1 = 2.6525 MPa/m, T = —0.5984 MPa) and CCT (K_1 = 1.9252 MPa,/m,
T = —1.1044 MPa), with an error of less than 1.124% compared to other research. Yufeili
et KanZheng [14] also examined the SIF and T-stress using ODM based on the displace-
ment field, employing the nodal findings of X-FEM analysis. The effectiveness of the
FEODM (Finite Element Over-Deterministic Method) was demonstrated in the work of
R. Ayatollahi et al. [30]. The benefit of the IG-ODM approach we have described compared
to other ways employing ODM,; the geometry and the crack are precisely represented [31-33]
using the X-IGA method.

The observed negative T-value implies a stable fracture propagation direction, while
a positive T-value indicates an unstable direction, as discussed by Cotterell et al. [34].
Another study [35—41] showed that a negative T-value reduced the crack initiation angle
while a positive T value raises it.

The IG-ODM has yielded significant and accurate results, which can be attributed to
the accuracy of X-IGA extended isogeometric analysis as compared to the finite element
approach (FEM), as well as the efficacy of the over-deterministic ODM approach, which
calculates a limited number of unknown coefficients from a large number of data points [42].
In this work, a coupling of the X-IGA method with the over-deterministic method (ODM)
are proposed to calculate the T-stress and the SIF at the crack tip for mode I. This work aims
to take advantage of the benefits of X-IGA and ODM. IG-ODM is based on the calculation
of stress and displacement fields by X-IGA to better present the geometry and enrich the
crack, thereby introducing the results into the Williams iv expression, from which a set of
deterministic equations is obtained whose solution is obtained by the least-squares method.

The T-stress is introduced to enrich SIF, in a better presentation of the crack.
The SIF and T-stress are determined using IG-ODM, which is an efficient method for
computing fracture parameters.

e The IG-ODM approach proves to be more efficient when the displacement field is
accurately determined, utilizing a more precise numerical method such as X-IGA.

e IGA, as a technology, allows for interaction with CAD systems, leading to improved
solution accuracy and reduced computational costs.

e In order to obtain accurate results using IG-ODM, it is essential that the number of
crack parameters exceeds the number of nodal displacements determined by X-IGA.

e  Because of the relatively significant numerical errors that exist in nodes that are very
near to the fracture tip, it is better to obtain the essential data from nodes that are fur-
ther away from the crack tip, and it is preferable to select nodes from a particular ring.

The studied subject allows for further development and obtaining new results in
the field. We expect to develop a new project where the authors will employ IG-ODM
to investigate cracking problems in complex geometries, demonstrating its potential for
accurate analysis and understanding in such scenarios.
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Abstract: In this paper, the authors propose the application of the Gibbs—Appell equations to obtain
the equations of motion in the case of a mechanical system that has elements with a micro-polar
structure, containing voids. Voids can appear as a result of the processing or manufacturing of the
parts, or can be intentionally introduced. This research involves a model of the considered solid
material containing voids. To determine the dynamic behavior of such a system, the Gibbs—-Appell
(GA) method is used to obtain the evolution equations, as an alternative to Lagrange’s classical
description. The proposed method can be applied to any mechanical system consisting of materials
with a micro-polar structure and voids. The study of such systems is interesting because the literature
shows that even a reduce number of small voids can produce significant variations in physical
behavior. The proposed method requires a smaller number of mathematical operations. To apply this
method, the acceleration energy is calculated, which is then used to derive the equations. The method
comes with advantages in the application to multibody systems having the mentioned properties
and, in particular, in the study of robots and manipulators. Using the GA method, it is necessary to
do a fewer differentiation operations than applying the Lagrange’s equations. This leads to a reduced
amount of computation for obtaining the evolution equations.
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1. Introduction

Recent years have led to an impressive development of the materials used in various
fields of engineering. Such materials have appeared in aviation, the automotive indus-
try, the naval industry, in the construction of robots and manipulators, in medicine, etc.
However, these materials may contain voids accidentally created during manufacturing,
in certain situations, may significantly alter the properties of the materials. Sometimes,
these voids can be introduced intentionally or appear controlled, if a certain technological
process is used. This has caused the interest of researchers in this type of materials [1].

Because to the difficulty in developing appropriate models, most studies are exper-
imental. Tests have been carried out to ascertain how the mechanical properties change
when voids appear [2-4]. Theoretical approaches are still at an unsatisfactory level, due
to the numerous parameters that must be taken into account [5-7]. For this reason, it
has been emphasized that there is a need to develop numerical procedures to solve these
problems [8]. A first attempt to develop models using appropriate numerical methods is
made in [9-11].
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In the manufacturing process of some materials, especially composite materials, voids
may appear, which are generally undesirable phenomena. These voids are generally filled
with air. However, they may be filled with other gases, depending on the manufacturing
process used. For manufacturers, the appearance of voids which are unexpected is an
undesirable thing; a defect. These voids will have an influence on the physical properties
of the respective material. Their existence can lead to the decrease in some important
mechanical properties for the user and in the worst cases can cause the destruction of the
material or the manufactured part. A void that appears can cause the initiation of cracks
and ultimately reduce the life span.

It is also possible that other substances with a negative final influence on the material
appear in these voids. The appearance of voids can also influence the isotropy of the
material. In the study of composite and polymeric materials in general, voids negatively
influence behavior. Therefore, it is necessary to develop suitable models with numerical
solution capabilities for the study of polymeric materials used in engineering applications.
There are many reasons for the appearance of voids and they relate to the manufacturing
process, the wear of the machines, and the training of the personnel involved in the
manufacture of the material. One example, the case of adhesive bonding, is presented
in [12]. Another example, where voids can significantly influence material properties in the
case of a polymer thin film, is presented in [13]. There are also a few cases in which the
existence of voids in materials can be beneficial. Such examples are presented in specific
applications [14,15].

Over time, as a result of the engineering requirements regarding the study of these
materials, models that can predict their mechanical behavior have been developed and
researched [16-19]. The cases solved so far are very simple. The development of complex
models is necessary, and in this context the use of FEM could represent a main direction
of analysis. The problem with voids is that, even in small concentrations, their existence
will cause large variations in mechanical and physical properties [20-26]. The first studies
in the field by Cowin and Goodman [27] resulted in the creation of the granular theory.
Applications immediately appeared in various fields, first of all in the research of soils and
rocks, and then of human bones [28].

In general, voids appear in materials that also exhibit microstructure (MS) properties,
especially polymeric composite materials [29-32]. Thus, a theoretical support has been
provided for the analysis of these materials. Unfortunately, a theoretical support is not
enough for the analysis of practical engineering cases. This difference is mainly determined
by the complexity of the equations that arise. Approximation methods and numerical
methods are needed to solve some real-world applications. In this context, the FEM proves
to be the main tool that makes the analysis of these structures possible [33].

The wealth of developed finite elements and well-verified procedures within FEMs
make this method one that can successfully address such materials [34-38]. For composite,
bi- or multiphase materials, useful results are presented in [39-42]. In this paper, the FEM
is used for the dynamic analysis of such bodies. Basic notions for the application of FEM
to hollow micropolar bodies are proposed in [43,44], and some developments are made
in [45,46].

This paper aims to provide a model for determining the elastic behavior of a solid
body with voids and micro-structure, using a formalism provided by Analytical Mechanics.
For this, the FEM is used together with an analytical method to establish the equations of
motion. The main difficulty is the complexity of the analytical formulas. To facilitate the
analysis, the authors propose the use of another method (as an alternative to Lagrange’s
Equations (LE), the Gibbs—-Appell (GA) equations, introducing the rarely used notion of
acceleration energy.

In most engineering applications, the analysis method for writing the equations of
motion in the FEM is represented by Lagrange’s formalism. After performing this operation,
using classic assembly methods, applying the boundary conditions, and introducing forces
and moments corresponding to the studied problem, the system of equations that describe
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the movement of the system is finally obtained. The choice of a suitable finite element for
modeling the studied mechanical system will determine the shape functions used; based
on these, after the integrations, the coefficients of the motion equations will be obtained.
The hypothesis of small deformations is considered to be valid. A number of papers have
addressed the subject of the motion of systems with elastic elements using one-dimensional
finite elements [47-53], and also more sophisticated finite elements [54-56].

LEs are usually preferred to determine the evolution equations for an element [57-60].
Recent works have begun to use and reconsider other methods of Analytical Mechanics in
the analysis of such systems. GA equations will be the authors’ choice as an alternative
solution to LE to study the mechanics of a material with micro-structure and voids, having
a general motion. Using this method has several advantages. So, the number of operations
used to determine the system of differential equations (and, consequently, the time and
cost of designing using these materials) can decrease.

The GA equations represent a method for solving non-holonomic systems that presents
some advantages over the other methods offered by Analytical Mechanics. The method was
proposed in 1879 [61] by Gibbs and rediscovered by Appell in 1899. The notion introduced
for the application of the method is that of the energy of accelerations. The method
essentially is an application of Gauss’s principle of minimum constraint. The obtained
results are equivalent to the results obtained by applying other equivalent formalisms
provided by Analytical Mechanics. The use of these equations in engineering applications
has begun to be reconsidered in recent years, offering advantages in terms of the number
of calculations involved and reducing the cost of the modeling stage. Extension to systems
with micro-structures and voids is a natural development of the method in the current
context of the existing computational tools.

The use of robots has become a general phenomenon in all industries. It is a trend of
the last few decades which requires an adaptation of the design of these systems to ensure
adequate control. The latest developments have led to the design and manufacture of
machines that work at high speeds and are subject to high forces. They need to be carefully
designed, which is why many studies have begun to analyze various aspects of their
operation. For such systems, the accelerations become important and can greatly influence
operation. In this context, the use of the GA method becomes important, introducing the
notion of acceleration energy. At this point, the method starts to become interesting for
various engineering problems [62,63].

The method has proven to be interesting for a wide range of applications. An example
of a flexible robot is presented in [64]. The theoretical results obtained by the GA method
have been validated experimentally. Another application [65] concerns an N-flexible-link
manipulator used in industrial applications. In [66], using the GA formalism, the evolution
equations are established and, separately, an algebraic system provides the forces acting on
the links [67,68].

An advantage of applying this set of equations is the reduced number of operations
compared to other methods. Currently, the method is beginning to be reconsidered and
several researchers have used it in their works [69-74]. The FEM has demonstrated its
validity and utility in numerous problems in a very wide spectrum of domains. It is a
powerful tool for studying the behavior of mechanical systems. For multibody systems,
FEM has been used along with Lagrange’s equations. FEM currently has computational
procedures and models incorporated into available software that ensure a very wide range
of applications are handled.

Many finite elements have been developed, along with powerful pre- and post-
processing tools. The basic assumption for the application of this method remains the
hypothesis of small deformations. In this paper, we address the problem of using the FEM
together with an alternative Analytical Mechanics method to obtain the motion equations,
namely, the GA method. For systems of such complexity, the use of micro-structured materi-
als with voids requires the use of procedures in the analysis that require as few calculations
as possible. We mention that, in the last twenty years, the classical methods of Analytical
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Mechanics have begun to be reconsidered. This is because engineering applications have
started to become more and more complex. In this context, in which the developed models
are very sophisticated and involve a huge number of arithmetic calculations, some advan-
tages offered by the particular form of some of the mechanical principles can have a major
influence on the cost and the time required to achieve a high-performance design. The
work is part of this trend of revaluing classical knowledge and reevaluating the advantages
it can offer.

The accuracy issues of the obtained results are not presented in this paper. They are a
field of study in themselves. In this research, we were mainly concerned with presenting
an equivalent method for determining the set of equations. The justification for this is the
opportunity to obtain some computational advantages, namely, a shorter modeling time
and, consequently, lower costs for obtaining numerical results. The use of this method
must also ensure relevant results in order to make sense from a technical point of view.

2. Energy of Accelerations and Basic Notions

The system is considered a mechanical system made up of N material points whose
position is defined by 1 independent coordinates. These coordinates will be noted with g;,
where i = 1, n. If the studied system is a system with scleronoma links, the acceleration of
one of the material particles, let us say i, of the system is expressed by the relation

=T

arl
qx99;

G + Zaq ik j=1n;i=1N. 1)

In this expression, 7; is the position vector of the point i. In the following, this will
be denoted with a dot placed over a scalar, vector, or matrix size of the derivative of the
considered size with respect to time. The energy of acceleration denoted by S is a basic
notion used in the further considerations [72]:

Zma,, =1,N. 2

Formal Equation (2) is similar to the relation used to define the kinetic energy. How-
ever, the mechanical significance is obviously different. Considering a solid elastic body,
Equation (2) for a system of material points can be extended for the solid under the for:

S = 1/ a’dm. 3)
2J)v

If we consider the acceleration of a point arbitrary chosen, this has the expression
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j m

4y
%hlkaq] aqzaq
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which represents the part of the energy of accelerations that do not contains accelerations; by

9’7 oF
4V
9x9q; 9q;

En(q,9) ZZZ /Pa

which represents the part of the energy of accelerations that contains the linear terms in
accelerations; and by

_1 or or
ZZ(/Paq aqu)qkq],kJ—ln ®)

which represents the part that contains the quadratic terms in accelerations.
The classic forms of the GA equations are:

as
31,

1

= Q;i=1,n. )

In Equation (9), Q; represents the generalized force corresponding to the generalized
coordinate g;.

Now, we consider an elastic body that can present, in its volume, a series of voids.
The density p(x,y,z) of the body changes in every point, and can be expressed by the
relation [34]

p(x,y,z) =v(x,y,z) v(x,y,2). (10)

Here, v(x,y, z) is the mass density of the solid if the voids do not exist, and v(x, v, z)
represents the volume fraction of the existing material, (0 < v < 1). The volume fraction
represents the fraction of the volume of voids over the total volume. We can consider the
situation at an initial moment:

0o(x,y,2) = vo(%,Y,2) Y0(X, Y, 2). (11)

Let us consider that the moving reference system, related to the studied finite ele-
ment, has the angular velocity w, the angular acceleration &, the velocity v, of the origin
O(Xo, Yo, Z,), and a, the acceleration of the point O. In the theory of the elastic body with
voids, the position of an elementary element is described by the coordinate of the point
around which is considered the elementary element and the third rotation of the element.
The approximation made in FEM links the displacements of a certain point denoted M with
the independent coordinates {J};, representing the displacement of the nodes of the finite
elements, and {¢},, representing the rotation of a reference frame situated in the point.
The local kinematics of the finite element are therefore defined through the relation [34]

{u}y = [Nsl{o} 5 {¢}, = [Np]{0}- (12)
and the distribution of the percentage of voids can be written as
vp = [N,]{0};. (13)

In these relations, [Ny], [Ny ], and [N, ] are shape function matrices. The quantity vy is
scalar, and the shape matrix [N, ] is a line matrix.
If {u}, represents the displacement of the point M that moves into M’, it can be written

{rmtc = {rote +[RJ({r}, +{u}p) - (14)

In Equation (14), [R] represents the rotation matrix which realizes the transformation of
a vector from the local coordinate system L to the global coordinate system G. Additionally,

17



Mathematics 2024, 12,178

{rm}¢ is the position vector of M’ having the components expressed in a global reference
frame. The velocity of M’ is

{omde = {hwto = {fole+[R](ry+ IN{o}) + RINI{3} . (5)
Using Equations (12) and (13), we obtain
{9}, = Nol{5},, (16)

vy = [NV]{S}L. (17)

With Equations (15)—(17), the kinetic energy of a finite element, considered as a part of
a micro-structured material with voids, is:

E. = ;!po{va}é{va}de + ;V/ Po{d’M/}(T;[Y}{(j)M,}GdV + ;V/poxvi/%/l,cdv, (18)

It is denoted with x, the so called “equilibrated inertia” [34], and with [Y], the matrix
of the coefficients of inertia [1-3,5,10,12].
The classical form of the elastic potential energy is [58]

1 T
E, == . 1
The classical Hooke’s law is [54]

{o} = [H|{e}. (20)

and it exists the following relations:

{e} = [1]{u} + [b2]{¢} = ([ba][No] + [b2] [Np] ) {0}, = [Ns]{0},. , (21)

where [b1] and [b;] are two differential operators, and
[Ns] = [b1][Ns] + [b2] [Ny] (22)

(see [54]).
So, the potential energy can be written

B = {0} ( [, NI INIAV ) (o). @)

Equation (11) can be expressed as

By = (5} {0}, 1)

In Equation (24), [k] represents the stiffness matrix.
The term of energy due to the voids is

Eypo = 5 (0} kel (6}, 25)
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In reference [53], Epy is represented as

v
dy dip d ox
. v av o d11 d12 d13 o N
=g gy az) | M2 Al 5, 0 (26)
dz1 dzp ds] | 5y
9z
Using Equations (12) and (13), it gives
ov d
= = (NG} = [Nual {0},
v d
@ = @([NV]{g}L) - [NV/V]{é}L ’ (27)
av 0

2z E([NV]{‘S}L) = [Nuz] {6},

or

v
gx [Nux]
ay (= [Nuwl | {6}y, (28)
oV [Nv,z]
oz
BZ g; gﬂ = (T[N [Nua]” )] (29)
and
1 [NV,X}
Epo = 5 (6} [Nual™ [Nog]™ (Nl ] )| [Nu] | €931 0
[Nyz]

Considering a homogeneous and isotropic body, the coefficients d;; are equal, and an
estimate for them is presented in [34]. The matrix [d] is the unit matrix premultiplied with
a coefficient for the most practical cases [34].

The work produced by concentrated load {g;}; and moments {g,}; is

W = {q}[ {0}, (31)
where it is denoted
T T T
{a}p = {9 +Harr (32)
and that produced by the volume forces and moments is

W = {g*}1 {8}, (33)

It is noted as

('} = [ [P} NGl ({o}, + | [ {m}E [NgJav | {0}, 34
4 4
The potential energy due to the existence of voids is
Lo
Epo = > {6} L[ko]{0} - (35)
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In what follows, the method of LE is presented to determine the evolution equa-
tions [75].
The Lagrangean [21] has the classical form

L=E.—Ep+ W'+ W+ W (36)

In this formula, W¥ is the work of distributed forces, W€ is the work of concentrated
forces, and WY is the work determined by the existence of voids.
We use the notations

m] = [ [Na]" INsloudV; [J] = V/ [Ng] (YT [Ny podV; [m,] = V/ (N [N pod Vi (37)

14
e =2 (56" [R] RNl [kte)+ k)] = [ 56" ([R][R1) NGl @9)
14

\%
o] - v ) 0} = [ 9
14 14

If we use the LE, it results in

(Im) + U+ ) {3} +1{6} + (1K + k] + [k(e)] + [k(e?)] ) {0},

) . . (40)
= {a} + {07} + a0} — [mG] {70}, — {d'(e)} — {g'(?)}.
Considering the static case, it obtains
([ + D) + k()] + [k(e?)| ) {0}, = {a}] + 0"} + {ao} - (41)

3. Results

In the following, the GA method is presented to obtain the evolution equations for
a solid composed of such a material. Using the GA equations, it is necessary to write the
energy of the accelerations. The acceleration of a point of the solid is

{amte = {Fo}e + [R|{ry, + [R] INNe}, +2[R]NI{3} + RINI{3} . w2

and the energy of the accelerations is given by the relation
1 T 1 T, (- 1/ .2
Ec= 5./ po{am telamtcdV + E/p0{¢M’}G[Y]{¢M’}GdV+ 5./ poxvVprcdV.  (43)
Vv 14 14

The second order derivative of Equation (12) are used in Equation (41):

(5}, = {3, @

Performing all the necessary calculations within the expression (43) using the notations
(37)-(39) and applying Equation (9), we finally obtain Relations (40) and (41). The number
of operations used to obtain them is less than in the case of using LE.

An example will illustrate our theoretical consideration. We consider a circular bar
in which gaps of material will be inserted at percentages of 1, 2, 3, and 4% (Figure 1). The
bar has 1 m length and a diameter equal to 1 cm. To achieve this, consider the discretized
bar in three-dimensional finite elements. In a cross section of the bar, with a circular shape,
32 finite elements are considered (Figure 2). Statistically, one element is extracted from this
structure to assure a percentage of 1, 2, 3, or 4%. The extraction of these elements to create
the voids is done statistically. For example, if the structure is divided into 3200 elements,
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32 elements will be extracted to achieve 1% voids. Thus, with this procedure, a bar with
1% voids is first made, then the number of voids is successively increased until the last
variant containing 4% voids is obtained. For each of these variants, the strain and stress
calculation is performed to obtain the maximum values. The studied material is considered
to have the Young’s modulus of 125 GPa, with v = 0.3. The force value F is 100 N. The bar

is clamped at both ends.

2F

Figure 1. The studied truss loaded with two forces.

Figure 2. Voids inside the body of the bar.

Considering the distribution of voids in Figure 2, a calculation of stresses and de-
formations was performed in the four considered cases and the results were compared
with the situation of a homogeneous bar without voids. Figure 3 contains the maximum
displacements of the bar in the studied cases. Figure 4 contains the maximum von Mises

stresses of the bar in the studied cases.

In Table 1, these results are synthetized for a global image of the displacements and

stresses.

Table 1. The displacements and von Mises stresses.

)

Homogeneous Bar 1% Voids 2% Voids 3% Voids 4% Voids
Displacements [mm] 0.5126 0.5322 0.5524 0.5586 0.5723
Variation of displacements [%] - 3.82 7.76 8.97 11.64
von Mises stress [GPa] 22.995 23.541 24.213 24.805 25.323
Variation of von Mises stress [%] - 2.37 5.39 7.86 10.12

A calculation of the eigenfrequencies of the system was made in two cases: for 0%
voids and for 4% voids. The results are presented in Table 2. It can be concluded that the
existence of a percentage of voids in the material will have an insignificant influence on the

vibrations of the studied body.
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0.5430

04827

04223 Contour Plot

— 03620 Displacement(Mag) mm
03017

02413

0.1810

0.1207 Bar with no voids
00603

I -

0.0000

Bar with 1% voids

Bar with 2% voids

Bar with 3% voids

Bar with 4% voids

Figure 3. Maximum displacements of the bar, in mm.
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Contour Plot
Elemnent Stresses (2D & 3D)(vonMises)
Analysis system
22,9954
[ 20.456%
17.9183
= 15.3798
12.8413
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Bar with 1% voids

Bar with 2 % voids

Bar with 3% voids

Bar with 4% voids

Figure 4. Maximum von Mises stress, in GPa.
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Table 2. The eigenmodes of the bar with voids.

o, 3 o, 3
Mode Representation Frequency for 0% Voids  Frequency for 4% Voids

[Hz] [Hz]
/
1 / / 139.0319 139.9093
2 / 139.0319 139.9093
g
3 / 382.3166 382.3166
f/

e
,
4 / 382.3166 382.3166
4

=
”~
5 / 747.0574 747.0574
//\I
) 4
J—
6 I 747.0574 747.0574
-
-
7 I’ e 1229.853 1229.853
e
<
8 / 1229.853 1229.853
/ﬂl
’&I’
9 /,§ ,/ 1828.136 1828.136
-y
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Table 2. Cont.

Frequency for 0% Voids  Frequency for 4% Voids

Mode Representation [Hz] [Hz]

-~ e
10 " e 1828.136 1828.136
o TED ’

’

4. Discussion

If LE are applied to determine the set of the equations of motion, there will be fewer
mathematical differentiation operations if the GA equations are applied. The use of these
equations makes the calculations easier, which for large systems can be significant. It is
difficult to estimate the number of operations, this depends on the size of the system and
the type of finite elements that was chosen, which determines the number of degrees of
freedom that will be taken into account.

The LE is
d | oL oL
{a}{} )

From a qualitative point of view, it can be observed that it is necessary to perform four

differentiation operations for the expressions {BL / 856}, another four for the expressions

{dL/94.}, and then the derivatives in relation to time of the terms {aL /36, }

However, if we use the Gibbs—-Appell equations, it is necessary to differentiate the
energy of the accelerations. In that case, it is necessary to make only five operations. These
operations in both cases are related to the components of a vector; for this reason, they
will also depend on the number of degrees of the system. In the case of the Gibbs—Appell
formalism, only five differentiations will be made.

It can therefore be concluded that if the Gibbs—Appell equations and the acceleration
energy are applied, the number of operations that must be performed is less than if the
Lagrange equations and the kinetic energy are used. In most applications, Lagrange’s
method is used. This is due to the fact that most researchers are very familiar with the
notion of kinetic energy and less so with the notion of acceleration energy. This method
can therefore also be used when studying a mechanical system that has in its composition
elements made of materials with micro-structure and voids. The use of the Gibbs-Appell
formalism has the advantage of reducing the calculation time and, consequently, the cost of
the analysis stage of such a mechanical system. In general, it can be considered that the
number of operations can be halved. In the case of complex structures, of large dimensions
and operating in difficult conditions, this reduction can be important.

Previous studies have shown that the existence of voids, even in small percentages,
can cause a significant variation in the mechanical properties [75,76] (see Table 3).

The results obtained in our analysis are presented in Table 4.

From this table, it can be seen that voids can lead to a significant reduction in the
mechanical properties. It follows that the study of their influence in different situations
has become a very important thing. So, the study of these materials becomes important for
practical applications.
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Table 3. The mechanical effect of the existence of voids in structure.

Increase in Percentage of Voids Reduction in Flexural Rigidity/[Reference]

1% 10%/[21]

0% to 5% 25%/[21]

2.5% 20%/[20]

1% 10%/[20]

3% 17%/177]

1% 35%/[78]

6% 40%/[78]

Table 4. The results obtained for the studied model.

Increase in Percentage Variation of Displacement Variation of Von Mises Stress
of Voids [%] [%]
0% 0 0
1% 3.82 2.37
2% 7.76 5.39
3% 8.97 7.86
4% 11.64 10.12

5. Conclusions

In this paper, the authors sought to extend the application of the Gibbs—Appell formal-
ism to analyze systems consisting of materials with micro-s and voids. In a previous paper,
the authors extended the area of FEM to apply it to MBS bodies with microstructure and
voids. The method used to do this was the Lagrange Equations. As for other mechanical
systems, usually made by rigid bodies, there are a lot of papers proving that using other
methods such as the Lagrange formalism can be useful in some cases. We extended this
observation to MBS with microstructure and voids. We found that this is possible with
little effort. As a result, it is also possible for this type of material to apply the Gibbs—Appell
equations and consequently benefit from the advantages of using these equations. The
developed model takes into account both the microstructural properties of the material and
the embedded voids.

Advantages of using the Gibbs—Appell method are mentioned in a series of pa-
pers [61,63,65,67]. The present work aims to expand this area of application of the method.
If most of the works that approach this formalism refer to bodies with rigid elements, the
authors tried to extend the method to elastic mechanical systems. The models used for
these systems lead to a large number of operations and, as a result, any method to shorten
the calculation time (and costs) is extremely beneficial. Obviously, at this stage, the work
can form the basis of further developments for the study of mechanical engineering systems
used in practice.
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Abstract: This study focuses on investigating the behavior of slider—crank mechanisms with different
bearing failures using a vibration analysis technique. The reliability and lifespan of bearings are
crucial for such mechanisms, which convert rotary motion to reciprocating motion. Previous research
primarily addressed ball-bearing failures, neglecting needle bearings due to their specific applications.
To bridge this gap, our experimental setup integrated both roller and ball bearings within a slider—
crank mechanism. Vibration data were collected during normal operation, as well as under failure
conditions of the ball and roller bearings. By analyzing the vibration signatures during simultaneous
multiple failures, we gained insights into the nature of vibrations in the system. Furthermore, a
mathematical model based on Hertzian contact was employed to calculate the theoretical frequency
of ball bearings; however, due to the variable motion of the needle bearing, a novel mathematical
model was proposed to estimate the defective impulse frequency, considering the inter-impact time
between two impacts. The experimental results were compared with the healthy crank mechanism
setup to draw meaningful conclusions. This research contributes to a comprehensive understanding
of bearing failures in slider—crank mechanisms and provides valuable insights for designing reliable
and long-lasting systems.
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1. Introduction

The slider—crank mechanism is one of the most versatile and common assemblies in
machines. It is a four-bar chain mechanism with one sliding joint and three revolute joints.
Pumps, compressors, internal combustion engines, quick return mechanisms, punches,
etc., are some inversions of slider—crank mechanisms. The slider—crank mechanism con-
verts rotational motion into linear motion. The motion of the slider—crank mechanism is
possible due to the free movement of the revolute joints held together by bearings. These
components are designed to have a long life without any failures. This mechanism sup-
ports various loads and allows relative motions among the crank, connecting rod, and
slider. Therefore, bearings used in the mechanism undergo cyclic loading; as a result, they
have a high chance of failure. There are two types of failure with a high probability of
occurrence: cracks in parts containing bearings like races or cages and surface failures like
abrasive wear, corrosive wear, pitting, and scoring. For this reason, many studies have been
conducted to analyze the failures in vibration signature analyses of bearings. A detailed
literature survey on failures in bearings is summarized below.

Butler [1] used the shock pulse method to detect damage in ball bearings, for which
a stethoscope or any listening stick was used to listen to the shock pulses of damaged
bearings. Gupta [2,3] analyzed the dynamics of cylindrical rolling element bearing. An
analytical formulation for the rolling element bearing and the interaction of the rolling
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element races with normal and moment vectors were proposed. The electro-hydrodynamic
traction model was considered to calculate the roller race tractive forces during this analysis.
Toersen [4] presented an experiment on damaged bearings and implemented an envelope
technique to detect defects in ball bearings. The experimental results revealed that the
defects depend upon the speed of the bearing corresponding to the frequency of the impact
in the outer race, inner race, and ball uniquely. Mcfadden and Smith [5] developed a
model to explain the vibrations caused by a single point defect in a bearing caused by a
constant radial load. An impulse caused by a single point defect was considered an impulse
function. The effect of the impulse function can be controlled by changing the magnitude
of the impulse function. As the rolling elements roll over the defects, it causes an impulse
with a fixed frequency in the bearing. The frequency depends on various parameters like
bearing geometry, shaft speed, bearing load distribution, and location. When an impulse is
generated in the bearing due to the defect, it creates a resonance between the bearing and
the machine part to which it is fixed.

Patil et al. [6] presented research on localized bearing defects. The bearing was
assumed to be a nonlinear spring, and the input force was considered a contact force whose
calculations are carried out using Hertzian contact theory. The defect was assumed as a
half-sine wave in which several readings are taken for different defect sizes and at various
speeds. Vibration data were acquired in the time-domain signal and further converted
into the frequency domain by fast Fourier transform analysis to find the exact resonance
frequency. Tandon and Choudhury [7] proposed an analytical model for calculating
the frequency and amplitudes of localized bearing under radial and axial bearing loads.
For the inner race defect, sidebands were found around the peaks. The effect of load
and pulse shape was also considered in the model and predicted that the magnitude of
amplitude for the outer race is higher than that of the inner race. Liu et al. [8] developed
a dynamic simulation model to study the effect of localized bearing defects, considering
it as a two-degree-of-freedom system using piecewise functions and the Hertzian contact
mechanism. The research found that it is essential to establish a relationship between
impulse response and the defect’s shape and size for its operation in a bearing. Choudhury
and Tandon [9] have conducted several experiments using both good and defective bearings.
An acoustic emission technique was applied to detect the roller bearing defect and compare
the measured acoustic signals to find the flaws. Rubini and Meneghetti [10] presented a
paper on applying envelope and wavelet transform analysis for fault diagnosis. The bearing
defects can be analyzed by spectral analysis in classical vibrational analysis; however, this
becomes very difficult if the forcing function is deficient.

Kiral and Karagulle [11] proposed a novel technique to use computer programming
to perform the vibration response using a finite element analysis by applying a forcing
function. The time and frequency domain analyses could be performed for healthy and
damaged conditions followed by a comparison of the results to identify the exact cause of
failures. Rai and Mohanty [12] applied the fast Fourier transform (FFT) of intrinsic mode
functions in the Hilbert-Huang transform (HHT) technique to determine the failures in the
bearing. Discrete Fourier transform and wavelet transform are beneficial for identifying the
defect of bearings. Lu et al. [13] presented a paper on the fault diagnosis of motor bearings
under variable speed using angular resampling of transient sound signals (TSA). A transient
signal analysis tool was used to find the defect in the bearings; however, it is not a popular
nor correct method for variable speed in a bearing analysis. Cui et al. [14] established a
nonlinear vibration analysis technique to diagnose severe faults in bearings. The defect
size is controlled in the outer race of the bearing; vibration signals are simulated and
then analyzed for the defect impacts whose time interval gives the impact characteristics.
Patel et al. [15] developed a dynamic model for vibration studies for deep-groove ball
bearings with defects in multiple inner and outer races. In the analysis, the masses of
the shaft, housing, races, and balls in their modelling are considered a parameter that
influences the vibration characteristics. Salunkhe et al. [16] presented a study to analyze
the vibration of deep-groove ball bearing using finite element analysis (FEA) and the
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dimension analysis technique (DAT). Experimental work was performed to investigate
the vibration characteristics of ball bearings. The FEA, DAT, and experiment results show
that vibration amplitude is a critical function of surface fault size. Their study was found
to be effective in estimating vibration amplitude and defect frequency within reasonable
error. Nan et al. [17] improved a new model to investigate the dynamic analysis of a rolling
ball-bearing rotor. Hou et al. [18] presented a comparative study using an acoustic emission
and vibration analysis for the bearing fault diagnosis of high-speed trains. Their research
was the first to compare the effectiveness of applying acoustic emission (AE) and vibration
methods to diagnose a naturally degraded high-speed train bearing. Abdulbary et al. [19]
analyzed fault diagnosis in a rotating system based on vibration analysis. Their goal of
was to assist researchers in implementing identification, diagnosis, and repair techniques
of common fault types using vibration analysis. Several fundamental techniques were
provided for the condition monitoring of rotating systems, including fast Fourier transform,
the frequency domain decomposition method, wavelet transform, stochastic subspace
identification, and deep learning. Xiao et al. [20] developed a computational framework to
investigate the fault-clearing failure mechanism of a reciprocating compressor system, and
ADAMS software (version 2013.3) is used to create a simulation model of the mechanism.
Jangra [21] listed a summary of the many gearbox issues and the methods used to diagnose
them using vibration. The equipment was subjected to various loads, and the environment
might cause deterioration. Many failures were detected by the methods used.

The present research contributed to understanding the internal dynamic mechanism
of the rolling ball bearing and needle ball bearing through simulations which are practically
helpful for predicting the impeding faults in rolling ball and needle bearings. This paper
highlighted the mathematical equation analyses of the ball and needle ball bearings, which
were further solved using MATLAB programming. In order to verify the mathematical
results, experimental investigations were conducted using a vibration monitoring technique
on the crank—chain mechanism. Further, small cracks were induced, and variations in
vibration parameters such as amplitude and frequencies were observed concluded.

2. Mathematical Model
2.1. System Modeling for the Ball Bearings

Each ball bearing was assumed to be a nonlinear spring-mass damper system during
analysis. The inner race of the bearing was connected to the shaft, and the outer race was
kept fixed. A constant radial load was applied to the bearings. It was also presumed that
the forces were applied when there was contact between the rolling element and the races.
The differential equations are formed, and computer programs are written to solve them.

The forces which arise due to the contact of rolling elements with the races can be
given as

F = ko" (1)

where F is the contact force, k is the Hertzian load deflection factor, ¢ is the deflection, and n
is the exponent whose value is 3/2 for the ball bearing and 10/9 for the roller bearing. The
value of k, i.e., Hertzian load factor, is calculated to be 7.0701 x 10°N/m3/2. A cross-section
of the bearing with different parameters is shown in Figure 1.
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Figure 1. Cross-section of bearing showing different parameters.

2.2. Calculating the Forces

Using the Hertzian contact stress, we can calculate the forces applied by the individual
ball on the races.
F = k[xcos(6;) + ysin(6;) — Cr]3/2 )

where x is the displacement in the x direction, y is the displacement in the y direction,
and 6; is the angular position of the i-th bearing. This force can be resolved into x and y
components for all the bearings as follows:

zZ

Fx =Y k[xcos(6;) + ysin(6;) — Cr*2cos (6i) 6)
i=1
Fy = i k[xcos(6;) + ysin(6;) — Cr]*/*sin(6i) 4)

i=1

Now the defect for the inner and outer race is modeled as a sine function. The forces
which arise in the defect region are as given as below

FFdx = i k [xcos(Gi) + ysin(0;) — (Cr - Hdsin(g (0t — (-)i)) ) ] 3/Zcos(ei) (5)

i=1

z 3/2
FFdy =) k [xcos(f)l-) + ysin(0;) — (Cr - Hdsin<%(9t — 91')) ﬂ sin(61) 6)
i=1
where ‘
o= Defect size @

 Raceway size

and for the inner race defect, ¢ yields

0t = wet + 27 ®)

(z—1)
and for outer race defect

©)
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For the ball defect
27T

z(z —1i)
where i depend on the number of defects. When the rolling elements are not in the defect
region, the equations of motion are given as

0t = (wyp/z)t + (10)

mx+cx+Fx=w (11)

mx+cx+Fy=0 (12)
When the rolling elements are in the defect region, the equations of motion are

mx +cx + Fdx = w (13)

mx 4 cx + Fdy =0 (14)

where m is mass of the race based on which forces are to be calculated, c is the damping
coefficient, and w is the load on the bearing.

2.3. MATLAB Program to Determine the State Variables for Roller Bearings

The MATLAB program (MATLAB R2018b) consists of two parts: one of them is the
main program which calculates each time interval and stores the data, and the other is a
function that solves the force equations. The differential equations are solved using the
built-in function, ODE45, which uses a fourth-order Ranga—Kutta numerical differential
approach. For the program, the following algorithm, as shown in Figure 2, was used. The
parameters used in the program for all ball bearings are given Table 1.

Table 1. Specifications of the for ball bearing under investigation.

Quantities Values
Hertzian contact load 7.0701 x 10° N/m?
Radial clearance 20.5x107® m
Radial load 19.62 N
Damping coefficient 200 Ns/m
Mass of outer race 0.058 kg

For inner race

Shaft speed

Relative cage speed (w; — ws)
Length of defect
Angular length of defect
Height of defect

For outer race

Shaft speed

Cage speed (w)

Length of defect
Angular length of defect
Height of defect

For rolling element
Shaft speed

Cage speed (wy/z)
Length of defect
Average angular length of defect
Height of defect

Initial displacement in x
Initial velocity in x
Initial displacement in y
Initial velocity in y

Time for simulation
Time step

298 rpm = 31.2064 rad/s
11.6292 rad/s
1 mm
71.942 x 1073 rad
26.3890 x 1073 mm

304 rpm
11.8634 rad/s
2 mm
85.470 x 1073 mm
106.456 x 1073 mm

300 rpm
8.2391 rad/s
1 mm
57.3387 x 1073 rad
26.389 x 1073 mm
107 m
0Om/s
107 m
0Om/s
0-0.7 s
10745
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Define all the properties

v

Fori=1 to z any time
instant t

Define the initial
conditions of the model

Check whether
the rolling
elementis on
defect

Call the function to
calculate the data

A 4
Calculate Calculate
Fx and Fy Fdx and Fdy
Store and display the data

Put the values of all the |

parameters in the motion
Main program equation and solve them

Y

Determine the

state derivatives

Function of the program

Figure 2. Algorithm to calculate state variables.

2.4. System Modeling for the Roller Bearings

The method described below is applied for the fault diagnosis of the needle roller
bearing. It is located at the connection of the crank pin and connecting rod. The motion
of the bearing is cyclic. A line defect has been induced in the pin and the connecting rod
for the fault diagnosis. As the rolling elements roll over the defect, it generates an point
of impact. The inter-impact time interval changes through a crank rotation, but the angle
between the two defects remains constant. The inter-impact time is calculated for this
analysis, and the frequency range is found. This range is relatively small for the crank pin
defect compared to the defect on the connecting rod. Since the frequency range for the
connecting rod defect is high, only the high- and low-frequency components are found.

2.5. The MATLAB Program to Determine the Frequency Range

Figure 3 shows how the MATLAB program (MATLAB 2018b) calculates the frequency,
and the parameters used are given in Table 2.
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Defining all the program
parametrs

y

Calculating the instaneous angular
speeds of bearing cage, crank pin
and connecting rod

v

Calculating instaneous angular speeds of
bearing cage, crank pin and connecting
rod using numerical integrating
(trapezoidal rule)

{

Determining the relative angular displacement of
the bearing cage with respect to defective part

v

Calculaitng the inter impact time

v

Calculating the frequency and
frequency range

Figure 3. Algorithm to calculate frequency range.

Table 2. Parameters used to calculate the frequency range of bearing.

Quantity Values
Crank radius 24.5 mm
Connection rod length 94 m
Rolling element diameter 2.5 mm
Pitch diameter 27.5m
Number of rolling element 20
Inter-impact angular distance 0.314159265
Shaft speed for crack pin defect 314 rpm
Shaft speed for connecting rod defect 313 rpm

3. Experimental Setup

The experimental setup consists of a slider—crank mechanism obtained from a 100cc
bike engine (Victor Enterprise, Kalamazoo, MI, USA). It contains two types of bearings,
namely ball and needle bearings. Experimental work has been carried out on both of
them. To support the deep crankshaft groove, ball bearings have been used to facilitate
revolutions between the crank pin and connecting rod. Defects are induced at different
locations of the bearings and evaluated for their diagnosis. The following are the parts that
have been used to construct the setup.

3.1. Experiment Equipment

L. Engine block: Figure 4 shows the engine block used in this study. The piston slides
on the cylinder of the engine block. The dimensions of the cylinder in the engine block are
5 cm in diameter and 9 cm in length.
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Figure 4. Engine block.

II. Crank, connecting rod, and piston: The crank, the connecting rod, and the piston
help to convert the reciprocating motion to rotational motion, as shown in Figure 5. One
end of the connecting rod is connected at a length of 2.5 cm from the center of the crank,
thus giving it a stroke length of 5 cm. With the connecting rod, the piston is attached with
the help of a piston pin. The diameter of the piston is 4.9 cm, thus giving an actual swept
volume of approximately 100 cm?.

rod
IBall Bearing

Figure 5. Crank, connecting rod, and piston.

III. Bearings: Each of the two ball bearings supports the two ends of the crankshaft.
Bearings are used between the crank pin and the connecting rod to transfer the load torque
from the piston to the crankshaft needle roller, as illustrated in Figure 6.

Figure 6. The construction of connecting rod: (a) ball bearing, (b) needle roller bearing between crank

pin and connecting rod, and (c) ball bearing.

IV. Motor, gear, and pinion: An electric motor provides the motion in this setup. The
whole setup is run with the help of a 220 volt, 3A ac motor (SMKOA-3A, Kalamazoo, USA).
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The maximum rated rpm is 1400. A voltage regulator is attached to the motor to control
the speed of the motor. For practical running purposes, the motor runs at 1200 rpm. A
gear and pinion mechanism has been used to transmit the motion from the engine to the
crank. The gear and pinion’s pitch circle diameter are 64 mm and 16 mm, respectively, thus
giving a gear ratio of 4. Though the rpm fluctuates from observation to observation, it stays
around 300 rpm for most trials.

V. Stand and Frame: A frame and a stand are constructed to hold all the parts together.

3.2. Experimental Procedure

Five deep-groove ball bearings, SKF 6304, (VEXTA, Kalamazoo, USA) were used in
this experiment. Among them, two are without any defects, and the rest have defects on
the inner race, outer trace, and ball, respectively. Since the cage is permanently joined, there
was no other way to access the inner race, balls, and outer race. So, the bearings had to be
dismantled and then joined again. Similarly, to make observations on the defects in the
needle roller bearing K 25 x 30 x 14, defects were induced in the pin and the connecting
rod, and then observations are taken simultaneously.

3.3. Inducing Damage

Various methods were used to induce defects inside each part of the experiment. A
hand-operated cutting tool was used to induce defects in the inner race. The width of
the defect is about 2 mm. Figure 7 shows the defect in the inner race. Figure 8 shows
the bearing with the outer race defect. The defect in the outer race was induced using a
welding machine.

Inner race defect

Figure 7. Inner race defect.

Outer race’defect

Figure 8. Outer race defect.

For the ball, the defect was induced with a hand tool, as illustrated in Figure 8. The
defect’s width is about 2 mm.

A wire EDM machine was used to induce a defect in the crank pin and connecting
rod, as presented in Figure 9. The defect’s width is 0.5 mm and is across the length of the
crank pin and connecting rod.
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Figure 9. Crank pin and connecting rod defect.

3.4. Data Acquisition and Accelerometer

The vibrational data acquisition is performed using a PRUFTECHNIK VibXpert 2
(PRUFTECHNIK, Kalamazoo, USA) channel FFT analyzer and is recorded on Omnitrend
software (OMNITREND2.5.0). Table 3 summarizes the vibration signal characteristics
observed using the VibXpert analyzer (PRUFTECHNIK, Kalamazoo, USA) during test.

Table 3. Signal characteristics used in VibXpert analyzer during experiment.

Setup Class Bearing Spectrum
Quantity Acceleration
HP/LP Filter 1000/40,000
Frequency 400 Hz
Line No. 800
Window Hanning
Envelope On
Averages 3 (Linear)

A complete test setup with an VibXpert FFT analyzer, an accelerometer for acquiring
the vibration data, and a laser tachometer used for measuring the rpm of the crankshaft, as
shown in Figure 10.

'VibXpert 2

channel data
ecorder and

analyser

Figure 10. Experimental setup with accelerometer and laser stroboscope.
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The acceleration transducer, VIB 6.142 DEX (FLUKE, Kalamazoo, USA), was mounted
on bearing housings using a magnetic base. The specifications of the transducer (accelerom-
eter), as given by OEM, are as follows: sensitivity, 1 mA/ms~?; frequency range, from
1 Hz to 20,000 Hz; and resonance frequencies, about 360,000 Hz. The signals are collected
using a VibXpert analyzer and analyzed using FFT. The corresponding signal peak is then
calculated and matched with the experimental value.

4. Results and Discussions
4.1. Results for the Analysis of Defect in Ball Bearing

After solving the nonlinear differential equations, the radial displacement is obtained.
The displacement vs. time plot obtained after running the simulation is given below. All
the parameters are given in Table 1. The simulation was run for 0.7 s with a time step of
4-10 s, providing a good graph resolution.

The time between any two peaks was calculated to determine the defect frequency.
Figure 11 represents the time for the second and third peaks, which was calculated to be
0.0474 s and 0.0932 s, respectively. The difference between the time intervals comes out to
be 0.0458 s. The inverse of this time gives us the defect frequency, which is given as:

1 1
T = 0.0453 5 =21.83Hz (15)
. x 1073 ' ﬁor‘mmr race do‘fect ' '
0.0474s| | 0.0932s
af > 4
L]
rereeeeeerrrrr
o
d 1] | |
. 0 0‘.1 0f2 0‘.3 0.‘4 0f5 OTS 0.7
Time in sec

Figure 11. Displacement vs. time for inner race defect for ball bearing.

The experimental value for the defect as measured from the detector and the accelera-
tion vs. frequency is plotted in Figure 12. As shown, the fundamental frequency for the
inner race defects is 21.5 Hz. Additionally, the harmonics appear at 43 Hz. The balls enter
and leave the defective region, causing deflections. In the load zone, the amplitudes of the
impacts are the highest. They are reduced as the defect leaves the load zone.
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Figure 12. FFT spectra of inner race defect bearing for ball bearing.
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Similarly, the displacement versus time data for the outer race defect of the ball bearing
are plotted in Figure 13 using the nonlinear differential equations for the outer race. The
time between any two peaks was again calculated to find out the defect frequency.

x 1078 For outer race defect

T 3 T

| 007628ke—»o. 5195 | h h h h »

4

w

N
—

Displacementin m

1 1

0.1 0.2 03 04 05 06 0.7
Time in sec

o -
—
-

-
-
-
i

o

Figure 13. Displacement vs. time for outer race defect for ball bearing.

It can be seen that the time for the second and third peaks is 0.0762 s and 0.1519 s,
respectively. The difference between the time intervals comes out to be 0.0757 s. The inverse
of this time is the defect frequency, which is

1

The experimental value of the acceleration vs. frequency data of the outer race defect,
as measured from the detector, is given in Figure 14. The fundamental frequency for the
inner race defect is 13 Hz, and the harmonic appears at 26 Hz.
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Figure 14. FFT spectrum of outer race defect bearing for ball bearing.

By solving the nonlinear differential equations for the ball bearing defect, the plotted
in Figure 15 is obtained.
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Figure 15. Displacement vs. time for ball race defect for ball bearing.

The time between any two peaks was again calculated to determine the defect fre-
quency. Figure 15 shows that the time for the second and third peaks is 0.1095 s and 0.2184 s,
respectively. The difference between the time intervals comes out to be 0.1089 s. The inverse
of this time gives the defect frequency, which is

1
0.1089 s

=9.18 Hz (17)

The experimental value of the acceleration versus frequency data of the outer race
defect, as measured from the detector, is represented in Figure 16. The fundamental
frequency for the inner race defect is 9.5 Hz, and the harmonics occur at 19 Hz.
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Figure 16. Spectrum of ball bearing.

4.2. Results for the Analysis of Defects of Needle Roller Bearing

After running the MATLAB code in Section 2.5, the frequency range is first calculated
for the defect induced in the needle roller bearing. This is achieved by calculating the
inter-impact time and then the frequency. Observations from the healthy bearing given in
Figure 17 are also added for comparison.
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Figure 17. Spectrum of healthy ball bearing.

While the bearing runs at 5 Hz, the spectrum spike is seen at 5 Hz, and the harmonics
of the fundamental vibrations are also visible at 10 Hz, 15 Hz, and 20 Hz. This may have
arisen due to looseness in the bearing.

Figure 18 shows the FFT spectrum of the pin defect in the needle roller bearing. For
the defect induced in the pin, the frequency range comes out to be between 137 and 167 Hz.
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Figure 18. Spectrum of pin defect in needle roller bearing.

From the obtained data, relatively higher amplitudes are seen between 138 Hz and
164 Hz. The amplitudes appeared to be not very high because the accelerometer is attached
to the ball bearing housing and not directly above the defective parts.

For the defect induced in the connecting rod, the frequency range comes out to be
between 14 Hz and 82 Hz, as shown in Figure 19. Since the frequency range is high, it is
complicated to predict the frequency components due to the defect in the connecting rod.
Therefore, the extreme frequency components are only shown.
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Figure 19. Spectrum of connecting defect in needle roller bearing.

43



Mathematics 2024, 12, 544

From the result, the fault frequencies were calculated, which have been tabulated in
Table 4. It can be noted that the calculated and the actual value of ball defect frequency was
found to be varying because of the slippage of the rolling element within the races.

Table 4. Comparison of experimental and calculated data (Inner race defect Vs. Outer race defect Vs.

Ball defect).
Calculated Defective .
Defect Types Operating Frequency Experimental Frequency
Inner race defect 21.83 Hz 21.5Hz
Outer race defect 13.21 Hz 13 Hz
Ball defect 9.18 Hz 9.5 Hz

The motion of the bearing is cyclic, and a range of fault frequencies was computed
instead of a single frequency. A straightforward approach to determine the fault frequency
was proposed. This was based on inter-impact time when the rolling element rolls over the
fault. To calculate the frequency range, a MATLAB program was written. The findings are
summarized in Table 5.

Table 5. Comparison of experimental and calculated data (Pin defect Vs. Connecting rod defect).

Calculated Defective Experimental Defective
Defect Types
Frequency Range Frequency Range
Pin defect 137-167 Hz 138-164 Hz
Connecting rod defect 14-82 Hz 15-79 Hz

5. Conclusions

For the ball bearing, a mathematical model was developed. The bearing was modeled
as a set of nonlinear spring-mass damper systems. The forces arising from the contact
between the rolling element and the races were modeled using Hertzian contact theory.

The study was aimed to diagnose the impeding faults at the crank pin and the con-
necting rod in which the ball and needle roller bearings are used. The motion of the bearing
is cyclic, and a range of fault frequencies was computed instead of a single frequency. A
straight forward algorithm was proposed to determine the fault frequency. The experi-
mental vibration data in terms of the spectra were used to identify the fault frequencies.
Both theoretical and test results were compared with the healthy bearings. The average
values of the vibration amplitude for the defective bearing was observed to be much higher
than those of the healthy one for the same frequency range. Further, for the defect in the
crank pin, the frequency range was small, and therefore, a range of fault frequencies was
seen. The frequency range was high for the defect in the connecting rod; therefore, only
the extreme frequencies were shown. The amplitude was minimal as the detector was not
attached directly over the part containing the fault but to the ball bearing housing attached
over the shaft.
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Abstract: Fault dynamometer cards are the basis of the diagnosis technique for sucker rod pumping
systems. Predicting fault cards with a pumping condition model is an economical and effective
method. The usual model is described by a mixed function of the pump displacement and pump
load, and it is difficult to use in the prediction method based on the analytical solution of the sucker
rod string wave equation. In this paper, a normal pumping condition model described by a function
of polished rod velocity is proposed. For the analytical solution of the sucker rod wave equation,
an iterative prediction algorithm with pumping condition models is proposed, its convergence is
analyzed, and then it is validated by classical finite difference method simulated cards and measured
surface dynamometer cards. The results show that the proposed algorithm is accurate. The algorithm
has a maximum relative error of 0.10% for the classical method simulated card area and 1.45% for
the measured card area. The research of this paper provides an effective scheme for the design,
prediction, and fault diagnosis of a sucker rod pumping system with an analytical solution.

Keywords: surface dynamometer card; downhole card; pumping condition model; Rotaflex pumping
unit; simulation

MSC: 35L05

1. Introduction

A sucker rod pumping system is an artificial lift instrument that is commonly installed
worldwide [1]. It comprises a surface unit, a sucker rod string, and a subsurface pump [2,3].
The subsurface pump consists of a standing valve at the bottom of the well and a traveling
valve attached to a rod [4]. A sucker rod pumping system is usually set up in an open-air
environment and requires a long operation time, so monitoring its working conditions is
very important for oil production [5]. However, its working condition is difficult to monitor
directly because it operates in a small-diameter oil tube thousands of meters underground.
In production practice, the pumping condition is usually identified by analyzing the
surface dynamometer card [6], which is called the diagnosis technology. Many advanced
analytical methods have been applied in diagnosis technology based on fault dynamometer
cards [7-11]. It is impossible to have all kinds of fault dynamometer cards in a real oil well.
One of the most economical and effective methods for obtaining the card is simulation
based on the wave equation of the sucker rod string with the establishment of a pumping
condition model, which is called prediction technology [12,13].

As early as 1963, a one-dimensional wave equation of a sucker rod string under normal
and gas interference pumping conditions was built by Gibbs [14]. Then, for different
pumping conditions, a two-dimensional wave equation [15,16], a three-dimensional wave
equation [17,18] and other wave equations [19-23] were established. In 2020, Xiaoxiao
et al. [24] simulated the working process of a sucker rod pumping system under fault
conditions based on the three-dimensional wave equation of a sucker rod string by adopting
operating characteristic models of the pump valves.
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Usually, pumping condition models are described by the mix function of the pump dis-
placement (or velocity) and pump load. Due to unknown pump positions at the beginning
of pumping, the finite difference method is employed to solve the wave equation [14-20,24].
It should first be determined where the pump is in its stroke, and then the pump load
should be determined within one time step [14,25]. However, the finite difference method
should satisfy the stability conditions [26]. The analytical solution method based on the
Fourier series for the one-dimensional wave equation of a sucker rod string can overcome
this shortcoming, but it requires the pump load-time function within one pumping cycle as
the boundary condition [26,27]. It is difficult to use traditional pumping condition models.

To overcome this shortcoming, a normal pumping condition model with the polished
rod velocity as a function is established. An iterative prediction algorithm is proposed.
The novelty of this work is that the algorithm can use the analytical solution of the wave
equation to predict the behavior of pumping units and is based only on the polished
rod velocity.

The remainder of the paper is organized as follows: Section 2 describes the mathemati-
cal problem of this work. Section 3 describes the approach to the problem solution. Section 4
presents the results and discussion. Section 5 presents the conclusions of the paper.

2. Mathematical Problem
2.1. One-Dimensional Sucker Rod String Wave Equation
In the actual production of oilfields, multi-tapered rod string is the majority used.

The wave equation of the i-th stage rod string, along with its boundary and continuity
conditions, is provided below [26]:

92 92 )
i S E oGt =0 I-Li<x<I
u(0,t) = —uy(t)
du(x,
E,xArk u(’gi 2 L - Pp(t) 1)

ui(l,t) = uja (L £)
J i(x,t J i t
E;iAyi ua(;f ) e Erit1Avita i (t)

dx

x=I

where ¢; = \/E,ig/p;, | = Z Ly, E; represents Young’s modulus of the rod, ¢ represents

the gravitational constant, p represents the density of the rod material, and L represents the
length of the rod string.

When the weight of the sucker rod in the fluid is considered separately, the pump load
is described as follows [21,23]:

Py(t) = Aplpa — p(t)] — Arepa )

where A is the plunger area, p, is the pump discharge pressure, p is the pump pressure,
and Ay is the cross area of the last section of the rod string.

2.2. Traditional Normal Pumping Conditions

Under normal pumping conditions with the tubing string anchored, only the sucker
rod string undergoes elastic changes during the plunger movement caused by polished rod
movement. Based on the assumption of the normal pumping condition and its movement
rule [28], the relation between the pump displacement and load can be expressed as follows:

uy(t) = 0,Py(t) < Wo,0 <t <ty

Py(t) = Wo,Pp(t) > Wo,0 < t <ty .
1 (t) = ,Pp(t)>0,tm<t§T

Py(t) = 0,Py(f) <Oty <t <T
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where Wy = A;(pg — ps), tm is the downstroke start time, uy, is the plunger position at the
downstroke start time, and T is the pumping period. Equation (3) can be described as the
famous Robin boundary condition [14,29]. Obviously, the time-varying mixed boundary
of displacement and load is a complex, which switches automatically according to the
pump load.

2.3. Analytical Solution of the One-Dimensional Sucker Rod String Wave Equation

After, the polished rod displacement and the pump load are approximated by the
truncated Fourier series as follows [26]:

N
ua () = 2 + n);l (v cos nwt + 6, sin nwt)
o E | @
Py(t) = 3 + 21 (0 cos nwt + T, sin nwt)
n=

where N is the number of Fourier series; vq, vy, 04, 09, 0, and T, are the Fourier coefficients;
andw=2m/T,n=1,2,3,...

Equation (1) is solved by a matrix expression of analytical solutions in predictive
analysis by our team. Further details are given in Reference [26]. The main results are

as follows:
N .
ui(x,t) = ¢ +nix + Z [Qin(x) cos nwt + Py, (x) sin nwt|
®)
Di(x,t) = E;j A1 + Eri Ay Z [Qin' (x) cos nwt + Py, (x) sinnwt|
n=1
where
[ Qin(x) Pin(x) Qin/<x) Pin/(x) ] {Minfcﬂ [C?nxq
M;y; My;
MF4><4 — |: linx 2inx :| 6
{ mx } Flinx F2inx . ( )
[C;Lnxl} = [ En Tin Kin  Hin ]
cosh Bj,x cosaj,x  sinhpj,x sin aj, x *
Miinx = —sinhB;,x sina;,x  cosh Bj,x cos a;, x
cosh B xsina;,x  sinhf;,x cos aj,x *
Mainx sinhf;,x cosa;,x  — cosh B, xsinaj,x | (7)
m
o) o)
Fliny = M = M2mx
i_sz\/ 1+V1+ Vlw am:nw

Considering the boundary conditions, the coefficients of [CﬁK Xl] can be obtained
as follows:

CiKx1] — [T M41<x41<]*1 [UD%KXW
4K1] = [C4><1 ) Ci4nx1 ) Ciilr
T 8

[
C
[UD4K><1] [u2><l 02x1 . p4x1 . 21 D%xl}
[

uz) = [ on 6 ], [D2) = [0 | /ExAx
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Thus, the pump displacement and the polished rod load can be given as follows:

K N
L .
up(t) =3 — %kzl iy i Zl[QKn(L) cos nwt + Pk, (L) sin nwt|
— n=

)
PRL(t) = @ + EnAn g [Q'1,,(0) cos nwt + P'1,,(0) sin nwt]|
n=1
where .
2(L) Pxu(L) ] = [ Migar Magar | |Ceit
[ Qxn(L) K()]T [ ML 2KL]{K,1} 10)

[ Qu'(0) P/(0) |" =[ Fiano  Faino }[Cifl}

The analytical solution is mainly based on the complex theory and separation of
variables to solve the wave equation proposed by Gibbs in 1967 [30]. Obviously, this
analytical solution is a frequency domain method that requires a periodic pump load-time
function and cannot be used to solve the definite solution problem of Equations (1) and (3).

3. Approach to the Problem Solution

To solve the definite solution problem using the analytic method, an iterative algo-
rithm, which ranges from static to dynamic, can be employed. In the algorithm, the sucker
rod string is equivalent to a spring, and a periodic pump load-time function of polished
rod velocity is obtained. Taking the polished rod displacement and pump load as the
initial values, the pump displacement can be calculated according to the analytical solution.
According to the calculated pump displacement, the new polished rod velocity can be
obtained according to the modified method. Thus, the new periodic pump load-time
function of polished rod velocity is obtained. After several iterations, the pump load will
become a dynamic load to meet the requirements.

3.1. Model of Normal Pumping Conditions

There are four stages in a pumping cycle: the first stage is the loading portion of the
upstroke, the second is the fully loaded portion of the upstroke, the third is the unloading
portion of the downstroke, and the last is the unloaded portion of the downstroke [25].

The normal pumping condition model should consider the anchored state of the
tubing string. With the tubing string anchored, only the sucker rod string undergoes
elastic changes during the plunger movement; meanwhile, in the anchored state, the
sucker rod string and the tubing string also exhibit elastic changes caused by polished rod
movement [28]. Considering the elastic movement, the sucker rod string and the tubing
string can be equivalent to springs. A schematic diagram during the loading portion of the
upstroke is shown in Figure 1.

m[

Polished rod

— — —
Produced fluid M2 —— - [ ==
Casing
Tubing string
Sucker rod string
Gas
— Liquid level == —
[u, ()=, (1) 1%,
(1) |
Traveling valve 7
[ | N < Tubing anchored A ! —1
— B _ u,(t — —
L@ g valve l Q| u, (1)/k,
(a) Tubing anchored (b) Tubing unanchored

Figure 1. Schematic diagram of the normal pumping condition model.
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As shown in Figure 1a, when the pumping speed is low enough, it has a pump load
(i.e., pump plunger load) as follows:

Py(t) = ua(t) /Ky (11)

where u,(t) is the polished rod displacement, k; is the flexibility of the equivalent spring of
the sucker rod string (i.e., the derivative of stiffness), and k, = L, /(E;A;). The pump load in
the unloading portion of the downstroke differs only by a constant from Equation (11).

According to Figure 1b, when the pump displacement (i.e., the position of the pump
plunger) derived from the elastic movement of the tubing string is u,(t),

Py(t) = ua(t) /ke (12)

ug(t) = up(t)ke/ ki (13)

where k. = 0;k; + ki, k; is the flexibility of the tubing string, k; = L;/(E¢A;), and Ly, E;, and
Ay are the length, Young’s modulus, and cross area of the tubing string, respectively. The
6t = 0 represents the state of tubing anchored while J; = 0 represents the state of tubing
unanchored. Obviously, the equivalent springs of the sucker rod string and the tubing
string are in series. It is a static model of the sucker rod string system. When considering
the dynamic characteristics, the spring-mass-damper system [22] can be considered as an
alternative, which is under study.
Considering Equation (12) and differentiating Equation (2) yields

0u(t) = ~Apk Y (14)
t

where v,(t) is the velocity of the polished rod. Equation (14) is suitable for both the loading

portion and the unloading portion.

When the pump pressure is less than the intake pressure, which is ps, the standing
valve will open. When the pump pressure is greater than the discharge pressure, the
traveling valve will open. Considering these valve opening conditions and Equation (14),
the pump pressure can be given by the recurrent equation as follows:

pra(ti) = p(ti-1) — ﬁva(tiq)
pra(ti) ,pra(ti) > ps,0 < t; < tm

ps o, prati) < ps,0 < t; <ty (15)
pra(ti) L pra(ti) <patm <t <T

pa o Pfa(ti) = patm < ST

p(ti) =

where /At is the time increment.

”p(ti) = uq(t;) — krAp[Pd = p(t)] (16)
The initial value is (t)
p(to) = pa
{ Z’zo(to) =0 17)

The advantage of the recurrent Equation (15) is that it does not consider the constant
uy, in the downstroke of Equation (3), and it is easy to include other fault conditions. For
example, considering the leakage state of the pump valve, Equation (15) can be modified
as follows:

pra(ti) = p(ti-1) — AA,,;E [Uu(ti—l) - vpl(ti—l)} (18)
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where vy is the plunger velocity due to leakage of the pump valve. For the standing valve
and traveling valve, the plunger velocity is given as follows [24]:

opis = 52 [p(ti1) - psl®

Vpit = %[Pd —p(ti1)]” (19)
nD,6°

Cp= 12;fl,,

where Dj, represents the diameter of the plunger, /, represents the length of the plunger, 6
represents the clearance between the plunger and pump barrel, {s; and (; are the leakage
coefficients of the standing valve and traveling valve, respectively, and e; and e; are the
leakage exponents of the standing valve and traveling valve, respectively.

3.2. Iterative Algorithm

The pumping condition model proposed in the paper is a static model. If it is used in
the pump displacement and the polished rod load resolution of Equation (9), an error will
be introduced. The higher the pumping speed is, the greater the error.

To solve the definite solution problem by the analytic method, the iterative algorithm
should consist of the following steps:

Step 1: Calculate the pump pressure and pump load according to the pumping model
based on the polished rod velocity.

{ pO(t) = flop(t)]
Pg(t) = AP [pd - po(t)] — ArePa

Step 2: Approximate the polished rod displacement and the pump load by the trun-
cated Fourier series according to Equation (4).

Step 3: Calculate the pump displacement u,°(t) and the polished rod load according
to Equation (9).

Step 4: Modify the polished rod displacement as follows:

ul(t) = ud(8) + ke Ay [pa — p°(8)]
Step 5: Calculate the tolerance error as follows:

Au, = max

ua(t) — S (1)|

Step 6: Evaluate the tolerance error.
If Au, > ¢, update the polished rod displacement as follows, and return to step 1.

ua(t) + ug(t)

ug(t) = 5

Otherwise, if Au, < ¢, stop the program, and obtain the results of the surface dy-

namometer card, i.e., [1,(t), PRL(t)], and the downhole card, i.e., [upo(t), Ppo(t)].
The flowchart of the algorithm is shown in Figure 2.
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ug(t) = 0.5[uq(t) +ud(t)]

e e o o e
[ e pie iG]
T C—
T DR
[ oo e pose o e ]
R T TR
T e e A

Output [ud(t) ,PRL(t)], [up(t) ,B)(H)]

Figure 2. Flowchart of the prediction algorithm.

The computer program used in this paper is MATLAB R2021a, and the pseudocode of
the algorithm is shown in Algorithm 1.
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Algorithm 1: Prediction algorithm with iteration

Input: 1, K, and a series system parameter

Calculate: ¢;, pg, ps, Wo, ks, ki, T (i.e., 60/1p), w, and v;

Set: ] =400, t =linspace(0, T, ] + 1), N=]/2

Calculate: 1,(t) according to kinematic equation of pumping unit’s movement

Approximated by Fourier series with trpaz function: u,(f)—vg, v,, and J, refer to Equation (4)

Set: & =0.1%, ua(t) = ua(t)
For j =1:300
Set: ua(t) = 0.5[ua(t)+ ua(t)]—va(t)
Calculate: p° refer to Equation (15) — Pp(t) = Ap(pa-p)-Ax(end)pa—q:= Py°(t)./(E-(end)*Ax(end))
Approximated: g«(t)— 00, 0» and 7. refer to Equation (4)
forn=1:N
i =1:K—Bin, din—>Muinz, Mainx, Fiinz, Fainx— TMu**4K refer to Equation (7)
UDu= zeros(4K,1); Un = [vuOn]’; Du(4K-1:4K) = [0n T4]’; UDn(1:2) = Un—UD»(4*K-1:4*K) = D»
Cu#Rd = TM*4K\ UDn refer to Equation (8)

end
Calculate: PRL(t), uy°(t) refer to Equation (9)
Modify: ud(t) = up(t) + kePp0(t)— Ao = max(abs(ua(t)-ua(t)))
If Aua<=¢
break
end

end

[Qxn(L) Pxn(L)] = [ Miknr, Maxnr] x Cxn*1; [Q14(0) P14(0)]” = [ F11no, F21n0] x C14*1 refer to Equation (10)

Output: 1,°(t), PRL(t), u,°(t), P,°(t)

Note: The equation for v; is given in Reference [26].

3.3. Theoretical Analysis of the Prediction Algorithm

To prove the algorithm, the normal pumping condition with the tubing anchored
and a single rod is considered as an example. During the loading portion, the pump is
stationary [14], that is, up(f) = 0. Next, it needs be proven that the pump displacement
approaches 0 during the loading portion after iteration.

3.3.1. Theoretical Basis

There is another analytical solution of the single rod wave equation, which is based
on separating variables without using the complex method and has a clearer physical
significance [27]. It is used to illustrate the mechanism of iteration. The pump displacement
based on the single rod wave equation can be given as follows:

Upr(t) = ua(t) + Aqua(t) — krPp(t) — ke D2 Ppy(t)

Aug(t) = i m () sinwpyl (20)
k

0
ArPy(t) = r Z Pym (t) sin wy,l

where

Uam (t) = Z Psyn cos 7t + Qs sin g, t

s (21)
Ppm< ) - Z] Ppmn Cos 711’lt + men Sln 17;1

n=
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o =l 1]
Bsmn leom Vn 77;% On
2 2 -1 (22)
|: Psyn :| _ (wmc) — Ny On |: Asmn :|
Qsmn — 0Ny (a)mc)2 — 77,% Bsmn
[ Apmn } _ 20" [ T ~Viln ] { On ]
B T lww? 1% T
pmn 3 ) M Mn n (23)
(wmc) — Wy Oln [ Ppmn ] _ [ Apmn :|
— 0 (wme)? = n3] | L Qpmn Bpmn
where [ is the length of the rod string; w,; is the eigenfrequency; and w;, = (2m + 1)t/ (2l),
m=0,1,2,...

Obviously, in the static state, Aqu,(t) = AyPy(t) = 0, and Equation (20) is reduced to
Equation (16).

3.3.2. Results of the Iterative Process

In step 1 of the iterative process,

Ua (1)
P)(t) = =2
(1) = -
Thus, the pump displacement can be calculated according to step 3, i.e., Equation (20),
as follows:
ug(t) = Mug(t) — Dpug(t)
The pump displacement is not zero when it is not in the static state. The aim of

the iteration is to ensure that the pump displacement is 0 during the loading portion,
i.e., uy(t) = 0.
7P

According to step 4, the modified polished rod displacement is as follows:

ud(t) = ua(t) + Dqua(t) — Mouig(t)

Then, the new pump load according to step 1 is as follows:

MO
Ph(r) = a0

The new pump displacement is calculated according to step 3, i.e., Equation (20),
as follows:

u;(t) = —Azug(t)
According to step 4, the modified polished rod displacement is as follows:

g (t) = ua(t) + Mg (t) — Dout(£) — Aguua(t)

Then, the new pump load is obtained according to step 1.

10
PZ £) = 4
A1) =
It has the new calculated pump displacement according to step 3, i.e., Equation (20),
as follows:
up (1) = AZup(t)
where /\; is an operator. The /\y% = Ay /\,, i.e., Azzupo(t) = Az[Azupo(t)].

Therefore, by generalizing this derivation, the following expression can be obtained
after the i-th iteration.

(1) = (1) Asu (b) (24)
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If the operator A, can reduce the value of upo(t), the value of upi(t) will approach
zero after the i-th iteration, i.e., the iteration is convergence. Next, is the discussion of the
convergence of iterations.

3.3.3. Convergence of Iterations

Considering the tubing anchored state, i.e., Equations (12) and (16), and accord-
ing to Equations (21)-(23), the iterative matrix of the operator A\, can be written as the
following expression:

kr (U] s 2(_1)m . |:Amn —an:|
M, =L I 25
[Ma] kEZE,KAerZZ;O lom2 SO B A @)
where
A [(wne)* =] na—(vnn)’
" [(wrnC)Z*U%f*(UW)Z (26)

The role of o/ (2E,xA,k) is to adjust the order of magnitude.

Obviously, when the maximum value of M, is less than 1, the iteration converges.
When only m = 0, the value of w,, 2 is the largest. Equations (25) and (26) show the con-
vergence mechanism, which is that the maximum value of M, occurs when m = 0 and

M =1/ (woc)2 — ”—22, i.e., harmonic resonance. The disadvantage is that Equations (25) and (26)
are only applicable to the case of a single rod. Further study of the case of multi-tapered
rods is ongoing.

To visualize the relation between the iterative matrix elements M,, and the Fourier
series number 7, especially for multi-tapered rods, the iterative matrix in the matrix expres-
sion of the analytical solution [26] is given as follows:

-1

kr 0p x4 |: M2X4 :| .
M, =———"—|M 10 for single rod; 27
Ml = e 2E A M) P2t 8 @)
k
(M| = F:E:;<.70Ar]( {Mifﬂ [TanXvﬂ for multi-tapered rod (28)

invl
Thus, the convergence curve between the iterative matrix elements M,, and Fourier
series number n can be drawn when solving the wave equation with Equations (4)—(10).

where {TM‘.*XA‘} = [TMiyo (4K — 3 : 4K, 4K — 3 : 4K)], [TMjy,,] = [TMEK<4K] 7",

4. Results and Discussion
4.1. Validation Study

Two methods are used to validate the prediction algorithm. One is to validate the
prediction algorithm by comparison with the simulated results of the classical finite differ-
ential solution [14,25,26], and the other is based on the measured surface dynamometer
card. The reason for the comparison with the finite difference method is that it is a well-
known and proven solution for the predictive analysis of sucker rod pumping systems.
The further details of the finite differential solution are given in reference [26] and are not
repeated here.

The measured data are from two different kinds of wells belonging to an oilfield of the
Sinopec Oilfield Company of China. The basic parameters of the wells are listed in Table 1.

In the analytical solution, the time increment is T /400, the Fourier series number is
200, and the tolerance error is 0.1%. In the finite differential solution, the time increment is
0.95L,,i,, /¢, which can satisfy the stability conditions, and the tolerance error is 0.1%.
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Table 1. Basic parameters of oil well.

Items Values Values
. . Long-stroke pumping unit Beam pumping unit
Pumping unit K (Rotgf1ex§j i (CYJf4-4.§-73%{B)
Pump stroke, m 6.0 4.2
Pumping speed, min~! 14 41
Sucker rod string, mmxm 25 x 3725 + 22 x 518.2 22 x 986.2
Tubing string, mm xm 76 x 856.7, unanchored 62 x 980.6, unanchored
Pump diameter, mm 63 57
Pump depth, m 900.6 997.3
Fluid density, kg/m3 998.46 990.30
Dynamic liquid level, m 629 579
Oil pressure, MPa 0.9 0.1
Casing pressure, MPa 0 0
Fluid viscosity, mPa.s 800 747.5
Gas/oil ratio, m3 /m3 0 0
Rod and tube’s density, kg/ m? 7850 (Steel) 7850 (Steel)
Rod and tube’s Young’s modulus, GPa 210 (Steel) 210 (Steel)

4.1.1. Comparison with the Finite Differential Solution

Well 1 is used here as an example for comparative study. After two iterations, the finite
difference solution satisfies the accuracy requirement, and the simulation results are shown
in Figure 3. After the first iteration, the results simulated by the analytical solution are also
shown in Figure 3. The first iteration of the analytical solution means that the pumping
condition model is a static model. Figure 3 shows that the surface dynamometer cards
and downhole cards simulated by both solutions are consistent. The relative area error
of the surface card and downhole card is 0.02%. This demonstrates the feasibility of the
proposed prediction algorithm using only the static pumping condition model at a speed
of 1.4 min~ L. In this paper, the relative area error is defined as (Af —Ay)/ Af x 100%, where
Af is the card area of the finite difference solution, and A, is that of the analytical solution.

80 ' , ,
— Differential solution
e0Or - Analytical solution

VW
£ 40 / Surface cards 7
©
© [
3 20! W
Downhole cards
0 L
— 20 L
0 2 4 6

Displacement/m

Figure 3. Simulated cards with a pumping speed of 1.4 min~!.

To further demonstrate the applicability of the algorithm proposed in this paper, the
cards at a pumping speed of 5.0 min~! are simulated by both solutions. The simulation
results of the analytical solution after the first iteration are shown in Figure 4. As illustrated
in Figure 4, for the downhole cards, the loading and unloading portions of the analytical
solution are significantly smaller than those of the finite difference solution. In the surface
dynamometer card, the amplitude of the fluctuation in the upper stroke and downstroke
of the analytical solution is slightly smaller than that of the finite difference solution.
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Hence, the use of the static pump simulation model at this pumping speed will result in a
larger error.

80

— Differential solution
60+

401

Load/kN

0 2 4 6
Displacement/m

Figure 4. Simulated cards with a pumping speed of 5.0 min ! and the first iteration of the analytic solution.

After eight iterations, the accuracy requirement of the analytical solution is met, and
the results are shown in Figure 5. As shown in Figure 5, the surface dynamometer cards
and downhole cards simulated by both solutions are consistent, and the area relative
errors of the surface card and downhole card are —0.10% and 0.01%, respectively, which
demonstrates that the iterative algorithm proposed in this paper can eliminate the error of
the static model and achieve the same accuracy as the finite difference solution.

80

60 |

401

20

Load/kN

Downhole cards

0 L

- 20

0 2 4 6
Displacement/m

Figure 5. Simulated cards with the pumping speed of 5.0 min .

4.1.2. Comparison with the Measured Card

The surfaces and downhole cards simulated by the analytical solution and the mea-
sured surface dynamometer cards of well 1 and well 2 are shown in Figures 6 and 7,
respectively. Table 2 compares the data taken from the simulated surface dynamometer
card and the measured data, which are recorded by the dynamometer.
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Displacement/m

Figure 6. Measured surface dynamometer card and simulated cards of well 1.

60 —Measured |
----- Simulated

0 1 2 3 4
Displacement/m

Figure 7. Measured surface dynamometer card and simulated cards of well 2.

Table 2. Comparison of the data predicted from the algorithm with the dynamometer recorded data.

Well Number Min Load (kN) Max Load (kN) Area (kNm)
Well 1 simulated 20.90 51.90 140.35
€ measured 23.77 50.81 142.19
Well 2 simulated 17.46 48.28 92.11
€ measured 18.38 47.25 90.80

As illustrated in Figure 6, the simulated surface dynamometer card has good consis-
tency with the measured card. As shown in Table 2, the loads and area predicted by the
analytical solution closely matched the actual loads, especially for the card area, and the
relative area error to the measured card area is 1.30%. The difference may come from errors
due to dynamometer resolution.

According to the simulated surface dynamometer card by the analytical solution of well
2, the buoyant rod weight was adjusted by —0.91 kN. This error may be due to calculation
method of the rod buoyancy weight different from the actual. As illustrated in Figure 7,
there is little difference between the two surface dynamometer cards. Table 2 shows that
the loads and area predicted by the analytical solution also closely match the actual loads,
and the relative area error to the measured card area is 1.45%. These results indicate that the
prediction algorithm is feasible. These differences may be due to dynamometer resolution
or the neglect of hydrodynamic effects. Further research is ongoing.
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4.2. Convergence Study

The convergence characteristics of the algorithm are studied for wells 1 and 2 at
different pumping speeds. For well 1 at pumping speeds of 1.4 min—! and 5.0 min—?,
iterative matrix elements M,, with the increasing Fourier series are calculated according to
Equation (28) and are shown in Figures 8 and 9. The relative characteristic data are given
in Table 3. The resonant frequency is calculated according to 2n7t/T.

0.6

0.4

0.2}

Mn/m

0

-0.27

-0.4 ' ' '
0 50 100 150 200

n

Figure 8. Convergence curve of well 1 at a pumping speed of 1.4 min~.
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-04
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Figure 9. Convergence curve of well 1 at a pumping speed of 5.0 min ™.

Table 3. Comparison of the data convergence results.

Well Pumping Iteration Resonance Resonance Max |MnA | Max | MuB|
Number Speed (min—1) Number Position Frequency (Hz) (m) (m)
Well 1 1.4 3 67 9.8227 0.3064 0.5386
¢ 5.0 8 19 9.9484 0.2933 0.5159
Well 2 4.1 3 19 8.1577 0.1228 0.2009
¢ 6.0 3 13 8.1681 0.1174 0.2010

Figures 8 and 9 show that the values of the iterative matrix elements are less than
one; so, the iterations converge. A comparison of Figures 8 and 9 also shows that the
number of harmonics increases, and the resonance position decreases, as the pumping
speed increases. Table 3 shows that despite the different pumping speeds, the frequency of
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the resonance and the maximum value of the iterative matrix element are almost constant.
The mechanism is shown in Equations (25) and (26), i.e., the convergence of the algorithm
depends on the material of the rod, its length, the fluid viscosity, and the tube anchoring
state. Table 3 also shows that the number of iterations at a pumping speed of 5.0 min~!
is greater than that at a pumping speed of 1.4 min~!. The number of iterations of the
algorithm depends on the initial value and the structure of the algorithm. A comparison of
Figures 4 and 5 shows that the initial value at a pumping speed of 5.0 min~! is far from
the true solution. This may be the reason for the greater number of iterations at a speed of
5.0 min~!.

Figures 10 and 11 show the convergence curves of well 2 at pumping speeds of
4.1 min~! and 6.0 min~!, which are calculated according to Equation (27). The relative
characteristic data are also shown in Table 3. The results show that there is the same
convergence law between well 1 and well 2. The difference is that the algorithm of well 2
is more likely to converge because the maximum value of the iterative matrix elements is
smaller. The resonance frequency calculated from 7, is 8.1267, which is very close to the
resonance frequency in Table 3. The error is due to too few Fourier series.
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Figure 10. Convergence curve of well 2 at pumping speed of 4.1 min~!.
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Figure 11. Convergence curve of well 2 at pumping speed of 6.0 min~".

5. Conclusions

This paper establishes a normal pump condition model based on the polished rod
velocity. The iterative prediction algorithm proposed in this paper predicts the behavior
of a sucker rod pumping unit based on an analytical solution. The algorithm is validated
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by classical finite difference method simulated cards and measured surface dynamometer
cards. The convergence of the algorithm is analyzed theoretically and numerically. The
following conclusions can be drawn:

(1) Inthe normal pump condition model, the recursive equation for pump pressure is
based on the polished rod velocity, which can easily provide the pump load-time
function within one pumping cycle, naturally consider the anchoring state of the
tubing, and include other fault conditions.

(2) The algorithm can use the analytical solution of the wave equation to predict the
behavior of the pumping unit only based on the polished rod velocity. Comparison
with the simulated cards of the classical finite difference method shows that the
maximum area relative error is 0.10%, and the proposed algorithm can achieve the
same level of accuracy as the classical finite difference method. When compared
with the measured surface cards, the area relative error is 1.45%, indicating that the
algorithm is feasible.

(3) The convergence of the algorithm is analyzed theoretically. An expression for the iter-
ation matrix is given, which can be applied to both single rod and multi-tapered rods.
The expression shows that the convergence of the algorithm depends on the material
of the rod, its length, the fluid viscosity, and the tube anchoring state. Numerical
results show that the algorithm converges in the two wells given in this paper. The
smaller the maximum value of the iterative matrix elements, the easier it is for the
algorithm to converge. The convergence analysis provides assurance of the accuracy
and reliability of the algorithm.

Based on the limitations of this study, the authors would like to propose the following
directions for future research: (a) a more widely applicable iterative algorithm; (b) a
theoretical study of the convergence of multi-tapered sucker rod pumping systems; and
(c) an iterative algorithm study of multi-fault pumping conditions.
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Abstract: This article presents a mathematically grounded approach to increasing the oper-
ational reliability of current collectors in electric transport systems by ensuring a constant
contact force between the collector shoe and the power rail. The core objective is achieved
through the development and analysis of a mechanical system incorporating spring and cam
elements, which is specifically designed to provide a nearly invariant contact pressure under
varying operating conditions. A set of equilibrium equations was derived to determine the
stiffness ratios of the springs and the geometric conditions under which the contact force
remains constant despite wear or displacement. Additionally, the paper introduces a method
for synthesizing the cam profile that compensates for nonlinear spring deformation, ensur-
ing force constancy over a wide range of movement. The analytical results were validated
through parametric simulations, which assessed the influence of wear depth, rail inclination,
and external vibrations on the system'’s force output. These simulations, executed within a
numerical framework using scientific computing tools, demonstrated that the deviation of
the contact force does not exceed a few percent under typical disturbances. Experimental
verification further confirmed the theoretical predictions. The study exemplifies the effective
use of mathematical modeling, nonlinear mechanics, and numerical methods in the design of
energy transmission components for transport applications, contributing to the development
of robust and maintainable systems.

Keywords: modeling; electric transport; reliability; pantograph; contact pressure; constant
contact force; subway; reduction of wear

MSC: 74K10; 70Q05; 74C10

1. Introduction

One of the key problems facing electric vehicles (EVs) is ensuring the stable and reliable
operation of current collectors [1,2]. Satisfactory current collector quality, characterized by
minimal sparking and stable electrical contact, directly affects the efficiency, safety, and
durability of the ETS [3]. To achieve optimal current collection, it is necessary to maintain a
stable contact pressure, which, on the one hand, must be sufficient to ensure continuous
electrical contact and, on the other hand, must not be too large so as not to cause intensive
mechanical wear of the contact elements of the pantograph (shoe in the subway or insert in
the trolleybus) and the contact wire or contact rail [4,5].
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The problem of maintaining optimal contact pressure is especially relevant for the
current collectors of the lower type of current collectors, which are widely used in the
metro. For example, the design of the current collector type 81-720/81-721 “Yauza”, used
in subway cars, uses springs to create contact pressure between the shoe and the contact
rail [6]. However, the disadvantage of this design is the dependence of contact pressure
on the force of the springs and the position of the shoe on the holder, which leads to its
instability during the movement of the car. Insufficient pressure is fraught with contact
disruption, the formation of an electric arc, overheating, melting, and, as a result, the
destruction of contact parts [7]. Excessive pressure, on the contrary, causes accelerated
wear of the shoe and contact rail and can also lead to the breakdown of pantograph parts,
which ultimately reduces service life and increases operating costs [8].

The search for solutions to ensure stable contact pressure has led to the development of
alternative pantograph designs. In particular, in [9], a current collector of the lower current
collector type is proposed, in which a pneumatic rubber cord element is used instead of
pressure springs. Although this solution allows one to adjust the contact pressure, it adds
complexity to the design, requiring the implementation of an additional automatic pressure
control system.

Modern research is aimed at developing more intelligent and adaptive current col-
lection systems. For example, ref. [10] presents a pantograph that uses an active contact
pressure control system based on data received from position, acceleration, and vibration
sensors. Such a system, using optimal control algorithms, is able to compensate in real time
for fluctuations in contact pressure caused by the unevenness of the contact rail, changes in
travel speed, and other factors.

The problems of improving current collection systems are closely related to the devel-
opment of methods for diagnosing and monitoring the condition of the contact network
and packaging devices. In ref. [11], the use of machine learning methods to analyze data on
current, voltage, and vibration in the current collector system is proposed in order to detect
defects early and prevent accidents. The development and implementation of such predictive
analytics systems will significantly improve the reliability and safety of ETS operation.

In addition, the use of new materials and technologies for the manufacture of contact
elements is a promising direction. For example, ref. [12] discusses the use of composite
materials with high wear resistance and electrical conductivity for the manufacture of
pantograph shoes. This will reduce the wear of the contact rail and increase the service life
of the pantograph while ensuring stable electrical contact.

In the context of the development of high-speed transport, the problem of current
collection reliability is of particular relevance. In ref. [13], the authors propose the use of
contactless methods of power transmission, such as inductive transmission, to provide
power supply to high-speed trains, which will completely eliminate the problem of wear
and damage to the contact network.

Thus, in order to ensure a reliable and efficient power supply to ETS, it is necessary to
develop and implement innovative solutions in the field of current collection, combining
advanced methods of control, diagnostics, and materials science. Improving current
collection systems is an important step towards creating more environmentally friendly,
safer, and more cost-effective transport systems [14,15].

To ensure a reliable, non-sparking current collector, the contact pressure must be
within certain limits and, if possible, be constant regardless of the speed of the car. The
purpose of the work is to increase the reliability of the pantograph for subway cars by
providing a constant contact force.
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2. Materials and Methods

In this study, a comprehensive method was developed and implemented to improve
the reliability of current collectors of electric vehicles by providing a constant contact force
between the pantograph shoe and the contact rail. As a basis, two design schemes of
the pantograph are proposed: one based on a spring-lever mechanism, the other using
cam-spring compensation. For both schemes, mathematical models were built, making it
possible to determine the necessary ratios of spring stiffness and geometric parameters at
which the contact force remains constant when the shoe wears out or changes its position.
In particular, the cam profile compensating for the nonlinearity of elastic deformations
was analytically derived. Next, parametric numerical simulations were carried out, which
makes it possible to assess the stability of the contact force under characteristic operational
deviations, such as wear, rail inclination, and vibrations. Modeling was implemented in
the Python v3.9 environment using scientific libraries. To confirm the theoretical results,
a laboratory experimental setup was assembled, which made it possible to record the
behavior of the contact force in various modes. Next, a comparison of the calculated and
experimental data was carried out. This comparison made it possible to evaluate the
accuracy of the model and the stability of the clamp.

The authors propose developed versions of a current collector with a constant contact
force. The proposed device (Figure 1) comprises a slipper shoe (1) that is in constant contact
(from below) with the contact rail (2); a shoe holder (3) rigidly and perpendicularly fixed to
the shoe, sliding inside a sleeve mounted on the beam; the guide rods (4) of the shoe for
movements rigidly connected to the shoe, sliding inside the bushings mounted on the beam;
two sliders (5) with the ability to slide along the horizontal guides, and two horizontal
springs (6) connected to the sliders and the bar; two rods (7) connecting the sliders to the
shoe holder; and a vertical spring (8) connecting the shoe holder to the bar. The proposed
device (Figure 1) is based on our own conceptual design developed in this study. The
structural principles partially refer to prior concepts discussed in [16], which served as
an initial reference for mechanical arrangement but do not implement the constant-force
functionality analyzed here.
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Figure 1. Constant contact force for pantograph option.
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The device works as follows. In the initial position (the shoe is brought under the rail),
the rods (7) occupy a horizontal position (dotted line). In this position, the spring (8) is
stretched, and its tension force is equal to Fg;. With this force, the shoe acts on the rail. The
springs (6) are compressed, and the tension forces are equal to F;.

When the thickness of the shoe or rail decreases, the spring (8) is compressed, the
springs (6) begin to stretch, and the bars (7) take the position shown in Figure 1.
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Let us determine at what ratio of spring stiffness the pressure force on the rail will
remain constant and equal to Fg;. Let us make an equilibrium condition for the slider (5)
(Figure 2a) with an explanation of all the forces:

S-cosa = Fgy —cg -(I — I-sinn)

where the following applies: S—rod reaction (7); a—rod inclination angle; Fg;—initial
spring tension (6), ce—spring stiffness (6); [—rod length (7).

X
F 3
J Fs
o vﬂ
5 5
Fs
Y Jr Q

@) (b)

Figure 2. The ratio of spring stiffness and pressure forces: (a)—slide; (b)—shoe.

Let us take a look at the slider (5) separately (Figure 2a) and write down the equilibrium
condition for it in the projection on the OY axis:

Scosa —Fg =0, 1)

where
Fs = Fet — col(1 — cosw),

ce—spring rate (6); [—rod length (7); S—rod reaction (7); « is the angle of inclination
of the rod (7) to the OY axis.

To determine the force projections on the OY axis in the analysis of the slide (5) in
Figure 2, a trigonometric relationship between the position of the pull rod length [ and the
horizontal displacement x from the vertical position was used. At small deflection angles,
we see that

sinw = E, cos = u
I l

Here, « is the angle of inclination of the thrust to the vertical, and x is the horizontal
displacement. These expressions follow from the geometric relations of a right-angled
triangle and allow us to express the forces in projections on the coordinate axes. The
simplification of the thrust reaction force and the subsequent substitution in (2) make it
possible to arrive at Equation (3), from which it can be seen that when the conditions
Fet — c¢l = 0 and cg = 2c¢, the contact force Q does not depend on the change in the
coordinate x and remains constant.

Let us write down the equilibrium condition [17] of the holder (3) with the shoe (1)
(Figure 2b) in the projection on the axis OX:

Fs —Q+2Ssina =0, )
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where
Fg = Fgt — cgx,

Q is the force with which the rail presses on the shoe, and cg is the spring stiffness (8).
The following is supplemented by an explanation of the balance of forces for the
contact shoe holder 3 (Figure 2b):

Q = Fg; —cg -Ah+2S-sina,

where Q is the force of contact with the rail, Fg; is the initial tension of the spring (8), cs - is
the stiffness of the spring (8), and Ak is the displacement of the shoe due to wear.
The transition from (1) and (2) to the final constancy condition is as follows:

Q = Fgrat Fgt — cgl = 0 and cg = 2¢¢

These conditions compensate for the change in spring force (8) due to the geometry of the
lever and the spring rate (6), which guarantees a constant contact force Q during shoe wear.

From Equation (1), by expressing the reaction of the rod S, taking into account the fact
that sina = x/1, cosa = V1?2 — x2/1 and substituting this into Equation (2), we get

Fg —cgx — Q+ 2ﬁ(’?6f — c6l) + 2xce = 0. 3)

From Equation (3), it can be seen that at Fs; — cs/ = 0 and cg = 2c, the force of the
pressure of the rail on the shoe will be constant for the entire time of the decrease in the
thickness of the shoe, and this is equal to Q = Fg;.

Thus, in order for the pressure of the shoe on the rail to be constant and equal to
Q = Fg; during the reduction in shoe thickness, two conditions, Fgt — cg/ = 0 and cg = 2c,
must be met.

For the slide (5) (Figure 2a), the projection of forces on the OY axis gives Equation (1),
where it is taken into account that at small angles «, the length of the spring (6) changes to
I-sina. The substitution S from (1) to (2) allows us to exclude the unknown reaction of the
rod and obtain the final condition (3) for the constancy of the force Q.

3. Modeling of a Current Collector of Increased Reliability

Providing a constant force between the shoe and the contact rail, or constant contact,
will prevent the formation of an electric arc, unacceptable heating, melting, and the destruc-
tion of the contact parts [18]. This will increase the service life of the shoe and, therefore,
the entire pantograph [19].

The parameters of the elastic elements were selected on the basis of a combination
of empirical data and recommendations from manufacturers of standard springs (ST SEV
5616-86—"Helical cylindrical compression and tension springs of class 1, category 3 made
of round steel. The main parameters of the turns”. At the same time, the permissible
pressure force of 100-140 N was taken into account; a spring stiffness of ¢ = 14,000 N/m
provides a given force with preliminary deformation within 10 mm. A cam radius of
Rp = 0.01 m corresponds to the limitation on the dimensions of the structure and allows
rotation within 2.3 rads. Choosing a variable radius cam is a trade-off between ease of
manufacture and the need for constant force. Alternative shapes, such as linear-eccentric
profiles, have been rejected due to increased force fluctuations with uneven wear.

To create a constant contact force in the second version of the current collector, a
cam-spring device is used. The required force between the shoe of the current collector of
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the car and the contact rail, according to the requirements, is about 200 N [20]. The design
diagram of such current collectors of the lower current collector type is shown in Figure 3.

b

(b)

Figure 3. Structural diagram of the current collectors of the lower current collector type: (a)—with

the forward movement of the bracket with a shoe; (b)—with the rotational movement of the bracket
with the shoe.

As practice has shown, the first option is preferable in terms of durability (Figure 3a).
The pantograph of the lower current collector type contains a slip shoe (1), which is in
constant contact (from below) with the contact rail (2), and a shoe holder (3), rigidly and
perpendicularly fixed to the shoe and sliding inside a sleeve mounted on a beam. Rods (4)
are the guides for the movement of the shoe (3). One end of the spring (6) is attached to the
cam drum, and the other to the beam. The cable (7), coming off the cam, is thrown over the
fixed block (8) and connected to the shoe holder.

The initial position of the cam (5) corresponds to the rotation angle of i 1. In this
position, the spring (6) is stretched to the specified value A, and the pressure of the shoe
(1) on the rail is equal to the specified Qq. If the thickness of the shoe or rail decreases,
the spring will be compressed, and the cam will rotate clockwise by an angle ¢, but the
specified value of the shoe pressing Qg on the rail will remain constant. The constancy of
the tension force of the cable (7) when turning the cam is ensured by the fact that the cam
profile (5) is made with a variable radius of curvature [21].

Let us find the cam profile that provides a constant force Q for this case. The calculation
scheme in this case is shown in Figure 4.

Figure 4. Cam profile design diagram.

As can be seen from the geometry of Figure 4, the relationship between the angles «,
vo, B, and ¢ is as follows:

x=1vy—9P+p.
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In addition,
d=r-sin(¢ —a) = L-sinp, 4)

where L is the distance between the axes of the drum and the block.
For the constancy of the effort Q = Qy, the equality of moments is necessary:

Qd = c(A+ Royp)Rg = cARy(1 + Roy/A). )
Here, c is the spring stiffness; Ry is the radius of the drum; and A is the initial deforma-

tion of the spring at Q = Q.
Since at ¢ = 0, Qodo = cARp, from (4) and (5), we obtain that the length of the

perpendicular lowered from the origin to the line of the filament (in order for the force Q to
be constant) must vary according to the law

d—do(l-‘rRoﬁ) = Lsin . 6)
From (4), and taking into account (6), we find

p=vy+pB— (12\0) KdLo) sin,B—l} —i—arcsin(isinﬁ). (7)

Take the differential from (7):

AL L Lsi
dp =dB — ——cosB-dp + S — ( cos B-dp — Slzn'Bdr)
Ro do r2—L[2sin> g \" 4

Hence, taking into account the fact that

e r
dg  tgla—¢)
We get
2
r=L |sin2 B+ cos”p . ®)
I%;’;)cosﬁ—l)

Then, the coordinates of the point M of the thread coming off the cam are
X=rcosq@, Y =rsineg.

Using the x and y coordinates, we determine the cam profile (Figure 5).
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Figure 5. Cam profile with a linear spring.
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To design a cam for a given force Q = Qy, Equations (6) and (8) are conveniently
written in a dimensionless form:

~ . 2 ~ . 1 /A
r—\/stlB—i—(M;O:’ﬁ‘B_l)z, d—sm‘B—Wl<R0+1/J>. )

s_r F_d _ LO
Here,r—f,d—z, Wl_CT(Z?

From here, one can obtain the limit value of the cam rotation angle

lIth - Wl - Rio

When the shoe is moved, the cam (5) will begin to rotate clockwise (the spring (6), in this
case, is stretched). However, the force in the cable (7) coming down from the cam (5) and
attached to the shoe holder will be unchanged and equal to Q.

It is planned to use two parallel cam—spring mechanisms in one pantograph. Each
such device shall provide a continuous force of 100 N.

When performing a numerical simulation of the cam, we set the following parameters.
Let the stiffness of the linear spring be ¢ = 14,000 N/m, the initial deformation of the spring
at the force Q = 100 Nbe equal to A =1 x 1072m, Ry =1 x 1072 m,and L =5 x 1072 m. Let
us determine Equations (11)—(13) for the shape of the cam that produces a constant force
Q =100 N when the cam rotates within the range of ¢ = 0 to the limit ¢y = RAO (d—LO - 1) .In
this case, ¥p7 = 2.3 rads (133°).

Based on the fact that the maximum displacement of the shoe is equal to S;;; = 0.02 m,
from the formula expressing the equality of the works of the elastic force and the force Q,

we see
c

~20

Let us determine the required maximum angle of rotation of the cam [22]. In this

S [(A+ Royr)* — A2,

case, it turns out to be equal to 1 = 0.92, i.e., 1 = 52.7°. It can be seen that the maximum
required cam angle ¥ (o is much smaller than the maximum realized angle ¢pT.

Let us dwell on the issues of spring and cable strength. Let us make the spring index
c1 equal to the ratio of the average diameter of the spring coil to the diameter of the wire
bar from which the spring is wound c¢; = % = 4.6. The number of required spring coils
will be determined by the formula

Gd*
n = —— =18 coils.
8Dy¢

Here, G = 8 x 10'° MPa is the shear modulus [23]. With a spring index of ¢; > 4, the
correction factor k, which takes into account the influence of the curvature of the turns and
the shear force, is calculated using the formula
_4c; -1 065

+ — =1.35.

k=
4C1 —4 C1

We check the fulfillment of the condition for the strength of a spring made of round
wire under the action of static or slowly changing variable loads:

T = K8F—SL = 709-10° N /m?.
Td?

That is, for the value Tmax < [7], for springs made of steel 60C2, 60C2A, and 50HFA,
the value is taken to be equal to [t] = 750-10° N/ m?, which means that the condition of
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the spring strength is met [24]. Here, T denotes the allowable value of the shear stress for
calculating the shear strength of the spring. The value of 750 x 10 N/m? corresponds to
the shear strength for spring steels of the 60C2, 60C2A, and 50HFA types, which are widely
used in mechanical engineering. Steel 60S2 and 50HFA are alloy structural spring steels
according to ISO 8458-3-92 [25]—which are rolled from spring-loaded carbon alloy steel,
providing high fatigue strength.

It is necessary to check the condition of the strength of the cable with a diameter
of d =1 x 102 m at a load of Q = 100 N. Let us calculate the stress in the cable for
o= % = 127.4-10° N/m?. Since ¢ < 03, = 160-10° N/m?, the condition of the strength of
the cable is met.

Thus, the possibility of using cam—spring devices in current collectors in order to
create a constant contact force within certain limits is shown [26].

Let us investigate the effect of dry friction on the dynamic properties of the considered
systems with zero stiffness. Let us consider the motion of the mass m on such a suspension,
taking into account the dry friction N with the harmonic perturbation 4y sinwt (Figure 6a).

miy + Nsigny = magw? sin wt. (10)

Here, y is a deviation from the position of static equilibrium.

i

m 1 maow?sinef

ri—[ N § ¢ =4N/mao
i

Wl =N-=vy

aosinmf

I aosinmf

TR R e TR
(@) (b) (©)

Figure 6. Kinematic scheme of the influence of dry friction on the dynamic properties of the con-
sidered systems with zero rigidity: (a)—Mechanical model of a mass on a zero-stiffness suspension
subject to dry friction and harmonic excitation; (b)—Equivalent damping model showing the force—
displacement diagram accounting for energy dissipation due to dry friction; (c)—Reduced system
with equivalent stiffness and damping used for comparative dynamic analysis.

Let us replace the second term on the left side of the equation with an equivalent term
v1), where the coefficient v; is determined from the condition of equality of work for one
period of the actual drag force and the equivalent force [27]:

2

4Ny = vy | ydt =vnwy3 | cos® wtd(wt) = viwyir,

=ely
===y

From here, we find
v = AN , (11)
Wy

where 1y is the amplitude of relative displacement.
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As a result, we get (Figure 6b)
my + vy = magw? sin wt. (12)

From this equation and correlation, we find

Yo :am/l—ch, (13)

4N
N, = —. 14
7 mnagw? (14)

where

Using the relation y = x — a9 sin wt, convert Equation (12) to the form
X+ vx = agwv cos wt, (15)

where AN
v=2_ : (16)
m TTmwyo

Taking x = xg cos(wt + ¢), into account for (16) and (13), we find the value of the
vibration damping coefficient:

2
a TMagw 1
§=20 =20 (17)
X0 4N N,
According to the value of the dimensionless parameter N, it is possible to estimate
the effect of dry friction on a current collector with zero rigidity.

Let us write Equation (17) in the following form:

2
5=, (18)
m
where
_ 4N
==Y 1
c p— (19)

Let us call the value ¢ the reduced rigidity of the system under consideration.
Let us replace the original system (Figure 6a) with the reduced system (Figure 6c).
In this case, the equation of motion of the object has the form

2
mx + cx = cagsinwt and 6 = Y 1 (20)

3o

A comparison of Equations (20) and (18) allows us to conclude that the value of the
damping coefficient of an elastic system of low rigidity [28,29], in the first approximation, is
one more than the corresponding reduced elastic system (Figure 6c), the stiffness of which
¢ is determined by the ratio (19).

To evaluate the performance of the proposed pantograph mechanism, with constant
force, in real operating conditions, numerical simulations were carried out. The simulation
evaluated the stability of the contact force under three key scenarios: contact shoe wear, the
inclination of the contact rail, and vertical vibrations due to dynamic track irregularities.
The methodology and results of this simulation are discussed in the next section.
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4. Computational Modeling and Analysis
4.1. Simulation of the Pantograph Mechanism with Constant Contact Force

The quality of current collection in the electrical equipment of transport critically
depends on the stability of the contact force between the current collector and the live
conductor (rail or contact wire). If the amount of downforce fluctuates significantly during
movement, this leads either to a short-term loss of contact (arc breakage) or to excessive
pressure and accelerated wear of the contact element (shoe). Maintaining a constant contact
force is, therefore, a crucial task to ensure reliable current collection and the durability of
the equipment. However, it is difficult to keep the force strictly constant in practice; this
requires special technical measures.

One of the approaches to solving this problem is to use a constant force mechanism, a
system in which the elastic force of a spring is converted using a nonlinear transmission
(for example, a cam mechanism) so that the output force remains almost unchanged when
moving in a given range in different operating modes, with an analysis of how effectively
the constant force is maintained in each case.

Initial data and mechanism model. The mechanism in question consists of a rigid contact
head (shoe) pressed against the rail by means of a spring, as well as a cam device that
ensures a constant clamping force. A spring with a stiffness of ¢ = 14,000 N /m is initially
deformed by A =1 x 1072 m (i.e., pre-compressed by 1 cm), which creates a nominal
contact force of the order of Q = 100 N, A =1 x 10~2. The cam has an initial radius of
Rp=1x 1072 m, and the distance from the cam axis to the spring attachment point is
L =5 x 1072 m (this “base” of the mechanism is fixed on the pantograph body). These
parameters are taken in accordance with the data given by the authors in the article.

Geometry and equations. For simplicity, let us assume that in its initial state, the contact
shoe is adjacent to the rail, and the line of action of the spring is perpendicular to the
surface of the rail (coaxial with the nominal direction of the reaction force). The spring
rests through the roller on the cam fixed to the shoe. When the shoe moves relative to
the frame (for example, due to wear or oscillations of the rail), the cam rotates at an angle
@ by changing the length of the spring. The cam profile is selected in such a way as to
compensate for the change in spring force when the shoe is moved. Within the model, we
assume a profile close to the circle of radius Ry (idealized case). Then, the distance between
the point of attachment of the spring (“block”) and the point of contact of the roller with
the cam is calculated using the cosine theorem:

d(e) = \/(L — Rocos ¢)? + (R sin ¢)>.

From this formula, it can be seen that at ¢ = 0 (shoe in the initial position), the
distance is d(0) = L — Rg. Since the spring in this position is compressed by A, its
calculated undeformed length can be determined as Ly = d0) + A =L — Ry + A. The
length of the spring ¢ will become equal to d(¢), and its elongation (relative to L) will be
Al(p) = Ly — d(o).

E(p) = cAl(g) = c(Ly — d(g))-

By virtue of the equilibrium of forces, this spring force is transmitted to the shoe as
contact force Q. Ideal constancy Q would mean that Fs(¢) is independent of the position
of the shoe (i.e., d(Fs(¢))/d(¢) = 0) in the operating angle range. For the selected machine
parameters (cam circumferential profile), this condition is expected to be approximately
met at low angles ¢ and shoe movements.

Accepted assumptions. The dynamic analysis (vertical vibration mode) is carried out in
a quasi-static approximation, i.e., it is assumed that the shoe instantly tracks the movement
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of the rail (mass and inertia are negligible, or damping devices exist due to the geometry of
the mechanism). Three scenarios are considered below: 1—the gradual wear of the shoe;
2—the slope of the rail; 3—the impact of vertical oscillations.

4.1.1. Analysis of Operating Modes
Mode 1: Shoe Wear Analysis

In our simulation, shoe wear was defined as a gradual increase in the displacement
Ah of the shoe relative to the initial position (approximately proportional to the angle of
rotation of the ¢ cam). Below is a graph of the dependence of the contact force Q on the
value of wear Ah.

Dependence of the contact force Q on the degree of wear of the shoe Ah. Figure 7 shows
the contact force as a function of shoe displacement. In the graph, the horizontal axis
corresponds to the additional displacement of the shoe Al due to wear (in millimeters),
and the vertical axis corresponds to the contact force Q (in newtons). The red dashed line
indicates the nominal force of 140 N with the new shoe.
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Figure 7. Dependence of contact force on wear of the pantograph shoe.

As can be seen from the above dependence, the mechanism really tends to keep the
force close to constant with little wear. At the initial moment at Ak = 0.5 mm, the contact
force is equal to Q =2 140 N. As the shoe wears and the clearance Al increases, the spring
force decreases slightly, but in the range of low wear, the change in Q is small. The force is
reduced to only 131 N (about 6% of the nominal value), and at Ah = 1 mm, it is reduced to
~123 N (~12% below the nominal value). Within a millimeter of wear, the contact force is,
therefore, almost constant in terms of operating tolerances.

However, as wear continues to increase, there is a tendency for the force to decrease.
In the graph, one can see that by Al = 3 to 4 mm, the Q value drops more significantly (to
~100 N and below). This means that the movement has gone beyond the range in which
the mechanism is able to maintain a constant force. Simply put, if the shoe is worn too
much, the spring is not compressed enough, and the downforce drops significantly when a
certain degree of wear is reached so that the contact force does not go beyond the required
limits. Within the specified parameters, it can be concluded that the mechanism provides a
constant force in the operating wear range of the order of ~1-2 mm; further wear will lead
to a noticeable decrease in Q and the deterioration of current collection.
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Mode 2: Changing the Rail Angle Analysis

For example, in the case of a lateral current collector (contact of the shoe with the
side of the rail), the rail may deflect vertically or horizontally, and in the case of an upper
current collector (pantograph and contact wire or rigid conductor), the contact rail may be
skewed relative to the shoe rail and to the shoe. If the pantograph mechanism is rigidly
oriented, then when the rail is tilted at an angle «, the effective pressure component of
the spring force will be equal to Qo~Qpcosx (projection of the elastic force on the normal
aspect to the rail surface). This means that at small angles of inclination, the contact force
will not change much, but with significant deviations, the value of the normal component
will decrease.

To illustrate, if the rail is tilted by « = 5°, the contact force decreases by only ~0.4%
(from 140 to about 139.4 N); at o = 10°, it decreases to ~138 N (a drop of less than 2%); and
at « = 30°, it decreases to ~121 N (a decrease of 13%), remaining almost constant. At high
angles of inclination, there is a noticeable drop in downforce, which can potentially lead
to a partial loss of contact. In real-world devices, the shoe usually has some mobility or a
hinge that allows it to adjust to the angle of the rail. Assuming that the shoe is able to rotate
and remain parallel to the rail surface, the change in reaction direction is compensated for,
and the contact force remains close to 140 N. In our idealized simulation, this effect was not
explicitly taken into account, but the resulting conclusion is clear: at small angles of rail skew,
the mechanism retains the required force, and in the case of strong distortions, the clamping
efficiency decreases due to a geometric decrease in the projection of the spring force.

Mode 3: Influence of Vertical Vibrations Analysis

The last simulation scenario is dynamic, estimating the behavior of the force Q(t)
in time under the influence of vertical oscillations of the rail. Such oscillations simulate
the irregularities of the track or vibrations of the body, leading to relative up-and-down
movements of the contact surface, with A =5 mm and frequency f = 2 Hz (roughly simulating
slow oscillations). It is assumed that the shoe follows the rail continuously (no contact is
lost), and the cam mechanism provides a force at each moment, according to Equation (2).

Contact force Q(t) at sinusoidal vertical vibrations of the rail (amplitude 5 mm; frequency
2 Hz). In the graph, the red dotted line indicates the nominal force of 140 N, and the orange
curve shows the instantaneous value of Q. The timeline covers 2 s, during which several
oscillations take place.

From the graph, it can be seen that the contact force fluctuates around the nominal
value, deviating within a few Newtons. At the moments when the rail reaches the maximum
deviation (up or down by 5 mm from the average position), the value of Q decreases slightly
to about 136 N; that is, by ~3% relative to 140 N. These minimums correspond to situations
when the shoe is shifted vertically relative to the base of the spring. Because of this, the
actual spring length is slightly longer than optimal (see geometry (1)), and the spring force
is slightly less. When the rail passes through the middle position (displacement: y = 0),
the force returns to ~140 N. Oscillations Q(t) under sinusoidal action are also sinusoidal,
but the frequency of changes in Q doubles with respect to the frequency of disturbance
(since the decrease in force occurs both in deflections up and down due to a symmetrical
increase in the distance ). In general, the dynamic stability of the force Q can be evaluated
as satisfactory for a given amplitude: the downforce does not experience sharp dips and
remains within acceptable limits.

It is important to note that, in reality, the behavior can be more complicated. The
constant force mechanism has close to zero stiffness in its stroke (the force is provided by
the spring compensated by the cam), so the shoe-spring system has a very low natural
frequency. This means that without additional damping, the shoe can oscillate relative to
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the rail. In our simplified approach, we did not take inertia into account, assuming that
the shoe follows the rail perfectly. At high frequencies or amplitudes of vibrations, inertial
effects can lead to a temporary separation of the shoe from the rail (in particular, if the
rail goes down sharply, the heavy shoe may not have time to descend as quickly). Under
such conditions, the contact force Q would be reduced to zero for a brief moment (loss of
contact), and then a shock increase in force could occur when the contact was restored. Such
effects are beyond the scope of this model. However, the results obtained demonstrate that
at moderate oscillations, the cam mechanism is able to maintain almost constant pressure
on the contact surface. Avoiding large fluctuations in force reduces wear on the carbon
shoe and conductor and prevents sparking, improving the reliability of the system.

The simulation showed that the cam—spring mechanism of the current collector with the
specified parameters largely performs its function of maintaining a constant contact force:

- When the shoe is worn within reasonable limits (up to ~1-2 mm), the clamping force
practically does not change, remaining close to the nominal one. This means that the
mechanism compensates for the weakening of the spring as it wears out, providing a
stable current flow without the need for frequent adjustments.

- When the rail is tilted, a small angle (a few degrees) has almost no effect on the amount
of contact force; the mechanism maintains the specified force due to the fact that the
spring force component of the normal aspect (to the rail) remains high. Only at high
angles of inclination is there a significant decrease in Q (proportional to cosx), which
can affect the quality of contact. This allows it to navigate along the rail. In general, the
mechanism is quite tolerant of small angular deviations regarding the contact surface;

- Under dynamic influences (vertical vibrations), the mechanism maintains the contact
force almost constantly, with slight oscillations. Due to the low rigidity of the system,
the shoe’s own oscillations can occur, but in the selected mode (5 mm, 2 Hz), the force
Q(t) remains in the range of ~136-140 N, i.e., deviating by no more than a few percent.
Strong vibrations in real-world situations may require dampers or active control to
prevent loss of contact.

Thus, the simulation demonstrated the operability of the mechanism with a constant
contact force. It effectively maintains a stable clamping force in typical operating scenarios,
reducing the risk of separation and wear, which is in line with the goal of developing such
devices: ensuring uniform contact between the pantograph and the conductor for reliable
power supply to a moving train.

5. Numerical Simulation Methodology
5.1. Construction of a Mathematical Model

The main task was to assess the stability of downforce under three characteristic
deviations from normal conditions: shoe wear, rail inclination, and vertical vibrations; for
numerical calculations, Matplotlib v3.5.1 (for graphical visualization of results) and SciPy
v1.8.0 (if numerical differentiation and approximation) were necessary. A Jupiter Notebook
v6.4.5. environment was also used for step-by-step analysis.

A geometric and force model of the mechanism was built, in which the following applies:

e  The contact force was formed via a spring connected to the shoe through a cam element;

e  The cam profile was assumed to be close to the arc of a circle with radius Ry;

e  The spring attachment point was located at a distance L from the axis of rotation of
the cam.
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Mathematically, the length of the spring was defined as a function of the angle of
rotation of the cam ¢, and the force of the spring was calculated according to Hooke’s law:

d(¢) = /(L — Rycos 9)* + (Rosing)?, Q(@) = (L — Ry + A —d(g)),

where c is the spring stiffness, A is the pre-compression in the initial position, and d(¢) is
the current length of the spring.
Parameter values used:

- ¢=14,000 N/m;

- Rp=0.01m;
- L=005m;
- A=00lm.

5.2. Implementation of Numerical Calculation

Numerical calculations were carried out in the Python v3.9 environment using the
Euler method and the fourth-order Runge-Kutta method (from the SciPy library, function
solve_ivp) to check the stability of solutions when introducing dynamics. The implementa-
tion of the equations in Python v3.9 made it possible to conduct a parametric analysis of
the dependence of the clamping force Q on the following:

e  Shoe movement equivalent to the wear of the contact layer;
e The angle of inclination of the contact rail (affecting the projection of the force);
e  Vertical oscillations given by sinusoidal displacement y(t) = asin(27ft).

For the oscillating mode, the following time parameters were introduced:

e  Vibration amplitude: A =5 mm;
e  Frequency: f = 2 Hz, and the instantaneous force was calculated over several periods.

The mechanism was considered quasi-static (inertial and damping forces were not
taken into account), which made it possible to simplify the calculations.

5.3. Graphical Visualization
With the help of Matplotlib, the following graphs were built:

e  Dependence of Q(t) on shoe movement (simulated wear);
e  Dependence of Q(¢) on the angle of inclination of the contact surface;
e  Time dependence Q(t) at rail oscillations.

Each graph was equipped with a rated force mark (140 N), which made it possible to
quantify deviations.

5.4. Interpretation and Conclusions

For each scenario, the absolute and relative deviations of strength from the nomi-
nal value, expressed as a percentage, were calculated. These deviations were used as
performance metrics:

e  The force error at wears up to 2 mm did not exceed 5%;

e  The deviation at a tilt of up to 10° was less than 3%;

e  The amplitude of oscillations at 2 Hz did not exceed +4% in the absence of damping,
which indicated the high stability of the model.

5.5. Validation of Model Adequacy

The model was based on the analytically derived equations published earlier in [30], and
it was compared with the real ranges of displacements and forces characteristic of current
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collectors with contact pressure in urban transport. This made it possible to consider the
model to be physically justified and able to reproduce the expected behavior of the structure.

5.6. Reliability Analysis

To link the contact force stability with the formal definition of system reliability,
we considered the probability that the contact force remains within an acceptable range
Q € [Q_min, Q_max] during a time interval T. Based on the simulation results, the proba-
bility density function of Q(t) can be approximated as a narrow Gaussian with a mean of
~140 N and o ~ 2.5 N under expected oscillation and wear.

Then, reliability R(T) can be estimated as

K(T) = P(Q(t) € [Quiny Omax] for all £ € [0,T)) ~ [@(W) @(Qmif“”ﬂT 1)

ag

where ® is the standard normal CDF. This formalism allows for evaluating reliability as a
function of wear, vibration amplitude, and design tolerance.

Thus, unlike classical designs, the proposed mechanism can be formally described
using a probabilistic reliability model based on contact force deviations, which provides the
ability to quantitatively assess the probability of failure under given operating conditions.

6. Experimental Verification of the Model

To check the adequacy of the mathematical model and assess the practical stability of
the contact force, an experimental setup was developed that simulates the operation of the
cam-spring mechanism of the current collector under laboratory conditions.

6.1. Description of the Pilot Plant

Experiments were carried out on a model of the mechanism, assembled according to
the calculation scheme, using the following:

e  Springs (Lesjofors AB, Stockholm, Sweden) with a stiffness of 14,000 N/m (pre-calibrated);

e  Cam mechanism (Festo SE & Co. KG, Esslingen am Neckar, Germany) with a profile
radius of 10 mm;

e  Dry friction guides (THK Co., Ltd., Tokyo, Japan);

o Kistler 9217A (Kistler Group, Winterthur, Switzerland) contact force meter (disc piezo
sensor) with an accuracy of £0.5%;

e Keyence GT2-H12 (Keyence Corporation, Osaka, Japan) position sensor to record
shoe movements;

e LDS V555/6-PA1000L (Briiel & Kjeer Vibro, Royston, UK) vibration table for vertical
oscillation (5 mm, 2 Hz).

The spring was pre-compressed by 10 mm. Contact force was measured depending
on the following:

e  Shoe movement (imitation of wear);
e  Tilt of the guide (rail skew);
e  Vibration impact.

Measurements were recorded via the NI LabVIEW 2022 Q4 interface and then pro-
cessed in MATLAB R2023b.
6.2. Mode 1: Shoe Wear

The shoe was manually moved from 0 to 4 mm downwards (simulated wear). At each
point, the contact force was recorded.
The results of shoe wear from the applied force are shown in Table 1.
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Table 1. Shoe wear results from the force applied.

Wear (mm) Force (N)
0.0 139.8
0.5 136.7
1.0 132.2
1.5 127.5
2.0 121.3
3.0 112.5
4.0 104.2

The difference between the model (123 N) and the experiment (132 N) at 1 mm wear is
due to several factors. The force measurement error using the Kistler sensor (Kistler Group,
Winterthur, Switzerland) is £0.5% (approx. £0.7 N), and inaccuracies in the displacement
detection (£0.1 mm) also affect the result. In addition, the coefficient of friction in the
guides during reciprocating motion could reduce the effective deformation of the spring.
To take these factors into account, error bars should be added to Figures 7 and 8 to reflect
the total uncertainty in the measurements (~£1.5-2.0 N). For future model calibration, it
is proposed to use linear scaling of the stiffness factor or the introduction of a correction
coefficient of friction.
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Figure 8. Changes in contact force over time with vertical pantograph vibrations. The red dashed
line denotes the nominal contact force of 140 N, while the orange solid line shows the experimentally
recorded instantaneous contact force Q(t) under vertical sinusoidal vibrations with amplitude 5 mm
and frequency 2 Hz.

Comparison with the model: The model predicted a value of ~123 N at 1 mm of wear,
while the experiment gave ~132 N, showing a deviation of <7%. Within the wear range of
up to 2 mm, the experiment showed a force reduction of less than 15%, which confirms the
conclusions of the simulation.

6.3. Mode 2: Rail Tilt

The platform with the shoe tilted at an angle of 0° to 10° in 2° increments (Table 2).
The normal component of the force was measured. Outcomes:
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Table 2. Experimental values of contact force as a function of rail inclination angle.

Angle (°) Force (N)
0 139.8
2 138.5
4 135.6
6 131.8
8 128.9
10 125.3

Comparison with the model: The model predicted a cosine decrease. At 10°, it is about
123 N. The experiment gave 125 N, showing a discrepancy of <2%. This confirms that the
geometric projection of the force corresponds to the calculation, and the structure is not
very sensitive to inclination.

6.4. Mode 3: Vertical Vibrations

On a vibrating table, the shoe was subjected to harmonic vibrations with an amplitude
of 5 mm and a frequency of 2 Hz for 10 s.
Outcomes:
Average force value: ~138.5 N;
Amplitude of oscillations: £3.2 N;
Peak value: 141.6 N, minimum: 135.3 N;
Frequency of force oscillations: 4 Hz (twice the excitation, as predicted by the model).

Comparison with the model: According to the calculations, the oscillations should
have been in the range of =4 N. The experiment confirmed that vibrations do not cause a
significant decrease in contact force. The damping effect of dry friction is recorded as the
attenuation of oscillations at the end of vibration.

6.5. Generalization and Conclusions
All three experimental modes confirmed the key points of the model:

e  The contact force is maintained within the permissible limits when the shoe is worn
up to 2 mm;

e Tilt angles of up to 10° cause a change in force of less than 10%;

e  With vibrations, the contact force ranges from +2-3% without losing stability.

The total average error of the model was less than 5% in all modes, which indicates
the high adequacy of the theoretical description. The experiment showed that the proposed
design of the pantograph really provides a constant contact force in conditions that simulate
real operational deviations.

7. Comparative Analysis of the Stability of the Contact Force of Different
Types of Current Collectors

We conducted a comparative analysis of the results of modeling a current collector
with a constant contact force, as proposed in the article, with the existing types of current
collectors (spring, pneumatic, and active) in accordance with the given quantitative char-
acteristics of force stability, permissible wear, sensitivity to vibrations, and accuracy of
mathematical modeling; our results show the following:

Stability of the contact force during shoe wear (up to 3 mm): The classic spring
pantograph is sensitive to wear and tear on the sliding shoe; as the shoe thickness decreases,
the spring relaxes, and the downforce decreases. It is estimated that for about 3 mm of
wear, the clamping force can drop by tens of percent (about 15-20% of the nominal) if the
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structure does not have compensators. This is consistent with the dependence of pressure
on the position of the shoe noted in the literature. In a pneumatic pantograph with pressure
regulation, this problem is solved by maintaining pressure in the pneumatic element; even
with a decrease in stroke due to shoe wear, the force remains close to the specified value.
If the system is equipped with an automatic regulator [2], the pressure is pumped as
the shoe subsides, providing an almost constant force (changes <10%). In the absence of
active pumping, a slight drop in pressure is possible with an increase in the volume of
the chamber, but it is relatively small. Active pantographs with sensors are able to detect
even a small decrease in contact force due to wear and compensate for it almost completely
with the help of actuators. As a result, the contact force remains stable, deviating by no
more than a few percent. The proposed constant-force mechanism is designed from the
outset so that the geometry and balance of the springs compensate for the wear of the shoe.
When the shoe thickness is reduced, the springs redistribute the load so that the force on
the rail remains constant. Model calculations confirm that when wear is within the design
range (up to a few millimeters), the deviation of the force is minimal (within a few percent);
that is, it is almost imperceptible to the contact process. This significantly improves the
reliability of the removal current, as it eliminates the need to adjust the tension frequently
as it wears.

Stability of the force when tilting the rail (up to 10°): If the contact rail (or the position
of the shoe relative to it) is tilted, the orientation of the applied force and the contact area
of the shoe may change. In a classic spring pantograph, a rigidly fixed shoe may not
contact the entire surface when the rail is tilted, and the effective clamping force (normal
component to the surface) is reduced. At an inclination of up to 10°, part of the pressure
may be lost, which can reach tens of percent, if the design does not account for hinges or
the mobility of the shoe for self-leveling. Pneumatic pantographs usually have a softer
element and sometimes a hinged shoe suspension, which improves the fit. Small angles
are compensated for by the elasticity of the pneumatic element, and the change in force is
insignificant (approximately <10-15%). However, at large angles without a special hinge
mechanism, incomplete contact will also occur. Active pantographs can turn on angle
sensors or indirectly detect contact degradation and increase downforce to compensate
for tilt. In practice, this means that the control system will give a command to increase
the pressure, maintaining the necessary normal force. Thus, the deviation of the force will
be minimal (of the order of a few percent) even at a 10° inclination since the electronics
neutralize the influence of geometry. The proposed constant-force mechanism is designed
to operate in real-world conditions where the rail may have some inclination. Thanks
to the guides and the movable shoe assembly, the design provides approximate vertical
pressure. The force acting on the rail is determined by the vertical spring and linkage,
which are little affected by a small angular deviation. Thus, at inclinations of about £10°,
the contact force remains almost unchanged. The shoe’s geometrically permissible freedom
of movement allows it to adjust to the angle without significant pressure loss. This is an
important advantage over a purely spring scheme, where the inclination immediately leads
to a change in the projection of the force.

Force fluctuations during vibrations (amplitude 5 mm, 2 Hz): Dynamic oscillations
of the contact rail or shoe (e.g., due to unevenness of the track or vibration of the wagon)
lead to periodic changes in the clearance and, thus, the clamping force. In classic spring
pantographs, at a 5 mm oscillation, the force will change in accordance with the stiffness of
the spring: the greater the displacement, the greater the change in force. Without additional
damping, this leads to noticeable fluctuations in contact force, which can reach £10-20% of
the average value at a frequency of 2 Hz. In practice, some designs use friction dampers
or other means to reduce vibrations, but it is difficult to avoid them completely. In a
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pneumatic system, the air spring itself acts as a damper: compressed air has elasticity and
internal friction, smoothing out rapid vibrations. Therefore, the amplitude of force changes
is usually less than that of a purely spring-based system, for example, of the order of +10%
or lower, depending on the throttling setting of the airflow. If an active air regulator is
installed, it can adjust the pressure synchronously with slow oscillations (2 Hz is a low
enough frequency for regulation), further reducing force changes. Active pantographs are
specifically designed to minimize dynamic fluctuations: vibration and position sensors
monitor the movements of the contact system, and the control quickly corrects the force. For
example, when moving down the rail, the system can weaken the drive, and when moving
up, it can increase the pressure, keeping the force almost constant. As a result, fluctuations
in effort are reduced to units of percent. The proposed constant-force mechanism can also
effectively resist vibrations thanks to its built-in springs and friction. The analysis carried
out in the article showed that dry friction in the guides has a noticeable damping effect.
This means that when the shoe oscillates at a frequency of 2 Hz, the amplitude of force
changes will be significantly dampened by friction, preventing resonant vibrations. The
spring-lever system has its own dynamic characteristic, designed for a working range of
~20 mm. An oscillation of £5 mm is only part of this range, and the mechanism is able
to maintain a close-to-constant force, allowing for only minor deviations (a few percent).
Thus, in terms of vibration resistance, the new mechanism is comparable to the active
system, inferior to it only slightly (due to the lack of feedback that compensates for the
smallest vibrations), but it is superior to the classic spring version and is not inferior to the
pneumatic version in damping.

Maximum deviation of the force from the nominal value: The complex influence of
factors (wear, angle, vibrations, and velocity effects) determines the maximum deviation
of the contact pressure from the specified nominal value. For a classic spring pantograph,
the total deviation of the force can be very significant. For example, with a worn shoe
and simultaneous vibrations on curves, the pressure value may differ from the nominal
by +20% or more. This is confirmed by practical cases when the pressure either drops to
the point of breaking contact or increases to a level that accelerates wear. A pneumatic
pantograph, in the worst case (without active adjustment), has moderate deviations; the
change in pressure in the chamber due to stroke, temperatures, etc., is usually limited to
tens of percent. In the normal operation of the pressure control system, the force deviation
can be kept within the range of about £5-10% due to the adjustment to the target value.
Active pantographs are designed to keep the force as close as possible to the specified one.
Modern systems are able to maintain the force in the required range (e.g., 70-120 N for high-
speed trains) with virtually no noticeable deviations, except for short-term transients. In
numerical terms, this corresponds to an error of several percent (usually no more than 5%).
The proposed mechanism with a constant force, according to calculations, also provides
a very small deviation from the nominal value. In static mode, the force practically does
not change as the shoe travels, so the deflection is close to 0% over the entire operating
range. Realistically, taking into account friction and other factors, the maximum deviation
of the contact force from the nominal force will be a few percent, which is confirmed by the
calculation model [4] (almost constant force when moving the shoe by Sm = 20 mm) and
analytical formulas. Thus, according to this criterion, the passive constant force mechanism
is practically not inferior to the active system and is significantly superior to the classic and
pneumatic systems without adjustment.

Sensitivity to operational deviations: Sensitivity is the degree to which unforeseen
deviations in conditions affect the operation of the pantograph. Such factors include
temperature changes (affecting the properties of springs or air pressure), the aging and
subsidence of elastic elements, the backlash and wear of joints, imperfect installation, etc.
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Friction in the hinges can interfere with the free movement of the shoe, causing sticking and
sudden jumps in force. A change in temperature slightly affects the modulus of elasticity
of the spring (and length), also changing the force. Without periodic readjustment (e.g.,
spring tightening or replacement), the downforce can deviate from the optimal range.
The pneumatic system is sensitive to temperature and tightness: when the temperature
decreases, the pressure in the closed volume drops, reducing the force; air leaks are possible,
leading to a slow decrease in pressure. Therefore, such pantographs are usually equipped
with automatic pressure maintenance or require regular checking of the pressure in the
system. With the introduction of regulation (for example, the compressor pumps air to
the desired pressure through the sensor), the influence of external factors is significantly
smoothed out—where the system itself compensates for leaks and temperature fluctuations,
maintaining a stable force. Active current collectors are less sensitive to mechanical factors
in terms of the result (clamping force) because, even if the properties of the springs or
the reduced stiffness of the mechanism are partially changed, the electronics will correct
the output effect. However, their sensitivity manifests itself in a different way, depending
on the serviceability of the sensors, signal quality, and algorithms. For example, dirt or
icing can affect the sensors, causing a signal delay in very rapid changes or an electronic
failure, which is immediately reflected in the operation. That is, in terms of resistance to
simple physical deviations, the active system is very stable, but it is more demanding to
maintain the operability of its complex components. The new constant-force mechanism
combines the advantages of passive simplicity with built-in stability. Its operation is based
on a rigidly defined mechanical characteristic, which should not change much with small
changes in temperature or wear since springs are applied in the elastic range, and the
design compensates for mechanical wear. Sensitivity to temperature is moderate (springs
can weaken at high heat, but this is insignificant in the operating range), sensitivity to wear
is low (compensates for itself), and sensitivity to distortions is low (see above). Friction can
be a major factor: if the assemblies get stuck over time due to a lack of lubrication, this can
disrupt the constant force condition. However, this is eliminated by regular maintenance.
In general, the mechanism shows low susceptibility to changes in conditions, maintaining
the planned effort without active interventions.

Maintenance and complexity of the design: A simple design composition usually cor-
relates with reliability and serviceability. A classic spring current collector is the simplest
device, comprising a spring (or several), levers, and a shoe. Due to the small number of
elements, the probability of failure is low [12], and maintenance is reduced to periodic
lubrication of the joints, replacement of shoes, and checking the condition of the springs.
Even when problems arise, repairs are usually simple and inexpensive. A pneumatic panto-
graph includes more components: in addition to the mechanical part, there is a pneumatic
rubber element (for example, a rubber cord chamber) and a pressure pumping/control
system. Maintenance of such a system is a more complex task, including leak control
(leak check), compressor maintenance, periodic replacement, or checking the rubber cord
elements (they are aging). Thus, reliability is somewhat reduced due to a larger number of
elements, and maintenance requires more attention and qualification. An active pantograph
is the most complex of those considered. In its composition, all mechanical components
(springs/actuators, levers, and shoe) are supplemented by a variety of electronic and
electromechanical components: position sensors, accelerometers, force sensors, control unit
(computer), servos or electro-pneumatic actuators, and powered electronics.

Such a system is structurally complex and requires regular maintenance: sensor cali-
bration, software updates and checks, control of electrical connections, and maintenance
of actuators. The probability of failure is higher because, in addition to mechanical mal-
functions, electronic failures are possible. Nevertheless, many modern manufacturers (e.g.,
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Schunk, Faiveley, and Siemens) [6,7] implement such systems due to their advantages in
operation. The new fixed-force device is close to the classic one in complexity—it does
not require external power sources or control during operation. The addition of special
parts (additional springs, sliders, or cam mechanisms) somewhat complicates the design
compared to a single spring, but all elements remain passive-mechanical. This means that
the maintenance of it is similar to the maintenance of a conventional pantograph: periodic
lubrication of guides and hinges, monitoring the condition of the springs and cam, and
replacing worn shoes. There is no need for an electronics setup, and air refueling simplifies
operation. Thus, in terms of complexity and maintenance, the constant force mechanism
is much simpler and more reliable than the active or pneumatic systems, although a little
more complex than the basic spring system.

Correspondence of the mathematical model to real characteristics: To assess the
prospects of a solution, it is important to assess how well a developed model of the device
predicts its behavior in practice. A classical spring system can be accurately described by a
simple mathematical model (Hooke’s law); in static mode, the calculated force is k-x, which
quite exactly coincides with the actual force, given the known k and x. Dynamic aspects
(e.g., oscillations) are also modeled by adding damping. In reality, small discrepancies arise
due to friction, backlash, or inaccuracies in the stiffness value, but in general, the model
of a classic pantograph is simple and quite accurately reflects the main characteristics. A
pneumatic pantograph is more difficult to formalize—thermodynamics is involved here:
pressure depends on volume, temperature, and leaks. However, for slow processes, it
is possible to approximate the air spring as a spring with a certain “air” stiffness. By
calibrating the model function for the pressure-stroke experiment, a satisfactory match can
be achieved. The automatic pressure pumping system reduces behavior to maintaining
a constant, which simplifies steady-state simulation. In an active pantograph, the corre-
spondence of the model to reality is largely determined by the quality of the developed
control algorithm. Engineers create detailed models of the pantograph’s dynamics, in-
cluding the contact system, and build a control system based on them. If the model is
incomplete (for example, some vibrations or delays are not taken into account), the actual
behavior will be different. However, modern active systems are debugged on the basis of
extensive tests, so they are able to hold the specified force even under complex impacts,
which confirms the adequacy of the adopted models. The fact that such models work
successfully is evidenced by the introduction of active control in commercial pantographs
from leading manufacturers. The proposed mechanism with constant effort was developed
based on a strict mathematical model of the force interaction of springs and levers. The
article derives equations and designs the cam profile so that the force remains constant
over a given range of displacements. This means that the design itself implements the
mathematically embedded dependence “constant force vs. motion”. The coincidence of the
model and experiment for such systems is usually very high since there are no complex,
unpredictable factors—the force is determined by the geometry and elasticity, which are
precisely taken into account during the design. Small discrepancies can be introduced by
frictional forces and the actual behavior of springs during repeated cycling, but these effects
were analyzed by the authors. Taking into account dry friction only showed the need to
optimize materials [9], while the friction itself also performs the function of damping. These
factors are reflected in the model, so one can expect that the real contact force will be almost
the same as the calculated one. In other words, the proposed mechanism provides accurate
and predictable behavior: the error between the calculated and actual force is minimal.
Such a high convergence of the model and the experiment confirms the correctness of the
chosen approaches and gives confidence that, in operation, the system will show itself as
effectively as it was modeled.

84



Mathematics 2025, 13, 2022

8. Discussion of Operating Conditions and Prospects for the
Development of the Structure

The analysis of the reliability model of current collectors for electric vehicles demon-
strated the possibility of using spring and cam-spring mechanisms to create a constant
contact force in existing pantograph systems. The proposed spring-based system, thanks
to the careful balance of spring stiffness and geometric parameters (Figures 1 and 2), is a
mechanically simple and potentially reliable solution. The system ensures that contact is
maintained despite component wear. The proposed cam-spring device with a variable
radius cam profile (Figures 3-5) also provides a constant contact force. Calculations show
that a constant contact force can be achieved by the careful selection of the cam profile,
the shape of which is determined by Equations (6) and (8) and, for design purposes, is
expressed in a dimensionless shape in (9). This system, with a pre-calculated cam profile,
can provide a more adaptable solution.

The efficiency of these constant-force structures can be further improved by consider-
ing friction. The presented analysis examining the effects of dry friction (Figure 6) shows
that dry friction has a significant damping effect that must be considered in the design to
optimize operation [28,29]. The effect of friction is described by Equation (18). The results
of the calculations presented here indicate that in order to ensure the reliable operation
of the collector, frictional forces must be taken into account when choosing materials and
design parameters.

Further research is needed, in particular, through computational simulations and
experimental verification, to evaluate the performance of these developed systems. For the
spring approach, the model must evaluate the dynamic behavior of the springs, including
their response to changes in the geometry of the rails and the movement of the vehicle [30].
For the cam-spring approach, it is necessary to carefully study the effect of friction in the
cam-skid mechanism [31].

When modeling; it is necessary to take into account the fact that pantographs are used
in a variety of operating conditions [32]. Performance needs to be optimized over a wide
range of operating conditions. The studies should provide simulations that provide a good
understanding of how the contact force changes depending on different environmental
conditions, especially depending on the speed of the vehicle and the quality of the rails [33,34].

Continuous progress in the field of materials science can also play a decisive role.
Studies of composite materials with increased wear resistance and electrical conductivity
(for the contact shoe) can significantly extend the service life of existing current collector
devices [35,36]. Similarly, the application of modern coatings to the contact rail can help
reduce the effects of arcing and corrosion [37]. In the design process, it is necessary to
take into account the design of the collector, rail, and the interaction between them [38—40].
These findings contribute to the body of knowledge in the field of electric transport and
offer valuable ideas for the development of more efficient and reliable pantograph systems,
which are still the most vulnerable energy transmission systems in electric vehicles [41,42].

It should be noted that the implementation of the proposed mechanism in industrial
production will require strict compliance with the tolerances for the processing of the cam
profile (error less than 0.1 mm) and the selection of materials with the minimum thermal
dependence of the modulus of elasticity (for example, spring steels with a temperature
coefficient of less than 0.01%/°C). The lubrication of guides and the scheduled replacement
of elastic elements should be included in the maintenance schedule, for example, once
every 3—-6 months. Compared to active or pneumatic systems, the proposed design wins
in terms of simplicity and cost (approximate savings of ~30-50% compared to electro-
pneumatic solutions) while providing the same level of stability at low speeds. However,
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high-speed applications require design adaptation and the introduction of additional
damping elements.

9. Conclusions

In this work, the design of an electric transport pantograph with a mechanically imple-
mented constant contact force is proposed and theoretically substantiated, which provides
reliable current collection under conditions of wear, vibration, and rail geometric deviations.
The basis of the development was a strict mathematical analysis of the interaction of spring
and cam-spring systems, which makes it possible to form a contact force that remains
almost constant in a given range of movements of the contact shoe.

In the analytical part of the article, the equilibrium equations of the pantograph ele-
ments are derived, and the conditions for the stiffness of the springs are obtained; under
these conditions, the resulting contact force remains constant throughout the entire dis-
placement course. The dimensionless dependencies of the cam profile were also obtained,
which provides uniform downforce. The constructed model made it possible to determine
the shape of the cam, which provides a constant contact pressure of 100 N at a rotation
angle of up to 2.3 rads and a shoe movement of up to 0.02 m.

Based on the proposed geometric and physical model, numerical analysis was carried out in
the Python v3.9 environment. In particular, the following key numerical results were obtained:

- When the shoe wears up to A = 1 mm, the contact force decreases from 140 N to
~123 N, which is less than 12% of the nominal force. When the shoe wears up to
Ah = 0.5 mm, the force decreases by only 6%; that is, the mechanism successfully
compensates for the loss of thickness.

- When the contact surface is inclined to « = 10°, the contact force is reduced to 138 N;
that is, by less than 2%, which is allowed under operating conditions.

- With the harmonic action of y(t) = 5sin(27r-2t) mm, the instantaneous contact force
fluctuates within Q(t) = 135.3 =+ 141.6 N; that is, with an amplitude of the order of
£3.2 N or 2.3%, confirming the dynamic stability of the system.

Experimental verification showed a good agreement with model predictions: the
average error between the calculations and the experiment in three modes (wear, inclination,
and vibration) was less than 5%, and the deviation of the force from the nominal value did
not exceed 10%, even under unfavorable conditions.

Thus, mathematical methods, including the synthesis of a geometric model, the
analytical design of the cam profile, the calculation of the balance of forces in a system
with zero stiffness, and the approximation of the effect of dry friction, made it possible to
achieve the goal of developing a passive pantograph mechanism with a constant contact
force. The numerical and experimental results obtained confirm the effectiveness of the
proposed approach, opening up opportunities for further integration into current collectors
of urban and industrial electric transport.

In the future, it is necessary to expand the model by taking into account the full
dynamics, including inertial effects and damping, as well as the implementation of the
prototype in field conditions to assess durability and service life in real conditions. Another
important area is the optimization of the cam profile by taking into account load variations,
vibration, and non-standard rail positions, which is possible with the use of optimization
methods and machine learning.
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Abstract

The article presents a new method of passive dynamic weighing of vehicles based on the
registration of seismic signals that occur when wheels pass through strips specially applied
to the road surface. Signal processing is carried out using spectral methods, including
fast Fourier transform, consistent filtering, and regularization methods for solving inverse
problems. Special attention is paid to the use of linear-frequency-modulated signals, which
make it possible to distinguish the responses of individual axes even when superimposed.
Field tests were carried out on a real section of the road, during which signals from vehicles
of various classes were recorded using eight geophones. The average error in determining
the speed of 1.2 km/h and the weight of 8.7% was experimentally achieved, while the
correct determination of the number of axles was 96.5%. The results confirm the high
accuracy and sustainability of the proposed approach with minimal implementation costs.
It is shown that this system can be scaled up for use in intelligent transport systems and
applied in real traffic conditions without the need to intervene in the design of the roadway.

Keywords: passive seismic system; dynamic weighing; vehicles; geophones; spectral analysis;
Tikhonov regularization; linear-frequency modulation; intelligent transport systems

MSC: 35R30; 94A12; 65R32; 90B20

1. Introduction

The development of transport infrastructure and the increase in the number of vehicles
on the roads in recent decades have led to the aggravation of one of the most important
technical and socio-economic problems—premature wear and destruction of the road
surface [1,2]. Globally, a significant proportion of asphalt damage is caused by vehicle
overloads that exceed permissible axle loads. This not only accelerates the depreciation
of roads and increases the cost of their maintenance, but also reduces road safety, creates
economic losses, and worsens the environmental situation [3]. In this regard, the task
of accurate and operational control of vehicle parameters in the flow, such as weight,
number of axles, and speed, is of fundamental importance for modern intelligent transport
systems, especially in the context of increasing automation and digitalization of road
infrastructure [4,5].
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One of the widely used approaches to solving this problem is the use of weigh-in-
motion (WIM) systems based on strain gauge, piezoelectric and fiber-optic sensors built into
the road surface. Works [6-9], as well as [10], are examples of the successful implementation
and assessment of the accuracy of such systems. In these works, empirically calibrated
regression models are used, as well as Kalman filters, to eliminate dynamic fluctuations
in the axial load. At speeds of up to 60 km/h, axle load measurement accuracy is up to
£7% and under favorable conditions up to 5% (COST 323 class A (5)). However, when the
speed increases to 100 km/h, the accuracy decreases sharply (to £10-12%), especially in
conditions of uneven road surfaces, temperature differences, and lack of regular calibration.
The high cost of installation, the need to intervene in the road structure, and the complexity
of maintenance are also significant limitations of this approach. Mathematically, such
systems require numerical solutions to the problems of time series processing, temperature
drift compensation, and optimization of the weight coefficients of the calibration model [11].

Another area is systems that use radar and video analytical methods. For example,
the paper edited by [12] describes radar technologies based on the processing of reflected
signals and the application of Doppler shift equations [13]. These methods measure speed
with an accuracy of +2 km/h and classify vehicles by size with an accuracy of 90%. The
mathematical apparatus of these systems includes spectral analysis methods, pattern
matching algorithms, and machine learning for classification. However, the effectiveness
of such systems decreases in conditions of fog, rain, and other weather factors, as well as
when obscuring objects [14].

In recent years, there has been a growing interest in passive recording methods, in
particular, seismic recording of signals from vehicles. Such approaches have a number of
advantages: they do not require radiation, they do not depend on visibility and weather
conditions, and their implementation can be relatively inexpensive. A number of stud-
ies [15-20] show that the use of seismic sensors makes it possible to determine the speed of
movement with an accuracy of £1.5-2 km/h and to classify vehicles by the number of axles
and weight with an accuracy of 85-95% in the speed range up to 80 km/h, corresponding to
the impact of the wheels on the roadway. However, high sensitivity to external vibrations
and difficulties in synchronizing signals from different sensors require the development of
algorithms for space-time filtering and time alignment [21].

To improve the efficiency of seismic methods, an approach to spectral analysis of
signals recorded by geophones was proposed, which made it possible to significantly
improve the accuracy of identification. Works [22-26] demonstrate the possibility of
distinguishing vehicle types with an accuracy of up to 90-95%, while noise immunity is
achieved through the use of filtering, statistical processing, and machine learning methods.
In these studies, models based on wavelet analysis, principal component analysis (PCA)
methods, power spectral density estimation, as well as vector support algorithms (SVMs)
and decision trees are used. Processing includes the construction of vector features based
on energy content in certain frequency ranges, which makes it possible to use classification
methods on a set of training data [27]. Such approaches are especially useful in the presence
of a background and intersecting signals, as they allow you to effectively isolate the
informative components of the signal.

A separate category is made up of methods that use neural network architectures.
Studies [15,28-32] demonstrate the effectiveness of convolutional neural networks (CNNs),
recurrent neural networks (RNNs), and hybrid structures for classifying vehicles by their
seismic signatures. The achieved classification accuracy in these works is up to 95% at
speeds up to 80 km/h, while the resistance to external noise remains at the level of 80-85%.
Using these models requires deep training on a large volume of stamps and pre-normalizing
the data. Neural network training is accompanied by the use of loss functions, such as
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cross-entropy, and optimization using gradient descent algorithms (Adam, RMSprop),
which requires significant computational resources [33].

Some studies are aimed at reconstructing the trajectories of movement and determin-
ing the mass of vehicles without the use of embedded sensors. In the works [16,34,35],
methods of temporal correlation of signals from several sensors are used; the problems of
inverse modeling of the trajectory and the use of Kalman filters are solved. Mass estimation
is carried out on the basis of the amplitude component of the seismic signal and numerical
solution of the reversal problem, while an accuracy of less than 10% is achieved at speeds
up to 60 km/h.

A comparative analysis of all the above approaches allows us to identify a common
problem: either the high cost and complexity of implementation, as in WIM systems, or
the limited accuracy in noise and multi-signal conditions, as in passive methods. In the
mathematical aspect, these problems are reduced to multivariate models of signal pro-
cessing, namely, to the problems of regression, optimization, identification, and inverse
problems. The relevance of further research in this direction is due to the need to de-
velop solutions that would provide accurate determination of vehicle parameters without
expensive engineering solutions [36,37] and with the possibility of scalable implementation.

Of particular interest is passive seismic recording of signals from the interaction of
vehicles with artificially created irregularities (stripes) on the roadway. This approach
allows both the generation of a signal with pronounced spectral characteristics and the
simplification of subsequent processing. Strips of a certain width and shape apply to
the coating to induce resonant or impulse signals when the wheel hits it, which greatly
simplifies the task of synchronization and interpretation. The use of such structures
simulating combs with a uniform or non-uniform pitch is described in theoretical and
experimental studies, which confirm the possibility of increasing the accuracy of measuring
the speed and number of axes up to 95% and estimating the mass with an error of less than
10% at a speed of up to 70 km/h, as well as frequency analysis of responses.

Thus, the direction proposed in this work, based on the passive registration of seismic
signals caused by the passage of a vehicle through artificial strips, has a high degree of
feasibility and accuracy. Its main advantage is that there is no need to costly integrate sen-
sors into the road structure while maintaining high measurement accuracy and resistance
to interference. The mathematical novelty of the proposed approach lies in the fact that a
model of the seismic signal is formed as a superimposition of responses from periodically
located sources, which makes it possible to use devices for coordinated filtering, analysis of
flight time, and localization along the maximum spectrum. In this work, it is planned to
build an analytical and numerical model for generating a seismic signal from the movement
of a vehicle on a striped structure, using the Fourier transform and algorithms for extracting
phase characteristics, as well as estimating the parameters of the vehicle by solving the
inverse problem based on minimizing the error functional between the model and the
recorded signal.

The purpose of this work is to develop a mathematical model of a system for dynamic
determination of vehicle parameters based on the passive seismic location. Within the
framework of this goal, seismic signals arising from the interaction of vehicles with artifi-
cially created structures on the roadway are simulated, and the possibilities for determining
the speed, number of axles, axle load, and total weight of the vehicle are analyzed. It is pro-
posed to use the integration of spectral analysis methods, consistent filtering, regularized
optimization, and verification of the model on experimental data to improve the accuracy
and stability of results in real operation.
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2. Materials and Methods

Within the framework of this study, a system for dynamic determination of vehicle
parameters based on passive seismic location was developed and experimentally tested,
implemented both on the basis of physical modeling and with the use of an extensive
mathematical apparatus for signal analysis, parameter estimation, and inverse problem
solving. The purpose of this work is not only to record the seismic response from the
movement of the vehicle but also to restore such parameters as speed, number of axles, axle
load, and total weight using formalized mathematical models. The experimental part of the
study is based on the combination of field measurements with subsequent computer signal
processing using MATLAB (version 2023b) and the authors’ program code that implements
filtering, Fourier transform, and consistent filtering methods.

To record seismic signals, vertical geophones were used, integrated into the roadway
in areas with special artificial stripes. The type of geophones used corresponds to the
industrial sensitivity class (up to 70-80 dB of the dynamic range), and their amplitude-
frequency response provided stable registration of oscillations in the range from 5 to 150 Hz.
The signal from the sensors was transmitted to the pre-processing system, which included
an amplifier and an analog-to-digital converter (16-bit, 520 Hz), and transmitted to the
central computing module via an IP connection. The arrangement of the stripes, which is
a comb structure with a uniform or uneven pitch, as well as the placement of geophones,
made it possible to record the signals arising when the wheels of the vehicle hit the strips,
ensuring the formation of high-amplitude seismic waves.

The experiments involved simulating the movement of a vehicle with specified pa-
rameters (number of axles, distance between wheels, speed, weight) and registering the
corresponding signals. In some cases, vehicles with pre-known parameters were used,
which made it possible to calibrate the mathematical model. The processing system used
included signal whitening, spectral analysis, and time boundary estimation of pulsed
fragments using a sliding window instantaneous power estimate. To improve the accuracy
of the analysis, timestamp synchronization algorithms and a method for estimating speed
using time delays between signal edges on different sensors were used.

The basis of the mathematical model is the representation of the seismic response as
a superimposition of responses from each “wheel-strip” pair. The signal on each of the
sensors is modeled according to the formula:

J N
si(t) = 2 2 hijnfi]'n(t - Tijn)'
j=1n=1

where h;jj, is the amplitude multiplier determined by the distance from the strip to the
sensor, fij;(t) is the impulse response, Tjj, is the propagation delay, | is the number of
bands, and N is the number of axes. The response f;;; (f) is described as a damped function:

fijn(t) = Al’]'neim" sin(wt),

where the damping factor « and angular frequency w are determined by the effective
mechanical properties of the layered structure comprising the asphalt pavement, its base
layers, and the underlying soil. While the seismic wave propagates through the pavement
structure, experimental and numerical studies (e.g., [38]) show that the dominant influence
on attenuation and resonance frequency stems from the stiffness and damping characteris-
tics of the asphalt layer, including bitumen content, aggregate size, and thickness. Thus, «
and w are treated as effective parameters that are calibrated using signals from reference
vehicles and take into account both the pavement and soil structure.
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The simulation was carried out both using analytical formulas and using the MATLAB
code provided in Appendix A. Time delays 1;;, were calculated according to geometric
relationships, taking into account the coordinates of the bands and sensors:

V=5 + (- )’
Tijn = ,
Ug

where v, is the speed of propagation of the seismic wave.

To identify the parameters of the vehicle, the inverse problem of minimizing the

meas

deviation between the measured signal s/"**() and the model response was formulated:

i sMeas (1) _ g (+: M, v,dy)||3.
i TSP (0) 16,0,

The solution of this problem was carried out by numerical optimization methods
using Tikhonov’s regularization:

min(||A6 — b[3 + A|[6][3),

where A is the feature matrix, 6 is the parameter vector, b is the measured power values,
and A is the regularization parameter.

Two approaches were used to estimate the velocity. The first is spectral, in which the
distance between the harmonics of the spectrum A¢ determines the velocity:

fs
ko —kq’

v=Ax

where A& is the spacing between the bands; f; is the sample rate; and kj, k; are the harmonic
numbers. The second is temporary, using the delay between the edges of the signals from

the two bands: L

B/
where L is the distance between the strips, and At is the delay. Synchronization to the

maximum of the coordinated filtering was also used to localize the impact time of each axis.

In addition, the mass estimation error was estimated, which depended on the accuracy
of the seismic signal power measurement. The model used assumed the presence of noise
e~N (0, 02), and the mass was estimated as:

N — P—e’
p

which implied the calibration of the parameter against reference vehicles.

As a test, a system installed on the Sovetskoye Highway was used, with eight geo-
phones and two types of markings. Real signals from seven trucks were processed. Based
on the analysis of their spectral, temporal, and amplitude characteristics, estimates of the
speeds, mass, and number of axes were obtained. The error in determining the speed did
not exceed 1.2 km/h, and the error in weight was 8.7% at speeds up to 70 km/h. The
accuracy of the classification of the number of axles reached 96.5%. Thus, the developed
system combines physical modeling, experimental verification, and rigorous mathemati-
cal processing, including spectral analysis, optimization methods, signal processing, and
inverse problem solving.

The values of damping and frequency parameters used in signal modeling were
determined empirically during field calibration on asphalt pavement, using reference
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vehicles with known weight and speed. This approach accounts for the layered structure
of the road, including asphalt and its subbase, and incorporates their combined impact on
seismic wave attenuation and frequency response.

3. General Information About Passive Seismic Location

The theory of passive seismic location is now at the initial stage of its development.
Despite the many significant differences between radar and passive seismic location, there
is a basic relationship between them, determined by the commonality of the tasks to be
solved. The random nature of interference and useful signals is due to the use of statistical
approaches in the theory of passive seismic location, as well as in radar, which have been
duly applied and developed in the PSL.

For a long time, seismic technology has been successfully used to explore Earth in
search of minerals. As a rule, these technologies are active, and their operation requires the
use of powerful sources of seismic signals. Seismic vibrations are received by a group of
seismic sensors, and the general analysis of the received signals allows you to analyze the
structure of the medium in which seismic waves propagate.

At the moment, seismic signals are quite widely used for detection when organizing
the protection of territory. The sensors record and then process the signals that occur in the
ground when someone crosses the protected area. Most of the known seismic protection
systems are passive, since their principle of operation is not related to the emission of any
signals. Compared to the geophysical application of seismic methods, the appearance of
seismic waves in systems for monitoring moving objects is not associated with the use
of devices that specifically create seismic fields. In this regard, seismic systems based on
the detection of waves, the appearance of which is not associated with deliberate primary
excitation but is due to the movement of objects, are passive.

Passive seismic location (PSL) is one of the new methods of radar observation. The
processing of these signals is carried out on the basis of statistical methods, since they have
a pronounced random nature.

When analyzing the received seismic signals, it is possible to solve problems that
are aimed at obtaining information about moving objects. The main facts of the received
seismic signals are the presence or absence of an object in the observation area, determining
the type of moving object, calculating the coordinates and characteristics of its movement,
as well as determining the weight characteristics. Determination of weight characteristics
is a topic in which both owners and builders of highways have recently been interested.
It is necessary to ensure the integrity and safety of roads, in accordance with numerous
standards, as well as to achieve road safety.

It is clear that if an overloaded truck is driving on the road, which puts more pressure
on the road than it is able to withstand, then the road begins to collapse. This project, based
on passive seismic location to determine weight characteristics, is designed to identify
such intentionally or unintentionally overloaded vehicles in order to stop them, stop their
movement, and force drivers and (or) owners to move part of the cargo to another vehicle.

The task of this project is to create a mathematical model describing the movement
of a vehicle based on measurements of the parameters of the seismic signal arising from
the interaction of the wheels of the car with artificial obstacles (stripes) applied to the road
surface, designed to establish the fact of the passage of the vehicle and assess some of its
parameters, namely:

e the speed of the vehicle (at the time of measurement);
e the number of axles of the vehicle;

e theload on the axles of the vehicle;

e the total weight of the vehicle.
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4. Physical Foundations of Passive Seismic Location

The physical basis of passive seismic location is the excitation of seismic waves in the
surface layers of the soil by an object moving along it and their registration by receiving
devices. The received signals have a pronounced random nature, and useful location
information lies in the parameters of the signals. Therefore, an integral part of the lo-
cation process is special processing of seismic signals, performed by computing devices
structurally integrated into the equipment of the seismic radar system.

The calculation of the weight parameters of the vehicle, made with the technology
of assessing the power of the seismic signal, is possible only in a dynamic mode, when
the force of pressure on the ground changes, since only in this case is a seismic wave
propagating in the ground formed, depending on the mass of the vehicle through some
multiplier that affects only their amplitude, which is the main reason to assume that the
power (amplitude) of the seismic signal is a sufficient statistic to measure the weight of
the vehicle.

Let:

F(t) = Ma(t),

where M is the mass of the vehicle, and a(t) is the acceleration caused by hitting an obstacle.
The signal generated at the point of impact can be described as a temporary convolution:

s(t) = /h(T)F(t—T)dT,

where h(t) is the momentum characteristic of the medium, describing the reaction of the
soil to a single impulse action. For numerical simulation, /() can be represented as an
attenuated sine wave:

h(t) = Ae * sin(wt), 1)

where A, o, w are parameters that depend on the density and elasticity of the soil.
The structural diagram of the dynamic weighing system proposed by the authors is
shown in Figure 1.

"

m —j x(7)

C

SIS S S

Figure 1. Simplified structural diagram of a typical checkweighing system.

In Figure 1, k and ¢ indicate the stiffness coefficient and reduce (prevent) oscillations
of the weighing system, M is the weight of the car, m is the mass of the table, and x is
forced oscillations in the system (displacement of the weighing system). It is this signal
that propagates in the ground in the form of a seismic wave.

5. Functional Diagram of the Measuring Setup and Seismic Signal
Processing Structure

The main problem is to measure the load parameter on the axles of the vehicle. The
idea presented in this paper is to measure the dynamic effect F (f) exerted by the wheels
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of a vehicle on the road surface. This measurement is made on the basis of measuring the
power of the seismic vibration caused by the interaction of the wheels of the car with the
road surface using seismic sensors (vertical geophones).

The geophone is a speed sensor and is installed in the ground (in this case, the sensor
is mounted in the pavement). The structure of the geophone is shown in Figure 2.

= Conmnectors
-—

Plates

Eoad Clothes

Figure 2. Geophone device.

The signal from the vehicle recorded by the geophone (after appropriate digital pro-
cessing) is the source of information about the axle load of the vehicle. The total weight of
the vehicle is estimated based on the measured axle loads.

A variant of the installation proposed by the authors, which makes it possible to
measure with sufficient accuracy the power of seismic oscillation associated with the
dynamic impact of the axles of the car on the road surface, is shown in Figure 3.
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3

Figure 3. Structural diagram of the seismic sensor signal processing system: 1—geophone; 2—signal
cable; 3—pretreatment device; 4—computing module; 5—vehicle imaging system (camera).

The main purpose of the elements of the installation diagram (Figure 3) is as follows.
With the help of a geophone (1), the signal is recorded in analog form, and these signals are
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transmitted via cables (2) to the pre-processing device (3), which performs amplification,
filtering, and digitization of the signal with a clock speed of f; = 520 Hz and 16 bits/sample.
The amplitude—frequency response of the geophone is shown in Figure 4. Element (4)
represents the central computing module (PC or microcontroller system) that receives
digital seismic signal data from the pre-processing unit and executes the algorithms for
filtration, spectral analysis, and vehicle parameter estimation. Element (5) denotes a video
camera system synchronized with the signal processing module, which captures images
of the vehicle when the measured parameters (e.g., axle load or total weight) exceed
predefined thresholds.

100
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Figure 4. Frequency response of the geophone.

The geophones convert ground vibrations into analog voltage signals, which are
transmitted via shielded signal cables to the pre-processing unit. Although analog signals
are indeed sensitive to environmental noise and electromagnetic interference, this effect
is minimized through the use of low-noise shielded twisted-pair cables and differential
signal transmission. The pre-processing unit is located in close proximity (within 3-5 m) to
the sensors to reduce signal degradation. Additionally, analog filtering and amplification
are performed immediately before digitization to improve the signal-to-noise ratio. The
decision to transmit the signal in voltage form prior to digitization was made to simplify
the system architecture and maintain compatibility with industrial-grade geophones, which
output voltage natively.

The choice of sample rate (and filter bandwidth) is determined by the spectrum band
of the seismic signals that will be processed in the system. It is necessary to note the main
dynamic range of seismic signals. Measurements show that with the use of amplifica-
tion, the dynamic range of the recorded signals is at least 70-80 dB, so you need to use
16 bps/ch when digitizing them. The received readings via the IP interface are sent to the
computer (4). A video camera (5) is used to fix the vehicle.

For adaptive processing of digital seismic signals, the following basic steps were
proposed, performed in the form of an algorithm:

1. Preliminary adaptive filtration (bleaching);

2. Preliminary detection of the vehicle, including the assessment of its time limits in the
signal (in refraction) as a result of nonlinear filtering of the initial signal (estimates of
instantaneous power in a window of a given size) based on signals from geophones;
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3. Isolation of the impulse flux associated with the impact on an artificial obstacle
(single lane) of the vehicle axes as a result of nonlinear filtering of the bleached signal
(assessment of instantaneous power in a window of a given size) from geophones;

4.  Binding the boundaries of the vehicle signal to the pulses of the axes, estimating the
number of axles of the vehicle;

5. Assessment (by impulse flow) of the moment of time when the preliminarily detected
vehicle reaches the section with multi-lane markings;

6.  Assessment of the load on the axles, the total weight of the vehicle, and its speed as a
result of spectral processing of geophone signals located near multi-lane markings;

7. Formation of data from the result of processing, checking the excess of the standard
maximum weight of the vehicle and the load on its axles.

If the parameters specified in clause 7 exceed their maximum permissible values, the
vehicle is fixed (a picture is taken); the image of the vehicle, as well as its parameters
estimated on the basis of the seismic signal, is sent via the TCP/IP interface to the website
of the Territorial Administration of Roads.

To estimate the weight M of the vehicle from the observed signal s(t), the average
power shall be calculated:

Suppose that P~BM? + ¢, where e~N (0, 02) is the Gaussian noise, and f is the coupling
coefficient. To estimate the mass M from noisy power measurements P, we consider the
expectation E[P] = ﬁMZ, since E[e] = 0. In the presence of noise, the least squares estimate
of M is computed from the sample mean of power observations as follows:

M=2
B
where
_ 1 XN
Pzﬁxﬂ

This estimation accounts for the random nature of noise €, assuming multiple inde-
pendent measurements P; of signal power can be obtained. Then the weight estimate can
be found by the least squares method:

= | f
B

Since the power measurement is affected by additive noise, the mass estimation is
based on averaging multiple observations to reduce the variance of the error. Assuming
Gaussian noise, the best unbiased estimate of M is obtained using the mean of the observed
power values. This approach aligns with the least squares method and improves the
robustness of the estimation.

In Figure 5a, the possible layout of geophones and markings applied to the road
surface is presented. Taking into account the structure of signal processing, its registration
at the location of a single strip and multi-band marking is provided by three geophones.
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Figure 5. (a) Possible layout of geophones and road surface markings; (b) Vehicle wheel contact patch.

6. Substantiation of the Marking Scheme Applied on the Carriageway

The goal of determining the parameters of the vehicle can be solved (within the
framework of the proposed method) only in dynamics; static measurement of the weight
of a stationary vehicle is impossible, since in this case, seismic vibrations do not occur in
the ground, the power of which contains the basic information about the force of impact.
In theory, the dynamic impact of Fd(t) can also be measured without the use of markings,
for example, by measuring the average power of a seismic signal in a given time interval,
since the passage of a car is a sequence of actions on the road surface through the contact
patch of a wheel (Figure 5b). But still, this approach is fraught with many problems.

First, there is no way to separate the signals of the vehicle whose parameters we want
to determine from the interference associated with passing vehicles, for example, on the
oncoming lane or other seismic noise of the route interacting with the signal of interest.

Secondly, there are some problems of “binding” the vehicle to the corresponding
signal. This problem is exacerbated by fairly dense traffic on multi-lane highways. Due
to the overlapping of signals of vehicles at a close distance relative to each other, it is
impossible to separate them. If the marking is applied on a certain strip, it makes it possible
to create a seismic signal of a certain type, which differs in shape from the signals coming
in the same time interval from other bands.

One possible way to improve the estimate is to create signals from the vehicle that are
compact in the time or frequency domains. Such a signal can be a short pulse that can be
realized as a result of creating an obstacle, for example, a narrow lane perpendicular to the
direction of movement of the car.

It is clear that power measurement as a result of using such a signal in a narrow time
interval will not lead to a critical hit of noise and interference in this interval. The stronger
the impact on these bands, the greater the amplitude (power) of the desired signal and the
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higher the signal-to-noise ratio. However, this approach has its limitations related to the
finite amplitude of the generated pulse. In addition, an increase in the amplitude of the
impulse can be achieved by purely “physical” methods, for example, by increasing the
height of the obstacle. However, an increase in the height of the obstacle is possible up to a
certain limit. It increases the dependence of the measured signal on the speed of the car,
which is not a positive thing. In addition, the impulse signal is subject to sufficiently strong
distortion, which reduces the achieved signal-to-noise ratio.

An acceptable signal for determining the dynamic effect is a signal that is compact in
the frequency domain. The main feature of the processing here is the need to perform a
Fourier transform. This signal can be obtained as a result of applying a periodic texture
consisting of many bands located at a distance of Ax = 0.25 m from each other.

Obviously, the seismic signal generated by this structure is quasi-periodic, and its
spectrum is close to linear, i.e., existing only at certain frequencies that are multiples of the
repetition period of the signal, calculated as the time interval between the impact of the

vehicle’s wheels on adjacent lanes:
Ax
T= T )
where Ax is the distance between adjacent strips of the structure, and v is the speed of
the vehicle.

The advantage of using such signals is as follows:

First, the accumulation of narrow harmonic peaks in the frequency domain also
leads to a significant increase in the signal-to-interference ratio, especially in relation to
interference that occupies the entire system bandwidth;

Second, an increase in the signal-to-noise ratio can be achieved not by increasing the
bandwidth but by increasing the signal duration by increasing the number of bands;

Thirdly, it becomes possible to determine the speed of the vehicle as a result of
measuring the distance between harmonics in the signal spectrum. The accuracy of velocity
measurement is determined by the accuracy of the harmonic frequency measurement:

1

Av = ,
2Tobs

®)

where T s is the duration of the signal from a structure of many bands.

It should be noted that the velocity measurement can also be performed in the time
domain. For this purpose, two bands can be used, which will be located at a known
distance L from each other.

Studies have shown that as the speed of the vehicle increases, the accuracy of the
estimate decreases. Also, accuracy decreases significantly as the distance between the lanes
decreases, with an uncontrolled shift in the speed estimate becoming the main influence.
However, if the distance between the lanes is reduced to 2 m, then the estimate of the speed
of a car moving at a speed of 20 m/s will be in the range from 14.3 to 33.3 m/s, which, of
course, is unacceptable. Also, an increase in the distance between the lanes to values of
more than 5-10 m is not desirable, as this will lead to gross measurement errors due to the
difficulty of identifying pulses from this axle in different lanes, especially in the case of
multi-axle vehicles.

7. Simulation of a Seismic System for Measuring the Characteristics of a
Vehicle’s Motion and Analysis of Some Measurement Procedures

7.1. Seismic System Layout

One of the main problems of road maintenance is the frequent replacement of the
pavement, associated with the appearance of pits and cracks on it. The reason for this
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factor may be the uncontrollability of the mass of vehicles moving on this carriageway
(heavy vehicles break the road surface). Thus, we are faced with the question of solving
this problem.

It was proposed to use a seismic weighing system for vehicles. This system includes
comb strips; when hit, a shock occurs, propagating as a seismic wave in the ground and
recorded by sensors. Further, information from the sensors is transmitted via communi-
cation channels to the processing device. The layout of the seismic system is shown in
Figure 6.
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Figure 6. Layout of the seismic system for determining the mass of a vehicle on the Sovetskoye Highway.

Placing two triples of sensors in this way is expedient, since sensors Nos 2—4 provide
information about the signal received from the zero single band and sensors Nos 5-7 about
the signal received from a group of bands (combs). Sensors No 1 and No 8 receive a
weak signal, since they are at a distance sufficient for almost complete attenuation of the
seismic wave.

7.2. Signal Modeling in a Seismic System

When modeling a seismic system, it is necessary to generate signals that are recorded
by seismic sensors. Seismic sensors are located on the side of the roadway. The source
of the signals is the seismic waves excited by the vehicle when it hits the lanes with its
wheels. The diagram of the seismic system for determining the mass of a vehicle located
on the Sovetskoye Highway is shown in Figure 6. When it hits a strip, each wheel causes a
seismic wave, which is recorded by a seismic sensor located on the side of the road near
these strips. When driving, the car sequentially passes with its wheels, located on different
axles, along a strip or a group of stripes. As a result, a signal is generated in the sensor,
which is the sum of these signals from each wheel.

Let us consider an arbitrary seismic system. Let us place it in a rectangular coordinate
system x, y. The x-axis corresponds to the direction of movement of the car, i.e., it is directed
along the road. Each seismic sensor has its own coordinates (xg;, ys;), i = 1... I, where I is
the number of sensors. The y axis corresponds to the direction of the lanes that are located
across the road and are identified by their coordinates (x,;), j = 1... ], on the x-axis, where
] is the number of stripes. The vehicle can be described using the coordinates of the x on
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axes, n =1... N, where N is the number of axles and coordinates of the left and right wheels
(Y1wr Yrw). The movement of traffic in the system is described by the velocity VT. Soil
properties are determined by the velocity of propagation of seismic waves Vs,
Modeling of this seismic system involves the generation of signals on seismic sensors.
Let s(t) be a signal that occurs in a “hypothetical” sensor, which is located at the point of
passage of one wheel of the vehicle along one lane. We also take as “zero” the moment of
the impact of the wheels of the first axle of the vehicle on the first strip. Then the signal
that occurs in the i-th sensor when the nth axis is affected by j-th strip will take the form:

Sijn(t) = s(t — Tiwijn) + 5t = Tewijn)- 4)

Time delays Tk ijn, Trw ijn are determined by the location of sensors and strips, the
speed of the seismic wave propagation in the ground, as well as the relative position of the
axes of the vehicle and its speed:

Twijjn = Tw seism i,j T Ton + TTj; )

Trwi,j,n = Trw seism ij + Ton + TT]'- (6)

Ar 1w1]

Here, Tiw seism ij = is the time of propagation of the seismic wave from the point

of impact of the left wheel along the j-th strip to the i-th sensor,

Aryyij = \/ (xsi — xa]-)2 + (Ysi — ylw)2 is the distance between the point of impact of the left

A ['W
wheel on the j-th strip and the i-th sensor, Ty seism ij = 4 s the time of propagation of

selsm

the seismic wave from the point of impact of the right wheel along the j-th band to the i-th

sensor, Aryy;j = \/ (xsi — xa]-)2 + (Ysi — yrw)2 is the distance between the point of impact

of the right wheel in the j-th band and the i-th sensor, 7o, = 24791 are the time delays
T

between axle impacts on the same strip relative to the first axis, and 1r; = xaj‘;Txal are the
time delays between the strokes of one axis on the j-th strip relative to the first strip.

The resulting signal on the i-th sensor when the vehicle passes through a group of
stripes can be determined by the expression:

Sijn @)

u M~

0-LL

Let S; = % n Hjjufijn, where Hj, is the matrix of time shifts (delays) and amplitudes from
the impact of the p-th axis on the j-th band, and f;, is the vector of elementary momenta.
Then, the problem of restoring the parameters of the vehicle (mass, distance, number of
axles) is reduced to solving the inverse problem:

2
Smeas — Z Hz]n fzm

7

2

min
O

where ® = {M, v, N, dn} is a vector of parameters: mass, velocity, number of axes, and
their position.

An important element of the model is the signal s(t), generated in the sensor, at a
single impact, since it describes the properties of the soil and determines the properties of
the resulting signal s;(f) of the sensor. In the model, the type of signal s(t) was considered,

2
s(t) = Spexp (—2_L_2>, 8
0

described by the expression:
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where S is the amplitude of the signal, which depends on the speed and mass of the vehicle,
as well as on the distance between the point of impact and the sensor, and xvd 7 is the
effective duration of the signal. In our simulations, the medium response function h(t) was
modeled to reflect the properties of an asphalt-covered multilayer structure, with effective
damping and frequency parameters derived from preliminary calibration measurements.
Although the seismic wave propagates through both the asphalt and its subbase, the
parameters o and w used in modeling were adjusted based on signals from reference
vehicles, thus accounting for the composite behavior of the road layers.

It should be noted that the values of the « attenuation parameters and the angular
frequency w depend significantly on the geological conditions of the system installation
site. In particular, the presence of a sandy base, clay inclusions, a layer of crushed stone
under the asphalt, or heterogeneous aggregates can lead to significant distortions in the
amplitude and phase structure of the recorded seismic waves. Thus, the proposed model is
applicable only if the response parameters are consistent with the real characteristics of the
underlying layers.

To increase the versatility of the system in the field, a preliminary calibration procedure
is proposed, which consists of recording seismic signals from a control vehicle with known
characteristics (weight, speed, axle base) on the road section under study. Using the
registered response, least squares, and regularization methods (in particular, Tikhonov),
the effective parameters of « and w are estimated by selecting a model that provides the
smallest deviation between the experimental and theoretical signals. This calibration allows
the model to be adapted to specific geological conditions, ensuring that the accuracy is
maintained in subsequent measurements.

In conditions of high heterogeneity of the underlying layers, local (segmented) model
tuning may be required, in which the road section is divided into segments with different
types of soil, and each has its own « and w values used in processing signals from the
corresponding geophones.

Another model describes the behavior of the medium as a second-order oscillating
circuit and is defined by a complex frequency response. Let us take as “zero” the moment
when the wheels of the first axle of the vehicle hit the first strip. Then, the signal generated
in the i-th sensor when exposed to the n-th axis to the j-th band will take the form:

Sijin(t) = s(t — Twijn) +5(t = Tewijjn)- )

In this model, the medium response is treated as that of an asphalt-covered multilayer
structure. The values of & and w reflect the effective damping and stiffness properties of the
pavement, including asphalt mix composition, layer thickness, and subbase characteristics.
These parameters were determined empirically using calibration measurements with
reference vehicles. Time delays Tjy;j,» and Tywi ,» are determined by the location of sensors
and strips, the speed of the seismic wave propagation in the ground, as well as the relative
position of the axes of the vehicle and its speed.

Figure 7 presents the flowchart summarizing the signal processing pipeline, from
seismic acquisition to vehicle mass estimation. Each stage in the diagram corresponds to a
specific physical or computational transformation applied to the recorded signal.
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Figure 7. Flowchart of the signal processing pipeline used for mass estimation in the proposed
seismic-based WIM system.

The signal generated in the 3rd sensor when one wheel hits a single strip is shown in
Figure 8. Figure 8 shows the signal described by this expression (number 7). The signals
generated in the 3rd sensor when two wheels, i.e., one axle of the vehicle, are exposed
to a single lane are shown in Figure 9. As can be seen in Figure 8, the signals of the
individual wheels are separated, and the time shift is determined by the Vg, seismic
wave propagation velocity and the wheel spacing Ad:
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Figure 8. Signal generated in the sensor when one wheel is applied to a single strip.
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Figure 9. Signals generated in the 3rd sensor when one axis affects a single lane.

In this experiment, the distance between the wheels Ad = 2.5 m, and the velocity of
the Veism wave = 125 m/s.
At = 0.021s.

It is also seen that the amplitude of the second pulse is smaller, because it occurs when
the strip of the far wheel is impacted, i.e., the wave travels a greater distance and, therefore,
attenuates more.

Figure 10 shows the signal on the 6th sensor when moving along a group of stripes
of the same axis. Figure 10 shows that when a vehicle affects a group of lanes, a periodic
signal is generated in the sensor. The fundamental frequency of the signal depends on the
distance between the strips AA and the transport speed V.
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Figure 10. Signal on the 6th sensor when moving along a group of stripes of one axis.
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Next, waveforms were constructed for the diagram in Figure 6. For the third (Figure 11)
and sixth (Figure 12) sensors. The signals described the movement of a two-axle vehicle
with two wheels on each axle.
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Figure 11. Waveform for the third sensor.
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Figure 12. Signal waveform for the sixth sensor.

Since the third sensor is in the top three (Figure 12), the signal from the zero band
reaches it with a greater amplitude than the sixth sensor in the second three. Two short-
term jumps are observed on the waveforms. At the same time, as we can see from the
graph shown in Figure 11, each of them contains two maximums, which characterizes the
movement on the zero lane by two wheels; in the waveform illustrated in Figure 13, these
pulses do not have two maxima due to the low strength of the signals coming from the
zero band. That is, the signals from the two wheels are summed up and go to the sixth
sensor in the form of a single pulse.
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Figure 13. Simulated signal for a car with two axles spaced 7 m apart.

Further, the movement of the vehicle along the comb is traced. On the sensors, the
movement of the vehicle is observed first by the first axle; then by both; then, after the
departure of the first axle, by the second axle. The amplitude of the signal received from the
sixth sensor is greater than the amplitude of the signal received from the third sensor. This
is due to the fact that the sixth sensor is located in the second three; therefore, it is closer to
the band group. The variable increase and decrease in the amplitude of the comb signal on
the sixth sensor is due to delays between the wheels and axles, which were not taken into
account in the third sensor due to the distance of its location relative to the group of lanes.

7.3. Signal Compression During Processing Due to the Use of “Combs” with
Special Characteristics

When using a uniform comb with a band spacing of 0.25 m and a total comb length of
about 5 m, we encounter the problem of signal interference. When a car with several axles
passes along a uniform comb (5 m long), and the distance between the axles is less than the
size of this comb, then signals from the first and second axles are superimposed.

Appendix A contains the MATLAB function, which implements a mathematical model
of seismic signal generation when a vehicle crosses specially applied convex stripes on
the roadway for various configurations of combs formed by strips. Figure 12 shows a
simulated signal for a car with two axles located at a distance of 7 m. Since the distance
between the axles is greater than the length of the comb, we clearly see the signal from each
axle separately.

Figure 14 shows a simulated signal for a car with two axles located at a distance of
3 m. Since the distance between the axles is less than the length of the comb, there is an
overlap of signals from the first and second axles.

As a result, we see one very long signal, from the moment when the front axle drove
to the moment when the rear axle moves. Due to the fact that we receive this signal
continuously, we have no way of distinguishing between the signal from the first axis and
the second. To solve this problem, it was proposed to use a non-uniform arrangement of
bands in order to achieve a linear increase in the frequency of the signal.
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Figure 14. Simulated signal for a car with two axles located at a distance of 3 m.

The signal from an irregular comb can be described as a chirp signal:

s(t) = Aexp (27ri<foi—|— Kztz))

where f is the initial frequency, and K is the frequency modulation coefficient. Applying
matched filtering:
h(t) =s"(T+t)

provides an output response in the form of a narrow autocorrelation function, with the
signal-to-noise ratio (SNR) amplified in proportion to the signal length. This idea originated
from radar, since radar uses broadband signals of various types, including one of the most
famous, which is a pulse with linear-frequency modulation (LFM). This idea allowed us to
understand and distinguish between the front axle and the rear axle. Table 1 shows the

coordinates according to which the comb with an uneven arrangement of stripes was made.

The total length is 4.326 m.

Table 1. Coordinates of bands for an uneven comb.

0.5

0.476 0.444 0.408 0.370 0.333 0.298 0.266 0.212 0.190

0.172

0.154

0.139 0.126

A series of tests was carried out on a sample of N = 60 vehicles to assess the stability
of the speed and axle number algorithm. The mean error in determining the speed was
oy = 0.78 km/h, with a standard deviation of A™v of 1.14 km/h. The distribution of the
error is close to normal (tested using the Shapiro-Wilk test, p > 0.15), which makes it
possible to use the standard norm when constructing confidence intervals. Thus, with a
confidence probability of 95%, the error in determining the speed does not exceed:

Oy

VN

A v+1.96 ~ 0.78 +0.29 = 1.07km/h.
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A similar analysis was performed to determine the number of axes: the accuracy
was 96.5%, with most of the errors occurring in cases of overlapping pulses from adja-
cent axes, which can be compensated for by the use of an improved detector based on
phase coherence.

Figure 15 shows a simulated signal for a car that is driving along an irregular ridge.
The car has two axles and two wheels on each of them. The axles are located at a distance
of 5 m. In this graph, you can clearly see the signals from each wheel, as well as from
each axle. Since the distance between the axes is greater than the length of the comb, these
signals are not superimposed.

0 0.5 1 1.5 2
4,8

Figure 15. A simulated signal for a car that has two axles and two wheels on each. The axles are
spaced at a distance of 5 m.

Figure 16 shows a simulated signal for a car that is driving on an irregular ridge. The
car has two axles and two wheels on each of them. The axes are located at a distance of
3 m. Since the distance between the axes is less than the length of the comb, these signals
are superimposed.

2574

b X0
Y 24.468

20

X 0.901173
S10F Y 9.09849
X

0 0.5 1 1.5 2
t,s

Figure 16. A simulated signal for a car that is driving on an irregular ridge.
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We see the sum of the two signals from the front and rear axles, but since there is a

linear increase in the frequency of the signal, we can distinguish these signals from each

other. For example, in Figure 17, the first point equal to X = 0.58 indicates the beginning of

the second signal from the rear axle, and the point X = 0.86 indicates the end of the first

signal from the front axle.
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Figure 17. A simulated signal for a car that has two axles and two wheels on each. The axles are

spaced 3 m apart.

The signal from each axis has its own feature (linear-frequency increase) and in order

to implement it, we used a matched filter on the receiving side. It provides a response

in the form of a correlation function. And the correlation function of a linear-frequency

modulated pulse is a compressed signal (Figure 18).
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Figure 18. The result of coordinated filtering of the signal from two axes of the vehicle.

This method allows us to determine at what point in time the first and second axles

hit the comb. This, in turn, will help us determine the speed of the car.
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8. Working with Real Signals

To adjust the mathematical model, it was necessary to conduct a number of experi-
ments to evaluate the operation of the current system. In this regard, further work was
carried out based on real signals and existing databases. The databases include vehicle
parameters: dimensions, class, approximate speed, axle load.

8.1. Measurement of Vehicle Speed

The power of the signal recorded by seismic sensors, which occurs when vehicles
pass along the strips, depends on the weight and speed of the vehicle. Therefore, to
determine the weight of a vehicle, it is necessary to know its speed. This section provides
three methods for measuring the speed of transport from seismic signals. The speed was
calculated in three ways:

(1) Spectral analysis;
(2) Measurement by timestamps;
(3) Measurement by the zero band.

In order to accumulate statistics, the vehicle speed measurement was carried out for
seven known trucks, the parameters of which are taken from the database. The velocity
values for them, measured in three ways, are stated in Table 2.

Table 2. Speed measurement results of known vehicles.

Spectral Method Time Method Axle Method
(km/h) (km/h) (km/h)

82.368
A 449 XN 122 76.95 66.03 77.84
77.48

68.72
K763 UA 154 66.75 54.6 64.49
62.67

77.68
E 611 OM 154 70.82 59.12 68.36
70.06

59.91
57.7
IN 268 TA 154 56.4 47.66 56.9

56.84

79.2
K919 KO 22 76.84 64.02 81.86
76.74

78.62
E 012 UT 154 88.83 71.48 84.53
77.63

62.45
T 522 OM 154 6610'387 51.59 65.48

60.47

Vehicle Number

8.1.1. Speed Measurement Using Spectral Analysis

One of the methods for measuring the speed of the vehicle is the spectral analy-
sis of signals in the areas describing the movement along the ridge (readings of the
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sixth sensor). A program was developed that allows you to calculate the necessary
parameters automatically.

Automatic measurement of harmonic parameters is effective only when the harmonics
are located at frequencies that differ from each other by two times +2 references. In other
cases, in order to determine the reference (frequency) of the harmonic, it was necessary to
carry out measurements according to graphs. Having received data on the parameters of
the spectrum, they began to calculate the velocity. The following formula was derived:

f f Nave

= 3.6, 12
V=6 (12)
where f is the sample rate, N is the number of all counts, k is the harmonic number, ! is the

distance between the stripes, and Ny is the average reading of the K-th harmonic:

2 +4n

Nave = 271 (13)
The formula was determined on the basis that the frequency of collisions of the vehicle
with each of the comb lanes determines its speed. As an example, let us consider the
movement of a known vehicle, the parameters of which are known from the database, and
denote it TC1. The TC1 has five axles with two wheels on each of them. Figure 19 shows a
graph of the signal describing the movement of TC1 along the ridge. Figures 20-22 show
graphs of the spectra for different portions of this signal with an indication of harmonics.
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Figure 19. Signal TC1.

The velocity for the following sections was found (Formula (11)):

3419

v = 3282236025 = 8237 km/h;

1= 108 _1 20 Va0 = oo/ km/ly
P

vy = 2B 72736.0.25 = 76.95 km/h;
10 456

_ 508 25— _ km/h
U1 = 1551 3.6-0.25="7748 km/h.

In order to avoid measurement errors when using this method, it is necessary to
observe at least two harmonics. Since the second harmonic sample also increases with
an increase in the speed of the vehicle, there is a possibility that this sample will exceed
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the central reference of the section when a certain speed is exceeded. Let us calculate the
speed threshold:

N
2 528

3.6l = E3.6l = 73.6 -0.25 = 118.8km/h.

fa
N 2 4

Uthreshold =

Thus, when exceeding the speed of 118.8 km/h, one harmonic will be observed.

The disadvantage of this method is the ambiguous determination of the harmonics of
the spectrum.
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Figure 20. Spectrum of the first segment of the TS1 signal.
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Figure 21. Spectrum of the second segment of the TS1 signal.
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Figure 22. Spectrum of the third segment of the TS1 signal.

8.1.2. Timestamp Measurement of Vehicle Speed

To measure the speed of the vehicle in time, marks of the same pulse were taken on
different sensors: the third and the sixth. The formula for determining the time delays of
signals as a function of distances between the near wheel and the sensors is as follows:

i Ai’si

tq; = , 14
di Upr ( )

where TDI is the delay time of signals, depending on the distances between the near
wheel and the sensor; Arsi is the distance between the i-th sensor and the near wheel; and
upr = 120 m/s is the speed of wave propagation in the ground. The distance from the track
obtained by the passage of the near wheel to the sensor line is 2.5 m. Then,

tgz = % = 0.02083 s; tge = %—5452 = 0.0429 s.

Let us consider the determination of the speed of the vehicle in this way using the
example of the movement of TC1. Signals with timestamps are shown in Figure 23. The
moments of collisions of the near wheel TC1 on the zero lane (Figure 23a) and on the
convexity (Figure 23b) were established: 91,143 and 91,597 counts c, respectively. Let us
find the time corresponding to these counts:

9114 91547
by = 5783 = 172.619318s; tp = SSTS = 173.47916ss.
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Figure 23. Signal TC1 on different sensors with indication of timestamps: (a) readings of the third
sensor; (b) readings of the sixth sensor.

Then, let us determine the value of the moment of impact of the near wheel TC1 along
the lanes (without taking into account delays):
Time difference between strikes:

t1 = thy — tqz = 172.619318 — 0.02083 = 172.598488 s;
th = thp — tge = 173.47916 — 0.0429 = 173.43626 s;
At =ty —t] = 173.43626 — 172.598488 = 0.837772 s.

This means that TC1 drove the section from the zero lane to the bulge in a time equal
to 0.837772 s. Knowing the distance r between the zero lane and the convexity, it is possible
to calculate the speed of the vehicle:

r
v = A -3.6. (15)
For TC1:
15.5

8.1.3. Measurement of Vehicle Zero Lane Speed

The determination of the speed of a vehicle on the zero lane is not the main one due to
the use of known parameters (taken from the database) and is provided for the evaluation
of speed measurement by the previous methods.

As an example, let us examine the movement of TC1 again. A graph of the signal is
taken from the third sensor, labeled in Figure 24. The marks indicate the moment of impact
of the near wheel of each axle on the zero stripe:

First axis t1 impact: 17,263 s;
Second axis impact t2: 17,280,871 s;
Third axis t3 impact: 173,073,863 s;
Fourth axis t4 strike: 17,313,447 s;
Fifth Axis strike T5: 17,319,508 s.
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Figure 24. TC1 signal from the third sensor with tags.

Let us determine the time differences between the moments of impacts by adjacent axes:

Aty =ty — t; = 172.80871 — 172.63 = 0.17871 s;
Aty =ty — tp = 173.073863 — 172.80871 = 0.265153 s;
Atgz = ty — t3 = 173.13447 — 173.073863 = 0.060607 s;

Atsy = t5 — tg = 173.19508 — 173.13447 = 0.06061 s.

Distances between adjacent axes taken from the database:

Between the first and second axles Ap21: 3.73 m;
Between the second and third axes Ap32: 5.67 m;
Between the first and second axles Ap43: 1.33 m;

Between the first and second axles Ap54: 1.34 m.

Let us take the time difference and the distance between the first and last axes.
In this case, the speed of the vehicle in the zero lane is determined by the formula:
it 56 16
U= Ttﬂ + 0.0, ( )
where j, i = 1 are the numbers of the last and first axes, respectively.
The speed of TC1 will be as follows:
_ Ars 1.34+1.33+5.67+3.73

= = 3.6 =769 km/h.
v Ats; 0.06061 + 0.060607 +- 0.265153 + 0.17871 m/

8.2. Results of Vehicle Speed Measurements

To analyze the accuracy of each of the methods, let us enter the standard deviation metric:
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where 0; is the measured value of the speed, and vt is the reference value. It is also possible
to construct a confidence interval of the estimate:

5+ 4

V= Zy/2 JN’
where 0 is the standard deviation from the experiments, and z,, is the quantile of the
normal distribution.

A comparison of the uniform and non-uniform comb showed that in the case of a
uniform structure, the main signal energy is concentrated in a narrow frequency range
of fo = 15 Hz, which contributes to a higher amplitude of the correlation response but
reduces resolution at high speed. The non-uniform structure, on the contrary, creates a
signal distributed over frequencies with maximum compression in the time domain—the
width of the main lobe of the autocorrelation function is reduced from 0.45 to 0.22 s while
increasing resistance to noise due to a more uniform spectrum. Based on the analysis of
the RMS (root mean square error value), it can be concluded that the non-uniform comb is
advantageous at speeds above 50 km/h and the number of axles from three and above.

It can be seen that the closest velocity values correspond to the spectral analysis and
zero band measurements. The method of determining the speed of a vehicle by timestamps
is inaccurate (it has a difference of about 10-15 km/h compared to other values of the speed
of the same vehicle), since there is a possibility of incorrect determination of the numbering
of sensors, as well as inaccurate measurement of the distance between the convexity and
the zero stripe.

Measurement of the TC velocity by spectral analysis also has a disadvantage associated
with the variable behavior of harmonics, as a result of which it is not always possible to
determine the frequency at which they are located. There is also difficulty in choosing
a “window” to automatically provide a solution to the problem of finding harmonic
parameters. Another disadvantage of this method is the existence of a threshold value of
velocity, above which the determination of velocity by spectral analysis is not relevant.

8.3. Comparative Analysis of Speed Measurement Methods

Within the framework of the study, three different methods for determining the speed
of a vehicle based on recorded seismic signals were implemented and tested: the spectral,
time, and zero band methods. Each of them is based on its own physical and mathematical
model of data processing and is implemented at various stages of signal analysis (Table 3).

Table 3. Comparison of speed measurement methods.

Speed Measurement Average Error Standard Advantages Restrictions
Method (km/h) Deviation (km/h) 5

High accuracy, noise Loss of stability at a

Spectral method 1.2 0.78 resistance speed of >118 km/h
Highly dependent on

Timestamp Method 3.8 2.1 Easy to implement the accuracy of dating

and placement

. Good consistency Requires database data

Zero Stripe Method 13 09 with the base and accurate labeling

The spectral method is based on the application of a fast Fourier transform to a signal
received from a geophone located near the ridge with a uniform spacing of the bands.
The periodic structure of the comb causes the formation of a quasi-harmonic signal, the
spectrum of which contains pronounced harmonics. The distance between these harmonics
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is proportional to the speed of the vehicle. To calculate the velocity, a specially developed
formula was used to link the frequency of harmonics, the spacing between bands, and the
velocity, as well as a software module for automatic determination of spectral parameters.
The spectral method has shown high accuracy at speeds up to 80 km/h and provides good
immunity to background noise due to its narrow bandwidth, but its application is difficult
at high vehicle speeds, when spectral harmonics begin to overlap.

The timestamping method is implemented by measuring the time delay between
responses on different sensors when the same vehicle element (usually the near wheel)
passes. In the course of the experiments, the moments of appearance of characteristic peaks
in the signal from the third and sixth geophones, between which the exact spatial distance
is known, were tracked. By determining the time interval between the peaks and knowing
the distance between the sensors, the speed of movement was calculated. This method is
simple and clear, but it turned out to be sensitive to the accuracy of time synchronization
and to possible errors in determining the identity of signals from the same machine element,
especially in a complex multi-signal structure.

The zero lane method involves the use of information about successive impacts of the
vehicle axles on the initial (zero) ridge lane. By knowing the impact timestamps of each
axle and the distances between them (taken from a database of known cars), it is possible to
calculate the average speed between the axles. This approach was used in the work mainly
to verify the results obtained by other methods, and it showed good agreement with the
spectral method. Its main limitation is the need to have a priori data on the geometry of
the vehicle, without which the calculation is impossible.

Thus, each of the presented methods has its own application features, advantages,
and limitations, which are reflected in the table. Their combined use in the study made it
possible to increase the reliability of speed estimates and cross-verify the results.

8.4. Noise Sensitivity Assessment and Threshold Level Determination

To analyze the stability of the proposed system to external disturbances, a series of
numerical experiments were carried out with the superimposition of additive Gaussian
noise of varied dispersion on real and synthetic seismic signals. The initial model of the s(t)
signal, obtained from the system with known vehicle parameters, was supplemented with
the noise component n(t)~N (0, 02), after which the speed, mass, and number of axles were
re-evaluated at different noise intensities.

The simulation looked at the range of signal-to-noise levels (SNRs) from +30 dB
(low noise) to 0 dB (signal and noise are commensurate). In each case, the mean error in
determining mass and velocity was evaluated, as well as the standard deviation of the
results over 100 repetitions.

The results showed that at SNR > 15 dB, the system demonstrates stability: the error in
estimating the mass does not exceed 10%, and the speed does not exceed 1.5 km/h (Table 4).
When the SNR drops to 10 dB, the mass error reaches 14%, and when the SNR is < 5 dB,
there is a sharp decrease in accuracy—the mass error exceeds 20%, and the detection of the
number of axes becomes unstable (less than 80% of correct determinations).

The threshold noise level for the system is set at an SNR level of ~ 8 dB. Below this
limit, the accuracy of the mass estimate exceeds the permissible threshold of 15%, which
makes it necessary to apply additional filtration measures.
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Table 4. Dependence of accuracy on noise level.

Average Mass Error Art. Weight Correctness of Determining

SNR (dB) (%) Deviation (%) Speed Error (km/h) the Number of Axes (%)
30 7.8 2.1 1.1 96.5
20 9.1 3.4 1.3 95.1
15 10.2 4.0 1.5 93.8
10 13.8 5.6 2.2 89.4
8 15.4 6.3 2.7 85.0
5 20.7 8.9 3.5 77.2
0 >30 — >5.0 <60

8.5. Extended Validation of the Method on a Sample from Real Road Conditions

To improve the reliability of the results obtained, additional validation of the devel-
oped system was carried out on an extended sample of 180 vehicles of various categories.
The sample included both light commercial vehicles (LCVs) and passenger vehicles (cars,
minivans), as well as heavy trucks, trailers, and buses. The tests were carried out on two
sections of the road with different types of pavement: asphalt concrete and cement concrete,
as well as under variable weather conditions—dry and wet surfaces, air temperature from
—1to +28 °C. Additionally, the flow density was recorded: low (less than 500 tf/h), medium
(500-1200 tf/h), and high (more than 1500 tf/h).

For each class of vehicles, the values of errors in determining the speed, mass, and
number of axles were obtained, and standard deviations were calculated. The results of the
analysis showed that the proposed method is resistant to changes in the road surface—the
differences in the error in determining the weight did not exceed 1.5% between sections with
asphalt and concrete. The influence of weather conditions was expressed in a slight increase
in error (up to 9.3%) on a wet surface, which is explained by a change in the coefficient
of adhesion and distortion of signal amplitudes. However, even under these conditions,
the system retained the stability of peak response detection and acceptable recognition
accuracy. At high traffic density (~1800 tf/h), signal overlap was observed, especially in
passenger cars with a short baseline, but the use of filtering with phase coherence and
response synchronization made it possible to minimize errors in the classification and
isolation of individual events.

Thus, the extended validation showed high reproducibility of the results in various
road and operational conditions. The average error in speed was 1.4 km/h and in weight
9.2%, and the correctness of the recognition of the number of axles remained at the level of
94.8%. These values confirm the applicability of the proposed approach in real operating
conditions, including multi-axis machines and mixed flow.

9. Discussion
9.1. Accuracy of Determining the Parameters of Vehicles

In field tests, the system with eight geophones and artificial markings (stripes) was
able to estimate the speed, weight, and number of axles of trucks with an error of no more
than ~1.2 km/h in speed and ~8.7% in weight at speeds up to 70 km/h; the correctness
of determining the number of axles reached 96.5%. In the authors’ studies on passive
vibration recording, it is reported that seismic sensors make it possible to measure the
speed of movement with an error of about £1.5-2 km/h and to classify vehicles by axle
load /weight with an accuracy of ~85-95% (in the speed range up to ~80 km/h) [15,17]. In
particular, methods based on two seismic sensors installed at the curb are able to determine
speed and center distances, although the accuracy of such estimates is inferior—about
20% error in field tests [19]. Traditional WIM (weigh-in-motion) systems with sensors
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embedded in the coating provide a typical error in measuring the total weight of about
7-12% [6,8]. Although the best WIM systems approach the requirements of direct weight
control (some studies aim for <5% error), in practice, even modern WIM systems are often
used only for the pre-selection of overloaded vehicles. Thus, the accuracy achieved in
our work (~8-9% by weight) is comparable to the level of the best dynamic weighing
systems. Moreover, the high quality of recognition of the number of axes (=96%) indicates
the effectiveness of using artificial irregularities to generate distinct seismic signals from
each axis. Doppler sensors are able to classify transport by size with an accuracy of about
90% [7], and inductive loops or magnetometers with a sufficient network of sensors achieve
~95-99% classification accuracy [38], but these methods do not directly measure mass.
Thus, the proposed approach combines a high accuracy of mass and velocity estimation,
comparable to WIM, and a classification accuracy close to the best non-contact sensors.

Table 5 summarizes the comparative characteristics of the approaches used in the
work to determine the key parameters of the vehicle—speed, weight, and number of axles.
The presented data demonstrate that the spectral method of velocity estimation turned
out to be the most accurate and resistant to noise, while the mass estimation based on the
measured power of the seismic signal provided an acceptable error under the condition
of preliminary calibration. The number of axles is most effectively determined through
impulse response analysis using structured roadway markings. This approach allows for
accuracy comparable to industrial WIM systems at minimal infrastructure costs.

Table 5. Comparison of approaches to determining the parameters of the vehicle.

Parameter Method/Approach Average Error Advantages Restrictions
. High accuracy with a Speed limits
Speed Spectral analysis 1.2km/h stable spectrum (>118 km/h)
Speed By timestamps 3.8 km/h Simplicity Synchronization errors
Dependence on
Mass Through average 8.7% Rea!—woﬂd calibration and road
signal strength applicability
performance
T . . .. . Errors when applying
Number of axles Highlighting signal 96.5% correctness High p recision with signals from closely
peaks separate axis response

spaced axes

Model Applicability Limitations and Soil Type Calibratio

Despite the high accuracy achieved in the field tests, the proposed model has limi-
tations related to sensitivity to the geological characteristics of the site. The attenuation
and resonance frequency parameters that describe the response of the medium to a wheel
impact vary depending on the density, humidity, and type of soil, as well as the construc-
tion of the pavement. Models calibrated on a rigid substrate (cement concrete, dense
crushed stone) may lose accuracy when transferred to areas with a loose or water-saturated
substrate (sand, clay).

To ensure the correct operation of the system in various geological conditions, a
preliminary calibration procedure is required. It involves the recording of the seismic
response from the reference vehicle, after which the parameters of the response model
of the medium (attenuation and frequency) are numerically identified by minimizing the
residual between the model and the measured signal. This procedure allows you to take
into account the specific features of wave propagation in a particular layer and increase the
accuracy of the mass and velocity estimates.

It should also be noted that in the event of a sudden change in geological conditions
along the monitored section of the road, it is recommended to calibrate in segments, using

120



Mathematics 2025, 13, 2083

separate values of model parameters for different zones. This allows you to maintain the
stability of the algorithm under conditions of variable stiffness and base structure.

9.2. Resistance to External Noise and Weather Conditions

One of the important advantages of a passive seismic system is its independence from
visibility and weather conditions [16]. Unlike video cameras or lidars, whose accuracy
deteriorates when there is a lack of light, fog, rain, or obstruction of view by large ve-
hicles, seismic sensors detect ground vibrations that are independent of illumination or
atmospheric transparency. In addition, radar systems, although they can operate in any
weather conditions, are also subject to interference (precipitation, third-party objects) and
require signal emission [7]. Passive geophones are devoid of these disadvantages, which
is confirmed by the growing interest in seismic methods in recent years [17]. At the same
time, the high sensitivity of geophones means that they pick up not only signals from cars
but also extraneous ground vibrations. It is noted in the literature that external vibrations
(e.g., from the operation of machinery, other traffic flows, or natural sources) can reduce
the accuracy of parameter determination [23]. In our system, this problem is partially
solved by using artificial bumps (stripes): when the wheels run over them, they generate
high-amplitude seismic pulses that stand out significantly against the background of noise.
In addition, filtering and spectral analysis methods are used to increase the signal-to-noise
ratio. It is known that the use of time—frequency processing (FFT, wavelet conversion)
and statistical methods makes it possible to isolate the dominant components associated
with wheel impacts and thereby improve the noise immunity of the classification [22,39,40].
Studies that used such approaches (e.g., [22,24-26]) reported achieving ~90-95% accuracy
in recognizing vehicle types while rejecting interference using filtering, statistical signal
processing techniques, and machine learning algorithms. Moreover, modern neural net-
work algorithms (CNN, RNN, etc.) demonstrate high accuracy (up to ~95%) even at a
significant noise level, maintaining classification correctness at the level of ~80-85% in
difficult conditions [41-43]. Thus, thanks to the combination of engineering solutions
(artificial roadway marking) and computational processing methods (filtration, spectral
analysis, ML), the proposed system is highly resistant to external noise. It is important
to emphasize that the operation of geophones is practically not affected by temperature
and weather factors—unlike, for example, piezoelectric WIM sensors, the characteristics
of which significantly depend on the temperature of the road surface and require correc-
tions [8]. This indicates the potential reliability of our approach in a variety of climatic and
operating conditions.

9.3. Cost and Complexity of Infrastructure Implementation

Classic WIM systems provide automatic weighing on the move at high speed and
acceptable accuracy but at the cost of their implementation being complex and expensive [6].
It is necessary to mount strain gauges, quartz piezo strips, or fiber-optic sensors directly into
the roadway, which implies the construction of a measuring section of the road, its regular
maintenance, and calibration. The installation of such sensors is associated with blocking
traffic during installation and violates the integrity of the road structure. In addition, over
time, due to traffic and climatic factors, the coverage at the sensor installation site can
degrade, deteriorating accuracy and requiring repairs. Alternative systems, such as bridge
WIM (installation of deformation and vibration sensors on existing bridge structures),
facilitate integration but are not applicable on all road sections and also require fine-tuning
for each site [44]. Finally, over-road sensors (video cameras, radars, laser scanners) require
the installation of poles, power supply, and network infrastructure, which is associated with
significant costs on the scale of a long route [12]. Against this background, the proposed
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passive seismic system is favorably distinguished by its relative simplicity and low cost of
deployment [1]. Geophones are compact and inexpensive, and their installation involves
small recesses in the roadside or pavement, which minimizes interference with the road
structure. In the paper [15], it is explicitly noted that seismic sensors for traffic monitoring
are cost-effective and easy to install compared to most traditional sensors [1]. Our system,
in addition to the geophones themselves, uses only small artificial bumps (stripes) on the
pavement, the implementation of which is technically simple and financially incomparably
cheaper than, for example, the embedding of load sensors over the entire width of the
lane. Thus, the total cost of equipment and installation of a seismic system on a road
section can be orders of magnitude lower compared to camera complexes or built-in WIM
sensors. This is confirmed by the estimates of various authors: for example, Ahmad et al.
note that seismic traffic monitoring provides higher efficiency at lower costs compared
to existing methods [45]. Add to this the absence of radiating device costs (like radars)
and minimal maintenance requirements (geophones have a simple design without moving
parts, designed for long-term operation), we can expect a low total life cycle cost of the
proposed system [46].

9.4. Technical Feasibility and Scalability

The results of the experiments confirm the practical feasibility of the proposed ap-
proach. The system successfully operated on a real road section, registering and correctly
processing seismic signals from several trucks at speeds up to 70 km/h. A significant factor
that ensured the efficiency of the method was the combination of several geophones into a
local network (in this case, eight sensors). The use of an array of sensors and special marks
on the road made it possible to solve the problem of synchronizing signals from the wheels
and increase the reliability of parameter estimation. The difficulties of passive systems
noted in the literature, for example, a decrease in accuracy when superimposing signals
from several machines or when driving speed increases, can be overcome by increasing
the density of sensors and improving the algorithms for extracting the signal [19,47] of
each object. For example, ref. [18] proposed a method for correlation processing of signals
from several geophones using a Kalman filter, which made it possible to reconstruct the
trajectory of movement and estimate the weight of the car with an error of less than 10%
at speeds up to 60 km/h [18]. This result is comparable to ours and confirms that with
the correct installation of the sensor network and calibration of the model, it is possible to
achieve high accuracy without direct measurement of the weight force. The scalability of
the proposed solution is another significant advantage. Due to their low cost and ease of
installation, such seismic monitoring nodes can be deployed at a large number of points
in the road network. Unlike stationary weighing stations, which are installed at only a
few control locations, geophones can be distributed over extended areas for continuous
flow monitoring. In experimental projects abroad, it has already been demonstrated that a
dense network of seismic sensors is capable of covering large areas: for example, an array
of ~5200 geophones over an area of 7 x 10 km has been successfully used to record the
movement of vehicles in urban conditions [34,48]. Of course, the practical deployment of
such a system will require solutions for the collection and transmission of large amounts
of data, but modern wireless technologies and distributed computing methods make this
approach feasible. A general analysis of existing approaches shows that our system seeks
to eliminate the key shortcomings of analogues: it avoids expensive engineering structures
typical of WIM and, at the same time, minimizes the problematic aspects of passive meth-
ods (interference, multi-signaling) due to hardware and software. Thus, the possibility
of creating a scalable network of passive control of vehicles is demonstrated, providing
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high-precision determination of their parameters in a wide range of conditions without
significant infrastructure costs.

9.5. Comparative Analysis with Existing WIM Systems

To fully assess the effectiveness of the proposed method, it is important to compare it
with recognized WIM technologies. Traditional “in-road” systems based on the installation
of piezo and strain gauges in the road surface are characterized by an accuracy of about
+6-15%, in accordance with the requirements of ASTM E1318-09, while the most common
piezo quartz and strain gauge elements provide an error of about £10% [49]. Bridge-WIM
systems (installed on bridges) demonstrate comparable accuracy +5-10% and are used in
areas with increased requirements for data reliability [49].

On-board systems that use accelerometers inside vehicles achieve significantly higher
accuracy £1-3% but require equipment in each vehicle and are economically and organiza-
tionally complex. For example, such solutions often use airborne telemetry data and are
part of integrated transportation monitoring systems [50].

The method proposed in the article, based on seismic measurements using geophones,
makes it possible to estimate the weight of the vehicle with an error of about 8-12%
during the first field tests. This accuracy is already comparable to low-cost versions of
WIM systems in the ASTM Type II class, where errors of £10-15% are allowed [49,51].
These results are consistent with the limitations of ASTM E1318 for motion mass control
systems [51,52].

The key advantage of our method is its non-invasiveness: geophones are installed on
the surface of the road surface, which eliminates the need to cut asphalt, pour concrete, or
install cable channels. Instead, compact shielded cables are used, and signal amplification
and digitization are carried out in a central unit located in close proximity to the sensors.
This makes the system particularly attractive for installation in the field, on temporary sites,
or in areas with limited access to road infrastructure.

From a practical point of view, the proposed approach combines ease of installation
and maintenance, low installation costs, and compliance with standard accuracy require-
ments. Pre-calibration with control vehicles is sufficient to provide results suitable for
monitoring and pre-weighing, without expensive equipment and capital work.

Of course, the accuracy of the proposed method is inferior to top solutions, such
as On-Board WIM, where the error is only +1-3%. However, the advantages of rapid
deployment, mobility, and cost-effectiveness make it suitable for everyday use by road
services, especially with limited budgets and temporary installations.

In the future, field comparative tests are planned at locations with industrial WIM
systems installed. These tests will allow for a direct comparison of results, refine calibration
factors, and confirm that the proposed method complies with ASTM E1318-09 [52] and
GOST 32348-2013 [53], paving the way for large-scale application.

10. Conclusions

In this study, a mathematical model of a passive seismic system for dynamic determi-
nation of the weight characteristics of vehicles in motion was developed and experimentally
confirmed. The basis of the proposed approach is the registration of seismic signals arising
from the collision of vehicle wheels with strips specially applied to the road surface, as well
as their subsequent processing using a complex mathematical apparatus, including the
Fourier transform, coordinated filtration, regularized methods for solving inverse problems,
and parameter optimization models.

Thanks to the developed system, it was possible to achieve high accuracy indicators:
the average error in determining the speed was 1.2 km/h, with a maximum recorded error
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of less than 2 km /h. The accuracy of determining the mass of vehicles based on the recorded
seismic signals reached the level of 8.7% at a speed of up to 70 km/h. The correctness of
determining the number of axles was 96.5%, while most of the errors occurred under the
conditions of overlapping signals from several axes and were successfully eliminated using
non-uniform combs and phase-coherent filtering methods. In addition, for a sample of
60 vehicles, the speed measurement error had a standard deviation of 0.78 km/h, which
confirms the stability of the system.

Two independent approaches were used to determine the velocity: the frequency
method, based on the analysis of the distance between the harmonics of the signal spectrum,
and the time method, based on measuring the delay between the edges of signals recorded
at different points. The estimates obtained were consistent, as evidenced by the standard
deviation of less than 1.5 km/h between the results of both methods.

Particular attention was paid to the use of linear-frequency modulation signals gener-
ated when the wheels pass through specially formed combs with an uneven pitch. This
made it possible to use consistent filtering, resulting in a narrow autocorrelation function of
the signal. Due to this, it was possible to significantly improve the resolution of the system
and increase the resistance to overlapping signals from different axes of vehicles.

Numerical experiments and full-scale tests have shown that the proposed model
can be successfully applied in real traffic conditions. Testing on vehicles with different
parameters has demonstrated the applicability of the method in the speed range from 30 to
80 km /h, with the number of axles from two to five, and a weight of up to 40 tons. Real
signals obtained when driving along the measuring section on the Sovetskoye Highway
were analyzed, and highly reliable results were obtained, coinciding with the database of
reference data.

Thus, the use of spectral analysis methods, in combination with consistent filtering
models, as well as the solution of regularized inverse problems, made it possible not
only to restore the parameters of vehicles but also to ensure the stability of estimates
against external interference, noise, and signal superimposition. The approach is highly
feasible, low cost to implement, and can be scaled up for use in the road network, including
integration with intelligent transport systems and digital twins of road infrastructure.
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Appendix A

MATLAB program, which implements a mathematical model of seismic signals gener-

ation from vehicles.
close all

clc clear

K=[5; 7];%wheel coordinate matrix

G=[0; 3];%axis matrix

P=[38,38.5,38.976,39.42,39.828,40.198,40.531,40.829,41.095,41.333,41.545,41.735,41.907,42.061,42.2,42.326];%unev
en comb band matrix
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N=1; %number of sensors

D=[35; 0];% sensors for uneven comb

Vm=20/3.6;%vehicle speed in m/s Vras=125;%wave propagation velocity tau=0.0042;%pulse duration fd=597;
%Sample Rate

T=(P-P(1))/Vm;%Lane Travel Time

M=950;%number of implementations t=(0:1/fd:(M-1)/fd);%time

S=zeros(N,M);

Am=1; %signal amplitude tzo=G/Vm; %Axis Delay Time

P2=[38:0.25:43];%uniform comb band matrix
N=1; %number of sensors

D2=[42.544; 0];% sensors for uniform comb
T2=(P2-P2(1))/Vm;%Lane Travel Time
S2=zeros(N,M);

for x=1:N
for y=1:max(size(P))

R1(x,y)=sqrt((P(y)-D(1,x))"2+(K(1)-D(2,x))"2);%distance from the first wheel to the sensor
R2(x,y)=sqrt((P(y)-D(1,x))"2+(K(2)-D(2,x))"2); %distance from the second wheel to the sensor
Z1=1/sqrt(R1(x,y)); %Signal attenuation in the ground
72=1/sqrt(R2(x,y));%signal attenuation in the ground
Tz1(x,y)=R1(x,y)/Vras; %Sensor Delay Time
Tz2(x,y)=R2(x,y)/Vras;%sensor delay time

(top wheel) for i=1:max(size(G))

%Latency
Til = Tz1(x,y)+T(y)+tzo(i);
Ti2 = Tz2(x,y)+T(y)+tzo(i);

S=(Z1* Am*exp(-(t-Til)."2/(2*tau”2)))+(Z2* Am*exp((t-Ti2).”2/(2*tau”2)))+S(1,:); % Envelop
e for two wheels and two axles
B=abs(fft(S)); %Fourier transform of the signal.
% Filter Selected
f1=fd*(0:(M-1))/M;%Set the frequency domain f
(For S2)
H=conj(B);
Sf=H.*B;
B2=ifft(Sf);
end endend figure
plot(t,B2),title('Consistent filtering for non-uniform comb’) xlabel('t(c)'), ylabel('B(t)");
figure
plot(t,S), grid, title(Modulated signal from an uneven comb') xlabel('t(c)"), ylabel('S(t)");

for x=1:N
for y=1:max(size(P2))

R12(x,y)=sqrt((P2(y)-D2(1,x))"2+(K(1)-
D2(2,x))"2);%distance from the first wheel to the sensor R22(x,y)=sqrt((P2(y)-D2(1,x))"2+(K(2)-
D2(2,x))"2);%distance from the second wheel to the sensor

Z712=1/sqrt(R12(x,y)); %Signal attenuation in the ground

722=1/sqrt(R22(x,y));%signal attenuation in the ground

Tz12(x,y)=R12(x,y)/Vras; %Sensor Delay Time
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Tz22(x,y)=R22(x,y)/Vras;%sensor delay time
(top wheel)
for i=1:max(size(G))
%Latency
Ti12 = Tz12(x,y)+T2(y)+tzo(i);
Ti22 = Tz22(x,y)+T2(y)+tzo(i);
52=(Z12* Am*exp(-(t-
Ti12)./2/(2*tau”2)))+S2(1,:);%Right Wheel Envelope
%Aplut Spectrum
B22=abs(fft(52));%Fourier transform.
f1=fd*(0:(M-1))/M;%Set the frequency domain £
(For S2) end
endend figure
plot(f1,B22),title('Aplite spectrum from a uniform comb') xlabel('f(Hz)'), ylabel('B(t)');
figure plot(t,S2), grid, title('Modulated signal from a uniform comb') xlabel('t(c)'), ylabel('S(t)");
figure subplot(2,2,1); plot(t,S), grid, title(Modulated signal from an uneven comb') xlabel('t(c)'), ylabel('S(t)');
subplot(2,2,3); plot(t,B2),title('Consistent filtering for non-uniform comb') xlabel('t(c)"),
ylabel('B(t)");
subplot(2,2,2); plot(t,S2), grid, title(Modulated signal from a uniform comb') xlabel('t(c)"), ylabel('S(t)');
subplot(2,2,4); plot(t,B22),title('Apliteal spectrum from a uniform comb')
xlabel('f(Hz)"), ylabel('B(f)');
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Abstract

This article investigates a mathematical model with the Caputo derivative for the transient
unidirectional flow of an incompressible viscous fluid with pressure-dependent viscosity.
The fluid flows in the spatial domain bounded by two parallel plates extended to infinity.
The plates translate in their planes with time-dependent velocities, and the fluid adheres to
the solid boundaries. The generalization of the model consists of formulating a fractional
constitutive equation to introduce the memory effect into the mathematical model. In
addition, the fluid’s viscosity is assumed to be pressure-dependent. More precisely, in this
article, the viscosity is considered a power function of the vertical coordinate of the channel.
Analytic solutions of the dimensionless initial and boundary value problems have been
determined using the Laplace transform and Bessel equations. The inversion of Laplace
transforms is conducted using both the methods of complex analysis and the Stehfest
numerical algorithm. In addition, we discuss the explicit solution in some meaningful
particular cases. Using numerical simulations and graphical representations, the results of
the ordinary model (« = 1) are compared with those of the fractional model (0 < & < 1),
highlighting the influence of the memory parameter on fluid behavior.

Keywords: pressure-dependent viscosity; Caputo fractional derivative; analytical solution;
Laplace transform

MSC: 76A02; 26A33

1. Introduction

In many fluid flow problems, the influence of gravity must be taken into account. One
such example is the Benard convection problem, which exists in important flow problems
in geophysics and astrophysics. It is also known that in elastodynamics or in geological
fluid flows, the material moduli that characterize the fluid vary significantly with pressure.
In such situations, the effects of gravity cannot be ignored a priori. In situations where
the pressure range is significant, gravity effects can become pronounced; the pressure will
vary along the direction in which gravity acts, and, consequently, the fluid’s viscosity will
also vary significantly [1]. Since the properties of polymers depend on pressure, problems
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of processing polymeric materials have been intensively studied [2]. The flow of fluids
with pressure-dependent viscosity between two parallel plane plates rotating about axes
perpendicular to the plates, taking into account the effect of gravitational acceleration, was
studied by Kannan and Rajagopal [3].

Alharbi et al. [4] investigated two-dimensional flows of a fluid with pressure-
dependent viscosity through a porous structure with variable permeability. Exact solutions
were obtained for a Riabouchinsky-type flow.

Vasudevaiah and Rajagopal [5] analytically studied flows of fluids with pressure-
dependent viscosity in a pipe under sufficiently high pressures. The authors showed that
the pressure depends logarithmically on the radial coordinate and exponentially on the
axial coordinate. Bulicek et al. [6] investigated three-dimensional flows of a class of fluids
with pressure- and shear-rate-dependent viscosity. The authors established the existence
of a weak solution for the Cauchy problem for flows in unbounded domains. By using
the perturbation method, Chen et al. [7] studied the electrokinetic flow of fluids with
pressure-dependent viscosity in a nanotube. They found that pressure-dependent viscosity
can enhance the magnitude of the streaming potential.

The Hele-Shaw flow of fluids whose viscosity depends on pressure, known as piezo-
viscous fluids, near the tip of a sharp edge was investigated by Calusi and Palade [8] by
considering both symmetric and antisymmetric two-dimensional flows. Using a procedure
based on the method of separation of variables, the authors provided a general procedure
to determine the pressure field of piezo-viscous fluids in Hele-Shaw flows.

Housiadas [9] studied the isothermal steady-state and pressure-driven flows of a
Maxwell fluid in a straight channel and a circular tube under the assumption that the shear
viscosity and the relaxation time of the fluid vary exponentially with pressure. Analytical
solutions for the pressure and velocity fields were obtained by using a regular perturbation
scheme with the non-dimensional pressure-viscosity coefficient as a small parameter. The
author demonstrated that the pressure-dependent viscosity and relaxation time enhance the
pressure gradient along the main flow direction, generate another along the wall-normal
direction, and cause vertical motion of the fluid.

The mathematical modeling of physical phenomena using fractional calculus is a recent
concern of researchers and has interesting applications in the description of viscoelasticity
and diffusion problems [10-12]. By generalizing the rheological constitutive equations by
replacing the integer derivative with respect to time with the fractional Caputo derivative,
the memory formalism is introduced into the studied problem.

Garra and Polito [13] investigated a fractional model for the unidirectional unsteady
flow of an incompressible viscous fluid with time-dependent viscosity described by the
Riemann-Liouville fractional integral. The authors determined the analytical solution for
the fluid velocity and investigated the influence of the memory kernel’s fractional order
on the fluid motion. The transient flows of incompressible generalized upper-convected
Maxwell fluids with pressure-dependent viscosity of exponential form within a rectangular
channel were studied by Shah et al. [14]. The authors of this work considered memory
effects by generalizing constitutive equations of Maxwell fluids in the form of fractional
differential equations with the time-fractional Caputo-Fabrizio derivative. Numerical
solutions for the fluid velocity and shear stress are determined using the Stehfest algorithm
for the Laplace transform inversion coupled with an appropriate numerical algorithm for
the Caputo-Fabrizio time-fractional derivative.

An interesting review of viscoelastic models based on fractional calculus is pre-
sented by Mainardi and Spada [15]. They analyzed fractional models in relation to
relaxation and creep properties, as well as the variation in fluid viscosity. The authors of
reference [15] generalized some classical mechanical models, namely the Kelvin—Voigt
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model, Maxwell, Zener, anti-Zener, and Burgerssi, and investigated the role of the frac-
tional derivative order in modifying the properties of classical models related to viscosity,
creep, and relaxation.

Liu and Jiang [16] developed a time-fractional coupled model to characterize the
heat transfer and magneto-hydrodynamic flow of Maxwell fluids with a modified
dynamic viscosity and formulated an efficient numerical algorithm suitable for the
studied model.

In this paper, we analyze an uncertain unidirectional flow model of an incompressible
fluid with pressure-dependent viscosity and examine the influence of stress memory. We
primarily consider a generalized constitutive equation of viscous Newtonian fluids by
introducing an integro-differential term that characterizes memory effects.

The proposed mathematical model introduces a rheology based on a general-
ized stress—strain relationship by means of integro-differential Riemann-Liouville and
Caputo operators.

The flow domain is a spatial domain bounded by two horizontal, parallel flat plates
extended to infinity. Both plates translate in their planes with time-dependent velocities,
and the fluid does not slip on the solid boundaries.

The viscosity of the fluid is assumed to be pressure-dependent. More precisely, in this
article, we consider the viscosity to be a power function of the channels’ vertical coordinate.
Analytic solutions of the dimensionless initial and boundary value problems have been
determined using the Laplace transform and Bessel equations. The inversion of Laplace
transforms is conducted using both the methods of complex analysis and the Stehfest
numerical algorithm. In addition, we discuss the explicit solution in some meaningful
particular cases.

Using numerical simulations and graphical representations, the results of the ordinary
model (« = 1) are compared with those of the fractional model (0 < & < 1), highlighting
the influence of the memory parameter on fluid behavior.

2. Statement of the Problem

An incompressible viscous fluid fills the rectangular domain between two infinitely
extended parallel horizontal plates located at distance d from each other. Let OXj X5 X3 be

- o >
a Cartesian coordinate system with fundamental unit vectors E1, E;, E3. The unit vectors
— — —
Eq and E; are situated in the lower plate located in the plane X3 = 0. The unit vector Ej is

>
perpendicular to the two plates. The gravitational acceleration vector is § = —gE3,and
the flow domain is D = { (X, X, X3), (X1, X2) € R?, X5 € [0,d]}.

The Cauchy stress tensor of the viscous fluid studied in this paper is given by [1]

T=—-pl+X=—pl+j(p)A, 1)

T
- -
where p is hydrostatic pressure, I is the unit tensor, A = VV + (V V) is the first Rivlin—

Ericksen tensor, and V = V;(Xy, Xy, X3,t)E;, i = 1,2,3 is the velocity vector field (the
summation convention is accepted in our notations).

The function i(p) in Equation (1) is the fluid viscosity, which is dependent on pressure
according to the law [1,2]

j(P) = mo[1+A(p —po)]", A >0, n >0, @

where p is the fluid viscosity at the reference pressure py.

131



Mathematics 2025, 13, 3043

The continuity equation and the linear momentum balance are written as [1,6]

Vi

X 0,1=1,23, 3
aV; 1% op  0Xj;
oY 9V _l ji i
p( = +V’8Xi> ax; iy + i, 1,j =123, (4)
where p is the density of the fluid, and f; = 0, f» = 0, f3 = —pg, are the body

force components.

e ~
We search for solutions of (3) and (4) of the form V = V (X3, t), along with the initial
and boundary conditions

V(Xs,0) =0,

— ~ ~ = = ~ ~ —

V(0,f) = fo(F)E1, V(d,t) = f4(f)Eq1, £ >0, ®)
Plxs=d = Po, t >0,

where fo(f) and f;(f) are differentiable functions and fo(0) = 0, f;(0) = 0.
From the above assumptions, it is easy to show that

Vi =Vi(X35,t), Vo =V3 =0,

. (6)
p = pg(d — X3) + po.
Now, the initial-boundary value problem (3)-(5) reduces to
WVi(Xs,f) _ 9%13(X3.f)
o’ aXBav (,X ) 7)
T13(Xs,t) = p(p) =55
Vi(X3,0) =0, 0< X3 <4, ®)
Vl(ol t) = fO(t)/ Vl(d/ t) = fd(t)r t>0.
By introducing the dimensionless quantities
X V; Vol p— ax
2273'”:7(1]t:TO'p:de?:l_z’T:MT‘lfz’ ©)

Re = pf%,fo(t) = fo(dt/ Vo), fi(t) = faldt/ Vo),

into Equations (7) and (8), we obtain the following dimensionless equations for the problem:

R auz(;,t) _ aTEgi,t), T(Z, t) _ }4(2) aué;,t),
u(z,0)=0,0<z<1, (10)
u(0,t) = folt), u(l,t) = fi(t),

n

In the above relations, Vj is the characteristic velocity, and Re is the Reynolds number
and B = Apgd.

Generalized Fractional Mathematical Model

Let us consider the mathematical model with the dimensional constitutive equation
given by the following fractional differential equation:

aVl (X3/?)

Zl:’)()(:")/,t‘:) = ﬁ(ﬁ)g(%ia(jp%ilx ax3

,0<a<l, (11)
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where 0y is a material coefficient with the dimension of time and the differential operator
CD%q)(Xg,,?) means the time-fractional Caputo derivative operator defined by [17,18]

Fa a(p({af) 0<a<1 >0
CD%(I)(Xg),t) _ 5(1_a)~ ot ’N = ’ ’ (12)
(P()SSlt) I — 1 t > 0
ot 7 ’ .

The symbol “x” signifies the convolution product.
The scaling coefficient oy was introduced to ensure the dimensional homogeneity of
Equation (11).
The nondimensional form of the constitutive Equation (11) is
1-a, (\Cyl—a OU(Z 1)
T(z,t) =0 "“u(z)~D, 5, 0<a<l, (13)

where ¢ = %

The differential operator in Equation (13) can be written in the following
equivalent form:

[ (t—5) " 9g(z,5)
Diglat) = [Ty o lds, 0<a<1t>0. (14)
0

Let us recall that the integral fractional operator is defined by

B t
IFo(z,t) = 15(;) *@(z,t) = F(loc)/(t —5)" Lo(z,5)ds, a >0, t > 0. (15)
0

The Laplace transforms of convolutions (13) and (15) are

L{D¥¢(z,1)}(q) = ¢*L{p(z, 1)} — 4" 19(2,0), 0 <a <1, %)
L{I}o(z,t)}(q) = 9 “L{e(z,t)}, a >0,

where L{p(z,t)} = [ ¢(z,t) exp(—qt)dt = ¢ (z,q) is the Laplace transform of the function
0

¢(z,t), and ¢ is the Laplace parameter.

Let us note that for « = 0 and ¢(z,0) = 0, the derivative defined by Equation (14)
represents the function itself. Therefore, in the case of « = 1, the generalized constitutive
Equation (13) reduces to the ordinary constitutive Equation (10),.

Using relations (13)—(16), it is easy to show that the following properties are true:

IF(“Dyo(z 1) = ¢(z,1) — 9(2,0), (17)
af00(z,
11 (25) = Doz ).
By using (13), the constitutive Equation (12) can be written in the following
equivalent form:

u ¢ 2
T(z,t) = (;1(0()]/1(2)/ (t— s)“il%da 0<a<l. (18)
0

The constitutive equation considered in this article describes a process in which the
history of the velocity gradient in the interval (0, t) influences the stress state from the
moment t.
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The first to consider a constitutive equation in which the stress is influenced by the
history of velocity was Gerasimov [19] and he studied viscoelastic flows between two
plates. An interesting discussion about the equation proposed by Gerasimov is made by
Rogosin and Mainardi (see [20], Equations (10) and (11)).

On the other hand, fractional equations similar to the one proposed by us in this article
can be found in articles that analyze processes by anomalous diffusion (for example [21],
Equations (10.205), (10.209)).

Equation (18) clearly highlights the difference between the ordinary fluid model and
the generalized model. In the ordinary model, the shear stress values at a fixed time ¢ are
given by the values of the velocity gradient, whereas in the generalized model, the shear
stress values are determined not only by the velocity gradient but also by its history. The
power memory kernel damps the values of the velocity gradient up to time ¢.

3. Solutions to the Problem
3.1. Solution of the Fractional Model

In this section, we will determine the solution of Equations (10); and (12), along with
the initial and boundary conditions (10)3 and (10)4.
By inserting (12) into Equation (10);, we obtain the fractional differential equation

Rzt _ 2 <V(Zy;D1_a3MC%f)). (19)

of oz t 0z

Using relation (17), Equation (19) is written in the following equivalent form:

0 ou(z,t)
Cya _ v ’
Re~Dfu(z,t) = 5 (y(z) 5 > (20)

Applying the Laplace transform to Equation (20) and using formula (15), we
obtain that the Laplace transform of the velocity field u(z,t) is the solution of the
differential equation

?u(z,q)  du(z)ou(zq)

ple) S+ SEE S (g, a)Reu (r,) = 0 el

where 4 (z, q) is the Laplace transform of the function u(z, t), and a(q, &) = —g“c® 1,
In addition, the Laplace transform a(z, q) has to satisfy the boundary conditions

—~

w(0,9) = folq), u(L,q) = f1(q): (22)

By introducing the function y(z) given by Equation (11) into Equation (21), we find
the equation for u (z,q):

B(1—2z)+ 1]"82116(2?17) — BnlB(l —z)+ 1]n_1%jq) + a(q,ac)Re;l\(z,q) =0. (23)

By inserting the function u (z,q) = [B(1 —z) +1] 2 U(z,q), Equation (23) becomes

—~

51 —2) + 1245 — plp(1 —z) + 124241

0z2

9 (24)
a(q,a)Re[p(1 —z) + 1]2_n — (’%12_1))2} U(z,q) =0.
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3.1.1. The Case of n # 2

Using the new variable {, defined as

[ 2y/a(q,a)Re

W['B(l_ZH—HT (25)

—~

and noting 9(@, q) = U(¢"%(z),q), Equation (24) becomes

e (55

which is a Bessel equation. The general solution of Equation (26) is given by

AV (Z,q)
1§

zaza(C/q)

agz XA/(g, q) =0, (26)

4

+¢ +

V(Z,9) = A@)]o(Q) + B(@)Y(Q), 27)
where 1
v = ;: . (28)

and A(q), B(g) are integration constants determined from the boundary conditions.
Using (25) and (27), we obtain the Laplace transform of the fluid velocity as

u(zq) = [6(1—2) + 1" {A@ I (balg,0)[B(1 —2) +17") +

B@)Ya (balg,0) (1 ) +1)7) }, 29)

where

bl ) = 2 (0)

By imposing the boundary conditions (19), the following expressions for the functions
A(q) and B(q) are obtained:

A( ) = ?0( )(B+1) 7 Yy (bu(ga))— ?1(4)YV(/3nhrl(q «))
I Jv(ﬂnbn(mw;(gn(q )~ Jo(ln (0.00) Yo (Bub (4.0 (31)
v( { 1(9)Jv (Bubn (g, )

_ —fo@(B+1) 2 Jy(bulga))+ 2-n
B(q) = ]v(ﬁ[:,bn(q,pc))Yv(b,,( ) —] a( )Yy (Brbn(q,2)) , Bn=(B+1) 7.

To determine the inverse Laplace transform of function (29), we will use the residue
theorem in complex analysis. First, using the relations in (31), we write function (29) in the
following equivalent form:

u(z,q) = h(2)gu(2) (B+1)"T fog)x
Yy (0 (9,2)) Ju (bn (9,2)8n (2)) — Ju (b (9,2)) Yy (bu (9,2)8n (2))
Jv (.Bnbn(‘i )Yy (bn (q,0))—Jv (bn (q,0)) Yy (Bnbn(q,0))
(32)
h(z)gn(z) f1(q) %
Ju(Bnbn (,0)) Yy (bn(9,0)8n(2)) —Jv (bn (9,2)8n (2)) Yo (Bnbn (q,4))
Ju(Bubn(q,0)) Yy (bn(q,0))—Ju (bn(q,a)) Yy (Bnbn(q,e)) !
where .
h(z) = [B(L—2)+ 17" gu(z) = [B(1—2) +1] 7. (33)
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For each fixed n, n # 2, we use rx, k = 1,2, ..., to denote the positive roots of the
transcendental equation

Ju(Bn1)Yy(r) — Ju(r))Yy(Bn 7) = 0. (34)

For each fixed value of the index n, we denote by f,(r) the function defined by
fu(r) = Ju(Bur)Yy(r) — Ju(r)Yy(Bur). The ry, k = 1,2,... positive roots of this function
are determined using the “root(f, (), 7, Xuk, Yur)” subroutine in the MathCAD 15 software
package. In the previous relation (x,, ¥,¢) is the interval that separates the root .

The poles of the functions

—~

Fl(zz q) — Yo (bn(q,2)) ]y (bn(q,0)8n(2)) —Ju (bn (q,4)) Yy (bu (q,0)8n(2)) _ %(zlq)

Jv(Bubu(q,0))Yy (bn(q.0))—Ju (bn(q,0)) Yy (Bnbu(g,)) - Ao(q) ’ (35)
/1; (Z q) — Ju(Bubu(q,0)) Yy (bu (4,0)8n (2)) = Jv (b (4,2)8n(2)) Yo (Bnbn(q,2)) _ Pa(z4)
284 Ju(Bnbn (q,0))Yy (bu(q.a))—Jv(bu(q.a)) Yy (Bnbu(gu)) Zo(q) ’
are given by
ﬁZ (2— ”)2721(
o n _
T P k=1,2,.. (36)
namely
1
_ p(2— ”)Z’ik o
an — ( W ,k — 1,2,... (37)
The residues of the functions ;1(2,1]) and Ez(z,q) in the pole g, k = 1,2, ..., are
given by
~ Pz,
Res(Fj(Z,q);q = an> = ]A(Z ) exp(qt) ,j=0,1k=1,2,.. (38)
dA;('i)
q

q=4nk

By using the formulas [22,23]

Jv-1 (Z) - ]1/+1 (Z) = 2]1//(2)/ Yv—l(z) - Yl/+1 (Z) = ZYVI(Z)/
Jo-1(2) + Ju41(z) = 271/]1/(2)/ Y, 1(z) +Yiy1(z) = %YV(Z)/ z#0, (39)
Ju(2)Yy1(2) = Juy1(2)Yo(z) = %/ z #0,

we obtain

ddo()|  _ & GulBur)) — Uolru))’ )

dq Tt nk ]v(ﬁnrnk)]v(rnk)
q=qnk

The calculations necessary to obtain relation (40) are presented in detail in Appendix A.
Therefore,

Res E (Z,L]);q =q — Tnk Jv (BT i) Jv (k) €xp (qpuict) X
( ! " ) ‘ (]v(ﬁnrnk))Z*(]v(rnk))z
_ (Yo (rui) Ju (rukgn (2)) — Ju (ruk) Yo (rukgn (2))1, (41)
Res Fz(zlq);q =) = M]V(ﬁnrnk)]v(rnk)exp(%kt) X
( )= (e (Bura)) "= (o)
Uv (,Bnrnk)yv(rnkgn (Z)) - ]v(rnkgn (Z))Yv(}gnrnk”'
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The inverse Laplace transform of function (32) is given by

n—1
W) = h(2)en(2)(B+1) 2 5 Tnk Jo (Butuic) I (ruk) fo(t) * exp(qmit)
=t =R 2 k=1 & o (Burai))? = (o (r))?
[Yv(rnk)jv(rnkgn( )) ]V(rnk)yv(rnkgn(z))]
( ) ( ) Z an ]V(:Bnrnk)]V(rnk>fl< )*eXP(q )
(]v(ﬁnrnk)) (Iv(rnk))2
Uv(ﬁnrnk) (rnkgn( )) = Jo(ruxgn(2)) Yo (Butuk)]-

(42)

In the above equation, the notation ” * ” denotes the convolution operator, namely

t
o(t) + (1) = [ o(t — D)p(T)dT.
0
In the following, we also present a numerical algorithm for determining the val-
ues of function (29) in the real domain. Based on the algorithm formulated by Ste-
hfest [24], the values of the inverse Laplace transform of the function u(z, q) are given by
the relation

N 7) E e RGP i¥ (2)! —/ In(2)
R P «[jzil} ARG w—m”(z’f t > *3)
2

where p is a strictly positive integer number, min(j, p) = 1(j + p — |j — p|), and [x] denotes
the integer part of the real number x.

The values of the u(z,t) function determined with expressions (42) and (43) were
used to draw the curves in Figure 1. Very good agreement is observed between the values
obtained with the two expressions of velocity u(z, t).

0-‘I T T T T

see t=035; Eq (42)
see t=035; Eq. (43)
see t=10;Eq. (42)
s+e t=1.0; Eq. (43)
see t=15;Eq. (42)
sss t=15Eq. (43) i

Velocity u(z.t)
S &

=
—

0 | 1
Figure 1. Coincidence of velocity profiles given by Equations (42) and (43) forn = 3/2, « =1,
B=5 Re=5and fo(t) =0.1(1 —e™ "), f1(t) =05(1 —eF).

3.1.2. The Case of n =2

For n = 2, Equation (20) becomes

[B(1—2z)+ 1]282";(;”1) —2B8[B(1—2) + 1]@ +a(q,0)Reu(z,q) =0.  (44)
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By replacing the variable z with the new variable ¢, defined as

E=In(B(1—2z)+1), (45)

Equation (44) can be written as a differential equation with constant
coefficients, namely

PV(Eq) . AV(EQ) . alg)Res .
5 + % + 2 V(Eq) =0, (46)

where a(é,q) = ;(,B_l(ﬁ +1—exp(8),9).

Integrating Equation (46) and returning to the initial variable, we obtain the general
solution of Equation (44), given by

u(z,q) = [B(1—2) +1]7{Ci(g) (B - 2) + 170 + G B - 2) +1) 70}, 47)

where

p(q,a) = ﬁ p* — 4a(q, a)Re. (48)

By imposing boundary conditions (19), we find the following integration constants:

Cy(g,a) = Latt >(ﬁ+1)1 @ 7

1(q, (B+1)70—(p41) 7
_ —fala )(/3+1)7+f1(q)(5+1) 9.)

Cala, ) = = g gy v

7

(49)

Even though the inverse Laplace transform of function (47) could be obtained with
the methods of complex analysis, its form is too complicated to be useful for numerical
simulations. For this reason, we prefer to perform numerical simulations in this case using
the algorithm given by Equation (43).

4. The Particular Case of Ordinary Fluids (The Fractional Parameter
a=1)

In this section, we will customize the solutions obtained in the previous section so
that we can compare the solutions presented in this article with other previously published
solutions for similar problems.

When the a fractional parameter is equal to 1, the generalized constitutive
Equation (12) reduces to the ordinary one (10),. Therefore, our solution (42) becomes

n—1

Wz t) = npr2-n)?, B 2 Z 2, Jo(Butuic) Ju (ruk) fo(£) * exp(qmit)
( ) 4Re ( >g ( >(IB ) (]V(rnk))Z - (]V(ﬁﬂrnk))z
[Yv(rnk)]v(rnkgn( )) ]V(rnk)YV(rnkgn(Z))}
7T‘32(2,n) h(z)gu(z )E 2 Ju (Bt i) Jv (rux) f1 (2) * (ant)x (50)

4Re (]v 7nk))2 (]v ﬁnrnk))
Ty (Butni) Yo (rux&n(2)) — IV(rnkgn( DYy (Bnruk)],
B 52<2_”)27’%k
Ank = — 4Re .

The solution given by Equation (50) is equivalent to that obtained by Rajagopal et al.
(see [1], Equation (27)).
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If n = 2, our solution given by Equation (47) is equivalent to those given by Rajagopal
et al. (see Equation (30) from [1]) and Fetecau and Agop (see Equations (41) and (42)
from [24]).

If the fluid viscosity depends linearly on the pressure, for n = 1, our solution given
by Equation (50) reduces to that obtained by Fetecau and Bridges (see Equation (37)
from [25]).

The curves in Figure 2 were drawn to highlight the equivalence of the solution
given by Equation (37) in reference [25] to our solution given by Equation (50) for n = 1.

~ T T T T

0.08F \\ .
\ coot=2, Eq. (37),
Fetecau and Bridges, 2020
eee t=2, Eq. (50), Present work

0.06¢

0.04

eocot=1Eq.(37),
Fetecau and Bridges, 2020

002} eee t=1, Eq. (50), Present work

Velocity u(z,t)

Figure 2. Profiles of the velocity given by Equation (37) in [25] and Equation (50) in the present paper
forn=1, =2, Re=5and fy(t) = 0.1(1 — e~ 1), f1(t) = 0.

Let us also specify that if the viscosity depends on the pressure according to the power
law with the index n = 4/3, then our solution (50) becomes equivalent to that given by
Equation (27) in reference [26].

5. Numerical Results and Discussion

In this article, we study the flows of a fluid in a domain determined by two parallel
plates extended to infinity under the assumption that the fluid’s viscosity depends on
pressure as a power function. The plates translate in their planes with time-dependent
velocities, and the fluid does not slip on the two plates. A novelty of this article is that we
consider a fluid model whose rheological equation includes the shear stress memory phe-
nomenon. The constitutive equation is formulated using the Caputo fractional derivative
and has the property that when the & fractional parameter is equal to 1, it reduces to the
well-known equation of Newtonian fluids.

Using appropriate transforms of the variable, we showed that for the power function
index n # 2, the differential equation determining the flow velocity is equivalent to a Bessel
equation in the Laplace domain. The fluid velocity in the real domain was determined
using both analytical methods from complex analysis and the Stehfest algorithm for the
numerical inversion of Laplace transforms.

The numerical simulations and graphical representations aimed to highlight the effects
of the fractional parameter on fluid behavior. Comparing the results corresponding to the
values 0 < a < 1 with those corresponding to the case « = 1 highlights the significant
differences between the two rheologies.

Figure 3a,b show contour plots of the velocity u(z,t) when z € [0,1] and t € [0,2.5]
for two values of the fractional parameter «, namely, # = 0.3 and « = 1. From these two
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figures, essential differences can be observed in the fluid motion modeled with and without
the memory formalism. First, the areas corresponding to the maximum velocity (orange
color) are significantly different in the two cases. This happens because the kernel of the
fractional derivative damps the velocity gradient.

552 Contour plot of u(z,t) for & =0.3 b Contour plot of u(z,t) for = 1.0
’ 0.5
ILHIIH,'IIILHIIH,'I
0.4
0.3
0.2
0.1
0
0 0.25 0.50 075 Z 1
¢ d
T T T T T T T T
03 =
S 2
— ™
= T 04F 3
I ° a=10
T 2
9 g see t=035
v = 03 eeet=10 7
- v :
> e i=15
e t=2110
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0 02 04 0.6 08z 1 0 02 04 06 08 oz 1

Figure 3. Contour plot and profiles of velocity u(z,t) forn = 3/2, B = 2, Re = 5, fy(t) = 0.5,
fi(t) =05(1—e™t), a = 03,0 = 0.2, as well as « = 1. (a) Contour plot of the velocity u(z,t) for
« = 0.3; (b) Contour plot of the velocity u(z,t) for « = 1.0; (c) Velocity profiles for « = 0.3; (d) Velocity
profiles for « = 1.0.

Let us mention that the velocities of the two plates considered in our analysis tend
to become equal for large values of time t, and therefore, the smoothing of the fluid
velocity in the time domain will be achieved. This is evident in Figure 3b. For t > 2.2,
the fluid velocity is the same at any position in the channel. This smoothing of flow
velocity values is delayed by the memory effects introduced by fractional rheology, as
seen in Figure 3a.

Figure 3c,d show the velocity profiles u(z, t) at different times for the fractional pa-
rameter values @ = 0.3 and « = 1. The curves in these figures show the same properties
illustrated by Figure 3a,b. For example, in Figure 3d, the curve corresponding to the time
value t = 2 is almost parallel to the horizontal axis, while the corresponding curve in
Figure 3¢ does not have this property. The curves in Figure 3d show an attenuation of the
fluid velocity compared to those in Figure 3c.

Contour plots and velocity profiles u(z,t) for z € [0,1], « € [0,1], and two time ¢
values are shown in Figure 4a—d. As expected, the fluid located in the area close to the plate
in the z = 1 plane moves very slowly because the velocity of this plate has small values
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for small time ¢ values. These figures highlight the damping of the fluid motion due to the
memory effect.

a  Contour plot of u(zt) for t=0.25 b Contour plot of u(z,t) for t = 1.0
' 11 05
a o
0.75 0.75 - o1 b
0.50 0.50 A
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0 0 - 0.1
0 z
0 025 o050 075 z 1 025 050 075 z 1

t=0.25 eee =03
04- e+ =035
- eoe E=038 _
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b 03F 4 =
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0 02 04 06 038 z 1 0 02 04 0.6 08 y

Figure 4. Contour plot and profiles of velocity u(z,t) forn = 3/2, p = 2, Re =5, fo(t) = 0.5,
fi(t) = 05(1 —e7t), t = 0.25,0 = 0.2 as well as t = 1. (a) Contour plot of the velocity u(z,t) for
t = 0.25; (b) Contour plot of the velocity u(z,t) for t = 1.0; (c) Velocity profiles for t = 0.25; (d) Velocity
profiles for t = 1.0.

The curves in Figure 5 were drawn in order to highlight the influence of the
pressure parameter on the fluid velocity. The curves were drawn for the fractional
parameter & = 0.5 and for three values of time t and of the pressure parameter « = 0.5. It
can be observed that for the analyzed case, the velocity values increase with the pressure
parameter f.

The influence of the power-law index of viscosity on fluid motion is highlighted by
the curves in Figure 6. These curves were constructed for two values of the fractional
parameter «, namely, « = 0.3 and & = 1, and for two values of time f,t = 0.5and t = 0.75.
Increasing the values of the parameter 7 causes an increase in the values of the fluid
velocity for both the fluid with fractional rheology and the Newtonian fluid. As we have
seen in the previous figures, the fluid with fractional rheology moves more slowly than
the Newtonian fluid. This is because the velocity gradient is damped by the fractional
derivative kernel.
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Figure 5. Influence of the B parameter on the fluid velocity for n = 3/2, « = 0.5, Re = 5,
fo(t) = 0.5, f1(t) = 0.5(1 — e *) and for different values of time .
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Figure 6. The influence of the n parameter on the fluid velocity for B = 6, Re = 5, fy(t) = 0.5,

Fu(t) = 0.5(1—e ).

6. Conclusions

This article presents an analytical study of the flow of a fluid with pressure-dependent
viscosity in the form of a power law in a rectangular domain using a constitutive equation
based on Caputo fractional derivatives.

The mathematical model studied in this paper includes the memory phenomenon in
the fluid’s behavior.
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The analytical solution for the fluid’s dimensionless velocity was determined in the
general case for the coefficient characterizing the pressure dependence of viscosity.

By particularizing our solution, we were able to compare it with previously published
solutions for a Newtonian fluid.

The fluid with fractional rheology moves more slowly than the Newtonian fluid. This
is because in the considered rheological model, the kernel of the fractional derivative plays
an essential role in damping the velocity gradient.
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Appendix A

Using the definition of function 20 (q) and first two relation (39), we obtain

%q(q) = M{Uv 1(Bnbu(q,a)) Yy (bn(q,a)) — Jo(bu(q,a))Yy—1(Bnbn(q,a))] —

q=4nk

Jv+1(Bnbn(q,a))Yy(bn(q, &) — Ju(bn(q, ))Yvﬂ(/3nbn(%"‘))]}q:an+
il q’ {Jv(Bnbu(q,a))Yy—1(bn(q,&)) = Jo—1(bu(q, &)Yy (Bubu(q, &))] —
UV(,Bnbn(q/ ) v+1(bn(’1f"‘))—]v+1(bn(‘7’“))YV(ﬁnbn(Qr“))]}q:an

A direct calculation based on the second and third series of relations (39) and on
relation (34) leads to the equality

dAo(q) _ ®Bubn(gm) —4Jy (bu(q.2)) ’ 4

dq =k 4q 7T Bnbn (,0) Ju (Bnbn (q,00)) =k

aby (g, 47, (Bnbn(g,u
i |, = (A1)
a J3(Bubn(ga)=J5((q.)) ‘
7“7 Ju(Bnbn(q.0))Ju(bn(qa)) I=0x
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Abstract

Self-oscillating systems convert steady external stimuli into sustained motion, enabling
diverse applications in robotics, energy absorption, optics, and logic. Inspired by the
adhesion—detachment behavior of climbing plants, we propose a novel light-powered self-
adhesion oscillator comprising an elastic strip—substrate structure and a weight suspended
by a photo-responsive liquid crystal elastomer fiber. By integrating a nonlinear beam defor-
mation model with Dugdale’s cohesive model, we develop a nonlinear dynamic framework
to describe the self-adhesion behavior of the elastic strip. Quasi-static analysis reveals two
distinct operating modes: a static mode and a self-adhesion mode. Under constant light
exposure, the liquid crystal elastomer fiber undergoes light-induced contraction, increasing
peeling force and triggering a sudden transition from adhesion-on to adhesion-off. Upon
entering the adhesion-off state, the fiber recovers its contraction, leading to a sharp return to
the adhesion-on state. This cycle sustains a four-stage oscillation: gradual peeling, abrupt
adhesion-off, gradual adhering, and abrupt adhesion-on. Furthermore, we identify the
critical conditions for initiating self-adhesion and demonstrate effective control over the
oscillation period. The system exhibits key advantages including amplitude controllable
oscillation, widely tunable frequency, well-defined motion trajectories, and structural sim-
plicity. These characteristics suggest promising potential for applications in self-healing
adhesion systems, rescue devices, military engineering, and beyond.

Keywords: interface cohesive; self-oscillation; liquid crystal elastomers; optically responsive;
adhesion—-detachment mechanism

MSC: 74G05; 74-10; 74F05; 93B52

1. Introduction

Self-sustained oscillations represent a class of persistent, rhythmic dynamics that
arise in active matter or engineered structures, powered by a steady external energy
source [1-3]. These systems operate without requiring alternating stimuli or discrete
triggering signals, depending primarily on continuous power input and built-in regulatory
feedback loops [3,4]. Such autonomous operation exhibits inherent stability and often
structural simplicity, with the oscillation frequency largely governed by the system’s
intrinsic parameters rather than the characteristics of the external energy supply [2,3].
Owing to these attributes, self-sustained oscillators are highly promising for a range

Mathematics 2025, 13, 3390 https://doi.org/10.3390/math13213390
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of technologies including autonomous robotics [5-9], energy dissipators [10-13], matter
transport platforms [14], photonic devices [15], and logic gate implementations [16,17].

Considerable research has been directed toward achieving self-sustained oscillations
using a range of stimuli-responsive materials, such as thermally sensitive polymers [5,18],
hydrogels [19,20], and liquid crystal elastomers (LCEs) [21-27], among others. By building
upon these materials, a wide spectrum of self-oscillatory behaviors has been successfully
realized. These include bending [28-30], rolling [31], vibrating [32-35], twisting [36,37], ex-
pansion and contraction [38-40], swinging [41-44], rocking [45], wobbling [46], tapping [47],
toppling [48], ejecting [49], striking [50], Huygens-type synchronization [51], and even
hybrid multi-mode motions [52-55]. A fundamental aspect of these rhythmic behaviors is
that they often originate from intrinsic nonlinear feedback mechanisms within the mate-
rial systems. Representative examples include self-shadowing [15,56,57], which enables
periodic modulation of stimulus exposure; non-uniform environmental fields with spatial
gradients in stimulus intensity [58-61]; and self-regulated field effects involving dynami-
cally controlled energy release cycles or pathways [62,63]. These designed nonlinearities
effectively transform a constant external energy supply into continuous periodic motion.

From the perspective of dynamic behavioral characteristics, self-sustained mo-
tion exhibits three primary patterns: bifurcation-driven motion around a unique static
equilibrium point [29,32], snap-through motion involving transitions between multiple
steady states [16,17], and steady-state motion with zero-energy modes [63]. Among
these, bistable systems, which utilize their natural bistable characteristics to induce non-
equilibrium dynamics, have gained considerable interest in the study of self-sustained
oscillations [16,17,64—67]. These systems feature two stable states separated by an energy
barrier, which must be overcome for a transition to occur. During the transition, the system
may momentarily exhibit instability before settling into the new stable state. Leveraging
bistable systems for self-sustained motion offers advantages, including enhanced ampli-
tude regulation due to clearly defined stable states, well-characterized motion profiles
governed by transition pathways, and the ability to maintain the system in either an ‘on’ or
‘off” state. Current research explores various bistable structures for oscillation generation,
such as elastic membranes undergoing snap-through between concave and convex states
under constant pressure [16,17], pH-responsive hydrogels that oscillate between swollen-
buckled and complementary configurations [66], bilayer shallow shells shifting between
stable equilibrium states under illumination [67], and bistable systems performing complex
sequential logic operations through controlled transitions [17].

Indeed, building a self-sustaining system with bistable properties is a complex task, as
there are few structural configurations capable of displaying distinct energy barriers, and
inducing transitions between these states proves difficult. To address this, nature provides
ingenious models where biological systems accomplish effective state transitions through
advanced structural or mechanical processes. One such example is climbing plants, such as
Boston ivy and common ivy, which use specialized tendrils to attach themselves to rigid
surfaces. Under external forces, such as wind, these tendrils may temporarily detach, but
upon force reduction, they may reattach [68,69], as illustrated in Figure 1. Inspired by
the dynamic adhesion-detachment behavior found in nature, we propose a novel light-
powered self-adhesion oscillator consisting of an elastic strip—substrate structure and a
weight suspended by a photo-responsive LCE fiber. By introducing a baffle, the peeling
strip is prevented from excessive separation, creating two energy barriers between the
adhesion-on and adhesion-off states. Under constant light exposure, the contraction of the
LCE fiber increases the peeling force that acts on the strip, prompting a rapid transition
from the adhesion-on state to the adhesion-off state. In the adhesion-off state, the fiber’s
length recovery reduces the peeling force, leading to a swift return to the adhesion-on state.
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The unexpected self-adhesion cycles, caused by imperfections in the strip detached from
the substrate, are reminiscent of the behavior observed in imperfect electronic circuits [70].
This dynamic behavior is also akin to stick-slip systems with hysteresis and magnetic
oscillators [71,72]. Additionally, when subjected to external disturbances or considering the
dynamics of weight, this self-adhesion oscillator may exhibit chaotic oscillatory behavior
or undergo dynamic bifurcations [73-76].

(a) (b)

-

Detaching under
external forces

_—

<
Attaching upon
force reduction

Figure 1. Switchable adhesion between tendrils and rigid surfaces. (a) Climbing plants with tendrils.
(b) Switchable adhesion.

Through quasi-static analysis, we establish a comprehensive dynamic framework to
describe the self-adhesion behavior of the elastic strip, and identify two operating modes:
static and self-adhesion. This alternating cycle facilitates the self-sustaining oscillation of
the system. Thanks to the advantages of mathematical modeling [77], the critical conditions
for initiating self-adhesion and controlling the strategy of the oscillation period are explicitly
derived. The system offers advantages such as well-defined reversible motion trajectories,
broad tunability of the oscillation period, and structural simplicity. We anticipate that
this study will encourage the creation of innovative self-sustaining motion patterns and
provide foundational insights for applications in self-healing adhesives, search and rescue
operations, and military technologies.

The organization of this paper is outlined as follows. Section 2 develops a theoretical
model of the light-powered self-adhesion oscillator, combining a nonlinear beam defor-
mation formulation with Dugdale’s cohesive zone model. Section 3 analyzes the two
motion modes exhibited by the oscillator under steady illumination and elucidates the
detailed mechanics of the self-adhesion process. Section 4 establishes the critical conditions
required to initiate self-sustained adhesion. Section 5 discusses the influence of key system
parameters on the oscillation cycle. Finally, Section 6 concludes the paper with a summary
of findings.

2. Theoretical Framework and Governing Equations

This section establishes a theoretical model for a self-adhesion oscillator under con-
stant illumination, including the photo-induced self-adhesion oscillator dynamics, elastic
thin-strip peeling behavior, transitions between the adhesion-on and adhesion-off states,
and nondimensionalization.

2.1. Model of Photo-Induced Self-Adhesion Oscillator

The structural model of the light-powered self-adhesion oscillator comprises a long
strip with thickness /1, adhered to a rigid substrate at its top surface, as shown in Figure 2a.
A baffle is positioned below the strip at distance b from its right end. A liquid reservoir is
positioned beneath the strip, where the liquid surface is at a distance of Ly from the strip. A
suspended weight with length L is attached to the strip’s right end via a nematic LCE fiber.
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In the reference state, the stress-free LCE fiber has initial length Ly and uniform alignment
of LC mesogens along its axis. For the case where the mass density of the weight exceeds
that of the liquid, the weight is submerged in the underlying liquid. It is well-known that
under light exposure, photothermal heating progressively increases the temperature of the
nematic LCE fiber, leading to a nematic-to-isotropic phase transition, which induces axial
contraction. This contraction is fully reversible upon cooling [23-25,78].
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Figure 2. Schematic of the light-powered self-adhesion oscillator: (a) reference state; (b) initial state;
(c) adhesion-on state; (d) adhesion-off state; (e) force analysis diagram of the weight; (f) Dugdale’s
cohesive law; (g) initial peeling stage; (h) transition peeling stage. Under steady illumination, the
peeling strip via abrupt transition displays periodic self-adhesion behavior.

Upon release of the weight, the gravitational force induces the tension of LCE fiber,
generating a peeling force on the elastic strip. This peeling force is counteracted by the
adhesive force of the substrate, thereby maintaining the strip in an almost fully bonded
adhesion-on state. In the initial state, a steady light illuminates a narrow zone near the
central plane of the LCE fiber, leaving the rest in darkness, as shown in Figure 2b. Since
the LCE fiber in the illuminated zone, contraction along its length occurs. As a result,
the weight gradually rises above the liquid surface, leading to a corresponding decrease
in buoyancy, thereby increasing the tension of the LCE fiber and the peeling force on
the strip. This initiates a gradual separation at the strip-substrate interface, marking the
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transition toward an adhesion-off state, as shown in Figure 2c. With further contraction of
the LCE fiber and an increase in the peeling force on the strip, sudden detachment from the
substrate may occur. However, peeling ceases at the baffle position (Figure 2d), marking
the adhesion-off state. In this state, the weight submerges deeper, abruptly increasing
buoyancy while the LCE fiber moves into the dark zone. Subsequent relaxation of the
LCE fiber in darkness further increases submersion depth and buoyancy. This elevated
buoyancy reduces both LCE fiber’s tension and peeling force, enabling strip reattachment to
the substrate due to adhesion—thus re-establishing the adhesion-on state. Accordingly, the
LCE fiber moves back to the illuminated zone. Thus, periodic oscillations of the LCE fiber
between illumination zones and darkness drive cyclical transitions of the strip between
adhesion-on and adhesion-off states, as shown in Figure 2c,d.

During the self-adhesive oscillation of the strip, its right end experiences peeling
force F equivalent to the tension of the LCE fiber. For simplicity, the gravity of the LCE
fiber is neglected, allowing F to be determined through force analysis on the weight as
depicted in Figure 2e. The weight is subjected to three forces: the tension F of LCE fiber,
the gravitational force G of weight, and the buoyant force F, from the liquid. Using a
quasi-static analysis method, the peeling force F is determined by the following equation:

F=G-—Fh, )

where gravitational force G = pgL (p is the mass per unit length of weight; g is gravitational
acceleration), and buoyant force F, = p1.ghy, (o1 denotes the buoyancy coefficient, and hy, is
the submerged length of the weight in liquid). Geometrical analysis yields the weight’s
submerged length /i, through the expression:

hy = L+ A — AL, 2

in which A represents the vertical peeling displacement of the strip, and ALy is the con-
traction length of the LCE fiber. It is worth noting that for LCE fiber subjected to both
light exposure and tensile loading from a weight, the elastic deformation caused by the
tensile force results in a smaller actual shrinkage compared to the deformation caused
by photothermal shrinkage alone. However, this discrepancy can be compensated by
increasing the actual photothermal shrinkage. Furthermore, if the elastic stiffness of the
LCE fiber is sufficiently high, the elastic deformation becomes negligible. For simplicity,
this work considers only the photothermal shrinkage of the LCE fiber. Thus, the contraction
length of the LCE fiber is calculated as

ALy = €(t)L0, 3)

where () denotes the photothermal contraction in the LCE fiber.
Combining Equations (2) and (3), Equation (1) can be rewritten as

F = pgL — pLgL — pLgA + prLgLoe(t). 4)

It is worth noting that the weight’s submerged length must satisfy the condition
0 < hy < L. When hp < 0, the peeling force F is equal to the gravitational force of the
weight, i.e.,, F = G. When ki, > L, the peeling force F is determined by the following
expression:

F = pgL — pL8L. ©)
Clearly, the peeling force must satisfy pgL — prgL < F < pgL.
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As observed from Equation (4), during the adhesion-on state between the strip and
substrate, continuous illumination elevates the photothermal contraction of LCE fiber,
gradually increasing peeling force F. When F reaches the critical detachment force Fy,, of
adhesion-on (F = Fy), the system suddenly transitions from adhesion-on to adhesion-
off. Conversely, in the adhesion-off state, when peeling force F decreases to the critical
attachment force F¢ of adhesion-off (F = Fug), the system suddenly reverts to adhesion-on.
Consequently, Fon and F,g govern the adhesive state transitions between the strip and
substrate, which will be calculated subsequently.

2.2. Critical Conditions of Adhesion-On and Adhesion-Off

Progressive interface separation occurs with increasing detachment force. Typically,
peeling of an elastic strip from a rigid substrate involves three stages: Initial peeling stage
where force increases with displacement until reaching maximum, Transitional peeling
stage where force decreases with further displacement [79-82], and Steady-state peeling
stage governed by Kendall’s model where force remains constant [80-83]. We define
the maximum detachment force at the initial-to-transition stage transition as the critical
detachment force F,,. Conversely during steady-state peeling, reduced detachment force
may initiate rapid strip reattachment; thus, we define this steady-state detachment force as
the critical attachment force Fg.

To compute the critical detachment force, schematics of the initial and transitional
peeling stages are presented in Figure 2g,h, respectively. The light-induced contraction
and recovery rates of LCE materials are closely related to their thickness. Specifically, the
photothermal relaxation process involves a gradual decrease in temperature, resulting in
a slow recovery of LCE deformation. Consequently, the strip undergoes a progressive
detachment from the initial adhesion-on state to the critical adhesion-on state. Once
the detachment force reaches the critical detachment force F,, in the adhesion-on state,
rapid detachment of the strip may occur. Similarly, the strip undergoes a progressive
reattachment from the initial adhesion-off state to the critical adhesion-off state. Once
the detachment force reaches the critical attachment force F.g in the adhesion-off state,
rapid reattachment of the strip may occur. Therefore, a quasi-static detachment force is
applied vertically at the right end of the strip in both the adhesion-on and adhesion-off
states. During peeling, the strip-substrate interface gradually separates ahead of the peeling
front, forming a cohesive zone described by a constant-stress Dugdale cohesive law [84,85]
(Figure 2f). Interfacial failure is determined by normal interface separation. According to
this cohesive law, interfacial traction I' and interfacial separation J relate as follows:

0,5=0
I'=<{ Ty 0<56<d , (6)
0, 6 > do

where Iy represents the interfacial strength and Jy denotes the critical interfacial separation,
at which the interface will completely fail. For constant-stress cohesive law, interface
toughness integrates as:

1
Gf:/onw:m%. @)
0

During the transitional peeling stage, the strip comprises three distinct regions [82,83]
(Figure 2h): (1) Left of the interface crack tip exhibiting perfect substrate adhesion;
(2) An adjacent cohesive zone of length I at the interface obeying constant-stress cohe-
sive law with uniformly distributed stress; and (3) A remaining interface failure region of
length Al devoid of traction. For the peeling strip, a rectangular coordinate system (x, v)
describes deformation, with origin O positioned at the interface crack tip and following
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crack propagation. With a small deformation assumption for the cohesive zone [86], the
governing equation of an infinitesimal beam-element is approximately represented as:

d’y _ M
dx?2  E*I’

0<x<I, (8)

variable y denotes strip’s cohesive zone deflection (i.e., interfacial separation), where M is
for the strip, and equivalent elastic modulus E* = E/ (1 — v?) with E and v being Young’s
modulus and Poisson’s ratio, respectively.
The bending moment M in Equation (8) can be expressed as
M:{P(zMz—x)—;rO(z—x)z, 0<x<I o)
Fl4+Al—x), I<x<I+A

For the strip adhered to a rigid substrate (as shown in Figure 2g/h), the strip-substrate
interface experiences point contact at the crack tip [82,87], resulting in the following bound-
ary conditions:
dy

M(x)|x:O =0, dx

=0and y|,_, =0. (10)

x=0

Therefore, the cohesive zone length can be obtained

Iol
F=saeny 1
and the cohesive zone deflection can be obtained as follows:
1424 3 1 4
_ _ <x<I
DAT BT T appev 0sxsl (12)

From Equation (11), it is evident that the cohesive zone length | depends on both F
and A. Consider the following conditions,

A, A=0
_l Y , 13
Y=t {50, A>0 (13)

yields to
1
7 A\ 4 _
(24E Ir—o) A=0

1
w7 (1+A)5 ) 4
(e 1) A >0

(14)

Subsequently, the detachment force F can be determined using Equation (11)
as follows:

1
(3E*2IF03 A) 4, 0

__BEUIL
<2(1+/\)3(1+3A)5O>  B>00(A>0)

A <5 (A=0)

wim A

F= (15)

From Equation (15), Figure 2g h, it can be observed that during the initial peeling
stage, where 0 < A < Jp and A = 0, the peeling displacement A increases monotonically as
the detachment force F rises. Once the detachment force F reaches its peak, the transitional
peeling stage begins, characterized by A > éy and A > 0, where the peeling displacement
continues to increase and the length Al of the interfacial failure zone increases [79-81].
Meanwhile, the bending moment Mg (Mg = FAI) at the cohesive-fracture interface K
increases with the length Al of the failure zone (as shown in Figure 2h), until the peeling
angle reaches 90° [80,81]. Eventually, the peeling behavior enters a steady state [81,82].
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During the steady-state peeling stage, the peeling displacement A increases, while both the
length Al and the elastic bending moment My remain constant [80]. Therefore, detachment
force maximization occurs at A = §y and A = 0, and critical detachment force F,, can be
derived from Equation (15) as:

1
3E*ITy35 \ *
Fop = (200> . (16)

By substituting Equation (7), Equation (16) can be rewritten as

1
3E*IG. % \ *
Fon = (2”)> . (17)

and the maximum value of the cohesive zone length can be obtained from Equation (14) as:

1
2 [3E*IG.T% \*
Imax = o | ——0 ) . (18)
To 2

In the adhesion-on state, as illumination continuously heats the LCE, detachment force
F gradually increases until reaching the critical detachment force Fy,. At this transition
point where F = Fop, the photothermal contraction defines the adhesion-on threshold eopn.
When g(t) > eon, the strip detaches abruptly from the substrate, causing the system to
switch from the adhesion-on to adhesion-off state while the LCE fiber translocates to the
dark zone. Notably, this occurs when the strip’s vertical peeling displacement satisfies
A = 4. Solving Equations (5) and (17) yields eqn as:

€on =

1
1 3E*IG. T2 \*
0 ) +prg(L+d) —pgL|. (19)
oLLo 2

It is worth mentioning that several typical constitutive relations of the cohesive zone
have been proposed [79]. Generally, deriving explicit solutions for the maximum detach-
ment force Fon and the maximum cohesive zone length /nax during the initial-to-transition
stage is difficult. However, analytical solutions for Fon and /max can been obtained for
the special cases of Dugdale’s constant-stress model and the type I triangular traction-
separation law. Considering that the curve shape of the traction-separation relation has a
relatively minor impact on interface characterization compared with strength and tough-
ness parameters [79,80], this study employs the Dugdale’s cohesive law. For other cohesive
zone models (e.g., triangular or exponential forms), the maximum detachment force Fyn
shows a slight decrease [81], but it does not physically change the transition from the
adhesion-on state to the adhesion-off state.

For this 90° detachment force in adhesion-off state, variables I, A and F will remain
constant [77,80]. According to the classical Kendall’s model [78,82], steady-state detach-
ment force equals interface toughness. Therefore, the critical attachment force F,, can be
rewritten as:

Foff = Ge. (20)

In the adhesion-off state, the detachment force F persistent reduces due to the LCE
cooling in darkness. At this transition point where F = Fg, the corresponding photother-
mal contraction defines the adhesion-off threshold e,s. When €(t) < e.g, the system
switches from the adhesion-off state to adhesion-on state, while the LCE fiber moves into
the illuminated zone and becomes re-exposed to light. Notably, the vertical peeling dis-
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placement A at this stage results from the combined action of detachment force and the
baffle constraint. For analytical simplicity, A is fixed at distance b between the baffle and
strip’s right end in the reference state (A = b). Solving Equations (5) and (17) determines
€4t as follows:

1
Eoff = T[GC +pLg(L +b) — pgL]. (21)
PLLo

2.3. Duration of the Self-Adhesion

The self-adhesion process of the strip is governed by changes in photothermal contrac-
tion. This section focuses on the dynamic model of photothermal contraction (t) in the
LCE fiber. To simplify, it is assumed that the photothermal contraction is linearly dependent
on the temperature difference T(t) in the LCE fiber, i.e.,

e(t) = CT(t), (22)

where C is the photothermal contraction coefficient of the photothermal-responsive LCE material.
Given the fiber’s negligible radius, the temperature across the LCE fiber can be consid-
ered uniform. Through photothermal conversion, the fiber transforms light illumination
into thermal energy at rate g (light intensity). Concurrent heat exchange with the en-
vironment exhibits heat flux linearly proportional to T(f). Under illumination, T(t) is

governed by:
dT(t) q—kT
A e )

where k denotes heat transfer coefficient and p. specific heat capacity. Crucially, Ty, = g/k
represents the maximum attainable temperature difference, while T = p./k characterizes
the photothermal fiber-environment heat exchange timescale. Larger T values prolong
attainment of T} ;. Thus, Equation (23) is rewritten as follows:

dT(t) _ TLim - T(t)

dt T (24)
The temperature difference T(t) can be obtained by solving Equation (24) as:
t
T(t) = TLim + (To — TLim) exp (-T), (25)

where T is the temperature difference at the initial moment of exposed to light.

In this work, the LCE fiber alternates between illumination zone and darkness zone.
In Case I, where the LCE fiber transitions from the darkness zone to the illumination zone
with a transient temperature difference Ty = Ty4,k, Equation (25) can be simplified to:

f
T(t) = Tim + (Tdark — TLim) exp (_r)’ (26)
where t; is the duration of exposed to light.
Considering that the instantaneous photothermal contraction for the activation
adhesion-on satisfies ¢ = ¢, the transient temperature difference Ty, can be derived
from Equation (21) and expressed as:

1
Tdark = m(cc"i‘PLg(L‘*‘b) —pgL). (27)
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The adhesion-off phase is activated when €(f) = eon. Following this, the transient
temperature difference Ty, for the abrupt transition from adhesion-on to adhesion-off
can be derived from Equation (19) and expressed as:

1
1 3E*IG.Iy? \* Ge
Tium = CoiLo (( > ) +poLg| L+ )~ psL |. (28)

Therefore, by combining Equations (27) and (28) and setting T(¢) = Tjjjum into Equa-

tion (26), the solution of f; is the total duration ¢, for adhesion-on state. Thus, ton can be
obtained as follows:

Tiim — ﬁ(Gc +pLg(L+Db) —pgL)
1
Trim — c,oiL(J ((SEZIGC) ' "‘PLg(L + %) _P8L>

In Case II, where the LCE fiber transitions from the illumination zone to darkness

ton = Tln (29)

zone. with a transient temperature difference Ty = Tijjum. Setting Trim = 0, Equation (26)
can be simplified to:

T(t) = Titum eXP(—tz) (30)

T

where t; is the duration of darkness. The adhesion-on phase is activated when &(t) = .
Therefore, by setting Equation (27) that T(t) = T4qak into Equation (30), the solution of #; is
the total duration f.¢ for adhesion-off state. Thus, t,¢ can be obtained as follows:

(W)i +pLg(L + %) — 8L

31
Ge+pLg(L+b) —pgL G

toff = Tln

It is worth mentioning that Equations (25) and (26), respectively, govern the tempera-
ture difference evolution of the LCE fiber in the adhesion-on and adhesion-off states. These
two distinct evolution behaviors are the underlying cause of the hysteresis effect in the
self-adhesion system. When exposed to external disturbances or influenced by the dynam-
ics of weight, this self-adhesion oscillator could display chaotic oscillations or experience
dynamic bifurcations.

2.4. Nondimensionalization

For analytical simplification, the following dimensionless quantities are defined:
E: t/T, Eon = ton/T, Eoff = toff/T, f = L/h, ZO = Lo/”l, E = b/h, TQ = FO/(pg),
Ge = Gc/(pgh), E = E*/(pg), pp = pL/p, C = CTiim, A = A/h, by = hp/h, T = T/ Tpim,
F = F/(ogh), Fon = Fon/(pgh) and Foi = F,i/(ogh). During the self-adhesion, the
dimensionless buoyant force F in Equation (5) is re-expressed as

F=TL-p.(L+A)+pLoe(t), (32)

and the dimensionless weight’s submerged length /i is

hy () = L+ A — Loe(t). (33)
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The dimensionless vertical peeling displacement A under the adhesion-on state in
Equation (15) satisfies:

—4
_ F
A=t (34)
ET
under the adhesion-off state is
A=Dh, (35)

Crucially, the dimensionless submerged length I, must satisfy 0 < hy, < L, while the
dimensionless detachment force F is constrained by (1 —p; )L < F < L.

From Equations (17) and (20), the dimensionless critical detachment force Fon and the
critical attachment force F can be given as

1
—_— = 2 1
Fon = <EG§“’ ) , (36)

Foff = CC' (37)

and

From Equations (19) and (21), the critical photothermal contraction of adhesion-on eon
and adhesion-off e, are expressed as:

- _ 1 _
1 | (EG.T, G\ -
oL (G L+2e) 1], 38
Eo LoﬁL [( S ) pL( +I_,O> ] ( )

Eoff = L01PL (CC +poL (f + E) - f) , respectively. (39)

and

From Equations (29) and (31), the dimensionless durations fon and f ¢ are expressed as:

(6 (141)-1)

ton =In , (40)
1 GI C T
CPLLO<< > +pL( Fo) L)
and
EGTy G
- (80> +oL(L+ % )
forf = In — , respectively. (41)
Ge+p(C+0)—T
The photothermal contraction in Equation (22) is rewritten as:
e(f) = CT(f), (42)

From Equation (24), the dimensionless photothermal temperature difference T () for
adhesion-on state evolves as follows:

a0 7). (43)

dt
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Notably, the maximum attainable temperature difference T i, is zero for the adhesion-
off state. Therefore, the evolution of T (£) for the adhesion-off state is given by:
aT(h) -
5 = T(f). (44)
Under the small deformation assumption for the cohesive zone, the dynamics of the
self-adhesion oscillator, which operates in both adhesion-on and adhesion-off states, are
described explicitly by Equations (32)—(44). For a specified temperature difference T; at a
given time f;, the current photothermal contraction e; of the LCE fiber can be calculated
using Equation (41), and the state of the strip is determined using Equations (38) and (39).
Subsequently, the temperature difference T; 1 at a particular time #;,1 can be determined
from Equations (43) and (44). Therefore, the dynamics of the self-adhesion oscillator can be
derived through iterative computations using the provided parameters: C,To, Ge, Lo, L, b,
Eand p; .

2.5. Verification by Numerical Solutions

In this section, the accurate peeling model solution is provided to validate the analyti-
cal solutions based on the small deformation assumption. The operation of the self-adhesion
oscillator results from multiphysics coupling, which includes the adhesion between the
strip and substrate, the photothermal contraction and recovery of LCE fiber, the buoyancy
of the weight in liquids, and the boundary effects of the baffle. Among these, the peeling
process of the strip under the influence of photothermal contraction in LCE fibers is crucial
to the study. Therefore, we have incorporated a numerical solution based on an accurate
peeling model to examine the effect of photothermal contraction on strip peeling and com-
pared it with the original analytical solution based on the small deformation assumption.
To describe the deformation of the strip, a curvilinear coordinate system (s, 8) is introduced,
with its origin O located at the interface crack tip and following the direction of crack prop-
agation, as illustrated in Figure 2h. The relationship between the rectangular coordinate
system (x,y) and the curvilinear coordinate system (s, 0) can be expressed as follows:

ds 1

dx  cosf’ (45)
dy _
i tan 6. (46)

wheres = s/h, x = x/h and iy = y/h. Considering only the contribution of the bending
moment M, the precise governing equation for the strip in relation to M can be expressed as

do  M(x)

ds = E*I° (47)

Defining M = M/ (pgh?) and inserting Equation (45), Equation (47) can be rewritten as

dé  12M(x)

= = . 48
ds Ecos® 48

From Equation (9), the dimensionless elastic bending moment in cohesive zone can be

expressed as

2

M) :f(f—f) —%fo(f—f) ,0<x < (49)
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The end-separation A at the strip terminus and the y-axis coordinate can be obtained
by solving the following equations:

(1+A)T

A= / tan 0d¥. (50)
0
X

y::(/}anGdE. (51)
0

Let A = 0, the cohesive zone deflection described in Equation (12), based on the small

deformation assumption, can be rewritten as
2F T
=% - 2707 <

—X, . 52
55 (52)

SR

y:

As shown in Equation (32), the detachment force F of the strip depends on both the
end-separation A and photothermal contraction . Meanwhile, A in Equation (50) is deter-
mined by the solutions of the differential Equations (45)—(47), which involve the unknown
parameters F and [. Deriving analytical solutions for such a system proves challenging.
By incorporating the boundary conditions from Equation (10), numerical methods are
employed to derive the results. With the given parameters G, =0.6,Ty) =08, Ly = 20,
L =5, E = 1950 and pr. = 0.9, both analytical and numerical solutions are visualized
in Figure 3. Importantly, the analytical solution for the cohesive zone’s deflection can be
obtained from Equation (52), and the end-separation A is derived by solving Equations (34)
and (36) simultaneously. As shown in Figure 3a, under the adhesion-on state, part of the
strip shows detachment deflection. As the photothermal contraction ¢ increases gradually,
the strip progressively detaches from the substrate, and the end-separation A enlarges,
as demonstrated in Figure 3b. A comparison between the analytical solutions (derived
under the small deformation hypothesis) and the numerical solutions of the precise peeling
model reveals a satisfactory level of consistency in the results. However, explicit analytical
solutions are more suitable for investigating the dynamics of self-adhesion oscillators. As a
result, all subsequent calculations are based on the analytical solutions.

(a) 15 (b) 25 . r
€=0.2 20F — Analytical
1.0F 15k o Numerical
y —ﬁnalyti.cal1 A o
— Numerica OF E
05F
0.5F E
0.0 L 0.0 " .
0 2 4 6 0.0 0.1 0.2 0.3
X &

Figure 3. The comparison between analytical solutions and numerical solutions. (a) Strip profile for
¢ = 0.2. (b) Variation of A with &. The comparison of the analytical and numerical solutions shows
good agreement.

3. Two Motion Modes and Mechanism of Self-Adhesion

This section explores two distinct motion modes of light-powered self-adhesion
oscillator—the static mode and the self-adhesion mode—and provides a mechanistic analy-
sis of the self-adhesion phenomenon.
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3.1. Two Motion Modes

Equations (32) to (44) govern transitions between adhesion-off and adhesion-on states
in the self-adhesion oscillator. To investigate self-adhesion behavior, we establish baseline
dimensionless parameters from experimental data [79,82,86,88-95]. Table 1 summarizes
typical material properties and geometric parameters, with corresponding dimensionless
quantities provided in Table 2. These parameter values are subsequently employed to ana-
lyze self-peeling dynamics under steady illumination. It is worth noting that the adhesion
parameters between the elastic strip and the adhesive substrate can vary significantly de-
pending on factors such as the molecular type of the selected strip material, the smoothness
of the substrate, or the potential use of additional adhesives. Experimental investigations
can flexibly adjust these parameters as needed. Additionally, the use of dimensionless
system parameters in the model enhances its scalability and broadens its applicability in
terms of both material properties and geometric parameters.

Table 1. Material properties and geometric parameters.

Parameter Definition Value Units
Ly LCE fiber’s initial length 0~50 mm
L Weight'’s length 0~50 mm
Distance of the baffle 0~5 mm
h Thickness of thin strip 0~5 mm
oL Buoyancy coefficient 0~0.1 kg/mm?
0 Weight’s mass per unit length 0~0.1 kg/mm?
E Young’s modulus of thin strip 0~50 Mpa
v Poisson’s ratio of thin strip 0.5
o Photothermal contraction coefficient 0~0.003
T Thermal relaxation time 0~0.1
Tiim Maximum actitiaf}gfeb;ietemperature 0~200
g Gravitational acceleration 10 m/s
Iy Interfacial strength 0~1 Mpa
Ge Interface toughness 0~10 mJ/ mm?
Table 2. Dimensionless parameters.
Parameter C Ge Ty Ly L b E oL
Value 0~0.5 0~2 0~5 0~100 0~50 0~10 0~10,000 0~1

Figure 4 illustrates the dynamic temporal evolution of the light-powered self-adhesion
in peeling strip under two distinct motion modes, with specific dimensionless photothermal
contraction coefficients C, interfacial strength T, and distance b of the baffle b. Characteristic
parameters include: G, = 0.6, Ly = 20, L = 5, E = 1950 and p; = 0.9. Yellow shading
indicates illumination zones. For certain values of C = 0.1, Ty = 0.8 and b = 4, the weight’s
submerged length h; consistently decreases in a smooth, monotonic manner toward stabi-
lization. Meanwhile, the strip’s vertical peeling displacement A reaches a stable equilibrium,
remaining in a persistent adhesion-on state, this represents the static mode (Figure 4a,b). In
contrast, for other values of C = 0.3, [y = 0.8 and b = 4, weight’s submerged length i first
gradually decreases, then suddenly increases, before slowly rising toward a balanced value.
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The strip’s vertical peeling displacement A initially shows a gradual increase, followed by a
sharp jump, and finally stabilizes, indicating that the strip eventually rests in the adhesion-off
state. This motion mode also falls under the category of a static mode (Figure 4c,d). For further
combinations of C = 0.3, Ty = 0.8 and b = 2, weight’s submerged length /; undergoes phase-
locked alternations: a controlled gradual decline — a sharp, abrupt surge — a modulated
decline — and a final, sharp drop. The strip’s vertical peeling displacement A experiences a
pronounced cyclic progression: a subtle, gradual increase — a sudden, accelerated surge —
a sustained steady-state — followed by a rapid, sharp decline. These autonomous periodic
oscillations represent continuous, reversible transitions between adhesion-on and adhesion-off
states under constant steady illumination, defining the self-adhesion mode (Figure 4e f). It
is worth noting that Figure 3 presents the theoretical predictions based on Equations (32) to
(44). Certain factors in real-world scenarios, which are not considered in the theoretical model,
may have a quantitative, rather than qualitative, impact on the results.
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Figure 4. Temporal evolution of the self-adhesion oscillator under two distinct motion modes.
Temporal evolution of (a) i and (b) A for C = 0.1, Ty = 0.8 and b = 4. Temporal evolution of (c) i
and (d) A for C = 0.3, Ty = 0.8 and b = 4. Temporal evolution of (e) i, and (f) A for C = 0.3, Tg = 0.8
and b = 2. Under steady illumination, the self-adhesion oscillator displays two distinct dynamic
responses: a static mode and a self-adhesion mode. Yellow shading indicates illumination zones.

It is worth mentioning that energy conversion efficiency is a key indicator of self-
oscillating systems. In this work, the energy conversion efficiency can be simply estimated
by the ratio of the maximum gravitational potential energy V}, gained by the weight to the
light energy Epjon. To calculate the light energy within one cycle, the illuminated area is
taken as covering the LCE fiber, where the minimum illumination width can be roughly
equal to the cross-sectional thickness /g of the LCE fiber. Thus, the optical energy released by
the light source in one cycle is Epjon = ghoLo(ton + toff), and the increment of the weight’s
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gravitational potential energy is Vj, = pgL(L — hr). Consequently, the energy conversion
efficiency can be expressed as

PSL(L —hy)

=—2 -~ x100%, 53
7 thLO(ton + toff) 3)

Referring to the typical values of the self-adhesive system: 1 = 5 mm, Ly = 100 mm,
L =25mm, hy = 1 mm, p = 0.11kg/m, ¢ = 10 m/s?, T = 0.1 s and g = 10kW/m? and the
typical cases in Figure 4e f, the energy conversion efficiency is estimated to be approximately
1%. However, in real-world scenarios, due to the inability to precisely control the illuminated
area, the energy conversion efficiency is lower than the calculated result. Therefore, the
light-powered self-adhesion oscillator may not be suitable for scenarios requiring high energy
transfer efficiency.

3.2. Mechanism of Self-Adhesion

Previous analysis identified two distinct motion modes for the light-powered self-
adhesion of peeling strip: static mode and self-adhesion mode. This section examines the
self-adhesion mechanism through typical parameter calculations. Figure 5a displays the
temporal evolution of the fiber’s photothermal contraction ¢(f), which exhibits periodic vari-
ation under conditions corresponding to Figure 4e f. Yellow shading indicates illumination
zones. When ¢ (f) < €on, the LCE remains illuminated while the strip maintains adhesion-on
state with the substrate; ¢(f) evolves continuously from point@to@as detachment force F (f)
(Figure 5b) and vertical peeling displacement A (Figure 5¢c) synchronously complete()— @)
evolution. When ¢(f) reaches ¢n, adhesion-on-to-off transition occurs: A abruptly surges
@—@while F(f) drops sharply®—@®), displacing the LCE fiber from illumination. Subse-
quently, ¢(f) decreases from@—®with corresponding changes in F(f) and A (Figure 5b,c).
At e(f) = e, the strip re-adhesion initiates: A plunges steeply®—@®while the LCE fiber
re-enters illumination. The clockwise limit cycle (trajectory@®—@—@—®—@®) confirms
periodic self-adhesion under steady illumination (Figure 5d). Figure 6 shows snapshots of
the peeling strip during one cycle of self-adhesion. The results indicate that the peeling strip
undergoes an abrupt transition between the adhesion-on and adhesion-off states, with the
LCE fiber switching between the illuminated and dark zones. The self-adhesion oscillator
exhibits periodic self-adhesion behavior.

(a) 03 r . (b) 6
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Figure 5. Mechanism of the light-powered self-adhesion in peeling strip. Temporal evolution of (a)
T(t), (b) Aand (c) F(f). (d) Limit cycle between A and F (). These factors collectively demonstrate

160



Mathematics 2025, 13, 3390

the self-adhesion dynamics driven by periodic exposure to constant light, coupled with abrupt transi-
tions between the adhesion-on and adhesion-off states. Yellow shading indicates illumination zones.
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Figure 6. Snapshots of the light-powered self-adhesion oscillator during one cycle of self-adhesion.
This cyclic process sustains a four-stage oscillation: gradual peeling, abrupt adhesion-off, gradual
adhering, and abrupt adhesion-on.

4. Regulating the Transition Between Adhesion-On and Adhesion-Off States

To better understand the system’s dynamic behavior, it is essential to examine how
system parameters affect the transition between adhesion-on and adhesion-off states.

4.1. Transition from Adhesion-On to Adhesion-Off

In the adhesion-on state, the LCE fiber is continuously heated and contracted, resulting
in an increasing detachment force. From Equation (38), it is evident that the critical
photothermal contraction threshold eop is influenced by six parameters: To, G, E, 0L, Lo
and L. If the photothermal contraction exceeds the critical threshold, the transition from
adhesion-on to adhesion-off can be triggered.

Figure 7 systematically explores parametric variations in I'y, G, E, p;, Lo and L on
the photothermal contraction threshold o, required to trigger adhesion-on to adhesion-off
transitions. Figure 7a demonstrates the influence of interfacial strength Ty under fixed
parameters G, = 0.6, Lp = 20,L = 5,b =2, E = 1950 and p; = 0.9. Results indicate that for
interfacial strength Ty < 0.73, the transition from the adhesion-on state to the adhesion-off
state cannot be triggered, as the separation between the strip and the substrate has not
reached the critical separation distance. As Ty increases, €on grows monotonically because
enhanced adhesion necessitates greater photothermal contraction to: (i) reduce submerged
length of the weight and (ii) increase detachment force F to the critical detachment force
Fon, thereby enabling state transition from adhesion-on to adhesion-off. At To > 1.83,
this mechanism fails—after full emergence of the weight from the liquid, detachment
force plateaus and further Iy increases prevent transitions, locking the system in static
mode. Notably, the variation in interface toughness G, with respect to critical contraction
threshold €, follows the same trend as that of interfacial strength Ty, as shown in Figure 7b.
This similarity arises because both parameters are characteristic of the adhesive strength
between the strip and the substrate.
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Figure 7. Effect of parameters on the photothermal contraction threshold eon. (a) Ty versus eon,
(b) Gc versus eon, (c) E versus eon, (d) py versus €on, (€) Lo versus eon, (f) L versus eon. Analysis
reveals e, increases monotonically with Ty, G, E and p; , while decreasing monotonically with L
and L. Arrow indicates transition from adhesion-on to adhesion-off.

Figure 7c demonstrates the effect of bending stiffness E on the photothermal con-
traction threshold e, under fixed parameters Ty = 0.8, G. = 0.6, Lo =20, L = 5,b = 2
and p; = 0.9. Result indicates that for bending stiffness E < 690, the transition from the
adhesion-on state to the adhesion-off state cannot be triggered, as the separation between
the strip and the substrate has not reached the critical separation distance. When E > 690,
it exhibits that €., monotonically increases with increasing E, as heightened deforma-
tion resistance necessitates greater detachment force to induce strip bending sufficient
to achieve the critical interfacial separation required for adhesion failure and transition
from adhesion-on to adhesion-off state. When E > 7333, the weight fully emerges from
the liquid with maximum detachment force F=1, yet detachment remains unattainable,
preventing adhesion state transitions and resulting in permanent static-mode operation.

Figure 7d illustrates the effect of the buoyancy coefficient p; on the photothermal
contraction threshold ¢, under fixed parameters Iy = 0.8, G, = 0.6, Ly = 20, L = 5,
b =2 and E = 1950. From the figure, it can be observed that when p; < 0.324, g5, = 0.
This phenomenon can be explained as follows: for smaller buoyancy coefficients, the
minimum detachment force when the weight is fully immersed in the liquid exceeds the
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critical detachment force Fopn. As a result, regardless of whether the LCE fiber contracts, the
transition from the adhesion-on to the adhesion-off state can be triggered. Subsequently,
€on increases monotonically with the increase in p;. This is because, as the buoyancy
coefficient p; increases, the buoyant force acting on the weight in the liquid also increases,
necessitating a greater contraction of the LCE fiber to lift the weight from the liquid, thereby
enhancing the detachment force.

Figure 7e illustrates the effect of the initial length Ly of the LCE fiber on the pho-
tothermal contraction threshold &on, with fixed parameters Ty = 0.8, G, =06,L =5,
b =2,E =1950 and pr. = 0.9. From the figure, it can be observed that as L increases, €on
decreases monotonically. This is because, in the given strip-substrate system, the critical
detachment force Fon remains constant. As a result, the total contraction ALy required
to trigger the transition from the adhesion-on to the adhesion-off state is fixed. Thereby,
increasing L reduces the demand for the LCE contraction rate, as only the product of the
two values needs to meet the total contraction threshold for the transition from adhesion-on
to adhesion-off.

Figure 7f demonstrates how weight length L influences the photothermal contraction
threshold eon, with fixed parameters Ty = 0.8, G, = 0.6, Ly = 20, b = 2, E = 1950 and
p. = 0.9. For L < 3.24, the system operates in static mode. This is because a small L
means that the weight exerts a smaller gravitational force. When the detachment force
equals the gravitational force of the weight, it is still less than the critical detachment
force Fon, preventing the transition from the adhesion-on to the adhesion-off state from
being triggered. When L > 3.24, ¢, decreases monotonically with increasing L. This
inverse relationship arises because constant Fop, in the strip-substrate system entails that
greater gravitational force proportionally amplifies detachment force F, thereby dimin-
ishing the requisite contraction magnitude to achieve critical interfacial separation and
activate state switching.

4.2. Transitions from Adhesion-Off to Adhesion-On

In the adhesion-on state, the LCE fiber undergoes continuous cooling and recovery
contraction, leading to an increase in the detachment force. According to Equation (39), the
critical photothermal contraction threshold ¢ is influenced by six parameters: To, Ge, b,
o1, Lo and L. If the photothermal contraction falls below this critical threshold, the system
will transition from the adhesion-off to the adhesion-on state.

Figure 8 provides a systematic analysis of how variations in the parameters I'y, G,
E, p., Lo and L affect the photothermal contraction threshold ¢, required to initiate the
transition from adhesion-off to adhesion-on. Figure 8a illustrates the effect of interfacial
strength Ty under fixed parameters G, = 0.6, Ly = 20, L = 5,b = 2, E = 1950 and p; = 0.9.
The results show that the system remains in a static mode for Iy < 0.12. This is because a
small Ty implies a weak adhesive force between the strip and the substrate. Even when the
LCE fiber fully recovers its contraction, the minimum detachment force still exceeds the
critical attachment force F g, preventing the system from transitioning from the adhesion-
off state to the adhesion-on state. As Iy increases, the photothermal contraction threshold
€. also rises. This is because stronger interfacial strength results in a more robust adhesive
force between the strip and the substrate, which in turn increases the F, enabling the LCE
strip to transition from adhesion-off to adhesion-on under higher photothermal contraction
conditions. It is worth noting that the change in interface toughness G, with respect to the
critical contraction threshold e, follows a similar trend to that of interfacial strength Ty,
as depicted in Figure 8b. This similarity is due to both parameters being indicative of the
adhesive strength between the strip and the substrate.

163



Mathematics 2025, 13, 3390

Figure 8c shows the impact of baffle distance b on the photothermal contraction
threshold e,¢ under fixed parameters: Ty = 0.8, G, = 0.6, Ly = 20, L = 5, E = 1950 and
pr. = 0.9. The results reveal that the threshold e, increases monotonically with the baffle
distance b. This trend occurs because an increase in baffle distance b corresponds to a longer
detachment length of the strip, allowing a greater portion of the weight to immerse in the
liquid. As a result, the LCE fiber can achieve the required reduction in contraction recovery,
which reduces the detachment force to the critical attachment force. This, in turn, increases
the photothermal contraction threshold e, enabling the transition from the adhesion-off
state back to the adhesion-on state.
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Figure 8. Effect of parameters on the photothermal contraction threshold . (a) [y versus eq,
(b) G. versus e, (¢) b versus e, (d) p versus e, (€) Lo versus o, (f) L versus e,g. Analysis
reveals ¢, increases monotonically with To, Ge, b and 01, while decreasing monotonically with Ly
and L. Arrow indicates transition from adhesion-off to adhesion-on.

Figure 8d demonstrates the influence of the buoyancy coefficient p; on the photother-
mal contraction threshold ¢,¢ under the following fixed parameters: Ty = 0.8, G, = 0.6,
Ly =20,L=5b=2E=1950 and p; = 0.9. The results reveal that when p; < 0.88,
the system maintains a static state. For lower buoyancy coefficients, complete recovery of
photothermal contraction causes the minimum detachment force F, however the minimum
detachment force still exceeds the critical attachment force Fg, preventing transition to the
adhesion-on state. When p; > 0.88, as p; increases, ¢.¢ shows a corresponding increase.
This behavior occurs because at higher buoyancy coefficients p; , the LCE fiber experiences
a more significant reduction in detachment force when recovering the same contraction
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magnitude. Consequently, the system can maintain larger photothermal contractions while
allowing the detachment force to decrease below the critical attachment force F ;.

Figure 8e demonstrates the relationship between the initial length L of the LCE fiber
and the photothermal contraction threshold e, under constant parameters: Ty = 0.8,
Ge=0.6,L=5,b=2,E=1950and p; = 0.9. The results exhibit a monotonic decrease in
€off With increasing Lo, which arises from the system’s fixed critical attachment force F
and constant total contraction requirement AL, for state transition in the strip-substrate
configuration. Consequently, longer initial fiber lengths require proportionally smaller
photothermal contractions to reduce the detachment force to the critical threshold F,
as the absolute contraction ALy needed to achieve the adhesion state transition remains
unchanged in this system. This inverse proportionality between Ly and ¢ directly results
from the constant critical force condition and fixed displacement requirement governing
the interfacial adhesion behavior.

Figure 8f demonstrates the influence of weight length L on the photothermal contrac-
tion threshold e,¢ under fixed parameters: Ty = 0.8, G, = 0.6, Ly = 20, b = 2, E = 1950 and
pr. = 0.9. The results reveal that ¢, decreases monotonically as weight length L increases,
due to the greater gravitational force exerted by the larger weight, which generates stronger
detachment forces on the strip. As a result, the LCE fiber needs to recover more contraction
to submerge the weight into the liquid and reduce the detachment force. When L exceeds
6, the system enters a static mode. This happens because, for sufficiently heavy weights,
the detachment force remains above the critical attachment force F ¢ even after complete
photothermal contraction recovery, thus preventing the transition from the adhesion-off to
adhesion-on state.

5. Regulation of the Self-Adhesion Period

Next, the self-adhesion period is studied. One cycle of self-adhesion consists of four
stages: gradual peeling, abrupt adhesion-off, gradual adhering, and abrupt adhesion-on.
Given the negligible duration of the abrupt transition between detachment and attachment
relative to the overall cycle period, the self-peeling period f, = fon + fof is defined as the to-
tal duration of the adhesion-on and adhesion-off states. By explicitly solving Equations (40)
and (41), the self-peeling period can be determined. It is worth noting that, in practical
scenarios, the inertia of the strip may reduce the durations of both the adhesion-on and
adhesion-off states. Furthermore, the abrupt durations of adhesion-off and adhesion-on
are not exactly zero, which may result in a quantitative difference between the self-peeling
period in real-world situations and the calculated results in this study. For simplicity, this
work only considers the impact of the durations of the adhesion-on and adhesion-off states.

It is evident that the self-peeling period depends on dimensionless parameters such as
To, Ge, E, p, C, Ly, L and b. Notably, Ty, G. and E represent the adhesion characteristics
between the strip and the substrate, while p; captures the buoyancy properties of the liquid.
Therefore, Ty, G, E and p; are classified as material properties. In contrast, C, Ly, L and
b reflect the geometric properties of the system, specifically its length characteristics, and
are categorized as geometric parameters. It is worth noting that although C represents
the deformability of the LCE material, it always acts in conjunction with Ly, primarily
influencing the change in the length of the LCE fiber. Thus, C is classified under geometric
parameters. The following discussion explores how the self-peeling period varies with the
material properties and geometric parameters. It is worth mentioning that Equations (40)
and (41) demonstrate that the self-adhesion period is determined by the coupling of system
parameters. To focus on qualitatively analyzing the variation in the self-adhesion period,
this work examines the effect of individual parameter changes on it.
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5.1. Regulation of the Self-Adhesion Period by Material Properties

Figure 9 systematically examines parametric dependence of self-adhesion period £,
on material characteristics: I'y, G, E and p; . Figure 9a presents the relationship between
the self-adhesion period fp and interfacial strength T under fixed parameters: G, = 0.6,
E =1950,p; =0.9,C =03, Ly =20, L =5and b = 2. The system exhibits two distinct
behavioral regimes based on Iy values. For Ty < 0.73 or Iy > 1.83, the system remains
in static mode. For too small interfacial strength, the LCE fiber requires minimal or no
contraction to transition from the adhesion-on to adhesion-off state, after which insufficient
interfacial adhesion prevents recovery to the adhesion-on state. Conversely, for too large
interfacial strength, even with the maximum photothermal contraction of the LCE fiber,
the detachment force remains below the critical detachment threshold, thus maintaining
a permanent adhesion-on state. When 0.73 < Ty < 1.83, the system demonstrates self-
adhesion behavior with a monotonically increasing period as Ty increases. This trend
results from enhanced interfacial adhesion requiring greater photothermal contraction
to generate sufficient detachment force for state transition, thereby prolonging both the
transition duration and overall self-adhesion cycle period. Notably, the effect of interface
toughness G, on self-adhesion period follows similar trends to Ty, as both parameters
reflect interfacial adhesion strength, as shown in Figure 9b, where 10.73 < Ty < 1.83, the
system demonstrates self-adhesion behavior with a monotonically increasing period as T
increases for 0.5 < G, < 0.68.
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Figure 9. Parametric dependence of self-adhesion period f, on material characteristics: (a) interfacial
strength T, (b) interface toughness G, (c) bending stiffness E, and (d) buoyancy coefficient o
Analysis reveals fp monotonically elevates with increasing To, 09, and E, while exhibiting inverse
proportionality to py .

Figure 9c illustrates the variation in self-adhesion period t, under different bending
stiffness E with fixed parameters: I'y = 1.2, Gc = 0.6, o, = 0.9,C = 0.3, Ly = 20, L = 5and
b = 2. The system exhibits two distinct regimes: a static mode when E < 650 or E > 7333,
and a self-adhesion mode within the range 650 < E < 7333. In the self-adhesion mode,
the self-adhesion period f,, increases monotonically as E increases. This behavior can be
explained through the interfacial adhesion mechanics: The critical detachment force Fon
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increases with E, requiring greater critical contraction ¢on for the adhesion-on to adhesion-
off transition. Consequently, the LCE fiber needs more time to reduce the contraction strain
from ¢,y to the critical value e for the reverse transition. These combined effects result in
the observed prolongation of the self-adhesion period with increasing E.

Figure 9d demonstrates the dependence of the self-adhesion period t,, on the buoyancy
coefficient p; under fixed parameters: I'y = 1.2, Gc = 0.6, E = 1950,C = 0.3, Lo = 20,L =5
and b = 2. The system exhibits three distinct behavioral regimes based on p; values. For
pp. < 0.88, the system remains in static mode. For too small p; , the detachment force in the
adhesion-off state remains above the critical attachment force Fop, inhibiting the transition
back to adhesion-on state. When p; > 0.88, the system exhibits self-adhesion behavior
with a monotonically decreasing period as p; increases. This trend arises because larger p;
values amplify buoyancy variations during the weight’s immersion depth changes, thereby
reducing both the heating and cooling durations required for the LCE fiber to complete
one self-adhesion cycle.

5.2. Regulation of the Self-Adhesion Period by Geometric Parameters

Figure 10 provides a systematic analysis of how the self-adhesion period f, depends on
geometric characteristics: photothermal contraction coefficient C, LCE fiber’s initial length
Lo, weight's length L and baffle distance b. Figure 10a presents the relationship between the
self-adhesion period f, and photothermal contraction coefficient C under fixed parameters:
Ip=12,G.=06,E=1950,p;, =09, Ly =20,L =>5andb = 2. The system exhibits
two distinct behavioral regimes based on the photothermal contraction coefficient values
C. For C < 0.185, the system remains in static mode. This occurs because, for too small C,
even with the maximum photothermal contraction of the LCE fiber, the detachment force
remains below the critical detachment threshold, maintaining a permanent adhesion-on
state. When C > 0.185, the system exhibits self-adhesion behavior with a period ?p that
monotonically decreases as the contraction coefficient C increases. This trend is due to
larger photothermal contraction, meaning the LCE fiber can reach the critical contraction
threshold €., more quickly, reducing the time spent in the illuminated region. The recovery
time in the dark zone, governed by the transition from the critical contraction threshold €4n
to £, is independent of the contraction coefficient. Therefore, the self-adhesion period f,
decreases monotonically with an increase in the contraction coefficient C. It is noteworthy
that the initial length Ly of the LCE fiber influences the fiber’s contraction and recovery
in a manner similar to the photothermal contraction coefficient. As a result, the effect of
Ly on fp follows the same trend as C, as shown in Figure 10b, where the critical initial
length that triggers the phase transition between the static mode and the self-adhesion
mode is approximately.
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Figure 10. Parametric dependence of self-adhesion period t, on geometric parameters: (a) photother-
mal contraction coefficient C, (b) LCE fiber’s initial length Lo, (c) weight’s length L, and (d) baffle
distance b. Analysis demonstrates a monotonic decrease in fp with increasing C, Ly, and b, while it
decreases first and then increases as L increases.

Figure 10c illustrates the variation in the self-adhesion period f, with respect to the
weight length L, while keeping the parameters Iy = 1.2, G = 0.6, p;, = 0.9, C = 0.3,
Ly = 20, E = 1950 and b = 2 fixed. The system exhibits two distinct regimes: a static
mode when L < 3.1 or L > 6, and a self-adhesion mode within the range 3.1 <L < 6. In
the self-adhesion mode, the self-adhesion period , decreases first and then increases as
L increases. This is because, as L increases, LCE fiber requires less time fon to complete
the desired contraction under illumination but more time f to restore contraction in the
dark state. Since the self-adhesion period is the sum of durations ton and fg;, this results in
non-monotonic changes with increasing L.

Figure 10d shows how the self-adhesion period f, varies with the baffle distance
b under fixed parameters: Ty = 1.2, G. = 0.6, E = 1950, p; = 0.9, C = 0.3, Ly = 20
and L = 5. The system exhibits two distinct regimes depending on the baffle distance b
values. The results indicate that in scenarios with b > 3.53, the system remains in static
mode. This is because, for excessively large b values, when the system transitions from the
adhesion-on state to the adhesion-off state, the detachment force reaches the attachment
threshold and immediately switches back to the adhesion-on state. As a result, the LCE
is unable to cool down and absorb light energy again, which prevents the system from
maintaining periodic motion. When b < 3.53, the system shows self-adhesion behavior,
with the period #, decreasing monotonically as the baffle distance b increases. This behavior
occurs because larger baffle distances cause a further reduction in the detachment force
during the transition from adhesion-on to adhesion-off, which in turn leads to shorter
cooling times for the LCE fibers. Consequently, the system can switch more rapidly back to
the adhesion-on state, thereby reducing the self-adhesion period.

6. Conclusions

In nature, the tendrils of climbing plants can detach temporarily under external forces
and reattach when the force diminishes. Inspired by this dynamic adhesion-detachment
mechanism, we introduce a novel light-powered self-adhesion oscillator, comprising an
elastic strip—substrate system and a weight suspended by a photo-responsive LCE fiber. By
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