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Abstract: In this paper, a new parametric class of optimal fourth-order iterative methods to estimate
the solutions of nonlinear equations is presented. After the convergence analysis, a study of the
stability of this class is made using the tools of complex discrete dynamics, allowing those elements
of the class with lower dependence on initial estimations to be selected in order to find a very
stable subfamily. Numerical tests indicate that the stable members perform better on quadratic
polynomials than the unstable ones when applied to other non-polynomial functions. Moreover, the
performance of the best elements of the family are compared with known methods, showing robust
and stable behaviour.

Keywords: nonlinear equations; iterative methods; convergence order; stability; parameter plane

MSC: 65H05; 47F99

1. Introduction and Preliminary Concepts

It is widely known that fixed-point iterative methods play a fundamental role in
scientific disciplines such as Celestial Mechanics (see for example [1,2]), Electrical Power
Systems [3], Chemistry [4], Hydraulic Engineering [5], and Civil Engineering [6]. These
algorithms provide approximate solutions when exact solutions are challenging to obtain
or when problems are ill-conditioned, while offering computational efficiency in terms of
both time and computational resources.

In the field of numerical analysis, a current trend involves designing families of
numerical methods that generalize existing approaches. Notable examples include King’s
family [7] as well as the one developed by Hueso et al. in [8]. A number of these methods
incorporate weight functions into their design process; see for example [9,10].

The efficiency index of an iterative method was defined by Ostrowski in [11] as EI =
p1/d, where p is the order of convergence and d is the number of functional evaluations per
iteration. This concept is directly related to Kung and Traub’s conjecture [12], which states
the order of convergence of any iterative scheme cannot be greater than 2d−1 (called the
optimal order).

Several authors have generalized optimal iterative schemes according to the Kung–Traub
conjecture. However, because there is no difference between the number of function evalua-
tions and the order of the members within a class of iterative procedures, it is necessary to
conduct a stability study on some simple nonlinear functions, such as quadratic polynomi-
als. It has been observed that iterative schemes stable for such functions tend to perform
better when applied to more complicated functions than methods exhibiting pathologies.
To this end, the tools of complex discrete dynamics are employed to analyze stability in
quadratic polynomials (see for example the work of Amat et al. in [13,14], Argyros et al.

Axioms 2024, 13, 34. https://doi.org/10.3390/axioms13010034 https://www.mdpi.com/journal/axioms1



Axioms 2024, 13, 34

in [15], Behl et al. in [16], Chicharro et al. in [17], Rafiq et al. in [18], Kansal et al. in [19],
Khirallah et al. in [20], and Moccari et al. in [21], among others).

A detailed description of the following concepts in complex dynamics appears in [22,23].
Let R be be a rational function on the Riemann sphere Ĉ = C∪ {∞}, R : Ĉ → Ĉ; then, we
denote by R(z) the operator R(z) = P(z)

Q(z) , with P(z) and Q(z) being complex polynomials.
Usually, R is obtained by applying an iterative scheme on a quadratic polynomial p(z) =
(z− a)(z− b).

Given z0 ∈ Ĉ, the orbit of z0 under R is the sequence of points {z0, z1 = R(z0), z2 =
R2(z0), . . . , zn = Rn(z0), . . .}. Point z0 is called the seed of the orbit. There are many
different kind of orbits in a typical dynamical system. Undoubtedly, the most important
kind of orbit is a fixed point, that is, a point z0 that satisfies R(z0) = z0. Another important
element is the periodic orbit or cycle. A point z0 is n-periodic if Rn(z0) = z0 for some
n > 0, with Rp(z0) �= z0 for any p < n. The smallest value of n for which the orbit becomes
periodic is known as the period of the orbit.

Let us suppose that z0 is a fixed point of R; then, z0 is an attracting fixed point if
|R′(z0)| < 1. The point z0 is a repelling fixed point if |R′(z0)| > 1. Finally, if |R′(z0)| = 1,
then the fixed point is called neutral or indifferent.

Theorem 1 ([23]). Attracting Fixed Point Theorem. Suppose that z0 is an attracting fixed point
for R. Then, there exists a domain D contained within the Riemann sphere such that z0 ∈ D and
in which the following conditions are satisfied: if z ∈ D, then Rn(z) ∈ D for all n; moreover,
Rn(z)→ z0, as n→ ∞.

Theorem 2 ([23]). Repelling Fixed Point Theorem. Suppose that z0 is a repelling fixed point for R.
Then, there exists a domain D contained within the Riemann sphere such that z0 ∈ D and in which
the following condition is satisfied: if z ∈ D and z �= z0, then there is an integer n > 0 such that
Rn(z) /∈ D.

Now, let us suppose that z0 is an attracting fixed point for R. The basin of attraction of
z0 is the set of all points with orbits tending to z0. The immediate basin of attraction of z0 is
the largest convex component containing z0 that lies in the basin of attraction. The critical
points of the operator R are those zC that meet R′

(
zC) = 0. A critical point is called free if

it does not match the roots of the polynomial. These two concepts are closely related to the
next result.

Theorem 3 ([24,25]). If R is a rational function, then the immediate basin of attraction of a periodic
(or fixed) attracting point contains at least one critical point.

Fatou and Julia studied the iteration of rational maps R : Ĉ→ Ĉ under the assumption
that deg(R) ≥ 2. They focused on a disjoint invariant decomposition of Ĉ into two sets.
One of these sets is often called the Julia set. The other is referred as the Fatou set [22]. The
Fatou set is the union of all basins of attraction, and the Julia set is its boundary.

Per Theorem 3, all of the attracting behaviours of a rational function can be found by
iterating the free critical points and classifying them by their asymptotical performance in
the Fatou set. This is accomplished by means of the parameter plane in the case where the
rational function R depends on a complex parameter γ. This is the graphical representation
that provides information about the choice of one or another value of a parameter γ within
a family of iterative methods. This graphical representation directly relates each point
in the complex plane to the corresponding parameter value that specifies each member
of the family. Given a free critical point of R used as the initial estimate, the parameter
plane indicates which attracting periodic orbit or fixed point the orbit of the critical point
converges to.
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When all of the free critical points are known, we can calculate the parameter planes
to determine which values of γ relate the final state of all free critical points to any of the
roots of p(z). According to Theorem 3, this ensures the stability (on quadratic polynomials)
of the associated elements of the class, as the only basins of attraction correspond with
these roots.

Given a free critical point cr(γ) as a seed of the rational function R, we define Dcr as
the set of values of γ where the free critical point is in the basin of attraction of any of the
roots of p(z).

The characteristic function of the set Dcr is defined as

FDcr (γ) =

{
1 if γ ∈ Dcr,
0 if γ /∈ Dcr.

Therefore, we can consider the parameter plane by representing the characteristic function
of Dcr, where a red color is assigned when FDcr (γ) = 1 and black when FDcr (γ) = 0.

Our interest is to determine the values of γ for which the final state of the orbits of all
free critical points is one of the polynomial roots. Because we construct a parameter plane
for each free critical point, we proceed to construct the intersection of the parameter planes,
which is called the unified parameter plane [26]. In this plane, we graph F⋂n

i=1 Dcri
(γ),

where n is the number of free critical points of the rational operator. Each red-colored point
corresponds to values of γ for which all members of the family of iterative schemes are
stable on quadratic polynomials.

One way to validate the information obtained through parameter planes is to use
dynamical planes, which graphically represent the basins of attraction of a set of initial
values for a specific member of the family, that is, for a value of γ. In other words, given a
parameter value for which the associated method is stable, its dynamical plane is composed
only of the basins of the polynomial roots. This indicates that it will always be able to
converge to one of the roots, regardless of the initial estimate of the method. On the other
hand, if the parameter value is in the instability region on the parameter plane, other basins
corresponding to attracting periodic or strange fixed points appear in addition to the basins
of the roots. Through the dynamical planes, we can determine the attracting fixed point to
which the orbit of any initial estimate z0 converges for a specific value of γ.

The basin of attraction for the root z = a is represented in orange color, while the
basin for z = b is represented in blue. Additionally, different colors such as green, red, etc.
are assigned depending on the number of attracting strange fixed points associated with
γ, and black is used to represent basins of periodic orbits. The decrease in brightness of
each color is an indicator of the size of the orbit of each point, meaning that brighter colors
represent points that require fewer iterations to reach the fixed or periodic point. The codes
used to present the parameter and dynamical planes are defined by Chicharro et al. in [27].

Let us remark that all of the obtained information depends on the quadratic polyno-
mial p(z) used to define the rational function R by applying the class of iterative methods
on it. A key tool to extend these results to any quadratic polynomial is the conjugation. Let
f and g be two functions from the Riemann sphere to itself. An analytic conjugation
between f and g is a diffeomorphism h of the Riemann sphere onto itself such that
h ◦ f = g ◦ h, where h is called the conjugation. In [28], Blanchard introduced the conjuga-
tion map φ(z) = z−a

z−b , which is a Möbius transformation satisfying the following properties:
φ(∞) = 1, φ(a) = 0, and φ(b) = ∞, with a and b being the roots of the arbitrary quadratic
polynomial p(z) = (z− a)(z− b).

The next result was proven by [22,29] for Newton’s method. In Section 3, the Scaling
Theorem is proven for the rational function related to the proposed class of iterative methods.

Theorem 4. Scaling Theorem. Let f (z) be an analytic function and let A(z) = ηz + β, with
η �= 0 as an affine application. If h(z) = λ( f ◦ A)(z) with λ �= 0, then R f is analytically
conjugate with Rh through A, i.e.,

(
A ◦ Rh ◦ A−1)(z) = R f (z).

3
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If a family of iterative methods satisfies the Scaling Theorem, then the Möbius trans-
formation can be applied. As demonstrated by Blanchard in [22], the asymptotic behavior
of the system is qualitatively equivalent under conjugation. This allows us to perform
dynamical analysis on an associated operator that does not depend on the roots a and
b. Instead, the dynamical study is conducted based on their corresponding values in the
new operator, which are φ(a) = 0 and φ(b) = ∞. Additionally, the strange fixed point
z = 1 is the divergence of the original scheme. This makes the analysis of its stability
particularly important.

In the following Section 2 a one-parametric class of iterative procedures with fourth-
order of convergence is designed using the weight function technique. In Section 3, the
rational function resulting from the fixed point operator applied on a quadratic polynomial
p(z) is analyzed. More specifically, we study the dynamics of the fixed points of this rational
operator R, allowing us to determine its stability. In Section 4, the numerical behavior
of some of the most stable members on other non-polynomial functions is analyzed and
compared with other known methods from the literature. Finally, in Section 5, conclusions
highlighting the most significant findings of the research are presented.

2. Construction of a New Parametric Family of Iterative Methods

If f (x) = 0 is a nonlinear equation, then an iterative method, under certain conditions,
generates a sequence of real numbers that converges to a solution x̄. However, the guarantee
of convergence to a solution, the convergence rate, and the solution to which an iterative
scheme converges all have a direct dependence on the initial estimate. The creation of a
new class of iterative methods makes sense as long as there are members of the family that
are competitive compared to existing schemes with good behavior. In our study, we present
a new family of iterative methods using the weight function procedure, characterized by

yk = xk − β
f (xk)

f ′(xk)
,

xk+1 = xk − H(μ)
f (xk)

f ′(xk)
, k = 0, 1, . . . ,

(1)

where β is an arbitrary parameter and H is a real function depending on μ(x) = f ′(x)
f ′(y) .

Now, we prove the convergence of this class, stating the conditions on H(μ(x)), to achieve
fourth-order convergence.

Theorem 5. Let x̄ ∈ I be a simple zero of a sufficiently differentiable function f : I ⊂ R −→ R

and μ(x) = f ′(x)
f ′(y) . Let us assume an initial estimation x0 that is close enough to a zero x̄ of f .

If a weight function H(μ(xk)), μ(xk) = f ′(xk)
f ′(yk)

is chosen that satisfies H(1) = 1 in addition to

H′(1) = 3
4 , H′′(1) = 3

4 , and |H′′′(1)| < +∞, then class (1) has an order of convergence of four if
and only if β = 2

3 , with the following error equation:

ek+1 =
1
81

(
(117− 32H′′′(1))c3

2 − 81c3c2 + 9c4

)
e4

k + O
(

e5
k

)
,

where cj =
1
j!

f (j)(x̄)
f ′(x̄) for j = 2, 3, . . . and ek = xk − x̄.

Proof. By applying Taylor expansion of f (xk) on x̄,

f (xk) = f ′(x̄)
[
ek + c2e2

k + c3e3
k + c4e4

k + O
(

e5
k

)]
(2)

and

4
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f ′(xk) = f ′(x̄)
[
1 + 2c2ek + 3c3e2

k + 4c4e3
k + O

(
e4

k

)]
. (3)

Dividing directly (2) by (3), we obtain

f (xk)

f ′(xk)
= ek − c2e2

k + 2
(

c2
2 − c3

)
e3

k +
(
−4c3

2 + 7c2c3 − 3c4

)
e4

k + O
(

e5
k

)
.

If, in the first step of (1), we subtract x̄ on both sides, then we have its error expression

yk − x̄ = ek − β
f (xk)

f ′(xk)

= (1− β)ek + βc2e2
k + 2β

(
c3 − c2

2

)
e3

k + β
(

4c3
2 − 7c2cc + 3c4

)
e4

k + O
(

e5
k

)
.

Then,

f ′(yk) = 1− 2(β− 1)c2ek + B1e2
k + B2e3

k + O
(

e4
k

)
, (4)

with

B1 = 3(β− 1)2c3 + 2βc2
2,

B2 = −4(β− 1)3c4 − 4βc3
2 + 2(5− 3β)βc2c3.

Dividing (3) by (4),

μ(xk) =
f ′(xk)

f ′(yk)
= 1 + 2βc2ek + D1e2

k + D2e3
k + O

(
e4

k

)
,

where

D1 =
(
(4β− 6)c2

2 − 3(β− 2)c1c3

)
β,

D2 =
(

2
(

β2 − 3β + 2
)

c3
2 +
(
−3β2 + 9β− 7

)
c2c3 +

(
β2 − 3β + 3

)
c4

)
4β.

We expand H(μ(xk)) around one because the variable μ approaches unity as k tends
to infinity:

H(μ(xk)) = H(1) + H′(1)νk +
H′′(1)

2!
ν2

k +
H′′′(1)

3!
ν3

k + O
(

ν4
k

)
= H(1) + 2βH′(1)c2ek + F1e2

k +
2β

3
(F2 + F3)e3

k + O
(

e4
k

)
,

where

νk = μ(xk)− 1,

F1 =
(

2
(
(2β− 3)H′(1) + βH′′(1)

)
c2

2 − 3(β− 2)H′(1)
)

βc3,

F2 = 6
(

β2 − 3β + 3
)

c4H′(1)− 3
(

2
(

3β2 − 9β + 7
)

H′(1) + 3(β− 2)βH′′(1)
)

c2c3,

F3 = 2
(

6
(

β2 − 3β + 2
)

H′(1) + β
(
(6β− 9)H′′(1) + βH′′′(1)

))
c3

2.

Subtracting x̄ on both sides of the second step of (1),

ek+1 = (xk − x̄)− H
(

f ′(xk)

f ′(yk)

)
f (xk)

f ′(xk)

= (1− H(1))ek +
(

H(1)− 2βH′(1)
)
c2e2

k + (2H(1) + 3(β− 2)βH′(1))c3

− 2
(

H(1) + β(2(β− 2)H′(1) + βH′′(1))c2
2

)
e3

k + O
(

e4
k

)
.

(5)

5
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Forcing the coefficients of ek, e2
k , and e3

k to be zero, we obtain H(1) = 1, along with
H′(1) = 3

4 , H′′(1) = 3
4 , and β = 2

3 . By replacing them in (5), we have

ek+1 =
1
81

(
(117− 32H′′′(1))c3

2 − 81c2c3 + 9c4

)
e4

k + O
(

e5
k

)
,

and the optimal order of convergence of four is proven.

Parametric Family

The proposed parametric family generalizes some existing classes of iterative meth-
ods. Let us recall the one-parameter families of fourth-order optimal iterative methods
developed by Hueso et al. in [8]:

yk = xk −
2
3

f (xk)

f (xk)
, k = 0, 1, . . . ,

xk+1 = xk −
[

5− 8α

8
+ α

(
f ′(xk)

f ′(yk)

)
+

α

3

(
f ′(xk)

f ′(yk)

)−1

+
9− 8α

24

(
f ′(xk)

f ′(yk)

)2
]

f (xk)

f ′(xk)

(6)

and the parametric family defined by Cordero et al. in [10]:

yk = xk −
2
3

f (xk)

f ′(xk)
, k = 0, 1, . . . ,

xk+1 = xk −
[

1− 3
4

(
f ′(yk)

f ′(xk)
− 1
)
+

9
8

(
f ′(yk)

f ′(xk)
− 1
)2

+
α

6

(
f ′(yk)

f ′(xk)
− 1
)3
]

f (xk)

f ′(xk)
.

(7)

Both families have the structure of the iterative function defined in Equation (1) for
β = 2

3 , and their weight functions satisfy Theorem 5. It is evident that the weight functions
of these families share similar structures, suggesting the possibility of constructing a
generalized family that encompasses both.

The following result shows that, under certain conditions, the parametric weight
function

K(μ(x)) = a0μk0(x) + a1μk1(x) + a2μk2(x) + a3μk3(x), (8)

where ai ∈ R and ki ∈ N for i = 0, 1, 2, 3, satisfies the conditions of Theorem 5.

Theorem 6. The parametric weight function K(μ(x)) = a0μk0(x) + a1μk1(x) + a2μk2(x) +
a3μk3(x) satisfies the conditions imposed on the weight function H of Theorem 5 if and only if

ki �= kj, with i �= j,

a0 =
(k1 − k2)(−3k2 + k1(4k2 − 3) + 6)− γφ0

4φ3
,

a1 =
(3(k2 − 2) + k0(3− 4k2))(k0 − k2) + γφ1

4φ3
,

a2 =
(k0 − k1)(−3k1 + k0(4k1 − 3) + 6)− γφ2

4φ3
,

a3 = γ,

where

φn = ∏
i<j

i,j �=n

(ki − kj), with i, j and n ∈ {0, 1, 2, 3}.

6
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Proof. Considering that

K(μ(x)) = a0μk0(x) + a1μk1(x) + a2μk2(x) + a3μk3(x),

K′(μ(x)) = a0k0μk0−1(x) + a1k1μk1−1(x) + a2k2μk2−1(x) + a3k3μk3−1(x),

K′′(μ(x)) = a0(k0 − 1)k0μk0−2(x) + a1(k1 − 1)k1μk1−2(x) + a2(k2 − 1)k2μk2−2(x)

+a3(k3 − 1)k3μk3−2(x),

we have

K(1) = a0 + a1 + a2 + a3,

K′(1) = a0k0 + a1k1 + a2k2 + a3k3,

K′′(1) = a0(k0 − 1)k0 + a1(k1 − 1)k1 + a2(k2 − 1)k2 + a3(k3 − 1)k3.

If we equate these expressions to the conditions imposed in Theorem 5, then we have the
following system:

a0 + a1 + a2 + a3 = 1,

a0k0 + a1k1 + a2k2 + a3k3 = 3
4 ,

a0(k0 − 1)k0 + a1(k1 − 1)k1 + a2(k2 − 1)k2 + a3(k3 − 1)k3 = 3
4 ,

for which the solution set for a3 = γ and ki �= kj if i �= j is

a0 = − 4γk2
3−4γk1k3−4γk2k3+4γk1k2+3k1−4k1k2+3k2−6

4(k0−k1)(k0−k2)
= − 3(k2−2)+k1(3−4k2)

4(k0−k1)(k0−k2)
+ γ(k1−k3)(k3−k2)

(k0−k1)(k0−k2)
,

a1 = − 4γk2
3−4γk0k3−4γk2k3+4γk0k2+3k0−4k0k2+3k2−6

4(k1−k0)(k1−k2)
= 3(k2−2)+k0(3−4k2)

4(k0−k1)(k1−k2)
+ γ(k0−k3)(k2−k3)

(k0−k1)(k1−k2)
,

a2 = −−4γk2
3+4γk0k3+4γk1k3−4γk0k1−3k0+4k0k1−3k1+6

4(k1−k2)(k2−k0)
= 3(k1−2)+k0(3−4k1)

4(k0−k2)(k2−k1)
+ γ(k0−k3)(k1−k3)

(k1−k2)(k2−k0)
,

a3 = γ.

By defining

φn = ∏
i<j

i,j �=n

(ki − kj) with i, j and n ∈ {0, . . . , 3},

then multiplying and dividing by φ3, we have

a0 = (k1−k2)(−3k2+k1(4k2−3)+6)−γ(k1−k2)(k1−k3)(k2−k3)
4φ3

= (k1−k2)(−3k2+k1(4k2−3)+6)−γφ0
4φ3

,

a1 = (3(k2−2)+k0(3−4k2))(k0−k2)+γ(k0−k2)(k0−k3)(k2−k3)
4φ3

= (3(k2−2)+k0(3−4k2))(k0−k2)+γφ1
4φ3

,

a2 = (k0−k1)(−3k1+k0(4k1−3)+6)−γ(k0−k1)(k0−k3)(k1−k3)
4φ3

= (k0−k1)(−3k1+k0(4k1−3)+6)−γφ2
4φ3

,

a3 = γ,

and the proof is finished.

In Theorem 6, it can be observed that the parametric weight function K(μ(x)) depends
on the parameters k0, k1, k2, k3, and a3; thus, we denote it as K(k0,k1,k2,k3,a3)

(μ(x)). It is easy
to see that the families of iterative methods from the iterative expressions (6) and (7) are

7
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subfamilies of the family formed by the iterative scheme (1) when H(μ) = K(−1,0,1,2, 9−8α
24 )(μ)

and H(μ) = K(−3,−2,−1,0, 1
6 α)(μ), respectively.

3. Complex Stability Analysis

In Section 2, we have set the conditions for the following iterative scheme to be a
fourth-order optimal class of iterative methods:

yk = xk −
2
3

f (xk)

f ′(xk)
, k = 0, 1, . . . , (9)

xk+1 = xk −
[

a0μ(xk)
k0 + a1μ(xk)

k1 + a2μ(xk)
k2 + a3μ(xk)

k3
] f (xk)

f ′(xk)
,

where μ(xk) =
f ′(xk)

f ′(yk)
.

If we assign integer values to k0, k1, k2, and k3, all distinct from each other, and
define ai for i ∈ {0, 1, 2, 3} as in Theorem 6, then the following result demonstrates that
the resulting one-parametric subfamily satisfies the Scaling Theorem. As a result, the
Möbius transformation can be used as an analytical conjugation to analyze the stability of
its members on quadratic polynomials by means of its associated rational operator.

Theorem 7. Let f (z) be an analytic function, let R be the rational operator associated with
the iterative scheme (9), and let A(z) = η1z + η2 with η1 �= 0, an affine transformation. Let
h(z) = λ( f ◦ A)(z); then, R f and Rh are analytically conjugated by A(z).

Proof. Let us consider Nf (z) = z− 2
3

f (z)
f ′(z) ; taking into account that

A(x− y) = η1(x− y) + η2 = (η1x + η2)− (η − 1y + η2) + η2 = A(x)− A(y) + η2

and h(z) = λ( f ◦ A)(z) = λ f (A(z)), then h′(z) = A′(z)λ f ′(A(z)) = η1λ( f ′ ◦ A)(z), and
it can be deduced that

A ◦ Nh ◦ A−1 = A

(
A−1(z)− 2

3
h
(

A−1(z)
)

h′(A−1(z))

)

= A
(

A−1(z)− 2
3

f (z)
η1 f ′(z)

)
= z− 2

3
f (z)
f ′(z)

= Nf (z).

Thus, Nf and Nh are analytically conjugated by A(z). Then,

Rh = z−
[

3

∑
i=0

ai

(
h′(z)

h′(Nh)

)ki
]

h(z)
h′(z)

.

Because

h(z) = λ( f ◦ A)(z) = λ f (A(z)),

h′(z) = η1λ( f ′ ◦ A)(z)

and

h′(Nh) = η1λ( f ′ ◦ A ◦ Nh)(z),

8
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we have

Rh = z−
[

3

∑
i=0

ai

(
f ′ ◦ A

f ′ ◦ A ◦ Nh

)ki
]

1
η1

f ◦ A
f ′ ◦ A

.

Using the fact that A ◦ Nh ◦ A−1 = Nf ,

Rh ◦ A−1 = A−1(z)−

⎡⎣ 3

∑
i=0

ai

(
f ′(z)

f ′ ◦ Nf

)ki
⎤⎦ 1

η1

f (z)
f ′(z)

,

we obtain

A ◦ Rh ◦ A−1 = A

⎡⎣A−1(z)−

⎡⎣ 3

∑
i=0

ai

(
f ′(z)

f ′ ◦ Nf

)ki
⎤⎦ 1

η1

f (z)
f ′(z)

⎤⎦.

Because A(x− y) = A(x)− A(y) + η2, we have

A ◦ Rh ◦ A−1 = z−

⎡⎣ 3

∑
i=0

ai

(
f ′(z)

f ′ ◦ Nf

)ki
⎤⎦ f (z)

f ′(z)
= R f ,

meaning that R f and Rh are analytically conjugated by A(z).

3.1. Asymptotical Study of Fixed Points

As a consequence of Theorem 7 we know, under the conditions established for the
parameters ki and ai for i ∈ {0, 1, 2, 3} in class (9), that the dynamical behavior of the
associated rational operator remains invariant under the Möbius transformation through
conjugation over quadratic polynomials.

Applying the family of iterative methods (9) on p(z) = (z− a)(z− b), where a, b ∈ Ĉ,
we obtain the associated rational operator RK = φ ◦ Rp ◦ φ−1 after conjugation with the

Möbius map φ(z) =
z− a
z− b

.

Now, for the dynamical analysis, distinct integer values are assigned to k0, k1, k2, and
k3 and the dynamics of the rational operator RK of the parametric family associated with
these values is studied. We use the following criteria to select the class:

1. As our aim is to construct a parameter plane for each independent free critical point,
the polynomial with roots that are critical points depending on γ should have a
degree no higher than 4. This is because it becomes extremely laborious to construct
parameter planes when the critical points that depend on γ are the roots of a high-
degree polynomial.

2. It is necessary to find a radius disk where |R′K(1, k0, k1, k2, k3, γ)| > 1 as much
as is possible. By making z = 1 in R′K(z, k0, k1, k2, k3, γ), it is easy to see that
R′K(1, k0, k1, k2, k3, γ) = A(k0,k1,k2,k3)

B(k0,k1,k2,k3)+C(k0,k1,k2,k3)γ
, where A(k0, k1, k2, k3) = 8(k0 −

k1)(k0 − k2)(k1 − k2),

B(k0, k1, k2, k3) =− k0
2k122−k23k2 + k0

222−k13k1 k2 − k0
22−k1 3k1+1 + 8k0

2k1

+ k0
22−k23k2+1 − 8k0

2k2 + k0k1
222−k2 3k2 − 22−k03k0 k1

2k2 − 8k0k1
2

+ 2−k03k0+1k1
2 − k022−k1 3k1 k2

2 + 22−k03k0 k1k2
2

+ k021−k13k1+121−k0 3k0+1k1 + 8k0k2
2 − 2−k0 3k0+1k2

2 − k021−k23k2+1

+ 21−k0 3k0+1k2 − k1
22−k2 3k2+1 + 8k1

2k2 + 2−k1 3k1+1k2
2 − 8k1k2

2

+ k121−k23k2+1 − 21−k13k1+1k2,

9
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and

C(k0, k1, k2, k3) =k0
2k122−k23k2 − k0

222−k13k1 k2 − k0
2k122−k33k3 + k0

222−k13k1 k3+

k0
2k222−k33k3 − k0

222−k23k2 k3 − k0k1
222−k23k2 + 22−k03k0 k1

2k2+

k0k1
222−k33k3 − 22−k03k0 k1

2k3 + k022−k13k1 k2
2 − 22−k0 3k0 k1k2

2−
k022−k13k1 k3

2 + 22−k03k0 k1k3
2 − k0k2

222−k3 3k3 + 22−k0 3k0 k2
2k3+

k022−k23k2 k3
2 − 22−k03k0 k2k3

2 − k1
2k222−k3 3k3 + k1

222−k2 3k2 k3+

k1k2
222−k33k3 − 22−k13k1 k2

2k3 − k122−k2 3k2 k3
2 + 22−k1 3k1 k2k3

2.

Then, | A(k0,k1,k2,k3)
C(k0,k1,k2,k3)

| > | B(k0,k1,k2,k3)
C(k0,k1,k2,k3)

+ γ| when |R′(1, k0, k1, k2, k3, γ)| > 1, and now

G(k0, k1, k2, k3) =
A(k0,k1,k2,k3)
C(k0,k1,k2,k3)

is defined such that we choose values of k0, k1, k2 and
k3 where |G(k0, k1, k2, k3)| can be made as large as desired.

3. The coefficients of the rational operator must be simple in the sense that they do not
exceed three digits.

Table 1 presents the degrees of those polynomials with zeros that are free critical points
of the rational operator associated with 330 one-parameter families constructed with values
of k0, k1, k2, and k3 taken from the set of all unique permutations of integers from −5 to 5.
Within this set, nine families can be identified that meet the criteria established in the first
point. Of these, eight families have an associated polynomial of degree 4, while one family
has a polynomial of degree 2.

Table 1. Degrees of the polynomials with zeros that are free critical points of RK .

Degree Number of Families

18 36
16 56
14 63
12 60
10 50
8 30
6 26
4 8
2 1

Table 2 presents the values of kj for j = 0, 1, 2, 3, radius |G(k0, k1, k2, k3)|, and rational
function of those classes of iterative schemes such that the polynomials generating the free
critical points have a degree lower than or equal to four. It can be observed that the families
by Hueso et al. (6) and Cordero et al. (7) meet our selection criteria. In the case of the first
family, the radius as a function of γ of the disk where divergence is repelling is 24, and the
polynomial that meets the first criterion is of degree 4. On the other hand, the second class
has a radius as a function of γ of 54, and possesses the only second-degree polynomial
that satisfies the first criterion among all possible formed families. In both families, the
coefficients of the rational operators do not exceed three digits.

The family associated with K(−4,−3,−2,−1,γ) has a divergence radius greater than that
of the two families mentioned earlier, and the polynomial degree is 4. However, the
coefficients of the rational operator are not simple. On the other hand, the family associated
with K(−2,−1,0,1,γ) has simple coefficients and a radius of 36, which is greater than the radius
of the family studied by Hueso et al. (6). Therefore, we focus our analysis on this family. It
is worth mentioning that it would be interesting to study the dynamical behavior of the
family associated with K(0,1,2,3,γ) or K(1,2,3,4,γ), as well as other families, without considering
the simple coefficient criterion.

10
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Table 2. Values of kj related to parametric families where the degree (D) of the polynomial with zeros
that are free critical points of the associated rational operator does not exceed 4 and their radius (r).

(k0, k1, k2, k3) r D RK(z, γ)

(1, 2, 3, 4) 32
3 4 − z4(−192γ+81z5+135z4+324z3+204z2−192γz+187z−3)

3(64γ+1)z5+(192γ−187)z4−204z3−324z2−135z−81

(0, 1, 2, 3) 16 4 − z4(−64γ+27z4+54z3+90z2+62z+39)
(64γ−39)z4−62z3−90z2−54z−27

(−4,−3,−2, 0) 18 4 − z4(−256γ+27z6+216z5+729z4+1296z3+(1813−256γ)z2−8(32γ−157)z+679)
(256γ−679)z6+8(32γ−157)z5+(256γ−1813)z4−1296z3−729z2−216z−27

(−1, 0, 1, 2) 24 4 − z4(−64γ+27z4+90z3+138z2+114z+63)
(64γ−63)z4−114z3−138z2−90z−27

(−4,−3,−1, 0) 162
5 4 − z4(−384γ+81z6+648z5+2187z4+3888z3+(4839−384γ)z2−8(64γ−421)z+1437)

3(128γ−479)z6+8(64γ−421)z5+(384γ−4839)z4−3888z3−2187z2−648z−81

(−2,−1, 0, 1) 36 4 − z4(−64γ+27z4+126z3+234z2+198z+135)
(64γ−135)z4−198z3−234z2−126z−27

(−4,−2,−1, 0) 486
11 4 − z4(−768γ+243z6+1944z5+6561z4+11664z3+(13629−768γ)z2+(9512−1280γ)z+3423)

(768γ−3423)z6+8(160γ−1189)z5+3(256γ−4543)z4−11664z3−6561z2−1944z−243

(−3,−2,−1, 0) 54 2 − z4(−64γ+27z4+162z3+378z2+378z+319)
(64γ−319)z4−378z3−378z2−162z−27

(−4,−3,−2,−1) 81 4 − z4(−192γ+81z6+648z5+2187z4+3888z3+(5439−192γ)z2−8(16γ−471)z+2037)
3(64γ−679)z6+8(16γ−471)z5+3(64γ−1813)z4−3888z3−2187z2−648z−81

From Table 2, we denote the rational operator of the family associated with K(−2,−1,0,1,γ)
by

R(z, γ) =
z4(27z4 + 126z3 + 234z2 + 198z + 135− 64γ

)
(135− 64γ)z4 + 198z3 + 234z2 + 126z + 27

.

Now, let us analyze some properties of the rational operator R.

Theorem 8. The fixed points of the rational function R(z, γ) are z = 0, z = ∞, and the following
strange fixed points:

• ex1(γ) = 1, which corresponds to divergence from the original method

• ex2(γ) = z1,1 = 1
2

(
1
9 S(γ)−

√(
− 1

9 S(γ) + 17
9S(γ) +

17
9

)2
− 4− 17

9S(γ) −
17
9

)

• ex3(γ) = z1,2 = 1
2

(
1
9 S(γ) +

√(
− 1

9 S(γ) + 17
9S(γ) +

17
9

)2
− 4− 17

9S(γ) −
17
9

)

• ex4(γ) = z2,1 = 1
2

(
− 1

9 wS(γ)−
√
−4 +

(
1
9 wS(γ)− 17w̄

9S(γ) +
17
9

)2
+ 17w̄

9S(γ) −
17
9

)

• ex5(γ) = z2,2 = 1
2

(
− 1

9 wS(γ) +

√
−4 +

(
− 1

9 wS(γ)− 17w̄
9S(γ) +

17
9

)2
+ 17w̄

9S(γ) −
17
9

)

• ex6(γ) = z3,1 = 1
2

(
− 1

9 w̄S(γ)−
√
−4 +

(
1
9 w̄S(γ)− 17w

9S(γ) +
17
9

)2
+ 17w

9S(γ) −
17
9

)

• ex7(γ) = z3,2 = 1
2

(
− 1

9 w̄S(γ) +

√
−4 +

(
1
9 w̄S(γ)− 17w

9S(γ) +
17
9

)2
+ 17w

9S(γ) −
17
9

)

where S(γ) = 3
√

3
√

3
√

27648γ2 − 60544γ + 33327− 864γ + 946 and w = 1
2

(
1− i
√

3
)

.

Proof. From the definition of a fixed point, we have R(z, γ) = z. Then,

z4(27z4 + 126z3 + 234z2 + 198z + 135− 64γ
)

(135− 64γ)z4 + 198z3 + 234z2 + 126z + 27
= z.

Thus,

z
[
27
(

z7 − 1
)
+ 126z

(
z5 − 1

)
+ 234z2

(
z3 − 1

)
+ (63 + 64γ)z3(z− 1)

]
= 0

11
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and

z(z− 1)
(

27z6 + 153z5 + 387z4 + z3(450 + 64γ) + 387z2 + 153z + 27
)
= 0.

Let J(z, γ) denote the last factor of this equation. If we substitute u = z + 1
z , then u2 − 2 =

z2 + 1
z2 and u3 − 3u = z3 + 1

z3 . Thus, J(z, γ) = z3[27u3 + 153u2 + 306u + (144 + 64γ)
]
.

Therefore, the factor 27u3 + 153u2 + 306u + (144 + 64γ) must be zero. Consequently,
we have

u1(γ) =
1
9

S(γ)− 17
9S(γ)

− 17
9

,

u2(γ) = −
1

18

(
1− i
√

3
)

S(γ) +
17
(

1 + i
√

3
)

18S(γ)
− 17

9
,

u3(γ) = −
1

18

(
1 + i
√

3
)

S(γ) +
17
(

1− i
√

3
)

18S(γ)
− 17

9
,

where

S(γ) = 3

√
3
√

3
√

27648γ2 − 60544γ + 33327− 864γ + 946.

Therefore, exj+k(γ) =
ui(γ)+(−1)j+k

√
ui(γ)2−4

2 , for i = 1, 2, 3, j = 1, 3, 5 and
k = 1, 2. Note that the strange fixed points exi+1(γ) = zi,2 = 1

zi,1
= 1

exi(γ)
, as

z2 − ui(γ)z + 1 = 0 is a symmetric polynomial:

• ex2(γ) = z1,1 = 1
2

(
1
9 S(γ)−

√(
− 1

9 S(γ) + 17
9S(γ) +

17
9

)2
− 4− 17

9S(γ) −
17
9

)

• ex3(γ) = z1,2 = 1
2

(
1
9 S(γ) +

√(
− 1

9 S(γ) + 17
9S(γ) +

17
9

)2
− 4− 17

9S(γ) −
17
9

)

• ex4(γ) = z2,1 = 1
2

(
− 1

9 wS(γ)−
√
−4 +

(
1
9 wS(γ)− 17w̄

9S(γ) +
17
9

)2
+ 17w̄

9S(γ) −
17
9

)

• ex5(γ) = z2,2 = 1
2

(
− 1

9 wS(γ) +

√
−4 +

(
− 1

9 wS(γ)− 17w̄
9S(γ) +

17
9

)2
+ 17w̄

9S(γ) −
17
9

)

• ex6(γ) = z3,1 = 1
2

(
− 1

9 w̄S(γ)−
√
−4 +

(
1
9 w̄S(γ)− 17w

9S(γ) +
17
9

)2
+ 17w

9S(γ) −
17
9

)

• ex7(γ) = z3,2 = 1
2

(
− 1

9 w̄S(γ) +

√
−4 +

(
1
9 w̄S(γ)− 17w

9S(γ) +
17
9

)2
+ 17w

9S(γ) −
17
9

)
where w = 1

2

(
1− i
√

3
)

.

In a similar way, it can be easily checked that z = 0 is a fixed point of 1
R( 1

z ,γ)
; thus,

z = ∞ is a fixed point of R.

It is clear that the long-term behavior of fixed points is influenced by γ. This de-
pendence can result in an attracting character of some strange fixed points, leading the
corresponding numerical method to attract elements that are not solutions to the problem
under investigation.

In order to perform a stability analysis of the fixed points, we can evaluate their
derivative operator:

R′(z, γ) = − 36z3(z + 1)4N(z, γ)

(64γz4 − 135z4 − 198z3 − 234z2 − 126z− 27)2 ,

12
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where N(z, γ) = (192γ − 405)z4 − (96γ + 540)z3 + (64γ − 990)z2 − (96γ + 540)z +
(192γ− 405).

Fixed points z = 0 and z = ∞ have a superattracting character, as |R′(z, γ)| = 0 for
those values. However, the stability of z = 1 provides important numerical information, as
it indicates divergence in the original procedure. Hence, we determine the stability of these
fixed points in the forthcoming results.

Theorem 9. For γ �= 45
4 , the fixed point ex1(γ) = 1 has the following characteristics:

(i) It can not be superattracting;

(ii) When
∣∣∣ 45

4 − γ
∣∣∣ < 36, it is repelling;

(iii) If
∣∣∣ 45

4 − γ
∣∣∣ = 36, ex1(γ) = 1 is neutral;

(iv) When
∣∣∣ 45

4 − γ
∣∣∣ > 36, then ex1(γ) = 1 is attracting.

Proof. (i) The derivative R′h(1, γ) = 144
45−4γ is always different from zero; thus, ex1(γ) = 1

cannot be superattracting. Moreover, it is not defined for γ = 45
4 ; thus, z = 1 is not a

fixed point for this value of γ.
(ii) According to the definition, ex1(γ) = 1 is a repelling fixed point if

∣∣R′h(1, γ))
∣∣ =∣∣∣ 144

45−4γ

∣∣∣ > 1. Therefore,
∣∣∣ 144

45−4γ

∣∣∣ > 1 is equivalent to
∣∣∣ 45

4 − γ
∣∣∣ < 144

4 = 36.

Let us consider an arbitrary complex number γ = c + id. Then,
∣∣∣ 45

4 − γ
∣∣∣ < 36

is equivalent to (c − 45
4 )2 + d2 < 362, indicating that the divergence represents a

repelling fixed point for values of γ �= 45
4 inside the disk D1 centered at C

(
45
4 , 0
)

with
a radius of 36. It is neutral at the circumference and attracting outside the disk; see
Figure 1 for a visual representation.

Figure 1. Stability region of ex1(γ) = 1 in the complex plane.

The proofs for items (iii) and (iv) follow a similar approach to that for item (ii).

We aim for the only attracting fixed points to be z = 0 and z = ∞. Therefore, the
stability function |R′(z, γ)| at the other fixed points should always be greater than one.
Indeed, to prevent divergence, a stable method must be defined with a γ value from within
the disk D1.

13
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Figure 2 displays the stability function of ex2(γ) and ex3(γ), indicating that there are
only attracting fixed points inside the orange cardioid contained within the rectangular
region defined by

B(γ) =
{

γ ∈ C : γ = c + id,
22
5

< c <
99
8

, − 83
20

< d <
83
20

}
.

(a) ex2(γ) and ex3(γ) in D1 (b) ex2(γ) and ex3(γ) in B(γ)

Figure 2. Stability regions of ex2(γ) and ex3(γ), in the complex plane.

Figure 3 displays the stability surfaces of the strange fixed points exi(γ) for i = 4, 5, 6, 7,
illustrating that they are always repelling for γ values inside the disk D1.

(a) ex4(γ) and ex5(γ) (b) ex6(γ) and ex7(γ)

Figure 3. Stability surfaces of exi(γ) for i = 4, 5, 6, 7, in the complex plane.

On the other hand, we know that z = 0 and z = ∞ are critical points for all values of
γ. The following result identifies the critical points of the rational operator, which allows
us to determine the values of γ for which the zeros of p(z) are the only attracting elements.

Theorem 10. The rational operator R has the following free critical points:

(i) cr1 = −1,

(ii) cr2(γ) = z1,1 = 1
2

(
v1(γ)−

√
v2

1(γ)− 4
)

,

(iii) cr3(γ) = z1,2 = 1
2

(
v1(γ) +

√
v2

1(γ)− 4
)

,

14
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(iv) cr4(γ) = z2,1 = 1
2

(
v2(γ)−

√
v2

2(γ)− 4
)

,

(v) cr5(γ) = z2,2 = 1
2

(
v2(γ) +

√
v2

2(γ)− 4
)

,

where v1(γ) =
2
(
−8
√

3
√

83γ2−90γ+24γ+135
)

3(64γ−135) and v2(γ) =
2
(

8
√

3
√

83γ2−90γ+24γ+135
)

3(64γ−135) .

Proof. It is straightforward that

R′(z, γ) = − 36z3(z + 1)4M(z, γ)

(64γz4 − 135z4 − 198z3 − 234z2 − 126z− 27)2 ,

where M(z, γ) = (192γ − 405)z4 − (96γ + 540)z3 + (64γ − 990)z2 − (96γ + 540)z +
(192γ− 405). Hence, the free critical points are cr1 = −1 and the solutions of the equation
M(z, γ) = 0. Thus, it can be expressed as

z2
[
(192γ− 405)z2 − (96γ + 540)z + (64γ− 990)− (96γ + 540)

1
z
+ (192γ− 405)

1
z2

]
= 0,

and we have

z2
[
(192γ− 405)(z2 +

1
z2 )− (96γ + 540)(z +

1
z
) + (64γ− 990)

]
= 0.

By making v = z + 1
z , we have v2 − 2 = z2 + 1

z2 . Then,

z2
[
(192γ− 405)(v2 − 2)− (96γ + 540)v + (64γ− 990)

]
= 0

and
z2
[
(192γ− 405)v2 − (96γ + 540)v− (320γ + 180)

]
= 0.

Because z �= 0,
(192γ− 405)v2 − (96γ + 540)v− (320γ + 180) = 0

and we have

v1 =
2
(
−8
√

3
√

83γ2 − 90γ + 24γ + 135
)

3(64γ− 135)
,

v2 =
2
(

8
√

3
√

83γ2 − 90γ + 24γ + 135
)

3(64γ− 135)
.

Thus, the free critical points are crj+k(γ) =
vi(γ)+(−1)j+k

√
vi(γ)2−4

2 for i = 1, 2, j = 1, 3,
and k = 1, 2.

Note that cri+1(γ) =
1

cri(γ)
for i = 1, 2. Therefore, cri(γ) =

vi(γ)±
√

vi(γ)2−4
2 ,

cr2(γ) =
1
2

(
v1(γ)−

√
v2

1(γ)− 4
)

,

cr3(γ) =
1
2

(
v1(γ) +

√
v2

1 − 4(γ)
)

,

cr4(γ) =
1
2

(
v2(γ)−

√
v2

2 − 4(γ)
)

,

cr5(γ) =
1
2

(
v2(γ) +

√
v2

2 − 4(γ)
)

.
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3.2. Parameter Plane

By means of Theorem 3, the critical points are employed to locate the basins of
attraction of periodic or fixed attracting points. To achieve this, they are used as initial
guesses, then the parameter planes are used to locate those values of γ where the only
attracting elements are the roots of polynomial p(z).

The parameter plane is plotted for values of γ in the rectangular region defined by

{γ ∈ C : γ = c + id,−99
4

< c <
198

4
,−36 < d < 36},

as it contains
∣∣∣ 45

4 − γ
∣∣∣ = 36. To generate the plot, we use a grid of 2000× 2000 points, a

maximum of 200 iterations, and a tolerance of 10−3.
Given a free critical point as the initial estimate for our iterative scheme, we define

Dcri as the loci of the complex plane defined by the values of γ for which the free critical
point is in the basin of attraction of z = 0 or z = ∞. The parameter plane is represented by
the graph of the characteristic function of set Dcri , where the color red is assigned when
FDcri

(γ) = 1 and black is assigned when FDcri
(γ) = 0. We plot the parameter plane for

γ values in the interior of the disk D1 (defined in Theorem 9); this region guarantees the
divergence, as ex1(γ) = 1 is repelling.

Figure 4 displays the parameter planes corresponding to the critical points cri(γ),
where i = 2, 3, 4, 5. Let us remark that because conjugate critical points have the same
parameter plane, only two of them are independent.

(a) cr2(γ) and cr3(γ) (b) cr4(γ) and cr5(γ)

Figure 4. Parameter planes corresponding to critical points cri(γ), i = 2, 3, 4, 5.

On the other hand, Figure 5 represents the unified parameter plane corresponding
to the characteristic function F⋂5

i=2 Dcri
(γ), where each point colored in red corresponds

to values of γ for which all members of our family of iterative schemes are stable on
quadratic polynomials.
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Figure 5. Unified parameter plane.

3.3. Dynamical Planes of Some Stable and Unstable Members

In Figure 5, red represents the values of γ associated with stable members. To obtain
additional complementary information that allows us to verify the stability characterization
obtained through the parameter planes and the stability functions of the strange fixed
points, in Figure 6 we present the corresponding dynamical planes for some stable and
unstable values, as per the information obtained from the intersection of parameter planes.

To construct the dynamical planes in Figure 6, we define a grid in the complex plane
with 2000× 2000 points, where each one corresponds to a different value of the initial
estimate z0. Each dynamical plane shows the final state of the orbit of each point in the
grid, considering a maximum of 200 iterations and a tolerance of 10−3. In each dynamical
plane, we mark certain special points: repelling fixed points (RFP) are marked with circles
(◦), critical points (CP) with squares (�), and attracting fixed points (AFP) with asterisks
(∗).

Through the dynamical planes, we can determine the attracting elements that the orbit
of any initial estimate z0 converge to when using the rational operator R with a specific
value of γ. The basin of attraction of z = 0 is represented in orange, while the basin of
z = ∞ is represented in blue. Additionally, different colors such as green, red, etc., are
assigned to other attracting strange fixed points, while black is used to represent basins of
periodic orbits.

We have confirmed that the values of γ in the red region of Figure 5 have only two
basins of attraction, namely, z = 0 and z = ∞. This guarantees that the iterative scheme
associated with these values of γ always converges to a root of p(z), regardless of the initial
estimate z0. Similarly, it is validated that there are always pathologies that depend on the
initial estimate z0 for the methods associated with values of γ in the black region of the
parameter plane.
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(a) γ = 9
8 (b) γ = 45

4 (c) γ = 1 (d) γ = 0

(e) γ = −1 (f) γ = − 1
2 (g) γ = 1

2 (h) γ = −5

(i) γ = 10− 10i (j) γ = −10− 10i (k) γ = −16− 12i (l) γ = −16

(m) γ = 20 (n) γ = 16 (o) γ = −40 (p) γ = 10− 30i

(q) γ = −24 (r) γ = −6 + 28i (s) γ = 34 (t) γ = −18

Figure 6. Dynamical planes for stable and unstable γ values.
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In Table 3, we present a classification of the stability of the methods associated with
the values of γ presented in Figure 6, along with the number of special points and the
period of the attracting orbits found for each γ.

Table 3. Stable and unstable values of γ.

γ # RFP (◦) # CP (�) # AFP (∗) Period Stability

γ(a) =
9
8 7 4 2 1 Stable

γ(b) =
45
4 8 5 2 1 Stable

γ(c) = 1 9 7 2 1 Stable

γ(d) = 0 7 3 2 1 Stable

γ(e) = −1 9 7 2 1 Stable

γ( f ) = − 1
2 9 7 2 1 Stable

γ(g) =
1
2 9 7 2 1 Stable

γ(h) = −5 9 7 2 1 Stable

γ(i) = 10− 10i 9 7 2 1 Stable

γ(j) = −10− 10i 9 7 2 1 Stable

γ(k) = −16− 12i 9 7 2 1 Stable

γ(l) = −16 9 7 4 1 Unstable

γ(m) = 20 9 7 2 2 Unstable

γ(n) = 16 9 7 2 2 Unstable

γ(o) = −40 9 7 3 1 Unstable

γ(p) = 10− 30i 9 7 2 4 Unstable

γ(q) = −24 9 7 4 1 Unstable

γ(r) = −6 + 28i 9 7 2 4 Unstable

γ(s) = 34 9 7 2 2 Unstable

γ(t) = −18 9 7 4 1 Unstable

4. Numerical Tests

In this section, numerical tests are conducted on some academical functions. Our goal
is to determine whether methods that are stable in the previous analysis for quadratic poly-
nomials perform better than unstable methods on non-polynomial functions. Subsequently,
we compare the most effective methods on these functions with other well-known iterative
methods in the field of numerical analysis, such as:

Newton’s method, the iterative expression of which is

xk+1 = xk −
f (xk)

f ′(xk)
, k = 0, 1, . . . ,

Chun’s method, defined in [9] as

yk = xk −
f (xk)

f ′(xk)
,

xk+1 = yk −
f (xk) + 2 f (yk)

f (xk)

f (yk)

f ′(xk)
, k = 0, 1, . . . ,

Ostrowski’s method, proposed in [11] and expressed as
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yk = xk −
f (xk)

f ′(xk)
,

xk+1 = yk −
f (xk)

f (xk)− 2 f (yk)

f (yk)

f ′(xk)
, k = 0, 1, . . . ,

Kung-Traub’s method, defined in [12] with the iterative expression

yk = xk −
f (xk)

f ′(xk)
,

xk+1 = yk −
f (xk)

2

( f (xk)− f (yk))
2

f (yk)

f ′(xk)
, k = 0, 1, . . . ,

and Jarratt’s method, constructed in [30] as

yk = xk −
2
3

f (xk)

f ′(xk)
,

xk+1 = xk −
1
2

(
3 f ′(yk) + f ′(xk)

3 f ′(yk)− f ′(xk)

)
f (xk)

f ′(xk)
, k = 0, 1, . . . .

For our comparative analysis, we consider the best performing methods to be those
iterative schemes that converge in the least number of iterations, where the estimation of the
error is as small as possible, and where the theoretical order is closely approximated by the
computational convergence order (ACOC) as defined by Cordero and Torregrosa in [31]:

ACOC =

ln |xk+1−xk |
|xk−xk−1|

ln |xk−xk−1|
|xk−1−xk−2|

.

The test functions and their zeros to be estimated are as follows:

f1(x) = −2 +
√

x2 + 2x + 5 sin(x)− x2 + 3, x̄ ≈ 2.33196765588396
f2(x) = −1 + (x− 1)3 + ex, x̄ ≈ 0.297570665698774
f3(x) = arctan(x) + ex3

, x̄ ≈ −0.757044010769526
f4(x) = xex2 − cos(x), x̄ ≈ 0.588401776500996

We present numerical results obtained using a Thinkpad T480s laptop equipped with
an eighth-generation Core i7 processor (Intel(R) Core(TM) i7-8650U CPU @ 1.90 GHz
2.11 GHz) and 16 GB of RAM. We used the academic version of MATLAB R2021b, employ-
ing variable-precision arithmetics with 200 digits.

Table 4 displays the number of iterations required for each proposed method to
achieve the desired convergence for each of the functions when using the parameter values
specified in Table 3. It can be observed that methods associated with values of γ �= 45

4 ,
which are stable for real quadratic polynomials, demonstrate good performance on these
test functions. However, methods associated with stable complex γ values fail to converge
in at least one of the test functions, as do methods associated with unstable γ values. For
γ = 45

4 , the associated method does not converge for either f2 or f4. It is worth noting
that the color intensity in the dynamical plane associated with this value of γ indicates the
number of iterations required to ensure convergence. The latter is more intense than those
associated with the other stable real values of γ, indicating that those converging in fewer
iterations on quadratic polynomials are more reliable when applied to non-polynomial test
functions (see Figure 6).

As shown in Table 4, seven of the methods associated with real values guarantee
convergence within a maximum of nine iterations. Tables 5–8 present the results obtained
when applying Newton, Chun, Ostrowski, Kung and Traub, Jarratt, and the seven proposed
methods. These tables provide information about the function to which each iterative
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method is applied, the initial estimate used (x0), the target root (x̄) to which the methods
are expected to converge within the stopping criterion |xk+1 − xk|+ | f (xk+1)| < 10−18, the
number of iterations (Iter) required for convergence, approximate order of computational
convergence (ACOC), execution time (Time), estimation of the error in the last iteration
(|xk+1 − xk| and | f (xk+1)|), and the approximate solution x̄.

Table 4. Number of iterations on test functions.

Parameter Values f1 f2 f3 f4 Stability

γ(a) =
9
8 4 5 4 7 Stable

γ(b) =
45
4 4 100 4 100 Stable

γ(c) = 1 4 5 4 6 Stable

γ(d) = 0 4 5 4 6 Stable

γ(e) = −1 4 5 4 5 Stable

γ( f ) = − 1
2 4 4 4 5 Stable

γ(g) =
1
2 4 5 4 6 Stable

γ(h) = −5 4 6 4 6 Stable

γ(i) = 10− 10i 4 100 4 100 Stable

γ(j) = −10− 10i 4 64 4 100 Stable

γ(k) = −16− 12i 4 37 4 100 Stable

γ(l) = 16 4 100 4 100 Unstable

γ(m) = 20 4 100 4 100 Unstable

γ(n) = 16 4 100 4 100 Unstable

γ(o) = −40 4 59 5 100 Unstable

γ(p) = 10− 30i 4 100 4 100 Unstable

γ(q) = −24 4 100 4 31 Unstable

γ(r) = −6 + 28i 4 100 4 44 Unstable

γ(s) = 34 4 100 4 100 Unstable

γ(t) = −18 4 100 4 11 Unstable

Table 5. Comparative analysis on f1(x).

Function Method Iter Time ACOC |xk+1 − xk| | f (xk+1)|

f 1
(x
)
=
√

x2
+

2x
+

5
−

2
si

n(
x)
−

x2
+

3

x 0
=

1.
5

x̄
≈

2.
33

19
67

65
58

83
96

Newton 5 0.0713269 2 8.68× 10−28 2.11× 10−27

Chun 5 0.0927903 2 1.39× 10−27 3.38× 10−27

Ostrowski 5 0.0995647 2 1.58× 10−27 3.83× 10−27

Kung-Traub 5 0.1000585 2 1.53× 10−27 3.72× 10−27

Jarratt 4 0.0862121 4 1.44× 10−55 3.50× 10−55

γ(a) 4 0.0957585 4 5.81× 10−57 1.41× 10−56

γ(c) 4 0.1063336 4 2.11× 10−57 5.11× 10−57

γ(d) 4 0.0842142 4 7.05× 10−58 1.71× 10−57

γ(e) 4 0.0909392 4 2.56× 10−55 6.21× 10−55

γ( f ) 4 0.0864402 4 3.05× 10−56 7.41× 10−56

γ(g) 4 0.0856559 4 1.99× 10−62 4.82× 10−62

γ(h) 4 0.0971327 4 2.00× 10−52 4.85× 10−52
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Table 6. Comparative analysis on f2(x).

Function Method Iter Time ACOC |xk+1 − xk| | f (xk+1)|
f 2
(x
)
=

(x
−

1)
3
−

1
+

ex

x 0
=

1.
5

x̄
≈

0.
29

75
70

66
56

98
77

4

Newton 7 0.0590956 2 1.03× 10−34 2.93× 10−34

Chun 6 0.0674999 2 1.05× 10−27 2.96× 10−27

Ostrowski 8 0.1065735 2 4.74× 10−30 1.34× 10−29

Kung-Traub 7 0.079534 2 1.61× 10−24 4.54× 10−24

Jarratt 5 0.0657351 4 2.29× 10−73 6.48× 10−73

γ(a) 5 0.0744865 4 1.70× 10−53 4.82× 10−53

γ(c) 5 0.0720414 4 2.82× 10−48 7.98× 10−48

γ(d) 5 0.071041 4 2.10× 10−71 5.93× 10−71

γ(e) 5 0.069821 4 1.66× 10−75 4.68× 10−75

γ( f ) 4 0.0596417 4 3.96× 10−38 1.12× 10−37

γ(g) 5 0.0698009 4 6.62× 10−51 1.87× 10−50

γ(h) 6 0.1015708 4 6.70× 10−33 1.89× 10−32

Table 7. Comparative analysis on f3(x).

Function Method Iter Time ACOC |xk+1 − xk| | f (xk+1)|

f 3
(x
)
=

ar
ct

an
(x
)
+

ex3

x 0
=
−

0.
5

x̄
≈
−

0.
75

70
44

01
07

69
52

6

Newton 5 0.0536364 2 2.94× 10−20 5.15× 10−20

Chun 6 0.0789598 2 3.14× 10−35 5.49× 10−35

Ostrowski 5 0.1089681 2 3.26× 10−19 5.70× 10−19

Kung-Traub 6 0.0912986 2 7.53× 10−38 1.32× 10−37

Jarratt 4 0.0626825 4 2.81× 10−58 4.92× 10−58

γ(a) 4 0.0754623 4 5.40× 10−44 9.46× 10−44

γ(c) 4 0.0704758 4 2.02× 10−44 3.53× 10−44

γ(d) 4 0.0670903 4 3.62× 10−49 6.33× 10−49

γ(e) 4 0.0725264 4 1.51× 10−66 2.64× 10−66

γ( f ) 4 0.0794614 4 1.46× 10−53 2.56× 10−53

γ(g) 4 0.0924925 4 2.00× 10−46 3.50× 10−46

γ(h) 4 0.0739391 4 8.47× 10−49 1.48× 10−48

Table 8. Comparative analysis on f4(x).

Function Method Iter Time ACOC |xk+1 − xk| | f (xk+1)|

f 4
(x
)
=

xe
x2
−

co
s(

x)

x 0
=

1.
5

x̄
≈

0.
58

84
01

77
65

00
99

6

Newton 9 0.0776262 2 4.38× 10−26 1.29× 10−25

Chun 7 0.1032848 2 1.02× 10−21 3.01× 10−21

Ostrowski 7 0.1054047 2 1.49× 10−23 4.39× 10−23

Kung-Traub 7 0.1014812 2 3.53× 10−22 1.04× 10−21

Jarratt 5 0.0895486 4 1.04× 10−46 3.05× 10−46

γ(a) 7 0.1140201 4 3.56× 10−65 1.05× 10−64

γ(c) 6 0.0925447 4 1.16× 10−19 3.43× 10−19

γ(d) 6 0.1102584 4 5.51× 10−51 1.62× 10−50

γ(e) 5 0.0844069 4 1.33× 10−33 3.92× 10−33

γ( f ) 5 0.0966304 4 1.061× 10−20 3.13× 10−20

γ(g) 6 0.1174171 4 1.94× 10−32 5.72× 10−32

γ(h) 6 0.1047413 4 1.04× 10−46 3.08× 10−46

The results suggest that the methods associated with γ values demonstrate competitive
performance compared to Kung and Traub, Newton, Chun, Ostrowski, and Jarratt based
on our measurement parameters.
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5. Conclusions

In this study, we have established a set of conditions that weight functions must satisfy
in order to ensure that the resulting iterative scheme has a convergence order of at least 4.
Furthermore, a generalization of known uniparametric families of fourth-order optimal
iterative methods has been presented and criteria for selecting the best subfamilies of
these uniparametric families have been established. A dynamical analysis allowed us to
identify stable members within the subfamily that exhibit good performance on quadratic
polynomials; however, elements with pathological behavior were observed as well, and
these should be avoided in numerical applications.

Furthermore, the performance of stable members of the subfamily was evaluated in
comparison to unstable members when applied to non-polynomial functions. The results
highlight the importance of stability in quadratic polynomials and its positive influence on
the overall performance of iterative methods in various contexts.

Finally, stable methods within the subfamily that compete favorably with widely used
iterative schemes in the literature have been identified. Through academical examples and
detailed comparisons, it is shown that the proposed methods represent viable and effective
alternatives for solving nonlinear equations.
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Abstract: The aim of this paper is to delve into the dynamic study of the well-known Chebyshev–
Halley family of iterative methods for solving nonlinear equations. Our objectives are twofold: On
the one hand, we are interested in characterizing the existence of extraneous attracting fixed points
when the methods in the family are applied to polynomial equations. On the other hand, we are
also interested in studying the free critical points of the methods in the family, as a previous step to
determine the existence of attracting cycles. In both cases, we want to identify situations where the
methods in the family have bad behavior from the root-finding point of view. Finally, and joining
these two studies, we look for polynomials for which there are methods in the family where these
two situations happen simultaneously. The rational map obtained by applying a method in the
Chebyshev–Halley family to a polynomial has both super-attracting extraneous fixed points and
super-attracting cycles different from the roots of the polynomial.

Keywords: Chebyshev–Halley family of iterative methods; extraneous fixed points; critical points;
parameter plane; dynamical systems

MSC: 37F10; 65H05

1. Introduction

The well-known Chebyshev–Halley family of iterative methods (CH from now on)
for solving nonlinear scalar equations, f (z) = 0, was first introduced by Werner [1] in
1980. This family, initially defined for real-valued functions, has been extended to complex
variables, systems of equations, or even equations defined in Banach spaces, as can be
seen, for instance, in [2–5]. In this work, we focus our interest on functions defined on the
complex plane f : C→ C.

Each member in CH is given by an iteration map, which can be seen as a modification
of the Newton iteration map,

N(z) = z− f (z)
f ′(z)

, (1)

with the inclusion of a parameter α ∈ C and new evaluations of f (z) and its derivatives up
to order two. Specifically, we build a sequence zn+1 = Gα(zn), n ≥ 0, where

Gα(z) = z−
(

1 +
1
2

L f (z)
1− αL f (z)

)
f (z)
f ′(z)

, (2)

and

L f (z) =
f (z) f ′′(z)

f ′(z)2 . (3)
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All methods in CH have the cubic order of convergence for simple roots. In the case of
multiple roots, there exist several variants of CH that make it possible to recover the cubic
order of convergence, as given by Ivanov [6] or Osada [7].

One of the reasons for considering the CH family is because it allows us to study in a
unified way the most famous third-order iterative methods, such as Chebyshev’s method
(α = 0), Halley’s method (α = 1/2), or super-Halley method (α = 1). In general, it is not
possible to establish a classification of the members of CH in terms of efficiency, velocity of
convergence, and other similar numerical criteria because the behavior of Gα(z) depends
on the considered function f (z) through the asymptotic error constant (see [8] for more
details). However, for particular problems, it is possible to find the optimal method in
CH to approximate the solution. This is the case for the calculus of nth roots, (see Dubeau
and Gnang [9] or Gutiérrez, Hernández, and Salanova [10] for a more detailed study),
the computation of the matrix sign (Cordero et al. [11]), or the simultaneous calculus of all
the roots of a polynomial (Osada [7]).

The dynamical study of the iteration maps arising from the application of the methods
in CH (2) to polynomial equations is a problem that has attracted many researchers. For in-
stance, Cordero, Torregrosa, and Vindel [12] studied the dynamics of the methods in CH
applied to quadratic polynomials. In the analysis of the corresponding parameter planes
appears a singular set, baptized as “the cat” by the authors, with curious similarities with
the Mandelbrot set. In this same paper, the existence of members in CH with a pathological
behavior as root-finding methods is emphasized; they can be attracted by limits that are
not roots of the considered equation f (z) = 0, such as periodic orbits (cycles) or extraneous
fixed points. In [13,14], it is proved that there exist methods in CH with attracting two-
cycles; Campos et al. [15,16] studied the behavior of CH for polynomials in the form zn + c,
where c is a complex parameter. In particular, they characterized methods with Fatou
components that are simply connected and, hence, the Julia set is connected; Gutiérrez,
Magreñán, and Varona [17] characterized the universal Julia sets for the methods in CH
applied to quadratic polynomials; in this same line, Babajee, Cordero, and Torregrosa [18]
introduced the Cayley Quadratic Test as a first step in the study of the stability of families
of iterative processes for solving nonlinear equations. In brief, this test allows us to check if
the universal Julia set of an iterative process is conjugated with the unit circle or not.

In the rest of this work, we continue with the dynamic study of the methods of the
CH-family. Specifically, in Section 2, we characterize the existence of super-attracting fixed
points for the methods in CH. We place a special emphasis on the case of the Chebyshev and
super-Halley methods. For these methods, we even prove the existence of polynomials with
both super-attracting fixed points and super-attracting cycles. In Section 3, we study the
number of critical points of the methods in CH. In particular, we show that the graphical
tool known as the parameter plane is useful only for two methods in the CH family:
α = 0 (Chebyshev’s method) and α = 1/2 (Halley’s method). These two cases have been
profusely studied by Gutiérrez and Varona [19] and by Roberts and Horgan-Kobelski [20],
respectively. For the rest of the methods in the family, the high number of free critical points
and the difficulty of obtaining them discourage the use of the parameter plane.

2. Fixed Points in the Family CH
In this section, we apply the methods introduced in (2) to a polynomial equation

p(z) = 0, p(z) = zd + ad−1zd−1 + · · ·+ a1z + a0, (4)

where the coefficients aj, j = 0, 1, . . . , d− 1 are constant complex numbers. We can assume,
without loss of generality, that p(z) is a monic polynomial. We use the notation Rα,p(z) for
the rational map obtained in this case

Rα,p(z) = z−
(

1 +
1
2

Lp(z)
1− αLp(z)

)
p(z)
p′(z)

, (5)
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where Lp(z) is defined in (3). In addition, we consider the rational map related to Newton’s
method (1) in the polynomial case

Rp(z) = z− p(z)
p′(z)

. (6)

The first thing to complete for investigating the dynamics of the rational maps defined
in (5) is to study its degree. Following Nayak and Pal [21], we can generalize the result
they give for Chebyshev’s method to all the methods in the family (5). The exact degree is
given in terms of the number of distinct roots of p and in terms of certain types of critical
points introduced by these authors. Indeed, given a polynomial p(z), a critical point ω ∈ C

is called special if p(ω) �= 0 and p′′(ω) = 0.

Theorem 1. Let p(z) be the polynomial defined in (4). Let m, n, and r denote the number of its
distinct simple roots, double roots, and roots of multiplicity bigger than two, respectively. Let s be
the number of distinct special critical points of p(z). Then, for α �= 1/2,

deg(Rα,p(z)) = 3(m + n + r)− 2− B + s,

where B is the sum of the multiplicities of all the special critical points. If p(z) has no special critical
points, then deg(Rα,p(z)) = 3(m + n + r)− 2. If p(z) has no special critical points or multiple
roots, then deg(Rα,p(z)) = 3d− 2.

Proof. This proof mimics the one given by Nayak and Pal [21] for the case of Chebyshev’s
method, R0,p(z) given by α = 0 in (5). Indeed, this proof is based on the following
factorization of the polynomial p(z), in terms of its simple, double, and multiple (with
multiplicity bigger than two) roots:

p(z) =
m

∏
i=1

(z− αi)
n

∏
j=1

(z− β j)
2

r

∏
k=1

(z− γk)
ak ,

with deg(p) = m + 2n + M, M = ∑r
k=1 ak.

So, let cj, j = 1, . . . , s be the special critical points of p(z), with multiplicities bj, then
the quotient Lp(z) defined in (3) can be written in the form

Lp(z) =
h̃(z)
g̃(z)2

m

∏
i=1

(z− αi)
1

∏s
j=1(z− cj)

bj+1 ,

where h̃(z) and g̃(z) are functions without common roots. It can be seen (in [21]) that

deg Lp(z) = 2m + 2n + 2r− 2− B− s.

Note that deg(Rα,p(z)) equals the number of fixed points of Rα,p(z) minus one
(see [22]), and the number of fixed points of Rα,p(z)) are as follows:

1. The number of different roots of p(z): m + n + r.
2. The roots of the equation Lp(z) = 2/(2α− 1), α �= 1/2, that is, 2m + 2n + 2r− 2−

B + s.
3. The infinity point.

Consequently, deg(Rα,p(z)) = 3(m + n + r)− 2− B + s.

As a root-finder method, it would be desirable that each attracting fixed point of Rα,p(z)
would be a root of p(z). However, this “ideal behavior” is disturbed by the appearance
of other attracting phenomena, such as periodic orbits (cycles) or extraneous fixed points,
which are fixed points of Rα,p(z) that are not roots of p(z).
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It is well-known that the only fixed points of Newton’s method in the complex plane
are the roots of p(z) (see the classical book of Traub [23], for instance). If we consider the
extended complex plane, it is also known that the infinity point is a repelling fixed point
for Newton’s method, with the multiplier d/(d− 1) > 1, where d is the degree of p(z).
In addition, we have that simple roots of p(z) are super-attracting fixed points of Rp(z),
whereas roots with the multiplicity m > 1 are attracting fixed points with the multiplier
(m− 1)/m < 1.

For the case of Halley’s method (obtained for α = 1/2 in (5)), it is known (see
Kneisl [24]) that the only attracting fixed points are the roots of p(z). There exist ex-
traneous fixed points in the complex plane, but all of them are repelling with the multiplier
1 + 2/j for an adequate j ∈ N. The infinity point is a repelling fixed point for Halley’s
method, with the multiplier (d + 1)/(d− 1) > 1, where d is the degree of p(z).

For the case of the Chebyshev method (α = 0 in (5)), the existence of attracting
extraneous fixed points has been proven (see [24] Theorem 2.6.4 or Vrscay–Gilbert [25]
p. 12). In addition, in [19], the existence of super-attracting extraneous fixed points has
been established in terms of the quotients Lp(z), defined in (4), and Lp′(z), defined by

Lp′(z) =
p′(z)p′′′(z)

p′′(z)2 . (7)

In particular, ω is an extraneous fixed point of Chebyshev’s method if Lp(z) = −2. ω

is attracting if
∣∣∣6− 2Lp′(z)

∣∣∣ < 1 and super-attracting if Lp′(z) = 3.
In this section, we are going to generalize this result by determining sufficient condi-

tions for the existence of super-attracting extraneous fixed points for the methods in CH.
First, we establish a preliminary technical result that will help us in further theoretical
development.

Lemma 1. Let p(z) be a d-degree polynomial and Lp(z), Lp′(z) be the rational functions defined
in (4) and (7), respectively. Then,

L′p(z)
p(z)
p′(z)

= Lp(z)− 2Lp(z)2 + Lp′(z)Lp(z)2. (8)

Proof. The proof simply requires a process of derivation and the grouping of terms in an
appropriate way. First,

L′p(z) =
(

p(z)p′′(z)
p′(z)2

)′
=

(p′(z)p′′(z) + p(z)p′′′(z))p′(z)2 − 2p(z)p′(z)p′′(z)2

p′(z)4 ,

and next,

L′p(z)
p(z)
p′(z)

= Lp(z) +
p(z)2 p′′′(z)

p′(z)3 − 2Lp(z)2.

Just by multiplying and dividing by p′′(z)2/p′(z) in the second term, and taking (7)
into account, we arrive at the result.

Theorem 2. For α �= 1/2, let ω ∈ C be a point such that p(ω) �= 0, p′(ω) �= 0, p′′(ω) �= 0.
Then, if

Lp(ω) =
2

2α− 1
, Lp′(ω) = 3− α, (9)

ω is a super-attracting extraneous fixed point of the rational map Rα,p(z) defined in (5) and,
therefore, of the iterative method corresponding to the parameter α in CH.
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Proof. First, as p(ω) �= 0, ω is not a root of p(z). In addition, ω is a fixed point of Rα,p(z)
because

1 +
1
2

Lp(ω)

1− αLp(ω)
= 0, (10)

just by taking into account the first equation in (9). So, ω is an extraneous fixed point of
Rα,p(z).

For ω to be a super-attractor, it must be true that R′α,p(ω) = 0. Then, taking into
account (10), we have

R′α,p(ω) = 1−
(

1 +
1
2

Lp(z)
1− αLp(z)

)′∣∣∣∣∣
z=ω

p(ω)

p′(ω)
.

Note that (
1 +

1
2

Lp(z)
1− αLp(z)

)′
=

1
2

L′p(z)
(1− αLp(z))2 ,

and then, by Lemma 1,

R′α,p(ω) = 1− 1
2

Lp(ω)− 2Lp(ω)2 + Lp′(ω)Lp(ω)2

(1− αLp(ω))2 .

As Lp(ω) = 2/(2α− 1), we obtain

R′α,p(ω) = 2(3− α− Lp′(ω)).

Finally, as Lp′(ω) = 3− α, the condition R′α,p(ω) = 0 also holds and, as a consequence,
ω is a super-attracting extraneous fixed point of the rational map Rα,p(z).

The previous theorem allows us to find, as long as its conditions are met, extraneous
super-attractor fixed points for all the methods in the family CH, with the exception of
Halley’s method (α = 1/2). Note that the conditions p(ω) �= 0, p′(ω) �= 0, p′′(ω) = 0
imply Lp(ω) = 0, which makes the existence of extraneous super-attractor fixed points
impossible. If α �= 1/2, p(ω) �= 0 and p′(ω) = 0, the expression of the corresponding
method in (5) is not well-defined.

For Halley’s method, we can give the following result, which was also proven by
Kneisl ([24] Theorem 2.6.3). Previously, we wrote the corresponding iteration function with
an alternative expression:

R1/2,p(z) = z−
(

1 +
1
2

Lp(z)
1− Lp(z)/2

)
p(z)
p′(z)

= z− 2p(z)p′(z)
2p′(z)2 − p(z)p′′(z)

. (11)

Theorem 3. Let us consider Halley’s method, obtained for α = 1/2 in CH and whose iteration
function is shown in (11). The extraneous fixed points of the rational function R1/2,p(z) are the
solutions of p′(z) = 0, with p(z) �= 0. All of them are repulsors.

Proof. The fixed points of R1/2,p(z) are the roots of p(z) and the solutions of p′(z) = 0.
Then, ω is an extraneous fixed point of R1/2,p(z) if, and only if, p′(ω) = 0 and p(ω) �= 0.
Let m ∈ N be the multiplicity of ω as a root of p′(z). We can then write

p′(z) = (z−ω)mg(z),

with g(ω) �= 0. After a few calculi in (11), we obtain

R′1/2,p(ω) = 1 +
2
m

> 1.

Therefore, ω is a repelling fixed point.
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Remark 1. In the extended complex plane, the infinity point is a fixed point for the methods in CH,
with the multiplier

2d(d(α− 1)− α)

(d− 1)(2d(α− 1)− 2α + 1)
.

In the case of the most famous methods in the family, infinity is a repelling fixed point. Indeed,
for α = 0, 1/2, 1, that is, the Chebyshev, Halley, and super-Halley methods, the multiplier of the
infinity point is 2d2/((2d− 1)(d− 1)), (d + 1)/(d− 1), and 2d/(d− 1), respectively. However,
we can see that infinity is not always a repelling fixed point. Even more, for each degree d ≥ 2, we
can obtain a method corresponding with the value of

α =
d

d− 1
,

for which infinity is a super-attracting fixed point. In Figure 1, we show the basins of attraction
related to the method in CH with α = 2 applied to p(z) = z2 − 1 and related to the method in CH
with α = 3/2 applied to p(z) = z3 − 1. Together with the basins of the roots of these polynomials,
we have plotted in white the basin of attraction of the infinity point.

Figure 1. (On the left), basins of attraction of the method corresponding to α = 2 applied to the
polynomial p(z) = z2 − 1. (On the right), basins of the method corresponding to α = 3/2 are applied
to the polynomial p(z) = z3 − 1. In both cases, the basin of attraction of the infinity point can be
seen in white, whereas the basins of the roots are colored cyan-magenta or cyan-magenta-yellow,
respectively.

We are now going to characterize polynomials for which z = 0 is a strange super-
attractor fixed point for the methods of the (5) family. To perform this, we consider the
generic polynomial of degree d defined in (4).

Theorem 4. Let p(z) be the polynomial defined in (4) and Rα,p(z) be the rational map defined
in (5), with α �= 1/2. Then, if

a1 = β, a2 =
β2

2α− 1
, a3 =

2(3− α)

3
β3

(2α− 1)2 ,

with β ∈ C \ {0}, z = 0 is a super-attracting extraneous fixed point of Rα,p(z).
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Proof. Note that since z = 0 must not be a root of p(z), we can consider, without loss
of generality, that a0 = 1. Furthermore, for the conditions of Theorem 2 to be fulfilled,
p′(0) �= 0 and p′′(0) �= 0, it is also necessary that a1 �= 0 and a2 �= 0. The proof continues
simply by solving the system given by Equation (9) which, in this case, is

Lp(0) =
2a2

a2
1

=
2

2α− 1
, Lp′(0) =

3a1a3

2a2
2

=
2

2α− 1
.

In particular cases, we can obtain polynomials with z = 0 as an extraneous super-
attracting fixed point for Chebyshev’s method (already known by García-Olivo et al. [26]).
In this case,

a1 = β �= 0, a2 = −β2, a3 = 2β3. (12)

The super-Halley method is another well-known method in CH ([27,28]). However,
its dynamical properties have been less studied. We can obtain polynomials with z = 0 as
an extraneous super-attracting fixed point for the super-Halley method:

a1 = β �= 0, a2 = β2, a3 =
4
3

β3. (13)

In the left side of Figure 2, we show the basins of attraction of Chebyshev’s method
applied to the polynomial

p(z) = z3 + z2 + 2z− 4. (14)

It is obtained by taking β = 1/2 in (12) and, next, by multiplying by four. The basin of
the root z = 1 appears colored in cyan, that of the root z = −1 +

√
3i in yellow, and that of

the root z = −1−
√

3i in magenta. The basin of attraction of the extraneous fixed point
appears in white.

Figure 2. (On the left) the basins of attraction of the Chebyshev method applied to the polynomial (14).
(On the right) the basins of attraction of the super-Halley method applied to the polynomial (15).
In both cases, the basin of attraction of the extraneous fixed point at z = 0 can be seen in white.

In the right part of Figure 2, we show the basins of attraction of the super-Halley
applied to the polynomial

p(z) = 4z3 + 3z2 + 3z + 3. (15)
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It is obtained by taking β = 1 in (13) and, next, by multiplying by three. The basin of
the three roots z = −0.873873, z = 0.0619363− 0.924344i, and z = 0.0619363+ 0.924344i are
colored in cyan, yellow, and magenta, respectively. The basin of attraction of the extraneous
fixed point z = 0 appears in white.

In general, Chebyshev’s method applied to polynomials in the form

p(z) = −1 + az + a2z2 + 2a3z3 +
d

∑
j=4

ajzj (16)

has a super-attracting extraneous fixed point at z = 0. Actually, we have

p(0) �= 0, Lp(0) = −2, Lp′(0) = 3,

so the conditions in Theorem 2 are fulfilled.
In a similar way, the super-Halley method applied to polynomials in the form

p(z) = 1 + az + a2z2 + 4/3a3z3 +
d

∑
j=4

ajzj (17)

has a super-attracting extraneous fixed point at z = 0. Indeed, we have

p(0) �= 0, Lp(0) = Lp′(0) = 2,

so the conditions in Theorem 2 are satisfied.

3. Critical Points in the Family CH
The parameter plane (space) is a very powerful graphical tool for better understanding

the dynamic behavior of an iterative method for solving a family of nonlinear equations
depending on a complex parameter. It is based on the Fatou–Julia Theorem [22], which
says that the immediate basin of attraction of a (super) attractor cycle contains at least one
critical point. Consequently, to determine the existence of attracting behaviors (fixed points
and cycles), we must study the iterations of the critical points of the iteration function
in question.

Let us restrict our interest to the case of iterative methods applied to polynomial
Equation (4). In this case, a free critical point of an iterative method is a critical point of
the corresponding iteration map that is not a root of the polynomial p(z). Taking into
account that the roots of p(z) are (super) attracting fixed points of the iteration map, all of
them have their own basin of attraction that is related to a critical point (the same root).
Therefore, to detect attracting behaviors different from the root, we must follow the orbits
of the free critical point.

For example, G. Roberts and J. Horgan-Kobelski [20] characterize cubic polynomials
in the form

pλ(z) = (z− 1)(z + 1)(z− λ), λ ∈ C, (18)

for which Newton’s method has super-attracting n-cycles. Specifically, they obtain (nu-
merically) some values of the parameters λn = βni, with βn given in Table 1, for which
Newton’s method applied to the polynomial pλn(z) defined in (18), with λn = βni having
a super-attracting n-cycle.
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Table 1. Approximate values of the parameter βn, for which Newton’s method applied to the
polynomial pλn (z) defined in (18), with λn = βni having a super-attracting n-cycle (see [20]).

n βn n βn n βn

2 4.500116 6 1.982100 10 1.777227
3 2.938069 7 1.892459 20 1.732819
4 2.396385 8 1.836401 25 1.732152
5 2.131089 9 1.800522 50 1.732051

The strategy consists of coloring the parameter space λ ∈ C according to the con-
vergence of the only free critical point λ/3, as performed in Figure 3. If the orbit of λ/3
converges to 1, −1, or λ, the value of the corresponding parameter λ is colored in cyan,
magenta, or yellow, respectively.
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Figure 3. Graphic representation of the parameter plane of Newton’s method applied to polynomials
in the form (18). The figure on the right shows an enlargement of a black area where a Mandelbrot-
type set can be seen.

The black-colored regions in the parameter space are formed by the values of λ,
for which Newton’s method applied to the corresponding polynomial pλ(z), have an
attracting cycle that does not contain any root of the polynomial. The appearance of the
Mandelbrot-type sets in the black areas of the parameter plane is a notable phenomenon.

Continuing in this line of work, Roberts and Horgan-Kobelski themselves [20] or,
previously, E. R. Vrscay and W. J. Gilbert [25], prove the existence of polynomials with
attracting cycles for Halley’s method. Specifically, the table of values of βn, for which
Halley’s method applied to the polynomial pλn(z) with λn = βni, has a super-attracting
n-cycle and is shown in Table 2.

Table 2. Approximate values of the parameters βn, for which Halley’s method applied to the
polynomial pλn (z) defined in (18) with λn = βni, have super-attracting n-cycle (see [20]).

n βn n βn n βn

2 1.342232060 6 1.018656160 10 1.0011575040
3 1.158338303 7 1.009291550 20 1.0000011298
4 1.076647075 8 1.004637455 25 1.0000000353
5 1.037611090 9 1.002316127 50 1.0000000011
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The strategy to graphically represent the parameter space associated with Halley’s
method applied to polynomials of the form (18) changes slightly due to the appearance of
two free critical points:

ρ±(λ) =
2λ±

√
−2λ2 − 6
6

.

As can be seen in [20], the range of colors in the parameter plane is expanded, accord-
ing to the criteria shown in Table 3. For example, λ is colored blue if the orbit of ρ−(λ)
converges to the root −1 and the orbit of ρ+(λ) converges to the root 1. The result of
coloring the parameter plane of Halley’s method in this way is shown in Figure 4.

Table 3. Color scheme for drawing the parameter plane associated with Halley’s method applied to
the polynomials defined in (18).

Color (ρ−(λ), ρ+(λ)) → Color (ρ−(λ), ρ+(λ)) →
Yellow (−1,−1) Blue (−1, 1)
Green (1,−1) Red (λ, λ)
Brown (−1, λ) Pink (λ,−1)
Orange (1, 1) Cyan (λ, 1)
Purple (1, λ)
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3.

2.

1.

0. -0.1 -0.05 0. 0.05 0.1

1.5

1.45

1.4

1.35

1.3

Figure 4. Parameter plane of Halley’s method applied to the family of polynomials (18). In the figure
on the right, we can see a Mandelbrot type set that appears in an enlargement of a black area.

The richness of the dynamic study of the methods of the family CH increases when
we consider Chebyhev’s method, as evidenced in the work of Gutiérrez and Varona [19].
With techniques similar to those used for the Newton or Halley methods, values of the
parameter βn can be given, for which Chebyshev’s method applied to the polynomial
pλn(z) defined in (18) with λn = βni, which have a super-attracting n-cycle (see Table 4).

Table 4. Approximate values of the parameter βn, for which Chebyshev’s method applied to the
polynomial pλn (z) defined in (18) with λn = βni, have a super-attracting n-cycle (see [19]).

n βn n βn n βn

2 1.28657 6 1.48369 10 1.62056
3 1.34015 7 1.52557 20 1.72078
4 1.38943 8 1.56245 25 1.72856
5 1.43776 9 1.59405 50 1.72856
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The strategy for coloring the parameter plane associated with Chebyshev’s method
applied to polynomials of the family (18) is the same as that followed for Halley’s method
(see [19] for more details), studying the orbits of the two fixed points which, in this case is

ρ±(λ) =
5λ±

√
−5λ2 − 15
15

.

The result is shown in Figure 5.
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Figure 5. Parameter plane of Chebyshev’s method applied to the family of polynomials (18). In the
figure on the right, a channel of black holes around the imaginary axis can be seen.

Now, when analyzing the parameter plane associated with Chebyshev’s method
applied to the polynomials of the family (18), we have the “black holes” that appear in it,
which are caused by two reasons: attracting cycles or attracting extraneous fixed points.

On the left side of Figure 5, the parameter plane of Chebyshev’s method applied to
the family of polynomials (18) is shown. The figure on the right shows an enlargement,
around the imaginary axis, where a sort of channel of black holes can be seen. The black
hole shown below is associated with a strange fixed point at z = 2

√
3/3i. However, the rest

of the black holes in this channel are associated with attractor cycles.
Figure 6 shows two details of black holes: one associated with an extraneous fixed

point (on the left) and another with an attracting two-cycle attractor (on the right).
What happens when we want to draw the parameter plane associated with other

methods of the family CH? The situation becomes considerably more complicated. The fol-
lowing results explain the reason.

Lemma 2. Let p(z) be a polynomial and let Lp(z) and Lp′(z) be the rational functions defined
in (4) and (7), respectively. Suppose that p′(z) �= 0 and that p′′(z) �= 0. Then, the free critical
points of the rational function Rα,p(z) defined in (5) are solutions of the equation

Lp′(z) = 3(1− α) + α(2α− 1)Lp(z). (19)

Proof. To calculate the free critical points associated with a method in CH, we derive
the rational function Rα,p(z) that appears in (5). Taking into account (7) and Lemma 1,
we obtain

R′α,p(z) =
Lp(z)2

(
3(1− α) + α(2α− 1)Lp(z)− Lp′(z)

)
2(1− αLp(z))2 . (20)
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Note that Lp(z) �= 0 because we are assuming that p′′(z) �= 0 and p(z) �= 0 because z
is a free critical point (it is not the root of p(z)). The result follows by simply solving for
Lp′(z) in the equation R′α,p(z) = 0.
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1.2867

1.2864

1.2861

Figure 6. Two details of black holes of different nature: (on the left) one is associated with an
extraneous fixed point and (on the right) one is associated with an attracting 2-cycle.

The analysis of Lemma 2 allows us to obtain some interesting conclusions about the
number of free critical points in the family CH. First, we note that there are two situations
for which the Equation (19) has particularly simple solutions. These are the cases where
α = 0 (Chebyshev method) and α = 1/2 (Halley method). In both cases, we arrive at
an equation of the type Lp′(z) = C with a constant C, which leads us to a polynomial
equation of degree 2d − 4, with d being the degree of the polynomial p(z). In the case
of cubic polynomials, such as those given in (18), the equation to be solved is quadratic.
Consequently, to draw the parameter plane associated with Chebyshev’s and Halley’s
methods, it is necessary to analyze the orbits of the two free critical points obtained, as has
been performed, for example, in [19,20], respectively.

The number of free critical points in other methods in CH increases, which complicates
their analysis from a dynamic point of view. For example, in another of the named methods
of the family, such as the super-Halley method (α = 1), the equation Lp′(z) = Lp(z) is
obtained. This equation leads to a polynomial equation of degree 4d− 6. In the case of cubic
polynomials (18), an equation of degree six must be solved, which greatly complicates
the process. To be more specific, there is no formula that provides in an analytic way
the roots in terms of the coefficients, as occurs in the cases of Chebyshev’s and Halley’s
method, where a quadratic equation must be solved. Furthermore, with six possible free
critical points and three roots, the range of colors to be handled is 36 = 729, which makes
it cumbersome to use, in the case of the super-Halley method, the strategy developed for
Chebyshev’s and Halley’s methods. The situation is similar for the rest of the methods
of the CH family, where the degree of the polynomial equation obtained to find the free
critical points is also 4d− 6.

4. Polynomials with Double Misbehavior

We have seen that some methods in CH can have a pathological behavior when they
are applied to polynomial equations. By pathological, we mean the convergence to points
or cycles that are not the roots of the polynomial. In particular, we have analyzed this bad
behavior for the Chebyshev and super-Halley method. We have found polynomials for
which each of these methods has extraneous fixed points or super-attracting cycles not
including the roots. Now, we face the following question: is it possible to find polynomials
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and methods in CH so that the rational map obtained by applying the method to the
polynomial has both extraneous fixed points and super-attracting cycles? Halley’s method
must be excluded from this search since it does not have attracting extraneous fixed points.
Our first “candidate” is Chebyshev’s method.

We follow a numerical strategy to find a polynomial in the form (16) (it has a super-
attracting extraneous fixed point at zero), such that Chebyshev’s method applied to it has
a super-attracting two-cycle in {−1, 1}. To perform this, let R0,p(z) be the iteration map
related to Chebyshev’s method (see (5), with α = 0). We look for a solution to the system
of equations ⎧⎪⎪⎪⎨⎪⎪⎪⎩

R0,p(1) = −1,
R0,p(−1) = 1,
R′0,p(1) = 0,
R′0,p(−1) = 0.

(21)

Taking into account (see (20) in Lemma 2)

R′0,p(z) =
1
2
(3− Lp′(z))Lp(z)2,

the last two equations in (21) can be substituted by Lp′(1) = 3 and Lp′(−1) = 3. As we have
four equations, we take four parameters a, a4, a5, and a6 in (16). So, we solve numerically
the nonlinear system (21), and we obtain two solutions with real coefficients:

a = 0.115238, a4 = 0.00106173, a5 = 0.000786477, a6 = 0.000284636,

a = −0.115238, a4 = 0.00106173, a5 = −0.000786477, a6 = 0.000284636.

In Figure 7, we show the basins of attraction of Chebyshev’s method applied to the
polynomial

p(z) = −1 + az + a2z2 + 2a3z3 + a4z4 + a5z5 + a6z6, (22)

where a, a4, a5, and a6 are the first of the above solutions. Together with the basins of
the six roots of the polynomial, we can see (in white) the basin of the super-attracting
extraneous fixed point z = 0. In yellow, we can see the basin of the super-attracting
two-cycle {−1, 1}.

Figure 7. Two details of the basins of attraction of Chebyshev’s method applied to the polynomial
defined in (22), where we can see the basin of attraction of super-attracting extraneous fixed point (in
white) and a super-attracting 2-cycle (in yellow). The basins of the other six roots are colored with the
rest of colors (magenta, green, purple, pink, cyan, or blue).
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In the case of the super-Halley method, we proceed in a similar way. In this case, we
find a polynomial in the form (17) (it has a super-attracting extraneous fixed point at zero),
such that the super-Halley method applied to it has a super-attracting two-cycle in {−1, 1}.
To perform this, let R1,p(z) be the iteration map related to the super-Halley method (see (5),
with α = 1). We look for a solution to the system of equations⎧⎪⎪⎪⎨⎪⎪⎪⎩

R1,p(1) = −1,
R1,p(−1) = 1,
R′1,p(1) = 0,
R′1,p(−1) = 0.

(23)

Taking into account (see (20) in Lemma 2)

R′1,p(z) =
Lp(z)− Lp′(z)
2(1− Lp(z))2 Lp(z)2,

the last two equations in (23) can be substituted by Lp(1) = Lp′(1) and Lp(−1) = Lp′(−1).
As we have four equations, we take four parameters a, a4, a5, and a6 in (17). So, we solve
numerically the nonlinear system (23), and we obtain the solution (not the only one)

a = 0.325178, a4 = −0.009199, a5 = −0.029499, a6 = −0.011043.

In Figure 8, we show the basins of attraction of the super-Halley method applied to
the polynomial

p(z) = −1 + az + a2z2 + 2a3z3 + a4z4 + a5z5 + a6z6, (24)

where a, a4, a5, and a6 are the above parameters. Together with the basins of the six roots of
the polynomial, we can see (in white) the basin of the super-attracting extraneous fixed
point z = 0. In yellow, we can see the basin of the super-attracting two-cycle {−1, 1}.

Figure 8. Two details of the basins of attraction of super-Halley method applied to the polynomial
defined in (24), where we can see the basin of attraction of super-attracting extraneous fixed point (in
white) and a super-attracting 2-cycle (in yellow). The basins of the other six roots are colored with the
rest of colors (magenta, green, purple, pink, cyan, or blue).

5. Conclusions

In this article, we have made an incursion into the dynamic study of iterative processes
for solving polynomial equations in the complex plane. We have focused our interest on the
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well-known Chebyshev–Halley family of root-finding methods. This is a one-parameter
family, depending on the parameter α ∈ C, which includes the most famous third-order
iterative methods, such as Chebyshev, Halley, or super-Halley methods. First, we have
characterized the existence of extraneous fixed points (fixed points of the iteration map
that are not roots of the corresponding polynomial) in terms of the quotients

Lp(z) =
p(z)p′′(z)

p′(z)2 and Lp′(z) =
p′(z)p′′′(z)

p′′(z)2 .

In addition, we have analyzed the behavior of the infinity point as an extraneous
fixed point, reaching the conclusion that it is not always repulsive, as in the case of the
aforementioned most famous iterative processes or even Newton’s method.

The following part of this article is devoted to the study of the critical points of the
methods in the family CH. In particular, we have given a result that characterizes the
existence and number of free critical points, that is, critical points that are not roots of the
considered polynomial. This result plays a key role in the construction of the parameter
plane related to the rational map obtained by applying the methods in CH to families of
polynomials depending on a complex parameter (we have considered the case of cubic
polynomials).As far as we know, only the parameter planes associated with the methods of
Newton, Halley, or Chebyshev have been represented (see references [19,20], for instance).
The main limitations for using the parameter plane with the rest of the methods in the
family arise when solving the equations of critical points because there is not a “closed
formula” for them. We have not managed to solve this difficulty and the problem is open
for future research. Maybe, a good starting point to face this challenge is to consider the
dynamic behavior of the super-Halley method, which has all the ingredients that we have
not been able to solve.

Finally, we conclude with another new dynamic question: the problem of finding
polynomials and methods in CH so that the rational map obtained by applying the method
to the polynomial has both extraneous fixed points and super-attracting cycles. We have
obtained some of these couples of polynomial methods by following a numerical strategy.
In fact, we have found polynomials with double misbehavior for Chebyshev and super-
Halley methods. In both cases, polynomials with a sixth-degree have been obtained. This
problem opens a suggestive line of research, with issues such as whether it is possible to
find couples of polynomial methods with double misbehavior with a lower degree. Is there
a geometric, algebraic, or analytical strategy to find these polynomials?

This work can be also extended to other problems such as nonlinear systems of
equations or nonlinear ordinary differential equations. For instance, in [29], we can find
promising results in solving these problems using an iterative scheme.
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Abstract: This article is devoted to the study of high-order, accurate difference schemes’ numerical
solutions of local and non-local problems for ordinary differential equations of the fourth order. Local
and non-local problems for ordinary differential equations with constant coefficients can be solved
by classical integral transform methods. However, these classical methods can be used simply in
the case when the differential equation has constant coefficients. We study fourth-order differential
equations with dependent coefficients and their corresponding boundary value problems. Novel
compact numerical solutions of high-order, accurate finite difference schemes generated by Taylor’s
decomposition on five points have been studied in these problems. Numerical experiments support
the theoretical statements for the solution of these difference schemes.
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1. Introduction

Differential equations can be solved with highly accurate difference schemes because
of modern computers. Therefore, creating and investigating highly accurate difference
schemes for differential equations is a topic of current interest. A thorough investigation was
conducted into the application of Taylor’s decomposition on two and three points for the
numerical solution of high-order approximation compact finite difference schemes of linear
ordinary differential equations and partial differential equations (see, for example, [1–3]). In
paper [4], the oxygen diffusion problem inside one cell is modelled by a one-dimensional
time-dependent partial differential equation whose initial moving boundary value problem is
the Du Fort–Frankel finite difference scheme. In [5], a partial differential equation describing
oxygen diffusion in absorbing tissues was estimated analytically and numerically. An
approximate analytical solution was proposed using Fourier expansion and, with limited
modifications, the techniques of Crank and Gupta were employed.

There have not been enough investigations performed on Taylor’s decomposition on
four and five points for the numerical solution of high-order approximation compact finite
difference schemes of linear ordinary differential equations and partial differential equa-
tions. In papers [6–8], three-step difference schemes of the fourth order of approximation
for the numerical solutions of the local and non-local boundary-value problems for third-
order ordinary differential equations and partial differential equations were investigated,
and Taylor decomposition on four points was used. A method for numerically solving
third-order time-varying linear dynamical systems using Taylor’s decomposition on four
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points was presented. The procedure for the numerical examination of an up-converter
applied in communication networks was explained.

In [9], the four-step difference schemes generated by Taylor decomposition on five
points of the sixth order of approximation for the numerical solutions to the boundary-value
problem {

d4u(t)
dt4 + a(t)u(t) = f (t), 0 < t < T,

u(0) = ϕ, u(T) = ω, u′(0) = ψ, u′(T) = χ
(1)

for a fourth-order differential equation with a dependent coefficient were presented. Here
and hereafter, a(t) and f (t) denote smooth given functions defined on [0, T].

In theory and applications, boundary value problems for ordinary differential equa-
tions are important. Many physical, biological, and chemical phenomena are described
using them. Rich areas of such applications include the elasticity work of Timoshenko [10],
the deformation of structure monographs by Soedel [11], and the effects of soil settlement
work by Dulacska [12].

Boundary value problems of second- and higher-order differential equations have
been extensively studied; papers of Anderson and Davis [13], Baxley and Haywood [14],
and Hao and Liu [15] are among the recent contributions to this field. The reader is referred
to the monographs of Agarwal et al. [16,17] for surveys of known results and additional
references. As far as we are aware though, the majority of the aforementioned studies as
well as a large body of other literature on ordinary differential equations focused on either
the two-point boundary value problem for higher-order ordinary differential equations or
the multi-point boundary value problem for second-order ordinary differential equations.
The boundary value problem for higher-order ordinary differential equations has been
well investigated. In the present article, we investigate the ordinary differential equation of
the fourth order (1).

The beam equation, or the nonlinear form of differential Equation (1), has been probed
under multiple boundary conditions.

The work of Zill and Cullen ([18], pp. 237–243) provides a succinct and easily readable
explanation as well as a physical interpretation of a few of the boundary conditions related
to the linear beam equation. The multi-point boundary conditions that are the subject of
this study deviate somewhat from those commonly encountered in the literature, such as
the conjugate [19], focal [13,20], and Lidstone [21] conditions.

Some physical systems have mathematical descriptions that use linear differential
equations subject to specific boundary conditions, particularly beam deflection mathemati-
cal models. These beams, which are utilised in many structures, can flex due to external
forces acting on them or due to their weight. The deflection curve, also known as the elastic
curve, is the curve connecting the centroids of all cross sections if a load is applied to a
beam, for instance, on a vertical plane that contains the axis of symmetry. This causes the
beam to undergo distortion.

In ref. [22], in the context of structural mechanics, the equation controlling the bending
of a cantilever beam under a distributed load was presented and is a famous example of a
fourth-order differential equation. This illustration is often known as the “Euler–Bernoulli
beam equation”. The beam’s transverse displacement, w(x, t), as a function of position (x)
and time (t) is expressed by this equation. The equation for the Euler–Bernoulli beam is as
follows:

EIwxxxxx(x, t) + pAwtt(x, t) = q(x, t)

where:
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E is the Young’s modulus of the material;
I is the moment of inertia of the cross-sectional area;
P is the mass density of the beam material;
A is the cross-sectional area of the beam;
wxxxxx is the fourth spatial derivative of w with respect to x;
wtt is the second time derivative of w with respect to t;
q(x, t) represents an external distributed load.

The numerical solutions of problem (1) are approximated to a high order of accuracy
for the construction of the four-step difference schemes and the local boundary value
problem of the form {

d4u(t)
dt4 + a(t)u(t) = f (t), 0 < t < T,

u(0) = ϕ, u(T) = ω, u′′(0) = ψ, u′′(T) = χ
(2)

For a fourth-order differential equation, we consider the five points tk±2, tk±1, and tk
of the uniform grid space

[0, T]τ = {tk = kτ, k = 0, 1, · · · , N, Nτ = T}.

Applying the five points tk, tk±1, tk±2 ∈ [0, T]τ , we can present the second-order
approximation four-step difference schemes as⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

τ−4{uk+2 + 4uk+1 + 6uk + 4uk−1 + uk−2}+ a(tk)uk = f (tk), 2 ≤ k ≤ N − 2,

u0 = ϕ, uN = ω,

3
2 u0 − 2u1 +

1
2 u2 = τψ,− 3

2 uN + 2uN−1 − 1
2 uN−2 = τχ

(3)

for the numerical solution of boundary value problem (1), and⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
τ−4{uk+2 − 4uk+1 + 6uk − 4uk−1 + uk−2}+ a(tk)uk = f (tk) , 2 ≤ k ≤ N − 2,

u0 = ϕ, uN = ω,

2u0 − 5u1 + 4u2 − u3 = τ2ψ, 2uN − 5uN−1 + 4uN−2 − uN−3 = τ2χ

(4)

for the numerical solution of boundary value problem (2). Note that there are two difference
schemes for the numerical solutions of boundary value problems (1) and (2). It is easy to
see that the order of these difference schemes is two. They are based on the formulas

τ−4u(tk+2)− 4u(tk+1) + 6u(tk)− 4u(tk−1) + u(tk−2)− u(4)(tk)) = o(τ2),

τ−1
(

3
2

u(0)− 2u(τ) +
1
2

u(2τ)

)
− u′(0) = o(τ2),

τ−1
(
−3

2
u(T) + 2u(T − τ)− 1

2
u(T − 2τ)

)
− u′(T) = o(τ2),

τ−2(2u(0)− 5u(τ) + 4u(2τ)− u(3τ))− u′′(0) = o(τ2),

τ−2(2u(T)− 5u(T − τ) + 4u(T − 2τ)− u(T − 3τ))− u′′(T) = o(τ2).

In this work, we numerically compare the results and methods of other authors. We
use the fourth-order approximation of the numerical solutions of the first and second
derivatives of local boundary value problems (1) and (2) at points zero and T, while in [6,7],
approximations for the numerical solutions of local boundary value problems are used
only for the first derivative of each problem.
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We have used these different schemes with different values of τ, namely
τ = 1

80 , 1
160 , 1

320 . Here and hereafter, the error of the numerical solutions is defined by
the formula:

EN = max
0≤k≤N

|u(tk)− uk|. (5)

Remark 1. Note that (see Table 1). If N is doubled, the value of errors between the exact solution
and approximate solution decreases by a factor of approximately 1/4 for difference schemes (3) and
(4). So, the order of accuracy of these difference schemes is 2.

Table 1. Errors of difference schemes (3) and (4).

τ = 1
N N = 80 N = 160 N = 320

Difference Scheme (3) 6.4210 × 10−6 1.6149 × 10−6 4.0506 × 10−7

Difference Scheme (4) 1.2318 × 10−5 3.0893 × 10−6 7.7417 × 10−7

The main aim of this work is the construction of highly accurate four-step differ-
ence schemes for the numerical solution of fourth-order differential equations. In the
present paper, fourth- and sixth-order approximation finite difference schemes generated
by Taylor decomposition on five points for solving these problems are presented. The
results of numerical experiments support the theoretical statements for the solution of
these difference schemes. This paper is organised as follows. Section 1 is an introduction.
In Sections 2 and 3, local boundary value problems (1) and (2) are presented. A novel
numerical method for the solutions to these problems is investigated. Finally, Section 4 is
the conclusion and our future plans.

2. Local Boundary Value Problem (1)

Based on the following theorem, difference schemes of the fourth order of approxima-
tion for the numerical solutions of local boundary value problems (1) and (2) are constructed
utilising Taylor decomposition on five points.

Theorem 1. Let ν(t) be a function with a continuous eighth derivative (0 ≤ t ≤ T). Then, the
following relations hold:

τ−4(ν(tk+2)− 4ν(tk+1) + 6ν(tk)− 4ν(tk−1) + ν(tk−2)) (6)

−2
3

v(4)(tk)−
1
6

(
v(4)(tk+1) + v(4)(tk+1)

)
= o(τ4),

τ−4(ν(tk+2)− 4ν(tk+1) + 6ν(tk)− 4ν(tk−1) + ν(tk−2)) (7)

−11
12

v(4)(tk)−
1
24

(
v(4)(tk+2) + v(4)(tk+2)

)
= o(τ4).

Proof. Using Taylor’s formula, we have the following two formulas

ν(tk+1) + ν(tk−1) = 2v(tk) + 2v′′(tk)
τ2

2!
+ 2v(4)(tk)

τ4

4!
+ 2v(6)(tk)

τ6

6!
+ o(τ8),

ν(tk+2) + ν(tk−2) = 2v(tk) + 2v′′(tk)
4τ2

2!
+ 2v(4)(tk)

16τ4

4!
+ 2v(6)(tk)

64τ6

6!
+ o(τ8).

From these formulas, it follows that

τ−4(ν(tk+2)− 4ν(tk+1) + 6ν(tk)− 4ν(tk−1) + ν(tk−2)) (8)

= v(4)(tk) + v(6)(tk)
τ2

6
+ o(τ4).
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Now, we will obtain α, β such that

τ−4(ν(tk+2)− 4ν(tk+1) + 6ν(tk)− 4ν(tk−1) + ν(tk−2))

−αν(4)(tk)− β(ν(4)(tk+1) + ν(4)(tk−1)) = o(τ4).

We have that

ν(4)(tk+1) + ν(4)(tk−1) = 2v(4)(tk) + 2v(6)(tk)
τ2

2!
+ o(τ4).

Using Formula (8) and the last formula, we get

v(4)(tk) + v(6)(tk)
τ2

6
− αν(4)(tk)− β(2v(4)(tk) + 2v(6)(tk)

τ2

2!
) + o(τ4)−

= (1− (α + 2β))v(4)(tk) +

(
1
6
− β

)
v(6)(tk)τ

2 + o(τ4) = 0.

The system of equations is then obtained by equating the coefficients of the lowest
power of τ in the formula above to zero.{

1− (α + 2β) = 0,
1
6 − β = 0.

Solving this system of equations, we can obtain α = 2
3 , β = 1

6 . So, relation (6) is
proved. Similarly, we can prove relation (7). Theorem 1 is proved.

Let us consider boundary value problem (1). Taylor decomposition’s on five points
(6) and (7), as well as the fourth order of approximation for v′(0) and v′(T), forms a basis
for the construction of the fourth order of approximation for the approximate solution of
problem (1).

Theorem 2. Let ν(t) be a function with a continuous fifth derivative on (0 ≤ t ≤ T). Then, the
following is valid:

v′(0)− τ−1
(
−25

12
v(0) + 4v(τ)− 3v(2τ) +

4
3

v(3τ)− 1
4

v(4τ)

)
= o(τ4), (9)

v′(T)− τ−1
(

25
12

v(T)− 4v(T − τ) + 3v(T − 2τ)− 4
3

v(T − 3τ) +
1
4

v(T − 4τ)

)
= o(τ4). (10)

Proof. Applying the undetermined coefficients method, we will seek

v′(0) = αv(0) + βv(τ) + γv(2τ)+dv(3τ) + pv(4τ) + o
(

τ4
)

. (11)

Using Taylor’s formula, we have the following two formulas

v′(0) = αv(0) + β

(
v(0) + v′(0)τ + v′′(0)

τ2

2!
+ v′′′(0)

τ3

3!
+ v(4)(0)

τ4

4!
+ o
(

τ5
))

+γ

(
v(0) + 2v′(0)τ + 4v′′(0)

τ2

2!
+ 8v′′′(0)

τ3

3!
+ 16v(4)(0)

τ4

4!
+ o
(

τ5
))

+d
(

v(0) + 3v′(0)τ + 9v′′(0)
τ2

2!
+ 27v′′′(0)

τ3

3!
+ 81v(4)(0)

τ4

4!
+ o
(

τ5
))
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+p
(

v(0) + 4v′(0)τ + 42v′′(0)
τ2

2!
+ 43v′′′(0)

τ3

3!
+ 44v(4)(0)

τ4

4!
+ o
(

τ5
))

+ o
(

τ4
)

.

The system of equations is then obtained by equating the coefficients of the lowest
power of τ in the formula above to zero.⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

−α− β− γ− d− p = 0,
β + 2γ + 3d + 4p = τ−1,
β + 4γ + 9d + 16p = 0,
β + 8γ + 27d + 64p = 0,
β + 16γ + 81d + 256p = 0.

Solving this system of equations, we can obtain α = 25
12τ , β = 4

τ , γ = 3
3τ , d = 4

3τ , p = 11
4τ .

So, relation (9) is proved. Similarly, one can obtain relation (10). Theorem 7 is proved.
We obtain the fourth order of approximation difference schemes by applying Taylor

decomposition on five points (6), Equation (1), and Formulas (9) and (10), and neglecting
small terms.⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
τ4 {uk+2 − 4uk+1 + 6uk − 4uk−1 + uk−2}+ 2

3 a(tk)uk

+ 1
6 (a(tk−1)uk−1 + a(tk+1)uk+1)

= 2
3 f (tk) +

1
6 ( f (tk−1) + f (tk+1)), 2 ≤ k ≤ N − 2,

u0 = ϕ, τ−1(− 25
12 u0 + 4u1 − 3u2 +

4
3 u3 − 1

4 u4) = ψ,

τ−1( 25
12 uN − 4uN−1 + 3uN−2 − 4

3 uN−3 +
1
4 uN−4) = χ, uN = ω,

(12)

and ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
τ4 {uk+2 − 4uk+1 + 6uk − 4uk−1 + uk−2} − 11

12 a(tk)uk

− 1
24 (a(tk−2)uk−2 + a(tk+2)uk+2)

= 11
12 f (tk) +

1
24 ( f (tk−2) + f (tk+2)), 2 ≤ k ≤ N − 2,

u0 = ϕ, τ−1(− 25
12 u0 + 4u1 − 3u2 +

4
3 u3 − 1

4 u4) = ψ,

τ−1( 25
12 uN − 4uN−1 + 3uN−2 − 4

3 uN−3 +
1
4 uN−4) = χ, uN = ω

(13)

for the boundary value problem’s numerical solution (1). In Section 2, note that there are
two difference schemes for the numerical solutions of boundary value problems (1) and (2).
We consider the boundary value problem in numerical analysis{

d4u(t)
dt4 + u(t) = 4!− 4 · 5!t + 6 · 6!

2! t
2 − 4 · 7!

3! t
3 + 8!

4! t
4 + t4(1− t)4, 0 < t < 1,

u(0) = u(1) = u′(0) = u′(1) = 0
(14)

with the exact solution
u(t) = t4(1− t)4.

Note that we utilised the fourth order of approximation difference schemes (12)
and (13) for the approximate solution of problem (14) with different values of τ, namely
τ = 1

80 , 1
160 , 1

320 .

Remark 2. Note that (see Table 2). It is observed that for difference schemes (12) and (13), the
value of errors between the exact solution and approximate solution decreases by a factor of about
1/16 if N is doubled. Thus, these difference schemes have an accuracy order of 4.
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Table 2. Errors of difference schemes (12) and (13).

τ = 1
N N = 80 N = 160 N = 320

Difference Scheme (12) 4.7729 × 10−7 3.2983 × 10−8 2.1517 × 10−9

Difference Scheme (13) 3.7069 × 10−7 2.6319 × 10−8 1.7380 × 10−9

We now consider the approximation difference schemes of the sixth order for the
approximate solution of problem (1). It was observed that the approximate solution to
problem (1) requires a sixth-order approximation difference scheme.⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
τ4 {uk+2 − 4uk+1 + 6uk − 4uk−1 + uk−2}+ 237

360 a(tk)uk

+ 31
180 (a(tk−1)uk−1 + a(tk+1)uk+1)− 1

720 (a(tk−2)uk−2 + a(tk+2)uk+2)

= 237
360 f (tk) +

31
180 ( f (tk−1) + f (tk+1))− 1

720 ( f (tk−2) + f (tk+2)), 2 ≤ k ≤ N − 2,

u0 = ϕ, uN = ω,

τ−1
((
−11 + 1

20 τ4
)

u0 +
(

18 + 11
10 τ4

)
u1 +

(
−9 + 7

20 τ4)u2 + 2u3

)
= ψ,

τ−1
((

11− 1
20 τ4

)
uN −

(
18 + 11

10 τ4
)

uN−1 +
(
9− 7

20 τ4)uN−2 − 2uN−3

)
= χ

.

was discussed in the research paper [13]. We now consider the sixth-order approximation
formulas for v′(0) and v′(T), and Taylor decomposition on five points forms the basis for
difference scheme (2)’s construction.

Theorem 3 ([13]). Let ν(t) be a function with a continuous tenth derivative on (0 ≤ t ≤ T).
Then, the following holds:

τ−4(ν(tk+2)− 4ν(tk+1) + 6ν(tk)− 4ν(tk−1) + ν(tk−2)) (15)

−237
360

ν(4)(tk)−
31
180

(ν(4)(tk+1) + ν(4)(tk−1)) +
1

720
(ν(4)(tk+2) + ν(4)(tk−2)) = o(τ6).

Theorem 4 ([13]). Let ν(t) be the function with a continuous seventh derivative (0 ≤ t ≤ T).
The relation that follows thus holds:

v′(0)− τ−1(−11
6

v(0) + 3v(τ)− 3
2

v(2τ) +
1
3

v(3τ)) (16)

+τ3
{

1
120

v(4)(0) +
11
60

v(4)(τ) +
7

120
v(4)(2τ)

}
= o(τ6),

v′(T)− τ−1(
11
6

v(T)− 3v(T − τ) +
3
2

v(T − 2τ)− 1
3

v(T − 3τ)) (17)

+τ3
{
− 1

120
v(4)(T)− 11

60
v(4)(T − τ)− 7

120
v(4)(T − 2τ)

}
= o(τ6).

We used the sixth-order approximation difference scheme (2) to estimate the solution of problem
(14) with different values of τ, namely τ = 1

40 , 1
80 , 1

160 .

Remark 3. Note that (see Table 3). It is observed that for the difference scheme (2), the value of
errors between the exact solution and approximate solution decreases by a factor of about 1/8 if N is
doubled. Thus, these difference schemes have an accuracy order of 3.

47



Axioms 2024, 13, 90

Table 3. Errors of difference schemes (2).

τ = 1
N N = 40 N = 80 N = 160

Difference Scheme (2) 5.6162 × 10−7 1.8675 × 10−7 3.2178 × 10−8

We obtain new sixth-order approximation formulas for v′(0) and v′(T) in the present
paper.

Theorem 5. Let ν(t) be the function with a seventh continuous derivative (0 ≤ t ≤ T). The
relation that follows thus holds:

v′(0)− τ−1
{
−49

20
v(0) + 6v(τ)− 15

2
v(2τ) +

20
3

v(3τ) (18)

−15
4

v(4τ) +
6
5

v(5τ)− 1
6

v(6τ)

}
= o(τ6),

v′(T)− τ−1
{

49
20

v(T)− 6v(T − τ) +
15
2

v(T − 2τ)− 20
3

v(T − 3τ) (19)

+
15
4

v(T − 4τ)− 6
5

v(T − 5τ) +
1
6

v(T − 6τ)

}
= o(τ6).

Proof. Applying the undetermined coefficients method, we will seek

v′(0) = αv(0) + βv(τ) + γv(2τ)+dv(3τ) (20)

+pv(4τ) + qv(5τ)+mv(6τ) + o
(

τ6
)

It can be written using Taylor’s formula that

v′(0) = αv(0) + β

(
v(0) + v′(0)τ + v′′(0)

τ2

2!
+ v′′′(0)

τ3

3!
+ v(4)(0)

τ4

4!
+ v(5)(0)

τ5

5!

+v(6)(0)
τ6

6!
+ o
(

τ7
))

+γ

(
v(0) + 2v′(0)τ + 4v′′(0)

τ2

2!
+ 8v′′′(0)

τ3

3!
+ 16v(4)(0)

τ4

4!
+ 32v(5)(0)

τ5

5!

+64v(6)(0)
τ6

6!
+ o
(

τ7
))

+d
(

v(0) + 3v′(0)τ + 9v′′(0)
τ2

2!
+ 27v′′′(0)

τ3

3!
+ 81v(4)(0)

τ4

4!
+ 243v(5)(0)

τ5

5!

+729v(6)(0)
τ6

6!
+ o
(

τ7
))

+p
(

v(0) + 4v′(0)τ + (4)2v′′(0)
τ2

2!
+ (4)3v′′′(0)

τ3

3!
+ (4)4v(4)(0)

τ4

4!
+ (4)5v(5)(0)

τ5

5!

+(4)6v(6)(0)
τ6

6!
+ o
(

τ7
))

+q
(

v(0) + 5v′(0)τ + (5)2v′′(0)
τ2

2!
+ (5)3v′′′(0)

τ3

3!
+ (5)4v(4)(0)

τ4

4!
+ (5)5v(5)(0)

τ5

5!
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+(5)6v(6)(0)
τ6

6!
+ o
(

τ7
))

+m
(

v(0) + 6v′(0)τ + (6)2v′′(0)
τ2

2!
+ (6)3v′′′(0)

τ3

3!
+ (6)4v(4)(0)

τ4

4!
+ (6)5v(5)(0)

τ5

5!

+(6)6v(6)(0)
τ6

6!
+ o
(

τ7
))

+ o
(

τ6
)

.

A system of equations is then obtained by equating the coefficients of the lowest power
of τ in the formula above to zero.⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−α− β− γ− d− p− q−m = 0,
β + 2γ + 3d + 4p + 5q + 6m = τ−1,
1
2! β + 4

2! γ + 9
2! d + (4)2

2! p + (5)2

2! q + (6)2

2! m = 0,
1
3! β + 8

3! γ + 27
3! d + (4)3

3! p + (5)3

3! q + (6)3

3! m = 0,
1
4! β + 16

4! γ + 81
4! d + (4)4

4! p + (5)4

4! q + (6)4

4! m = 0,
1
5! β + 32

5! γ + 243
5! d + (4)5

5! p + (5)5

5! q + (6)5

5! m = 0,
1
6! β + 64

6! γ + 729
6! d + (4)6

6! p + (5)6

6! q + (6)6

6! m = 0.

Solving this system of equations, we can obtain α = − 49
20τ , β = 6

τ , γ = − 15
2τ ,

d = 20
3τ , p = − 15

4τ , q = 6
5τ , m = − 1

6τ . So, relation (18) is proved. Similarly, relation
(19) can be proved. Theorem 5 is proved.

We obtain the fourth order of approximation difference schemes by applying Taylor
decomposition on five points (15), Equation (1), and Formulas (18) and (19), and neglecting
small terms.⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
τ4 {uk+2 − 4uk+1 + 6uk − 4uk−1 + uk−2}+ 237

360 a(tk)uk

+ 31
180 (a(tk−1)uk−1 + a(tk+1)uk+1)− 1

720 (a(tk−2)uk−2 + a(tk+2)uk+2)

= 237
360 f (tk) +

31
180

(
f (tk−1) + f (tk+1)− 1

720 f (tk−2) + f (tk+2)
)

, 2 ≤ k ≤ N − 2,

u0 = ϕ, τ−1(− 49
20 u0 + 6u1 − 15

2 u2 +
20
3 u3 − 15

4 u4 +
6
5 u5 − 1

6 u6) = ψ,

τ−1( 49
20 uN − 6uN−1 +

15
2 uN−2 − 20

3 uN−3 +
15
4 uN−4 − 6

5 uN−5 +
1
6 uN−6) = χ, uN = ω

(21)

for the numerical solution of the boundary value problem (1). It can be seen that for the
approximate solution of problem (14), the accuracy order of this difference method is 6. We
used the sixth order of approximation difference scheme (21) with different values of τ,
namely τ = 1

40 , 1
80 , 1

160 .

Remark 4. Note that (see Table 4). It is observed that for difference schemes (21), the value of errors
between the exact solution and approximate solution decreases by a factor of about 1/64 if N is
doubled. Thus, these difference schemes have an accuracy order of 6.

Table 4. Errors of difference schemes (21).

τ = 1
N N = 40 N = 80 N = 160

Difference Scheme (21) 1.5237 × 10−7 2.5606 × 10−9 4.0844 × 10−11
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3. Local Boundary Value Problem (2)

We consider the boundary value problem (2). Theorem 3 and the fourth-order approx-
imation formulas for v′′(0) and v′′(T) form the basis for the construction of the difference
schemes of the fourth order of approximation for the approximate solution of problem (2).

Theorem 6. Let ν(t) be a function with a continuous sixth derivative on (0 ≤ t ≤ T). Then, the
following holds:

v′′(0)− τ−2
{

15
4

v(0)− 77
6

v(τ) +
107
6

v(2τ)− 13v(3τ) (22)

+
61
12

v(4τ)− 5
6

v(5τ)

}
= o(τ4),

v′′(T)− τ−2
{

15
4

v(T)− 77
6

v(T − τ) +
107

6
v(T − 2τ)− 13v(T − 3τ) (23)

+
61
12

v(T − 4τ)− 5
6

v(T − 5τ)

}
= o(τ4).

Proof. Applying the undetermined coefficients method, we will seek

v′′(0)− αv(0) + βv(τ) + γv(2τ)+dv(3τ) + pv(4τ) + qv(5τ) + o
(

τ4
)

. (24)

It can be written using Taylor’s formula that

v′′(0)τ2 = αv(0) + β

(
v(0) + v′(0)τ + v′′(0)

τ2

2!
+ v′′′(0)

τ3

3!
+ v(4)(0)

τ4

4!
+ v(5)(0)

τ5

5!
+ o(τ6)

)

+γ

(
v(0) + 2v′(0)τ + 4v′′(0)

τ2

2!
+ 8v′′′(0)

τ3

3!
+ 16v(4)(0)

τ4

4!
+ 32v(5)(0)

τ5

5!
+ o(τ6)

)

+d
(

v(0) + 3v′(0)τ + 9v′′(0)
τ2

2!
+ 27v′′′(0)

τ3

3!
+ 81v(4)(0)

τ4

4!
+ 243v(5)(0)

τ5

5!
+ o(τ6)

)

+p
(

v(0) + 4v′(0)τ + (4)2v′′(0)
τ2

2!
+ (4)3v′′′(0)

τ3

3!
+ (4)4v(4)(0)

τ4

4!
+ (4)5v(5)(0)

τ5

5!
+ o(τ6)

)

+q
(

v(0) + 5v′(0)τ + (5)2v′′(0)
τ2

2!
+ (5)3v′′′(0)

τ3

3!
+ (5)4v(4)(0)

τ4

4!
+ (5)5v(5)(0)

τ5

5!
+ o(τ6)

)
+o(τ4).

The system of equations is then obtained by equating the coefficients of the lowest
power of τ in the formula above to zero.⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−α− β− γ− d− p− q = 0,
β + 2γ + 3d + 4p + 5q = 0,
1
2! β + 4

2! γ + 9
2! d + (4)2

2! p + (5)2

2! q = τ−2,
1
3! β + 8

3! γ + 27
3! d + (4)3

3! p + (5)3

3! q + (6)3

3! m + (7)3

3! n = 0,
1
4! β + 16

4! γ + 81
4! d + (4)4

4! p + (5)4

4! q = 0,
1
5! β + 32

5! γ + 243
5! d + (4)5

5! p + (5)5

5! q = 0.

Solving this system of equations, we can obtain α = 15
4τ2 , β = − 77

6τ2 , γ = 107
6τ2 ,

d = −13
τ2 , p = 61

12τ2 , q = − 5
6τ2 . So, relation (22) is proved. Likewise, one can prove

relation (23). This is the end of the proof of Theorem 6.
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We now have the fourth order of approximation difference schemes by applying Taylor
decomposition on five points (6), Equation (2), and Formulas (22) and (23), and neglecting
small terms.⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
τ4 {uk+2 − 4uk+1 + 6uk − 4uk−1 + uk−2}+ 2

3 a(tk)uk

+ 1
6 (a(tk−1)uk−1 + a(tk+1)uk+1)

= 2
3 f (tk) +

1
6 ( f (tk−1) + f (tk+1)), 2 ≤ k ≤ N − 2,

u0 = ϕ, τ−2( 15
4 u0 − 77

6 u1 +
107

6 u2 − 13u3 +
61
12 u4 − 5

6 u5) = y′′(0),

τ−2( 15
4 uN − 77

6 uN−1 +
107

6 uN−2 − 13uN−3 +
61
12 uN−4 − 5

6 uN−5) = y′′(T),
uN = ω

(25)

and ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
τ4 {uk+2 − 4uk+1 + 6uk − 4uk−1 + uk−2}+ 11

12 a(tk)uk

+ 1
24 (a(tk−2)uk−2 + a(tk+2)uk+2)

= 11
12 f (tk) +

1
24 ( f (tk−2) + f (tk+2)), 2 ≤ k ≤ N − 2,

u0 = ϕ, τ−2( 15
4 u0 − 77

6 u1 +
107

6 u2 − 13u3 +
61
12 u4 − 5

6 u5) = y′′(0),

u0 = ϕ, τ−2( 15
4 u0 − 77

6 u1 +
107

6 u2 − 13u3 +
61
12 u4 − 5

6 u5)
= y′′(0),

τ−2( 15
4 uN − 77

6 uN−1 +
107

6 uN−2 − 13uN−3 +
61
12 uN−4 − 5

6 uN−5) = y′′(T),
uN = ω

(26)

for boundary value problem (2)’s numerical solution. In Section 3, we consider the bound-
ary value problem in numerical analysis{

d4u(t)
dt4 + u(t) = 4!− 4 · 5!t + 6 · 6!

2! t
2 − 4 · 7!

3! t
3 + 8!

4! t
4 + t4(1− t)4, 0 < t < 1,

u(0) = u(1) = u′′(0) = u′′(1) = 0,
(27)

with the exact solution
u(t) = t4(1− t)4.

Note that we utilised the fourth order of approximation difference schemes (25)
and (26) for the approximate solution of this problem (14) with different values of τ, namely
τ = 1

80 , 1
160 , 1

320 .

Remark 5. Note that (see Table 5). It is observed that for difference schemes (25) and (26), the
value of errors between the exact solution and approximate solution decreases by a factor of about
1/16 if N is doubled. Thus, these difference schemes have an accuracy order of 4.

Table 5. Errors of difference schemes (25) and (26).

τ = 1
N N = 80 N = 160 N = 320

Difference Scheme (25) 8.7410 × 10−6 5.8235 × 10−7 3.7504 × 10−8

Difference Scheme (26) 8.2124 × 10−6 5.4930 × 10−7 3.5437 × 10−8

51



Axioms 2024, 13, 90

The approximation difference scheme of the sixth order is now under consideration
for the approximate solution of problem (2). Theorem 3 and the sixth-order approximation
formulas for v′′(0) and v′′(T) form the basis for the construction of the sixth-order approxi-
mation for the approximate solution of problem (1).

Theorem 7. Let ν(t) be a function with a continuous eighth derivative on (0 ≤ t ≤ T). Then, the
following holds:

v′′(0)− τ−2
{

469
90

v(0)− 223
10

v(τ) +
879
20

v(2τ)− 949
18

v(3τ) (28)

+41v(4τ)− 201
10

v(5τ)+
1019
180

v(6τ)− 7
10

v(7τ)

}
= o(τ6),

v′′(T)− τ−2
{

469
90

v(T)− 223
10

v(T − τ) +
879
20

v(T − 2τ)− 949
18

v(T − 3τ) (29)

+41v(T − 4τ)− 201
10

v(T − 5τ)+
1019
180

v(T − 6τ)− 7
10

v(T − 7τ)

}
= o(τ6).

Proof. Applying the undetermined coefficients method, we will seek

v′′(0)τ2 = αv(0) + βv(τ) + γv(2τ)+dv(3τ) + pv(4τ) + qv(5τ)+mv(6τ)+nv(7τ) + o
(

τ6
)

. (30)

Using Taylor’s formula, we get

v′′(0)τ2 = αv(0) + β

(
v(0) + v′(0)τ + v′′(0)

τ2

2!
+ v′′′(0)

τ3

3!
+ v(4)(0)

τ4

4!
+ v(5)(0)

τ5

5!

+v(6)(0)
τ6

6!
+ v(7)(0)

τ7

7!
+ o
(

τ8
))

+γ

(
v(0) + 2v′(0)τ + 4v′′(0)

τ2

2!
+ 8v′′′(0)

τ3

3!
+ 16v(4)(0)

τ4

4!
+ 32v(5)(0)

τ5

5!

+64v(6)(0)
τ6

6!
+ 128v(7)(0)

τ7

7!
+ o
(

τ8
))

+d
(

v(0) + 3v′(0)τ + 9v′′(0)
τ2

2!
+ 27v′′′(0)

τ3

3!
+ 81v(4)(0)

τ4

4!
+ 243v(5)(0)

τ5

5!

+729v(6)(0)
τ6

6!
+ 2187v(7)(0)

τ7

7!
+ o
(

τ8
))

+p
(

v(0) + 4v′(0)τ + 42v′′(0)
τ2

2!
+ 43v′′′(0)

τ3

3!
+ 44v(4)(0)

τ4

4!

+45v(5)(0)
τ5

5!
+ 46v(6)(0)

τ6

6!
+ 47v(7)(0)

τ7

7!
+ o
(

τ8
))

+q
(

v(0) + 5v′(0)τ + 52v′′(0)
τ2

2!
+ 53v′′′(0)

τ3

3!
+ 54v(4)(0)

τ4

4!

+55v(5)(0)
τ5

5!
+ 56v(6)(0)

τ6

6!
+ 57v(7)(0)

τ7

7!
+ o
(

τ8
))

+m
(

v(0) + 6v′(0)τ + 62v′′(0)
τ2

2!
+ 63v′′′(0)

τ3

3!
+ 64v(4)(0)

τ4

4!

52



Axioms 2024, 13, 90

+65v(5)(0)
τ5

5!
+ 66v(6)(0)

τ6

6!
+ 67v(7)(0)

τ7

7!
+ o
(

τ8
))

+n
(

v(0) + 7v′(0)τ + 72v′′(0)
τ2

2!
+ 73v′′′(0)

τ3

3!
+ 74v(4)(0)

τ4

4!

+75v(5)(0)
τ5

5!
+ 76v(6)(0)

τ6

6!
+ 77v(7)(0)

τ7

7!
+ o
(

τ8
))

+ o
(

τ6
)

.

Equating the coefficients of the lowest power of τ in the last formula to zero, we obtain
the system of equations⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−α− β− γ− d− p− q−m− n = 0,
β + 2γ + 3d + 4p + 5q + 6m + 7n = 0,
1
2! β + 4

2! γ + 9
2! d + (4)2

2! p + (5)2

2! q + (6)2

2! m + (7)2

2! n = τ−2,
1
3! β + 8

3! γ + 27
3! d + (4)3

3! p + (5)3

3! q + (6)3

3! m + (7)3

3! n = 0,
1
4! β + 16

4! γ + 81
4! d + (4)4

4! p + (5)4

4! q + (6)4

4! m + (7)4

4! n = 0,
1
5! β + 32

5! γ + 243
5! d + (4)5

5! p + (5)5

5! q + (6)5

5! m + (7)5

5! n = 0,
1
6! β + 64

6! γ + 729
6! d + (4)6

6! p + (5)6

6! q + (6)6

6! m + (7)6

6! n = 0,
1
7! β + (2)7

7! γ + (3)7

7! d + (4)7

7! p + (5)7

7! q + (6)7

7! m + (7)7

7! n = 0.

Solving this system of equations, we can obtain α = 469
90τ2 , β = − 223

10τ2 , γ = 879
20τ2 ,

d = − 949
18τ2 , p = 41

τ2 , q = − 201
10τ2 , m = 1019

180τ2 , n = − 7
10τ2 . So, relation (28) is proved. Similarly,

one can prove relation (29). Theorem 7 is proved.
Applying Taylor’s decomposition on five points (15), Equation (2), and Formulas (28)

and (29) and neglecting small terms, we get the sixth-order approximation difference scheme.
We obtain the sixth order of approximation difference schemes by applying Taylor

decomposition on five points (15), Equation (2), and Formulas (28) and (29), and neglecting
small terms.⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
τ4 {uk+2 − 4uk+1 + 6uk − 4uk−1 + uk−2}+ 237

360 a(tk)uk

+ 31
180 (a(tk−1)uk−1 + a(tk+1)uk+1)− 1

720 (a(tk−2)uk−2 + a(tk+2)uk+2)

= 237
360 f (tk) +

31
180

(
f (tk−1) + f (tk+1)− 1

720 ( f (tk−2) + f (tk+2))
)

, 2 ≤ k ≤ N − 2,

u0 = ϕ, uN = ω,

τ−2( 469
90 u0 − 223

10 u1 +
879
20 u2 − 949

18 u3 + 41u4 − 201
10 u5 +

1019
180 u6 − 7

10 u7) = y′′(0),

τ−2( 469
90 uN − 223

10 uN−1 +
879
20 uN−2 − 949

18 uN−3 + 41uN−4 − 201
10 uN−5 +

1019
180 uN−6 − 7

10 uN−7)
= y′′(T)

(31)

for the numerical solution of boundary value problem (2). It can be seen that, for the
approximate solution of problem (27), the accuracy order of this difference method is 6. We
used the sixth order of approximation difference scheme (31) with different values of τ,
namely τ = 1

40 , 1
80 , 1

160 .

Remark 6. Note that (see Table 6). It is observed that for difference schemes (31), the value of errors
between the exact solution and approximate solution decreases by a factor of about 1/64 if N is
doubled. Thus, these difference schemes have an accuracy order of 6.
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Table 6. Errors of difference scheme (31).

τ = 1
N N = 40 N = 180 N = 160

Difference Scheme (31) 7.8925 × 10−7 1.2332 × 10−8 1.8981× 10−10

4. Conclusions and Our Future Plans

1. Two boundary value problems for fourth-order differential equations with depen-
dent coefficients are investigated in this article. To solve these problems, the fourth- and
sixth-order approximation finite difference schemes generated by Taylor’s decomposition
on five points are constructed and investigated. The results of numerical experiments
support the numerical results. Our results and methods can be utilised to extend nonlinear
and partial differential equations in the future.

2. We established and investigated highly accurate four-step difference schemes for
the numerical solution of boundary value problems related to general differential equations
of the fourth order.

d4u(t)
dt4 + d(t)

d3u(t)
dt3 + c(t)

d2u(t)
dt2 + b(t)

du(t)
dt

+ a(t)u(t) = f (t), 0 < t < T.

Here, a(t), b(t), c(t), d(t), and f (t) are given smooth functions defined on [0, T].
Here, we have smooth given functions a(t), b(t), c(t), d(t), and f (t) defined on [0, T].
3. We developed and investigated highly accurate four-step difference schemes for the

numerical solution of both local and non-local problems related to abstract fourth-order
elliptic differential equations:

d4u(t)
dt4 + A(t)u(t) = f (t), 0 < t < T

given the self-adjoint positive definite operators A(t) in a Hilbert space H. Note that we
will be able to determine the stability of these difference schemes via the operator approach
in [16].
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FSADSs First- and Second-Order Accuracy Difference Schemes
ES Exact Solution
FADS First-Order Accuracy Difference Scheme
SADS Second-Order Accuracy Difference Scheme
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AS Approximate Solution
SE System of Equations
SLEs System of Linear Equations
DS Difference Scheme
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Abstract: This paper provides several new traveling wave solutions for a nonlinear partial differential
equation (PDE) by applying symbolic computation and a new approach, the Riccati–Bernoulli sub-
ODE method, in a computer algebra system. Herein, employing the Bäcklund transformation, we
solve a nonlinear PDE associated with nanobiosciences and biophysics based on the transmission line
model of microtubules for nanoionic currents. The equation introduced here in this form is suitable
for critical nanoscience concerns like cell signaling and might continue to explain some of the basic
cognitive functions in neurons. We employ advanced procedures to replicate the previously detected
solitary waves. We offer our solutions in graphical forms, such as 3D and contour plots, using
Mathematica. We can generalize the elementary method to other nonlinear equations in physics,
requiring only a few steps.

Keywords: Bäcklund transformation; soliton; microtubules; non-linear RLC transmission line; Riccatti
equation; symbolic computation; traveling wave solutions

MSC: 35A24; 35C08; 35G20; 44A05

1. Introduction

Bifurcated processes are central to dynamics in applied mathematics and theoretical
physics. Finding exact numerical solutions for functions of separated variables is a key
part of soliton theory. In particular, traveling wave solutions for nonlinear equations in
mathematical physics are very important. In recent years, the search for exact solutions
to nonlinear partial differential equations (PDEs) has become a focus. Using specific
software, such as MATLAB V2020, Maple V18, and Mathematica V31.1 or any above
version makes the difference, as these softwares help carry out complicated algebraic
manipulations. Obtaining the exact solutions to these equations is always required since
they represent real-life problems in many engineering disciplines, including chemistry,
biology, mechanics, and applied physics. Engineers and physicists have developed several
efficient approaches to grasp the mechanisms of physical models and comprehend the
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fundamental issues that arise in underlying problems. Besides Hirota’s bilinear method
and the inverse scattering transform [1,2], there are other more effective ways to find
the traveling wave explicit solitary solutions of nonlinear equations. These include the
Painleve expansions method [3], the homogeneous balance method [4,5], the F-expansion
method [6], and the Jacobi elliptic function method [7]. Only recently has the tanh-function
method been used to find exact solutions for non-linear differential equations [8,9]. We
emphasize that mathematicians have several powerful techniques to find new traveling
wave solutions, among which are the Khater methods [10,11], G′/G-expansion method
[12], Kudryashov method [13], exp-function method [14], Sin–Gordon method [15], and
Sardar sub-equation method [16]. These approaches are pivotal for extending the research
and application of solitons on non-linear fractional differential equations.

The objective of this study is to elaborate and demonstrate the effectiveness of the
Ricatti–Bernoulli sub-ode approach using a new nonlinear partial differential equation
(PDE). This is relevant to nanosciences, including the transmission line model for nano-
ionic currents along microtubules (MTs), which play a role in cellular signaling. The
MTs are fibrous cytoplasmic biopolymers in nanotubes that enable cell movement, cell
communication and transportation of substances and data inside neuronal extensions.
Researchers have also suggested that MTs participate in higher neuronal functions such as
memory and consciousness. Nevertheless, how MTs process and operate electrical signals
is a mystery. For the first time, researchers formulated a concept for ionic waves along MTs
based on the polyelectrolyte nature of cylindrical biopolymers. It is like an electric element,
with capacitive, resistive, and negative incrementally resistive properties for each tubulin
dimer protein [17]. Nanopores (NPs) between the dimers in the MT wall are given extra
attention because they appear to function as ionic channels [18,19]. These stated NPs might
help to describe the behavior of MTs as biomolecular transistors, which amplify electrical
information in neurons. An analysis of their physical properties provides the foundation
for the derivation of the following equation, which may define the ionic currents along
MTs. These details are elaborated fully in [18], including the principles upon which they
are based and the mathematics that underlie the process. This derivation describes in detail
the mechanisms through which biopolymers contribute to the signaling events within cells,
including the polyelectrolyte character of MTs, structural aspects of these proteins, and the
behavior of nanoionic currents

r2c0l2 ∂

∂t

(
∂2F
∂x2

)
+ l2 ∂2F

∂x2 + 2r1c0γF
∂F
∂t
− r1c0

∂F
∂t

. (1)

This study defines the transverse resistance r1 = 109 Ω and the longitudinal resistance
r2 = 7× 106 Ω as elementary ring (ER) components. In a given MT, the parameter γ
represents the nonlinearity of an ER capacitor. Here, setting the inductance l = 8× 10−9 m
and the total maximal capacitance (c0) of the ER is 1.8 × 10−15 F. Sekulic et al. [20]
studied the MT equation formulated in terms of the nonlinear RLC transmission line. To
gain solitary wave solutions for the problem, they used the method called METF, the
extended tanh-function, which was modified to analyze the behavior of ionic currents in
microtubules successfully.

Nonlinear PDEs have recently gained significant attention due to their applications in
science and engineering, particularly wave processes and biology. In the present work, we
added to this field by applying symbolic computations and the Riccati–Bernoulli sub-ODE
method with the Bäcklund transformation [21] to obtain new and multiple traveling wave
solutions of nonlinear PDEs. This is crucial for nanosciences, biophysics, and applications
directly related to the transmission line models of microtubules, which help transport
ions in living cells. We specifically construct this nonlinear equation to solve fundamental
nanoscience problems, particularly those involving cell signaling and the primary processes
in neuron functioning. Thus, by presenting solutions in terms of 3D graphics and contour
plots using Mathematica software, we can reproduce previously obtained solitary wave
solutions employing a modern approach and present additional novel findings. One could
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argue that the generality of the presented method makes it more versatile in applying fur-
ther nonlinear equations in physics, thereby supporting its use in tackling significant issues
in complex systems. This work is timely and important because it not only contributes to
the field of nonlinear dynamics but also provides opportunities for further investigation
in the areas of biophysical modeling and cognitive science. Furthermore, several optional
PDEs represent a problem to solve using the standard approaches. A preliminary method
described in refs. [22–24] is known to resolve high-order algebraic solutions effectively and
is utilized to discover standalone wave solutions. Indeed, these PDEs are transformed into
algebraic equations using the Bäcklund transformation and the Riccati–Bernoulli equation.
Consequently, we can apply this technique effectively to solve various issues in mathemati-
cal physics and evaluate its effectiveness to some extent. This methodology ensures finite
solutions for the derived equations and gives efficient results for the investigated equations.
As we know, it is a relative of PDEs, thus indicating its ability to produce infinitely many
solutions, where the Bäcklund transformation is introduced as an infinite chain of solutions.

The present work employs the proposed methodology to solve nonlinear PDEs re-
lated to nanobiosciences as transmission lines and to model MTs as nonlinear RLCs. This
illustrates the efficiency and utility of the proposed approach to target multifaceted biologi-
cal organizations. By focusing on the nanoionic current flow, the qualitatively enhanced
outcomes provide better insights into real-life physical difficulties and indicate the effective
application of the introduced methods in numerous scientific disciplines. These results
also provide further evidence of this approach’s applicability in solving other nonlinear
equations in a broad range of applications in physics and biology.

2. Methodology

The use of the Riccati–Bernoulli sub-ODE method is appropriate in solving very
complex nonlinear partial differential equations (PDEs), particularly by simplifying them
into simple and solvable ordinary differential equations (ODEs). This progression lessens
the dimensionality of the problem by introducing traveling wave transformations. To
illustrate the fundamental concept of the Ricatti–Bernoulli sub-ode method, we consider a
given PDE with two variables, expressed as follows:

G
(

F,
∂F
∂x

,
∂F
∂t

,
∂2F
∂x2 , . . .

)
= 0. (2)

Making use of the traveling wave transformation ζ = x± ct, one can transform the
partial derivatives in the above PDE into ζ-derivatives, so the PDE can be expressed as an
ODE. This prepares the ground for utilizing the Riccati–Bernoulli sub-ODE method, which
systematically derives closed form solutions.

H
(

f ,
d f
dζ

,
d2 f
dζ2 ,

d3 f
dζ3 , . . .

)
= 0. (3)

Subsequently, we use the following series expansion as a solution to Equation (3):

f (x, t) = f (ζ) =
n

∑
i=−n

ziR(ξ)
i, (4)

with

R(ξ) =
−Xk2 + k1φ(ξ)

k1 + k2φ(ξ)
.

Here, we give a solution as the series expansion, in which R(ξ) is inferred from the
Bäcklund transformation, while φ(ξ) satisfies the Riccati equation, dφ

dξ = X + φ(ξ)2. It
offers a systematic way to balance the nonlinear terms in the ODE and also remarkably
reduces the higher-order derivatives. The Bäcklund transformation is essential in bringing
in the term R(ξ)) in Equation (4), which requires that φ(ξ) satisfies the Riccati equation,
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a nonlinear ODE representing the way the newly transformed wave solutions would
change. Herein lies the crucial bridge between the Bäcklund transformation and the Riccati–
Bernoulli method. That is, while the Bäcklund transformation will yield new variables that
will simplify the form or structure of the solution, it is the Riccati equation that describes,
or dictates, how these variables would evolve. The constants (X) , (k1) , and (k2) are fixed
parameters with k2 �= 0. Thus, the positive integer (n) can easily be balanced by equating
the coefficient of the highest-order derivative term with the coefficient of the nonlinear
terms in Equation (3). We substitute the series expansion, Equation (4), into the transformed
ODE, Equation (2), to obtain an algebraic system of equations. The system arises naturally
from the interaction of the Bäcklund transformation that represents R(ξ))and the Riccati
equation for φ(ξ), together with the given solution. The algebraic system leads to the
constants (zi) and wave velocity (c), which in turn give exact traveling wave solutions.
Fortunately, the Riccati equation admits several types of solutions [25]:

φ(ξ) =

{
−
√
−X tanh(

√
−Xξ), as X < 0,

−
√
−X coth(

√
−Xξ), as X < 0,

φ(ξ) = −1
ξ

, as X = 0,

φ(ξ) =

{√
X tan(

√
Xξ), as X > 0,

−
√

X cot(
√

Xξ), as X > 0.

(5)

3. Execution of the Problem

Next, we apply the method in the previous section to a new nonlinear PDE that is very
important in nanosciences. This is the transmission line model, which shows nano-ionic
currents moving along MTs and is a part of how cells communicate. To solve Equation (1),
applying the proposed method, we use the traveling wave transformation

χ =
x
l
− ωt

T
,

where (ω) is the dimensionless velocity of the wave. The characteristic time for charging
the ER capacitor is set as T = r1c0 = 1.32× 10−6. Thus, Equation (1) is converted into a set
of ODEs:

d2 f
dχ2 −

κ

ω

dF
dχ

+
ν

2

(
f 2
)
− μ f = 0, (6)

where κ = T
r2c0

, ν = 2r1γ
r2

, γ = r1
r2

, and T = r1c0 = 1.32 × 10−6. Next, we compare
the leading high-order derivative term with the leading high-order nonlinear term. By
equating the order of ( f ) from the second equation with ( f 2) in Equation (6), we obtain
n = 2. Inserting Equation (4) into Equation (6), we obtain a system of algebraic equations.
By solving the resulting system of algebraic equations using Maple, we can identify several
distinct cases, as follows:

φ0 : ν z−2
2k2

8ω + 12 z−2k2
8ω X2 = 0,

φ1 : −4 z−1k2
8ω X3 − 4 κ z−2k2

8X2 − 2 ν z−2k2
8z−1ω X = 0,

φ2 : 2 κ z−1k2
8X3 + 16 z−2k2

8X3ω− 2 μ z−2k2
8ω X2 + ν z−1

2k2
8ω X2 + 2 ν z−2k2

8z0ω X2 = 0,

φ3 : −2 ν z−1k2
8z0ω X3 − 4 z−1k2

8X4ω− 4 κ z−2k2
8X3 + 2 μ z−1k2

8ω X3 − 2 ν z−2k2
8z1X3ω = 0,

φ4 : ν z0
2ω k2

8X4 + 2 ν z−2k2
8z2X4ω− 2 μ z0ω k2

8X4 + 2 κ z−1k2
8X4 + 2 ν z−1k2

8z1X4ω+

4 z−2k2
8X4ω + 4 z2k2

8X6ω− 2 κ z1k2
8X5 = 0,

φ5 : −4 z1k2
8X6ω + 4 κ z2k2

8X6 − 2 ν z0z1X5k2
8ω− 2 ν z−1k2

8z2X5ω + 2 μ z1X5k2
8ω = 0,

φ6 : 2 ν z0z2X6k2
8ω− 2 κ z1k2

8X6 + 16 z2k2
8X7ω− 2 μ z2X6k2

8ω + ν z1
2X6k2

8ω = 0,

φ7 : 4 κ z2k2
8X7 − 4 z1k2

8X7ω− 2 ν z1X7k2
8z2ω = 0,

φ8 : 12 z2k2
8X8ω + ν z2

2X8k2
8ω = 0.

(7)
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Case 1:

z0 =
1
2

μ

ν
, z1 = 0, z−1 = −1

2
μν−1 1√

−6 μ−1
,

z2 = 0, z−2 = − 1
48

μ2

ν
, X =

1
24

μ, ω =
1
5

√
−6 μ−1κ.

(8)

Case 2:

z0 =
3
4

μ

ν
, z1 = 12 ν−1 1√

−6 μ−1
, z−1 = −1

8
μν−1 1√

−6 μ−1
,

z2 = −12 ν−1, z−2 = − 1
768

μ2

ν
, X =

1
96

μ, ω =
1
5

√
−6 μ−1κ.

(9)

This study employs the Riccati–Bernoulli sub-ODE technique to simplify the solutions
of nonlinear partial differential equations (PDEs) by transforming them into ordinary
differential equations (ODEs). This method’s strength is seen in the fact that it considers
nonlinear terms analytically and thus offers multiple traveling wave solutions. However,
due to the complexity of some of the nonlinear PDEs, better solutions call for further
improvements, which is where the Bäcklund transformation comes into play. The Bäcklund
transformation can be accomplished as a bridge between the different solutions of the PDE
through the transformation of one solution into another more easily soluble solution. In
this work, the transformation alters the forms of nonlinear terms in the PDE, enabling
the use of the Riccati–Bernoulli technique to solve them. In fact, one can say that the
Bäcklund transformation reduces the complexity of the process of combining nonlinear
wave solutions by directly relating different solutions of the same equation.

Thus, the Bäcklund transformation and the Riccati–Bernoulli method function syn-
ergistically. The Riccati–Bernoulli method yields the exact solutions of the reduced ODE,
while on the other hand, the Bäcklund transformation relates the solutions and further
analyzes the steeper, uncharted solution profiles. This combined approach plays a crucial
role in identifying the wave solutions for the given nonlinear PDE equation, which is crucial
for modeling nanoionic currents and cell signaling. It provides both existing analytical
solutions and new solutions for the wave solutions while also effectively addressing the
nonlinearity of the system.

Solution family 1: Considering case 1 for X < 0, we obtain the precise traveling wave
solution for Equation (1) in the following form:

f1(x, t) = − 1
48

μ2W2
1

ν W2
2
− 1

2
μ W1ν−1 1√

−6 μ−1
W−1

2 +
1
2

μ

ν
, (10)

with

W1 = k1 −
1

12
k2
√
−6 μ tanh

(
1
12

√
−6 μχ

)
,

W2 = − 1
24

μ k2 −
1

12
k1
√
−6 μ tanh

(
1
12

√
−6 μχ

)
,

or

f2(x, t) = − 1
48

μ2W2
3

ν W2
4
− 1

2
μ W3ν−1 1√

−6 μ−1
W−1

4 +
1
2

μ

ν
, (11)

with

W3 = k1 −
1

12
k2
√
−6 μ coth

(
1

12

√
−6 μχ

)
,

W4 = − 1
24

μ k2 −
1
12

k1
√
−6 μ coth

(
1

12

√
−6 μχ

)
.

60



Axioms 2024, 13, 686

Solution family 2: Considering case 1 for X > 0, we obtain the precise traveling wave
solution for Equation (1) in the following form:

f3(x, t) = − 1
48

μ2S2
1

ν S2
2
− 1

2
μ S1ν−1 1√

−6 μ−1
S−1

2 +
1
2

μ

ν
, (12)

with

S1 = k1 +
1

12
k2
√

6
√

μ tan
(

1
12

√
6
√

μχ

)
,

S2 = − 1
24

μ k2 +
1

12
k1
√

6
√

μ tan
(

1
12

√
6
√

μχ

)
,

or

f4(x, t) = − 1
48

μ2S2
3

ν S2
4
− 1

2
μ S3ν−1 1√

−6 μ−1
S−1

4 +
1
2

μ

ν
, (13)

with

S3 = k1 −
1

12
k2
√

6
√

μ cot
(

1
12

√
6
√

μχ

)
,

S4 = − 1
24

μ k2 −
1

12
k1
√

6
√

μ cot
(

1
12

√
6
√

μχ

)
,

Solution family 3: Considering case 1 for X = 0, we obtain the precise traveling wave
solution for Equation (1) in the following form:

f5(x, t) = − 1
48

μ2S2
5ν−1S−2

6 −
1
2

μ S5ν−1 1√
−6 μ−1

S−1
6 +

1
2

μ

ν
, (14)

with

S5 = k1 −
k2

χ
,

S6 = − 1
24

μ k2 −
k1

χ
,

Here, χ = x
l +

1
5

√
−6 μ−1κ tT−1.

Solution family 4: Considering case 2 for X < 0, we obtain the precise traveling wave
solution for Equation (1) in the following form:

f6(x, t) =
z−2R2

1
R2

2
+

z−1R1

R2
+ z0 +

z1R2

R1
− 12

R2
2

ν R2
1

, (15)

with

R1 = k1 − k2
√
−X tanh

(√
−Xχ

)
,

R2 = −Xk2 − k1
√
−X tanh

(√
−Xχ

)
,

or

f7(x, t) =
z−2R2

3
R2

4
+

z−1R3

R4
+ z0 +

z1R4

R3
− 12

R2
4

ν R2
3

, (16)

with

R3 = k1 − k2
√
−X coth

(√
−Xχ

)
,

R4 = −Xk2 − k1
√
−X coth

(√
−Xχ

)
.
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Solution family 5: Considering case 2 for X > 0, we obtain the precise traveling wave
solution for Equation (1) in the following form:

f8(x, t) =
z−2G2

1
G2

2
+

z−1G1

G2
+ z0 +

z1G2

G1
− 12

G2
2

ν G2
1

, (17)

with

G1 = k1 + k2
√

X tan
(√

Xχ
)

,

G2 = −Xk2 + k1
√

X tan
(√

Xχ
)

,

or

f9(x, t) =
z−2G2

3
G2

4
+

z−1G3

G4
+ z0 +

z1

(
−Xk2 − k1

√
X cot

(√
Xχ
))

G3
− 12

G2
4

ν G2
3

, (18)

with

G3 = k1 − k2
√

X cot
(√

Xχ
)

,

G4 = −Xk2 − k1
√

X cot
(√

Xχ
)

.

Solution family 6: Considering case 2 for X = 0, we obtain the precise traveling wave
solution for Equation (1) in the following form:

f10(x, t) = z−2G2
5G−2

6 + z−1G5G−1
6 + z0 + z1G6G−1

5 − 12 G2
6ν−1G−2

5 , (19)

with

G5 = k1 −
k2

χ
,

G6 = −Xk2 −
k1

χ
.

Here, χ = x
l +

1
5

√
−6 μ−1κ tT−1, z1 = 12 ν−1 1√

−6 μ−1
, z−1 = − 1

8 μν−1 1√
−6 μ−1

, z−2 =

− 1
768

μ2

ν , z0 = 3
4

μ
ν and X = 1

96 μ,.

4. Results and Discussion

In this paper, we describe a methodology for nonlinear PDEs that arise in nanosciences
and biophysics, with a focus on microtubule transmission line models for nanoionic cur-
rents. These PDEs are then transformed into ODEs via the Bäcklund transformation,
which helps to reduce the complexity of the problem and makes it easier to solve. We
find the coefficients for the series solution using the Riccati–Bernoulli sub-ODE approach,
enhancing our understanding of the system’s integrated dynamics. The Riccati–Bernoulli
sub-ODE method provides a detailed framework for solving the equation system, reveal-
ing three distinct families of solutions. There are three classes of functions, namely the
hyperbolic, rational, and trigonometric functions. Despite the differences in the form and
structure of these solutions, each of them has specific analytical potential to effectively
reveal the system’s features. This framework is especially useful in capturing such pat-
terns as kink solitons, which are important in theoretical applications including solitons
in particle physics and dislocations in solids. By identifying these solution families, the
method increases the opportunities for understanding the various behaviors of complex
systems, underscoring the significance of the results for contemporary biophysics and
nanoscience. In our numerical analysis of the obtained solutions, the following values for
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all related parameters are considered [18]: k1 = 0.1, k2 = 0.3, κ = T
r2c0

, ν = 2r1γ
r2

, γ = r1
r2

,
T = r1c0 = 1.32× 10−6, and γ = −1. We demonstrated the relationship between the kink
and anti-kink dynamics by analyzing the distinct cases derived from the algebraic system.
In particular, we presented the development of kink-blow dynamics by examining the
solutions obtained for various parameter values and spatial distributions. The solution
families, derived from Case 1 and Case 2, reflect different physical conditions, allowing
for a more detailed exploration of the system stability, propagation characteristics, and
interaction behaviors. Each family provides a distinct representation of how the model
behaves under specific parameter configurations.

Figure 1 presents the development of anti-kink solutions through their evolution in the
context of microtubules modeled by nonlinear RLC transmission lines in nanobiosciences.
We presented the link between the obtained solutions and the dynamics of kinks through
the details in the behavior of kink-blow dynamics with different parameters and spatial
configurations. The solution provides more evidence of stability and other propagation
aspects of the system. The changes in the values of the parameters may affect the interac-
tions in such a way that the physical conditions driving the variation in wave dynamics
can be interpreted, hence providing the possibility to describe the interaction processes at
the nanoscale in detail.

Figure 1. Three-dimensional topographical representation of (a) the real component to the solution
f1 in the (x, t)-plane and (b) the absolute to the solution f1 in the (x, t)-plane.

Figure 2 shows the kink plot of these solutions compared to the nonlinear wave
solutions previously presented. Both plots demonstrate the change in space under different
parameters and distributions, with contours indicating regions where specific parameters,
such as amplitude and phase, are the same. These pictures have given us essential details
about how stable microtubules are, how they move, and how they interact at the nanoscale.
This is critical for understanding and manipulating microtubules in biological settings.

Figure 3 indicates the dynamics of localized disturbances and nonlinear waves (kink
waves) in microtubules formulated as nonlinear RLC transmission lines in nanoscience.
This plot concerns how kink profiles change with respect to different parameters, and the
distribution of solitons as compared to the anti-symmetric patterns of anti-kink profiles.
The contour lines on the plot show areas with constant parameters such as amplitude and
phase. This shows how complicated the stability, propagation, and interaction mechanisms
are at the nanoscale level for microtubules, which are essential for biological functioning.

The anti-kink plot in Figure 4 shows how the anti-kink modes in microtubules move,
as seen through the nonlinear RLC transmission lines used in nanosciences. This plot
demonstrates a distinct interference of these solutions under the parameters and spatial
distributions, as well as their symmetrical mode against the localized perturbations that
could be observed in the kink solutions. This knowledge is essential for explaining the
complexity of biological processes that involve microtubules in cells.
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Figure 2. Three-dimensional topographical representation of (a) the real component to the solution
f3 in the (x, t)-plane and (b) the absolute to the solution f3 in the (x, t)-plane.

Figure 3. Three-dimensional topographical representation of (a) the real component to the solution
f6 in the (x, t)-plane and (b) the absolute to the solution f6 in the (x, t)-plane.

Figure 4. Three-dimensional topographical representation of (a) the real component to the solution
f8 in the (x, t)-plane and (b) the absolute to the solution f8 in the (x, t)-plane.

Figure 5 shows the kink plot describing the velocities of local disturbances and non-
linear wave dynamics. From the kink plot, it is well evinced that kink solutions present
neat velocity shooting profiles for changes in parameters and density distributions. This
contrasts with the almost symmetrical speed profile observed in anti-kink solutions. Ac-
tually, in the dissimilarity of the velocity modes, interesting information about the very
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complex biomechanical processes and transport phenomena realized by microtubules
within cells can be found. Understanding such variability is crucial for understanding how
microtubules function in various dynamic cellular contexts.

Figure 5. Three-dimensional topographical representation of (a) the real component to the solution
f9 in the (x, t)-plane and (b) the absolute to the solution f9 in the (x, t)-plane.

To prove the effectiveness of the method used in this study over some methods in
analyzing the problem under study, we made a simple comparison between the derived
and derived solutions using the modified extended tanh-function method (METFM), as
shown in Table 1. It is clear that there are some cases in which METFM does not provide
solutions, while the technique under study does, confirming the effectiveness of the method
used in this study.

Table 1. Comparison of the current approach with the alternative approach, the modified extended
tanh-function method (METFM) [20].

Case I: X < 0 Present method f (x, t) = z−2R2
1

R2
2

+ z−1R1
R2

+ z0 +
z1R2
R1
− 12 R2

2
ν R2

1
.

Case I: b < 0 METFM u(x, t) = 3
4

γ
β − a1

√
1

24 γ tanh(θ1)− γ
4β tanh2(θ1)

Case II: X > 0 Present method f (x, t) = z−2G2
1

G2
2

+ z−1G1
G2

+ z0 +
z1G2
G1
− 12 G2

2
ν G2

1
.

Case II: b > 0 METFM u(x, t) = 1
4

γ
β + a1

√
1
24 γ tan(θ1)− γ

4β tan2(θ1)

Case III: X = 0 Present method f (x, t) = z−2G2
5 G−2

6 + z−1G5G−1
6 + z0 + z1G6G−1

5 −12 G2
6ν−1G−2

5

Case III: b = 0 METFM No solutions at b = 0.

5. Conclusions

• The Riccati–Bernoulli sub-ODE method has been successfully used to obtain solutions to
the nonlinear PDE, the nonlinear RLC transmission line model of microtubules (MTs).

• This approach produced new traveling wave solutions of substantial importance in
the nascent areas of nanotechnology, biosciences, and biophysics.

• The Riccati–Bernoulli sub-ODE method’s calculated kink solutions match well with-
known solutions from other methodologies, demonstrating the method’s efficacy.

• The Riccati–Bernoulli sub-ODE method seems to be an effective, brief, and elegant
representation for analyzing wide classes of nonlinear evolution equations in physics.

• We have established the applicability and robustness of the proposed method by
demonstrating its ability to yield further solutions.
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6. Future Work

Another direction that could be explored in the future would be a continuation of the
studies of the usage of the Riccati–Bernoulli sub-ODE method and Bäcklund transformation
on more complicated nonlinear phenomena and processes in nanosciences and other
branches of science, such as analyzing different nonlinear structures in plasma physics.
Future work can be expanded to examine various types of physical PDEs that describe
different nonlinear structures in plasma and fluids or to include stochastic perturbations to
encapsulate the noise associated with nanoionic currents.

Moreover, the methods introduced in this study can be extended to investigate wave
propagation in biological structures other than microtubules, such as in protein complexes
or neuronal signal transduction pathways. More experimentally verifiable scenarios in-
volving the calculated solutions may also be another line of research interest, along with
real-time integration of the solutions into nanotechnology and biophysical research. These
could not only extend the current study to a wider range but also promote more develop-
ments in theoretical modeling and application. However, it is crucial to understand that the
Riccati–Bernoulli sub-ODE method and Bäcklund transformation offer reliable solutions
to the studied nonlinear PDEs, though there are certain shortcomings. When applied to
highly nonlinear systems or systems with complex boundary conditions, the method may
encounter problems. The use of symbolic computation also becomes problematic when
the method runs into computational complexity issues. In addition, this approach could
potentially not completely solve high-dimensional cases or variability. It is important to
note this study’s limitations in order to set boundaries and expectations for its applicability
and further research directions.
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1. Preliminary Remarks

The computation of generalized inverses remains an area of significant research in
computational mathematics (see, for example, [1,2]). Over the past 63 years, substantial
advancements have been achieved in this field. Early contributions by E.H. In 1920,
Moore pioneered the concept of a generalized algebraic matrix inverse, yet the field gained
momentum only after 1955, as marked by the works of Penrose (1955, 1956), Golub and
Kahan (1965), and Rao and Mitra (1971) as discussed in [3]. These and other significant
contributions have defined much of the field, establishing foundations that allow limited
scope for new developments [4].

Terms such as “the pseudo-inverse”, “{2}-inverse”, and “the minimum-norm least
squares inverse” are widely utilized, often more so than “Drazin inverse”, to denote
unique matrix inverses in applications involving the resolution of linear systems and
optimization [5].

Greville’s foundational partitioning approach in computing generalized inverses was
examined in [3]. While effective, this solver incurs a high operational cost and greater
round-off errors. Many numerical solvers devised for the Drazin generalized inverse often
lack computational stability, prompting the need to explore and propose new iterative
approaches that address these limitations; see the discussions in [6] for more.

In numerical computation, it is essential to counteract cumulative rounding errors ef-
fectively; symbolic computation achieves this by preserving variable precision throughout
the process. However, the symbolic computation of the Drazin inverse becomes compu-
tationally intensive for matrices of high dimensionality, which has led investigators to
propose computationally effective iteration solvers methods for this target [7,8].

Axioms 2025, 14, 22. https://doi.org/10.3390/axioms14010022 https://www.mdpi.com/journal/axioms68
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The general solution for a square singular linear system of the form

Γy = φ, (1)

can be expressed as
y = ΓDφ + (I − ΓΓD)z, (2)

utilizing the Drazin generalized inverse, whereas z ∈ N (Γ) +R(Γι−1), as investigated
in [9]. For example, in control theory, the Drazin inverse helps to determine the solution
of descriptor systems, which are characterized by differential–algebraic equations. These
systems often model engineering processes involving constraints, such as electrical circuits
with dependent components or robotic mechanisms with non-holonomic constraints. The
Drazin inverse ensures that solutions respect the system’s algebraic constraints, providing
stability and robustness in the analysis.

We describe CN×N and CN×N
r as the sets of N × N square matrices with complex

entries and those of rank r, in the respective order. Additionally, Γ∗, N (Γ), rank(Γ), and
R(Γ) represent the conjugate transpose, null space, rank, and range of Γ ∈ CN×N .

Drazin introduced a generalized inverse, non-reflexive yet commuting with elements
of associative rings and semigroups, in his seminal paper [10]. Wilkinson further elaborated
on its significance and computation in [11]. The study of the Drazin inverse spans multiple
domains, including matrix theory (specifically within generalized inverses) and ring theory.

A dynamical system governed by a homogeneous equation is referred to as pointwise
complete if every possible terminal state of the system can be attained by appropriately
selecting its initial state. Conversely, a system that fails to exhibit this property is described
as pointwise degenerate. The concepts of pointwise completeness and degeneracy have
been extensively studied in various contexts, including linear continuous-time systems with
delays, as well as fractional linear discrete-time systems, as highlighted in the literature [12].
Furthermore, the Drazin inverse of matrices has proven to be a valuable tool for analyzing
the pointwise completeness and degeneracy of descriptor fractional linear systems.

In recent years, significant advancements have been made in extending these math-
ematical notions. The author of [13] has generalized the concepts of the Drazin inverse,
the Core–Moore–Penrose inverse, and the Drazin–Moore–Penrose inverse of finite square
matrices to finite potent endomorphisms. This work has introduced numerous properties
of these extended inverses, thereby broadening their applicability. Notably, all results
derived for finite potent endomorphisms remain valid for the special case of finite square
matrices, thereby enriching the theoretical framework and providing deeper insights into
the structural characteristics of these systems.

The Drazin inverse is particularly useful in the computation of spectral projectors,
which separate the behavior of a system into stable and unstable dynamics. This is es-
sential for understanding and controlling dynamical systems in engineering fields like
aerodynamics and robotics. It also has applications in network theory, where it aids in
determining steady-state solutions in Markov chains with absorbing states, which is crucial
for designing efficient communication or traffic flow systems.

To proceed, we first furnish some essential definitions [3].

Definition 1. The minimum non-negative integer ι for which

rank(Γι+1) = rank(Γι), (3)

holds is known as the index of Γ, represented by ind(Γ).

Definition 2. Consider a complex matrix Γ of order N × N. The Drazin inverse of Γ, shown via
ΓD, is the distinct matrix Θ that fulfills the conditions below

(1) ΓιΘΓ = Γι, (2) ΘΓΘ = Θ, (3) ΓΘ = ΘΓ, (4)

69



Axioms 2025, 14, 22

where ι = ind(Γ), the matrix index of Γ.

As long as ind(Γ) = 1, Θ is termed the group inverse of Γ. For nonsingular Γ,
ind(Γ) = 0, yielding ΓD = Γ−1.

The idempotent matrix ΓΓD serves as a projector ontoR(Γι) alongN (Γι), whereR(Γι)
is the range of Γι and N (Γι) its null space. For nilpotent Γ, ΓD = 0; see [14] for further
details.

Matrix iteration schemes are sensitive to the selection of the starting value Θ0 for
convergence towards ΓD. Iteration solvers such as Schulz-like schemes are especially
efficient for sparse matrices with sparse inverses, though often hampered by the need for
an appropriate initial guess. The literature provides numerous approaches to this initial
selection, as discussed comprehensively in [15].

To highlight key innovations of the proposed method compared to existing methods,
in this article, we provide the following:

• Introduction of an iterative approach for computing the Drazin inverse.
• Improvement in CPU time compared to well-known existing methods.
• Analytical investigation of the method’s behavior.
• Superior computational efficiency due to reduced computational complexity.

Following this introduction in this section, the rest of the work is structured as follows:

• Section 2 reviews key iteration solvers for the inverse of Drazin.
• In Section 3, we present our novel high-order scheme. Section 4 examines its sixth-

order convergence characteristics.
• Section 5 addresses the computational complexity of iterative schemes, identifying

the optimal choice.
• Section 6 applies our new scheme to illustrate reduced CPU time.
• Section 7 presents the final observations and insights.

2. Associated Studies

A classic approach for computing the inverse of an invertible Γ is the Schulz scheme,
presented in [16], as comes next:

Θ�+1 = Θ�(2I − ΓΘ�), � = 0, 1, 2, . . . , (5)

where I denotes the unit matrix with identical dimensions to Γ.
The authors of [17] extended the applicability of the Schulz method (5) by proving

its effectiveness to calculate the Drazin inverse for square matrices. They introduced the
starting value below:

Θ0 = αΓl , l ≥ ind(Γ) = ι, (6)

wherein α is selected such that we have

‖I − ΓΘ0‖ < 1. (7)

Utilizing an initial guess as (6) in conjunction with (5) yields a quadratically convergent
iteration process for computing the inverse of Drazin.

Next, we review several higher-order iterative methods for this purpose, recognizing
that efficiency gains are essential since the Schulz method (5) converges slowly in the
early iteration stages, thereby increasing the overall computational effort required for
matrix inversion.

The authors of [18] proposed an iteration scheme with a cubic convergence rate,
formulated as

Θ�+1 = Θ�(3I − ΓΘ�(3I − ΓΘ�)), � = 0, 1, 2, . . . , (8)
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alongside an alternative scheme of the same order for approximating Γ−1 (or ΓD with a
suitable initial choice), defined by

Θ�+1 = Θ�

[
1
2
(I − ΓΘ�)(I + (2I − ΓΘ�)

2) + I
]

, � = 0, 1, 2, . . . . (9)

Additionally, a generalized approach to derive similar iteration sequences is outlined in [19]
(Chapter 5). The authors provided a 4th-order solver as follows:

Θ�+1 = Θ�(I + Ξ�(I + Ξ�(I + Ξ�))), � = 0, 1, 2, . . . , (10)

where Ξ� = I−ΓΘ� . More broadly, by applying Schröder’s generalized iterative method [20]
to the nonlinear problem

ΓΘ = I, (11)

we can derive the following solver [21]:

Θ�+1 = Θ�(I + Ξ� + Ξ2
� + · · ·+ Ξm−1

� )
= Θ�(I + Ξ�(I + Ξ�(· · ·+ Ξ�) · · · )), � = 0, 1, 2, . . . ,

(12)

with convergence order m, which requires m Horner-like matrix multiplications, where
Ξ� = I − ΓΘ�.

Recently, the authors of [5], through additional factorization and simplification steps,
proposed the following iterative scheme:

Θ�+1 = Θ�(I + Ξ�)
[
(I + β1Ξ2

� + Ξ4
�)(I + β2Ξ2

� + Ξ4
�)
]
, (13)

which reduces the computational load to only six matrix–matrix multiplications per cycle.
Here, the constants β1 and β2 are given by

β1 =
1
2

(
1−
√

5
)

, β2 =
1
2

(
1 +
√

5
)

. (14)

3. Development of a Novel Iterative Approach

The impetus for this manuscript is to develop a multi-step rapid iterative solver that
enhances both accuracy and efficiency in addressing nonlinear equations; see the pioneer
discussions in the works [22,23]. By avoiding the necessity for second Fréchet derivatives,
our approach seeks to mitigate the complexities and computational overhead associated
with existing methodologies.

An iterative family of Chebyshev–Halley methods was first introduced and studied
by [24,25], designed to locate simple roots of the following nonlinear problem:

g(x) = 0,

which can be presented as follows:

x�+1 = x� −
(

1 +
1
2

L(x�)

1− aL(x�)

)
g(x�)

g′(x�)
, (15)

wherein a ∈ R,

L(x�) =
g′′(x�)g(x�)

g′(x�)2 ,

and the convergence order is cubic; for recent discussions about the solutions of nonlinear
equations, see [26–28]. This scheme is an extension of the famous Newton’s solver [29],
which is given by

x�+1 = x� −
g(x�)

g′(x�)
, (16)
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Here, we need to resolve the nonlinear problem below:

X−1 = A. (17)

In the scalar version of (17), we obtain Schulz and Chebyshev’s methods as discussed in
Section 2. To propose a two-step method, we combine these two solvers by using⎧⎪⎪⎨⎪⎪⎩

y� = x� −
(

1 +
1
2

g′′(x�)g(x�)
g′(x�)2

)
g(x�)

g′(x�)
,

x�+1 = y� −
g(y�)

g′(y�)
.

(18)

Note that for Chebyshev’s method, involved in the first step of (18), its convergence for
nonlinear equations was studied in [30]. To enhance the efficiency of this approach, we
apply a series of factorization steps to streamline the expression in (18) to solve (17), thereby
decreasing the matrix–matrix products involved. This yields{

Λ� = Θ�(3I − ΓΘ�(3I − ΓΘ�)),
Θ�+1 = Λ�(2I − ΓΛ�),

(19)

which requires five matrix–matrix products per iteration.
Schulz-type iterations, as exemplified in (19), are inherently numerically stable, ex-

hibiting a self-correcting property and based primarily on efficient matrix multiplications
per cycle as long as a proper initial guess is used. This framework is well suited to parallel
processing, particularly with sparse matrices. Integrating (19) with sparse-saving tech-
niques can further alleviate the computational demands of matrix–matrix products within
each cycle.

The scheme in (19) for calculating the Drazin inverse converges, provided that the
initial approximation is selected as [31]

Θ0 =
2

Tr(Γι+1)
Γι, (20)

or equivalently,

Θ0 =
1

2‖Γ‖ι+1
2

Γι, (21)

where Tr(·) denotes the trace of a matrix under ι.
An examination of the convergence behavior of this solver is provided in the next sec-

tion, and we offer detailed insights into the selection of an initial approximation that
maintains the iteration convergence rate. Additionally, we outline conditions under
which this novel approach may be effectively applied to compute the Drazin inverse
of square matrices.

Before presenting the primary theorems concerning the convergence analysis and
convergence speed of the furnished solver, we first outline several key lemmas.

Proposition 1 ([31]). Consider Γ ∈ CN×N and a given ε > 0. A norm ‖ · ‖ is identified for which

ρ(Γ) + ε ≥ ‖Γ‖ ≥ ρ(Γ), (22)

where ρ(Γ) represents the spectral radius of Γ, defined as the maximum absolute value of its
eigenvalues.

Proposition 2 ([31]). Let PL,M denote the projection onto a subspace L along a subspace M. Next,
(i) PL,MQ = Q iffR(Q) ⊆ L;
(ii) QPL,M = Q iff N (Q) ⊇ M.
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4. Theoretical Parts

Theorem A0. Suppose that Γ ∈ CN×N is an invertible matrix. Additionally, suppose the starting
matrix Θ0 is chosen according to either (6) or (20) and (21). Consequently, the sequence of matrices
{Θ�}∞

�=0 generated by (19) adheres to the following error bound for approximating the Drazin
inverse:

‖ΓD −Θ�‖
‖ΓD‖ ≤ ‖I − ΓΘ0‖6�

. (23)

Moreover, the convergence rate of the method is six.

Proof. We proceed by considering

Ξ�+1 = I − ΓΘ�+1

= I − Γ(Λ�(2I − ΓΛ�))

= I − Γ((Θ�(3I − ΓΘ�(3I − ΓΘ�)))(2I

− Γ(Θ�(3I − ΓΘ�(3I − ΓΘ�)))))

= (I − ΓΘ�)
6

= Ξ6
�.

(24)

By applying an arbitrary matrix norm to the expression in (24), one can rewrite it as follows:

‖Ξ�+1‖ ≤ ‖Ξ�‖6. (25)

Given that Θ0 is selected according to either (6) or (20) and (21), it subsequently follows
that

Ξ(Θ0) ⊆ Ξ(Γι). (26)

This can now be expressed as
Ξ(Θ�) ⊆ Ξ(Θ�−1). (27)

It is now concluded that
Ξ(Θ�) ⊆ Ξ(Γι), � ≥ 0. (28)

In a similar fashion, if the proposed solver for computing the Drazin inverse is formulated
by performing left multiplication on Θ�, it can be concluded that

N (Θ�) ⊇ N (Γι), � ≥ 0. (29)

At this point, by applying the definition of the Drazin inverse, one obtains

ΓΓD = ΓDΓ = PR(Γι),N (Γι). (30)

By combining Proposition 2 with the expressions in (28)–(30), it follows that

Θ�ΓΓD = Θ� = ΓDΓΘ�, � ≥ 0. (31)

In order to finalize the proof, we continue as outlined below. The matrix representing the
error is given by δ� = ΓD −Θ� satisfies the following

δ� = ΓD −Θ�

= ΓD − ΓDΓΘ�

= ΓD(I − ΓΘ�)

= ΓDΞ�.
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Utilizing (25), one attains

‖δ�‖ = ‖ΓD‖‖Ξ�‖ ≤ ‖ΓD‖‖Ξ0‖6�
. (32)

This serves as a verification of the result in (23). As an immediate consequence of (32) and
Proposition 2, it follows that we can derive

Γδ�+1 = ΓΓD − ΓΘ�+1

= ΓΓD − I + I − ΓΘ�+1

= ΓΓD − I + Ξ�+1.

(33)

By examining (24) and performing a series of simplifications, we arrive at the conclusion
that

Γδ�+1 = ΓΓD − I + Ξ6
�. (34)

Utilizing the idempotent characteristic (I − ΓΓD)t = (I − ΓΓD), where t ≥ 1 denotes
a natural number, along with the subsequent result derived from (31), we obtain the
following:

(I − ΓΓD)Γδ� = (I − ΓΓD)Γ(ΓD −Θ�)

= Θ� − ΓΓDΘ�

= 0.

(35)

As a result, for every t ≥ 1, we arrive at the following expression (where we apply (35)
during the simplification process):

(Ξ�)
t + ΓΓD − I = (I − ΓΘ�)

t + ΓΓD − I

= (I − ΓΓD + ΓΓD − ΓΘ�)
t + ΓΓD − I

=
(
(I − ΓΓD) + Γδ�

)t
+ ΓΓD − I

= I − ΓΓD + (Γδ�)
t + ΓΓD − I

= (Γδ�)
t.

(36)

By combining (34) and (36), it follows that

Γδ�+1 = (Γδ�)
6. (37)

Finally, one obtains
‖Γδ�+1‖ ≤ ‖Γδ�‖6. (38)

At this point, it becomes evident how to determine the error bound for the proposed
iterative scheme (19), by taking into account (38) along with the second criterion outlined
in (4), which pertains to the computation of the Drazin inverse, as demonstrated below:

‖δ�+1‖ = ‖Θ�+1 − ΓD‖
= ‖ΓD AV�+1 − ΓDΓΓD‖
= ‖ΓD(ΓΘ�+1 − ΓΓD)‖
≤ ‖ΓD‖‖Γδ�+1‖
≤ ‖ΓD‖‖δ�‖6.

(39)

The inequalities presented in (39) lead to the conclusion that Θ� converges to ΓD as
� → +∞, with a convergence rate of the sixth order. We consider summarizing key points
for readers unfamiliar with iterative methods as follows:
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• The convergence proof demonstrates that the error decreases exponentially, with a
sixth-order convergence rate, ensuring rapid approximation of the Drazin inverse.

• A key feature is the reduction in computational effort due to fewer matrix–matrix
multiplications while maintaining high accuracy.

• The choice of an appropriate initial value plays a crucial role in ensuring the method’s
reliability.

• These insights provide a clear understanding of why the proposed method outper-
forms existing iterative schemes in both speed and efficiency, especially when the
matrix norm-2 is required for each computing step.

This completes the proof.

5. Efficiency Comparison

As discussed earlier, an effective iterative method is distinguished by its high conver-
gence rate paired with minimal computational cost. When finding the Drazin inverse, a
significant portion of computational resources is often consumed by matrix products.

Assuming unit cost for each matrix–matrix product, as is typical in floating-point
calculations, we recall the inverse-finder informational efficiency index (IEI). It utilizes ρ
and κ, representing the convergence rate and the quantity of matrix–matrix multiplications,
in the respective order, and is defined as follows [20]:

IEI =
ρ

κ
. (40)

On the other hand, the efficiency index (EI) for iterative solvers is defined as follows [20]:

EI = κ
√

ρ, (41)

where κ represents the total computational cost. Thus, we undertake a theoretical analysis
to compare the computational efficiency of various iterative schemes—namely, (5), (8), (9),
(10), and (19)—as each of these approaches can converge to ΓD provided a suitable initial
guess is selected (6). An analytically favorable scheme should, therefore, aim to achieve a
high convergence speed ρ with a minimal quantity of matrix–matrix products κ relative to
competing methods, ideally satisfying κ ≤ ρ.

The results summarized in Table 1 demonstrate that, for various values of υ, the EIs of
PM1 and PM2 outperform those of their competitors. The results confirm the almost equal
or superior performance and enhanced efficiency of PM methods when compared to the
main competing methods.

Table 1. A comparative analysis of the computational load associated with various methods, each
evaluated across various indices.

Solvers (5) (8) (9) (10) (19)

ρ 2 3 3 4 6
κ 2 3 4 4 5
IEI 2

2 = 1 3
3 = 1 3

4 = 0.75 4
4 = 1 6

5 ≈ 1.2
EI 2

1
2 � 1.41 3

1
3 � 1.44 3

1
4 � 1.31 4

1
4 � 1.41 6

1
5 � 1.43

6. Experiments

This section examines the computational precision and efficiency in calculating the
Drazin inverse. The proposed iterative scheme (19) is notable for its implementation with-
out requiring matrix exponentiation, facilitating its straightforward application in comput-
ing generalized inverses. For comparative computational analysis, we employ the schemes
(5), (8), (9), and (19), referenced as SM2, CM3, LM3, and PM, in the respective order.

Several points merit attention:

• Simulations are conducted using Mathematica 13.0 [32,33].
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• Computation times for obtaining approximate inverses are measured in seconds.
• When reporting elapsed times, all methods under comparison are executed within an

identical computational environment.

Experiment 1. This test is conducted to compute the Drazin inverse, given that the matrix is
specified as in [17]:

Γ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 4/10 0 0 0 0 0 0 0 0 0 0
−2 4/10 0 0 0 0 0 0 0 0 0 0
−1 −1 1 −1 0 0 0 0 −1 0 0 0
−1 −1 −1 1 0 0 0 0 0 0 0 0
0 0 0 0 1 1 −1 −1 0 0 −1 0
0 0 0 0 1 1 −1 −1 0 0 0 0
0 0 0 −1 −2 4/10 0 0 0 0 0 0
0 0 0 0 2 4/10 0 0 0 0 0 0
0 −1 0 0 0 0 0 0 1 −1 −1 −1
0 0 0 0 0 0 0 0 −1 1 −1 −1
0 0 0 0 0 0 0 0 0 0 4/10 −2
0 0 0 0 0 0 0 0 0 0 4/10 2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

with ι = ind(Γ) = 3. The Drazin inverse in its exact form can be expressed as

ΓD =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.25 −0.25 0. 0. 0. 0. 0. 0. 0. 0. 0. 0.
1.25 1.25 0. 0. 0. 0. 0. 0. 0. 0. 0. 0.
−1.66 −0.99 0.25 −0.25 0. 0. 0. 0. −0.06 −0.06 0. 0.15
−1.19 −0.67 −0.25 0.25 0. 0. 0. 0. −0.06 0.18 0.68 1.34
−2.76 −1.04 −1.87 −1.25 −1.25 1.25 1.25 1.25 1.48 2.57 3.32 6.64
−2.76 −1.04 −1.87 −1.25 −1.25 1.25 1.25 1.25 1.48 2.57 4.57 8.51
14.10 6.30 6.62 3.37 5. −3. −5. −5. −4.18 −8.5 −10.50 −22.46
−19.32 −8.50 −9.75 −5.25 −7.5 4.5 7.5 7.5 6.37 12.56 15.97 33.78
−0.62 −0.31 0. 0. 0. 0. 0. 0. 0.25 −0.25 −0.87 −1.62
−1.25 −0.93 0. 0. 0. 0. 0. 0. −0.25 0.25 −0.87 −1.62

0. 0. 0. 0. 0. 0. 0. 0. 0. 0. 1.25 1.25
0. 0. 0. 0. 0. 0. 0. 0. 0. 0. −0.25 0.25

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

The termination criterion is defined as ‖Θι+1 −Θι‖∞ ≤ 10−6. Verifying the require-
ments outlined in Definition 2 for the proposed iterative method PM leads to

‖Γι+1ΓD − Γι‖∞ = 2.58× 10−11,

‖ΓDΓΓD − ΓD‖∞ = 4.87× 10−11,

‖ΓΓD − ΓDΓ‖∞ = 7.64× 10−9,

(42)

which provides validation for the theoretical analysis.

Experiment 2. The purpose of this test is to evaluate and compare the CPU times taken by various
solvers when applied to ten randomly generated square matrices (denoted here by A for simplicity in
coding) using the following piece of code:

ClearAll["Global‘*"]

SeedRandom[12];

n1 = 500; n2 = n1; number = 10; max1 = 75;

Table[A[j] = RandomReal[{0, 1}, {n1, n2}], {j, number}];

In this test, convergence is determined by the stopping criterion ‖Θ�+1 −Θ�‖2 ≤ 10−6. Addi-
tionally, the initial value is generated by means of
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Θ0 =
ΓT

||Γ||22
.

The outcomes of the comparative analysis for this test are displayed in Figures 1
and 2 (for two different choices of input size), where computations for regular inverses
were carried out with a standard precision of 15 digits. Evidently, higher-order methods
necessitate fewer iterations for convergence; hence, the primary emphasis is placed on the
computational time required to achieve the specified tolerance. It can be observed that
our proposed scheme (19) outperforms its competitors, further validating the theoretical
discussions in Section 3.

Figure 1. A comparative analysis of CPU times for different solvers, as conducted for Experiment 2,
is presented for matrices of size 400× 400.

Figure 2. A comparison of the CPU times for different solvers for Experiment 2 for matrices of size
500× 500.
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Experiment 3. The objective of this test is to evaluate and compare the CPU times required
by various solvers under the conditions of Experiment 2, modifying only the stopping criteria:
‖Θ�+1 −Θ�‖2 ≤ 10−4 and ‖Θ�+1 −Θ�‖2 ≤ 10−8.

The results of the comparative analysis are illustrated in Figures 3–6, and they provide
evidence supporting the effectiveness and robustness of the proposed two-step solver for
computing (generalized) inverses. The numerical experiments demonstrate that the sixth-
order convergence of our method outperforms traditional iterative approaches, particularly in
terms of computational efficiency and in norm 2. Across all test cases, our method requires
fewer iterations and exhibits faster computational times, even when subjected to diverse
stopping criteria. Furthermore, the method demonstrates exceptional scalability, effectively
handling matrices of varying dimensions, including those with randomly generated entries.

Figure 3. A comparison of the CPU times for different solvers for Experiment 3 for matrices of size
400× 400 when ‖Θ�+1 −Θ�‖2 ≤ 10−4.

Figure 4. A comparison of the CPU times for different solvers for Experiment 3 for matrices of size
500× 500 when ‖Θ�+1 −Θ�‖2 ≤ 10−4.
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Additionally, the two-step iterative framework ensures that the solver remains com-
putationally efficient under varying input configurations, which is critical for applications
involving high-dimensional datasets. Moreover, the high order of convergence directly
translates into reduced computational complexity, making the method particularly advanta-
geous for resource-intensive scenarios. Unlike lower-order methods, which may struggle to
balance speed and accuracy, our solver achieves a trade-off between these two metrics. This
makes it an ideal choice for real-world applications requiring rapid solutions to generalized
inverse problems.

Figure 5. A comparison of the CPU times for different solvers for Experiment 3 for matrices of size
400× 400 when ‖Θ�+1 −Θ�‖2 ≤ 10−8.

Figure 6. A comparison of the CPU times for different solvers for Experiment 3 for matrices of size
500× 500 when ‖Θ�+1 −Θ�‖2 ≤ 10−8.
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7. Conclusions

The Drazin inverse is a fundamental concept in matrix theory, with its calculation
being both challenging and highly applicable in practice. In conclusion, this study has
presented a numerically efficient two-step iterative solver designed for calculating the
Drazin generalized inverse with a sixth-order convergence rate, which qualifies it as
a higher-order solver. We have rigorously analyzed the convergence properties of the
proposed scheme, particularly emphasizing the importance of selecting an appropriate
initial value, Θ0, to ensure convergence towards ΓD.

Our findings have demonstrated that matrix iteration schemes are highly sensitive
to this initial value selection, especially for sparse matrices. The proposed method builds
upon traditional Schulz-like iteration schemes, addressing the challenges associated with
requiring an optimal initial guess while providing enhanced computational efficiency.

Extensive numerical tests have confirmed the theoretical results, showcasing both the
speed and effectiveness of the proposed solver. Moreover, our analysis has revealed that
this novel iterative approach achieves substantial improvements in CPU time over existing
methods by reducing the quantity of matrix–matrix products. The obtained results further
validate the effectiveness of the proposed iterative method (19), demonstrated by a notable
decrease in the elapsed CPU times. This efficiency makes our solver particularly suitable
for applications requiring the Drazin inverse, contributing a significant advancement to
iteration solvers in numerical linear algebra.
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Abstract: Let X be a centered random vector in a finite-dimensional real inner product
space E . For a subset C of the ambient vector space V of E and x, y ∈ V, write x �C y
if y − x ∈ C. If C is a closed convex cone in E , then �C is a preorder on V, whereas if
C is a proper cone in E , then �C is actually a partial order on V. In this paper, we give
sharp Cantelli-type inequalities for generalized tail probabilities such as Pr{X �C b} for
b ∈ V. These inequalities are obtained by “scalarizing” X �C b via cone duality and then
by minimizing the classical univariate Cantelli’s bound over the scalarized inequalities.
Three diverse applications to random matrices, tails of linear images of random vectors,
and network homophily are also given.
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1. Introduction

Let Y be a random variable with finite mean μ and variance σ2. Thus, the random
variable X = Y− μ is centered and has the same variance as Y. For a positive real number b,
the celebrated Cantelli inequality—also known as the one-sided Chebyshev’s inequality—reads
as follows

Pr{X ≥ b} ≤ σ2

b2 + σ2 . (1)

Both Cantelli’s inequality and the classical Chebyshev’s inequality can be (and have
been) extended in several ways [1,2] to a random vector X = (X1, . . . , Xn)′ in Rn—here
and throughout the rest of the paper, u′ denotes the transpose of the column vector u ∈ Rn.
As shown in [1,2], there is a standard recipe that yields such extensions: Let X be a random
vector supported by a subset S of Rn and let Σ be the covariance matrix of X. Let T be a
Borel subset of S and f : S→ R such that f (x) ≥ 0 for all x ∈ S and f (x) ≥ 1 for all x ∈ T.
Then, with 1T(·) denoting the indicator of the set T over S, one has f ≥ 1T and

E( f (X)) ≥ E( f (X)1T(X)) ≥ E(1T(X)) = Pr{X ∈ T}.

This technique is essentially a “Markov inequality”. By taking f in the family { fu | fu :

Rn → Rn
+, u ∈ Rn}, where fu(x) = (u′x+u′Σu)2

1+u′Σu , and minimizing for u under the constraint
f ≥ 1T , Marshall and Olkin obtained the following strong and general result.

Theorem 1 (Marshall and Olkin [1]). Let T be a closed convex set in Rn not containing the
origin. If X is a centered random vector of Rn with a positive-definite covariance matrix Σ, then

Pr{X ∈ T} ≤ inf
u∈Rn

u′x≥1, ∀x∈T

u′Σu
1 + u′Σu

. (2)

Axioms 2025, 14, 43 https://doi.org/10.3390/axioms14010043
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Furthermore, the inequality is sharp, in the sense that there exists a centered random vector
X0 whose support contains T and whose covariance matrix is Σ, such that the inequality is attained
as an equality.

Note that Cantelli’s inequality (1) follows from inequality (2) after dividing the univari-
ate random variable X by the positive threshold b and observing that the variance of X/b
is σ2/b2. The minimization problem on the right-hand side of (2) is solved by minimizing
the quadratic form u′Σu over the same set. This is a convex minimization problem that
can be solved using the techniques described in [3]. As proved in [1], the infimum in (2)
is attained. The function fû corresponding to the vector û, which attains the infimum in
inequality (2), can be seen as a kind of envelope of a given shape (in this case quadratic)
for the probability on the right-hand side. The same inequality can be interpreted in the
following way: First, we linearly approximate T inside the probability. This approximation
yields a family of linear inequalities, each of which is the tail of a scalar random variable.
We then use Cantelli’s inequality (1) to bound each of these tails, and finally, we choose the
tightest one. Let us describe this process for a non-empty arbitrary Borel subset T of Rn:
Let b(T) = {u ∈ Rn | u′x ≥ 1, ∀x ∈ T}—note that b(T) is always a closed convex set
regardless of the argument T (see Section 2 for more details) and hence a Borel set—since,
by definition, T ⊆ b(b(T)) and x ∈ b(b(T))⇔ u′x ≥ 1, ∀u ∈ b(T), it follows that

Pr{X ∈ T} ≤ Pr{X ∈ b(b(T))} = Pr
{

u′X ≥ 1, ∀u ∈ b(T)
}

,

where X is a centered random vector with a positive-definite covariance matrix Σ. Here,
for all u ∈ b(T), the random variable u′X is a centered random variable with variance u′Σu.
Thus, by Cantelli’s inequality, for all u ∈ b(T), it holds that

Pr{X ∈ T} ≤ u′Σu
1 + u′Σu

.

Thus, if T is a non-empty convex set, after taking the infimum over b(T), we re-
cover (2) from another perspective. It is easy to see that the same result holds in any
finite-dimensional Euclidean space E . If T is of the form b + C, where C is a convex cone in
E , then we provide a specialized Cantelli bound that is sharp. Furthermore, if C has a non-
empty interior, then C induces a preorder �C on the ambient space of E such that the event
(X ∈ T) can be written as (X �C b) and can be interpreted as a generalized tail inequality
(we recover classical tail inequalities when C is the non-negative orthant). Thus, Cantelli’s
inequality naturally extends to generalized tail inequalities in finite-dimensional Euclidean
spaces. While such an extension is not really genuine since, in the finite-dimensional
case, it can be derived by standard arguments from the special case of the standard real
n-dimensional Euclidean space (see Lemma 7), on the other hand, it allows a tight sharpen-
ing of the general case (Corollary 1) and also allows to cast seemingly more complicated
events into the framework of tail inequalities, as they occur, for example, in random matrix
theory. Consider the case where X is a random matrix sampled from a symmetric real en-
semble (see Section 4.1 for precise definitions). A fundamental problem in this context is to
understand, at least asymptotically, when the order of the matrix goes to ∞, the probability
that the smallest eigenvalue of X is positive. This problem is completely and precisely
solved for Gaussian matrices (see [4–6]): the probability of sampling a positive-definite
matrix from a symmetric Gaussian ensemble goes to zero exponentially fast. In this paper,
using Corollary 1 in Section 3, we prove that the same result holds more generally for the
Wigner matrices of the form M+M′

2 , where M is a random matrix whose entries are i.i.d.
centered random variables, although the rate we can provide is much weaker. The result
follows by looking at the random matrix X as a random vector in the Euclidean space
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E = (Sn, 〈·, ·〉F), where Sn is the real vector space of real symmetric matrices and 〈·, ·〉F is
the Frobenius inner product. If Sn

+ denotes the cone of positive semi-definite matrices lying
in E and � is the partial order induced by Sn

+, then, for a real number ε, with I being the
identity matrix of order n, the generalized tail (X �Sn

+
εI) is the event that occurs when

the least eigenvalue of X is at least ε. Another similar motivation for studying generalized
tails comes from the need to compute the probability of the feasibility of systems of linear
inequalities whose unknowns are real random variables and the coefficients of the system
are deterministic (see Section 4.2). This problem can be cast in the context of concentration
and tail inequalities for linear, possibly random images of random vectors [7,8]: Ref. [8]
studies the related problem of determining general concentration inequalities, while [7]
actually investigates the more general case of tails of random linear images of random
vectors, which, in our interpretation, corresponds to the case where both the coefficients
and the unknowns of the system are random variables. In this paper, we give a Cantelli-
type bound on the feasibility of a system of linear inequalities with random unknowns
and show that the “ordinary tails” of the linear image f (X) of a random vector X under a
surjective map f are just generalized tails for the random vector X itself taken with respect
to a polyhedral cone. Equivalently, by pursuing the interpretation of tails of linear images
as solution sets of a linear system of inequalities in the random vector X, we show that if
the system has a right-invertible coefficient matrix, then its solution set is a generalized
tail for X taken with respect to a polyhedral cone: the rows of the coefficient matrix are the
normal vectors of the proper maximal faces of the cone.

It is clear from the discussion above that tail inequalities for random vectors depend
crucially on their covariance functions Σ. When Σ has some additional structure, for special
choices of the threshold b, Cantelli’s inequality for generalized tails reads as a very simple
expression in terms of certain norms of b. For instance (see Section 3 for details), for b ≥ 0,
if Σ−1 is a non-negative matrix, then

Pr{X ≥ b} ≤ (1 + ‖b‖2
M)−1,

where ‖b‖M =
√

b′Σ−1b is the Mahalanobis norm of b. Note that inequality (1) specializes to
the inequality above after dividing the numerator and denominator by σ2. The assumption
Σ−1 ≥ 0 is only seemingly artificial. It is often satisfied by finitely supported random
vectors that occur in network science. In Section 4.3, we will give one such important case.
In light of Theorem 7, which rests on observations from [9], having easily computable
bounds on tail probabilities, like the one above, is generally the best we can hope for, even
if we have no control over the quality of the approximation.

The rest of the paper is organized as follows: In Section 2, we develop the machinery
to state and prove the main results provided in Section 3, while in Section 4, we apply our
results to the probability of sampling a positive-definite Wigner matrix, to the probability
of feasibility of a system of linear inequalities, and to testing homophily in networks.

2. Preparatory Results

Finite-dimensional Euclidean spaces, namely, finite-dimensional real vector spaces
V equipped with an inner product 〈·, ·〉, are denoted by calligraphic letters such as E .
The symbol Rn stands for the Euclidean space (Rn, 〈·, ·〉), where 〈·, ·〉 is the standard
dot product in Rn. In the following, when we talk about Euclidean spaces, we mean
finite-dimensional Euclidean spaces over reals.

When dealing with random vectors, the Borel sets we are interested in have the form
b + C, where b ∈ V and C ⊆ V is a non-empty Borel set, often a cone. A cone in E is a subset
C of V that is closed under taking positive scalar multiples, i.e., λC ⊆ C for every λ > 0,
while a convex cone C is a cone that is closed under taking sum, i.e., C + C ⊆ C. The empty
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set, the set consisting only of the zero vector of V, and V itself are the trivial cones. In the
following, when we speak of cones, we mean non-trivial cones. Crucial to the definition of
generalized inequality is the following notion of duality of subsets of Euclidean spaces. First,
identify the algebraic dual V∗ of V with V by the inner product in E via the isomorphism
V � v �→ 〈v, ·〉 ∈ V∗. Let C be a non-empty subset of V. The dual C∗ of C in E is the set

C∗ = {u ∈ V | 〈u, v〉 ≥ 0, ∀v ∈ C}.

Write C∗∗ for the double dual of C, namely, (C∗)∗. The following facts, the first three of
which are simple consequences of the definition, are known about the dual of a non-empty
set C (see [10,11]).

Lemma 1. Let C ⊆ V. Then,

(a) C∗ is always a closed convex cone;
(b) C1 ⊆ C2 ⇒ C∗1 ⊇ C∗2 , i.e., duality is inclusion reversing;
(c) C ⊆ C∗∗;
(d) C = C∗∗ if and only if C is a closed convex cone.

Proof. See [10,11].

The last property in the lemma implies that C∗ = C∗∗∗ because C∗ is a closed convex
cone by (a). A cone C is proper whenever C is a closed convex cone that is also pointed, i.e.,
C ∩ −C = {0}, where 0 is the zero vector of V, and has non-empty interior. A cone C is
self-dual in E if C = C∗.

For a random vector X = (X1, . . . , Xn)′ ∈ Rn and b = (b1, . . . , bn)′ ∈ Rn, the event
(X ≥ b) is said to be a tail of X. Such an event reads as (X1 ≥ b1, . . . , Xn ≥ bn) and is the
same event as X− b ∈ Rn

+. The non-negative orthant Rn
+ is a self-dual cone inRn. Clearly,

X− b is non-negative if and only if u′(X− b) is non-negative for all vectors u ∈ Rn
+, i.e., for

all u in the dual cone of Rn
+. This fact can be generalized as follows. Let the ambient space

of E be V and let C be a non-empty subset of V. For x, y ∈ V, write y �C x if y− x ∈ C. If
C is a convex cone, then �C is a pre-order on V, while if C is a proper cone, then �C is a
partial order on V. In any case, even when C is arbitrary, by duality, one has

y �C x =⇒ y �C∗∗ x ⇐⇒ 〈u, y− x〉 ≥ 0, ∀u ∈ C∗ (3)

which reduces to
y �C x ⇐⇒ 〈u, y− x〉 ≥ 0, ∀u ∈ C∗

when C is a closed convex cone. Generalized inequalities, and hence generalized tails, are
well behaved with respect to linear transformations of random vectors because cones are
preserved by such maps. In fact, if the latter are invertible, closedness is preserved as well.

We also need a lesser-known duality device, which we borrow from the theory of
blocking pairs of polyhedra [12]. Let V be the ambient space of E . For T ⊆ V, the blocker of T
in E is the set

b(T) = {u ∈ V | 〈u, x〉 ≥ 1, ∀x ∈ T}.

Analogous to the dual of T, the blocker of T has the following properties, the first
three of which are straightforward.
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Lemma 2. In the Euclidean space E = (V, 〈·, ·〉), let T ⊆ V. It holds that

(i) if T �= ∅, then b(T) is a non-empty closed convex set;
(ii) if T ⊆ T′, then b(T) ⊇ b(T′);
(iii) T ⊆ b(b(T));
(iv) if T = b + C where b ∈ V and C is such that ∅ �= C ⊆ V, then

b(b + C) ⊇ b(b + C∗∗) ⊇ C∗ ∩ {u ∈ V | 〈u, b〉 ≥ 1}; (4)

moreover, if C is a nontrivial cone, then

C∗ ∩ {u ∈ V | 〈u, b〉 > 0} ⊇ b(b + C) = C∗ ∩ {u ∈ V | 〈u, b〉 ≥ 1}. (5)

Proof. If T �= ∅, then x/
√
〈x, x〉 ∈ b(T) for all x ∈ T. Hence, if T is non-empty, then so is

b(T). Moreover, since b(T) is the intersection of closed half-spaces, then b(T) is a closed
convex set. This establishes (i). Statements (ii) and (iii) are straightforward. Let us prove (iv).
To prove (4), first observe that if u ∈ C∗ ∩ {u ∈ V | 〈u, b〉 ≥ 1}, then 〈u, b+ y〉 ≥ 1, ∀y ∈ C∗∗.
Hence, u ∈ b(b + C∗∗) and u ∈ b(b + C) because b(b + C) ⊇ b(b + C∗∗) by (ii). Let us
prove (5). Since C∗ ∩ {u ∈ V | 〈u, b〉 ≥ 1} ⊆ C∗ ∩ {u ∈ V | 〈u, b〉 > 0}, it follows that
to prove (5) it suffices to prove that b(b + C) = C∗ ∩ {u ∈ V | 〈u, b〉 ≥ 1}, which follows
by b(b + C) ⊆ C∗ ∩ {u ∈ V | 〈u, b〉 ≥ 1} after (4). Let us prove the latter inclusion.
Note that if u ∈ b(b + C) and C is a cone, then necessarily 〈u, y〉 ≥ 0 for all y ∈ C for,
if not, there exists y0 ∈ C such that 〈u, y0〉 < 0 and b + λy0 ∈ T for all λ > 0. Hence,
〈u, b + λy0〉 < 1 for sufficiently large λ, which contradicts u ∈ b(b + C). We conclude that
〈u, y〉 ≥ 0 for all y ∈ C, and thus, b(b + C) ⊆ C∗. By the same reasoning, it holds that
u ∈ b(b + C)⇒ 〈u, b〉 ≥ 1. To see this, assume by contradiction that 〈u0, b〉 < 1 for some
u0 ∈ b(b + C). Since u0 ∈ b(b + C), there exists y0 ∈ C, y0 �= 0, such that 〈u0, b + λy0〉 ≥ 1
for all λ > 0. However, the latter inequality cannot be satisfied for a small enough λ. We
conclude that the desired inclusion is true.

Remark 1. Usually the blocker of a polyhedron T of the form P +Rn
+ is defined as the set B(T) =

{u ∈ Rn
+ | u′x ≥ 1, ∀x ∈ T}. Hence, B(T) = b(T) ∩Rn

+ in Rn. However, the two definitions
coincide in this case because, reasoning as in the proof of (5), b(T) ⊆ (Rn

+)
∗ = Rn

+. Therefore,
b(T) = B(T).

In the Euclidean space E = (V, 〈·, ·〉), for a set C and a vector b in V the set

a(b, C) = C∗ ∩ {u ∈ V | 〈u, b〉 > 0}

plays an essential role in the following intermediate results.

Lemma 3. Let C be a set in the Euclidean space E = (V, 〈·, ·〉). One has a(b, C) �= ∅ if and only
if 0 �∈ b + C∗∗. Moreover, if C is a cone, then one has a(b, C) �= ∅ if and only if b(b + C) �= ∅.

Proof. To prove the first assertion, note that

a(b, C) = ∅⇐⇒ 〈u, b〉 ≤ 0 ∀u ∈ C∗ ⇐⇒ −b ∈ C∗∗ ⇐⇒ 0 ∈ b + C∗∗.

For the second assertion observe that b(b+C) �= ∅⇒ a(b, C) �= ∅ by (iv) in Lemma 2.
Conversely, if u ∈ a(b, C), then u

〈u,b〉 ∈ b(b + C) by definition.
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Note that the condition 0 �∈ b + C∗∗ in Lemma 3 can be written as b ∈ V \ −C∗∗.

Lemma 4. In the Euclidean space E = (V, 〈·, ·〉), let C be a non-trivial cone, and b ∈ V \ −C∗∗.
If f , g : V → R are defined by

f (u) =
q(u)

〈u, b〉2 + q(u)
and g(u) =

q(u)
1 + q(u)

,

where q : V → R is a positive-definite quadratic form, then

inf
a(b,C)

f (u) = inf
b(b+C)

g(u).

Proof. The assumption on b guarantees that a(b, C) and b(b + C) are both non-empty
by Lemma 3. Since q is a quadratic form, it is homogeneous of degree 2. Hence, f is
homogeneous of degree 0, namely, f (λu) = f (u). Observe that f (u) ≤ 1 for all u ∈ V and
that f (u) = 1 over the hyperplane {u ∈ V | u′b = 0}. Thus, by homogeneity, for every
u ∈ C∗, f is constant on the rays λu, λ > 0. In particular,

f (u) = f
(

u
〈u, b〉

)
= g
(

u
〈u, b〉

)
, ∀u ∈ C∗ ∩ {u ∈ V | 〈u, b〉 > 0}. (6)

Since, by (5), it holds that b(b + C) = C∗ ∩ {u ∈ V | 〈u, b〉 ≥ 1}, it follows that

f (u) =
q(u)

〈u, b〉2 + q(u)
≤ q(u)

1 + q(u)
= g(u) ∀u ∈ b(b + C). (7)

Let H = {u ∈ V | 〈u, b〉 = 1} and observe that

inf
a(b,C)

f (u) = inf
a(b,C)∩H

g(u) (by(6))

≥ inf
b(b+C)

g(u) (because a(b, C) ∩ H ⊆ b(b + C) by (5))

≥ inf
b(b+C)

f (u) (by (7))

≥ inf
a(b,C)

f (u) (because a(b, C) ⊇ b(b + C) by (5))

Therefore, equality must hold throughout, yielding the desired equality.

Recall that given a self-adjoint positive-definite endomorphism of V in E = (V, 〈·, ·〉),
the bilinear form 〈u, A(v)〉 induces a norm p on V by p(v) =

√
〈v, A(v)〉. The dual norm of

p (see [13], Section 5.4) is the norm p∗ such that

p∗(v) = sup
u �=0

|〈u, v〉|√
〈u, A(u)〉

.

Lemma 5. Let A be a self-adjoint positive-definite endomorphism of V in E = (V, 〈·, ·〉). If p is
the norm on V defined by p(v) =

√
〈v, A(v)〉, then p∗(v) =

√
〈v, A−1(v)〉.
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Proof. Although this is actually a “folklore” fact, we were unable to locate a reference.
Therefore, we provide a proof here.

Since A is a self-adjoint positive-definite endomorphism, A = B2 for some self-adjoint
positive-definite endomorphism B (B is a square-root of A). Hence, by the Cauchy–Schwarz
inequality and because B is self-adjoint,

|〈u, v〉| = |〈u, BB−1(v)〉| = |〈B(u), B−1(v)〉|

≤
√
〈B(u), B(u)〉

√
〈B−1(v), B−1(v)〉

=
√
〈u, A(u)〉

√
〈v, A−1(v)〉.

Therefore, p∗(v) ≤
√
〈v, A−1(v)〉 with equality for v = 0. On the other hand, if v �= 0,

then the vector v defined by

v =
A−1(v)√
〈v, A−1(v)〉

is such that

p∗(v) ≥ |〈v, v〉|√
〈v, A(v)〉

=
√
〈v, A−1(v)〉.

Hence, p∗ has the stated expression.

Lemma 6. In the Euclidean space E = (V, 〈·, ·〉), let C be a closed convex cone, b ∈ V \ −C, and
p the norm p(v) =

√
〈v, A(v)〉 on V, where A is a self-adjoint positive-definite endomorphism of

V. If b ∈ A(C∗), then, with q = p2, in the notation of Lemma 4,

inf
a(b,C)

f (u) =
1

(p∗(b))2 + 1

where p∗ is the dual norm of p, namely,

p∗(b) = sup
u �=0

〈u, b〉
p(u)

=
√
〈b, A−1(b)〉.

Proof. Since C is a closed convex cone, then C = C∗∗ by (d). Hence, the assumption on b
guarantees that a(b, C) is non-empty by Lemma 3. Therefore, we can divide the numerator
and the denominator of f (u) by q(v). This yields

inf
a(b,C)

f (u) =

(
sup
a(b,C)

{ |〈u, b〉|
p(u)

}2

+ 1

)−1

.

Here, if b ∈ A(C∗), then A−1(b) ∈ C∗. Hence, b̂ = A−1(b)√
〈b,A−1(b)〉

belongs to

a(C, b) because b̂ ∈ C∗, with b̂ being a positive scalar multiple of A−1(b), and 〈b̂, b〉 =√
〈b, A−1(b)〉 > 0. By Lemma 5, after plugging b̂ into 〈u,b〉

p(u) , we conclude that the supremum

p∗(b) of |〈u,b〉|
p(u) is attained over a(b, C), and this concludes the proof.
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3. Results

Let (Ω,F ,P) be a probability space, where Ω is a set, F is a σ-algebra on Ω, and P

is a probability measure on F . Also, let E = (V, 〈·, ·〉) be a Euclidean space and B the
smallest σ-algebra containing all the open balls of V taken with respect to the norm induced
by 〈·, ·〉—this σ-algebra does not depend on the particular inner product chosen on V. A
random vector X in E is a (F ,B)-measurable map X : Ω→ V. The algebra B is the algebra of
Borel sets of E . To prove our results, we first need the following lemma.

Lemma 7. Let X be a centered random vector in E = (V, 〈·, ·〉) with a positive-definite covariance
function Σ. Let T be a non-empty Borel subset of V and b ∈ V, b �= 0. Then, for all u ∈ b(T), it
holds that

Pr{X ∈ T} ≤ 〈u, Σ(u)〉
1 + 〈u, Σ(u)〉 .

Therefore, if b(T) is non-empty, then

Pr{X ∈ T} ≤ inf
u∈b(T)

〈u, Σ(u)〉
1 + 〈u, Σ(u)〉 .

If T is a closed convex set such that 0 �∈ T, then the above bound is sharp.

Proof. The second inequality follows from the first provided that b(T) is non-empty. The
proof of the first inequality is formally identical to the proof of the same inequality in
Rn given in Section 1 and is a direct consequence of (ii) and Cantelli’s inequality (1) after
noticing that, for a random vector X in E , the variance of the random variable 〈u, X〉 is
〈u, Σu〉. It remains to be shown that if T is closed and convex in E and 0 �∈ T, then the
bound is sharp. We deduce this result from Theorem 1 after reducing the general case
to Rn by the following argument. Every Euclidean space is a topological vector space
with respect to the standard topology induced by the inner product (recall that, in our
terminology, Euclidean spaces are finite-dimensional and, hence, Hilbert spaces). Euclidean
spaces of the same dimension are pairwise homeomorphic, and all are homeomorphic to
Rn under the coordinate map isomorphism f (with respect to a fixed orthonormal basis).
Thus, if X is a centered random vector in E , then f (X) is a centered random vector in
Rn, and conversely. Moreover, if the covariance function Σ of X is positive-definite, then
the covariance matrix Σ̃ of f (X) is positive-definite, and conversely. Furthermore, T is a
convex closed set in E if and only if f (T) is a closed set inRn (with the standard Euclidean
topology): linear images of convex sets are convex, and homeomorphic linear images of
closed convex sets are closed and convex. Finally, since f maps the zero vector 0V of E to
the zero vector 0 ofRn, it follows that 0V �∈ T if and only if 0 �∈ f (T). Here,

Pr{X ∈ T} = Pr{ f (X) ∈ f (T)}.

Therefore, if X̃0 is a random vector inRn with a positive-definite matrix Σ̃ that attains
the bound in Theorem 1 as equality, which exists because the hypotheses on f (T) are
satisfied, then f−1(X̃0) is a random vector in E that attains the bound in this lemma.
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Theorem 2. Let X be a centered random vector of E = (V, 〈·, ·〉) with positive-definite covariance
Σ. Let C be a non-empty Borel subset of V and b ∈ V, b �= 0. Then, for all u ∈ C∗ such that
〈u, b〉 > 0, it holds that

Pr{X �C b} ≤ 〈u, Σ(u)〉
〈u, b〉2 + 〈u, Σ(u)〉 .

If C is a closed convex cone in E and b ∈ V \ −C, then a(b, C) is non-empty and

Pr{X �C b} ≤ inf
u∈a(b,C)

〈u, Σ(u)〉
〈u, b〉2 + 〈u, Σ(u)〉 = inf

u∈b(b+C)

〈u, Σ(u)〉
1 + 〈u, Σ(u)〉 .

Moreover, the above bound is sharp.

Proof. Since Pr{X �C b} ≤ Pr
{

X �C∗∗ b
}

, the first inequality follows from (3) (with X
instead of y and b instead of x) by applying Cantelli’s inequality (1) to the random variable
〈u, X〉. If C is a closed convex cone and b ∈ V \ −C, then a(b, C) is non-empty because the
hypotheses of Lemma 3 are satisfied (recall that since C is a closed convex cone, one has
C = C∗∗ by (c) in Lemma 1). Moreover, still by Lemma 3, b(b + C) is non-empty as well.
Hence, the second inequality follows from the first by Lemma 4 with q(u) = 〈u, Σ(u)〉. It
remains to be proven that the bound is sharp. Let T = b + C. Since C is closed and convex,
then so is T. Moreover, the hypotheses on b and C implies 0 �∈ T. Therefore, Lemma 7
applies, and we conclude that the bound is sharp.

Although the previous theorem deals with the special case of T = b + C of Lemma 7,
which, in turn, up to technicalities, follows by Theorems 1 and 2 provides a useful sharpen-
ing of the extended Cantelli’s inequality given in Theorem 1, which is further exploited in
the next corollary.

Corollary 1. Let X be a centered random vector of E = (V, 〈·, ·〉) with positive-definite covariance
Σ. Let C be a closed convex cone in E . If b ∈ Σ(C∗) \ −C, where Σ(C∗) denotes the linear image
of C∗ under Σ, then

Pr{X �C b} ≤ 1
1 + ‖b‖2

Σ−1

, (8)

where ‖b‖Σ−1 = 〈b, Σ−1(b)〉. Moreover, the bound is sharp.

Proof. Directly from Lemmas 4 and 6, with p∗ =
√
〈b, Σ−1(b)〉.

The previous corollary can be further (and straightforwardly) specialized inRn if X
has a monotone covariance matrix. Recall that an invertible real matrix A is monotone if A−1

has nonnegative entries (see [14], Chapter 6). Random vectors whose covariance matrix
has this property are common in Network Science. See Section 4.3 for such an example.

Corollary 2. Let X be a centered random vector inRn with a positive monotone covariance matrix
Σ. Let C be a closed convex cone inRn contained in the orthant Rn

+. If b ∈ Rn
+, then the hypotheses

of Corollary 1 are satisfied, and hence, (5) holds.
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Proof. We only need to show that the hypotheses of the present corollary guarantee that
the hypotheses of Corollary 1 are met, namely,⎧⎪⎨⎪⎩

C = Rn
+

b ≥ 0
Σ−1 ≥ 0

=⇒ b ∈ Σ(C∗) \ −C.

Clearly,
(
Σ−1 ≥ 0∧ b ≥ 0

)
⇒ Σ−1b ≥ 0. Hence, just as clearly, Σ−1b �∈ −C. Since

Rn
+ is a self-dual closed convex cone, one has C∗ = Rn

+ and, thus, Σ−1b ∈ C∗. Since
Σ−1b ∈ C∗ ⇒ b ∈ Σ(C∗), we conclude that b ∈ Σ(C∗) \ −C as required.

4. Some Applications

In this section, we discuss some applications of Theorem 2 and its corollary as well
as of Theorem 1 in the perspective of the duality of cones and polyhedra. Indeed, we
have already noticed that the minimization problem associated with the bounds given in
the previous section reduces to minimizing the positive-definite quadratic form q(u) =
〈u, Σ(u)〉 over a(b, C) or over b(T). Even if T = b + C and C is a closed convex cone,
this minimization problem is a non-trivial convex programming problem [15]. However,
knowing the structure of b(T) allows us to easily compute upper bounds on the probability
of certain interesting tail events.

4.1. Sampling Positive-Definite Matrices from a Random Ensemble

A random vector X in the Euclidean space E = (V, 〈·, ·〉) with a covariance function Σ
has a weakly spherical distribution if the distribution of X is such that Σ = σ2idV , where idV

is the identity endomorphism of V and σ2 is a positive real number [16]. A square random
matrix is a just a random vector in (Rn×n, 〈·, ·〉F), where 〈X, Y〉F = Tr(X′Y) is the Frobenius
inner product. A symmetric random matrix is, thus, a random vector in (Sn, 〈·, ·〉F), where
Sn is the real vector space of real symmetric matrices. Several models (i.e., probability
measures) of symmetric random matrices are known and well understood [17]. Probably
the best-known example of such models is the Symmetric Wigner Ensemble, which includes
the Gaussian Orthogonal Ensemble. A random matrix is a symmetric Wigner matrix (or sampled
from a symmetric Wigner ensemble) if its diagonal entries are independently and identically
distributed (i.i.d.) according to a given distribution and the off-diagonal elements in the
upper triangular part are i.i.d. according to a given distribution that may differ from the
former. A symmetric real ensemble is, thus, completely specified by the distribution of the
entries of the matrix and, thus, does not depend on the order of the matrix. If the diagonal
elements of a symmetric Wigner matrix W follow a standard normal distribution, while
the off-diagonal elements follow a normal distribution with zero mean and variance 1/2,
then W is a matrix from the Gaussian Orthogonal Ensemble. Here is one of the simplest
mechanisms that, given a random matrix ensemble, yields a symmetric random matrix
ensemble: if M is a random matrix whose entries are i.i.d. random variables distributed
according to the law P, then S = M+M′

2 is a symmetric Wigner matrix—taking M′M for
S instead yields the symmetric Wishart ensemble. If the first two moments of P are 0 and
σ2, respectively, for some positive real number σ, then we denote the resulting ensemble
by W(σ). By construction, any matrix S sampled from W(σ) has a weakly spherical
distribution. To see this, note that the variance of each diagonal entry of S is σ2, while the
variance of each off-diagonal entry of S is σ2/2, since S = (M + M′)/2 by construction.
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Next, if
(
Ei,j | i ≤ j

)
is the standard basis of Sn, then, by the definition of the covariance

function of random vectors in Euclidean spaces (see the previous section), one has

E
(
〈Ei,j, S〉F〈Eh,k, S〉F

)
= E

(
Tr(Ei,jS)Tr(Eh,kS)

)
=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
E
(

S2
i,i

)
if i = j = h = k

4E
(

S2
i,j

)
if {i, j} = {h, k}, i �= j

0 otherwise.

Therefore, since E
(

S2
i,i

)
= σ2 and E

(
S2

i,j

)
= σ2/2, it follows that

E
(
〈Ei,j, S〉F〈Eh,k, S〉F

)
= σ2〈Ei,j, Eh,k〉F = 〈Ei,j, σ2idSn(Eh,k)〉F.

One of the most fundamental problems in random matrix theory is to understand the
spectrum of a random matrix from a given ensemble, at least asymptotically, namely, when
the order of the matrix goes to ∞. Even more fundamental is to compute the probability
that a random matrix X is positive-definite (or negative-definite), i.e., that its smallest
eigenvalue λn(X) is positive. This problem is completely and precisely solved for Gaussian
matrices (see [4–6]): the probability of the event λn(X) > 0 when X is sampled from a
symmetric Gaussian ensemble goes to zero as e−cn2

, where c = ln 3/4. Using corollary 1,
we prove here that the same is true in general, although the rate we can provide is much
weaker than e−cn2

.

Lemma 8. Let σ be a positive real number and λn(X) be the least eigenvalue of the random matrix
X sampled fromW(σ). For any positive real number α and any positive number ξ, if n ≥ σ2/ξ2+α,
then Pr{λn(X) ≥ ξ} ≤ ξα.

Proof. Since the statement trivially holds when ξ ≥ 1, we may assume that ξ < 1. The
event λn(X) ≥ ξ is the same as the event X �Sn

+
ξ In, where In is the identity matrix of

order n and Sn
+ denotes the cone of positive semi-definite matrices lying in E = (Sn, 〈·, ·〉F).

As observed above, X has a weakly spherical distribution with a covariance function Σ
of the form σ2idSn . It is well known that S+

n is a self-dual closed convex cone [10]. Hence,
(S+

n )
∗ = S+

n and
Σ((S+

n )
∗) = Σ(S+

n ) = σ2idSn(S+
n ) = S+

n .

Since ξ In ∈ Sn
+, it follows that the hypotheses of Corollary 1 are satisfied by X with

b = ξ In and C = Sn
+. Therefore, after observing that ‖ξ In‖2

Σ−1 = nξ2

σ2 , it follows by (8) that

Pr{λn(X) ≥ ξ} = Pr
{

X �Sn
+

ξ In

}
≤ 1

1 + ‖ξ In‖2
Σ−1

=
σ2

σ2 + nξ2 ≤ ξα,

where the last inequality is implied by n ≥ σ2/ξ2+α.

Theorem 3. Let σ be a positive real number and λn(X) be the least eigenvalue of the random
matrix X sampled fromW(σ). It holds that limn→∞ Pr{λn(X) > 0} = 0.

Proof. For any non-negative real number y, let �n(y) = Pr{λn(X) ≥ y}. If Pr{λn(X) > 0}
does not converge to zero, then there is a real number ξ and a sub-sequence {�nν(ξ)}ν∈N
such that 0 < ξ < 1 and limν→∞ �nν(ξ) = β for some β such that 0 < β < 1. Hence, for any
ε ∈ R such that 0 < ε < β, there is a ν0 ∈ N such that

�nν(ξ) ≥ β− ε ∀ν ≥ ν0.
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On the other hand, by Lemma 8, for every positive real number α, it holds that

�n(ξ) ≤ ξα ∀n ≥ σ2

ξ2+α
.

Let

α0 =
ln (β− ε)

ln (ξ)
,

where ln is the natural logarithm. Since ξ and β− ε are both positive and strictly smaller
than 1, it holds that α0 > 0. Hence, if α > α0, then ξα < β− ε. If ν1 is such that nν1 > σ2

ξ2+α ,
then for ν ≥ max{ν0, ν1}, it holds that

β− ε < �nν(ξ) ≤ ξα

But this contradicts ξα < β− ε, which holds by the choice of α. This contradiction
proves the theorem.

4.2. Tails of Linear Images of Random Vectors and Asymptotic Feasibility of Systems of
Linear Inequalities

Concentration and tail inequalities for linear, possibly random images of random
vectors are a challenging topic in probability and statistics [7,8]. Let X be a random vector
in Rn and f be the linear map X �→ AX, where A ∈ Rm×n is a given matrix. According
to [7], a typical tail inequality is an inequality of the form

Pr{ f (X) �Rm sb} ≤ g(s)

for some function g : R+ → [0, 1]. See [8] for the related problem of determining general
concentration inequalities. Notably, Ref. [7] investigates the more general case of the map
AX, where A is a random matrix and X is a random vector, under certain hypotheses
on the distribution of A, assuming that A and X are independent. If the matrix f is a
deterministic linear map and X has a positive-definite covariance function Σ, then, as we
will show in the next theorem, there always exists a rather general and easy-to-compute
upper bound g(s) on the probability measure of the tails of f (X). In Theorem 5, on the
other hand, we will exhibit a transparent relation between the ordinary tails of the linear
images of a random vector X and the generalized tails of X.

Theorem 4. Let A ∈ Rm×n be a real matrix, b = (b1, . . . , bm)′ be a real vector, and b+ ∈ Rm be
defined component-wise by b+i = max(0, bi), i = 1 . . . , m. If X is a centered random vector with a
covariance matrix σ2 In and b+ �= 0, then

Pr{AX ≥ sb} ≤
‖A‖2

op

‖ s
σ b+‖2 + ‖A‖2

op
, (9)

where s ≥ 0 is a real number and ‖ · ‖ and ‖ · ‖op are the Euclidean and the operator norm—induced
by Euclidean norms—respectively.

Proof. Let T(s) = {x ∈ Rn | Ax ≥ sb}, and note that T(s) is a possibly empty polyhedron.
If s = 0, the result is trivial because the right side of (9) is 1 in this case. If T(s) is empty, the
result is also trivial because the left-hand side of (9) is zero. So, we assume that s > 0 and
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T(s) is not empty. Obviously, T(s) = {x ∈ Rn | A(s)x ≥ b}, where A(s) = s−1 A for s > 0.
Since b+ �= 0, it follows that T(s) does not contain the origin ofRn. Hence,

Pr{AX ≥ sb} = Pr{X ∈ T(s)} ≤ inf
u∈b(T(s))

‖σu‖2

1 + ‖σu‖2

by Theorem 1 with Σ = σ2 In. Let us compute the blocker b(T(s)) of T(s). Let c : Rn → R

be defined by
u �→ c(u) = min{u′x | x ∈ T(s)};

that is, c(u) is the minimum of a linear program over the non-empty polyhedron T(s)
and the minimum might be −∞. By linear programming duality, it holds that c(u) =

max{v′b | A′(s)v = u, v ∈ Rm
+}. Since, by definition,

u ∈ b(T(s))⇐⇒ u′x ≥ 1 ∀x ∈ T(s)⇐⇒ c(u) ≥ 1,

it follows that
b(T(s)) = {A′(s)v | v′b ≥ 1, v ∈ Rm

+}.

Therefore, if v̄ is any vector in Rm
+ such that v̄′b ≥ 1, then

inf
u∈b(T(s))

‖σu‖2

1 + ‖σu‖2 = inf
v∈Rm

+
v′b≥1

‖σA(s)′v‖2

1 + ‖σA(s)′v‖2 ≤
‖σA(s)′v̄‖2

1 + ‖σA(s)′v̄‖2 .

Since the map ξ �→ ξ
1+ξ defines a strictly increasing function over R+ and since

‖σA(s)′v̄‖2 =
(σ

s

)2
‖A′v̄‖2 ≤

(σ

s

)2
‖A′‖2

op‖v̄‖2,

it follows that

inf
u∈b(T(s))

‖σu‖2

1 + ‖σu‖2 ≤
‖A‖2

op‖v̄‖2

( s
σ )

2 + ‖A‖2
op‖v̄‖2 .

To complete the proof, choose b+
‖b+‖2 for v̄ and check that b+

‖b+‖2 ≥ 0 and that b′ b+
‖b+‖2 =

1.

Some remarks are in order.

Remark 2. If X has a positive covariance matrix Σ, then the theorem is easily extended: just replace
‖A‖op with ‖AΣ1/2‖op and set σ = 1.

Remark 3. If T(s) is not full-dimensional and X has an absolutely continuous distribution with
respect to the Lebesgue measure, then the result is useless because T(s) is a null set; however,
the result becomes interesting if either T(s) has positive Lebesgue measure or X has a singular
distribution with respect to the Lebesgue measure.

Remark 4. If b ≥ 0, so b = b+, then T(s) ⊇ T(s′) for s ≤ s′. Thus, if (an)n∈N is any strictly
positive strictly increasing sequence, then (T(an))n∈N is an (inclusion-wise) decreasing sequence of
polyhedra; the theorem says no more than we expect in this case. However, this is no longer true if
b �= b+. Indeed, let A and b be as follows

A =

⎛⎜⎝−1 1
−1 −1

1 0

⎞⎟⎠, b =

⎛⎜⎝ 1
−2
−1

⎞⎟⎠.
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With this choice of A and b, T(s) is the triangle inR2 whose vertices are

α(s) =

(
−s
0

)
, β(s) =

(
−s
3s

)
, γ(s) =

(
s/2

3s/2

)
,

and we see that {α(s), γ(s)} ⊆ T(s) \ T(s′) for all s′ > s, while the area of T(s) is
( 3s

2
)2, which

is clearly increasing in s.

Remark 5. Theorem 4 can be used to study the asymptotic probability of feasibility of the system
T = {x ∈ Rn | Ax ≥ b} when A and b grow in some sense. More precisely, identify T with the
pair (A, b) and consider the sequence {(Aν, bν)}ν∈N of linear systems Tν with Aν ∈ Rm(ν)×n(ν)

and bν ∈ Rm(ν), where the number of inequalities and the number of unknowns are both integer
(possibly constant) functions of the index ν; also, let Xν be a sequence of random vectors such that
Xν is in Rn(ν) and Xν has a covariance matrix Σν = σ2 In(ν). Finally, let pν = Pr{AνXν ≥ bν}
be the probability that the system Tν is feasible under the probability measure induced by Xν. A
straightforward consequence of Theorem 4 is that if ‖Aν‖op = o(‖b+ν ‖), then pν = o(1). The
condition ‖Aν‖op = o(‖b+ν ‖) can be realized in several ways, either by keeping m(ν) and n(ν)
constant or by letting them grow. Let us give a theoretical graph example in the latter case. Let
G be a simple undirected graph with n vertices {v1, . . . , vn}. For two vertices vi, vj ∈ V(G),
i �= j, write vi ∼ vj whenever vi ad vj are adjacent in G. If vi ∼ vj, then we say that vi ad vj are
neighbors. Let di denote the degree of vertex vi, namely, the number of neighbors of vi in G. Also,
denote, by Δ(G), the maximum of the degrees of G. The Laplacian matrix L(G) of G is the order n
matrix defined by

(L(G))i,j =

{
di if i = j

−1 if i �= j and vi ∼ vj.

Recall that for functions h, k : N → N, k(n) = Ω(h(n)) means that h(n) = O(k(n)).
Let (Gν)ν be a sequence of graphs on n(ν) vertices, and let (Lν)ν be the corresponding sequences
of Laplacians. Also, let Δν := Δ(Gν). It is a classical result of Fiedler [18] that the spectral
radius of Lν is, at most, 2Δν, so ‖Aν‖op ≤ 2Δν = O(Δν). Hence, if Δν = o(

√
n) and bν is a

dense {−1, 0, 1} vector, say with Ω(n(ν)) non-zero entries, such that ‖b+ν ‖ = Ω(‖bν‖), then the
condition ‖Aν‖op = o(‖b+ν ‖) is satisfied when n(ν) grows with ν.

The following result relates more transparently the ordinary tails of the linear image
of a random vector X inRn to the generalized tails of the same vector. Recall that a matrix
A ∈ Rm×n is right-invertible if there exists a matrix A‡ ∈ Rn×m such that AA‡ = Im with
I being the identity matrix of order m. If A has full row rank, then the Moore–Penroose
pseudo-inverse A† can be taken for A‡, where A† = A′(AA′)−1. A linear map f : Rn → Rm

is right-invertible if the matrix representing f with respect to the canonical basis of Rn and
Rm is such. Note that a right-invertible map is surjective.

Theorem 5. Let A ∈ Rm×n be a real matrix and b ∈ Rm be a real vector. Let f : Rn → Rm be the
linear map u �→ Au and let CA = {u ∈ Rn | Au ≥ 0}. If X is a random vector in Rn and f is
right-invertible, then

Pr{ f (X) ≥ b} = Pr
{

X �CA f ‡(b)
}

,

where f ‡ is the linear map induced by A‡.
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Proof. First of all, note that CA is a polyhedral cone. So, CA is a closed convex cone.
However, unless f is injective, CA is not a proper cone. Indeed, if f is not injective, then
its kernel is a non-trivial subspace of Rn contained in CA. However, CA induces a pre-
order, and so, X �CA f ‡(b) is a well-defined generalized tail. It remains to be proven
that the stated equality holds. This fact follows easily since f

(
X− f ‡(b)

)
= f (X)− b. So,

f (X)− b ∈ Rm
+ ⇔

(
X− f ‡(b)

)
∈ CA.

4.3. Testing Homophily in Randomly Colored Networks

Tail inequalities, albeit in a different guise, have been successfully used in [9] to
evaluate what is called network homophily. Suppose we have a simple undirected graph
on the vertex set V, a surjective map f : V → {1, . . . , s}, which can be thought of as
coloring of the vertices, and a coloring profile c = (c1 · · · , cs), where ci is the number of
vertices in f−1(i), i = 1 . . . , s, i.e., ci is the number of vertices of color i. With these data,
we want to evaluate whether the graph is homophilic, i.e., whether it is true that the s-tuple
m = (m1, . . . , ms), where mi is the number of edges of the subgraph induced by the vertices
of color i, is, in some sense, larger than what we would expect if the colors did not correlate
with the adjacency of vertices—recall that an edge e of a graph G is induced by a subset U
of the set of vertices V(G) if both the end vertices of e are in U. The approach taken in [9] is
to define the simple probability space (Φc,Pc)—called the random coloring model—where
Φc is the set of all surjective maps g : V → {1, . . . , s} such that g−1(i) = ci, i = 1 . . . , s, and
Pc is the uniform measure c1! . . . cs!/n! on Φc. In the random coloring model, m is just the
observed value of the random vector M = (M1 . . . , Ms)′, where Mi is the number of edges
induced by the vertices of color i in a random coloring of V of G. Moreover, both the mean
vector μc and the covariance matrix Σc of M can be given in closed form under the random
coloring model. Thus, if φ : Rs → R+ is a linear function—e.g., the arithmetic mean—one
can evaluate the homophily of the input graph by considering the one-sided tail probability
Pr{φ(M− μ) ≥ φ(m− μ)}: any good upper bound on this tail probability can quantify
the homophily of the given network by measuring, at least approximately, in terms of φ

how significant the deviation of m from μ is. In particular, if φ(m− μ) > 0—otherwise, the
network is declared not homophilic at all—one can apply the classical one-dimensional
Cantelli inequality (1) to estimate the approximate significance of the deviation of the
observed value from the expected one. Note that the linear map φ, say the arithmetic
mean, acts as a global synthesis of network homophily but cannot identify hypodense
or poorly significant color classes. We show here, as a consequence of Corollary 2, that
generalized tails do not suffer from these limitations. To see this, for a set R ⊆ {1, . . . , s},
let R = {1, . . . , s} − R and WR =

⊕
R Rei, where ei is the i-th fundamental vector of Rs,

i = 1 . . . , s. Thus, WR is the subspace spanned by the coordinates whose index is in R. The
projection πR : Rs →WR of Rs onto Rs/WR takes the vector u to the vector uR, suppressing
the coordinates whose index is not in R—if s = 4 and R = {1, 3}, then uR = (u1, u3)

′. Also,
recall that a graph G is said to be over-dispersed if the ratio of the variance to the mean of
its degree distribution is greater than 1. Most protein–protein interaction networks are
over-dispersed.

Theorem 6. Let (G, f ) be an over-dispersed colored graph where the coloring f : V → {1, . . . , s}
has the profile c = (c1, . . . , cs), ci ≥ 2, i = 1, . . . , s. Let m, M, μc and Σc be defined as above, and
let x = m− μ, X = M− μ, and

S(m) =

{
i ∈ {1, . . . , s}} | μi < mi <

(
ci
2

)}
.
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Also, for any R ⊆ S(m), let μR and ΣR be the mean vector and the covariance matrix of the
random vector XR image of the projection of X onto WR. If S(m) �= ∅, then for any R ⊆ S(m), it
holds that

Pr{MR ≥ mR} ≤
1

1 + ‖mR − μR‖2
Σ−1

R

, (10)

where MR and mr are the projection of M and m onto WR, respectively.

Proof. Let σ2
i denote the variance of Mi, the i-th coordinate of M, where i = 1 . . . , s. Fix

R ⊆ S(m) and observe that MR ≥ mR ⇔ XR − xR ∈ Rr, where r is the cardinality of
R. Furthermore, it can be shown that μR = E(πR(X)) = πR(E(X)) and that ΣR is the
submatrix of Σc obtained by suppressing the rows and the columns whose index is not
in R. Since xR � 0 and XR is a centered random vector, it follows that the hypotheses of
Corollary 2 are met if ΣR is a monotone matrix. If ΣR is monotone, then, by the corollary,
Pr{XR ≥ xR} ≤ (1 + ‖xR‖2

M)−1, where ‖xR‖M = ‖xR‖Σ−1
R

is the so-called Mahalanobis
norm of xR. It remains to be shown that if G is an over-dispersed graph, then, for every
R ⊆ S(m), ΣR is a monotone matrix, which means showing that ΣR is invertible (hence,
positive-definite) and Σ−1

R ≥ 0. According to the results in [9], the covariance matrix Σc is of
the form Σc = D + λ(G)uu′, where u = (u1, . . . , us)′ is such that ui > 0 for i = 1, . . . , s, D
is a diagonal matrix whose i-th diagonal entry is σ2

i − λ(G)u2
i , and λ(G) ≤ 0 (because G is

over-dispersed). Clearly, ΣR = DR + λ(G)uRu′R, where DR is the sub-matrix of D obtained
by suppressing the rows and the columns whose index is not in R. Since the off-diagonal
elements of ΣR are non-positive, ΣR is a Z-matrix, and it is known (see [14] Chapter 6)
that if a Z-matrix is positive-definite, then it is monotone. On the other hand, since ΣR

is a covariance matrix, it follows that ΣR is positive semidefinite. Thus, to show that ΣR

is monotone, it is sufficient to show that ΣR is non-singular. By the Sherman–Morrison
formula, if DR is non-singular, then ΣR is also non-singular. Therefore, to prove that ΣR is
monotone, we simply check that σ2

i − λ(G)u2
i �= 0 for i ∈ S(m). Note that if λ(G) �= 0, then

σ2
i − λ(G)u2

i > 0 because u2
i > 0 and λ(G) < 0. So, the only possibility is that λ(G) = 0

and σ2
i = 0. However, by Theorem 1 in [19], σ2

i = 0 if and only if mi ∈ {0, (ci
2)}, which

cannot happen because of the definition of S(m), using the fact that μi ≥ 0, being that μi is
the expected value of the non-negative random variable Mi. So, we conclude that Σ−1

R ≥ 0
for all R ⊆ S(m), and this completes the proof.

We conclude that under the random coloring model, the Mahalanobis norm of m− μ

is a directed measure of the statistical significance of the deviation of m from μ, and thus, it
can be taken as a measure of the joint homophily of the vertices whose color is in S(m).

After an observation in [9], the random coloring model allows us to give a precise
formalization of how difficult it can be to provide bounds on tail probabilities. First, recall
that a subset I of vertices of a graph H is an independent set of H if I induces no edges.
Also, recall that the Independent Set Problem, INDEPENDENT SET, is the problem of deciding
whether, given a graph H and a non-negative integer k, V(H) contains an independent set
of at least k vertices. If H has an independent set of at least k vertices, we say that (H, k)
is a YES instance of INDEPENDENT SET. INDEPENDENT SET is an archetypal hard problem,
which means that it is in the NP-complete class (see [20], Section 3.1.3). It is widely believed
that it cannot be decided in polynomial time whether instances of problems in such a class
are YES instances. Next, let X = Mi be the i-th coordinate of M and κ = ci be the i-th
coordinate of the coloring profile c. Without the loss of generality, i = 1 (the argument we
will use is independent of i by symmetry). With this notation, Pr{X ≥ 1} is the marginal
tail probability Pr{M1 ≥ 1}. By definition, X is the number of edges induced by a set of κ

vertices sampled without repetition from the vertex set of the input graph G.
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Theorem 7. Let X and κ be as above. If G is the input graph in the random coloring model, then
Pr{X ≥ 1} < 1 if and only if (G, κ) is a YES instance of INDEPENDENT SET.

Proof. If (G, κ) is a YES instance of INDEPENDENT SET, then G has an independent set of
at least κ vertices. Hence, Pr{X = 0} > 0 because such a set is sampled with positive
probability. Since Pr{X = 0} > 0⇔ Pr{X ≥ 1} < 1, the only if part follows. Conversely,
if Pr{X ≥ 1} < 1, then Pr{X = 0} > 0. Therefore, the event X = 0 occurs with positive
probability (i.e., 0 is in support of X). Since X = 0 occurs if and only if (G, κ) is a YES

instance of INDEPENDENT SET, the if part follows as well.

In other words, in general, even deciding the sign of 1− Pr{X ≥ 1} for a finitely
supported random variable X is a computationally hard problem.

5. Concluding Remarks

Tail inequalities are a challenging problem in probability and statistics. According
to Theorem 7, we can expect no more than easily computable bounds for dealing with
tail probabilities, even if we have no control over the quality of the approximation. One
such bound is given by Cantelli’s inequality (1). This bound was significantly extended
by Marshall and Olkin (see Theorem 1) from random variables taking values on the real
line to random vectors taking values in standard real n-dimensional Euclidean spaces. By
looking at the inequality from the perspective of convex cone duality, as shown in Section 3,
this paper naturally extends the inequality to any finite-dimensional Euclidean space. The
new perspective allows us to cast (and bound) the probability of certain interesting events
arising in random matrix theory, the theory of tail and concentration inequalities for linear
images of random vectors, and network homophily as the probability of generalized tails,
namely, inequalities induced by the pre-order (or the partial order) defined by convex
cones. Besides Cantelli inequalities, there are several other tail inequalities. It would
certainly be worthwhile to check whether some of these one-dimensional inequalities have
a corresponding generalized version.
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1. Introduction

If a measurement can be regarded as an unbiased estimation of some observable, then,
by definition, one can expect (in terms of probability) the mean of several measurements
to be closer to the true value than what is given by a single measurement. This simple
idea has many practical applications, but, surprisingly, no such idea can be found in the
literature with respect to round-off errors (often thought of as random). Here, we elaborate
on this idea, although the main concept is elementary and may intuitively be seen as valid.
Therefore, we focus mostly on technical aspects and arguments to show its mechanism in
more detail. The commonly used normal distribution, where individual measurements are
assumed to have uncorrelated errors, leads to

σN(μ) =
σrf√

N
, (1)

where σN(μ) is the error with which we estimate the mean, σrf is the standard deviation of
the probability distribution with the mean μ from which the sample originates and N is the
number of measurements. As can be readily seen, the precision increases with repeated
measurements as 1/

√
N.

We have already covered many aspects of this method in [1]; however, the primary
focus there was on numerical differentiation. Here, we aim to adopt a more general
approach whose scope is numerically unstable problems in general, which are usually
(but not necessarily) ill conditioned (the instability of a numerical computation can result
not only from the underlying ill-conditioned mathematical problem but also from an
inappropriate implementation of the solution (see Section 3.1)) in the mathematical sense,
too. Also, we want to examine new possible dependencies not covered until now, namely,
the dependence of the results on the programming language, processor architecture and
operating system.

One needs to understand what the method is suited for and what it is not. First
of all, we regard our result primarily as a theoretical message, which was not so clearly
stated until now: namely, one can, routinely and without some specific requirements,
go beyond the usual round-off error precision. From the practical point of view, this,
however, applies mostly to situations where no other means (such as arbitrary-precision
software) for increasing the precision are available in circumstances where the increase in
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the precision is of uttermost importance. This may correspond to the evaluation of a black-
box function in a fixed number format environment, like when using compiled libraries
or when obtaining function values from a server where the function-evaluation process is
hidden from the client. It may also possibly apply to situations where re-programming (let
us say in arbitrary-precision software) is possible but very costly. The obvious disadvantage
is the time consumption (see Equation (6)), together with the fact that a precision increase
is typically limited to a few orders of magnitude (in absolute errors).

The extent of numerical problems we are aiming at is very broad: basically any
unstable numerical computation. What generally applies to this domain is that round-off
errors are considered random. This point of view is very common and found in many
texts; see, e.g., [2–5]. What distinguishes us from these authors is the way we use the
randomness assumption: the cited texts apply it to stable numerical problems, in which
the control of the error is important, and theoretically derive confidence intervals for the
results. We, on the contrary, analyze unstable computations, where we let the computer
actually perform error propagation in the perturbed-argument scenario with subsequent
outcome averaging. Our theoretical concern is only to show that the averaging is justified,
our aim being less ambitious: support the claim that the error is generally reduced without
precisely quantifying by how much (as numerical experiments show, this does depend on
the problem and cannot be reliably quantified in the “black-box” scenario).

In Section 2, we carry out a theoretical analysis of the approach that we propose, and
in Section 3, numerical experiments are presented.

2. Theoretical Analysis

2.1. Method Principle

The methods that implement the statistical averaging-out of round-off errors in the
evaluation of f (x0) may differ in their details; here, we adopt a simple linear first-order
estimator in a symmetric setting, as is explained below. In what follows, αfl indicates the
floating-point representation of the number α, and xi is assumed to be a machine number.
We also assume that round-off errors induce important fluctuations in the function value
ffl(x) for small perturbations of its argument x0 and that these fluctuations are symmetrical
and significantly greater (this requirement determines our scope to be unstable numerical
computations) than the function value changes. We proceed as follows:

• We generate N random numbers {xi}N
i=1 in a small interval around x0, xi ∈ I ≡

(x0 − h, x0 + h), h 1, and we assume that, in this small interval, f can be very well
approximated by a linear function. Numbers xi are generated from a distribution that
is symmetric with respect to x0; in our case, we use a uniform distribution on the
interval I.

• We evaluate computer-estimated function values
{

f i
fl
}N

i=1, f i
fl ≡ ffl(xi), which differ

from the true function values by round-off errors, f i
fl = f i + δi.

• We estimate the value of f (x0) by computing the average:

f (x0) ≈
1
N

N

∑
i=1

f i
fl ≡ fAV(x0).

This can be interpreted as a linear regression R(x) of the set
{(

xi, f i
fl
)}N

i=1, which we
understand as a simple estimator of the first order (first meaning linear). Because of
the assumptions (linearity, symmetry), one arrives, in the large-N limit, at R(x0) = f i

fl;
i.e., one can estimate f (x0) ≈ R(x0) just by averaging the function values.

To unravel the method principle, one simply writes down the expression with
error terms:
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1
N

N

∑
i=1

f i
fl =

1
N

N

∑
i=1

(
f i + δi

)
=

1
N

N

∑
i=1

(
f 0 + Δi f + δi

)
= f (x0) +

1
N

N

∑
i=1

Δi f +
1
N

N

∑
i=1

δi,

where Δi f denotes the change in the (true) function value, and Δi f = f i − f 0. If the round-
off errors δi have a symmetric distribution (we address this question later), then the error
estimate for N → ∞ becomes

EA =

∣∣∣∣∣ f (x0)−
1
N

N

∑
i=1

f i
fl

∣∣∣∣∣
N→∞

=

∣∣∣∣∣ 1
N

N

∑
i=1

Δi f +
1
N

N

∑
i=1

δi

∣∣∣∣∣
N→∞

=

∣∣∣∣∣ 1
N

N

∑
i=1

Δi f

∣∣∣∣∣
N→∞

,

which is to be compared with a single estimation of the function value

ES =
∣∣∣ f 0 − f 0

fl

∣∣∣ = |δ0|.

If f was exactly linear, then in the N → ∞ limit for a symmetric xi distribution, one has(
∑N

i=1 Δi f
)

/N = 0; i.e., the average-based estimate is better than the single estimation
EA < ES. For a realistic scenario where f is not exactly linear, one could make additional
estimates, quantify the deviation and see how it propagates. We propose a simple one,
with a bounded quadratic term and assuming, without loss of generality, x0 = 0. One has

f (x) = a + bx + cx2, c 1
h

. (2)

Keeping all of the above-mentioned assumptions, averaging leads to(
1
N

N

∑
i=1

Δi f

)
N→∞

=

(
b
N

N

∑
i=1

xi

)
N→∞

+

(
c
N

N

∑
i=1

x2
i

)
N→∞

 0 +
(

1
hN

Nh2
)

N→∞
= h.

If the total variation Δ f in f on I does not exceed h by orders of magnitude, Δ f ∼ h, then
EA < ES, because the variation Δ f is supposed to be significantly smaller than a typical δi
(of which δ0 is a representative):

EA =

∣∣∣∣∣ 1
N

N

∑
i=1

Δi f

∣∣∣∣∣
N→∞

< h ∼ Δ f < |δi| ∼ |δ0| = ES.

As is clear from this last example, even if the round-off errors were fully symmetric,
systematic shifts (which do not average) are present in our method. There are, however,
reasons to believe that these shifts are, for well-behaved functions, small with respect to
round-off errors.

One can think of many alternatives for round-off error averaging. One could, for
example, use a quadratic or even a higher-order regression. Alternatively, one could ran-
domly generate m points in I, with m being a small integer, and then construct a polynomial
Pm−1(x) that interpolates them. Repeating this many times, one could average the values
of these polynomials at x0: f (x0) ≈ 1

N ∑N
i=1 Pi

m−1(x0). We have tried this approach, and it
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did not improve our results. In fact, all of these higher-order methods are computationally
more complicated, which can further increase round-off errors.

Finally, one may ask about the implications of the method for the backward error (BE)
analysis. The method as constructed deals with the forward error (FE) | ffl(x0)− f (x0)|
and shows that it can be improved by replacing ffl(x0) → fAV(x0). It is a constructive
approach that has a straightforward interpretation in terms of an increase in precision. The
approach itself departs from simple definitions of forward/backward errors because it uses
the propagation of modified arguments by the approximation ffl of the true function f . A
strict analogy applied to BE analysis would consist of perturbing the output ffl(x0) and
studying the set of values xi ≡ f−1(yi), yi = ffl(x0) + εi as mapped by the inverse of the
exact function. The interpretation of such a procedure is unclear, and therefore, we do not
see a direct connection between our approach and the BE analysis.

2.2. Symmetry Properties of Error Propagation

For the method to work, it is important that round-off errors, if interpreted as random,
have a distribution with some degree of symmetry.

2.2.1. Round-Off Error Models
Simple Model

Starting with a simple unrealistic model, we assume that the computations are not
deterministic, but, when repeatedly executed with the same arguments, they gain random
errors and lead to different results. We also assume that the errors are not generated during
elementary processor operations (which are exact), but between them: an output of the
nth operation o[n] = i[n]1 � i[n]2 , � ∈ {+,−,×,÷} acquires, before becoming the input of the
following operation, a random error i[n+1] = o[n] + δ[n]. Denoting a machine number as a
true value with error, x = μx + δx, we have

x± y =
(
μx ± μy

)
+
[
δx ± δy

]
, (3)

xy = μxμy +
[
μxδy + μyδx + δxδy

]
. (4)

If δx and δy originate from symmetric probability distributions, �(δ) = �(−δ), and are
uncorrelated, then the error distribution of the result (square brackets) is also symmetric.
This follows from the fact that addition, mutual multiplication and multiplication by a
constant preserve the symmetry.

This is no longer the case for division (an incorrect statement was for the division, in
this regard, given in [1]; understood as a fraction a

b = a× 1
b , one sees that the asymmetry is

generated by the second term (denominator)) and possibly other floating-point instructions
that some processor architectures implement (such as the square-root “FSQRT” or sine
“FSIN”). As is clear from our approach, we focus on the impact of a small perturbation of
arguments on the round-off error of the result. If the perturbation ε is small, we can assume
that, on the interval (x0 − ε, x0 + ε), a linear approximation of the instruction � is valid.
Since a random variable with a distribution symmetric around the mean transformed by a
linear function yields a variable with a mean-symmetric distribution too, we achieve the
propagation of the error symmetry, at least in this approximation.

As a consequence, symmetric error distributions are propagated, keeping the sym-
metry up to the final result. Generating many results and averaging them makes errors
statistically cancel. In addition to the fact that the symmetry conservation is, for some
operations, only approximate, other pitfalls are present, too. For example, one can mention
large (round-off) errors in the input (so that the straight-line approximation is not valid) or
correlated numbers, e.g., the evaluation of f (x) = x2 in the proximity of zero, which leads
to asymmetric errors in the result since the latter cannot reach negative values.
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More Realistic Model

Still keeping the assumption about the randomness of round-off errors, in a more
realistic approach, we need to take into account that their sources are the elementary
processor operations. Since error averaging is of interest to us, we are concerned, as before,
with the behavior regarding error-symmetry propagation. This is a known and non-trivial
issue referred to as “bias” and does depend on the rounding strategy. Clearly, simple
rounding (the rounding of the last mantissa digit is meant here) rules, such as “rounding
half up”, are biased for all positional numeral systems with an even base, where the bias
increases for a decreasing radix (in this sense, the binary system is the worst [3]). The
argument here is a deliberate human effort in designing the processor architecture: the
rounding rules on all modern computers are purposely made such that they have zero bias
(e.g., “round to nearest, ties to even”; see Section 4.3 of [6]), which, by definition, means
that the “error production” toward higher and smaller numbers is symmetrical.

In summary, an (approximate) error-symmetry conservation of (ideal) mathematical
operations, together with symmetric error production in non-ideal processor instructions,
is a combination that (approximately) conserves the symmetry of the error distributions
and propagates it until the final result. An (approximately) symmetric error distribution of
the result errors implies that its mean value is (close to) zero; i.e., averaging is an effective
tool for removing round-off errors.

Realistic Model

Computer calculations are deterministic, and therefore, we need to perturb the argu-
ment of the function to mimic the above-assumed random character of round-off errors.
This raises questions about the proper size ε of the perturbation. A very small (a few last
mantissa bits) ε is not suitable because it might lead to important precision losses in the
computation of R(x0). An optimal step (i.e., ε) is expected to be significantly bigger than
εM × 2E, where εM is the machine epsilon and E the exponent, yet significantly smaller
than the typical length by which the function varies (or better, strongly deviates from its
linear approximation). A numerical test for the differentiation of common elementary
functions performed with double-precision variables indeed indicates [1] a typical optimal
value of ε ≈ 10−6 ! 10−16 ≈ εM|E=0. For such functions (constant function excluded), it is
reasonable to assume that, for evaluations at points far away from each other (measured
in units εM × 2E), the round-off errors are uncorrelated. The use of function values with
arguments different from x0 certainly introduces some bias, i.e., a discretization error,
which cannot be removed by averaging, but we have forwarded arguments as to why we
expect this effect to be small.

Let us summarize the main assumptions that we use in our argumentation:

• The local absolute errors σi can be thought of as random, described by symmetric
probability distributions with a zero mean.

• The round-off errors are uncorrelated for evaluations of the function value at two
different points.

2.2.2. Additional Arguments

A fully rigorous argument in favor of the averaging method can be made using
only one simple assumption. Let us consider a set of function value estimates f i

fl and
assume that they are fully dominated by round-off errors (and not function value changes)
so that we have no a priori way to assess which estimate is more precise than others
(i.e., the information content is considered equal for all estimates). If we interpret f i

fl as
measurements with random errors described by a probability distribution, then, in terms
of probability, it is always (non-strictly) better to estimate the true value of f 0 by taking
the average of the numbers, f̄ =

(
∑N

i=1 f i
fl

)
/N, than to estimate it by picking one f 0

fl (a
single evaluation of the function value directly at x0). In other words, the mean (squared)

104



Axioms 2024, 13, 615

distance Δ(x1, x2) ∈
{
|x1 − x2|, (x1 − x2)

2
}

of a single estimation of the true value f 0 is

always (non-strictly) greater than that of the mean f̄ :

Δ( f̄ , f0) ≤
∫ ∞

−∞
Δ( f , f0)�( f )d f = E[Δ( f , f0)], (5)

where E represents the expected value, and �( f ) is an (arbitrary) probability distribution
that describes f i values. This follows from the non-specific, purely mathematical properties
of probability distributions; more details can be found in Appendix A (or Section 3.2 of [1]).

Except for the statement in the previous paragraph, our arguments are heuristic. Yet,
any honest consideration of the problem of the round-off error propagation in realistic
computer computations (that go beyond a single matrix inversion or a small number
of processor instructions, or possibly some very specific calculation) has to come to the
conclusion that the strict mathematical treatment (strict error bounds can be derived (very
easily, if they are allowed to be arbitrarily large), and here, we mean equalities; we, of
course, do not imply that the search for the best bounds is not valuable) of this topic from
first principles (the arithmetic of computer registers) is, without additional assumptions, far
too complex. Authors, with the aim of providing some rigorous mathematical statements,
often introduce various strong assumptions (usually about the randomness and its type or
the existence of derivatives), which are nothing else but heuristic, too. We prefer not to play
this game, since it adds nothing to the exactness of results with respect to the first principles
(but it makes the paper look more serious). Yet, we might provide some additional heuristic
arguments in favor of our approach.

One of them is the central limit theorem, often mentioned in texts related to round-off
errors if they are treated in a probabilistic manner. Computations typically contain many
additions and, supposing that the errors related to the added values can be considered
uncorrelated, the probability distribution of the result tends to the Gaussian distribution,
whatever the distributions of the individual summands. The Gaussian distribution is, of
course, symmetric with respect to its mean, and averaging the error annihilates it.

In a realistic computation, the perfect symmetry of the numerical error distribution
cannot be expected. Yet, even for distorted, non-symmetric distributions, the estimation of
the true value from the average is a better option compared to what provides a single eval-
uation (see the “rigorous argument” paragraph). A numerical test was also performed in
Section 4.1 of [1] with respect to this issue. There, the central difference formula was used
to estimate the derivatives of sin(x), exp(x) and ln(x) at x = 1, π and 1/2, respectively.
The mean discretization parameter h was chosen to be large, h0 = 10−5, and the produced
distributions were asymmetric and, as expected for large h, shifted (not centered around the
true value of the derivative). Nevertheless, the mean of each distribution was close to the
true value of the central difference, which means that, even for such distorted distributions,
the round-off errors average to a large extent.

2.2.3. Previous Tests and Performance

In previous numerical tests (Section 4.1 of [1]), it has been demonstrated that the
expected features of our approach are manifested and that we are right in understanding
how the method works. The studied distributions were highly symmetrical (the asymmetry
of the charts in Figure 2 of [1] is expected due to the large bias originating from the
discretization error (made large by purpose); for the highest precision, the discretization
parameter needs to be small (Figure 1 of [1])), and the shrinking of the error with increasing
statistics (or time t, Figure 3 of [1]) is as expected from (1):

σ(t) = σ0 + σ1/
√

N = σ0 + σ1/
√

αt. (6)

Here, σ0 is the highest possible precision, which cannot be improved by averaging (a sys-
tematic bias such as an asymmetry of the distribution or a discretization error); σ1 is the
typical precision provided by a single estimation; and α is some proportionality constant.
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3. Numerical Experiments

The numerical investigation of the averaging approach can be performed in a large
number of directions. One could study the dependence of the results on the size of the
perturbation h, on the precision order k of the estimator, on the function f and its test
point x0, on the statistics N or on the processor architecture and the programming language
(and others). We applied our approach to the numerical differentiation in [1], where the
dependencies on ε, k, f (x0) and N were studied, and we consider them covered. We, therefore,
study the two remaining; plus, we test the behavior of the approach for functions with more
parameters (which can be perturbed independently). In what follows, we investigate the
following:

• The evaluation of a function of a single variable;
• A matrix inversion in the context of trigonometric interpolation;
• The evaluation of higher derivatives of a function.

In all cases, the numerical evaluation is (purposely made) unstable so as to make
sense of the averaging procedure. The argument perturbations xi are generated as random
numbers with a uniform distribution from the interval (x0 − h, x0 + h), where h is chosen
in the form h(n) = 10−n, n ∈ N, such that it gives the best results. This means that we
evaluate f (x0) using the averaging procedure for various h(n), n = 1, . . . , 16, and choose
the best, which we then compare to the outcome of the single evaluation of f (x0). All
variables are double precision.

The tested architectures are as follows:

• x86:

– Linux: 8xIntel Core i7-4770 3.40 GHz;
– Windows: Intel(R) Core(TM) i7-6700HQ CPU @ 2.60 GHz 2.60 GHz;

• ARM: Octa-core: 2×2.2 GHz Cortex-A78 and 6×2.0 GHz Cortex-A55.

The tested programming languages are as follows:

• Java (openjdk 11.0.9);
• C/C++

– Linux: gcc 7.5.0;
– Windows: g++ (MinGW.org GCC-6.3.0-1) 6.3.0;

• Python (2.7.17);
• JavaScript (1.5);
• MATLAB (online, version R2024a, August 2024).

Three operating systems were used:

• Linux Open SUSE Leap 15.1, kernel 4.12.14-lp151.28.91-default;
• Android 13, 5.10.186-android12, Motorola Moto G54 Power;
• Windows 10 Pro.

From these, the tested combinations (Cx) are shown in Table 1. When running
JavaScript, the Chrome web browser was used in all cases.

Table 1. Tested environments.

Combination Processor Programming Language Operating System

C1 x86 Java Linux

C2 x86 C/C++ Linux

C3 x86 Python Linux

C4 x86 JavaScript Linux

C5 ARM JavaScript Android

C6 x86 C/C++ Windows

C7 x86 JavaScript Windows

C8 (online) MATLAB (online)
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For the averaging procedure, we used the Kahan summation algorithm [7] to have a
numerically stable computation of arithmetic means.

3.1. Simple Function

We present two examples of the averaging method applied to the evaluation of a real
function of one real variable.

3.1.1. First Example

Inspired by [8], we investigate the function

f (x) = r13(x), rn(x) = xrn−1(x)− 1
n

, r0 = ln(x)− ln(x− 1) (7)

at x0 = 10. The implemented recurrent definition (7) is numerically unstable, although the
alternative expression

rn(x) =
∫ 1

0

tn

x− t
dt

implies that the mathematical dependence is not ill conditioned. Actually, a stable eval-
uation on a computer is also possible, e.g., using a numerical integration method. For
averaging, we use N = 106 and determine the optimal step to be h = 10−4. The results
are shown in Table 2. We see an enhancement of the precision by orders of magnitude.
Although the numbers differ in various rows, the difference seems to be mainly due to
statistical fluctuations (random xi generation). This can be seen by looking at the value
from the single evaluation (at x0 = 10) where differences are small: all Linux and ARM
calculations agree that f L

fl (x0) = 0.008235200679887617, although Windows scenarios C6
and C7 give a quite different value: f W

fl (x0) = 0.0082350165617707458. Still, the difference∣∣ f L
fl (x0)− f W

fl (x0)
∣∣ ≈ 1.8× 10−7 is significantly smaller than the error produced by the sin-

gle evaluation, ≈ 3.6× 10−4. These large fluctuations at such large statistics are somewhat
surprising; nevertheless, in any scenario, the precision increase is significant and exceeds
one order of magnitude.

Table 2. The precision of the evaluation of r13(10), Equation (7), by the averaging method compared
to the direct evaluation for different computing environments (Table 1). Despite the large statistics
for randomly generated {xi}, the results have large fluctuations and cannot be reproduced exactly.

f (x) = r13(x), x0 = 10, f (x0) = 0.0078785198760532617 . . ., h = 10−4

�AV = | fAV(x0)− f (x0)| �fl = | ffl(x0)− f (x0)| �fl/�AV

C1 ≈9.2× 10−7 ≈3.6× 10−4 ≈390

C2 ≈2.8× 10−6 ≈3.6× 10−4 ≈130

C3 ≈3.5× 10−6 ≈3.6× 10−4 ≈100

C4 ≈3.6× 10−6 ≈3.6× 10−4 ≈100

C5 ≈6.3× 10−6 ≈3.6× 10−4 ≈60

C6 ≈7.6× 10−6 ≈3.6× 10−4 ≈50

C7 ≈1.1× 10−6 ≈3.6× 10−4 ≈330

C8 ≈1.6× 10−6 ≈3.6× 10−4 ≈220

It may be interesting to examine the statistical distribution of
{

f i}. Because all
computing environments give similar results, we show only scenario C1 in Figure 1. One
sees that the distribution is very symmetric but quite broad, meaning that the single
evaluation (blue triangle) is close to its peak when compared to the distribution spread.
Yet, in sub-figure (b), one observes that the peak of the distribution is significantly closer to
the true value (green diamond) than the single evaluation result.
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Figure 1. Area-normalized statistical distribution of r13(10 + δi) for random δi uniformly distributed
over

(
−10−4, 10−4), sub-figure (a). The peak area is enlarged in sub-figure (b).

3.1.2. Second Example

We investigate a simple exponentiation implemented in an unstable manner:

xn = (2x)xn−2 + (x− 2)xn−1.

Choosing x = 1/3 and n = 15, we compute a15 = 1/315 using the recurrent relation

an =
2
3

an−2 −
5
3

an−1, a1 =
1
3

, a2 = a2
1, (8)

where we perturb the value of a1. We use N = 106 and h = 10−7. The outcomes are shown
in Table 3, and, again, the validity of the averaging approach is demonstrated despite
important fluctuations in the entries in the table (observed when attempting to reproduce
them). The effect is, however, smaller than in the previous case.

Table 3. The precision of the evaluation of a15(1/3), Equation (8), by the averaging method compared
to the direct evaluation for different computing environments (Table 1). Despite the large statistics
for randomly generated {xi}, the results have large fluctuations and cannot be reproduced exactly.

f (x) = a15(x), x0 = 1/3, f (x0) = 0.00000006969171 . . ., h = 10−7

�AV = | fAV(x0)− f (x0)| �fl = | ffl(x0)− f (x0)| �fl/�AV

C1 ≈2.4× 10−16 ≈7.3× 10−16 ≈3

C2 ≈8.2× 10−17 ≈7.3× 10−16 ≈8

C3 ≈9.9× 10−17 ≈7.3× 10−16 ≈7

C4 ≈1.1× 10−16 ≈7.3× 10−16 ≈7

C5 ≈8.0× 10−17 ≈7.6× 10−16 ≈9

C6 ≈3.2× 10−16 ≈3.5× 10−14 ≈110

C7 ≈2.4× 10−16 ≈7.3× 10−16 ≈3

C8 ≈1.7× 10−16 ≈7.3× 10−16 ≈4

The error distribution for this computation in scenario C8 is shown in Figure 2.
The “simple function” examples fulfill the expectations that we have with respect

to the method: we obtain a symmetric error distribution that provides, by averaging, a
significant improvement in precision.
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Figure 2. Area-normalized statistical distribution of a15(1/3 + δi)− 1/315 for random δi uniformly
distributed over

(
−10−7, 10−7) for the C8 scenario.

3.2. Matrix Inversion in Trigonometric Interpolation

In this section, we search for coefficients c0,1,2,3 such that the trigonometric polynomial

f (x) =
3

∑
n=0

cn cos(nx) (9)

interpolates {(xi, yi)}3
i=0, with xi = 1 + i× Δ, Δ = 10−4 and yi = g(xi), with

g(x) = −1− 1
3

cos(x) +
1
7

cos(2x)− 1
11

cos(3x).

Obviously, the correct values are c0 = −1, c1 = −1/3, c2 = 1/7 and c3 = −1/11. The
problem is written in a matrix form, −→y = M�c, where

Mij = cos(jxi).

The task is to invert the matrix and find −→c :

�c = M−1−→y .

As a matter of fact, the problem is ill conditioned because Δ is small, and rows of
M are very similar. Various strategies can be adopted when implementing perturba-
tions: e.g., perturb the elements of M, those of y, or both. Every option can be stud-
ied, but here, we have chosen the first one, because the problem is often stated as “ma-
trix inversion” alone, not necessarily related to some specific vector y. In each studied
case, we independently perturb every element of M by a random amount, with all per-
turbations being from the same interval I. We observe that a typical perturbation (to
obtain the best results) is significantly smaller than in the previous case (the r13 func-
tion). The size of the statistical sample is N = 105. The code for matrix inversion differs
considerably, depending on the programming language. For Java, we used the Jama
“Matrix” library (https://math.nist.gov/javanumerics/jama/, accessed on 27 June 2024);
for C(++), we borrowed a code published online (https://github.com/altafahmad623
/Operation-Research/blob/master/inverse.c, accessed on 27 June 2024); for Python, the
linalg library from the numpy package was called; and for JavaScript, we again referred
to an implementation found online (https://web.archive.org/web/20210406035905/http:
//blog.acipo.com/matrix-inversion-in-javascript/, accessed on 27 June 2024). It turns out
that the matrix inversion implementation is the most significant source of differences be-
tween various scenarios and, for the C(++) implementation, is unsatisfactory in the current
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setting due to producing nonsense numbers. For this reason, we make an exception and
decrease, in this case, the condition number by setting Δ = 10−3. Each result is represented
by a set of four numbers, and the outcomes produced under various conditions are summa-
rized in Table 4. Illustrative error-distribution histograms for the c0 coefficient are shown
for the C1 and C3 scenarios in Figure 3. This time, the shape is Gaussian, and, surprisingly,
the Python implementation manifests regular oscillatory structures, certainly a numerical
effect, which is missing for Java. Still, both results are comparable since oscillations are
also averaged.

Table 4. The precision of the evaluation of four trigonometric coefficients, Equation (9), by the
averaging method, compared to the direct evaluation for different computing environments (Table 1).
Despite the large statistics for randomly generated elements of M, the results have fluctuations and
cannot be reproduced exactly.

ci ≡
[−→

f (M)
]

i
=
[
M−1−→y ]i

f0 = −1, f1 = −1/3, f2 = 1/7, f3 = −1/11

�i
AV = �i

fl = Ri = h

| fAV(M)i − f (M)i| | ffl(M)i − f (M)i| �i
fl/�i

AV

C1 "0 ≈ 2.3× 10−5 "0 ≈ 1.8× 10−4 R0 ≈ 8 10−14

"1 ≈ 3.9× 10−5 "1 ≈ 2.0× 10−4 R1 ≈ 5

"2 ≈ 1.9× 10−5 "2 ≈ 1.6× 10−4 R2 ≈ 8

"3 ≈ 6.0× 10−6 "3 ≈ 2.8× 10−5 R3 ≈ 5

C2 "0 ≈ 5.2× 10−3 "0 ≈ 1.0× 10−1 R0 ≈ 20 10−12

Δ = 10−3 "1 ≈ 6.4× 10−3 "1 ≈ 6.3× 10−1 R1 ≈ 100

"2 ≈ 3.8× 10−3 "2 ≈ 1.3 R2 ≈ 340

"3 ≈ 3.4× 10−3 "3 ≈ 9.8× 10−2 R3 ≈ 30

C3 "0 ≈ 1.4× 10−5 "0 ≈ 1.2× 10−4 R0 ≈ 8 10−14

"1 ≈ 2.4× 10−5 "1 ≈ 1.6× 10−4 R1 ≈ 7

"2 ≈ 1.3× 10−5 "2 ≈ 3.5× 10−5 R2 ≈ 3

"3 ≈ 4.1× 10−6 "3 ≈ 3.3× 10−5 R3 ≈ 8

C4 "0 ≈ 3.3× 10−6 "0 ≈ 3.1× 10−5 R0 ≈ 9 10−14

"1 ≈ 5.5× 10−6 "1 ≈ 8.1× 10−5 R1 ≈ 14

"2 ≈ 2.9× 10−6 "2 ≈ 6.5× 10−5 R2 ≈ 22

"3 ≈ 8.5× 10−7 "3 ≈ 3.5× 10−5 R3 ≈ 41

C5 "0 ≈ 2.6× 10−5 "0 ≈ 3.1× 10−5 R0 ≈ 1 10−14

"1 ≈ 4.3× 10−5 "1 ≈ 8.1× 10−5 R1 ≈ 2

"2 ≈ 2.2× 10−5 "2 ≈ 6.5× 10−5 R2 ≈ 3

"3 ≈ 6.8× 10−6 "3 ≈ 3.5× 10−5 R3 ≈ 5

C6 "0 ≈ 2.9× 10−4 "0 ≈ 2.6× 10−1 R0 ≈ 890 10−12

Δ = 10−3 "1 ≈ 2.3× 10−3 "1 ≈ 1.9× 10−1 R1 ≈ 80

"2 ≈ 1.9× 10−3 "2 ≈ 3.5× 10−1 R2 ≈ 190

"3 ≈ 1.9× 10−4 "3 ≈ 6.5× 10−3 R3 ≈ 34

C7 "0 ≈ 3.2× 10−5 "0 ≈ 3.1× 10−5 R0 ≈ 1 10−14

"1 ≈ 5.4× 10−5 "1 ≈ 8.1× 10−5 R1 ≈ 2

"2 ≈ 2.7× 10−5 "2 ≈ 6.5× 10−5 R2 ≈ 2

"3 ≈ 8.3× 10−6 "3 ≈ 3.5× 10−5 R3 ≈ 4

C8 "0 ≈ 5.1× 10−6 "0 ≈ 6.1× 10−5 R0 ≈ 12 10−15

"1 ≈ 8.3× 10−6 "1 ≈ 2.0× 10−5 R1 ≈ 2
"2 ≈ 4.1× 10−6 "2 ≈ 1.6× 10−4 R2 ≈ 39
"3 ≈ 1.2× 10−6 "3 ≈ 1.8× 10−5 R3 ≈ 15
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Figure 3. Area-normalized distributions of errors of the c0 coefficient (9) around the true value
with the averaging method, as observed for Python (first row, C3 setting) and Java (second row, C1
setting). In both cases, some numerical issues are observed. In the second column, the peak region
is magnified.

The main conclusion that one can draw is that an increase in precision is observed with
a significance of around one order of magnitude. Beyond doubt, this cannot be explained
by statistical fluctuations, and the averaging method has an effect. The most important
factor that determines the outcome is the implementation of the specific mathematical
operation (matrix inversion, in our case), and, for an altered scenario with the C(++) code,
the increase in precision is much more important (although the code’s performance is much
lower because it cannot deal with Δ = 10−4).

3.3. Higher-Order Derivatives

The numerical instability increases with the increasing derivative order, and at some
point, any method of computation fails. It is interesting to see how various approaches
behave in this respect. We obtain inspiration from [9] and differentiate

f (x) =
ex

(sin x)3 + (cos x)3 (10)

at x = 0. All derivatives are integers, and we focus on the few first of them:{
f (i)(x)|x=0

}
i=1,2,3,4

= {1, 4, 4, 28}.

We use central difference formulas to obtain estimates; see Table 5. The formulas
depend on two parameters, x0 and ε, and we perturb both of them, one at a time, thus
producing two result tables, Tables 6 and 7. Perturbing x0 = 0 is straightforward, and ε is
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perturbed around the optimal value ε0 = 10−k, which we find by applying the averaging
method for an integer k. Similarly, we compute derivatives (single estimations) at zero,
testing different integers k, and, by comparing them to the true values, we choose the
best. The values in the averaging approach are perturbed randomly in the interval εi ∈
(ε0/2, 3× ε0/2). We set the statistics to N = 105. As illustrative examples, we provide
histograms for error distributions of the second derivative for the C5 and C6 scenarios in
Figures 4 and 5.

Table 5. Implemented central difference formulas with yn ≡ f (x0 + nε).

Deriv. Formula

Order

1 (y−2/12− 2y−1/3 + 2y1/3− y2/12)/ε

2 (−y−2/12 + 4y−1/3− 5y0/2 + 4y1/3− y2/12)/ε2

3 (y−3/8− y−2 + 13y−1/8− 13y1/8 + y2 − y3/8)/ε3

4 (−y−3/6 + 2y2 − 13y−1/2 + 28y0/3− 13y1/2 + 2y2 − y3/6)/ε4
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Figure 4. Area-normalized error distributions of the second-derivative estimates of (10) in the C5
(lower row) and C6 (upper row) scenarios perturbing x. In the pictures on the right, the peak area
is enlarged.

One sees that the averaging method provides an improvement in precision for the
first two derivatives, which is generally lost for the third and fourth derivatives. Also, the
perturbation in ε gives more important improvements. It is necessary to understand why
the method fails above the second derivative, and we provide, in what follows, a dedicated
section to this issue.
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Table 6. Compared precision of averaging and single estimation for various derivative orders D.
The argument x is perturbed randomly with the amplitude hx. The finite-difference step is fixed to
ε0 = 10−4 for D = 1, ε0 = 10−3 for D = 2, 3 and ε0 = 10−2 for D = 4. Despite the large statistics, the
results fluctuate significantly and cannot be reproduced exactly.

f D(x) = dD

dxD

[
ex/
(
(sin x)3 + (cos x)3

)]
f 1(0) = 1, f 2(0) = 4, f 3(0) = 4, f 4(0) = 28

x Is Perturbed

D �AV = "fl = �fl/�AV hx∣∣ f D
AV(x0)− f D(x0)

∣∣ ∣∣ f D
fl (x0)− f D(x0)

∣∣
C1 1 ≈1.2× 10−13 ≈8.6× 10−13 ≈7 10−14

2 ≈4.8× 10−11 ≈1.2× 10−10 ≈3 10−15

3 ≈2.0× 10−8 ≈2.1× 10−9 ≈1 10−8

4 ≈1.2× 10−5 ≈1.4× 10−5 ≈1 10−6

C2 1 ≈1.2× 10−13 ≈8.6× 10−13 ≈7 10−14

2 ≈4.8× 10−11 ≈1.2× 10−10 ≈3 10−15

3 ≈8.2× 10−10 ≈2.1× 10−9 ≈3 10−8

4 ≈1.4× 10−5 ≈1.4× 10−5 ≈1 10−6

C3 1 ≈1.2× 10−13 ≈8.6× 10−13 ≈7 10−14

2 ≈4.8× 10−11 ≈1.2× 10−10 ≈3 10−15

3 ≈3.7× 10−10 ≈2.1× 10−9 ≈6 10−8

4 ≈1.3× 10−5 ≈1.4× 10−5 ≈1 10−6

C4 1 ≈1.2× 10−13 ≈8.6× 10−13 ≈7 10−14

2 ≈4.8× 10−11 ≈1.2× 10−10 ≈3 10−15

3 ≈5.9× 10−10 ≈2.1× 10−9 ≈4 10−8

4 ≈1.4× 10−5 ≈1.4× 10−5 ≈1 10−6

C5 1 ≈1.2× 10−13 ≈8.6× 10−13 ≈7 10−14

2 ≈4.7× 10−11 ≈1.2× 10−10 ≈3 10−15

3 ≈1.7× 10−9 ≈2.1× 10−9 ≈1 10−8

4 ≈1.4× 10−5 ≈1.4× 10−5 ≈1 10−6

C6 1 ≈4.5× 10−13 ≈5.7× 10−13 ≈1 10−11

2 ≈2.6× 10−12 ≈1.3× 10−11 ≈5 10−9

3 ≈9.1× 10−10 ≈1.6× 10−7 ≈180 10−8

4 ≈1.4× 10−5 ≈1.4× 10−5 ≈1 10−7

C7 1 ≈1.2× 10−13 ≈8.6× 10−13 ≈7 10−14

2 ≈4.7× 10−11 ≈1.2× 10−10 ≈3 10−15

3 ≈2.7× 10−9 ≈2.1× 10−9 ≈1 10−8

4 ≈1.4× 10−5 ≈1.4× 10−5 ≈1 10−6

C8 1 ≈1.2× 10−13 ≈8.6× 10−13 ≈7 10−14

2 ≈4.7× 10−11 ≈1.2× 10−10 ≈3 10−15

3 ≈1.6× 10−9 ≈2.1× 10−9 ≈1 10−8

4 ≈1.4× 10−5 ≈1.4× 10−5 ≈1 10−6
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Table 7. The precision of the averaging and the single estimation compared for various derivative
orders D. The argument x = 0 is fixed. The finite-difference steps are perturbed around their central
values ε0 using hε = ε0/2, and the displayed ε0 values are those used in the averaging method.
Despite the large statistics, the results fluctuate significantly and cannot be reproduced exactly.

f D(x) = dD

dxD

[
ex/
(
(sin x)3 + (cos x)3

)]
f 1(0) = 1, f 2(0) = 4, f 3(0) = 4, f 4(0) = 28

ε Is Perturbed

D �AV = �fl = �fl/�AV ε0∣∣ f D
AV(x0)− f D(x0)

∣∣ ∣∣ f D
fl (x0)− f D(x0)

∣∣
C1 1 ≈3.8× 10−15 ≈8.6× 10−13 ≈230 10−4

2 ≈2.3× 10−12 ≈1.2× 10−10 ≈52 10−3

3 ≈8.1× 10−10 ≈2.1× 10−9 ≈3 10−3

4 ≈2.1× 10−5 ≈1.4× 10−5 ≈0.7 10−2

C2 1 ≈3.5× 10−15 ≈8.6× 10−13 ≈240 10−4

2 ≈2.2× 10−12 ≈1.2× 10−10 ≈55 10−3

3 ≈2.6× 10−9 ≈2.1× 10−9 ≈0.8 10−3

4 ≈2.1× 10−5 ≈1.4× 10−5 ≈0.7 10−2

C3 1 ≈1.8× 10−15 ≈8.6× 10−13 ≈484 10−4

2 ≈4.1× 10−13 ≈1.2× 10−10 ≈300 10−3

3 ≈2.6× 10−9 ≈2.1× 10−9 ≈0.8 10−3

4 ≈2.1× 10−5 ≈1.4× 10−5 ≈0.7 10−2

C4 1 ≈2.2× 10−15 ≈8.6× 10−13 ≈390 10−4

2 ≈9.4× 10−13 ≈1.2× 10−10 ≈130 10−3

3 ≈5.4× 10−10 ≈2.1× 10−9 ≈4 10−3

4 ≈2.1× 10−5 ≈1.4× 10−5 ≈0.7 10−2

C5 1 ≈2.0× 10−15 ≈8.6× 10−13 ≈431 10−4

2 ≈1.9× 10−12 ≈1.2× 10−10 ≈64 10−3

3 ≈1.9× 10−9 ≈2.1× 10−9 ≈1 10−3

4 ≈2.1× 10−5 ≈1.4× 10−5 ≈0.7 10−2

C6 1 ≈3.5× 10−15 ≈5.7× 10−13 ≈160 10−4

2 ≈3.4× 10−12 ≈1.3× 10−11 ≈4 10−3

3 ≈1.6× 10−9 ≈1.6× 10−7 ≈100 10−3

4 ≈1.7× 10−5 ≈1.4× 10−5 ≈0.8 10−2

C7 1 ≈3.1× 10−15 ≈8.6× 10−13 ≈280 10−4

2 ≈2.2× 10−12 ≈1.2× 10−10 ≈55 10−3

3 ≈2.1× 10−9 ≈2.1× 10−9 ≈1 10−3

4 ≈2.1× 10−5 ≈1.4× 10−5 ≈0.7 10−2

C8 1 ≈2.7× 10−15 ≈8.6× 10−13 ≈320 10−4

2 ≈3.6× 10−12 ≈1.2× 10−10 ≈33 10−3

3 ≈9.9× 10−10 ≈2.1× 10−9 ≈2 10−3

4 ≈2.1× 10−5 ≈1.4× 10−5 ≈0.7 10−2

114



Axioms 2024, 13, 615

C/C++
x86

Windows
# = 107

True value

Single evaluation

−2 −1 0 1 2
×10−9

0

0.05

0.1

0.15

d2f/dx2|x=0 − 4

#
N
or
m
al
iz
ed

E
n
tr
ie
s C/C++

x86
Windows
# = 107

True value

Single evaluation

−3 −2 −1 0 1 2 3
×10−10

0

1

2

3

4
×10−2

d2f/dx2|x=0 − 4

#
N
or
m
al
iz
ed

E
n
tr
ie
s

JavaScript
Arm

Android
# = 107

True value

Single evaluation

−2 −1 0 1 2
×10−9

0

0.05

0.1

0.15

d2f/dx2|x=0 − 4

#
N
or
m
al
iz
ed

E
n
tr
ie
s

JavaScript
Arm

Android
# = 107

True value

Single evaluation

−2 −1 0 1 2
×10−10

0

0.5

1

1.5

2

2.5
×10−2

d2f/dx2|x=0 − 4

#
N
or
m
al
iz
ed

E
n
tr
ie
s

Figure 5. Area-normalized error distributions of the second-derivative estimates of (10) in the C5
(lower row) and C6 (upper row) scenarios perturbing the discretization parameter ε. In the pictures
on the right, the peak area is enlarged.

The better performance of the ε-based approach may be qualitatively understood,
since the smallness of the ε parameter causes catastrophic cancellation; i.e., if ε is big, then
no instability will be present, even for small x-perturbations. Thus, by varying ε0 in the
finite difference [ f (x0 + ε0)− f (x0)]/ε0 (as an example), a large number of various values
are created, forming an approximate Gaussian, and can be averaged (Figure 5). Performing
a shift in x, i.e., varying δx in [ f (x0 + δx + ε0)− f (x0 + δx)]/ε0 with ε0 fixed, computes
function values at two points, which always have the same distance, ε0. The function value
differences then tend to be strongly correlated, and a linear function gives a constant. At
the scale 10−15 � hx � 10−6 (see Table 6), the function (10) is well described by its linear
approximation; the small deviation from linearity (and possibly rounding effects) leads
to a limited number of floating-point values that the finite difference can take and that
are, in addition, unevenly distributed (Figure 4). Nevertheless, one also observes some
differences between the upper and lower pictures in Figure 5, which indicates that the
computing environment also plays a role, because the program codes are more or less
equivalent in all scenarios. Another interesting observation is the third derivative in the C6
scenario in both Tables 6 and 7; the precision is significantly increased (unlike in all other
scenarios) and is even greater than for the second derivative in the same case. We do not
have an understanding of this effect but see it as a further confirmation of the fact that the
computing environment may induce important and unpredictable changes in results.

4. Fourth Derivative

For space and brevity reasons, we do not perform an exhaustive search including all
scenarios and analyze the problem only in the C1 case (Java, Linux, x86) by perturbing ε.
We believe that the generalization of our findings is valid, yet, for further confirmation, this
issue may be subject to additional studies in the future.
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We learn the most by looking at the error histograms. We produced a few of them
using εnew

0 = ε0/100, ε0/10, ε0 and 10× ε0 with ε0 = 10−2 (see Table 7); a larger variation,
100× ε0, already hits the closest singularity of (10) at x = −π/4 and leads to strongly
disturbed results. The histograms are shown in Figure 6 and their zoomed-in versions in
Figure 7. The impact of round-off errors is most easily assessed by (practically) removing
them using arbitrary-precision software. In our case, we benefited from the Apfloat library
(http://www.apfloat.org/, accessed on 27 June 2024) using 300 valid decimal digits and
N = 1000 (and higher). Also, we did not use a random generation of εi ∈ (ε0/2, 3×
ε0/2) but regularly divided the interval and performed calculation scanning with the step
ε0/N. This was carried out with the aim of removing the possible bias from a non-ideal
random number generator. This may introduce another bias, which would be, however,
uncorrelated. The round-off-error-free histograms are presented in Figure 8.

Java
x86
Linux

# = 107

ε = 10−4

True value

Single ev.

Mean

−200 −100 0 100 200
0

0.1

0.2

0.3

d4f/dx4|x=0 − 28

#
N
or
m
al
iz
ed

E
n
tr
ie
s Java

x86
Linux

# = 107

ε = 10−3

True value

Single ev.

Mean

−1 −0.5 0 0.5 1
×10−2

0

0.05

0.1

0.15

0.2

d4f/dx4|x=0 − 28

#
N
or
m
al
iz
ed

E
n
tr
ie
s

Java
x86
Linux

# = 107

ε = 10−2

True value

Single ev.

Mean

−1 −0.5 0 0.5 1
×10−4

0

0.1

0.2

0.3

d4f/dx4|x=0 − 28

#
N
or
m
al
iz
ed

E
n
tr
ie
s Java

x86
Linux

# = 107

ε = 10−1

True value

Single ev.

Mean

−2 −1 0 1 2
0

0.1

0.2

0.3

d4f/dx4|x=0 − 28

#
N
or
m
al
iz
ed

E
n
tr
ie
s

Figure 6. Area-normalized distributions of errors on the fourth derivative of (10) at zero in the
C1 setting for various sizes of the mean value of the discretization parameter ε0 (around which
perturbations are randomly produced). One can note large changes in scale on the x-axis.

The mere description of what one sees in Figures 6 and 7 is that the distributions are
shifted (the mean of the histogram is represented by the yellow square) and sometimes
highly asymmetric. One also observes that the spread of the distribution changes dra-
matically when changing the discretization parameter ε0. When compared to Figure 8,
it becomes clear what is going on. For small ε0 = 10−3, 10−4, round-off errors appear
and make the distribution more symmetric (as we argued), with, however, a (very) large
spread. All distributions have some systematic shift, as seen from plots in Figure 8, which,
however, decreases (as expected) with decreasing ε0. Despite the true value lying in the
most probable bin, it is positioned at the edge of the distribution, which makes averaging
ineffective. Nevertheless, it is still competitive in precision for ε0 = 10−2: the fact that the
averaging method “loses” can be interpreted as random bad luck; the single-evaluation
value (blue triangle, bottom-left graphics in Figure 6) could have been (if interpreted as
random, with the histogram representing the probability distribution function) situated left
to the mean. Nevertheless, it is clear that averaging is unable to provide any substantial
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improvement. For both values ε0 = 10−2, 10−1, the round-off effects lose significance, yet
a notable rise in bias and spread appears.
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Figure 7. Distributions identical to those in Figure 6 but enlarged in the central area.
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Figure 8. Modifications of distributions from Figure 6 with round-off errors (practically) removed.
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As a general assertion, one may say that for very unstable computations, changes in
the tested sizes of perturbations (we used a discrete set of the form 10−n) may lead to a
steep rise in the systematic bias (which cannot be averaged) and distribution widths. Here,
one should distinguish between two cases:

1. The perturbation can be zero, i.e., the true value can be reached, such as in Section 3.1.
2. The perturbation cannot reach zero, such as the discretization parameter in deriva-

tive estimates.

In the second situation, the choice of some perturbation (e.g., ε0 = 10−n, hε = ε0/2)
may be too small, so the round-off effects dominate. The next, larger choice (e.g., ε0 =
10−n+1, hε = ε0/2) may already be too big, so a significant bias is induced, implying that
the region (interval) where the values of the parameter give reasonable results is very
small. The first situation is similar: the interval that provides reasonable estimates may be
very small around the true value, and going beyond it means a steep rise in the bias and
distribution widths. In both scenarios, one can try to make the averaging approach work in
this small interval.

In conclusion, we presume that the failure of the averaging approach is generally
related to strong variations in the bias and width of the error distribution when perturbing
the argument. This causes the interval of possible values of perturbations δi to be very small,
conflicting with the fact that the machine numbers have non-zero spacing. The distributions
to be averaged are then unevenly populated and strongly impaired by numerical effects,
sometimes containing only a limited number of discrete values. If a perturbation from
outside this interval is used, then other effects that are not round-off-error-related may
appear and cause a systematic shift. Further interesting questions related to this topic are
discussed in Appendix B.

At last, let us perform a simple test: if we change the mean size of the discretization
parameter ε0, we also change, by our convention, the amplitude of its perturbations hε =
ε0/2, i.e., εi ∈ (ε0− hε, ε0 + hε) = (ε0/2, 3× ε0/2). The average size of the perturbation and,
consequently, the length of the interval from which εi values are taken are thus adjusted
automatically once the choice of ε0 is made. The latter takes the form ε0 = 10−n, which was
chosen for a reason: in a black-box scenario, without the knowledge of the true values, one
might only guess which ε0 is desirable and cannot fine-tune. Keeping this in mind, we do
not want our results to appear fine-tuned, so the step between the consecutive sizes that
we tested is rather big. Let us now allow for some fine-tuning and see what happens for
ε0 = 10−2/2. The results are (N = 107)

"AV ≈ 1.12× 10−6, "fl ≈ 13.7× 10−6, "fl/"AV ≈ 12.19 .

The effect is there: averaging “wins”, and only the appropriate averaging interval went
unnoticed by our ε0 = 10−n scanning radar. The error histogram is shown in Figure 9—left.
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Figure 9. Area-normalized distributions of the fourth-derivative error for function (10) produced
with ε0 = 10−2/2 and with hε = 10−2/4 (left) and hε = 10−10 (right).
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The effect can be strongly amplified if we break our convention: by choosing a smaller
value for hε = 10−10, we significantly shorten the interval of the used perturbations
εi ∈ (10−2/2− 10−10, 10−2/2 + 10−10). One notices that the length of this interval is still
much greater than computer precision. We obtain

"AV ≈ 4.7× 10−8, "fl ≈ 1.4× 10−5, "fl/"AV ≈ 290 .

See Figure 9—right.

5. Summary, Discussion, Conclusions and Outlook

As shown throughout this work, averaging, meant as a tool for suppressing round-
off errors in unstable calculations, is effective. For this, we have provided theoretical
support and several numerical experiments. If we have the means to fine-tune the size of
perturbations and possibly other parameters (the step in differentiation), then in almost
every numerical problem, one can choose such values as to outperform the single evaluation
in precision. It may happen that the length of the interval around the true (or optimal)
value, where the bias and width of the error distributions remain small, is very short
and can be compared to the spacing of the floating-point numbers. Then, the averaging
approach may suffer from severe numerical effects and may not provide an improvement
(but remains competitive).

Averaging can be used in a scenario where any prior information (about the function
or numerical effects) is poor, and the question about the optimal size of perturbations is
difficult to answer. It seems safe to use perturbations that are small but greater (by an order
of magnitude) than the smallest possible one (for a given floating-point arithmetic). With
such a choice, an improvement is expected, yet it may be far from the optimal choice. One
may also attempt to derive theoretical estimates if at least some constraints are available
(bounds on the function and its derivatives); this is our outlook. Still, the safest approach
for a given computation is probably to study special cases of this computation or problems
that are computationally very similar and have known answers so that the amplitude of
perturbations can be tuned.

Nevertheless, our goal is mainly to give a theoretical message, which, despite its simple
underlying idea, is not found in the literature. Even so, this does not exclude practical
applications of the method in some rare situations. This depends on the circumstances
rather than on the method itself. It may happen that a numerical model that one uses
and relies on is available only as an executable, without the source code and without the
knowledge of its theoretical background. Then, averaging based on perturbing its input
parameters may be the only way to increase the precision, if necessary. This could possibly
also apply to situations where knowledge is available, but re-programming (let us say in
an arbitrary-precision language) is costly. Some quantities (such as the first derivative)
are improved significantly by the averaging method (Table 7), which may improve the
practical application potential of averaging for such cases.

In this text, we have put the emphasis on the computing environment, and it indeed
has an impact. These effects, complemented by other numerical effects, lead to various
observations:

• Many numbers in the result tables have substantial fluctuations, as observed when
reproducing them. This is in spite of the large statistic that is used.

• Distribution shapes vary: sometimes triangular (Figure 1) and sometimes Gaussian
(Figure 5) or other.

• Changing the computational environment may make numerical disturbances (dis)appear.
An example is the regular peaky structure seen in the upper-right picture in Figure 3.

• The third derivative is, for some reason, surprisingly precise for the C6 case (C++,
Windows).

We do not have an understanding of these effects. Acquiring it would entail tedious
work studying low-level computer arithmetic. But, this is not necessary for our purposes:
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these effects exist, and the averaging approach is cross-platform valid thanks to its robust,
statistical character.

Being persuaded that averaging is an existing numerical phenomenon that one can
possibly profit from, there are many different directions in which one could investigate it
further. One could, for example, search for rules to properly set the averaging parameters
for higher-order derivatives, since somewhat disappointing numbers for D = 3, 4 in Table 7
can certainly be improved, as demonstrated in Section 4.
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Appendix A. Rigorous Argument

Our aim is to compare f 0
fl ≡ ffl(x0) and f̄ ≡

(
∑N

i=1 f i
fl

)
/N when estimating f 0 ≡ f (x0).

For this, it is important to make an assumption about the set
{

f i
fl
}N

i=1 ≡ { ffl(x0 + εi)}N
i=1

and correctly interpret it. What we assume is that the numbers
{

f i
fl
}

originate from some
(fixed) probability distribution and are all, in this sense, equivalent. In other words, given
two random values f m

fl and f n
fl , one is unable (by assumption) to say which one has a

higher probability of better approximating f 0. This is not completely true in reality: f 0
fl

is affected only by round-off errors but has no discretization error (bias) and thus has a
higher probability of being closer to the true value f 0 than an estimate f i

fl that is affected
by both discretization and round-off errors. Therefore, if given f 0

fl and f i �=0
fl , one is right to

choose f 0
fl as the estimate that has a higher probability of better approximating f 0. Since we

are working with a scenario where we presume that the round-off errors are dominant, we
consider the above-mentioned assumption as a good approximation. In consequence, we
regard

{
f i
fl
}N

i=1 as a sequence of random numbers that all approximate f 0, but index i no
longer carries information about the size of εi. Let us note the probability distribution that
describes

{
f i
fl
}

as �( f ); i.e., the probability density that f i
fl takes the value f is �( f ). Let us

recall that the randomness of the whole procedure originates in the random choices of εi.
We work in the large-N limit N → ∞, and the question that we ask is the following:

which of the two estimates, random f i
fl (of which f 0

fl is a representative) or f̄ , has a higher
probability of lying closer to the true value f 0?

Being close assumes that there is some way of measuring the distance. We consider
the two most common expressions, Δ(x1, x2) ∈

{
(x1 − x2)

2, |x1 − x2|
}

, i.e., the “squared”
distance and the usual absolute-value distance. The mean distance from the true value
f 0 is simply the expected value of this distance, i.e., the distance at f multiplied by the
probability (density) �( f ) of f being realized.

For the mean squared distance msd2, one has

msd2 =
∫ +∞

−∞

(
f − f 0

)2
�( f )d f , t = f − f 0

=
∫ +∞

−∞
t2�
(

t + f 0
)

dt, �
(

t + f 0
)
≡ r(t)

=
∫ +∞

−∞
t2r(t)dt.
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The well-known formula for the variance σ2
r of a distribution

σ2
r =

(∫ +∞

−∞
t2r(t)dt

)
− t̄2

gives
msd2 = t̄2 + σ2

r , σ2
r ≥ 0,

which implies that the mean squared distance from the true value f 0 is always (non-strictly)
greater than the squared distance of the mean f̄ from f 0. Indeed,

t̄2 = ( f − f 0)
2
=
(

f̄ − f 0
)2

.

The computations for the mean absolute distance mad are similar. We first assume f̄ ≥ f 0,
and one has

mad =
∫ +∞

−∞

∣∣∣ f − f 0
∣∣∣�( f )d f

=
∫ +∞

−∞
|t|r(t)dt

=
∫ +∞

0
t r(t)dt +

∫ 0

−∞
t r(t)dt− 2

∫ 0

−∞
t r(t)dt

= t̄− 2
∫ 0

−∞
tr(t)dt

= t̄ + R, R = −2
∫ 0

−∞
tr(t)dt ≥ 0.

The conclusion is similar: the mean absolute distance from the true value is always (non-
strictly) greater than the absolute distance of the mean f̄ from f 0

t̄ = f̄ − f 0 ≥ 0,

the last inequality assumed. If f̄ < f 0, then t̄ is negative and cannot be interpreted as an
absolute distance. In this case, we introduce an f 0-reflected distribution �̃ :

�̃( f 0 + f ) = �
(

f 0 − f
)

,

which has, because of the symmetry, the same absolute distance from the mean to the true
value. One then performs all of the above mad computations for �̃ and arrives at the same
conclusion, with t̄ being positive (i.e., interpretable as a distance).

Both results imply that the mean distance (to the true value), i.e., the distance that
one obtains on average when randomly picking f i

fl, is greater than the distance of the mean
(average). If one accepts the assumption, this represents a fully rigorous proof that shows
that averaging f i

fl is (on average) a better strategy when estimating f 0 than randomly
picking one f i

fl (such as f 0
fl).

Appendix B. Remarks on the Fourth Derivative

To keep the main text of Section 4 concise, we add a few remarks here. The remarks
concern the topic studied in Section 4.

Appendix B.1. Systematic Bias

From what was carried out, it becomes clear that the systematic bias of distributions
in Figure 8 is caused neither by round-off errors (which are missing) nor by a (possibly
defective) random number generator (not used). It is therefore presumably due to the
behavior of the function with respect to the finite-difference estimator (Table 5, last line);
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i.e., it corresponds to the discretization error. We do not have an understanding of the
low-level underlying mechanisms, but it has to be similar to what would be observed for a
simple forward-difference estimator ED=1(x, ε) = [ f (x + ε)− f (x)]/ε of the first derivative
for a function which behaves similarly to y = x3 at x0 = 0. Such an estimator would
systematically overestimate the derivative since any value of ε leads to a non-negative
number, with the true value being approached only by the ε→ 0 edge of the distribution.
In our [(10), x0 = 0, D = 4] case, the derivative is systematically underestimated.

Appendix B.2. Averaging Distributions with Small Bias and Large Spread

To complete our arguments, one should also comment on the situation where the
perturbation cannot reach zero (the “first” situation) and ε0 chosen to be small. Here, one
may argue that the spread is large, but we do not care about it because it averages. What
counts is the bias, and this becomes small. So, why do we not obtain more precise results
for such situations, as is shown, for example, in the upper-left picture in Figure 6? The
answer lies in considering additional effects: a symmetric spread may be compensated by
the averaging procedure in a strict mathematical sense, yet this is not true in practice. In
addition to requiring larger statistics, the numerical error when averaging large numbers is
larger than when averaging small numbers (the effect of the last mantissa digit for a larger
exponent is, in the absolute value, greater than for a smaller exponent); i.e., the precision
limitations from averaging large numbers may cause the result to be non-competitive with
the single-evaluation value. In addition, round-off errors may have some bias, which may
grow when errors grow. Indeed, the tails of the distributions in the upper row of Figure 6
are not symmetric (if investigated in detail).

Appendix B.3. Practical Limitations of Small Averaging Intervals

If an interval suitable for averaging (acceptable bias and spread) is very small, then
the averaging method may be negatively affected. Two issues can be mentioned:

• If we are in a situation where the perturbation cannot reach zero, then, in a black-box
function scenario, it is unrealistic to expect to find this small interval. One may only
theorize about its existence.

• In any scenario (perturbing the true or the optimal value), one might adopt the smallest
numbers that the number format allows, e.g., δi ∼ 10−16 for double, assuming that the
exponent is zero. Nevertheless, the spacing between machine numbers is non-zero;
thus, the interval contains only a limited number of different floating-point values
that show up in the error distribution, and it may suffer from strong numerical effects.
Presumably, this effect is visible in the sub-figures of Figure 4, where the perturbation
is small: see column h in Table 6. Averaging in this situation may be strongly impaired,
providing small or no advantage over a single evaluation of the function.

Appendix B.4. Origins of Systematic Shifts

The distributions in Figure 8 show considerable bias and asymmetry. As already
commented on above, this is understood as the actual mathematical dependence of these
figures on the flat, uniform distribution of the generated perturbations. We have argued
in this text (and this is confirmed by comparing Figures 6 and 8) that rounding effects are
not the dominant source of bias or asymmetry. The latter is expected to be more noticeable
for larger perturbations, where round-off errors play a less significant role. There, their
appearance is natural; they stem from the discretization error, which we understand, in
a very broad sense, as an error intentionally introduced into the calculations for practical
reasons. This encompasses such effects as the deviation of the function from linearity (i.e.,
the error lies in assuming linearity), a non-infinitesimal differentiation step (for which the
estimator systematically over/undershoots the true value) and so on. The various types of
discretization error need not produce symmetric distributions (as a matter of fact, Figure 8),
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and a more complex analysis going beyond a simple quadratic Equation (eq:kvadratic) may
be useful in this regard. To summarize, the systematic shift may be related to the following:

• Discretization errors;
• Non-ideal random number generators;
• (Remaining) rounding biases;
• Some other effects.
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Abstract

The paper presents an enhanced numerical framework for computing the one-dimensional
fast Fractional Fourier Transform (FRFT) by integrating closed-form Composite Newton-Cotes
quadrature rules. We show that a FRFT of a QN-length weighted sequence can be decom-
posed analytically into two mathematically commutative compositions: one involving
the composition of a FRFT of an N-length sequence and a FRFT of a Q-length weighted
sequence, and the other in reverse order. The composite FRFT approach is applied to the in-
version of Fourier and Laplace transforms, with a focus on estimating probability densities
for distributions with complex-valued characteristic functions. Numerical experiments on the
Variance-Gamma (VG) and Generalized Tempered Stable (GTS) models show that the proposed
scheme significantly improves accuracy over standard (non-weighted) fast FRFT and classical
Newton-Cotes quadrature, while preserving computational efficiency. The findings suggest
that the composite FRFT framework offers a robust and mathematically sound tool for
transform-based numerical approximations, particularly in applications involving oscillatory
integrals and complex-valued characteristic functions.

Keywords: Composite Fast Fractional Fourier Transform (FRFT); Newton-Cotes quadrature;
numerical inversion of transforms; oscillatory integrals; characteristic functions;
Variance-Gamma (VG) distribution; Generalized Tempered Stable (GTS) distribution

MSC: 65D30; 65T50; 41A55; 42A38

1. Introduction

The Fractional Fourier Transform (FRFT) is a generalization of the classical Fourier
Transform (FT), characterized by a fractional order parameter that allows for continuous in-
terpolation between the time and frequency domains [1–5]. Since its introduction, the FRFT
has proven to be a versatile tool in applied mathematics, with significant applications in
signal processing, optics, quantum mechanics, and financial modeling [6–8]. The increasing
relevance of the FRFT is primarily attributed to its ability to represent non-stationary signals
and analyze problems where phase and frequency information evolve continuously.

In recent years, applications in high-resolution radar imaging [6], quantum information
systems [9], and fractional signal processing [10] have underscored the demand for FRFT
algorithms that are not only computationally efficient but also numerically stable. However,
current fast FRFT algorithms often suffer from precision limitations due to step-function

Axioms 2025, 14, 543 https://doi.org/10.3390/axioms14070543
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approximations or fail to provide robust numerical integration schemes when applied to
oscillatory integrals and complex-valued characteristic functions [2,11,12].

Conversely, Newton-Cotes quadrature rules, especially in their composite form, have
long been recognized as effective and robust numerical integration methods. These rules
approximate definite integrals by interpolating the integrand with polynomials evaluated
at equally spaced points [13–17]. In particular, closed Newton-Cotes formulas, such as
Simpson’s rule and the 3/8 rule, have been extended to higher-order schemes that provide
accurate results for smooth integrands [18,19].

The motivation for the present work stems from the structural similarity between FRFT
algorithms and numerical quadrature techniques. Both rely on integral approximations
based on polynomial interpolation and discretization of function samples. In particular,
classical fast FRFT algorithms approximate oscillatory integrals in a manner reminiscent of
step-wise Filon-type quadrature methods [20–23]. This similarity suggests that incorporat-
ing high-order Newton-Cotes quadrature rules into the FRFT could yield a more accurate and
mathematically tractable framework for evaluating fractional transforms.

This paper presents a composite FRFT scheme that integrates closed Newton-Cotes quadra-
ture rules of degree Q for improved numerical integration. The proposed framework offers
both computational efficiency and theoretical rigor, surpassing conventional FRFT algorithms
in terms of both accuracy and numerical stability. To demonstrate the efficacy of the proposed
method, we empirically validate it using probability models [24–29] commonly employed
in financial mathematics, including the Variance-Gamma (VG) and Generalized Tempered Stable
(GTS) distributions. Our results reveal significant improvements in both accuracy and
stability compared to standard FRFT and classical quadrature methods.

The remainder of the paper is organized as follows: Section 2 provides a detailed
discussion on the construction and properties of closed Newton-Cotes rules. Section 3
introduces the composite FRFT framework and its two commutative decompositions.
Section 4 presents numerical experiments and performance comparisons using the VG and
GTS models to validate the proposed method.

2. Composite Newton-Cotes Quadrature Formulas

The Newton-Cotes rules value the integrand f at equally spaced points xi over the
interval [a, b], where xi = a + i b−a

M = a + ih with h = b−a
M ; M = QN and xQp+Q = xQ(p+1),

where Q is the number of h within the subinterval [xQp, xQp+Q] of interval [a, b].

2.1. Composite Rules

To have greater accuracy, the idea of the composite rule is to subdivide the interval [a, b] into
smaller intervals such as [xQp, xQp+Q], applying the quadrature formula in each of these
smaller intervals and adding up the results to obtain more accurate approximations (1):

∫ b

a
f (x)dx =

N−1

∑
p=0

∫ xQp+Q

xQp

f (x) dx. (1)

We define the Lagrange basis polynomials over the sub-interval [xQp, xQp+Q] (2):

lQp+j(x) =
Q

∏
i �=j
i=0

x− xQp+i

xQp+j − xQp+i
, lj(xi) = δij =

{
0 : i �= j
1 : i = j.

(2)

The Lagrange interpolating polynomial and the integration can be derived (3):

f̃ (x) = ∑Q
j=0 f (xQp+j)lQp+j(x),

∫ xQp+Q
xQp

f̃ (x)dx = ∑Q
j=0 f (xQp+j)

∫ xQp+Q
xQp

lQp+j(x) dx. (3)
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The integration of Lagrange basis polynomials (4):

∫ xQp+Q

xQp

lQp+j(x)dx =
b− a

M
(−1)(Q−j)

j!(Q− j)!

∫ Q

0
∏
i �=j
i=0

Q
(y− i)dy. (4)

We have the Lagrange Interpolating integration over [xQp, xQp+Q] (5)

∫ xQp+Q

xQp

f̃ (x)dx =
b− a

M

Q

∑
j=0

, Wj f (xQp+j) Wj =
(−1)(Q−j)

j!(Q− j)!

∫ Q

0

Q

∏
i �=j
i=0

(y− i)dy. (5)

For theoretical and applied perspectives on Composite Newton-Cotes quadrature
methods, see [30–34] and [35–38], respectively.

Proposition 1. For Q even, M = QN integer, and f ∈ CQ+2([a, b]), there exists η ∈]a, b[ such that

∫ b
a f (x) dx = b−a

M ∑
M
Q −1
p=0 ∑Q

j=0 Wj f (xQp+j) + hQ+3 N f (Q+2)(η)
(Q+2)!

∫ Q
0

∫ y
0 ∏Q

i=0 (a− i) da dy, (6)

with

Wj =
(−1)(Q−j)

j!(Q− j)!

∫ Q

0

Q

∏
i �=j
i=0

(y− i)dy.

For Proposition 1 proof, see [39,40]
The error analysis of the Newton-Cotes formulas of degree Q in [39–42] shows that the level
of accuracy is greater when Q is even. In fact, we have O(hQ+3) for Q even, against O(hQ+2)

for Q odd.

2.2. Weights Computation

Before using the formula in (6), the expression of {Wj}0≤j≤Q can be simplified
as follows:

Proposition 2. For Q even and M = QN integer, j ∈ {0, 1, 2, . . . , Q}

Wj =
Q

∑
i=0

Cj
i
Qi+1

i + 1
(−1)(Q−j)

j!(Q− j)!
. (7)

For Proposition 2 proof, see [39,40].
The coefficient values (Cj

i )0≤i≤Q
0≤j≤Q

of the polynomial function are obtained by solving the

following Equation (8) with a Vandermonde matrix [43].

Q

∏
i �=j
i=0

(y− i) =
Q

∑
i=0

Cj
i y

i. (8)

For Q ≤ 12, Table 1 provides the values of weights {Wj}0≤j≤Q in (7)

Remark 1. For Q > 12, the weights {Wj}0≤j≤Q can be computed using the MATLAB R2023b
scripts provided in Appendix A. Notably:

• The return distribution and risk profile analysis in [44] utilized the weights with parameter
values Q = 12 and Q = 13.

• The methodology for modeling financial return data in [45] adopted Q = 15.
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Table 1. Weight values {Wj}0≤j≤Q.

Q W0 W1 W2 W3 W4 W5 W6 W7 W8 W9 W10 W11 W12

1 1
2

1
2 0 0 0 0 0 0 0 0 0 0 0

2 1
3

4
3

1
3 0 0 0 0 0 0 0 0 0 0

3 3
8

9
8

9
8

3
8 0 0 0 0 0 0 0 0 0

4 14
45

64
45

8
15

64
45

14
45 0 0 0 0 0 0 0 0

5 95
288

125
96

125
144

125
144

125
96

95
288 0 0 0 0 0 0 0

6 41
140

54
35

27
140

68
35

27
140

54
35

41
140 0 0 0 0 0 0

7 108
355

810
559

343
640

649
536

649
536

343
640

810
559

108
355 0 0 0 0 0

8 499
1788

1183
712

−182
695

388
131

−319
249

388
131

−182
695

1183
712

499
1788 0 0 0 0

9 130
453

419
265

23
212

307
158

213
367

213
367

307
158

23
212

419
265

130
453 0 0 0

10 139
518

245
138

−171
211

414
91

−557
128

1763
247

−557
128

414
91

−171
211

245
138

139
518 0 0

11 65
237

850
499

−83
203

787
247

−223
184

227
116

227
116

−223
184

787
247

−83
203

850
499

65
237 0

12 20
77

375
199

−270
187

673
99

−1019
104

816
49

−1537
92

816
49

−1019
104

673
99

−270
187

375
199

20
77

Figure 1 compares the performance of the standard non-weighted fast FRFT and the
Composite Newton-Cotes integration scheme defined in Equation (6), using the approxi-
mation error ( f̌ − f ) and ( f − f ) as evaluation metrics. The Variance-Gamma (VG*) distri-
bution corresponds to the risk-neutral Probability Density Function (PDF) of the Variance-
Gamma (μ, δ, α, θ, σ) model, as detailed in [46,47] and further elaborated in Section 4.
The resulting error profiles reveal distinct behaviors for the two methods. The Composite
Newton-Cotes approach, depicted by the blue curve, yields consistently lower approxima-
tion errors and thus demonstrates enhanced numerical accuracy.

(a) Q = 2 (b) Q = 5

(c) Q = 10 (d) Q = 15

Figure 1. Variance-Gamma (VG*) PDF Error: ( f̌ − f ) versus ( f − f ), N = 6000, b − a = 100.
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3. Fast Fractional Fourier Transform (FRFT) and Composite
Newton-Cotes Quadrature Rules

3.1. Fast Fourier Transform and Fractional Fourier Transform

The conventional fast Fourier transform (FFT) algorithm is widely used to compute
discrete convolutions, discrete Fourier transforms (DFT) of sparse sequences, and perform
high-resolution trigonometric interpolation [2,48]. The discrete Fourier transforms (DFT)
are based on Nth roots of unity e−

2πi
N . The generalization of DFT is the FRFT, which is based

on fractional roots of unity e−2πiα, where α is an arbitrary complex number.
The FRFT is defined on M-long sequence (x1, x2, . . . , xM) as follows:

Gk+s(x, δ) =
M−1

∑
j=0

xje−2πij(k+s)δ, 0 ≤ k < M, 0 ≤ s ≤ 1. (9)

Let us have 2j(k + s) = j2 + (k + s)2 − (k− j + s)2 ; Equation (9) becomes (10)

Gk+s(x, δ) =
M−1

∑
j=0

xje−πi(j2+(k+s)2−(k−j+s)2)δ

= e−πi(k+s)2δ
M−1

∑
j=0

xje−πij2δeπi(k−j+s)2δ = e−πi(k+s)2
M−1

∑
j=0

yjzk−j.

(10)

The expression ∑M−1
j=0 yjzk−j is a discrete convolution. Still, we need a circular convolution

(i.e., zk−j = zk−j+M) to evaluate Gk+s(x, δ). The conversion from discrete convolution to
discrete circular convolution is possible by extending the sequences y and z to length 2M,
as defined below:

yj = xje−πij2δ, zj = eπi(j+s)2δ, 0 ≤ j < M.

yj = 0, zj = eπi(j+s−2M)2δ, M ≤ j < 2M.

Taking into account the 2M-long sequence, the previous FRFT becomes

Gk+s(x, δ) = e−πi(k+s)2δ
2M−1

∑
j=0

yjzk−j = e−πi(k+s)2δDFT−1
k [DFT(y)DFT(z)], (11)

where DFT is the Discrete Fourier Transform, and DFT−1 is the inverse of DFT. For an
M-long sequence z, we have

DFTk(z) =
M−1

∑
j=0

zje−
2π
M jk, DFT−1

k (z) =
1

M− 1

M−1

∑
j=0

zje
2π
M jk. (12)

This procedure is referred to in the literature as the fast FRFT Algorithm, with a total
computational cost of 20Mlog2M + 44M operations [48].

We assume that F [ f ](y) is zero outside the interval [− a
2 , a

2 ]; and β = a
M is the step

size of the M input values of F [ f ](y), defined by yj = (j− M
2 )β for 0 ≤ j < M. Similarly,

γ is the step size of the M output values of f (x), defined by xk = (k− M
2 )γ for 0 ≤ k < M.

By choosing the step size β on the input side and the step size γ in the output side, we
fix the FRFT parameter δ = βγ

2π and yield [49] the density function f at xk+s (13).

f (xk+s) =
1

2π

∫ +∞

−∞
F [ f ](y)eixk+sydy ≈ 1

2π

∫ a/2

−a/2
F [ f ](y)eixk+sydy

≈ γ

2π

M−1

∑
j=0

F [ f ](yj)e2πi(k+s−M
2 )(j−M

2 )δ =
γ

2π
e−πi(k+s−M

2 )MδGk+s(F [ f ](yj)e−πijMδ,−δ).
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We have:

f̃ (xk+s) =
γ

2π
e−πi(k+s−M

2 )MδGk+s(F [ f ](yj)e−πijMδ,−δ), 0 ≤ s < 1. (13)

3.2. FRFT of QN-Long Weighted Sequence

The Q-point rule Composite Newton-Cotes Quadrature (6) is integrated into the
Fractional Fourier (FRFT) algorithm (13) to produce a FRFT of QN-long weighted sequence.

We assume that F [ f ](x) is zero outside the interval [− a
2 , a

2 ], M = QN, and β = a
M

is the step size of the M input values F [ f ](y), defined by yj+Qp = (Qp + j − M
2 )β

for 0 ≤ p < N and 0 ≤ j < Q. Similarly, the output values of f (x) are defined by
xQl+ f+s = (Ql + f + s− M

2 )γ for 0 ≤ l < N, 0 ≤ f < Q and 0 ≤ s ≤ 1.

f (xQl+ f+s) =
1

2π

∫ +∞

∞
eiyxQl+ f+s F[ f ](y)dy =

1
2π

∫ a/2

−a/2
eiyxQl+ f+s F[ f ](y)dy

=
1

2π

N−1

∑
p=0

∫ yQp+Q

yQp

eiyxQl+ f+s F[ f ](y)dy (composite rule).
(14)

Based on the Lagrange interpolating integration over [yQp, yQp+Q] [39,40], we have (15):∫ yQp+Q

yQp

eiyxQl+ f+s F[ f ](y)dy ≈ β
Q

∑
j=0

wje
iyj+QpxQl+ f+s F[ f ](yj+Qp). (15)

f̃ (xQl+ f+s) is the approximation of f (xQl+ f+s), and (14) becomes (16):

f̃ (xQl+ f+s) =
β

2π

N−1

∑
p=0

Q

∑
j=0

wjF[ f ](yj+Qp)e
ixQl+ f+syj+Qp , 0 ≤ s < 1;

=
β

2π

Q

∑
j=0

N−1

∑
p=0

wjF[ f ](yj+Qp)e2πiδ(Ql+ f+s−M
2 )(Qp+j−M

2 ), βγ = 2πδ;

=
β

2π
e−πiδM(Ql+ f+s−M

2 )GQl+ f+s(wjF [ f ](yj+Qp)e−πi(j+Qp)Mδ,−δ).

(16)

We have the following inverse Fourier transform function (17):

f̃ (xQl+ f+s) =
β

2π e−πiδM(Ql+ f+s−M
2 )GQl+ f+s(wjF [ f ](yj+Qp)e−πi(j+Qp)Mδ,−δ). (17)

FRFT is applied on the QN-long weighted sequence
{

wjF [ f ](yj+Qp)e−πi(j+Qp)Mδ
}

0≤j<Q
0≤p<N

.

3.3. Composite of FRFTs: FRFT of Q-Long Weighted Sequence and FRFT of N-Long Sequence

We consider f̃QN(xQl+ f+s) to be the approximation of f (xQl+ f+s). We have the fol-
lowing development:

f̃QN(xQl+ f+s) =
β

2π

N−1

∑
p=0

Q

∑
j=0

wjF[ f ](yj+Qp)e
ixQl+ f+syj+Qp

=
β

2π

Q

∑
j=0

wj

N−1

∑
p=0

F[ f ](yj+Qp)e2πiδ(Ql+ f+s−M
2 )(Qp+j−M

2 ), βγ = 2πδ

=
β

2π
e−πiδM(Ql+ f+s−M

2 )
Q

∑
j=0

wje2πiδ(Ql+ f+s−M
2 )j

N−1

∑
p=0

F[ f ](yj+Qp)e2πiδ(Ql+ f+s−M
2 )Qp

=
β

2π
e−πiδM(Ql+ f+s−M

2 )
Q

∑
j=0

wjGl+ f+s
Q
(ξp,−δQ2)e2πiδ(Ql−M

2 )je2πiδ( f+s)j,
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where G
l+ f+s

Q
is a FRFT on N-long complex sequence {ξp}0≤p<N. Let us have α1 = −δQ2; then,

G
l+ f+s

Q
(ξp, α1) =

N−1

∑
p=0

ξpe−2πi(l+ f+s
Q )pα1 , ξp = e−πiMpQδF[ f ](yj+Qp) (18)

and f̃QN(xQl+ f+s) becomes (19)

f̃QN(xQl+ f+s) =
β

2π
e−πiδM(Ql+ f+s−M

2 )Gf+s(zj,−δ), (19)

where Gf+s is a FRFT on Q-long complex sequence {zj}0≤j≤Q. Let us have α2 = −δ; then,

Gf+s(zj, α2) =
Q

∑
j=0

zje−2πi( f+s)jα2 , zj = wjGl+ f+s
Q
(ξp, α1)e2πiδ(Ql−M

2 )j.

To sum up, we have the following expression for f̃QN(xQl+ f+s):

f̃QN(xQl+ f+s) =
β

2π e−πiδM(Ql+ f+s−M
2 )Gf+s(Gl+ f+s

Q
(ξp, α1)wje2πiδ(Ql−M

2 )j, α2). (20)

It can be observed from (17) and (20) that the FRFT (GQl+ f ) is equivalent to the composition
of Gf+s and G

l+ f+s
Q

, which means that

GQl+ f+s(wjF [ f ](yj+Qp)e−πi(j+Qp)Nδ, α2) = Gf+s

(
G

l+ f+s
Q
(ξp, α1)wje2πiδ(Ql−M

2 )j, α2

)
. (21)

Figure 2 displays the approximation errors, ( f − f ) and ( f̂ − f ), corresponding to the
non-weighted fast FRFT (Equation (13)) and the composite FRFT method (Equation (20)),
respectively. The observed error profiles are consistent with those in Figure 1, reinforcing the
robustness of the results across different numerical schemes. The underlying Variance-Gamma
(VG*) Probability Density Function (PDF) is derived from the risk-neutral distribution of the
Variance-Gamma model, parameterized by (μ, δ, α, θ, σ), as detailed in Section 4.

(a) Q = 2 (b) Q = 5

(c) Q = 10 (d) Q = 15

Figure 2. Variance-Gamma (VG*) PDF Error: ( f̂ − f ) versus ( f − f ), N = 6000, b −a = 100.
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3.4. Composite of FRFTs: FRFT of N-Long Sequence and FRFT of Q-Long Weighted Sequence

The expression in (16) is recalled for further development:

f̃NQ(xQl+ f+s) =
β

2π

N−1

∑
p=0

Q

∑
j=0

wjF[ f ](yj+Qp)e
ixQl+ f+syj+Qp , βγ = 2πδ

=
β

2π
e−πiδM(Ql+ f+s−M

2 )
N−1

∑
p=0

e2πiδ(Ql+ f+s−M
2 )Qp

Q

∑
j=0

wjF[ f ](yj+Qp)e2πiδ(Ql−M
2 )je2πiδ( f+s)j

=
β

2π
e−πiδM(Ql+ f+s−M

2 )
N−1

∑
p=0

Gf+s(zj,−δ)e−πiδMQpe2πi(l+ f+s
Q )δQ2 p,

where Gf+s is a FRFT on Q-long complex sequence {zj}0≤j<Q

Gf+s(zj, α2) =
Q

∑
j=0

zje−2πi( f+s)jα2 , zj = wjF[ f ](yj+Qp)e2πiδ(Ql−M
2 )j, (22)

and f̃NQ((xQl+ f+s) becomes

f̃NQ((xQl+ f+s) =
β

2π
e−πiδM(Ql+ f+s−M

2 )G
l+ f+s

Q
(ξp, α1), (23)

where G
l+ f+s

Q
is a FRFT on N-long complex sequence {ξp}0≤p<N

G
l+ f+s

Q
(ξp, α1) =

N−1

∑
p=0

ξpe−2πi(l+ f+s
Q )pα1 , ξp = Gf+s(zj, α2)e−πiδMQp. (24)

As a result, we have the following expression for f̃NQ(xQl+ f+s):

f̃NQ(xQl+ f+s) =
β

2π e−πiδM(Ql+ f+s−M
2 )G

l+ f+s
Q
(Gf+s(zj,−δ)e−πiδMQp,−δQ2). (25)

By comparing the inverse Fourier transform in (17) and (25), we deduce that the FRFT
(GQl+ f+s) is a composition of two FRFTs (G

l+ f+s
Q

and Gf+s). The result (26) is similar to the

result (21).

GQl+ f+s(wjF [ f ](yj+Qp)e−πi(j+Qp)Nδ, α2) = G
l+ f+s

Q

(
Gf+s(zj, α2)e−πiδMQp, α1

)
. (26)

Based on the numerical results obtained from Equations (20) and (25), the estimated error
is between f̃ NQ and f̃ QN is shown in Figure 3.

(a) Q = 2 (b) Q = 5

Figure 3. Cont.
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(c) Q = 10 (d) Q = 15

Figure 3. Variance-Gamma (VG*) PDF Error ( f̃NQ(xk) − f̃QN(xk)): N = 6000, b − a = 100.

Figure 3 indicates that the composite FRFT formulations in Equations (21) and (26) are
equivalent not only algebraically, but also numerically.

4. Illustration Examples

4.1. Variance-Gamma (VG) Distribution

In the study, the VG model has five parameters: parameters of location (μ), symmetry
(δ), volatility (σ), and the Gamma parameters of shape (α) and scale (θ). The VG model
density function can be proven to be (27):

f (y) =
1

σΓ(α)θα

∫ +∞

0

1√
2πν

e−
(y−μ−δν)2

2νσ2 να−1e−
ν
θ dν. (27)

The VG model density function (27) has an analytical expression with a modified Bessel
function of the second kind. The expression can be obtained by making some transforma-
tions and changing variables as follows:

− (y− μ− δν)2

2νσ2 − ν

θ
= δ(

y− μ

σ2 )− 1
2σ2 (δ

2 +
2σ2

θ
)ν− (

y− μ

σ
)2 1

2ν
, (28)

and (27) becomes

f (y) =
eδ(

y−μ

σ2 )

√
2πσΓ(α)θα

∫ +∞

0
e−

1
2σ2 (δ

2+ 2σ2
θ )ν−( y−μ

σ )2 1
2ν να− 3

2 dν. (29)

By considering the modified Bessel function of the second kind (kα(z)) [50], we have

kα(z) =
1
2
(

1
2

z)α
∫ +∞

0
e(−t− z2

4t )
1

tα+1 dt, |arg(z)| ≤ π

4
, (30)

where kα(z) is the second kind of solution for the modified Bessel’s equation:

z2 d2w
dz2 + z

dw
dz
− (z2 + α2)w = 0. (31)

By changing variable, u = 1
2σ2 (δ

2 + 2σ2

θ )ν, (29) becomes

f (y) =
2eδ(

y−μ

σ2 )

√
2πσΓ(α)θα

⎛⎝ |y− μ|√
δ2 + 2σ2

θ

⎞⎠α− 1
2

k−α+ 1
2

⎛⎝
√

δ2 + 2σ2

θ |y− μ|
σ2

⎞⎠. (32)
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By choosing θ = 2, one recovers the four-parameter Variance–Gamma (VG) distribution as
highlighted in recent reviews and foundational work [51,52]. Equivalently, setting α = 1

θ

yields a form often referred to as the generalized Laplace or Bessel-function distribution,
which includes the symmetric Laplace distribution as a special case [53,54].

A special case f (μ) provides a simplified expression

f (μ) = 1√
2πσΓ(α)θα

∫ +∞
0 e−

1
2σ2 (δ

2+ 2σ2
θ )ν

να− 3
2 dν =

Γ(α− 1
2 )√

2πθσΓ(α)(1+ θ
2

δ2
σ2 )

α− 1
2

. (33)

Table 2 provides estimation results of the five parameters (μ, δ, α, θ, σ) of the Variance-
Gamma variable. VG model estimation in the first row of Table 2 was obtained by the
maximum likelihood method [46,55,56]. The VG(*) model estimation in the second row
of Table 2 is the Equivalent Martingale Measure (EMM) [57] and generates a risk-neutral
probability density function for a 0.8-year period.

Table 2. Estimated parameters for the Variance-Gamma (VG) distribution.

Model μ δ σ α θ

VG 0.08476896 −0.0577418 1.02948292 0.88450029 0.93779517
VG(*) 0.11998901 −0.0343164 0.10294829 2.54736083 0.98780338

Figure 4a provides a graphical representation of the risk-neutral probability associated
with the Variance Gamma (VG*) model for a 0.8-year period. In this case, the probability
density at u satisfies f (μ̂) ≈ 0.8552 for the Variance-Gamma (VG) model and f (μ̂) ≈ 2.5949
for the Variance-Gamma (VG*) model.

The Fourier transform function of the Variance Gamma distribution has an explicit
closed form, and the inverse function is summarized as follows:

F [ f ](x) =
e−iμx(

1 + 1
2 θσ2x2 + iδθx

)α , f (y) =
1

2π

∫ +∞

−∞
eiyx+Ψ(−x)dx. (34)

Based on the integral method in Proposition 1 (6), the non-weighted fast FRFT, and the
composite FRFTs developed in (13) and (20), respectively, we have the following numerical
estimation methods of the inverse function (34).

f̂ (xQl+ f ) =
β

2π
e−πiδM(Ql+ f−M

2 )Gf (Gl+ f
Q
(ξ, α1)wje2πiδ(Ql−M

2 )j, α2) (Composite FRFT). (35)

f (xk) =
γ

2π
e−πi(k− N

2 )NδGk(F [ f ](yj)e−πijNδ,−δ) (Non-weighted fast FRFT). (36)

f̌ (xk) =
β

2π

N−1

∑
p=0

Q

∑
j=0

Wje
(iyj+Qpxk)F[ f ](yj+Qp) (Integral approximation). (37)

(a) VG* Risk Neutral PDF. (b) VG* PDF Error ( f̂ − f̌ ).

Figure 4. VG* probability density estimation error.
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The error in the VG* probability density ( f̂ − f̌ ), shown in Figure 4b, indicates that the
composite FRFTs (35) perform better than the Newton-Cotes integration (37). However,
as the values of Q increase, the improvement in accuracy becomes marginal.

4.2. Generalized Tempered Stable (GTS) Distribution

We consider a GTS variable Y = μ+X = μ+X+−X− ∼ GTS(μ, β+, β−, α+, α−, λ+, λ−)
with X+ ∼ TS(β+, α+, λ+, λ−) and X− ∼ TS(β−, α−, λ−, λ−). The characteristic exponent
can be written [44]

Ψ(ξ) = μξi + α+Γ(−β+)
(
(λ+ − iξ)β+ − λ+

β+

)
+ α−Γ(−β−)

(
(λ− + ξ)β− − λ−β−

)
. (38)

Table 3 presents the estimation results of the seven-parameter (β+, β−, α+, α−, λ+, λ−)
Generalized Tempered Stable (GTS) Distribution. The GTS model estimations presented in
the first row of Table 3 were obtained using the Maximum Likelihood method, as described
in [45,47].

Table 3. Estimated parameters for the Generalized Tempered Stable (GTS) distribution.

Model μ β+ β− α+ α− λ+ λ−
GTS −0.693477 0.682290 0.242579 0.458582 0.414443 0.822222 0.727607
GTS* −0.208043 0.682290 0.242579 0.594234 4.068436 84.667097 70.31591

The GTS(*) model estimations in the second row of Table 2 are the Equivalent Mar-
tingale Measure (EMM) [58] and generate a risk-neutral probability density function for
a month period. Figure 5a provides a graphical representation of risk-neutral probability
associated with the GTS Distribution for a month period. The characteristic function of the
GTS variable, the Fourier Transform (F( f )), and the corresponding density function f are
given by the following expressions:

ϑ(ξ) = E
[
eiYξ
]
= eΨ(ξ) F[ f ](ξ) = ϑ(−ξ) f (y) =

1
2π

∫ +∞

−∞
eiyx+Ψ(−x)dx. (39)

The GTS probability density function does not have a closed-form expression. Figure 5
provides an estimation of the GTS* risk neutral probability density error using three
methods: the integration method ( f̌ ) in Equation (37), the non-weighted fast FRFT ( f ) in
Equation (36), and the composite FRFTs ( f̂ ) in Equation (35). As shown in Figure 5c,d,
the composite FRFTs and the integration method outperform the non-weighted fast FRFT.
Figure 5b produces the same results as Figure 4b.

Refer to Appendices A–D for the Matlab scripts supporting the empirical results.
To complement the graphical evaluation with a quantitative assessment, we introduce

the following error metrics, which serve to measure the magnitude of discrepancy between
the proposed and reference methods.

R( f̂ , f ) =
∫ +∞

−∞

∣∣∣ f̂ (x)− f (x)
∣∣∣ dx (40)

R( f̂ , f̌ ) =
∫ +∞

−∞

∣∣∣ f̂ (x)− f̌ (x)
∣∣∣ dx (41)

R( f̂ , f ) quantifies the absolute error between the composite FRFT method (Equation (35))
and the standard non-weighted fast FRFT (Equation (36)), without considering the direction
of the error. Similarly, R( f̂ , f̌ ) measures the absolute discrepancy between the composite
FRFT method (Equation (35)) and the integral approximation approach (Equation (37)).
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Table 4 reports the numerical estimates of R( f̌ , f ) and R( f̂ , f̌ ) for both the Variance-Gamma
(VG) and the Generalized Tempered Stable (GTS) distributions.

(a) GTS* Risk Neutral PDF. (b) f̂ (x)− f̌ (x).

(c) f̂ (x)− f (x). (d) f̌ (x)− f (x).

Figure 5. GTS* probability density estimation error.

Table 4. Absolute Error Metrics between approximation methods for the VG and GTS distributions
at various levels Q.

R( f̂ , f ) R( f̂ , f̌ )

Q VG GTS VG GTS

2 0.0550 0.1350 9.975 × 10−05 9.975 × 10−05

5 0.0220 0.0538 3.983 × 10−05 3.983 × 10−05

10 0.0110 0.0270 1.947 × 10−05 1.947 × 10−05

15 0.0073 0.0181 1.307 × 10−05 1.307 × 10−05

Remark 2. The risk-neutral Probability Density Function (PDF) and its estimation play a vital role
in option pricing as they provide insight into market expectations about future asset prices [59–62].
However, their significance extends beyond pricing, with several important applications in other
areas of finance including:

• Risk Management: Assesses the potential for losses or gains in derivative portfolios.
• Investment Strategy: Informs investment decisions by revealing market expectations about

future asset prices.
• Financial Analysis: Aids in analyzing the prices of financial instruments and evaluating

their relative value.

5. Conclusions

This study presents an enhanced computational framework for the fast Fractional
Fourier Transform (FRFT) by integrating closed-form Composite Newton-Cotes quadrature
rules. The key theoretical contribution is the demonstration that the FRFT of a QN-length
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weighted sequence can be decomposed into two commutative compositions: (1) a composi-
tion of an N-length FRFT and a Q-length weighted FRFT, and (2) the reverse composition.

The proposed composite FRFT scheme significantly improves numerical accuracy
compared to standard fast FRFT and classical Newton-Cotes quadrature while preserving
computational efficiency. Comprehensive error analysis and numerical experiments, partic-
ularly on Variance-Gamma (VG) and Generalized Tempered Stable (GTS) distributions, validate
the scheme’s accuracy and stability.

The composite FRFT’s ability to handle oscillatory integrals and complex-valued character-
istic functions makes it particularly valuable for applications in signal processing, financial
mathematics, and scientific computing, where high-precision transform inversion is critical.

Future research directions include extending the framework to multidimensional
cases, exploring adaptive quadrature rules for further optimization, and investigating
potential applications in machine learning for spectral and frequency-domain analysis.
The paper establishes a robust and efficient alternative to existing FRFT methods, offering
both theoretical rigor and practical utility in numerical analysis and applied mathematics.
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Appendix A. Weight Vector Computation: weig(q)

Wj =
Q

∑
i=0

Cj
i
Qi+1

i + 1
(−1)(Q−j)

j!(Q− j)!

function result=weig(q);

% input: q

% initialisation

res=zeros(q+1,q+1); x=zeros(q+1,1); y=ones(q+1,1);

z=ones(q+1,1); w=zeros(q+1,1); u1=ones (1);

% Compute the coefficients(res(i,k)) for a polynomial p(x) of

degree q that is the best fit (in a least -squares sense)

for the data in y

for k=1:(q+1)

x(k)=k-1;

end;

% solving the following equations with a Vandermonde matrix

for k=1:(q+1)

y=ones(q+1,1);

for j=1:(q+1)

for i=1:(q+1)

if x(k)==(i-1) u1=u1; else u1=u1*(x(j) -(i-1)); end;

136



Axioms 2025, 14, 543

end;

y(j)=u1; u1=1;

end;

z=polyfit(x,y,q);

for i=1:(q+1)

res(i,k)=z(q+1-(i-1));

end;

end;

res=transpose(res);

% compute the weight vector (output) : w(k) k=1,...,q,q+1

for k=1:(q+1)

for j=1:(q+1)

w(k)= w(k) + res(k,j)*(q^(j))*(( -1)^(q-(k-1)))/(j*factorial(k

-1)*factorial(q-(k-1)));

end;

end;

result=w;

Appendix B. Standard fast FRFT Algorithm: GFR(f,k,s,alpha)

Gk+s(x, δ) = e−πi(k+s)2δ
2M−1

∑
j=0

yjzk−j = e−πi(k+s)2δDFT−1
k [DFT(y)DFT(z)]

function result=weig(q);

% input: q

% initialisation

res=zeros(q+1,q+1); x=zeros(q+1,1); y=ones(q+1,1);

z=ones(q+1,1); w=zeros(q+1,1); u1=ones (1);

% Compute the coefficients(res(i,k)) for a polynomial p(x) of

degree q that is the best fit (in a least -squares sense)

for the data in y

for k=1:(q+1)

x(k)=k-1;

end;

% solving the following equations with a Vandermonde matrix

for k=1:(q+1)

y=ones(q+1,1);

for j=1:(q+1)

for i=1:(q+1)

if x(k)==(i-1) u1=u1; else u1=u1*(x(j) -(i-1)); end;

end;

y(j)=u1; u1=1;

end;

z=polyfit(x,y,q);

for i=1:(q+1)

res(i,k)=z(q+1-(i-1));

end;

end;

res=transpose(res);

% compute the weight vector (output) : w(k) k=1,...,q,q+1
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for k=1:(q+1)

for j=1:(q+1)

w(k)= w(k) + res(k,j)*(q^(j))*(( -1)^(q-(k-1)))/(j*factorial(k

-1)*factorial(q-(k-1)));

end;

end;

result=w;

Appendix C. Composite of FRFTs: FRFT of N-Long Sequence and FRFT
of Q-Long Weighted Sequence

f̃NQ(xQl+ f+s) =
β

2π e−πiδM(Ql+ f+s−M
2 )G

l+ f+s
Q
(Gf+s(zj,−δ)e−πiδMQp,−δQ2)

function zxf=CompositeFRNQ(f,zx ,q,alpha ,beta ,limit);

% compute the weight vector of size q

w=zeros(q,1); w=weig(q); pd=size(w,2);

if size(w,2) ==1. pd=size(w,1); end; pd=pd -1;

% compute sizes: m, datm of the input vectors f and zx

m=size(f,2) -1; if size(f,2) ==1 m=size(f,1) -1; end; n=m/pd;

datm=size(zx ,2); if size(zx ,2)==1 datm=size(zx ,1); end;

% compute the lower (u1) and upper (u1) boundaries

u1=0; u2=0; i=1;

if min(zx(:)) < -limit while zx(i)< -limit i=i+1; end;

u1=i; else u1=i; end;

i=1; if limit <max(zx(:)) while zx(i)<limit i=i+1; end;

u2=i; else u2=datm; end;

% adjusting , creating and initializing variables

zx=scalev(zx ,m,beta); alpha1=alpha*pd; alpha2=alpha*pd*pd;

s=zeros(1,datm); zxf=zeros(1,datm); res=zeros(1,datm);

quot=zeros(1,datm); quotq=zeros(1,datm); uyz=zeros (1,2*m);

vyz=zeros (1,2*m); wyz=zeros (1,2*m); fp=zeros(n,pd+1);

comp=zeros(n,datm); gp=zeros(n,datm);

if m==(datm -1) zx=round(zx); end;

% data zx decomposition: Dividend( zx(P), Divisor (pd),

Quotient (quot(p)), Remainder(res(p))

for p=1: datm

s(p)=(zx(p)-fix(zx(p))); res(p)=mod(fix(zx(p)),pd);

quot(p)=(fix(zx(p))-res(p))/pd; quotq(p)=(res(p)+ s(p))/pd;

end;

for p=u1:u2

for k=1:n

% adjusting the data f
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for j=1:(pd+1)

fp(k,j)=w(j)*f(j+pd*(k-1))*exp(-2*pi*alpha*(pd*quot(p) -(m/2))

*(j-1)*(1i));

end;

end;

% Computation of the FRFT compositions

for k=1:n

comp(k,p)=GFR(fp(k,:),res(p),s(p),alpha);

gp(k,p)=comp(k,p)*exp(pi*alpha*m*pd*(k-1) *(1i));

end;

% output

zxf(p)=GFR(gp(:,p),quot(p),quotq(p),alpha2);

zxf(p)=beta*zxf(p)*exp(pi*alpha*m*(zx(p)-(m/2))*(1i));

if alpha <0 zxf(p)=zxf(p)/(2*pi); end;

end;

Appendix D. Composite of FRFTs: FRFT of Q-Long Weighted Sequence
and FRFT of N-Long Sequence

f̃QN(xQl+ f+s) =
β

2π e−πiδM(Ql+ f+s−M
2 )Gf+s(Gl+ f+s

Q
(ξp, α1)wje2πiδ(Ql−M

2 )j, α2)

function zxf=CompositeFRQN(f,zx ,q,alpha ,beta ,limit);

% compute the weight vector of size q

w=zeros(q,1);w=weig(q); pd=size(w,2);

if size(w,2)==1 pd=size(w,1); end; pd=pd -1;

% compute sizes: m, datm of the input vectors f and zx

m=size(f,2) -1; if size(f,2) ==1 m=size(f,1) -1; end; n=m/pd;

datm=size(zx ,2); if size(zx ,2)==1 datm=size(zx ,1); end;

% compute the lower (u1) and upper (u1) boundaries

u1=0; u2=0; i=1;

if min(zx(:)) < -limit while zx(i)< -limit i=i+1;end;

u1=i;else u1=i; end;

i=1; if limit <max(zx(:)) while zx(i)<limit i=i+1; end;

u2=i; else u2=datm; end;

% adjusting , creating and initializing variables

zx=scalev(zx ,m,beta); alpha1=alpha*pd; alpha2=alpha*pd*pd;

s=zeros(1,datm); zxf=zeros(1,datm); res=zeros(1,datm);

quot=zeros(1,datm); quotq=zeros(1,datm); uyz=zeros (1,2*m);

vyz=zeros (1,2*m); wyz=zeros (1,2*m); fp=zeros(n,pd+1);

comp=zeros(pd+1,datm); gp=zeros(pd+1,datm);

if m==(datm -1) zx=round(zx); end

% adjusting the data f
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for k=1:n

for j=1:(pd+1)

fp(k,j)=f(j+pd*(k-1))*exp(m*pi*alpha1 *(k-1) *(1i));

end;

end;

% data zx decomposition: Dividend( zx(P), Divisor (pd),

Quotient (quot(p)), Remainder(res(p))

for p=1: datm

s(p)=(zx(p)-fix(zx(p))); res(p)=mod(fix(zx(p)),pd);

quot(p)=(fix(zx(p))-res(p))/pd; quotq(p)=(res(p)+ s(p))/pd;

end;

% FRFT composition computation

for p=u1:u2

for k=1:(pd+1)

comp(k,p)=GFR(fp(:,k),quot(p),quotq(p),alpha2);

gp(k,p)=w(k)*comp(k,p)*exp (-2*((pd*quot(p))-(m/2))*pi*alpha*(k

-1) *(1i));

end;

% output

zxf(p)=GFR(gp(:,p),res(p),s(p),alpha); zxf(p)=beta*zxf(p)*exp(

pi*alpha*m*(zx(p)-(m/2))*(1i));

if alpha <0 zxf(p)=zxf(p)/(2*pi); end;

end;
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Abstract

Recently we studied a collocation–quadrature method in weighted L2 spaces as well
as in the space of continuous functions for a Volterra-like integral equation of the form
u(x)−

∫ 1
αx h(x− αy)u(y) dy = f (x), 0 < x < 1, where h(x) (with a possible singularity at

x = 0) and f (x) are given (in general complex-valued) functions, and α ∈ (0, 1) is a fixed
parameter. Here, we want to investigate the same method for the case when α = 1. More
precisely, we consider (in general weakly singular) Volterra integral equations of the form
u(x)−

∫ x
0 h(x, y)(x − y)κu(y) dy = f (x), 0 < x < 1, where κ > −1, and h : D −→ C is

a continuous function, D =
{
(x, y) ∈ R2 : 0 < y < x < 1

}
. The passage from 0 < α < 1

to α = 1 and the consideration of more general kernel functions h(x, y) make the studies
more involved. Moreover, we enhance the family of interpolation operators defining the
approximating operators, and, finally, we ask if, in comparison to collocation–quadrature
methods, the application of the Nyström method together with the theory of collectively
compact operator sequences is possible.

Keywords: Volterra integral equations; collocation-quadrature method; Nyström method

MSC: 65R20; 45D05; 46N40

1. Introduction

In [1], a collocation–quadrature method is studied in weighted L2 spaces as well as in
the space of continuous functions for a Volterra-like integral equation of the form

u(x)−
∫ 1

αx
h(x− αy)u(y) dy = f (x), 0 < x < 1,

where h(x) (with a possible singularity at x = 0) and f (x) are given (in general complex-
valued) functions, and α ∈ (0, 1) is a fixed parameter (see [1], Section 3.2). Here, we are
interested in the numerical solution of Volterra integral equations of the second kind,

u(x)−
∫ x

0
g(x, y)u(y) dy = f (x), 0 < x < 1, (1)

where the functions f : (0, 1) −→ C and g : D −→ C with D =
{
(x, y) ∈ R2 : 0 < y < x < 1

}
are given. In particular, we prefer global polynomials as ansatz functions for the approxi-
mating solution un(x) and the application of Gaussian rules for the approximation of the
integral operator. We do this with the aim not to restrict the convergence rate of the method
by taking piecewise polynomials of fixed degree. As a consequence, the convergence rate
of the method is only bounded by the smoothness of the given data g(x, y) and f (x).

The following result (see Lemma 1) on the solvability of (1) is well known and very
special for Volterra integral equations of the above type. The space of continuous func-
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tions f : [0, 1] −→ C is denoted by C = C[0, 1] and equipped with the infinity norm
‖ f ‖∞ = max{| f (x)| : x ∈ [0, 1]}, making (C[0, 1], ‖.‖∞) a Banach space.

Equation (1) is written in operator form as

(I −K)u = f , (2)

where I : C −→ C and K : C −→ C denote the identity and the integral operator

(Ku)(x) =
∫ x

0
g(x, y)u(y) dy, 0 < x < 1, (3)

respectively. In particular, the special case of Volterra convolution equations is of interest,
where the kernel function of the integral operator is of the form g(x − y) with a given
continuous function g : (0, 1) −→ C,

u(x)−
∫ x

0
g(x− y)u(y) dy = f (x), 0 < x < 1. (4)

Often the kernel function of the integral operator is not continuous but weakly
singular along the line {(x, y) ∈ D : x = y} of triangle D. That is why, in what fol-
lows, we consider a kernel function of the form gκ(x, y) = h(x, y)(x − y)κ with a con-
tinuous function h : D −→ C or, in case of the convolution equation, of the form
gκ(x, y) = h0(x − y)(x − y)κ (i.e., h(x, y) = h0(x − y)) with a continuous function
h0 : (0, 1) −→ C, where κ > −1 is a given real number. The respective integral oper-
ator is denoted by Kκ , i.e.,

(Kκu)(x) =
∫ x

0
gκ(x, y)u(y) dy, −1 < x < 1. (5)

The corresponding integral Equations (1) and (4) are written as(
I −Kκ

)
u = f . (6)

The remainder of this paper is organized as follows: In Section 2 we collect a series
of mapping properties of the above-mentioned integral operators in weighted L2 spaces
as well as in the space of continuous functions. In Section 3 we describe the collocation–
quadrature method, study its stability and convergence, and prove convergence rates for
the approximate solutions. In Section 4 we answer the question under which conditions it
is possible to apply the famous Nyström method (see, for example, [2], Chapter 4, and [3],
Section 12.2) together with the theory of collectively compact operator sequences to the
Volterra integral equations under consideration. We will see that from a theoretical point
of view (concerning stability and convergence rates) the collocation–quadrature method
outperforms the Nyström method. The present paper concentrates on these theoretical
issues. The discussion of computational aspects of the proposed collocation–quadrature
method is reserved for forthcoming studies.

2. Mapping Properties of the Involved Integral Operators

From ([3], Theorems 3.10 and 10.17), we infer the following Lemma. D denotes the
closure of the set D, D =

{
(x, y) ∈ R2 : 0 ≤ y ≤ x ≤ 1

}
.

Lemma 1. If h : D −→ C is continuous, then the linear operator I −Kκ : C −→ C is invertible,
i.e., for every f ∈ C there exists a unique solution u = u∗ ∈ C of (6).
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In the following we try to extend this result to weighted spaces of continuous functions
as well as weighted spaces of square integrable functions. First, we weaken the assumption on
the kernel function h(x, y) in Lemma 3. Let vγ,δ denote the Jacobi weight function vγ,δ(x) =

(1− x)γxδ, −1 < x < 1. For γ, δ ≥ 0, we define the space C̃γ,δ = C̃γ,δ(0, 1) as the set of all
continuous functions f : (0, 1) −→ C, such that vγ,δ f belongs to C, i.e., for which the finite limits
limx→1−0 vγ,δ(x) f (x) and limx→+0 vγ,δ(x) f (x) exist. Equipped with the norm

‖ f ‖γ,δ,∞ = sup
{

vγ,δ(x)| f (x)| : 0 < x < 1
}

,

C̃γ,δ becomes a Banach space. Cγ,δ = Cγ,δ(0, 1) refers to the closed subspace of C̃γ,δ of all
functions f ∈ C̃γ,δ, for which

lim
x→1−0

vγ,δ(x) f (x) = 0 if γ > 0 and lim
x→+0

vγ,δ(x) f (x) = 0 if δ > 0.

Obviously, the map T : C̃γ,δ −→ C, f �→ vγ,δ f is an isometric isomorphism. Thus,
the operator I −Kκ : C̃γ,δ −→ C̃γ,δ is invertible if and only if the operator I − T KκT −1 :
C −→ C is invertible. Note that(

T KκT −1 f
)
(x) =

∫ x

0
vγ,δ(x)h(x, y)(x− y)κv−γ,−δ(y) f (y) dy. (7)

Consequently, a simple conclusion of Lemma 1 is the following corollary:

Corollary 1. If γ, δ ≥ 0 and the function D −→ C, (x, y) �→ vγ,δ(x)h(x, y)v−γ,−δ(y) is
continuous, then for every f ∈ C̃γ,δ, Equation (6) has a unique solution u ∈ C̃γ,δ.

We continue to discuss the unique solvability in C̃γ,δ. In comparison to the previous
corollary, in the following lemma we weaken the condition on the kernel function part
h(x, y). In what follows we assume that there are non-negative numbers γ0, δ0, γ1, δ1 such
that the following condition (A) is fulfilled:

(A) The function D −→ C, (x, y) �→ vγ1,δ1(x)h(x, y)vγ0,δ0(y) is continuous.

Lemma 2. Let condition (A) be satisfied, and take γ, δ ≥ 0 such that γ1 ≤ γ, δ1 ≤ δ, and
δ0 + δ < 1. Moreover, assume that

1 + κ − γ∗ − δ∗ > 0, where γ∗ = γ0 + γ1 , δ∗ = δ0 + δ1.

Then, for f ≡ 0, (6) has only the trivial solution in C̃γ,δ.

Proof. With M := sup
{

vγ1,δ1(x)|h(x, y)|vγ0,δ0(y) : x, y ∈ D
}

we have, for u ∈ C̃γ,δ,

|(Kκu)(x)| =
∣∣∣∣∫ x

0
h(x, y)(x− y)κu(y) dy

∣∣∣∣
≤ Mv−γ1,−δ1(x)

∫ x

0
(x− y)κv−γ0,−δ0(y)|u(y)| dy, 0 < x < 1.

(8)

By induction we prove that, for m ∈ N,

|(Km
κ u)(x)| ≤ Cmv−γ1,−δ1(x)

∫ x

0
(x− y)κ+(m−1)(1+κ−γ∗−δ∗)v−γ0,−δ0(y)|u(y)| dy, (9)

where the constant Cm does not depend on x ∈ (0, 1) and u ∈ C(0, 1). Of course, this is true
for m = 1 with C1 = M due to (8). Let (9) be true for some m ∈ N. Then, using (8) again,
we get
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∣∣∣(Km+1
κ u

)
(x)
∣∣∣

≤ Mv−γ1,−δ1(x)
∫ x

0
(x− y)κv−γ0,−δ0(y)|(Km

κ u)(y)| dy

≤ MCmv−γ1,−δ1(x)·

·
∫ x

0
(x− y)κv−γ∗ ,−δ∗(y)

∫ y

0
(y− z)κ+(m−1)(1+κ−γ∗−δ∗)v−γ0,−δ0(z)|u(z)| dz dy

= MCmv−γ1,−δ1(x)·

·
∫ x

0

∫ x

z
(x− y)κ(y− z)κ+(m−1)(1+κ−γ∗−δ∗)v−γ∗ ,−δ∗(y) dy v−γ0,−δ0(z)|u(z)| dz ,

where, using the substitution y = z + s(x− z), 0 ≤ s ≤ 1,∫ x

z
(x− y)κ(y− z)κ+(m−1)(1+κ−γ∗−δ∗)v−γ∗ ,−δ∗(y) dy

= (x− z)κ+κ+(m−1)(1+κ−γ∗−δ∗)+1·

·
∫ 1

0
(1− s)κsκ+(m−1)(1+κ−γ∗−δ∗)[1− z− s(x− z)]−γ∗ [z + s(x− z)]−δ∗ ds

≤ (x− z)κ+κ+(m−1)(1+κ−γ∗−δ∗)+1−γ∗−δ∗
∫ 1

0
(1− s)κ−γ∗ sκ+(m−1)(1+κ−γ∗−δ∗)−δ∗ ds

= C̃m(x− z)κ+m(1+κ−γ∗−δ∗).

Thus, we obtain (9) for m := m + 1 and Cm+1 := MCmC̃m. Now, we choose m0 ∈ N

such that κ + (m0 − 1)(1 + κ − γ∗ − δ∗)− γ0 − γ ≥ 0. Then, due to (9),

∣∣(Km0
κ u
)
(x)
∣∣ ≤ Cm0 v−γ1,−δ1(x)

∫ x

0
(1− y)γy−δ0 |u(y)| dy

≤ Cm0 v−γ1,−δ1(x)
∫ x

0
y−δ0−δ dy‖u‖γ,δ,∞, 0 < x < 1.

(10)

Let u ∈ C̃γ,δ be a solution of the homogeneous equation u = Kκu. Then, u is also a
solution of u = Km0

κ u, and, again by induction, we can prove

|u(x)| ≤ v−γ1,−δ1(x)
( Cm0

1− δ0 − δ

)n
‖u‖γ,δ,∞

xn(1−δ0−δ)

n!
, n ∈ N , 0 < x < 1. (11)

Indeed, from u(x) =
(
Km0

κ u
)
(x) and (10) we see that (11) is true for n = 1. If we

assume that (11) is true for some n ∈ N, then

|u(x)|
(10)
≤ Cm0 v−γ1,−δ1(x)

∫ x

0
(1− y)γy−δ0 |u(y)| dy

(11)
≤

v−γ1,−δ1(x)Cn+1
m0
‖u‖γ,δ,∞

(1− δ0 − δ)nn!

∫ x

0
(1− y)γ−γ1 y−δ0−δ1+n(1−δ0−δ) dy

≤
v−γ1,−δ1(x)Cn+1

m0
‖u‖γ,δ,∞

(1− δ0 − δ)nn!

∫ x

0
y−δ0−δ+n(1−δ0−δ) dy

= v−γ1,−δ1(x)
( Cm0

1− δ0 − δ

)n+1

‖u‖γ,δ,∞
x(n+1)(1−δ0−δ)

(n + 1)!
.
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We send n to infinity in (11) and conclude that u(x) = 0 for all x ∈ (0, 1).

For γ, δ > −1, L2
γ,δ refers to the Hilbert space of all with respect to the Jacobi weight vγ,δ

square integrable functions on the interval (0, 1) equipped with the
inner product

〈u, v〉γ,δ =
∫ 1

0
u(x)v(x)vγ,δ(x) dx

and the norm ‖u‖γ,δ =
√
〈u, u〉γ,δ.

In what follows, C denotes a generic positive constant, which can assume different
values in different places. Moreover, C �= C(n, x, . . .) indicates that C does not depend on
n, x, . . . Let ‖h‖∞ denote the value sup{h(x, y) : x, y ∈ D}.

Lemma 3. Assume that h : D −→ C is continuous. Then, for κ > − 1
2 , −1 < γ, δ < 1, and

max{0, γ}+ max{0, δ} < 1 + 2κ, the operator Kκ : L2
γ,δ −→ C is compact.

Proof. Let u ∈ L2
γ,δ and x ∈ [−1, 1]. Then, using the substitution x− y = xz,

|(Kκu)(x)| ≤ ‖h‖∞

√∫ x

0
|u(y)|2vγ,δ(y) dy

√∫ x

0
(x− y)2κv−γ,−δ(y) dy

≤ ‖h‖∞‖u‖γ,δ

√
x1+2κ−δ

∫ 1

0
z2κ(1− x + xz)−γ(1− z)−δ dz

≤ ‖h‖∞‖u‖γ,δ

√
x1+2κ−δ−max{0,γ}

∫ 1

0
z2κ−max{0,γ}(1− z)−δ dz

≤ ‖h‖∞‖u‖γ,δ

√∫ 1

0
(1− z)−δz2κ−max{0,γ} dz = C‖u‖γ,δ,

(12)

where the constant C does not depend on u ∈ L2
γ,δ. Now, for 0 ≤ x1 < x2 ≤ 1, we

can estimate

|(Kκu)(x2)− (Kκu)(x1)|

=

∣∣∣∣∫ x2

0
h(x2, y)(x2 − y)κu(y) dy−

∫ x1

0
h(x1, y)(x1 − y)κu(y) dy

∣∣∣∣
≤
∣∣∣∣∫ x2

x1

h(x2, y)(x2 − y)κu(y) dy
∣∣∣∣

+

∣∣∣∣∫ x1

0
[h(x2, y)− h(x1, y)](x2 − y)κu(y) dy

∣∣∣∣
+

∣∣∣∣∫ x1

0
h(x1, y)[(x2 − y)κ − (x1 − y)κ ]u(y) dy

∣∣∣∣
=: I1 + I2 + I3.

We estimate these three terms separately. Firstly, we have

I1 ≤ ‖h‖∞

√∫ x2

x1

|u(y)|2vγ,δ(y) dy

√∫ x2

x1

(x2 − y)2κv−γ,−δ(y) dy ≤ ‖h‖∞‖u‖γ,δ

√
A,

where, taking into account 2κ −max{0, γ} −max{0, δ} > −1,
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A = (x2 − x1)
∫ 1

0
[(x2 − x1)(1− z)]2κ [1− x1 − (x2 − x1)z]

−γ[(x2 − x1)z + x1]
−δ dz

≤ (x2 − x1)
1+2κ

∫ 1

0
(1− z)2κ ·

·
{

1 : γ ≤ 0

(x2 − x1)
−γ(1− z)−γ : γ > 0

}{
1 : δ ≤ 0

(x2 − x1)
−δz−δ : δ > 0

}
dz

≤ (x2 − x1)
1+2κ−max{0,γ}−max{0,δ}

∫ 1

0
(1− z)2κ−max{0,γ}z−max{0,δ} dz

= C(x2 − x1)
1+2κ−max{0,γ}−max{0,δ}.

Hence,

I1 ≤ C‖u‖γ,δ(x2 − x1)
1
2 (1+2κ−max{0,γ}−max{0,δ}) , C �= C(x1, x2, u). (13)

Secondly, let ε > 0. Then, there is an η > 0 such that |h(x1, y)− h(x2, y)| < ε for all
x1, x2, y ∈ [−1, 1] with 0 ≤ y ≤ x1 ≤ x2 ≤ x1 + η. Thus, for 0 ≤ x1 ≤ x2 ≤ x1 + η,

I2 ≤ ε‖u‖γ,δ

√∫ x1

0
(x2 − y)2κv−γ,−δ(y) dy

≤ ε‖u‖γ,δ

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

√∫ 1

0
v−γ,−δ(y) dy : κ ≥ 0,√∫ x1

0
(x1 − y)2κ(x1 − y)−max{0,γ}y−max{0,δ} dy : κ < 0,

= ε‖u‖γ,δ

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

√∫ 1

0
v−γ,−δ(y) dy : κ ≥ 0 ,√

x1+2κ−max{0,γ}−max{0,δ}
1

∫ 1

0
(1− y)2κ−max{0,γ}y−max{0,δ} dy : κ < 0.

Consequently,
I2 ≤ Cε‖u‖γ,δ, C �= C(x1, x2, u). (14)

Finally, we refer to the inequality (see [4], Chapter 1 (5.2))∣∣∣ξμ
1 − ξ

μ
2

∣∣∣ ≤ |ξ1 − ξ2|μ, 0 ≤ μ ≤ 1 , ξ1, ξ2 ≥ 0, (15)

and obtain

I3 ≤ ‖h‖∞‖u‖γ,δ

√∫ x1

0
[(x2 − y)κ − (x1 − y)κ ]2v−γ,−δ(y) dy =: ‖h‖∞‖u‖γ,δ

√
B

with B ≤ C(x2 − x1)
2 min{κ,1} if κ > 0. In case of − 1

2 < κ < 0, we choose χ > 0 such that
κ + χ < 0 and max{0, γ}+ max{0, δ} < 1 + 2(κ − χ). Then, using the equality

|(x2 − y)κ − (x1 − y)κ | = (x2 − y)κ
[
(x2 − y)−κ − (x1 − y)−κ

]
(x1 − y)κ ,
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we get

B ≤ (x2 − x1)
−2κ

∫ x1

0
(x2 − y)2κ(x1 − y)2κv−γ,−δ(y) dy

= (x2 − x1)
−2κ

∫ x1

0
(x2 − y)2(κ+χ)(x2 − y)−2χ(x1 − y)2κv−γ,−δ(y) dy

≤ (x2 − x1)
2χ
∫ x1

0
(x1 − y)2(κ−χ)v−γ,−δ(y) dy

≤ C(x2 − x1)
2χx1+2(κ−χ)−δ

1

∫ 1

0
(1− z)2(κ−χ)−max{0,γ}z−δ dz

≤ C(x2 − x1)
2χ.

Hence,

I3 ≤ C‖u‖γ,δ(x2 − x1)
χ0 , χ0 =

{
min{κ, 1} : κ > 0,

χ : κ < 0,
C �= C(x1, x2, u). (16)

As a conclusion of the relations (12), (13), (14), and (16), the set
{
Kκu : u ∈ L2

γ,δ, ‖u‖γ,δ ≤ 1
}

is uniformly bounded and equicontinuous. It remains to refer to the Arzela–Ascoli theorem
(see [2], Section 1.2.1).

Corollary 2. If condition (A) is valid, then the operator Kκ : L2
γ,δ −→ C̃γ1,δ1 is compact if

κ > −1
2

, −1 < 2γ0 + γ, 2δ0 + δ < 1 , and max{0, 2γ0 + γ}+ max{0, 2δ0 + δ} < 1 + 2κ.

Proof. We can write Kκ = J −1
1 K

0,1
κ J −1

0 , where(
K0,1

κ f
)
(x) =

∫ x

0
vγ1,δ1 h(x, y)vγ0,δ0(y)(x− y)κ f (y) dy,

and J0 f = vγ0,δ0 f , J1 f = vγ1,δ1 f . The mappings J0 : L2
2γ0+γ,2δ0+δ −→ L2

γ,δ and

J1 : C̃γ1,δ1 −→ C are isometrical isomorphisms, and from Lemma 3, the operator
K0,1

κ : L2
2γ0+γ,2δ0+δ −→ C is compact. Hence,

Kκ : L2
γ,δ
J −1

0−→ L2
2γ0+γ,2δ0+δ

K0,1
κ−→ C

J −1
1−→ C̃γ1,δ1

is compact.

3. A Collocation–Quadrature Method for Equation (6)
3.1. The Method

We proceed with proposing a collocation–quadrature method for the numerical so-
lution of the integral Equation (6). Note that the integral operator in this equation can be
written in the form

(Kκu)(x) = x1+κ
∫ 1

0
h(x, xz)(1− z)κu(xz) dz, 0 < x < 1. (17)

To define an approximation of this operator, we use the Gaussian rule

∫ 1

0
f (x)vα,β(x) dx =

n

∑
k=1

λ
α,β
nk f (xα,β

nk ) + eα,β
n ( f ) (18)
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with the error term eα,β
n ( f ), where xα,β

nk denotes the kth zero of the nth orthonormal poly-

nomial pα,β
n (x) with respect to the weight function vα,β(x), 0 < xα,β

nn < . . . < xα,β
n1 < 1, and

λ
α,β
nk is the respective Christoffel number

λ
α,β
nk =

∫ 1

0
�

α,β
nk (x)vα,β(x) dx, �

α,β
nk (x) =

n

∏
j=1,j �=k

x− xα,β
nk

xα,β
nj − xα,β

nk

=
pα,β

n (x)(
pα,β

n

)′
(xα,β

nk ) (x− xα,β
nk )

.

Lα,β
n refers to the polynomial interpolation operator associated with the nodes xα,β

nk , i.e.,

(
Lα,β

n f
)
(x) =

n

∑
k=1

f (xα,β
nk )�

α,β
nk (x) (19)

for every function f : (−1, 1) −→ C. Let C(0, 1) refer to the set of continuous functions
f : (0, 1) −→ C. Writing (1− z)κ = vκ−α,−β(z)vα,β(z) and applying the quadrature rule
(18) to (17), we define the quadrature operator Kα,β

κ,n : C(0, 1) −→ C(0, 1) as

(
Kα,β

κ,n f
)
(x) = x1+κ

n

∑
k=1

λ
α,β
nk h
(

x, x xα,β
nk )v

κ−α,−β(xα,β
nk ) f (x xα,β

nk ). (20)

As a possible approximation of the operator Kκ : L2
γ,δ −→ L2

γ,δ, we take the composed

operator Lα,β
n Kα,β

κ,nPγ,δ
n , where Pγ,δ

n : L2
γ,δ −→ Pn denotes the orthonormal projector

(
Pγ,δ

n f
)
(x) =

n−1

∑
j=0

〈
f , pγ,δ

j
〉

γ,δ pγ,δ
j (x),

and Pn refers to the linear space of all algebraic polynomials of degree less than n. In other
words, we are looking for an approximate solution un ∈ Pn of (6) by trying to solve the
following equation:

un −Lα,β
n Kα,β

κ,n un = fn, (21)

where fn ∈ Pn is an approximation of f satisfying limn→∞‖ fn − f ‖γ,δ = 0. For example,
if f ∈ C(0, 1), then we can choose (under certain conditions, see [5] Lemma 15 as well as
the beginning of Section 3.2) fn = Lα,β

n f . In that case, (21) is equivalent to

un(xα,β
nj )−

(
Kα,β

κ,n un
)
(xα,β

nj ) = f (xα,β
nj ), j = 1, . . . , n.

From the definition (20) of the operator Kα,β
κ,n : C(0, 1) −→ C(0, 1), we have

(
Kα,β

κ,n f
)
(x) = x1+κ

∫ 1

0
Lα,β

n
[
h(x, x·)vκ−α,−β f (x·)

]
(y)vα,β(y) dy.

Due to the algebraic accuracy of the Gaussian rule (18), for pn ∈ Pn, we get

(
Kα,β

κ,n pn
)
(x) = x1+κ

∫ 1

0
Lα,β

n
[
h(x, x·)vκ−α,−β

]
(y)pn(xy)vα,β(y) dy.

Using this relation, we can try to extend the operator Kα,β
κ,n : Pn −→ L2

γ,δ using linearity

to a linear and bounded operator Kα,β
κ,n : L2

γ,δ −→ L2
γ,δ,

(
Kα,β

κ,n f
)
(x) = x1+κ

∫ 1

0
Lα,β

n
[
h(x, x·)vκ−α,−β

]
(y) f (xy)vα,β(y) dy. (22)
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For this we need the boundedness of the operator Kα,β
κ,n : Pn −→ L2

γ,δ, i.e., the existence
of a constant ρn ∈ R such that∥∥∥Kα,β

κ,n pn

∥∥∥
γ,δ
≤ ρn‖pn‖γ,δ ∀ pn ∈ Pn.

To find out under which conditions of the involved parameters we can
guarantee the existence of such a constant, we assume that h(x, y) satisfies
condition (A) and estimate for pn ∈ Pn, qn(x, y) := vγ1,δ1(x)Lα,β

n
[
h(x, x·)vκ−α,−β

]
(y), and

Cn := sup{|qn(x, y)| : x, y ∈ [0, 1]},

∥∥∥Kα,β
κ,n pn

∥∥∥2

γ,δ

=
∫ 1

0
x2(1+κ)v−2γ1,−2δ1(x)

∣∣∣∣∫ 1

0
qn(x, y)pn(xy)vα,β(y) dy

∣∣∣∣2vγ,δ(x) dx

≤ C2
n

∫ 1

0
x2(1+κ)v−2γ1,−2δ1(x)·

·
∫ 1

0
|pn(xy)|2vγ,δ(xy) dy

∫ 1

0
(1− xy)−γ(xy)−δ(1− y)2αy2β dy vγ,δ(x) dx

= C2
n

∫ 1

0
x1+2κv−2γ1,−2δ1(x)

∫ x

0
|pn(z)|2vγ,δ(z) dz·

·
∫ 1

0
(1− xy)−γ(1− y)2αy2β−δ dy (1− x)γ dx

≤ C2
n‖pn‖2

γ,δ

∫ 1

0
(1− x)γ−max{0,γ}−2γ1 x1+2κ−2δ1 dx

∫ 1

0
(1− y)2αy2β−δ dy.

Thus, we can choose

ρn = Cn

√∫ 1

0
(1− x)γ−max{0,γ}−2γ1 x1+2κ−2δ1 dx

∫ 1

0
(1− y)2αy2β−δ dy

if
1 + γ−max{0, γ}

2
> γ1, 1 + κ > δ1, α > −1

2
and β >

δ− 1
2

. (23)

With definition (22) of Kα,β
κ,n : L2

γ,δ −→ L2
γ,δ, every solution un ∈ L2

γ,δ of Equation (21)
belongs automatically to Pn if fn ∈ Pn.

3.2. Stability and Convergence

Analogously to C̃γ,δ = C̃γ,δ(0, 1) and Cγ,δ = Cγ,δ(0, 1), we define the sets
R̃γ,δ = R̃γ,δ(0, 1) and Rγ,δ = Rγ,δ(0, 1) by replacing the space C(0, 1) of continuous
functions f : (0, 1) −→ C with the set R = R(0, 1) of all functions f : (0, 1) −→ C

being bounded and Riemann-integrable on each closed subinterval of the interval (0, 1).
Moreover, for γ0, δ0 > 0, we set

R0
γ0,δ0

=
⋃

0≤γ<γ0,0≤δ<δ0

Rγ,δ.
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Note that

R0
γ0,δ0

=
⋃

0≤γ<γ0,0≤δ<δ0

R̃γ,δ

=
{

f ∈ R(0, 1) : ∃C > 0, ∃ε > 0 with | f (x)| ≤ Cvε−γ0,ε−δ0(x) ∀x ∈ (0, 1)
}

.

Let us recall the following lemma ([5], Lemma 15):

Lemma 4. Let ψ, χ ∈ R, α, β, γ, δ > −1, and f ∈ R0
1+γ

2 , 1+δ
2

. Then we have, for n −→ ∞,

vψ,χLα,β
n v−ψ,−χ f −→ f in L2

γ,δ

if

−1
2
< γ + 2ψ− α <

3
2

and γ + 2ψ > −1,

and if

−1
2
< δ + 2χ− β <

3
2

and δ + 2χ > −1.

From Lemma 4 we infer that

lim
n→∞

∥∥∥Lα,β
n f − f

∥∥∥
γ,δ

= 0 ∀ f ∈ R̃γ∗ ,δ∗ (24)

if
0 ≤ γ∗ <

1 + γ

2
, 0 ≤ δ∗ <

1 + δ

2
, and − 1

2
< γ− α, δ− β <

3
2

. (25)

Since pointwise convergence becomes uniform on each compact subset, the compactness
of the operator Kκ : L2

γ,δ −→ C̃γ1,δ1 (see Corollary 2) implies the norm convergence

lim
n→∞

∥∥∥Lα,β
n Kκ −Kκ

∥∥∥
L2

γ,δ→L2
γ,δ

= 0 (26)

if condition (25) is fulfilled for γ∗ = γ1 and δ∗ = δ1. For the proof of the next proposition,
we need the following lemma (see [5], Lemma 16).

Lemma 5. Let −1 < α, β, γ, δ, 0 ≤ τ < 1+α
2 , 0 ≤ χ < 1+β

2 , and − 1
2 < γ− α, δ− β < 3

2 be
satisfied. If the function

[−1, 1]× [−1, 1] −→ C, (x, y) �→ g(x, y)(1− y)τyχ

is continuous, then

lim
n→∞

sup
{∥∥Lα,β

n g(x, ·)− g(x, ·)
∥∥

γ,δ : 0 ≤ x ≤ 1
}
= 0.

Now, let us prove a first result on the stability and the convergence of the collocation–
quadrature method (21). We have the following proposition:

Proposition 1. Assume that the function h(x, y) satisfies condition (A) with γ0 = δ0 = 0,

δ1 < 1, 1 + κ − γ1 − δ1 > 0, and γ1 <
1 + γ−max{0, γ}

2
, δ1 <

1 + δ

2
. (27)
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Let f ∈ L2
γ,δ, and fn ∈ Pn, n ∈ N, with limn→∞‖ fn − f ‖γ,δ = 0. Furthermore, assume that

κ > −1
2

, 0 ≤ γ < 1, −1 < δ < 1, γ + max{0, δ} < 1 + 2κ, (28)

−1
2
< α, and

δ− 1
2

< β, (29)

and
−1

2
< γ− α, δ− β ≤ 0 , (30)

0 ≤ 1 + 2κ + γ− 2α + δ− 2β, α− κ <
1 + α

2
, and β <

1 + β

2
, i.e., β < 1. (31)

Then, for all sufficiently large n, the collocation–quadrature Equation (21) has a unique
solution u∗n ∈ Pn tending to the unique solution u∗ ∈ L2

γ,δ of Equation (6) in the norm of the space
L2

γ,δ if n tends to infinity.

Proof. Due to the last two inequalities in (27), the space C̃γ1,δ1 is continuously embedded
in L2

γ,δ. Hence, from Corollary 2 (see the conditions in (28)), we infer that the operator
I −Kκ : L2

γ,δ −→ L2
γ,δ is compact.

Let uH ∈ L2
γ,δ be a solution of the homogeneous equation

(
I − Kκ

)
u = 0. Then,

due to Corollary 2, uH belongs to C̃γ1,δ1 and is identically zero due to Lemma 2 (see the
first two conditions in (27)). Thus, the operator I − Kκ : L2

γ,δ −→ L2
γ,δ has a trivial

null space. This, together with the compactness of Kκ : L2
γ,δ −→ L2

γ,δ and the Fred-
holm alternative, leads to the invertibility of the operator I − Kκ : L2

γ,δ −→ L2
γ,δ. Thus,

Equation (6) has a unique solution u∗ ∈ L2
γ,δ.

Due to our assumptions we can use definition (22) of the operator Kα,β
κ,n

(see (23) with (29) as well as the second and third inequalities in (27)). For every u ∈ L2
γ,δ,

we have∥∥(Kκ −Lα,β
n Kα,β

κ,n
)
u
∥∥

γ,δ ≤
∥∥(Kκ −Lα,β

n Kκ

)
u
∥∥

γ,δ +
∥∥Lα,β

n
(
Kκ −Kα,β

κ,n
)
u
∥∥

γ,δ

≤
∥∥Kκ −Lα,β

n Kκ

∥∥
L2

γ,δ→L2
γ,δ
‖u‖γ,δ + C

∥∥(Kκ −Kα,β
κ,n
)
u
∥∥

γ1,δ1,∞,

where C = sup
{∥∥Lα,β

n
∥∥

C̃γ1,δ1
→L2

γ,δ
: n ∈ N

}
< ∞ due to (24) (see (25) with (27), (30)), and

the Banach–Steinhaus theorem. Now, we are going to prove that, for all u ∈ L2
γ,δ,

∥∥(Kκ −Kα,β
κ,n
)
u
∥∥

γ1,δ1,∞ ≤ γn‖u‖γ,δ with γn −→ 0 if n −→ ∞. (32)

For this, we again use the definition (22) of the operatorKα,β
κ,n and obtain, for every u ∈ L2

γ,δ,∥∥(Kκ −Kα,β
κ,n
)
u
∥∥

γ1,δ1,∞

≤ max
0≤x≤1

x1+κ
∫ 1

0

∣∣vγ1,δ1 (x)h(x, xy)vκ−α,−β(y)

−Lα,β
n
[
vγ1,δ1 (x)h(x, x·)vκ−α,−β

]
(y)
∣∣ · |u(xy)|vα,β(y) dy

≤ max
0≤x≤1

x1+κ
∥∥vγ1,δ1 (x)h(x, x·)vκ−α,−β −Lα,β

n vγ1,δ1 (x)h(x, x·)vκ−α,−β
∥∥

γ,δ·

·
∥∥∥u(x·)vα−γ,β−δ

∥∥∥
γ,δ

≤ max
0≤x≤1

x
1
2 (1+2κ−2α+γ−2β+δ)·

·
∥∥vγ1,δ1 (x)h(x, x·)vκ−α,−β −Lα,β

n vγ1,δ1 (x)h(x, x·)vκ−α,−β
∥∥

γ,δ‖u‖γ,δ ,

(33)
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where we have taken into account the estimate (note that γ, α − γ, β − δ ≥ 0 due to
(28) and (30))∥∥∥u(x·)vα−γ,β−δ

∥∥∥2

γ,δ

=
∫ 1

0
|u(xy)|2v2α−γ,2β−δ(y) dy

= x−1−2α+γ−2β+δ
∫ x

0
|u(z)|2(x− z)2(α−γ)z2(β−δ)(x− z)γzδ dz

≤ x−1−2α+γ−2β+δ
∫ x

0
|u(z)|2(1− z)γzδ dz = x−1−2α+γ−2β+δ‖u‖2

γ,δ.

(34)

Applying Lemma 5 for g(x, y) = vγ1,δ1(x)h(x, xy)vκ−α,−β(y), τ = max{0, α− κ}, and
χ = max{0, β}, we get (32) with (see (31))

γn = sup
{∥∥vγ1,δ1(x)h(x, x·)vκ−α,−β −Lα,β

n vγ1,δ1(x)h(x, x·)vκ−α,−β
∥∥

γ,δ : 0 ≤ x ≤ 1
}

.

Together with (26) we obtain

lim
n→∞

∥∥∥Lα,β
n Kα,β

κ,n −Kκ

∥∥∥
L2

γ,δ→L2
γ,δ

= 0.

(Here and in what follows, ‖A‖X→Y denotes the norm of the linear and bounded operator
A : X −→ Y defined on the Banach space X and mapping into the Banach space Y.) Now,
a Neumann series argument shows that, for all sufficiently large n (say n ≥ n0), the operators
I −Lα,β

n Kα,β
κ,n : L2

γ,δ −→ L2
γ,δ are invertible and their inverses are uniformly bounded, i.e.,

C∗ := sup

{∥∥∥(I − Lα,β
n Kα,β

κ,n
)−1
∥∥∥

L2
γ,δ→L2

γ,δ

: n ≥ n0

}
< ∞, (35)

which means that the method is stable.
Let u∗ and u∗n , n ≥ n0 be the unique solutions of Equations (6) and (21),

respectively. Then,

u∗n − u∗ =
(
I − Lα,β

n Kα,β
κ,n

)−1[
fn −

(
I − Lα,β

n Kα,β
κ,n

)
u∗
]

=
(
I − Lα,β

n Kα,β
κ,n

)−1[
fn − f +

(
Lα,β

n Kα,β
κ,n −Kκ

)
u∗
]
.

(36)

Consequently,

‖u∗n − u∗‖γ,δ ≤ C∗
(
‖ fn − f ‖γ,δ +

∥∥∥Lα,β
n Kα,β

κ,n −Kκ

∥∥∥
L2

γ,δ→L2
γ,δ

‖u∗‖γ,δ

)
,

and the proof is finished.

In the following corollary we reformulate Proposition 1 for the case of α = γ, β = δ,
and γ0 = γ1 = δ0 = δ1 = 0.

Corollary 3. Assume that the function h : D −→ C is continuous. Let f ∈ L2
γ,δ and fn ∈ Pn,

n ∈ N, with limn→∞‖ fn − f ‖γ,δ = 0. Assume that κ > − 1
2 , 0 ≤ γ < 1, −1 < δ < 1,

γ + max{0, δ} < 1 + 2κ, and γ− κ < 1+γ
2 . Then, for all sufficiently large n, the collocation–

quadrature equation
un −Lγ,δ

n Kγ,δ
κ,nun = fn (37)
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has a unique solution u∗n ∈ Pn tending to the unique solution u∗ ∈ L2
γ,δ of Equation (6) in the

norm of the space L2
γ,δ if n tends to infinity.

3.3. Convergence Rates

To prove convergence rates we recall some estimates for the interpolation error.
For this, we define the space Wr, r ∈ N, of all functions f : (0, 1) −→ C, which are
r− 1 times differentiable, and the (r− 1)-th derivative is absolutely continuous on (0, 1).
Lp(a, b), p ∈ (1, ∞) denotes the usual Lp space on the interval (a, b), Lp := Lp(0, 1). For
1 < p < ∞ and all f ∈ Wr, we have (see [6] (3.2.63))∥∥∥∥( f −Lα,β

n f
)

v
γ
p , δ

p

∥∥∥∥
Lp
≤ C

nr

∥∥∥∥ f (r)ϕrv
γ
p , δ

p

∥∥∥∥
Lp

, C �= C(n, f ), (38)

if and only if

α

2
+

1
4
− 1

p
<

γ

p
<

α

2
+

5
4
− 1

p
and

β

2
+

1
4
− 1

p
<

δ

p
<

β

2
+

5
4
− 1

p
,

where ϕ(x) =
√
(1− x)x. For r ∈ N, we define the space

Wr
γ,δ =

{
f ∈ L2

γ,δ : f (r−1) ∈ AC(0, 1), f (r)ϕr ∈ L2
γ,δ

}
,

where AC(0, 1) is the set of all absolutely continuous functions f : (0, 1) −→ C. In the case
p = 2 and for r ∈ N and all f ∈ Wr

γ,δ, we get

∥∥ f −Lα,β
n f
∥∥

γ,δ ≤
C
nr

∥∥ f (r)ϕr∥∥
γ,δ, C �= C(n, f ), (39)

if and only if

γ− α, δ− β ∈
(
−1

2
,

3
2

)
. (40)

We will restrict ourselves to the case α = γ and β = δ, such that condition (40) is
satisfied. Nevertheless, with the help of (39), analogous but more involved considerations
are possible if α �= γ and/or β �= δ. Thus, we assume that the conditions of Corollary 3 are
in force. Then, due to (35) and (36),

‖u∗n − u∗‖γ,δ ≤ C∗
(
‖ fn − f ‖γ,δ + C

∥∥(Kγ,δ
κ,n −Kκ

)
u∗
∥∥

∞ +
∥∥(Lγ,δ

n − I
)
Kκu∗

∥∥
γ,δ

)
. (41)

Let us check which further conditions on the given data f (x) and h(x, y) are suitable
to obtain convergence rates from estimate (41).

1. Of course, the first addend in the brackets on the right-hand side in (41) can be

estimated with the help of (39) by Cn−r
∥∥∥ f (r)ϕr

∥∥∥
γ,δ

if we choose fn = Lγ,δ
n f and

assume that f ∈ Wr
γ,δ, r ∈ N.

2. Let us consider the second addend. Due to (22), we can estimate
∥∥(Kγ,δ

κ,n −Kκ

)
u∗
∥∥

∞ by

sup
0≤x≤1

∣∣∣∣x1+κ
∫ 1

0

[
Lγ,δ

n
[
h(x, x·)vκ−γ,−δ

]
(y)− h(x, xy)vκ−γ,−δ(y)

]
u∗(xy)vγ,δ(y) dy

∣∣∣∣
≤ sup

0≤x≤1
x1+κ

∥∥Lγ,δ
n
[
h(x, x·)vκ−γ,−δ

]
− h(x, x·)vκ−γ,−δ

∥∥
γ,δ‖u

∗(x·)‖γ,δ,
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where

‖u(x·)‖2
γ,δ =

∫ 1

0
|u(xy)|2(1− y)γyδ dy = x−1−γ−δ

∫ x

0
|u(z)|2(x− z)γzδ dz

γ≥0
≤ x−1−γ−δ

∫ x

0
|u(z)|2(1− z)γzδ = x−1−γ−δ‖u‖2

γ,δ

(see (34)). Hence, since 1 + 2κ − γ− δ ≥ 0 (due to the assumptions in Corollary 3),∥∥(Kγ,δ
κ,n −Kκ

)
u∗
∥∥

∞ ≤ sup
0≤x≤1

∥∥Lγ,δ
n
[
h(x, x·)vκ−γ,−δ

]
− h(x, x·)vκ−γ,−δ

∥∥
γ,δ‖u

∗‖γ,δ

≤ Cn−r‖u∗‖γ,δ ,

if
h(x, x·)vκ−γ,−δ ∈ Wr

γ,δ uniformly with respect to x ∈ [0, 1] . (42)

This can be guaranteed if, for example, the function

D −→ C , (x, y) �→ ∂rh(x, y)
∂yr (43)

is continuous, and

(a) γ = κ, δ = 0.

Since dr

dyr

[
(1− y)αyβ

]
= (1− y)α−ryβ−rgα,β,r(y) with gα,β,r ∈ C[0, 1], we have (42) if

(43) is satisfied together with

(b) 1 + 2κ − γ− r > 0, and 1− δ− r > 0 (i.e. −1 < δ < 0, and r = 1),

or

(c) γ = κ, −1 < δ < 0, and r = 1,

or

(d) 1 + 2κ − γ− r > 0, and δ = 0.

3. For the last addend on the right-hand side of (41), we can again use (39) if we know
that Kκu∗ ∈ Wr

γ,δ. Assume that the functions

D −→ C , (x, y) �→ ∂k

∂xk h(x, y) , k = 0, 1, . . . , r, (44)

are continuous.

(a) If f ∈ C[0, 1], then, due to Lemma 3, the solution u∗ also belongs to C[0, 1].
Consequently, in view of

(Kκu∗)(x) =
∫ x

0
h(x, y)(x− y)κu∗(x) dx,

we have Kκu∗ ∈ Wr
γ,δ if κ ∈ N0 (a non-negative integer) and r ≤ 1 + κ

(see (54)).
(b) If f ∈ C[0, 1], r ∈ N (a positive integer), and r − 1 < κ < r, then we can

also conclude Kκu∗ ∈ Wr
γ,δ, since the operator Kβ for β > −1 maps C into C

(see Lemma 1 and (54)).

Let us summarize the considerations in items 1 to 3 in the following proposition.
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Proposition 2. Assume that the conditions of Corollary 3 are valid. Let u∗ ∈ L2
γ,δ and u∗n ∈ L2

γ,δ

denote the solutions of (6) and (37), respectively. Moreover, let r ∈ N, f ∈ Wr
γ,δ, and fn = Lγ,δ

n f ,
and let the conditions (43) and (44) be fulfilled. Then, there is a constant C �= C(n) such that

‖u∗n − u∗‖γ,δ ≤ Cn−r,

if one of conditions 2.(a)–2.(d) and one of conditions 3.(a)–3.(b) are additionally satisfied by the
given data.

We see that the case where − 1
2 < κ < 0 (not prohibited in Corollary 3) does not fit

the conditions of Proposition 2. That is why we consider that case separately. We assume
f ∈ C[0, 1], which implies u∗ ∈ C[0, 1] (see Lemma 1). Let 0 ≤ x1 < x2 ≤ 1 and estimate

∣∣(Kκu∗
)
(x2)−

(
Kκu∗

)
(x1)

∣∣ ≤ ∣∣∣∣∫ x2

x1

h(x2, y)(x2 − y)κu∗(y) dy
∣∣∣∣

+

∣∣∣∣∫ x−1

0
[h(x2, y)− h(x1, y)](x2 − y)κu∗(y) dy

∣∣∣∣
+

∣∣∣∣∫ x1

0
h(x1, y)[(x2 − y)κ − (x1 − y)κ ]u∗(y) dy

∣∣∣∣
=: J1 + J2 + J3 ,

where, with the notation ‖u∗‖∞ = ‖u∗‖0,0,∞,

J1 ≤ ‖h‖∞‖u∗‖∞

∫ x2

x1

(x2 − y)κ dy = ‖h‖∞‖u∗‖∞
1

1 + κ
(x2 − x1)

1+κ ,

J2 ≤ ‖u∗‖∞ sup
0≤y≤x1

|h(x2, y)− h(x1, y)| 1
1 + κ

[
x1+κ

2 − (x2 − x1)
1+κ
∣∣∣,

J3 ≤ ‖h‖∞‖u∗‖∞
1

1 + κ

[
x1+κ

2 − x1+κ
1 + (x2 − x1)

1+κ
]
≤ 2‖h‖∞‖u∗‖∞

1 + κ
(x2 − x1)

1+κ .

Hence, if we assume that the function h(x, y) is uniformly Hölder-continuous in x
with exponent 1 + κ with respect to y, i.e.,

sup
0≤y≤x1

|h(x2, y)− h(x1, y)| ≤ C(x2 − x1)
1+κ (45)

∀ x1, x2 , 0 ≤ x1 < x2 ≤ 1 , C �= C(x1, x2), then we have

Kκu∗ ∈ C1+κ [0, 1], (46)

where Cχ[0, 1] denotes the space of Hölder-continuous functions on [0, 1] (with Hölder
exponent χ ∈ (0, 1]).

For a function g satisfying gu ∈ Lp(0, 1) for a Jacobi weight function w ∈ Lp(0, 1) and
some p ∈ (1, ∞), we introduce the main part of the weighted modulus of smoothness:

Ωr
ϕ(g, t)w,p = sup

0<h≤t

∥∥∥(Δr
hϕg
)

w
∥∥∥

Lp(4h2,1−4h2)
,

where, for r ∈ N,

(
Δr

hϕg
)
(x) =

r

∑
k=0

(−1)k
(

r
k

)
g
(

x +
( r

2
− k
)

hϕ(x)
)

.
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Let us recall the relation (see [7], Theorem 3.1)∥∥∥(g−Lγ,δ
n g
)

w
∥∥∥

Lp
≤ Cn−

1
p

∫ 1
n

0

Ωr
ϕ(g, t)w,p dt

t1+ 1
p

, C �= C(n, g), (47)

which is true if and only if

w√
vγ,δ ϕ

∈ Lp(0, 1) and

√
vγ,δ ϕ

w
∈ Lq(0, 1),

1
p
+

1
q
= 1. (48)

Note that, when w = vγ1,δ1 , condition (48) is equivalent to

γ

2
+

1
4
− 1

p
< γ1 <

γ

2
+

5
4
− 1

p
and

δ

2
+

1
4
− 1

p
< δ1 <

δ

2
+

5
4
− 1

p
. (49)

Corollary 4. Let −1
2 < κ < 0 and −1

2 ≤ δ < 1. In additional to the conditions of Corollary 3,
assume that h(·, y) ∈ C1+κ [0, 1] holds uniformly with respect to y ∈ [0, 1] (see (45)), the function
D −→ C , (x, y) �→ ∂

∂y h(x, y) is continuous, f ∈ C1+κ [0, 1], and fn = Lγ,δ
n f . Then, there is a

constant C �= C(n) such that, for all sufficiently large n,

‖u∗n − u∗‖γ,δ ≤ Cn−(1+κ),

where u∗n and u∗ are the unique solutions in L2
γ,δ of (37) and (6), respectively.

Proof. Due to the above considerations and our assumptions, we have Kκu∗ ∈ C1+κ [0, 1].
Consequently, Ω1

ϕ(Kκu∗, t)u,2 ≤ Ct1+κ , which follows directly from the definition of

Ω1
ϕ(g, t)u,p using

∣∣∣(Kκu∗)(x + h
2 )− (Kκu∗)(x− h

2 )
∣∣∣ ≤ Ch1+κ . When u = v

γ
2 , δ

2 and
p = q = 2, condition (49) is satisfied, so that from (47) we can infer∥∥∥(Lγ,δ

n − I)Kκu∗
∥∥∥

γ,δ
≤ Cn−(1+κ).

The same convergence rate is obtained for the first addend on the right-hand side
of (41) since f ∈ C1+κ [0, 1] and fn = Lγ,δ

n f are assumed.
It remains to estimate the second addend. For this, set gx(y) = h(x, xy)vκ−γ,−δ(y).

Moreover, let γ0 + γ1 = γ and δ0 + δ1 = δ. Then, from (22),∥∥∥(Kγ,δ
κ,n −Kκ)u∗

∥∥∥
∞
= sup

0≤x≤1

∣∣∣∣x1+κ
∫ 1

0

[(
Lγ,δ

n gx
)
(y)− gx(y)

]
u∗(xy)vγ,δ(y) dy

∣∣∣∣
≤ sup

0≤x≤1

∥∥(Lγ,δ
n gx − gx

)
vγ0,δ0

∥∥
L2

∥∥u∗(x·)vγ1,δ1
∥∥

L2 .
(50)

Since the solution u∗ is a continuous function, we have

∥∥u(x·)vγ1,δ1
∥∥2

L2 =
∫ 1

0
|u∗(xy)|2v2γ1,2δ1(y) dy ≤ C �= C(x) < ∞,

if γ1, δ1 > − 1
2 . From (38) we conclude∥∥(Lγ,δ

n gx − gx
)
vγ0,δ0

∥∥
L2 ≤ Cn−1∥∥g′x ϕvγ0,δ0

∥∥
L2

if γ
2 − 1

4 < γ0 < γ
2 − 3

4 and δ
2 − 1

4 < δ0 < δ
2 − 3

4 . Thus, we have to show that γ0, δ0 and γ1, δ1

can be chosen in such a way that the norm
∥∥g′x ϕvγ0,δ0

∥∥
L2 can be bounded by a constant

C �= C(x).
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We choose γ0, δ0 and γ1, δ1 so that γ0 + γ1 = γ, δ0 + δ1 = δ, γ0 > γ− κ, δ0 > δ, and
γ1, δ1 > − 1

2 . This is possible, since κ > − 1
2 and δ− 1

2 < δ. The inequalities γ < 1 + 2κ and
δ < 1 ensure that γ0 and δ0 can be chosen in such a way that γ0 < γ

2 + 3
4 and δ0 < δ

2 + 3
4 .

Furthermore, we have

γ

2
− 1

4
<

1
2

(
γ +

1
2

)
− κ − 1

2
< γ +

1
2
− κ − 1

2
= γ− κ < γ0

and
δ

2
− 1

4
=

1
2

(
δ +

1
2

)
− 1

2
< δ < δ0.

Finally, since∣∣g′x(y)∣∣ϕ(y)vγ0,δ0(y) ≤ C(1− y)γ0+κ−γ− 1
2 yδ0−δ− 1

2 , C �= C(x, y),

and γ0 + κ − γ > 0, δ0 − δ > 0, we have
∥∥g′x ϕvγ0,δ0

∥∥
L2 ≤ C �= C(x), which finishes the

proof of the corollary.

3.4. Uniform Convergence

In the previous sections, the studies were restricted to the case where κ > − 1
2 . The reason

for this is the respective condition in Lemma 3, which is important for the proof of the stability
of the collocation–quadrature method in the L2

γ,δ space (see the proof of Proposition 1). As
one can see from Corollary 5, under certain conditions the operator Kκ : C −→ C is compact
for κ > −1. That is why we studied the collocation–quadrature method (37) in the C space,
which allowed us to prove convergence rates in the infinity norm.

If A = A(x, n, . . .) and B = B(x, n, . . .) are two positive functions depending on
certain parameters n, x, . . . , then we use the notion A ∼x,n,... B if there is a positive constant
C �= C(x, n, . . .) such that C−1B ≤ A ≤ CB. Let us recall the following classical result on
the Lebesgue constant

∥∥Lγ,δ
n
∥∥

C→C
, being the norm of the interpolation operator Lγ,δ

n in the
C space.

Lemma 6 ([8], Theorem 14.4, p. 335). For all n ∈ N, we have

∥∥Lγ,δ
n
∥∥

C→C
∼n

⎧⎨⎩ 1 + log n : −1 < γ, δ ≤ − 1
2 ,

nmax{γ,δ}+ 1
2 : otherwise.

Note that, for f ∈ C and every p ∈ Pn,∥∥ f −Lγ,δ
n f
∥∥

∞ =
∥∥ f − p + Lγ,δ

n (p− f )
∥∥

∞ ≤
(
1 +
∥∥Lγ,δ

n
∥∥

C→C

)
‖p− f ‖∞.

Hence, ∥∥ f −Lγ,δ
n f
∥∥

∞ ≤
(
1 +
∥∥Lγ,δ

n
∥∥

C→C

)
En( f )∞, (51)

where En( f )∞ denotes the best approximation of f by polynomials p ∈ Pn in the
infinity norm,

En( f )∞ = inf
p∈Pn
‖p− f ‖∞.

We remember the following inequality (see [9], (2.5.22)):

En( f )∞ ≤
C
nr

∥∥ f (r)ϕr∥∥
∞, N, r ∈ N, C �= C(n, f ), (52)
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which is true for all f ∈ C satisfying f (r)ϕr ∈ C and is a consequence of the iterated
Favard inequality

En( f )∞ ≤
C
nr EN−r

(
f (r)
)

ϕr ,∞, f (r)ϕr ∈ C, n > r ∈ N , C �= C(n, f ), (53)

with En( f )ϕr ,∞ = infp∈Pn

∥∥(p− ψ)ϕr
∥∥

∞. In what follows we will assume that, for some
r ∈ N0,

(D) the functions D −→ C, (x, y) �→ ∂kh(x, y)
∂xk , k = 0, 1, . . . , r, are continuous.

If κ ≥ 0 and u ∈ C, then one can see by induction and

(Kκu)′(x) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∫ x

0

[
∂h(x, y)

∂x
(x− y)κ + κ h(x, y)(x− y)κ−1

]
u(y) dy : κ > 0,

∫ x

0

∂h(x, y)
∂x

u(y) dy + h(x, x)u(x) : κ = 0,

(54)

that Kκu belongs to C(r) if r ≤ 1 + κ. Moreover, there is a constant C �= C(x, u) such that,
for all u ∈ C and all x ∈ [0, 1], ∣∣∣(Kκu

)(r)
(x)
∣∣∣ ≤ C‖u‖∞. (55)

For example, for r = 1 and κ > 0 we can take

C = sup
0≤x≤1

∫ x

0

[∣∣∣∣∂h(x, y)
∂x

∣∣∣∣(x− y)κ + κ |h(x, y)|(x− y)κ−1
]

dy.

If we define the weighted modulus of smoothness ωϕ( f , t)∞ as

ωϕ( f , t)∞ = sup
0<h≤t

∥∥∥∥ f
(
·+ hϕ

2

)
− f
(
· − hϕ

2

)∥∥∥∥
∞

,

where f
(

x± hϕ(x)
2
)

:= 0 if x± hϕ(x)
2 �∈ [0, 1], then the following Lemma is true (see [10],

Theorem 7.2.19):

Lemma 7. For f ∈ C and n ∈ N,

En( f )∞ ≤ Cωϕ( f , n−1)∞, C �= C(n, f ) .

In the following lemma we estimate the norm of the linear operatorKκ −Kγ,δ
κ,n : C −→ C

for certain constellations of the parameters γ, δ and κ.

Lemma 8. Let h(x, y) satisfy condition (D) and γ, δ, κ > −1. Then, for all n ∈ N and f ∈ C,∥∥(Kκ −Kγ,δ
κ,n
)

f
∥∥

∞ ≤ Cn−ρ‖ f ‖∞, C �= C(n, f )) ,

where

(a) ρ = r, if κ − γ ∈ N0, δ = 0, and r ∈ N;
(b) ρ = 1, if κ − γ ∈ N0, − 1

2 ≤ δ < 0 or 0 < δ < 3
2 , and r = 1;

(c) ρ = κ − γ, if r− 1 < κ − γ < r, δ = 0, and r ∈ N;
(d) ρ = min{κ − δ,−δ}, if 0 < κ − γ < 1, −1 < δ < 0, and r = 1.
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Proof. Note that we can use definition (22) for the operator Kγ,δ
κ,n : C −→ C without further

conditions like (23) in case of the L2
γ,δ space. As in (50) we have, for 1 < p < ∞ and f ∈ C,

∥∥(Kκ −Kγ,δ
κ,n
)

f
∥∥

∞ ≤ sup
0≤x≤1

∥∥(gx −Lγ,δ
n gx

)
vγ0,δ0

∥∥
Lp

∥∥ f (x·)vγ1,δ1
∥∥

Lq

≤ sup
0≤x≤1

∥∥(gx −Lγ,δ
n gx

)
vγ0,δ0

∥∥
Lp

∥∥vγ1,δ1
∥∥

Lq‖ f ‖∞ ,
(56)

where gx(y) = h(x, xy)vκ−γ,−δ(y), 1
p + 1

q = 1, γ1, δ1 > − 1
q = 1

p − 1, and γ0 + γ1 = γ,
δ0 + δ1 = δ.

If κ − γ ∈ N0 and δ = 0, then gx ∈ C(r)[0, 1] holds uniformly with respect to x ∈ [0, 1].
With γ0 = γ1 = γ

2 and δ0 = δ1 = δ
2 in (56), we obtain, due to (39),

sup
0≤x≤1

∥∥(gx −Lγ,δ
n gx

)
vγ0,δ0

∥∥
L2 = sup

0≤x≤1

∥∥gx −Lγ,δ
n gx

∥∥
γ,δ ≤ Cn−r,

and (a) is proven.
If κ − γ is a non-negative integer, − 1

2 ≤ δ < 3
2 , and r = 1, then g′x(y) = g1(x, y)y−δ−1

with a continuous function g1 : [0, 1]2 −→ C. We choose γ0, γ1 such that γ
2 + 1

4 − 1
p <

γ0 < γ
2 + 5

4 − 1
p and δ1 > 1

p − 1, which is possible because of
(

γ
2 + 1

4 − 1
p

)
+
(

1
p − 1

)
=

γ
2 − 3

4 < γ. Furthermore, we can choose δ0, δ1 such that δ
2 + 5

4 − 1
p > δ0 > δ + 1

2 − 1
p (i.e.,

g′x ϕvγ0,δ0 ∈ Lp) and δ1 > 1
p − 1, which is possible since

(
δ + 1

2 − 1
p

)
+
(

1
p − 1

)
= δ− 1

2 < δ.

Finally, we have δ
2 + 1

4 − 1
p ≤ δ + 1

2 − 1
p < δ

2 + 5
4 − 1

p due to − 1
2 ≤ δ < 3

2 . Consequently,
from (38) we can infer∥∥(gx −Lγ,δ

n gx
)
vγ0,δ0

∥∥
Lp ≤ Cn−1∥∥g′x ϕvγ0,δ0

∥∥
Lp ≤ Cn−1, C �= C(x)

to obtain assertion (b).
If r− 1 < κ − γ < r for some r ∈ N and δ = 0, then g(r−1)

x ∈ Cκ−γ−r+1[0, 1], where∣∣∣g(r−1)
x (y1)− g(r−1)

x (y2)
∣∣∣ ≤ C|y1 − y2|κ−γ−r+1, y1, y2 ∈ [0, 1], C �= C(x).

From this we obtain
Ωr

ϕ(gx, t)vγ0,δ0 ≤ Ctκ−γ. (57)

Indeed, from the mean value theorem, we have(
Δ2

hϕ f
)
(x) = f (x + hϕ(x))− 2 f (x) + f (x− hϕ(x))

= [ f (x + hϕ(x))− f (x)]− [ f (x)− f (x− hϕ(x))]

=
[

f ′(ξ2)− f ′(ξ1)
]
hϕ(x) ,

where x− hϕ(x) ≤ ξ1 ≤ x ≤ ξ2 ≤ x + hϕ(x). Hence,(
Δ3

hϕ f
)
(x) =

(
Δ1

hϕ

(
Δ2

hϕ f
))

(x) =
(

Δ2
hϕ f
)(

x +
h
2

ϕ(x)
)
−
(

Δ2
hϕ f
)(

x− h
2

ϕ(x)
)

=
[

f ′(η4)− f ′(η3)
]
hϕ(x)−

[
f ′(η2)− f ′(η1)

]
hϕ(x)

=
[

f ′′(ζ2)(η4 − η3)− f ′′(ζ1)(η2 − η1)
]
hϕ(x)
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with x− 3
2 hϕ(x) ≤ η1 ≤ x− h

2 ϕ(x) ≤ η2, η3 ≤ x + h
2 ϕ(x) ≤ η4 ≤ x + 3

2 hϕ(x) as well as

x− 3
2 hϕ(x) ≤ ζ1, ζ2 ≤ x + 3

2 hϕ(x). Consequently,
∣∣∣(Δ3

hϕ f
)
(x)
∣∣∣ ≤ C| f ′′(ζ2)− f ′′(ζ1)|[hϕ(x)]2.

Since
(

Δr
hϕ f
)
(x) =

(
Δ1

hϕ

(
Δr−1

hϕ f
))

(x) we obtain by induction

(
Δr

hϕ f
)
(x) ≤ C

∣∣∣ f (r−1)(ω2)− f (r−1)(ω1)
∣∣∣[hϕ(x)]r−1

for some ω1, ω2 ∈
[
x− r

2 hϕ(x), x + r
2 hϕ(x)

]
. This leads to∣∣∣(Δr

hϕgx

)
(x)
∣∣∣ ≤ C∣∣∣g(r−1)

x (ω2)− g(r−1)
x (ω1)

∣∣∣[hϕ(x)]r−1

≤ C|ω2 −ω1|κ−γ−r+1[hϕ(x)]r−1 ≤ Chκ−γ,

from which (57) follows.
Now, choose a large enough p ∈ (1, ∞) such that κ − γ > 1

p , γ1, δ1 > 1
p − 1, γ

2 + 1
4 −

1
p < γ0 < γ

2 + 5
4 − 1

p , γ0 +γ1 = γ, δ0 = −δ1, and 1
4 − 1

p < δ0 < 5
4 − 1

p . This is possible, since(
γ
2 + 1

4 − 1
p

)
+
(

1
p − 1

)
= γ

2 − 3
4 < γ and

(
1
4 − 1

p

)
+
(

1
p − 1

)
= − 3

4 < 0 = δ0 + δ1 <

9
4 − 2

p =
(

5
4 − 1

p

)
+
(

1− 1
p

)
. Applying (47) yields

∥∥(gx −Lγ,δ
n gx

)
vγ0,δ0

∥∥
Lp ≤ Cn−

1
p

∫ 1
n

0
tκ−γ−1− 1

p dt = Cn−(κ−γ),

and the proof of (c) is finished.
Assertion (d) can be proved analogously to (c).

Proposition 3. Assume that κ ∈ N0 and that, for some r ∈ N, the kernel function h(x, y)
fulfills condition (D). Furthermore, assume that the right-hand side of (6) belongs to C(r). More-
over, let γ, δ > −1 be chosen in such a way that one of the conditions (a)–(d) of Lemma 8 and
the condition

max{γ, δ}+ 1
2
< min{1 + κ, ρ} (58)

with ρ defined in Lemma 8 are satisfied. Then, for all sufficiently large n, the collocation–quadrature
Equation (37) has a unique solution u∗n ∈ C, which converges in the infinity norm to the unique
solution u∗ ∈ C of (6), where, for fn = Lγ,δ

n f ,

‖u∗n − u∗‖∞ ≤ Cn−ρ
∥∥Lγ,δ

n
∥∥

C→C
(59)

with a constant C �= C(n).

Proof. The unique solvability of (6) in C is guaranteed by Lemma 1. Now, our aim is
to estimate∥∥Kκ −Lγ,δ

n Kγ,δ
κ,n
∥∥

C→C
≤
∥∥Kκ −Lγ,δ

n Kκ

∥∥
C→C

+
∥∥Lγ,δ

n
∥∥

C→C

∥∥Kκ −Kγ,δ
κ,n
∥∥

C→C
. (60)

For the second addend on the right-hand side, we can use Lemma 6 and Lemma 8, while
for the first addend we take into account Kκ g ∈ C(s) and

∣∣∣(Kκ g)(s)(x)
∣∣∣ ≤ C‖g‖∞ for all

g ∈ C and s = 1 + κ (see (55)). Hence, due to (51) and (52),

∥∥∥Kκ g−Lγ,δ
n Kκ g

∥∥∥
∞
≤ Cn−(1+κ)

⎧⎨⎩ 1 + log n : −1 < γ, δ ≤ − 1
2

nmax{γ,δ}+ 1
2 : otherwise

⎫⎬⎭‖g‖∞.
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Thus, from (59) together with (58), we infer

∥∥Kκ −Lγ,δ
n Kγ,δ

κ,n
∥∥

C→C
≤ C
(

n−(1+κ) + n−ρ
)⎧⎨⎩ 1 + log n : −1 < γ, δ ≤ − 1

2

nmax{γ,δ}+ 1
2 : otherwise

⎫⎬⎭ −→ 0 ,

which, in view of the invertibility of the operator I − Kκ : C −→ C and a standard
Neumann series argument, implies the invertibility of I − Lγ,δ

n Kγ,δ
κ,n : C −→ C for all

sufficiently large n, say n > n0, and

C∗ := sup
{∥∥∥(I − Lγ,δ

n Kγ,δ
κ,n
)−1
∥∥∥

C→C

}
< ∞.

Since κ ≥ 0, from (54) and u∗ = f +Kκu∗, we conclude u∗ ∈ C(1). By induction we
obtain Kκu∗ ∈ C(r) and, for fn = Lγ,δ

n f ,

‖u∗n − u∗‖∞

≤ C∗
∥∥(I −Kγ,δ

κ,n
)
(u∗n − u∗)

∥∥
∞

≤ C∗
(∥∥Lγ,δ

n f − f
∥∥

∞ +
∥∥Kκu∗ − Lγ,δ

n Kκu∗
∥∥

∞ +
∥∥Lγ,δ

n
∥∥

C→C

∥∥Kκ −Kγ,δ
κ,n
∥∥

C→C
‖u∗‖∞

)
≤ C
∥∥Lγ,δ

n
∥∥

C→C
n−ρ,

taking into account (51) and (52) as well as Lemma 8, together with ρ ≤ r. This completes
the proof.

Proposition 4. Let r ∈ N0, r− 1 < κ < r, and condition (D) be satisfied, where

sup
0≤y≤x1

∣∣∣∣∂rh(x2, y)
∂yr − ∂rh(x1, y)

∂yr

∣∣∣∣ ≤ C(x2 − x1)
χ0 ∀ x1, x2 , 0 ≤ x1 < x2 ≤ 1, C �= C(x1, x2),

for a certain number χ0 ∈ (0, 1]. Moreover, let f ∈ C(r) with f (r) ∈ Cmin{χ0,1+κ−r}[0, 1]. Assume
that the parameters γ, δ > −1 fulfill one of the conditions (a)–(d) as well as condition (58). Then,
for all sufficiently large n, the collocation–quadrature Equation (37) has a unique solution u∗n ∈ C,
which converges in the infinity norm to the unique solution u∗ ∈ C of (6), where, for fn = Lγ,δ

n f ,

‖u∗n − u∗‖∞ ≤ Cn−χ
∥∥Lγ,δ

n
∥∥

C→C
(61)

with χ = min{χ0 + r, 1 + κ, ρ} and a constant C �= C(n).

Proof. We can proceed as in the proof for the previous proposition. We only have to check
the estimate of

∥∥Kκu∗ − Lγ,δ
n Kκu∗

∥∥
∞. Since r− 1 < κ < r, from the proof of (46), we can

infer
(
Kκu

)(r) ∈ Cmin{χ0,1+κ}−r[0, 1], where∣∣∣(Kκu
)(r)

(x1)−
(
Kκu

)(r)
(x2)

∣∣∣ ≤ C‖u‖∞|x1 − x2|min{χ0,1+κ−r} , (62)

x1, x2 ∈ [0, 1], u ∈ C, C �= C(u, x1, x2). This leads to
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∥∥Kκu∗ − Lγ,δ
n Kκu∗

∥∥
∞

(51)
≤
(
1 +
∥∥Lγ,δ

n
∥∥

C→C

)
En
(
Kκu∗

)
∞

(53)
≤ Cn−r(1 + ∥∥Lγ,δ

n
∥∥

C→C

)
En−r

((
Kκu∗

)(r))
∞

Lemma 7
≤ Cn−r(1 + ∥∥Lγ,δ

n
∥∥

C→C

)
ωϕ

((
Kκu∗

)(r), n−1)
∞

(62)
≤ C

(
1 +
∥∥Lγ,δ

n
∥∥

C→C

)
n−r−min{χ0,1+κ−r},

where we took into account that, for g ∈ Cψ[0, 1],

ωϕ(g, t)∞ ≤ C sup
0<h≤t

sup
0≤x≤1

hψ[ϕ(x)]ψ = Ctψ.

Analogously, we get
∥∥Lγ,δ

n f − f
∥∥

∞ ≤ Cn−r−χ0 . Thus, as at the end of the proof
of Proposition 3,

‖u∗n − u∗‖∞ ≤ C
∥∥Lγ,δ

n
∥∥

C→C

(
n−r−χ0 + n−r−min{χ0,1+κ−r} + n−ρ

)
≤ C
∥∥Lγ,δ

n
∥∥

C→C
n−min{χ0+r,1+κ,ρ},

and the proposition is proved.

4. What About the Nyström Method?

In different papers the Nyström method was studied for Volterra integral equations
(see, for example, [11–16] for linear equations and [17,18] for nonlinear equations).

Let us use the interpolation operator Lα,β
n , α, β > −1 to construct a Nyström

approximation for the solution of (6) based on a product integration rule, namely,
(cf. [13], (6),(7))(

KN,α,β
κ,n u

)
(x) =

∫ x

0
(x− y)κLα,β

n

[
h(x, ·)v−α,−βu

]
(y)vα,β(y) dy

=
n

∑
k=1

qα,β
nk (x)h(x, xα,β

nk )v
−α,−β(xα,β

nk )u(xα,β
nk ) =:

n

∑
k=1

Λα,β
nk (x)u(xα,β

nk )

(63)

with

qα,β
nk (x) =

∫ x

0
(x− y)κvα,β(y)�α,β

nk (y) dy = λ
α,β
nk

n−1

∑
j=0

pα,β
j (xα,β

nk )
∫ x

0
pα,β

j (y)(x− y)κvα,β(y) dy .

With the aim of studying the Nyström method for Equation (6) in the weighted space
C̃γ,δ of continuous functions, we multiply equation(

I +KN,α,β
κ,n

)
un = f (64)

by vγ,δ(x), collocate at the points xα,β
nj , j = 1, . . . , n, and take ak := vγ,δ(xα,β

nk )u(xα,β
nk ),

k = 1, . . . , n, as the unknowns. This results in the following system:

n

∑
k=1

[
δjk + qk(xα,β

nj )v
γ,δ(xα,β

nj )h(xα,β
nj , xα,β

nk )v
−α−γ,−β−δ(xα,β

nk )
]

ak = f̃ (xα,β
nj ), (65)
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j = 1, . . . , n, where f̃ (x) := vγ,δ(x) f (x). Note that we obtain the same system (65) if we
consider equation (

I − K̃κ

)
ũ :=

(
I − T KκT −1

)
ũ = f̃ := T f (66)

(see (7)) in the C space of continuous functions on [0, 1] and approximate the operator K̃κ ,(
K̃κ ũ

)
(x) =

∫ x

0
(x− y)κ h̃(x, y)ũ(y) dy, h̃(x, y) = vγ,δ(x)h(x, y)v−γ,−δ(y) ,

by (
K̃N,α,β

κ,n ũ
)
(x) =

∫ x

0
(x− y)κLα,β

n

[
h̃(x, ·)v−α,−βũ

]
(y)vα,β(y) dy

=
n

∑
k=1

qk(x)h̃(x, xα,β
nk )v

−α,−β(xα,β
nk )ũ(xα,β

nk ).

That is why we will study (63) in the C space assuming that h : D −→ C is a
continuous function.

We refer to the notation in ([6], Chapter 6) and consider an operator

Kκ : C[0, 1] −→ C[0, 1], (Kκ f )(x) =
∫ 1

0
K(x, y) f (y) dy

with

K(x, y) =

{
h(x, y)(x− y)κ : 0 ≤ y ≤ x,

0 : x < y ≤ 1,

where κ > −1 is a fixed real number. For a function f : [0, 1] −→ C, γ, δ ∈ R, and
0 ≤ a ≤ b ≤ 1, we use the following notations (cf. the beginning of Section 2):

• ‖ f ‖γ,δ,∞,[a,b] = sup
{
| f (y)|vγ,δ(y) : a ≤ y ≤ b

}
, ‖ f ‖γ,δ,∞ = ‖ f ‖C̃γ,δ

= ‖ f ‖γ,δ,∞,[0,1],

• ‖ f ‖γ,δ,p,[a,b] =

(∫ b

a
| f (y)|vγ,δ(y) dy

) 1
p

, ‖ f ‖γ,δ,p = ‖ f ‖L
p
γ,δ

= ‖ f ‖γ,δ,p,[0,1].

Let us consider conditions (K1)–(K4) in ([6], p. 356) (cf. also [19]). The first condition is

(K1) :
∫ 1

0
|K(x, y)| dy < ∞ ∀ x ∈ [0, 1]. (67)

We estimate

∫ x

0
|h(x, y)|(x− y)κ dy ≤

⎧⎪⎪⎪⎨⎪⎪⎪⎩
‖h(x, ·)‖γ,δ,∞,[0,x]

∫ x

0
(x− y)κv−γ,−δ(y) dy,

‖h(x, ·)‖γ,δ,p,[0,x]

(∫ x

0
(x− y)κqv−γ,−δ(y) dy

) 1
q
,

(68)

where (also hereafter) 1 < p < ∞ and 1
p + 1

q = 1. Note that, for q ∈ [1, ∞) and all x ∈ [0, 1],
the integral

∫ x

0
(x− y)κqv−γ,−δ(y) dy = x1+κq−δ

∫ 1

0
(1− z)κq(1− xz)−γz−δ dz

is finite if and only if

1 + κq− δ ≥ 0, 1 + κq− γ > 0, 1 + κq > 0 , and 1 > δ. (69)
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Let us turn to the second condition:

(K2) : lim
x→x0

∫ 1

0
|K(x, y)− K(x0, y)| dy = 0 ∀ x0 ∈ [0, 1]. (70)

Let 0 ≤ x1 < x2 ≤ 1. Then,

∫ 1

0
|K(x2, y)− K(x1, y)| dy

=
∫ x2

x1

|h(x2, y)|(x2 − y)κ dy +
∫ x1

0
|h(x2, y)(x2 − y)κ − h(x1, y)(x1 − y)κ | dy

≤
∫ x2

x1

|h(x2, y)|(x2 − y)κ dy +
∫ x1

0
|h(x2, y)− h(x1, y)|(x2 − y)κ dy

+
∫ x1

0
|h(x1, y)| |(x2 − y)κ − (x1 − y)κ | dy

=: I1 + I2 + I3 .

Let us estimate these three terms separately. Analogously to (68) we get

I1 ≤

⎧⎪⎪⎪⎨⎪⎪⎪⎩
‖h(x2, ·)‖γ,δ,∞,[x1,x2]

∫ x2

x1

(x2 − y)κv−γ,−δ(y) dy,

‖h(x2, ·)‖γ,δ,p,[x1,x2]

(∫ x2

x1

(x2 − y)κqv−γ,−δ(y) dy
) 1

q
,

where, for q ∈ [1, ∞),∫ x2

x1

(x2 − y)κqv−γ,−δ(y) dy

= (x2 − x1)
1+κq

∫ 1

0
(1− z)κq[1− x1 − (x2 − x1)z]

−γ[(x2 − x1)z + x1]
−δ dz

≤ C(x2 − x1)
1+κq−max{0,γ}−max{0,δ}

∫ 1

0
(1− z)κq−max{0,γ}z−max{0,δ} dz

≤ C(x2 − x1)
1+κq−max{0,γ}−max{0,δ} −→ 0 if x2 − x1 −→ 0,

if
1 + κq−max{0, γ} −max{0, δ} > 0 and 1 > δ. (71)

For the second term we get

I2 ≤

⎧⎪⎪⎪⎨⎪⎪⎪⎩
‖h(x2, ·)− h(x1, ·)‖γ,δ,∞,[0,x1]

∫ x1

0
(x2 − y)κv−γ,−δ(y) dy

‖h(x2, ·)− h(x1, ·)‖γ,δ,p,[0,x1]

(∫ x1

0
(x2 − y)κqv−γ,−δ(y) dy

) 1
q
,

where, for q ∈ [1, ∞),∫ x1

0
(x2 − y)κqv−γ,−δ(y) dy ≤

∫ x1

0
(x2 − y)κq−max{0,γ}y−δ dy

≤ Cx1+κq−max{0,γ}−δ
2

∫ 1

0
(1− z)κq−max{0,γ}z−δ dz

≤ C �= C(x2),
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if and only if

1 + κq−max{0, γ} − δ ≥ 0 , 1 + κq−max{0, γ} > 0 , and 1 > δ. (72)

Finally, we estimate the third term and obtain

I3 ≤

⎧⎪⎪⎪⎨⎪⎪⎪⎩
‖h(x1, ·)‖γ,δ,∞,[0,x1]

∫ x1

0
|(x2 − y)κ − (x1 − y)κ |v−γ,−δ(y) dy,

‖h(x1, ·)‖γ,δ,p,[0,x1]

(∫ x1

0
|(x2 − y)κ − (x1 − y)κ |qv−γ,−δ(y) dy

) 1
q
,

where, for q ∈ [1, ∞) and κ > 0,

∫ x1

0
|(x2 − y)κ − (x1 − y)κ |qv−γ,−δ(y) dy ≤ C(x2 − x1)

q min{1,κ}
∫ 1

0
v−γ,−δ(y) dy −→ 0

(see also (15)) for x2 − x1 −→ 0, if 1 > γ, δ. For −1 < κ < 0, we choose χ > 0 such that
κ + χ < 0 and again use the relation (15) to obtain∫ x1

0
|(x2 − y)κ − (x1 − y)κ |qv−γ,−δ(y) dy

=
∫ x1

0
(x1 − y)κq[(x2 − y)−κ − (x1 − y)−κ

]q
(x2 − y)κqv−γ,−δ(y) dy

≤ (x2 − x1)
−κq

∫ x1

0
(x1 − y)κq(x2 − y)κqv−γ,−δ(y) dy

= (x2 − x1)
−κq

∫ x1

0
(x2 − y)κq(x2 − y)(κ+χ)q(x2 − y)−χqv−γ,−δ(y) dy

≤ (x2 − x1)
χqx1+(κ−χ)q−δ

1

∫ 1

0
(1− z)(κ−χ)q−max{0,γ}z−δ dz

≤ C(x2 − x1)
χq,

if
1 + κq−max{0, γ} > 0 , 1 + κq− δ > 0 , and 1 > δ, (73)

and χ > 0 is small enough.
Note that (K1) and (K2) are necessary and sufficient for Kκ : C −→ C to be a compact

operator (see [6], Proposition 5.3.2). Thus, by using (69), (71), (72), and (73), we obtain the
following corollary:

Corollary 5. The operator Kκ : C −→ C is compact if one of the following conditions is satisfied:

(A) There exist numbers γ, δ ∈ (−1, 1), such that

1 + κ −max{0, γ} −max{0, δ} > 0,

sup
{
‖h(x, ·)‖γ,δ,∞,[0,x] : x ∈ [0, 1]

}
< ∞

and, for all x0 ∈ [0, 1),

lim
x→x0+0

‖h(x, ·)− h(x0, ·)‖γ,δ,∞,[0,x0]
= 0.

(B) There exist numbers γ, δ ∈ (−1, 1) and p > 1, such that, for 1
p + 1

q = 1,

1 + κq−max{0, γ} −max{0, δ} > 0,
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sup
{
‖h(x, ·)‖γ,δ,p,[0,x] : x ∈ [0, 1]

}
< ∞

and, for all x0 ∈ [0, 1),

lim
x→x0+0

‖h(x, ·)− h(x0, ·)‖γ,δ,p,[0,x0]
= 0.

The following two conditions (K3) and (K4) concern the question as to whether the
operators KN,α,β

κ,n : C −→ C form a collectively compact and strongly converging operator
sequence. In particular, the following lemma is true (see [6], Lemma 6.1.1, cf. also [19],
Section 2, Lemma and [20], Section 3, Theorem 1).

Lemma 9. Suppose that the conditions (K1) and (K2) are in force. Then, the operators KN,α,β
κ,n :

C −→ C, n ∈ N, are collectively compact and strongly convergent to Kκ : C −→ C if and only if
the conditions (K3) and (K4) below are satisfied.

Remembering the definition of KN,α,β
κ,n (see (63)), we consider the third condition:

(K3) : lim
n→∞

n

∑
k=1

Λα,β
nk (x) f (xα,β

nk ) =
∫ 1

0
K(x, y) f (y) dy ∀ x ∈ [0, 1] , ∀ f ∈ C[0, 1] . (74)

To obtain conditions under which (74) is fulfilled, we estimate∫ x

0
(x− y)κ

∣∣∣Lα,β
n
[
h(x, ·)v−α,−β f

]
(y)− h(x, y)v−α,−β(y) f

∣∣∣vα,β(y) dy

≤

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∥∥∥Lα,β

n
[
h(x, ·)v−α,−β f

]
− h(x, ·)v−α,−β f

∥∥∥
γ,δ,∞,[0,x]

∫ x

0
(x− y)κv−α−γ,−β−δ(y) dy,

∥∥∥Lα,β
n
[
h(x, ·)v−α,−β f

]
− h(x, ·)v−α,−β f

∥∥∥
γ,δ,p,[0,x]

∫ x

0
(x− y)κqv−αq−γ,−βq−δ(y) dy,

where, for some q ∈ [1, ∞) and all x ∈ [0, 1], the integral∫ x

0
(x− y)κqv−αq−γ,−βq−δ(y) dy

is finite if and only if (compare with (69))

1 + κq− βq− δ ≥ 0, 1 + κq− αq− γ > 0, 1 + κq > 0, and 1 > βq + δ. (75)

Moreover, we have to find conditions under which

lim
n→∞

∥∥∥Lα,β
n
[
h(x, ·)v−α,−β f

]
− h(x, ·)v−α,−β

∥∥∥
γ,δ,p,[0,x]

= 0 (76)

is true for all x ∈ [0, 1] and for some p ∈ (1, ∞]. Let us restrict to p = 2 and try to apply
Lemma 4. If we set

gx(y) =

{
h(x, y)v−α,−β(y) f (y) : 0 ≤ y ≤ x,

0 : x < y ≤ 1,

we can replace condition (76) with

lim
n→∞

∥∥∥Lα,β
n gx − gx

∥∥∥
γ,δ

= 0 ∀ x ∈ [0, 1]. (77)
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Applying Lemma 4 when ψ = χ = 0, we obtain the conditions

−1
2
< γ− α, δ− β <

3
2

(78)

and, for some ε > 0 and all x ∈ [0, 1],

hx ∈ R(0, x), |h(x, y)| ≤ C(1− y)ε+α− 1+γ
2 yε+β− 1+δ

2 ∀ y ∈ (0, x). (79)

Let us turn to the last condition:

(K4) : lim
x→x0

sup

{
n

∑
k=1

∣∣∣Λα,β
nk (x)−Λα,β

nk (x0)
∣∣∣ : n ∈ N

}
= 0 ∀ x0 ∈ [0, 1]. (80)

We represent Λα,β
nk (x) in the form

Λα,β
nk (x) = λF

nk(H(x, ·))S(x, xα,β
nk ),

where K(x, y) = H(x, y)S(x, y) with

H(x, y) =

{
(x− y)κvα,β(y) : 0 ≤ y ≤ x ,

0 : x < y ≤ 1,

and

S(x, y) =

{
h(x, y)v−α,−β(y) : 0 ≤ y ≤ x ,

0 : x < y ≤ 1,

as well as

λF
nk f =

∫ 1

0
f (y)�α,β

nk (y) dy.

Let α, β > −1, 1 > γ, δ > −1, and − 1
2 < γ− α, δ− β < 3

2 . With the help of Lemma 4,
we have∣∣∣∣∣ n

∑
k=1

λF
nk( f )g(xα,β

nk )−
∫ 1

0
f (y)g(y) dy

∣∣∣∣∣ =
∣∣∣∣∫ 1

0
f (y)

[(
Lα,β

n g
)
(y)− g(y)

]
dy
∣∣∣∣

≤ ‖ f ‖−γ,−δ

∥∥∥Lα,β
n g− g

∥∥∥
γ,δ
−→ 0

(81)

for all f ∈ L2
−γ,−δ and g ∈ R0

1+γ
2 , 1+δ

2
. For fixed γ0, δ0 with 0 ≤ γ0 < 1+γ

2 and

0 ≤ δ0 < 1+δ
2 , define

Gn f : R̃γ0,δ0 −→ C, g �→
n

∑
k=1

λF
nk( f )g(xα,β

nk ),

and equip the space R̃γ0,δ0 with the norm ‖.‖γ0,δ0,∞. It is easy to see that

‖Gn f ‖R̃γ0,δ0
→C =

n

∑
k=1

∣∣λF
nk( f )

∣∣
vγ0,δ0(xα,β

nk )
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such that the Banach–Steinhaus theorem (principle of uniform boundedness), together
with (81) implies, for all f ∈ L2

−γ,−δ,

‖Gn f ‖R̃γ0,δ0
→C =

n

∑
k=1

∣∣λF
nk( f )

∣∣
vγ0,δ0(xα,β

nk )
≤ C1 = C1( f ) < ∞ ∀ n ∈ N. (82)

Considering Gn as a linear map from L2
−γ,−δ into the dual space of R̃γ0,δ0 and again

applying the principle of uniform boundedness to (82), we get

C2 := sup
{
‖Gn‖L2

−γ,−δ→(R̃γ0,δ0)
∗ : n ∈ N

}
< ∞.

Together with (82), this implies

n

∑
k=1

∣∣λF
nk( f )

∣∣
vγ0,δ0(xα,β

nk )
≤ C2‖ f ‖−γ,−δ ∀ f ∈ L2

−γ,−δ. (83)

We conclude
n

∑
k=1

∣∣∣Λα,β
nk (x)−Λα,β

nk (x0)
∣∣∣

=
n

∑
k=1

∣∣∣[λF
nk(H(x, ·)− H(x0, ·))

]
S(x, xα,β

nk ) + λF
nk(H(x0, ·))

[
S(x, xα,β

nk )− S(x0, xα,β
nk )
]∣∣∣

≤
n

∑
k=1

∣∣λF
nk(H(x, ·)− H(x0, ·))

∣∣
vγ0,δ0(xα,β

nk )
‖S(x, ·)‖γ0,δ0,∞

+
n

∑
k=1

∣∣λF
nk(H(x0, ·)

∣∣
vγ0,δ0(xα,β

nk )
‖S(x, ·)− S(x0, ·)‖γ0,δ0,∞

≤ C2
[
‖H(x, ·)− H(x0, ·)‖−γ,−δ‖S(x, ·)‖γ0,δ0,∞

+ ‖H(x0, ·)‖−γ,−δ‖S(x, ·)− S(x0, ·)‖γ0,δ0,∞
]
.

From the estimate of the terms I1 and I3 above (cf. (71) and (73)), we infer that,
for 0 ≤ x1 < x2 ≤ 1,

‖H(x2, ·)− H(x1, ·)‖2
−γ,−δ

=
∫ x2

x1

(x2 − y)2κv2α−γ,2β−δ(y) dy

+
∫ x1

0
|(x2 − y)κ − (x1 − y)κ |2v2α−γ,2β−δ(y) dy

≤ C(x2 − x1)
η ,

(84)

where η = 2 min{1, κ} if κ > 0 and η = 2χ (with some sufficiently small χ > 0) if
κ < 0, supposing that 1+ 2κ−max{0, γ− 2α}−max{0, δ− 2β} ≥ 0 and 2α−γ, 2β− δ > −1.
(Note that it is possible to weaken the conditions on the parameters if we use a respective
weighted Lp-space, 1 < p < 2, instead of the space L2

−γ,−δ.) Relation (84) implies

lim
x→x0
‖H(x, ·)− H(x0, ·)‖2

−γ,−δ = 0 (85)
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if the conditions on the parameters κ, α, β, γ, δ are fulfilled. The most critical question is
under which conditions the limit relation

lim
x→x0
‖S(x, ·)− S(x0, ·)‖γ0,δ0,∞ = 0 (86)

is true. Let us assume that the function{
(x, y) ∈ R2 : 0 ≤ y ≤ x ≤ 1

}
−→ C, (x, y) �→ h(x, y)vγ0−α,δ0−β(y)

is continuous. Since, for 0 ≤ x1 < x2 ≤ 1,

‖S(x2, ·)− S(x1, ·)‖γ0,δ0,∞ = sup
{
|h(x2, y)− h(x1, y)|vγ0−α,δ0−β(y) : 0 ≤ y ≤ x1

}
+ sup

{
|h(x2, y)|vγ0−α,δ0−β(y) : x1 < y ≤ x2

}
,

we get
lim

x→x0
‖S(x, ·)− S(x0, ·)‖γ0,δ0,∞ = h(x0, x0)vγ0−α,δ0−β(x0) ,

i.e., we can obtain (86) only if

h(x, x)vγ0−α,δ0−β(x) = 0, ∀ x ∈ [0, 1] . (87)

As an example, let us consider the situation where the function h : D −→ C is
continuous, and we choose α = β = γ = δ = 0. Then condition (A) of Corollary 5 is
satisfied for κ > −1. Also, (76) and (85) hold true. Note that (85) was above proven
for κ > − 1

2 . But, as already mentioned in the brackets after (85), this condition can be
weakened to κ > −1 in the present situation. Thus, to be able to apply the theory of
collectively compact operator sequences, due to (87), we have to assume that h(x, x) = 0
for all x ∈ [0, 1].

If
(
a∗k
)n

k=1 is the solution of (65) (when α = β = 0) and

uN,∗
n (x) = f (x) +

n

∑
k=1

q0,0
nk (x)h(x, x0,0

nk )a∗k

is the respective Nyström interpolant, then we have the error estimate (see [3], Theorem 10.9)∥∥∥uN,∗
n − u∗

∥∥∥
∞
≤ C
∥∥∥KN,0,0

κ,n u∗ − Kκu∗
∥∥∥

∞

≤ sup
0≤x≤1

∫ x

0
(x− y)κ

∣∣∣L0,0
n [h(x, ·)u∗](y)− h(x, y)u∗(y)

∣∣∣ dy.

In order to obtain the convergence rates from this estimate, it is necessary to assume
smoothness properties of the function

[0, 1]2 −→ C, (x, y) �→
{

h(x, y) : 0 ≤ y ≤ x,

0 : x < y ≤ 1,

while for the collocation–quadrature method studied in Section 3, only smoothness proper-
ties of the function

D −→ C, (x, y) �→ h(x, y)

are needed (see condition (D)).
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5. Conclusions

From a theoretical point of view, concerning stability and convergence, the collocation–
quadrature method is better than the Nyström method, since the latter requires additional
conditions on the kernel function (see (87)). But, at first glance the collocation–quadrature
method is more expensive (i.e., has a higher computational complexity) than the Nyström
method. The speed (and cost) of the collocation–quadrature method must be examined in
future studies.
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1. Preliminary Discussion

1.1. Nonlinear Equations

Nonlinear sets of equations are integral to numerous scientific and engineering ap-
plications, serving as fundamental tools in modeling and analysis [1–4]. These equations,
due to their complexity, often defy exact analytical solutions (denoted by r), making their
resolution an active area of research in applied mathematics. As a result, numerical iterative
methods have become essential in approximating their solutions [5,6]. Iterative numerical
methods play a vital role in resolving nonlinear sets of algebraic equations due to the inher-
ent complexity and computational demands associated with such systems. The challenge
becomes even more pronounced when dealing with high-dimensional systems where the
number of equations and variables is substantial. Iterative methods provide a systematic
approach to approximate the solution of nonlinear systems through successive refinements,
enabling the computation of accurate results with manageable computational resources.
Their ability to converge towards a solution makes iterative techniques indispensable in
numerical analysis [7–9].

1.2. The Need in Differential Equations

Nonlinear partial differential equations (PDEs) [10,11] frequently arise in diverse
scientific and engineering fields, such as fluid mechanics. These equations are gener-
ally challenging to solve analytically due to the lack of closed-form solutions, requiring
the development and application of numerical solvers. One common approach involves

Axioms 2025, 14, 77 https://doi.org/10.3390/axioms14020077
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discretizing the continuous problem using methods like finite difference (FD), which re-
formulates the PDE into a set of nonlinear algebraic equations. To tackle such resulting
systems efficiently, advanced iterative solvers, such as the higher-order methods furnished
in this study, can be employed. These solvers utilize higher-order procedures and exploit
enhanced convergence features to provide fast and efficient solutions while substantially
reducing calculational effort compared to conventional approaches.

Higher-order iterative solvers for solving nonlinear PDEs consist of several crucial
stages. The process begins with discretizing the PDE, converting it into a large and often
sparse nonlinear algebraic system. Subsequently, an initial approximation for the solution
is provided, serving as a starting point for the iterative refinement.

Another advantage of iterative methods is their scalability to large-dimensional prob-
lems [12]. Consider, for instance, a system of nonlinear equations arising from modeling
a three-dimensional fluid dynamics problem, such as simulating airflow over an aircraft.
Such systems can involve millions of variables and equations derived from discretizing
PDEs governing fluid flow. Iterative methods, on the other hand, decompose the problem
into smaller, more manageable steps. By iteratively improving the solution starting from
an initial guess, these methods can efficiently handle large systems while taking advan-
tage of sparsity and other problem-specific structures to reduce computational overhead
(see [13] for more).

1.3. Our Aim and Contribution

This study is driven by the necessity to develop a robust iterative framework that
emphasizes computational efficiency and precision. By drawing on foundational ideas
from prior research [14,15], our approach introduces a strategy that circumvents the need
for second-order Fréchet derivative calculations. This not only simplifies the computational
process but also contributes to advancing numerical methodologies in the field. The core
aim is to design a solver capable of handling both real and complex roots, achieving high
convergence rates while minimizing computational demands such as matrix inversions
and function evaluations. To enhance the solver’s efficiency, the Jacobian matrix is frozen
during the second sub-step, while a strategy is employed in the third sub-step to maximize
convergence speed without requiring additional Jacobian computations. This approach
achieves a fifth-order convergence rate for simple roots, and its theoretical convergence has
been rigorously analyzed.

1.4. Existing Approaches

The problem under consideration is formulated as follows [16,17]:

H(s) = 0, (1)

where
H(s) = ( f1(s), f2(s), . . . , fN(s))T ,

and fi(s), 1 ≤ i ≤ N are component functions defined over a convex domain D ⊂ RN .
To build on the current state of knowledge, we revisit and assess several classical iterative
methods for solving (1).

One widely studied technique is Newton’s method (NM), which operates as fol-
lows [18,19]:

H′(w(α))δ(α) = −H(w(α)), α = 0, 1, 2, . . . ,

w(α+1) = w(α) + δ(α).
(2)
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NM is well known for its quadratic convergence rate, provided the initial vector w(0) lies
sufficiently near to the simple zero. Nevertheless, its reliance on Jacobian computations
can pose challenges, leading to the development of alternative methods.

It is noted that iterative methods provide flexibility in handling systems with nonlin-
earity and lack of symmetry, which are common in practical applications. For example,
nonlinear systems often arise in optimization, structural engineering, and machine learn-
ing, where the governing equations are complex and highly sensitive to initial conditions.
Iterative approaches, such as Newton’s solver and its other alternatives, can adapt to these
challenges. This adaptability ensures that iterative methods remain effective across a wide
spectrum of applications, making them an essential tool in computational mathematics.

Derivative-free techniques such as Steffensen’s method (SM) have been proposed as
follows [20]:

λ(α) = H(w(α)) + w(α),

w(α+1) = w(α) − [w(α), λ(α), H]−1H(w(α)), α = 0, 1, 2, . . . ,
(3)

where the divided difference operator (DDO) is central to its implementation. For vectors θ

and z, the DDO is defined as:

[θ, z; H]i,j =
−Hi(θ1, . . . , θj−1, zj, . . . , zm) + Hi(θ1, . . . , θj, zj+1, . . . , zm)

−zj + θj
. (4)

The author in [6] furnished an improvement to the NM that reaches local third order (here
abbreviated as TM) as follows:⎧⎨⎩γ(α) = w(α) − H′(w(α))−1H(w(α)),

w(α+1) = γ(α) − H′(w(α))−1H(γ(α)).
(5)

Despite the utility of the above methods, certain drawbacks persist, such as the formation
of dense matrices during DDO computations, which limit their scalability to large systems.

1.5. Outlines

Motivated by these challenges, this manuscript proposes an innovative multistep
solver with fifth-order convergence rates. The solver is particularly designed to eliminate
the need for second-order Fréchet derivatives. The structure of the manuscript is given
as follows. Section 2 introduces the design of a proposed multistep solver, highlighting
its computational efficiency through reduced LU decompositions. Section 3 presents a
detailed theoretical error analysis to confirm the convergence properties. Section 4 applies
the presented solver to benchmark test cases. Section 5 concludes with a summary of
observations and suggests potential directions for future investigations.

2. A Novel Iterative Framework

This section introduces a refined iterative methodology derived from the foundational
techniques outlined in Section 1. The proposed scheme utilizes multiple steps while main-
taining a fixed Jacobian matrix to achieve improved computational performance. We first
consider the the following three-step strategy:⎧⎪⎪⎪⎨⎪⎪⎪⎩

y(α) = w(α) − H′(w(α))−1H(w(α)),

μ(α) = y(α) − H′(y(α))−1H(y(α)),

w(α+1) = μ(α) − H′(μ(α))−1H(μ(α)).

(6)
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Evidently, (6) is a three-step structure of (2) and reaches the eighth order of convergence, but
requires Jacobian computation three times and makes no meaningful advance in contrast
to (2). To improve this, we follow the Traub’s idea in (5) and consider a frozen structure as
follows: ⎧⎪⎪⎪⎨⎪⎪⎪⎩

y(α) = w(α) − H′(w(α))−1H(w(α)),

μ(α) = y(α) − H′(w(α))−1H(y(α)),

w(α+1) = μ(α) − H′(w(α))−1H(μ(α)).

(7)

The scheme (8) is not that useful since it follows (5) and reaches only the fourth convergence
speed. To furnish a useful technique, a DDO is designed carefully in the third substep.
For such a target, we first consider:⎧⎪⎪⎪⎨⎪⎪⎪⎩

y(α) = w(α) − H′(w(α))−1H(w(α)),

μ(α) = y(α) − H′(w(α))−1H(y(α)),

w(α+1) = μ(α) − DDO1−1H′(w(α))−1H(μ(α)),

(8)

where for the sake of simplicity in the scalar case, the DDO1 is given by:

DDO1 =
A1H(μ(α))− A2H(y(α))

μ(α) − y(α)
. (9)

Here, A1 and A2 are two appropriate parameters that must be set using the knowledge of
the previous substeps to gain as must possible of convergence order. We choose:

A1 = A2 = H′(w(α))−1. (10)

Since the Jacobian H′(w(α)) has already been computed in the first substep, it does not add
extra new functional or derivative evaluations to the structure of the proposed method.
Hence, the final formulation is expressed as follows (CS5):⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

y(α) = w(α) − H′(w(α))−1H(w(α)),

μ(α) = y(α) − H′(w(α))−1H(y(α)),

w(α+1) = μ(α) − [H′(w(α))−1 H(μ(α))−H′(w(α))−1 H(y(α))
μ(α)−y(α)

]−1H′(w(α))−1H(μ(α)).

(11)

In practical computations, direct matrix inversion is computationally expensive and should
be avoided. Instead, LU decomposition is employed to solve the associated linear systems.
Consequently, during the implementation of CS5, several distinct linear systems are solved
at each iteration to estimate the resolution of the nonlinear problem (1):⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

H′(w(α))C(α)
1 = H(w(α)),

H′(w(α))C(α)
2 = H(y(α)),

H′(w(α))C(α)
3 = H(μ(α)),

[y(α), μ(α), H]C(α)
4 = H(μ(α)),

(12)

Rewriting the iterative schemes for practical implementation, CS5 is reformulated as:
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⎧⎪⎪⎪⎨⎪⎪⎪⎩
y(α) = w(α) − C(α)

1 ,

μ(α) = y(α) − C(α)
2 ,

w(α+1) = μ(α) − C(α)
4 .

(13)

This acceleration improves computational efficiency, particularly for complex and high-
dimensional problems. The efficiency of a numerical algorithm is a cornerstone of com-
putational mathematics, dictated by its convergence rate and structural design relative to
computational costs. The quality of a solver is evaluated based on these factors, considering
the number of function evaluations, Jacobian computations, and LU decompositions. This
will be discussed later at the beginning of Section 4.

3. Investigating the Convergence Rate

Here, we conduct a convergence analysis to determine the convergence rates of the
solver (13), or equivalently (11). Before presenting the main analytical order, the N-D
Taylor series is furnished. The convergence rate for the solver CS5 is derived using the N-
dimensional Taylor series. Let err(α) = w(α) − r show the error at the α-th loop. As detailed
in [21], the following relationship holds:

err(α+1) = (F)err(α)
p
+ O(err(α)

p+1
), (14)

where F exhibits the properties of a p-linear map, and F ∈ H(RN ,RN , . . . ,RN). Addition-
ally, the following holds:

err(α)
p
= (err(α), err(α), . . . , err(α)︸ ︷︷ ︸

p terms

). (15)

Assuming that H : D ⊆ RN → RN is Fréchet differentiable over D [22], the m-th derivative
of H at u ∈ RN for m ≥ 1 can be expressed as an m-linear map, i.e.,

H(m)(u) : RN × · · · ×RN → RN , (16)

such that H(m)(u)(v1, . . . , vm) ∈ RN . For r + h ∈ RN near r, the Taylor series expansion is
given by [22]:

H(r + h) = H′(r)

[
h +

p−1

∑
m=2

Ξmhm

]
+ O(hp), (17)

wherein
Ξm =

1
m!

[H′(r)]−1H(m)(r), m ≥ 2. (18)

It follows that Ξmhm ∈ RN and [H′(r)]−1 ∈ H(RN). Moreover, for H′(·), the following
expansion holds:

H′(r + h) = H′(r)

[
I +

p−1

∑
m=2

mΞmhm−1

]
+ O(hp), (19)

whereas I is the unit matrix, and mΞmhm−1 ∈ H(RN).

Theorem 1. Let H : D ⊆ RN → RN be suitably smooth in the Fréchet sense at each node in D,
and suppose H(r) = 0 at some r ∈ RN. Furthermore, assume that H′(s) is smooth and invertible
at r. Then, the sequence {w(α)}α≥0 via CS5 locally tends to r with 5th-rate.
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Proof. To establish the convergence rate, we use the expansions from (17) and (19) to obtain
the following expressions:

H(w(α)) = H′(r)
[
err(α) + Ξ2err(α)

2
+ Ξ3err(α)

3
+ Ξ4err(α)

4
+ Ξ5err(α)

5]
+ O(err(α)

6
), (20)

and

H′(w(α)) = H′(r)
[

I + 2Ξ2err(α) + 3Ξ3err(α)
2
+ 4Ξ4err(α)

3
+ 5Ξ5err(α)

4]
+ O(err(α)

5
), (21)

where Ξi =
1
i! [H

′(r)]−1H(i)(r) for i ≥ 2, and err(α) = w(α) − r. Using these expansions,
we derive:

y(α) = r +
1
3

err(α) +
2
3

Ξ2err(α)
2
+ O(err(α)

3
). (22)

A similar Taylor expansion using (20)–(22) gives the error at the end of the second sub-step
of CS5 as follows:

μ(α) − r =
(

Ξ2
2

)
err(α)

3
+
(
−3Ξ3

2 + 3Ξ3Ξ2

)
err(α)

4
+ · · ·+ O(err(α)

6
). (23)

Subsequently, we obtain:

H(μ(α)) = H′(r)
[
Ξ3err(α)

3
+ Ξ4err(α)

4
+ · · ·

]
+ O(err(α)

6
). (24)

By employing these expressions in the 3rd sub-step of CS5, we obtain:

err(α+1) = 2Ξ4
2err(α)

5
+ O(err(α)

6
), (25)

which demonstrates that the method achieves a fifth-order, requiring only two LU decom-
positions for every iterates. This completes the proof.

4. Numerical Tests

The primary objective here is to demonstrate the applicability and efficacy of the
proposed CS5 scheme. Some remarks are given as:

• Computational experiments were performed using Wolfram software 13.3 [23,24],
with all programming conducted in a multiple-precision arithmetic framework using
2500-digit precision except the last test. This setup allowed us to rigorously observe
and verify the higher speeds reflected in the computational pieces of evidence.

• Linear systems arising during the process were efficiently solved through LU factor-
ization using LinearSolver[].

• All numerical tests were carried out in a consistent computational environment to
ensure reliability and reproducibility.

• For comparative analysis, the proposed higher-order method was benchmarked
against existing approaches, including NM and SM, for resolving nonlinear collections
of equations.

Prior to presenting the numerical results, we highlight the efficiency indices (EI) of
the solvers under comparison. Attaining fifth-order convergence with the CS5 scheme
requires solving three linear systems per iteration cycle. However, computational efficiency
is enhanced by requiring only two LU factorizations per cycle, followed by matrix-vector
multiplications, thereby eliminating the need for repeated matrix inversions within each
iteration. The efficiency index, as defined in [20], is calculated as:

EI = C√p, (26)
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whereas

• C shows the cost, and
• p shows the rate in terms of function evaluations.

For evaluating the EI of the CS5 scheme, we detail the required functional evaluation
costs in ν-dimensional functions and their Jacobians as follows: For H(w), H(w), H(w), ν

evaluations are required for each. For H′(w), ν2 evaluations are needed. Similarly, for the
divided difference operator (DDO1), ν2 evaluations are also involved.

The results summarized in Table 1 clearly show that when changing ν, the EI of the
proposed solver surpasses that of its competitors. A comparative analysis of different
solvers, visualized in Figure 1, underscores the superiority of the CS5 scheme.

Table 1. Comparison of various techniques based on their efficiency indices.

Techniques NM SM PM

p 2 2 5
Functional evaluations ν + ν2 ν + ν2 3ν + 2ν2

No. of LU factorization 1 1 2
The classic EI 2

1
ν+ν2 2

1
ν+ν2 5

1
3ν+2ν2

Figure 1. Evaluation of EIs for different values of ν.

Example 1. The nonlinear set H(s) = 0, which encompasses a real root, is analyzed in detail as
described in the following

H(s) =

⎧⎪⎪⎨⎪⎪⎩
sin(s1 + s2 − s3),

cos(s1 − s2),

s2
1 + s2

2 − s3,

(27)

where its simple root is:
r � (3.7177, 2.1470, 18.431)∗. (28)

The computational results are presented in Figures 2–4. Here, different starting points
have been compared for any of the figures to reveal the usefulness of the new method.
Furthermore, the norm of residual is expressed through the use of the ‖ · ‖2 notation,
providing a concise representation of the error magnitude.
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s s s

Figure 2. Results of comparions for different solvers under w(0) = (1.5, 0, 0). Here, NM and SM
coincide very much with each other.

s s s

Figure 3. Results of comparisons for different solvers under w(0) = (5, 0, 1).

s s s

Figure 4. Results of comparisons for different solvers under w(0) = (6, 4, 2).

A simple yet effective implementation for CS5 in Example 1 has now been provided
in the Mathematica environment to make the process easier for readers as follows (noting
that the notations may not be necessarily the same as the mathematical notations in the
derivation of the method):
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ClearAll["Global‘*"];

digits = 2500; size = 3;

f[{x1_, x2_, x3_}] :=

{

Sin[x1 + x2 - x3],

Cos[x1 - x2],

x1^2 + x2^2 - x3

};

J[{x1_, x2_, x3_}] = D[f[{x1, x2, x3}], {{x1, x2, x3}}];

x = SetAccuracy[{6, 4, 2}, digits];

max = 6; fx = f[x];

point1[j_] := Join[x1[[;; j]], w[[j + 1 ;;]]];

point2[j_] := Join[x1[[;; j - 1]], w[[j ;;]]];

Do[{

f1x = J[x];

yy = LinearSolve[f1x];

w = x - yy[fx];

fw = f[w];

x1 = w - yy[fw];

fx1 = f[x1];

T = Transpose@

SparseArray@

Table[(f[point1[j]] - f[point2[j]])/(x1[[j]] - w[[j]]), {j,

size}];

fun = LinearSolve[T];

x = x1 - fun[(fx1)];

fx = f[x];

L[i] = Norm[fx, 2];

}, {i, 1, max}

]; // AbsoluteTiming

s3 = Table[N[L[k], 5], {k, 1, max}]

N[x, 5]

Example 2. The performance and accuracy of the presented scheme is validated by solving the
following nonlinear test problem: H(s1, s2) = 0, where H : (0, 30)× (0, 30)→ R2. The function
H is defined as:

H(s) = H(s1, s2) =

(
s2

1 − s2 − 19,
s3

2
6
− s2

1 + s2 − 17

)
. (29)

The iterative process begins with the initial vector w(0) = (40.5,−5.5)∗, with the objective of
converging to the exact solution r = (5, 6)∗.

Numerical experiments, presented in Table 2, highlight the robustness of the proposed
scheme in solving a variety of nonlinear equations. These computational tests reveal that
the CS5 scheme converges to the solutions in only a few iterations while delivering high
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accuracy at every iterate. Furthermore, the numerical rate consistently aligns with the
analytically expected higher speeds, confirming the reliability and efficiency of the method.

Table 2. A presentation of the numerical outcomes obtained from the application of various methods
in Example 2.

Methods ‖H(w(6))‖ ‖H(w(7))‖ ‖H(w(8))‖ ‖H(w(9))‖
NM 8.69× 101 1.88× 101 2.08 3.78× 10−2

SM 2.04× 106 1.93× 106 1.82× 106 1.70× 106

CS5 7.11× 10−6 2.72× 10−34 2.24× 10−176

Example 3. To have a test problem of higher dimensions, we take into account{
sisi+1 − 1 = 0, i = 1, 2, . . . , N − 1,

sNs1 − 1 = 0,
(30)

in which the simple root is r = (1, . . . , 1)T for odd N. Here we test the performance of CS5 for
N = 199 in three different initial guesses.

The results for this problem are illustrated in Figure 5, re-verifying the effectiveness of
the proposed procedure for higher dimensional test problems. The fast convergence for
CS5 in machine precision can be observed for all the considered initial guesses.

w

w

w

Figure 5. Results of comparisons for different initial approximations using CS5 in Example 3.

Discussion

In this section, we illustrate the performance of the proposed solver, CS5, in solving sys-
tems of nonlinear equations. Our observations indicate that the CS5 scheme demonstrates
rapid convergence for both low-dimensional and high-dimensional systems. Moreover,
in several cases, it exhibits a superior convergence radius compared to classical methods
such as the NM and the SM. The proposed scheme comprises three steps, utilizing a single
Jacobian matrix for the first two steps and a DDO in the final sub-step to achieve local
fifth-order convergence.

5. Summary

In this work, we have introduced and analyzed a novel iteration solver aimed at
resolving collections of nonlinear equations efficiently and accurately. Building upon exist-
ing techniques, we have furnished an enhanced multi-step scheme, denoted as CS5, that
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incorporates fixed Jacobian approximations to balance computational cost and convergence
performance. Through careful design and theoretical underpinnings, these method has
demonstrated fifth-order convergence, achieving higher efficiency while requiring fewer
computations per iteration compared to traditional approaches. The analysis has relied
on the Taylor series expansion and Frèchet differentiability, which have provided the
foundation for establishing convergence rates.

Throughout this study, we have emphasized the balance between computational
efficiency and accuracy, showcasing that our methods align well with the principles of
numerical optimization. The proposed iterative schemes not only reduce the need for
matrix inversion by adopting LU decomposition techniques but also maintain a high
degree of flexibility in practical implementation. This balance ensures their suitability
for a wide range of nonlinear problems, making them valuable tools in computational
mathematics. We have demonstrated the capacity of a fifth-order iterative method to
offer competitive solutions despite the existence of higher-order methods. By strategically
freezing or updating the derivative operator at critical stages, our method has exhibited
the ability to expand the convergence domain while maintaining simplicity and practical
relevance. Future directions might be focused on several aspects. First, it is of theoretical
interest to investigate how freezing the DDO at the third substep for CS5 can impact the
convergence order when it is frozen an arbitrary multi-step format. Additionally, studying
the semi local convergence of the scheme in order to relax the assumption of the smoothness
of the function can be investigated further.

Author Contributions: Conceptualization, M.L.; Methodology, M.L.; Formal analysis, M.L.; Investiga-
tion, S.S.; Writing—original draft, M.L.; Writing—review & editing, S.S.; Visualization, S.S.; Supervision,
S.S.; Funding acquisition, S.S. All writers equally contributed to this paper. All authors have read and
agreed to the published version of the manuscript.

Funding: This research received no external funding.

Data Availability Statement: The findings and contributions outlined in this research are documented
within the manuscript. Any additional questions or requests for clarification may be addressed by
reaching out to the corresponding author.

Conflicts of Interest: The writers state that they have no conflicts of interest.

References

1. Soheili, A.R.; Amini, M.; Soleymani, F. A family of Chaplygin–type solvers for Itô stochastic differential equations. Appl. Math.
Comput. 2019, 340, 296–304. [CrossRef]

2. Behl, R. A derivative free fourth-order optimal scheme for applied science problems. Mathematics 2022, 10, 1372. [CrossRef]
3. Gdawiec, K.; Kotarski, W.; Lisowska, A. Visual analysis of the Newton’s method with fractional order derivatives. Symmetry

2019, 11, 1143. [CrossRef]
4. Chanu, W.H.; Panday, S.; Thangkhenpau, G. Development of optimal iterative methods with their applications and basins of

attraction. Symmetry 2022, 14, 2020. [CrossRef]
5. Ortega, J.M.; Rheinboldt, W.C. Iterative Solutions of Nonlinear Equations in Several Variables; Academic Press: New York, NY, USA,

1970.
6. Traub, J. Iterative Methods for the Solution of Equations, 2nd ed.; Chelsea Publishing Company: New York, NY, USA, 1982.
7. Wang, X.; Zhang, T.; Qin, Y. Efficient two-step derivative-free iterative methods with memory and their dynamics. Int. J. Comput.

Math. 2016, 93, 1423–1446. [CrossRef]
8. Proinov, P.D. New general convergence theory for iterative processes and its applications to Newton-Kantorovich type theorems.

J. Complex. 2010, 26, 3–42. [CrossRef]
9. Ivanov, S.I. A general approach to the study of the convergence of Picard iteration with an application to Halley’s method for

multiple zeros of analytic functions. J. Math. Anal. Appl. 2022, 513, 126238. [CrossRef]
10. Qasim, S.; Ali, S.; Ahmad, F.; Serra-Capizzano, S.; Ullah, M.Z.; Mahmood, A. Solving systems of nonlinear equations when the

nonlinearity is expensive. Comput. Math. Appl. 2016, 71, 1464–1478. [CrossRef]

183



Axioms 2025, 14, 77

11. Soheili, A.R.; Soleymani, F. Iterative methods for nonlinear systems associated with finite difference approach in stochastic
differential equations. Numer. Algorithms 2016, 71, 89–102. [CrossRef]

12. Cordero, A.; Jordán, C.; Sanabria-Codesal, E.; Torregrosa, J.R. Solving nonlinear vectorial problems with a stable class of
Jacobian-free iterative processes. J. Appl. Math. Comput. 2024, 70, 5023–5048. [CrossRef]

13. Shil, S.; Nashine, H.K.; Soleymani, F. On an inversion-free algorithm for the nonlinear matrix problem X α +A∗X−βA +B∗X−γB
= I . Int. J. Comput. Math. 2022, 99, 2555–2567. [CrossRef]

14. Abdullah, S.; Choubey, N.; Dara, S. An efficient two-point iterative method with memory for solving non-linear equations and its
dynamics. J. Appl. Math. Comput. 2023, 70, 285–315. [CrossRef]

15. Cordero, A.; Garrido, N.; Torregrosa, J.R.; Triguero-Navarro, P. Design of iterative methods with memory for solving nonlinear
systems. Math. Method. Appl. Sci. 2023, 46, 12361–12377. [CrossRef]

16. Batra, P. Simultaneous point estimates for Newton’s method. BIT 2002, 42, 467–476. [CrossRef]
17. McNamee, J.M.; Pan, V.Y. Numerical Methods for Roots of Polynomials–Part I; Elsevier: Amsterdam, The Netherlands, 2007.
18. Kyncheva, V.K.; Yotov, V.V.; Ivanov, S.I. Convergence of Newton, Halley and Chebyshev iterative methods as methods for

simultaneous determination of multiple polynomial zeros. Appl. Numer. Math. 2017, 112, 146–154. [CrossRef]
19. McNamee, J.M.; Pan, V.Y. Numerical Methods for Roots of Polynomials–Part II; Elsevier: Amsterdam, The Netherlands, 2013.
20. Grau-Sánchez, M.; Grau, À.; Noguera, M. On the computational efficiency index and some iterative methods for solving systems

of nonlinear equations. J. Comput. Appl. Math. 2011, 236, 1259–1266. [CrossRef]
21. Sharma, J.R.; Guha, R.K.; Sharma, R. An efficient fourth order weighted-Newton method for systems of nonlinear equations.

Numer. Algorithms 2013, 62, 307–323. [CrossRef]
22. Cordero, A.; Hueso, J.L.; Martínez, E.; Torregrosa, J.R. A modified Newton-Jarratt’s composition. Numer. Algorithms 2010, 55, 87–99.

[CrossRef]
23. Dubin, D. Numerical and Analytical Methods for Scientists and Engineers using Mathematica; John Wiley & Sons: Hoboken, NJ, USA,

2003.
24. Clark, J.; Kapadia, D. Introduction to Calculus: A Computational Approach; Wolfram Media: Champaign, IL, USA, 2024.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

184



Article

An Enhanced Method with Memory Derived from Newton’s
Scheme in Solving Nonlinear Equations: Higher R-Order
Convergence and Numerical Performance

Runqi Xue 1, Yalin Li 2, Enbin Song 1 and Tao Liu 2,*

1 College of Mathematics, Sichuan University, Chengdu 610064, China
2 School of Mathematics and Statistics, Northeastern University at Qinhuangdao, Qinhuangdao 066004, China;

2372155@stu.neu.edu.cn
* Correspondence: liutao@neuq.edu.cn

Abstract: This article introduces a novel iterative solver with memory, derived from New-
ton’s scheme, for nonlinear scalar equations. The key innovation lies in integrating memory
into the iterative process, enhancing the convergence rate without increasing the quantity of
functional evaluations compared to conventional two-point solvers. The proposed method
achieves a superior R-order of convergence by adaptively utilizing past iterates to refine
the current approximation. A rigorous theoretical analysis is presented to establish the
convergence properties of the method. Extensive computational experiments demonstrate
that the method with memory not only accelerates convergence but also enhances accuracy
with fewer iterations. These findings suggest that the proposed solver has significant po-
tential for applications in scientific computing and numerical optimization, where efficient
and high-order iterative methods are crucial.

Keywords: nonlinear equations; root; iteration solvers; with memory; without memory;
enhanced
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1. Introductory Notes

Solving nonlinear scalar equations is fundamental in numerous scientific and engi-
neering disciplines, as many real-world problems involve nonlinear behavior that can-
not be accurately captured by linear models [1–3]. These equations frequently arise in
physics, engineering, economics, and biology, where exact analytical solutions are often
unavailable [4,5]. In physics and engineering, nonlinear equations govern the behavior of
complex systems such as fluid dynamics, structural mechanics, and electrodynamics [6].
A notable example is the motion of a projectile under air resistance, modeled by the
following equation:

m̄
dv
dt

= m̄g− k̄v2, (1)

where vs. represents velocity, m̄ is the mass, g is gravitational acceleration, and k̄ is the
drag coefficient. Similarly, in financial mathematics [7], the valuation of options under
transactions is determined by the nonlinear Black–Scholes equation, which is inherently
nonlinear due to the presence of transactions. To enlighten the issue, when solving the
nonlinear partial differential equation using the finite difference discretization, this process
leads to a collection of nonlinear algebraic equations, mainly of a large sparse size, that

Axioms 2025, 14, 387 https://doi.org/10.3390/axioms14050387
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needs to be tackled by iterative Newton-type methods. Biological and medical sciences
also rely heavily on nonlinear models to describe population dynamics, such as the logistic
growth model, as follows:

dP
dt

= r̄P
(

1− P
K

)
, (2)

wherein r̄ is the intrinsic growth rate, P is the population size, and K shows the carrying
capacity of the environment.

Let us now introduce the fundamental concepts of solving nonlinear equations using
iterative methods [1], with a particular focus on multipoint methods. These methods are
known for their higher computational efficiency compared to classical one-point methods.
We provide a classification of iteration solvers via the information needed from current and
previous iterates, and we discuss key features such as the convergence order, computational
efficiency, initial approximations, and stopping criteria.

1.1. Classification of Iterative Solvers

Iterative schemes for resolving

f (x) = 0,

can be classified based on the information they use [8,9]:

• One-point methods: These methods use only the current approximation xk to calculate
the subsequent approximation xk+1. A classic example is Newton’s scheme (NIM,
second-order speed), expressed as follows:

xk+1 = xk −
f (xk)

f ′(xk)
. (3)

• One-point methods with memory [8]: These methods reuse previous approximations
xk−1, . . . , xk−n to compute xk+1. The secant solver is a well-known instance expressed
as follows:

xk+1 = xk −
xk − xk−1

f (xk)− f (xk−1)
f (xk).

• Multipoint methods without memory: These methods use the current approximation
xk and additional expressions w1(xk), w2(xk), . . . , wn(xk) to compute xk+1; see [10,11]
for more details.

• Multipoint methods with memory: These methods use information from multiple
previous iterates, including both approximations and additional expressions [12,13].

Despite the widespread use of Newton-type iterative methods, traditional solvers
face several well-known limitations. One-point methods, like Newton’s method, exhibit
quadratic convergence but require the computation of derivatives, which can be compu-
tationally expensive or analytically intractable for complex functions. Additionally, these
methods are highly sensitive to the choice of the initial approximation; poor initial guesses
can lead to divergence or slow convergence. To address these issues, multipoint methods
have been developed, improving convergence rates by incorporating additional function
evaluations. However, these approaches often come at the cost of increased computational
effort, as each iteration requires multiple function evaluations, reducing overall efficiency.

Multipoint methods without memory aim to balance accuracy and computational
cost by evaluating the function at strategically chosen auxiliary points [14]. Nevertheless,
their performance is still limited by the quantity of function evaluations required per cycle,
which restricts their efficacy for large-scale problems. On the other hand, schemes with
memory offer a promising alternative by utilizing past iterates to boost convergence without
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additional functional evaluations. This advantage allows them to achieve higher-order
convergence while maintaining computational efficiency. However, existing memory-
based approaches often lack a systematic framework for integrating historical information
optimally, leading to suboptimal performance in certain cases. The present work aims to
address these limitations by constructing a Newton-type iterative solver with memory that
maximizes convergence efficiency while preserving the quantity of function evaluations
per cycle.

1.2. One-Point Iteration Solvers

Several one-point iterative schemes for finding simple zeros are reviewed, includ-
ing that in [15]; Halley’s method (cubic convergence), expressed as follows [16]:

xk+1 = xk −
f (xk)

f ′(xk)

1

1− f ′′(xk) f (xk)

2 f ′(xk)2

. (4)

And the Chebyshev’s method (cubic convergence), expressed as follows [17]:

xk+1 = xk −
f (xk)

f ′(xk)

(
1 +

f ′′(xk) f (xk)

2 f ′(xk)2

)
. (5)

1.3. Methods for Multiple Zeros

For functions with multiple zeros, modified versions of one-point methods are intro-
duced. For example, Schröder’s method for multiple zeros of multiplicity m is given by the
following [18,19]:

xk+1 = xk −m
f (xk)

f ′(xk)
.

1.4. Motivation and Organization

The development of methods with memory has been a research direction in recent
years [20,21], as such methods offer the potential for higher convergence rates while
preserving computational efficiency. By integrating memory into a Newton-type solver,
it is possible to construct a more effective iterative scheme that reduces the number of
required iterations and improves accuracy. Motivated by these considerations, this study
aims to construct a higher-order iterative scheme with memory that outperforms traditional
solvers in terms of convergence speed and computational cost. Our approach is designed
to achieve a superior R-order of convergence while maintaining the identical quantity
of function evaluations as existing two-point methods. Through rigorous analysis and
extensive numerical tests, we show that the proposed scheme provides a practical and
efficient alternative in resolving nonlinear equations.

The remainder of this investigation is structured as follows. Section 2 lays out the
mathematical formulations for two-point solvers, providing the necessary theoretical
background. Section 3 presents our main contribution–a two-step method with memory
and a derivative-free approach–derived from a Newton-type solver. We provide a detailed
derivation of the proposed method along with a mathematical analysis of its convergence
order. Section 4 validates the efficacy of the proposed scheme through various numerical
tests and test scenarios. Finally, Section 5 concludes the study with a discussion of the
findings and several directions for forthcoming research.

2. Concerning Two-Point Methods

This section provides an overview of two-point methods, which give a significant role
in the computational resolution of nonlinear equations; see, e.g., [22,23]. The development
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of such methods aims at enhancing convergence efficiency by utilizing function evaluations
at multiple points within each iteration.

Two-point methods extend the classical one-point iterative schemes by incorporating
an additional evaluation point, thus improving the order of convergence. The pioneering
work of Traub (1964) [8] established the systematic study of these methods, although
optimal schemes emerged later. Notably, Ostrowski’s fourth-order method, developed in
1960, set a foundation for subsequent advancements.

2.1. Order of Convergence

The convergence speed r of an iterative scheme is defined as the rate at which the
sequence of approximations {xk} tends to the root α. For an iteration function φ, the speed
of convergence is provided by the following [8]:

lim
k→∞

|φ(xk)− α|
|xk − α|r = Ar,

where Ar is the asymptotic error constant.
In [1], the authors provided a generic definition of the convergence order, known as

the R-order given as follows (k = 0, 1, . . .)

Rr{xk} =

⎧⎨⎩limk→∞ sup(ek)
1
k , if r = 1,

limk→∞ sup(ek)
1
rk , if r > 1,

(6)

wherein ek = xk − α, and Rr is the R-factor. The R-order of convergence for an iteration
process at the point α is

R− order =

⎧⎨⎩∞, if Rm = 0, for all m ∈ [1, ∞),

inf{m ∈ [1, ∞) : Rm = 1}, otherwise.
(7)

2.2. Calculational Efficacy

The computational efficacy of an iteration solver is a measure of its performance,
considering both the convergence speed and the cost per iterate. The efficiency index (TEI)
is defined as [8]:

TEI = r1/θ f ,

where θ f is the quantity of functional evaluations per iterate. The conjecture of
Kung–Traub [24] suggests that multipoint solvers without memory, needing n + 1 func-
tional evaluations per iterate, can have maximum order 2n. Only the optimal schemes
reach this level, but they are few.

2.3. Composite Solvers

Composite multipoint schemes construct higher-order schemes by composing existing
iterations. For example, combining Newton’s scheme and Halley’s method as follows:

φ2(x) = x− f (x)

− f (x) f ′′(x)
2 f ′(x)

+ f ′(x)
, (8)

leads to a sixth-order iteration defined by the following:

φ3(x) = φ2(φ1(x)). (9)
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Although theoretically promising, the computational efficiency of such compositions
must be carefully analyzed to justify their practical use.

2.4. Traub’s Two-Point Methods

Traub introduced several third-order two-point methods based on interpolation. A
representative iteration is provided by the following:

xk+1 = xk −
f (xk)

f ′(xk −
1
2

u(xk))
, (10)

wherein u(x) =
f (x)
f ′(x)

and the denominator estimates the derivative at an adjusted point

to improve accuracy.
In the 1960s and 1970s, Traub [8] pioneered the study of multipoint schemes, systemat-

ically improving Newton-type and Steffensen-type solvers by incorporating interpolation
and additional function evaluations to enhance convergence rates. His work laid the foun-
dation for what are now known as optimal iterative methods, striking a balance between
computational efficiency and convergence order. Traub’s third-order two-point methods,
such as the iteration scheme given above, exemplify this approach by refining deriva-
tive approximations through strategically chosen auxiliary points. These advancements
influenced subsequent research on iterative schemes with/without memory, inspiring
the development of more efficient solvers that exploit past iterates to further improve
convergence without additional function evaluations. Today, Traub’s framework remains
fundamental in the design of high-order root-finding algorithms, particularly in contexts
requiring rapid and accurate numerical solutions.

2.5. Ostrowski’s Fourth-Order Method

Ostrowski’s method (OSM) was one of the first two-point schemes achieving fourth-
order convergence while maintaining only three functional evaluations per iteration; see
for instance [25]. It is given as follows:⎧⎪⎪⎨⎪⎪⎩

yk = xk −
f (xk)

f ′(xk)
,

xk+1 = yk −
f (yk)

f ′(xk)
· f (xk)

f (xk)− 2 f (yk)
.

(11)

This solver serves as a basis for many generalizations, including King’s family of
methods [26].

The method excels when applied to functions with well-behaved derivatives, where
the denominator in (11) remains stable, ensuring numerical robustness. In cases where the
function exhibits strong smoothness properties, OSM provides rapid convergence with
fewer iterations compared to lower-order methods. However, its performance can degrade
when applied to functions with multiple roots or near singularities, where derivative
approximations may lead to numerical instability.

2.6. Derivative-Free Approximations and Generalizations

Several approaches avoid explicit second derivatives by using divided differences
or numerical integration techniques [27]. A notable example is the Newton-secant
two-point solver expressed as follows:

xk+1 = xk −
u(xk) f (xk)

f (xk)− f (xk − u(xk))
, (12)
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which approximates f ′(x) using secant-based estimations.
Optimal two-point methods achieve the best trade-off between convergence rate

and computational cost, with Ostrowski’s method and its variants reaching a TEI of
approximately 1.587.

Two-point methods offer advantages in solving nonlinear equations, particularly when
derivative evaluations are costly or unreliable. Their development continues to be an active
area of research, with modern extensions incorporating adaptive strategies and hybrid
approaches to further enhance robustness and performance.

Before ending this section, it is worth mentioning that the author in [28] proposed an
effective one-step Steffensen-like solver with memory, achieving an R-order of convergence
equal to 1

2 (3 +
√

17), which is formulated as⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
wk = xk + βk f (xk),

βk = −
1

N′2(xk)
, pk = −

N′′3 (wk)

2N′3(wk)
,

xk+1 = xk −
f (xk)

f [xk, wk] + pk f (wk)
,

(13)

where N(·) is an interpolatory polynomial of appropriate degree. Method (13) provides
a family of methods with two parameters, which could be adapted in order to enhance
the convergence order without any additional function evaluations. This motivates us to
investigate a bi-parametric family of methods in the next section.

3. An Enhanced Iterative Scheme with Memory

Let us initially consider the following structure:⎧⎪⎪⎨⎪⎪⎩
zk = xk −

f (xk)

f ′(xk)
, k ≥ 0,

xk+1 = zk −
f (zk)

f ′(xk)

f (xk)− (1/2) f (zk)

f (xk)− (5/2) f (zk)
.

(14)

Now we propose a Newton-type iteration method by modifying Newton’s scheme
in the first substep and introducing a free parameter a. This modification preserves the
convergence order while incorporating a into the error equation, allowing for enhanced
solver speed. So first we consider⎧⎪⎪⎪⎨⎪⎪⎪⎩

zk = xk −
f (xk)

f ′(xk)

(
1 +

a
2

(
f (xk)

f ′(xk)

)2
)

, k ≥ 0,

xk+1 = zk −
f (zk)

f ′(xk)

f (xk)− (1/2) f (zk)

f (xk)− (5/2) f (zk)
,

(15)

and then, we replace the first derivative of this Newton-type method (15) as follows:⎧⎪⎪⎪⎨⎪⎪⎪⎩
zk = xk −

f (xk)

Appr

(
1 +

a
2

(
f (xk)

Appr

)2
)

, k ≥ 0,

xk+1 = zk −
f (zk)

Appr
f (xk)− (1/2) f (zk)

f (xk)− (5/2) f (zk)
,

(16)

where

Appr =
f (xk)− f (hk)

xk − hk
= f [xk, hk], hk = xk + β f (xk)

3, β ∈ R\{0}. (17)
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On the one hand, this iteration scheme is based on the Newton-type solver (15), while
on the other hand, it can lead to a Steffensen-type method (16) and could also be called a
Steffensen-type method. Writing Taylor series up to appropriate orders and making several
simplification, it is possible to derive the theorem below.

Theorem 1. Suppose that α ∈ D is a simple zero of the sufficiently differentiable smooth function
f : D ⊆ C→ C. As long as the initial guess x0 is selected close enough to α, then (16) converges
to α with fourth-order accuracy.

Proof. The proof is straightforward (and is similar to [27,29]). Let α be the simple root of
the function f . Assuming that f is adequately smooth, we expand f (xk) and its derivative
f ′(xk) in a Taylor series over α, leading to the following expressions:

f (xk) = f ′(α)
[
errk + l2err2

k + l3err3
k + l4err4

k + O(err5
k)
]
, (18)

and
Appr = f ′(α)

[
1 + 2l2errk + 3l3err2

k + 4l4err3
k + O(err4

k)
]
. (19)

In this context, the error term is represented as errk = xk − α, while the coefficients lk
are defined as

lk =
1
k!

f (k)(α)
f ′(α)

, k ≥ 2.

Inserting Equations (18) and (19) into (16), we arrive at the following:

zk = α + l2err2
k +
(
−a

2
− 2l2

2 + 2l3
)

err3
k −
(

l2

(
3a
2

+ β f ′(α)3 − 7l3

)
+ 4l3

2 + 3l4

)
err4

k + O(err5
k). (20)

Utilizing Equations (18)–(20), the corresponding error equation associated with (16) is
given by the following:

errk+1 = l2(a + l3)err4
k + O(err5

k). (21)

This concludes the proof by illustrating the fourth convergence order.

Our objective is to eliminate the asymptotic error constant, expressed as η = l2(a + l3).
To achieve this, the R-order can be enhanced by implementing the following transformation:

a = −l3. (22)

Since the exact location of the root is unknown, the direct application of relation (22)
is not feasible in its precise form. Therefore, an iterative approximation must be em-
ployed. This gives the improvement of a memory-enhanced variant of Newton’s scheme,
constructed using the following:

ak ≈ −l̄3, (23)

where l̄j ≈ lj. Consider the case where N3(t) represents the Newton interpolatory polyno-
mial of degree three, constructed from the four available approximates of the root xk, xk−1,
zk−1, hk−1 at the conclusion of every cycle. In this context, we introduce a novel method
with memory, as follows (PM1):⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

zk = xk −
f (xk)

Appr

(
1 +

ak
2

(
f (xk)

Appr

)2
)

, k ≥ 0,

xk+1 = zk −
f (zk)

Appr
f (xk)− 1/2 f (zk)

f (xk)− 5/2 f (zk)
,

ak = −((1/6)N′′′3 (xk)/N′3(xk)), k ≥ 1.

(24)
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It is important to note that the interpolating polynomial can be expressed in the
following form in the Wolfram Mathematica environment [30]:

data = {{x, fx}, {W, fW}, {Y, fY}, {X, fX}};

L[t_] := InterpolatingPolynomial[data, t] // Simplify;

a1[k] = (1/6) (L’’’[X]/L’[X]);

The speed enhancement for (24) relies on the introduction of a free nonzero parameter,
which is varied at each iteration. This parameter is computed via information from both
the current and previous iterations. Therefore, the method can be classified as one with
memory, as per Traub’s classification [8].

We now proceed to discuss the analytical aspects underlying our presented scheme,
defined in (24).

Theorem 2. Consider a function f (x) that is adequately smooth in the vicinity of its simple
zero, denoted by α. If an initial estimate x0 is chosen such that it lies adequately close to α, then
the iterative scheme (24) incorporating memory exhibits an R-order of convergence of no less
than 4.23607.

Proof. Suppose {xk} denotes the sequence of approximated roots obtained via (24). The
error equations for (24), with the self-accelerator a = ak, are given by the following:

ˆerrk = hk − α ∼ lk,1errk. (25)

˜errk = zk − α ∼ lk,2err2
k . (26)

errk+1 = xk+1 − α ∼ lk,4err4
k . (27)

A key distinction between our approach and previous methodologies, such as the
one presented in [28], lies in the treatment of the acceleration parameter. In prior works,
the acceleration was primarily implemented through modifications to the parameter β.
In contrast, our approach retains β as a fixed nonzero parameter while incorporating
a novel memorization mechanism applied to the new parameter a at the conclusion of
the first substep. This modification introduces an alternative acceleration strategy that
differs fundamentally from the conventional adjustments made solely to β. We derive the
following result:

l2(a + l3) ∼ errk−1. (28)

By substituting the expression for l2(a + l3) from (28) into (27), the following formula-
tion can be obtained:

errk+1 ∼ lk,4errk−1err4
k . (29)

It is possible to notice that, in general, the error equation takes the form errk+1 ∼ Aerrr
k,

where the parameters A and r must be determined. Consequently, it follows that
errk ∼ Aerrr

k−1, leading to the subsequent derivation:

errk−1 ∼ A−1/rerr1/r
k . (30)

From this, it is straightforward to obtain

errr
k ∼ A−1/rC err4+1/r

k , (31)

where C is a constant. This formulation ultimately leads to the equation

r = 4 +
1
r

, (32)
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which admits the following two possible solutions: {2−
√

5,
√

5 + 2}. Evidently, the value
r =

√
5 + 2 is the appropriate choice, establishing the R-order of convergence for the

memory-based method (24). This concludes the proof.

The enhancement of the R-order is attained without introducing any additional func-
tional evaluations, ensuring that the newly developed memory-based method maintains a
high TEI. This approach extends the existing scheme (16), effectively increasing the R-order
from 4 to

√
5 + 2. The procedure of the proposed solver is provided in the Flowchart

Figure 1.

Initialize x0, set parameters

Compute hk using Equation (21)

Compute zk using the first substep of Equation (24)

Compute xk+1 using the second substep of Equation (24)

Update ak using the last substep of Equation (24)

Convergence check

Stop, root found

Yes

No

Figure 1. Flowchart of the proposed memory-based solver.

The proposed acceleration scheme (24) is novel and effective, offering an improvement
in the speed, while requiring no further functional evaluations. This advantage sets it apart
from optimal two-step methods that lack memory.

193



Axioms 2025, 14, 387

Furthermore, it is worth mentioning that another formulation of the presented
memory-based scheme can be derived by employing a backward finite difference ap-
proximation at the initial stage of the first substep, coupled with a slight modification in
the acceleration parameters. In other words, we introduce an alternative memory-based
approach (PM2) that preserves the R-order of r =

√
5 + 2, which is formulated as follows

(only hk differs and Appr will not be changed compared to PM1):⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

hk = xk − β f (xk)
3,

zk = xk −
f (xk)

Appr

(
1 +

ak
2

(
f (xk)

Appr

)2
)

, k ≥ 0,

xk+1 = zk −
f (zk)

Appr
f (xk)− 1/2 f (zk)

f (xk)− 5/2 f (zk)
,

ak = −((1/6)N′′′3 (xk)/N′3(xk)), k ≥ 1.

(33)

Theorem 3. Consider a function f (x) that is adequately smooth in the vicinity of its simple
zero, denoted by α. If a starting estimate x0 is chosen such that it lies close enough to α, then
the solver (33) incorporating memory exhibits an R-order of convergence of no less than 4.23607.

Proof. Since the proof follows the same reasoning as Theorem 2, it is omitted for
brevity.

From one perspective, since β is a parameter that can assume either a positive or
negative sign, the order of convergence and the conditions required to achieve it remain
identical, as established in Theorems 2 and 3. However, in practical computations, the
choice of sign influences the magnitude of posterior error as well as round-off errors, which,
in turn, may lead to variations in the final numerical results. These differences will be
analyzed in Section 4.

The extension of the proposed techniques to the broader context of solving nonlinear
systems of equations F(x) = 0 may be systematically achieved by incorporating the
formal definition of divided difference operators (DDOs), thereby enabling the effective
treatment of these operators in the following manner. Specifically, the first-order DDO of
the vector-valued function F, evaluated at the pair of points x and y, can be formulated in a
component-wise fashion, described as follows:

[x, y; F]i,j =
Fi(x1, . . . , xj, yj+1, . . . , yn)− Fi(x1, . . . , xj−1, yj, . . . , yn)

xj − yj
, 1 ≤ i, j ≤ n. (34)

The expression under consideration represents a bounded linear operator that ful-
fills the identity [y, x; F](y − x) = F(y) − F(x). According to the result established by
Potra [31], a necessary and sufficient criterion exists for characterizing the divided differ-
ence operator through the framework of the Riemann integral; more specifically, if function
F adheres to the Lipschitz-type continuity condition

‖[x, y; F]− [u, v; F]‖ ≤ H(‖x− u‖+ ‖y− v‖).

It is worth mentioning that the work in [32] proposed a symmetric operator for the
second-order DDO, albeit at a higher computational expense compared to the first-order
DDO. Accordingly, it must be stated that the extension of the proposed solvers for a
nonlinear system is inefficient due to the load of computing DDO matrices. Because of this,
we restrict our investigation to the scalar case in which the proposed methods are efficient.
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4. Computational Aspects

The computational efficacy of various iteration solvers, both with and without memory,
could be systematically assessed by employing the definition of the TEI given in Section 1.
Based on this criterion, we obtain

TEI(3) ≈ 1.4142 < TEI(4) = TEI(5) ≈ 1.4422

< TEI(11) = TEI(16) ≈ 1.5874 < TEI(24) = TEI(33) ≈ 1.6180. (35)

We perform an evaluation and comparative analysis of different iterative schemes
for determining the simple roots of several nonlinear test functions. These experiments
are implemented in the Mathematica programming environment [33], utilizing multiple-
precision arithmetic with 5000-digit precision to accurately illustrate the high R-order
exhibited by both PM1 and PM2. The comparison is conducted among methods that
require the same number of functional evaluations per iterate.

In this section, the computational order of convergence is determined utilizing the
following relation [29,34,35]:

ζ =
ln | f (xk)

f (xk−1)
|

ln | f (xk−1)
f (xk−2)

|
. (36)

The obtained ζ value provides a reliable estimation of the theoretical order of conver-
gence, provided that the iterative method does not exhibit pathological behavior, such as
slow convergence in the initial iterations or oscillatory behavior of approximations.

Finally, the pieces of evidence of numerical comparisons for the selected experiments
are presented. These experiments were conducted using the stopping criterion set as
δ = 10−500. Additionally, a parameter β = a0 = 0.0001 was used when necessary to
fine-tune the iterative process, especially in cases where small initial approximations
were employed.

The selection of starting approximations is crucial for the convergence of iteration
solvers. A non-iterative method via numerical integration, known as the numerical inte-
gration method, was introduced for finding initial approximations [36]. This method uses
sigmoid-like functions such as tanh and arctan to approximate the root without requiring
derivative information.

Common criteria include checking the difference between successive approximations
as follows:

|xk − xk−1| < τ,

or evaluating the function value at the following approximation:

| f (xk)| < δ.

These criteria ensure that the iterative process terminates when the desired accuracy
is achieved or when further iterations are unlikely to improve the result.

Example 1 ([37]). We examine the nonlinear test within the domain D = [1.5, 2.5] below

f1(x) = (x3 − 8)(x− 2 tan(x)), (37)

utilizing an initial estimate of x0 = 1.9 and α = 2. The associated observations are provided in
Table 1.
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Table 1. Detailed comparative analysis of the results obtained for Example 1.

Solvers f (x1) f (x2) f (x3) f (x4) f (x5) ζ

NIM 1.20 2.22× 10−2 7.48× 10−6 8.46× 10−13 1.08× 10−26 2.00
OSM 2.64× 10−2 2.39× 10−12 1.60× 10−52 3.22× 10−213 5.26× 10−856 4.00
PM1 5.49× 10−2 4.22× 10−11 8.76× 10−50 1.25× 10−213 1.09× 10−907 4.23
PM2 3.33× 10−2 4.28× 10−12 5.66× 10−54 2.21× 10−231 6.85× 10−983 4.23

It is crucial to emphasize that when applying any root-finding algorithm exhibiting
local convergence, the careful selection of starting approximations is of paramount sig-
nificance. If the starting values lie sufficiently near to the desired zeros, the anticipated
(analytical) convergence order is observed in practice. Conversely, when the starting ap-
proximations are distant from the actual roots, iterative methods tend to exhibit slower
convergence, particularly in the early stages of the iterative process.

Example 2. Next, we analyze the performance of different iterative methods in determining the
complex root of the nonlinear problem

f2(x) = sin (x) +
1
x
+ x + (−1 + 2I), (38)

by initializing the procedure with x0 = 1.3− 2.3I, where the exact root is given by α � 0.2886−
1.2422I. The results for this scenario are presented in Table 2.

Table 2. Detailed comparative analysis of the results obtained for Example 2.

Solvers f (x1) f (x2) f (x3) f (x4) f (x5) ζ

NIM 2.13 0.93 0.04 1.20× 10−4 8.93× 10−10 2.00
OSM 0.76 1.98× 10−4 1.71× 10−18 9.53× 10−75 9.12× 10−300 4.00
PM1 1.03 7.86× 10−4 8.13× 10−17 9.95× 10−72 2.30× 10−304 4.23
PM2 0.95 5.63× 10−4 2.02× 10−17 2.72× 10−74 3.23× 10−315 4.23

A close inspection of Tables 1 and 2 clearly demonstrates that the root approximations
exhibit remarkable accuracy when the proposed memory-based method is employed.
Furthermore, the values from the fourth and fifth iterations, as reported in Tables 1 and 2,
are included solely to illustrate the convergence speed of the evaluated solvers. In most
practical applications, such additional iterations are generally unnecessary.

The numerical observations presented in Tables 1 and 2 illustrate the convergence
behavior of various iterative methods applied to solve nonlinear scalar equations. In
Example 1, the methods were tested on the function f1(x) within the domain D = [1.5, 2.5],
with a starting guess x0 = 1.9. The obtained results demonstrate that the OSM, the PM1,
and the PM2 exhibit significantly faster convergence rates compared to the NIM. Specifi-
cally, OSM, PM1, and PM2 attain highly accurate solutions within just five iterations, with
residual function values decreasing to approximately 10−856, 10−907, and 10−983, respec-
tively. Additionally, the convergence factor ζ confirms the expected order of convergence,
where NIM converges quadratically (ζ = 2.00), while OSM, PM1, and PM2 attain higher
convergence rates. The higher accuracy of PM1 and PM2 compared to OSM suggests the
effectiveness of approximations in accelerating convergence.

For the complex-valued nonlinear Equation f2(x) analyzed in Example 2, a similar
pattern emerges. The iterative methods were initialized at x0 = 1.3− 2.3I, targeting the
exact complex root α � 0.2886− 1.2422I. The numerical findings in Table 2 further confirm
the superiority of higher-order methods over NIM. OSM, PM1, and PM2 exhibit remarkably
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small residual function values in just five iterations, dropping to approximately 10−300,
10−304, and 10−315, respectively. Again, the order of convergence values, ζ ≈ 4.00 for OSM
and ζ ≈ 4.23 for PM1 and PM2, validate the high efficiency of these methods. Notably,
while NIM requires more iterations to reach a reasonable accuracy, the new approaches
maintain their superior convergence behavior, reinforcing their practical utility in solving
nonlinear problems with complex roots. For Example 2, we provide Figure 2, which shows
the history of convergence for another initial approximation through the comparison of
different methods.

Figure 2. Convergence histories for different methods under x0 = 1− 2I.

A value for parameter beta has been selected for numerical testing and it is better to
choose a small value in order to lead to larger attraction basins. However, based on the
structure of either PM1 or PM2, memorization has been done only on ak, which means that
there is no adaptation or acceleration based on β. This is because in hk = xk − β f (xk)

3,
there is a power of three for f (xk).

Moreover, the developed memory-based approaches (24) and (33) have been applied
to a range of test problems, consistently yielding results that align with the aforementioned
observations. Consequently, we can assert that the theoretical findings are well supported
by numerical tests, thereby affirming the robustness and high computational efficiency of
the proposed method.

5. Conclusions

Classical iteration solvers, such as Newton’s scheme, are widely employed due to
their quadratic convergence properties; however, their efficiency can be further enhanced
by incorporating memory, which exploits previously computed information to accelerate
convergence without increasing the number of function evaluations. In this article, we have
introduced a scheme with memory. The construction of this method leverages the existing
framework of Newton’s method while incorporating memory to improve the convergence
properties. Theoretical analysis confirms that the presented scheme achieves a higher
R-order of convergence compared to the original two-point solver, without increasing the
computational cost in terms of functional evaluations. Numerical experiments further
validate the efficiency and robustness of the method, demonstrating its superiority in terms
of convergence speed and accuracy.

The success of the proposed solver with memory provides some avenues for future
works. Firstly, the extension of this approach to other families of iteration solvers, such as
Halley’s or Chebyshev’s schemes, could be explored to further enhance their convergence
properties. Secondly, the application of the method with memory to systems of nonlinear
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equations is a promising direction. Additionally, the development of hybrid methods
that combine memory-based techniques with other acceleration strategies, such as weight
functions or parameter optimization, could lead to even more efficient algorithms.
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Abstract: In this paper, we employ interpolation and projection methodologies to estab-
lish a superconvergence outcome for the Stokes problem, as approximated by the mixed
finite element method (FEM) utilizing Bernstein polynomial basis functions. It is widely
recognized that the convergence rate of the FEM in the L2-norm is O(hm+1). However, this
paper presents an innovative superconvergence result: specifically, in terms of the L2-norm,
the error convergence rate between the mixed finite element approximate solution and
the local projection is O(hm+2), with m denoting the order of the Bernstein polynomial
basis function.

Keywords: superconvergence; mixed finite element method; Stokes problem; error estimate;
Bernstein polynomials

MSC: 65D17; 65M60

1. Introduction

With the development of engineering mechanics and computers, FEM [1–3] has be-
come an important tool to solve partial differential equations (PDEs) [4–6], and the accuracy
requirement of finite element numerical solutions is also increasing. So, how to further
improve the accuracy of finite element solutions has become an increasingly significant
research topic. The following are some commonly used methods, including increasing the
number of calculation iterations, selecting an appropriate mesh size, determining suitable
basis functions, and using the superconvergence of finite element solutions. Additionally,
the meshless method [7,8] has been proposed as an effective approach to mitigate issues
related to meshing. Now, the superconvergence of finite element solutions has become
an important study area [9–11]. Superconvergence is the use of simple post-processing
techniques such as interpolation and weighted averaging to significantly improve the
approximation accuracy of finite element solutions without increasing the amount of calcu-
lation. In this paper, our main purpose is to verify the superconvergence result of a Stokes
problem by using an interpolation method.

Superconvergence analysis offers significant advantages in enhancing computational
accuracy, streamlining the calculation process, and bolstering flexibility and adaptability,
providing it important application value for solving a wide range of complex problems.
In practical application, the study of superconvergence can help us to improve the ac-
curacy of finite element solutions, thereby more accurately simulating the behavior of
complex systems, which has important research value in Structural Mechanics [12,13],
Telecommunication Technology [14–16], Physics [17,18], and other fields [19–21].

Axioms 2025, 14, 168 https://doi.org/10.3390/axioms14030168
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Since the 1970s, many experts have conducted extensive research on the phenomenon
of superconvergence analysis [22–25]. In 1973, Douglas and Dupont [26] proved the
superconvergence of finite element solutions of two-point boundary value problems by
local projection. In 1985, Douglas and Robert [27] proved the superconvergence of linear
elliptic boundary value problems by using the kernel average method. In 1999, Ewing
et al. [28] established the superconvergence results of approximate solutions of second-
order elliptic equations by using the mixed FEM on quadrilateral elements. In 2002,
Ewing et al. [29] obtained the superconvergence of numerical solutions of elliptic problems
by using a Raviart–Thomas mixed FEM on rectangular elements. In 2009, Chen and
Dai [30] proved the superconvergence of the optimal control problem for semilinear elliptic
equations. In 2012, Shi et al. [31] used interpolation post-processing technology to derive
the convergence and superconvergence results of a Signorini problem. In 2024, Shi and
Zhang [32] obtained superconvergence results of nonlinear parabolic integro-differential
equations via interpolation post-processing technology.

The Bernstein polynomial basis function was put forward by Sergei Natanovich
Bernstein [33] in 1912, which was used to study the properties of piecewise curves. In
recent years, the research on Bernstein polynomials has achieved remarkable progress, and
many scholars have strongly promoted it. For example, the introduction of new forms such
as the λ-Bernstein polynomial and α-Bernstein polynomial not only enriches the theoretical
framework of the Bernstein polynomial but also greatly expands its application scope in
practical problems.

In 2010, Ye et al. [34] proposed a set of new Bézier basis functions with shape pa-
rameter λ, which provided a flexible framework for curve and surface modeling. In 2018,
Cai et al. [35] popularized the Bernstein operator, which enhanced the flexibility of the
λ-Bézier basis function in approximation problems and provided better tools for various
approximation tasks. In the same year, Hu et al. [36] constructed a generalized developable
Bézier surface whose shape parameters can be adjusted and realized various geometric
configurations, which further verified the practical application value of the λ-Bézier basis
function. In the field of approximation theory, in 1965, Schurer [37] introduced a non-
negative integer into the classical Bernstein basis and put forward the Schurer operator,
which laid the foundation for subsequent research. In 2018, Yilmaz et al. [38] introduced
the generalized Baskakov–Schurer–Szász operator, which significantly improved the ap-
proximation performance by retaining the exponential function characteristics. In 2023,
Ayman-Mursaleen et al. [39] incorporated the shape parameter α into the Bernstein–Schurer
operator, which further improved its uniform approximation ability. In this paper, our
objective is to establish the superconvergence results of finite element solutions for Stokes
equations by utilizing interpolation and post-processing techniques with Bernstein tensor
product polynomials on rectangular domains.

This paper is organized as follows. In Section 2, we review the content of the Stokes
equation and mixed FEM. In Section 3, we establish a basic framework of superconver-
gence analysis. In Section 4, we demonstrate some superconvergence results for mixed
finite elements. In Section 5, we use a numerical example to verify the correctness and
feasibility of the theory. In Section 6, we formulate the conclusion and consider prospects
for future work.

2. Review the Stokes Problem and Mixed FEM

Now we consider the Stokes equation with homogeneous Dirichlet boundary condi-
tions. Let Ω be an open bounded set on Rd(d = 2, 3) with Lipschitz continuous boundary.
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⎧⎪⎪⎨⎪⎪⎩
−∇ ·T(u, p) = f, in Ω,

∇ · u = 0, in Ω,

u = 0, in ∂Ω,

(1)

where f ∈ L2(Ω)d represents the unit external volumetric force acting on the fluid,
u ∈ H1(Ω)d is the velocity vector, p ∈ L2(Ω) refers to fluid pressure, T(u, p) = 2νD(u)− pI
is stress tensor, and ν > 0 is a given constant representing the viscosity coefficient of the
fluid; in more detail, the symmetric velocity gradient can be written as

D(u) =

⎛⎝ ∂u1
∂x

1
2

(
∂u1
∂y + ∂u2

∂x

)
1
2

(
∂u1
∂y + ∂u2

∂x

)
∂u2
∂y

⎞⎠. (2)

In this paper, we assume d = 2, ν = 1. We set ν = 1 merely for the convenience of the
proof, which does not affect the generality and validity of the final results.

Define a Sobolev space as follows U = H1(Ω)× H1(Ω) with the norm

‖u‖U =
(
‖u‖2

0 + ‖∇ · u‖2
0

) 1
2 . (3)

Let W = L2
0(Ω) be the space of functions in L2(Ω) with mean value zero.

The variational form of Equation (1) finds (u; p) ∈ (H1)2 ×W, satisfying

a(u, v)− b(v, p) = (f, v), ∀ v ∈ (H1
0)

2,

b(u, q) = 0, ∀ q ∈W,
(4)

where
a(u, v) =

∫
Ω

2D(u) : D(v) dxdy,

b(u, q) = (∇ · u, q) =
∫

Ω
∇ · u qdxdy,

(5)

here,
D(u) : D(v)

=
∂u1

∂x
∂v1

∂x
+

∂u2

∂y
∂v2

∂y
+

1
2

∂u1

∂y
∂v1

∂y
+

1
2

∂u1

∂y
∂v2

∂x
+

1
2

∂u2

∂x
∂v1

∂y
+

1
2

∂u2

∂x
∂v2

∂x
.

(6)

and fulfills the following continuity conditions on page 57 of [40]

a(u, v) ≤ ‖u‖U‖v‖U, ∀u, v ∈ U,

b(v, q) ≤ ‖v‖U‖q‖0, ∀v ∈ U, ∀q ∈W.
(7)

Let Uh ⊂ U and Wh ⊂ W be any two finite element spaces for velocity u and pressure
p, respectively. In order to generate a locally finite-dimensional space Uh and Wh, we first
introduce the one-dimensional Bernstein polynomial basis functions.

Definition 1. Bernstein polynomial basis of degree n is defined by

Bn
i (x) =

(
n
i

)
xi(1− x)n−i, i = 1, 2, · · · , n, (8)

where (n
i ) = n!

i!(n−i)! , i = 0, 1, · · · , n. For simplicity, when i < 0 or i > n, let Bn
i (x) = 0,

x ∈ [0, 1].
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Then, we divide the bounded region Ω into finite uniform rectangles e and remember
the division as Th = {e}. Later, in order to construct the shape function on the local element,
we take any element e on Th and set its vertexes as Pi,j(xi, yj), Pi+1,j(xi+1, yj), Pi,j+1(xi, yj+1),
Pi+1,j+1(xi+1, yj+1), as shown in Figure 1.

e

P
i,j P

i+1,j

P
i+1,j+1

P
i,j+1

Figure 1. Element mesh on subdivision Th.

In this paper, we choose m× n tensor product Bernstein polynomial function Bm,n
i,j

as basis function for the finite element space; here, m and n are both positive integers.
Bernstein polynomial basis functions of tensor-product type are generated from Equation (8)
by making a tensor.

Definition 2. A tensor-product-type Bernstein polynomial basis of m× n degree is in the reference
element [0, 1]× [0, 1] defined by

Bm,n
i,j (s, τ) = Bm

i (s)Bn
j (τ), i = 0, 1, . . . , m, j = 0, 1, . . . , n. (9)

Let s̄ = (b− a)s + a, τ̄ = (d− c)τ + c, where s̄ ∈ [a, b], τ̄ ∈ [c, d] and where [a, b] and
[c, d], respectively, refer to any closed interval. We obtain the Bernstein polynomial basis
function of tensor product type on any element

Bm,n
i,j (s̄, τ̄) = Bm

i (
s̄− a

b− a
)Bn

j (
τ̄ − c

d− c
), i = 0, 1, . . . , m, j = 0, 1, . . . , n. (10)

Subsequently, complete affine transformation; let s = x−xi
h1

, τ =
y−yj

h2
, where h1 and h2

refer to the grid size in the x direction and the y direction respectively. So, we obtain the
shape function on the local element e

Bm,n
i,j (x, y) = Bm

i
( x− xi

h1

)
Bn

j
(y− yj

h2

)
, i = 0, 1, . . . , m, j = 0, 1, . . . , n. (11)

It should be noted that, in order to satisfy the inf-sup condition on page 342 of [40],
the polynomial degree in Wh must be at least one order lower than that in Uh. Assume that
the polynomial space Uh consists of Pk for k ≥ 2, which contains polynomials of degree no
more than k, and Wh is composed of Pk−1.

From Equation (11), the following finite-dimensional space can be obtained:

Uh = {u ∈ U, u|e ∈ span{{Bm,m
i,j } × {B

m,m
i,j }}, e ∈ Th},

Wh = {w ∈W, w|e ∈ span{Bm−1,m−1
i,j }, e ∈ Th}.

(12)

where e is any rectangle element in Th; h and l represent the degree of x and y in Wh,
respectively. Define Uh0 = {u ∈ Uh, u = 0 on ∂Ω}.
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Then, the discrete scheme of Equation (4) is provided by uh ∈ Uh and ph ∈ Wh,
satisfying

a(uh, v)− b(v, ph) = (f, v), ∀ v ∈ Uh0,

b(uh, q) = 0, ∀ q ∈Wh.
(13)

It is known that Equation (13) satisfies the inf-sup condition, which can be verified by
using a projection operator πh : U→ Uh that satisfies

(∇ · (u− πhu), q) = 0, ∀ q ∈Wh. (14)

For any sufficiently smooth vector-valued function u ∈ U, e ∈ Th, we define its local
projection πeu ∈ Uh, which satisfies the following equations:∫

�i

(u− πeu) · niφds = 0, φ ∈ Pm−2(�i), i = 1, 2, 3, 4,∫
e
(u− πeu) ·ψdxdy = 0, ψ ∈ Bm−2,m−2

i,j ×Bm−2,m−2
i,j ,

(15)

where �i, (i = 1, 2, 3, 4) represents the edges of the element e.
Next, we use local projection operator πe to define global projection operator πh :

U→ Uh

(πhu) (x, y) = πeu(x, y) ∀(x, y) ∈ e, e ∈ Th, (16)

which satisfies Formula (14). Furthermore, πh can be written in the form of two components
as follows:

πhu = (π1u1, π2u2), (17)

among them, π1 and π2 are independent of each other.
Lastly, define the L2 projection Ph : W →Wh.

3. A General Framework for Superconvergence

In order to prove superconvergence analysis, we first provide a theorem to describe
the error estimation between projection and approximate solution.

Theorem 1. Assume (u; p) ∈ (H1)2 × L2
0 is the solution of Equation (4). Let (uh; ph) ∈

Uh ×Wh solve Equation (13). Let

eh = uh − πhu; ξh = ph −Ph p. (18)

If there exists a constant M = M(u, p) and parameter s satisfying

sup
v∈Uh0

a((u− πhu), v)

‖v‖U
≤ M(u, p)hm+s, (19)

then there will be a constant C that is independent of h such that

‖eh‖0 + ‖ξh‖0 ≤ CM(u, p)hm+s. (20)

Proof. Subtract Equation (13) from Equation (4) and we obtain the error equation

a(u− uh, v)− b(v, p− ph) = 0, ∀ v ∈ Uh0,

b(u− uh, q) = 0, ∀ q ∈Wh.
(21)
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So, we have

a(uh − πhu, v)− b(v, ph −Ph p) = a(u− πhu, v)− b(v, p−Ph p), ∀ v ∈ Uh0,

b(u− πhu, q) + b(πhu− uh, q) = 0, ∀ q ∈Wh.
(22)

Based on the definition of L2 projection and Equation (14), substituting Equation (18)
into the above equation yields

a(eh, v)− b(v, ξh) = a(u− πhu, v), ∀ v ∈ Uh0,

b(eh, q) = 0, ∀ q ∈Wh.
(23)

From the second equation of Equation (23), we find that ∇ · eh = 0. In the first
equation of Equation (23), by taking v = eh, and, in the second equation, taking q = ξh,
then we have

a(eh, eh) = a(u− πhu, eh). (24)

From condition (19) and ∇ · eh = 0, it can be inferred that

a(eh, eh) ≤ CM(u, p)hm+s‖eh‖0, (25)

so,
‖eh‖0 ≤ Chm+s M(u, p). (26)

Then, now we estimate the L2-norm of ξh. From the inf-sup condition and continuity
condition, we arrive at

‖ξh‖0 ≤ C sup
v∈Uh0

b(v, ξh)

‖v‖U

= C sup
v∈Uh0

b(v, ph − p)
‖v‖U

= C sup
v∈Uh0

a(v, uh − u)

‖v‖U

= C sup
v∈Uh0

a(v, uh − πhu) + a(v, πhu− u)

‖v‖U

≤ C sup
v∈Uh0

a(v, u− πhu)

‖v‖U
+ C‖uh − πhu‖0

≤ Chm+s M(u, p).

(27)

This completes the proof.

4. Main Results of Superconvergence

Theorem 1 shows that, if a corresponding estimate in bilinear form A(v) = a((u−
πhu), v) is established in a mixed finite element space Uh0, superconvergence will be
guaranteed. In this section, we divide A(v) into six parts and verify error estimates
separately, ultimately achieving the desired superconvergence result.

Let us introduce some short-hand notation for partial derivatives, the multi-index
notation. A multi-index, α, is an n-tuple of non-negative integers, αi. The length of α is
provided by

|α| :=
n

∑
i=1

αi. (28)
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For φ ∈ C∞, denote by

Dαφ = (
∂

∂x1
)α1 · · · ( ∂

∂xn
)αn φ. (29)

First, let us review the definition of the norm in Sobolev spaces. Denote the seminorm
and the norm in the Sobolev space Wk,r(Ω) with integer k ≥ 0 and real number r ≥ 1 by

|u|k,r;Ω = ∑
|α|=k
‖Dαu‖Lr , ‖u‖k,r;Ω =

k

∑
j=0
|u|j,r;Ω.

And, define the seminorm of any piecewise polynomial q with

|q|k,r,h = ∑
|α|=k

(
∑

e∈Th

‖Dαq‖r
Lr(e)

)1/r

.

Let σ be any smooth vector-valued function on a rectangular element e and satisfy the
following system: ∫

�i

σdy = 0, i = 1, 2, 3, 4,∫
e

xjσdxdy = 0, 0 ≤ j ≤ λ− 1.
(30)

We introduce σ to facilitate the estimation of the following components. Therefore,
the following lemma holds.

Lemma 1 ([29]). Let �1, �3 be two vertical sides of element e = [xi, xi+1] × [yj, yj+1],
2he = xi+1 − xi is the length of �2, and �4, (xe, ye) is the center of e, E(x) = (x − xe)2 − h2

e .
Then, for any integer k ≤ λ + 1, we have

∫
e
(x− xe)

kσdxdy =
(−1)kk!
(2k + 2)!

∫
e

Ek+1(x)∂k+2
x σdxdy. (31)

For the bilinear form A(v) = a((u− πhu), v), where v = (v1, v2), we can write the
bilinear form A(v) as six components

A(v) =
[
2(∂x(u1 − π1u1), ∂xv1) + (∂y(u1 − π1u1), ∂yv1)

]
+
[
2(∂y(u2 − π2u2), ∂yv2)

+ (∂x(u2 − π2u2), ∂xv2)
]
+ (∂x(u2 − π2u2), ∂yv1) + (∂y(u1 − π1u1), ∂xv2)

= ∑
e∈Th

(
2(∂x(u1 − π1u1), ∂xv1)

)
e + ∑

e∈Th

(
(∂y(u1 − π1u1), ∂yv1)

)
e

+ ∑
e∈Th

(
2(∂y(u2 − π2u2), ∂yv2)

)
e + ∑

e∈Th

(
(∂x(u2 − π2u2), ∂xv2)

)
e

+ ∑
e∈Th

(∂x(u2 − π2u2), ∂yv1)e + ∑
e∈Th

(∂y(u1 − π1u1), ∂xv2)e

= A1 +A2 +A3 +A4 +A5 +A6.

(32)

Next, we will begin to estimate the six components of the bilinear form.

Lemma 2. For any integer m ≥ 1 and a sufficiently smooth function u1 on the rectangular element
e, let v1 be a polynomial with degree of x and y no more than m and v2 be any sufficiently smooth
function on e. Then, there will be an area integral J1,e on e, and J1,e satisfies(

2(∂x(u1 − π1u1), ∂xv1)
)

e

= J1,e −
(−1)m

(2m)!
(
∫
�2

−
∫
�4

)Fm(y)∂x∂m+1
y u1∂m−1

y v1(x, ye)dy,
(33)
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and follows the estimate

|J1,e| ≤
2(−1)mk2m

e
(2m)!

[
|u1|m+3,α;e|v1|m−1,β;e + ke|u1|m+3,α;e|v1|2,β;e

+
k2

e
(2m + 1)(2m + 2)

|u1|m+3,α;e|v1|2,β;e

]
,

(34)

where α and β are a pair of conjugate numbers and satisfy 1
α + 1

β = 1, α, β ≥ 1.

Proof. Firstly, Taylor of v1 at y = ye is expanded as follows

(v1)x =
m

∑
i=0

1
i!
(y− ye)

i∂x∂i
yv1(x, ye), (35)

we divide (v1)x into two parts, i ≤ m− 2 and i = m− 1, m, and then

2(∂x(u1 − π1u1), ∂xv1)e = 2
∫

e
(u1 − π1u1)x

m

∑
i=0

1
i!
(y− ye)

i∂x∂i
yv1(x, ye)dxdy

= 2
∫

e
(u1 − π1u1)x

m−2

∑
i=0

1
i!
(y− ye)

i∂x∂i
yv1(x, ye)dxdy

+ 2
∫

e
(u1 − π1u1)x

1
m− 1!

(y− ye)
m−1∂x∂m−1

y v1(x, ye)dxdy

+ 2
∫

e
(u1 − π1u1)x

1
m!

(y− ye)
m∂x∂m

y v1(x, ye)dxdy.

(36)

We first analyze the first one on the right side of the above formula. According to the
definition of projection operator πe, u1 − π1u1 is orthogonal to Bernstein polynomial space
Uh(m− 2, m− 2); therefore,

2
∫

e
(u1 − π1u1)x

m−2

∑
i=0

1
i!
(y− ye)

i∂x∂i
yv1(x, ye)dxdy

= (
∫
�2

−
∫
�4

)2(u1 − π1u1)
m−2

∑
i=0

1
i!
(y− ye)

i∂x∂i
yv1(x, ye)dy

− 2
∫

e
(u1 − π1u1)

m−2

∑
i=0

1
i!
(y− ye)

i∂2
x∂i

yv1(x, ye)dxdy

= 0.

(37)

When i = m− 1, m,

1
m− 1!

(y− ye)
m−1 =

1
2m!

(Fm(y))(m+1) + H1(y), H1(y) ∈ Pm−3(y),

1
m!

(y− ye)
m =

1
(2m + 2)!

(Fm+1(y))(m+2) + H2(y), H2(y) ∈ Pm−2(y),
(38)

then, by the definition of interpolation function and the above formula, we have

2
∫

e
(u1 − π1u1)x

1
m− 1!

(y− ye)
m−1∂x∂m−1

y v1(x, ye)dxdy

+ 2
∫

e
(u1 − π1u1)x

1
m!

(y− ye)
m∂x∂m

y v1(x, ye)dxdy

=
2

2m!

∫
e

(
(Fm(y))(m+1) + H1(y))(u1 − π1u1)x∂x∂m−1

y v1(x, ye
)
dxdy

+
2

(2m + 2)!

∫
e

(
(Fm+1(y))(m+2) + H2(y))(u1 − π1u1)x∂x∂m

y v1(x, ye
)
dxdy

(39)
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=
2

2m!
(
∫
�1

−
∫
�3

)(u1 − π1u1)x(Fm(y))(m)∂x∂m−1
y v1(x, ye

)
dx

− 2
2m!

∫
e
(u1 − π1u1)xy(Fm(y))(m)∂x∂m−1

y v1(x, ye
)
dxdy

+
2

(2m + 2)!
(
∫
�1

−
∫
�3

)(u1 − π1u1)x(Fm+1(y))(m+1)∂x∂m
y v1(x, ye

)
dx

− 2
(2m + 2)!

∫
e
(u1 − π1u1)xy(Fm+1(y))(m+1)∂x∂m

y v1(x, ye
)
dxdy.

(40)

Because (Fm(y))(k1) = 0, k1 ≤ m− 1 and (Fm+1(y))(k2) = 0, k2 ≤ m, from the defini-
tion of interpolation function and partial integration,

2
∫

e
(u1 − π1u1)x

1
m− 1!

(y− ye)
m−1∂x∂m−1

y v1(x, ye)dxdy

+ 2
∫

e
(u1 − π1u1)x

1
m!

(y− ye)
m∂x∂m

y v1(x, ye)dxdy

=
2(−1)m+1

(2m)!

∫
Fm(y)∂x∂m+1

y u1∂x∂m−1
y v1(x, ye)dxdy

+
2(−1)m+1

(2m + 2)!

∫
(Fm+1)

′
(y)∂x∂m+1

y u1∂x∂m
y v1(x, ye)dxdy

= −2(−1)m

(2m)!
(
∫
�2

−
∫
�4

)Fm(y)∂x∂m+1
y u1∂m−1

y v1(x, ye)dy

+
2(−1)m

(2m)!

∫
e

Fm(y)∂2
x∂m+1

y u1∂m−1
y v1(x, ye)dxdy

− 2(−1)m+1

(2m + 2)!

∫
Fm+1(y)∂x∂m+2

y u1∂x∂m
y v1dxdy

= I1 + I2 + I3.

(41)

Since ∂m−1
y v1(x, y) is linear with respect to y, ∂m−1

y v1(x, ye) = ∂m−1
y v1(x, y) + (ye −

y)∂m
y v1(x, y),

I2 =
2(−1)m

(2m)!

∫
e

Fm(y)∂2
x∂m+1

y u1
(
∂m−1

y v1(x, y) + (ye − y)∂m
y v1(x, y)

)
dxdy

=
2(−1)m

(2m)!

∫
e

Fm(y)∂2
x∂m+1

y u1∂m−1
y v1dxdy +

2(−1)m

(2m)!

∫
e

Fm(y)∂2
x∂m+1

y u1(ye − y)∂m
y v1dxdy

(42)

Let J1,e represent the sum of the above area integrals, i.e.,

J1,e =
2(−1)m

(2m)!

∫
e

Fm(y)∂2
x∂m+1

y u1∂m−1
y v1dxdy +

2(−1)m

(2m)!

∫
e

Fm(y)∂2
x∂m+1

y u1(ye − y)∂m
y v1dxdy

+
2(−1)m

(2m + 2)!

∫
e

Fm+1(y)∂x∂m+2
y u1∂x∂m

y v1dxdy,
(43)

so, we yield (
2(∂x(u1 − π1u1), ∂xv1)

)
e

= J1,e −
2(−1)m

(2m)!
(
∫
�2

−
∫
�4

)Fm(y)∂x∂m+1
y u1∂m−1

y v1(x, ye)dy.
(44)

Then, we estimate the sum J1,e of the area integrals. Because (xe, ye) is the center of the
rectangle element e, there is |y− ye| ≤ ke,⇒ |F(y)| = |(y− ye)2 − k2

e | ≤ k2
e . Subsequently,

we use the Hölder inequality, yielding
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|J1,e| ≤
2(−1)mk2m

e
(2m)!

[
|u1|m+3,α;e|v1|m−1,β;e + ke|u1|m+3,α;e|v1|2,β;e

+
k2

e
(2m + 1)(2m + 2)

|u1|m+3,α;e|v1|2,β;e

]
.

(45)

Thus, we have completed the derivation of Lemma 2.

Lemma 3. For any integer m ≥ 1 and a sufficiently smooth function u2 on the rectangular element
e, let v2 be a polynomial with degree of x and y no more than m on e. Then, there will be an area
integral J2,e on e that satisfies(

(∂x(u2 − π2u2), ∂xv1)
)

e

= J2,e −
(−1)m

(2m)!
(
∫
�2

−
∫
�4

)Fm(y)∂x∂m+1
y u2∂m−1

y v2(x, ye)dy,
(46)

and follows the estimate

|J2,e| ≤
(−1)mk2m

e
(2m)!

[
|u2|m+3,α;e|v2|m−1,β;e + ke|u2|m+3,α;e|v2|2,β;e

+
k2

e
(2m + 1)(2m + 2)

|u2|m+3,α;e|v2|2,β;e

]
.

(47)

where α and β are a pair of conjugate numbers and satisfy 1
α + 1

β = 1, α, β ≥ 1.

The proof of Lemma 3 is similar to Lemma 2, so we omit the detailed proof here.

Lemma 4. For any integer n ≥ 1 and a sufficiently smooth function u1 on the rectangular element
e, let v1 be a polynomial with degree of x and y no more than m on e. Then, there will be an area
integral J3,e on e, and J3,e satisfies(

(∂y(u1 − π1u1), ∂yv1)
)

e

= J3,e +
(−1)m

2m!
(
∫
�1

−
∫
�3

)Em(x)∂m+1
x u1∂2

y∂m
x v1dx

+
(−1)m

2m!(2m + 2)
(
∫
�1

−
∫
�3

)Em+1(x)∂m+2
x u1∂y∂m

x v1dx

− (−1)m

2m!(2m + 2)
(
∫
�2

−
∫
�4

)Em+1(x)∂m+1
x u1∂2

y∂m
x v1dy

+
(−1)m

(2m + 2)!
(
∫
�1

−
∫
�3

)Em+1(x)∂m+2
x u1∂y∂m

x v1dx,

(48)

and follows the estimate

|J3,e| ≤
(−1)mh2m

e
(2m)!

[
|u1|m+2,α;e|v1|m,β;e +

1
2m + 2

|u1|m+3,α;e|v1|2,β;e

+
h2

e
(2m + 2)(2m + 1)

|u1|m+3,α;e|v1|2,β;e

]
,

(49)

Proof. Expand v1 in a Taylor series at x = xe,

v1 =
m

∑
i=0

1
i!
(x− xe)

i∂i
xv1(xe, y). (50)
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Therefore, (
(∂y(u1 − π1u1), ∂yv1)

)
e

=
∫

e
(u1 − π1u1)y

m

∑
i=0

1
i!
(x− xe)

i∂y∂i
xv1(xe, y)dxdy

= (
∫
�1

−
∫
�3

)(u1 − π1u1)
m

∑
i=0

1
i!
(x− xe)

i∂y∂i
xv1(xe, y)dx

−
∫

e
(u1 − π1u1)

m

∑
i=0

1
i!
(x− xe)

i∂2
y∂i

xv1(xe, y)dxdy

= −
∫

e
(u1 − π1u1)

m

∑
i=0

1
i!
(x− xe)∂

2
y∂i

xv1(xe, y)dxdy,

(51)

By the definition of interpolation functions, we can obtain(
(∂y(u1 − π1u1), ∂yv1)

)
e

= −
∫

e
(u1 − π1u1)

1
(m− 1)!

(x− xe)
m−1∂2

y∂m−1
x v1(xe, y)dxdy

−
∫

e
(u1 − π1u1)

1
m!

(x− xe)
m∂2

y∂m
x v1(xe, y)dxdy

= I4 + I5.

(52)

We first discuss I4. Let σ1 = (u1 − π1u1)∂
2
y∂m−1

x v1(xe, y), and then we use Lemma 1
to obtain

I4 =
(−1)m

(2m)!

∫
e

Em(x)∂m+1
x u1∂2

y∂m−1
x v1(xe, y)dxdy

=
(−1)m

(2m)!

∫
e

Em(x)∂m+1
x u1∂2

y
(
∂m−1

x v1 + (xe − x)∂m
x v1
)
dxdy

=
(−1)m

(2m)!

∫
e

Em(x)∂m+1
x u1∂2

y∂m−1
x v1dxdy +

(−1)m

(2m)!

∫
e
(xe − x)Em(x)∂m+1

x u1∂2
y∂m

x v1dxdy

=
(−1)m

(2m)!
(
∫
�1

−
∫
�3

)Em(x)∂m+1
x u1∂y∂m−1

x v1dx− (−1)m

(2m)!
(
∫
�1

−
∫
�3

)Em(x)∂y∂m+1
x u1∂m−1

x v1dx

− (−1)m

(2m)!

∫
e

Em(x)∂y∂m+1
x u1∂y∂m−1

x v1dxdy +
(−1)m

(2m)!

∫
e
(xe − x)Em(x)∂m+1

x u1∂2
y∂m

x v1dxdy,

(53)

due to (x− xe)Em(x) = 1
2m+2 ∂xEm+1(x),

I4 =
(−1)m

(2m)!
(
∫
�1

−
∫
�3

)Em(x)∂m+1
x u1∂y∂m−1

x v1dx− (−1)m

(2m)!

∫
e

Em(x)∂y∂m+1
x u1∂y∂m−1

x v1dxdy

− (−1)m

(2m)!(2m + 2)
(
∫
�2

−
∫
�4

)Em+1(x)∂m+1
x u1∂2

y∂m
x v1dy− (−1)m

(2m)!(2m + 2)

∫
e

Em+1(x)∂m+2
x ∂yu1∂m

x v1dxdy

+
(−1)m

(2m)!(2m + 2)
(
∫
�1

−
∫
�3

)Em+1(x)∂m+2
x u1∂y∂m

x v1dx.

(54)

Next, we analyze I5 in a similar way.

I5 =
(−1)m

(2m + 2)!
(
∫
�1

−
∫
�3

)Em+1(x)∂m+2
x u1∂y∂m

x v1dx− (−1)m

(2m + 2)!

∫
e

Em+1(x)∂y∂m+2
x u1∂y∂m

x v1dxdy. (55)
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And let J3,e represent the sum of all the above areas.

J3,e = −
(−1)m

(2m)!

∫
e

Em(x)∂y∂m+1
x u1∂y∂m−1

x v1dxdy

− (−1)m

(2m)!(2m + 2)

∫
e

Em+1(x)∂m+2
x ∂yu1∂m

x v1dxdy

− (−1)m

(2m + 2)!

∫
e

Em+1(x)∂y∂m+2
x u1∂y∂m

x v1dxdy.

(56)

So, from the above deduction, we can see that(
(∂y(u1 − π1u1), ∂yv1)

)
e

= J3,e +
(−1)m

2m!
(
∫
�1

−
∫
�3

)Em(x)∂m+1
x u1∂2

y∂m
x v1dx

+
(−1)m

2m!(2m + 2)
(
∫
�1

−
∫
�3

)Em+1(x)∂m+2
x u1∂y∂m

x v1dx

− (−1)m

2m!(2m + 2)
(
∫
�2

−
∫
�4

)Em+1(x)∂m+1
x u1∂2

y∂m
x v1dy

+
(−1)m

(2m + 2)!
(
∫
�1

−
∫
�3

)Em+1(x)∂m+2
x u1∂y∂m

x v1dx.

(57)

Next, we estimate the sum J3,e of all surface integrals. Considering that (xe, ye) serves
as the center of the rectangular element e, there is |x− xe| ≤ he,⇒ |E(x)| = |(x− xe)2 −
h2

e | ≤ h2
e . Following this, by invoking the Hölder inequality,

|J3,e| ≤
(−1)mh2m

e
(2m)!

[
|u1|m+2,α;e|v1|m,β;e +

1
2m + 2

|u1|m+3,α;e|v1|2,β;e

+
h2

e
(2m + 2)(2m + 1)

|u1|m+3,α;e|v1|2,β;e

]
.

(58)

So far, we have completed the proof of Lemma 4.

Lemma 5. For any integer m ≥ 1 and a sufficiently smooth function u2 on the rectangular element
e, let v2 be a polynomial with degree of x and y no more than m on e. Then, there will be an area
integral J4,e on e that satisfies(

2(∂y(u2 − π2u2), ∂yv2)
)

e

= J4,e +
2(−1)m

2m!
(
∫
�1

−
∫
�3

)Em(x)∂m+1
x u2∂2

y∂m
x v2dx

+
(−1)m

2m!(m + 1)
(
∫
�1

−
∫
�3

)Em+1(x)∂m+2
x u2∂y∂m

x v2dx

− (−1)m

2m!(m + 1)
(
∫
�2

−
∫
�4

)Em+1(x)∂m+1
x u2∂2

y∂m
x v2dy

+
2(−1)m

(2m + 2)!
(
∫
�1

−
∫
�3

)Em+1(x)∂m+2
x u2∂y∂m

x v2dx,

(59)

and follows the estimate

|J4,e| ≤
2(−1)mh2m

e
(2m)!

[
|u2|m+2,α;e|v2|m,β;e +

1
2m + 2

|u2|m+3,α;e|v2|2,β;e

+
h2

e
(2m + 2)(2m + 1)

|u2|m+3,α;e|v2|2,β;e

]
,

(60)
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where α and β are a pair of conjugate numbers and satisfy 1
α + 1

β = 1, α, β ≥ 1.

The proof of Lemma 5 follows a parallel structure to that of Lemma 4 and thus is not
provided here.

Lemma 6. For any integer m ≥ 1 and a sufficiently smooth function u2 on the rectangular element
e, let v1 be a polynomial with degree of x and y no more than m. Then, there will be an area integral
J5,e on e, and J5,e satisfies

(∂x(u2 − π2u2), ∂yv1)e = J5,e +
(−1)m

2m!
(
∫
�1

−
∫
�3

)∂m+1
x u2Em(x)∂m

x v1dx, (61)

and follows the estimate

|J5,e| ≤
(−1)m

(2m)!

[
k2m

e |u2|m+2,α;e|v1|2,β;e + h2m
e |u2|m+2,α;e|v1|m,β;e

+ Ck2m
e |u2|m+3,α;e|v1|2,β;e

]
,

(62)

where α and β are a pair of conjugate numbers and satisfy 1
α + 1

β = 1, α, β ≥ 1.

Proof. Perform a Taylor expansion of v1 about x and y,

∂yv1 =
m−1

∑
i=0

1
i!
(x− xe)

i∂i
x∂yv1(xe, y) +

1
m!

(x− xe)
m∂m

x ∂yv1

=
m−2

∑
j=0

m−1

∑
i=0

1
j!

1
i!
(x− xe)

i(y− ye)
j∂i

x∂
j+1
y v1(xe, ye)

+
1

(m− 1)!

m−1

∑
i=0

1
i!
(x− xe)

i(y− ye)
m−1∂i

x∂m
y v1(xe, y) +

1
m!

(x− xe)
m∂m

x ∂yv1.

(63)

Let

H(x, y) =
m−2

∑
j=0

m−1

∑
i=0

1
j!

1
i!
(x− xe)

i(y− ye)
j∂i

x∂
j+1
y v1(xe, ye), (64)

when x is fixed, H(x, y) ∈ Pm−2, (H(x, y))x ∈ span{{Bm−2,m−2
i,j }}. As can be seen from the

definition of interpolation function,

∫
e
(u2 − π2u2)x H(x, y) = (

∫
�2

−
∫
�4

)(u2 − π2u2)H(x, y)dy−
∫

e
(u2 − π2u2)H(x, y)xdxdy = 0. (65)

So, we have

(∂x(u2 − π2u2), ∂yv1)e

=
∫

e
(u2 − π2u2)x

1
(m− 1)!

m−1

∑
i=0

1
i!
(x− xe)

i(y− ye)
m−1∂i

x∂m
y v1(xe, y)dxdy

+
∫

e
(u2 − π2u2)x

1
m!

(x− xe)
m∂m

x ∂yv1dxdy

= I6 + I7.

(66)

It is similar to the proof of Lemma 3, so there is

I6 = − (−1)m

2m!

∫
e

Fm(y)∂x∂m+1
y u2

m−1

∑
i=0

1
i!
(x− xe)

i∂i
x∂m

y v1(xe, y). (67)
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We continue to analyze I7, owing to 1
m! (x − xe)m = 1

2m! (Em(x))(m) + Ĥ(x), Ĥ(x) ∈
Pm−2(x), so

I7 =
∫

e
(u2 − π2u2)x[

1
2m!

(Em(x))(m) + Ĥ(x)]∂m
x ∂yv1(x, y)dxdy

=
1

2m!

∫
e
(u2 − π2u2)x(Em(x))(m)∂m

x ∂yv1(x, y)dxdy

+
∫

e
(u2 − π2u2)x Ĥ(x)

( m−2

∑
i=0

1
i!
(y− ye)

i∂m
x ∂i+1

y v1(x, ye)
)
dxdy

+
∫

e
(u2 − π2u2)x Ĥ(x)

1
(m− 1)!

(y− ye)
m−1∂m

x ∂m
y v1dxdy

=
(−1)m

2m!

∫
e

∂m+1
x u2Em(x)∂m

x ∂yv1dxdy + 0

− (−1)m

2m!

∫
e

Fm(y)∂x∂m+1
y u2Ĥ(x)∂m

x ∂m
y v1dxdy

=
(−1)m

2m!
(
∫
�1

−
∫
�3

)∂m+1
x u2Em(x)∂m

x v1dx− (−1)m

2m!

∫
e

∂m+1
x ∂yu2Em(x)∂m

x v1dxdy

− (−1)m

2m!

∫
e

Fm(y)∂x∂m+1
y u2Ĥ(x)∂m

x ∂m
y v1dxdy.

(68)

And let J5,e represent the sum of all area integrals in the mixed term (∂x(u2 −
π2u2), ∂yv1)e,

J5,e = −
(−1)m

2m!

∫
e

Fm(y)∂x∂m+1
y u2

m−1

∑
i=0

1
i!
(x− xe)

i∂i
x∂m

y v1(xe, y)

− (−1)m

2m!

∫
e

∂m+1
x ∂yu2Em(x)∂m

x v1dxdy

− (−1)m

2m!

∫
e

Fm(y)∂x∂m+1
y u2Ĥ(x)∂m

x ∂m
y v1dxdy,

(69)

therefore,

(∂x(u2 − π2u2), ∂yv1)e = J5,e +
(−1)m

2m!
(
∫
�1

−
∫
�3

)∂m+1
x u2Em(x)∂m

x v1dx. (70)

Now, we use the Hölder inequality to estimate the J5,e, obtaining

|J5,e| ≤
(−1)m

(2m)!

[
k2m

e |u2|m+2,α;e|v1|2,β;e + h2m
e |u2|m+2,α;e|v1|m,β;e

+ Ck2m
e |u2|m+3,α;e|v1|2,β;e

]
,

(71)

here, α and β are a pair of conjugate numbers and satisfy 1
α + 1

β = 1, α, β ≥ 1.
So far, we have completed the proof of Lemma 6.

Lemma 7. For any integer n ≥ 1 and a sufficiently smooth function u1 on the rectangular element
e, let v2 be a polynomial with degree of x and y no more than m on e. Then, there will be an area
integral J6,e on e, and J6,e satisfies

(∂y(u1 − π1u1), ∂xv2)e = J6,e +
(−1)m

2m!
(
∫
�2

−
∫
�4

)∂m+1
y u1Fm(y)∂m

y v2dy, (72)
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and follows the estimate

|J6,e| ≤
(−1)m

(2m)!

[
h2m

e |u1|m+2,α;e|v2|2,β;e + k2m
e |u1|m+2,α;e|v2|m,β;e

+ Ch2m
e |u1|m+3,α;e|v2|2,β;e

]
,

(73)

where α and β are a pair of conjugate numbers and satisfy 1
α + 1

β = 1, α, β ≥ 1.

The proof of Lemma 7 is similar to Lemma 6, so we skip proof here.
Based on the estimates of the components of A(v) provided above, we now begin to

prove the main result of this paper, superconvergence analysis. According to Lemma 2,

A1 = ∑
e∈Th

J1,e −
(−1)m

(2m)! ∑
e∈Th

(
∫
�2

−
∫
�4

)Fm(y)∂x∂m+1
y u1∂m−1

y v1(x, ye)dy. (74)

Observing the line integral term inA1(v1), on the inner edge outside the boundary, the
corresponding line integrals will cancel out each other due to adjacent elements, ensuring
that the total is zero. This is because each inner edge is a shared boundary between two
adjacent elements, and each of these two elements contributes a line integral with opposite
signs to that edge. Therefore,

A1 = ∑
e∈Th

J1,e.

We estimate A1 by using Lemma 2, taking α = β = 2, and find that

|A1| ≤ ∑
e∈Th

|J1,e|

≤ ∑
e∈Th

2(−1)mk2m
e

(2m)!

[
|u1|m+3,α;e|v1|m−1,β;e + ke|u1|m+3,α;e|v1|2,β;e

+
k2

e
(2m + 1)(2m + 2)

|u1|m+3,α;e|v1|2,β;e

]
≤ ∑

e∈Th

2(−1)mρ2m

(2m)!

[
|u1|m+3,α;e|v1|m−1,β;e + ke|u1|m+3,α;e|v1|2,β;e

+
ρ2

(2m + 1)(2m + 2)
|u1|m+3,α;e|v1|2,β;e

]
,

(75)

where ρ = maxe∈Th(he, ke). Then, we use the inverse inequality on various norms of v in
above Equation (75), yielding

|A1| ≤ Cρm+3||u1||m+3,2;Ω||v1||2
≤ Cρm+2||u1||m+3,2;Ω||v1||1
≤ Cρm+2||u1||m+3,2;Ω||v||U.

(76)

In like manner,
|A2| ≤ Cρm+2||u2||m+3,2;Ω||v||U,

|A3| ≤ Cρm+2||u1||m+3,2;Ω||v||U,

|A4| ≤ Cρm+2||u2||m+3,2;Ω||v||U,

|A5| ≤ Cρm+2||u2||m+3,2;Ω||v||U,

|A6| ≤ Cρm+2||u1||m+3,2;Ω||v||U,

(77)
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Substituting Equation (32) with Equations (76) and (77), we arrive at

|A(v)| ≤ Cρm+2||u||m+3,2;Ω||v||U. (78)

At this point, we have demonstrated that condition (19) stated in Theorem 1 is satisfied
for s = 2. Consequently, by summarizing the above arguments, we have established a
superconvergence result.

Theorem 2. Assume (u; p) ∈ (H1)2 × L2
0 is the solution of Equation (4) and u ∈ [Hm̂+2]2. Let

(uh; ph) ∈ Uh ×Wh solve Equation (13). Let A(v) = a((u− πhu), v) be the form defined in
Equation (32). Then, there will be a constant C that is independent of h such that

‖uh − πhu‖0 + ‖ph − Ph p‖0 ≤ Chm̂+2‖u‖m̂+2,2;Ω. (79)

In this section, we have demonstrated the superconvergence in the L2-norm between
the locally defined projection πhu and the approximate solution uh of the velocity u through
a series of estimation and analysis. Specifically, we showed that, within the given mixed
finite element space, higher-than-expected convergence rates O(hm+2) can be achieved
using appropriate estimates and interpolation techniques.

Even if there is a large interpolation error between the interpolation solution πhu

and the exact solution u, we can construct a new approximate solution based on the
existing finite element approximate solution uh by using the local characteristics of πhu

and Theorem 2. The purpose of this process is to obtain a higher convergence order, thus
significantly improving the accuracy of the solution. Specifically, this goal is achieved
by introducing the post-processing operator Πh, which is responsible for mapping the
original finite element space to a higher-order new finite element space and satisfying
Πhπhu = Πhu [23,41]. In this new space, the polynomial degree on each element is
increased to m + s to enhance the smoothness and accuracy of the solution. Therefore, by
this progress, an approximate solution Πhu with superconvergence can be obtained, which
is closer to the real solution of actual physical phenomena.

Then, we can estimate the error of the Πhu and u as follows:

‖u−Πhuh‖0 ≤ ‖u−Πhu‖0 + ‖Πhu−Πhuh‖0

≤ ‖u−Πhu‖0 + ‖Πh(πhu− uh)‖0

≤ Chm̂+s+1‖u‖m̂+s+1 + Chm̂+2‖u‖m̂+2.

(80)

5. Numerical Example

In this section, to verify the effectiveness and correctness of the superconvergence
result, we considered a specific numerical example.

Example 1. Consider Stokes Equation (1) in rectangular domain Ω = [0, 1]× [0, 1]. We take the
exact solution u = (u1, u2)

t and p(x, y) as follows

u1(x, y) = x2(1− x)2(2y− 6y2 + 4y3),

u2(x, y) = −y2(1− y)2(2x− 6x2 + 4x3),

p(x, y) = x− x2.

(81)

The domain Ω is partitioned into uniform rectangles.
In this numerical example, we used a direct linear solver for the L2-norm error at the Gaussian

points. The results are shown in Tables 1 and 2 below. Additionally, the Actual CPU time (ACPU)
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is included in this table. Since both u and p were computed simultaneously, we have listed the
computation time only in Table 1 for simplicity.

Table 1. The comparison of numerical errors and the convergence order of biquadratic basis for u in
L2-norm.

h ||u − uh||L2 ACPU(s) Order ||Πhu − uh||L2 ACPU(s) Order

[ 1
4 , 1

4 ] 2.2975× 10−4 0.5483 − 2.1856× 10−5 0.5310 −
[ 1

8 , 1
8 ] 2.9674× 10−5 2.0413 2.9528 1.3619× 10−6 2.0157 4.0043

[ 1
16 , 1

16 ] 3.7355× 10−6 8.1164 2.9898 8.5129× 10−8 8.1057 3.9998

[ 1
32 , 1

32 ] 4.6772× 10−7 36.5913 2.9976 5.3207× 10−9 36.5823 4.0000

Table 2. The comparison of numerical errors and the convergence order of bilinear basis for p in
L2-norm.

h ||p − ph||L2 Order ||Πh p − ph||L2 Order

[ 1
4 , 1

4 ] 1.0400× 10−2 − 1.3793× 10−4 −
[ 1

8 , 1
8 ] 2.6000× 10−3 2.0000 1.3793× 10−4 3.6748

[ 1
16 , 1

16 ] 6.5301× 10−4 1.9977 1.0800× 10−5 3.9180
[ 1

32 , 1
32 ] 1.6289× 10−4 2.0000 7.1446× 10−7 3.9796

It can be clearly observed from the data in Tables 1 and 2 that the convergence order of both
velocity u and pressure p tends to stabilize. Furthermore, when h → 0, the convergence order of
||u− uh||L2 is O(hm+1) and that of ||Πhu− uh||L2 is O(hm+2). Moreover, when h → 0, the
convergence order of ||p − ph||L2 is O(hm+1) and that of ||Πh p − ph||L2 is O(hm+3). This is
completely consistent with the results of theoretical analysis. At the same time, we find that, when
the accuracy is improved, the time is basically unchanged. This means that the improvement in
accuracy will not be at the expense of increasing running time, which makes this method very
efficient and feasible for large-scale simulations.

6. Conclusions and Further Work

In this paper, a mixed FEM is employed, and the superconvergence results of the
Stokes problem are obtained by using interpolation and projection techniques, leveraging
the high-precision characteristics of Bernstein elements.

However, the limitations of this method lie in its requirement for geometric shapes
and computational complexity. Future work will aim to address these issues and extend
the applicability of the method.
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Abstract

The Haezendonck–Goovaerts (HG) risk measure defined on Orlicz spaces via the so-called
normalised Young function is a direct generalisation of the Expected Shortfall risk measure.
The HG measure is known to be a coherent one, thus making it more robust than some
of the alternatives, such as Value-at-Risk, for aggregating and comparing risks, and at
the same time more flexible for capital allocation problems, risk premium estimation,
solvency assessment, and stress testing in insurance and finance. As random risk in
practical applications is often assessed in a portfolio setting—a collection of insurance
policies or financial assets, like stocks or bonds—we examine the situation in which the
total portfolio risk is expressed as the sum of individual random risks. For this, we consider
the sum S(ξ)

n = ξ1 + . . . + ξn of possibly dependent and non-identically distributed real-
valued random variables ξ1, . . . , ξn with consistently varying distributions. Assuming
that the collection {ξ1, . . . , ξn} follows the dependence structure, similar to the asymptotic
independence, we obtain the asymptotic estimations of the HG risk measure for the sum
S(ξ)

n when the confidence level tends to 1. The formulas presented in our work show that
in the case where a portfolio of random losses contains consistently varying losses and the
others are asymptotically negligible, it is sufficient for risk assessment to consider only the
tails of those dominant losses.

Keywords: sum of random variables; asymptotic independence; tail-moment; heavy tail;
consistently varying distribution; Haezendonck–Goovaerts risk measure

MSC: 91B05; 60F10; 91G15

1. Introduction

Risk measurement plays a central role in modern actuarial science, financial regulation,
and quantitative risk management. As markets become increasingly complex and uncer-
tain, the limitations of classical risk measures, such as variance, Value-at-Risk (VaR), and
Expected Shortfall (ES), have become more apparent. In particular, widely used regulatory
metrics often fail to adequately capture tail risk, lack desirable coherence properties, or
provide insufficient flexibility to model risk preferences. For instance, it is well known that
the VaR measure in general does not satisfy the sub-additivity axiom, and, as a result, fails
to obey the diversification principle. Additionally, as it is defined as a certain percentile of
the loss distribution, it does not account for the severity of losses beyond that percentile [1].
Therefore, it may underestimate risk in market stress situations under extreme asset price

Axioms 2026, 15, 20 https://doi.org/10.3390/axioms15010020
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fluctuations [2]. These challenges have motivated the search for more robust and theoret-
ically sound alternatives. One such alternative is the so-called Haezendonck–Goovaerts
(HG) risk measure, which is defined in Section 1.6. The HG risk measure, like other risk
measures, is a method to assess the amount of capital we should hold to protect ourselves
against impending losses, taking into account the level of risk aversion. The HG risk
measure is actually a family of risk measures that depend on the so-called Young function
ϕ. Choosing another Young function yields a different version of this risk measure. The HG
risk measure derived from the principles of premium calculation in [3] unifies economic
intuition with strong mathematical foundations. According to the results of [4,5], the HG
risk measure has many properties necessary for risk measurements. In particular, this
measure belongs to the class of coherent risk measures in the sense of Artzner et al. [1], as
it is monotonic, translation-invariant, sub-additive, and homogeneous, and, as a result, is a
monetary and convex risk measure as in [6,7]. It is well known that the simplest case of HG
risk measure is the Expected Shortfall (ES) (or, synonymously, Conditional Value-at-Risk
or Tail Value-at-Risk or Conditional Tail Expectation, considered in detail in [8]. The ES
risk measure can be obtained from the HG risk measure using the Young function ϕ(t) = t.
Therefore, the HG risk measure is a direct generalisation of the ES risk measure.

The HG risk measure is particularly useful in actuarial science and financial risk
management, where capturing heavy-tailed and extreme losses is essential. Its foundation
in Orlicz functions allows flexible modelling of risk aversion and tail behavior, making
it well suited for premium calculation, solvency assessment, and capital allocation. In
particular, the flexibility to select the Young function, which characterises the behaviour of
the measure, gives more control over the degree to which extreme losses influence the risk
assessment. It is important to note that, despite being more theoretically grounded than
some of the alternatives, the HG risk measure might be more challenging to implement
in practice.

Tang and Yang in [9] provided a formula for calculating the HG risk measure when
the Young function is a power function, see Theorem 3 below. However, in the same article,
the authors mention that in the general case, an analytical formula for calculating the HG
risk measure does not exist, since the calculation of the values of this measure is related
to finding quantiles. In this case, the authors of the article [9] suggest using asymptotic
formulas by writing one of the formulas of this form for random risk with a regularly
varying tail, see Theorem 4 below.

We observe that a random risk is often expressed as a sum of random variables when
it represents the aggregate loss of multiple individual risks. This occurs, for example, when
modelling total claims in an insurance portfolio, where each claim amount is a random
variable. It also arises in finance when a portfolio’s total loss is composed of the losses of
individual assets. More generally, any situation involving accumulated, component-wise,
or event-based contributions—such as operational losses, credit defaults, or catastrophe
events—naturally leads to a representation as a sum of random variables. In this paper,
we consider the case where the random risk is written as a sum of random variables that
are somehow dependent. We consider the case where, among the summable random
variables, there is a subset of variables with consistently varying tails, and the tails of the
other random variables are vanishing with respect to the latter. The main results of the
work are formulated in Theorems 6 and 7.
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1.1. Preliminaries

Let n ∈ N = {1, 2, . . .}, and let {ξ1, . . . , ξn} be a collection of possibly dependent and
non-identically distributed random variables (r.v.’s). Denote

S(ξ)
n := ξ1 + . . . + ξn. (1)

In the main results of the paper, we assume that random summands have consistently
varying distributions. Before a more detailed discussion on heavy-tailed distributions,
we first define the support of any distribution or distribution function (d.f.). For a d.f.
F : R→ [0, 1], the support of F is defined as

supp F =
{

x : F(x + δ)− F(x− δ) > 0 for all δ > 0
}

=
{

x : F(x− δ)− F(x + δ) > 0 for all δ > 0
}

,

where F = 1 − F denotes the tail function (t.f.). If supp F ⊂ [0, ∞), then we say that
the distribution (or d.f.) F is supported on R+. If supp F �⊂ [0, ∞), then we say that the
distribution (or d.f.) F is supported on R.

1.2. Heavy-Tailed Distributions

In this subsection, we discuss the class of heavy-tailed distributions and the most
popular and closest subclasses of this class of distributions.

• A d.f. F supported on R is said to be heavy-tailed, written as F ∈H , if for all δ > 0, we have

∫ ∞

−∞
eδxdF(x) = ∞.

Due to the alternative expectation formula (see, e.g., [10,11]), we have∫
[0,∞)

eδxdF(x) = 1 + δ
∫ ∞

0
eδxF(x)dx

implying that

F ∈H ⇒ F(x) > 0, x ∈ R;

F ∈H ⇔ lim sup
x→∞

eδx F(x) = ∞ for each δ > 0.

• A d.f. F supported on R is said to be regularly varying with index α � 0, written as F ∈ Rα,
if for any y > 0, we have

lim
x→∞

F(xy)
F(x)

= y−α.

It is easy to verify that the Pareto law with d.f.

F(x) =
(

1− 1
(x + 1)α

)
I[0,∞)](x)

belongs to the class Rα for any positive α.

• A d.f. F supported on R is said to be extended regularly varying with indices 0 � α � β,
written as F ∈ E RV {α,β}, if for any y > 1, we have

y−β � lim inf
x→∞

F(xy)
F(x)

� lim sup
x→∞

F(xy)
F(x)

� y−α.
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Due to the results of [12], the distribution with t.f.

F(x) = exp
{
− %log x& − (log x− %log x&)2}, x � 1,

belongs to the class
⋃

0�α�β
E RV {α,β}.

• A d.f. F supported on R is said to be consistently varying, written as F ∈ C , if

lim
y↑1

lim sup
x→∞

F(xy)
F(x)

= 1.

It can be shown (see [13,14]) that the distribution with t.f.

F(x) = p%log2 x&
(

2− p− (1− p)
x

2%log2 x&

)
, x � 1,

belongs to the subclass C \ ⋃
α�0

Rα for any parameter p ∈ (0, 1).

• A d.f. F supported on R is said to be dominatedly varying, written as F ∈ D , if for any
y ∈ (0, 1), we have

lim sup
x→∞

F(xy)
F(x)

< ∞.

The presented definition implies that the generalized Peter–Paul distribution with d.f.

F(x) = 1− b−a%logb x&, x � 1,

belongs to the subclass D \ C for all possible parameters a > 0, b > 1, see [15].
It is well known (see, for instance, [13]) that

R =
⋃

α�0
Rα ⊂

⋃
0�α�β

E RV {α,β} ⊂ C ⊂ D ⊂H .

The following two indices are important to determine whether the distribution F belongs
to the aforementioned classes. The first index is the so-called upper Matuszewska index
(see, e.g., [16] (Section 2), [12,17]), defined as

J+F = inf
y>1

{
− 1

log y
log lim inf

x→∞

F(xy)
F(x)

}
= − lim

y→∞

1
log y

log lim inf
x→∞

F(xy)
F(x)

.

The other index, the so-called L-index, is defined as

LF = lim
y↓1

lim inf
x→∞

F(xy)
F(x)

.

For instance, this index is used in the main results of [18–20]. The definitions of the
aforementioned heavy-tailed distribution classes imply that

F ∈ D ⇔ J+F < ∞ ⇔ LF > 0;

F ∈ C ⇔ LF = 1 ⇒ J+F < ∞;

F ∈ Rα ⇒ LF = 1, J+F = α.

The classes of distributions R and D have been extensively used in real analysis and
various spheres of probability (see, e.g., [16,21–24]). The class of consistently varying
distributions C was introduced as a generalization of the class R in [25] and was referred
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to as “intermediate regular variation”. The concept of consistent variation has been applied
in various studies within the context of applied probability, including queueing systems
and ruin theory (see, e.g., [12,13,26–32]).

1.3. Asymptotic Relations

In this subsection, we introduce the notation used throughout the paper. For two
positive functions f and g, we write the following:

f (x) �
x→∞

g(x) if lim sup
x→∞

f (x)
g(x)

� 1;

f (x) = O
(

g(x)
)

if lim sup
x→∞

f (x)
g(x)

< ∞;

f (x) ) g(x) if f (x) = O
(

g(x)
)

and g(x) = O
(

f (x)
)
;

f (x) ∼
x→∞

g(x) if lim
x→∞

f (x)
g(x)

= 1.

In addition, we use the standard notation for indicators:

IA(ω) :=

⎧⎨⎩1 if ω ∈ A,

0 if ω /∈ A;

and for positive and negative parts of any real x,

x+ := max{0, x}, x− := max{0,−x}.

1.4. Quasi-Asymptotic Independence

In this paper, we suppose that the collection {ξ1, . . . , ξn} consists of pairwise quasi-
asymptotically independent r.v.’s. This dependence structure, which is a direct general-
ization of independence, was introduced by Chen and Yuen [28] and has been considered
in [33–39], among others.

• Real-valued r.v.’s ξ1, . . . , ξn, n ∈ N, with distributions supported on R are called pairwise
quasi-asymptotically independent (pQAI), if for all pairs of indices k, l ∈ {1, . . . , n}, k �= l, it
holds that

lim
x→∞

P
(
ξ+k > x, ξ+l > x

)
P
(
ξ+k > x

)
+ P
(
ξ+l > x

) = lim
x→∞

P
(
ξ+k > x, ξ−l > x

)
P
(
ξ+k > x

)
+ P
(
ξ+l > x

) = 0.

The following statement is Theorem 3.1 in [28]. It provides an asymptotic result for the tail
probabilities of sums of pQAI r.v.’s with distributions from the class C .

Theorem 1. Let {ξ1, . . . , ξn} be a collection of real-valued pQAI r.v.’s, such that Fξk ∈ C for all
k ∈ {1, . . . , n}. Then, for the random sum defined in (1), we have

P
(
S(ξ)

n > x
)
∼

x→∞

n

∑
k=1

Fξk (x).

The following statement directly generalises Theorem 1. The paper [40] (see Theorem
4 and the remark below the theorem) gives its detailed proof.
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Theorem 2. Let {ξ1, . . . , ξn} be a collection of real-valued pQAI r.v.’s, such that FξL ∈ C for
some L ∈ {1, . . . , n}, and for other indices k �= L suppose Fξk ∈ C or P

(
|ξk| > x

)
= o
(

FξL(x)
)
.

If max
1�k�n

E
(
ξ+k
)α

< ∞, then for each β ∈ [0, α],

E
((

S(ξ)
n
)β
I{

S(ξ)
n >x

}) ∼
x→∞ ∑

k∈In

E
(

ξ
β
k I{ξk>x}

)
, (2)

and for each β ∈ (0, α],

E

(((
S(ξ)

n − x
)+)β

)
∼

x→∞ ∑
k∈In

E
((

ξk − x
)+)β

, (3)

where In ⊆ {1, . . . , n} is a subset of indices such that Fξk ∈ C for k ∈ In.

1.5. Positively Decreasing Distribution

In this paper, we will use another concept to describe the monotonicity of a function.
This concept can be applied to a fairly broad class of functions, see [41,42]. However, we
will only consider the relevant subclass of d.f.’s considered in [16,43,44] among others.

• A d.f. F supported on R is said to have a positively decreasing tail, written as F ∈ PD, if for
any fixed y ∈ (0, 1)

lim inf
x→∞

F(yx)
F(x)

> 1,

or equivalently

lim sup
x→∞

F(yx)
F(x)

< 1

for any y > 1.

We observe that

R+ :=
⋃

α>0
Rα ⊂ PD; R0 ∩ PD = ∅; C ∩ PD �=∅.

Other properties of distributions from the class PD are presented in [43].

1.6. Haezendonck–Goovaerts Risk Measure

To give a precise definition of the HG risk measure, let us suppose that X is a real-
valued r.v. with a d.f. FX representing a random risk.

• A function ϕ defined on R is said to be a normalised Young function if ϕ is nonnegative and
convex on the interval [0, ∞) and such that ϕ(0) = 0, ϕ(1) = 1, ϕ(∞) = ∞.

The Orlicz space Lϕ and the Orlicz heart Lϕ
0 of real-valued r.v.’s X associated with the

function ϕ are defined as

Lϕ =
{

X : E
(

ϕ(cX)
)
< ∞ for some c > 0

}
, L

ϕ
0 =

{
X : E

(
ϕ(cX)

)
< ∞ for all c > 0

}
.

It is obvious that Lϕ = L
ϕ
0 if

lim sup
x→∞

ϕ(2x)
ϕ(x)

< ∞.

• Let ϕ be a Young function, q ∈ (0, 1), and X ∈ L
ϕ
0 . The Haezendonck–Goovaerts (HG) risk

measure for variable X is defined as

HGq(X) = inf
x∈R

(
x + h(x, q)

)
, (4)
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where h = h(x, q) is a solution of the equation

Eϕ

(
(X− x)+

h

)
= 1− q (5)

if FX(x) > 0, and h(x, q) = 0 if FX(x) = 0.

According to Proposition 3(b,d) from [5], the minimiser (x∗, h∗) to the Equation (4)
exists for all q ∈ (0, 1), and it is unique if the function ϕ is strictly convex. The HG risk
measure has received much attention in insurance and finance. The risk measure was first
introduced by Haezendonck–Goovaerts in [3]. For more results on HG risk measures, see,
e.g., [5,9,45,46] and references therein. As it is remarked in [9], an analytic expression for the
risk measure HGq(X) is not possible in general because an explicit solution of Equation (5)
is generally not available. However, in the case of the power function ϕ(t) = tκ , κ � 1,
the analytic expressions and asymptotic formulas can be derived for certain distributions.
Below, we present two statements from the paper [9] (see Equality (1.3), Theorem 2.1, and
Theorem 4.1).

Theorem 3. Consider the power Young function ϕ(t) = tκ with κ � 1.

(i) If q ∈ (0, 1), κ = 1, and EX+ < ∞, then

HGq(X) =
←
FX(q) +

E
(

X−
←
FX(q)

)+
1− q

, (6)

where
←
FX(q) = inf

{
x ∈ R : FX(x) � q

}
= inf{x ∈ R : FX(x) � 1− q} is the quantile

function of r.v. X.

(ii) If q ∈ (0, 1), κ > 1, P
(
X =

←
FX(1)

)
= 0, and E(X+)κ < ∞, then

HGq(X) = x +

(
E
(
(X− x)+

)κ
1− q

)1/κ

, (7)

where x = x(q) ∈
(
−∞,

←
FX(1)

)
is the unique solution of the equation

(
E
(
(X− x)+

)κ−1
)κ

(
E
(
(X− x)+

)κ)κ−1 = 1− q. (8)

Theorem 4. Consider the power Young function ϕ(t) = tκ with κ � 1, and let X be the
real-valued r.v. such that FX ∈ Rα for some α > κ. Then,

HGq(X) ∼
q↑1

α(α−κ)(κ/α)−1

κ(κ−1)/α

(
B(α−κ,κ)

)1/α ←FX(q),

where

B(a, b) =
∫ 1

0
ya−1(1− y)b−1dy, a > 0, b > 0,

is the beta function.

In this paper, we obtain asymptotic formulas similar to those in Theorem 4 of HG
risk measure for distributions from the class C . More precisely, we derive asymptotic
formulas for the HG risk measure when the risk variable X represents a sum of consistently
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varying risks S(ξ)
n . The main results of this paper are based on general Formulas (7), (8) and

asymptotic relations (2), (3).
Note that the obtained asymptotic formulas can be applied to a special-form set of

random variables {θ1X1, . . . , θnXn}, where {X1, . . . , Xn} are real-valued primary r.v.’s, and
{θ1, . . . , θn} are nonnegative random weights. In such a case, the sum (1) becomes the
randomly weighted sum

S(θX)
n =

n

∑
k=1

θkXk.

In actuarial applications, this sum usually represents the present value of the total fu-
ture net loss of the insurance company during the first n time periods. In this case, the
real-valued r.v. Xk represents a net loss of an insurance company during the k-th time
period, and the random weight θk is a stochastic discount factor from time k to time 0. A
financial interpretation of the sum S(θX)

n is based on the construction of the portfolio. Each
investment portfolio consists of n lines of risks with random losses Xk and random weights
θk describing the investment environment. In such a case, the sum S(θX)

n represents the total
amount of future losses potentially incurred by the investment portfolio. The problems
related to the asymptotic behavior of the sum S(θX)

n were considered in [37,47–61], and
asymptotic properties of distributions of sums S(θX)

n related to the asymptotic behavior of
risk measures, similar to the ES risk measure, were considered in [62–67].

The transition from the asymptotic properties of the sum S(ξ)
n to the analogous proper-

ties of the sum S(θX)
n is ensured by the product-convolution properties reviewed in detail in

Chapter 5 of [44]. We only recall that for two independent r.v.’s. X and Y, the distribution of
the product XY is described by the product-convolution of the d.f.’s. FX ⊗ FY. Below, we for-
mulate a particular statement on the product-convolution closure (see Proposition 5.2(iii),
Proposition 5.3(iii), Proposition 5.4(i) in [44]).

Theorem 5. Let F be a distribution on R and G be a distribution such that G(0−) = 0 and
G(0) < 1.

(i) If F ∈ Rα and G(yx) = o
(

F(x)
)

for some y > 0, then F⊗ G ∈ Rα;
(ii) If F ∈ C and G(yx) = o

(
F(x)

)
for some y > 0, then F⊗ G ∈ C ;

(iii) If F ∈ D , then F⊗ G ∈ D .

The rest of the paper is organised as follows. In Section 2, we provide a formulation of
the main results. Section 3 deals with the auxiliary results that are essentially related to the
properties of quantile functions. Section 4 presents the proof of the asymptotic formulas for
the HG risk measure. Section 5 deals with the analysis of the particular example illustrating
the accuracy of the derived asymptotic formula. Finally, Section 6 concludes.

2. Main Results

In this section, we state two theorems on the asymptotic behavior of the HG risk
measure in the case where that measure is determined for the sum of distributions from the
class C . The first theorem is derived for the sum of simple r.v.’s, and the second theorem is
derived for the sum of weighted r.v.’s.

Theorem 6. Consider the power Young function ϕ(t) = tκ with κ � 1, and let {ξ1, . . . , ξn} be a
collection of real-valued pQAI r.v.’s.
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(i) Let κ = 1, max
1�k�n

E
(
ξ+k
)
< ∞, FξL ∈ C for some L ∈ {1, . . . , n}, and for other indices

k �= L let Fξk ∈ C or P
(
|ξk| > x

)
= o
(

FξL(x)
)
. If Fξk ∈ PD for all k ∈ In =

{
k ∈

{1, . . . , n} : Fξk ∈ C
}

, then

HGq

(
S(ξ)

n

)
∼
q↑1

←
Hn(q) +

1
1− q ∑

k∈In

E
(

ξk −
←
Hn(q)

)+
,

where
←
Hn is the quantile function of the d.f.

Hn := max
{

0, 1− ∑
k∈In

Fξk

}
.

(ii) Let κ � 2, max
1�k�n

E
(
ξ+k
)κ

< ∞, FξL ∈ C for some L ∈ {1, . . . , n}, and for other indices

k �= L let Fξk ∈ C or P
(
|ξk| > x

)
= o
(

FξL(x)
)
. Let, in addition,

(
max
k∈In

lim sup
x→∞

Fξk (yx)
Fξk (x)

)κ(
max
k∈In

lim sup
x→∞

Fξk (x)
Fξk (yx)

)κ−1

< 1 (9)

for some y > 1, where In =
{

k ∈ {1, . . . , } : Fξk ∈ C
}

. Then,

HGq

(
S(ξ)

n

)
∼
q↑1

x̂(q) +
(

1
1− q ∑

k∈In

E
((

ξk − x̂(q)
)+)κ)1/κ

,

where x̂ = x̂(q) is the unique solution to the equation(
∑k∈In E

((
ξk − x̂

)+)κ−1
)κ

(
∑k∈In E

((
ξk − x̂

)+)κ)κ−1 = 1− q.

As mentioned earlier, our second main theorem is on the asymptotics of the HG risk
measure for a weighted sum. We remark only that in this theorem, we suppose that not
some, but all distributions of primary r.v.’s belong to the class C .

Theorem 7. Consider the same power Young function as in Theorem 6. Let {X1, . . . , Xn} be a
collection of real-valued pQAI r.v.’s with corresponding d.f.’s {FX1 , . . . , FXn} belonging to class
C . Let {θ1, . . . , θn} be another collection of arbitrary dependent, nonnegative, and nondegenerate
at zero r.v.’s. Suppose that collections {X1, . . . , Xn} and {θ1, . . . , θn} are independent and that
max

1�k�n
{Eθ

p
k } is finite for some p > max

1�k�n
J+FXk

.

(i) If κ = 1, max
1�k�n

E
(
X+

k
)
< ∞, and FXk ∈ PD for all k ∈ {1, . . . , n}, then,

HGq

(
S(θX)

n

)
∼
q↑1

←
H∗n(q) +

1
1− q

n

∑
k=1

E
(

θkXk −
←
H∗n(q)

)+
,

where
←
H∗n is the quantile function of the d.f.

H∗n := max
{

0, 1−
n

∑
k=1

FθkXk

}
.
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(ii) Let κ � 2 and max
1�k�n

E
(
X+

k
)κ

< ∞. Let, in addition,

(
max

1�k�n
lim sup

x→∞

FXk (yx)
FXk (x)

)κ(
max

1�k�n
lim sup

x→∞

FXk (x)
FXk (yx)

)κ−1

< 1

for some y > 1. Then,

HGq

(
S(θX)

n

)
∼
q↑1

x∗(q) +
(

1
1− q

n

∑
k=1

E
((

θkXk − x∗(q)
)+)κ)1/κ

,

where x∗ = x∗(q) is the unique solution to the equation(
∑n

k=1 E
((

θkXk − x∗
)+)κ−1

)κ

(
∑n

k=1 E
((

θkXk − x∗
)+)κ)κ−1 = 1− q.

3. Auxiliary Statements

3.1. Some Properties of Quantile Functions

In this subsection, we formulate and prove several auxiliary results on useful proper-
ties of the quantile functions. Analogs of many of the statements formulated below can be
found in articles [41,42,68,69]. For completeness, we present their complete proofs.

Lemma 1. Let F be a d.f. from the class C . Then,

F
( ←

F (q)
)
∼
q↑1

q, and F
(←

F (p)
)
∼
p↓0

p

where
←
F (q) = inf

{
x : F(x) � q

}
, q ∈ (0, 1),

is the quantile function for F, and

←
F (p) = inf

{
x : F(x) � p

}
, p ∈ (0, 1),

is the quantile function for t.f. F.

Proof. Let q ∈ (0, 1). Since d.f. is right-continuous, the set {x : F(x) � q} := Aq is closed.

Hence,
←
F (q) ∈ Aq, which implies that

F
( ←

F (q)
)
� q (10)

for any q ∈ (0, 1). Therefore,

F
( ←

F (q)
)
�
q↑1

q. (11)

For the first asymptotic relation of the lemma, it remains to prove that

lim sup
q↑1

F
( ←

F (q)
)

q
� 1. (12)
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Suppose, on the contrary, that

lim sup
q↑1

F
( ←

F (q)
)

q
> 1.

Then, there exist Δ > 0 and the sequence qn ↑ 1 such that

lim
n→∞

F
( ←

F (qn)
)

qn
= 1 + Δ,

implying that F
( ←

F (qn)
)
>
(
1 + Δ/2

)
qn for large n. Since F(x) � 1 for all x, we have that

qn <
(
1 + Δ/2

)−1

for large n. This is impossible because qn ↑ 1. The obtained contradiction proves
estimate (12). Estimates (11) and (12) imply the first asymptotic relation of the lemma.

Now, consider the second relation of the lemma. Let p > 0. Due to inequality (10), we
have

F
(←

F (p)
)
= 1− F

(
inf{x : F(x) � p}

)
= 1− F

(
inf{x : F(x) � 1− p}

)
= 1− F

( ←
F (1− p)

)
� p, (13)

implying that

F
(←

F (p)
)
�
p↓0

p. (14)

It remains to prove that

lim inf
p↓0

F
(←

F (p)
)

p
� 1. (15)

Suppose, on the contrary, that

lim inf
p↓0

F
(←

F (p)
)

p
< 1.

From this, it follows that there exist Δ ∈ (0, 1) and a sequence pn ↓ 0 such that

lim
n→∞

F
(←

F (pn)
)

pn
= 1− Δ.

Hence,

F
(←

F (pn)
)
= F
(

inf{x : F(x) � pn}
)
<
(
1− Δ/2

)
pn,

or, equivalently,

F
(

inf{x : F(x) � pn}
)
= F
(

inf{x : F(x) � 1− pn
)
> 1− pn + pn(Δ/2)

229



Axioms 2026, 15, 20

for large n.
Let us temporarily denote

xn = inf{x : F(x) � 1− pn}.

Since F(x) > 0 for all x, the sequence xn is nondecreasing, and xn ↑ ∞. In addition, the
d.f. F is right-continuous so that F(xn) � 1− pn. For fixed n, there are two possible cases:
F(xn) = 1− pn or F(xn) > 1− pn. In the first case, we get

1− pn > 1− pn + pn(Δ/2),

which is impossible due to the positivity of Δ. Consequently, the d.f. F has a jump at each
point xn, from which it follows that

F
(
(1− εn)xn

)
< 1− pn and F(xn) > (1− pn) + pn(Δ/2),

or, equivalently,
F
(
(1− εn)xn

)
> pn and F(xn) < pn

(
1− Δ/2

)
for some sequence εn ↓ 0. These estimates imply that

lim
n→∞

F(
(
(1− εn)xn

)
F(xn)

� 2
2− Δ

> 1

for some sequences xn ↑ ∞ and εn ↓ 0. The derived relation contradicts the condition
F ∈ C , because it should be

lim
ε↓0

lim sup
x→∞

F
(
(1− ε)x

)
F(x)

� 1.

by the definition of the class C presented in Section 1.2.
The obtained contradiction proves the validity of inequality (15), which, together with

estimate (14), proves the second asymptotic relation of the lemma.

Lemma 2. Let F be a d.f. from the class PD. Then,

←
F
(

F(x)
)
∼

x→∞
x, and

←
F
(

F(x)
)
∼

x→∞
x,

where the quantile functions
←
F and

←
F are defined in Lemma 1.

Proof. Consider the first relation. By the definition of the quantile function
←
F , we have

←
F
(

F(x)
)
= inf{y : F(y) � F(x)}.

Since the function F is nonincreasing, that is F(y) � F(x) for y � x, we have that
←
F
(

F(x)
)
� x, implying

←
F
(

F(x)
)

�
x→∞

x. (16)

230



Axioms 2026, 15, 20

It remains to prove that

←
F
(

F(x)
)

�
x→∞

x. (17)

Suppose, on the contrary, that

lim inf
x→∞

←
F
(

F(x)
)

x
< 1.

In such a case, there exist Δ ∈ (0, 1) and a sequence xn ↑ ∞ such that

lim
n→∞

←
F
(

F(xn)
)

xn
= 1− Δ.

Hence,
←
F
(

F(xn)
)
= inf{y : F(y) � F(xn)} �

(
1− 2Δ/3

)
xn

for sufficiently large n, say n � NΔ. This relation implies that

F
((

1− Δ
2

)
xn

)
� F(xn)

Since the function F is nonincreasing, it must be

F
((

1− Δ
2

)
xn

)
= F(xn)

for n � NΔ. Therefore,

lim
n→∞

F
((

1− Δ
2

)
xn

)
F(xn)

= 1,

which contradicts the definition of F ∈ PD presented in Section 1.5. Consequently, the
asymptotic Relation (17) holds. Relations (16) and (17) imply the first one of the lemma.

The second relation of the lemma follows from the equalities

lim
x→∞

←
F
(

F(x)
)

x
= lim

x→∞

1
x

inf{y : F(y) � F(x)}

= lim
x→∞

1
x

inf{y : F(y) � F(x)}

= lim
x→∞

←
F
(

F(x)
)

x
= 1.

The lemma is now proved.

Lemma 3. Let d.f. F ∈ PD. Then, for any two positive functions a(x) and b(x) such that
a(x) ∼

x→∞
b(x) and a(x) →

x→∞
0, we have that

←
F
(
a(x)

)
∼

x→∞

←
F
(
b(x)

)
and for any positive functions â(p), b̂(p) such that â(p) ∼

p↓0
b̂(p) and â(p)→

p↓0
0, we have

←
F
(
â(p)

)
∼
p↓0

←
F
(
b̂(p)

)
.
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Proof. It suffices to prove the first equivalence relation because the second relation follows
from the first one by noting that

lim
p↓0

←
F
(
â(p)

)
←
F
(
b̂(p)

) = lim
x→∞

←
F
(

â
(

1
x

))
←
F
(

b̂
(

1
x

)) .

Consider the first relation. Firstly, we will show that

lim inf
x→∞

←
F (a(x))
←
F (b(x))

� 1. (18)

We will proceed with the proof by contradiction again. Assume that

lim inf
x→∞

←
F (a(x))
←
F (b(x))

< 1.

This means that there exist Δ > 0 and a sequence xn ↑ ∞ such that

lim
n→∞

←
F (a(xn))
←
F (b(xn))

= 1− Δ.

It follows that ←
F (a(xn))(

1− Δ
2

) <
←
F (b(xn))

for large enough n. By the definition of
←
F , we have

F

⎛⎝←F (a(xn))(
1− Δ

2

)
⎞⎠ > b(xn).

This relation, together with (13), implies

F

((
1− Δ

2

)←
F (a(xn))

(1− Δ
2 )

)

F

(←
F (a(xn))

(1− Δ
2 )

) =

F
(←

F
(
a(xn)

))
F

(←
F (a(xn))

(1− Δ
2 )

) � a(xn)

b(xn)
→

n→∞
1,

since a(x) ∼
x→∞

b(x). Thus,

lim
n→∞

F

((
1− Δ

2

)←
F (a(xn))

(1− Δ
2 )

)

F

(←
F (a(xn))

(1− Δ
2 )

) � 1

for some sequence
←
F (a(xn))/(1− Δ/2) →

n→∞
∞. This contradicts the definition of F ∈ PD

in Section 1.2.
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It remains to prove that

lim sup
x→∞

←
F (a(x))
←
F (b(x))

� 1.

Suppose, on the contrary, that

lim sup
x→∞

←
F (a(x))
←
F (b(x))

> 1.

It follows that there exist Δ > 0 and a sequence xn ↑ ∞ such that

lim
n→∞

←
F (a(xn))
←
F (b(xn))

= 1 + Δ.

Consequently,

←
F (a(xn)) >

(
1 +

Δ
2

)←
F (b(xn))

for large n. By the definition of
←
F , it follows that

a(xn) < F
((

1 +
Δ
2

)←
F (b(xn))

)
.

This relation, together with (13), implies

F
((

1 + Δ
2

)←
F (b(xn))

)
F
(←

F (b(xn))

) � a(xn)

b(xn)
→

n→∞
1,

since a(x) ∼
x→∞

b(x). Thus,

lim
n→∞

F
((

1 + Δ
2

)←
F
(
b(xn)

))
F
(←

F
(
b(xn)

)) � 1

for some sequence
←
F (b(xn)) →n→∞

∞. This contradicts the definition of F ∈ PD in Section 1.2.
The lemma is now proved.

Lemma 4. Let F and G be two d.f.’s such that F ∈ C ∩ PD, and G(x) ∼
x→∞

cF(x) for some
constant c > 0. Then, ←

G(1− p) ∼
p↓0

←
F
(

1− p
c

)
.

Proof. The condition F ∈ PD and Lemmas 2 and 3 imply that

x ∼
x→∞

←
F
(

F(x)
)
∼

x→∞

←
F
(

G(x)
c

)
. (19)
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The conditions F ∈ C ∩PD and G(x) ∼
x→∞

cF(x) imply that G ∈ C ∩PD. Hence, G(x) > 0

for all x ∈ R, and therefore,
←
G(p)→ ∞ as p ↓ 0. By taking x =

←
G(p) in (19), we get

←
G(p) ∼

p↓0

←
F
(

1
c

G
( ←

G(p)
))

.

By Lemma 1, we have

G
( ←

G(p)
)
∼
p↓0

p.

Hence, from Lemma 3, we derive that

←
G(p) ∼

p↓0

←
F
( p

c

)
,

or, equivalently,
←
G(1− p) ∼

p↓0

←
F
(

1− p
c

)
.

The lemma is proved.

3.2. Properties of the Special Function in Equation (8)

Let X be an r.v. such that E
(
X+
)κ

< ∞ and FX(x) = P(X > x) > 0 for all x ∈ R. Let

γX(x) =

(
E
(
(X− x)+

)κ−1
)κ

(
E
(
(X− x)+

)κ )κ−1 , x ∈ R, (20)

be a well-defined function from Equation (8). In this subsection, we consider properties of
the function γX and its components. The first such statement is proved in [9] (Lemma 2.1).

Lemma 5. Let X be an r.v. such that E
(
X+
)κ

< ∞ and FX(x) > 0 for all real x. If κ > 1, then
function g(x) := E

(
(X− x)+

)κ is continuously differentiable with

g
′
(x) = −κ E

(
(X− x)+

)κ−1, x ∈ R.

If κ = 1, then for each x ∈ R, the derivative from the right g
′
+(x) = −F(x) and the derivative

from the left g
′
−(x) = −F(x− 0).

Other statements directly concern the properties of the function γX .

Lemma 6. Let X be an r.v. such that E
(
X+
)κ

< ∞ and FX(x) > 0 for all x ∈ R. Let γX be the
function defined in Equation (20). If κ > 1, then

lim
x→−∞

γX(x) = 1 and lim
x→∞

γX(x) = 0.

Proof. While the main steps of the proof are outlined in [9] (see the proof of Theorem 2.1),
we provide the complete proof here in more detail. Since FX(x) > 0, we have that

E
(
(X− x)+

)κ
= κ

∫ ∞

x
(u− x)κ−1FX(u)du > 0
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for any x ∈ R. By using the classical Hölder’s inequality, we get

γX(x) =

(
E
((

(X− x)+
)κ−1

(x,∞)(X)
))κ

(
E
(
(X− x)+

)κ)κ−1

� 1(
E
(
(X− x)+

)κ )κ−1

{(
E
(
(X− x)+

)(κ−1) κ
κ−1
) κ−1

κ
(
E
(

(x,∞)(X)
)κ) 1

κ

}κ

= FX(x),

which implies the second equality of the lemma.
Let us consider the first equality. It is obvious that

lim
x→−∞

γX(x) = lim
x→∞

(
E
(
(X+x)+

x

)κ−1
)κ

(
E
(
(X+x)+

x

)κ)κ−1 . (21)

The classical cr-inequality and inequality (a+ b)+ � a+ + b+ provided for any real numbers
a, b imply that for positive x

E

(
(X + x)+

x

)κ−1

� E

(
X+ + x

x

)κ−1

� cκ

(
1

xκ−1E
(
X+
)κ−1

+ 1
)
< ∞,

where

cκ =

⎧⎨⎩1 if 1 < κ � 2,

2κ−2 if κ > 2.

Hence,

lim
x→∞

(
E

(
(X + x)+

x

)κ−1
)κ

=

(
E lim

x→∞

(
(X + x)+

x

)κ−1
)κ

= 1

by the dominated convergence theorem.
Similarly,

lim
x→∞

(
E

(
(X + x)+

x

)κ)κ−1

= 1.

Now, we can derive the first equality of the lemma by substituting the last two relations
into equality (21). The lemma is proved.

Lemma 7. Let X be an r.v. such that E
(
X+
)κ

< ∞ and FX(x) > 0 for x ∈ R. If κ � 2, then the
function γX is continuous and strongly decreasing on R.

Proof. At first, let us consider the case κ > 2. By denoting ηx = (X− x)+, we have

γX(x) =

(
Eηκ−1

x
)κ(

Eηκ
x
)κ−1 .

Due to Lemma 5, we get

γ
′
X(x) = −κ(κ − 1)

(
Eηκ−1

x
)κ−1(

Eηκ
x
)κ (

Eηκ−2
x Eηκ

x −
(
Eηκ−1

x
)2
)

, x ∈ R.

235



Axioms 2026, 15, 20

The classical Cauchy–Schwarz inequality and condition FX(x) > 0, x ∈ R, imply that

Eηκ−1
x = Eη

κ−2
2

x η
κ
2

x <
(
Eηκ−2

x

) 1
2
(
Eηκ

x

) 1
2
.

Therefore, γ
′
X(x) < 0 for x ∈ R implying the assertion of the lemma in the case κ > 2.

Now, let us suppose that κ = 2. In this case,

γX(x) =

(
Eηx
)2

Eη2
x

.

Using Lemma 5, we obtain the derivative from the right

{
γX
}′
+
(x) = −2

Eηx(
Eη2

x
)2

(
F(x)Eη2

x −
(
Eηx
)2
)

is negative for any x ∈ R due to the Hölder inequality

Eηx = E ηx (x,∞)(X) <
(
E η2

x
) 1

2
(
E (x,∞)(X)

) 1
2 =

(
E η2

x
) 1

2
(

F(x)
) 1

2 ,

where the strictness of the inequality follows from the condition FX(x) > 0, x ∈ R. In the

same way, we get that the derivative from the left
{

γX
}′
−(x) is also negative for any real x

because
Eηx (x,∞)(X) = Eηx [x,∞)(X), x ∈ R.

The derived properties of the function γX imply that this function is continuous and
strongly decreasing on R. The lemma is proved.

Lemma 8. Let X be an r.v. such that E
(
X+
)κ

< ∞ and FX ∈ C . If κ > 1, then

lim
y↑1

lim sup
x→∞

γX(xy)
γX(x)

� 1.

Proof. If E
(
X+
)κ is finite, then

E
(
(X− x)+

)p
= p

∫ ∞

x
(u− x)p−1P(X > u)du

for any 0 < p � κ. Therefore, for all positive x and y

γX(xy)
γX(x)

=

(
E
(
(X− xy)+

)κ−1

E
(
(X− x)+

)κ−1

)κ(
E
(
(X− x)+

)κ
E
(
(X− yx)+

)κ
)κ−1

=

(∫ ∞
xy (u− xy)κ−2FX(u)du∫ ∞
x (u− x)κ−2FX(u)du

)κ( ∫ ∞
x (u− x)κ−1FX(u)du∫ ∞

xy (u− xy)κ−1FX(u)du

)κ−1

=

(∫ ∞
x (u− x)κ−2FX(uy)du∫ ∞
x (u− x)κ−2FX(u)du

)κ( ∫ ∞
x (u− x)κ−1FX(u)du∫ ∞

x (u− x)κ−1FX(uy)du

)κ−1

�
(

sup
u�x

FX(uy)
FX(u)

)κ(
sup
u�x

FX(u)
FX(uy)

)κ−1

. (22)

If y ∈ (0, 1), then

lim sup
x→∞

γX(xy)
γX(x)

�
(

lim sup
x→∞

sup
u�x

FX(uy)
FX(u)

)κ

.
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Since d.f. FX ∈ C , the last inequality implies the statement of the lemma.

Lemma 9. Let X be an r.v. with d.f. FX such that E
(
X+
)κ

< ∞ and

(
lim sup

x→∞

FX(yx)
FX(x)

)κ(
lim sup

x→∞

FX(x)
FX(yx)

)κ−1

< 1 (23)

for some κ > 1 and some y > 1. Then,

lim sup
x→∞

γX(xy)
γX(x)

< 1.

for some y > 1.

Remark 1. Since FX(x) � FX(vx) for any v > 1, condition (23) implies that FX ∈ PD. If
FX ∈ Rα for some α > 0, then the condition (23) holds for all κ > 1. If FX ∈ E RV {α,β} ⊂ C

with some 0 < α < β < ∞, then condition (23) holds in the case 1 < κ < β
β−α .

Proof of the lemma. Let κ > 1 and y > 1 be such that condition (23) holds. By
estimate (22), we obtain

lim sup
x→∞

γX(xy)
γX(x)

� lim sup
x→∞

(
sup
u�x

FX(uy)
FX(u)

)κ(
sup
u�x

FX(u)
FX(uy)

)κ−1

=

(
lim sup

x→∞

FX(xy)
FX(x)

)κ(
lim sup

x→∞

FX(x)
FX(xy)

)κ−1

.

Now, the lemma follows from condition (23). The lemma is proved.

Corollary 1. Let κ � 2 and let X be an r.v. with d.f. FX satisfying condition (23). Then, the
function γX defined in equality (20) is the t.f. of d.f. 1− γX belonging to the class C ∩ PD.

The corollary immediately follows from Lemmas 6–9.

3.3. Some Closure Properties

In this subsection, we present some closure properties of d.f.’s with respect to the
dependence structure and the product convolution. We use the results of this subsection to
derive Theorem 7. The proof of the first such lemma can be found in [18] (Lemma 4).

Lemma 10. Let X1, X2 be QAI r.v.’s with d.f. FX1 ∈ D , FX2 ∈ D . Let θ1, θ2 be two non-
negative nondegenerate at zero r.v.’s such that vectors (X1, X2) and (θ1, θ2) are independent. If
max{θp

1 , θ
p
2} < ∞ for some p > max{J+FX1

, J+FX2
} then the r.v.’s θ1X1 and θ2X2 are QAI.

The second lemma on the closure of class C with respect to the product convolution is
proved in [70] (Lemma 2.5).

Lemma 11. Let X and θ be independent r.v.’s, and let d.f. FX belong to the class C . If θ is a
nonnegative, nondegenerate at zero r.v. such that Eθp < ∞ for some p > J+FX

, then d.f. FθX of the
product θX also belongs to the class C .

The next lemma is on the closure of class PD.
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Lemma 12. Let X be an r.v. with d.f. FX ∈ PD∩D , and let θ be an independent of X, nonnegative,
and nondegenerate at zero r.v. such that Eθp < ∞ for some p > J+FX

. Then, the product d.f. FθX

belongs to the class PD.

Proof. Fix y > 1 such that

lim sup
x→∞

FX(xy)
FX(x)

< 1,

and let a ∈ (0, 1) and b > 0 be such that P(b > 0) > 0. If x is sufficiently large, then

FθX(xy)
FθX(x)

=
P(θX > xy, θ � xa)

P(θX > x)
+

P(θX > xy, θ > xa)

P(θX > x)

� P(θX > xy, θ � xa)

P(θX > x, θ � xa)
+

P(θ > xa)

P(θX > x, θ > b)

� P(θX > xy, 0 < θ � xa)

P(θX > x, 0 < θ � xa)
+

Eθp

xapP(θ > b)P(X > x/b)

� sup
0<u�xa

FX

(
yx
u

)
FX

(
x
u

) +
Eθp

P(θ > b)
1

xapFX(x)
FX(x)

F
(

x
b

)
= sup

z�x1−a

FX(zy)
FX(z)

+
Eθp

P(θ > b)
1

xapFX(x)
FX(x)

F
(

x
b

) . (24)

Since FX ∈ D , it is obvious that FX = O
(

FX(x/b)
)
. Moreover, lim

x→∞
xqFX(x) = ∞ for

q > J+FX
; see, e.g., Lemma 3.5 in [54]. If p > J+FX

, then there exists a ∈ (0, 1) such that
ap > J+FX

. For this particular a, the second term on the right side of (24) tends to zero as x
tends to infinity. Consequently, for this particular a ∈ (0, 1)

lim sup
x→∞

FθX(xy)
FθX(x)

� lim sup
x→∞

sup
z�x1−a

FX(zy)
FX(z)

= lim sup
x→∞

FX(xy)
FX(x)

< 1. (25)

The lemma is proved. We remark only that a similar statement, but for a positive random
weight, is proved in Theorem 4.1 of [71].

Lemma 13. Let X be an r.v. with d.f. FX ∈ D , and let θ be an independent of X, nonnegative, and
nondegenerate at zero r.v. such that Eθ p < ∞ for some p > J+FX

. Then, for all y > 0

lim sup
x→∞

FθX(yx)
FθX(x)

� lim sup
x→∞

FX(yx)
FX(x)

and lim sup
x→∞

FθX(x)
FθX(yx)

� lim sup
x→∞

FX(x)
FX(yx)

.

Proof. According to (25)

lim sup
x→∞

FθX(yx)
FθX(x)

� lim sup
x→∞

sup
z�x1−a

FX(yz)
FX(z)

= lim sup
x→∞

FX(yx)
FX(x)

with some special a ∈ (0, 1). Hence, the first inequality of the lemma holds. Similarly
to (24), we obtain

FθX(x)
FθX(yx)

� sup
z�x1−a

F(z)
F(yz)

+
Eθp

P(θ > b)
1

(yx)apFX(x)
FX(x)

FX(yx/b)
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for large x, b > 0 such that P(θ > b) > 0, and for a ∈ (0, 1) such that ap > J+FX
. The

same arguments as in the derivation of (25) imply the second inequality of the lemma. The
lemma is proved.

4. Proof of the Main Results

Proof of Theorem 6.

• Let us begin with part (i) of the theorem. By Relation (2) of Theorem 2, we have

E
((

S(ξ)
n
)β
I{

S(ξ)
n >x

}) ∼
x→∞ ∑

k∈In

E
(

ξ
β
k I{ξk>x}

)
, (26)

for any β ∈ [0, 1]. In the particular case, if β = 0, we get

F
S(ξ)

n
(x) = P

(
S(ξ)

n > x
)
∼

x→∞ ∑
k∈In

Fξk (x) ∼
x→∞

Hn(x). (27)

We observe that Fξk (x) > 0 for each k ∈ In if x is sufficiently large. Hence, according to the
min-max inequality

min
{

a1

b1
, . . .

am

bm

}
� a1 + . . . + am

b1 + . . . + bm
�
{

a1

b1
, . . .

am

bm

}
, (28)

provided if ai � 0, and bi > 0 for i ∈ {1, . . . , m}, we get that

min
k∈In

Fξk (xy)
Fξk (x)

� Hn(yx)
Hn(x)

� max
k∈In

Fξk (xy)
Fξk (x)

(29)

for each y ∈ (0, 1] and sufficiently large x. This double inequality shows that the d.f. Hn,
together with the d.f. F

S(ξ)
n

, belongs to the class C ∩ PD. Hence, by Lemma 4, we have

←
F

S(ξ)
n
(q) ∼

q↑1

←
Hn(q). (30)

For q ∈ (0, 1), by equality (6) and the min-max inequality (28), we derive that

HGq

(
S(ξ)

n

)
←
Hn(q) + 1

1− q ∑
k∈In

E
(

ξk −
←
Hn(q)

)+

� max

⎧⎪⎪⎨⎪⎪⎩
←
F

S(ξ)
n
(q)

←
Hn(q)

,
E
(

S(ξ)
n −

←
F

S(ξ)
n
(q)
)+

E
(

S(ξ)
n −

←
Hn(q)

)+ E
(

S(ξ)
n −

←
Hn(q)

)+
∑

k∈In

E
(

ξk −
←
Hn(q)

)+
⎫⎪⎪⎬⎪⎪⎭

�

←
F

S(ξ)
n
(q)

←
Hn(q)

max

⎧⎪⎪⎨⎪⎪⎩1,
E
(

S(ξ)
n −

←
Hn(q)

)+
∑

k∈In

E
(

ξk −
←
Hn(q)

)+ sup
u�
←
Hn(q)

P
(

S(ξ)
n > u

←
F

S(ξ)
n
(q)/

←
Hn(q)

)
P
(
S(ξ)

n > u
)

⎫⎪⎪⎬⎪⎪⎭ (31)

because, according to the alternative expectation formula,

E(η − x1)
+

E(η − x2)+
=

∞∫
x1

P(η > u)du

∞∫
x2

P(η > u)du
� x1

x2
sup
u�x2

P(η > ux1/x2)

P(η > u)

239



Axioms 2026, 15, 20

for all positive x1, x2, and every r.v. η such that P(η > x) > 0, x ∈ R. Now, let ε ∈ (0, 1/2).
By Relations (30) and (31), we get that

HGq

(
S(ξ)

n

)
←
Hn(q) + 1

1− q ∑
k∈In

E
(

ξk −
←
Hn(q)

)+

� (1 + ε)max

⎧⎪⎪⎨⎪⎪⎩1,
E
(

S(ξ)
n −

←
Hn(q)

)+
∑

k∈In

E
(

ξk −
←
Hn(q)

)+ sup
u�
←
Hn(q)

P
(
S(ξ)

n > u(1− ε)
)

P
(
S(ξ)

n > u
)

⎫⎪⎪⎬⎪⎪⎭
for all q sufficiently close to the unit from the left. Since

←
Hn(q)→ ∞ if q ↑ 1, we get from

the last estimate

lim sup
q↑1

HGq

(
S(ξ)

n

)
←
Hn(q) + 1

1− q ∑
k∈In

E
(

ξk −
←
Hn(q)

)+

� (1 + ε)max

⎧⎪⎪⎨⎪⎪⎩1, lim sup
q↑1

E
(

S(ξ)
n −

←
Hn(q)

)+
∑

k∈In

E
(

ξk −
←
Hn(q)

)+ lim sup
q↑1

sup
u�
←
Hn(q)

P
(
S(ξ)

n > u(1− ε)
)

P
(
S(ξ)

n > u
)

⎫⎪⎪⎬⎪⎪⎭
= (1 + ε)max

⎧⎪⎨⎪⎩1, lim sup
x→∞

E
(
S(ξ)

n − x
)+

∑
k∈In

E
(
ξk − x

)+ lim sup
x→∞

sup
u�x

P
(
S(ξ)

n > u(1− ε)
)

P
(
S(ξ)

n > u
)

⎫⎪⎬⎪⎭.

The fact that F
S(ξ)

n
∈ C , Relation (3) of Theorem 2, and the arbitrariness of ε ∈ (0, 1/2) imply

that

lim sup
q↑1

HGq

(
S(ξ)

n

)
←
Hn(q) + 1

1− q ∑
k∈In

E
(

ξk −
←
Hn(q)

)+ � 1. (32)

In a similar way, we can obtain

lim inf
q↑1

HGq

(
S(ξ)

n

)
←
Hn(q) + 1

1− q ∑
k∈In

E
(

ξk −
←
Hn(q)

)+

� (1− ε)min

⎧⎪⎨⎪⎩1, lim inf
x→∞

E
(
S(ξ)

n − x
)+

∑
k∈In

E
(
ξk − x

)+ lim inf
x→∞

inf
u�x

P
(
S(ξ)

n > u(1 + ε)
)

P
(
S(ξ)

n > u
)

⎫⎪⎬⎪⎭
for all ε ∈ (0, 1/2), and by similar arguments, we can derive that

lim inf
q↑1

HGq

(
S(ξ)

n

)
←
Hn(q) + 1

1− q ∑
k∈In

E
(

ξk −
←
Hn(q)

)+ � 1.

The last estimate, jointly with inequality (32), finishes the proof of the first part of Theorem 6.
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• Now, suppose κ � 2, and all conditions of part (ii) of Theorem 6 are satisfied. Due
to Theorem 3

HGq
(
S(ξ)

n
)
= x̃ +

⎛⎜⎝E
((

S(ξ)
n − x̃

)+)κ
1− q

⎞⎟⎠
1/κ

, (33)

where x̃ = x̃(q) is the unique solution of the equation(
E
((

S(ξ)
n − x̃

)+)κ−1
)κ

(
E
((

S(ξ)
n − x̃

)+)κ)κ−1 = γ
S(ξ)

n
(x̃) = 1− q.

Let Hn be the d.f. defined in part (i) of Theorem 6. Due to the asymptotic Relation (27), the
upper bound in (29), and the conditions of the theorem, we have that the d.f.’s F

S(ξ)
n

and Hn

both belong to the class C . In addition, according to Relation (27), the min-max inequality
(28), and condition (9), we get that⎛⎝lim sup

x→∞

F
S(ξ)

n
(yx)

F
S(ξ)

n
(x)

⎞⎠κ⎛⎝lim sup
x→∞

F
S(ξ)

n
(x)

F
S(ξ)

n
(yx)

⎞⎠κ−1

=

(
lim sup

x→∞

Hn(yx)
Hn(x)

)κ(
lim sup

x→∞

Hn(x)
Hn(yx)

)κ−1

�
(

max
k∈In

lim sup
x→∞

Fξk (yx)
Fξk (x)

)κ(
max
k∈In

lim sup
x→∞

Fξk (x)
Fξk (yx)

)κ−1

< 1 (34)

for some y > 1. Therefore, Corollary 1 implies that the d.f. 1− γ
S(ξ)

n
belongs to the class

C ∩ PD.
For sufficiently large x, by the alternative expectation formula, we have that

(
∑

k∈In

E
(
(ξk − x)+

)κ−1
)κ

(
∑

k∈In

E
(
(ξk − x)+

)κ)κ−1 =

(
(κ − 1)

∞∫
x
(u− x)κ−2Hn(u)du

)κ

(
κ

∞∫
x
(u− x)κ−1Hn(u)du

)κ−1

=

(
E
(
(ζn − x)+

)κ−1
)κ

(
E
(
(ζn − x)+

)κ)κ−1 := γζn(x),

where ζn is an r.v. with d.f. Hn. Due to the estimate (34) d.f. Fζn = Hn satisfies condition
(23) which, according to Corollary 1, implies that the d.f. 1 − γζn belongs to the class
C ∩ PD together with the d.f. 1− γ

S(ξ)
n

.
On the other hand, Relation (3) of Theorem 2 implies that

γ
S(ξ)

n
(x) ∼

x→∞
γζn(x).

Consequently, all conditions of Lemma 4 are satisfied with c = 1 and d.f.’s 1− γ
S(ξ)

n
, 1− γζn .

According to this lemma, we get that

x̃(q) ∼
q↑1

x̂(q). (35)
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Now, we continue the proof of this part in the same way as in the proof of part (i). For
any q ∈ (0, 1), by Relation (33) and the min-max inequality (28), we get

HGq
(
S(ξ)

n
)

x̂(q) +

(
1

1−q ∑
k∈In

E
((

ξk − x̂(q)
)+)κ)1/κ

� max

⎧⎪⎪⎪⎨⎪⎪⎪⎩
x̃(q)
x̂(q)

,

⎛⎜⎜⎝ E
((

S(ξ)
n − x̃(q)

)+)κ
∑

k∈In

E
((

ξk − x̂(q)
)+)κ

⎞⎟⎟⎠
1/κ
⎫⎪⎪⎪⎬⎪⎪⎪⎭

= max

⎧⎪⎪⎪⎨⎪⎪⎪⎩
x̃(q)
x̂(q)

,

⎛⎜⎜⎝ E
((

S(ξ)
n − x̃(q)

)+)κ
∑

k∈In

E
((

ξk − x̃(q)
)+)κ

∑
k∈In

E
((

ξk − x̃(q)
)+)κ

∑
k∈In

E
((

ξk − x̂(q)
)+)κ

⎞⎟⎟⎠
1/κ
⎫⎪⎪⎪⎬⎪⎪⎪⎭.

If q is sufficiently close to the unit from the left, then

∑
k∈In

E
((

ξk − x̃(q)
)+)κ

∑
k∈In

E
((

ξk − x̂(q)
)+)κ =

∞∫
x̃(q)

(u− x̃(q))κ−1Hn(u)du

∞∫
x̂(q)

(u− x̂(q))κ−1Hn(u)du

=

(
x̃(q)
x̂(q)

)κ

∞∫
x̂(q)

(u− x̂(q))κ−1Hn

(
x̃(q)
x̂(q)u

)
du

∞∫
x̂(q)

(u− x̂(q))κ−1Hn(u)du

�
(

x̃(q)
x̂(q)

)κ

sup
u�x̂(q)

Hn

(
x̃(q)
x̂(q)u

)
Hn(u)

.

Consequently, for q sufficiently close to the unit from the left, we have

HGq
(
S(ξ)

n
)

x̂(q) +

(
1

1−q ∑
k∈In

E
((

ξk − x̂(q)
)+)κ)1/κ

� x̃(q)
x̂(q)

max

⎧⎪⎪⎪⎨⎪⎪⎪⎩1,

⎛⎜⎜⎝ E
((

S(ξ)
n − x̃(q)

)+)κ
∑

k∈In

E
((

ξk − x̃(q)
)+)κ sup

u�x̂(q)

Hn

(
x̃(q)
x̂(q)u

)
Hn(u)

⎞⎟⎟⎠
1/κ
⎫⎪⎪⎪⎬⎪⎪⎪⎭.

Since x̃(q)→
q↑1

∞, x̃(q) ∼
q↑1

x̂(q) and the d.f. Hn belongs to the class C , the last estimate and

the asymptotic Relation (3) of Theorem 2 imply that

lim sup
q↑1

HGq
(
S(ξ)

n
)

x̂(q) +

(
1

1−q ∑
k∈In

E
((

ξk − x̂(q)
)+)κ)1/κ � 1.
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Similarly, we can derive that

lim inf
q↑1

HGq
(
S(ξ)

n
)

x̂(q) +

(
1

1−q ∑
k∈In

E
((

ξk − x̂(q)
)+)κ)1/κ � 1.

This finishes the proof of the second part of the theorem.

Proof of Theorem 7.

•We begin with case κ = 1. According to the conditions and Lemma 10, a collection of
r.v.’s {θ1X1, . . . , θnXn} follows the pQAI dependence structure. By Lemma 11, we have
that the d.f.’s FθkXk belong to the class C for all k ∈ {1, 2, . . . , n}. Since max

1�k�n
EX+

k < ∞ and

p > max
1�k�n

J+FXk
, by Lemma 3.5 of [54], we get that E θkX+

x < ∞ for k ∈ {1, 2, . . . , n}, because

sup
{

v :
∫

[0,∞)

xvdF(x) < ∞
}
� J+F

for every d.f. F from the class D . Finally, by Lemma 12, we derive that FθkXk ∈ PD for all
k ∈ {1, 2, . . . , n}. Hence, the collection of r.v.’s {θ1X1, . . . , θnXn} satisfies all conditions of
part (i) of Theorem 6. This implies the statement of Theorem 7(i).

• Now, let us consider part (ii) of the theorem. If κ � 2, Theorem 7(ii) follows from
Theorem 6(ii) by completely analogous reasoning as in the first part of the proof, only
instead of Lemma 12, we need to use Lemma 13.

5. Illustrative Example

In this section, we present an example showing how Theorem 6 can be applied to the
evaluation of the HG risk measure when the risk level is close to unity and the leading risk
has a consistently varying distribution.

Example 1. Let us consider collection of independent r.v.’s {ξ1, ξ2, ξ3, ξ4} with the following d.f.’s:

F1(x) =
(

1− 1
(x + 1)3

)
I[0,∞)(x), F2(x) =

(
1− 1

2(x + 1)3

)
I[0,∞)(x),

F3(x) = F4(x) =
(
1− e−x)I[0,∞)(x).

We derive asymptotic formulas for HGq risk measures in the cases of the power Young functions
ϕ(t) = tκ with κ = 1 and κ = 2.

It is clear that the collection of r.v.’s satisfies the conditions of Theorem 6 with
I4 = {1, 2}. In the case κ = 1, we have

HGq
(
S(ξ)

4
)
∼
q↑1

←
H4(q) +

1
1− q

(
E
(
ξ1 −

←
H4(q)

)
+E
(
ξ2 −

←
H4(q)

))
,

where
←
H4 is the quantile function of the d.f.

H4 = max
{

0, 1− F1 − F2
}

.

For large x

H4(x) = 1− 3
2

1
(1 + x)3 .
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Therefore,
←
H4(q) =

1
3
√

2
3 (1− q)

− 1

for q sufficiently close to unity. For any sufficiently large x,

E(ξ1 − x)+ =
1

2(x + 1)2 , E(ξ2 − x)+ =
1

4(x + 1)2 .

Therefore, in the case κ = 1

HGq
(
S(ξ)

4
)
∼
q↑1

1
3
√

2
3 (1− q)

− 1 +
1

1− q
3
4

(
3

√
2
3
(1− q)

)2

=
1

3
√

1− q

(
3
2

) 4
3
− 1.

The graph of this function, together with the values of HGq
(
S(ξ)

4
)

obtained using the Monte-
Carlo (MC) method, can be seen in Figure 1. The Monte-Carlo simulations were performed
using statistical software R (v4.0.3); the graphs provided in this section were generated in
R using ggplot2 and tikzDevice libraries. .

10

20

0.900 0.925 0.950 0.975 1.000
q

HGq(S
(ξ)
4 ) obtained using MC

Asymptotic approximation of HGq(S
(ξ)
4 )

Figure 1. Simulated and asymptotically approximated values of HGq(S
(ξ)
4 ) in the case κ = 1.

If κ = 2, then

HGq
(
S(ξ)

4
)
∼
q↑1

x̂(q) +
1√

1− q

(
E
(
(ξ1 − x̂(q))+

)2
+E
(
(ξ2 − x̂(q))+

)2
)1/2

,

where x̂(q) is the solution of the equation

E(ξ1 − x)+ +E(ξ2 − x)+

E
(
(ξ1 − x)+

)2
+E
(
(ξ2 − x)+

)2 = 1− q.

In the case under consideration,

E(ξ1 − x)+ =
1

2(x + 1)2 , E(ξ2 − x)+ =
1

4(x + 1)2 ,

E
(
(ξ1 − x+

)2
=

1
x + 1

, E
(
(ξ2 − x+

)2
=

1
2(x + 1)

.
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Hence,

x̂(q) = 3

√
3

8(1− q)
− 1

and

HGq
(
S(ξ)

4
)
∼
q↑1

3
2

3

√
3

1− q
− 1.

The graph of this function, together with the values of HGq
(
S(ξ)

4
)

obtained using the
Monte-Carlo method, can be seen in Figure 2.
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20

30

0.900 0.925 0.950 0.975 1.000
q

HGq(S
(ξ)
4 ) obtained using MC

Asymptotic approximation of HGq(S
(ξ)
4 )

Figure 2. Simulated and asymptotically approximated values of HGq(S
(ξ)
4 ) in the case κ = 2.

6. Concluding Remarks

The study of risk measures is a relatively popular topic in probability theory, as risk
measures are applied in numerous fields where uncertainty and potential losses must
be quantified, including banking and finance, insurance, investment management, and
energy markets. Acceptable properties of risk measures are listed, for example, in the
work [1]. The book [72] discusses classical mathematical problems related to risk measures.
The mathematical problems of risk measures are still being intensively studied today. Let
us mention a few works. Distortion risk measures are considered, e.g., in [73,74]. The
duality of risk measures is considered in [75]. Risk measures with special properties
are analysed, e.g., in [76–78]. In addition, we note that our results complement those of
the papers [79–82], which also utilise higher-order moments in the construction of risk
measures.

As already mentioned, the HG risk measure is a direct generalisation of the ES risk
measure by introducing a governing Young function. Other generalisations of the ES
measure are obtained by replacing quantiles with generalised quantiles or expectiles. Such
risk measures are described and studied in [83–85].

In our paper, we study the properties of the HG risk measure, which was first defined
in [3]. The main result of our work is given in Theorem 6. It follows from this result
that, to find the asymptotics of the HG risk measure for the sum of random risks, it
is sufficient to determine the appropriate characteristics of the sum of dominant risks.
From Theorem 6, we see that such a result holds when the distribution functions of the
dominant risks are consistently varying and satisfy additional requirements related to
having positively decreasing tails. In addition, Theorem 6 implies that in order to find
the asymptotics of the HG risk measure for the sum of random risks, there is no need to
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calculate complex convolutions. It is enough to construct the distribution function from
the sum of the distribution functions of the selected group. The next main theorem of the
work, Theorem 7, is actually a consequence of Theorem 6. This theorem demonstrates that
the procedure for determining the asymptotics of the HG risk measure also applies in cases
where a set of random variables with random weights is considered.

Possibly similar results on the asymptotic behavior of the HG risk measure can be
obtained for a wider class of distributions D , i.e., for distributions with dominatedly
varying d.f.’s. However, in this case, the asymptotic formulas should have additional
constants resulting in less strict asymptotic bounds, or additional constraints should be
imposed on the d.f.’s of random risks to preserve exact asymptotic relations. In the near
future, we hope to determine how the asymptotic formulas of the HG risk measure change
when the distribution class C is replaced by the wider distribution class D .
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Abbreviations

The following abbreviations are used in this manuscript:

HG Haezendonck–Goovaerts risk measure
HGq Haezendonck–Goovaerts risk measure with level q
ES Expected Shortfall (particular case of HG risk measure)
r.v. random variable
d.f. distribution function
t.f. tail function
pQAI (pairwise) quasi-asymptotically independent (random variables)
PD positively decreasing (distribution function)
MC Monte-Carlo (method)
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Abstract

This study investigates an MX/G/1 queueing system tailored to the textile manufacturing
industry, incorporating two heterogeneous service types, Bernoulli vacation schedules, and
the effects of disasters and repairs. The system handles bulk fabric arrivals following a Pois-
son process, where customers can opt for either standard finishing or advanced finishing
services. Disasters such as equipment malfunctions cause system interruptions, necessitat-
ing stochastic repair periods, while Bernoulli vacation schedules allow the machines to take
probabilistic vacations based on operational conditions. By employing the supplementary
variable technique, the probability generating function (PGF) for the number of customers
in the system is obtained. Key performance metrics are derived alongside rate arguments
to analyze system behavior comprehensively. Numerical techniques are utilized to explore
and illustrate the influence of model parameters, providing practical insights for optimizing
resource allocation, enhancing production efficiency, and maintaining system reliability in
textile manufacturing operations.

Keywords: supplementary variable technique; heterogeneous service; disaster; Bernoulli
vacation schedule

MSC: 90B22

1. Introduction

Queueing systems play a vital role in the analysis and optimization of service and
manufacturing processes, especially during interruptions, service variability, and in crucial
workload management. This study focuses on modeling an MX/G/1 queueing system
characterized by two heterogeneous services, Bernoulli vacation schedules, and the influ-
ence of disasters and repairs. The concept of heterogeneous services reflects real-world
settings where a server offers two distinct types of service differing in complexity, resource
requirements, or in time. Disasters represent system-wide failures that interrupt operations,
necessitating repair periods to restore functionality. The inclusion of a Bernoulli vacation
schedule adds flexibility by allowing the server to probabilistically decide on taking a
vacation. In this study, these features are integrated into a unified framework to derive key
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system performance metrics, including the probability generating function (PGF) for the
number of customers in the system, using the supplementary variable technique.

The present study contributes to the literature on bulk-arrival single-server systems
by formulating an MX/G/1 model that simultaneously incorporates heterogeneous ser-
vice choice, Bernoulli-type vacations, and disaster–repair interruptions within a unified
analytical framework. Earlier works of certain model addresses these mechanisms only in
isolation or partial combinations, whereas the current model captures their joint influence
through a coupled supplementary-variable structure and modified steady-state balance
equations. This integrated formulation enables system descriptors that explicitly reflect the
interaction among service heterogeneity, probabilistic vacations, and breakdown–repair cy-
cles, yielding structural and parametric behaviors not observed in models with only one or
two of these features. This establishes the technical novelty and broadens the applicability
of MX/G/1 queueing models to more realistic operational environments.

The development of this model is grounded upon significant prior work. The integration
of disasters and repairs builds on the foundational work of Afanasyev [1], who examined
the busy period in queueing systems with vacations, providing insights into the probabilistic
structure of service interruptions. Afthab Begum et al. [2] extended disaster models by in-
cluding working breakdowns. Arumuganathan and Jeyakumar [3] studied bulk queueing
systems with service feedback and control policies. In a related context, Barron [4] developed a
replenishment inventory model under random environments with stock- and age-dependent
cost functions, bridging queueing theory and inventory control under stochastic conditions.
Similarly, Choi and Lim [5] proposed a Markovian queueing model with an alternating
server and queue-length-based threshold control, contributing to adaptive service mecha-
nisms. Choudhury and Paul [6] examined two-phase queueing systems with feedback, while
Choudhury and Deka [7] explored single-server systems operating under Bernoulli vacation
schedules in disaster-prone environments. Fu et al. [8] analyzed optimization decisions in
customer-intensive services under bounded rationality, incorporating behavioral uncertainty
through Gumbel distributions. Guendouzi and Bouzebda [9] optimized a GI/M/2/N queue
with heterogeneous servers, working vacations, and impatience using the Bat algorithm,
demonstrating the potential of metaheuristic techniques in queue optimization. Jeyakumar
and Logapriya [10–12] further explored non-terminating vacation policies, single vacation
policies, and compulsory vacation policies in queueing systems under disaster and repair
conditions. Jeyakumar and Senthilnathan [13] provided insights into the behavior of bulk
queueing systems with multiple vacations and breakdowns, emphasizing their relevance to
real-world operations. The role of Bernoulli vacation schedules is highlighted by Jingjing
et al. [14]. Kadi et al. [15] analyzed an M/M/1/K queue with single working vacation,
feedback, and impatience under an N-policy. Collectively, these studies form the foundation
on which the present comprehensive queueing model is developed to address real-world
challenges in manufacturing and service industries.

In addition to these foundational contributions, several recent studies have advanced
the analysis and optimization of queueing systems under modern operational complex-
ities. Ke and Pearn [16] discussed optimal management policies in vacation models,
while Kim and Lee [17] analyzed working breakdowns in M/G/1 queues. Kumar and
Arivudainambi [18] examined queueing systems with catastrophes. The inclusion of
heterogeneous services is inspired by Madan [19] and Madan et al. [20], who studied
two-stage and multi-type service models. Mahanta et al. [21] and Mytalas and Zazanis [22]
extended disaster models by considering working breakdowns and MAV policies, respec-
tively. Niranjan et al. [23] studied bulk queueing models with load balancing and vacation,
relevant to distributed and industrial service systems. Palaniammal and Kumar [24] further
investigated the implications of heterogeneity on queueing performance across various
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industries. Applications of similar models in manufacturing environments have been
demonstrated by Park et al. [25] in stochastic disaster systems. Sasikala et al. [26] focused
on Bernoulli vacation schedules in retrial queueing systems, while Singh C.J., Jain M., and
Kumar B. [27] analyzed an MX/G/1 unreliable retrial queue with the option of additional
service and Bernoulli vacation. Xie et al. [28] investigated equilibrium and optimization in
multi-server queues with heterogeneous information and reneging. Yechiali [29] examined
queues with system disasters and impatient customers, contributing substantially to re-
search on vacation policies. Zhu and Wang [30] explored strategic joining in single-server
Markovian queues with Bernoulli working vacations, revealing the behavioral dynamics of
customers in such systems. Collectively, these recent developments emphasize a growing
research interest in queueing models with vacations, customer heterogeneity, and stochastic
disruptions—providing strong motivation for the present study.

Accordingly, the current work proposes a queueing model featuring two heteroge-
neous services, Bernoulli vacation schedules, and disaster–repair interventions, which is
formulated to optimize textile manufacturing operations. The model captures realistic
production characteristics such as probabilistic breakdowns, rest periods, and service vari-
ability, offering a unified analytical framework for improving efficiency and reliability in
manufacturing environments.

The comparison in Table 1 clearly highlights that most existing studies address only
one or two aspects, such as vacations, breakdowns, or service heterogeneity, in isolation.
The present work uniquely combines bulk arrivals, two heterogeneous services, Bernoulli
vacation schedules, and disaster–repair mechanisms within a unified MX/G/1 queueing
framework. Furthermore, the model is applied to a real-world textile manufacturing sce-
nario, providing both analytical insight and practical relevance. This integrated approach
distinguishes the present study from earlier theoretical models and offers a novel contribu-
tion toward performance optimization and operational reliability in industrial systems.

Table 1. Comparison of the Present Study with Existing Related Works.

Year Model
Heterogeneous

Services
Bulk

Arrivals
Bernoulli
Vacation

Disaster/
Breakdown

Repair
Mechanism

Application

2000 M/M/1 with Catastrophes � � � � � Theoretical

2007 Queue with Disasters and
Impatience � � � � � Theoretical

2014 Single-Server with Bernoulli
Vacation � � � � � �

2011 Two-Stage/Multi-Type
Service Models � � � � � �

2018 Bulk Queue with Feedback � � � � � �

2020 Retrial Queue with Bernoulli
Vacation � � � � � �

2024 Bulk Queue with Load
Balancing and Vacation � � � � � �

2025
GI/M/2/N with Working
Vacation, Feedback, and

Impatience
� � � � � �

Present
Study

Two Heterogeneous Services,
Bernoulli Vacation, and

Disaster–Repair
� � � � � �
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The aim of this model is to analyze complex queueing scenarios that arise in industries
where bulk arrivals, diverse service options, and system disruptions are common. In
a textile manufacturing unit, fabric rolls (customers) arrive in bulk for processing. The
server (machine) provides two types of finishing services that are Standard Finishing and
Advanced Finishing. Finishing services play a crucial role in enhancing the properties
and appearance of fabrics to meet specific customer demands. Finishing is often the final
stage of production that adds value to the product, ensuring it meets both functional and
aesthetic requirements. Customers may opt for standard fabric finishing (basic chemical
treatments for durability) or advanced finishing (waterproofing, anti-bacterial coatings, or
wrinkle resistance) based on their needs and budget. Occasionally, the machine (server)
undergoes disasters like machine malfunctions due to wear and tear in standard finishing
service (service 1) and high-tech failures due to issues in UV curing machines in advanced
finishing services (service 2), requiring repair before resuming operations. During periods
of low workload, the machine may enter a Bernoulli vacation state for maintenance or
energy conservation. This model helps in evaluating the system performance, optimizing
machine utilization, improve production efficiency, and in maintaining high customer
satisfaction while managing the inherent uncertainties in manufacturing operations.

Beyond textile manufacturing, similar queueing dynamics are observed in other
industrial and service sectors. For instance, in automobile assembly lines, robotic units often
alternate between routine operations and calibration (vacation periods), while different
service stations handle heterogeneous assembly or finishing tasks. In semiconductor
fabrication plants, equipment frequently undergoes maintenance and repair cycles, and
production batches (bulk arrivals) must queue for standard or specialized processing steps.
Likewise, in healthcare service systems, diagnostic centers face bulk patient arrivals, where
medical devices or testing units provide heterogeneous services (basic vs. advanced tests)
and occasionally undergo service interruptions or recalibrations.

Thus, the proposed queueing model with heterogeneous services, Bernoulli vacations,
and disaster–repair mechanisms capture a wide range of real-world operations, providing
valuable insights for optimizing resource utilization, improving service efficiency, and
maintaining customer satisfaction under uncertainty.

The present study can be extended in several meaningful directions to enhance its ana-
lytical scope and practical relevance. Future research may incorporate customer impatience,
reneging, or feedback mechanisms to model situations where fabric batches or customers
withdraw or rejoin the system depending on service delays. The framework can also be
generalized to multi-server or parallel-machine environments, reflecting large-scale textile
or manufacturing systems with coordinated operations and load balancing. Introducing
finite buffer capacity and priority-based service rules would allow analysis of preferential
treatment for high-value or urgent orders. Moreover, the development of data-driven
or machine learning-based control policies could optimize vacation scheduling, repair
decisions, and service switching in real time. Further, integrating the queueing framework
with inventory or supply-chain models would provide a holistic view of production and
material flow. Allowing general or state-dependent distributions for repair and vacation
times could also capture practical uncertainties in maintenance processes. Finally, future
studies may conduct simulation-based validation or empirical analysis using industrial
data to evaluate economic and energy efficiency, thereby strengthening the real-world
applicability of the proposed model.

The paper is organized as follows. Section 2 presents the mathematical model of
the queueing system with two heterogeneous services, Bernoulli vacations, and disaster–
repair mechanisms. Section 3 details the derivation of the steady-state equations using the
supplementary variable approach and the probability generating function (PGF) methodol-
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ogy. Section 4 analyzes the queue size distribution and key performance measures, while
Section 5 illustrates the numerical results and discusses the impact of various system
parameters. Finally, Section 6 concludes the study and highlights potential directions for
future research.

2. Model Formulation

The system considers a bulk-arrival process in which customer batches arrive accord-
ing to a Poisson process with rate λ. The size of each arriving batch is modeled by the
random variable C. A batch of customers i with the parameters λ , λ > 0 joins the system
with a provided with two kinds of heterogeneous service under first come, first serve
discipline. The mean batch size is denoted by E(C). An arriving customer has the option
to select either the first service with a probability ‘p’ or second service with a probability
‘1− p’. Let μ1(x) and μ2(x) be the hazard rate function of the of both the services, with
the corresponding density functions S1

′ and S2
′ and with the mean service times E(S1)

and E(S2). After completing service, the server may either take vacation with probability b
or with probability 1− b, where the server may wait in the system to serve the arriving
customer. Let v(x) be the hazard rate function of the vacation, with the mean vacation time
being E(L). All vacation periods are independent of each other. Finally, disaster is assumed
to happen in the system during either the first or second kind of service. With the disaster
rate δ, it removes all the customers, including the one being served by the system, and the
system is immediately moved to a repair period. Let r(x) be the hazard rate function of
the repair period with density function R′ and mean repair time E(R). The customers who
arrive during repair time may wait in the queue.

In this model, we aim to derive the KolmogorovChapman equations for a bulk ar-
rival single-server queueing system with two different kinds of heterogeneous service,
server vacations, and disasters requiring repairs. Let Si,t, i = 1, 2 and Lt be introduced as
supplementary variables to obtain a Markov Process as {Nt, Ω(t), Si,t, Rt, Lt, t ≥ 0}.

Let Nt and Ω(t) be the system size and random variable corresponding to server’s
status at a time t. For the various server’s states, the limiting probabilities are defined
as follows:

Server’s idle state: P0 at Ω(t) = 0 represents the probability that the system is empty
and the server is idle. Server’s busy state (first kind of service): P(s1)

n (x) at Ω(t) = 1
represents the joint probability of having n customers in the system and the server busy
with the first kind of service. Server’s busy state (second kind of service): P(s2)

n (x) at
Ω(t) = 2 represents the joint probability of having n customers in the system and the server
busy with the second kind of service. Server’s repair state: Rn(x) at Ω(t) = 3 represents the
probability of having n customers in the system and the server undergoing repairs. Server’s
vacation state: Ln(x) at Ω(t) = 4 represents the probability of having n customers in the
system and the server is on vacation. Symbols and notations are listed in Appendix A.

3. Supplementary Variable Approach to Steady-State Differential Equations

The supplementary variable technique is a powerful tool in queueing theory for
deriving steady-state differential equations and analyzing system performance. This
method is particularly effective for systems with bulk arrivals, general service distributions,
and stochastic disruptions like disasters and repairs. Building on our earlier studies on
single vacation policies [5] and non-terminating vacation models in MX/G/1 queues [6],
this work extends the application of the supplementary variable technique to explore
steady-state behaviors in two different heterogeneous services.

The governing equations for various states of the system are framed for n > 0 as

254



Axioms 2025, 14, 863

0 = −λP0 +
∫ ∞

0
L0(x)v(x)dx + (1− b)

(∫ ∞

0
P(s2)

1 (x)μ2(x)dx +
∫ ∞

0

P(s1)
1 (x)μ1(x)dx+∫ ∞
0 R0(x)r(x)dx

)
(1)

(
d

dx
+ λ + μ1(x) + δ

)
P(s1)

n (x) = λ∑n−1
i=1 CiP

(s1)

n−i(x) , n ≥ 1 (2)(
d

dx
+ λ + μ2(x)

)
P(s2)

n (x) = λ∑n−1
i=1 CiP

(s2)

n−i(x) , n ≥ 1 (3)(
d

dx
+ λ + r(x)

)
Rn(x) = λ∑n−1

i=1 CiRn−i(x), n ≥ 1 (4)(
d

dx
+ λ + v(x)

)
Ln(x) = λ∑n−1

i=1 CiLn−i(x), n ≥ 1 (5)

With the boundary conditions

P(s1)
n (0) = p

(∫ ∞

0
Ln(x)v(x)dx +

∫ ∞

0
P(s2)

n+1(x)μ2(x)dx +
∫ ∞

0

P(s1)
n+1(x)μ1(x)dx +

∫ ∞
0 Rn(x)r(x)dx+

λCnP0

)
(6)

P(s2)
n (0) = (1− p)

(∫ ∞

0
Ln(x)v(x)dx +

∫ ∞

0
P(s2)

n+1(x)μ2(x)dx +
∫ ∞

0

P(s1)
n+1(x)μ1(x)dx +

∫ ∞
0 Rn(x)r(x)dx

+λCnP0

)
(7)

R0(0) = δ

(
∞

∑
n=1

∫ ∞

0
P(s1)

n (x)dx +
∞

∑
n=1

∫ ∞

0
P(s2)

n (x)dx

)
(8)

Ln(0) = b
(∫ ∞

0
P(s2)

n (x)μ2(x)dx +
∫ ∞

0
P(s1)

n+1(x)μ1(x)dx
)

(9)

4. PGF-Based Steady-State Analysis

We derive the steady-state probability generating function (PGF) by systematically
linking each balance equation to the corresponding operational condition of the system.
Intermediate steps are outlined to clarify how the supplementary variables capture service
heterogeneity, vacation decisions, and disaster–repair dynamics. By presenting the deriva-
tion in a stepwise manner, the structure of the PGF becomes transparent, showing how
each component of the model contributes to the steady-state representation.

To obtain the PGF, we define the functions as

P(s1)(x, z) = ∑∞
n=1 P(s1)

n (x)zn, P(s1)
n (z) = ∑∞

n=1 P(s1)
n zn

P(s2)(x, z) = ∑∞
n=1 P(s2)

n (x)zn, P(s2)
n (z) = ∑∞

n=1 P(s2)
n zn

L(x, z) = ∑∞
n=0 Ln(x)zn,R(x, z) = ∑∞

n=0 Rn(x)zn

(10)

By multiplying Equations (2)–(9) with certain powers of z and summing it over n , we
obtain the PDEs as

d
dx P(s1)(x, z) + (λ + μ1(x) + δ− λC(z))P(s1)(x, z) = 0
d

dx P(s2)(x, z) + (λ + μ2(x) + δ− λC(z))P(s2)(x, z) = 0
d

dx R(x, z) + (λ + r(x)− λC(z))R(x, z) = 0
d

dx L(x, z) + (λ + v(x)− λC(z))L(x, z) = 0

(11)

P(s1)(0, z) = (p)
(∫ ∞

0 (L(x, z)− L0(x))v(x)dx+
∫ ∞

0

(
1
z P(s2)(x, z)− P

(s2)
1 (x)

)
μ2(x)dx+∫ ∞

0

(
1
z P(s1)(x, z)− P

(s1)
1 (x)

)
μ1(x)dx +

∫ ∞
0 (R(x, z)− R0(x))r(x)dx + λC(z)P0

) (12)
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P(s2)(0, z) = (1− p)
(∫ ∞

0 (L(x, z)− L0(x))v(x)dx +
∫ ∞

0

(
1
z P(s2)(x, z)− P

(s2)
1 (x)

)
μ2(x)dx+∫ ∞

0

(
1
z P(s1)(x, z)− P

(s1)
1 (x)

)
μ1(x)dx +

∫ ∞
0 (R(x, z)− R0(x))r(x)dx + λC(z)P0

) (13)

R(0, z) = δ

(∫ ∞

0
P(s1)(x, 1)dx +

∫ ∞

0
P(s1)(x, 1)dx

)
(14)

L(0, z) = b
(∫ ∞

0
P(s1)

n (x, z)μ2(x)dx +
∫ ∞

0
P(s2)

n (x, z)μ1(x)dx
)

(15)

Upon solving Equation (11), we have

P(s1)(x, z) = P(s1)(0, z)(1− S1(x))e−(λ+δ−λC(z))x

P(s2)(x, z) = P(s2)(0, z)(1− S2(x))e−(λ+δ−λC(z))x

R(x, z) = R(0, z)(1− R(x))e−(λ−λC(z))x

L(x, z) = L(0, z)(1− L(x))e−(λ−λC(z))x

(16)

By integrating the Equation (16) again, we have

P(s1)(z) = P(s1)(0, z)
(

1−S∗1 (λ+δ−λC(z))
λ+δ−λC(z)

)
P(s2)(z) = P(s2)(0, z)

(
1−S∗2 (λ+δ−λC(z))

λ−λC(z)

)
R(z) = R(0, z)

(
1−R∗(λ−λC(z))

λ−λC(z)

)
L(z) = L(0, z)

(
1−L∗(λ−λC(z))

λ−λC(z)

) (17)

S∗1(λ + δ− λC(z)) and S∗2(λ + δ− λC(z)) represent the Laplace-Stieltjes transforms
of the first and second types of service time distributions, respectively. Similarly,
R∗(λ− λC(z)) denotes the Laplace-Stieltjes transform of the repair time distributions,
and L∗(λ− λC(z)) corresponds to the Laplace-Stieltjes transform of the vacation time
distribution. These transforms are essential in expressing the steady-state characteristics of
the queueing system.

Equations (13)–(16) are evaluated to determine and obtain the integral equations as,∫ ∞

0
P(s1)(x, z)μ1(x)dx = P(s1)(0, z)S*

1(λ + δ− λC(z)) (18)

∫ ∞

0
P(s2)(x, z)μ2(x)dx = P(s2)(0, z)S∗2(λ + δ− λC(z)) (19)∫ ∞

0
R(x, z)r(x)dx = R(0, z)R∗(λ− λC(z)) (20)∫ ∞

0
L(x, z)v(x)dx = L(0, z)L∗(λ− λC(z)) (21)

In the given queueing system, it is assumed that no customers are present immediately
after the completion of a vacation period or a repair period that follows a disaster. This
condition arises because the system state resets at the end of these events. Consequently, the
joint probabilities associated with the number of customers in the system and the system’s
phase simplify PGFs L(0, z) as L0(0) and R(0, z) as R0(0).

5. Queue Size Distribution Under Different Operational States

The analysis of the queue size distribution proceeds by decomposing the overall PGF
into parts associated with the key operational states of the system—busy operation, vaca-
tion periods, disaster epochs, and repair phases. Each resulting expression is accompanied
by brief interpretative remarks illustrating how the model parameters influence the distri-
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bution under these conditions. This separation of structural components provides clearer
insight into how the combined effects of bulk arrivals, service heterogeneity, vacations, and
breakdown–repair cycles shape the system’s queue length behavior.

Queueing systems are subjected to disruptions like vacations, repairs, and varying
server availability, and the queue size distribution depends significantly on the operational
state of the server. By deriving the PGFs for different states, such as when the server is
busy, under repair, or on vacation, this enables us to compute key performance metrics like
mean queue length and waiting time.

P(s1)(0, z) =
zp
(

δ
(

P(s1)(1) + P(s2)(1)
)

R∗(Az)− λP0Hz

)
z−
(

pS∗1(Az + δ) + (1− p).S∗2(Az + δ)
)
(zbL∗(Az) + 1)

(22)

where Az = λ− λC(z), and Hz =
1

1−b − C(z).
Therefore Equation (17) becomes

P(s1)(z) =
zp
(

δ
(

P(s1)(1) + P(s2)(1)
)

R∗(Az)− λP0Hz

)
z−
(

pS∗1(Az + δ) + (1− p).S∗2(Az + δ)
)
(zbL∗(Az) + 1)

(
1− S∗1(Az + δ)

Az + δ

)
(23)

To establish the existence of a unique root inside the unit disk, we apply Rouche’s theo-
rem. If possible, let z = zθ be the unique solution of z =

(
pS∗1(Az + δ) + (1− p).S∗2(Az + δ)

)
(zbL∗(Az) + 1). In that case, equality becomes λP0Hzθ

= δ
(

P(s1)(1) + P(s2)(1)
)

R∗(Azθ
).

Let us set π =
Hzθ

R*(Azθ )
.

Results:
The probability generating functions (PGFs) for the size of the system at different

epochs—corresponding to the first kind of service, second kind of service, repair phase,
and vacation phase—are derived as follows:

The PGF at the epoch of the first kind of service is given as

P(s1)(z) =
zp(πλP0R∗(Az)− λP0Hz)

z−
(

pS∗1(Az + δ) + (1− p).S∗2(Az + δ)
)
(zbL∗(Az) + 1)

(
1− S∗1(Az + δ)

Az + δ

)
(24)

The PGF at the epoch of the second kind of service is given as

P(s2)(z) =
z(1− p)(πλP0R∗(Az)− λP0Hz)

z−
(

pS∗1(Az + δ) + (1− p).S∗2(Az + δ)
)
(zbL∗(Az) + 1)

(
1− S∗2(Az + δ)

Az + δ

)
(25)

The PGF at the epoch under repair is given as

R(z) =
λP0

(
π − b

1−b

)(
P
(
1− S∗1(δ)

)
+ (1− P)(1− S∗2(δ))

)
(1− R∗(Az))(

1− (b + 1)
(

p
(
S∗1(δ)

)
+ (1− p)

(
S∗2(δ)

))
Az

(26)

The PGF at the epoch of under vacation is given as

L(z) =
zb(πλP0R∗(Az)− λP0Hz)

(
pS∗1(Az + δ) + ((1− p).S∗2(Az + δ))

)
(1− L∗(Az))(

z−
(

pS∗1(Az + δ) + (1− p).S∗2(Az + δ)
)
(zbL∗(Az) + 1)A z

(27)

Using the normalizing condition at z = 1, the probability P0 is obtained when the
server being idle as

P0 =

⎛⎝1 +
λ
(

π − b
1−b

){(
p
(
1− S∗1(δ)

)
+ (1− p)(1− S∗2(δ))

)
(1 + δE(R)) + δ

(
p
(
S∗1(δ)

)
+ (1− p)(S∗2(δ))

)}
δ
(
1− (b + 1)

(
p
(
S∗1(δ)

)
+ (1− p)

(
S∗2(δ)

)))
⎞⎠−1

(28)
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Finally, the total PGF of queue size X(z) is obtained as

X(z) =
(

1 +
λ(π− b

1−b ){(p(1−S∗1 (δ))+(1−p)(1−S∗2 (δ)))(1+δE(R))+δ(p(S∗1 (δ))+(1−p)(S∗2 (δ)))}
δ(1−(b+1)(p(S∗1 (δ))+(1−p)(S∗2 (δ))))

)−1

[1+

z(πλP0R∗(Az)−λP0 Hz)

z−(pS∗1 (Az+δ)+(1−p).S∗2 (Az+δ))(zbL∗(Az)+1)

(
p(1−S∗1 (Az+δ))+(1−p)(1−S∗2 (Az+δ))

Az+δ +

b(pS∗1 (Az+δ)+((1−p).S∗2 (Az+δ)))(1−L∗(Az))
Az

)
+

λP0(π− b
1−b )(P(1−S∗1 (δ))+(1−P)(1−S∗2 (δ)))(1−R∗(Az))

(1−(b+1)(p(S∗1 (δ))+(1−p)(S∗2 (δ)))Az

] (29)

Also, due to disaster, the PGF of the total number of customers removed from the
queueing system is given as

Xd(z) =
zδ(πR∗(Az)− Hz)(1− (b + 1)(p(S∗1(δ)) + (1− p)(S∗2(δ))))(

z−
(

pS∗1(Az + δ) + (1− p).S∗2(Az + δ)
)
(zbL∗(Az) + 1)

)(
π − b

1−b

)( 1− S∗1(Az + δ)(
1− S∗1(δ)

)
(A z + δ)

+
1− S∗2(Az + δ)(

1− S∗2(δ)
)
(A z + δ)

)
(30)

6. Performance Measures

The expected queue length ( E(QL)) and waiting time (E(WT)) of the customer in the
system are derived using L’ Hospital’s rule. By applying this rule to the PGF obtained from
the Equation (29), the mean queue length of the customer in the queue and mean waiting
time of the customer are calculated. It produces valuable insights into the performance of
the queueing system.

E(QL) =

λE(c)
(

(δ(1−(b+1)Sa))
δ(1−(b+1)Sa)+λλc( Sc(1+δE(R))+δ Sa E(L))

)⎛⎝Sd λc

(
λ
δ − bλ

2 E(L)
)
+ Sc

(
Se + λc

(
S f − λ

δ (b + 1)Sd

)
− Sa

(
(b + 1)Se − λc

(
(b + 1)Sf +

1
δE(c) −

λ
δ E(L)

)))
+ Sa

(
Sg + λc

(
Sh − Sd

(
b(b+1)

2 λE(L)− λ
δ (1 + b)

))
− Sa

(
Sg − λc(1 + b)

))
⎞⎠

(1− (b + 1)Sa)
2 (31)

E(WT) =

(
(δ(1−(b+1)Sa))

δ(1−(b+1)Sa)+λλc( Sc(1+δE(R))+δ Sa E(L))

)⎛⎝Sd λc

(
λ
δ − bλ

2 E(L)
)
+ Sc

(
Se + λc

(
S f − λ

δ (b + 1)Sd

)
− Sa

(
(b + 1)Se − λc

(
(b + 1)Sf +

1
δE(c) −

λ
δ E(L)

)))
+ Sa

(
Sg + λc

(
Sh − Sd

(
b(b+1)

2 λE(L)− λ
δ (1 + b)

))
− Sa

(
Sg − λc(1 + b)

))
⎞⎠

(1− (b + 1)Sa)
2 (32)

where λc =
(

π − b
1−b

)
Sd = pS∗

′
1 (δ) + (1− p)pS∗

′
2 (δ); Sa = (pS∗1(δ) + (1− p)S∗2(δ)),

Sc = p(1− S ∗1(δ)
)
+(1− p)(1− S ∗2(δ)

)
; Sh =

bλ

2
E
(

L2
)
− b

2E(c)
E(L)

Se =
πλ

δ
E(R)− δ; S f =

λ

δ2 +
λ

2
E
(

R2
)

; Sg =
b
2

E(L)(λE(R)− 1)

Also, R∗′(0) and L∗′(0) are the mean repair time and mean vacation time; R∗′′ (0) and
L∗′′ (0) are the second moment repair time and vacation time.

7. Rate Arguments

Disasters in the system can occur either before the commencement of a repair period
or at the conclusion of a busy period. Consequently, the rate at which disasters occur is
expressed as

rd =
λP0

(
π − b

1−b

)(
P
(
1− S∗1(δ)

)
+ (1− P)(1− S∗2(δ))

)(
1− (b + 1)

(
p
(
S∗1(δ)

)
+ (1− p)

(
S∗2(δ)

)) (33)
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At the end of a busy period, the server may proceed to take a vacation. Hence, the
rate of normal busy period completion is expressed as

rnbpc =
zλP0(πR∗(Az)− Hz)

(
P
(
1− S∗1(δ)

)
+ (1− P)(1− S∗2(δ))

)
z−
(

pS∗1(Az + δ) + (1− p).S∗2(Az + δ)
)
(zbL∗(Az) + 1)

(34)

Every busy period is initiated either following the conclusion of the previous busy
period or after the occurrence of a disaster. Accordingly, the rate of initiation of a busy
period is given as

rsbp = λP0(P(1− S∗1(δ)) + (1− P)(1− S∗2(δ)))

⎛⎜⎝
z(πR∗(Az)−Hz)

z−(pS∗1 (Az+δ)+(1−p).S∗2 (Az+δ))(zbL∗(Az)+1)

+
(π− b

1−b )
(1−(b+1)(p(S∗1 (δ))+(1−p)(S∗2 (δ)))

⎞⎟⎠ (35)

A customer leaves the system either after his first essential service or second optional
service. Therefore, the rate of customers leaving the system (due to service completion) is
given as

rclsc =
λP0

(
π − b

1−b

)(
p
(
S∗1(δ)

)
+ (1− p)(S∗2(δ))

)(
1− (b + 1)

(
p
(
S∗1(δ)

)
+ (1− p)

(
S∗2(δ)

)) (36)

If a customer suffers disaster only during the first essential service, therefore, the rate
of customers leaving (due to disaster) is given as

rcld = λ

⎛⎝E(c)− P0

(
π − b

1−b

)(
p
(
S∗1(δ)

)
+ (1− p)(S∗2(δ))

)(
1− (b + 1)

(
p
(
S∗1(δ)

)
+ (1− p)

(
S∗2(δ)

))
⎞⎠ (37)

8. Numerical Illustration

Numerical technique was applied to compute the queue size distribution for various
states in the illustrated real-life situation that exist in textile production. Parameters μ, r, v
are assumed to be distributed in exponential. The numerical parameters were chosen
as illustrative values to highlight the behavioral impact of service choice, vacations, and
disaster–repair dynamics. Real industrial datasets that jointly capture all these features
are not readily available, but the selected ranges are consistent with those used in related
queueing studies.

In a textile manufacturing unit, the arrival rate of fabric rolls to the manufacturing
unit is λ, where they choose between standard finishing or advanced finishing services
based on their specific needs. Standard finishing involves basic chemical treatments aimed
at enhancing fabric durability, with a processing rate μ1 = 5, while advanced finishing
includes high-tech processes like waterproofing, anti-bacterial coatings, or UV curing for
wrinkle resistance, processed at a rate μ2 = 6. Both services are susceptible to disasters;
standard finishing faces machine malfunctions due to wear and tear, and advanced finishing
encounters high-tech failures such as UV curing machine breakdowns at a disaster rate δ.
After a disaster, the machine undergoes a repair phase at a rate r before resuming operations.
Additionally, during periods of low workload, the machine may enter a Bernoulli vacation
state for maintenance with a rate v.

To analyze the described textile production system, the tables below summarize the key
parameters, and the graphs represent the impact of these parameters on the performance
metrics. These visualizations provide a clear understanding of the system’s behavior under
different scenarios, highlighting the effects of disasters in different service.

From Table 2 and Figure 1, it is evident that as the probability p of opting for the stan-
dard finishing service of the first kind increases, the idle time of the fabric rolls decreases,
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while the queue length and expected waiting time increase. This occurs because the service
rate for standard finishing μ1 is lower than that of advanced finishing μ2.

Table 2. Performance measures with λ = 2 and δ = 3.

p P0 E(QL) E(WT)

0.2 0.0675 8.033 4.017
0.4 0.0520 11.585 5.792
0.6 0.0356 18.683 9.341
0.8 0.0183 39.965 19.983

Figure 1. Prob. for first kind service vs. queue length and waiting time.

From Table 3 and Figure 2, it is clear that an increase in the arrival rate of fabric rolls
leads to a rise in both the queue length and expected waiting time, reflecting the added
workload on the system. Conversely, when the disaster rate increases, as also shown in
Table 4 and Figure 3, the queue length and expected waiting time decrease, indicating
reduced service continuity due to frequent interruptions requiring repairs.

Table 3. Performance measures with δ = 4, p = 0.25, and b = 0.5.

λ P0 E(QL) E(WT)

3.0 0.0974 1.2013 0.4004
3.2 0.0898 1.6357 0.5111
3.4 0.0831 2.0700 0.6088
3.6 0.0772 2.5032 0.6953
3.8 0.0719 2.9353 0.7725
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Figure 2. Arrival rate vs. idle time, queue length, and waiting time.

Table 4. Performance measures with λ = 2, p = 0.25, and b = 0.5.

δ P0 E(QL) E(WT)

3.0 0.0227 31.453 15.727
3.2 0.0537 10.161 5.080
3.4 0.0823 4.566 2.283
3.6 0.1087 1.877 0.938
3.8 0.1332 0.228 0.114

Figure 3. Disaster rate vs. queue length and waiting time.

Although the model is motivated by textile manufacturing operations, empirical
datasets that jointly capture bulk arrivals, heterogeneous services, Bernoulli vacations,
and disaster–repair behavior are not currently available; therefore, the numerical results
presented here serve as theoretical illustrations, with analytical correctness verified through
consistency with known MX/G/1 special cases.
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9. Conclusions

In this article, an MX/G/1 queueing model with two heterogeneous services and
a Bernoulli vacation schedule is examined in the context of disasters and repairs within
the textile manufacturing industry. We derive the queue size distributions for various
steady states, along with quality metrics, using the supplementary variable technique.
Numerical examples are provided to illustrate the approach, demonstrating the disaster,
impact waiting times, and queue lengths for the two service types in textile production.
The numerical analysis reveals key insights: as the arrival rate and the probability of opting
for the service increase, both the server’s busy period and customer waiting times also rise.
Conversely, when the disaster rate increases, leading to more frequent system interruptions,
the server’s busy period and customer waiting time decrease. These findings highlight the
critical role of managing service options, machine downtime, and operational disruptions
in optimizing production efficiency and minimizing delays in textile manufacturing.

Author Contributions: Conceptualization, methodology and validation, L.B. and S.J.; writing—original
draft preparation, L.B.; writing—review and editing, S.J., L.B., V.D., and S.A.; visualization, L.B.;
supervision, L.B. and S.J. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Data Availability Statement: Data is contained within the article.

Conflicts of Interest: The authors declare no conflicts of interest.

Appendix A. Notation and Mathematical Remarks

Appendix A.1. Summary of Symbols and Variable Definitions

The key variables used throughout the analysis are summarized below for clarity:

• m: Number of customers in the system.
• n: Number of customers in the queue.
• λ: The average rate of customers entering the queue system.
• μ: The average rate of serving customers per server.
• ρ: A measure of traffic congestion for single server system, which is defined as ρ = λ

μ .

• Nt: Number of customers in the system at time t.
• Si,t: Elapsed service time for i = 1, 2 at time t.
• Rt: Elapsed repair time at time t.
• Lj,t: Elapsed vacation time for j = 1, 2, . . . at time t.
• S1: Random variable representing the essential service with mean service time E(S1).
• S2: Random variable representing the optional service with mean service time E(S2).
• P0: Probability that at time t, there are no customers in the system, and the server is

idle but available in the system.
• P(e)

n (x): Probability that at time t, the server is providing the first essential service, and
there are n customers in the queue.

• P(o)
n (x): Probability that at time t, the server is providing the second optional service,

and there are n customers in the queue.
• Rn(x): Probability that at time t, the system is inactive due to system repair while

there are n customers in the queue waiting for service.

All PGFs, LSTs, and auxiliary functions appearing in Sections 4–6 are analytic in the
unit disk and are defined at their first use in the text.

Appendix A.2. Notes on Mathematical Transitions

To maintain continuity in the derivations, we summarize the main transitions used:
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1. Applying PGFs: Whenever the steady-state equations involve the number of cus-
tomers in the system, we apply the probability generating function by multiplying
with certain powers of z and summing it over n. This converts recursive balance
relations into algebraic equations in z, enabling closed-form expressions.

2. Applying Laplace–Stieltjes transforms (LSTs): Service-time distributions and repair-
time distributions are introduced through their LSTs to simplify convolution expres-
sions and waiting-time relations. All transform steps correspond directly to the
integral definitions of the involved random variables.

3. Differentiating PGFs: Derivatives of PGFs at z = 1 are used to obtain the mean queue
length and mean waiting time.

4. These steps follow standard queueing-theoretic procedures and are applied consis-
tently across Sections 4 and 5.

Appendix A.3. Dimensional Consistency

All performance measures have been verified for dimensional consistency:

• Arrival rate carries dimension time.
• Service times and repair time carry dimension time.
• Quantities such as queue length, loss probability, and utilization are dimensionless.
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