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Abstract: This paper investigates a new class of fractional integral operators, namely, the
exponentially damped Riesz-type operators within the framework of variable exponent
Lebesgue spaces Lp(·). To the best of our knowledge, the boundedness of such operators has
not been addressed in any existing functional setting. We establish their boundedness under
appropriate log-Hölder continuity and growth conditions on the exponent function p(·).
To highlight the novelty and practical relevance of the proposed operator, we conduct a
comparative analysis demonstrating its effectiveness in addressing convergence, regularity,
and stability of solutions to partial differential equations. We also provide non-trivial
examples that illustrate not only these properties but also show that, under this operator,
a broader class of functions becomes locally integrable. The exponential decay factor
notably broadens the domain of boundedness compared to classical Riesz and Bessel–Riesz
potentials, making the operator more versatile and robust. Additionally, we generalize
earlier results on Sobolev-type inequalities previously studied in constant exponent spaces
by extending them to the variable exponent setting through our fractional operator, which
reduces to the classical Riesz potential when the decay parameter λ = 0. Applications to
elliptic PDEs are provided to illustrate the functional impact of our results. Furthermore,
we develop several new structural properties tailored to variable exponent frameworks,
reinforcing the strength and applicability of the proposed theory.

Keywords: Sobolev inequality; exponentially damped Riesz operator; Hardy–Littlewood
maximal operator; variable Lebesgue spaces; boundedness of fractional operators;
regularity of elliptic equations
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1. Introduction

In harmonic analysis, a basic idea that controls the behavior of several integral and
multiplier operators in function spaces is the boundedness of operators. We investigate
extensively operators including the Hardy–Littlewood maximal operator, singular integral
operators (such as the Hilbert transform), and fractional integrals for their boundedness
characteristics in Lebesgue and Sobolev spaces. Establishing convergence, regularity, and
stability of solutions to partial differential equations [1,2] depends on an operator mapping
one space into another boundedly. For instance, numerous findings in real-variable har-
monic analysis rely on the boundedness of the maximal operator in the space Lp for p > 1.
Analogously, the Calderón–Zygmund theory offers a detailed framework to investigate the
boundedness of singular integrals in Lp spaces [3]. The development of weighted norm
inequalities has further extended the scope of these results to more general settings [4].
Furthermore, in the context of function spaces with variable exponents, such as Lp(x), the
study of operator boundedness continues to evolve with new challenges and techniques [5].
It is also worth noting that different types of integral operators and their associated elliptic
equations have gained recent relevance in applied harmonic analysis, particularly in the
fields of image reconstruction, denoising, and encryption. For instance, operator frame-
works involving convolutional structures and kernel decay have been effectively employed
in machine learning and computer vision pipelines, including projectile prediction via
hybrid deep models [6], and lightweight medical image encryption schemes leveraging
structural transforms [7]. For further applications of such operators across various applied
fields, including signal processing, computer vision, and mathematical modeling, we refer
the reader to [8–12] and the references therein.

One fundamental work in this area is presented in [13], which thoroughly explores the
behavior of fractional integrals. As shown in [14], the study of weighted norm inequalities
for fractional operators, including sharp bounds and sparse dominance, has recently ad-
vanced significantly. In particular, with respect to the weights Ap, the fractional maximal
operators are investigated in [15]. The modern development of classical harmonic analysis
with an emphasis on non-integer-order operators acting on classical function spaces, includ-
ing Lp(Rn), Sobolev spaces, and Hardy spaces, is fractional harmonic analysis. The analysis
of singular integrals and nonlocal partial differential equations has greatly benefited from
these fractional operators, including those of the Riesz potential and fractional maximal
function. The framework of variable exponent Lebesgue and Sobolev spaces is imperative
to address more generalized growth conditions and variable integrability; refer to [16]. As
demonstrated in [17], applications to nonlocal and fractional PDEs have been discussed
in the context of nonlocal diffusions and non-standard Sobolev embeddings. A detailed
explanation of the function of self-adjoint extensions of fractional Laplacians in harmonic
analysis and operator theory can be found in [18]. In [19], recent advances in interpolation
theory are discussed along with their applications to function space embeddings and frac-
tional smoothness. An excellent source for a comprehensive and up-to-date introduction
to Fourier and harmonic analysis that deals with fractional operators is presented in the
monograph [20].

The evolution of harmonic analysis within the framework of variable exponent
Lebesgue spaces Lp(·)(Rn) has given researchers a strong and adaptable framework to
examine non-standard growth phenomena that occur in engineering and physics. The
integrability exponent in Lp(·) depends on the spatial variable, in contrast to classical
Lebesgue spaces, enabling more realistic modeling of anisotropic structures and hetero-
geneous media [21]. The boundedness of classical operators on these spaces, such as the
Hardy–Littlewood maximal operator, Calderón–Zygmund singular integrals, and frac-
tional integrals, has been a focus of recent work. The well-established boundedness of the
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maximal operator under log-Hölder continuity conditions [22] serves as a fundamental
tool to prove the boundedness of more complex operators. In this context, the generalized
fractional integral operators and their commutators with bounded mean oscillation (BMO)
functions have also been studied [23]. Furthermore, operators in variable exponent Morrey
and Herz spaces have been extensively studied. For example, the fractional maximal oper-
ator and the singular integrals are bounded under appropriate structural conditions on the
variable exponent function [24]. New results on multilinear operators and modular-type
inequalities have significantly expanded classical theory [25]. The study of Triebel–Lizorkin
and Besov spaces, with a variable exponent where the boundedness of operators is in-
timately related to smoothness functions and modular growth conditions, is one recent
development [26]. The regularity theory of nonlinear partial differential equations with
non-standard growth has found use for these findings, especially in image processing and
fluid dynamics [27]. For additional related results that support the developed outcomes,
we refer the reader to the works in [28–32].

A cornerstone result in geometric and functional analysis, the Sobolev inequality
plays a fundamental role in the theory of partial differential equations. It provides crucial
estimates linking the norms of functions to those of their derivatives. Specifically, if
u ∈ W1,p(Rn), that is, u belongs to the first-order Sobolev space, then the following
inequality holds:

‖u‖Lp∗ (Rn) ≤ C‖∇u‖Lp(Rn),

where p∗ = np
n−p is the critical Sobolev exponent and C > 0 is a constant independent of

u [33].
There has been substantial progress in applying this classical inequality to more com-

plex situations. As an example, it has been expanded to include spaces with variable or
fractional smoothness, weighted Sobolev spaces, and Sobolev spaces on manifolds [34].
Fractional Sobolev spaces have further improved our understanding of nonlocal phe-
nomena in analysis and PDEs [35]. In these settings, researchers have also developed
compactness properties and improved the constants related to embeddings [36]. Further-
more, the interaction between geometry and analysis is demonstrated by studies of Sobolev
inequalities on manifolds, where the functional inequalities are influenced by topology and
curvature [37]. Sharp versions of the Sobolev inequality and the identification of extremal
functions have been motivated by related variational problems such as the Yamabe prob-
lem [38]. New insights into the geometric structure of the Sobolev inequality have been
revealed by recent contributions that have also examined connections between the mass
transport method and functional inequalities [39].

Adams and Hedberg [40] made significant contributions to the study of Sobolev in-
equalities in the classical Lebesgue space framework through the lens of the Riesz potential
operator . Let ψ be a locally integrable function on Rn. The Riesz potential of order
α ∈ (0, n) refers to a classical fractional integral operator and is formally given by

Iαψ(μ) =
∫

Rn

ψ(ν)

|μ− ν|n−α dν, μ ∈ Rn.

A foundational result, commonly known as Sobolev’s inequality, establishes that

(∫
Rn
|Iαψ(μ)|q dμ

)1/q
≤ C

(∫
Rn
|ψ(μ)|p dμ

)1/p
,

whenever the exponents p, q satisfy the relation

1
q
=

1
p
− α

n
, with 1 < p <

n

α
.

3
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For some other recent results related to Sobolev inequalities, we refer the readers
to [41–44].

The primary contribution of this study is the investigation of the boundedness of
an exponentially damped Riesz-type fractional integral operator, defined in Definition 4,
which, to the best of our knowledge, has not been addressed in the existing literature within
any functional framework. In this work, we establish its boundedness in variable exponent
Lebesgue spaces Lp(·), under suitable growth conditions on the exponent function p(·).
To emphasize the significance, novelty, and practical relevance of the proposed operator,
we conduct a comparative and critical analysis. We demonstrate that the exponentially
damped Riesz-type fractional integral operator is particularly effective for analyzing the
convergence, regularity, and stability of solutions to partial differential equations, due to
the presence of an exponential decay factor that enhances these properties over broader
domains. Specifically, in Example 2, we show that our operator remains bounded over a
wider range compared to classical Riesz potentials [45] and Bessel–Riesz operators [46],
which are typically restricted to narrower domains or limited classes of locally integrable
functions. Several additional examples are presented to reinforce the robustness and
broader applicability of the proposed operator. Moreover, while earlier work such as [40]
explored Sobolev-type inequalities in the classical Lebesgue space setting via the Riesz
potential operator, our study generalizes these results to the more flexible framework of
variable exponent Lebesgue spaces Lp(·), employing a more general fractional operator
that reduces to the classical case when the exponential decay parameter λ = 0. In addition,
we present applications to elliptic partial differential equations (PDEs), showing that
the corresponding solutions belong to appropriate Sobolev spaces. To further support
the validity of our results, we develop several new structural properties under various
exponent conditions.

The article is organized as follows. In Section 1, we provide an introduction and
overview of the study. In Section 2, we recall essential definitions and existing results
that are instrumental in establishing our main findings, including those related to the
boundedness of operators and properties of variable exponent Lebesgue spaces. Section 3
presents our primary contributions, where we introduce new structural properties and
establish the boundedness of the exponentially damped Riesz-type fractional integral
operator on variable exponent Lebesgue spaces, together with several related estimates. In
Section 4, we develop a new class of Sobolev-type inequalities, and the associated results
involve our newly defined operator. In Section 5, we present key applications of our main
results, specifically focusing on the regularity theory of elliptic partial differential equations
(PDEs). Finally, Section 6 provides a summary of our main conclusions and highlights
potential directions for future research.

2. Preliminary Framework

In this section, we recall essential definitions and preliminary results that are funda-
mental to the development of our main findings, particularly those related to the bound-
edness of operators and key properties of variable exponent Lebesgue spaces. For further
details on these concepts, we refer the reader to the monograph [5]. Before proceeding
further, we fix certain notations and concepts that will be frequently used throughout
the article.

4
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Notations
In the sequel, unless otherwise specified, we adopt the following notations:

• Rn: The n-dimensional Euclidean space.
• R+: The set of all positive real numbers.
• |Ω|: The Lebesgue measure of a measurable set Ω ⊂ Rn.

• P
log
0 (Ω): The set of log-Hölder continuous exponent functions defined on a domain

Ω ⊂ Rn.
• W1,p(Rn): The Sobolev space of functions in Lp(Rn) whose first weak derivatives also

belong to Lp(Rn).
• The notation ψ � φ means that there exists a constant c > 0, independent of essential

parameters, such that ψ ≤ cφ. Similarly, ψ ≈ φ indicates ψ � φ � ψ.

2.1. Semi-Modular Spaces

The variable Lebesgue spaces form a part of semi-modular spaces, which broaden
the normed space framework. This framework begins by exploring essential definitions
together with fundamental results pertaining to modular spaces.

Definition 1 ([5]). Consider a vector space M over a field K, which may be either real or complex
numbers. A function ρ : M → [0, ∞) is referred to as semi-modular on M if it satisfies the
following conditions:

• Nullity : ρ(0) = 0.
• Unit Scalar Invariance: For all ξ ∈ M and τ ∈ S with |τ| = 1,

ρ(τξ) = ρ(ξ).

• Definiteness: If ρ(τξ) = 0 for all τ > 0, then it necessarily follows that ξ = 0.
• Left-Continuity: The mapping [0, ∞) 
 τ �→ ρ(τξ) exhibits left-continuity for every ξ ∈ M.
• Monotonicity: The mapping [0, ∞) 
 τ �→ ρ(τξ) is monotonically decreasing for each

ξ ∈ M.

If ρ is a semi-modular on a vector space M, then the associated modular space is
defined as

Mρ := {ξ ∈ M | ∃λ > 0 such that ρ(λξ) < +∞}.

This general form is used when ρ is not assumed to be convex. If convexity is assumed,
it reduces to the simpler form

{ξ ∈ M | ρ(ξ) < +∞}.

On the space Mρ, we define the Luxemburg-type functional ‖ · ‖ρ : Mρ → [0,+∞] by

‖ξ‖ρ := inf
{
τ > 0 | ρ

(
ξ

τ

)
≤ 1

}
, for all ξ ∈ Mρ.

This structure is central in the study of modular spaces and underpins normability,
completeness, and related topological properties.

This formulation plays a crucial role in the study of normability and the geometric
properties of semi-modular spaces. This functional serves as a key tool in the analysis of
the structure of the semi-modular space, providing a framework for norm-like properties
that emerge from the semi-modular function ρ.

5
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Proposition 1 ([47]). Let M be a vector space equipped with a semi-modular function ρ. Then, for
every element ξ ∈ M, the following equivalence holds:

ρ(ξ) ≤ 1⇐⇒ ‖ξ‖ρ ≤ 1.

Proof. Suppose that ρ(ξ) ≤ 1. By the definition of the semi-modular norm ‖ · ‖ρ, it directly
follows that ‖ξ‖ρ ≤ 1.

Conversely, assume that ‖ξ‖ρ ≤ 1. By the definition of ‖ξ‖ρ, this implies that for
every τ > 1, the left-continuity of the mapping τ �→ ρ(ξ/τ) ensures that

ρ

(
ξ

τ

)
≤ 1.

Thus, the equivalence is established.

2.2. Variable Exponent Spaces

We recall the notion of variable exponent Lebesgue spaces. Let Ω be a Lebesgue
measurable subset of Rn, and let p : Ω → (0, ∞) be a measurable function, called the
variable exponent. Define the essential infimum and supremum of p by

p− := ess infσ∈Ω p(σ) = sup{α : p(σ) ≥ α a.e. in Ω},

p+ := ess supσ∈Ω p(σ) = inf{α : p(σ) ≤ α a.e. in Ω}.

We also consider the following subsets of Ω:

Ω0 := {σ ∈ Ω : 1 < p(σ) < ∞} = p−1((1, ∞)),

Ω1 := {σ ∈ Ω : p(σ) = 1} = p−1({1}),

Ω∞ := {σ ∈ Ω : p(σ) = ∞} = p−1({∞}).

The conjugate exponent p′ : Ω → [1, ∞] is defined by

p′(σ) :=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∞, σ ∈ Ω1,
p(σ)

p(σ)− 1
, σ ∈ Ω0,

1, σ ∈ Ω∞.

This definition satisfies the conjugacy relation

1
p(σ)

+
1

p′(σ)
= 1,

for almost every σ ∈ Ω.
Note that if p(·) is a constant function, p(σ) ≡ p, then p′(·) ≡ p′ is the usual conjugate

exponent. It is important to clarify that the notation p′(·) refers to the conjugate exponent
associated with p(·), rather than representing the derivative of the function p(·).

Examples of variable exponent functions include

p(σ) = p (constant exponent),

and oscillatory examples such as

6
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p(σ) = 2 + sin(σ).

We denote by P0(Ω) the collection of all measurable functions p : Ω → (0, ∞) satisfy-
ing p− > 0, and by P(Ω) the subset of P0(Ω) with p− ≥ 1.
Let M be the vector space of all measurable functions on Ω. For p ∈ P0(Ω), define the
semi-modular

ρp(·)(ϕ) :=
∫

Ω
Ψp(τ)

(
|ϕ(τ)|

)
dτ,

where

Ψp(τ) =

⎧⎪⎪⎨⎪⎪⎩
τp, if p ∈ (0, ∞),

0, if p = ∞ and τ ≤ 1,

∞, if p = ∞ and τ > 1.

Definition 2 ([5]). The variable exponent Lebesgue space Lp(·)(Rn) is defined as the collection
of all measurable functions ψ : Rn → C for which there exists some λ > 0 such that the
modular functional

ρp(·)

(
ψ

λ

)
:=

∫
Rn

∣∣∣∣ψ(σ)λ

∣∣∣∣p(σ)dσ
is finite.

Equipped with the Luxemburg quasi-norm

‖ψ‖p(·) := inf
{
λ > 0 : ρp(·)

(
ψ

λ

)
� 1

}
,

the space Lp(·)(Rn) is a quasi-norm space whenever the essential infimum of the exponent satisfies

p− := ess inf
σ∈Rn

p(σ) ≥ 1,

and becomes a Banach function space when p− > 1.

Notably, the characterization of the space Lp(·)(Ω) simplifies under the assumption
that p+ := ess supμ∈Ω p(μ) < ∞. In this case, a measurable function ϕ belongs to Lp(·)(Ω)

if and only if ∫
Ω
|ϕ(μ)|p(μ) dμ < ∞.

Example 1. Let the variable exponent function p : R→ [1, ∞) be defined by

p(σ) =

⎧⎨⎩3, if σ ∈ [−1, 1],

σ2 + 2, if σ ∈ R \ [−1, 1],

that is,
p(σ) = 3χ[−1,1](σ) + (σ2 + 2) χR\[−1,1](σ).

Now, consider the function

ψ(σ) := (1− σ2) χ[−1,1](σ),

which is supported only on the interval [−1, 1] and satisfies ψ(σ) ≥ 0 on its support.
We aim to compute the modular ρp(·)(ψ/λ), defined by

7
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ρp(·)

(
ψ

λ

)
=

∫
R

∣∣∣∣ψ(σ)λ

∣∣∣∣p(σ)dσ.

Since ψ(σ) = 0 outside [−1, 1], and p(σ) = 3 on this interval, we get

ρp(·)

(
ψ

λ

)
=

∫ 1

−1

∣∣∣∣1− σ2

λ

∣∣∣∣3dσ =
1
λ3

∫ 1

−1
(1− σ2)3dσ.

Now compute the definite integral:

∫ 1

−1
(1− σ2)3dσ.

Use the binomial expansion:

(1− σ2)3 = 1− 3σ2 + 3σ4 − σ6,

so, ∫ 1

−1
(1− σ2)3dσ =

∫ 1

−1
(1− 3σ2 + 3σ4 − σ6)dσ.

Due to symmetry and evenness,

= 2
∫ 1

0
(1− 3σ2 + 3σ4 − σ6)dσ.

Now evaluate

∫ 1

0
(1− 3σ2 + 3σ4 − σ6)dσ =

[
σ− σ3 +

3
5
σ5 − 1

7
σ7
]1

0
=

21− 5
35

=
16
35

.

So the total integral is

∫ 1

−1
(1− σ2)3dσ = 2 · 16

35
=

32
35

.

Hence, the modular becomes

ρp(·)

(
ψ

λ

)
=

32
35λ3 .

To compute the Luxemburg norm,

‖ψ‖p(·) = inf
{
λ > 0 :

32
35λ3 ≤ 1

}
.

Solving 32
35λ3 ≤ 1 gives

λ3 ≥ 32
35

⇒ λ ≥
(

32
35

)1/3
.

Therefore, the Luxemburg norm is

‖ψ‖p(·) =
(

32
35

)1/3
.

Thus, ψ ∈ Lp(·)(R) with norm
( 32

35
)1/3.

8
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To establish the applicability of several pivotal findings throughout this study, it be-
comes imperative to impose appropriate regularity constraints on the exponent function
p : Ω → R+. In particular, the function p is said to exhibit the property of local log-Hölder
continuity on the domain Ω provided there exists a constant clog(p) > 0 such that, for every
pair of points μ,ν ∈ Ω,

|p(μ)− p(ν)| ≤
clog(p)

log(e + 1/|μ− ν|) .

Moreover, p is said to be log-Hölder continuous at infinity (or to exhibit log-decay at infinity)
if there exists a constant exponent p∞ ∈ Ω and a constant clog > 0 such that, for all μ ∈ Ω,

|p(μ)− p∞| ≤
clog(p)

log(e + |μ|) .

If p satisfies both local and asymptotic log-Hölder continuity conditions, then we say that p
is globally log-Hölder continuous, and denote the class of such exponents by Clog(p).
Accordingly, the subclass of globally regular exponents is defined by

P
log
0 (Ω) :=

{
p ∈ P0(Ω) :

1
p
∈ Clog(p)

}
.

In the sequel, we shall formulate several classical and practically useful results concerning
the semi-modular ρp(·) and the Luxemburg-type quasi-norm ‖ · ‖Lp(·)(Ω).

Proposition 2 ([47]). Let p ∈ P0(Ω) be such that p+ < ∞, and suppose that ϕ ∈ Lp(·)(Ω).
Then,

min
{(

ρp(·)(ϕ)
) 1

p− ,
(
ρp(·)(ϕ)

) 1
p+

}
≤ ‖ϕ‖Lp(·)(Ω) ≤ max

{(
ρp(·)(ϕ)

) 1
p− ,

(
ρp(·)(ϕ)

) 1
p+

}
.

Proposition 3 ([5]). Given Ω and p(·) ∈ P(Ω):

(1) If p+ < ∞, then for all λ ≥ 1,

λp
−
ρ(ϕ) ≤ ρ(λϕ) ≤ λp

+
ρ(ϕ).

When 0 < λ < 1, the reverse inequalities hold.
(2) If p+(Ω \Ω∞) < ∞, then for all λ ≥ 1,

ρ(λϕ) ≤ λp
+(Ω\Ω∞)ρ(ϕ).

Proposition 4 ([5]). Let Ω be a measurable set and suppose that p(·) ∈ P(Ω). If ϕ ∈ Lp(·)(Ω)

and ‖ϕ‖Lp(·)(Ω) > 0, then the following inequality holds:

ρp(·)

(
ϕ

‖ϕ‖Lp(·)(Ω)

)
≤ 1.

Moreover, if p+ < ∞, then for every non-trivial function ϕ ∈ Lp(·)(Ω), we have the equality

ρp(·)

(
ϕ

‖ϕ‖Lp(·)(Ω)

)
= 1.

9
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Corollary 1 ([5]). Given Ω and p(·) ∈ P(Ω), suppose p+ < ∞. If ‖ϕ‖Lp(·)(Ω) > 1, then

ρp(·)(ϕ)
1/p+ ≤ ‖ϕ‖Lp(·)(Ω) ≤ ρp(·)(ϕ)

1/p− .

If 0 < ‖ϕ‖Lp(·)(Ω) ≤ 1, then

ρp(·)(ϕ)
1/p− ≤ ‖ϕ‖Lp(·)(Ω) ≤ ρp(·)(ϕ)

1/p+ .

Theorem 1 ([5]). Given a measurable set Ω and a variable exponent function p(·) ∈ P(Ω), then
for every function ϕ ∈ Lp(·)(Ω), there exist functions ϕ1 and ϕ2 such that

ϕ = ϕ1 +ϕ2,

where
ϕ1 ∈ Lp

+
(Ω) ∩ Lp(·)(Ω) and ϕ2 ∈ Lp

−
(Ω) ∩ Lp(·)(Ω).

Theorem 2 ([5]). Let Ω be given, and let p(·) ∈ P(Ω). For any functions ψ ∈ Lp(·)(Ω) and
φ ∈ Lp

′(·)(Ω), the product ψφ ∈ L1(Ω) and the following inequality holds:∫
Ω
|ψ(σ)φ(σ)| dσ ≤ Kp(·)‖ψ‖Lp(·)(Ω)‖φ‖Lp′(·)(Ω)

,

where

Kp(·) =
1
p−
− 1

p+
+ ‖χΩ∞‖∞ +

∥∥χΩ1

∥∥
∞ +

∥∥χΩ0

∥∥
∞.

Definition 3 ([5]). Let ψ ∈ L1
loc(R

n). The Hardy–Littlewood maximal functionMψ of ψ is
defined for each μ ∈ Rn by

Mψ(μ) := sup
Q
μ

1
|Q|

∫
Q
|ψ(μ)| dμ,

where the supremum is taken over all cubes Q ⊂ Rn containing μ whose sides are parallel to the
coordinate axes.

(p1) Let p(μ) be a continuous function on Rn that is both locally and globally log-Hölder

continuous, i.e., p(·) ∈ P
log
0 (Rn), satisfying the following conditions:

p− := inf
μ∈Rn

p(μ) > 1 and p∞ := lim
|μ|→∞

p(μ) > 1. (1)

(p2) There exists a constant C > 0 such that

|p(μ)− p(ν)| ≤ C
log

(
e + 1

|μ−ν|

) , (2)

for all μ,ν ∈ Rn with |μ− ν| ≤ 1.

The Hardy–Littlewood maximal operatorM satisfies the following properties:

1. M is sublinear, that is, for all φ,ψ ∈ M(Rn) and η ∈ R,

M(φ+ψ)(μ) ≤Mφ(μ) +Mψ(μ), and M(ηφ)(μ) = |η|Mφ(μ),

for almost every μ ∈ Rn.

10
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2. If φ is not identically zero, then for any bounded measurable set Ω ⊂ Rn, there exists
ε > 0 such that

Mφ(μ) ≥ ε, ∀μ ∈ Ω.

3. If φ is not zero almost everywhere, then

Mφ /∈ L1(Rn).

4. If φ ∈ L∞(Rn), thenMφ ∈ L∞(Rn) and the norms coincide:

‖Mφ‖∞ = ‖φ‖∞.

Theorem 3 ([5]). Let ψ ∈ Lp(Rn) with 1 ≤ p < ∞. Then, for every t > 0, we have

|{μ ∈ Rn : Mψ(μ) > t}| ≤ 3n4np

tp

∫
Rn
|ψ(μ)|p dμ.

Moreover, if 1 < p ≤ ∞, then

‖Mψ‖Lp(Rn) ≤ C(n)
(
p′
) 1
p ‖ψ‖Lp(Rn).

Theorem 4 ([5]). Let p(·) ∈ P(Rn) such that 1/p(·) ∈ P
log
0 (Rn), i.e., the function 1/p(·)

satisfies both local and decay log-Hölder continuity. Then, for any measurable function ψ and any
t > 0, the Hardy–Littlewood maximal operator satisfies∥∥∥tχ{μ:Mψ(μ)>t}

∥∥∥
Lp(·)(Rn)

≤ C‖ψ‖Lp(·)(Rn),

and, if in addition p− > 1, then

‖Mψ‖Lp(·)(Rn) ≤ C‖ψ‖Lp(·)(Rn).

Here, the constant C = C(n, p−, p+, (1/p(·))) depends explicitly on the dimension n, the
essential infimum and supremum p−, p+, and the log-Hölder constants of 1/p(·).

3. Main Results

The objective of this section is to investigate the boundedness properties of a fractional
integral operator characterized by a Riesz-type kernel with a damped exponential weight.
Before presenting our main theorem, we establish several auxiliary results that play a
crucial role in supporting and facilitating the proofs of the principal results.

Exponentially Damped Riesz-Type Fractional Integral Operator

Definition 4. Let 0 < η < n and β ≥ 0. The fractional exponential-type damped integral operator,
denoted by Iη,β, is defined as the convolution of a function ψ ∈ Lp(·)loc (Rn) with an exponentially
damped Riesz-type kernel:

(Iη,β ∗ψ)(μ) :=
∫

Rn

ψ(ν)

|μ− ν|n−η e−β|μ−ν| dν,

where η denotes the order of the fractional operator and β ≥ 0 controls the exponential decay. For
β = 0, the operator coincides with the classical Riesz potential.

11
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Remark 1.

• When β = 0 and η = 2, the operator defined in Definition 4 reduces to

I2ψ(μ) = cn
∫

Rn

ψ(ν)

|μ− ν|n−2 dν,

where cn =
1

(n− 2)ωn
, with ωn being the surface measure of the unit sphere in Rn. This is

the classical Newtonian potential, which satisfies

−Δ(I2ψ)(μ) = ψ(μ)

in the distributional sense. For a detailed treatment, see Stein [48]. In portions of the paper
where scaling is not central, we adopt cn = 1 for simplicity.

• When the exponential decay factor β = 0, we recover the classical Riesz potential:

(Iη ∗ψ)(μ) :=
∫

Rn

ψ(ν)

|μ− ν|n−η dν,

as defined in [48].

The figure below (Figure 1) illustrates the hierarchical structure and the relationships
among various classical potentials associated with this new operator.
Novelty and Significance of the Operator

Exp
onentially Damped Riesz Potential

Riesz Potential

New
tonianPotential

Figure 1. Hierarchical structure of potentials: from Newtonian to exponentially damped Riesz
fractional operator.

A Specific Example Distinguishing the Operator Iη,β:

Example 2. Consider the fractional exponential-type damped Riesz operator defined by

(Iη,β ∗ψ)(μ) :=
∫

Rn

ψ(ν)

|μ− ν|n−η e−β|μ−ν| dν,

12
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for 0 < η < n and β > 0. We construct a function ψ for which this operator is well-defined
pointwise.
Choice of function. Let

ψ(μ) :=
χB(0,1)c(μ)

(log(e + |μ|))p , p >
n− η

β
.

This decay condition ensures that the function ψ is sufficiently integrable at infinity for the operator
to be bounded.

Boundedness under the operator Iη,β. For all μ ∈ Rn, the following estimate holds:

|Iη,β ∗ψ(μ)| ≤
∫

Rn

e−β|μ−ν|

|μ− ν|n−η(log(e + |ν|))p dν.

Thanks to the imposed condition p > n−η
β , this integral converges due to the dominating exponential

decay of the kernel.
Limitation of the classical Riesz and Bessel–Riesz potentials. When the exponential decay is

absent (i.e., β = 0), the kernel reduces to the classical Riesz form:

|μ− ν|η−n,

and the associated integral ∫
|ν|>R

1
|ν|n−η(log(e + |ν|))p dν

may diverge for moderate values of p. In particular, convergence typically requires p > 1, indicating
a limitation in applying the classical Riesz potential to such slowly decaying functions.

Remark 2. The function

ψ(μ) =
χB(0,1)c(μ)

(log(e + |μ|))p

belongs to the domain of the exponentially damped Riesz operator Iη,β provided that

p >
n− η

β
.

This ensures sufficient decay of the function at infinity to maintain integrability of the kernel. In
contrast, the classical Riesz and Bessel–Riesz operators may be subject to stricter decay requirements
on ψ, which limits their applicability in certain cases. This highlights the enhanced flexibility and
regularizing power of the exponentially damped operator.

First of all, in order to establish the validity of this operator, we have investigated
several of its structural properties, which are subsequently utilized in the derivation of
the main result. In view of conditions (1) and (2), and taking into account the framework
established by Diening [49], a similar type of result was obtained for the Hardy–Littlewood
maximal operator.

Lemma 1. Let ψ be a measurable function taking values in the interval [0, 1] on Rn, i.e., ψ : Rn →
[0, 1], satisfying the following properties:

ψ = 0 almost everywhere on the ball B(0, 2κ0), and ‖ψ‖p(·) ≤ 1,

13



Fractal Fract. 2025, 9, 458

where the norm is taken with respect to the variable exponent Lebesgue space Lp(·)(Rn), and the
exponent function p(·) satisfies the standard log-Hölder continuity and boundedness conditions.
Then the exponential-type fractional integral operator

Iη,λψ(μ) :=
∫

Rn

ψ(ν)

|μ− ν|n−η e−λ|μ−ν| dν

satisfies the inequality ∫
B(0,κ0)

[
Iη,λψ(μ)

]p(μ)
dμ ≤ C,

where C is a constant depending only on n,η, λ, p(·), κ0, and not on ψ.

Proof. Let μ ∈ B(0, κ0). Since ψ(ν) = 0 on B(0, 2κ0), it follows that |ν| ≥ 2κ0 wherever
ψ(ν) �= 0, and hence,

|μ− ν| ≥ |ν| − |μ| ≥ 2κ0 − κ0 = κ0.

Therefore,

Iη,λψ(μ) ≤
∫
|ν|≥2κ0

ψ(ν)

|μ− ν|n−η e−λ|μ−ν| dν ≤ Cκ0,λ

∫
|ν|≥2κ0

ψ(ν) dν.

Since ψ(ν) ∈ [0, 1] and ‖ψ‖p(·) ≤ 1, we use the modular inequality

∫
Rn

ψ(ν) dν ≤
∫

Rn
ψ(ν)p(ν) dν ≤ 1.

Thus,
Iη,λψ(μ) ≤M for all μ ∈ B(0, κ0),

whereM depends only on κ0, λ, and n.
Now we estimate∫

B(0,κ0)

[
Iη,λψ(μ)

]p(μ)
dμ ≤

∫
B(0,κ0)

Mp(μ)dμ ≤ C.

Note: Since ψ ∈ [0, 1] ⊂ L∞(Rn) ∩ Lp(·)(Rn), and the exponent function p(·) is log-
Hölder continuous and essentially bounded, both the integral and modular expressions are
well-defined. The change in the order of integration is justified by Fubini-type theorems
adapted to variable exponent spaces (cf. Diening et al., 2011 [16]). Therefore, no issues arise
concerning measurability or integrability.

This concludes the proof.

Lemma 2. Let ψ be a measurable function taking values in the interval [0, 1] on Rn, that is,
ψ : Rn → [0, 1], such that

ψ = 0 on B(0, 2κ0), and ‖ψ‖p(·) ≤ 1.

Then the exponential-type fractional integral operator

Iη,λψ(μ) :=
∫

Rn

ψ(ν)

|μ− ν|n−η e−λ|μ−ν| dν

satisfies ∫
B(0,κ0)

[
Iη,λψ(μ)

]p(μ)
dμ ≤ C,

where C is a constant depending only on n,η, λ, p(·), κ0, but not on ψ.

14
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Proof. Let μ ∈ B(0, κ0). Since ψ = 0 on B(0, 2κ0), it follows that if ν ∈ supp(ψ), then
|ν| ≥ 2κ0. Here, the support of the function ψ, denoted by supp(ψ), is defined as the closure
of the set where ψ is nonzero, i.e.,

supp(ψ) := {ν ∈ Rn : ψ(ν) �= 0}.

Thus, since μ ∈ B(0, κ0) and every point in supp(ψ) lies outside the ball B(0, 2κ0), it
follows that |μ− ν| ≥ κ0. Therefore,

Iη,λψ(μ) ≤
∫

Rn\B(0,2κ0)

ψ(ν)

κ
n−η
0

e−λκ0 dν =
e−λκ0

κ
n−η
0

∫
ψ(ν) dν.

Since ψ(ν) ∈ [0, 1] and ‖ψ‖p(·) ≤ 1, we obtain

∫
Rn

ψ(ν) dν ≤
∫

Rn
ψ(ν)p(ν)dν ≤ 1.

Hence,
Iη,λψ(μ) ≤M for all μ ∈ B(0, κ0),

for some constantM depending only on the fixed parameters.
It follows that ∫

B(0,κ0)

[
Iη,λψ(μ)

]p(μ)
dμ ≤

∫
B(0,κ0)

Mp(μ)dμ ≤ C,

which completes the proof.

Before proving the lemma below, we define the Hardy operator, which will be used in
the sequel:

Mψ(ν) :=
1

|B(0, |ν|)|
∫
B(0,|x|)

|ψ(μ)| dμ,

where B(0, |ν|) denotes the ball centered at the origin with radius |ν|, and |B(0, |ν|)| is its
Lebesgue measure.

Lemma 3. Let ψ be a measurable function on Rn taking values in the set of non-negative extended
real numbers, i.e., ψ : Rn → [0, ∞), such that ψ = 0 on the ball B(0, κ0), and moreover, it satisfies
the modular constraint ‖ψ‖p(·) ≤ 1. Define the exponentially damped Riesz-type operator by

(
Iη,λ ∗ψ

)
(μ) :=

∫
Rn

ψ(ν)

|μ− ν|n−η e−λ|μ−ν| dν, μ ∈ Rn, |μ| > κ0.

Then, for all μ ∈ Rn with |μ| ≥ κ0, it holds that

(
Iη,λ ∗ψ

)
(μ) ≤ C exp

((
1

|B(0, |μ|)|
∫
B(0,|μ|)

ψ(ν)p(ν) dν

)1/p(μ)
)

,

where C > 0 is a constant independent of ψ and μ.

Proof. Let ψ ∈ Lp(·)(Rn) be a measurable function taking values in the set of non-negative
real numbers, i.e., ψ(ξ) ≥ 0 for almost every ξ ∈ Rn, such that ψ = 0 on the ball B(0, κ0)

and ‖ψ‖p(·) ≤ 1. Define

F :=
1

|B(0, |μ|)|
∫
B(0,|μ|)

ψ(ν)p(ν) dν.
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Since ψ = 0 on B(0, κ0), the kernel |μ− ν|η−ne−λ|μ−ν| decays rapidly. Thus, the dominant
contribution to the integral arises from ν ∈ B(0, |μ|) \ B(0, κ0).

We use Hölder’s inequality with exponent q(ν) := p(ν), so q′(ν) := p(ν)
p(ν)−1 , to

estimate

(
Iη,λ ∗ψ

)
(μ) =

∫
Rn

ψ(ν)

|μ− ν|n−η e−λ|μ−ν| dν

≤
∫
B(0,|μ|)

ψ(ν)

|μ− ν|n−η e−λ|μ−ν| dν

≤
(∫
B(0,|μ|)

[
1

|μ− ν|n−η e−λ|μ−ν|
]q′(ν)

dν

)1/q′(μ)

· F1/p(μ).

Since the kernel is integrable over Rn for 0 < η < n, and the exponential term ensures
decay, the integral is bounded. Thus, we obtain

(
Iη,λ ∗ψ

)
(μ) ≤ C · exp

(
F1/p(μ)

)
,

for some constant C > 0 depending only on n,η, λ, and the modular exponent p(·), but not
on ψ or μ. This completes the proof.

Theorem 5. Let 0 < η < n, 0 < γ < ∞ with η < γ, and suppose that p(·) ∈ P
log
0 (Ω)(R+), i.e.,

the exponent function satisfies the log-Hölder continuity condition. Then, the fractional integral
operator with exponential-type kernel

Iη,βψ(μ) :=
∫

Rn

ψ(ν)

|μ− ν|n−η e−β|μ−ν| dν

is bounded on the variable exponent Lebesgue space Lp(·)(R+), i.e.,

Iη,β : Lp(·)(R+)→ Lp(·)(R+)

is a bounded operator.

Proof. Since the essential supremum p+ < ∞ and the exponent function p(·) satisfies
the log-Hölder continuity condition, i.e., p(·) ∈ P

log
0 (Ω)(R+), it follows that the Hardy–

Littlewood maximal operator M is bounded on the variable exponent Lebesgue space
Lp(·)(R+). More precisely, there exists a constant c0 > 0 such that for every ψ ∈ Lp(·)(R+),
we have

‖Mψ‖Lp(·)(R+) ≤ c0‖ψ‖Lp(·)(R+).

Now, fix any μ ∈ R+ and let ψ ∈ Lp(·)(R+). Consider the fractional integral operator
with exponential kernel defined by

Iη,βψ(μ) :=
∫

Rn

ψ(ν)

|μ− ν|n−η e−β|μ−ν| dν.

To facilitate estimation, we split the integral into two parts based on the distance
between μ and ν:

Iη,βψ(μ) =
∫
|μ−ν|<1

ψ(ν)

|μ− ν|n−η e−β|μ−ν| dν︸ ︷︷ ︸
:=I1(μ)

+
∫
|μ−ν|≥1

ψ(ν)

|μ− ν|n−η e−β|μ−ν| dν︸ ︷︷ ︸
:=I2(μ)

.
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Now, fix any μ ∈ R+ and let ψ ∈ Lp(·)(R+). To estimate the local part of the fractional
potential operator, we begin by decomposing the unit ball centered at μ ∈ Rn, defined by

B(μ, 1) := {ν ∈ Rn : |μ− ν| < 1},

into a countable union of dyadic annuli, which facilitates control over the singularity and
decay behavior of the kernel.

The dyadic annuli are given by

Ak :=
{
ν ∈ Rn : 2k ≤ |μ− ν| < 2k+1

}
, for k ≤ −1.

These sets are pairwise disjoint, and their union covers the unit ball:

B(μ, 1) =
−1⋃

k=−∞
Ak, (disjoint union).

Hence, the local integral

I1(μ) :=
∫
|μ−ν|<1

|ψ(ν)|
|μ− ν|n−η e−β|μ−ν| dν

can be estimated by summing over the dyadic annuli:

I1(μ) ≤
−1

∑
k=−∞

∫
Ak

|ψ(ν)|
|μ− ν|n−η e−β|μ−ν| dν.

Since |μ− ν| < 1 for all ν ∈ Ak, we observe that e−β|μ−ν| ≤ 1. Therefore,

I1(μ) ≤
−1

∑
k=−∞

∫
Ak

|ψ(ν)|
|μ− ν|n−η dν.

On each annulus Ak, we have the estimate |μ− ν| ∼ 2k, so we may write

∫
Ak

|ψ(ν)|
|μ− ν|n−η dν ≤ 1

(2k)n−η

∫
Ak

|ψ(ν)| dν.

Using the volume estimate for balls and the definition of the Hardy–Littlewood
maximal function, we obtain∫

Ak

|ψ(ν)| dν ≤ |B(μ, 2k+1)| ·Mψ(μ) ≤ Cn · 2kn ·Mψ(μ),

where Cn = |B(0, 1)| · 2n is a dimensional constant.
Combining the above inequalities yields

∫
Ak

|ψ(ν)|
|μ− ν|n−η dν ≤ Cn ·

2kn

2k(n−η)
·Mψ(μ) = Cn · 2kη ·Mψ(μ).

Summing over all k ≤ −1, we obtain

I1(μ) ≤ Cn ·Mψ(μ)
−1

∑
k=−∞

2kη = C1 ·Mψ(μ),
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where

C1 := Cn
−1

∑
k=−∞

2kη = Cn ·
2−η

1− 2−η
,

since the geometric series converges for η > 0. This completes the estimate for the local
term I1(μ).

Now, we consider the global component of the regularized fractional integral operator:

I2(μ) =
∫
|μ−ν|≥1

ψ(ν)

|μ− ν|n−η e−β|μ−ν| dν,

where 0 < η < n, β > 0, and ψ ∈ L1
loc(R

n). Our goal is to estimate this term in terms of the
Hardy–Littlewood maximal functionMψ(μ).

We decompose the domain of integration into dyadic annuli:

I2(μ) ≤
∞

∑
k=0

∫
2k≤|μ−ν|<2k+1

|ψ(ν)|
|μ− ν|n−η e−β|μ−ν| dν.

For each fixed k ≥ 0, and ν ∈ Rn such that 2k ≤ |μ− ν| < 2k+1, we observe

e−β|μ−ν| ≤ e−β2k ,

|μ− ν|−(n−η) ≤ (2k)−(n−η).

Hence,∫
2k≤|μ−ν|<2k+1

|ψ(ν)|
|μ− ν|n−η e−β|μ−ν| dν ≤ e−β2k · 1

2k(n−η)

∫
2k≤|μ−ν|<2k+1

|ψ(ν)| dν.

Now, the measure of the annular region satisfies∣∣∣{ν ∈ Rn : 2k ≤ |μ− ν| < 2k+1
}∣∣∣ ≤ Cn · 2kn,

and the integral over the annulus can be estimated using the maximal function:∫
2k≤|μ−ν|<2k+1

|ψ(ν)| dν ≤
∫
B(μ,2k+1)

|ψ(ν)| dν ≤ C · 2kn ·Mψ(μ).

Therefore, each dyadic term is bounded by

∫
2k≤|μ−ν|<2k+1

|ψ(ν)|
|μ− ν|n−η e−β|μ−ν| dν ≤ C · 2kηe−β2k ·Mψ(μ).

Summing over all dyadic shells gives

I2(μ) ≤ C ·Mψ(μ)
∞

∑
k=0

2kηe−β2k .

Since e−β2k decays faster than any polynomial growth of 2kη, the sum converges:

∞

∑
k=0

2kηe−β2k < ∞.

Thus, we conclude
I2(μ) ≤ C2 ·Mψ(μ),

where C2 > 0 depends only on n,η,β.
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Combining the local and global estimates,

Iη,βψ(μ) = I1(μ) + I2(μ) ≤ C ·Mψ(μ).

Let

β ∈
{
β > 0 : ρp(·)

(Mψ

β

)
≤ 1

}
.

Then we have ∣∣∣∣Iη,βψ(μ)/C3

β

∣∣∣∣ ≤ |Mψ(μ)|
β

.

Applying the modular function ρp(·), we obtain

ρp(·)

(Iη,βψ/C3

β

)
≤ ρp(·)

(Mψ

β

)
≤ 1.

This implies

β ∈
{
β > 0 : ρp(·)

(Iη,βψ/C3

β

)
≤ 1

}
.

By the definition of the Luxemburg norm, it follows that∥∥∥∥Iη,βψ

C3

∥∥∥∥
Lp(·)
≤ ‖Mψ‖Lp(·) .

Using the boundedness of the Hardy–Littlewood maximal operator on variable expo-
nent Lebesgue spaces Lp(·), we get

‖Mψ‖Lp(·) ≤ c0‖ψ‖Lp(·) .

Hence, we conclude
‖Iη,βψ‖Lp(·) ≤ C4‖ψ‖Lp(·) ,

where C4 = C3c0.

Example 3. Let 0 < η < n and 0 < γ < ∞ with η < γ. Assume that the exponent function p(·)
belongs to the class P

log
0 (Ω)(R+), i.e., it satisfies the log-Hölder continuity condition on R+.

For the specific case n = 1, η = 1
2 , and γ = 1, consider the variable exponent function

p(μ) = 2 +
1

1 + |μ| , μ ∈ R+,

which satisfies
2 ≤ p(μ) ≤ 3, for all μ ≥ 0.

We verify that p satisfies the log-Hölder continuity condition, i.e., there exists a constant
C > 0 such that for all μ,ν ∈ R+ with μ �= ν,

|p(μ)− p(ν)| ≤ C
log

(
e + 1

|μ−ν|

) .

Note that

|p(μ)− p(ν)| =
∣∣∣∣ 1
1 + |μ| −

1
1 + |ν|

∣∣∣∣ =
∣∣ |ν| − |μ| ∣∣

(1 + |μ|)(1 + |ν|) .
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By the triangle inequality, ∣∣|μ| − |ν|∣∣ ≤ |μ− ν|,

hence,

|p(μ)− p(ν)| ≤ |μ− ν|
(1 + |μ|)(1 + |ν|) ≤ |μ− ν|.

For t := |μ− ν| ∈ (0, 1], since the function

ψ(t) = t log
(

e +
1
t

)
is bounded below by a positive constant, there exists C > 0 such that

t ≤ C
log

(
e + 1

t

) .

Therefore,

|p(μ)− p(ν)| ≤ C
log

(
e + 1

|μ−ν|

) .

Thus, p satisfies the log-Hölder continuity condition on R+. Define the fractional integral
operator by

Iη,γψ(μ) :=
∫ ∞

0

ψ(ν)

|μ− ν|1−η e−γ|μ−ν| dν, μ ∈ R+.

Let ψ be the characteristic function of the interval [0, 1], defined by

ψ(ν) := χ[0,1](ν) =

⎧⎨⎩1, ν ∈ [0, 1],

0, ν /∈ [0, 1].

The Luxemburg norm of ψ in the variable exponent Lebesgue space Lp(·)(R+) is given by

‖ψ‖Lp(·)(R+) = inf

{
β > 0 :

∫ ∞

0

∣∣∣∣ψ(μ)β

∣∣∣∣p(μ)dμ ≤ 1

}
.

Since ψ(μ) = 1 for μ ∈ [0, 1] and zero elsewhere,

∫ ∞

0

∣∣∣∣ψ(μ)β

∣∣∣∣p(μ)dμ =
∫ 1

0
β−p(μ)dμ.

Using the lower bound p(μ) ≥ 2,

∫ 1

0
β−p(μ)dμ ≤

∫ 1

0
β−2dμ = β−2.

Choosing β = 1 yields ∫ 1

0
1−p(μ)dμ ≤ 1,

so
‖ψ‖Lp(·)(R+) ≤ 1.

For μ ∈ R+, the operator Iη,γψ(μ) evaluates as

Iη,γψ(μ) =
∫ 1

0

e−|μ−ν|

|μ− ν| 1
2
dν.
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Thus, p satisfies the log-Hölder continuity condition on R+.
When μ ≥ 2, we have |μ− ν| ≥ 1, and therefore,

Iη,γψ(μ) ≤
∫ 1

0

e−1

11/2 dν = e−1.

For μ ∈ [0, 2], since |μ− ν| ≤ 2,

Iη,γψ(μ) ≤
∫ 1

0

1
|μ− ν|1/2 dν ≤

∫ 1

0

1
t1/2 dt = 2,

where the change of variable t = |μ− ν| has been used. Thus,

Iη,γψ(μ) ≤ C := max{e−1, 2}

for all μ ≥ 0.
For any finite M > 0, the norm

‖Iη,γψ‖Lp(·)([0,M])

is evaluated by considering

∫ M

0

∣∣∣∣Iη,γψ(μ)

β

∣∣∣∣p(μ)dμ ≤ ∫ M

0

(C
β

)p(μ)

dμ.

Since p(μ) ≥ 2, it follows that

∫ M

0

(C
β

)p(μ)

dμ ≤ M
(C
β

)2
.

Choosing β = CM1/2 ensures

∫ M

0

∣∣∣∣Iη,γψ(μ)

β

∣∣∣∣p(μ)dμ ≤ 1,

and thus,
‖Iη,γψ‖Lp(·)([0,M]) ≤ CM1/2.

Consequently, the operator Iη,γ is bounded on Lp(·)([0, M]) for all finite M > 0.

Lemma 4. Let 0 < β < n and η > 0. Consider the exponential-type fractional kernel

Kη,β(t) :=
1

tn−η
e−βt, t > 0.

Suppose the variable exponent function v : R+ → (0, ∞) satisfies

1
n− η

< v− ≤ v+ < ∞.

Then Kη,β ∈ Lv(·)(R+).
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Proof. By definition of the modular in the variable exponent Lebesgue space Lv(·)(R+),
for any μ > 0,

ρv(·)

(Kη,β

μ

)
=

∫ ∞

0

∣∣∣∣Kη,β(t)

μ

∣∣∣∣v(t)dt =
∫ ∞

0

(
1
μ

e−βt

tn−η

)v(t)

dt.

Fix μ ∈ (0, 1). Using the inequality v(t) ≤ v+, it follows that

ρv(·)

(Kη,β

μ

)
≤ 1

μv+

∫ ∞

0
t−(n−η)v(t)e−βv(t)tdt.

Split the integral into two parts:

I1 :=
∫ 1

0
t−(n−η)v(t)e−βv(t)tdt, I2 :=

∫ ∞

1
t−(n−η)v(t)e−βv(t)tdt,

so that

ρv(·)

(Kη,β

μ

)
≤ 1

μv+
(I1 + I2).

On (0, 1), since e−βv(t)t ≤ 1, one has

I1 ≤
∫ 1

0
t−(n−η)v(t)dt ≤

∫ 1

0
t−(n−η)v+dt,

which converges if and only if
(n− η)v+ < 1.

However, this contradicts the assumption v− > 1
n−η . To ensure integrability near zero, the

essential lower bound must satisfy

v− >
1

n− η
.

On (1, ∞), using v(t) ≥ v− and exponential decay,

I2 ≤
∫ ∞

1
t−(n−η)v− e−βv−tdt,

which is finite for every v− > 0.
Thus, under the conditions

v− >
1

n− η
and v+ < ∞,

both integrals I1 and I2 are finite, implying

ρv(·)

(Kη,β

μ

)
< ∞ for all μ > 0.

Hence, Kη,β ∈ Lv(·)(R+).

Example 4. Let 0 < η < n and β > 0. Consider the exponential-type fractional kernel

Kη,β(t) :=
1

tn−η
e−βt, t > 0.
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Suppose the variable exponent function v : R+ → (0, ∞) satisfies

1
n− η

< v− ≤ v+ < ∞,

where
v− := inf

t>0
v(t), v+ := sup

t>0
v(t).

Take n = 3, η = 1, and β = 2, and define

v(t) := 2 +
1

1 + t
, t > 0.

Then
v− = inf

t>0
v(t) = 2 >

1
n− η

=
1
2

,

and
v+ = sup

t>0
v(t) = 3 < ∞.

In this case, the exponential-type fractional kernel reduces to

K1,2(t) =
e−2t

t2 , t > 0.

We verify that K1,2 ∈ Lv(·)(R+). Indeed, for any μ > 0,

∫ ∞

0

∣∣∣∣K1,2(t)

μ

∣∣∣∣v(t)dt =
∫ ∞

0

(
e−2t

μt2

)2+ 1
1+t

dt.

On (0, 1), since v(t) ≤ 3,

∫ 1

0
t−2v(t)dt ≤

∫ 1

0
t−6dt,

which converges in the variable exponent Lebesgue sense because the condition v− > 1
n−η = 1

2 is
satisfied, and the exponential term is bounded by 1.

On (1, ∞), the exponential decay dominates,∫ ∞

1
t−2v(t)e−2v(t)tdt ≤

∫ ∞

1
t−4e−2tdt < ∞.

Hence, K1,2 ∈ Lv(·)(R+).

Lemma 5. Let 0 < η < n and β > 0. Define

Kη,β(t) =
e−βt

tn−η
for t > 0,

and let v : R+ → (0, ∞) be a variable exponent function with

v− := inf
t>0

v(t), v+ := sup
t>0

v(t).

Then, for any fixed κ > 0, there exists an integer Tκ such that for all integers k, the following hold:
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• For k < Tκ,

ρv(·)
(
Kη,β χ[2kκ,2k+1κ]

)
≥ C1

(
2kκ

)−(n−η)v−+1e−βv+2k+1κ,

• For k ≥ Tκ,

ρv(·)
(
Kη,β χ[2kκ,2k+1κ]

)
≥ C2

(
2kκ

)−(n−η)v++1e−βv−2k+1κ,

where C1, C2 > 0 are constants independent of k and κ.

Proof. We aim to estimate the modular

ρv(·)(Kη,β) =
∫

R+
|Kη,β(t)|v(t) dt =

∫ ∞

0

(
e−βt

tn−η

)v(t)

dt.

Decompose the integral over dyadic intervals scaled by a parameter κ > 0:

ρv(·)(Kη,β) = ∑
k∈Z

∫ 2k+1κ

2kκ

(
e−βt

tn−η

)v(t)

dt.

For t ∈ [2kκ, 2k+1κ), we have

e−βt ≥ e−β2k+1κ, t−(n−η) ≥ (2k+1κ)−(n−η).

Recall the bounds on the exponent:

v− ≤ v(t) ≤ v+.

Thus, (
e−βt

tn−η

)v(t)

= e−βv(t)t · t−(n−η)v(t),

and since e−βvt decreases as v increases,

e−βv(t)t ≥ e−βv+t,

while the power term satisfies

t−(n−η)v(t) ≥ t−(n−η)v+ .

Define the integer Tκ ∈ Z to split the sum into two parts:
Case 1: For k < Tκ,

∫ 2k+1κ

2kκ

(
e−βt

tn−η

)v(t)

dt ≥
∫ 2k+1κ

2kκ
e−βv+tt−(n−η)v−dt

≥ C1
(
2kκ

)−(n−η)v−+1e−βv+2k+1κ,

Case 2: For k ≥ Tκ,

∫ 2k+1κ

2kκ

(
e−βt

tn−η

)v(t)

dt ≥
∫ 2k+1κ

2kκ
e−βv−tt−(n−η)v+dt

≥ C2
(
2kκ

)−(n−η)v++1e−βv−2k+1κ,
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where C1, C2 > 0 are constants independent of k and κ.
To handle this carefully, we split the sum over k into two parts as in our lemma:

• For k < Tκ, corresponding to small t, the exponent v− dominates;
• For k ≥ Tκ, corresponding to large t, the exponent v+ dominates.

Split the sum over k by choosing an integer Tκ such that

2Tκκ ≥ 1, 2Tκ−1κ < 1,

which partitions the positive half-line into “small” and “large” dyadic intervals relative to 1.
Lower bound for k < Tκ: On these small t intervals, we use the lower bound on the

exponent v−:

∫ 2k+1κ

2kκ

(
e−βt

tn−α

)v(t)

dt =
∫ 2k+1κ

2kκ
e−βv(t)tt−(n−α)v(t)dt

≥
∫ 2k+1κ

2kκ
e−βv+tt−(n−α)v−dt,

because
e−βv(t)t ≥ e−βv+t and t−(n−α)v(t) ≥ t−(n−α)v− .

Moreover,

∫ 2k+1κ

2kκ
e−βv+tt−(n−α)v−dt ≥ e−βv+2k+1κ

∫ 2k+1κ

2kκ
t−(n−α)v−dt,

since e−βv+t is decreasing in t.
We proceed to evaluate the integral∫

t−β dt,

where
β := (n− α)v−,

noting that β > 0.
It is well known that

∫ b

a
t−β dt =

⎧⎪⎨⎪⎩
b1−β − a1−β

1− β
, if β �= 1,

ln(b)− ln(a), if β = 1.

Assuming β �= 1, it follows that

∫ 2k+1κ

2kκ
t−β dt =

(2k+1κ)1−β − (2kκ)1−β

1− β
=

(2kκ)1−β(21−β − 1
)

1− β
.

Therefore, ∫ 2k+1κ

2kκ
t−(n−α)v− dt = C1(2kκ)1−(n−α)v− ,

where

C1 =
21−β − 1

1− β
=

21−(n−α)v− − 1
1− (n− α)v−

> 0,

since we assume (n− α)v− < 1 to guarantee the convergence of the integral.
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Combining the estimates for k < Tκ, we obtain the lower bound

∫ 2k+1κ

2kκ

(
e−βt

tn−α

)v(t)

dt ≥ C1(2kκ)1−(n−α)v− e−βv+2k+1κ.

For large values of t (i.e., for k ≥ Tκ), we use the upper exponent v+ for the power
term and the lower exponent v− for the exponential term:

∫ 2k+1κ

2kκ

(
e−λt

tn−α

)v(t)

dt =
∫ 2k+1κ

2kκ
e−λv(t)tt−(n−α)v(t)dt

≥
∫ 2k+1κ

2kκ
e−λv−tt−(n−α)v+dt,

because e−λv(t)t ≥ e−λv−t (since v(t) ≥ v−) and

t−(n−α)v(t) ≥ t−(n−α)v+ for t > 1.

Since e−λv−t is decreasing in t, it follows that

∫ 2k+1κ

2kκ
e−λv−tt−(n−α)v+dt ≥ e−λv−2k+1κ

∫ 2k+1κ

2kκ
t−(n−α)v+dt.

We now evaluate the integral with β′ := (n− α)v+:

∫ 2k+1κ

2kκ
t−β

′
dt = C2

(
2kκ

)1−β′ ,

where

C2 =
21−β′ − 1

1− β′
=

21−(n−α)v+ − 1
1− (n− α)v+

> 0,

under the assumption (n− α)v+ < 1.
Thus, we obtain the estimate

∫ 2k+1κ

2kκ

(
e−λt

tn−α

)v(t)

dt ≥ C2
(
2kκ

)1−(n−α)v+ e−λv−2k+1κ.

Now, the modular functional satisfies the estimate

ηv(·)(Kα,λ) = ∑
k∈Z

∫ 2k+1κ

2kκ

(
e−λt

tn−α

)v(t)

dt

≥ ∑
k<Tκ

C1
(
2kκ

)1−(n−α)v− e−λv+2k+1κ

+ ∑
k≥Tκ

C2
(
2kκ

)1−(n−α)v+ e−λv−2k+1κ. (3)

Therefore, for each k,

• If k < Tκ, then

ηv(·)(Kα,λ) ≥ C1
(
2kκ

)1−(n−α)v− e−λv+2k+1κ.

• If k ≥ Tκ, then

ηv(·)(Kα,λ) ≥ C2
(
2kκ

)1−(n−α)v+ e−λv−2k+1κ.
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Example 5. Let Kη,β : (0, ∞)→ R be defined by

Kη,β(t) :=
e−βt

tn−η
,

where n,η,β > 0 are fixed parameters. Let v : R+ → (0, ∞) be a variable exponent function with
essential bounds

v− := inf
t>0

v(t), v+ := sup
t>0

v(t).

For any fixed κ > 0, define the integer Tκ ∈ N such that

2Tκκ ≥ 1 > 2Tκ−1κ.

In particular, let
n = 3, η = 1, β = 1,

and
v(t) = 1.1 + 0.2 sin

(
log(1 + t)

)
,

so that
v− = 0.9, v+ = 1.3.

Choosing

κ =
1
4

, Tκ = 2,

ensures the dyadic partitioning condition above is satisfied.
For k < Tκ, the modular satisfies

ρv(·)
(
Kη,βχ[2kκ, 2k+1κ]

)
≥ C1(2kκ)1−(n−η)v− e−βv+2k+1κ,

and for k ≥ Tκ,

ρv(·)
(
Kη,βχ[2kκ, 2k+1κ]

)
≥ C2(2kκ)1−(n−η)v+ e−βv−2k+1κ.

Explicitly, with n− η = 2:

• For k = 1 < Tκ:

(21κ)1−2v− =

(
1
2

)1−2·0.9
=

(
1
2

)−0.8
= 20.8 ≈ 1.741,

e−βv+22κ = e−1×1.3×1 = e−1.3 ≈ 0.2725,

yielding
ρv(·)

(
Kη,βχ[ 1

2 ,1]

)
≥ 0.4747C1.

• For k = 3 ≥ Tκ:

(23κ)1−2v+ = (23 × 1
4 )

1−2×1.3 = 21−2.6 = 2−1.6 ≈ 0.330,

e−βv−24κ = e−1×0.9×4 = e−3.6 ≈ 0.0273,

thus
ρv(·)

(
Kη,βχ[2,4]

)
≥ 0.0090C2.

This example illustrates the dependence of the modular lower bounds on the variable exponent
and the dyadic partition.
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Lemma 6. Let Kη,β ∈ Lv(·)
(
R+

)
, and assume that

0 < ‖Kη,β‖Lv(·) < 1.

Then, there exists an integer Tκ, depending on κ, such that for any k < Tκ, we have the following
lower bounds:

• For k < Tκ:

‖Kη,β‖1/v+
Lv(·)

≥ C′1 ·
e−β2k+1κ

2n−η
· (2kκ)1/v+−(n−η)

• For k ≥ Tκ:

‖Kη,β‖1/v+
Lv(·)

≥ C′2 ·
e−β2k+1κ

2n−η
· (2kκ)1/v+−(n−η).

Here, C′1, C′2 > 0 are constants derived from the original modular bounds that satisfy

C′1 = (C1)
1/v+ , C′2 = (C2)

1/v+ .

Proof. We consider the exponential-type kernel

Kη,β(t) =
1

tn−η
e−βt, t > 0,

and the associated modular

ρv(·)(Kη,β) =
∫

R+
|Kη,β(t)|v(t)dt.

Decompose the integral into dyadic intervals:

ρv(·)(Kη,β) = ∑
k∈Z

∫ 2k+1κ

2kκ

(
1

tn−η
e−βt

)v(t)

dt.

Estimate each term:

∫ 2k+1κ

2kκ
t−(n−η)v(t)e−βv(t)tdt ≥ e−βv+2k+1κ

(2k+1κ)(n−η)v+

∫ 2k+1κ

2kκ
dt

=
e−βv+2k+1κ

(2k+1κ)(n−η)v+
· 2kκ.

Now simplify
(2k+1κ)(n−η)v+ =

(
2n−η

)v+ · (2kκ)(n−η)v+ .

Hence,

∫ 2k+1κ

2kκ

(
1

tn−η
e−βt

)v(t)

dt ≥ (2kκ)e−βv+2k+1κ

2(n−η)v+(2kκ)(n−η)v+
=

e−βv+2k+1κ

2(n−η)v+
· (2kκ)1−(n−η)v+ .

Let Tκ ∈ Z such that 2Tκκ ≥ 1 > 2Tκ−1κ. Then,

- For k < Tκ,

ρv(·)(Kη,β) ≥ C1 · (2kκ)1−(n−η)v− · e−βv+ ·2
k+1κ

2(n−η)v+
.

- For k ≥ Tκ,

ρv(·)(Kη,β) ≥ C2 ·
e−βv+2k+1κ

2(n−η)v+
· (2kκ)1−(n−η)v+ .
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Now applying the modular-norm inequality

‖ψ‖Lv(·) ≥
(
ρv(·)(ψ)

)1/v+
,

we conclude

- For k < Tκ,

∥∥Kη,β
∥∥1/v+

Lv(·) ≥
(
C1 ·

e−βv+2k+1κ

2(n−η)v+
· (2kκ)1−(n−η)v+

)1/v+

= C′1 ·
e−β2k+1κ

2n−η
· (2kκ)1/v+−(n−η).

- For k ≥ Tκ, ∥∥Kη,β
∥∥1/v+

Lv(·) ≥ C′2 ·
e−β2k+1κ

2n−η
· (2kκ)1/v+−(n−η).

Lemma 7. For any μ ∈ R+ and any function ψ ∈ Lp(·)(R+), the following pointwise estimate
holds for the fractional integral operator with an exponential-type kernel:

|Iη,βψ(μ)| ≤ C
[

∑
k<Tκ

(2kκ)η

eβ2kκ
·Mψ(μ) + ∑

k≥Tκ

(2kκ)
η− n

p+(k)

eβ2kκ
· ‖ψ‖Lp(·)

]
.

Proof. To analyze the fractional-type integral operator with exponential kernel, we decom-
pose the domain into dyadic annuli. Fix κ > 0, and for each k ∈ Z, define

Ak(μ) :=
{
ν ∈ Rn : 2kκ ≤ |μ− ν| < 2k+1κ

}
.

The operator can be rewritten as

Iη,βψ(μ) = ∑
k∈Z

∫
Ak(μ)

ψ(ν)

|μ− ν|n−η e−β|μ−ν| dν.

We split this into local and tail parts:

Iη,βψ(μ) =: J1(μ) + J2(μ),

where

J1(μ) :=
Tκ−1

∑
k=−∞

∫
Ak(μ)

· · · , J2(μ) :=
∞

∑
k=Tκ

∫
Ak(μ)

· · · .

Here Tκ ∈ Z is chosen such that

2Tκ−1κ < 1 ≤ 2Tκκ.

For indices k ≤ Tκ − 1, the distance between μ and ν satisfies the asymptotic relation
|μ− ν| ∼ 2kκ. Consequently, the exponential decay term is bounded by

e−β|μ−ν| ≤ 1.

Therefore,
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|J1(μ)| ≤
Tκ−1

∑
k=−∞

∫
Ak(μ)

|ψ(ν)|
|μ− ν|n−η e−β|μ−ν| dν

≤
Tκ−1

∑
k=−∞

1
(2kκ)n−η

∫
Ak(μ)

|ψ(ν)| dν.

Since |Ak(μ)| ∼ (2kκ)n, it follows that∫
Ak(μ)

|ψ(ν)| dν ≤ C(2kκ)nMψ(μ),

and thus,

|J1(μ)| ≤ CMψ(μ)
Tκ−1

∑
k=−∞

(2kκ)η.

Incorporating the exponential kernel gives the sharper bound

|J1(μ)| ≤ CMψ(μ)
Tκ−1

∑
k=−∞

(2kκ)η

eβ2kκ
.

In this region, |μ− ν| ≥ 1, so we use Hölder’s inequality and properties of variable
exponent Lebesgue norms. We estimate

|J2(μ)| ≤
∞

∑
k=Tκ

1
(2kκ)n−η

e−β2kκ
∫
Ak(μ)

|ψ(ν)|dν.

Using Hölder’s inequality in the variable exponent setting,∫
Ak(μ)

|ψ(ν)|dν ≤ ‖ψ‖Lp(·)(Ak(μ))

∥∥∥χAk(μ)

∥∥∥
Lp′(·)(Ak(μ))

.

Standard estimates for the norm of characteristic functions in variable exponent
spaces yield ∥∥∥χAk(μ)

∥∥∥
Lp′(·)

≤ C|Ak(μ)|1/p′−(k) ≤ C(2kκ)n/p′−(k).

Hence, ∫
Ak(μ)

|ψ(ν)|dν ≤ C‖ψ‖Lp(·) (2
kκ)n/p′−(k).

Substituting back,

|J2(μ)| ≤ C‖ψ‖Lp(·)(Rn)

∞

∑
k=Tκ

(2kκ)n/p′−(k)

(2kκ)n−η
e−β2kκ.

Recall
1

p′−(k)
= 1− 1

p+(k)
⇒ n

p′−(k)
= n− n

p+(k)
.

Thus,
(2kκ)n/p′−(k) = (2kκ)n−n/p+(k).

Therefore, the estimate becomes

|J2(μ)| ≤ C‖ψ‖Lp(·)(Rn)

∞

∑
k=Tκ

(2kκ)
η− n

p+(k)

eβ2kκ
.

The exponential decay ensures the convergence of the series.
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Combining the local and far-field parts, we obtain

|Iη,βψ(μ)| ≤ CMψ(μ)
Tκ−1

∑
k=−∞

(2kκ)η

eβ2kκ
+ C‖ψ‖Lp(·)(Rn)

∞

∑
k=Tκ

(2kκ)
η− n

p+(k)

eβ2kκ
.

Remark 3. This estimate demonstrates the boundedness of the generalized fractional integral
operator Iη,β on variable exponent Lebesgue spaces. The decomposition into local and far-field
contributions, coupled with exponential decay and Hölder-type estimates, ensures integrability and
convergence of the series, validating the operator’s well-definedness and continuity.

4. Fractional Sobolev-Type Inequality with Exponentially Damped Kernel

Before presenting our main result, we first recall a classical result that establishes a
Sobolev-type inequality using the Riesz potential operator

Let ψ be a function belonging to the class of locally integrable functions on Rn, that
is, ψ ∈ L1

loc(R
n). The Riesz potential of fractional order α ∈ (0, n) associated with ψ is

introduced by the expression

Iαψ(μ) =
∫

Rn

ψ(ν)

|μ− ν|n−α dν, μ ∈ Rn.

A classical result, known as Sobolev’s inequality , asserts that

(∫
Rn
|Iαψ(μ)|q dμ

)1/q
≤ C

(∫
Rn
|ψ(μ)|p dμ

)1/p
,

provided the exponents satisfy

1
q
=

1
p
− α

n
, with 1 < p <

n

α
.

For a detailed treatment of this result, see, for example, the monograph by the
authors [40].

In this section, we extend the classical Sobolev inequality to a logarithmic Sobolev-type
inequality involving a fractional exponential-type damped integral operator within the
framework of variable exponent Lebesgue spaces Lp(·)(Rn).

To this end, we assume that the exponent function p(·) : Rn → (1, ∞) satisfies the
standard continuity and boundedness conditions, together with the additional assumption

sup
μ∈Rn

p(μ) <
n

η
.

Lemma 8. Let ψ ∈ Lp(·)(Rn) be a non-negative function such that ψ(ν) = 0 for ν ∈ B(0, κ0),
and ‖ψ‖Lp(·) ≤ 1. Suppose that p(·) ∈ Plog(Rn) satisfies

sup
μ∈Rn

p(μ) <
n

η
,

and define the dual Sobolev exponent by

1
p�(μ)

:=
1

p(μ)
− η

n
.

31



Fractal Fract. 2025, 9, 458

Moreover, assume the log-Hölder continuity condition for p′(·):

p′(μ)−ω(|μ− ν|) ≤ p′(ν) ≤ p′(μ) + ω(|μ− ν|)

for all ν ∈ B(μ, 1) \ B(0, κ0), where the modulus is given by

ω(κ) =
C

log(e + 1/κ)
.

Then, for any 0 < δ < 1 and μ ∈ Rn \ B(0, κ0), the following estimate holds:

∫
B(μ,1)\B(μ,δ)

ψ(ν)

|μ− ν|n−η e−β|μ−ν| dν ≤ Cδ−n/p�p(μ),

where C is a constant independent of δ, ψ, and μ.

Proof. Let μ > 0 be a parameter to be chosen later. Applying Hölder’s inequality with
respect to variable exponents yields

∫
B(μ,1)\B(μ,δ)

ψ(ν)

|μ− ν|n−η e−β|μ−ν| dν ≤ μ

⎛⎝∫
B(μ,1)\B(μ,δ)

(
e−β|μ−ν|

μ|μ− ν|n−η

)p′(ν)

dν+ 1

⎞⎠,

where p′(ν) = p(ν)
p(ν)−1 is the variable conjugate exponent. The estimate follows from the

Peter–Paul inequality:

ab ≤ μa∇ +
b∫

μ∫/∇ , for a, b ≥ 0, μ > 0,
1
∇ +

1
∫ = 1.

Using the log-Hölder continuity of p(·), there exists a modulus ω(t) := C
log(e+1/t)

such that
|p′(ν)− p′(μ)| ≤ ω(|μ− ν|) for ν ∈ B(μ, 1).

Thus, (
e−β|μ−ν|

μ|μ− ν|n−η

)p′(ν)

≤
(

e−β|μ−ν|

μ|μ− ν|n−η

)p′(μ)+ω(|μ−ν|)
.

Passing to polar coordinates ν = μ+ κθ, with κ = |μ− ν| ∈ (δ, 1) and θ ∈ Sn−1,
we have

dν = κn−1dκ dσ(θ),

so the integral becomes

∫
B(μ,1)\B(μ,δ)

(
e−β|μ−ν|

μ|μ− ν|n−η

)p′(ν)

dν ≤ Cn
∫ 1

δ
κ(η−n)(p

′(μ)+ω(κ))+n−1e−βκ(p′(μ)+ω(κ))dκ.

Define the exponent
A := (η− n)(p′(μ) +ω(κ)) + n− 1.

Then, ∫ 1

δ
κA dκ ≤ CδA+1, since A+ 1 > 0.

Now we choose
μ := δ

η−n+ n
p′(μ)+ω(δ) .
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Substituting back, we estimate

μ1−(p′(μ)+ω(δ)) · δA+1 = δ

(
η−n+ n

p′(μ)+ω(δ)

)
(1−(p′(μ)+ω(δ)))+A+1

.

After simplification (detailed in computations), this leads to

∫
B(μ,1)\B(μ,δ)

ψ(ν)

|μ− ν|n−η e−β|μ−ν| dν ≤ Cδη−n+
n

p′(μ)+ω(δ) .

Finally, recall the Sobolev conjugate exponent:

1
p�p(μ)

=
1

p(μ)
− η

n
, ⇒ δ−n/p�p(μ) = δ

η− n
p(μ) .

Hence,
δ
η−n+ n

p′(μ)+ω(δ) ≤ Cδη−
n

p(μ) = Cδ−n/p�p(μ),

as ω(δ) ∼ 1
log(e+1/δ) → 0 for small δ. This completes the proof.

Lemma 9. Let ψ ∈ Lp(·)(Rn) be a non-negative function with

‖ψ‖Lp(·) ≤ 1 and ψ = 0 on B(0, κ0)

for some κ0 > 0. Define the exponentially damped Riesz potential as

Iη,βψ(μ) :=
∫

Rn

ψ(ν)

|μ− ν|n−η e−β|μ−ν| dν, 0 < η < n, β > 0.

Let p�(μ) be defined by
1

p�(μ)
:=

1
p(μ)

− η

n
.

Suppose p ∈ P log(Rn) and η < n
p+

. Then there exist constants A0, C > 0 such that for every
μ ∈ Rn \ B(0, κ0) and δ > e, the following inequality holds:

Iδη,β(μ) :=
∫

Rn\{B(0,|μ|/2)∪B(μ,δ)}
ψ(ν)

|μ− ν|n−η e−β|μ−ν| dν ≤ C δ−n/p�(μ)(log δ)A0 e−βδ.

Proof. Let μ > 0 (to be chosen later). By the Peter–Paul inequality, we write

Iδ
η,β(μ) =

∫
Rn\{B(0,|μ|/2)∪B(μ,δ)}

ψ(ν)

|μ− ν|n−η e−β|μ−ν| dν

≤ μ

⎛⎝∫
Rn\{B(0,|μ|/2)∪B(μ,δ)}

(
e−β|μ−ν||μ− ν|η−n

μ

)p′(ν)

dν+
∫

Rn
ψ(ν)p(ν)dν

⎞⎠
≤ μ

⎛⎝∫
Rn\{B(0,κ0)∪B(0,|μ|/2)∪B(μ,δ)}

(
e−β|μ−ν||μ− ν|η−n

μ

)p′(ν)

dν+ 1

⎞⎠,

where p′(ν) = p(ν)
p(ν)−1 is the Hölder conjugate of p(ν).

Let us split the domain of integration into two parts:

E :=

{
ν ∈ Rn \ B(0, |μ|/2) :

e−β|μ−ν|

μ
|μ− ν|η−n > 1

}
,

F := Rn \ (E ∪ B(0, κ0) ∪ B(μ, δ)).
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Estimate over F :

On F, the integrand is bounded:

(
e−β|μ−ν||μ− ν|η−n

μ

)p′(ν)

≤ μ−p
′(ν)|μ− ν|(η−n)p′(ν)e−βp′(ν)|μ−ν|.

By the log-Hölder continuity of p, we may bound p′(ν) ≤ p′(μ) + ω for small ω > 0,
yielding∫

F
(· · · )dν ≤ μ−p

′(μ)+ω
∫
|μ−ν|>δ

|μ− ν|(η−n)(p′(μ)−ω)e−β(p′(μ)−ω)|μ−ν|dν.

This integral converges and can be estimated by

Cδ(η−n)(p
′(μ)−ω)+ne−β(p′(μ)−ω)δ.

Estimate over E:

Similarly, for ν ∈ E, we obtain∫
E
(· · · )dν ≤ μ−p

′(μ)−ω
∫
|μ−ν|>δ

|μ− ν|(η−n)(p′(μ)+ω)e−β(p′(μ)+ω)|μ−ν|dν,

which is bounded by
Cδ(η−n)(p

′(μ)+ω)+ne−β(p′(μ)+ω)δ.

Choice of μ:

Set
μ := δ

η−n+ n
p′(μ)−ω e−βδ.

Then,
Iδ
η,β(μ) ≤ Cμ = Cδ−n/p�(μ)(log δ)A0 e−βδ,

for some A0 > 0, due to the log-Hölder continuity and the behavior of the extra exponent
involving ω. Thus, the proof is completed.

For a given measurable function φ defined on the Euclidean space Rn, the Hardy-type
operator Hη of fractional order η is expressed as

Hηφ(μ) = |μ|η−n
∫
B(0,|μ|)

|φ(ν)| dν,

where B(0, |μ|) denotes the open ball centered at the origin with radius |μ|, and the
integration is taken over this region.

Lemma 10. Let ψ : Rn → [0, ∞) be a measurable function satisfying the norm bound ‖ψ‖p(·) ≤ 1.
Assume further that ψ vanishes identically on the open ball B(0, κ0) for some fixed radius κ0 > 0.
Under these conditions, we introduce the operator defined by

Iη,βψ(μ) :=
∫

Rn

ψ(ν)

|μ− ν|n−η e−β|μ−ν| dν,

where 0 < η < n and β > 0. Let

1
p�(μ)

:=
1

p(μ)
− η

n
.
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Then the following pointwise estimate holds:

Iη,βψ(μ) ≤ CMψ(μ)p(μ)/p
�(μ)

(
log

(
e +

1
Mψ(μ)

))a0ηp(μ)/p2
∞

+ C Hηψ(μ),

where Mψ denotes the maximal function, Hηψ is the Hardy operator of order η, a0 > 0 is a
constant depending on the modular structure, and p∞ := supμ∈Rn p(μ).

Proof. We aim to estimate Iη,βψ(μ) in terms of the fractional maximal type functionMψ

and the Hardy operator Hηψ. To proceed, we split the function ψ into

ψ = ψ1 +ψ2,

where
ψ1 := ψ · χ{ν:ψ(ν)≥1}, ψ2 := ψ · χ{ν:ψ(ν)<1}.

To obtain a precise bound for Iη,βψ2(μ), we partition the domain of integration into
three mutually disjoint regions, each corresponding to a specific geometric scale relative
to the point μ. This allows us to estimate the integral on each region individually and
combine the contributions accordingly.

(i) B(μ, δ);
(ii) Rn \ [B(0, |μ|/2) ∪ B(μ, δ)];
(iii) B(0, |μ|/2).

Region I: B(μ, δ)

∫
B(μ,δ)

ψ2(ν)

|μ− ν|n−η e−β|μ−ν| dν ≤ δη
∫
B(μ,δ)

ψ2(ν)

|μ− ν|n dν ≤ Cδ
ηMψ2(μ).

Region II: Rn \ [B(0, |μ|/2) ∪ B(μ, δ)]
Using the fact that e−β|μ−ν| ≤ e−βδ, and adapting Lemma 9, we obtain

∫
Rn\[B(0,|μ|/2)∪B(μ,δ)]

ψ2(ν)

|μ− ν|n−η e−β|μ−ν| dν ≤ Ce−βδδ−n/p�(μ)(log δ)A0 .

Region III: B(0, |μ|/2)
Since ψ = 0 on B(0, κ0) and μ /∈ B(0, κ0), we have

∫
B(0,|μ|/2)

ψ2(ν)

|μ− ν|n−η e−β|μ−ν| dν = 0.

Combining Regions I–III

Iη,βψ2(μ) ≤ CδηMψ2(μ) + Ce−βδδ−n/p�(μ)(log δ)A0 .

Choose

δ =Mψ2(μ)
−p(μ)/n

(
log

(
e +

1
Mψ2(μ)

))a0p(μ)/p2
∞

.

Then,

Iη,βψ2(μ) ≤ CMψ2(μ)
p(μ)/p�(μ)

(
log

(
e +

1
Mψ2(μ)

))a0ηp(μ)/p2
∞

.

Estimate for Iη,βψ1(μ):
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Since ψ1(ν) ≥ 1, we estimate using the classical Riesz potential:

Iη,βψ1(μ) ≤
∫

Rn

ψ1(ν)

|μ− ν|n−η dν = Iηψ1(μ).

By Lemma 8, we obtain

Iηψ1(μ) ≤ CMψ1(μ)
p(μ)/p�(μ)

(
log

(
e +

1
Mψ1(μ)

))a0ηp(μ)/p2
∞

+ CHηψ1(μ).

Final Estimate:
Combining both parts,

Iη,βψ(μ) ≤ CMψ(μ)p(μ)/p
�(μ)

(
log

(
e +

1
Mψ(μ)

))a0ηp(μ)/p2
∞

+ CHηψ(μ).

5. Applications to Elliptic Partial Differential Equation

In this section, we apply our main results concerning the boundedness of the newly
defined operator and demonstrate its applications to the existence of solutions, which play
a fundamental role in the regularity theory of elliptic partial differential equations. We
are primarily motivated by the work of Maria Alessandra Ragusa [50], who investigated
homogeneous Herz spaces and their applications to regularity results, as well as by the
study of grand variable exponent Morrey spaces by Makharadze et al. [51], which provides
a refined analytical framework for addressing various classes of differential and integral
operators. Let ∅ �= Ω ⊂ Rn, with n ≥ 3, be a bounded domain and consider the following
boundary value problem: ⎧⎨⎩−Lμ = ψ ∈ Lp(·)(Ω),

μ ∈ W1,2
0 (Ω),

Here, L is a second-order elliptic partial differential operator in divergence form, defined by

Lμ =
n

∑
i,j=1

∂i

(
aij ∂jμ

)
,

where the coefficient matrix
(
aij) satisfies the following structural conditions:

aij ∈ L∞(Ω) for all i, j = 1, . . . , n, and a.e. μ ∈ Ω; (4)

aij(μ) = aji(μ) for all i, j = 1, . . . , n, and a.e. μ ∈ Ω; (5)

ν−1|ξ|2 ≤
n

∑
i,j=1

aij(μ) ξiξj ≤ ν|ξ|2, ∀ξ ∈ Rn, a.e. μ ∈ B, (6)

for some constant ν > 0. These conditions guarantee that L is a uniformly elliptic operator
with bounded, measurable, and symmetric coefficients. For almost every μ ∈ B, and for
τ ∈ Rn \ {0}, we denote by Aij(μ) the entries of the inverse matrix of

(
aij(μ)

)n
i,j=1. Let us

observe that if B̃ ⊂ B is a measurable subset on which the structural conditions (4) and (5)
hold pointwise, then for any fixed μ0 ∈ B̃, the function Γ(μ0, τ) defines a fundamental
solution for the constant-coefficient operator

L0ν(μ) :=
n

∑
i,j=1

aij(μ0) ∂μiνjν(μ).
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We define the first- and second-order partial derivatives of the fundamental solution
Γ with respect to the variable τ as

Γi(μ, τ) :=
∂

∂τi
Γ(μ, τ), Γij(μ, τ) :=

∂2

∂τi∂τj
Γ(μ, τ).

Furthermore, we define the uniform bound

M := max
i,j=1,...,n

max
|α|≤2n

∥∥∥∥∥∂|α|Γij(μ, τ)
∂τα

∥∥∥∥∥
L∞(Ω×Σ)

,

where α is a multi-index, and Σ denotes a compact set excluding the singularity at τ = 0. It
is well known that the kernels Γij(μ, τ) are Calderón–Zygmund type in the variable τ.
A particularly important instance of such an elliptic operator [52] arises in the study of the
modified Helmholtz equation (also referred to as the screened Poisson equation) on the full
space Rn, given by

−Δμ+ β2μ = ψ,

where β ∈ C with �(β) > 0, and ψ ∈ Lp(Rn) for some 1 < p < ∞. This equation arises in
various physical contexts, including screened electrostatics, steady-state heat conduction
with absorption, and wave propagation in lossy media. The operator L := −Δ + β2 is
elliptic due to the positive definiteness of the leading symbol. The zero-order term β2μ

introduces exponential spatial decay, with the fundamental solution exhibiting the form

G(μ) ∼ e−β|μ|

|μ|n−2 , |μ| → ∞,

highlighting a significant departure from the behavior of the classical Poisson equation.
Notably, exponential decay is governed by �(β), and since the equation involves β2, both
β and −β yield the same operator. Hence, requiring β �= 0 and �(β) > 0 suffices; the sign
of β is immaterial to ellipticity or the decay rate.

The classical Poisson equation −Δμ = ψ has a well-known solution given by the
Newtonian potential

I2 = cn,2

∫
Rn

ψ(ν)

|μ− ν|n−2 dν.

When the damping term β2μ is included, the fundamental solution changes due to the
exponential decay introduced by β. This leads to the exponentially damped Riesz potential,
which describes how the influence of ψ diminishes more rapidly with distance:

I2 = cn,2

∫
Rn

e−β|μ−ν|

|μ− ν|n−2ψ(ν) dν,

where cn,2 is a normalization constant depending on the dimension n. This representation
ensures integrability and decay properties necessary for solutions in unbounded domains.

To study the regularity properties of μ, we compute its gradient. Define the
kernel function

K(μ,ν) :=
e−β|μ−ν|

|μ− ν|n−2 .

Then the gradient of μ is given by
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∇(μ) = ∇μ

(
cn,2

∫
Rn
K(μ,ν)ψ(ν) dν

)
= cn,2

∫
Rn

ψ(ν)∇μK(μ,ν) dν.

Here, we differentiate under the integral sign, which is justified by the smoothness
and decay of the kernel K(μ,ν).

Letting κ = |μ− ν|, we apply the product and chain rules

∇μK = ∇μ

(
e−βκκ−(n−2)

)
= e−βκ∇μ

(
κ−(n−2)

)
+ κ−(n−2)∇μ

(
e−βκ

)
,

∇μκ
−(n−2) = −(n− 2)κ−n(μ− ν), ∇μe−βκ = −βe−βκμ− ν

κ
.

Substituting these gives

∇μK = −e−βκ(μ− ν)
[
(n− 2)κ−n + βκ−(n−1)

]
.

Hence, the gradient of the solution is given by

∇(μ) = −cn,2

∫
Rn

ψ(ν)e−β|μ−ν|(μ− ν)
[
(n− 2)|μ− ν|−n + β|μ− ν|−(n−1)

]
dν.

This expression explicitly reveals the decay and singular behavior of ∇μ, demonstrat-
ing how the regularity of μ depends on the integrability properties of ψ.

To control the gradient, we estimate it by means of the Hardy–Littlewood maximal
operator, a fundamental tool in harmonic analysis that provides pointwise control of
singular integrals. Define the maximal operator as

M(ψ)(μ) := sup
κ>0

1
|Bκ(μ)|

∫
Bκ(μ)

|ψ(ν)| dν,

where Bκ(μ) denotes the ball centered at μ with radius κ. This operator captures the local
average behavior of ψ and is crucial for pointwise estimates.

Let us define the kernel

L(μ,ν) := e−β|μ−ν|(μ− ν)
[
(n− 2)|μ− ν|−n + β|μ− ν|−(n−1)

]
.

We observe that the size of this kernel can be estimated as

|L(μ,ν)| � e−β|μ−ν||μ− ν|−(n−1),

since
|μ− ν| · |μ− ν|−n = |μ− ν|−(n−1),

and the exponential factor ensures rapid decay at infinity.
This kernel satisfies the Calderón–Zygmund conditions due to its decay, size, and

smoothness properties enhanced by the exponential factor. Therefore, standard singular
integral theory implies the pointwise bound

|∇(μ)| ≤ Cp(·)M(ψ)(μ),

for some constant Cp depending only on p and n.
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To see this more explicitly, we perform a dyadic decomposition of the domain
into annuli

Ak := {ν ∈ Rn : 2k ≤ |μ− ν| < 2k+1}, k ∈ Z.

Then,

|∇(μ)| �
∞

∑
k=−∞

∫
Ak

|ψ(ν)| e−β|μ−ν|

|μ− ν|n−1 dν.

On each annulus, using the fact that e−β|μ−ν| ≤ e−β2k and |μ− ν| ∼ 2k, we obtain

|∇(μ)| �
∞

∑
k=−∞

e−β2k(2k)−(n−1)
∫
Ak

|ψ(ν)|dν.

Since the volume of the annulus satisfies

|Ak| ≈ |B2k+1(μ)| ∼ (2k)n,

we can bound∫
Ak

|ψ(ν)|dν ≤
∫
B2k+1 (μ)

|ψ(ν)|dν = |B2k+1(μ)| · 1
|B2k+1(μ)|

∫
B2k+1 (μ)

|ψ(ν)|dν.

Applying the maximal operator yields∫
Ak

|ψ(ν)|dν � (2k)nM(ψ)(μ).

Substituting back, we have

|∇(μ)| �M(ψ)(μ)
∞

∑
k=−∞

e−β2k(2k)−(n−1)(2k)n =M(ψ)(μ)
∞

∑
k=−∞

e−β2k2k.

The exponential decay ensures that the series converges, so we conclude

|∇(μ)| ≤ CM(ψ)(μ).

The Hardy–Littlewood maximal operator is bounded on Lp(Rn) for 1 < p ≤ ∞,
satisfying

‖M(ψ)‖Lp(·)(Rn) ≤ Cp‖ψ‖Lp(·)(Rn).

This implies the gradient estimate

‖∇μ‖Lp(·)(Rn) ≤ Cp‖ψ‖Lp(·)(Rn).

Consequently,
μ ∈ W

1,p
0 (Rn),

which shows that the solution not only exists but also inherits integrability and weak
differentiability from the source term ψ. This conclusion is fundamental in the regularity
theory of elliptic partial differential equations.

Theorem 6. Under conditions (4), (5), and (6), and assuming p(·) satisfies the log-Hölder conti-
nuity as in Theorem 5, there exist constants C = C(n, p(·),η,β) > 0 and ρ0 = ρ0(C, n) > 0 such
that for any ball Bσ ⊂ Ω with σ < ρ0, and for every μ ∈ W

2,p(·)
0 (Bσ) satisfying

μxixj ∈ Lp(·)(Bσ) and Lμ = ψ ∈ Lp(·)(Bσ),
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the following estimate holds:∥∥∥μxixj

∥∥∥
Lp(·)(Bσ)

≤ C‖ψ‖Lp(·)(Bσ) for all i, j = 1, . . . , n.

Proof. Let n ≥ 3 and B ⊂ Rn be an open ball. Suppose
(
aij
)n

i,j=1 satisfies the uniform

ellipticity conditions, and let μ ∈ W
2,p(·)
0 (B). Then, for almost every μ ∈ B, the following

representation formula holds (see [50]):

μxixj(μ) = P.V.
∫
B

Γij(μ,μ− ν)

[
n

∑
h,k=1

(ahk(μ)− ahk(ν))μxhxk(ν) + Lμ(ν)
]
dν

+ Lμ(μ)
∫
|τ|=1

Γi(μ, τ)τj dστ,

where Γij denotes the second-order derivatives of the fundamental solution associated with
the frozen-coefficient operator, and the last term arises from boundary correction.

Now, using the boundedness of the exponentially damped fractional integral operator
Iη,β on variable exponent spaces as shown in Theorem 5, we apply the estimate

‖Iη,β(h)‖Lp(·)(Bσ) ≤ C‖h‖Lp(·)(Bσ) for all h ∈ Lp(·)(Bσ).

Applying the previous results to the representation formula of the second-order
derivatives μxixj , and invoking the Calderón–Zygmund theory in the context of variable
exponent spaces, we obtain the following localized estimate:∥∥∥μxixj

∥∥∥
Lp(·)(Bσ)

≤ C‖ψ‖Lp(·)(Bσ).

To justify the above, we evaluate the norm of the second-order derivative μxixj in the variable
exponent Lebesgue space Lp(·)(Bσ). Specifically, the Luxemburg norm is defined by

∥∥∥μxixj

∥∥∥
Lp(·)(Bσ)

= inf

⎧⎨⎩λ > 0 :
∫
Bσ

∣∣∣∣∣μxixj(μ)

λ

∣∣∣∣∣
p(μ)

dμ ≤ 1

⎫⎬⎭.

Based on the representation formula involving the fundamental solution Γij(μ,μ− ν) and
its derivatives, we obtain the pointwise bound

μxixj(μ) � Iη,β(ψ)(μ),

where the exponentially damped fractional integral operator is given by

Iη,β(ψ)(μ) :=
∫
Bσ

ψ(ν)

|μ− ν|n−η e−β|μ−ν| dν.

From Theorem 5, we know that Iη,β is a bounded operator on Lp(·)(Bσ). Therefore,

‖Iη,β(ψ)‖Lp(·)(Bσ) ≤ C‖ψ‖Lp(·)(Bσ).

Combining these results, we deduce the desired estimate

∥∥∥μxixj

∥∥∥
Lp(·)(Bσ)

≤ C‖ψ‖Lp(·)(Bσ),

40



Fractal Fract. 2025, 9, 458

where the constant C depends on the dimension n, the exponent function p(·), the parame-
ters η, β, and the ellipticity constants associated with the operator L.

6. Conclusions and Future Remarks

In this work, we have developed a novel and comprehensive framework for studying
the exponentially damped Riesz-type fractional integral operator within the context of
variable exponent Lebesgue spaces Lp(·). Our primary contribution lies in establishing
the boundedness of this operator under suitable conditions on the exponent function,
including log-Hölder continuity and appropriate growth behavior. To support these results,
we introduced several new structural properties tailored to the variable exponent setting,
providing a solid functional foundation for further exploration.

Moreover, we extended classical Sobolev-type inequalities to this more general frame-
work using our newly introduced operator, thereby offering a unified approach that en-
compasses both classical and exponentially modified settings. The applications to elliptic
partial differential equations illustrated the practical value of our findings, especially in
enhancing the understanding of regularity and integrability properties of weak solutions.

The exponential damping term not only enriches the theoretical landscape but also
widens the domain of boundedness beyond that of classical Riesz and Bessel–Riesz po-
tentials. This feature opens up new possibilities in the analysis of nonlocal operators and
fractional PDEs over complex and unbounded domains.

Future Work

Several promising avenues remain open for future research. For instance,

• Investigating the compactness, weak-type estimates, and sharp bounds of the expo-
nentially damped operator under refined modular conditions.

• Extending the current framework to more generalized function spaces such as variable
exponent Morrey- or Besov-type spaces.

• Exploring connections with time-fractional and space–time nonlocal evolution equa-
tions, where the damping effect could yield improved regularity criteria.

• Developing numerical schemes or approximation theories based on this operator for
solving real-world models involving anomalous diffusion or memory effects.

• Studying the boundedness and potential inequalities involving the composition of the
exponentially damped operator with other integral or differential operators.

We believe that the techniques and results established in this article will serve as a
foundation for further advancements in harmonic analysis, nonlinear PDE theory, and
applied mathematics involving non-standard growth phenomena.
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16. Diening, L.; Harjulehto, P.; Hästö, P.; Růžička, M. Lebesgue and Sobolev Spaces with Variable Exponents. In Lecture Notes in

Mathematics; Springer: Berlin/Heidelberg, Germany, 2011; Volume 2017.
17. Cazacu, C.; Dávila, J.; Valdinoci, E. Nonlocal diffusion and applications. In Nonlocal and Nonlinear Diffusions and Interactions: New

Methods and Directions; Andreu, F., Mazón, J.M., Rossi, J.D., Toledo, J., Eds.; Springer INdAM Series; Springer: Cham, Switzerland,
2018; Volume 28, pp. 1–25.

18. Molchanov, S.; Vainberg, B. Theory of Self-Adjoint Extensions of the Fractional Laplacian; Memoirs of the American Mathematical
Society; American Mathematical Society: Providence, RI, USA, 2020; Volume 264, No. 1278.

19. Nieraeth, B.; Cwikel, M. Interpolation methods and fractional smoothness in harmonic analysis. Mathematics 2022, 10, 120.
20. Grafakos, L. Modern Fourier Analysis, 3rd ed.; Springer: New York, NY, USA, 2014.
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Abstract

In this study, we develop new Hermite–Hadamard and Hermite–Hadamard–Fejér type
inequalities for fuzzy interval-valued functions (FIVFs) that exhibit h-Godunova–Levin
convexity, using the framework of the Riemann–Liouville fractional (RLF) q-integral. We
introduce novel fuzzy extensions of classical inequalities and establish corresponding
inclusion relations by utilizing the properties of fuzzy RLF q-integrals. Furthermore, we
validate the theoretical results through illustrative numerical examples and graphical rep-
resentations, demonstrating the applicability and effectiveness of the derived inequalities
in the context of fuzzy and interval analysis.

Keywords: Hermite–Hadamard inequality; h-Godunova–Levin convex functions; fuzzy
interval-valued functions; Riemann–Liouville fractional q-integral

1. Introduction

The concept of convexity has long played a central role in various branches of mathe-
matical analysis, particularly in optimization, functional analysis, and inequality theory. In
recent years, significant advancements have been made in the study of functions exhibiting
different types of convexity, including log-convexity [1], F-convexity [2], harmonically con-
vexity [3], h-convexity [4] and h-Godunova–Levin convexity [5]. These developments have
provided powerful tools for advancing many fields within mathematical analysis. Among
the classical results, the Hermite–Hadamard inequality, first introduced by Hadamard in
1893 [6], plays a central role in inequality theory. This fundamental result provides an
elegant estimate of the integral mean of a convex function and has served as the foundation
for countless generalizations.

Over the years, researchers have developed several extensions of the Hermite–Hadamard
inequality in different frameworks. Steinerberger [7] studied the Hermite–Hadamard
inequality in higher dimensions, highlighting its importance in the geometry of convex
bodies. Alongside these advancements, considerable attention has also been devoted to
inequalities associated with convex functions, particularly the classical Hermite–Hadamard
(HH) inequality.

Fractal Fract. 2025, 9, 578 https://doi.org/10.3390/fractalfract9090578
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Theorem 1 ([8]). Suppose ς1 < ς2 and f : [ς1, ς2] −→ R be a convex function, then

f
(

ς1 + ς2

2

)
≤ 1

ς2 − ς1

∫ ς2

ς1

f (x)dx ≤ f (ς1) + f (ς2)

2
,

holds.

Fractional calculus has also seen widespread application across a broad range of
fields, including mathematics, physics, and engineering. Fractional versions of these
inequalities have also been established, for example, in the monograph by Wang and
Fečkan [9], where fractional Hermite–Hadamard inequalities were systematically investi-
gated. Furthermore, generalizations involving preinvexity and other convexity concepts
were obtained by Awan et al. [10], who derived fractional Hermite–Hadamard–Noor type
inequalities via n-polynomial preinvex functions. Recently, Du et al. [11] extended the
study of Hermite–Hadamard-type inequalities to the multiplicative fractional setting by
employing multiplicative Atangana–Baleanu fractional integral operators. Their results
further broaden the scope of HH-type inequalities within fractional calculus, highlighting
the versatility of such inequalities across different fractional frameworks. In a related
work, Lakhdari et al. [12] derived new fractal–fractional Hermite–Hadamard- and Milne-
type inequalities, further broadening the scope of fractional analysis. Moreover, Du and
Xu [13] obtained Hermite–Hadamard- and Pachpatte-type inequalities for generalized
subadditive functions in the fractal setting. These contributions highlight the richness
of Hermite–Hadamard-type inequalities and their adaptability to different settings in
mathematical analysis.

In particular, fractional q-calculus has emerged as a powerful tool for solving differ-
ential and difference equations, as well as in combinatorics and signal processing [14–17].
Similarly, Xu et al. [18] explored new estimates for Hermite–Hadamard inequalities in
the framework of quantum calculus through (α, m)-convexity. RLF q-integral operator,
introduced in [19], has served as a foundation for numerous advancements. Building upon
this, Tariboon [20], introduced a modified definition of the RLF q-integral and established
existence and uniqueness results for impulsive fractional q-difference equations. Further
extending these ideas, the work in [21], introduced the notion of the interval-valued RLF
q-integral and explored unique solutions to interval q-Abel integral equations, thereby
expanding fractional q-calculus into the framework of interval analysis. Growing inter-
est in fractional q-calculus and its applications to convexity-based inequalities. These
contemporary contributions further emphasize the timeliness and wide applicability of
Hermite–Hadamard-type results across multiple branches of mathematical analysis.

Interval analysis has rapidly gained attention due to its effectiveness in handling un-
certain data, error analysis, nulti-attribute decision-making, inequality theory, optimization,
and related fields [22–30]. Particularly in the last five years, several extensions of classical
inequalities involving fractional integrals have been proposed within interval and fuzzy
spaces. For instance, Budak [31] established new interval-valued RLF integrals and associ-
ated inequalities. Du and Zhou [32] proved HH-, HH–Fejér-, and Pachpatte-type inclusion
relations and Khan [33], derived new fuzzy variants of HH- and HH–Fejér-type inequalities
by utilizing fuzzy RLF integrals with up and down convex fuzzy interval-valued functions.
Additional fuzzy HH- and HH-Fejér-type inequalities have also been investigated using
fuzzy RLF integral operators with exponential kernels [34].

Motivated by the above developments, this paper aims to establish new Hermite–
Hadamard- and Hermite–Hadamard–Fejér type inequalities for fuzzy interval-valued
functions exhibiting h-Godunova–Levin convexity, utilizing the Riemann–Liouville frac-
tional q-integral framework. The paper is organized as follows: Section 2 introduces
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preliminary concepts and fundamental results necessary for the development of the main
results. Section 3 presents new inclusion relations and the main inequalities. In Section 4,
we provide illustrative numerical examples to support the theoretical findings. Finally,
Section 5 concludes the paper and discusses potential directions for future research.

2. Preliminaries

In this section, we provide the essential definitions and mathematical background that
form the basis of our study. These include concepts from fuzzy set theory, interval analysis,
generalized convexity, and fractional q-calculus. The notations and operators introduced
here will be used throughout the paper.

Definition 1 ([35]). Let RI = {[ς1, ς2] : ς1 ≤ ς2, ς1, ς2 ∈ R}. If ς1 > 0, then [ς1, ς2] ∈ R+
I ,

where R+
I is the set of all real positive intervals. Given [ς1, ς2], [υ1, υ2] ∈ RI and θ ∈ R, then

θ[ς1, ς2] is defined by

θ[ς1, ς2] = {[θς1, θς2] i f θ ≥ 0, [θς2, θς1] i f θ < 0}.

and the addition is given by

[ς1, ς2] + [υ1, υ2] = [ς1 + υ1, ς2 + υ2].

For [ς1, ς2], [υ1, υ2] ∈ RI , the inclusion relation “⊇′′I , also called the “up and down" (“UD”) order,
is defined by

[ς1, ς2] ⊇I [υ1, υ2]⇔ ς1 ≤ υ1, υ2 ≤ ς2.

Let f (x), f (x) : [ς1, ς2]→ R be two real functions and satisfy f (x) ≤ f (x) for every x ∈ [ς1, ς2].
Then F : [ς1, ς2]→ RI with F(x) = [ f (x), f (x)] is called an interval-valued function.
We employ the notation C([ς1, ς2],RI) to represent the set of all continuous interval-valued
functions on [ς1, ς2]. Again, the notation C([ς1, ς2],R) characterizes the set of continuous real-
valued functions.

Definition 2 ([36]). Let F ∈ C([ς1, ς2],RI). Then the Aumann integral(AI) of F over [ς1, ς2] is
defined by

(AI)
∫ ς2

ς1

F(x)dx =

{∫ ς2

ς1

f (x)dx : f ∈ S(F)
}

,

where S(F) = { f ∈ L1([ς1, ς2]) : f (x) ∈ F(x) for almost all x ∈ [ς1, ς2]} and L1([ς1, ς2]) is
called the set of all mappings that are Lebesgue-integrable over [ς1, ς2].

Theorem 2 ([37]). Let F ∈ C([ς1, ς2],RI). Then F is AI-integrable over [ς1, ς2] if and only if
f , f ∈ L1([ς1, ς2]). Furthermore, suppose F is AI-integrable over [ς1, ς2], then

(IA)
∫ ς2

ς1

F(x)dx =

[∫ ς2

ς1

f (x)dx,
∫ ς2

ς1

f (x)dx
]

.

Definition 3 ([38]). A fuzzy subset of R is a function l̃ : R→ [0, 1]. The notation F (R) denotes
the set of all fuzzy subsets of R. A fuzzy subset l̃ of R is regarded as a real fuzzy interval providing
it satisfies the following properties:

(i) l̃ is normal.
(ii) l̃ is fuzzy convex.
(iii) l̃ is upper semi continuous on R.
(iv) l̃ is compactly supported.
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We denote by FC(R) the space of fuzzy intervals.

Definition 4 ([38]). Let l̃ ∈ FC(R), the level sets of l̃ are defined by [l̃]ξ = {x ∈ R|l̃(x) ≥ ξ} for
every ξ ∈ [0, 1]. These sets are ξ-level sets of l̃. In particular, [l̃]0 is the support of [l̃]1, which is the
core of l̃.
For l̃, h̃ ∈ FC(R), the UD order relation ⊇F is given by

l̃ ⊇F h̃ ⇔ [l̃]ξ ⊇I [l̃]ξ , ξ ∈ [0, 1].

Let l̃, h̃ ∈ FC(R), and θ ∈ [0, 1]. Then the arithmetic operations are given by

[θ � l̃]ξ = θ[l̃]ξ ,

[l̃ ⊕ h̃]ξ = [l̃]ξ + [h̃]ξ ,

[l̃ ⊗ h̃]ξ = [l̃]ξ × [h̃]ξ .

A fuzzy interval-valued map F̃ : [ς1, ς2] → FC(R) is called an fuzzy interval-valued function
(FIVF). For notational simplicity, we appoint S([ς1, ς2],FC(R)) and SC([ς1, ς2],FC(R)) to
denote the set of all FIVFs and continuous FIVFs in [ς1, ς2], respectively.

Definition 5 ([39]). Let F̃ ∈ S([ς1, ς2],FC(R)). Then the IVF Fξ : [ς1, ς2] → RI given by
Fξ(x) = [F̃(x)]ξ = [ f

ξ
(x), f ξ(x)] for every x ∈ [ς1, ς2] is said to be ξ-levels of F̃ for every

ξ ∈ [0, 1], where f
ξ
(x) and f ξ(x) are two real-valued functions for every ξ ∈ [0, 1].

Definition 6 ([39]). Let F̃ ∈ S([ς1, ς2],FC(R)). Then F̃ is continuous at x ∈ [ς1, ς2] if and only
if Fξ ∈ C([ς1, ς2],RI) for all ξ ∈ [0, 1], i-e. f

ξ
(x), f ξ(x) ∈ C([ς1, ς2],R) for all ξ ∈ [0, 1].

Definition 7 ([37]). Let F̃ ∈ S([ς1, ς2],FC(R)). The fuzzy Aumann integral of F̃ (FA-integral)
over [ς1, ς2], denoted by (FA)

∫ ς2
ς1

F̃(x)dx, is defined level-wise by

[
(FA)

∫ ς2

ς1

F̃(x)dx
]ξ

= (AI)
∫ ς2

ς1

Fξ(x)dx =

{∫ ς2

ς1

fξ(x)dx : fξ ∈ S(Fξ)

}
,

for all ξ ∈ [0, 1]. If
∫ ς2

ς1
F̃(x)dx ∈ FC(R), then F̃ is integrable over [ς1, ς2].

Theorem 3 ([40]). Let F̃ ∈ S([ς1, ς2],FC(R)) and ξ-levels of F̃ be given by Fξ(x) =

[ f
ξ
(x), f ξ(x)] for every ξ ∈ [0, 1] and for all x ∈ [ς1, ς2]. Then F̃ is integrable over [ς1, ς2]

if and only if f
ξ
(x), f ξ(x) ∈ L1([ς1, ς2]) for all ξ ∈ [0, 1]. Moreover, suppose F̃ is integrable over

[ς1, ς2], then [∫ ς2

ς1

F̃(x)dx
]ξ

=

[∫ ς2

ς1

f
ξ
(x),

∫ ς2

ς1

f ξ(x)
]

=
∫ ς2

ς1

Fξ(x)dx.

Definition 8 ([41]). Let F̃ ∈ S([ς1, ς2],FC(R)). Then the fuzzy left and right RLF integrals of F̃
with order γ > 0 are defined by

Iγ

ς+1
F̃(x) =

1
Γ(γ)

∫ x

ς1

(x− t)γ−1 F̃(t)dt (x > ς1),
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and

Iγ

ς−2
F̃(x) =

1
Γ(γ)

∫ ς2

x
(x− t)γ−1 F̃(t)dt (ς2 < x),

where Γ is Euler gamma function.

Now we shall discuss the notion of convexity.

Definition 9 ([42]). A non-negative function f : K → R is known as a Godunova–Levin convex
function if for all s, t ∈ K and ν ∈ (0, 1), we have

f (νs + (1− ν)t) ≤ f (s)
ν

+
f (t)

1− ν
.

Definition 10 ([42]). Let h : (0, 1) ⊆ W → R be non-negative function. We say f : W → R

is known as h-Godunova–Levin convex function f ∈ SGX(( 1
h ), W) if for all s, t ∈ W and

ν ∈ (0, 1), we have

f (νs + (1− ν)t) ≤ f (s)
h(ν)

+
f (t)

h(1− ν)
.

Definition 11 ([42]). Let h : (0, 1) ⊆ W → R be non-negative function. We say f : W → R+
I

is the interval valued h-Godunova–Levin convex function, or f ∈ SGX(( 1
h ), W,R+

I ) if for all
s, t ∈W and ν ∈ (0, 1), we have

f (νs + (1− ν)t) ⊇ f (s)
h(ν)

+
f (t)

h(1− ν)
.

Proposition 1 ([42]). Let f : [s, t] → R+
I be h-Godunova–Levin convex interval valued

function such that f (ν) = [ f (ν), f (ν)]. Then f ∈ SGX(( 1
h ), [s, t],R+

I ) if and only if
f ∈ SGX(( 1

h ), [s, t],R+
I ) , f ∈ SGV(( 1

h ), [s, t],R+
I ).

Proposition 2 ([42]). Let f : [s, t] → R+
I be h-Godunova–Levin concave interval valued

function such that f (ν) = [ f (ν), f (ν)]. Then f ∈ SGV(( 1
h ), [s, t],R+

I ) if and only if
f ∈ SGV(( 1

h ), [s, t],R+
I ) , f ∈ SGX(( 1

h ), [s, t],R+
I ).

Now we shall give details of basic concept of q-calculus.

Definition 12 ([20]). Suppose q ∈ [0, 1] and ς1, t, v ∈ R. Then the q-integral number is defined by

[n]q = 1 + q + q2 + ... + qn−1 =
1− qn

1− q
, n ∈ R.

A q-shift operator is defined by

ς1 Ωq(t) = qt + (1− q)ς1.

Let m > 0 be an integer, then we obtain

ς1 Ωm
q (t) = qm(t− ς1) + ς1.

Particularly,
ς1 Ω0

q(t) = t.

Proposition 3 ([43]). Assuming γ, t, v ∈ R with v �= ς1, then
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(i) ς1(v− t)γ
q = (v− ς1)

γ
∞
∏
i=0

1− t−ς1
v−ς1

qi

1− t−ς1
v−ς1

qγ+i
= (v− ς1)

γ
(

t−ς1
v−ς1

;q)∞

(
t−ς1
v−ς1

qγ ;q)∞
.

(ii) ς1(v−ς1 Ωm
q (t))

γ
q = (v− ς1)

γ (qm ;q)∞
(qγ+m ;q)∞

.

Choosing γ ∈ R/{0,−1,−2, ...}, then q-gamma function is given as

Γq(γ) =
0(1−0 Ωq(1))

(γ−1)
q

(1− q)γ−1 .

Moreover, [γ]qΓq(γ) = Γq(γ + 1).

Lemma 1 ([43]). let γ, χ > 0, then we get the following relations for x ∈ [ς1, ς2]:

(ς1 Iγ
q (t− ς1)

χ)(x) =
Γq(χ + 1)

Γq(χ + γ + 1)
(x− ς1)

χ+γ.

Definition 13 ([43]). Let f ∈ C([ς1, ς2],R) and γ ≥ 0. The RLF q-integral on [ς1, ς2] is defined
by (ς1 I0

q f (t))(x) = f (x) and

(ς1 Iγ
q f (t))(x) =

1
Γq(γ)

∫ x

ς1
ς1(x−ς1 Ωq(t))

(γ−1)
q f (t)ς1 dqt

=
(1− q)(x− ς1)

Γq(γ)

∞

∑
i=0

qi
ς1(x−ς1 Ωi+1

q (x))(γ−1)
q f (ς1 Ωi

q(x)).

Definition 14 ([44]). Let F ∈ C([ς1, ς2],RI) and γ ≥ 0. The RLF Iq-integral on [ς1, ς2] is
defined by (ς1 I0

q F(t))(x) = F(x) and by

(ς1 Iγ
q F(t))(x) =

1
Γq(γ)

∫ x

ς1
ς1(x−ς1 Ωq(t))

(γ−1)
q F(t)ς1 dqt.

Definition 15 ([8]). Let F̃ ∈ SC([ς1, ς2],FC(R)). The fuzzy interval valued RLF q-integral on
[ς1, ς2] is defined as

(ς1 Iγ
q F̃(t))(x) =

1
Γq(γ)

∫ x

ς1
ς1(x−ς1 Ωq(t))

(γ−1)
q F̃(t)ς1 dqt

=
(1− q)(x− ς1)

Γq(γ)

∞

∑
i=0

qi
ς1(x−ς1 Ωi+1

q (x))(γ−1)
q F̃(ς1 Ωi

q(x)),

for all γ > 0, x ∈ [ς1, ς2].
Moreover, it is defined level-wise by

[(ς1 Iγ
q F̃(t))(x)]ξ =

1
Γq(γ)

∫ x

ς1
ς1(x−ς1 Ωq(t))

(γ−1)
q Fξ(t)ς1 dqt

=
1

Γq(γ)

∫ x

ς1
ς1(x−ς1 Ωq(t))

(γ−1)
q × [ f

ξ
(t), f̄ξ(t)]ς1 dqt,

for all ξ ∈ [0, 1]. If (ς1 Iγ
q F̃(t))(x) ∈ FC(R), then F̃ is RLF q-integrable over [ς1, ς2].

Theorem 4 ([8]). Let F̃ ∈ S([ς1, ς2],FC(R)). Then F̃ is RLF q-integrable if and only if f
ξ
(x)

and f̄ξ(x) are RLF q-integrable over [ς1, ς2]. Moreover, F̃ is RLF q-integrable, then

[(ς1 Iγ
q F̃(t))(x)]ξ = (ς1 Iγ

q Fξ(t))(x) = [(ς1 Iγ
q f

ξ
(t))(x), (ς1 Iγ

q f ξ(t))(x)].
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3. The Main Results

To lay the foundation of our core results, we introduce a precise framework of no-
tation relevant to the study of UD-h-Godunova–Levin convex or concave fuzzy interval-
valued functions.

Definition 16. Let F̃ ∈ S([ς1, ς2],FC(R)). Then F̃ is a UD-h-Godunova–Levin convex function
if and only if

F̃(νs + (1− ν)t) ⊇F
F̃(s)
h(ν)

+
F̃(t)

h(1− ν)
,

for every ν ∈ (0, 1) and for all s, t ∈ [ς1, ς2], where h : (0, 1) ⊆ M → R+ and h �= 0. If
is reversed, one obtains that F̃ is a UD-h-Godunova–Levin concave function. The family of all
UD-h-Godunova–Levin convex (UD-h-Godunova–Levin concave) FIVFs on [ς1, ς2] is given by
UDSGX([ς1, ς2], FC(R), 1

h )(UDSGV([ς1, ς2], FC(R), 1
h )).

Remark 1. The UD-h-Godunova–Levin convex FIVFs have some very nice properties, similar to
convex FIVFs.

1. If F̃ is a UD-h-Godunova–Levin convex FIVF, then ΥF̃ is also a UD-h-Godunova–Levin
convex FIVF for Υ ≥ 0.

2. If F̃ and G̃ are UD-h-Godunova–Levin convex FIVFs, then max(F̃, G̃) is also a UD-h-
Godunova–Levin convex FIVF.

Next, we analyze some distinctive exceptional cases of UD-h-Godunova–Levin convex
FIVFs.

1. If h(ν) = νs, then UD-h-Godunova–Levin convex FIVFs become UD-s-Godunova–
Levin convex FIVFs, that is,

F̃(νs + (1− ν)t) ⊇F
F̃(s)
νs +

F̃(t)
(1− ν)s for all s, t ∈ [ς1, ς2], ν ∈ (0, 1).

2. If h(ν) = 1, then UD-h-Godunova–Levin convex FIVFs become UD-P-Godunova–
Levin convex FIVFs, that is,

F̃(νs + (1− ν)t) ⊇F F̃(s) + F̃(t)for all s, t ∈ [ς1, ς2], ν ∈ (0, 1).

3. If h(ν) = ν, then UD-h-Godunova–Levin convex FIVFs become UD-Godunova–Levin
convex FIVFs, that is,

F̃(νs + (1− ν)t) ⊇F
F̃(s)

ν
+

F̃(t)
1− ν

for all s, t ∈ [ς1, ς2], ν ∈ (0, 1).

Theorem 5. Let F̃ ∈ S([ς1, ς2],FC(R)). Then

F̃ ∈ UDSGX
(
[ς1, ς2],FC(R),

1
h

)
,

if and only if for all ξ ∈ [0, 1],

f
ξ
(x) ∈ SGX

(
[ς1, ς2],R+,

1
h

)
,

and

f ξ(x) ∈ SGV
(
[ς1, ς2],R+,

1
h

)
.
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Proof. Assume ξ ∈ [0, 1], f
ξ
(x) and f ξ(x) for each h-Godunova–Levin convex and concave

FIVF on [ς1, ς2]. Then we have

f
ξ
(νs + (1− ν)t) ≤

f
ξ
(s)

h(ν)
+

f
ξ
(t)

h(1− ν)
for all s, t ∈ [ς1, ς2], ν ∈ (0, 1),

and

f ξ(νs + (1− ν)t) ≥
f ξ(s)

h(ν)
+

f ξ(t)

h(1− ν)
for all s, t ∈ [ς1, ς2], ν ∈ (0, 1).

Then
Fξ(νs + (1− ν)t) = [ f

ξ
(νs + (1− ν)t), f ξ(νs + (1− ν)t)]

⊇I

[
f

ξ
(s)

h(ν)
,

f ξ(s)

h(ν)

]
+

[
f

ξ
(t)

h(1− ν)
,

f ξ(t)

h(1− ν)

]
for all s, t ∈ [ς1, ς2], ν ∈ (0, 1).

That is,

F̃(νs + (1− ν)t) ⊇F
F̃(s)
h(ν)

+
F̃(t)

h(1− ν)
.

Hence,

F̃ ∈ UDSGX
(
[ς1, ς2],FC(R),

1
h

)
for all s, t ∈ [ς1, ς2], ν ∈ (0, 1).

Conversely, let F̃ is UD-h-Godunova–Levin convex function on [ς1, ς2]. Then, for all
s, t ∈ [ς1, ς2], ν ∈ (0, 1), we have

F̃(νs + (1− ν)t) ⊇F
F̃(s)
h(ν)

+
F̃(t)

h(1− ν)
.

Therefore,
Fξ(νs + (1− ν)t) = [ f

ξ
(νs + (1− ν)t), f ξ(νs + (1− ν)t)].

This implies that

Fξ(s)
h(ν)

+
Fξ(t)

h(1− ν)
=

[
f

ξ
(s)

h(ν)
,

f ξ(s)

h(ν)

]
+

[
f

ξ
(t)

h(1− ν)
,

f ξ(t)

h(1− ν)

]
,

for all s, t ∈ [ς1, ς2], ν ∈ (0, 1). Then, by the UD-h-Godunova–Levin convexity of F̃, we
have for all s, t ∈ [ς1, ς2], ν ∈ (0, 1), such that

f
ξ
(νs + (1− ν)t) ≤

f
ξ
(s)

h(ν)
+

f
ξ
(t)

h(1− ν)
for all s, t ∈ [ς1, ς2], ν ∈ (0, 1),

and

f ξ(νs + (1− ν)t) ≥
f ξ(s)

h(ν)
+

f ξ(t)

h(1− ν)
for all s, t ∈ [ς1, ς2], ν ∈ (0, 1),

for each ξ ∈ [0, 1].

The next result will be established by utilizing the UD-h-Godunova–Levin convex
FIVFs to derive the RLF q-HH inequalities.
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Theorem 6. Let F̃ ∈ SC([ς1, ς2],FC(R))
⋂

UDSGX([ς1, ς2],FC(R), 1
h ) and h( 1

2 ) �= 0. If F̃
is RLF q-integrable on [ς1, ς2], then

h( 1
2 )

Γq(γ + 1)
◦ F̃

(
ς1 + ς2

2

)
⊇F

1
(ς2 − ς1)γ

◦ [(ς1 Iγ
q F̃(x))(ς2)⊕ (ς1 Iγ

q F̃(ς1 + ς2 − x))(ς2)]

⊇F [F̃(ς1)⊕ F̃(ς2)] ◦
(

0 Iγ
q

[
1

h(ν)
+

1
h(1− ν)

])
(1).

Proof. By Theorem 5, it follows that

h
(

1
2

)
f

ξ

(
ς1 + ς2

2

)
= h

(
1
2

)
f

ξ

(
(1− ν)ς1 + νς2 + νς1 + (1− ν)ς2

2

)

≤ f
ξ
((1− ν)ς1 + νς2) + f

ξ
((1− ν)ς2 + νς1). (1)

Multiply (1) by 0(1−0Ωq(ν))
(γ−1)
q

Γq(γ)
and q-integrating over [0, 1]. We have

h( 1
2 ) f

ξ
( ς1+ς2

2 )

Γq(γ)
×
∫ 1

0
0(1−0 Ωq(ν))

(γ−1)
q 0dν

≤ 1
Γq(γ)

∫ 1

0
0(1−0 Ωq(ν))

(γ−1)
q f

ξ
((1− ν)ς1 + νς2)0dν

+
1

Γq(γ)

∫ 1

0
0(1−0 Ωq(ν))

(γ−1)
q f

ξ
((1− ν)ς2 + νς1)0dν.

Let us say

I ≤ I1 + I2. (2)

First, we calculate I1 by using Proposition 3, Lemma 1, Definition 12, and Definition 13;
we have

I1 =
1

Γq(γ)

∫ 1

0
0(1−0 Ωq(ν))

(γ−1)
q f

ξ
((1− ν)ς1 + νς2)0dν

=
1

Γq(γ)

∫ 1

0
0(1−0 Ωq(ν))

(γ−1)
q f

ξ
(ς1 Ωq(ς2)0dν

=
(1− q)(1− 0)

Γq(γ)

∞

∑
i=0

qi
0(1−0 Ωi+1

q (1))(γ−1)
q f

ξ
(ς1 Ωi

q(ς2))

=
(1− q)
Γq(γ)

∞

∑
i=0

qi (q
i+1; q)∞

(qγ+i; q)∞
f

ξ
(ς1 Ωi

q(ς2))

=
(1− q)

(ς2 − ς1)γ−1Γq(γ)

∞

∑
i=0

qi(ς2 − ς1)
γ−1 (q

i+1; q)∞

(qγ+i; q)∞
f

ξ
(ς1 Ωi

q(ς2))

=
(1− q)(ς2 − ς1)

(ς2 − ς1)γΓq(γ)

∞

∑
i=0

qi(ς2 − ς1)
γ−1 (q

i+1; q)∞

(qγ+i; q)∞
f

ξ
(ς1 Ωi

q(ς2))

=
(1− q)(ς2 − ς1)

(ς2 − ς1)γΓq(γ)

∞

∑
i=0

qi
ς1 (ς2 −ς1 Ωi+1

q (x))(γ−1)
q f

ξ
(ς1 Ωi

q(ς2)

=
1

(ς2 − ς1)γΓq(γ)

∫ ς2

ς1
ς1 (ς2 −ς1 Ωq(x))(γ−1)

q f
ξ
(x)ς1 dx

=
1

(ς2 − ς1)γ
(ς1 Iγ

q f
ξ
(x))(ς2).
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Now, similarly, we can calculate I2, and get

I2 =
1

Γq(γ)

∫ 1

0
0(1−0 Ωq(ν))

(γ−1)
q f

ξ
((1− ν)ς2 + νς1)0dν

=
1

Γq(γ)

∫ 1

0
0(1−0 Ωq(ν))

(γ−1)
q f

ξ
(ς1 + ς2 −ς1 Ωq(ς2))0dν

=
(1− q)(1− 0)

Γq(γ)

∞

∑
i=0

qi
0(1−0 Ωi+1

q (1))(γ−1)
q f

ξ
(ς1 + ς2 −ς1 Ωi

q(ς2))

=
(1− q)
Γq(γ)

∞

∑
i=0

qi (q
i+1; q)∞

(qγ+i; q)∞
f

ξ
(ς1 + ς2 −ς1 Ωi

q(ς2))

=
(1− q)

(ς2 − ς1)γ−1Γq(γ)

∞

∑
i=0

qi(ς2 − ς1)
γ−1 (q

i+1; q)∞

(qγ+i; q)∞
f

ξ
(ς1 + ς2 −ς1 Ωi

q(ς2))

=
(1− q)(ς2 − ς1)

(ς2 − ς1)γΓq(γ)

∞

∑
i=0

qi(ς2 − ς1)
γ−1 (q

i+1; q)∞

(qγ+i; q)∞
f

ξ
(ς1 + ς2 −ς1 Ωi

q(ς2))

=
(1− q)(ς2 − ς1)

(ς2 − ς1)γΓq(γ)

∞

∑
i=0

qi
ς1(ς2 −ς1 Ωi+1

q (x))(γ−1)
q f

ξ
(ς1 + ς2 −ς1 Ωi

q(ς2))

=
1

(ς2 − ς1)γΓq(γ)

∫ ς2

ς1
ς1(ς2 −ς1 Ωq(x))(γ−1)

q f
ξ
(ς1 + ς2 − x)ς1 dx

=
1

(ς2 − ς1)γ
(ς1 Iγ

q f
ξ
(ς1 + ς2 − x))(ς2).

Similarly, we can calculate I as

I =
h( 1

2 ) f
ξ
( ς1+ς2

2 )

Γq(γ)

∫ 1

0
0(1−0 Ωq(ν))

(γ−1)
q 0dν = h(

1
2
) f

ξ
(

ς1 + ς2

2
)(0 Iγ

q 1)(1)

=
h( 1

2 ) f
ξ
( ς1+ς2

2 )

Γq(γ + 1)
.

Putting the values of I, I1 and I2 in (2), we get

h( 1
2 ) f

ξ
( ς1+ς2

2 )

Γq(γ + 1)
≤ 1

(ς2 − ς1)γ
(ς1 Iγ

q f
ξ
(x))(ς2) +

1
(ς2 − ς1)γ

(ς1 Iγ
q f

ξ
(ς1 + ς2 − x))(ς2). (3)

Now, by the definition of the h-Godunova–Levin convex function, we have

f
ξ
((1− ν)ς1 + νς2) + f

ξ
((1− ν)ς2 + νς1)

≤
f

ξ
(ς2)

h(ν)
+

f
ξ
(ς1)

h(1− ν)
+

f
ξ
(ς1)

h(ν)
+

f
ξ
(ς2)

h(1− ν)

= [ f
ξ
(ς1) + f

ξ
(ς2)]

[
1

h(ν)
+

1
h(1− ν)

]
. (4)

Multiply (4) by 0(1−0Ωq(ν))
(γ−1)
q

Γq(γ)
and q-integrating over [0, 1]. We have

1
Γq(γ)

∫ 1

0
0(1−0 Ωq(ν))

(γ−1)
q f

ξ
((1− ν)ς1 + νς2)0dν

+
1

Γq(γ)

∫ 1

0
0(1−0 Ωq(ν))

(γ−1)
q f

ξ
((1− ν)ς2 + νς1)0dν

≤ 1
Γq(γ)

( f
ξ
(ς1) + f

ξ
(ς2))

∫ 1

0
0(1−0 Ωq(ν))

(γ−1)
q

[
1

h(ν)
+

1
h(1− ν)

]
0dν.
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Let us say

J1 + J2 ≤ J3, (5)

where

J1 =
1

Γq(γ)

∫ 1

0
0(1−0 Ωq(ν))

(γ−1)
q f

ξ
((1− ν)ς1 + νς2)0dν,

J2 =
1

Γq(γ)

∫ 1

0
0(1−0 Ωq(ν))

(γ−1)
q f

ξ
((1− ν)ς2 + νς1)0dν,

and

J3 =
1

Γq(γ)
( f

ξ
(ς1) + f

ξ
(ς2))

∫ 1

0
0(1−0 Ωq(ν))

(γ−1)
q

[
1

h(ν)
+

1
h(1− ν)

]
0dν.

Now we calculate, similarly, J1, J2, and J3, and we get

J1 =
1

(ς2 − ς1)γ
(ς1 Iγ

q f
ξ
(x))(ς2)

J2 =
1

(ς2 − ς1)γ
(ς1 Iγ

q f
ξ
(ς1 + ς2 − x))(ς2)

J3 =
f

ξ
(ς1) + f

ξ
(ς2)

Γq(γ)

∫ 1

0
0(1−0 Ωq(ν))

(γ−1)
q

[
1

h(ν)
+

1
h(1− ν)

]
0dν

= ( f
ξ
(ς1) + f

ξ
(ς2))

(
0 Iγ

q

[
1

h(ν)
+

1
h(1− ν)

])
(1).

Putting the values of J1, J2 and J3 in (5), we get

1
(ς2 − ς1)γ

(ς1 Iγ
q f

ξ
(x))(ς2) +

1
(ς2 − ς1)γ

(ς1 Iγ
q f

ξ
(ς1 + ς2 − x))(ς2)

≤ ( f
ξ
(ς1) + f

ξ
(ς2))

(
0 Iγ

q

[
1

h(ν)
+

1
h(1− ν)

])
(1). (6)

From (3) and (6), we can written as

h( 1
2 ) f

ξ
( ς1+ς2

2 )

Γq(γ + 1)
≤ 1

(ς2 − ς1)γ
(ς1 Iγ

q f
ξ
(x))(ς2) +

1
(ς2 − ς1)γ

(ς1 Iγ
q f

ξ
(ς1 + ς2 − x))(ς2)

≤ [ f (ς1) + f (ς2)]

(
0 Iγ

q

[
1

h(ν)
+

1
h(1− ν)

])
(1). (7)

Similarly,

h( 1
2 ) f̄ξ(

ς1+ς2
2 )

Γq(γ + 1)
≥ 1

(ς2 − ς1)γ
(ς1 Iγ

q f̄ξ(x))(ς2)) +
1

(ς2 − ς1)γ
(ς1 Iγ

q f̄ξ(ς1 + ς2 − x))(ς2)

≥ [ f (ς1) + f (ς2)]

(
0 Iγ

q

[
1

h(ν)
+

1
h(1− ν)

])
(1). (8)
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So, from (7) and (8), we have

h( 1
2 )

Γq(γ + 1)
[ f

ξ
(

ς1 + ς2
2

), f ξ(
ς1 + ς2

2
)]

⊇I
1

(ς2 − ς1)γ
×

[(ς1 Iγ
q f

ξ
(x))(ς2) + (ς1 Iγ

q f
ξ
(ς1 + ς2 − x))(ς2), (ς1 Iγ

q f ξ(x))(ς2) + (ς1 Iγ
q f ξ(ς1 + ς2 − x))(ς2)]

⊇I [ f (ς1) + f (ς2), f (ς1) + f (ς2)]

(
0 Iγ

q

[
1

h(ν)
+

1
h(1− ν)

])
(1)

Hence,

h( 1
2 )

Γq(γ + 1)
◦ F̃(

ς1 + ς2

2
) ⊇F

1
(ς2 − ς1)γ

◦ [(ς1 Iγ
q F̃(x))(ς2)⊕ (ς1 Iγ

q F̃(ς1 + ς2 − x))(ς2)

⊇F [F̃(ς1)⊕ F̃(ς2)] ◦
(

0 Iγ
q

[
1

h(ν)
+

1
h(1− ν)

])
(1).

Remark 2.

1. If we replace h(ν) by 1
h(ν) in Theorem 2, we obtain the results of in ([8], [Theorem 23]), i-e.,

1
h( 1

2 )Γq(γ + 1)
◦ F̃(

ς1 + ς2
2

) ⊇F
1

(ς2 − ς1)γ
◦ [(ς1 Iγ

q F̃(x))(ς2)⊕ (ς1 Iγ
q F̃(ς1 + ς2 − x))(ς2)

⊇F [F̃(ς1)⊕ F̃(ς2)] ◦ (0 Iγ
q [h(ν) + h(1− ν)])(1).

2. If we let q → 1− and replace h(ν) by 1
h(ν) in Theorem 2, then we get ([45], [Theorem 5]).

3. If we replace h(ν) by 1
ν and q → 1− in Theorem 2, then we get ([33], [Theorem 3.1]).

4. If we let q → 1−, ξ = 1 and replace h(ν) by 1
h(ν) in Theorem 2, then we get ([31], [Theo-

rem 3.4]).
5. If we let q → 1−, γ = ξ = 1 and replace h(ν) by 1

h(ν) in Theorem 2, then we get ([46],
[Theorem 4.1]).

Theorem 7. Let F̃, G̃ ∈ SC([ς1, ς2],FC(R)). If F̃ ⊗ G̃ is RLF q-integrable on [ς1, ς2], F̃ ∈
UDSGX([ς1, ς2], FC(R), 1

h1
) and G̃ ∈ UDSGX([ς1, ς2], FC(R), 1

h2
), then

1
(ς2 − ς1)γ

◦ ((ς1 Iγ
q F̃(x)⊕ G̃(x))(ς2)⊕ (ς1 Iγ

q F̃(ς1 + ς2 − x)⊗ G̃(ς1 + ς2 − x)(ς2))

⊇F T(ν)� [F̃(ς1)⊗ G̃(ς1)⊕ F̃(ς2)⊗ G̃(ς2)]⊕ R(ν)[F̃(ς1)⊗ G̃(ς2)⊕ F̃(ς2)⊗ G̃(ς1)],

where

T(ν) =
(

0 Iγ
q

1
h1(ν)

1
h2(ν)

)
(1) +

(
0 Iγ

q
1

h1(1− ν)

1
h2(1− ν)

)
(1), (9)

and

R(ν) =
(

0 Iγ
q

1
h1(ν)

1
h2(1− ν)

)
(1) +

(
0 Iγ

q
1

h1(1− ν)

1
h2(ν)

)
(1). (10)

55



Fractal Fract. 2025, 9, 578

Proof. Derived from the stipulated conditions, one can deduce

f
ξ
((1− ν)ς1 + νς2)g

ξ
((1− ν)ς1 + νς2)

≤
(

f
ξ
(ς1)

h1(1− ν)
+

f
ξ
(ς2)

h1(ν)

)
.

(
g

ξ
(ς1)

h2(1− ν)
+

g
ξ
(ς2)

h2(ν)

)

=
f

ξ
(ς1)g

ξ
(ς1)

h1(1− ν)h2(1− ν)
+

f
ξ
(ς2)g

ξ
(ς2)

h1(ν)h2(ν)
+

f
ξ
(ς1)g

ξ
(ς2)

h1(1− ν)h2(ν)
+

f
ξ
(ς2)g

ξ
(ς1)

h1(ν)h2(1− ν)
.

The remaining proof follows from Theorem 6.

Theorem 8. Let F̃, G̃ ∈ SC([ς1, ς2],FC(R)) and h1(
1
2 )h2(

1
2 ) �= 0. If F̃⊗ G̃ is RLF q-integrable

on [ς1, ς2], F̃ ∈ UDSGX([ς1, ς2], FC(R), 1
h1
) and G̃ ∈ UDSGX([ς1, ς2], FC(R), 1

h2
), then

h1(
1
2 )h2(

1
2 )F̃( ς1+ς2

2 )⊗ G̃( ς1+ς2
2 )

Γq(γ + 1)

⊇F
1

(ς2 − ς1)γ
◦ ((ς1 Iγ

q F̃(x)⊗ G̃(x))(ς2)⊕ (ς1 Iγ
q F̃(ς1 + ς2 − x)⊗ G̃(ς1 + ς2 − x)(ς2))

⊕ T(ν)� [F̃(ς1)⊗ G̃(ς2)⊕ F̃(ς2)⊗ G̃(ς1)]⊕ R(ν)[F̃(ς1)⊗ G̃(ς1)⊕ F̃(ς2)⊗ G̃(ς2)],

where T(ν) and R(ν) defined as in (9) and (10), respectively.

Proof. By hypothesis, we have

h1

(
1
2

)
Fξ

(
ς1 + ς2

2

)
⊇I Fξ((1− ν)ς1 + νς2) + Fξ(νς1 + (1− ν)ς2),

and

h2

(
1
2

)
Gξ

(
ς1 + ς2

2

)
⊇I Gξ((1− ν)ς1 + νς2) + Gξ(νς1 + (1− ν)ς2).

Hence,

h1

(
1
2

)
h2

(
1
2

)
Fξ

(
ς1 + ς2

2

)
Gξ

(
ς1 + ς2

2

)
⊇I Fξ((ν)ς1 + (1− ν)ς2)Gξ((ν)ς1 + (1− ν)ς2) + Fξ((ν)ς1 + (1− ν)ς2)Gξ((1− ν)ς1 + (ν)ς2)

+ Fξ((1− ν)ς1 + (ν)ς2)Gξ((ν)ς1 + (1− ν)ς2) + Fξ((1− ν)ς1 + (ν)ς2)Gξ((1− ν)ς1 + (ν)ς2)

⊇I Fξ((ν)ς1 + (1− ν)ς2)Gξ((ν)ς1 + (1− ν)ς2) + Fξ((1− ν)ς1 + (ν)ς2)Gξ((1− ν)ς1 + (ν)ς2)

+ [Fξ(ς1)Gξ(ς2) + Fξ(ς2)Gξ(ς1)].
[

1
h1(ν)h2(ν)

+
1

h1(1− ν)h2(1− ν)

]
+ [Fξ(ς1)Gξ(ς1) + Fξ(ς2)Gξ(ς2)].

[
1

h1(ν)h2(1− ν)
+

1
h1(1− ν)h2(ν)

]
.

Using the technique in Theorem 6 and the theorem holds true.

Now we shall derive some known results from our general result.

Remark 3.

1. If we replace h1(ν) by 1
h1(ν)

and h2(ν) by 1
h2(ν)

, and letting q → 1− in Theorem 3 and
Theorem 4, we obtain the results of ([45], [Theorem 6 and Theorem 7]), respectively.

2. If we replace h1(ν) by 1
h1(ν)

and h2(ν) by 1
h2(ν)

in Theorem 3 and Theorem 4, we obtain the
results of ([8], [Theorem 27 and Theorem 28]), respectively.
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3. If we replace h1(ν) and h2(ν) by 1
ν in Theorem 3 and Theorem 4, we obtain ([33], [Theorems 3.4

and Theorem 3.6]), respectively.
4. If we replace h1(ν) and h2(ν) by 1

ν , and letting ξ = 1 in Theorem 3 and Theorem 4, we obtain
([31], [Theorems 3.5 and Theorem 3.6]), respectively.

5. If we replace h1(ν) by 1
h1(ν)

and h2(ν) by 1
h2(ν)

, and letting γ = ξ = 1 and q → 1− in
Theorem 3 and Theorem 4, we obtain ([46], [Theorem 4.5 and Theorem 4.6]), respectively.

Theorem 9. Let F̃ ∈ SC([ς1, ς2],FC(R))
⋂

UDSGX([ς1, ς2],FC(R), 1
h ) and � ∈ C([ς1, ς2],R+

0 )

be symmetric with respect to ς1+ς2
2 with ς1 Iγ

q �(x))(ς2) > 0. If F̃(x)�(x) is RLF q-integrable on
[ς1, ς2], then

F̃(
ς1 + ς2

2
) ⊇F

1
h( 1

2 )ς1 Iγ
q �(x))(ς2)

�(ς1 Iγ
q F̃(x)��(x))(ς2)

⊕(ς1 Iγ
q F̃(ς1 + ς2 + x)��(ς1 + ς2 + x))(ς2).

Proof. Since f
ξ
(x) ∈ SGX([ς1, ς2],R+

0 , 1
h ), we have

h(
1
2
) f

ξ
(

ς1 + ς2

2
) ≤ f

ξ
((1− ν)ς1 + νς2) + f

ξ
((1− ν)ς2 + νς1).

Multiply both sides by 0(1−0Ωq(ν))
(γ−1)
q �((1−ν)ς1+ς2)

Γq(γ)
and q-integrating over [0, 1]. We have

h( 1
2 ) f

ξ
( ς1+ς2

2 )

Γq(γ)

∫ 1

0
0(1−0 Ωq(ν))

(γ−1)
q �((1− ν)ς1 + ς2)0dqν

≤
∫ 1

0
0(1−0 Ωq(ν))

(γ−1)
q f

ξ
((1− ν)ς1 + νς2)�((1− ν)ς1 + ς2)0dqν

+
∫ 1

0
0(1−0 Ωq(ν))

(γ−1)
q f

ξ
((1− ν)ς2 + νς1)�((1− ν)ς1 + ς2)0dqν.

Let us say

K1 ≤ K2 + K3. (11)

First, we solve K1 by using Proposition 3, Lemma 1, Definition 12, and Definition 13.
We have

K1 =
h( 1

2 ) f
ξ
( ς1+ς2

2 )

Γq(γ)

∫ 1

0
0(1−0 Ωq(ν))

(γ−1)
q �((1− ν)ς1 + ς2)0dqν

=
h( 1

2 ) f
ξ
( ς1+ς2

2 )

(ς2 − ς1)γ
(ς1 Iγ

q �(x))(ς2).

Similarly,

K2 =
∫ 1

0
0(1−0 Ωq(ν))

(γ−1)
q f

ξ
((1− ν)ς1 + νς2)�((1− ν)ς1 + ς2)0dqν

=
1

(ς2 − ς1)γ
(ς1 Iγ

q f
ξ
(x)�(x))(ς2),
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and

K3 =
∫ 1

0
0(1−0 Ωq(ν))

(γ−1)
q f

ξ
((1− ν)ς2 + νς1)�((1− ν)ς1 + ς2)0dqν

=
1

(ς2 − ς1)γ
(ς1 Iγ

q f
ξ
(ς1 + ς2 − x)�(ς1 + ς2 − x))(ς2).

Putting the values of K1, K2, and K3 in (11), we get

h( 1
2 ) f

ξ
( ς1+ς2

2 )

(ς2 − ς1)γ
(ς1 Iγ

q �(x))(ς2)

≤ 1
(ς2 − ς1)γ

(ς1 Iγ
q f

ξ
(x)�(x))(ς2) +

1
(ς2 − ς1)γ

(ς1 Iγ
q f

ξ
(ς1 + ς2 − x)�(ς1 + ς2 − x))(ς2).

h(
1
2
) f

ξ
(

ς1 + ς2
2

)(ς1 Iγ
q �(x))(ς2) ≤ (ς1 Iγ

q f
ξ
(x)�(x))(ς2) + (ς1 Iγ

q f
ξ
(ς1 + ς2− x)�(ς1 + ς2− x))(ς2).

Similarly,

h(
1
2
) f ξ(

ς1 + ς2
2

)(ς1 Iγ
q �(x))(ς2) ≤ (ς1 Iγ

q f ξ(x)�(x))(ς2) + (ς1 Iγ
q f ξ(ς1 + ς2− x)�(ς1 + ς2− x))(ς2).

So, we have

[ f
ξ
(

ς1 + ς2
2

), f ξ(
ς1 + ς2

2
)]

⊇I
1

h( 1
2 )(ς1 Iγ

q �(x))(ς2)
[(ς1 Iγ

q f
ξ
(x)�(x))(ς2) + (ς1 Iγ

q f
ξ
(ς1 + ς2 − x)�(ς1 + ς2 − x))(ς2),

(ς1 Iγ
q f ξ(x)�(x))(ς2) + (ς1 Iγ

q f ξ(ς1 + ς2 − x)�(ς1 + ς2 − x))(ς2)].

F̃(
ς1 + ς2

2
) ⊇F

1
h( 1

2 )ς1 Iγ
q �(x))(ς2)

�(ς1 Iγ
q F̃(x)��(x))(ς2)

⊕(ς1 Iγ
q F̃(ς1 + ς2 + x)��(ς1 + ς2 + x))(ς2).

Theorem 10. Let F̃ ∈ SC([ς1, ς2],FC(R))
⋂

UDSGX([ς1, ς2],FC(R), 1
h ) and � ∈ C([ς1, ς2],R+

0 )

be symmetric with respect to ς1+ς2
2 with ς1 Iγ

q �(x))(ς2) > 0. If F̃(x)�(x) is RLF q-integrable on
[ς1, ς2], then

1
(ς2 − ς1)γ

� ((ς1 Iγ
q F̃(x)��(x))(ς2) ⊕((ς1 Iγ

q F̃(ς1 + ς2 − x)��(ς1 + ς2 − x))(ς2)

⊇F [F̃(ς1)⊕ F̃(ς2)]�M(ν),

where M(ν) = (0 Iγ
q �(νς1 + (1− ν)ς2)[

1
h(1−ν)

+ 1
h(ν) ])(1).

Proof. According to the given condition, we have

f
ξ
(νς1 + (1− ν)ς2)�(νς1 + (1− ν)ς2)

≤ [
1

h(ν)
f

ξ
(ς1) +

1
h(1− ν)

f
ξ
(ς2)]�(νς1 + (1− ν)ς2), (12)
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and

f
ξ
((1− ν)ς1 + νς2)�((1− ν)ς1 + νς2)

≤ [
1

h(ν)
f

ξ
(ς2) +

1
h(1− ν)

f
ξ
(ς1)]�((1− ν)ς1 + νς2). (13)

Adding (12) and (13),

f
ξ
(νς1 + (1− ν)ς2)�(νς1 + (1− ν)ς2) + f

ξ
((1− ν)ς1 + νς2)�((1− ν)ς1 + νς2)

≤ [
1

h(ν)
f

ξ
(ς1) +

1
h(1− ν)

f
ξ
(ς2)]�(νς1 + (1− ν)ς2)

+ [
1

h(ν)
f

ξ
(ς2) +

1
h(1− ν)

f
ξ
(ς1)]�((1− ν)ς1 + νς2).

Multiply both sides by 0(1−0Ωq(ν))
(γ−1)
q

Γq(γ)
; the remaining proof is similar to Theorem 5, making

the result self-evident.

Remark 4.

1. If we replace h(ν) by 1
h(ν) in Theorem 5 and Theorem 6, then we have ([8], [Theorem 30 and

Theorem 31]), respectively.
2. If we replace h(ν) by 1

h(ν) , and letting q → 1− in Theorem 5 and Theorem 6, then we have
([45], [Theorem 9 and Theorem 8]), respectively

3. If we replace h(ν) by 1
ν , and letting q → 1− in Theorem 5 and Theorem 6, we have ([33],

[Theorem 3.8 and Theorem 3.7]), respectively.
4. If we let ξ = 1 and replace h(ν) by 1

h(ν) in Theorem 5 and Theorem 6, we obtain ([44],
[Theorems 3.14 and Theorem 3.15]), respectively.

4. Numerical Examples

Example 1. Let F̃ ∈ SC([0, π],FC(R)) and ξ-levels of F̃ be given by Fξ(x) = [(1− ξ)x2 +

24ξ, (1− ξ)(25− x2) + 24ξ] for all ξ ∈ [0, 1] and for all x ∈ [ς1, ς2], h(ν) = 1
ν , for ν ∈ (0, 1).

Obviously, F̃(x) satisfies the assumptions in Theorem 2. If we let q = 1
2 and γ = 2, then

h( 1
2 )

Γq(γ + 1)
f

ξ
(

ς1 + ς2

2
) =

2
Γ 1

2
(3)

f
ξ
(

0 + π

2
)

=
(1− ξ)π2

3
+ 32ξ.

Secondly,

h( 1
2 )

Γq(γ + 1)
f ξ(

ς1 + ς2

2
) =

2
Γ 1

2 (3)
f ξ(

0 + π

2
)

= (1− ξ)
100− π2

3
+ 32ξ,
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and

f
ξ
(ς1) + f

ξ
(ς2)

Γq(γ + 1)
=

f
ξ
(0) + f

ξ
(π)

Γ 1
2
(3)

=
24ξ + (1− ξ)π2 + 24ξ

3
2

=
2(1− ξ)π2

3
+ 32ξ.

Next,

f ξ(ς1) + f ξ(ς2)

Γq(γ + 1)
=

f ξ(0) + f ξ(π)

Γ 1
2
(3)

=
(1− ξ)25 + 24ξ + (1− ξ)(25− π2) + 24ξ

3
2

=
2(1− ξ)(50− π2)

3
+ 32ξ,

and

1
(ς2 − ς1)γ

((ς1 Iγ
q f

ξ
(x))(ς2) + ((ς1 Iγ

q f
ξ
(ς1 − ς2 − x))(ς2))

=
(1 I2

1
2

f
ξ
(x))(π) + (1 I2

1
2

f
ξ
(0− π − x))(π)

(π − 0)2

=
54π2

105
(1− ξ) + 32ξ.

Also,

1
(ς2 − ς1)γ

((ς1 Iγ
q f ξ(x))(ς2) + ((ς1 Iγ

q f ξ(ς1 − ς2 − x))(ς2))

=
(1 I2

1
2

f ξ(x))(π) + (1 I2
1
2

f ξ(0− π − x))(π)

(π − 0)2

=
−54π2 + 3500

105
(1− ξ) + 32ξ.

Therefore,

[
(1− ξ)π2

3
+ 32ξ, (1− ξ)

100− π2

3
+ 32ξ] ⊇I [

54π2

105
(1− ξ) + 32ξ,

−54π2 + 3500
105

(1− ξ) + 32ξ]

⊇I [
2(1− ξ)π2

3
+ 32ξ,

2(1− ξ)(50− π2)

3
+ 32ξ]. (14)

As shown in Figure 1, the green chain line represents F(ξ), where f (ξ) = (1−ξ)π2

3 + 32ξ,

and f (ξ) = (1− ξ) 100−π2

3 + 32ξ, ξ ∈ [0, 1]. The dashed red line represents G(ξ), where

g(ξ) = 54π2

105 (1− ξ) + 32ξ, and g(ξ) = −54π2+3500
105 (1− ξ) + 32ξ, ξ ∈ [0, 1]. The solid black line

represents H(ξ), where h(ξ) = 2(1−ξ)π2

3 + 32ξ, and f (ξ) = 2(1−ξ)(50−π2)
3 + 32ξ, ξ ∈ [0, 1].
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Figure 1. A visualization of the inequality (14) left, middle, and right terms.

Example 2. Choose h1(ν) = h2(ν) = 1
ν for ν ∈ (0, 1). Let F̃, G̃ ∈ SC([0, 2],FC(R)) and

ξ-levels of F̃, G̃ be given by Fξ(x) = [(1 − ξ)x2 + 5ξ, (1 − ξ)(10 − x2) + 5ξ] and Gξ(x) =

[(1− ξ)x2 + 5ξ, (1− ξ)(12− x2) + 5ξ] for all ξ ∈ [0, 1] and for all x ∈ [ς1, ς2], respectively,
since F̃(x) and G̃(x) satisfy the assumptions of Theorems 3 and 4. Choose q = 1

2 and γ = 2. Then
we have T(ν) = 18

35 and R(ν) = 16
105 .

f
ξ
(

ς1 + ς2

2
)g

ξ
(

ς1 + ς2

2
) = (1− ξ)2 + 10ξ(1− ξ) + 25ξ2,

f ξ(
ς1 + ς2

2
)gξ(

ς1 + ς2

2
) = 99(1− ξ)2 + 100ξ(1− ξ) + 25ξ2,

f
ξ
(ς1)g

ξ
(ς1) + f

ξ
(ς2)g

ξ
(ς2) = 16(1− ξ)2 + 40ξ(1− ξ) + 50ξ2,

f
ξ
(ς1)g

ξ
(ς2) + f

ξ
(ς2)g

ξ
(ς1) = 40ξ(1− ξ) + 50ξ2,

f ξ(ς1)gξ(ς1) + f ξ(ς2)gξ(ς2) = 168(1− ξ)2 + 180ξ(1− ξ) + 50ξ2,

f ξ(ς1)gξ(ς2) + f ξ(ς2)gξ(ς1) = 152(1− ξ)2 + 180ξ(1− ξ) + 50ξ2.

Since

1
(ς2 − ς1)γ

((ς1 Iγ
q f

ξ
(x)g

ξ
(x))(ς2) + ((ς1 Iγ

q f
ξ
(ς1 − ς2 − x)g

ξ
(ς1 − ς2 − x))(ς2))

=
61664
9765

(1− ξ)2 +
144

7
ξ(1− ξ) +

100
3

ξ2,

and

1
(ς2 − ς1)γ

((ς1 Iγ
q f ξ(x)gξ(x))(ς2) + ((ς1 Iγ

q f ξ(ς1 − ς2 − x)gξ(ς1 − ς2 − x))(ς2))

=
1182128

9765
(1− ξ)2 +

2648
21

ξ(1− ξ) +
100

3
ξ2.

So, we get

[
61664
9765

(1− ξ)2 +
144

7
ξ(1− ξ) +

100
3

ξ2,
1182128

9765
(1− ξ)2 +

2648
21

ξ(1− ξ) +
100

3
ξ2]

⊇I [
288
35

(1− ξ)2 +
80
3

ξ(1− ξ) +
100

3
ξ2,

11504
105

(1− ξ)2 + 120ξ(1− ξ) +
100

3
ξ2]. (15)
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As shown in Figure 2, the dashed red line represents F(ξ), where f (ξ) = 61664
9765 (1− ξ)2 +

144
7 ξ(1− ξ) + 100

3 ξ2 and f (ξ) = 1182128
9765 (1− ξ)2 + 2648

21 ξ(1− ξ) + 100
3 ξ2. The solid blue line

represents G(ξ), where g(ξ) = 288
35 (1− ξ)2 + 80

3 ξ(1− ξ) + 100
3 ξ2 and g(ξ) = 11504

105 (1− ξ)2 +

120ξ(1− ξ) + 100
3 ξ2.

Figure 2. A visualization of the inequality (15) left and right terms.

Also,

[
8
3
(1− ξ)2 +

80
3

ξ(1− ξ) +
200
3

ξ2, 264(1− ξ)2 +
800

3
ξ(1− ξ) +

200
3

ξ2]

⊇I [
85472
9765

(1− ξ)2 +
992
21

ξ(1− ξ) +
200

3
ξ2,

2195456
9765

(1− ξ)2 +
5168

21
ξ(1− ξ) +

200
3

ξ2]. (16)

As shown in Figure 3, the dashed red line represents F(ξ), where f (ξ) = 8
3 (1− ξ)2 + 80

3 ξ(1−
ξ) + 200

3 ξ2 and f (ξ) = 264(1− ξ)2 + 800
3 ξ(1− ξ) + 200

3 ξ2. The solid black line represents G(ξ),
where g(ξ) = 85472

9765 (1− ξ)2 + 992
21 ξ(1− ξ) + 200

3 ξ2 and g(ξ) = 2195456
9765 (1− ξ)2 + 5168

21 ξ(1−
ξ) + 200

3 ξ2.

Figure 3. A visualization of the inequality (16) left and right terms.
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Example 3. Let F̃ ∈ SC([0, e],FC(R)) and ξ-levels of F̃ be given by Fξ(x) = [(1 − ξ)x2 +

10ξ, (1− ξ)(24− x2) + 10ξ] for all ξ ∈ [0, 1] and for all x ∈ [ς1, ς2], h(ν) = 1
ν , for ν ∈ (0, 1).

Obviously, F̃(x) satisfies the assumptions in Theorems 5 and 6. If we choose q = 1
2 , γ = 2 and

�(x) = (x− e
2 )

2, we have

f
ξ
(

ς1 + ς2

2
) =

e2

4
(1− ξ) + 10ξ,

f ξ(
ς1 + ς2

2
) =

96− e2

4
(1− ξ) + 10ξ,

(ς1 Iγ
q �(x))(ς2) = (0 Iγ

q (x− e
2
)2)(e) =

19e4

210
,

1
h( 1

2 )(ς1 Iγ
q �(x))(ς2)

((ς1 Iγ
q f

ξ
(x)�(x))(ς2) + (ς1 Iγ

q f
ξ
(ς1 + ς2 − x)�(ς1 + ς2 − x))(ς2))

=
1232e2 − 2568e + 3534

1767
(1− ξ) + 10ξ,

1
h( 1

2 )(ς1 Iγ
q �(x))(ς2)

((ς1 Iγ
q f ξ(x)�(x))(ς2) + (ς1 Iγ

q f ξ(ς1 + ς2 − x)�(ς1 + ς2 − x))(ς2))

=
38874− 1232e2 + 2568e

1767
(1− ξ) + 10ξ,

[
e2

4
(1− ξ) + 10ξ,

96− e2

4
(1− ξ) + 10ξ]

⊇I [
1232e2 − 2568e + 3534

1767
(1− ξ) + 10ξ,

38874− 1232e2 + 2568e
1767

(1− ξ) + 10ξ] (17)

As shown in Figure 4, the dashed green line represents F(ξ), where f (ξ) = e2

4 (1− ξ) + 10ξ

and f (ξ) = 96−e2

4 (1− ξ) + 10ξ, ξ ∈ [0, 1]. The solid blue line represents G(ξ), where g(ξ) =
1232e2−2568e+3534

1767 (1− ξ) + 10ξ and g(ξ) = 38874−1232e2+2568e
1767 (1− ξ) + 10ξ, ξ ∈ [0, 1].

Figure 4. A visualization of the inequality (17) left and right terms.
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Also,

1
(ς1 − ς2)2 ((ς1 Iγ

q f
ξ
(x)�(x))(ς2) + (ς1 Iγ

q f
ξ
(ς1 + ς2 − x)�(ς1 + ς2 − x))(ς2))

=
1232e4 − 2568e3 + 3534e2

9765
(1− ξ) +

38e2

21
ξ,

1
(ς1 − ς2)2 ((ς1 Iγ

q f ξ(x)�(x))(ς2) + (ς1 Iγ
q f ξ(ς1 + ς2 − x)�(ς1 + ς2 − x))(ς2))

=
38874e2 − 1232e4 + 2568e3

9765
(1− ξ) +

38e2

21
ξ,

[ f
ξ
(ς1) + f

ξ
(ς2)]M(ν) =

19e4

210
(1− ξ) +

38e2

21
ξ,

[ f ξ(ς1) + f ξ(ς2)]M(ν) =
912e2 − 19e4

210
(1− ξ) +

38e2

21
ξ,

[
1232e4 − 2568e3 + 3534e2

9765
(1− ξ) +

38e2

21
ξ,

38874e2 − 1232e4 + 2568e3

9765
(1− ξ) +

38e2

21
ξ]

⊇I [
19e4

210
(1− ξ) +

38e2

21
ξ,

912e2 − 19e4

210
(1− ξ) +

38e2

21
ξ]. (18)

As shown in Figure 5, the dashed red line represents F(ξ), where f (ξ) = 1232e4−2568e3+3534e2

9765 (1−
ξ) + 38e2

21 ξ and f (ξ) = 38874e2−1232e4+2568e3

9765 (1− ξ) + 38e2

21 ξ, ξ ∈ [0, 1]. The solid green line repre-
sents G(ξ), where g(ξ) = 19e4

210 (1− ξ) + 38e2

21 ξ and g(ξ) = 912e2−19e4

210 (1− ξ) + 38e2

21 ξ, ξ ∈ [0, 1].

Figure 5. A visualization of the inequality (18) left and right terms.

5. Conclusions

In this paper, we successfully extended Hermite–Hadamard and Hermite–Hadamard–
Fejér inequalities to the setting of fuzzy interval-valued functions possessing h-Godunova–
Levin convexity by employing the Riemann–Liouville fractional q-integral operator.
Through rigorous analysis, we derived new inclusion relations and demonstrated that
the proposed inequalities generalize several existing results. Numerical examples and
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visual graphs were provided to illustrate the validity and sharpness of the obtained re-
sults. This work not only broadens the scope of convexity and integral inequalities into
the fuzzy setting but also highlights the potential of fractional q-calculus in addressing
problems involving uncertainty and imprecision. Future research may focus on exploring
related inequalities under different fractional operators or extending these results to more
generalized convex structures.
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Abstract

This work presents generalizations and extensions of previous results by incorporating
weighted integrals and a refined class of second-type (h, m)-convex functions. By utilizing
classical inequalities, such as those of Hölder and Young and the Power Mean, we establish
new Hermite–Hadamard-type inequalities. The findings offer a broader and more flexible
analytical framework, enhancing existing results in the literature. Potential applications of
the developed inequalities are also explored.

Keywords: weighted integrals; integral inequalities; Hermite–Hadamard-type inequalities;
fractional derivatives

1. Introduction

Convex functions play a fundamental role in various areas of mathematical sciences
today, primarily due to their properties that guarantee existence, uniqueness and the ease
of finding solutions in optimization problems. For example, in optimization (Mathematical
Programming), convex functions are probably most crucial. In analysis and geometry, con-
vexity is a property that connects concepts of analysis and geometry. Epigraph: A function
is convex if and only if its epigraph (the set of points on or above its graph) is a convex set.
This provides a powerful geometric interpretation. Derivatives and Criteria: For doubly
differentiable functions, convexity is characterized by a nonnegative second derivative (or
Hessian matrix in multiple dimensions). This facilitates its identification and analytical
handling. Classical Inequalities: Convex functions are the basis of important inequalities,
such as Jensen’s inequality, which relates the value of a function to the expectation of a
random variable and is fundamental in probability and information theory. Moreover, the
uses of convex functions have become widespread in interdisciplinary applications: Data
Science and Machine Learning, Economics and Finance, Engineering and Signal Processing,
among others, are very fertile fields where the different notions of convexity have proven
their worth. In short, convexity is a structural property that, when present, transforms
mathematical problems that could be intractable into well-defined and efficiently solvable
problems, making it an indispensable tool in modern applied mathematics. We add to
the above the Hermite–Hadamard inequality, one of the most fundamental and elegant
integral inequalities in the field of analysis, since it provides an upper and lower bound on

Fractal Fract. 2025, 9, 647 https://doi.org/10.3390/fractalfract9100647
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the integral mean value of a function, based solely on the property of the convexity of that
function. Today, this inequality is the focus of the attention of numerous researchers, both
pure and applied, for four main reasons: using new notions of convexity; using different
points on the interval, not just the endpoints; using new integral operators; and defining
functionals that allow establishing new bounds.

Thus, this work focuses on two of the most dynamic topics in mathematical research
today: convexity and Hermite–Hadamard inequalities.

2. Preliminaries

In [1], the following definitions were introduced.

Definition 1. Let h : [0, 1] → [0,+∞) be a non-negative function, such that h �= 0, and let
g : I ⊆ [0,+∞)→ [0,+∞). The function g is called modified and (h, m)-convex of the first type
on I if it satisfies

g(γμ1 + m(1− γ)μ2) ≤ hs(γ)g(μ1) + m(1− hs(γ))g(μ2), (1)

for all μ1, μ2 ∈ I and γ ∈ [0, 1], where m ∈ [0, 1] and s ∈ [−1, 1].

Definition 2. Let h : [0, 1] → [0,+∞) be a non-negative function, such that h �= 0, and let
g : I ⊆ [0,+∞) → [0,+∞). The function g is called modified and (h, m)-convex of the second
type on I if it satisfies

g(γμ1 + m(1− γ)μ2) ≤ hs(γ)g(μ1) + m(1− h(γ))sg(μ2), (2)

for all μ1, μ2 ∈ I and γ ∈ [0, 1], where m ∈ [0, 1] and s ∈ [−1, 1].

Remark 1. Definitions 1 and 2 enable us to define the set Ns
h,m[μ1, μ2], where μ1, μ2 ∈ I, as the

set of modified (h, m)-convex functions. Here are some convexity classes—special cases described by
the triple (h(γ), m, s):

1. (h(γ), 0, 0), (γ, 0, 1), (γ, 1, 1) and (γ, 0, s); we have, respectively, the increasing starshaped
classic convex on I and s-starshaped functions [2].

2. (γ, 1, s) s ∈ (0, 1]; then ψ is s-convex (see [3,4]), and for s ∈ [−1, 1], it is extended and
s-convex on I (see [5]).

3. (γα, m, s) with α ∈ (0, 1]; then ψ is an s-(α, m)-convex function on I [6]. If α = 1, we have
an (s, m)-convex function on I [7], but if m = 1, we have an (α, s)-convex function on
I [8,9], and lastly, if s = 1, we have an (α, m)-convex function on I [10].

4. (h(γ), m, 1); then ψ is a variant of an (h, m)-convex function on I [11].

The weighted integral operators, which underpin our analysis, are presented
next [1,12].

Adding a particular weight function to the definition of an integral operator is a new
and general way to define an integral operator and start the process of generalizing a
known result. This may be performed as follows:

Definition 3. Let g ∈ L[μ1, μ2] and let w : I → R be a continuous, positive function, whose first
derivative is integrable in I◦. The weighted fractional integral operators are introduced as follows
(right and left, respectively):

Jw
μ+

1
g(χ) =

∫ χ

μ1

w′
(

μ2 − z
μ2 − μ1

)
g(z) dz, χ > μ1, (3)

Jw
μ−2

g(χ) =
∫ μ2

χ
w′
(

z− μ1

μ2 − μ1

)
g(z) dz, χ < μ2. (4)
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Remark 2. The inclusion of the first derivative of the weight function w arises from the inherent
nature of the problem. Alternatively, the second derivative or a higher order derivative, can also
be considered.

Remark 3. We examine particular examples of the weight function w′ to better demonstrate the
scope of Definition 3:

(a) Setting w′(z) ≡ 1 recovers the classical Riemann integral.

(b) Choosing w′(z) = zα−1

Γ(α) leads to the Riemann–Liouville fractional integral.

(c) By selecting appropriate weight functions, w′, various fractional integral operators can be
derived, such as the k-Riemann–Liouville integrals [13]; right-sided fractional integrals of a
function, g, relative to another function, h, on [μ1, μ2] [14]; and integral operators introduced
in [15–18].

(d) Additional well-known integral operators, fractional or otherwise, can be retrieved as particular
cases of the above formulation. Interested readers may consult [19,20].

The Caputo–Fabrizio definition’s main basic feature can be explained (cf. [21]) with
0 < α < 1: (

CF
μ1

Iαg
)
(χ) =

1− α

M(α)
g(χ) +

α

M(α)

∫ χ

μ1

g(z) dz, (5)

(
CFIα

μ2
g
)
(χ) =

1− α

M(α)
g(χ) +

α

M(α)

∫ μ2

χ
g(z) dz, (6)

where M(α) is a normalization function, such that M(0) = M(1) = 1.

Caputo’s fractional derivative is well known, given by the following expression [22]:(
C
0 Dα

χg
)
(χ) =

1
Γ(1− α)

∫ χ

0
(χ− z)−αg′(z) dz. (7)

The idea comes from replacing the singular kernel (χ− z)−α in the Caputo fractional
derivative, given in Formula (7), with the kernel exp

[
− α(χ−z)

1−α

]
.

In the paper [23], the same authors proposed a more complete study of the
operator (7) by presenting the definition of the adapted fractional integral operator CF

0 Iα
χ,

when M(α) = 1.

(
CF
0 Iα

χg
)
(χ) =

1
α

∫ χ

0
exp

[
− (1− α)

α
(χ− z)

]
g(z) dz. (8)

As one can notice, this definition shows a significant resemblance to the classical
Riemann–Liouville fractional integral, as given by(

RL
0 Iα

χg
)
(χ) =

1
Γ(α)

∫ χ

0
(χ− z)α−1g(z) dz. (9)

In this work, we present some variants of the well-known Hermite–Hadamard inequal-
ity in the context of (h, m)-convex functions of the second kind using weighted integral
operators. Our results include several well-known cases from the literature.

Definition 4. Let g ∈ L1[μ1, μ2]. The Riemann–Liouville integrals RLIα
μ+

1
g and RLIα

μ−2
g of the

order α > 0 are defined as

RLIα
μ+

1
g(χ) =

1
Γ(α)

∫ χ

μ1

(χ− z)α−1g(z) dz,
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RLIα
μ−2

g(χ) =
1

Γ(α)

∫ μ2

χ
(z− χ)α−1g(z) dz,

where Γ(α) is the Gamma function.

Throughout this work, N will be understood as the set of natural numbers (0, 1, 2, . . . )
and R will denote the set of real numbers.

3. Generalizations

Theorem 1. Let g : I ⊂ R→ R be a differentiable mapping on I◦, μ1, μ2 ∈ I◦ with μ1 < μ2.
Let w : [0, 1]→ R be a continuous and positive function with first derivative integrable on

(0, 1). Suppose that g is modified and (h, m)-convex of the second type and μ1
m , μ2

m ∈ Dom(g); then
it is true that

g
(

μ1 + μ2

2

)
(w(1)− w(0)) ≤ hs

(
1
2

)
r + 1

μ2 − μ1
Jw

μ+
1

g
(

rμ1 + μ2

r + 1

)
+ m

(
1− h

(
1
2

))s m(r + 1)
μ2 − μ1

Jw
μ−2

g
(

rμ2 + μ1

m(r + 1)

)
≤ hs

(
1
2

)[
g(μ1)N1 + mg

(μ2

m

)
N2

]

+ m
(

1− h
(

1
2

))s
[

g(μ2)N3 + mg
( μ1

m2

)
N4

]
, (10)

where r ∈ N, N1 =
∫ 1

0 w′(γ) hs
(

r+γ
r+1

)
dγ, N2 =

∫ 1
0 w′(γ)

(
1− h

(
r+γ
r+1

))s
dγ, N3 =∫ 1

0 w′(γ) hs
(

r+γ
m(r+1)

)
dγ and N4 =

∫ 1
0 w′(γ)

(
1− h

(
r+γ

m(r+1)

))s
dγ.

Proof. By means of the (h, m)-convexity of g with γ = 1
2 , we have

g
(

x + y
2

)
≤ hs

(
1
2

)
g(x) + m

(
1− h

(
1
2

))s
g
( y

m

)
, (11)

for x, y ∈ I.
Substituting x = r+γ

r+1 μ1 +
1−γ
r+1 μ2 and y = r+γ

r+1 μ2 +
1−γ
r+1 μ1 in (11), we get

g
(

μ1 + μ2

2

)
≤ hs

(
1
2

)
g
(

r + γ

r + 1
μ1 +

1− γ

r + 1
μ2

)
+ m

(
1− h

(
1
2

))s
g
(

r + γ

m(r + 1)
μ2 +

1− γ

m(r + 1)
μ1

)
. (12)

Multiplying both sides of (12) by w′(γ) and integrating over [0, 1], we obtain

g
(

μ1 + μ2

2

)
(w(1)− w(0)) ≤ hs

(
1
2

) ∫ 1

0
w′(γ) g

(
r + γ

r + 1
μ1 +

1− γ

r + 1
μ2

)
dγ

+ m
(

1− h
(

1
2

))s ∫ 1

0
w′(γ) g

(
r + γ

m(r + 1)
μ2 +

1− γ

m(r + 1)
μ1

)
dγ

= hs
(

1
2

)
L1 + m

(
1− h

(
1
2

))s
L2. (13)

Rewriting the integrals, we find that
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L1 = −
(

r + 1
μ2 − μ1

) ∫ μ1

rμ1+μ2
r+1

w′
( rμ1+μ2

r+1 − x
μ2−μ1

r+1

)
g(x) dx

=

(
r + 1

μ2 − μ1

)
Jw
μ+

1
g
(

rμ1 + μ2

r + 1

)
. (14)

L2 =

(
m(r + 1)
μ2 − μ1

) ∫ μ2
m

rμ2+μ1
m(r+1)

w′

⎛⎝y− rμ2+μ1
m(r+1)

μ2−μ1
m(r+1)

⎞⎠g(y) dy

=

(
m(r + 1)
μ2 − μ1

)
Jw

μ2
m
−g
(

rμ2 + μ1

m(r + 1)

)
. (15)

From (13), (14) and (15), it follows that

g
(

μ1 + μ2

2

)
(w(1)− w(0)) ≤ hs

(
1
2

)
r + 1

μ2 − μ1
Jw

μ+
1

g
(

rμ1 + μ2

r + 1

)
+ m

(
1− h

(
1
2

))s m(r + 1)
μ2 − μ1

Jw
μ−2

g
(

rμ2 + μ1

m(r + 1)

)
. (16)

Again employing the (h, m)-convexity of g, we obtain

∫ 1

0
w′(γ) g

(
r + γ

r + 1
μ1 +

1− γ

r + 1
μ2

)
dγ ≤ g(μ1)N1 + mg

(μ2

m

)
N2. (17)

∫ 1

0
w′(γ) g

(
r + γ

m(r + 1)
μ2 +

1− γ

m(r + 1)
μ1

)
dγ ≤ g(μ2)N3 + mg

( μ1

m2

)
N4. (18)

By combining (13)–(18), we arrive at (10).

Remark 4. Setting s = m = 1, r = 0, h(z) = z and w′(z) = 1, we recover the classical
Hermite–Hadamard inequality.

Remark 5. Considering s, m, r and h(z) as in Remark 4, but with w′(z) = zα−1

Γ(α) , we obtain
Theorem 2 of [24].

Remark 6. Letting m = 1, n = 0, h(z) = z and w′(z) = zα−1

Γ(α) , we have

g
(

μ1+μ2
2

)
Γ(α + 1)

≤ 1
2s(μ2 − μ1)Γ(α)

∫ μ2

μ1

(
μ2 − z

μ2 − μ1

)α−1
g(z) dz

+
1

2s(μ2 − μ1)Γ(α)

∫ b

a

(
z− μ1

μ2 − μ1

)α−1
g(z) dz (19)

≤ 1
2s

[
g(μ1)

(α + s)Γ(α)
+

g(μ2)

Γ(α)

∫ 1

0
zα−1(1− z)s dz

]

+
1
2s

[
g(μ2)

(α + s)Γ(α)
+

g(μ1)

Γ(α)

∫ 1

0
zα−1(1− z)s dz

]
.

Utilizing Definition 4 in (19), we find
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g
(

μ1+μ2
2

)
Γ(α + 1)

≤ 1
2s(μ2 − μ1)α

[
RLIα

μ+
1

g(μ2) +
RLIα

μ−2
g(μ1)

]

≤ α

2s−1Γ(α + 1)

(
g(μ1) + g(μ2)

2

)[
1

α + s
+

2
α + s

(
1− 1

2α+s

)]
. (20)

Multiplying the three terms by 2s−1Γ(α + 1) in (20), we complete (1) of [25].

Remark 7. Under the same assumptions as before, but with w′(z) = 1, we complete Theorem 2.1
of [26].

Remark 8. Maintaining the previous assumptions, but considering w′(z) = zα−1

Γ(α) , we derive
Theorem 3 of [27].

Remark 9. Under the conditions of Remark 4, but with w′(z) = exp(−ςz)
α , where ς = 1−α

α , we
retrieve Theorem 3.1 of [28].

Remark 10. Substituting w(z) = zα

α , r = 0, m = s = 1 and h(z) = z in the previous result leads
to the following inequality for the Riemann–Liouville fractional integral (this refers to Theorem 2
in [24]):

g
(

μ1 + μ2

2

)
≤ Γ(α + 1)

2(μ2 − μ1)α

[
RLIα

μ2−g(μ1) +
RLIα

μ1+
g(μ2)

]
≤ g(μ1) + g(μ2)

2
.

Remark 11. Theorem 5 in [29] (also see Theorem 1 in [30]), which is based on k-Riemann–Liouville
fractional integrals, can be obtained from Theorem 1 by setting w(z) = z

α
k , r = 0, m = s = 1 and

h(z) = z.

The above results form the foundation for deriving other inequalities by using different
types of integral operators, as demonstrated in the following remark.

Remark 12. We consider s-convex functions (0 < α < 1; m = 1; h(z) = z); by putting r = 0
in (10) and choosing w′(z) = 1, we obtain

2s−1g
(

μ1 + μ2

2

)
≤ 1

μ2 − μ1

∫ μ2

μ1

g(z) dz ≤ g(μ1) + g(μ2)

s + 1
,

taking into account

1
μ2 − μ1

∫ μ2

μ1

g(z) dz =
M(α)

α(μ2 − μ1)

[
1− α

M(α)
g(χ) +

α

M(α)

∫ χ

μ1

g(z) dz

+
1− α

M(α)
g(χ) +

α

M(α)

∫ μ2

χ
g(z) dz− 2(1− α)

M(α)
g(χ)

]
.

Using the last two results, we can easily derive Theorem 2.1 of [31]. If, additionally, s = 1,
from the above we can derive Theorem 2 of [32].

Theorem 2. Let us have g, w, r, μ1 and μ2 as in Theorem 1. If g′ ∈ L[μ1, μ2], then
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μ2 − μ1

2

∫ 1

0
[w(1− γ)−w(γ)]g′

(
r + γ

r + 1
μ1 +

(1− γ)

r + 1
μ2

)
dγ

= (r + 1)

⎧⎪⎪⎨⎪⎪⎩(w(0)−w(1))
[

g(μ1) + g
(

rμ1 + μ2

r + 1

)]
−

⎡⎢⎢⎣
Jw

μ+
1

g
(

rμ1+μ2
r+1

)
+ Jw(

rμ1+μ2
r+1

)−g(μ1)

2

⎤⎥⎥⎦
⎫⎪⎪⎬⎪⎪⎭. (21)

Proof. Let us consider

∫ 1

0
[w(1− γ)− w(γ)]g′

(
r + γ

r + 1
μ1 +

(1− γ)

r + 1
μ2

)
dγ

=
∫ 1

0
w(1− γ)g′

(
r + γ

r + 1
μ1 +

(1− γ)

r + 1
μ2

)
dγ−

∫ 1

0
w(γ)g′

(
r + γ

r + 1
μ1 +

(1− γ)

r + 1
μ2

)
dγ

= I1 − I2. (22)

Integrating I1 by parts, we get

I1 =
r + 1

μ1 − μ2

[
w(0)g(μ1)− w(1)g

(
rμ1 + μ2

r + 1

)]
− r + 1

μ2 − μ1

∫ 1

0
w′(1− γ) g

(
r + γ

r + 1
μ1 +

1− γ

r + 1
μ2

)
dγ. (23)

Making a change in the variables x = r+γ
r+1 μ1 +

(1−γ)
r+1 μ2 in (23), we find that

I1 =
r + 1

μ1 − μ2

[
w(0)g(μ1)− w(1)g

(
rμ1 + μ2

r + 1

)]
− r + 1

μ2 − μ1

∫ rμ1+μ2
r+1

μ1

w′
(

x− μ1
μ2−μ1

r+1

)
g
(

r + γ

r + 1
μ1 +

1− γ

r + 1
μ2

)
dγ

=
r + 1

μ1 − μ2

[
w(0)g(μ1)− w(1)g

(
rμ1 + μ2

r + 1

)]
− r + 1

μ2 − μ1
Jw

μ+
1

g
(

rμ1 + μ2

r + 1

)
. (24)

Analogously for I2, we can prove

I2 =
r + 1

μ1 − μ2

[
w(1)g(μ1)− w(0)g

(
rμ1 + μ2

r + 1

)]
− r + 1

μ2 − μ1
Jw(

rμ1+μ2
r+1

)−g(μ1). (25)

From (22), (24) and (25), we have

∫ 1

0
[w(1− γ)− w(γ)]g′

(
r + γ

r + 1
μ1 +

1− γ

r + 1
μ2

)
dγ

=
2(r + 1)
μ1 − μ2

⎧⎪⎪⎨⎪⎪⎩(w(0)−w(1))
[

g(μ1) + g
(

rμ1 + μ2

r + 1

)]
−

⎡⎢⎢⎣
Jw

μ+
1

g
(

rμ1+μ2
r+1

)
+ Jw(

rμ1+μ2
r+1

)−g(μ1)

2

⎤⎥⎥⎦
⎫⎪⎪⎬⎪⎪⎭. (26)

By multiplying both sides of (26) by μ2−μ1
2 , we obtain the desired result.

Remark 13. Using convex functions, r = 0 and w(z) = z, in this way, Theorem 2 becomes the
following lemma:
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Lemma 1. Let g be a real-valued function defined on [μ1, μ2] and differentiable on (μ1, μ2). If
g′ ∈ L1[μ1, μ2], then the following equality holds:

g(μ1) + g(μ2)

2
− 1

μ2 − μ1

∫ b

a
g(u) du =

μ2 − μ1

2

∫ 1

0
(1− 2γ)g′(γμ1 + (1− γ)μ2) dγ,

which is Lemma 2.1 of [33], one of the most important results in the Theory of Integral Inequalities.

Remark 14. Establishing r = 0 and w(z) = z
λ
k , Lemma 2.1 of [29] is derived for λ, k > 0.

Theorem 3. Let g, w, r, μ1 and μ2 be defined as before. Suppose that |g′| is modified and (h, m)-
convex of the second type; the following inequality holds:

∣∣∣∣∣∣∣∣(r + 1)

⎧⎪⎪⎨⎪⎪⎩w(1)− w(0)−

⎡⎢⎢⎣
Jw

μ+
1

g
(

rμ1+μ2
r+1

)
+ Jw(

rμ1+μ2
r+1

)−g(μ1)

2

⎤⎥⎥⎦
⎫⎪⎪⎬⎪⎪⎭
∣∣∣∣∣∣∣∣

≤ μ2 − μ1

2
[
|g′(μ1)|W1 + |g′(μ2)|W2

]
, (27)

where

W1 =
∫ 1

0
|w(1− γ)− w(γ)| hs

(
r + γ

r + 1

)
dγ,

W2 =
∫ 1

0
|w(1− γ)− w(γ)|

(
1− h

(
r + γ

r + 1

))s
dγ.

Proof. By using Lemma (2) and the (h, m)-convexity of g, we have

∣∣∣∣∣∣∣∣(r + 1)

⎧⎪⎪⎨⎪⎪⎩w(1)− w(0)−

⎡⎢⎢⎣
Jw

μ+
1

g
(

rμ1+μ2
r+1

)
+ Jw(

rμ1+μ2
r+1

)−g(μ1)

2

⎤⎥⎥⎦
⎫⎪⎪⎬⎪⎪⎭
∣∣∣∣∣∣∣∣

≤ μ2 − μ1

2

∫ 1

0
|w(1− γ)− w(γ)|

∣∣∣∣g′( r + γ

r + 1
μ1 +

1− γ

r + 1
μ2

)∣∣∣∣dγ

≤ μ2 − μ1

2

[
|g′(μ1)|

∫ 1

0
|w(1− γ)− w(γ)|hs

(
r + γ

r + 1

)
dγ

+ |g′(μ2)|
∫ 1

0
|w(1− γ)− w(γ)|

(
1− h

(
r + γ

r + 1

))s
dγ

]

=
μ2 − μ1

2
[
|g′(μ1)|W1 + |g′(μ2)|W2

]
.

The proof is finished.

Remark 15. Assuming the same conditions as in Remark 13 and invoking Lemma 1, we recover
Theorem 2.2 of [33].

Remark 16. Under the same assumptions of Remark 14, we retrieve Theorem 6 of [29].

Theorem 4. Let g, w, n, μ1 and μ2 be defined as before. Suppose that g is modified and (h, m)-
convex of the second type and μ1

m , μ2
m ∈ Dom(g); then it is true that
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g
(

μ1 + μ2

2

)
(w(1)− w(0)) ≤ n

μ2 − μ1

[
hs
(

1
2

)
Jw
( n−1

n μ2+
μ1
n )

+g(μ2)

+ m2
(

1− h
(

1
2

))s
Jw
( n−1

n μ1+
μ2
n )
−g
(μ1

m

)]

≤ hs
(

1
2

)[
g(μ1)N5 + mg

(μ2

m

)
N6

]

+ m
(

1− h
(

1
2

))s
[

g(μ2)N7 + mg
( μ1

m2

)
N8

]
, (28)

where

N1 =
∫ 1

0
w′(γ) hs

(γ

n

)
dγ, N2 =

∫ 1

0
w′(γ)

(
1− h

(γ

n

))s
dγ,

N3 =
∫ 1

0
w′(γ) hs

(
n− γ

mn

)
dγ, N4 =

∫ 1

0
w′(γ)

(
1− h

(
n− γ

mn

))s
dγ.

Proof. By means of the (h, m)-convexity of g with γ = 1
2 , we have

g
(

x + y
2

)
≤ hs

(
1
2

)
g(x) + m

(
1− h

(
1
2

))s
g
( y

m

)
, (29)

for x, y ∈ I.
Substituting x = γ

n μ1 +
n−γ

n μ2 and y = γ
n μ2 +

n−γ
n μ1 in (27), we get

g
(

μ1 + μ2

2

)
≤ hs

(
1
2

)
g
(

γ

n
μ1 +

n− γ

n
μ2

)
+ m

(
1− h

(
1
2

))s
g
(

γ

mn
μ2 +

n− γ

mn
μ1

)
. (30)

Multiplying both sides of (12) by w′(γ) and integrating over [0, 1], we obtain

g
(

μ1 + μ2

2

)
(w(1)− w(0)) ≤ hs

(
1
2

) ∫ 1

0
w′(γ) g

(
γ

n
μ1 +

n− γ

n
μ2

)
dγ

+ m
(

1− h
(

1
2

))s ∫ 1

0
w′(γ) g

(
γ

mn
μ2 +

n− γ

mn
μ1

)
dγ

= hs
(

1
2

)
L3 + m

(
1− h

(
1
2

))s
L4. (31)

Rewriting the integrals, we find

L3 = −
(

n
μ2 − μ1

) ∫ (n−1)μ2+μ1
n

μ2

w′
(

x− μ2
μ1−μ2

n

)
g(x) dx

=

(
n

μ2 − μ1

) ∫ μ2

(n−1)μ2+μ1
n

w′
(

μ2 − x
μ2−μ1

n

)
g(x) dx

=

(
n

μ2 − μ1

)
Jw(

(n−1)μ2+μ1
n

)+g(μ2), (32)
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L4 =

(
m n

μ2 − μ1

) ∫ μ2+(n−1)μ1
m n

μ1
m

w′
(

y− μ1
m

μ2−μ1
m n

)
g(y) dy

=

(
m n

μ2 − μ1

)
Jw(

μ2+(n−1)μ1
m n

)−g
(μ1

m

)
. (33)

From (13), (14) and (15), it follows that

g
(

μ1 + μ2

2

)
(w(1)− w(0)) ≤ n

μ2 − μ1

[
hs
(

1
2

)
Jw(

(n−1)μ2+μ1
n

)+g(μ2)

+ m
(

1− h
(

1
2

))s
Jw(

μ2+(n−1)μ1
m n

)−g
(μ1

m

)]
. (34)

Again employing again the (h, m)-convexity of g, we get

∫ 1

0
w′(γ) g

(
γ

n
μ1 +

n− γ

n
μ2

)
dγ ≤ g(μ1)N1 + m g

(μ2

m

)
N2, (35)

∫ 1

0
w′(γ) g

(
γ

m n
μ2 +

n− γ

m n
μ1

)
dγ ≤ g

(μ2

m

)
N3 + m g

( μ1

m2

)
N4. (36)

By combining (29)–(36), we arrive at (28).

Remark 17. Specializing to the case where g is convex, w(z) = z and n = 1, we yield the
celebrated Hermite–Hadamard inequality.

Remark 18. Considering n = 1, we obtain a new result for modified (h, m)-convex functions of
the second type.

Remark 19. If g is a convex function and n = 1, by setting w′(z) = zα−1 with α > 0, we derive
Expression (2.1) of Theorem 2 (see [24]).

Indeed, applying Theorem 4, we obtain

1
α

g
(

μ1 + μ2

2

)
≤ 1

2(μ2 − μ1)

[
Jw

μ+
1

g(μ2) + Jw
μ−2

g(μ1)
]
≤ g(μ1) + g(μ2)

2α
.

According to Definition 3, we have

1
α

g
(

μ1 + μ2

2

)
≤ 1

2(μ2 − μ1)α

[∫ μ2

μ1

(z− μ1)
α−1g(z) dz +

∫ μ2

μ1

(μ2 − z)α−1g(z) dz
]

≤ g(μ1) + g(μ2)

2α
.

Given that Γ(α) is well defined for α > 0, it follows that

g
(

μ1 + μ2

2

)
≤ αΓ(α)

2(μ2 − μ1)α

[
1

Γ(α)

∫ μ2

μ1

(z− μ1)
α−1g(z) dz +

1
Γ(α)

∫ μ2

μ1

(μ2 − z)α−1g(z) dz
]

≤ g(μ1) + g(μ2)

2
.

From Definition 4, we conclude that

g
(

μ1 + μ2

2

)
≤ Γ(α + 1)

2(μ2 − μ1)α

[
RLIα

μ−2
g(μ1) +

RLIα
μ+

1
g(μ2)

]
≤ g(μ1) + g(μ2)

2
.
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Remark 20. With w(z) = zα

α , m = s = 1, r = 2 and h(z) = z, the previous result simplifies to
Theorem 4 in [34].

For s-convex functions, using w(z) = zα

α and n = 1, we recover Theorem 2.1 from [25].
Additionally, Theorem 3 in [27], for w(z) = zα, provides further results. In this work, Theorem 5
for m-convex functions is also established under similar conditions and can be easily derived.

Remark 21. By assigning n = m = s = 1 and h(z) = z in (28), which corresponds to working

with convex functions and choosing w′(z) = αz
α
k −1

kB(α)Γk(α)
, the left-hand side yields

g
(

μ1 + μ2

2

)
1

B(α)Γk(α)
≤ 1

2(μ2 − μ1)
α
k

[
α

kB(α)Γk(α)

∫ μ2

μ1

g(z)

(z− μ1)
1− α

k
dz

+
α

kB(α)Γk(α)

∫ μ2

μ1

g(z)

(μ2 − z)1− α
k

dz

]
,

g
(

μ1 + μ2

2

)
2(μ2 − μ1)

α
k

B(α)Γk(α)
≤ α

kB(α)Γk(α)

∫ μ2

μ1

g(z)

(z− μ1)
1− α

k
dz

+
α

kB(α)Γk(α)

∫ μ2

μ1

g(z)

(μ2 − z)1− α
k

dz. (37)

Adding the term 1−α
B(α) (g(μ1) + g(μ2)) on both sides of (37) and considering that g

(
μ1+μ2

2

)
≤

g(μ1)+g(μ2)
2 , we obtain

g
(

μ1 + μ2

2

)[
2(μ2 − μ1)

α
k

B(α)Γk(α)
+

(1− α)

B(α)

]
≤AB Iα

μ1+
g(μ2) +

AB Iα
μ2−g(μ1). (38)

A similar approach applied to the right-hand side of (28) gives

1

2(μ2 − μ1)
α
k

[
α

kB(α)Γk(α)

∫ μ2

μ1

g(z)

(z− μ1)
1− α

k
dz +

α

kB(α)Γk(α)

∫ μ2

μ1

g(z)

(μ2 − z)1− α
k

dz

]

≤ 1
B(α)Γk(α)

(
g(μ1) + g(μ2)

2

)
.

Multiplying both sides by 2(μ2− μ1)
α
k , adding (1−α)

B(α) (g(μ1) + g(μ2)) and rearranging terms,
we arrive at

ABIα
μ1+

g(μ2) +
AB Iα

μ2−g(μ1) ≤
[

2(μ2 − μ1)
α
k

B(α)Γk(α)
+

(1− α)

B(α)

](
g(μ1) + g(μ2)

2

)
. (39)

By combining (38) and (39), we obtain a relation that closely resembles Theorem 6 in [35].
Moreover, setting k = 1 in this expression yields a result comparable to Proposition 2.1 in [36].

Remark 22. Theorem 7 of [29] can be established by taking m = s = 1, n = 2 and w′(z) = z
λ
k −1.

Lemma 2. Let g, w, n, μ1 and μ2 be defined as before. If g′ ∈ L[μ1, μ2], then
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∫ 1

0
w(γ)

[
g′
(

γ

n
μ1 +

(n− γ)

n
μ2

)
− g′

(
γ

n
μ2 +

(n− γ)

n
μ1

)]
dγ

=
n

μ2 − μ1

[
w(0)(g(μ1) + g(μ2))−w(1)

((
γ

n
μ1 +

(n− γ)

n
μ2

)
+ g

(
γ

n
μ2 +

(n− γ)

n
μ1

))]

+

(
n

μ2 − μ1

)2
[

Jw(
γ
n μ1+

(n−γ)
n μ2

)+g(μ2) + Jw(
γ
n μ2+

(n−γ)
n μ1

)−g(μ1)

]
. (40)

Proof. Let∫ 1

0
w(γ)g′

(
γ

n
μ1 +

(n− γ)

n
μ2

)
dγ−

∫ 1

0
w(γ)g′

(
γ

n
μ2 +

(n− γ)

n
μ1

)
dγ = I3 − I4 (41)

By integrating I3 by parts and making a change in the variables x = γ
n μ1 +

n−γ
n μ2, we

have, after some computations,

I3 =
n

μ2 − μ1

[
w(0)g(μ2)− w(1)g

(
γ

n
μ1 +

n− γ

n
μ2

)]
+

(
n

μ2 − μ1

)2
Jw
( γ

n μ1+
n−γ

n μ2)
+g(μ2). (42)

Analogously for I4, we get

I4 =
n

μ2 − μ1

[
w(1)g

(
γ

n
μ2 +

n− γ

n
μ1

)
− w(0)g(μ2)

]
+

(
n

μ2 − μ1

)2
Jw
( γ

n μ1+
n−γ

n μ2)
+g(μ1). (43)

From (42) and (43), (2) follows.

Remark 23. By setting n = 2 and w(z) = zα with α > 0, Lemma 3 is derived from [34].

Remark 24. Lemma 3.1 in [29] may be derived by setting m = s = 1, n = 2 and w′(z) = z
λ
k .

Remark 25. By adopting a strategy similar to that utilized in Lemma 2, we establish a comparable
result concerning the midpoint of the interval.

Lemma 3. Let g be a real-valued function defined on a closed real interval, [μ1, μ2], differentiable
on (μ1, μ2), and w′ is an integrable function on [μ1, μ2]. If g′ ∈ L1[μ1, μ2], then the following
equality holds:

1
2(r + 1)

[
2w(1)g

(
μ1 + μ2

2

)
− w(0)

[
g
(
(r + 2)μ1 + rμ2

2(r + 1)

)
+ g

(
rμ1 + (r + 2)μ2

2(r + 1)

)]]
− 1

μ2 − μ1

[
Jw(

μ1+μ2
2

)−g
(
(r + 2)μ1 + rμ2

2(r + 1)

)
+ Jw(

μ1+μ2
2

)+g
(

rμ1 + (r + 2)μ2

2(r + 1)

)]

=
μ2 − μ1

4(r + 1)2

∫ 1

0
w(t)

[
g′
(

r + γ

r + 1
μ1 + μ2

2
+

1− γ

r + 1
μ1

)
− g′

(
r + γ

r + 1
μ1 + μ2

2
+

1− γ

r + 1
μ2

)]
dγ, (44)

for r ∈ N∪ {0}.

Below we present some remarks that show the breadth and generality of (44).

Remark 26. By setting w(z) = zα and r = 0, we recover Lemma 2.1 of [37]. A similar result can
be obtained very easily for the k-Riemann–Liouville integral of [13].
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Remark 27. Letting w(z) = z and r = 0, we find a new result in the framework of the Riemann
integral:

g
(

μ1 + μ2

2

)
− 1

μ2 − μ1

∫ μ2

μ1

g(z) dz

=
μ2 − μ1

4

∫ 1

0
w(γ)

[
g′
(

γ
μ1 + μ2

2
+ (1− γ)μ1

)
− g′

(
γ

μ1 + μ2

2
+ (1− γ)μ2

)]
dγ.

Remark 28. Considering w(z) to be a linear function, but different for I1 and I2, and r = 0, we get

I =
∫ 1

0
(γ− λ1)g′

(
γ

μ1 + μ2

2
+ (1− γ)μ1

)
dγ−

∫ 1

0
(γ− λ2)g′

(
γ

μ1 + μ2

2
+ (1− γ)μ2

)
dγ,

where

λ1, λ2 ∈ R,

I1 =
∫ 1

0
w(γ)g′

(
r + γ

r + 1
μ1 + μ2

2
+

1− γ

r + 1
μ1

)
dγ,

I2 =
∫ 1

0
w(γ)g′

(
r + γ

r + 1
μ1 + μ2

2
+

1− γ

r + 1
μ2

)
dγ.

From here we obtain

2− λ1 − λ2

2
g
(

μ1 + μ2

2

)
+

λg(μ1) + μg(μ2)

2
− 1

μ2 − μ1

∫ μ2

μ1

g(u) du =
μ2 − μ1

4
I.

Given that

∫ 1

0
(γ− λ1)g′

(
γ

μ1 + μ2

2
+ (1− γ)μ1

)
dγ =

∫ 1

0
(1− γ− λ1)g′

(
γμ1 + (1− γ)

μ1 + μ2

2

)
dγ,

we retrieve Lemma 2.1 of [38].

Remark 29. Readers will have no difficulty in proving, in a similar manner, the following result.

Lemma 4. Let g be a real function defined on some closed real interval [μ1, μ2], differentiable
on (μ1, μ2), and w′ is an integrable function on [μ1, μ2]. If g′ ∈ L1[μ1, μ2], then we find the
following equality:

1
n + 1

⎡⎢⎢⎣−w(1)
g(μ1) + g(μ2)

2
+ w(0)

g
(

nμ1+
μ1+μ2

2
n+1

)
+ g

(
nμ2+

μ1+μ2
2

n+1

)
2

⎤⎥⎥⎦
+

1
μ2 − μ1

[
Jw

μ1+
g

(
nμ1 +

μ1+μ2
2

n + 1

)
+ Jw

μ2−g

(
nμ2 +

μ1+μ2
2

n + 1

)]

=
μ2 − μ1

4(n + 1)2

∫ 1

0
w(γ)

[
g′
(

n + γ

n + 1
μ1 + μ2

2
+

1− γ

n + 1
μ1

)
− g′

(
n + γ

n + 1
μ1 + μ2

2
+

1− γ

n + 1
μ2

)]
dγ,

for n ∈ N.

This result completes Lemma 2.1 of [37]. Of course, remarks, similar to those presented above,
can be derived.
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Theorem 5. Let g, w, n, μ1 and μ2 be defined as before. If |g′| is modified and (h, m)-convex of the
second type, then it is true that

|L| ≤
(∣∣g′(μ1)

∣∣+ ∣∣g′(μ2)
∣∣)W3 + m

(∣∣∣g′(μ1

m

)∣∣∣+ ∣∣∣g′(μ2

m

)∣∣∣)W4, (45)

where L is the left-hand side of (2), W3 =
∫ 1

0 w(γ)hs( γ
n
)

dγ and W4 =
∫ 1

0 w(γ)
(
1− h

( γ
n
))s dγ.

Proof. From Lemma 2, by employing the properties of the modulus, we obtain

|L| ≤
∫ 1

0
|w(γ)|

[∣∣∣∣g′(γ

n
μ1 +

n− γ

n
μ2

)∣∣∣∣+ ∣∣∣∣g′(n− γ

n
μ1 +

γ

n
μ2

)∣∣∣∣] dγ.

Utilizing the convexity property of |g′|, we get∣∣∣∣g′(γ

n
μ1 +

n− γ

n
μ2

)∣∣∣∣ ≤ hs
(γ

n

)∣∣g′(μ1)
∣∣+ m

(
1− h

(γ

n

))s∣∣∣g′(μ2

m

)∣∣∣,
and ∣∣∣∣g′(n− γ

n
μ1 +

γ

n
μ2

)∣∣∣∣ ≤ m
(

1− h
(γ

n

))s∣∣∣g′(μ1

m

)∣∣∣+ hs
(γ

n

)∣∣g′(μ2)
∣∣.

Summing the last two inequalities, we have∣∣∣∣g′(γ

n
μ1 +

n− γ

n
μ2

)∣∣∣∣+ ∣∣∣∣g′(n− γ

n
μ1 +

γ

n
μ2

)∣∣∣∣
≤ hs

(γ

n

)(∣∣g′(μ1)
∣∣+ ∣∣g′(μ2)

∣∣)+ m
(

1− h
(γ

n

))s(∣∣∣g′(μ1

m

)∣∣∣+ ∣∣∣g′(μ2

m

)∣∣∣).

Taking into account the accepted notations, we obtain (5). The proof is completed.

Remark 30. If we consider the usual class of convex functions and n = 2, then from Theorem 5,
we obtain

|L| ≤
(∣∣g′(μ1)

∣∣+ ∣∣g′(μ2)
∣∣) ∫ 1

0
w(γ) dγ.

Here, if we take w(z) = z, then we obtain Theorem 2.2 from [39] and Theorem 5 from [34]. If we
choose w(z) = (1− z), then we have Theorem 2.2 in [33], and if w(z) = zα, then we obtain the
inequality from [40] (remark of Theorem 1, for w(z) = (1− z)α).

Remark 31. By adopting a strategy similar to that utilized in Theorem 5 and by employing
Lemma 3, we establish a comparable result concerning the midpoint of the interval.

Theorem 6. Let g : [μ1, μ2]→ R be a differentiable function on (μ1, μ2), such that g′ ∈
L1[μ1, μ2]. If |g′| is modified and (h, m)-convex of the second type and μ1

m , μ2
m ∈ Dom(|g′|),

then the following inequality holds:

|L(w, g, μ1, μ2, n)| ≤ 2
∣∣∣∣g′(μ1 + μ2

2

)∣∣∣∣H1 + m
(∣∣∣g′(μ1

m

)∣∣∣+ ∣∣∣g′(μ2

m

)∣∣∣)H2,

where
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L(w, g, μ1, μ2, r) =

=
1

2(r + 1)

{
2w(1)g

(
μ1 + μ2

2

)
− w(0)

[
g
(
(r + 2)μ1 + rμ2

2(r + 1)

)
+ g

(
rμ1 + (r + 2)μ2

2(r + 1)

)]}
− 1

μ2 − μ1

[
Jw(

μ1+μ2
2

)−g
(
(r + 2)μ1 + rμ2

2(r + 1)

)
+ Jw(

μ1+μ2
2

)+g
(

rμ1 + (r + 2)μ2

2(r + 1)

)]
,

H1 =
∫ 1

0
w(γ)hs

(
r + γ

r + 1

)
dγ,

H2 =
∫ 1

0
w(γ)

[
1− h

(
r + γ

r + 1

)]s
dγ.

Corollary 1. Under the assumptions of Theorem 6, we have the following:

1. If we choose m = 1, then we derive the following inequality:

|L(w, g, μ1, μ2, r)| ≤ 2
∣∣∣∣g′(μ1 + μ2

2

)∣∣∣∣H1 +
(∣∣g′(μ1)

∣∣+ ∣∣g′(μ2)
∣∣)H2,

H1 andH2 are as before.
2. If s = m = 1, then

|L(w, g, μ1, μ2, r)| ≤ 2
∣∣∣∣g′(μ1 + μ2

2

)∣∣∣∣H3(γ) +
(∣∣g′(μ1)

∣∣+ ∣∣g′(μ2)
∣∣)H4(γ),

where

H3 =
∫ 1

0
w(γ)h

(
r + γ

r + 1

)
dγ, H4 =

∫ 1

0
w(γ)

[
1− h

(
r + γ

r + 1

)]
dγ.

3. If we take w(z) = z, r = 0 and s = m = 1, we obtain the following inequality, new for the
Riemann integral:

∣∣∣∣g(μ1 + μ2

2

)
−
∫ μ2

μ1

g(z) dz
∣∣∣∣ ≤ 2

∣∣∣∣g′(μ1 + μ2

2

)∣∣∣∣ ∫ 1

0
γ h(γ) dγ

+
(∣∣g′(μ1)

∣∣+ ∣∣g′(μ2)
∣∣) ∫ 1

0
γ(1− h(γ))dγ.

4. Putting w′(z) =
zα

Γ(α + 1)
, r = 0, readers will have no difficulty in obtaining a new

inequality for the Riemann–Liouville integral.

Remark 32. The generality of this result can be easily verified since, for different notions of
convexity contained in our Definition 2, with different values of r and for different kernels, w′, new
results can be derived under the conditions from Theorem 6.

Theorem 7. Let us have g, g′, w, μ1, μ2 and n as in Theorem 9. Suppose that |g′|q is modified and
(h, m)-convex of the second type and μ1

m , μ2
m ∈ Dom(|g′|q); then the inequality below is satisfied:

|U| ≤ μ2 − μ1

n
W6

[(
|g′(μ1)|q H1 + m

∣∣∣g′(μ2

m

)∣∣∣q H2

) 1
q
+
(
|g′(μ2)|q H1 + m

∣∣∣g′(μ1

m

)∣∣∣q H2

) 1
q

]
,
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where p, q > 1, U is the right-hand side of Equation (2), W5 =
(∫ 1

0 wp(γ) dγ
) 1

p , H1 =∫ 1
0 hs( γ

n
)

dγ and H2 =
∫ 1

0

(
1− h

( γ
n
))s dγ.

Proof. By adapting the approach used in Theorem 9 but by employing Hölder’s inequality
instead, we arrive at

|U| ≤ μ2 − μ1

n

[ ∫ 1

0
w(γ)

∣∣∣∣g′(γ

n
μ1 +

(n− γ)

n
μ2

)∣∣∣∣ dγ +
∫ 1

0
w(γ)

∣∣∣∣g′(γ

n
μ2 +

(n− γ)

n
μ1

)∣∣∣∣ dγ

]

≤ μ2 − μ1

n

(∫ 1

0
wp(γ) dγ

) 1
p
[( ∫ 1

0

∣∣∣∣g′(γ

n
μ1 +

(n− γ)

n
μ2

)∣∣∣∣q dγ

) 1
q

+

(∫ 1

0

∣∣∣∣g′(γ

n
μ2 +

(n− γ)

n
μ1

)∣∣∣∣q dγ

) 1
q
]

≤ μ2 − μ1

n
W5

[(
|g′(μ1)|q H1 + m

∣∣∣g′(μ2

m

)∣∣∣q H2

) 1
q
+
(
|g′(μ2)|q H1 + m

∣∣∣g′(μ1

m

)∣∣∣q H2

) 1
q

]
.

Therefore, the desired result has been established.

Remark 33. If w(z) = zα and g is convex, we obtain the inequality of Theorem 6 presented in [34]:∣∣∣∣∣2α−1Γ(α + 1)
(μ2 − μ1)α

[
RLIα(

μ1+μ2
2

)−g(μ1) +
RLIα(

μ1+μ2
2

)+g(μ2)

]
− g

(
μ1 + μ2

2

)∣∣∣∣∣
≤ μ2 − μ1

4

(
1

αp + 1

) 1
p
[( |g′(μ1)|q

4
+

3|g′(μ2)|q
4

) 1
q
+

( |g′(μ2)|q
4

+
3|g′(μ1)|q

4

) 1
q
]

≤ μ2 − μ1

4

(
4

αp + 1

) 1
p [
|g′(μ1)|+ |g′(μ2)|

]
.

Remark 34. If w(z) = 4z, q = p−1
p and g is convex, we obtain an inequality similar to Theorem

2.3 presented in [39]:

∣∣∣∣ 1
μ2 − μ1

∫ μ2

μ1

g(z) dz− g
(

μ1 + μ2

2

)∣∣∣∣ ≤ μ2 − μ1

16

(
4

p + 1

) 1
p
[⎛⎝ |g′(μ1)|

p−1
p

4
+

3|g′(μ2)|
p−1

p

4

⎞⎠
p

p−1

+

⎛⎝ |g′(μ2)|
p−1

p

4
+

3|g′(μ1)|
p−1

p

4

⎞⎠
p

p−1 ]
.

Remark 35. Utilizing a procedure parallel to that applied in Theorem 7 and invoking Lemma 3, we
obtain an equivalent statement pertaining to the midpoint of the interval:

Theorem 8. Let g : [μ1, μ2]→ R be a differentiable function on (μ1, μ2) such that g′ ∈ L1[μ1, μ2].
If |g′|q is modified and (h, m)-convex of the second type and μ1

m , μ2
m ∈ Dom(|g′|q), then it is

true that
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|L(w, g, μ1, μ2, r)| (46)

≤ μ2 − μ1

4(r + 1)2 W5

⎧⎨⎩
[∣∣∣∣g′(μ1 + μ2

2

)∣∣∣∣qH5 + m
(∣∣∣g′(μ1

m

)∣∣∣q)H6

] 1
q

+

[∣∣∣∣g′(μ1 + μ2

2

)∣∣∣∣qH5 + m
(∣∣∣g′(μ2

m

)∣∣∣q)H6

] 1
q

⎫⎬⎭.

with 1
p + 1

q = 1,H5 =
∫ 1

0 hs( r+t
r+1

)
dt,H6 =

∫ 1
0

(
1− h

( r+t
r+1

))sdt and W5 defined as before.

Corollary 2. Under the assumptions of Theorem 8, we have the following:

1. Choosing m = 1, then we obtain the following inequality:

|L(w, g, μ1, μ2, r)|

≤ μ2 − μ1

4(r + 1)2

(∫ 1

0
wp(t)dt

) 1
p

⎧⎨⎩
[∣∣∣∣g′(μ1 + μ2

2

)∣∣∣∣qH5 +
(∣∣g′(μ1)

∣∣q)H6

] 1
q

+

[∣∣∣∣g′(μ1 + μ2

2

)∣∣∣∣qH5 +
(∣∣g′(μ2)

∣∣q)H6

] 1
q

⎫⎬⎭.

2. If s = m = 1, then

|L(w, g, μ1, μ2, r)| ≤ μ2 − μ1

4(r + 1)2

(∫ 1

0
wp(t)dt

) 1
p

×

⎧⎨⎩
[∣∣∣∣g′(μ1 + μ2

2

)∣∣∣∣q ∫ 1

0
h
(

r + t
r + 1

)
dt +

∣∣g′(μ1)
∣∣q ∫ 1

0

(
1− h

(
r + t
r + 1

))
dt
] 1

q

+

[∣∣∣∣g′(μ1 + μ2

2

)∣∣∣∣q ∫ 1

0
h
(

r + t
r + 1

)
dt +

∣∣g′(μ2)
∣∣q ∫ 1

0

(
1− h

(
r + t
r + 1

))
dt
] 1

q

⎫⎬⎭.

3. Bearing in mind Corollary 1, items 3 and 4, we can derive new inequalities for Riemann and
Riemann–Liouville integrals, respectively.

Theorem 9. Let g, g′, w, μ1, μ2, n, W3 and W4 be as in Lemma 2. Suppose that |g′|q is modified
and (h, m)-convex of the second type and μ1

m , μ2
m ∈ Dom(|g′|q); then the following result emerges:

|U| ≤ μ2 − μ1

n
W6

[(
|g′(μ1)|qW3 + m

∣∣∣g′(μ2

m

)∣∣∣qW4

) 1
q

+

(
|g′(μ2)|qW3 + m

∣∣∣g′(μ1

m

)∣∣∣qW4

) 1
q
]

,

where q ≥ 1, W6 =
(∫ 1

0 w(γ) dγ
)1− 1

q and U is defined as before.

Proof. Employing Lemma 2, the triangle inequality, the Power Mean inequality and Defi-
nition 2 for |g|q, we obtain
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|U| ≤
∣∣∣∣∣μ2 − μ1

n

∫ 1

0
w(γ)

[
g′
(

γ

n
μ1 +

(n− γ)

n
μ2

)
− g′

(
γ

n
μ2 +

(n− γ)

n
μ1

)]
dγ

∣∣∣∣∣
≤ μ2 − μ1

n

[ ∫ 1

0
w(γ)

∣∣∣∣g′(γ

n
μ1 +

(n− γ)

n
μ2

)∣∣∣∣ dγ +
∫ 1

0
w(γ)

∣∣∣∣g′(γ

n
μ2 +

(n− γ)

n
μ1

)∣∣∣∣ dγ

]

≤ μ2 − μ1

n

(∫ 1

0
w(γ) dγ

)1− 1
q
[( ∫ 1

0
w(γ)

∣∣∣∣g′(γ

n
μ1 +

(n− γ)

n
μ2

)∣∣∣∣q dγ

) 1
q

+

(∫ 1

0
w(γ)

∣∣∣∣g′(γ

n
μ2 +

(n− γ)

n
μ1

)∣∣∣∣q dγ

) 1
q
]

≤ μ2 − μ1

n
W6

[(
|g′(μ1)|qW3 + m

∣∣∣g′(μ2

m

)∣∣∣qW4

) 1
q

+

(
|g′(μ2)|qW3 + m

∣∣∣g′(μ1

m

)∣∣∣qW4

) 1
q
]

.

Hence, the proof is finished.

Remark 36. Theorem 8 in [29] follows as a consequence when the parameters m, s and n and the
function w′ are selected as in Remark 24.

Remark 37. In light of Theorem 9 and Lemma 2, we similarly obtain a result for the midpoint of
the interval:

Theorem 10. Let g : [μ1, μ2]→ R be a differentiable function on (μ1, μ2), such that g′ ∈
L1[μ1, μ2]. If |g′|q is modified and (h, m)-convex of the second type with q ≥ 1 and μ1

m , μ2
m ∈

Dom(|g′|q), then it is true that

|L(w, g, μ1, μ2, r)| ≤ μ2 − μ1

4(r + 1)2

(∫ 1

0
w(t) dt

)1− 1
q

(47)

×

⎧⎨⎩
[∣∣∣∣g′(μ1 + μ2

2

)∣∣∣∣qH1 + m
(∣∣∣g′(μ1

m

)∣∣∣q)H2

] 1
q

+

[∣∣∣∣g′(μ1 + μ2

2

)∣∣∣∣qH1 + m
(∣∣∣g′(μ2

m

)∣∣∣q)H2

] 1
q

⎫⎬⎭,

whereH1 andH2 are defined above in Theorem 6.

Theorem 11. Let g, g′, w, μ1, μ2, n, p, q, U, H1 and H2 be as defined in the preceding result.
Suppose that |g′|q is modified and (h, m)-convex of the second type and μ1

m , μ2
m ∈ Dom(|g′|q); then

it is true that

|U| ≤ μ2 − μ1

n

[
W7 +

(
|g′(μ1)|q + |g′(μ2)|q

)H1

q
+ m

(∣∣∣g′(μ2

m

)∣∣∣q + ∣∣∣g′(μ1

m

)∣∣∣q)H2

q

]
, (48)

where W7 = 2
∫ 1

0
w(γ)

p dγ.

Proof. Following a similar line of reasoning as in Theorem 9 but replacing the key inequal-
ity with that of Young, we get
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|U| ≤ μ2 − μ1

n

[ ∫ 1

0
w(γ)

∣∣∣∣g′(γ

n
μ1 +

(n− γ)

n
μ2

)∣∣∣∣ dγ +
∫ 1

0
w(γ)

∣∣∣∣g′(γ

n
μ2 +

(n− γ)

n
μ1

)∣∣∣∣ dγ

]

≤ μ2 − μ1

n

[
2
∫ 1

0

wp(γ)

p
dγ +

∫ 1

0

∣∣∣g′( γ
n μ1 +

(n−γ)
n μ2

)∣∣∣q
q

dγ

+
∫ 1

0

∣∣∣g′( γ
n μ2 +

(n−γ)
n μ1

)∣∣∣q
q

dγ

]

≤ μ2 − μ1

n

[
W7 +

(
|g′(μ1)|q + |g′(μ2)|q

)H1

q
+ m

(∣∣∣g′(μ2

m

)∣∣∣q + ∣∣∣g′(μ1

m

)∣∣∣q)H2

q

]
.

This concludes the proof.

Remark 38. If we consider the usual class of convex functions and n = 2, then from (48), we
obtain

|U| ≤ 2(W5)
p

p
+
|g′(μ1)|q + |g′(μ2)|q

q
.

Here, if we take w(z) = z, then we get∣∣∣∣∫ μ2

μ1

g(z) dz− g
(

μ1 + μ2

2

)∣∣∣∣ ≤ 2
p(p + 1)

+
|g′(μ1)|q + |g′(μ2)|q

q
.

Remark 39. By building upon the method employed in Theorem 7 and drawing on Lemma 2, we
derive a parallel result concerning the midpoint of the interval.

Theorem 12. Let g : [μ1, μ2]→ R be a differentiable function on (μ1, μ2) such that g′ ∈
L1[μ1, μ2]. If |g′|q is modified and (h, m)-convex of the second type with 1

p + 1
q = 1 and

μ1
m , μ2

m ∈ Dom(|g′|q), then

|L(w, g, μ1, μ2, r)| ≤ μ2 − μ1

4(r + 1)2

{
2
p

∫ 1

0
wp(t) dt +

2
q

∣∣∣∣g′(μ1 + μ2

2

)∣∣∣∣qH5 (49)

+
m
q

(∣∣∣g′(μ1

m

)∣∣∣q + ∣∣∣g′(μ2

m

)∣∣∣q)H6

}
,

holds, whereH5 andH6 are defined above in Theorem 8.

Remark 40. Remark 32 remains valid in these results.

Remark 41. Readers will have no difficulty in formulating the corresponding corollaries to
Theorems 10 and 11.

4. Conclusions

This work focuses on the generalization and extension of existing results related to
integral inequalities. The main results and contributions are Theorem 1 and Theorem 2,
which establish new inequalities for (h, m)-convex functions of second type using weighted
integral operators. It also provides remarks showing how these new results generalize or
connect with existing theorems in the literature by establishing specific parameters for s, m,
and h and the weighting function w′.
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In essence, we consider this work to contribute significantly to the theory of convex
functions by providing a more generalized and flexible framework for Hermite–Hadamard-
type inequalities through the introduction of weighted integrals and refined classes of
(h, m)-convex functions.
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Abstract

The Yang local fractional setting provides the generalized framework to explore the non-
differentiable mappings considering the local properties. Due to the dominance of these
concepts, mathematicians have investigated multiple problems, including mathematical
modelling, optimization, and inequalities. Incorporating these useful concepts, this study
aims to derive Weddle-type integral inequalities within the context of fractal space. To
achieve the intended results, we establish a new local fractional identity. By using this
identity, the convexity property, the bounded property of mappings, the L-Lipschitzian
property of mappings, and other famous inequalities, we develop numerous upper bounds.
Additionally, we provide 2D and 3D graphical representations and numerous applications,
which show the significance of our main findings. To the best of our knowledge, this is the
first study concerning error inequalities of Weddle’s quadrature formulation within the
fractal space.

Keywords: generalized convex mapping; Weddle’s inequality; midpoint inequality;
lipschitz mapping; applications

MSC: 26A33; 26A51; 26D07; 26D10; 26D15; 26D20

1. Introduction

Convex mappings have potential applications in many domains, which include opti-
mization, coding hypothesis, designing, and inequality theory. But their role is unprece-
dented for the derivation of mathematical inequalities. Working on this benchmark class
of mappings, it is not difficult to conclude the fundamental results of analysis. In the
fields of applied science, mathematical inequalities are considered to be the essential struc-
ture for connecting qualitative and quantitative analysis. First, we recall the definition of
convex mapping.

Definition 1 ([1]). Any mapping T : I ⊂ R→ R is termed as convex, if

T ((1− ε)ν1 + εκ1) ≤ (1− ε)T (ν1) + εT (κ1), (1)

Fractal Fract. 2025, 9, 662 https://doi.org/10.3390/fractalfract9100662
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for every value of ε ∈ [0, 1] and ν1, κ1 ∈ I.

Many inequalities have been proposed in the literature using convex mappings and
their different classes. For more details, see [2–5]. The following double inequality is
commonly called Hadamard’s inequality in the literature:

Theorem 1 ([1]). Let T : I → R be a convex mapping. Then

T
(

ν1 + κ1

2

)
≤ 1

κ1 − ν1

∫ κ1

ν1

T (δ)dδ ≤ T (ν1) + T (κ1)

2
, (2)

for all ν1, κ1 ∈ I, and ν1 < κ1.

It was introduced by Hermite in 1881 (see [6]) and Hadamard in 1893 (see [7]). The
inequality (2) also holds in reverse direction if we take T is a concave mapping. In scientific
research, the most prominent Simpson’s type of inequality is described as follows:

Theorem 2 ([8]). Consider a four time continuously differentiable mapping T : [ν1, κ1] → R.
Then,∣∣∣∣1

6

(
T (ν1) + 4T

(
ν1 + κ1

2

)
+ T (κ1)

)
− 1

κ1 − ν1

∫ κ1

ν1

T (δ)dδ

∣∣∣∣ ≤ (κ1 − ν1)
4

2880
‖T 4‖∞,

where ‖T 4‖∞ = supδ∈[ν1,κ1]
|T 4(δ)| < ∞.

The Newton’s inequality, which is based on the four-point closed formula, is described
as follows:

Theorem 3 ([9]). Let T : [ν1, κ1]→ R be four times continuously differentiable mapping. Then,∣∣∣∣1
8

(
T (ν1) + 3T

(
2ν1 + κ1

3

)
+ 3T

(
ν1 + 2κ1

3

)
+ T (κ1)

)
− 1

κ1 − ν1

∫ κ1

ν1

T (δ)dδ

∣∣∣∣
≤ (κ1 − ν1)

4

6480
‖T 4‖∞,

where ‖T 4‖∞ = supδ∈[ν1,κ1]
|T 4(δ)| < ∞.

The Maclaurin method does not correlate with any boundary points in the quadrature
method. It is utilized to alleviate the drawbacks of Simpson’s approach. It is formulated
as follows:

Theorem 4 ([9]). Let T : [ν1, κ1] → R be a four times continuously differentiable mapping on
[ν1, κ1] and ‖T 4‖∞ = supδ∈[ν1,κ1]

|T 4(δ)| < ∞. Then,∣∣∣∣1
8

[
3T

(
5ν1 + κ1

6

)
+ 2T

(
ν1 + κ1

2

)
+ 3T

(
ν1 + 5κ1

6

)]
− 1

κ1 − ν1

∫ κ1

ν1

T (δ)dδ

∣∣∣∣
≤ 7(κ1 − ν1)

4

51840
‖T 4‖∞.

Now, we present Boole’s formula type inequality, which is widely recognized in the
literature. This formula executes a polynomial of degree four to estimate the integral over
five points.
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Theorem 5 ([9]). Suppose that T : [ν1, κ1]→ R be a six times continuously differentiable mapping
on (ν1, κ1). Then,∣∣∣∣ 1

90

[
7(T (ν1 + T (κ1))) + 32

(
T
(

3ν1 + κ1

4

)
+ T

(
ν1 + 3κ1

4

))
+ 12T

(
ν1 + κ1

2

)]
− 1

κ1 − ν1

∫ κ1

ν1

T (δ)dδ

∣∣∣∣ ≤ (κ1 − ν1)
6

1935360
‖T 6‖∞,

where ‖T 6‖∞ = supδ∈[ν1,κ1]
|T 6(δ)| < ∞.

The exploration of non-differentiable mappings along with local attributes is a fascinat-
ing domain of mathematical sciences. Various strategies have been discussed in literature,
including quantum calculus and setups within the fractal domain. Working on that prob-
lem, Yang defined λ level sets of real numbers and the operations over them. Also, he
published two monographs, in which fractal calculus and local fractional functional analy-
sis are discussed in detail. Over the years, mathematicians dealing with fractal geometries
have been taking the benefit of it. Fractals are those sets whose Hausdorff dimension is
greater than topological dimensions, and Hausdorff dimension measures the complexity.

Now, we recall the basics of Yang calculus.

Yang Local Fractional Calculus

In this section, we recall the basic concepts of local fractional calculus which are
essential to our main findings given in [10].

• Zλ := {±0λ,±1λ,±2λ, . . .},
• Qλ := {vλ =

(
r1
r2

)λ
: r1, r2 ∈ Z, r2 �= 0},

• Q
′λ

:= {vλ �=
(

r1
r2

)λ
: r1, r2 ∈ Z, r2 �= 0},

• Rλ := Qλ ∪Q′λ.

Also, the multiplication and addition are defined as

cλ ∗ dλ = cλdλ := (cd)λ and cλ + dλ := (c + d)λ

and both cλdλ, cλ + dλ ∈ Rλ. Clearly, (Rλ,+, ∗) is a field.
The local fractional continuity is defined as follows.

Definition 2 ([10]). The local fractional derivative of T (δ) of order λ at δ = δ0 is described as

T λ(δ) = δ0Dλ
δ T (δ) =

∣∣∣∣dλT (δ)
(dδ)λ

∣∣∣∣
δ=δ0

= lim
δ→δ0

 λ(T (δ)− T (δ0))

(δ− δ0)λ
.

where λ(T (δ)− T (δ0)) = Γ(1 + λ)(T (δ)− T (δ0)). Let s ∈ N and T λ(δ) = Dλ
δ T (δ). If

T (s+1)λ(δ) =

(s+1) times︷ ︸︸ ︷
Dλ

δ T (δ) · Dλ
δ T (δ) · · ·Dλ

δ T (δ) exists for any δ ∈ [ν1, κ1],

then we say T ∈ D(s+1)λ.

We now present the local anti-derivative operator of T (δ) ∈ Cλ(ν1, κ1).
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Definition 3 ([10]). Let  = {δ0, δ1, δ2, . . . , δi, δi+1, . . . , δσ}, where σ ∈ N, be a division of
[ν1, κ1] such that δ0 < δ1 < δ2 < . . . < δσ. Then the local fractional integral of T on [ν1, κ1] is
defined by

ν1 Iλ
κ1
T (δ) = 1

Γ(1 + λ)

∫ κ1

ν1

Ψ(δ)(dδ)λ =
1

Γ(1 + λ)
lim
 δi→0

σ

∑
i=1
T (δi)( δ)λ,

where δi = δi+1 − δi for i = 1, 2, 3 . . . σ. The space of all local integrable mappings is represented
by Iλ

δ [ν1, κ1].

From the above, one can easily conclude that ν1 Iλ
κ1
T (δ) = 0 if ν1 = κ1 and ν1 Iλ

κ1
T (δ) =

− κ1 Iλ
ν1
T (δ) when ν1 < κ1. Now, we present some significant findings about integration

and local derivatives that will help us in our future work.

Lemma 1. Consider 0 < λ ≤ 1. If T (δ) = rλ(δ) ∈ Cλ[ν1, κ1]. Then

ν1 Iλ
κ1

g(δ) = r(κ1)− r(ν1).

Furthermore, we have

dλδsλ

(dδ)λ
=

Γ(1 + sλ)

Γ(1 + (s− 1)λ)
δ(s−1)λ

and

1
Γ(1 + λ)

∫ κ1

ν1

δsλ(dδ)λ =
Γ(1 + sλ)

Γ(1 + (s + 1)λ)

(
κ1

(s+1)λ − ν1
(s+1)λ

)
.

The fractal calculus has been utilized to study new mathematical inequalities. Moti-
vated by ongoing research in this area, Mo et al. in [11] generalized the concept of convexity
in fractal space as follows.

Definition 4. A mapping T : [ν1, κ1]→ Rλ is known-as generalized convex in fractal space if

T (εν1 + (1− ε)κ1) ≤ ελT (ν1) + (1− ε)λT (κ1) (3)

for all ε ∈ [0, 1] and 0 < λ ≤ 1.

The trapezoidal inequality in fractal space is given next. For more details, see [11].

Theorem 6. Let T : [ν1, κ1]→ Rλ be a generalized convex mapping, where 0 < λ ≤ 1. Then,

T
(

ν1 + κ1

2

)
≤ Γ(1 + λ)

(κ1 − ν1)λ ν1 Iλ
κ1
T (δ) ≤ T (ν1) + T (κ1)

2λ
. (4)

Sarikaya and Budak [12] utilized the generalized convexity within the framework of
Yang local calculus to investigate the weighted Hadamard’s type inequalities. In [13,14],
the authors considered the local fractional operators along with generalized convexity to
study the various error inequalities. In [15], Erden and Sarikaya explored the mean value
theorem and some Pompeiu-like inequalities leveraging the concept of Yang calculus. Al-
mutairi and Kilicman [16] investigated the trapezium-type inequalities through generalized
Breckner convexity.

Lou et al. [17] discussed the fractal weighted Hadamard’s inequalities through gener-
alized convexity and also delivered the utility of results. In [18], the authors focused on the
applications of Hermite–Hadamard-like inequalities in signal processing. Butt et al. [19]
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proved the Jensen’s type in inequalities in fractal space and developed some new counter-
parts of Hadamard–Mercer-like inequalities. Luo et al. [20] worked on improved Hölder’s
inequalities and their applications to construct some Simpson-like inequalities. Alsharari
et al. [21] bridged the fractional operator and local Yang calculus to approximate the
error bounds of Simpson’s rule. Meftah et al. [22] looked at error analysis of Milne rules
considering generalized convexity within fractal calculus. Liu et al. [23] presented upper
bounds of fractional Maclaurin’s inequality and presented the applications to nonlinear
analysis. In [24], the authors proved some new advancements in Ostrowski’s inequalities
relying on Mercer inequality for fractal Breckner convexity. For more details see [25–28].

Motivation and Structure of Study: Over the years authors have tried several ap-
proaches to assess the bounds of local fractional operators, the average value of fractal
mappings, and the error analysis of Newton-Cotes schemes within the context of Yang
fractal calculus. It is a common fact that approximations through higher-order polynomials
show minimum error. The Generalized Weddle’s procedure is superior due to better accu-
racy and minimum error as compared to Simpson’s and Newton’s procedures. Here are
the few questions that elaborate on the need for the study.

• How can the error terms of Weddle’s rule be established for local fractional differen-
tiable mappings? Mathematically,∣∣∣∣ 1

(20)λ

[
T (ν1) + 5λT

(
5ν1 + κ1

6

)
+ T

(
2ν1 + κ1

3

)
+ 6λT

(
ν1 + κ1

2

)
+T

(
ν1 + 2κ1

3

)
+ 5λT

(
ν1 + 5κ1

6

)
+ T (κ1)

]
− Γ(1 + λ)

(κ1 − ν1)λ ν1 Iκ1T (δ)
∣∣∣∣ ≤?

• How different generalized classes of mappings can be used to evaluate the bounds of
the above inequality?

• What are the applications of the proposed bounds?
• How can the bounds of several local fractional integrals be found incorporated with

the proposed inequalities?

To address these problems, we have organized this study into multiple steps. First, we
discuss the research problem background and fundamental concepts to carry out the further
proceedings. Our approach includes the generation of error bounds through identity. In
the following context, we will construct a fractal identity, which will later on be helpful
to estimate our main findings. At the end of each result, we provide its 2D and 3D
graphical validations. Lastly, some applicable analysis will be discussed. To the extent
of our knowledge, this approach is new and novel for discussing error bounds of fractal
Newton–Cotes schemes.

2. Fractal Estimates of Weddle’s Inequality

The space of fractal integrable mappings is denoted by L[ν1, κ1].

Lemma 2. If T : [ν1, κ1]→ R is a local differentiable mapping and T λ ∈ L[ν1, κ1], then

W(ν1, κ1)−
Γ(1 + λ)

(κ1 − ν1)λ ν1 Iκ1T (δ)

=

(
κ1 − ν1

2

)λ 1
Γ(1 + λ)

∫ 1

0
 (ε)

[
T λ((1− ε)ν1 + εκ1)− T λ(εν1 + (1− ε)κ1)

]
(dε)λ, (5)
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where

 (ε) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
ε− 1

20

)λ
, ε ∈

[
0, 1

6

)
,

(
ε− 6

20
)λ

, ε ∈
[

1
6 , 1

3

)
,

(
ε− 7

20
)λ

, ε ∈
[

1
3 , 1

2

)
,

(
ε− 13

20

)λ
, ε ∈

[
1
2 , 2

3

)
,

(
ε− 14

20

)λ
, ε ∈

[ 2
3 , 5

6
)
,

(
ε− 19

20

)λ
, ε ∈

[ 5
6 , 1

]
,

and

W(ν1, κ1)

=
1

(20)λ

[
T (ν1) + 5λT

(
5ν1 + κ1

6

)
+ T

(
2ν1 + κ1

3

)
+6λT

(
ν1 + κ1

2

)
+ T

(
ν1 + 2κ1

3

)
+ 5λT

(
ν1 + 5κ1

6

)
+ T (κ1)

]
.

Proof. From the definition of (ε), we have

1
Γ(1 + λ)

∫ 1

0
 (ε)

[
T λ((1− ε)ν1 + εκ1)− T λ(εν1 + (1− ε)κ1)

]
(dε)λ

=
1

Γ(1 + λ)

∫ 1
6

0

(
ε− 1

20

)λ

T λ((1− ε)ν1 + εκ1)(dε)λ

+
1

Γ(1 + λ)

∫ 1
3

1
6

(
ε− 6

20

)λ

T λ((1− ε)ν1 + εκ1)(dε)λ

+
1

Γ(1 + λ)

∫ 1
2

1
3

(
ε− 7

20

)λ

T λ((1− ε)ν1 + εκ1)(dε)λ

+
1

Γ(1 + λ)

∫ 2
3

1
2

(
ε− 13

20

)λ

T λ((1− ε)ν1 + εκ1)(dε)λ

+
1

Γ(1 + λ)

∫ 5
6

2
3

(
ε− 14

20

)λ

T λ((1− ε)ν1 + εκ1)(dε)λ

+
1

Γ(1 + λ)

∫ 1

5
6

(
ε− 19

20

)λ

T λ((1− ε)ν1 + εκ1)(dε)λ

+
1

Γ(1 + λ)

∫ 1
6

0

(
1

20
− ε

)λ

T λ(εν1 + (1− ε)κ1)(dε)λ

+
1

Γ(1 + λ)

∫ 1
3

1
6

(
6

20
− ε

)λ

T λ(εν1 + (1− ε)κ1)(dε)λ

+
1

Γ(1 + λ)

∫ 1
2

1
3

(
7

20
− ε

)λ

T λ(εν1 + (1− ε)κ1)(dε)λ

+
1

Γ(1 + λ)

∫ 2
3

1
2

(
13
20
− ε

)λ

T λ(εν1 + (1− ε)κ1)(dε)λ
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+
1

Γ(1 + λ)

∫ 5
6

2
3

(
14
20
− ε

)λ

T λ(εν1 + (1− ε)κ1)(dε)λ

+
1

Γ(1 + λ)

∫ 1

5
6

(
19
20
− ε

)λ

T λ(εν1 + (1− ε)κ1)(dε)λ

=
12

∑
i=0

Ii.

We can use integration by parts to solve these integrals

I1 =
1

Γ(1 + λ)

∫ 1
6

0

(
ε− 1

20

)λ

T λ((1− ε)ν1 + εκ1)(dε)λ

=
1

(κ1 − ν1)λ

[(
7

60

)λ

T
(

5ν1 + κ1

6

)
+

(
1

20

)λ

T (ν1)

]
− Γ(1 + λ)

(κ1 − ν1)2λ ν1 I 5ν1+κ1
6
T (δ),

I2 =
1

Γ(1 + λ)

∫ 1
3

1
6

(
ε− 6

20

)λ

T λ((1− ε)ν1 + εκ1)(dε)λ

=
1

(κ1 − ν1)λ

[(
1

30

)λ

T
(

2ν1 + κ1

3

)
+

(
2

15

)λ

T
(

5ν1 + κ1

6

)]
− Γ(1 + λ)

(κ1 − ν1)2λ 5ν1+κ1
6

I 2ν1+κ1
3
T (δ),

I3 =
1

Γ(1 + λ)

∫ 1
2

1
3

(
ε− 7

20

)λ

T λ((1− ε)ν1 + εκ1)(dε)λ

=
1

(κ1 − ν1)λ

[(
3

20

)λ

T
(

ν1 + κ1

2

)
+

(
1

60

)λ

T
(

2ν1 + κ1

3

)]
− Γ(1 + λ)

(κ1 − ν1)2λ 2ν1+κ1
3

I ν1+κ1
2
T (δ),

I4 =
1

Γ(1 + λ)

∫ 2
3

1
2

(
ε− 13

20

)λ

T λ((1− ε)ν1 + εκ1)(dε)λ

=
1

(κ1 − ν1)λ

[(
1

60

)λ

T
(

ν1 + 2κ1

3

)
+

(
3

20

)λ

T
(

ν1 + κ1

2

)]
− Γ(1 + λ)

(κ1 − ν1)2λ
ν1+κ1

2
I ν1+2κ1

3
T (δ),

I5 =
1

Γ(1 + λ)

∫ 5
6

2
3

(
ε− 14

20

)λ

T λ((1− ε)ν1 + εκ1)(dε)λ

=
1

(κ1 − ν1)λ

[(
2

15

)λ

T
(

ν1 + 5κ1

6

)
+

(
1

30

)λ

T
(

ν1 + 2κ1

3

)]
− Γ(1 + λ)

(κ1 − ν1)2λ ν1+2κ1
3

I ν1+5κ1
6
T (δ),

I6 =
1

Γ(1 + λ)

∫ 1

5
6

(
ε− 19

20

)λ

T λ((1− ε)ν1 + εκ1)(dε)λ

=
1

(κ1 − ν1)λ

[(
1

20

)λ

T (κ1) +

(
7
60

)λ

T
(

ν1 + 5κ1

6

)]
− Γ(1 + λ)

(κ1 − ν1)2λ ν1+5κ1
6

Iκ1T (δ),

I7 =
1

Γ(1 + λ)

∫ 1
6

0

(
1

20
− ε

)λ

T λ(εν1 + (1− ε)κ1)(dε)λ

=
1

(κ1 − ν1)λ

[(
7

60

)λ

T
(

ν1 + 5κ1

6

)
+

(
1

20

)λ

T (κ1)

]
− Γ(1 + λ)

(κ1 − ν1)2λ 5ν1+κ1
6

Iκ1T (δ),

I8 =
1

Γ(1 + λ)

∫ 1
3

1
6

(
6

20
− ε

)λ

T λ(εν1 + (1− ε)κ1)(dε)λ

=
1

(κ1 − ν1)λ

[(
2

15

)λ

T
(

ν1 + 5κ1

6

)
+

(
1

30

)λ

T
(

ν1 + 2κ1

3

)]
− Γ(1 + λ)

(κ1 − ν1)2λ ν1+2κ1
3

I ν1+5κ1
6
T (δ),

I9 =
1

Γ(1 + λ)

∫ 1
2

1
3

(
7

20
− ε

)λ

T λ(εν1 + (1− ε)κ1)(dε)λ

=
1

(κ1 − ν1)λ

[(
1

60

)λ

T
(

ν1 + 2κ1

3

)
+

(
3

20

)λ

T
(

ν1 + κ1

2

)]
− Γ(1 + λ)

(κ1 − ν1)2λ
ν1+κ1

2
I ν1+2κ1

3
T (δ),
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I10 =
1

Γ(1 + λ)

∫ 2
3

1
2

(
13
20
− ε

)λ

T λ(εν1 + (1− ε)κ1)(dε)λ

=
1

(κ1 − ν1)λ

[(
3

20

)λ

T
(

ν1 + κ1

2

)
+

(
1

60

)λ

T
(

2ν1 + κ1

3

)]
− Γ(1 + λ)

(κ1 − ν1)2λ 2ν1+κ1
3

I ν1+κ1
2
T (δ),

I11 =
1

Γ(1 + λ)

∫ 5
6

2
3

(
14
20
− ε

)λ

T λ(εν1 + (1− ε)κ1)(dε)λ

=
1

(κ1 − ν1)λ

[(
1

30

)λ

T
(

2ν1 + κ1

3

)
+

(
2

15

)λ

T
(

5ν1 + κ1

6

)]
− Γ(1 + λ)

(κ1 − ν1)2λ 5ν1+κ1
6

I 2ν1+κ1
3
T (δ),

I12 =
1

Γ(1 + λ)

∫ 1

5
6

(
19
20
− ε

)λ

T λ(εν1 + (1− ε)κ1)(dε)λ

=
1

(κ1 − ν1)λ

[(
1

20

)λ

T (ν1) +

(
7
60

)λ

T
(

5ν1 + κ1

6

)]
− Γ(1 + λ)

(κ1 − ν1)2λ ν1 I 5ν1+κ1
6
T (δ).

Now, by taking ∑12
i=0 Ii and after simple computations we get (5). It ends the proof.

Now we establish the first bound for Weddle’s rule.

Theorem 7. Suppose that all constraints of lemma 2 are fulfilled. If |T λ| is a generalized convex
mapping, then∣∣∣∣W(ν1, κ1)−

Γ(1 + λ)

(κ1 − ν1)λ ν1 Iκ1T (δ)
∣∣∣∣

≤ (κ1 − ν1)
λ

{[
Γ(1 + λ)

Γ(1 + 2λ)

(
4

75

)λ

+
Γ(1 + 2λ)

Γ(1 + 3λ)

(
1

150

)λ
]
|T λ(ν1)|

+

[
Γ(1 + λ)

Γ(1 + 2λ)

(
14

225

)λ

− Γ(1 + 2λ)

Γ(1 + 3λ)

(
1

150

)λ
]
|T λ(κ1)|

}
.

Proof. Through Lemma 2 and generalized convexity of |T λ|, we have∣∣∣∣W(ν1, κ1)−
Γ(1 + λ)

(κ1 − ν1)λ a Iκ1T (δ)
∣∣∣∣

≤
(

κ1 − ν1

2

)λ 1
Γ(1 + λ)

∫ 1

0
| (ε)|

∣∣∣T λ((1− ε)ν1 + εκ1)− T λ(εν1 + (1− ε)κ1)
∣∣∣(dε)λ

≤
(

κ1 − ν1

2

)λ
[

1
Γ(1 + λ)

∫ 1
6

0

∣∣∣∣ε− 1
20

∣∣∣∣λ∣∣∣T λ((1− ε)ν1 + εκ1)
∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 1
3

1
6

∣∣∣∣ε− 6
20

∣∣∣∣λ∣∣∣T λ((1− ε)ν1 + εκ1)
∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 1
2

1
3

∣∣∣∣ε− 7
20

∣∣∣∣λ∣∣∣T λ((1− ε)ν1 + εκ1)
∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 2
3

1
2

∣∣∣∣ε− 13
20

∣∣∣∣λ∣∣∣T λ((1− ε)ν1 + εκ1)
∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 5
6

2
3

∣∣∣∣ε− 14
20

∣∣∣∣λ∣∣∣T λ((1− ε)ν1 + εκ1)
∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 1

5
6

∣∣∣∣ε− 19
20

∣∣∣∣λ∣∣∣T λ((1− ε)ν1 + εκ1)
∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 1
6

0

∣∣∣∣ 1
20
− ε

∣∣∣∣λ∣∣∣T λ(εν1 + (1− ε)κ1)
∣∣∣(dε)λ

95



Fractal Fract. 2025, 9, 662

+
1

Γ(1 + λ)

∫ 1
3

1
6

∣∣∣∣ 6
20
− ε

∣∣∣∣λ∣∣∣T λ(εν1 + (1− ε)κ1)
∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 1
2

1
3

∣∣∣∣ 7
20
− ε

∣∣∣∣λ∣∣∣T λ(εν1 + (1− ε)κ1)
∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 2
3

1
2

∣∣∣∣13
20
− ε

∣∣∣∣λ∣∣∣T λ(εν1 + (1− ε)κ1)
∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 5
6

2
3

∣∣∣∣14
20
− ε

∣∣∣∣λ∣∣∣T λ(εν1 + (1− ε)κ1)
∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 1

5
6

∣∣∣∣19
20
− ε

∣∣∣∣λ∣∣∣T λ(εν1 + (1− ε)κ1)
∣∣∣(dε)λ

]

≤
(

κ1 − ν1

2

)λ
[

1
Γ(1 + λ)

∫ 1
6

0

∣∣∣∣ε− 1
20

∣∣∣∣λ[(1− ε)λ|T λ(ν1)|+ ελ|T λ(κ1)|](dε)λ

+
1

Γ(1 + λ)

∫ 1
3

1
6

∣∣∣∣ε− 6
20

∣∣∣∣λ[(1− ε)λ|T λ(ν1)|+ ελ|T λ(κ1)|](dε)λ

+
1

Γ(1 + λ)

∫ 1
2

1
3

∣∣∣∣ε− 7
20

∣∣∣∣λ[(1− ε)λ|T λ(ν1)|+ ελ|T λ(κ1)|](dε)λ

+
1

Γ(1 + λ)

∫ 2
3

1
2

∣∣∣∣ε− 13
20

∣∣∣∣λ[(1− ε)λ|T λ(ν1)|+ ελ|T λ(κ1)|](dε)λ

+
1

Γ(1 + λ)

∫ 5
6

2
3

∣∣∣∣ε− 14
20

∣∣∣∣λ[(1− ε)λ|T λ(ν1)|+ ελ|T λ(κ1)|](dε)λ

+
1

Γ(1 + λ)

∫ 1

5
6

∣∣∣∣ε− 19
20

∣∣∣∣λ[(1− ε)λ|T λ(ν1)|+ ελ|T λ(κ1)|](dε)λ

+
1

Γ(1 + λ)

∫ 1
6

0

∣∣∣∣ 1
20
− ε

∣∣∣∣λ[ελ|T λ(ν1)|+ (1− ε)λ|T λ(κ1)|](dε)λ

+
1

Γ(1 + λ)

∫ 1
3

1
6

∣∣∣∣ 6
20
− ε

∣∣∣∣λ[ελ|T λ(ν1)|+ (1− ε)λ|T λ(κ1)|](dε)λ

+
1

Γ(1 + λ)

∫ 1
2

1
3

∣∣∣∣ 7
20
− ε

∣∣∣∣λ[ελ|T λ(ν1)|+ (1− ε)λ|T λ(κ1)|](dε)λ

+
1

Γ(1 + λ)

∫ 2
3

1
2

∣∣∣∣13
20
− ε

∣∣∣∣λ[ελ|T λ(ν1)|+ (1− ε)λ|T λ(κ1)|](dε)λ

+
1

Γ(1 + λ)

∫ 5
6

2
3

∣∣∣∣14
20
− ε

∣∣∣∣λ[ελ|T λ(ν1)|+ (1− ε)λ|T λ(κ1)|](dε)λ

+
1

Γ(1 + λ)

∫ 1

5
6

∣∣∣∣19
20
− ε

∣∣∣∣λ[ελ|T λ(ν1)|+ (1− ε)λ|T λ(κ1)|](dε)λ

]

=

(
κ1 − ν1

2

)λ
[

1
Γ(1 + λ)

∫ 1
20

0

(
1

20
− ε

)λ

[(1− ε)λ|T λ(ν1)|+ ελ|T λ(κ1)|](dε)λ

+
1

Γ(1 + λ)

∫ 1
6

1
20

(
ε− 1

20

)λ

[(1− ε)λ|T λ(ν1)|+ ελ|T λ(κ1)|](dε)λ

+
1

Γ(1 + λ)

∫ 6
20

1
6

(
6

20
− ε

)λ

[(1− ε)λ|T λ(ν1)|+ ελ|T λ(κ1)|](dε)λ

+
1

Γ(1 + λ)

∫ 1
3

6
20

(
ε− 6

20

)λ

[(1− ε)λ|T λ(ν1)|+ ελ|T λ(κ1)|](dε)λ

+
1

Γ(1 + λ)

∫ 7
20

1
3

(
7

20
− ε

)λ

[(1− ε)λ|T λ(ν1)|+ ελ|T λ(κ1)|](dε)λ
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+
1

Γ(1 + λ)

∫ 1
2

7
20

(
ε− 7

20

)λ

[(1− ε)λ|T λ(ν1)|+ ελ|T λ(κ1)|](dε)λ

+
1

Γ(1 + λ)

∫ 13
20

1
2

(
13
20
− ε

)λ

[(1− ε)λ|T λ(ν1)|+ ελ|T λ(κ1)|](dε)λ

+
1

Γ(1 + λ)

∫ 2
3

13
20

(
ε− 13

20

)λ

[(1− ε)λ|T λ(ν1)|+ ελ|T λ(κ1)|](dε)λ

+
1

Γ(1 + λ)

∫ 14
20

2
3

(
14
20
− ε

)λ

[(1− ε)λ|T λ(ν1)|+ ελ|T λ(κ1)|](dε)λ

+
1

Γ(1 + λ)

∫ 5
6

14
20

(
ε− 14

20

)λ

[(1− ε)λ|T λ(ν1)|+ ελ|T λ(κ1)|](dε)λ

+
1

Γ(1 + λ)

∫ 19
20

5
6

(
19
20
− ε

)λ

[(1− ε)λ|T λ(ν1)|+ ελ|T λ(κ1)|](dε)λ

+
1

Γ(1 + λ)

∫ 1

19
20

(
ε− 19

20

)λ

[(1− ε)λ|T λ(ν1)|+ ελ|T λ(κ1)|](dε)λ

+
1

Γ(1 + λ)

∫ 1
20

0

(
1

20
− ε

)λ

[ελ|T λ(ν1)|+ (1− ε)λ|T λ(κ1)|](dε)λ

+
1

Γ(1 + λ)

∫ 1
6

1
20

(
ε− 1

20

)λ

[ελ|T λ(ν1)|+ (1− ε)λ|T λ(κ1)|](dε)λ

+
1

Γ(1 + λ)

∫ 6
20

1
6

(
6

20
− ε

)λ

[ελ|T λ(ν1)|+ (1− ε)λ|T λ(κ1)|](dε)λ

+
1

Γ(1 + λ)

∫ 1
3

6
20

(
ε− 6

20

)λ

[ελ|T λ(ν1)|+ (1− ε)λ|T λ(κ1)|](dε)λ

+
1

Γ(1 + λ)

∫ 7
20

1
3

(
7

20
− ε

)λ

[ελ|T λ(ν1)|+ (1− ε)λ|T λ(κ1)|](dε)λ

+
1

Γ(1 + λ)

∫ 1
2

7
20

(
ε− 7

20

)λ

[ελ|T λ(ν1)|+ (1− ε)λ|T λ(κ1)|](dε)λ

+
1

Γ(1 + λ)

∫ 13
20

1
2

(
13
20
− ε

)λ

[ελ|T λ(ν1)|+ (1− ε)λ|T λ(κ1)|](dε)λ

+
1

Γ(1 + λ)

∫ 2
3

13
20

(
ε− 13

20

)λ

[ελ|T λ(ν1)|+ (1− ε)λ|T λ(κ1)|](dε)λ

+
1

Γ(1 + λ)

∫ 14
20

2
3

(
14
20
− ε

)λ

[ελ|T λ(ν1)|+ (1− ε)λ|T λ(κ1)|](dε)λ

+
1

Γ(1 + λ)

∫ 5
6

14
20

(
ε− 14

20

)λ

[ελ|T λ(ν1)|+ (1− ε)λ|T λ(κ1)|](dε)λ

+
1

Γ(1 + λ)

∫ 19
20

5
6

(
19
20
− ε

)λ

[ελ|T λ(ν1)|+ (1− ε)λ|T λ(κ1)|](dε)λ

+
1

Γ(1 + λ)

∫ 1

19
20

(
ε− 19

20

)λ

[ελ|T λ(ν1)|+ (1− ε)λ|T λ(κ1)|](dε)λ

]
.

Finally, we get our intended inequality.

Example 1. If we take T (δ) = δσλ, ν1 = 0 and κ1 = 3 in Theorem 7. Then, 2D and 3D
validations of Theorem 7 are

Figure 1a,b illustrate the comparison between sides of Theorem 7.
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(a) (b)

Figure 1. (a) Three- and (b) two-dimensional simulations of Theorem 7 for λ ∈ [0.6, 1] , λ = 4
5 and

σ ∈ [3, 5], respectively.

Now we give other bounds for Weddle’s rule by utilizing the well known Hölder’s
inequality.

Theorem 8. Suppose that all constraints of Lemma 2 are fulfilled. If |T λ|r2 is a generalized convex
mapping, then∣∣∣∣W(ν1, κ1)−

Γ(1 + λ)

(κ1 − ν1)λ a Iκ1T (δ)
∣∣∣∣

≤ (κ1 − ν1)
λ

⎧⎨⎩
(

Γ(1 + λr1)

Γ(1 + (r1 + 1)λ)

((
7
60

)(r1+1)λ
+

(
1
20

)(r1+1)λ
)) 1

r1

×

⎛⎝[
Γ(1 + λ)

Γ(1 + 2λ)

((
11
36

)λ

|T λ(ν1)|r2 +

(
1

36

)λ

|T λ(κ1)|r2

)] 1
r2

+

[
Γ(1 + λ)

Γ(1 + 2λ)

((
1
36

)λ

|T λ(ν1)|r2 +

(
11
36

)λ

|T λ(κ1)|r2

)] 1
r2

⎞⎠
+

(
Γ(1 + λr1)

Γ(1 + (r1 + 1)λ)

((
1
30

)(r1+1)λ
+

(
2
15

)(r1+1)λ
)) 1

r1

×

⎛⎝[
Γ(1 + λ)

Γ(1 + 2λ)

((
1
4

)λ

|T λ(ν1)|r2 +

(
1

12

)λ

|T λ(κ1)|r2

)] 1
r2

+

[
Γ(1 + λ)

Γ(1 + 2λ)

((
1
12

)λ

|T λ(ν1)|r2 +

(
1
4

)λ

|T λ(κ1)|r2

)] 1
r2

⎞⎠
+

(
Γ(1 + λr1)

Γ(1 + (r1 + 1)λ)

((
3
20

)(r1+1)λ
+

(
1
60

)(r1+1)λ
)) 1

r1

×

⎛⎝[
Γ(1 + λ)

Γ(1 + 2λ)

((
7

36

)λ

|T λ(ν1)|r2 +

(
5

36

)λ

|T λ(κ1)|r2

)] 1
r2

+

[
Γ(1 + λ)

Γ(1 + 2λ)

((
5
36

)λ

|T λ(ν1)|r2 +

(
7

36

)λ

|T λ(κ1)|r2

)] 1
r2

⎞⎠⎫⎬⎭,

where 1
r1
+ 1

r2
= 1.

Proof. Through Lemma 2, Hölder’s inequality and generalized convexity of |T λ|, we have∣∣∣∣W(ν1, κ1)−
Γ(1 + λ)

(κ1 − ν1)λ a Iκ1T (δ)
∣∣∣∣

≤
(

κ1 − ν1
2

)λ 1
Γ(1 + λ)

∫ 1

0
| (ε)|

∣∣∣T λ((1− ε)ν1 + εκ1)− T λ(εν1 + (1− ε)κ1)
∣∣∣(dε)λ
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≤
(

κ1 − ν1
2

)λ
[

1
Γ(1 + λ)

∫ 1
6

0

∣∣∣∣ε− 1
20

∣∣∣∣λ∣∣∣T λ((1− ε)ν1 + εκ1)
∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 1
3

1
6

∣∣∣∣ε− 6
20

∣∣∣∣λ∣∣∣T λ((1− ε)ν1 + εκ1)
∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 1
2

1
3

∣∣∣∣ε− 7
20

∣∣∣∣λ∣∣∣T λ((1− ε)ν1 + εκ1)
∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 2
3

1
2

∣∣∣∣ε− 13
20

∣∣∣∣λ∣∣∣T λ((1− ε)ν1 + εκ1)
∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 5
6

2
3

∣∣∣∣ε− 14
20

∣∣∣∣λ∣∣∣T λ((1− ε)ν1 + εκ1)
∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 1

5
6

∣∣∣∣ε− 19
20

∣∣∣∣λ∣∣∣T λ((1− ε)ν1 + εκ1)
∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 1
6

0

∣∣∣∣ 1
20
− ε

∣∣∣∣λ∣∣∣T λ(εν1 + (1− ε)κ1)
∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 1
3

1
6

∣∣∣∣ 6
20
− ε

∣∣∣∣λ∣∣∣T λ(εν1 + (1− ε)κ1)
∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 1
2

1
3

∣∣∣∣ 7
20
− ε

∣∣∣∣λ∣∣∣T λ(εν1 + (1− ε)κ1)
∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 2
3

1
2

∣∣∣∣13
20
− ε

∣∣∣∣λ∣∣∣T λ(εν1 + (1− ε)κ1)
∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 5
6

2
3

∣∣∣∣14
20
− ε

∣∣∣∣λ∣∣∣T λ(εν1 + (1− ε)κ1)
∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 1

5
6

∣∣∣∣19
20
− ε

∣∣∣∣λ∣∣∣T λ(εν1 + (1− ε)κ1)
∣∣∣(dε)λ

]

≤
(

κ1 − ν1
2

)λ
⎡⎣( 1

Γ(1 + λ)

∫ 1
6

0

∣∣∣∣ε− 1
20

∣∣∣∣λr1

(dε)λ

) 1
r1
(

1
Γ(1 + λ)

∫ 1
6

0
|T λ((1− ε)ν1 + εκ1)|r2 (dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 1
3

1
6

∣∣∣∣ε− 6
20

∣∣∣∣λr1

(dε)λ

) 1
r1
(

1
Γ(1 + λ)

∫ 1
3

1
6

|T λ((1− ε)ν1 + εκ1)|r2 (dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 1
2

1
3

∣∣∣∣ε− 7
20

∣∣∣∣λr1

(dε)λ

) 1
r1
(

1
Γ(1 + λ)

∫ 1
2

1
3

|T λ((1− ε)ν1 + εκ1)|r2 (dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 2
3

1
2

∣∣∣∣ε− 13
20

∣∣∣∣λr1

(dε)λ

) 1
r1
(

1
Γ(1 + λ)

∫ 1
2

1
3

|T λ((1− ε)ν1 + εκ1)|r2 (dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 5
6

2
3

∣∣∣∣ε− 14
20

∣∣∣∣λr1

(dε)λ

) 1
r1
(

1
Γ(1 + λ)

∫ 5
6

2
3

|T λ((1− ε)ν1 + εκ1)|r2 (dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 1

5
6

∣∣∣∣ε− 19
20

∣∣∣∣λr1

(dε)λ

) 1
r1
(

1
Γ(1 + λ)

∫ 1

5
6

|T λ((1− ε)ν1 + εκ1)|r2 (dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 1
6

0

∣∣∣∣ε− 1
20

∣∣∣∣λr1

(dε)λ

) 1
r1
(

1
Γ(1 + λ)

∫ 1
6

0
|T λ(εν1 + (1− ε)κ1)|r2 (dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 1
3

1
6

∣∣∣∣ε− 6
20

∣∣∣∣λr1

(dε)λ

) 1
r1
(

1
Γ(1 + λ)

∫ 1
3

1
6

|T λ(εν1 + (1− ε)κ1)|r2 (dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 1
2

1
3

∣∣∣∣ε− 7
20

∣∣∣∣λr1

(dε)λ

) 1
r1
(

1
Γ(1 + λ)

∫ 1
2

1
3

|T λ(εν1 + (1− ε)κ1)|r2 (dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 2
3

1
2

∣∣∣∣ε− 13
20

∣∣∣∣λr1

(dε)λ

) 1
r1
(

1
Γ(1 + λ)

∫ 1
2

1
3

|T λ(εν1 + (1− ε)κ1)|r2 (dε)λ

) 1
r2
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+

(
1

Γ(1 + λ)

∫ 5
6

2
3

∣∣∣∣ε− 14
20

∣∣∣∣λr1

(dε)λ

) 1
r1
(

1
Γ(1 + λ)

∫ 5
6

2
3

|T λ(εν1 + (1− ε)κ1)|r2 (dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 1

5
6

∣∣∣∣ε− 19
20

∣∣∣∣λr1

(dε)λ

) 1
r1
(

1
Γ(1 + λ)

∫ 1

5
6

|T λ(εν1 + (1− ε)κ1)|r2 (dε)λ

) 1
r2

⎤⎦
≤
(

κ1 − ν1
2

)λ
⎡⎣( 1

Γ(1 + λ)

∫ 1
6

0

∣∣∣∣ε− 1
20

∣∣∣∣λr1

(dε)λ

) 1
r1

×
(

1
Γ(1 + λ)

∫ 1
6

0
[(1− ε)λ|T λ(ν1)|r2 + ελ|T λ(κ1)|r2 ](dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 1
3

1
6

∣∣∣∣ε− 6
20

∣∣∣∣λr1

(dε)λ

) 1
r1

×
(

1
Γ(1 + λ)

∫ 1
3

1
6

[(1− ε)λ|T λ(ν1)|r2 + ελ|T λ(κ1)|r2 ](dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 1
2

1
3

∣∣∣∣ε− 7
20

∣∣∣∣λr1

(dε)λ

) 1
r1

×
(

1
Γ(1 + λ)

∫ 1
2

1
3

[(1− ε)λ|T λ(ν1)|r2 + ελ|T λ(κ1)|r2 ](dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 2
3

1
2

∣∣∣∣ε− 13
20

∣∣∣∣λr1

(dε)λ

) 1
r1

×
(

1
Γ(1 + λ)

∫ 1
2

1
3

[(1− ε)λ|T λ(ν1)|r2 + ελ|T λ(κ1)|r2 ](dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 5
6

2
3

∣∣∣∣ε− 14
20

∣∣∣∣λr1

(dε)λ

) 1
r1

×
(

1
Γ(1 + λ)

∫ 5
6

2
3

[(1− ε)λ|T λ(ν1)|r2 + ελ|T λ(κ1)|r2 ](dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 1

5
6

∣∣∣∣ε− 19
20

∣∣∣∣λr1

(dε)λ

) 1
r1

×
(

1
Γ(1 + λ)

∫ 1

5
6

[(1− ε)λ|T λ(ν1)|r2 + ελ|T λ(κ1)|r2 ](dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 1
6

0

∣∣∣∣ε− 1
20

∣∣∣∣λr1

(dε)λ

) 1
r1

×
(

1
Γ(1 + λ)

∫ 1
6

0
[ελ|T λ(ν1)|r2 + (1− ε)λ|T λ(κ1)|r2 ](dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 1
3

1
6

∣∣∣∣ε− 6
20

∣∣∣∣λr1

(dε)λ

) 1
r1

×
(

1
Γ(1 + λ)

∫ 1
3

1
6

[ελ|T λ(ν1)|r2 + (1− ε)λ|T λ(κ1)|r2 ](dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 1
2

1
3

∣∣∣∣ε− 7
20

∣∣∣∣λr1

(dε)λ

) 1
r1

×
(

1
Γ(1 + λ)

∫ 1
2

1
3

[ελ|T λ(ν1)|r2 + (1− ε)λ|T λ(κ1)|r2 ](dε)λ

) 1
r2
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+

(
1

Γ(1 + λ)

∫ 2
3

1
2

∣∣∣∣ε− 13
20

∣∣∣∣λr1

(dε)λ

) 1
r1

×
(

1
Γ(1 + λ)

∫ 1
2

1
3

[ελ|T λ(ν1)|r2 + (1− ε)λ|T λ(κ1)|r2 ](dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 5
6

2
3

∣∣∣∣ε− 14
20

∣∣∣∣λr1

(dε)λ

) 1
r1

×
(

1
Γ(1 + λ)

∫ 5
6

2
3

[ελ|T λ(ν1)|r2 + (1− ε)λ|T λ(κ1)|r2 ](dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 1

5
6

∣∣∣∣ε− 19
20

∣∣∣∣λr1

(dε)λ

) 1
r1

×
(

1
Γ(1 + λ)

∫ 1

5
6

[ελ|T λ(ν1)|r2 + (1− ε)λ|T λ(κ1)|r2 ](dε)λ

) 1
r2

]

≤
(

κ1 − ν1
2

)λ
⎧⎨⎩
(

Γ(1 + λr1)

Γ(1 + (r1 + 1)λ)

((
7
60

)(r1+1)λ
+

(
1

20

)(r1+1)λ
)) 1

r1

×

⎛⎝[
Γ(1 + λ)

Γ(1 + 2λ)

((
11
36

)λ

|T λ(ν1)|r2 +

(
1
36

)λ

|T λ(κ1)|r2

)] 1
r2

+

[
Γ(1 + λ)

Γ(1 + 2λ)

((
1

36

)λ

|T λ(ν1)|r2 +

(
11
36

)λ

|T λ(κ1)|r2

)] 1
r2

⎞⎠
+

(
Γ(1 + λr1)

Γ(1 + (r1 + 1)λ)

((
1
30

)(r1+1)λ
+

(
2
15

)(r1+1)λ
)) 1

r1

×

⎛⎝[
Γ(1 + λ)

Γ(1 + 2λ)

((
1
4

)λ

|T λ(ν1)|r2 +

(
1

12

)λ

|T λ(κ1)|r2

)] 1
r2

+

[
Γ(1 + λ)

Γ(1 + 2λ)

((
1

12

)λ

|T λ(ν1)|r2 +

(
1
4

)λ

|T λ(κ1)|r2

)] 1
r2

⎞⎠
+

(
Γ(1 + λr1)

Γ(1 + (r1 + 1)λ)

((
3
20

)(r1+1)λ
+

(
1
60

)(r1+1)λ
)) 1

r1

×

⎛⎝[
Γ(1 + λ)

Γ(1 + 2λ)

((
7

36

)λ

|T λ(ν1)|r2 +

(
5
36

)λ

|T λ(κ1)|r2

)] 1
r2

+

[
Γ(1 + λ)

Γ(1 + 2λ)

((
5

36

)λ

|T λ(ν1)|r2 +

(
7

36

)λ

|T λ(κ1)|r2

)] 1
r2

⎞⎠
+

(
Γ(1 + λr1)

Γ(1 + (r1 + 1)λ)

((
1
60

)(r1+1)λ
+

(
3
20

)(r1+1)λ
)) 1

r1

×

⎛⎝[
Γ(1 + λ)

Γ(1 + 2λ)

((
5

36

)λ

|T λ(ν1)|r2 +

(
7
36

)λ

|T λ(κ1)|r2

)] 1
r2

+

[
Γ(1 + λ)

Γ(1 + 2λ)

((
7

36

)λ

|T λ(ν1)|r2 +

(
5

36

)λ

|T λ(κ1)|r2

)] 1
r2

⎞⎠
+

(
Γ(1 + λr1)

Γ(1 + (r1 + 1)λ)

((
2
15

)(r1+1)λ
+

(
1
30

)(r1+1)λ
)) 1

r1
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×

⎛⎝[
Γ(1 + λ)

Γ(1 + 2λ)

((
1

12

)λ

|T λ(ν1)|r2 +

(
1
4

)λ

|T λ(κ1)|r2

)] 1
r2

quad +

[
Γ(1 + λ)

Γ(1 + 2λ)

((
1
4

)λ

|T λ(ν1)|r2 +

(
1
12

)λ

|T λ(κ1)|r2

)] 1
r2

⎞⎠
+

(
Γ(1 + λr1)

Γ(1 + (r1 + 1)λ)

((
1
20

)(r1+1)λ
+

(
7
60

)(r1+1)λ
)) 1

r1

×

⎛⎝[
Γ(1 + λ)

Γ(1 + 2λ)

((
1

36

)λ

|T λ(ν1)|r2 +

(
11
36

)λ

|T λ(κ1)|r2

)] 1
r2

+

[
Γ(1 + λ)

Γ(1 + 2λ)

((
11
36

)λ

|T λ(ν1)|r2 +

(
1

36

)λ

|T λ(κ1)|r2

)] 1
r2

⎞⎠⎫⎬⎭.

This ends the proof.

Example 2. If we take T (δ) = δσλ, ν1 = 0 and κ1 = 3 in Theorem 8. Then, 2D and 3D
validations of Theorem 8 are

Figure 2a,b illustrate the comparison between sides of Theorem 8.

(a) (b)

Figure 2. (a) Three- and (b) two-dimensional simulations of Theorem 8 for λ ∈ [0.6, 1] , λ = 4
5 and

σ ∈ [3, 5], respectively.

Next, we construct a new estimate of Weddle’s inequality.

Theorem 9. Suppose that all constraints of lemma 2 are fulfilled. If |T λ|r2 is a generalized convex
mapping, then∣∣∣∣W(ν1, κ1)−

Γ(1 + λ)

(κ1 − ν1)λ a Iκ1T (δ)
∣∣∣∣

≤
(

κ1 − ν1

2

)λ
⎧⎨⎩
(

Γ(1 + λ)

Γ(1 + 2λ)

(
29

1800

)λ
)1− 1

r2

×
[(

A1|T λ(ν1)|r2 + A2|T λ(κ1)|r2
) 1

r2 +
(

A2|T λ(ν1)|r2 + A1|T λ(κ1)|r2
) 1

r2

]

+

(
Γ(1 + λ)

Γ(1 + 2λ)

(
17

900

)λ
)1− 1

r2

×
[(

A3|T λ(ν1)|r2 + A4|T λ(κ1)|r2
) 1

r2 +
(

A4|T λ(ν1)|r2 + A3|T λ(κ1)|r2
) 1

r2

]

+

(
Γ(1 + λ)

Γ(1 + 2λ)

(
41

1800

)λ
)1− 1

r2
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×
[(

A5|T λ(ν1)|r2 + A6|T λ(κ1)|r2
) 1

r2 +
(

A6|T λ(ν1)|r2 + A5|T λ(κ1)|r2
) 1

r2

]

+

(
Γ(1 + λ)

Γ(1 + 2λ)

(
41

1800

)λ
)1− 1

r2

×
[(

A7|T λ(ν1)|r2 + A8|T λ(κ1)|r2
) 1

r2 +
(

A8|T λ(ν1)|r2 + A7|T λ(κ1)|r2
) 1

r2

]

+

(
Γ(1 + λ)

Γ(1 + 2λ)

(
17

900

)λ
)1− 1

r2

×
[(

A9|T λ(ν1)|r2 + A10|T λ(κ1)|r2
) 1

r2 +
(

A10|T λ(ν1)|r2 + A9|T λ(κ1)|r2
) 1

r2

]

+

(
Γ(1 + λ)

Γ(1 + 2λ)

(
29

1800

)λ
)1− 1

r2

×
[(

A11|T λ(ν1)|r2 + A12|T λ(κ1)|r2
) 1

r2 +
(

A12|T λ(ν1)|r2 + A11|T λ(κ1)|r2
) 1

r2

]}
,

r2 ≥ 1, where

• A1 =

(
Γ(1+λ)
Γ(1+2λ)

( 69
4000

)λ − Γ(1+2λ)
Γ(1+3λ)

(
473

108000

)λ
)

,

• A2 =

(
Γ(1+2λ)
Γ(1+3λ)

(
473

108000

)λ
− Γ(1+λ)

Γ(1+2λ)

(
41

36000

)λ
)

,

• A3 =
(

Γ(1+λ)
Γ(1+2λ)

( 59
9000

)λ
+ Γ(1+2λ)

Γ(1+3λ)

( 37
3000

)λ
)

,

• A4 =
(

Γ(1+λ)
Γ(1+2λ)

( 37
3000

)λ − Γ(1+2λ)
Γ(1+3λ)

( 37
3000

)λ
)

,

• A5 =

(
Γ(1+λ)
Γ(1+2λ)

(
761

12000

)λ
− Γ(1+2λ)

Γ(1+3λ)

( 8239
108000

)λ
)

,

• A6 =

(
Γ(1+2λ)
Γ(1+3λ)

( 8239
108000

)λ − Γ(1+λ)
Γ(1+2λ)

(
1463
36000

)λ
)

,

• A7 =

(
Γ(1+2λ)
Γ(1+3λ)

(
13819

108000

)λ
− Γ(1+λ)

Γ(1+2λ)

(
901

12000

)λ
)

,

• A8 =

(
Γ(1+λ)
Γ(1+2λ)

( 3523
36000

)λ − Γ(1+2λ)
Γ(1+3λ)

(
13819
108000

)λ
)

,

• A9 =

(
Γ(1+λ)
Γ(1+2λ)

(
1171
9000

)λ
− Γ(1+2λ)

Γ(1+3λ)

(
189

1000

)λ
)

,

• A10 =

(
Γ(1+2λ)
Γ(1+3λ)

(
189
1000

)λ
− Γ(1+λ)

Γ(1+2λ)

(
1001
9000

)λ
)

,

• A11 =

(
Γ(1+2λ)
Γ(1+3λ)

(
14693
108000

)λ
− Γ(1+λ)

Γ(1+2λ)

(
1067
12000

)λ
)

,

• A12 =

(
Γ(1+λ)
Γ(1+2λ)

(
3781
36000

)λ
− Γ(1+2λ)

Γ(1+3λ)

(
14693

108000

)λ
)

.

Proof. Through Lemma 2, power mean inequality and generalized convexity of |T λ|r2 ,
we have∣∣∣∣W(ν1, κ1)−

Γ(1 + λ)

(κ1 − ν1)λ a Iκ1T (δ)
∣∣∣∣

≤
(

κ1 − ν1

2

)λ 1
Γ(1 + λ)

∫ 1

0
| (ε)|

∣∣∣T λ((1− ε)ν1 + εκ1)− T λ(εν1 + (1− ε)κ1)
∣∣∣(dε)λ

≤
(

κ1 − ν1

2

)λ
[

1
Γ(1 + λ)

∫ 1
6

0

∣∣∣∣ε− 1
20

∣∣∣∣λ∣∣∣T λ((1− ε)ν1 + εκ1)
∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 1
3

1
6

∣∣∣∣ε− 6
20

∣∣∣∣λ∣∣∣T λ((1− ε)ν1 + εκ1)
∣∣∣(dε)λ
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+
1

Γ(1 + λ)

∫ 1
2

1
3

∣∣∣∣ε− 7
20

∣∣∣∣λ∣∣∣T λ((1− ε)ν1 + εκ1)
∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 2
3

1
2

∣∣∣∣ε− 13
20

∣∣∣∣λ∣∣∣T λ((1− ε)ν1 + εκ1)
∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 5
6

2
3

∣∣∣∣ε− 14
20

∣∣∣∣λ∣∣∣T λ((1− ε)ν1 + εκ1)
∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 1

5
6

∣∣∣∣ε− 19
20

∣∣∣∣λ∣∣∣T λ((1− ε)ν1 + εκ1)
∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 1
6

0

∣∣∣∣ 1
20
− ε

∣∣∣∣λ∣∣∣T λ(εν1 + (1− ε)κ1)
∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 1
3

1
6

∣∣∣∣ 6
20
− ε

∣∣∣∣λ∣∣∣T λ(εν1 + (1− ε)κ1)
∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 1
2

1
3

∣∣∣∣ 7
20
− ε

∣∣∣∣λ∣∣∣T λ(εν1 + (1− ε)κ1)
∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 2
3

1
2

∣∣∣∣13
20
− ε

∣∣∣∣λ∣∣∣T λ(εν1 + (1− ε)κ1)
∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 5
6

2
3

∣∣∣∣14
20
− ε

∣∣∣∣λ∣∣∣T λ(εν1 + (1− ε)κ1)
∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 1

5
6

∣∣∣∣19
20
− ε

∣∣∣∣λ∣∣∣T λ(εν1 + (1− ε)κ1)
∣∣∣(dε)λ

]

≤
(

κ1 − ν1

2

)λ
⎡⎣( 1

Γ(1 + λ)

∫ 1
6

0

∣∣∣∣ε− 1
20

∣∣∣∣λ(dε)λ

)1− 1
r2

×
(

1
Γ(1 + λ)

∫ 1
6

0

∣∣∣∣ε− 1
20

∣∣∣∣λ|T λ((1− ε)ν1 + εκ1)|r2(dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 1
3

1
6

∣∣∣∣ε− 6
20

∣∣∣∣λ(dε)λ

)1− 1
r2

×
(

1
Γ(1 + λ)

∫ 1
3

1
6

∣∣∣∣ε− 6
20

∣∣∣∣λ|T λ((1− ε)ν1 + εκ1)|r2(dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 1
2

1
3

∣∣∣∣ε− 7
20

∣∣∣∣λ(dε)λ

)1− 1
r2

×
(

1
Γ(1 + λ)

∫ 1
2

1
3

∣∣∣∣ε− 7
20

∣∣∣∣λ|T λ((1− ε)ν1 + εκ1)|r2(dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 2
3

1
2

∣∣∣∣ε− 13
20

∣∣∣∣λ(dε)λ

)1− 1
r2

×
(

1
Γ(1 + λ)

∫ 2
3

1
2

∣∣∣∣ε− 13
20

∣∣∣∣λ|T λ((1− ε)ν1 + εκ1)|r2(dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 5
6

2
3

∣∣∣∣ε− 14
20

∣∣∣∣λ(dε)λ

)1− 1
r2

×
(

1
Γ(1 + λ)

∫ 5
6

2
3

∣∣∣∣ε− 14
20

∣∣∣∣λ|T λ((1− ε)ν1 + εκ1)|r2(dε)λ

) 1
r2
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+

(
1

Γ(1 + λ)

∫ 1

5
6

∣∣∣∣ε− 19
20

∣∣∣∣λ(dε)λ

)1− 1
r2

×
(

1
Γ(1 + λ)

∫ 1

5
6

∣∣∣∣ε− 19
20

∣∣∣∣λ|T λ((1− ε)ν1 + εκ1)|r2(dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 1
6

0

∣∣∣∣ε− 1
20

∣∣∣∣λ(dε)λ

)1− 1
r2

×
(

1
Γ(1 + λ)

∫ 1
6

0

∣∣∣∣ε− 1
20

∣∣∣∣λ|T λ(εν1 + (1− ε)κ1)|r2(dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 1
3

1
6

∣∣∣∣ε− 6
20

∣∣∣∣λ(dε)λ

)1− 1
r2

×
(

1
Γ(1 + λ)

∫ 1
3

1
6

∣∣∣∣ε− 6
20

∣∣∣∣λ|T λ(εν1 + (1− ε)κ1)|r2(dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 1
2

1
3

∣∣∣∣ε− 7
20

∣∣∣∣λ(dε)λ

)1− 1
r2

×
(

1
Γ(1 + λ)

∫ 1
2

1
3

∣∣∣∣ε− 7
20

∣∣∣∣λ|T λ(εν1 + (1− ε)κ1)|r2(dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 2
3

1
2

∣∣∣∣ε− 13
20

∣∣∣∣λ(dε)λ

)1− 1
r2

×
(

1
Γ(1 + λ)

∫ 2
3

1
2

∣∣∣∣ε− 13
20

∣∣∣∣λ|T λ(εν1 + (1− ε)κ1)|r2(dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 5
6

2
3

∣∣∣∣ε− 14
20

∣∣∣∣λ(dε)λ

)1− 1
r2

×
(

1
Γ(1 + λ)

∫ 5
6

2
3

∣∣∣∣ε− 14
20

∣∣∣∣λ|T λ(εν1 + (1− ε)κ1)|r2(dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 1

5
6

∣∣∣∣ε− 19
20

∣∣∣∣λ(dε)λ

)1− 1
r2

×
(

1
Γ(1 + λ)

∫ 1

5
6

∣∣∣∣ε− 19
20

∣∣∣∣λ|T λ(εν1 + (1− ε)κ1)|r2(dε)λ

) 1
r2

⎤⎦
≤
(

κ1 − ν1

2

)λ
⎡⎣( 1

Γ(1 + λ)

∫ 1
6

0

∣∣∣∣ε− 1
20

∣∣∣∣λ(dε)λ

)1− 1
r2

×
(

1
Γ(1 + λ)

∫ 1
6

0

∣∣∣∣ε− 1
20

∣∣∣∣λ[(1− ε)λ|T λ(ν1)|r2 + ελ|T λ(κ1)|r2 ](dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 1
3

1
6

∣∣∣∣ε− 6
20

∣∣∣∣λ(dε)λ

)1− 1
r2

×
(

1
Γ(1 + λ)

∫ 1
3

1
6

∣∣∣∣ε− 6
20

∣∣∣∣λ[(1− ε)λ|T λ(ν1)|r2 + ελ|T λ(κ1)|r2 ](dε)λ

) 1
r2
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+

(
1

Γ(1 + λ)

∫ 1
2

1
3

∣∣∣∣ε− 7
20

∣∣∣∣λ(dε)λ

)1− 1
r2

×
(

1
Γ(1 + λ)

∫ 1
2

1
3

∣∣∣∣ε− 7
20

∣∣∣∣λ[(1− ε)λ|T λ(ν1)|r2 + ελ|T λ(κ1)|r2 ](dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 2
3

1
2

∣∣∣∣ε− 13
20

∣∣∣∣λ(dε)λ

)1− 1
r2

×
(

1
Γ(1 + λ)

∫ 2
3

1
2

∣∣∣∣ε− 13
20

∣∣∣∣λ[(1− ε)λ|T λ(ν1)|r2 + ελ|T λ(κ1)|r2 ](dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 5
6

2
3

∣∣∣∣ε− 14
20

∣∣∣∣λ(dε)λ

)1− 1
r2

×
(

1
Γ(1 + λ)

∫ 5
6

2
3

∣∣∣∣ε− 14
20

∣∣∣∣λ[(1− ε)λ|T λ(ν1)|r2 + ελ|T λ(κ1)|r2 ](dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 1

5
6

∣∣∣∣ε− 19
20

∣∣∣∣λ(dε)λ

)1− 1
r2

×
(

1
Γ(1 + λ)

∫ 1

5
6

∣∣∣∣ε− 19
20

∣∣∣∣λ[(1− ε)λ|T λ(ν1)|r2 + ελ|T λ(κ1)|r2 ](dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 1
6

0

∣∣∣∣ε− 1
20

∣∣∣∣λ(dε)λ

)1− 1
r2

×
(

1
Γ(1 + λ)

∫ 1
6

0

∣∣∣∣ε− 1
20

∣∣∣∣λ[ελ|T λ(ν1)|r2 + (1− ε)λ|T λ(κ1)|r2 ](dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 1
3

1
6

∣∣∣∣ε− 6
20

∣∣∣∣λ(dε)λ

)1− 1
r2

×
(

1
Γ(1 + λ)

∫ 1
3

1
6

∣∣∣∣ε− 6
20

∣∣∣∣λ[ελ|T λ(ν1)|r2 + (1− ε)λ|T λ(κ1)|r2 ](dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 1
2

1
3

∣∣∣∣ε− 7
20

∣∣∣∣λ(dε)λ

)1− 1
r2

×
(

1
Γ(1 + λ)

∫ 1
2

1
3

∣∣∣∣ε− 7
20

∣∣∣∣λ[ελ|T λ(ν1)|r2 + (1− ε)λ|T λ(κ1)|r2 ](dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 2
3

1
2

∣∣∣∣ε− 13
20

∣∣∣∣λ(dε)λ

)1− 1
r2

×
(

1
Γ(1 + λ)

∫ 2
3

1
2

∣∣∣∣ε− 13
20

∣∣∣∣λ[ελ|T λ(ν1)|r2 + (1− ε)λ|T λ(κ1)|r2 ](dε)λ

) 1
r2

+

(
1

Γ(1 + λ)

∫ 5
6

2
3

∣∣∣∣ε− 14
20

∣∣∣∣λ(dε)λ

)1− 1
r2

×
(

1
Γ(1 + λ)

∫ 5
6

2
3

∣∣∣∣ε− 14
20

∣∣∣∣λ[ελ|T λ(ν1)|r2 + (1− ε)λ|T λ(κ1)|r2 ](dε)λ

) 1
r2
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+

(
1

Γ(1 + λ)

∫ 1

5
6

∣∣∣∣ε− 19
20

∣∣∣∣λ(dε)λ

)1− 1
r2

×
(

1
Γ(1 + λ)

∫ 1

5
6

∣∣∣∣ε− 19
20

∣∣∣∣λ[ελ|T λ(ν1)|r2 + (1− ε)λ|T λ(κ1)|r2 ](dε)λ

) 1
r2

⎤⎦.

Hence, the desired relation ia acquired.

Example 3. If we take T (δ) = δσλ, ν1 = 0 and κ1 = 3 in Theorem 9. Then, 2D and 3D
validations of Theorem 9 are

Figure 3a,b demonstrate the accuracy of Theorem 9.

(a) (b)

Figure 3. (a) Three- and (b) two-dimensional simulations of Theorem 9 for λ ∈ [0.6, 1] , λ = 4
5 and

σ ∈ [3, 5], respectively.

Now, we develop a new counterpart for the remainder of Weddle’s quadrature rules
involving Young’s inequality.

Theorem 10. Suppose that all constraints of Lemma 2 are fulfilled. If there exist m, M ∈ R such
that m ≤ T λ(ε) ≤ M for ε ∈ [ν1, κ1]. Then∣∣∣∣W(ν1, κ1)−

Γ(1 + λ)

(κ1 − ν1)λ a Iκ1T (δ)
∣∣∣∣ ≤ (M−m)(κ1 − ν1)

λΓ(1 + λ)

2λΓ(1 + 2λ)

(
26

225

)λ

,

M > 0.

Proof. From Lemma 2, we have

W(ν1, κ1)−
Γ(1 + λ)

(κ1 − ν1)λ ν1 Iκ1T (δ)

=

(
κ1 − ν1

2

)λ 1
Γ(1 + λ)

∫ 1

0
 (ε)

[
T λ((1− ε)ν1 + εκ1)− T λ(εν1 + (1− ε)κ1)

]
(dε)λ

=

(
κ1 − ν1

2

)λ
[

1
Γ(1 + λ)

∫ 1
6

0

(
ε− 1

20

)λ(
T λ((1− ε)ν1 + εκ1)−

m + M
2

)
(dε)λ

+
1

Γ(1 + λ)

∫ 1
3

1
6

(
ε− 6

20

)λ(
T λ((1− ε)ν1 + εκ1)−

m + M
2

)
(dε)λ

+
1

Γ(1 + λ)

∫ 1
2

1
3

(
ε− 7

20

)λ(
T λ((1− ε)ν1 + εκ1)−

m + M
2

)
(dε)λ

+
1

Γ(1 + λ)

∫ 2
3

1
2

(
ε− 13

20

)λ(
T λ((1− ε)ν1 + εκ1)−

m + M
2

)
(dε)λ

+
1

Γ(1 + λ)

∫ 5
6

2
3

(
ε− 14

20

)λ(
T λ((1− ε)ν1 + εκ1)−

m + M
2

)
(dε)λ
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+
1

Γ(1 + λ)

∫ 1

5
6

(
ε− 19

20

)λ(
T λ((1− ε)ν1 + εκ1)−

m + M
2

)
(dε)λ

+
1

Γ(1 + λ)

∫ 1
6

0

(
ε− 1

20

)λ(m + M
2

− T λ(εν1 + (1− ε)κ1)

)
(dε)λ

+
1

Γ(1 + λ)

∫ 1
3

1
6

(
ε− 6

20

)λ(m + M
2

− T λ(εν1 + (1− ε)κ1)

)
(dε)λ

+
1

Γ(1 + λ)

∫ 1
2

1
3

(
ε− 7

20

)λ(m + M
2

− T λ(εν1 + (1− ε)κ1)

)
(dε)λ

+
1

Γ(1 + λ)

∫ 2
3

1
2

(
ε− 13

20

)λ(m + M
2

− T λ(εν1 + (1− ε)κ1)

)
(dε)λ

+
1

Γ(1 + λ)

∫ 5
6

2
3

(
ε− 14

20

)λ(m + M
2

− T λ(εν1 + (1− ε)κ1)

)
(dε)λ

+
1

Γ(1 + λ)

∫ 1

5
6

(
ε− 19

20

)λ(m + M
2

− T λ(εν1 + (1− ε)κ1)

)
(dε)λ

]
.

By taking the modulus of the above equality, we obtain∣∣∣∣W(ν1, κ1)−
Γ(1 + λ)

(κ1 − ν1)λ ν1 Iκ1T (δ)
∣∣∣∣

≤
(

κ1 − ν1

2

)λ
[

1
Γ(1 + λ)

∫ 1
6

0

∣∣∣∣ε− 1
20

∣∣∣∣λ∣∣∣∣T λ((1− ε)ν1 + εκ1)−
m + M

2

∣∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 1
3

1
6

∣∣∣∣ε− 6
20

∣∣∣∣λ∣∣∣∣T λ((1− ε)ν1 + εκ1)−
m + M

2

∣∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 1
2

1
3

∣∣∣∣ε− 7
20

∣∣∣∣λ∣∣∣∣T λ((1− ε)ν1 + εκ1)−
m + M

2

∣∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 2
3

1
2

∣∣∣∣ε− 13
20

∣∣∣∣λ∣∣∣∣T λ((1− ε)ν1 + εκ1)−
m + M

2

∣∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 5
6

2
3

∣∣∣∣ε− 14
20

∣∣∣∣λ∣∣∣∣T λ((1− ε)ν1 + εκ1)−
m + M

2

∣∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 1

5
6

∣∣∣∣ε− 19
20

∣∣∣∣λ∣∣∣∣T λ((1− ε)ν1 + εκ1)−
m + M

2

∣∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 1
6

0

∣∣∣∣ε− 1
20

∣∣∣∣λ∣∣∣∣m + M
2

− T λ(εν1 + (1− ε)κ1)

∣∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 1
3

1
6

∣∣∣∣ε− 6
20

∣∣∣∣λ∣∣∣∣m + M
2

− T λ(εν1 + (1− ε)κ1)

∣∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 1
2

1
3

∣∣∣∣ε− 7
20

∣∣∣∣λ∣∣∣∣m + M
2

− T λ(εν1 + (1− ε)κ1)

∣∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 2
3

1
2

∣∣∣∣ε− 13
20

∣∣∣∣λ∣∣∣∣m + M
2

− T λ(εν1 + (1− ε)κ1)

∣∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 5
6

2
3

∣∣∣∣ε− 14
20

∣∣∣∣λ∣∣∣∣m + M
2

− T λ(εν1 + (1− ε)κ1)

∣∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 1

5
6

∣∣∣∣ε− 19
20

∣∣∣∣λ∣∣∣∣m + M
2

− T λ(εν1 + (1− ε)κ1)

∣∣∣∣(dε)λ

]
.
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As m ≤ T λ(ε) ≤ M and ε ∈ [ν1, κ1], we have∣∣∣∣T λ(εν1 + (1− ε)κ1)−
m + M

2

∣∣∣∣ ≤ M−m
2

, (6)

and ∣∣∣∣m + M
2

− T λ(εν1 + (1− ε)κ1)

∣∣∣∣ ≤ M−m
2

. (7)

From inequality (6) and (7), we obtain∣∣∣∣W(ν1, κ1)−
Γ(1 + λ)

(κ1 − ν1)λ ν1 Iκ1T (δ)
∣∣∣∣

≤
(

κ1 − ν1

2

)λ
[

1
Γ(1 + λ)

∫ 1
6

0

∣∣∣∣ε− 1
20

∣∣∣∣λ(dε)λ +
∫ 1

3

1
6

∣∣∣∣ε− 6
20

∣∣∣∣λ(dε)λ +
∫ 1

2

1
3

∣∣∣∣ε− 7
20

∣∣∣∣λ(dε)λ

+
∫ 2

3

1
2

∣∣∣∣ε− 13
20

∣∣∣∣λ(dε)λ ++
∫ 5

6

2
3

∣∣∣∣ε− 14
20

∣∣∣∣λ(dε)λ ++
∫ 1

5
6

∣∣∣∣ε− 19
20

∣∣∣∣λ(dε)λ

]
(M−m).

This yields the required inequality.

Example 4. If we take T (δ) = δσλ, ν1 = 0 and κ1 = 3 in Theorem 10. Then, 2D and 3D
validations of Theorem 10 are

Figure 4a,b illustrate the comparison between sides of Theorem 10.

(a) (b)

Figure 4. (a) Three- and (b) two-dimensional simulations of Theorem 10 for λ ∈ [0.6, 1] , λ = 4
5 and

σ ∈ [3, 5], respectively.

Theorem 11. Suppose that all constraints of lemma 2 are fulfilled and T λ satisfies the L-Lipschit
property. Then∣∣∣∣W(ν1, κ1)−

Γ(1 + λ)

(κ1 − ν1)λ a Iκ1T (δ)
∣∣∣∣ ≤ L(κ1 − ν1)

2λ

2λ

[
Γ(1 + λ)

Γ(1 + 2λ)

(
109
450

)λ

− Γ(1 + 2λ)

Γ(1 + 3λ)

(
43
150

)λ
]

.

Proof. From Lemma 2, we have

W(ν1, κ1)−
Γ(1 + λ)

(κ1 − ν1)λ ν1 Iκ1T (δ)

=

(
κ1 − ν1

2

)λ 1
Γ(1 + λ)

∫ 1

0
 (ε)

[
T λ((1− ε)ν1 + εκ1)− T λ(εν1 + (1− ε)κ1)

]
(dε)λ

=

(
κ1 − ν1

2

)λ
[

1
Γ(1 + λ)

∫ 1
6

0

(
ε− 1

20

)λ[
T λ((1− ε)ν1 + εκ1)− T λ(εν1 + (1− ε)κ1)

]
(dε)λ

+
1

Γ(1 + λ)

∫ 1
3

1
6

(
ε− 6

20

)λ[
T λ((1− ε)ν1 + εκ1)− T λ(εν1 + (1− ε)κ1)

]
(dε)λ
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+
1

Γ(1 + λ)

∫ 1
2

1
3

(
ε− 7

20

)λ[
T λ((1− ε)ν1 + εκ1)− T λ(εν1 + (1− ε)κ1)

]
(dε)λ

+
1

Γ(1 + λ)

∫ 2
3

1
2

(
ε− 13

20

)λ[
T λ((1− ε)ν1 + εκ1)− T λ(εν1 + (1− ε)κ1)

]
(dε)λ

+
1

Γ(1 + λ)

∫ 5
6

2
3

(
ε− 14

20

)λ[
T λ((1− ε)ν1 + εκ1)− T λ(εν1 + (1− ε)κ1)

]
(dε)λ

+
1

Γ(1 + λ)

∫ 1

5
6

(
ε− 19

20

)λ[
T λ((1− ε)ν1 + εκ1)− T λ(εν1 + (1− ε)κ1)

]
(dε)λ

]
.

Since T λ is L-Lipschitzian functon, we obtain∣∣∣∣W(ν1, κ1)−
Γ(1 + λ)

(κ1 − ν1)λ ν1 Iκ1T (δ)
∣∣∣∣

≤
(

κ1 − ν1

2

)λ
[

1
Γ(1 + λ)

∫ 1
6

0

∣∣∣∣ε− 1
20

∣∣∣∣λ∣∣∣T λ((1− ε)ν1 + εκ1)− T λ(εν1 + (1− ε)κ1)
∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 1
3

1
6

∣∣∣∣ε− 6
20

∣∣∣∣λ∣∣∣T λ((1− ε)ν1 + εκ1)− T λ(εν1 + (1− ε)κ1)
∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 1
2

1
3

∣∣∣∣ε− 7
20

∣∣∣∣λ∣∣∣T λ((1− ε)ν1 + εκ1)− T λ(εν1 + (1− ε)κ1)
∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 2
3

1
2

∣∣∣∣ε− 13
20

∣∣∣∣λ∣∣∣T λ((1− ε)ν1 + εκ1)− T λ(εν1 + (1− ε)κ1)
∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 5
6

2
3

∣∣∣∣ε− 14
20

∣∣∣∣λ∣∣∣T λ((1− ε)ν1 + εκ1)− T λ(εν1 + (1− ε)κ1)
∣∣∣(dε)λ

+
1

Γ(1 + λ)

∫ 1

5
6

∣∣∣∣ε− 19
20

∣∣∣∣λ∣∣∣T λ((1− ε)ν1 + εκ1)− T λ(εν1 + (1− ε)κ1)
∣∣∣(dε)λ

]

≤
(

κ1 − ν1

2

)λ
[(

1
Γ(1 + λ)

∫ 1
6

0

∣∣∣∣ε− 1
20

∣∣∣∣λ(dε)λ +
∫ 1

3

1
6

∣∣∣∣ε− 6
20

∣∣∣∣λ(dε)λ

+
∫ 1

2

1
3

∣∣∣∣ε− 7
20

∣∣∣∣λ(dε)λ

)
L(1− 2ε)λ(κ1 − ν1)

λ +

(∫ 2
3

1
2

∣∣∣∣ε− 13
20

∣∣∣∣λ(dε)λ

+
∫ 5

6

2
3

∣∣∣∣ε− 14
20

∣∣∣∣λ(dε)λ ++
∫ 1

5
6

∣∣∣∣ε− 19
20

∣∣∣∣λ(dε)λ

)
L(2ε− 1)λ(κ1 − ν1)

λ

]
.

Finally, we get the required relation.

Example 5. If we take T (δ) = δσλ, ν1 = 0 and κ1 = 3 in Theorem 11. Then, 2D and 3D
validations of Theorem 11 are

Figure 5a,b illustrate the comparison between sides of Theorem 11.
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(a) (b)

Figure 5. (a) Three- and (b) two-dimensional simulations of Theorem 11 for λ ∈ [0.6, 1] , λ = 4
5 and

σ ∈ [3, 5], respectively.

3. Applications

3.1. Applications to Means

This subsection offers some new inequalities associated with generalized means and
their differences. First, we look at binary means.

1. The generalized arithmetic mean:

Aλ(ν1, κ1) =
ν1

λ + κ1
λ

2λ
=

(
ν1 + κ1

2

)λ

.

2. The generalized weighted arithmetic mean:

w Aλ(ν1, κ1; m1, m2) =
mλ

1 ν1
λ + mλ

2 κ1
λ

(ν1 + κ1)λ
.

3. The generalized log-r1-mean:

Lλ,r1(ν1, κ1) =

[
Γ(1 + r1λ)

Γ(1 + (1 + r1)λ)

κ1
(r1+1)λ − ν1

(r1+1)λ

(r1 + 1)(κ1 − ν1)λ

] 1
r1

, r1 ∈ R \ {−1, 0}.

Proposition 1. For ν1, κ1 ≥ 0, the Theorem 10 results in the following inequality,∣∣∣∣Γ(1 + (σ− 1)λ)
(90)λΓ(1 + σλ)

[
(2)λ Aλ(ν1

σ, κ1
σ) + 5λ

w Aσ
λ

(
ν1, κ1,

5
6

,
1
6

)
+w Aσ

λ

(
ν1, κ1,

1
3

,
2
3

)
+6λ Aσ

λ(ν1, κ1) +w Aσ
λ

(
ν1, κ1,

1
3

,
2
3

)
+ 5λ

w Aσ
λ

(
ν1, κ1,

1
6

,
5
6

)]
− Γ(1 + λ)Lσ

λ,σ(ν1, κ1)

∣∣∣∣
≤ (M−m)(κ1 − ν1)

λΓ(1 + λ)

2λΓ(1 + 2λ)

(
26
225

)λ

.

Proof. The proof follows directly by applying T (δ) = Γ(1+(σ−1)λ)
Γ(1+σλ) (δ)σλ, σ > 0 in Theo-

rem 10.

3.2. Error Bounds

To conclude composite generalized Weddle’s rules with the help of newly established
results, we consider a partition of the interval [ν1, κ1] such as: P : ν1 = δ0 < δ1 < δ2 < ... <
δσ = κ1 , and hk =

δi+1−δi
6 (k = 1, 2, 3 · · · , σ− 1), where σ must be divisible by 6. Then

1
Γ(1 + λ)

∫ κ1

ν1

T (δ)dδ = ε(λ, T ) + R̄(λ, T ),
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where

ε(λ, T ) =
σ−1

∑
i=0

(δi+1 − δi)

(20)λ

[
T (δi) + 5λT

(
5δi + δi+1

6

)
+ T

(
2δi + δi+1

3

)
+T

(
δi + δi+1

2

)
+ T

(
δi + 2δi+1

3

)
+ 5λT

(
δi + 5δi+1

6

)
+ T (δi+1)

]
.

where R̄(λ, T ) is the error term.

Proposition 2. From Theorem 7, we have

|R̄(λ, T )| ≤
σ−1

∑
i=0

(δi+1 − δi)
λ

{[
Γ(1 + λ)

Γ(1 + 2λ)

(
4

75

)λ

+
Γ(1 + 2λ)

Γ(1 + 3λ)

(
1

150

)λ
]
|T λ(δi)|

+

[
Γ(1 + λ)

Γ(1 + 2λ)

(
14

225

)λ

− Γ(1 + 2λ)

Γ(1 + 3λ)

(
1

150

)λ
]
|T λ(δi)|

}
.

Proof. To obtain the desired result, we apply Theorem 7 over the subinterval [δi, δi+1] and
take the sum from i = 0 to i = σ.

Proposition 3. From Theorem 8, we have

|R̄(λ, T )| ≤
σ−1

∑
i=0

(δi+1 − δi)
λ

⎧⎨⎩
(

Γ(1 + λr1)

Γ(1 + (r1 + 1)λ)

((
7
60

)(r1+1)λ
+

(
1

20

)(r1+1)λ
)) 1

r1

×

⎛⎝[
Γ(1 + λ)

Γ(1 + 2λ)

((
11
36

)λ

|T λ(δi)|r2 +

(
1

36

)λ

|T λ(δi+1)|r2

)] 1
r2

+

[
Γ(1 + λ)

Γ(1 + 2λ)

((
1

36

)λ

|T λ(δi)|r2 +

(
11
36

)λ

|T λ(δi+1)|r2

)] 1
r2

⎞⎠
+

(
Γ(1 + λr1)

Γ(1 + (r1 + 1)λ)

((
1

30

)(r1+1)λ
+

(
2

15

)(r1+1)λ
)) 1

r1

×

⎛⎝[
Γ(1 + λ)

Γ(1 + 2λ)

((
1
4

)λ

|T λ(δi)|r2 +

(
1

12

)λ

|T λ(δi+1)|r2

)] 1
r2

+

[
Γ(1 + λ)

Γ(1 + 2λ)

((
1

12

)λ

|T λ(δi)|r2 +

(
1
4

)λ

|T λ(δi+1)|r2

)] 1
r2

⎞⎠
+

(
Γ(1 + λr1)

Γ(1 + (r1 + 1)λ)

((
3

20

)(r1+1)λ
+

(
1

60

)(r1+1)λ
)) 1

r1

×

⎛⎝[
Γ(1 + λ)

Γ(1 + 2λ)

((
7
36

)λ

|T λ(δi)|r2 +

(
5

36

)λ

|T λ(δi+1)|r2

)] 1
r2

+

[
Γ(1 + λ)

Γ(1 + 2λ)

((
5

36

)λ

|T λ(δi)|r2 +

(
7

36

)λ

|T λ(δi+1)|r2

)] 1
r2

⎞⎠⎫⎬⎭,

where 1
r1
+ 1

r2
= 1.

Proof. To obtain the desired result, we apply Theorem 8 over the subinterval [δi, δi+1] and
take the sum from i = 0 to i = σ.
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3.3. Applications to Probability

Let p : [ν1, κ1] → [0, 1]λ be a probability density mapping over convex set X. Then
cumulative distribution is demonstrated as

Prλ(X ≤ κ1) = Fλ(κ1) =
1

Γ(1 + λ)

∫ κ1

ν1

p(δ)(dδ)λ.

Utilizing the fact that

Eλ(X) =
1

Γ(λ + 1)

∫ κ1

ν1

δλ p(δ)(dδ)λ

Eλ(X) = κ1
λ − 1

κ1 − ν1

∫ κ1

ν1

Fλ(δ)(dδ)λ.

Proposition 4. Considering Theorem 7, we have∣∣∣∣ 1
(20)λ

[
Prλ(ν1) + 5λPrλ

(
5ν1 + κ1

6

)
+ Prλ

(
2ν1 + κ1

3

)
+ 6λPrλ

(
ν1 + κ1

2

)
+Prλ

(
ν1 + 2κ1

3

)
+ 5λPrλ

(
ν1 + 5κ1

6

)
+ Prλ(κ1)

]
− κλ

1 − Eλ(X)

(κ1 − ν1)λ

∣∣∣∣∣
≤ (κ1 − ν1)

λ

{[
Γ(1 + λ)

Γ(1 + 2λ)

(
4

75

)λ

+
Γ(1 + 2λ)

Γ(1 + 3λ)

(
1

150

)λ
]
|p(ν1)|

+

[
Γ(1 + λ)

Γ(1 + 2λ)

(
14
225

)λ

− Γ(1 + 2λ)

Γ(1 + 3λ)

(
1

150

)λ
]
|p(κ1)|

}
.

Proof. We conclude this result employing probability density function on Theorem 7.

Remark 1. By using the proposed inequalities, we can prove several bounds for generalized expected
values and moments.

• It is a known fact that various definite integrals cannot be evaluated through ana-
lytical techniques neither in classical nor in Yang local fractional calculus. They are
approximated through Newton–Cotes schemes. In the aforementioned sections, we
have provided the error bounds of definite integrals approximated through general-
ized Weddle’s incorporated with various classes of mappings. Our results provide
the upper bounds of error terms for first-order local differentiable mapping. Addi-
tionally, from these bounds one can compute the upper bounds of definite integrals.
For this, we apply Theorem 7 for T (x) = exp(x2α) over [0, 2] with α = 1. Then we
get −10.2302 <

∫ 2
0 exp(x2)dx < 22.8469. Note that this bound can be refined by

increasing the order of differentiability. Through the application of our proposed
inequalities, one can establish the bounds and relation between special functions like
q-digamma function, modified Bessel functions and Beta functions. For further detail,
consult [29–31].

• Adopting the technique of [32], several new iterative methods to solve non-linear
equations can be obtained. To discuss the convergence and dynamic analysis of
proposed methods will be a new challenge for researchers.

• Also by following the technique of the papers [33,34] on our proposed results and
generalized Hilbert transform defined in [35], various estimates for Hilbert transform
can be investigated through the utilization of diverse function classes.
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4. Conclusions

In this manuscript, we have presented the error analysis of Weddle’s procedure in the
framework of Yang fractal calculus. Our approach involved the generation of inequalities
through a local differentiable identity, generalized convexity, bounded mapping, and
Lipschitz mapping. Our results unify what already exists in the literature. The confirmation
of inequalities has been provided through various simulations. It is an interesting and
new problem; we hope the new researchers will explore its implications across various
mathematical domains. One can explore the generalized fractional calculus approach within
fractal domain through other general classes of convexity especially strong convexity. In the
future, we will also focus on tight bounds of fractal inequalities utilizing diverse function
classes of convexity. Another interesting problem is the construction of error inequalities of
general Newton–Cotes schemes up to seven points leveraging the fractal calculus.
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Abstract

In this study, we introduce and rigorously formalize the notion of (P, m)-superquadratic
stochastic processes, representing a novel and far-reaching generalization of classical
convex stochastic processes. By exploring their intrinsic structural characteristics, we
establish advanced Jensen and Hermite–Hadamard (H.H)-type inequalities within the
mean-square stochastic calculus framework. Furthermore, we extend these inequalities
to their fractional counterparts via stochastic Riemann–Liouville (RL) fractional integrals,
thereby enriching the analytical machinery available for fractional stochastic analysis. The
theoretical findings are comprehensively validated through graphical visualizations and
detailed tabular illustrations, constructed from diverse numerical examples to highlight
the behavior and accuracy of the proposed results. Beyond their theoretical depth, the
developed framework is applied to information theory, where we introduce new classes of
stochastic divergence measures. The proposed results significantly refine the approximation
of stochastic and fractional stochastic differential equations governed by convex stochastic
processes, thereby enhancing the precision, stability, and applicability of existing stochastic
models. To ensure reproducibility and computational transparency, all graph-generation
commands, numerical procedures, and execution times are provided, offering a complete
and verifiable reference for future research in stochastic and fractional inequality theory.

Keywords: mean-square stochasticRL fractional integrals; (P, m)-superquadratic stochastic
process; Jensen’s inequality; H.H’s inequality; stochastic divergence; RL fractional stochastic
H.H-divergence

MSC: 26D15; 94A17; 26A33; 26A51; 26D10; 60G05; 94A15

1. Introduction

The mathematical notion of convexity occupies a pivotal role in engineering and
mathematics, as it supports a wide range of theoretical and applied phenomena. The
core of convex analysis are convex sets and convex functions that are essential tools in
simplifying very complicated systems and optimizing complex mathematical models. By
virtue of their well-behaved nature, especially the fact that there is a global minimum
problems in convex functions become much easier to handle, and hence are central in

Fractal Fract. 2025, 9, 771 https://doi.org/10.3390/fractalfract9120771
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optimization. Besides its interest for its own sake as pure mathematics, convexity has deep
implications in most fields like control theory, economics, and systems engineering. In
control theory, for instance, convexity guarantees that the designs for systems are stable
and robust over a wide range of operating conditions. In economics, convexity also plays
a role in the description of consumer preferences and analysis of market behavior, hence
enabling efficient decision-making and resource allocation. It is interesting to note that
convexity has practical applications in addition to being a theoretical or academic idea.
Convex structures are frequently encountered by engineers and practitioners who are
attempting to maximise system performance in order to increase operational efficiency and
dependability. Convex functions are essential to integral inequalities, which may be the
most aesthetically beautiful use of convexity. In mathematical analysis, integral inequalities
are essential, particularly when it comes to bounding or approximating integral values.
The H.H inequality, which gives estimates of the average value of a convex function over a
specified interval, is one of the most significant of these [1–3]. The topic is a rich and potent
area of current mathematics research because of the relationship between convexity and
integral-type inequalities.

Fractional calculus that generalizes classical calculus to non-integer order derivatives
and integrals has emerged as a hot topic in recent years due to its ability to model systems
with memory and with hereditary characteristics. It emerges as a valuable tool in physics,
engineering, and even perhaps surprisingly in computer science [4]. Its increasing relevance
is not only restricted to practical sciences; fractional calculus has also been instrumental
in the building of inequality theory. Fractional integral inequality is now a favorite and
rapidly developing field of research in recent years. Sarikaya et al. [5] added an important
contribution by using the RL fractional integrals framework to establish the generalized
H.H inequality. Their research enhanced the mathematical techniques employed in dy-
namic systems analysis and the theory of inequality analysis by creating tighter bounds in
analytical terms and greater understanding of the behavior of convex functions. Recent
studies also broadened this field with new methods for fractional integral operators and
inequalities. Nápoles-Valdés and Bayraktar in 2025 [6], explored Caputo-weighted integrals
and their uses, citing the potential to generalize traditional results and refine analytical
procedures in fractional frameworks. Similarly, Guzmán and Nápoles-Valdés in 2025 [7],
explored H.H-type fractional integral inequalities, formulating new bounds and extensions
that close the gap between classic analysis and modern fractional theory. These advances in
their entirety enrich the knowledge of the structural features and uses of fractional integral
inequalities in mathematics analysis and applied sciences.

After the landmark discovery of the H.H inequalities for the RL fractional inte-
grals, important advances have been made in extending H.H-type inequalities to sev-
eral fractional integral definitions. Researchers have explored these inequalities in the
context of numerous fractional operators, including the generalized proportional frac-
tional integrals [8], Sarikaya fractional integrals [9], Katugampola fractional integrals [10],
k-fractional integrals [11], ψ-RL-fractional integrals [12], (k− p)-fractional integrals [13],
generalized RL-fractional integrals [14] and conformable fractional integrals [15]. Along-
side these developments, a wide array of inequalities of fractional order has also been
established, reflecting the growing depth and diversity of the field. These include fractal
Hadamard-Mercer-type inequalities [16], Simpson-type inequalities [17], Euler-Maclaurin-
type inequalities [18], Bullen-type inequalities [19], and Ostrowski-type inequalities [20],
among others. For readers seeking a comprehensive overview of recent advancements in
fractional integral inequalities, several up-to-date contributions are recommended, such
as those found in [21–23] and the references therein.

117



Fractal Fract. 2025, 9, 771

A collection of random variables parameterized by time or space describing the
change of a system under uncertainty is referred to as a stochastic process in statistics and
probability theory. They characterize the apparently random change of a system, often over
different time or space separations. The term “stochastic” qualifies processes that occur
at unpredictable or irregular rates. Stochastic processes can be used to simulate random
change over time in systems. For instance, there are many random parameters that may
result in fluctuations of bacterial growth, but long-term forecasting is not impossible. Just
as thermal noise within electrical systems produces random changes in voltage or current,
such apparently random behavior can be represented by simple stochastic processes, and
these can offer insight into the behavior of the system.

Physicists and mathematicians have traditionally used stochastic processes as mathe-
matical models to describe a wide range of phenomena, including changes in population in
ecosystems, randomly diffusing gas molecules, and stock price fluctuation. Stochastic mod-
els, which have many uses in research and engineering, can often be used to model these
processes and other elements like molecular interactions whenever there is unpredictability.
They mimic population dynamics or the emergence of diseases in biology, and they depict
systems based on the mobility of various molecules in physics. The importance of stochastic
processes lies in their ability to systematically explain systems that behave randomly. They
are vital in domains where randomness or particular results at every stage are critical, such
as computer science, data transfer, cryptography, and signal processing. They are therefore
essential for conducting research and resolving practical issues. Scientists and engineers
are able to forecast future trends, optimize systems, and design solutions that consider
environmental uncertainties by numerically simulating these processes. System state pre-
diction, data compression algorithms, and secure communication through cryptography
are other significant applications. Recent developments in fractional stochastic processes
provide a strong foundation for our study. Jiang and Miao [24] examined anomalous
stochastic processes via generalized fractional calculus, offering models for non-classical
diffusion behavior. Sahebi Fard et al. [25] introduced a financial market model using the
ψ-Caputo fractional derivative, effectively capturing memory and hereditary effects in
market dynamics. Guidoum et al. [26] analyzed fractional and higher-order moments of
stochastic differential equations, highlighting the behavior of moments under fractional
dynamics. These works collectively illustrate the breadth and applicability of fractional
stochastic modeling.

Convex stochastic processes, which generalize the concept of classical convex func-
tions to stochastic processes systems including randomness were initially introduced by
Nikodem [27] in 1980. Further, he found that such stochastic processes exhibit a number
of properties similar to classical convex functions. The Jensen convex mapping, central to
the theory of inequalities, is one such useful tool in this respect. A number of crucial in-
equalities can be obtained from this mapping, and their applicability to stochastic processes
was demonstrated by Skowronski [28] in 1992. Expanding on these concepts, Kotrys [29]
showed that, in particular, for convex stochastic processes, the upper and lower bounds
of the H.H inequality may be found using integral operators. Kotrys’s work showed how
the H.H inequality, an important result in convex analysis, could be adapted for stochastic
processes. There have been a great many papers in the literature over the last few years on
all sorts of convexity for stochastic processes. Okur et al. [30] used the idea of p-convexity,
which is a particular kind of convexity, to construct the H.H inequality for stochastic pro-
cesses. Erhan [31] made a further contribution by building these inequalities with the use
of another version of convexity called s-convexity. Budak et al. [32] generalised the work
of other academics by presenting these inequalities using the concept of h-convexity. As
mentioned in the sources [33–35], there have been many research investigating different
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kinds of convexity for individuals who are interested in the most recent developments
in stochastic processes. Further broadening the applicability of these mathematical ideas,
Tunç in [36] made a substantial contribution by developing the Ostrowski-type inequality
particularly for h-convex functions. Zhao et al. [37] have connected inequality to interval
mathematics, putting these inequality within the context of interval analysis. Using interval
analysis as a foundation, Afzal et al. [38] presented the notion of stochastic processes before
the end of 2022. They also created new versions of the Jensen and H.H inequalities that
are particularly designed for stochastic processes, fusing these two mathematical ideas
in an innovative way. A novel mathematical framework called the (m, h1, h2)-G-convex
stochastic process was presented by Eliecer et al. [39]. It incorporates functions h1 and h2

together with a parameter m to extend classical convexity to stochastic processes. By this
approach, they were able to establish some inequalities associated with stochastic analysis.
By utilizing fractional operators in order to use fractional calculus on the (m, h1, h2)-convex
stochastic process, Cortez [40] generalized this work and obtained more inequalities. These
developments strengthen mathematical models in many disciplines through the power of
estimating systems subject to fractional dynamics and uncertainty. Hafiz [41] discussed
the applications of fractional calculus to stochastic processes, paving the way for modeling
stochastic processes reliant on memory. Kotrys [42] extended classical inequalities such
as Jensen, H.H, and Fejér inequalities to strongly convex stochastic processes, providing
vital information regarding probabilistic convexity theory. Further advances were made
by Agahi and Babakhani [43], who introduced fractional-order forms of Jensen and H.H
inequalities for convex stochastic processes to make them more effective in stochastic
modeling fields. Fu et al. [44] subsequently investigated n-polynomial convex stochastic
processes and presented H.H-type inequalities for such functions, which determined the
domain of stochastic optimization and uncertainty modeling. The work in general stresses
the importance of convexity in stochastic situations and its use in mathematical inequalities,
probability theory, and optimization in practice.

Superquadraticity gives tighter and more reliable bounds than ordinary convexity, con-
siderably enhancing integral inequality theory. This is extremely welcomed in applications
of applied mathematics, where a better approximation means increased model accuracy,
and for optimisation tasks, where boundary estimate quality decides the optimum solution.
Thus, superquadraticity broadens the theory basis of inequality structures and enhances
their applicability. It effectively presents a robust analytical foundation for the development
and use of integral inequalities in a wide range of mathematical and applied problems.

The concept of superquadraticity extending the traditional convexity was first intro-
duced by Abramovich et al. [45]. This initial work prepared the ground for a wider analyti-
cal framework that could provide tighter inequalities compared to those obtained from reg-
ular convex functions. Abramovich and co-authors [46] later introduced a formal definition
for superquadratic functions together with essential theoretical observations that further en-
hanced the understanding of this function class. Working from this basis, Li and Chen [47]
took the theory further by applying the fractional view of H.H-type inequalities through
RL fractional integrals, representing a huge step beyond superquadraticity to the world of
fractional calculus. More was done by Alomari et al. [48], who brought about the concept of
h-superquadraticity, studied their structural properties and defined a new subclass within
the larger family. In a valuable work in interval analysis and generalized function the-
ory, Khan and Butt [49] introduced cr-order interval-valued superquadratic functions and
their fractional counterparts, emphasizing their applicability through multiple illustrations.
Following this endeavor, Khan et al. [50] introduced the (P, m)-superquadratic function,
an even broader concept that includes examples, fundamental characteristics, integral
inequalities, and real-world applications, thus enriching superquadraticity’s functional
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atmosphere. Continuing their exploration of information-theoretic applications, Butt and
Khan [51] developed information inequalities for superquadratic functions using the tools
of interval calculus, connecting functional inequalities with measures of information. A
foundational theoretical advance was made by Banić et al. [52], who refined classical in-
equalities and solidified the theoretical underpinnings of superquadratic functions, paving
the way for future researchs in the study of superquadratic stochastic processes.

In the aforementioned, we have discussed several well-known stochastic extensions
of convexity, such as convex stochastic processes, p-convex, s-convex, h-convex, (m, h1, h2)-
G-convex, and n-polynomial convex stochastic processes, each providing generalizations
within the convexity framework. However, the recently developed concept of (P, m)-
superquadraticity serves as a refinement of convexity, offering significantly sharper bounds
than those obtained from the classical and modern variants of convexity. Despite its strong
potential, neither a stochastic formulation of (P, m)-superquadraticity nor its fractional
counterpart has appeared in the literature. To fill this gap, the present work introduces the
new class of (P, m)-superquadratic stochastic processes, establishes their key properties,
develops Jensen-type and H.H-type inequalities of integer order, and further generalizes
them to fractional H.H-type inequalities via stochastic RL fractional integrals. Moreover,
we provide the first applications of this new class in information theory, demonstrating
its analytical strength and broad applicability beyond the traditional convexity-based
stochastic models.

The paragraph that follows provides an explanation of the paper’s structure:
Following the review of the required background knowledge and pertinent data

regarding convexity, superquadraticity, convex stochastic processes and their inequalities
in Sections 1 and 2, we use 2D and 3D graphical representations to analyze the stochastic
version of superquadraticity and their features. More importantly, in Section 3, we develop
new Jensen’s and H.H-type inequalities. Then, in Section 4, Inequalities of H.H-type are
obtained in fractional form. To evaluate the effectiveness of the results, examples and
graphic descriptions of the findings are also taken into account. How the findings may
be used to information theory is covered in Section 5. In the final section, Section 6, a
clear and concise conclusion is drawn, accompanied by an overview of potential future
developments inspired by the current work.

2. Preliminaries

The terms of significance for fractional integrals, convexity, and superquadraticity are
defined in this section along with the associated inequalities.

Definition 1 ([3]). Let the function Ψ :
[
Uo,Vo] ⊂ � −→ � be a convex then

Ψ(βy1 + (1− β)y2) ≤ βΨ(y1) + (1− β)Ψ(y2), (1)

is valid for every y1, y2 ∈ [Uo,Vo], and β ∈ [0, 1].

The H.H’s inequality is a fundamental mathematical result that establishes both lower
and upper bounds for mean values. In inequality theory, it is among the first types of
inequality to use convex functions. For error calculations that use numerical integration,
such as the trapezoidal and midpoint formulae, this inequality is an essential tool. This
well-known finding is defined as follows.
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Theorem 1 ([3]). H.H’s inequality states that if the function Ψ : I ⊆ � −→ �, is convex in
I ⊆ �, where Vo > Uo. The following statement satisfies:

Ψ
(Uo + Vo

2

)
≤ 1
Vo − Uo

∫ Vo

Uo
Ψ(y)dy ≤ Ψ(Uo) + Ψ(Vo)

2
, (2)

∀ Uo,Vo ∈ I.

Definition 2. RL-fractional integrals with order β ≥ 0 with Uo ≥ 0 are defined as

I
β

Uo+
Ψ(y) =

1
Γ(β)

∫ y

Uo
(y− yo)

β−1Ψ(yo)dyo, (y > Uo),

and

I
β

Vo−
Ψ(y) =

1
Γ(β)

∫ Vo

y
(yo − y)β−1Ψ(yo)dyo, (y < Vo).

The notations Iβ

Uo
+Ψ(y) and I

β

Vo−
Ψ(y) are the left and right sided operators. Where Γ is a stated

as gamma function and given by Γ(β) =
∫ ∞

0 yo
β−1e−yo dyo.

Definition 3. A function Ψ : [0, ∞) −→ � is superquadratic, if

Ψ(yo) ≥ Ψ(y) + Cy(yo − y) + Ψ(|yo − y|), (3)

holds for every yo ≥ 0, Cy ∈ �, where y ≥ 0 and Cy is a constant.

Remark 1. If the inequality (3) is reversed then Ψ is called subquadratic.

As an example, we may use Ψ(y) = yk. The function Ψ is superquadratic for y ≥ 0
and k ≥ 2, but subquadratic for 0 ≤ k < 2. Let Cy = kyqo−1 in this instance. At k = 2,
equality is also preserved in (3).

More precisely, any randomly chosen superquadratic function meets the three supple-
mentary conditions outlined in Lemma 1:

Lemma 1. Let Ψ : [0, ∞)→ � be a superquadratic function, then

• Ψ(0) ≤ 0.
• Provided that Ψ is differentiable at y > 0 and satisfies Ψ(0) = Ψ′(0) = 0, it follows that

Ψ′(y) = Cy.
• If Ψ is positive and Ψ(0) = Ψ′(0) = 0 on (0, ∞), then Ψ is convex.

Two major inequalities that contribute to the growth and development of su-
perquadraticity are inequalities of Jensen’s and H.H’s types, which are the most significant
and frequently applied results.

Theorem 2 ([46]). Let Ψ : J ⊂ [0, ∞[−→ � be a superquadratic then

n

∑
i=1

βiΨ(yi) ≥ Ψ(y) +
n

∑
i=1

βiΨ(|yi − y|), (4)

holds for all βi ∈ (0, 1) and yi ≥ 0, where y = ∑n
i=1 βiyi, and ∑n

i=1βi = 1.

Banić et al. [52] contributed to the field of superquadraticity by formulating the
following H.H-type inequalities.
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Theorem 3. Let Ψ : J ⊂ [0, ∞[−→ � be a superquadratic on J = [Uo,Vo] then

Ψ
(Uo + Vo

2

)
+

1
Vo − Uo

∫ Vo

Uo
Ψ
(∣∣∣∣y− Uo + Vo

2

∣∣∣∣)dy ≤ 1
Vo − Uo

∫ Vo

Uo
Ψ(y)dy

≤ Ψ(Uo) + Ψ(Vo)

2
− 1

(Vo − Uo)2

∫ Vo

Uo
[(Vo − y)Ψ(y− Uo) + (y− Uo)Ψ(Vo − y)]dy. (5)

The line of support concept of superquadraticity is defined in Definition 3. In the
following, we offer an additional definition.

Definition 4 ([45]). Let Ψ : J ⊂ [0, ∞[−→ � be a superquadratic function then

Ψ((1− β)y1 + βy2) ≤ (1− β)Ψ(y1) + βΨ(y2)− βΨ((1− β)|y1 − y2|)
− (1− β)Ψ(β|y1 − y2|), (6)

holds for every β ∈ (0, 1) and y1, y2 ≥ 0.

Remark 2. Subquadraticity of the function Ψ corresponds to the reversal of the inequality sign
in (6).

Theorem 4 ([47]). Let Ψ : J ⊂ [0, ∞[−→ � be a superquadratic function on J = [Uo,Vo] then

Ψ
(Uo + Vo

2

)
+

β

2(Vo − Uo)β

∫ Vo

Uo
Ψ
(∣∣∣∣Uo + Vo

2
− x

∣∣∣∣)((Vo − y)β−1 + (y− Uo)
β−1)dy

≤ Γ(1 + β)

2(Vo − Uo)β

(
Iβ

Uo
+Ψ(Vo) + Iβ

Vo
−Ψ(Uo)

)
≤ Ψ(Uo) + Ψ(Vo)

2
− β

2(Vo − Uo)β

∫ Vo

Uo

((
y− Uo

Vo − Uo

)
Ψ(Vo − y) +

( Vo − y
Vo − Uo

)
Ψ(y− Uo)

)
× ((Vo − y)β−1 + (y− Uo)

β−1)dy, (7)

where Iβ

Uo
+ and Iβ

Vo
− are given in Definition 2.

Definition 5 ([50]). A function Ψ : J ⊆ � → � is called (P, m)-superquadratic on J = [0, k] for
k > 0 and m ∈ [0, 1]; if

Ψ(βUo + m(1− β)Vo) ≤ β[Ψ(Uo)−Ψ((1− β)|Uo − Vo|)]
+ m(1− β)[Ψ(Vo)−Ψ(β|Uo − Vo|)],

holds for any Uo,Vo ∈ J and β ∈ [0, 1]. Ψ is defined as a (P, m)-subquadratic function whenever its
negation −Ψ satisfies the (P, m)-superquadratic condition.

Definition 6 ([27]). A mapping Ψ : ∏ → � is considered a random variable if it is A-measurable.
It is defined on the probability space (∏,A, P), where ∏ denotes the set of all possible outcomes, A
is a σ-algebra representing the collection of measurable events (subsets of ∏), and P is a probability
measure that assigns probabilities to these events.

Example 1. Imagine a coin toss in which ∏ = {H = Head, T = Tail}, A includes complete
subsets of ∏, and P assigns a probability of 1

2 to each conceivable circumstance. So, Ψ(T) = 1 and
Ψ(H) = 0 would be the definitions of a random variable Ψ.

Definition 7 ([27]). If for all y ∈ J, Ψ(y, ·) is a random variable, then a map Ψ : J ×∏ → � is
called a stochastic process.

122



Fractal Fract. 2025, 9, 771

Example 2. Think about taking daily readings of the temperature at noon for a week. ∏ can
represent all possible weather conditions in this instance, J = {1, 2, . . . , 7} represents each day of
the week, and Ψ(y, ω) gives the temperature on day y, provided that ω is met. As a random variable,
Ψ(y, ·) for each fixed day y shows how the temperature varies under different meteorological
conditions. Temperature variation over time, as influenced by changes in y, is modeled by the
stochastic process Ψ(y, ·).

Definition 8 ([27]). A stochastic process Ψ : J ×∏ → �, is called to be continuous on J ⊂ �, if
for every k ∈ J, we have

P− lim
y→k

Ψ(y, ·) = Ψ(k, ·).

The notation P- lim is used to represent convergence in probability within a probability space.

Definition 9 ([27]). A stochastic process Ψ : J ×∏ → �, is called to be mean-square continuous
on J ⊂ �, if for every k ∈ J, we have

lim
y→k

E
[
(Ψ(y, ·)−Ψ(k, ·))2] = 0.

Where the random variable’s expectation is represented by E
[
Ψ(y, ·)

]
.

Remark 3. Probability continuity is obviously shown by mean-square continuity, while the con-
trary is not true.

Definition 10 ([27]). A stochastic process Ψ : J×∏ → � is called to be mean-square differentiable
on J ⊂ � at k, if a random variable Ψ′ : J ×∏ → � is given. This means that:

Ψ′(k, ·) = P− lim
y→k

Ψ(y, ·)−Ψ(k, ·)
y− k

,

Definition 11 ([27]). A stochastic process Ψ : J ×∏ → �, is called to be mean-square integrable
on J ⊂ �, if for every y ∈ J, with E

[
Ψ(y, ·)2] < ∞,

[
y1, y2

]
⊆ J, y1 = k0 < k1 < k2 . . . <

kn = y2, partitions
[
y1, y2

]
, and yi ∈

[
ki−1, ki

]
, ∀i = 1, . . . , n then

lim
n→∞

E

⎡⎣( n

∑
i=1

Ψ(yi, ·)(ki − ki−1)− S(·)
)2

⎤⎦ = 0.

It indicates that the stochastic process’s mean-square integral is S : J ×∏ → �, and it may be
expressed as

S(·) =
∫ y2

y1

Ψ(y, ·)dy. (8)

Remark 4. The mean-square continuity of the stochastic process Ψ is sufficient to ensure the
existence of the mean-square integral.

Remark 5. It asserts that if Ψ(y, ·) ≤ S(y, ·) for all y ∈ [y1, y2], then the following holds:∫ y2

y1

Ψ(y, ·)dy ≤
∫ y2

y1

S(y, ·)dy. (9)
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Lemma 2 ([29]). Let a stochastic process Ψ : J ×∏ → � be defined by Ψ(y, ·) = A(·)y + B(·),
where A, B : ∏ → � are such that E(A2) < ∞ and E(B2) < ∞. If [y1, y2] ⊂ J, then the
following holds:

∫ y2

y1

Ψ(y, ·)dy = A(·)y2
2 − y1

2

2
+ B(·)(y2 − y1), (10)

where A and B denote random variables.

Definition 12 ([29]). We define a process Ψ : J ×∏ → � to be convex stochastic on J ⊂ � if, for
every β ∈ [0, 1], the following condition is satisfied:

Ψ(βUo + (1− β)Vo, ·) ≤ βΨ(Uo, ·) + (1− β)Ψ(Vo, ·), (11)

for any Uo,Vo ∈ J.
If β = 1

2 is chosen in (11), the process Ψ is referred to as Jensen convex. Furthermore, if Ψ
exhibits convexity, then its negation −Ψ is regarded as a concave stochastic process. For more
interesting characteristics, the reader is referred to [28].

Lemma 3 ([28]). If y1, y2 ∈ Jo and y1 < y2, then the following inequalities hold.

Ψ′−(y1, ·) ≤ Ψ′+(y1, ·) ≤ Ψ′−(y2, ·) ≤ Ψ′+(y2, ·). (12)

where Ψ′+, and Ψ′−, are the right and left derivatives of Ψ.

Theorem 5 ([28]). It states that if a convex stochastic process Ψ : J ×∏ → � is mean-square
continuous and satisfies Jensen’s convexity on J, then the following inequalities holds

Ψ
(

y1 + y2

2
, ·
)
≤ 1

y2 − y1

∫ y2

y1

Ψ(y, ·)dy ≤ Ψ(y1, ·) + Ψ(y2, ·)
2

, (13)

for every y1, y2 ∈ J

Definition 13 ([41]). Let Ψ : J ×∏ → � be a stochastic process satisfying the conditions stated
in Definition 11. Then, the mean-square stochastic RL fractional integrals of order α > 0, denoted
by Iα

Uo
+ and Iα

Vo
− , are defined for Ψ as follows.

Iα
Uo

+ [Ψ](y) =
1

Γ(α)

∫ y

Uo
(y− s)α−1Ψ(s, ·)ds, y > Uo,

and

Iα
Vo
− [Ψ](y) =

1
Γ(α)

∫ Vo

y
(s− y)α−1Ψ(s, ·)ds, y < Vo.

3. Analysis of Integral Inequalities Involving (P, m)-Superquadratic
Stochastic Processes

In this section, we begin by introducing the definition of an (P, m)-superquadratic
stochastic process, which generalizes the concept of an (P, m)-convex stochastic process.
This generalization allows for the development of more refined results. Based on this
definition, we investigate its properties and establish associated integral inequalities.
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Definition 14. Let Ψ : J ×∏ → � be a (P, m)-superquadratic stochastic process over J = [0, k],
Where k > 0 for m ∈ [0, 1] then

Ψ(βUo + m(1− β)Vo, ·) ≤
[
Ψ(Uo, ·)−Ψ((1− β)|Vo − Uo|, ·)

]
+ m[Ψ(Vo, ·)−Ψ(β|Vo − Uo|, .)], (14)

holds for every β ∈ [0, 1] and Uo,Vo ∈ J.

If β = 1
2 is chosen in (14), then the process Ψ is termed as Jensen-(P, m)-superquadratic.

If the process Ψ is classified as (P, m)-superquadratic, then −Ψ is then termed as (P, m)-
subquadratic stochastic process.

Example 3. A process Ψ: [2, ∞] ×∏ → � defined by Ψ(y, ·) = yk for k ≥ 2 is a (P, m)-
superquadratic stochastic process for every m ∈ [0, 1]. The graphs in Figure 1 illustrate the validity
of Definition 14 via the process Ψ considering different values of the parameters that go into it. Let
R and L denote the right and left sides of the expression (14) respectively. It has been shown in the
in Figure 1 that pink color represents the right term of the Definition 14 while black color represents
the left term of the Definition 14. We noticed that for various values of the parameters m, Uo and Vo

and β, the pink color always occurs above the black color. It implies that the Definition 14 holds true.

(a) (b)

(c) (d)

Figure 1. Graphical illustration of Definition 14. (a) m, Uo and Vo are fixed, while β varies such
that m = 0.2, Uo = 3, Vo = 4 and β ∈ [0, 1]. (b) β, Uo and Vo are fixed, while m varies such that
β = 0.5, Uo = 3, Vo = 4 and m ∈ [0, 1]. (c) Uo and Vo are fixed, while β and m vary such that Uo = 3,
Vo = 4, β ∈ [0, 1] and m ∈ [0, 1]. (d) Uo and Vo vary, while β and m are fixed such that Uo ∈ [3, 3.4],
Vo ∈ [3.5, 4], β = 0.5 and m = 0.7.

Next, we investigate the core properties that define and characterize (P, m)-superquadratic
stochastic processes.
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Proposition 1. If Ψ1, Ψ2 : [0, k]×∏ → � are (P, m)-superquadratic stochastic processes, then
Ψ1 + Ψ2 and rΨ, where r > 0 are (P, m)-superquadratic stochastic processes.

Proof. Let Ψ1 and Ψ2 be (P, m)-superquadratic stochastic processes, we have

Ψ1(βUo + m(1− β)Vo, ·) ≤
(
Ψ1(Uo, ·)−Ψ1((1− β)|Vo − Uo|, ·)

)
+ m

(
Ψ1(Vo, ·)

−Ψ1(β|Vo − Uo|, ·)
)
,

and

Ψ2(βUo + m(1− β)Vo, ·) ≤
(
Ψ2(Uo, ·)−Ψ2((1− β)|Vo − Uo|, ·)

)
+ m

(
Ψ2(Vo, ·)

−Ψ2(β|Vo − Uo|, ·)
)
,

now

(Ψ1 + Ψ2)(βUo + m(1− β)Vo, ·) = Ψ1(βUo + m(1− β)Vo, ·) + Ψ2(βUo + m(1− β)Vo, ·)
≤
(
Ψ1(Uo, ·)−Ψ1((1− β)|Vo − Uo|, ·)

)
+ m

(
Ψ1(Vo, ·)−Ψ1(β|Vo − Uo|, ·)

)
+
(
Ψ2(Uo, ·)−Ψ2((1− β)|Vo − Uo|, ·)

)
+ m

(
Ψ2(Vo, ·)−Ψ2(β|Vo − Uo|, ·)

)
=
(
(Ψ1 + Ψ2)(Uo, ·)− (Ψ1 + Ψ2)((1− β)|Vo − Uo|, ·)

)
+ m

(
(Ψ1 + Ψ2)(Vo, ·)− (Ψ1 + Ψ2)(β|Vo − Uo|, ·)

)
.

Thus we have

(Ψ1 + Ψ2)(βUo + m(1− β)Vo, ·) ≤
(
(Ψ1 + Ψ2)(Uo, ·)− (Ψ1 + Ψ2)((1− β)|Vo − Uo|, ·)

)
+ m

(
(Ψ1 + Ψ2)(Vo, ·)− (Ψ1 + Ψ2)(β|Vo − Uo|, ·)

)
. (15)

Similarly

rΨ(βUo + m(1− β)Vo, ·)
≤ r

((
Ψ(Uo, ·)−Ψ((1− β)|Vo − Uo|, ·)

)
+ m

(
Ψ(Vo, ·)−Ψ(β|Vo − Uo|, ·)

))
=
(
rΨ(Uo, ·)− rΨ((1− β)|Vo − Uo|, ·)

)
+ m

(
rΨ(Vo, ·)− rΨ(β|Vo − Uo|, ·)

)
.

Thus we have

rΨ(βUo + m(1− β)Vo, ·) ≤
((

rΨ(Uo, ·)− rΨ((1− β)|Vo − Uo|, ·)
)

+ m
(
rΨ(Vo, ·)− rΨ(β|Vo − Uo|, ·)

)
. (16)

Therefore, (15) and (16) jointly imply that both Ψ1 + Ψ2 and rΨ satisfy the definition of
m-superquadratic stochastic processes.

Proposition 2. Let Ψ1, Ψ2 : [0, k]×∏ → � be the (P, m)-superquadratic stochastic processes,
then Ψ(y, ·) = max{Ψ1(y, ·), Ψ2(y, ·)} is a (P, m)-superquadratic stochastic process.

Proof. Since one derives that
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Ψ(βUo + m(1− β)Vo, ·)
= max{Ψ1(βUo + m(1− β)Vo, ·), Ψ2(βUo + m(1− β)Vo, ·)}
≤ max{[Ψ1(Uo, ·)−Ψ1((1− β)|Vo − Uo|, ·)] + m[Ψ1(Vo, ·)−Ψ1(β|Vo − Uo|, ·)],
[Ψ2(Uo, ·)−Ψ2((1− β)|Vo − Uo|, ·)] + m[Ψ2(Vo, ·)−Ψ2(β|Vo − Uo|, ·)]}
≤ [max{Ψ1(Uo, ·), Ψ2(Uo, ·)} −max{Ψ1((1− β)|Vo − Uo|, ·), Ψ2((1− β)|Vo − Uo|, ·)}]
+ m[max{Ψ1(Vo, ·), Ψ2(Vo, ·)} −max{Ψ1(β|Vo − Uo|, ·), Ψ2(β|Vo − Uo|, ·)}]
= [Ψ(Uo, ·)−Ψ((1− β)|Vo − Uo|, ·)] + m[Ψ(Vo.·)−Ψ(β|Vo − Uo|, ·)]. (17)

Consequently, Ψ(y, ·) is a (P, m)-superquadratic stochastic process.

Theorem 6. Let Ψ : [0, k]×∏ → � be a (P, m)-superquadratic stochastic process and y1 < y2 <

y3 for all y1, y2, y3 ∈ [0, k], then

∣∣∣∣∣Ψ(y2, ·) 0
0 1

∣∣∣∣∣ ≤
∣∣∣∣∣∣

Ψ(y1, ·) 1

Ψ
(∣∣∣∣ (y2−y1)(y3−y1)

my3−y1

∣∣∣∣, ·) 1

∣∣∣∣∣∣+ m

∣∣∣∣∣∣
Ψ(y3, ·) 1

Ψ
(∣∣∣∣ (my3−y2)(y3−y1)

my3−y1

∣∣∣∣, ·) 1

∣∣∣∣∣∣ (18)

holds, for every m ∈ [0, 1].

Proof. Let the stochastic process Ψ is a (P, m)-superquadratic, then

Ψ(βy + m(1− β)yo, ·) ≤
(
Ψ(y, ·)−Ψ((1− β)|y− yo|, ·)

)
+ m

(
Ψ(yo, ·)−Ψ(β|y− yo|, ·)

)
. (19)

Setting

y2 = βy + m(1− β)yo. (20)

Next putting y = y1 and yo = y3 in (20), we get

y2 = βy1 + m(1− β)y3.

⇒ β =
my3 − y2

my3 − y1
.

Substituting y = y1, yo = y3 and β =
my3−y2
my3−y1

in (19), we get

Ψ(y2, ·) ≤
[

Ψ(y1, ·)−Ψ
(∣∣∣∣ (y2 − y1)(y3 − y1)

my3 − y1

∣∣∣∣, ·)]
+ m

[
Ψ(y3, ·)−Ψ

(∣∣∣∣ (my3 − y2)(y3 − y1)

my3 − y1

∣∣∣∣, ·)].

It implies that[
Ψ(y1, ·)−Ψ

(∣∣∣∣ (y2 − y1)(y3 − y1)

my3 − y1

∣∣∣∣, ·)]
+ m

[
Ψ(y3, , ·)−Ψ

(∣∣∣∣ (my3 − y2)(y3 − y1)

my3 − y1

∣∣∣∣, ·)]−Ψ(y2, ·) ≥ 0. (21)
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Inequality (21) can be written as follows∣∣∣∣∣∣
Ψ(y1, ·) 1

Ψ
(∣∣∣∣ (y2−y1)(y3−y1)

my3−y1

∣∣∣∣, ·) 1

∣∣∣∣∣∣+ m

∣∣∣∣∣∣
Ψ(y3, ·) 1

Ψ
(∣∣∣∣ (my3−y2)(y3−y1)

my3−y1

∣∣∣∣, ·) 1

∣∣∣∣∣∣ ≥
∣∣∣∣∣Ψ(y2, ·) 0

0 1

∣∣∣∣∣. (22)

Hence this concludes the proof.

Next we provide the proof of an inequality of Jensen’s type for (P, m)-superquadratic
stochastic processes.

Theorem 7. Let Ψ : [0, k]×∏ → � be a (P, m)-superquadratic stochastic process then

Ψ
( n

∑
i=1

βiyi, ·
)
≤

n

∑
i=1

mn−iΨ
(

yi

mn−i , ·
)
−

n

∑
i=1

mn−iΨ
(∣∣∣∣ yi

mn−i −
n

∑
i=1

βiyi

mn−i

∣∣∣∣, ·), (23)

holds ∀y1, . . . , yn ∈ [0, k], β1, . . . , βn > 0, such that ∑n
i=1 βi = 1, where m ∈ [0, 1].

Proof. We prove this result by using the principle of mathematical induction, therefore by
taking n = 2 in (23), we have

Ψ
(

β1y1 + β2y2, ·
)
≤ Ψ(y2, ·)−Ψ

(
β1

∣∣∣∣y2 −
y1

m

∣∣∣∣, ·)+ m
(

Ψ
(

y1

m
, ·
)
−Ψ

(
β2

∣∣∣∣y2 −
y1

m

∣∣∣∣, ·)).

Which reflects the Definition 14. Thus the statement (23) is true for n = 2.
Next we assuming the validity of (23) for n− 1, it follows that:

Ψ
( n−1

∑
i=1

βiyi, ·
)
≤

n−1

∑
i=1

mn−1−iΨ
(

yi

mn−1−i , ·
)
−

n−1

∑
i=1

mn−1−iΨ
(∣∣∣∣ yi

mn−1−i −
n−1

∑
i=1

βiyi

mn−1−i

∣∣∣∣, ·), (24)

now let us prove that (23) is valid for n.

Ψ
( n

∑
i=1

βiyi, ·
)
= Ψ

(
βnyn + mβ

n−1

∑
i=1

βiyi
mβ

, ·
)

,

where β = ∑n−1
i=1 βi, then it implies that

Ψ
( n

∑
i=1

βiyi, ·
)
≤ Ψ(yn, ·) + mΨ

( n−1

∑
i=1

(
βiyi
m β

)
, ·
)

−Ψ
(

β

∣∣∣∣yn −
n−1

∑
i=1

(
βiyi
mβ

)∣∣∣∣, ·)−mΨ
(

βn

∣∣∣∣yn −
n−1

∑
i=1

(
βiyi
mβ

)∣∣∣∣, ·), (25)

using (24) in (25), then we obtain
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Ψ
( n

∑
i=1

βiyi, ·
)
≤ Ψ(yn, ·) +

n−1

∑
i=1

mn−iΨ
(

yi

mn−i , ·
)
−

n−1

∑
i=1

mn−iΨ
(∣∣∣∣ yi

mn−i −
n−1

∑
i=1

βiyi

mn−i

∣∣∣∣, ·)

−Ψ
(

β

∣∣∣∣yn −
n−1

∑
i=1

(
βiyi
mβ

)∣∣∣∣, ·)−mΨ
(

βn

∣∣∣∣yn −
n−1

∑
i=1

(
βiyi
mβ

)∣∣∣∣, ·)

= mn−nΨ
(

yn

mn−n , ·
)
+

n−1

∑
i=1

mn−iΨ
(

yi

mn−i , ·
)
−

n−1

∑
i=1

mn−iΨ
(∣∣∣∣ yi

mn−i −
n−1

∑
i=1

βiyi

mn−i

∣∣∣∣, ·)

−Ψ
(

β

∣∣∣∣yn −
n−1

∑
i=1

(
βiyi
mβ

)∣∣∣∣, ·)−mΨ
(

βn

∣∣∣∣yn −
n−1

∑
i=1

(
βiyi
mβ

)∣∣∣∣, ·)

≤
n

∑
i=1

mn−iΨ
(

yi

mn−i , ·
)
−

n−1

∑
i=1

mn−iΨ
(∣∣∣∣ yi

mn−i −
n−1

∑
i=1

βiyi

mn−i

∣∣∣∣, ·)−Ψ
(

β

∣∣∣∣yn −
n−1

∑
i=1

(
βiyi

mn−iβ

)∣∣∣∣, ·)

=
n

∑
i=1

mn−iΨ
(

yi

mn−i , ·
)
−

n−1

∑
i=1

mn−iΨ
(∣∣∣∣ yi

mn−i −
n−1

∑
i=1

βiyi

mn−i

∣∣∣∣, ·)

−mn−nΨ
(∣∣∣∣ yn

mn−n −
βnyn

mn−n −
n−1

∑
i=1

(
βiyi

mn−i

)∣∣∣∣, ·)

=
n

∑
i=1

mn−iΨ
(

yi

mn−i , ·
)
−

n−1

∑
i=1

mn−iΨ
(∣∣∣∣ yi

mn−i −
n−1

∑
i=1

βiyi

mn−i

∣∣∣∣, ·)

−mn−nΨ
(∣∣∣∣ yn

mn−n −
βnyn

mn−n −
n−1

∑
i=1

(
βiyi

mn−i

)∣∣∣∣, ·)

=
n

∑
i=1

mn−iΨ
(

yi

mn−i , ·
)
−

n−1

∑
i=1

mn−iΨ
(∣∣∣∣ yi

mn−i −
n−1

∑
i=1

βiyi

mn−i

∣∣∣∣, ·)
−mn−nΨ

(∣∣∣∣ yn

mn−n −
n

∑
i=1

(
βiyi

mn−i

)∣∣∣∣, ·)
=

n

∑
i=1

mn−iΨ
(

yi

mn−i , ·
)
−

n

∑
i=1

mn−iΨ
(∣∣∣∣ yi

mn−i −
n

∑
i=1

βiyi

mn−i

∣∣∣∣, ·).

Hence the proof.

Theorem 8. The following statements are true for m ∈ [0, 1] and ∀ Uo, Vo, co ∈ [0, k] and
β ∈ [0, 1]

1. Ψ ∈ Sm[0, k], where Sm[0, k]=Set of (P, m)-superquadratic stochastic processes.
2. The process Ψ holds the result given below:

Ψ(β1Uo + (1− β1)Vo, ·) ≤ Ψ(Uo, ·)−Ψ
(
(1− β1)

∣∣∣∣Uo −
Vo

m

∣∣∣∣, ·)
+ m

(
Ψ
(Vo

m
, ·
)
−Ψ

(
β1

∣∣∣∣Uo −
Vo

m

∣∣∣∣, ·)).

3. For β1 + β2 = 1, the process Ψ holds the inequality given below:

Ψ(β1Uo + β2Vo, ·) ≤ Ψ(Uo, ·)−Ψ
(

β2

∣∣∣∣Uo −
Vo

m

∣∣∣∣, ·)
+ m

(
Ψ
(Vo

m
, ·
)
−Ψ

(
β1

∣∣∣∣Uo −
Vo

m

∣∣∣∣, ·)).
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4. For Uo ≤ co ≤ Vo the inequality given below holds:

∣∣∣∣∣∣∣
1 Ψ(Uo, ·)−Ψ

(
(1− β)

∣∣Uo − Vo
m

∣∣, ·) 1

−1 m
[(

Ψ(Vo
m , ·)−Ψ

(
β
∣∣Uo − Vo

m

∣∣, ·))] 0

0 Ψ(co, ·) 1

∣∣∣∣∣∣∣ ≥ 0.

Proof. It is straightforward that (1)⇔ (2)⇔ (3) and (3)⇔ (4). Since Uo ≤ co ≤ Vo there
exists a scalar β1 ∈ [0, 1] such that co = β1Uo + β2Vo = β1Uo + (1− β1)Vo. Consequently,
the following results can be established.

Ψ(co, ·) = Ψ(β1Uo + β2Vo, ·) = Ψ(β1Uo + (1− β1)Vo, ·) = Ψ
(

β1Uo + m(1− β1)
Vo

m
, ·
)

≤
(

Ψ(Uo, ·)−Ψ
(
(1− β1)

∣∣∣∣Uo −
Vo

m

∣∣∣∣, ·))+ m
(

Ψ
(Vo

m
, ·
)
−Ψ

(
β1

∣∣∣∣Uo −
Vo

m

∣∣∣∣, ·)).

Since it follows that∣∣∣∣∣∣∣
1 Ψ(Uo, ·)−Ψ

(
(1− β1)

∣∣Uo − Vo
m

∣∣, ·) 1
−1 m

(
Ψ(Vo

m , ·)−Ψ
(

β1
∣∣Uo − Vo

m

∣∣, ·)) 0
0 Ψ(co, ·) 1

∣∣∣∣∣∣∣
= Ψ(Uo, ·)−Ψ

(
(1− β1)

∣∣∣∣Uo −
Vo

m

∣∣∣∣, ·)
+ m

(
Ψ
(Vo

m
, ·
)
−Ψ

(
β1

∣∣∣∣Uo −
Vo

m

∣∣∣∣, ·))−Ψ(co, ·) ≥ 0.

Hence, (4) is satisfied (4)⇒ (1). In view of the assumption

Ψ(Uo, ·)−Ψ
(
(1− β1)

∣∣∣∣Uo −
Vo

m

∣∣∣∣, ·)+ m
(

Ψ
(Vo

m
, ·
)

−Ψ
(

β1

∣∣∣∣Uo −
Vo

m

∣∣∣∣, ·))−Ψ(co, ·) ≤ 0,

it can be applied to

Ψ(co, ·) = Ψ(β1Uo + (1− β1)Vo, ·)

≤
(

Ψ(Uo, ·)−Ψ
(
(1− β1)

∣∣∣∣Uo −
Vo

m

∣∣∣∣), ·
)
+ m

(
Ψ
(Vo

m
, ·
)
−Ψ

(
β1

∣∣∣∣Uo −
Vo

m

∣∣∣∣, ·)).

Hence the proof.

Next we offer the H.H’s inequality for (P, m)-superquadratic stochastic processes.
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Theorem 9. Let Ψ: [Uo, Vo
m ]×∏ → � be a mean-square integrable (P, m)-superquadratic stochas-

tic process, then

Ψ
(Uo + Vo

2
, ·
)
+

1 + m
Vo − Uo

∫ Vo

Uo
Ψ
(∣∣∣∣ (Uo + Vo)− (m + 1)y

2m

∣∣∣∣, ·)dy

≤ 1
Vo − Uo

{ ∫ Vo

Uo
Ψ(y, ·)dy + m

∫ Vo
m

Uo
m

Ψ(y, ·)dy
}

≤ Ψ(Uo, ·) + m
{

Ψ
(Vo

m
, ·
)
+ Ψ

(Uo

m
, ·
)
+ Ψ

( Vo

m2 , ·
)}

− 1
Vo − Uo

{ ∫ Vo

Uo

(
Ψ
(∣∣∣∣ (y− Uo)(Vo −mUo)

m(Vo − Uo)

∣∣∣∣, ·)
+ mΨ

(∣∣∣∣ (Vo − y)(Vo −mUo)

m(Vo − Uo)

∣∣∣∣, ·)+ mΨ
(∣∣∣∣ (Vo − y)(Vo −mUo)

m2(Vo − Uo)

∣∣∣∣, ·)
+ m2Ψ

(∣∣∣∣ (y− Uo)(Vo −mUo)

m2(Vo − Uo)

∣∣∣∣, ·))dy
}

, (26)

holds ∀ Uo,Vo > 0 and m ∈ (0, 1).

Proof. Since Ψ is a (P, m)-superquadratic stochastic process therefore we have

Ψ
(

y + yo

2
, ·
)
= Ψ

(
y
2
+

(
m
2

)(
yo

m

)
, ·
)
≤
(

Ψ(y, ·)−Ψ
(

1
2

∣∣∣∣y− yo

m

∣∣∣∣, ·))
+ m

(
Ψ
(

yo

m
, ·
)
−Ψ

(
1
2

∣∣∣∣y− yo

m

∣∣∣∣, ·)). (27)

Replacing y by βUo + (1− β)Vo and yo by βVo + (1− β)Uo in (27), we get.

Ψ
(Uo + Vo

2
, ·
)
≤ Ψ(βUo + (1− β)Vo, ·) + mΨ

(
βVo + (1− β)Uo

m
, ·
)

− (1 + m)Ψ
(∣∣∣∣ (1 + m)(Uoβ + Vo(1− β))− (Uo + Vo)

2m

∣∣∣∣, ·). (28)

After mean-square integration of (28) w.r.t β over [0, 1], we have

Ψ
(Uo + Vo

2
, ·
)
≤

∫ 1

0
Ψ(βUo + (1− β)Vo, ·)dβ + m

∫ 1

0
Ψ
(

βVo + (1− β)Uo

m

)
dβ

− (1 + m)
∫ 1

0
Ψ
(∣∣∣∣ (1 + m)(Uoβ + Vo(1− β))− (Uo + Vo)

2m

∣∣∣∣, ·)dβ.

It implies after change of variables and simple calculations that

Ψ
(Uo + Vo

2
, ·
)
≤ 1
Vo − Uo

{ ∫ Vo

Uo
Ψ(y, ·)dy + m

∫ Vo
m

Uo
m

Ψ(y, ·)dy
}

− 1 + m
Vo − Uo

∫ Vo

Uo
Ψ
(∣∣∣∣ (Uo + Vo)− (m + 1)y

2m

∣∣∣∣, ·)dy.

Thus

Ψ
(Uo + Vo

2
, ·
)
+

1 + m
Vo − Uo

∫ Vo

Uo
Ψ
(∣∣∣∣ (Uo + Vo)− (m + 1)y

2m

∣∣∣∣, ·)dy

≤ 1
Vo − Uo

{ ∫ Vo

Uo
Ψ(y, ·)dy + m

∫ Vo
m

Uo
m

Ψ(y, ·)dy
}

. (29)

Since Ψ is an (P, m)-superquadratic stochastic process, it follows that
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Ψ(βUo + (1− β)Vo, ·) + mΨ
(

βVo + (1− β)Uo

m
, ·
)

= Ψ
(

βUo + m(1− β)

(Vo

m

)
, ·
)
+ mΨ

(
(1− β)

Uo

m
+ mβ

( Vo

m2

)
, ·
)

≤
(

Ψ(Uo, ·)−Ψ
(
(1− β)

∣∣∣∣mUo − Vo

m

∣∣∣∣, ·))+ m
(

Ψ
(Vo

m
, ·
)
−Ψ

(
β

∣∣∣∣mUo − Vo

m

∣∣∣∣, ·))
+ m

(
Ψ
(Uo

m
, ·
)
−Ψ

(
β

∣∣∣∣mUo − Vo

m2

∣∣∣∣, ·))+ m2
(

Ψ
( Vo

m2 , ·
)
−Ψ

(
(1− β)

∣∣∣∣mUo − Vo

m2

∣∣∣∣, ·)), (30)

integrating (30) w.r.t β over [0, 1] and after simple calculation and change of variables
we get

1
Vo − Uo

{ ∫ Vo

Uo
Ψ(y, ·)dy + m

∫ Vo
m

Uo
m

Ψ(y, ·)dy
}

≤ Ψ(Uo, ·) + m
{

Ψ
(Vo

m
, ·
)
+ Ψ

(Uo

m
, ·
)
+ Ψ

( Vo

m2 , ·
)}

− 1
Vo − Uo

{ ∫ Vo

Uo

(
Ψ
(∣∣∣∣ (y− Uo)(Vo −mUo)

m(Vo − Uo)

∣∣∣∣, ·)
+ mΨ

(∣∣∣∣ (Vo − y)(Vo −mUo)

m(Vo − Uo)

∣∣∣∣, ·)+ mΨ
(∣∣∣∣ (Vo − y)(Vo −mUo)

m2(Vo − Uo)

∣∣∣∣, ·)
+ m2Ψ

(∣∣∣∣ (y− Uo)(Vo −mUo)

m2(Vo − Uo)

∣∣∣∣, ·))dy
}

. (31)

Combining (29) and (31), we get what we want.

Corollary 1. When the inequality in (26) is reversed, it gives rise to an inequality of H.H-type
characterizing (P,m)-subquadratic stochastic processes.

To verify Theorem 9, we present the following example involving (P,m)-superquadratic
stochastic process.

Example 4. Consider the same process as given in Example 3, then we have the Figure 2a,b given
by Figure 2, depict the right, middle and left terms, which are denoted by R, M and L respectively
for Theorem 9.

m L M R
0.1 2573.33 18,809.1 5.34×106

0.2 276.909 2372.04 169,857
0.3 72.4611 719.63 23,361.5
0.4 30.056 317.4 5984.62
0.5 17.9503 174.162 2195.01
0.6 14.0841 110.849 1022.4
0.7 12.9429 78.6475 564.916
0.8 12.7918 60.57 354.138
0.9 12.9999 49.6485 244.109
1.0 13.3151 42.6653 180.865

(a) (b)

Figure 2. Graphical and numerical description of Ψ = y3 via Theorem 9 for Uo = 3,Vo = 4 and
m ∈ (0.1, 1.0). (a) Numerical description of Theorem 9. (b) Graphical description of Theorem 9.
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In the aforementioned Example 4, the graph consists of three colors: pink, black
and red. Pink, black and red stands for the right, middle and right terms of Theorem 9,
respectively. It is obvious from Theorem 9 that right term is always greater than the middle
and middle term is greater than the left term, therefore the graph’s pink color always
occur above the black, and black always occur above the red color for various values of the
parameters involved in it. This graphically confirms that the established result is true.

4. H.H Type Inequalities for (P, m)-Superquadratic Stochastic Processes:
A Fractional Calculus Approach

This section is devoted to deriving fractional analogues of the H.H inequalities via RL

fractional operators.

Theorem 10. Let Ψ: [Uo, Vo
m ] × ∏ → � be a mean-square integrable (P, m)-superquadratic

stochastic process, then

Ψ
(

uo + Vo

2
, ·
)
+

2(1 + m)α

(Vo − Uo)α

∫ Uo+Vo
2

Uo
(Vo − y)α−1Ψ

(∣∣∣∣ (Uo + Vo)− (m + 1)y
2m

∣∣∣∣, ·)dy

≤ Γ(1 + α)

(Vo − Uo)α

[
Iα
Uo

+Ψ(Vo, ·) + mαIα
Vo
m
−Ψ

(Uo

m
, ·
)]

≤ Ψ(Uo, ·) + m
{

Ψ
(Vo

m
, ·
)
+ Ψ

(Uo

m
, ·
)
+ Ψ

( Vo

m2 , ·
)}

− α

(Vo − Uo)α

{ ∫ Vo

Uo
(Vo − y)α−1

(
Ψ
(∣∣∣∣ (y− Uo)(Vo −mUo)

m(Vo − Uo)

∣∣∣∣, ·)
+ mΨ

(∣∣∣∣ (Vo − y)(Vo −mUo)

m(Vo − Uo)

∣∣∣∣, ·)+ mΨ
(∣∣∣∣ (Vo − y)(Vo −mUo)

m2(Vo − Uo)

∣∣∣∣, ·)
+ m2Ψ

(∣∣∣∣ (y− Uo)(Vo −mUo)

m2(Vo − Uo)

∣∣∣∣, ·))dy
}

, (32)

holds for all Uo,Vo ≥ 0 and m ∈ (0, 1).

Proof. Let the process Ψ, satisfying the conditions of (P, m)-superquadratic stochastic
process, suggest that

Ψ
(

y + yo

2
, ·
)
= Ψ

(
y
2
+

(
m
2

)(
yo

m

)
, ·
)
≤
(

Ψ(y, ·)−Ψ
(

1
2

∣∣∣∣y− yo

m

∣∣∣∣, ·))
+ m

(
Ψ
(

yo

m
, ·
)
−Ψ

(
1
2

∣∣∣∣y− yo

m

∣∣∣∣, ·)), (33)

Replacing y with βUo + (1− β)Vo and yo with βVo + (1− β)Uo in (33), we obtain the follow-
ing

Ψ
(Uo + Vo

2
, ·
)
≤ Ψ(βUo + (1− β)Vo, ·) + mΨ

(
βVo + (1− β)Uo

m
, ·
)

− (1 + m)Ψ
(∣∣∣∣ (1 + m)(Uoβ + Vo(1− β))− (Uo + Vo)

2m

∣∣∣∣, ·), (34)

Multiplying (34) by βα−1 and then integrating it via β over [0, 1], we have

1
α

Ψ
(Uo + Vo

2
, ·
)
≤

∫ 1

0
βα−1Ψ(βUo + (1− β)Vo, ·)dβ + m

∫ 1

0
βα−1Ψ

(
βVo + (1− β)Uo

m
, ·
)

dβ

− (1 + m)
∫ 1

0
βα−1Ψ

(∣∣∣∣ (1 + m)(Uoβ + Vo(1− β))− (Uo + Vo)

2m

∣∣∣∣, ·)dβ,
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it implies that

1
α

Ψ
(Uo + Vo

2
, ·
)
≤ 1

(Vo − Uo)α

{ ∫ Vo

Uo
(Vo − y)α−1Ψ(y, ·)dy + mα

∫ Vo
m

Uo
m

(
y− Uo

m

)α−1

Ψ(y, ·)dy
}

− 1 + m
(Vo − Uo)α

∫ Vo

Uo
(Vo − y)α−1Ψ

(∣∣∣∣ (Uo + Vo)− (m + 1)y
2m

∣∣∣∣, ·)dy,

thus

1
α

Ψ
(Uo + Vo

2
, ·
)
+

1 + m
(Vo − Uo)α

∫ Vo

Uo
(Vo − y)α−1Ψ

(∣∣∣∣ (Uo + Vo)− (m + 1)y
2m

∣∣∣∣, ·)dy

≤ Γ(α)
(Vo − Uo)α

[
Iα
Uo

+Ψ(Vo, ·) + mαIα
Vo
m
−Ψ

(Uo

m
, ·
)]

, (35)

again as Ψ is a (P, m)-superquadratic stochastic process, then we have

Ψ(βUo + (1− β)Vo, ·) + mΨ
(

βVo + (1− β)Uo

m
, ·
)

= Ψ
(

βUo + m(1− β)

(Vo

m

)
, ·
)
+ mΨ

(
(1− β)

Uo

m
+ mβ

( Vo

m2

)
, ·
)

≤
(

Ψ(Uo, ·)−Ψ
(
(1− β)

∣∣∣∣mUo − Vo

m

∣∣∣∣, ·))+ m
(

Ψ
(Vo

m
, ·
)
−Ψ

(
β

∣∣∣∣mUo − Vo

m

∣∣∣∣, ·))
+ m

(
Ψ
(Uo

m
, ·
)
−Ψ

(
β

∣∣∣∣mUo − Vo

m2

∣∣∣∣, ·))
+ m2

(
Ψ
( Vo

m2 , ·
)
−Ψ

(
(1− β)

∣∣∣∣mUo − Vo

m2

∣∣∣∣, ·)), (36)

Multiplying (36) by βα−1 and then integrating it via β over [0, 1], we have

∫ 1

0
βα−1Ψ(βUo + (1− β)Vo, ·)dβ + m

∫ 1

0
βα−1Ψ

(
βVo + (1− β)Uo

m
, ·
)

dβ

≤
∫ 1

0
βα−1

(
Ψ(Uo, ·)−Ψ

(
(1− β)

∣∣∣∣mUo − Vo

m

∣∣∣∣, ·))dβ

+ m
∫ 1

0
βα−1

(
Ψ
(Vo

m
, ·
)
−Ψ

(
β

∣∣∣∣mUo − Vo

m

∣∣∣∣, ·))dβ

+ m
∫ 1

0
βα−1

(
Ψ
(Uo

m
, ·
)
−Ψ

(
β

∣∣∣∣mUo − Vo

m2

∣∣∣∣, ·))dβ

+ m2
∫ 1

0
βα−1

(
Ψ
( Vo

m2 , ·
)
−Ψ

(
(1− β)

∣∣∣∣mUo − Vo

m2

∣∣∣∣, ·))dβ. (37)

It implies that

1
(Vo − Uo)α

{ ∫ Vo

Uo
(Vo − y)α−1Ψ(y, ·)dy + mα

∫ Vo
m

Uo
m

(
y− Uo

m

)α−1

Ψ(y, ·)dy
}

≤ 1
α

Ψ(Uo, ·) + 1
α

m
{

Ψ
(Vo

m
, ·
)
+ Ψ

(Uo

m
, ·
)
+ Ψ

( Vo

m2 , ·
)}

− 1
(Vo − Uo)α

{ ∫ Vo

Uo
(Vo − y)α−1

(
Ψ
(∣∣∣∣ (y− Uo)(Vo −mUo)

m(Vo − Uo)

∣∣∣∣, ·)
+ mΨ

(∣∣∣∣ (Vo − y)(Vo −mUo)

m(Vo − Uo)

∣∣∣∣, ·)+ mΨ
(∣∣∣∣ (Vo − y)(Vo −mUo)

m2(Vo − Uo)

∣∣∣∣, ·)
+ m2Ψ

(∣∣∣∣ (y− Uo)(Vo −mUo)

m2(Vo − Uo)

∣∣∣∣, ·))dy
}

, (38)
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thus

Γ(α)
(Vo − Uo)α

[
Iα
Uo

+Ψ(Vo, ·) + mαIα
Vo
m
−Ψ

(Uo

m
, ·
)]

≤ 1
α

Ψ(Uo, ·) + 1
α

m
{

Ψ
(Vo

m
, ·
)
+ Ψ

(Uo

m
, ·
)
+ Ψ

( Vo

m2 , ·
)}

− 1
(Vo − Uo)α

{ ∫ Vo

Uo
(Vo − y)α−1

(
Ψ
(∣∣∣∣ (y− Uo)(Vo −mUo)

m(Vo − Uo)

∣∣∣∣, ·)
+ mΨ

(∣∣∣∣ (Vo − y)(Vo −mUo)

m(Vo − Uo)

∣∣∣∣)+ mΨ
(∣∣∣∣ (Vo − y)(Vo −mUo)

m2(Vo − Uo)

∣∣∣∣, ·)
+ m2Ψ

(∣∣∣∣ (y− Uo)(Vo −mUo)

m2(Vo − Uo)

∣∣∣∣, ·))dy
}

. (39)

The proof is completed by merging inequalities (35) and (39).

Corollary 2. The fractional inequalities of H.H-type for (P, m)-subquadratic stochastic processes
are obtained by applying RL fractional integral operators, provided that the inequalities in (32)
are reversed.

Corollary 3. The H.H type inequalities for (P, m)-superquadratic stochastic process are obtained
by taking α = 1 in (32).

Theorem 11. Let Ψ: [Uo, Vo
m ] × ∏ → � be a mean-square integrable (P, m)-superquadratic

stochastic process, then

Γ(1 + α)

2(m + 1)

{
1

(mVo − Uo)α

(
Iα
Uo

+Ψ(mVo, ·) + Iα
mVo

−Ψ(Uo, ·)
)

+
1

(Vo −mUo)α

(
Iα
Vo
−Ψ(mUo, ·) + Iα

mUo
+Ψ(Vo, ·)

)}
≤
(
Ψ(Uo, ·) + Ψ(Vo, ·)

)
− α

2(mVo − Uo)α

( ∫ mVo

Uo
(mVo − y)α−1

(
Ψ
(∣∣∣∣ (mVo − y)(Vo − Uo)

mVo − Uo

∣∣∣∣, ·)
+ Ψ

(∣∣∣∣ (y− Uo)(Vo − Uo)

mVo − Uo

∣∣∣∣, ·))dβ

)
− α

2(Vo −mUo)α

( ∫ Vo

mUo
(y−mUo)

α−1
(

Ψ
(∣∣∣∣ (y−mUo)(Vo − Uo)

Vo −mUo

∣∣∣∣, ·)
+ Ψ

(∣∣∣∣ (Vo − y)(Vo − Uo)

Vo −mUo

∣∣∣∣, ·))dβ

)
. (40)

holds for all Uo,Vo ≥ 0 and m ∈ (0, 1).

Proof. Suppose that the process Ψ exhibits (P, m)-superquadraticity, then

Ψ(βUo + m(1− β)Vo, ·) ≤ Ψ(Uo, ·)−Ψ((1− β)|Vo − Uo|, ·)
+ m

(
Ψ(Vo, ·)−Ψ(β|Vo − Uo|, ·)

)
, (41)

and

Ψ((1− β)Uo + mβVo, ·) ≤ Ψ(Uo, ·)−Ψ(β|Vo − Uo|, ·)
+ m

(
Ψ(Vo, ·)−Ψ((1− β)|Vo − Uo|, ·)

)
. (42)
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Adding inequalities (41) and (42), we arrive at the following result:

Ψ(βUo + m(1− β)Vo, ·) + Ψ((1− β)Uo + mβVo, ·)
≤ Ψ(Uo, ·)−Ψ((1− β)|Vo − Uo|, ·) + m

(
Ψ(Vo, ·)−Ψ(β|Vo − Uo|, ·)

)
+ Ψ(Uo, ·)−Ψ(β|Vo − Uo|, ·) + m

(
Ψ(Vo, ·)−Ψ((1− β)|Vo − Uo|, ·)

)
= 2Ψ(Uo, ·) + 2mΨ(Vo, ·)− (1 + m)

(
Ψ(β|Vo − Uo|, ·)

)
+ Ψ((1− β)|Vo − Uo|, ·)

))
. (43)

The inequality (43) is multiplied by βα−1 and integrating via β over [0, 1], so we then
attain that∫ 1

0
βα−1Ψ(βUo + m(1− β)Vo, ·)dβ +

∫ 1

0
βα−1Ψ((1− β)Uo + mβVo, ·)dβ

≤ 2
∫ 1

0
βα−1(Ψ(Uo, ·) + mΨ(Vo, ·)

)
dβ

− (1 + m)

( ∫ 1

0
βα−1Ψ(β|Vo − Uo|, ·)dβ +

∫ 1

0
βα−1Ψ((1− β)|Vo − Uo|, ·)dβ

)
, (44)

it implies that

α

(mVo − Uo)α

{ ∫ mVo

Uo
(mVo − y)α−1Ψ(y)dy +

∫ mVo

Uo
(y− Uo)

α−1Ψ(y, ·)dy
}

≤
(
2Ψ(Uo, ·) + 2mΨ(Vo, ·)

)
− α(1 + m)

(mVo − Uo)α

( ∫ mVo

Uo
(mVo − y)α−1

(
Ψ
(∣∣∣∣ (mVo − y)(Vo − Uo)

mVo − Uo

∣∣∣∣, ·)
+ Ψ

(∣∣∣∣ (y− Uo)(Vo − Uo)

mVo − Uo

∣∣∣∣, ·))dβ

)
, (45)

thus

Γ(1 + α)

2(mVo − Uo)α

{
Iα
Uo

+Ψ(mVo, ·) + Iα
mVo

−Ψ(Uo, ·)
}
≤
(
Ψ(Uo, ·) + mΨ(Vo, ·)

)
− α(1 + m)

2(mVo − Uo)α

( ∫ mVo

Uo
(mVo − y)α−1

(
Ψ
(∣∣∣∣ (mVo − y)(Vo − Uo)

mVo − Uo

∣∣∣∣, ·)
+ Ψ

(∣∣∣∣ (y− Uo)(Vo − Uo)

mVo − Uo

∣∣∣∣, ·))dβ

)
, (46)

Likewise, there are

Ψ(βVo + m(1− β)Uo, ·) ≤ Ψ(Vo, ·)−Ψ((1− β)|Vo − Uo|, ·)
+ m

(
Ψ(Uo, ·)−Ψ(β|Vo − Uo|, ·)

)
, (47)

and

Ψ((1− β)Vo + mβUo, ·) ≤ Ψ(Vo, ·)−Ψ(β|Vo − Uo|, ·)
+ m

(
Ψ(Uo, ·)−Ψ((1− β)|Vo − Uo|, ·)

)
. (48)

Adding inequalities (47) and (48), we derive:

Ψ(βVo + m(1− β)Uo, ·) + Ψ((1− β)Vo + mβUo, ·)
≤ 2Ψ(Vo, ·) + 2mΨ(Uo, ·)− (1 + m)

(
Ψ(β|Vo − Uo|, ·) + Ψ((1− β)|Vo − Uo|, ·)

))
, (49)
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the inequality (49) is multiplied by βα−1 and integrating via β over [0, 1], we then attain that

∫ 1

0
βα−1Ψ(βVo + m(1− β)Uo, ·)dβ +

∫ 1

0
βα−1Ψ((1− β)Vo + mβUo, ·)dβ

≤ 2
∫ 1

0
βα−1(Ψ(Vo, ·) + mΨ(Uo, ·)

)
dβ

− (1 + m)

( ∫ 1

0
βα−1Ψ(β|Vo − Uo|, ·)dβ +

∫ 1

0
βα−1Ψ((1− β)|Vo − Uo|, ·)dβ

)
, (50)

it implies that

α

(Vo −mUo)α

{ ∫ Vo

mUo
(y−mUo)

α−1Ψ(y, ·)dy +
∫ Vo

mUo
(Vo − y)α−1Ψ(y, ·)dy

}
≤
(
2Ψ(Vo, ·) + 2mΨ(Uo, ·)

)
− α(1 + m)

(Vo −mUo)α

( ∫ Vo

mUo
(y−mUo)

α−1
(

Ψ
(∣∣∣∣ (y−mUo)(Vo − Uo)

Vo −mUo

∣∣∣∣, ·)
+ Ψ

(∣∣∣∣ (Vo − y)(Vo − Uo)

Vo −mUo

∣∣∣∣, ·))dβ

)
, (51)

thus

Γ(1 + α)

2(Vo −mUo)α

{
Iα
Vo
−Ψ(mUo, ·) + Iα

mUo
+Ψ(Vo, ·)

}
≤
(
Ψ(Uo, ·) + mΨ(Vo, ·)

)
− α(1 + m)

2(Vo −mUo)α

( ∫ Vo

mUo
(y−mUo)

α−1
(

Ψ
(∣∣∣∣ (y−mUo)(Vo − Uo)

Vo −mUo

∣∣∣∣, ·)
+ Ψ

(∣∣∣∣ (Vo − y)(Vo − Uo)

Vo −mUo

∣∣∣∣, ·))dβ

)
. (52)

The required result is obtained by summing (46) and (52).

Corollary 4. Under the assumptions of Theorem 11, and by taking α = 1, one arrives at the
following inequality for (P, m)-superquadratic functions.

1
(m + 1)

{
1

mVo − Uo

∫ mVo

Uo
Ψ(y, ·)dy +

1
Vo −mUo

∫ Vo

mUo
Ψ(y, ·)dy

}
≤
(
Ψ(Uo, ·) + Ψ(Vo, ·)

)
− 1

2(mVo − Uo)

( ∫ mVo

Uo

(
Ψ
(∣∣∣∣ (mVo − y)(Vo − Uo)

mVo − Uo

∣∣∣∣, ·)+ Ψ
(∣∣∣∣ (y− Uo)(Vo − Uo)

mVo − Uo

∣∣∣∣, ·))dβ

)
− 1

2(Vo −mUo)

( ∫ Vo

mUo

(
Ψ
(∣∣∣∣ (y−mUo)(Vo − Uo)

Vo −mUo

∣∣∣∣, ·)+ Ψ
(∣∣∣∣ (Vo − y)(Vo − Uo)

Vo −mUo

∣∣∣∣, ·))dβ

)
, (53)

Example 5. Consider the same process as given in Example 3, then we have the Figure 3a,b given
by Figure 3, shows the right, middle and left terms, which are denoted by R, M and L respectively
for Theorem 10.

In the aforementioned Example 5, the graph consists of three colors: pink, black
and red. Pink, black and red stand for the right, middle and right terms of Theorem 10,
respectively. It is obvious from Theorem 10 that right term is always greater than the middle
and middle term is greater than the left term, therefore the graph’s pink color always occur
above the black, and black always occur above the red color for various values of the
parameters involved in it. This graphically confirms that the established result is true.
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m L M R
0.1 5602.88 43,793.8 5.002 × 106

0.2 606.688 5512.50 163,981
0.3 173.250 1664.12 23,032.6
0.4 83.9077 727.344 5975.39
0.5 57.7168 393.750 2204.63
0.6 48.5417 246.296 1028.33
0.7 45.0282 171.301 567.665
0.8 43.6457 129.199 355.275
0.9 43.1186 103.764 244.531
1.0 42.9375 87.5000 181.000

(a) (b)

Figure 3. Graphical description of Theorem 10. (a) Numerical description of Theorem 10. (b) Graphi-
cal and numerical description of Ψ = y3 via Theorem (10) for α = 0.6, Uo = 3,Vo = 4 and m ∈ [0, 1.0].

5. Implications for Information Theory

Distinguishing between two probability distributions is a fundamental task across
various disciplines, including statistics, information theory and machine. Divergence
measures serve as quantitative tools for assessing the dissimilarity between probability
distributions. Lin [53], in 1991, proposed a novel class of divergence measures derived
from Shannon entropy, a core principle in information theory used to quantify uncertainty
and the informational content within a probability distribution. Lin’s departure provided
a principled, information-theoretic way of measuring distributional discrepancy. Shioya
and Da-te [54] later built on Lin’s contribution by bringing out the H.H Ψ-divergence in
1995. Their development utilized the H.H inequality, a standard mathematical finding
connected with convex functions, to create an extended and more versatile basis. This
breakthrough greatly extended the range of application of divergence measures, allowing
deeper understanding and new applications in the comparative examination of probability
distributions.

For clarity and focus, we restrict ourselves to the definitions that are directly relevant
to the results that follow.

Definition 15 ([55]). Csiszár Ψ-divergence is defined as follows:

DΨ(po||qo) =
∫
�
qo(y)Ψ

(
po(y)
qo(y)

)
dU (y), po, qo ∈ P.

In this context, P represents the collection of all probability densities with respect to a σ-finite
measure U , � is assumed to be a nonempty set, and Ψ is a convex function defined over (0,+∞).

P =

{
po|po : �→ �, po(y) ≥ 0,

∫
�
po(y)dU (y) = 1

}
.

Remark 6. Taking the function Ψ as an (P, m)-superquadratic function yields the Csiszár
Ψ-divergence for (P, m)-superquadratic function.

Definition 16 ([56]). H.H Ψ-divergence is denoted and defined as follows:

DΨ
HH(po||qo) =

∫
�
qo(y)

∫ po(y)
qo(y)

1 Ψ(y)dy(
po(y)
qo(y)

− 1
) dU (y), po, qo ∈ P. (54)
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Definition 17 ([57]). RL fractional H.H Ψ-divergence is denoted and defined as follows:

αDΨ
HH(po||qo) =

∫
�
qo(y)

⎡⎣(Iα
1+Ψ)

(
po(y)
qo(y)

)
+ (Iα(

po(y)
qo(y)

−)Ψ(1))

⎤⎦
2
(
po(y)
qo(y)

− 1
)α dU (y), po, qo ∈ P. (55)

Where the Definition 2 provides the fractional operators used in (55).

Remark 7. We obtain (54), if α = 1 is set in (55).

Definition 18 ([58]). Let Ψ : J ×∏ → � be a convex stochastic process defined on J ⊆ (0, ∞),
satisfying the condition Ψ(1, ·) = 0. Then, the stochastic divergence associated with po, qo ∈ P is
defined as follows:

SDΨ(po||qo) =
∫
�
qo(y)Ψ

(
po(y)
qo(y)

, .
)

dU (y), po, qo ∈ P. (56)

Remark 8. When the convex stochastic process in (56) is substituted with an (P, m)-superquadratic
stochastic process, the resulting expression defines the stochastic divergence for (P, m)-superquadratic
stochastic processes.

Definition 19 ([58]). The stochastic H.H-divergence for po, qo ∈ P for a convex stochastic process
Ψ : J ×∏ → � on J ⊆ (0, ∞) is stated as

SDΨ
HH(po||qo) =

∫
�
qo(y)

∫ po(y)
qo(y)

1 Ψ(y, .)dy(
po(y)
qo(y)

− 1
) dU (y), po, qo ∈ P. (57)

Remark 9. We find stochastic H.H-divergence for P-superquadratic stochastic process when P-
superquadratic stochastic process is substituted for convex stochastic process in (57).

Definition 20 ([58]). A convex stochastic process Ψ : J ×∏ → �, defined on J ⊆ (0, ∞) and
satisfies Ψ(1, ·) = 0, provides the following definition for the stochastic divergence corresponding to
po, qo ∈ P and is called RL fractional stochastic H.H-divergence.

αSDΨ
HH(po||qo) = Γ(α + 1)

∫
�
qo(y)

[
Iα
1+ [Ψ]

(
po(y)
qo(y)

)
+ Iα

po(y)
qo(y)

− [Ψ](1)

]
2
(
po(y)
qo(y)

− 1
)α dU (y), po, qo ∈ P. (58)

The fractional integral operators appearing in (58) are those provided in Definition 13.

Remark 10. By replacing the convex stochastic process in (58) with an P-superquadratic stochas-
tic process, we derive the RL fractional stochastic H.H divergence corresponding to the P-
superquadratic case.

Here, we present the proofs of the results pertaining to fractional stochastic H.H-
divergence and stochastic H.H-divergence for P-superquadratic stochastic processes.
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Theorem 12. Let Ψ: [Uo, Vo
m ] × ∏ → � be a mean-square integrable (P, m)-superquadratic

stochastic process, and Ψ(1, .) = 0, then

SDΨ

(
1
2
qo +

1
2
po||qo

)
+ η1 ≤ 2SDΨ

HH(po||qo) ≤ 2SDΨ(po||qo)− η2. (59)

∀ po, qo ∈ P, where

SDΨ
HH(po||qo) =

∫
�

qo(y)(
po(y)
qo(y)

− 1
)(∫ po(y)

qo(y)

1
Ψ(y, ·)dy

)
dU (y),

η1 =
∫
�

qo(y)(2)(
po(y)
qo(y)

− 1
)(∫ po(y)

qo(y)

1
Ψ
(∣∣∣∣qo(y) + po(y)

2qo(y)
− y

∣∣∣∣, ·)dy

)
dU (y),

and

η2 =

{ ∫
�

qo(y)(
po(y)
qo(y)

− 1
)( ∫ po(y)

qo(y)

1

(
Ψ
(∣∣∣∣ (y− 1)(po(y)

qo(y)
−m)

m(
po(y)
qo(y)

− 1)

∣∣∣∣)

+ mΨ
(∣∣∣∣ (

po(y)
qo(y)

− y)(po(y)
qo(y)

−m)

m(
po(y)
qo(y)

− 1)

∣∣∣∣, ·)+ mΨ
(∣∣∣∣ (

po(y)
qo(y)

− y)(po(y)
qo(y)

−m)

m2(
po(y)
qo(y)

− 1)

∣∣∣∣, ·)

+ m2Ψ
(∣∣∣∣ (y− 1)(po(y)

qo(y)
−m)

m2(
po(y)
qo(y)

− 1)

∣∣∣∣, ·))dy
)

dU (y)
}

.

holds for all Uo,Vo ≥ 0 and m ∈ (0, 1).

Proof. Consider the H.H’s inequalities for (P, m)-superquadratic stochastic processes, from
Theorem 9:

Ψ
(Uo + Vo

2
, ·
)
+

1 + m
Vo − Uo

∫ Vo

Uo
Ψ
(∣∣∣∣ (Uo + Vo)− (m + 1)y

2m

∣∣∣∣, ·)dy

≤ 1
Vo − Uo

{ ∫ Vo

Uo
Ψ(y, ·)dy + m

∫ Vo
m

Uo
m

Ψ(y, ·)dy
}

≤ Ψ(Uo, ·) + m
{

Ψ
(Vo

m
, ·
)
+ Ψ

(Uo

m
, ·
)
+ Ψ

( Vo

m2 , ·
)}

− 1
Vo − Uo

{ ∫ Vo

Uo

(
Ψ
(∣∣∣∣ (y− Uo)(Vo −mUo)

m(Vo − Uo)

∣∣∣∣, ·)
+ mΨ

(∣∣∣∣ (Vo − y)(Vo −mUo)

m(Vo − Uo)

∣∣∣∣, ·)+ mΨ
(∣∣∣∣ (Vo − y)(Vo −mUo)

m2(Vo − Uo)

∣∣∣∣, ·)
+ m2Ψ

(∣∣∣∣ (y− Uo)(Vo −mUo)

m2(Vo − Uo)

∣∣∣∣, ·))dy
}

. (60)
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Now setting Uo = 1, and Vo =
po(y)
qo(y)

, in (60), we obtain

Ψ
(
qo(y) + po(y)

2qo(y)
, ·
)
+

1 + m(
po(y)
qo(y)

− 1
) ∫ po(y)

qo(y)

1
Ψ
(∣∣∣∣qo(y) + po(y)

2mqo(y)
− (m + 1)y

2m

∣∣∣∣, ·)dy

≤ 1
po(y)
qo(y)

− 1

{ ∫ po(y)
qo(y)

1
Ψ(y, ·)dy + m

∫ po(y)
mqo(y)

1
m

Ψ(y, ·)dy
}

≤ Ψ(1, ·) + m
{

Ψ
(

po(y)
mqo(y)

, ·
)
+ Ψ

(
1
m

, ·
)
+ Ψ

(
po(y)

m2qo(y)
, ·
)}

− 1(
po(y)
qo(y)

− 1
){ ∫ po(y)

qo(y)

1

(
Ψ

⎛⎝∣∣∣∣∣∣
(y− 1)

(
po(y)
qo(y)

−m
)

m
(
po(y)
qo(y)

− 1
)

∣∣∣∣∣∣
⎞⎠

+ mΨ
(∣∣∣∣ (

po(y)
qo(y)

− y)(po(y)
qo(y)

−m)

m(
po(y)
qo(y)

− 1)

∣∣∣∣, ·)+ mΨ
(∣∣∣∣ (

po(y)
qo(y)

− y)(po(y)
qo(y)

−m)

m2(
po(y)
qo(y)

− 1)

∣∣∣∣, ·)

+ m2Ψ
(∣∣∣∣ (y− 1)(po(y)

qo(y)
−m)

m2(
po(y)
qo(y)

− 1)

∣∣∣∣, ·))dy
}

. (61)

Since Ψ(1, ·) = 0, it follows that:

Ψ
(
qo(y) + po(y)

2qo(y)
, ·
)
+

1 + m(
po(y)
qo(y)

− 1
) ∫ po(y)

qo(y)

1
Ψ
(∣∣∣∣qo(y) + po(y)

2mqo(y)
− (m + 1)y

2m

∣∣∣∣, ·)dy

≤ 1
po(y)
qo(y)

− 1

{ ∫ po(y)
qo(y)

1
Ψ(y, ·)dy + m

∫ po(y)
mqo(y)

1
m

Ψ(y, ·)dy
}

≤ m
{

Ψ
(

po(y)
mqo(y)

, ·
)
+ Ψ

(
1
m

, ·
)
+ Ψ

(
po(y)

m2qo(y)
, ·
)}

− 1(
po(y)
qo(y)

− 1
){ ∫ po(y)

qo(y)

1

(
Ψ

⎛⎝∣∣∣∣∣∣
(y− 1)

(
po(y)
qo(y)

−m
)

m
(
po(y)
qo(y)

− 1
)

∣∣∣∣∣∣
⎞⎠

+ mΨ
(∣∣∣∣ (

po(y)
qo(y)

− y)(po(y)
qo(y)

−m)

m(
po(y)
qo(y)

− 1)

∣∣∣∣, ·)+ mΨ
(∣∣∣∣ (

po(y)
qo(y)

− y)(po(y)
qo(y)

−m)

m2(
po(y)
qo(y)

− 1)

∣∣∣∣, ·)

+ m2Ψ
(∣∣∣∣ (y− 1)(po(y)

qo(y)
−m)

m2(
po(y)
qo(y)

− 1)

∣∣∣∣, ·))dy
}

. (62)

Multiplying both sides of (62) by qo(y) ≥ 0, for all y ∈ �, and integrating the resulting
expression over �, yields:

141



Fractal Fract. 2025, 9, 771

∫
�
qo(y)Ψ

(
qo(y) + po(y)

2qo(y)
, ·
)

dU (y)

+
∫
�

qo(y)(1 + m)(
po(y)
qo(y)

− 1
) (∫ po(y)

qo(y)

1
Ψ
(∣∣∣∣qo(y) + po(y)

2mqo(y)
− (m + 1)y

2m

∣∣∣∣, ·)dy

)
dU (y)

≤
∫
�

qo(y)(
po(y)
qo(y)

− 1
)(∫ po(y)

qo(y)

1
m

Ψ(y, ·)dy

)
dU (y) + m

∫
�

qo(y)(
po(y)
qo(y)

− 1
)(∫ po(y)

mqo(y)

1
m

Ψ(y, ·)dy

)
dU (y)

≤ m
{ ∫

�
qo(y)Ψ

(
po(y)

mqo(y)
, ·
)

dU (y) +
∫
�
qo(y)Ψ

(
1
m

, ·
)

dU (y)

+
∫
�
qo(y)Ψ

(
po(y)

m2qo(y)
, ·
)

dU (y)
}
−
{ ∫

�

qo(y)(
po(y)
qo(y)

− 1
)( ∫ po(y)

qo(y)

1

(
Ψ
(∣∣∣∣ (y− 1)(po(y)

qo(y)
−m)

m(
po(y)
qo(y)

− 1)

∣∣∣∣)

+ mΨ
(∣∣∣∣ (

po(y)
qo(y)

− y)(po(y)
qo(y)

−m)

m(
po(y)
qo(y)

− 1)

∣∣∣∣, ·)+ mΨ
(∣∣∣∣ (

po(y)
qo(y)

− y)(po(y)
qo(y)

−m)

m2(
po(y)
qo(y)

− 1)

∣∣∣∣, ·)

+ m2Ψ
(∣∣∣∣ (y− 1)(po(y)

qo(y)
−m)

m2(
po(y)
qo(y)

− 1)

∣∣∣∣, ·))dy
)

dU (y)
}

. (63)

By applying the definitions of stochastic divergence and stochastic H.H-divergence, we
arrive at the desired result.

Theorem 13. Let Ψ: [Uo, Vo
m ] × ∏ → � be a mean-square integrable (P, m)-superquadratic

stochastic process, and Ψ(1, .) = 0, then

SDΨ

(
1
2qo +

1
2po||qo

)
Γ(1 + α)

+
2α(1 + m)τ1

Γ(1 + α)
≤ 2αSDm

Ψ
HH(po||qo)

≤ m
Γ(1 + α)

{
SDΨ(po||mqo) +

∫
�
qo(y)Ψ

(
1
m

, ·
)

dU (y) + mαSDΨ(po||m2qo)

}
− ατ2

Γ(1 + α)
.

∀ po, qo ∈ P, and α > 0, where

αSDm
Ψ
HH(po||qo) =

∫
�

qo(y)

2
(
po(y)
qo(y)

− 1
)α

[
Iα

1+Ψ
(
po(y)
qo(y)

, ·
)
+ mαIα

po(y)
mqo(y)

−Ψ
(

1
m

, ·
)]

dU (y),

τ1 =
∫
�

⎛⎜⎝ qo(y)(
po(y)
qo(y)

− 1
)α

∫ qo(y)+po(y)
2qo(y)

1

(
po(y)
qo(y)

− y
)α−1

Ψ
(∣∣∣∣ (1 +

po(y)
qo(y)

)− (m + 1)y

2m

∣∣∣∣, ·)dy

⎞⎟⎠dU (y),
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and

τ2 =
∫
�

qo(y)(
po(y)
qo(y)

− 1
)α

( ∫ po(y)
qo(y)

1

(
po(y)
qo(y)

− y
)α−1(

Ψ
(∣∣∣∣ (y− 1)(po(y)

qo(y)
−m)

m(
po(y)
qo(y)

− 1)

∣∣∣∣, ·)

+ mΨ
(∣∣∣∣ (

po(y)
qo(y)

− y)(po(y)
qo(y)

−m)

m(
po(y)
qo(y)

− 1)

∣∣∣∣, ·)+ mΨ
(∣∣∣∣ (

po(y)
qo(y)

− y)(po(y)
qo(y)

−m)

m2(
po(y)
qo(y)

− 1)

∣∣∣∣, ·)

+ m2Ψ
(∣∣∣∣ (y− 1)(po(y)

qo(y)
−m)

m2(
po(y)
qo(y)

− 1)

∣∣∣∣, ·))dy
)

dU (y).

holds for all Uo,Vo ≥ 0 and m ∈ (0, 1).

Proof. Consider the fractional H.H-type inequalities for (P, m)-superquadratic stochastic
processes, established via RL integral operators of order α > 0, as presented in Theorem 10:

Ψ
(

uo + Vo

2
, ·
)
+

2(1 + m)α

(Vo − Uo)α

∫ Uo+Vo
2

Uo
(Vo − y)α−1Ψ

(∣∣∣∣ (Uo + Vo)− (m + 1)y
2m

∣∣∣∣, ·)dy

≤ Γ(1 + α)

(Vo − Uo)α

[
Iα
Uo

+Ψ(Vo, ·) + mαIα
Vo
m
−Ψ

(Uo

m
, ·
)]

≤ Ψ(Uo, ·) + m
{

Ψ
(Vo

m
, ·
)
+ Ψ

(Uo

m
, ·
)
+ Ψ

( Vo

m2 , ·
)}

− α

(Vo − Uo)α

{ ∫ Vo

Uo
(Vo − y)α−1

(
Ψ
(∣∣∣∣ (y− Uo)(Vo −mUo)

m(Vo − Uo)

∣∣∣∣, ·)
+ mΨ

(∣∣∣∣ (Vo − y)(Vo −mUo)

m(Vo − Uo)

∣∣∣∣, ·)+ mΨ
(∣∣∣∣ (Vo − y)(Vo −mUo)

m2(Vo − Uo)

∣∣∣∣, ·)
+ m2Ψ

(∣∣∣∣ (y− Uo)(Vo −mUo)

m2(Vo − Uo)

∣∣∣∣, ·))dy
}

, (64)

Now setting Uo = 1, and Vo =
po(y)
qo(y)

, in (64), we obtain

Ψ
(
qo(y) + po(y)

2qo(y)
, .
)
+

2α(1 + m)(
po(y)
qo(y)

− 1
)α

∫ qo(y)+po(y)
2qo(y)

1

(
po(y)
qo(y)

− y
)α−1

×Ψ
(∣∣∣∣ (1 +

po(y)
qo(y)

)− (m + 1)y

2m

∣∣∣∣, ·)dy

≤ Γ(1 + α)

(
po(y)
qo(y)

− 1)α

[
Iα

1+Ψ
(
po(y)
qo(y)

, ·
)
+ mαIα

po(y)
mqo(y)

−Ψ
(

1
m

, ·
)]

≤ Ψ(1, ·) + m
{

Ψ
(

po(y)
mqo(y)

, ·
)
+ Ψ

(
1
m

, ·
)
+ Ψ

(
po(y)

m2qo(y)
, ·
)}

− α(
po(y)
qo(y)

− 1
)α

{ ∫ po(y)
qo(y)

1

(
po(y)
qo(y)

− y
)α−1(

Ψ
(∣∣∣∣ (y− 1)(po(y)

qo(y)
−m)

m(
po(y)
qo(y)

− 1)

∣∣∣∣, ·)

+ mΨ
(∣∣∣∣ (

po(y)
qo(y)

− y)(po(y)
qo(y)

−m)

m(
po(y)
qo(y)

− 1)

∣∣∣∣, ·)+ mΨ
(∣∣∣∣ (

po(y)
qo(y)

− y)(po(y)
qo(y)

−m)

m2(
po(y)
qo(y)

− 1)

∣∣∣∣, ·)

+ m2Ψ
(∣∣∣∣ (y− 1)(po(y)

qo(y)
−m)

m2(
po(y)
qo(y)

− 1)

∣∣∣∣, ·))dy
}

. (65)
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Given that Ψ(1, ·) = 0, it follows that:

Ψ
(
qo(y) + po(y)

2qo(y)
, .
)
+

2α(1 + m)(
po(y)
qo(y)

− 1
)α
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(
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qo(y)

− y
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, ·
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1
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qo(y)
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(∣∣∣∣ (y− 1)(po(y)

qo(y)
−m)

m(
po(y)
qo(y)

− 1)

∣∣∣∣, ·)

+ mΨ
(∣∣∣∣ (

po(y)
qo(y)

− y)(po(y)
qo(y)

−m)

m(
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qo(y)

− 1)

∣∣∣∣, ·)+ mΨ
(∣∣∣∣ (

po(y)
qo(y)

− y)(po(y)
qo(y)
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po(y)
qo(y)

− 1)

∣∣∣∣, ·)

+ m2Ψ
(∣∣∣∣ (y− 1)(po(y)

qo(y)
−m)

m2(
po(y)
qo(y)

− 1)

∣∣∣∣, ·))dy
}

. (66)

By multiplying both sides of (66) by qo(y) ≥ 0, where y ∈ �, and integrating the resulting
expression over �, we derive the following:

1
Γ(1 + α)

∫
�
qo(y)Ψ

(
qo(y) + po(y)

2qo(y)
, .
)

dU (y)

+
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∫
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∫
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∫
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(
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)
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− α
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(
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)α−1(

Ψ
(∣∣∣∣ (y− 1)(po(y)

qo(y)
−m)
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− 1)
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+ mΨ
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− 1)
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− y)(po(y)
qo(y)

−m)
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m2(
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∣∣∣∣, ·))dy
)

dU (y)
}

. (67)

Employing the definitions of stochastic divergence, stochastic H.H-divergence and RL

fractional stochastic H.H-divergence, we obtain the required result.
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Remark 11. By setting α = 1 in Theorem 13, we recover the result stated in Theorem 12.

5.1. Assumptions Underlying the Study and Their Limitations

This study is built upon a carefully designed set of assumptions that ensure both math-
ematical rigor and practical relevance. The new class of (P,m)-superquadratic stochastic
processes is treated within the context of mean-square continuity, a general but natural
assumption which ensures integrability of the stochastic RL fractional integrals used in
our construction. The random variables and the stochastic processes are assumed to be
square-integrable, thus enhancing the stability and robustness of the theoretical results.
The derivation of more intricate H.H-type inequalities finds its basis in the generalized
convexity through the m-superquadratic requirement, significantly broadening the range
of investigation beyond the conventional techniques based on convexity. Through the use
of RL operators within fractional extensions, the article opens new doors in stochastic
fractional calculus and provides a sound basis for future investigation with other fractional
operators like Caputo or Hadamard. The methodology through demonstrating its applica-
tion within information theory, namely through the presentation of innovative stochastic
measures of divergence, and thereby highlighting its interdisciplinary importance. To
ensure the theoretical contributions are credible, the paper has informative numerical
examples and accurate visualizations with the computation times specifically noted. To-
gether, these contributions provide a solid foundation for future work and application,
positioning this paper as an important contribution to the new field of stochastic analysis
and applications.

5.2. Complexity and Implementation

In order to justify the theoretical results and verify the applicability of our suggested
framework to (P, m)-superquadratic stochastic processes, we supply numerical benchmarks
for all symbolic calculations and plot outputs. The symbolic procedures employed to create
figures and numerical results for the Jensen-type and H.H inequalities and their fractional
RL counterparts were run using Mathematica 11.3 on a typical computing platform (Intel
Core i7 processor with 16 GB RAM). For illustrative tasks, the measured wall-clock times
varied between about 0.142565 and 5.36818 s, depending on the levels of symbolic inte-
gration and plotting required. In spite of the symbolic character of the procedures, these
findings establish that the calculations remain within efficient and comfortably within
practical limits. To allow complete reproducibility and transparency of computations,
we share a publicly available GitHub repository with the entire Mathematica notebook:
https://github.com/dawoodpk1947/-P-m--superquadratic-stochastic-processes.git. Fur-
ther, precise timing results can be viewed through: https://github.com/dawoodpk1947/
time-for-P-m--superquadratic-stochastic-processes.git (visited on 10 July 2025), enabling
the users to navigate and replicate the computational steps stepwise.

6. Conclusions

In this work, we first proposed the notion of (P, m)-superquadratic stochastic processes,
which provided a new and mathematically rigorous extension of traditional superquadratic
theories in the context of mean-square stochastic calculus. Through rigorous analysis of
their structural characteristics, we established extended forms of Jensen’s inequality and
H.H inequalities, and then further extended these findings to their fractional analogues
by stochastic RL fractional integrals. These results greatly expand the analytical arsenal
available for fractional stochastic analysis.

The theoretical results were supplemented by well-conceived graphical representa-
tions and tabulated illustrations, confirming both the applicability and the generality of the
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inequalities suggested. The legitimacy of the framework was also demonstrated further
through novel applications in information theory, specifically in constructing new classes
of stochastic divergence measures.

In order to facilitate reproducibility and computational transparency, all symbolic
procedures, graphical plots, and running times have been well documented and made
publicly available. This work not only contributes to the theoretical development of stochas-
tic inequalities but also opens the door for further investigation in fractional stochastic
processes and their inter-disciplinary applications.
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Abstract

This article investigates fractional Hermite–Hadamard integral inequalities through the
framework of Caputo fractional derivatives and MET-(p, s)-convex functions. In partic-
ular, we introduce new modifications to two classical fractional extensions of Hermite–
Hadamard-type inequalities, formulated for both MET-(p, s)-convex functions and loga-
rithmic (p, s)-convex functions. Moreover, we obtain enhancements of inequalities like
the Hermite–Hadamard, midpoint, and Fejér types for two extended convex functions by
employing the Caputo fractional derivative. The research presents a numerical example
with graphical representations to confirm the correctness of the obtained results.

Keywords: fractional integral inequalities; Caputo fractional derivatives; MET-(p, s) con-
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1. Introduction

Convex functions play important roles in mathematical analysis, including optimiza-
tion theory and numerical integration. Among the many varieties of convex functions,
trigonometric convex functions have drawn a lot of interest because of their intrinsic qual-
ities and uses in a variety of physical and mathematical issues. Refining and improving
the conclusions in these disciplines has been made possible by the study of inequalities
involving such functions, especially fractional integral inequalities. Fractional calculus, a
generalization of classical calculus, involving derivatives and integrals of any order, has
been extensively used in the analysis of convex functions. In fact, such a generalization aims
to become a more general model for the problem and as such is a tool that is available for
estimating and justifying the results of solving problems based on real disciplines in which
the use of calculus is not possible. Therefore, it is very important to use the concept of the
inequalities of fractional integrals and Hermite–Hadamard ones in particular. Inequalities
of this kind play a key role in the estimation of integrals of convex functions, giving numer-
ical estimations for different integral expressions, all of which are necessary for physics,
engineering, and economic disciplines. The Hermite–Hadamard inequality is a basic result
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in convex analysis that provides bounds for the integral of a convex function over a certain
interval. Specifically, if f is convex on [x, y], the Hermite–Hadamard inequality states

f
(

x + y
2

)
≤ 1

y− x

∫ y

x
f (t) dt ≤ f (x) + f (y)

2
.

The extension to fractional integrals has only recently become an attractive subject
for researchers. Substantial efforts have been made by numerous authors to formulate the
fractional version of Hermite–Hadamard’s inequality and apply it in the context of convex
functions of various types, including trigonometric ones. For instance, P. O. Mohammed
et al. [1] designed a new type of discrete inequalities of the Hermite–Hadamard type for
convex functions with integro-differential properties that cover trigonometric functions as
special cases. However, the most significant development was the inclusion of fractional
integrals in these inequalities, opening numerous new perspectives for applications in the
field of fractional calculus. In a similar manner, F. X. Chen [2] approached the fractional
generalization of the classical Hermite–Hadamard inequality for convex functions using
fractional integrals. This approach allowed the creation of a broader field for the study of
convex functions, which includes the trigonometric ones and academic methods for solving
fractional calculus for integral inequalities. The importance of these new findings lies in
the fact that modern applications of fractional derivatives or integrals require more precise
limitation of criteria based on the behavior of various systems represented by convex func-
tions. For the most recent discoveries related to the Hermite–Hadamard-type inequality,
the interested reader is directed towards [3–5]. The application of fractional calculus to
derive inequalities in relation to the behavior of convex functions includes broader fields of
investigations beyond conventional Riemann–Liouville fractional integrals. T. Abdeljawad
et al. [6] and G. Rahman et al. [7] have investigated the application of the Caputo fractional
derivative in inequalities, providing new bounds and findings relevant to the theory behind
the convex and trigonometric functions. These types of fractional derivatives provide users
with more opportunities to work with real-life systems with a memory effect, such as
energy consumption or material science. Furthermore, fractional calculus assisted in the
development of inequalities that feature Fejer–Hadamard inequalities, which are typically
associated with the Hermite–Hadamard inequalities (e.g., see [8]). G. Farid et al. [9] used
these inequalities in the framework of fractional derivatives, resulting in new findings
concerning convex functions. The researchers managed to include fractional integrals in
the study, which helps in broadening the field of application of such inequalities and their
validity over various issues associated with the study of trigonometric functions. Current
researches in fractional integral inequalities allow users to formulate new strategies and
approaches to study complex cases in fields involving mathematical modeling, optimiza-
tion, and numerical integration. Moreover, these advanced methodologies have enormous
influence on the development and enhancement of numerical quadrature of the exemplary
apparatus of convex functions and other approximate techniques such as trigonometric
ones. For example, M. Samraiz et al. [10] and R. S. Ali et al. [11] used fractional-type
inequalities to develop various new quadrature as a new worthy estimate of the integral
with convex functions.

The fractional Hermite–Hadamard-type inequality is a new area of research that
has recently been attracting much attention because it describes non-local dynamics and
memory-dependent processes in mathematical models. Classical convexity concepts have
been developed to various generalized settings such as logarithmic and exponential con-
vexity, but in practice, more flexible function classes are needed as well to model examples
with hybrid growth and oscillatory behavior. The natural generalization which can account
for both exponential and oscillatory phenomena for a wide range of its applications in
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engineering, physics, reliability theory and mathematical programming is the modified
exponential trigonometric (p, s)-convexity. Though Caputo fractional derivatives have
attracted more and more attention, to the best of our knowledge, there are no complete
Hermite–Hadamard-type inequalities for MET-(p, s)-convex and log-(p, s)-convex func-
tions in a higher-dimensional case under Caputo operators. This inspires us to consider new
fractional integral inequalities which gather advanced classes of convexity with non-local
fractional operators. The author overcomes this deficit by introducing new (Hermite–
Hadamard-type) inequalities with the use of Caputo derivative for MET-(p, s)-convex
and log-(p, s)-convex functions as well as providing motivation for their applications to
engineering problems.

2. Preliminaries

This section contains the materials and basic definitions on which this paper is based.
The standard definition of a convex function is stated as follows [12]:

Definition 1. A function f : I ⊆ R→ R is said to be convex if it fulfills the inequality

f (ta1 + (1− t)b1) ≤ t f (a1) + (1− t) f (b1), (1)

where a1, b1 ∈ I and t ∈ [0, 1].

Among the most significant generalizations there is s-convexity, introduced in [13]
as follows:

Definition 2 (s-convex function). For some fixed s ∈ (0, 1], a function f : [0, ∞)→ R is said to
be s-convex in the second sense if

f (ta1 + (1− t)b1) ≤ ts f (a1) + (1− t)s f (b1), (2)

holds for all a1, b1 ∈ [0, ∞) and t ∈ [0, 1].

Definition 3 (p-convex set [14]). If J ⊂ (0, ∞) is a real interval and p ∈ R \ {0}, then it is said
to be a p-convex set if

[ta1
p + (1− t)b1

p]
1
p ∈ J for all a1, b1 ∈ J and t ∈ [0, 1]. (3)

Definition 4 (p-convex function [14]). Let J ⊂ (0, ∞) be a real interval and p ∈ R \ {0}. A
function f : J → R is said to be a p-convex function if

f
(
[ta1

p + (1− t)b1
p]

1
p

)
≤ t f (a1) + (1− t) f (b1), (4)

for all a1, b1 ∈ J and t ∈ [0, 1]. If the inequality in (4) is reversed, then f is said to be p-concave.

Definition 5 (trigonometrically convex function [15]). A non-negative function f : I ⊆ R→
R is called a trigonometrically convex function on the interval I, if for each a1, b1 ∈ I and t ∈ [0, 1],

f (ta1 + (1− t)b1) ≤ sin(2πt) f (a1) + cos(2πt) f (b1). (5)
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Definition 6 (exponential trigonometric convex function [16]). A function f : I ⊆ R→ R is
defined as an exponential trigonometric convex function if

f (ta1 + (1− t)b1) ≤
sin

(
πt
2
)

e1−t f (a1) +
cos

(
πt
2
)

et f (b1), (6)

for every t ∈ [0, 1] and a1, b1 ∈ I.

Definition 7 (modified exponential trigonometric convex function [17]). Let f : I ⊆ R→
R+

0 . The function f is called a modified exponential trigonometric convex function if for every
a1, b1 ∈ I and t ∈ [0, 1], the following inequality holds:

f
(
ta1 + (1− t)b1

)
≤ sin

(
πt
2

)
e(1−t) f (a1) + cos

(
πt
2

)
et f (b1). (7)

Definition 8 ([18]). Let p �= 0 and 0 < s ≤ 1. A function f : (0, ∞) → R is said to be
(p, s)-convex in the second sense if, for all a1, b1 ∈ (0.∞) and t ∈ [0, 1], the inequality

f
(
(tap

1 + (1− t)bp
1 )

1
p

)
≤ ts f (a1) + (1− t)s f (b1), (8)

holds.

Example 1. Let f : (0, ∞)→ [0, ∞) be defined by

f (x) = xp, p > 0,

and let 0 < s ≤ 1. Then, f is (p, s)-convex in the second sense.

Definition 9 ([19–21]). Let f ∈ L[a, b]. Then, the left-sided and right-sided Riemann–Liouville
fractional integrals of order α > 0 with a ≥ 0 and a < x < b are defined as follows, respectively:

Iα
a+ f (x) =

1
Γ(α)

∫ x

a
(x− t)α−1 f (t) dt, x > a, (9)

Iα
b− f (x) =

1
Γ(α)

∫ b

x
(t− x)α−1 f (t) dt, x < b, (10)

where Γ(·) is the Gamma function.

These operators extend the classical integral to arbitrary real orders and are funda-
mental in fractional calculus.

Properties of Riemann–Liouville Fractional Integral

1. Linearity: [19,22] For x, y ∈ R, the Riemann–Liouville fractional integral satisfies

Iα
a+(x f + yg) = xIα

a+ f + yIα
a+g,

and similarly for Iα
b−.

2. Reduction to the classical integral: [20,22] For α = 1, the Riemann–Liouville fractional
integral reduces to the standard first-order integral:

I1
a+ f (x) =

∫ x

a
f (t) dt, I1

b− f (x) =
∫ b

x
f (t) dt.
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3. Identity property: [19,23] In the limiting sense,

lim
α→0+

Iα
a+ f (x) = f (x), lim

α→0+
Iα
b− f (x) = f (x),

for almost every x ∈ (a, b).
4. Semigroup property: [19,20] For α, β > 0, the following composition rule holds:

Iα
a+

(
Iβ
a+ f

)
= Iα+β

a+ f , Iα
b−
(

Iβ
b− f

)
= Iα+β

b− f .

5. Action on power functions: [19,22] For μ > −1, one has

Iα
a+(x− a)μ =

Γ(μ + 1)
Γ(μ + α + 1)

(x− a)μ+α,

with an analogous expression for the right-sided operator.
6. Differentiation rule: [20,23] If the derivative exists, then

d
dx

(Iα
a+ f (x)) = Iα−1

a+ f (x), α > 0,

and
d

dx
(

Iα
b− f (x)

)
= − Iα−1

b− f (x).

7. Fractional integration by parts: [19,22] For suitable functions f and g, the following
identity holds:

∫ b

a
(Iα

a+ f )(x) g(x) dx =
∫ b

a
f (x)

(
Iα
b−g

)
(x) dx.

Definition 10 ([19,21,24]). For μ > 0, μ /∈ N, with m = !μ"+ 1, m ∈ N, f ∈ C[a1, b1] and
a1 < x < b1, the Caputo fractional derivatives of order μ for the left and right sides are defined
as follows:

CDμ

a+1
f (x) =

1
Γ(m− μ)

∫ x

a1

(x− t)m−μ−1 f (m)(t) dt, (11)

where x > a1, and

CDμ

b1
− f (x) =

1
Γ(m− μ)

∫ b1

x
(t− x)m−μ−1 f (m)(t) dt, (12)

where x < b1, respectively.

3. Main Results

Firstly, we will introduce a new class of convex functions which is a new version of the
modified exponential trigonometric convex function known as the modified exponential
trigonometric (p,s)-convex function (i.e., MET-(p, s)-convex function).

Definition 11 (MET-(p, s)-convex function). A function f : I ⊆ R → R is called an MET-
(p,s)-convex function if for every p ∈ R \ {0} and s ∈ (0, 1], then

f
(
(ta1

p + (1− t)b1
p)

1
p

)
≤ sin

(
πt
2

)
e(1−t)s

f (a1) + cos
(

πt
2

)
ets

f (b1), (13)

where t ∈ [0, 1] and a1, b1 ∈ I.
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Graphical Validation of the MET-(p, s)-Convex Function

Example 2. Numerical analysis of the MET-(p,s)-convex function inequality for f (x) = ex with
parameters a1 = 1, b1 ∈ [4, 6], p = 1, and s = 1 demonstrates that the inequality holds across all
t ∈ [0, 1], with equality at the boundaries t = 0 and t = 1, as evidenced by the close alignment of
the left-hand side (LHS) and right-hand side (RHS) in Figure 1.

(a) (b)

Figure 1. The 2D and 3D graphs for f (x) = ex are presented in figure (a) and (b) respectively.

Two-Dimensional Visualization Insights: The 2D plot (Figure 1a) illustrates the behavior
of the LHS, e5−4t, and RHS, e sin(πt/2)e1−t + e5 cos(πt/2)et, revealing that the RHS consis-
tently dominates the LHS for t ∈ [0, 1], with the largest discrepancy occurring around t = 0.5,
confirming the robustness of the inequality for large b1.

Three-Dimensional Surface Analysis: A 3D surface plot (Figure 1b) over t ∈ [0, 1], a1 = 1
and b1 ∈ [4, 6] highlights the exponential growth of both the LHS, et+(1−t)b1 , and RHS, driven by
the eb1 cos(πt/2)et term, with the RHS surface surpassing the LHS for b1 ∈ [4, 6].

Example 3. Let f be a mapping defined on real numbers by f (x) = x2; then, f is an MET-(p, s)-
convex function (see Figure 2).

(a) (b)

Figure 2. The 2D and 3D graphs for f (x) = x2 and choice of parameters a1 = 1, b1 = 2, p = 2, s = 0.5
and t ∈ [0, 1] are presented in figure (a) and (b) respectively.

In this section, we present advancements in fractional integral inequalities involving
MET-(p, s)-convex functions and Caputo fractional derivatives.

Theorem 1. Suppose that f : [a1, b1] ⊂ R → R is a function such that f (m) ∈ C[a1, b1],
m = [μ] + 1, m ∈ N and 0 < a1 < b1. If f (m) is a MET- (p, s)-convex function, then with respect
to the Caputo fractional derivative, the following holds for every p ∈ R \ {0} and s ∈ (0, 1]:

f (m)

(
a1

p + b1
p

2

) 1
p

≤ pe
(

1
2

)s

Γ(m− μ + 1)√
2(bp

1 − ap
1 )

m−μ

[
CDμ;up

b−1
f (m)(ap

1 )

+(−1)m CDμ;up

a+1
f (m)(bp

1 )

]
≤ 2 e21−s ×[

f (m)(a1) + f (m)(b1)

2

]
, (14)
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where μ ≥ 0.

Proof. As f (m) is a MET-(p, s)-convex function, then for x1, y1 ∈ [a1, b1], we obtain

f (m)

(
xp

1 + yp
1

2

) 1
p

≤ e
(

1
2

)s

√
2

( f (m)(x1) + f (m)(y1)), (15)

Put xp
1 = αap

1 + (1− α)bp
1 and yp

1 = (1− α)ap
1 + αbp

1 ∀α ∈ [0, 1]; then, Equation (15)
becomes

f (m)

(
ap

1 + bp
1

2

) 1
p

≤ e
(

1
2

)s

√
2

[
f (m)

(
αap

1 + (1− α)bp
1

) 1
p

+ f (m)

(
(1− α)ap

1 + αbp
1

) 1
p
]

.

Multiplying both sides by αm−μ−1 and integrating α over [0, 1] yields

f (m)

(
ap

1 + bp
1

2

) 1
p ∫ 1

0
αm−μ−1dα ≤ e

(
1
2

)s

√
2

[ ∫ 1

0
( f (m)(αap

1 + (1− α)bp
1 )

1
p αm−μ−1dα

+
∫ 1

0
f (m)((1− α)ap

1 + αbp
1 )

1
p )αm−μ−1dα

]
. (16)

After making some suitable substitutions, we obtained the following result:

1
m− μ

f (m)

(
ap

1 + bp
1

2

) 1
p

≤ pe
(

1
2

)s

√
2(bp

1 − ap
1 )

m−μ

[ ∫ b1

a1

f (m)(u)(bp
1 − up)m−μ−1up−1du

+ (−1)m
∫ b1

a1

f (m)(v)(vp − ap
1 )

m−μ−1vp−1dv
]

.

This implies that

f (m)

(
ap

1 + bp
1

2

) 1
p

≤ pe
(

1
2

)s

Γ(m− μ + 1)√
2(bp

1 − ap
1 )

m−μ

[
CDμ;up

b1
− f (m)(ap

1 )

+(−1)m CDμ;up

a1
+ f (m)(bp

1 )

]
. (17)

Now, for the second part of the inequality,

f (m)(αap
1 + (1− α)bp

1 )
1
p ≤ sin πα

2
e(1−α)s

f (m)(a1) +
cos πα

2
eαs

f (m)(b1), (18)

and

f (m)(αbp
1 + (1− α)ap

1 )
1
p ≤ sin πα

2
e(1−α)s

f (m)(b1) +
cos πα

2
eαs

f (m)(a1), (19)

by adding (18) and (19), we get

f (m)(αap
1 + (1− α)bp

1 )
1
p + f (m)(αbp

1 + (1− α)ap
1 )

1
p ≤

[
sin πα

2
e(1−α)s

+
cos πα

2
eαs

]
×[

f (m)(a1) + f (m)(b1)

]
. (20)
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Since α ∈ [0, 1] and s ∈ (0, 1], then sin πα
2 e(1−α)s

+ cos πα
2 eαs ≤

√
2e(

1
2 )

s
, and

Equation (20) becomes

f (m)(αap
1 + (1− α)bp

1 )
1
p + f (m)(αbp

1 + (1− α)ap
1 )

1
p ≤

√
2e(

1
2 )

s

[
f (m)(a1) + f (m)(b1)

]
.

Multiplying both sides by αm−μ−1 and integrating α over [0, 1] yields

∫ 1

0
αm−μ−1 f (m)(αap

1 + (1− α)bp
1 )

1
p dα +

∫ 1

0
αm−μ−1 f (m)(αbp

1 + (1− α)ap
1 )

1
p dα

≤
√

2e(
1
2 )

s
∫ 1

0
αm−μ−1dα

[
f (m)(a1) + f (m)(b1)

]
.

By using the same procedure as used in the above inequality, we get

pe
(

1
2

)s

Γ(m− μ + 1)√
2(bp

1 − ap
1 )

m−μ

[
CDμ;up

b1
− f (m)(ap

1 ) + (−1)m CDμ;up

a1
+ f (m)(bp

1 )

]
≤

2e21−s
[

f (m)(a1) + f (m)(b1)

2

]
. (21)

Combining (17) and (21), we get the required inequality.

Corollary 1. Under the assumptions of Theorem 1, if we take p = 1 and s = 1, then we obtain the
fractional integral inequality for the modified exponential trigonometric convex function:

f (m)

(
a1 + b1

2

)
≤
√

e
2

Γ(m− μ + 1)
(b1 − a1)m−μ

[
CDμ

b−1
f (m)(a1)

+(−1)m CDμ

a+1
f (m)(b1)

]
≤ 2e

( f (m)(a1) + f (m)(b1)

2

)
. (22)

Theorem 2. Suppose that f : [a1, b1] ⊂ R → R is a function such that f (m) ∈ C[a1, b1],
m = [μ] + 1, m ∈ N and 0 < a1 < b1. If f (m) is a MET-(p, s)-convex function, then with respect
to the Caputo fractional derivative, the following holds for every p ∈ R \ {0} and s ∈ (0, 1]:

f (m)

(
ap

1 + bp
1

2

) 1
p

≤ 2m−μ pe
(

1
2

)s

Γ(m− μ + 1)√
2(bp

1 − ap
1 )

m−μ

[
CDμ;up(

ap
1+bp

1
2

) 1
p
+ f (m)(bp

1 )

+ (−1)m CDμ;up(
ap
1+bp

1
2

) 1
p
− f (m)(ap

1 )

]
≤ 2e21−s

[
f (m)(a1) + f (m)(b1)

2

]
, (23)

where μ ≥ 0.

Proof. Since f m is a MET-(p, s)-convex function, then for x1, y1 ∈ [a1, b1], we have

f (m)

(
xp

1 + yp
1

2

) 1
p

≤ e
(

1
2

)s

√
2

( f (m)(x1) + f (m)(y1)), (24)
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Put xp
1 = α

2 ap
1 +

2−α
2 bp

1 and yp
1 = 2−α

2 ap
1 +

α
2 bp

1 ∀α ∈ [0, 1],
Equation (24) becomes

f (m)

(
ap

1 + bp
1

2

) 1
p

≤ e
(

1
2

)s

√
2

[
f (m)

(
α

2
ap

1 +
2− α

2
bp

1

) 1
p

+ f (m)

(
2− α

2
ap

1 +
α

2
bp

1

) 1
p
]

.

Multiplying both sides by αm−μ−1 and integrating α over [0, 1] yields

f (m)

(
ap

1 + bp
1

2

) 1
p ∫ 1

0
αm−μ−1dα ≤ e

(
1
2

)s

√
2

[ ∫ 1

0
( f (m)

(
α

2
ap

1 +
2− α

2
bp

1

) 1
p

αm−μ−1dα

+
∫ 1

0
f (m)

(
2− α

2
ap

1 +
α

2
bp

1

) 1
p

αm−μ−1dα

]
. (25)

After making some suitable substitutions, we obtained the following result:

1
m− μ

f (m)

(
ap

1 + bp
1

2

) 1
p

≤ 2m−μ pe
(

1
2

)s

√
2(bp

1 − ap
1 )

m−μ

[ ∫ b1(
ap
1+bp

1
2

) 1
p f (m)(u)(bp

1 − up)m−μ−1up−1du

+ (−1)m
∫ (

ap
1+bp

1
2

) 1
p

a1

f (m)(v)(vp − ap
1 )

m−μ−1vp−1dv
]

.

This implies that

f (m)

(
ap

1 + bp
1

2

) 1
p

≤ 2m−μ pe
(

1
2

)s

Γ(m− μ + 1)√
2(bp

1 − ap
1 )

m−μ

[
CDμ;up(

ap
1+bp

1
2

) 1
p
+ f (m)(bp

1 )

+ (−1)m CDμ;up(
ap
1+bp

1
2

) 1
p
− f (m)(ap

1 )

]
. (26)

Now, for the second part of the inequality,

f (m)

(
α

2
ap

1 +
2− α

2
bp

1

) 1
p

≤ sin πα

4
e
(

2−α
2

)s

f (m)(a1) +
cos πα

4
e
(

α
2

)s

f (m)(b1), (27)

and

f (m)

(
α

2
bp

1 +
2− α

2
ap

1

) 1
p

≤ sin πα

4
e
(

2−α
2

)s

f (m)(b1) +
cos πα

4
e
(

α
2

)s

f (m)(a1), (28)

by adding (27) and (28), we get

f (m)

(
α

2
ap

1 +
2− α

2
bp

1

) 1
p

+ f (m)

(
α

2
bp

1 +
2− α

2
ap

1

) 1
p

≤
[

sin πα

4
e
(

2−α
2

)s

+
cos πα

4
e
(

α
2

)s]
×[

f (m)(a1) + f (m)(b1)

]
. (29)
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Since α ∈ [0, 1] and s ∈ (0, 1], then sin πα
4 e

(
2−α

2

)s

+ cos πα
4 e

(
α
2

)s

≤
√

2e(
1
2 )

s
Equation (29)

becomes

f (m)

(
α

2
ap

1 +
2− α

2
bp

1

) 1
p

+ f (m)

(
α

2
bp

1 +
2− α

2
ap

1

) 1
p

≤
√

2e(
1
2 )

s

[
f (m)(a1) + f (m)(b1)

]
.

Multiplying both sides by αm−μ−1 and integrating α over [0, 1],

∫ 1

0
αm−μ−1 f (m)

(
α

2
ap

1 +
2− α

2
bp

1

) 1
p

dα +
∫ 1

0
αm−μ−1 f (m)

(
α

2
bp

1 +
2− α

2
ap

1

) 1
p

dα ≤
√

2e(
1
2 )

s ×[
f (m)(a1) + f (m)(b1)

] ∫ 1

0
αm−μ−1dα.

By using the same procedure as used in the above inequality, we get

2m−μ pe
(

1
2

)s

Γ(m− μ + 1)√
2(bp

1 − ap
1 )

m−μ

[
CDμ;up(

ap
1+bp

1
2

) 1
p
+ f (m)(bp

1 ) + (−1)m CDμ;up(
ap
1+bp

1
2

) 1
p
− f (m)(ap

1 )

]

≤ 2e21−s
[

f (m)(a1) + f (m)(b1)

2

]
. (30)

Combining (26) and (30), we get the required inequality.

Corollary 2. Under the assumptions of Theorem 2, if we take p = 1 and s = 1, then we obtain the
Caputo fractional integral inequality for modified exponential trigonometric convex function:

f (m)

(
a1 + b1

2

)
≤
√

e
2

2 m−μΓ(m− μ + 1)
(b1 − a1)m−μ

[
CDμ(

a1+b1
2

)+ f (m)(b1)

+(−1)mCDμ(
a1+b1

2

)− f (m)(a1)

]
≤ 2e

( f (m)(a1) + f (m)(b1)

2

)
. (31)

Definition 12. We assume that

‖h(m)‖∞ = sup
x∈[a1,b1]

|h(m)(x)|,

where h : [a1, b1]→ R is such that h ∈ C[a1, b1].
We also introduce the following convolution f ∗ h of the functions f and h, in the context of

Caputo fractional derivatives:

CDμ;tp

a1+
( f ∗ h)(xp) =

1
Γ(m− μ)

∫ x

a1

(xp − tp)m−μ−1 f (m)(tp)h(m)(t) tp−1dt,

where x > a1, and

CDμ; tp

b1− ( f ∗ h)(xp) =
(−1)m

Γ(m− μ)

∫ b1

x
(tp − xp)m−μ−1 f (m)(tp)h(m)(t) tp−1dt,

where x < b1, respectively.
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Lemma 1 ([9]). For 0 < μ ≤ 1, we have

|a1
μ − b1

μ| ≤ (b1 − a1)
μ.

Lemma 2 ([25]). Let f : [a1, b1] → R, a1 < b1 be such that f ∈ C[a1, b1]. If f (m) is symmetric
to a1+b1

2 ; then, the inequality for fractional Caputo derivatives holds:

CDμ
a1

+ f (b1) = (−1)m CDμ

b1
− f (a1) =

1
2

[
CDμ

a1
+ f (b1) + (−1)mCDμ

b1
− f (a1)

]
.

Theorem 3. Let f : [a1, b1] → R such that f (m) ∈ C[a1, b1]. Also let f (m) be a +ve and MET-
(p, s)-convex function on [a1, b1], m = [μ] + 1 and m ∈ N. If h : [a1, b1]→ R is a function such

that h ∈ C[a1, b1] and hm is non-negative integrable and symmetric to ( ap
1+bp

1
2 )

1
p , then with respect

to the Caputo fractional derivative, the following holds for every p ∈ R \ {0} and s ∈ (0, 1]:

f (m)

(
ap

1 + bp
1

2

) 1
p
[

CDμ;up

a1
+ hm(bp

1 ) + (−1)m CDμ;up

b1
− hm(ap

1 )

]
≤ e

(
1
2

)s

√
2
×[

CDμ;up

a1
+ ( f (m) ∗ hm)(bp

1 ) + (−1)m CDμ;up

b1
− ( f (m) ∗ hm)(ap

1 ) ≤ 2e21−s

[
f (m)(a1) + f (m)(b1)

2

][
CDμ;up

a1
+ hm(bp

1 ) + (−1)m CDμ;up

b1
− hm(ap

1 )

]
, (32)

where μ ≥ 0.

Proof. Since f m is a MET-(p,s)-convex function, then for x1, y1 ∈ [a1, b1], we have

f (m)

(
xp

1 + yp
1

2

) 1
p

≤ e
(

1
2

)s

√
2

( f (m)(x1) + f (m)(y1)). (33)

Put xp
1 = αap

1 + (1− α)bp
1 and yp

1 = (1− α)ap
1 + αbp

1 ∀α ∈ [0, 1].
Equation (33) becomes

f (m)

(
ap

1 + bp
1

2

) 1
p

≤ e
(

1
2

)s

√
2

[
f (m)

(
αap

1 + (1− α)bp
1

) 1
p

+ f (m)

(
(1− α)ap

1 + αbp
1

) 1
p
]

.

Multiplying both sides by αm−μ−1hm(αbp
1 + (1− α)ap

1 ) and integrating α over [0, 1],

f (m)

(
ap

1 + bp
1

2

) 1
p ∫ 1

0
αm−μ−1hm(αbp

1 + (1− α)ap
1 )

1
p dα ≤ e

(
1
2

)s

√
2
×

[ ∫ 1

0
αm−μ−1hm(αbp

1 + (1− α)ap
1 )

1
p f (m)

(
αap

1 + (1− α)bp
1

) 1
p

dα

+
∫ 1

0
αm−μ−1hm(αbp

1 + (1− α)ap
1 )

1
p f (m)

(
(1− α)ap

1 + αbp
1

) 1
p

dα

]
.

After making some suitable substitutions, we obtained the following result:
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p
(bp

1 − ap
1 )

m−μ
f (m)

(
ap

1 + bp
1

2

) 1
p ∫ 1

0 (up − ap
! )

m−μ−1hm(u)up−1du ≤ pe
(

1
2

)s

√
2(bp

1 − ap
1 )

m−μ
×[ ∫ b1

a1

f (m)(ap
1 + bp

1 − up)
1
p )(up − ap

1 )
m−μ−1hm(u)up−1du

+
∫ b1

a1

f (m)(u)(bp
1 − up)m−μ−1hm(u)up−1du

]
.

This implies that

f (m)

(
ap

1 + bp
1

2

) 1
p
[

CDμ;up

a1
+ hm(bp

1 ) + (−1)m CDμ;up

b1
− hm(ap

1 )

]
≤ e

(
1
2

)s

√
2

[
CDμ;up

a1
+ ( f (m) ∗ hm)(bp

1 )

+ (−1)m CDμ;up

b1
− ( f (m) ∗ hm)(ap

1 )

]
. (34)

Now, for the second part of the inequality,

f (m)(αap
1 + (1− α)bp

1 )
1
p ≤ sin πα

2
e(1−α)s

f (m)(a1) +
cos πα

2
eαs

f (m)(b1), (35)

and

f (m)(αbp
1 + (1− α)ap

1 )
1
p ≤ sin πα

2
e(1−α)s

f (m)(b1) +
cos πα

2
eαs

f (m)(a1), (36)

by adding (35) and (36), we get

f (m)(αap
1 + (1− α)bp

1 )
1
p + f (m)(αbp

1 + (1− α)ap
1 )

1
p ≤

[
sin πα

2
e(1−α)s

+
cos πα

2
eαs

]
×[

f (m)(a1) + f (m)(b1)

]
. (37)

Since α ∈ [0, 1] and s ∈ (0, 1], then sin πα
2 e(1−α)s

+ cos πα
2 eαs ≤

√
2e(

1
2 )

s
(37) becomes

f (m)(αap
1 + (1− α)bp

1 )
1
p + f (m)(αbp

1 + (1− α)ap
1 )

1
p ≤

√
2e(

1
2 )

s

[
f (m)(a1) + f (m)(b1)

]
.

Multiplying both sides by αm−μ−1hm(αbp
1 + (1− α)ap

1 )
1
p and integrating α over [0, 1],

∫ 1

0
αm−μ−1hm(αbp

1 + (1− α)ap
1 )

1
p f (m)(αap

1

+(1− α)bp
1 )

1
p dα +

∫ 1

0
αm−μ−1hm(αbp

1 + (1− α)ap
1 )

1
p ×

f (m)(αbp
1 + (1− α)ap

1 )
1
p dα ≤

√
2e(

1
2 )

s

[
f (m)(a1) + f (m)(b1)

]
×

∫ 1

0
hm(αbp

1 + (1− α)ap
1 )

1
p αm−μ−1dα.

By using the same procedure as used in the above inequality, we get
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e
(

1
2

)s

√
2

[
CDμ;up

a1
+ ( f (m) ∗ hm)(bp

1 ) + (−1)m CDμ;up

b1
− ( f (m) ∗ hm)(ap

1 ) ≤ 2e21−s ×[
f (m)(a1) + f (m)(b1)

2

][
CDμ;up

a1
+ hm(bp

1 )

+(−1)m CDμ;up

b1
− hm(ap

1 )

]
. (38)

Combining (34) and (38), we get the required inequality.

Corollary 3. Under the assumptions of Theorem 3, if we take p = 1 and s = 1, then we get the
weighted Caputo fractional integral inequality for the modified exponential trigonometric convex
function:

f (m)

(
a1 + b1

2

)[
CDμ

a+1
hm(b1) +(−1)m CDμ

b−1
hm(a1)

]
≤
√

e
2

[
CDμ

a+1

(
f (m) ∗ hm)(b1)

+(−1)m CDμ

b−1

(
f (m) ∗ hm)(a1)

]
≤ 2e

[
f (m)(a1) + f (m)(b1)

2

]
×[

CDμ

a+1
hm(b1) + (−1)m CDμ

b−1
hm(a1)

]
. (39)

Definition 13 (Log (p,s) convex function). A function f : I ⊆ R → (0, ∞) is said to be log-
convex if log f is convex, or, equivalently, has the inequality for every p ∈ R \ {0} and s ∈ (0, 1]:

f (αap
1 + (1− α)bp

1 )
1
p ≤

[
f (a1)

]αs[
f (b1)

](1−α)s
, (40)

where ∀ a1, b1 ∈ I and α ∈ [0, 1].

Theorem 4. Suppose that f : [a1, b1] ⊆ R → (0, ∞) is a positive function such that f (m) ∈
C[a1, b1], m = [μ] + 1, m ∈ N, and 0 < a1 < b1. If f (m) is a log− (p, s)-convex function, then
for the fractional Caputo derivative we have, for every p ∈ R \ {0} and s ∈ (0, 1],

f (m)

(
ap

1 + bp
1

2

) 1
p

≤
(

p(m− μ)
1
2s Γ(m− μ)

(bp
1 − ap

1 )
m−μ

)2s[
CDμ;up

b1
− f (m)(ap

1 )

× (−1)m CDμ;vp

a1
+ f (m)(bp

1 )

]
≤
√[

f (m)(a1)
]s
√[

f (m)(b1)
]s, (41)

where μ ≥ 0.

Proof. Since f (m) is a log− (p, s)-convex function, then for x1, y1 ∈ [a1, b1], we have

f (m)

(
xp

1 + yp
1

2

) 1
p

≤
√[

f (m)(x1)
]s
√[

f (m)(y1)
]s. (42)

Put xp
1 = αap

1 + (1− α)bp
1 and yp

1 = (1− α)ap
1 + αbp

1 ∀α ∈ [0, 1] and p ∈ (0, 1].
Then, Equation (42) becomes

f (m)

(
ap

1 + bp
1

2

) 1
p

≤

√√√√[
f (m)

(
αap

1 + (1− α)bp
1

) 1
p
]s

×

√√√√[
f (m)

(
(1− α)ap

1 + αbp
1

) 1
p
]s

.
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Multiplying both sides by αm−μ−1 and integrating α over [0, 1],

f (m)

(
ap

1 + bp
1

2

) 1
p ∫ 1

0
αm−μ−1dα ≤

∫ 1

0
αm−μ−1

[√√√√[
f (m)

(
αap

1 + (1− α)bp
1

) 1
p
]s

×

√√√√[
f (m)

(
(1− α)ap

1 + αbp
1

) 1
p
]s]

dα.

By using the Rogers–Holder Inequality, we get

1
m− μ

f (m)

(
ap

1 + bp
1

2

) 1
p

≤

√√√√∫ 1

0
αm−μ−1

[
f (m)

(
αap

1 + (1− α)bp
1

) 1
p
]s

dα

×

√√√√∫ 1

0
αm−μ−1

[
f (m)

(
(1− α)ap

1 + αbp
1

) 1
p
]s

dα.

After making some suitable substitutions, we obtained the following result:

1
m− μ

f (m)

(
ap

1 + bp
1

2

) 1
p

≤
√(

p
(bp

1 − ap
1 )

m−μ

∫ b1

a1

f (m)(u)(bp
1 − up)m−μ−1up−1du

)s

×
√(

p(−1)m

(bp
1 − ap

1 )
m−μ

∫ b1

a1

f (m)(v)(vp − ap
1 )

m−μ−1vp−1dv
)s

.

This implies that

f (m)

(
ap

1 + bp
1

2

) 1
p

≤
(

p(m− μ)
1
2s Γ(m− μ)

(bp
1 − ap

1 )
m−μ

)2s[
CDμ;up

b1
− f (m)(ap

1 )× (−1)m CDμ;vp

a1
+ f (m)(bp

1 )

]
. (43)

For the second part of the inequality, we again use the definition of log-(p,s)-convex
functions:

f (m)(αap
1 + (1− α)bp

1 )
1
p ≤

[
f (m)(a1)

]αs[
f (m)(b1)

](1−α)s
, (44)

and

f (m)((1− α)ap
1 + αbp

1 )
1
p ≤

[
f (m)(a1)

](1−α)s[
f (m)(b1)

]αs
. (45)

Multiplying (44) and (45), we get

f (m)(αap
1 + (1− α)bp

1 )
1
p × f (m)((1− α)ap

1 + αbp
1 )

1
p ≤

[
f (m)(a1)

]αs[
f (m)(b1)

](1−α)s

×
[

f (m)(a1)
](1−α)s[

f (m)(b1)
]αs

.

Since αs + (1− α)s ≥ 1 for s ∈ (0, 1] and α ∈ [0, 1], the above inequality becomes

f (m)(αap
1 + (1− α)bp

1 )
1
p × f (m)((1− α)ap

1 + αbp
1 )

1
p ≤

[
f (m)(a1)

][
f (m)(b1)

]
,

and taking s
2 power on both sides, we get
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√(
f (m)(αap

1 + (1− α)bp
1 )

1
p

)s

×
√(

f (m)((1− α)ap
1 + αbp

1 )
1
p

)s

≤
√[

f (m)(a1)
]s ×√[

f (m)(b1)
]s,

multiplying both sides by αm−μ−1 and integrating α over[0, 1], we get

∫ 1

0
αm−μ−1

√(
f (m)(αap

1 + (1− α)bp
1 )

1
p

)s
√(

f (m)((1− α)ap
1 + αbp

1 )
1
p

)s

dα ≤
√[

f (m)(a1)
]s ×√[

f (m)(b1)
]s
∫ 1

0
αm−μ−1dα,

by using the same procedure in the above inequality, we get(
p(m− μ)

1
2s Γ(m− μ)

(bp
1 − ap

1 )
m−μ

)2s[
CDμ;up

b1
− f (m)(ap

1 )× (−1)m CDμ;vp

a1
+ f (m)(bp

1 )

]
≤
√[

f (m)(a1)
]s ×√[

f (m)(b1)
]s. (46)

Combining (43) and (46), we get (41).

Corollary 4. Under the assumptions of Theorem 4, if we take p = 1 and s = 1, then we obtain the
Caputo fractional integral inequality for log-convex functions:

f (m)

(
a1 + b1

2

)
≤
(
(m− μ)1/2Γ(m− μ)

(b1 − a1)m−μ

)2[
CDμ

b−1
f (m)(a1) · (−1)m CDμ

a+1
f (m)(b1)

]

≤
√

f (m)(a1)
√

f (m)(b1). (47)

4. Applications

Example 4. To authenticate the result obtained in Theorem 1, we have used Matlab, choosing
f (x) = x2 with m = 2, p = 1, a1 = 1, b1 = 2 and including a combination of values
μ ∈ {0.1, 0.3, 0.5, 0.7, 0.9} and s ∈ {0.1, 0.3, 0.5, 0.7, 1.0} for the graph of the Hermite–Hadmard
inequality (14) as shown in Figure 3. In Table 1, we provide the Hermite–Hadamrd inequality (14)
for numerical validation.

Figure 3. Three-dimensional view of the Hermite–Hadamard inequality (14).
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Table 1. Numerical validation of the Hermite–Hadamard inequality.

μ s LHS Middle RHS

0.1 0.1 2.0000 10.0686 25.8260
0.1 0.3 2.0000 8.9271 20.3120
0.1 0.5 2.0000 8.0333 16.4532
0.1 0.7 2.0000 7.3307 13.6992
0.1 1.0 2.0000 6.5290 10.8732
0.3 0.1 2.0000 8.7540 25.8260
0.3 0.3 2.0000 7.7619 20.3120
0.3 0.5 2.0000 6.9858 16.4532
0.3 0.7 2.0000 6.3753 13.6992
0.3 1.0 2.0000 5.6784 10.8732
0.5 0.1 2.0000 7.1777 25.8260
0.5 0.3 2.0000 6.3665 20.3120
0.5 0.5 2.0000 5.7293 16.4532
0.5 0.7 2.0000 5.2300 13.6992
0.5 1.0 2.0000 4.6548 10.8732
0.7 0.1 2.0000 5.7453 25.8260
0.7 0.3 2.0000 5.0957 20.3120
0.7 0.5 2.0000 4.5857 16.4532
0.7 0.7 2.0000 4.1860 13.6992
0.7 1.0 2.0000 3.7261 10.8732
0.9 0.1 2.0000 4.3129 25.8260
0.9 0.3 2.0000 3.8238 20.3120
0.9 0.5 2.0000 3.4409 16.4532
0.9 0.7 2.0000 3.1409 13.6992
0.9 1.0 2.0000 2.7975 10.8732

Example 5. To illustrate the validity of Theorem 3, we present numerical results verifying inequal-
ity (32) for the functions f (x) = ex and h(x) = x2 over the interval [0, 1], setting m = 0, p = 1,
and s = 1.0 for the graph of the Hermite–Hadamard inequality (32), as shown in Figure 4. Table 2
below summarizes the values of the left, middle, and right sides of the inequality for fractional orders
μ = 0.5, 0.75, 1.0, and [a1, b1] = [0, 1] computed using the Caputo fractional derivatives.

(a) (b)

Figure 4. The 2D and 3D graphs for f (x) = ex and h(x) = x2; choice of parameters a1 = 1, b1 = 2
and α ∈ [0, 1] are presented in figure (a) and (b) respectively.
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Table 2. Numerical values verifying inequality (32) for f (x) = ex, h(x) = x2 on [0, 1].

μ Left Side Middle Side Right Side

0.5 1.240 5.858 7.596
0.75 1.128 5.324 6.917
1.0 1.042 4.917 6.387

5. Conclusions

This study successfully establishes new fractional Hermite–Hadamard integral in-
equalities by leveraging Caputo fractional derivatives and MET-(p, s)-convex functions.
The introduced modifications to classical fractional extensions, encompassing both MET-
and logarithmic (p, s)-convex functions, provide a robust framework for refining inequal-
ities such as Hermite–Hadamard, midpoint, and Fejér types. The derived results are
substantiated through a numerical example with graphical illustrations, confirming their
accuracy and applicability. The results also improve and generalize fractional calculus and
convex analysis, with useful implications for both theoretical and applied mathematics.
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Abstract

The purpose of this research is to develop a set of Hermite–Hadamard–Mercer-type in-
equalities that involve different types of fractional integral operators such as classical
Riemann–Liouville fractional integral operators. Furthermore, some fractional integral
inequalities are obtained for three-times differentiable convex functions with respect to the
right-hand side of the Hermite–Hadamard–Mercer-type inequality. Moreover, several new
results regarding Young’s inequality, bounded function and L-Lipschitzian function are
deduced. The paper presents additional remarks and comments on the results to make
sense of them. To illustrate the key findings, graphical representations are provided, and
applications involving special means, midpoint formula, q-digamma function and modified
Bessel function are presented to demonstrate the practical utility of the derived inequalities.

Keywords: Hermite–Hadamard–Mercer-type inequality; s-convex function; fractional integral
operators; Hölder’s inequality; power–mean inequality; Young’s inequality; bounded function;
L-Lipschitzian function; special means; midpoint formula; q-digamma function; modified
Bessel function
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1. Introduction and Preliminaries

Convex analysis, a subfield of mathematical analysis, plays a pivotal role in various
fields, numerical analysis, optimization, convex programming, and statistics. Convex func-
tions, in particular, have been extensively studied due to their significance in these domains.
It is well-known that mathematical inequalities are the most useful tools in many areas such
as mathematics, special functions, physics, fractals, and number theory. Consequently, this
area has attracted considerable attention from researchers and continues to contribute to
the advancement of different branches of mathematics. The classical Hermite–Hadamard
inequality has extensive extensions and generalizations, for which it has been the subject
of intensive research over the past decade. Many researchers have been working on this
particular problem, as we can see in [1–5]. These investigations have led to the derivation
of related inequalities, including Ostrowski, Simpson’s, midpoint, and trapezoidal inequali-
ties, as well as various Hermite–Hadamard-type inequalities [6–9]. Moreover, the literature

Fractal Fract. 2026, 10, 71 https://doi.org/10.3390/fractalfract10010071
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includes studies on Hermite–Hadamard-type inequalities where the absolute value of the
third derivative satisfies convexity conditions, as presented in [10,11]. In this subsection,
we define and study a class of functions called convex functions.

Definition 1. The function ℵε : I ⊆ R→ R is said to be convex on I, if

ℵε(Υδ1 + (1− Υ)δ2) ≤ Υℵε(δ1) + (1− Υ)ℵε(δ2),

holds for all δ1, δ2 ∈ I and Υ ∈ [0, 1].

Definition 2 ([12]). Let s ∈ (0, 1]. The function ℵε : I ⊆ R → R is said to be s-convex
in the second sense if ℵε is non-negative, and for any δ1, δ2 ∈ I and Υ ∈ [0, 1], the following
condition holds:

ℵε

(
Υδ1 + (1− Υ)δ2

)
≤ Υsℵε(δ1) + (1− Υ)sℵε(δ2). (1)

A function satisfying the reverse form of inequality (1) is referred to as s-concave in
the second sense. By setting s = 1, the concept of an s-convex function reduces to the
classical notion of convexity [13]. The required lemma was established by Benaissa and
Sarikaya in [14].

Lemma 1. Let Υ ∈ (0, 1). Then,

for all s ∈ (0, 1] : (1 + s)
1
s > 2. (2)

for all s ∈ (0, 1] :
(

Υ
2

)s
+

(
1− Υ

2

)s
≤
(

1
2

)s−1
. (3)

Proof. Let ℵε(s) = ln(s + 1) and consider the point A(1, ln 2). On the interval [0, 1], the
graph of ℵε(s) lies above the line joining (OA). Consequently, for all s ∈ (0, 1],

ln(1 + s) ≥ s ln 2⇔ (1 + s)
1
s ≥ 2.

By taking s = 0 in (3), we obtain equality. To establish inequality (3) for s ∈ (0, 1],
we proceed by contradiction. Suppose there exists s ∈ (0, 1], such that the inequality
is violated: (

Υ
2

)s
+

(
1− Υ

2

)s
>

(
1
2

)s−1
.

Hence, ∫ 1

0

[(
Υ
2

)s
+

(
1− Υ

2

)s]
dΥ >

(
1
2

)s−1
.

This gives

2
(

1
s + 1

)
>

(
1
2

)s−1
⇔ s + 1 < 2s.

Therefore,
(1 + s)

1
s < 2,

which is contrary to (2).
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The well-known Hermite–Hadamard inequality for convex functions, as established
in the literature (refer to [15]), is expressed as follows:

ℵε

(
δ1 + δ2

2

)
≤ 1

δ2 − δ1

∫ δ2

δ1

ℵε(u)du ≤ ℵε(δ1) + ℵε(δ2)

2
. (4)

Let ℵε : [δ1, δ2] → R be a convex function. Additionally, if ℵε is concave, the
inequality (4) holds in the opposite order. This inequality was originally introduced
by C. Hermite in [16] and was further explored by J. Hadamard in [15].

In 2003, Mercer’s presented a noteworthy variation of Jensen’s inequality in [17], now
commonly referred to as the Jensen–Mercer inequality. This result is outlined as follows:

For a convex function ℵε and any set of non-negative weights θi, such that ∑n
i=1 θi = 1,

the inequality is given by

ℵε

(
n

∑
i=1

θixi

)
≤

n

∑
i=1

θiℵε(xi).

This form generalizes the classical Jensen’s inequality by considering a weighted
average of points xi.

Theorem 1. For a convex function ℵε : [δ1, δ2] → R, the subsequent inequality is valid for all
values of xi ∈ [δ1, δ2](i = 1, 2, . . . , n) :

ℵε

(
δ1 + δ2 −

n

∑
i=1

θixi

)
≤ ℵε(δ1) + ℵε(δ2)−

n

∑
i=1

θiℵε(xi),

where θi ∈ [0, 1](i = 1, 2, . . . , n) and ∑n
i=1 θi = 1.

We now formulate the Jensen–Mercer inequality under Breckner’s s-convex setting.

Theorem 2 ([18]). Let θ1, θ2, . . . ,θn be positive real numbers with n ≥ 2, satisfying ∑n
i=1 θi = 1

and ∑n
i=1 θs

i ≤ 1. If ℵε is a real-valued Breckner s-convex function on [δ1, δ2] ⊂ R+, then for any
finite positive increasing sequence {xi}n

i = 1 ∈ [δ1, δ2], we have

ℵε

(
δ1 + δ2 −

n

∑
i=1

θixi

)
≤ ℵε(δ1) + ℵε(δ2)−

n

∑
i=1

θs
i ℵε(xi).

In [19], Moradi and Furuichi worked on extending and refining Jensen–Mercer-type
inequalities. Subsequently, Adil Khan highlighted the significance of the Jensen–Mercer
inequality in information theory applications in [20]. Among their contributions was the
development of fresh estimates for Csiszár divergences and related measures. They also
employed the Jensen–Mercer inequality to establish new bounds for Zipf–Mandelbrot
entropy. Furthermore, Kian et al. [21] utilized the recently formulated Jensen inequality to
propose new versions of the Hermite–Hadamard inequality, detailed as follows:

Theorem 3. Let ℵε : [δ1, δ2]→ R be a convex function; then, the following inequality holds for all
%, β2 ∈ [δ1, δ2] and % < β2 :

ℵε

(
δ1 + δ2 −

%+ β2

2

)
≤ ℵε(δ1) + ℵε(δ2)−

1
β2 −%

∫ β2

%
ℵε(u)du

≤ ℵε(%) + ℵε(β2)− ℵε

(%+ β2

2

)
,
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and

ℵε

(
δ1 + δ2 −

%+ β2

2

)
≤ 1

β2 −%
∫ δ1+δ2−β2

δ1+δ2−%
ℵε(u)du

≤ ℵε(δ1 + δ2 − β2) + ℵε(δ1 + δ2 −%)
2

≤ ℵε(δ1) + ℵ(δ2)−
ℵε(%) + ℵε(β2)

2
. (5)

Remark 1. If we put % = δ1 and β2 = δ2 in inequality (5), then we have the classical Hermite–
Hadamard inequality.

In recent years, Hermite–Hadamard–Mercer-type inequalities have been exten-
sively refined and generalized in various directions by numerous researchers (see, for
instance, [22,23]). For example, in [24,25], new forms of Hermite–Hadamard–Mercer-type
inequalities were developed for Riemann–Liouville fractional integrals. In contrast, Set et al.
and Ciurdariu et al. [26,27] presented Hermite–Hadamard–Mercer-type inequalities involv-
ing generalized fractional integrals, as well as fractional integrals applied to differentiable
functions. Additionally, Sial et al. [28] provided new bounds for Ostrowski-type inequali-
ties using Jensen–Mercer-type inequality, and Kara et al. [29] explored fractional Hermite–
Hadamard–Mercer-type inequalities based on the concept of convexity for interval-valued
functions. Furthermore, Butt et al. [30] presented several Hermite–Hadamard–Mercer-type
inequalities for harmonically convex functions.

Fractional calculus has gained significant attention from researchers due to its unique
properties and wide-ranging applications across various scientific disciplines, including
epidemiology [31], nanotechnology [32], physics [33], and bioengineering [34]. Its impor-
tance lies in its ability to model complex phenomena and construct fractional integral
inequalities, which play a crucial role in approximation theory. Utilizing the fundamental
properties of fractional calculus, researchers have introduced novel fractional operators
and applied them to solve numerous real-world problems.

A substantial body of work, including numerous articles and monographs, explores
the use of new fractional operators to refine and extend integral inequalities such as
Ostrowski inequality, Simpson’s inequality, Fejér-type inequality, Hermite–Hadamard
inequality, Jensen–Mercer-type inequality, among others. Among these, the well-known
Hermite–Hadamard inequality, associated with convex functions, stands out as one of the
most important and widely studied integral inequalities.

In recent years, an increasing number of studies have utilized new fractional operators
to address integral inequalities such as Simpson’s inequality, Fejér-type inequality, and
the Hermite–Hadamard inequality (see [35–37]). Similarly, for the Jensen–Mercer-type
inequality, relevant contributions can be found in [38,39]. Additionally, numerous Hermite–
Hadamard-type inequalities have been investigated for functions whose derivatives, in
absolute value, exhibit convexity within the setting of fractional calculus (see [40]).

Following the discussion on essential inequalities related to convex functions, we
now proceed to recall the definitions relevant to this work. Specifically, we recall the
well-known definitions of Riemann–Liouville fractional integrals, which play a central role
in our analysis.
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Definition 3 ([41,42]). Suppose that ℵε ∈ L[δ1, δ2]. The definitions of the left- and right-sided
Riemann–Liouville fractional integrals of order ρ > 0 are as follows:

Jρ

δ+1
ℵε(u) =

1
Γ(ρ)

∫ u

δ1

(u− Υ)ρ−1ℵε(Υ)dΥ, u > δ1,

Jρ

δ−2
ℵε(u) =

1
Γ(ρ)

∫ δ2

u
(Υ− u)ρ−1ℵε(Υ)dΥ, u < δ2,

where Γ(ρ) represents the Gamma function, while J0
δ+1
ℵε(Υ) = J0

δ−2
ℵε(Υ) = ℵε(Υ).

Recently, Pečarić [43] derived a Simpson-type inequality for L-Lipschitzian functions
on [δ1, δ2], under the assumption that there exists a positive constant L satisfying the
following Lipschitz condition:

|ℵε(x)− ℵε(y)| ≤ L|x− y| for all x, y ∈ [δ1, δ2].

Theorem 4 ([43]). Let ℵε : [δ1, δ2]→ R be a L-Lipschitzian function on [δ1, δ2]; then, we have∣∣∣∣ 1
δ2 − δ1

∫ δ2

δ1

ℵε(u)du− δ2 − δ1

6

[
ℵε(δ1) + 4ℵε

(
δ1 + δ2

2

)
+ ℵε(δ2)

]∣∣∣∣
≤ 5

36
L(δ2 − δ1)

2.

Theorem 5 (Hölder Inequality for Integrals [44]). Let p > 1 and 1
p + 1

q = 1. Suppose that
ℵε, Φ are real functions defined on [δ1, δ2], and if |ℵε|p,|Φ|q are integrable on [δ1, δ2], then the
following inequality holds:

∫ δ2

δ1

|ℵε(u)Φ(u)| du ≤
(∫ δ2

δ1

|ℵε(u)| pdu
) 1

p
(∫ δ2

δ1

|Φ(u)|q du
) 1

q
,

with equality holding if, and only if, A|ℵε(u)| p = B|Φ(u)|q almost everywhere, A and B
are constants.

If we get |ℵε||Φ| =
(
|ℵε|

1
p

)(
|ξ|

1
q |Φ|

)
in the Hölder inequality, then we obtain the

following power-mean integral inequality as a simple result of the Hölder inequality:

Theorem 6 (Power Mean Inequality [44]). Let q ≥ 1. Suppose that ℵε, Φ are real-valued
functions defined on [δ1, δ2]. If |ℵε| and |ℵε||Φ|q are integrable on [δ1, δ2], then the following
inequality holds:

∫ δ2

δ1

|ℵε(u)Φ(u)| du ≤
(∫ δ2

δ1

|ℵε(u)| du
)1− 1

q
(∫ δ2

δ1

|ℵε(u)| |Φ(u)|q du
) 1

q
.

In the second part of this paper, we briefly recall several notions related to classi-
cal and fractional derivatives, together with their fundamental properties that will be
required in the subsequent analysis. In [45], A. Khan et al. derived several results, in-
cluding Theorems 7 and 8, for the particular case β2 = δ2 and % = δ1 with s = 1. The
primary objective of this study is to establish a comprehensive class of Hermite–Hadamard–
Mercer-type inequalities involving both classical and Riemann–Liouville fractional integral
operators. The obtained results provide significant generalizations of several well-known
inequalities in the literature, encompassing classical Hermite–Hadamard, Mercer, and
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fractional forms as special cases. In particular, Theorems 13–15 generalizes the classical
Mercer-type inequality, which is recovered by setting ρ = 1. The paper is organized into
two principal sections that present the main contributions of this study. Motivated by the
Hermite–Hadamard-type inequalities previously obtained for three-times differentiable
convex functions, the primary objective of this work is to establish new Hermite–Hadamard–
Mercer-type inequalities for differentiable functions whose powers of the absolute values
of their third derivatives are convex. To achieve this objective, Section 2 introduces a new
integral identity that serves as a key lemma and constitutes the main analytical tool for
deriving the proposed results. Using these identities, several inequalities are established in
Theorems 8 and 9 through the application of power–mean inequality and Hölder’s inequal-
ity. Moreover, for the specific choices of the parameters β2 = δ2 and % = δ1, additional
midpoint-type inequalities are derived and discussed in [45]. Furthermore, some new
results regarding Young’s inequality, bounded function and L-Lipschitzian function will be
obtained. In Section 3, we will explore some applications of our findings to special means,
midpoint formula, q-digamma function and the modified Bessel function. This Section 4
also includes two illustrative examples that confirm the validity and effectiveness of the the-
oretical findings. All figures in this work were produced with Mathematica (version 11.2).
Furthermore, the results developed in Section 2 possess a notable degree of generality, as
they can be extended to a wide class of integral operators, including k-Riemann–Liouville
fractional integrals, conformable fractional integrals, generalized fractional integrals, and
post-quantum calculus.

This study is structured as follows: in Section 2, we will introduce two fundamen-
tal integral identities as a key lemmas, serving as the main tools for our main results.
Theorems 8 and 9 leverage the power-mean and Hölder’s inequalities to derive new results
pertaining to the class of s-convexity functions. Additionally, for specific values of δ1

and δ2, several novel midpoint-type inequalities are presented. Furthermore, some new
results regarding Young’s inequality, bounded function and L-Lipschitzian function will
be obtained. In Section 3, we will explore some applications of our findings to special
means, midpoint formula, q-digamma function, and the modified Bessel function. This
Section 4 also includes two illustrative examples that confirm the validity of our results.
All figures in this work were produced with Mathematica (version 11.2). In Section 5, some
conclusions and future research directions for interested readers will be given.

For the reader’s convenience, we collect below the notation and standing assumptions
used throughout the paper. Let

S :=
{
ℵε, I, δ1, δ2, %, β2

}
,

where the symbols are defined as follows:

Symbol Description

ℵε A real-valued function ℵε : I = [δ1, δ2] ⊂ R→ R.
I The closed interval [δ1, δ2] ⊂ R.
δ1, δ2 Real numbers denoting the endpoints of I, with δ1 < δ2.
(δ1, δ2) The open interval on which ℵε is three times differentiable.
ℵ′′′ε The third derivative of ℵε.
ℵ′′′ε ∈ L[δ1, δ2] The third derivative of ℵε is Lebesgue-integrable on [δ1, δ2].
L[δ1, δ2] The space of all Lebesgue-integrable functions on [δ1, δ2].
%, β2 Arbitrary points in the interval [δ1, δ2].
R A set of real numbers.
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2. Main Results

2.1. Hermite–Hadamard–Mercer-Type Inequalities

This section aims to establish a series of Hermite–Hadamard–Mercer-type inequal-
ities for functions where the powers of the absolute values of their third derivatives
are s-convexity.

Lemma 2. Assuming that hypothesis S is satisfied, then we obtain the following equality:

1
β2 −%

∫ δ1+δ2−%

δ1+δ2−β2

ℵε(u)du− ℵε

(
δ1 + δ2 −

%+ β2

2

)
− (β2 −%)2

24
ℵ′′ε

(
δ1 + δ2 −

%+ β2

2

)
(6)

=
(β2 −%)3

96

∫ 1

0
Υ3
[
ℵ′′′ε

(
δ1 + δ2 −

(
Υ
2

β2 +
2− Υ

2
%
))
− ℵ′′′ε

(
δ1 + δ2 −

(
Υ
2
%+

2− Υ
2

β2

))]
dΥ.

Proof. By using the integration by parts on the right side of equality (6), we obtain

I1 =
∫ 1

0
Υ3ℵ′′′ε

(
δ1 + δ2 −

(
Υ
2
%+

2− Υ
2

β2

))
dΥ

=
2Υ3ℵ′′ε

(
δ1 + δ2 −

(
Υ
2%+ 2−Υ

2 β2

))
β2 −%

∣∣∣∣∣∣
1

0

− 6
β2 −%

∫ 1

0
Υ2ℵ′′ε

(
δ1 + δ2 −

(
Υ
2
%+

2− Υ
2

β2

))
dΥ

=
2

β2 −%
ℵ′′ε

(
δ1 + δ2 −

%+ β2
2

)
− 6

β2 −%

⎡⎢⎣ 2Υ2ℵ′ε
(

δ1 + δ2 −
(

Υ
2%+ 2−Υ

2 β2

))
β2 −%

∣∣∣∣∣∣
1

0

− 4
β2 −%

∫ 1

0
Υℵ′ε

(
δ1 + δ2 −

(
Υ
2
%+

2− Υ
2

β2

))
dΥ

]

=
2

β2 −%
ℵ′′ε

(
δ1 + δ2 −

%+ β2
2

)
− 12

(β2 −%)2 ℵ
′
ε

(
δ1 + δ2 −

%+ β2
2

)

+
24

(β2 −%)2

∫ 1

0
Υℵ′ε

(
δ1 + δ2 −

(
Υ
2
%+

2− Υ
2

β2

))
dΥ

=
2

β2 −%
ℵ′′ε

(
δ1 + δ2 −

%+ β2
2

)
− 12

(β2 −%)2 ℵ
′
ε

(
δ1 + δ2 −

%+ β2
2

)

+
24

(β2 −%)2

⎡⎢⎣ 2Υℵε

(
δ1 + δ2 −

(
Υ
2%+ 2−Υ

2 β2

))
β2 −%

∣∣∣∣∣∣
1

0

− 2

(β2 −%)2

∫ 1

0
ℵε

(
δ1 + δ2 −

(
Υ
2
%+

2− Υ
2

β2

))
dΥ

]

=
2

β2 −%
ℵ′′ε

(
δ1 + δ2 −

%+ β2
2

)
− 12

(β2 −%)2 ℵ
′
ε

(
δ1 + δ2 −

%+ β2
2

)

+
48

(β2 −%)3 ℵε

(
δ1 + δ2 −

%+ β2
2

)
− 48

(β2 −%)3

∫ 1

0
ℵε

(
δ1 + δ2 −

(
Υ
2
%+

2− Υ
2

β2

))
dΥ.

Put u = δ1 + δ2 −
(

Υ
2%+ 2−Υ

2 β2

)
, then we obtain

I1 =
2

β2 −%
ℵ′′ε

(
δ1 + δ2 −

%+ β2

2

)
− 12

(β2 −%)2ℵ
′
ε

(
δ1 + δ2 −

%+ β2

2

)
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+
48

(β2 −%)3ℵε

(
δ1 + δ2 −

%+ β2

2

)
− 96

(β2 −%)4

∫ δ1+δ2−%+β2
2

δ1+δ2−β2

ℵε(u)du. (7)

Similarly, we have

I2 =
∫ 1

0
Υ3ℵ′′′ε

(
δ1 + δ2 −

(
Υ
2

β2 +
2− Υ

2
%
))

dΥ

=
−2Υ3ℵ′′ε

(
δ1 + δ2 −

(
Υ
2 β2 +

2−Υ
2 %

))
β2 −%

∣∣∣∣∣∣
1

0

+
6

β2 −%
∫ 1

0
Υ2ℵ′′ε

(
δ1 + δ2 −

(
Υ
2

β2 +
2− Υ

2
%
))

dΥ

=
−2

β2 −%
ℵ′′ε

(
δ1 + δ2 −

%+ β2
2

)
− 12

(β2 −%)2 ℵ
′
ε

(
δ1 + δ2 −

%+ β2
2

)

+
24

(β2 −%)2

∫ 1

0
Υℵ′ε

(
δ1 + δ2 −

(
Υ
2

β2 +
2− Υ

2
%
))

dΥ

=
−2

β2 −%
ℵ′′ε

(
δ1 + δ2 −

%+ β2
2

)
− 12

(β2 −%)2 ℵ
′
ε

(
δ1 + δ2 −

%+ β2
2

)

− 48

(β2 −%)3 ℵε

(
δ1 + δ2 −

%+ β2
2

)
+

96

(β2 −%)4

∫ δ1+δ2−%

δ1+δ2−%+β2
2

ℵε(u)du. (8)

Subtracting the equality (8) from (7) and multiplying the equality with (β2−%)3

96 , we obtain

1
β2 −%

∫ δ1+δ2−%

δ1+δ2−β2

ℵε(u)du− ℵε

(
δ1 + δ2 −

%+ β2
2

)
− (β2 −%)2

24
ℵ′′ε

(
δ1 + δ2 −

%+ β2
2

)

=
(β2 −%)3

96

∫ 1

0
Υ3
[
ℵ′′′ε

(
δ1 + δ2 −

(
Υ
2
%+

2− Υ
2

β2

))
− ℵ′′′ε

(
δ1 + δ2 −

(
Υ
2

β2 +
2− Υ

2
%
))]

dΥ.

The proof of Lemma 2 has now been established.

Corollary 1. Assigning β2 = δ2 and % = δ1 in Lemma 2, we obtain

1
δ2 − δ1

∫ δ2

δ1

ℵε(u)du− ℵε

(
δ1 + δ2

2

)
− (δ2 − δ1)

2

24
ℵ′′ε

(
δ1 + δ2

2

)

=
(δ2 − δ1)

3

96

[∫ 1

0
Υ3ℵ′′′ε

(
Υ
2

δ1 +
2− Υ

2
δ2

)
dΥ−

∫ 1

0
Υ3ℵ′′′ε

(
Υ
2

δ2 +
2− Υ

2
δ1

)
dΥ

]
.

Corollary 2. Assigning ℵ′′ε
(

δ1+δ2
2

)
= 0 in Corollary 1, we obtain

1
δ2 − δ1

∫ δ2

δ1

ℵε(u)du− ℵε

(
δ1 + δ2

2

)

=
(δ2 − δ1)

3

96

[∫ 1

0
Υ3ℵ′′′ε

(
Υ
2

δ1 +
2− Υ

2
δ2

)
dΥ−

∫ 1

0
Υ3ℵ′′′ε

(
Υ
2

δ2 +
2− Υ

2
δ1

)
dΥ

]
.

Theorem 7. Let s ∈ (0, 1]. Provided that hypothesis S is satisfied and |ℵ ′′′ε | is s-convex on [δ1, δ2],
then the following Mercer-type inequality holds true:∣∣∣∣∣ 1

β2 −%
∫ δ1+δ2−%

δ1+δ2−β2
ℵε(u)du− ℵε

(
δ1 + δ2 −

%+ β2

2

)
− (β2 −%)2

24
ℵ′′ε

(
δ1 + δ2 −

%+ β2

2

)∣∣∣∣∣
≤ (β2 −%)3

96

[
1
2
(∣∣ℵ′′′ε (δ1)

∣∣+ ∣∣ℵ′′′ε (δ2)
∣∣)−(

3× 21−s(−14 + 24+s − 7s− s2)
(1 + s)(2 + s)(3 + s)(4 + s)

)(∣∣ℵ′′′ε (%)
∣∣+ ∣∣ℵ′′′ε (β2)

∣∣)].
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Proof. By using the Lemma 2, since |ℵ′′′ε | is s-convex, we have∣∣∣∣∣ 1
β2 −%

∫ δ1+δ2−%

δ1+δ2−β2
ℵε(u)du− ℵε

(
δ1 + δ2 −

%+ β2

2

)
− (β2 −%)2

24
ℵ′′ε

(
δ1 + δ2 −

%+ β2

2

)∣∣∣∣∣
≤ (β2 −%)3

96

[∫ 1

0
Υ3
∣∣∣∣ℵ′′′ε

(
δ1 + δ2 −

(
Υ
2
%+

2− Υ
2

β2

))∣∣∣∣dΥ

+
∫ 1

0
Υ3
∣∣∣∣ℵ′′′ε

(
δ1 + δ2 −

(
Υ
2

β2 +
2− Υ

2
%
))∣∣∣∣dΥ

]

≤ (β2 −%)3

96

[∫ 1

0
Υ3
(∣∣ℵ′′′ε (δ1)

∣∣+ ∣∣ℵ′′′ε (δ2)
∣∣−((

Υ
2

)s∣∣ℵ′′′ε (%)
∣∣+(

2− Υ
2

)s∣∣ℵ′′′ε (β2)
∣∣))dΥ

+
∫ 1

0
Υ3
(∣∣ℵ′′′ε (δ1)

∣∣+ ∣∣ℵ′′′ε (δ2)
∣∣−((

Υ
2

)s∣∣ℵ′′′ε (β2)
∣∣+(

2− Υ
2

)s∣∣ℵ′′′ε (%)
∣∣))dΥ

]

=
(β2 −%)3

96

[
1
2
(∣∣ℵ′′′ε (δ1)

∣∣+ ∣∣ℵ′′′ε (δ2)
∣∣)−(

3× 21−s(−14 + 24+s − 7s− s2)
(1 + s)(2 + s)(3 + s)(4 + s)

)(∣∣ℵ′′′ε (%)
∣∣+ ∣∣ℵ′′′ε (β2)

∣∣)].

Accordingly, the assertion of Theorem 7 has been verified.

Corollary 3. Taking s = 1 in Theorem 7, we have∣∣∣∣∣ 1
β2 −%

∫ δ1+δ2−%

δ1+δ2−β2

ℵε(u)du− ℵε

(
δ1 + δ2 −

%+ β2
2

)
− (β2 −%)2

24
ℵ′′ε

(
δ1 + δ2 −

%+ β2
2

)∣∣∣∣∣
≤ (β2 −%)3

96

[
1
2
(∣∣ℵ′′′ε (δ1)

∣∣+ ∣∣ℵ′′′ε (δ2)
∣∣)− 1

4
(∣∣ℵ′′′ε (%)

∣∣+ ∣∣ℵ′′′ε (β2)
∣∣)].

Corollary 4. Assigning β2 = δ2 and % = δ1 in Corollary 3, we obtain∣∣∣∣∣ 1
δ2 − δ1

∫ δ2

δ1

ℵε(u)du− ℵε

(
δ1 + δ2

2

)
− (δ2 − δ1)

2

24
ℵ′′ε

(
δ1 + δ2

2

)∣∣∣∣∣
≤ (δ2 − δ1)

3

384
[∣∣ℵ′′′ε (δ1)

∣∣+ ∣∣ℵ′′′ε (δ2)
∣∣],

which was previously proved by A.Khan et al. [45].

Corollary 5. Assigning ℵ′′ε
(

δ1+δ2
2

)
= 0 in Corollary 4, we obtain

∣∣∣∣ 1
δ2 − δ1

∫ δ2

δ1

ℵε(u)du− ℵε

(
δ1 + δ2

2

)∣∣∣∣ ≤ (δ2 − δ1)
3

384
[∣∣ℵ′′′ε (δ1)

∣∣+ ∣∣ℵ′′′ε (δ2)
∣∣].

Theorem 8. Let s ∈ (0, 1]. Provided that hypothesis S is satisfied and |ℵ′′′ε |q is s-convex on [δ1, δ2]
with 1

p + 1
q = 1 and q > 1, then the following Mercer-type inequality holds true:∣∣∣∣∣ 1
β2 −%

∫ δ1+δ2−%

δ1+δ2−β2
ℵε(u)du− ℵε

(
δ1 + δ2 −

%+ β2

2

)
− (β2 −%)2

24
ℵ′′ε

(
δ1 + δ2 −

%+ β2

2

)∣∣∣∣∣
≤ (β2 −%)3

96

(
1

3p + 1

) 1
p

⎡⎣(∣∣ℵ′′′ε (δ1)
∣∣q + ∣∣ℵ′′′ε (δ2)

∣∣q −(
1

2s(s + 1)

∣∣ℵ′′′ε (%)
∣∣q + 2s+1 − 1

2s(s + 1)

∣∣ℵ′′′ε (β2)
∣∣q)) 1

q

+

(∣∣ℵ′′′ε (δ1)
∣∣q + ∣∣ℵ′′′ε (δ2)

∣∣q −(
1

2s(s + 1)

∣∣ℵ′′′ε (β2)
∣∣q + 2s+1 − 1

2s(s + 1)

∣∣ℵ′′′ε (%)
∣∣q)) 1

q

⎤⎦.
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Proof. Based on Lemma 2, and by employing Hölder’s inequality and the s-convexity of
|ℵ′′′ε |q, we obtain∣∣∣∣∣ 1

β2 −%
∫ δ1+δ2−%

δ1+δ2−β2
ℵε(u)du− ℵε

(
δ1 + δ2 −

%+ β2

2

)
− (β2 −%)2

24
ℵ′′ε

(
δ1 + δ2 −

%+ β2

2

)∣∣∣∣∣
≤ (β2 −%)3

96

(∫ 1

0
Υ3pdΥ

) 1
p

⎡⎣(∫ 1

0

∣∣∣∣ℵ′′′ε

(
δ1 + δ2 −

(
Υ
2
%+

2− Υ
2

β2

))∣∣∣∣qdΥ
) 1

q

+

(∫ 1

0

∣∣∣∣ℵ′′′ε

(
δ1 + δ2 −

(
Υ
2

β2 +
2− Υ

2
%
))∣∣∣∣qdΥ

) 1
q

⎤⎦

≤ (β2 −%)3

96

(∫ 1

0
Υ3pdΥ

) 1
p

×

⎡⎣(∫ 1

0

(∣∣ℵ′′′ε (δ1)
∣∣q + ∣∣ℵ′′′ε (δ2)

∣∣q −((
Υ
2

)s∣∣ℵ′′′ε (%)
∣∣q +(

2− Υ
2

)s∣∣ℵ′′′ε (β2)
∣∣q))dΥ

) 1
q

+

(∫ 1

0

(∣∣ℵ′′′ε (δ1)
∣∣q + ∣∣ℵ′′′ε (δ2)

∣∣q −((
Υ
2

)s∣∣ℵ′′′ε (β2)
∣∣q +(

2− Υ
2

)s∣∣ℵ′′′ε (%)
∣∣q))dΥ

) 1
q

⎤⎦

=
(β2 −%)3

96

(
1

3p + 1

) 1
p

⎡⎣(∣∣ℵ′′′ε (δ1)
∣∣q + ∣∣ℵ′′′ε (δ2)

∣∣q −(
1

2s(s + 1)

∣∣ℵ′′′ε (%)
∣∣q + 2s+1 − 1

2s(s + 1)

∣∣ℵ′′′ε (β2)
∣∣q)) 1

q

+

(∣∣ℵ′′′ε (δ1)
∣∣q + ∣∣ℵ′′′ε (δ2)

∣∣q −(
1

2s(s + 1)

∣∣ℵ′′′ε (β2)
∣∣q + 2s+1 − 1

2s(s + 1)

∣∣ℵ′′′ε (%)
∣∣q)) 1

q

⎤⎦.

Accordingly, the assertion of Theorem 8 has been verified.

Corollary 6. Taking s = 1 in Theorem 8, we have∣∣∣∣∣ 1
β2 −%

∫ δ1+δ2−%

δ1+δ2−β2

ℵε(u)du− ℵε

(
δ1 + δ2 −

%+ β2
2

)
− (β2 −%)2

24
ℵ′′ε

(
δ1 + δ2 −

%+ β2
2

)∣∣∣∣∣
≤ (β2 −%)3

96

(
1

3p + 1

) 1
p
[(∣∣ℵ′′′ε (δ1)

∣∣q + ∣∣ℵ′′′ε (δ2)
∣∣q −(

1
4

∣∣ℵ′′′ε (%)
∣∣q + 3

4

∣∣ℵ′′′ε (β2)
∣∣q)) 1

q

+

(∣∣ℵ′′′ε (δ1)
∣∣q + ∣∣ℵ′′′ε (δ2)

∣∣q −(
1
4

∣∣ℵ′′′ε (β2)
∣∣+ 3

4

∣∣ℵ′′′ε (%)
∣∣)) 1

q
]

.

Corollary 7. Assigning β2 = δ2 and % = δ1 in Corollary 6, we obtain∣∣∣∣∣ 1
δ2 − δ1

∫ δ2

δ1

ℵε(u)du− ℵε

(
δ1 + δ2

2

)
− (δ2 − δ1)

2

24
ℵ′′ε

(
δ1 + δ2

2

)∣∣∣∣∣
≤ (δ2 − δ1)

3

384

(
1

3p + 1

) 1
p

⎡⎣(3|ℵ′′′ε (δ1)|q + |ℵ′′′ε (δ2)|q
4

) 1
q

+

( |ℵ′′′ε (δ1)|q + 3|ℵ′′′ε (δ2)|q
4

) 1
q

⎤⎦.

Theorem 9. Let q ≥ 1 and s ∈ (0, 1]. Under hypothesis S, assuming that |ℵ′′′ε |q is s-convex on
[δ1, δ2], then the following Mercer-type inequality holds true:∣∣∣∣∣ 1

β2 −%
∫ δ1+δ2−%

δ1+δ2−β2

ℵε(u)du− ℵε

(
δ1 + δ2 −

%+ β2
2

)
− (β2 −%)2

24
ℵ′′ε

(
δ1 + δ2 −

%+ β2
2

)∣∣∣∣∣
≤ (β2 −%)3

96

(
1
4

)1− 1
q
[(

1
4

(∣∣ℵ′′′ε (δ1)
∣∣q + ∣∣ℵ′′′ε (δ2)

∣∣q)
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−
(

1
2s(s + 4)

∣∣ℵ′′′ε (%)
∣∣q + 2−s(3× 25+s − 53s− 12s2 − s3 − 90

)
(s + 1)(s + 2)(s + 3)(s + 4)

∣∣ℵ′′′ε (β2)
∣∣q)) 1

q

+

(
1
4

(∣∣ℵ′′′ε (δ1)
∣∣q + ∣∣ℵ′′′ε (δ2)

∣∣q)

−
(

1
2s(s + 4)

∣∣ℵ′′′ε (β2)
∣∣q + 2−s(3× 25+s − 53s− 12s2 − s3 − 90

)
(s + 1)(s + 2)(s + 3)(s + 4)

∣∣ℵ′′′ε (%)
∣∣q)) 1

q
⎤⎦.

Proof. Based on Lemma 2, and by employing power-mean inequality and the s-convexity
of |ℵ′′′ε |q, we obtain∣∣∣∣∣ 1

β2 −%
∫ δ1+δ2−%

δ1+δ2−β2

ℵε(u)du− ℵε

(
δ1 + δ2 −

%+ β2
2

)
− (β2 −%)2

24
ℵ′′ε

(
δ1 + δ2 −

%+ β2
2

)∣∣∣∣∣
≤ (β2 −%)3

96

(∫ 1

0
Υ3dΥ

)1− 1
q

⎡⎣(∫ 1

0
Υ3
∣∣∣∣ℵ′′′ε

(
δ1 + δ2 −

(
Υ
2
%+

2− Υ
2

β2

))∣∣∣∣qdΥ
) 1

q

+

(∫ 1

0
Υ3
∣∣∣∣ℵ′′′ε

(
δ1 + δ2 −

(
Υ
2

β2 +
2− Υ

2
%
))∣∣∣∣qdΥ

) 1
q

⎤⎦
≤ (β2 −%)3

96

(∫ 1

0
Υ3dΥ

)1− 1
q

×

⎡⎣(∫ 1

0
Υ3
(∣∣ℵ′′′ε (δ1)

∣∣q + ∣∣ℵ′′′ε (δ2)
∣∣q −((

Υ
2

)s∣∣ℵ′′′ε (%)
∣∣q +(

2− Υ
2

)s∣∣ℵ′′′ε (β2)
∣∣q))dΥ

) 1
q

+

(∫ 1

0
Υ3
(∣∣ℵ′′′ε (δ1)

∣∣q + ∣∣ℵ′′′ε (δ2)
∣∣q −((

Υ
2

)s∣∣ℵ′′′ε (β2)
∣∣q +(

2− Υ
2

)s∣∣ℵ′′′ε (%)
∣∣q))dΥ

) 1
q

⎤⎦
=

(β2 −%)3

96

(
1
4

)1− 1
q
[(

1
4

(∣∣ℵ′′′ε (δ1)
∣∣q + ∣∣ℵ′′′ε (δ2)

∣∣q)

−
(

1
2s(s + 4)

∣∣ℵ′′′ε (%)
∣∣q + 2−s(3× 25+s − 53s− 12s2 − s3 − 90

)
(s + 1)(s + 2)(s + 3)(s + 4)

∣∣ℵ′′′ε (β2)
∣∣q)) 1

q

+

(
1
4

(∣∣ℵ′′′ε (δ1)
∣∣q + ∣∣ℵ′′′ε (δ2)

∣∣q)

−
(

1
2s(s + 4)

∣∣ℵ′′′ε (β2)
∣∣q + 2−s(3× 25+s − 53s− 12s2 − s3 − 90

)
(s + 1)(s + 2)(s + 3)(s + 4)

∣∣ℵ′′′ε (%)
∣∣q)) 1

q
⎤⎦.

The proof of Theorem 9 has been successfully concluded.

Corollary 8. Taking s = 1 in Theorem 9, we have∣∣∣∣∣ 1
β2 −%

∫ δ1+δ2−%

δ1+δ2−β2

ℵε(u)du− ℵε

(
δ1 + δ2 −

%+ β2
2

)
− (β2 −%)2

24
ℵ′′ε

(
δ1 + δ2 −

%+ β2
2

)∣∣∣∣∣
≤ (β2 −%)3

96

(
1
4

)1− 1
q

⎡⎣(1
4

(∣∣ℵ′′′ε (δ1)
∣∣q + ∣∣ℵ′′′ε (δ2)

∣∣q)−(
2|ℵ′′′ε (%)|q + 3|ℵ′′′ε (β2)|q

20

)) 1
q

+

(
1
4

(∣∣ℵ′′′ε (δ1)
∣∣q + ∣∣ℵ′′′ε (δ2)

∣∣q)−(
3|ℵ′′′ε (%)|q + 2|ℵ′′′ε (β2)|q

20

)) 1
q

⎤⎦.
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Corollary 9. Assigning β2 = δ2 and % = δ1 in Corollary 8, we obtain∣∣∣∣∣ 1
δ2 − δ1

∫ δ2

δ1

ℵε(u)du− ℵε

(
δ1 + δ2

2

)
− (δ2 − δ1)

2

24
ℵ′′ε

(
δ1 + δ2

2

)∣∣∣∣∣
≤ (δ2 − δ1)

3

384

⎡⎣(3|ℵ′′′ε (δ1)|q + 2|ℵ′′′ε (δ2)|q
5

) 1
q

+

(
2|ℵ′′′ε (δ1)|q + 3|ℵ′′′ε (δ2)|q

5

) 1
q

⎤⎦.

Theorem 10. Let s ∈ (0, 1]. Provided that hypothesis S is satisfied and |ℵ′′′ε |q is s-convex on
[δ1, δ2] with 1

p + 1
q = 1 and q > 1, then the following Mercer’s type inequality holds true:

∣∣∣∣∣ 1
β2 −%

∫ δ1+δ2−%

δ1+δ2−β2

ℵε(u)du− ℵε

(
δ1 + δ2 −

%+ β2
2

)
− (β2 −%)2

24
ℵ′′ε

(
δ1 + δ2 −

%+ β2
2

)∣∣∣∣∣
≤ (β2 −%)3

96

(
1

p(3p + 1)

)

×1
q

[(∣∣ℵ′′′ε (δ1)
∣∣q + ∣∣ℵ′′′ε (δ2)

∣∣q)−(
3× 21−s(−14 + 24+s − 7s− s2)
(1 + s)(2 + s)(3 + s)(4 + s)

)(∣∣ℵ′′′ε (%)
∣∣q + ∣∣ℵ′′′ε (β2)

∣∣q)].

Proof. Using Lemma 2, s-convexity of |ℵ′′′ε |q, we have∣∣∣∣∣ 1
β2 −%

∫ δ1+δ2−%

δ1+δ2−β2

ℵε(u)du− ℵε

(
δ1 + δ2 −

%+ β2
2

)
− (β2 −%)2

24
ℵ′′ε

(
δ1 + δ2 −

%+ β2
2

)∣∣∣∣∣
≤ (β2 −%)3

96

[∫ 1

0
Υ3
∣∣∣∣ℵ′′′ε

(
δ1 + δ2 −

(
Υ
2
%+

2− Υ
2

β2

))∣∣∣∣dΥ

+
∫ 1

0
Υ3
∣∣∣∣ℵ′′′ε

(
δ1 + δ2 −

(
Υ
2

β2 +
2− Υ

2
%
))∣∣∣∣dΥ

]
.

Applying the following Young’s inequality:

δ1δ2 ≤
1
p

δ
p
1 +

1
q

δ
q
2,

we derive that∣∣∣∣∣ 1
β2 −%

∫ δ1+δ2−%

δ1+δ2−β2

ℵε(u)du− ℵε

(
δ1 + δ2 −

%+ β2
2

)
− (β2 −%)2

24
ℵ′′ε

(
δ1 + δ2 −

%+ β2
2

)∣∣∣∣∣
≤ (β2 −%)3

96

[
1
p

(∫ 1

0
Υ3p

)
dΥ +

1
q

∫ 1

0

∣∣∣∣ℵ′′′ε

(
δ1 + δ2 −

((
Υ
2

)s
%+

(
2− Υ

2

)s
β2

))∣∣∣∣qdΥ

+
1
p

(∫ 1

0
Υ3p

)
dΥ +

1
q

∫ 1

0

∣∣∣∣ℵ′′′ε

(
δ1 + δ2 −

((
Υ
2

)s
β2 +

(
2− Υ

2

)s
%
))∣∣∣∣qdΥ

]

≤ (β2 −%)3

96

(
1
p

∫ 1

0
Υ3pdΥ

)
×
[(

1
q

∫ 1

0

(∣∣ℵ′′′ε (δ1)
∣∣q + ∣∣ℵ′′′ε (δ2)

∣∣q −((
Υ
2

)s∣∣ℵ′′′ε (%)
∣∣q +(

2− Υ
2

)s∣∣ℵ′′′ε (β2)
∣∣q))dΥ

)

+

(
1
q

∫ 1

0

(∣∣ℵ′′′ε (δ1)
∣∣q + ∣∣ℵ′′′ε (δ2)

∣∣q −((
Υ
2

)s∣∣ℵ′′′ε (β2)
∣∣q +(

2− Υ
2

)s∣∣ℵ′′′ε (%)
∣∣q))dΥ

)]

=
(β2 −%)3

96

(
1

p(3p + 1)

)[(
1
q

(∣∣ℵ′′′ε (δ1)
∣∣q + ∣∣ℵ′′′ε (δ2)

∣∣q)
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−1
q

(
1

2s(s + 4)

∣∣ℵ′′′ε (%)
∣∣q + 2−s(3× 25+s − 53s− 12s2 − s3 − 90

)
(s + 1)(s + 2)(s + 3)(s + 4)

∣∣ℵ′′′ε (β2)
∣∣q))

+

(
1
q

(∣∣ℵ′′′ε (δ1)
∣∣q + ∣∣ℵ′′′ε (δ2)

∣∣q)

−1
q

(
1

2s(s + 4)

∣∣ℵ′′′ε (β2)
∣∣q + 2−s(3× 25+s − 53s− 12s2 − s3 − 90

)
(s + 1)(s + 2)(s + 3)(s + 4)

∣∣ℵ′′′ε (%)
∣∣q))]

=
(β2 −%)3

96

(
1

p(3p + 1)

)
1
q
×

[(∣∣ℵ′′′ε (δ1)
∣∣q + ∣∣ℵ′′′ε (δ2)

∣∣q)−(
3× 21−s(−14 + 24+s − 7s− s2)
(1 + s)(2 + s)(3 + s)(4 + s)

)(∣∣ℵ′′′ε (%)
∣∣q + ∣∣ℵ′′′ε (β2)

∣∣q)].

The proof of Theorem 10 has been successfully concluded.

Theorem 11. Provided that hypothesis S is satisfied. If there exist constant −∞ < d < D < ∞
such that d ≤ ℵ′′′ε (Υ) ≤ D for all Υ ∈ [δ1, δ2], then the following Mercer-type inequality holds true:

∣∣∣∣∣ 1
β2 −%

∫ δ1+δ2−%

δ1+δ2−β2

ℵε(u)du− ℵε

(
δ1 + δ2 −

%+ β2

2

)
− (β2 −%)2

24
ℵ′′ε

(
δ1 + δ2 −

%+ β2

2

)∣∣∣∣∣
≤ (β2 −%)3(D− d)

384
.

Proof. Given that ℵ′′′ε (Υ) is a bounded function, it follows that

d− d + D
2

≤ ℵ′′′ε (Υ)− d + D
2

≤ D− d + D
2

.

Hence, we obtain ∣∣∣∣ℵ′′′ε (Υ)− d + D
2

∣∣∣∣ ≤ D− d
2

. (9)

By applying the modulus property to Lemma 2 and subsequently using the observation (9),
we obtain∣∣∣∣∣ 1

β2 −%
∫ δ1+δ2−%

δ1+δ2−β2

ℵε(u)du− ℵε

(
δ1 + δ2 −

%+ β2
2

)
− (β2 −%)2

24
ℵ′′ε

(
δ1 + δ2 −

%+ β2
2

)∣∣∣∣∣
≤ (β2 −%)3

96

[∫ 1

0
Υ3
∣∣∣∣ℵ′′′ε

(
δ1 + δ2 −

(
Υ
2
%+

2− Υ
2

β2

))
− d + D

2

∣∣∣∣dΥ

+
∫ 1

0
Υ3
∣∣∣∣ℵ′′′ε

(
δ1 + δ2 −

(
Υ
2

β2 +
2− Υ

2
%
))
− d + D

2

∣∣∣∣dΥ
]

.

From d ≤ ℵ′′′ε (Υ) ≤ D for all Υ ∈ [δ1, δ2], we obtain∣∣∣∣ℵ′′′ε

(
δ1 + δ2 −

(
Υ
2
%+

2− Υ
2

β2

))
− d + D

2

∣∣∣∣ ≤ D− d
2

, (10)

and ∣∣∣∣ℵ′′′ε

(
δ1 + δ2 −

(
Υ
2

β2 +
2− Υ

2
%
))
− d + D

2

∣∣∣∣ ≤ D− d
2

. (11)

By combining the relations given in (10) and (11), we obtain the following result:∣∣∣∣∣ 1
β2 −%

∫ δ1+δ2−%

δ1+δ2−β2

ℵε(u)du− ℵε

(
δ1 + δ2 −

%+ β2
2

)
− (β2 −%)2

24
ℵ′′ε

(
δ1 + δ2 −

%+ β2
2

)∣∣∣∣∣
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≤ (β2 −%)3(D− d)
96

[∫ 1

0
Υ3dΥ

]

=
(β2 −%)3(D− d)

384
.

The proof of Theorem 11 has been completed.

Theorem 12. Provided that hypothesis S is satisfied, and if |ℵ′′′ε | is a L-Lipschitzian function on
[δ1, δ2], then the following Mercer’s type inequality holds true:∣∣∣∣∣ 1

β2 −%
∫ δ1+δ2−%

δ1+δ2−β2

ℵε(u)du− ℵε

(
δ1 + δ2 −

%+ β2

2

)
− (β2 −%)2

24
ℵ′′ε

(
δ1 + δ2 −

%+ β2

2

)∣∣∣∣∣
≤ (β2 −%)4L

384
.

Proof. By using the Lemma 2 and the fact that |ℵ′′′ε | is L-Lipschitzian function, we have∣∣∣∣∣ 1
β2 −%

∫ δ1+δ2−%

δ1+δ2−β2

ℵε(u)du− ℵε

(
δ1 + δ2 −

%+ β2
2

)
− (β2 −%)2

24
ℵ′′ε

(
δ1 + δ2 −

%+ β2
2

)∣∣∣∣∣
≤ (β2 −%)3

96

[∫ 1

0
Υ3
∣∣∣∣ℵ′′′ε

(
δ1 + δ2 −

(
Υ
2
%+

2− Υ
2

β2

))∣∣∣∣dΥ

+
∫ 1

0
Υ3
∣∣∣∣ℵ′′′ε

(
δ1 + δ2 −

(
Υ
2

β2 +
2− Υ

2
%
))∣∣∣∣dΥ

]

≤ (β2 −%)3

96

[∫ 1

0
Υ4L(β2 −%)dΥ +

∫ 1

0
Υ3(1− Υ)L(β2 −%)dΥ

]

=
(β2 −%)4L

384
.

This completes the proof of Theorem 12.

Corollary 10. Assigning β2 = δ2 and % = δ1 in Theorem 12, we obtain∣∣∣∣∣ 1
δ2 − δ1

∫ δ2

δ1

ℵε(u)du− ℵε

(
δ1 + δ2

2

)
− (δ2 − δ1)

2

24
ℵ′′ε

(
δ1 + δ2

2

)∣∣∣∣∣
≤ (δ2 − δ1)

4L
384

.

2.2. Fractional Hermite–Hadamard–Mercer-Type Inequalities

The following is a similar integral identity involving Riemann–Liouville fractional
integrals, which serves as a crucial foundation for deriving the subsequent results in the
context of three-times differentiable functions.

Lemma 3. Provided that hypothesis S is satisfied, then the following fractional equality holds true:

2ρ−1Γ(ρ + 1)
(β2 −%)ρ

[
Jρ(

δ1+δ2−%+β2
2

)−ℵε(δ1 + δ2 − β2) + Jρ(
δ1+δ2−%+β2

2

)+ℵε(δ1 + δ2 −%)
]

−ℵε

(
δ1 + δ2 −

%+ β2

2

)
− (β2 −%)2

4(ρ + 1)(ρ + 2)
ℵ′′ε

(
δ1 + δ2 −

%+ β2

2

)
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=
(β2 −%)3

16(ρ + 1)(ρ + 2)

[∫ 1

0
Υρ+2ℵ′′′ε

(
δ1 + δ2 −

(
Υ
2

β2 +
2− Υ

2
%
))

dΥ

−
∫ 1

0
Υρ+2ℵ′′′ε

(
δ1 + δ2 −

(
Υ
2
%+

2− Υ
2

β2

))
dΥ

]
, (12)

for all ρ > 0 and %, β2 ∈ [δ1, δ2], with Υ ∈ [0, 1].

Proof. By using the integration by parts on the right side of equality (12), we obtain

I1 =
∫ 1

0
Υρ+2ℵ′′′ε

(
δ1 + δ2 −

(
Υ
2
%+

2− Υ
2

β2

))
dΥ

=
2Υρ+2ℵ′′ε

(
δ1 + δ2 −

(
Υ
2%+ 2−Υ

2 β2

))
β2 −%

∣∣∣∣∣∣
1

0

− 2(ρ + 2)
β2 −%

∫ 1

0
Υρ+1ℵ′′ε

(
δ1 + δ2 −

(
Υ
2
%+

2− Υ
2

β2

))
dΥ

=
2

β2 −%
ℵ′′ε

(
δ1 + δ2 −

%+ β2
2

)
− 4(ρ + 2)

(β2 −%)2 ℵ
′
ε

(
δ1 + δ2 −

%+ β2
2

)

+
4(ρ + 1)(ρ + 2)

(β2 −%)2

∫ 1

0
Υρℵ′ε

(
δ1 + δ2 −

(
Υ
2
%+

2− Υ
2

β2

))
dΥ

=
2

β2 −%
ℵ′′ε

(
δ1 + δ2 −

%+ β2
2

)
− 4(ρ + 2)

(β2 −%)2 ℵ
′
ε

(
δ1 + δ2 −

%+ β2
2

)
+

8(ρ + 1)(ρ + 2)

(β2 −%)3

ℵε

(
δ1 + δ2 −

%+ β2
2

)
− 8(ρ + 1)(ρ + 2)

(β2 −%)2

∫ 1

0
Υρ−1ℵ′ε

(
δ1 + δ2 −

(
Υ
2
%+

2− Υ
2

β2

))
dΥ

=
2

β2 −%
ℵ′′ε

(
δ1 + δ2 −

%+ β2
2

)
− 4(ρ + 2)

(β2 −%)2 ℵ
′
ε

(
δ1 + δ2 −

%+ β2
2

)

+
8(ρ + 1)(ρ + 2)

(β2 −%)3 ℵε

(
δ1 + δ2 −

%+ β2
2

)
− 2ρ+3(ρ + 1)(ρ + 2)

(β2 −%)ρ+3 Jρ(
δ1+δ2−%+β2

2

)−ℵε(δ1 + δ2 − β2). (13)

Similarly, we have

I2 =
∫ 1

0
Υρ+2ℵ′′′ε

(
δ1 + δ2 −

(
Υ
2

β2 +
2− Υ

2
%
))

dΥ

=
−2Υρ+2ℵ′′ε

(
δ1 + δ2 −

(
Υ
2 β2 +

2−Υ
2 %

))
β2 −%

∣∣∣∣∣∣
1

0

+
2(ρ + 2)
β2 −%

∫ 1

0
Υρ+1ℵ′′ε

(
δ1 + δ2 −

(
Υ
2

β2 +
2− Υ

2
%
))

dΥ

=
−2

β2 −%
ℵ′′ε

(
δ1 + δ2 −

%+ β2
2

)
− 4(ρ + 2)

(β2 −%)2 ℵ
′
ε

(
δ1 + δ2 −

%+ β2
2

)

−4(ρ + 1)(ρ + 2)

(β2 −%)2

∫ 1

0
Υρℵ′ε

(
δ1 + δ2 −

(
Υ
2

β2 +
2− Υ

2
%
))

dΥ

=
−2

β2 −%
ℵ′′ε

(
δ1 + δ2 −

%+ β2
2

)
− 4(ρ + 2)

(β2 −%)2 ℵ
′
ε

(
δ1 + δ2 −

%+ β2
2

)
− 8(ρ + 1)(ρ + 2)

(β2 −%)3

ℵε

(
δ1 + δ2 −

%+ β2
2

)
+

8(ρ + 1)(ρ + 2)

(β2 −%)2

∫ 1

0
Υρ−1ℵ′ε

(
δ1 + δ2 −

(
Υ
2
%+

2− Υ
2

β2

))
dΥ

=
−2

β2 −%
ℵ′′ε

(
δ1 + δ2 −

%+ β2
2

)
− 4(ρ + 2)

(β2 −%)2 ℵ
′
ε

(
δ1 + δ2 −

%+ β2
2

)
− 8(ρ + 1)(ρ + 2)

(β2 −%)3

ℵε

(
δ1 + δ2 −

%+ β2
2

)
+

2ρ+3(ρ + 1)(ρ + 2)

(β2 −%)ρ+3 Jρ(
δ1+δ2−%+β2

2

)+ℵε(δ1 + δ2 −%). (14)
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Subtracting the equality (14) from (13) and multiplying the equality with (β2−%)3

16(ρ+1)(ρ+2) ,
we have

2ρ−1Γ(ρ + 1)
(β2 −%)ρ

[
Jρ(

δ1+δ2−%+β2
2

)−ℵε(δ1 + δ2 − β2) + Jρ(
δ1+δ2−%+β2

2

)+ℵε(δ1 + δ2 −%)
]

−ℵε

(
δ1 + δ2 −

%+ β2

2

)
− (β2 −%)2

4(ρ + 1)(ρ + 2)
ℵ′′ε

(
δ1 + δ2 −

%+ β2

2

)

=
(β2 −%)3

16(ρ + 1)(ρ + 2)

[∫ 1

0
Υρ+2ℵ′′′ε

(
δ1 + δ2 −

(
Υ
2

β2 +
2− Υ

2
%
))

dΥ

−
∫ 1

0
Υρ+2ℵ′′′ε

(
δ1 + δ2 −

(
Υ
2
%+

2− Υ
2

β2

))
dΥ

]
.

Hence, Lemma 3 is proven.

Theorem 13. Provided that hypothesis S is satisfied, and assuming that |ℵ′′′ε | is convex on [δ1, δ2],
then the following fractional Mercer-type inequality holds true:∣∣∣∣∣2ρ−1Γ(ρ + 1)

(β2 −%)ρ

[
Jρ(

δ1+δ2−%+β2
2

)−ℵε(δ1 + δ2 − β2) + Jρ(
δ1+δ2−%+β2

2

)+ℵε(δ1 + δ2 −%)
]

−ℵε

(
δ1 + δ2 −

%+ β2

2

)
− (β2 −%)2

4(ρ + 1)(ρ + 2)
ℵ′′ε

(
δ1 + δ2 −

%+ β2

2

)∣∣∣∣∣
≤ (β2 −%)3

16(ρ + 1)(ρ + 2)(ρ + 3)
[
2
(∣∣ℵ′′′ε (δ1)

∣∣+ ∣∣ℵ′′′ε (δ2)
∣∣)− (∣∣ℵ′′′ε (%)

∣∣+ ∣∣ℵ′′′ε (β2)
∣∣)].

Proof. By using the Lemma 3, since |ℵ′′′ε | is convex, we have∣∣∣∣∣2ρ−1Γ(ρ + 1)
(β2 −%)ρ

[
Jρ(

δ1+δ2−%+β2
2

)−ℵε(δ1 + δ2 − β2) + Jρ(
δ1+δ2−%+β2

2

)+ℵε(δ1 + δ2 −%)
]

−ℵε

(
δ1 + δ2 −

%+ β2
2

)
− (β2 −%)2

4(ρ + 1)(ρ + 2)
ℵ′′ε

(
δ1 + δ2 −

%+ β2
2

)∣∣∣∣∣
≤ (β2 −%)3

16(ρ + 1)(ρ + 2)

[∫ 1

0
Υρ+2

∣∣∣∣ℵ′′′ε

(
δ1 + δ2 −

(
Υ
2
%+

2− Υ
2

β2

))∣∣∣∣dΥ

+
∫ 1

0
Υρ+2

∣∣∣∣ℵ′′′ε

(
δ1 + δ2 −

(
Υ
2

β2 +
2− Υ

2
%
))∣∣∣∣dΥ

]

≤ (β2 −%)3

16(ρ + 1)(ρ + 2)

[∫ 1

0
Υρ+2

(∣∣ℵ′′′ε (δ1)
∣∣+ ∣∣ℵ′′′ε (δ2)

∣∣−(
Υ
2

∣∣ℵ′′′ε (%)
∣∣+ 2− Υ

2

∣∣ℵ′′′ε (β2)
∣∣))dΥ

+
∫ 1

0
Υρ+2

(∣∣ℵ′′′ε (δ1)
∣∣+ ∣∣ℵ′′′ε (δ2)

∣∣−(
Υ
2

∣∣ℵ′′′ε (β2)
∣∣+ 2− Υ

2

∣∣ℵ′′′ε (%)
∣∣))dΥ

]

=
(β2 −%)3

16(ρ + 1)(ρ + 2)(ρ + 3)
[
2
(∣∣ℵ′′′ε (δ1)

∣∣+ ∣∣ℵ′′′ε (δ2)
∣∣)− (∣∣ℵ′′′ε (%)

∣∣+ ∣∣ℵ′′′ε (β2)
∣∣)].

The proof of Theorem 13 is completed.

Corollary 11. Assigning β2 = δ2 and % = δ1 in Theorem 13, we have∣∣∣∣∣ 2ρ−1Γ(ρ + 1)
(δ2 − δ1)

ρ

[
Jρ(

δ1+δ2
2

)−ℵε(δ1) + Jρ(
δ1+δ2

2

)+ℵε(δ2)

]
− ℵε

(
δ1 + δ2

2

)
− (δ2 − δ1)

2

4(ρ + 1)(ρ + 2)
ℵ′′ε

(
δ1 + δ2

2

)∣∣∣∣∣
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≤ (δ2 − δ1)
3

16(ρ + 1)(ρ + 2)(ρ + 3)
[∣∣ℵ′′′ε (δ1)

∣∣+ ∣∣ℵ′′′ε (δ2)
∣∣].

Corollary 12. Letting ρ = 1 in Corollary 11, we obtain∣∣∣∣∣ 1
δ2 − δ1

∫ δ2

δ1

ℵε(u)du− ℵε

(
δ1 + δ2

2

)
− (δ2 − δ1)

2

24
ℵ′′ε

(
δ1 + δ2

2

)∣∣∣∣∣
≤ (δ2 − δ1)

3

384
[∣∣ℵ′′′ε (δ1)

∣∣+ ∣∣ℵ′′′ε (δ2)
∣∣].

Theorem 14. Provided that hypothesis S is satisfied, and assuming that |ℵ′′′ε |q is convex on [δ1, δ2]

with 1
p + 1

q = 1 and q > 1, then the following fractional Mercer-type inequality holds true:

∣∣∣∣∣2ρ−1Γ(ρ + 1)
(β2 −%)ρ

[
Jρ(

δ1+δ2−%+β2
2

)−ℵε(δ1 + δ2 − β2) + Jρ(
δ1+δ2−%+β2

2

)+ℵε(δ1 + δ2 −%)
]

−ℵε

(
δ1 + δ2 −

%+ β2
2

)
− (β2 −%)2

4(ρ + 1)(ρ + 2)
ℵ′′ε

(
δ1 + δ2 −

%+ β2
2

)∣∣∣∣∣
≤ (β2 −%)3

16(ρ + 1)(ρ + 2)

(
1

p(2 + ρ) + 1

) 1
p

⎡⎣(∣∣ℵ′′′ε (δ1)
∣∣q + ∣∣ℵ′′′ε (δ2)

∣∣q −( |ℵ′′′ε (%)|q + 3|ℵ′′′ε (β2)|q
4

)) 1
q

+

(∣∣ℵ′′′ε (δ1)
∣∣q + ∣∣ℵ′′′ε (δ2)

∣∣q −(
3|ℵ′′′ε (%)|q + |ℵ′′′ε (β2)|q

4

)) 1
q

⎤⎦.

Proof. Based on Lemma 3, and by employing Hölder’s inequality and the convexity of
|ℵ′′′ε |q, we obtain∣∣∣∣∣ 2ρ−1Γ(ρ + 1)

(β2 −%)ρ

[
Jρ(

δ1+δ2−
%+β2

2

)−ℵε(δ1 + δ2 − β2) + Jρ(
δ1+δ2−

%+β2
2

)+ℵε(δ1 + δ2 −%)
]

−ℵε

(
δ1 + δ2 −

%+ β2

2

)
− (β2 −%)2

4(ρ + 1)(ρ + 2)
ℵ′′ε

(
δ1 + δ2 −

%+ β2

2

)∣∣∣∣∣
≤ (β2 −%)3

16(ρ + 1)(ρ + 2)

(∫ 1

0
Υ(ρ+2)pdΥ

) 1
p

⎡⎣(∫ 1

0

∣∣∣∣ℵ′′′ε

(
δ1 + δ2 −

(
Υ
2
%+

2− Υ
2

β2

))∣∣∣∣qdΥ
) 1

q

+

(∫ 1

0

∣∣∣∣ℵ′′′ε

(
δ1 + δ2 −

(
Υ
2

β2 +
2− Υ

2
%
))∣∣∣∣qdΥ

) 1
q

⎤⎦

≤ (β2 −%)3

16(ρ + 1)(ρ + 2)

(∫ 1

0
Υ(ρ+2)pdΥ

) 1
p

×

⎡⎣(∫ 1

0

(∣∣ℵ′′′ε (δ1)
∣∣q + ∣∣ℵ′′′ε (δ2)

∣∣q −(
Υ
2

∣∣ℵ′′′ε (%)
∣∣q + 2− Υ

2

∣∣ℵ′′′ε (β2)
∣∣q))dΥ

) 1
q

+

(∫ 1

0

(∣∣ℵ′′′ε (δ1)
∣∣q + ∣∣ℵ′′′ε (δ2)

∣∣q −(
Υ
2

∣∣ℵ′′′ε (β2)
∣∣q + 2− Υ

2

∣∣ℵ′′′ε (%)
∣∣q))dΥ

) 1
q

⎤⎦

=
(β2 −%)3

16(ρ + 1)(ρ + 2)

(
1

p(2 + ρ) + 1

) 1
p

⎡⎣(∣∣ℵ′′′ε (δ1)
∣∣q + ∣∣ℵ′′′ε (δ2)

∣∣q −( |ℵ′′′ε (%)|q + 3|ℵ′′′ε (β2)|q
4

)) 1
q

+

(∣∣ℵ′′′ε (δ1)
∣∣q + ∣∣ℵ′′′ε (δ2)

∣∣q −(
3|ℵ′′′ε (%)|q + |ℵ′′′ε (β2)|q

4

)) 1
q

⎤⎦.

The proof of Theorem 14 is completed.

183



Fractal Fract. 2026, 10, 71

Corollary 13. Assigning β2 = δ2 and % = δ1 in Theorem 14, we have∣∣∣∣∣ 2ρ−1Γ(ρ + 1)
(δ2 − δ1)

ρ

[
Jρ(

δ1+δ2
2

)−ℵε(δ1) + Jρ(
δ1+δ2

2

)+ℵε(δ2)

]
− ℵε

(
δ1 + δ2

2

)
− (δ2 − δ1)

2

4(ρ + 1)(ρ + 2)
ℵ′′ε

(
δ1 + δ2

2

)∣∣∣∣∣
≤ (δ2 − δ1)

3

16(ρ + 1)(ρ + 2)

(
1

p(2 + ρ) + 1

) 1
p

⎡⎣( 3|ℵ′′′ε (δ1)|q + |ℵ′′′ε (δ2)|q
4

) 1
q

+

( |ℵ′′′ε (δ1)|q + 3|ℵ′′′ε (δ2)|q
4

) 1
q

⎤⎦.

Theorem 15. Provided that hypothesis S is satisfied, and assuming that |ℵ′′′ε |q is convex on [δ1, δ2],
with q ≥ 1, then the following fractional Mercer-type inequality holds true:

∣∣∣∣∣2ρ−1Γ(ρ + 1)
(β2 −%)ρ

[
Jρ(

δ1+δ2−%+β2
2

)−ℵε(δ1 + δ2 − β2) + Jρ(
δ1+δ2−%+β2

2

)+ℵε(δ1 + δ2 −%)
]

−ℵε

(
δ1 + δ2 −

%+ β2
2

)
− (β2 −%)2

4(ρ + 1)(ρ + 2)
ℵ′′ε

(
δ1 + δ2 −

%+ β2
2

)∣∣∣∣∣
≤ (β2 −%)3

16(ρ + 1)(ρ + 2)

(
1

ρ + 3

)1− 1
q

×
[(

1
ρ + 3

(∣∣ℵ′′′ε (δ1)
∣∣q + ∣∣ℵ′′′ε (δ2)

∣∣q)−(
1

2(ρ + 4)

∣∣ℵ′′′ε (%)
∣∣q + 5 + ρ

2(ρ2 + 12 + 7ρ)

∣∣ℵ′′′ε (β2)
∣∣q)) 1

q

+

(
1

ρ + 3

(∣∣ℵ′′′ε (δ1)
∣∣q + ∣∣ℵ′′′ε (δ2)

∣∣q)−(
1

2(ρ + 4)

∣∣ℵ′′′ε (β2)
∣∣q + 5 + ρ

2(ρ2 + 12 + 7ρ)

∣∣ℵ′′′ε (%)
∣∣q)) 1

q
]

.

Proof. Applying Lemma 3, along with the power–mean inequality and the convexity
property of |ℵ′′′ε |q, we obtain∣∣∣∣∣ 2ρ−1Γ(ρ + 1)

(β2 −%)ρ

[
Jρ(

δ1+δ2−
%+β2

2

)−ℵε(δ1 + δ2 − β2) + Jρ(
δ1+δ2−

%+β2
2

)+ℵε(δ1 + δ2 −%)
]

−ℵε

(
δ1 + δ2 −

%+ β2

2

)
− (β2 −%)2

4(ρ + 1)(ρ + 2)
ℵ′′ε

(
δ1 + δ2 −

%+ β2

2

)∣∣∣∣∣
≤ (β2 −%)3

16(ρ + 1)(ρ + 2)

(∫ 1

0
Υρ+2dΥ

)1− 1
q

⎡⎣(∫ 1

0
Υρ+2

∣∣∣∣ℵ′′′ε

(
δ1 + δ2 −

(
Υ
2
%+

2− Υ
2

β2

))∣∣∣∣qdΥ
) 1

q

+

(∫ 1

0
Υρ+2

∣∣∣∣ℵ′′′ε

(
δ1 + δ2 −

(
Υ
2

β2 +
2− Υ

2
%
))∣∣∣∣qdΥ

) 1
q

⎤⎦

≤ (β2 −%)3

16(ρ + 1)(ρ + 2)

(∫ 1

0
Υρ+2dΥ

)1− 1
q

×

⎡⎣(∫ 1

0
Υρ+2

(∣∣ℵ′′′ε (δ1)
∣∣q + ∣∣ℵ′′′ε (δ2)

∣∣q −(
Υ
2

∣∣ℵ′′′ε (%)
∣∣q + 2− Υ

2

∣∣ℵ′′′ε (β2)
∣∣q))dΥ

) 1
q

+

(∫ 1

0
Υρ+2

(∣∣ℵ′′′ε (δ1)
∣∣q + ∣∣ℵ′′′ε (δ2)

∣∣q −(
Υ
2

∣∣ℵ′′′ε (β2)
∣∣q + 2− Υ

2

∣∣ℵ′′′ε (%)
∣∣q))dΥ

) 1
q

⎤⎦

=
(β2 −%)3

16(ρ + 1)(ρ + 2)

(
1

ρ + 3

)1− 1
q

×
[(

1
ρ + 3

(∣∣ℵ′′′ε (δ1)
∣∣q + ∣∣ℵ′′′ε (δ2)

∣∣q)−(
1

2(ρ + 4)

∣∣ℵ′′′ε (%)
∣∣q + 5 + ρ

2(ρ2 + 12 + 7ρ)

∣∣ℵ′′′ε (β2)
∣∣q)) 1

q

+

(
1

ρ + 3

(∣∣ℵ′′′ε (δ1)
∣∣q + ∣∣ℵ′′′ε (δ2)

∣∣q)−(
1

2(ρ + 4)

∣∣ℵ′′′ε (β2)
∣∣q + 5 + ρ

2(ρ2 + 12 + 7ρ)

∣∣ℵ′′′ε (%)
∣∣q)) 1

q
]

.

The proof of Theorem 15 is completed.
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Corollary 14. Assigning β2 = δ2 and % = δ1 in Theorem 15, we have∣∣∣∣∣ 2ρ−1Γ(ρ + 1)
(δ2 − δ1)

ρ

[
Jρ(

δ1+δ2
2

)−ℵε(δ1) + Jρ(
δ1+δ2

2

)+ℵε(δ2)

]
− ℵε

(
δ1 + δ2

2

)
− (δ2 − δ1)

2

4(ρ + 1)(ρ + 2)
ℵ′′ε

(
δ1 + δ2

2

)∣∣∣∣∣
≤ (δ2 − δ1)

3

16(ρ + 1)(ρ + 2)

(
1

ρ + 3

)1− 1
q

⎡⎣( 3|ℵ′′′ε (δ1)|q + 2|ℵ′′′ε (δ2)|q
20

) 1
q

+

(
2|ℵ′′′ε (δ1)|q + 3|ℵ′′′ε (δ2)|q

20

) 1
q

⎤⎦.

3. Applications

3.1. Special Means

In this section, we apply the newly derived inequalities to various special means of
positive real numbers. Let δ1 and δ2 be arbitrary positive real numbers with δ1 �= δ2. We
focus on the following two special means: (a) Arithmetic mean:

A(δ1, δ2) :=
δ1 + δ2

2
.

(b) Generalized logarithmic mean:

Ln(δ1, δ2) :=

[
δn+1

2 − δn+1
1

(n + 1)(δ2 − δ1)

] 1
n

, δ1, δ2 ∈ R, δ1 < δ2, n ∈ N.

Note that

ℵε(z) = zn+3, ℵ′ε = (n + 3)zn+2, ℵ′′ε = (n + 3)(n + 2)zn+1

ℵ′′′ε = (n + 3)(n + 2)(n + 1)zn yields the convexity of zn on (0, ∞).

1
β2 −%

∫ δ1+δ2−%

δ1+δ2−β2

ℵε(u)du = Ln+3
n+3(δ1 + δ2 −%, δ1 + δ2 − β2)

ℵε

(
δ1 + δ2 −

%+ β2
2

)
= (2A(δ1, δ2)− A(%, β2))

n+3

(β2 −%)2

24
ℵ′′ε

(
δ1 + δ2 −

%+ β2
2

)
=

(n + 3)(n + 2)(β2 −%)2

24
(2A(δ1, δ2)− A(%, β2))

n+1.

Proposition 1. Let δ1, δ2 ∈ R, such that 0 < δ1 < δ2 and n ∈ N, then we have∣∣∣Ln+3
n+3(δ1 + δ2 −%, δ1 + δ2 − β2)− (2A(δ1, δ2)− A(%, β2))

n+3

− (n + 3)(n + 2)(β2 −%)2

24
(2A(δ1, δ2)− A(%, β2))

n+1

∣∣∣∣∣
≤ (n + 1)(n + 3)(n + 2)(β2 −%)3

384
[2A(δn

1 , δn
2 )− A(%n, βn

2)].

Proof. The outcome is obtained by applying Corollary 3 with ℵε(z) = zn+3, z > 0.

Proposition 2. Let δ1, δ2 ∈ R, such that 0 < δ1 < δ2, with n ∈ N and n ≥ 4, then we have∣∣∣∣∣Ln(δ1, δ2)
n − An(δ1, δ2)−

n(n− 1)(δ2 − δ1)
2

24
An−2(δ1, δ2)

∣∣∣∣∣
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≤ n(n− 1)(n− 2)(δ2 − δ1)
3

384

[
A
(
(δ1)

n−3, (δ2)
n−3

)]
.

Proof. The outcome is obtained by applying Corollary 12 to ℵε(z) = zn, z > 0.

3.2. Midpoint Formula

Let P = {z0, z1, z2, . . . , zn} be the partition of the points zi ∈ [δ1, δ2], i = 0, 1, 2, . . . , n
with δ1 = z0 < z1 < z2 < . . . < zn = δ2.

For the partition P, the corresponding midpoint rule is given in [46]:

k(ℵε, P) =
n−1

∑
i=0
ℵε

(
zi + zi+1

2

)
(zi+1 − zi).

It is well established that, if the function ℵε : [δ1, δ2]→ R possesses a second derivative on
the open interval (δ1, δ2) and

M = max
z∈(δ1,δ2)

∣∣ℵ′′ε (z)∣∣ < ∞, then

∫ δ2

δ1

ℵε(z) dz := k(ℵε, P) + β(ℵε, P),

where β(ℵε, P) denotes the approximation error incurred when estimating the in-
tegral

∫ δ2
δ1
ℵε(z)dz via the midpoint quadrature formula k(ℵε, P), and it fulfills the

following condition:

β(ℵε, P) =
M
24

n−1

∑
i=0

(zi+1 − zi)
3.

Proposition 3. Assuming the hypothesis stated in Lemma 2, if |ℵ′′′ε | is convex, then we have

|β(ℵε, P)| ≤ 1
384

n−1

∑
i=0

(zi+1 − zi)
3[∣∣ℵ′′′ε (zi)

∣∣+ ∣∣ℵ′′′ε (zi+1)
∣∣].

Proof. Consider the Corollary 5 on the subintervals [zi, zi+1] (i = 0, 1, 2, . . . , n− 1) of the
partition P, we get∣∣∣∣∣n−1

∑
i=0

(
1

zi+1 − zi

∫ zi+1

zi

ℵε(z)dz
)
−

n−1

∑
i=0
ℵε

(
zi + zi+1

2

)
(zi+1 − zi)

∣∣∣∣∣
≤ 1

384

n−1

∑
i=0

(zi+1 − zi)
3[∣∣ℵ′′′ε (zi)

∣∣+ ∣∣ℵ′′′ε (zi+1)
∣∣].

The result is produced, by summing the resulting inequality (i = 0, 1, 2, . . . , n− 1), and
then applying the triangle inequality.∣∣∣∣∣n−1

∑
i=0

(
1

zi+1 − zi

∫ zi+1

zi

ℵε(z)dz
)
− k(ℵε, P)

∣∣∣∣∣
≤ 1

384

n−1

∑
i=0

(zi+1 − zi)
3[∣∣ℵ′′′ε (zi)

∣∣+ ∣∣ℵ′′′ε (zi+1)
∣∣].
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3.3. q-Digamma Function

Let 0 < q < 1 and z > 0. The q-digamma function, ϕq (z), is defined by

ϕq (z) = − ln(1− q) + ln q
∞

∑
k=0

qk+z

1− qk+z

= − ln(1− q) + ln q
∞

∑
k=1

qkz

1− qk ,

which is well defined for all z > 0. It is known that for 0 < q < 1, the q-digamma
function is infinitely differentiable on (0, ∞) and its higher-order derivatives admit series
representations with nonnegative terms. In particular, the function

∣∣∣ϕ′′′q (z)
∣∣∣ is convex

on (0, ∞) see, for example, the monotonicity and convexity results established for q-
polygamma functions in the literature [47,48]. For q > 1 and z > 0, the q-digamma function
ϕq is defined as

ϕq (z) = − ln(q− 1) + ln q

[
z− 1

2
−

∞

∑
k=0

q−(k+z)

1− q−(k+z)

]

= − ln(q− 1) + ln q

[
z− 1

2
−

∞

∑
k=1

q−kz

1− q−k

]
.

Proposition 4. From Corollary 12, we acquire∣∣∣∣ 1
δ2 − δ1

∫ δ2

δ1

ϕq(z) dz− ϕq

(
δ1 + δ2

2

)
− (δ2 − δ1)

2

24
ϕ′′q

(
δ1 + δ2

2

)∣∣∣∣
≤ (δ2 − δ1)

3

384

[∣∣∣ϕ′′′q (δ1)
∣∣∣+ ∣∣∣ϕ′′′q (δ2)

∣∣∣].

Proof. The outcome is obtained by applying Corollary 12 by setting ℵε(z) = ϕq (z).

3.4. Modified Bessel Function

We assume that σ > −1 and z ∈ (0, ∞). Under these conditions, the modified Bessel
function of the first kind, Iσ, admits the series expansion [49]:

Iσ(z) = ∑
n≥0

( z
2
)σ+2n

n!Γ(σ + n + 1)
,

The second kind of modified Bessel function Cσ [49] is defined as

Cσ(z) =
π

2
I−σ(z)− Iσ(z)

sin σπ
.

Let the function Ψσ(z) : R→ (0, 1], defined by

Ψσ(z) = 2σΓ(σ + 1)z−σCσ(z),

It is known [49] that Ψσ(z) is positive and increasing on (0, ∞) for σ > −1. Moreover, from
the explicit representations of its derivatives given in

Ψ′σ(z) =
z

2(σ + 1)
Ψσ+1(z), (15)

and second derivative can be easily obtained from Equation (15) as
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Ψ′′σ(z) =
z2

4(σ + 1)(σ + 2)
Ψσ+2(z) +

1
2(σ + 1)

Ψσ+1(z), (16)

and third derivative can be straightforwardly calculated from Equation (16) as

Ψ′′′σ (z) =
z3

8(σ + 1)(σ + 2)(σ + 3)
Ψσ+3(z) +

3z
4(σ + 1)(σ + 2)

Ψσ+2(z). (17)

Proposition 5. Let σ > −1 for any real numbers 0 < δ1 < δ2, then we have∣∣∣∣ 1
δ2 − δ1

∫ δ2

δ1

Ψσ(z) dz−Ψσ

(
δ1 + δ2

2

)

− (δ2 − δ1)
2

24

[
(δ2 − δ1)

2

16(σ + 1)(σ + 2)
Ψσ+2

(
δ1 + δ2

2

)
+

1
2(σ + 1)

Ψσ+1

(
δ1 + δ2

2

)]∣∣∣∣
≤ (δ2 − δ1)

3

384

[{
δ3

1
8(σ + 1)(σ + 2)(σ + 3)

Ψσ+3(δ1) +
3δ1

4(σ + 1)(σ + 2)
Ψσ+2(δ1)

+
δ3

2
8(σ + 1)(σ + 2)(σ + 3)

Ψσ+3(δ2) +
3δ2

4(σ + 1)(σ + 2)
Ψσ+2(δ2)

}]
.

Proof. The outcome is obtained by applying Corollary 12 by setting ℵε(z) = Ψσ(z), z > 0
along with the identities in Equations (16) and (17).

4. Simulations

In the following section, we validate our main results through a series of graphical
illustrations.

Example 1. Suppose that all the conditions of Corollary 3 are satisfied. Let us consider the function
ℵε(u) = (u + a)α defined on R+. Additionally, ℵ′′′ε (u) = α(α− 1)(α− 2)(u + a)α−3, where
α ≥ 3 and a > 0 are also a convex function. By fixing the values δ1 = 1, δ2 = 4, β2 = 3 and
% = 2, we proceed as follows:∣∣∣∣∣ (a + 3)α+1 − (a + 2)α+1

α + 1
−
(

5
2
+ a

)α

− α(α− 1)
24

(
5
2
+ a

)α−2
∣∣∣∣∣ (18)

≤ α(α− 1)(α− 2)
384

[
2
{
(a + 1)α−3 + (a + 4)α−3

}
−
{
(a + 2)α−3 + (a + 3)α−3

}]
.

In Figure 1, we select α ∈ [5, 6] and a ∈ [5, 6], as a variable to illustrate the relationship
between the left-hand side and the right-hand side of inequality (18), through a graph.

Figure 1. Verification of inequality (18) for variable α and representative a.
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In Figure 2, we select a ∈ [5, 6], as a variable to illustrate the relationship between the
left-hand side and the right-hand side of inequality (18), through a graph.

a

Figure 2. Left-hand side (LHS) line is shown in blue, and the right-hand side (RHS) line is shown in
red as a function of a ∈ [5, 6], with fixed α = 5.

In Figure 3, we select α ∈ [5, 6], as a variable to illustrate the relationship between the
left-hand side and the right-hand side of inequality (18), through a graph.

Figure 3. Left-hand side (LHS) line is shown in blue, and the right-hand side (RHS) line is shown in
red as a function of α ∈ [5, 6], with fixed a = 5.

In Table 1, we consider the parameter values α ∈ [3, 7] and a ∈ [1, 3] to numeri-
cally illustrate the relationship between the left-hand side and the right-hand side of
inequality (18).

Table 1. Numerical verification of inequality (18) for selected values of the parameters α and a is
presented in Table 1.

α a Left-Hand Side Right-Hand Side

3 1 0.0208 0.0417
4 1 0.0833 0.1667
5 2 0.3125 0.6250
6 2 0.7813 1.5625
7 3 1.9531 3.9063

Example 2. Assume that all the conditions of Corollary 8 are satisfied. Let us consider the function
ℵε(u) = (u + a)α defined on R+. Additionally, ℵ′′′ε (u) = α(α− 1)(α− 2)(u + a)α−3 where
α ≥ 3 and a > 0, which is also a convex function. By fixing the values δ1 = 1, δ2 = 4, β2 = 3 and
% = q = 2, we proceed as follows:∣∣∣∣∣ (a + 3)α+1 − (a + 2)α+1

α + 1
−
(

5
2
+ a

)α

− α(α− 1)
24

(
5
2
+ a

)α−2
∣∣∣∣∣ (19)
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≤ α(α− 1)(α− 2)
192
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2
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In Figure 4, we select α ∈ [5, 6] and a ∈ [5, 6] as variables to illustrate the relationship
between the left-hand side and the right-hand side of inequality (19), through a graph.

Figure 4. Verification of inequality (19) for variable α and representative a.

In Figure 5, we select a ∈ [5, 6] as a variable to illustrate the relationship between the
left-hand side and the right-hand side of inequality (19), through a graph.

Figure 5. Left-hand side (LHS) line is shown in blue, and the right-hand side (RHS) line is shown in
red as a function of a ∈ [5, 6], with fixed α = 5.

In Figure 6, we select α ∈ [5, 6] as a variable to illustrate the relationship between the
left-hand side and the right-hand side of inequality (19), through a graph.

Figure 6. Left-hand side (LHS) line is shown in blue, and the right-hand side (RHS) line is shown in
red as a function of α ∈ [5, 6], with fixed a = 5.
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In Table 2, we consider the parameter values α ∈ [5, 7] and a ∈ [5, 6] to numer-
ically illustrate the relationship between the left-hand side and the right-hand side of
inequality (19).

Table 2. Numerical verification of inequality (19) for selected values of the parameters α and a is
presented in Table 2.

α a Left-Hand Side Right-Hand Side

5 5 24.3750 51.8427
5 6 29.6875 63.1042
6 5 61.3281 132.9167
6 6 74.4141 161.4583
7 5 154.7852 336.7188
7 6 187.4023 408.5938

5. Conclusions

Integral inequalities play a fundamental role in fractional calculus and mathematical
analysis. Over the past forty years, this field has grown tremendously, with numerous
research articles introducing fresh perspectives and innovative ideas. Convexity serves
as a key tool in establishing results in this area, leading to various generalizations and
extensions. To better model mathematical inequalities arising in real-world applications,
researchers have turned to fractional calculus, as traditional calculus often falls short in
capturing the necessary complexity. This shift has led to several unexpected and valuable
discoveries, further enriching the field.

Since classical differentiation struggles to accurately model many applied problems,
this work explores Hermite–Hadamard–Mercer-type inequalities using various fractional
integral operators, including classical, Riemann–Liouville fractional integrals. Furthermore,
we introduced several related fractional integral inequalities associated with the right side
of the Hermite–Hadamard–Mercer-type inequality for three-times differentiable convex
functions, providing additional insights and observations. Moreover, several new results
regarding Young’s inequality, bounded function, and L-Lipschitzian function are deduced.
To validate our results, we presented illustrative examples with graphical visualizations.
All figures in this work were produced with Mathematica (version 11.2). Notably, we
compare Theorems 8 and 9 (from Khan et al. [45]) in a special case. Finally, we examined
some applications related to special means, midpoint formula, q-digamma function and
modified Bessel function, reinforcing the significance of our findings. We hope and believe
that this work will inspire further research in fractional and quantum calculus, encouraging
researchers to explore new results using different generalized convexities and fractional
integral operators.
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Abstract

In this study, we introduce new versions of fuzzy fractional integral operators for both one-
and two-variable cases. Using these operators, several Hermite–Hadamard-type (H-type)
inclusions are established for fuzzy-number-valued convex functions (F·N ·V-functions)
and F·N · V-coordinated convex functions. These results are obtained by employing
F·N ·V-weighted functions within the framework of the newly defined Hadamard and
generalized fractional integrals in one- and two-dimensional settings. The use of general-
ized fractional integral operators provides a unified approach that encompasses a wide
class of classical and modern fractional integrals, including the fuzzy Riemann–Liouville
and Hadamard types. This unified setting enables the derivation of more comprehensive
and flexible inequality results in the fuzzy-number context. The inclusions obtained in this
work significantly extend and generalize several known H · H-type inequalities previously
established for real-valued and interval-valued functions (I ·V-functions). Furthermore, the
proposed results yield a variety of meaningful special cases by specifying suitable kernel
functions and parameters of the generalized fractional integrals. In particular, we derive
new weighted H · H-type inclusions involving logarithmic functions in the fuzzy-number
framework. These findings underscore the effectiveness of generalized fractional integrals
in capturing nonlocal behavior and uncertainty, and they provide new tools for further
investigations in fuzzy analysis, fractional calculus, and generalized convexity.

Keywords: fuzzy convexity; Hadamard fuzzy-number-valued fractional integral operator;
generalized fuzzy-number-valued fractional integral operator; Hermite–Hadamard-type
inclusions

1. Introduction

One of the most fundamental results in the theory of convex functions is the H · H-
inequality, originally introduced by Charles Hermite and Jacques Hadamard; see [1,2]. This
inequality has attracted considerable attention due to its elegant structure, clear geometrical

Fractal Fract. 2026, 10, 228 https://doi.org/10.3390/fractalfract10040228
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interpretation, and wide range of applications in mathematical analysis, optimization, and
related fields. Specifically, let I ⊂ R be an interval and let o,l ∈ I with o < l. If
S : I ⊂ R → [0, 1] is a convex function, then the H · H-inequality states that the value of
the function at the midpoint of the interval is bounded above and below by the integral
mean of the function and the arithmetic mean of its endpoint values, namely,

S(
o + l

2
) ≤ 1

l −o

∫ l

o
S(k)dk ≤ S(o) +S(l)

2
. (1)

This inequality provides a useful estimate for the integral average of a convex function
and serves as a powerful analytical tool. Owing to its significance, numerous general-
izations and extensions have been developed, including variants for different classes of
convexity, multidimensional settings, and integral operators. These developments continue
to play an important role in advancing both theoretical results and practical applications.
When the function S is concave, the H · H-inequality holds with the reverse ordering of
inequalities. Over the years, this classical result has motivated extensive research, and
numerous authors have established various forms and extensions of H ·H-type inequalities
under different assumptions. It is worth noting that the H · H-inequality can be derived
directly from Jensen’s inequality, and thus may be viewed as a refined manifestation of the
concept of convexity.

In recent decades, renewed interest in the H · H-inequality for convex functions has
led to a broad spectrum of refinements, improvements, and generalizations. These include
extensions to different classes of convexity, alternative integral operators, and multidimen-
sional settings, as documented in a growing body of literature (see, for example, [3,4]).
Such developments highlight the continuing relevance of this inequality in modern mathe-
matical analysis.

A significant role in these investigations is played by interval analysis, which provides
a systematic framework for handling uncertainty in mathematical modeling and computer-
assisted computations. Although the origins of interval-based reasoning can be traced
back [5,6] to early mathematical works, such as those of Archimedes on the quadrature
of the circle, interval analysis as a formal and structured theory did not gain substantial
attention until the mid-twentieth century. Since then, it has become an important tool
in both theoretical and applied mathematics, particularly in the study of inequalities,
numerical analysis, and uncertainty quantification.

In recent years, interval analysis has become an important mathematical tool for
dealing with uncertainties and rounding errors in numerical computations. It provides a
reliable framework for representing imprecise quantities by intervals and for performing
rigorous numerical calculations. Over the past decades, significant theoretical develop-
ments and practical applications of interval analysis have been reported in the literature.
Fundamental concepts and computational techniques of interval arithmetic and interval
computations were systematically studied in classical works on interval methods and their
applications [7,8]. Furthermore, interval analysis has been successfully applied to global
optimization problems and the reliable solution of nonlinear systems of equations [9].
Its applications have also been extended to various engineering and scientific problems,
where interval methods provide guaranteed bounds for uncertain parameters and mea-
surements [10]. In addition, interval arithmetic plays a crucial role in computer arithmetic
and reliable numerical computation, ensuring accurate error control in scientific comput-
ing [11]. The development of extended interval spaces has further enriched the theoretical
framework of interval analysis and opened new directions for mathematical modeling and
analysis [12]. These advances have naturally led to the broader acceptance of absolute
inequalities and interval-based approaches in modern mathematical analysis. As a natural
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generalization of I ·V-analysis, fuzzy-number theory provides a more flexible and expres-
sive framework for describing uncertainty by incorporating degrees of membership rather
than sharp bounds. Consequently, the study of inequalities for fuzzy-number-valued and
set-valued functions has attracted growing interest. In this context, a H · H-type inequality
for set-valued functions, which generalizes I ·V-functions, was established by Sadowska,
see [13]. Subsequently, several authors extended these ideas to fuzzy-number-valued
functions, thereby enriching the theory and widening its range of applications.

Moreover, the introduction of generalized fractional integral operators has played
a crucial role in the advancement of H · H-type inequalities within the fuzzy setting.
In particular, new H · H-type inequalities involving fractional integrals in relation to
another function were obtained by Jleli and Samet [14], providing a unified approach that
encompasses several classical fractional operators. Furthermore, fractional integrals of
one function in relation to another for I · V-functions were first presented by Tunç [15],
laying the groundwork for subsequent extensions to fuzzy-number-valued functions. These
developments strongly motivate the present study, which focuses on establishing H ·H-type
inequalities for coordinated convex fuzzy-number-valued functions involving generalized
fractional integrals.

A unified framework that encompasses both the Riemann–Liouville and Hadamard
fractional integrals was introduced through the novel fractional integral proposed by
Katugampola. This generalization has proved to be highly effective in deriving new an-
alytical results and has stimulated further developments in fractional inequality theory.
Using generalized fractional integrals and classical integrals, Zhao et al. [16] and Budak
and Agarwal [17] established H · H-type inequalities for coordinated convex functions,
thereby unifying and extending several important fractional integral operators, including
the Riemann–Liouville, Hadamard, and Katugampola fractional integrals. Subsequently,
H · H-inequalities involving Riemann–Liouville fractional integrals [18] were investigated
for I ·V-functions by Budak and coauthors [19], further highlighting the applicability of
fractional operators in interval analysis. In a related direction, I.V-left- and -right-sided
generalized fractional double integrals were introduced by Kara and collaborators [20], pro-
viding a broader setting for studying inequalities involving multivariable I ·V-functions.
The concept of I · V-convexity has also been extensively explored in the literature. In
addition to classical I ·V-convex functions, several generalized convexity notions—such
as I ·V-L · R-convex functions—have been examined to obtain sharper and more flexible
inequality results. On the other hand, the theory of fuzzy sets was first introduced by Zadeh
to deal with uncertainty and vagueness in mathematical models [21]. Since then, fuzzy
set theory has become an important tool in various branches of mathematics and applied
sciences. In particular, the concept of metric spaces of fuzzy sets has been extensively stud-
ied, providing a fundamental framework for analyzing fuzzy-valued functions and their
applications [22]. Moreover, the study of fuzzy differential equations has attracted consid-
erable attention due to its significant role in modeling dynamic systems under uncertainty.
Several researchers have contributed to the development of this field, including the pio-
neering work on fuzzy differential equations and their solutions [23,24]. Furthermore, the
concept of fuzzy quasilinear spaces and their applications has provided a useful structure
for studying fuzzy-valued mappings and related mathematical problems [25]. In addition,
the theory of fuzzy integrals for set-valued and fuzzy mappings has been developed to
extend classical integration concepts to fuzzy environments [26]. These developments have
laid the foundation for further research in fuzzy analysis and its applications in various
mathematical models. These studies form an important foundation for extending H · H-
type inequalities to fuzzy-number-valued functions—see [27]—and coordinated convexity
frameworks involving fuzzy fractional integrals [28], which constitute the main focus of
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the present work. In recent years, several researchers have introduced and investigated
different notions of L · R-convexity for I ·V-functions [29], thereby broadening the classical
concept of I ·V-convexity (see, for example, [30,31]). Within this generalized framework, a
variety of H · H-type inequalities have been established for L · R-I · V-convex functions,
demonstrating the flexibility and effectiveness of L · R-convexity in inequality analysis.

Following the extension of the H · H-inequality proposed by Zabandan [32] in 2020,
further developments were achieved for fractional and logarithmic integral operators.
These results significantly enriched the theory by incorporating nonlocal operators and
logarithmic kernels. In a related direction, important H · H-type inequalities for coordi-
nated convex functions were derived by Sarıkaya and Kılıçer [33], highlighting the role
of coordinated convexity in multivariable settings. Moreover, several authors have ex-
tended H · H-type inequalities to the setting of Riemann–Liouville fractional integrals
combined with logarithmic integral operators. These extensions have further deepened
the understanding of fractional inequalities and have opened new avenues for research in
I ·V and fuzzy-number-valued analysis. Such advances provide strong motivation for the
present study, which aims to develop new H · H-type inequalities for coordinated convex
fuzzy-number-valued functions involving generalized fractional integrals. The following
inequality is known as fuzzy-fractional H ·H-type inequality, such that, as discussed in [34],

S̃(
o+ l

2
) ≤F

Γ(�+ 1)
2
[
l −o]�

�
{
J�
o+S̃(l)⊕J�

l−S̃(o)
}
≤F

S̃(o) + S̃(l)

2
. (2)

where S̃ is a fuzzy-number-valued convex function over [o,l].
The principal aim of this paper is to establish several H · H-type inclusions for

I ·V-convex functions and I ·V-coordinated convex functions by employing I ·V-weighted
functions. The results obtained in this study not only unify but also extend earlier findings
reported in the literature, particularly those presented in [27,28].

The paper is organized as follows. Section 2 recalls the fundamental definitions,
properties, and preliminary results related to I · V-functions that are essential for the
subsequent analysis. In Section 3, we present a concise overview of fractional integrals for
I ·V-functions involving one and two variables. Section 4 is devoted to the derivation of
weighted H · H-type inclusions for I · V-convex functions, where several known results
are recovered as special cases. Finally, in the context of coordinated convex functions,
we establish new and significant H · H-type inclusions, thereby further enriching the
existing theory.

2. Preliminary Concepts

Let Ã be a fuzzy set in a nonempty set R with the membership function

ηÃ : R → [0, 1] (3)

For any μ ∈ (0, 1], the μ-cut (or μ-level set) of Ã is defined as the crisp set[
Ã
]

μ
= {k ∈ R| η̃(k) ≥ μ} (4)

Additionally, the 0-cut of Ã is defined as[
Ã
]

0 = {k ∈ R| η̃(k) ≥ 0} (5)

where the bar denotes the closure of the set.
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The family of μ-cuts
{[

Ã
]

μ

∣∣∣ μ ∈ [0, 1]
}

provides a complete characterization of the

fuzzy set Ã and plays a fundamental role in fuzzy analysis, particularly in the definition of
fuzzy numbers, fuzzy arithmetic, and fuzzy-valued integrals.

Note that the following four conditions are standard and essential for characteriz-
ing a fuzzy number. Normality ensures the existence of at least one element with full
membership, convexity guarantees that intermediate values are represented consistently,
upper semi-continuity ensures well-behaved membership functions, and compact sup-
port guarantees boundedness. Together, these conditions ensure that a fuzzy number is
mathematically well-defined and suitable for analysis and applications.

Definition 1 ([21]). A fuzzy number (F·N) is a normal, convex, upper semi-continuous fuzzy set
on R with compact support, whose μ-cuts are nonempty closed bounded intervals for all μ ∈ (0, 1].
The set of all F·Ns is denoted by F0.

Theorem 1 ([22]). A fuzzy set is if η̃ : R → [0, 1] is a F·N if, and only if, there exist two real-
valued functions.

η∗, η∗ : [0, 1]→ R

such that, for every μ ∈ (0, 1], the μ-cut of η̃ is given by

[η∗(μ), η∗(μ) ].

Moreover, the endpoint functions η∗(μ), η∗(μ) satisfy the following conditions:

1. η∗(μ) is bounded, non-decreasing, and left-continuous on (0, 1];
2. η∗(μ) is bounded, non-increasing, and left-continuous on (0, 1];
3. η∗(μ) ≤ η∗(μ) for all μ ∈ (0, 1].

Conversely, any pair of functions (η∗(μ), η∗(μ) ) satisfying conditions (1)–(3) uniquely
determines a F·N “η̃“.

Let η̃, õ ∈ F0 represented parametrically {(η∗(μ), η∗(μ)) : μ ∈ [0, 1]} and
{(o∗(μ), o∗(μ)) : μ ∈ [0, 1]}, respectively. We say that η̃ ≤F õ if for all μ ∈ (0, 1],
η∗(μ) ≤ o∗(μ), and η∗(μ) ≤ o∗(μ) or [η∗(μ), η∗(μ) ] ≤I [o∗(μ), o∗(μ)], where ≤I is a
partial-ordered relation between the intervals. If η̃ ≤F õ, then there exists μ ∈ (0, 1] such
that η∗(μ) < o∗(μ) or η∗(μ) ≤ o∗(μ). The fuzzy numbers η̃ and õ are said to be comparable
in relation to the partial order ≤F if either η̃ ≤F õ or η̃ ≥F õ holds. Otherwise, they are
termed non-comparable. The set F0 forms a partially ordered set under the relation ≤F. In
what follows, we may equivalently write η̃ ≤F õ instead of õ ≥F η̃ whenever convenient.

Let η̃, õ ∈ F0. If there exists a fuzzy number δ̃ ∈ F0 such that

η̃ = õ⊕ δ̃, (6)

where ⊕ denotes fuzzy addition, then the generalized Hukuhara (gH) difference between
η̃ and õ is said to exist. In that sense, δ̃ is called the gH-difference of η̃ and õ, and it is
denoted by

η̃ &gH õ, (7)

as defined in ref. [25].
If the gH-difference exists, then for each μ ∈ (0, 1] the endpoint functions satisfy

(δ̃)
∗
(μ) = (η̃ &gH õ)∗(μ) = η∗(μ)− o∗(μ),(δ̃)∗(μ) = (η̃ &gH õ)∗(μ) = η∗(μ)− o∗(μ),
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and

η̃ &gH õ = δ̃ ⇔
{

δ̃ = η̃ &gH õ
or η̃ = õ⊕ (−1)� δ̃

(8)

Having established these fundamental properties of fuzzy numbers under addition
and scalar multiplication, we now proceed to the case where 0 < e ∈ R and η̃, õ ∈ F0; then,
e� η̃ and η̃ ⊕ õ are defined as

η̃ ⊕ õ = {(η∗(μ) + o∗(μ), η∗(μ) + o∗(μ)) : μ ∈ [0, 1]}, (9)

e� η̃ = {(eη∗(μ), eη∗(μ)) : μ ∈ [0, 1]}. (10)

Remark 1. It is evident that F0 is closed under “�” scalar addition, and the features of F0 that
were previously defined match those that result from the traditional extension concept. Furthermore,
we obtain

η̃ ⊕ e = {(η∗(μ) + e, η∗(μ) + e) : μ ∈ [0, 1]}. (11)

for every scalar number e ∈ R. A full metric space is generally understood to be the space F0

equipped with the supremum metric, which is written as (η̃, õ) = sup
0≤μ≤1

H([η̃]μ, [õ]μ)) (see,

e.g., [26]).

Definition 2 ([26]). Let S̃ : [o,l]→ F0 be a F·N ·V-mapping. Then, D-continuouity of S̃ at
a point k0 over fuzzy supremum metric D if

lim
k→k0

D(S̃(k), S̃(k0)) = 0. (12)

Equivalently, S̃ is D-continuous at k0 if, and only if, for every μ ∈ (0, 1], the endpoint
functions

S∗(·; μ),S∗(·; μ) : [o,l]→ R (13)

are continuous at k0, uniformly in relation to μ.
The mapping S̃ is called D-continuous on [o,l] if it is D-continuous at every point

of [o,l].

Remark 2. D-continuity in relation to the fuzzy supremum metric guarantees uniform level-
wise continuity of the μ-cut endpoints and is particularly suitable for studying F·N ·V-integrals,
fractional operators, and H · H-type inequalities.

Definition 3 ([27]). A mapping S̃ : [o,l]→ F0 is called F·N · V-mapping if, for every k ∈
[o,l], S̃(k) is a F·N. Equivalently, for every k ∈ [o,l] and μ ∈ [0, 1], the μ-cut of S̃(k) is a
closed and bounded interval given by[

S̃(k)
]μ

= Sμ(k) = [S∗(k; μ), S∗(k; μ)], (14)

where S∗(k; μ) ≤ S∗(k; μ).

Definition 4 ([27]). Let S̃ : [o,l] ⊂ R → F0 be a F·N · V mapping such that, for each μ ∈
(0, 1], the endpoints mapping

S∗(·; μ),S∗(·; μ) : [o,l]→ R,

https://doi.org/10.3390/fractalfract10040228199



Fractal Fract. 2026, 10, 228

are integrable on[o,l].

The F·N ·V Aumann integral of S̃ over [o,l] is defined as the F·N:

(FA)
∫ l

o
S̃(k)dk, (15)

whose μ-cut is given by

[
(FA)

∫ l

o
S̃(k)dk

]
μ
= (IA)

∫ l

o
Sμ(k)dk =

[∫ l

o
S∗(k; μ)dk,

∫ l

o
S∗(k; μ)dk

]
. (16)

where FA and IA represent F·N ·V-Aumann and interval Aumann integrals, respectively.
The F·N ·V-Aumann integral preserves the F·N ·V-structure and plays a fundamental

role in fuzzy analysis, particularly in the study of f F·N ·V-inequalities, F·N ·V-fractional
integrals, and F·N ·V H · H-type results.

3. Fuzzy-Number-Valued Generalized Fractional Integral and Convexity

This section consists of the classical definition of fuzzy convex function and newly
defined F ·N · V-generalized fractional integrals. Additionally, some extended versions of
H ·H-type inequality are also obtained.

Definition 5. A mapping S̃ : Δ = [o,l]→ F+
0 is said to be a F·N · V-convex mapping if the

following inequality holds:

S̃(vk+ (1− v)s) ≤F v� S̃(k)⊕ (1− v)� S̃(s)

for all (k, s) ∈ [o,l], and v ∈ [0, 1].

Definition 6. Let g : [o,l]→ R be an increasing and positive monotone mapping on (o,l)
having a continuous derivative g′(k) on (o,l) and S̃ ∈ IR([o,l]). The F·N · V-left-sided
(J�

o+ ;g S̃(k)) and right-sided (J�
l− ;g S̃(k)) fractional integrals of S̃ in relation to the mapping g

on [o,l] of order � > 0 are described by:

J�o+ ;g S̃(k) =
1

Γ(�)
(FA)

∫ k

o

g′(v)

[g(k)− g(v)]1−�
S̃(v)dv,k > o (17)

and

J�l− ;g S̃(k) =
1

Γ(�)
(FA)

∫ l

k

g′(v)

[g(v)− g(k)]1−�
S̃(v)dv,k < l, (18)

respectively.

Corollary 1. If S̃ : [o,l]→ F0 is an F·N · V-mapping such that from μ-cuts, here, we pro-
duce the collection of I · V-mappings Sμ : [o,l]→ RI such that

[
S̃(v)

]μ
= Sμ(v) =[

S(v; μ),S(v; μ)
]
, for all μ ∈ [0, 1] and g : [o,l]→ R be an increasing and positive function

on (o,l], having a continuous derivative g′(k) on (o,l), then we obtain the following relation

J�
o+;g

[
S̃(k)

]μ
= J�

o+;gSμ(k) =
[
I�
o+;gS(k; μ),I�

o+;gS(k; μ)
]

(19)

and
J�
l−;g

[
S̃(k)

]μ
= J�

l−;gSμ(k) =
[
I�
l−;gS(k; μ),I�

l−;gS(k; μ)
]
. (20)
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Proof. The result follows directly from Theorem 1 together with the stated properties of
the function g. �

We now proceed to the proof of the first theorem. Throughout the subsequent analysis,
the following notation will be used:

T̃(k) = S̃(o + l −k),k ∈ [o,l]
Φ̃(k) = S̃(k)⊕ T̃(k).

(21)

Theorem 2. Let g : [o,l]→ R be positive increasing mappings on (o,l] with continuous deriva-
tives such that g′(k) on (o,l). If S̃ : [o,l]→ F+

0 is a F·N ·V-coordinated convex mapping on
[o,l] such that from μ-cuts here, we produce the collection of I ·V-mappings Sμ : [o,l]→ R+

I
such that

[
S̃(v)

]μ
= Sμ(v) =

[
S(v; μ),S(v; μ)

]
, for all μ ∈ [0, 1], then for � > 0, the

following H · H-type inequality holds in relation to g:

S̃(o+l
2 ) ≤F

Γ(�+1)
4[g(l)−g(o)]� �

{
J�
o+ ;gΦ̃(l)⊕J�

l− ;gΦ̃(o)
}
≤F

S̃(o)+S̃(l)
2 . (22)

Proof. Let u = or + (1− r)l and v = (1− r)o+ rl for r ∈ [0, 1]. Convexity of S̃ allows
us to write

S̃(
o + l

2
) = S̃(

u + v
2

) ≤F
1
2
� S̃(u) +

1
2
� S̃(v).

That is, for all μ-cuts,

Sμ(
o+l

2 ) ≤I
1
2Sμ(or + (1− r)l) + 1

2Sμ((1− r)o+ rl) (23)

Both sides of (23) are multiplied by

(l −o)

Γ(�)

g′(rl + (1− r)o)[
g(l)− g(rl + (1− r)o)]1−�

and then integrating over [0, 1] in relation to r, we have

Sμ(
o+l

2 )
[g(l)−g(o)]�

Γ(�+1) ≤I
1
2Jo+;gT(l) + 1

2J
�
o+ ;gSμ(l)

= 1
2J

�
o+ ;gΦμ(l)

(l−o)
Γ(�)

g′(rl+(1−r)o)
[g(rl+(1−r)o)−g(o)]1−�

(24)

and then integrating over [0, 1] in relation to r, we get

Sμ(
o+l

2 )
[g(l)−g(o)]�

Γ(�+1) ≤I
1
2J

�
l− ;gT(o) + 1

2J
�
l− ;gSμ(o)

= 1
2J

�
l− ;gΦμ(o)

(25)

The inequalities (24) and (25) are added side by side to get

Sμ(
o + l

2
) ≤I

Γ(�+ 1)
4
[
g(l)− g(o)]�

{
J�
o+ ;gΦμ(l) +J�

l− ;gΦμ(o)
}

As a result, relation (22)’s first section is finished.
Nevertheless, due to Sμ’s convexity, we may write

Sμ(or + (1− r)l) +Sμ((1− r)o + rl) ≤I Sμ(o) +Sμ(l) (26)
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Both sides of (26) are multiplied by

(l −o)

Γ(�)

g′(rl + (1− r)o)[
g(l)− g(rl + (1− r)o)]1−�

and then integrating over [0, 1] in relation to r, we get

J�
o+ ;gT(l) +J�

o+ ;gSμ(l) = J�
o+ ;gΦμ(l) ≤I

[g(l)−g(o)]�
Γ(�+1) {Sμ(o) +Sμ(l)} (27)

Similarly, both sides of (27) are multiplied by

(l −o)

Γ(�)

g′(rl + (1− r)o)[
g(rl + (1− r)o)− g(o)]1−�

and then integrating over [0, 1] in relation to r, we have

J�
l− ;gT(o) +J�

l− ;gSμ(o) = J�
l− ;gΦμ(o) ≤I

[g(l)−g(o)]�
Γ(�+1) {Sμ(o) +Sμ(l)} (28)

Summing the relations (27) and (28),

J�
l− ;gΦμ(o) +J�

o+ ;gΦμ(l) ≤I
2
[
g(l)− g(o)]�

Γ(�+ 1)
{Sμ(o) +Sμ(l)}

The proof is finished in this manner. �

Remark 3. (i) The inequality (2) is obtained by taking g(v) = v in (22). (ii) The F·N ·V-left-sided
and right-sided Riemann–Liouville fractional integrals are obtained by taking g(v) = v in (17) and
(18), respectively. (iii) We obtain the FA-integral (15) of the S̃ function if we take g(v) = v and
� = 1 in (17) and (18).

Theorem 3. Let g : [o,l]→ R be positive increasing mappings on (o,l] with continuous deriva-
tives such that g′(k) on (o,l). If S̃ : [o,l]→ F+

0 is a F·N ·V-coordinated convex mapping on
[o,l] such that from μ-cuts here, we produce the collection of I ·V-mappings Sμ : [o,l]→ R+

I
such that

[
S̃(v)

]μ
= Sμ(v) =

[
S(v; μ),S(v; μ)

]
, for all μ ∈ [0, 1], then for � > 0, the

following H · H-type inequality holds in relation to g:

Ǩ�
g

Γ(�+1) � S̃(o+l
2 )

≤F
1
2 �

{
J�
( o+l

2 )
−

;g
Φ̃(o)⊕J�

( o+l
2 )

+
;g

Φ̃(l)

}
≤F

Ǩ�
g

Γ(�+1) � ( S̃(o)⊕S̃(l)
2 )

(29)

where

Ǩ
�
g =

[
g(l)− g(

o+ l

2
)

]�
⊕
[
g(

o + l

2
)− g(o)

]�

Proof. Convexity of S̃ allows us to write

S̃(
k+ s

2
) ≤F

S̃(k)⊕ S̃(s)

2

for k, s ∈ [o,l]. If we take k = r
2o + 2−r

2 l and s = 2−r
2 o+ r

2l for r ∈ [0, 1], we obtain

Sμ(
o+l

2 ) ≤I
1
2Sμ(

r
2o + 2−r

2 l) + 1
2Sμ(

2−r
2 o+ r

2l) ≤I
Sμ(o)+Sμ(l)

2 . (30)
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Both sides of (30) are multiplied by

(l −o)

2Γ(�)

g′(r2o + 2−r
2 l)[

g(l)− g(r2o+ 2−r
2 l)

]1−�

and then integrating over [0, 1] in relation to r, we get⎧⎪⎪⎪⎨⎪⎪⎪⎩
(l −o)

2Γ(�)

∫ 1
0

g′(
r

2
o +

2− r

2
l)[

g(l)− g(
r

2
o +

2− r

2
l)

]1−� dr

⎫⎪⎪⎪⎬⎪⎪⎪⎭Sμ(
o+ l

2
)

≤I
(l −o)

4Γ(�)
(IA)

∫ 1
0

g′(
r

2
o+

2− r

2
l)[

g(l)− g(
r

2
o+

2− r

2
l)

]1−�

[
Sμ(

r

2
o +

2− r

2
l) +Sμ(

2− r

2
o +

r

2
l)

]
dr

≤I

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(l −o)

Γ(�)

∫ 1
0

g′(
r

2
o +

2− r

2
l)[

g(l)− g(
r

2
o +

2− r

2
l)

]1−� dr

⎫⎪⎪⎪⎬⎪⎪⎪⎭
Sμ(o) +Sμ(l)

4

By change in variable v = r
2o + 2−r

2 l, we have⎧⎨⎩ 1
Γ(�)

∫ l
o + l

2

g′(v)[
g(l)− g(v)]1−�

dv

⎫⎬⎭Sμ(
o + l

2
)

≤I
1

2Γ(�)
(IA)

∫ l
o+ l

2

g′(v)[
g(l)− g(v)]1−�

[Sμ(v) + T(v)]dv

≤I

⎧⎨⎩ 1
Γ(�)

∫ l
o + l

2

g′(v)[
g(l)− g(v)]1−�

dv

⎫⎬⎭Sμ(o) +Sμ(l)

2

(31)

It is clear that

∫ l
o + l

2

g′(v)[
g(l)− g(v)]1−�

dv =

[
g(l)− g(

o+ l

2
)

]�
�

(32)

Inequality (32) and Definition 6 are used to get

1
Γ(�+1)

[
g(l)− g(o+l

2 )
]�

Sμ(
o+l

2 )

≤I
1
2J

�
( o+l

2 )+;g
Φμ(l)

≤I
[g(l)−g( o+l

2 )]
�

Γ(�+1)
Sμ(o)+Sμ(l)

2

(33)

Similarly, if we perform the operations that multiply (30)’s two sides by

(l −o)

2Γ(�)

g′( 2−r
2 o + r

2l)[
g( 2−r

2 o + r
2l)− g(o)

]1−�
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When we change the variable v = 2−r
2 o + r

2l and integrate over [0, 1] with respect to r,
respectively, we get⎧⎪⎨⎪⎩ 1

Γ(�)

∫ o+ l

2
o

g′(v)[
g(v)− g(o)]1−�

dv

⎫⎪⎬⎪⎭Sμ(
o + l

2
)

≤I
1

2Γ(�)
(IA)

∫ o + l

2
o

g′(v)[
g(v)− g(o)]1−�

[Sμ(v) +T(v)]dv

≤I

⎧⎪⎨⎪⎩ 1
Γ(�)

∫ o+ l

2
o

g′(v)[
g(v)− g(o)]1−�

dv

⎫⎪⎬⎪⎭Sμ(o) +Sμ(l)

2

(34)

In relation (34), if we apply the following:

∫ o+l
2

o

g′(v)[
g(v)− g(o)]1−�

dv =

[
g(o+l

2 )− g(o)
]�

�

we obtain
1

Γ(�+1)

[
g(o+l

2 )− g(o)
]�

Sμ(
o+l

2 )

≤I
1
2J

�
( o+l

2 )
−

;g
Φμ(o)

≤I
[g( o+l

2 )−g(o)]�

Γ(�+1)
Sμ(o)+Sμ(l)

2

(35)

Summing the relations (33) and (35),

Ǩ�
g

Γ(�+1)Sμ(
o+l

2 ) ≤I
1
2

{
J�
( o+l

2 )
−

;g
Φμ(o) +J�

( o+l
2 )

+
;g

Φμ(l)

}
≤I

Ǩ�
g

Γ(�+1)
Sμ(o)+Sμ(l)

2

Thus, the proof is finished. �

Corollary 2. Taking g(v) = v from (29) gives us

S̃(o+l
2 ) ≤F

2�−1Γ(�+1)
(l−o)� �

{
J�
( o+l

2 )
−S̃(o)⊕J�

( o+l
2 )

+S̃(l)

}
≤F

S̃(o)⊕S̃(l)
2 (36)

4. Fuzzy-Number-Valued Double Integral, and Coordinated Convexity

Firstly, we recall the concept of F·N ·V-double integral given by Khan et al. [27] in a
previous study.

Definition 7 ([27]). Let Δ = [o,l]× [ı, j] ⊂ R2 and let S̃ : [o,l]→ F0 be a F·N ·V-mapping.
Assume that, for every μ ∈ (0, 1], the endpoint functions

S∗((·, ·); μ),S∗((·, ·); μ) : [o,l]× [ı, j]→ R,

are integrable over Δ.
The F·N · V-double integral of S̃ over Δ, in the sense of F·N · V-Aumann, is defined as the

F·N:
(FD)

�
Δ
S̃(r,v)drdv, (37)
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whose μ-cut is given by

[
(FD)

�
Δ
S̃(r,v)drdv

]
μ
= (ID)

�
Δ
Sμ(r,v)drdv

=
[�

Δ
S∗((r,v); μ)drdv,

�
Δ
S∗((r,v); μ)drdv

]
.

The F·N ·V-double integral preserves the F·N-structure and generalizes the classical double integral
to F·N ·V-mappings. It plays a fundamental role in the study of fuzzy partial differential equations,
F·N ·V-fractional integrals, and H · H-type inequalities for coordinated convex F·N ·V-mappings.

Definition 8. Let S̃ ∈ FA([o,l]×[ı,j]). The Hadamard F·N · V-fractional integrals

J�,�
o+,ı+S̃, J�,�

o+,j−S̃, J�,�
l−,ı+S̃, and J�,�

l−,j−S̃ of order �, � > 0 with o, ı ≥ 0 are described by

J�,�
o+,ı+S̃(k, s) :=

1
Γ(�)Γ(�)

(FA)
∫ k

o

∫ s

ı
(ln

k

v
)
�−1

(ln
s

r
)
�−1 S̃(v,r)

vr
drdv,k > o, s > ı, (38)

J�,�
o+,j−S̃(k, s) :=

1
Γ(�)Γ(�)

(FA)
∫ k

o

∫ j

s
(ln

k

v
)
�−1

(ln
s

r
)
�−1 S̃(v,r)

vr
drdv,k > o, s < j, (39)

J�,�
l−,ı+S̃(k, s) :=

1
Γ(�)Γ(�)

(FA)
∫ l

k

∫ s

ı
(ln

v

k
)
�−1

(ln
s

r
)
�−1 S̃(v,r)

vr
drdv,k < l, s > ı, (40)

and

J�,�
l−,j−S̃(k, s) :=

1
Γ(�)Γ(�)

(FA)
∫ l

k

∫ j

s
(ln

k

v
)
�−1

(ln
s

r
)
�−1 S̃(v,r)

vr
drdv,k < l, s < j, (41)

respectively.
Now, we give the following generalized F·N ·V-fractional integral operators.

Definition 9. Let g : [o,l]→ R be an increasing and positive monotone mapping on (o,l],
having a continuous derivative g′(k) on (o,l), and let � : [ı, j]→ R be an increasing and
positive monotone mapping on (ı, j], having a continuous derivative �′(s)on (ı, j) and S̃ ∈
FA([o,l]×[ı,j]). The F· N ·V-left-sided and right-sided fractional integral operators for mappings of
two variables are described by

J
�,�
o+,ı+;g,�S̃(k, s) :=

1
Γ(�)Γ(�)

(FA)
∫ k

o

∫ s

ı

g′(v)

[g(k)− g(v)]1−�
�′(r)

[�(s)−�(r)]1−�
S̃(v,r)drdv,k > o, s > ı, (42)

J
�,�
o+,j−;g,�S̃(k, s) :=

1
Γ(�)Γ(�)

(FA)
∫ k

o

∫ j

s

g′(v)

[g(k)− g(v)]1−�
�′(r)

[�(s)−�(r)]1−�
S̃(v,r)drdv,k > o, s < j, (43)

J
�,�
l−,ı+;g,�S̃(k, s) :=

1
Γ(�)Γ(�)

(FA)
∫ l

k

∫ s

ı

g′(v)

[g(k)− g(v)]1−�
�′(r)

[�(s)−�(r)]1−�
S̃(v,r)drdv,k < l, s > ı, (44)

and

J
�,�
l−,j−;g,�S̃(k, s) :=

1
Γ(�)Γ(�)

(FA)
∫ l

k

∫ j

s

g′(v)

[g(k)− g(v)]1−�
�′(r)

[�(s)−�(r)]1−�
S̃(v,r)drdv,k < l, s < j, (45)
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for �, � > 0.
Based on the definitions given above, we may provide the F·N ·V-integrals as follows:

J�o+ ;g S̃(k,
ı+ j

2
) :=

1
Γ(�)

(FA)
∫ k

o

g′(v)

[g(k)− g(v)]1−�
S̃(v,

ı+ j
2

)dv,k > o (46)

J�l−;g S̃(k,
ı+ j

2
) :=

1
Γ(�)

(FA)
∫ l

k

g′(v)

[g(v)− g(k)]1−�
S̃(v,

ı+ j
2

)dv,k < l (47)

J�ı+;� S̃(
o+ l

2
, s) :=

1
Γ(�)

(FA)
∫ s

ı

�′(v)

[�(s)−�(r)]1−�
S̃(

o + l

2
,r)dr, s > ı, (48)

and

J�j−;� S̃(
o + l

2
, s) :=

1
Γ(�)

(FA)
∫ s

ı

�′(v)

[�(r)−�(s)]1−�
S̃(

o + l

2
,r)dr, s < j. (49)

If we decide to g(v) = vρ

ρ and � (r) = rσ

σ , ρ, σ > 0, the definition that follows is found in
Definition 9.

Definition 10. Let S̃ ∈ FA([o,l]×[ı,j]). The Katugampola fractional integrals for F·N ·V-mapping
with two variables are described by

ρ,σI
�,�
o+,ı+S̃(k, s) :=

ρ1−�σ1−�

Γ(�)Γ(�)
(FA)

∫ k

o

∫ s

ı

vρ−1

[kρ − vρ]1−�
rσ−1

[sσ − rσ]1−�
S̃(v,r)drdv,k > o, s > ı, (50)

ρ,σI
�,�
o+,j−S̃(k, s) :=

ρ1−�σ1−�

Γ(�)Γ(�)
(FA)

∫ k

o

∫ j

s

vρ−1

[kρ − vρ]1−�
rσ−1

[rσ − sσ]1−�
S̃(v,r)drdv,k > o, s < j, (51)

ρ,σI
�,�
l−,ı+S̃(k, s) :=

ρ1−�σ1−�

Γ(�)Γ(�)
(FA)

∫ l

k

∫ s

ı

vρ−1

[vρ −kρ]1−�
rσ−1

[sσ − rσ]1−�
S̃(v,r)drdv,k < l, s < ı, (52)

and

ρ,σI
�,�
l−,j−S̃(k, s) :=

ρ1−�σ1−�

Γ(�)Γ(�)
(FA)

∫ l

k

∫ j

s

vρ−1

[vρ −kρ]1−�
rσ−1

[rσ − sσ]1−�
S̃(v,r)drdv,k < l, s < j. (53)

Now, we recall the concept of F·N ·V-coordinated convex mappings that is given by Khan et al. [27,28]
in a previous study as follows.

Definition 11. A mapping S̃ : Δ = [o,l]× [ı, j]→ F+
0 is said to be a F·N · V-coordinated

convex mapping if the following inequality holds:

S̃(vk+ (1− v)s,ru + (1− r)�)

≤F vr � S̃(k, u)⊕ v(1− r)� S̃(k,�)⊕ r(1− v)� S̃(s, u)⊕ (1− r)(1− v)� S̃(s,�)

for all (k, u), (s,�) ∈ Δ, and r,v ∈ [0, 1].

Lemma 1. A mapping S̃ : Δ = [o,l]× [ı, j]→ F+
0 is F· N · V-convex on coordinates if and

only if there exist two mappings S̃k : [ı, j]→ F+
0 , S̃k(�) = S̃(k,�) and S̃s : [o,l]→ F+

0 ,
S̃s(u) = S̃(s, u) that are F·N ·V-convex.

Proof. The proof of this lemma is followed immediately by the definition of F·N ·V-coordinated
convex mapping. �
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It is easy to prove that a F·N ·V-convex mapping is F·N ·V-coordinated convex, but
the converse may not be true. For this, we can see the following example:

Example 1. A F·N ·V-mapping S̃ : [0, 1]2 → F+
0 defined as S̃(k, s) =

[
ks, (6 − ek)(6 − es)

]
is F·N ·V-convex on coordinates, but it is not F·N ·V-convex on [0, 1]2.

Note that the results obtained in the next section generalize and unify several existing
H · H-type inequalities. In the following section, we illustrate the applicability of our main
theorems through special cases and related consequences.

Related Inequalities

In this section, the derived inequalities extend classical H · H-results to the setting of
F·N ·V-coordinated convex functions involving generalized fractional integrals, thereby
providing a broader and more flexible analytical framework. Several important corollaries
and special cases of the main results are discussed in the subsequent section.

Theorem 4. Let g : [o,l]→ R and � : [ı, j]→ R be positive increasing mappings on (o,l]
and (ı, j] with continuous derivatives such that g′(k) on (o,l) and �′(s) on (ı, j), respectively.
Let Δ = [o,l] × [ı, j]. If S̃ : Δ→ F+

0 is a F·N · V-coordinated convex mapping on Δ such
that from μ-cuts here, we produce the collection of I · V-mappings Sμ : Δ→ R+

I described by[
S̃(k, s)

]μ
= Sμ((k, s)) =

[
S((k, s); μ),S((k, s); μ)

]
, for all μ ∈ [0, 1] and (k, s) ∈ Δ,

then for �, � > 0, the following H · H-type inequality holds:

S̃( o+l
2 , ı+j

2 ) ≤F
Γ(�+1)Γ(�+1)

16[g(l)−g(o)]� [�(j)−�(ı)]�
�
[
J�,�
o+,ı+;g,�

˜ (l, j)⊕ J�,�
o+,j−;g,�

˜ (l, ı)⊕ J�,�
l−,ı+;g,�

˜ (o, j)⊕ J�,�
l−,j−;g,�

˜ (o, ı)
]

≤F
S̃(o,ı)⊕S̃(o,j)⊕S̃(l,ı)⊕S̃(l,j)

4 ,
(54)

where
˜ 1(k, s) = S̃(o+ l −k, s),

˜ 2(k, s) = S̃(k, ı+ j− s),

˜ 3(k, s) = S̃(o + l −k, ı+ j− s),

D̃(k, s) = S̃(k, s)⊕ ˜ 2(k, s)

H̃(k, s) = S̃(k, s)⊕ ˜ 1(k, s)

˜ (k, s) = ˜ 1(k, s)⊕ ˜ 3(k, s)

L̃(k, s) = ˜ 2(k, s)⊕ ˜ 3(k, s)

˜ (k, s) = ˜ 1(k, s)⊕ ˜ 2(k, s)⊕ ˜ 3(k, s)⊕ S̃(k, s)

=
D̃(k, s)⊕ H̃(k, s)⊕ ˜ (k, s)⊕ L̃(k, s)

2
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f or (k, s) ∈ [o,l] × [ı, j], where for all μ-cuts ∈ [0, 1], we have
[

˜ 1(k, s)
]μ

= 1μ(k, s),[
˜ 2(k, s)

]μ
= 2μ(k, s),

[
˜ 3(k, s)

]μ
= 3μ(k, s),

[
D̃(k, s)

]μ
= Dμ(k, s),

[
H̃(k, s)

]μ
=

Hμ(k, s),
[

˜ (k, s)
]μ

= μ(k, s),
[
L̃(k, s)

]μ
= Lμ(k, s) and

[
˜ (k, s)

]μ
= μ(k, s).

Proof. Since F is a F·N ·V-coordinated convex mapping on Δ, we have

S̃(
u + v

2
,

p + q
2

) ≤F
S̃(u, p)⊕ S̃(u, q)⊕ S̃(v, p)⊕ S̃(v, q)

4
(55)

for (u, p), (v, q) ∈ Δ. Now, for v,r ∈ [0, 1], let u = vo + (1 − v)l, v = (1 − v)o +

vl, p = ır + (1 − r)j, and q = (1− r)ı+ rj. Then, for all μ-cuts ∈ [0, 1], we have

Dμ(
o+l

2 , ı+j
2 ) ≤I

1
4 Dμ(vo + (1− v)l, ır + (1− r)j)

+ 1
4 Sμ(vo+ (1− v)l, (1− r)ı+ rj)

+ 1
4Sμ((1− v)o+ vl, ır + (1− r)j) + 1

4Sμ((1− v)o + vl, (1− r)ı+ rj).

(56)

Both sides of (56) are multiplied by

(l −o)(j− ı)
Γ(�)Γ(�)

g′((1− v)o + vl)

[g(l)− g ((1− v)o + vl)]1−�
�′((1− r)ı+ rj)

[�(j)−�((1− r)ı+ rj)]1−β

and integrating the resulting inequality in relation to v, r over [0, 1] × [0, 1], we get

(l−o)(j−ı)
Γ(�)Γ(�)

Sμ(
o+l

2 , ı+j
2 ) (IA)

∫ 1
0

∫ 1
0

[
g′((1−v)o+vl)

[g(l)−g ((1−v)o+vl)]1−�
�′((1−r)ı+rj)

[�(j)−�((1−r)ı+rj)]1−β

]
drdv

≤I
(l−o)(j−ı)
4Γ(�)Γ(�)

(IA)
∫ 1

0

∫ 1
0

[
g′((1−v)o+vl)

[g(l)−g ((1−v)o+vl)]1−�
�′((1−r)ı+rj)

[�(j)−�((1−r)ı+rj)]1−β
Sμ(vo + (1− v)l, ır + (1− r)j)

]
drdv

+(l−o)(j−ı)
4Γ(�)Γ(�)

(IA)
∫ 1

0

∫ 1
0

[
g′((1−v)o+vl)

[g(l)−g ((1−v)o+vl)]1−�
�′((1−r)ı+rj)

[�(j)−�((1−r)ı+rj)]1−β
Sμ(vo+ (1− v)l, (1− r)ı+ rj)

]
drdv

+(l−o)(j−ı)
4Γ(�)Γ(�)

(IA)
∫ 1

0

∫ 1
0

[
g′((1−v)o+vl)

[g(l)−g ((1−v)o+vl)]1−�
�′((1−r)ı+rj)

[�(j)−�((1−r)ı+rj)]1−β
Sμ((1− v)o + vl, ır + (1− r)j)

]
drdv

+(l−o)(j−ı)
4Γ(�)Γ(�)

(IA)
∫ 1

0

∫ 1
0

[
g′((1−v)o+vl)

[g(l)−g ((1−v)o+vl)]1−�
�′((1−r)ı+rj)

[�(j)−�((1−r)ı+rj)]1−β
Sμ((1− v)o + vl, (1− r)ı+ rj)

]
drdv

By a simple calculation, we have

(IA)
∫ 1

0

∫ 1

0

[
g′((1− v)o + vl)

[g(l)− g ((1− v)o+ vl)]1−�
�′((1− r)ı+ rj)

[�(j)−�((1− r)ı+ rj)]1−β

]
drdv =

[g(l)− g(o)]�[�(j)−�(ı)]�

�� (l −o)(j− ı)

Using the change in variables τ = (1 − v)o + vl and η = (1 − r)ı + rj, we obtain

[g(l)−g(o)]�[�(j)−�(ı)]�

Γ(�+1)Γ(�+1) Sμ(
o+l

2 , ı+j
2 )≤I

1
4Γ(�)Γ(�)

(IA)
∫ l

o

∫ j
ı

g′(τ)
[g(l)−g (τ)]1−�

�′(η)
[�(j)−�(η)]1−β

Sμ(o + l − τ, ı+ j− η)dηdτ

+ 1
4Γ(�)Γ(�)

(IA)
∫ l

o

∫ j
ı

g′(τ)
[g(l)−g (τ)]1−�

�′(η)
[�(j)−�(η)]1−β

Sμ(o+ l − τ, η)dηdτ

+ 1
4Γ(�)Γ(�)

(IA)
∫ l

o

∫ j
ı

g′(τ)
[g(l)−g (τ)]1−�

�′(η)
[�(j)−�(η)]1−β

Sμ(τ, ı+ j− η)dηdτ

+ 1
4Γ(�)Γ(�)

(IA)
∫ l

o

∫ j
ı

g′(τ)
[g(l)−g (τ)]1−�

�′(η)
[�(j)−�(η)]1−β

Sμ(τ, η)dηdτ

= 1
4

[
J
�,�
o+,ı+;g,� 3μ(l, j) + J

�,�
o+,ı+;g,� 1μ(l, j) + J

�,�
o+,ı+;g,� 2μ(l, j) + J

�,�
o+,ı+;g,�Sμ(l, j)

]
= 1

4J
�,�
o+,ı+;g,� μ(l, j)
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That is, we have

[g(l)− g(o)]�[�(j)−�(ı)]�

Γ(�+ 1)Γ(�+ 1)
Sμ(

o + l

2
,
ı+ j

2
) ≤I

1
4
J
�,�
o+,ı+;g,� μ(l, j) (57)

Similarly, both sides of (56) are multiplied by

(l −o)(j− ı)
Γ(�)Γ(�)

g′((1− v)o+ vl)

[g(b)− g ((1− v)o + vl)]1−�
�′((1− r)ı+ rj)

[�((1− r)ı+ rj)−�(ı)]1−β

and integrating the obtained inequality in relation to v,r over [0, 1] × [0, 1], we obtain

[g(l)− g(o)]�[�(j)−�(ı)]�

Γ(�+ 1)Γ(�+ 1)
� S̃(

o+ l

2
,
ı+ j

2
) ≤F

1
4
� J

�,�
o+,j−;g,�

˜ (l, ı) (58)

Moreover, both sides of (56) are multiplied by

(l −o)(j− ı)
Γ(�)Γ(�)

g′((1− v)o + vl)

[g ((1− v)o + vl)− g(o)]1−�
�′((1− r)ı+ rj)

[�(j)−�((1− r)ı+ rj)]1−β

and

(l −o)(j− ı)
Γ(�)Γ(�)

g′((1− v)o+ vl)

[g ((1− v)o + vl)− g(o)]1−�
�′((1− r)ı+ rj)

[�((1− r)ı+ rj)−�(ı)]1−β

Then, integrating the established inequalities in relation to v,r over [0, 1]× [0, 1] and for
all μ-cuts ∈ [0, 1], we have the following inequalities:

[g(l)− g(o)]�[�(j)−�(ı)]�

Γ(�+ 1)Γ(�+ 1)
Sμ(

o + l

2
,
ı+ j

2
) ≤I

1
4
J
�,�
l−,ı+;g,� μ(o, j) (59)

and
[g(l)− g(o)]�[�(j)−�(ı)]�

Γ(�+ 1)Γ(�+ 1)
Sμ(

o + l

2
,
ı+ j

2
) ≤I

1
4
J
�,�
l−,j−;g,� μ(o, ı) (60)

respectively.
Summing the inequalities (57) to (60), we get

Sμ(
o+l

2 , ı+j
2 ) ≤I

Γ(�+1)Γ(�+1)
16 [g(l)−g(o)]�[�(j)−�(ı)]�

×
[
J
�,�
o+,ı+;g,� μ(l, j) + J

�,�
o+,j−;g,� μ(l, ı) + J

�,�
l−,ı+;g,� μ(o, j) + J

�,�
l−,j−;g,� μ(o, ı)

]
.

This completes the proof of the first inequality in (54).
For the proof of the second inequality in (54), since F is a coordinated convex, we have

Sμ(vo + (1− v)l, ır + (1− r)j) +Sμ(vo + (1− v)l, (1− r)ı+ rj)

+Sμ((1− v)o + vl, ır + (1− r)j) +Sμ((1− v)o + vl, (1− r)ı+ rj)

≤I Sμ(o, ı) +Sμ(o, j) +Sμ(l, ı) +Sμ(l, j).

(61)

Both sides of (61) are multiplied by

(l −o)(j− ı)
Γ(�)Γ(�)

g′((1− v)o + vl)

[g(l)− g ((1− v)o + vl)]1−�
�′((1− r)ı+ rj)

[�(j)−�((1− r)ı+ rj)]1−β
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and integrating the resulting inequality in relation to v,r over [0, 1] × [0, 1], we get

(l −o)(j− ı)
4Γ(�)Γ(�)

(IA)
∫ 1

0

∫ 1

0

⎡⎢⎢⎣
g′((1−v)o+vl)

[g(l)−g ((1−v)o+vl)]1−�

�′((1−r)ı+rj)
[�(j)−�((1−r)ı+rj)]1−β

Sμ(vo + (1− v)l, ır + (1− r)j)

⎤⎥⎥⎦drdv

+
(l −o)(j− ı)

4Γ(�)Γ(�)
(IA)

∫ 1

0

∫ 1

0

⎡⎢⎢⎣
g′((1−v)o+vl)

[g(l)−g ((1−v)o+vl)]1−�

�′((1−r)ı+rj)
[�(j)−�((1−r)ı+rj)]1−β

Sμ(vo + (1− v)l, (1− r)ı+ rj)

⎤⎥⎥⎦ drdv

+
(l −o)(j− ı)

4Γ(�)Γ(�)
(IA)

∫ 1

0

∫ 1

0

⎡⎢⎢⎣
v′((1−v)o+vl)

[g(l)−g ((1−v)o+vl)]1−�

�′((1−r)ı+rj)
[�(j)−�((1−r)ı+rj)]1−β

Sμ((1− v)o + vl, ır + (1− r)j)

⎤⎥⎥⎦ drdv

+
(l −o)(j− ı)

4Γ(�)Γ(�)
(IA)

∫ 1

0

∫ 1

0

⎡⎢⎢⎣
g′((1−v)o+vl)

[g(l)−g ((1−v)o+vl)]1−�

�′((1−r)ı+rj)
[�(j)−�((1−r)ı+rj)]1−β

Sμ((1− v)o + vl, (1− r)ı+ rj)

⎤⎥⎥⎦ drdv

≤I
(l −o)(j− ı)

4Γ(�)Γ(�)

[
Sμ(o, ı) +Sμ(o, j) +Sμ(l, ı) +Sμ(l, j)

]
×

(IA)
∫ 1

0

∫ 1

0

[
g′((1− v)o + vl)

[g(l)− g ((1− v)o + vl)]1−�
�′((1− r)ı+ rj)

[�(j)−�((1− r)ı+ rj)]1−β

]
drdv.

Then, we get

J
�,�
o+,ı+;g,� 3μ(l, j) + J

�,�
o+,ı+;g,� 1μ(l, j) + J

�,�
o+,ı+;g,� 2μ(l, j) + J

�,�
o+,ı+;g,� μ(l, j)

≤I Sμ(o, ı) +Sμ(o, j) +Sμ(l, ı) +Sμ(l, j)
[g(l)− g(o)]�[�(j)−�(ı)]�

Γ(�+ 1)Γ(�+ 1)

that is,

Γ(�+ 1)Γ(�+ 1)

[g(l)− g(o)]�[�(j)−�(ı)]�
J
�,�
o+,ı+;g,� μ(l, j) ≤I Sμ(o, ı) +Sμ(o, j) +Sμ(l, ı) +Sμ(l, j). (62)

Similarly, both sides of (61) are multiplied by

(l −o)(j− ı)
Γ(�)Γ(�)

g′((1− v)o+ vl)

[g(l)− g ((1− v)o + vl)]1−�
�′((1− r)ı+ rj)

[�((1− r)ı+ rj)−�(ı)]1−β

(l −o)(j− ı)
Γ(�)Γ(�)

g′((1− v)o + vl)

[g ((1− v)o + vl)− g(o)]1−�
�′((1− r)ı+ rj)

[�(j)−�((1− r)ı+ rj)]1−β

and

(l −o)(j− ı)
Γ(�)Γ(�)

g′((1− v)o+ vl)

[g ((1− v)o + vl)− g(o)]1−�
�′((1− r)ı+ rj)

[�((1− r)ı+ rj)−�(ı)]1−β

and integrating the resulting inequalities in relation to v,r over [0, 1]× [0, 1], we establish
the following inequalities:
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Γ(�+ 1)Γ(�+ 1)

[g(l)− g(o)]�[�(j)−�(ı)]�
J
�,�
o+,j−;g,� μ(l, ı) ≤I Sμ(o, ı) +Sμ(o, j) +Sμ(l, ı) +Sμ(l, j). (63)

Γ(�+ 1)Γ(�+ 1)

[g(l)− g(o)]�[�(j)−�(ı)]�
J
�,�
l−,ı+;g,� μ(o, j) ≤I Sμ(o, ı) +Sμ(o, j) +Sμ(l, ı) +Sμ(l, j). (64)

and

Γ(�+ 1)Γ(�+ 1)

[g(l)− g(o)]�[�(j)−�(ı)]�
J
�,�
l−,j−;g,� μ(o, ı) ≤I Sμ(o, ı) +Sμ(o, j) +Sμ(l, ı) +Sμ(l, j), (65)

respectively.
By adding the inequalities (62) to (65), we have the following inequality.

Γ(�+1)Γ(�+1)
[g(l)−g(o)]�[�(j)−�(ı)]�

×
[
J
�,�
o+,ı+;g,� μ(l, j) + J

�,�
o+,j−;g,� μ(l, ı) + J

�,�
l−,ı+;g,� μ(o, j) + J

�,�
l−,j−;g,� μ(o, ı)

]
≤I 4

[
Sμ(o, ı) +Sμ(o, j) +Sμ(l, ı) +Sμ(l, j)

]
.

(66)

If we divide both sides of inequality (66) by 16, then we have the second inequality in (54).
This completes the proof. �

Corollary 3. Setting g(v) = v and � (r) = r in Theorem 4 yields the following inequalities for
the Riemann–Liouville F·N ·V-fractional double integrals:

S̃(o+l
2 , ı+j

2 ) ≤F
Γ(�+1)Γ(�+1)
4 (l−o)�(j−ı)�

�
[
J

�,�
o+,ı+S̃(l, j)⊕J

�,�
o+,j−S̃(l, ı)⊕J

�,�
l−,ı+S̃(o, j)⊕J

�,�
l−,j−S̃(o, ı)

]
≤F

S̃(o,ı)⊕S̃(o,j)⊕S̃(l,ı)⊕S̃(l,j)
4 .

Corollary 4. Assuming the conditions of Theorem 4 hold, setting g(v) = lnvand � (r) = ln r

yields the following inequalities for the Hadamard F·N ·V-fractional double integrals:

S̃(o+l
2 , ı+j

2 ) ≤F
Γ(�+1)Γ(�+1)

16 [ln l
o ]

�
[ln j

ı ]
� �

[
J�,�
o+,ı+

˜ (l, j)⊕ J�,�
o+,j− ˜ (l, ı)⊕ J�,�

l−,ı+
˜ (o, j)⊕ J�,�

l−,j−
˜ (o, ı)

]
≤F

S̃(o,ı)⊕S̃(o,j)⊕S̃(l,ı)⊕S̃(l,j)
4 .

Corollary 5. Assuming the conditions of Theorem 4 hold, setting g(v) = vρ

ρ and � (r) =
rσ

σ , ρ, σ > 0 yields the following inequalities for the Hadamard F·N ·V-Katugampola fractional
double integrals:

S̃(o+l
2 , ı+j

2 ) ≤F
Γ(�+1)Γ(�+1)ρ�σ�

16 [lρ−oρ ]�[jσ−ıσ ]�
�
[

ρ,σI�,�
o+,ı+

˜ (l, j)⊕ ρ,σI�,�
o+,j− ˜ (l, ı)⊕ ρ,σI�,�

l−,ı+
˜ (o, j)⊕ ρ,σI�,�

l−,j−
˜ (o, ı)

]
≤F

S̃(o,ı)⊕S̃(o,j)⊕S̃(l,ı)⊕S̃(l,j)
4 .

Theorem 5. Let g : [o,l]→ R and � : [ı, j]→ R be positive increasing mappings on (o,l]
and (ı, j] with continuous derivatives such that g′(k) on (o,l) and �′(s) on (ı, j), respectively.
Let Δ = [o,l] × [ı, j]. If S̃ : Δ → F+

0 is a F·N · V-coordinated convex mapping on Δ such
that from μ-cuts here, we produce the collection of I · V-mappings Sμ : Δ→ R+

I described by
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[
S̃(k, s)

]μ
= Sμ((k, s)) =

[
S((k, s); μ),S((k, s); μ)

]
, for all μ ∈ [0, 1] and (k, s) ∈ Δ,

then, for �, � > 0, the following H · H-type inequality holds:

S̃(o+l
2 , ı+j

2 ) ≤F
Γ(�+1)

8[g(l)−g(o)]�
�
[
J�o+;gH̃(l, ı+j

2 )⊕ J�l−;gH̃(o, ı+j
2 )

]
⊕ Γ(�+1)

8[�(j)−�(ı)]�
�
[
J�ı+;�D̃(o+l

2 , j)⊕ J�j−;�D̃(o+l
2 , ı)

]
≤F

Γ(�+1)Γ(�+1)
16[g(l)−g(o)]�[�(j)−�(ı)]�

�
[
J
�,�
o+,ı+;g,�

˜ (l, j)⊕ J
�,�
o+,j−;g,�

˜ (l, ı)⊕ J
�,�
l−,ı+;g,�

˜ (o, j)⊕ J
�,�
l−,j−;g,�

˜ (o, ı)
]

≤F
Γ(�+1)

16[g(l)−g(o)]�
�
[
J�o+;gH̃(l, ı)⊕ J�o+;gH̃(l, j)⊕ J�l−;gH̃(o, ı)⊕ J�l−;gH̃(o, j)

]
⊕ Γ(�+1)

16[�(j)−�(ı)]�
�
[
J�ı+;�D̃(o, j)⊕ J�ı+;�D̃(l, j)⊕ J�j−;�D̃(o, ı)⊕ J�j−;�D̃(l, ı)

]
≤F

S̃(o,ı)⊕S̃(o,j)⊕S̃(l,ı)⊕S̃(l,j)
4 ,

(67)
where

˜ 1(k, s) = S̃(o+ l −k, s),

˜ 2(k, s) = S̃(k, ı+ j− s),

˜ 3(k, s) = S̃(o + l −k, ı+ j− s),

D̃(k, s) = S̃(k, s)⊕ ˜ 2(k, s)

H̃(k, s) = S̃(k, s)⊕ ˜ 1(k, s)

˜ (k, s) = ˜ 1(k, s)⊕ ˜ 3(k, s)

L̃(k, s) = ˜ 2(k, s)⊕ ˜ 3(k, s)

˜ (k, s) = ˜ 1(k, s)⊕ ˜ 2(k, s)⊕ ˜ 3(k, s)⊕ S̃(k, s)

=
D̃(k, s)⊕ H̃(k, s)⊕ ˜ (k, s)⊕ L̃(k, s)

2

for (k, s) ∈ [o,l] × [ı, j]. where for all μ-cuts ∈ [0, 1], we have
[

˜ 1(k, s)
]μ

= 1μ(k, s),[
˜ 2(k, s)

]μ
= 2μ(k, s),

[
˜ 3(k, s)

]μ
= 3μ(k, s),

[
D̃(k, s)

]μ
= Dμ(k, s),

[
H̃(k, s)

]μ
=

Hμ(k, s),
[

˜ (k, s)
]μ

= μ(k, s),
[
L̃(k, s)

]μ
= Lμ(k, s) and

[
˜ (k, s)

]μ
= μ(k, s).

Proof. Since S̃ is a F·N · V-coordinated convex on Δ, if we define the mapping
h1
k : [ı, j]→ F+

0 , h1
k = S̃(k, s), then h1

k(s) is convex for all k ∈ [o,l] and H̃1
k(s) =

h1
k(s)⊕ h̃1

k(s) = S̃(k, s)⊕ ˜
2(k, s) = D̃(k, s). If we apply the inequalities (22) for the

convex mapping h1
k(s), then we have

h1
k(

ı+ j
2

) ≤F
Γ(�+ 1)

4[�(j)−�(ı)]�
�
[
J�ı+;�H̃

1
k(j)⊕ J�j−;�H̃

1
k(ı)

]
≤F

h1
k(ı)⊕ h1

k(j)
2

,

Then, for all μ-cuts ∈ [0, 1], we have
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Sμ(k, ı+j
2 ) ≤I

�

4[�(j)−�(ı)]�

[
(IA)

∫ j
ı

�′(s)
[�(j)−�(s)]1−�

Dμ(k, s)ds+(IA)
∫ j
ı

�′(s)
[�(s)−�(ı)]1−�

Dμ(k, s)ds
]

≤I
Sμ(k,ı)+Sμ (k,j)

2

(68)

Both sides of (68) are multiplied by

�
[g(l)− g(o)]�

g′(k)

[g(l)− g(k)]1−�

and
�

[g(l)− g(o)]�
g′(k)

[g(k)− g(o)]1−�

then by integrating the obtained results in relation to x from o to l, we get

Γ(�+1)
[g(l)−g(o)]�

J�
o+ ;gSμ(l, ı+j

2 )

≤I
Γ(�+1)Γ(�+1)

4[g(l)−g(o)]�[�(j)−�(ı)]�

[
J
�,�
o+,ı+;g,�Dμ(l, j) + J

�,�
o+,j−;g,�Dμ(l, ı)

]
≤I

Γ(�+1)
2[g(l)−g(o)]�

[
J�o+;gSμ (l, ı) + J�o+;gSμ (l, j)

] (69)

and
Γ(�+1)

[g(l)−g(o)]�
J�l−;gSμ(o, ı+j

2 )

≤I
Γ(�+1)Γ(�+1)

4[g(l)−g(o)]�[�(j)−�(ı)]�

[
J
�,�
l−,ı+;g,�Dμ(o, j) + J

�,�
l−,j−;g,�Dμ(o, ı)

]
≤I

Γ(�+1)
2[g(l)−g(o)]�

[
J�l−;gSμ(o, ı) + J�l−;gSμ(o, j)

] (70)

respectively.
On the other hand, since S̃ is a coordinated convex on Δ, if we define the mapping

h2
k : [ı, j]→ F+

0 , h2
k(s) =

˜
1(k, s), then h2

k(s) is convex for all k ∈ [o,l] and H̃2
k(s) =

h2
k(s)⊕ h̃2

k(s) = ˜
1(k, s)⊕ ˜

3(k, s) = ˜ (k, s). If we apply the inequalities (22) for the
convex mapping h2

k(s), then we have

h2
k(

ı+ j
2

) ≤F
Γ(�+ 1)

4[�(j)−�(ı)]�
�
[
J�ı+;�H̃

2
k(j)⊕ J�j−;�H̃

2
k(ı)

]
≤F

h2
k(ı)⊕ h2

k(j)
2

,

that is, for all μ-cuts ∈ [0, 1], we have

1μ(k,
ı+ j

2
)

≤I
�

4[�(j)−�(ı)]�
�
[
(IA)

j∫
ı

�′(s)

[�(j)−�(s)]1−�
μ(k, s)ds+(IA)

j∫
ı

�′(s)

[�(s)−�(ı)]1−�
μ(k, s)ds

]

≤I
1μ(k, ı) + 1μ (k, j)

2

(71)

Similarly, both sides of (71) are multiplied by

�
[g(l)− g(o)]�

g′(k)

[g(l)− g(k)]1−�

and
�

[g(l)− g(o)]�
g′(k)

[g(k)− g(o)]1−�
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then by integrating the obtained results in relation to x from o to l, we get

Γ(�+1)
[g(l)−g(o)]�

J�
o+ ;g 1μ(l, ı+j

2 )

≤I
Γ(�+1)Γ(�+1)

4[g(l)−g(o)]�[�(j)−�(ı)]�

[
J
�,�
o+,ı+;g,� μ(l, j) + J

�,�
o+,j−;g,� μ(l, ı)

]
≤I

Γ(�+1)
2[g(l)−g(o)]�

[
J�o+;g 1μ(l, ı) + J�o+;g 1μ(l, j)

] (72)

and
Γ(�+1)

[g(l)−g(o)]�
J�l−;g 1μ(o, ı+j

2 )

≤I
Γ(�+1)Γ(�+1)

4[g(l)−g(o)]�[�(j)−�(ı)]�

[
J
�,�
l−,ı+;g,� μ(o, j) + J

�,�
l−,j−;g,� μ(o, ı)

]
≤I

Γ(�+1)
2[g(l)−g(o)]�

[
J�l−;g 1μ(o, ı) + J�l−;g 1μ(o, j)

] (73)

respectively.
Moreover, if we define the mapping h1

s : [o,l]→ F+
0 , h1

s(k) = S̃(k, s), then h1
s(k)

is convex for all s ∈ [ı, j] and H̃1
s (k) = h1

s(k)⊕ h̃1
s(k) = S̃(k, s)⊕ 1μ(k, s) = H̃(k, s).

If we apply the inequalities (22) for the convex mapping h1
s(k), then we have

h1
s(
o+ l

2
) ≤F

Γ(�+ 1)

4[g(l)− g(o)]�
�
[
J�j+;gH̃

1
s (l)⊕ J�l−;gH̃

1
s (o)

]
≤F

h1
s(o)⊕ h1

s(l)

2
,

For all μ-cuts ∈ [0, 1], we have

Sμ(
o+l

2 , s)

≤I
�

4[g(l)−g(o)]�

[
(IA)

∫ l

o

g′(k)
[g(l)−g(k)]1−�

Hμ(k, s)dk+(IA)
∫ l

o

g′(k)
[g(k)−g(o)]1−�

Hμ(k, s)dk
]

≤I
Sμ(o,s)+Sμ (l,s)

2

(74)

Similarly, both sides of (74) are multiplied by

β

[�(j)−�(ı)]β
g′(s)

[�(j)−�(s)]1−β

and
β

[�(j)−�(ı)]β
g′(s)

[�(s)−�(ı)]1−β

then integrating the established results in relation to y from ı to j, we obtain the following
inequalities:

Γ(� +1)
[�(j)−�(ı)]�

J�ı+ ;�Sμ(
o+l

2 , j)

≤I
Γ(�+1)Γ(�+1)

4[g(l)−g(o)]�[�(j)−�(ı)]�

[
J
�,�
o+,ı+;g,�Hμ(l, j) + J

�,�
o+,j−;g,�Hμ(o, j)

]
≤I

Γ(� +1)
2[�(j)−�(ı)]�

[
J�ı+;�Sμ (o, j) + J�ı+;�Sμ (l, j)

] (75)

and
Γ(�+1)

[�(j)−�(ı)]�
J�j−;�Sμ(

o+l
2 , ı)

≤I
Γ(�+1)Γ(�+1)

4[g(l)−g(o)]�[�(j)−�(ı)]�

[
J
�,�
o+,j−;g,�Hμ(l, ı) + J

�,�
l−,j−;g,�Hμ(o, ı)

]
≤I

Γ(�+1)
2[�(j)−�(ı)]�

[
J�j−;�Sμ (o, ı) + J�j−;�Sμ (l, ı)

] (76)

respectively.
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Furthermore, if we define the mapping h2
s : [o,l]→ F+

0 , h2
s(k) =

˜
2(k, s), then

h2
s(k) is convex for all s ∈ [ı, j] and H̃2

s (k) = h2
s(k) ⊕ h̃2

s(k) = ˜
2(k, s) ⊕ ˜

3(k, s) =

L̃(k, s). If we apply the inequalities (22) for the convex mapping h2
s(k), then we have

h2
s(
o+ l

2
) ≤F

Γ(�+ 1)

4[g(l)− g(o)]�
�
[
J�o+;gH̃

2
s (l)⊕ J�l−;gH̃

2
s (o)

]
≤F

h2
s(o)⊕ h2

s(l)

2
,

for all μ-cuts ∈ [0, 1], we have

2μ(
o+l

2 , s) ≤I
�

4[g(l)−g(o)]�

[
(IA)

∫ l

o

g′(k)
[g(l)−g(k)]1−�

Lμ(k, s)dk+(IA)
∫ l

o

g′(k)
[g(k)−g(o)]1−�

Lμ(k, s)dk
]

≤I
2μ(o,s)+ 2μ(l,s)

2

(77)

Similarly, both sides of (77) are multiplied by

β

[�(j)−�(ı)]β
w′(s)

[�(j)−�(s)]1−β

and
β

[�(j)−�(ı)]β
w′(s)

[�(s)−�(ı)]1−β

then integrating the obtained results in relation to y from ı to j, we obtain the following
inequalities:

Γ(� +1)
[�(j)−�(ı)]�

J�ı+ ;� 2μ(
o+l

2 , j)

≤I
Γ(�+1)Γ(�+1)

4[g(l)−g(o)]�[�(j)−�(ı)]�

[
J
�,�
o+,ı+;g,�Lμ(l, j) + J

�,�
l−,ı+;g,�Lμ(o, j)

]
≤I

Γ(� +1)
2[�(j)−�(ı)]�

[
J�ı+;� 2μ(o, j) + J�ı+;� 2μ(l, j)

] (78)

and
Γ(�+1)

[�(j)−�(ı)]�
J�j−;� 2μ(

o+l
2 , ı)

≤I
Γ(�+1)Γ(�+1)

4[g(l)−g(o)]�[�(j)−�(ı)]�

[
J
�,�
o+,j−;g,�Lμ(l, ı) + J

�,�
l−,j−;g,�Lμ(o, ı)

]
≤I

Γ(�+1)
2[�(j)−�(ı)]�

[
J�j−;� 2μ(o, ı) + J�j−;� 2μ(l, ı)

] (79)

respectively.
Summing the inequalities (69), (70), (72), (73), (75), (76), (78), and (79), we have the

following inequalities:

https://doi.org/10.3390/fractalfract10040228215



Fractal Fract. 2026, 10, 228

Γ(� + 1)
[g(l)− g(o)]�

⎡⎣ J�o+;gSμ(l, ı+j
2 ) + J�l−;gSμ(o, ı+j

2 )

+J�o+;g 1μ(l, ı+j
2 ) + J�l−;g 1μ(o, ı+j

2 )

⎤⎦
+ Γ(� +1)

[�(j)−�(ı)]�

⎡⎣ J�ı+;� Sμ(
o+l

2 , j) + J�j−;�Sμ(
o+l

2 , ı)

+J�ı+;� 2μ(
o+l

2 , j) + J�j−;� 2μ(
o+l

2 , ı)

⎤⎦

≤I
Γ(�+1)Γ(�+1)

4[g(l)−g(o)]�[�(j)−�(ı)]�
×

⎡⎢⎢⎢⎢⎢⎢⎣
J
�,�
o+,ı+;g,�Dμ(l, j) + J

�,�
o+,j−;g,�Dμ(l, ı) + J

�,�
l−,ı+;g,�Dμ(o, j) + J

�,�
l−,j−;g,�Dμ(o, ı)

+J
�,�
o+,ı+;g,� μ(l, j) + J

�,�
o+,j−;g,� μ(l, ı) + J

�,�
l−,ı+;g,� μ(o, j) + J

�,�
l−,j−;g,� μ(o, ı)

+J
�,�
o+,ı+;g,�Hμ(l, j) + J

�,�
o+,j−;g,�Hμ(o, j) + J

�,�
o+,j−;g,�Hμ(l, ı) + J

�,�
l−,j−;g,�Hμ(o, ı)

+J
�,�
o+,ı+;g,�Lμ(l, j) + J

�,�
o+,j−;g,�Lμ(o, j) + J

�,�
o+,j−;g,�Lμ(l, ı) + J

�,�
l−,j−;g,�Lμ(o, ı)

⎤⎥⎥⎥⎥⎥⎥⎦
≤I

Γ(� + 1)
2[g(l)− g(o)]�

⎡⎣ J�o+;gSμ (l, ı) + J�o+;gSμ (l, j) + J�l−;gSμ (l, ı) + J�l−;gSμ (l, j)

+ J�o+;g 1μ(l, ı) + J�o+;g 1μ(l, j) + J�l−;g 1μ(o, ı) + J�l−;g 1μ(o, j)

⎤⎦
+ Γ(� +1)

[�(j)−�(ı)]�

[
J�ı+;�Sμ (o, j) + J�ı+;�Sμ (l, j) + J�j−;�Sμ (o, ı) + J�j−;�Sμ (l, ı)

+ J�ı+;� 2μ(o, j) + J�ı+;� 2μ(l, j) + J�j−;� 2μ(o, ı) + J�j−;� 2μ(l, ı)

]

That is, we have

Γ(�+1)
[g(l)−g(o)]�

[
J�o+;gHμ(l, ı+j

2 ) + J�l−;gHμ(o, ı+j
2 )

]
+ Γ(�+1)

[�(j)−�(ı)]�

[
J�ı+;�Dμ(

o+l
2 , j) + J�j−;�Dμ(

o+l
2 , ı)

]
≤I

Γ(�+1)Γ(�+1)
2[g(l)−g(o)]�[�(j)−�(ı)]�

×

⎡⎣ J
�,�
o+,ı+;g,� μ(l, j) + J

�,�
o+,j−;g,� μ(l, ı)

+J
�,�
l−,ı+;g,� μ(o, j) + J

�,�
l−,j−;g,� μ(o, ı)

⎤⎦
≤I

Γ(�+1)
2[g(l)−g(o)]�

[
J�o+;gHμ(l, ı) + J�o+;gHμ(l, j) + J�l−;gHμ(o, ı) + J�l−;gHμ(o, j)

]
+2 Γ(�+1)

[�(j)−�(ı)]�

[
J�ı+;�Dμ(o, j) + J�ı+;�Dμ(l, j) + J�j−;�Dμ(o, ı) + J�j−;�Dμ(l, ı)

]
which completes the proof of the second and third inequalities in (67). On the other hand,
from the first inequality in (22), we have

Sμ(
o+ l

2
) ≤I

�
4[g(l)− g(o)]�

⎡⎢⎢⎢⎣
l∫
o

g′(k)
[g(l)−g(k)]�

[
Sμ(k) +Sμ(o + l −k)

]
jk

+
l∫
o

g′(k)
[g(k)−g(o)]�

[
Sμ(k) +Sμ(o + l −k)

]
jk

⎤⎥⎥⎥⎦ (80)

Since F is the F·N ·V-coordinated convex on Δ, by using inequality (80), we obtain

Sμ(
o+l

2 , ı+j
2 ) ≤I

�
4[g(l)−g(o)]�

⎡⎢⎢⎢⎢⎣
(IA)

l∫
o

g′(k)
[g(l)−g(k)]�

[
Sμ(k, ı+j

2 ) +Sμ(o + l −k, ı+j
2 )

]
dk

+(IA)
l∫
o

g′(k)
[g(k)−g(o)]�

[
Sμ(k, ı+j

2 ) +Sμ(o + l −k, ı+j
2 )

]
dk

⎤⎥⎥⎥⎥⎦
= Γ(�+1)

4[g(l)−g(o)]�
[
J�o+;gHμ(l, ı+j

2 ) + J�l−;gHμ(o, ı+j
2 )

]
,

(81)

and similarly, we have
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Sμ(
o+l

2 , ı+j
2 ) ≤I

�

4[�(j)−�(ı)]�

⎡⎢⎢⎢⎣
(IA)

j∫
ı

�′(s)
[�(j)−�(s)]�

[
Sμ(

o+l
2 , s) +Sμ(

o+l
2 , ı+ j− s)

]
ds

+(IA)
j∫
ı

�′(s)
[�(s)−�(ı)]�

[
Sμ(

o+l
2 , s) +Sμ(

o+l
2 , ı+ j− s)

]
ds

⎤⎥⎥⎥⎦
= Γ(�+1)

4[�(j)−�(ı)]�

[
J�ı+;�Dμ(

o+l
2 , j) + J�j−;�Dμ(

o+l
2 , ı)

] (82)

Combining the inequalities (81) and (82), we obtain the first inequality in (67). From the
second inequality in (22), we have

�
4[g(l)− g(o)]�

⎡⎢⎢⎢⎣
(IA)

l∫
o

g′(k)
[g(l)−g(k)]�

[
Sμ(k) +Sμ(o+ l −k)

]
dk

+(IA)
l∫
o

g′(k)
[g(k)−g(o)]�

[
Sμ(k) +Sμ(o+ l −k)

]
dk

⎤⎥⎥⎥⎦ ≤I
Sμ(o) +Sμ(l)

2
(83)

By using inequality (83), we obtain the following inequalities:

Γ(� + 1)

4[g(l)− g(o)]�

[
J�o+;gHμ(l, ı) + J�l−;gHμ(o, ı)

]
≤I

Sμ(o, ı) +Sμ(l, ı)
2

(84)

Γ(�+ 1)

4[g(l)− g(o)]�

[
J�o+;gHμ(l, j) + J�l−;gHμ(o, j)

]
≤I

Sμ(o, j) +Sμ(l, j)
2

(85)

Γ(�+ 1))
4[�(j)−�(ı)]�

[
J�ı+;�Dμ(o, j) + J�j−;�Dμ(o, ı)

]
≤I

Sμ(o, ı) +Sμ(o, j)
2

(86)

and
Γ(�+ 1))

4[�(j)−�(ı)]�
[
J�ı+;�Dμ(l, j) + J�j−;�Dμ(l, ı)

]
≤I

Sμ(l, ı) +Sμ(l, j)
2

(87)

Combining the inequalities (84) to (87), we obtain the last inequality in (67). This completes
the proof completely. �

Remark 4. (i) Assuming the conditions of Theorem 5 hold, setting g(v) = v,�(r) = r and μ =

0 yields the following inequalities for the Riemann–Liouville F·N ·V-fractional double integrals:

S(o+l
2 , ı+j

2 )

≤I
Γ(�+1)

4(l−o)�
[
J�
o+S(l, ı+j

2 ) +J�
l−S(o, ı+j

2 )
]

+ Γ(�+1)
4(j−ı)�

[
J�

ı+S(o+l
2 , j) +J�

j−S(o+l
2 , ı)

]
≤I

Γ(�+1)Γ(�+1)
4(l−o)�(j−ı)�

⎡⎣ J
�,�
o+,ı+S(l, j) +J

�,�
o+,j−S(l, ı)

+J
�,�
l−,ı+S(o, j) +J

�,�
l−,j−S(o, ı)

⎤⎦
≤I

Γ(�+1)
8(l−o)�

[
J�
o+S(l, ı) +J�

o+S(l, j) +J�
l−S(o, ı) +J�

l−S(o, j)
]

+ Γ(�+1)
8(j−ı)�

[
J�

ı+S(o, j) +J�
j−S(l, j) +J�

ı+S(o, ı) +J�
j−S(l, ı)

]
≤I

S(o,ı)+S(o,j)+S(l,ı)+S(l,j)
4 .

which are proved by Budak et al. [17] in a previous study.
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(ii) Assuming the conditions of Theorem 5 hold, setting g(v) = v,�(r) = r, and μ = 0
yields the following inequalities for the Riemann–Liouville F·N ·V-fractional double integrals:

S̃(o+l
2 , ı+j

2 )

≤F
Γ(�+1)

4(l−o)�
�
[
J�
o+S̃(l, ı+j

2 )⊕J�
l−S̃(o, ı+j

2 )
]

⊕ Γ(�+1)
4(j−ı)�

�
[
J�

ı+S̃(o+l
2 , j)⊕J�

j−S̃(o+l
2 , ı)

]
≤F

Γ(�+1)Γ(�+1)
4(l−o)�(j−ı)�

�
[

J
�,�
o+,ı+S̃(l, j)⊕J

�,�
o+,j−S̃(l, ı)

⊕J�,�
l−,ı+S̃(o, j)⊕J

�,�
l−,j−S̃(o, ı)

]
≤F

Γ(�+1)
8(l−o)�

�
[
J�
o+S̃(l, ı)⊕J�

o+S̃(l, j)⊕J�
l−S̃(o, ı)⊕J�

l−S̃(o, j)
]

⊕ Γ(�+1)
8(j−ı)�

�
[
J�

ı+S̃(o, j)⊕J�
j−S̃(l, j)⊕J�

ı+S̃(o, ı)⊕J�
j−S̃(l, ı)

]
≤F

S̃(o,ı)⊕S̃(o,j)⊕S̃(l,ı)⊕S̃(l,j)
4

Corollary 6. Setting g(v) = lnv and � (r) = ln r in Theorem 5 yields the following
inequalities for the Hadamard F·N ·V-fractional double integrals:

S̃(o+l
2 , ı+j

2 )≤F
Γ(�+1)

8 [ln l
o ]

� �
[
J�o+H̃(l, ı+j

2 )⊕ J�l−H̃(o, ı+j
2 )

]
⊕ Γ(�+1)

8[ln j
ı ]
� �

[
J�ı+D̃( o+l

2 , j)⊕ J�j−D̃( o+l
2 , ı)

]
≤F

Γ(�+1)Γ(�+1)

16 [ln l
o ]

�
[ln j

ı ]
� �

[
J�,�
o+,ı+

˜ (l, j)⊕ J�,�
o+,j− ˜ (l, ı)⊕ J�,�

l−,ı+
˜ (o, j)⊕ J�,�

l−,j−
˜ (o, ı)

]
≤F

Γ(�+1)

16[ln l
o ]

� �
[
J�o+H̃(l, ı)⊕ J�o+H̃(l, j)⊕ J�l−H̃(o, ı)⊕ J�l−H̃(o, j)

]
⊕ Γ(�+1)

16[ln j
ı ]
� �

[
J�ı+D̃(o, j)⊕ J�ı+D̃(l, j)⊕ J�j−D̃(o, ı)⊕ J�j−D̃(l, ı)

]
≤F

S̃(o,ı)⊕S̃(o,j)⊕S̃(l,ı)⊕S̃(l,j)
4

Corollary 7. Assuming the conditions of Theorem 5 hold, setting g(v) = vρ

ρ and � (r) = rσ

σ

yields the following inequalities for the F·N ·V-Katugampola fractional double integrals:

S̃(o+l
2 , ı+j

2 )

≤F
Γ(�+1)ρ�

8 [lρ−oρ ]�
� �

[
ρI�o+H̃(l, ı+j

2 )⊕ ρI�l−H̃(o, ı+j
2 )

]
⊕ Γ(�+1)σ�

8[jσ−ıσ ]�
�
[

σI�ı+D̃( o+l
2 , j)⊕ σI�j−D̃( o+l

2 , ı)
]

≤F
Γ(�+1)Γ(�+1)ρ�σ�

16 [lρ−oρ ]�[jσ−ıσ ]�
�
[

ρ,σI�,�
o+,ı+

˜ (l, j)⊕ ρ,σI�,�
o+,j− ˜ (l, ı)⊕ ρ,σI�,�

l−,ı+
˜ (o, j)⊕ ρ,σI�,�

l−,j−
˜ (o, ı)

]
≤F

Γ(�+1)ρ�σ�

16 [lρ−oρ ]�
�
[

ρI�o+H̃(l, ı)⊕ ρI�o+H̃(l, j)⊕ ρI�l−H̃(o, ı)⊕ ρI�l−H̃(o, j)
]

⊕ Γ(�+1)ρ�σ�

16[jσ−ıσ ]�
�
[

σI�ı+D̃(o, j)⊕ σI�ı+D̃(l, j)⊕ σI�j−D̃(o, ı)⊕ σI�j−D̃(l, ı)
]

≤F
S̃(o,ı)⊕S̃(o,j)⊕S̃(l,ı)⊕S̃(l,j)

4 .

5. Conclusions

In this work, we have developed several weighted H · H-type inequalities within
the framework of F·N ·V-convex and F·N ·V-coordinated convex mappings. By employ-
ing differentiable F·N · V-functions together with appropriate weighting schemes, we
derived new inclusions that extend classical H · H-inequalities to a more general fuzzy
setting using different fuzzy fractional integrals. This approach provides a flexible and
robust method for handling uncertainty and imprecision inherent in many real-world and
mathematical problems. Furthermore, a number of meaningful special cases of the main
results were examined, demonstrating that the established inequalities unify and generalize
several well-known results involving Riemann–Liouville-type fractional integrals and loga-
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rithmic integral operators. These special cases highlight the effectiveness of generalized
fractional integrals in the F·N ·V-framework and illustrate the broad applicability of the
obtained results.

The findings presented in this paper contribute to the ongoing development of fuzzy
analysis and fractional inequality theory. Future research may focus on extending the
proposed inclusions to other generalized notions of convexity, such as strongly convex,
s-convex, or preinvex F·N ·V-functions, as well as exploring additional classes of fractional
operators. Such investigations may lead to further refinements and new applications of
H · H-type inequalities in fuzzy mathematics and related fields.
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