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Self-Regulating Fuzzy-LQR Control of an Inverted Pendulum
System via Adaptive Hyperbolic Error Modulation

Omer Saleem 1, Jamshed Iqbal 2,* and Soltan Alharbi 3

1 Department of Electrical Engineering, National University of Computer and Emerging Sciences,
Lahore 54770, Pakistan

2 School of Digital and Physical Sciences, Faculty of Science and Engineering, University of Hull,
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Abstract: This study introduces an innovative self-regulating intelligent optimal balanc-
ing control framework for inverted pendulum-type mechatronic platforms, designed to
enhance reference tracking accuracy and improve disturbance rejection capability. The
control procedure is synthesized by synergistically integrating a baseline Linear Quadratic
Regulator (LQR) with a fuzzy controller via a customized linear decomposition function
(LDF). The LDF dissociates and transforms the LQR control law into compounded state
tracking error and tracking error derivative variables that are eventually used to drive the
fuzzy controller. The principal contribution of this study lies in the adaptive modulation of
these compounded variables using reconfigurable tangent hyperbolic functions driven by
the cubic power of the error signals. This nonlinear preprocessing of the input variables se-
lectively amplifies large errors while attenuating small ones, thereby improving robustness
and reducing oscillations. Moreover, a model-free online self-tuning law dynamically ad-
justs the variation rates of the hyperbolic functions through dissipative and anti-dissipative
terms of the state errors, enabling autonomous reconfiguration of the nonlinear preprocess-
ing layer. This dual-level adaptation enhances the flexibility and resilience of the controller
under perturbations. The robustness of the designed controller is substantiated via tailored
experimental trials conducted on the Quanser rotary pendulum platform. Comparative
results show that the prescribed scheme reduces pendulum angle variance by 41.8%, arm
position variance by 34.6%, and average control energy by 28.3% relative to the baseline
LQR, while outperforming conventional fuzzy-LQR by similar margins. These results show
that the prescribed controller significantly enhances disturbance rejection and tracking
accuracy, thereby offering a numerically superior control of inverted pendulum systems.

Keywords: inverted pendulum; intelligent control; optimal balancing; fuzzy-LQR fusion;
self-regulating control; hyperbolic tangent functions; disturbance rejection

1. Introduction

The inverted pendulum (IP) system is a well-known benchmark problem in control
theory that has been extensively researched because of its nonlinear dynamics, underactu-
ated configuration, and inherent kinematic instability [1]. Their balancing control is not
just a theoretical challenge but a practical necessity in many mechatronic applications,
especially where systems are required to maintain postural stability even in the presence
of environmental disturbances [2,3]. The IP system needs an agile control mechanism

Machines 2025, 13, 939 https://doi.org/10.3390/machines13100939
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to actively maintain vertical balance because the bounded disturbances can cause it to
collapse when upright [4]. The solution to this control problem is extensively used in a
vast range of applications, ranging from attitude stabilization of drones to gait control
in self-balancing scooters and walk-assistive robotic mechanisms [5,6]. Similarly to IPs,
these systems are also required to maintain stability while moving or interacting with their
surroundings, which makes efficient balancing control crucial [7]. The traditional control
methods lack effectiveness against large disturbances owing to their nonlinear characteris-
tics [8]. Therefore, devising control procedures that concurrently deal with nonlinearity
and disturbances can substantially improve the performance and dependability of these
systems in practical situations.

1.1. Literature Review

Different control techniques have been explored to achieve stabilization and trajectory
tracking in IP systems [9]. Among them, the ubiquitous PID control is simple, easy
to implement, and computationally efficient, making it suitable for small disturbances
and linearized models [10]. However, it struggles with nonlinearities, requires manual
tuning, and lacks robustness [11]. Fractional Order PID (FOPID) improves upon PID by
offering finer tuning flexibility, better disturbance rejection, and improved robustness, but
it introduces additional design complexity and higher computational demands [12]. It also
introduces additional parameters, making the tuning process more complex [13]. Moreover,
implementing non-integer-order integrals and derivatives is computationally intensive and
often requires specialized numerical methods or approximation techniques for practical
situations [14]. The sliding-mode control is highly robust to disturbances and uncertainties,
ensuring finite-time convergence and strong stability, but it suffers from chattering, requires
a precise model, and may need additional smoothing techniques [15,16]. The model
predictive control effectively addresses constraints and nonlinearities by optimizing control
actions over a prediction horizon [17]. However, it is computationally intensive, demands
an accurate system model, and may introduce latency issues due to solving optimization
problems at each step [18].

The Linear Quadratic Regulator (LQR) has been a dominant approach because of
its optimal state feedback formulation and ability to minimize a quadratic cost function
balancing control effort and state deviation [19]. LQR offers a computationally efficient
solution for controlling an IP by deriving an optimal gain vector by solving the Riccati
equation. The method ensures stability under nominal conditions and is extensively used in
balancing underactuated robotic and mechatronic platforms [20]. However, standard LQR
assumes a linearized state space model, which limits its performance in highly nonlinear
regimes, model uncertainties, and external disturbances [21]. Its ineffectiveness against
parametric variations has led researchers to explore hybrid approaches that integrate
nonlinear and intelligent control techniques to enhance its performance [22].

Among the intelligent control systems, the neural controllers provide an agile control
effort [23]. However, they require large training datasets and put a recursive computational
burden on the digital computer [24]. The Fuzzy logic control (FLC) scheme, on the other
hand, has also gained traction in controlling nonlinear and underactuated systems due to its
ability to handle imprecise and uncertain information [25]. Unlike model-based controllers,
the FLC relies on expert knowledge and heuristic rules, making it adaptable to complex
dynamic environments [26]. They need an extensive set of qualitative rules in order to
create a precise control model. The calibration of the associated membership functions is a
laborious process, necessitating their hybridization with traditional controllers to achieve
improved performance [27].

2
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Comparative studies indicate that hybrid FLC approaches, such as Fuzzy-PID and
Fuzzy-LQR, outperform standalone fuzzy controllers in terms of design flexibility and
adaptability [28]. These hybrid schemes leverage the robustness of fuzzy inference while
maintaining the inherent optimal characteristics of conventional controllers, leading to
improved balance control and disturbance rejection. Recent studies on the hybridization of
FLC and LQR controllers have shown that fuzzy inference can compensate for LQR’s sensi-
tivity to parameter variations by adjusting the LQR’s control yield dynamically based on
system states [29]. The use of nonlinear scaling functions for control signal modulation and
adaptive gain scaling has been extensively studied in robotic applications [30]. Hyperbolic
functions, particularly, have been utilized for their smooth saturation properties, allow-
ing for adaptive gain adjustments and dynamic self-regulation of state error magnitudes
without abrupt changes [31].

Recent developments in data-driven and machine learning-based control strategies
have shown significant promise for rotary inverted pendulum systems [32,33]. Reinforce-
ment learning (RL) techniques have been successfully applied to trajectory tracking and
stabilization tasks in underactuated pendulum systems, demonstrating improved adapt-
ability to nonlinear dynamics [34]. Recent studies show that RL can achieve model-free
swing-up and balancing of a quadruple inverted pendulum [35]. However, these tech-
niques often demand substantial training data and significant computational resources,
which can limit their practicality for real-world applications [36]. Moreover, their lack of
formal stability reduces their reliability in safety-critical environments [37]. Finite-time
continuous extended state observers have also been designed and experimentally validated
on electro-mechanical and electro-hydraulic systems, demonstrating improved disturbance
rejection and accurate state estimation [38].

1.2. Proposed Methodology

This paper presents a novel self-regulating compounded-state Fuzzy-LQR (FLQR) con-
trol strategy for stabilizing a Single-Link Rotary-Inverted-Pendulum (SLRIP). To overcome
the standard LQR’s performance constraints against modeling uncertainties and bounded
disturbances, the proposed scheme is realized by decomposing the control law into two
key components: a Compounded State Error (CSE) variable and a Compounded State Error
Derivative (CSED) variable. These aggregated variables encapsulate the system’s dynamic
behavior and are fed into a Fuzzy Inference System (FIS) to generate an adaptive and robust
control input. The integration of fuzzy logic enhances the LQR’s disturbance rejection
capability, providing improved adaptability to system uncertainties while maintaining
optimal state feedback control.

The proposed scheme is further enhanced by introducing a cubic hyperbolic tangent
function (CHTF) to preprocess the CSE and CSED variables before feeding them into the FIS.
The hyperbolic function not only normalizes the input variables within ±1 for improved
fuzzy reasoning but also introduces selective attenuation and amplification regions to
enhance control input efficiency. Additionally, the variation rate of CHTF’s waveform is
adaptively modified online as a function of state deviations, via a pre-calibrated model-free
learning algorithm. The principal contributions of this study are listed below:

1. Formulation of the proposed CS-FLQR scheme for the SLRIP. The baseline LQR law is
decomposed into CSE and CSED variables, which are processed through an FIS to
enhance the control system’s resilience against exogenous perturbations.

2. Integration of pre-calibrated CHTFs for adaptive preprocessing of CSE and CSED
variables to normalize them within ±1 and to create selective attenuation and amplifi-
cation regions for improved control efficiency.

3
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3. Augmentation of the CHTFs with model-free adaptive tuning principles to dynam-
ically adjust the said function’s variation rate and hence the magnitudes of com-
pounded error variables to further enhance the controller’s adaptability.

4. Performance validation of the proposed self-regulating CS-FLQR against baseline
CS-FLQR and classical LQR via customized experimental trials conducted on the
Quanser rotary pendulum platform [39].

This hybrid structure significantly improves control input economy, robustness, and
adaptability in the presence of disturbances and uncertainties. In comparison to standard
LQR, the fuzzy-augmented LQR allows for dynamic adjustment of control actions based on
error conditions, resulting in faster convergence and lower steady-state error. The integra-
tion of CHTFs for the preprocessing of compounded error variables produces a smooth and
bounded control input, which reduces excessive oscillations and economizes the control
effort. Additionally, the online adaptive reconfiguration of the CHTF’s waveform aids the
control law in efficiently adapting to varying system dynamics, making it more suitable for
highly dynamic systems like SLRIP platforms.

Despite advances in LQR-based, fuzzy-based, and hybrid control systems, existing
approaches continue to encounter issues in terms of real-time adaptability and robustness
against disturbances. The deployment of reconfigurable CHTFs as an adaptive error scaling
mechanism is still underexplored. This study fills these gaps by providing a self-regulating
CS-FLQR controller that dynamically modulates control signals using cubic error-driven
CHTFs and model-free adaptive tuning principles. The proposed control procedure is
intended to greatly improve tracking accuracy and disturbance compensation in IP-type
robotic systems.

It is worth noting that earlier works addressed inverted pendulum stabilization con-
trol from different methodological perspectives. Specifically, ref. [12] introduced dual
fractional-order PD controllers optimized via nonlinear intelligent adaptive mechanisms,
ref. [16] developed an EKF-based fuzzy adaptive sliding mode controller with hardware
validation, ref. [21] proposed a phase-based adaptive fractional LQR tailored for pendulum-
type robots, and ref. [22] presented a complex-order LQIR framework with experimental
verification. In contrast, the present study contributes a self-regulating fuzzy-LQR formu-
lation that integrates LQR decomposition, nonlinear error modulation, and model-free
variance adaptation and validates its efficacy on an SLRIP platform.

The remainder of the article is organized as follows: The SLRIP system’s model
description and the baseline LQR formulation are presented in Section 2. The development
and stability analysis of the proposed self-regulating CS-FLQR scheme is detailed in
Section 3. The controller parameter tuning process is outlined in Section 4. The simulation
results and their analysis are presented in Section 5. The study is concluded in Section 6.

2. System Description

The SLRIP system consists of a vertically oriented rod attached to a horizontally
rotating arm, which is driven by a geared DC servomotor. The schematic is illustrated in
Figure 1 [22]. The system necessitates a closed-loop control algorithm for maintaining the
pendulum’s link in an upright position while ensuring effective tracking of the rotating
arm’s reference position. An input voltage signal produced by the control algorithm
controls the angular displacement of the DC motor, causing the horizontal arm to rotate.
The arm is pivoted at the motor shaft. This rotational motion provides the energy required
to swing the pendulum upward and keep it in an upright position. The angular motion of
the rotating arm is referred to as α. The angular motion of the pendulum about its pivot
is represented by θ. These angular positions are measured using rotary optical encoders
attached to the pendulum’s pivot and the motor’s shaft.
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Figure 1. Schematic of the SLRIP system [22].

2.1. System’s Mathematical Model

The Euler–Lagrange formula is used to derive the system’s mathematical model, which
takes into consideration the system’s mechanical and electrical dynamics. The dynamics of
the system are described by the Lagrangian function using the generalized angular position
coordinates (α and θ) [40]. The Lagrangian L(α, θ) is defined as the difference between the
kinetic energy (T) and potential energy (V) of the system, as expressed in Equation (1).

L(α, θ) = T −V (1)

where,

T =
1
2

Je
( .
α
)2

+
1
2

Mp

(
r

.
α− lp

.
θ(cosθ)

)2
+

1
2

Mp

(
−lp

.
θ(sinθ)

)2
+

1
2

Jp

( .
θ
)2

,

and,
V = Mplpg(cos θ)

where
.
α is the arm’s angular velocity,

.
θ is the pendulum link’s angular velocity, Je is the

moment about the motor shaft, Mp is the mass of the pendulum, r is the length of the
horizontal arm link, lp is the fixed geometric distance from the pivot to the pendulum link’s
center of mass, and Jp is the moment about the pendulum. Table 1 quantifies the model
parameters related to the Quanser rotary pendulum platform utilized in this study [41].
The formulation of L(α, θ) is expressed as follows.

L(α, θ) =
1
2

(
Je + Mpr2

) .
α

2
+

(
2
3

Mplp
2 +

1
2

Jp

)
.
θ

2
−Mplpr

.
α

.
θcos θ −Mplpgcos θ (2)

The formulation of the nonlinear equations of motion is presented in Equation (3) [40].

d
dt

(
dL
d

.
α

)
− dL

dα
= τ − bv

.
α,

d
dt

(
dL

d
.
θ

)
− dL

dθ
= 0 (3)

where τ denotes the DC motor’s control torque, and bv represents the motor’s viscous
friction coefficient. Due to its minimal influence, viscous friction is omitted from the model
formulation. The torque produced by the DC motor is,
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Table 1. Model specifications of Quanser SLRIP [41].

Parameter Description Value Unit

Mp Pendulum’s mass 0.027 kg
lp Pivot to pendulum’s center distance 0.153 m
Lp Pendulum link length 0.191 M
r Horizontal arm length 0.083 M
Marm Arm’s mass 0.028 Kg
g Acceleration due to gravity 9.810 m/s2

Je Moment about motor shaft 1.23 × 10−4 kgm2

Jp Moment about pendulum 1.10 × 10−4 kgm2

Rm Motor’s armature resistance 3.30 Ω
Lm Motor’s armature inductance 47.0 mH
Kt Motor torque coefficient 0.028 Nm
Km Back-EMF coefficient 0.028 V/(rad/s)
Tm Maximum torque 0.14 Nm

τ =
Kt
(
Vm − Km

.
α
)

Rm
(4)

where Vm represents the DC motor’s input (control) voltage, Kt represents the motor’s
torque coefficient, Km represents the back electromotive-force (EMF) coefficient, and Rm is
the motor’s internal resistance. By applying the Euler–Lagrange equations, the nonlinear
equations of motion are derived as follows [39].

..
α =

−rM2
pl2

pg(cos θ)θ − Jp Mpr2cos θsin θ
( .
α
)2 − (Jp + Mpl2

p

)
τ(

Mpr2
(
sin2 θ

)
− Je −Mpr2

)
Jp −Mpl2

p Je
(5)

..
θ =

−Mplp

((
Mpr2g

(
sin2 θ

)
− Jeg−Mpr2g

)
θ + rJesin θ

( .
α
)2 − r τcos θ

)
(

Mpr2
(
sin2 θ

)
− Je −Mpr2

)
Jp −Mpl2

p Je
(6)

To facilitate controller design, the nonlinear system is linearized around the upright
equilibrium position (α = 0, θ = π rad.,

.
α = 0,

.
θ = 0). Under the assumption of small

angular displacements, the standard approximations sin θ ≈ θ and cos θ ≈ 1 are applied,
leading to the following set of linearized equations.

..
α(t) =

1
H

⎛
⎝rM2

pl2
pgθ(t)−

(
Jp + Mpl2

p

)
KtKm

Rm

.
α(t) +

(
Jp + Mpl2

p

)
Kt

Rm
Vm

⎞
⎠ (7)

..
θ(t) =

1
H

(
Mplpg

(
Je + Mpr2

)
θ(t)− rMplpKtKm

Rm

.
α(t) +

rMplpKt

Rm
Vm

)
(8)

suchthat, H = Je Jp + Mpr2 Jp + Mpl2
p Je

It should be noted that the derived dynamics correspond to the classical Furuta (rotary
inverted) pendulum configuration, which is the actual physical setup employed in this
study [2]. The Furuta pendulum model is well established in the literature [42]. Hence, it is
directly applicable to the Quanser SLRIP (Markham, ON, Canada) used in our experiments.

The linearized state-space representation of the system is shown below.

.
x(t) = Ax(t) + Bu(t), y(t) = Cx(t) + Du(t) (9)

6
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where x(t), y(t), and u(t) represent the state, output, and control input vectors, respectively.
The matrices A, B, C, D represent the system, input, output, and feedforward matrices,
respectively. The state vector and input of the SLRIP are provided in Equation (10).

x(t) =
[
α(t) θ(t)

.
α(t)

.
θ(t)

]T
, u(t) = Vm (10)

The SLRIP system’s nominal state-space model is provided as follows [39].

A =

⎡
⎢⎢⎢⎣

0 0 1 0
0 0 0 1
0
0

a1

a3

a2 0
a4 0

⎤
⎥⎥⎥⎦, B =

⎡
⎢⎢⎢⎣

0
0
b1

b2

⎤
⎥⎥⎥⎦, C =

⎡
⎢⎢⎢⎣

1 0 0 0
0 1 0 0
0
0

0
0

1 0
0 1

⎤
⎥⎥⎥⎦, D =

⎡
⎢⎢⎢⎣

0
0
0
0

⎤
⎥⎥⎥⎦ (11)

where, a1 =
rM2

pl2
pg

Jp Je + Jel2
p Mp + Jp Mpr2 , a2 =

−KtKm

(
Jp + Mpl2

p

)
(

Jp Je + Jel2
p Mp + Jp Mpr2

)
Rm

,

a3 =
Mplpg

(
Je + Mpr2)

Jp Je + Jel2
p Mp + Jp Mpr2 , a4 =

−rMplpKtKm(
Jp Je + Jel2

p Mp + Jp Mpr2
)

Rm

,

b1 =
Kt

(
Jp + Mpl2

p

)
(

Jp Je + Jel2
p Mp + Jp Mpr2

)
Rm

, b2 =
rMplpKt(

Jp Je + Jel2
p Mp + Jp Mpr2

)
Rm

Table 1 quantifies the system’s model parameters. The reported value of the pendulum
center of mass (identified in Table 1) of 0.153 m refers to the fixed geometric distance from
the pivot to the pendulum link’s center of mass, as provided in the Quanser datasheet [41].
This constant parameter is defined in the local body frame and is used in system modeling
and controller design. It is to be noted that this link-level pendulum center of mass remains
invariant and is the relevant quantity for linearization.

2.2. Baseline LQR Strategy

The LQR strategy is employed to stabilize and regulate the RIP system by utilizing
full-state feedback [43]. The quadratic cost function, specified in (12), penalizes variations
in the control input and state.

Jlq =
1
2

∫ ∞

0

(
x(t)TQx(t) + u(t)TRu(t)

)
dt (12)

where Q ∈ R
4 × 4 is a positive semi-definite state weighting matrix and R ∈ R is a positive

control input weighting factor [39]. For the SLRIP system, the Q and R matrices are
parameterized as follows.

Q = diag
(

qα qθ q .
α q .

θ

)
, R = ρ (13)

where qα, qθ , q .
α, q .

θ
, and ρ are tuning parameters that influence the control performance.

These matrix parameters are selected such that qx ≥ 0 and ρ > 0. An offline tuning
procedure (explained in Section 4) is used to select these parameter settings. The expression
of the optimal control law is provided in Equation (14).

u(t) = −Kx(t) (14)
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where K =
[
kα kθ k .

α k .
θ

]
is the state feedback gain matrix, given by Equation (15).

K = R−1BTP (15)

where P ∈ R
4×4 is a symmetric positive definite matrix. The matrix P is acquired by solving

the following Algebraic-Riccati-Equation (ARE).

ATP + PA− PBR−1BTP + Q = 0 (16)

The solution of the ARE ensures asymptotic stability, provided that the weighting
matrices are chosen such that, R = RT > 0 and Q = QT ≥ 0. This stability criterion is
discussed as follows.

Stability Analysis: The asymptotic stability of the LQR is verified via the following
Lyapunov function [21].

V(t) = x(t)TP(t)x(t) > 0, for x(t) �= 0 (17)

The time-derivative of V(t) is presented below.

.
V(t) = 2x(t)TP

.
x(t)

= 2x(t)TP(A− BK(t))x(t)
= 2x(t)TP

(
A− BR−1BTP

)
x(t)

= x(t)T(PA + ATP
)

x(t)− 2x(t)T(PBR−1BTP
)

x(t)

(18)

By substituting the ARE, the expression above is simplified as shown in Equation (19).

.
V(t) = −x(t)TQx(t)− x(t)T

(
PBR−1BTP

)
x(t) (19)

Since Q ≥ 0 and R > 0, it follows that
.

V(t) < 0, ensuring the LQR law maintains
asymptotic stability. The block diagram of the LQR law is depicted in Figure 2.

Figure 2. Block diagram of the baseline LQR law.

3. Proposed Control Methodology

The prescribed self-regulating FLQR method for the position regulation of the SLRIP
systems is systematically formulated in this section.

3.1. Fuzzy-Based Linear Quadratic Regulator (FLQR)

The FLQR strategy is introduced to improve the resilience of the SLRIP system against
parametric uncertainties and external disruptions. The proposed control procedure inte-
grates the LQR’s optimal control capabilities with the adaptive nature of fuzzy logic to
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adaptively reconfigure the control actions as the error dynamics vary [29]. The main goal
of this approach is to enhance the system’s transient behavior and strengthen its ability
to damp oscillations while preserving its control input economy. The proposed FLQR is
realized by designing a customized linear decomposition function (LDF) that decomposes
the baseline LQR control law into two components: a CSE variable and a CSED variable.
To acquire the said compounded error variables, the state feedback gain vector of the LQR
law is rewritten as shown in Equation (20), [29].

K̂ =

[
kα kθ

0 0
0 0
k .

α k .
θ

]
(20)

The formulation of the LDF for the SLRIP is defined as follows [29].[
ε(t)
.
ε(t)

]
= −K̂x(t) (21)

such that,
ε(t) = −kα α(t)− kθ θ(t),

and,
.
ε(t) = −k .

α

.
α(t)− k .

θ

.
θ(t).

where ε(t) is the CSE variable and
.
ε(t) is the CSED variable. The arrangement above

consolidates the system’s multiple state variables into the CSE and CSED. These aggregated
variables encapsulate the system’s dynamic behavior and simplify the implementation
of the FIS to generate an adaptive and robust control input. The FIS leverages fuzzy
logic principles to enhance the system’s adaptability and robustness by dynamically re-
adjusting control actions in response to state variations and disturbances. It employs a
set of heuristically designed fuzzy logic (qualitative) rules and predefined membership
functions (MFs) to infer precise control actions from input data. The fuzzy logical rules are
formulated using the expert’s knowledge to regulate the control effort as a function of the
system’s tracking error variations. Considering the operational requirements of the SLRIP’s
balancing control problem, the meta rules established to construct the fuzzy qualitative
rules are listed below.

1. Amplify the control effort when the system deviates from the desired state.
2. Reduce the control effort as the system approaches the stable equilibrium.

The above rules are computationally implemented for the online refinement of control
actions through a two-input Mamdani-type FIS, where the inputs are derived from the
error dynamics of the system. The two compounded error variables are normalized
(between −1 and +1) by processing them through a cubic HTF [21]. The cubic HTF
is employed in this study due to its favorable combination of smooth saturation, odd
symmetry, and adjustable steepness via tunable variation rate [21]. Its waveform ensures
smooth normalization of the error signals within the bounded range of ±1. Moreover, its
cubic formulation introduces selective amplification and suppression regions, such that it
significantly attenuates small error fluctuations, reducing unnecessary control effort and
chattering, while sharply amplifying larger errors to ensure rapid corrective action [21].
The cubic HTF is preferred over other odd-symmetric functions, like the hard-tanh or
soft-sign functions. The hard-tanh function renders abrupt transitions, which introduce
discontinuities or chattering in control signals [44]. On the other hand, the soft-sign function
offers gentler scaling but weaker nonlinearity near the origin. This cubic nonlinear scaling

9
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enhances the controller’s sensitivity in critical conditions, improving control efficiency and
robustness [45]. The normalized compounded error variables are expressed below.

εn(t) = tanh
(

γ (ε(t))3
)

(22)

.
εn(t) = tanh

(
δ
( .
ε(t)
)3) (23)

where tanh(.) represents the HTF, and γ and δ are the pre-determined variation rates of
the HTFs. The parameters γ and δ are determined by using the offline tuning procedure
(explained in Section 4). The cube of the CSE and CSED is fed the input to the HTFs. The
waveform of the prescribed cubic HTF, formulated in Equations (22) and (23), with respect
to an input error variable is depicted in Figure 3.

Figure 3. Waveform of the cubic HTF formulated for error normalization.

As discussed earlier, the formulation of the cubic HTF generates distinct amplified
and suppressed error regions, as illustrated in Figure 3, leading to a sharp increase in the
magnitude of εn(t) and

.
εn(t) under large error conditions, while significantly reducing it for

smaller errors [46]. The preprocessing of CSE and CSED variables via the above-mentioned
CHTFs not only normalizes them within ±1 but also creates selective attenuation and
amplification regions for improved control efficiency. The normalized error variables εn(t)
and

.
εn(t) serve as inputs to the FIS, while the normalized control action λ

(
εn,

.
εn
)

serves as
the output of the FIS. The crisp input values are converted into fuzzy linguistic variables by
the fuzzification module. The input and output variables are classified into seven linguistic
categories: Negative Big (NB), Negative Medium (NM), Negative Small (NS), Zero (Z),
Positive Small (PS), Positive Medium (PM), and Positive Big (PB). Table 2 presents the
complete fuzzy rule-base, which consists of 49 qualitative rules. For fuzzy implication, the
max-min inference method stated in Equation (24), is employed.

μi = min
(

gi(εn), gi
( .
εn
))

(24)

where μ is the degree of the MF, i is the number of rule, and gi(.) is the triangular input MF
of the following form [16].

g( f ) =

⎧⎪⎪⎨
⎪⎪⎩

1 + f−ci
bi
− , −bi

− ≤ f − ci ≤ 0

1− f−ci
bi
+ , 0 ≤ f − ci ≤ bi

+

0, otherwise

(25)

10
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where f represents the normalized value of the input εn and
.
εn, while bi

−, ci, and bi
+

correspond to the left-half width, centroid, and right-half width of the input MF, respectively.
Symmetrical triangular MFs are adopted in this work to simplify computation during fuzzy
implication and aggregation.

Table 2. Fuzzy inference rule-base used for online control adjustment.

εn ↓/
.
εn → NB NM NS Z PS PM PB

NB NB NB NB NB NM NS Z
NM NB NB NB NM NS Z PS
NS NB NB NM NS Z PS PM
Z NB NM NS Z PS PM PB
PS NM NS Z PS PM PB PB
PM NS Z PS PM PB PB PB
PB Z PS PM PB PB PB PB

The waveforms of the input MFs as well as the output fuzzy MFs are depicted in
Figure 4a and Figure4b, respectively. While the membership functions appear visually
similar due to the use of identical triangular shapes and evenly spaced centroids for design
uniformity, Figure 4a corresponds to the fuzzification of the compounded error variables,
whereas Figure 4b represents the output control signal space. The centroid defuzzification
method, defined in Equation (26), is used to acquire the crisp output λ

(
εn,

.
εn
)

[16].

λ
(
εn,

.
εn
)
=

∑N
i=1 μi wi

∑N
i=1 μij

(26)

where w represents the output MF’s centroid, and N = 49 denotes the number of fuzzy
rules. The resulting crisp output is then processed using the saturation function, formulated
in Equation (27), to generate the refined control action.

u(t) = Vsattanh
(
λ
(
εn,

.
εn
))

(27)

where Vsat sets the lower and upper bounds of the applied control input, preventing the
SLRIP’s actuator (DC motor) from getting saturated. The value of Vsat is set to 15.0 V as per
the guidelines provided in [32]. The schematic of the FLQR scheme is shown in Figure 5.

 

Figure 4. MF waveforms of (a) input variables, and (b) output variable.
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Figure 5. Block diagram of the FLQR law.

3.2. Self-Regulating FLQR Law

The selection of fixed variation rates for the CHTFs, in the FLQR law, formulated
for the nonlinear preprocessing of the CSE and CSED variables, presents a fundamental
limitation, as it constrains the controller’s adaptability to reject parametric variations
and environmental uncertainties. This issue is addressed by dynamically self-regulating
the variation rates through a model-free online adaptive tuning law, which optimizes
the inflation or depreciation of the applied control force in real time. This enhancement
improves system sensitivity and responsiveness, allowing the controller to efficiently
modulate control effort, minimize oscillations, and compensate for disturbances with
reduced energy consumption.

The online self-tuning mechanism, proposed in [47], is employed due to its robust
tracking performance. It is formulated by using pre-configured anti-dissipative and dissi-
pative functions that adjust the hyperbolic function’s variation rates after each sampling
interval based on the system’s CSE and CSED variables [39,45]. The formulations of the
aforesaid Variance Adaptation Functions (VAFs) are expressed as follows [47].

.
γ(t) = −σ1γ(t) + β1(ε(t))

2 (28)

.
δ(t) = −σ2δ(t) + β2ε(t)

.
ε(t) (29)

where σ1 and σ2 represent the pre-configured positive decay rates, and β1 and β2 represent
the pre-configured positive adaptation rates associated with the online adaptation functions.
The parameters governing adaptation and damping rates are optimized as per the offline
tuning method described in Section 4. The constructed VAFs dynamically regulate the
stiffness or softness of control action depending on the state’s deviations from the reference,
ensuring adaptive performance. Each of these VAFs consists of a dissipative term and an
anti-dissipative term, as demonstrated below.

Dissipative term:
{
−σ1γ(t)
−σ2δ(t)

Anti-dissipative term:
{

β1(ε(t))
2

β2ε(t)
.
ε(t)

Each of these terms serves a specific purpose while modifying the variation rate. The
rationale is presented as follows [47].

1. Dissipative term: Reduces the variation rate under small error conditions, ensuring
gentle settlement of the response as it approaches reference, reducing steady-state
fluctuations, and preventing wind-up.
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2. Anti-dissipative term: Amplifies the variation rate when the state error increases,
promoting an aggressive control action to suppress overshoots, while speeding up
the transient recovery response.

The VAFs formulated in Equations (28) and (29) are unified as a first-order differential
equation, expressed in Equation (30).

.
v(t) = Hv(t) + Mε(t) (30)

such that,

v(t) =

[
γ(t)
δ(t)

]
, H =

[
−σ1 0

0 −σ2

]
, M =

[
β1 0
0 β2

]
, ε(t) =

[
(ε(t))2

ε(t)
.
ε(t)

]

where v(t) represents a vector of time-varying variation rate gains, while ε(t) denotes a
vector containing state-error-dependent terms. The H and M matrices are positive-definite,
where H contains the decay rates σ1 and σ2, and M includes the adaptation rates β1 and β2.
At each sampling interval, the ordinary differential equation in Equation (30) is integrated
numerically to determine v(t), thereby updating the variation-rates. The variation rate
adaptation process is computationally realized by solving the ordinary differential equation
in Equation (30), as expressed in Equation (31).

v(t) = exp(−Ht)v(0) +
t∫

0

(exp(−H(t− p))Mε(p))dp (31)

where exp(.) denotes the exponential function. The initial variation rate vector v(0) contains
the offline optimized values of γ and δ (refer to Section 4). The coefficients of the vector
v(t) are adaptively modified online after each sampling interval based on the system’s state
and error variations. The rate adaptation process initiates with the initial variation rates,
v(0), prescribed for FLQR in Section 4. As long as the exponent of the exponential term
−H remains negative definite, exp(−Ht) decays to zero over time. This behavior ensures
that the proposed adaptation law exhibits exponential stability, as the output progressively
diminishes. These VAFs deliver time-varying variation rates γ(t) and δ(t), which are then
incorporated into the cubic HTFs. The expressions of the self-regulating CSE and CSED
variables are shown in Equations (32) and (33).

εn,sr(t) = tanh
(

γ(t) (ε(t))3
)

(32)

.
εn, sr(t) = tanh

(
δ(t)
( .
ε(t)
)3) (33)

where εn,sr(t) and
.
εn, sr(t) represent the self-regulating compounded error variables. After

adaptive preprocessing via VAFs, the modified compounded error variables are fed directly
to the FIS as input variables for the computation of the final control action. This arrange-
ment dynamically reconfigures the shape and form of the cubic HTFs as per the state
deviations, influencing the normalized CSE and CSED variables to manipulate the strength
of the damping control action yielded by the FIS. Thus, apart from normalizing the input
variables within ±1 for improved fuzzy reasoning and introducing selective attenuation
and amplification regions to enhance control input efficiency, the designed VAFs adaptively
reconfigure the waveform of CHTF to improve the FLQR’s flexibility and responsivity
to effectively reject external disturbances. Consequently, the system efficiently mitigates
overshoots, steady-state fluctuations, and disruptive control actions. The proposed control
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procedure is referred to as the Self-Regulating FLQR (SR-FLQR) law. The block diagram of
SR-FLQR law is illustrated in Figure 6.

Figure 6. Block diagram of the proposed SR-FLQR law.

4. Parameter Optimization Method

The effectiveness of the LQR depends on both the system’s state deviations and the
adjustments in the control signal. The optimal control performance is achieved by appro-
priately selecting the weighting factors for the state matrix Q = diag

(
qα qθ q .

α q .
θ

)
and control input factor R = ρ. The operation of the FLQR scheme is dictated by the
optimal selection of the pre-determined variation rates, γ and δ, of the HTFs. Similarly, the
performance of the proposed self-regulating FLQR scheme, formulated in Section 3.2, is
influenced by the predefined selection of the learning gains (σ1, σ2, β1, and β2) associated
with the VAFs that dynamically reconfigure the waveform of the HTFs.

4.1. Tuning Algorithm

To optimize the aforementioned controller parameters offline, the cost function in
Equation (34) is minimized [21].

Jc =
∫ T

0

[
(eα(t))

2 + (eθ(t))
2 + (u(t))2

]
dt (34)

where T represents the duration of an experimental trial, eα(t) = α(t) − α(0) and
eθ(t) = θ(t)− π, denote the deviation (or error) in the horizontal arm and pendulum
link from their respective reference positions. The pendulum link’s reference position is set
at π radians, while the arm’s reference is set at its initial position, α(0). Equal weights are
applied to the variables in the cost function Jc to ensure a balanced compromise between
tracking accuracy and control efficiency. This approach avoids biasing the controller toward
any single objective. This setting ensures that neither the position errors nor the control
effort are overly prioritized, leading to a well-rounded controller that maintains accurate
reference tracking while minimizing excessive control actions. For the baseline LQR design,
the weighting coefficients for the state error and control cost terms are selected within
the range [0, 100] to balance performance and energy efficiency [1]. For the FLQR design,
the variation rates, γ and δ, of the HTFs are selected within the range [0, 10]. For the
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self-regulating FLQR design, the decay rates (σ1 and σ2) and adaptation rates (β1 and β2)
associated with the VAFs are selected within the range [0, 1] and [0, 10], respectively. The
parameter selection and tuning process is depicted in Figure 7 [21]. The experimental
implementation details are provided in Section 5.

Figure 7. Parameter selection process [21].

The tuning procedure begins by setting all initial controller parameters to unity. Each
iteration involves modifying the designated control parameters, manually positioning
the pendulum rod in an upright state, and balancing it for a duration of 10 s to evaluate
the corresponding cost Jc,k, where k denotes the trial number. The optimization follows
a gradient-based approach, iteratively refining the parameters to minimize the cost func-
tion [21]. If the cost associated with the current trial, Jc,k, is less than that of the preceding
trial, Jc,k−1, the local minimum cost, Jc,min, is revised accordingly.

The tuning process terminates when either the predefined maximum number of tri-
als, kmax, is reached or Jc,min falls below a specified threshold. The termination threshold
is empirically determined through preliminary algorithmic trials, which assess different
threshold values to achieve the best trade-off between solution accuracy and computational
efficiency while avoiding premature convergence. In this study, the initial minimum cost is
recorded as J0

c,min ≈ 0.89× 106 [21]. A scaling factor of 0.01 is applied to establish the stop-
ping criterion, ensuring efficient convergence while mitigating unnecessary computational
complexity. A larger scaling factor would impose an excessive computational cost, whereas
a smaller factor risks premature termination. Consequently, the algorithm concludes when
Jc,min reaches 0.01 J0

c,min. For this study, the final threshold values for Jc,min and kmax are set
at 1× 104 and 30, respectively.

4.2. Controller Parameterization

Upon completion of the optimization process, the following set of parameters is
acquired. For the LQR, the weighting coefficients of the state and control matrices are
obtained as Q = diag

(
32.82 52.23 6.12 2.51

)
and R = 1.02. The corresponding state

feedback gain matrix, computed using (15), is K =
[
−6.21 130.56 −4.22 17.83

]
. For

the FLQR design, the variation rates of the cubic HTF used to normalize the compounded
error and its derivative are obtained as γ = 1.59 and δ = 0.87. For the SR-FLQR design, the
learning gains associated with the VAFs are selected as σ1 = 0.082, σ2 = 0.065, β1 = 3.14,
and β2 = 2.61.

5. Experimental Results and Discussions

This section details the hardware-in-loop (HIL) implementation of the designed control
procedures on Quanser’s SLRIP platform.
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5.1. HIL Implementation

The resilience of the designed control procedures is evaluated through customized
experiments conducted on the Quanser rotary pendulum platform, depicted in Figure 8.

 

Figure 8. Quanser rotary pendulum platform used for HIL experiments [21].

The angular positions of the SLRIP’s arm and rod are measured using high-resolution
encoders at a 1.0 kHz sampling frequency, with data acquisition performed via an NI-DAQ
Board. The encoder resolution was explicitly accounted for in the digital implementation.
The measured angles are obtained from raw encoder counts as shown in Equation (35).

θ =
2π

N
C (35)

where N is the encoder counts and C is the encoder resolution in counts per revolution.
This conversion ensures that the control algorithm operates on precise angular states rather
than raw counts, thereby maintaining accuracy in the feedback loop. The received signals
are filtered and then communicated to the control application over a 9600-bps serial link. A
customized LabVIEW-based software application is developed using LabVIEW 2018’s Block
Diagram tool. The control software runs on a 64-bit, 2.1 GHz Intel Core i7 processor with
16 GB RAM, which efficiently handles the fuzzy logic computations as well as the recursive
computations associated with the online variance adaptation functions. These functions
are implemented using C-language programming within LabVIEW’s Math Script tool,
while additional required functions are selected from the function palette. The customized
graphical user interface of the control application provides real-time monitoring and data
logging of the system’s control input and state variations. The angular velocities of both the
pendulum link and the rotary arm were computed from encoder position measurements
by numerical differentiation, followed by low-pass filtering to suppress measurement
noise. These filtered velocity estimates were then used in the control computations. The
control algorithm continuously performs the fuzzy logic computations and updates the
control signal at each sampling interval, leveraging the real-time clock of the embedded
processor. The SLRIP’s onboard motor driver modulates these updated signals to actuate
the DC servomotor, ensuring safe operation under discontinuous control demands. Each
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experiment begins with the manual stabilization of the pendulum link, ensuring consistent
initial conditions for a fair performance comparison.

5.2. Experimental Validation

To assess the performance and robustness against disturbances, each prescribed control
procedure is tested to maintain the pendulum link in the upright position and the horizontal
arm at its initial (reference) position. The following HIL experiments are used to validate
system resilience.

A. Position Regulation: This baseline experiment evaluates the system’s ability to main-
tain its reference positions without external disturbances. It replicates real-world
scenarios where a robotic system or an industrial manipulator must remain stable
under normal operating conditions. The time-domain profiles of θ(t), α(t), and Vm(t)
are manifested in Figure 9.

Figure 9. Experiment A: Normal position regulation behavior of SLRIP.

B. Impulse Disturbance Rejection: This experiment is conducted to evaluate the system’s
response to transient impacts. An impulse disturbance is injected into the control input
to assess the system’s capability to recover from sudden external shocks, such as power
transients, abrupt mechanical impacts, sudden hardware failures, or seismic forces in
engineering applications. A simulated 5.0 V pulse, having a span of 100 ms, is applied
whenever the horizontal arm reaches its maximum position. The corresponding
profiles of θ(t), α(t), and Vm(t) are illustrated in Figure 10.
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Figure 10. Experiment B: Impulsive disturbance compensation behavior of SLRIP.

C. Step Disturbance Compensation: This experiment evaluates the effect of a sudden
and sustained external force, similar to wind gusts on aircraft, ocean currents affecting
marine vessels, or sustained mechanical loads on industrial robots. A −5.0 V step
input is introduced in the control signal at t = 10 s to examine the control scheme’s
ability to manage abrupt but constant disturbances. The resulting variations in θ(t),
α(t), and Vm(t) are depicted in Figure 11.

D. Sinusoidal Disturbance Attenuation: This test examines the control system’s resilience
against periodic disturbances and mechanical vibrational effects, which are very
common in robotics, aerospace, and automotive control systems. Although real dis-
turbances such as sensor noise, friction, and backlash are non-periodic in nature, a
sinusoidal disturbance is employed for this test case as a structured input to sys-
tematically test the controller’s robustness. The sinusoidal disturbance provides
a repeatable and well-defined disturbance with continuous excitation across time,
which makes it suitable for stressing both the tracking and regulation capabilities of
the controller [48]. Moreover, stochastic disturbances are inherently present during the
hardware experiments, meaning the proposed controller was simultaneously exposed
to realistic non-periodic perturbations as well. A sinusoidal disturbance signal of the
form, d(t) = sin(20πt), is injected into the control signal to evaluate robustness. The
corresponding responses of θ(t), α(t), and Vm(t) are shown in Figure 12.
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Figure 11. Experiment C: Step disturbance compensation behavior of SLRIP.

Figure 12. Experiment D: Sinusoidal disturbance attenuation behavior of SLRIP.

E. Model Error Rejection: This scenario assesses the controller’s capacity to compensate
for model inaccuracies and parametric variations, which occur in real-world applica-

19



Machines 2025, 13, 939

tions where the system dynamics evolve/alter over time. To simulate this effect, a
0.1 kg mass is attached beneath the pendulum link, creating a mismatch between the
real and modeled system dynamics. The system’s adaptability to this perturbation is
investigated via the time domain profiles of θ(t), α(t), and Vm(t) shown in Figure 13.

Figure 13. Experiment E: Model error rejection behavior of SLRIP.

5.3. Analysis and Discussions

The following seven Quantitative Performance Measures (QPMs) are used to evaluate
each controller’s performance under the given test scenarios.

1. RMSEz—Root mean square (RMS) error in the pendulum link and arm positions.
2. Mp,θ—Peak overshoot magnitude of the rod following a disturbance.
3. Ts,θ—Time required for the pendulum link to settle within ±5% of π rad. reference of

the pendulum (~0.157 rad.) after a transient disturbance.
4. αoff—Offset in the horizontal arm’s position after disturbance application.
5. αp-p—Peak-to-peak magnitude of oscillations in the arm after disturbance application.
6. MSVm—Mean squared value of the motor control voltage.
7. Vp—Maximum control voltage after disturbance application.

The RMS error is evaluated as shown in Equation (36).

RMSEz =

√√√√ 1
M

M

∑
k=1

(ez(t))
2 (36)

where z = α or θ, and M is the number of samples. The settling time Ts,θ is evaluated from
the pendulum’s response as expressed in Equation (37).

Ts,θ = min{t | |ez(t)| ≤ 0.157} (37)
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The mean-squared value of motor control voltage is evaluated as shown in (38).

MSVm =
1
M

M

∑
k=1

(u(t))2 (38)

The HIL experimental results confirm that the proposed SR-FLQR scheme exhibits
superior position regulation, robust disturbance compensation, rapid response speed, and
minimal control energy consumption. A quantitative analysis of the experimental results is
presented in Table 3, with a qualitative discussion presented below.

Table 3. Quantitative evaluation of experimental results.

Experiment
QPM Control Scheme

Symbol Unit LQR FLQR SR-FLQR

A
RMSEθ deg. 0.49 0.43 0.38
RMSEα deg. 14.64 13.38 10.81
MSVm V2 7.53 7.09 5.87

B

RMSEθ deg. 0.82 0.66 0.52
Mp,θ deg. 2.87 2.58 2.15
Ts,θ s. 0.78 0.61 0.52

RMSEα deg. 13.74 9.82 8.42
MSVm V2 10.06 10.19 7.52

Vp V −11.94 −10.05 −8.99

C

RMSEθ deg. 0.96 0.68 0.45
RMSEα deg. 34.81 26.98 21.31
αoff deg. −42.12 −29.92 −25.40
αp-p deg. 30.78 33.88 21.37

MSVm V2 27.70 21.01 17.98

D
RMSEθ deg. 0.51 0.47 0.38
RMSEα deg. 10.93 8.21 4.29
MSVm V2 13.21 11.34 8.57

E
RMSEθ deg. 1.01 0.83 0.62
RMSEα deg. 16.84 14.22 11.18
MSVm V2 11.29 12.42 10.03

In Experiment A, the fixed-gain LQR exhibits the weakest performance among the
tested controllers, exhibiting the highest position-regulation errors and excessive control
energy usage. The FLQR improves accuracy and reduces control costs, while the SR-
FLQR further enhances tracking precision and energy efficiency. In Experiment B, LQR
demonstrates weak disturbance rejection, leading to slow recovery, large overshoots, and
high control demands. FLQR mitigates overshoots and speeds up response, but at the
cost of disrupted control activity. SR-FLQR ensures faster recovery, better damping, and
lower peak control input demands, optimizing efficiency. In Experiment C, LQR fails
to compensate for step disturbances, resulting in large angular offsets. FLQR reduces
fluctuations, but with erratic control energy usage. SR-FLQR provides faster recovery,
better disturbance rejection, and smoother control with lower peak torque requirements. In
Experiment D, LQR struggles with sinusoidal disturbances, causing large state fluctuations
and poor control efficiency. The FLQR offers better immunity, but SR-FLQR outperforms
both by minimizing fluctuations and reducing chattering while maintaining smooth control.
In Experiment E, LQR inadequately handles modeling errors, leading to large perturbations.
The FLQR improves position regulation and control efficiency, while SR-FLQR delivers the
best error compensation with strong damping and optimal energy usage.
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Quantitatively, SR-FLQR improves position regulation, energy efficiency, transient
recovery, and overshoot reduction by significant margins over both LQR and FLQR. As
compared to the baseline LQR, SR-FLQR exhibits a 22.4% improvement in RMSEθ, a 26.2%
reduction in RMSEα, and a 22.0% reduction in MSVm under nominal conditions. In the
disturbed state, as compared to LQR, the SR-FLQR demonstrates a 25.1% reduction in
Mp,θ, a 33.3% reduction in Ts,θ, a 24.7% reduction in the peak servo control demands,
a 39.7% improvement in αoff, and a 30.6% enhancement in αp-p. As compared to the
baseline FLQR, SR-FLQR exhibits an 11.6% improvement in RMSEθ, a 19.2% improvement
in RMSEα, and a 17.2% improvement in MSVm under nominal conditions. In the disturbed
state, as compared to FLQR, the SR-FLQR demonstrates a 16.7% reduction in Mp,θ, a
14.8% reduction in Ts,θ, a 10.5% reduction in the peak servo control demands, a 15.1%
improvement in αoff, and a 36.9% enhancement in αp-p.

These enhancements stem from its self-regulating weight-adjusting function, which
increases adaptability and enables dynamic restructuring of the control scheme for optimal
performance. The superior responsiveness of SR-FLQR is evident in its rapid yet precise
variance adjustments, allowing it to effectively counteract disturbances.

In practical digital implementations, the proposed SR-FLQR offers strengths such as
online self-tuning without requiring explicit system models, robustness against parameter
variations, and ease of integration with existing LQR frameworks. However, its limita-
tions include increased computational demand due to the fuzzy inference and variance
adaptation layers, potential sensitivity to discretization delays at low sampling rates, and
the need for careful tuning of adaptation gains to avoid excessive actuator effort. These
aspects should be considered when deploying the controller in embedded hardware with
limited resources.

5.4. Comparison with a Robust SMC Controller

To benchmark the proposed control strategy further, a comparison was performed
against Gao’s power-rate SMC law, a well-known robust method designed to handle model
uncertainties and external disturbances. The SMC was implemented using the same system
model and experimental setup. The SMC formulation adopted for comparison in this study
follows the control law design proposed in [7], and is expressed in Equation (39).

u(t) = −
(

FTB
)−1(

FTAx(t) + m|s(t)|γsgn(s(t))
)

(39)

where s(t) is the sliding surface, FT is a state-error weighting vector, m is a positive scaling
factor, γ is the positive fractional power of s(t), and sgn(.) is the “signum” function. The
sliding surface s(t) is computed as shown in Equation (40).

s(t) = FT p(t) (40)

such that,
p(t) = x(t)− xre f

where xre f =
[
0 π 0 0

]T
is the reference state vector. The tuned parameter values

used for controlling the Quanser SLRIP system were adopted from the study in [7], with
m = 4.07, γ = 0.45, and FT =

[
−3.16 73.48 −3.02 9.25

]
. The SMC-regulated SLRIP

system is subjected to the same tests as discussed in Section 5.2. The graphical results
yielded by Experiments A to E, conducted to compare the performance of the SR-FLQR
against the SMC, are shown in Figures 14–18.

The experimental results are quantitatively presented in Table 4. The experimental
results show that while the SMC law achieves acceptable stabilization of the rotary inverted
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pendulum, it exhibits chattering in the control input and larger steady-state fluctuations in
both the pendulum angle and the rotary arm position. In contrast, the proposed SR-FLQR
significantly reduces oscillations, improves tracking precision, and requires lower control
effort. Quantitatively, SR-FLQR yielded smaller variance and RMSE values across all state
variables compared to SMC, thereby demonstrating superior disturbance rejection and
smoother control action.

Figure 14. Experiment A: Normal position regulation behavior of SLRIP.

Figure 15. Experiment B: Impulsive disturbance compensation behavior of SLRIP.
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Figure 16. Experiment C: Step disturbance compensation behavior of SLRIP.

Figure 17. Experiment D: Sinusoidal disturbance attenuation behavior of SLRIP.

These findings confirm that the proposed SR-FLQR framework not only enhances
performance over conventional LQR and FLQR but also outperforms an established ro-
bust control method such as SMC, highlighting its practical effectiveness for inverted
pendulum stabilization.
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Figure 18. Experiment E: Model error rejection behavior of SLRIP.

Table 4. Comparative analysis of SMC with SR-FLQR.

Experiment
QPM Control Scheme Improvement in

SR-FLQR (%)Symbol Unit SMC [7] SR-FLQR

A
RMSEθ deg. 0.40 0.38 5.0
RMSEα deg. 11.85 10.81 8.8
MSVm V2 19.71 5.87 70.2

B

RMSEθ deg. 0.61 0.52 14.8
Mp,θ deg. 2.20 2.15 2.3
Ts,θ s. 0.72 0.52 27.8

RMSEα deg. 10.34 8.42 18.6
MSVm V2 14.71 7.52 48.9

Vp V −16.02 −8.99 43.9

C

RMSEθ deg. 0.91 0.45 50.5
RMSEα deg. 27.70 21.31 23.1
αoff deg. −35.91 −25.40 29.3

MSVm V2 30.33 17.98 40.7

D
RMSEθ deg. 0.44 0.38 13.6
RMSEα deg. 8.69 4.29 50.6
MSVm V2 19.94 8.57 57.0

E
RMSEθ deg. 1.06 0.62 41.5
RMSEα deg. 12.42 11.18 10.0
MSVm V2 22.54 10.03 55.5

6. Conclusions

This study validates the effectiveness of a self-regulating fuzzy-LQR control approach
incorporating reconfigurable hyperbolic functions for intermediate error modulation in
SLRIP systems. The proposed controller leverages self-regulating nonlinear scaling tech-
niques to enhance adaptability, resilience, and transient response against bounded external
disturbances. By dynamically modifying the variances of cubic HTFs, the scheme elimi-
nates inaccuracies in heuristic calibration and optimally reconfigures its control structure
in real time. The experimental results demonstrate that the adaptive variance adjustments
significantly improve transient behavior, reinforce control action against tracking fluctua-
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tions, and reduce the actuator’s control demands while preserving the system’s closed-loop
stability under diverse operating conditions. The proposed methodology effectively mit-
igates nonlinear complexities and parametric uncertainties, offering a more flexible and
resilient control strategy. The proposed SR-FLQR technique is notably scalable and can
be extended to numerous underactuated electromechanical systems, including flexible
joint manipulators, bipedal robots, quadrotors, or VTOL platforms. In all these cases, the
LQR component of the control law would necessitate an accurate linearized state-space
model around a predefined equilibrium point. However, as system dynamics become more
complex, the selection of fuzzy rules, membership functions, and scaling parameters would
also become nontrivial and computationally demanding.

Future research may explore several directions to strengthen the robustness of the
proposed control framework further. First, the LQR component may be replaced with
state-dependent Riccati equation control or nonlinear MPC to address the challenges
associated with the system’s nonlinearities. Second, the proposed control scheme can be
validated on a broader class of underactuated electromechanical systems, such as flexible
manipulators, quadrotors, and humanoid robots. Third, the manual formulation and
tuning of fuzzy rules and membership functions can be streamlined through data-driven
techniques, including adaptive neuro-fuzzy inference systems (ANFISs), evolutionary
algorithms, or reinforcement learning. Fourth, online self-organizing algorithms can be
integrated with the proposed control framework for real-time shape adaptation of scaling
functions. Fifth, the integration of a fuzzy adaptive system with fractional-order PID
control to adaptively regulate the control input can also be investigated in future work.
Finally, the influence of viscous friction in DC motors must be explicitly incorporated into
the system model in future work. Accounting for this effect is expected to improve the
accuracy of the system’s dynamic model representation and provide deeper insight into
the controller’s robustness under more realistic actuator conditions.
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Department of Mechatronics, Robotics and Digital Manufacturing, Vilnius Gediminas Technical
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Abstract: Navigation technologies are becoming more advanced, helping to solve compli-
cated problems in various fields. Navigation can be classified as global, in which predefined
data and reference points from the working environment are used to generate a path, and
local, where the map is generated momentarily by acquiring data from outside using
sensors. As navigation tasks become more demanding, working environments can become
very complicated with an increasing number of dynamic obstacles or, in some cases, a
lack of global references, which may have particularly notable impacts on communication.
Inspection robots that are required to work in underground sewers are often required to
work completely locally, relying on sensor data. For this reason, in this study, a cost-efficient
laser marker-based obstacle detection and measurement system is designed and tested for
future use in autonomous sewer robot local path generation. Our experiments show the
convenience of applying four linear laser markers with an RGB camera to fully inspect
upcoming obstacles in the region covering the front robot dimensions. The results show
distance measurement accuracy of up to ±1.33 mm and obstacle width accuracy of up
to ±0.28 mm measured from a 130 mm range. Nevertheless, accuracy is strongly depen-
dent on the segmentation of image resolution, lighting, and reflection of the inspected
surfaces. Also, it depends on the configuration of laser markers and the RGB camera
position.

Keywords: dynamic navigation; mobile robot; laser scanner; autonomous robot;
obstacle detection

1. Introduction

Navigation technologies are advancing rapidly with the adoption of sensor fusion
and artificial intelligence (AI). Recent advances in AI are paving the way for autonomous
systems. However, as technologies advance, tasks are also becoming increasingly complex.

Navigation can be categorized as global or local. Global navigation involves relying
on predefined information about the working environment, which can contain marked
tracks, labels, and global communication systems. In this case, the optimal path to the
target is generated in advance [1,2]. On the other hand, local navigation relies on sensor
data to acquire information from the environment and momentarily make a decision
about which direction to move in [3,4]. Nowadays, even systems that are integrated in
a well-prepared environment, like automated warehouses, cannot fully rely on global
information. One of the reasons for this is that various dynamic obstacles can introduce
unpredictable obstructions [5,6]. Furthermore, for inspection-type robots that work in
places that are difficult for humans to reach, the robots often need to completely rely on

Machines 2025, 13, 438 https://doi.org/10.3390/machines13050438
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local sensor data [7,8]. Such environments also involve underground sewers, which require
regular checkups, and performing such checks physically by hand can cost a lot or may
be completely impossible. For this reason, a fully autonomous mobile sewer robot is
being designed.

An essential step for navigation system development is localization. Local navigation
sensors for measuring distance are of utmost importance for mobile robots. Optical sensors
are very popular due to their high accuracy and fast response time, including time-of-flight
(ToF) sensors, which evaluate distance by measuring the amount of time it takes for light to
travel from the source and return from a reflective surface [9]. However, they are usually
designed for one-point measurements and require a multiple-sensor solution for wider
field-of-view capability. LiDAR sensors are another alternative that often have integrated
drives for rotation and point cloud measurement in the 2D plane or even 3D space [10–12].
These sensors provide a wide measurement range and accuracy. On the other hand, optical
sensors are sensitive to lighting and weather conditions. In this case, Radar sensors have
an advantage, but at the cost of precise point cloud mapping [13–15].

To maximize localization, different sensors are fused together to compensate for
their limitations. Distance sensors are often mapped with cameras to expand the amount
of information received from the environment for better interpretation of detected ob-
jects [16]. Some of the cameras that are widely used for mobile robot navigation include
RGB cameras used for color recognition. By mapping color data with distance sensor data,
accurate estimation can be made about detected objects’ shape, geometry, type, and other
characteristics [17,18]. Cameras can also be categorized into 2D cameras, which convert
data to a plane from a specific field of view varying from 40◦ to 360◦, including fish-eye
cameras, or 3D cameras, which also include depth data. These cameras work by integrating
ToF or LiDAR sensors or using several integrated cameras, like stereo cameras [19–21]. An-
other alternative, which is more robust to environmental conditions, is ultrasonic sensors,
which are cost-efficient and accurate for short-range measurement [22,23].

An RGB camera was selected for designing an autonomous sewer robot localization.
In combination with four linear laser pointers, depth information can be received from
the environment, thus creating an accurate, robust, and cost-efficient object detection
solution, which is the main criterion for this system. In the literature, similar methods were
experimentally analyzed. In [24,25], one linear laser marker is applied in combination with
an RGB camera to detect and measure the distance from an obstacle. On the other hand,
this combination only allows inspection of one surface or obstacles attached to the ground.
Using two linear laser markers, as described in [26], allows for better surface scanning,
minimizing blind spots. Nevertheless, in a sewer-like environment, obstacles can hang
from the ceiling or walls. Four laser pointers covering the main planes allow for an optimal
field of view, saving the computational resources required for image processing. The
proposed laser scanner configuration is shown in the principal scheme of the developed
sewer robot system presented in Figure 1.

The red lines represent the possible detection field of view marked by linear laser
pointers. To further extend the robot’s field of view, 2D LiDAR is added to better recognize
the sides of the robot, which comes in handy in close gaps. In addition to object recognition,
odometry data are also important for local navigation systems. Some of the sensors most
frequently used for this purpose are accelerometers and gyroscopes. An accelerometer is
very useful for measuring tilt, which is important in challenging terrain scenarios, while a
gyroscope helps to check the robot’s rotation [21,27,28]. Both of these sensors are integrated
into the designed robot system for better orientation. Magnetometers are also very useful
for estimating heading, which is commonly combined with accelerometers and gyroscopes,
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but due to their dependency on the magnetic field, it is not reliable for underground sewer
conditions [29].

Linear laser 
marker (x4) RGB camera

Accelerometer
/gyroscope

Lidar

Figure 1. Principal scheme of an autonomous sewer robot.

In this work, the effectiveness of the designed laser scanner is analyzed. In the first
part, the methodology of laser triangulation principles and adaptation for the designed
laser scanner is discussed. Then, the working method of object detection is analyzed, and
is further used for experimentation. Moreover, the experimental setup for determining
object recognition accuracy is explained, including the chosen equipment, calibration of the
system, and image processing. After that, the results of the experiments are presented, and
the standard deviations of measuring different obstacles with different image segmentations
are evaluated. Finally, conclusions are drawn and future works are discussed.

2. Materials and Methods

As previously mentioned, an autonomous robot for underground sewers requires a
reliable and computationally cost-efficient solution for object detection. One of the most
versatile devices for object recognition is an RGB camera. Nevertheless, to simplify the
amount of information gathered from images, it is important to simplify the task as much
as possible and search for specific patterns. In this case, laser pointers are used to provide
linear contours that can be recognized from an image and interpreted for obstacle detection
purposes. This reduces the amount of information required to process compared to depth
camera point cloud data. Further experiments are performed to estimate the accuracy of
the designed laser scanner distance measurement system.

2.1. Laser Scanner Obstacle Detection System Configuration

As previously mentioned, a combination of an RGB camera and a laser pointer has
been researched in the literature as a practical obstacle detection, distance, and geometry
measurement solution. The main idea behind this method is laser triangulation, as shown
in Figure 2.

The obstacle obstructs laser light, which is reflected from the surface of an obstacle,
resulting in displacement h1 from the laser reflection on the ground. Displacement h1 is
then projected onto the CCD sensor, resulting in displacement h2, which is processed and
scaled on the image by the RGB camera. To calculate the distance from the obstacle d2,

additional parameters are needed, which are configured initially for the designed system.
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For this project, the system is configured by fixing the focus distance—d1, the linear laser
tilt angle—θ1, and the camera perspective to the focus point tilt angle—ωg. The following
formulas are used to detect the actual distance:

d1 − d2 = cos ωg·
h1·L2

L1
, (1)

d2 = d1 −
(

cos ωg·
h1·L2

L1

)
, (2)

Then, the obstacle is present along the measuring range equal to d1. The distance
from an object can also be defined by two resulting angles tilted from laser and camera
projections, respectively—θ2 and ωc. Tilt angles for a specific distance can be found using
the following formulas:

tan ωc =
d2(

tan
(
ωg − θ1

)
·d1
)
−
(

sin ωg· h1·L2
L1

) , (3)

sin θ2 =
L3·sin ωc

d2
, (4)

These formulas are further used for camera input data post-processing to create a map
of occupied regions, later used for path planning. Nevertheless, one linear laser pointer is
not enough to recognize all obstacles in front of the robot covering d1 range. In Figure 3a, it
can be seen that the upper linear laser is able to mark only the obstacle from the left, which
is fixed to the ground. This could lead the robot to move right and collide with an obstacle
fixed to the wall.

Laser source

RGB camera

Object

Figure 2. Configuration of one linear laser pointer based on triangulation principles.

Adding another laser marker pointing from the left side allows us to detect the
obstacles fixed to the right wall, as shown in Figure 3b. Moreover, adding laser markers
from the bottom and right sides allows for the detection of obstacles fixed to all surfaces,
creating a field of view whose size depends on the system configuration, linking each laser
marker with the camera, as shown in Figure 2. Thus, the rectangular field of view is created
by adding additional tolerance around the dimensions of the robot, as shown in Figure 4b.
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(a) (b) 

Figure 3. Obstacle recognition with mobile robot (obstacles marked in purple and laser lin-
ear projections in red): (a) obstacle detection with one laser pointer; (b) obstacle detection with
two laser pointers.

`` ``

w_robot

(a) (b) 

Figure 4. Laser scanner field of view using four linear laser markers (laser linear projections marked
in red): (a) side view of laser scanner field of view; (b) front plane of laser scanner field of view.

In Figure 4b, it can be seen that tolerance is added around the dimensions of the
front robot projection. As a laser scanner is used as the main detection method for nearest
obstacles, additional tolerance is necessary for detecting incoming obstacles. In Figure 4a, a
laser scanner view from the side can also be seen, each projection marking a different plane
in the rectangular tunnel.

2.2. Laser Scanner Experimental Setup

To test the designed scanner, the first experiment will be performed with one laser
pointer. The goal of this experiment is to check the accuracy of distance measurement
to an obstacle using an RGB camera and a linear laser marker. Accuracy is estimated by
comparing the measured value with a laser scanner and the real dimensions. The laser
that projects the light to the ground is used as shown in the simplified configuration of the
system in Figure 4a.

In Figure 5b, a camera view example is shown corresponding to the position of the
measurement system in Figure 5a. From an image, not only can displacement—h1—be
measured, as explained earlier, but width—w—can also be measured, and the result can be
directly converted to the real width of an obstacle. During the experiment, only cuboid
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forms are used as obstacles for testing the system. To be able to evaluate the accuracy of
the designed measurement system, it is important to gather relevant data. For this reason,
obstacles of different widths are used, including obstacles that are 5, 10, 30, and 50 mm
wide. During the experiment, an obstacle is put in front of the laser scanner in a tunnel-like
environment, as shown in Figure 6.

h1

w

(a) (b)

Figure 5. Experiment principal scheme—laser scanner with one laser marker (laser marker linear
projection marked in red): (a) 3D view of the system; (b) camera view of laser scanner when an
obstacle is present.

Figure 6. Distance and obstacle width measurement using laser scanner in a tunnel-like environment.

The object is also centered on the camera. Initially, it is placed 130 mm from the
scanner, which is the measuring range of the camera—d1. After that, the laser scanner is
moved to an obstacle in increments of 5 mm up to 50 mm. The image is taken and processed
at each increment. This procedure is performed with all four obstacles of different widths
and additional changes in the image processing segmentation parameter, which will be
discussed further.

For this experiment, a measuring system prototype was created according to the geo-
metrical specifications of the mobile sewer robot, which is in development. The prototype
was mounted on the “Yaskawa MOTOMAN HC10DTB” industrial robot, as shown in
Figure 7. An industrial robot was chosen to ensure positioning accuracy, and it was used
to move and measure dimensions with the scanner during experimentation. The robot
ensured positioning accuracy of up to ±0.1 mm.
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Figure 7. Laser scanner experiment hardware setup.

A camera with a wide field-of-view angle was required for this project because a
laser scanner was used for detecting obstacles at close distances while covering an area no
smaller than the robot’s front dimensions. In this case, the “Raspberry Pi 3 wide Noir” RGB
camera was integrated. This camera provides a 120◦ angle field of view with a maximum
resolution of 4608 × 2592 pixels. Because the camera is programmed to search for linear
laser projections in the captured image, it is also important to have laser markers with a
wide angle. This allows for marking obstacles in close range, covering the whole width
and height of the robot. The selected laser angle is 130◦. The Raspberry Pi 4 microcontroller
is used to control the camera due to its direct connection. An external power bank is used
as a power source for the “Raspberry Pi 4”. The Scanner program is developed with C++,
which was chosen because of the higher computational speed compared to Python 3.1. This
is essential because this program will be integrated for mobile robot purposes in the future,
which will have a demanding control system.

After the laser scanner prototype is assembled with the robot, the next step is to
calibrate the system according to the designed mobile sewer robot specifications. For this
purpose, an additional calibration plate is designed, as shown in Figure 8. The plate is
placed 130 mm from the laser scanner, which is a distance of d1, according to Figure 2. This
is achieved by positioning an industrial robot with a simple motion program.

From Figure 8, it can be seen that the calibration plate has linear markings indicating
the robot’s dimensions and a tolerance of 10 mm. The camera is positioned straight, while
the upper laser pointer, which will be used in the experiment, is tilted at an angle, lining
up with the laser projection at the bottom of the calibration plate. According to Figure 2,
angle ωg is equal to 40.5◦. Other dimensions marked in red can also be estimated by using
a 3D modeling program and a 3D model of the system. The following dimensions are
determined in advance:

• ωg = 40.5◦;
• d1 = 130 mm;
• θ1 = 6.5◦;
• ωg = 40.5◦;
• L1 = 24.43 mm;
• L2 = 180.12 mm;
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• L3 = 18.58 mm.

Figure 8. Calibration plate for laser scanner.

With these parameters, the distance from an object can be calculated, and then h1 is
detected with the laser scanner. But to achieve this, the first camera has to be calibrated by
estimating the image pixel relation to the real length of the captured projection. To achieve
this, an image is taken with a laser scanner in the initial position by putting a calibration
plate in the center 130 mm away from the scanner, as d1 is a measuring range. An image of
the highest field of view and resolution is taken—4608 × 2592 pixels. The resulting image
is shown in Figure 9.

X1,Y1 (980, 2485)
X2,Y2

(3780, 2485)

2.8°

X4,Y4
(3870, 170)X3,Y3 (870, 180)

 

Figure 9. Image of calibration plate taken with laser scanner system camera (red lines represent the
scanning region and field-of-view distortion and white lines represent the angles of distortion).
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The calibration plate is marked with lines representing the scanning region with
specified values—width wr = 200 mm and height hr = 160 mm. To convert pixel size
to the real length, firstly, the corners of the calibration plate are marked in the captured
image as shown in Figure 8. Red corners represent the corners of the plate, and yellow
corners are projections of the bottom corners of the scanning region, which are estimated
geometrically via solidworks 2024 (Student’s version) modeling software. To find pixel real
dimensions as width wpxi and height hpix, the following proportions are used, as defined in
Equations (5) and (6):

hpi =
h

y1 − y3
=

160
2485− 180

= 0.0694 mm, (5)

wpi =
w

x2 − x1
=

200
3780− 980

= 0.0714 mm, (6)

By calculating the image pixel width wpix and height hpix of the calibrated region, it is
possible to directly measure the width and height of an obstacle based on the displacement
and length of linear laser projections. In Figure 10, a simplified view of the pixel grid and
the laser line projected on the obstacle is shown as an estimated data processing model.

h1

w

1 1 1 0 0 0 0 0 0 0
0
0
0

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 1 1 1 1 1 1 1

0 0 0 0 0 0 0 1 1 1
0
0
1

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
1 1 1 1 1 1 0 0 0

nh

nv

Figure 10. Simplified laser scanner camera view with present obstacle and pixel grid (laser linear
projection marked in red).

Pixels marked with 1 represent the detected color of the laser, while 0 s repre-
sent the filtered zone of a different color. The obstacle height can be calculated by the
following formula:

h1 = hpix × nv (7)

where nv is the number of pixels shown vertically. Nevertheless, as seen in Figure 9, the
vertical view is stretched, and the width at the bottom of the calibration plate and the top is
different. This happens because the camera used has a very wide field of view, which results
in a slightly distorted view on the sides. Because of this, width has to be compensated
depending on the distance from the obstacle, which is determined by displacement h1.
Another factor that significantly affects width calculation is the camera perspective angle
from different distances, which is visually presented in Figure 11.

If an obstacle is closer to the camera from the calibration plane, the width of the
obstacle is perceived as bigger because d1 divided by d2 is proportional to b1 divided
by b2. Because of this, the calculated width must be additionally multiplied by the ratio
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of d1/d2. Taking these aspects into account, the obstacle width can be calculated with
the following formula:

w =

((
wpix·nh

)
− 2·
(

tan
(wpix·nh

wr
·θ

k

)
·h1

))
·d2

d1
, (8)

where nh is the number of pixels shown horizontally and θk is the compensation angle, and
the width wr is 180 mm, which can be seen in Figure 9. The compensation angle increases
proportionally from the center to the left or right corner of the picture because of the
wide-angle camera view distortion. The compensation angle is slightly different on each
side because of system deviations. For this reason, the average value is taken—θk = 2.7◦.

Camera Obstacle

Figure 11. Camera object perspective from different distances (red color represents laser linear
projection and brown color represents obstacle positions).

2.3. Image Processing

As mentioned before, the camera takes 4608 × 2592-pixel size images. To be able
to recognize obstacles which are marked with linear laser projections, it is necessary to
filter unnecessary colors from the raw camera picture. There are many models which are
used for image processing. For this project, the hue, saturation, value (HSV) model is
used, programmed with the C++ language, integrating OpenCV open-source libraries for
faster computational processing. The HSV method is more advantageous than regular RGB
color processing, most importantly because it is more robust in terms of external lighting
changes. It is able to evaluate color intensity [30–32]. For example, an unusual color that
is being searched for can have different intensities in the photo because of external light
and shadows, and the HSV method allows the color to be distinguished. HSV color space
is shown in Figure 12, defined by three parameters according to the model’s name, as
stated previously.
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Figure 12. HSV color space graph and parameters [33].

Hue defines the different color regions and has a value from 0◦ to 360◦. When using
OpenCV libraries, hue values are scaled between 0 and 180. Value defines brightness, and
saturation defines color depth. Both of these values range between 0 and 255.

For this experiment, two red color ranges were chosen for the upper and lower
thresholds. Also, a saturation value of 10,000 and a gain value of 2 were chosen to allow
the camera to take darker images and mimic a sewer-like view without outside lighting.
For the lower range, values from [0, 50, 50] to [10, 255, 255] were selected, while for the
upper range, values from [170, 50, 50] to [180, 255, 255] were selected. This range allows for
the detection of shades of red of varying intensity. After that, the image is transformed into
a grayscale, as shown in Figure 13.

Figure 13. Original image of the present obstacle taken with an RGB camera and transformed
to grayscale.

Filtered pixels are changed to a white color with a value of 255, and background pixels
are changed to black with a value of 0. This simplifies the calculations used to find regions
of interest. Another factor that greatly affects image recognition accuracy and processing
speed is segmentation. Reading the value of every pixel and saving it in the memory is
computationally demanding. It is more convenient to separate the image into larger square
segments, as shown in Figure 14.
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Figure 14. Simplified view of the original image with different segmentation values (red color
represents laser linear projection).

The described procedure allows for a reduction in memory load. Segmentation value
will be defined as k (nh2, nv2), where nh2 represents how many pixels are stored horizontally
in the analyzed squared region, and nv2 represents the number of pixels stored vertically.
Looking at Figure 11, it can be seen that depending on the segmentation value, the detected
laser line can be divided into several pixels. For this reason, the calculation of pixels
horizontally and vertically is performed as shown in Figure 15.

Figure 15. Obstacle width and height of pixel selection from the processed image (red lines represent
laser linear projection width).

The figure above shows the segmentation of a real camera image taken from the
experiment. The number of pixels stored vertically is calculated from the top of the straight-
line projection of the laser to the top of the highest projection disturbed by the obstacle.
This logic is applied because the object observed during the experiment is of a square
shape, so the top of the object can be assumed as a straight line in this case. For this
experiment, segmentation values of 32 × 32, 16 × 16, 9 × 9, and 4 × 4 are used for each of
the different measurements.

3. Results

According to the explained methodology, an experiment was performed and data were
gathered. In total, 160 measurements of the distance from and the width of obstacles were
taken, including four different obstacles that were 5, 10, 30, and 50 mm wide. The deviation
between real and measured dimensions was calculated, and the following formulas are
used for statistical analysis:

x =
∑n

i=1 xi

n
, (9)
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si = xi − x, (10)

s =

√
∑(xi − x)2

n− 1
, (11)

where xi is the measurement deviation, x is the mean, n—number of measurements with
corresponding obstacle and segmentation value, si—deviation from the mean value, and
s—standard deviation. During each distance increment from 5 to 50 mm, an image was
taken, and each step was increased by 5 mm, moving closer to an obstacle. All images were
processed using four different segmentation values of 32 × 32, 16 × 16, 8 × 8, and 4 × 4.
The collected data and analysis are presented further.

3.1. Distance Measurements

Measurements were carried out starting from the thinnest obstacle, which was 5 mm
wide. The results of different segmentation values are compared in a column-type diagram
for a clearer view. The diagram is presented in Figure 16.
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Figure 16. Results of distance measurements with a 5 mm wide obstacle.

The horizontal axis represents distance increments, and the laser scanner is moving
closer to an obstacle from an initial position, which is 130 mm away from the obstacle. The
vertical axis represents deviation from the mean of the measured distance and the real
distance estimated by the industrial robot movement, which ensures ±0.1 mm accuracy.
At the top of the table, different segmentation values are shown. Each segmentation value
has a corresponding standard deviation value. Looking at Figure 15, it is noticeable that
the standard deviation is highest with 32 × 32 segmentation and gradually reduces as
the segmentation value is lowered. Nevertheless, the lowest deviation is achieved with
a 9 × 9 segmentation value. This would indicate that the 9 × 9 value is more optimal
compared to the 4 × 4, as it generates smaller deviation and requires fewer computational
resources for processing optical information.

The experiment is further proceeded by measuring a 10 mm wide obstacle. The results
are shown in Figure 17.
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Figure 17. Results of distance measurements with a 10 mm wide obstacle.

Looking at the figure above, it can be noticed that the standard deviation has a similar
tendency when measuring a 10 mm wide obstacle. It is highest at a segmentation value of
32 × 32. Then, increasing the number of pixels processed, the lowest deviation is reached
with a 9 × 9 value. Decreasing the value further increases the deviation.

The experiment is further proceeded by measuring a 30 mm wide obstacle. The
obtained results are shown in Figure 18.
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Figure 18. Results of distance measurements with a 30 mm wide obstacle.

Looking at the figure above, it can be seen that, unlike the first two obstacles, lowering
the segmentation value up to 4 × 4 gradually reduces deviation, although the most signifi-
cant difference still remains between 32 × 32 and 16 × 16. Also, the largest error of ±5.04
was measured with a 32 × 32 segmentation value during this experiment.

The experiment proceeded with the measurement of a 30 mm wide obstacle. The
results are shown in Figure 19.
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Figure 19. Results of distance measurements with a 50 mm wide obstacle.

Looking into the results acquired from measuring a 50 mm wide obstacle, it is notice-
able that the highest deviation remains when the segmentation value is 32 × 32. Never-
theless, the lowest resolution is reached with a segmentation value of 16 × 16, and this is
increased by further lowering the segmentation to 9 × 9 and 4 × 4.

Based on an analysis of distance measurements acquired during an experiment, it
was observed that changing the segmentation value greatly affects distance measurement
accuracy. Nevertheless, the relation is not linear, as seen in Figure 20.

Figure 20. Standard deviation values of distance measurements.
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The lowest deviation was reached using a segmentation value of 9 × 9. However, it
is noticeable that while measuring wider obstacles (30 and 50 mm), the lowest deviation
varies between 4 × 4 and 16 × 16. This can be affected by the reflection of laser light,
which is more noticeable on wider areas of surfaces. Reflection introduces noise in the
image, which makes the laser beam projection appear thicker and more distorted, as shown
in Figure 21.

h1_realh1

Figure 21. Filtered image processing (red lines represent center position of laser linear projection and
dashed line estimated upper position).

It is noticeable that the laser line projected on the obstacle is thicker than the line pro-
jected on the ground due to geometrical conditions. Because of this measured displacement,
h1 is between the estimated lines by the algorithm, which is larger than the displacement
between the line projected on the ground and the nominal real line corresponding to h_real

shown in the figure above. Moreover, additional peaks of reflected light also increase h1 and
influence measurement deviation. To compensate for the reflection influence coefficient—a
is adjusted, which is expressed in Formula (2):

d1 − d2 = cos ωg·
h1·L2

L1
= h1·

cos ωg·L2

L1
=> h1·a, (12)

Using known values from the calibrated system, the geometric value of coefficient a is
equal to 5.6. Nevertheless, experimentally, the lowest deviations were achieved with the
value of 3.2. A smaller value of a compensates for the higher displacement estimated by
the calculation algorithm.

It is also possible to reduce picture noise with saturation and gain values of the camera,
which reduces the received light, resulting in a darker picture with fewer reflections. Nev-
ertheless, these values have already sufficiently decreased according to the experimental
environment; therefore, further reducing these values makes laser projection discontinuous,
leading to calculation errors.

3.2. Width Measurements

The image processing algorithm also calculates the width, which is necessary for
determining the occupancy grid of the scanned environment. Width is calculated using
formula 8, where h2 is the measured laser projection deviation and d2 is the calculated
distance from an obstacle. The camera’s field of view develops slight distortion in the
corners, as previously explained in Figure 9. For this reason, h2 has a slight influence on
width calculation accuracy. The results of the experimental width measurements for each
obstacle are shown in Figure 22.
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Figure 22. Standard deviation values of obstacle width measurements.

From the figure above, it is noticeable that the standard deviation pattern of width
measurements is similar to that of distance measurements. Nevertheless, with a segmenta-
tion value of 32 × 32, deviations are significantly higher, especially with wider obstacles of
30 and 50 mm. Additional noise at the corners of processed obstacle laser projection taken
in the image influences the measured width more significantly, the larger the segmentation
value. Also, the perspective of the camera from different distances increases the error
when the obstacle width is higher, which can be seen from gathered data, as the wider the
obstacle, the more significant the increase in deviations.

Similarly, as with distance measurement, it is not worth going lower than a
9 × 9 segmentation value, as deviations do not fall or decrease by a very small margin, and
such distances are not significant for navigation purposes. Moreover, computational re-
sources can be saved considerably by choosing 9× 9 or even 16 × 16 segmentation values.

3.3. Integration into the Mobile Robot

After calibrating and testing the laser marker and the RGB camera-based measurement
system, it can be applied to the intended autonomous sewer robot. Calibration of the
measurement system with the industrial robot was performed according to the designed
mobile robot prototype geometry. Laser makers and cameras could then be assembled
directly on the mobile robot platform shown in Figure 23.

There are marked lines for adjusting the angles of each laser, or the same calibration
plate as used in the experiment can be used to calibrate the system. The prototype also
includes previously mentioned sensors, including LiDAR and a gyroscope/accelerometer
module. The prototype is made of lightweight aluminum and has rubber belts for better fric-
tion. Also, all parts are either made from aluminum, 3D-printed, or zinc-coated to prevent
corrosion. The tank-type chassis allows the robot to pass through obstacles that are 4 cm
high, but for more accurate navigation, only obstacles up to 2 cm are considered acceptable.
This platform is suitable for further experiments in harsher sewer-like environments.
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Figure 23. Autonomous sewer robot prototype.

4. Discussion and Conclusions

A laser scanner consisting of four linear laser markers and an RGB camera provides
a versatile obstacle detection and measurement system. Four laser pointers allow for the
detection of obstacles present in a rectangular field of view, which can easily cover the
mobile robot’s dimensions.

For image processing, we decided to filter red laser light color from the background
using low camera saturation and gain values. This created a darker image, reducing light
reflections. For distance and width measurement, filtered image data were transformed
into a one-dimensional array storing relevant data for both dimensions. An array could
then be used for direct fusion with LiDAR data, expanding the field of the mobile sewer
robot system.

During experiments, the accuracy of distance measurement was determined using
one laser marker, as a similar procedure was performed with all four laser markers. The
lowest distance measurement deviation was ±1.33 mm, and this was reached using a
9 × 9 segmentation value with 4608 × 2592 pixel resolution. This deviation was reached
measuring a 10 mm wide obstacle with a range of 130 mm. It was observed that the
deviation was increased by increasing the obstacle width, which was influenced by the
surface reflection of aluminum material, which was more reflective compared to the ground.
Nevertheless, 1.33 mm is sufficient for navigation purposes. Moreover, reducing the
segmentation value to lower than 9 × 9 increased accuracy very minimally, or in some
cases, higher deviation was encountered. Also, lowering the segmentation value increased
computational resources.

During the experiment, the obstacle width was also tested, reaching the lowest devia-
tion of ±0.28 mm, then measuring a 10 mm wide obstacle with a 4 × 4 segmentation value.
However, the 9 × 9 segmentation value was more efficient, as the increase in deviation was
minimal. Similarly, as with distance measurement, an increase in obstacle width increases
deviation, which is influenced by surface reflection and also by camera perspective.

The tested optical obstacle detection and distance measurement system allows for
accurate detection of obstacles in a short range of 130 mm. Further experiments are needed
to combine all four laser markers to detect obstacles attached to the walls and the ceiling.
Also, further experimentation is needed to fuse laser scanner data with LiDAR data.

Moreover, mobile robot rotation and swinging from uneven ground surface can also
influence laser scanner measurements, as the ground or wall can also deform the laser
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projection. For this reason, an accelerometer and a gyroscope signal should be added for
relative and absolute measurement of mobile robot rotation in each axis for laser beam
projection compensation.
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Abstract: Drones utilize rechargeable batteries as a power source. Operating a drone requires human
interaction with the exchange or recharge process of these batteries. This can provide limits for
drones, which is why some use cases for drones could benefit from automated battery exchange. The
purpose of this work was to research how a robotic arm could be used to automatically exchange
flight batteries in flying drones without interference from operators and create a proof-of-concept
system for evaluation. The devised method was based around a separate jig, which would hold the
drone in place during the exchange operation, where battery exchange itself was handled by the
use of a robotic arm. The constructed prototype could exchange flight batteries in drones in under
two minutes with reasonable perpetuity and reliability.

Keywords: drone; battery replacement; robotic arm; machine vision; flight battery

1. Introduction

Unmanned aerial vehicles (UAVs) are types of flying drones that do not have a human
operator on board. Such drones have found various possible use cases in multiple fields,
from aerial photography to the delivery industry and even medical services [1,2]. Drones
require a power source to operate. A variety of different methods of powering drones have
been studied extensively regarding aspects of endurance and efficiency. While drones with
tethered power sources do exist, drones often rely on portable power due to their remote
controlled nature. Current drones often utilize removable batteries as a portable power
source and can be equipped with additional payloads, both of which are usually manually
installed by the pilot or other human operator. As drones can, by design, operate far away
from their operators, the manual replacement of a battery by an operator can be a limiting
and ineffective method that sets limits to the drone and its operational purpose. Therefore,
a system designed to automatically and remotely handle these tasks could potentially
benefit existing and emerging use cases for drones.

Research on different autonomous flight-time-extending solutions for drones is on-
going, as drones remain a popular topic across different industries. Examples of methods
for automatic flight battery exchange include designs such as that of Lee et al., where
the battery can be exchanged with a mechanical carriage, if the drone has successfully
landed in the correct position [3]. Their system could exchange a flight battery in around
one minute. However, it relies on the landing accuracy of the drone, which could be
problematic when wind or other natural factors disturb the landing process. In their work,
Fujii et al. [4] present a system where a landed drone could be mechanically guided in place
before swapping the battery to compensate for inaccurate landings. Alternatively, Zhao
et al. [5] disclose the use of a funnel and its counterpart attached to a drone for guidance
before battery exchange. Other methods which could be more tolerant for inaccuracies in
landing include methods with wireless or contact-based charging areas with guidance, but
these can usually accommodate a singular drone for the duration of charging time [6–8].

Machines 2024, 12, 818. https://doi.org/10.3390/machines12110818 https://www.mdpi.com/journal/machines49



Machines 2024, 12, 818

Some solutions have emerged that have attempted to address both issues with mechanical
containers for drones, often dubbed drone-in-a-box solutions, which can store a drone
and provide either charging capabilities or a battery exchange for a singular drone, where
they often rely on mechanical positioning of the drone in the landing area [9,10]. Similarly
to those, some recent methods have utilized machine vision locating of drones and an
extendable arm for exchanging batteries [? ]. Using such an open-chained solution has
created a possibility to house multiple batteries and possibly even service multiple drones
while not relying on mechanical positioning systems or the pinpoint landing accuracy of
the drone. Table 1 summarizes the advantages and disadvantages that could be identified
from methods to extend the flight time of drones.

Table 1. Comparison of range-extending methods.

Method Advantages Disadvantages

Wireless charging Lightweight Services a singular drone while charging
Simple Relies on charging time

Contact-based charging Lightweight Services a singular drone while charging
Simple Relies on charging time

Requires a guidance solution
Tethered drone Does not rely on charging time Limits the range of drone

Battery exchange, guidance by a drone Does not rely on charging time Relies on landing accuracy
Less reliant on charging time Complex

Battery exchange, guidance by an
external solution Does not rely on charging time Complex

Does not rely on landing accuracy
Less reliant on charging time

This work presents a prototype system built around a robotic arm and a simple
machine vision system to recognize and move the drones through a separate battery
exchange jig, which can be used to store drones when not needed and hold them in place
during the exchange process. Our system’s novelty and contribution can be summed up as
follows: instead of using a more complex mechanisms that hold the drone and manipulate
the battery simultaneously, we divide those into separate functionalities resembling how
you could exchange the battery while holding it by hand by using separate jigs as a tool.

Background for this work begun as a master’s thesis of one of the authors, which is
publicly available online [12]. In an effort to keep this paper short, some of the more trivial
technical aspects that are shared between these works are not covered in this paper.

2. Methodology and Construction

One of the common challenges in flight-time-extending solutions for drones is the
problem of accurately positioning the drone for a recharge or battery exchange. Our attempt
to overcome this challenge was to locate the drone with machine vision and physically
move the drone from the landing area to a separate battery exchange location with a robotic
arm, which would also handle the battery exchange operation. Our presumption was that
this would not require pinpoint accurate landings from the drone itself as the drone would
only have to land in the general field of vision of the robot’s camera for the localization to
work. Therefore, this concept would be central to the built system’s design.

The proposed system (Figure 1) was designed and constructed from sub-assemblies
attached to an aluminum support frame. The Kinova Gen3 robotic arm was placed in
position where it could reach the drones in the entirety of the landing area while maintaining
a capability to operate within preset static points of interest (POIs). These POIs consisted of
positions which would not move during operation and included the battery exchange jig,
the battery chargers and a separate storage position for the drone. The construction also
included a peripheral monitoring system for keeping track of occupied drone positions, a
landing area to function as a good background for machine vision operation and for drones
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to land, and a support frame constructed from aluminum profile to fasten everything down.
A list of the main parts in the final construction and their availability can be seen in Table 2.

Figure 1. Three-dimensional model of the entire assembly.

Table 2. List of main parts.

Part Description Availability

Kinova Gen3 7DOF Robotic arm Commercial
Robotiq Hand-E Mechanical gripper interface Commercial
RealSense L515 Camera Commercial

Minitec 45 × 90 UL 4800 mm Support frame material Commercial
Corrugated plastic panel 598 × 598 mm Landing area material Commercial

DJI Tello drones products Drones, batteries and chargers Commercial
Gripper fingers Gripper fingers fitted for Tello 3D printed

Exchange & storage jigs Holding drones 3D printed
Miscellaneous parts Funnels, custom fasteners, supports 3D printed

Actuonix PQ12-P Linear actuator in exchange dock Commercial

Microswitch D2VW-5 Used in battery exchange & storage
dock Commercial

STM32 Nucleo L433RC-P Controller for microswitches Commercial

The drones utilized in this project were DJI Tello drones equipped with a gripping
surface and augmented reality (AR) marker. During a normal, manual battery exchange,
the Tello drone is held between a person’s fingers (Figure 2, left) while the flight battery
is removed by pulling it from the rear of the drone, and it is reinstalled in the opposite
direction. A similar approach was used as a starting point for our automatic exchange,
where the drone would be mounted on a jig instead of a hand.

A 3D-printed jig (Figure 2, right) was designed to attach directly to the feet of the
Tello drone through the holes in the jig. These holes function similarly to a funnel and
position the feet of the drone accurately when they are correctly pushed in. Once pushed in,
movement of the drone is restricted, except for the same direction in which it was pushed
in. In order to make sure that the feet, and by extension the drone, are pushed in the correct
position and orientation, chamfered poles were designed next to each hole. These poles
would act as preliminary guides and would also provide additional support during the
manipulation of the drone. The jig also provided attachment points for a microswitch,
which was used to detect the correct installation of the drone, and a small linear actuator,
which could be used to toggle the power on the drone by pressing the power button of
the drone.
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Figure 2. (Left) Tello drone held in hand. (Right) Three-dimensional model of the jig designed for a
Tello drone.

The battery exchange jig was mounted in such a way that the robotic arm could reach
partially underneath it in order to grasp the flight battery from the rear of the drone. As
the movement of the drone is bound in this direction by the jig, the battery could simply
be removed by pulling it away from the drone with the robot. For safety and monitoring
purposes, a microswitch was placed on the jig as a fail-safe to detect the correct installation
of the drones. This microswitch would not trigger unless the drone was installed correctly.
The storage position was a simplified version of the exchange jig assembly (Figure 3), but
without the linear actuator, as it was unnecessary.

Moving drones to a separate jig for battery exchange required a method of locating
drones accurately from the landing area and a method to hold both the batteries and the
drones. We used a Robotiq Hand-E gripper, which was fitted with a photogrammetrically
calibrated RealSense L515 camera and proprietary gripper fingers with notches suitable for
grasping both the batteries and the drones (Figure 4).

Figure 3. Three-dimensional model of the battery exchange jig assembly.
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Figure 4. Three-dimensional model of the gripper assembly.

The machine vision system for locating the drone from the landing area used AR
markers attached to a visible location on the drones. From these markers, the position and
orientation of the drone in the landing area could be calculated by measuring the difference
between the center point of the AR marker on the drone and the center point of the visual
frame of the camera. This solution relied on the method introduced in the OpenCV library
for Python [13]. The localization worked by driving the robot in a position where the
arm of the robot would be perpendicular to the planar landing area and the attached
camera would have a good field of view (FOV) of the landing area. This is illustrated in
Figure 5, where FOV X and FOV Y resemble the edges of the FOV of the attached camera,
and distance D resembles the height from the arm to the landing area. This height was
assumed to be static as long as positions of the robot or landing area did not change, which
eliminated the requirement of measuring it every time a drone was picked up.

Figure 5. Illustration of localization position.

The location of the AR marker in the frame of the FOV could be obtained using the
detector feature built into OpenCV 4.2, yielding the positions of corners of the detected
marker, which could further be converted to Euler angles with the pose estimation tools
built into OpenCV. This method provided distances from the AR marker to the corner of
the visual frame and rotation along the Z-axis of the marker. The difference between the AR
marker and the center point of the camera could then be converted to Cartesian coordinates
and angular values, which could further be passed to the robotic arm as corrections toward
the pick-up point of the drone (Figure 6). Detection in the planar field yielding values for
X and Y corrections and the angle of orientation was deemed sufficient, as the distance
between the base of the robot and the top surface of the landing area, and by extension the
height of the landed drone, was known.
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Figure 6. Visualization of correction calculation.

Since the camera would already be used to locate the drones, it was also used for
monitoring the status of the battery chargers. In this case, the chargers were a set of
two chargers made for DJI Tello batteries, each capable of charging three batteries. The
status of each charger position was determined by monitoring the position and the LED
next to it with the camera, indicating the presence of a battery and readiness of the charge.
The middle position in the battery chargers was too narrow to access it with the gripper
and was therefore utilized as an attachment point to fasten the chargers to the support
frame. This resulted in the system having a total of four possible charging positions. The
unavailable middle position would also be used for attaching funnels directly above the
remaining charger positions, which would guide batteries to the correct positions. As the
system could identify empty slots and readiness of a charge in occupied positions, a simple
pick-and-place action was deemed to be sufficient when returning or fetching batteries
from the chargers.

As the points of interest were static, apart from the action to pick up the drone, move-
ments of the robotic arm were created with positional sets containing Cartesian coordinates
with angle/axis representations and angular position values. Cartesian coordinates were
used in movements requiring finesse, such as the insertion of the drone to the exchange
dock and the manipulation of the flight batteries within the drone, as Cartesian coordinates
were easier to use in this application. Broader, more general movements, such as move-
ments from one safe point above the exchange dock to another safe point above the drone
storage dock, were made with angular position values to avoid unreachable intermediate
points and high-joint-rate near-joint singularity in Cartesian paths.

The correct operation of the system was monitored with a separate peripheral moni-
toring system. This peripheral monitoring system consisted of an STM32 micro-controller
that controlled an array of multiplexers that were connected to the microswitches in the
storage and battery exchange jigs. The STM32 transmitted changes in the statuses of
the microswitches to a main computer responsible for running the system. This main
computer was a laptop computer responsible for monitoring data and controlling actions
using Kinova’s Kortex application interface version 2.6.0 for robotic movements and the
aforementioned OpenCV 4.2 for machine vision purposes.

Three modes of operation were programmed into the system (Figure 7). These modes
were essentially looping sets of commands and checks based on parameters, such as the
statuses of the battery chargers or the occupation of the drone docks. These modes were
run in a loop until certain conditions were no longer met or the operator interrupted the
program. The modes were called ‘Catch’, ‘Release’, and ‘Catch and release’. ‘Catch’ was
used to find the drone in the landing area, remove its flight battery, and move the drone to
storage. ’Release’ was the opposite mode, where the drone was moved from the storage to
the landing area with a charged battery. ‘Catch and release’ was used to exchange the flight
battery for a charged battery and immediately release the drone back to the landing area.
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Figure 7. Simplified state machine diagrams of all programmed modes.

In ‘Catch’ mode, the system would check if any storage positions were available,
and if they were, it would begin to look for AR markers from the landing area using the
configured detection model (Figure 8, left). If any markers would be detected, the system
would move to a better position for scanning the landing area for the position of those
markers and, by extension, the drones (Figure 8, right).
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If a marker was found and correction coordinates were successfully extracted, the
arm would move to pick up the drone from the preset pick-up height (Figure 9 left) and
transport the drone on top of the battery exchange dock (Figure 9, right).

The drone could then be inserted into the dock by pushing it in from above (Figure 10,
left). If a correct installation was detected via the activation of the microswitch, the robot
would move into position to remove the battery from the rear of the drone
(Figure 10, right).

Figure 8. (Left) ‘Overlooking’ position. (Right) ‘Scanning’ position.

Figure 9. (Left) Picking up the drone. (Right) Taking the drone to the battery exchange dock.

Figure 10. (Left) Inserting the drone to the exchange dock. (Right) Moving in position to remove the
battery from the drone.
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Once the battery was removed (Figure 11), the robot would then move to a position
where the camera could see the battery chargers. The system would then attempt to detect
the statuses of all battery chargers and insert the battery to the first empty charger position
for charging. After leaving the empty battery at the charger, the robotic arm would move
to pick up the empty drone from the exchange dock. The empty drone would then be
transported to the storage position that was deemed empty in the first phase, and the loop
began over again until all storage positions, which in our case comprised of just one actual
storage position, were full. The ‘Release’ mode was configured to be the opposite of ‘Catch’,
releasing drones from storage. The ‘Catch and release’ mode would insert a fully charged
battery into the drone and then move it back to the landing area. By using static coordinates
for the POIs, positions of the POIs did not change between different modes.

Figure 11. (Left) Gripping the battery in a drone. (Right) Pulling the battery out from a drone.

3. Tests

The system was tested by running the longest of the three modes, the ‘Catch and
release’ mode, for 200 consecutive timed test runs. Tests were performed in an indoor
laboratory with good lighting conditions, at around 20 degrees Celsius, and without wind
or external vibrations. Between each run, the drone was manually placed by hand in
various positions in the landing area. In every position, the orientation of the drone was
set to be roughly between −90 and 90 degrees and generally facing the robot. The system
also had three out of four possible battery charger locations occupied, leaving room for one
battery from the drone. With this configuration, the location of the available empty battery
position and the available fully charged batteries would rotate as the robot exchanged
batteries between the drone and the chargers. Each test run was deemed successful if the
drone was picked up from the landing area with an empty battery and released back to the
landing area in correct orientation, facing away from the robot, with a charged battery and
powered on, i.e., in a condition where it would realistically be ready for take-off.

During these 200 tests, the system failed this task five times. Two failures resulted
from inaccurate readings of the battery charger LEDs, which caused the system to think
that all battery charger positions were occupied, which in turn triggered an error state and
halted operation. Three failures occurred from a poor pick-up accuracy of the drone, which
led to a misalignment when inserting the drone to the battery exchange dock. However, it
was also observed that the chamfered surfaces in the exchange dock managed to correct
minor misalignments from poor pick-up action six times during all test runs by guiding
the drone in the correct position. Therefore, even if the chamfered surfaces functioned as
they were designed and provided correction when they were supposed to, the accuracy for
the pick-up action would have been insufficient in a total of 9 times out of 200.

Durations of steps from all successful test runs were recorded with a Python 3.8.2
script, keeping log of when different steps were reached. The average time from the first
detection of the drone to the robot returning the drone back to the landing area and moving
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back into the ready position was recorded to be 118.27 s, with most runs ranging roughly
from 117 to 120 s. Average values of recorded times between steps are shown in Table 3.
Test times were recorded with the highest available speed and acceleration settings for the
Kinova Gen3 robot, which were 80 degrees/s and 297.9 degrees/s2 for joints 1–4 and 70
degrees/s and 350 degrees/s2 for joints 5–7, respectively.

Table 3. Average times between steps.

Step Average Time in Step (s)
Average Time from Start to

End of Step (s)

Time to detect the drone 8.94 8.94
Time to locate the drone 5.75 14.69

Time to pick up the drone 25.96 40.65
Time to remove the battery 4.48 45.13
Time to move to the battery

chargers 16.41 61.54

Time to deposit the empty
battery & pick up the charged

battery
11.43 72.97

Time to release the drone back to
the landing area 39.73 112.7

Time to completion 118.27 118.27

Recorded times show that, on average, most of the time was spent on three steps.
These steps were ‘Pickup the drone’ (25.96 s), ‘Move to the battery chargers’ (16.41 s), and
‘Release the drone back to the landing area’ (39.73 s).

The ‘Pickup the drone’ step incorporates the actions of picking up the drone from the
landing area and moving it to the battery exchange dock, installing the drone in the dock,
turning the power off in the drone using the small linear actuator in the exchange dock,
and verifying correct installation of the drone with the peripheral system. As such, it is
a fairly large step that could be considered movement-intensive. Therefore, the length of
this step could likely be shortened by making movements of the robot either shorter or
faster through optimization of the movements or via a different placement of the battery
exchange dock. However, in the case of this system, these gains in performance would
likely be close to negligible, as the movements were reasonably short in comparison to the
speed settings of the robot.

The ‘Moving to the battery chargers’ step includes the short movement from the top
of the landing area to above the battery chargers with the battery that was removed from
the drone, as well as the measurement of the charger LEDs in each charger position. The
latter spends five seconds measuring the frequency of the blinking LEDs in each occupied
battery charger position to determine whether the battery in the charger position is charged
or not. Therefore, with three batteries available in the chargers, this process takes at least 15
s in every test iteration, which is less than ideal. However, this was a placeholder solution,
and while implementing a better solution could provide major gains in performance, it
was considered to be outside the scope of this work.

The ‘Release the drone back to the landing area’ was another large step. It included
transporting the charged battery to the drone, installing it in the drone, toggling the drone’s
power on, removing the drone from the exchange dock, releasing the drone in the landing
area, and finally looking for the presence of the marker to confirm that the drone has left
the landing area. Similarly to the ‘Pickup the drone’ step, this is a movement-intensive step
with multiple short movements. However, as the timing stops when the system can no
longer detect the drone, with the drone was removed from the landing area by the operator
in these tests, this step also relies on the speed of the operator removing the drone from
the landing area. While the performance of the system in this paper could be increased
by stopping the timing once the system considers the drone to be ready for take-off, the
authors felt that this approach provided a more realistic scenario for testing.
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Overall, for a system with similar functionalities, the speed of the system could
potentially be increased by configuring it to require as few different steps of movement as
possible and by conducting peripheral functions, such as battery monitoring, as parallel
operations to the main system.

4. Conclusions

This article describes how an independent mechanical jig could be used to hold a
drone in place during an automated battery replacement. As the drones were located with
machine vision and handled by a robotic arm, the placement of a drone in the landing area
could be flexible, allowing drones to land in the landing area with relatively loose precision.
This was also tested during an evaluation by placing a drone in various positions and
orientations in the landing area. Additionally, our system could be used to store and release
drones using the same method. During the evaluation, the constructed prototype failed
to exchange the battery 5 times out of 200 iterations, with the average time for a complete
battery replacement being under two minutes. Compared to existing similar solutions, our
method was neither the fastest nor the most reliable, as other comparable solutions could
complete the flight battery exchange in even under one minute with near perfect reliability.
Additionally, our setup was relatively complex and showed susceptibility to malfunctions
during testing. However, our system offers the possibility for drones to land with relatively
loose precision, and it could also be used as a storage for drones, which adds utility beyond
battery exchange.

Therefore, the method of using independent jigs for handling drones during an
automatic flight battery exchange shows promise as a concept but could benefit from
additional research. The jigs could possibly be scaled up and redesigned for larger drones,
as real-world use cases for DJI Tello drones are limited outside of research and hobbyist
applications. Based on evaluations, other possible areas for future improvements include
drones developed with such battery replacement methods in consideration, which could
be beneficial for long-term operational reliability. It was observed that the localization
of the drone in our system resulted in inaccurate pick-up actions, beyond what could be
corrected three times, and pick-up actions within the margin of correction six times during
testing. While the localization itself was likely the main cause, the mechanical guidance
could possibly also be improved by design features such as centering gripping surfaces
in drones for better pick up or by broader margins of guidance in the mechanical jig. Our
system also took advantage of using static coordinates for non-moving POIs, which likely
contributed to higher reliability once properly adjusted. However, using static coordinates
may not be feasible in all use cases, as even a slight offset between the true POI location
and its set coordinates can cause additional wear or even malfunctions due to the poor
alignment of the robotic actions and the POIs.

Future development plans include designing scalable and modular features that could
support various drone types to improve the overall usefulness of the system. The Tello
drones win this study ere attached to jigs from their feet since they provided a sufficient
support for the removal of batteries. However, using the same exact design may not feasible
for larger drones that can require a greater surface area and a wider stance between their
feet for stability. Scaling the jig to accommodate larger drones may require the development
of separate attachment features for these drones, i.e., points of contact between a drone
and a jig. These attachment features could possibly be designed to be universal between
drones to increase compatibility. Similarly, batteries and battery housings could likely
be designed in a way that would provide compatibility with different types of drones.
Operational reliability could also benefit from having a method to recognize and correct
for the misalignment of different POIs, i.e., a method of error correction instead of static
coordinates, allowing for dynamic error correction rather that relying on static coordinates.
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Abstract: The use of innovative mobile vehicles with increasingly advanced mechatronic aspects in
the agricultural sector is becoming, in recent years, a stimulating field of research and comparison. In
particular, the problem addressed in the present work refers to improving the locomotion of mobile
vehicles on agricultural terrain by reducing the soil damage and improve the overall performance.
Agricultural vehicles generally use tracks and wheels for locomotion; the main difference between
the two systems is the contact area with the ground and, consequently, the pressure distribution. The
present work presents a new reconfigurable agricultural vehicle that can switch from one locomotion
system to another, choosing the suitable configuration according to the terrain conditions. All the
mechanical and electronic aspects of the prototype developed are analyzed together with an in-depth
analysis of the management of the innovative functions through a user-friendly graphical interface
able to control the vehicle.

Keywords: reconfigurable locomotion system; robots for agriculture; mechatronics applications;
control of mechanical systems

1. Introduction

In the last decade, the agricultural field has seen a significant increase in mechanization
and technological solutions, ranging from monitoring agronomic parameters using field
sensors to robots and machinery for field operations, as detailed in [1]. For some types
of crops, it is possible to create ad hoc structures in highly mechanized greenhouses, as
in [2–4], where robots are used for harvesting crops like tomatoes, apples, or strawberries.
In other cases, it is necessary to intervene on existing plantations, as in [5], where a smart
solar fertigation system is installed in a vineyard to optimize the use of fertilizers. One of
the drawbacks of this mechanization is the increase in the size of the machinery [6], which
has led to detrimental effects on the environment [7,8].

A factor of interest for the farmers is the soil quality, which directly impacts produc-
tivity and soil maintenance costs. It is well known that the use of heavy machinery has
caused progressive land degradation, and several studies have been carried out to quantify
this damage [9–11].

As a result of this altered soil state, farmers experience a loss of production and higher
soil maintenance costs [12]. Moreover, there are correlated environmental issues, such as
the loss of water and soil erosion [13].

Compaction and distortion are the mechanisms by which vehicle traffic in the field
damages the soil. The first is the result of the normal pressure exerted at the contact patch,
which causes a compression of the soil pores and reduces their volume. The shear forces
cause the distortion of the soil during the vehicle motion, which destroys the pores by a
constant volume displacement [14]. Without a proper amount of pore space, the soil health
is compromised.
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The most common running gears with which agricultural vehicles are equipped are
tracks and wheels. Given a tracked and a wheeled vehicle comparable in size, their main
difference will be in the contact area at the ground. Tracks provide a lower soil compaction
because of the lower pressure distribution over a larger area but higher soil distortion due
to the higher traction force and the peaks of pressure under the rollers [15]. Instead, wheels
have a smaller contact patch and cause higher compaction but are also more agile and cause
less distortion, especially during the turning maneuvers. Reducing the contact area sliding
during the skid-steering maneuvers requires lower torque and energy consumption. In
the literature, there are examples of systems able to change the contact area for improving
the steering maneuvers, as in [16], where an eight-wheeled vehicle has a mechanism for
lifting one or two pairs of wheels. Vehicle sinkage should also be considered if the soil
is highly deformable. The bulldozing effect during the turning maneuver might make a
tracked system preferable, despite the longer contact patch.

The different contact area also impacts tracked and wheeled vehicles’ traction perfor-
mance and energy consumption. If the soil has cohesive properties (i.e., contains clay), a
larger contact patch ensures a higher traction force [17], while on frictional soils, a higher
normal stress can increase the soil strength and might lead to a higher draught. Moreover,
the volume of soil deformed is the main contribution to the running gear rolling resistance.
If the contact area is small, we can expect a high sinkage and rolling resistance on highly
deformable soil. Conversely, a large area would reduce the sinkage.

To combine the benefits of wheels and tracks and adjust the contact area based on the
soil conditions, we proposed a locomotion system to change the contact patch [18], and
we realized “Hadrian” a new wheel/track reconfigurable vehicle. The vehicle is equipped
with a locomotion system that can switch between a wheeled and a half-tracked mode by
partially lifting the tracks’ idlers and leaving only the sprockets in contact with the soil to
have a wheel shape interacting with the ground. This concept is depicted in Figure 1.

Figure 1. Concept of the reconfigurable locomotion system. The contact area is adjusted based on the
track’s configuration.

Such a system aims to minimize soil damage during farming operations and adapt to
vehicle performance (traction, rolling resistance, and steering torque).

As a testbed for our system, we selected the vineyard, a good example of a field
experiencing soil damage [13], especially during the harvesting period, when the farmers
enter the field with heavy tractors, regardless of the soil conditions. Our test fields are the
training systems used in Italy, one of the countries with the highest production of wine in the
world [19], where innovative systems for the soil damage issue are required. Hadrian aims
to transport the grape in the vineyard during harvesting, by avoiding using tractors. The
vehicle will have to decide the locomotion mode autonomously based on proprioceptive
sensors’ data (e.g., motors’ velocity and current) and exteroceptive sensors’ data (e.g., soil
moisture sensors in wireless communication with the vehicle, Figure 2). Similar strategies
are adopted in other works, as in [20], where exteroceptive and proprioceptive sensor data
are used for terrain estimation, improving the mobility of a mobile base.
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Figure 2. Vehicles operating in the field by using proprioceptive and exteroceptive sensors’ data.

Implementing robotics in agriculture and beyond has to consider ease of use. The
final user will probably not be a technician, and an easy interface becomes an essential
tool for the diffusion and acceptance of new machinery. For this reason, we developed a
straightforward user interface to control Hadrian remotely. Although a final version of
the vehicle will be able to decide autonomously the locomotion mode based on the soil
conditions, we can expect the navigation to be still performed or supervised by a human
operator because of the complexity of the environment and the presence of humans in
the field.

In this paper, we provide a detailed description of the vehicle and the solution adopted
for its realization, specifically focusing on the system architecture and user interface devel-
oped for its control. First, we will briefly describe the environment in which the mobile base
will operate and how this affects the overall size. Then, we will describe the mechanical
and electrical systems, and finally, we will show in detail the user interface we developed
for the easy remote control of the vehicle.

2. Materials and Methods

2.1. Reconfigurable Grape-Transporting Vehicle
2.1.1. Environment and Relative Constraints

The vehicle’s overall size is decided based on the environment in which it will operate.
Since Hadrian is meant to transport grapes during the harvesting period, we have consid-
ered the sizes and characteristics of the vineyards. Several types of training systems are
used worldwide: head/can, cordon/cane, head/spur, and cordon/spur [21]. The vines are
usually placed in rows, leaning on steel wire structures that guide their branches.

The distance among the trees is decided based on the agricultural machinery used in
the field. This distance is about 2 m, allowing the pass of tractors.

Because the vehicle must operate in the field with the people collecting the grapes,
we need to keep a marginal distance between the vehicle and the people. We assume the
vehicle’s size is 1.3 m × 1.3 m square. The maximum weight (including the payload) is
400–450 kg, assuming a grape payload of a maximum of 200 kg.

2.1.2. Running Gear’s Size and Traction Motors

The running gear’s size, summarized in Table 1, is a trade-off among soil damage,
performance, and weight.

We have conducted field experiments in a vineyard and FEM analyses of a single
wheel as the size changes [22] and of a track [18] to evaluate the effect of different contact
areas in terms of sinkage, rolling resistance, and pressure exerted onto the soil. Unlike
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the wheel, a track is a much more complex system to analyze and simulate because of the
flexible chain and peak of pressures caused by the rollers, as we further discussed in [23].

Table 1. Running gear’s size.

Component of Gear Size (mm)

Sprocket diameter 330
Idler diameter 175

Track width 160
Wheel diameter 300

Wheel width 150

We tested the rolling resistance and sinkage of our designed track module in a soil bin
facility built at the Kyushu Institute of Technology [18]. We have mixed clay, silt, and sand
in the percentages of 20%, 40%, and 40%, respectively, to obtain loam soil [24] with the
frictional and cohesive properties typical of agricultural soil. Then, we carried out several
pull-tests in which the track was mounted to a frame, loaded to 100 kg, and pulled for
2.5 m at a constant velocity by a walking tractor through a steel wire. The steel wire was
attached to a force gauge sensor to measure the rolling resistance. We tested on different
soil conditions: firm, soft, and wet saturated. In Figure 3, some of the test results are shown.
As expected, the highest rolling resistance is obtained for the case of deformable soil (soft
and wet), although the mechanism of soil deformation in the two cases is different. In soft
conditions, the soil contains a higher fraction of pore space, which undergoes a compaction
and volume reduction during the track pass. In saturated wet conditions, the pores are
filled with water, making the soil incompressible and leading to deformation by distortion.
We have a significant volume of deformed soil and a corresponding high rolling resistance
in both cases.

Figure 3. Some of the pull test results carried out with the single-track module.
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The results of the pull tests have been used to select the four traction motors after
assuming a maximum velocity of 0.5 m/s, comparable with that of a human being walking
in the field.

The DC motors selected are BLV620K100S for the front tracks and BLV510K100S for
the rear wheels, developed by Oriental Motor. The BLV620K100S has a maximum torque of
52.7 Nm (1–30 rpm) for a rated power of 200 W. The BLV510K100S has a maximum torque
of 27.4 Nm (1–30 rpm) for a rated power of 100 W. We expect the tracks to “support” the
wheels in more difficult soil conditions (i.e., wet saturated), in which a high sinkage and
high rolling resistance may cause the wheels to be stuck. In such a situation, the vehicle
is supposed to switch to track mode, reducing the weight sustained by the wheels and
providing the traction force to move the vehicle.

2.1.3. Mechanical Design

To describe Hadrian’s mechanical solution, we can divide the vehicle into three main
groups, all mounted to the chassis: rear axle, front axle, and switching mechanism. Figure 4
shows the full vehicle and the three main groups.

Figure 4. Hadrian’s overview and main subsystems.

The rear axle consists of two wheels connected to the chassis through a longitudinal
trailing arm suspension system. This type of suspension system has the advantage of
being simple and compact. The trailing arm consists of welded steel parts, as described
in Figure 5. Each wheel has a traction motor directly connected to the wheel hub. This
configuration saves space onboard, leaving room for the batteries and the electrical system
components at the vehicle’s rear inside the chassis. In Figure 6, the wheel system is shown
in detail.

Figure 5. Welded parts in the trailing arm of the wheel suspension system.
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Figure 6. Wheel group’s components.

The reason for having the wheels at the rear is that, while moving, the front running
gears compact the soil, making the conditions more favorable for the rear running gears.
Since the wheels cannot adjust their contact patch, having them on the rear side is more
convenient. In addition, by having the sprockets facing the moving direction, we ensure
that the contact shape still resembles a wheel when the vehicle is sinking, avoiding contact
between the lifted portion of the track and the soil. The two reasons explained here are
depicted in Figure 7.

Figure 7. Tracks at the front axle improve the soil conditions for the wheels.

The track system module was designed and realized from scratch using a steel chain
with mounted attachments. A U-shaped aluminum channel and a rubber lug are fixed on
each attachment by bolts and glue. The chain is connected to two gears, a sprocket, and
an idler. The sprocket has a larger diameter than the idler to facilitate the wheel mode
configuration when the idler is lifted. A more detailed description of the track module
design can be found in [18,23].

Unlike the rear axle, the traction motors of the front axle are positioned within the
chassis. The traction motor drives the sprocket gear through a chain coupled with two
sprocket gears, and the transmission ratio is 1. Each sprocket gear is rigidly connected to
the chassis by a pair of links. The idlers are connected to the switching mechanism by a
shock absorber. Two thrust bearings mounted in O-configuration support one end of the
driven shaft. Figure 8 shows the design solution adopted for the front axle. The triangular
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elements connected to the tracks increase the system’s overall stiffness during the turning
maneuvers, when the tracks experience lateral forces. In Figure 9, the assembled wheel
group and track group are shown.

Figure 8. Front axle’s components.

 

Figure 9. Track group (a) and wheel group (b).

The last group to be described is the switching mechanism. This is a Scott Russel
linkage, which converts the horizontal displacement of an electro-hydraulic actuator (EHA)
into a vertical linear movement of the idlers. The mechanism consists of an EHA connected
to a shaft (S1) with two bearings mounted at its ends. The bearings are inserted into two
parallel linear guides. The shaft is coupled with the longest link of a scissor mechanism
where the long link length is double that of the short one. A revolute joint connects the
middle of the long link to one end of the short link. The other end of the long link is
coupled with a second shaft (S2) connected to the idlers’ shock absorbers, as shown in
Figure 10. The EHA displacements cause S1 to move along the linear guide and close or
open the scissor mechanism to lift or lower S2 and the shock absorbers connected to the
track modules.
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Figure 10. Switching mechanism configurations and components.

The relation between the horizontal displacement of the EHA and the vertical dis-
placement of the idlers is evaluated as h = b(x) × tang(α), where b = bmax − x, and bmax is
the maximum distance between the roller shaft and the revolute joint of the short scissor
link, and α is the angle between scissor’s links and the horizontal, as in Figure 11a. We
selected the desired vertical displacement of the idler to be in the range of 100–150 mm.
With this displacement, we can ensure that, while in wheel mode, the shape in contact
with the ground is circular, as if it were a wheel. Figure 11b provides the static analysis of
the mechanism. The number 0 indicates the chassis, 1 is the actuator, 2 and 3 are the long
and short scissor links, respectively, and 4 is the linear guide. Fa is the actuator force, R
the reaction force on the link and Fs the force on the idler. As can be seen from the static
analysis, small values of the angle α in track mode would require a high actuator force
and a higher reaction force on the links. In wheel mode instead, the actuator only lifts the
idler, and relatively small α angles can be accepted. The mechanism synthesis is a trade-off
between the space available inside the chassis, the desired vertical displacement, and the
necessity to avoid small angles. In the final design, the α angle in track mode is 53 degrees.

Figure 11. (a) Relation between EHA stroke and vertical displacement. (b) Static analysis.

The EHA selected is the mini motion package MMP3-B1A100BA-GH, developed by
KYB corporation, whose stroke is 0–100 mm, with a total minimum length of 280 mm and a
maximum length of 380 mm. The maximum force is 5800 N, with a piston pulling velocity
of 33 mm/s and a pushing velocity of 19 mm/s. Although this application’s maximum force
is oversized, we preferred the Mini Motion Package because of its robustness, reliability in
dirty outdoor environments, and capacity to act as a rigid link once the desired position is
reached. These kinds of actuators are often used on agricultural machinery, for example,
for adjusting the position of a plowing machine mounted behind a tractor.

An alternative solution we considered is using a lead screw mechanism driven by an
electrical motor. Eventually, we preferred to adopt the EHA because of its higher robustness,
especially under dynamic loads.
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3. Results

3.1. Mechanical Final Design

The three main groups previously discussed are connected to the chassis, which
consists of a ladder frame made of squared aluminum bars connected through triangular
brackets. Wherever possible, the sections of the chassis have been triangulated by using
diagonal elements to improve the stiffness, avoiding rectangular arrangements of bars,
which would have low stiffness, especially when subjected to torsional loads [25]. The final
assembly of the vehicle is shown in Figure 12, and Figure 13 shows the vehicle in the field.

 

Figure 12. Final assembly of the vehicle.

 

Figure 13. Final vehicle while operating in the field.

The total weight of the vehicle without any payload is 237.5 kg. The weight distribution
has been measured using a weight scale, as in Figure 14, and those measurements have
been used to locate the center of gravity. In wheel mode, the weight measured is 65.5 kg
and 69 kg for the left and the right tracks, respectively, and 52.5 kg and 50.5 kg for the left
and right wheels, respectively. Although the track mode’s weight distribution is measured
similarly, the result depends on the EHA final extension and the characteristics of the shock
absorber, as detailed in our previous work [23]. With a maximum extension of the EHA
(100 mm), the vertical load on the wheels becomes 31.5 kg and 33.5 kg for the left and right
wheels, respectively. Future works will investigate the effects of different EHA extensions
and weight distributions in a real environment. The main characteristics of the vehicle are
summarized in Table 2.
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Figure 14. Weight distribution measurement by weight scale.

Table 2. Vehicle’s main specifications.

Vehicle Characteristics Specification

Mass 237.5 kg
Size 1230 mm × 1260 mm × 540 mm

Max velocity 0.5 m/s
Battery Li-ion 25.2 V 27 Ah ×2, mobile battery 5 V
EHA MMP3 12 V, 5800 N

Motors DCM 200 W ×2, DCM 100 W ×2

3.2. Electronic System Final Design

In Figure 15, the flowchart of Hadrian’s power system is provided. This includes two
Li-ion batteries of 25.2 V for the four brushless DC motor driving tracks and wheels and a
DC–DC converter from 25.2 V to 12 V for supplying energy to the electro-hydraulic actuator
(EHA). The vehicle is equipped with a microcontroller ESP32, which has Wi-Fi integrated,
used for receiving the soil moisture information from the field. The ESP32 microcontroller
(receiver) is connected to a PC by USB. The relay and UART/RS485 transceiver is powered
through an ESP32 (receiver) with 5 V. Each soil moisture sensor in the field (three in the
example of Figure 13) is connected to a separate ESP32 (transmitter) in wireless commu-
nication with the ESP32 onboard the vehicle. Mobile batteries of 5 V power the moisture
sensors. The final number of soil moisture sensors will depend on the size of the field and
the expected soil moisture variability.

In our preliminary tests, we had the vehicle moving on straight lanes, and the slip of
wheels and tracks is evaluated by using a laser distance sensor located at the end of the
lane and pointing to a flat black panel mounted on the front of the vehicle. With the laser
distance sensor (LDS), we measure the vehicle position (the distance from the sensor at
the end of the lane), and we can estimate the moving velocity. By monitoring the motors’
rotational velocity provided by the encoders, we evaluate the slip i as i = (wr − V)/wr,
where w is the angular speed measured by the encoders, r is the wheel’s radius, and V is
the estimated vehicle moving velocity.

The laser distance sensor is connected to an ESP32 (transmitter), and a battery of 3.3 V
powers it. The LDS is only a temporary solution for the preliminary tests because it’s
simple and cost-effective. In the future, we will adopt a GPS or DGPS.
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Figure 15. Vehicle power system.

3.3. System Architecture and User Interface

A user interface has been developed for easily operating the vehicle. We first describe
the system’s architecture, Figure 16, to understand how this interface works.

 
Figure 16. Hadrian’s system architecture.

Hadrian is equipped with a laptop PC from which it can be operated using the user
interface. As explained in Section 4, a microcontroller ESP32 receives the soil moisture
information from the ESP32 transmitters connected to the sensors in the field. The ESP32
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is also interfaced with the four motor drivers, the EHA, and the emergency button on the
vehicle to stop all the motors in an emergency. The information about the moisture will
be used, together with proprioceptive sensors’ data, to autonomously assess whether the
locomotion mode should be wheels or tracks. At first, we will conduct a series of tests on
different soil conditions (firm, soft, wet saturated) and with different payloads, and the
soil damage will be assessed by our group. The compaction will be evaluated by manually
measuring the Cone Index [26] and the ruts’ depth, and the distortion by using image
processing and comparing the soil displacement before and after the vehicle passes. We
will use these data to compare the two locomotion modes and assess the best one in the
various cases. The measurements and our assessment will represent the teaching data
for the design of the controller. At the same time, we will measure the motor torque, the
current, the vehicle’s slip, and the soil moisture during each test. For DC motors, when the
vehicle is moving at a constant velocity, the motors’ torque is proportional to the rolling
resistance, which is directly related to the soil deformation [26] (in particular to the sinkage).
Soil distortion depends on the shear forces exerted onto the ground, and these depend on
the load distribution at the contact patch, the torque, the slip, and the soil state. A neural
network-based controller will be trained with the experimental data to autonomously
assess the best contact area, depending on the operating conditions. For example, during a
supervised learning phase, the neural network will learn to assign a locomotion mode to a
certain combination of proprioceptive and exteroceptive sensors’ data. Once the network
is properly trained, we will test its performance to choose the locomotion mode on soil
conditions different from the one used for the teaching phase. As the field tests are still
ongoing, the design of such a controller represents the next step of this research.

The locomotion mode can also be decided manually by the user, and a switch relay
controls the EHA. The traction motors use the RS485 protocol, and the UART/RS485
converter communicates with the ESP32.

In Figure 16, the system components are grouped into modules depending on the
function. The SEB is the stop emergency button, U/RT is the UART/RS485 transceiver, MD
is the module consisting of the motor drivers, MW/T module is the mechanical connection
among motors and running gears (wheels and tracks), RL is the relay, EHA module is the
electro-hydraulic actuator connected to the switching mechanism, and the SMS module
consists of the soil moisture sensors. Finally, the LDS is the laser distance sensor module.

The user interface has been developed using Visual Basic 2022 [27], whose toolboxes
allow for the easy implementation of the required functions. Through the interface, we
want to send commands to the ESP32 to control the velocity and direction of the four
traction motors and extend or shorten the EHA while monitoring the motors’ torque and
running gears’ slip. The main blocks are “Button”, “TexBox”, “Chart”, and “SerialPort”.
These are responsible, respectively, for operating the scan port and sending commands from
visual basic.NET to the controller, displaying the sensors’ values, displaying the graphs of
sensors’ values in a chart, and creating a serial port component for the synchronous and
event-driven I/O to access serial driver properties. Additional blocks are used for adding
labels and pictures to the graphic interface. The designed GUI is shown in Figure 17.

The buttons “WHEEL” and “TRACK” allows the user to decide on the locomotion
system. The relay controls the direction to extend or shorten the piston’s position. When
the “WHEEL” button is pressed, the actuator shortens until it reaches the shortest length
(zero position). When the “TRACK” button is pressed, the actuator extends until it reaches
the maximum extension. The image of the vehicle is used to confirm the locomotion system
in use, and the switch must take place with the vehicle at a standstill. The operator must
press the “Stop” button before switching the mode to ensure the vehicle is not moving. To
tune the maximum possible extension of the EHA, we placed on the chassis two position
switches. In particular, the shaft driven by the EHA can activate the position switches
and stop the piston’s extension when the extension of the EHA is the one decided by the
position of the switches (in our preliminary tests, we used 80% of the stroke). The user
manually adjusts the position of the switches before using the vehicle.
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Figure 17. The graphical user interface for operating the robot.

Since the sprockets are connected to the motor, while the idlers can rotate freely, only
the idlers rotate during the switch. This prevents the track belt from sliding onto the soil
during the switch, which would cause additional forces to be sustained by the EHA and
soil damage. The four arrows allow the user to decide the direction of movement. The
traction motors receive a velocity input decided by the user. A velocity input is sent to
wheels and tracks when the forward or back arrow is pressed. The input velocity for the
front and back axles is different since the rolling radii of wheels and tracks are not the
same. When an input velocity is set, we can monitor the slip of each running gear and
adjust the velocity accordingly. This is possible by using the “Part Control”. The “Part
Control” controls each actuator individually by selecting the rotation direction and velocity.
The arrow buttons indicate the rotations’ directions, while the stop buttons can stop the
corresponding running gear. The interface also allows us to display in real-time the angular
velocity of each running gear and the torque exerted by every single motor. In the case of
EHA, the “PULL” and “PUSH” allow the user to decide the actuator’s extension.

The vehicle uses the skid-steering to turn. The turning maneuver is carried out with
the vehicle at a standstill. When the left or right arrow is pressed, the left and right
side running gears spin in opposite directions, causing the vehicle to rotate. Because the
skid-steering might require a high torque, especially on soft soils, we set the velocity to a
maximum of 15 rpm to not overstress the motors and tackle the torque peaks due to small
obstacles or the bulldozing effect.

In the “Soil moisture” section, the user can monitor the soil moisture level in the
field. In our preliminary tests, we are using only three soil moisture sensors. We can
expect soil moisture sensors to cover the field in a real application. In that case, the field
should be divided into sub-areas, and each sub-area’s average soil moisture value should
be monitored in the interface.

Although for the current prototype, the human operator can control the robot through
the interface and decide the locomotion system, the final goal is to have the vehicle decide
the locomotion system based on the sensors’ data collected during its operation. To achieve
this, the next step of this research is to test the robot in the field under several conditions
(different soils and payloads) and use the measurements of internal and external sensors as
teaching data to train a neural network for the control strategy.

The realized vehicle is presented in Figure 18 during the preliminary tests, both in the
track and wheel modes.
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Figure 18. Vehicle in track mode (left) and wheel mode (right).

4. Discussion

In this paper, we have presented our reconfigurable vehicle, Hadrian. This system can
change its contact area by partially lifting the front tracks through a Scott Russel mechanism
driven by an electro-hydraulic actuator. We described the mechanical solution adopted
and the system architecture, and we finally described in detail the graphical user interface
developed for easy remote control of the vehicle. Such a vehicle aims to transport the
grape in the vineyard during harvesting while minimizing soil damage and adapting the
performance based on the need.

The control interface allows the control of every actuator while monitoring the slip, the
rotational velocity, and the torque. The graphical interface represents an important tool for
user-friendly vehicle control. Moreover, in the context of the growing development of IoT
technologies for agriculture, an interface of this type can be implemented via a smartphone
app, not only to facilitate the control of the vehicle during the harvesting period, but also
to use the same for field monitoring, collecting data on the state of the soil.

The next step of this research is to test the vehicle in the field and measure the soil
damage and performance in several soil conditions. The experimental data will serve as
teaching data of a controller, such as a neural network, for making autonomous choices
on the best locomotion mode from the vehicle, based on the onboard sensors data and
field sensors data. It can be foreseen that the forthcoming improvements to the control
system will be able to further improve the behavior of the vehicle developed, making it an
important and helpful tool in the field of grape harvesting.
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Abstract: Driven by an eccentric mass through a two-layered cantilevered plectrum, the electro-
magnetic energy harvester (EEH) can convert low-frequency mechanical vibrations into continuous
uni-directional rotation. To optimize the performance of the EEH, electromagnetic analysis of the EEH
was conducted. Three-phase winding permanent magnet (PM) topology was employed, and combi-
nations of different coils and magnet pole numbers were designed. Then, the finite element method
(FEM) was applied to analyze the influence of the combinations of the coils and pole numbers as well
as the PM dimensions on the three-phase induced voltage. Prototypes with different configurations
were fabricated and the analysis effectiveness was confirmed. Furthermore, different types of stator
yokes were designed to enhance the magnetic field. Compared to the original prototype, the output
voltage of the optimal prototype increased by 0.5 V with the same rotation speed, and the harmonic
components were sufficiently low. Then, experiments with excitation by linear reciprocating motions
and swing motions were conducted. Under different exciting conditions, the optimal prototype can
also induce the highest voltage amplitude. With an increase in the weight of the eccentric mass,
a long duration can be reached that lasts up to 12 s. In summary, the proposed optimization can
achieve a high-efficiency and high-power density EEH.

Keywords: electromagnetic energy harvester (EEH); three-phase machine; finite element method
(FEM); harmonic analysis; ultralow-frequency vibration

1. Introduction

Harvesting energy from the surrounding environment and transforming it into electric
energy is a feasible process that can supply power to wearable, portable and implantable
devices, including wireless miniature sensors, etc. [1–4]. Low- and ultralow frequency
vibrations widely exist within the natural environment and are considered to be an attrac-
tive sustainable resource for replacing traditional chemical batteries. Mechanical vibration
contains various kinds of linear and swing vibrations. However, how to capture these
mechanical energies efficiently is a great challenge, especially regarding ultralow frequency
vibrations [5,6]. The main principles of mechanical energy harvesting include the piezo-
electric effect [7,8], electromagnetic effect [9,10], electrostatic effect [11,12], triboelectric
effect [13,14], etc. By contrast, electromagnetic harvesters exhibit higher power and longer
service time.

Many research studies have been conducted to design various electromagnetic energy
harvesters (EEH) for low- and ultralow-frequency vibrations. For instance, Halim et al. [15]
proposed a non-resonant EEH, where a free non-magnetic ball in a cylinder periodically
hits two magnets suspended on two springs at either ends of the cylinder, and the voltage
is induced in the coil wrapped around the cylinder. The prototype generated 110 μW of
average power with a 15.4 μWcm−3 average power density. Gutierrez et al. [16] designed
a 2D magnetic levitation kinetic energy harvester, where a disk magnet lies on a 2D plane,
the boundary of which is constrained by a circular sidewall, and cuboidal magnets are dis-
tributed around the sidewall to provide a spring force. The prototype obtained a resonant
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frequency of 8.2 Hz and an output power of 41.0 μW and 101 μW at 0.1 g and 0.2 g, respec-
tively. Zhao et al. [17] explored an EEH with a magnetic orbit (EMH-MO) that has a circular
uniform and low potential energy orbit, and where the moving magnet is magnetically
modulated to move regularly along the magnetic orbit under arbitrary excitation. Under
a reciprocating motion of 10 Hz and 20 mm, the open-circuit peak-peak voltage was 4.3 V,
and the average power was 0.33 mW. Zhang et al. [18] presented a rotational EEH that
comprises a twist driving rod and a ratchet-clutch. When the twist rod is compressed,
the ratchet can keep rotating inertially for about 20 s. An overall energy of 85.2 mJ can
be captured, and a peak power output of 32.2 mW was achieved. Although the latter
two rotational EEHs can increase the level of electric power prominently, a relatively large
vibration amplitude is generally required to make these harvesters operate efficiently.

For swing motion harvesting, an eccentric mass or pendulum structure is needed to
scavenge for the swing vibrational energies [19]. For example, Smilek et al. [20] presented
a Tusi couple energy harvester based on a proof mass with permanent magnets rolling in
a circular cavity, where an average power of 5.1 mW from a 1.3 g periodic acceleration
waveform at 2.78 Hz can be obtained. Hou et al. [21] introduced a rotational pendulum
triboelectric-electromagnetic hybrid generator. With the rotation of the magnet pendulum,
the four coils induce the electromagnetic power, and the Cu ring around magnets periodi-
cally contacts with the FEP blades to generate the triboelectric induced power. Through the
two modes, the maximum power density of 3.25 W/m2 and 79.9 W/m2 was obtained at
a vibration amplitude of 14 cm and frequency of 2 Hz. Li et al. [22] designed an eccentric
pendulum-based EEH, where the eccentric rotor is arranged with permanent magnets
and two sets of coils are symmetrically distributed on both axial sides of the eccentric
rotor. The center working frequency is 2.0 Hz with an average output power of 8.37 mW.
Halim et al. [23] employed a torsional spring to enhance the harvesting capacity of the
eccentric magnetic rotor. The optimal prototype obtained a maximum 61.3 μW average
power under a pseudo-walking motion of 1 Hz and ±25◦ amplitude. Liu et al. [24] devel-
oped a non-resonant rotational EEH with a cylindrical stator and a disk-shaped rotor. The
rotor magnet can easily rotate around the stator due to external vibrations, and four wound
coils arranged around the stator magnet can induce the electrical voltage. Under an 8 Hz
excitation, the EEH can supply a maximum power of 10.4 mW at a load resistance of 100 Ω.
Since the above eccentric masses or pendulums are excited to swing at small angle and low
speed, these harvesters generally produce low electric power and voltage.

In order to capture low- and ultralow- frequency vibrations efficiently, an innovative
eccentric mass combined with a two-layered cantilevered plectrum was proposed in our
previous study [25]. However, the waveform and the efficiency of the electromagnetic
induction effect was not considered and optimized. Therefore, in this study analysis,
an optimization design of the electromagnetic performance is carried out to obtain a high
efficiency, high power density, and low harmonic components of the inducted voltage.
Firstly, a three-phase PM topology with fractional-slot concentrated-winding stator is
employed, which can generate three-phase symmetric sinusoidal voltage. Next, how to
design the combinations of coils and PM pole numbers is discussed. Then, to enhance the
voltage amplitude and reduce the harmonic components, finite element method (FEM) is
conducted, and the influence of the coil-pole combinations, the dimensions of PMs, and
the types of stator yoke are analyzed. The corresponding prototypes are manufactured and
tested, resulting in numerical FEM results that show good agreement with the experimental
results. Moreover, the prototypes are installed to a crank-link sliding mechanism for linear
reciprocating excitation and a crank-link swaging mechanism for swing motion. Different
frequencies and amplitudes of vibrations are loaded, and the induced voltage waveforms
are compared.
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2. Design of EEH

2.1. Vibrational Exciting Principle

The structure of the proposed EEH is shown in Figure 1. The eccentric mass can
be excited by external mechanical vibrations and transfer the kinetic energy to the rotor
via a two-layered cantilevered plectrum that pushes the ratchet set at the inner surface
of the rotor. The two-layered cantilevered plectrum is inserted into the central arc of the
eccentric mass, which includes a left elastic layer and a right rigid layer. The effective
length of the elastic layer (from its clamped end to the tip) is long enough to touch the
tooth of the ratchet, whereas the rigid layer is a little shorter, avoiding connection with
the tooth. As shown in Figure 2, when the eccentric mass is excited and spins clockwise,
the cantilevered plectrum exhibits low stiffness and low frictional resistance against the
rotor. On the contrary, when the eccentric mass is excited and spins anticlockwise, the
cantilevered plectrum exhibits sufficient stiffness to drive the rotor homodromy. Thus, the
rotor can be driven and accelerated to a high unidirectional speed by the eccentric mass,
even though the excitation is ultralow-frequency, irregular or intermittent.

 
(a) (b) 

Figure 1. Structure of the proposed EEH: (a) cross-section view; (b) Exploded view.

Figure 2. Principle of the proposed EEH.

2.2. Stator and Rotor Topology

As shown in Figure 1, the outer surface of the rotor frame is uniformly embedded with
a sequence of rectangular PMs that are radially magnetized. The polarity of the adjacent
two PMs is the opposite. The stator frame has a circumferential teeth-slot structure, in
which three-phase individual concentrated coils are wound around a tooth in sequence
(A, B, C), and each phase winding consists of several concentrated coils in a series
(A1-A2-A3-A4, B1-B2-B3-B4, and C1-C2-C3-C4). When the rotor spins, the rotational
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magnetic field is established, and then the three-phase sinusoidal voltage can be in-
duced in the three-phase winding and conveniently transferred to the DC voltage through
a three-phase rectifier bridge. For this three-phase PM topology, the number of coils Q
must be a multiple of 3 (three phase); an even number can avoid the magnetic unbalance.
Thus, Q can be set to 6, 12, 18, etc. When Q is less than 12, the leakage flux would become
more, and when Q more than 18, the structure would become complicated. As such, the
preferable number of Q is 12 or 18. Correspondingly, the number of PM poles p should be
an even number for the alternant polarity. When the rotor spins across two adjacent PMs,
it represents one electrical period (360◦ electrical angle). Therefore, the electrical angle
between adjacent coils can be expressed as:

αc =
180◦p

Q
(1)

The number of coils per pole and per phase can be expressed as:

q =
Q
pm

=
z
d

(2)

where m is the number of phases. When q is a fraction, it is called fractional-slot winding.
q = z/d represents an irreducible fraction, which means one phase has z coils in d poles.

As such, each coil can use a 2D vector to indicate its position and magnitude, and the
coil vectors in the same phase can be combined as the vector of one-phase winding. Then,
three-phase vectors are mutually separated at a 120◦ electrical angle, which can be satisfied
by configuring the number of Q and p properly. For instance, if p is set to 10 and Q is set to
12, then the adjacent coil vectors are staggered where αc = 150◦ electrical angle. The coil
and phase vectors are shown in Figure 3a. The No. 1 and 2 coils are combined as vector
A+, while No. 7 and 8 coils are combined as vector A−. If the No. 7 and 8 coils are wound
reversely, then the direction of vector A− becomes the same as vector A+, combining
together as the phase A vector. This is the same for the phase B and Phase C vectors, which
are staggered at a 120◦ electrical angle respectively.

  
(a) (b) 

Figure 3. Cont.
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(c) (d) 

Figure 3. Coil and phase vectors with different configurations: (a) 12C/10P; (b) 12C/14P; (c) 18C/16P;
(d) 18C/20P.

Because the coil vectors of the same phase are not in the same direction, the winding
factor should be considered to enhance the output voltage. The winding factor kw is
defined as the product of the winding distribution factor (kd) and the short pitch factor (kc).
The distribution factor measured the resultant voltage of the distributed winding regards
concentrate winding. kd can be expressed as:

kd =
sin( π

2m )

z sin( π
2mz )

(3)

The short pitch factor kc is the measure of the number of armature slots between the
two sides of a coil. kc can be expressed as:

kc = sin(
αc

π

π

2
) = sin(

αc

2
) (4)

Thus, the winding factor kw is:
kw = kdkc (5)

A higher winding factor can induce larger voltage amplitude. Initial 12C/10P
(kw = 0.933), 12C/14P (kw = 0.933), 18C/16P (kw = 0.945) and 18C/20P (kw = 0.945) are
also suitable for configuration, following the phase vector arrangement as shown in
Figure 3b–d.

2.3. Dimensions and Materials

In order to reduce the weight of the EEH for a wearable device, the structure compo-
nents, including the eccentric mass frame, rotor frame and stator frame, were fabricated
using a resin material via a 3D printer. To enhance the magnetic flux and generate a larger
voltage, the yoke section of the stator frame can be produced using a permeability magnetic
material, such as a laminated silicon steel sheet. The following electromagnetic analysis
was used to compare this difference. For manufacturing the experimental prototype, the
outer and inner diameters of the stator were set to 60 mm and 50 mm, respectively, and the
outer diameter of the rotor was set to 49 mm. Initially a 12/10 coil-pole configuration was
selected. The dimensions of each PM were 10 mm × 5 mm × 2 mm, and the number of
turns per coil was 60.

The fan-shaped resin frame of the eccentric mass with a central angle of 130◦ and
radius of 20 mm was embedded with three identical cylindrical copper blocks (thickness:
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4 mm, diameter: 10 mm). For comparison, the eccentric mass can be fabricated as a whole
block of steel to increase its rotational inertia. The rigid layer of the cantilevered plectrum
with a size of 18.5 × 4 × 0.2 mm3 was made by a copper sheet, while the elastic layer was
cut from polyethylene terephthalate (PET) film that has a low friction coefficient of 0.04 to
form a size of 19.5 × 4 × 0.2 mm3.

The exploded view of the whole EEH is shown in Figure 1b. The stator was embedded
in the housing, which includes a step shaft at the rear central. The eccentric mass and the
rotor were connected to the shaft through two different ceramic bearings. A cover was
attached to the front of the housing to prevent air resistance. Then, the initial prototype
was implemented, exhibiting a 63 mm outer diameter, 22.5 mm axial length and 67.6 g
weight, as shown in Figure 4.

 

Figure 4. Initial prototype of the proposed EEH.

3. Electromagnetic Analysis

3.1. Comparison of FEM and Experimental Results

The electromagnetic performance of the proposed EEH can be simulated by FEM
through the opensource software FEMM, MaxFem, and the commercial software Anasys,
Comsol, etc. The general processes are approximately the same for each of these software
packages. The initial prototype, including stator and rotor topology, can be established
as the 2D electromagnetic geometric model for its cross-section, as shown in Figure 5a.
The material property of each part is defined, and excitation and boundary conditions
are set. Then, the finite element mesh is generated, as shown in Figure 5b. According
to the following partial differential equation of magnetic potential vector Az, numerical
computation can be conducted by the FEM solver.

∇× 1
μ
∇× Az = −σ

.
A + Jz (6)

where μ is the permeability, σ is the conductivity, Jc is the current density and ∇ represents
the Hamiliton operator. On this basis, the other parameters, including magnetic density B,
magnetic flux Φ, induced voltage V, etc., can be obtained through postprocessing.

For instance, the rotor can be simulated to spin for an electrical period with different
speeds, which enables the induced three-phase voltage waveforms to be obtained. As
shown in Figure 6a, the three-phase voltage waveforms are obtained when the rotor speed is
set to 600 rpm. To verify the accuracy of the FEM results, the initial prototype was connected
to a brushless DC motor, which can be regulated to drive the prototype at different speeds,
as shown in Figure 7. The experimental results of the induced voltage waveforms at
600 rpm were obtained, as shown in Figure 6b. By comparison, in one period of Phase A
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(Figure 6c), the experimental results are is in a good agreement with the predicted FEM
results in regard to both the waveform and peak values.

 
(a) (b) 

Figure 5. Electromagnetic FEM model of the EEH: (a) geometric model; (b) mesh generation.

(a) 

(b) 

Figure 6. Cont.
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(c) 

Figure 6. Three-phase voltage waveforms with initial model at 600 rpm: (a) FEM result; (b) Experi-
mental result: (c) Result comparison in one period of Phase A.

Figure 7. Experiment device for voltage measurement.

Moreover, the induced voltage waveforms have excessive high harmonic components
that should be reduced. Therefore, the influences of the design parameters were analyzed
through FEM.

3.2. Magnetic Field Optimization

The dimensions of the PM affect the intensity of the magnetic field directly. The axial
length is equal to a rotor length of 10 mm. To reduce the magnetic resistance, the thickness
of the PM hpm should be set to a small value; this value was determined to be 2 mm,
as shown in Figure 4. Thus, the width of the PM bpm is regulated at different values of
5 mm (initial), 6 mm, 7 mm, 8 mm and 9 mm. The corresponding results of the induced
voltage waveforms are shown in Figure 8a. To present a distinct display, only the phase-A
waveforms are compared.

With the increase in bpm, the voltage amplitude increases, and exhibits a more funda-
mental sine. Harmonic analysis is shown in Figure 8b. The main harmonic component is
the three-time harmonic, when bpm = 5 mm, and the total harmonic distortion (THD) is
about 34%; when bpm = 9 mm, the THD reduces to only 2.0%.
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(a) 

(b) 

Figure 8. FEM results of initial 12C-10P model with different bpm: (a) Voltage waveforms;
(b) Harmonic magnitude of voltage.

Employing a permeability magnetic material to produce the stator core can enhance
magnetic density and reduce the flux leakage. The stator core is composed of the teeth and
the yoke. The yoke is a magnetic frame between teeth that can pass the magnetic flux, and
also houses the coil windings. However, if the whole stator is laminated by silicon steel
sheet, cogging torque generated between the stator teeth and PM develops tremendous
spinning resistance. Thus, a non-teeth stator core is designed, including a resin skeleton
and a yoke laminated by silicon steel sheets, as shown in Figure 9. Compared with the
initial FEM model, the voltage amplitude increases by about 65%, as shown in Figure 10.

 

Figure 9. Non-teeth stator core structure.

3.3. Configuration of Coil and Pole Number

Based on the advanced stator core, the influence of different coil-pole configurations
was analyzed. Figure 11 shows the voltage performance of the 12C-14P FEM model. Com-
pared with the 12C-10P model, the voltage waveforms with different bpm have favorable
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fundamental sinusoidal voltages, and the harmonic components are sufficiently low. More-
over, the values of voltage amplitude are larger than the 12C-10P. When bpm = 6 mm with
14 poles (10 mm × 6 mm × 2 mm × 14 × 7500 kg/m3 = 0.0126 Kg), the amplitude is about
0.95 V. By contrast, when bpm = 9 mm with 10 poles (10 mm × 9 mm × 2 mm × 10 ×
7500 kg/m3 = 0.0135 Kg), the amount of PMs is larger, but the amplitude is only 0.80 V.

Figure 10. Voltage amplitude of 12C-10P FEM model with different material.

(a) 

(b) 

Figure 11. FEM results of steel-yoke 12C-14P model with different bpm: (a) Voltage waveforms;
(b) Harmonic magnitude of voltage.
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The 18C-16P and 18C-20P configurations were also analyzedand the voltage amplitude
results of different configurations were compared, as shown in Figure 12a. In addition, to
indicate the magnetic efficiency of the PM, the ratio of the voltage amplitude versus the
PM mass was also compared, as shown in Figure 12b. Moreover, the values of voltage
amplitude, harmonic THD and voltage per PM mass with different configuration are listed
for comparison in Table 1.

(a) 

(b) 

Figure 12. Comparison of voltage performance with different configurations: (a) Voltage amplitude;
(b) Voltage amplitude versus PM mass.

In general, the 12C-10P and 18C-16P configurations exhibit a high voltage hamonic
component. By contrast, the harmonic THD of 12C-14P and 18C-20P are sufficiently
low, all less than 1%. With the increase of bpm, the voltage amplitude values of every
configuration would increase uniformly, but the magnetic efficiency of every configuration
would decrease. This is because although the 12C-14P and 18C-20P configurations exhibit
a larger value (over 1.0 V), 18C-20P has a low ratio of voltage amplitude to PM mass,
while the ratio of 12C-14P is the highest. This is due to the magnetic resistance of the
non-magnetizing resin material being large, and the flux leakage increasing when the PM
intensity increases. To reduce the cost and weight, 12C-14P with bpm = 6 mm is determined
as the optimal configuration, as shown in Figure 13. Meanwhile, 18C-20P with bpm = 4 mm
was also manufactured to verify the effectiveness of the FEM results.
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Table 1. Comparison of voltage values with the different configurations and bpm.

Configurations
Voltage

Amplitude
Harmonic
THD (%)

Voltage per
Mass (V/Kg)

12C10P bpm5 mm 0.517 26.86 68.997

12C10P bpm6 mm 0.609 21.09 67.684

12C10P bpm7 mm 0.669 13.74 63.739

12C10P bpm8 mm 0.744 7.81 61.983

12C10P bpm9 mm 0.796 1.44 58.971

12C14P bpm4 mm 0.703 0.74 83.682

12C14P bpm5 mm 0.850 0.56 80.923

12C14P bpm6 mm 0.953 0.29 75.611

12C14P bpm7 mm 1.029 0.21 70.002

12C14P bpm8 mm 1.078 0.36 64.164

18C16P bpm3 mm 0.511 9.72 70.926

18C16P bpm4 mm 0.658 6.46 68.554

18C16P bpm5 mm 0.763 3.04 63.569

18C16P bpm6 mm 0.866 0.66 60.149

18C16P bpm7 mm 0.915 3.12 54.457

18C20P bpm2 mm 0.450 0.17 75.034

18C20P bpm3 mm 0.649 0.11 72.138

18C20P bpm4 mm 0.820 0.12 68.368

18C20P bpm5 mm 0.917 0.06 61.153

18C20P bpm6 mm 1.004 0.08 55.767

 
(a) (b) 

Figure 13. Prototypes with different configurations: (a) 12C-14P with bpm = 6 mm; (b) 18C-20P with
bpm = 4 mm.

The experimental results of the three-phase voltage waveforms with different configu-
rations are shown in Figure 14. All voltage waveforms and their amplitudes correspond
with the FEM results. After optimization, the voltage amplitude increases from the ini-
tial 0.5 V to about 1.0 V, and the PM mass slightly increases to 5.1 g. Furthermore, the
harmonic components of the voltage waveforms are reduced, and exhibit a favorable
fundamental sine.
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(a) 

(b) 

(c) 

(d) 

Figure 14. Experiment results of three-phase voltage waveforms at 600 rpm: (a) 12C-10P with
bpm = 5 mm (initial); (b) 12C-14P with bpm = 6 mm (optimal); (c) 18C-20P with bpm = 4 mm; (d) Result
comparison in one period of Phase A.
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4. Experiment under Swing Motion

4.1. Test Bench for Swing Motion

With the optimal electromagnetic performance, the EEH prototypes were excited by
different kinds of vibrations to validate their vibration energy-harvesting performance.
The experimental setup for swing motion exciting is shown in Figure 15, where the swing
motion is provided by a crank-rocker mechanism driven by a BLDC motor. Different
conditions of swing excitation were supplied. The swing frequency of the crank-rocker
mechanism was regulated by controlling the rotation speed of the motor (0~3000 rpm).
Additionally, the swing angle can be changed by varying the length of the crank in a range
from 20◦ to 80◦. The length of the rocker, which is the distance from the pivot point to the
center of the EEH, can be set to 132 mm, 102 mm or 72 mm. The electric outputs of the EEH
prototype were displayed and stored through an oscilloscope.

Figure 15. Experiment device for swing excitation.

4.2. Performance under Swing Motion

The length of the rocker was set to 132 mm, with a swing angle of 60◦ and a swing
frequency of 2.5 Hz. Excited by the same swing motion, the open-circuit voltage outputs of
the three manufactured prototypes are shown in Figure 16. Continuous voltage waveforms
were generated. The optimal 12C-14P prototype produced the maximum amplitude voltage.
The swing frequency was varied to explore the harvesting response performance, from
1.6 Hz to 3.5 Hz. Then, the swing angle was changed to 40◦, and the frequency variation
was conducted again.

(a) 

Figure 16. Cont.
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(b) 

(c) 

Figure 16. Output voltage of the three prototypes under swings with 2.5 Hz, 60◦: (a) 12C-10P with
bpm = 5 mm (initial); (b) 12C-14P with bpm = 6 mm (optimal); (c) 18C-20P with bpm = 4 mm.

The approximate values of the voltage amplitude under different conditions were
compared, as shown in Figure 17. Generally, the voltage amplitude is enhanced with the
swing angle and frequency, particularly when the frequency shifts between 2.5 Hz and
3.2 Hz. Under all swing conditions, the optimal 12C-14P prototype gained the highest
amplitude when compared to the other two prototypes. This is because, when under the
same rotor speed excited by the swing motion, the optimal 12C-14P prototype induces
the maximum voltage amplitude. Moreover, with the increase of the swing frequency, the
eccentric mass would exhibit a continuous circular motion that is opposite to the rotor
direction, which cannot contribute to increasing the rotor speed. Therefore, the voltage
amplitude trend reaches the peak value.

As shown in Figure 15, the swing vibration is provided by a crank-rocker mechanism.
When the rocker swings at a low frequency, the harvesting energy is small if the weight
of the eccentric mass is low. With the increased weight of the eccentric mass, the inertia
and momentum increase, and the harvesting energy is enhanced. The initial eccentric mass
with three copper blocks was 20 g. To detect the influence of the weight of the eccentric
mass, a whole steel block of eccentric mass was fabricated, the weight of which was 60 g.
After equipping the steel eccentric mass to the 12C-14P prototype, the swing motions with
a 60◦ angle and different frequencies were conducted in sequence. It can be reasonably
assumed that the whole steel structure can output a higher voltage amplitude. Furthermore,
the significant characteristic is that an ultra-low frequency swing can be harvested with the
higher inertia eccentric mass, as shown in Figure 18. Under the 1 Hz swing excitation, the
initial eccentric mass hardly transfers to the rotor motion, and thus the continuous output
voltage cannot be generated. In contrast, the whole steel eccentric mass can capture the
ultra-low frequency swing, and then the speed of the rotor can be gradually enhanced to
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reach stability. Moreover, after the swing is removed, the output voltage can persist over
12 s, which represents a long duration of the swing excitation. Therefore, the higher inertia
eccentric mass should be considered under ultra-low, unstable or complicated vibrations.

(a) 

(b) 

Figure 17. Frequency response of output voltage under different swing angles: (a) Swing 40◦;
(b) Swing 60◦.

(a) 

Figure 18. Cont.
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(b) 

(c) 

Figure 18. Output voltage of the 12C-14P prototype with two eccentric mass structures in ultra-low
swing frequency (1Hz): (a) With initial structure under swing; (b) With whole steel block structure
under swing; (c) With whole steel block structure after swing remove.

5. Experiment under Linear Reciprocation

5.1. Test Bench for Linear Reciprocation

The experimental setup for linear reciprocation exciting is shown in Figure 19, where
the EEH is excited by a crank-slider mechanism driven by a BLDC motor. Different
conditions of linear vibration were supplied. The motion frequency can be regulated by
controlling the speed of the motor (0~3000 rpm), and the reciprocating stroke can be tuned
by adjusting the effective length of the crank from 20 mm to 60 mm.

5.2. Performance under Linear Reciprocation

In the test, the length of the crank was set to 40 mm and was unchanged, and several
frequencies from 2.2 Hz to 3.3 Hz were conducted. The output voltage amplitudes of
different prototypes are shown in Figure 20. With the increase of frequency, the amplitudes
increased in all three prototypes. The optimal 12C-14P prototype exhibits a larger amplitude
than the others, especially over 2.7 Hz. However, when the frequency is higher than 3.0 Hz,
the voltage amplitude does not increase. This is mainly because the eccentric mass in the
EEH has a complex irregular motion characterized by the random shift between the swing
and the multi-circle rotation.
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Figure 19. Experiment device for linear reciprocation.

Figure 20. Frequency response of output voltage under 50 mm linear motion.

Furthermore, to indicate the effectiveness of the proposed optimization, the original
device, presented in [25], which has been compared with a representative swing-based
energy harvester and demonstrated the superiority, was tested under the same linear
reciprocation experiment. As shown in Figure 21, the optimal prototype can induce larger
volage amplitude and more continuous voltage waveform.

(a) 

Figure 21. Cont.

93



Machines 2023, 11, 743

(b) 

Figure 21. Output voltage of the original and optimal prototypes under linear reciprocation with
2.5 Hz (a) With original prototype; (b) With optimal prototype.

6. Conclusions

Electromagnetic characteristic analysis was carried out to optimize the output perfor-
mance of the proposed EEH. A three-phase fractional coil per magnet pole was the basis
structure, and the configurations of coil and pole, including 12C-10P, 12C-14P, 18C-16P and
18C-20P, were the four available candidates. Through FEM, the voltage waveforms and
their harmonic amplitude are compared. Meanwhile, the effectiveness of FEM analysis
effectiveness was confirmed by the prototype experimental results. Then, the optimal
configuration and the PM dimension were determined to be 12C-14P with bpm = 6 mm,
which induce over voltage 1.0 V and uses fewer PMs. On this basis, the vibration ex-
periments were conducted, including swing and linear motion. The optimal prototype
always generated the highest amplitude of output voltage. The vibration frequency existed
within a favorable range that did not exceed 3.0 Hz, otherwise the eccentric mass would
undergo multi-circle rotation. Moreover, the influence of the weight of eccentric mass was
analyzed. Higher inertia eccentric mass should be considered under ultra-low, unstable or
complicated vibrations. This EEH can be applied to exploit the ambient swing and linear
vibration energy. For instance, the human arm and leg motion and the generated electric
energy can be supplied to the wearable devices. However, low power applications and
miniature devices are available. In further research, comparison with different types of
EEH would be carried out for quantitative characteristic analysis.
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Abstract: Perfect flow distribution is extremely important and essential for digital pumps. However,
the fluctuation of motor speed and the change of valve dynamic characteristics cause the flow
distribution flaw, which generates the backflow of the oil in the piston chamber and the decrease
in pump volumetric efficiency. Based on the three-dimensional and mathematical modeling of the
digital pump, the perfect distribution state of the digital pump is analyzed. Then, the adverse
effects of the variations in motor speed and valve dynamic characteristics on the flow distribution
of the digital pump were simulated and investigated by the software AMESim. To overcome the
aforementioned problems, we proposed an adaptive control method for the flow distribution valve
of a digital pump, which was realized by adopting the axis rotation angle and the pressure difference
between the inlet and outlet of the flow distribution valve. The results show that the control signal of
the flow distribution valve can be regulated automatically along with the motor speed and the valve
dynamic characteristics, achieving the ideal flow distribution of the digital pump designed in this
paper. The study can be used as a reference for the optimal design and prototype manufacturing of
the digital pump.

Keywords: digital pump; flow distribution; adaptive control; high-speed on/off valve

1. Introduction

Digital hydraulics technology has been rapidly developed and researched for applica-
tions in recent years. Its core is the discrete control of flow through the active and intelligent
control of digital valves [1]. Digital hydraulic pumps adopt the above solution, and the
chamber is independently controlled by using two digital valves. The chamber that is used
is activated, and the ones not operated are banned. As a result, more intelligent control
and less energy loss are realized [2]. However, the efficiency is affected by the response
speed and the timing of the flow distribution valve (FDV). To further improve the operating
characteristics and efficiency of the digital pump, improving the response times of the FDV
is an effective and convenient manner.

With respect to the dynamic response of FDV, Zhao et al. investigated the effect of
control current and voltage on the dynamic characteristics of FDV. Finite element analysis
found that there was a balance between energy consumption and improvement of response
speed [3,4]. Because the FDV is affected by different supply pressure, carrier frequencies,
and coil temperatures, Su et al. proposed a dual voltage adaptive switching method, which
can change adaptively according to the oil supply pressure and control port pressure [5].
Gao et al. put forward an adaptive PWM control method consisting of four PWM signals
for FDV, the rising time of the pressure was reduced by 84.6%, and the temperature of
the coil shell declined by 61.5 % [6]. Zhong et al. proposed a method for FDV which can
adaptively select among multiple driving voltage sources when the oil supply pressure
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changes [7]. Zhong et al. also presented an FDV control method with adaptive switching
among five drive voltages, which reduced the open delay time by 66.7%, and lowered the
close delay time by 87.5% [8]. Chapple et al. proposed a new type of poppet valve as FDV,
and it is applied to high torque and low-speed systems to obtain higher efficiency and
displacement control performance, but there are challenges with start-stop, valve timing,
overpressure protection, and valve actuators [9]. The solenoid screw-in cartridge valves
(SCV) are seen as having the potential to be applied to digital pumps. To improve the
dynamic response of SCV and make it meet the flow distribution requirement of digital
pumps. Yue et al. adopted positive and negative pulse voltage control for the solenoid coil,
and the dynamic response characteristics are significantly enhanced by 56.67% compared
to the conventional method [10]. Liu et al. proposed a new hybrid voltage control method
consisting of preload voltage, positive pulse voltage, hold voltage, and negative pulse
voltage, which reduced the open delay time by 74.24% and reduced the close delay time by
92.06% [11].

In the matter of flow distribution characteristics and control strategies for a digital
pump, Pan et al. simulated the flow distribution characteristics of the FDV groups under
clockwise and counterclockwise strokes of the motor, the steering variation process of
the motor, and the effect of the switching valve frequency on the hydraulic motor [12].
Pederson et al. proposed continuous, discrete, hybrid dynamic approximate methods for
digital pumps/motors, but there are still many challenges to be solved [13–16]. Based
on the three pistons pump/motor, Breidi proposed a prediction for valve response delay
time and mode switching algorithm using pressure fluctuations in high and low pressure
lines, realizing an automatic selection of the most efficient control strategy among different
displacement control strategies [17,18]. Nordas et al. detailed a simulation of the transient
and steady-state response of digital displacement motors with full-stroke, partial-stroke, or
sequential partial-stroke [19].

However, due to the changes in oil and coil temperature, the dynamic characteristics
of the FDV can not always hold a constant in the operation of digital pumps [20,21]. In
addition, the motor speed suffers from variations in the power grid. The above changes
result in a flow distribution flaw in the digital pump, failing to achieve the expected flow
distribution, which is manifested by fluid backflow and loss of volumetric efficiency during
digital pump operation.

Therefore, an adaptive flow distribution control strategy of the digital pump is pro-
posed to deal with the issue. The word “adaptive” refers to the ability of the proposed
control method to maintain the perfect flow distribution of the FDV under the above varia-
tion. Firstly, we performed three-dimensional and mathematical modeling of the digital
pump in Section 2. Secondly, in Sections 3 and 4, we analyzed the working characteristics
of the digital pump with a perfect distribution and conducted a model-based simulation to
investigate the impact of the changes in the motor speed and the dynamic characteristics
of the FDV on a digital pump. Then, in Section 5, the principle of the proposed method is
explained and verified. Finally, it was concluded that the adaptive control strategy could
eliminate flow distribution error and keep the best efficiency, which not only improves the
robustness and stability of the digital pump but also promotes the development of digital
hydraulic technology.

2. Working Principle and Mathematical Model of the Digital Pump

2.1. Structure and Working Principles of the Digital Pump

A five-piston constant-speed digital pump with auxiliary check valves is shown in
Figure 1. The motor converts electrical energy into mechanical energy, which drives the
pump shaft and the eccentric cam to rotate. The piston is forced by the eccentric cam to
make a sinusoidal motion and achieve fluid output. When the eccentric cam rotates from
0◦ to 360◦, the piston moves from the top dead center (TDC) to the bottom dead center
(BDC) and then returns to the initial TDC position; thus, the volume of the piston chamber
completes a continuous variation. The piston and eccentric cam do not detach due to the
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return spring. When the piston moves from TDC to BDC, the piston chamber volume
becomes larger, and the pump enters the suction stage, the FDV, known as the high-speed
on/off valve, is actively open. If there is an insufficient oil suction, oil replenishment can be
completed through the auxiliary check valve. When the piston moves from BDC to TDC,
the volume becomes smaller, and the pump switches to the pumping stage in which the
high-pressure valve (HPV) is passively open.

  
(a) (b) 

Figure 1. Structure and working principle: (a) Structural section drawing; (b) flow distribution
principle.

2.2. Mathematical Modeling

The overall structure of the digital pump is divided into two parts, one is the flow
distribution valve part, and the other is the piston part. The mathematical modeling of the
two parts is as follows.

2.2.1. Force Balance and Response Characteristics of the FDV

The force balance of the spool of the FDV can be expressed as:

m
..
xs = Fe − Fss − Ff − Ff f (1)

On expression, m represents the total quality of the spool and the armature. Xs is
the displacement of the spool, Fe depicts the electromagnetic force of the electromagnetic
coil, Fss is spring compression force, Ff demonstrates the total friction force of the spool
and the armature, and Ff f is the flow force of the spool. Among them, the spring force
acting on the spool can be expressed as:

Fss = K(x0 + xs) (2)

In the above expression, K represents the stiffness coefficient of the spring, and x0
represents the initial compression displacement of the spring. The flow force acting Ff f can
be divided into steady-state flow force and transient flow force. Steady-state flow force and
transient flow force can be expressed as:

Fs = 2CdCv Av cos αΔp (3)

Ft = Cdwl
√

2ρΔp
.
xs (4)

where Fs and Ft are the steady-state and transient hydraulic forces of the spool; Cd and
Cv represent the flow coefficient and velocity coefficient of the valve port, respectively; Av
is the flow area of the valve; α and Δp represent the conical spool jet angle and the pressure
difference between the inlet and outlet of the valve; w is the area gradient; l is the damping
length; and ρ is the density of the oil.
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For the convenience of modeling, this paper reduces the transient response of the FDV
to a first-order inertia part and a delay part.

The time-domain response expression of the first-order inertial part is:

hFDV = 1− e
1
T · τFDV (5)

where τFDV is the on/off valve time constant, hFDV is the spool displacement.

2.2.2. Piston Motion Characteristics

Because the five pistons are identical, all five pistons can be described by modeling a
single piston. The displacement of the piston is as follows:

x =
L
2
(1− cos θ) (6)

where L is the effective length of plunger. The relationship between angular displacement
and angular velocity of the shaft is as follows:

θ = ωt (7)

In Equation (7), ω is the angular velocity of pump shaft rotation. By substituting
Equation (7) into Equation (6), we can obtain the following:

x =
L
2
(1− cos(ωt)) (8)

By differentiating Equation (9), the piston velocity equation is achieved as follows:

.
x =

L
2

ω sin(ωt) (9)

The variation in pressure in the piston chamber is as follows:

dP
dt

=
β

V

(
qH − qL −

dV
dt

)
(10)

where P is the pressure in the piston chamber, β is the elastic modulus of oil, V is the
volume in the piston chamber, qH is the flow out through HPV, and qL is the flow through
the FDV.

2.2.3. Piston Volume Variation Characteristics

With no consideration of the plunger volume leakage, the change in the volume of the
plunger chamber can be expressed as:

V = V0 +
x
2
(1− cos ωt) (11)

where V0 is the volume of the piston at the initial moment. The derivative of the piston
volume is:

dV
dt

=
x
2

ω sin ωt (12)

Instantaneous angle of piston:

θk = θ0 +
2·π
ncyl

kε
(

1, 2, · · · , ncyl

)
(13)
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Flow through the inlet and outlet of the single FDV:

QFDV, k = Cd A
√

2·ΔP
ρ

(14)

The total flow of FDVs:

Qin =

ncyl

∑
k=1

QFDV,k (15)

3. The Perfect Flow Distribution on Digital Pumps

The displacement of the digital pump is permitted to be controlled by different control
strategies, and the most common and simple operation is the full-stroke control strategy
(FSCS) that is adopted in this paper. In the whole pumping stage, the HPV is passively
opening, and the FDV is actively closing. The oil in the piston chamber is compressed into
the high-pressure circuit. In the entire suction stage, the FDV is actively opening, and the
HPV is passively closing so that the digital pump sucks oil from the tank. Another type of
control is the partial stroke control strategy (PSCS). Compared to FSCS, the active control
of the FDV in the PSCS is strengthened. Whether the PSCS or FSCS of the digital pump,
they both achieve the flow distribution depending on the precise opening and closing of
the FDV; consequently, the perfect flow distribution of the digital pump has to consider the
dynamic response of the FDV. The dynamic response of the opening and closing process of
the FDV is shown in Figure 2. When the FDV receives the opening/closing control signal,
the FDV goes through the opening/closing delay stage/Td and the spool opening/closing
moving stage/Tm until the response of the FDV is finished.

Figure 2. FDV dynamics response characteristic: 1©: the spool opening delay stage; 2©: the spool
opening moving stage; 3©: holding opening stage; 4©: the spool closing delay stage; 5©: the spool
closing moving stage.

The operating characteristic curve of the digital pump at the perfect flow distribution
condition is shown in Figure 3. It can be seen from plot 3 that the signal to open the FDV
is made at this point, which is Toc behind the TDC. The decision to close it is made at
the moment where Tcc is ahead of the BDC. The Toc is added to decompress the piston
chamber in advance and make the pressure difference of the FDV equal to zero, which
avoids the flow backward of the oil in the piston chamber. The value of Toc is subject to
the decompression time of the piston chamber and the spool opening delay stage of the
FDV. The Tcc is created to ensure that the FDV has been closed completely when the piston
reaches the BDC. The settings of Toc must be decided by the sum of the closing delay stage
and closing moving stage of the spool. Hence, it is obvious that the Toc and Tcc is vital to
the perfect flow distribution of the digital pump. From the flow curves of FDV shown in
plot 4, it can be seen that the backflow does not occur with the appropriate Toc and Tcc that
brings the digital pump to the perfect flow distribution.
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Figure 3. Perfect flow distribution state: plot 1: rotational angle; plot 2: Piston displacement; plot 3:
The spool position and control signal; plot 4: FDV and HPV flow rate.

4. Simulation Modeling and Investigation

4.1. Digital Pump Simulation Model

According to the structure and working principle of the digital pump, it can be seen
that the modeling of the digital pump involves multidisciplinary, such as mechanics, hy-
draulic transmission, electrical control, etc.; therefore, the multi-physics coupling modeling
and analysis software AMESim is selected as tools to make study convenient.

As shown in Figure 4, the digital pump model with one piston is mainly composed of
the hydraulic pump module and the control signal module. The control signal module is
composed of the switch control signal module (SC_4) (SC_1) and the FDV adaptive signal
module (SC_2). The main parameters of the model have been listed in Table 1. During
the investigation of the flow distribution error stage, the adaptive signal control module is
not involved in the control work. The correctness of the simulation model is verified by
comparing the output flow of FDV and HPV, the backflow in simulation, and experiment
results from the literature [14,16,17,22].

 
Figure 4. Simulation model of the digital pump.

101



Machines 2023, 11, 148

Table 1. Main performance parameters.

Parameter Value Unit

Pump angular speed 1000 rpm

The radius of the eccentric 31 mm

Piston diameter 10 mm

Eccentricity 3.8 mm

Flow coefficient 0.7

Dead volume of piston 0.08 mm3

Chamber length 25.1 mm

FDV dynamic response 5 ms

Toc 2 ms

Tcc 5 ms

4.2. Effects of Flow Distribution Error on Digital Pumps

The fluctuation of motor speed and the change in the dynamic characteristics of the
FDV both make the FDV open and close at an inappropriate time; in other words, the FDV
is activated too early or too late. To facilitate the analysis of the effect of incorrect FDV
control on the digital pump, the Toc is selected as −4, −2, 0, 2, and 4 ms, and the Tcc is −2,
−1, 0, 1, and 2 ms. The greater the Toc is, the later the FDV opens. The maximum Tcc means
that the FDV first begins to close.

4.2.1. Effects of the Toc on the Digital Pump

Figure 5 shows the main performance curves of the digital pump with Toc increasing.
From picture (a), as the Toc increases, the opening time of the FDV spool is transferred

from the pumping stage to the suction stage. When Toc is −2 ms, the spool starts moving
just at the TDC. It can be seen from picture (b) that the pressure of the piston chamber
will fall to zero during at pumping stage with −4 ms, which reduces the output flow of
the digital pump. On the contrary, when Toc is equal to 4 ms, the pressure of the piston
chamber becomes negative because of the late opening of the FDV. According to the picture
(c) and (d), the backflow amplitude gradually becomes smaller with the increase in the Toc.
When Toc is greater than 2 ms, no backflow occurs. It can also be apparent that oversized
Toc forces the FDV to open too late, which results in the sucking oil having to be executed
by the auxiliary check valve.

  
(a) (b) 

  
(c) (d) 

Figure 5. Characteristics with different Toc: (a) spool displacement; (b) piston chamber pressure;
(c) FDV flow rate; (d) auxiliary check valve flow rate.
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4.2.2. Effects of the Tcc on the FDV

As shown in Figure 6a, the FDV began to close at different piston displacements with
various Tcc. When Tcc is set to 2 ms, the FDV has been closed before the piston travels to
the BDC. It can be found from pictures (c) and (d) that the FDV flow descends to zero at
the last of the suction stage, and the flow through the auxiliary check valve is the highest
correspondingly. Picture (b) shows that there is a sudden pressure reduction in the piston
chamber due to the too-early closing of the FDV. The reason for this appearance is that the
pressure difference with only the auxiliary check valve working is greater than the one of
the simultaneous operation of the two valves. Moreover, we can see that the pressure rise
of the piston chamber with Tcc being −2ms lags behind the other. The pressure variation
in the piston chamber is identical except for −2 ms because the auxiliary check valve can
compensate for the shutting off of the FDV.

 
(a) (b) 

 
(c) (d) 

Figure 6. Characteristics with different Tcc: (a) spool displacement; (b) piston chamber pressure;
(c) FDV flow rate; (d) auxiliary check valve flow rate.

5. Adaptive Control of the FDV

5.1. Control Principle of Adaptive Control of the FDV

From the viewpoint of the producing mechanism of the backflow and the volumetric
efficiency decrease, we propose an adaptive control method for the FDV of a digital pump,
which detects the rotation angle of the digital pump shaft and the pressure difference
between the inlet and outlet of the FDV. The flowchart of the adaptive control method is
demonstrated in Figure 7.
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Figure 7. The flow chart for adaptive control of the FDV.

As can be seen from Figure 7, the whole adaptive control of the FDV is divided into
four parts that are as follows: 1© early opening handling module, 2© late opening handling
module, 3© early closing handling module, and 4© late closing handling module. These
four modules are executed once in order when the pump shaft rotates by 360 degrees,
which keeps the adaptive control operation of the FDV running and achieves the adaptive
adjustment of the Toc and Tcc. The adaptive control of the FDV has four important shaft
angles α1 , α2, α3, and α4, at which the early opening, late opening, early closing, and late
closing are inspected, respectively. The locations of these four critical angles are represented
in Figure 8.

Figure 8. The diagram of the inspection angles of flow distribution.

The detailed control strategy of adaptive control of the FDV is described as follows.
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1. In the early opening handling module, when the shaft angle collected by the rotary
encoder is not equal to the early opening assessment angle α1. Nothing special has
to be performed. Conversely, the pressure difference between the inlet and outlet
of the FDV is sampled and compared with the set threshold PTH,1. If the pressure
difference is greater than the threshold, the FDV is opening too early and the Toc is
raised. According to Figure 5b, when the FDV is opening in advance, the pressure
of the piston chamber is not as great as expected because the high-pressure oil in the
piston chamber will be discharged through the FDV; on the contrary, the control of
the FDV is normal, and the next module is subsequently called.

2. When the shaft of the digital pump is late opening assessment angle α2, the late open-
ing of the FDV is detected and treated. If the FDV is not activated at α2, the oil enters
the piston chamber only via the auxiliary check valve, and the pressure difference of
the FDV is smaller than the one of the two valves opening. The pressure difference
comparison of the FDV closing and the two valves opening is displayed in Figure 9.
If the late opening of the FDV is perceived, the decrease in Toc is implemented.

3. The operating principle of adaptive control of the FDV early closing is similar to
the late opening; the Tcc decreases when the FDV is prematurely deactivated. The
comparison between Pd and PTH,3 and Tcc adjustment are both carried out with the
shaft angle equaling to α3.

4. The solution to the late closing of the FDV is entirely consistent with the early opening
handling module. If the FDV is not closed in time, the piston chamber is connected to
the tank, and the pressure of the piston chamber can not rise to the threshold PTH,4 at
the shaft angle α4. In this case, the Tcc is gradually increased to the early opening of
the FDV.

Figure 9. Pressure difference comparison of FDV closing and two valves opening.

5.2. Simulation Analysis of Adaptive Control of the FDV
5.2.1. The Results with Motor Speed Changes

The step changes in moto speed are used to analyze and verify the effectiveness of
the adaptive control method proposed in this paper. The flow rate of the FDV is shown in
Figure 10a with motor speed fluctuations. It can be seen that the flow rate of the FDV is
proportional to the motor speed, but the backflow of the FDV emerges after the motor speed
variation. This phenomenon is weak when the motor speed step increases but stronger
when the speed step decreases. The increase in motor speed means that the activation and
inactivation of the FDV are performed; hence, there is a small amount of backflow at the
moment of the FDV closing after 2 s. From pictures (b), (c), and (d), the Toc and Tcc are
automatically elevated from −12 to −6 and from −22 to −32 under adaptive control and
kept in the optimum values related to the motor speed.

When the motor speed reduces by 500 r/min at 4 and 6 ms, a violent flow backward
appears in the opening process of the FDV. In the timeline, the moment of action of the
FDV does not change, but the movement of the plunger was delayed. It is obvious that the
sudden reduction in the motor speed is equivalent to the early opening and closing of the
FDV. According to the module 1 and 3 in Figure 7, the Toc and Tcc should be diminished
with the premature motion of the FDV, which can be proved by the curves reducing from
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−6 to −16 and from −32 to −21 between 4 and 8 ms in Figure 10b,c. Additionally, it can
be seen from Figure 10d that this method can improve the situation of excessive pressure
difference during FDV action. As a result, the adaptive control approach is better able to
cope with the motor speed change, and the backflow phenomenon is eliminated.

 
(a) 

 
(b) (c) 

 
(d) 

Figure 10. The results with different motor speeds: (a) flow rate of FDV; (b) Toc curve; (c) Tcc curve;
(d) plot 1: Motor speed; plot 2–4: differential pressure at α1, α2, α3, α4.

5.2.2. The Results with the Different Dynamic Responses of the FDV

It is found from Figure 2 that the dynamic response of the FDV contains the delay
and spool moving two parts. In this paper, the spool moving time of the FDV is altered to
ascertain the availability of the adaptive control, the motor speed is set to 1000 rpm, and
the delay time of the FDV is still held at the primitive value 2 ms. As shown in Figure 11a,
the time spent by the spool moving varies from 1 ms to 9 ms. The initial phase is set so
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that the FDV is already in a perfect flow distribution when the spool starts moving in the
opening stage. The time the spool starts to open and close has no change because the delay
time and control signal of the FDV is invariant, which prevents the early or late opening
of the FDV from happening. Hence, the value of Toc shown in Figure 11e is equivalent.
The longer spool moving time may cause the complete closing of the FDV at the pumping
stage of the digital pump, making more backflow, which can be observed in Figure 11b.
Figure 11c shows the flow of the FDV closing process utilizing the adaptive control, and
the backflow is completely removed. The backflow contrast curves of the FDV before
and after optimization are unlocked in Figure 11d. When the closing moving time of the
FDV is greater than 3 ms, the late closing trouble takes place and is solved by means of
increasing Tcc, which can be confirmed by the increase, respectively, from 22 to 29, 38, and
42 in Figure 11f.

 
(a) (b) 

 
(c) (d) 

 
(e) (f) 

Figure 11. The results of different dynamic characteristics of FDV: (a) spool displacement; (b) flow
rate before optimization; (c) optimized flow rate; (d) comparison backflow of FDV closing process;
(e) Toc curve; (f) Tcc curve.

6. Conclusions

In this paper, the self-adaption flow distribution of the digital pump with FDV and
an auxiliary check valve is studied. Inappropriate control signal Toc and Tcc generated
by the changes in the FDV dynamic properties and motor speed will bring the early or
late working of the FDV and lead to the backflow of oil in the piston chamber and more
volumetric efficiency losses. As a consequence, Toc and Tcc of the FDV must be corrected in
real-time to avoid flow distribution errors.

A new adaptive control method for the FDV is proposed to automatically adjust the
Toc and Tcc and compensate for the inevitable undulation of the motor speed and the
variation in FDV response. The approach suggested is completed by conducting four
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compares between the pressure difference sampled at the shaft angle α1, α2, α3, α4 with the
pre-set thresholds.

The simulation results reveal that when the adaptive control is implemented, the Toc
and Tcc can be autonomously revised with the aforementioned changes, and the undesired
backflow is cleaned up. The work in the future is the test rig development of the digital
pump by utilizing the semi-physical simulation system in our laboratory and validating
the availability of this solution through the experiment.
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Abstract: Tracks and wheels are the most widely used running gear for the locomotion of agricultural
vehicles. The main difference between the two systems is the contact area with the ground and,
consequently, the pressure distribution. Evaluating the pressure distribution on the ground is
important because soil damage and vehicle performance depend on it. This analysis is especially
difficult for tracked vehicles, owing to their complexity compared with wheeled systems. In this
paper, we describe a multibody model of a flexible track to evaluate the pressure distribution upon
contact with soft terrain. The track considered in this study is part of a reconfigurable locomotion
system of a small farming vehicle, which can vary the pressure distribution by switching from a
wheeled vehicle to a half-tracked vehicle. The aim of such a vehicle is to minimize soil damage in
addition to optimizing its performance. The model is used to characterize this vehicle and evaluate
the pressure distribution with varying characteristic parameters, such as track tension, the position
of the vehicle’s center of gravity, the weight distribution on the track itself, and the stiffness of the
suspension system.

Keywords: multibody analysis; reconfigurable locomotion system; flexible track; terramechanics;
farming vehicle; ground pressure distribution

1. Introduction

Tracked systems are among the most common running gear used for various off-
road vehicles, from military applications to the agricultural field. Tracked vehicles can be
divided into two main categories: rigid and flexible tracks [1]. In the first case, the track belt
structure consists of a solid chain track made of steel plates, whereas in the second case, the
belt is made of rubber reinforced with steel wires along the longitudinal length. The track
belt is forced onto the ground by a series of wheels called rollers, and it is moved by an
additional motored wheel called a sprocket, the position of which depends on the system
layout. Although the two types of tracks (rigid and flexible) lead to differing performances
of the vehicles, a common aspect is the capability to deform upon contact with the soil
and adapt to it to some extent. An optimal design of these systems requires taking into
account this flexibility. This makes the analysis of tracked vehicles challenging compared
with wheeled vehicles. The vehicle’s performance depends on the forces exerted on the
ground as a function of the normal and shear stress at the contact patch. Accordingly, it is
important to have a reliable tool to quantify the stress distribution at the point of contact
between the running gear and soil in order to analyze and design tracked vehicles.

Several methods have been proposed to carry out such analysis. The first adopted
strategy uses empirical methods [2], whereby simple soil measurements and some main
vehicle characteristics are used to assess the performance. Another strategy involves using
analytical models, among which the method developed by Bekker is the most famous [2].
These strategies have the drawback of relying on simplified assumptions, and in the case of
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analytical models, the pressure distribution at the contact point with the ground is assumed
beforehand. Common pressure distributions are constant, trapezoidal, and multipeak
sinusoidal. In this last case, the pressure peaks are related to the rollers. The real pressure
distribution is unlikely to be of the functions mentioned above. It is affected by the position
of the vehicle’s center of gravity, the tension of the track belt, the geometry, the disposition of
the rollers, and the suspension system forcing the rollers onto the belt. Whereas parametric
models of increasing complexity have been proposed to analyze tracked systems [3–6], the
high computational capacity of modern computers enabled the development of numerical
methods to quantify the vehicle performance. An example is NTVPM [2], which can model
the interaction between the track and soil in detail.

Multibody systems have proven to be promising tools for the modeling of tracks.
In [7], a multibody model was developed, assuming that the track can be approximated as a
set of imaginary wheels. In [8], a multibody model was developed, employing a nonlinear
finite-element representation that can simulate both flexible rubber tracks and rigid tracks.

In this work, we propose a step-by-step implementation of a multibody model to
study the pressure distribution of a reconfigurable wheeled/tracked vehicle on soft terrain.
The vehicle consists of a rear-wheel axle and a wheel/track reconfigurable front axle, which
can adjust the contact area with the ground. A tracked configuration can better distribute
pressure and causes less compaction than a wheel. On the other hand, tracks cause more
soil distortion [9] and are less efficient during steering maneuvers than wheels. The vehicle
is intended to adjust its contact area based on the soil conditions to minimize soil damage
while considering the rolling resistance and traction performance. To design such a system,
it is important to quantify the pressure distribution at the contact point with the soil; this is
the purpose of the multibody model developed in this work. Although a similar task could
be accomplished by relying on dedicated plugins of commercial software [10], adopting a
more diffuse and general-purpose tool such as MATLAB® enables the development of a
model from scratch, facilitating a deeper understanding and a better compromise between
accuracy and computational effort. Moreover, a step-by-step implementation permits
customization of the model based on future research needs.

In this paper, we describe the strategy pursued in modeling the system consisting of
half the robot frame, the reconfigurable front axle, the rear wheeled axle, and the ground.

2. Materials and Methods

A 3D model of the system in the simulation environment is shown in Figure 1. A
detailed model of the tracks and the reconfiguration mechanism was combined with a
simplified body representing the chassis and the rear-axle wheel.

 
Figure 1. 3D view of the multibody model of the farming robot.

A functional sketch of the model is shown in Figure 2, in which the main components
are represented:

111



Machines 2022, 10, 1117

Figure 2. Scheme of the main components of the model.

Ground, indicated with the letter G, represents the soil;
Frame, indicated with the letter F, represents the vehicle chassis;
Track module, indicated with the letter T, is a set of bodies assembled to form the

system shown in Figure 3. The assembly in Figure 4 is hinged to the vehicle chassis (F)
through a revolute joint located at point T1;

 

Figure 3. Track module.

Figure 4. Detail the track belt (left) and the track link (right) components.

Shock absorber, indicated with the letter S (blue line). According to one of the re-
quirements discussed above, this element is inserted to endow the mechanism with the
capability of letting the track better adapt to bumpy, uneven ground. The bottom end of
the shock absorber is hinged to the track frame (T) through a revolute joint;

Rocker, indicated with the letter R, represents the key element of the switching mecha-
nism, deputed to transfer the motion from the actuator to the track frame. It is a ternary
link that is often used in passive [11] and active adjustable suspension systems [12,13]. It is
hinged to the vehicle chassis (F) through a revolute joint at point R1. The upper end of the
shock absorber (S) is connected to the rocker through a revolute joint located at point R2;
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Actuator, indicated with the letter A (red line), is the element that drives the mecha-
nism. One end of the actuator is hinged to the frame (F) through a revolute joint located at
point A1, whereas the other end is linked to the rocker (R) through a revolute joint at point
R3; and

Wheel, indicated with the letter W, represents the wheel of the robot’s rear axle.
The track module is a set of bodies assembled together. This module comprises the

sprocket; the idler; the track frame; the undercarriage; and the chain, which constitutes
the track belt. In order to capture the functioning of this module, the aforementioned
elements, especially the links making up the chain, cannot be rigidly connected to one
another, as they experience multiple contacts, the implementation of which is detailed
in Section 2. The shock absorber is composed of two main bodies—the cylinder and the
piston—connected by a prismatic joint. The multibody model of the actuator is composed
of three blocks: the main body, the leadscrew, and the plunger (also called piston or rod.
The relative motion between the actuator body and the plunger is dictated by a prismatic
joint, allowing only translation along the axis of the leadscrew; the position along the
longitudinal axis of the cylinder varies from 0 mm when the actuator is fully retracted to
100 mm (equal to the stroke) when the actuator is fully extended. The wheel is modeled as
a rigid body composed of two parts, the tire and rim, which are clearly visible on the right
side of Figure 1.

The functioning of the proposed switching mechanism is extremely simple; when the
actuator (A) retracts (distance between points A1 and R3 decreases), it causes the rocker (R)
to rotate about point R1 in a counterclockwise direction; consequently, the track module (T)
is forced through the shock absorber (S) linked to the rocker (R) to rotate about point T1
in a counterclockwise direction, thus lifting the idler section of the track from the ground.
Conversely, if the actuator (A) extends (the distance between points A1 and R3 increases),
the rotations of the rocker R and the track module T occur in a clockwise direction, and the
reconfigurable section of the track is lowered to the ground. The motion imposed by the
actuator is transferred to the track module in an effective yet simple way, thus providing
for the reconfiguration of the system.

2.1. Track Module

The track module shown in Figure 3 was designed, realized, and tested at the Ishii
Laboratory of the Kyushu Institute of Technology [14]. A roller chain track was chosen
among the various possible mechanical solutions to build a custom track. The belt consists
of an attachment chain (also known as a conveyor chain) with built-in flanges on which
treads can be easily attached to form a track.

As shown in Figure 3, the roller chain track is made up of a chain engaging with a
toothed drive sprocket on one side (hereafter referred to as a sprocket) and a toothed idler
sprocket on the other (hereafter referred to as an idler). The sprocket moves the track along,
and the idler keeps the track straight. The sprocket has 33 teeth and an outer diameter
of 281 mm, whereas the idler has 15 teeth and an outer diameter of 135 mm, with pitch
diameters of 267.21 mm and 122.17 mm, respectively.

On each one of the chain attachments, an aluminum U channel is fastened by two
bolts, as shown in Figure 5.

The links of the track belt that gradually enter the lower branch, specifically in the
section separating the sprocket from the idler, must be pressed against the ground to
effectively redistribute the weight of the vehicle.

This important function is accomplished by the undercarriage shown in Figure 6. It is
composed of two rows carrying two rollers each. The shafts about which the rollers are
free to rotate are supported by two L–shaped pieces, which are connected on one end to
the idler shaft and on the other end to the arm between the sprocket and idler shafts.

The arm connecting the sprocket and idler shaft is represented in Figure 7, hereafter
referred to as the track frame. It is an ensemble of three telescopic squared aluminum
frames: a central frame, a solid block, and a frame that can slide inside the other two, which
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are hollow and connected by a hexagonal nut. This nut acts as a tensioner for the track belt;
one of the ball joints at the end of the nut is right-threaded, whereas the other has a left
thread so that the rotation of the nut can increase or decrease the distance between the idler
and sprocket, thus tensioning the chain.

Figure 5. Components of the track module and final assembly.

Figure 6. The undercarriage of the track module: rollers and L–shaped supports.

Figure 7. Track frame connecting the sprocket shaft and the idler shaft.
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2.1.1. Track Frame

The track frame shown in Figure 7 is the element that connects the sprocket shaft and
the idler shaft. It is composed of two telescopic frames that can slide relative to each other;
a tensioner nut with a right thread on one side and a left thread on the other side provides
a simple way to tension the chain that constitutes the track belt. On the idler side of the
track frame, the shock absorber has to be mounted to allow the switching mechanism raise
and lower part of the track; therefore, as shown in Figure 8, the attachment bracket of the
tensioning system is equipped with an additional hole to house the lower eyelet of the
shock absorber. To endow the model with the possibility of specifying an arbitrary tension
for the track chain, thus improving its fidelity, the two parts composing the track frame
that rotate about the sprocket shaft and carry the idler shaft are connected by a prismatic
joint with base (Ts1) and follower (Ts2) (see Figure 9). This joint may be assigned a null
displacement or a certain force. In the first case, a null displacement between Ts1 and Ts2
is imposed, and the chain is loose, i.e., the tension is zero; in the second case, an arbitrary
force (Fts) oriented from Ts1 to Ts2 is applied to the joint, and consequently, the track chain
experiences a tension (Tch) as expressed by (1),

Tch =
Fts

2 cos(α)
(1)

where α is the chain angle shown in Figure 9. In light of such implementation, it is possible
to simulate the model with differing values of chain tension, which are usually expressed
as fractions of the vehicle weight [1].

Figure 8. Track frame connecting the sprocket shaft (in blue) and the idler shaft.

Figure 9. Scheme of the track belt tensioner.
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2.1.2. Track Belt

The track belt comprises a chain with attachments (see Figure 10). Although the chain
is composed of articulated links forming a closed kinematic loop, the belt can be modeled
by connecting all the links to form a unique rigid body made up of the chain, the sprocket,
the idler, the undercarriage, and the track frame. Such a modeling strategy, although simple
and fast, does not capture the flexibility of the track belt, thus leading to an unrealistic,
almost uniform pressure distribution over the ground contact area, which is equivalent to
assuming a rigid footing, as is often the case in the literature on rolling resistance evaluation.
To fulfill the goal of assessing how the pressure originated by the track–terrain interaction
distributes over the contact patch, it was necessary to model the chain more accurately.

 
Figure 10. Detailed photo of the track belt.

The chain shows the alternation of external links (26 pin links such as that on the left
in Figure 11a) and internal links (26 bushing links such as that on the right in Figure 11a).
Each link is connected to the two adjacent links using revolute joints to permit relative
rotations, as shown in Figure 11a. The total of 52 links are divided into 13 groups of 4.
Figure 11a,b indicate the contact surfaces, highlighted in different colors:

• In red, the surfaces of the bushings of the inner link that come into contact with the
two gears of the track module;

• In green, the portions of the upper surface of U channels that come in contact with the
undercarriage rollers; and

• In blue, the surface of the rubber lug that comes in contact with the ground.
• The contacts mentioned above were analyzed and implemented in the proposed model.

(a) 
Figure 11. Cont.
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(b) 

Figure 11. Links of the chain that constitutes the track belt: (a) outer and inner links, (b) contact surfaces.

2.2. Contact Model

As previously mentioned, the bodies of the multibody model, especially those com-
prising the track module shown in Figure 11, in addition to coming into contact with the
ground (the rubber lugs), collide with each other, so a precise and accurate representation
of impact or contact is needed [15–17]. The contact of the track links with the gears, and
the track module’s rollers are modeled using a linear spring–damper model. According
to this method, the local deformations of the contacting bodies in the contact region are
simplified, i.e., allowing the bodies to penetrate each other to a limited extent. The amount
of penetration, denoted by δ, is equal to the sum of local deformations undergone by the
two contacting bodies. The penetration causes a pair of resistive contact forces to act on the
two bodies in opposite directions.

The contact force can be decomposed into the normal and tangential components,
which act along unit vectors n and t. The normal contact force that A exerts on B (FnAB)
shown in Figure 12 is computed as if it were generated by a linear spring–damper system
placed between points A and B so that [18]

FnAB = −σ (δBA)·
(

K·δBA + γ
( .

δBA

)
D

.
δBA

)
nA (2)

where:

- K is the contact spring stiffness and represents the resistance opposing the geometric
penetration of the two colliding bodies. The larger the value of the spring stiffness,
the harder the contact. The value K = 106 N/m was set based on an iterative tuning;

- D is the damping coefficient representing the resistance of the contact damper opposed
to motion when the bodies penetrate. The larger the damping coefficient value, the
more energy is lost during the collision and the faster the contact vibrations are
dampened. The value D = 103 Ns/m was chosen based on iterative tuning; and

- δBA is the penetration depth of B into A, defined by (3):

δBA = (rb − ra)·n = rBA·n (3)

where rA and rB are the position vectors of point A and point B, respectively; rBA

is the position of B relative to A; and
.
δBA is the penetration velocity of B into A, as

expressed by (4):
.
δBA = (vb − va)·n = vBA·n (4)

where vA and vB are the velocity vectors of points A and B, respectively; vBA is the
velocity of B relative to A (i.e., as demonstrated by a reference frame attached to A);
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- σ(δBA) is the contact force activation factor, defined as in (5),

σ(δBA) =

{
0 i f δBA ≥ 0
tanh( ln 199

2·δTRW
·|δBA| i f δBA < 0 (5)

where δTRW is the transition region width, which specifies the region over which
the spring–damper force increases to its full value. The hyperbolic tangent that
appears in the definition of the function σ (δ) smoothly ramps up the force, whereas
the penetration depth moves through the transition region (0 < δ ≤ δTRW). When
δ = δTRW, at the end of the transition region, the contact force reaches a value equal
to 99% of the full stiffness and damping. Similarly, on the rebound, the elastic and
viscous components of the force are smoothly decreased back to zero. Reducing
the transition region width makes the onset of contact sharper and the model more
accurate; however, the solver is forced to take smaller time steps to deal with a
discontinuous problem, and the simulation speed decreases. The value δTRW = 0.1 mm
was chosen, as it proved to be a good compromise between speed and accuracy.

- γ
( .

δBA

)
is the damping-enabling factor, defined as in (6)

γ(
.
δBA) =

{
0 i f

.
δBA ≥ 0

1 i f
.
δBA < 0

(6)

which deactivates the damping component of the contact force on the rebound.
1. − nA is the unit normal vector pointing outwards from the surface of A at the point

of contact.

The force that B exerts on A (FnBA) is equal and opposite to FnAB, i.e., FnBA = −FnAB.
Owing to contact friction, the tangential component was neglected in the present analysis.
It does not play a considerable role with respect to the switching phases and causes the
solver to incur an increased computational burden. This is the reason why the subscript n
is hereafter dropped from the symbol of the contact force.

Figure 12. Linear spring–damper for frictionless contact modeling.

2.2.1. Contact between Track Links and Gears

The alternation of the internal links (bushing links) and external links (pin links)
shown in Figure 11a forms the roller chain track of the robot. It is evident that to simulate
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the switching phases, it is necessary to model the contact between the chain bushing/rollers
and the teeth of both the sprocket and the idler [19–21]. First, an assumption was made
about the motion of the links, i.e., that they are constrained through a planar joint to
perform a planar motion on the plane of the two gears so that the model accounts for the
contact between the bushing cylinder (shown in red in Figure 11) and the surface of the
sprocket teeth, whereas any side contact is excluded. A reference frame is attached to the
sprocket as follows:

• The origin is placed at the center of the sprocket denoted by the symbol Os;
• Axes xs and ys are configured as in Figure 13; and
• The zs axis is perpendicular to the plane of the illustration in Figure 13.

The profile of the surface of each tooth of the sprocket is quite complex and would
require detailed geometric features, such as an x–y spline curve, to be faithfully represented.

Figure 13. Sprocket gear.

In the present analysis, to simplify the model and reduce the computation time, for
each tooth of the sprocket, six points were selected relative to the sprocket center in such a
way as to construct an approximated piecewise linear tooth profile sufficiently close to the
real profile, as shown in Figure 14. The coordinates (xs

i,1, ys
i,1) expressed in the reference

system (Os; xs, ys) of the point Pi,1 i = 1, . . . , 6 used to approximate the first tooth are
summarized in Table 1. The six points identify five lines that represent as many surfaces of
possible contact; the nth of these lines, with n = 1, . . . , 5, has a tangent unit vector given
by (7).

Table 1. Coordinates of the profile points of the first sprocket tooth.

Point x (mm) y (mm)

P1,1 13.4 140.0
P2,1 12.0 140.1
P3,1 5.2 125.6
P4,1 −5.2 125.6
P5,1 −12.0 140.1
P6,1 −13.4 140.0
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Figure 14. Approximation of the sprocket tooth profile using five straight-line segments.

tn,1 =
xs

n+1,i − xs
n,i√(

xs
n+1,i − xs

n,i

)2
+
(

ys
n+1,i − ys

n,i

)2
·xs +

ys
n+1,i − ys

n,i√(
xs

n+1,i − xs
n,i

)2
+
(

ys
n+1,i − ys

n,i

)2
·ys (7)

where xs and ys are the unit vectors of the xs and ys axes, respectively. The unit vector of
the tooth profile can be obtained through a 90 degree clockwise rotation of tn, i.e., in (8).

nn,1 =
ys

n+1,i − ys
n,i√(

xs
n+1,i − xs

n,i

)2
+
(

ys
n+1,i − ys

n,i

)2
·xs −

xs
n+1,i − xs

n,i√(
xs

n+1,i − xs
n,i

)2
+
(

ys
n+1,i − ys

n,i

)2
·ys (8)

The first tooth profile that is the set composed of the points Pi,1, i = 1 . . . , 6 and
the vectors tn,1 and nn,1, n = 1, . . . , 5 is replicated around the zs axis 33 times accord-
ing to the number of sprocket teeth (see Figure 13), yielding 6× (33 teeth) = 198 points,
5× (33 teeth) = 165 tangent vectors, and as many normal vectors. The ith point of the
profile of the kth sprocket tooth, with i = 1, . . . , 6, and k = 1, . . . , 33, is denoted by the
symbol Pi,k. Similarly, the vectors tangent and normal to the nth profile segment of the kth
tooth, with n = 1, . . . , 5, are indicated by tn,1 and nn,1, respectively. Because the coordinates
of the characteristic points of the tooth profile remain constant for the sprocket reference
system, the tangent and normal vectors, given by Equations (7) and (8), respectively, are
computed before the simulation and stored for later repeated calculations to reduce the
running time. Figure 15 shows the geometry of the contact between a chain bushing and
one of the sprocket teeth. Each inner link of the chain has two bushings (highlighted in red
in Figure 11) that come into contact with the toothed surface of the sprocket; as shown in
Figure 11b, a reference frame is attached to the single bushing, with the origin placed at
the center point (F1) and axes xb, yb, and zb, with the latter perpendicular to the plane of
the diagram.
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Figure 15. Illustration of the contact between a chain bushing and a sprocket tooth.

The algorithm that calculates forces and torques originated by such interactions is
articulated through the following steps:

1. The distance between the sprocket center (Os) and the bushing center (F1) is calculated
by (9),

db =
√

xs
F1

2 + ys
F1

2 (9)

where xs
F1 and ys

F1 are the x y coordinates of point F1 with respect to the reference
system (Os; xs, ys, zs).

2. A check is performed to verify whether the bushing in question can collide with the
sprocket. Contact can take place if and only if the distance (db) in (9) is less than or
equal to a prespecified proximity range, i.e., (10):

db ≤ δs
prox = Rs + Pch (10)

The proximity range (δs
prox) was set equal to the sum of the outer sprocket radius (Rs)

and the pitch of the chain (Pch). Inequality (10) is a necessary but not sufficient condition for
the sprocket and the bushing to come into contact; if it is verified, the algorithm continues
through the next steps; otherwise, the algorithm does not continue. The check in question
avoids needless calculations for links that are excessively distant from the sprocket.

3. The sprocket tooth with which the considered bushing is likely to collide is identified
based on the angle (ψ) between the vector from Os to F1 and the xs axis of the sprocket
reference frame, i.e., (11)

Ψ = arctan(
ys

F1

xs
F1

) (11)

Knowing the value of ψ, it is possible to select the index (k∗) of the tooth candidate for
contact, along with relevant information, such the tangent vectors (tk∗

n) and the previously
determined normal vectors (nk∗

n, n = 1, . . . , 5) (see the Equations (7) and (8)). Thanks to
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this step, the calculations exposed in the next points are performed only for the candidate
tooth, thus preventing the algorithm from cycling over all the sprocket teeth.

4. The positions of the profile points of the k∗th tooth with respect to the bushing center
(F1) are computed as (12)

Li,k∗ =
(

xs
F1
− xs

i,k∗
)
·xs +

(
ys

F1
− ys

i,k∗
)
·ys, i = 1, . . . , 6 (12)

where xs
i,k
∗ and ys

i,k
∗ are the x and y coordinate, respectively, of the point (Pi,k

∗)
expressed in the sprocket reference system (Os; xs, ys).

5. For each segment composing the k*th tooth profile, a check is performed to verify
whether contact could occur with the circle representing the bushing. Contact can
occur between the bushing circle and the profile line segment if the orthogonal
projection of the center of the circle (F1) onto the line of the profile falls between
the two ends of the segment (see Figure 15). Mathematically, this translates into the
following inequality (13),

(tn,k∗·Ln,k∗)(tn,k∗·Ln+1,k∗) ≤ 0 n = 1, . . . , 5 (13)

where represents dot product, and the vectors Ln,k are given by (12). The profile seg-
ments for which condition (13) is true are those probably in contact with the bushing,
whereas the others attribute no contribution to the interaction in question. Here, for
clarity and brevity of the explanation of the following steps, we assume that only the
n*th line of the tooth profile satisfies the inequality (13); the code specifically written
for the task at hand is capable of dealing with completely generic circumstances in
which the bushing contacts more than one side of the tooth profile at the same time.

6. The penetration of the bushing (b) into the sprocket (s) is defined in (14):

δbs = d− Rb (14)

where Rb is the bushing outer radius, and d is the distance from the center of the
bushing (point F1) to the n*th line of the k*th tooth profile given by (15)

d =
‖ (Pn∗+1,k∗ − Pn∗,k∗) ∧ Ln∗,k∗ ‖

‖ (Pn∗+1,k∗ − Pn∗,k∗) ‖
(15)

where Pn*,k* = xs
n*,k*xs + ys

n*,k*ys and Pn*+1,k* = xs
n*+1,k*xs + ys

n*+1,k*ys are the posi-
tion vectors of the n*th and the (n* + 1)th point of the sprocket k*th tooth profile,
respectively, expressed in the reference frame (Os; xs, ys).

7. The velocity with which the bushing penetrates into the sprocket is calculated as
in (16):

.
δbs = (vs

b − dωs
btn∗,k∗)·nn∗,k∗ (16)

where vs
b is the velocity vector of the bushing center (F1) as demonstrated by the

sprocket reference system (Os; xs, ys); and ωs
b is the angular velocity of the frame

(F1, xb, yb) attached to the bushing, as demonstrated by the sprocket reference system
(Os; xs, ys). The quantity in parentheses in Equation (16) represents the velocity of the
point of contact (Pc) shown in Figure 15, the position vector of which in the coordinate
system (Os; xs, ys) is given by (17).

Pc =
(

xs
F1

xs + ys
F1

ys

)
− dnn∗,k∗ (17)

8. The force exerted by the sprocket tooth on the chain bushing (Fsb) is computed (18) by

substituting the penetration δbs from (14) and the penetration velocity
.
δbs from (16)

into Equation (1)
Fs

sb = −σ(δbs)
(

Kδbs + γ
( .

δbs

)
D

.
δbs

)
nn∗,k∗ (18)
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where the superscript s indicates that the force vector components calculated through
Equation (18) are expressed in the reference system integral with the sprocket; there-
fore, to apply the force to the bushing, it is necessary to express its components in
the coordinate system attached to the bushing itself. This can be achieved using the
relative rotation matrix [R]sb, as in (19).

Fs
sb =

⎡
⎣Rxx Rxy Rxz

Ryx Ryy Ryz
Rzx Rzy Rzz

⎤
⎦

T

sb

⎧⎨
⎩

Fs
sb·xs

Fs
sb·ys

Fs
sb·zs

⎫⎬
⎭ (19)

Fb
sb is then applied to the bushing.

9. The force exerted by the chain bushing on the sprocket tooth is determined by simply
inverting the sign in (19), i.e., Fs

bs = −Fs
sb. The force (Fs

bs) also causes a torque (Ms
bs)

with respect to the sprocket center (Os) (arm denoted by an in Figure 15), given by (20).

Ms
bs = Pc ∧ Fs

bs (20)

Both the force (Fs
sb) and the moment (Ms

bs) are applied to the sprocket.
At each time step, the implemented model carries out the calculations related to the

contact of the two gears of the track module with each of the 52 chain bushings. Much
of the algorithm outlined above, except the first two points, is implemented through a
specially written MATLAB® function. The contact of the chain links with the idler is dealt
with using a procedure similar to that described for the sprocket.

2.2.2. Contact between Track Links and Rollers

The rollers placed in the undercarriage of the track module shown in Figure 2 are
essential to evenly distribute the vehicle’s weight over the ground contact area. Therefore
the contacts between the rollers and every link composing the chain must be modeled to
obtain reliable results. Because the chain links are constrained to perform a planar motion
in the plane of the two gears, the contact in question ultimately reduces to the problem
of the interaction between a finite line (representing the upper surface of the U channel
highlighted in red in Figure 11) and a circle (representing the outer diameter of the roller),
as shown in Figure 16. A reference frame is placed on the U channel of each chain link,
with the origin positioned at the midpoint (F3) of the contact surface, the xu axis and yu
axis parallel and normal, respectively, to the contact surface, and the zu axis perpendicular
to the plane of the illustration in Figure 16. A coordinate system is also associated with the
roller, originating at the center point (Or) and axes xr, yr, and zr. The x and y coordinates of
the roller center’s reference frame (F3; xu, yu, zu) are denoted by the symbols xu

Or and yu
Or,

respectively. Because the total length of the contact line is 22 mm, three possible contact
situations may arise:

1. xu
Or > 11 mm, in which case the projection of the roller center onto the line of contact

falls “beyond” the second edge (E2), as represented in Figure 16b. Contact takes
place at point E2, and the penetration occurs along the direction of the following unit
vector (21),

nu =
xu

Or − xu
E2

d
xu +

yu
Or
d

yu (21)

where xu
E2 = 11 mm is the x coordinate of point E2 in the U-channel frame (F3; xu,

yu, zu), and d is the distance from the edge point (E2) to the roller center (Or) given
by (22).

d =

√(
xu

Or − xu
E2
)2

+ yu
Or

2 (22)

The penetration of the roller (r) into the U channel (u) is computed as in (23),

δru = d− Rr (23)
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where Rr = 50 mm is the outer radius of the roller. The penetration velocity of the roller
into the U channel is given by (24),

.
δru = (vu

Or − dωu
r zuΛnu)·nu (24)

where vu
Or is the velocity vector of the roller center (Or), and ωu

r is the angular velocity of
the roller from the perspective of the reference frame attached to the U channel (F3; xu, yu,
zu).

The quantity in parentheses in Equation (24) is the velocity vector of the point of
contact. The contact force that the U channel exerts on the roller can be computed by
substituting (23) and (24) into Equation (2), as in (25),

Fu
ur = −σ(δru)

(
Kδru + γ

( .
δru

)
D

.
δru

)
nu (25)

where the superscript u indicates that the components of the vector are expressed in the
reference frame (F3; xu, yu, zu), which is why (25) must be premultiplied by the transpose
of the relative rotation matrix ([R]ur) before being applied to the roller. Accordingly, the U
channel undergoes a force (Fu

ru = −Fu
ur), which also causes a torque about point F3, given

by (26).
Mu

ru = (xu
E2xu) ∧ Fu

ru (26)

2. −11 mm ≤ xu
Or ≤ 11 mm, in which case the projection of the roller center onto the

line of contact falls between the edges E1 and E2, as represented in Figure 16a. The
penetration of the roller into the U channel is defined in (27).

δru = yu
Or − Rr (27)

where Rr = 50 mm is the outer radius of the roller. The velocity with which the roller
penetrates the U channel is given by (28),

.
δru = (vu

Or + yu
Orωu

r xu)·yu (28)

where the quantity in parentheses is the velocity vector of the contact point Pc. The
contact force that the U channel exerts on the roller can be computed by substituting
(27) and (28) into Equation (2), as in (29).

Fu
ur = −σ(δru)

(
K

.
δru + γ

( .
δru

)
D

.
δru

)
yu (29)

where the superscript u indicates that the components of the vector are expressed
in the reference frame (F3; xu, yu, zu), which is why (29) must be premultiplied by
the transpose of the relative rotation matrix ([R]ur) before being applied to the roller
(19). Accordingly, the U channel undergoes a force (Fu

ru = −Fu
ur), which also causes a

torque about point F3, given by (30).

Mu
ru = (xu

Orxu) ∧ Fu
ru (30)

3. xu
Or < −11 mm, i.e., the projection of the roller center onto the line of contact, falls

“behind” the first edge (E1). This third case is analogous to the first, the only difference
being that the line of action of the force passes through point E1 rather than E2; hence,
no further explanation is needed.

The interaction between every chain link and the rollers, governed by the three cases
listed above, is implemented using a specially written MATLAB® function.
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Figure 16. Illustration of the contact between a sprocket tooth and a roller pin. (a) the projection of
the roller center onto the line of contact falls between the edges E1 and E2. (b) the projection of the
roller center onto the line of contact falls “beyond” the second edge E2.

2.3. Ground Modeling
2.3.1. Soil Model

To estimate the sinkage and the normal pressure distribution at the vehicle–terrain
interface, a model capable of describing the soil behavior when compressed in a normal
direction is needed. M. G. Bekker developed the most famous and widely used model,
which combines on-field measurements taken with a bevameter (a measuring tool designed
by Bekker himself) with an analytical formulation to provide the following pressure–
sinkage relationship (31), (also known as the Bekker equation) [22]

p =

(
kc

b
+ kφ

)
yn (31)

where p is the normal pressure exerted by soil, expressed in kPa; y is the vertical sinkage
coordinate, expressed in m; b is the smaller dimension of the contact patch, expressed in m;
and n, kc, and kφ are the pressure–sinkage parameters.

Equation (31) is essentially an empirical equation, according to which the parameters
kc and kφ have variable dimensions, depending on the value of the exponent n (equal to
kN/mn+1 and kN/mn+2, respectively). The exponent n is dimensionless.

Based on a more rigorous approach to soil mechanics and experimental evidence,
Reece proposed the following pressure–sinkage relationship (32) for homogeneous soil [23],

p =
(
ck′c + γsbk′Φ

)
(

y
b
)

n
(32)

where c is the cohesion of the terrain, expressed in kPa; γs is the weight density of the
terrain, expressed in kg/m3; and n, k′c, and k′φ are the pressure–sinkage parameters for
the Reece equation. The constants c, γs, k′c, and k′φ in Equation (32) can be combined as
k’′c = ck′c and k’′φ = γs k′φ to yield (33).

p =
(
k′′c + bk′′Φ

)
(

y
b
)

n
(33)

The parameters n, k”c, and k”φ are derived from a procedure for fitting pressure–
sinkage data with the Reece Equation (33); their mean values for various mineral terrains
are tabulated in [2]. Because the parameters k”c and k”φ, unlike what happens with Equa-
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tion (31), have constant dimensions (kN/m2 and kN/m3, respectively). Equation (33) was
chosen to characterize the pressure–sinkage relationship of the modeled soil. Furthermore,
a viscous linear term was introduced in Equation (33) to account for energy dissipation,
yielding (34).

p =
(
k′′c + bk′′Φ

)
(

y
b
)

n
+ Dg

.
y (34)

where
.
y is the sinkage velocity (expressed in m/s), and Dg is the soil damping coeffi-

cient [24], the value of which was set to 500 kPa·s/m.

2.3.2. Contact between Track Links and Ground

The soil is represented as a brick body fixed to the world frame.
As shown in Figure 17, a coordinate system is associated with the ground body, with

an origin at point Og and:

Figure 17. Illustration of the contact between rubber lugs and the ground.

• The xg axis lying on the upper plane of the brick solid representing the soil and
oriented from left to right (fixed horizontal direction);

• The yg axis normal to the upper plane of the brick solid representing the soil and
oriented upwards (fixed vertical direction); and

• The zg axis emerging from the plane of the diagram in Figure 17 so that the right-hand
rule is satisfied.

The dimensions of the body representing the ground are 1.5 m, 0.1 m, and 0.7 m in the
xg, yg, and zg directions, respectively. The vertical sinkages of the links that make up the
track belt are evaluated with respect to the undeformed upper surface of the ground solid,
i.e., the xg – zg plane of the soil reference system. As described, each track link has a rubber
lug meant to come in contact and exchange forces with the ground. To quantify the sinkage
of the lower surfaces of the lugs, two points (F4 and F5) are attached to each one of these
elements, as represented in the diagram in Figure 17. A reference frame is placed at the
midpoint (F6) of segment F4F5, with:

• the xl axis parallel to the contact surface (shown in blue in Figure 17) and oriented
from point F4 to point F5;

• The yl axis normal to the contact surface and oriented towards the inside of the rubber
lug; and

• The zl axis emerging from the plane of the diagram in Figure 17 so that the right-hand
rule is satisfied.
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The reference frame (F6; xl, yl, zl) is fixed to the rubber lug.
The mathematical model of deformable soil defined by the non-linear elastic relation-

ship (34) was integrated into the MATLAB® Simscape™ environment to correctly simulate
the contact and the behavior of the track on agricultural terrain. In particular, at each time
step of the simulation of the multibody model:

1. The vertical sinkages yg
F4 and yg

F5, together with the sinkage velocities
.
yg

F4 and
.
yg

F5, of
the points F4 and F5, respectively, are evaluated with respect to the ground reference
system (Og; xg, yg, zg);

2. The normal pressures p4 and p5, acting at points F4 and F5, respectively, are calculated
according to Equation (34), yielding (35) and (36),

p4 = σ4

⎡
⎢⎣(k′′c + bk′′Φ

)
(

∣∣∣yg
F4

∣∣∣
bl

)

n

+ γ4Dg

.
yg

F4

⎤
⎥⎦ (35)

p5 = σ5

⎡
⎢⎣(k′′c + bk′′Φ

)
(

∣∣∣yg
F5

∣∣∣
bl

)

n

+ γ5Dg

.
yg

F5

⎤
⎥⎦ (36)

where bl is the length of the segment F4F5, which represents the smaller dimension of
the contact patch, equal to 25 mm; σ4 and σ5 are the contact-enabling factors, defined
as in (37); and γ4 and γ5 are the damping-enabling factors, defined as in (38).

σ4 =

{
1 i f yg

F4 < 0
0 i f yg

F4 ≥ 0
σ5 =

{
1 i f yg

F5 < 0
0 i f yg

F5 ≥ 0
(37)

γ4 =

{
1 i f yg

F4 < 0
0 i f yg

F4 ≥ 0
γ5 =

{
1 i f yg

F5 < 0
0 i f yg

F5 ≥ 0
(38)

The factors σi, i = 4; 5, in (37) ensure that the pressure is zero when no contact occurs
between the considered lug and the ground. Similarly, the factors γi, i = 4; 5, in (38) are
essential to activating the damping term of Equation (34) only when the point of the rubber
lug, either F4 or F5, is moving towards the inside of the ground body;

3. The force (Fgl) and the moment (Mgl) exerted by the ground on the rubber lug are
calculated assuming a linear distribution of the pressure over the contact area (a
simplification that has proven reasonable), as expressed in (39).

p(xl) =
p5 − p4

b
xl +

p4xl
F5 − p5xl

F4
b

(39)

where xl
F4 =−bl/2=−12.5 mm and xl

F5 = bl/2= 12.5 mm are the (constant) coordinates
of points F4 and F5, expressed in the reference frame (F6; xl; yl; zl) attached to the lug.
If the pressure (39) is supposed to be constant along the direction normal to the plane
of the diagram in Figure 17, integrating over the contact area yields (40) and (41),

Fgl = wl

∫ xl
F5

xl
F4

p(xl)dxlyl =
wlbl

2
(p4 + p5)yl (40)

Mgl = wl

∫ xl
F5

xl
F4

p(xl)xldxlzl =
wlbl

2

12
(p5 − p4)zl (41)

where wl is the width of the track, equal to 160 mm, i.e., the dimension of the rubber
lug along the direction of the zl axis; and yl and zl are unit vectors of the yl zl axis of
the reference frame attached to the lug, respectively. The force lies along the direction
normal to the contact surface, whereas the torque acts in the longitudinal plane of
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the track module, as represented in Figure 17. The previously calculated force (Fgl)
and moment (Mgl) are applied to the considered rubber lug. The steps listed above
are repeated for every link composing the track belt in each simulation time step.
The ground experiences the force (Flg = −Fgl) and the moment (Mlg = −Mgl) as a
consequence of the contact with the single lug; however, these produce no effect, as
the soil is rigidly connected to the fixed world frame.

2.3.3. Contact between Rear Wheels and Ground

The purpose of modeling half the robot necessarily requires considering the wheeled
rear axle’s presence and the reconfigurable module on the front. Because the vehicle does
not move during the reconfiguration phases, the wheel is rigidly attached to the frame.
The method adopted for the implementation of the contact between the wheel and the
ground is that proposed by Bekker [25], which is part of the mechanics of a rigid wheel
over unprepared terrain and relies on three major assumptions:

• The terrain reaction at all points on the contact patch is purely radial;
• The terrain reaction is equal to the normal pressure beneath a horizontal sinkage plate

at the same depth in a pressure–sinkage test, as expressed by Equation (35); and
• No shear stress acts on the wheel–terrain interface.

Figure 18 represents a diagram of the simplified wheel–soil interaction model de-
scribed here. The center point of the wheel body is denoted by the symbol Ow; it is the
origin of the right-hand reference frame integral with the wheel, with xw, yw, and zw axes.
The right-hand coordinate system (Og; xg, yg, zg) is associated with the ground body. To
implement the force exchanged between the wheel and, consequently, the vehicle frame
and the body representing the ground, the following steps are taken:

1. The maximum sinkage (y0) is calculated as in (42):

y0 = σw

(
Rw −

∣∣∣yg
Ow

∣∣∣) (42)

where yg
Ow is the y coordinate of the wheel center (Ow) in the ground reference (Og; xg,

yg, zg), Rw is the outer wheel radius (equal to 0.17 m), and σw is the contact-enabling
factor, defined as in (43):

σw =

⎧⎨
⎩

1 i f
∣∣∣yg

Ow

∣∣∣ ≤ Rw

0 i f
∣∣∣yg

Ow

∣∣∣ > Rw
(43)

This ensures that the maximum sinkage is zero when there is no contact between the
wheel and soil. Furthermore, the y component of the wheel center velocity expressed in the
ground reference frame (Og; xg, yg, zg),

.
yg

Ow, is used to calculate the sinkage velocity (
.
y0)

as in (44),
.

y0 = σwγw

∣∣∣ .
yg

Ow

∣∣∣) (44)

where γw, similarly to (38), is a factor needed to activate damping only when the wheel
moves towards the inside of the ground body.

2. The normal pressure distribution over the contact area is computed according to
Equation (34) by (45),

p(θw) =
(
k′′c + bwk′′Φ

)
(

y(θw)

bw
)

n
+ Dg

.
y(θw) (45)

where θw is the contact angle of the wheel, ranging between zero and the maximum
value (θ0) given by (46); bw is the width of the wheel measured in the direction normal
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to the plane of the diagram in Figure 18, equal to 0.16 m; and y(θw),
.
y(θw) are the

sinkage and sinkage velocity functions of the contact angle as expressed by (47).

θo = arccos(
Rw − y0

Rw

)
(46)

y(θw) = Rw(cosθw − 1) + y0
.
y(θw) = (cosθw)

.
y0 (47)

3. The force exerted by the ground on the wheel (Fgw) is determined by taking the
integral of the pressure distribution (45) over the contact area, as in (48),

Fgw = 2bwRw

∫ θ0

0
p(θw) cos θwdθwyw (48)

where yw is the unit vector of the yw axis of the reference frame attached to the wheel.
In deriving the force (48), the pressure (p) is assumed to be uniform along the direction
of the zw axis, i.e., normal to the plane of the diagram in Figure 18. The integral in
(48) is solved numerically at each simulation time step. The force (Fgw) is then applied
to the wheel. Because the shear stress at the wheel–terrain interface is supposed to
be null, and the pressure (45) is symmetrical with respect to the wheel centerline, no
torque contribution is included in this case.

Once again, the reaction force (Fwg = −Fgw) of the wheel on the ground has no effect.

Figure 18. Illustration of the contact between the rear wheel and the ground.

3. Results and Discussion

The normal pressure distribution over the contact area between the track module and
the ground is one of the most relevant, if not the principal, outcomes of the analysis and
simulation of the implemented model (see Figures 19 and 20).

The reasons why it is important to predict how pressure distributes at the track–
ground interface are diverse. First, the resistance opposed by the ground to the motion of
the vehicle due to terrain compaction (Rc) is proportional to the work done in compacting
the terrain [25], as shown in (49),

Work = b
∫ l

0

∫ y(x)

0
p(y(x))dydx (49)

where b is the width of the track contact area (equal to the width of the rut made by the
track), l is the length of the track contact area (equal to the length of the rut made by the
track), x is the distance from the front of the contact area, and y(x) is the sinkage of the
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track in the point of coordinate x along the contact area. Because Rcl = Work, Equation (49)
yields (50),

Rc =
b
l

∫ l

0

∫ y(x)

0
p(y(x))dydx (50)

Figure 19. Normal pressure distribution (left y axis) and sinkage (right y axis) of the reconfigurable
module in track mode.

Figure 20. Normal pressure distribution (left y axis) and sinkage (right y axis) of the reconfigurable
module in wheel mode.

From which it is evident that the motion resistance depends on the pressure distribu-
tion between the track and the ground. Usually, the uniform contact pressure is assumed in
the first place so that the integral in (50) can be calculated and the resistance can be assessed.
Other pressure distributions, such as trapezoidal or sinusoidal distributions, can be used to
obtain Rc from (50); however, all of these lead to first approximation estimates. As stated
in [14], assuming a more uniform pressure distribution than the real distribution leads to
underestimated results, as in this case, as numerically verified by applying Equation (50)
to calculate the rolling resistance both with the pressure distribution obtained from the
simulation and a uniform distribution deduced by dividing a quarter of the vehicle weight
by the track contact area (see Table 2).

130



Machines 2022, 10, 1117

Table 2. Motion resistance for three soil types: values calculated with a uniform pressure and with
simulated pressure.

Soil Type (Moisture Content %)
Rolling Resistance (N)

Uniform Pressure Simulated Pressure

Grenville loam (18.2%) 5.86 9.28
Upland sandy loam (44.3%) 3.58 5.10
North Gower clayey loam (52.0%) 11.42 16.83

The shearing of the terrain produces the tractive effort developed by the track or
wheel. The torque applied to the tire or the track sprocket initiates a shearing action over
the vehicle running gear–soil interface.

To predict vehicle thrust and associated slip, the relation between shear stress and the
shear displacement for the considered terrain is needed, as highlighted by (51)

F = b
∫ l

0
τ(j)dx (51)

where F is the tractive effort, and τ and j are the shear stress and displacement, respectively.
With the sole objective of qualitatively demonstrating the influence of normal pressure dis-
tribution on the generation of tractive effort, among the three most observed types of shear
stress–shear displacement semiempirical relationship, we select the exponential function of
the form proposed by Janosi and Hanamoto [26] so that Equation (51) becomes (52),

F = b
∫ l

0
(c + ptanφ)

(
1− e−

j
k

)
dx (52)

where c and φ are the cohesion and angle of internal shearing resistance of the terrain,
respectively, and K is the shear deformation modulus, representing a measure of the
magnitude of the required shear displacement.

Equation (52) demonstrates how the tractive effort is affected, among other factors,
by the normal pressure distribution (p) over the contact area. Although traction is not
subject to the present work, it is notably influenced by the pressure distribution, the shape
of which is therefore a matter of absolute interest.

Another reason for being interested in assessing the pressure distribution over the
contact area is dictated by the peculiarity of the proposed system itself. Because wheel/track
reconfiguration plays a leading role, it is required to monitor the development of contact
pressure in response to what the actuator is controlled to do. In other words, it is important
to predict the shape of the pressure curve, particularly its peak value, as the target imposed
by the control system varies. This aspect is closely associated with the ultimate purpose
for which the system is controlled, as the goal is to achieve a track configuration in which
the peak pressure and, consequently, soil compaction, are minimized. In Figure 21, a side
view of the front module captured during the track mode interval of the simulation cycle
(from t2 = 20 s up to t3 = 25 s) is shown. As evidenced by the deflection of the chain due
to the applied load and consequent deformation of the ground, the accurate modeling
detailed in Section 2 has made it possible to achieve a plausible sinkage profile of the track.
The rigid links making up the chain that constitutes the track belt can be divided into two
groups: those that are in contact both with the terrain and the roadwheels (with this name
indifferently denoting the sprocket, the idler, or the rollers) and the others in contact with
the terrain only. The shape of the track segments in contact with the roadwheels stems
from the shape of the roadwheels themselves.

In contrast, the sinkage of the track in contact with the terrain only is determined by
the roadwheel spacing and the chain tension, as well as the assumed pressure–sinkage
relationship. The observed sinkage profile resembles the normal pressure graphed in
Figure 21; as expected, the distribution is far from uniform, as it presents with peaks under
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the sprocket, the two rows of rollers, and the idler. The lowest pressure value occurs where
the spacing is greatest, i.e., in the section between the sprocket and the first row of rollers.

Figure 21. Normal pressure distribution under the reconfigurable module in track mode: effect of
control target deviation (δϑT).

The system must be capable of moving from an initial posture to a final assigned
posture, so the extremal points of the motion path must be defined. The wheel mode
is achieved when the idler wheel is sufficiently distant from the ground, i.e., when the
inclination angle of the track frame reaches a value of ϑT,wheel = 10◦. Regarding the track
mode, it is difficult, if not impossible, to know a priori what position the mechanism has to
assume to produce an optimal pressure distribution over the contact area. Therefore, the
definition of the inclination angle (ϑT,track) corresponding to the track configuration is more
formal than substantial, as there is no way to select a single, specific value; instead a range
in the proximity of a “geometric” reference position must be examined (53):

θT,track = sin−1
(

Ri − Rs

l1T

)
− δθT (53)

where l1T is the length of the first arm of the track frame (segment T1T2 in Figure 2), and
Ri and Rs are the outer radii of the idler and the sprocket, respectively. The first term
in Equation (53) corresponds to the posture in which, supposing an ideal, perfectly flat,
rigid ground, the lower branch of the track belt would be horizontal, and the entire track
area would contact the soil. The second term in Equation (53) (δϑT), later referred to as
control target deviation, can take either positive or negative values close to zero; its effect is
demonstrated by the pressure curves in Figure 21:
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• The blue curve corresponds to a control target deviation of δϑT = −0.5◦, which yields
ϑT,track = −11.61◦. In this case, the actuator is controlled to reach an overall length of
338.8 mm (the plunger is driven to travel 82.8 mm along the available stroke).

• The orange curve corresponds to a control target deviation of δϑT = 0◦, yielding
ϑT,track = −12.11◦. In this case, the actuator is controlled to reach an overall length of
341 mm (the plunger is driven to travel 85.0 mm along the available stroke).

• The yellow curve corresponds to a control target deviation of δϑT = 0.5◦, yielding
ϑT,track = −12.61◦. In this case, the actuator is controlled to reach an overall length of
343.3 mm (the plunger is driven to travel 87.3 mm along the available stroke).

Observation of the three curves mentioned above indicates the significance of the
effect of the control deviation (δϑT) on the pressure distribution. According to Equation (53),
the higher δϑT is, the harder the control system forces the actuator to push the track frame
against the ground; as a consequence, the peak of pressure beneath the idler (and partly
that beneath the second row of rollers) increases at the expense of that under the sprocket.
This is easily understood by considering that as δϑT increases from −0.5◦ to 0.5◦, as shown
in Figure 21 (from the blue curve to the yellow curve), the actuator drives the rocker slightly
further and causes the shock absorber to exert an increased compressing action on the
track frame.

As an extreme consequence of this reasoning, if δϑT exceeds a threshold limit, an
undesired situation may occur in which the peak pressure beneath the sprocket vanishes;
this means that the sprocket is detached from the ground and the vehicle front axle rests
on the idler only. If δϑT were too low instead, the part of the track belt beneath the rollers
and the idler would barely touch the ground, providing insufficient contact pressure.
Accordingly a value or a narrow range of values can be assigned to δϑT to generate
a distribution characterized by minimum peak pressure. The highlighted relationship
between δϑT and the peak of pressure beneath the idler is difficult to assess, as it vitally
depends on knowledge of the exact geometry of the parts involved, as well as the exact
value of all the elastic parameters. Therefore, a small mistake in any procedural step could
cause the reconfiguration to fail, leading to a lack of contact or the generation of excessive
force. The switching system, especially during wheel-to-track reconfiguration must exert a
definite force on the external environment rather than reaching a certain position. Therefore,
the task for which the system is intended should be approached with a force–control or
impedance–control strategy [27,28]. Nonetheless, the position control scheme adopted here
is a possible way to approach the question, even if only for the practicality of implementing
position feedback in a first embodiment of the system, as opposed to the necessity of
obtaining a measured and controlled force. With the implemented model, it is possible
to evaluate the effect of variation of the control target, together with other important
parameters of the system, on the contact pressure peak between the track and the ground.

3.1. Effect of Chain Tension

In Figure 22, the effect of the track belt tension on the contact peak pressure is examined
for a control target deviation (δϑT) in the range of −1◦ to 1◦. Three curves are shown:

• The blue curve corresponds to null tension, i.e., the chain is loose;
• The orange curve corresponds to a tension equal to 25% of the vehicle weight, i.e.,

0.981 kN; and
• The yellow curve corresponds to a tension equal to 50% of the vehicle weight, i.e.,

1.962 kN.

As the track belt tension increases, the contact peak pressure beneath the track de-
creases. This is beneficial effect, as the tension stiffens the system and therefore helps to
redistribute the pressure more evenly. From the point of view of the control target deviation
(δϑT), the three curves show no substantial difference.
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Figure 22. Peak pressure beneath the track module as a function of δϑT: chain tension effect.

3.2. Effect of Shock Absorber Spring Rate and Preload

Figure 23 shows the effect of the stiffness of the shock absorber spring on the contact
peak pressure for a control target deviation (δϑT) in the range of −1◦ to 1◦. Three curves
are shown:

• The blue curve corresponds to a shock absorber with a spring rate equal to 40 N/mm;
• The orange curve corresponds to a shock absorber with a spring rate equal to

100 N/mm; and
• The yellow curve corresponds to a shock absorber with a spring rate of 160 N/mm.

 

Figure 23. Peak pressure beneath the track module as a function of δϑT: spring rate effect.

The above-listed alternatives cover a wide range of elasticity, from a soft spring to
the hardest one. All three curves exhibit a minimum point corresponding to different δϑT
values. The blue curve reaches the minimum at δϑT = 0.875◦, whereas for the orange and the
yellow curves, the minimum peak pressure is obtained at δϑT = −0.375◦ and δϑT = −0.5◦,
respectively. Such differentiations are easily understood by considering that the shock
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absorber and the ground can be thought of as two springs in series, with stiffnesses of ks
and kg, respectively, so the overall stiffness is defined as in (54)

k =
kskg

ks + kg
=

kg

1 + kg
ks

(54)

Equation (52) shows that if a certain force is to be developed on a given terrain, the
softer the spring (the lower ks), the further the control system has to push the idler to
achieve a minimum peak pressure (the higher the δϑT). An comparable result is obtained
by varying the preload of the spring, as shown in Figure 24.

 
Figure 24. Peak pressure beneath the track module as a function of δϑT: spring preload effect.

Figure 25 shows the effect of the position of the center of gravity of the vehicle frame
on the contact peak pressure.

 

Figure 25. Peak pressure beneath the track module as a function of δϑT: center of gravity position ef-
fect.
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Such effect is important because it is reasonable to expect that the distribution of mass
on the vehicle (specifically the payload) will likely change during normal operation. The
control target deviation (δϑT) is given for the x axis and varies from −1◦ to 1◦, whereas
for the y axis, it is the peak of the pressure distribution between track and ground. Three
curves are shown:

• The blue curve corresponds to a frame with the center of gravity displaced by 115 mm
towards the front axle with respect to the middle point of the wheelbase;

• The orange curve corresponds to a frame with the center of gravity in the middle of
the vehicle wheelbase; and

• The yellow curve corresponds to a frame with a center of gravity 115 mm towards the
rear axle with respect to the middle point of the wheelbase.

The vehicle wheelbase is 768 mm. The distance separating the frame center of mass
from the middle of the wheelbase for the blue and yellow curves is set as equal to 15%
of the wheelbase. First, a substantial increase in the minimum peak pressure is observed
when passing from the yellow to the blue curve (from about 27 kPa to 43 kPa); this is
easily explained by the increased fraction of the vehicle weight supported by the front
wheel/track reconfigurable axle. For the same reason, as the center moves towards the
front axle, the control target deviation necessary to achieve the minimum peak pressure
increases: equal to −0.75◦ for the yellow curve, −0.375◦ for the orange curve, and 0.125◦

for the blue curve.

4. Conclusions

The development of a multibody model to study the pressure distribution of a recon-
figurable wheeled/tracked vehicle on soft terrain is reported herein. The main aim of this
research was the construction of a reconfigurable wheel/track locomotion system to be
installed on board a grape-transporting robot to switch between a half-tracked configura-
tion and a wheeled configuration depending on the soil type and conditions. The objective
was to realize a running gear capable of actively adapting to the environment to attain
improved performance while preserving the porous structure of the soil, which is often
damaged by the intensive use of heavy machinery, to the greatest extent possible.

The scope of the presented multibody model is to simulate the wheel-to-track and
track-to-wheel switching phases. As detailed in Section 2, the goal in question was achieved
through the accurate modeling of the multiple interactions between each of the links of
the chain that constitute the track belt and the various elements that are part of the system,
i.e., the sprocket wheel, the idler wheel, the undercarriage rollers, the soil, etc.. The chain
that constitutes the track is modeled as groups of rigid links constrained by revolute joints
to account for the flexibility of the track itself. A specifically designed algorithm was
implemented through MATLAB® functions to compute the contact forces applied to the
track elements. The model used to characterize the soil behavior when compressed in
a normal direction is based on Reece’s non-linear elastic pressure–sinkage relationship.
Furthermore, the contact between the rear wheel and the ground was accounted for to
ensure the possibility of assessing the effect of the position of the center of mass of the
vehicle frame on the pressure distribution over the ground contact patch.

As mentioned in Section 3, the proposed multibody model allows for realistic simu-
lation of the vehicle reconfiguration from half-tracked mode to wheeled mode and vice
versa and to obtain useful information regarding both the controlled actuation unit and the
contact of the track module with the ground. The main outcome is the normal pressure
distribution between the track module and the ground; when in tracked configuration, it
presents a non-uniform shape with peaks directly beneath the sprocket wheel, the idler
wheel, and the rollers. In particular, the pressure distribution in track mode is strongly
influenced by the action exerted on the system by the controlled actuator; the further the
plunger is pushed forward, the more the pressure peak under the idler increases. Numer-
ous simulations of the system prove that there exists a value, or at least a range of values, of
the control target that yields the optimal ground pressure distribution characterized by the
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minimum peak. Herein, we demonstrated that such an optimum range is highly affected
by the spring rate and preload of the shock absorber, as well as the position of the vehicle
center of mass, with a much more minimal influence of the chain tension.
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Abstract: Motion planning algorithms have seen considerable progress and expansion across various
domains of science and technology during the last few decades, where rapid advancements in path
planning and trajectory optimization approaches have been made possible by the conspicuous en-
hancements brought, among others, by sampling-based methods and convex optimization strategies.
Although they have been investigated from various perspectives in the existing literature, recent
developments aimed at integrating robots into social, healthcare, industrial, and educational contexts
have attributed greater importance to additional concepts that would allow them to communicate,
cooperate, and collaborate with each other, as well as with human beings, in a meaningful and
efficient manner. Therefore, in this survey, in addition to a brief overview of some of the essential
aspects of motion planning algorithms, a few vital considerations required for assimilating robots
into real-world applications, including certain instances of social, urban, and industrial environments,
are introduced, followed by a critical discussion of a set of outstanding issues worthy of further
investigation and development in future scientific studies.

Keywords: motion planning; mobile robots; social robots; self-driving cars; humanoid robots

1. Introduction

Artificial Intelligence (AI)-based utilities and techniques have their most prevalent
applications in robotics, where agents possessing computing capabilities gather, analyze,
and use information from their environment to make and act upon informed decisions.
Despite the usual lack of sufficiently reliable information about their environment, a robotic
agent has to make rational decisions or at least be capable of autonomously making a
sequence of moves that optimize the expected values of indicators of certain functional
criteria to an acceptable extent, while minimizing the costs incurred. The environment may
change during the course of executing a motion plan, which motivates the incorporation
of the capability for modifying the plan based on the aforementioned variations. Taking
into account the fact that it is not feasible to compute reactions to all possible scenarios
in advance, it is common to instead perform replanning computations and optimizations
based on the specific scenario at hand. This may include various factors, such as model and
tracking errors, as well as different types of constraints, according to the sensor feedback
and user inputs [1,2].

An autonomous (e.g., robotic) system might involve multiple rigid parts connected
using numerous types of links, hinges, and joints. They may be either dependent or
independent in terms of their movement [3]. The navigation of an autonomous system
requires localization, perception and cognition, and motion planning [4], with the latter
constituting the central focus of this review. A schematic representation of the role of
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motion planning within the workflow of AI-based systems is shown in Figure 1, together
with more specific illustrations of its place in the structure governing the performance
of robotic systems and self-driving cars. The figure was inspired by the definitions and
representations provided in [1,5].

Figure 1. A schematic representation of the place of motion planning within a general AI-based
pipeline (middle), with more specific illustrations of self-driving cars (top) and robotics sys-
tems (bottom). The figure was inspired by the conceptions and diagrams reported in [1,5].

Motion planning in cluttered environments is important in various applications relying
on autonomous systems. A basic motion planning problem for an autonomous system with
the shape known from the outset deals with a 2D or 3D environment, which may include
obstacles with known shapes and positions, where the aim is to determine a collision-free
route for the autonomous system from an initial position and orientation (pose) to the final
one, if a route exists [3].The pose needs to be estimated throughout the operation using,
e.g., image processing techniques, to rectify the path, and correspondingly the control
commands, based on the actual situation. Various types of robotic manipulators, such
as spatial and tentacle-like, require motion planning, with considerable uncertainties
arising from size limitations, compliance and collision-avoidance requirements, and sensing
unreliability [6]. Thus, finding a suitable path depends on a variety of experimental
factors, such as the presence of static or dynamic obstacles and other types of uncertainties,
and must be handled using relevant control strategies, e.g., Dynamic Programming (DP) [7].

Perception of the surrounding environment by the robot may be achieved using var-
ious sensory modalities, such as sound signals. In this configuration, a set of audition
capabilities enable the robot to locate a sound source, among other functionalities. For ex-
ample, a microphone array installed on a robot may be utilized to measure the angle of
arrival, thereby estimating the location of the sound source, where the front–back ambiguity
may be alleviated based on the robot’s motion, even in noisy and reverberant environments,
potentially with moving sources, using, e.g., Kalman filtering [8].

The results include a set of locations, i.e., via points, at which the autonomous system
may be positioned, as well as rule sets intended to constrain the movements of the au-
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tonomous system between them [9]. Generally, path planning aims to find the intermediate
points, such that the final pose can be reached within the shortest possible period, while
taking into account an environmental and spatial model [10].

Path planning may be performed either in the joint space or in the operating space.
It is limited to kinematic planning, and the criteria for evaluating performance mostly
concern the computational costs, meaning that it does not account for the physics-based
requirements of the problem [11]. Therefore, subsequently, trajectory planning needs to
be performed, which incorporates the time information into the plan, to determine the
dynamic aspects of the motion, as well as the time at which each of the via points are passed.
The resulting system is often called a Kinodynamic motion Planning (KP) algorithm.

The importance of such concepts stems from the fact that inertial forces and torques are
affected by the robot’s acceleration, where jerk, which is mathematically represented as the
derivative of acceleration, has a direct impact on mechanical vibrations. Thus, a trajectory
planning method may concentrate on optimizing one or several factors, including execution
time, energy consumption, jerk, route length, safety, computation time, and smoothness [12],
and this can be achieved using, e.g., an artificial bee colony algorithm for a local search,
as well as evolutionary programming for refining the path [13]. While planning a trajectory,
the relevant constraints, including temporal, physical, geometric, and friction-related,
as well as joint limits and equilibrium requirements, where applicable, should also be
satisfied [2,10,14]. Mathematically, a broad category of classical problems concern motion
planning under differential constraints [15].

Motion planning considering dynamics can be significantly challenging; since, due to
the lack of a local planner, the only primitive toward the state space comes from the controls
being forward-propagated. This has been alleviated in the literature through employing
propagation of random controls in each iteration, utilizing tree Sampling-Based Motion
Planning (SBMP) techniques, leading to asymptotic optimality, i.e., ultimate optimality in
terms of the cost of the path, as the number of points grows toward infinity. Nevertheless,
the convergence of the resulting approaches to suitable trajectories may be unacceptably
slow [16,17].

Adjustable links and joints can be considered to model trajectories for improved flexi-
bility against unexpected dynamic obstacles, such that the trajectory can be conveniently
modified by creating multiple obstacle trajectories based on the relationships between them
and using queries along the link chains [18].

Despite the above geometric perspectives, practical use cases may entail technical
complexities of different sorts, including functional uncertainties and noise during sensing
and control, probabilistic incompleteness, nonholonomic constraints, optimality require-
ments such as time or vibration minimization [19], dynamic constraints, error recovery
concerns, route caching preconditions, and a lack of essential information about the scene
and obstacles. Therefore, during the last four decades, researchers from several commu-
nities, such as computational geometry and robotics, have been engaged in developing
suitable frameworks for this purpose [3].

A certain aspect of the problem concerns robot autonomy, which is necessary for en-
hancing the robot’s safety and its performance, in terms of delivering insightful information
about the scene it is supposed to navigate through [20]. This, in turn, gives rise to extra
factors and requirements regarding the fact that the robot has to be capable of capturing
and processing some or all of the information for determining its actions.

Another challenge underlying the task of motion planning arises from the intricacy of
achieving onboard implementation of the procedures required for handling the dynamics
of using the robot’s computational resources [21], as well as the lack of sensory capabilities
that are required for a consistent performance across different situations, i.e., where the
robot needs to make inferences about possible valid configurations [22]. Additionally,
different configuration parameters may affect the quality of the trajectory returned by a
motion planning algorithm, and these are usually adjusted beforehand [23].
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As a common practice, the problem of motion planning is converted from the Cartesian
space (workspace) to the higher-dimensional configuration space, which is often referred
to as the C-space. The goal is to reduce the problem of checking for 3D collisions between
spatial objects to that of simpler point-like tests. Nevertheless, making the required map in
the C-space may become intractable computationally and memory-wise with the higher
dimensions of the C-space. This may stem from factors such as high numbers of Degrees of
Freedom (DoF), or from the time-dependency of the environment, e.g., because of obstacles
dynamically appearing, disappearing, or moving, and requirements for being incorporated
online into the C-space [24].

Other challenges may also be presented by the necessity of finding a probabilistic
compromise between safety and speed in collision checking at the edges of the sensing
field [25]. It should, however, be noted that forcing a robot to perform as fast as possible may
undermine its accuracy and repeatability. Therefore, it is vital to plan trajectories that can
be performed quickly and highly efficiently, and which are smooth enough not to require
excessive acceleration or extreme actions, which would otherwise damage mechanical parts
such as actuators or control modules, because of, e.g., extreme vibrations [12].

Once a trajectory has been planned, a low-level controller needs to be employed so the
autonomous system follows it, while maintaining the safety and compensating for tracking
errors using, e.g., sum-of-squares programming for upper-bound limits of the tracking
error [26].

Furthermore, completeness and exactness are considered essential properties of any
motion planning algorithm [27]. Probabilistic completeness refers to the property of an
algorithm, where the probability of it being unable to return a solution if at least one exists
decays to zero as the number of samples grows to infinity [28]. Similarly, a motion plan
needs to be singularity-free, meaning that the end-effector should not reach regions of the
workspace where it is not able to move along one or more of its DoF or where it could move
irrespective of the input joint positions. It is worth noting that avoiding local coordinates
may be useful for tackling singularities or ambiguities [29].

Generally, a navigation package consists of two main modules: a global planner
that finds the optimal path according to prior knowledge of the environment and the
static obstacles, and a local planner that refines the path, to avoid collisions with dynamic
obstacles [30].

Motion planning algorithms involve loosely coupled multilayered designs that aim
at dynamically feasible solutions, which are found quickly enough to be suitable for
online planning. Lower-dimensional projection spaces are used for approximating a lead
path from the start to the goal configuration. The results are then employed as initial
guesses for the second planner, considering the dynamic constraints and possible cases
of Inevitable Collision State (ICS). This is also fundamental when it comes to leveraging
the computational cost by performing calculations up to a reasonable horizon at each
interval, and focusing on regions where high-quality solutions are deemed most likely to
be found [21].

SBMP, which will be further discussed in the upcoming sections, is highly reliable,
in terms of avoiding obstacles, and is therefore useful in cases where the task must be
performed while inferring and trying to satisfy a set of dynamic constraints. Instead of
specifically and numerically programming a robot, planning its motions and perform-
ing a certain task may be accomplished through learning the actions and constraints.
For example, expert demonstrations may be used within a Demonstration-Guided Motion
Planning (DGMP) framework for tasks involving, e.g., holding an object in an upright or
horizontal position while moving it or cleaning a surface [31].

Motion planning algorithms have been extended and refined to improve their effi-
ciency, reliability, energy and time consumption, computational cost, physical feasibility,
robustness, and stability. However, most types of robot are not yet capable of working
in close contact, while cooperating, and collaborating with each other and with human
beings. Thus, efficiently incorporating them into practical contexts involves unresolved
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challenges. For example, social robots should behave seamlessly, smoothly, and similarly
to humans. This necessitates additional performance indicators measuring their aptness
for social interactions.

Motion planning is of great value in, e.g., search and rescue, Simultaneous Localization
And Mapping (SLAM) exploration, teleoperation, inspection, construction, and architecture.
For example, it could be utilized for searching collapsed buildings that are considered
either hazardous or unreachable. Applications of robots in home and office environments
also abound. Given the fact that teleoperation may become temporarily unavailable, it is
essential to equip a robot with autonomy, where distances are predicted using regression
and ranking with a steer function, and the two-point boundary value problem is solved
using, e.g., non-linear parametric models benefiting from constant-time inferences. Each
motion planning problem aimed at optimizing a robot’s performance needs to be set
up based on the mission’s representative indicators. For example, when it comes to
SLAM, the goal is to determine a sequence of motions that yield a set of viewpoints
suitable for making reasonably accurate models, suffering the least from known obstacles,
such as holes [32,33].

The remainder of this review is organized as follows: First, in Section 2, relevant
studies and taxonomies are reviewed, to clarify the differences and advantages of the
present survey in comparison with similar surveys. Then, a brief overview of a set of motion
planning techniques widely applied to robots in the existing scientific and technical literature
is presented in Section 3. Next, we review some of the most fundamental aspects of their
practical applicability to different types of robot in Section 4. Finally, a list of concluding
remarks and hints for possible future research and development directions are outlined
in Section 5.

Overall, the contributions of the present review are as follows:

• By analyzing the frequency of use of conventional, heuristic, and learning-based
algorithms, we demonstrate the current transition, whereby more and more studies
have recently embraced learning-based models instead of older heuristic approaches,
while the conventional techniques are still being utilized at a similar ratio as before;

• We provide two different categorizations of these algorithms, one based on being
conventional or heuristic, and the other based on being global or local. To the authors’
knowledge, our categorizations are the most comprehensive proposed in the litera-
ture to date, thereby enabling a sound and quick judgment of the role, importance,
and relevance of each technique for a given application;

• By identifying and studying the most common motion planning pipelines of cur-
rent practical significance, we exclude algorithms that are no longer being actively
employed as of the time of writing or that have not yet proven useful in real-world
applications. Considering the large amount of literature being published on the topic
of motion planning every year, the materials presented throughout this survey are of
essential value for readers whose purpose is to grasp an overall understanding of the
field, as opposed to deeply analyzing the mathematical and theoretical backbones.

2. Related Work and Taxonomy

The taxonomies developed to classify motion planning techniques include different
types. In this section, a selection of the most recent reviews will be briefly discussed, to
provide a broad insight into the taxonomies, as well as their relevance and applicability.

From the broadest perspective, collision-avoiding motion planning techniques belong
to two main categories; namely, SBMP methods and trajectory optimization approaches [34].
Historically, each motion planning method can considered classical or heuristic, the former
being represented by RoadMap (RM), cell decomposition, subgoal networks, and potential
fields, as popular examples. These are deemed to be capable of handling simplified motions
and environments only [17]. It is widely perceived that the classical methods are simple,
but their main disadvantages are being computationally expensive or intractable, and they
may fail to tackle uncertainties appropriately [4].
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Motion planning has always been dependent on computer science, aiming at devising
solutions that ensure a good level of reliability, accuracy, and precision. Nevertheless,
one of the predicaments in motion control is that, in modeling, different frameworks are
required for motion planning and obstacle avoidance [27].

Assuming that proper safety considerations are incorporated, robots may improve
various factors, such as mobility, transportation convenience, and efficiency in people’s
daily lives. This applies to numerous types of robots and self-driving vehicles. More clearly,
a system needs to be planned to work smoothly, safely, conveniently, and efficiently, e.g., in
terms of energy consumption, within a dynamic environment that may include objects,
agents, and live beings. Actions are either decided or rethought based on the feedback
received about the present state. For an informative review of motion planning and control
techniques aimed at urban environments, see [35]. By discussing and contrasting the
associated motion models and the extent of applicability of the methods for certain types
of environments and computational resources, we provide insights into possibilities for
improving the system design.

Onboard sensors and networks communicating information between the agents and
the environment, as well as between the agents themselves, can play essential roles in
automating the functionalities of intelligent vehicles. This gives rise to the possibility,
and in a broader context, the necessity, of having agents cooperate for the application to be
viable within complex real-world environments involving Vulnerable Road User (VRU)s.
For a comparative study of motion planning frameworks for intelligent vehicles, see [36].

A survey of 3D path planning techniques for robots was provided in [10]. Algorithmic
motion planning techniques dealing with simple problems, as opposed to heuristic practical
techniques, were reviewed in [3], which offers a theoretical analysis of the methods from
the point of view of computational and combinatorial geometry, as applied to surfaces and
curves, as well as the worst-case asymptotic bounds.

From another perspective, the problem of motion planning can be viewed focusing
on whether the autonomous system targeted is holonomic or nonholonomic. In simple
words, if the number of controllable DoF an autonomous system possesses is the same as
its overall number of DoF, then it is considered holonomic, and if not, it is nonholonomic.
Due to the extremely high level of complications arising in nonholonomic motion planning,
it has attracted significantly more attention. A survey of motion planning and obstacle
avoidance techniques for nonholonomic mobile robots was reported in [27].

Due to the recent increasing interest in autonomous driving, numerous studies have
surveyed the state of the art of self-driving vehicles. An informative review of motion plan-
ning techniques for on-road intelligent vehicles and transportation systems was provided
in [1]. It first explored the related concepts from the point of view of motion planning for
mobile robots and then clarified the nuances and necessary considerations for employing
the inferences in the context of autonomous vehicles.

Another survey of motion planning and control techniques for intelligent vehicles in
urban environments was reported in [35], where different strategies toward mobility model
and various environment structures were discussed, along with the relevant implications
regarding the computational aspects, aiming at providing a more insightful perspective on
the role of choices made at the system design level.

In [36], a review of motion planning for self-driving cars was presented, covering
overtaking maneuvers. A study of the feasibility and optimality of different methods under
various environmental conditions was provided in [37].

Randomized path planning algorithms may be either single-query or multiple-query.
The methods falling under the former category try to solve a single path planning problem
quickly, without performing or requiring preprocessing, while the methods belonging to the
latter intend to solve multiple path planning problems in the same environment. Thus, in
the case of multiple-query path planning methods, data structures containing information
from preprocessing could help achieve a faster performance [38]. The basic Rapidly-
exploring Random Trees (RRT) construction procedure is summarized in Algorithm 1,
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where the EXTEND operation is illustrated in Figure 2. Moreover, the RRT-connect is
shown in Algorithm 2.

Algorithm 1: Basic RRT construction. This algorithm was taken from [38].

1 Function BUILD_RRT(qinit)
2 T .init(qinit);
3 for k = 1 to K do

4 qrand ←RANDOM_CONFIG();
5 EXTEND(T , qrand);
6 end

7 return T
8

9 Function EXTEND(T , q)
10 qnear ←NEAREST_NEIGHBOR(q, T );
11 if NEW_CONFIG(q, qnear, qnew) then

12 T .add_vertex(qnew);
13 T .add_edge(qnear, qnew);
14 if qnew = q then

15 return Reached
16 else

17 return Advanced
18 end

19 return Trapped

Figure 2. The four steps of the EXTEND operation. The search tree is shown in its original form,
i.e., at the time of starting to find a path to a random point (a). Then the nearest neighbors are
determined (b), followed by making a new node (c), and finally, finding the random point (d).
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Algorithm 2: The RRT-Connect algorithm, which was taken from [38].

1 Function CONNECT(T , q)
2 repeat

3 S ←EXTEND(T , q);
4 until (S �= Advanced);
5 return S
6

7 Function RRT_CONNECT_PLANNER(qinit, qgoal)
8 Ta.init(qinit); Tb.init(qgoal);
9 for k = 1 to K do

10 qrand ←RANDOM_CONFIG();
11 if EXTEND(Ta, qrand) �= Trapped then

12 if CONNECT(Tb, qnew) = Reached then

13 return PATH(Ta,Tb);
14 SWAP(Ta,Tb);
15 end

16 return Failure

Optimality guarantees for SBMP algorithms under differential constraints were the-
oretically evaluated and compared in [15], concentrating on drift-less control-affine dy-
namical models, where the concept of converging with probability has been introduced,
resulting in a higher flexibility and convergence rate bounds, in contrast to sure converging.

The nature-inspired approaches, fuzzy logic, Neural Network (NN)s, and hybrid
methods utilized in heuristic-based path planning were reviewed in [4]. Another general
survey of motion planning was provided in [12].

A review of the 3D motion planning techniques widely utilized for underwater,
ground, and aerial robots was conducted in [10], where the exploration mechanisms were
divided into five categories and compared in terms of their implementable areas and
time efficiencies.

The advantages and disadvantages of path planning techniques from the point of
view of special robotic operations were reviewed in [39]. Several approaches to analyzing
the safety and feasibility in path planning were investigated and compared, considering
their role in contexts involving underwater vehicles, Unmanned Aerial Vehicle (UAV)s,
Autonomous Guided Vehicle (AGV)s, and industrial robots, with applications in moun-
tainous areas, warehouses, and production lines. Examples concerning AGVs in medical
and industrial scenarios were specifically discussed, followed by a detailed analysis of a
certain robotic spray painting problem.

As aforementioned, the technical aspects of motion planning problems and pipelines
have been well studied from various perspectives in the existing literature, which seems
to have overlooked the requirements associated with the practical assimilation of these
technologies and strategies. For example, much more could be achieved in the sense of
fast, safe, and reliable communication, cooperation, and collaboration with other agents
and human beings present in the same environment. The taxonomy employed in the
present survey, therefore, concentrates on the application side, aiming at shedding some
light on additional considerations for, e.g., social, mobile, and humanoid robots, as well
as real-world frameworks involving, e.g., self-driving, object manipulation, and multi-
robot teams working in cooperation. From a technical viewpoint, on top of the path
planning and trajectory optimization components of motion planning algorithms, typical
online replanning capabilities are reviewed, along with other topics with a functional
impact, including Demonstration-Based Learning (DBL), scene uncertainties and dynamics,
stability, and computational feasibility.

As the focus of the present review is on incorporating motion planning techniques into
practical contexts, the articles’ suitability and importance were judged according to their
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significance in the field, as measured based on their number of citations, which reflects their
impact on how the relevant applications are evolving. Therefore, the basic list of studies
for this survey consisted of 200 articles, being compiled by searching the keyword “motion
planning” on Google Scholar, to ensure that no prior bias or subjective preference would
affect the type of motion planning algorithms being picked up and explored.

The period of publication for the above list was set to cover the period from 2015 to
2019, so that each article could be deemed to have had enough time to collect citations from
the time of publication, but, at the same time, would not be too old to present notions with
current practical implications. Nevertheless, some of the papers were excluded from the
basic list, due to their lack of direct relevance to present applications with real-world usage.

However, some older studies have also been included where necessary for presenting
theoretical foundations. On the other hand, newer studies have also been covered where
a similar search for articles published after 2019 indicated significantly high numbers of
citations within a short period. More clearly, these papers were considered to have made a
considerable contribution, in terms of either introducing a new approach or showing great
potential to emerge as one.

A summary of the motion planning algorithms reviewed in this survey, along with
their important characteristics, is provided in Table 1, which also lists selected references
for each approach, together with the frequency of the articles covered based on the pub-
lication year. Similarly, a graphical overview is shown in Figure 3. Moreover, the most
significant criteria involved in judging the suitability of each motion planning algorithm
are schematically listed in Figure 4.

Figure 3. A graphical summary of the motion planning algorithms reviewed in the present survey.
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Figure 4. A schematic list of the main criteria considered while evaluating the suitability of motion
planning algorithms, where green and red boxes indicate positive and negative factors, respectively.
Computer science and applied mathematics constitute the theoretical backbones of motion planning,
where the and the goal is to find the optimal path from the starting point to the goal using a local or
global planner, within a dynamic or static environment.

3. Motion Planning Pipelines

Motion planning is part of a more general problem referred to as Task and Motion Plan-
ning (TMP), which typically takes place under partial observability. A symbolic decision
tree is employed, which may undergo additional branching based on new observations.
Independent optimization of the symbolic trajectories is performed using approximate path
costs, followed by picking up the best policy and optimizing a joint trajectory tree [115,116].
In what follows, the essential aspects of the most common approaches to motion planning
in robotics will be concisely discussed.

3.1. SBMP

Not requiring an explicit model of the obstacles present in environments, SBMP algo-
rithms utilize a collision-checking module, which analyzes the practicability of alternative
trajectories. Through connecting a set of collision-free configurations in space, they build a
graph of feasible trajectories [40]. On the other hand, the set of connected edges thought
to lead to the shortest path from the initial to the final configuration is called the shortest-
path-to-goal sub-tree [41]. The continuity of the algorithm depends on the configuration
space’s topological complexity [117].

A fundamental strength of data-driven SBMP algorithms arises from their relatively
low reliance on explicit mathematical models, which are not available from the outset in
most practical scenarios [42].

RRT is a well-known example of this type of motion planning algorithm. It has en-
gaged hundreds of researchers, each of whom has tried to verify and demonstrate its
applicability to an application of a certain kind. Consequently, investigating the perfor-
mance of RRT has been the subject of a substantial number of studies, where making
modifications aiming at improving the speed, fluency, accuracy, and stability were among
the main factors in evaluating the resulting functionality [43].

SBMP methods mainly depend on uninformed path sampling procedures, whose
examples include low-dispersion and random sampling. Thus, the information required for
collision testing needs to be accessible to the planner. However, this might not be feasible
in many scenarios [44].
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Occupancy maps are commonly associated with SBMP methods. Nevertheless, they
suffer from the deficiency that the resulting cost estimation is limited to the search heuristic
utilized over the unknown environment. Thus, only intermediate objectives along the
frontiers can be considered [118].

Multi-Component Rapidly-exploring RoadMap (MC-RRM) is a SBMP motion planning
method that aims to optimize a learned cost metric. It is useful for incrementally computing
a motion plan according to DBL [31], which will be further discussed in Section 3.5.

RRT* and Rapidly-exploring Random Graph (RRG) are examples of algorithms that
present slight differences with RRT. They lead to asymptotic optimality but are slower than
RRT. Performing continuous interpolation between the fast RRT and its asymptotically
optimal alternatives, with a cost function representing the path length, brings the ability to
quickly solve path planning problems, while maintaining asymptotic optimality. Taking
advantage of a sub-graph of the RM returned by RRG and an auxiliary lower-bound graph,
a parameter may be utilized and adjusted to specify how similar to RRG or RRT* the
behavior of the algorithm needs to be.

For example, Lower Bound Tree (LBT)-RRT is an efficient single-query SBMP method
taking advantage of the above strategy. It offers an asymptotically near-optimal solution
within an approximation factor 1 + ε of the optimal solution. It makes use of an approxi-
mation factor, which if set to 1 or infinity, makes the algorithm behave like RRG or RRT,
respectively, and for any other value, yields a compromise between the speed of RRT and
the path quality, i.e., asymptotic optimality, of RRT*. The LBT-RRT algorithm applies to
problems of DoF ranging from 3 to 12 [45]. Moreover, probabilistic belief networks result-
ing from pose SLAM could be utilized as belief RM for optimal collision-free trajectory
planning by searching through the pose graph, regardless of the map reference frame, and
considering the accumulated robot pose uncertainty as one of the criteria [46,68].

On the other hand, running multiple independent RRTs could be considered in a
context where the aim is to achieve asymptotic convergence to a minimal Collision Prob-
ability (CP) [6]. For complex motion planning problems that are in high-dimensional
configuration spaces or for problems that involve a high number of obstacles for which it is
computationally expensive to check collisions, lazy dynamic programming recursion [47]
on a prescribed number of samples that have been probabilistically determined helps
deal with the problem, through dividing it into smaller sub-problems, as well as allowing
skipping collision-checks when evaluating local connections, thereby making the problem
more tractable. Moreover, to further improve efficiency, the incremental growth of the tree
of candidate paths can be one-pass, i.e., it could take advantage of a heapsort technique to
determine the appropriate sample point systematically, and consequently, grow only in the
outward direction, thereby avoiding backtracking over sample points that have already
been evaluated.

To improve mathematical flexibility, aiming at making it possible to impose a lower
bound on the convergence rate, instead of almost sure convergence, the concept of conver-
gence in probability can be considered. The Fast Marching Tree (FMT)* algorithm is a viable
example of such a strategy, which can offer asymptotic optimality, while still converging
on the optimal solution faster than alternatives such as Probabilistic RoadMap (PRM)*
and RRT*. Under a set of considerations for the configuration spaces and tuning param-
eters, a lower bound of the order O

(
n−1/d+ρ

)
can be achieved for the convergence rate,

with n, d, and ρ being the number of sampled points, the dimension of the configuration
space, and an arbitrarily small constant, respectively. It has been shown that the FMT*
algorithm is asymptotically optimal, even in cases where a non-uniform sampling of the
configuration space is taken into account, a general cost function is used instead of the
prevalent path length, or the connections are determined according to the number of nearest
neighbors, e.g., by using the k-Nearest-Neighbor (kNN) algorithm, instead of considering
a predetermined connection radius [28].

Probabilistic SBMP algorithms, such as PRM and RRT, have proven extremely suc-
cessful, mainly because of their favorable mathematical advantages, including probabilistic
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completeness and asymptotic optimality, as well as their practical usefulness. Their prop-
erty of being probabilistic stems from the notion that they find a path through connecting
independently and identically distributed (i.i.d.) random points within the robot’s config-
uration space. However, they also entail drawbacks. For example, they may not be able
to guarantee safety and do not allow offline computations, which could otherwise help
alleviate the runtime computational intensiveness.

To counteract the above phenomena caused by the randomness of probabilistic SBMP
methods, one may think of ways to incorporate deterministic characteristics into the system.
Using deterministic low-dispersion sampling sequences, along with a suitable configuration
of tuning parameters, PRM leads to deterministic asymptotic optimality. The convergence
rate, which is represented by a sub-optimality factor, may be controlled through an upper
bound, in terms of the l2-dispersion of the sampling sequence and PRM’s connection radius.
It is worth mentioning that l2-dispersion stands for how well a set of points covers the
space. Geometrically, this represents the largest Euclidean ball that does not touch any of
the points.

The above framework is associated with a space and computational complexity that
could be arbitrarily close to O(n), which is the theoretical minimum, where n is the number
of points in the sequence. It is possible to achieve similar performances, i.e., with reasonable
success rates and path costs, on differentially-constrained problems [48].

In dynamic environments, performing offline computations to obtain prior informa-
tion may be impossible. Therefore, the ability to carry out fast replanning, while main-
taining asymptotic optimality under a single-query framework, is crucial. As soon as it is
found that the appearance or motion of an obstacle will make it collide with the robot while
following the shortest-path-to-goal sub-tree, replanning needs to be performed to modify
the graph, such that collisions are avoided. Older single-query replanning algorithms
performed the task in sch a way that the branches disconnected as a consequence of this
operation are pruned away, followed by regrowing parts or all of the graph.

However, being able to transfer information quickly is essential for a timely reaction
in dynamic environments involving unpredictable changes in the presence or location
of obstacles. Thus, the computation time could be considerably enhanced by trying to
modify and repair the existing graph instead. This may be achieved by making use of a
fast graph rewiring cascade, which incorporates new information and accordingly updates
the shortest-path-to-goal sub-tree.

Moreover, the graph and the shortest-path-to-goal sub-tree could be built in the state-
space of the robot itself, to ensure that the motion complies with the kinematics of the robot,
and gradually improve throughout the navigation. The RRTX algorithm uses this strategy.
It offers probabilistic completeness. RRTX does not perform global and local planning
separately, but it is still suitable for real-time performance in dynamic environments, due
to its capability of quickly reacting to the emergence and movement of obstacles.

A major factor affecting the competence of an algorithm to quickly react to changes
in obstacles is the information transfer time, which is the amount of time the algorithm
needs to transfer information regarding a decrease in the cost associated with a node to the
relevant parts of the graph. The time required to transfer information regarding an ε-cost

reduction to a graph of size n is O(n log n), Ω
(

n
(

n
log n

)1/D
)

, and ω
(

n log2 n
)

for RRTX,

RRT* and RRT#, respectively. These are all asymptotically optimal single-query algorithms.
RRT and RRT* have a O(log n) amortized iteration time in static environments. This

is ω
(

log2 n
)

in the case of RRT#. For RRTX to achieve a O(log n) amortized iteration time
in static environments, each node can bear a set of O(log n) expected neighbors and the
graph may retain ε-consistency for a prescribed ε [41].

Combining the virtues of some of the aforementioned randomized algorithms, new
ones such as RRT*-connect have been devised for solving single-query problems using a
bidirectional search. They are faster than RRT* but , despite RRT-Connect, are capable of
converging to the theoretical optimum, i.e., offering asymptotic optimality. Such a strategy
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is particularly useful for a faster performance in applications such as autonomous driving
in complex environments [49].

Asymptotic optimality or near-optimality of a broad category of SBMP algorithms
depends on the connection radius around a configuration q, which is expected to be
connected to all configurations inside the ball. To accelerate the functionality, in contrast to
algorithms operating based on connecting to the k nearest neighbors, the foregoing notion
could be adapted to non-Euclidean spaces. This is often seen in practical applications [50].

Alternatively, motion planning may be performed using the Monte Carlo algorithm,
based on criteria such as Shannon entropy or the standard deviation of the estimated belief
for the source location [8].

Despite the RRT algorithm, RRT2.0 is asymptotically optimal. Avoiding Boundary
Value Problem (BVP), which is required to establish connections between the nodes within a
tree for algorithms such as RRT*, FMT*, and Batch-Informed Trees (BIT)*, it utilizes forward
propagation, where every point in the configuration space is represented in an augmented
fashion through supplying the associated cost-to-come, which represents the aggregation
of the costs incurred by the edges constituting the path. RRT2.0 offers optimality under the
assumption that the objective function and the dynamics are Lipschitz-continuous, where
a trajectory with positive clearance from the obstacles and a piecewise-constant control
function can be approximated [51].

When it comes to SBMP algorithms in the Euclidean space with uniform random
sampling, e.g., in the case of methods such as BoTtleneck Tree (BTT), FMT*, and RRG,
as well as PRM-based methods, given n samples and d dimensions, connection radiuses
less than a critical value proportional to Θ

(
n−1/d

)
lead to failure of the algorithm in

returning asymptotically (near) optimal results. For greater values, the probability of
success will be at least 1−O

(
n−1). Additionally, instead of Θ(log n) induced by a radius

of order
(

log n
n

)1/d
, only Θ(1) connections will be required [52].

Among notable KP algorithms, Kinodynamic motion Planning by Interior-Exterior
Cell Exploration (KPIECE) has a relatively high success rate in finding time-optimal solu-
tions, and Synergistic Combination of Layers of Planning (SyCLoP) yields comparatively
high levels of power-optimality [11].

Although numerous SBMP strategies offer asymptotic optimality, they may suffer
from a slow convergence, which could be alleviated through intelligence contributed by
certain heuristics aimed at faster exploration. More clearly, once a tentative solution is
found, further sample points can be taken from a collection of points commonly referred to
as the “informed set”. The heuristic needs to be chosen paying due attention to providing
a reasonable estimate of the cost associated with the solution. Further focusing the search
is possible based on metrics such as cost-to-come, thereby determining more limited point
sets such as the “relevant region” proposed in [53].

3.2. Trajectory Optimization

Although SBMP algorithms may be able to offer feasible solutions to the problem
under high-dimensional configuration spaces, the resulting solutions might entail unde-
sired properties, such as unnecessary movements or jerk, which is further worsened in the
presence of tight navigation constraints or sparsely scattered obstacles. As a remedy for the
foregoing shortcomings, by analyzing the problem from a probabilistic viewpoint, smooth
continuous-time trajectories can be obtained as samples from a Gaussian Process (GP) [119].

Trajectory optimization may target criteria such as the time required to follow the tra-
jectory, velocity, jerk, curvature, or a combination of these, while the step-time is optimized
simultaneously [46].

Complex motion planning tasks for many-DoF robots can be handled using functional
gradient algorithms, which are capable of finding an optimal, smooth trajectory within a
search space, while also taking into account geometric requirements such as smoothness.
They rely on a finite parameterization of the trajectories represented by a list of waypoints.
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It is worth noting that the performance may suffer from drawbacks such as an extremely
small step size or a high number of iterations, which can be alleviated in adaptively lower
dimensions through avoiding waypoints by representing trajectories as linear combinations
of kernel functions within Reproducing Kernel Hilbert Spaces (RKHSs).

In the above context, optimization may be performed using different kernels such as Ba-
sis splines (B-splines), as well as Laplacian or Gaussian Radial Basis Functions (RBFs) [120].
Splines are useful for reducing a problem’s dimensions and the number of constraints,
where solving the problem with a receding horizon helps handle modeling errors and envi-
ronmental uncertainties [121]. The occupancy gradients may then be optimized considering
an update rule defined based on a stochastic process [34,122]. As a relevant point, an online
adaptation of the aforementioned plans based on experience requires differentiation [23].

Numerous adaptive bio-inspired strategies such as the bat algorithm [74] also exist,
which may be utilized for optimal motion planning.

In higher-dimensional state spaces, trajectory optimization can also be combined
with other approaches to locomotion, such as graph search, which leads to high flexibility,
dynamical feasibility, and probabilistic optimality [123].

Piecewise linear paths may be further improved in terms of curvature, tangential or
acceleration continuity, and boundedness, which are important for avoiding undesired
phenomena such as vibrations, as well as confined chord error, by utilizing interpola-
tion and performing optimization for the Curvature Variation Energy (CVE). Further-
more, additional computational costs can be alleviated using mixed linear and quartic
Bezier segments [124].

Various criteria may need to be considered and accounted for while formulating a
trajectory optimization problem. These include path continuity, infinite-norm velocities,
the joints’ maximum angles and velocities, and the possible drifts caused by redundancies.
For example, the constraints arising from the requirement that the speeds amount to zero
at the end of a task may be dealt with using frameworks such as Infinity-Norm Velocity
Minimization (INVM), Repetitive Motion Planning (RMP), or linear variational inequalities.

3.3. Bio-Inspired Algorithms

Biological structures found in nature have been the source of inspiration for various
optimization algorithms. Examples include the movement of ants and the work of honey
bees, who do not normally interfere with each other’s motion [78–80].

Genetic Algorithm (GA)-based approaches have been widely utilized in the literature
for route design problems, due to their capability for handling discrete functions. Particle
Swarm Optimization (PSO) frameworks are also inspired by biological patterns derived
from the social life of birds and their coordinated movements [75,82].

Different types of objective functions can be optimized using such bio-inspired meth-
ods. However, they are not capable of producing high-quality solutions in real time,
because of their notoriously high computational cost. Furthermore, they cannot tackle
dynamic environments and probabilities, because they typically return only one solution
and are prone to becoming trapped in local minima [81].

Nevertheless, they were still the foremost category of optimization techniques utilized
in motion planning at the time of the widespread deployment of Convolutional Neural Net-
work (CNN)s, which have dominated the field since the year 2015, and more conspicuously,
since 2020 [5,125]. This will be discussed in more detail in Section 3.5.

3.4. Online Replanning

Despite the prior considerations and predictions, actual performance is usually af-
fected by various factors that prevent a robot from correctly following the trajectory planned.
Fixing these issues requires performing execution-time replanning. On the other hand,
there may be occasions where the newly captured sensory information renders the previous
inferences invalid.
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Other factors, such as uncertainties in the robot’s kinematic model, sensor noise,
and the obstacles’ motion reinforce the necessity and importance of online replanning.
A robot’s success in carrying out its mission and the operation time are greatly dependent
on its capability for replanning, especially in environments involving unstructured terrain
or extreme occlusions.

The manner in which such problems are alleviated also depends on the source and
cause of the uncertainties, among other factors. For example, a neural dynamics design
may be employed through a pseudo-inverse-type formulation, to alleviate the impacts of
time-varying noise [126]. Parallel instances of the same planner may be utilized to search
through numerous heuristic weights and update them, thereby achieving fast replanning.
High-Frequency Replanning (HFR) performs this task while letting the robot carry out the
prior decided plan at the same time. Stochastic nonlinear dynamics are typically linearized,
for the noise and uncertainties to become tractable. Assuming the availability of sufficient
computational resources, asymptotic optimality may also be achieved [54,55].

3.5. DBL

In numerous motion planning tasks, the ideal behavior is supposed to be the that
presented by a human expert. However, due to the complexity of deriving formal de-
scriptions of the reward functions underlying expert behaviors systematically, a suitable
strategy consists in employing nonlinear Inverse Reinforcement Learning (IRL) based on
maximum entropy. In other words, it tries to extract approximate reward functions, which
however may not match the inherent unknown one perfectly, leading to a similar behav-
ior under similar conditions [87]. This can be accomplished by making cost maps from
demonstrations. For example, expert driving behaviors in a complex urban environment
can be learned based on a large number of demonstrations. This may be achieved using
raw sensor data that are converted to cost maps and features directly, without requiring
manual interference or processing. Using a Fully Convolutional neural Network (FCN)
makes it possible to handle large datasets and complex behaviors efficiently [88].

Personal robots could also learn how to plan their motions to perform simple house-
hold tasks, such as cleaning the surface of a table or moving a spoon of sugar from a bowl
to a cup, based on demonstrations [31]. Raw sensor data captured from expert demon-
strations, e.g., 2D laser range findings, could be learned and directly mapped to robotic
motion plans represented in the form of steering commands, in an end-to-end fashion.
The foregoing procedure would need to be performed using supervised learning aimed at
an existing motion planner, which may be employed for seen or unseen environments of a
virtual or real nature, using e.g., the grid-based global approach [89].

In SBMP, task constraints aimed at specific missions, e.g., holding a glass of water
upright to avoid spilling, need to be explicitly programmed. However, DBL provides the
possibility of automatically deriving task constraints, which may be hard to express or
determine manually, from the principal patterns representing the constraints, entailing less
variation across different demonstration instances [31].

Despite these challenges, predicting human motion is feasible, at least under pre-
defined task descriptions, such as single-arm reaching motions for manufacturing, and
this is very beneficial for fast and efficient performance. Assumptions include the fact
that human motion is optimal with respect to an unknown cost function and that online
iterative replanning is capable of capturing the adaptation of a human’s motion to that of a
robot. Upon detecting sample motion trajectories, inverse optimal control may be utilized
to learn the aforementioned cost function based on a human kinetic model using Stochastic
Trajectory Optimizer for Motion Planning (STOMP) [90]. Safety requirements may be
ensured by applying upper bounds to the collision probabilities based on the Gaussian
distributions according to which the predicted motion is represented [91].

On the other hand, the operator’s intentions can appear in the form of explicit requests,
which need to be disambiguated and interpreted in terms of specific motion commands,
through variable grounding based on the likelihoods of valid choices within a goal re-
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gion [92]. For more complicated tasks, user preferences in terms of, e.g., the desired
temporal or spatial constraints, may be learned and iteratively revised based on the choice
of trajectory among the existing options [93].

In various contexts, a robot’s performance may be affected by its capability for gen-
eralizing from basic motions and actions to more sophisticated ones. This would be of
substantial benefit in terms of having the robot take on responsibilities it has not been
specifically programmed to do. It would also make the robot adaptable, significantly
beyond carrying out repetitive tasks, which is not sufficient for operating in unstructured
environments. A promising approach to the foregoing task consists in combining kines-
thetic user guidance with Reinforcement Learning (RL). More clearly, once the features of
the primitive actions are captured based on the screw transformation of the end-effector,
they are mapped and employed to compose the reward function for RL by training a new
motion planning policy. The system developed in [96] takes advantage of this strategy and
offers the option of requesting further learning of basic motions if the tasks available from
the outset do not suffice for considering the new constraints. A more detailed discussion of
the role of RL in motion planning will be presented in Section 3.7.

3.6. Deep Learning

As aforementioned, SBMP may incur a significantly high computational complexity,
which grows excessive with increased problem dimensionality. One way to alleviate the
foregoing shortcoming is to sample the configuration space selectively and focus only on
regions that stand a higher chance of leading to the optimal path. Adaptive sampling
may be performed using either manual heuristics or learning. Nevertheless, the former
cannot handle higher dimensionalities and is not suitable for cluttered or unfamiliar
environments [97].

Deep Learning (DL) networks, however, do not suffer from such drawbacks and
may be trained to produce heuristics. They are capable of creating sample nodes. This
enhances the computational efficiency and helps accommodate higher dimensionalities,
where the resulting hybrid approach retains theoretical worst-case guarantees. DL can
handle kinematic constraints and produce near-optimal trajectories in real time.

The stepping Recurrent Neural Network (RNN) OracleNet [99], Deep Sampling-based
Motion Planner (DeepSMP) [97], Motion Planning Networks (MPNet) [98], Generative
Adversarial Network (GAN)s [100], and the gradients-based Constrained Motion planning
Networks x (CoMPNetX) [101] are examples of NNs that have been successfully utilized
for DL-based motion planning.

For example, DeepSMP consists of a contractive autoencoder that uses point clouds
to encode workspaces, followed by a stochastic deep feedforward NN with dropout that
recursively creates node samples for an optimal end-to-end path based on the starting and
goal configurations.

Nevertheless, preparing suitable datasets enabling the network to achieve this is
typically not straightforward. This may be alleviated by decreasing the number of samples
involved in training through active learning, where only certain samples chosen by the DL
network itself are supplied in each round of training [5,97,98].

3.7. Reinforcement Learning

Similarly to DL, RL, which is aimed at sequential decision-making, can be employed
for motion planning in unfamiliar environments. It can resolve high-dimensional problems
involving dynamic obstacles by taking into account their location over a limited number of
timestamps within the past horizon [108].

RL methods such as the Proximal Policy Optimization (PPO) algorithm [105] actively
explore the domain. They are more accurate than supervised learning approaches, which
lack data on the boundaries of obstacles [112]. However, RL suffers from the shortcoming
that the number of samples needed for training may be too high. This undermines their
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practical usefulness. Nevertheless, an efficient reward function may help reduce the amount
of data required [5,104].

Examples of the RL-based algorithms utilized in motion planning include the twin
delayed deep deterministic policy gradient (TD3) [107] and Exploitation of Abstract Sym-
metry of Environments (EASE). The latter relies on locally adopting spatial symmetry
abstractions obtained from naïvely trained agents [108].

Soft Actor Critic (SAC)-based methods constitute another category of such approaches,
where optimizing several NNs based on maximum entropy [110] can be applied for an
improved sampling efficiency. Moreover, Prioritized Experience Replay (PER) enables
a more efficient use of data for training by changing the weights of samples based on
Temporal-Difference (TD) error. Nonetheless, it should be noted that PER is computa-
tionally expensive, and inefficiently adjusting its hyperparameters may undermine the
performance of RL [111,113].

Other schemes, such as Deep Deterministic Policy Gradient (DDPG), have also been
successfully deployed [112]. Meta-learning can be accompanied by experience replay separa-
tion based on a success/failure discrimination within separate buffers randomly sampled at
a ratio determined through NN-based learning [111]. Hindsight Experience Replay (HER) is
another technique for utilizing training data more efficiently [106].

As a common approach to motion planning based on RL, a Linear Parameter Vary-
ing (LPV) state-space representation can be used to tackle dynamic obstacles. More specifi-
cally, a switching mechanism is embedded within a dual architecture, where the mode is
determined based on the distance between the robot and the obstacles. The two modes
may differ from each other in terms of, e.g., whether or not the joint positions are directly
controlled, whereby the RL planner takes control when obstacles are perceived to have
become too close to the robot [109].

As aforementioned, training RL models is challenging in terms of convergence and
robustness. The reasons for this include ambiguities in the relationship between the
Cartesian and joint spaces, continuous workspaces, and redundant DoF, which result in
unnecessary explorations [107]. This could be alleviated using a NN to produce an initial
policy for guiding the training of the RL framework [105].

3.8. Scene Uncertainties and Dynamics

Scene characteristics constitute one of the main factors influencing the performance
of motion planning frameworks. This signifies the importance of finding out unknown
or unexpected phenomena, and updating existing information regarding the environ-
ment.This may be acquired using an autonomous system’s sensory equipment from the
rest of the autonomous systems available within a reasonably close vicinity, through com-
munication networks connecting them via Vehicle-to-Vehicle (V2V) protocols, or from
management centers, via Vehicle-to-Infrastructure (V2I) protocols [36]. Doing so requires
further incorporation of transportation engineering concepts [37].

A principal component of such information concerns obstacles and their properties,
including their position and shape. These may be dynamic or even nonexistent from the
point of view of the planner, until they appear. In cases where the constraints, e.g., the
ones related to the obstacles, need to be captured and dealt with in real time, i.e., during
the runtime, they may emerge in an even more complex form, especially when affected
by sensing noise [127]. If the terrain is harsh or uneven or involves a clutter of static or
dynamic obstacles, this can result in an unstructured environment [20].

The navigational complexity of a topological space may be evaluated based on the
underlying homotopy [128]. Uneven or irregular surfaces are often encountered in the
course of carrying out search and rescue tasks and conducting space missions. They
require properties such as modularity, with which the robot adjusts its configuration
according to the terrain properties. The terrain can be extremely rough and involve various
obstacles, in which case, the area reachable by the robot is significantly limited, demanding
the generation of a higher number of locomotion gates, e.g., walking or crawling, and
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thereby enabling the robot to switch between different motion primitives, considering the
requirements arising from the number and properties of obstacles [56].

Motion planning for modular robots can greatly benefit from elementary motion
primitives. This may be realized using locomotion generators, leading to flexibility in the
shape of the robot, the environmental conditions, and the number of modules, where the
necessity for reconfiguration is also obviated [56].

Terrain dynamics can be affected by media penetration, resulting in deformations
appearing as, e.g., dirt or sand. This negatively affects the reliability of maneuvers involving
walking or jumping. Closed-loop dynamics may be modeled using an added-mass
description of the grain motions, taking into account the hydrodynamic and hydrostatic
effects [129].

Foothold and motion planning could be coupled using a parameterized dynamic
model, to efficiently analyze, at whole-body level, torque and kinematic limits, as well as
the friction cones, at the same time as trajectory optimization. This enables considering the
effect of topology based on terrain normals [130].

Irregular surfaces also result in complications such as stochastic bouncing and non-
linear gravity, which may be handled by, e.g. solving Lambert’s orbital boundary value
problems, followed by propagating model and control uncertainties to compute landing
distributions, which are, in turn, utilized to figure out an energy- or time-optimal hop-
ping strategy based on a policy gradient. The final step consists in performing sequential
planning through a Markov decision process using Least Squares Policy Iteration (LSPI),
leading to an off-policy, off-line, and sample-efficient RL strategy [114].

Approximate Clearance Evaluation (ACE) is particularly useful for handling uneven
terrain, where the terrain height bounds are utilized to find out the state bounds of articu-
lated suspension systems, e.g., in the case of planetary rovers, thereby evaluating the worst
possible safety indicators based on constraint violation levels. Although ACE may lead to
extreme conservatism, a newer variant proposed in [131] has a favorable computational
cost and alleviates the pessimism, while still retaining empirically estimated probabilistic
safety guarantees based on the distributions calculated over the states.

Additionally, avoiding skidding and slippage requires proper modeling of the surface
and producing sufficient amounts of torque to carry out curvilinear motions based on
energy-efficient motion planning. Possible changes to the surface need to be accounted for
and incorporated into the model using online learning through, e.g., NNs and Extended
Kalman Filter (EKF) for the dynamic and kinematic aspects, respectively. The former has
importance in estimating the pose, and the latter in determining the constraints on the turn
radius and for producing estimates of energy consumption [20,83].

Alternatively, reasoning about the contact and motion may be handled simultaneously
through Mixed-Integer Convex Programming (MICP), which is effective in tackling other
complications such as uneven terrain, friction, and certain types of non-convexity [132].
Similarly, the motion within a free space can evolve toward motion while in contact by
letting the tree grow in the combined space through factoring it into a belief over the
configuration and the contact state [133].

Motion planning for legged robots is generally easier than for wheeled robots, due to
the fact that they provide a wider range of mobility. Nevertheless, even in the case of legged
robots, duly accounting for all the conditions and uncertainties arising from the terrain’s
unevenness is not straightforward, since it requires full-body motion plans made within a
high-dimensional space based on the limited information available about the terrain [130].

It is also worth noting that collaboration with human operators may make a significant
contribution in handling uncertainties, e.g., occlusions disrupting the robot’s perception
of the target object to be grasped. This can take place either by providing knowledge or
taking part in the execution of higher-level tasks, where a tree-shaped set of feasible plans
is created using geometric reasoning [134].
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3.9. Stability

Uncertainties of various types, including disturbances, inaccuracies of parametric
models, and environmental parameters, as well as complex geometry, may affect the per-
formance of a motion planning algorithm [127]. Therefore, path planning and trajectory
optimization may need to be followed by feedback control, to ensure stability and to over-
come the nonlinear dynamics and uncertainties. The output of such a module is a control
policy that stabilizes the system, from a bounded set of initial conditions to a goal state.
As a result, a tree of trajectories could be created and stabilized using feedback.

By exploring a bounded set based on random samples, the possible necessity of
deriving additional trajectories can be determined. Subsequently, funnels can be found
iteratively, until they cover the bounded set, meaning that the control policies can stabilize
the bounded set to the goal. The task of approximating the funnels can be performed using,
e.g., sums-of-squares verification or through sampling followed by falsification based on
simulation [57]. On the other hand, various post-processing procedures can be employed
for smoothing and improving a trajectory, as well as replanning to avoid dynamic obstacles
using model-based predictions [43]. For example, linear-quadratic-Gaussian controllers
yield reliable reference-tracking functionalities [58].

Consideration of the dynamics of a problem can be realized by performing asymp-
totically optimal KP using two-point BVP-solvers based on optimization and numerical
optimal control methods, such as Sequential Quadratic Programming (SQP) [46]. Artificial
potential fields realized through, e.g., Improved Rapidly-exploring Random Trees (I-RRT)*
constitute a viable alternative [135–137].

With information about the distance from obstacles, using the Monte Carlo (MC)
algorithm, CP may be approximated with asymptotic correctness, which enhances the
chance of finding a feasible plan.The CP can be found for each iteration for the estimated
optimal path, followed by inflating or deflating the obstacles to make the CP reach a
target value. Statistical variance-reduction techniques such as Control Variates (CV) and
Importance Sampling (IS) contribute to a faster performance or real-time functionality
through parallelization [58].

The results of CP approximation need to be transformed to the configuration space,
to estimate the location of the points with the highest CP. This could be performed using a
Newton method to determine the closest point that may cause a collision [6]. For safety-
critical tasks, Control Barrier Function (CBF) can be used to incorporate obstacle-avoidance
constraints through Quadratic Programming (QP) [59]. It is also possible to devise a
random search tree reconstruction framework by predicting the cost using NNs. This
results in asymptotic near-optimality [84].

Non-convexities in the cost functions and obstacles, as well as control and state
constraints, are handled in energy-optimal motion planning by decomposing the decision
variables and creating a convex representation of collision constraints. This results in two
QP problems, accommodating the decoupled Linear Time-Invariant (LTI) dynamics in
each axis. Assuming that an initial feasible trajectory exists, the foregoing problem may be
solved iteratively using an Alternating Quadratic Programming (AQP) algorithm, which
converges to a homotopic local optimum with respect to the initial guess faster than the
MICP alternatives [138].

Applying splines to the resulting paths, to generate a possibly complex shape while
maintaining parametric continuity, is another approach for improving the quality, in
terms of, e.g., reduced lateral accelerations, enhanced robustness against disturbances,
or improved tracking performance. In autonomous driving, additional benefits may include
enhanced passenger comfort, as well as reduced tire wear and mechanical failure [17].

3.10. Computational Feasibility

Physics-based motion planning, state sampling, and state steering are computationally
expensive, due to the costs of state propagation of real-time replanning performance [20],
especially for high-DoF robots [119]. High-dimensional dynamics and external distur-
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bances lead to extremely high computational costs, which are often achieved for efficient,
real-time planning by sacrificing dynamical feasibility and safety. Various efforts have been
made to come up with a compromise between safety and planning efficiency, resulting in,
e.g., the modular Fast and Safe Tracking (FaSTrack) system [139], which can be used for
tracking the multi-dimensional paths devised by different trajectory optimizers. On the
other hand, using factor graphs and GP interpolation has been widely reported to improve
the computation time required for making inferences [122].

Moreover, the computational load of creating a funnel of trajectories may be allevi-
ated using convex optimization, through sums-of-squares programming [127]. For TMP
algorithms, this could be leveraged by enabling add-and-remove constraints on motion
feasibility at the task level, a successful example of which is the Iteratively Deepened Task
and Motion Planning (IDTMP) proposed in [140], offering probabilistic completeness and
scalability for plans involving several objects.

PRM* is known to minimize the computational cost of generating RMs. Nevertheless,
it may be slow, and result in excessive growth, undermining online query resolution and
storage. Incremental sparse sub-graph-based approaches, referred to as spanners, have
alternatively been proposed with asymptotic near-optimality. They yield a lower path
quality but alleviate the aforementioned shortcomings, and improve the RM density [69].
Examples of computationally heavy functions that increase overheads include checking for
nearest neighbors and possible collisions in sampling, while using, e.g., RRT. This may be
obviated by utilizing the CBF-RRT algorithm instead.

It has been stated that by discretizing the reachable state space and solving it numeri-
cally, the state sampling and nearest-neighbor search speeds can be improved. The former
can be performed online and results in a reachable map, which reduces the number of states
involved in sampling, as well as unsuccessful motion validity check queries. Moreover,
states that are not reachable or can be reached only after a certain horizon are excluded from
the nearest-neighbor search [60]. On the other hand, for problems such as motion-specific
self-calibration, using EKF may accelerate the process of approximating model parameters
or dynamics, to achieve the maximum belief informativeness based on a prescribed budget.
This is beneficial in SBMP, which is required to react to certain circumstances promptly.

For a set of robots moving in parallel and with separability, assuming that each of
them is expected to move at most d units from their initial location, the distance traveled
by each robot is O(d), i.e., constant stretch, meaning that a constant-factor approximation
is possible for the optimization problem. Moreover, NP-hardness can be maintained, even
if the robot positions are restricted to a regular grid. If separability is not guaranteed,
e.g., for densely-packed disks that may not be well separated, the stretch factor increases to
Ω
(

N1/4
)

, and with certain considerations, to O
(

N1/2
)

[141].
The distance metric is not necessarily Euclidean, and this choice greatly affects the

computational cost of RRT-based motion planning. It also influences the path quality and
space coverage. Determining this appropriately, e.g., based on learning, is essential for
achieving a reasonable computational cost [32].

Exploiting data-driven approaches for predicting the map in an unknown environ-
ment, as opposed to relying on frontier selection heuristics, may help expedite plan-
ning [118]. In numerous applications requiring dense mapping of an unknown environ-
ment, e.g., for agile robots possessing visual sensors and constrained embedded compu-
tational capabilities, leveraging the computational cost may be accomplished by using
only parts of the existing sensory information and combining the mapping, i.e., perception,
and planning problems. In this manner, by switching between the two iteratively, each of
them is updated based on the results of the other [142].

When it comes to problems involving human motion tracking, it is basically assumed
that the subject moves according to a plan devised with a cost function. However, such
algorithms are prone to computational intractability [143]. A remedy would be to utilize
NNs learning near-optimal heuristics from path planning. For instance, the MPNet can
learn continually and actively from expert demonstrations. This reduces the amount of
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learning data required. By recursively constructing connectable paths, the workspace is
encoded based on point cloud measurements. Incorporating classical path planning algo-
rithms for a hybrid approach leads to theoretical worst-case guarantees, while maintaining
the computational and optimality advantages [94].

However, it should also be noted that long-term planning using NNs, e.g., applying
Deep Reinforcement Learning (DRL) to the Linear Temporal Logic (LTL) or Metric Interval
Temporal Logic (MITL) specifications [85], may incur computational drawbacks. This can
be alleviated through an MC tree search [86], where Model Predictive Control (MPC) is
used under a linear program for convex optimization, to achieve further robustness against
noise. This is true for scenarios involving a high number of dynamic objects and may be
improved by using Long Short-Term Memory (LSTM) [102].

Parameterized probabilistic models of human behavior can be utilized to predict
and prepare for future actions. This allows adapting a model to circumstances and ob-
servations, based on a distribution over the model parameters, obviating the necessity
for prior determination. Other alternatives include Bayesian inference and worst-case
forward reachable sets. The additional computational burden may be leveraged by solving
a stochastic reachability problem in the joint space of the human and the belief for the model
parameters. These can be deterministically approximated using a Hamilton–Jacobi frame-
work. This approach needs to be implemented allowing only a set of actions, as opposed to
the aforementioned distribution, while maintaining the belief as an explicit state.

For robots with numerous continuous states, improved scalability can be achieved
by decomposing the problem into smaller sub-problems using a lazy satisfiability modulo
theory approach. At each iteration, a coarse discretization of the workspace is carried out,
taking into account Boolean constraints, while capturing the low-level continuous dynam-
ics, to produce high-level discrete plans. Iterations are performed until a feasible plan is
found. Possible infeasibilities include the transitions between the workspace regions [144].

From the point of view of software development, frameworks realized using utilities
such as Motion Planning Templates (MPT) take advantage of compile-time polymorphism.
Such approaches may help to more efficiently handle the usual lack of computational
resources for small robots running on batteries, by producing individual codes tailored
to the specifications of the robot and motion planning problem, which can determine the
data structure. Although this deprives the robot of runtime flexibility, it provides extended
compile-time capabilities, such as storing robot-specific information in the resulting mo-
tion planning graphs, creating firmly packed data structures, and modifying the scalar
precision [145].

A common practice is to use a unified representation on the basis of a discrete, fi-
nite motion space and to split the problem into task and motion planning components.
The former decides what to do, and the latter determines the geometric feasibility based on
finer details. Width-based search algorithms and AI planning languages that represent the
high-dimensional problem in compact form are essential components of such frameworks.
Moreover, some problem representations enable the prediction of constraints and the trans-
fer of knowledge from one instance of the problem to another. For example, the score space
proposed in [146] provides a representation according to the performance of solutions
applied previously, where similarity indices are used sequentially [147].

Although collision detection is widely believed to be the main computational bottle-
neck in asymptotically optimal SBMP, a nearest-neighbor search may be computationally
even more expensive, depending on the experimental scenario. This has motivated the
development of more efficient nearest-neighbor search strategies and data structures that
take into account the mission specifications [50].

Given an online preparation of a set of random controls that is large enough, the com-
putational cost may be reduced by finding a balance between exploration and exploitation.
Machine learning techniques can further contribute by producing choices of maneuvers
based on the dynamics, as well as the heuristics and particularities related to obstacles [16].
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On the other hand, incorporating loop-closure constraints may help reduce the configura-
tion space to a manifold within the joint ambient space, which is higher-dimensional [61].

In numerous recent studies, using a many-core Graphics Processing Unit (GPU) has
been reported to allow fast motion planning [148,149]. Nevertheless, robot-specific circuitry
could be built to achieve scalability in motion planning and parallelization of collision detec-
tion over the RM edges [70]. Using semi-infinite nonlinear optimization, the constraints and
their gradients are calculated simultaneously, and obtaining polynomial approximations
over time helps satisfy the constraints continuously. Parallelizability arises from the fact
that the constraints and their gradients are analyzed for each time interval independently.
The rest of the computational elements, such as kinematics, dynamics, and geometry, are
also essentially parallelizable [149]. Continuous-state Partially Observable Markov De-
cision Process (POMDP) problems can also be solved faster using a GPU or a hybrid of
a GPU and Central Processing Unit (CPU), considering a multi-level formulation of the
Monte Carlo Value Iteration (MCVI) method. Balancing the workload and interleaving
the data and computations constitute the main backbones of parallelization in this context,
where the CPU prepares the data, and the GPU handles the simulations [150].

Last but not least, one may resort to a multi-resolution architecture for managing the
depth information characterizing the obstacles, where the range measurements are repre-
sented using a 2.5-dimensional projective data structure, namely an egospace, within which
motion primitives can also be expressed [151].

4. Applications

Motion planning algorithms are useful in many scenarios involving robots or au-
tonomous cars, e.g., trajectory planning for multi-legged walking robots for planetary
exploration, or for autonomous cars inside parking garages, as well as for highly actuated
service robots in mobile manipulation [49], and even in precision medicine [75]. In the
following sections, applications of motion planning algorithms realized using a certain
type of robot will be briefly reviewed, to make their importance in practical contexts more
tangible, as well as touching upon some of the relevant open problems.

4.1. Social Robots

Social robots have gained increased popularity. In particular, omnidirectional robots
are capable of performing social interactions relatively efficiently, due to their ability to
reorient their body independently from the direction of motion. Nevertheless, apart from
general objectives typically considered while framing the problem, assimilating a robot
into the social context necessitates accounting for additional requirements. Prominently,
the robot should behave cooperatively and in a similar manner to human beings, e.g., in
crowded or narrow passages. Thus, certain constraints may be derived from human
subjects, and imposing these while devising the translation and rotation profiles helps
make the robot resemble humans in a more realistic fashion [62,152].

In the absence of vocal clues implying the user’s intentions or expectations, a robot
should preferably be able to understand and handle a situation by observing the users’
behavior and predicting their actions [153]. On the other hand, mimicking and trying
to replicate the motion profiles adopted by human beings may contribute to developing
socially acceptable and cooperative behaviors for mobile robots, small-sized transportation
vehicles, and wheelchairs, thereby improving operational efficiency and safety using an
acceleration-based social force model [154].

A robot’s perceptual and decision-making capabilities should enable it to behave well
by, e.g., choosing a reasonable trajectory. Statistical models of density and velocity profiles
can be made and integrated into the robot’s resources. These are produced by analyzing
and representing the subjects’ attitudes using, e.g., a Boltzmann factor defined based on the
comfort attributed to their distance from walls and their possible preference for walking
on a certain side within a pedestrian corridor. This, in turn, provides further insights into
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the authenticity and reliability of theoretical and simulation-based pedestrian distributions
and collision avoidance models [154,155].

Modeling human behaviors is among the factors that may contribute to better motion
planning for social robots. This may not be easy, due to the underlying stochasticity.
Nevertheless, a robot should ideally be able to plan and perform its motions such that they
are predictable for nearby pedestrians [156]. More clearly, feature-matching techniques,
possibly based on maximum entropy, may fail to model the path followed by humans
under scenarios involving different subjects or different instances of the same path being
followed by a given subject. Therefore, utilizing DRL may be considered to avoid violations
of social norms, as well as for achieving motion at normal human walking speed, while
avoiding extended computation times [103].

Assuming that a motion is planned and performed in a human-like manner, the above
facilitates the prediction of the robot’s motions by the human, thereby enabling more
convenient joint navigation. Nevertheless, the principles governing Human-Human In-
teraction (HHI) are unlikely to be readily applicable to Human-Robot Interaction (HRI),
due to the different circumstances arising from the usual interest presented by humans in
getting to know more about various aspects of a robot’s behavior [156].

HRI may be enhanced in an adaptive and online manner in dynamic and unknown
environments, through utilizing communicative means of locomotion, where, based on the
Artificial Potential Field (APF), the velocity and orientation information is utilized to take
advantage of patterns represented by the motions of household animals [72].

It is worth noting that human-likeness is measured based on social spatial attention
models indicating the capture time and direction as a consequence of a cue, e.g., a head
turn [157]. When it comes to replicating human motions intended to resemble an emotion,
analyzing upper-body motions inspired by human gait, along with the trajectory and the
center-of-mass, has been shown to have a significant influence from the vertical oscillations
of the human subjects’ perceptions of the emotional states and the corresponding confidence
levels [158].

On the other hand, the motion diversity produced independently from the subject’s
intentions and incorporated into the android’s behavior could contribute to the soundness
of the resulting impressions, in terms of the interpersonal skills required for natural inter-
action [159]. The congruence based on the balancing motions of the robot, which could
be achieved by, e.g., a human-like inverted pendulum mechanism, could greatly affect
these impressions and swaying [160]. Last but not least, motion planning for persons with
reduced mobility, such as those with visual impairment, may require further considerations;
e.g., of the constraints imposed based on their capability for handling crowded areas, wet
floors or roadblocks, or avoiding undesirable items, such as stairs.

4.2. Self-Driving Cars

In principle, self-driving cars are a type of mobile robot, as they take advantage of
similar technology in terms of autonomy. Likewise, the problem of avoiding hitting other
cars or pedestrians is, in fact, tantamount to that of avoiding dynamic obstacles dealt with
in the motion planning for mobile or humanoid robots [1].

They also need to perceive the world, make maps and update them, and plan their
motion with several layers of hierarchy. Nevertheless, unlike mobile robots, which may
be utilized under considerably more flexible setups, the motions of self-driving cars are
restricted to predefined roads and are further constrained by traffic regulations and good
practices of driving, e.g., while navigating intersections [86]. This leads to both advantages
and disadvantages in motion planning [1].

Improved convenience, efficiency, accessibility, and safety, as well as reduced overall
costs and manpower, constitute the significant advantages of self-driving cars in automotive
transportation settings [35], where, from the point of view of urban administration, they
also contribute to tackling congestion and reducing emissions [37]. Moreover, due to their

162



Machines 2023, 11, 722

capability for utilizing redundant sensors, they reduce the risk of accidents due to possible
late reactions, faulty perceptions, or a lack of attentiveness from the human driver [1].

Tasks for a self-driving car can be extremely safety-critical, and performing them may
demand making use of feedback control [35]. Real-time speed control of navigating a self-
driving car through an occluded crosswalk may be achieved by modeling the problem as a
partially observable Markov decision process and optimizing the longitudinal acceleration
using dynamic programming, on the basis of the belief of the crosswalk [161].

In order to enhance the speed for reliable performance under real-world scenarios, rule-
template sets may be created. These make it possible to determine an appropriate decision
for the traffic scene at hand. The CommonRoad benchmark was proposed in [162], where
for each real or artificial experimental scenario, constraints, goals, the cost function, and a
vehicle model are provided. For example, autonomous parking is modeled as a dynamic
optimization problem and solved using an interior-point simultaneous algorithm [163].

Algorithms such as A∗, which are designed to work in unstructured environments, are
useful for handling highly constrained environments where on-road trajectory planning
may not suffice. Node expansion algorithms are utilized to obtain trajectories that are subse-
quently refined using a pure-pursuit controller producing edges, as short motion primitives,
which ensure the general adherence of the vehicle to the trajectory. Using this strategy,
a vehicle can exploit explorative advantages in challenging scenarios, e.g., reversing to pass
another vehicle that suddenly stops.

After extracting motion primitives from real-world driving data, they can be con-
nected, followed by applying Expectation-Maximization (EM) and an initial segmentation.
The Dynamic Movement Primitives (DMPs) may then be inferred probabilistically, thereby
correlating the independent motion plans for a smooth transition and improving the
tracking accuracy [164].

Finally, it should be noted that more complex maneuvers, such as changing lanes,
parking, and overtaking, also require modeling the reactions of human drivers and are
computationally disproportionately heavy. This could be remedied using prior knowledge
obtained by training neural networks [95].

4.3. Humanoid Robots

Humanoid robots are characterized by their relatively high DoF. Classically, their
high-level motion plans resulted from path planning, and their trajectory optimization used
to be transformed into a dynamic locomotion plan for the whole body in a later stage. More
recent approaches have tired to take advantage of simultaneous optimization of the low-
level and high-level motion specifications where applicable. This will be further elaborated
later in this section. While analyzing the generalized inverse kinematics, the joint limits,
foot positions, and balance need to be considered. A motion planner should be able to
manipulate massive objects, take appropriate actions with the unforeseen appearances of
obstacles in cluttered environments, and plan footsteps by means of variable kinematic
modeling of the footholds [165]. On the other hand, state space representations are used to
apply the existing SBMP techniques with biased sampling to humanoid robots, followed
by steering using inverse kinematics [62].

Motion planning for humanoid robots may be performed using a hierarchical strat-
egy, such that, first, a collision-free path is obtained for the End-Effector (EE), followed
by searching for collision-free points in the case of each of the via-points for the elbow,
resulting in an asymptotically-optimal raw path consisting of straight lines, further re-
fined for kinematic smoothness and feasibility using an online Cartesian calculator and
controller [24].

The Contact-Invariant Optimization (CIO) approach aims to optimize whether or not
contact forces should be active during each phase of presenting a behavior, simultaneously
with the behavior itself. This could be utilized in conjunction with ensembles of perturbed
models to achieve robustness against model uncertainties while performing behaviors such
as turning, as well as sideways and forward walking [166]. Moreover, human experience
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may be exploited by considering multiple operational phases and optimizing the specific
contact configurations separately [2].

Gait primitives for a humanoid robot may be extracted as limit-cycle behaviors, then
being arranged into a switched, discrete-time system. Nevertheless, the frequency of
switching needs to be limited, in order to achieve fluent performance. This can then be
utilized in conjunction with Hybrid Zero Dynamics (HZD) to enhance the stability through
dimensional reduction and sums-of-squares programming [167].

Motions limited to the sagittal plane constitute the main element in pick-and-place
tasks [168]. A more challenging scenario would be to move toward a target stance pose,
and after reaching it, perform a prescribed manipulation task. The complexity arises from
requirements such as finding a stable stance pose that not only is collision-free but also
leads to a full-body configuration that is robustly maintained during manipulation. Using
inverse dynamic reachability maps and assuming that the feet are positioned close to
each other on a flat surface, a solution can be found with a success rate dependent on the
coverage density of the sampling space. Obviously, the map size should not exceed the
memory capacity.

Nevertheless, the map may not offer samples with a high enough variety from the high-
dimensional configuration space to handle real-world applications involving, e.g., uneven
terrain. Therefore, a paired forward-inverse dynamic reachability map needs to be utilized
to achieve a wider modularity, if the robot’s kinematic structure allows. This would help
achieve a given number of composed configurations, while requiring storing a smaller
number of samples. For a given memory capacity, this would lead to a more diverse set
of possible configurations. Consequently, taking advantage of whole-body redundancy,
a higher level of flexibility would be achieved in planning the motion to reach an end-pose
in the presence of constraining factors such as obstacles and uneven terrain [169].

Humanoid robots are widely used in scenarios involving HRI. One of the challenges
typically encountered in haptic interactions arises from the inevitable impact of the robot’s
own motions on the sensory data supposed to represent the user’s tactile input. A possible
partial remedy to the latter problem could be to estimate and subtract the effect of the
robot’s motions based on a sequence of joint values, through linearizing the underlying
posture sub-spaces [170].

Various strategies using the safety of the operator may be accommodated within a mo-
tion planning framework that can be assessed based on, among other things, the technical
specification ISO/TS 15066 [171] and the principle of energy absorption by the operator
body. In this context, the regulated body movements are simulated for an experimental
setup, bearing in mind the fundamental consideration that the relative velocity needs
to be predicted, estimated, and bound to improve the operators’ safety, by preventing
the robot from harming them, according to the prescribed trajectory and the relevant
velocity limits [172].

Multi-limbed robots can take part in missions such as climbing. For example, a six-
legged robot could climb up two walls, where numerous constraints on parameters such as
posture, contact force, and torque need to be taken into account, in order for the robot to be
able to perform the task using the friction between its end-effectors and the wall surfaces.
One approach to tackle this problem consists in utilizing a NonLinear Programming (NLP)
solver. Alternatively, the problem could be decoupled into parts: one concerning the torso
posture, and the other dealing with contact forces. The former could be solved by means of
NLP or MICP, while the latter needs to be worked out as a series of convex optimization
problems. Introducing angled walls, uneven surfaces, and obstacles could be considered as
further challenges to expose the robot to [173].

4.4. Object Manipulation

Multi-arm robotic systems require task- and joint-level coordination, where the former
is meant to make the arms coordinated with an object or with each other, and the latter is
aimed at preventing self-occlusions. The space of free motion may be learned using sparse
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non-linear kernel classification approaches. Whether the robots are expected to coordinate
with each other to reach a moving object simultaneously or only to perform independent
point-to-point motions determines the synchrony requirements, which need to be properly
considered, especially for possible transitions between different scenarios [174].

The higher-dimensionality and multi-modality of the configuration and search spaces
involved in motion planning problems for multi-object manipulation tasks give rise to addi-
tional challenges, due to kinematic and geometric constraints. To tackle different placements
of objects, FastForward (FF) planners such as FFRob use multi-query RM structures to assess
reachability. They handle rearrangement planning problems using an Extended Action
Specification (EAS) representation suitable for conditions involving, e.g., arbitrary predi-
cates. They are capable of solving strip planning problems, e.g., delete-relaxations. More
specifically, by means of batch sampling of the manipulation primitives, the motion planning
problem is iteratively discretized, resulting in a probabilistically complete planner with the
finite runtime required for estimating the distance to goal [71,175]. The primitives may be
generated using a graph-search under a linear quadratic minimum time problem [176].

In cluttered environments with objects blocking the path to grasping an object, it may
be necessary to move the objects first. This may require robot–object and object–object
interactions of a dynamical multibody nature, involving varying object poses, and using
algorithms such as KPIECE and p-KPIECE [63,64].

4.5. Cooperation and Multi-Robot Motion Planning

Autonomous systems may benefit greatly from communication with their peers,
as well as management centers. This would help them make more efficient decisions.
For example, self-driving cars may park close to each other, which saves space, or cooperate
with each other to alleviate congestion [1]. Moreover, a self-driving car can be equipped
with sensors and processing units enabling it to obtain and share valuable information
regarding, e.g., the duration of each color of traffic lights, as well as their locations. Cloud-
based networks enabling such communications could help them to calculate an Estimated
Time of Arrival (ETA) more efficiently. Similarly, the information could be analyzed to
allow an improved understanding of traffic patterns and alternative routes [177].

Although setting up global restrictions on robots’ movements based on worst-case
scenarios may suffice for ensuring safety, this may result in longer operation times. This could
be alleviated by incorporating safety considerations at the motion planning level [172,178].

Multi-Robot (MR) teams are useful where, e.g., a robot’s own reachable workspace or
payload does not suffice for handling large loads [179], and for missions such as patrolling
rooms, or in handling deadlocks, e.g., where a moving obstacle hinders the robot’s mo-
tion [180]. LTL formulas are widely utilized in this context. To this end, robot dynamics and
specifications can be captured for convex and Boolean constraints within a feasibility prob-
lem, to be decomposed and solved using, e.g., Satisfiability Modulo Convex (SMC) [181].

Even the aerial transportation of large loads, including cable-suspended, could be
achieved using teams of robots, where, e.g., Parametric Dynamic Movement Primitives
(PDMPs) are used to coordinate the robots and their manipulators. This could be sub-
sequently transformed into an explicit parameterization of motions using statistical ap-
proaches with a Bayesian property, such as Gaussian Process Regression (GPR) [66]. Con-
straints can be imposed on the relative positions of the robots, where onboard, real-time
localization detects the relationships between neighboring robots [42,67].

Hybrid approaches only take advantage of centralized planning at a global level
based on a consensus, where distributed controls are applied to individual robots to avoid
obstacles and transfer forces to the rest of the robots through the object being manipulated.
Typically, a receding horizon planner is employed to achieve velocity control via a convex
optimization problem [182]. In cooperative missions, a network topology controller is
required to ensure connectivity [73].

Centralized strategies may be adopted under optimal control formulations. Al-
though computationally more expensive, these yield higher quality solutions [183]. They

165



Machines 2023, 11, 722

also improve the robustness against possible changes in the environment, avoid dead-
locks, and obviate the necessity of decoupling. This problem may be discretized using,
e.g., orthogonal collocation direct transcription, resulting in a large-scale NLP [184].

In unlabeled Multi-Robot Motion Planning (MRMP) scenarios, robots need to be
placed interchangeably, such that each of the prescribed positions is filled by one of them.
In contrast, in labeled cases, each position is associated with a specific robot. For unit-square
robots maneuvering within an environment involving polygonal obstacles, this problem is
PSPACE-hard [185].

For optimal formation trajectory tracking, finite-term performance can be achieved by
optimizing a cost function in the presence of control and state-variable constraints, as well
as invertible conditions, over Euclidean rigid body motions, using Pontryagin’s maximum
principle for Lie groups. The optimality of the performance index is guaranteed if, and
only if, the linear dynamic systems are controllable [186,187].

Complexity issues may be partially alleviated by utilizing a priority assignment algo-
rithm to divide a team of robots into smaller groups. This can be more robustly dealt with
using incremental approaches, based on, e.g., Satisfiability Modulo Theories (SMT) solvers.
Robots with the same priority are in the same group, and, regarding motion planning,
handled simultaneously. Robots taking higher priorities are treated as dynamic obstacles,
collisions with which are avoided using a relatively small delay [188]. Priorities are also
assigned dynamically to avoid collisions between the robots, using a Minimum Linear
Ordering Problem (MLOP).

The total length, i.e., the summation of the lengths of the individual paths can be
considered as an optimization criterion. This results in a computational complexity of
Õ
(
m4 + m2n2), with m and n standing for the number of robots and the workspace’s total

complexity, respectively. The maximum length is OPT+4m, where OPT denotes the cost of
the optimal solution [189].

Population-based stochastic optimization approaches such as PSO or Biogeography-
Based Optimization (BBO), which are inspired by group behaviors observed in wildlife,
may be utilized to find a global solution, i.e., to avoid local minima, through position
updating strategies applied to diverse populations. The Normalized Step Cost (NSC) can
be used to initialize the optimization procedure, which may also benefit from previously
optimized parameters. Upon violation of the constraints, the parameters are replaced
with those of the solution that is the closest to the query vector [76,77]. Moreover, path-
finding through geometrically embedded discrete graphs can be combined with an implicit
representation of the RMs for a reliable performance [65].

The metric utilized for finding the nearest neighbors within a certain configuration
may have a considerable impact on the perception of connectivity of the RMs, as well
as the path quality. Recently, other metrics have been adopted from the field of shape
matching. Combining different metrics might lead to a preferable number of vertices within
the RMs [190].

When it comes to computations, the cost functions related to collision testing can be en-
hanced by summarizing the most salient data through probabilistic modeling [44]. Directly
searching a dense motion planning RM is run in O(V log V + E) ≈ O

(
n2) time, where n

is the number of vertices. For a large n, it can be alleviated through successively shorten-
ing the path by making the r-disk sub-graphs increasingly dense over a low-dispersion
deterministic sequence.

In MRMP, potential targets are captured using, e.g., visual sensors, where probabilities
are modeled using, e.g., a Bayesian likelihood ratio tracker, which is recursively updated
as a probability density function. Each robot’s motion plan is dynamically determined
according to the probability of each target for the corresponding location, and its distance
from neighboring robots. Considering the inverse log-likelihood ratio as the temperature,
the robot moves along the negative gradient of the temperature surface. The interaction
with the local agents is performed using a Lennard–Jones potential, practically maximizing
the mutual information between the target state and the measurements [191].
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Consensus among the agents can be achieved in diverse ways. In the absence of a
leader, distributed consensus protocols may be produced using, e.g., Pontryagin’s principle,
where the relative information is measured at sampling instants. To tackle the inadequacy
in bandwidth, the continuity of the information may be improved using a distributed
framework, taking advantage of multiple leaders. Distributed containment protocols
are followed, such that the remaining robots converge, in terms of position and velocity,
to the convex hull resulting from the leaders. Control gains, communication topologies,
and sampling periods are devised independently, which provide further freedom for
the controller [192].

5. Discussion and Future Work

We have provided a brief review of motion planning frameworks in the context
of robotics, along with some of the essential considerations for their efficient practical
utilization. In this section, to give a quick overview of the motion planning algorithms
discussed throughout the present review, we categorize them from two different points
of view. We also list the most prevalent approaches for each, followed by a discussion of
which frameworks have been omitted and why, and then the concluding remarks.

5.1. Categorizations

The first categorization is based on the property of being conventional or heuristic
and is shown in Figures 5 and 6, respectively. However, based on the studies covered in the
present survey, we have clearly shown that with the emergence of Artificial Neural Network
(ANN)s and machine learning algorithms, especially Deep Neural Network (DNN)s, there
has been a noticeable transition in the trend of research and development activities within
the field of motion planning. Owing to their power and efficiency in solving problems such
as optimization and route search, etc., AI-based methods, especially DL, have emerged
as an independent category of techniques. Since 2015, they have occupied the largest
proportion of related works.

The second categorization is on the basis of being global or local, and this is shown
in Figure 7. Global path planning uses the global geographical or a static map to find
an optimal path [193,194], whereas local path planning requires a constant supply of
sensory information to compute a collision-free path within the robot’s immediate vicinity.
Unlike local planners, global ones may struggle with real-time performance [195–197].
A combinatory interpretation using the two types of categorization shown in Figure 5 and
Figure 7 provides an advantageous insight into which choice of motion planning algorithm
would best suit a certain application.

Figure 5. Conventional motion planning frameworks covered in this review.
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Figure 6. Heuristic motion planning approaches reviewed throughout the present survey.

Figure 7. Categorization of the motion planning algorithms discussed in this review based on being
global or local.

When it comes to older methods, one may clearly see that over time, heuristic ap-
proaches have gained a wider utilization for solving motion design problems. This is
shown in the diagrams illustrated in Figure 8, which indicate the percentage usage of
conventional and heuristic techniques for three consecutive decades spanning the 1980s
through the 2000s. These statistics were taken from [198].

However, in the case of more recent years, the share of motion planning pipelines relying
on learning has risen significantly. For DL networks, RL, and DBL, this has changed from
6% to 27%. This has taken place from the period 2010–2015 to 2015–2022 [5]. The ratios of
the utilization of these strategies are shown, along with those of heuristic and conventional
approaches in Figure 9. A more detailed representation is shown in Figure 10, which indicates
the specific ratios for, not only learning-based methods, but also for the bio-inspired, potential
field, and sampling-based ones. It should be noted that Figure 10 was adopted from [5],
which was also the source of the above statistics.

These figures demonstrate the remarkable pace at which the category of DNN-based
motion planning systems has been expanding with respect to the others, and it may well
continue doing so in the coming years. While classical methods seem to have maintained
their share, classical heuristic structures appear to be rapidly losing their competitiveness
against learning-based mechanisms. This can be attributed to learning-based mechanisms’
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strong robustness and scalability, which enables them to handle the challenging motion-
planning requirements arising from the growing complexities of modern robots, as well as
those of the environments they are expected to operate within [199].

Figure 8. Visual comparison of percentages, indicating the trend of heuristic motion planning
methods surpassing conventional ones over time. These values were taken from [198]. The diagrams
cover the period from 1980 until 2010.

Figure 9. The trend in use of learning-based motion planning frameworks in recent years compared
to heuristic and conventional methods, represented as percentages. More detailed statistics are shown
in Figure 10.

Figure 10. The trend in popularity of bio-inspired, potential field, and sampling-based motion
planning frameworks compared to learning-based techniques taking advantage of DL, RL, and DBL,
shown as percentages. The figure was adopted from [5].
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It should be noted that in this survey, for the sake of coherence and maintaining
brevity, not all motion planning pipelines have been covered. More clearly, to enable an
in-depth analysis of the current state of the art and its shortcomings, this review has focused
on frameworks of ongoing significance in practical contexts, where this judgment was
made based on the frequency of practical usage of each technique in the recent robotics
literature. More comprehensive categorizations of conventional and heuristic motion
planning approaches are shown in Figures 11 and 12, respectively.

Figure 11. A more comprehensive categorization of conventional motion planning algorithms,
with those not covered in the present survey shown within boxes with a plain background. Specifically,
BUG algorithms, Kalman filter, mathematical programming, and geometric-based approaches were
studied in this survey.

Figure 12. A more inclusive categorization of heuristic motion planning techniques, including grid-
and search-based methods, which were not explored in the present review and are placed within
boxes with a plain background in the figure.
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5.2. Categories Excluded from the Review

For quick reference, each category of methods excluded from the survey will be
concisely discussed.

The BUG 1 algorithm is based on the idea of having a robot follow an obstacle’s edge,
i.e., its contour, until it reaches a full cycle around the obstacle. Meanwhile, the distance
to the goal is constantly updated to find the point on the edge which minimizes it. This
point will then be used to start the next move toward the goal, which will take place within
the next cycle. BUG 2 is faster, as it does not require the robot to undertake a full cycle and
instead, makes it depart from the obstacle as soon as the slope of the line from the robot to
the goal is the same as that of the line connecting the initial position to the goal [78].

Kalman Filter (KF) is useful in contexts where the tasks of map building and mo-
tion planning need to be handled simultaneously through scanning the terrain. Doing
so requires obtaining depth information using detectors, where the uncertainties are han-
dled by fusing the data. A fuzzy adaptive KF may help update the map and hierar-
chically optimize the scanning procedure according to the terrain type by adjusting the
filter gain [200].

In mathematical programming, obstacle-avoidance constraints are modeled as inequal-
ities imposed on the configuration parameters, where due to the underlying nonlinearity
and the high number of obstacles, typically, a numerical approach is employed to solve the
resulting optimization problem [198].

Grid-based motion planning covers a diverse range of algorithms. Complete Coverage
Planning (CCP) considers the whole mapping area and the grid-based coverage method is
the most popular example, which is suitable for indoor environments. However, its memory
usage may be significantly high, due to the fact that the map resolution is not adjusted with
respect to the actual environment’s complexity, including the shapes and positions of the
obstacles. Moreover, it is prone to nonoptimality, due to possible inefficient organization
of the cells [201]. Other variants of grid-based algorithms include quadtree [202], Circle
Grid Trajectory Cell (CGTC) [203], A* [203,204], Anytime Repairing A* (ARA*) [205,206],
and D* [207].

Search-based algorithms work based on a neighborhood search over several waypoints,
aiming at real-time, simultaneous map building and path planning. For example, in Tabu
search, to avoid becoming stuck in local minima, a Tabu list is made to store nodes that
have been evaluated previously [208].

5.3. Future Work

Various applications of motion planning are worthy of further investigation and are
still at a primitive stage. Therefore, in what follows, some open challenges that need to be
more rigorously addressed in upcoming studies will be concisely discussed, to provide
insights into potential future research directions

Although some studies have suggested projecting the problem of motion planning
in unstructured environments onto the 2D domain, this may not be practically sufficient.
On the other hand, dealing with the problem in the actual 3D domain might fail to accom-
modate all requirements [20]. Therefore, it is recommended to seek solutions that provide
a compromise between the two, using high-level motion primitives in an alternative space,
thereby tracing down lower-level characteristics, to devise more detailed configurations
over the preliminary outcomes projected onto the other space.

As far as intention-aware and DBL motion planning techniques are concerned, a robot
should ideally resemble the intended patterns as closely as possible and perform robustly
in the presence of possible errors. This is also the case for self-driving cars [88], which are
expected to present a human-like driving behavior. Therefore, larger and more comprehen-
sive representation databases offering more inclusive samples that resemble appropriate
reactions under different situations may make of great contribution to a robotic system’s flu-
ency.
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For example, self-driving cars possess limited sensory equipment but are meant to
tackle occlusions in highly cluttered urban areas, while ensuring convenience and driving
fluency [25]. Thus, further investigation and development are needed to devise motion
planning standards that prevent over-cautiousness but do not undermine safety.

Even in the case of humanoid robots, their performance shows a significant deprecia-
tion in practical situations compared to simulated environments, even in the presence of
local feedback drawn from an optimizer. In extreme cases, they may be unable to physically
meet practical demands, where e.g., trying to apply the simulated trajectory could break the
robot apart [166]. This indicates the importance of the balance between the advancements
targeted within the two realms, i.e., the theoretical and practical sides.

Avoiding collisions in Human-Robot Collaboration (HRC), e.g., in manufacturing,
robotic assembly, and robotic disassembly, requires keeping a distance between humans
and robots. This may undermine performance and prevent the robot from reaching its
goal quickly enough. Context awareness helps a robot to realize the human operator’s
intentions and enables it to ensure safety within shorter distances. Human pose recognition
and collision sensing calibration are among the factors that could contribute to obtaining
such an awareness [209]. On the other hand, the size of dynamic safety zones and bounding
volumes may be minimized online according to torque constraints and robot dynamics,
where the possibility of collision is assessed and avoided using smooth stop trajectories
based on intersections, thereby optimizing the robot’s speed [210,211]. These concepts play
a critical role in improving efficiency and fluency, while ensuring safety, and are worth
further investigation and development in upcoming studies.

Finally, shape and motion both play major roles in contacts between a robot and other
objects and agents. Although this could be considered at the design or control stages
of motion planning; in the literature, they are not usually considered simultaneously,
i.e., through a synergy [212], which would be worth dedicating further effort to in the
course of future work.
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CNN Convolutional Neural Network
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LSPI Least Squares Policy Iteration
LSTM Long Short-Term Memory
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MC Monte Carlo
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MCVI Monte Carlo Value Iteration
MICP Mixed-Integer Convex Programming
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MLOP Minimum Linear Ordering Problem
MPC Model Predictive Control
MPNet Motion Planning Networks
MPT Motion Planning Templates
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NLP NonLinear Programming
NN Neural Network
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PDMPs Parametric Dynamic Movement Primitives
POMDP Partially Observable Markov Decision Process
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PPO Proximal Policy Optimization
PSO Particle Swarm Optimization
QP Quadratic Programming
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RL Reinforcement Learning
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RMP Repetitive Motion Planning
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PRM Probabilistic RoadMap
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RRT Rapidly-exploring Random Trees
SAC Soft Actor Critic
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SBMP Sampling-Based Motion Planning
SMC Satisfiability Modulo Convex
SMT Satisfiability Modulo Theories
SQP Sequential Quadratic Programming
STOMP Stochastic Trajectory Optimizer for Motion Planning
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TMP Task and Motion Planning
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Abstract

This paper outlines the design, development, and practical implementation of a rubber belt-
driven dual cone continuously variable transmission (CVT) model. This model enables a
demonstration of stepless changes in the transmission ratio between input and output shafts.
Although the model can be operated manually via a control panel, enhanced functionality,
such as automated measurement, proportional-integral-derivative (PID) speed control,
and data measurement and storage, is achieved through a control application created
within the LabVIEW virtual instrument environment. This work also includes a partial
comparison between the practical implementation and its simulation model created in
MATLAB-Simulink.

Keywords: continuously variable transmission; transmission ratio; cone CVT; model;
LabVIEW; MATLAB-Simulink; PID control; VISA

1. Introduction

Continuously variable transmission systems provide significant advantages in both
automotive and machine tool applications, enabling infinitely adjustable and seamless
transfer of power while enhancing efficiency compared to traditional geared mechanical
transmissions [1]. Furthermore, CVT technology can contribute to improved fuel efficiency
and a reduction in emissions in vehicles equipped with internal combustion engines [2,3].
Numerous scientific publications, monographs, and dissertations [1–6] have examined the
broader challenges associated with CVT systems, analyzing their benefits and limitations
in comparison to conventional mechanical and automatic transmissions in both vehicles
and machinery.

Among all types of CVT systems, the conventional push belt types are the most
widely utilized and researched, with various elements of their dynamics assessed and mod-
eled [2–4,7–10]. The academic paper by Carbone et al. [11] delineates a comparison between
theoretical proposes and empirical validation of phenomena related to the functioning of
a belt CVT system during a variation in the output gear ratio. Furthermore, a paper by
Srivastava and Haque [12] summarizes the current status of research in dynamic modeling
and control of friction-limited continuously variable transmissions. The fundamental prin-
ciples, mathematical models, and computing approaches for such systems are thoroughly
discussed in both these papers.
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The aforementioned push belt type CVTs use a transmission belt or chain as the
torque transmission element and moving pulleys that change shape during operation [13].
The change in rotation speed of the input (primary) and output (secondary) shafts is
caused by a change in diameter of the transmission belt acting via friction on both pulleys
(Figure 1) [3]. The two boundary states of transmission ratios (low and overdrive) are
shown in Figure 1.

Figure 1. Push belt CVT—(a) low, (b) overdrive [13].

This fact indicates the primary disadvantage and limiting aspect of these systems: the
maximum transmitted torque constrained by friction, along with the consequent friction-
induced mechanical losses and wear of the pulley-belt system. Nevertheless, this was
also one of the contributing factors that compelled researchers and engineers to engage
in technical enhancements and develop the subsequent methodology of performance
evaluation of the CVT concept.

Numerous studies show a variety of approaches for analyzing and demonstrating the
performance of CVT systems, including the use of test rigs, laboratory testbeds, and pro-
totype creation accompanied by experimental validation. Duong et al. [14] describe the
design and development of a CVT test bench for evaluating the performance and character-
istics of CVT. The test bench enables the assessment of key parameters influencing CVT
performance, including pulley pressure, belt force, and torque under varying load condi-
tions. Wong et al. [15] introduced a dual-belt CVT prototype and test rig for heavy-duty
vehicles, validating their analytical model and studying basic characteristics. Spanoudakis
and Tsourveloudis [16] explored the efficiency of an Electronic Shift Variable Transmission
in a hydrogen fuel cell-powered urban vehicle using a laboratory testbed. Centeno et al. [17]
designed and tested a CVT with an inertia-regulating system, consisting of three subsys-
tems that convert engine rotation into oscillating movement, regulate it, and rectify it to
unidirectional angular velocity. Supriyo et al. [18] proposed the development and experi-
mental study of an electro-mechanical CVT system for motorcycle applications, which uses
a DC motor and cam mechanism to control the primary pulley position and thereby change
the transmission ratio. Work by Mohamed and Albatlan [19] presents a dynamic analysis
and experimental work on a CVT system, focusing on the influence of loading conditions
on the slip behavior and torque-transmitting ability of the CVT.

In addition to the push belt design, a significant number of experimental CVT systems
are currently under research and development. These include magnetic, wheel, spherical,
toroidal and cone systems [20–26]. The cone CVTs, which have a constant shape of the
moving parts but a variable timing belt or chain location, adjust the transmission ratio by
moving a wheel or belt down the axis of one or more bevel-shaped cylinders (Figure 2) [27].
The most basic design, known as the single-cone CVT, works by enabling a wheel to
traverse the inclined surface of the cone, changing the effective diameter from a narrower
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to a broader segment. Notably, certain cone CVT systems use dual-cylinder topologies
to improve performance and transmission ratio variability. The first mention of this kind
of system was in 1903, when Evans and Knauf applied for a patent for a continuously
variable transmission that uses two parallel conical cylinders facing opposite directions
and connected by belts that can be moved along the cones to vary the gear ratio [28,29].
Added to that, the Evans variable speed gearbox, manufactured in the 1920s, is a more
straightforward design [30]. It features two bevel cylinders arranged with a small gap of
constant width between them, with the position of the so-called leather sleeve that runs
between the cylinders determining the gear ratio.

Figure 2. Cone type CVT—(a) overdrive, (b) low [27].

Cone-based CVTs have been explored for various purposes and applications. The de-
sign, optimization, and functionality of such systems have been examined in various
academic papers. One design integrates a dynamic vibration absorber to create an adap-
tively tuned vibration absorber based on the principle of a twin-cone CVT system, capable
of suppressing resonance in primary systems over a wide frequency range [31]. Lin et al.
presented an innovative design of a twin-cone CVT gearbox based on a discretely ad-
justable radius pulley system [32]. Another innovative approach by Mobedi and Dede [33]
proposed a novel two-sphere cone CVT design instead of friction wheels to enable inde-
pendent output torque and position control, as well as bidirectional power transmission.
Researchers have also applied system-driven product development and topology opti-
mization approaches to develop cone CVT systems, highlighting their advantages over
conventional transmissions [34]. The findings of their research have also been dissemi-
nated by Bazios et al. [35], who explored the utilization of computer-controlled topological
optimization in the design of a twin-cone CVT transmission system. These systems offer
benefits such as higher fuel efficiency, wider torque range, and smoother acceleration
in vehicles [16,35]. The cone CVTs have been investigated for their slip and speed ratio
characteristics in [36], with potential applications in both the automotive and machine tool
industries. Additionally, a purely mechanical continuous automatic variable transmission
(CAVT) system for bicycles was designed using a centrifugal governor and slotted cone, ad-
dressing durability issues associated with electronic components in other CVT systems [37].
These studies highlight the adaptability and potential of cone-based CVT systems across a
wide range of applications. Beyond their industrial utility, these mechanisms also serve as
powerful pedagogical tools for illustrating complex kinematic principles.

Mechanical engineering students gain a deeper understanding and increased moti-
vation to learn about transmission systems when they can physically interact with such
systems [38]. Consequently, incorporating a simple, demonstrative device into the educa-
tional process can further enhance the students’ learning experience. This work details the
design and implementation of a dual cone CVT physical model with dual-mode control
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capabilities. The system integrates manual adjustment with a LabVIEW-based PC inter-
face, providing a versatile tool for educational demonstrations and research prototyping
(Figure 3).

The development of CVT test rigs for educational and research purposes has been
explored through various configurations. Previous work has focused on performance
analysis using customized rigs [39] and the use of LabVIEW for monitoring control signals
in belt-driven systems [40]. Specifically, automated clutch control [41] and the fundamen-
tal mechanics of cone-to-cone (CTC) transmissions [42] have been documented. While
these didactic models [43] provide a foundation for understanding CVT behavior, this
paper contributes a unique dual-mode architecture that allows for a seamless transition
between manual and LabVIEW-based PID speed regulation, specifically optimized for HIL
(Hardware-in-the-Loop) pedagogical applications (see Table 1).

Figure 3. Overview of the proposed dual cone CVT design model—(a) isometric view, (b) side view.

Table 1. Comparison of various CVT test rigs and didactic implementations.

Reference Configuration Control Interface Primary Focus

Srivastava et al. [39] V-Belt CVT Manual/Mechanical Performance analysis
Bieniek et al. [40] Industrial CVT LabVIEW Signal characteristics
Younes et al. [41] Centrifugal Clutch LabVIEW Automation

of engagement
Bertini et al. [42] Cone-to-Cone Mechanical/Experimental Fundamental mechanics

Kushwaha et al. [43] Pedagogical
Model Manual Educational fabrication

This Work Dual Cone CVT Manual + LabVIEW Pedagogical HIL & PID

While several CVT demonstrators are documented in the literature, existing publica-
tions often emphasize theoretical outcomes rather than the granular implementation of
hardware–software interfaces. This paper provides a comprehensive framework for the inte-
gration of dual-mode control (manual and LabVIEW), a technical detail frequently omitted
in broader research articles. The proposed design utilizes a unique cost-effective config-
uration of LabVIEW-based data acquisition and PID regulation, specifically optimized
for pedagogical reproducibility. Consequently, this work serves as a practical reference
for researchers and educators seeking to develop functional, low-cost HIL platforms for
CVT characterization.

2. Design of the Proposed Dual Cone CVT Model

The proposed design is derived from previously referenced studies on cone type CVTs,
specifically influenced by references [27,31,34,35]. The cone geometry is inspired by the
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work of Patil et al. [34], and the mechanism for adjusting the belt position is conceptually
based on ideas presented in [31,35]. The overall system architecture and configuration are
primarily influenced by works [27–30].

The system is mounted on a main base plate equipped with side handles to facilitate
transport (Figures 3 and 4). Main structural crossbars are affixed to this base plate and
support the radial bearings and shafts of the rotating cones. A DC motor with a planetary
gearbox, also mounted on the base plate, transmits rotational motion to the driving cone
via a toothed belt and gear assembly. The driving cone, in turn, transfers torque to the
driven cone through rubber belts. The rotational speeds of both cones are measured using
Hall effect sensors, with twelve embedded neodymium magnets in each cone to ensure
precise detection. The entire structure is assembled using standardized metric bolts and
nuts, ensuring mechanical stability and allowing for straightforward disassembly in the
event of component failure (Figure 3).

A lead screw, positioned between the cones, is driven by a NEMA 17 stepper motor.
A nut attached to a linear slider travels along the lead screw. The slider moves across
the full span between the cones, from one structural crossbar to the other (Figure 4).
Limit switches are installed at both ends to control and restrict the slider’s travel range.
Rubber belts are threaded through an opening in the slider. By moving the slider left or
right, the belt positions on the surfaces of both rotating cones can be adjusted smoothly
and synchronously.

Figure 4. Detailed view of the proposed dual cone CVT design—top view.

3. Device Operation

The device enables the measurement and practical demonstration of continuous (step-
less) variation in the transmission ratio between the driving and driven cones by adjusting
the position of rubber belts (see Figure 2). The entire system can be operated manually
via toggle switches and control elements located on the control panel (see Figures 4–6).
A DC power connector is located on the side of the control panel to supply the system with
power from a 15 V, 4 A power source. Additionally, a USB-C connector is provided for
communication with and programming of the integrated Arduino Nano microcontroller
(Figures 4 and 5). The utilized microcontroller is programmed using the Arduino IDE
programming environment (version 2.3.0).
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Figure 5. Constructed dual cone CVT (left) with control PC (right).

Figure 6. Constructed dual cone CVT—detailed side view.

3.1. Operating Principle

The concurrent variation in the rotational radii of the rubber belts on both cones
(denoted as d and D, Figure 7) is governed by their lateral displacement. This produces an
immediate and continuous adjustment of the transmission ratio, while the constant inter-
cone distance c is maintained by radial bearings and crossbars (Figure 6). The transmission
ratio (TR) can be expressed in terms of the rotational speeds of the drive cone (ω1) and the
driven cone (ω2) as:

TR =
ω2

ω1
=

2v
d

2v
D

=
D
d

, (1)

where ω1 and ω2 are measured in revolutions per minute (RPM). Alternatively, the trans-
mission ratio (TR) may be determined from the effective diameters of the cones beneath
the rubber belts, assuming a constant tangential velocity v of the elements of the belts.
However, because accurately measuring the effective diameters is challenging, TR is in-
stead calculated directly from the rotational speeds, which are measured using Hall-effect
speed sensors.

Considering the construction constraints (cone taper angle, positions of the limit
switches and stepper motor, and slider shape design), the proposed device enables trans-
mission ratio adjustment within the range of 0.60 (low) to 1.55 (overdrive). The slider’s
movement is limited to 125 mm from its initial position on the stepper motor side of the
lead screw (see Figure 4). At present, the slider’s displacement speed is predefined and set
to 4.9 mm/s, determined by the frequency preset of the pulse-width modulation (PWM)
generation pin of the microcontroller. It should be noted, however, that this value may be
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modified in future iterations of the device through the integration of an additional rotary
knob for user adjustment.

The dual cone-and-belt system is designed for a maximum input speed of 2000 RPM at
the DC motor shaft (at a nominal input voltage of 15 V DC under no-load conditions at the
output shaft of the driven cone), which corresponds to a maximum of 450 RPM at the drive
cone following gear reduction via the flat transmission belt (see Figure 6). Consequently,
the maximum output speed of the driven cone reaches 700 RPM in the overdrive gear state.
Under no-load conditions, the system achieves a peak angular acceleration of approximately
75 rad/s². This dynamic performance is primarily governed by the rotational inertia of
the mechanical components and the frictional limits of the cone-and-belt interface. These
performance benchmarks were established through preliminary characterization tests
conducted during the initial system commissioning.

Figure 7. Boundary states of the transmission ratio.

3.2. Manual Control

The first switch from the left (Figure 4) serves as the main power switch, allowing the
user to activate or deactivate the device. The second switch enables the selection of the
control mode, either manual or LV. The third switch determines the DC motor’s rotation
direction (clockwise—CW or counterclockwise—CCW), which, in turn, sets the rotation
direction of the cones. A rotary potentiometer with a control knob is provided to regulate
the power supplied to the DC motor within a range of 0 to 255. As a result, the rotational
speed of the drive cone can be adjusted from 0 to 450 RPM. The final control element is
a three-position switch that controls slider movement—left, right, or stop (neutral center
position). At the end positions, slider travel is programmatically constrained through
inputs from the limit switches.

An LCD display (4 lines × 20 characters) mounted on the control panel (Figure 4)
provides real-time operational data, including the rotational speeds of both cones (in
RPM), the calculated transmission ratio (TR), the cone rotation direction (CW or CCW),
the DC motor RPM setting, and the active operating mode (manual or LV). When the
operating mode is switched to LV, enhanced functionality and control are enabled through
a proprietary application running on the control PC (Figure 5).

Microcontroller Code

The detailed block functionality of the microcontroller code is illustrated in the block
diagram shown in Figure 8. During initialization (function setup() ), the program establishes
serial communication via a universal serial bus (USB) port with the control PC, configures
all input/output pins, sets the presets for the PWM output pin, initializes the LCD display,
and presents the startup screen. At the conclusion of the setup() function, interrupts on the
selected input pins are enabled to measure the rotational speeds of the cones. Within the
interrupt service routines —specialized subprograms executed in response to hardware
events—the input pulses from the Hall effect sensors are counted.
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Figure 8. Block diagram of the microcontroller code.

The main program executes within an infinite loop (function loop()). First, the input
states of the limit switches and all manual control elements on the control panel are read.
Depending on the mode switch setting, the program either continues in manual mode or
processes serial input from the LV application.

In manual mode, the DC motor and stepper motor are controlled according to the
values provided by the control panel inputs. In LV mode, the incoming data string from the
LV application—transmitted via USB serial communication—is programmatically parsed
using comma delimiters into discrete numerical control variables—namely, the DC motor
rotation direction, RPM setpoint, and left/right stepper motor commands—which are
subsequently executed by the actuators. An example of the received control string can be
found in Figure 9 in the DATA Sent box. This example indicates CW rotation (first 0), no
left/right movement of the belts (a combination of 1 and 1), and no movement of the DC
motor (setpoint set to 0 RPM).

Figure 9. LabVIEW application control panel.

Next, the states of the limit switches are continuously monitored, and the stepper
motor is halted if the slider reaches either of the limit positions.

After the control commands for the actuators are executed and the limit switches
are checked, the interrupts for speed measurements are temporarily disabled, and the
rotational speeds of both cones are calculated based on the number of detected pulses and
the elapsed time. Using these values, the transmission ratio is determined, after which
the interrupts are re-enabled. All relevant data—including measured rotational speeds,
panel control states, and limit switch states—are serialized into a comma-separated string
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and transmitted using the USB serial communication protocol to the LV application via the
serial write function. Finally, the real-time operational data is displayed on the device’s
LCD panel. The cycle of the loop() function then repeats.

3.3. LabVIEW Control

In addition to manual operation, the device can be switched to LV mode using the
mode selection switch on the control panel. When connected to a control computer through
a USB programming and communication interface, the LV application (version 2021 SP1)
can be launched (Figure 9). This software application primarily enables direct operation of
individual actuators (DC motor, stepper motor) and provides visualization of sensor data
(limit switches, magnetic speed sensors), as illustrated in Figure 9.

The detailed functionality of the application is illustrated in the block diagram in
Figure 10. At startup, the application initializes the USB serial communication protocol
with the device’s microcontroller (using the virtual instrument software architecture—
VISA) and prepares a comma-separated values (CSV) log file by generating a timestamped
filename and defining column headers. Data exchange with the device (microcontroller)
is conducted via USB serial communication (at the port named COM6). Within the main
while() loop, the program continuously reads byte streams from the USB communication
buffer (using the VISA string read function), which contain serialized and comma-separated
string data transmitted from the microcontroller in the serial write function (as detailed in
the Microcontroller code subsubsection). The received data string, formatted as comma-
separated values, can be monitored in the debug window (Figure 9, DATA Received box).
An example of a formatted data string is represented by the sequence: “175, 420, 0, 0, 1,
0, 1, 1, 250”. In this sequence, the first two variables correspond to the rotational speeds
of the respective cones. The subsequent value indicates the selection of control mode
(0 represents manual mode); the next value indicates the rotation direction of the cones
(0 represents CCW rotation), while the following binary pair (1, 0) denotes the directional
command for belt translation (to the right). The next two values represent the status of
the limit switches (both off), and the final parameter conveys the target RPM setpoint as
defined by the rotary potentiometer on the device’s control panel. This string is parsed
into individual numerical parameters and displayed using LV visualization components
(RPM1, RPM2, CONTROL, Rotation Direction, RPM Output, Left Stop, Right Stop, Left,
Right; see Figure 9). Conversely, setpoints from LV control components (Rotation Direction,
RPM Output, Left, Right; see Figure 9, bottom) are serialized into a comma-separated data
string and transmitted to the device through the VISA string write function and USB serial
communication protocol. All measured and control values are simultaneously stored at the
specified sampling interval (Sample Time) in the CSV file (Figure 9) created at the beginning
of the measurement. When the application is stopped or closed, both the communication
channel and the CSV file are properly terminated (closed).

In the LabVIEW control application, two measurement modes can be selected using the
switch (Figure 10, center; Figure 9, top left). In manual measurement mode, the DC motor
and stepper motor are operated directly through the LV control components. In automatic
measurement mode, the DC motor speed and stepper motor movement are governed
by predefined arbitrary timed functions (RPM1, Right, Left; see Table 2). These timed
functions are specifically designed to enable measurements across the full range of the
device’s transmission ratio. Furthermore, the generated input functions serve as inputs for
the MATLAB-Simulink (version R2023b) model of the device, allowing validation of the
simulation model against the experimental data gathered on the physical model.
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Figure 10. LabVIEW functionality block diagram.

In automatic mode, the rotational speed of the drive cone is regulated by a PID
controller to maintain the RPM setpoint. The controller parameters were tuned using the
heuristic Ziegler–Nichols method, yielding the following constants: P = 0.1, I = 0.1667,
and D = 0.03. The implementation of the PID speed controller is essential, as the movement
of the rubber belts along the cone surfaces introduces non-negligible load variations,
reducing the cone speed by approximately 10 to 15 RPM. To ensure continuous and smooth
adjustment of the transmission ratio during automatic measurements, the PID control
structure was therefore applied.

Table 2. LabVIEW automatic measurement control signals (RPM1, Right, Left).

Time (s) RPM1 Right Signal Left Signal

0 0 0 0
2 0 0 0

10 350 0 0
15 350 1 0
39 350 1 0
49 350 0 −1
73 350 0 −1
78 350 0 0
86 0 0 0
88 0 0 0

4. MATLAB-Simulink Model

A simplified first-order MATLAB-Simulink model (Figure 11) was developed based on
the primary motion characteristics (1) and the experimentally measured motion behavior
of the physical system (see Figure 12). The rotational output speed of the driven cone
(RPM2) is computed from the predefined rotational speed of the drive cone (RPM1) and the
instantaneous transmission ratio. The transmission ratio is defined by the slider position (x),
which is determined from its direction of motion (left to right or right to left, see Figure 4)
and elapsed time, according to experimentally derived lookup curves (Figure 12).
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Figure 11. Simulation model of the CVT created in MATLAB-Simulink.

Figure 12. Slider position (x) functions.

The two functions were obtained by measuring the slider position with a precision
ruler and determining the corresponding transmission ratio as the quotient of the rota-
tional speeds of the two cones (with the drive cone fixed at 350 RPM). The functions and
the resulting graph (Figure 12) indicate that the transmission ratio differs depending on
whether the slider moves from left to right or from right to left (top view—Figure 4). This
asymmetry arises from the slightly larger opening in the slider through which the rubber
belts pass, leading to a minor delay and hysteresis in the transmission ratio response.

The Simulation input commands block (Figure 11) defines the timed control signals for
slider motion (left/right) and the desired drive cone speed (RPM1_val). To validate the
simulation model, identical arbitrary signal inputs from the LV application (automatic
measurement mode) were applied (Table 2). The Position of belts block computes the
slider position based on the timed direction movement inputs. The CVT Model block
then calculates the driven cone speed (RPM2) and the corresponding transmission ratio
(TR) from the slider position (x) and the prescribed drive cone speed (RPM1_val). These
calculations are derived from experimentally obtained functions in Figure 12.

All simulation parameters (time, slider position x, drive cone speed RPM1, driven
cone speed RPM2, and transmission ratio TR) are stored in the MATLAB workspace and
plotted alongside the experimental data obtained from automatic measurements in the
LV application (in CSV format). A comparison of simulation and experimental results is
presented in the Results Comparison section.
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Discussion

To ensure a computationally efficient model suitable for real-time control, the following
first-order modeling assumptions were made:

• Inextensible belt drive: The round connecting belt is considered a longitudinally
rigid member. While belt creep and longitudinal elasticity are present in high-torque
industrial applications, they are considered negligible within the current experimental
envelope (max 500 RPM, no-load conditions).

• Constant friction coefficient: A uniform friction coefficient (μ) is assumed across the
contact interface of the cones. Potential variations due to local heating or surface wear
were omitted, as the short duration of the test cycles prevents significant thermal
gradients.

• Negligible parasitic losses: Energy losses attributed to aerodynamic drag and bearing
rolling resistance were excluded. At the current rotational velocities, these factors
account for less than 2% of the system’s total energy expenditure during transmission
change, thus not compromising the transmission-ratio accuracy.

• Ideal geometry: The contact between the round belt and the cones is simplified
to a mean-radius line contact. This omission of the ’seating’ effect (belt thickness
compensation) is justified by the high correlation between the simulation results and
empirical measurements.

The validity of these simplifications is confirmed by the experimental results, where
the maximum deviation between the model and the physical prototype remains within an
acceptable margin of error for pedagogical and prototype-development frameworks.

5. Results Comparison

Figures 13–15 provide a graphical comparison of the time-dependent courses of the
rotational speeds of the drive and driven cones, along with the corresponding transmission
ratio. Throughout the measurement, the rotational speed of the drive cone was maintained
at a constant value of 350 RPM using the implemented PID control. At both the beginning
and the end of the automatic measurement, the rotational speed was linearly increased
or decreased over a short interval of eight seconds to minimize sharp peaks and abrupt
transitions in the recorded data (Figure 13). The small dips and rises observed in the
rotational speed (Figure 13) during the measurement can be attributed to the action of the
PID controller, which regulated the rotational speed of the DC motor during the stop–start
motion of the slider at its end positions (see Figure 15).

Figure 13. Rotation speed of the drive cone (RPM1).
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Figure 14 illustrates the time-dependent course of the rotational speed of the driven
cone. The figure shows that, at specific intervals (10–15 s, 39–49 s, and 73–78 s), the slider
remained stationary, resulting in a constant rotational speed of the driven cone. These
intervals correspond to the slider being positioned at its end limits, as indicated by the
Right/Left movement signals in Table 1. The slight discrepancies observed between
the simulated and measured rotational speeds can be attributed to dynamic factors not
incorporated into the simplified model; these are discussed in detail in the Discussion
subsection of the previous section. These effects introduced minor, unpredictable slippage,
leading to a small reduction in RPM, which is particularly evident in the middle of Figure 14.

Figure 14. Rotation speed of the driven cone (RPM2).

Figure 15. Transmission ratio change over time (TR).

During the measurements, the slider executed nearly a full stroke from its initial
position to 120 mm and back (Figure 4). This movement produced the expected varia-
tion of the transmission ratio from the low value of 0.6 to the overdrive value of 1.45.
The measured change in the transmission ratio shows strong agreement with the simulated
(calculated) values, as illustrated in Figure 15. This high level of predictive accuracy is
essential for establishing a reliable plant model, which serves as the foundation for imple-
menting advanced control strategies, such as Model Predictive Control (MPC) or robust
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state-estimation frameworks. Furthermore, high-fidelity tracking is indispensable for spe-
cific industrial applications, including: (i) proactive slip detection to ensure component
longevity; (ii) efficiency optimization along the motor’s ideal operating line; and (iii) the
regulation of transient dynamics to enhance drivetrain comfort.

6. Conclusions

In conclusion, the developed rubber belt-driven dual cone continuously variable trans-
mission model successfully demonstrates a stepless variation of transmission ratio and
provides a reliable, robust, and portable platform for hybrid manual and LabVIEW-based
control. The system’s microcontroller-based design offers a flexible architecture that facili-
tates both the straightforward integration of additional software functionalities and the
seamless incorporation of supplementary hardware. The integration of the LabVIEW envi-
ronment facilitates advanced functionalities—including a custom user interface, PID speed
regulation, and automated data acquisition and logging—thereby extending the system’s
utility beyond basic manual demonstration and enabling advanced HIL capabilities.

While this work establishes a robust framework for pedagogical and prototyping
applications, the authors acknowledge certain limitations regarding mechanical optimiza-
tion and comparative benchmarking. Currently, further design optimization, including
rigorous tolerance analysis and belt-mechanism improvements, is ongoing to enhance the
system’s operational efficiency. Furthermore, a direct quantitative benchmarking against
other CVT prototypes was precluded by the absence of standardized performance mark-
ers and granular data in the existing literature. Nevertheless, by providing a detailed
roadmap for low-cost HIL integration, this work establishes the necessary baseline for
future comparative studies. Subsequent research will focus on utilizing this platform to
generate the standardized datasets required for benchmarking advanced control strategies
and mechanical refinements.

The results presented in this study demonstrate that the developed first-order
MATLAB-Simulink model maintains high fidelity with experimental measurements ob-
tained from the physical prototype. Despite the deliberate omission of specific higher order
dynamics—such as belt slippage, bearing-related rotational losses, and simplified contact
geometries—the model’s predictive accuracy is confirmed, establishing its suitability for
further analytical refinement. The behavioral characteristics observed during experimental
validation underscore the necessity of integrating hysteresis and slip-loss modeling in
future iterations to further enhance the system’s precision. Ultimately, these findings sub-
stantiate the platform as a robust experimental framework for investigating CVT behavior,
facilitating educational applications, and serving as a benchmark for subsequent research,
including the characterization of transmission efficiency and torque-load dynamics.

Future revisions of the physical model are expected to incorporate several enhance-
ments: (i) measurement of slider position using a laser time-of-flight (TOF) sensor, (ii) ad-
justable slider movement speed control through both manual operation and the LabVIEW
application, (iii) implementation of incremental encoders to enable more accurate and
reliable cone speed measurements, (iv) implementation of a see-through enclosure for the
entire system to ensure operator safety, and (v) design optimizations of the cone and belt
system to enhance transmission efficiency.
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Abbreviations

The following abbreviations are used in this article:

CSV comma-separated values
CVT continuous variable transmission
DC direct current
HIL hardware-in-loop
IDE integrated development environment
LCD liquid crystal display
LV LabVIEW
PC personal computer
PID proportional, integral, derivative
RPM rotations per minute
USB universal serial bus
VISA virtual instrument software architecture
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