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Preface

This Reprint brings together contributions published in the Special Issue Feature Papers in

Computational Chemistry. The collection reflects the breadth of current computational chemistry,

ranging from quantum chemical and density functional theory studies to molecular modelling,

machine learning, data analysis, and computational tools for chemical research.

The articles included in this Reprint address a diverse set of chemical problems, including ionic

liquid property prediction, molecular docking and covalent binding, quantitative structure-activity

relationships, catalytic copolymerisation, battery-related nanostructures, doped oxide materials,

crystallographic data preparation for solid-state calculations, and mathematical optimisation in

machine learning. These contributions illustrate how computational methods can clarify mechanistic

features, support the interpretation of experimental observations, guide molecular and materials

design, and accelerate the exploration of complex chemical systems.

This Reprint is intended for researchers, students, and practitioners interested in the

development and application of computational methods across chemistry, materials science,

molecular modelling, and related disciplines. We hope that this collection will serve as a useful

reference and stimulate further work at the interface between theoretical concepts, computational

methodology, and practical chemical applications.

Alexander S. Novikov and Felipe Fantuzzi

Guest Editors
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Sequential H2 Adsorption on the Aromatic Li6 Superatom:
Field-Activated Physisorption and Thermodynamic Limits
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Abstract

Understanding the intrinsic Li–H2 interaction, decoupled from substrate effects, is essen-
tial to rationalize the performance of lithium-decorated hydrogen storage materials. To
address the current lack of a clean theoretical baseline, we characterized the sequential H2

adsorption on the gas-phase Li6 superatomic cluster using high-level density functional
theory (DFT), complemented by Energy Decomposition Analysis (EDA), QTAIM, and
NICS(0) calculations. Li6 acts as a structurally rigid platform (RMSD < 0.032 Å) where
ligand-induced polarization progressively strengthens its σ-aromaticity (NICS(0) from
−2.917 to −13.98 ppm) and increases the HOMO–LUMO gap up to 5.05 eV. EDA iden-
tifies the binding as field-activated physisorption, electrostatically dominated (65–67%)
and mechanistically distinct from Kubas coordination, as confirmed by QTAIM closed-
shell interaction parameters. Negative cooperativity governs an effective loading capacity
of n = 2 molecules under cryogenic conditions (Teq = 143.76 and 114.64 K), while an en-
tropic bottleneck renders higher loading non-spontaneous at all temperatures. These
results establish Li6(H2)n as a foundational gas-phase reference, providing a systematic,
contamination-free descriptor set for the intrinsic Li–H2 interaction. This framework is
essential for isolating the electronic role of the lithium superatom and unambiguously
identifying substrate-induced modulations in supported hydrogen storage materials.

Keywords: lithium clusters; superatoms; hydrogen storage; density functional theory;
σ-aromaticity; QTAIM; Energy Decomposition Analysis; Non-nuclear attractors; entropic
bottleneck; field-activated physisorption

1. Introduction

Hydrogen storage in lithium-decorated nanostructured materials is a promising strat-
egy for the sustainable energy economy [1–3]. The Li–H2 interaction governs the ther-
modynamic performance of these systems. Lithium has been widely used as a dopant in
substrates such as graphene, borophene, B2S monolayers, and corannulene [4–7]. However,
existing computational studies analyze lithium clusters on complex surfaces or decorated
molecular frameworks [8–10], which introduce substrate effects (electronic charge transfer
to/from the support), morphological changes (symmetry breaking and coordination geom-
etry changes), and confinement-related effects that prevent unambiguous attribution of the

Computation 2026, 14, 94 https://doi.org/10.3390/computation14040094
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Li–H2 interaction descriptors to the cluster itself. In supported systems, it is impossible
to determine a priori whether the adsorption enthalpy or the charge distribution reflects
intrinsic Li–H2 chemistry or artifacts of the substrate environment. A clean gas-phase
theoretical reference on an isolated, electronically well-characterized cluster is therefore
not merely convenient, but methodologically necessary [4,5,11], to decouple these contribu-
tions and establish transferable descriptors. Any deviation observed in supported systems
can then be unambiguously attributed to substrate-specific modulation rather than to the
intrinsic superatom chemistry. The Li6 cluster is the ideal candidate for this purpose. It
possesses a closed electronic shell, octahedral symmetry, and aromatic superatom character.
Furthermore, Li6 units have been shown to retain stabilizing aromatic motifs in assembled
hydrogen storage materials [9,11–15].

While hydrogen adsorption on alkali-decorated systems has been extensively reported,
existing studies often conflate the intrinsic chemistry of the lithium cluster with artifacts
arising from the support, such as substrate-to-cluster charge transfer or confinement-
induced distortions [16]. A systematic, gas-phase study at a high level of theory is therefore
a methodological necessity to establish the clean limits of Li–H2 coordination. By decou-
pling these effects, this work provides the intrinsic descriptors required to rationalize the
performance of complex decorated materials. This work addresses that gap using density
functional theory (DFT) at the ωB97X-D4rev/def2-TZVPPD level with ωB97X-2 single-
point refinement. We evaluated sequential adsorption in the gas-phase Li6(H2)n system
(n = 1–4) through a multivariate characterization aimed at answering four fundamental
questions: structural stability, electronic identity, interaction mechanism, and thermody-
namic limits. This approach separates intrinsic electronic effects from thermodynamic
constraints and establishes a clean theoretical reference for isolating Li–H2 chemistry from
substrate effects in the design of lithium-decorated hydrogen storage materials.

2. Materials and Methods

2.1. Software

We performed all electronic structure calculations using the ORCA 6.1 package (Max
Planck Institute for Chemical Energy Conversion, Mülheim an der Ruhr, Germany) [17–21]
with tight convergence criteria (TightOpt and TightSCF) and a high-density integration
grid (DefGrid3), including the NICS(0) indices and the Energy Decomposition Analysis
(EDA) within the Ziegler–Rauk scheme. We carried out all wavefunction analyses with
Multiwfn 3.8 (Beijing Tamaoqian Technology Co., Ltd., Beijing, China) [22], including the
Molecular Electrostatic Potential (MESP) and the Quantum Theory of Atoms in Molecules
(QTAIM) topological analysis with bond critical point (BCP) parameters. We developed
in-house Python 3.12 (Python Software Foundation, Wilmington, DE, USA) [23] scripts for
the systematic placement of H2 molecules on the Li6 cluster and for RMSD calculation using
the Kabsch algorithm with atomic permutation [24]. We visualized molecular structures,
isomers, MESP maps, and molecular orbitals with Jmol 14.32.83 (Jmol Development Team,
Northfield, MN, USA) [25], and generated thermodynamic plots with Gnuplot 6.0 (Gnuplot
Development Team, online resource) [26].

2.2. Level of Theory

We performed geometry optimizations and vibrational frequency analyses using
the range-separated hybrid functional ωB97X-D4rev [27,28]. This functional belongs to
the fourth rung of Jacob’s Ladder and incorporates long-range corrections and fourth-
generation dispersion (D4), both critical for describing physisorption in lithium clusters.
We combined it with the triple-zeta basis set def2–TZVPPD [29,30], whose diffuse functions
(PD suffix) are required to capture the polarizability of H2 molecules under the superatom

https://doi.org/10.3390/computation140400942
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electric field and to describe the interstitial electron density at Non-Nuclear Attractors
(NNAs). This level of theory overcomes the known limitations of pure GGA functionals
such as PBE, which inadequately describe van der Waals forces and suffer from self-
interaction errors. The single-reference character of the systems was verified via CCSD(T)
calculations, yielding T1 diagnostic values below 0.011 for both the bare cluster and the
representative Li6(H2)1 complex.

To achieve chemical accuracy, we refined electronic energies via single-point calcula-
tions using the double-hybrid functional ωB97X-2-D3BJ [31–33], which belongs to the fifth
rung of Jacob’s Ladder and incorporates an MP2 correlation contribution. Its performance
on the GMTKN55 benchmark database [34] yields a mean absolute error of ~0.5 kcal/mol
for non-covalent interactions, surpassing canonical MP2 and approaching CCSD(T) quality
at a fraction of the computational cost. This level of theory has been specifically validated
for weakly bound complexes involving light metals and H2, where double-hybrid func-
tionals with dispersion corrections consistently reproduce CCSD(T) interaction energies
within ~0.3 kcal/mol [31,34]. This combination is therefore appropriate for the sequential
adsorption energies in the −2 kcal/mol regime studied here, where basis set truncation
errors are further controlled by the Counterpoise correction. We note that all reported
vibrational frequencies are harmonic; the known overestimation of H–H stretching fre-
quencies at this level (~6–7% relative to the experimental fundamental of 4161 cm−1) does
not affect the relative trends in redshift across the series, which constitute the physically
relevant quantity for mechanistic assignment. Raw energies and correction components
are provided in Tables S3–S5.

2.3. Potential Energy Surface (PES) Sampling

We based the initial geometry of the Li6 cluster (neutral, singlet state) on literature-
reported parameters [35]: D4h symmetry (compressed octahedral geometry, with four
equatorial and two axial lithium atoms), with interatomic distances r(Li–Li)eq ≈ 2.98 Å and
r(Li–Li)ax–eq ≈ 3.04 Å. To locate the low-lying isomers of the Li6(H2)n complexes (n = 1–4),
we implemented an exhaustive search protocol using in-house Python scripts, generating
over 200 initial structures through three complementary strategies: symmetry-adapted
combinatorial sampling, stochastic sampling, and redundancy filtering.

Symmetry-adapted combinatorial sampling: We systematically placed H2 molecules
at high-symmetry sites of the compressed octahedral (D4h) core: vertex (atop), edge-
center (bridge), and face-center (hollow) positions. We generated all possible occupancy
combinations for each coverage n.

Stochastic sampling: We randomly distributed H2 molecules at varying orientations
and distances (2.0 to 5.0 Å) around the cluster to locate non-intuitive local minima.

Redundancy filtering: We screened all optimized structures through an RMSD analysis
based on the Kabsch algorithm to discard redundant isomers.

We performed vibrational frequency calculations within the harmonic approximation
to confirm the nature of the local minima and to derive thermodynamic corrections. Al-
though we acknowledge that the harmonic approximation systematically overestimates
H–H stretching frequencies by approximately 6–7% relative to experimental values, we
found that the resulting redshifts (Δν) are consistent across the series and serve as a reliable
descriptor for assigning the physisorption mechanism.

2.4. Energy Analysis

We construct the total adsorption energy (ΔEads,Total) additively from four contri-
butions, each designed to isolate a distinct physical phenomenon. First, we obtain the

https://doi.org/10.3390/computation140400943
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zero-point energy correction as the difference between the ZPE of the complex and those of
the isolated fragments:

ΔZPE = ZPEcomplex − ∑ZPEisolated, (1)

while we correct the basis set superposition error (BSSE) using the Counterpoise method:

δCP = ∑(Efrag,dist − Efrag,ghost). (2)

The interaction energy (Eint) quantifies the pure electronic attraction between fragments at
the distorted geometry they adopt within the complex, excluding the cost of such distortion:

Eint = Ecomplex − (ELi6,dist + EnH2,dist). (3)

We capture this geometric cost through the deformation energy (Edef), which represents the
energetic penalty required to bring each fragment from its isolated equilibrium geometry
to the geometry it adopts in the complex:

Edef = (ELi6,dist − ELi6,isolated) + (EnH2,dist − EnH2,isolated). (4)

Finally, we integrate all four contributions into the total adsorption energy:

ΔEads,Total = Eint + Edef + δCP + ΔZPE. (5)

2.5. Thermodynamic Analysis

We computed standard thermochemical properties within the Rigid Rotor-Harmonic
Oscillator (RRHO) approximation at 298.15 K and 1 atm. We construct the internal energy
of adsorption (ΔU) from four contributions:

ΔU = Eint + Edef + δCP + ΔZPE, (6)

where Eint is the interaction energy between the cluster and the ligands, Edef is the geometric
deformation energy of the fragments upon complexation, δCP is the Counterpoise BSSE
correction, and ΔZPE is the zero-point energy difference. The internal energy of adsorption
(ΔU) is numerically equivalent to ΔEads,Total defined in Equation (5), but is recast here
within the thermodynamic state function formalism as the foundation for deriving ΔH,
TΔS, and ΔG:

ΔH = ΔU + ΔnRT, (7)

TΔS = T(Scomplex − ∑SisolatedFragments), (8)

ΔG = ΔH − TΔS, (9)

where Δn is the change in the number of gas-phase molecules (negative for adsorption),
R is the universal gas constant, and T = 298.15 K. The TΔS term quantifies the loss of
translational and rotational degrees of freedom of the H2 molecules upon binding, and
ΔG determines the spontaneity of the process: positive values indicate non-spontaneous
adsorption under the reference conditions.

To compare isomers and identify the global minimum (GM), we calculated the relative
free energy and the corresponding Boltzmann population:

ΔΔG = ΔGisomer − ΔGGM, (10)

https://doi.org/10.3390/computation140400944
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Pi = (exp(−ΔGi/(RT))/∑j exp(−ΔGj/(RT)))100. (11)

To decouple the contribution of each individual ligand and determine the saturation
limits, we extended the analysis to sequential thermodynamic parameters (ΔXseq), where
X represents any thermodynamic property. We calculated the sequential change upon
adsorption of the n-th molecule as

ΔXseq(n) = ΔXcum(n) − ΔXcum(n − 1), (12)

where ΔXcum denotes the cumulative value for the complex with n ligands. We modeled the
temperature dependence of spontaneity using the Gibbs–Helmholtz equation, assuming
ΔH and ΔS remain constant over the temperature range studied:

ΔG(T) = ΔHseq − TΔSseq. (13)

From this relation, we defined the equilibrium (crossover) temperature Teq as the threshold
at which the process transitions from endergonic to exergonic (ΔG = 0):

Teq = ΔHseq/ΔSseq. (14)

This protocol allows us not only to identify the structural saturation ceiling of the system,
but also to define the thermodynamic operational window (temperature and pressure)
required for spontaneous loading of the superatom.

2.6. Topological, Magnetic, and Electronic Characterization

We quantified the geometric distortion of the Li6 cluster upon complexation through
the RMSD of interatomic distances, computed using the Kabsch algorithm. We evaluated
magnetic aromaticity via NICS(0) indices calculated at the geometric center of the cluster.
In lithium superatoms, NICS(0) probes the magnetic response of the collective interstitial
electron density generated by four Non-Nuclear Attractors (NNAs) located at the centers
of four of the eight lateral triangular faces of the compressed octahedral D4h core (one
NNA per unique symmetry-equivalent set of faces under D4h, positioned at the four faces
sharing the equatorial plane). The geometric center of the cluster lies at the centroid of
these four NNAs and constitutes a direct descriptor of the superatom shell stability, in
contrast to planar organic systems where its interpretation differs substantially.

We performed all wavefunction analyses with Multiwfn using the electron density
obtained at the ωB97X-D4rev/def2-TZVPPD level. We carried out three analyses. First,
we performed QTAIM topological analysis, from which we extracted the bond critical
points (BCPs) of the Li· · ·H interactions, together with the electron density ρ(r) and its
Laplacian ∇2ρ(r) at each BCP. Second, we performed Bader charge partitioning to obtain
atomic charges and volumes. Third, we derived global reactivity descriptors (conceptual
DFT, c–DFT) from the HOMO and LUMO orbital energies. We also computed Pearson
correlation coefficients using an in-house Python script to quantify the linear relationships
between energy components and structural descriptors of the system.

3. Results

3.1. Structural Stability and Superatom Identity

We identified the global minima (GM) through an exhaustive potential energy surface
(PES) sampling of over 200 structures. As shown in Table S6, the Boltzmann populations
for these GMs exceed 71% in all cases, reaching nearly 100% for the most stable complexes.

https://doi.org/10.3390/computation140400945
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Detailed energetic comparisons and geometries for all 20+ competitive isomers are available
in Tables S1–S6 and Figure S1 of the Supplementary Material.

Across all complexes, the Li6 cluster (Figure 1) preserves D4h symmetry with min-
imal variations in Li–Li interatomic distances, reflected in RMSD values below 0.032 Å
(Tables 1 and S7). In contrast, higher-energy isomers exhibit more severe structural distor-
tions (Table S7). We analyzed the redshift of the vibrational frequencies of the adsorbed H2

molecules (Table S9) and found that activated molecules reduce their stretching frequency
to 4219 cm−1, compared to 4439.86 cm−1 for free H2 calculated at the same level of theory,
corresponding to a shift of Δν ≈ −221 cm−1 for the most activated complex; the full series
spans Δν = −183 to −221 cm−1 (Table 2).

Figure 1. Optimized geometries of the Li6(H2)n global minima. (a) n = 1, (b) n = 2, (c) n = 3 and
(d) n = 4. Coordination distances dLi–H are reported in Å. Purple and gray spheres represent lithium
and hydrogen atoms, respectively. Detailed data for competitive isomers are provided in Tables
S1–S6 and Figure S1 of the Supplementary Material.

Table 1. Electronic, structural, and magnetic descriptors of the Li6(H2)n global minima.

System (GM)
1 NICS(0)

(ppm)

2 Gap
(eV)

3 RMSD

Li6 −2.92 4.60 0.0000
Li6(H2)1 −10.74 4.89 0.0315
Li6(H2)2 −13.98 5.04 0.0178
Li6(H2)3 −13.85 5.04 0.0179
Li6(H2)4 −13.70 5.05 0.0232

1 Nucleus-Independent Chemical Shift. 2 HOMO–LUMO Energy Gap. 3 Root-Mean-Square Deviation.

https://doi.org/10.3390/computation140400946
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Table 2. Adsorption descriptors for Li6(H2)n global minima.

System
(GM)

1 ΔGads

(kcal/mol)

2 ΔEseq

(kcal/mol)

3 dLi–H

(Å)

4 νH–H

(cm−1)
Status

Li6(H2)1 3.05 −2.25 1.99 4219 Favorable
Li6(H2)2 6.94 −1.85 2.01 4244, 4246 Favorable
Li6(H2)3 12.02 +0.32 2.59 4247, 4250 Saturated
Li6(H2)4 16.28 +0.06 2.91 4252, 4257 Saturated

1 Gibbs free energies of adsorption. 2 Sequential adsorption energies; this represents the sequential adsorption
energy including ZPE, BSSE, and deformation corrections, excluding the thermal enthalpy correction ΔnRT.
3 Coordination distance. 4 Vibrational frequencies.

The electronic identity of the superatom remains stable throughout the series, as
confirmed by the minimal variation in the Non-Nuclear Attractor (NNA) properties and
their correlation with the NICS indices (Table S15). The HOMO–LUMO gap increases
from 4.60 eV in the bare cluster to 4.89–5.05 eV across the complexes (Table 1), indicating
progressive electronic stabilization upon ligand loading. We confirmed the presence of four
NNAs distributed across the lateral triangular faces of the compressed octahedral (D4h)
core (Table S12), each carrying a negative charge of approximately −1.07 e and having
volumes close to 212 Bohr3, an intrinsic feature of the superatom shell model. The NICS(0)
indices range from −10.74 to −13.98 ppm across the global minima (Tables 1 and S9),
representing a substantial enhancement relative to the bare Li6 cluster (−2.917 ppm) and
confirming that σ-aromaticity is progressively reinforced upon hydrogen coordination.

To quantify the structural determinants of adsorption stability across the series, we
performed a Pearson correlation analysis to identify the physical variables governing the
stability of the system (Table S14). We found a very strong positive correlation (r = 0.98)
between the total adsorption energy (ΔEads,Total, defined in Section 2.4) and the mean Li–Li
distance (rLi–Li), indicating that metallic core expansion is a necessary structural response
to stabilize ligand loading. The electronic interaction energy (Eint) also shows a strong
dependence on this core expansion (r = 0.95). We found a moderate inverse correlation
(r = −0.69) between ΔEads,Total and the H–H bond distance (rH–H), indicating that greater
H–H bond weakening corresponds to a stronger interaction with the superatom. The
RMSD parameter shows a correlation of 0.48 with the total adsorption energy, confirming
that structural distortions, although minimal, are coupled to the energetic stabilization of
the system.

3.2. Thermodynamics and Saturation Limits

We report the cumulative enthalpy (ΔH), entropy (−TΔS), and Gibbs free energy (ΔG)
contributions at 298.15 K for the Li6(H2)n series (n = 1–4) in Figure 2 and Table 2. In all
cases, the entropic term outweighs the enthalpic stabilization, yielding positive ΔG values
that increase monotonically along the series, ranging from 3.05 to 16.28 kcal/mol.

To decouple the contribution of each individual ligand, we analyzed the sequen-
tial thermodynamic parameters (ΔHseq, ΔSseq) and the equilibrium (crossover) tem-
perature (Teq), detailed in Table 3. The first two adsorption steps are exothermic:
ΔHseq = −2.84 kcal/mol (0 → 1) and −2.43 kcal/mol (1 → 2). From the third step on-
ward (2 → 3), the process becomes endothermic (ΔHseq = +0.46 kcal/mol), marking the
onset of saturation driven by electrostatic and steric repulsions.

https://doi.org/10.3390/computation140400947
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Figure 2. Variation of the enthalpic (ΔHads), entropic (−TΔSads), and Gibbs free energy (ΔGads)
contributions at 298.15 K and 1 atm as a function of hydrogen loading. The positive ΔGads values
across the entire range highlight an entropic bottleneck, where the substantial loss of translational
and rotational degrees of freedom outweighs the electronic stabilization, preventing spontaneous
adsorption at standard temperature.

Table 3. Sequential thermodynamics of H2 adsorption on Li6.

Step
1 ΔHseq

(kcal/mol)

2 ΔSseq

(cal/mol·K)

3 ΔG298K,seq

(kcal/mol)

4 Teq

(K)

0 → 1 −2.84 −19.76 3.05 143.76
1 → 2 −2.43 −21.20 3.89 114.64
2 → 3 0.46 −15.50 5.08 N/A
3 → 4 0.45 −12.78 4.26 N/A

1 Sequential enthalpy. 2 Sequential entropy. 3 Sequential Gibbs free energy. 4 Equilibrium temperature; this
defines the thermodynamic threshold for spontaneity for each adsorption step.

Figure 3 illustrates the temperature dependence of ΔG. Spontaneous adsorption
(ΔG < 0) is only achievable under cryogenic conditions. We identified crossover tem-
peratures of Teq = 143.76 K for the first step and Teq = 114.64 K for the second; below these
thresholds, the system enters the spontaneous regime, as shown by the zero-crossings
in Figure 3. Steps n = 3 and n = 4 exhibit no defined Teq and remain endergonic at all
temperatures studied, due to the combination of an unfavorable adsorption enthalpy and a
persistent entropic penalty. These results confirm that the effective thermodynamic loading
capacity of Li6 is restricted to n = 2 molecules.
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Figure 3. Temperature dependence of the sequential Gibbs free energy (ΔGseq) for H2 adsorption on
the Li6 cluster. The intersection of each loading step (n = 1–4) with the dashed line (ΔG = 0) defines
the equilibrium temperature (Teq), marking the transition to spontaneous adsorption. Spontaneity is
achieved exclusively in the cryogenic regime for the first (T < 143.76 K) and second (T < 114.64 K)
adsorption steps. For n ≥ 3, the process remains endergonic (ΔG > 0) across the entire temperature
range studied, primarily due to positive enthalpic contributions and the persistent entropic penalty.
These results highlight the thermodynamic window required for effective loading and confirm that
the structural ceiling of n = 4 is not accessible through spontaneous physisorption under standard or
moderate cryogenic conditions.

3.3. Nature of the Interaction: Field-Activated Physisorption

We analyzed the physical nature of the binding interaction using the Ziegler–Rauk
EDA scheme (Table 4; complete data for all isomers in Table S10), in which the exchange–
correlation term (EXC) is reported separately from the orbital term (Eorb), rather than
being subsumed into it as in the classical formulation. For the n = 1 global mini-
mum, the total interaction energy is Eint = −4.35 kcal/mol. The dominant attractive
contribution is electrostatic (Eelstat = −9.34 kcal/mol), followed by the orbital term
(Eorb = −4.03 kcal/mol), the exchange–correlation contribution (EXC = −3.91 kcal/mol),
and dispersion (Edisp = −1.03 kcal/mol). Pauli repulsion contributes a destabilizing term
of +13.96 kcal/mol. Across all complexes, the Eelstat/Eorb ratio exceeds 2.0, confirming the
predominantly electrostatic character of the interaction. The preparation energy (Eprep)
remains minimal throughout the series, ranging from 0.12 to 0.51 kcal/mol (Table 4), repre-
senting the minor energetic penalty required to deform the fragments and confirming the
structural rigidity of the metallic platform. Note that ΔEads,Total (Equation (5)) incorporates
thermal and basis set corrections that are not part of the standard Ebind reported in EDA
schemes. This distinction is crucial to differentiate between purely electronic coordination
and effective thermodynamic adsorption.
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Table 4. Energy Decomposition Analysis (EDA) and binding energy for the Li6(H2)n global minima.
All values are reported in kcal/mol. Calculations were performed using the Ziegler–Rauk scheme.

System
(GM)

1 Eint
2 Eprep

3 Ebind
4 Eelstat

5 EPauli
6 Eorb

7 Edisp
8 EXC

Li6(H2)1 −4.35 0.12 −4.23 −9.34 13.96 −4.03 −1.03 −3.91
Li6(H2)2 −7.95 0.31 −7.65 −17.06 25.25 −7.24 −1.72 −7.19
Li6(H2)3 −8.34 0.44 −7.90 −18.81 27.87 −7.54 −1.98 −7.88
Li6(H2)4 −8.62 0.51 −8.10 −20.01 29.62 −7.68 −2.16 −8.38

1 Total interaction energy (Eelstat + EPauli + Eorb + EXC + Edisp). 2 Preparation (deformation) energy. 3 Binding
energy (Eint + Eprep). 4 Electrostatic energy. 5 Pauli repulsion. 6 Orbital energy. 7 Dispersion energy. 8 Exchange–
correlation energy.

The QTAIM topological parameters at the bond critical points (BCPs) are presented
in Table 5 (extended comparison in Table S11). The electron density ρ(r) at the Li· · ·H
interactions ranges from 0.0122 to 0.0131 a.u. The Laplacian ∇2ρ(r) is positive in all cases,
with values between 0.0761 and 0.0827 a.u., characteristic of closed-shell interactions. For
n = 3 and n = 4, we detected a slight increase in the electron density at the BCPs associated
with H2 molecules in the first coordination sphere.

Table 5. Topological properties of the electron density (ρ(r)) and its Laplacian (∇2ρ(r)) at the Li· · ·H
bond critical points (BCPs) for the Li6(H2)n global minima. All parameters are reported in atomic
units (a.u.).

System (GM) Interaction Type ρ(r) ∇2ρ(r) Characterization

Li6(H2)1 Li–H (Single) 0.0130 0.0821 Physisorption
Li6(H2)2 Li–H (Symmetric) 0.0122 0.0767 Physisorption
Li6(H2)3 Li–H (Relaxed) 0.0127 0.0765 Physisorption

Li–H (Compressed) 0.0131 0.0827 Steric Confinement
Li6(H2)4 Li–H (Relaxed) 0.0125 0.0761 Physisorption

Li–H (Compressed) 0.0130 0.0818 Steric Confinement

3.4. Electronic Characterization

We calculated Bader charges for all global minima (Table 6). The net charge transfer
from the cluster to the H2 molecules is small but differentiated across all complexes.
Activated molecules carry negative charges between −0.074 and −0.063 e, while spectator
molecules show a significantly smaller charge transfer (−0.015 to −0.014 e).

Table 6. QTAIM charge analysis for Li6(H2)n global minima.

System (GM) 1 Q(Li6) (e) 2 Q(H2)act (e) 3 Q(H2)spec (e) 4 ΔQ (e)

Li6(H2)1 +0.074 −0.074 — +0.074
Li6(H2)2 +0.134 −0.067 — +0.134
Li6(H2)3 +0.145 −0.065 −0.015 +0.145
Li6(H2)4 +0.154 −0.063 −0.014 +0.154

1 Total charge of the lithium core (including NNAs). 2 Average charges of activated. 3 Spectator hydrogen
molecules. 4 Net charge transferred from the Li6 core to the adsorbed H2 molecules.

We identified Non-Nuclear Attractors (NNAs) at the center of the octahedral void
of Li6 (Tables S12 and S15). These NNAs concentrate a negative charge of approximately
−1.07 e for n = 1, which decreases slightly to −1.04 e for n = 4. Their volumes range between
210 and 212 Bohr3 and remain virtually constant throughout the series. This simultaneous
stability of the interstitial charge and the NNA volume confirms the closed-shell nature of
the cluster and supports the superatom model.
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The Molecular Electrostatic Potential (MESP) maps corroborate this charge distribution
(Figure 4). The lithium nuclei act as the predominant electrophilic regions of the system.
We detected moderate inductive polarization of the H–H bond exclusively at the primary
adsorption sites.

Figure 4. Molecular Electrostatic Potential (MESP) maps for the Li6(H2)n complexes. (a) n = 1,
(b) n = 2, (c) n = 3 and (d) n = 4. The potential is mapped onto the total electron density isosurface
(0.001 a.u.). The color scale ranges from −0.02 a.u. (red, nucleophilic) to +0.02 a.u. (blue, electrophilic).
These maps identify the Li nuclei as the primary electrophilic sites and visualize the inductive
polarization of the H2 molecules. Panels (c,d) highlight the attenuated interaction of spectator H2

units at larger coordination distances, consistent with the Bader charge transfer values reported in
Table 6.

We analyzed the spatial distribution of the frontier molecular orbitals (FMOs) in
Figures 5 and 6, as well as their energetic evolution in the orbital energy level diagram in
Figure 7. The HOMO is localized exclusively on the metallic core throughout the series.
The LUMO incorporates contributions from the σ* antibonding orbitals of the coordinated
H2 molecules. From these orbital energies, we derived the global reactivity descriptors
(conceptual DFT, c–DFT) (Tables 7 and S13) following the frontier molecular orbital frame-
work for describing chemical reactivity [36]. Although absolute orbital eigenvalues are
sensitive to the functional choice, the range-separated ωB97X-D4rev functional ensures a
consistent description of the HOMO–LUMO gap and its relative trends across the series.
The chemical hardness (η) and electronegativity (χ) show minimal variation relative to
the isolated cluster. The chemical potential (μ) and electrophilicity index (ω) converge as
ligand loading increases.
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Figure 5. Spatial distribution of the frontier molecular orbitals (FMOs) for the Li6(H2)1 and Li6(H2)2 global
minima: (a) Li6(H2)1 HOMO, (b) Li6(H2)1 LUMO, (c) Li6(H2)2 HOMO, and (d) Li6(H2)2 LUMO. Red and
blue lobes represent the positive and negative phases of the wavefunction, respectively, generated at an
isovalue of 0.02 e/bohr3. The HOMO remains predominantly localized on the Li6 metallic core, while the
LUMO exhibits electronic participation from the H2 antibonding orbitals, facilitating inductive polarization.

Figure 6. Spatial distribution of the FMOs for the Li6(H2)3 and Li6(H2)4 global minima: (a) Li6(H2)3

HOMO, (b) Li6(H2)3 LUMO, (c) Li6(H2)4 HOMO, and (d) Li6(H2)4 LUMO. The persistent localization of
the HOMO on the lithium core reflects its electronic stability as a superatom even at the saturation limit.
The relative stabilization of the HOMO–LUMO gap and chemical hardness (η) reported in Tables 1 and 6
correlates with the inability of the LUMO to effectively coordinate spectator H2 units at larger distances.

https://doi.org/10.3390/computation1404009412
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Figure 7. Frontier molecular orbital (FMO) energy level diagram for the isolated H2 and Li6 fragments
and the Li6(H2)n (n = 1–4) global minima. Energy levels are reported in eV. Red and blue bars
represent the Highest Occupied Molecular Orbital (HOMO) and the Lowest Unoccupied Molecular
Orbital (LUMO), respectively.

Table 7. Global reactivity descriptors for the Li6(H2)n global minima. All parameters are reported
in eV.

System (GM) 1 μ 2 η 3 χ 4 ω

Li6 −2.61 2.30 2.61 1.48
Li6(H2)1 −2.46 2.44 2.46 1.24
Li6(H2)2 −2.39 2.52 2.39 1.13
Li6(H2)3 −2.38 2.52 2.38 1.13
Li6(H2)4 −2.38 2.53 2.38 1.12

1 Electronic chemical potential. 2 Chemical hardness. 3 Electronegativity. 4 Electrophilicity index.

4. Discussion

4.1. Aromatic Superatom

Our results demonstrate that the Li6 cluster functions as a structurally rigid platform,
whose stability under ligand loading is confirmed by the preservation of D4h symmetry and
RMSD values below 0.032 Å (Table 1). We attribute this robustness to its intrinsic superatom
character, whereby the four Non-Nuclear Attractors (NNAs) distributed across the lateral
triangular faces of the compressed octahedral (D4h) core act collectively as an electronic
anchor that cohesively holds the metallic core against external perturbations, minimizing
geometric deformation. A key finding is the near-perfect correlation (r = 0.98) between the
adsorption energy and the Li–Li distance; the metallic core undergoes minimal expansion
to optimize the interaction without compromising its octahedral topology. This resistance
to perturbation is further reflected in the progressive increase in the HOMO–LUMO gap
from 4.60 eV in bare Li6 to ≈5.0 eV upon full loading (Table 1), Notably, starting from n = 2,
the LUMO energy shifts into the positive regime (unbound), as shown in Table S13. This
transition is physically consistent with the cluster’s high electronic hardness (η) and its
character as a stable, closed-shell species that does not favor further electronic perturbation,
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confirming that hydrogen coordination reinforces rather than compromises the electronic
stability of the cluster.

The integrity of the system is ensured by the ligand-induced strengthening of σ-
aromaticity from −2.917 ppm in bare Li6 to ≈−13.8 ppm under hydrogen loading, which
acts as an “electronic glue” that minimizes deformation under external repulsions. This sta-
bility is a direct consequence of the superatom shell model: each NNA carries a substantial
negative charge (≈−1.07 e) that remains nearly constant up to n = 4, with associated vol-
umes ranging from 210 to 212 Bohr3 without significant variation despite increasing ligand
loading (Tables S12 and S15), reinforcing their collective role as a stabilizing charge anchor.

By residing at the centroid of these four NNAs, the NICS(0) magnetic index probes
the collective interstitial electron density and remains free from the local contamination
typical of σ covalent bonds. The persistence of strong σ-aromaticity is therefore not a
computational artifact but is intrinsically tied to the stability of this collective interstitial
density. The parallel evolution of these descriptors (Table S15) confirms that the Li6 core acts
as an unaltered electronic anchor even under forced saturation regimes, thus supporting
the concept of “NNA-supported aromaticity” that allows Li6 to retain its electronic identity
up to n = 4.

The isomeric distribution (Table S6) reveals a coverage-dependent behavior. For n = 1,
the global minimum dominates with a Boltzmann population of 97.78%, consistent with
a structurally pure species. However, for n = 2, the global minimum population drops to
71.2%, with three isomers competing with significant populations. For n = 3 and n = 4,
the distribution broadens further, with global minimum populations of 42.8% and 31.12%,
respectively. This progressive isomeric dispersion is consistent with the saturation regime
identified in Section 3.2 and provides independent reinforcement of the effective ther-
modynamic loading limit at n = 2. Despite this broadening distribution, the descriptors
obtained (HOMO–LUMO gap, NNA charge, NICS indices, and EDA components) con-
stitute a contamination-free reference set that can be directly employed to assess how a
given substrate modulates the adsorption capacity of the Li6 motif in assembled materi-
als. Deviations observed in supported systems can thus be unambiguously attributed to
substrate-specific modulation rather than to the intrinsic superatom chemistry.

4.2. Nature of the Interaction

We interpret the binding in the Li6(H2)n complexes as field-activated physisorp-
tion (consistent with the ion-quadrupole polarization-enhanced mechanism described
by Lochan and Head-Gordon [37]) and rule out the formation of Kubas-type complexes.
Our multi-physics evidence supports this assignment through three independent criteria:
vibrational, energetic, and topological criteria.

We observe a redshift of Δν ≈ −221 cm−1 and an H–H bond elongation of only
0.014 Å (Table 2). For context, classical Kubas complexes of transition metals such as
W(CO)3(PR3)2(H2) exhibit νH–H frequencies in the range of 2600–3100 cm−1, correspond-
ing to redshifts of 1000–1500 cm−1 relative to free H2 (~4161 cm−1) [38,39]. In contrast,
Lochan and Head-Gordon report that Li+-doped light metal systems show typical shifts
of only 130–160 cm−1 [37,40], a range with which our value of Δν ≈ −221 cm−1 is fully
consistent. This behavior is characteristic of ion-quadrupole polarization-enhanced ph-
ysisorption, lacking the d → σ back-donation required to form a Kubas-type σ-complex.
The molecular integrity of H2 is preserved nearly intact, favoring desorption without
significant kinetic barriers.

The Ziegler–Rauk EDA scheme confirms that the stabilization is predominantly elec-
trostatic, contributing between 65% and 67% of the primary attractive interaction (Eelstat,
Eorb, Edisp); percentages are computed over these three physically interpretable terms, with
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EXC reported separately as it represents the non-classical exchange–correlation correction
of the hybrid functional rather than a classical interaction force [41], while the orbital
component accounts for a secondary fraction of the stabilization (Table 4). The electric field
generated by the superatom polarizes the H2 molecules, but charge transfer is insufficient
to establish a strong and stable three-center Li· · ·H· · ·H coordinative bond.

We find a positive Laplacian (∇2ρ > 0) and low electron densities (ρ≈ 0.013 a.u.) at the
Li· · ·H bond critical points (Table 5). These values are diagnostic of closed-shell interactions
and exclude the formation of covalent or strongly coordinative bonds. Bader charge analysis
(Table 6) further confirms the non-covalent nature of the interaction: charge transfer toward
H2 is minimal, preventing the formation of stable hydrides and ensuring full process
reversibility. The small dispersion contribution (Edisp = −1.03 kcal/mol, Table 4) indicates
that storage does not rely on long-range van der Waals forces, but on a direct electrostatic
response. The MESP maps (Figure 4) support this field-activated physisorption model.

4.3. The Entropic Bottleneck

The thermodynamics of the Li6(H2)n system is governed by the competition between
electronic stabilization and the loss of translational and rotational degrees of freedom.
At 298.15 K, the −TΔS term consistently outweighs the enthalpic stabilization, yielding
positive ΔG values that increase along the series (3.05 to 16.28 kcal/mol). Spontaneous
adsorption under standard conditions is therefore thermodynamically unfeasible. Never-
theless, the equilibrium (crossover) temperature analysis (Teq) allows us to precisely define
the operational window of the system.

For the first two adsorption steps, the transition to the spontaneous regime (ΔG < 0)
occurs under cryogenic conditions, with Teq = 143.76 K for n = 1 and Teq = 114.64 K for n = 2.
While we recognize that the RRHO scheme tends to overestimate the entropic penalty in
weakly bound systems by treating hindered translational and rotational modes as harmonic
vibrations, we estimate that applying quasi-RRHO corrections would shift these Teq values
upward by only 20–40 K. Since this adjustment does not alter our fundamental conclusion
that spontaneous loading is restricted to the cryogenic regime (<200 K), we consider the
RRHO results to be a robust upper bound that is physically representative of the system’s
thermodynamic limits. For n ≥ 3, no defined Teq exists: the endothermic character of the
sequential adsorption (ΔHseq > 0), combined with a persistent entropic penalty, keeps ΔG
positive at all temperatures studied.

This effective loading limit at n = 2 has a structural origin: saturation of the first
coordination sphere and the electrostatic repulsion generated by the high charge density at
the central NNAs confine additional H2 molecules to peripheral, energetically unfavorable
positions. As a result, the lower symmetry observed for n = 4 is a direct consequence
of this “forced saturation state,” where inter-ligand repulsions prevent the adoption of
higher-symmetry configurations. It is important to distinguish that the structural ceiling at
n = 4 represents a forced saturation state only, not spontaneously accessible under either
standard or moderately cryogenic conditions.

That said, the cryogenic window defined by Teq = 143.76 K and 114.64 K falls within a
physically accessible temperature range, providing a quantitative thermodynamic reference
rather than a practical storage prescription. In this context, Li6 should not be regarded as
a failed adsorbent, but as a well-characterized reversible physisorption platform whose
operational window serves as a gas-phase theoretical reference: future Li6-decorated
materials in which the substrate favorably modulates the adsorption enthalpy could shift
this window toward more practical temperatures.
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5. Conclusions

Structural Stability: The Li6 cluster acts as a rigid, non-fluxional platform (RMSD < 0.032 Å)
throughout the adsorption series. The superatom shell model maintains geometric integrity,
consistent with reversible adsorption–desorption cycles without symmetry breaking for
n ≤ 2.

Electronic Identity: Ligand loading strengthens the metallic σ-aromaticity, with
NICS(0) values shifting from −2.917 ppm to a range of −10.74 to −13.98 ppm. This is
accompanied by an increased HOMO–LUMO gap (up to 5.05 eV) and enhanced interstitial
electron delocalization.

Interaction Mechanism: Energy Decomposition Analysis (EDA) identifies the bind-
ing as field-activated physisorption, dominated by electrostatic contributions (65–67%).
Kubas-type coordination is excluded based on moderate vibrational redshifts (Δv ≈ −183
to −221 cm−1) and QTAIM parameters diagnostic of closed-shell interactions (∇2ρ > 0,
ρ < 0.013 a.u.).

Thermodynamic Limits: The system exhibits negative cooperativity, establishing an
effective loading capacity of n = 2 molecules under cryogenic conditions. An entropic
bottleneck renders adsorption non-spontaneous at standard conditions, restricting the
operational window to the cryogenic regime (Teq = 143.76 K and 114.64 K). These values
are subject to the intrinsic uncertainty of the double-hybrid functional (~0.5 kcal/mol).
While we acknowledge these RRHO values as upper-bound estimates, the estimated
20–40 K increase from quasi-RRHO corrections does not alter the robust conclusion that
spontaneous loading requires cryogenic conditions.

Gas-phase Theoretical Reference Utility: The substrate-free characterization of Li6
yields a self-consistent set of contamination-free descriptors (Bader charges, NNA charge
and volume, NICS(0) indices, EDA contributions, and crossover temperatures) that repre-
sent the intrinsic Li–H2 interaction. While these conclusions are derived from high-level
theoretical modeling, the consistency between the electronic descriptors (EDA, QTAIM)
and the thermodynamic limits provides a robust physical picture. Consequently, the re-
ported Teq values should be interpreted as theoretical thresholds that define the operational
window of the Li6 superatom. This constitutes a theoretical baseline against which the
performance of Li6-decorated materials can be directly evaluated: deviations observed in
supported systems can now be unambiguously attributed to substrate-specific modulation
rather than to the superatom chemistry itself, enabling the rational, descriptor-guided
design of lithium-decorated hydrogen storage materials.

Supplementary Materials: The following supporting information can be downloaded at https:
//www.mdpi.com/article/10.3390/computation14040094/s1. Figure S1 Optimized geometries for
all studied Li6(H2)n (n = 1–4) isomers at the wB97X-D4rev/def2-TZVPPD level of theory. Structural
labels correspond to the Cartesian coordinates provided in Table S1. Table S1 Cartesian coordinates (in
Å) for the optimized structures of isolated species and Li6(H2)n complexes at the wB97X-D4rev/def2-
TZVPPD level of theory; Table S2 Total electronic energies and counterpoise components (CP) at the
wB97X-D4rev/def2-TZVPPD level of theory. All values are reported in atomic units (a.u.); Table S3.
Total electronic energies and counterpoise components at the wB97X-2-D3BJ/def2-TZVPPD level of
theory. All values are reported in atomic units (a.u.); Table S4. Zero-point energies (ZPE), thermal
enthalpy corrections (Hcorr), and entropy terms (TS) at the wB97X-D4rev/def2-TZVPPD level. All
values reported in atomic units (a.u.) at 298.15 K and 1 atm; Table S5. Energetic components and
relative stabilities (kcal/mol) for Li6(H2)n complexes at the wB97X-D4rev/def2-TZVPPD level of
theory. Values are derived from electronic energies and ZPE corrections. ΔEads,Total represents the
final corrected adsorption energy; Table S6. Thermodynamic adsorption properties and Boltzmann
population distribution for Li6(H2)n complexes. All energy values are reported in kcal/mol at
298.15 K and 1 atm. ΔΔG represents the relative stability compared to the Global Minimum (GM)
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of each group; Table S7. Geometric descriptors for isolated species and Li6(H2)n complexes at the
wB97X-D4rev/def2-TZVPPD level of theory. Distances are reported in Angstroms (Å). Isomers
are ordered according to their tThermodynamic stability (ΔΔG) at 298.15 K. RMSD is calculated
for the Li6 core relative to the isolated cluster; Table S8. Magnetic aromaticity indices (NICS) for
Li6(H2)n complexes at the wB97X-D4rev/def2-TZVPPD level of theory. Isotropic shielding (σiso)
and NICS(0) values are reported in ppm. Isomers are ordered according to their thermodynamic
stability (ΔΔG) at 298.15 K; Table S9. Harmonic stretching frequencies (ν) and classification of
adsorbed H2 molecules. All frequencies are reported in cm−1. Isomers are ordered according to
their thermodynamic stability (ΔΔG) at 298.15 K. Reference isolated H2 (gas) frequency: 4401 cm−1;
Table S10. Energy Decomposition Analysis (EDA) components for Li6(H2)n complexes, according
to the Ziegler–Rauk scheme. All values are reported in kcal/mol. Isomers are ordered according to
their thermodynamic stability (ΔΔG) at 298.15 K; Table S11. Topological parameters of the electron
density at the Bond Critical Points (BCP) for Li–H interactions in Global Minima. All values are
reported in atomic units (a.u.) at the wB97X-D4rev/def2-TZVPPD level of theory. Only the most
stable isomers according to Gibbs free energy (ΔG) are reported; Table S12. Atomic Charges and
Volumes from Bader Population Analysis (QTAIM) at the wB97X-D4/def2-TZVPPD level of theory.
Only the most stable isomers according to Gibbs free energy (ΔG) are reported; Table S13. Frontier
molecular orbital indices (NO), energies, and HOMO-LUMO gaps for all Li6(H2)n isomers; Table S14.
Pearson correlation coefficients (r) between energy components (Eint, Edef and ΔEadsTotal) and the
structural/electronic descriptors for the Li6(H2)n global minima; Table S15. Correlation Table:
Superatom Stability vs. Aromaticity.
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Abbreviations

The following abbreviations are used in this manuscript:

BCP Bond Critical Point
BSSE Basis Set Superposition Error
CCSD Coupled Cluster with Singles and Doubles
DFT Density Functional Theory
EDA Energy Decomposition Analysis
FMOs Frontier Molecular Orbitals
GAP HOMO–LUMO Energy Gap
GM Global Minimum
HOMO Highest Occupied Molecular Orbital
LUMO Lowest Unoccupied Molecular Orbital
MESP Molecular Electrostatic Potential
NICS Nucleus-Independent Chemical Shift
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NNA Non-Nuclear Attractor
PES Potential Energy Surface
QTAIM Quantum Theory of Atoms in Molecules
RMSD Root-Mean-Square Deviation
RRHO Rigid Rotor-Harmonic Oscillator
ZPE Zero-Point Energy
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Abstract

Ab initio studies using CASSCF/MRCI calculations have been performed to investigate
the spectroscopic properties of YLi and ScLi molecules. Our calculations have computed
25 singlet and triplet states for YLi and 37 electronic states for ScLi. The lowest lying
states, including the ground state 1∑+ of YLi, have been investigated for the first time. The
spin–orbit coupling in YLi has also been assessed from the splitting between Ω components
generated from the lowest triplet lying Λ–S states. Regarding ScLi, the ground state is found
to be the (1)3Δ state. Spectroscopic constants, energy levels at equilibrium, permanent
dipole moments, and transition dipole moments have also been calculated. The potential
energy curves for all calculated states have been displayed to large bond internuclear
distances. In both ScLi and YLi, the potential energy curves have shown a small dissociation
energy for the lowest states (1) 1,3Δ, (1) 1,3Π and (1) 1,3∑+.

Keywords: ab initio calculations; CASSCF/MRCI; YLi; ScLi; diatomic molecules; spectroscopic
parameters

1. Introduction

In recent years, our research has been focused on the theoretical investigation of
diatomic molecules composed of a transition-metal atom combined with either hydrogen
or an alkali metal atom [1]. In such molecular systems, the open d shell of transition-metal
atoms, particularly scandium and yttrium, plays a crucial role in the electron degeneracy
and the angular momentum coupling, generating a complex manifold of closely spaced
electronic states and in governing the nature of the chemical bonding [2]. Moreover,
the bonding behavior of one valence electron atoms, such as hydrogen and lithium, at
different configurations with a transition-metal element provide valuable insight into orbital
hybridization effects and the balance between ionic, covalent, and dispersion interaction
character of the lowest-lying states.

Furthermore, these molecules of open shells relating to the ground states and of sizable
dipole moments are considered promising candidates for ultracold and quantum fields [3].
In addition, in astrophysics, transition-metal lithides contribute to the molecular opacity
in cool stars and brown dwarfs [4]. Precisely, lithium bearing molecules are important
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in stellar and substellar atmosphere models as they can influence radiative transfer and
emergent spectra in low temperature as well as the infrared opacity of the cool brown
dwarf atmosphere [5].

Despite the increasing number of spectroscopic and theoretical studies conducted over
recent decades, several transition-metal alkali diatomic molecules, including ScLi and YLi,
remain partially or entirely unexplored, both experimentally and theoretically. A detailed
theoretical characterization of the electronic structure and spectroscopic properties of these
molecules is therefore expected to contribute to providing a better understanding of the
catalytic processes, chemical reaction dynamics, and astrophysical spectroscopy [6,7].

In the present work, we report a systematic ab initio investigation of diatomic
molecules formed by scandium and yttrium atoms interacting with the lithium atom,
with the aim of characterizing their lowest-lying electronic structure. For the YLi molecule,
a comprehensive theoretical description of the singlet and triplet electronic states lying
below 11,622 cm−1 has been obtained using the multireference configuration interaction
method, including single and double excitations (MRCI-SD) [8,9]. For the first time, a
total of 25 electronic states of YLi are calculated, and their potential energy curves (PECs),
spectroscopic constants, and relative energies at equilibrium with respect to the ground
state X1Σ+ are reported. In addition, spin–orbit coupling (SOC) calculations have been
applied for the lowest electronic states of YLi to assess their effects on the electronic struc-
ture. A major challenge in the theoretical investigation of YLi lies in the absence of any
experimental spectroscopic data, as this molecule has not yet been observed. Consequently,
an additional objective of this study is to provide reliable estimation of the most intense
electronic transition bands in the visible and near-infrared spectral regions. These computa-
tions are expected to serve as a guide for future experimental efforts aimed at the detection
and identification of YLi electronic states.

For the ScLi molecule, only a limited number of theoretical studies are available,
which provide spectroscopic information mainly for the ground state a3Δ and for a few
low-lying excited states below 10,309 cm−1 [10–14]. In the present work, we extend
these previous investigations by performing MRCI-SD calculations to explore a larger
set of electronic states of ScLi up to 15,515 cm−1. The potential energy curves of all
computed states are reported, along with the permanent dipole moment (PDM) functions
for the lowest electronic states over an internuclear distance range of 2.0–6.3 Å. Energies at
equilibrium Te, spectroscopic constants, and transition dipole moments (TDMs) between
interacting electronic states are also determined, providing a comprehensive description of
the electronic and spectroscopic properties of ScLi.

2. Computational Approach

For ScLi and YLi, the optimization of theoretical energies of the electronic states
at different bond lengths has been obtained by performing ab initio calculations using
the quantum chemistry software MOLPRO (Version 2015.1) [15,16]. The methods of the
state-average-complete active space self-consistent field (SA-CASSCF) followed by MRCI
including Davidson correction (MRCI + Q) have been employed for these calculations
with reference configurations of single and double excitations. For Sc atom, we decided to
employ the same basis set used in the calculations of ScH molecule [1], the correlation con-
sistent polarized Valence Triple-ζ aug-cc-PVTZ basis set of (21s,17p, 9d, 3f, 2g) contracted to
(8s,7p, 5d, 3f, 2g) [17]. For the Li atom, the correlation consistent polarized Valence Triple-ζ
aug-cc-PVTZ basis set of (12s, 6p, 3d, 2f) contracted to (5s, 4p, 3d, 2f) has been chosen [18].
Consequently, in the ScLi computational work, a total of 24 electrons have been considered
in the valence space. First, 12 electrons of the inner doubly occupied orbitals 1s2 2s2 2p6

of Sc and 1s2 of Li have been frozen in the core configuration at the MRCI calculations
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level. Then, the twelve remaining electrons in 3s2 3p6 4s2 3d1 of Sc and 2s1 of Li have
been placed as free electrons in the core–valence correlations through single and double
excitations. At the CASSCF level, we included 15 outermost orbitals. The active space in
the irreducible representation [a1, b1, b2, a2] consisted of 4σ [Sc: 3d0, 4s, 4pz, Li: 2s], 2π [Sc:
4p±1, 3d±1], and 1δ [Sc: 3d±2]. For the Y atom, the pseudopotential-based correlation
consistent polarized Valence Triple-ζ basis set cc-pVTZ-PP of (10s, 9p, 8d, 2f, 1g) contracted
to (5s, 5p, 4d, 2f, 1g) has been selected for the calculations [19]. Twenty-eight electrons
have been frozen in this effective core potential (ECP28MDF) and the remaining eleven
valence electrons of yttrium on the outer 4s2, 4p6, 4d1, 5s2 shells have been utilized in the
calculations. To obtain accurate spectroscopic constants and spin–orbit coupling (SOC)
values, it is essential to employ an appropriate treatment of both core–valence correlation
and relativistic effects. Accordingly, the ECP28 effective core potential was adopted, which
inherently accounts for scalar relativistic effects through its pseudopotential formulation.
In addition, the explicit treatment of the 4s2 and 4p6 orbitals as semicore states, together
with the valence 4d and 5s electrons, provides an improved description of the correlation
space and a more reliable representation of core–valence interactions. Consequently, a
total of 14 electrons have been considered in the valence space of the YLi molecule. Also,
2 electrons of the inner doubly occupied orbitals 1s2 of Li have been frozen in the core
configuration in the MRCI calculations and 15 outermost orbitals have been included in
the CASSCF step. The 12 remaining electrons in 4s2 4p6 5s24d1 of Y and 2s1 of Li have
been considered for the core–valence correlations through single and double excitations.
In both ScF and CI approaches, the definition of state symmetries in the point group C2v,
due to the limitation of Molpro, is shaped with the four irreducible representations: a1,
b1, b2, and a2. The active space in the irreducible representation [a1, b1, b2, a2] consists
of 4σ [Y: 4d0, 5s, 5pz, Li: 2s], 2π [Y: 5p±1, 4d±1] and 1δ [Y: 4d±2]. Also, the relativistic
effects have been considered in the Y atom through the ECP28MDF. This effect is included
to calculate the spin–orbit eigenstates in YLi molecule by using the Breit–Pauli operator,
when diagonalizing the total matrix of electronic Hamiltonian with the Hamiltonian of the
spin–orbit coupling.

Finally, in the calculations of both ScLi and YLi, the ground state has been taken as the
origin reference state. Potential energy curves for these molecules have been constructed as
a function of the internuclear distance R following the Dunham analysis [20]. Spectroscopic
constants and values of energies at equilibrium have been deduced from the polynomial
fitting of order six of the PECs.

3. Results and Discussion

Throughout the MRCI calculations for both ScLi and YLi, the energy at equilibrium
and spectroscopic constants (Re, ωe and ωeXe) have been obtained from a Morse potential
fit taking a few points in the vicinity of the minima of the potential energy. The potential
energies for all the obtained singlet and triplet electronic states have been displayed over
internuclear distances around the equilibrium and up to the dissociation with a spacing
interval of 0.01 Å.

A- ScLi electronic states

37 singlet and triplet states of ScLi correlating to the lowest dissociation channels which
are presented in Table 1, have been calculated. Spectroscopic constants and internuclear
distances of all triplet and singlet states situated below 15,515 cm−1 have been calculated
and listed in Table 2 and Table 3, respectively, which also include a comparison with
other available theoretical values. As seen in these tables, the internuclear distance and the
vibrational harmonic frequency ωe are likely similar in MRCI and in MRCI + Q calculations,
while the energy varies widely between the two methods, especially for the first lowest
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electronic states. In this study, the ground state is found to be a3Δ which agrees with
several previous investigations [10–13], except for the work of Wang and Wu, who found
(1)3∑− as the ground state by performing DFT B3LYP calculations [14]. In our work, the
first excited state (1)3Π is located very close to the ground state at Te = 273 cm−1 (MRCI).
In ScLi, the spin–orbit constant is expected to be small and less than 90 cm−1. This keeps
the assumption that the ground state is one of the components Ω = 1, 2 or 3 of (1)3Δ and
not any of the (1)3Π components.

Table 1. The dissociation limits and the corresponding molecular states of ScLi.

Atomic States of Sc and Li Molecular States of ScLi

Sc(2D) + Li(2S)
Sc(2D) + Li(2P)

Sc+(3D) + Li−(1S)
Sc+(1D) + Li−(1S)

Sc(4F) + Li(2S)
Sc(2F) + Li(2S)

(1)3,1Δ, (1)3,1Π, (1)3,1∑+

(1)3,1Φ, (2)3,1Δ, (3)3,1Π, (2)3,1∑+, (1)3,1∑−
(1)3,1Δ, (1)3,1Π, (1)3,1∑+

(1)1 Δ, (1)1Π, (1)1∑+

(1)5,3Φ, (1)5,3Δ, (1)5,3Π, (1)5,3∑+, (1)5,3∑−
(1)3,1Φ, (1)3,1Δ, (1)3,1Π, (1)3,1∑+, (1)3,1∑−

Table 2. Spectroscopic constants for triplet states of ScLi. (a) Our MRCI calculated values; (a+) Our
MRCI + Q calculated values; * perturbed values due to avoided crossing; (b) MRCI values from
reference [2], (c) MRCI/pseudopotential values from reference [10], (d) and (e) MRCI and ACPF
values from [12], (f) values from [13], (g) values from [14].

State Ref. Re (Å) Te (cm−1) ωe (cm−1) ωeχe (cm−1) De (cm−1) μe (D)

(1)3Δ

a 3.231 0 238 3.2 2267 2.41
a+ 3.224 0 230 3.1
b 3.282 0 --- ---
c 3.493 0 --- ---
d 3.305 0 210 ---
e 3.282 0 216 --- 2460
f 3.238 0 223 --- 3153 1.83

(1)3Π a 3.162 273 242 3.3 2031 2.36
a+ 3.153 219 234 3.3
f 3.179 83 231 --- 3099 2.31

(1)3∑+ a 3.190 636 228 3.2 1654 2.39
a+ 3.184 517 218 3.4
f 3.203 525 197 --- 2662 2.11

(1)3∑− a 2.646 4048 334 1.6 13,080 1.12
a+ 2.634 2600 334 1.4
f
g

2.668
2.622

2637
0

330
326

---
--- 15,352 1.25

(2)3Π a 2.784 5023 351 2.3 12,073 0.53
a+ 2.791 4046 371 2.2
f 2.792 4033 368 --- 13,638 1.88

(1)3Φ a 2.806 5593 327 3.0 11,524 0.30
a+ 2.803 4871 325 2.0
f 2.861 4931 318 --- 12,804 1.70

(2)3Δ a 2.867 6642 324 1.8 10,521 2.26
a+ 2.861 6282 322 1.7
f 2.883 5733 304 --- 12,030 3.05

(3)3Π a 2.835 6829 321 2.4 10,306 0.05
a+ 2.824 5970 325 2.0

(2)3∑+ a 2.889 7659 317 2.0 9465 1.65
a+ 2.883 7216 315 1.9
f 2.924 8423 296 --- 9533 2.26
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Table 2. Cont.

State Ref. Re (Å) Te (cm−1) ωe (cm−1) ωeχe (cm−1) De (cm−1) μe (D)

(3)3Δ a 2.924 8611 315 1.5 8476 5.59
a+ 2.920 7451 314 1.4
f 2.910 6792 310 --- 11,047 2.49

(4)3Π a 2.944 9691 314 2.6 7461 6.40
a+ 2.956 8535 330 2.0

(2)3Φ a 2.978 9861 348 2.4 22,779 6.86
a+ 2.992 8637 317 2.2

(2)3∑− a 2.953 10,005 334 1.8 22,423 7.62
a+ 2.956 8881 309 2.0

(3)3∑+ a 3.294 11,877 288 1.4 17,121 3.89
a+ 3.315 10,726 230 1.4

(5)3Π a * 3.284 12,123 214 --- 16,958 5.31
a+ * 3.281 10,968 210 ---

(4)3Δ a 3.245 12,128 210 2.3 5047 0.99
a+ 3.242 10,851 204 2.2

(6)3Π a 3.039 13,282 364 2.4 19,463 4.45
a+ 3.034 12,149 349 2.5

(3)3∑− a 2.967 14,333 331 2.0 18,389 4.42
a+ 2.954 13,245 307 2.1

Table 3. Spectroscopic constants for singlet states of ScLi. (a) Our MRCI calculated values; (a+) Our
MRCI + Q calculated values; * Perturbed values due to avoided crossing; (f) values from reference [13].

State Ref. Re (Å) Te (cm−1) ωe (cm−1) ωeχe (cm−1) De (cm−1) μe (D)

(1)1Δ a 3.220 524 233 3.4 1736 3.48
a+ 3.214 154 228 3.1
f 3.201 417 213 --- 2815 0.61

(1)1∑+ a 3.168 621 242 1.7 1652 0.76
a+ 3.162 111 227 2.2
f 3.226 361 238 --- 2878 3.46

(1)1Π a 3.276 1645 224 4.2 617 1.04
a+ 3.264 1455 197 4.3
f 3.309 1269 178 --- 1969 0.81

(2)1Π a 2.820 4976 352 3.1 12,072 0.14
a+ 2.813 3904 368 3.5
f 2.853 3957 326 --- 13,964 1.52

(1)1∑− a 2.846 5170 326 1.8 11,900 2.44
a+ 2.834 4324 331 1.7
f 2.868 3947 317 --- 13,909 3.63

(2)1Δ a 2.788 6675 324 2.0 10,401 2.03
a+ 2.782 5527 343 2.2
f 2.842 5607 317 --- 12,251 0.38

(2)1∑+ a 2.755 8270 309 1.9 8847 1.70
a+ 2.742 7090 322 1.8
f --- --- --- ---

(1)1Φ a 2.885 8740 305 1.8 8384 0.89
a+ 2.864 7894 303 1.4
f 2.880 7874 310 --- 10,196 0.03

(3)1Π a 2.857 8995 322 2.5 8109 1.42
a+ 2.844 8040 326 2.5
f 2.926 7567 302 --- 10,468 0.64

(3)1Δ a 2.924 11,239 319 3.7 5914 5.74
a+ 2.929 9876 306 3.0
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Table 3. Cont.

State Ref. Re (Å) Te (cm−1) ωe (cm−1) ωeχe (cm−1) De (cm−1) μe (D)

(4)1Π a 2.938 12,030 297 3.8 5125 3.81
a+ 2.932 10,725 304 3.2

(3)1∑+ a * 2.776 12,335 --- --- 5177 4.14
a+ * 2.864 10,536 --- ---

f 3.282 10,309 247 --- 7756 2.62
(4)1∑+ a * 3.044 12,416 371 3.7 16,761 4.98

a+ * 3.048 10,777 382 4.3
(4)1Δ a 3.166 12,511 279 0.9 20,264 6.28

a+ 3.154 10,981 265 1.8
(5)1Π a 3.134 13,653 306 1.6 15,494 0.71

a+ 3.165 12,616 277 2.0
(5)1∑+ a 3.014 14,985 325 1.1 14,155 7.04

a+ 3.013 13,827 323 1.4
(5)1Δ a 3.026 15,123 352 2.1 17,292 6.68

a+ 3.014 14,337 328 2.4
(6)1Π a 3.014 15,222 338 2.2 17,457 7.14

a+ 3.012 14,261 332 3.1
(2)1Φ a 2.979 15,515 332 2.1 17,272 7.12

a+ 2.978 14,530 325 1.9

The PECs of all the calculated electronic states are displayed in Figure 1 and Figure 2,
respectively. As seen, the lowest excited states (1)1,3Δ, (1)1,3Π, (1) 1,3∑+ of the first limit of
dissociation Sc(2D) + Li(2S) are found to be less bounded compared to the other excited
states. Moreover, these lowest electronic states have longer bond lengths Re and the lowest
vibration harmonic frequency ωe. Again, due to the small dissociation energy, the well
of these lowest states are not deep, which limits them to a few vibrational levels. In these
PECs, due to the states interaction, several avoided crossings have been obtained between
states of the same symmetry and multiplicity of spin at different internuclear distances
(Figures 3–9). Most of these avoided crossings did not affect our theoretical calculations of
the spectroscopic parameters except the crossing between (3)1∑+ and (4)1∑+ for which the
deformation is in the vicinity of the equilibrium position at Re = 3.04 Å. For the (3)1∑+, the
obtained hump as a double well is not due to a metastable state but due to the avoided
crossing. The crossing between (3)1Δ and (4)1Δ at Re = 3.38 Å also slightly affected the
calculated constants for (4)1Δ, (Figure 6).

Figure 1. Potential energy curves (MRCI) for the low-lying singlet electronic states of ScLi.
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Figure 2. Potential energy curves (MRCI) for the low-lying triplet electronic states of ScLi.

Figure 3. Avoided crossing between the (3)3Δ and (4)3Δ states of ScLi.

Figure 4. Avoided crossing between the (2)3∑+ and (3)3∑+ states of ScLi.

Additionally, the permanent dipole moments of the lowest states as a function of
the bond length have been plotted in Figure 10. As seen, the ionic behavior is almost
present in these states at lower bond distances near the equilibrium. However, these states
encountered a monotonically decrease in their ionicity to approach zero at bond lengths
around 5.5 Å to reach a separation into two neutral elements. Some negative values for
several states have been obtained around 2.0 Å due to the molecular polarity of Sc+Li−.
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Figure 5. Avoided crossing (MRCI) between the (4)3Π and (5)3Π states of ScLi.

Figure 6. Avoided crossing (MRCI) between the (3)1Δ and (4)1Δ states and between the (3)1∑+ and
(4)1∑+ states of ScLi.

Figure 7. Avoided crossing (MRCI) between the (1)1Δ and (2)1Δ states of ScLi.

Also, in order to inquire about the possible observed transition bands in ScLi, the
allowed dipole transition moments TDMs between triplet states are shown in Figures 11–14
and between singlet states are illustrated in Figures 15–18. Some electronic transitions
exhibited remarkable hump of higher values of TDMs due to the perturbation effect in their
related electronic states and the avoided crossing during interchanges of configurations.
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Figure 8. Avoided crossing (MRCI) between the (1)1∑+ and (2)1∑+ states of ScLi.

Figure 9. Avoided crossing (MRCI) between the (1)1Π and (2)1Π and between (3)1Π and (4)1Π states
of ScLi.

Figure 10. Permanent dipole moments (Debye) of the six lowest states of ScLi.

B- YLi electronic states

Our present computational work on YLi focuses on the set of low-lying singlet and
triplet states that correlate with the first three lowest dissociation limits of the YLi molecule.
The lowest correlation of molecular electronic states of YLi with their corresponding atoms
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is represented in Table 4. A total of 25 electronic states have been computed in this work.
These states, which are ionic in the vicinity of the minimum equilibrium position, correlated
with the neutral asymptotes of Y(2D) + Li(2S), Y(2D) + Li(2P), and Y(2P) + Li(2S). However,
some of the other remaining states related to these dissociation channels are not reported
in this study as they are higher in energy or have a multiplicity higher than a triplet.

Figure 11. The transition dipole moments (Debye) for ScLi triplet states at Re = 3.231 Å.

Figure 12. The transition dipole moments (Debye) for ScLi triplet states at Re = 3.231 Å. (cont.).

Figure 13. The transition dipole moments (Debye) for ScLi triplet states at Re = 3.231 Å. (cont.).
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Figure 14. The transition dipole moments (Debye) for ScLi triplet states at Re = 3.231 Å. (cont.).

Figure 15. The transition dipole moments (Debye) for ScLi singlet states at Re = 3.231 Å.

Figure 16. The transition dipole moments (Debye) for ScLi singlet states at Re = 3.231 Å. (cont.).

Table 4. The dissociation Limits and the corresponding molecular states of YLi.

Atomic States of Y and Li Molecular States of YLi

Y(2D) + Li(2S)
Y(2P) + Li(2S)
Y(2D) + Li(2P)
Y(4F) + Li(2S)

Y+(1S) + Li−(1S)
Y+(3D) + Li−(1S)

(1)3,1Δ, (1)3,1Π, (1)3,1∑+

(3)3,1Π, (1)3,1∑+,
(1)3,1Φ, (2)3,1Δ, (3)3,1Π, (2)3,1∑+, (1)3,1∑−
(1)5,3Φ, (1)5,3Δ, (1)5,3Π, (1)5,3∑+, (1)5,3∑−

(1)1∑+

(1)3,1Δ, (1)3,1Π, (1)3,1∑+
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Figure 17. The transition dipole moments (Debye) for ScLi singlet states at Re = 3.231 Å. (cont.).

Figure 18. The transition dipole moments (Debye) for ScLi singlet states at Re = 3.231 Å. (cont.).

The results obtained from MRCI and those with Davidson correction (MRCI +Q),
which encompass the spectroscopic constants, internuclear distances and the energy at
equilibrium Te referred to zero energy level for the ground state are summarized in Table 5
for singlet states and Table 6 for triplet states. The ground state is found to be X1∑+ and
it dissociates into the lowest asymptote Y(2D) + Li(2S). As seen in these tables, the results
obtained from MRCI and those with (MRCI + Q) [21,22] are likely homogenous.

Additionally, the first six electronic states, which correlated to the first dissociation
channel, all have vibrational harmonic frequencies lower than those of the other higher
states and their bond length are shifted to the right. Also, these states are found to be of
the same bonding character, as they are all less bonded (Figure 19). These lowest states
have similar bonding behavior to those corresponding states described in ScLi (Figure 10)
and in lithium dimer molecules [23]. As seen, the (1)3Π is found to be the first excited
state lying at 1524 cm−1 from the ground state and the (1)3Δ is lying at 1843 cm−1, close
to (1)3Π. To our knowledge, for YLi, there are no previous calculations or experiments
available to be able to assess the molecular properties and the assignment of the electronic
states. That is why, to examine the accuracy of our obtained results, we made a comparison
with the electronic structure of YH by analogy. In other words, based on similarity, it
is expected to obtain the analogous lower electronic structure with a compassing in the
energy when going from hydrogen to the alkali metal Li. The assignment of the ground
state (1)1∑+, the first lowest states (1)3Π, (1)3Δ, (1)1Π, states (1)1Δ, states (1)3Π and (1)3∑+,
are all supported by the same electronic picture in YH [24–26]. The potential energy curves
(PECs) for the singlet and triplet electronic states of YLi are displayed in Figure 20 and
Figure 21, respectively. Also, state interactions have led to several avoided crossings
between states of the same symmetry and multiplicity of spin at different internuclear

https://doi.org/10.3390/computation1401001431



Computation 2026, 14, 14

distances (Figures 22–25). Globally, these crossings did not significantly affect the calculated
spectroscopic constants.

Table 5. Spectroscopic constants for singlet states of YLi (first entry: MRCI; second entry MRCI + Q).
(*): Fictive values due to avoided crossing.

State Re (Å) Te (cm−1) ωe (cm−1) ωeχe (cm−1) De (cm−1) μe (D)

(1)1∑+ 3.234 0 278 2.3 0.59
3.232 0 271 2.8 5541

(1)1Δ 3.358 2687 219 2.7 3.53
3.353 2766 210 2.8 2897

(1)1Π 3.323 3454 202 2.6 0.36
3.327 3690 192 2.9 2103

(2)1Π 2.946 6181 330 * 2.2 1.14
2.934 5672 * 326 * 2.0 10,149

(1)1∑− 2.965 6685 316 1.7 2.99
2.952 6358 317 1.7 13,344

(2)1Δ 3.248 7325 * 223 * 2.1 1.32
3.233 6925 * 193 * 1.8 12,626

(2)1∑+ 2.914 7532 * 348 * 2.9 2.87
2.919 6918 * 360 * 3.2 7871

(3)1Π 3.007 9529 302 1.4 1.98
3.002 8791 298 1.7 11,324

(3)1∑+ 2.994 10,138 350 2.8 0.07
2.998 9655 353 2.9 10,241

(1)1Φ 2.975 10,722 306 1.8 1.29
2.962 10,184 307 1.7 10,275

(3)1Δ 3.006 11,759 309 2.2 3.66
2.993 10,815 309 2.0 9555

(4)1Π 3.054 11,622 311 2.6 2.11
3.059 11,143 302 2.4 9075

Table 6. Spectroscopic constants for triplet states of YLi (first entry: MRCI; second entry MRCI + Q).

State Re (Å) Te (cm−1) ωe (cm−1) ωeχe (cm−1) De (cm−1) μe (D)

(1)3Π 3.18 1524 232 2.2 1.98
3.16 1800 233 2.0 3940

(1)3Δ 3.36 1843 229 2.2 1.90
3.35 2399 216 2.1 3260

(1)3∑+ 3.29 2301 227 2.8 2.61
3.28 2761 222 3.2 2924

(1)3∑ − 2.75 4410 325 1.3 1.27
2.72 3583 338 1.5 16,150

(2)3Π 2.97 6103 313 1.5 1.48
2.97 5925 309 1.7 9773

(1)3Φ 2.93 6622 319 1.6 0.23
2.92 6647 319 1.9 13,604

(3)3Π 2.97 8051 305 1.5 0.52
2.95 7701 301 1.5 12,057

(2)3Δ 2.99 8436 313 1.8 2.82
2.97 8653 310 1.7 10,995

(4)3Π 3.04 8902 343 2.4 4.19
3.04 8871 339 2.3 11,535

(2)3∑+ 3.02 9680 297 2.1 1.64
3.01 9708 288 2.3 6037

(3)3Δ 3.07 9837 305 1.8 3.14
3.07 9473 300 1.9 11,015
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Table 6. Cont.

State Re (Å) Te (cm−1) ωe (cm−1) ωeχe (cm−1) De (cm−1) μe (D)

(2)3Φ 3.17 11,136 297 1.1 7.62
3.17 10,780 282 1.3 9697

(2)3∑− 3.02 11,442 283 2.0 6.75
3.00 10,758 288 2.4 ---

Figure 19. Permanent dipole moment (Debye) for the first six low lying states of YLi.

Figure 20. Potential energy curves (MRCI + Q) for singlet states of YLi.

Figure 21. Potential energy curves (MRCI + Q) for triplet states of YLi.
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Figure 22. Avoided crossing between the (1)1∑+ and (2)1∑+ states of YLi.

Figure 23. Avoided crossing between the (1)1Δ and (2)1Δ states of YLi.

Figure 24. Avoided crossing between the (1)1Π and (2)1Π states of YLi.

From these results, the obtained permanent dipole moments PDMs of all these cal-
culated states at their corresponding internuclear distances are reported in Table 5 and
Table 6, respectively. Also, the PDMs of the six lowest states of YLi have been plotted
as a function of the bond length and are shown in Figure 19. As discussed in the ScLi
section, similar evolutions have been obtained for these PDMs as they are significant at
shorter bond lengths below 4.0 Å and then they started to vanish clearly to tend towards
zero at around 6.0 Å. Also, to point out the possible intense transition bands, the allowed
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TDMS between singlet states are shown in Figures 26 and 27 and between triplet states
in Figures 28 and 29. These TDMs could lead to observations of several strong transition
bands like: (3)1Π →(1)1∑+, (2)1∑+→(1)1∑+, (2)3∑+→(1)3Π and (2)3Φ →(1)3Δ.

Figure 25. Avoided crossing between the (2)3Δ and (3)3Δ states of YLi.

Figure 26. The transition dipole moments (Debye) for YLi singlet states at Re = 3.234 Å.

Figure 27. The transition dipole moments (Debye) for YLi singlet states at Re = 3.234 Å. (cont.).
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Figure 28. The transition dipole moments (Debye) for YLi triplet states at Re = 3.234 Å.

Figure 29. The transition dipole moments (Debye) for YLi triplet states at Re = 3.234 Å. (cont.).

Moreover, in this study, spin–orbit couplings SOCs have been undertaken for the
first lowest electronic states to estimate the value of the spin–orbit constant A. The Λ-S
wave functions in MRCI calculations for the lowest states have been considered for the
spin–orbit CI calculations to assess their effects in the lowest lying electronic states. In this
study, we assigned 12 lowest electronic components Ω(±) and their different composition
percentages of the Λ–S symmetry related to the lowest states (1)1,3Δ, (1)1,3Π, and (1)1,3∑+,
(Table 7). Table 8 reports the spectroscopic constants, internuclear distances, and the energy
at equilibrium Te of these electronic components Ω(±). These obtained parameters are
almost identical to those of their corresponding Λ-S parent states. The PECs of these
electronic components are illustrated in Figure 30. By focusing on the energy values of
the components generated from (1)3Δ and (1)3Π, we found that the estimated spin–orbit
constant A varies between 70 cm−1 and 130 cm−1. This value is comparable to the spin–
orbit effect in Yttrium atom and indicates that the case a of Hund is present here [27].
Moreover, to question the reliability of SOC value, which is unexplored experimentally or
theoretically, we enquire about its value in YH for (1)3Δ and (1)3Π states [28] and found
approximately equivalent values to those in YLi.
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Table 7. Percentage composition of Ω(±) state wave function (MRCI) in terms of S-Λ at Re = 3.232 Å
from the parents (1)1,3∑+, (1)1,3Π and (1)1,3Δ molecular states of YLi.

Ω
Main Parent

X 1∑+ (1)3Π (1)3Δ (1)3∑+ (1)1Δ (1)1Π

(1)0+ [(1)1∑+] 98 2
(1)0− [(1)3Π] 91 9
(1)1 [(1)3Π] 76 19 5

(2)0+ [(1)3Π] 2 98
(1)2 [(1)3Π] 75 22 3
(2)1 [(1)3Δ] 15 79 4 2
(2)2 [(1)3Δ] 24 75 1
(1)3 [(1)3Δ] 100

(3)1 [(1)3∑+] 9 1 89 1
(2)0− [(1)3∑+] 9 91

(3)2 [(1)1Δ] 1 4 95
(4)1 [(1)1Π] 3 97

Table 8. MRCI Spectroscopic constants including the spin–orbit splitting of the lowest components
Ω(±) of YLi.

States Re (Å) Te (cm−1) ωe (cm−1) ωeχe (cm−1) AΛΣ [cm−1]

(1)0+ [(X)1∑+] 3.236 0 276 2.1
(1)0− [(1)3Π] 3.203 1341 235 2.6 −70
(1)1 [(1)3Π] 3.203 1411 230 2.5 0

(2)0+ [(1)3Π] 3.203 1479 234 2.5 68
(1)2 [(1)3Π] 3.206 1542 231 2.5 131
(2)1 [(1)3Δ] 3.354 1796 234 2.3 −228
(2)2 [(1)3Δ] 3.354 2024 233 2.4 0
(1)3 [(1)3Δ] 3.357 2174 236 2.3 150

(3)1 [(1)3∑+] 3.287 2377 241 3.3 −51
(2)0− [(1)3∑+] 3.287 2428 242 3.4

(3)2 [(1)1Δ] 3.359 2801 223 2.6
(4)1 [(1)1Π] 3.324 3538 207 2.6

Figure 30. The potential energy curves (MRCI) for the lowest lying components Ω(±) of YLi.

4. Conclusions

The ab initio CASSCF/MRCI calculations on ScLi and YLi molecules have computed
the ground state and the lowest singlet and triplet electronic states, their spectroscopic
constants, and the equilibrium bond lengths. The ground state and the first lying electronic
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states of ScLi have been validated through comparison to other previous theoretical calcu-
lations. In this study, the obtained ground state of ScLi of symmetry 3Δ has an internuclear
distance Re= 3.231 Å and a dissociation energy value De = 2267 cm−1, as expected. For YLi,
the ground state has been assigned as (1) 1∑+ of Re = 3.232 Å and of a dissociation energy
De = 5541 cm−1. The obtained lowest lying electronic structure of YLi has been investigated
for the first time up to 11,622 cm−1. The manifold of the obtained computed states has
been validated by comparing its analogy with the lowest low-lying electronic states in
YH molecule. The calculated PECs for both ScLi and YLi have shown less bonded states
for the first six lying states correlating from the first asymptote. The obtained transition
dipole moments are important as they can provide a reliable indication to identify experi-
mentally the strong transitions bands in the visible and near-infrared regions especially
for several electronic transitions like (3)1Π→ (1)1∑+, (2)1∑+→(1)1∑+, (2)3∑− →(1)3Π, and
(2)3Φ →(1)3Δ in both ScLi and YLi.

Author Contributions: Conceptualization, S.M.; Methodology, S.M. and F.T.; Software, J.T.; Valida-
tion, S.M. and F.T.; Investigation, J.T.; Resources, N.Z.; Writing–original draft, F.T.; Writing–review
and editing, F.T.; Visualization, J.T.; Supervision, N.Z. and F.T.; Funding acquisition, N.Z. All authors
have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Data Availability Statement: The original contributions presented in this study are included in the
article. Further inquiries can be directed to the corresponding author.

Acknowledgments: We are thankful to the MESOCENTRE-Lille supported by Lille University for
providing computational resources.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Tabet, J.; Adem, Z.; Taher, F. Ab initio investigation of ground and excited states of ScH molecule. Spectrochim. Acta Part A Mol.
Biomol. Spectrosc. 2021, 256, 119742. [CrossRef]

2. Feldet, M.; Phung, Q.M. Ab Initio Methods in First-Row Transition Metal Chemistry. Eur. J. Inorg. Chem. 2022, 15, 15–24.
[CrossRef]

3. Carr, L.D.; DeMille, D.; Krems, R.V.; Ye, J. Cold and ultracold molecules: Science, technology and applications. New J. Phys. 2009,
11, 055049. [CrossRef]

4. Tennyson, J.; Harris, G.J.; Barber, R.J.; La Delfa, S.; Voronin, B.A.; Kaminsky, B.M.; Pavlenko, Y.V. Molecular line lists for modelling
the opacity of cool stars. Mol. Phys. 2007, 105, 701–714. [CrossRef]

5. Weck, P.F.; Schweitzer, A.; Kirby, K.; Hauschildt, P.H.; Stancil, P.C. Molecular Line Opacity of LiCl in the Mid-Infrared Spectra of
Brown Dwarfs. Astrophys. J. 2004, 613, 567–571. [CrossRef]

6. Harrison, J. Electronic Structure of Diatomic Molecules Composed of a First-Row Transition Metal and Main-Group Element
(H–F). Chem. Rev. 2000, 100, 679−716. [CrossRef] [PubMed]

7. López, R.; Díaz, N.; Suárez, D. Alkali and Alkaline-Earth Cations in Complexes with Small Bioorganic Ligands: Ab Initio
Benchmark Calculations and Bond Energy Decomposition. Chemphyschem 2020, 21, 99–112. [CrossRef]

8. Werner, H.J.; Knowles, P.J. An efficient internally contracted multiconfiguration–reference configuration interaction method. J.
Chem. Phys. 1988, 89, 5803–5814. [CrossRef]

9. Knowles, P.J.; Werner, H.J. An efficient method for the evaluation of coupling coefficients in configuration interaction calculations.
Chem. Phys. Lett. 1988, 145, 514–522. [CrossRef]

10. Beckmann, H.O.; Pacchioni, G.; Jeung, G.H. Electronic structure and reactivity of the transition-metal lithides ScLi, CuLi and
PdLi. Chem. Phys. Lett. 1985, 116, 423–428. [CrossRef]

11. Harrison, J. Electronic structure of scandium lithide. J. Phys. Chem. 1983, 87, 1323. [CrossRef]
12. Lawson, D.; Harrison, J. Electronic Structures of ScLi, TiLi, VLi, CrLi, and CuLi and their Positive Ions. J. Phys. Chem. 1996,

100, 6081. [CrossRef]
13. Kassem, S.; Zeid, I.; Korek, M. Theoretical studies of the excited electronic states of the molecule ScLi and its ions ScLi± with a

feasibility study of laser cooling. Can. J. Chem. 2023, 101, 33–42. [CrossRef]

https://doi.org/10.3390/computation1401001438



Computation 2026, 14, 14

14. Wang, M.Y.; Wu, Z.J. Electronic Structures of 3d-Metal Monolithides. J. Clust. Sci. 2005, 16, 547–558. [CrossRef]
15. Werner, H.J.; Knowles, J.P.; Knizia, G.; Manby, F.R.; Schutz, M. MOLPRO, Version 2010.1, A Package of Ab Initio Programs. 2010.

Available online: http://www.molpro.net (accessed on 15 March 2015).
16. Bergner, A.; Dolg, M.; Kuchle, W.; Stoll, H.; Preuss, H. Ab initio energy-adjusted pseudopotentials for elements of groups 13–17.

Mol. Phys. 1993, 80, 1431–1441. [CrossRef]
17. Balabanov, N.B.; Peterson, K.A. Systematically convergent basis sets for transition metals. I. All-electron correlation consistent

basis sets for the 3d elements Sc-Zn. J. Chem. Phys. 2005, 123, 064107. [CrossRef]
18. Prascher, B.; Woon, D.; Peterson, K.; Dunning, T.; Wilson, A. Gaussian basis sets for use in correlated molecular calculations. VII.

Valence, core-valence, and scalar relativistic basis sets for Li, Be, Na, and Mg. Theor. Chem. Acc. 2011, 128, 69–82. [CrossRef]
19. Peterson, K.; Figgen, D.; Dolg, M.; Stoll, H. Energy-consistent relativistic pseudopotentials and correlation consistent basis sets

for the 4 d elements Y–Pd. J. Chem. Phys. 2007, 126, 124101. [CrossRef]
20. Dunham, J. The energy levels of a rotating vibrator. Phys. Rev. B 1932, 41, 721. [CrossRef]
21. Langhoff, S.; Davidson, E. Configuration interaction calculations on the nitrogen molecule. Int. J. Quantum Chem. 1974, 8, 61–72.

[CrossRef]
22. Davidson, E.; Silver, D. Size consistency in the dilute helium gas electronic structure. Chem. Phys. Lett. 1977, 52, 403–406.

[CrossRef]
23. Minaev, B. Ab initio study of low-lying triplet states of the lithium dimer. Spectrochim. Acta Part A Mol. Biomol. Spectrosc. 2005, 62,

790–799. [CrossRef] [PubMed]
24. Balasubramanian, K.; Wang, J.Z. Spectroscopic properties and potential energy curves of 29 electronic states of YH. J. Mol.

Spectrosc. 1989, 133, 82–89. [CrossRef]
25. Ram, R.; Bernath, P. Fourier transform emission spectroscopy of new infrared systems of LaH and LaD. J. Chem. Phys. 1996, 104,

6444–6451. [CrossRef]
26. Jakubek, Z.; Nakhate, S.G.; Simard, B.; Balfour, W. Laser-Induced Fluorescence Molecular Beam Investigation of New Singlet and

Triplet Electronic States of Yttrium Monohydride. J. Mol. Spectrosc. 2002, 211, 135–146. [CrossRef]
27. Nist, A. Handbook of Basic Atomic Spectra; NIST Standard Reference Data 108; Sansonetti, J.E., Martin, W.C., Eds.; Quantum Measure-

ment Division, PML: Gaithersburg, MD, USA, 2013. Available online: https://www.nist.gov/ (accessed on 24 December 2025).
[CrossRef]

28. Armentrout, P.B.; Sunderlin, L.S. Transition Metal Hydrides; DedreÂu, A., Ed.; VCH Publishers: New York, NY, USA, 1992;
pp. 1–64.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://doi.org/10.3390/computation1401001439



Article

Predicting Properties of Imidazolium-Based Ionic Liquids via
Atomistica Online: Machine Learning Models and Web Tools
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Abstract: Machine learning models and web-based tools have been developed for pre-
dicting key properties of imidazolium-based ionic liquids. Two high-quality datasets
containing experimental density and viscosity values at 298 K were curated from the
ILThermo database: one containing 434 systems for density and another with 293 sys-
tems for viscosity. Molecular structures were optimized using the GOAT procedure at
the GFN-FF level to ensure chemically realistic geometries, and a diverse set of molecular
descriptors, including electronic, topological, geometric, and thermodynamic properties,
was calculated. Three support vector regression models were built: two for density (IonIL-
IM-D1 and IonIL-IM-D2) and one for viscosity (IonIL-IM-V). IonIL-IM-D1 uses three simple
descriptors, IonIL-IM-D2 improves accuracy with seven, and IonIL-IM-V employs nine de-
scriptors, including DFT-based features. These models, designed to predict the mentioned
properties at room temperature (298 K), are implemented as interactive applications on the
atomistica.online platform, enabling property prediction without coding or retraining. The
platform also includes a structure generator and searchable databases of optimized struc-
tures and descriptors. All tools and datasets are freely available for academic use via the
official web site of the atomistica.online platform, supporting open science and data-driven
research in molecular design.

Keywords: atomistic calculations; structure optimization; force field; machine learning;
density; viscosity; ionic liquids; imidazolium

1. Introduction

Ionic liquids (ILs) are a class of salts that remain in the liquid state at or near room tem-
perature, typically below 100 ◦C [1,2]. Unlike conventional salts such as sodium chloride,
which form rigid crystalline solids at room temperature, ILs are composed entirely of bulky
organic cations and various anions that inhibit lattice formation due to their asymmetry and
charge delocalization [3]. This structural nature leads to a low melting point and a liquid
state over a wide temperature range. ILs can be broadly classified based on the nature
of their cations (e.g., imidazolium, pyridinium, ammonium, phosphonium) and anions
(e.g., halides, tetrafluoroborate, hexafluorophosphate, bis(trifluoromethylsulfonyl)imide).
Further subclassifications may include protic vs. aprotic ILs, task-specific ILs, and deep
eutectic solvents, which share similar behavior under certain conditions.

ILs are widely recognized for their unique physicochemical properties that distinguish
them from conventional molecular solvents [4–6]. These properties include very low and
almost negligible vapor pressure, high thermal and chemical stability, non-flammability,
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high ionic conductivity, and a wide electrochemical window. ILs also possess significant
structural tenability. Namely, by varying the cation–anion combinations, it is possible
to obtain target values of properties such as viscosity, density, hydrophobicity, polarity,
and solvation ability [4,7–11]. In particular, imidazolium-based ILs have been extensively
studied due to their balanced physical properties and chemical stability. However, even
though ILs have promising potential, some of their physical properties can vary dramati-
cally depending on molecular structure and operating conditions, which complicates their
design and application.

Due to this unique suite of properties, ILs have attracted widespread attention for
various practical applications. They are used as green solvents in synthetic chemistry and
catalysis, as electrolytes in batteries and supercapacitors, as lubricants, and in separation
processes such as CO2 capture, biomass dissolution, and liquid–liquid extraction [7,12,13].
ILs also show promise in pharmaceutical formulations, electrochemical devices, and the
stabilization of nanomaterials [14–16]. Nevertheless, challenges remain. Many ILs are
costly to synthesize and purify, their biodegradability and toxicity profiles are still under
investigation, and their physical properties are not always predictable a priori. These
limitations emphasize the need for predictive models and digital tools that can accelerate
IL design and screening, particularly for critical properties such as viscosity and density.

Atomistic modeling has become a crucial step in the development of novel materi-
als [17–22]. By simulating systems at the atomic and electronic levels, quantum mechanical
methods such as density functional theory (DFT) or modern wavefunction-based methods,
combined with molecular dynamics (MD), enable researchers to investigate electronic con-
figurations, thermodynamic behavior, conformational dynamics, and intermolecular forces
with high precision [23–25]. These approaches offer the possibility to predict properties that
complement and extend beyond experimental observation, guiding the design of functional
materials and molecules across chemistry, physics, and materials science.

Due to their complexity and ability to fine-tune properties, ionic liquids are especially
well-suited for atomistic calculations. Methods like DFT are commonly used to explore the
electronic structure and chemical behavior of their components. These calculations offer
insights into charge distribution, molecular orbitals, hydrogen bonding, and interactions
between ions [26–28]. DFT calculations are also helpful for quantifying properties such as
dipole moments, polarizability, electrostatic potential maps, and binding energies between
cations and anions [29–31]. These electronic-level descriptors are crucial for understanding
how subtle variations in ion structures affect macroscopic properties, such as viscosity,
conductivity, and thermal stability. In addition, DFT-derived data often serve as the basis
for developing machine learning (ML) models, providing a consistent and reproducible
way to represent molecular systems numerically.

Aside from atomistic calculations, ML has emerged as a crucial approach in molec-
ular science, providing new strategies for predicting properties, providing insights into
structure–property relationships, and informing the design of novel compounds [32–34]. By
analyzing data and through learning patterns, ML models can simulate complex quantum
or thermodynamic behaviors without the need for computationally intensive simulations
for each new system. This is important when it comes to ILs, where small structural changes
can lead to significant variations in their properties. ML algorithms such as support vector
regression (SVR), random forests, and neural networks can use molecular descriptors,
derived from quantum mechanical calculations, cheminformatics, or topology, to construct
accurate predictive models for properties like viscosity and density [35–37]. As an addition
to atomistic calculations, ML enables high-throughput screening of candidate molecules
and accelerates the discovery of new materials.
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In the area of ML modeling of ionic liquid properties, density prediction has been the
subject of a significant number of studies [38]. One of the earliest examples was reported by
Valderrama et al. [39], who combined group-contribution theory with an artificial neural
network (ANN). The model achieved excellent accuracy, with average absolute deviations
of only 0.15% for the training set and 0.26% for an external prediction set (maximum
deviation below 2.5%). Barati-Haroon et al. [40] developed a hybrid adaptive neuro-fuzzy
inference system (ANFIS) to predict the densities of neat ionic liquids as well as IL–water
mixtures, focusing on various imidazolium-based systems. Using 602 data points cover-
ing 146 ILs, their model achieved excellent predictive test-set performance, with overall
R2 = 0.985 and an average absolute relative deviation of only 0.66%. Paduszyński [41]
compiled an extensive dataset of over 41,000 density values for 2267 ionic liquids and
developed a group-contribution QSPR model. The final recommended approach combined
multiple linear regression (MLR) for the reference density with a least-squares support vec-
tor machine (LSSVM) for temperature–pressure corrections. This model achieved excellent
accuracy, with R2 above 0.998 and average errors of about 1%. More recently, Baran and
Kloskowski [42] critically evaluated the use of graph neural networks (GNNs) for predict-
ing density, viscosity, and surface tension of ionic liquids. Their study demonstrated that
GNNs can effectively process structural information from cations and anions, achieving
predictive performance with test-set R2 values up to ~0.95 for density, ~0.69 for viscosity,
and ~0.79 for surface tension, while also showing robustness to mislabeled or noisy data.
Other interesting studies where deep learning methods were applied for predicting various
properties of ionic liquids are by Acar et al. [43], Fan et al. [44], and Abranches et al. [45].

To support the integration of atomistic modeling in molecular research, we devel-
oped atomistica.online two years ago as a freely accessible, web-based platform tailored
for academic use [46,47]. Launched initially as a single-tool website offering an input
file generator for the widely used ORCA [48–55] molecular modeling code, the plat-
form quickly evolved to address broader computational needs. It was soon expanded
with additional input generators and remote execution interfaces for semiempirical codes
such as xTB [56–59], g-xTB [60], and MOPAC [61–69], as well as powerful utilities like
Multiwfn [70–73] for wavefunction analysis, Packmol [74,75] for building initial molecular
structures, and interfaces for running recently developed ML models for energy prediction
and geometry optimization based on Meta’s FAIR initiative [76]. Atomistica.online provided
a unified environment where users can upload molecular structures, perform automated
atomistic calculations, and access predictive ML models. Today, all these capabilities,
along with over 20 specialized applications, are integrated into a comprehensive online
application called Atomistica Online 2025, available at https://atomistica.online.

This work aimed to develop robust ML models capable of accurately predicting
two key physicochemical properties of imidazolium-based ILs, density and viscosity at
room temperature (298 K), based on molecular descriptors derived from simple molecular
and atomistic calculations. In addition to the model development, a central goal was
to build accessible, user-friendly online applications incorporated within the Atomistica
Online 2025 application, enabling researchers to quickly estimate these properties by
inputting descriptors obtained from their calculations. The platform is freely available for
academic use and is designed to support research, teaching, and early-stage screening of
novel ILs. Another important objective was to curate and publish high-quality, descriptor-
rich datasets for both properties, which can not only serve as training resources for further
ML efforts but can also be expanded and enriched by platform users. Through this work,
it was aimed to accelerate the design, understanding, and application of ILs by bridging
advanced atomistic modeling with modern data-driven tools.
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2. Workflow and Computational Details

The development of ML models for predicting density and viscosity of imidazolium-
based ILs followed a structured multi-step computational workflow, integrating data
extraction, structure generation, descriptor calculations, model training, and app deploy-
ment (Figure 1). All IL structures used in this study were sourced from the ILThermo
database [77] maintained by NIST, which provides a comprehensive collection of experi-
mentally measured thermophysical properties of ILs. However, since ILThermo does not of-
fer 3D molecular structures, the ILThermoPy [72] Python (version 3.10.16) library was used
to extract molecular information in the form of SMILES strings for both cations and anions.

 

Figure 1. Illustration of the workflow adopted in this work.

To reconstruct 3D structures from SMILES representations, a custom Python pipeline
based on the RDKit [78] and Open Babel [79] libraries was developed. This script systemat-
ically generated initial 3D geometries of ILs by converting SMILES to spatial coordinates
and pre-optimizing each ion using the universal force field (UFF). Ionic liquid ion pairs
were assembled by placing the cation and anion at an initial separation distance of 5 Å,
ensuring a consistent and non-overlapping starting configuration. This procedure was
carried out independently for two datasets: one corresponding to ILs with experimentally
measured density and another for those with viscosity data.

Following initial geometry construction, the GOAT [80–82] workflow was applied to
locate low-energy, likely global minimum structures. The GOAT workflow was used as
implemented in the ORCA6 molecular modeling code [48–55,83]. This step employed the
GFN-FF force field [84], developed by Prof. Stefan Grimme and coworkers as a part of their
activities in developing modern semiempirical methods [56–59]. GFN-FF was selected as a
practical compromise between computational efficiency and accuracy for high-throughput
geometry optimization of ionic liquids. While such systems pose challenges due to strong
electrostatic interactions, charge delocalization, and polarization effects, GFN-FF offers a
substantial speed advantage compared to semiempirical methods such as GFN2, enabling
optimization of hundreds of structures within a reasonable timeframe. Importantly, GFN-FF
is derived from the GFN family of methods and has been parameterized and benchmarked
on diverse datasets, including GMTKN55, which contains ionic liquid structures. This
provided confidence that it could deliver geometries of sufficient quality for descriptor
generation, while acknowledging that, as a non-polarizable generic force field, it may be
less accurate for highly charged, strongly polarizable systems. Given these considerations,
we regard GFN-FF as fully adequate for this initial step, with plans to re-optimize the
structures using higher-level methods in our future research efforts.

These optimized geometries were then subjected to calculations of simple molecular
descriptors and quantum-mechanically obtained descriptors through single-point energy
calculations at the M06-2X/6-31+G(d,p) level using ORCA6 and Maestro. Maestro was
used as incorporated in the Schrödinger Materials Science 2024-1 Suite [85–89].

The outcome of this pipeline was two high-quality datasets containing computed
descriptors for 434 ILs (density set) and 294 ILs (viscosity set). Each dataset included a
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comprehensive set of molecular descriptors, including quantum-derived electronic prop-
erties, topological indices, geometric features, and thermodynamic quantities such as the
heat of formation (calculated using the MOPAC code [61–69]). These datasets were used to
train and evaluate several ML regression models using Python and scikit-learn, including
random forest, gradient boosting, and SVR. Among these, SVR provided the most accurate
and robust predictions for both properties.

The units of targets were kg/m3 for density and Pa·s for viscosity. Targets were mod-
eled on the natural-log scale. Model fitting and cross-validation used the log-transformed
targets; test-set predictions were back-transformed to the original units for reporting, and
all errors and figure axes are shown on the original scales unless stated otherwise.

For the density models (IonIL-IM-D1 and IonIL-IM-D2), the dataset was split into
training and test sets using an 80:20 ratio via the train_test_split function from scikit-
learn, with a fixed random_state = 42 to ensure reproducibility. The split was performed
after descriptor calculation and dataset assembly, ensuring that both sets were processed
identically. For the viscosity model (IonIL-IM-V), a slightly different split ratio of 85:15 was
applied, also using a fixed random_state = 42. This choice was made to retain a somewhat
larger training set for the more complex viscosity prediction task, where data availability is
more limited.

Given these considerations, the repeated 5-fold cross-validation results (50 folds
in total) are considered the reliable indicators of generalizability for all models. Cross-
validation averages performance across multiple randomized partitions, thereby mitigating
the influence of any single favorable train–test split and reducing the risk of overestimating
model performance.

Trained models were further evaluated through repeated k-fold cross-validation, and
their performance was assessed using metrics such as R2, MAE, and RMSE. To improve
interpretability and ensure model transparency, a feature importance analysis was per-
formed. The SHapley Additive exPlanations (SHAP) approach was used to identify the
most influential molecular descriptors contributing to each property prediction. The final,
validated models, IonIL-IM-D1 and IonIL-IM-D2 for density and IonIL-IM-V for viscosity,
were deployed as interactive online tools on the atomistica.online platform, enabling users
to estimate IL properties based on calculations of descriptors on their ILs.

Feature selection was performed using a structured multi-step procedure designed to
reduce redundancy and improve model interpretability. Descriptor importance was first
assessed using the random forest algorithm. Their contributions to predictive performance
were then evaluated with SHAP. Finally, subsets of descriptors were systematically tested,
and those yielding the highest accuracy with the smallest number of features were retained
for the final models. This approach resulted in compact descriptor sets.

3. Results and Discussion

3.1. Machine Learning Models for Density (IonIL-IM-D1 and IonIL-IM-D2)

In designing a predictive model for the density of imidazolium-based ILs, an inno-
vative and practical strategy was adopted. The primary goal was to develop a model
with the smallest possible number of features, making it usable in an online applica-
tion where the user can quickly perform predictions based on calculations for their ionic
liquids. At the same time, an alternative model was built with a slightly higher num-
ber of features to achieve somewhat improved accuracy, thus balancing simplicity with
predictive performance.

All selected descriptors are readily obtainable using free and open-source chemin-
formatics software, ensuring wide accessibility and ease of use. Under this framework,
two SVR models were developed:
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• IonIL-IM-D1, a three-feature model designed to maximize simplicity and practical
deployability while retaining strong predictive performance.

• IonIL-IM-D2, a seven-feature model incorporating additional physicochemical descrip-
tors to achieve somewhat higher accuracy at the cost of slightly increased complexity.

The details and performance of each model are described in the following subsections.

3.1.1. IonIL-IM-D1

The IonIL-IM-D1 model was designed to predict ionic liquid density using only three
informative yet straightforward descriptors: molecular weight, number of atoms, and
AlogP. These quantities can be easily obtained using free, open-source software, which
supports fast and practical applications, such as online screening tools. Specifically, molec-
ular weight reflects the overall mass of the ionic liquid’s ion pair; the number of atoms
serves as a proxy for molecular size and complexity; and AlogP estimates the hydropho-
bic/hydrophilic balance, correlating with molecular packing and cohesive interactions
relevant to density. Permutation importance analysis confirmed the strong relevance of
these features, while their simplicity guarantees rapid calculation and broad accessibility
for users. Despite this minimal feature set, IonIL-IM-D1 demonstrates robust predictive
performance, as discussed in the following sections.

The IonIL-IM-D1 model presented excellent predictive performance on the indepen-
dent test set. Namely, it achieved an R2 of 0.906, a mean absolute error (MAE) of 28.352,
and a root mean square error (RMSE) of 49.803. These results demonstrate the ability of
this model to estimate IL density from molecular descriptors accurately. Robustness was
confirmed through repeated cross-validation (5 folds × 10 repeats), yielding a mean R2 of
0.835 with a standard deviation of 0.0575 across 50 folds. The final tuned SVR used an RBF
kernel with C = 11.779678304389181, ε = 0.002929232298636805, and γ = “auto”. Together,
these results indicate the model’s reliability and suitability for high-throughput screening
and rational design of ILs.

The parity plot (Figure 2) shows excellent agreement between the predicted and
measured densities, with the majority of data points clustering tightly around the ideal
correlation line. This pattern confirms the high predictive accuracy of the IonIL-IM-D1
model, reflected in a test set R2 of 0.906.

While minor deviations are visible at lower density values, these can reasonably be
attributed to the greater structural diversity and conformational flexibility of ionic liquid
constituents in that range. Remarkably, this level of performance was achieved using only
three simple and easily accessible molecular descriptors, underlining the efficiency and
practicality of the model. Overall, the model captures the trend and scale of experimental
densities with high reliability, strongly supporting its utility for predictive screening, virtual
design, and rapid evaluation of new ILs.

Next, a feature importance analysis based on the permutation importance measure
has been performed to gain insights into how individual molecular descriptors contribute
to the predictive performance of the IonIL-IM-D1 model (Figure 3).

Permutation-based importance results revealed that molecular weight is the dominant
feature, having the most significant influence on the density predictions of the model.
This is consistent with the fundamental role of molecular mass in determining volumetric
packing and density in ILs.

The number of atoms emerged as the second most significant contributor. As a
descriptor, it describes important aspects of molecular size and complexity, which in turn
affect how ILs organize in the condensed phase. The third feature, AlogP, contributed
positively to the model’s performance by reflecting the hydrophobic/hydrophilic balance
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of the ionic liquid components, a property closely linked to cohesive forces and thus to the
final density.

Overall, this feature importance profile confirms that even a minimalist descriptor set
can provide a robust and physically meaningful basis for predicting ionic liquid densities.
This ranking further supports the interpretability of the IonIL-IM-D1 model. It reinforces
its suitability for use in accessible, user-friendly online tools aimed at the rapid evaluation
and rational design of new ILs.

Figure 2. Predicted vs. experimental density values for the test set using the IonIL-IM-D1 model.

 
Figure 3. Permutation-based feature importance plot for the IonIL-IM-D1 model.

To further explore the IonIL-IM-D1 model, a SHAP analysis was performed. Figure 4
presents the SHAP summary plot, which illustrates the contribution of each descriptor to
the model’s density predictions across the test set.
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Figure 4. SHAP summary plot for the IonIL-IM-D1 model.

Consistent with the permutation importance results, molecular weight was again
the most influential feature, with SHAP values demonstrating a predominantly pos-
itive contribution to predicted density. This confirms that higher molecular weights
generally shift the predicted density upwards, as would be expected from fundamen-
tal volumetric considerations.

In contrast, the number of atoms showed a predominantly negative SHAP pattern for
higher feature values, with red points concentrated on the negative side of the SHAP scale.
This suggests that, after accounting for molecular weight, molecules with a larger number
of atoms tend to decrease the predicted density. This trend is logical and can be easily
explained. Smaller and simpler molecules typically pack more efficiently in the liquid state,
which leaves less free volume and thereby increases density. On the other hand, more
complex molecules with a greater number of atoms may exhibit branched structures unable
to pack tightly, resulting in reduced density.

Finally, AlogP displayed a distribution of SHAP values centered near zero but with
both positive and negative effects depending on the specific compound. This pattern may
suggest that, while AlogP is less dominant than molecular weight, it still modulates the
predicted density through its impact on polarity and hydrophobic interactions within the
ionic liquid.

3.1.2. IonIL-IM-D2

The IonIL-IM-D2 model was developed to check whether a larger set of molecular de-
scriptors could enhance predictive accuracy for ionic liquid density. Similar to IonIL-IM-D1,
this model incorporated four additional descriptors alongside molecular weight, number of
atoms, and AlogP: molar refractivity, polarizability, number of rotatable bonds, and number
of heavy atoms. These features can also be easily calculated using free and open-source
cheminformatics tools, maintaining accessibility. By expanding the number of descriptors,
IonIL-IM-D2 aims to achieve improved performance while preserving interpretability and
practical usability. Its details and results are discussed in the following sections.

The IonIL-IM-D2 model achieved better predictive performance on the independent
test set, achieving an R2 of 0.922, a MAE of 27.00 kg/m3, and an RMSE of 45.47 kg/m3.
The final tuned SVR in this case used an RBF kernel with C = 61.42327338216255,
ε = 0.005889416322480806, and γ = 0.075. Compared to IonIL-IM-D1, these results in-
dicate a modest but meaningful improvement in predictive accuracy, reflecting the result of
incorporating additional molecular descriptors. Robustness was also improved, confirmed
by repeated cross-validation (5 folds × 10 repeats), yielding a mean R2 of 0.8846 with a
standard deviation of 0.0474 across 50 folds. These values are slightly better and indicate
higher stability than the corresponding values for IonIL-IM-D1.
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In Figure 5, the differences between measured and predicted values are presented.
The results indicate an excellent agreement between predicted and measured densities,
with the majority of points clustering closely along the ideal correlation line. Compared
to the IonIL-IM-D1 model, the IonIL-IM-D2 model achieves slightly improved alignment
across the whole density range, confirming its enhanced predictive accuracy.

Figure 5. Predicted vs. experimental density values for the test set using the IonIL-IM-D2 model.

Minor deviations are still observed at lower densities, likely due to structural vari-
ability among the ILs; however, the model captures both trends and absolute values with
high accuracy overall. These results further support the IonIL-IM-D2 model’s practical
applicability for predictive screening and rational design of new ILs.

To better understand how each of the seven input descriptors influenced the IonIL-IM-
D2 model, a permutation-based feature importance analysis was again performed, and the
results are presented in Figure 6.

Consistent with the IonIL-IM-D1 results, molecular weight was once again recognized
as the most significant predictor, indicating its fundamental influence on the density of ILs.
The second most important feature was molar refractivity, which captures contributions
from electronic polarizability and molecular packing characteristics. The number of heavy
atoms contributed meaningfully to the model, showing it is relevant in describing the
backbone structure and overall size of the ionic liquid’s ion pair. Descriptors such as the
number of atoms, polarizability, AlogP, and number of rotatable bonds showed smaller,
though still noticeable, contributions to the overall predictive performance. These features
likely captured subtler aspects of molecular flexibility, polarity, and cohesive interactions
that, while not dominant, help fine-tune the model’s predictions.

Last, regarding the models for density, the SHAP analysis for the IonIL-IM-D2 model
has been performed (Figure 7).

The molecular weight showed a high positive contribution in SHAP analysis, with
higher values contributing to increased predicted densities. Both the number of heavy
atoms and the number of atoms showed similar influences, generally reducing predicted
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density as their values increased. This suggests that larger or more structurally complex ion
pairs may hinder tight packing and introduce more free volume, thereby lowering density.

Figure 6. Permutation-based feature importance plot for the IonIL-IM-D2 model.

Figure 7. SHAP summary plot for the IonIL-IM-D2 model.

AlogP displayed SHAP values centered around zero, with a balanced distribution
of positive and negative effects depending on the compound, indicating a subtle and
context-dependent contribution related to hydrophobicity and polarity. Polarizability con-
tributed slightly to the decrease in density predictions, suggesting that highly polarizable
molecules may have less efficient packing due to their ability to distort and interact. Molar
refractivity showed some small positive SHAP values, which indicates that structures with
higher refractivity may favor stronger cohesive interactions and enhanced packing, thereby
marginally increasing density. The number of rotatable bonds exhibited SHAP values
tightly located around zero, which indicates a limited direct role in density prediction.
However, it may still interact indirectly with other structural features.

Overall, these SHAP results confirm that, while molecular weight remains the dom-
inant factor, the additional descriptors in IonIL-IM-D2 help capture more subtle effects
relevant to ionic liquid density, supporting the model’s accuracy and interpretability for
practical screening applications.
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3.2. ML Model for Viscosity (IonIL-IM-V)

In addition to density modeling, the SVR approach was used again to develop an ML
model for predicting the viscosity of imidazolium-based ILs, referred to as IonIL-IM-V.
Unlike the density models, IonIL-IM-V required a broader and more complex feature set
to achieve acceptable performance, ultimately using nine descriptors. Several of these
descriptors, such as quantities related to average local ionization energy (ALIE), electrostatic
potential, and the energy of the lowest unoccupied molecular orbital (LUMO), were derived
from quantum mechanical calculations at the DFT level, reflecting the greater complexity
of modeling viscosity compared to density. Minimal value of ESP (ESP min) and mean
value of ALIE (ALIE mean) were expressed in kcal/mol, negative variance of ESP (ESP
neg variance) was expressed in (kcal/mol)2, while LUMO was expressed in a.u. Although
the model did not reach the same level of robustness as IonIL-IM-D1 or IonIL-IM-D2, it
still achieved promising predictive results on the test set, suggesting it could serve as a
valuable starting point for future adjustments and the development of better prediction
models. Details of its structure, performance, and interpretability are presented in the
following sections.

The IonIL-IM-V model achieved an R2 of 0.918 on the independent test set, with a
mean absolute error (MAE) of 0.175 and a root mean square error (RMSE) of 0.280. Us-
ing the final tuned configuration, the model is an RBF-kernel SVR with hyperparameters
C = 10.062206443505287, ε = 0.019437288893351404, and γ = “auto”. While these numbers
suggest strong predictive accuracy on a single hold-out set, the mean cross-validation R2

was considerably lower at 0.5573, with a relatively high standard deviation of 0.1111 across
50 folds. This large gap between the static test split and the averaged CV performance
clearly indicates that the model suffers from limited generalizability and is prone to overfit-
ting. Such a discrepancy is a known phenomenon when a specific train–test split happens
to be particularly favorable, and it underlines the importance of using cross-validation as
the more reliable indicator of expected performance on new, unseen data.

It is important to mention that viscosity is a significantly more complex property
than density, because it depends on numerous factors, including molecular size, shape,
intermolecular forces, ion pairing, and dynamic interactions within the liquid phase. Cap-
turing all of these contributions in a single predictive framework is inherently challenging,
especially when the dataset is limited in both size and diversity. In this context, IonIL-IM-V
should be seen as a proof-of-concept model that demonstrates the feasibility of viscos-
ity prediction for imidazolium-based ILs but also makes clear the need for larger, more
balanced datasets and advanced feature engineering to achieve higher generalizability.

The parity plot for IonIL-IM-V (Figure 8) highlights good alignment to a certain extent
between predicted and measured viscosities, particularly within the lower viscosity range,
where most of the data points are concentrated. However, a clear imbalance in the dataset
is evident, with far fewer samples at higher viscosities.

This imbalance, coming from the current limitation of the ILthermo dataset when
it comes to the imidazolium-based ionic liquids, has direct implications for the model’s
performance and generalizability. Because the dense cluster of low-viscosity samples
dominates the training process, the model can learn patterns in this region very effectively,
while the sparsely represented high-viscosity points are more likely to be treated as noise.
This imbalance is therefore a possible contributor to the observed overfitting and the
large discrepancy between the optimistic R2 value obtained on the static test set and the
considerably lower mean cross-validation score.

The lower number of high-viscosity data likely contributes to the increased scatter and
larger errors observed for these points. Such an imbalance is expected to a certain extent
because reliable measurements of highly viscous ILs are experimentally more demand-
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ing and less frequently reported. Nevertheless, the model showed relatively significant
accuracy in the low-viscosity region, which marks it as a promising first step. To improve
generalization and reduce overfitting, future work should focus on rebalancing the dataset
by incorporating a greater proportion of high-viscosity IL measurements, thereby ensuring
that the model learns from a more uniform distribution of the target property.

Figure 8. Predicted vs. experimental viscosity values for the test set using the IonIL-IM-V model.

Further, a permutation-based feature importance study has been performed to un-
derstand better how each of the nine input descriptors influenced the IonIL-IM-V model
(Figure 9).

Figure 9. Permutation-based feature importance plot for the IonIL-IM-V model.

The permutation importance analysis highlighted molar refractivity and polar surface
area (Polar SA) as the most influential features for predicting ionic liquid viscosity, sug-
gesting that molecular volume and accessible surface area play a significant role in flow
resistance and ion mobility. ESP min and ESP negative variance also ranked highly. They
showed the importance of charge distribution and electrostatic interactions in controlling
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viscosity. Furthermore, ALIE mean, which reflects local ionization energies, and molecular
weight contributed meaningfully, indicating the importance of molecular size and stability.
Features describing frontier orbital energy (LUMO), atomic count (number of atoms), and
polarizability showed additional relevance, supporting the notion that viscosity arises from
a complex interplay of geometric, electronic, and dynamic molecular properties. These
insights could inform future feature engineering by emphasizing descriptors linked to
molecular packing, intermolecular forces, and ion–ion interactions, thereby further improv-
ing the IonIL-IM-V model. Further, the SHAP analysis for the IonIL-IM-V model has been
performed (Figure 10).

Figure 10. SHAP summary plot for the IonIL-IM-V model.

The SHAP analysis presented in Figure 10 was crucial for understanding the im-
portance of individual features in the IonIL-IM-V model. Among the most impactful
descriptors, ESP minimum and ALIE mean exhibited clear inverse contributions, with
lower ESP minimum values and lower ALIE mean values tending to decrease the predicted
viscosity. Molar refractivity showed a direct positive contribution, where higher values
increased the model’s viscosity estimates. This can be interpreted as the role of molecular
volume in reducing ion mobility. Polar SA showed a relatively strong negative influence,
meaning that larger surface areas lowered predicted viscosity, potentially due to higher
charge delocalization and reduced ion pairing strength. Molecular weight and number
of atoms displayed similar importance in terms of magnitude but in opposite directions:
higher molecular weight increased the predicted viscosity, while a higher number of atoms
tended to decrease it, highlighting subtle differences between mass-driven resistance and
structural complexity. Finally, LUMO energy, ESP negative variance, and polarizabil-
ity showed mixed influences, with both higher and lower values variably shifting the
predictions toward increased or decreased viscosity.

It is important to note that these interpretations are derived from an overfit model
and, therefore, may not represent true physical structure–property relationships but rather
reflect the patterns the model learned to fit the specific training data. As such, while the
SHAP results offer insight into how the model processed the input features, they should
be interpreted with caution, particularly in the context of the limited generalizability
demonstrated by the IonIL-IM-V model.
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3.3. Online Applications for Predicting Properties of Ionic Liquids and Datasets

The IonIL-IM-D1, IonIL-IM-D2, and IonIL-IM-V models are freely available as in-
teractive web applications hosted on the Atomistica Online 2025 application (https:
//atomistica.online). These applications are designed to make predictive modeling of
ILs highly accessible to both experts and non-experts in materials science. By inputting a
set of pre-calculated molecular descriptors, users can instantly obtain predicted values for
either the density or viscosity of their ionic liquid candidates.

The web interface is streamlined for intuitive use. Users first select the property they
wish to predict from the main menu on the left-hand side (via the “IL Density Predictor”
and “IL Viscosity Predictor” links). For density prediction, two models are available:
IonIL-IM-D1 and IonIL-IM-D2. Interfaces for using these models are presented in Figure 11.
Users can enter the descriptor values manually or via copy–paste, and the predicted density
is displayed immediately after pressing the “Calculate density” button.

 

Figure 11. The interface for using the IonIL-IM-D1 and IonIL-IM-D2 ML models.

For viscosity, the model requires nine molecular descriptors, including quantum-
mechanically derived features, which reflect the increased complexity of this property
(Figure 12).

 

Figure 12. The interface for using the IonIL-IM-V model.

These applications are helpful for teaching, research, and exploratory design of ILs by
eliminating the need for coding, software installation, or model retraining. They are partic-
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ularly valuable for early-stage hypothesis testing, enabling researchers to screen candidate
ILs before starting time- and resource-intensive synthesis or experimental characterization.
The platform is entirely web-based and optimized for both desktop and mobile use, free
for academic and teaching purposes.

In addition to the predictive models, each corresponding application includes, at the
bottom of the page, curated and searchable databases of the ILs used to train the density
and viscosity models (Figure 13).

 

Figure 13. Searchable and interactive dataset for density, used for the generation of IonIL-IM-D models.

These interactive and searchable datasets, developed as part of this study, include
434 imidazolium-based ILs for density and 293 ILs for viscosity. Each entry is annotated
with experimentally measured properties and a suite of molecular descriptors. For every
ionic liquid in the datasets, users can download optimized global minimum structures,
available in both xyz and mol formats. These optimized structures can be used immediately
for property calculations or serve as reliable starting points for further re-optimizations
at higher levels of theory. Each table entry also includes the molecular formula, SMILES
representation, and the full reference citation associated with the IL.

Additionally, all GOAT/GFN-FF-optimized structures are available in bundled
archives. The datasets are also provided as downloadable csv files containing all cal-
culated molecular descriptors, making them suitable for direct use in ML workflows and
further analysis.

3.4. Ionic Liquid Structure Generator

Last but not least, one more outcome of this study is presented: the development of
a simple online structure generator for ILs, available through the Atomistica Online 2025
application. This tool was developed using a systematic approach: first, all unique ionic
liquid structures were extracted as SMILES strings from the ILThermoPy Python library.
From this curated list of ILs, all cations and anions were programmatically separated and
stored in two distinct and searchable tables. Each ion is labeled with its IUPAC convention
name, allowing users to browse or filter through them easily. Since it is challenging to
know the exact names of ions for generating a certain IL, all ions are available in two easily
searchable tables with buttons to invoke ions for the generation of IL. In the search field for
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cations and anions, it is sufficient to type a part of the desired ion’s name, and the table
will be sorted (Figure 14).

 

Figure 14. Screenshot from the online IL generator.

The platform enables users to select any combination of cation and anion, upon which
a 3D structure of the resulting ion pair is generated and pre-optimized using the universal
force field (UFF). This process provides immediate access to chemically meaningful starting
geometries. The tool addresses a fundamental need in the field of ionic liquid design and
modeling. The chemical diversity of ILs is virtually limitless, with millions of theoretically
possible combinations of cations and anions. However, generating realistic, pre-optimized
3D structures for these combinations remains a tedious and time-consuming task for
most researchers, particularly those without a strong background in programming or
computation. By automating this step, the structure generator makes easy access to ready-
to-use IL geometries, significantly simplifying the process of exploring new ionic liquid
systems, performing quantum mechanical or MD calculations, or integrating structures
into ML workflows.

Approximately 1300 cations and 400 anions were extracted from the database, meaning
that users can theoretically generate over half a million unique ion pairs. Because the
generated structures are UFF-pre-optimized and provided in a standardized format, they
can be used directly for further optimization (e.g., via GOAT or DFT) or for generating
molecular descriptors. Furthermore, a generated intermolecular system consisting of a
cation and an anion allows users to generate MD systems through the Online Packmol
application of Atomistica Online 2025, which uses the famous Packmol program [74,75] in
the background.

4. Conclusions

In this work, the development, validation, and deployment of ML models designed
to predict the density and viscosity of imidazolium-based ILs at room temperature
(298 K) using molecular descriptors derived from simple and atomistic calculations have
been presented. By collecting high-quality datasets and applying clear computational
workflows, including geometry optimization via the GOAT protocol using the GFN-FF
force field, a solid foundation has been established for building interpretable, robust, and
accessible predictive models.

For density prediction, two models were developed: IonIL-IM-D1, which utilized only
three simple descriptors (molecular weight, number of atoms, and AlogP), and IonIL-IM-
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D2, which employed seven descriptors to capture more complex structural and electronic
features. IonIL-IM-D1 achieved a test set R2 of 0.91, MAE of 28.35 kg/m3, and RMSE
of 49.80 kg/m3, with a mean cross-validation R2 of 0.84. These results indicated that
even a minimal descriptor set can yield high predictive accuracy. IonIL-IM-D2 further
improved performance, achieving a test set R2 of 0.92, MAE of 27.00 kg/m3, and RMSE of
45.47 kg/m3, with a mean cross-validation R2 of 0.88. These results confirm that density is
a property well-suited to ML prediction using readily accessible molecular features.

Viscosity prediction was a greater challenge due to the more complex nature of this
property. The IonIL-IM-V model utilized nine descriptors, including several derived
from DFT calculations such as ALIE, ESP, and frontier orbital energies. Despite this
complexity, the model achieved a respectable test set R2 of 0.92, MAE of 0.175, and RMSE
of 0.280. While cross-validation results indicated reduced robustness (mean R2 of 0.56
with higher variance), the model provides a solid foundation for further development and
illustrates the feasibility of using ML to tackle even challenging physicochemical properties.
However, the limited size of the viscosity dataset and the strong sensitivity of viscosity
to experimental conditions introduce additional sources of uncertainty. Furthermore, the
reliance on computationally demanding quantum descriptors may reduce the model’s
general applicability, highlighting the need for future work on larger datasets and simplified
descriptor sets.

All three models are deployed as web-based applications within atomistica.online plat-
form (https://atomistica.online), which was developed to ensure maximum accessibility
for both researchers and students. Users can input pre-calculated descriptors and ob-
tain immediate predictions for density or viscosity without requiring coding expertise,
software installation, or model retraining. The platform also includes searchable and inter-
active databases of all ILs used to train the models, each annotated with descriptors and
experimental values. Users can also:

• Download optimized structures obtained via GOAT/GFN-FF in both xyz and
mol formats;

• Access and download complete datasets as csv files containing all calculated molec-
ular descriptors;

• Download bundled archives containing all optimized IL structures used in
model development.

Additionally, we also developed an ionic liquid structure generator, which theoretically
enables users to create over 500,000 cation–anion combinations using a curated library
of ~1300 cations and ~400 anions. The resulting structures are automatically built and
pre-optimized using the UFF, making them ideal starting points for further quantum
mechanical or ML-based investigations.

Altogether, this work delivers a unified framework for data-driven IL modeling
by combining simple molecular descriptors, atomistic calculations, ML, and online
software engineering.
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Abstract: Inhibitors of the tyrosine kinase Zap70 are actively searched to improve treat-
ments of lymphoid malignancies and autoimmune diseases associated with an abnormal
T-cell response. The natural product withaferin A (WFA) has been characterized as a cova-
lent inhibitor of Zap70 capable of blocking the migration of human T-cells. By analogy, we
postulated that other withanolides equipped with a thiol-reactive, α,β-unsaturated ketone
may form covalent complexes with Zap70. The hypothesis was tested using a molecular
modeling approach with a panel of 12 withanolides docked onto the kinase domain of
Zap70. Seven natural products revealed a capability to form stable complexes with Zap70
comparable to that of WFA, including withangulatin A, 4β-hydroxywithanolide E, with-
aperuvin, and ixocarpalactone A. Withangulatin A surpassed all the other withanolides
for its ability to engage an interaction with Zap70 kinase and to form covalent complexes
via bonding to the Cys346 residue close to the enzyme active site. The physicochemical
and ADMET properties of withangulatin A were analyzed via Density Functional Theory
calculations and an analysis of its Fukui function descriptors. The C3 position of the enone
moiety was identified as the most reactive (nucleophilic) site of the molecule. Withangulatin
A revealed a satisfactory ADMET profile with no major toxicity anticipated. It represents a
potential hit to guide the design of Zap70 inhibitors.

Keywords: cysteine bonding; molecular docking; withaferin A; withangulatin A;
withanolides; Zap70 kinase

1. Introduction

The protein Zap70 (zeta-chain-associated protein kinase 70 kDa) is a non-receptor ty-
rosine kinase which plays an essential role in T-cell receptor (TCR) signaling in thymocytes
and peripheral T-cells. The kinase is recruited to the intracellular ζ-chains of the T-cell
receptor to phosphorylate the TCR/CD3 multimeric protein complex, thus contributing to
the diversification and amplification of TCR signaling. The correct functioning of the kinase
is necessary to complete the development of thymocytes and T-cells in the thymus [1,2].
The protein is also expressed in NK cells and a subset of B cells. Aberrant expression of
Zap70 has been reported in several inflammatory pathologies and its contribution to tumor
immunity has been highlighted. Zap70 plays a role in several malignancies, notably in
chronic lymphocytic leukemia (CLL) [3]. The protein is considered as a strong prognostic
biomarker for patients with CLL [4]. Activated Zap70 represents a drug target to combat
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certain solid tumors due to its role as a driver of proliferation and tumor transformation
and its implication in resistance to PI3K inhibitors in cancer cells [5]. Zap70 is viewed as an
immunotherapeutic target to treat laryngeal cancer [6], lymphoid malignancies, and vari-
ous autoimmune diseases associated with an abnormal T-cell response, including psoriasis
and lupus [7,8].

These considerations have stimulated the search for different types of inhibitors
of Zap70, acting either as direct blockers of the kinase domain or as disruptors of the
interaction with the T-cell antigen receptor [8,9]. Zap70 inhibitors include natural and semi-
synthetic products and diverse, rationally designed small molecules with a heterocyclic
scaffold. In recent years, several types of inhibitors have been reported including arglabin
derivatives, pyridopyrimidinones, and imidazopyrimidine-carboxamide derivatives to
mention a few potent compounds [10–12]. Drug design approaches can benefit from a solid
structural basis for the inhibition of the enzyme, with the crystallographic structure of the
tyrosine kinase domain [13,14] and the identification of a druggable pocket close to the
activation loop of the kinase [15].

Recently, the drug discovery strategy has been oriented toward the design and devel-
opment of covalent inhibitors targeting cysteine residues that are essential for the correct
functioning of the kinase. Thiol-reactive small molecules interfering with protein activity
have been discovered [16]. There are several important cysteine residues in the kinase
domain and the surrounding areas. In particular, C564 residue located in the kinase domain
of Zap70 corresponds to a palmitoylation site, and its acylation contributes to the regula-
tion of T-cell-mediated immunity [17,18]. The imidazopyrimidine-carboxamide derivative
RDN009, bearing a chloroacetamide reactive group (IC50 = 44.8 nM), is one of the most
potent covalent inhibitors of Zap70 targeting C346, which also represents a critical site
(Figure 1) [10]. Recently, this compound has been optimized to enhance its activity, leading
to the derivative RDN2150 potently active against the kinase (IC50 = 14 nM) and showing
promising inhibitory effects on T-cell activation and inflammatory cytokine production [19].
The cysteine reactivity of RDN2150 is due to an acrylamide moiety, which is a mildly
reactive warhead commonly found in approved covalent kinase drugs, such as afatinib
and dacomitinib [20]. The α,β-unsaturated amide moiety of these compounds serves as a
warhead to react with cysteine thiols. A similar reactive group with an α,β-unsaturated
keto structure is found in the natural product β-epoxyarglabin and related sesquiterpene
lactones such as grosheimin, which have been shown to react covalently with the C39 of
Zap70 [12].

Figure 1. Structures of three covalent inhibitors of Zap70. The thiol-reactive moiety is shown in red.

Covalent binding to Zap70 has also been demonstrated with the withanolide-type
steroid called withaferin A (WFA), which is essentially found in the medicinal plant
Withania somnifera (L.) Dunal [21]. This compound presents a C-28 steroidal lactone based
on an ergostane skeleton (Figure 2). WFA shows marked antitumor and anti-inflammatory
effects [22]. The compound belongs to a large family of more than 1200 withanolides,
which includes many antitumor compounds such as withanolide A, withangulatin A,
withanone, physapruin A, and others [23]. WFA stands as a leading compound in the
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family, owing to its multiple pharmacological properties and, in particular, its potent
antitumor efficacy [24–26]. It is a reactive molecule capable of covalently binding to the
exposed cysteine residues of certain proteins, such as vimentin, Hsp90, Ikkβ, Nrf2, annexin
II, and a few others [27].

Figure 2. Structures of selected withanolides bearing a thiol-reactive enone moiety (in red).

WFA has been shown to inhibit Zap70 by forming covalent complexes with cysteine
residues. Covalent binding of the product to the kinase has been demonstrated experimen-
tally, and a molecular modeling analysis has predicted that two cysteines C560 and/or C564
could serve as potential thiol donors for the covalent drug attachment [28]. But at present,
the exact cysteine site in Zap70 has not been evidenced experimentally. WFA reacts with
cysteine thiol via its α,β-unsaturated ketone (enone) moiety which functions as a Michael
acceptor (electrophile) susceptible to covalently modifying cysteine residues in proteins or
thiol-containing compounds such as glutathione (GSH) and homocysteine [29,30]. Occa-
sionally, an adduct can form from the thiol addition to the epoxide at the C-6 position, as
observed upon the bioconversion of an extract of Withania somnifera by the fungus Beauveria
bassiana in the presence of glutathione [31]. But in most cases, it is the α,β-unsaturated
ketone moiety that reacts with thiols to form conjugates and cysteine adducts.

In the present study, we have analyzed the protein binding and compared the reactivity
of a series of withanolides towards Zap70. The three-dimensional structure of the active
kinase domain of Zap70 non-covalently bound to staurosporine was used as a structural
model (PDB: 1U59) [14]. Twelve withanolides, all bearing a reactive α,β-unsaturated ketone
moiety, were selected (Figure 2). Some of them are known to react covalently with cysteines
in certain proteins. This is the case for WFA and tubocapsenolide A, which can form
cysteine adducts with the chaperone protein Hsp90 [32,33], and for 4β-hydroxywithanolide
E (4β-HWNE), which can bind to a cysteine residue of the transcription factor Keap1, so as
to interrupt its interaction with Nrf2 [34]. Withangulatin A has been shown to form cysteine-
bound covalent complexes with PHGDH (3-phosphoglycerate dehydrogenase), Prdx-6
(peroxiredoxin 6), and SERCA-2 (sarco/endoplasmic reticulum calcium-ATPase 2) [35–37].
The other withanolides have not been shown to form covalent complexes, but they carry
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the same reactive enone moiety. Some of them show prominent anticancer properties,
such as physapruin A (from Physalis peruviana), which induces oxidative stress and DNA
damages in cancer cells [38–41], and anomanolide C (from Tubocapsicum anomalum), which
can suppress the progression of triple-negative breast tumors in mice [42]. By analogy to
WFA, we hypothesized that some of these reactive compounds could also covalently bind
to Zap70 and form covalent cysteine adducts. The results of our molecular docking study
are presented here.

2. Materials and Methods

2.1. Molecular Structures and Software

The three-dimensional structure Zap70 non-covalently bound with staurosporine was
retrieved from the protein data bank (PDB: 1U59) and used as a model for the docking
analysis. It is a high-resolution structure (2.30 Å) obtained by X-ray diffraction [14]. The
molecular docking analysis was performed with the GOLD software (version 5.3, Cam-
bridge Crystallographic Data Centre, Cambridge, UK). Prior to the docking operations,
the structure of each ligand was optimized using a classical Monte Carlo conformational
searching procedure via the BOSS software v4.9 [43]. Molecular graphics and analysis were
performed using Discovery Studio Visualizer, Biovia 2020 (Dassault Systèmes BIOVIA
Discovery Studio Visualizer 2020, San Diego, Dassault Systèmes, 2020). The web server
Computed Atlas of Surface Topography of proteins (CASTp) 3.0 was used to identify
potential ligand-binding sites on the tubulin dimer. The molecular modeling software
Chimera 1.15 was used for visualization [44].

2.2. In Silico Molecular Docking Procedure

The staurosporine binding area within the kinase domain of Zap70 was considered
as the potential binding site for the studied withanolides. During the process, the side
chains of the following amino acids within the binding site were rendered fully flexible:
Leu344, Cys346, Phe349, Val352, Lys369, Glu386, Met390, Lys424, Asp479, and Phe480. A
docking grid, centered in the volume defined by the central amino acid, has been defined
based on shape complementarity and geometry considerations. In general, up to 100 poses
considered as energetically reasonable are selected during the search for the correct binding
mode of the ligand. The decision to select a trial pose is based on ranked poses, using the
fitness scoring function (PLP score incorporated in GOLD v5.3) [45]. The same procedure
was used to establish molecular models for all studied natural products.

In general, 6 poses are selected per analysis. The ranking leads to the evaluation
of the empirical potential energy of the interaction (ΔE), defined using the expression
ΔE(interaction) = E(complex) − [E(protein) + E(ligand)]. The SPASIBA spectroscopic force
field is used to calculate the final energy. The required parameters are derived from vi-
brational wavenumbers obtained in the infrared and Raman spectra of a large series of
compounds of diverse chemical nature (organic molecules, amino acids, saccharides, nu-
cleic acids, and lipids). The last step corresponds to validation using the SPASIBA force
field, an essential step to determine the best protein–ligand structure. This force field has
been specifically developed to provide refined empirical MM force field parameters [46].
SPASIBA (integrated into CHARMM) empirical energies of interaction are calculated. It
is an excellent system for reproducing crystal-phase infrared data. SPASIBA has been
specifically developed to provide refined empirical molecular mechanics force field pa-
rameters [47]. The Boss program and the Molecular Mechanics/Generalized Born Surface
Area (MM/GBSA) procedure were used to evaluate the free energies of hydration (ΔG) in
relation to aqueous solubility [48].
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The docking analysis was performed with the different withanolides interacting with
the kinase domain of Zap70 in a non-covalent process. The potential formation of a covalent
C-S linkage between the α,β-unsaturated ketone unit of the natural products and the C346
thiol group was inferred from the calculated distance between the reactive groups, as
described previously for other covalent drug–protein complexes [49,50].

2.3. DFT Calculations and Predicted Physicochemical and ADMET Properties

All Density Functional Theory (DFT) calculations were performed with the ORCA
v5.0.4 software package, using the B3LYP-D3/def2-SVP computational level and the water
implicit solvation CPCM [51], from the 3D coordinates of ligands previously generated
using Auto3D [52]. The DFT calculations provided a better understanding of the reactivity
and stability of our compounds, in particular, by obtaining the energies of the HOMO
(Highest Occupied Molecular Orbital, serving as an electron donor) and the LUMO (Lowest
Unoccupied Molecular Orbital, acting as an electron acceptor) orbitals, for the calculation
of the HOMO-LUMO gaps. The reactivity of the molecules was further analyzed using
Fukui functions and dual descriptors to determine the nucleophilicity (f−), electrophilicity
(f+), and radical attack susceptibility (Δf(r)) of the heavy atoms.

Several machine learning-based approaches were used to predict a wide range of criti-
cal parameters, starting from the SMILES string of the studied compounds. SolTranNet [53]
was used to predict the aqueous solubility with the calculation of logS values, PredPS [54]
to predict the stability of compounds in human plasma using an attention-based graph
neural network, and PredMS [55] to estimate the metabolic stability of the compounds
in human liver microsomes from a random forest model. FP-ADMET [56], a toolbox of
prediction models using mostly random forest models, allowed for the prediction of a wide
range of physicochemical, ADMET, and ADMET-related parameters.

3. Results

3.1. Protein Structure and Binding Site Analysis

The structure of the active kinase domain of Zap70 bound to staurosporine (1U59) was
used to locate the position of the different cysteine residues. The kinase domain comprises
seven cysteine residues at C346, C405, C510, C560, C564, C575, and C596, but only one,
C346, is positioned at the entrance of the ATP binding site where the crystallographic ligand
(staurosporine) is bound, as represented in Figure 3. The other residues, notably C560-C564,
are located on the external surface of the protein. A binding site analysis was performed
using the web server CASTp 3.0, which is a convenient tool to analyze the topography of
proteins and to locate potential drug-binding sites [57]. The analysis revealed the position
of only one large binding area, corresponding to the ATP and staurosporine binding pocket
(Figure 4). The cavity is quite large, sufficient to accommodate a polycyclic molecule such as
WFA. Six other small cavities were identified with CAST, but they are very narrow (<50 Å3),
probably too small to serve as potential binding sites. The estimated volume of the central
cavity is 774.7 Å3 according to the method of static accessibility [58] and 2134.5 Å3 when
measuring the solvent-accessible surface [57]. The same calculation method applied to
WFA gave a value of 1374.5 Å3. It is thus clear that the molecule can fit only in the large
cavity, not the small hollows around the protein. For this reason, we focused our analysis
on the main kinase activity site and performed a docking analysis to compare the binding
of WFA and its analogs to this site, and the possible formation of a covalent interaction
with cysteine 346 located at the gate of the active site.
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Figure 3. Structure of the active kinase domain of Zap70 bound to staurosporine (from Lys328 to
His612, from PDB 1U59) [14]. (a) A global view of the active kinase domain with the different cysteine
residues. (b) A view of the staurosporine-bound protein with the α-helices (in red) and β-sheets (in
cyan). The position of three cysteine residues is indicated, including C346 in the kinase active site
and C560-C564 exposed on the protein surface.

Figure 4. The binding site analysis of Zap70 (using web server CASTp 3.0) primarily reveals the
position of the ATP-binding site in the center of the protein (in red) and a few minor areas around the
protein, with the indicated volumes.

3.2. Covalent Binding of WFA to Zap70

WFA was docked into the active kinase domain of Zap70, and the empirical energy of
interaction (ΔE) and the free energy of hydration (ΔG) of the interaction were calculated
(Table 1). WFA can fit easily into the binding cavity, as represented in Figure 5. The
compound remains significantly exposed, because the cavity is large, with an extended
solvent-accessible area. However, the extended molecule bridges the two lips of the
cavity and anchors itself relatively deeply into the protein site. The fit is satisfactory
(ΔE = −69.30 kcal/mol), controlled by the diversity of molecular contacts between the
ligand and the protein. Notably, four hydrogen bonds contribute to the stability of the
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complex, between the withanolide and residues Asn348, Phe349, Arg460, and Lys484, in
addition to various van der Waals contacts (Figure 6). Interestingly, the small molecule sits
at a short distance from Cys346 to position the enone moiety close to the thiol group of
the cysteine residue. Under these conditions, covalent binding can be easily established,
as represented in Figure 7. The molecule adopts a configuration which places its enone
moiety close to the SH group of C346, thus favoring the subsequent formation of the
thioether linkage, while the opposite lactone part of the molecule is interacting with the
protein via residues Arg460 and Lys484. The covalent binding of the natural product to the
C346 residue of Zap70 deserves further study using a more appropriate methodology (e.g.,
quantum mechanical) for describing the covalent bond formation with greater precision.

Table 1. Calculated potential energy of interaction (ΔE) and free energy of hydration (ΔG) for the
interaction of withanolides with Zap70 (1U59).

Compounds CID 1 ΔE (kcal/mol) ΔG (kcal/mol)

Anomanolide C 44423050 −61.40 −21.50
4β-Hydroxywithanolide E 73621 −75.50 −24.30

Ixocarpalactone A 327287 −75.50 −24.85
Physapruin A 21607598 −56.35 −19.70
Physapubescin 78077011 −72.00 −22.40

Tubocapsanolide A 16680369 −63.40 −20.00
Tubocapsenolide A 16679812 −70.20 −23.90

Withaferin A 265237 −69.30 −19.10
Withangulatin A 147647 −93.55 −21.90
Withanolide A 11294368 −60.15 −19.90

Withanone 21679027 −55.30 −21.00
Withaperuvin 333470 −75.35 −20.10

1 Compound identity number, as defined in PubChem (https://pubchem.ncbi.nlm.nih.gov (accessed on
6 June 2024)).

Figure 5. Molecular model of compound WFA bound to Zap70. (a) A surface model of the protein
with the compound bound to the kinase site and a close-up view of the binding area. (b) A ribbon
model of Zap70 with the WFA bound to the active site. The α-helices (in red) are shown together with
the solvent-accessible surface (SAS) area surrounding the drug-binding zone (color code indicated).
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Figure 6. Binding map contacts for four withanolides bound to Zap70 (color code indicated).
The compounds rank in order in terms of potential binding to Zap70: 4β-hydroxywithanolide
E = ixocarpalactone A > withaferin A > tubocapsenolide A (Table 1).

Figure 7. Covalent binding of WFA to Zap70 via Cys346. (a) The binding to bonding process
permitted by the close proximity between the enone moiety of WFA and thiol group of C346. (b) The
reaction scheme and (c) a detailed view of WFA covalently bound to C346 at the gate of the kinase
active site.

3.3. Comparative Molecular Docking of Withanolides to Zap70

The docking analysis was repeated with each of the 12 selected withanolides to cal-
culate the corresponding binding energies (Table 1). Although all molecules present
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the same framework, with a common ergostane scaffold and the key reactive enone
group, significant variations were observed between the molecules in terms of bind-
ing to Zap70. As expected, the free energy of hydration (ΔG) is relatively similar,
whereas the potential energy of interaction (ΔE) varies importantly from one molecule
to the other. Arbitrarily, we can separate the compounds in three groups: (1) the weak
binder including withanone, withanolide A, physapruin A, anomanolide C, and tubo-
capsanolide A (−55.3 kcal/mol < ΔE < −63.4 kcal/mol); (2) the good binder including
4β-hydroxywithanolide E, ixocarpalactone A, physapubescin, tubocapsenolide A, WFA,
and withaperuvin (−69.3 kcal/mol < ΔE < −75.5 kcal/mol); and (3) a single compound
with a very favorable binding energy, withangulatin A (Table 1).

The compounds of the second group showed a behavior more or less comparable to
that of WFA. They all can fit into the protein active site at a relative proximity to the C346
residue. The binding configuration varies slightly from one compound to another, leading
to variable molecular contacts. Typical examples are represented in Figure 6. The case of
ixocarpalactone A is interesting to note because its C16-OH group contributes importantly
to the protein interaction with an implication in up to three H-bonds with residues Arg465,
Asn466, and Ser478. But the molecular arrangement moves away the C346-SH group,
which then becomes less accessible for bonding. The same observation was made with the
weakest ligand, withanone. In this case, the compound is positioned close to the upper
lip of the protein, with a short H-bond distance between Arg465 and the C1-carbonyl and
C5-OH (2.6 Å), thus placing the C3 position away from the C346-SH group. On the opposite
side, the same H-bond distances are longer with withangulatin A (3.0–3.3 Å), positioning
the ligand closer to the C346-SH group, and thus favoring the realization of the covalent
link. The spatial distance between the C346-SH group and the C3 position of the different
withanolides tested here varied from 3.0 Å to >5.0 Å. The shortest distance was observed
with withangulatin A (Figure 8).

Figure 8. Withangulatin A binding to the kinase site. (a) A view of the binding area with the two lips
of the site. A hinge region separates two zones with residues K369, C346, G347, and N348 on one side
and K424, R465, and D479 on the other side. (b) Withanone becomes close to R465 but distant from
C346, whereas withangulatin A remains close to C346, at a distance suitable for covalent binding
to C346.

Withangulatin A was found to be the best ligand in the series, with a strong capability
to form stable complexes with the kinase. It surpassed all the other withanolide derivatives
with a free energy of interaction largely more negative (about 35%) compared to WFA
and the other compounds (Table 1). The compound is ideally shaped to interact with the
enzyme. The binding (non-covalent) step places the ligand in the kinase domain through
the H-bond interaction with two key lysine residues, Lys369 and Lys424. The formation of
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the covalent linkage slightly modifies the positioning of the drug in its site, but the H-bond
between the lactone unit and Lys424 is maintained (Figure 9).

Figure 9. Binding and bonding of withangulatin A to Zap70-active kinase domain. (a) Molecular
model of the drug–protein complex, with a close-up view of the ligand covalently bound to C346.
(b) Binding map contacts for withangulatin A non-covalently and covalently bound to Zap70 (color
code indicated).

To sum it up, the docking analysis suggested that WFA can form covalent complexes
with the Cys346 of Zap70 kinase, and similar stable complexes can form with a few
other withanolides including ixocarpalactone A, physapubescin, tubocapsenolide A, and
withaperuvin. But one product stands out with its high capability for binding to Zap70
kinase: withangulatin A. This antitumor natural product exhibits a remarkable ability for
bonding to the Cys346 thiol residue of Zap70, surpassing all other withanolides in terms of
protein-binding capability.

3.4. Comparative Reactivity and Druggability of Withangulatin A and WFA

The discovery of withangulatin A as a potential top binder to Zap70 prompted us
to further analyze this natural product as a drug candidate. We used additional in silico
methods, notably the Density Functional Theory (DFT) and machine learning approaches,
to evaluate the relative chemical stability and reactivity of this compound compared to
WFA. The DFT analysis, performed at the B3LYP-D3/def2-SVP computational level of
theory, allowed us to compare their electronic behavior. The calculation showed that the
two compounds exhibit similar HOMO and LUMO energies. The HOMO-LUMO gap
energy (about 3 eV) is comparable for the two compounds, thus suggesting an identical
chemical stability (Figure 10). However, the two compounds have different charge density
locations in the HOMO and LUMO. For instance, the LUMO and HOMO in WFA are
mainly located on the A-ring around the enone moiety, whereas in withangulatin A, the
LUMO has the charge density on the enone part of the ring A, but the HOMO has electron
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density on the D-ring (Figure 10b). For WFA, both the HOMO and LUMO are located on the
same side of the molecular plane near the reactive position (C23/C31). For withangulatin
A, the orbital interactions are different, with more distance between the HOMO and LUMO
sites. It seems that the presence of the acetyl group (at C5) of withangulatin A can affect
the rate at which an electronic transition can occur between orbitals. The DFT analysis
predicts that the two natural products are equally stable, but the enone moiety of WFA may
be slightly more reactive than that of withangulatin A.

Figure 10. (a) Optimized structures of withaferin A and withangulatin A. The arrow points to the
most nucleophilic site, as detailed in Figure S1. (b) Electron density distribution of HOMO and
LUMO. The energy band gap is indicated with the respective frontier molecular orbital energies
(E = ELUMO − EHOMO).

In parallel, we used Fukui functions and the dual descriptor to obtain quantitative
measures of the nucleophilicity and electrophilicity of all atoms in the two compounds. Data
for the carbon and oxygen atoms are shown in Figure S1 (H atoms are not shown for clarity,
but all atomic positions were analyzed). The analysis clearly shows that the most reactive
C-site of the molecule is the expected C3 enone position (labeled C23 and C31 for WFA and
withangulatin A, respectively, in Figure S1). This C3 position is significantly more reactive
than the two carbons of the epoxide and also corresponds to the most sterically accessible
position, as shown out in Figure 10a. It is also interesting to note that the nucleophilicity
index measured for WFA at position C5 (position C23 in Figure S1: nucleophilicity 0.07713)
is lower than that measured for withangulatin A at the same position (position C31 in
Figure S1: nucleophilicity 0.08533). Therefore, this specific position in withangulatin A may
be more reactive than initially expected based on the DFT calculations mentioned above.

The expression of Fukui functions (interpreted as a variation in nucleophilicity or
electrophilicity) points out to a locus in the chemical reactivity of the withanolides. To
our knowledge, such an analysis has never been performed before. The only related work
refers to a quantum mechanical study, also based on DFT calculations, with two different
withanolides: withacoagulin J and withanolide H isolated from W. coagulans [59]. The
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band gap was a little larger with these two compounds (4.8 eV). Withanolide H, which has
a reactive enone in the A-ring unlike withacoagulin J, showed a HOMO/LUMO pattern
comparable to that of WFA. This type of analysis is useful to predict the chemical reactivity
of the molecules.

Next, we used machine learning models to predict the physicochemical and metabolic
properties of the two compounds. As expected, the machine learning model SolTranNet
predicted a very low aqueous solubility for the two compounds, with logS values of −4.87
and −5.26 for WFA and withangulatin A, respectively (a soluble compound is defined
as a compound with logS > −4 [53]). Such compounds require the development of a
solvent-based formulation or liposomal drug delivery system, as proposed for WFA [60,61].
The attention-based graph neural network PredPS [52] predicted that the two molecules
are relatively unstable in human plasma (with probability scores of 0.83 and 0.98 for WFA
and withangulatin A, respectively). We also tested the random forest model PredMS [62] to
predict their metabolic stability, but in this case, the calculated probability scores were con-
sidered unreliable (0.47 and 0.54 for WFA and withangulatin A, respectively). Nevertheless,
WFA was predicted to be more stable than withangulatin A.

The predictive models of FP-ADMET [63] were used to compare the ADMET (absorp-
tion, distribution, metabolism, excretion, and toxicity) properties of the two compounds.
The system is based on a repository of molecular fingerprints, which essentially correspond
to drug-like molecules. In our case, the predictions have a relatively low confidence and
credibility because this type of complex molecule is underrepresented in the training set.
Nevertheless, the machine learning model pointed out three noteworthy aspects: (i) The
two compounds seem to be phototoxic in vitro (parameter credibility 0.62–0.75) but not
phototoxic to humans; (ii) the predicted hERG cardiotoxicity was negative for the two
compounds, and, similarly, they do not present myotoxicity; and (iii) the predicted urinary
toxicity was negative for WFA but positive for withangulatin A. However, these machine
learning results should be treated with caution, as the training sets contain few examples of
such complex compounds. A larger training set would be required to refine the predictions
of their ADMET properties in addition to experimental measurements.

4. Discussion

The medicinal use of the plant Withania somnifera (L.) Dunal is well recognized, notably
in the traditional Indian medical system to treat inflammatory diseases, microbial infections,
hepatic dysfunctions, and other ailments. The plant is also used to treat cancer and in the
prevention of neurodegenerative diseases [64–66]. W. somnifera is a rich source of bioactive
molecules, in particular withanolides endowed with anticancer properties [21,23]. The lead
compound is withaferin A (WFA), which has revealed a large panel of pharmacological
activities useful to combat inflammation, cancer, and neuropathological disorders [25]. It is
a highly potent withanolide capable of binding to many proteins and triggering covalent
reactions with cysteine residues of various proteins including NFκB, SERCA-2, β-tubulin,
vimentin, and a few enzymes such as Pin1 and Zap70 [27]. Up to now, WFA is the only
withanolide known to bind to Zap70, which is a key tyrosine kinase implicated in T-cell
immunity. The covalent binding of WFA to the exposed cysteines of Zap70 has been evi-
denced recently [28]. This study paved the way for the discovery of additional binders with
a withanolide scaffold similar to WFA. In this frame, we selected 12 withanolides equipped
with a reactive α,β-unsaturated ketone moiety to compare their ability to form covalent
complexes with the kinase. The selected withanolides include compounds previously
characterized as potent anticancer agents, such as physapruin A, 4β-hydroxywithanolide
E, and withanone [41,67,68]. Our molecular docking approach is comparable to that used
recently to study other anticancer agents [69,70].
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The molecular docking analysis points to seven compounds susceptible to form stable
complexes with Zap70: 4β-hydroxywithanolide E, ixocarpalactone A, physapubescin,
tubocapsenolide A, WFA, withaperuvin, and withangulatin A. The first six compounds
exhibit a roughly equal capability to engage molecular interactions in the active site of
Zap70. In particular, 4β-hydroxywithanolide E, withaperuvin, and ixocarpalactone A
display the same high ability to form stable complexes with Zap70. The analysis of
the structure-binding relationships in the series is difficult due to the complexity of the
molecules. However, the following four criteria can be underlined: (i) The C5-C6 epoxide
moiety of WFA is not absolutely required for kinase interaction (not present in whitaperuvin
A), (ii) a hydroxyl group at C16 contributes favorably to the kinase interaction (as observed
with ixocarpalactone A and tubocapsenolide A), (iii) the presence of a hydroxyl group
at C20 reinforces the protein interaction, and (iv) in all cases, the lactone E-ring plays an
important role in the protein interaction. Thus, the docking analysis suggests clearly that
WFA is not the only withanolide susceptible to forming covalent complexes with Zap70.

One compound emerges from the study as a promising Zap70 binder: with-
angulatin A, which is a well-known anti-inflammatory, immuno-suppressive, and an-
tifibrotic agent [71–73]. This withanolide, essentially isolated from Physalis angulata
L. [55,56], has been characterized previously as a covalent protein binder. Withangu-
latin A has been shown to form cysteine-mediated covalent complexes with the enzymes
3-phosphoglycerate dehydrogenase (PHGDH) [35], peroxiredoxin 6 (Prdx-6) [36], and
sarco/endoplasmic reticulum calcium-ATPase 2 (SERCA-2) [37]. It is also an inhibitor of
glutaminase 1 (IC50 = 18.2 μM) [74] and a regulator of the expression of cyclooxygenase
2 [75] and ADP-ribosylation factor 6 (ARF6) [76]. This multitargeted reactive molecule can
interfere with different processes in cells. Here, we provide in silico evidence that it is also
a potential strong binder to the kinase Zap70.

Withangulatin A surpassed all the other tested withanolides in terms of complex
formation and reactivity with the Cys346 position of Zap70. This cysteine residue located
at the entrance of the active site represents a more attractive site than those located on the
external surface of the protein, such as C560-C564. The product fits well into the active
site of the kinase, placing its reactive enone moiety close to the thiol group of Cys346. The
model suggests that a covalent reaction can occur easily to generate a stable protein–drug
adduct, as described experimentally with WFA. A detailed analysis of the reactivity of
the molecule, using DFT calculations, indicates that the enone moiety of withangulatin A
exhibits a high reactivity, with the C3 position (labeled C31 in Figure 10) as the main reactive
site. The docking analysis was performed with a catalytic subunit of Zap70 corresponding
to the active kinase domain of the protein (open conformation). It would be useful to
determine if the covalent binding of WFA can also occur when the protein is in a closed,
autoinhibited conformation, so as to prevent the opening of its conformation [77].

The ADMET profile of withangulatin A suggests that it is a druggable molecule. The
only point to watch out for is potential urinary toxicity, but apart from that, the molecule
does not present major toxic aspects or unacceptable properties. This natural product
exhibits a low oral bioavailability, and it can easily hydrolyze in human plasma [78].
Withangulatin A has already been exploited in drug design strategies. Recently, Zhou and
coworkers have synthesized two large series of withangulatin derivatives and identified
potent antiproliferative agents, including a C-4 ester derivative 70 times more potent than
the parent compound, withangulatin A [74,79]. In the same vein, semisynthetic analogs of
withangulatin A targeting thioredoxin reductase have been designed, and potent cysteine-
reactive analogs bearing an α,β-unsaturated ketone have been identified [80]. Other
derivatives targeting the allosteric site of glutaminase C have been proposed recently [81].
According to our calculations, withangulatin A is a potential hit compound, which can be
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used to guide the design of drug candidates. Zap70 shall be considered as a potential target
for these compounds.

5. Conclusions

The computational study has identified withangulatin A as a potential inhibitor of the
kinase Zap70 via covalent binding to the Cys346 residue in the enzyme active site. This
compound emerged as the best ligand among a series of 12 withanolides equipped with a
thiol-reactive, α,β-unsaturated ketone. The study paves the way for the design of novel
Zap70 inhibitors, which are needed to improve the treatment of lymphoid malignancies
and autoimmune diseases associated with an abnormal T-cell response.

Supplementary Materials: The following supporting information can be downloaded at: https:
//www.mdpi.com/article/10.3390/computation13090207/s1, Figure S1: Condensed Fukui functions
and dual descriptors for the heavy atoms of withaferin A and withangulatin A.
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Abstract: Phytoecdysteroids represent a class of naturally occurring substances known
for their diverse biological functions, particularly their strong ability to stimulate protein
anabolism. In this study, a computational machine learning-driven quantitative structure–
activity relationship (QSAR) approach was applied to analyze the anabolic potential of 23
ecdysteroid compounds. The ML-based QSAR modeling was conducted using a combined
approach that integrates Genetic Algorithm-based feature selection with Multiple Linear
Regression Analysis (GA-MLRA). Additionally, structure optimization by semi-empirical
quantum-chemical method was employed to determine the most stable molecular confor-
mations and to calculate an additional set of structural and electronic descriptors. The most
effective QSAR models for describing the anabolic activity of the investigated ecdysteroids
were developed and validated. The proposed best model demonstrates both strong statisti-
cal relevance and high predictive performance. The predictive performance of the resulting
models was confirmed by an external test set based on R2

test values, which were within the
range of 0.89 to 0.97.

Keywords: ecdysteroid; anabolic activity; structure–activity relationship; QSAR; quantum-
chemical calculations

1. Introduction

Phytoecdysteroids represent a class of natural bioactive compounds exhibiting mul-
tiple pharmacological activities [1–3]. These compounds are well-documented for their
strong ability to stimulate protein synthesis and promote anabolic processes [2,3]. Anabolic
processes contribute to the formation of organs and tissues by promoting cell growth, dif-
ferentiation, and overall body enlargement through the synthesis of complex biomolecules.
Ecdysteroids are hormones that regulate cell proliferation, growth, and developmental
cycles in insects and other invertebrates. Recent studies suggest that the anabolic ef-
fect of ecdysterone—a naturally occurring steroid hormone believed to enhance physical
performance—is mediated through its interaction with estrogen receptors (ERs) [2,3]. In
comparison to banned anabolic agents like metandienone, plant-based ecdysterone demon-
strated a notably strong anabolic effect in a recent study conducted on rats [2]. Nevertheless,
extensive scientific investigations, particularly those involving human subjects, remain lim-
ited and scarcely available [1]. At the same time, ecdysteroids are commonly promoted as
dietary supplements among athletes, with effects related to enhancing strength, supporting
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muscle growth during resistance training, reducing fatigue, and improving recovery. A
literature review demonstrates that numerous studies have documented a broad spectrum
of pharmacological effects of ecdysteroids in mammals, with the majority of these effects
being beneficial to physiological function [3]. A considerable number of studies have
investigated the growth-enhancing properties of ecdysterone across diverse animal species,
such as rats, mice, Japanese quail, and cattle. As a result, growing concern has emerged
regarding its potential misuse by athletes, prompting increased scrutiny from anti-doping
authorities [2].

The literature indicates that ecdysteroids have been primarily isolated from plants
such as Silene, Lyhnis, and Dianthus [4,5]. Given that some of these plants are endemic
and do not grow in Uzbekistan, it was important to identify alternative local sources of
phytoecdysteroids. An extensive search of the local flora revealed that plants of the Silene
family are well-distributed in the region. The distribution of ecdysteroids among plant
species remains poorly systematized, with no established rules governing their presence.
These compounds are often detected in taxonomically diverse and unrelated plants, which
complicates research efforts and suggests that their biological function is not yet clearly
understood. To date, no definitive phytohormonal role has been confirmed. Nevertheless,
a key observation is that certain plants can accumulate substantial amounts of ecdysteroids
in specific parts of plants, such as leaves, roots, or seeds, during particular stages of their
growth cycle. Plants containing ecdysteroids have been used in traditional medicine for
centuries. One of the richest known sources is Leuzea carthamoides Iljin (family Asteraceae),
a species native to Central Asia. This plant, which thrives under harsh environmental con-
ditions, contains ecdysteroids in its dried roots and seeds at concentrations of 0.4% and 2%,
respectively. Owing to anabolic, tonic, and other physiological effects, the pharmacological
product derived from this plant, known as “Ecdisten”, has gained popularity among recre-
ational athletes seeking rapid muscle growth and improved physical appearance [6]. In a
1996 study, Slama et al. isolated 96% pure 20-hydroxyecdysone (20E) from Leuzea seeds
and tested its anabolic effects on Japanese quail. Administering 100 mg/kg of pure 20E led
to a 115% increase in body mass, comparable to the 109.5% gain from seed-derived 20E
equivalents. The results confirmed that Leuzea’s growth-promoting effects in vertebrates
are primarily due to its ecdysteroid content [7].

Although the precise mechanism of action remains uncertain, it is generally believed
that the majority of ecdysteroid-induced responses are mediated through intracellular
receptor complexes—namely, the ecdysone receptor (EcR) and ultraspiracle protein (USP)—
both of which are members of the nuclear receptor superfamily [8], and that influence
the transcriptional activity of targeted gene clusters. However, the last research demon-
strates that this group of compounds may also present non-genomic activity [9]. Several
studies have explored natural ecdysteroids, though typically using limited compound sets.
Consequently, structure–activity relationship (SAR) analyses are susceptible to variables
such as the selected invertebrate species, its developmental stage, and the configuration
of the bioassay. Moreover, common challenges inherent to biological testing—such as
the purity of the test compound, its absorption, distribution, and metabolic processing—
further complicate interpretation. Despite these limitations, phytoecdysteroids (PEs) have
consistently shown notable hormonal activity in a range of insect-based bioassay systems.
Data obtained from both in vitro [10] experiments and various in vivo assays, particularly
pupariation bioassays in Dipteran species such as Calliphora and Musca [11], have led to the
identification of key structural features associated with high biological activity: (a) a cis
fusion between the A and B rings; (b) the presence of a 7-en-6-one moiety; and (c) a fully
intact sterol side chain bearing a 22R-oriented oxygen function, occasionally accompanied
by additional alkyl substitutions at the 24α-position; (d) an oxygen-containing group, typi-
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cally a 3β-hydroxyl (3β-OH); and (e) hydroxyl groups at C-14α and C-2β, with additional
–OH groups often found at C-20 and C-25. A more recent comprehensive investigation
of 20-hydroxyecdysone (20E) conjugates—including fatty acid and benzoic acid mono-,
di-, and tri-esters, as well as glycosides and glycosidic esters—using standard bioassays in
Sarcophaga (Diptera) and Galleria (Lepidoptera), demonstrated that both the 2-acetyl and
25-benzoate derivatives retained considerable biological activity. In contrast, the di- and
tri-ester forms, as well as all glycosidic derivatives of 20E, exhibited significantly reduced or
negligible activity compared to the parent compound [12]. PEs containing an 11α-hydroxyl
group demonstrate a binding affinity to the ecdysteroid receptor of Chironomus tentans
(Diptera) that is comparable to that of analogs lacking this group. The capacity of these
compounds to elicit a hormonal response shows a strong correlation with their receptor-
binding affinity, as indicated by the stimulation of acetylcholinesterase activity involved in
cellular differentiation [13]. Nevertheless, studies in living organisms indicate that even
slight differences in molecular structure can produce substantially different physiological
effects [14].

As an alternative to traditional biological experiments, ML-based quantitative
structure–activity relationship (QSAR) analysis has emerged as a powerful tool over the
past three decades for exploring the biological activities and physicochemical properties of
diverse organic and natural compounds, particularly those that are challenging to isolate
in adequate amounts for experimental study [15–22]. Applying this approach, the set of
ecdysteroids has been studied [23]. SAR was investigated using Comparative Molecular
Field Analysis (CoMFA), resulting in the development of two predictive models with strong
performance characteristics [23]. Based on these models, a pharmacophore hypothesis was
proposed to describe ligand interaction with the ecdysteroid receptor. According to this
hypothesis, receptor binding arises from the combined contributions of several molecular
features, including heteroatoms at positions C-2, C-3, C-20, and C-22; a pronounced dipole
at C-6; and a moderately bulky hydrophobic group positioned beyond C-22, all arranged
at spatial angles and distances similar to those in 20-hydroxyecdysone (20E). While each
feature enhances binding affinity, none is individually essential. Compared to earlier SAR
models based on empirical observations, it is now evident that elements such as the cis
A/B ring fusion, the 7-double bond, the 6-keto group, the complete eight-carbon side
chain, and specific hydroxyl substitutions are not strictly required for biological activity.
However, the absence of the 7-en-6-one moiety appears to significantly reduce activity.
Additionally, the effect of adding or removing specific structural elements is not always
additive; for instance, the presence or absence of hydroxyl groups at C-5 or C-25 can have
varying impacts depending on the overall molecular context. Although it remains uncertain
whether an entirely different molecular scaffold incorporating several or all of the proposed
pharmacophore features would retain biological activity, the CoMFA-derived models are
already being effectively used to predict the activity of novel ecdysteroid analogs before
their synthesis. [24]. Additionally, computational studies of phytoecdysteroids based on
ligand–receptor binding models have further advanced understanding of the ecdysteroid
receptor [23]. In a separate survey, Ravi et al. employed 4D-QSAR methodologies using
the same dataset previously used for CoMFA modeling [25,26].

The current study presents a combined computational and QSAR analysis of 23
ecdysteroids isolated from various plant sources, which were studied in vivo for the
activity. The primary objective is to identify the structural descriptors underlying anabolic
activity (AA) and to construct a predictive QSAR model that can help in guiding the
design of potent and selective anabolic agents based on the new natural ecdysteroids and
ecdysteroid scaffold.
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2. Materials and Methods

2.1. Dataset and Biological Data

The dataset employed in this study comprises 23 ecdysteroid compounds (see Figure 1),
with anabolic activity (AA) data sourced from our previous work [27]. The anabolic activity
values were determined from in vivo experiments conducted on rat models, measuring
radioactivity uptake (cpm/g) in target tissues following administration of each ecdysteroid
compound at 5 mg/kg. The original activity values, determined at a dosage of 5 mg/kg,
were converted into logarithmic molar units (log(AA)) for use as response variables in
the QSAR analysis. The molecular structures of the compounds and their corresponding
experimental log(AA) values are presented in Figure 1 and Table 1, respectively.

Figure 1. The structures of the compounds that were used in the study.

Table 1. List of ecdysteroid compounds with experimentally determined anabolic activity values
(log scale).

No. Ecdysteroids’ List
Activity (Radioactivity,

cpm/g)
Log[AA]

Log[AA] Calc for
2-Desc. Model

Residual

1 20-hydroxyecdysone 228.633 ± 8.683 * 6.947 6.891 −0.056
2 ViticosteroneE 209.016 ± 1.414 * 6.879 6.926 0.047

3 20-hydroxyecdysone
2,3,22-triacetate 211.172 ± 2.562 * 6.957 6.891 −0.066

4 20-hydroxyecdysone
2,3,20,22-tetraacetate 203.142 ± 2.488 * 6.936 6.670 −0.266

5 *** 20-hydroxyecdysone
2,3-monoacetonide 169.810 ± 2.862 * 6.539 6.486 −0.053

6 20-hydroxyecdysone
2,3-20,22-diacetonide 150.520 ± 3.574 ** 6.193 6.251 0.058

7 20-hydroxyecdysone
22-benzoate 188.850 ± 2.890 * 6.786 6.655 −0.131
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Table 1. Cont.

No. Ecdysteroids’ List
Activity (Radioactivity,

cpm/g)
Log[AA]

Log[AA] Calc for
2-Desc. Model

Residual

8
20-hydroxyecdysone

22-benzoate
2,3-monoacetonide

163.280 ± 5.280 * 6.523 6.541 0.018

9 2-deoxy-20-
hydroxyecdysone 188.533 ± 4.872 * 6.683 6.655 −0.028

10 *** Ecdysone 158.200 ± 3.629 * 6.302 6.450 0.148
11 2-deoxyecdysone 153.220 ± 4.830 ** 6.173 6.095 −0.078

12 2-deoxyecdysone
22-acetate 152.720 ± 4.624 * 6.199 6.367 0.168

13 SileneosideA 236.450 ± 7.167 * 7.108 7.046 −0.062
14 SileneosideE 177.482 ± 4.896 * 6.698 6.810 0.112

15 *** SileneosideC 184.120 ± 2.440 6.796 6.873 0.077
16 Cyasterone 241.750 ± 2.522 * 7.039 7.077 0.038

17 Cyasterone
2,3,22-triacetate 218.362 ± 5.270 * 7.024 7.113 0.089

18 Cyasterone 22-acetate 266.166 ± 2.363 * 7.164 7.111 −0.053
19 Turkesterone 264.512 ± 6.012 * 7.104 7.093 −0.011

20 *** Turkesteronetetraacetate 255.250 ± 3.798 * 7.198 7.010 −0.188
21 PolypodineB 196.890 ± 8.250 * 6.777 6.888 0.111
22 IntegristeroneA 175.520 ± 5.018 * 6.587 6.717 0.130

23 24(28)-
dehydromakisteronA 219.400 ± 2.758 * 6.912 6.891 −0.021

Note: ***—prediction set of compounds; differences reliable for * p < 0.001; ** p < 0.01.

2.2. Computational Approach

In this work, HyperChem 8 software package is applied to draw chemical structures
for further optimization [28]. The RM1 (Recife Model 1) semi-empirical quantum-chemical
method is used for optimizing geometries of molecules to obtain minimal energy conforma-
tions [29]. To gain deeper insight into the experimental findings, a set of quantum-chemical
descriptors was calculated and utilized in the cheminformatics analysis. It includes the
energies of the highest occupied molecular orbital (HOMO, indication of nucleophilicity)
and the lowest unoccupied molecular orbital (LUMO, indication of electrophilicity), dipole
moment (including its X, Y, and Z components), total energy, LogP (lipophilicity index),
refractivity, polarizability, and atomic charges. The numerical values of these descriptors
are represented in Table 2.

Table 2. Numerical values of quantum-chemical descriptors calculated in this work.

No.
E,

kcal/mol
Hyener * Log P Refc Polar HOMO LUMO μ μx μy μz

1 −7703.24 −13.36 1.79 128.87 50.94 −9.99 0.16 4.31 −0.14 −3.58 −2.39
2 −8249.68 −10.64 1.92 138.02 54.7 −10.06 0.10 1.18 0.31 −0.79 −0.82
3 −9343.35 −4.5 2.18 156.33 62.21 −10.12 0.05 2.77 −2.67 −0.02 0.69
4 −9890.02 −2.41 2.31 165.48 65.96 −10.02 0.14 1.79 −0.39 −1.59 0.70
5 −8424.28 −7.07 3.17 141.08 55.67 −10.01 0.18 5.96 −0.51 −5.28 −2.70
6 −9148.60 −4.23 4.55 153.28 60.4 −10.11 0.08 3.58 −0.43 −2.64 −2.38
7 −9175.95 −13.39 3.07 162.33 62.52 −9.82 −0.15 5.16 2.30 −4.44 −1.24
8 −9894.08 −6.81 4.45 174.54 67.25 −9.86 −0.19 6.46 0.61 −5.94 −2.46
9 −7597.34 −8.53 2.46 127.51 50.3 −9.88 0.28 5.98 0.97 −4.98 −3.15

10 −7598.16 −11.72 2.81 127.42 50.3 −10.01 0.15 4.31 0.79 −3.55 −2.32
11 −7494.59 −7.21 3.58 126.06 49.67 −9.94 0.22 4.53 1.30 −3.38 −2.71
12 −8043.12 −5.68 3.71 135.21 53.42 −10.02 0.15 3.75 −0.78 −3.64 −0.42
13 −9766.51 −25.89 0.57 161.29 64.36 -9.99 0.15 3.61 1.27 −3.23 −0.98
14 −9554.91 −18.47 2.36 158.47 63.09 −9.79 0.36 4.64 2.13 −4.12 0.18

83



Computation 2025, 13, 195

Table 2. Cont.

No.
E,

kcal/mol
Hyener * Log P Refc Polar HOMO LUMO μ μx μy μz

15 −9864.45 −27.44 -0.05 162.49 65 −10.02 0.12 4.71 1.88 −3.77 −2.09
16 −8134.09 −12.63 2.14 136.05 53.92 −10.18 −0.003 3.66 3.26 1.35 0.99
17 −9775.19 −3.98 2.52 163.51 65.19 −10.16 0.01 4.81 3.71 0.74 2.96
18 −8682.18 −10.76 2.27 145.21 57.68 −10.19 −0.02 6.65 6.13 0.35 2.55
19 −7798.46 −14.18 0.8 130.46 51.58 −9.98 0.13 7.27 0.73 −5.45 −4.75
20 −9985.27 −6.43 1.32 167.07 66.6 −10.25 −0.08 6.96 4.01 −5.27 −2.15
21 −7797.66 −15.02 1.02 130.23 51.58 −10.01 0.01 7.19 −0.06 −6.23 −3.60
22 −7804.91 −16.11 1.16 130.08 51.58 −10.08 0.05 4.29 1.62 −3.35 −2.14
23 −7851.29 −13.45 1.87 133.04 52.58 −9.42 0.05 2.81 1.98 −1.78 −0.92

* Hyener = Hyperpolarizability energy estimate; Refc = refractive coefficient (estimated from refractivity data).

2.3. Cheminformatics Analysis

The initial selection of predictive models was conducted using the GA-MLRA tech-
nique, which combines a genetic algorithm (GA) with multiple linear regression analysis
(MLRA) [30,31], as implemented in the QSARINS v2.2.3 software package [32,33]. To
convert chemical structures into numerical representations, the optimized structures were
used to calculate constitutional, topological, and molecular descriptors using DRAGON
6 software package [34]. The descriptor categories incorporated in the study included:
(i) functional group-based descriptors, (ii) descriptors derived from atom-centered frag-
ments, and (iii) topological indices such as molecular walk counts [35]. Following data
curation and the removal of non-informative (zero-variance) descriptors, a final set of
384 distinct descriptors was retained to characterize the chemical diversity of the studied
compounds and develop a final set of QSAR models. The most effective models were
selected based on several performance criteria, including a high coefficient of determination
(R2) for both the training and external validation sets, low standard deviation (s), and a
minimal number of descriptors to ensure model simplicity. Additionally, a high Fisher
statistic (F) and the absence of multicollinearity among descriptors were considered key
factors in the selection process. The final QSAR models were further validated using the
leave-one-out (LOO) cross-validation method, with predictive performance assessed by
the cross-validated coefficient (Q2), calculated from the predictive residual sum of squares.

To detect redundancy and avoid overrepresentation of specific chemical features,
pairwise correlation coefficients were calculated for all descriptors included in the model.
Descriptors exhibiting high intercorrelation (r2 > 0.9) or constant values were excluded
from further analysis to prevent bias in explaining the dependent variable. Additionally,
descriptors with cross-correlation coefficients exceeding 0.6 were deliberately avoided
during model construction to ensure descriptor independence and model robustness.

3. Results

For model training and validation, the complete set of 23 ecdysteroid compounds was
divided in an 80:20 ratio, with 19 compounds allocated to the training set and 4 compounds
reserved for external validation. This division was not performed randomly; instead, it was
guided by structural diversity to ensure that at least one representative from each structural
class present in the training set was also included in the test set. The application of the
GA-MLRA method resulted in the identification of four statistically significant models, each
incorporating different descriptor subsets, that demonstrated strong predictive capability
for the anabolic activity (AA) of ecdysteroids. The statistical metrics for all developed
models are summarized in Table 3.
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Table 3. Statistical characteristics of the one-, two-, three-, and four-variable models.

Model, No./# of
Descriptors

Training Set, n = 19 Prediction Set, n = 4

R2 s F Q2 R2 s

- (1 descr-s) 0.67 0.19 33.87 0.58 0.53 0.27

1 (2 descr-s) 0.89 0.11 64.66 0.84 0.89 0.13

2 (3 descr-s) 0.88 0.12 37.68 0.83 0.97 0.11

3 (4 descr-s) 0.95 0.08 61.98 0.91 0.89 0.15

The equation below represents the two-descriptor QSAR model:

Log [AA] = 0.808 (±0.175) SIC0 − 0.582(±0.193) G3p + 6.491 (±0.142) (1)

The model demonstrates strong performance, exhibiting high R2 and Q2 values for
both the training and test sets. Graphical illustrations of the model’s predictive ability are
presented in Figure 2. A comparison of experimental and predicted log(AA) values, based
on Equation (1), is provided in Table 1.

Descriptors definitions: SIC0—Structural Information Content index of order 0, rep-
resenting the neighborhood symmetry of atoms; part of the class of information indices
and G3p—Third principal component directional WHIM descriptor, weighted by atomic
polarizability; belongs to the WHIM (Weighted Holistic Invariant Molecular) descriptor
family. This model highlights the positive contribution of the first descriptor and the
negative contribution of the second descriptor to the predicted anabolic activity (log[AA]),
with a high level of statistical confidence in the coefficients.

In addition to the two-variable model, two other models with three and four descrip-
tors were also developed.

The model with three descriptors is represented by Equation (2) as follows:

Log [AA] = 0.412 (±0.217) GATS5e − 0.454 (±0.219) G3p − 0.830 (±0.210) ALOGP2 + 6.957(±0.182) (2)

This model exhibits excellent fit for both training and test sets. A graphical representa-
tion is provided in Figure S1 of the Supplementary Information.

Equation (3) represents a model with four descriptors as follows:

Log [AA] = 0.643 (±0.367) Mp − 0.595 (±0.923) TIE − 0.480 (±0.169) G3p − 1.188 (±0.629) ALOGP + 7.337 (±0.116) (3)

Among all developed models, the four-variable model yields the highest R2 value for
the training set and performs well in predicting the external test set. The corresponding
plot is shown in Figure S2 of the Supplementary Information.

Overall, all models demonstrate similarly strong statistical performance and predictive
accuracy. However, the three-variable model (Equation (2)) provides the highest external
predictive ability with Rext

2 = 0.97. Nevertheless, it is important to highlight that the
two-variable model (Model 1) achieved the best y-randomization (y-scrambling) validation
results, indicating superior robustness. Therefore, Model 1 may be considered the most
reliable and generalizable model for predicting the anabolic activity of ecdysteroids.
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Figure 2. Graphical evaluation of the statistical performance of the best two-descriptor QSAR
model: (A) correlation plot of predicted versus experimental log(AA) values for training (blue)
and validation (orange) sets; (B) Williams plot showing standardized residuals versus leverage
values—all compounds lie within the model’s applicability domain (h * = 0.474); (C) Y-randomization
(Y-scrambling) test confirming robustness of the model.

4. Discussion

In the context of the developed QSAR models, a detailed examination of the selected
molecular descriptors provides insight into the key structural and physicochemical features
that govern anabolic activity in ecdysteroids. As presented in the Results section, the most
statistically significant models incorporated the following descriptors: SIC0, a measure
of structural information content that reflects zero-order neighborhood symmetry; G3p,
a third-order WHIM (Weighted Holistic Invariant Molecular) descriptor associated with
molecular symmetry and weighted by atomic polarizability; and Mp, representing the
mean atomic polarizability normalized to a carbon atom, falling under the category of
constitutional descriptors. Additionally, the TIE descriptor captures E-state topological
information, accounting for the electronic environment of atoms in the molecular topology.
GATS5e is a 2D autocorrelation descriptor indicating the spatial distribution of Sanderson
electronegativity at a lag of 5 bonds. Finally, the lipophilicity of molecules is characterized
by ALOGP (Ghose-Crippen logP) and ALOGP2 (its squared form), both of which relate
to the molecule’s hydrophobic character and are essential for membrane permeability
and receptor binding. These descriptors collectively highlight the relevance of electronic
distribution, molecular shape, symmetry, and hydrophobicity in modulating the anabolic
activity of ecdysteroids.
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The first selected descriptor, SIC0, belongs to the class of information content indices.
These descriptors are derived from the molecular graph and quantify structural complex-
ity by calculating the distribution of equivalence classes within the molecule [35]. This
information-based descriptor incorporates neighborhood symmetry as well as data related
to neighbor degree and edge multiplicity within the molecular graph. According to the
regression coefficient, an increase in the SIC0 value correlates positively with enhanced
anabolic activity (AA) in ecdysteroids. In the selected QSAR model, SIC0 emerges as a
key positive contributor to biological activity. Notably, the lead compounds (19, 21, and
22) exhibit the highest SIC0 values, aligning with their superior anabolic potential. In
contrast, compound 6, which demonstrates the lowest biological activity, is characterized
by a significantly smaller SIC0 value.

As observed, the descriptor G3p is included in all three of the discussed models, and
its contribution is substantial based on the magnitude of its regression coefficient. G3p
refers to the third component, directional WHIM index, weighted by atomic polarizability,
and is categorized under the WHIM (Weighted Holistic Invariant Molecular) descriptors.
These descriptors capture the three-dimensional molecular geometry and encode infor-
mation about molecular size, shape, symmetry, and atom-related properties—such as
polarizability—which are crucial for understanding interactions with biological targets [36].
WHIM descriptors are molecular descriptors based on statistical indices calculated on the
projections of the atoms along principal axes [37]. WHIM descriptors are designed to cap-
ture essential three-dimensional (3D) molecular information such as size, shape, symmetry,
and atomic distribution relative to fixed reference axes. Specifically, directional WHIM
symmetry descriptors γl, γ2 and γ3, represent the degree of symmetry along each principal
axis of the molecule. These are calculated as the mean information content associated with
atomic distribution relative to the center of the score values [38]. The symmetry index γ′

m
for the m-th component is calculated using the following formula:

γ′
m = −

[
ns

n
∗ log2

ns

n
+ na ∗

(
1
n
∗ log2

1
n

)]
γm =

1
1 + γ′

m
0 < γm ≤ 1

where ns is the number of atoms symmetrically distributed along the m-th component, na is
the number of asymmetrically distributed atoms, and n is the total number of atoms in the
molecule. A higher γm value implies greater symmetry, and these values are used as part
of the WHIM descriptor set to encode structural features relevant to molecular recognition
and activity. Thus, according to the model and regression coefficient, the increase in G3p
value in ecdysteroids decreases the AA potency.

While descriptors such as SIC0 and G3p are mathematical constructs derived from
molecular graphs and 3D geometry, they can be interpreted in a chemically meaningful way.
SIC0 is a measure of structural information content, which increases with greater atomic
diversity and topological complexity—often associated with branching or asymmetry
in the molecule. Thus, analogs with greater substitution patterns or higher degrees of
structural variation near active sites may exhibit elevated SIC0 values. Conversely, a
lower G3p value implies reduced 3D symmetry or non-uniform polarizability distribution.
Therefore, in practical terms, designing analogs with asymmetrical polarizable groups,
such as selective acylation, esterification, or hydroxyl substitutions, reduces G3p while
increasing SIC0. These structural modifications are feasible via semisynthetic derivatization
of natural ecdysteroids. Hence, although abstract in formulation, these descriptors point
toward tangible molecular changes that can be implemented and tested in future analog
design efforts.
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Mp is a mean atomic polarizability descriptor (scaled on carbon atom) is among
constitutional indices [39]. The descriptor is synergistic with the G3p descriptor, as G3p is
also weighted by polarizability.

The TIE descriptor represents an electrotopological state (E-state), i.e., a topological
parameter and belongs to the class of topological indices. It encodes information about
the molecule’s topology and atomic electronic environment, contributing to the model by
capturing features related to molecular connectivity and electronic distribution [40].

Next descriptor, GATS5e, is Geary autocorrelation of lag 5 weighted by the Sanderson
electronegativity descriptor, belongs to 2D autocorrelation descriptors [41]. The presence of
this descriptor confirms that electronegativity plays an important role in anabolic activity
exhibited by ecdysteroid compounds. These results are in accordance with those displayed
in the dendrogram in Figure 3. As can be seen in the picture there are three main clusters
of compounds in the dendrogram. In the first cluster (left side) most compounds are with
the lowest activity and sharing a maximum common substructure (MSC) displayed as
MCS1. In the case of the third cluster (right side) the compounds with the highest activity
are included, and the MSC3 has the same features as the MSC_ecdysteroids for the whole
dataset. In the bottom part are included the two lowest active compounds (6 and 11) and
the two highest active natural products (18 and 20) where the last ones have the main
differences with the MSC related to the presence of (O-C=O) groups showing a positive
relationship to the activity corroborating that the increase in electronegativity given by the
amount of carbonyl groups plays a fundamental role in the activity.

Figure 3. Hierarchical cluster analysis of the dataset and maximum common substructure search.
MCS1: Maximum common substructure in cluster 1. MCS2: Maximum common substructure in
cluster 2. MCS3: Maximum common substructure in cluster 3.

Two other descriptors—ALOGP and ALOGP2 (squared ALOGP)—are octanol-water
partition descriptors that encode the lipophilicity property of molecules, which are re-
sponsible for the solubility of compounds in water [42,43]. The presence of these types
of descriptors confirms the importance of lipophilicity factors or water solubility in the
exhibition of anabolic activity by ecdysteroid compounds.

Interestingly, none of the quantum-mechanical (QM) descriptors, such as HOMO,
LUMO, dipole moments, or total energy, were retained in any of the final regression
models. This outcome suggests that the variability in anabolic activity across the studied
ecdysteroids is more effectively captured by topological, structural, and physicochemical
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descriptors rather than electronic properties or processes. One main explanation is the
significant influence of structural factors. Furthermore, many QM descriptors tend to be
highly correlated with other types of structural descriptors, such as WHIM or polarizability-
based indices, causing them to be excluded by the genetic algorithm during variable
selection. Thus, while QM descriptors provide valuable molecular insights, their exclusion
from the final models highlights that simpler structural/topological descriptors offer
sufficient predictive power for this particular chemical series.

Overall, it can be concluded that the polarizability, electronegativity, and lipophilicity
properties of the molecules, together with structural factors, play a significant role in the
AA potency exhibition of investigated ecdysteroid compounds. Future efforts will focus on
sourcing or synthesizing novel ecdysteroid analogs that optimize key molecular features, such
as high polarizability, favorable lipophilicity, and balanced topological symmetry, based on
the present QSAR findings. Further in vivo and in vitro validation studies are planned to
assess their anabolic potential and explore additional pharmacological properties.

5. Conclusions

A comprehensive QSAR study was conducted on a set of 23 ecdysteroid compounds
to investigate and predict their anabolic activity (AA). The modeling framework employed
genetic algorithms for descriptor selection and multiple linear regression analysis for model
construction. Molecular mechanics and quantum-chemical computations were initially
employed to optimize molecular structures and generate physicochemical descriptors for
further modeling.

Three best predictive models were developed using two, three, and four descriptors,
respectively. The two-variable model demonstrated the best balance of transparence,
simplicity and predictive power, yielding squared correlation coefficients of R2 = 0.89 for
the training set and R2 = 0.84 for the test set. William’s plot confirmed that all compounds
fall within the model’s applicability domain; furthermore, y-scrambling validation verified
the robustness and reliability of the model. The two key descriptors identified in the optimal
model were SIC0, a structural information content index reflecting molecular symmetry,
and G3p, a directional WHIM descriptor weighted by polarizability. These descriptors were
found to be significant contributors to anabolic potency, offering structural-level insights
into the biological activity of the compounds.

Overall, the results of this study indicate that polarizability, electronegativity,
lipophilicity, and topological symmetry are critical molecular features influencing an-
abolic activity. The two-variable model (Model 1) thus represents a robust and interpretable
QSAR tool for estimating the anabolic potential of newly synthesized or virtual ecdysteroid
derivatives belonging to this functional class.

Supplementary Materials: The following supporting information can be downloaded at: https://www.
mdpi.com/article/10.3390/computation13080195/s1, Figure S1. Graphical representation of statistical
performance of 3-variable model; Figure S2. Graphical representation of statistical performance of the
4-variable model.
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Abstract: Divinylisoprene rubber, a copolymer of butadiene and isoprene, is used as raw
material for rubber technical products, combining isoprene rubber’s elasticity and butadi-
ene rubber’s wear resistance. These properties depend quantitatively on the copolymer
composition, which depends on the kinetics of its synthesis. This work aims to theoretically
describe how the monomer mixture composition in the butadiene–isoprene copolymer-
ization affects the activity of the TiCl4-Al(i-C4H9)3 catalytic system (expressed by active
sites concentration) via kinetic modeling. This enables development of a reliable kinetic
model for divinylisoprene rubber synthesis, predicting reaction rate, molecular weight,
and composition, applicable to reactor design and process intensification. Active sites
concentrations were calculated from experimental copolymerization rates and known chain
propagation constants for various monomer compositions. Kinetic equations for active sites
formation were based on mass-action law and Langmuir monomolecular adsorption theory.
An analytical equation relating active sites concentration to monomer composition was
derived, analyzed, and optimized with experimental data. The results show that monomer
composition’s influence on active sites concentration is well described by a two-step kinetic
model (physical adsorption followed by Ti–C bond formation), accounting for competitive
adsorption: isoprene adsorbs more readily, while butadiene forms more stable active sites.

Keywords: adsorption; butadiene; copolymerization; heterogeneous catalysis; isoprene;
mathematical analysis; Ziegler–Natta catalyst

1. Introduction

Butadiene and isoprene rubbers (BDR and IR) are widely used as raw materials for the
production of rubber technical products [1]. Compared to each other, these rubbers have
both advantages and disadvantages. The general advantages of BDR are its outstanding
resilience, excellent flexibility at low temperature (better than that of IR), superior resistance
to abrasion, cut growth, and flex cracking [1,2]. That is why it is used in truck tire tread
composition [2]. However, its limitations are inferior processability, poor resistance to oil
and gasoline, and very little resistance to heat and ozone [2]. Therefore, it is rarely used
alone, but blended with various proportions of styrene butadiene rubber, natural rubber
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and IR [1]. IR exhibit good inherent tack, high compounded gum tensile properties, and
good hot tensile properties [1].

An alternative to rubbers based on blends of BDR and IR are rubbers based on the
copolymer of butadiene and isoprene (divinylisoprene rubber—DIVR) [3]. DIVR combines
the properties of the corresponding homopolymers: the elasticity of IR and the wear resis-
tance of BDR. Quantitatively, these properties also depend on the composition of DIVR.
Thus, the task of optimizing the composition of DIVR for each specific application area
arises. This task may seem trivial, since it is obvious that the composition of DIVR is deter-
mined by the composition of the monomer mixture. However, as shown in studies [4,5],
the monomer mixture composition not only affects the composition of DIVR but also
nonlinearly influences the synthesis rate of DIVR and its molecular weight characteristics.
The task of predicting the synthesis patterns of DIVR is complicated by the fact that this
synthesis proceeds using a heterogeneous multisite Ziegler–Natta catalytic system, and the
formation history of this catalytic system affects both the number of different types of its
active sites and their activity [4,5]. The rate of a heterogeneous catalytic process, such as
DIVR synthesis, usually depends nonlinearly on the reaction conditions. Prediction of such
processes based solely on experimental data is unreliable, as it generally relies on linear
extrapolation of the observed results. A more reliable approach is based on mathematical
modeling, specifically kinetic modeling of the process, since catalysis is, by definition,
a kinetic phenomenon. Considering the complex nature of heterogeneous catalysis, the
kinetic model should account for adsorption and desorption of reagents. Furthermore, such
a kinetic model must explicitly consider the interaction of reagents with the catalytically
active surface of solid particles—the active sites of catalytic systems. Therefore, within this
kinetic model, the activity of the heterogeneous catalytic system is explicitly characterized
by the concentration of active sites and the rate constants of reactions involving them.

Taking all of the above into account, the task of theoretically describing the influence
of the monomer mixture composition in the butadiene–isoprene copolymerization (DIVR
synthesis) on the activity of the catalytic system (quantitatively expressed through the
concentration of its active sites) within the framework of kinetic modeling becomes highly
relevant. The objective of this work is to solve this problem for the classical and industrially
applied Ziegler–Natta catalytic system—TiCl4-Al(i-C4H9)3. This theoretical description
will subsequently enable the development of a reliable kinetic model of DIVR synthesis,
describing the synthesis rate, molecular weight characteristics, and composition of DIVR,
which will allow the practical application of this model to address applied problems related
to the design of DIVR synthesis reactors and the intensification of this process. This under-
lines the practical significance of achieving the stated goal of the work. Moreover, creating
this theoretical description will advance the evaluation of active sites’ concentrations in
heterogeneous catalytic systems based on the rates of reactions involving that involve them.
This approach differs from the currently accepted strictly experimental methods for measur-
ing active sites concentrations, such as (1) X-ray absorption spectroscopy [6–8]; (2) infrared
spectroscopy [6,7]; (3) scanning transmission electron microscopy [6,7]; (4) probe molecule
spectroscopy [7,9,10]; (5) Mössbauer spectroscopy [10,11]; (6) adsorption and desorption
methods [10–12]; (7) environmental scanning transmission electron microscopy with a
high-angle annular dark-field [13]; and (8) titration with catalytic poisons [14].

It is impossible to achieve the objectives of this work without understanding the nature
of active sites in Ziegler–Natta heterogeneous catalytic systems, the mechanism of their for-
mation, and their performance in polymerization and copolymerization processes. Despite
the industrial importance of Ziegler–Natta catalytic systems, the nature of their active sites
remains a subject of debate, as their structure still cannot be directly observed [15–17]. The
current understanding is primarily based on density functional theory calculations [15,16].
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Ziegler–Natta catalytic systems have a multisite nature, meaning that particles within the
same catalytic system may contain active sites with different structures, distinguished by
their stability, chain propagation rate, and capacity for copolymerization [17]. For example,
on the surface of supported catalysts such as TiCl4 + MgCl2 + cocatalyst (where the catalyt-
ically active TiCl4 component is supported on the inert MgCl2 matrix), both mononuclear
active sites—octahedrally coordinated Ti(IV) sites on the MgCl2 crystallites—and polynu-
clear clusters containing Ti(III) can exist [16]. The multisite nature of active sites directly
affects polymerization kinetics and the molecular weight distribution of the polymer [17].
Sites of a single type produce polymer fractions with a narrow molecular weight distribu-
tion (described by the Flory distribution), whereas a combination of different site types
together yield a polymer with a broad molecular weight distribution [17]. The activity of
active sites depends on reaction conditions; the relative contribution of different types of
sites to polymer formation can change with temperature [17].

The structure of the catalyst particle surface plays a major role in the formation of
active sites [18]. This role can also be illustrated with supported TiCl4/MgCl2 catalysts.
Surface defects and areas of the MgCl2 support with low coordination numbers stabilize
titanium active complexes, increasing their reactivity [18]. Such regions on the catalytic
particle’s surface are most likely to anchor propagating polymer chains. In its pure form,
MgCl2 is inactive as a catalyst support, and its particles have a low surface area [19].
The surface of MgCl2 can be activated both physically and chemically by reacting MgCl2
with alcohols (e.g., ethanol), but the alcohol must subsequently be removed from the
reaction system, as it acts as a catalytic poison [19]. Ethanol is chemically removed from
the MgCl2 surface using weak Lewis acids: TiCl2, triethylaluminum, triisobutylaluminum,
and ethylaluminum dichloride [19]. It has been found that the concentration of ethanol in
the catalytic system significantly affects the performance characteristics and properties of
polyethylene [19], polypropylene [20], and the propylene/1-hexene copolymer [20].

In addition to the chemical nature of the support, steric hindrances also influence the
activity and stereoselectivity of the active sites [21]. For example, realizing the propagation
of an isotactic polymer chain requires sterically restricted migratory monomer insertion
into the propagating polymer chain at the active site (the Cossee mechanism [22]) [21]. To
achieve this, the MgCl2 support must adsorb at least two adsorbate molecules on its surface
on opposite sides of the active site [21].

The formation of active sites in Ziegler–Natta catalysts begins with a sequence of
complexation and activation (alkylation/reduction) reactions, initiated by contact between
transition metal compounds, such as titanium chlorides (TiCl3 or TiCl4), and aluminum
alkyls. Here, TiCl4 (or TiCl3) acts as an electron donor, while the aluminum alkyl acts
as an acceptor. The concentration of the cocatalyst directly determines the number of
sites formed [16,23]. The most common cocatalyst is triethylaluminum [16]. The type of
cocatalyst affects the deactivation rate of the reaction system [23]. For example, it was found
that when triisobutylaluminum was used as a cocatalyst in a TiCl4/MgCl2-based catalytic
system, the rate of ethylene polymerization noticeably decreased over time, whereas the
use of triethylaluminum as a cocatalyst maintained a constant polymerization rate for
a long period [23]. This difference was explained by the smaller molecular volume of
triethylaluminum compared to triisobutylaluminum, facilitating its diffusion to the active
sites of the catalytic system [23].

The combination of a cocatalyst with electron donors (Lewis bases) significantly
changes both the rate of formation of active sites and their catalytic activity, as well as the
properties of the resulting polymers [16]. However, the activity of the catalytic system is
not constant. Even after the formation of active sites, their quantity and types continue to
evolve. Some examples of such an evolution are listed below.
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1. Under the influence of hydrodynamic factors (turbulent velocity pulsations in the
reaction system, which cause significant shear stresses within it [24]) and chemical
factors (propagation of polymer chains in the pores of catalyst particles, which wedges
these particles apart [25]), the particles of the catalytic system undergo dispersion.
Dispersion of the catalytic system particles during polymerization exposes previously
hidden active surfaces [26,27].

2. Changes in temperature and reaction time shift the equilibrium between active sites
of different types [26].

3. Introduction of comonomers accelerates activation by creating additional, more reac-
tive sites [28].

4. Complex mechanism of active sites formation. For example, a two-step mechanism
for active sites formation has been described, whereby initially a limited number of
active sites are formed, and then, as the catalytic system particles disperse and their
surface reorganizes, active sites of new types appear [28,29].

The functioning of active sites consists of the propagation, transfer, and termination
of polymer chains [17,30]. The functioning of active sites enables their existence to be
fixed; therefore, within the framework of this article, it is important to consider not only
the formation of active sites but also their functioning. As a result of polymer chain
propagation near active sites, polymer globules are formed [30]; these become entangled
due to diffusion of their amorphous segments, forming filamentous structures [30]. At a
random moment during propagation, a chain may detach from the active site and from
the surface of the catalytic system particles [30]. Detached chains move away from the
surface due to convective transport and diffusion, which makes it difficult to establish a
relationship between the structure of the active site and the structure of the polymer chain
synthesized with its participation [30]. During polymerization, each active site synthesizes
a large number of polymer chains. For example, in polypropylene synthesis, each active
site is capable of synthesizing approximately twenty thousand polypropylene chains per
hour, each containing about 7.5 × 103 monomeric units, which corresponds to an average
molecular weight of ≈3 × 105 g/mol [30].

The evolution of active sites, expressed by the disappearance of one type of active
sites and the appearance of another type during polymerization, leads to the synthesis
of polymer chains with different molecular weights and chain tacticity at various poly-
merization stages [31], since active sites of different types differ in stereoselectivity [31],
and different copolymer chains of varying composition are synthesized at different stages
of copolymerization [28]. For example, active sites of the TiCl4/MgCl2 catalytic system
formed at late stages of butadiene and isoprene copolymerization due to exposure of new
surfaces of the catalytic system particles have a higher rate constant for propylene chain
propagation and synthesize chains of a statistical copolymer with reduced crystallinity,
whereas active sites located on the initial surface of the catalytic system particles continue
to synthesize copolymer chains with a higher degree of blockines [28].

Thus, the kinetics of copolymerization of monomers in the presence of Ziegler–Natta
catalytic systems is determined by the number, types, and structure of active sites. The
number of active sites influences the copolymerization rate, while their diversity causes het-
erogeneity in the molecular weight distribution of the copolymer, as well as heterogeneity
in the distributions of composition and tacticity of the segments.

Kinetic modeling of the polymerization and copolymerization processes of monomers
on Ziegler–Natta catalysts is based on accounting for the multisite nature of the catalytic
system [17,31]. One of the key aspects of such models is the description of the interaction
of reagents with active sites, including adsorption of monomer molecules on the surface of
the solid particles of the catalytic system, desorption of these molecules, and coordination
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of monomer molecules to the active sites with subsequent migratory insertion into the
polymer chain.

The construction and verification of kinetic models rely on experimental data on
copolymerization rates and molecular weights, which allows determination of individual
reaction rate constant values, as well as concentrations of active sites. The use of kinetic
models and numerical methods for solving their equations, such as the Monte Carlo
method, provides the possibility to reproduce the dynamics of the process, taking into
account changes in the distribution of active sites types and their evolution over time [29].
At the same time, the development of statistical models is underway, within which the
activity of catalytic systems is predicted using machine learning methods [32].

Thus, to achieve the goal of the work, the following tasks were decided (in their
solution, the physicochemical nature of the formation and functioning of active sites of
multisite heterogeneous Ziegler–Natta catalytic systems, described above, were taken
into account).

To achieve the objective of this work, the following tasks were undertaken.

1. The concentrations of active sites (μ) of the TiCl4-Al(i-C4H9)3 catalytic system dur-
ing the butadiene–isoprene copolymerization were calculated at various monomer
mixture compositions (q) based on experimental data on the copolymerization rate
taken from [5]. Here, q = [M1]/([M1] + [M2]), [M1] is the concentration of butadiene in
the monomer mixture, [M2] is the concentration of isoprene in the monomer mixture,
q = 1 corresponds to the homopolymerization of butadiene, and q = 0 corresponds to
the homopolymerization of isoprene (here and below, [. . .]—denotes concentration)
These calculated concentrations are hereafter referred to as experimental and denoted
as μexp.

2. Based on the Langmuir monomolecular adsorption theory [33] and the mass-action
law, a kinetic model for the formation of active sites in the catalytic system was
developed. As a result of the analytical solution of the system of kinetic equations,
an equation was obtained which established a direct functional relationship between
the concentration of active sites μ and the composition of the monomer mixture q.
The concentration values calculated using this equation are hereafter referred to as
calculated concentrations and denoted as μcalc.

3. An analysis of the obtained equation was performed to determine the ranges of kinetic
parameters of the active sites’ formation process for which the dependence of μcalc on
q matches, in shape, the dependence of μexp on q.

4. Based on the results of solving the third task, specific quantitative values of the
kinetic parameters of the active sites’ formation process were determined within the
allowable parameter ranges, for which the dependence of μcalc on q quantitatively
coincides with the dependence of μexp on q.

2. Materials and Methods

In addressing the first task, we relied on the experimental results reported in [5]. In
that study [5], by solving the inverse problem of the molecular weight distribution of
the copolymer, it was established that active sites of up to four types operate during the
butadiene–isoprene copolymerization. Active sites of different types are understood as
catalytically active fragments of the catalytic system particle surface that possess distinct
structures. Due to this structural diversity, the propagation of polymer chains at active
sites of different types proceeds with varying ratios of chain propagation rate to chain
termination rate. As a result, active sites of different types produce copolymer chains with
varying molecular weights, leading to a broadening of the molecular weight distribution of
the copolymer [34]. The number of active sites types depends on the value of q: at q = 1, all
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four types of active sites are active, whereas at q < 1, only the second and third types of
active sites remain active. This suggests that even small amounts of isoprene deactivate the
first and fourth types of active sites.

In [5], two methods of copolymerization were considered. In Method 1, the TiCl4-
Al(i-C4H9)3 catalytic system was prepared separately and aged at 0 ◦C for 30 min, after
which it was introduced into a 500 cm3 flask containing a solution of the monomer mixture
in toluene. A magnetic stirrer was used to ensure continuous agitation of the reaction
system during polymerization. Toluene served as the solvent both in the preparation of the
catalytic system and in the butadiene–isoprene copolymerization. Copolymerization was
carried out at the same initial total monomer concentration, while the molar ratio of the
monomers varied in different experiments. The copolymerization was performed under the
following initial conditions: total monomer concentration [M] = 1.5 mol/L; catalytic system
preparation conditions—[TiCl4] = 5 mmol/L, [Al(i-C4H9)3]/[TiCl4] = 1.4; polymerization
temperature 25 ◦C.

Method 2 differed from Method 1 in that the mixing of the catalytic system with the
monomer mixture solution in toluene was carried out not in the flask, but immediately
before the flask in a tubular turbulent diffuser–constrictor apparatus (Figure 1). The flow velocity
of the reaction mixture through the apparatus was 0.9 m/s. The resulting reaction mixture was
then introduced into the flask for polymerization. In both copolymerization methods, methanol
was added to the flask 60 min after the start of the process to terminate the reaction.

(a) (b)

Figure 1. Diagram of the setup for the butadiene–isoprene copolymerization: general scheme (a);
longitudinal section of the tubular turbulent diffuser–constrictor apparatus (b): 1 and 2 are reagent
vessels; 3 is a tubular turbulent diffuser–constrictor apparatus; 4 is a laboratory mixing reactor
(500 cm3); 5 is a three-way valve; 6 id stirrer; dd = 24 mm is the diffuser diameter; dc = 15 mm
represents the constrictor diameter; L = 48 mm is the length of the diffuser–constrictor section; and
α = 45◦ is the diffuser opening angle.

In addressing the first task, theoretical results from studies [35,36] were also utilized.
In [35], a kinetic model of butadiene homopolymerization involving the TiCl4-Al(i-C4H9)3

catalytic system was developed. In [36], a kinetic model of isoprene homopolymerization

98



Computation 2025, 13, 184

with the same catalytic system was developed. The classical model of chain reactivity
in homo- and copolymerization is the chain-end model [37], according to which the rate
constants of reactions involving active polymer chains are determined by the type of the
terminal unit of these chains. Therefore, based on the terminal unit model, the rate constants
of chain propagation reactions in butadiene and isoprene homopolymerization established
in [35,36] were employed in this work to calculate the rates of self-propagation reactions in
copolymerization (i.e., the addition of butadiene to active chains with terminal butadiene
units and the addition of isoprene to active chains with terminal isoprene units). The rate
constants of cross-propagation reactions were calculated based on the rate constants of
self-propagation reactions and the corresponding copolymerization constants determined
in [5].

3. Results

3.1. Calculation of the Concentration of Active Sites of the TiCl4-Al(i-C4H9)3 Catalytic System

The task of calculating the concentrations of active sites of the TiCl4-Al(i-C4H9)3

catalytic system was addressed as follows. First, the experimental initial rate of copoly-
merization W was calculated for each experiment as the product of the total monomer
concentration and the initial values of the tangent of the slope angle of the copolymer yield
versus time dependencies reported in [5].

The copolymerization rate W was related to the concentration of active sites of the
TiCl4-Al(i-C4H9)3 catalytic system through the kinetic model equations of the butadiene–
isoprene copolymerization. These equations were formulated based on the mass-action
law and classical kinetic schemes of coordination copolymerization [5], which include the
following reactions.

1. Chain propagation:

Rxy + Mz
kpxyz→ Rxz

2. Chain transfer to monomer:

Rxy + Mz
kMxyz→ P + Rxz.

3. Chain transfer to cocatalyst:

Rxy+C
kAxy→ P + Rx.

4. Deactivation of active sites:

Rxy
ktxy→ P.

5. Interconversion of active sites of different types:

Rxy
kcxsy→ Rsy.

In the symbolic notation of the reactions, the degrees of polymerization of the chains
are intentionally omitted to avoid complicating the representation.

Here, R represents the active copolymer chains; M represents the monomer molecules;
P represents the inactive copolymer chains; and C is the cocatalyst molecule (Al(i-C4H9)3);
k is the rate constant of the corresponding reaction; x and s = 1, 2, 3, 4 represent the type of
active site at the active chain end; y and z = 1, 2 are indices reflecting the type of the chain
terminal unit or the type of monomer molecule involved in the reaction: 1 corresponds to a
butadiene terminal unit or butadiene molecule and 2 corresponds to an isoprene terminal
unit or isoprene molecule.
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The copolymerization rate W is equal to the rate of change of the total monomer
concentration; that is, according to the presented kinetic scheme, the copolymerization
rate W equals the sum of the rates of chain propagation and chain transfer to monomers.
However, when calculating the copolymerization rate W, the chain transfer to monomers
can be neglected, as it is usually several times lower than the chain propagation rate [5].

Based on the above, the equation relating the concentration of active sites to the
copolymerization rate of butadiene and isoprene at q < 1 was obtained by solving the
following system of Equations (1)–(4).

1. Equation relating the concentration of active sites to the copolymerization rate
(according to the mass-action law):

2

∑
z=1

2

∑
y=1

3

∑
x=2

kpxyzμxy[Mz]= W, (1)

where μxy is the concentration of active chains propagating on active sites of type x with
terminal unit of type y (the total concentration of active sites equals the total concentration
of active chains, since each active site corresponds to one active chain); [Mz] is the initial
concentration of monomer of type z.

The experimental value of the initial copolymerization rate W was determined by the
following equation:

W = [M]
dU
dt

∣∣∣∣
t=0

,

where [M] = 1.5 mol/L is the total initial monomer concentration; U is the experimentally
measured time-dependent copolymer yield (the data for all q values were taken from [5]);
and t is the copolymerization time (t = 0 indicates that the derivative was calculated at the
initial segment of the U).

2. Next, we have an equation which establishes a direct proportionality between
the experimental relative activity Sx of active sites of different types x and their chain
propagation rate:

∑2
z=1 ∑2

y=1 kp3yzμ3y[Mz]

∑2
z=1 ∑2

y=1 kp2yzμ2y[Mz]
=

S3

S2
. (2)

The relative activities Sx are defined as the areas under the peaks in the activity
distribution of the catalytic system according to kinetic heterogeneity (the ratio of the chain
termination rate to the chain propagation rate), which was determined in study [5] by
solving the inverse problem of the polymer molecular weight distribution.

3. The equations below express the equality of cross-propagation rates on active
sites of each type (which essentially represent the quasi-steady-state conditions for the
concentrations of active chains terminated with butadiene and isoprene units propagating
on active sites of each type):

kp221μ22[M1] = kp212μ21[M2], (3)

kp321μ32[M1] = kp312μ31[M2]. (4)

The rate constants kp211 and kp311 were taken from the model presented in [35]. The
rate constants kp222 and kp322 were taken from the model presented in [36]. The rate
constants of cross-propagation reactions were calculated using the copolymerization con-
stants r1 = kpx11/kpx12, r2 = kpx22/kpx21. In study [5], the calculation of copolymerization
constants by the Fineman–Ross method [38] showed that r1 = r2 = 1.
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In the system of Equations (1)–(4), written for each value of q, there are four unknowns:
μ21, μ22, μ31, μ32. Since the system also contains four equations, it is closed and can be
solved with respect to these unknowns.

For this purpose, the concentrations μx1 were first expressed from Equations (3) and (4)
as follows:

μx1 =
kpx21[M1]

kpx12[M2]
μx2. (5)

Equation (5) was then substituted into Equation (1), and the resulting equation was
transformed accordingly:

2
∑

z=1

3
∑

x=2

(
kpx1zμx1 + kpx2zμx2

)
[Mz] = W,

2
∑

z=1

3
∑

x=2

(
kpx1z

kpx21[M1]

kpx12[M2]
μx2 + kpx2zμx2

)
[Mz] = W,

3

∑
x=2

μx2

2

∑
z=1

(
kpx1z

kpx21[M1]

kpx12[M2]
+ kpx2z

)
[Mz] = W. (6)

Equation (5) was substituted into Equation (2), and the resulting equation was trans-
formed accordingly:

∑2
z=1 [Mz]∑2

y=1 kp3yzμ3y

∑2
z=1 [Mz]∑2

y=1 kp2yzμ2y
= S3

S2
,

∑2
z=1[Mz]

(
kp31z

kp321[M1]

kp312[M2]
μ32 + kp32zμ32

)
∑2

z=1[Mz]
(

kp21z
kp221[M1]

kp212[M2]
μ22 + kp22zμ22

) = S3
S2

,

μ32∑2
z=1[Mz]

(
kp31z

kp321[M1]

kp312[M2]
+ kp32z

)
μ22∑2

z=1[Mz]
(

kp21z
kp221[M1]

kp212[M2]
+ kp22z

) = S3
S2

,

μ22

2

∑
z=1

[Mz]

(
kp21z

kp221[M1]

kp212[M2]
+ kp22z

)
=

S2

S3
μ32

2

∑
z=1

[Mz]

(
kp31z

kp321[M1]

kp312[M2]
+ kp32z

)
. (7)

Equation (7) was substituted into Equation (6), and the resulting equation was subse-
quently transformed:

(
1 +

S2

S3

)
μ32

2

∑
z=1

[Mz]

(
kp31z

kp321[M1]

kp312[M2]
+ kp32z

)
= W,

μ32 =
S3W

∑2
z=1[Mz]

(
kp31z

kp321[M1]

kp312[M2]
+ kp32z

) . (8)

The following transformation was applied here

1 +
S2

S3
=

S3 + S2

S3
=

1
S3

,

This is because S3 + S2 = 1, according to the normalization condition.
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The monomer concentrations were expressed through the composition of the monomer
mixture for further transformations:

[M1] = q[M], [M2] = (1 − q)[M]. (9)

Furthermore, it was taken into account that since r1 = r2 = 1, the following equali-
ties hold:

kpz11 = kpz12, kpz22 = kpz21. (10)

Equation (8) was transformed considering Equations (9) and (10):

μ32 = S3W

∑2
z=1[Mz ]

(
kp311

kp322q
kp311(1−q) +kp322

) ,

μ32 = S3W
kp322

(
q

(1−q) +1
)

∑2
z=1[Mz ]

,

μ32 =
(1 − q)S3W

kp322[M]
. (11)

Equation (5) was transformed considering Equations (9) and (10):

μx1 =
kpx22q

kpx11(1 − q)
μx2. (12)

Equation (11) was further transformed using Equation (12):

μ31 =
qS3W

kp311[M]
. (13)

The equations for calculating μ2y were obtained from Equations (11) and (13), taking
into account the symmetry of the problem with respect to the index x:

μ21 =
qS2W

kp211[M]
, (14)

μ22 =
(1 − q)S2W

kp222[M]
. (15)

The total concentration of active sites μexp for each composition of the reaction mixture
q was calculated by summing Equations (11) and (13)–(15):

μexp =
3

∑
x=2

(
q

kpx11
+

(1 − q)
kpx22

)
Sx

W
[M]

. (16)

Here, μexp, Sx, and W are quantities dependent on q; kpx11, kpx22, [M] are quantities
independent of q. The values of μexp calculated from Equation (16) based on experimental
data from [5] for all q < 1 are presented in Figure 2.

To derive the equation relating the concentration of active sites to the polymerization
rate of butadiene at q = 1, the concentration of active sites of each type μx1 was expressed
through the relative activity of the active sites and the polymerization rate, and then these
concentrations were summed:

μx1 =
SxW

kpx11[M]
,

μexp =
4

∑
x=1

Sx

kpx11

W
[M]

. (17)
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The values of μexp calculated using Equation (17) based on the experimental data
from [5] for q = 1 are also presented in Figure 2.
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(a) (b)

Figure 2. Dependence of the concentration of active sites μexp in the butadiene–isoprene copolymer-
ization in the presence of the TiCl4-Al(i-C4H9)3 catalytic system on the mole fraction of butadiene in
the monomer mixture, q; (a) copolymerization carried out by method 1; (b) copolymerization carried
out by method 2.

3.2. Development of a Kinetic Model for the Formation of Active Sites in the TiCl4-Al(i-C4H9)3
Catalytic System

Based on the Langmuir monomolecular adsorption theory [33], a kinetic model for
the formation of active sites in the TiCl4-Al(i-C4H9)3 catalytic system was developed. The
formulation of the kinetic model equations was guided by the following postulates:

1. Adsorption occurs at adsorption sites on the surface of the adsorbent. In this case, the
adsorbent consists of particles of the TiCl4-Al(i-C4H9)3 catalytic system. The adsorbate
comprises molecules of butadiene or isoprene. Adsorption is competitive, meaning
that butadiene and isoprene molecules adsorb at the same adsorption sites. An active
site is formed after the adsorption of a monomer molecule onto the surface of the
catalytic system particles and the formation of a Ti-C bond, where C is the carbon
atom of the butadiene or isoprene molecule.

2. Each adsorption site can adsorb only one adsorbate molecule.
3. The adsorption process is reversible and at equilibrium, with its rate determined by

the rate of reaching equilibrium. The formation of the Ti-C bond is also assumed to be
reversible.

4. Interaction between adsorbate molecules in the adsorbed state is absent.

Since the number of stages and the rate-limiting step in the formation of active sites are
unknown a priori, two kinetic schemes for developing the kinetic model were considered.

Initially, it was assumed that the adsorption of monomer molecules and the formation
of the Ti-C bond occur in a single stage; thus, the kinetic model was formulated based on
the following kinetic scheme.

M1 + A
k1

�
k−1

R1, (18)

M2 + A
k2

�
k−2

R2, (19)

where A is the adsorption site, k are the rate constants of the respective stages, and Ry

are the active sites formed involving butadiene molecules (y = 1) and isoprene molecules
(y = 2).
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The following kinetic model of single-stage active site formation, formulated according
to the mass-action law, corresponds to this scheme:

d[M1]

dt
= −k1[M1][A] + k−1μ1,

d[M2]

dt
= −k2[M2][A] + k−2μ2,

dμ1

dt
= k1[M1][A]− k−1μ1,

dμ2
dt = k2[M2][A]− k−2μ2,

d[A]

dt
= −k1[M1][A] + k−1μ1 − k2[M2][A] + k−2μ2

where μy are the concentrations of active sites formed that involve butadiene molecules
(y = 1) and isoprene molecules (y = 2).

Considering that this system of equations does not exhibit significant nonlinearity, the
reaction system is expected to approach a single stable equilibrium state. At this state, the
time derivatives of the concentrations of all species are zero, and the system reduces to
two equations:

k1[M1][A]− k−1μ1 = 0, (20)

k2[M2][A]− k−2μ2 = 0. (21)

The system of Equations (20) and (21) is complemented by the conservation law (since
one active site forms from one adsorption site, the total concentration of adsorption sites
and active sites remains constant):

μ1 + μ2 + [A] = [A]0, (22)

where [A]0 is the initial concentration of adsorption sites.
As a result, a closed system of three equations with three unknowns is obtained. The

concentrations of active sites were expressed from Equations (20) and (21) and substituted
into Equation (22), yielding an equation that can be used to calculate the concentration of
adsorption sites remaining free after the formation of active sites:

μ1 =
k1[M1][A]

k−1
, (23)

μ2 =
k2[M2][A]

k−2
, (24)

k1[M1][A]

k−1
+

k2[M2][A]

k−2
+ [A] = [A]0,

[A] =
[A]0

K1[M1] + K2[M2] + 1
,

where K1 = k1/k−1, K2 = k2/k−2.
Substituting the obtained result into Equations (23) and (24) and summing the resulting

equations, an equation for calculating the concentration of active sites was obtained:

μcalc = K1[M1][A] + K2[M2][A],

μcalc =
K1[M1] + K2[M2]

K1[M1] + K2[M2] + 1
[A]0,
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μcalc =
K1q + K2(1 − q)

K1q + K2(1 − q) + 1
[M]

[A]0. (25)

Thus, Equation (25) shows the dependence of μcalc on q for a single-stage formation of
active sites.

The option of active site formation in two stages was also considered.
Adsorption of monomer molecules at adsorption sites (Stage 1, physical):

M1 + A
k f 1

�
k− f 1

M∗
1 , (26)

M2 + A
k f 2

�
k− f 2

M∗
2, (27)

Formation of the Ti-C bond (Stage 2, chemical):

M∗
1

k1

�
k−1

R1, (28)

M∗
2

k2

�
k−2

R2, (29)

where M∗
1 and M∗

2 are the adsorbed molecules of butadiene and isoprene, respectively.
The following kinetic model of two-stage active sites formation, formulated according

to the mass-action law, corresponds to this scheme:

d[A]

dt
= −k f 1[A][M1]− k f 2[A][M2] + k− f 1

[
M∗

1
]
+ k− f 2[M∗

2 ],

d
[
M∗

1
]

dt
= k f 1[A][M1]− k− f 1

[
M∗

1
]− k1

[
M∗

1
]
+ k−1μ1,

d[M∗
2 ]

dt
= k f 2[A][M2]− k− f 2[M∗

2 ]− k2[M∗
2 ] + k−2μ2,

dμ1

dt
= k1

[
M∗

1
]− k−1μ1,

dμ2

dt
= k2[M∗

2 ]− k−2μ2.

When the reaction system reaches equilibrium, the original system of five equations
reduces to a system of four equations:

k f 1[A][M1]− k− f 1[M∗
1 ] = 0, (30)

k f 2[A][M2]− k− f 2[M∗
2 ] = 0, (31)

k1[M∗
1 ]− k−1μ1 = 0, (32)

k2[M∗
2 ]− k−2μ2 = 0. (33)
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The system of Equations (30)–(33) is complemented by the conservation law:

μ1 + μ2 + [M∗
1 ] + [M∗

2 ] + [A] = [A]0. (34)

As a result, a closed system of five equations with five unknowns is obtained.
The concentrations of adsorbed butadiene and isoprene molecules were expressed from
Equations (30) and (31) and substituted into Equations (32) and (33), from which the con-
centrations of active sites were derived. All expressed concentrations were then substituted
into Equation (34), yielding an equation for calculating the concentration of adsorption
sites remaining free after the formation of active sites:

[
M∗

1
]
=

k f 1

k− f 1
[A][M1],

[M∗
2 ] =

k f 2

k− f 2
[A][M2],

μ1 =
k1

k−1
[M∗

1 ] =
k1

k−1

k f 1

k− f 1
[A][M1], (35)

μ2 =
k2

k−2
[M∗

2 ] =
k2

k−2

k f 2

k− f 2
[A][M2], (36)

k1
k−1

k f 1
k− f 1

[A][M1] +
k2

k−2

k f 2
k− f 2

[A][M2] +
k f 1

k− f 1
[A][M1] +

k f 2
k− f 2

[A][M2] + [A] = [A]0.

[A] =
[A]0

K1K f 1[M1] + K2K f 2[M2] + K f 1[M1] + K f 2[M2] + 1
,

where K f 1 = k f 1/k− f 1, K f 2 = k f 2/k− f 2, K1 = k1/k−1, K2 = k2/k−2.
Substituting this result back into Equations (35) and (36) and summing the resulting

expressions yields the equation for calculating the concentration of active sites:

μcalc = K1K f 1[M1][A] + K2K f 2[M2][A],

μcalc =
K1K f 1[M1] + K2K f 2[M2]

K1K f 1[M1] + K2K f 2[M2] + K f 1[M1] + K f 2[M2] + 1
[A]0,

μcalc =
K1K f 1q + K2K f 2(1 − q)

(1 + K1)K f 1q + (1 + K2)K f 2(1 − q) + 1
[M]

[A]0. (37)

where [M] = [M1] + [M2] = 1.5 mol/L.
Equation (37) thus shows the dependence of μcalc on q for the two-stage formation of

active sites.

3.3. Determination of the Kinetic Parameter Range for the Active Sites Formation Process Based on
the Shape of the Dependence of Active Sites’ Concentration μcalc on Monomer Mixture
Composition q

The experimental active sites concentration μexp versus monomer mixture compo-
sition q exhibits a minimum point at qmin. This dependence is also convex downward.
For the shapes of the experimental μexp and calculated μcalc dependences of active site
concentration on monomer mixture composition q to coincide, the following conditions
must be satisfied.

1. Minimum point condition:

dμcalc
dq

< 0 before qmin and
dμcalc

dq
> 0 after qmin (38)
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2. Condition for downward convexity of the dependence:

d2μcalc
dq2 > 0. (39)

In the case of single-stage active site formation:

dμcalc
dq

=
(K1 − K2)

(
K1q + K2(1 − q) + 1

[M]

)
− (K1 − K2)(K1q + K2(1 − q))(

K1q + K2(1 − q) + 1
[M]

)2 [A]0 =

=
(K1 − K2)[A]0

[M]
(

K1q + K2(1 − q) + 1
[M]

)2 .

(40)

d2μcalc
dq2 =

d
dq

dμcalc
dq

= − 2
(
K1 − K2)

2[A]0

[M]
(

K1q + K2(1 − q) + 1
[M]

)3 . (41)

According to Equation (40), the dependence of μcalc on q cannot have a minimum
point because the denominator of this dependence is always positive, and the numerator
is independent of q (i.e., it is either strictly positive or strictly negative for all q). Since the
region of the μexp dependence on q where μexp increases is significantly larger than the
region where μexp decreases (see Figure 2), it was subsequently assumed that the correct
form of the μcalc dependence on q satisfies the condition.

dμexp

dq
> 0. (42)

Condition (42) was transformed taking into account Equation (40):

(K1 − K2)[A]0

[M]
(

K1q + K2(1 − q) + 1
[M]

)2 > 0,

K1 > K2. (43)

Condition (39), taking into account Equation (41), will take the following form:

− 2
(
K1 − K2)

2[A]0

[M]
(

K1q + K2(1 − q) + 1
[M]

)3 > 0.

The numerator of the left side of this condition is always positive; therefore, this
condition is equivalent to the following:

K1q + K2(1 − q) +
1

[M]
< 0. (44)

It is evident that condition (44) cannot be satisfied, since each term on its left side is
non-negative.

Thus, the model of active site formation in the catalytic system TiCl4-Al(i-C4H9)3,
developed on the basis of a single-stage kinetic scheme for active site formation, cannot
describe the experimental dependence of μexp on q even qualitatively (i.e., in terms of the
shape of this dependence) for any values of K1 and K2.
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In the case of two-stage active site formation

dμcalc
dq

= [A]0

(K1K f 1−K2K f 2)

(
1

[M]
+(1+K1)K f 1q+(1+K2)K f 2(1−q)

)
(

1
[M]

+(1+K1)K f 1q+(1+K2)K f 2(1−q)
)2 −

−[A]0

(
(1 + K1)K f 1 − (1 + K2)K f 2

)(
K1K f 1q + K2K f 2(1 − q)

)
(

1
[M]

+ (1 + K1)K f 1q + (1 + K2)K f 2(1 − q)
)2 =

= [A]0
K1K f 1

(
1 + K f 2[M]

)
− K2K f 2

(
1 + K f 1[M]

)
[M]

(
1

[M]
+ (1 + K1)K f 1q + (1 + K2)K f 2(1 − q)

)2 , (45)

d2μcalc
dq2 =

d
dq

dμcalc
dq

= −2
[

A]0
(
(1 + K1)K f 1 − (1 + K2)K f 2

)
×

×
(

K1K f 1

(
1 + K f 2[M]

)
− K2K f 2

(
1 + K f 1[M]

))
[M]

(
1

[M]
+ (1 + K1)K f 1q + (1 + K2)K f 2(1 − q)

)3 . (46)

The denominator in Equation (45) is always positive, and the numerator does not
depend on q; therefore, the dependence of μcalc on q in the case of two-stage active site
formation will also not have a minimum point. Condition (42) will be satisfied only if the
numerator in Equation (45) is positive; that is, when the following condition is met:

K1K f 1

(
1 + K f 2[M]

)
> K2K f 2

(
1 + K f 1[M]

)
,

K1

K2
>

K f 2

(
1 + K f 1[M]

)
K f 1

(
1 + K f 2[M]

) . (47)

The denominator in Equation (46) is positive since 1/[M] > 0, and all other terms in the
denominator are at least non-negative for any value of 0 < q < 1. Therefore, condition (39),
taking into account Equation (46), is equivalent to the following condition:

2
[

A]0
(
(1 + K1)K f 1 − (1 + K2)K f 2

)
×

(
K1K f 1

(
1 + K f 2[M]

)
− K2K f 2

(
1 + K f 1[M]

))
< 0. (48)

Here, the “>” sign changes to “<” because the minus sign in condition (48) was
eliminated by multiplying both sides of the inequality by −1. Condition (48) is equivalent
to the following set of two systems of inequalities:

⎡
⎢⎢⎢⎢⎣

{
K1K f 1

(
1 + K f 2[M]

)
− K2K f 2

(
1 + K f 1[M]

)
> 0, (49)

(1 + K1)K f 1 − (1 + K2)K f 2 < 0, (50){
K1K f 1

(
1 + K f 2[M]

)
− K2K f 2

(
1 + K f 1[M]

)
< 0, (51)

(1 + K1)K f 1 − (1 + K2)K f 2 > 0. (52)

The square bracket denotes a collection (i.e., the union of solution sets of inequalities),
while the curly brace denotes a system (i.e., the intersection of solution sets of inequalities).

The solution sets of inequalities (47) and (51) do not intersect. Therefore, examining
the solution set of the system of inequalities (51) and (52) is meaningless (in this region,
the dependence of μcalc on q decreases rather than increases). In the remaining system of
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inequalities (49) and (50), inequality (49) is equivalent to inequality (47), while inequality
(50) simplifies to the following inequality:

K f 1

K f 2
<

1 + K2

1 + K1
. (53)

Thus, the dependence of μcalc on q, calculated using Equation (37) and derived under
the assumption that active sites formation is a two-stage process, is identical in form to the
dependence of μexp on q when the following two conditions are simultaneously satisfied.

1. The dependence of μcalc on q is increasing (inequality (47)):

K1

K2
>

K f 2

(
1 + K f 1[M]

)
K f 1

(
1 + K f 2[M]

) .

2. The dependence of μcalc on q is convex downward (inequality (53)):

1 + K2

1 + K1
>

K f 1

K f 2
.

Finding the general solution to the system of inequalities (47) and (53) is quite chal-
lenging. It is overly cumbersome, and this complexity obscures the physical meaning of
the solution. Therefore, instead of the general solution to the system of inequalities (47)
and (53), all possible asymptotic solutions were found. By an asymptotic solution of the
system of inequalities (47) and (53), we mean a solution of this system obtained not over
the entire set of parameter values Kf1 > 0, Kf2 > 0, K1 > 0, K2 > 0, but within certain subsets
of these parameter values. For each parameter, the range of values was divided into two
subsets, the physical meaning of which is easy to interpret:

1. K f 1[M] >> 1—the adsorption/desorption equilibrium of butadiene is shifted toward
adsorption, i.e., butadiene is adsorbed by adsorption sites with high efficiency.

2. K f 1[M] << 1—the adsorption/desorption equilibrium of butadiene is shifted toward
desorption, i.e., butadiene is adsorbed by adsorption sites with low efficiency.

3. K f 2[M] >> 1—the adsorption/desorption equilibrium of isoprene is shifted toward
adsorption, i.e., isoprene is adsorbed by adsorption sites with high efficiency.

4. K f 2[M] << 1—the adsorption/desorption equilibrium of isoprene is shifted toward
desorption, i.e., isoprene is adsorbed by adsorption sites with low efficiency.

5. K1 >> 1—the equilibrium of formation/breaking of the bond between the Ti atom of
the catalytic system and the C atom of butadiene is shifted toward bond formation,
i.e., butadiene forms stable active sites.

6. K1 << 1—the equilibrium of formation/breaking of the bond between the Ti atom of
the catalytic system and the C atom of butadiene is shifted toward bond breaking, i.e.,
butadiene forms unstable active sites.

7. K2 >> 1—the equilibrium of formation/breaking of the bond between the Ti atom of
the catalytic system and the C atom of isoprene is shifted toward bond formation, i.e.,
isoprene forms stable active sites.

8. K2 << 1—the equilibrium of formation/breaking of the bond between the Ti atom of
the catalytic system and the C atom of isoprene is shifted toward bond breaking, i.e.,
isoprene forms unstable active sites.

Such boundaries of parameter subsets allow us, for each subset, to determine which
terms in the sums 1 + K f 1[M], 1 + K f 2[M], 1 + K1, 1 + K2 can be neglected, thereby simpli-
fying inequalities (47) and (53) (this transformation is hereafter referred to as asymptotic
transformation).
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As a result, the entire set of parameter values Kf1 > 0, Kf2 > 0, K1 > 0, K2 > 0 was divided
into 16 subsets, some of which admit asymptotic solutions. The asymptotically transformed
inequalities (47) and (53) for various parameter subsets are presented in Table 1.

Analysis of the asymptotically transformed inequalities (47) and (53) for all 16 subsets
showed that asymptotic solutions to inequalities (47) and (53) exist only in 7 subsets.

In subset 2 (K f 1[M] >> 1, K f 2[M] << 1, K1 >> 1, K2 >> 1), from the inequality
K1/K2 > K f 2[M], it follows that K1 >> K2; from the inequality K2/K1 > K f 1/K f 2, it
follows that K1 << K2. These two inequalities are mutually exclusive; therefore, there are
no asymptotic solutions in subset 2.

In subset 3 (K f 1[M] << 1, K f 2[M] >> 1, K1 >> 1, K2 >> 1): from the inequality

K1/K2 > 1/
(

K f 1[M]
)

it follows that K1 >> K2; from the inequality K2/K1 > K f 1/K f 2 it
follows that K1 << K2. These two inequalities are mutually exclusive; therefore, there are
no asymptotic solutions in subset 3.

In subset 4 (K f 1[M] << 1, K f 2[M] << 1, K1 >> 1, K2 >> 1), from the inequality
K2/K1 > K f 1/K f 2, it follows that K1/K2 < K f 2/K f 1, which together with the other in-
equality in this subset K1/K2 > K f 2/K f 1 are mutually exclusive. Therefore, there are no
asymptotic solutions in subset 4.

In subset 6 (K f 1[M] >> 1, K f 2[M] << 1, K1 >> 1, K2 << 1), the inequality 1/K1 >

K f 1/K f 2 is not satisfied for any parameter values in this subset. Therefore, there are no
asymptotic solutions in subset 6.

Table 1. Asymptotically transformed inequalities (47) and (53) for various subsets of parameter
values Kf1 > 0, Kf2 > 0, K1 > 0, K2 > 0.

Boundary
of the Subset

(Stage 2)

Boundary
of the Subset

(Stage 1)
Kf1[M] >> 1,
Kf2[M] >> 1

Kf1[M] >> 1,
Kf2[M] << 1

Kf1[M] << 1,
Kf2[M] >> 1

Kf1[M] << 1,
Kf2[M] << 1

K1>> 1,
K2 >> 1

subset 1
K1/K2 > 1,

K2/K1 > Kf1/Kf2

subset 2
K1/K2 > Kf2[M],
K2/K1 > Kf1/Kf2

subset 3
K1/K2 > 1/(Kf1[M]),

K2/K1 > Kf1/Kf2

subset 4
K1/K2 > Kf2/Kf1,
K2/K1 > Kf1/Kf2

K1>> 1,
K2 << 1

subset 5
K1/K2 > 1,

1/K1 > Kf1/Kf2

subset 6
K1/K2 > Kf2[M],
1/K1 > Kf1/Kf2

subset 7
K1/K2 > 1/(Kf1[M]),

1/K1 > Kf1/Kf2

subset 8
K1/K2 > Kf2/Kf1,

1/K1 > Kf1/Kf2

K1 << 1,
K2 >> 1

subset 9
K1/K2 > 1,

K2 > Kf1/Kf2

subset 10
K1/K2 > Kf2[M],

K2 > Kf1/Kf2

subset 11
K1/K2 > 1/(Kf1[M]),

K2 > Kf1/Kf2

subset 12
K1/K2 > Kf2/Kf1,

K2 > Kf1/Kf2

K1<< 1,
K2 << 1

subset 13
K1/K2 > 1,
1 > Kf1/Kf2

subset 14
K1/K2 > Kf2[M],

1 > Kf1/Kf2

subset 15
K1/K2 > 1/(Kf1[M]),

1 > Kf1/Kf2

subset 16
K1/K2 > Kf2/Kf1,

1 > Kf1/Kf2

In subset 9 (K f 1[M] >> 1, K f 2[M] >> 1, K1 << 1, K2 >> 1), the inequality K1/K2 >

1 is not satisfied for any of the parameter values in this subset. Therefore, there are no
asymptotic solutions in subset 9.

In subset 10 (K f 1[M] >> 1, K f 2[M] << 1, K1 << 1, K2 >> 1), from the inequality
K2 > K f 1/K f 2, it follows that K f 2[M] > K f 1[M]/K2. This inequality, together with the
other inequality K1/K2 > K f 2[M], forms the system K1/K2 > K f 2[M] > K f 1[M]/K2, which
has no solution, since K f 1[M] >> 1, and K1 << 1. Therefore, there are no asymptotic
solutions in subset 10.

In subset 11 (K f 1[M] << 1, K f 2[M] >> 1, K1 << 1, K2 >> 1), the inequality

K1/K2 > 1/
(

K f 1[M]
)

is not satisfied for any parameter values in this subset. Therefore,
there are no asymptotic solutions in subset 11.

110



Computation 2025, 13, 184

In subset 12 (K f 1[M] << 1, K f 2[M] << 1, K1 << 1, K2 >> 1), from the inequality
K2 > K f 1/K f 2, it follows that 1/K2 < K f 2/K f 1. This inequality, together with the other
inequality K1/K2 > K f 2/K f 1, forms the system 1/K2 < K f 2/K f 1 < K1/K2, which has no
solution since K1 << 1. Therefore, there are no asymptotic solutions in subset 12.

In subset 14 (K f 1[M] >> 1, K f 2[M] << 1, K1 << 1, K2 << 1), the inequality
1 > K f 1/K f 2 is not satisfied for any parameter values in this subset. Therefore, there are no
asymptotic solutions in subset 14.

For all other subsets, particular asymptotic solutions of inequalities (47) and (53)
were proposed (Table 2), including examples of specific parameter values Kf1, Kf2, K1, K2

satisfying these inequalities. Figure 3 shows the dependencies of μcalc on q corresponding
to these particular asymptotic solutions.

0.0 0.2 0.4 0.6 0.8
0.90

0.92

0.94

0.96

0.98
calc, mol/L

q 0.0 0.2 0.4 0.6 0.8
0.0
0.2
0.4
0.6
0.8

calc, mol/L

q

(1) (5)

0.0 0.2 0.4 0.6 0.8
0.0

0.5

1.0

1.5

q

calc 102, mol/L

0.0 0.2 0.4 0.6 0.8
0.0
0.2
0.4
0.6
0.8

calc, mol/L

q

(8) (7)

0.0 0.2 0.4 0.6 0.8
0.0
0.2
0.4
0.6
0.8

q

calc 101, mol/L

0.0 0.2 0.4 0.6 0.8
0.9
1.0
1.1
1.2
1.3

calc 102, mol/L

q
(13) (15)

0.0 0.2 0.4 0.6 0.8
0.0

0.4

0.8

1.2

calc 103, mol/L

q
(16)

Figure 3. Dependencies of μcalc on q corresponding to particular asymptotic solutions; (numbers in
parentheses indicate the subset number of parameters according to Table 1, within the boundaries
of which the corresponding asymptotic solution was found). For the dependencies of μcalc on q in
subsets (8) and (16), the values of d2μcalc/dq2 were also calculated, and these were positive for al
0 ≤ q ≤ 1 (this confirms that the dependencies in (8) and (16) are convex downward).
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Table 2. Particular asymptotic solutions of inequalities (47) and (53) for various subsets of parameter
values Kf1 > 0, Kf2 > 0, K1 > 0, K2 > 0 at [M] = 1.5 mol/L.

Boundaries of Parameter
Subsets

Kf1[M] >> 1,
Kf2[M] >> 1

Kf1[M] >> 1,
Kf2[M] << 1

Kf1[M] << 1,
Kf2[M] >> 1

Kf1[M] << 1,
Kf2[M] << 1

K1>> 1,
K2 >> 1

Kf1= 101 L/mol,
K f 2 = 103 L/mol,

K1 = 102,
K2 = 101

No solutions No solutions No solutions

K1>> 1,
K2 << 1

K f 1 = 101 L/mol, ,
K f 2 = 103 L/mol,

K1 = 101,
K2 = 10−1

No solutions

K f 1 = 10−2 L/mol,
K f 2 = 102 L/mol,

K1 = 103,
K2 = 10−2

K f 1 = 10−3 L/mol,
K f 2 = 10−1 L/mol,

K1 = 101,
K2 = 10−2

K1 << 1,
K2 >> 1 No solutions No solutions No solutions No solutions

K1<< 1,
K2 << 1

K f 1 = 101 L/mol,
K f 2 = 102 L/mol,

K1 = 10−1,
K2 = 10−2

No solutions

K f 1 = 10−1 L/mol,
K f 2 = 102 L/mol,

K1 = 10−1,
K2 = 10−2

K f 1 = 10−2 L/mol,
K f 2 = 10−1 L/mol, ,

K1 = 10−1,
K2 = 10−3

3.4. Determination of Specific Quantitative Values of Kinetic Parameters of the Active Sites
Formation Process, at Which the Dependence of μcalc on q Quantitatively Coincides with the
Dependence of μexp on q

The particular asymptotic solutions of inequalities (47) and (53) from Table 2, which
provide qualitative agreement between the forms of the dependencies μexp on q and μcalc on
q, were used as initial approximations for solving the inverse problem of finding particular
asymptotic solutions of inequalities (47) and (53) that ensure quantitative coincidence
of the dependencies μexp on q and μcalc on q. The inverse problem was solved using
an optimization algorithm implemented in the FindMinimum operator of the Wolfram
software system (Mathematica 12.0). During the solution of the inverse problem, the
following function was minimized:

F =
(
μexp − μcalc

)2 L2

mol2
++10r

⎛
⎝(lgK1)

2 + (lgK2)
2 +

(
lg

K f 1
L

mol

)2

+

(
lg

K f 2
L

mol

)2
⎞
⎠, (54)

where the second term is the regularization term (r is the regularization coefficient). Prior
to this, dependence (37) was expressed in the following form:

μcalc =
10X1 10X f 1 q + 10X2 10X f 2(1 − q)

(1 + 10X1)10X f 1 q + (1 + 10X2)10X f 2(1 − q) + 1
[M]

10X0 ,

where X0 = lg[A]0, Xf1 = lg(Kf1/(L/mol)), Xf2 = lg(Kf2/(L/mol)), X1 = lgK1, X2 = lgK2.
Thus, during the minimization of function (54), we obtained the parameters X0, Xf1,

Xf2, X1, X2. This representation of dependence (37) allowed us, firstly, to search for the
minimum of function (54) within the domain of physically meaningful values [A]0 > 0,
Kf1 > 0, Kf2 > 0, K1 > 0, K2 > 0, and secondly, to vary not the exact values of the parameters
[A]0, Kf1, Kf2, K1, K2, but their orders of magnitude, i.e., to search for [A]0, Kf1, Kf2, K1,
K2 over very wide ranges. Since the search for [A]0, Kf1, Kf2, K1, K2 was conducted over
broad intervals, to avoid obtaining unreasonably large or small values of X0, Xf1, Xf2, X1,
X2 (e.g., ±1000), a regularization term was introduced into function (54). The purpose
of the regularization term is to exclude inadequate solutions. That is, the farther the
values of X0, Xf1, Xf2, X1, X2 are from zero, the less likely these values will be accepted
as a solution. Empirically, it was established that for this problem that the regularization
coefficient should be taken as r = −9 (this value was varied in steps of 1). At lower values
of r, the values of X0, Xf1, Xf2, X1, and X2 obtained from minimizing function (54) were
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unreasonably high or low. At higher values of r, the contribution of the regularization term
to the value of function (54) became too large, and the possibility of minimizing the first
term of this function was lost. Thus, the result of minimizing function (54) is regularized,
or, more simply, ordered. This result is not purely mathematical but incorporates ordering
dictated by a priori chemical knowledge.

The minimization of function (54) was performed in two variants.
Variant 1. Particular asymptotic solutions of inequalities (47) and (53) from Table 2

were used as initial approximations. The initial approximation for X0 varied from −4 to
−2. No constraints were imposed on the values of Xf1, Xf2, X1, X2, i.e., the values of Xf1,
Xf2, X1, X2 could move from one solution subset to another.

Variant 2. This variant differed from Variant 1 in that constraints were imposed on the
values of Xf1, Xf2, X1, X2 during the minimization of function (54) to prevent the solution
from leaving the subset in which the initial approximation lies.

As a result of minimizing function (54) according to Variant 1, the same minimum
was found in solution subset 7 for all initial approximations. This is the global minimum
(F = 4.42 × 10−9).

By minimizing function (54) according to Variant 2, the following results were achieved:

1. No solutions were found in subsets 1, 8, 15, and 16 that provided quantitatively exact
agreement between the dependencies μexp on q and μcalc on q (specifically, none were
found because they might exist if other initial approximations within these subsets were
used);

2. Local minima were found in subsets 5 and 13 with values (F = 2.81 × 10−8 and
F = 1.54 × 10−8 respectively);

3. No local minimum was found in subset 7 (!), despite the fact that the global minimum
found in Variant 1 minimization lies in subset 7. This is probably due to the fact that
during the optimization algorithm implementation, when searching for the global
minimum, the values of Xf1, Xf2, X1, X2 initially located in subset 7 leave it and then
re-enter it; this supports the idea that solutions in subsets 1, 8, 15, and 16 may exist
but were not found with the chosen initial approximations.

Particular asymptotic solutions (values of [A]0, Kf1, Kf2, K1, K2) that ensure quantitative
coincidence of the dependencies of μexp on q and μcalc on q are presented in Table 3. The
dependencies of μcalc on q corresponding to these particular asymptotic solutions, which
ensure quantitatively exact agreement between the dependencies of μexp on q and μcalc on q,
are shown in Figure 4.

Table 3. Particular asymptotic solutions of inequalities (47) and (53) that ensure quantitatively exact
coincidence of the dependencies μexp on q and μcalc on q for various subsets.

Boundaries of Subsets of
Parameter Values

Kf1[M] >> 1,
Kf2[M] >> 1

Kf1[M] >> 1,
Kf2[M] << 1

Kf1[M] << 1,
Kf2[M] >> 1

Kf1[M] << 1,
Kf2[M] << 1

K1 >> 1,
K2 >> 1

Qualitative solution exists;
no exact quantitative

solution found
No solutions No solutions No solutions

K1 >> 1,
K2 << 1

[
A]0 = 10−3.85 mol/L

(method 1 *)[
A]0 = 10−3.55 mol/L

(method 2)
K f 1 = 101.18 L/mol
K f 2 = 103.16 L/mol,

K1 = 101.18,
K2 = 10−1.17

local minimum
F = 2.81 × 10−8

No solutions

[
A]0 = 10−3.57 mol/L

(method 1)[
A]0 = 10−3.43 mol/L

(method 2)
K f 1 = 10−0.31 L/mol,
K f 2 = 100.91 L/mol,

K1 = 100.25,
K2 = 10−1.07

global minimum
F = 4.42 × 10−9

Qualitative solution exists;
no exact quantitative

solution found
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Table 3. Cont.

Boundaries of Subsets of
Parameter Values

Kf1[M]>>1,
Kf2[M]>>1

Kf1[M]>>1,
Kf2[M]<<1

Kf1[M]<<1,
Kf2[M]>>1

Kf1[M]<<1,
Kf2[M]<<1

K1 << 1,
K2 >> 1 No solutions No solutions No solutions No solutions

K1 << 1,
K2 << 1

[
A]0 = 10−2.66 mol/L

(method 1)[
A]0 = 10−2.53 mol/L

(method 2)
K f 1 = 101.18 L/mol,
K f 2 = 102.16 L/mol,

K1 = 10−1.18,
K2 = 10−2.16

local minimum
F = 1.54 × 10−8

No solutions
Qualitative solution exists,

no exact quantitative
solution found

Qualitative solution exists,
no exact quantitative

solution found

* The copolymerization achieved via method 1 and method 2 is described in the Experimental Section.
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Figure 4. Dependencies of μcalc on q corresponding to particular asymptotic solutions that ensure
quantitatively exact agreement between the dependencies of μexp on q (points) and μcalc on q (lines)
(the number in parentheses indicates the subset of parameters according to Table 1 within which the
corresponding asymptotic solution was found, and the method of preparation of TiCl4-Al(i-C4H9)3

catalytic system).

Thus, according to the conducted analysis, it can be concluded that during the forma-
tion of active sites in the TiCl4-Al(i-C4H9)3 catalytic system, one of the following qualitative
scenarios may exist:

1. Monomer molecules are easily adsorbed on the surface of the TiCl4-Al(i-C4H9)3

catalytic system particles; active sites formed by butadiene molecules are stable (i.e.,
the bond between the Ti atom of the catalytic system and the C atom of butadiene
is stable), while active sites s formed by isoprene molecules are unstable (i.e., the
bond between the Ti atom of the catalytic system and the C atom of isoprene is
unstable). This description corresponds to subset 5 (K f 1[M] >> 1, K f 2[M] >> 1,
K1 >> 1, K2 << 1).

2. Isoprene molecules are easily adsorbed, while butadiene molecules are adsorbed
with difficulty; active sites formed by butadiene are stable, and active sites formed
by isoprene are unstable. This description corresponds to subset 7 (K f 1[M] << 1,
K f 2[M] >> 1, K1 >> 1, K2 << 1).
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3. Monomer molecules are easily adsorbed but form unstable active sites; the stability
of active sites formed by butadiene should be higher than that of active sites formed
by isoprene. This description corresponds to subset 13 (K f 1[M] >> 1, K f 2[M] >> 1
K1 << 1, K2 << 1).

All of the solutions indicate that isoprene molecules should adsorb better on the
surface of TiCl4-Al(i-C4H9)3 particles than butadiene molecules, while butadiene molecules
should form more stable active sites than isoprene molecules.

It should also be noted that the developed two-stage model of active sites formation
was unable, under any conditions, to describe the presence of a minimum point in the
experimental dependence of μexp on q. The search for the reasons behind this phenomenon
is a promising direction for further research. Among the possible causes, the following can
be noted:

1. The wedging effect of active copolymer chains, which leads to dispersion of the
TiCl4-Al(i-C4H9)3 catalytic system particles. Experimentally, it has been established that the
dependence of the particle size of the TiCl4-Al(i-C4H9)3 catalytic system on q also exhibits
a minimum point [39].

2. The difference between the real adsorption process of butadiene and isoprene
and the process described by the Langmuir monomolecular adsorption theory [33]. This
difference may have the following causes.

2.1. The biographical nonuniformity of the surface of TiCl4-Al(i-C4H9)3 particles
(different crystal facets have different properties, and crystals contain defects). Within
the framework of the model presented in this work, this means that the equilibrium
constants Kf1 and Kf2 will be functions of the concentration of adsorbed butadiene and
isoprene molecules; in classical theoretical models, called adsorption isotherms, which
relate the fraction of occupied adsorption sites to the pressure of the adsorbed gas, this
leads to the dependence of the adsorption constant on the pressure of the adsorbed gas.
In this case, adsorption is described not by the Langmuir isotherm, where the adsorption
constant is constant [33], but, for example, by the Freundlich [40], Zeldovich [41], or Sips
isotherms [42,43].

2.2. Induced nonuniformity of the surface of TiCl4-Al(i-C4H9)3 particles (the heat of
adsorption depends on the number of adsorbed monomer molecules on the surface of TiCl4-
Al(i-C4H9)3 particles, indicating interactions between adsorbed molecules [33]). To describe
the induced nonuniformity, the model of active sites formation in TiCl4-Al(i-C4H9)3 must
take into account the change in binding energy of adsorbed molecules depending on the
number of adsorbed molecules due to adsorbate–adsorbate interactions. Such models
include the Ising model (in which the adsorbed molecular layer corresponds to a two-
dimensional lattice gas model), which considers lateral interactions between molecules in
lattice sites [44]. The Ising model is closed in the Bragg–Williams approximation, which
assumes that the interaction energy of nearest adsorbed molecules is estimated as if the
molecules were randomly distributed among adsorption sites, i.e., this energy is estimated
as the average interaction energy [45]. Adsorbate–adsorbate–adsorbent interactions are also
accounted for in the Fowler–Guggenheim isotherm [46,47]. The King model also describes
induced nonuniformity of particles’ surfaces [33].

2.3. Adsorption is multidentate. In this case, butadiene and isoprene molecules may
require different numbers of adsorption sites. More compact molecules in this respect
can adsorb in the gaps between bulkier molecules. Such adsorption is described by the
semi-competitive model [48].

2.4. The adsorption rate depends on the concentration of the adsorbed substance,
i.e., there exist different adsorption regimes (at low concentrations, the orientation of
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adsorbed molecules relative to the surface of solid particles occurs in one way, while at
high concentrations their orientation is different) [33].

4. Conclusions

The theoretical influence of the monomer mixture composition q in the butadiene–
isoprene copolymerization on the concentration of active sites of TiCl4-Al(i-C4H9)3 catalytic
system μ has been described (q = [M1]/([M1] + [M2]), [M1] is the concentration of butadiene
in the monomer mixture and [M2] is the concentration of isoprene in the monomer mixture).

The theoretical description was developed according to the following algorithm:

1. Based on experimental values of the copolymerization rate from study [5] and known
values of chain propagation rate constants [35,36] and copolymerization constants
from study [5], the concentrations of active sites of the TiCl4-Al(i-C4H9)3 catalytic
system were calculated at various values of q. The experimental dependence of μ

on q has the following features: 1. The minimum concentration of active sites μ

corresponds to some value of q in the range q = 0.2–0.6, and the concentration μ

predominantly increases as the butadiene concentration in the monomer mixture

increases. 2. The dependence of μ on q is nonlinear, with ( d2μcalc
dq2 > 0).

2. The kinetic model equations for the formation of active sites in the TiCl4-Al(i-C4H9)3

catalytic system were written. These kinetic equations were formulated based on the
mass-action law and the Langmuir monomolecular adsorption theory for two variants
of the kinetic scheme: one-stage and two-stage (physical stage—adsorption; chem-
ical stage—formation of the Ti-C bond). The adsorption of butadiene and isoprene
molecules on the catalytic system TiCl4-Al(i-C4H9)3 surface was considered competi-
tive. The equation expressing the theoretical dependence of μ on q was obtained by
analytically solving the system of kinetic model equations under the assumption of
equilibrium in all stages of the formation of active sites.

3. The obtained equation was analyzed. It was found that the kinetic model based on
the one-stage kinetic scheme cannot even qualitatively describe the experimental
dependence of μ on q with the described features. The analogous kinetic model based
on the two-stage kinetic scheme satisfactorily describes this experimental dependence
(except for the existence of the minimum concentration of active sites μ).

4. The domains of kinetic parameter values for active sites formation were established,
at which the theoretical dependence of μ on q reproduces the corresponding experi-
mental dependence both qualitatively and quantitatively. Qualitatively, this occurs
under the condition that isoprene adsorbs better than butadiene, but butadiene forms
more stable active sites than isoprene. Quantitatively, this is ensured by any of the
three sets of equilibrium rate constants for the stages of active sites formation found
in this work.

The results of this work can be generalized to other heterogeneous catalytic systems
used for binary copolymerization. Essentially, this work has developed a methodology
for rapid assessment of the mechanism of active site formation in heterogeneous catalytic
systems of binary copolymerization. This methodology is based on experimental data
describing the relationship between the copolymerization rate W and the composition q
of a multidimensional mixture. The shape of the dependence of W on q is identical to the
shape of the dependence of μ on q. According to this methodology, three possible variants
can be identified, each of which provides information about the mechanism of active site
formation in the catalytic system.

Variant 1. If the dependence of μ on q has no minima or maxima and is convex upward,
then the simplest mechanism of active site formation in such a catalytic system is a simple
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one-step mechanism. Active sites may also form via a more complex mechanism; however,
there is no basis for assuming a more complex mechanism of active site formation for such
a catalytic system. The activity of such a catalytic system is close to maximal for most
values of q.

Variant 2. If the dependence of μ on q has no minima or maxima and is convex
downward, then the simplest mechanism of active site formation in such a catalytic system
is a two-step mechanism. The activity of such a catalytic system is close to minimal for
most values of q.

In variants 1 and 2, the maximum and minimum activity of the catalytic system are
observed at q = 0 and q = 1 (the maximum activity can occur at either of these two points,
and the minimum activity can also occur at either of these two points).

Variant 3. If the dependence of μ on q has at least one maximum or minimum point at
q 
= 0 and q 
= 1, then the simplest mechanism of active site formation of such a catalytic
system is more complex than a two-step mechanism.

The obtained results will allow us, in the future, to draw conclusions about the
complexity of the mechanism of active sites’ formation in heterogeneous catalytic systems
of copolymerization based on the shape of the experimental dependence of μ on q (and,
correspondingly, based on the shape of the experimental dependence of W on q).
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Abstract: Recent research on the design and synthesis of new and upgraded materials
for secondary batteries is growing to fulfill future energy demands around the globe.
Herein, by using DFT calculations, the thermodynamic and electrochemical properties of
Na/Na+@C12 complexes and then halogens (X− = Br−, Cl−, and F−) as counter anions
are studied for the enhancement of Na-ion battery cell voltage and overall performance.
Isolated C12 nanorings showed a lower cell voltage (−1.32 V), which was significantly
increased after adsorption with halide anions as counter anions. Adsorption of halides
increased the Gibbs free energy, which in turn resulted in higher cell voltage. Cell voltage
increased with the increasing electronegativity of the halide anion. The Gibbs free energy
of Br−@C12 was −52.36 kcal·mol−1, corresponding to a desirable cell voltage of 2.27 V,
making it suitable for use as an anode in sodium-ion batteries. The estimated cell voltage
of these considered complexes ensures the effective use of these complexes in sodium-ion
secondary batteries.

Keywords: cell voltage; Gibbs free energy; secondary battery; DFT

1. Introduction

Establishing sustainable renewable energy resources is one of the key goals for the
twenty-first century to minimize CO2 emissions [1,2]. Modern civilization must deal with
the dilemma of briskly shifting towards renewable energy sources and electric automobiles,
all the while grappling with the ever-growing impacts of greenhouse gas emissions. Re-
newable energy is used frequently, typically in the form of wind and solar power [3–10]. It
demands daily electrical energy storage, for which secondary batteries seem to be a promis-
ing development in technology. One of the best storage options for renewable energy
technologies is Na-ion secondary batteries because of their high energy density, broadened
operational lifetime, and excellent reversible capacity [11–14]. Sodium-ion batteries face
several challenges because of the rapid development of electric vehicles and smart power
grids, including scarce supplies, high costs, insufficient safety, and a bottleneck in the im-
provement of energy density, power density, and cycle performance [15–18]. With growing
demand for Na-ion batteries, issues related to the cost and availability of Na supplies are
becoming more serious.

The development of sodium-ion batteries (SIBs) can be credited to various factors such
as sodium′s abundance, cost-effectiveness, and ease of access [19–26]. Researchers even
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claim that deposits of lithium will probably be depleted in the near future [27–29]. Sodium
resources are globally available due to their lower cost as compared to lithium. Solid-
state batteries (SIBs) are gaining considerable attention in the arena of electrical energy
storage [30–32]. Because of the clear advantages of low cost and the abundance of charging
devices available worldwide, as one of the most promising next-generation energy storage
technologies, sodium-ion batteries (SIBs) share the same internal components and operating
principles as lithium-ion batteries (LIBs) [33]. Carbon is an element that is found extensively
in the atmosphere, the crust, and living organisms. It can interact with other elements in
chemistry to form a wide variety of compounds. Over the past few decades, research on
pure carbon molecules has gained a lot of interest [34–42]. There are a multitude of types of
carbon clusters, including rings composed of single or polycyclic compounds, graphite or
bowl-shaped clusters, hard carbon, closed-cage fullerenes, graphene nanotubes, etc. [43–45].
Graphite has been used as anode materials for lithium–anion batteries for decades, but they
are found to be not suitable for SIB because of their thermodynamic stability. Recently, hard
carbon materials have been identified as the most promising anodes for commercial sodium-
ion batteries (SIBs) due to their cost-effectiveness. Dahn et al. were the first ones to report
the use of hard carbon derived from glucose as an anode in SIBs. Although it showed good
reversible capacity, its storage capacity remained lower than that of lithium-ion batteries
(LIBs) [46]. Hu and co-workers developed a layer-by-layer solid electrolyte interphase (SEI)
on hard carbon with a flexible, organic-rich outer layer and an inorganic-rich inner layer,
leading to improved cycling performance and rate capability [47]. However, the limited
performance of hard carbon and the still-unclear storage mechanisms have hindered the
practical adoption of SIBs over LIBs [48]. Maier and co-workers introduced synthetic
hollow nanosphere hard carbon anodes, which exhibited excellent rate capabilities [49].
Wan et al. recently synthesized multi-shelled hollow carbon nanospheres (MS-HCNs)
as high-performance anodes for SIBs. They observed that specific capacity increased
with the number of shells, with four-shell HCNs demonstrating a reversible capacity of
360 mAh g−1 at 30 mA g−1. However, the sloping charge–discharge profiles remained
unchanged with the increase in shell number [50]. In addition to carbon-based anodes,
various Sn-, Sb-, and SnSb-based anode materials have been explored. Palaniselvam
et al. synthesized tin-based composites and reported excellent cycling stability over 100
cycles [51]. A two-dimensional Sb@TiO2−x anode demonstrated high specific capacity,
good rate performance, and retained up to 95% of its capacity over multiple cycles [52].

These findings highlight that improving the electrochemical performance of anode
materials often requires complex strategies—such as interface engineering, the integration
of multi-dimensional nanostructures, the use of ultra-small nanoparticles, and heteroatom
adsorption [53]. To address these challenges, graphene has emerged as an effective support
material due to its high surface area, flexibility, and excellent conductivity [54]. For instance,
Luo et al. designed a flexible, hierarchical conductive network in which Sn quantum dots
(QDs) were encapsulated in 2D reduced graphene oxide (RGO) scrolls, further embedded in
1D N, S co-adsorbed carbon nanofibers (NS-CNFs). The RGO layer improved conductivity
and electrolyte interaction, while the NS-CNFs prevented Sn QD aggregation. This 3D
Sn/NS-CNFs@RGO composite exhibited outstanding cycling stability (373 mAh g−1 after
5000 cycles at 1 A g−1) and excellent rate performance (189 mAh g−1 at 10 A g−1) [55].
Although Sn and Sb alloy-based anodes perform well initially, they suffer from significant
volume expansion during the repeated sodiation/desodiation cycles, leading to capacity
decay and limiting their long-term application in SIBs [56]. Researchers have attempted to
overcome this issue by designing nanostructures with large hollow interiors to accommo-
date volume changes and improve sodium-ion diffusion kinetics.

121



Computation 2025, 13, 180

Small carbon nanorings have attracted increasing interest due to their regenerative ac-
tivity and structural stability [57–60]. In particular, carbon nanocluster rings—composed of
multiple carbon atoms in ring-like geometries—have gained attention for their unique elec-
tronic and structural properties, following Hoffmann′s theoretical proposal in 1966 [61–65].
The first successful synthesis of carbon nanorings was achieved by Kawase in 2003 [66].
These nanorings, characterized by π-conjugation and high ring strain, posed significant
challenges for synthesis and structural control [67]. Subsequent advancements involved
using various coupling reactions with active metal catalysts, eventually enabling the con-
trolled synthesis of carbon nanorings [68–70]. Ullah et al. researched both the electrical and
thermodynamic aspects of the F-adsorbed carbyne C10 ring to create the C10F complex and
its potential as an anode material in alkali-ion batteries using DFT and DLPNO-CCSD(T)
calculations. Li/Li+ and Na/Na+ produce electrochemical cell voltages of 3.12 V and 2.80 V,
respectively [71]. Tayyaba Murtaza et al. theoretically examined the potency of a pristine
and halogen-adsorbed Graphdiyne analogue (GDY-28) as an anode material for sodium-ion
batteries (NIBs). These designs result in greater cell voltages, which vary from 0.17 V for
pure GDY-28 to 0.20 V and 0.52 V for X−@GDY-28 (where X− = F−, Cl−, and Br−) [72].
In another work, by using density functional theory (DFT), Parimala et al. computation-
ally evaluated the attachment of Na and Na+ ions on Ga12N12, Ga12P12, and Ga12As12

nanocages as materials used as anodes for sodium-ion rechargeable batteries (SIBs). Fur-
thermore, in contrast with the empty nanocages of SIBs, enveloping the complexes with
halogens (F−, Cl−, and Br−) led to increased cell voltage (Vcell). Fluorine-encapsulated
Na/Ga12N12 has a higher Vcell than chlorine and bromine, based on the overall facts [73].
The scientific community has also focused on the role of the solvent (electrolyte), which
plays a critical role in electrochemical studies. In computational research, solvation effects
are investigated using advanced methods such as density functional theory (DFT) com-
bined with implicit and explicit solvent models. These models have proven effective in
accurately predicting electrochemical series [74]. These methods are used to explore the
redox nature, Gibbs free energy of solvation, and charge transfer mechanism [75], which are
helpful in understanding the estimated cell voltage of batteries in practice. Herein, by using
DFT calculations, the thermodynamic and electrochemical properties of Na/Na+@C12

complexes and then halogens (X− = Br−, Cl−, F−) as counter anions in the gas phase are
studied for the enhancement of Na-ion battery cell voltage and overall performance.

2. Computational Methodology

DFT calculations were performed by using the Gaussian 09 package [76] and the re-
sults were further visualized by using GaussView 5.0 software [77]. DFT-based approaches
are more precise and frequently used for atomic property analysis and structural optimiza-
tion. Among the dispersion-corrected DFT methods, the range-separated ωB97XD func-
tional is commonly employed for electronic and thermodynamic property analysis [78–82].
ωB97XD, along with the 6-31 + G (d, p) people basis set, was implemented for all property
analyses of the considered structures. Optimization is performed to determine the correct
structure of each isolated and complex structure. Optimization was followed by frequency
calculations, which confirmed that all structures designed are true minima structures on
the potential energy surface with positive frequencies. Zero-point corrected energy values
obtained from the frequency calculation were used for interaction energy calculations.

Interaction energy is calculated from the zero-point corrected energies by using Equa-
tion (1), as presented below:

Eint = Ecomplex − (Esurface + Eanalyte) (1)

122



Computation 2025, 13, 180

All calculations were performed in gas phase, and the absolute voltage values are
therefore qualitative estimates. Cell voltage is actually the parameter used to estimate
the potential of surface usage in secondary batteries. Cell voltage was calculated by
implementing the Nernst Equation (2), given as:

Vcell = −ΔGcell/Fz (2)

where z represents the atomic charge on the sodium atom/ion, F is for Faraday constant,
and −ΔGcell illustrates the change in the Gibbs free energies of the complexes.

Molecular orbital behavior was analyzed by performing Frontier molecular orbital
analysis. In this analysis, we obtained information about the nature of the highest occupied
(HOMOs) and lowest unoccupied molecular orbitals (LUMOs). This energy gap gives
insight into the reactivity and electronic stability of a complex. The complex is either more
reactive and electronically less stable or less reactive and electronically more stable. The
difference between these frontier orbitals is known as the HOMO and LUMO gap (EH-L),
which is calculated by using Equation (3) below:

EH-L = ELUMO − EHOMO (3)

Natural bond orbital charge analysis was also performed to determine the shifting
of charge from the sodium atom/ion towards the adsorbent surface or vice versa. The
total density of state spectra was generated to explore the density of electronic states, the
position of the frontier molecular orbitals before and after sodium adsorption, and the
nature of electronic contribution during complexation.

3. Results and Discussions

3.1. Interaction of Na/Na+ with the C12 Nanoring

First of all, the pure C12 nanoring without symmetry constraints was optimized, and
a stable geometry is shown in Figure 1. The nanoring consists of alternating double and
triple bonds. The bond distance between adjacent triple and double bonds is 1.24 and
1.36 Å, respectively, which is comparable to 1.33–1.34 Å for C12 obtained using the GA/SA
technique, as highlighted in the study performed by D.P. Kosimov [83]. Four potential
adsorption sites are available in the C12 nanoring: the carbon–carbon bonds, the ring center,
the top of the ring, and directly above a carbon atom. These sites are proposed based on
a previous study by Ullah et al. on halide adsorption in a C10 nanoring for alkali metal
batteries [71]. Among all of these four possible adsorption sites, Na/Na+ are adsorbed
and optimized to obtain the most stable position. In the optimized structure of Na@C12,
the Na atom occupies the top central position on the ring with an average distance of
1.46 Å. For Na+, the most suitable and stable position is the placement of Na+ on one side
of the carbon nanoring, with a bond distance of 2.46 Å. Interaction energies calculated for
Na@C12 and Na+@C12 are −50.08 kcal mol−1 and −18.72 kcal mol−1, respectively. These
results are similar to the early reported data on the interaction between sodium and three-
dimensional porous carbon and have higher adsorption energy [84]. The calculated values
for Na@C12 and Na+@C12 prove that atomic sodifim’s interaction with C12 is stronger
than that with the sodium cation. Previous work by Kosar et al. also showed the stronger
interaction of an alkali meta (lithium) atom compared to a Lithium metal cation with
pure C60 nanomaterials [85]. The HOMO and LUMO values of pure C12 are −8.14 and
−2.25 eV, respectively, along with an energy gap of 5.88 eV. The HOMO and LUMO values
changed to −6.73 and −1.51, respectively, after adsorption with pure Na, and the respective
energy gap was 5.21 eV. In the case of Na+, the HOMO and LUMO values were −11.12
and −5.35 eV, respectively, along with the H-L energy gap of 5.76 eV. The location of
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HOMO and LUMO densities on the pure C12 and its complexes with sodium/sodium
cation are equally distributed on the C12 ring, which shows delocalization of electronic
density within the nanoring. The HOMO and LUMO densities are present on C12 in the
case of sodium/sodium cation adsorption on the C12 nanoring, which shows the shifting of
electronic density from sodium towards the C12 nanoring. The more pronounced effect is
seen in the LUMO density distribution on the sodium atom-adsorbed C12 complex, where
densities are shifted towards the C-C bonds in the C12 nanoring. These results confirmed
stronger electronic density interactions in Na@C12 than in Na+@C12 complexes.

 
Figure 1. Optimized structures of the C12 nanoring and sodium atom (Na)- and sodium cation
(Na+)-adsorbed C12 complexes.

3.2. Electrochemical Properties of Na/Na+@ Complexes C12

By assuming the C12 nanoring as an anode for a sodium-ion battery, the following
reactions occur between the anode and cathode:

Anode:
Na@C12 ↔ Na+@C12 + e− (4)

Cathode:
Na+ + e− ↔ Na (5)

Overall, the cell reaction is as follows:

Na@C12 + Na+ ↔ Na + Na+@C12 + ΔGcell (6)

The overall Gibbs free energy change of the cell (ΔGcell) for the complete reaction
occurring in a cell can be calculated using the following Equation (7):

ΔGcell = G(Na) + G(Na+@C12) − G(Na+) − G(Na@C12) (7)

Here, G represents the Gibbs free energy of given complexes. The Gibbs free energy
and cell voltage for Na/Na+-adsorbed C12 complexes are 30.57 kcal mol−1 and −1.32 V,
respectively. Another strategy was adopted to obtain the cell voltage in a favorable range.
In this strategic way, the C12 is adsorbed with the first three halide ions (F−, Cl−, and Br−).
The negative value of cell voltage depicts the destruction of the C12 surface, which is not
acceptable in practical applications, as reported in the literature [86].

124



Computation 2025, 13, 180

3.3. Adsorption of the C12 Nanoring with Halogens (Br−, Cl−, and F−)

The C12 nanoring adsorbed with halogens (Br−, Cl−, and F−) by placing each halogen
on four possible orientations. It was observed that for the adsorbed halogens on the C12

nanoring, the most stable position is at one side of the carbon. After optimization, the
bond distance between C and Br− is 1.93 Å in the Br−@C12 complex. The bond distance
between C and Cl− is 1.78 Å., and in C12 and F−, the bond distance is 1.37 Å. Optimized
geometries are presented in Figure 2. Adsorption of Br− with the C12 nanoring shows
stronger interaction as it is reflected through the interaction energy value of −50.32 kcal
mol−1. In the case of Cl−, the interaction energy is −47.95 kcal mol−1, and the strongest
interaction is observed in the case of F− with C12 (−84.79 kcal mol−1). Researchers have
observed strong interaction between halogens and carbon-based materials and their uses
in secondary batteries, as we observed in the current study [87].

Figure 2. Optimized structures of halogen-adsorbed C12 complexes.

After adsorption with bromine, the values of HOMO and LUMO change to −3.69
and 1.82 eV, respectively, with a gap of 5.52 eV. Upon adsorption of chlorine, the values
of HOMO and LUMO change to −3.66 and 1.86 eV, respectively, with a gap of 5.53 eV.
After adsorption with fluorine, the HOMO and LUMO energy values change to −3.54
and 2.03 eV, respectively, and have a gap of 5.58 eV, showing strong interaction between
halide ions and the carbon nanoring. In halide-adsorbed complexes, the HOMO and
LUMO densities are equally distributed on the C12 nanoring. The large amount of HOMO
is present on the halide ion, which shows that it is an electron-rich region and has the
ability to provide density to the nanoring. This is confirmed from a smaller LUMO density
localization on the halide, as well as in each of the halide-adsorbed C12 complexes.

3.4. Adsorption of Na/Na+ on Halides@C12 Complexes

The presence of halide ions is supposed to enhance the interaction between Na+ and
the C12 nanoring as compared to Na. The reason for the greater interaction energy of
Na+/X−@C12 is the electrostatic force of attraction between Na+ and the X−@C12 nanoring.

After placing sodium in the middle of the ring adsorbed with Br−, the bond distance
between C and Br− is 1.92 Å, and the average distance of Na in the center of the ring
is 1.20 Å (see Figure 3). In case of Na+, the bond distance between C and Br− is 1.89 Å
and the average distance of Na+ from the center of the ring is 1.45 Å. The optimized
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complex of Na+/Cl@C12 showed that the bond distance between C and Cl− is 1.75 Å and
the average distance of Na+ from the center of the ring is 1.46 Å. In the case of fluorine,
the bond distance between C and F− is 1.38 Å, and the average distance of Na from the
center of the ring is 1.21 Å. After placing Na+ in the center of the ring, the bond distance
between C and F− is 1.35 Å, which is less than the former ones. The average distance
of Na+ from the ring in the center is 1.49 Å. In the case of the sodium cation, interaction
with the halogen-adsorbed carbon nanoring is stronger, due to which the bond length is
decreased as compared to interaction with the sodium atom. As reported in the literature,
halide anions shifted their electronic density towards the GDY-28 surface after adsorption
of the selected halide anions on the GDY-28 nanoflake. The nanoflake therefore works
as a strong Lewis base, increasing the interaction between Na+ and thehalides@GDY-28
nanoflake. Specifically, the electrostatic interactions between the cationic Na+ and the more
strongly nucleophilic F− halide anion of the halides−@GDY-28 nanoflake is responsible for
the significant interaction energy of the Na+/halide anion@GDY-28 nanoflake. Among all
halides, the strongest interaction is observed for the Na+/F−@GDY-28 nanoflake because of
the higher electronegative nature of F− compared to the other two halide anions (Cl− and
Br−) [72]. Moreover, in the case of Na/Na+ adsorbed on the halogen-adsorbed Ga12N12

surface, the sodium cation showed high values of interaction energy relative to the sodium
atom [73].

Interaction energies for both Na/Na+ with halides@C12 nanorings were also cal-
culated and given in Table 1. For Na+ at Br−@C12, the interaction energy value is
−103.82 kcal mol−1, which shows its stronger interaction with the carbon nanoring as
compared to atomic Na with the Br−@C12 complex. For Na+ at the Cl−-adsorbed C12,
the interaction energy value is −103.04 kcal mol−1, which shows its stronger interaction
with the carbon nanoring as compared to Na. Lastly, Na and Na+ are adsorbed on the
F−@C12 complex where their interaction energies are −14.56 and −103.64 kcal mol−1 for
Na/F−@C12 and Na+/F−@C12 complexes, respectively. As reported in the literature, Mur-
taza et al. adsorbed pure GDY_28 with halides to design a sodium-ion secondary battery,
and the respective interaction energies are −14.10 and −53.62 for Na and Na+ adsorbed
on Br−@C12, −16.32 and −56.40 kcal mol−1 for Na and Na+ adsorbed on Cl−@C12, and
−28.46 and −90.75 kcal mol−1 for Na and Na+ adsorbed on F−@C12, respectively [72].

Table 1. Bond distance Å, interaction energy Eint (kcal mol−1), Gibbs free energy of the
cell ΔGcell (kcal mol−1), and cell voltage Vcell (V) of pure C12, Na@C12, Na+@C12, Br−@C12,
Br−/Na@C12, Br−/Na+@C12, Cl−@C12, Cl−/Na@C12, Cl−/Na+@C12, F−@C12, F−/Na@C12, and
F−/Na+@C12 complexes.

Complexes Bond Distance (Å) Eint (kcal mol−1) ΔGcell (kcal mol−1) Vcell (V)

Pure C12 1.30 ----- ----- ----
Na@C12 C-Na = 1.46 −50.08

30.57 −1.32Na+@C12 C-Na+ = 2.46 −18.72
Br−@C12 C-Br− = 1.93 −50.32 -----
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Table 1. Cont.

Complexes Bond Distance (Å) Eint (kcal mol−1) ΔGcell (kcal mol−1) Vcell (V)

Br−/Na@C12
C-Br− = 1.92
C-Na = 1.20 −51.47 −52.36 2.27

Br−/Na+@C12
C-Br− = 1.89
Na+-C = 1.43 −103.82

Cl−@C12 C-Cl− = 1.78 −47.95 ----- -----

Cl−/Na@C12
C-Cl− = 1.78
Na-C = 1.20 −50.32 −52.56 2.28

Cl−/Na+@C12
C-Cl− = 1.74
Na+-C = 1.49 −103.04

F−@C12 C-F− = 1.37 −84.79

F−/Na@C12
C-F− = 1.38
Na-C = 1.21 −14.56 −58.31 2.52

F−/Na+@C12
C-F− = 1.35

Na+-C = 1.46 −103.64

Figure 3. Optimized structures of Na/Na+ adsorbed on halide (Br−, Cl−, and F−)-adsorbed
C12 complexes.

By placing the Na atom in the center of the adsorbed carbon nanoring with bromine,
with an obvious change in HOMO and LUMO values and in their energy, a gap is noticed.
The values of HOMO, LUMO, and energy gap are −2.73, 2.14, and 4.87 eV. But the interac-
tion between the Na cation and the halogen-adsorbed nanoring is stronger, as compared to
the Na atom. As shown for Na/Br−@C12, the HOMO and LUMO and their gap values are
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−7.46, −2.22, and 5.41 eV, respectively, and stabilize the complex. By placing the Na atom
in the center of a carbon nanoring adsorbed with chlorine, the HOMO and LUMO energies
and energy gap values are −2.67, 2.15, and 4.82 eV. But for the Na cation with Cl−@C12

complexes, −7.67, −2.21, and 5.46 eV are the HOMO and LUMO energies and their energy
gap values, respectively. By placing the Na atom in the center of the adsorbed carbon
nanoring with F−, the energy values of the frontier molecular orbitals (FMOs = HOMO
and LUMO) and energy gap are −2.53, 2.16, and 4.69 eV. But for Na cation@F−@C12, the
values are −7.68, −2.12, and 5.56 eV for HOMO and LUMO energies and their energy
gaps, respectively. It is clear that the sodium cation interacts more strongly with halides
adsorbed on carbon nanorings and stabilizes the complexes. The reason is the shifting
of electronic charge from halide anions towards the surface of the C12 nanoring in each
of the halides−@C12 complexes as discussed vide infra. When the Na cation is adsorbed
on the halides−@C12 complexes, the electrostatic interactions occur between Na+ and the
anionic surface of halides−@C12. But when the sodium atom is adsorbed, there is electronic
repulsion between sodium and the C12 surface in each of the halides−@C12 complexes.
Due to these interactions, Na cation adsorption is electronically stronger compared to the
sodium atom, as reported in previous reports on halide-adsorbed carbon-based nanomate-
rials for sodium-ion batteries [88–90]. The localization of HOMO and LUMO is presented
in Figure 4, which clearly shows the localization of HOMO on the halide and C12 nanoring
in sodium cation-adsorbed halides−@C12 complexes. A small amount of LUMO is also
seen on the halide and C12 nanoring, which illustrates the shifting of charge from the halide
to the ring and then from the ring towards the sodium cation. On the other side, HOMO
is found on C-C bonds in the C12 nanoring in atomic sodium-adsorbed halides−@C12

complexes. A sufficient amount of LUMO is also seen on the top of the sodium atom, which
illustrates the shifting of charge from the halide to the ring and also from the sodium atom
towards the C12 nanoring, which results in electronic repulsion, as discussed vide supra.

In secondary batteries, the major goal is to increase cell voltage. The required cell
voltage is obtained if there is strong interaction between the sodium cation and the halide-
adsorbed nanomaterials because stronger interaction results in higher interaction energies
and Gibbs free energies, which results in achieving the required cell voltage. In the current
work, an increase in interaction energy favors the increase in the Gibbs free energy of the
cell (ΔGcell) for the designed complexes. Gibbs free energy increased due to the strong
interaction between Na/Na+ and halide (Br−, Cl−, and F−) @C12 complexes. This increase
in Gibbs free energy produces a larger cell potential and increases the cell voltage of the
C12 nanoring. The chemical reaction of the C12 nanoring with the sodium atom/cation is
endothermic in nature, but the reaction becomes exothermic after introducing halide ions
into the C12 nanoring. The Gibbs free energies of bromide-adsorbed C12, chloride-adsorbed
C12, and fluoride-adsorbed C12 complexes for complexation with sodium atom/cations
are −52.36, −52.56, and −58.31 kcal mol−1, respectively. A higher Gibbs free energy
corresponds to an increase in the cell voltage of these complexes. The calculated cell
voltages for Br−, Cl−, and F−-adsorbed C12 nanorings in the gas phase are 2.27 V, 2.28 V, and
2.52 V, respectively, for potential use in sodium-ion batteries. These values are significantly
higher than the cell voltage of the unadsorbed C12 nanoring, which is –1.32 V. The Gibbs
free energy of the pure C12 nanoring is calculated as 30.57 kcal mol−1.

The positive Gibbs free energy makes the C12 nanoring unfavorable for the generation
of the required cell voltage, which is also clear from its calculated cell voltage (−1.32 V).
Among all complexes, the desired cell voltage is obtained for the Br−@C12 complex. In a
previous report by Murtaza et al., the required cell voltage of the halide-adsorbed porous
carbon nanosheet is the desired cell voltage [72], which justifies our result. The reason
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for the better cell voltage of the bromide-adsorbed C12 nanoring is the strong interaction
between the sodium atom and cation with the Br−@C12 nanoring, as discussed vide supra.

Figure 4. Frontier molecular orbitals such as HOMO and LUMO of pure C12, Na@C12, Na+@C12,
Na/Br−@C12, and Na+/Br−@C12.
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3.5. NBO Charge Analysis

Natural bond orbital (NBO) charge analysis was performed using the same method
(ωB97XD/6-31 + G (d, p)). From the NBO results reported in Table 2, the overall charge on
the C12 nanoring is 0.00|e| and the surface is neutral. After Na adsorption with C12, the
charge on sodium is 0.96|e|, and the surface charge changes to −0.96|e|, showing that
charge is transferred from Na to the carbon surface. When the C12 ring is adsorbed with
Na+, the charge on the cation is 0.97|e|, and the surface charge is at a positive value of
0.02|e|, showing the fact that charge has been transferred from the carbon surface towards
the cation. Upon adsorption of halogens (Br−, Cl−, and F−) on the carbon surface, an
obvious change in carbon surface charge is observed due to the transfer of charge from
halide ions towards the surface, as halogens are electronegative in nature and are anions,
so they have a tendency to donate electrons to the surface. Values of charges obtained
through NBO analysis show that after adsorption of Br− on the C12 nanoring, charge on
the halide ion is −0.01|e|, and charge on the surface changes from 0.00|e| to −0.98|e|.
This indicates that charge is transferred from the halide ion towards the carbon surface.
Upon adsorption of Na with the Br−-adsorbed carbon nanoring, charge on Na is 0.95|e|,
on Br−, it is 0.01|e|, and the surface charge is −1.96|e|. This shows greater charge
transfer from the halide towards the carbon surface. When Na+ is adsorbed, charge on
the halide changes to 0.10|e|, on Na+, it is 0.96|e|, and charge on the carbon surface is
−1.06|e|. When Cl− is adsorbed on the carbon nanoring, charge on Cl− is −0.07|e|,
and the surface charge is −0.92|e|. This indicates that the charge is transferred from Cl−

towards the carbon surface. Upon adsorption of Na with this complex, charge on Cl−

changes from −0.07|e| to −0.05|e|, and the surface charge becomes −1.89|e|. Likewise,
in the case of Cl−/Na+@C12, the surface charge changes to −0.98|e|, and charge on Cl−

is 0.02|e|, indicating that charge is transferred towards the sodium cation. In the case of
fluorine adsorption with the pure carbon nanoring, the charge on F− is −0.37|e| and on
the carbon surface, it is −0.62|e|, showing that from F−, the charge is transferred towards
the nanoring′s surface. Upon adsorbing Na, charge on Na is 0.95|e|, charge on F− changes
from −0.37|e| to −0.39|e|, and charge on the carbon surface is −1.56|e| In the case of
Na+, charge on F− is −0.33|e|, on Na+, it is 0.96|e|, and charge on the surface is −0.62|e|.
It is clear from the above analysis that charge is transferred from Na and halogens towards
the carbon surface.

Table 2. HOMO–LUMO energies, energy gap (EH-L gap), NBO charges on the pure C12 surface
(NBOs), NBO charges on the pure sodium metal/cation (NBOm), and NBO charges on each halide
ion (NBOx) in pure C12, Na@C12, Na+@C12, Br−@C12, Br−/Na@C12, Br−/Na+@C12, Cl−@C12,
Cl−/Na@C12, Cl−/Na+@C12, F−@C12, F−/Na@C12, and F−/Na+@C12 complexes.

Complexes EH eV EL eV EH-L NBOs |e| NBOm|e| NBOx |e|

Pure C12 −8.14 −2.25 5.88 0.00 ----- -----
Na@C12 −6.73 −1.51 5.21 −0.96 0.96 -----

Na+@C12 −11.12 −5.35 5.76 0.02 0.97 -----
Br−@C12 −3.69 1.82 5.52 −0.98 ----- −0.01

Br−/Na@C12 −2.73 2.14 4.87 −1.96 0.95 0.01
Br−/Na+@C12 −7.64 −2.22 5.41 −1.06 0.96 0.10

Cl−@C12 −3.66 1.86 5.53 −0.92 ----- −0.07
Cl−/Na@C12 −2.67 2.15 4.82 −1.89 0.95 −0.05
Cl−/Na+@C12 −7.67 −2.21 5.46 −0.98 0.96 0.02

F−@C12 −3.54 2.03 5.58 −0.62 ----- −0.37
F−/Na@C12 −2.53 2.16 4.69 −1.56 0.95 −0.39
F−/Na+@C12 −7.68 −2.12 5.56 −0.62 0.96 −0.33
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3.6. Partial Density of State (PDOS) and Total Density of State (TDOS) Analysis

TDOS analysis is used to study density of states, which provides information about
the values of energy states in occupied and unoccupied orbitals in pure form (C12 nanoring)
and adsorbed complexes. TDOS gives information about the complexes, and PDOS gives
additional information about the involvement of individual species (C12 nanoring, sodium
atom/cation, and halide ions (X− = Br−, Cl−, F−) in each of the complexes. Graphical
representations of TDOS and PDOS spectra are given in Figure 5. From Figure 5, energy
gaps in the case of pure C12 and after adsorption with Na/Na+ are quite visible, as discussed
in the FMO analysis. Adsorption with Na shows a significant difference in the shifting of
energy states, hence proving stronger interaction with the pure C12 nanoring as compared
to Na+. The PDOS peak of Na shows more involvement in HOMO than the sodium cation.
The overlapping of the peaks is shown in both, but more overlapping is seen in sodium,
which justifies the FMO results. The graphs show that TDOS peaks are quite intense for the
Na@C12 complex and depict their high electrostatic interactions.

Figure 5. Partial density of states (PDOS) and total density of states (TDOS) of the pure Na/Na+-
adsorbed C12 nanoring and the Na/Na+-adsorbed Br−@C12 complex.

We noticed that halides have prominent involvement in the HOMOs of all of the
halide-adsorbed C12 complexes. The reason may be the formation of new orbitals due to
shifting of electronic density from halides to the C12 nanoring. By adsorbing Na and Na+ on
halide-adsorbed C12 complexes, there is a significant change in energy states for the sodium
cation as it interacts more strongly with the halide-adsorbed C12 complexes as compared to
the sodium atom. In the above case, the Na+-adsorbed halogen-adsorbed carbon nanoring
shows more intense peaks due to strong electrostatic interaction with the halide-adsorbed
C12 nanoring. The overlapping of the peaks also depicts the stronger interactions between
the sodium cation and the halide-adsorbed C12 complexes. The spectra of DOS analysis
support the FMO results.
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4. Conclusions

The electrochemical properties of a C12 nanoring are explored by using the DFT
method to assess its potential application as an anode material in Na-ion batteries. For this
purpose, the thermodynamic stability of Na@C12 and Na+@C12 was analyzed, whereby
sodium forms more stable complexes than the sodium cation. The Eint. of sodium atom
is −50.08 and that of the sodium cation is −18.72 kcal mol−1 with C12. The small change
in Gibbs free energy and cell voltage of −1.32 V is not acceptable for the practical use
of the sodium-adsorbed C12 nanoring. Using another strategy, counter halide anion (F−,
Cl−, and Br−) adsorption on the C12 nanoring is investigated in this study to examine the
cell voltage. Adsorption of Na/Na+ on the halogen-adsorbed (X− = Br−, Cl−, F−) C12

significantly enhances the change in Gibbs free energy value, which ultimately increases
their cell voltage. The strong interaction of Na+ is seen with halide-adsorbed C12 complexes
in comparison with the Na atom. These interactions result in increasing interaction energies,
Gibbs free energies, and, ultimately, increasing cell voltage. The cell voltage increases as
the electronegativity of halide ions increases. In the gas phase, Br−@C12 exhibits a Gibbs
free energy of –52.36 kcal·mol−1, corresponding to a cell voltage of 2.27 V. Overall, these
calculations were performed in the gas phase without the implementation of an electrolyte,
and we conclude that these are qualitative estimations.
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Abstract: This study employs density functional theory (DFT) to investigate the electronic
and optical properties of molybdenum (Mo) and chalcogen (S, Se, Te) co-doped anatase
TiO2. Two co-doping configurations were examined: Model 1, where the dopants are
adjacent, and Model 2, where the dopants are farther apart. The incorporation of Mo into
anatase TiO2 resulted in a significant bandgap reduction, lowering it from 3.22 eV (pure
TiO2) to range of 2.52–0.68 eV, depending on the specific doping model. The introduction
of Mo-4d states below the conduction band led to a shift in the Fermi level from the
top of the valence band to the bottom of the conduction band, confirming the n-type
doping characteristics of Mo in TiO2. Chalcogen doping introduced isolated electronic
states from Te-5p, S-3p, and Se-4p located above the valence band maximum, further
reducing the bandgap. Among the examined configurations, Mo–S co-doping in Model
1 exhibited most optimal structural stability structure with the fewer impurity states,
enhancing photocatalytic efficiency by reducing charge recombination. With the exception
of Mo–Te co-doping, all co-doped systems demonstrated strong oxidation power under
visible light, making Mo-S and Mo-Se co-doped TiO2 promising candidates for oxidation-
driven photocatalysis. However, their limited reduction ability suggests they may be less
suitable for water-splitting applications. The study also revealed that dopant positioning
significantly influences charge transfer and optoelectronic properties. Model 1 favored
localized electron density and weaker magnetization, while Model 2 exhibited delocalized
charge density and stronger magnetization. These findings underscore the critical role of
dopant arrangement in optimizing TiO2-based photocatalysts for solar energy applications.

Keywords: DFT; co-doped; bandgap; photocatalysis

1. Introduction

Titanium dioxide (TiO2) is widely recognized for its photocatalytic capabilities, which
are harnessed in applications such as water splitting, pollutant degradation, and solar
energy conversion [1]. TiO2 has a wide bandgap of about 3.2 eV for anatase, which limits
its ability to absorb visible light [2]. Most solar energy is in the visible range (approximately
400–700 nm), so TiO2’s efficiency at utilizing sunlight is inherently limited by its bandgap.
Through the doping of foreign atoms, the bandgap of TiO2 can be optimized, leading to
enhanced absorption of solar energy in the visible spectrum. Numerous experimental
and theoretical studies have investigated this approach in depth [3–6]. Molybdenum (Mo)
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doping in TiO2 can effectively shift the absorption edge toward the visible light region
because the size of the Mo cation is comparable to that of the Ti cation. This can result in a
stable doped system [7]. Ohno et al. developed S-doped TiO2 photocatalysts by substituting
sulfur (S4+) in place of certain titanium atoms within the lattice structure. These modified
photocatalysts exhibit enhanced visible light absorption at wavelengths beyond 500 nm and
demonstrate high photocatalytic activity. S-doped TiO2 powder shows potential for various
applications, including the oxidation of 2-propanol in aqueous solution, degradation
of methylene blue, and partial oxidation of adamantane when exposed to wavelengths
above 440 nm [8]. A few studies have shown that S-doped anatase enhances visible light
absorption [9–11].

The experimental study investigated the effects of S, Se, and Te doping on the anatase-
to-rutile phase transition and microbial disinfection properties of chalcogen-doped TiO2

at high calcination temperatures. TiO2 samples doped with 2 mol% S, Se, or Te were
synthesized using a sol–gel method. The substitutional incorporation of chalcogens into
the TiO2 lattice improved visible light absorption. It was concluded that Te-doped TiO2

displayed similar bactericidal efficiency to control anatase under visible light, indicating
that Te maintains TiO2’s photocatalytic activity even at temperatures up to 750 ◦C [12].
Titanium dioxide samples doped with varying amounts of Se4+ and Te4+ ions were synthe-
sized via homogeneous hydrolysis using amorphous Se and Te. The Se4+- and Te4+-doped
titania samples with the highest photocatalytic activity under UV and visible light were
identified as TiSe3 (11.5 wt% Se) and TiTe3 (8.0 wt% Te), respectively. This demonstrates
that incorporating Se and Te into the anatase lattice positively influences photocatalytic
activity in the visible light range [13]. Another study investigated the Se (IV)-doped TiO2

system using both experimental methods and density functional theory (DFT) to assess its
optoelectronic and photocatalytic properties. Se-doped TiO2 demonstrated photocatalytic
activity when exposed to direct sunlight, with its bandgap extending from 420 to 650 nm.
The 3p orbitals of Se contribute to the formation of additional electronic states within the
bandgap, which reduces the wide bandgap of pristine anatase and enhances its photo-
catalytic activity [14]. It was found that substituting anions such as S, Se, and Te is more
effective than cation doping, with the redshift becoming more pronounced as the atomic
number of the chalcogen element increases [15]. Doping TiO2 by replacing O sites with
chalcogen atoms has become a prominent research focus due to the unique electronic and
optical properties of chalcogens. It is also of interest to explore Mo co-doping within the
chalcogen element series, as this is a novel approach that has never been reported before.

As demonstrated in previous experimental studies, doping TiO2 with metal atoms
such as molybdenum (Mo) and chalcogen elements like sulfur (S), selenium (Se), and
tellurium (Te) can enhance its photocatalytic properties. In this work, we investigated the
material characteristics of anatase TiO2 when co-doped with Mo and chalcogen atoms.
Specifically, we studied the optoelectronic properties of anatase TiO2 doped with Mo at
titanium sites and S, Se, or Te at oxygen sites, and we further explored how the spatial
arrangement of dopants when the doped atoms are in the adjacent position or at a distant
position in the anatase TiO2 structure affects these ground state properties. The electronic
structure was calculated using the GGA+U method, while the HSE hybrid functional was
employed for accurate optical property predictions. We examined the structural, electronic,
and optical characteristics and compared them with the existing mono-doped chalcogen
models. Additionally, formation energies were analyzed under oxygen-rich and titanium-
rich conditions to assess the thermodynamic stability of the dopants within the anatase
lattice. The photocatalytic potential of the doped systems was evaluated by analyzing their
band edge positions relative to the normal hydrogen electrode (NHE) for water splitting.
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2. Computational Methodology

The projector-augmented wave (PAW) pseudopotentials [16] were used for all the
DFT calculations in the VASP code [17]. Initially, geometry optimization was performed
for both the pure and doped models in the GGA method, which was parametrized at the
Perdew−Burke−Ernzerhof (PBE) level [18] with the Monkhorst−Pack k-point mesh [19]
of 4 × 4 × 4. Here, we used the plane wave basis set with a cutoff energy of 560 eV for
our calculations [1]. For the electronic property calculations, the spin-polarized density
of states (DOS) of the doped structures were computed on the Monkhorst−Pack k-point
grid on 7 × 7 × 5 along the x, y, and z directions of high symmetry in the first Brillouin
zone [1]. The DFT+U approach, as seen in Equation (1), incorporates an on-site correction
to account for intra-atomic electron–electron interactions [20,21], which helps improve the
description of systems with localized d and f electrons, often resulting in more accurate
bandgap predictions than standard GGA.

EDFT+U = EDFT + ∑ σ
U − J

2
Tr[nσ(1 − nσ)] (1)

Here, nσ is the occupation matrix for spin σ, and Tr is the trace operator. The spherically
averaged Hubbard parameter U quantifies the energy increase associated with adding an
extra electron to the system. The parameter J represents (1 eV) as the screened exchange
energy. In this case, the effective on-site Coulomb interactions were set to U = 7.0 eV
for Ti 3d and U = 5.38 eV for transition metal (TM) d electrons in the GGA+U approach.
To determine the U value for pure anatase TiO2, we computed the bandgap values by
varying U from 0 to 8 eV and found that U = 7 eV gives a value closest to the experimental
bandgap of 3.22 eV, as shown in Figure 1. The U value for Mo was taken from the Materials
Project [22].

Figure 1. The calculated bandgap for anatase, TiO2 as a function DFT + U value change.

Simulating a system that has strong electron correlation and a need to correct the
electronic structure, especially in transition metal oxides or correlated materials, GGA+U
could be more effective, but it may not offer the same accuracy for optical properties
as HSE06. Thus, optical property calculations were performed in the screened hybrid
functional called (Heyd−Scuseria−Ernzerhof) HSE06 [23]. VESTA is a three-dimensional
visualization program that was used to visualize the equilibrium crystal lattices [24].

The doped system consists of a 2 × 2 × 1 supercell containing a total of 48 atoms,
which provides a realistic environment for introducing dopants at low concentrations while
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minimizing artificial interactions between periodic images of atoms [1]. The supercell was
generated using the Phonopy code to ensure proper structural setup for the simulations [25].
S, Se, and Te doping in the anatase TiO2 supercell was performed by replacing a single
O atom with S, Se, or Te at its regular lattice site, while Mo-doped TiO2 was obtained by
replacing the Ti site with the Mo atom simultaneously. Here, Mo4+ substitutes Ti4+, and
the valence band remains fully occupied, with no free carriers (electrons or holes). The
concentration of each dopant element in this supercell is approximately 2.08%.

Two different models were constructed for the co-doping system to investigate the
impact of dopant locations on the electronic and optical properties of these six configura-
tions. In the first model (hereafter referred to as Model 1), S, Se, Te, and Mo were doped
adjacently by replacing O and Ti atoms at a distance of 1.9576 Å. In the second model
(hereafter referred to as Model 2), S, Se, Te, and Mo were placed at a distance of 4.3099
Å. Both doped models were geometrically optimized, and their electronic and optical
properties were subsequently evaluated. The configurations of these models are illustrated
in Figure 2. Energy versus volume data for these doped structures concluded that Model 1
exhibits a lower ground state energy than Model 2, indicating that Model 1 is more stable
across all doped structures. The S-doped configuration of Model 1 has the most stable
structure among the Se- and Te-doped compounds. Consequently, the adjacent positioning
of the Mo and S dopants results in the most optimal structural stability relative to the other
models, as seen in Figures S1–S4. In adjacent co-doping, the introduced cation and anion
can form a strong bond via direct charge transfer, which generally results in the system
achieving the lowest total energy [26].

Figure 2. (a) TiO2 supercell; (b) Mo-doped supercell; (c) co-doped Model 1; (d) co-doped Model 2. In
these models, red, blue, yellow, and violet represent oxygen, titanium, S (or Se, Te), and molybdenum
atoms, respectively.

3. Results and Discussion

Structural Optimization

The geometrical optimization of pure anatase TiO2, as well as mono-doped and co-
doped models, was performed using the PBE functional. The equilibrium lattice parameters
for anatase TiO2 are a = 3.8179 Å and c = 9.7473 Å [1], which align well with the experimental
values of a = 3.78512 Å and c = 9.51185 Å [27]. Upon doping of the heavy metal Mo, the cell
volume increased four times, to 570.71 Å3 compared with the pristine anatase structure,
142.08 Å3 [1]. Furthermore, the cell volume increased slightly upon the co-doping with
the chalcogen elements. The largest cell volume was found for the Mo/Te co-doped TiO2

models, which is 5% larger compared with the Mo-doped TiO2 structure model, as seen in
Figure 3.
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Figure 3. Calculated cell volume % relative to the Mo-doped TiO2.

Here, Model 1 has a lower ground state energy but still results in a higher cell volume
compared with Model 2, except for the Te-doped structure. A system that is energetically fa-
vorable (lower ground state energy) might undergo structural distortions such as increased
lattice expansion as a result of stronger dopant interactions. In Table 1, we have listed
calculated bond lengths for both pure and doped structures. The variations among them
can be attributed to differences in atomic size and electronegativity. For instance, the Mo–S
bond length is generally longer than the Ti–O bond due to the larger atomic radius of sulfur
compared with oxygen. Additionally, the ionic radius increases in the order S < Se < Te,
and the associated bond lengths increase accordingly.

Table 1. Bond lengths of pure and doped models.

System
Bonds

Pure
TiO2

Mo and S
Co-Doped TiO2

Mo and Se Co-Doped
TiO2

Mo and Te
Co-Doped TiO2

Model 1 Model 2 Model 1 Model 2 Model 1 Model 2

Ti-O 1.9564 Å 1.9517 Å 1.9430 Å 1.9512 Å 1.9452 Å 1.9856 Å 1.9641 Å

Mo-S 2.2351 Å 4.3079 Å

Mo-Se 2.3487 Å 4.2974 Å

Mo-Te 2.5487 Å 4.2794 Å

Mo-O 1.9581 Å 1.9291 Å 1.9609 Å 1.9324 Å 1.9723 Å 1.9525 Å

Ti-S 2.2373 Å 2.2009 Å

Ti-Se 2.3431 Å 2.3036 Å

Ti-Te 2.6342 Å 2.5039Å
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4. Formation Energy

The formation energies for co-doped anatase models were calculated and analyzed
under both oxygen-rich and titanium-rich conditions. The formation energy is given by
Equation (2),

Ef[Xq] = Etot[Xq]− Etot[Ti16O32]− μTM + μTi − μNM + μO (2)

where Etot[Ti16O32] represents the total energy of the pure titanium dioxide supercell,
μTM and μTi represent the chemical potentials of the transition metal and titanium atom,
respectively, and μNM and μO are used to represent the chemical potentials of the nonmetal
and oxygen atoms, respectively.

The formation energy as in Equation (3) of TiO2-based photocatalysts depends
on the growth conditions and varies between Ti-rich (TRC) and O-rich (ORC) chemi-
cal environments. Here, μTiO2 was computed by normalizing the energy value of the
pure supercell.

μTiO2 = μTi + 2μO (3)

Under the oxygen-rich growth conditions, the chemical potential of oxygen is the
one calculated from the ground state energy of O2, μO = μO2 /2. Then, μTi is obtained
using Equation (3). Conversely, under the titanium-rich conditions, μTi is the energy of one
titanium atom in bulk titanium, and μO is then computed.

The chemical potentials for the chalcogen elements S, Se, and Te are determined with
Equation (4):

μX = μXO2 − 2μO (4)

Here, μX was calculated by Equations (3) and (4) through μO. The chemical potentials
(μX), where X represents S, Se, and Te, were calculated under ORC, TRC, and in their
respective bulk phases. Among these, the chemical potentials under O-rich conditions
were found to be stable, and therefore, they were used for further calculations. The
formation energies of the dopant elements are calculated using Equation (1) within the
GGA approximation and are presented in a heatmap in Figure 4 to convey the precise
values. The computed values for Etot [Ti16O32], μO, μTi, and μMo are −423.89, −4.94,
−16.64 eV, and −10.95 eV, respectively [1].

Figure 4. The formation energy values, eV, depicted in the heatmap highlight the thermody-
namic stability of different co-doped TiO2 systems under ORC and TRC. Lower formation en-
ergies (lighter colors) indicate greater stability, while higher values (darker colors) suggest less
favorable configurations.
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Overall, the results in Figure 4 show that ORC obtained higher positive formation
energy values, as under TRC it has negative formation energy values. Under ORC, the
formation energy (Ef) values follow almost this order: Mo/Se doping < Mo/S doping
< Mo/Te doping. These positive formation energies can be attributed to the significant
electronic and structural disruptions caused by the dopants within the TiO2 lattice, which
adversely affect the overall stability of the system. Specifically, the incorporation of Mo/Te
induces substantial distortion in the TiO2 lattice, and additional energy is required to
overcome unfavorable lattice interactions. As a result, higher formation energies are
observed. These materials may still be synthesized under specific conditions (e.g., high
temperatures or particular partial pressures of gases) that provide the necessary energy
for their formation. However, the high formation energy values indicate that while these
configurations are theoretically possible, they may not be easily achievable or stable in
typical synthesis environments. On the other hand, under TRC conditions, all the formation
energies are negative, indicating that the material has a thermodynamically spontaneous
tendency to form.

The impact of dopants on the stability of the host material can be understood through
Bader charge analysis. As shown in Figure 5, in Section 7 dopants that exhibit more
negative Bader charges tend to withdraw more electron density from their surroundings.
This strong electron-withdrawing behavior may disrupt the local electronic environment
and bonding structure within the host lattice. As a result, such dopants can destabilize the
system, which is reflected in their higher formation energies. There are limited previous
results available for comparing the formation energies of doped models. However, the
co-doped models with other dopants (such as Cr/B and Co/B) exhibit higher positive
formation energies rather than lower or negative values [4]. This indicates that the co-
doped models have higher formation energies, which are positive rather than negative,
suggesting that additional effort is required to form these systems. Furthermore, the high
formation energies suggest that these materials may be prone to decomposing back into
their constituent phases or transforming into more stable forms under standard conditions.
This indicates that the materials may not be practical for certain applications due to the
significant energy required to maintain their structures.

Figure 5. Bader charges for the doped models Mo/S, Mo/Se, and Mo/Te in Model 1 and Model 2.

5. Electronic Properties

The GGA + U calculation was introduced to obtain values closer to the experimental
bandgaps. The pure anatase bandgap value was computed as 3.22 eV, which is almost
equal to the experimentally found bandgap value of 3.23 eV [28]. The energy values of the
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bands are shifted by subtracting the Fermi level from all energy values, effectively setting
the Fermi level to 0 in the plot. The band structure in Figure 6a along the high-symmetry
directions of the Brillouin zone (BZ) and the density of states (DOS) for the valence band
(VB) and conduction band (CB) of a perfect TiO2 crystal are shown in Figure 7. According
to Figure 7, the VB and CB are composed of contributions from both the Ti-3d and O-2p
orbitals. Figure 8 illustrates the decomposition of the TiO2 DOS, where the Ti-3d orbital is
split into two components: the t2g and eg states.

Figure 6. Electronic structure of the (a) Pure anatase TiO2 and (b) Mo-doped anatase TiO2.

Figure 7. Calculated total and site-projected density of states for pure anatase, TiO2.

Figure 8. Decomposition of the TiO2 DOS (a) for Ti atom and (b) Oxygen atom.
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In the anatase TiO2 lattice, each titanium (Ti) atom is coordinated with six oxygen (O)
atoms in an octahedral arrangement as depicted in Figure 2a. The bonding between the Ti
d-orbitals and O p-orbitals can be explained using molecular orbital theory (Figure 9). The
Ti eg orbitals, with lobes pointing directly toward the oxygen atoms, form strong σ bonds
with the O p orbitals. These highly directional σ bonds play a crucial role in stabilizing
the metal–ligand interactions within the lattice. According to Figure 8, VBs are primarily
composed of O p and Ti eg states, whereas the CB consists of Ti t2g states. The Ti eg orbitals,
which include the dz

2 and dx
2−y

2 orbitals, play a significant role in the CB. In contrast,
the Ti t2g orbitals, comprising the dxy, dxz, and dyz orbitals, contribute largely to the CB.
The energy bands of pure TiO2 within the groups of bands where the bands are between
0 and −5 eV originate mainly from oxygen 2p orbitals, and the bands above the Fermi
energy are dominated by contributions from titanium 3d orbitals. The bonding nature of
the conduction and valence bands arises from the hybridization and interaction of these
orbitals between the Ti and O atoms, which directly influence the material’s electronic and
optical properties.

Figure 9. The molecular orbital diagram of pure TiO2 proposed by Soratin and Schwarz (* represents
the π bonding) [29].

When examining the bonding nature of the conduction band and valence band be-
tween the atoms, Soratin and Schwarz provide a detailed description of the molecular
orbital diagram [29], where the lower conduction band (CB) consists of the sigma bonding
and antibonding interactions of the Ti t2g-Ti t2g states. In the middle of the CB, the remain-
ing Ti t2g states participate in pi bonding and antibonding with Ti t2g-Ti t2g interactions,
as well as antibonding interactions between Ti t2g and O py orbitals. The upper CB con-
sists of sigma antibonding interactions between O py and Ti eg states. The valence band
(VB) is divided into two regions: the lower-energy region is composed of sigma bonding
interactions involving Ti eg and O s, px, and pz orbitals, while the upper region of the VB is
primarily made up of O py orbitals and pi-bonding interactions between Ti t2g and O py.

In molybdenum-doped TiO2, molybdenum, which has more valence electrons than
titanium, creates defect states within the bandgap, leading to the formation of intermediate
bands (IBs). These intermediate states arise from Mo-4d states and are localized at the
conduction band, as shown in Figure 10. According to Figure 6b, the impurity states act as
shallow donor states at the Fermi level (indicated by the red dashed line), exhibiting half-
metallic ferromagnetic behavior, metallic in the spin-down channel but semiconducting
in the spin-up channel in the band diagram. In the Mo-doped model, the bandgap was
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reduced by 2.7 eV compared with the pure compound of 3.22 eV, and the reduction was
about 0.52 eV. These states extend into the conduction band, contributing to the reduction
in the bandgap in pristine TiO2. This bandgap reduction occurs due to the hybridization of
Mo-4d and Ti-3d states. Soussi et al. analyzed the electronic structure of TiO2 with varying
concentrations of Mo doping. Their findings revealed that, in all cases, the Fermi level
shifted into the conduction band, indicating n-type metallic doping behavior [30]. This
reduction in the bandgap is able to shift the absorption edge to the visible light region, which
is good for the optical absorption efficiency. Thus, it could enhance photocatalytic efficiency.
Experimentally proved, Mo-doped TiO2 nano powders were synthesized, significantly
enhancing light absorption, even in the visible light range, and the photocatalytic activity
of the synthesized TiO2 nano powders was improved by Mo doping [31].

Figure 10. Calculated total and site-projected density of states for Mo-doped TiO2.

The incorporation of the chalcogen atom as a secondary dopant into Mo-doped TiO2

further shifts the absorption edge of TiO2 into the visible spectrum and even toward longer
wavelengths. The redshift of the bandgap transition occurs further in the visible light
region after doping with S, Se, and Te along with Mo. Additionally, the Fermi level shifts
to the bottom of the conduction band minimum, indicating the absence of metallic nature.
The bandgap of the Mo/S-doped system for Model 1 is 2.52 eV in Figure 11a, and Model 2
shows the narrower bandgap of 2.26 eV in Figure 11b. However, its interaction with Mo-d
may be stronger in Model 2, influencing the electronic properties.

Figure 11. Bandgap structure and corresponding density of states diagram for the S- and Mo-doped
system: (a) Model 1; (b) Model 2.
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The S substitution at the oxygen site introduces S-p states located at the edge of the
valence band maximum, forming a tail of the valence band (blue) with a minor contribution,
as seen in Figures 12 and 13. This contributes to a further bandgap reduction compared
with the mono-doped Mo model by hybridizing S-3p states with O-2p states, making it
capable of absorbing visible light. The literature shows that doping with S can lower the
bandgap and cause a redshift in the absorption spectra of TiO2 as sulfur concentration
increases. This effect is attributed to the presence of impurity states of S-3p at the valence
band maximum, which aligns with our findings [32]. Experimentally, it has been proven
that sulfur doping shifts the absorption edge of TiO2 to a lower energy region within the
wavelength range of 650 nm [33].

Figure 12. Calculated total and site-projected density of states for Mo/S-doped TiO2 in Model 1.

Figure 13. Calculated total and site-projected density of states for Mo/S-doped TiO2 in Model 2.

Overall, our findings for the doped Mo, S/TiO2 system show that the decrease in the
bandgap of pure TiO2 is related to the hybridization between the 3p S states and the 3d Ti
and 4d Mo orbitals, which leads to the formation of new states within the bandgap.

When Mo and Se are doped adjacently in TiO2, their close proximity leads to strong in-
teractions between the dopants and the TiO2 lattice. The d-orbitals of Mo and the p-orbitals
of Se strongly hybridize with the Ti-3d and O-2p orbitals of TiO2. This hybridization creates
new states in the band structures (Figure 14), particularly near the Fermi level. The strong
interaction introduces mid-gap states (defect states) within the bandgap of TiO2, which can
act as trapping centers for electrons or holes, thereby altering the material’s optical and
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electronic properties. The new states near the Fermi level increase the density of the free
charge carriers, enhancing the material’s electrical conductivity. Model 1 (adjacent doping),
shown in Figure 14a, exhibits a bandgap of 2 eV with deeper mid-gap states due to strong
dopant interactions. In contrast, Model 2 (far apart doping), which represents the electron
distribution in the density of states (Figure 14b), shows a bandgap of 2.2 eV with shallower
mid-gap states due to weaker dopant interactions. These mid-gap states arise from the
Mo-4d and Se-4p states in both models, as observed in the corresponding DOS figures of
Figures 15 and 16.

In Model 1, the band structure in Figure 14a displays flatter bands near the Fermi
level, suggesting localized states due to strong dopant interactions. Additional bands or
split bands may appear due to hybridization between Mo, Se, and TiO2 orbitals. According
to Model 2, the DOS plot in Figure 16 may exhibit broader peaks closer to the band edges,
corresponding to shallow defect states resulting from weaker dopant interactions. The
valence band and conduction band edges are closer together, indicating a smaller bandgap.
The band structure in Figure 14b shows more dispersed bands, indicating delocalized states
caused by weaker dopant interactions. The bands may appear smoother, with fewer split
bands or additional states.

Figure 14. Bandgap structure and corresponding density of states diagram for the Se- and Mo-doped
system: (a) Model 1; (b) Model 2.

Figure 15. Calculated total and site-projected density of states for Mo/Se-doped TiO2 in Model 1.
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Figure 16. Calculated total and site-projected density of states for Mo/Se-doped TiO2 in Model 2.

The significant reduction or near-closure of the bandgap in Mo- and Te-doped struc-
tures fundamentally alters the electronic properties of TiO2. Instead of behaving as a
wide-bandgap semiconductor, the material becomes semi-metallic or highly conductive.
This transformation may enhance its performance in applications requiring high electrical
conductivity, such as electrocatalysis or sensing devices, but could compromise its effec-
tiveness in photocatalytic processes, where a sizable bandgap is critical for efficient charge
carrier separation.

The strong hybridization between Mo-4d, Te-5p, and Ti-3d orbitals in Model 1, Figure 17
leads to significant bandgap reduction and enhanced visible light absorption. However, the
adjacent positioning of dopants may also introduce localized defect states (Figure 18a) that
could act as recombination centers for electron–hole pairs. The DOS plot is more symmetric
and shows broader peaks, indicating a more uniform distribution of electronic states. The
sharp peaks shown in Figures 17 and 19 in the valence band are dominated by O-2p and
Te-5p states. The introduction of Mo-4d and Te-5p states creates defect states within the
bandgap of TiO2, effectively reducing the bandgap. This is crucial for enhancing the
material’s photocatalytic activity under visible light. The mid-gap states from Te-5p orbitals
are located just above the valence band, while the Mo-4d states are near the conduction
band. In Model 2, Figures 18b and 19, the Mo-4d orbitals contribute to the DOS, particularly
near the conduction band. However, the peaks are broader and less sharp compared with
Model 1, indicating weaker interactions due to the spatial separation of dopants. The Te-5p
and Mo-4d orbitals introduce broader mid-gap states above the valence band maximum, as
seen in Figure 19. These states are more delocalized and lie closer to both the conduction
and valence bands.

Overall, these findings highlight how Mo doping in combination with S, Se, and Te
can create beneficial electronic states that improve the material’s ability to harness light
energy for photocatalytic applications. The strong hybridization among the 5p orbitals of
Te, 3p orbitals of S, and 4p orbitals of Se, along with the 3d orbitals of Ti and 4d orbitals of
Mo, produces intermediate peaks within the bandgap of the doped models. Zheng et al.
reported that anionic doping with heavy chalcogen elements such as Te and Se significantly
reduces the bandgap of TiO2, extending its absorption into the visible light spectrum [15].
Previous studies on mono-doping with S, Se, and Te align with our findings on bandgap
reduction and localized electronic states in co-doped systems, as demonstrated by both DFT
calculations and experimental results [34,35]. Due to the reduction in bandgap energy, the
material can absorb visible light. However, partially occupied impurity states appear above
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the VBM and below the CBM, which can act as traps for excited electrons. This leads to
faster electron–hole recombination, thereby limiting the efficiency of the compound in the
visible light region. These intermediate states, except for those in the sulfur-doped models,
are located near the VBM and function as shallow acceptor levels, primarily consisting of
Se-4p and Te-5p orbitals. These states have the ability to capture photoexcited holes, which
help to reduce the recombination rate of electron–hole pairs. Additionally, the presence of
electron vacancies near the valence band can generate an anodic photocurrent, indicating
a higher likelihood for electrons to be excited into the intermediate states. In these states,
lower photon energy is sufficient to promote electrons into the conduction band. These
results suggest that the degree of bandgap narrowing depends on the distance between the
doped Mo atom and the chalcogen atom. Model 2, where the dopants are farther apart,
exhibits a more significant bandgap reduction compared with Model 1, where the dopants
are adjacent.

Figure 17. Calculated total and site-projected density of states for Mo/Te-doped TiO2 in Model 1.

Figure 18. Bandgap structure and corresponding density of states diagram for the Te- and Mo-doped
system: (a) Model 1; (b) Model 2.

The electronic structures of the three co-doped models are nearly identical; however,
the Mo and S co-doped structures exhibit fewer impurity states compared with the Se and
Te co-doped structures. This reduction in impurity states may enhance the efficiency of
the S-doped models by decreasing the recombination rate compared with the other doped
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models. The MoS-1 model exhibited a reduced bandgap of 2.52 eV and demonstrated
optical absorption in Figure 20 comparable to the other models. It was concluded that
the adjacent positioning of the dopants in the MoS-1 model is the most optimal structure,
compared with the other co-doped configurations.

Figure 19. Calculated total and site-projected density of states for Mo/Te-doped TiO2 in Model 2.

Figure 20. Computed absorption spectra for the pure and Mo-doped S, Model 1
anatase-doped structures.

Photocatalytic Properties

The CBM and VBM potentials of the co-doped systems in both Model 1 and Model 2
can be determined as shown in Figure 21 (Table 2) relative to the water reduction potential
of H+/H2 (0 eV against the normal hydrogen electrode, NHE) and the water oxidation
potential of O2/H2O (1.23 eV). These calculations follow the formula established by Butler
and Ginley [36]. We determined the CBM and VBM potentials for both the pure and
co-doped systems by applying the relevant Equations (5)–(9).

ECB = X + Eo − 1
2 Eg

EVB = Eg + ECB,
(5)

151



Computation 2025, 13, 170

Figure 21. The VBM and CBM positions for the co-doped anatase models were determined in relation
to the water redox level. The horizontal dotted lines indicate the energy levels of the redox potentials
for H+/H2 (0 eV vs. NHE) and O2/H2O (1.23 eV). The black and red colors represent Model 1 and
Model 2, respectively.

Table 2. Band edge positions of co-doped models and pure TiO2.

Band Edges (eV)
Mo/S (XS = 5.807) Mo/Se (XSe = 5.805) Mo/Te (XTe = 5.802) Pure TiO2

Model 1 Model 2 Model 1 Model 2 Model 1 Model 2

CBM 0.05 0.18 0.16 0.27 0.51 0.96 −0.3

VBM 2.57 2.44 2.45 2.34 2.09 1.64 2.92

Here, E0 =−4.5 eV is the scale factor that bridges the absolute vacuum scale with the
reference redox level of the normal hydrogen electrode (NHE), Eg signifies the bandgap
energy, while X denotes the absolute electronegativity of the system, calculated using the
following formulas:

For pure TiO2:

XTiO2 =
(

XTiχ
2
O

) 1
3 (6)

For Mo-doped S:

XTi1−x MoxO2−ySy =
(

X1−x
Ti Xx

MoX2−y
O Xy

S

) 1
3 (7)

For Mo-doped Se:

XTi1−x MoxO2−ySey =
(

X1−x
Ti Xx

MoX2−y
O Xy

Se

) 1
3 (8)

For Mo-doped Te:

XTi1−x MoxO2−yTey =
(

X1−x
Ti Xx

MoX2−y
O Xy

Te

) 1
3 (9)

where (x = 0.0208, y = 0.0208) and XTi, XO, XMo, XS, XSe, and XTe are the absolute elec-
tronegativities of Ti, O, Mo, S, Se, and Te atoms, respectively, and their corresponding
values are 3.45, 7.54, 3.9, 6.22, 5.89, and 5.49 eV [37].
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All the co-doped systems except the Mo and Te co-doped models show stronger
oxidation power as much as pure TiO2 does compound under visible light irradiation. Mo
and Te co-doped models have better oxidation abilities in the infrared region. However,
they show a lower ability of oxidation power than the pure anatase. Our findings suggest
that the Mo/S and Mo/Se co-doped anatase systems possess significant oxidation power,
making them suitable candidates for applications in oxidative photocatalysis under visible
light. However, their limited reduction ability indicates that they may be less effective for
photocatalytic applications that require both oxidation and reduction capabilities such as
overall water splitting. In this case, these co-doped systems are effective for oxidation-
driven photocatalytic applications, such as the degradation of organic pollutants or water
oxidation reactions, where oxidative power is critical.

6. Optical Calculations

HSE06 optical calculations were performed to obtain more accurate values, though
only for the S-doped models due to time constraints, as shown in Figures 20 and 22.
Because of its wide bandgap, pure anatase cannot absorb photon energy in the visible
region and is responsive only to UV light. In contrast, the optical absorption spectrum of
Mo-doped TiO2 indicates visible light absorption, as shown in Figure 22. The electron exci-
tations involve transitions from O-2p states to Mo-4d states, aligning with recent theoretical
calculations [38,39].

Figure 22. Computed absorption coefficient for the Mo-doped anatase TiO2 in HSE06
approximation [1].

Absorption spectrums show that the co-doping affects the shifting of the absorption
edge to the visible region and enhances the absorption peak in both the visible and UV
regions other than the mono-doped Mo anatase structure. This could happen because of
the impurity states present between the bandgaps of the undoped TiO2. Regarding the
different locations of doped Mo and S relative to one another, the Model 2 structure in
Figure 23 shows the enhancement of the absorption of both UV and visible light region
compared with the Model 1 structure in Figure 20. The electrons are initially excited from
the O-2p state and transferred through the S-3p and Mo-4d states to the conduction band
of Ti-3d. Electronic property calculations reveal that impurity states are located within
the bandgaps of co-doped anatase TiO2 structures, resulting in a shift of the absorbance
spectrum toward the visible light region and an increased absorbance of 105 cm−1. The
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introduction of Mo and S into anatase TiO2 shifts the absorption edge of pure TiO2 from
3.2 eV to 1.91 eV and 1.5 eV for Model 1 and Model 2, respectively. The Tauc method is used
to determine the absorption edge and estimate the optical band gap for direct electronic
transitions [40]. The absorption edge shift is more significant in the co-doped TiO2 in both
the models than in TiO2 doped solely with Mo. A similar observation was made for the Mo
and N co-doped model, which shows a greater shift in the absorption edge compared with
TiO2 mono-doped with Mo or N [38].

Figure 23. Computed absorption spectra for the pure and Mo-doped S, Model 2
anatase-doped structures.

7. Bader Charge Analysis

The Bader charge (BC) analysis was performed for all Mo- and chalcogen-doped
structures, and the corresponding charge distribution plots are shown in Figure 24. In-
troducing foreign atoms into the TiO2 lattice can result in charge imbalance. The charge
density difference, Δρ Chargedifference , was calculated using a self-consistent approach by
subtracting the electron densities of the doped system, ρDopedmodel , which includes the
Mo- and chalcogen-doped models, from the pure TiO2, ρpure , and the dopants, ρDopants ,
as expressed by Equation (10):

Δρ Chargedifference = ρDopedmodel − ρpure − ρDopants (10)

According to the Bader charges in Figure 5, the Mo atoms in Model 2 have significantly
higher positive charges (2.12–2.21). The dopants being farther apart might result in a differ-
ent kind of charge interaction, where the dopants are more evenly distributed throughout
the structure. This could allow Mo to donate more electrons compared with when the
dopants are close, resulting in a stronger positive charge on Mo. The increased charge on
Mo in Model 2 suggests that Mo might interact differently with the surrounding atoms
when the dopants are more spread out. The nonmetallic dopants in Model 2 exhibit slightly
more negative Bader charges (−0.65, −0.54, −0.36) compared with Model 1 (see Table S1).
This suggests that when the dopants are positioned farther apart, they may attract more
electron density, potentially increasing their influence on local charge redistribution in the
system. The Mo dopant and the neighboring titanium atoms donate electrons, whereas the
adjacent oxygen atoms and chalcogen nonmetals tend to attract electrons, as depicted in
Figure 24. This is consistent with the BC analysis, which is illustrated in Figure 5.
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(a) (b) (c)

(d) (e) (f)

Figure 24. Charge density difference of Mo-doped chalcogen anatase TiO2. Figures (a,d) repre-
sent Mo-doped S for Model 1 and Model 2; (b,e) correspond to Mo-doped Se for Model 1 and
Model 2; (c,f) show Mo-doped Te for Model 1 and Model 2. Yellow and cyan colors represent charge
accumulation and depletion, respectively.

In summary, in Model 1 (adjacent dopants), Ti atoms are slightly more positively
charged, likely due to stronger interactions with the nearby dopants. In Model 2 (doped
atoms far apart), Ti atoms are less positively charged because the interactions with the
dopants are weaker. Mo atoms are more positively charged in Model 2 (where the dopants
are far apart), suggesting that this configuration leads to stronger electron donation by
Mo. This increased donation in Model 2 may influence the material’s optoelectronic
properties, as reflected in the absorption spectrum shown in Figure 22. In Model 1, the
closer positioning of dopants leads to more localized charge transfer to Mo, resulting in
slightly lower charges. Oxygen charges are very similar between the two models, with only
a minor decrease in Model 2. This suggests that the positioning of dopants has a minimal
effect on the oxygen charge distribution. In Model 2, the nonmetallic dopants exhibit
slightly more negative Bader charges, suggesting that when the dopants are positioned
farther apart, they may attract more electron density from the surrounding lattice. In
contrast, in Model 1, the closer proximity of Mo and the nonmetal may lead to stronger
Mo–NM interactions, resulting in a more balanced charge distribution. The position of the
dopants significantly influences the charge transfer behavior and could affect the material’s
electronic properties such as its optoelectronic behavior, which is crucial for applications in
clean-energy materials.
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8. Spin Density

For the Te-doped Model 1, the net magnetization is zero, suggesting the system may
have antiparallel spin polarization, where spin-up and spin-down regions cancel each other
out, as shown in the density of states in Figure 17. Even though localized spin density
exists, the antiparallel alignment results in zero net magnetization. As a result, the overall
spin density could be symmetric or negligible, leading to zero magnetization. Tellurium
(Te) is a non-magnetic element, which may not contribute to spin polarization, unlike Mo.
According to the Figure 25, in Model 2, the net magnetic moment is −1.98 μB, similar to
the Se/Mo system, indicating that the delocalization effect allows Mo to retain its spin
contribution. The observed trends in the chart confirm that dopant positioning significantly
affects spin polarization.

Figure 25. Bar chart of net magnetic moment for the doped models Mo/S, Mo/Se, and Mo/Te in
Model 1 and Model 2.

These results highlight a fundamental trade-off in dopant configuration design. Model
1, where dopants are positioned closely, offers better structural stability, lower ground-state
energy, and reduced lattice distortion, which helps minimize defect states and charge re-
combination. This makes Model 1 more favorable for stable photocatalytic applications. In
contrast, Model 2, with dopants placed farther apart, shows greater reductions in bandgap
and stronger optical absorption in the visible range, along with enhanced magnetization.
However, this comes at the cost of increased lattice strain and reduced stability. Thus,
while Model 1 excels in structural and electronic cleanliness, Model 2 is better suited for
enhanced optoelectronic and magnetic performance. This trade-off suggests that there is
no universally optimal doping configuration. The selection between Model 1 and Model 2
should be based on the specific property requirements of the intended application, such as
photocatalysis, photovoltaics, or spintronics, as well as on the feasibility of synthesizing
the desired configuration experimentally.

9. Conclusions

This paper presents a calculation and analysis of the electronic and optical properties
of anatase TiO2 doped with Mo and S, Se, or Te in two different configurations using density
functional theory.
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• When Mo and the chalcogen atoms are placed in adjacent positions (Model 1), the
system may exhibit a lower ground-state energy due to more stable interactions
between the dopants, such as bonding, charge transfer, or lattice strain compensation,
which reduce the overall energy.

• Model 2 has higher energy because the dopants are farther apart, leading to less
interaction and possibly a less stable electronic structure, but the volume remains
smaller due to less distortion.

• The degree of bandgap reduction depends on the distance between the doped Mo and
chalcogen atoms, with Model 2 showing a greater reduction. The MoS-1 model, with
adjacent dopants, exhibited fewer impurity states and the most optimal structural
stability, potentially enhancing photocatalytic efficiency by reducing recombination.

• Except for Mo/Te co-doped models, all co-doped systems show stronger oxidation
power under visible light, similar to pure TiO2. Mo/S and Mo/Se co-doped anatase are
effective for oxidation-driven photocatalytic applications but have limited reduction
ability, making them less suitable for water splitting.

• The thermodynamic stability of co-doped TiO2 systems is reflected in their formation
energies, with Ti-rich environments being the most favorable for practical applications.
This insight can guide further research to enhance material performance.

• Co-doping TiO2 with Mo and S shifts the absorption edge into the visible region and
enhances light absorption, with Mo/S–Model 2 showing a more significant shift from
3.2 eV (pure TiO2) to 1.5 eV.
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Abstract: CrystalShift is an open-source computational tool tailored for the analysis, trans-
formation, and conversion of crystallographic data, with a particular emphasis on organic
crystal structures. It offers a comprehensive suite of features valuable for the computa-
tional study of solids: format conversion, crystallographic basis transformation, atomic
coordinate editing, and molecular layer analysis. These options are especially valuable
for studying the mechanical properties of molecular crystals with potential applications
in organic materials science. Written in the C programming language, CrystalShift offers
computational efficiency and compatibility with widely used crystallographic formats
such as CIF, POSCAR, and XYZ. It provides a command-line interface, enabling seamless
integration into research workflows while addressing specific challenges in crystallography,
such as handling non-standard file formats and robust error correction. CrystalShift may
be applied for both in-depth study of particular crystal structure origins and the high-
throughput conversion of crystallographic datasets prior to DFT calculations with periodic
boundary conditions using VASP code.

Keywords: crystal structure converter; crystallographic basis change; coordinates editor;
molecular layers; organic crystals; molecular crystals; bending crystals; plastic crystals

1. Introduction

Crystallographic data analysis and processing is a substantial step in materials science,
solid-state physics, and computational chemistry. It helps to obtain various data on the
nature of the crystal structure: its stability, mechanical properties depending on applied
pressure, temperature changes, etc. [1–7]. In some cases, it is important to perform numeri-
cal experiments using computational tools to overcome experimental challenges, save time,
and achieve reproducibility [8–10].

The visualization and analysis of crystal structure can be performed using multi-
ple software packages, such as CCDC Mercury [11,12], VESTA [13], Chemcraft [14], and
VMD [15]. Some of these packages (e.g., CCDC Mercury [12] and ToposPro [16]) provide
internal modules and implemented algorithms for advanced crystallographic and topologi-
cal analysis, as well as basic molecular mechanics calculations. Others, such as VESTA, are
more aimed at crystal structure editing using mainly a graphical user interface (GUI) but
lack valuable crystal structure analysis tools. Nevertheless, most of the above-mentioned

Computation 2025, 13, 138 https://doi.org/10.3390/computation13060138
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software packages generate mainly crystallographic files, which cannot be used directly by
most computational programs (except the peculiar CrystalExplorer21 [17] and OCC [18]).
Thus, several scripts and other tools have been published to overcome chemical file for-
matting issues, which are different for various computational programs. Among others,
OpenBabel [19] and Cif2Cell [20] seem to be the most widespread in the community but
have to maintain up-to-date input file formats for different programs, which may result in
some inconsistencies. There are also services that are designed for specific tasks, such as
mechanical properties calculation and different modulus evaluation—some aim to prepare
and simplify routine prior to calculations (e.g., DeformCell [21], VASPKIT [22]), while
others aim to analyze obtained data (EoSFit7 [23,24], ELATE [25], etc.). Obviously, there
are numerous less popular scripts for the particular conversion of files to exact formats
(e.g., cif2vasp and vasp2cif [26]), which usually generate input and output files for DFT
calculations. Other complex tools, such as pymatgen (a robust, open-source Python library
for materials analysis) [27] and ASE (a set of tools and Python modules for setting up,
manipulating, running, visualizing, and analyzing atomistic simulations) [28] may be used
for comprehensive computational tasks, including not only file format conversion but also
data manipulation and results analysis. Nevertheless, both tools require Python knowledge
and have a relatively high entry barrier and steep learning curve, which does not encourage
their use by computational chemists for simple workflows or very specific tasks.

On the one hand, some software provides a GUI, which helps to inspect crystal
structures visually and provides an in-depth analysis of a particular system, but usually
limits the possibility of a high-throughput workflow in terms of further DFT calculations.
On the other hand, command-line programs are limited in terms of crystal structure
analysis and may be sensitive to installed libraries and operating systems, primarily on the
supercomputer. An attempt to provide a seamless workflow for calculating the mechanical
properties of “bending” crystals results in the usage of multiple programs, as shown in
Scheme 1 below:

Scheme 1. A use case describing a computational chemist’s experience in preparing input files, before
and after the introduction of CrystalShift.

Thus, despite the availability of these tools, there remains a need for versatile, high-
performance software that integrates advanced crystallographic editing, molecular layer
analysis, and efficient format conversion. CrystalShift was developed to address this gap,
combining robust command-line functionalities with algorithms tailored for detailed struc-
tural analysis. It does not require knowledge of any programming language and may be
easily used in various workflows on supercomputers using ordinary Bash scripts. Notably,
it includes a molecular layer analysis module that identifies clusters of atoms (molecules),
detects crystallographic disorders, and calculates interlayer distances using DBSCAN [29]
and KD-Tree [30] algorithms, which is valuable for organic systems. Understanding the
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geometry of molecular layers and their influence on material characteristics is crucial for
crystallographic and topological analysis for advancing materials sciences, especially for
bending crystals [31]. While electronic structure ultimately governs a material’s behavior,
geometric patterns such as interlayer distances, symmetry, and cluster distributions offer
predictive insights into a structure’s properties.

2. Software

2.1. Software Design and Architecture

CrystalShift is a command-line tool written in the C programming language, designed
for the efficient processing of crystallographic data. It consists of two subroutines: “crystal-
shift” and “crystalshift_layers”. The “crystalshift” subroutine is designed for converting
formats, crystallographic basis and unit cell change, supercell generation, and atomic
coordinate editing directly for CIF files from CSD and can be easily adopted for high-
throughput workflow. The “crystalshift_layers” subroutine is designed for molecular layer
analysis, which is usually needed for specific in-depth modification of the crystal structure
prior to solid-state calculations (Scheme 2).

Scheme 2. Visualization of the main functionality of the CrystalShift software, including both “crys-
talshift” and “crystalshift_layers” subroutines.

Key modules of “crystalshift” and “crystalshift_layers” subroutines include several
source and header files (Scheme 3). The modular structure of the CrystalShift program
allows users to isolate and refine specific components of the software without disrupting the
entire system. This flexibility is essential, as it allows developers, or even users themselves,
to incorporate new algorithms or data processing methods effortlessly (if needed), thereby
enhancing the program’s capabilities and versatility. However, this does not hinder the user
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experience, as all modules are compiled using a single command or Makefile invocation.
For installation instructions and access to the program’s code, please refer to the project
page on GitHub (https://github.com/shes73/CrystalShift) (accessed on 29 May 2025).

Scheme 3. Description of all source and header files of the program for both the “crystalshift” and
“crystalshift_layers” modules.

2.2. Input and Output Formats (Converter)

CrystalShift (currently) supports three widely used crystallographic file formats:

• CIF (Crystallographic Information File) is the most widely used format for crystallo-
graphic data. CIF files are parsed to extract lattice parameters, atomic coordinates,
and additional data. Experimental error data and non-crystallographic information
are stripped for clarity during editing. When writing CIF files, CrystalShift simplifies
structures by assuming a triclinic lattice with space group P1, avoiding complications
from symmetry operations.

• The POSCAR file format is specific to the Vienna Ab initio Simulation Package
(VASP) [32–35], which is widely used for computational materials science. It rep-
resents lattice parameters in the form of a matrix and atomic coordinates. This format
is extensively used in Density Functional Theory (DFT) calculations and other atom-
istic simulations. The output from CrystalShift POSCAR files is written in fractional
(direct) coordinates, with support for reordering atomic species based on user-defined
criteria (e.g., from lightest to heaviest element, otherwise, or user-defined order).

• The XYZ file format is a simple, human-readable format, used primarily for calcula-
tions and visualizations of single molecules. It lists the number of atoms and atomic
coordinates only. In the extended version of XYZ, there are additionally added lattice
parameters in the comment line. This format is very useful for further calculations
using other computational software (ORCA [36], Gaussian [37], etc.).

2.3. Basis Change and Supercell Generation

The basis change module includes the creation of supercells since they differ only
in the addition of new atoms. When changing the basis, only the vectors and angles of
the crystal lattice change, and the number of atoms remains the same. It is worth noting
the limitation in the work of the module for creating supercells—CrystalShift can add new
atoms only if the new vector components are integers. CrystalShift handles symmetry
operations from the CIF file with a separate command, while this module adds atoms solely
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based on the principle of translation. Thus, if only a unit cell is provided, it is mandatory to
convert it to the primitive cell using the appropriate CrystalShift option and then use basis
change or supercell generation.

2.4. Molecular Layer Analysis

The molecular layer analysis subroutine “crystalshift_layers” of CrystalShift is de-
signed to identify and characterize molecular layers within crystal lattices, with a focus
on applications in material science, particularly for studying flexible organic crystals. The
subroutine employs a combination of advanced algorithms and computational techniques
to deliver accurate and insightful results. Two approaches were evaluated for identifying
sliding planes during the development of the “crystalshift_layers” module—including the
PCA algorithm [38–40] and the HKL algorithm (Scheme 4).

Scheme 4. Molecular layer analysis workflow of the “crystalshift_layers” subroutine.

In the case of PCA, the analysis begins with identifying molecular clusters within
the crystal lattice using the Density-Based Spatial Clustering of Applications with Noise
(DBSCAN) algorithm [29]. DBSCAN is particularly effective for this purpose, as it groups
atoms based on their proximity while treating isolated or “noise” atoms as potential lattice
disorders. This ensures a robust differentiation between meaningful molecular clusters and
extraneous atomic noise.

To optimize spatial queries, such as finding neighboring atoms and clusters, the
module leverages a KD-Tree data structure [30]. This significantly enhances computational
efficiency, particularly for large datasets with complex geometries.
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All obtained data after parsing are used to calculate the eigenvalues and vectors of the
covariance matrix via Principal Component Analysis (PCA).

PCA is a widely used statistical method in data analysis and machine learning. Its
primary goal is to reduce the dimensionality of a dataset while retaining as much variability
(information) as possible. The first principal component captures the direction of the
highest variance in the data, the second principal component captures the next highest
variance (orthogonal to the first), and so on. PCA involves calculating the eigenvalues
and eigenvectors of the covariance matrix of the data. The eigenvectors determine the
directions of the principal components, while the eigenvalues indicate the amount of
variance captured by each component [38–40]. When applied to atomic coordinates, the
eigenvector corresponding to the highest variance is expected to align with the molecular
layer direction in the crystal lattice.

However, several limitations were identified when PCA was used:

• Molecular layers should be “sufficiently” spaced apart.
• Errors may occur if the molecules are large and bulky. At best, the direction may be

slightly incorrect, and at worst, an erroneous result may be obtained.
• PCA analyzes the spatial distribution of atoms rather than explicitly identifying unoc-

cupied surfaces. Consequently, the obtained Miller indices (hkl) may be suboptimal
for further analysis.

If the principal axis identified in the first iteration does not meet the criteria above, the
program attempts the next (orthogonal) principal axis.

As an alternative approach, a systematic enumeration of all possible Miller index
combinations was implemented, ranging from −7 to +7 for each index (h, k, l). The
algorithm iterates through each combination, formulates the corresponding plane equation,
and evaluates whether atomic positions align with the plane within a predefined threshold.

This approach also has some disadvantages:

• To correctly check large Miller indices, it is necessary to construct supercells.
• The algorithm is unable to identify molecular layers if they correspond to multiple

distinct sets of low Miller indices. For instance, if molecular layers are located on the
(200) and (300) planes, the method cannot determine an appropriate index combination
to define an intermediate plane between them.

For an enhanced user experience, it is advisable to employ these approaches in con-
junction to avoid overlooking potential slip planes. While this tool does not guarantee
absolute precision, it serves as an excellent supplementary tool.

The molecular layer analysis module is particularly valuable for studying flexible
organic crystals, where layered structures are often key to their mechanical properties,
such as plasticity or elasticity. By identifying layers, assessing interlayer distances, and
detecting lattice disorders, the tool provides researchers with a deeper understanding of
how molecular geometry influences material behavior.

2.5. Programming Requirements

CrystalShift is distributed as open-source software, allowing researchers to compile and
run the program on various operating systems. The compilation process requires only a
standard C compiler, and the Makefile included in the repository simplifies the build process.

By maintaining a minimal dependency footprint while offering advanced analytical
capabilities, CrystalShift ensures accessibility and usability across diverse research environ-
ments. This careful balance of simplicity and sophistication underpins its versatility as a
tool for crystallographic data manipulation and analysis prior to DFT calculations.
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All CrystalShift modules, including basis transformations, atomic coordinate editing,
format conversion, and molecular layer searching, rely solely on standard C libraries,
ensuring broad compatibility, ease of deployment, and usage.

3. Results

The principal idea of CrystalShift is to help computational chemists process CIF-to-
VASP input POSCAR files, with the possibility of additional in-depth modification and
analysis without using multiple software tools or programming knowledge.

In order to help process multiple crystallographic data used for specific scientific aims,
benchmarking, dataset construction, and other possible tasks, we provide feasible tests for
converting file formats, estimating calculation speed, possible inaccuracies and mistakes
during various procedures, possible misuse by inexperienced users, and formulating
current limitations and future improvements. An example of CrystalShift use for a change
in the basis, atomic coordinate shift, and conversion to POSCAR from a CIF file is provided
in the Worked Example section and on the GitHub project page.

3.1. Feature Validation and Testing

CrystalShift was tested across its core functionalities to validate accuracy, compatibility,
and computational efficiency. Validation included the following:

• A semi-automated inspection of the correctness of the output file structure, as well as
of the obtained results after editing the crystallographic data, starting with calculations
in VASP (controlling possible errors during input file reading).

• A comparison with results from existing tools (e.g., Open Babel, cif2cell, pymatgen, ASE).
• The testing of converters was carried out automatically using Bash scripts. The

conversion of CIF → POSCAR → CIF and CIF → XYZ → CIF was carried out. Due
to the fact that atoms are recorded in groups classified by elements in POSCAR files,
an additional program was written for sorting and obtaining statistics by comparing
coordinates in the original CIF file with those in the CIF file obtained after conversion.
In this way, 1000 structures, randomly selected from the CSD, were analyzed and
showed a 100% success rate. Speed tests were conducted on 100 random structures
from the CSD.

• The testing of the layer analysis module was carried out manually, by comparing
visually observed molecular layers, slip planes calculated via CCDC Mercury, and
results calculated by CrystalShift.

One can find all the results obtained during feature validation and testing on the
project’s GitHub page.

3.2. Error Handling

In the structures, all data (e.g., lengths of lattice vectors, volume, atomic coordi-
nates, etc.) is stored in double float format. The range of doubles is 1.7 × 10−308 to
1.7 × 10308. Hence, when a file is converted from the CIF format to POSCAR, no coordinate
transformations occur. All experimental measurement errors from CIF files are removed
for correct recording into structures and, accordingly, are lost during conversion.

When the basis or recording is changed in the XYZ format (which implies conversion
into the Cartesian basis), minor discrepancies may occur in the calculation. To calculate
new lattice parameters and angles, a scalar product is used, but to recalculate coordinates,
an inverse matrix must be used. The inverse matrix is calculated using the Gauss–Jordan
method, and then it is reduced to an upper-triangular form using the Gauss method, which
entails some inaccuracy due to the iterative approach. Nevertheless, possible inaccuracies
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are less than experimental uncertainties in SCXRD experimental data and, thus, do not
influence further calculations.

Additionally, CrystalShift autonomously detects irregularities in lattice parameters and
atomic coordinates, such as duplicate atoms or inconsistencies in atomic groupings. When
such anomalies are identified, the program provides warnings to the user, highlighting
potential issues. Along with the warnings, CrystalShift suggests corrective actions to address
these irregularities, ensuring data integrity and reliable analysis. This proactive feature
minimizes the risk of errors in downstream operations while maintaining user control over
data adjustments.

3.3. User Warnings

CrystalShift includes several user-focused warnings and safeguards to enhance reli-
ability and prevent unintended errors during use. The program automatically identifies
and removes duplicate atoms in the structure if needed, alerting users to potential issues in
their input data.

Users are also strongly advised to carefully review both input and output files to
ensure accuracy, as this is a crucial step for any crystallographic or computational tool.
In the event of an error, CrystalShift provides clear and detailed explanations of possible
issues, helping users to diagnose and correct them prior to further DFT calculations.

These measures contribute to a robust and user-friendly experience, minimizing
disruptions and ensuring reliable operation.

3.4. Limitations and Areas for Improvement

CrystalShift, while robust in its core functionalities, has certain limitations that present
opportunities for enhancement. The reliance on a command-line interface may pose challenges
for users who are less familiar with non-graphical tools, potentially limiting accessibility.

The current version of the program writes POSCAR files in direct coordinates, which
restricts compatibility with workflows that require the Cartesian format. Implementing
this feature is planned for upcoming updates.

While molecular layer analysis offers valuable insights, expanding the range of geomet-
ric analyses to include features like bond length distributions, angular analysis, and void
space quantification would significantly enhance its utility and broaden its applicability
across diverse research domains.

3.5. Worked Example

To reveal the practical use of CrystalShift, a 4-bromophenyl 4-bromobenzoate structure
was selected. Crystals of 4-bromophenyl 4-bromobenzoate demonstrate phenomenal plas-
ticity under mechanical stress, which is explained by the layered structure and significant
anisotropy in the crystal structure [41–43]. Thus, the calculation of mechanical properties
and their correlation with crystal structure seems to provide valuable information for better
understanding the nature of the “bending crystals” phenomenon [44–46].

A CIF file of 4-bromophenyl 4-bromobenzoate (VEWSIC) was downloaded from CSD
and submitted to CrystalShift. “Crystalshift_layers” suggested the (1 0 −1) slip plane as
the most favorable. Visual inspection in CCDC Mercury software confirmed this choice
(Figure 1).
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Figure 1. Crystal structure of 4-bromophenyl 4-bromobenzoate with highlighted layers according to
Reddy’s model [47,48].

The straightforward calculation of second-order derivatives, taking into account
multiple computational parameters, elucidates the mechanical characteristics along crys-
tallographic axes. Nevertheless, the 4-bromophenyl 4-bromobenzoate crystal structure is
constructed of “diagonal” layers, which are not aligned with the a, b, or c crystallographic
axis. This peculiarity limits the convenience of the obtained data interpretation. It becomes
obvious that a basis change may help to obtain mechanical properties and correlate them
to the crystal structure in a straightforward and convenient manner.

To address the task of identifying quantitative criteria for determining the unique
mechanical properties of organic crystals, extensive data manipulation is required. The
following steps outline the process of editing a file using the example of 4-bromophenyl
4-bromobenzoate within a practical workflow. Thus, the “crystalshift” subroutine was used
to change the basis and prepare the input file for DFT calculations in the VASP package
(Figure 2).

Figure 2. Crystal structure of 4-bromophenyl 4-bromobenzoate with two different crystallographic
bases prepared for further DFT calculations.

To verify the accuracy of the aforementioned procedures in CrystalShift, DFT calcula-
tions of lattice energies were performed using the PBE functional [49], a plane–wave basis
set with a kinetic energy cutoff of 800 eV and projector augmented wave (PAW) atomic pseu-
dopotentials [50,51], using the D3BJ dispersion correction scheme [52]. Monkhorst–Pack
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k-point meshes [53] of 2 × 5 × 1 and 1 × 6 × 1 were used for the initial and modified
structures. The normalized energy for the lattice after the basis change (×2 supercell)
differed by only 0.02 kJ/mol, with a minimal 0.049 RMSD for the atoms in the initial and
changed cells (Figure 3).

Figure 3. Initial and modified structure overlay, showing minimal change in atomic coordinates after
basis change using CrystalShift.

Finally, the calculated mechanical properties (using a finite-difference approach [54])
indicate the presence of anisotropy along the z-axis, which coincides with the c crystal-
lographic axis in the structure after the basis change (Figure 4). The obtained results
correspond to the detected molecular layers in the structure. This fully coincides with
Reddy’s model, describing bending crystals as layered structures with strong interactions
within the layers and weak interactions in nearly perpendicular directions [48]. Moreover,
the obtained results support previous data on the calculated mechanical properties of the
plastic form of 4-bromophenyl 4-bromobenzoate [42,43].

Figure 4. Young’s modulus of 4-bromophentyl 4-bromobenzoate (VEWSIC) after basis change
(obtained via ELATE online tool for analysis of elastic tensors).
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This example of bending 4-bromophenyl 4-bromobenzoate crystals shows how Crys-
talShift may help with research preparation and data interpretation more simply and
intuitively in comparison to the current workflow.

4. Discussion

The development and implementation of CrystalShift addresses several longstanding
challenges in crystallographic data processing, positioning it as a valuable alternative
and supplement to existing tools. While programs like Open Babel, Mercury, Chemcraft,
VESTA, cif2cell, pymatgen, ASE, etc. offer distinct advantages, CrystalShift fills critical
gaps in functionality and versatility, particularly for computational workflows involving
molecular crystals. It is written in the C programming language, has minimal dependency
requirements, is compatible across multiple computing environments, and does not require
programming knowledge from the user.

The molecular layer analysis module of CrystalShift represents a significant advance-
ment over existing tools. By employing DBSCAN and KD-Tree algorithms, this module
not only identifies molecular clusters and detects lattice disorders but also calculates in-
terlayer distances and structural patterns. This functionality is particularly valuable for
studying bending organic crystals, where understanding geometric layering is essential for
predicting mechanical flexibility, thermal stability, and other material properties.

Despite its strengths, CrystalShift does have certain limitations. For example, while the
current version supports CIF, POSCAR, and XYZ file formats, additional format compati-
bility (.mol, .pdb, etc.) could further expand its utility. Future developments could also
enhance features such as more comprehensive molecular distribution analysis, ensuring
CrystalShift remains competitive in the rapidly evolving field of crystallography.

5. Conclusions

CrystalShift is a command-line tool that can be easily used by computational chemists
in order to process and modify original crystallographic data for VASP calculations. It has
minimal dependencies and can be installed on almost any supercomputer or workstation.

It contains a basic file converter that can be effectively used for high-throughput VASP
calculations of selected structures from the CSD. It is also useful for the in-depth study of
molecular crystals and their properties, offering intuitive crystallographic basis change and
supercell generation options, as well as a layer analysis module. The latter is of significant
importance for bending crystals, which exhibit plastic or elastic behavior.

CrystalShift helps researchers study organic crystals by addressing key technical and
practical challenges in crystallographic and computational workflows.
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3. Wahlberg, N.; Ciochoń, P.; Petriĉek, V.; Madsen, A.Ø. Polymorph Stability Prediction: On the Importance of Accurate Structures:
A Case Study of Pyrazinamide. Cryst. Growth Des. 2014, 14, 381–388. [CrossRef]

4. Gavezzotti, A. Crystal Formation and Stability: Physical Principles and Molecular Simulation. Cryst. Res. Technol. 2013, 48,
793–810. [CrossRef]

5. Korabel’nikov, D.V.; Zhuravlev, Y.N. Semi-Empirical and Ab Initio Calculations for Crystals under Pressure at Fixed Temperatures:
The Case of Guanidinium Perchlorate. RSC Adv. 2020, 10, 42204–42211. [CrossRef]

6. Rychkov, D.A.; Hunter, S.; Kovalskii, V.Y.; Lomzov, A.A.; Pulham, C.R.; Boldyreva, E.V. Towards an Understanding of Crys-
tallization from Solution. DFT Studies of Multi-Component Serotonin Crystals. Comput. Theor. Chem. 2016, 1088, 52–61.
[CrossRef]

7. Smirnova, V.Y.; Iurchenkova, A.A.; Rychkov, D.A. Computational Investigation of the Stability of Di-p-Tolyl Disulfide “Hidden”
and “Conventional” Polymorphs at High Pressures. Crystals 2022, 12, 1157. [CrossRef]

8. Mazurek, A.H.; Szeleszczuk, Ł.; Pisklak, D.M. Periodic DFT Calculations—Review of Applications in the Pharmaceutical Sciences.
Pharmaceutics 2020, 12, 415. [CrossRef]
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Abstract: Machine learning (ML) is transforming computational chemistry by accelerating
molecular simulations, property prediction, and inverse design. Central to this trans-
formation is mathematical optimization, which underpins nearly every stage of model
development, from training neural networks and tuning hyperparameters to navigating
chemical space for molecular discovery. This review presents a structured overview of
optimization techniques used in ML for computational chemistry, including gradient-based
methods (e.g., SGD and Adam), probabilistic approaches (e.g., Monte Carlo sampling
and Bayesian optimization), and spectral methods. We classify optimization targets into
model parameter optimization, hyperparameter selection, and molecular optimization and
analyze their application across supervised, unsupervised, and reinforcement learning
frameworks. Additionally, we examine key challenges such as data scarcity, limited general-
ization, and computational cost, outlining how mathematical strategies like active learning,
meta-learning, and hybrid physics-informed models can address these issues. By bridging
optimization methodology with domain-specific challenges, this review highlights how
tailored optimization strategies enhance the accuracy, efficiency, and scalability of ML
models in computational chemistry.

Keywords: mathematical optimization; machine learning in chemistry; computational
chemistry; Bayesian optimization

1. Introduction

Machine learning (ML) has become a cornerstone of computational chemistry, enabling
the prediction of molecular properties, materials discovery, and reaction modeling with
unprecedented speed and accuracy. However, the performance of ML models critically
depends on mathematical optimization techniques.

Optimization plays a central role at multiple levels of the ML pipeline. It is used to min-
imize loss functions, fine-tune hyperparameters, select data points in active learning, and
ensure stable training of deep architectures such as graph neural networks (GNNs). These
tasks are especially important in chemistry, where datasets are often high-dimensional,
noisy, and computationally expensive to generate.

In this review, we examine how mathematical optimization supports diverse ML tasks
in computational chemistry. Rather than limiting the discussion to a single application
domain, we illustrate optimization’s versatility across a range of representative challenges,
from general property prediction to quantum-level modeling tasks such as learning inter-
atomic potentials. This approach enables us to highlight both methodological depth and
domain-specific relevance.

We review core optimization methods widely used in chemical ML workflows, includ-
ing gradient-based algorithms like stochastic gradient descent (SGD) and Adam, global
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optimization methods like Bayesian optimization and Monte Carlo techniques, and spec-
tral methods applied in graph-based models. Each method is discussed in terms of its
mathematical foundation, implementation strategy, and relevance to applications such as
quantum chemistry, molecular design, and supervised or unsupervised learning.

Throughout this review, we use the term optimization in a broad sense, encompassing
(1) model parameter learning, (2) hyperparameter tuning, and (3) search over molecular or
latent input space. Each of these targets presents distinct challenges and is addressed using
different mathematical approaches, which we clarify throughout the following sections.

Finally, we highlight ongoing challenges, such as data scarcity, transferability, and
computational trade-offs, and explore how optimization frameworks can help address these
limitations. Our goal is to provide both a conceptual and practical guide for researchers
applying optimization in chemical machine learning.

2. Optimization Methods in Machine Learning for Chemistry

Machine learning models rely on an objective function known as the loss function,
which quantifies the error between the model’s predictions and the true values. The goal
of mathematical optimization in machine learning is to minimize the loss function by
iteratively adjusting the model parameters. Different optimization techniques are applied
to efficiently navigate the parameter space and improve machine learning models. In
the context of computational chemistry, these techniques ensure convergence, enhance
accuracy, and reduce computational costs. Below, we discuss key optimization methods
employed in machine learning for chemical applications.

2.1. Optimization Targets and Learning Settings

In the context of machine learning applied to chemistry, the term “optimization” can
refer to several distinct processes, each targeting a different component of the modeling
pipeline. These include the following:

• Model parameter optimization: This refers to the adjustment of internal model weights
during training to minimize a predefined loss function. Common methods include
stochastic gradient descent (SGD), Adam, and other gradient-based optimizers. This
process is central to supervised learning tasks such as molecular property prediction
or spectroscopic signal modeling.

• Hyperparameter optimization: Hyperparameters, such as the learning rate, number
of layers, and regularization coefficients, are not learned during training and must
be selected externally. Methods such as grid search, random search, and Bayesian
optimization are commonly used to identify optimal hyperparameter configurations
that maximize model performance on validation sets.

• Molecular optimization: In generative tasks or molecular design, the optimization
target is not the model itself but rather the molecular input or its latent representation.
The goal is to discover new chemical structures that maximize or minimize desired
properties, such as solubility or reactivity. This type of molecular optimization is typi-
cally approached via Bayesian optimization, reinforcement learning, or differentiable
surrogate models.

Although these forms of optimization share algorithmic foundations, they differ
significantly in their objectives, evaluation criteria, and constraints. Throughout this review,
we highlight how mathematical optimization contributes to each of these settings.

In addition to the optimization targets, chemical machine learning tasks also differ in
learning settings. In supervised learning, models are trained using labeled data, such as
molecular structures paired with known properties (e.g., energy, solubility, and toxicity).
This setting is dominant in property prediction tasks. In contrast, unsupervised learning
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focuses on extracting patterns from unlabeled data, often used for clustering molecular
fingerprints or learning low-dimensional latent representations. Reinforcement learning,
though less common, is increasingly applied in molecular optimization and generative
design, where the model interacts with an environment (e.g., chemical space) and is
rewarded for producing molecules with desired properties.

Optimization strategies in machine learning differ not only in algorithmic formulation
but also in search behavior and scope. Some methods are designed for local optimization,
refining solutions by following local gradients toward nearby minima. Others are formu-
lated for global optimization, aiming to search more broadly and escape local traps by
evaluating diverse regions of the solution space.

These behaviors map onto the concepts of exploitation, leveraging known high-
performing regions of the search space, and exploration, which prioritizes information
gain from uncertain or underexplored regions. The balance between these two objectives is
central to designing effective optimization routines, particularly in chemical applications
where objective functions may be multi-modal, non-convex, or expensive to evaluate.

2.2. Stochastic Gradient Descent (SGD)

Stochastic gradient descent (SGD) is a foundational optimization algorithm widely
used in training machine learning models, particularly deep neural networks. It belongs to
the family of first-order methods and operates by iteratively updating model parameters in
the direction that minimizes a given loss function. Unlike full-batch gradient descent, which
computes the gradient using the entire dataset, SGD estimates the gradient using a single
randomly selected sample or a small mini-batch. This approach introduces stochasticity
into the learning process and reduces the computational cost per iteration [1].

To better understand its mechanics and relevance to chemical learning tasks, we next
present the mathematical formulation of SGD and its key variants. The update rule for
SGD is provided by the following:

θt+1 = θt − η∇L(θt; xi, yi). (1)

We use bold symbols (e.g., θt, xi) to denote vectors and regular font for scalar quan-
tities. Here, θt represents the model parameters at iteration t, η is the learning rate, and
∇L(θt; xi, yi) is the gradient of the loss function with respect to the model parameters, com-
puted using input xi and the true label yi. In the context of chemical machine learning, xi

could represent molecular descriptors or graph embeddings, while yi could be a quantum
chemical property such as dipole moment, energy gap, or solvation energy.

While SGD is fundamentally a local optimization method, relying on gradient informa-
tion at each step, its stochasticity introduces small-scale exploration, which can help the model
avoid sharp local minima without providing true global search capabilities [1]. However, it
also introduces noise, which may destabilize convergence if not properly controlled.

To improve performance, several enhanced variants of SGD have been proposed:

• Momentum-based SGD incorporates an exponentially weighted average of past
gradients to smooth updates and accelerate convergence, particularly in ravine-
shaped loss landscapes.

• Nesterov accelerated gradient (NAG) improves upon classical momentum by comput-
ing the gradient not at the current position but at the anticipated future position of the
parameters. This often leads to faster convergence in practice [2].

• Mini-batch SGD uses batches of 16–256 samples to strike a balance between noisy
single-sample updates and slow full-batch updates.
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These variants mitigate the effects of noisy gradients and help stabilize training,
especially in deep architectures used in quantum chemistry or molecular design tasks.

A representative application in chemical machine learning is the work of Rupp et al. [3],
who trained neural networks using mini-batch SGD to predict molecular atomization
energies in the QM7 dataset based on Coulomb matrix descriptors. This approach demon-
strated that SGD could efficiently scale to chemically diverse datasets while maintaining
predictive accuracy.

While these techniques improve the basic behavior of SGD, its performance still
depends heavily on the choice of hyperparameters, such as the learning rate and batch size.

This sensitivity has motivated the development of optimizers such as RMSprop [4],
which adapt the learning rate using exponentially decaying averages of squared gradients.
By adjusting the step size dynamically, these methods improve convergence in noisy or
curved loss landscapes often encountered in chemical datasets.

The limitations of both SGD and RMSprop have led to further developments, such as
the Adam optimizer, which combines ideas from both momentum and adaptive learning
rates. This method will be discussed in the following section.

2.3. Adam Optimizer

Adam (adaptive moment estimation) is an extension of SGD incorporating adaptive
learning rates for better convergence. It combines the benefits of momentum-based accel-
eration and adaptive learning rates to improve convergence. Introduced by Kingma and
Ba [5], Adam dynamically adjusts learning rates based on first and second moment es-
timates of the gradients, making it robust to noisy updates and effective across a wide
range of machine learning applications. These two estimates are denoted by mt and vt,
respectively, and are used to scale the update step for each parameter individually.

The Adam update rule is provided by the following:

θt+1 = θt − η
m̂t√

v̂t + ε
, (2)

where

• m̂t =
mt

1−βt
1
, v̂t =

vt
1−βt

2
are bias-corrected estimates;

• β1 and β2 are hyperparameters controlling the decay rates of the moment estimates
(commonly set to 0.9 and 0.999, respectively);

• ε is a small constant added to avoid division by zero;
• η is the learning rate.

The model takes into account previous steps, which helps achieve faster and more
stable convergence. The first moment helps reduce oscillations, allowing the optimiza-
tion process to move more consistently toward the global minimum rather than varying
unpredictably in different directions. Despite this improved stability, it is important to
note that Adam remains a local optimization method. Its adaptive update mechanism
enables smoother convergence within the local loss landscape, but it does not perform
global search or incorporate mechanisms for broader exploration, unlike methods such as
Bayesian optimization.

One important class of problems in computational chemistry involves learning
quantum-level properties from data, including total energies, electron densities, and molec-
ular potential energy surfaces. These quantities, typically derived from first-principles
methods like density functional theory (DFT), are computationally intensive to calculate,
motivating the use of machine learning models trained to approximate them.
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Schütt et al. (2017) [6] developed a neural network-based approach for approximating
DFT calculations and predicting electronic structure properties. Their model was trained
using the Adam optimizer on molecular datasets to learn relationships between electron
density distributions, total energies, and molecular potential energy surfaces. In particu-
lar, their approach approximates wavefunctions and potential energy surfaces, enabling
efficient predictions of electronic properties. Their study evaluates the capability of ma-
chine learning models to reproduce DFT-derived quantities while analyzing the trade-off
between computational cost and predictive accuracy.

Later, Wu et al. (2018) [7] introduced MoleculeNet, a benchmarking platform designed
to evaluate machine learning models for predicting molecular and biophysical properties.
They applied graph neural networks (GNNs) trained with the Adam optimizer to predict
chemical properties such as dipole moments, polarizability, atomic partial charges, and
reaction energies. Their results demonstrated that GNNs when optimized appropriately,
can effectively capture molecular representations and achieve high accuracy across diverse
chemical datasets.

The Adam optimizer combines the benefits of SGD with momentum and RMSprop,
making it popular for training deep learning models. It is more suitable than SGD for
problems with sparse gradients and noisy datasets by adapting the learning rate for each
parameter. Additionally, it requires less hyperparameter tuning compared to standard
gradient descent methods. However, Adam may lead to suboptimal convergence in some
cases, as its adaptive updates can result in overly aggressive parameter changes that
prevent the model from settling into a good local minimum. To mitigate these issues,
several variants of Adam have been proposed. AMSGrad [8] introduces a more stable
second-moment estimate to avoid rapid oscillations. AdaBelief [9] modifies the update
rule to adapt based on the difference between predicted and actual gradients, improving
generalization. Other methods like QHM (quasi-hyperbolic momentum) balance fast
learning with better convergence stability [10]. While SGD is often preferred for large-scale
datasets due to its simplicity and strong theoretical guarantees, Adam is particularly useful
in computational chemistry applications where optimization landscapes are complex and
adaptive learning rates improve the stability of training quantum and molecular models.

In addition to widely used first-order optimizers such as SGD and Adam, several
quasi-Newton methods based on second-order approximations are gaining traction in
scientific machine learning, particularly in physics-informed neural networks (PINNs).
Among them, L-BFGS (limited-memory Broyden–Fletcher–Goldfarb–Shanno) provides a
memory-efficient approximation of the inverse Hessian matrix, improving convergence
near optimality without incurring the full cost of second-order derivatives. It is frequently
used in PINNs for fine-tuning, often in tandem with Adam, which handles the early
stages of training. This hybrid strategy improves both training stability and final model
accuracy [11].

A more recent development is the self-scaled Broyden (SSBroyden) method, a sym-
metric quasi-Newton algorithm that uses rescaled gradient information to achieve faster
convergence and greater numerical stability. It has shown promising results in physics-
informed training regimes, often outperforming traditional L-BFGS in terms of convergence
speed and robustness.

These quasi-Newton methods enrich the optimization toolkit in computational chem-
istry ML, particularly for problems with stiff gradients, complex physical constraints, or
highly non-linear loss surfaces, conditions under which purely gradient-based optimiz-
ers like Adam may converge slowly or become unstable. Recent comparative studies of
optimizer performance in physics-informed and scientific ML models have highlighted
several concrete limitations of Adam. Notably, its reliance on historical gradient mag-
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nitudes to scale updates can lead to poor alignment between the update direction and
the true gradient, especially in regions of high curvature or stiff dynamics. This mis-
alignment often results in oscillatory behavior, instability, or premature convergence to
suboptimal solutions [12]. In contrast, quasi-Newton approaches such as L-BFGS and
SSBroyden incorporate curvature information more effectively, enabling faster and more
reliable convergence in such challenging settings.

In the following section, we describe the backpropagation algorithm, which serves as
the computational backbone for gradient calculation in optimizers such as Adam and SGD.

2.4. Backpropagation Algorithm

The backpropagation algorithm originally introduced in [13] is an essential component
of training deep neural networks, providing a way to compute gradients required for
local optimization. It is primarily used in conjunction with gradient-based optimization
techniques, such as SGD and its variants. Backpropagation enables neural networks to
adjust their parameters by propagating errors from the output layer back through the
network, ensuring that updates are performed efficiently across multiple layers.

Backpropagation operates by computing the gradient of the loss function L(θ; xi, yi)

with respect to the model parameters θ using the chain rule. The process consists of two
main steps:

• Forward Pass: Computes the output of the neural network by applying a series of
weighted transformations and activation functions to the input xi.

• Backward Pass (Backpropagation Step): Computes the gradient of the loss function by
propagating the error signal backward through the network using the chain rule.

The backpropagation update rule is provided by the following:

θt+1 = θt − η∇θ L(θt; xi, yi), (3)

where ∇θ L(θt; xi, yi) represents the gradient of the loss function with respect to the model
parameters θ, computed using the chain rule in a multi-layer neural network. Unlike stan-
dard optimization methods, backpropagation propagates the gradient backward through
each layer of the network, allowing all parameters to be updated efficiently.

The gradient computation follows the general rule below:

∇θ L(θ; xi, yi) =
∂L(θ; xi, yi)

∂θ
. (4)

Backpropagation itself does not perform optimization but provides the gradients
needed for optimizers like SGD or Adam. The loss gradient is first computed at the output
layer and then propagated backward through the hidden layers using the chain rule. This
ensures that each parameter update accounts for its contribution to the total loss. This
ability to efficiently compute gradients supports a wide range of learning tasks in chemical
modeling. One notable application is in quantum chemistry, where backpropagation
has been used to learn representations of complex physical quantities, such as energy
functionals and electron density distributions.

Deep learning models trained with backpropagation have also been applied to quan-
tum chemistry tasks that involve approximating complex energy terms, such as exchange-
correlation functionals in DFT. These applications highlight how optimization enables
learning of quantum-level structure–property relationships.

Snyder et al. (2012) [14] employed backpropagation in training neural networks to
approximate exchange-correlation functionals in DFT, using gradient-based optimization
to iteratively refine model parameters. They applied SGD to minimize the loss function,
allowing the neural network to approximate exchange-correlation functionals from training
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data and apply them accurately to new molecular systems not included in the training
set. This is a typical supervised learning setting, where the model learns from input–
output pairs (e.g., molecular configurations and known DFT-calculated energies), and
backpropagation is used to update the model based on prediction errors.

As discussed in previous sections, GNNs have also been applied to molecular property
prediction, as demonstrated in [7]. Here, backpropagation was essential for optimizing the
network weights to improve predictive accuracy for molecular descriptors. Furthermore,
deep learning models trained using backpropagation have been successfully applied to
refine wavefunction-based methods and accelerate energy evaluations, as described in [6].

While backpropagation provides an efficient mechanism for computing gradients in
differentiable models, other chemical learning tasks require optimization strategies that do
not rely on gradient information, such as Monte Carlo methods, which we explore in the
following section.

2.5. Monte Carlo Optimization

Monte Carlo optimization methods are used in computational chemistry and machine
learning to optimize complex, high-dimensional functions. These methods rely on stochas-
tic sampling to explore the parameter space and find optimal solutions, making them
particularly useful when gradient-based techniques struggle due to non-differentiability or
highly non-convex function.

The Metropolis Monte Carlo (MMC) algorithm is a stochastic optimization method
used to sample from a probability distribution by iteratively updating model parame-
ters. Originally introduced by Metropolis et al. (1953) [15], this algorithm was designed
to simulate the equilibrium properties of statistical mechanical systems by generating
representative configurations according to the Boltzmann distribution.

The general acceptance criterion for an update from θt to θt+1 is determined by the
following probability:

Paccept = min
(

1, e−
L(θt+1;xi ,yi)−L(θt ;xi ,yi)

T

)
, (5)

where T is a control parameter. By tuning the control parameter T, the MMC algorithm
can balance exploration and exploitation, allowing occasional uphill moves and reducing
the likelihood of premature convergence to local minima. For this reason, Monte Carlo
methods are generally regarded as global optimization techniques. This global behavior
makes them complementary to local techniques such as gradient descent.

Self-learning hybrid Monte Carlo (SLHMC), introduced by Nagai et al. (2019) [16],
integrates machine learning with Monte Carlo sampling to enhance the efficiency of
DFT-based simulations. The algorithm employs an artificial neural network (ANN) to
approximate the potential energy surface of a molecular system, generating proposed
configurations that are then validated using the Metropolis acceptance criterion. This
approach has been applied in quantum chemistry to improve the sampling of molecular
conformations and accelerate simulations of reaction mechanisms, reducing the computa-
tional cost of first-principles calculations while maintaining high accuracy. These Monte
Carlo-based methods operate without requiring labeled data and are, therefore, natu-
rally suited for unsupervised learning tasks, particularly in sampling and exploration of
molecular conformational spaces.

More recently, Karandashev et al. (2023) [17] introduced an evolutionary Monte Carlo
algorithm, MOSAiCS, designed for molecular optimization in chemical space. This method
applies Monte Carlo sampling to explore molecular configurations that optimize properties,
such as solvation energy and dipole moment while preserving key energetic characteristics.
By leveraging Monte Carlo-based search strategies, MOSAiCS enables efficient molecular
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design by iteratively refining candidate structures based on their predicted electronic
properties. This approach highlights the versatility of Monte Carlo algorithms in machine
learning-driven molecular optimization and their potential for accelerating the discovery
of novel functional materials.

2.6. Bayesian Optimization

Bayesian optimization (BO) is a probabilistic optimization technique that models
the loss function as a Gaussian process (GP) and selects new evaluation points based on
an acquisition function. In machine learning, BO is commonly used for hyperparameter
tuning, where the goal is to identify settings such as learning rate, number of layers, or
regularization strength that yield the best model performance on a validation set. Unlike
model training, which adjusts internal weights via gradients, hyperparameter optimization
operates externally and does not involve gradient-based updates. This makes BO especially
valuable in chemistry-related tasks where each model evaluation (e.g., with quantum-level
accuracy) can be computationally expensive [18]. The acquisition function quantifies the
utility of evaluating the loss function at a given point, guiding the search toward promising
regions of the parameter space.

The core idea of Bayesian Optimization is to continuously update our probabilistic
model of the loss function (posterior distribution) as we gather new data and use this
improved model to select the next points for evaluation. Given a prior belief over L(θ; xi, yi),
the posterior mean μ(θ) and variance σ2(θ) are updated at each step. The next candidate,
θt+1, is chosen by maximizing an acquisition function a(θ). The expected improvement
(EI) acquisition function selects the next evaluation point by estimating the expected
amount by which the new function value L(θ) will improve upon the current best observed
value Lmin:

a(θ) = E[max(0, Lmin − L(θ; xi, yi))]. (6)

Similar to the role of the control parameter T in MMC, BO controls the trade-off
between exploration and exploitation through the choice of the acquisition function. Unlike
MMC, which allows probabilistic acceptance of suboptimal solutions, BO actively models
uncertainty to guide the search towards promising regions in the parameter space. Its
ability to explore the entire search space through uncertainty modeling makes it a powerful
strategy for identifying globally optimal solutions.

This makes BO especially valuable for chemical tasks that involve expensive simula-
tions or multi-modal design spaces, where efficient global search is essential.

In their 2017 study, Hernández-Lobato et al. [19] explored the application of BO to
enhance the accuracy of surrogate models in electronic structure calculations. The authors
focused on predicting exchange-correlation functionals within DFT. By employing BO, they
optimized the hyperparameters of machine learning models to improve the prediction of
these functionals. This approach led to a reduction in computational cost.

Beyond hyperparameter tuning, Bayesian optimization has been applied to a very
different type of problem in chemistry: optimizing molecular structures themselves by
searching over latent spaces to maximize the desired chemical properties.

A 2018 study by Gómez-Bombarelli et al. [20] introduced a novel approach for con-
verting discrete molecular representations into a multidimensional continuous space. Tra-
ditional molecular representations, such as SMILES notation, are inherently discrete and
not well-suited for smooth optimization. By mapping molecules into a continuous latent
space, optimization algorithms, including BO, can operate more efficiently. In this context,
optimization refers not to the model itself but to the input space, which is often a latent
vector or molecular representation, with the goal of finding structures that maximize de-
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sired chemical properties such as solubility, selectivity, or electronic stability. This form
of optimization is widely used in inverse molecular design, where models are trained to
suggest new candidate molecules with optimal predicted properties. To achieve this, the
authors trained a deep neural network to construct an encoder, a decoder, and a property
predictor. The encoder transforms discrete molecular representations into continuous
real-valued vectors while the decoder reconstructs these vectors back into valid molecular
structures. The model was trained to predict molecular properties such as quantum energy
levels and solubility, enabling the generation of new molecules with tailored characteristics.

Bayesian optimization is most commonly used in supervised learning settings, where
the objective function is learned from known input–output relationships. In contrast,
reinforcement learning offers an alternative optimization framework particularly suited
to sequential decision problems such as molecule generation. In this setting, the model
explores chemical space by learning from reward signals that reflect property constraints
or design goals. For example, Olivecrona et al. [21] trained a recurrent neural network
with reinforcement learning to generate valid SMILES strings optimized for drug-likeness
scores. Their work illustrates how reward-guided training can steer molecular generation
toward chemically desirable outputs.

Case Study: Multi-task Bayesian optimization for C–H Activation in Drug Development

A concrete and well-documented example of how machine learning can accelerate
real-world chemical discovery comes from the work of Taylor et al. [22], who applied
multi-task Bayesian optimization (MTBO) to the yield optimization of pharmaceutical
intermediates involving C–H activation reactions. This study exemplifies the end-to-end
integration of machine learning, historical chemical data, and experimental automation to
efficiently identify optimal reaction conditions, including catalyst selection, within a drug
discovery context.

Problem Formulation: The authors focused on the optimization of reaction conditions
for six distinct C–H functionalization reactions, representative of real challenges encoun-
tered in medicinal chemistry. Traditional methods would approach each new reaction
from scratch, often requiring 20 to 30 experimental iterations to reach optimal yields. To
improve efficiency, Taylor et al. reformulated the problem as a Bayesian optimization task,
leveraging prior data from 23 previously optimized reactions.

Each reaction was characterized by a set of experimental parameters, including the
following:

• Type of catalyst or catalyst precursor;
• Solvent;
• Base;
• Temperature;
• Residence time in a flow reactor.

These were treated as categorical and continuous variables to be optimized simultaneously.
Model Design and Training: To guide this optimization, the authors trained a multi-

task GP surrogate model. The multi-task component allowed the model to generalize
across chemically related reactions by sharing statistical strength from prior tasks (i.e.,
reactions). This means that instead of starting from a blank slate, the model was initialized
with historical knowledge, giving it an informed prior over the expected reaction outcomes.

The objective function (reaction yield) was treated probabilistically. The GP predicted
both the mean yield and variance for each combination of experimental parameters. An EI
acquisition function was then used to iteratively propose new experiments that balance
exploration (uncertain areas) and exploitation (promising areas).

182



Computation 2025, 13, 169

Experimental Execution: The optimization loop was implemented on an autonomous
flow-based reactor platform. For each target reaction, the system began with a small
number of randomly selected combinations of experimental parameters (typically 3–5).
These combinations were tested in real reactions, and the observed yields were fed back
into the model.

The surrogate model then updated its predictions based on the new data and proposed
the next batch of experimental conditions by optimizing the EI acquisition function.

This iterative loop continued until convergence was reached, usually defined as no
significant improvement in yield across successive rounds.

Results and Impact: The results demonstrated a dramatic reduction in experimental
effort:

• For each new reaction, the optimal yield was typically reached in 6–8 experiments,
compared to 20+ in conventional practice.

• The system also demonstrated strong transfer learning capabilities, performing better
on reactions that were chemically related to those in the historical dataset.

• Cost savings were realized through reduced use of reagents and instrument time, and
optimization times were cut by more than half in most cases.

Moreover, the MTBO model correctly identified unusual or non-intuitive reaction
conditions that outperformed human intuition, highlighting the added value of model-
driven discovery.

Conclusion: This case study demonstrates how multi-task Bayesian optimization can
solve a real and recurring problem in catalyst and condition selection for C–H activation.
By integrating machine learning with historical data and automated experimentation,
researchers achieved highly efficient, data-driven optimization with significant practical
benefits [22].

While Bayesian optimization focuses on global search in continuous parameter
spaces, many chemical problems also require structured representations of molecules,
such as graphs, motivating the use of graph-based optimization methods explored in the
next section.

2.7. Optimization in Graph-Based Models

Graph-based models [23], particularly graph neural networks (GNNs), have gained
significant attention in machine learning applications for chemistry, where molecular
structures and electronic properties can be naturally represented as graphs. Optimization
techniques play a crucial role in improving the performance and efficiency of GNNs by
enhancing stability, reducing computational complexity, and ensuring smooth propagation
of information across the graph structure.

Two key optimization approaches in graph-based models are graph Laplacian opti-
mization, which leverages the graph Laplacian matrix to enforce smoothness and improve
generalization, and spectral methods, which utilize eigendecomposition and graph Fourier
transforms to reduce computational overhead and enhance learning efficiency. These
methods are particularly useful in tasks such as charge density prediction, molecular
property estimation, and quantum chemistry simulations. These will be discussed in the
following subsections.

2.7.1. Graph Laplacian Optimization

Graph Laplacian optimization is used in graph-based machine learning models, partic-
ularly in GNNs, where it improves stability and generalization by encouraging neighboring
nodes to share similar feature representations. This is achieved by incorporating the graph
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Laplacian matrix [24], which acts as a regularization mechanism to smooth node features
and control information propagation.

The graph Laplacian matrix is defined as follows:

L = D − A, (7)

where A is the adjacency matrix of the graph, encoding connections between nodes, and
D is the diagonal degree matrix, representing the number of connections for each node.
The Laplacian matrix plays a key role in controlling how information spreads across the
network, ensuring that connected nodes influence each other’s feature representations.

In GNNs, regularization using the graph Laplacian ensures that neighboring nodes
maintain similar feature values, reducing overfitting and improving generalization [25].
The node feature matrix X represents the numerical attributes of each node, such as atomic
properties in molecular graphs. The smoothness constraint imposed by the Laplacian is
expressed as follows:

Lsmooth = Tr(XTLX), (8)

where Tr(·) denotes the trace of a matrix. This penalty function minimizes differences
between connected nodes, leading to more stable and coherent learned representations.

Graph Laplacian optimization is a pivotal technique in computational chemistry, par-
ticularly when employing GNNs to model complex molecular structures. In tasks such as
charge density prediction, it’s essential to ensure smooth transitions of electronic properties
across bonded atoms for accurate modeling. Regularization through the Laplacian matrix
enhances the numerical stability of GNNs in electronic structure problems. These applica-
tions illustrate how chemical problems involving spatial or topological structure, such as
force field parameterization, naturally motivate the use of Laplacian-based regularization.

Recent work has extended graph optimization techniques to the prediction of physical
interaction parameters in force fields, connecting learned graph structures with classi-
cal molecular mechanics. While graph Laplacian optimization operates on structured
representations, the parameter tuning involved is typically local, adjusting force-field or
interaction parameters based on local loss feedback, which is a typical feature of local
optimization. However, the graph topology itself often reflects global molecular structure,
indirectly guiding the model toward more globally coherent solutions, thereby introducing
a topology-driven form of global optimization.

In their study, Thürlemann et al. (2022) [26] proposed a novel approach to parameter-
ize force fields (FFs) by integrating machine learning with gradient-descent optimization
while maintaining a physics-based functional form. They employed graph neural networks
(GNNs) to predict FF parameters from potential energy surfaces, focusing on intramolecu-
lar interactions. Their method enables the GNN to learn and predict parameters such as
bond lengths, angles, and dihedral angles, which are crucial for accurately modeling molec-
ular geometries and dynamics. This approach enabled flexible, data-driven simulations
by removing the need for manually defined functional forms. To encourage physically
meaningful parameter variation, their method also leverages smoothness penalties, such
as Laplacian-based regularization, which promote coherence across the molecular graph
topology. This application represents a form of molecular optimization where model-
driven learning is used to fine-tune physical parameters that define molecular structure
and behavior.

These findings motivate further exploration of spectral techniques, which analyze
graph structure through eigenvalue decomposition to enhance model performance, a topic
we discuss in the following section.
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2.7.2. Spectral Methods

Spectral methods are a class of optimization techniques that utilize the eigenvalues
and eigenvectors of matrices associated with graphs to improve the efficiency and accuracy
of machine learning models. These methods are particularly useful in GNNs, where they
enable a more efficient representation of graph structures and facilitate computationally
efficient learning. Unlike Laplacian regularization, which promotes local smoothness across
neighboring nodes, spectral methods capture global structural patterns by analyzing the
overall connectivity encoded in the Laplacian graph.

A key concept in spectral methods is the spectral decomposition of the graph Laplacian
L, defined as follows:

L = UΛUT , (9)

where U is the matrix of eigenvectors, and Λ is the diagonal matrix containing the corre-
sponding eigenvalues. This decomposition provides a basis for spectral analysis of graph
structures and allows for transformations such as spectral filtering.

The spectral decomposition enables the definition of the graph Fourier transform
(GFT), which maps signals on a graph into the spectral domain:

X̂ = UTX. (10)

Here, X represents the node feature matrix, and X̂ denotes the transformed representa-
tion in the spectral domain. This transformation is fundamental for spectral filtering, where
specific frequency components can be enhanced or suppressed to optimize learning. This
type of filtering is particularly useful in molecular graphs for reducing noise, highlighting
relevant structural patterns, and improving generalization in downstream tasks.

Spectral methods are particularly effective in tasks that require dimensionality reduc-
tion or structural clustering, such as visualizing large chemical libraries or uncovering
latent molecular features. Spectral clustering has been applied to group molecules based on
structural similarity [27], while Laplacian Eigenmaps preserve local relationships among
molecular descriptors. Reutlinger et al. used this approach to improve the visualization
of chemical libraries [28], and Gill et al. applied unsupervised learning with spectral
embeddings to support emergent property prediction from SMILES representations [29].

Although spectral methods are not optimization algorithms in the traditional sense,
they enable global structural analysis by capturing the overall topology of molecular graphs.
This facilitates the exploration of chemical space and supports downstream optimization
tasks by improving latent representations and clustering structure. Unsupervised learning
methods such as spectral clustering and dimensionality reduction are particularly valuable
in chemical ML when labeled data are scarce. These methods help uncover latent structures
in molecular datasets, organize chemical space, and facilitate the pre-training of models
that are later fine-tuned in supervised tasks.

Extending beyond unsupervised learning, spectral methods have been integrated
into ML frameworks for quantum chemistry, where they support both molecular property
prediction and quantum interaction modeling. Their integration into GNNs has shown
notable improvements in predicting electronic structure and chemical reactivity by leverag-
ing the spectral properties of molecular graph Laplacians [30]. These approaches include
message-passing neural networks [31], spectral graph convolutions, and models tailored
to learning quantum chemical interactions, all contributing to more accurate and efficient
molecular simulations.

Notable examples include SchNet, DimeNet, and PaiNN [32–34], with the latter
belonging to the class of E(3)-equivariant models specifically designed to preserve rotational
and reflection symmetries in molecular systems. Such equivariant architectures enable
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more accurate predictions of tensorial properties, such as dipole moments, vibrational
modes, and molecular spectra [35].

These advancements demonstrate how spectral techniques bridge the gap between
structural representation and quantum-level prediction, making them a powerful comple-
ment to other optimization strategies in chemical machine learning.

2.8. Summary of Optimization Strategies and Their Applications

The previous subsections discussed various mathematical optimization techniques
used in machine learning for computational chemistry. These methods differ in their roles
within the learning process, their scope (local vs. global), and the learning paradigms they
support. The table 1 provides an integrative overview, categorizing each method by its
optimization target, associated learning setting and search scope.

Table 1. Summary of optimization strategies and their applications in chemical ML.

Optimization
Method

Optimization
Target(s)

Learning
Setting(s)

Search Scope

Stochastic Gradient
Descent (SGD)

Model parameter
optimization

Supervised
learning Local optimization

Adam Model parameter
optimization

Supervised
learning Local optimization

Backpropagation
Gradient
computation (for
model training)

Supervised
learning

Supports local
optimization (via
optimizers)

Monte Carlo
(MMC, SLHMC)

Molecular
optimization

Reinforcement
learning,
Unsupervised

Global
optimization

Bayesian
Optimization

Hyperparameter,
Molecular
optimization

Supervised,
Reinforcement

Global
optimization

Graph-based
Models

Molecular
optimisation

Supervised,
Unsupervised

Local (parameter
tuning) and global
(topology-driven)

As shown in the table, each optimization method plays a distinct role depending on
the stage of the learning pipeline and the specific demands of chemical modeling tasks.
While these methods are powerful enablers of accurate and scalable ML, their effectiveness
is often constrained by real-world challenges such as limited data availability, model
transferability, and computational cost. These limitations are addressed in the following
section.

3. Challenges in Machine Learning for Computational Chemistry

3.1. Data Scarcity and Quality

Machine learning models for density functional theory and molecular mechan-
ics heavily rely on high-quality datasets. However, obtaining sufficient labeled data
is often computationally expensive and limited by the accuracy of quantum chemical
calculations [36,37]. The lack of sufficient data presents several key challenges:

Overfitting: Small datasets lead to overfitting, where models memorize training data
instead of learning generalizable patterns. This is particularly problematic in computational
chemistry, where molecular diversity is high, but the cost of generating labeled examples
severely limits dataset size. As a result, models may capture noise or dataset-specific
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artifacts, performing well on seen molecules but failing to generalize to new chemical
structures. This undermines the predictive reliability in downstream tasks such as drug
discovery, molecular screening, or reaction modeling.

Computational Cost: High-fidelity quantum chemical calculations, such as coupled
cluster or DFT-based simulations, demand substantial computational resources, sometimes
requiring hours or days per molecule. This bottleneck restricts not only dataset size but
also the diversity and complexity of chemical systems that can be explored. As a result, op-
timization workflows that depend on repeated model evaluations, such as hyperparameter
tuning or active molecule selection, become prohibitively expensive.

Data Bias: Limited datasets often undersample specific regions of chemical space,
leading to biased models that overfit common scaffolds or molecular features. Such
bias reduces model robustness and hampers generalization across compound classes,
physical conditions, or functional groups. This is particularly concerning in applications
like materials discovery or catalyst design, where extrapolation is essential. For instance,
in molecular property prediction tasks, even a modest bias in training data, such as the
overrepresentation of small molecules, has been shown to reduce predictive accuracy by
up to 15–20% when tested on larger, more complex compounds [38].

These challenges significantly impact the development of robust machine learning
models in computational chemistry, limiting both the predictive accuracy and the effective-
ness of optimization strategies. Addressing them requires carefully designed mathematical
methods, which are discussed in the following sections.

Mathematical Models for Improving Data Quality

To address challenges associated with data scarcity and quality in computational
chemistry, various mathematical techniques have been developed.

Regularization Techniques: Regularization methods, such as L2 regularization (ridge
regression), add a penalty for large coefficients in the model, leading to simpler and
more generalizable solutions. In the context of neural networks used for chemical prop-
erty prediction, regularization reduces model variance and discourages overfitting to
noisy or small datasets. This is particularly valuable when training on sparse quantum
chemical datasets, where small perturbations in data could lead to unstable or biased
models. The application of L2 regularization has been shown to improve the generalization
ability of chemical models by promoting smoother parameter updates and preventing
overfitting [39,40].

Data Augmentation in Chemical Space: Generating synthetic molecular data using
generative models, such as variational autoencoders (VAEs [41]) or graph neural networks
(GNNs), increases the diversity and volume of available data. These models sample
from a learned latent space to create novel yet chemically valid structures, effectively
enriching the training distribution. For example, the materials graph network (MEGNet)
model has demonstrated improved performance in predicting molecular properties by
leveraging graph-based representations to augment training data [42]. Augmentation not
only mitigates data scarcity but also helps models learn more robust features, reducing
their sensitivity to dataset-specific biases.

Active Learning: This strategy enables models to identify and select the most infor-
mative molecules for annotation, optimizing resource utilization and improving training
efficiency. Instead of randomly choosing training samples, active learning prioritizes
the most uncertain data points, where the model exhibits the highest prediction uncer-
tainty. By focusing on examples where the model struggles the most, such as molecules
with conflicting property predictions or high entropy in the output distribution, active
learning significantly accelerates learning while reducing the number of required anno-
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tated samples. Implementing this approach in chemistry has led to notable improve-
ments in model accuracy, particularly in molecular property prediction and reaction
optimization [43,44]. This trade-off between exploiting known regions of chemical space
and exploring uncertain ones parallels strategies found in global optimization algorithms.

Bayesian Optimization for Data Selection: Utilizing Bayesian optimization to identify
the most valuable data points enables minimization of computational costs. Wu, Walsh,
and Ganose demonstrated how Bayesian optimization can navigate parameter spaces
by iteratively selecting experiments to balance exploration with exploitation [45]. This
approach has been shown to accelerate the discovery of optimal molecules and materials
while reducing the number of required experiments or calculations.

By integrating these mathematical strategies, machine learning models in computa-
tional chemistry can achieve higher accuracy and better generalization, even when faced
with limited or low-quality data.

3.2. Transferability and Generalization

Machine learning models trained on a specific set of molecular systems often struggle
to generalize to new, unseen chemical environments due to variations in molecular repre-
sentation, data distribution, and quantum mechanical effects [46]. The ability to transfer
knowledge from one dataset to another is a crucial requirement for developing robust
models. Generalization ensures that models can make accurate predictions across diverse
chemical domains, but several key challenges hinder this capability:

Limited Extrapolation Capabilities: Neural networks often fail to make accurate
predictions for out-of-distribution molecules, particularly those with significantly different
atomic compositions or electronic properties compared to the training set [47]. This is
because most models are inherently designed to interpolate within the training domain
rather than extrapolate beyond it. As a result, when confronted with molecules that exhibit
novel bonding patterns, unusual charge distributions, or rare functional groups, these
models tend to produce unreliable outputs. The inability to extrapolate limits the practical
application of ML in scenarios such as the discovery of new materials or drugs, where
generalization to unexplored chemical space is essential.

Molecular Representation Bias: The choice of molecular descriptors and embeddings
(e.g., graph-based representations and SMILES encoding) heavily influences how well a
model generalizes [48]. Different representations emphasize different chemical features;
for instance, some may better capture local bonding environments, while others are more
effective at preserving global topology. A model trained on one representation may not
effectively interpret or generalize to molecules encoded differently, introducing a form
of structural bias. Moreover, some representations may obscure key quantum or spatial
information, which further reduces model transferability across tasks or datasets.

Long-Range Interactions and Quantum Effects: Machine learning models frequently
struggle to capture long-range electron correlation and nonlocal quantum effects, which
are essential for accurately predicting chemical reactivity, excited-state dynamics, and
intermolecular interactions [49]. Many models rely on local information or limited neigh-
borhood aggregation, which may omit subtle but significant quantum phenomena such
as polarization or dispersion forces. These limitations are especially problematic in larger
or more flexible molecular systems, where the interplay of distant atomic interactions
significantly influences energy landscapes and reactivity profiles.

Domain Shift in Experimental vs. Simulated Data: Many ML models in chemistry
are trained on simulated datasets, such as DFT-calculated properties, while real-world
applications often require extrapolation to experimental data. This discrepancy, known
as domain shift, can cause significant performance degradation when models transition
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from theoretical calculations to experimental validation [50]. Experimental datasets
may include noise, measurement error, or artifacts not present in clean simulation data,
which introduces a mismatch in data distributions. Consequently, models may appear
highly accurate in silico but fail to replicate their performance when tested under real
experimental conditions.

Taken together, these limitations underscore a fundamental obstacle in the develop-
ment of reliable chemical machine learning models: the inability to consistently generalize
beyond the training domain. To mitigate these challenges, the following section surveys
established mathematical approaches aimed at enhancing generalization across heteroge-
neous chemical spaces and data regimes.

Mathematical Strategies for Improving Generalization

To enhance the generalizability of machine learning models in chemistry, researchers
have explored various mathematical approaches. These strategies address the underlying
causes of poor transferability, such as distribution shifts, representation limitations, and
the lack of physical constraints.

Bayesian Optimization: This method is employed to identify optimal hyperparameters
and neural architecture configurations in a principled, data-efficient manner. By modeling
the uncertainty in the objective function, Bayesian optimization enables efficient explo-
ration of hyperparameter space, which contributes to improved robustness across diverse
chemical datasets and molecular structures [45].

Adversarial Training and Domain Adaptation: These techniques introduce deliberate
perturbations to molecular inputs during training, forcing the model to generalize better
under slight variations. Adversarial examples simulate domain shift scenarios, while
domain adaptation methods explicitly align the feature distributions between source
(training) and target (test) domains. Together, they enhance resilience to out-of-distribution
chemical data and improve real-world applicability [51,52].

Meta-Learning and Few-Shot Learning: These approaches are designed to enable
rapid adaptation to new chemical tasks or molecular families using only a small number of
labeled examples. By learning to generalize from limited data, such models are particularly
useful in low-resource domains where collecting new quantum chemical data is expensive
or impractical. Meta-learning frameworks help models internalize inductive biases that are
transferable across related chemical tasks [53].

Hybrid ML–Physics Models: Combining machine learning with physics-based con-
straints improves extrapolation to molecules beyond the training set. These hybrid models
enhance predictive reliability by incorporating domain knowledge, such as symmetry,
conservation laws, or electronic structure principles, helping ensure that outputs remain
physically meaningful even in out-of-distribution scenarios [54].

However, integrating physical constraints into ML architectures is far from trivial and
presents several implementation challenges. One major difficulty lies in encoding domain-
specific physical laws, such as energy conservation, permutation invariance, or force
fields, into differentiable neural network structures. This often requires extending existing
equivariant neural network architectures to ensure they respect additional symmetry
constraints specific to the task (e.g., energy conservation or force matching), crafting
problem-specific loss functions, or incorporating symbolic terms to preserve quantum
mechanical priors. These approaches demand extensive domain expertise, complicate
model implementation, and hinder transferability to other chemical systems with different
physical characteristics [55]. Furthermore, enforcing these constraints strictly (e.g., through
hard architectural rules) can make optimization more brittle and sensitive to initialization,
while softer regularization-based approaches may compromise physical fidelity in favor
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of smoother convergence [56]. These trade-offs between accuracy, generalizability, and
tractability are still an active area of research in physics-informed ML, particularly in
applications involving quantum chemistry and molecular dynamics.

3.3. Computational Cost vs. Accuracy Trade-Offs

One of the key challenges in ML-driven computational chemistry is balancing high
predictive accuracy with affordable computational cost. Many high-fidelity quantum
chemistry calculations, such as coupled cluster (CCSD(T)) and DFT, require substantial
computational resources, often scaling poorly with system size. As a result, large-scale
applications, such as molecular screening or material discovery, become impractical [57].

The integration of machine learning models aims to alleviate this burden, yet the mod-
els themselves must be carefully designed and trained to avoid excessive computational
overhead. Deep neural networks, while powerful, may involve millions of parameters and
require extensive training data and resources, especially when tailored to quantum-level
accuracy. Furthermore, increasing model complexity does not always yield proportionally
better performance and may even lead to diminishing returns.

This creates a fundamental trade-off: achieving high chemical accuracy often comes
at the cost of computational scalability. Understanding and navigating this trade-off is
essential for the practical deployment of ML in chemistry. It involves careful choices in
model architecture, training protocols, and data selection, which are topics addressed in
the following section.

Optimization Strategies for Cost-Accuracy Trade-Offs

To address the challenge of balancing computational cost and accuracy in machine
learning for computational chemistry, researchers have developed several optimization
strategies that make model training and inference more efficient without significantly
sacrificing performance:

Grid search vs. Bayesian optimization: Selecting appropriate hyperparameters, such
as learning rate, batch size, or network depth, is crucial for controlling both model complex-
ity and resource usage. While traditional grid search exhaustively evaluates combinations
of parameters, this approach quickly becomes infeasible in high-dimensional spaces. In
contrast, Bayesian optimization models the performance landscape and intelligently selects
the most promising configurations to evaluate next. This reduces the number of costly eval-
uations required to find high-performing configurations and is particularly advantageous
when each model training cycle is computationally expensive [58].

While Bayesian optimization has proven advantageous over grid search in many
low- to moderate-dimensional tasks, its performance deteriorates in high-dimensional
hyperparameter spaces, a common setting in deep learning for computational chemistry.
Although BO is valued for its sample efficiency, it suffers from exponentially increased
search complexity and poor surrogate model fidelity as dimensionality grows. For instance,
simulations have shown that when the dimensionality increases from 2D to 3D, the number
of evaluations required to converge to an optimal solution can increase by several hun-
dred iterations, even in synthetic settings for materials synthesis [59]. This combinatorial
explosion is primarily due to the difficulty of accurately modeling acquisition functions
in high-dimensional regimes, which tend to become nearly flat with few distinguishable
optima, hindering effective exploration [60]. As a result, BO may converge to suboptimal
hyperparameters or require prohibitively expensive evaluations, especially when each
function call involves time-consuming simulations or quantum chemistry calculations.

Adaptive learning rate techniques: Gradient-based optimizers like Adam, RMSprop,
and AdaGrad adaptively adjust the learning rate during training by incorporating in-

190



Computation 2025, 13, 169

formation about gradient magnitude and variance over time. These methods accelerate
convergence, prevent oscillations in flat regions of the loss surface, and reduce the number
of iterations needed for model training [5]. In computational chemistry, where each training
iteration might involve large molecular datasets or simulation-derived features, reducing
redundant updates contributes significantly to cost efficiency.

Active learning: Beyond improving data quality, active learning offers a powerful
mechanism to reduce the number of expensive quantum chemistry calculations. By query-
ing only the most informative or uncertain samples, typically those with high prediction
uncertainty, active learning frameworks concentrate resources on cases where model im-
provement is most needed. In reaction screening tasks, this approach has been shown to
reduce the number of DFT evaluations by up to 70% without compromising predictive
performance [61]. Similar efficiency gains have been observed in other domains, such as
potential energy surface estimation and reaction outcome prediction, where active learning
significantly reduces dataset size while preserving target accuracy [44].

While active learning has proven effective in reducing annotation costs by strategically
selecting informative samples, it introduces nontrivial practical overheads. After each
acquisition step, the model must be retrained from scratch or incrementally updated, which
becomes increasingly expensive for deep learning models or ensembles. In computational
chemistry, this cost is compounded by the fact that labeling often requires quantum mechan-
ical simulations or DFT calculations, which are time-consuming and resource-intensive.
Another significant challenge is the design and selection of acquisition functions. Common
strategies such as uncertainty sampling or expected model change may not effectively cap-
ture the diversity and complexity of chemical space. If the acquisition function over-focuses
on uncertain but chemically redundant regions or conversely ignores rare but important
motifs, the result can be suboptimal coverage and wasted computational effort. Tuning
these acquisition functions to reflect both predictive uncertainty and chemical diversity
remains an open and application-specific problem [62].

Low-Fidelity Approximations with Correction Models: Instead of relying solely on
computationally intensive first-principle methods like CCSD(T) or DFT, researchers increas-
ingly adopt multi-fidelity approaches that combine low-cost approximations with learned
correction functions. For instance, semi-empirical methods or low-tier DFT can be used to
generate large datasets at low cost, and models such as Δ-learning or transfer-learning are
trained to learn systematic corrections that map these outputs to high-fidelity results [63].
This enables scalable exploration of chemical space while preserving the accuracy of high-
level quantum mechanical methods.

Together, these strategies exemplify how mathematical and algorithmic optimization
can directly impact the scalability and feasibility of machine learning in chemistry. By
intelligently allocating computational resources and leveraging principled approximations,
researchers can extend the applicability of ML models to larger, more diverse molecular
systems without prohibitive cost.

Generative modeling frameworks: Generative models, such as variational autoen-
coders, generative adversarial networks, and diffusion-based architectures, have shown
great potential for automated molecular design. However, their integration into practical
computational chemistry pipelines is hampered by several technical and domain-specific
challenges. First, generated molecules often fall outside the domain of chemical validity,
producing invalid SMILES strings, unstable molecular graphs, or compounds that violate
basic valence rules. Second, even when chemically valid, many generated candidates are
synthetically infeasible, lacking accessible reaction pathways or requiring costly multistep
synthesis [64]. Third, the objectives optimized during generation, such as latent space
similarity or predicted property scores, may not align with experimentally meaningful
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endpoints, leading to unrealistic or non-functional molecules [65]. Finally, evaluating
each generated structure for target properties (e.g., binding affinity and HOMO-LUMO
gap) typically requires computationally intensive post hoc validation, often involving
quantum mechanical methods like DFT [66]. These bottlenecks make it difficult to scale
generative approaches or incorporate them directly into iterative design–test cycles in
chemistry workflows.

4. Future Directions

Ongoing advances in quantum computing, machine-learned potentials, and large-scale
pretraining signal transformative possibilities for optimization in computational chemistry.
The future development of these technologies promises to address many of the challenges
outlined in this review, including generalization, data scarcity, and computational cost.

Quantum-Classical Hybrid Optimization: Quantum algorithms have already demon-
strated potential in simulating molecular systems, yet their integration with classical ML
workflows remains at an early stage. Future research may focus on hybrid quantum–
classical optimization approaches, where quantum subroutines (e.g., variational quantum
eigensolvers or quantum annealing) are embedded into classical ML pipelines. Such meth-
ods could enable scalable optimization in high-dimensional chemical spaces, improve
sampling, and accelerate hyperparameter tuning for complex models [67].

Machine-Learned Potentials and Transferable Force Fields: Another promising direc-
tion is the development of machine-learned interatomic potentials to improve molecular
simulations. Current ML-driven FFs are limited by training data and accuracy trade-offs,
making it essential to explore transferable and self-improving potential models. Further
development of ML-based energy functions could improve the accuracy and efficiency of
molecular simulations, enabling faster exploration of chemical space while reducing the
reliance on costly quantum chemistry calculations [68].

Optimization for Molecular Discovery and Catalysis: Optimization strategies will
continue to play a central role in inverse design tasks. Bayesian optimization, combined
with graph-based and spectral methods, offers promising avenues for accelerating ligand
design, reaction prediction, and catalyst discovery. The integration of ML with enhanced
sampling techniques, such as metadynamics, may further improve the exploration of
reaction pathways and rare event dynamics [69].

Interpretability and Explainable Models: To foster greater trust and adoption of ML
in scientific domains, models must become more interpretable. Explainability techniques,
such as saliency maps, gradient-based attribution (e.g., Grad-CAM), and attention visual-
ization, can help identify the molecular features most responsible for a model’s predictions,
particularly in tasks like molecular property prediction or drug-likeness evaluation.

Foundation Models and Transfer Learning: Finally, the emergence of large pre-trained
chemical foundation models (e.g., ChemBERTa and OC20) opens the door to flexible, data-
efficient modeling across tasks. These models, trained on extensive chemical corpora,
enable fine-tuning in low-data regimes and enhance cross-domain generalization. Future
work may focus on combining foundation models with optimization pipelines to build
modular and adaptable frameworks for chemical discovery [70,71].

Together, these future directions suggest a path toward more integrated, scalable,
and interpretable frameworks for chemical machine learning. As optimization methods
evolve, their potential synergy with quantum computing, foundation models, and physical
constraints may play a pivotal role in shaping the next generation of predictive tools in
computational chemistry.

Despite these promising directions, several critical challenges remain unresolved in
the field of optimization for chemical machine learning. Key issues include improving
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generalization across chemical space in the presence of biased or sparse data, incorporating
physical constraints into ML architectures without introducing excessive complexity, and
designing active learning strategies that are both efficient and practical to implement.
Furthermore, optimization algorithms such as Bayesian optimization continue to face
scalability barriers in high-dimensional parameter spaces.

We believe that addressing these challenges will require tighter integration between
theoretical model development and experimental validation, as well as hybrid approaches
that combine domain knowledge with data-driven flexibility. In particular, establishing
benchmark datasets and reproducible evaluation frameworks will be essential for compar-
ing methods and driving progress in the field.

5. Conclusions

Mathematical optimization plays a critical role in enhancing machine learning models
for computational chemistry, enabling more accurate, efficient, and scalable predictions of
molecular properties. This review explored key optimization techniques, including stochas-
tic gradient descent, Bayesian optimization, Monte Carlo methods, and spectral approaches,
emphasizing their impact on improving ML performance in chemistry applications.

Despite significant progress, challenges such as data scarcity, model generalization,
and computational cost remain central issues. Advanced mathematical techniques, includ-
ing active learning, meta-learning, and hybrid quantum–classical methods, are emerging as
promising solutions to overcome these limitations. Additionally, the integration of machine
learning with traditional computational chemistry approaches holds great potential for
accelerating chemical discovery.

By framing optimization along three principal targets (model training, hyperparame-
ter tuning, and molecular design) this review provides a unified perspective that connects
general ML methodology with chemistry-specific needs, such as quantum property predic-
tion and force field development. As optimization techniques evolve, aligning methods
with their appropriate targets will be critical to building more robust, transferable, and in-
terpretable chemical ML models. Achieving this will require sustained collaboration across
machine learning, quantum chemistry, and materials science, bringing us closer to practical,
scalable applications in drug discovery, catalyst design, and materials engineering.
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