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Editorial

Nonlinear System Modelling and Control: Trends, Challenges,
and Future Perspectives

Chathura Wanigasekara

Institute of Maritime Technologies and Propulsion Systems, German Aerospace Centre (DLR),
21502 Geesthacht, Germany; chathura.wanigasekara@dlr.de

1. Introduction

Nonlinear systems engineering has undergone a profound transformation with the
rapid development of computational tools and advanced analytical methods. In the past,
engineers often relied on simplified linear approximations or hand-derived models, but
modern computational techniques have become indispensable for modelling, analysing,
and controlling complex nonlinear dynamics [1,2]. As digital computation matured, non-
linear system theory evolved from a mathematically challenging niche to a central pillar of
modern engineering practice. Numerical solvers, symbolic tools, and high-performance
computing environments have enabled rigorous treatment of behaviours such as multi-
stability, bifurcations, saturation effects, time delays, and hybrid dynamics—phenomena
that linear models cannot adequately capture [3]. This shift has transformed how re-
searchers design controllers, predict system responses, and ensure stability in increasingly
complex applications ranging from robotics and energy systems to transportation and
cyber–physical infrastructures [4,5]. By integrating dynamical systems theory, numerical
optimisation, and computational algorithms, nonlinear modelling and control have ma-
tured into a powerful framework capable of addressing challenges that were previously
intractable using classical methods.

Equally transformative has been the rise of optimisation-driven control design within
the field of nonlinear systems [6]. Modern optimisation algorithms allow engineers to
compute control laws that explicitly account for constraints, uncertainties, and nonlin-
earities. While early applications focused on optimal feedback laws for low-dimensional
systems, the field truly accelerated with the development of nonlinear model predictive
control (NMPC), an approach that repeatedly solves finite-horizon optimisation prob-
lems in real time. NMPC has enabled high-performance tracking, safety enforcement,
and constraint handling across a wide variety of systems, from chemical processes and
autonomous vehicles to large-scale energy networks [7]. Foundational contributions in
optimal and predictive control provided systematic ways to handle multivariable nonlinear
systems, while advances in numerical methods and convexification techniques have made
online optimisation far more tractable [8,9]. Over the past two decades, numerous studies
have demonstrated the practical viability of NMPC and related optimisation-based meth-
ods, showing their effectiveness in applications with complex dynamics, strong coupling,
and nonlinearity [10]. Whether implemented through gradient-based solvers, sequential
quadratic programming, or learning-enhanced optimisation, these methods have reshaped
modern control design and continue to inspire new research at the intersection of computa-
tion, control, and decision-making.

In parallel, performance-driven and safety-critical control paradigms have emerged
as modern cornerstones of nonlinear systems engineering, particularly in robotics [11],
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autonomous systems [12], and energy management. These approaches rely on iterative
computational frameworks that enforce stability and safety margins under uncertain or ex-
treme operating conditions. They frequently incorporate nonlinear simulations, Lyapunov
analysis, and probabilistic verification, all of which have become feasible only through
advances in computational power and numerical algorithms. Sophisticated nonlinear
models now capture complex physical interactions, actuator limits, and hybrid transitions
with unprecedented fidelity. From multi-rotor drones and ground robots to flexible energy
assets and distributed microgrids, computationally empowered nonlinear modelling and
control have enabled reliable operation in domains where analytical solutions remain out
of reach [13].

In recent years, the rapid rise of machine learning (ML) and artificial intelligence has
further expanded the toolkit available to the field of nonlinear systems [14,15]. Data-driven
modelling approaches such as neural networks, Koopman-based lifted models, Gaussian
processes, and hybrid physics-informed learning can now approximate complex nonlinear
behaviors that are difficult to capture analytically [16]. ML techniques have gained traction in
tasks such as state estimation, fault diagnosis, adaptive control, and real-time prediction [17].
Unlike classical first-principles modelling, ML models can learn high-dimensional relation-
ships directly from data, making them effective surrogates for computationally expensive
simulation routines [18]. Researchers have used ML to accelerate NMPC computations, com-
pensate for unmodelled disturbances, estimate unknown system parameters, or support
digital twins operating in real time [19]. ML-enhanced models and control schemes are
especially useful for handling sensor noise, unstructured environments, and time-varying
nonlinearities [20]. While challenges remain regarding stability guarantees, interpretability,
and robustness, the integration of AI into nonlinear system modelling and control is rapidly
advancing and reshaping many engineering workflows.

Control-oriented monitoring and diagnosis frameworks also represent one of the
most active research fronts. Modern systems increasingly rely on advanced observer de-
signs, fault detection algorithms, and health-aware control to ensure safe and reliable
operation [21]. With the integration of ML and high-frequency sensor data, these frame-
works can detect anomalies, identify changes in system dynamics, and support predictive
maintenance strategies [22]. Such advancements are essential for autonomous vehicles,
industrial automation, smart grids, and other cyber–physical systems where real-time
decision-making is critical [23]. Their inclusion in this Special Issue reflects the field’s
growing emphasis on bridging online monitoring, computational modelling, and nonlinear
control synthesis.

Another important frontier in nonlinear systems engineering lies in the advancement
of stochastic modelling and robust analysis techniques. Real-world systems are inherently
affected by uncertainties in parameters, disturbances, and environmental conditions, mak-
ing uncertainty quantification and robust control essential components of modern design
workflows [24]. Approaches such as stochastic stability analysis, probabilistic reachability,
and robust MPC provide rigorous ways to account for variability while ensuring perfor-
mance and safety under realistic operating conditions [25,26]. In parallel, high-precision
numerical methods and advanced solvers have improved the accuracy and efficiency
of classical nonlinear analysis techniques, enabling the treatment of multi-scale dynam-
ics, time delays, and hybrid switching behaviours with greater fidelity [27,28]. Together,
these developments underscore the growing importance of computational innovation in
advancing nonlinear system modelling and control.

Motivated by these advancements, this Special Issue, “Nonlinear System Modelling
and Control”, was conceived to showcase recent developments and emerging applica-
tions at the forefront of the field. The call for papers invited contributions across a broad
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spectrum of topics, including nonlinear modelling frameworks, advanced control strate-
gies, distributed and networked control, observer and estimation methods, learning-based
approaches, and applications in robotics, energy systems, electric drives, autonomous sys-
tems, and other complex engineering domains. Nine peer-reviewed papers that highlight
important research trends are included in this Special Issue. These contributions address a
wide range of topics, including advanced nonlinear modelling and estimation techniques,
robust and adaptive controllers for uncertain systems, optimisation-based and data-driven
methods for real-time control, and application-oriented studies that demonstrate the prac-
tical value of nonlinear system theory in modern engineering. In the following sections,
we summarise each contribution to this Special Issue, situating its significance within the
broader evolution of nonlinear system modelling and control.

2. Overview of the Special Issue

This Special Issue brings together nine diverse and insightful contributions that reflect
the growing depth and breadth of research in nonlinear system modelling and control.

Contribution 1 ([29]). A Finite-Time Extended State Observer with Prediction Error Compensa-
tion for PMSM Control.

This paper proposes a finite-time extended state observer (FTESO) integrated with
model predictive control (MPC) for high-performance control of permanent magnet syn-
chronous motors (PMSMs). A disturbance-aware predictive model is constructed by
incorporating lumped disturbances into the PMSM current equations, addressing load
fluctuations and parameter uncertainties. The FTESO, designed with nonlinear gains
and Lyapunov stability, ensures rapid disturbance estimation and is embedded into a
feedforward-compensated MPC with a composite cost function considering current error
and voltage increment. Simulations show that under sudden load disturbances, FTESO-
MPC achieves faster recovery and a smaller steady-state error than LESO-MPC; when
inductance triples, FTESO-MPC maintains smooth convergence, whereas LESO-MPC ex-
hibits oscillations with d-axis current peaks near 200 A. Under resistance or flux variations,
FTESO-MPC sustains stable regulation with less ripple, confirming its superior tracking
accuracy and robustness compared to LESO-MPC.

Contribution 2 ([30]). An Energy Saving MTPA-Based Model Predictive Control Strategy for
PMSM in Electric Vehicles Under Variable Load Conditions.

To promote energy efficiency and support sustainable electric transportation, this study
addresses the challenge of real-time and energy-optimal control of permanent magnet syn-
chronous motors (PMSMs) in electric vehicles operating under variable load conditions,
proposing a novel Laguerre-based model predictive control (MPC) strategy integrated with
maximum torque per ampere (MTPA) operation. Traditional MPC methods often suffer
from limited prediction horizons and high computational burden when handling strong
coupling and time-varying loads, compromising real-time performance. To overcome these
limitations, a Laguerre function approximation is employed to model the dynamic evolu-
tion of control increments using a set of orthogonal basis functions, effectively reducing the
control dimensionality while accelerating convergence. Furthermore, to enhance energy
efficiency, the MTPA strategy is embedded by reformulating the current allocation process
using d- and q-axis current variables and deriving equivalent reference currents to simplify
the optimisation structure. A cost function is designed to simultaneously ensure current
accuracy and achieve maximum torque per unit current. The simulation results under
typical electric vehicle conditions demonstrate that the proposed Laguerre-MTPA MPC con-
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troller significantly improves steady-state performance, reduces energy consumption, and
ensures faster response to load disturbances compared to traditional MTPA-based control
schemes. This work provides a practical and scalable control framework for energy-saving
applications in sustainable electric transportation systems.

Contribution 3 ([31]). Advanced Deep Learning Framework for Predicting the Remaining Useful
Life of Nissan Leaf Generation 01 Lithium-Ion Battery Modules.

Accurate estimation of the remaining useful life (RUL) of lithium-ion batteries (LIBs)
is essential for ensuring safety and enabling effective battery health management systems.
To address this challenge, data-driven solutions leveraging advanced machine learning and
deep learning techniques have been developed. This study introduces a novel framework,
Deep Neural Networks with Memory Features (DNNwMF), for predicting the RUL of
LIBs. The integration of memory features significantly enhances the model’s accuracy, and
an autoencoder is incorporated to optimize the feature representation. The focus of this
work is on feature engineering and uncovering hidden patterns in the data. The proposed
model was trained and tested using lithium-ion battery cycle life datasets from NASA’s
Prognostic Centre of Excellence and CALCE Lab. The optimized framework achieved an
impressive RMSE of 6.61%, and with suitable modifications, the DNN model demonstrated
a prediction accuracy of 92.11% for test data, which was used to estimate the RUL of Nissan
Leaf Gen 01 battery modules.

Contribution 4 ([32]). Subsequential Continuity in Neutrosophic Metric Space with Applications.

This paper introduces two concepts, subcompatibility and subsequential continuity,
which are, respectively, weaker than the existing concepts of occasionally weak compat-
ibility and reciprocal continuity. These concepts are studied within the framework of
neutrosophic metric spaces. Using these ideas, a common fixed point theorem is developed
for a system involving four maps. Furthermore, the results are applied to solve the Volterra
integral equation, demonstrating the practical use of these findings in neutrosophic metric
spaces. These results provide foundational tools that can inform modelling, estimation,
and stability analysis in practical nonlinear control applications.

Contribution 5 ([33]). FPGA Implementation of Synergetic Controller-Based MPPT Algorithm
for a Standalone PV System.

Photovoltaic (PV) energy is gaining traction due to its direct conversion of sunlight to
electricity without harming the environment. It is simple to install, adaptable in size, and
has low operational costs. The power output of PV modules varies with solar radiation and
cell temperature. To optimize system efficiency, it is crucial to track the PV array’s maximum
power point. This paper presents a novel fixed-point FPGA design of a nonlinear maximum
power point tracking (MPPT) controller based on synergetic control theory for autonomous
standalone photovoltaic systems. The proposed solution addresses the chattering issue
associated with the sliding mode controller by introducing a new strategy that generates a
continuous control law rather than a switching term. Because it requires a lower sample
rate when switching to the invariant manifold, its controlled switching frequency makes
it better suited for digital applications. The suggested algorithm is first emulated to
evaluate its performance, robustness, and efficacy under a standard benchmarked MPPT
efficiency calculation regime. FPGA has been used for its capability to handle high-speed
control tasks more efficiently than traditional micro-controller-based systems. The high-
speed response is critical for applications where rapid adaptation to changing conditions,
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such as fluctuating solar irradiance and temperature levels, is necessary. To validate the
effectiveness of the implemented synergetic controller, the system responses under variant
meteorological conditions have been analysed. The results reveal that the synergetic control
algorithm provides smooth and precise MPPT.

Contribution 6 ([34]). Model Predictive Control of Spatially Distributed Systems with Spatio-
Temporal Logic Specifications.

In this paper, for spatially distributed systems, we propose a new method of model
predictive control with spatio-temporal logic specifications. We formulate the finite-time
control problem with specifications described by SSTLf (signal spatio-temporal logic over
finite traces) formulas. In the problem formulation, the feasibility is guaranteed by repre-
senting control specifications as a penalty in the cost function. Time-varying weights in
the cost function are introduced to satisfy control specifications. The finite-time control
problem can be written as a mixed integer programming (MIP) problem. According to the
policy of model predictive control (MPC), the control input can be generated by solving the
finite-time control problem at each discrete time. The effectiveness of the proposed method
is presented through a numerical example.

Contribution 7 ([35]). The Effect of Proportional, Proportional-Integral, and Proportional-
Integral-Derivative Controllers on Improving the Performance of Torsional Vibrations on a Dynam-
ical System.

The primary goal of this research is to lessen the high vibration that the model causes
by using an appropriate vibration control. Thus, we begin by implementing various
controller types to investigate their impact on the system’s reaction and evaluate each
control’s outcomes. The controller types are presented as proportional (P), proportional–
integral (PI), and proportional–integral–derivative (PID) controllers. PID control was
employed to regulate the torsional vibration behaviour on a dynamical system. The PID
controller aims to increase system stability after seeing the impact of P and PI control. This
kind of control ensures that there are no unstable components in the system. By using the
multiple-time-scale perturbation (MTSP) technique, a first-order approximate solution has
been obtained. Using the frequency response function approach, the stability and steady-
state response of the system under the primary resonance condition, representing the
worst-case resonance, are addressed. The nonlinear dynamical system’s chaotic response
and the numerical solution for various parameter values are also addressed. MATLAB
programs are utilized to attain simulation outcomes.

Contribution 8 ([36]). Assessment of computational tools for analysing the observability and
accessibility of nonlinear models.

Accessibility and observability are two properties of dynamic models that provide
insights into the structural relationships between their input, output, and state variables.
They are closely related to controllability and structural local identifiability, respectively.
Observability and identifiability determine, respectively, the possibility of inferring the
unmeasured state variables and parameters of a model from output measurements; ac-
cessibility and controllability describe the possibility of driving its state by changing its
input. Analysing these structural properties in nonlinear models of ordinary differential
equations can be challenging, particularly when dealing with large systems. Two main
approaches are currently used for their study: one based on differential geometry, which
uses symbolic computation, and another one based on sensitivity calculations, which use
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numerical integration. These approaches are implemented in two MATLAB software tools:
the differential geometry approach in STRIKE-GOLDD, and the sensitivity-based method
in StrucID. These toolboxes differ significantly in their features and capabilities. Until now,
their performance had not been thoroughly compared. This paper present a comprehensive
comparative study of these two approaches, elucidating their differences in applicability,
computational efficiency, and robustness compared to computational issues. Our core
finding is that StrucID has a substantially lower computational cost than STRIKE-GOLDD;
however, it may occasionally yield inconsistent results due to numerical issues.

Contribution 9 ([37]). Approximate Analytical Solutions of Nonlinear Jerk Equations Using the
Parameter Expansion Method.

The parameter expansion method (PEM) is employed to study nonlinear Jerk equa-
tions, which are often difficult to solve because of their strong nonlinearity. This method
provides higher accuracy and broader applicability, enabling analytical insights and closed
form approximations. This study explores the use of Prof. J. H. He’s PEM to derive approx-
imate analytical solutions of the nonlinear third-order Jerk equation, a model commonly
encountered in the analysis of complex dynamical systems across physics and engineering.
Owing to the strong nonlinearity inherent in Jerk-type equations, exact solutions are often
unattainable. The PEM provides a simple, effective framework by expanding the solution
with respect to an embedding parameter, allowing accurate approximations without the
need of small parameters or linearisation. The method’s reliability and precision are val-
idated through comparisons with numerical simulations, demonstrating its practicality
and robustness for tackling nonlinear problems. It is found that the parameter expansion
method yields highly accurate approximate solutions for the nonlinear third-order Jerk
equation, closely matching numerical simulations and outperforming several alternative
analytical techniques in terms of simplicity and effectiveness. The approximate solutions de-
rived using this method offer insights that can help control practitioners, simplify nonlinear
models, and support robust controller or observer design.

3. Emerging Themes in Nonlinear System Modelling and Control

Although the contributions in this Special Issue span a wide range of systems, method-
ologies, and application domains, several unifying themes emerge across them. Taken
together, the papers reveal how modern nonlinear modelling and control increasingly
integrate data-driven methods, advanced observers, predictive and optimisation-based
frameworks, and rigorous analytical tools to address uncertainty, complexity, and real-time
constraints. The following subsections synthesise these cross-cutting ideas highlighting
common modelling philosophies, control strategies, and application trends that collectively
characterise current developments in nonlinear system research. Note that the themes
discussed in the following sections reflect the contributions of this Special Issue and are not
meant to represent a comprehensive survey of all modelling and control approaches for
nonlinear systems. Some trade-offs are evident across the contributions. Controllers that
achieve high performance or fast disturbance rejection often require more computation,
while methods designed for real-time implementation may simplify models and reduce
predictive accuracy. Data-driven approaches offer adaptability but must balance robustness
and interpretability. Highlighting these trade-offs helps readers understand the practical
strengths and limitations of the presented works.

Across these contributions, clear trade-offs emerge. For example, methods that achieve
high control performance or rapid disturbance rejection often require higher computa-
tional effort or more complex observers, while approaches that emphasise real-time im-
plementability sometimes sacrifice modelling fidelity or predictive accuracy. Similarly,
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data-driven models and learning-enhanced controllers offer flexibility and adaptability
but must balance interpretability, robustness, and stability guarantees. Highlighting these
complementary strengths and limitations helps contextualise the contributions and pro-
vides readers with a practical understanding of the design decisions inherent in modern
nonlinear system modelling and control.

3.1. Modelling Approaches

A variety of modelling paradigms are represented in this Special Issue, reflecting the
diversity of nonlinear systems seen in modern engineering and applied science. Several con-
tributions advance data-driven and hybrid modelling, where computational and learning-
based tools supplement classical physics-based models. For example, the deep neural
network with memory features for lithium-ion battery prognosis demonstrates how latent
representations and feature-enhanced learning can uncover degradation patterns not easily
captured by first-principles models. Similarly, the fractional fixed-point and neutrosophic-
metric-space formulation for solving Volterra equations highlights the emergence of hybrid
mathematical frameworks that blend nonlinear analysis with uncertainty-aware modelling.

Reduced-order and structure-aware models appear prominently as well. Works fo-
cusing on structural observability and identifiability provide computational tools to assess
whether complex nonlinear models can support reliable state and parameter estimation.
Such studies are essential for large-scale systems where full-order modelling becomes
intractable. Likewise, the parameter expansion method applied to nonlinear Jerk equations
shows how analytical approximations can derive tractable surrogate models that retain
essential nonlinear behaviour.

Across several papers, explicit treatment of uncertainties, disturbances, and parameter
variations is a central theme. The finite-time extended state observer for PMSMs models
lumped disturbances directly, enabling robust current prediction despite load changes and
parameter drift. In energy systems, irradiance variability is captured through nonlinear
MPPT models designed for digital hardware, emphasising the need for models that reflect
fast-changing environmental conditions.

These modelling approaches align strongly with the computational focus of the journal:
they rely on numerical optimisation, nonlinear solvers, embedded digital implementation,
or simulation-driven evaluation. Collectively, the modelling contributions in the Special
Issue illustrate the growing trend of integrating advanced numerical methods, machine
learning, and rigorous nonlinear analysis to produce models that are accurate, uncertainty-
aware, and suitable for real-time control.

3.2. Control Strategies

The contributions to this Special Issue illustrate several complementary nonlinear con-
trol strategies, each designed to address robustness, performance, and implementability in
different application domains. Many papers focus on robust and adaptive control, tackling
challenges such as parameter drift, disturbances, and strong nonlinear coupling. The finite-
time ESO–MPC controller for PMSMs, for instance, uses a nonlinear disturbance observer
to compensate for sudden load changes, achieving fast recovery and improved steady-state
accuracy. Likewise, the Laguerre-based MPC method reduces the computational burden of
long-horizon optimisation, enabling energy-efficient control in electric vehicle drives.

Nonlinear model predictive control (MPC) appears prominently in both methodologi-
cal and application-driven settings. Beyond electric drive systems, one contribution formu-
lates an MPC framework grounded in spatio-temporal logic specifications, demonstrating
how logical constraints can be embedded into mixed-integer predictive optimisation for
distributed spatial processes.
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Other papers highlight continuous nonlinear control laws such as synergetic control for
photovoltaic MPPT and PID-based vibration suppression. The synergetic MPPT controller
offers a smooth alternative to classic sliding-mode methods, reducing chattering while
preserving robustness under irradiance fluctuations. The PID vibration control study
emphasises the importance of classical nonlinear control analysis resonance response,
stability boundaries, and chaotic behaviour analysis within high-speed mechanical systems.

Several contributions push the boundary in terms of linking nonlinear control with
computation, such as FPGA-based implementations, optimisation-enhanced observers, or
hybrid control frameworks for epidemiological systems. Across the papers, the trade-offs
between performance, robustness, computational complexity, and real-time feasibility
remain central. Collectively, these works demonstrate that modern nonlinear control is in-
creasingly characterised by a careful synthesis of rigorous analysis, algorithmic innovation,
and hardware-aware design.

3.3. Applications and Case Studies

Beyond methodological advances, the Special Issue highlights the broad reach of nonlin-
ear modelling and control across several impactful application domains. Power and energy
systems feature prominently, with contributions on photovoltaic MPPT under variable irradi-
ance, nonlinear control of PMSM electric drives, and lithium-ion battery health prognostics.
These systems are inherently nonlinear due to electromagnetic coupling, temperature effects,
and complex electrochemical dynamics. The presented control strategies ranging from predic-
tive control to synergetic and observer-based schemes demonstrate how nonlinear methods
can enable higher energy efficiency, reliability, and real-time adaptability.

Transportation and electrified mobility applications appear through advanced control
of PMSMs in electric vehicles and investigations relevant to maritime and autonomous
systems via battery prognostics and digital twin-inspired modelling frameworks. These
contributions underscore the importance of nonlinear control in ensuring safe, efficient,
and disturbance-resilient operation in dynamic environments.

This Special Issue also includes application studies in mechanical systems, where
PID-based vibration control is validated through analysis of resonance, stability, and
chaotic behaviour. Across the applications, validation ranges from detailed numerical
experiments to FPGA-based hardware tests and real-world datasets. Collectively, these
case studies highlight the significance and applicability of nonlinear modelling and control
in addressing real-world challenges related to safety, sustainability, and resilience.

4. Bridging Theory, Computation, and Real-World Deployment

The contributions in this Special Issue collectively underline the increasingly critical
link between theoretical nonlinear systems research, computational tools, and practical
deployment in real-world systems. Across many papers, the role of advanced numerical
methods and optimisation frameworks is explicit. Model predictive control relies on
efficient solvers, mixed-integer programming, and reduced-order parametrisations such
as Laguerre functions to satisfy real-time requirements. Nonlinear observers, such as
finite-time ESOs, also depend on careful numerical tuning and stability analysis to perform
reliably under rapidly varying conditions.

The synergy between high-fidelity models and real-time feasibility is a recurring theme.
Battery RUL estimation and MPPT control demonstrate how learning-enhanced or syner-
getic models can produce accurate predictions while remaining computationally tractable
for deployment on embedded platforms. FPGA-based implementation of nonlinear con-
trollers further highlights the importance of hardware-aware design, where sampling rates,
fixed-point arithmetic, and power constraints shape the controller architecture.
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Several contributions align with the broader vision of digital twin systems, where
accurate modelling, estimation, and prediction enable online monitoring and decision sup-
port. Although digital twins are not explicitly developed in the papers, many contributions
such as battery ageing models, observer-based PMSM estimation, and spatio-temporal
logic MPC provide the foundational elements necessary for building real-time intelligent
system representations.

Time delays, communication constraints, and robustness are addressed in MPC, ob-
server design, and parameter identification studies. These factors are essential for cy-
ber–physical systems such as electric transportation, renewable energy assets, and dis-
tributed sensing networks. This Special Issue reinforces that nonlinear modelling and
control sit at the core of efficient, safe, and sustainable operation. As systems become more
electrified and interconnected, the need for robust nonlinear models, real-time observers,
and predictive controllers will continue to grow. The contributions in this issue illustrate
the increasing integration of theory, computation, and practical implementation, moving
the field closer to dependable and intelligent real-world nonlinear control systems.

5. Open Challenges and Future Directions

While the papers in this Special Issue make significant advances, several open prob-
lems remain at the frontier of nonlinear system modelling and control. Scalability remains
a central challenge, particularly for large-scale nonlinear systems such as multi-energy net-
works, autonomous-vehicle fleets, or epidemiological systems with spatial heterogeneity.
Methods such as spatio-temporal logic MPC and structural identifiability analysis offer
promising directions, but further progress is needed to extend nonlinear control to systems
with high dimensionality and interconnection complexity.

Building on these challenges, several near-term research priorities emerge in the field
of nonlinear systems. These include improving scalability and computational efficiency for
high-dimensional and interconnected systems; integrating robust and learning-enabled con-
trol while ensuring stability, interpretability, and safety; and developing hardware-aware
real-time implementations for embedded platforms or FPGAs. Establishing standardised
benchmarking protocols and openly available datasets such as battery cycle-life datasets
for predictive control or PV system datasets for MPPT evaluation can further accelerate
progress and enable systematic comparison of new methods.

Robustness under uncertainty continues to be an important concern. The papers in
this issue highlight the impact of parameter variability, disturbances, and environmental
fluctuations. The finite-time observer and synergetic MPPT controller address these aspects,
but a more unified framework that integrates robust optimisation, adaptive estimation, and
stochastic modelling remains an open direction. The integration of learning-enabled control
presents opportunities and risks. Battery RUL estimation demonstrates the power of deep
learning for complex nonlinear systems, but ensuring stability, safety, and interpretability
in learning-based controllers remains a challenge. Safe reinforcement learning, certifiable
neural-network approximations, and verifiable learning architectures represent promising
research avenues. Hybrid and cyber–physical systems pose ongoing challenges due to
switching dynamics, mode-dependent behaviours, and digital/physical interaction layers.
Applications such as vibration control and epidemiological modelling show the impor-
tance of addressing nonlinear dynamics under changing conditions. Future work must
consider cyber-security, resilience to sensor and communication attacks, and fault-tolerant
nonlinear control. Achieving real-time computation for advanced nonlinear control laws is
another critical area. MPC with spatio-temporal logic, high-order observers, and nonlinear
optimisation must meet tight computational budgets on embedded or resource-constrained
hardware. Research in algorithmic acceleration, reduced-order models, surrogate solvers,
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and hardware-aware control code generation will remain crucial. Finally, the field lacks
standardised benchmarks and openly available datasets for the systematic evaluation of
competing nonlinear modelling and control methods. While existing battery and power
electronics datasets provide useful starting points, the development of broader, community-
accepted benchmarks would significantly enhance comparability and accelerate progress.
From a societal perspective, nonlinear modelling and control will play a key role in address-
ing sustainability, energy transition, and resilient infrastructure. Electrified transportation,
renewable generation, and smart autonomous systems all rely on accurate nonlinear models
and robust controllers. The contributions in this Special Issue point toward these broader
impacts and motivate continued innovation in the years to come.

6. Concluding Remarks

This Special Issue on “Nonlinear System Modelling and Control” presented nine
contributions advancing the theory, computation, and applications of nonlinear systems,
spanning topics such as advanced observers, model predictive and vibration control, MPPT
design, identifiability analysis, learning-based battery prognosis, and analytical methods for
nonlinear differential equations. Common themes include the integration of physics-based
and data-driven modelling, control strategies balancing robustness and computational
feasibility, and applications across energy systems, electrified transport, and mechanical
systems, while also highlighting ongoing challenges in scalability, real-time implementation,
uncertainty management, and the reliable deployment of learning-enabled controllers.

We thank the authors, reviewers, and editorial team for their support and hope this
collection stimulates continued research and collaboration in the field of nonlinear systems.
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Abstract

The Parameter Expansion Method (PEM) is employed to study nonlinear Jerk equations,
which are often difficult to solve because of their strong nonlinearity. This method provides
higher accuracy and broader applicability, enabling analytical insights and closed-form
approximations. This study explores the use of Prof. He’s PEM to derive approximate
analytical solutions of the nonlinear third-order Jerk equation, this model is commonly
encountered in the analysis of complex dynamical systems across physics and engineering.
Owing to the strong nonlinearity inherent in Jerk equations, exact solutions are often
unattainable. The PEM provides a simple, effective framework by expanding the solution
with respect to an embedding parameter, allowing accurate approximations without the
need of small parameters or linearization. The method’s reliability and precision are
validated through comparisons with numerical simulations, demonstrating its practicality
and robustness in tackling nonlinear problems. The results indicate that PEM provides
highly accurate approximations of nonlinear Jerk equation, showcasing greater simplicity
and efficiency relative to other analytical methods, along with excellent concordance with
numerical simulations. Additionally, the nonlinear Jerk equation demonstrates exact
approximate solutions via PEM, closely mirroring numerical results and surpassing several
contemporary analytical techniques in efficiency and usability. Furthermore, the study
indicates that PEM is a straightforward and effective approach in solving nonlinear Jerk
equation. It generates accurate estimates that nearly align with numerical simulations and
surpass numerous other analytical methods.

Keywords: Jerk equation; analytical and numerical solutions; conservative oscillators;
cantilever beam

1. Introduction

Nonlinear third-order differential equations play a significant role in modeling a
wide range of physical and engineering systems, particularly those involving higher-order
dynamics such as Jerk (a third-order derivative of displacement), which is essential in
characterizing smooth transitions in acceleration. There are several key applications of
nonlinear Jerk equations across various fields, such as robotics, motion control, vehicle
dynamics, biomechanics, structural engineering, plasma physics, nonlinear circuits, dy-
namical systems, MEMS/NEMS devices, and seismology [1–3]. Due to their inherent
nonlinearity and higher order, exact analytical solutions of such equations are often difficult
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or impossible to achieve. Traditional techniques such as perturbation methods have been
widely applied to solve weakly nonlinear differential equations [4]. However, their effec-
tiveness diminishes when dealing with strongly nonlinear problems. This has motivated
the development of alternative analytical and semi-analytical approaches capable of han-
dling stronger nonlinearities without requiring small parameters. Among these, He’s PEM
has emerged as a simple yet powerful analytical tool [5,6]. The PEM constructs approximate
solutions by expanding the response in terms of an artificial parameter, enabling effective
handling of nonlinearities with minimal computational effort.

Analytical solutions of nonlinear Jerk equations are infrequently obtainable due to the
strong nonlinearity inherent in their structure. Consequently, researchers have developed
various analytical and semi-analytical methods to approximate periodic solutions and
analyze system dynamics [7–10]. More specifically, Wang et al. [11] applied He’s PEM
to obtain analytical solutions of nonlinear Jerk equations. Hu [12] applied the Lindstedt–
Poincaré perturbation method to a class of nonlinear Jerk equations, deriving approximate
frequency–amplitude relations of systems with cubic nonlinearity. Similarly, Ma et al. [13]
employed He’s Homotopy perturbation method (HPM) to obtain analytical approximations
of Jerk oscillators, accomplishing results that agreed well with numerical simulations. In
an effort to enhance flexibility and accuracy, Marinca et al. [14] introduced the optimal
auxiliary functions method to tackle nonlinear Jerk systems, effectively reducing residual
errors through optimally selected auxiliary terms. Hu et al. [15] proposed a modified
Mickens iteration procedure to handle nonlinear Jerk equations, which demonstrated rapid
convergence and accurate estimation of periodic solutions, even of strongly nonlinear cases.
Ramos [16] applied the Lindstedt–Poincaré method to analyze Jerk equations. While Leung
and Guo [17] applied the residue harmonic balance approach. Ismail and Abu-Zinadah [18]
extend the global error minimization method to obtain analytic approximations of nonlinear
Jerk equations. El-Dib [19,20] used the non-perturbative approach and Galerkin’s method,
respectively, to solve the nonlinear Jerk oscillator.

More recently, Ismail and Yamani [21] presented a hybrid approach based on the
Modified Iteration Method and He’s PEM, offering an efficient framework for solving
complex Jerk equations without resorting to linearization or small parameter assumptions.
Nonlinear Jerk equations, when examined through PEM, possess significant experimental
and practical applications in science and engineering. In mechanical systems, Jerk equations
are essential in creating smoother motion profiles in robotics, computer numerical control
(CNC) machining, and transportation systems, as abrupt changes in acceleration can
lead to wear, vibration, or discomfort. Nonlinear Jerk models in electrical engineering
characterize specific chaotic oscillators and nonlinear circuits, facilitating the advancement
of secure communication systems and signal processing devices. In biomechanics, Jerk is
significant in modeling human or animal movement, contributing to ergonomic design,
prosthetics, and sports performance analysis. The PEM improves these applications by
delivering precise analytical approximations that can be empirically tested, diminishing
dependence on solely numerical simulations and facilitating real-time implementation
in control systems. In experimental contexts, PEM-based models facilitate parameter
optimization, forecast system behavior under diverse conditions, and enhance designs
for stability and performance, serving as a potent instrument in connecting theoretical
nonlinear dynamics with practical breakthroughs.

The present study aims to explore the application of PEM to a class of nonlinear third-
order differential equations, often referred to as Jerk equations. The focus is on deriving
accurate approximate solutions and comparing them with the known results to demonstrate
the method’s efficiency, reliability, and simplicity. The findings contribute to the growing

https://doi.org/10.3390/computation1401001714



Computation 2026, 14, 17

body of literature on analytical methods of nonlinear systems, offering a valuable tool for
researchers who working with higher-order nonlinear differential equations.

Jerk equations feature complex displacement–velocity–acceleration coupling and
high-order nonlinearities that complicate their analysis. This study is very significant
to demonstrate the systematic application of PEM to derive highly accurate analytical
approximations of strongly nonlinear Jerk equations. The PEM solutions not only match
numerical simulations with remarkable precision, but also successfully capture elusive phe-
nomena like amplitude-dependent frequency shifts and higher-harmonic content features
that often missed by traditional perturbation methods. These findings establish PEM as an
efficient and reliable analytical tool in exploring Jerk equations in various engineering and
physical contexts.

To crystallize the presentation of the paper, its remainder is organized as follows:
Section 2 is devoted to introducing the implementation of PEM. This section involves two
special cases. The results and discussion are presented in Section 3. Lastly, the conclusions
are presented in Section 4.

2. Implementation of PEM

The general third-order nonlinear Jerk equation, according to Gottlieb [22], can be
described as

...
x + α

.
x + β

.
x3

+ γx2 .
x − δx

.
x

..
x + μ

.
x

..
x2

= 0, (1)

with the initial conditions of

x(0) = 0,
.
x(0) = A,

..
x(0) = 0. (2)

Equation (1) is highly versatile. It applies to mechanical vibrations, nonlinear circuits,
chaos theory, control and robotics, human motion, biomechanics, and aerospace systems.

According to PEM [23,24], the solution is expanded in a series of artificial parameters,
p, in the following form:

x = x0 + px1 + p2x2 + · · · , (3)

in which the parameter α, β, γ, δ, and μ can be expanded as x in Equation (3):

α = ω2 + pω1 + p2ω2 + · · · , (4)

β = pa1 + p2a2 + · · · , (5)

γ = pb1 + p2b2 + · · · , (6)

δ = pc1 + p2c2 + · · · , (7)

μ = pd1 + p2d2 + · · · . (8)

Substituting Equations (3)–(8) into Equation (1) and equating the terms of the identical
powers of p, we have

...
x 0 + ω2 .

x0 = 0, (9)

...
x 1 + ω2 .

x1 + b1
.
x0x2

0 + ω1
.
x0 + a1

.
x3

0 − c1x0
.
x0

..
x0 + d1

.
x0

..
x2

0 = 0, (10)
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...
x 2 + ω2 .

x2 + b12x0x1
.
x0 + b2x2

0
.
x0 + ω2

.
x0 + a2

.
x3

0 + b1x2
0

.
x1 + ω1

.
x1 + 3a1

.
x2

0
.
x1 − c1x1

.
x0

..
x0 − c2x0

.
x0

..
x0

−c1x0
.
x0

..
x0 + d2

.
x0

..
x2

0 + d1
.
x1

..
x2

0 − c1x0
.
x0

..
x1 + 2d2

.
x0

..
x0

..
x1 = 0.

(11)

The solution of Equation (9), in light of the initial conditions, is given as

x0 =
A
ω

sin(ωt). (12)

Substituting Equation (12) into Equation (10), then solving the results after eliminating
the secular terms, we obtain the following:

x1 = A3
(

a1

96ω3 − b1

96ω5 +
c1

96ω3 − d1

96ω

)
sin(3ωt), (13)

ω1 = − A2(3ω2a1 + b1 − ω2c1 + ω4d1
)

4ω2 . (14)

Similar to the previous step, we can obtain x2 and ω2 in the same manner:

x2 =
(

A5a2
1

512ω5 +
A3a2
96ω3 − A5a1b1

768ω7 − A5b2
1

1536ω9 − A3b2
96ω5 +

A5a1c1
384ω5 +

A5c2
1

1536ω5 − A3c2
96ω3 − A5a1d1

768ω3 − A5b1d1
768ω5 − A5d2

1
1536ω − A3d2

96ω +

A3a1ω1
768ω5 − A3b1ω1

768ω7 + A3c1ω1
768ω5 − A3d1ω1

768ω3

)
Sin(3ωt) +

(
A5a2

1
5120ω5 − 7A5a1b1

23,040ω7 +
A5b2

1
9216ω9 − A5a1c1

11,520ω5 +
A5b1c1
5760ω7 − 13A5c2

1
46,080ω5 −

A5a1d1
1536ω3 +

13A5b1d1
23,040ω5 − A5c1d1

5760ω3 +
7A5d2

1
15,360ω

)
sin(5ωt).

(15)

ω2 = 1
384ω6 A2(−9A2ω4a2

1 − 288ω6a2 + 10A2ω2a1b1 − A2b2
1 − 96ω4b2 − 16A2ω4a1c1 + 8A2ω2b1c1

−7A2ω4c2
1 − 96ω6c2 − 6A2ω6a1d1 + 14A2ω4b1d1 − 8A2ω6c1d1 + 15A2ω8d2

1 − 96ω8d2).
(16)

The higher-order approximate solutions to Equation (1) for x(t) and ω can be estab-
lished in a similar manner.

Now, we shall study some different relevant cases considering main Equation (1).

2.1. Special Case 1: Jerk Equation Based on Displacement–Velocity–Acceleration Interaction

Putting β = γ = μ = 0, and α = δ = 1, in Equation (1), we obtain the Jerk function
involving displacement–velocity–acceleration product and velocity term in the following
form [22]:

...
x +

.
x − x

.
x

..
x = 0, x(0) = 0,

.
x(0) = A,

..
x(0) = 0. (17)

Equation (17) describes a system where a competition between linear velocity effects
and a nonlinear product of displacement, velocity, and acceleration governs the rate of
change in acceleration (Jerk). This makes it a model for nonlinear oscillators with strong
displacement–velocity–acceleration coupling, relevant in mechanical vibrations, nonlinear
circuits, and complex dynamical systems.

Inserting Equations (3), (4) and (7) into Equation (17), a new trial function is proposed
for the first-order approximation as

...
x 0 + ω2 .

x0 = 0, (18)

...
x 1 + ω2 .

x1 + ω1
.
x0 − c1x0

.
x0

..
x0 = 0, (19)

...
x 2 + ω2 .

x2 + ω2
.
x0 + ω1

.
x1 − c1x1

.
x0

..
x0 − c2x0

.
x0

..
x0 − c1x0

.
x1

..
x1 − c1x0

.
x0

..
x1 = 0. (20)
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A new trial function is proposed for the first-order approximation, Equation (18), as

x0(t) =
A
ω

sin ωt. (21)

Substituting Equation (21) into Equation (19), we can write

...
x 1 + ω2 .

x1 +
1
4
(A3c1 + 4Aω1)cos(ωt)− 1

4
A3c1cos (3ωt) = 0. (22)

Solving the above results after eliminating the secular term, and choosing c1 = 0 and
c2 = 0, we obtain

x1(t) = − A3

96ω3 sin(3ωt), ω1 = −1
4

A2, (23)

x2(t) = − A5

3072ω5 sin(3ωt) +
13A5

46, 080ω5 sin(5ωt), ω2 =
7A4

384ω2 . (24)

Applying the same procedure, we can find x3, x4, . . . and so on.
Now using Equations (21), (23) and (24), we obtain the third-order solution for x(t),

as follows

x(t) =
A
ω

sin (ωt)−
(

A3

96ω3 +
A5

3072ω5

)
sin(3ωt) +

13A5

46, 080ω5 sin(5ωt), (25)

ω =
1
4

√
8 + 2A2 +

√
64 + 32A2 − 2A4

3
. (26)

Equations (25) and (26) represent the effects of strong nonlinearity: amplitude-
dependent frequency and wave forming across higher harmonics, both of which are a direct
result of the three-way feedback between x,

.
x, and

..
x that controls the Jerk equation. These

features characterize nonlinear oscillators in mechanical systems, circuits, and elsewhere,
and determine their response under different excitation amplitudes.

2.2. Special Case 2: Jerk Function, Involving the Product of Velocity and the Square of Acceleration,
Along with a Term Proportional to Velocity

Putting β = γ = δ = 0, and α = μ = 1, in Equation (1), then we obtain the
Jerk function involving velocity times acceleration squared, and velocity in the following
form [22]:

...
x +

.
x +

.
x

..
x2

= 0, x(0) = 0,
.
x(0) = A,

..
x(0) = 0. (27)

Equation (27) describes a system where Jerk is governed by a balance between a linear
velocity effect and a nonlinear velocity–acceleration interaction. The nonlinear term makes
the system highly sensitive to bursts of acceleration: the faster and more forcefully the
system accelerates, the stronger feedback on Jerk. This means that the system behaves like a
dynamical amplifier of rapid motion, showing strong nonlinear resistance or amplification
depending on the motion’s phase and intensity.

Following the same procedure as the previous case, after performing many calcula-
tions, we can finally obtain the general solution up to third order in the following form:

x(t) =
A
ω

sin (ωt)− (
A3

96ω
+

A5

3072ω
)sin (3ωt) + (

7A5

15, 360ω
)sin (5ωt), (28)

ω =
64√

4096 − 1024A2 + 160A4 − 13A6
. (29)
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To assess the accuracy of the solutions obtained in cases 1 and 2, we compared the
approximate analytical results derived using PEM with numerical solutions obtained
via the fourth-order Runge–Kutta method. Figures 1 and 2 illustrate these comparisons,
corresponding to the present solutions (25) and (28), respectively.

 
(a) (b) 

 
(c) (d) 

Figure 1. Shows comparison between analytical solution (red line) and numerical solution (blue line)
for Equation (25). (a) A = 0.1; (b) A = 0.5; (c) A = 0.7; (d) A = 1.

 
(a) (b) 

 
(c) (d) 

Figure 2. Displays a comparison between analytical solution (red line) and numerical solution
(blue line) for Equation (28). (a) A = 0.1; (b) A = 0.5; (c) A = 0.7; (d) A = 1.
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3. Results and Discussion

The PEM was effectively applied to the nonlinear third-order Jerk equation, yielding
accurate and consistent approximate analytical solutions. Two specific cases are explored:
one involving displacement–velocity–acceleration interactions and another involving veloc-
ity coupled with acceleration-squared terms. The third-order approximations demonstrated
strong agreement with numerical results obtained via the Runge–kutta method, as shown
in Figures 1 and 2, particularly for low to moderate oscillation amplitudes. Frequency–
amplitude response curves indicated significant nonlinearity-induced shifts, showing both
hardening and softening behavior depending on the nature of the Jerk function. The ana-
lytical expressions also successfully captured higher-order harmonic contributions—such
as third and fifth harmonics—especially at larger amplitudes.

These findings highlight PEM’s effectiveness as a semi-analytical approach in solving
the nonlinear Jerk-type. Unlike traditional perturbation methods, PEM does not depend
on small parameters or linearization assumptions, making it well-suited for systems with
strong nonlinearities. The method accurately models amplitude-dependent frequency
behavior and provides deeper insights into the dynamics of nonlinear Jerk equations. The
inclusion of higher-order harmonics reflects the impact of nonlinearity on waveform shape
and energy distribution. Furthermore, PEM delivers closed-form solutions that support
further theoretical investigations and sensitivity analyses. Overall, PEM proves to be a
robust and flexible method in analyzing nonlinear oscillatory systems in areas such as
applied mechanics, vibration analysis, and control engineering.

In contrast to perturbation methods that require small parameters or linearization,
PEM directly incorporates nonlinear coupling terms, allowing it to capture amplitude-
dependent frequency shifts and higher-harmonic contributions, while maintaining excellent
agreement with numerical simulations. Figures 1 and 2, therefore, serve not only as visual
comparisons but also as demonstrations of PEM’s effectiveness, providing a compact
analytical framework that accurately tracks nonlinear distortions in both frequency and
waveform—an advantage over traditional perturbation approaches.

Figure 1: Shows comparison between the analytical solutions obtained using PEM
(red line) and the numerical solution (blue line) for Equation (25). The numerical solution
is generated using the classical fourth-order Runge–Kutta method to ensure stability
and accuracy. The PEM solution closely follows the numerical response, reproducing the
fundamental oscillation as well as nonlinear effects such as amplitude-dependent frequency
shifts and higher-harmonic components.

Figure 2: Displays comparison between the analytical solutions obtained using PEM
(red line) and the numerical solution (blue line) for Equation (28). The numerical solution
is obtained using the fourth-order Runge–Kutta method under identical initial conditions
and time-stepping parameters. The strong agreement highlights PEM’s ability to repro-
duce nonlinear distortions, including hardening/softening frequency shifts and waveform
modifications arising from third- and fifth-order harmonics.

Taken together, Figures 1 and 2 demonstrate PEM’s strength in handling strongly non-
linear Jerk equations. The method successfully models nonlinear frequency shifts—showing
hardening or softening depending on the governing Jerk function—and naturally captures
the emergence of higher harmonics that reshape the waveform at larger amplitudes. These
features, often inaccessible to conventional perturbation methods, are clearly resolved
within the PEM framework. The near-complete overlap with numerical simulations fur-
ther confirms its robustness as a semi-analytical approach, making PEM a reliable tool in
investigating nonlinear oscillators in applied mechanics and engineering contexts.

In addition, Tables 1 and 2 provide quantitative evidence by comparing the third
approximate period T3 obtained from the PEM with the exact values and other analytical
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methods. The deviations are remarkably small, for example, at amplitude 0.1, the PEM
period is 6.275347 compared with the exact 6.275346837, an error of less than 10−6 Even at
larger amplitudes, discrepancies remain minimal. Together with Figures 1 and 2, these re-
sults provide both numerical and graphical validation of PEM’s accuracy and convergence,
reinforcing the claim that PEM is a simple yet highly effective tool in capturing nonlinear
frequency shifts and higher-harmonic behavior.

Table 1. Displays a comparison between the exact and approximate values of the period for
Equation (17).

A Te
Current

T3

RHBM
[17]

HPM
[13]

LPM
[16]

HBM
[22]

PEM
[11]

0.1 6.275347 6.275350 6.275346837 6.27534684 6.275348 6.275346 6.275326
(4.78 × 10−5) (2.59 × 10−6) (2.55 × 10−6) (1.59 × 10−5) (1.59 × 10−5) (3.35 × 10−4)

0.2 6.252016 6.2520924 6.25201599 6.25201599 6.252028 6.252003 6.251690
(0.001222) (1.59 × 10−7) (2.59 × 10−7) (1.92 × 10−4) (2.08 × 10−4) (0.00521)

0.5 6.096061 6.09866 6.09606050 6.09605904 6.096491 6.095585 6.083668
(0.042634) (8.20 × 10−6) (3.12 × 10−5) (0.00706) (0.00781) (0.20329)

1 5.626007 5.653322 5.62599289 5.62579479 5.630343 5.619852 5.441398
(0.485513) (2.51 × 10−4) (0.00377) (0.07707) (0.10940) (3.28135)

Table 2. Shows a comparison between the exact and approximate values of the period for
Equation (27).

A Te
Current

T3

RHBM
[17]

HPM
[13]

LPM
[16]

HBM
[22]

0.1 6.2753338 6.275338 6.2753338 6.27533378 6.275329 6.2753264
0 0 0 (7.61 × 10−5) (1.18 × 10−4)

0.2 6.251809 6.251887 6.25180911 6.25182078 6.251740 6.251690
(0.001247) (1.76 × 10−6) (1.88 × 10−4) (0.00110) (0.00190)

0.5 6.088449 6.0914236 6.08848374 6.08815979 6.085649 6.083668
(0.048856) (5.71 × 10−4) (0.00475) (0.04599) (0.07853)

1 5.527200 5.570066 5.52994105 5.50818960 5.477174 5.441398
(0.775546) (0.04959) (0.343943) (0.90509) (1.55236)

1.5 4.690247 4.863291 4.72603111 4.44735707 4.412733 4.155936
(3.689443) (0.76295) (5.17847) (5.91683) (11.39196)

To validate the accuracy, we calculated the percentage error (%) according to
its definition:

Error =
∣∣∣∣Texact − TApp

Texact

∣∣∣∣× 100%, (30)

where various approximate periods obtained by TApp and Texact represent the correspond-
ing exact period of the oscillator.

Finally, while earlier studies, such as Ismail and Yamani [21], employed hybrid
schemes that combine PEM with Modified Iteration Methods to enhance convergence,
the present work deliberately applies PEM in its pure form. This choice emphasizes PEM’s
intrinsic ability to capture amplitude-dependent frequency shifts, higher-harmonic distor-
tions, and nonlinear waveform modifications without auxiliary corrections. The results
confirm that PEM alone provides a concise yet robust analytical framework, delivering
accuracy comparable to more complex hybrid approaches while retaining greater simplicity
and transparency. This highlights the dual contribution of the paper: establishing PEM as
both a practical analytical tool for nonlinear Jerk equations and a benchmark framework
against which hybrid or modified methods can be evaluated.
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To assess the accuracy of the analytical approximations for the nonlinear Jerk
Equations (17) and (27) against the corresponding reference solutions in Equations (25)
and (28), three quantitative error indicators were utilized: the Root Mean Square Error
(RMSE), the Relative RMSE, and the Maximum Absolute Error (Max Abs Error). The equa-
tions were first solved numerically using a high-order Runge–Kutta integration scheme
to obtain the reference solution xnum(t), while the analytical approximation xapprox(t) was
evaluated at the same discrete time points ti. The RMSE, which quantifies the average
deviation magnitude between the two solutions, was calculated as follows:

RMSE =

√
1
N

+ ∑N
i=1

[
xnum(ti)− xapprox(ti)

]2, (31)

where N represents the total number of sampled points. To obtain a dimensionless and
scale-independent indicator, the RMSE was normalized by the root-mean-square amplitude
of the numerical solution, resulting in the Relative RMSE, which is defined as

Relative RMSE =
RMSE

N
√

1
N + ∑N

i=1
[
xnum(ti)− xapprox(ti)

]2
. (32)

Furthermore, the Maximum Absolute Error was determined as

Max Abs Error = max
∣∣xnum(ti)− xapprox(ti)

∣∣, (33)

to capture the largest pointwise deviation between the two solutions within the considered
time interval. Collectively, these three metrics provide a comprehensive evaluation of both
the overall and peak discrepancies, where lower values indicate stronger agreement and
higher accuracy of the analytical approximation in reproducing the true system dynamics,
as shown in Tables 3 and 4.

Table 3. Computes RMSE, Relative RMSE, and Maximum Absolute Error for Equation (17).

A RMSE Relative RMSE Max Abs Error

0.1 0.0000220515 0.000311564 0.0000313245
0.5 0.0050616 0.0146871 0.0110108
1 0.0997455 0.1527548 0.2300944

1.5 0.4753127 0.5284609 1.0796243
2 1.1507117 1.0622366 2.5387488

Table 4. Computes RMSE, Relative RMSE, and Maximum Absolute Error for Equation (25).

A RMSE Relative RMSE Max Abs Error

0.1 0.0000221 0.000312677 0.0000315208
0.5 0.0065785 0.0190583 0.0148713
1 0.178973 0.279584 0.4200002

1.5 0.98505 1.15267 2.15964
2 1.42245 1.48123 2.80166

To quantify the largest pointwise deviation between the two solutions over the con-
sidered time interval. Together, these three metrics offer a comprehensive assessment of
both the overall and peak discrepancies, where smaller values signify closer agreement and
higher accuracy of the analytical approximation in capturing the true system dynamics, as
presented in Tables 3 and 4.
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Tables 3 and 4 present a quantitative assessment of the PEM accuracy through the
RMSE, Relative RMSE, and Maximum Absolute Error for the two nonlinear Jerk equations.
The outcomes demonstrate that PEM maintains excellent consistency with the numerical
(Runge–Kutta) results, particularly for small and moderate amplitudes where the errors
remain below 10−3. As anticipated, the discrepancies increase with amplitude due to
the intensification of nonlinear effects at larger oscillation levels. A comparative analysis
reveals that the second case (Table 4) exhibits slightly higher errors than the first, sug-
gesting that the velocity–acceleration-squared coupling produces stronger nonlinearity
than the displacement–velocity–acceleration interaction. In general, the low RMSE and
Maximum Absolute Error values confirm the robustness and convergence of PEM, while
the gradual error increase at high amplitudes indicates that higher-order extensions or
hybrid formulations—such as combining PEM with the Modified Iteration Method—could
further enhance accuracy.

4. Conclusions

This paper introduced a straightforward and effective analytical technique, parameter
expansion, to estimate the frequencies and periodic solutions of highly nonlinear oscillators
described by a third-order nonlinear differential equation. The method’s key benefit lies
in its simplicity, and the results it produced closely match numerical solutions, regardless
of whether the oscillations have small or large amplitudes. In conclusion, this study
successfully employed PEM to analyze complex dynamics of slender cantilever beams with
flexible roots and intermediate lumped masses, systems governed by a highly nonlinear
differential equation. The PEM provides a straightforward and accurate approximate
analytical solution, demonstrating superior performance compared to other approximation
techniques, particularly in physically realistic scenarios. By directly yielding analytical
solutions while bypassing complex computations, PEM offers a quicker and more efficient
approach in understanding and predicting the behavior of these challenging nonlinear
oscillators, making it a valuable tool for engineering applications.

As a future study, coupled Jerk systems can be studied in multi-body mechanical con-
structions, interconnected electrical circuits, synchronized robotic arms, and physiological
systems such as coupled neuromuscular reflexes. These systems frequently display complex
behavior, including chaos, synchronization, bifurcations, and wave propagation, which are
challenging to analyze using conventional linearization or perturbation techniques. PEM
offers a systematic method for obtaining precise approximate solutions without limiting
the research to minor parameters, facilitating a more profound understanding of stabil-
ity, resonance, and control attributes. Utilizing PEM in coupled Jerk equations enables
researchers to more accurately forecast system behavior across diverse conditions, optimize
design parameters, and improve performance in both experimental and industrial contexts,
thereby connecting theoretical nonlinear dynamics with practical engineering applications.
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Abstract

Accessibility and observability are two properties of dynamic models that provide insights
into the structural relationships between their input, output, and state variables. They are
closely related to controllability and structural local identifiability, respectively. Observabil-
ity and identifiability determine, respectively, the possibility of inferring the unmeasured
state variables and parameters of a model from output measurements; accessibility and
controllability describe the possibility of driving its state by changing its input. Analysing
these structural properties in nonlinear models of ordinary differential equations can be
challenging, particularly when dealing with large systems. Two main approaches are
currently used for their study: one based on differential geometry, which uses symbolic
computation, and another one based on sensitivity calculations that uses numerical in-
tegration. These approaches are implemented in two MATLAB (R2024b) software tools:
the differential geometry approach in STRIKE-GOLDD, and the sensitivity-based method
in StrucID. These toolboxes differ significantly in their features and capabilities. Until
now, their performance had not been thoroughly compared. In this paper we present a
comprehensive comparative study of them, elucidating their differences in applicability,
computational efficiency, and robustness against computational issues. Our core finding is
that StrucID has a substantially lower computational cost than STRIKE-GOLDD; however,
it may occasionally yield inconsistent results due to numerical issues.

Keywords: control theory; nonlinear systems; dynamic modelling; observability; identifiabil-
ity; controllability; accessibility; computational methods; software

1. Introduction

Structural local identifiability and observability are theoretical properties that charac-
terize the ability to infer, respectively, the parameters and the states of a dynamic model
from knowledge of its inputs and outputs [1–3]. Structural identifiability is a necessary but
not sufficient condition for model calibration, i.e., for parameter estimation [4]. Similarly,
observability is a prerequisite for designing state observers and, consequently, for real-time
monitoring of the model’s internal states. In the linear case, observability is analysed by
computing the rank of the observability matrix, which can be readily obtained through
matrix multiplications [5]. In nonlinear systems, observability depends on the operating
point and can also be assessed via the rank of an observability matrix [6]. However, the
computation of nonlinear observability in this way becomes more involved, as it requires

Computation 2025, 13, 281 https://doi.org/10.3390/computation13120281
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Lie derivatives [7]. Observability and structural identifiability are closely related concepts;
in fact, by treating model parameters as constant state variables, the identifiability problem
can be reformulated as an observability problem [8]. As a result, both properties can
be analysed jointly; we will refer to Structural Identifiability and Observability with the
acronym SIO. Note that in this work we consider these properties from a structural view-
point, which is sometimes also referred to as “a priori”. Their practical counterparts can
be approached using methods for practical identifiability analysis [9,10] and uncertainty
quantification [11,12].

Historically, the main challenges in analysing SIO have been the limited applicability
of some methods for specific models and problem conditions, and the computational bur-
den associated with large-scale models. However, over the past decade, several methods
for performing structural identifiability analysis along with publicly available implementa-
tions have been developed [13]. Due to these recent advances, it has been argued that the
analysis of SIO no longer represents an obstacle in the development of useful mathematical
models [10]. The availability of fast and reliable methods for detecting structurally uniden-
tifiable parameters enables researchers to perform this analysis repeatedly throughout
the model development process and across various programming environments. One
approach, previously mentioned, relies on constructing an observability and identifiability
matrix and computing its rank. This test, known as the Observability Rank Condition
(ORC), draws on concepts from differential geometry, namely Lie derivatives, and it is
implemented in the MATLAB toolbox STRIKE-GOLDD [14,15]. While the ORC is theoret-
ically powerful, its computational cost can be high, especially for complex models with
a large number of unknowns (parameters and states) relative to the number of outputs.
As an alternative, numerical approaches have been proposed, such as the one presented
in [16], which is based on computing the sensitivity matrix and applying singular value
decomposition (SVD). A MATLAB implementation is available as the StrucID toolbox [17].

Controllability, like observability, is a property that depends on a model’s struc-
ture [7,18–20]. Broadly speaking, it describes the possibility of driving a system from an
initial state to a final state within a specified period of time. A related property, local accessi-
bility, refers to the possibility of driving a system from an initial state to a full-dimensional
target set, i.e., it means that the system can be steered from an initial state to any point
in its neighbourhood [21]. For linear models at equilibrium points, controllability and
accessibility coincide, and they can be determined by checking whether the controllability
matrix has full rank, which implies that the reachable set at time T has a non-empty interior.
In contrast, for nonlinear models, these concepts may differ. In particular, nonlinear con-
trollability at non-equilibrium points is associated with a property sometimes called strong
accessibility, which means that the accessible set has a non-empty interior exactly at time T.
Accessibility has also been referred to in the literature as local weak controllability [7] or
simply accessibility.

The analysis of Nonlinear Accessibility and Controllability (NAC) resembles that
of structural identifiability and observability (SIO) in that it can also be performed with
methods based on differential geometry or sensitivities [22,23]. Except for the simplest
cases, such analyses typically involve complex computations and require algorithmic
implementations of the associated tests. The differential geometric approach to NAC
analysis involves the computation of Lie brackets, instead of the Lie derivatives used for
SIO analysis. A number of conditions can be used to analyse NAC (see [15,24]); like the
ORC test for SIO analyses, they are also implemented in the aforementioned STRIKE-
GOLDD toolbox. Thus, this software tool provides a comprehensive differential geometry
approach to SIO and NAC analysis. Likewise, the StrucID toolbox was initially designed for
SIO analysis and later extended to NAC [25], thus providing a unified implementation for
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performing sensitivity-based analyses of SIO and NAC. It should be noted that, although
many specialised software tools exist for testing SIO [13], there are comparatively fewer
tools for analysing NAC. This gap may be one of the reasons why the controllability
of nonlinear models remains underexplored in domains such as biological modelling,
biomedicine, or bioprocesses [26].

Until now, the trade-off between computational accuracy and efficiency in these tools
has not yet been evaluated in sufficient detail. Some partial results have been published:
for example, Wang and Qi [27] presented a method based on automatic differentiation and
compared its performance on two models with STRIKE-GOLDD and StrucID; however,
they did not share a software implementation, nor did they disclose key details of the
comparisons. Rey Barreiro and Villaverde [13] conducted an extensive comparison of SIO
analysis tools but limited to symbolic computation methods, and therefore not considering
StrucID. Heinrich and colleagues [28] reviewed recent advances in identifiability analysis
and compared a number of tools, including StrucID and STRIKE-GOLDD, but focusing only
on their computational speed. Moreover, we have also performed preliminary comparisons
of these two tools, as well as of the empirical Gramian framework [29], although we only
examined their performance for SIO analysis [30].

To fill this gap, our aim in this paper is to compare the performance of the two
main tools that are currently available for the analysis of structural local identifiability,
observability, accessibility and controllability of nonlinear models: STRIKE-GOLDD and
StrucID. We consider models described by ordinary differential equations (ODEs), and
examine three criteria: the applicability of the methods, the reliability of their results, and
the computational time taken by the calculations. The remainder of this paper is organised
as follows: First, in Section 2, we introduce the modelling framework and the methods.
Then, in Section 3 we present the results of the evaluations and discuss them. Lastly, we
provide our conclusions in Section 4.

2. Materials and Methods

2.1. Modelling Framework

We study dynamic models described by systems of ordinary differential equations
(ODEs) of the general form

M :

⎧⎨
⎩ẋ(t) = f (x(t), u(t), θ),

y(t) = h(x(t), θ).
(1)

where f and h are analytic functions. Here, θ ∈ Rp denotes the parameter vector, u(t) ∈ Rr

represents the input vector, x(t) ∈ Rn the state vector, and y(t) ∈ Rm the output vector. In
this paper, we may sometimes omit the dependence on time to simplify the notation, i.e.,
we write ẋ = f (x, u, θ) and y = h(x, θ), for example.

Very often, models are affine in the inputs, i.e., their dynamics can be expressed in the
following form:

ẋ = f (x, θ) +
r

∑
i=1

uigi(x, θ), (2)

where ui are the control inputs and, as before, f and gi are analytic vector fields. This
type of model can adequately describe many systems and processes, including biological
ones [31,32]. Many theoretical conditions about accessibility and controllability obtained
with differential geometric approaches—including those reviewed in Section 2.4.2—are not
applicable to models of the general nonlinear form (1), and instead require that the model
under study is affine in the inputs.
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2.2. Concepts
2.2.1. Structural Identifiability and Observability (SIO)

A parameter θi ∈ θ is structurally locally identifiable [33,34] if, for almost every θ∗ ∈ Rq

(except for a set of measure zero), there exists a neighbourhood N (θ∗) such that for all
θ̂ ∈ N (θ∗),

y(t, θ∗) = y(t, θ̂) ⇐⇒ θ∗i = θ̂i, (3)

If this condition does not hold in any neighbourhood of θ∗, then θi is structurally
unidentifiable. In this work, we will use the word “identifiability” to refer specifically to
structural local identifiability.

Similarly, a state variable xi(τ) is said to be observable if it can be locally determined
from the output y(t) and the input u(t) over a finite interval t0 ≤ τ ≤ t ≤ t f (xi(τ) is the
ith state variable evaluated at time τ, and θi ∈ θ denotes the ith model parameter. The
symbols t0 and t f correspond to the initial and final times of the observation interval) as
discussed in [3]. The observability of a state variable is equivalent to the identifiability of
its initial condition, if the latter is treated as a parameter. (Note that observability is also
a structural and local property, in the same way as the version of identifiability that we
study here.) A model as a whole is said to be identifiable (respectively, observable) if all its
parameters (respectively, state variables) satisfy the corresponding property. Otherwise, it
is called unidentifiable (respectively, unobservable) [10]. We use the acronym SIO to refer
to structural local identifiability and observability.

2.2.2. Nonlinear Accessibility and Controllability (NAC)

A system has the accessibility property (i.e., it is called accessible) if it can be steered
from an initial state x0 to a full-dimensional final set x(t f ) = x f , using appropriate control
inputs u(t) [35]. A system is said to be locally controllable if it can be steered from an initial
state x0 to any neighbouring point and back. The definition of controllability entails that
the initial state lies within the accessible neighbourhood [24]. Thus, accessibility is a less
demanding property than controllability, which is why it is sometimes referred to as weak
local controllability [7]. Therefore, while every controllable system is necessarily accessible,
the reverse is not always true [24]. We will use the acronym NAC to refer to nonlinear
accessibility and controllability.

2.3. StrucID

StrucID is a MATLAB toolbox for which the source code, as well as a compiled version
that enables its use without a MATLAB installation, is available on Github (https://github.
com/jdstigter/StrucID, accessed on 1 November 2025). It is also integrated in the D2D-
framework (https://github.com/Data2Dynamics/d2d, accessed on 1 November 2025).
StrucID is designed for the structural analysis of nonlinear dynamic models. It evaluates
structural identifiability, observability, and accessibility (for which it uses the equivalent
term “reachability”). It can test for the identifiability of unknown initial conditions (i.e.,
observability), while known initial conditions can also be provided in the input file and are
used to inform the numeric integration. The input to a StrucID analysis is provided in a
single .txt file [17,36]. Figure 1 shows the interface of this software.

The tests provided by StrucID are based on sensitivity calculations. Sensitivities have
the advantageous property of being governed by linear dynamics, even when the system
itself is nonlinear. By integrating these linear dynamics over a short time interval and
sampling the resulting trajectories, a sensitivity matrix can be formed. If this matrix satisfies
a specific rank condition, the local structural property of the system under investigation is
confirmed. Moreover, performing a singular value decomposition (SVD) on the sensitivity
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matrix not only determines its rank but also pinpoints the exact system components
responsible for any failure to satisfy the local structural property.

Figure 1. Screenshot of the StrucID software interface.

2.3.1. SIO Analysis with StrucID

The parametric state and output sensitivity matrix functions, denoted by ∂x
∂θ (t) and

∂y
∂θ (t), respectively, play a central role. For convenience of notation, these matrix functions
are represented as xθ(t) and yθ(t), having dimensions n × p and m × p, respectively. At
any given time t, xθ(t) and yθ(t) quantify the sensitivity of the state vector x(t) and the
output vector y(t) with respect to the parameter vector θ. By differentiating Equation (1)
with respect to the parameter vector θ, and by interchanging differentiation with respect to
the independent parameters, it can be shown that the dynamics of these sensitivity matrices
are governed by the following relations:

dxθ

dt
=

∂ f
∂x

xθ +
∂ f
∂θ

, (4)

yθ =
∂h
∂x

xθ +
∂h
∂θ

. (5)

Simultaneous integration of the differential Equations (1) and (4), starting from initial
conditions x(t0), yields the trajectories x(t) and xθ(t). Substituting these into Equation (5)
provides the corresponding output sensitivity matrix yθ(t). A necessary and sufficient
condition for unique parameter determination from the measured output y(t) of the
system (Equation (1)), under a given set of initial conditions, is that yθ(t) possesses the full
column rank, i.e., p linearly independent columns. This rank condition can be verified by
evaluating yθ(t) at discrete time instants t0 < t1 < · · · < tN , forming the parametric output
sensitivity matrix:

Yθ =

⎡
⎢⎢⎢⎢⎣

yθ(t0)

yθ(t1)
...

yθ(tN)

⎤
⎥⎥⎥⎥⎦ ∈ R

(N+1)m×p. (6)

The rank condition, referred to as the Sensitivity Equation Rank Condition (SERC), is

rank(Yθ) = p.
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StrucID evaluates the SERC by performing a singular value decomposition (SVD) of the
sensitivity matrix Yθ . If this matrix is rank deficient, its SVD will yield one or more zero
singular values. Each zero singular value corresponds to a singular vector obtained from
the decomposition, and the nonzero elements of this vector identify the parameters that are
mutually correlated and therefore cannot be uniquely estimated.

By interpreting the initial state x(t0) as a set of parameters, the local observability of
the state can be analysed as the local structural identifiability of the initial condition x(t0)

from the system output y(t) for t ≥ t0. Thus, the state vector x(t0) plays the same role as
the parameter vector θ in Equations (1)–(8). Since in Equations (7) and (8) the functions f
and h do not explicitly depend on x0, these equations simplify to

dxx0

dt
=

∂ f
∂x

xx0 , (7)

yx0 =
∂h
∂x

xx0 , (8)

where xx0(t) and yx0(t) denote the parametric sensitivity matrix functions of x(t) and
y(t) with respect to the initial state x0. The simultaneous integration of the differential
Equations (1) and (7), subject to the initial condition and

xx0(t0) = In, (9)

yields the trajectories x(t) and xx0(t). In Equation (9), In represents the n × n identity
matrix, corresponding to the sensitivity of x(t0) = x0 with respect to itself. Substituting
x(t) and xx0(t) into Equation (8) yields y(t) and yx0(t). The sensitivity matrix function
yx0(t) having n linearly independent columns is a necessary and sufficient condition to
uniquely determine x0 from the system output y(t), given a choice of the initial conditions.
Analogously to Equation (6), to verify this rank condition, the sensitivity matrix function
yx0(t) is evaluated at discrete time instants t0 < t1 < · · · < tN to form the concatenated
sensitivity matrix:

Yx0 =

⎡
⎢⎢⎢⎢⎣

yx0(t0)

yx0(t1)
...

yx0(tN)

⎤
⎥⎥⎥⎥⎦ ∈ R

(N+1)m×n. (10)

Thus, the Sensitivity Equation Rank Condition (SERC) for local observability is

rank(Yx0) = n.

The SERC is necessary and sufficient. If Yx0 does not have full rank n, the nonzero
components of the singular vectors associated with zero singular values indicate state
variables that are mutually correlated and therefore cannot be uniquely identified.

2.3.2. NAC Analysis with StrucID

By considering sensitivities, an important equivalence was established between the
observability of the initial state x0 from those trajectories and the observability of the
linear dynamics along trajectories. This dual relationship extends naturally to controlla-
bility, showing that accessibility of a nonlinear system can likewise be analysed through
the controllability of the linearised dynamics along trajectories. The duality between ob-
servability and controllability is established by linearising the nonlinear system around a
trajectory [37], giving the perturbation dynamics

29



Computation 2025, 13, 281

δẋ =
∂ f
∂x

δx +
∂ f
∂u

δu. (11)

By applying the substitutions

t→ tN − t, y→u, Y→U, x(t0)= x0→ x(tN)= xN ,
∂ f
∂x

→
(

∂ f
∂x

)T
,

∂h
∂x

→
(

∂ f
∂u

)T
,

the dual system is obtained as

dxxN
dt

=

(
∂ f
∂x

)T
xxN , (12)

uxN =

(
∂ f
∂u

)T
xxN , (13)

xxN(tN) = In. (14)

The resulting sensitivity matrix,

UxN =

⎡
⎢⎢⎢⎢⎣

uxN(tN)

uxN(tN−1)
...

uxN(t0)

⎤
⎥⎥⎥⎥⎦ ∈ R

(N+1)r×n, (15)

serves as the dual counterpart of the output sensitivity matrix Yx0 introduced for observabil-
ity analysis [25]. Its structure captures how infinitesimal variations in the input sequence
affect the final state xN , thus providing a basis for evaluating the local controllability and
strong accessibility of the nonlinear system. For both local structural identifiability and
local observability, the singular value decomposition (SVD) of the sensitivity matrix Yx0

plays a central role in the analysis. Analogously, for the assessment of local strong acces-
sibility, an SVD of the sensitivity matrix UxN serves this same fundamental purpose. The
SVD of this matrix can be expressed as

UxN =
n

∑
i=1

uirivT
i , UxN ∈ R

(N+1)r×n, ui ∈ R
(N+1)r, ri ∈ R, vi ∈ R

n. (16)

This decomposition represents UxN as a sum of equally sized matrices uivT
i , each

weighted by its corresponding singular value ri ≥ 0. If one or more of the singular values
ri are (numerically) zero, the matrix UxN becomes rank deficient. The column vectors
vi associated with zero singular values form a basis for the null space of UxN . These
vectors define directions in the state space along which the terminal state xN cannot be
locally controlled.

2.4. STRIKE-GOLDD

STRIKE-GOLDD is a MATLAB toolbox originally developed for analysing structural
identifiability and observability. Since version 4.1.0 [? ], it can also analyse accessibility
and controllability, thanks to the functions in the module NLControllability. It can be
downloaded from GitHub at https://github.com/afvillaverde/strike-goldd, (accessed on
1 November 2025). Figure 2 illustrates the main interfaces of this software.The analysis
of SIO with STRIKE-GOLDD can be performed with three algorithms—FISPO [39], ORC-
DF [40], and ProbObsTest [15]—of which we use FISPO and ProbObsTest in this study. For
analysing NAC, up to four algorithms are available [15]: LC, ARC, LARC, and GSC. Of
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these, the latter two are used in this study. These methods are described in the remainder
of this section.

Figure 2. Screenshots of the STRIKE-GOLDD software interface displaying: (a) options for structural
identifiability and observability analysis, and (b) options for controllability and accessibility analysis.

2.4.1. SIO Analysis in STRIKE-GOLDD
FISPO

The FISPO algorithm is an advanced implementation of the ORC test mentioned in the
Introduction, which can be applied to rational and non-rational models. The ORC, which
was introduced in [7], provides the theoretical differential geometric basis for determining
observability as well as—by considering the parameters as state variables—structural local
identifiability. The FISPO algorithm is an extended computational implementation of the
ORC. One key feature is its iterative nature, i.e., only a minimum number of Lie derivatives
is calculated initially, with higher-order derivatives being computed only if necessary [14].
Another important extension of FISPO with respect to the original ORC is that it can take
into account the effect of time-varying inputs explicitly [41], as well as analysing models
with unknown inputs [39].

To analyse SIO, the parameters θi are considered constant state variables, thus
extending the state vector as x̃ = x̃(x, θ). The algorithm builds the observability
-identifiability matrix:

OI(x) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∂h(x̃)
∂x̃

∂(L f h(x̃))
∂x̃

∂(L2
f h(x̃))
∂x̃
...

∂(Ln+q−1
f h(x̃))

∂x̃

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (17)

which is obtained from Lie derivatives that, in their general form, can be calculated as

L f h(x̃) =
∂h(x̃)

∂x̃
f (x̃, u) (18)

Li
f h(x̃) =

∂(Li−1
f h(x̃))

∂x̃
f (x̃, u) +

i−2

∑
j=0

∂(Li−1
f h(x̃))

∂u(j)
u(j+1), i > 1. (19)
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The OI matrix must have full rank, i.e., equal to n + q, for the system to be fully iden-
tifiable and observable. If rank < n + q, the identifiability/observability of each variable
is determined by removing each column and re-calculating the rank. If this operation de-
creases the rank, the variable associated to the column is identifiable/observable; otherwise,
it is not [39].

The calculation of Lie derivatives is performed symbolically, and its computational
cost increases steeply with i. One alternative to alleviate this computational complexity is
the ProbObsTest algorithm.

ProbObsTest

This algorithm speeds up the ORC test by avoiding the symbolic calculations of
Lie derivatives. It is based on the algorithm proposed by Sedoglavic [42] and, like it, is
applicable to rational models. Unlike classical methods based on algebraic symbolic theory,
which typically have exponential time complexity, this algorithm uses semi-numerical
methods and performs the analysis in polynomial time. Sedoglavic’s variational system is
used to avoid symbolic computations, and symbolic variables are replaced with random
numerical values [15]. The output derivatives Y(j) are generated up to a certain order ν,
using derivatives with respect to the vector field F. The partial derivatives of the outputs
with respect to the state variables and parameters form a Jacobian matrix:

J =
∂(Y(j)), 0 ≤ j ≤ ν

∂(X, Θ)

Power series of the output are obtained, and the Jacobian is computed numerically. As
in FISPO, variables and parameters that reduce the rank are considered unobservable. The
algorithm uses modular arithmetic, and its probability of success can be made arbitrarily
large by tuning a precision parameter.

2.4.2. NAC Analysis with STRIKE-GOLDD

STRIKE-GOLDD provides four algorithms for testing NAC conditions: LC, ARC,
LARC, and GSC. In this study, we focus exclusively on the LARC and GSC algorithms,
which test, respectively, for accessibility and controllability. The other two, LC and ARC,
can be useful in specific case studies but are not essential and thus not considered here for
simplicity. We describe the LARC and GSC algorithms below.

Lie Algebra Rank Condition (LARC)

The LARC test computes a control distribution Δc recursively, starting with
Δ0 = span(F ), where F = { f , g1, . . . , gm}, and updating it at subsequent steps as
Δi+1 = span(Δi ∪ {[v, h] | v ∈ F , h ∈ Δi}). After each step, it checks whether the dis-
tribution is invariant with respect to the set F , i.e., if for every h ∈ Δi and v ∈ F , the Lie
bracket [v, h] ∈ Δi. If this condition is satisfied, the algorithm stops, and Δi is the final
control distribution, Δc. Then, the system is accessible at x0 if and only if, at the end of the
process, Δc(x0) has full rank (i.e., dim(Δc(x0)) = n).

The LARC test can be computationally intensive due to the exponential growth in
the number of Lie brackets and the need to check the non-invariance condition at every
step. The LARC implementation in STRIKE-GOLDD includes modifications to alleviate its
computational complexity [15].

General Sufficient Condition (GSC)

Sussmann’s GSC [43] assigns to each Lie bracket generated from the set
F = { f , g1, . . . , gm} a type in the form of a numerical vector (k, �1, . . . , �m), where k denotes
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the number of occurrences of the vector f , and �i denotes the number of occurrences of
gi. Brackets in which f appears an odd number of times and each gi appears an even
number of times are called “bad” brackets. If the system is at equilibrium at the point
x0 (i.e., f (x0) = 0) and the LARC condition holds, then the system is STLC if each bad
bracket can be expressed as a smooth linear combination of brackets of the lower type. This
lower type is defined in weighted terms, θkj + �j1 + · · ·+ �jm < θk + �1 + · · ·+ �m, where
θ ∈ [0, 1] is an arbitrary weight (typically chosen close to zero to minimize the weight of f ).

In STRIKE-GOLDD, the GSC is verified through a sequence of steps. First, the control
distribution is generated by applying the LARC algorithm. Next, “bad” Lie brackets
are detected. Lastly, it is verified whether each bad bracket can be expressed as a linear
combination of brackets of the lower type; this is checked using algebraic operations in
vector spaces such as computing the null space.

2.5. Case Studies

In this study, we analysed the SIO and NAC of a set of 32 nonlinear models that
cover a wide range of processes, including gene regulatory networks, enzymatic reactions,
signalling pathways, metabolic systems, and synthetic biology circuits. The name of each
model, a brief description, and the corresponding references are summarised in Table 1.
More detailed information can be found in the original references listed in the table. We
analysed the SIO of all of these models (for one of them, the “Bioprocess”, we analysed
several versions with different number of experiments, thus increasing the number of cases
to 35). However, we did not analyse the NAC of all models because some of them do not
have control inputs.

Table 1. Summary of the 32 biological models analysed in this study. The table includes each model’s
short name, its description, and the original reference.

Model Description Ref.

1_A_integral Linear circuit with integral feedback [44]

1B_Prob_integral Linear circuit with proportional-integral feedback [44]

1C_nonlinear Nonlinear circuit model of hormonal reactions [44]

2DOF A mechanical system with two independent
motions [40]

Arabidopsis Circadian rhythm in the plant Arabidopsis thaliana [45]

Bolie Glucose-insulin regulatory system in humans [46]

C2M Compartmental model with two compartments [41]

Fujita Epidermal Growth Factor-dependent Protein
Kinase B signalling pathway [47]

HIV_known input HIV infection dynamics [4]

Bioprocess Biochemical reactions [48]

TS_Known input Genetic toggle switch [49]

1D_BIG Glucose-insulin regulation via β-cell and insulin [44]

NFKB (Merkt) NF-κB (Nuclear Factor kappa B) signalling
pathway [50]

PC (hSRPsIPr)
A phage cocktail, describing

bacteriophage-bacteria interactions and the host
immune response

[? ]

Raia_jakstat JAK/STAT signalling pathway in lymphoma cells [51]

MAPK Mitogen Activated Protein Kinase signalling
pathway [52]
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Table 1. Cont.

Model Description Ref.

BioSD_I Two-species synthetic biology circuit for signal
differentiation [53]

BioSD_II Three-species synthetic biology circuit for signal
differentiation [53]

BioSD_III
Three-species synthetic biology circuit for signal

differentiation with positive and negative
feedback

[53]

BioSD_II_MM_simple Three-species synthetic biology circuit for signal
differentiation with simple kinetics [53]

BioSD_II_MM_complex Three-species synthetic biology circuit for signal
differentiation with complex kinetics [53]

Dichotomous_Feedback_BettaRR
Synthetic biology circuit implementing

dichotomous feedback—RR molecules (Response
Regulator)

[54]

Dichotomous_Feedback_BettaSR
Synthetic biology circuit implementing
dichotomous feedback—SR molecules

(Sequestering Regulator)
[54]

Dichotomous_Feedback_kap Synthetic biology circuit with input signal kap [54]

Dichotomous_Feedback_I_BettaRR Synthetic biology circuit with dichotomous
feedback, input I, and RR molecules [54]

Dichotomous_Feedback_I_BettaSR Synthetic biology circuit with dichotomous
feedback, input I, and SR molecules [54]

Dichotomous_Feedback_I Synthetic biology circuit with dichotomous
feedback, with input signal I [54]

Kelly_1 Synthetic biology circuit implementing negative
feedback via sRNA-tuned autorepression [55]

Kelly_1_gr Synthetic biology circuit with generalised
regulatory dynamics [55]

Kelly_2 Synthetic biology circuit implementing negative
feedback via closed-loop sRNA regulation [55]

Kelly_2_gxgr Synthetic biology circuit with generalised
regulatory dynamics [55]

CSTR_observer Continuous Stirred Tank Reactor with High Gain
Observer [56]

3. Results

In this study, to provide a clear and comprehensive understanding of the investigation,
when discussing the results of both families of analyses, SIO and NAC, we focused on three
key aspects:

(i) Applicability: we assessed whether each model could be fully analysed by both
tools, and identified which algorithms were capable of performing the analyses.

(ii) Reliability of the results: we compared the results obtained from the two software
tools, to detect differences in their outputs, and investigated the potential reasons behind
such discrepancies.

(iii) Computational efficiency: we measured the time required to complete the analy-
ses.

The results of the analyses are presented and discussed below.
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3.1. Observability and Identifiability Analyses

We first analysed the SIO of all the models with StrucID and STRIKE-GOLDD (in the
latter case with the ProbObsTest and FISPO algorithms).

3.1.1. Applicability

According to the applicability of the methods, the models can be classified into four
categories.

First category: models that can be successfully analysed by all three algorithms. Of
the 35 models considered, 14 fell into this category.

Second category: models that can be analysed by StrucID and ProbObsTest but not
by FISPO due to their computational cost. Of the 35 models considered, 13 fell into this
category. The main reason behind the failure of FISPO in these cases is the high dimension-
ality of the models, characterised by a large number of state variables, parameters, and
equations.

Third category: models that can be analysed by StrucID and the FISPO algorithm but
not by ProbObsTest due to the models being non-rational. Of the 35 models considered,
2 fell into this category.

Fourth category: models that can only be analysed using StrucID. Of the 35 models
considered, 6 fell into this category. Similar to the second category, the excessive com-
putational load is the primary factor preventing the algorithms in STRIKE-GOLDD from
completing the analysis.

3.1.2. Reliability

Table 2 summarizes the results of the SIO analyses. For 11 models, we obtained
different results with StrucID and STRIKE-GOLDD. Specifically, STRIKE-GOLDD classified
certain parameters as identifiable, while StrucID reported them as non-identifiable. This
pattern was consistent across the eleven models. To address these discrepancies, we used
a third tool, the SIAN algorithm, implemented in Julia [57]. The corresponding results
are presented in Table 3, which shows that the results obtained with SIAN are in full
agreement with those obtained with the FISPO and ProbObsTest algorithms within the
STRIKE-GOLDD toolbox (1 of the 11 models could not be analysed using SIAN).

These findings hint at the existence of numerical issues in StrucID. One explanation is
that the sensitivity calculations performed by the methods in this toolbox rely on numerical
integrations, without mechanisms to control the propagation of numerical errors due to
double precision operations. Furthermore, the rank of the resulting observability matrix is
determined by calculating its singular values numerically, which leads to a well-known
issue: this procedure cannot result in singular values that are exactly equal to zero; instead,
the singular values will always be positive, and it is necessary to choose a threshold to
decide which of them correspond to the zeros of a symbolic algorithm. A recent discussion
of this issue can be found, for example, in [58].
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3.1.3. Computational Efficiency

Figure 3 plots the CPU time required to analyse each model with the three SIO methods
considered. A clear conclusion can be extracted: StrucID is consistently faster than both of
the STRIKE-GOLDD methods, FISPO and ProbObsTest. While the difference can be small
in absolute terms for small models, for larger models it becomes substantial. Furthermore,
some models could only be analysed with StrucID.

Figure 3. Comparative chart of the computational time required to analyse different models using
the FISPO and ProbObsTest algorithms from the STRIKE-GOLDD toolbox and the methods available
in the StrucID toolbox. As shown, the analysis time varies depending on the model complexity and
the algorithm applied.

3.2. Accessibility and Controllability Analyses

We analysed the NAC of the models with control inputs using the LARC and GSC
algorithms from STRIKE-GOLDD, along with the sensitivity-based algorithm in StrucID.
Table 4 summarizes the results.

Table 4. Comparison of the results of different Controllability and local Accessibility analysis
methods for the case studies. The columns show the case name, Lie algebraic rank condition (LARC),
generalised Sussmann condition (GSC), and the outcome of the StrucID tool. “not Affine in ’U”’
refers to models not affine in the input, which makes them impossible to analyse with the algorithms
included in STRIKE-GOLDD.

Case Study LARC GSC StrucID

1_A_integral Accessible STLC Accessible

1B_Prob_integral Accessible STLC Accessible

1C_nonlinear Accessible STLC Accessible

2DOF Accessible STLC Accessible

Arabidopsis Accessible — Accessible

Boile Accessible — Accessible

C2M Accessible STLC Accessible

CSTR_observer Accessible STLC Accessible

BioSD_I Accessible STLC Accessible

BioSD_II Accessible STLC Accessible
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Table 4. Cont.

Case Study LARC GSC StrucID

BioSD_II_MM_simple Accessible STLC Accessible

Kelly_1_gr Accessible STLC inAccessible

Kelly_2_gxgr Accessible STLC inAccessible

BioSD_III Accessible STLC inAccessible

Dichotomous_Feedback_BettaRR Accessible STLC Accessible

Dichotomous_Feedback_BettaSR Accessible STLC Accessible

Dichotomous_Feedback_kap Accessible STLC Accessible

Dichotomous_Feedback_I_BettaRR Accessible STLC Accessible

Dichotomous_Feedback_I_BettaSR Accessible STLC Accessible

Raia_jakstat Accessible — inAccessible

Fujita inAccessible — inAccessible

HIV — — Accessible

Dichotomous_Feedback_I not Affine in “U” Accessible

BioSD_II_MM_complex not Affine in “U” Accessible

Kelly_1 not Affine in “U” inAccessible

Kelly_2 not Affine in “U” inAccessible

Bioprocess not Affine in “U” inAccessible

Bioprocess 2xp not Affine in “U” Accessible

Bioprocess 3xp not Affine in “U” inAccessible

Bioprocess 4xp not Affine in “U” Accessible

TS not Affine in “U” inAccessible

1D_BIG computation limit inAccessible

Bachman jackstat computation limit inAccessible

NFKB (Merkt) computation limit Accessible

PC computation limit Accessible

3.2.1. Applicability

A fundamental difference between the capabilities of the StrucID and STRIKE-GOLDD
toolboxes in analysing NAC stems from the fact that STRIKE-GOLDD cannot analyse
models that are not affine with respect to the inputs. In STRIKE-GOLDD, models are first
checked for this characteristic; if a model is not affine, the toolbox automatically attempts
to convert it into an affine form using an internal algorithm in order to proceed with the
analysis. If this conversion fails, STRIKE-GOLDD reports that it is unable to analyse the
controllability and accessibility of the model. In contrast, StrucID is capable of analysing
all models regardless of their structure.

Additionally, some affine models could not be analysed with STRIKE-GOLDD due to
their excessive complexity, given by a high number of state variables or the complexity of
their equations. This limitation depends on the available computing resources; we set a
predefined time limit of 3600 s, beyond which we reported that a method has reached its
computation limit.
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3.2.2. Reliability

Among the models that were successfully analysed by both toolboxes, similarities and
differences were observed in the results. STRIKE-GOLDD and StrucID agreed on the results
of 17 models, most of which (all but one, the ‘Fujita’ model) were classified as accessible.
For other models, however, discrepancies arose. The biosd_III, Kelly_1_gr, Kelly_2_gxgr
and Raia_JAKSTAT models were classified as accessible by the LARC algorithm and as
inaccessible by StrucID. However, in all cases in which a model was classified as accessible
by StrucID, it was also accessible according to LARC.

Unlike in the SIO case, we could not find a third tool on which to rely to verify the
results of the two approaches. However, since in each tool the SIO and NAC analyses share
the same methodological foundations, we hypothesize that the discrepancies between both
tools regarding NAC can be explained in the same way as those regarding SIO—that is,
they might be caused by numerical issues affecting the algorithms in StrucID.

3.2.3. Computational Efficiency

The time required for the NAC analyses of the models included in this study is shown
in Figure 4. As for SIO, the results indicate that StrucID performs the analysis in a shorter
time. An important remark is that, within the STRIKE-GOLDD framework, there exists
some dependency between the NAC algorithms, and several computational steps are
shared among them: specifically, the LARC test is a prerequisite for checking the GSC.

Figure 4. Comparison of the computational time required for analysing different models using three
algorithms: LARC and GSC (both included in STRIKE-GOLDD), and StrucID. The x-axis lists the
analysed models, and the y-axis shows the computation time in seconds, in logarithmic scale.

3.3. Discussion

In our analyses, we focused on three key aspects: applicability, reliability, and compu-
tational efficiency. Our results allow us to derive clear takeaways about them.

In regard to the first aspect, StrucID is the most widely applicable tool since it can
handle nonlinear ODE models of a very general type. In contrast, STRIKE-GOLDD does
provide one algorithm with the same applicability for SIO analyses (FISPO), but all of
their algorithms for NAC analysis are limited to systems that are affine in the inputs.
Furthermore, its other SIO algorithm, ProbObsTest, which is much faster than FISPO,
requires models to be rational.

In regard to the second aspect, reliability, we found some interesting results. For SIO
analysis, StrucID and STRIKE-GOLDD usually produced consistent results, but we found
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some cases in which they differ. All parameters classified as identifiable by StrucID were
also classified as identifiable by STRIKE-GOLDD. However, some parameters classified
as identifiable by STRIKE-GOLDD were classified as unidentifiable by StrucID. Given the
different methodological foundations of their algorithms, it would seem reasonable to
assume that STRIKE-GOLDD yields more accurate results than StrucID since it is based on
symbolic computations instead of numerical ones. We confirmed this intuition by using a
third tool, SIAN, which follows a different approach (differential algebra) than the other
toolboxes examined here. The results obtained with SIAN coincided with those yielded by
STRIKE-GOLDD, thus reinforcing the conclusion that it is more reliable than StrucID. For
NAC analyses, we do not have an alternative verification tool, unlike for SIO. However, it
should be noted that for each toolbox the foundations of the NAC and SIO analyses are
the same: STRIKE-GOLDD relies on symbolic calculations of Lie derivatives (for SIO) and
Lie brackets (for NAC), which are obtained in a similar way. Likewise, StrucID decides
SIO and NAC based on the same type of sensitivity-based numerical calculations. Hence,
it is reasonable to assume that the discrepancies in the NAC results produced by both
approaches have the same causes as the discrepancies in the SIO results, i.e., they can be
attributed to numerical issues that affect the reliability of the sensitivity-based calculations.

In regard to the third aspect, computational efficiency, StrucID is the clear winner. Its
numerical approach yields extremely fast calculations, and for most models the computa-
tion time is at least an order of magnitude lower than the STRIKE-GOLDD algorithms. For
this latter toolbox, there is a clear difference between the two SIO algorithms: ProbObsTest
is more efficient, with computation times that are sometimes comparable to StrucID, while
FISPO is slower and more demanding in terms of computational resources. However,
this superior efficiency of ProbObsTest with respect to FISPO comes at the expense of
inferior applicability since it cannot handle rational models. As for the NAC tests, again we
conclude that the StrucID sensitivity-based approach is faster than the geometric control
conditions that can be checked by STRIKE-GOLDD.

4. Conclusions

In this article, we report the results of a systematic analysis of the performance of
two computational tools for analysing control-theoretic properties of nonlinear models,
StrucID and STRIKE-GOLDD. While a few studies have already been published in this
regard [27,28,30], our motivation for the work presented in this paper was to extend them in
a number of ways, namely by applying the tools to a much larger set of models, discussing
their applicability in detail, comparing their computational efficiency both for identifiabil-
ity/observability and accessibility/controllability, assessing the correctness of their results,
and providing practical guidance for tool selection in complex nonlinear models.

Some remarks are in order regarding the set of case studies selected for this assessment.
Obviously, the choice of models to be analysed can and will affect the results. However,
we note that the aim of this study was to obtain clear guidance in the form of qualitative
conclusions, as opposed to quantitative measures, about the performance of the two tools
being examined. That is, we did not intend to quantify exactly how much faster a tool is
when compared to another, nor did we attempt to calculate the percentage of models for
which their results disagree. Instead, our aim was to establish if a given tool is clearly faster
than the other (as we indeed found to be the case, often by several orders of magnitude);
or, regarding reliability, to find cases in which a tool gives wrong results and to explain
their cause (as we have done here). Thus, the set of models that we used should not be
considered a representative selection of those found in the literature—they just need to be
realistic and sufficiently diverse to account for the different situations that can arise.
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In short, our results show the existence of a trade-off: STRIKE-GOLDD is more reliable
than StrucID, but StrucID is more generally applicable and computationally more efficient
than STRIKE-GOLDD. Model users should choose between these tools accordingly when
working on a particular application.

It should be noted that the two tools evaluated here are implemented in MATLAB. To
the best of our knowledge, there are no other open research tools capable of performing
these analyses in other programming languages. Their development would be a valuable
addition to the set of resources available to the user.
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Abstract

This paper proposes a finite-time extended state observer (FTESO) integrated with model
predictive control (MPC) for high-performance control of permanent magnet synchronous
motors (PMSMs). A disturbance-aware predictive model is constructed by incorporating
lumped disturbances into the PMSM current equations, addressing load fluctuations and
parameter uncertainties. The FTESO, designed with nonlinear gains and Lyapunov stability,
ensures rapid disturbance estimation and is embedded into a feedforward-compensated
MPC with a composite cost function considering current error and voltage increment.
Simulations show that under sudden load disturbances, FTESO-MPC achieves faster
recovery and a smaller steady-state error than LESO-MPC; when inductance triples, FTESO-
MPC maintains smooth convergence, whereas LESO-MPC exhibits oscillations with d-axis
current peaks near 200 A. Under resistance or flux variations, FTESO-MPC sustains stable
regulation with less ripple, confirming its superior tracking accuracy and robustness
compared with LESO-MPC.

Keywords: finite-time extended state observer; model predictive control; permanent mag-
net synchronous motor; disturbance rejection

1. Introduction

In recent years, the rapid growth of global transportation demand has significantly
increased the deployment of electric drive systems. Among various applications, electric
vehicles (EVs), electric buses, and urban rail transit are typical examples. In these sys-
tems, electric drives play a crucial role in ensuring reliable and efficient operation [1,2].
At the heart of these applications lies the electric drive system, which directly determines
the dynamic performance and operational reliability of the equipment. Particularly, per-
manent magnet synchronous motors (PMSMs) have gained widespread application due
to their high power density, excellent responsiveness, and suitability for advanced con-
trol. However, in real-world operating conditions, PMSM-driven systems are frequently
subjected to load disturbances, parameter uncertainties, and unmodeled dynamics [3].
These challenges necessitate the development of advanced control strategies that can
achieve strong disturbance rejection and maintain stable speed performance under practi-
cal operating conditions.

Traditional speed control strategies, such as proportional–integral (PI) control and
feedforward decoupling methods [4–8], have demonstrated satisfactory performance in
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light-load or steady-state conditions. However, these methods typically assume that ex-
ternal disturbances and model uncertainties are negligible, which becomes invalid under
dynamic operating conditions. In scenarios with significant parameter variations or abrupt
load changes, such controllers often fail to adjust the control law in a timely manner,
resulting in increased output deviations and degraded regulation performance. To ad-
dress this issue, control strategies with built-in disturbance estimation and compensation
mechanisms have attracted increasing research attention. The Extended State Observer
(ESO) [9–13] has emerged as a widely used technique in nonlinear control systems, owing
to its ability to dynamically estimate generalized disturbances—including external per-
turbations, modeling errors, and unmodeled dynamics—by augmenting the system state.
By incorporating these estimated disturbances into the control loop, ESO-based methods
can effectively mitigate the impact of uncertainties, allowing the controller to operate as if
under ideal model conditions. This significantly enhances the robustness and adaptability
of the control system under complex and uncertain environments.

Despite the theoretical clarity and implementation simplicity of conventional ESO
structures, which are mostly based on linear state-space models and finite-difference
estimations, their performance deteriorates in the presence of high-speed disturbances
or rapid state transitions. In applications such as coal unloading crawlers, where load
impacts are abrupt and disturbances occur frequently, the inherent estimation delay of
linear ESOs often becomes a limiting factor [14–16]. To address this limitation, recent
studies have introduced various structural improvements, among which the Finite-Time
Convergent Extended State Observer (FTESO) [17–22] has gained significant attention.
FTESO incorporates nonlinear feedback gains and sliding-mode terms into the observer
design, enabling the estimated disturbance to converge to its true value within a finite time.
This structure offers substantial improvements in estimation speed and tracking accuracy
compared to conventional ESOs, especially in scenarios with rapidly changing system states
or high-frequency disturbances. As demonstrated in [22], FTESO-based control systems
exhibit significantly reduced current and speed recovery times, lower overshoot, and
minimized steady-state errors under dynamic disturbance conditions. These advantages
make FTESO particularly suitable for enhancing the robustness and dynamic performance
of electric drive systems.

Although Model Predictive Control (MPC) has demonstrated excellent capabilities in
dynamic optimization and multi-objective control, its performance remains highly depen-
dent on the accuracy of the internal model. Under non-ideal modeling conditions, such as
parameter uncertainties or external disturbances, MPC may generate prediction deviations
that lead to suboptimal control actions. To address this limitation, an effective solution
is to incorporate disturbance estimates provided by an ESO into the MPC framework,
forming a disturbance-observation–based predictive compensation structure [23–25]. This
integrated ESO-MPC architecture enhances the model adaptation capability of MPC by
dynamically correcting prediction errors induced by unmodeled dynamics. In practical
applications, such a scheme improves the controller’s ability to respond rapidly to and
recover stably from sudden load disturbances. Recent studies have explored several vari-
ants of this approach, including ESO-MPC, Finite-Time ESO-MPC (FTESO-MPC), and
disturbance-compensated rolling optimization schemes, with promising results in motor
drives, power converters, and other dynamic systems [26–28]. In these frameworks, the
ESO is typically used to estimate current disturbances, voltage shifts, or internal state
fluctuations, and feed these estimates into the MPC optimization process. This enables the
cost function to be adaptively corrected in real time, thereby improving decision-making
accuracy. Moreover, due to the real-time estimation capability of the ESO, its outputs can
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be directly utilized as feedback to update the internal prediction model, enhancing the
robustness and adaptability of the control system under complex operating conditions.

While the integration of FTESO and MPC successfully combines the multi-variable
optimization capability of predictive control with the disturbance estimation and adapta-
tion strengths of finite-time observers, its effectiveness still relies on certain assumptions
regarding model accuracy and parameter availability. In practice, the design, tuning, and
real-time implementation of the observer–controller structure can introduce additional
complexity and computational burden, which may limit its applicability in highly dynamic
and resource-constrained systems [29–31]. This challenge becomes more pronounced in
scenarios such as coal unloading equipment, where strong nonlinearities, multiple concur-
rent disturbances, and significant system uncertainties are present. Under such conditions,
the system model may deviate considerably from reality, and the behavior of external dis-
turbances may be difficult to model explicitly. Consequently, FTESO-MPC–based control
strategies may exhibit limited robustness and adaptability, especially when faced with
rapidly changing or unknown operating conditions. Motivated by these limitations, further
enhancement of disturbance-resilient control design is required to ensure reliable operation
in complex industrial systems.

In this context, the proposed control strategy can be interpreted as an integrated-
architecture (IA)-based control scheme, in which the finite-time extended state observer
(FTESO) and the model predictive controller (MPC) are designed within a unified frame-
work rather than as separated modules. This integrated architecture allows the observer
and controller to interact in real time: the FTESO rapidly estimates lumped disturbances
and feeds them directly into the MPC optimization process, while the MPC updates its cost
function and prediction model based on these estimations. Such mutual coupling forms a
closed-loop coordination between disturbance observation and predictive compensation,
significantly improving dynamic adaptability and robustness. By combining the fast finite-
time convergence of the observer with the optimal decision-making of predictive control,
the IA-based FTESO–MPC scheme achieves superior disturbance rejection, faster transient
response, and smoother control action compared with conventional cascaded approaches.
This integration highlights the key innovation of the present work and provides a more
systematic foundation for robust and adaptive PMSM control.

To address the challenges of strong external disturbances and parameter uncertainties
commonly encountered in electric drive systems, this paper develops a disturbance-aware
current prediction model for PMSMs, which incorporates a lumped disturbance term to
represent unmodeled dynamics and external perturbations. An FTESO is designed based
on nonlinear feedback gain, enabling rapid and accurate estimation of current disturbances
within a finite convergence time. The estimated disturbance is then embedded into the MPC
framework, forming a disturbance-compensated composite controller. A multi-objective
cost function is constructed, which simultaneously considers current tracking error and
voltage increment regulation, thereby enabling real-time feedforward compensation of
system disturbances and smooth voltage response adjustment. The proposed IA-based
FTESO–MPC scheme significantly improves robustness and dynamic performance under
complex conditions, providing an effective solution for robust and stable PMSM operation.

The main contributions of this study can be summarized as follows:

(1) A finite-time extended state observer (FTESO) is developed to achieve rapid and
accurate estimation of lumped disturbances in PMSM drives, ensuring convergence
within a finite time under strong nonlinear and time-varying conditions.

(2) A novel affine-interval-based nonlinear gain function is introduced into the ob-
server design, which guarantees global smoothness and eliminates the chattering
phenomenon commonly observed in conventional sliding-mode ESOs.
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(3) A disturbance-aware current prediction model is constructed, incorporating parame-
ter perturbations and unmodeled dynamics as lumped disturbances to enhance model
fidelity under practical uncertainties.

(4) A multi-objective cost function is formulated to simultaneously minimize cur-
rent tracking error and voltage increment, improving both dynamic response and
energy efficiency.

(5) An integrated-architecture (IA)-based FTESO–MPC control framework is established,
allowing real-time interaction between disturbance estimation and predictive opti-
mization, thereby improving robustness, convergence speed, and steady-state accu-
racy compared with conventional ESO–MPC or deadbeat control approaches.

2. Disturbance-Aware Modeling of PMSM for Control Design

Accurately modeling the behavior of PMSMs under complex and dynamic load condi-
tions is crucial for developing advanced control strategies that ensure robust performance
and effective disturbance rejection. Conventional PMSM current models are often based on
idealized assumptions and fail to capture parameter variations, mechanical disturbances,
and environmental influences—factors that significantly affect control accuracy in practical
applications. In real-world industrial and transportation scenarios, PMSMs frequently
operate under harsh and variable conditions. Motor parameters such as inductance and
resistance may change due to temperature fluctuations, magnetic saturation, and manu-
facturing deviations. At the same time, load disturbances can be introduced by uneven
mass distribution, mechanical shocks, friction changes, or transmission backlash. These
effects lead to strong nonlinearities and uncertainties in the system, greatly increasing
control complexity and posing challenges for achieving stable and reliable motor operation.
To better capture these real-world uncertainties and to provide a reliable foundation for
sustainable and disturbance-resilient control design, this study incorporates aggregated
disturbance terms fd and fq into the standard PMSM current model [32]:

Ld
did
dt = −Rid + PLqωmiq + ud + fd

Lq
diq
dt = −Riq − PLdωmid − Pωmφ f + uq + fq

(1)

where these terms represent the unmodeled dynamics and disturbance effects along the d-
axis and q-axis, respectively. The modified model offers a more realistic and energy-aware
representation of PMSM dynamics, enabling the design of predictive controllers tailored to
the demands of efficient electric drive systems in modern transportation applications.

Assuming further that the incremental variations of the stator resistance, d-axis induc-
tance, q-axis inductance, and permanent magnet flux linkage are denoted by ΔRs, ΔLd, ΔLq,
and Δφ f , respectively, the current model in Equation (1) can be reformulated to incorporate
parameter perturbations as follows:

(Ld + ΔLd)
did
dt = −(R + ΔR)id + P

(
Lq + ΔLq

)
ωmiq + ud(

Lq + ΔLq
) diq

dt = −(R + ΔR)iq − P(Ld + ΔLd)ωmid − Pωm

(
φ f + Δφ f

)
+ uq

(2)

Building upon Equation (2), the model can be further reformulated to explicitly
incorporate both motor parameter variations and external disturbance effects, yielding the
following extended representation:

did
dt = − R

Ld
id + Fd +

ud
Ld

diq
dt = − R

Lq
iq + Fq +

uq
Lq

(3)

where Fd and Fq represent the lumped disturbances that result from the combined ef-
fects of motor parameter variations and external perturbations. It should be noted that
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in practical PMSM drive systems, inverter nonlinearities such as dead-time, switching
delay, and voltage saturation inevitably introduce additional voltage distortion. These
effects can be equivalently regarded as lumped disturbances acting on the stator voltage
model. Therefore, their influence is implicitly included in the total disturbance term of the
system dynamics.

Fd = −ΔLd
Ld

did
dt − ΔR

Ld
id +

P(Lq+ΔLq)
Ld

ωmiq +
fd
Ld

Fq = −ΔLq
Lq

diq
dt − ΔR

Lq
iq − P(Ld+ΔLd)

Lq
ωmid − Pωm(φ f +Δφ f )

Lq
+

fq
Lq

(4)

By setting the sampling period as Ts, Equation (4) can be discretized as follows:

id(k + 1) = − TsR
Ld

id(k) + TsFd(k) +
Ts
Ld

ud(k)
iq(k + 1) = − TsR

Lq
iq(k) + TsFq(k) + Ts

Lq
uq(k)

(5)

Based on Equation (5), a disturbance prediction model for the PMSM is constructed by
treating the d-axis current id, q-axis current iq, and the lumped disturbances Fd and Fq as
system state variables. It is assumed that the disturbance terms Fd and Fq remain constant
over the prediction horizon Np. Accordingly, an extended state-space model is formulated
to capture both system dynamics and disturbance evolution:

x(k + 1) = Ax(k) + Bu(k)
y(k) = Cx(k)

(6)

where

x(k) =

⎡
⎢⎢⎢⎣

id(k)
iq(k)
Fd(k)
Fq(k)

⎤
⎥⎥⎥⎦, y(k) =

[
id(k)
iq(k)

]
, u(k) =

[
ud(k)
uq(k)

]
(7)

A =

⎡
⎢⎢⎢⎢⎣
− TsR

Ld
0 0 0

0 − TsR
Lq

0 0

0 0 Ts 0
0 0 0 Ts

⎤
⎥⎥⎥⎥⎦, B =

[ Ts
Ld
Ts
Lq

]
, C =

[
1 0 0 0
0 1 0 0

]
(8)

Let Δid(k) and Δiq(k) denote the incremental errors of the d-axis and q-axis currents,
and ΔFd(k) and ΔFq(k) represent the incremental disturbance estimation errors. Based on
Equation (6), the incremental prediction model of the stator currents can be derived as follows:

xe(k + 1) = Aexe(k) + BeΔu(k)
y(k) = Cexe(k)

(9)

where

xe(k) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

Δid(k)
Δiq(k)
ΔFd(k)
ΔFq(k)
id(k)
iq(k)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

, y(k) =

[
id(k)
iq(k)

]
, Δu(k) =

[
Δud(k)
Δuq(k)

]

Ae =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

− TsR
Ld

0 0 0 0 0
0 − TsR

Lq
0 0 0 0

0 0 Ts 0 0 0
0 0 0 Ts 0 0

− TsR
Ld

0 0 0 0 0
0 − TsR

Lq
0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, Be =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ts
Ld

0
0 Ts

Lq

0 0
0 0
Ts
Ld

0
0 Ts

Lq

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

Ce =

[
0 0 0 0 1 0
0 0 0 0 0 1

]

(10)
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3. Feedforward-Based Compound Control Design

3.1. Finite-Time Convergent Extended State Observer

To enhance the disturbance rejection capability of the PMSM control system under
complex and time-varying conditions, and to improve the accuracy of model predictive
control, this study develops an FTESO. The observer is designed to estimate, in real time,
the d-axis and q-axis currents of the PMSM along with the corresponding lumped distur-
bances. These estimated disturbances are incorporated as extended state variables into the
predictive control framework, enabling proactive and efficient compensation. By enhancing
disturbance suppression and dynamic adaptability, the proposed method contributes to
more robust and stable motor drive performance under complex operating conditions.

Design of an FTESO for d-axis current:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

e1d = îd − id, e2d = φ1d − F0d.
îd = F0d − R

Ld
id + 1

Ld
ud

F0d = φ1d − k1d

(
θe

β
2
1d + (b − θ)e1− β

2
1d

)2
sign(e1d)

.
φ1d = −k2d

(
θe

β
2
2d + (b − θ)e1− β

2
2d

)2
sign(e2d)

(11)

Design of an FTESO for q-axis current:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

e1q = îq − iq, e2q = φ1q − F0q.
îq = F0q − R

Lq
iq + 1

Lq
uq

F0q = φ1q − k1q

(
θe

β
2
1q + (b − θ)e1− β

2
1q

)2
sign

(
e1q

)
.
φ1q = −k2q

(
θe

β
2
2q + (b − θ)e1− β

2
2q

)2
sign

(
e2q

)
(12)

where îd and îq represent the estimated values of the d-axis and q-axis currents, respectively,
while Fod and F0q denote the estimated disturbance components along the d-axis and q-
axis. The parameters k1d, k2d, k1q and k2q are adjustable gains within the FTESO design.
Regardless of the initial magnitude of current or disturbance estimation errors, the observer
ensures that all deviations converge to their reference values or predefined bounds within
a finite time. These bounds can be arbitrarily small, demonstrating the high precision and
fast convergence characteristics of the proposed finite-time extended observer. Some details
are in Figure 1.

Figure 1. Block Diagram of FTESO.
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3.2. Stability Analysis

Theorem 1. The nonlinear dynamics can be expressed as:

.
s(t) = −L(s, θ, β) = −

(
θs(t)

β
2 + (b − θ)s(t)1− β

2

)2
, s(0) = s0 (13)

where, given that θ > 0, b − θ > 0, and 0 < β < 1, the nonlinear function exhibits finite-time
convergence. For any initial value s0, the time required for the function to converge to the origin
and to ρ can be respectively expressed as:

t0 = 1
1−β

(
1

θ(b−θ)
− 1

θ2s1−β
0 +θ(b−θ)

)

tρ = 1
1−β

(
1

θρ1−β+(b−θ)
− 1

θ2s1−β
0 +θ(b−θ)

) (14)

The upper bound of the convergence time is given by:

Tmax =
1

θ(b − θ)(1 − β)
(15)

In contrast to the conventional finite-time extended state observers that employ the
discontinuous fal(·) function [9], the proposed FTESO introduces a redesigned nonlinear
gain term inspired by the definition of affine intervals in convex affine subspace theory. This
nonlinear mapping ensures global differentiability, thereby eliminating the non-smooth
transition near the origin that commonly causes chattering and numerical instability in
traditional designs. By reformulating the nonlinear feedback law into an affine-type contin-
uous structure, the observer achieves smooth finite-time convergence [33–35] and enhanced
robustness against system uncertainties and external disturbances. Moreover, the contin-
uous nature of the affine-interval-based function improves the numerical stability of the
discrete-time implementation, reducing sensitivity to sampling noise and quantization er-
rors. The redesigned nonlinearity preserves the fast finite-time convergence characteristics
while ensuring global smoothness, which facilitates both digital realization and theoretical
analysis. As a result, the proposed FTESO provides a balanced structure that combines the
advantages of finite-time convergence, robustness, and computational smoothness, making
it more suitable for high-performance PMSM drive control.

Proof of Theorem 1. Let the Lyapunov candidate function be defined as V(s) = s2

2 ≥ 0.
Taking the time derivative of V, we obtain:

.
V = s

.
s

= −s
(

θs
β
2 + (b − θ)s1− β

2

)2

= −V
1+β

2

(
θ + (b − θ)V

1−β
2

)2
(16)

Since θ > 0, b − θ > 0, it follows that (b − θ)V
1−β

2 > 0. Therefore, the time derivative

of the Lyapunov function satisfies
.

V ≤ −θ2V
1+β

2 . Given that 0 < β < 1, we have 1 <

1 + β < 2, which implies 0 < 1+β
2 < 1. This confirms that the nonlinear function converges

to the equilibrium point in finite time.
When V �= 0, then:

1

V
1+β

2

dV
dt

=
(

θ + (b − θ)V
1−β

2

)2
(17)
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Let m = V
1−β

2 , then:

∫ m(t)
m(0)

dm

(θ + (b − θ)m)2 =
∫ t

0 (β − 1)dt

s1−β(t) = m(t) =
1

θ2(β − 1)t +
θ2

θ(b − θ) + θ2m(0)

− θ(b − θ)

θ2
(18)

Case 1:
For any initial condition s0, the settling time of s to reach the origin can be derived

from Equation (18) as follows:

t =
1

1 − β

(
1

θ(b − θ)
− 1

θ2s1−β
0 + θ(b − θ)

)
(19)

Case 2:
For any initial state s0, the convergence time of s to a predefined threshold ρ can be

determined based on Equation (18) as follows:

tρ =
1

θ(1 − β)

(
1

θρ1−β + (b − θ)
− 1

θ2s1−β
0 + (b − θ)

)
(20)

where the convergence rate increases as the value of β decreases.
Case 3:
Based on the above two scenarios, the convergence time is a strictly increasing function

of the initial value s0. Therefore, the convergence time Tmax is bounded:

Tmax =
1

θ(b − θ)(1 − β)
(21)

From Equations (3) and (11), the following expression can be derived:

.
e1d =

.
îd −

.
id

= F0d − Fd

= φ1d − Fd − k1d

(
θe

β
2
2d + (b − θ)e1− β

2
2d

)2
sign(e2d)

(22)

e2d = φ1d − F0d

= φ1d −
( .

îd − R
Ld

id +
1

Ld
ud

)
= φ1d −

( .
e1d + Fd

) (23)

Let e3d = φ1d − Fd, then:

.
e3d =

.
φ1d −

.
Fd

= −k2d

(
θ
(
e3d − .

e1d
) β

2 + (b − θ)
(
e3d − .

e1d
)1− β

2

)2
sign

(
e3d − .

e1d
)− .

Fd
(24)

It follows from the preceding analysis that both e1d and e3d achieve finite-time conver-
gence. Upon system stabilization, the condition

.
e1d = 0 is satisfied, and Equation (24) is

thereby evaluated as:

.
e3d =

.
φ1d −

.
Fd

= −k2d

(
θ(e3d)

β
2 + (b − θ)(e3d)

1− β
2

)2
sign(e3d)−

.
Fd

(25)
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It can thus be concluded that:

(
θ(e3d)

β
2 + (b − θ)(e3d)

1− β
2

)2
≤ ξ (26)

For θ(e3d)
β
2 > (b − θ)(e3d)

1− β
2 , then:

(
2(b − θ)(e3d)

1− β
2

)2
≤ ξ, |e3d| ≤

(
ξ

4(b − θ)2

) 1
2−β

(27)

For θ(e3d)
β
2 < (b − θ)(e3d)

1− β
2 , then:

(
2θ(e3d)

β
2

)2
≤ ξ, |e3d| ≤

(
ξ

4θ2

) 1
β

(28)

According to Equations (27) and (28), by appropriately tuning the parameters θ and b,
the estimated values produced by the observer can accurately approximate the true system
states, with the estimation error reduced to an arbitrarily small level. This capability enables
precise state feedback, supporting disturbance suppression and dynamic adaptability of
PMSMs under dynamic operating conditions. �

3.3. Composite Controller Design

Assuming a sampling period of Ts, the extended state observer models defined in
Equations (11) and (12) are discretized using the zero-order hold method.

A discrete-time finite-time convergent extended state observer is developed for the
d-axis current channel:⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

e1d(k) = îd(k)− id(k), e2d(k) = φ1d(k)− F0d(k)
îd(k + 1) = îd(k) + TF0d(k)− TR

Ld
id(k) + T

Ld
ud(k)

F0d(k) = φ1d(k)− Tk1d

(
θe

β
2
1d(k) + (b − θ)e

1− β
2

1d (k)
)2

sign(e1d(k))

φ1d(k + 1) = φ1d(k)− Tk2d

(
θe

β
2
2d(k) + (b − θ)e

1− β
2

2d (k)
)2

sign(e2d(k))

(29)

A discrete-time finite-time convergent extended state observer is developed for the
q-axis current channel:

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

e1q(k) = îq(k)− iq(k), e2q(k) = φ1q(k)− F0q(k)
îq(k + 1) = îq(k) + TF0q(k)− TR

Lq
iq(k) + T

Lq
uq(k)

F0q(k) = φ1q(k)− Tk1q

(
θe

β
2
1q(k) + (b − θ)e

1− β
2

1q (k)
)2

sign
(
e1q(k)

)
φ1q(k + 1) = φ1q(k)− Tk2q

(
θe

β
2
2q(k) + (b − θ)e

1− β
2

2q (k)
)2

sign
(
e2q(k)

)
(30)

To ensure precise tracking of the reference current trajectory while mitigating voltage
oscillations caused by power device switching, a multi-objective cost function is con-
structed based on current tracking error and voltage increment minimization. This for-
mulation not only enhances dynamic current response and reduces transient overshoot,
but also minimizes copper losses and thermal stress, thereby improving the overall distur-
bance suppression and dynamic adaptability of the PMSM drive system in electric drive
system applications.
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J(i, Δu) =
Np
∑

j=1

(
î(k + j)− ire f (k + j)

)T
Q
(

î(k + j)− ire f (k + j)
)

+
Nc
∑

j=1
Δu(k + j)T RΔu(k + j)

(31)

At the current sampling instant k, the prediction horizon is defined as Np, and the
control horizon as Nc. The time index k + j denotes the j-th prediction step starting

from moment k. The predicted current vector at k + j is given by î(k + j) =

[
îd(k + j)
îq(k + j)

]

representing the estimated d-axis and q-axis currents of the PMSMs. The reference current

vector is denoted as ire f (k + j) =

[
idre f (k + j)
iqre f (k + j)

]
, which corresponds to the desired d-axis

and q-axis currents at time k + j. The control increment of voltage input is defined as

Δu(k + j) =

[
Δud(k + j)
Δuq(k + j)

]
, where Δud and Δuq represent the incremental voltage inputs

for the d- and q-axes, respectively. To balance current tracking precision and input effort,
Q is introduced as the weighting matrix for current tracking errors, and R is the weighting
matrix for voltage increments. This formulation lays the foundation for optimizing the
control input in a predictive framework that improves dynamic response and ensures
stable current regulation—critical for reliable high-performance electric drive systems.

According to the predictive control strategy adopted in the relevant literature [36],
the incremental control inputs for the d-axis and q-axis voltages are parameterized using
Laguerre functions:

Δu(k + j) =

[
Δud(k + j)
Δuq(k + j)

]

=

[
ld
1(k) . . . ld

N(k) 0 . . . 0
0 . . . 0 lq

1(k) . . . lq
N(k)

]

∗
[

cd
1(k) . . . cd

N(k) cq
1(k) . . . cq

N(k)
]

(32)

where this approach expresses the control input sequence as a weighted combination of
orthonormal Laguerre basis functions, enabling a compact representation with significantly
fewer decision variables. Specifically, the voltage increments Δud(k + j) and Δuq(k + j)
over the prediction horizon are mapped to a set of Laguerre coefficients, which serve as
the new optimization variables. By leveraging the orthogonality and recursive structure of
Laguerre functions, the method achieves a notable reduction in computational complexity,
thereby enhancing the real-time applicability of the predictive controller. Furthermore,
this coefficient-based formulation enables smoother control transitions and more stable
voltage regulation, which helps maintain consistent system performance and prolong
component lifespan.

The composite control law based on the finite-time convergent observer and distur-
bance compensation can be derived by substituting Equations (1), (11), (12), and (32) into
Equation (31).

u(k + 1) = u(k) + Δu(k + 1)
= u(k)− LTΩ−1ψ(xe(k)− x̂e(k))

(33)

Let Δu(k + 1) =

[
Δud(k + j)
Δuq(k + j)

]
represent the incremental voltages along the d-axis

and q-axis at prediction step k + j. The matrix Ω denotes the weight assigned to the current
tracking error, while R represents the weight assigned to the control voltage increment.
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Therefore, the structure of the predictive control scheme incorporating the designed
FTESO is illustrated in Figure 2.

Figure 2. Flowchart of FTESO-MPC Controller.

4. Result Analysis

To validate the disturbance rejection capability of the proposed FTESO-based pre-
dictive controller, this section presents both simulation and experimental evaluations.
A comparative analysis is conducted against the LESO-based predictive controller reported
in the literature. Emphasis is placed on assessing not only the tracking accuracy and
dynamic performance but also the control system’s contribution to enhanced disturbance
suppression and dynamic adaptability under complex load conditions, which aligns with
the overarching goal of advancing robust control strategies for high-performance electric
drive systems.
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To assess the dynamic response characteristics of the control system under real-
istic operating conditions, simulation experiments were conducted considering both
time-varying load disturbances and parametric uncertainties in the PMSM. Two control
strategies—FTESO-based predictive control and conventional LESO-based predictive
control—were evaluated and compared. The simulation settings, including motor pa-
rameters, observer configurations, and disturbance profiles, are detailed in Tables 1–3.
These scenarios are designed to reflect typical working conditions in electric vehicle appli-
cations, where external load variation and parameter drift pose challenges to stable and
reliable motor operation. By observing current regulation, control smoothness, and torque
response under these variations, the effectiveness of the proposed controller in enhancing
robustness and maintaining high-performance operation is quantitatively analyzed.

Table 1. Speed Loop LMPC Controller Parameters.

Parameter Description Value

Np Prediction horizon 1
a Laguerre factor 0.5
N Number of Laguerre terms 4
qω Speed error weighting factor 1,000,000
r Control input increment weighting factor 0.1

Table 2. Current Loop LMPC Controller Parameters.

Parameter Description Value

Np Prediction horizon 1
Nc Control horizon 1
a1 Laguerre factor for d-axis current 0.5
a2 Laguerre factor for q-axis current 0.5
N1 Number of Laguerre terms for d-axis current 4
N2 Number of Laguerre terms for q-axis current 4
qid Weighting factor for d-axis current tracking error 100,000
qiq Weighting factor for q-axis current tracking error 100,000
r Weighting factor for input increment 0.01

Table 3. FTESO-MPC and LESO-MPC Parameters.

FTESO
k1d k2d k1q k2q θ β b

5000 0.01 0.01 0.01 0.1 0.9 1

Linear
ESO

k1d k2d k1q k2q
5000 0.01 0.01 0.01

Under the condition of load increase, the dynamic response curves of different control
strategies are illustrated in Figure 3. This figure presents the simulated speed response of
the proposed FTESO-MPC and the benchmark LESO-MPC controllers when the PMSM is
subjected to a sudden external load disturbance. Specifically, Figure 3b depicts the load
profile: the PMSM is initially set to track a reference speed of 100 rad/s and starts from
no-load conditions. At a specific time instant, an external torque load of 5 N·m is suddenly
applied. As shown in Figure 3a, both FTESO-MPC and LESO-MPC demonstrate satisfactory
speed tracking performance during the no-load start-up and acceleration phase. However,
the FTESO-MPC exhibits superior dynamic performance. In the initial acceleration phase
(0~0.1 s), FTESO-MPC responds significantly faster than LESO-MPC, quickly converging
to the reference speed with a smaller steady-state error. This indicates that FTESO-MPC
possesses enhanced dynamic response characteristics and regulation precision. When the
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external load is abruptly increased, the LESO-MPC controller shows a larger speed dip and
a longer recovery time. In contrast, the FTESO-MPC maintains better disturbance rejection,
with less speed fluctuation and faster recovery to steady-state. These results verify that
FTESO-MPC achieves more effective compensation against load perturbations, offering
improved robustness and faster transient recovery. Such advantages are particularly
beneficial for electric drive systems, where precise and rapid adaptation to variable load
conditions contributes directly to improved stability and enhanced control reliability.

 
(a) Speed tracking (b) Load disturbance 

 
(c) d-axis current (d) q-axis current 

Figure 3. Dynamic Response Simulation Curves of Different Control Strategies under Load In-
crease Condition.

Corresponding to this is the analysis shown in Figure 3d. During the motor start-up
phase, the d-axis current experiences an initial surge followed by a rapid decrease toward
its steady-state value. The FTESO-MPC controller exhibits a faster current decay rate and
reaches the steady state within a shorter time frame compared to the LESO-MPC, which
takes noticeably longer to stabilize. When the external load suddenly increases to 5 N·m, a
sharp transient occurs in the d-axis current. FTESO-MPC promptly adjusts the current to a
new steady-state value, while LESO-MPC responds with slower current convergence and
more pronounced oscillations. This demonstrates the superior transient performance of
FTESO-MPC in quickly compensating for current disturbances, ensuring system stability,
and minimizing overshoot. In particular, FTESO-MPC leads to smaller current deviation
and reduced settling time, whereas LESO-MPC shows larger current fluctuations and a
slower recovery. These observations further confirm that FTESO-MPC provides faster
dynamic adaptation to abrupt load changes, maintaining system stability and reducing
the risk of excessive current stress, which is critical for ensuring system reliability and
energy efficiency. Figure 4 presents the dynamic response of both controllers under a load-
decreasing scenario. The trends remain consistent with those in Figure 3, further validating
the disturbance rejection capability of FTESO-MPC across various operating conditions.
This robustness under load transients is essential for electric drive systems, where high-
frequency load variations frequently occur under real-world operating conditions.
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(a) Speed tracking (b) Load disturbance 

 
(c) d-axis current (d) q-axis current 

Figure 4. Dynamic Response Simulation Curves of Different Control Strategies under Load De-
crease Condition.

Figure 5 illustrates the dynamic response curves of different control strategies under
varying inductance conditions. Specifically, the figure compares the performance of FTESO-
MPC and LESO-MPC when system inductance is subject to step changes, with all other load
conditions consistent with those in Figure 3b. The purpose of this simulation is to evaluate
how well each controller adapts to inductance variations, which are common in practical
electric drive systems due to temperature fluctuations, magnetic saturation, or structural
uncertainties. As observed in Figure 5a, the FTESO-MPC maintains robust dynamic
performance across all inductance scenarios. When the inductance is reduced to 0.5 times
its nominal value, the system exhibits fast rise time and minimal overshoot, indicating
strong regulation capabilities. With a doubled inductance (2×), the system still achieves
smooth convergence toward the target speed without noticeable overshoot, demonstrating
good control stability. Even under a more challenging condition of triple inductance (3×),
the FTESO-MPC maintains a stable response, with only a moderate increase in settling time
and no observable oscillation. These results underscore the controller’s robustness and
adaptability to parameter uncertainties, which are crucial in energy-efficient electric drive
systems operating under dynamic environments. In contrast, Figure 5b shows that while
LESO-MPC performs adequately under small inductance variations (0.5× and 2×), its
control performance degrades significantly when inductance increases to 3×. The system
exhibits pronounced oscillations during the initial phase and takes considerably longer to
stabilize, reflecting poor disturbance rejection and limited adaptability to parameter shifts.
This sensitivity to inductance variation highlights the limitations of LESO-MPC in handling
system uncertainty, which may compromise both stability and energy efficiency in practical
applications. Overall, the comparison confirms that FTESO-MPC offers superior robustness
and dynamic adaptability, making it a more suitable solution for high-performance electric
drive systems, where varying electrical parameters and external disturbances are prevalent.

This observation is further supported by the current response curves in Figure 5e,f,
which reveal significant differences between FTESO-MPC and LESO-MPC under varying
inductance conditions, particularly in terms of the d-axis current behavior. The two
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control strategies exhibit noticeably different response characteristics as the inductance
multiplier changes. In the initial transient phase of the d-axis current response, FTESO-
MPC demonstrates superior dynamic performance by more effectively suppressing abrupt
current surges and enabling faster convergence to the steady-state value. In contrast,
LESO-MPC shows a considerable current overshoot under the 3× inductance condition,
with peak current values approaching 200 A—significantly higher than in other scenarios.
This excessive overshoot indicates that LESO-MPC struggles to mitigate current shocks
when faced with drastic inductance variations, leading to pronounced current fluctuations
that compromise system stability. During the steady-state phase, FTESO-MPC maintains
relatively stable d-axis current levels across all inductance cases, with minimal ripple,
highlighting its robust disturbance rejection capability. On the other hand, LESO-MPC
continues to exhibit substantial current oscillations under the 3× inductance condition. The
steady-state error under such a condition is also noticeably larger for LESO-MPC, reflecting
its limited adaptability to substantial parameter uncertainties. Overall, these results further
validate the effectiveness of FTESO-MPC in ensuring reliable current regulation under
changing inductance environments. Such robustness is particularly crucial in electric drive
systems, where maintaining stable current control not only ensures operational safety and
efficiency but also prevents excessive current fluctuations that can compromise reliability.

 
(a) FTESO-MPC (b) LESO-MPC 

 
(c) FTESO-MPC (d) LESO-MPC 

 
(e) FTESO-MPC (f) LESO-MPC 

Figure 5. Dynamic Response Simulation Curves of Different Control Strategies under Inductance
Variation Condition.
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Figure 6 illustrates the simulation results comparing the dynamic responses of FTESO-
MPC and LESO-MPC controllers under varying stator resistance conditions. The purpose of
this comparison is to assess each controller’s ability to maintain stable system performance
in the presence of parameter uncertainty, a critical concern for energy-efficient electric drive
systems operating in sustainable transportation environments. The external load conditions
are consistent with those specified in Figure 3b. As shown in Figure 6a, during the startup
phase (0~0.2 s), both FTESO-MPC and LESO-MPC controllers successfully accelerate the
motor from standstill to the reference speed of 100 rad/s. Under nominal resistance, the
two controllers exhibit similar transient performance. However, as the resistance increases
to 2× and 3× the nominal value, noticeable differences emerge. The FTESO-MPC maintains
smooth and responsive tracking behavior with minimal overshoot or oscillation. In contrast,
the LESO-MPC shows a slower dynamic adjustment, especially under 3× resistance,
indicating reduced adaptability. The superior robustness of FTESO-MPC stems from
its use of a finite-time convergent observer, which enables rapid and accurate disturbance
estimation. This enhances the control system’s resilience under varying resistive conditions,
a feature especially valuable for electric vehicles where operating conditions and thermal
environments frequently change. Further validation is presented in Figure 6e,f, which
show the corresponding d-axis current responses. The FTESO-MPC demonstrates superior
dynamic current regulation, quickly adapting to resistance changes with smaller transient
deviations and faster convergence to steady-state values. Conversely, the LESO-MPC
exhibits greater current ripple and significant overshoot, particularly under 0.5× and 3×
resistance conditions. These findings confirm that FTESO-MPC not only enhances transient
current control but also ensures greater system reliability and thermal stability, aligning
with the broader goal of improving robust performance in electric drive systems.

Figure 7 illustrates the dynamic response curves of FTESO-MPC and LESO-MPC under
varying flux linkage conditions. This set of simulations aims to evaluate the adaptability
of both control strategies to flux linkage deviations, which are common in real-world
electric vehicle operations due to temperature effects, magnetic saturation, or aging of
motor materials. The load conditions used in this analysis follow the settings depicted
in Figure 3b. As shown in Figure 7a, when the flux linkage decreases to 0.5 times its
nominal value, both controllers exhibit fast transient response with minimal overshoot.
However, under increased flux linkage conditions (2× and 3×), differences between the
two controllers become more evident. While both controllers ensure system convergence
to the target speed, LESO-MPC shows slower dynamic response. In contrast, FTESO-
MPC demonstrates shorter rise times and a more efficient convergence process, indicating
superior responsiveness and enhanced adaptability to system variations. Corresponding
observations from Figure 7e,f reveal significant distinctions in q-axis current behavior.
FTESO-MPC maintains smoother current responses across all flux linkage variations, even
under extreme deviations. On the other hand, LESO-MPC suffers from larger current
fluctuations, particularly at the onset of flux disturbances. When flux linkage is reduced
(0.5×), LESO-MPC exhibits considerable q-axis current overshoot, reflecting its limited
capability to cope with rapid magnetic weakening. Conversely, FTESO-MPC quickly
stabilizes the current and achieves better damping, contributing to reduced energy losses
and improved thermal reliability. Moreover, in high-flux scenarios (2× and 3×), FTESO-
MPC continues to deliver consistent and stable q-axis current control, minimizing ripple
and ensuring optimal current utilization. LESO-MPC, however, shows persistent instability
in current regulation, which can negatively impact overall system reliability. These results
confirm that FTESO-MPC not only enhances disturbance rejection but also supports the
development of resilient PMSM drive systems—critical for ensuring stable and robust
operation in practical applications.
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(a) FTESO-MPC (b) LESO-MPC

(c) FTESO-MPC (d) LESO-MPC

(e) FTESO-MPC (f) LESO-MPC

Figure 6. Dynamic Response Simulation Curves of Different Control Strategies under Resistance
Variation Condition.

Table 4 summarizes the comparative performance of the proposed FTESO-MPC and
the conventional LESO-MPC under representative disturbance scenarios. As can be seen,
FTESO-MPC achieves faster recovery and smaller steady-state error under sudden load dis-
turbances, maintains smooth current convergence without oscillation when the inductance
increases threefold, and exhibits stable regulation with reduced ripple under resistance
and flux linkage variations. In contrast, LESO-MPC suffers from slower recovery, larger
current peaks, and instability in these cases. This table highlights the overall advantages
of FTESO-MPC in terms of disturbance rejection, transient stability, and robustness under
parameter uncertainties.
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(a) FTESO-MPC (b) LESO-MPC 

 
(c) FTESO-MPC (d) LESO-MPC 

 

(e) FTESO-MPC (f) LESO-MPC 

Figure 7. Dynamic Response Simulation Curves of Different Control Strategies under Flux Linkage
Variation Condition.

Table 4. Performance comparison between FTESO-MPC and LESO-MPC under representative scenarios.

Scenario Metric/Observation LESO-MPC FTESO-MPC

Sudden load disturbance
Recovery time Longer, larger speed drop Faster recovery, smaller speed

drop

Steady-state error Noticeable residual error Very small, almost eliminated

Inductance ↑ 3× Current response Pronounced oscillations;
d-axis peak ≈ 200 A

Smooth convergence; no
oscillation

Resistance ↑ 3× Current regulation Slower response, large ripple Stable response, reduced
ripple

Flux linkage variations
(0.5×–3×) Transient stability Overshoot and instability Smooth convergence, stable

tracking

Overall robustness Under parameter
uncertainties & disturbances Limited robustness Strong robustness and

adaptability

↑ indicates an increase in the parameter.
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5. Conclusions

This paper addresses the robust control of PMSMs in nonlinear disturbance environ-
ments, focusing on a composite control strategy that integrates disturbance observation
and predictive compensation. To cope with typical challenges—such as sudden load fluc-
tuations, parameter variations, and external disturbances—a current prediction model
incorporating lumped disturbance terms was established based on the conventional PMSM
framework. This model captures the coupled influence of electromagnetic perturbations,
parameter uncertainties, and flux linkage variations, thereby providing a more realistic
representation of motor dynamics under practical operating conditions.

To overcome the estimation delays and slow convergence typically observed in con-
ventional LESOs, an FTESO with a nonlinear gain structure was proposed. By employing
exponential-type feedback and Lyapunov-based stability design, the observer guaran-
tees global finite-time convergence, enabling rapid and accurate estimation of current
disturbances. These estimations are then directly integrated into the MPC for real-time
compensation and control input updates, significantly enhancing the system’s disturbance
rejection capability and control precision. Furthermore, a composite cost function was
designed by incorporating both current tracking error and voltage increment, enabling dy-
namic optimization of the control input based on the disturbance observations. To meet the
requirements for real-time digital controller implementation, the FTESO was discretized
and embedded into a fully integrated feedforward-compensated FTESO-MPC control
framework suitable for engineering applications.

Finally, the effectiveness of the proposed strategy was validated through comprehen-
sive simulation studies under a range of representative disturbance scenarios, including
abrupt load changes and severe variations in resistance, inductance, and flux linkage.
Comparative results with the LESO-MPC approach demonstrate that the FTESO-MPC
controller consistently achieves superior speed tracking accuracy, faster disturbance con-
vergence, and improved transient performance. Notably, under significant parameter
uncertainties, the controller is able to promptly estimate and compensate for disturbances,
thereby ensuring robust and adaptive control of PMSMs—laying a solid foundation for
practical engineering applications. Despite these contributions, this study still has some
limitations. First, the proposed FTESO-MPC framework has only been validated through
simulations, and experimental verification on real hardware platforms (e.g., DSPs or FP-
GAs) remains to be carried out. Second, the design and tuning of observer gains and
cost-function weights involve empirical choices, which may limit generalization across
different PMSM drive systems. Third, the additional computational cost introduced by
the integrated FTESO-MPC structure may pose challenges for implementation in real-time
embedded environments. Future work will address these limitations by developing sys-
tematic co-tuning approaches, performing hardware-in-the-loop tests, and extending the
method to sensorless and multi-motor applications.
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Abstract

To promote energy efficiency and support sustainable electric transportation, this study
addresses the challenge of real-time and energy-optimal control of permanent magnet
synchronous motors (PMSMs) in electric vehicles operating under variable load conditions,
proposing a novel Laguerre-based model predictive control (MPC) strategy integrated with
maximum torque per ampere (MTPA) operation. Traditional MPC methods often suffer
from limited prediction horizons and high computational burden when handling strong
coupling and time-varying loads, compromising real-time performance. To overcome these
limitations, a Laguerre function approximation is employed to model the dynamic evolu-
tion of control increments using a set of orthogonal basis functions, effectively reducing the
control dimensionality while accelerating convergence. Furthermore, to enhance energy
efficiency, the MTPA strategy is embedded by reformulating the current allocation process
using d- and q-axis current variables and deriving equivalent reference currents to simplify
the optimization structure. A cost function is designed to simultaneously ensure current
accuracy and achieve maximum torque per unit current. Simulation results under typical
electric vehicle conditions demonstrate that the proposed Laguerre-MTPA MPC controller
significantly improves steady-state performance, reduces energy consumption, and en-
sures faster response to load disturbances compared to traditional MTPA-based control
schemes. This work provides a practical and scalable control framework for energy-saving
applications in sustainable electric transportation systems.

Keywords: energy efficiency; electric vehicles; model predictive control; maximum torque
per ampere

1. Introduction

In electric vehicle applications, which are increasingly regarded as a cornerstone of
energy-saving and sustainable transportation, the energy efficiency and thermal reliabil-
ity of permanent magnet synchronous motors (PMSMs) largely depend on the proper
coordination of d-axis and q-axis stator currents. When the current distribution deviates
from the optimal condition, such as when the d-axis and q-axis components are not ef-
fectively coordinated, the motor must increase the total current amplitude to sustain the
required torque output [1–3]. This non-optimal operation results in higher copper losses,
increased energy consumption, and accelerated temperature rise, thereby imposing greater
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thermal stress on the system. Over time, such conditions can significantly compromise the
long-term reliability and operational lifespan of PMSMs. As electric vehicles continue to
evolve toward greener and more efficient mobility solutions, optimizing current allocation
has become a critical aspect in the development of energy-efficient control strategies for
sustainable electric transportation systems.

Achieving efficient current allocation under dynamic load conditions is a key challenge
for improving the overall energy efficiency and operational stability of PMSM drive systems.
This issue becomes particularly critical in electric vehicle scenarios, where the motor is
frequently subjected to high-load, nonlinear disturbances and rapidly shifting operating
points. In such environments, it is essential for the motor to maintain the required torque
output while minimizing current consumption to prevent unnecessary energy losses and
thermal runaway. As a result, energy-optimized control strategies that aim to minimize
current amplitude without compromising torque performance have emerged as a vital
direction in the evolution of advanced motor control technologies [4,5].

The Maximum Torque Per Ampere (MTPA) [6–8] control strategy has been widely
adopted as a classical and effective method for the energy-efficient control of PMSMs under
steady-state or quasi-steady-state conditions. Its core principle lies in precisely adjusting
the ratio between the d-axis and q-axis currents to achieve the maximum electromagnetic
torque output per unit of stator current, thereby minimizing copper losses and improving
system efficiency. This strategy is particularly effective for PMSMs with saliency, where
magnetic flux linkage coupling exists between the axes. Studies [9] have shown that
compared to traditional vector control methods based solely on q-axis orientation, MTPA
control can significantly reduce current consumption, suppress thermal buildup, and
improve operational stability, especially in applications characterized by stringent current
constraints or prolonged high-load conditions.

In practical engineering applications, the most commonly implemented MTPA method
is based on a dual closed-loop PI vector control structure, which includes an outer speed
loop and an inner current loop. The speed controller first generates a desired torque com-
mand, and then, using the MTPA characteristic curve, the optimal reference values of d-axis
and q-axis currents are computed. These reference currents are regulated via PI controllers
to generate the appropriate control voltages for the inverter. Owing to its clear structure
and well-established implementation, this approach has been widely applied in industrial
servos, CNC machine tools, and electric vehicle drives [10–13]. However, the PI-based im-
plementation suffers from critical limitations under varying operating conditions, primarily
due to its high sensitivity to motor parameter variations. As the motor parameters shift
with temperature, load, or prolonged operation, the fixed gain settings of the PI controller
may become suboptimal, leading to degraded dynamic performance. Furthermore, the
accuracy of MTPA reference current calculation heavily depends on motor parameters
such as flux linkage and inductance. Modeling inaccuracies and parameter drifts can cause
deviations from the optimal current trajectory, resulting in torque fluctuations and reduced
energy efficiency [14–16].

To further enhance dynamic response and control robustness, model predictive control
(MPC) has been increasingly integrated into MTPA strategies in recent years as a promising
alternative to traditional PI-based control structures [17–21]. MPC operates by predicting
the system’s future behavior over a finite time horizon based on current state measurements
and solving an optimization problem at each control interval. This rolling optimization
explicitly accounts for system constraints and multiple performance objectives, enabling
more accurate and adaptive control. Depending on whether the switching states of the
inverter are explicitly considered, MPC methods are generally categorized into finite control
set MPC (FCS-MPC) [22–24] and continuous control set MPC (CCS-MPC) [25]. FCS-MPC
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is widely used in motor control applications due to its simplicity and high computational
efficiency. It directly searches for the optimal switching state within a finite set, eliminating
the need for modulation. However, the discrete nature of the control input leads to coarse
control granularity, which may result in steady-state errors and limited robustness to
parameter variations. In contrast, CCS-MPC computes a continuous-valued control voltage
that must be applied through a modulation scheme, offering smoother control signals and
superior robustness to system uncertainties. Nevertheless, CCS-MPC typically incurs a
significantly higher computational burden, posing challenges for real-time implementation
in high-frequency motor drive systems.

In existing studies [26], MTPA reference current trajectories are typically derived
through analytical expressions or numerical approximation methods and incorporated
into the MPC cost function as part of the control optimization objective. One representa-
tive FCS-MPC approach introduces the MTPA current error into a single-objective cost
function, selecting control inputs that guide the current trajectory as close as possible
to the optimal MTPA path [27]. To improve control accuracy and system consistency,
subsequent research has formulated multi-objective cost functions that combine torque
error, MTPA tracking error, and current constraint penalties [28]. However, due to the
inherent nonlinearity of MTPA characteristics, the resulting cost functions often involve
high-order terms, leading to increased computational complexity and posing challenges
for real-time optimization. Alternative approaches have attempted to incorporate absolute
or squared trajectory deviation terms into the cost function, sometimes combined with dy-
namic weighting mechanisms to enhance control smoothness. Yet, these formulations often
suffer from structural inconsistency and convergence instability, which limit the practical
deployment of MTPA–MPC strategies in industrial motor drives [29]. Furthermore, while
FCS-MPC generally lacks the adaptive capability to cope with motor parameter variations,
resulting in steady-state errors, CCS-MPC offers better robustness due to its embedded
integral action. Nevertheless, CCS-MPC remains constrained in real-world applications by
its high computational load and strong dependence on hardware performance. As such,
recent research efforts are increasingly focused on developing MTPA–MPC schemes that
are lightweight in structure, analytically tractable in cost function formulation, and capable
of dynamically adjusting current trajectories. The ultimate goal is to achieve accurate MTPA
current tracking and optimal control performance while maintaining low computational
overhead suitable for real-time electric drive applications.

In this study, a low-dimensional, high-response Laguerre-based model predictive
control algorithm is developed within the MPC framework to address the computational
challenges of real-time motor control. By parameterizing the control input sequence using
Laguerre functions, the proposed method significantly reduces the number of optimization
variables, thereby lowering the computational burden and improving the online solving
efficiency of the controller. This dimensionality reduction enables the practical imple-
mentation of continuous control set MPC in high-frequency applications such as electric
vehicle drives. Building upon this foundation, the proposed strategy further integrates
the MTPA control principle to enhance current utilization and torque density. Specifically,
the d-axis and q-axis currents are selected as the primary predictive state variables, and
an equivalent current construction method is introduced to simplify the generation of
MTPA reference currents. A current allocation cost function is designed to balance tracking
accuracy and energy efficiency, enabling the motor to produce maximum torque per unit
current. As a result, the proposed Laguerre-MTPA MPC approach achieves energy-efficient,
high-performance torque control under dynamic load conditions, offering a promising
solution for sustainable and real-time electric transportation systems.
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2. The PMSM Model and MTPA-Based Model Predictive Control

2.1. PMSM Model

The continuous-time electrical dynamics equations and mechanical equation of a
PMSM in the dq0 rotating reference frame can be described by [30]:

did
dt = − Rs

Ld
id +

Lq
Ld

Pωmiq +
ud
Ld

diq
dt = − Rs

Lq
iq +

Ld
Lq

Pωmid − φ f
Lq

Pωm +
uq
Lq

(1)

Te =
3
2

P[φ f iq + (Ld − Lq)idiq] (2)

where id is the stator current of the d-axis; iq is the stator current of the q-axis; ωm is the
mechanical angular speed of the rotor; φ f is the base electromotive force constant; Rs is
the stator winding resistance; Ld is the stator inductance of the d-axis; Lq is the stator
inductance component of the q-axis; P is the number of pole pairs; ud is the stator voltage
of the d-axis; uq is the stator voltage of the q-axis; and Te is the electromagnetic torque.

Assuming the sampling interval is Ts, the items ωmiq(k) and ωmid(k) are considered
as constant variables in a sampling interval; then, (1) can be discretized as:

id(k + 1) = Ld−TsRs
Ld

id(k) +
Lq
Ld

TsPωmiq(k) + Ts
Ld

ud(k)

iq(k + 1) = Lq−TsRs
Lq

iq(k)− Ld
Lq

TsPωmid(k)− TsP
φ f
Lq

ωm(k) + Ts
Lq

uq(k)
(3)

Assume the d-axis current id, q-axis current iq, mechanical angular speed ωm, the
product of id and ωm, and the product of iq and ωm are the state variables. Assuming the
d-axis voltage ud and q-axis voltage uq are the input variables and d-axis current id and
q-axis current iq are the output variables, then (3) can be described in the state space model:

x(k + 1) = Ax(k) + Bu(k)
y(k) = Cx(k)

(4)

x(k) =

⎡
⎢⎢⎢⎢⎢⎣

id(k)
iq(k)
ωm(k)
ωmid(k)
ωmiq(k)

⎤
⎥⎥⎥⎥⎥⎦, y(k) =

[
id(k)
iq(k)

]
, u(k) =

[
ud(k)
uq(k)

]
,

B =

[ Ts
Ld

0 0 0 0
0 Ts

Lq
0 0 0

]T

, C =

[
1 0 0 0 0
0 1 0 0 0

]2

(5)

A =

⎡
⎢⎢⎢⎢⎢⎢⎣

Ld−TsRs
Ld

0 0 0 TsPLq
Ld

0 Lq−TsRs
Lq

− TsPLd
Lq

0 − TsPφ f
Lq

0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎦

(6)

2.2. MTPA Strategy

From (2), it can be seen that the torque of a PMSM consists of two parts: the first
part is the electromagnetic torque, and the second part is the reluctance torque. When
using the id = 0 control strategy, only electromagnetic torque takes effect, and the torque
is determined by the q-axis current. However, this control strategy will reduce the motor
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operating efficiency and the torque performance. In order to better utilize reluctance torque,
the control strategy of MTPA can be adopted to control the motor.

The MTPA control method refers to the minimum stator current of the motor under
the same electromagnetic torque, which means (2) is subject to [31]:

is = min
√

i2d + i2q (7)

In order to obtain the d-axis and q-axis currents of the PMSM under the MTPA control
method, the following Lagrange function is usually constructed:

F =
√

i2d + i2q + λ

(
Te − 3

2
P
(

φ f iq +
(

Ld − Lq
)
idiq

))
(8)

Considering id ≤ 0, iq ≥ 0, note that the constraints id ≤ 0 and iq ≥ 0 are introduced
only for the forward-driving operation of the traction system. A negative id is a common
requirement in MTPA control of IPMSMs to utilize the reluctance torque, and it does not
lead to demagnetization as long as the current remains within the safe operating range
defined by the machine design. The constraint iq ≥ 0 corresponds to forward torque
generation. If motor reversal is required, the condition can be relaxed to iq < 0, which
produces negative torque. In this paper, only the forward-driving case is considered for
clarity.

λ is the Lagrange factor.
Then, take the partial derivative of function F with respect to the variables id, iq,

and λ.
∂F
∂id

= id√
i2d+i2q

− 3
2 λP

(
Ld − Lq

)
iq = 0

∂F
∂iq

=
iq√

i2d+i2q
− 3

2 λPφ f − 3
2 λP

(
Ld − Lq

)
id = 0

∂F
∂λ = Te − 3

2 P[φ f iq + (Ld − Lq)iqiq] = 0

(9)

By solving the equations, the relationship between the d-axis and q-axis currents under
the MTPA control method can be described as [32]:

(
id −

φ f

2(Lq − Ld)

)2
=

(
φ f

2(Lq − Ld)

)2
+ i2q (10)

considering that id ≤ 0, iq ≥ 0.
From (7) and (10), it can be seen that the relationship between d-axis and q-axis currents

is not linear and is difficult to solve. Therefore, a simpler method for solving d-axis and
q-axis currents is needed under the MTPA control method.

2.3. Traditional MTPA Model Predictive Control

Based on the mathematical model of PMSM described in (4), the MPC of PMSM
usually calculates the system behavior under different control sequences within a finite
predictive period. A preset cost function is used to obtain the optimal control sequence;
then, the first control variable in the optimal control sequence is applied on the PMSM
control to achieve rolling optimization.

The traditional MTPA-based MPC algorithm first calculates the MTPA reference
currents through (7) and (10) and then obtains the optimal voltage by solving the cost
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function. The cost function usually includes current errors, or MTPA curve errors, or a
combination of both described in (10) [33,34].

J =
NP
∑

m=1

([
id(k + m)

iq(k + m)

]
−

[
i∗d
i∗q

])T

qi

⎛
⎝[

id(k + m)

iq(k + m)

]
−

⎡
⎣ i∗d

i∗q

⎤
⎦
⎞
⎠

+qmtpa
NP
∑

m=1

∣∣∣∣∣i2d(k + m) +
ϕ f(

Ld − Lq
) id(k + m)− i2q(k + m)

∣∣∣∣∣
(11)

where i∗d and i∗q are the references of the d-axis current and q-axis current, respectively; m is
the future m-th predictive period starting from k; n is the future n-th control period starting
from k; qi is the weight of current errors; and qmpta is the weight of MTPA curve errors.

From (11), it can be seen that the second item is an absolute expression, which needs
to be segmented according to the situation when solving the optimal control variable.
Moreover, it differs from the standard quadratic programming cost function and cannot be
directly solved using the quadratic programming solutions, which increase the difficulty of
the solution. Therefore, a more convenient cost function is needed for MTPA-based MPC
control for PMSM.

3. The Proposed MTPA-Based MPC Method

3.1. The Proposed MTPA Method

At every sampling period k, the d-axis and q-axis currents of PMSM can be represented
by a unique variable iN :

iN(k) = iq(k)− id(k) (12)

Considering that iN(k) =

{
(iq(k)− id(k)) > 0 iq(k) > 0

0 iq(k) = 0
.

First, (10) can be transformed into:(
id(k)− Λ + iq(k)

)
(id(k)− Λ − iq(k)) = Λ2 (13)

where Λ =
φ f

2(Lq−Ld)
.

Then, substituting (12) into (10), we obtain:

−(id(k)− Λ + iq(k))(iN(k) + Λ) = Λ2 (14)

Next, combining (12) and (14), an equation system is constructed as follow:

{
id(k) + iq(k) = Λ − Λ2

iN(k)+Λ

iq(k)− id(k) = iN(k)
(15)

By solving (15), we can obtain:

⎧⎪⎨
⎪⎩

i∗q (k) =
i2N(k)+2ΛiN(k)

2(iN(k)+Λ)

i∗d(k) = − i2N(k)
2(iN(k)+Λ)

(16)

The i∗d(k) and i∗q (k) in (16) is the reference current under the MTPA control method.
Compared with (7) and (10), (16) is used to calculate the current of the d-axis and q-axis,
which reduces the load of calculation. Figure 1 shows the schematic diagram of the
proposed MTPA algorithm.
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Figure 1. The proposed MTPA schematic diagram.

3.2. The Proposed Cost Function

There is a segmented function in (11), which is complex to calculate. Then, a new cost
function is designed according to the MTPA characteristics as follows:

J =
Np

∑
m=1

([
id(k + m)

iq(k + m)

]
−

[
i∗d(k + m)

i∗q (k + m)

])T

qi

([
id(k + m)

iq(k + m)

]
−

[
i∗d(k + m)

i∗q (k + m)

])

+qmtpa

Np

∑
m=1

(
id(k + m)− Λ)2 − Λ2 − i2q(k + m)

)2

+
Nc
∑

n=1
ΔuT(k + n − 1)rΔu(k + n − 1)

(17)
The cost function in (17) consists of three parts: total current errors within Np predictive

periods, MTPA curve errors within Np predictive periods, and voltage increment errors
within Nc control periods. The total current errors refers to the errors between the operating
current of the PMSM and the reference currents of the PMSM under MTPA control. The
purpose of this item is to make the currents of the PMSM follow the reference currents as
much as possible, that is, the reference currents of the PMSM under MTPA control. The
second MTPA curve errors is to ensure that the d-axis and q-axis current trajectories of
the PMSM are as close as possible to the MTPA curve during operation, further ensuring
that the PMSM operates in MTPA mode. When the PMSM becomes stable, the voltage
increments should approach zero as soon as possible to ensure the steady-state performance
and dynamic response of the PMSM.

In the second item of (17), the power of expression J is 4. To simplify calculations, the
power of the cost function must be reduced.

First, the second item in (17) can be reconstructed:

(id(k + m)− Λ)2 − Λ2 − i2q(k + m)

= (id(k + m)− Λ − iq(k + m))(id(k + m)− Λ + iq(k + m))− Λ2 (18)

Substitute (12) into (17), then:

(id(k + m)− Λ)2 − Λ2 − i2q(k + m)

= −(iN(k + m) + Λ)(id(k + m) + iq(k + m)− Λ)− Λ2 (19)

When a PMSM is running, the current should be kept as close to the MTPA curve as
possible. Therefore, the following equation is true:

−(iN(k + m) + Λ)
(
id(k + m) + iq(k + m)− Λ

)− Λ2 = 0
id(k + m) + iq(k + m) = ΛiN(k+m)

Λ+iN(k+m)

(20)
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According to the analysis above, the cost function (16) is equal to:

J =
Np

∑
m=1

([
id(k + m)

iq(k + m)

]
−

[
i∗d
i∗q

])T

qi

([
id(k + m)

iq(k + m)

]
−

[
i∗d
i∗q

])

+qmtpa

Np

∑
m=1

(
id(k + m) + iq(k + m)− ΛiN(k + m)

Λ + iN(k + m)

)2

+
Nc
∑

n=1
ΔuT(k + n − 1)rΔu(k + n − 1)

(21)

Furthermore, the cost function (21) can be changed to:

J =
Np
∑

m=1

⎛
⎜⎝
⎡
⎢⎣ id(k + m)

iq(k + m)

id(k + m) + iq(k + m)

⎤
⎥⎦−

⎡
⎢⎣

i∗d
i∗q
i∗mtpa

⎤
⎥⎦
⎞
⎟⎠

T

q

⎛
⎜⎝
⎡
⎢⎣ id(k + m)

iq(k + m)

id(k + m) + iq(k + m)

⎤
⎥⎦−

⎡
⎢⎣

i∗d
i∗q
i∗mtpa

⎤
⎥⎦
⎞
⎟⎠

+
Nc
∑

n=1
ΔuT(k + n − 1)rΔu(k + n − 1)

(22)

where q =

⎡
⎢⎣qid 0 0

0 qiq 0
0 0 qmtpa

⎤
⎥⎦, i∗mtpa =

ΛiN(k+m)
Λ+iN(k+m)

.

Assume the following:

ym(k + m) =

⎡
⎢⎣ id(k + m)

iq(k + m)

id(k + m) + iq(k + m)

⎤
⎥⎦ =

⎡
⎢⎣ id(k + m)

iq(k + m)

imtpa(k + m)

⎤
⎥⎦

y∗m(k + m) =

⎡
⎢⎣

i∗d(k + m)

i∗q (k + m)

i∗mtpa(k + m)

⎤
⎥⎦ =

⎡
⎢⎢⎢⎢⎣

i2N(k + m) + 2ΛiN(k + m)

2(iN(k + m) + Λ)

− i2N(k+m)
2(iN(k+m)+Λ)

ΛiN(k+m)
Λ+iN(k+m)

⎤
⎥⎥⎥⎥⎦

(23)

Then, substituting (23) into (22), we can obtain:

J =
Np

∑
m=1

(ym(k + m)− y∗m(k + m))Tq(ym(k + m)− y∗m(k + m))

+
Nc
∑

n=1
ΔuT(k + n − 1)rΔu(k + n − 1)

(24)

Equation (24) is the proposed cost function for solving the optimal control variables.

3.3. The Proposed PMSM Model

From (22) and (23), it can be seen that the sum of the d-axis current and q-axis current
has been added to the output variables and cost function. In order to find the solution of the
optimal variables, it is necessary to modify the state space model of PMSM described in (4).

First, modify the state space model of PMSM described in (4) to the 1st state space
model, namely the incremental model.

Δx(k + 1) = A1Δx(k) + B1Δu(k)
y(k) = C1Δx(k)

(25)
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where Δx(k) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Δid(k)
Δiq(k)

Δωm(k)
Δωmid(k)
Δωmiq(k)

id(k)
iq(k)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, y(k) =

[
id(k)
iq(k)

]
, Δu(k) =

[
Δud(k)
Δuq(k)

]
,

B1 =

[ Ts
Ld

0 0 0 0 Ts
Ld

0
0 Ts

Lq
0 0 0 0 Ts

Lq

]T

, C1 =

[
0 0 0 0 0 1 0
0 0 0 0 0 0 1

]
,

A1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ld−TsRs
Ld

0 0 0 TsPLq
Ld

0 0

0 Lq−TsRs
Lq

− TsPLd
Lq

0 − TsPφ f
Lq

0 0

0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0

Ld−TsRs
Ld

0 0 0 0 1 0

0 Lq−TsRs
Lq

0 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Next, add the sum of the d-axis current and q-axis current to the 1st state space model
(25), and the 2nd state space model is formed in (25).

xm(k + 1) = Amxm(k) + BmΔu(k)
ym(k) = Cmxm(k)

(26)

where xm(k) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Δid(k)
Δiq(k)
Δω(k)

Δidω(k)
Δiqω(k)

id(k)
iq(k)

id(k) + iq(k)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, ym(k) =

⎡
⎢⎣ id(k)

iq(k)
id(k) + iq(k)

⎤
⎥⎦, Δu(k) =

[
Δud(k)
Δuq(k)

]
,

Am =

⎡
⎢⎣ A1 0 0

C1 A1 1 0
CzC1 A1 0 1

⎤
⎥⎦, Bm =

⎡
⎢⎣ B1

C1B1

CzC1B1

⎤
⎥⎦, Cm = [03×5 I3×3], Cz = [1 1].

3.4. The Improved PMSM Model Using the LAGUERRE Function

A stable linear system can be represented by a series of Laguerre functions. The
differences of voltage Δu(k) described in (26) will be zero when the PMSM becomes steady;
in order to accelerate the rate of voltage increment decay to zero, a Laguerre function
is introduced to represent the voltage increment. By adjusting the parameters of the
Laguerre function, we can reduce the number of predictive periods and speed up the
system response.

Δu(k) =

[
Δud(k)
Δud(k)

]
=

[
Ld(0)ηd

Lq(0)ηq

]
= Lu(0)

TηI (27)

where ηI =

[
ηd

ηq

]
=

[
cd

1 · · · cd
Nd cq

1 · · · cq
Nq

]T
,

Lu(0) =

[
Ld(0)
Lq(0)

]
=

[
ld
1(0) · · · ld

N(0) 0 0 0
0 0 0 lq

1(0) · · · lq
N(0)

]
.
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ηI is the Laguerre coefficients matrix. cd
1, cd

2 . . . cd
Nd

are the Laguerre coefficients of the
d-axis voltage; cq

1, cq
2 . . . cq

Nq
are the Laguerre coefficients of the q-axis. Nd is the number

of items of the d-axis voltage Laguerre functions. Nq is the number of items of the q-
axis voltage Laguerre functions. Lu(0) is the Laguerre vector of the d-axis voltage and
q-axis voltage.

To ensure analytical clarity, the assumptions used in transforming the cost function are
as follows: (i) the MTPA deviation term is replaced by a quadratic surrogate to guarantee
differentiability and compatibility with quadratic programming; (ii) the sum of id and iq

is introduced into the outputs so that the MTPA manifold can be softly enforced within
the cost; and (iii) an incremental model with Laguerre parameterization is employed to
represent input increments, which preserves convexity while reducing dimensionality.
Under these assumptions, the final cost function can be written as a quadratic form in the
optimization vector, with a positive semidefinite Hessian. When the increment weight
ru > 0 and the Laguerre embedding has full column rank, the Hessian is strictly positive
definite, ensuring convexity and uniqueness of the solution. For closed-loop stability, the
incremental MPC framework yields an ISS-type Lyapunov decrease condition, since the
smoothing term ∑ ru ‖ Δu ‖2 guarantees the boundedness of increments and the Laguerre
factor a ∈ (0, 1) ensures exponential decay. Finally, the tuning criteria of the weights are
summarized as follows: qd, qq balance d- and q-axis current tracking; rmtpa determines
the adherence to the analytical MTPA curve; and ru provides smoothness and stability
margin. A sensitivity test shows that varying each weight by one order of magnitude
changes current RMS, overshoot, and settling time in a predictable monotonic fashion,
which confirms robustness of the proposed settings without additional graphical evidence.

The cost function weights have distinct physical roles: qd and qq penalize tracking
errors of the d- and q-axis currents, qmtpa enforces proximity to the analytical MTPA
trajectory, and r penalizes voltage increments to smooth the control action and improve
closed-loop stability. In practice, the weights are tuned empirically: larger qd and qq

accelerate current tracking at the expense of overshoot, larger qmtpa enhance efficiency
but slow down the transient, and larger r reduce torque/current ripple but lead to slower
dynamic response. In the following simulation parameter settings, the nominal values are
used (qd = qq = qMTPA = 104, r = 0.1), which were found to balance accuracy, efficiency,
and robustness. Sensitivity analysis shows that varying each weight by one order of
magnitude results in monotonic and predictable changes in RMS current, overshoot, and
settling time, confirming the robustness of the tuning strategy.

3.5. The Constrains of Currents

It is well known that the currents of PMSM must satisfy

i2d + i2q ≤ I2
max (28)

where id, iq are the d-/q-axis stator currents obtained from the Clarke–Park transformation,
and Imax is the maximum admissible current amplitude. Since (28) is nonlinear, it must be
linearized before embedding into the quadratic programming framework.

Combining (10), (13), and (28), we obtain:

(
id − Λ

2

)2
≤ I2

max
2

+
a2

4
(29)

where a = Λ, and Λ is in (13). In addition, a common approach is to apply
the �1-norm inner approximation,

∣∣id
∣∣+∣∣iq∣∣≤ Imax , which guarantees that if it holds,

then (28) also holds. Expanding the absolute values gives four linear inequalities:
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id + iq ≤ Imax, id − iq ≤ Imax,−id + iq ≤ Imax,−id − iq ≤ Imax, or in compact form,

S4i ≤ Imax14, where Istack = [i(k + 1)�, . . . , i(k + Np)
�]

�
. This procedure results in a

conservative inner approximation; the feasible set changes from a circular disk of radius
Imax (nonlinear) to an inscribed diamond (linear). Although this reduces the feasible region
slightly, it ensures that the true current limit is never violated.

By solving (29), we can obtain:

⎧⎨
⎩ id ≤ Λ

2 +
√

I2
max
2 + a2

4

−id ≤
√

I2
max
2 + a2

4 − Λ
2

(30)

According to (12), we can obtain:

⎧⎨
⎩ iq ≤ Λ

2 +
√

I2
max
2 + a2

4 + iN

−iq ≤
√

I2
max
2 + a2

4 − Λ
2 − iN

(31)

Then, combining (10), (30), and (31), the constraints of the d-axis and q-axis current
can be described as follows:⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

id ≤ 0

−id ≤
√

I2
max
2 + a2

4 − A
2

iq ≤ Λ
2 +

√
I2
max
2 + a2

4 + iN

−iq ≤
√

I2
max
2 + a2

4 − Λ
2 − iN

subject to:

√
I2
max
2

+
a2

4
− Λ

2
− iN ≤ 0 (32)

or ⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

id ≤ 0

−id ≤
√

I2
max
2 + a2

4 − Λ
2

iq ≤ Λ
2 +

√
I2
max
2 + a2

4 + iN

−iq ≤ 0

subject to:

√
I2
max
2

+
a2

4
− Λ

2
− iN > 0 (33)

Based on the 2nd space state model (26), cost function (24) and (27), constraints (32)
and (33), the incremental optimal control variable Δu can be obtained. The proposed
MTPA-based MPC method is presented in Figure 2.

Figure 2. The proposed MTPA-based MPC schematic diagram.

4. Results

To validate the effectiveness of the proposed Laguerre-MTPA MPC, extensive sim-
ulation experiments were conducted using MATLAB/Simulink R2017a. Two types of
PMSMs were selected to evaluate the performance of the proposed method under different
saliency conditions. The motor parameters were designed according to Tables 1–3. Motor
1 exhibits a large difference between the d-axis and q-axis inductances, representing a
high-saliency machine, while Motor 2 features a relatively small inductance difference, rep-
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resenting a low-saliency configuration. This setup allows for a comprehensive assessment
of Laguerre-MTPA MPC adaptability and performance across various motor types. The
listed weights were chosen to balance tracking accuracy, efficiency, and smoothness, as
discussed in Section 3.4.

Table 1. Motor 1 parameters.

Parameter Description Value

Pn Pole pair number 4
Rs Stator winding resistance 0.958 Ω
Ld Inductance along d-axis 0.00525 mH
Lq Inductance along q-axis 0.012 mH
ψ f Permanent magnet flux linkage 0.1827 Wb
J Moment of inertia 0.003 kg · m2

B Viscous friction coefficient 0.0038 N · m · s

Table 2. Motor 2 parameters.

Parameter Description Value

Pn Pole pair number 6
Rs Stator winding resistance 0.00423 Ω
Ld Inductance along d-axis 0.171 mH
Lq Inductance along q-axis 0.391 mH
ψ f Permanent magnet flux linkage 0.1039 Wb

Table 3. Laguerre-MTPA MPC controller parameters.

Parameter Description Value

kpω Speed proportional gain 5
kiω Speed integral gain 1000
Np Prediction horizon 4
Nc Control interval 1
a1 Laguerre factor for d-axis voltage 0.9
a2 Laguerre factor for q-axis voltage 0.9

N1
Number of Laguerre terms for

d-axis voltage 4

N2
Number of Laguerre terms for

q-axis voltage 4

qid Weight of d-axis current error 10,000
qiq Weight of q-axis current error 10,000

qmtpa Weight of MTPA trajectory error 10,000
r Weight of voltage increment error 0.1

The MTPA tracking performance of Motor 2 under load variation is illustrated in
Figure 3, which presents the dynamic current response trajectories of three control strategies:
the proposed Laguerre-MTPA MPC, the traditional MTPA method, and standard MPC
without MTPA integration. In this simulation, the reference speed of Motor 2 is set to
100 rad/s with an initial external load torque of 10 N · m. At t = 0.3 s, the load increases
to 20 N · m, and at t = 0.6 s, it decreases back to 10 N · m. Figure 3 shows the current
trajectories in the d-q plane, which are used to evaluate the tracking capability of each
control method with respect to the theoretical MTPA trajectory calculated from Equation
(9). It is observed that the traditional MTPA method exhibits noticeable current fluctuations
and significant deviation from the optimal trajectory. In contrast, the standard MPC
without MTPA exhibits a wide and scattered current distribution, lacking consistency
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and alignment with the desired torque-per-ampere path. The proposed Laguerre-MTPA
MPC strategy, however, demonstrates a highly concentrated current trajectory that closely
follows the theoretical MTPA curve, indicating superior tracking accuracy and improved
control consistency under dynamic loading conditions.

Figure 3. MTPA response of Motor 2 under varying load conditions.

In contrast to Figure 3, the MTPA tracking performance of Motor 1 under load varia-
tion is shown in Figure 4. To further verify the generality and robustness of the proposed
Laguerre-MTPA MPC strategy across different types of PMSMs, Motor 1 is selected for
comparative simulation. The load variation scenario is kept identical to that in Figures 3–5
for consistency. Unlike Motor 1, which features similar d-axis and q-axis inductances and
thus a minimal contribution from reluctance torque, Motor 2 exhibits a significant difference
between the two inductances (i.e., Ld �= Lq), resulting in a pronounced magnetic saliency
and a noticeably nonlinear MTPA trajectory. As shown in the d-q current distribution
plot in Figure 4, the intrinsic motor characteristics clearly influence the performance of
each control strategy. For Motor 2, although both the traditional MTPA control and the
standard MPC show deviations from the ideal MTPA path, the overall current distribution
remains relatively compact. However, for Motor 1 with its stronger reluctance torque char-
acteristics, the traditional MTPA control results in greater deviations from the theoretical
trajectory, while the current point cloud under standard MPC becomes highly scattered
and unstable, severely compromising current utilization and torque output precision. In
contrast, the proposed Laguerre-MTPA MPC algorithm demonstrates consistent track-
ing performance across both motor types. Even in the presence of dominant reluctance
torque effects in Motor 1, the current trajectory remains closely aligned with the theoretical
MTPA path. No significant current deviation or instability is observed, highlighting the
superior adaptability and robustness of the proposed method under varying magnetic
saliency conditions.

Figure 4. MTPA response of Motor 1 under varying load conditions.
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Figure 5. MTPA response of Motor 1 under varying speed conditions.

The MTPA tracking performance of Motor 1 under varying speeds is illustrated in
Figure 5. This figure presents the current distribution trajectories of the proposed Laguerre-
MTPA MPC strategy under different speed conditions, while keeping the load variation
scenario identical to that described in Figure 3. Three representative operating points,
80 rad/s, 100 rad/s, and 150 rad/s, are selected for comparative simulation, and the cor-
responding current paths are plotted in the d-q plane. As shown in Figure 5, the current
trajectories at all three speeds are well aligned with the theoretical MTPA curve and exhibit
high compactness and consistency, indicating strong speed adaptability of the proposed
controller. Specifically, as the speed increases, the spread of the current along the d-axis
becomes slightly wider due to the increased torque demand and system dynamics. Never-
theless, the Laguerre-MTPA MPC controller consistently maintains accurate tracking of
the MTPA trajectory without exhibiting notable deviation or oscillatory behavior. Notably,
under the high-speed condition of 150 rad/s, where system dynamics are more pronounced,
the controller still generates prompt and stable current commands that closely follow the
optimal torque-per-ampere path. This reflects the effectiveness of Laguerre function-based
parametrization in maintaining optimization stability even at elevated speeds. These re-
sults confirm that the proposed Laguerre-MTPA MPC strategy is not only effective under
steady-state or low-speed conditions but also exhibits excellent trajectory tracking accu-
racy and robustness at high speeds, making it well-suited for wide-speed-range electric
drive applications.

The electromagnetic torque performance under load variation is compared in Figure 6,
which illustrates the response of three control strategies: the proposed Laguerre-MTPA
MPC, the traditional MTPA-MPC, and the standard Laguerre-based MPC (LMPC). The
test scenario mirrors the one used in previous sections; Motor 1 operates at a reference
speed of 100 rad/s with an initial external load torque of 10 N·m. At t = 0.3 s, the load
increases to 20 N·m, and at t = 0.6 s, it decreases back to 10 N·m. As observed in Figure 6,
although all three control strategies are capable of responding to load variations, their
performance differs significantly. The standard LMPC (without MTPA integration) exhibits
a slower response speed, noticeable overshoot, and persistent steady-state oscillations.
The traditional MTPA–MPC improves the response speed but shows slight oscillations at
moments of abrupt load change. In contrast, the proposed Laguerre-MTPA MPC achieves
superior dynamic performance with faster response, reduced overshoot, and smoother
torque convergence during both disturbance events. For instance, in the load step-up
scenario at t = 0.3 s, the Laguerre-MTPA MPC stabilizes the electromagnetic torque
near the new setpoint within approximately 10 ms, about 30% faster than the traditional
MTPA–MPC method. Similarly, during the load drop at t = 0.6 s, the proposed controller
demonstrates lower response delay and quicker recovery to steady state, further confirming
its effectiveness in handling abrupt load disturbances with high precision and robustness.
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Figure 6. Electromagnetic torque response comparison under load changes.

Figure 7 presents the current magnitude response curves under load disturbance for
different control strategies, aiming to evaluate their impact on current utilization efficiency.
The load variation scenario is identical to that described in Figure 6. As shown in the
figure, all three control methods exhibit significant changes in current magnitude dur-
ing load transients, but their dynamic behaviors differ markedly. The standard LMPC
maintains relatively high current magnitudes throughout the entire process, with sharp
fluctuations during load transitions, indicating poor current utilization and lower efficiency.
The traditional MTPA-MPC strategy shows improved performance in steady-state phases,
demonstrating some degree of current optimization. However, it still suffers from abrupt
current spikes and minor oscillations during load disturbances. In contrast, the proposed
Laguerre-MTPA MPC consistently achieves lower current magnitude responses, with faster
convergence and smaller fluctuations during transient periods. Notably, during the load
increase phase at t = 0.3 s, the current under Laguerre-MTPA MPC rapidly rises to the new
steady-state level and stabilizes quickly, demonstrating excellent dynamic current control
capability. Moreover, in steady-state operation, the proposed method reduces the average
current magnitude by approximately 12–18% compared to the other methods, shortens
the transient settling time by around 25%, and exhibits smoother amplitude transitions.
Figure 7 shows that the proposed Laguerre–MTPA MPC achieves a reduction of approx-
imately 12–18% in the average current magnitude compared with the baselines. Since
copper loss is given by PCu = 3I2Rs (with Rs listed in Table 2), this directly corresponds
to a 12–18% reduction in copper loss and, thus, in winding thermal stress. The smoother
current trajectories also imply fewer transient spikes, contributing to lower cumulative
energy consumption over drive cycles. These improvements directly contribute to lower
copper losses, higher system energy efficiency, and reduced thermal stress.

Figure 7. Current magnitude response comparison under load changes.

Figure 8 illustrates the speed response of the motor under the same load distur-
bance conditions, comparing the ability of each control strategy to reject disturbances
and maintain speed stability. Although all controllers maintain generally stable speed
outputs, varying degrees of speed fluctuations occur during sudden load changes. The
standard LMPC strategy shows the largest deviations, with significant speed dips and
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overshoots at both disturbance moments, along with the longest recovery time. The tradi-
tional MTPA-MPC demonstrates improved disturbance rejection but still exhibits notable
speed deviations when subjected to abrupt load changes. In comparison, the proposed
Laguerre-MTPA MPC controller achieves the smallest speed fluctuations and the fastest
dynamic recovery during both disturbance events. As shown in the detailed insets, during
the sudden load increase at t = 0.3 s, the proposed controller results in the smallest speed
drop and restores the steady-state value within approximately 10 ms. Similarly, during
the load decrease at t = 0.6 s, it produces the smallest overshoot and exhibits a smooth
convergence trend, outperforming both benchmark methods. These results indicate that
the proposed Laguerre–MTPA MPC not only improves electromagnetic torque control
precision but also significantly enhances the system’s disturbance rejection capability under
variable operating conditions.

Figure 8. Speed tracking response comparison under load changes.

Figures 9 and 10 illustrate the responses of the d-axis and q-axis currents, respectively,
under the load variation scenario described in Figure 6. These current trajectories are used
to assess the ability of different control strategies to adapt to changing torque demands,
particularly reflected in the behavior of the q-axis current, which is directly related to
electromagnetic torque generation. As shown in Figure 10, the standard LMPC (configured
with baseline parameters) exhibits the largest q-axis current fluctuations at both distur-
bance moments, accompanied by pronounced oscillations during the transient phases
and poor overall stability. The traditional MTPA-MPC strategy offers some improvement
in suppressing fluctuations but still shows brief overshoots during load transitions. In
contrast, the proposed Laguerre-MTPA MPC demonstrates the most stable q-axis current
response under both disturbance events. The current transitions are smooth, with minimal
fluctuations, and the steady-state values accurately align with the torque levels correspond-
ing to the external load changes. A closer examination of the detailed insets reveals that
during the load increase at t = 0.3 s, the q-axis current under the proposed controller rises
rapidly and settles smoothly, whereas the other strategies exhibit either delay or oscillatory
behavior. Similarly, during the load decrease at t = 0.6 s, the Laguerre-MTPA MPC shows
a faster downward response with the smallest overshoot.

Figure 9. d-axis current response under load changes.
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Figure 10. q-axis current response under load changes.

Overall, these results confirm that the proposed controller not only refines the current
trajectory for torque generation but also significantly improves the system’s dynamic
responsiveness and steady-state precision under load disturbances. This highlights the
superior electromagnetic control capability and dynamic consistency of the Laguerre–MTPA
MPC strategy.

5. Conclusions

This paper presents a novel energy-efficient control strategy that integrates Laguerre
function-based modeling with MTPA optimization to enhance the performance of PMSM
drive systems in electric vehicles. By compressing the control input sequence using La-
guerre orthogonal functions, the proposed method significantly reduces the dimensionality
of the optimization problem, thereby improving the real-time computational efficiency and
enabling practical online deployment of the MPC controller. In addition, an equivalent
MTPA current trajectory is dynamically constructed to generate optimal current references
that maximize torque output per unit current. This integration not only enhances the re-
sponsiveness of the controller but also improves the current utilization efficiency and aligns
with energy-saving objectives. In this work, the proposed Laguerre–MTPA MPC frame-
work has been shown to reduce the current magnitude, improve dynamic performance,
and enhance robustness under parameter variations and load disturbances. These improve-
ments translate directly into copper loss reduction and energy savings. In future work,
we plan to extend the evaluation to full drive-cycle energy accounting (e.g., WLTP-like
torque–speed profiles), including cumulative kWh calculation, inverter switching losses,
and iron/core loss estimation. Such studies will further confirm the practical energy-saving
potential of the proposed controller in realistic automotive applications.
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Abstract: The accurate estimation of the remaining useful life (RUL) of lithium-ion batteries
(LIBs) is essential for ensuring safety and enabling effective battery health management
systems. To address this challenge, data-driven solutions leveraging advanced machine
learning and deep learning techniques have been developed. This study introduces a novel
framework, Deep Neural Networks with Memory Features (DNNwMF), for predicting
the RUL of LIBs. The integration of memory features significantly enhances the model’s
accuracy, and an autoencoder is incorporated to optimize the feature representation. The
focus of this work is on feature engineering and uncovering hidden patterns in the data.
The proposed model was trained and tested using lithium-ion battery cycle life datasets
from NASA’s Prognostic Centre of Excellence and CALCE Lab. The optimized framework
achieved an impressive RMSE of 6.61%, and with suitable modifications, the DNN model
demonstrated a prediction accuracy of 92.11% for test data, which was used to estimate the
RUL of Nissan Leaf Gen 01 battery modules.

Keywords: autoencoder; deep learning; lithium-ion battery; memory features; Nissan Leaf
battery; PCA; remaining useful life

1. Introduction

This an extended version of the “Accurate Prediction of Remaining Useful Life for
Lithium-ion Battery Cells Using Deep Neural Networks” conference paper published by
IEEE [1]. The commercialization of lithium-ion battery technology by Sony in 1991 was a
significant milestone given the increasing demand for sophisticated energy storage systems
that primarily depend on technology, mobility, and energy efficiency [2]. Due to their com-
paratively high energy and power density, remarkable efficiency, low self-discharge rate,
and extended lifespan [3,4] compared to other batteries, LIBs have since found extensive
applications in a variety of industries, including electric vehicles, household appliances,
communication applications, aerospace, cell phones, and other fields [5]. The main energy
source for the most recent iterations of the Tesla, Chevrolet Volt, Nissan Leaf, and BYD E6
is lithium-ion batteries.

As lithium-ion batteries continually experience cycles of charge and discharge, their
overall capacity gradually reduces—a process known as “health degradation”. This aging
process is influenced by various aspects. As the lithium ions migrate between the anode and
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cathode and induce capacity fading, a solid layer known as the Electrolyte Interface (SEI) layer
repeatedly forms on the electrode’s surface. Another factor is lithium plating, which occurs
when a battery is overcharged in cold conditions, turning lithium ions into lithium metal.
Additionally, capacity degradation is brought on by an increase in internal impedance [3,4,6].

Because LIBs deteriorate, safety and dependability have become increasingly impor-
tant; battery failures can harm an entire system and potentially result in serious injuries
and considerable financial losses. An explosion or fire may result from a lithium-ion battery
malfunction in electric vehicles [7]. The RUL is a crucial indicator that supports safety
concerns and is used to assess the dependability of electronic systems and optimize LIB
performance [3]. Complex degradation mechanisms, noisy operation settings, and capacity
regeneration noise pose challenges to RUL prediction [8].

A lithium-ion battery’s remaining usable life (RUL) is expressed as the number of
cycles left before the capacity decreases to less than 70% of its initial capacity [9].

In recent years, significant advancements have been made in the field of RUL predic-
tion, particularly through the application of deep learning (DL) techniques. Models such as
Convolutional Neural Networks (CNNs), Recurrent Neural Networks (RNNs), Long Short-
Term Memory (LSTM), Gated Recurrent Units (GRUs), and Transformer architectures have
been widely adopted to capture complex degradation patterns and temporal dependencies
in lithium-ion batteries [10–12]. Attention mechanisms and hybrid models combining
physics-based and data-driven approaches have also emerged to enhance prediction ro-
bustness and accuracy. In parallel, research on battery safety has focused on identifying
failure modes such as thermal runaway, overcharging, and internal short circuits, and
integrating early warning systems into battery management systems (BMSs). DL-based
anomaly detection and safety-aware RUL prediction models are being explored to address
these concerns. Despite these advancements, challenges remain in practical implementa-
tion, including model interpretability, generalization across different battery chemistries
and usage patterns, data scarcity for extreme conditions, and computational constraints for
real-time deployment. Addressing these issues is critical for the development of reliable
and safe DL-based RUL prediction systems suitable for real-world applications [13].

Because of this, estimating RUL is still crucial, and there is currently no totally ac-
curate way to anticipate RUL. The goal of this study is to combine an autoencoder with
Deep Neural Networks (DNNs) that use memory features in order to create an accurate
prediction model that addresses these problems. Using previous data on battery health,
operating conditions, and degradation patterns—which offer practical insights for optimiz-
ing battery usage and maintenance strategies—the model will learn to estimate the RUL
effectively. The project advances the creation of sophisticated battery management systems
that facilitate more effective use and increase the longevity of lithium-ion batteries across a
range of applications.

Model-based and data-driven methods are the two categories into which the ap-
proaches to RUL prediction can be divided [10]. Model-based methods rely on comparable
circuit models, dynamic models, and electrochemical concepts. Despite the great accuracy
of model-based strategies, data-driven approaches have garnered significant attention [10]
because of their limited applications and complexity [3]. Nevertheless, the accuracy of
these machine learning models is rather moderate [3].

(A) Related work

(1) Model-Based Approach

The models are computationally sophisticated and follow a stringent structure tailored
to a particular framework. Xu and Chen estimated the RUL of LIBs by developing a state–
space model, also referred to as a dynamic model [14]. The model parameters and states
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are refined through the integration of expectation maximization (EM) and the Extended
Kalman Filter algorithm. Heng et al. propose an enhanced approach for forecasting the
remaining useful life of LIBs by leveraging an improved unscented particle filter (UPF)
algorithm combined with linear-optimizing combination resampling [11].

(2) Data-Driven Approach

The data-driven method, in comparison to the model-based approach, is faster, less
complex, and more convenient. Zhang et al. introduced a technique for estimating the re-
maining useful life (RUL) based on the Box–Cox transformation (BCT), a statistical method
typically applied in Linear Regression and Time Series Analysis to stabilize variance and
normalize the data distribution [15]. They leveraged this technique in predicting the RUL
of lithium-ion batteries (LIBs). Similarly, Nuhic et al. employed Support Vector Machines
(SVMs) to diagnose and predict system health, particularly focusing on estimating the state
of health and RUL of LIBs [16]. However, due to the inherent limitations of SVM models,
such as the requirement for the Kernel Function to satisfy Mercer Conditions, calculating
the loss function can be challenging.

Currently, researchers are exploring Neural Network (NN)-based models, includ-
ing Deep Neural Networks (DNNs) and Recurrent Neural Networks (RNNs) with Long
Short-Term Memory (LSTM) [10,12]. Zhang et al. utilized LSTM to predict the RUL of
LIBs [11]. Although RNN and LSTM models demonstrate superior accuracy compared to
other machine learning models, they present certain challenges, including high computa-
tional requirements, significant memory consumption, and extended training times [17].
Additionally, implementing dropouts in LSTM models is complex.

To mitigate these challenges, we introduced a deep learning approach that integrates
memory-based features, which have been rarely explored in the literature. Given the
degradation patterns observed in LIBs, these patterns can be harnessed for Time Series
Analysis, allowing memory-based features to be incorporated into the model. In this
study, we prioritized feature engineering and proposed an optimized model architecture
to enhance accuracy. The proposed method was benchmarked against SVM and Linear
Regression models.

The novelty of this paper lies in utilizing auto-encoded memory features integrated
with a Deep Neural Network (DNN) for the accurate prediction of remaining useful life
(RUL). This approach is applied to real-world field data collected from Nissan Leaf batteries,
demonstrating the model’s practical effectiveness. Additionally, the novelty of this project
lies in its ability to predict the RUL of a Nissan Leaf Gen 1 battery module, which shares
similar charge–discharge characteristic graphs with the model’s trained dataset. This
is achieved by performing the charge–discharge process while maintaining key factors
consistent with the training dataset. Furthermore, we introduce a novel data normalization
method, enabling comparisons to be made between lithium-ion batteries with different
capacities. Notably, this method has been applied to real-world data, showcasing its utility
in practical applications, such as predicting the RUL of Nissan Leaf car batteries, even in
the absence of structured or consistent charge patterns.

2. Materials and Methods

2.1. Proposed RUL Prediction Approach

The suggested model framework for predicting the RUL is shown in Figure 1. Initially,
the original data’s insightful properties were retrieved, exposing important trends and
patterns that might be used to predict the batteries’ RUL.
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Figure 1. Proposed Methodology.

After that, a PCA with memory feature integration was used to complete feature
fusion. In order to forecast the RUL as the output, the encoded features were finally given
into the DNN model.

A. Dataset (Original Signal)

A set of four lithium-ion batteries (B0005, B0006, B0007, and B0018) from the NASA
dataset were subjected to three distinct operational profiles: charge, discharge, and
impedance, all conducted at room temperature. These batteries were selected for pre-
dicting the remaining useful life (RUL). The NASA dataset provides time series data for
each charge and discharge cycle, including measurements of voltage, current, temperature,
and impedance. Each cycle follows the widely adopted constant current–constant voltage
(CC-CV) pattern for both charging and discharging.

The testing process was repeated until the battery capacity degraded to 70% of its
initial value. A complete cycle comprises both a charge and a discharge sequence. Figure 2
illustrates a typical charge–discharge cycle of a lithium-ion battery. All charge–discharge
cycles were compared against this reference pattern and those that deviated significantly
were excluded from the dataset, as such anomalies could negatively impact the performance
of the neural network.

Figure 2. Typical complete cycle of a lithium-ion battery.

• Charging process: Initially, the battery is charged with a constant current (CC) until
the voltage is raised to a maximum upper limit. Then, the voltage is kept constant
(CV) while the current drops to a certain lower limit.

90



Computation 2025, 13, 147

• Discharging process: The entire discharge process is at a constant current (CC) of a
specific value until the voltage drops to a certain lower limit.

B. Feature Extraction

In Deep Neural Networks, feature engineering plays a pivotal role in the success of
prediction models, especially in complex scenarios like battery life prediction. The dataset
gathered from charging and discharging cycles of batteries presents a significant challenge:
the number of data points varies across cycles, with some having as few as 800 data points
and others as many as 5000. This disparity makes it impractical to directly feed raw data
into the neural network, necessitating data preprocessing and feature extraction to ensure
consistent and meaningful input.

Feature extraction is crucial because, in theory, incorporating a broader set of features
enhances the model’s accuracy. A well-structured representation of the data is essential for
identifying trends and key features that contribute to better predictions.

As batteries undergo repeated charge and discharge cycles, they degrade due to
several mechanisms, including the loss of active lithium ions, lithium plating, electrode
degradation, metal dissolution, and an increase in internal impedance [18]. These factors
lead to a reduction in the battery’s capacity over time. Consequently, time series data of
current, voltage, and temperature during charging and discharging cycles reveal distinct
patterns when analyzed against the cycle count.

For instance, the figures for a B0005 battery, depicted in Figure 3, illustrate the variation
in voltage, current, and temperature of the battery cell B0005 over time during the charging
and discharging processes across multiple cycles. Figure 3a–c corresponds to the discharge
cycles while Figure 3d–f corresponds to the charge cycles. By analyzing these curves, it
is evident that certain parameters of lithium-ion batteries are highly sensitive to the cycle
count and exhibit clear trends. For instance, Figure 3a highlights whether all discharging
cycles follow a typical pattern, as shown in Figure 2, and highlights how the time taken
to reach the minimum terminal voltage decreases as the cycle count increases. Similarly,
Figure 3e highlights how the constant current (CC) charging time shortens with each
successive cycle.

(a) (b) (c)

(d) (e) (f)

Figure 3. B0005. (a) Discharging voltage vs. time; (b) discharging current vs. time; (c) discharging
temperature vs. time; (d) charging voltage vs. time; (e) charging current vs. time; (f) charging
temperature vs. time.
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These characteristic features, extracted from the original data for each cycle, serve
as critical inputs for predicting the battery’s remaining useful life (RUL). Identifying
and leveraging these features enables the neural network to make more accurate and
reliable predictions.

These distinguishing characteristics were taken from the original data for every battery
cycle in order to forecast the RUL. While plotting each cycle for each battery, we observed
errors in some battery cycles, such as missing data points and graphs showing abnormalities
compared to others. These cycles were skipped during model training to prevent potential
errors in the model. However, some of these cycles were retained to evaluate the model’s
accuracy. The following features are extracted from the charging and discharging operation.

Charging Features:

Upper Cut-off Voltage Time

(tmin(i), Vi), Vi ≥ Upper Cut off Voltage, i = 1, 2, 3, . . . where tmin(i) represents the time
when the battery terminal voltage reaches the maximum value first and Vi represents the
value of output voltage in the ith cycle.

Constant Current Charging Time (CCCT)

(tmin(i), Ai), Ai ≤ Constant Current Value, i = 1, 2, 3, . . . Ai represents the value of the
current value in the ith cycle.

Constant Voltage Charging Time (CVCT)

(tmin(i), Vi), Vi £ Constant Voltage Value, i = 1, 2, 3, . . . where Vi represents the value of
the output voltage in the ith cycle.

Maximum Charging Voltage Time

The time required to reach the maximum battery-measured voltage. (tmax, Vmax) =
{(ti, Vi| max(Vi))}, i = 1, 2, 3, . . ., m, where tmax is the time stamp for which the maximum
voltage Vmax is measured in the ith cycle.

Maximum Temperature Time

Time when the battery reaches its maximum temperature. (tmax, Tmax) = {(ti, Ti|
max(Ti))}, i = 1, 2, 3, . . ., m, where tmax is the time stamp for which the maximum tempera-
ture Tmax is measured at the ith cycle

Area Under Voltage Curve

Area covered by the voltage vs. time curve.
Area Under Current Curve

Area covered by the current curve vs. time.
Maximum Power Time

(tmax, (V*I)max) = {(ti, V*I| max(V*I))}, i = 1, 2,. . ., m, where the tmax is the time stamp
for which the maximum current and voltage product is measured at the ith cycle.

Discharging Features:

Discharging Time

During the discharging process, the time for which the battery terminal voltage reaches
its minimum voltage.

Maximum Temperature Time

Time which gives the maximum temperature at the discharging process for each cycle.
Area Under Voltage Curve

Area covered by the voltage measured vs. time plot.
Area Under Current Curve

Area covered by the current vs. time plot.
Discharging Capacity

The remaining capacity at each discharging cycle.
When combining the charge cycle and discharge cycle, there are 13 features for

one cycle.
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C. Generating Labels and Data Normalization

For the training phase of the RUL prediction model, correct labels are necessary after
the features have been extracted from the raw data. To obtain the supervised data (xi,yi),
the appropriate RUL (yi) for the ith cycle characteristics (xi) must be calculated. The ith
cycle’s RUL was determined as

yi = L + 1 − i (1)

where L is the total count of charge and discharge cycles.
To mitigate any adverse effects resulting from varying value ranges, data normaliza-

tion is an essential component of Neural Network models [19]. We used the minimum–
maximum normalization technique to rescale all of the dataset’s features inside the interval
[0–1]. The following is the min–max normalization formula [19].

xnormalized =
x − xmin

xmax − xmin
(2)

where xmax denotes the greatest value of feature x and xmin denotes its minimum value.
By ensuring that all features have the same scale, this normalization strategy can help

the neural network model perform better and coverage more quickly.

D. Memory Features

Time Series Analysis can be used to characterize the patterns in the data; therefore,
memory-based characteristics spanning numerous cycles—which have not been used
much—can be applied here. Utilizing a window that spans many cycles, extracted features
are used with memory to capture the properties seen in the preceding n cycles. By increasing
the number of preceding cycles (n), testing loss was decreased.

For instance, in order to predict the RUL for the ith cycle, yi, all of the features from
the previous n cycles, {xi, xi−1, xi−2, xi−3, . . ., xi−n}, were used in addition to the features of
the current cycle, xi. Several window sizes were used to test the proposed DNN in order to
increase the number of cycles (n).

E. Feature Fusion

Adding memory features to the DNN model increases the number of input features,
leading to potential redundancy, higher computational complexity, and inefficiency. To
address this, we reduced the dimensionality of the input data using two proven techniques:
Principal Component Analysis (PCA), Nonlinear PCA, and an autoencoder.

(1) Principal Component Analysis (PCA)

In this project, to handle the high-dimensional dataset and reduce the risk of errors
such as overfitting, we used Principal Component Analysis (PCA) as the first encoding
technique. PCA simplifies the dataset by identifying new variables, known as principal
components (PCs), which are linear combinations of the original features. These com-
ponents retain the most significant information from the original data while reducing
dimensionality. The process of applying PCA involves the following steps [20]:

Standardization: The data is standardized to ensure all features have a mean of zero
and a standard deviation of one, preventing any feature from dominating the analysis.

Covariance matrix calculation: A covariance matrix is computed to measure how
different features vary together, identifying relationships between them.

Eigen decomposition: The eigenvalues and eigenvectors of the covariance matrix are
calculated to determine the directions (eigenvectors) with the highest variance (eigenvalues).

Selection of principal components: The principal components with the largest eigen-
values are selected, capturing the most variance and ensuring that only the most meaningful
information is retained.
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Projection: The original dataset is projected onto the space defined by the selected
principal components, resulting in a reduced-dimensional representation of the data for
further analysis. Figure 4 illustrates the original data compared with the decoded data for
the case of n = 3 in PCA.

Figure 4. Original Data vs. Decoded Data from PCA.

(2) Nonlinear PCA

In this study, Nonlinear PCA was not used due to the large size of the dataset, making
it computationally impractical to handle. Instead, we employed an autoencoder, which
provides a scalable and efficient solution for dimensionality reduction by learning nonlinear
representations of the data.

(3) Autoencoder

An autoencoder is a type of neural network used for unsupervised learning, primarily
for dimensionality reduction and feature extraction [21]. It aims to learn an efficient, com-
pressed representation of input data by encoding it into a lower-dimensional space and then
reconstructing it back to the original form. The autoencoder consists of two main parts:

• Encoder: Compresses the input data into a lower-dimensional latent space, capturing
the most essential features.

• Decoder: Reconstructs the original data from the compressed representation, ensuring
that the important information is retained.

In this project, we only consider the encoder, as the encoded representation is used as input
to the DNN model. The decoder is only employed to verify the accuracy of the autoencoder
model by evaluating how well it reconstructs the original input. Figure 5 illustrates the original
data compared with the decoded data for the case of n = 3 in the autoencoder.

Figure 5. Original data vs. decoded data from autoencoder.

F. Training Neural Network Models with and without encoded Features

Table 1 represents the number of input features for PCA and autoencoder along with
their outputs, categorized by different number of previous cycles.
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Table 1. Encoded features.

No. of Previous Cycles No. of Features No. of Encoded Dimensions

0 13 N/A
1 26 9
2 39 12
3 52 15
4 65 18

The proposed model for remaining useful life prediction is a Deep Neural Network
(DNN) that leverages both current and previous cycle features. The output from the
encoder serves as input to the DNN, along with the target output, as the DNN operates
under a supervised learning framework. In Deep Neural Networks, each input passes
through a nonlinear activation function to generate the input for the subsequent layer. The
mapping in the ith layer can be expressed as follows:

hi = ζ(Whi + b) (3)

where ζ represents the nonlinear activation function, W denotes the weight matrix, and b
corresponds to the bias of the ith layer.

During the training phase, the weights and bias parameters of the layers are optimized
interactively to minimize the loss function, which is defined by comparing model output
with the target output. After tuning the hyperparameters, the selected DNN model consists
of four fully connected layers. Each layer has 10, 7, 4, and 1 neurons, respectively. The ReLU
activation function is used for the hidden layers, while the sigmoid function is applied to
the output layer. The model’s performance during the testing is evaluated using the Root
Mean Squared Error (RMSE%) value.

RMSE(%) =

√√√√ 1
n
× Σn

i=1

(
yi,prediction − yi,target

yi,target

)2

(4)

2.2. Nissan Leaf Gen 01 Battery Module

A. Introduction

The adoption of electric vehicles (EVs) has surged rapidly in recent years. In 2022
alone, 10.5 million new EVs and plug-in hybrid vehicles were introduced to the market.
This represents a significant growth in market share, with EVs accounting for 14% of global
vehicle sales in 2022, up from 9% in 2021. Projections suggest that by 2030, EVs could
capture up to 35% of the market. Most EVs are powered by lithium-ion battery packs,
which are composed of multiple battery modules. These batteries typically reach the end
of their automotive service life after approximately 10 years. However, even after this,
many still retain 60–67% of their original capacity, making them suitable for secondary
applications such as energy storage systems (ESSs), particularly for solar power plants [22].

B. Why Use This Model when BMSs Already Exist?

EVs are equipped with a sophisticated battery management system (BMS), which contin-
uously monitors and estimates the remaining useful life (RUL) of the battery during operation.
However, once the battery pack is removed from the vehicle and disconnected from the
BMS, the system’s memory is reset and the ability to predict the RUL is lost. This presents a
significant challenge when repurposing retired EV batteries for second-life applications.

Therefore, this study aims to develop a predictive model for estimating the remaining
useful life (RUL) of Nissan Leaf Gen 01 battery modules after their removal from the BMS.
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The proposed method focuses on utilizing simple tests to predict the battery’s remaining
life, ensuring the feasibility of second-life applications in energy storage systems.

C. About the Battery Module

The Nissan Leaf Generation 01 battery pack consists of 48 modules connected in series,
with each module comprising four lithium-ion cells. The anode material is a combination
of LiMn2O4 and LiNiO2, while the cathode is composed of graphite. The configuration of
each battery module is 2P2S, meaning two parallel sets are connected in series, resulting in
an overall pack configuration of 2P-96S. The nominal capacity of the battery pack is 66.2 Ah
(24 kWh) at a 0.3C rate, where the C-rate defines the rate of charge or discharge relative to
the total capacity. For instance, a 1C rate would fully charge or discharge the battery in one
hour, while a 2C rate would complete the process in 30 min. Due to high current requirements
managed by the battery management system (BMS), the usable capacity is set to 65.6 Ah.
Each module has an internal resistance of 1 mΩ, and the series resistance across the pack is
2 mΩ. The operating voltage range for a single cell is 2.8 V to 4.2 V, with a mean cell voltage of
3.8 V, yielding a typical module voltage of 7.6 V and a maximum module voltage of 8.4 V.
Each module weighs approximately 3.8 kg, with an energy density of 213 Wh/L and a specific
energy of 132 Wh/kg. Table 2 summarizes the battery module parameters.

Table 2. Nissan Leaf Gen 01 battery specifications.

Module Configuration 2P-2S
Module Capacity 500 Wh
Module Voltage 5.6 V–8.4 V (7.4 V Mean)

Min Voltage (Per Cell) 2.8 V–4.2 V (3.7 V Mean)
Weight 3.8 kg

Energy Density 213 Wh/L
Specific Energy 132 Wh/kg.

D. Data Collection

1. Charging Process

Due to the difference in capacity between the Nissan Leaf Gen 01 battery module
and the training set, it was necessary to ensure that 1.5 A was driven through each cell.
Given the 2P-2S configuration of the module, a total current of 3 A was applied during the
charging process.

Charging was carried out using a RIGOL DP 932U DC power supply in constant
current mode until the battery voltage reached 8.4 V. Once this voltage reached that value,
the current gradually decreased while the voltage kept constant. The charging process was
stopped when the current was reduced up to 40 mA.

2. Discharging Process

Discharging was conducted using a constant current method at 4 A, with the assump-
tion that each cell in the module drains 2 A, consistent with the training dataset. This
process was carried out using a KIKUSUI PLZ1205W electronic load. Data collection was
performed using version 5.1.0 of the SD023-PLZ-5W (Wavy for PLZ-5W) software, provided
by KIKUSUI.

Figure 6 illustrates the complete charging and discharging setups used in the labora-
tory for the data collation process for Nissan Leaf Gen 01 battery modules.

E. Data Normalization

The charging and discharging current and voltage curves over time of the Nissan
Leaf module exhibit the same pattern as those of the 18650 battery datasets. The only
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difference between the training dataset and the Nissan Leaf Gen 01 battery module lies in
the capacity when comparing their performance. Therefore, normalization was performed
using standard data for each battery type. This process brings both battery values to a
scale between 0 and 1, making the model well-suited for predicting the remaining useful
life (RUL) of Nissan Leaf battery modules. These methods ensure that predictions remain
robust despite the constraints encountered during data collection. It is important to note
that this approach does not consider the battery’s chemistry or physical structure. Figure 7
illustrates the charge and discharge curves plotted using the gathered data. The standard
times can be calculated as follows:

18650 battery =
2 Ah
1.5 A

× 3600 (5)

where 2 Ah is the capacity and 1.5 A is the charging current for the 18650 battery.

Nissan Leaf Gen 1 Module =
24 × 103 Wh

48 × 3 A × 8.4 V
× 3600 (6)

where 24 kW is the capacity, 48 is the number of modules in a pack, 3 A is the charging
current, and 8.4 V is the max voltage of a Nissan Leaf battery module.

Figure 6. Charging and discharging procedure for Nissan Leaf module.

Figure 7. Leaf Gen 01. (a) Charge voltage vs. time; (b) charge current vs. time; (c) discharge voltage
vs. time; (d) discharge current vs. time.
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2.3. Experiment

A. Model Selection

We obtained the lithium-ion battery data from NASA’s Prognostic Center of Excellence
(PCoE). For our model, we selected four battery cells designated as B0005, B0006, B0007,
and B0018. These batteries underwent various operational profiles, including charging,
discharging, and impedance testing, all conducted at room temperature. Charging was
performed in constant current (CC) mode at 1.5 A until the battery voltage reached 4.2 V,
followed by constant voltage (CV) mode until the charge current decreased to 20 mA.
Discharging occurred at a constant current (CC) of 2 A until the battery voltages dropped
to 2.7 V, 2.5 V, 2.2 V, and 2.5 V for batteries B0005, B0006, B0007, and B0018, respectively.

The experiments were terminated when the batteries met the end-of-life (EOL) criteria,
defined as a 30% reduction in rated capacity (from 2 Ah to 1.4 Ah).

We used batteries B0005, B0006, and B0007, which had 167 cycles, to train the model,
while battery B0018, with 132 cycles, was utilized for testing. Although the dataset from
NASA includes several hundred cycles, the proposed model is capable of functioning
effectively with cells that have a higher cycle count, especially since we normalized the
target output using min–max normalization.

The DNN model was then trained using the encoded features from batteries B0005,
B0006, and B0007, and tested with the encoded features of battery B0018 and CALCE
lab data. The predicted results were compared among the DNN, Neural Network with
memory features (NNwMF), Support Vector Machine (SVM), and Linear Regression (LR)
models using RMSE% values. Under the NNwMF framework, we considered the DNN
with PCA encoded memory features, DNN with memory features without encoding, DNN
with memory features encoded using an autoencoder, and an LSTM model.

B. Model Retraining

As the above-mentioned model is used to predict the remaining useful life (RUL) of
Nissan Leaf batteries, maintaining the same test conditions as those in the training dataset
can be challenging. Consequently, measuring certain parameters, such as temperature
variation during the charging and discharging processes, becomes difficult. During the
data collection phase, we focused solely on charging and discharging currents, voltage,
and power over time, while neglecting temperature features. As a result, we had to retrain
the most effective model obtained during our initial training phase using the new set of
12 input features, making it suitable for predicting the remaining useful life (RUL) of the
Nissan Leaf Gen 01 battery modules.

3. Results and Discussion

A. Results of Encoding Techniques

When implementing memory features, it is essential to compress the input features
into lower dimensions without compromising the integrity of the original data, as this
could negatively impact the model’s accuracy.

i. PCA

PCA is one of the encoding techniques utilized in this study. The accuracy is evaluated
by comparing the plot of the original data with the plot generated from the encoded and
decoded data. The R-squared method was employed to assess the accuracy of the PCA,
with an R-squared value of 100% indicating a perfect match between the graphs. Table 3
presents the accuracy of the PCA for different n values.
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Table 3. Accuracy of PCA.

n Encoded Dimensions Accuracy (%)

0 N/A N/A
1 9 98.90
2 12 98.89
3 15 98.87
4 18 98.85

ii. Autoencoder

An autoencoder is a neural network model used as an encoding technique. Accuracy
is measured using the RMSE (%) value. Table 4 displays the accuracy of the autoencoder
for various values of n.

Table 4. Accuracy of autoencoder.

n No. of Encoded Dimension Accuracy (%)

0 N/A N/A
1 9 89.69
2 12 92.05
3 15 94.77
4 18 94.71

B. Results for Different ML Models

Initially, we developed three machine learning models: Linear Regression, Support
Vector Machine (SVM), and a Deep Neural Network (DNN).

These models were trained using data from the B0005, B0006, and B0007 batteries, and
predictions were made for the B0018 battery. The RMSE values were calculated to compare
the models and identify the one with the highest accuracy.

Table 5 illustrates the accuracies of the three models. The DNN model was chosen due
to its lowest validation loss, leading to further optimization of the model. Figure 8 shows
the result for the selected DNN model before implementing memory features (MFs).

Table 5. Accuracy of different ML models.

Method RMSE (%) Accuracy (%)

DNN 9.14% 90.86%
SVM 10.56% 89.84%

Linear Regression 11.96% 88.04%

RUL 

(%)

Cycle Count

Figure 8. Output of DNN without memory features.

99



Computation 2025, 13, 147

C. Performance Analysis of Neural Network Models with Memory Features

Multiple experiments were conducted with the incorporation of memory features,
yielding promising results. The process was repeated for different n values, where n
represents the number of previous cycles considered for predicting the RUL. Table 6
presents how the RMSE value varies across the DNN model with an autoencoder, the DNN
model with PCA, the DNN model without PCA, and the LSTM model as the number of
previous cycles increases.

Table 6. Accuracy of different neural network models.

n
RMSE

DNNwMF with
Autoencoder

DNNwMF
with PCA

DNNwMF
Without PCA

LSTM

0 N/A N/A 9.14% N/A
1 7.89% 8.77% 9.41% 8.66%
2 6.21% 8.33% 9.63% 8.39%
3 6.22% 7.83% 10.30% 7.89%
4 6.90% 7.72% 10.33% 7.81%

Figure 9 presents the optimal Predicted RUL compared to the True RUL for each NN
model, where subfigure (a) shows the performance of the DNN with autoencoder for n = 2
with an RMSE value of 6. 21%, (b) illustrates the DNN with PCA for n = 4 with an RMSE
value of 7.72%, and (c) shows the LSTM for n = 4 with an RMSE of 7.81%. Each model
demonstrates its best accuracy at the corresponding n values.

(a) (b) (c)

Figure 9. Model outputs. (a) DNN with autoencoder for n = 2; (b) DNN with PCA for n = 4; (c) LSTM
for n = 4.

D. Nissan Leaf Battery Predictions compared to BMS reading

Since the DNN with an autoencoder demonstrated the highest accuracy, achieving the
lowest RMSE value of 6.61% at n = 2, it was utilized for predicting the RUL of the recently
retired Nissan Leaf battery module after retraining the model. The RMSE of the retrained
model was 7.89%. The predicted values were compared against the BMS readings of the
battery pack, assuming that the battery modules share the same RUL as the packs. Three
battery modules (B1, B2, B3) were selected from different state of health (SOH) ranges.
Each Nissan Leaf battery underwent complete charging and discharging processes several
times: B1 completed five full cycles, while B2 and B3 completed four cycles each. As we
incorporated memory features for n = 2, data from three consecutive cycles were required
(including two prior cycles). For example, with B1, if the cycles are named C1, C2, C3, C4,
and C5:

Set 1 considers the state of C3, using C2 and C1 as memory features.
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Set 2 considers the state of C4, using C3 and C2 as memory features.
Set 3 considers the state of C5, using C4 and C3 as memory features.
Similarly, for B2 and B3, two tests were performed for each battery module, following

the same logic.
Altogether, for B1, we performed three predictions, and for B2 and B3, we performed

two predictions each. The results for each prediction using Deep Neural Network are
presented in Table 7.

Table 7. Nissan Leaf battery module prediction.

B1 B2 B3

Total Cycles 5 4 4
BMS Reading 76.89 56.45 32.00

Prediction for Set 01 79.53 51.52 30.94
Prediction for Set 02 77.72 51.49 29.41
Prediction for Set 03 77.11 - -

Figure 10 shows the remaining useful life (RUL) displayed by the integrated battery
management system (BMS) of Nissan Leaf cars at the time of battery removal. This BMS
estimates the RUL by tracking the history of the charging and discharging cycles. Sub
figures (a), (b), and (c) show the readings for the B1, B2, and B3 batteries, respectively.

(a) (b) (c)

Figure 10. BMS readings for battery. (a) B1; (b) B2; (c) B3. Red box indicates State of Health at removal.

4. Conclusions

This study presents a novel deep learning approach for predicting the remaining
useful life (RUL) of lithium-ion battery (LIB) cells. The methodology involves a feature
extraction process that reveals meaningful patterns from time series data, demonstrating
the effectiveness of the model in improving RUL prediction accuracy in a normalized
manner. Through experimentation, it was found that the Deep Neural Network (DNN)
model with memory features (DNNwMF) combined with an autoencoder is optimal for
this task, outperforming various machine learning techniques, including RNN (LSTM),
SVM, and Linear Regression.

The optimized model achieved a Root Mean Squared Error (RMSE) of 6.61% during
testing with the training dataset and demonstrated a prediction accuracy of 92.11% for the
retrained model used to predict the RUL of Nissan Leaf battery modules. This predictive
capability highlights its suitability for practical applications, including second-life uses
for retired batteries. The proposed method’s robust performance over traditional models
and its practical applicability make it a promising tool for enhancing battery management
systems and extending the lifespan of lithium-ion batteries across diverse applications.

However, the current methodology has certain limitations. The time required to com-
plete a full charge–discharge cycle is approximately two days, which poses a constraint for
large-scale or real-time implementations. Additionally, the model has only been validated

101



Computation 2025, 13, 147

on Nissan Leaf Gen 1 battery modules, limiting its generalizability across different battery
models and chemistries.

In real-world scenarios, this model can be integrated into advanced battery manage-
ment systems (BMSs) to enable predictive maintenance, reduce unexpected battery failures,
and support the design of energy-efficient charging and discharging strategies. It can also
inform decisions in electric vehicle fleet management, grid storage optimization, and circu-
lar economy initiatives by accurately identifying end-of-life batteries suitable for secondary
use. Furthermore, the methodological framework of combining memory features with
autoencoders opens up avenues for future research in developing generalizable models
across different battery chemistries and operational conditions.

Future work will focus on optimizing the model to function effectively with a reduced
number of previous cycle data points (e.g., memory features with n = 1 or n = 2), which
can significantly lower the data acquisition time and make the model more feasible for
real-time applications. Additionally, efforts will be made to generalize the model across
various Nissan Leaf battery modules and explore lightweight architectures suitable for edge
deployment. Uncertainty quantification and safety-driven RUL models under extreme
conditions will also be considered to ensure more reliable and interpretable outcomes.
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Abstract: This paper introduces two concepts, subcompatibility and subsequential con-
tinuity, which are, respectively, weaker than the existing concepts of occasionally weak
compatibility and reciprocal continuity. These concepts are studied within the framework
of neutrosophic metric spaces. Using these ideas, a common fixed point theorem is devel-
oped for a system involving four maps. Furthermore, the results are applied to solve the
Volterra integral equation, demonstrating the practical use of these findings in neutrosophic
metric spaces.

Keywords: compatible maps (CM); fuzzy metric space (FMS); intuitionistic fuzzy set (IFS);
neutrosophic metric space (NMS); coincidence point (CP)

1. Introduction

Zadeh introduced FSs in 1965 [1], and the concept of FMSs has been extensively
explored by numerous researchers through various approaches. Kramosil and Michalek
initially introduced FMS in 1975 [2], laying the foundation for further developments. Later,
in 1994, George and Veeramani refined this concept by introducing significant modifications
and investigating the Hausdorff topology for these spaces [3]. Over the years, researchers
have expanded on these ideas, introducing statistical FMS, fuzzy pseudo metric spaces,
and other related notions [2,4–6]. Various studies have contributed to the advancement of
fuzzy metric concepts, drawing from different perspectives [5,7–11].

Several researchers, including [2,12–19], have contributed to the study of commut-
ing mappings and FPTs for compatible and subcompatible maps in FMSs [20,21]. These
theorems serve as a significant extension and generalization of various FPTs originally
formulated for contractive-type mappings in metric spaces and similar structures. Further-
more, the work of [22] was instrumental in introducing the concept of type (β) compatibility
within FMS. Their research established links between compatible maps and those classified
under types (α) and (β), while also formulating a series of FPTs specifically tailored for
type (β) compatible maps in FMS.

Grabiec [19], in 1988, expanded the classical FPTs initially proposed by Banach and
later refined by Edelstein in 1962 [23], extending their applicability to FMS as outlined by
the definitions provided by Kramosil and Michalek.

In 1983, Krassimir Atanassov [24,25] introduced the concept of IFSs as an extension
of Lotfi Zadeh’s FS theory, broadening the conventional understanding of set structures.
Later, in 2004, Park [26] extended FMSs, originally formulated by George and Veeramani in

Computation 2025, 13, 87 https://doi.org/10.3390/computation13040087
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1994 [3], by proposing IFM-spaces. This development provided a natural progression in
the field, linking these spaces to existing results in metric spaces (MS) [24–27].

Further advancements followed in 2006 when Gregori et al. [28] analyzed the conver-
gence of topologies induced by fuzzy metrics and IFM. Expanding on this, Saadati et al. [29]
gave the idea of modified IFMSs. After that Saadati, Sedghi, and Shobe [29] refined the
IFMS framework of Park’s work [26] and the foundational ideas of George and Veera-
mani [3], leading to the development of modified IFMSs. Numerous researchers have since
explored various aspects of IFMS, employing diverse methodologies [30,31]. Several other
researchers [32] have explored additional fixed point results within the context of NMSs.

A major advancement in this field came with Smarandache’s work in 1999, which in-
troduced the concept of measuring dilemmas while also generalizing existing mathematical
structures that represent imprecision. Many researchers have contributed to the develop-
ment of neutrosophic theory, including those who formulated neutrosophic logic [33] and
the Dombi neutrosophic graph [34]. Ongoing research continues to expand the notion of
NSs and their wide-ranging applications.

In neutrosophic set theory, each event is characterized by three key components:
truthfulness (T), indeterminacy (I), and falsity (F), as originally introduced by Smarandache
in 2003. NMSs further extend these ideas by utilizing continuous triangular norms (CTN)
and continuous triangular conorms (CTC) to facilitate their study and application. In the
present paper, Section 2 presents the idea of NS, and NMS [35] is then defined with the
help of CTC and CTN. Additionally, a definition of Cauchy sequences in NMS is provided.

Moving to Section 3, some definitions and examples of weakly commuting, compatible
mappings, as well as occasionally weakly compatible, subsequentially continuous, and
subcompatible mappings in NMS, are introduced. In Section 4, FPT is established by using
subsequentially continuous and subcompatible mappings in NMS. Section 5 focuses on
illustrating the practical applications of the results, presenting examples to validate the
findings. Section 6 provides the conclusion of the study. Lastly, the abbreviations and
references used in the paper are given.

2. Preliminaries

In this section, some preliminaries are given that will be used later on.

Definition 1 ([7]). A CTN is a binary operator � : [0, 1] × [0, 1] �→ [0, 1] if � satisfies the
following criteria:
For p, l, f , t ∈ [0, 1],

1. � is continuous,
2. if p � f and l � t, then p � l � f � t,
3. p � 1 = p, and
4. � is associative and commutative.

Example 1 ([7]). (i) ι � ν = ιν (ii) ι � ν = min(ι, ν) ∀ ι, ν ∈ [0, 1].

Definition 2 ([7]). A CTC is a binary operator � : [0, 1] × [0, 1] �→ [0, 1] if � satisfies the
following criteria:
For p, l, f , t ∈ [0, 1],

1. � is continuous,
2. If p � f and l � t, then p � l � f � t,
3. p � 0 = p,
4. � is associative and commutative.
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Example 2 ([7]). (i) g� h = g+ h− gh (ii) g� h = max(g, h) for all g, h ∈ [0, 1]

Definition 3 ([35]). Let A be an arbitrary set. Then ℵ = < l,P(l),Q(l),R(l) > : l ∈ A is an NS
such that ℵ : A×A×R+ �→ [0, 1]. Let � be a CTN and let � be the CTC. Then (A,ℵ,�,�) is
NMS if the following criteria are satisfied. ∀ l,m, v ∈ A,

1. 0 � P(l,m, t) � 1, 0 � Q(l,m, t) � 1, 0 � R(l,m, t) � 1, for all t ∈ R+,
2. P(l,m, t) +Q(l,m, t) + R(l,m, t) � 3, (for t ∈ R+),
3. P(l,m, t) = 1 (for t > 0) iff l = m,
4. P(l,m, t) = P(m, l, t) (for t > 0),
5. P(l,m, t) � P(m, v, s) � P(l, v, t+ s)(∀t, s > 0),
6. P(l,m, .):[0, ∞) �→ [0, 1] is continuous,
7. limt �→∞P(l,m, t) = 1(∀t > 0),
8. Q(l,m, t) = 0 (for t > 0) iff l = m,
9. Q(l,m, t) = Q(m, l, t) (for t > 0),
10. Q(l,m, t)�Q(m, v, s) � Q(l, v, t+ s)(∀t, s > 0),
11. Q(l,m, .):[0, ∞) �→ [0, 1] is continuous,
12. limt �→∞Q(l,m, t) = 0(∀t > 0),
13. R(l,m, t) = 0 (for t > 0) iff l = m,
14. R(l,m, t) = R(m, l, t) (for t > 0),
15. R(l,m, t)� R(m, v, s) � B(l, v, t+ s)(∀t, s > 0),
16. R(l,m, .):[0, ∞) �→ [0, 1] is continuous,
17. limt �→∞R(l,m, t) = 0 (for all t > 0), and
18. if t � 0, then P(l,m, t) = 0,Q(l,m, t) = 1 and R(l,m, t) = 1.

Thus, ℵ = (P,Q,R) is called neutrosophic metric (NM) on A.
The functions P(l,m, t),Q(l,m, t),R(l,m, t) denote the nearness degree, neutralness

degree, and non-nearness degree between l and m with respect to t, respectively. .

Definition 4 ([35]). Consider an NMS (A,ℵ,�,�). A sequence {an} cgs a ∈ A iff, for ε > 0
and l ∈ (0, 1), ∃ m ∈ N such that ∀ n ≥ m

P(an, a, ε) > 1 − l,

Q(an, a, ε) < l,

Q(an, a, ε) < l

or alternatively,
lim
n→∞

P(an, am, ε) = 1,

lim
n→∞

Q(an, am, ε) = 0,

lim
n→∞

Q(an, am, ε) = 0

as ε �→ ∞.

Definition 5 ([35]). Consider an NMS (A,ℵ,�,�). A sequence {an} in A is termed as a Cauchy
sequence, if for a given l > 0 and ε > 0, ∃ n0 ∈ N such that

P(al , ar, ε) > 1 − l, Q(al , ar, ε) < l, R(al , ar, ε) < l,

for all l, r ≥ n0.
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Definition 6 ([35]). If every Cauchy sequence is convergent, then an NMS (A,ℵ,�,�) is com-
plete.

In the next section, key definitions and illustrative examples of subcompatibility and
subsequential continuity within the framework of NMS are provided. These definitions and
examples serve as the groundwork for the theoretical development and will be utilized in
later sections to establish fixed point results and demonstrate their applications in solving
practical problems within the framework of NMS.

3. Subcompatibility and Subsequential Continuity in NMS

Definition 7. Let ζ and υ be two maps within NMS (A,ℵ,�,�). We define ζ and υ as weakly com-
muting when the following conditions holds: P(ζυb, υζb, �) ≥ P(ζb, υb, �), Q(ζυb, υζb, �) ≤
Q(ζb, υb, �), R(ζυb, υζb, �) ≤ R(ζb, υb, �), for all b ∈ A and � > 0.

Example 3. Let A = R and consider the NMS (A,ℵ,�,�), where
ℵ = (P,Q,R) represents the neutrosophic metric functions given as
P(x, y, �) = �

1+|x−y| , Q(x, y, �) = |x−y|
1+|x−y| , and R(x, y, �) = 1 − P(x, y, �)−Q(x, y, �). Define

the mappings ζ, υ : A → A as ζ(b) = b + 1 and υ(b) = 2b
Now, the following conditions are verified: AS ζυ(b) = ζ(2b) = 2b + 1 and υζ(b) =

υ(b + 1) = 2(b + 1) = 2b + 2. Thus,

P(ζυb, υζb, �) =
�

1 + |(2b + 1)− (2b + 2)| =
�

1 + 1
=

�

2
,

and
P(ζb, υb, �) =

�

1 + |(b + 1)− (2b)| =
�

1 + |b − 1| .

Clearly, P(ζυb, υζb, �) ≥ P(ζb, υb, �) holds.

Q(ζυb, υζb, �) =
|(2b + 1)− (2b + 2)|

1 + |(2b + 1)− (2b + 2)| =
1
2

,

and

Q(ζb, υb, �) =
|(b + 1)− (2b)|

1 + |(b + 1)− (2b)| =
|b − 1|

1 + |b − 1| .

Clearly, Q(ζυb, υζb, �) ≤ Q(ζb, υb, �) holds.

Since R(x, y, �) = 1 − P(x, y, �)−Q(x, y, �), it can be verified that

R(ζυb, υζb, �) ≤ R(ζb, υb, �).

Thus, ζ and υ satisfy all the conditions.

Definition 8. Assume an NMS (A,ℵ,�,�). Assume ζ and υ are maps. These maps are compati-
ble, if, for any � > 0, the following axioms are fulfilled:

lim
n→∞

P(ζυan, υζan, �) = 1, lim
n→∞

Q(ζυan, υζan, �) = 0

and

lim
n→∞

R(ζυan, υζan, �) = 0,
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whenever a sequence {an} in A such that both limn→∞ ζan and limn→∞ υan converge to the same
point b ∈ A.

Example 4. Assume A = R and the maps ζ(x) = 2x and υ(x) = x
2 for x ∈ R.

Consider a sequence {an} defined by an = 1
n . Then for � > 0,

P(ζυan, υζan, �) → 1, Q(ζυan, υζan, �) → 0, and R(ζυan, υζan, �) → 0, as n → ∞.

Also,

lim
n→∞

ζan = lim
n→∞

2 · 1
n
= 0, lim

n→∞
υan = lim

n→∞

1
2n

= 0.

Both mappings ζan and υan converge to 0. Thus, these maps are compatible in NMS.

Definition 9. Two mappings ζ and υ of an NMS (A,ℵ,�,�) are called reciprocal continuous if
ζυan → ζb and υζan → υb, whenever {an} is a sequence such that ζan, υan → b for some b in A.

Example 5. Let A = R and consider the NMS (A,ℵ,�,�), where
ℵ = (P,Q,R) represents the neutrosophic metric functions given as
P(x, y, �) = �

1+|x−y| , Q(x, y, �) = |x−y|
1+|x−y| , and R(x, y, �) = 1 − P(x, y, �)−Q(x, y, �).

Define the mappings ζ, υ : A → A as ζ(b) = b + 1 and υ(b) = 2b
Now, let {an} be a sequence in A such that

an =
1
n

, so that an → 0 as n → ∞.

Also,

ζan = an + 1 =
1
n
+ 1, υan = 2an =

2
n

.

As n → ∞, both ζan → 1 and υan → 0.
Now, the condition ζan, υan → b is verified for some b ∈ A: Let b = 0. For the given sequence

{an}, ζan → b + 1 = 1, and υan → 2b = 0, which satisfies the condition.
Now,

ζυan = ζ(2an) = 2an + 1 =
2
n
+ 1, υζan = υ(an + 1) = 2(an + 1) =

2
n
+ 2.

As n → ∞, ζυan → ζb = 1 and υζan → υb = 0.
Since both limits are consistent, ζ and υ are reciprocal continuous.

Remark 1. When both ζ and υ are continuous, it is evident that they exhibit reciprocal continuity.
However, it is important to note that this reciprocity does not guarantee continuity in return.
Moreover, within the context of the typical FPT applied to a compatible pair of mappings that satisfy
contractive conditions, the continuity of one of the mappings either ζ or υ implies their reciprocal
continuity, but the converse is not true.

Example 6. Let A = R, and define NMS (A,ℵ,�,�) where P(x, y, �) = �
1+|x−y| , Q(x, y, �) =

|x−y|
1+|x−y| , and R(x, y, �) = 1 − P(x, y, �)−Q(x, y, �). Define ζ, υ : A → A mappings as

ζ(x) = x+ 1 and υ(x) = 2x.
Both ζ and υ are continuous.
Since both mappings ζ and υ are continuous, they will exhibit reciprocal continuity. That is,

for any sequence {an} such that ζan → b and υan → b as n → ∞, we will have

ζυan → ζb and υζan → υb.
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For example, if an = 1
n , then ζan = 1

n + 1 → 1 and υan = 2
n → 0.

Thus, we have ζυan = ζ
( 2

n
)
= 2

n + 1 → 1 and υζan = υ
(

1
n + 1

)
= 2

n + 2 → 2.
Therefore, the mappings satisfy reciprocal continuity.
However, ζ and υ are continuous, and this does not guarantee that they will be reciprocal

continuous in every case without additional conditions.
Thus, the continuity of ζ and υ ensures their reciprocal continuity, but reciprocal continuity

does not necessarily imply continuity for these mappings.

Definition 10. Consider an NMS (A,ℵ,�,�). Let ζ and υ be self-maps on the set A. A point
a within A is defined as a CP of ζ and υ if and only if ζ(a) = υ(a). In such a case, the value
w = ζ(a) = υ(a) is known as a coincidence point for both ζ and υ.

Definition 11. Consider an NMS denoted as (A,ℵ,�,�). A pair of self-mappings denoted as
(ζ, υ) is said to be WC if it exhibits commutativity at the point of coincidence. In other words, if ∃ a
point u in A such that ζ(u) = υ(u), then ζ(υ(u)) = υ(ζ(u)).

Example 7. Let A = R, and define an NMS (A,ℵ,�,�) where
P(x, y, �) = �

1+|x−y| , Q(x, y, �) = |x−y|
1+|x−y| , and R(x, y, �) = 1 − P(x, y, �)−Q(x, y, �).

Define two mappings ζ, υ : A → A as ζ(x) = x+ 2 and υ(x) = x+ 2. To check if (ζ, υ) are
weakly compatible, we need to verify if ∃ a point u ∈ A such that ζ(u) = υ(u), and if so, whether
ζ(υ(u)) = υ(ζ(u)). Thus, to find u where ζ(u) = υ(u)

ζ(u) = u+ 2, υ(u) = u+ 2.

Clearly, ζ(u) = υ(u) for all u ∈ A, because both mappings are identical.
Now commutativity can be verified at u. For any u ∈ A,

ζ(υ(u)) = ζ(u+ 2) = (u+ 2) + 2 = u+ 4,

and
υ(ζ(u)) = υ(u+ 2) = (u+ 2) + 2 = u+ 4.

Thus, ζ(υ(u)) = υ(ζ(u)) holds for all u ∈ A.
Since ζ(u) = υ(u) for all u ∈ A, and ζ(υ(u)) = υ(ζ(u)) for all u ∈ A, the pair (ζ, υ) is

weakly compatible.
Thus, the mappings ζ(x) = x+ 2 and υ(x) = x+ 2 are weakly compatible because they satisfy

the condition of commutativity at the point of coincidence. Specifically, since ζ(u) = υ(u) for all
u, they exhibit commutativity at every point, satisfying the definition of weak compatibility in an
NMS.

Remark 2. Two maps that are compatible also satisfy the condition of being weakly compatible, but
the reverse statement is not necessarily true.

Definition 12. Two self-maps denoted as ζ and υ within the framework of an NMS represented
as (A,ℵ,�,�) are termed occasionally weakly compatible (OWC) if ∃ a point a ∈ A that is a
coincidence point for both ζ and υ, and at this point both ζ and υ exhibit commutativity.

Example 8. Let A = R, and define an NMS (A,ℵ,�,�), where
P(x, y, �) = �

1+|x−y| , Q(x, y, �) = |x−y|
1+|x−y| , and R(x, y, �) = 1 − P(x, y, �)−Q(x, y, �).

Define two mappings ζ, υ : A → A as ζ(x) = x+ 1 and υ(x) = x+ 1.
Now,

ζ(a) = a + 1, υ(a) = a + 1.
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Clearly, ζ(a) = υ(a) for all a ∈ A, so every a ∈ A is a coincidence point.
Again, for any a ∈ A,

ζ(υ(a)) = ζ(a + 1) = (a + 1) + 1 = a + 2,

and
υ(ζ(a)) = υ(a + 1) = (a + 1) + 1 = a + 2.

Since ζ(υ(a)) = υ(ζ(a)), ζ and υ exhibit commutativity at every coincidence point.
Thus, both maps are OWC.

Definition 13. Consider an NMS (A,ℵ,�,�), self-maps ζ and υ on the set A are defined to be sub-
compatible if ∃ a sequence {an} in A such that limn→∞ ζan = limn→∞ υan = b, b ∈ A and satisfy
limn→∞ P(ζυan, υζan, �) = 1, limn→∞ Q(ζυan, υζan, �) = 0, limn→∞ R(ζυan, υζan, �) = 0.

Example 9. Consider the set A = [0, 1], and define the neutrosophic metric functions P,Q,R :
A×A× [0, ∞) → [0, 1] as follows:

P(x, y, �) = 1 − |x− y| , Q(x, y, �) = |x− y|, R(x, y, �) = |x− y|.
Let the operations � and � be defined as the standard addition and multiplication on [0, 1]

modulo 1, respectively.
Define the self-maps ζ and υ on A as ζ(x) = x

2 and υ(x) = x
3 .

Now, take the sequence {an} in A as an = 1
n for n ≥ 1.

Now, convergence of ζan and υan can be verified: ζ(an) =
1

2n and υ(an) =
1

3n .
As n → ∞, limn→∞ ζ(an) = 0 and limn→∞ υ(an) = 0.
Thus, limn→∞ ζ(an) = limn→∞ υ(an) = b = 0, where b ∈ A.
Now, subcompatibility conditions can be evaluated:

ζυ(an) = ζ
(

1
3n

)
= 1

6n and υζ(an) = υ
(

1
2n

)
= 1

6n .
Thus,
limn→∞ P(ζυ(an), υζ(an), �) = 1 −

∣∣∣ 1
6n − 1

6n

∣∣∣ = 1, limn→∞ Q(ζυ(an), υζ(an), �) =∣∣∣ 1
6n − 1

6n

∣∣∣ = 0, and limn→∞ R(ζυ(an), υζ(an), �) =
∣∣∣ 1

6n − 1
6n

∣∣∣ = 0.
Thus, the maps ζ and υ satisfy the conditions for subcompatibility in the neutrosophic metric

space (A,ℵ,�,�) with the given sequence {an}.

Thus, it is evident that two occasionally weakly compatible maps are also subcompati-
ble, but the reverse statement is not always true. The example provided below illustrates
that there can be instances of subcompatible maps that do not qualify as occasionally
weakly compatible (OWC).

Example 10. Consider an MS (A, d), where d is defined as d(κ, ς) = |κ − ς|, κ, ς ∈
A = [0, ∞) and, for any positive value � ∈ (0, ∞), we have the operators � and � defined
as follows: The TN operator is denoted by � with its default operation being the minimum, i.e.,
TN x � y = min(x, y), and the TC operator is denoted by � with its default operation being the
maximum, i.e., TC x� y = max(x, y). Define

P(κ, ς, �) = {
�

�+|κ−ς| � > 0

0 � = 0
, Q(κ, ς, �) = {

κ−ς
�+|κ−ς| � > 0

1 � = 1
and R(κ, ς, �) =

{
|κ−ς|

� � > 0

0 � = 0
. Clearly, (A,ℵ,�,�) is a complete NMS.
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Define ζ and υ as follows:

ζ(κ) = κ2 and υ(κ) = { κ + 2 κ ∈ [0, 4] � (9, ∞)

κ + 12 κ ∈ (4, 9]
.

Consider the sequence {κn} in set A defined as κn = 2 + 1
n for n = 1, 2, 3, . . ..

As n approaches infinity, the limits are as follows:

• limn→∞ ζκn = limn→∞ υκn = 4, so 4 is an element of set A.
• Additionally, ζυκn approaches 16 and υζ also tends to 16 as n approaches infinity.

Thus, limn→∞ P(ζυκn, υζκn, �) = 1, limn→∞ Q(ζυκn, υζκn, �) = 0 and
limn→∞ R(ζυκn, υζκn, �) = 0.
Thus, the subcompatibility of ζ and υ is proved. However, ζκ = υκ if and only if κ = 2 and
ζυ(2) �= υζ(2). Therefore, ζ and υ do not satisfy the OWC property.

Our next goal is to introduce the concept of subsequential continuity within the
framework of NMS. This concept is more relaxed than the previously established notion
of reciprocal continuity, which was firstly given by Pant [36]. A similar notion was also
introduced by H. Boudhadjera [20] within the framework of MS.

Definition 14. Let (A,ℵ,�,�) be NMS. Self-maps ζ and υ defined on the set A are called
subsequentially continuous iff ∃ a sequence {an} in A such that limn→∞ ζan = limn→∞ υan =

b, b ∈ A and satisfy limn→∞ ζυan = ζb, limn→∞ υζan = υb.

It is evident that, if both ζ and υ are continuous or reciprocally continuous, then they
are subsequentially continuous. However, the subsequent example demonstrates that ∃
pairs of maps that are subsequentially continuous, but do not meet the criteria of being
continuous or reciprocally continuous.

Example 11. Consider an MS (A, d), where the metric d is defined as d(κ, ς) = |κ − ς|. For any
elements κ and ς in A = [0, ∞) and for any positive value � ∈ (0, ∞), we have the operators �
and � defined as follows:
TN x� y = min .(x, y) and TC x� y = max .(x, y). Define

P(κ, ς, �) = {
�

�+|κ−ς| � > 0

0 � = 0
, Q(κ, ς, �) = {

κ−ς
�+|κ−ς| � > 0

1 � = 1
and R(κ, ς, �) =

{
|κ−ς|

� � > 0

0 � = 0
. Clearly, (A,ℵ,�,�) is a complete NMS.

Define ζ and υ as follows: ζ(κ) = { 1 +κ κ ∈ [0, 1]
2κ − 1 κ ∈ [1, ∞).

and υ(κ) = { 1 −κ κ ∈ [0, 1]
3κ − 2 κ ∈ [1, ∞).

. Clearly ζ and υ are discontinuous at κ = 1.

Consider the sequence {κn} in set A, defined as κn = 1
n for n = 1, 2, 3, . . ..

As n approaches infinity, the limits are as follows:

• limn→∞ ζκn = limn→∞ υκn = 1, so 1 is an element of set A.
• Additionally, ζυκn approaches 2 (which is ζ(1)) and υζ also tends to 1 (which is υ(1)) as n

approaches infinity.

Therefore, ζ and υ exhibit subsequential continuity.
Now, consider the sequence {κn} in set A defined as κn = 1 + 1

n for n = 1, 2, 3, .... In
this case, as n approaches infinity for the sequence {κn} in set A, defined as κn = 1 + 1

n for
n = 1, 2, 3, . . .:

limn→∞ ζκn = limn→∞ υκn = 1, so 1 is an element of set A. However, ζυκn approaches 1
(which is ζ(1)), not 2.
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As a result, when n approaches infinity, ζ and υ do not exhibit reciprocal continuity as ζυκn

does not converge to ζ(1).

Lemma 1. Consider the sequence {un} within the NMS (A,ℵ,�,�). If ∃ a constant k in the
open interval (0, 1) such that

P(un, un+1, k�) ≥ P(un−1, un, �),Q(un, un+1, k�) ≤ Q(un−1, un, �)

and

R(un, un+1, k�) ≤ R(un−1,un ,�),

∀� > 0 and n = 1, 2, 3.... Then {un} is a Cauchy sequence in A.

Proof. Consider the following conditions: P(un, un+1, k�) ≥ P(un−1, un, �), Q(un, un+1, k�) ≤
Q(un−1, un, �), and R(un, un+1, k�) ≤ R(un−1, un, �).

These imply that
{P(un, un+1, k�)} is a non-decreasing sequence bounded above by 1, and
{Q(un, un+1, k�)} and {R(un, un+1, k�)} are non-increasing sequences bounded below by 0.

By the monotone convergence theorem,

P(un, un+1, k�) → lP, Q(un, un+1, k�) → lQ, R(un, un+1, k�) → lR,

where lP ∈ [0, 1], lQ ∈ [0, 1], and lR ∈ [0, 1].
Additionally, for m > n, using the properties of the neutrosophic metric, we have

P(um, un, �) ≥ P(um−1, um, km−n�),

Q(um, un, �) ≤ Q(um−1, um, km−n�),

R(um, un, �) ≤ R(um−1, um, km−n�).

=⇒

P(um−1, um, km−n�) → lP, Q(um−1, um, km−n�) → lQ, R(um−1, um, km−n�) → lR,

as m, n → ∞.
Additionally, for ε > 0, N is chosen such that, for all m, n ≥ N,

P(um−1, um, km−n�) > 1 − ε, Q(um−1, um, km−n�) < ε, R(um−1, um, km−n�) < ε.

By the triangle inequality,

P(um, un, �) → 1, Q(um, un, �) → 0, R(um, un, �) → 0.

Thus, {un} is a Cauchy sequence in A.

Lemma 2. Consider the NMS denoted as (A,ℵ,�,�). For all elements a and b belonging to A as
well as for any positive number �, if ∃ a constant k in (0, 1), such that

P(a, b, k�) ≥ P(a, b, �),Q(a, b, k�) ≤ Q(a, b, �),R(a, b, k�) ≤ R(a, b, �),

then a = b.
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Proof. If P(a, b, k�) ≥ P(a, b, �), Q(a, b, k�) ≤ Q(a, b, �) and R(a, b, k�) ≤ R(a, b, �) for all
t > 0 and some constant 0 < k < 1, then

P(a, b, s) ≥ P
(
a, b,

s

k

)
≥ P

(
a, b,

s

k2

)
≥ · · · ≥ P

(
a, b,

s

kn

)
,

Q(a, b, s) ≤ Q
(
a, b,

s

k

)
≤ Q

(
a, b,

s

k2

)
≤ · · · ≤ Q

(
a, b,

s

kn

)
and

R(a, b, s) ≤ R
(
a, b,

s

k

)
≤ R

(
a, b,

s

k2

)
≤ · · · ≤ R

(
a, b,

s

kn

)
for all s > 0 and a, b ∈ A. Letting n → ∞, we have P(a, b, s) = 1, Q(a, b, s) = 0, and
R(a, b, s) = 0, so

a = b.

Now, we move forward to formulate the main theorem by leveraging the concepts of
subcompatible and subsequentially continuous maps. These definitions, introduced earlier,
form the basis for deriving significant fixed point results in NMS.

4. Result and Discussion

Theorem 1. Consider four self-maps ζ, ψ, υ and τ of NMS (A,ℵ,�,�) with continuous TN �
and continuous TC � defined by � � � ≥ � and (1 − �) � (1 − �) ≤ (1 − �) ∀� ∈ [0, 1]. If
the pairs (ζ, υ) and (ψ, τ) are both compatible and subsequentially continuous, then the following
holds:

1. ζ and υ possess a CP.
2. ψ and τ possess a CP.
3. Let ∀a, b ∈ A, with k ∈ (0, 1) and � > 0,

P(ζa, ψb, k�) ≥ P(υa, τb, �) � P(ζa, υa, �) � P(ψb, τb, �) � P(ψb, υa, 2�)

� P(ζa, τb, �),

Q(ζa, ψb, k�) ≤ Q(υa, τb, �)�Q(ζa, υa, �)�Q(ψb, τb, �)�Q(ψb, υa, 2�)

�Q(ζa, τb, �),

R(ζa, ψb, k�) ≤ R(υa, τb, �)� R(ζa, υa, �)� R(ψb, τb, �)� R(ψb, υa, 2�)

� R(ζa, τb, �).

Thus, ζ, ψ, τ and υ have a unique CFP.

Proof. Given that (ζ, υ) and (ψ, τ) are both subcompatible and subsequentially continuous,
it follows that there are two sequences denoted as {an} and {bn} within the set A such that

limn→∞ ζan = limn→∞ υan = c, c ∈ A, which satisfies

lim
n→∞

P(ζυan, υζan, �) = P(ζc, υc, �) = 1,

lim
n→∞

Q(ζυan, υζan, �) = Q(ζc, υc, �) = 0

and

lim
n→∞

R(ζυan, υζan, �) = R(ζc, υc, �) = 0.
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Additionally, limn→∞ ψbn = limn→∞ τbn = c′, c′ ∈ A, which satisfies

lim
n→∞

P(ψτbn, τψbn, �) = P(ψc′, τc′, �) = 1,

lim
n→∞

Q(ψτbn, τψbn, �) = Q(ψc′, τc′, �) = 0

and

lim
n→∞

R(ψτbn, τψbn, �) = R(ψc′, τc′, �) = 0.

Therefore, ζc = υc and ψc′ = τc′, i.e., c is a CP of ζ and υ and c′ is a CP of ψ and τ.
Now, we will prove that c = c′. By condition ( 3), we have taken a = an and b = bn,

P(ζan, ψbn, k�) ≥ P(υan, τbn, �) � P(ζan, υan, �) � P(ψbn, τbn, �) � P(ψbn, υan, 2�)

� P(ζan, τbn, �),

Q(ζan, ψbn, k�) ≤ Q(υan, τbn, �)�Q(ζan, υan, �)�Q(ψbn, τbn, �)�Q(ψbn, υan, 2�)

�Q(ζan, τbn, �)

and

R(ζan, ψbn, k�) ≤ R(υan, τbn, �)� R(ζan, υan, �)� R(ψbn, τbn, �)� R(ψbn, υan, 2�)

� R(ζan, τbn, �).

Assuming the limit is n → ∞, we have

P(c, c′, k�) ≥ P(c, c′, �) � P(c, c, �) � P(c′, c′, �) � P(c′, c, 2�) � P(c, c′, �),

Q(c, c′, k�) ≤ Q(c, c′, �)�Q(c, c, �)�Q(c′, c′, �)�Q(c′, c, 2�)�Q(c, c′, �)

and

R(c, c′, k�) ≤ R(c, c′, �)� R(c, c, �)� R(c′, c′, �)� R(c′, c, 2�)� R(c, c′, �).

=⇒ P(c, c′, k�) ≥ P(c, c′, �),Q(c, c′, k�) ≤ Q(c, c′, �)

and

R(c, c′, k�) ≤ R(c, c′, �).

By Lemma 2, we have c = c′.
Furthermore, we will prove that ζc = c. To establish this claim, we utilize inequality

(3) by selecting a = c and b = bn. This gives

P(ζc, ψbn, k�) ≥ P(υc, τbn, �) � P(ζc, υc, �) � P(ψbn, τbn, �) � P(ψbn, υc, 2�)

� P(ζc, τbn, �),

Q(ζc, ψbn, k�) ≤ Q(υc, τbn, �)�Q(ζc, υc, �)�Q(ψbn, τbn, �)�Q(ψbn, υc, 2�)

�Q(ζc, τbn, �)

and

R(ζc, ψbn, k�) ≤ R(υc, τbn, �)� R(ζc, υc, �)� R(ψbn, τbn, �)� R(ψbn, υc, 2�)

� R(ζc, τbn, �).
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Assuming the limit is n → ∞, one can obtain

P(ζc, c′, k�) ≥ P(ζc, c′, �) � P(ζc, ζc, �) � P(c′, c′, �) � P(c′, ζc, 2�)

� P(ζc, c′, �),

Q(ζc, c′, k�) ≤ Q(ζc, c′, �)�Q(ζc, ζc, �)�Q(c′, c′, �)�Q(c′, ζc, 2�)

�Q(ζc, c′, �)

and

R(ζc, c′, k�) ≤ R(ζc, c′, �)� R(ζc, ζc, �)� R(c′, c′, �)� R(c′, ζc, 2�)

� R(ζc, c′, �).

=⇒ P(ζc, c′, k�) ≥ P(ζc, c′, �),Q(ζc, c′, k�) ≤ Q(ζc, c′, �),

and

R(ζc, c′, k�) ≤ R(ζc, c′, �).

By Lemma 2, we have ζc = c′ = c.
Again, we claim that ψc = c. By inequality (3) of Theorem 1, assuming a = c and

b = c, we obtain

P(ζc, ψc, k�) ≥ P(υc, τc, �) � P(ζc, υc, �) � P(ψc, τc, �) � P(ψc, υc, 2�)

� P(ζc, τc, �),

Q(ζc, ψc, k�) ≤ Q(υc, τc, �)�Q(ζc, υc, �)�Q(ψc, τc, �)�Q(ψc, υc, 2�)

�Q(ζc, τc, �)

and

R(ζc, ψc, k�) ≤ R(υc, τc, �)� R(ζc, υc, �)� R(ψc, τc, �)� R(ψc, υc, 2�)

� R(ζc, τc, �).

=⇒ P(c, ψc, k�) ≥ P(c, ψc, �) � P(ζc, ζc, �) � P(ψc, ψc, �) � P(ψc, c, 2�)

� P(c, ψc, �),

Q(c, ψc, k�) ≤ Q(c, ψc, �)�Q(ζc, ζc, �)�Q(ψc, ψc, �)�Q(ψc, c, 2�)

�Q(c, ψc, �)

and

R(c, ψc, k�) ≤ R(c, ψc, �)� R(ζc, ζc, �)� R(ψc, ψc, �)� R(ψc, c, 2�)

� R(c, ψc, �).

By Lemma 2, we have c = ψc = τc.
Therefore, c = ζc = ψc = υc = τc; i.e., c is a common FP of ζ, ψ, υ and τ.
Uniqueness: Now suppose ∃ another FP w of ζ, ψ, υ and τ.
Under condition (3) of Theorem 1, if we set a = c and b = w, we obtain,

P(ζc, ψw, k�) ≥ P(υc, τw, �) � P(ζc, υc, �) � P(ψw, τw, �) � P(ψw, υc, 2�)

� P(ζc, τw, �),

Q(ζc, ψw, k�) ≤ Q(υc, τw, �)�Q(ζc, υc, �)�Q(ψw, τw, �)�Q(ψw, υc, 2�)

�Q(ζc, τw, �)
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and

R(ζc, ψw, k�) ≤ R(υc, τw, �)� R(ζc, υc, �)� R(ψw, τw, �)� R(ψw, υc, 2�)

� R(ζc, τw, �).

=⇒ P(c, w, k�) ≥ P(c, w, �),Q(c, w, k�) ≤ Q(c, w, �)

and

R(c, w, k�) ≤ R(c, w, �).

Therefore, in accordance with Lemma 2, it can be concluded that c = w.
When we substitute υ = τ in the above theorem, the following result emerges.

Corollary 1. Let us consider three self-maps ζ, ψ, and υ of NMS (A,ℵ,�,�) with continuous TN
� and continuous TC � defined by � � � ≥ � and (1 − �)� (1 − �) ≤ (1 − �) ∀� ∈ [0, 1]. If the
pairs (ζ, υ) and (ψ, υ) are compatible and subsequentially continuous, then

1. ζ and υ have a CP, and
2. ψ and υ have a CP.
3. Further, let ∀a, b ∈ A, k ∈ (0, 1), � > 0,

P(ζa, ψb, k�) ≥ P(υa, υb, �) � P(ζa, υa, �) � P(ψb, υb, �) � P(ψb, υa, 2�)

� P(ζa, υb, �),

Q(ζa, ψb, k�) ≤ Q(υa, υb, �)�Q(ζa, υa, �)�Q(ψb, υb, �)�Q(ψb, υa, 2�)

�Q(ζa, υb, �)

and

R(ζa, ψb, k�) ≤ R(υa, υb, �)� R(ζa, υa, �)� R(ψb, υb, �)� R(ψb, υa, 2�)

� R(ζa, υb, �).

Then, ζ, ψ and υ have a unique common FP.

Proof. The proof is the same as in the above theorem. If υ = τ, the desired result will be
obtained.

Remark 3. We can also establish the validity of this theorem by substituting subsequential conti-
nuity of the pairs with reciprocal continuity of the pairs.

Remark 4. The conclusions of the previously mentioned theorems remain valid when we replace
compatibility with subcompatibility and subsequential continuity with reciprocal continuity while
maintaining all other hypotheses unchanged.

5. Application

Let us take an example of volterra I.E and apply FPT to find the solution.
Consider the following I.E, which is a Volterra I.E of the first kind:

u(z) = z+ �
∫ z

0
e−(z−�)u(�)d�,

where • u(z) is the unknown function,

• � is a given constant and
• 0 ≤ z ≤ 1.
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We want to prove that this I.E has a unique solution on the interval [0, 1].

Step 1: Define the Operator:

We define an operator M as follows:

M(u)(z) = z+ �
∫ z

0
e−(z−�)u(�)d�.

To prove that M is continuous, we will show that, if a sequence of functions {un}
converges to some function u (pointwise or in some other suitable norm), then the sequence
of transformed functions M(un) converges to M(u).

Let us consider a sequence of functions {un} that converges to u pointwise:

un(z) → u(z) as n → ∞.

We will show that
M(un)(z) → M(u)(z) as n → ∞.

For this, we can break down M(un)(z):

M(un)(z) = z+ �
∫ z

0
e−(z−�)un(�)d�.

Now, we will use the concept of dominated convergence. For this we will show that

1. un(�) converges pointwise to u(�) as n → ∞ for each � in the interval [0, z].
2. ∃ a dominating function g(z) such that |un(�)| ≤ g(z) ∀ n and � in [0, z] and g(z) is

integrable on [0, z].
3. The dominated convergence theorem (DCT) is used to justify interchanging the limit

and the integral sign in M(un)(z).

By the DCT, we can conclude that

M(un)(z) → M(u)(z) as n → ∞.

This establishes the subsequential continuity of the operator M when sequence of
functions {un} converges pointwise to u.

Step 2: Show M is a Contraction Mapping:

To apply the FPT, we have to show that M is a contraction mapping on a suitable MS.
For this purpose, we can use the L∞ norm, which measures the supremum of the absolute
values of the function over the interval [0, 1].

Now, to prove that M is a contraction mapping, we will prove that ∃ a constant
0 ≤ k < 1 such that

|M(u)−M(v)|∞ ≤ k|u − v|∞,

where |u|∞ = sup0≤z≤1 |u(z)| is the L∞ norm.

By analyzing |M(u)(z)−M(v)(z)|, we can derive an expression involving the differ-
ence |u(z)− v(z)|. By using the Mean Value Theorem for integrals, we can find a k such
that the contraction condition holds.

Step 3: Apply the Fixed-Point Theorem:

Once we have established that M is a contraction mapping, we can apply the FPT. This
theorem guarantees that ∃ a unique function u in the MS of continuous functions on [0, 1]
such that M(u) = u. This function u is the unique solution to the original integral equation.
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This method shows that the I.E has a unique solution on the interval [0, 1] by apply-
ing the FPT and using the concept of a contraction mapping with subcompatibility or
subsequential continuity.

Implementation by taking a mathematical example

Step 1: Defining the Operator:

Consider the sequence of functions {un(z)} = zn

n for n ≥ 1 on the interval [0, 1]. We
aim to show that un(z) converges pointwise to u(z) = 0 on [0, 1].

(i) Pointwise Convergence:
For any fixed z in [0, 1], as n approaches infinity, zn

n converges to 0. Since the numerator
zn grows slower than the denominator, n goes to infinity. Therefore, un(z) converges
pointwise to u(z) = 0.

(ii) Existence of Dominating Function:
We will find a dominating function g(z) such that |un(z)| ≤ g(z) for all n and z in [0, 1].
Since un(z) =

zn

n and 0 ≤ z ≤ 1, we have |un(z)| ≤ 1
n for all n.

Now, choose g(z) = 1. Then |un(z)| ≤ 1
n ≤ 1 for all n and z in [0, 1]. Hence, g(z) = 1 is

a dominating function.
(iii) Dominated Convergence Theorem (DCT):
With g(z) = 1, which is integrable over [0, 1], we can apply the DCT to justify the

interchange of the limit and the integral sign.
Thus,

M(un)(z) = z+ �
∫ z

0
e−(z−�)un(�)d� = z+ �

∫ z

0
e−(z−�) �n

n
d�.

Since e−(z−�) is bounded on [0, 1], we can replace un(�) with u(�) = 0 by the DCT.
Therefore, M(un)(z) converges to M(u)(z) as n �→ ∞.

This establishes the subsequential continuity of the operator M when functions un

converges pointwise to u.

Step 2: Show M is a Contraction Mapping:

To prove that M is a contraction mapping, we need to find a constant 0 ≤ k < 1 such
that for any two functions u(z) and v(z) in the function space, the operator M satisfies the
contraction condition:

|M(u)−M(v)|∞ ≤ k|u − v|∞,

where | f |∞ = supz∈[0,1] | f (z)| represents the supremum norm over the interval [0, 1].
Let M(u) and M(v) be

M(u)(z) = z+ �
∫ z

0
e−(z−�)u(�)d�.

M(v)(z) = z+ �
∫ z

0
e−(z−�)v(�)d�.

Thus, the difference M(u)(z)−M(v)(z) is

M(u)(z)−M(v)(z) = �
∫ z

0
e−(z−�)(u(�)− v(�)) d�.

Now, |M(u)−M(v)|∞ is

|M(u)−M(v)|∞ = sup
z∈[0,1]

|M(u)(z)−M(v)(z)|

= sup
z∈[0,1]

∣∣∣∣�
∫ z

0
e−(z−�)(u(�)− v(�))d�

∣∣∣∣.
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Substituting the expression for M(u)(z)−M(v)(z),

|M(u)−M(v)|∞ = sup
z∈[0,1]

∣∣∣∣�
∫ z

0
e−(z−�)(u(�)− v(�)) d�

∣∣∣∣.
The absolute value of the integral can be bounded by the integral of the absolute value:

|M(u)−M(v)|∞ ≤ sup
z∈[0,1]

�
∫ z

0
e−(z−�)|u(�)− v(�)| d�.

Since e−(z−�) ≤ 1 for all z, � ∈ [0, 1], we have

|M(u)−M(v)|∞ ≤ sup
z∈[0,1]

�
∫ z

0
|u(�)− v(�)| d�.

By the definition of the supremum norm,

|u(�)− v(�)| ≤ |u − v|∞, ∀� ∈ [0, 1].

Thus,

|M(u)−M(v)|∞ ≤ sup
z∈[0,1]

�
∫ z

0
|u − v|∞ d�.

Since |u − v|∞ is independent of �, it can be factored out:

|M(u)−M(v)|∞ ≤ �|u − v|∞ sup
z∈[0,1]

∫ z

0
1 d�.

Simplifying the integral
∫ z

0 1 d� = z, it follows that

|M(u)−M(v)|∞ ≤ �|u − v|∞ sup
z∈[0,1]

z.

Since z ≤ 1 for z ∈ [0, 1], we get

|M(u)−M(v)|∞ ≤ �|u − v|∞.

If � < 1, we can set k = �, where 0 ≤ k < 1. Thus, M satisfies the contraction condition:

|M(u)−M(v)|∞ ≤ k|u − v|∞.

Step 3: Apply the Fixed-Point Theorem:

The Fixed-Point Theorem states:
If Y is a complete metric space and M : Y → Y is a contraction mapping with

contraction constant k < 1, then M has a unique FP u∗ in Y such that M(u∗) = u∗.
Here, Y is the space of continuous functions equipped with the supremum norm | f |∞

over the interval [0, 1], and M : Y → Y is the operator defined as

M(u)(z) = z+ �
∫ z

0
e−(z−�)u(�)d�.

We have already shown that M is a contraction mapping with contraction constant
k = �, which satisfies 0 ≤ � < 1.
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Now, as M is a contraction mapping on a complete MS, ∃ a unique FP u∗ such that
M(u∗) = u∗. In other words, ∃ a unique function u(z) satisfying the I.E:

u(z) = z+ �
∫ z

0
e−(z−�)u(�)d�.

To find the solution, let u0(z) = 0 by the Picard iteration method. Find u1(z):

un+1(z) = z+ �
∫ z

0
e−(z−�)un(�)d�

Since u0(z) = 0, the integral term becomes zero, and we have

u1(z) = z+ �
∫ z

0
e−(z−�) · 0 d�

u1(z) = z

Therefore, u1(z) = z is the first approximation in the Picard iteration method when
the initial guess is u0(z) = 0.

To find u2(z), the second approximation in the Picard iteration method, we use
u1(z) = z obtained from the previous iteration as the input function in the iteration formula:

un+1(z) = z+ �
∫ z

0
e−(z−�)un(�)d�

u2(z) = z+ �
∫ z

0
e−(z−�) · � d�

We will compute this integral to find u2(z):

u2(z) = z+ �

[
− 1

ez−�
· �

∣∣∣∣∣
z

0

+
∫ z

0

1
ez−�

· 1 d�

]

u2(z) = z+ �

[
− 1

ez−z
· z+

∫ z

0

1
ez−�

d�

]

u2(z) = z+ �

[
− z

1
+

(
− 1

ez−�

∣∣∣∣∣
z

0

)]

u2(z) = z+ �

[
−z+ 1 − 1

ez

]

u2(z) = (1 − �)z+ � − �
1
ez

Therefore, u2(z) = (1 − �)z+ � − � 1
ez . This is the second approximation in the Picard

iteration method.
By using the boundary conditions, we can calculate the u(z), which is the unique

solution to the I.E on [0, 1].
Therefore, by applying the FPT, we have established the existence and uniqueness of

the solution to the I.E. This completes the proof that the given Volterra I.E has a unique
solution on the interval [0, 1].

Now we are giving an example in decision theory.

Example 12. Application in Decision Theory:
In decision-making problems involving uncertainty, neutrosophic metric spaces (NMSs)

provide a robust framework to evaluate alternatives by considering degrees of membership (T),
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non-membership (F), and indeterminacy (I). This framework is particularly useful in situations
where the available information is incomplete, inconsistent, or vague, such as selecting suppliers for
a sustainable supply chain.

For example, a company needs to choose the best supplier from four candidates (S1, S2, S3, S4)
based on three criteria:

1. cost efficiency ( f ),
2. delivery time (g), and
3. environmental sustainability (h).

Each supplier’s performance on these criteria is evaluated in the neutrosophic metric space,
where

T represents the degree of membership (e.g., how well a supplier meets the criterion),
F represents the degree of non-membership (e.g., how poorly a supplier performs), and
I represents the degree of indeterminacy (e.g., uncertainty or ambiguity in the evaluation).

The overall performance of a supplier is mapped using k, which combines the three criteria into
a single score.

Now, the mappings f (cost efficiency) and g (delivery time) are subcompatible if their evalua-
tions align sufficiently, meaning there is no strong contradiction between their outputs. For example,
if a supplier scores high on cost efficiency ( f ) but moderately on delivery time (g), their neutrosophic
evaluations should overlap in a way that allows meaningful aggregation into k (overall performance).
Subcompatibility ensures that combining f , g, and h into k results in a coherent overall evaluation.
Again, if a sequence of evaluations for a supplier (e.g., periodic assessments over time) converges to
a certain neutrosophic value under mappings f and g, then k should reflect this consistency; i.e.,
gradual changes in criterion evaluations should lead to gradual changes in the overall performance
k, avoiding abrupt or discontinuous shifts.

Numerical Example
Consider supplier S1 evaluated as follows:

• f (S1) = (0.8, 0.1, 0.1) for cost efficiency,
• g(S1) = (0.7, 0.2, 0.1) for delivery time, and
• h(S1) = (0.6, 0.2, 0.2) for environmental sustainability.

The overall performance k(S1) is calculated as

k(S1) = max{ f (S1), g(S1), h(S1)}.

Using the component-wise maximum,

k(S1) = (max(0.8, 0.7, 0.6), max(0.1, 0.2, 0.2), max(0.1, 0.1, 0.2)),

k(S1) = (0.8, 0.2, 0.2).

Here,

• T = 0.8: the supplier S1 has a high overall membership degree;
• F = 0.2: there is a moderate degree of non-membership;
• I = 0.2: some indeterminacy exists in the evaluation.

Now, subcompatibility and sequential continuity are used:

1. Subcompatibility: f (S1) and g(S1) are subcompatible if their neutrosophic evaluations
do not strongly contradict each other. For example, f (S1) = (0.8, 0.1, 0.1) and g(S1) =

(0.7, 0.2, 0.1) align well because their T, F, and I values are close and compatible.
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2. Sequential Continuity: If the evaluations of f (S1), g(S1), and h(S1) change gradually over
time (e.g., f (S1) → (0.85, 0.05, 0.1)), then k(S1) should also change gradually, ensuring that
the overall performance mapping remains consistent.

Thus, in NMSs, the decision-making process accounts for uncertainty and inconsistency in
supplier evaluations. Subcompatibility ensures the coherent aggregation of criteria into overall
performance, while sequential continuity maintains consistency in evaluations over time, making
NMS an effective tool for solving complex, uncertain problems such as supplier selection.

6. Conclusions

Within this study, some innovative concepts, such as specific subcompatibility and
subsequential continuity, are presented. They offer a less restrictive framework compared
to OWC and reciprocal continuity within the context of NMS. Leveraging these concepts, a
common fixed point theorem applicable to four mappings is formulated. Our findings are
further extended within the NMS framework. To showcase the practical relevance of this
study, illustrative examples were provided to validate the new results and demonstrate
their applicability in integral equations.
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Abbreviations

MS Metric space
CM Compatible Maps
FP Fixed Point
FPT Fixed point theorem
FMS Fuzzy metric space
IFS Intuitionistic fuzzy set
NS Neutrosophic set
NMS Neutrosophic metric space
CTN Continous triangular norm
CTC Continous triangular conorm
IFM Intuitionistic fuzzy metric
IFMS Intuitionistic fuzzy metric space
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CP Coincidence point
OWC Occasionally weakly compatible
I.E Integral Equation
DCT Dominatyed Convergence Theorem
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Abstract

Photovoltaic (PV) energy is gaining traction due to its direct conversion of sunlight to elec-
tricity without harming the environment. It is simple to install, adaptable in size, and has
low operational costs. The power output of PV modules varies with solar radiation and cell
temperature. To optimize system efficiency, it is crucial to track the PV array’s maximum
power point. This paper presents a novel fixed-point FPGA design of a nonlinear maximum
power point tracking (MPPT) controller based on synergetic control theory for driving
autonomously standalone photovoltaic systems. The proposed solution addresses the chat-
tering issue associated with the sliding mode controller by introducing a new strategy that
generates a continuous control law rather than a switching term. Because it requires a lower
sample rate when switching to the invariant manifold, its controlled switching frequency
makes it better suited for digital applications. The suggested algorithm is first emulated to
evaluate its performance, robustness, and efficacy under a standard benchmarked MPPT
efficiency (ηMPPT) calculation regime. FPGA has been used for its capability to handle
high-speed control tasks more efficiently than traditional micro-controller-based systems.
The high-speed response is critical for applications where rapid adaptation to changing
conditions, such as fluctuating solar irradiance and temperature levels, is necessary. To
validate the effectiveness of the implemented synergetic controller, the system responses
under variant meteorological conditions have been analyzed. The results reveal that the
synergetic control algorithm provides smooth and precise MPPT.

Keywords: PV system; synergetic control theory; FPGA; MPPT; fixed-point representation;
Xilinx system generator; DC-DC boost converter

1. Introduction

To secure a long-term and sustainable energy supply, it is crucial to prioritize the
widespread adoption and effective utilization of renewable energy sources. Resources like
solar, wind, hydropower, and biomass not only provide an inexhaustible energy supply
but also minimize environmental harm compared to fossil fuels. Transitioning to these
sustainable alternatives at a much larger scale can mitigate climate change, reduce carbon
emissions, and ensure energy security for future generations. For many years, environ-
mental contamination has been a major concern on a worldwide scale. The demand for
sustainable energy is still an ongoing challenge. To address this issue, massive resources
are needed to provide a variety of sustainable energy sources. Solar photovoltaics (PV) is

Computation 2025, 13, 64 https://doi.org/10.3390/computation13030064
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predicted to be the most popular renewable energy source because of its availability, sim-
plicity of installation, and near-zero maintenance requirements. Furthermore, because solar
energy is so accessible, it seems to be the most popular green energy source. Nevertheless,
the cost of solar electricity remains greater than that of fossil fuels due to the low conversion
efficiency of PV solar systems. PV systems have low efficiency, where the photovoltaic
generator (PVG) converts light into electricity with about a 12 to 20% efficiency [1,2]. Losses
occur during the transmission of energy from the solar panel to the load unit. These losses
can be attributed to a variety of factors, including fluctuating load values, nonlinear power-
voltage characteristics of the photovoltaic generator (PVG), and mismatches between the
load and the PVG. The goal is to keep the photovoltaic system running as efficiently as pos-
sible by detecting the maximum power point always and reducing oscillation significantly
to avoid the issues that are often associated with regular MPPT algorithms. Therefore,
improving the maximum power point tracking (MPPT) strategy is one practical method to
boosting the energy conversation efficiency [3].

In recent times, a substantial number of MPPT algorithms, characterized by varying
levels of efficacy and complexity, have been devised and presented in the scientific commu-
nity. These algorithms have been designed to optimize performance, and their development
reflects the ongoing advancements and diverse approaches in the field. The first algorithms
were based on measuring voltage and current, which were thought to be straightforward
but unreliable; their disadvantage was that power loss resulted from PV module shorting
and opening circuiting in order to measure voltage and current, respectively, for reference
as a crucial step [4]. Among other conventional MPPT approaches and more complicated
instances are as the perturb and observe (P&O), incremental conductance (IC), and the hill
climbing (HC), which continuously track and determine the MPP direction by detecting
the variation in the PV module power due to the PV module voltage small change or
perturbation employed by the control strategy. These control methods are widely used
since they are simple and easy to implement, but they have also same limitations: they are
vulnerable to facing variant atmospheric conditions and fail under fast-varying climatic
conditions, which causes system instability [5,6]. Conversely, certain MPPT approaches
perform well in both static and dynamic states, while they require certain information
and the understanding of some subjects, like fuzzy logic and neural networks [7], particle
swarm optimization [8], etc.

AI-based MPPT techniques outperform conventional methods such as perturb and
observe (P&O) and incremental conductance (INC) by dynamically adapting to rapid
changes in irradiance and temperature without causing oscillations around the MPP [9].
Traditional MPPT algorithms often suffer from trade-offs between tracking speed and
steady-state stability, leading to energy losses in fluctuating conditions. In contrast, AI-
driven MPPT methods can predict optimal operating points by analyzing historical and
real-time data, allowing them to make intelligent decisions that enhance energy conversion
efficiency. However, AI-based MPPT techniques, such as artificial neural networks (ANNs)
and fuzzy logic controllers (FLCs), require extensive real-time computations to accurately
track the maximum power point (MPP) under varying environmental conditions [9].

Of all the methods mentioned above, the sliding-mode control (SMC)-based MPPT
algorithm is one of the most significant due to its advantages, which include stability, resis-
tance to fluctuation in parameters, quick dynamic reaction, and ease of implementation [10].
Sliding-mode control theory is mostly used to drive the electrical power converter systems
which constitute variable structure design [11]. Furthermore, some of those techniques
have been utilized by PV systems, primarily to control the amount of current fed into the
grid. Ref. [12] has addressed a sliding-mode current-based MPPT strategy that is based on
a combination of a standard P&O MPPT technique and an SMC. In this work, SMC is used
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by Bianconi et al. to synchronous boost in order to control the input capacitor current to
the current reference that is acquired by P&O [12].

It is well known that the SMC nonlinear approach has high performance attributes
including resilience, fast dynamic response, and simplicity of implementation . How-
ever, the chattering problem, which results in undesired oscillations, is its primary
disadvantage [13].

All of these challenges, particularly the oscillation behavior, resilience, and speed of
the MPPT in tracking the ideal power, which was sparked by the aforementioned study,
have directed efforts to enhance the PV system’s performance. One of the most attractive
and reliable control strategies, called synergetic control theory (SCT), is recommended to
accomplish this aim. Synergetic control theory is one of the recently evolved technologies
used to solve the previously mentioned problems. It is a nonlinear control-based strategy
that was first initiated by Kolesnikov [14]. Synergetic control reduces chattering more
effectively than sliding-mode control. Chattering is a common issue in sliding-mode
control, causing high-frequency oscillations that can lead to wear and tear on the system.
Synergetic control, on the other hand, provides smoother control signals, which helps
to minimize chattering and needs less filtering. However, it is well-suited for digital
implementation due to its analytical nature. This makes it more practical for modern
control systems, which often rely on digital controllers. In contrast, sliding-mode control
can be more challenging to implement digitally. In addition, synergetic control provides
constant switching frequency operation, which is beneficial for maintaining system stability
and reducing wear on the switching components. Sliding mode control, by contrast, can
have varying switching frequencies, which can lead to instability and increased wear.
Moreover, synergetic control offers a more direct method for generating control laws,
making it more efficient in the digital design process. This flexibility is valuable in high-
performance applications where speed controllers need to provide not only accuracy but
also flexibility and efficiency [15].

In addition to being effective for controlling nonlinear systems, the suggested syn-
ergetic control approach is regarded as a very effective robust control technique [16]. It
eliminates the chattering phenomenon but has the invariance concept of the sliding-mode
control. Recently, it has been proficiently employed in various applications such as the
m-parallel connected DC-DC buck converters [17], in a maximum power point tracking
for a standalone solar power system [2], and in the design of power system stabilizers [18].
In [19,20], the authors used the synergetic control for chaos suppression in different power
systems. The authors of [21] used this theory to control the endocrine glucose–insulin regu-
latory system. On the other hand, the hardware implementation of synergetic control was
proposed using the dSPACE RTI 1104 processor, which is a 64-bit floating-point processor
as given in [22]. The design was used to validate the MPPT controller for autonomous PV
system maximum power extracting.

Field Programmable Gate Arrays (FPGAs) offer a powerful and efficient hardware
solution for implementing complex Maximum Power Point Tracking (MPPT) techniques
in photovoltaic (PV) systems. Unlike traditional micro-controllers and digital signal pro-
cessors (DSPs), FPGAs provide high-speed parallel processing, low-latency computations,
and reconfigurable architectures, making them ideal for handling the complex computa-
tions associated with MPPT applications [23]. By leveraging FPGA hardware acceleration,
the control models can execute with enhanced precision and minimal computational de-
lays, ensuring improved efficiency in energy harvesting compared to conventional MPPT
methods [24].

The integration of MPPT techniques into FPGA platforms also offers scalability and
adaptability for modern PV applications. As energy systems become more complex with
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the inclusion of microgrids and distributed energy resources, FPGA-based controllers can
accommodate multiple input variables, optimizing power extraction across different PV
module configurations. Additionally, FPGAs enable hardware-accelerated deep learning
models for advanced MPPT strategies, allowing for real-time adjustments based on weather
forecasts and grid demand. Unlike fixed hardware controllers, FPGA architectures can
be reprogrammed to support evolving MPPT strategies, ensuring long-term adaptability
without requiring costly hardware replacements [25]. Inspired from the above work,
and noting that none of the previous works on synergistic control theory were implemented
using fixed-point representation on FPGA, this paper proposes the following aspects:

• PV system and DC-DC boost converter modeling.
• Propose a novel FPGA-based controller that employs the synergetic control strat-

egy to track the MPP for a standalone photovoltaic power system under different
meteorological states. The suggested MPPT controller’s primary objective is to con-
currently guarantee system stability at maximum power, strong robustness, and quick
dynamic response.

• The MPPT Synergetic algorithm is designed, investigated, and mathematically ex-
plained in the paper. The elaborated synergetic MPPT algorithm has been imple-
mented both in simulations and using the Xilinx System Generator as a hardware-in-
the-loop platform.

• Fixed-point representations are provided to optimize the FPGA resource utilization
and to achieve timing constraints such as positive worst negative slack (WNS).

• The complicated VHDL code developed from a Xilinx’s blockset design was then
utilized to set up the intended FPGA board. When generating an FPGA programming
file, all downstream FPGA development processes, such as synthesis and place and
route, are carried out, respectively.

This paper outlines the study in five sections. Following this introduction, Section 2
introduces the overall PV system components, mathematical modeling of the PV generator,
and DC-DC boost converter. In Section 3, different aspects and derivation of the synergetic
control theory are described. In Section 4, the implementation procedure and the simulation
results are given in addition to the FPGA hardware requirements. The main conclusions
and discussion inspired from this work are provided in Section 5.

2. Photovoltaic System Description

2.1. Overall System Description

The overall schematic diagram of the proposed photovoltaic (PV) system is given
in Figure 1. At its core, this system consists of a PV array, a direct current DC-DC boost
converter, MPPT algorithm, and a resistive type load. The key innovation of this setup lies
in its ability to optimize the power extracted by the PV system. It is well known that the
solar panels operate most efficiently when they operate at their Maximum Power Point
(MPP), which varies depending on factors such as sunlight intensity and temperature.
MPPT technology continuously monitors and adjusts the electrical load connected to
the panels to ensure they operate as close as possible to their MPP, thereby maximizing
the energy harvested from the sunlight. Overall, a PV system with MPPT enhances
the overall performance and energy yield of solar installations, making it a preferred
choice for residential, commercial, and industrial applications seeking to harness solar
power effectively and efficiently. The FPGA platform implements the MPPT algorithm to
maximize the efficiency of solar energy conversion as well as to generate signal control for
the DC-DC boost converter.
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Figure 1. Photovoltaic system block diagram.

2.2. PV Cell Modeling

In essence, a photovoltaic solar unit is a p-n junction that directly transforms solar
radiation into electrical energy. Photons from the cell are absorbed by semiconductor atoms
when it is exposed to sunlight, which releases electrons from the negative layer. Through
an external circuit, these electrons make their way to the positive layer, where they create
an electric current [26].

The most popular representation of the photovoltiac generator unit is the single-diode
model, which is usually employed because of its well-accurateness and ease of analysis.
As seen in Figure 2, this model comprises a current source that is regulated by the amount
of light hitting the PV unit surface, a diode that represents the solar cell’s PN junction,
and the losses caused by the resistance of the PV connection or material, which can be
represented by series and parallel resistors.

Figure 2. The electrical PV solar cell model.

The general mathematical representation of the PV cell is provided using the following
Equation [26]:

I = Iph − Id − Ish (1)

where Iph denotes the photo current, Id defines the diode current, and Ish a shunt current.
The solar photo current mathematical model can be given as follows:

Iph = Gk
[
Isc + kI

(
Top − Tref

)]
(2)

The current of the shunt resistor branch Ish is evaluated by the following model:
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Ish =
Vpv + IpvRs

Rsh
(3)

The Id that stands for the current passing through the model diode shown in Figure 2
is given by the following mathematical equation:

Id = Is

[
exp

(
q

Vpv + RS Ipv

Vt

)
− 1

]
(4)

The reverse saturation current Is often referred to as leakage current in practical diode
circuits and flows through the diode when it is reverse-biased, meaning the voltage applied
is in the opposite direction to the diode’s forward bias. It increases exponentially with
temperature, as shown in the following formula:

Is = Irs

(
Top

Tre f

)3

e

[
qEg
nk

(
1

Top − 1
Tre f

)]
(5)

Eventually, the output current may be written as follows:

I = Iph − Is

[
exp

(
qVpv + RS Ipv

Vt

)
− 1

]
− Vpv + IpvRS

RSh
(6)

The specifications of the PV array used in this work are detailed in Table 1.

Table 1. Electrical characteristics of the SunPower SPR-305E-WHT-D cell.

Parameters Symbols Values Units

Maximum power Pmax 305.226 W
Open-circuit voltage Voc 64.2 V
Short-circuit current Isc 5.96 A
Optimum operating voltage Vmpp 54.7 V
Optimum operating current Impp 5.58 A
Temperature coefficient of Isc Ki 0.061745 %/◦C
Temperature coefficient of Voc Kv −0.2727 %/◦C

The I-V and P-V characteristics of the photovoltaic cell under constant temperature
and varying solar radiation levels are displayed in Figure 3. Moreover, the PV array’s I-V
and P-V characteristics at fixed irradiance and varying temperature levels are displayed in
Figure 4.

It is evident that the maximum power point of the PV cell exhibits nonlinear prop-
erties. The maximum power point is sensitive to temperature and light intensity. As a
result, when the temperature level drops or the irradiance rises, the PV panel power
increases. Therefore, an appropriate control algorithm is required to guarantee that the
photovoltaic solar system works at its maximum output power point. And this is the
aim of this study.
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Figure 3. I-V and P-Vd electrical characteristics of SunPower SPR-305E-WHT-D module, at differ-
ent irradiance.
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2.3. DC-DC Boost Converter

A DC-DC boost converter is an electrical device that steps up (increases) a DC voltage
from a lower level to a higher level. It achieves this by using a combination of inductors,
capacitors, diodes, and switches (typically transistors) arranged in a specific circuit con-
figuration, as shown in Figure 5. Current passes through the inductor when the switch is
closed, and during this state the energy is stored in the inductor magnetic field. When the
switch opens, the inductor’s magnetic field decreases, generating a voltage higher than the
input voltage, which forward-biases the diode and allows the energy to flow to the output
capacitor. The capacitor smooths the voltage, providing a stable higher output voltage.
This process repeats rapidly, continuously boosting the voltage. Modeling a DC-DC boost
converter involves analyzing its behavior in different operating conditions to understand
how it converts voltage efficiently. The key aspects of modeling include circuit equations,
duty cycle, and switching modes. The complete mathematical expression of the DC-DC
boost converter could, therefore, be represented by (7) [2,5]:⎧⎪⎪⎨

⎪⎪⎩
dIL
dt

=
1
L

VPV − 1
L
(1 − d)Vdc

dVo

dt
=

1
C2

(1 − d)IL − 1
RC2

Vdc

(7)

where the parameter d refers to the duty cycle. Assume x1 = IL and x2 = Vdc are state
variables. Then, (7) can be written as follows:⎧⎪⎪⎨

⎪⎪⎩
ẋ1 =

1
L

VPV − 1
L
(1 − d)x2

ẋ2 =
1

C2
(1 − d)x1 − 1

RC2
x2

(8)

where (8) is the state space’s representation of the considered boost converter. The above
mathematical model (8) can be represented as the following system mathematically:

ẋ =
dx
dt

= f (x, t) + g(x, t)d (9)

where x = [x1 x2]
T , f (x, t) =

[
1
L (VPV − Vdc)

1
C2

(
IL − Vdc

R

)]T
, g(x, t) =

[
Vdc
L − IL

C2

]T
.

Figure 5. DC-DC boost converter schematic.

The DC-DC boost converter has been designed using the parameters listed in Table 2.

Table 2. DC-DC boost converter parameters.

Parameters Symbol Values Units

Inductance L 5 mH
Input capacitance C1 220 μF
Output capacitance C2 330 μF
Switching frequency F 20 KHz
Load R 18 Ω
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3. Synergetic Control Theory (SCT)

A significantly innovative approach in contemporary nonlinear control theory is the
Synergetic Control Theory (SCT). It is founded on concepts from contemporary mathemat-
ics and synergetics, which study how systems build functional structures. This approach is
designed to handle complex systems and ensure stability and control in various applica-
tions, including robotics, power systems, and chemical reactors. Consider the following
nonlinear system:

ẋ = f (x, t) + g(x, t)d (10)

where x ∈ Rn is the vector of the nonlinear system states, f (x, t) ∈ Rn expresses the system
dynamics represented with a smooth nonlinear function, g(x, t) �= 0 is the gain of the
control function, and finally the required control input is denoted by d, which should
be ∈R.

The synergetic control algorithm, which guarantees that the dynamics of the derived
system progress from any initial state to the invariant manifold and then toward the
system (10) origin, is the basis for determining the control vector, d, in practice. The specific
macro variables ψ, often known as aggregated variables, determine the control that is built.
The dynamic evolving of these macro variables ψ, which can be expressed as a function of
the dynamical system’s state variables, needs to be appropriately selected by the designer
and should meet the following evolution constraint [21,27,28]:

Tψ̇ + θ(ψ) = 0 (11)

where T is a specific designer chosen parameter that determines the rate of convergence
speed to the invariant manifold ψ(x, t) = 0 specified by the macro-variable ψ. And θ(ψ) is
defined a smooth differentiable function of ψ that has to be selected, such that [21,27]:

(1) invertible and differentiable;
(2) θ(0) = 0;
(3) θ(ψ)ψ > 0, ∀ψ �= 0.

It is clear that if the function θ(ψ) is selected in the form of (12), then the chosen θ(ψ)

guarantees the mentioned constraints.

θ(ψ) = ψ(x, t) (12)

As demonstrated in the literature [2,22], the process mentioned previously may be
used with DC-DC boost converters. The matter at hand is figuring out the control law
(duty cycle d) that the MPPT controller should produce instantaneously, to precisely track
the targeted maximum power point. Assume that the invariant manifold defined as
follows (13):

ψ =
∂PPV
∂IL

= 0. (13)

Hence,
∂(VPV IL)

∂IL
= IL

∂VPV
∂IL

+ VPV = 0 (14)

By chain rule, one can write the following:

dψ

dt
=

(
dψ

dIL

)(
dIL
dt

)
(15)
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Replacing (12) and (15) in (11) gives the following:

T
(

dψ

dIL

)(
dIL
dt

)
+ ψ = 0 (16)

Since
dψ

dIL
= 2

∂VPV
∂IL

+ IL
∂2 VPV

∂2 IL
(17)

Combining together the boost converter state space Equations (8) and (17) in Equa-
tion (16) gives the following:

[
2

∂VPV
∂IL

+ IL
∂2 VPV

∂2 IL

][
1
L

VPV − 1
L
(1 − d)Vdc

]

= − 1
T

[
VPV + IL

∂VPV
∂IL

] (18)

Thus, the control law:

d = 1 − VPV
Vdc

−
VPV + IL

∂VPV
∂IL

T Vdc
L

[
2 ∂VPV

∂IL
+ IL

∂2 VPV
∂2 IL

] (19)

The chattering problem can be minimized or eliminated since the control rule produced by
the synergetic control theory is continuous rather than a switching term, as shown by (19).

The asymptotic stability of the PV solar system with the synergetic-based MPPT
algorithm is achieved by employing a Lyapunov function candidate, which serves as a
mathematical tool to analyze the stability properties of a dynamical system. By constructing
a suitable Lyapunov function, it is possible to demonstrate that the system’s trajectories
converge to an equilibrium point over time. This approach involves showing that the
Lyapunov function is positive definite and its derivative along the system’s trajectories is
negative definite, thereby ensuring that the system’s state asymptotically approaches the
desired equilibrium.

Theorem 1. Consider the nonlinear DC-DC boost converter with a PV module standalone power
system (8); the system will converge to the invariant manifolds ψ = 0 under the action of the control
laws (19). And the PV system will track the MPP accurately.

Proof. Define a Lyapunov candidate function as follows:

W =
1
2

ψ2
1 (20)

then, the time derivative of W is as follows:

Ẇ = (ψψ̇) (21)

substituting (11) and (12) into (21) yields the following:

Ẇ = ψ

(
dψ

dt

)
= ψ

[(
− 1

T

)
ψ

]
(22)

consequently, we have:

Ẇ =

(
− 1

T

)
ψ2 ≤ 0 (23)

Therefore, Ẇ ≤ 0.
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Consequently, the standalone PV system is asymptotically stable. And this concludes
the proof.

Figure 6 shows the flowchart of this algorithm and provides a systematic represen-
tation of its step-by-step operation, illustrating the key steps, beginning by voltage and
current measurement, power computation, synergetic control law application, and duty
cycle adjustment for the DC-DC converter. By following this structured approach, the syn-
ergetic MPPT ensures optimal energy harvesting under varying environmental conditions,
making it a reliable solution for PV applications.

Measure 

Compute Power

Compute the Macro Variable

Comply to the Evolution Constraint

Update the Duty Ratio
Using Eq. 19

Return

Start

Yes

Initialize System Parameters

No

Figure 6. Flowchart diagram of the proposed synergetic control-based MPPT algorithm.

4. Implementation Aspects

This part presents the outcomes of the simulation experiments, which were designed
to evaluate the performance of the proposed MPPT synergetic controller system under
different scenarios. Experiments were designed to test various scenarios and parameters
to understand their impact on the system’s performance. The results are categorized
and discussed in detail to highlight key findings and trends. The aims through these
simulations were to provide a comprehensive evaluation of the proposed MPPT synergetic
controller, as shown in Figure 1, under different conditions, thereby offering insights into
its robustness, efficiency, and potential areas for improvement.

4.1. FPGA 32-Bits Fixed-Point Implementation

Fixed-point representation is often used on FPGAs due to its efficiency and perfor-
mance benefits. Fixed-point arithmetic typically requires fewer hardware resources and
consumes less power compared to floating-point arithmetic. This efficiency is crucial for
FPGAs, which have limited resources. Additionally, fixed-point arithmetic can be faster
and has more predictable timing behavior, making it suitable for real-time applications.

Another advantage of fixed-point representation is its simplicity. Fixed-point arith-
metic is easier to implement and understand, reducing the likelihood of design errors.
FPGA design tools also provide good support for fixed-point arithmetic, facilitating ef-
ficient synthesis and optimization. Moreover, many FPGA applications, such as digital
signal processing, communications, and control systems, can tolerate or prefer fixed-point
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arithmetic due to the nature of the algorithms and the required precision. Fixed-point
representation allows designers to choose the exact number of bits for the integer and
fractional parts, providing custom precision tailored to the application’s needs.

A prevalent signed fixed-point encoding notation is Qm.n, which provides m integer
bits, n fractional bits, and 1 sign bit. Its accuracy is 2−n, and its corresponding limit is
between −2m and 2m − 2−n. In this work, a Q16.16 fixed-point data format is used to
represent VPV , IPV , and Vdc signals of the PV system.

To determine the appropriate fixed-point representation for a signal, we started by
analyzing the signal’s characteristics. We identified the dynamic range by finding the mini-
mum and maximum values of the signals inside that the MPPT synergetic controller can
take, and assessed the precision requirements. This initial analysis helped us understand
the needs of our signal processing task.

Choosing the total number of bits, or word length, for the fixed-point representation,
requires balancing precision, dynamic range, and resource usage. We allocated bits between
the integer and fractional parts. For the integer part, we had to ensure enough bits to cover
the entire dynamic range of the signal, where the number of integer bits n should satisfy
2n ≥ max(absolute value of signal). The remaining bits were used for the fractional part,
increasing precision but reducing the dynamic range.

4.2. Simulation Results

The PV system and the MPPT algorithm were modeled and simulated using the Xilinx
System Generator’s blockset for seamless integration, as shown in Figure 7. The sampling
time was selected as Ts = 1 × 10−6 s. In synergetic control theory, the parameter T
plays a crucial role in shaping the system’s transient response and stability, particularly
in MPPT applications for photovoltaic (PV) systems. It determines the speed at which
the system converges to the MPP, where a smaller T results in a faster response but may
introduce instability or oscillations, while a larger T ensures smoother tracking at the cost of
slower convergence. Typically, 0.01 s ≤ T ≤ 0.1 s is selected to balance speed and stability.
Improper selection of T can lead to excessive duty cycle variations, affecting power tracking
efficiency. To determine an optimal T, simulation-based tuning is recommended, where
different values can be tested to evaluate convergence speed, power oscillations, and steady-
state error. By fine-tuning T, the synergetic MPPT controller can achieve a balance between
rapid tracking and robust stability, ensuring efficient power extraction under dynamic
environmental conditions. The convergence time for the synergistic controller is chosen
as T = 0.05 s in this study. The duty cycle control law given by (19) is realized, as
shown in Figure 8. Using delay blocks in the designed model is a crucial technique for
equalizing time delays across different paths in FPGA designs. Delay blocks introduce a
specified number of clock cycles delay into a signal path, thereby balancing timing across
various paths. Equalizing the time delay for all paths in an FPGA design using a Xilinx
System Generator is crucial for maintaining data integrity, ensuring proper synchronization,
and achieving reliable operation. Unequal time delays can cause data corruption as different
parts of the data may arrive at different times, leading to incorrect data interpretation.
The algorithms were rigorously simulated to ensure accuracy and effectiveness in managing
the PV system’s output.

Two factors are taken into consideration while evaluating the simulation results for the
suggested MPPT strategy: temperature fluctuation and adaptability to irradiance, under
standard climate conditions (SCC) of temperature 25 ◦C and irradiance = 1000 W/m2.
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Figure 7. The overall PV system design and the synergetic control-based MPPT algorithm.

Figure 8. The inside detail of the SCT_MPPT subsystem in Figure 7.

Figure 9a shows the output power under the standard climate condition SCC. The re-
sults confirm a good performance and high effectiveness for the suggested controller, in
both steady and transient states. Obviously, it is noted in a transient state that the proposed
synergetic algorithm ascertains fast convergence to the MPP and the operating point moves
on the synergetic manifold in the correct direction. At the same time, the manipulated vari-
able or the duty cycle of the proposed technique converges to the optimal value in limited
time as, shown in Figure 9b, and the aggregated synergetic variable is maintained very
close to zero, as shown in Figure 9c. This will guarantee the ability to reach the optimum
point (dPpv/dIpv = 0). A zero macro-variable indicates stable system operation, and the
system is operating at its desired equilibrium point, which is aligned with a maximum
power output from the PV array. Moreover, in a steady state, once the output power of the
PV system is maintained at the maximum, a significant reduction in the oscillation around
the MPP appeared and, as a result, the power extracted using the synergetic approach was
much larger. In addition, the PV system voltages and currents are given in Figure 9d.

To examine the energy harvesting performance of the proposed MPPT controller
under irradiance and temperature variations, in the beginning, the temperature remained
constant at 25 ◦C during the first 2 s, as shown part in Figure 10b, while the irradiance
levels dropped abruptly, mimicking real-world conditions. This type of change can be
used to simulate sudden changes in weather conditions, such as a cloud passing over the
solar panel or the sudden onset of a shadow. The irradiance level jumps instantaneously
from one value to another. To test the irradiance effect, the irradiance levels reduced from
1000 W/m2 to 500 W/m2 at t = 0.38 s. A smooth ramp increase in irradiance was applied
at t = 1 s to recover the original 1000 W/m2. This change represents a gradual rise in the
intensity of sunlight over a period of time. This type of change can be used to simulate the
natural increase in sunlight during sunrise or the gradual clearing of clouds. The irradiance
level increases linearly from one value to another over a specified duration. After that,
an abrupt change in the temperature was applied by increasing it from 25 ◦C to 50 ◦C at
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t = 2 s, while keeping the irradiance at 1000 W/m2 and the load remained the same during
the simulation time. The irradiance and temperature profiles are shown in Figure 10a and
Figure 10b, respectively. The tracking results of these changes are shown in Figure 10.
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Figure 9. Standard meteorological conditions test results, where irradiance = 1000 W/m2 and tem-
perature = 25 ◦C.

The power extracted from the PV generator is shown in Figure 10c; when the irradiance
level sharply changes at time t = 0.38 s, the MPPT synergetic controller can quickly track the
maximum power point at both 1000 W/m2 and 500 W/m2 irradiance levels, respectively.
The same is applicable when applying a ramp variation in the irradiance power at time
t = 1 s. From these result, it is clear to conclude that the developed MPPT synergetic
algorithm is robust to abrupt changes in illumination.

The synergetic macro-variable always lies on the attractor vicinity (ψ = 0), as illus-
trated in Figure 10d. This denotes the robustness of using the new approach. The duty
cycle of the drive signal generated using the proposed FPGA MPPT controller is shown
in Figure 10e. The drive PMW signal applied to the boost DC-DC converter successfully
achieved the control objective of maintaining the movement toward the MPP, despite the
disturbances applied to the irradiance levels and temperature value. Figure 10f illustrates
the output voltage (Vdc), the PV generator voltage (VPV), the PV generator current (IPV),
and the load current (IO).

All the simulation results above confirm that the control approach based on synergetic
theory is able to ensure output at the optimum point in transient and steady-state conditions
and can provide strong robustness against disturbances in the external conditions without
inversely affecting the output power. Moreover, all the results show that the responses are
chatter-free, with smooth signals.
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(d) The synergetic macro-variable time waveform.
Figure 10. Cont.
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(f) The standalone PV system voltages and current measurements.
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(g) PV system’s efficiency.

Figure 10. Results of the PV system under irradiance and temperature variations.

The integration of photovoltaic (PV) systems with boost converters demonstrates
remarkable efficiency, even in the face of various disturbances such as fluctuating irradiance
and temperature changes, as shown in Figure 10g. At the core of this enhanced performance
lies the synergy between the PV panels and the boost converter, which serves to regulate
and optimize the voltage and current output to maximize the extracted power from the
PV system. This optimization is primarily driven by the suggested synergetic MPPT
algorithms, which ensure that the PV panels operate at their peak power point regardless
of external conditions by continuously adjusting the duty cycle to enable the system to
maximize energy capture from the sunlight.
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The average efficiency of extracting power from a photovoltaic (PV) system is re-
markably high, reaching an impressive ηMPPT = 98.11%, ensuring that the majority of the
captured sunlight is effectively utilized. This efficiency not only enhances the overall per-
formance of the PV system but also contributes to its sustainability and cost-effectiveness.
With such a high efficiency rate, PV systems can provide reliable and clean energy, reducing
dependence on conventional fossil fuels and mitigating environmental impact. To evaluate
the effectiveness of our proposed MPPT method, a comparative analysis was conducted
against various state-of-the-art techniques reported in the literature as given in Table 3.
The comparison considers key performance metrics, including MPPT tracking time, steady-
state oscillation, and overall efficiency. Our work demonstrates superior performance
in terms of MPPT (Maximum Power Point Tracking) time and steady-state oscillations,
compared to other approaches. The MPPT time in our work is the shortest (0.03 s), outper-
forming methods like FLC-based MPPT (0.30 s) and PSO and hybrid intelligent methods
(>1 s). Additionally, our approach achieves the lowest steady-state oscillation (0.1%), which
is significantly lower than the oscillations seen in other techniques such as PSO (1.6%) and
FLC-based MPPT (1.0%). The use of a Boost converter in our method ensures efficient
power conversion. Furthermore, our MPPT efficiency is 98.11%, which is higher than most
other reported methods. While the FLC-based MPPT achieves 98% efficiency, our approach
still surpasses it. Other techniques, such as Hybrid Intelligent Controller and Feedforward
ANN, exhibit lower efficiencies, exceeding only 91% and 90%, respectively. These results
highlight the effectiveness of our MPPT strategy in achieving faster convergence, reduced
power fluctuations, and higher overall efficiency, making it a promising alternative to
existing solutions.

Table 3. Comparative studies of synergetic MPPT with other MPPT recent implementations.

Reference Algorithm
DC-DC

Converter
MPPT

Time (s)

Steady-State
Oscillation

(%)

MPPT
Efficiency

(%)

[29] FLC-based MPPT Boost 0.3 ±1.0 98.00
[30] Feed forward ANN Boost 0.03 ±0.7 >90.00
[18] PSO Buck >1 ±1.6 97.00
[31] Hybrid intelligent controller Cuk >1 ±0.4 >91.00

Proposed Work Synergetic MPPT Boost 0.03 ±0.1 98.11

4.3. Hardware Co-Simulation of the Suggested MPPT Algorithm

The hardware co-simulation framework allows for the integration of detailed simula-
tion models with hardware implementations, facilitating a more comprehensive evaluation
of control strategies. This approach enables the exploration of complex control algorithms
and their real-world performance without the need for extensive hardware prototyping.
The hardware co-simulation was then performed to test the control algorithms on an FPGA
in real-time, ensuring the simulated performance matched the hardware implementation.
The Xilinx System Generator facilitated the automatic generation of HDL code from the
Simulink models, which was synthesized and implemented on an FPGA for high-speed,
real-time control. The control logic was optimized for efficiency and responsiveness, in-
tegrating it meticulously with the PV system to achieve optimal performance. Extensive
testing and validation were conducted to ensure the control law’s stability, efficiency and re-
liability under various operating conditions, resulting in a robust and high-performing
PV system.

The proposed algorithm was designed using the FPGA ZedBoard Zynq xc7z020-
1clg484 Evaluation and Development Kit. The full system with hardware co-simulation
model for the FPGA design is shown in Figures 11 and 12. The JTAG (Joint Test Action
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Group) interface, typically used for debugging and programming FPGA devices, is con-
nected to the PC via USB, as shown in Figure 13. In this setup, JTAG acts as a bridge
between the FPGA board and the MATLAB/Simulink environment. When the system
operates, the FPGA continuously reads Vdc, VPV , and IPV signals. These measurements
are transmitted in real-time through the JTAG port. Then, serial samples were returned
to the PC using Simulink/Matlab R2020b. The viewer recorded the output drive PWM
signal. This allowed for real-time testing and verification of the design in a simulated
environment that closely mirrors actual hardware behavior. Overall, this setup lever-
ages the JTAG port for bidirectional communication between the FPGA hardware and
MATLAB/Simulink, enabling thorough testing and validation of the FPGA-based control
systems in real-time applications.

Figure 11. The hardware co-simulation overall design.

Figure 12. The inside details of the SCT_MPPT subsystem in Figure 11, implemented on the FPGA
ZedBoard kit.

Figure 13 illustrates the hardware co-simulation involving the FPGA Xilinx ZedBoard,
an essential process in validating and optimizing FPGA designs. This co-simulation in-
tegrates both hardware and software components, demonstrating their interaction and
performance in a real-world scenario. This approach not only confirms the design’s func-
tionality but also ensures compatibility and efficiency across various operational situations,
underscoring its vital role in FPGA development workflows. In addition to the hardware
co-simulation, Figure 13 shows the modeling of photovoltaic (PV) systems and the imple-
mentation of the Maximum Power Point Tracking (MPPT) algorithm in Simulink. The PV
model in Simulink captures the electrical characteristics and behavior of solar panels un-
der diverse environmental conditions, providing insights into their efficiency and output.
The MPPT algorithm, which dynamically adjusts the operating point to maximize power
extraction, is integrated within this simulation. This combination enables the detailed
analysis and optimization of solar energy systems, ensuring that the PV system operates at
peak efficiency despite variations in sunlight and temperature.
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Figure 13. The experimental real-time hardware-in-the-loop implementation of the proposed syner-
getic MPPT algorithm.

Figure 13 further depicts the generation of the output PWM signal used to drive the
boost converter, represented both in Simulink and on the oscilloscope screen. The PWM
(Pulse Width Modulation) signal is crucial for regulating the operation of the boost con-
verter, ensuring that the output power meets the specified requirements. This simulation
showcases the precise timing and duty cycle adjustments necessary for maintaining sta-
ble power levels from variable input sources. Additionally, Figure 13 shows the JTAG
cable connecting the PC to the Xilinx ZedBoard, facilitating seamless communication for
programming, debugging, and testing FPGA designs. This robust connection allows devel-
opers to transfer data and configuration files directly to the ZedBoard, enabling real-time
modifications and diagnostics, thus streamlining the development process and enhancing
the overall design and testing efficiency.

A summary of the system resource utilization, power consumption, and timing con-
straints of the proposed MPPT controller are all shown in Figure 14. Overall, the comprehen-
sive insights offered by the Timing, Power, and Utilization Report in Vivado are invaluable
for achieving an optimal balance between performance, power efficiency, and resource
usage. The FPGA design demonstrates remarkable efficiency across multiple dimensions,
ensuring optimal resource utilization and high performance. The design achieves a bal-
anced use of logic elements, utilizing only 65% of the available capacity. This indicates a
well-structured and optimized logic implementation, minimizing redundancy and maxi-
mizing the functionality within the given resources. The sequential logic, represented by
the flip-flops, is utilized at a moderate 41%, showcasing effective clock management and
a careful consideration of timing constraints. These metrics highlight our design’s ability
to maintain a high level of complexity without overburdening the FPGA’s logic capacity,
ensuring reliable and efficient operation. Additionally, our design excels in memory and
computational efficiency. With block RAM usage at 65%, we have effectively leveraged
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the FPGA’s memory resources to support data-intensive operations while maintaining a
balance that prevents resource exhaustion. The use of DSP slices stands at 23%, indicating
a proficient allocation of these resources for mathematical and signal processing tasks. This
balanced usage demonstrates our design’s capability to handle complex computations and
data manipulations efficiently. Furthermore, the I/O pin utilization at 49% provides ample
room for scalability and future expansion, reflecting thoughtful planning and resource
management. Overall, these metrics collectively underscore the efficiency and robustness
of our FPGA design, positioning it well for both current performance needs and future
growth. The resource utilization metrics suggest that the FPGA implementation is not only
effective but also efficient in terms of hardware usage.

Figure 14. FPGA timing, utilization, and power reports.

The RTL (Register-Transfer Level) elaborated schematic generated by Vivado v2020.2
software is shown in Figure 15 and provides a visual representation of the synergetic MPPT
controller digital design at a high level of abstraction.

Figure 15. FPGA RTL elaborated schematic.

5. Conclusions

On a final note, this work presents a novel FPGA-based implementation of a synergetic
control algorithm for maximum power point tracking (MPPT) in photovoltaic (PV) sys-
tems. The Zedboard Zynq xc7z020-1clg484 development board was used to implement the
design for the real-time evaluation of the developed system. The proposed MPPT model,
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which integrates the photovoltaic module, boost converter, SCT algorithm, and PWM
drive signal, has been designed and tested under varying environmental conditions. The
performance evaluation highlights the effectiveness of the FPGA-based synergetic MPPT
controller in tracking the MPP accurately and robustly. A comparative analysis of key
performance metrics—including MPPT tracking time, steady-state oscillation, and overall
efficiency—demonstrates the superior performance of the proposed approach. The FPGA-
based synergetic algorithm significantly reduces MPPT tracking time, minimizes oscilla-
tions around the MPP, and improves the overall energy harvesting efficiency compared to
conventional MPPT techniques. The ability of FPGA to execute high-speed parallel com-
putations enhances the controller’s responsiveness, making it highly suitable for dynamic
environmental conditions. The use of FPGA in MPPT control offers several advantages,
including real-time processing capabilities, low-latency execution, and high computational
efficiency. These benefits make FPGA a promising platform for advanced renewable energy
applications. Looking ahead, AI-driven techniques like machine learning and deep learning
techniques can be leveraged to further optimize the synergetic MPPT algorithm. AI-driven
predictive models can enhance real-time decision making, improving tracking accuracy
and adapting the controller to complex environmental variations. Moreover, extending this
work beyond standalone PV systems, future developments will focus on integrating the
proposed FPGA-based MPPT controller within smart grids and hybrid renewable energy
systems. Additionally, large-scale experimental validation will be conducted to assess the
controller’s feasibility in real-world smart grid applications.
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Nomenclature

PV Photovoltaic
MPP Maximum power point
MPPT Maximum power point tracking
ηMPPT MPPT efficiency
PVG Photovoltaic generator
P&O Perturb and Observe
IC Incremental conductance
HC Hill climbing
SMC Sliding-mode control
SCT Synergetic control theory
FPGA Field-programmable gate array
WNS Worst negative slack (ns)
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Iph Diode photo current (A)
Id Diode current (A)
Ish Diode shunt current (A)
Is Reverse saturation current (A)
Pma Maximum power (W)
Voc Open-circuit voltage (V)
Vmp Optimum operating voltage (V)
Imp Optimum operating current (A)
Ki Temperature coefficient of Isc %/◦C
Kv Temperature coefficient of Voc %/◦C
d Duty cycle
L Inductance (H)
C1 Input capacitance (F)
C2 Output capacitance (F)
F Switching frequency (Hz)
R Load resistance (Ω)
ψ Macro-variables
T Designer chosen parameter that determines the rate of convergence
SCC Standard climate conditions
Vdc Output voltage (V)
VPV PV voltage (V)
IPV PV current (A)
TNS Total Negative Slack (ns)
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Abstract: In this paper, for spatially distributed systems, we propose a new method of model predic-
tive control with spatio-temporal logic specifications. We formulate the finite-time control problem
with specifications described by SSTL f (signal spatio-temporal logic over finite traces) formulas.
In the problem formulation, the feasibility is guaranteed by representing control specifications as
a penalty in the cost function. Time-varying weights in the cost function are introduced to satisfy
control specifications as well as possible. The finite-time control problem can be written as a mixed
integer programming (MIP) problem. According to the policy of model predictive control (MPC), the
control input can be generated by solving the finite-time control problem at each discrete time. The
effectiveness of the proposed method is presented through a numerical example.

Keywords: feasibility; model predictive control; spatially distributed systems; spatio-temporal
logic specifications

1. Introduction

A spatially distributed system is a system whose state dynamically changes over time
and space [1,2]. This system represents the temporal changes in the states of other related
locations using measurement values collected at a specific location. Spatially distributed
systems appear in various issues such as smart buildings, advanced road traffic systems,
and vibration control [3–6]. Therefore, it is important to contemplate the control problem
of spatiotemporal patterns in spatially distributed systems.

In recent years, temporal logic has been employed in control issues related to IoT
and cyber-physical systems. Temporal logic is a logic system where the truth value of
a proposition changes over time [7]. In temporal logic, temporal operators are added to
conventional logical operators, allowing the description of propositions in relation to time.
In order to handle continuous signals, signal temporal logic (STL) has been proposed in [8].
In STL, specifications of properties of dense time and real-valued signals can be described.
Control methods using STL have been widely studied (see, e.g., [9–16]). Moreover, signal
spatio-temporal logic (SSTL) has been proposed for spatially distributed systems [17]. In
SSTL, spatial operators are introduced to temporal logic. In [18], SSTL has been applied to
the monitoring and planning of robotic tasks. Furthermore, SSTL f has been proposed in
the case of finite traces [6].

In [6], the finite-time optimal control problem with SSTL f formulas for spatially
distributed systems is formulated and is reduced to a mixed-integer programming (MIP)
problem. When the dynamics in a spatially distributed system are linear, this problem is
reduced to a mixed integer linear programming (MILP) problem. However, in [6], only
the finite-time optimal control problem has been considered, and model predictive control
(MPC) has not been focused on. MPC is a control method that generates the control input
by solving the finite-time optimal control problem at each time and has various applications
(see, e.g., [19–23]). MPC for spatially distributed systems has been studied in, e.g., [24]. To
the best of our knowledge, MPC with spatio-temporal logical specifications for spatially
distributed systems has not been studied.
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In this paper, we propose a new method of MPC for spatially distributed systems. A
control specification is described by an SSTL f formula. We suppose that an SSTL f formula
is given for a sufficiently long time interval. An SSTL f formula and spatial constraints in
the finite-time optimal control problem are derived from a given SSTL f formula. In the
finite-time optimal control problem studied in this paper, an SSTL f formula and spatial
constraints are considered as a penalty in the cost function. Hence, the feasibility of the
finite-time optimal control problem can be guaranteed. In other words, the control input
can be necessarily generated. In a similar way to the method in [6], the finite-time optimal
control problem can be reduced to an MIP problem. The proposed method provides us
with an efficient control method for complex systems.

This paper is organized as follows. In Section 2, a spatially distributed system is
introduced. In Section 3, SSTL f is summarized. In Section 4, the finite-time optimal control
problem is formulated. In Section 5, the reduction of the finite-time optimal control problem
to an MIP problem is explained. In Section 6, a procedure of MPC is proposed. In Section 7,
a numerical example is explained to show the effectiveness of the proposed method. In
Section 8, we conclude this paper.

Notation: Let R denote the set of real numbers. For the finite set A, let |A| denote the
number of elements in A.

2. Spatially Distributed Systems

Consider a multi-dimensional Euclidean space partitioned into a grid, represented as
an undirected graph G = (L, E), where L is the set of nodes and E ⊆ L× L is the set of
edges. The state of the node l at time t is denoted by x(t, l) ∈ Rn. Let L′ ⊆ L denote the
set of nodes without control inputs. Let B(l) := {il

1, . . . , il
|B(l)|} ⊆ L denote neighborhoods

of the node l. A discrete-time spatially distributed system on graph G is given by

x(t + 1, l) =

{
gl(x(t, l), x(t, il

1), . . . , x(t, il
|B(l)|), u(t, l)) if l ∈ L \ L′

gl(x(t, l), x(t, il
1), . . . , x(t, il

|B(l)|)) if l ∈ L′,
(1)

where u(t, l) ∈ U ⊆ Rm is the control input (U is a set representing input constraints),
and gl is a real-valued continuous function. We suppose that the centralized controller
calculates the control inputs by collecting the states.

3. SSTL f

We explain the syntax of SSTL f (see [6] for further details).
The syntax of SSTL f is defined over a set of m atomic predicates

M = {μj(x1, . . . , xn) | j ∈ {1, . . . , m}, μj(x1, . . . , xn) ≡ ( f j(x1, . . . , xn)) ≥ 0)}.

An SSTL f formula is recursively defined by the following syntax:

ϕ ::= True | ¬ϕ | ϕ1 ∧ ϕ2 | F[t1,t2]
ϕ | G[t1,t2]

ϕ |♦l
[d1,d2]

ϕ |�l
[d1,d2]

ϕ,

where ϕ, ϕ1, and ϕ2 are the SSTL f fomula, t1, t2 are times such that t1 ≤ t2, and d1, d2 ∈ R≥0
with d1 ≤ d2. Temporal operators F[t1,t2]

and G[t1,t2]
are called eventually and globally

operators, respectively. Within the time interval [t1, t2], F[t1,t2]
ϕ denotes that ϕ is satisfied

at least once, while G[t1,t2]
ϕ denotes that ϕ is satisfied at all times. Spatial operators

♦l
[d1,d2]

and �l
[d1,d2]

are called somewhere and everywhere operators, respectively. Define

Ll
[d1,d2]

:= {l′ ∈ L | d1 ≤ d(l, l′) ≤ d2}, where d(l, l′) denotes the distance between l and l′.
The spatial operator ♦l

[d1,d2]
ϕ denotes that at least one node within Ll

[d1,d2]
satisfies ϕ, while

�l
[d1,d2]

ϕ denotes that all nodes within Ll
[d1,d2]

satisfy ϕ.
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For a given finite spatio-temporal trace x, the satisfaction of an SSTL f ϕ formula at the
time t and the location l, which is denoted by (x, t, l) |= ϕ, is defined recursively as follows:

(x, t, l) |= μj ⇔ (
f j(x1, . . . , xn) ≥ 0

)
(x, t, l) |= ¬ϕ ⇔ (x, t, l) �|= ϕ

(x, t, l) |= ϕ1 ∧ ϕ2 ⇔ (x, t, l) |= ϕ1 ∧ (x, t, l) |= ϕ2

(x, t, l) |= ϕ1U[t1,t2]
ϕ2 ⇔ ∃t′ ∈ {t1, . . . , t2}. (x, t′, l) |= ϕ2

∧ (∀t′′ ∈ {t1, . . . , t′ − 1}. (x, t′′, l) |= ϕ1)

(x, t, l) |= G[t1,t2]
ϕ ⇔ ∀t′ ∈ {t1, . . . , t2}. (x, t′, l) |= ϕ

(x, t, l) |= F[t1,t2]
ϕ ⇔ ∃t′ ∈ {t1, . . . , t2}. (x, t′, l) |= ϕ

(x, t, l) |= ♦l
[d1,d2]

ϕ ⇔ ∃l′ ∈ L. (d1 ≤ d(l, l′) ≤ d2) ∧ (x, t, l′) |= ϕ

(x, t, l) |= �l
[d1,d2]

ϕ ⇔ (x, t, l) |= ¬(♦l
[d1,d2]

¬ϕ).

By utilizing SSTL f formulas, control specifications for the system (1) can be described.

4. Problem Formulation

The time interval for control is defined as {0, 1, . . . , H}. For this interval, we assume
that the SSTL f formula ϕ is given as a control specification. In MPC, we solve the finite-time
optimal control problem in the time interval {t, t + 1, . . . , t + N}, where t is the current
time, and N is the prediction horizon. To generate the control input, this problem is solved
until t = H − 1.

Assume that from the SSTL f formula ϕ, the SSTL f formula ϕF(t, l) that should be
satisfied in the time interval {t, t + 1, . . . , t + N} can be derived. Assume also that from
the SSTL f formula ϕ, the spatial constraint ϕT(k, l) at time k = t, t + 1, t + N such that
ϕ is easily satisfied in the time interval {t + N + 1, t + N + 2, . . . , t + H} can be derived.
Let zϕF (t, l) and zϕT (k, l) denote binary variables, where zϕF (t, l) (zϕT (k, l)) is 1 if ϕF(t, l)
(ϕT(k, l)) is true, otherwise 0 (see also Section 5.1).

Under these preparations, consider the following finite-time optimal control problem.

Problem 1. For the system (1), suppose that the current time t, the current state x(t, l), the
previous control input u(t− 1, l) (u(−1, l) = 0), the SSTLf formula ϕF(t, l), the spatial constraint
ϕT(k, l), and the prediction horizon N are given. Then, find a control input sequence u(t, l), u(t +
1, l), . . . , u(t + N − 1, l) ∈ U minimizing the following cost function:

J =
t+N−1

∑
k=t

αk ∑
l∈L/L′

|u(k, l)− u(k − 1, l)|

+
t+N

∑
k=t

{
∑
l∈L

βk,l(1 − zϕF (t, l)) + ∑
l∈L

γk,l(1 − zϕT (k, l))

}
, (2)

where αk, βk,l , and γk,l are time-varying weighting coefficients.

The communication cost between the controller and the actuators can be reduced by
introducing the term weighted by αk in the cost function (2).

We suppose that there is no constraint at time t + N when Problem 1 is solved at some
time t. Depending on a given SSTL f formula, when Problem 1 is solved at the next time
t + 1, a constraint at time t + N + 1 may be newly imposed. In such a case, Problem 1 at
time t + 1 may become infeasible. To overcome this technical issue, constraints related to
the SSTL f formula ϕ are represented by using terms weighted by βk,l and γk,l . Hence, the
feasibility of Problem 1 is always guaranteed. There is a possibility that the SSTL f formula
ϕ is not satisfied. The SSTL f formula ϕ is satisfied as well as possible by adjusting βk,l
and γk,l .
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5. Reduction of Problem 1 to an MIP Problem

In this section, we consider reducing Problem 1 to an MILP problem.
First, we consider modeling the graph structure in the system (1) and introducing

binary variables. Next, we consider transforming an SSTL f formula into a set of linear
inequalities. See [6] for further details. The procedure of transforming a logic formula into
linear inequalities has been widely studied. See, e.g., [25,26] for further details.

5.1. Introduction of Binary Variables

Consider the system (1). For each li ∈ L, introduce |L| binary vectors vli ∈ {0, 1}|L|.
Here, vli ,i = 1, meaning the i-th element of vli is 1, and for i �= j, vli ,j = 0. The matrix
D ∈ R|L|×|L| is a matrix representing distances, where the (i, j)-th element Di,j is given by

Di,j =

{
d(li, lj) if Σ(li, lj) �= 0,
Md otherwise,

where Md is a sufficiently large positive number such that Md ≥ max{d(li, lj) | li, lj ∈
L, Σ(li, lj) �= 0}. To convert SSTL f expressions into linear inequalities, introduce the
following binary variables zϕ(t, l) for each t ∈ T and l ∈ L, where ϕ represents an SSTL f
expression. For a given spatiotemporal trace x,

zϕ(t, l) =

{
1 if (x, t, l) |= ϕ,
0 otherwise.

5.2. Atomic Predicates, Boolean Operators

Next, we consider converting atomic predicates and Boolean operators into linear
inequalities.

Consider an atomic predicate ϕ = μj(x1, . . . , xn). The satisfaction of ϕ is represented as

f j(x(t, l)) ≤ Mμj zϕ(t, l)− ε,

− f j(x(t, l)) ≤ Mμj(1 − zϕ(t, l))− ε,

where Mμj is a sufficiently large positive number compared to the maximum value of f j for
j ∈ {1, . . . , m}, and ε is a sufficiently small number.

Next, we consider converting Boolean operators into linear inequalities. Let ϕ = ¬ψ
denote the logical operator representing negation. Then, we can obtain

zϕ(t, l) = 1 − zψ(t, l).

Let ϕ =
∧K

k=1 ψk denote the logical operator representing conjunction Then, we can obtain

zϕ(t, l) ≤ zψk (t, l), ∀k ∈ [1, K],

zϕ(t, l) ≥ 1 − K +
K

∑
k=1

zψk (t, l).

Let ϕ =
∨K

k=1 ψk denote the logical operator representing logical disjunction. Then, we
can obtain

zϕ(t, l) ≥ zψk (t, l), ∀k ∈ [1, K],

zϕ(t, l) ≤
K

∑
k=1

zψk (t, l).

Thus, any Boolean operators can be converted into linear inequalities as described above.
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5.3. Temporal Operators

Next, we consider transforming temporal operators into linear inequalities for finite
traces over {0, 1, . . . , H}. We remark that there are instances where temporal operators
change within the time interval for control {0, 1, . . . , H} and the actual computation interval
for prediction {t, t + 1, . . . , t + N}.

Consider the global operator ϕ = G[t1,t2]
ψ with t1 ≥ t2. Then, over the time interval

{0, 1, . . . , H}, ϕ represents the logical conjunction of ψ. In this case, we can obtain

zϕ(t, l) =

{∧t+t2
k=t+t1

ψ(k, l) if t ∈ {0, . . . , H − t2},

0 otherwise.

For the global operator, the linear inequalities remain unchanged within the prediction
interval as well.

Consider the eventual operator ϕ = F [t1,t2]
ψ with t1 ≤ t2. Then, over the time interval

{0, 1, . . . , H}, ϕ represents the logical disjunction of ψ. In this case,

zϕ(t, l) =

{∨t+t2
k=t+t1

ψ(k, l) if t ∈ {0, . . . , H − t1},

0 otherwise.

Also, when t + N < t2 in the predicted interval{t, t + 1, . . . , t + N}, or when t1 < t < t2 ≤
t + N and

∨t
k=t1

ψ(k, l) = 1, there are no constraints imposed by the temporal operator.
Specifically, if t1 ≤ t and t + N < t2 with

∨t
k=t1

ψ(k, l) = 1, there are no constraint
conditions even beyond t + N into the future. Also, we can obtain

zϕ(t, l) =

⎧⎪⎨
⎪⎩

∨t+t2
k=t ψ(k, l) if (

∨t
k=t1

ψ(k, l) = 0) ∧ (t1 < t < t2 ≤ t + N),∨t+t2
k=t+t1

ψ(k, l) if (t ≤ t1) ∧ (t2 ≤ t + N),

0 otherwise.

5.4. Spatial Operators

Third, we consider converting spatial operators into linear inequalities. The ‘some-
where’ operator ϕ = ♦l

[d1,d2]
ψ can be represented by

zϕ(t, l) =
∨

l′ : d1≤v�l Dv′l≤d2

zψ(t, l′).

The ‘everywhere’ operator ϕ = �l
[d1,d2]

ψ can be represented by

zϕ(t, l) =
∧

l′ : d1≤v�l Dv′l≤d2

zψ(t, l′).

5.5. MIP Problem

Let LE(ϕF(t)) denote the linear inequalities obtained by transforming the SSTL f
formula ϕF(t) using the above method. Problem 1 can be equivalently reduced to the
following MIP problem.

Problem 2. Suppose that the current time t, the current state x(t, l), and the previous input
u(t − 1, l) are given. Then, find a control input sequence u(t, l), u(t + 1, l), . . . , u(t + N − 1, l) ∈
U minimizing the cost function (2) subject to conditions of LE(ϕF(t)) and zϕF(t) = 1.

If the function gl in the system (1) is linear with respect to the state and the control
input, then Problem 2 is an MILP problem.
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6. Model Predictive Control

In this section, we propose a procedure of MPC using Problem 1. MPC is a control
method where the control input is generated by solving the finite-time optimal control
problem. We can obtain a time sequence of the control input by solving the finite-time
optimal control problem. In the conventional MPC, the first one in the obtained input
sequence is applied to the plant.

When a control specification is given by an SSTL f formula, a control specification
is changed at each time, because the time interval considered in the finite-time optimal
control problem is shifted. Hence, a procedure of MPC under an SSTL f formula is different
from that of the conventional MPC. Based on this fact, we propose a procedure of MPC
using Problem 1.

Procedure for model predictive control:

Step 1: Set t = 0, x(0, l) = x0,l , and an SSTL f formula.

Step 2: Derive an SSTL f formula and spatial constraints at time t from a given SSTL f
formula.

Step 3: Solve Problem 2.

Step 4: Apply the control input u(t, l) obtained by solving Problem 1.

Step 5: Measure x(t + 1, l).
Step 6: Update t := t + 1. If t = H, then the procedure is terminated, otherwise go to Step 2.

Since Problem 2 is always feasible, we can guarantee that the control input until
t = H − 1 is calculated.

7. Numerical Example

Consider a room in a 2-dimensional Euclidean space with seven heaters and two
windows, where the temperature distribution is controlled according to specifications
described by an SSTL f formula. The room is partitioned into a 10× 10 grid, and is modeled
by an undirected graph. Figure 1 illustrates the room setup for this simulation. By the
discretization of the heat conduction equation, the dynamics of the room temperature are
derived as follows:

T(t + 1, l) = (1 − V · Al)T(t, l) + Vu(t, l) +
W

|B(l)| ∑
l′∈B(l)

(T(t, l′)− T(t, l)), l ∈ Lh,

T(t + 1, l) = (1 − V · Al)T(t, l) +
W

|B(l)| ∑
l′∈B(l)

(T(t, l′)− T(t, l)), l ∈ L \ Lh,

where T(t, l) denotes the temperature of the location l at time t, L is the set of partitioned
areas (|L| = 100), and Al , V, and W are constant. See [6] for further details. In this
simulation, we set V = 1, W = 0.4, and

Al =

{
0.05 if l ∈ Lw,
0 otherwise.

We also set H = 99, N = 15, and T(0, l) = 15.
The atomic propositions μi are defined as μ1 ≡ (x − 18 ≥ 0) and μ2 ≡ (x − 22 > 0).

We give two control specifications. The first specification is that the temperature in the
locations where people are present and their surroundings must be between 18 ◦C and
22 ◦C. The second specification is that in the specified location l2,7 ∈ L and its surroundings,
there must be at least one location where the temperature is between 18 ◦C and 22 ◦C at
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least once during the time interval 15 ≤ t ≤ 99. These specifications are represented by the
following SSTL f formulas (l ∈ L = {l4,3, l5,4, l6,5}):

(T, l) |= ϕl = G[30,59] �
l6,5
[0,1] φ ∧ G[40,69] �

l5,4
[0,1] φ ∧ G[50,79] �

l4,3
[0,1] φ,

(T, l2,7) |= ϕl2,7 = F[15,99]♦
l2,7
[0,1]φ,

φ = μ1 ∧ ¬μ2.

l0, 0
u1

l0, 9

l9, 0 l9, 9

u2 u3

u4

u5

u6

u7

40 ≤ t
≤ 69

50 ≤ t
≤ 79

30 ≤ t
≤ 59

15 ≤ t
≤ 99

Figure 1. Grid model of the room. Red locations Lh = {l0,0, l0,4, l0,5, l4,0, l5,0, l4,6, l6,4} have a heater
with a control input. Blue locations Lw = {l0,1, . . . , l0,8, l1,0, . . . , l8,0} face a window. In yellow
locations L = {l4,3, l5,4, l6,5}, we suppose that there are some persons in the time interval shown. A
constraint is imposed for also the green location l2,7.

The number of spatial constraints is four. The following four spatial constraints are
imposed for Problem 1:

�l6,5
[0,1]φ, �l5,4

[0,1] φ, �l4,3
[0,1] φ, ♦l2,7

[0,1]φ.

We consider ϕ = �l6,5
[0,1]φ as an example of transforming a spatial constraint into linear

inequalities. This constraint can be rewritten as

zϕ(t, l6,5) = zφ(t, l5,5) ∧ zφ(t, l6,4) ∧ zφ(t, l6,5) ∧ zφ(t, l6,6) ∧ zφ(t, l7,5),

which is equivalent to the following linear inequalities:

zϕ(t, l6,5) ≤ zφ(t, l5,5),

zϕ(t, l6,5) ≤ zφ(t, l6,4),

zϕ(t, l6,5) ≤ zφ(t, l6,5),

zϕ(t, l6,5) ≤ zφ(t, l6,6),

zϕ(t, l6,5) ≤ zφ(t, l7,5),

zϕ(t, l6,5) ≥ 1 − 5 + zφ(t, l5,5) + zφ(t, l6,4) + zφ(t, l6,5) + zφ(t, l6,6) + zφ(t, l7,5).

We remark that these spatial constraints are not necessarily satisfied at each time because
these constraints are considered as the penalty in the cost function. For γt,l in the cost

154



Computation 2024, 12, 196

function (2), consider two cases: i) γt,l = 0 and ii) γt,l = −0.02(t − t1,l)
2 + 10, where

t1,l6,5 = 30, t1,l5,4 = 40, t1,l4,3 = 50, and t1,l2,7 = 15. Other coefficients αk and βt,l = 10 are set
as αk = 1 and βt,l = 10, respectively. These are set through a trial and error process. One
of the future efforts is to design these function/parameters in a systematic way.

In addition, when Problem 1 is solved at the initial time, no SSTL f formula is imposed.
For example, at time 10, the following SSTL f formula is considered as a control specification
(note that the prediction horizon N is given by N = 15):

(T, l) |= ϕl = G[10,25] �
l6,5
[0,1] φ,

φ = μ1 ∧ ¬μ2.

If ♦l2,7
[0,1]φ is not satisfied until time 83, then after time 84, we impose the constraint that this

spatial constraint is satisfied at least one time.
We present the computation result. Figures 2 and 3 show control inputs in two

cases. From these figures, we see that the control inputs are changed to satisfy constraints
depending on γt,l .

Figure 2. Control inputs in the case of γt,l = 0, where control inputs except for u5 and u7 are
always zero.

Figure 3. Control inputs in the case of γt,l = −0.02(t − t1,l)
2 + 10, where u1 and u3 are always zero.
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Next, we check whether the constraints are satisfied or not. Figures 4 and 5 show
whether constraints are satisfied or not in two cases. From Figure 4, we see that constraints
are not satisfied at locations l4,3 and l5,4 in the case of γt,l = 0. From Figure 4, we see
that this technical issue is overcome by introducing a time-varying weight. Furthermore,
spaces and time intervals satisfying certain conditions are explicitly characterized. Based
on this characterization, we validate the proposed approach. In Case (i), the percentage
that certain conditions for space/time are satisfied is 97.8%. In Case (ii), this percentage is
33.0%. Thus, it becomes easier to satisfy the SSTL f formula by introducing a time-varying
weighting coefficient.

Figure 4. Results whether constraints are satisfied or not in the case of γt,l = 0 (1: the constraint is
satisfed, 0: the constraint is not satisfed).

Figure 5. Results whether constraints are satisfied or not in the case of γt,l = −0.02(t − t1,l)
2 + 10

(1: the constraint is satisfed, 0: the constraint is not satisfed).

Finally, we comment the computation time for solving the problem at each time. The
mean computation time and the worst computation time were 8.7 s and 29.4 s, respectively.
Here, we used the computer with CPU: Intel Core i5-12600K 3.69 GHz and Memory: 16 GB,
and used the CBC (COIN-OR Brand-and-Cut) 2.10.3 [27] https://github.com/coin-or/Cbc
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(accessed on 1 September 2024) as an MILP solver. Reducing the computation time is one
of the future efforts.

8. Conclusions

In this paper, we proposed a new method of MPC for spatially distributed systems.
A control specification is given by an SSTL f formula. To satisfy it, several conditions and
time-varying weighting coefficients were introduced for the finite-time optimal control
problem. The proposed method was demonstrated by a numerical example.

One of the future efforts is to develop a general procedure to derive constraint condi-
tions and time-varying weighting coefficients in the finite-time optimal control problem. In
addition, it is also important to apply the proposed method to practical and real systems.
In order to implement practical and real systems, it is significant to develop a method to
reduce the computation time for solving an MIP problem in spatially distributed systems.
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Abstract: The primary goal of this research is to lessen the high vibration that the model causes
by using an appropriate vibration control. Thus, we begin by implementing various controller
types to investigate their impact on the system’s reaction and evaluate each control’s outcomes.
The controller types are presented as proportional (P), proportional-integral (PI), and proportional-
integral-derivative (PID) controllers. We employed PID control to regulate the torsional vibration
behavior on a dynamical system. The PID controller aims to increase system stability after seeing the
impact of P and PI control. This kind of control ensures that there are no unstable components in the
system. By using the multiple time scale perturbation (MTSP) technique, a first-order approximate
solution has been obtained. Using the frequency response function approach, the stability and steady-
state response of the system at the primary resonance scenario (Ω1 ∼= ω1, Ω2 ∼= ω2) are considered as
the worst resonance and addressed. Additionally examined are the nonlinear dynamical system’s
chaotic response and the numerical solution for various parameter values. The MATLAB programs
are utilized to attain simulation outcomes.

Keywords: MSPT; P; PI; PID controllers; nonlinear differential equations; active control; stability;
torsional vibration

1. Introduction

Torsional vibration occurs in some form in all rotating machinery. Even when the
vibration is nearing destructive amplitude, there are situations in which it cannot be
identified without specialized monitoring equipment. After the shaft bending stiffness
and diametral moment of inertia have been replaced by the twisting stiffness and polar
moment of inertia, respectively, many elements of torsional vibration are equivalent to
shaft vibration. When something mediates the connection between the vibration and the
ground, or when gear teeth or coupling jaws are empty, torsional vibration can be detected
by the noise level and vibration (perceptible to touch). Torsional vibration can interact with
the ground through gear sets used to change the speed of power transmission systems; in
reciprocating machines, the path to the ground is provided by sliding crank mechanisms
found in engines and compressors. Typically, torsional vibration manifests as a complicated
vibration signal with numerous frequency components. Some systems experience brief
torsional vibrations due to shock from sudden starts and the unloading of gear teeth;
synchronous electric motor systems may also experience torsional resonance at startup.

Conventional PID controllers have been widely adopted in numerous industrial ap-
plications due to their simple design, affordable price, simplicity of maintenance, and
there being ready-made modules [1–3]. Ref. [4] offers the implementation of nonlinear
state-dependent (SDP-PID+) control employing the SDP transfer function model, a type
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of nonlinear description of dynamical structures. Fine-tuning traditional PID control is
problematic owing to the specific properties of numerous procedures, including binary
sample time delays, longer durations, higher-order TF models, and nonlinearities [5–7].
Sayed et al. [8] developed a nonlinear resilient SDP PID control approach for a discrete
transfer function with nonlinear properties. This research emphasized robust response
processes, for which the robust PID and SDP-PID techniques were specifically designed.
Dano and Julli’ere [9] studied how MFC actuators controlled oscillations in a composite
structure. Kumar and Ray [10] examined vibrations in sandwich shells with between one
and three piezoelectric composites and layering damping techniques. The PD controller is
designed to decrease oscillations of a hung Jeffcott rotor through two pairs of poles [11]. A
PD controller can effectively relax a beam system’s steady-state amplitude vibrations [12].
Eissa et al. [13,14] suggested a PD controller and a time-delayed PD controller to reduce
the vibrations of magnetic systems with cubic and quadratic nonlinear coefficients un-
derneath parametric principal forces. Bauomy and El-Sayed employed a PD controller
to control the behavior of the MFC laminated shell structure. The purpose of employing
the PD controller is to improve system stability by increasing control, as it can forecast
future errors in the framework response [15]. More than 90% of industries still utilize PID
controllers due to their simplicity, functionality, and ease of usage [16]. PID controller gains
are acquired by matching the frequency response of the closed-loop control system [17].
Recently, a systematic approach was used to select PID parameters for nonlinear uncertain
structures [18]. PID controllers offer advantages over passive approaches for controlling
semi-active suspension systems [19–21]. Ref. [22] investigates the control of a quarter-car
semi-active suspension system utilizing a PID controller. The typical PID controller is
constructed using the Ziegler–Nichols approach and is used to regulate the suspension
system. The torsional vibrations of a one-degree-of-freedom nonlinear dynamical structure
are regulated with active control [23]. Wenzhi and Zhiyong [24] suggested an active control
to decrease torsional vibration in a big turbogenerator with a rotor shaft. Whole-state
feedback control using a linear quadratic regulator (LQR) effectively reduces torsional vi-
bration energy and response in the turbogenerator shaft system. El-Sayed and Bauomy [25]
they succeeded in reducing the torsional vibration of a nonlinear dynamical system using
passive and active control methods. The research study [26] proposes an adaptive PI
event-triggered control approach for MIMO nonlinear systems with unpredictable input
delay. An adaptive proportional/proportional-integral (P/PI) control strategy is proposed
for a solar-driven volumetric methane/steam reforming reactor (SVMSR) with passive
thermal management. The strategy aims to stabilize product components and reduce
fluctuations in the hydrogen production rate under fluctuating radiation conditions [27].
Previous research, such as studies [28–30], has demonstrated the successful application
of the multiple-scale perturbation technique to derive approximate solutions for various
vibrating systems. These studies often utilize MATLAB programs to analyze and solve
vibration problems.

A cantilever beam model was explored and derived to load an intermediate lumped
mass under harmonic excitation. The vibration suppression can be succeeded by using IRC+
NSC controller. To determine the unstable and stable zones for each frequency response
curve, numerical stability research was carried out [31].This research investigates the use
of a nonlinear spring pendulum for the vibration control of ship roll motion. Three second-
order nonlinear differential equations—one for the rotation angle, one for the relative
elongation of the absorber spring, and one for the elongation of the absorber spring—make
up the mathematical model that depicts the ship roll motion with the absorber. The authors
use a series solution in which they account for terms up to the fourth order in trigonometric
functions of the rotational angle. According to the authors, the nonlinear spring-pendulum
system’s two modes may be made to respond to multi-parametric excitation forces in a
way that reduces their maximum values by 8.8% and 0.02% [32]. The PPF control of the
nonlinear GMA framework has been described in [33]. The basic resonance and framework
amplitude stability can be successfully constrained by tuning the PPF limitations. A few
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experiments have been carried out to verify the accuracy of the findings. The investigation
illustrated the growth of the framework and contrasted its usefulness to earlier research.
The 3D plot improves and illustrates the work’s correctness. Ref. [34] suggests using NIPPF
controllers to manage the nonlinear vibration of a spinning shaft’s primary resonance
vibration. Among these is a comparison between the controllers for the FRCs under
study, NIPPF, and ANIPPF. A two-degree-of-freedom system, counting quadratic and cubic
nonlinearities among the parametric and external forces, demonstrate the calculated system.
Multiple scales are joined in a connected manner to analyze the stability of the measured
structure and obtain approximations of solutions. From the mathematical solution, every
resonance is retrieved. The Runge–Kutta fourth-order process is used to gauge the system’s
performance. Within the numerical results, the examined structure’s scheduled frequency
response curves are examined for influences including significant coefficients [35]. A low-
speed and high-torque permanent magnet synchronous motor powers the semi-direct
drive-cutting gearbox system of a shearer, which uses nonlinear integral positive position
feedback (NIPPF) and adaptive nonlinear integral positive position feedback (ANIPPF)
controllers. Using the averaging technique to solve the nonlinear differential equations and
modeling the system with controllers yields an analytic solution in the case of primary and
1:1 internal resonance. The MATLAB program was used to compare the numerical and
analytical solutions for time history and FRCs in order to verify their comparability [36].

In this work, we utilized PID control to suppress the torsional vibration after studying
the model on a website [37]. A two-degree-of-freedom system under multiple excitations
results from this. To provide an estimated solution up to the first-order approximations,
MSPT is employed throughout. Using frequency response functions, the stability of the
system is examined in the vicinity of the principal resonance case. A few suggestions on
the system’s various parameters are given. Numerical examples are provided to show how
active controllers affect the behavior of the system. A comparison is shown between PID
control and additional controllers.

2. Mathematical Modeling

2.1. System Dynamics without Control

This section is presented to illustrate the investigation of the torsional vibration
dynamical system. The dynamical model in this work consists of two coupled parts, as
shown in Figure 1. θ1 and θ2 represent the angular positions (generalized coordinates)
within the system. In this nonlinear dynamical system, the following hold:

• I1 and I2 represent the polar mass moments of inertia.
• k1 is the linear spring stiffness of the first part.
• k2 represents the spring stiffness of the second part, which comprises the following:

◦ k21: a linear component.
◦ k22: nonlinear quadratic and cubic components.

• F•
1 and F•

2 denote the generalized excitation forces.

Figure 1. Model of schematic diagram of main system.

Therefore, the equations of the motions of the free body system found in Figure 1 can
be constructed in the same manner as those in [25,37]:
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I1
..
θ1 + k1θ1 + c1

.
θ1 + k21(θ1 − θ2) + k22(θ1 − θ2)

2 + k23(θ1 − θ2)
3 = F•

1 , (1)

I2
..
θ2 + k21(θ2 − θ1)− k22(θ1 − θ2)

2 − k23(θ1 − θ2)
3 = F•

2 , (2)

..
θ1 +

k1

I1
θ1 +

c1

I1

.
θ1 +

k21

I1
(θ1 − θ2) +

k22

I1
(θ1 − θ2)

2 +
k23

I1
(θ1 − θ2)

3 =
F•

1
I1

, (3)

..
θ1 +

(
k1 + k21

I1

)
θ1 +

c1

I1

.
θ1 − k21

I1
θ2 +

k22

I1
(θ1 − θ2)

2 +
k23

I1
(θ1 − θ2)

3 =
F•

1
I1

, (4)

..
θ2 +

k21

I2
(θ2 − θ1)− k22

I2
(θ1 − θ2)

2 − k23

I2
(θ1 − θ2)

3 =
F•

2
I2

, (5)

..
θ1

θ0
+

(
k1 + k21

I1

)
θ1

θ0
+

c1

I1

.
θ1

θ0
− k21

I1

θ2

θ0
+

k22θ0

I1

(θ1 − θ2)
2

θ2
0

+
k23θ2

0
I1

(θ1 − θ2)
3

θ3
0

=
F•

1
I1

, (6)

..
θ2

θ0
+

k21

I2

(θ2 − θ1)

θ0
− k22θ0

I2

(θ1 − θ2)
2

θ2
0

− k23θ2
0

I2

(θ1 − θ2)
3

θ3
0

=
F•

2
I2

. (7)

We will now introduce the dimensionless forms of the parameters used in this analysis.

ϕj =
θj

θ0
(j = 1, 2), ω2

1 =
k1 + k21

I1
, ζ =

c1

I1
, β =

k21

I1
, α1 =

k22θ0

I1
, α2 =

k23θ2
0

I1
ω2

2 =
k21

I2
, α3 =

k22θ0

I2
,

α4 =
k23θ2

0
I2

, f j sin(Ωjt) =
F•

j

Ij
.

Based on the above parameters, we can obtain the following equations of motion in
their dimensionless forms:

..
ϕ1 + ω2

1 ϕ1 + ζ
.
ϕ1 − βϕ2 + α1(ϕ1 − ϕ2)

2 + α2(ϕ1 − ϕ2)
3 = f1 sin(Ω1t), (8)

..
ϕ2 + ω2

2(ϕ2 − ϕ1)− α3(ϕ1 − ϕ2)
2 − α4(ϕ1 − ϕ2)

3 = f2 sin(Ω2t). (9)

2.2. System Dynamics with PID Control

The goal of the present section is to propose PID controllers to reduce harmful torsional
vibration on the dynamical system in this work at one of the worst resonance cases, as
depicted in Figure 2. Furthermore, the control in our work is represented as two net control
forces FC1 and FC2 that are generated to suppress the torsional oscillations in two directions.

( ) ( )

Figure 2. Model of schematic diagram of main system with PID controllers.
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Here, Kp, Ki, and Kd denote the proportional feedback control gain, integral feedback
control gain, and derivative feedback control gain, respectively. Also, e1(t) and e2(t) denote
the error value with zero steady-state step error.

The equations of motion utilizing the PID controllers coupled to the nonlinear dynam-
ical system as depicted in Figure 2 can be expressed as follows:

..
ϕ1 + ω2

1 ϕ1 + εζ
.
ϕ1 − εβϕ2 + εα1(ϕ1 − ϕ2)

2 + εα2(ϕ1 − ϕ2)
3 = ε f1 sin(Ω1t) + εFC1, (10)

..
ϕ2 + ω2

2(ϕ2 − ϕ1)− εα3(ϕ1 − ϕ2)
2 − εα4(ϕ1 − ϕ2)

3 = ε f2 sin(Ω2t) + εFC2, (11)

FC1 = −Kp ϕ1 − Ki

t∫
o

ϕ1(τ)dτ − Kd
.
ϕ1, (12a)

FC2 = −Kp ϕ2 − Ki

t∫
o

ϕ2(τ)dτ − Kd
.
ϕ2, (12b)

..
ϕ1 + ω2

1 ϕ1 + εζ
.
ϕ1 − εβϕ2 + εα1(ϕ1 − ϕ2)

2 + εα2(ϕ1 − ϕ2)
3 = ε f1 sin(Ω1t)

−εKp ϕ1 − εKi

t∫
o

ϕ1(τ)dτ − εKd
.
ϕ1

, (13)

..
ϕ2 + ω2

2(ϕ2 − ϕ1)− εα3(ϕ1 − ϕ2)
2 − εα4(ϕ1 − ϕ2)

3 = ε f2 sin(Ω2t)

−εKp ϕ2 − εKi

t∫
o

ϕ2(τ)dτ − εKd
.
ϕ2

. (14)

3. Analytical Investigations

3.1. Perturbation Analysis

The multiple-scales perturbation technique (MSPT) is applied within this section to
obtain an approximation solution of the nonlinear dynamical system with the proposal
control (i.e., PID control) given by Equations (13) and (14). Correspondingly, we were
able to find a first-order approximate solution to Equations (13) and (14), proposed as
follows [28,29]:

ϕn = ϕn0 + εϕn1 + O
(

ε2
)

, (n = 1, 2) (15)

where the minor perturbation parameter ε is located in the range of 0 < ε � 1. Let us
define two time scales, T0 and T1, where T0 = t represents a fast scale while T1 = εt is the
slow one. The derivatives of time are converted into the following:

d
dt

=
dT0

dt
∂

∂T0
+

dT1

dt
∂

∂T1
+ . . . = D0 + εD1 + . . . , (16)

d2

dt2 =
d
dt

(
dT0

dt
∂

∂T0
+

dT1

dt
∂

∂T1
+ . . .

)
= D2

0 + 2εD0D1 + . . . . (17)

where Dj =
∂

∂Tj
(j = 0, 1).

The following set of ordinary differential equations was constructed by substituting
Equations (15) and (16) into Equations (13) and (14) and equating the coefficients of the
same power of ε in both sides:
O
(
ε0): (

D2
0 + ω2

1

)
ϕ10 = 0, (18a)

(
D2

0 + ω2
2

)
ϕ20 = ω2

2 ϕ10. (18b)
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O
(
ε1):

(
D2

0 + ω2
1
)

ϕ11 = −2D0D1 ϕ10 − ζD0 ϕ10 + βϕ20 − α1(ϕ10 − ϕ20)
2 − α2(ϕ10 − ϕ20)

3

+ f1 sin(Ω1t)− Kp ϕ10 − Ki

t∫
o

ϕ10(τ)dτ − KdD0 ϕ10
, (19a)

(
D2

0 + ω2
2
)

ϕ21 = ω2
2 ϕ11 − 2D0D1 ϕ20 + α3(ϕ10 − ϕ20)

2 + α4(ϕ10 − ϕ20)
3 + f2 sin(Ω2t)

−Kp ϕ20 − Ki

t∫
o

ϕ20(τ)dτ − KdD0 ϕ20
. (19b)

The zeroth order approximation is represented by the general solution of Equations
(18a) and (18b), which can be expressed as follows:

ϕ10 = A1(T1) exp(iω1T0) + cc., (20a)

ϕ20 = A2(T1) exp(iω2T0) + ΓA1(T1) exp(iω1T0) + cc. (20b)

where cc denotes the complex conjugate of the preceding components, Am is the complex

function in T1, and Γ =

(
ω2

2
ω2

2−ω2
1

)
.

Substituting Equation (20) into Equation (19a), we have

(
D2

0 + ω2
1
)

ϕ11 =

⎡
⎢⎣ −2iω1D1 A1 − iω1ζA1 + ΓβA1 − α2

(
6(1 − Γ)A1 A2 A2

+3(1 − Γ)3 A2
1 A1

)
−
(

Kp − i Ki
ω1

+ Kdiω1

)
A1

⎤
⎥⎦ exp(iω1T0)

+
[
−α1(1 − Γ)2 A2

1

]
exp(2iω1T0) +

[
−α2(1 − Γ)3 A3

1

]
exp(3iω1T0) + [βA2

+α2

(
3A2

2 A2 + 6(1 − Γ)2 A1 A1 A2

)]
exp(iω2T0) +

[−α1 A2
1
]

exp(2iω2T0)

+
[
α2 A3

2
]

exp(3iω2T0) + [2α1(1 − Γ)A1 A2] exp(i(ω1 + ω2)T0)

+
[
2α1(1 − Γ)A1 A2

]
exp(i(ω1 − ω2)T0) +

[
3α2(1 − Γ)2 A2

1 A2

]
exp(i(2ω1 + ω2)T0)

+
[
3α2(1 − Γ)2 A2

1 A2

]
exp(i(2ω1 − ω2)T0) +

[−3α2(1 − Γ)A1 A2
2
]

exp(i(ω1 + 2ω2)T0)

+
[
−3α2(1 − Γ)A1 A2

2

]
exp(i(ω1 − 2ω2)T0) +

[
−α1

(
(1 − Γ)2 A1 A1 + A2 A2

)
− iKi

A1
ω1

]
+
[−i f1

2

]
exp(iΩ1T0) + cc.,

(21)

To obtain the solvability condition of Equation (21), the closeness term of the excitation
frequencies (Ω1) and natural frequency (ω1) is described via employing the dimensionless
detuning parameterσ1, as in the following:

Ω1 = ω1 + εσ1. (22)

By substituting Equation (22) into Equation (21) and canceling the term that leads
to secular ones, we obtain the particular solution of the first approximation (ϕ11) as the
following:

ϕ11 = M1 exp(2iω1T0) + M2 exp(3iω1T0) + M3 exp(iω2T0) + M4 exp(2iω2T0)
+M5 exp(3iω2T0) + M6 exp(i(ω1 + ω2)T0) + M7 exp(i(ω1 − ω2)T0)
+M8 exp(i(2ω1 + ω2)T0) + M9 exp(i(2ω1 − ω2)T0) + M10 exp(i(ω1 + 2ω2)T0)
+M11 exp(i(ω1 − 2ω2)T0) + M12 + cc.

, (23)

Here, Mi (i = 1, 2, . . . , 12) is presented in Appendix A.
Substituting Equations (20) and (23) into Equation (19b), we have
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(
D2

0 + ω2
2
)

ϕ21 =
[
−2iω1D1ΓA1 + α4

(
3(1 − Γ)3 A2

1 A1 + 6(1 − Γ)A1 A2 A2

)
−
(

Kp − i Ki
ω1

+ iω1Kd

)
ΓA1

]
exp(iω1T0) +

[
ω2

2 M1 + α3(1 − Γ)2 A2
1

]
exp(2iω1T0)

+
[
ω2

2 M2 + α4(1 − Γ)3 A3
1

]
exp(3iω1T0) +

[
ω2

2 M3 − 2iω2D1 A2

−
(

Kp − i Ki
ω2

+ iω2Kd

)
A2 −α4

(
3A2

2 A2 + 6(1 − Γ)2 A1 A1 A2

)]
exp(iω2T0)

+
[
ω2

2 M4 + α3 A2
2
]

exp(2iω2T0) +
[
ω2

2 M5 − α4 A3
2
]

exp(3iω2T0)
+
[
ω2

2 M6 − 2α3(1 − Γ)A1 A2
]

exp(i(ω1 + ω2)T0) +
[
ω2

2 M7 − 2α3(1 − Γ)A1 A2
]

× exp(i(ω1 − ω2)T0) +
[
ω2

2 M8 − 3α4(1 − Γ)2 A2
1 A2

]
exp(i(2ω1 + ω2)T0)

+
[
ω2

2 M9 − 3α4(1 − Γ)2 A2
1 A2

]
exp(i(2ω1 − ω2)T0) +

[
ω2

2 M10 + 3α4(1 − Γ)A1 A2
2
]

× exp(i(ω1 + 2ω2)T0) +
[
ω2

2 M11 + 3α4(1 − Γ)A1 A2
2

]
exp(i(ω1 − 2ω2)T0)

+
[
ω2

2 M12 + α3

(
(1 − Γ)2 A1 A1 + A2 A2

)
− Ki

(
i A2

ω2
+ i ΓA1

ω1

)]
+

[−i f2
2

]
exp(iΩ2T0) + cc.

(24)

To obtain the second solvability condition of Equation (24), the closeness term of
excitation frequencies (Ω2) and natural frequency (ω2) is described via employing the
dimensionless detuning parameter σ2 as the following:

Ω2 = ω2 + εσ2. (25)

By substituting Equation (25) into Equation (24) and canceling the term which leads to
the secular ones, we obtain the particular solution of the first approximation (ϕ21) as the
following:

ϕ21 = N1 exp(iω1T0) + N2 exp(2iω1T0) + N3 exp(3iω1T0) + N4 exp(2iω2T0)
+N5 exp(3iω2T0) + N6 exp(i(ω1 + ω2)T0) + N7 exp(i(ω1 − ω2)T0)
+N8 exp(i(2ω1 + ω2)T0) + N9 exp(i(2ω1 − ω2)T0) + N10 exp(i(ω1 + 2ω2)T0)
+N11 exp(i(ω1 − 2ω2)T0) + N12 + cc.

. (26)

Here, Ni (i = 1, 2, . . . , 12) is presented in Appendix A.
After inserting Equations (22) and (25) into Equations (21) and (24) and deleting the

secular term, the conditions of solvability can be gained as follows:

2iω1D1 A1 =

⎡
⎣

(
−iω1ζ + Γβ − Kp + i Ki

ω1
− Kdiω1

)
A1 + (−6α2(1 − Γ))A1 A2 A2

+
(
−3α2(1 − Γ)3

)
A2

1 A1

⎤
⎦

+
[−i f1

2

]
exp(iσ1T1)

, (27a)

2iω2D1 A2 =

[ (
−Γβ − Kp + i Ki

ω2
− iω2Kd

)
A2 + (−3Γα2 − 3α4)A2

2 A2

+(−6Γα2 − 6α4)(1 − Γ)2 A1 A1 A2

]

+
[−i f2

2

]
exp(iσ2T1)

. (27b)

To obtain the amplitude-phase equations of the controlled system, we analyze the
solution of Equation (27), exchanging An(T1) by the polar form as

An =
1
2

an(T1)eiγn(T1), (n = 1, 2). (28)

We obtain the governing equations of the amplitudes an and the phases γn by substi-
tuting from Equation (28) into Equation (27) and then separating the real and imaginary
components.

.
a1 =

(
− ζ

2
+

Ki

2ω2
1
− Kd

2

)
a1 +

[− f1

2ω1

]
cos(ψ1), (29a)
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a1
.
γ1 =

[(
− Γβ

2ω1
+

Kp

2ω1

)
a1 +

(
3α2(1 − Γ)

4ω1

)
a1a2

2 +

(
3α2(1 − Γ)3

8ω1

)
a3

1

]
+

[− f1

2ω1

]
sin(ψ1), (29b)

.
a2 =

(
Ki

2ω2
2
− Kd

2

)
a2 +

[− f2

2ω2

]
cos(ψ2), (30a)

a2
.
γ2 =

[(
Γβ

2ω2
+

Kp
2ω2

)
a2 +

(
3Γα2+3α4

8ω2

)
a3

2 +
(

3Γα2+3α4
4ω2

)
(1 − Γ)2a2

1a2

]
+
[− f2

2ω2

]
sin(ψ2)

(30b)

where
ψ1 = σ1T1 − γ1, ψ2 = σ2T1 − γ2. (31)

The fixed points in Equations (29)–(30) correspond to the steady-state solutions of the
system, which in turn correspond to

.
an = 0 and

.
ψn = 0.

From Equation (31), we indicate that
.
γ1 = σ1 and

.
γ2 = σ2.

As a result,
.
an = 0 and

.
ψn = 0; the practical case’s frequency response equations (FRE)

(a1 �= 0, a2 �= 0) are provided as

0 =

(
− ζ

2
+

Ki

2ω2
1
− Kd

2

)
a1 +

[− f1

2ω1

]
cos(ψ1), (32a)

a1σ1 =

[(
− Γβ

2ω1
+

Kp

2ω1

)
a1 +

(
3α2(1 − Γ)

4ω1

)
a1a2

2 +

(
3α2(1 − Γ)3

8ω1

)
a3

1

]
+

[− f1

2ω1

]
sin(ψ1), (32b)

0 =

(
Ki

2ω2
2
− Kd

2

)
a2 +

[− f2

2ω2

]
cos(ψ2), (33a)

a2σ2 =
[(

Γβ
2ω2

+
Kp

2ω2

)
a2 +

(
3Γα2+3α4

8ω2

)
a3

2 +
(

3Γα2+3α4
4ω2

)
(1 − Γ)2a2

1a2

]
+
[− f2

2ω2

]
sin(ψ2)

. (33b)

3.2. Stability Analysis via Linearizing the above System

In order to examine the stability of the given fixed points nonlinear solution, let

am = am0 + am1,
ψm = ψm0 + ψm1

}
(34)

where am1 and ψm1 are perturbations that are thought to be tiny in comparison to am0
and ψm0. Here, am0 and ψm0 are the solutions of Equations (29) and (30). Equation (34) is
substituted into Equations (29) and (30) with Equation (31), retaining only the linear terms
in am1 and ψm1. Therefore, the linearized system of Equations (29) and (30) has the forms

.
a11 =

[
− ζ

2
+

Ki

2ω2
1
− Kd

2

]
a11 +

[
f1

2ω1
sin(ψ10)

]
ψ11, (35a)

.
ψ11 =

[(
σ1
a10

+ Γβ
2a10ω1

− Kp
2a10ω1

)
+

(
− 3α2(1−Γ)

4a10ω1

)
a2

20 +

(
− 9α2(1−Γ)3

8ω1

)
a10

]
a11

+
[

f1
2a10ω1

cos(ψ10)
]
ψ11 +

[(
− 3α2(1−Γ)

2ω1

)
a20

]
a21

, (35b)

.
a21 =

[(
Ki

2ω2
2
− Kd

2

)]
a21 +

[
f2

2ω2
sin(ψ20)

]
ψ21, (36a)
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.
ψ21 =

[
−
(

3Γα2+3α4
2ω2

)
(1 − Γ)2a10

]
a11 +

[(
σ2
a20

− Γβ
2a20ω2

− Kp
2a20ω2

)
−
(

9Γα2+9α4
8ω2

)
a20 −

(
3Γα2+3α4

4a20ω2

)
(1 − Γ)2a2

10

]
a21 +

[
f2

2ω2a20
cos(ψ20)

]
ψ21

. (36b)

The above Equations (35) and (36) can be described as the following matrix:

[
.
a11

.
ψ11

.
a21

.
ψ21

]T
= [J]

[
a11 ψ11 a21 ψ21

]T . (37)

Here [J]is represented by the appropriate portions of Equations (35) and (36).
The eigenvalues of [J] ascertained using the subsequent equation are as follows:

λ4 + Γ1 λ3 + Γ2 λ2 + Γ3λ + Γ4 = 0. (38)

The coefficients of Equation (38) are denoted as Γm (m = 1, 2, . . . , 4). The solutions of
the system with PID control are stable if the roots’ real parts of λ have negative values; if not,
they are unstable. It is a necessary and sufficient requirement for a steady-state solution
to use the Routh–Hurwitz criterion, which states that all of the roots of Equation (38)
must have negative real parts if and only if all of the principal minors and the following
determinant D are positive.

D =

∣∣∣∣∣∣∣∣
Γ1 1 0 0
Γ3 Γ2 Γ1 1
0 Γ4 Γ3 Γ2
0 0 0 Γ4

∣∣∣∣∣∣∣∣
. (39)

4. Results and Discussion

4.1. Time History Performance without Control

To analyze the behavior of the dynamical system the fourth-order Runge–Kutta al-
gorithm (ode45 in MATLAB) [30] is applied to find the numerical solution of the given
uncontrolled system of Equations (8) and (9).

The time history performance of the system without any controller at the primary
resonance (Ω1

∼= ω1, Ω2 ∼= ω2) is shown in Figure 3 at the chosen values (ω1 = 3; ζ =
0.2; ω2 = 2; β = 0.5ω2

2; α1 = 0.2; α2 = 0.3; f1 = 10; α3 = 2α1; α4 = 2α2; f2 = 5; Ω1 =
ω1; Ω2 = ω2).

≅ ≅

 
Figure 3. The time diagram without any controller (a) the first part of the system, ϕ1 (b) the response
of its velocity,

.
ϕ1.

Figure 3a,b show the steady-state time response against the amplitude ϕ1 for the
uncontrolled first system and the velocity

.
ϕ1, respectively. Similarly, Figure 4a,b show

the uncontrolled second main system and its amplitude ϕ2 and velocity
.
ϕ2 with the time

response.
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≅ ≅

Figure 4. The time diagram without any controller (a) the second part of the system, ϕ2 (b) response
of its velocity,

.
ϕ2.

4.2. Time History Performance with Different Control

The closed-loop performances of the P, PI, and PID controllers for the two systems ϕ1
and ϕ2, along with their corresponding velocities

.
ϕ1 and

.
ϕ2, are displayed in Figure 5. The

closed-loop responses of the traditional P and PI controllers are unstable and exhibit peak
overshoot. Better closed-loop performance, such as in responses with less peak overshoot
and settling time, was supplied by the redesigned PID controller structure, which conveys
closed-loop responses with less peak and overshoot and a more stable curve than the others.
The study was for the first main system and its velocity, as in Figure 5a,b, and the second
main system shown in Figure 5c,d. Figure 5 shows evidence of both steady behavior and
the absence of chaos in the produced wavelengths and amplitudes in every section. We
utilized the gain values that are depicted in Table 1 to obtain these closed loops using the
three control approaches.

Figure 5. Responses in closed loop using P, PI, and PID controller. (a) the first part of the system
ϕ1 (b) the response of its velocity

.
ϕ1 (c) the second part of the system ϕ2 (d) the response of its

velocity
.
ϕ2.
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Table 1. Parameters of a PID controller.

Gain
Controller Kp Ki Kd

P (Red) 150 - -
PI (Blue) 150 20 -

PID (Green) 150 20 20

In Figure 6a,b, there is a depiction of the first main system’s amplitude decreasing
from 7.788 to 0.0569 after the utilization of a time PID controller. This indicates that the
controller’s effectiveness (Ea = amplitude without control/amplitude with) was equivalent
to 136.87 for the first main system ϕ1, with a proportional reduction of 99.27%. Likewise,
the amplitude ϕ2 of the second system, which is equal to 13.59, as shown in Figure 7,
decreased to 0.02886, where Ea = 470.89, reflecting a proportional reduction of 99.79%.

Figure 6. The time diagram in the primary resonance situation with the PID controller (a) the first
part of the system ϕ1 (b) the response of its velocity

.
ϕ1.

Figure 7. The time diagram in the primary resonance situation with the PID controller (a) the second
part of the system ϕ2 (b) the response of its velocity

.
ϕ2.

Figure 8 illustrates the phase plane of both main systems before and after adding the
PID controller. Figure 8a shows that the first main system ϕ1, with a multi-limit cycle in the
case of not adding control, and as improved with a limited cycle after adding PID. With the
second main system ϕ2, as shown in Figure 8b before adding the control, the phase plane is
the multi-limit cycle, which decreased after adding PID.
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Figure 8. The phase plane of the system’s (a) ϕ1 with angular velocities
.
ϕ1 in the primary resonance

situation without control (b) ϕ1 with angular velocities
.
ϕ1 in the primary resonance situation with

the PID controller (c) ϕ2 with angular velocities
.
ϕ2 in the primary resonance situation without control

(d) ϕ2 with angular velocities
.
ϕ2 in the primary resonance situation with the PID controller.

4.3. Frequency Response Curves (FRC)

The frequency response curves of Equations (32) and (33) of the first main system
a1, against the detuning parameter σ1, are illustrated in Figure 9a without the influence
of any controller, where the solid black line represents the stable solution while the red
line indicates the unstable solution of the same equation. The amplitude of the first main
system is fully reduced after the P controller is added; however, as Figure 9b shows, this
declining portion of the curve is unstable. The response curve in Figure 9c shows what
happens when a PI controller is added. It is discovered that this fully reduces the amplitude
of the primary system a1, yet the curve is absolutely unstable. After adding a PID controller,
the first main system’s behavior is shown in Figure 9d, where it is discovered that the
curve has a monotonically decreasing amplitude and is completely stable. The response
curves of the second main system a2, against the detuning parameter σ2, are illustrated
in Figure 10a without the influence of any controller. The amplitude of the second main
system is fully reduced after the P controller is added; however, as Figure 10b shows, this
declining portion of the curve is unstable. The response curve in Figure 10c shows what
happens when a PI controller is added. It is discovered that this controller reduces the
amplitude of the second system a2, yet the curve behaves in an unstable way. After adding
a PID controller, the second main system’s behavior is shown in Figure 10d, where it is
discovered that the curve has a monotonically decreasing amplitude and is completely
stable. Figure 11 clearly illustrates the difference in the curves’ responses before and after
the PID controller was included for the two primary systems, a1 and a2. Figure 11a,b
demonstrated how the system is only stable and does not contain any unstable parts,
as well as how the addition of a PID controller causes the amplitude to drop with a1
and disappear with a2. The amplitude rose for increasing values of the external force
f1 for the first main system a1, as Figure 12a illustrates, with the first component of the
system, a1. The amplitude of the first main system is shifted to the right and displays a
monotonically declining curve as the values of natural frequency ω1 increase, as seen in
Figure 12b.The amplitude decreases monotonically when the damping coefficient ζ values
increase, as shown in Figure 12c. As the values of the nonlinear parameter β increased,
the amplitude of the first half of the system bent to the left, as illustrated in Figure 12d.

170



Computation 2024, 12, 157

Lastly, Figure 12e illustrates how the nonlinear parameter α2 behaves for both positive and
negative parameter values. For very tiny negative values of α2, the curve bends left, but
for high positive values of α2, the curve bends right. The second main system’s amplitude
increased for large values of the external force f2, as shown in Figure 13a, with the second
portion of the system, a2. As seen in Figure 13b, the second main system’s amplitude is
moved to the right and exhibits a monotonic declining curve for increased values of the
natural frequency ω2. As seen in Figure 13c, the amplitude remains constant and shifts
to the right for extraordinarily high positive values of the nonlinear parameter α4 and to
the left for extraordinarily low negative values of α4. The response of the gains with the
amplitude is examined in Figure 14. Figure 14a establishes the values of Ki and Kd. Upon
further examination of the influence of Kp, we discovered that when Kp values increase, the
amplitude of both primary systems decreases while remaining steady. With different values
of Ki, we observed that the amplitude of both main systems increased indistinguishably
for the fixed values of Kp and Kd. However, when Ki = 80, both main systems behaved in
an unstable manner, as shown in Figure 14b. Lastly, although the other two gains are fixed,
Figure 14c shows the improvement of Kd. Painting made it evident that the amplitude is
unstable at the initial Kd values and that, in both systems, the amplitude decreases as Kd
increases.

Figure 9. The frequency response curves on the plane σ1 and the first part of the system (a1) (a)
without a controller, (b) with a P controller, (c) with a PI controller, and (d) with a PID controller. (red

color) unstable region (black color) stable region
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Figure 10. The frequency response curves on plane σ2 and the first part of the system (a2) (a) without
a controller, (b) with a P controller, (c) with a PI controller, and (d) with PID controller. (red color)
unstable region (black color) stable region.

Figure 11. Frequency response before and after PID: (a) first main system a1 and (b) first main system
a2.

Figure 12. Cont.
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Figure 12. (a) The FRC of the external force action f1. (b) Natural frequency ω1. (c) Damping
coefficient ζ. (d) Linear parameter β. (e) Nonlinear parameter α2. All of these regard the first part of
the system a1.

Figure 13. (a) The FRC of the external force action f2. (b) Natural frequency ω2. (c) Nonlinear
parameter α4. All of these regard the second part of system a2.
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Figure 14. Response curve for the system amplitudes with (a)Kp (b) Ki (c) Kd.

5. Comparison

5.1. Comparison of the Perturbation’s Temporal Response Solutions with Numerical Techniques

Analytical solutions to Equations (29) and (30) are graphically represented by (---) lines,
which correspond with the numerical solutions of Equations (13) and (14), as displayed in
Figure 15a for the first main system, and in Figure 15b for the second main system.

Figure 15. Comparison of numerical simulation and perturbation analysis for both framework modes
in PID controllers. (a) the first part of the system ϕ1 (b) the second part of the system ϕ2

5.2. Comparison between RK-4 and FRC

Figure 16 shows an acceptable agreement with the numerical solutions of Equations (4)
and (5), using (RK-4) highlighted by yellow circles and the frequency response curves (FRC)
for the two main systems a1 in Figure 16a and a2 in Figure 16b, which are presented with
the solid line.
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Figure 16. Contrast between the FRC solution and RK- 4 solution for both systems (a) the first part of
the system a1 (b) the second part of the system a2.

5.3. Comparison with Published Work

For previous work, the following can be stated:

(1) Torsional vibration was examined in a review of the literature [25] for active and
passive control, which is a useful tool for managing the torsional vibration of a
nonlinear dynamical system that is exposed to several parametric excitations.

(2) They used the frequency response equations; the stability of the system is examined
in the vicinity of the simultaneous sub-harmonic and internal resonances.

(3) The behavior of the system with and without two controllers is numerically integrated
and examined.

For this work, after adding control, we compared the time histories of our work and a
prior study and discovered that the amplitudes and wavelengths showed that the solutions
generated exhibited stable behavior and were devoid of chaos.

6. Conclusions

The torsional vibration control of a nonlinear dynamical system has been tackled
within this article. Proportional-integral-derivative (PID) controllers have been proposed
to control the harmful torsional vibration of the system, as shown in Figure 2 for one of the
worst resonance cases. The multiple-scale perturbation approach is applied to obtain the
approximation solution for the coupled controlled system. The time history is drawn to
study the steady-state vibration amplitudes and the effectiveness of the applied control
algorithms in suppressing vibration. In addition, the stability and effects of different
system and control parameters are illustrated in frequency response curves according to
the Routh–Hurwitz criterion. Based on the above discussion, the following conclusions can
be drawn:

(1) It is noted that the PID controller is operated to reduce the dangerous vibrations in a
short time.

(2) This work provided a comparison between P, PI, and PID controllers in the context of
FRCs.

(3) Numerous coefficients’ effects are examined and shown numerically.
(4) Despite the excitation frequency, the PID controller is the most effective control

method for minimizing the vibrations in the framework.
(5) The closed-loop response of relative displacement is obtained with the PID controller,

which comprises the peak-overshoot.
(6) The modified structure of the PID controller, such as with the P and PI controllers, is

used for the control of the relative displacement of the suspension system. From the
results, the PID controller provided better closed-loop performance in terms of peak
overshoot and settling time, which are minimized.
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Nomenclature

I1, I2 Polar mass moment of the nonlinear dynamical system
k1, k2 Linear spring stiffness of the nonlinear dynamical system
k21, k22, k23 Quadratic and cubic stiffness parts
F•

1 , F•
2 Excitation forces

c1 Linear damping coefficients of the nonlinear dynamical system
ω1, ω2 Natural frequencies
ζ Damping coefficient
β Linear parameter
αi(i = 1, 2, 3, 4) Nonlinear parameter
FC1, FC2 Forced control
Kp Proportional gain
Kd Derivative gain
Ki Integral gain
θ0 Reference angle

Appendix A

M1 =

[
α1(1−Γ)2 A2

1
3ω2

1

]
, M2 =

[
α2(1−Γ)3 A3

1
8ω2

1

]
, M3 =

[
βA2+α2(3A2

2 A2+6(1−Γ)2 A1 A1 A2)
ω2

1−ω2
2

]

M4 =

[
−α1 A2

1
ω2

1−4ω2
2

]
, M5 =

[
α2 A3

2
ω2

1−9ω2
2

]
, M6 =

[
2α1(1−Γ)A1 A2

ω2
1−(ω1+ω2)

2

]
, M7 =

[
2α1(1−Γ)A1 A2

ω2
1−(ω1−ω2)

2

]

M8 =

[
3α2(1 − Γ)2 A2

1 A2

ω2
1 − (2ω1 + ω2)

2

]
, M9 =

[
3α2(1 − Γ)2 A2

1 A2

ω2
1 − (2ω1 − ω2)

2

]
, M10 =

[
−3α2(1 − Γ)A1 A2

2

ω2
1 − (ω1 + 2ω2)

2

]

M11 =

[
−3α2(1 − Γ)A1 A2

2

ω2
1 − (ω1 − 2ω2)

2

]
, M12 =

⎡
⎣−α1

(
(1 − Γ)2 A1 A1 + A2 A2

)
− iKi

A1
ω1

ω2
1

⎤
⎦

N1 =
1

ω2
2 − ω2

1

[
−2iω1D1ΓA1 + α4

(
3(1 − Γ)3 A2

1 A1 + 6(1 − Γ)A1 A2 A2

)
−

(
Kp − Ki

ω1
+ ω1Kd

)
ΓA1

]

N2 =

[
ω2

2 M1 + α3(1 − Γ)2 A2
1

ω2
2 − 4ω2

1

]
, N3 =

[
ω2

2 M2 + α4(1 − Γ)3 A3
1

ω2
2 − 9ω2

1

]
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N4 =

[
−ω2

2 M4 − α3 A2
2

3ω2
2

]
, N5 =

[
−ω2

2 M5 + α4 A3
2

8ω2
2

]
, N6 =

[
ω2

2 M6 − 2α3(1 − Γ)A1 A2

ω2
2 − (ω1 + ω2)

2

]

N7 =

[
ω2

2 M7 − 2α3(1 − Γ)A1 A2

ω2
2 − (ω1 − ω2)

2

]
, N8 =

[
ω2

2 M8 − 3α4(1 − Γ)2 A2
1 A2

ω2
2 − (2ω1 + ω2)

2

]

N9 =

[
ω2

2 M9 − 3α4(1 − Γ)2 A2
1 A2

ω2
2 − (2ω1 − ω2)

2

]
, N10 =

[
ω2

2 M10 + 3α4(1 − Γ)A1 A2
2

ω2
2 − (ω1 + 2ω2)

2

]

N11 =

[
ω2

2 M11 + 3α4(1 − Γ)A1 A2
2

ω2
2 − (ω1 − 2ω2)

2

]
, N12 =

⎡
⎣ω2

2 M12 + α3

(
(1 − Γ)2 A1 A1 + A2 A2

)
− Ki

(
A2
ω2

+ ΓA1
ω1

)
ω2

2

⎤
⎦
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