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Dear Readers,

In this editorial, we provide a short overview of the Special Issue “Volatility Modelling
in Financial Market” and summarise the main findings and contributions of the articles
published within it. This Special Issue aims to bring together studies that advance the
understanding of volatility, dependence, risk transmission, and forecasting in financial
markets. We sincerely hope that this overview encourages readers to explore the full-length
papers and engage further with the research questions addressed in this collection.

Volatility modelling remains one of the central areas of financial econometrics and
risk management. Since volatility is not directly observable, researchers and practitioners
rely on statistical, econometric, and computational methods to estimate and forecast it. In
recent years, the field has evolved from classical ARCH- and GARCH-type models to more
flexible approaches that incorporate realised measures, asymmetric dynamics, multivariate
dependence structures, machine learning, soft computing, and hybrid frameworks. At the
same time, the practical importance of volatility modelling has increased due to geopolitical
shocks, changing market microstructure, the expansion of derivative markets, the rise of
cryptocurrencies, and the growing use of artificial intelligence in financial decision-making.

Now that this Special Issue has been closed, we can state that it presents a broad
and diverse set of contributions to volatility modelling and financial risk analysis. The
published papers address different asset classes, including equities, exchange rates, corpo-
rate bonds, cryptocurrencies, derivatives, and credit portfolios. They also employ a wide
range of methods, including GARCH-family models, DCC-GARCH, EGARCH, asymmetric
GARCH specifications, realised-measure approaches, multiplicative error models, adaptive
neuro-fuzzy inference systems, normalising flows, machine learning, and deep learning.
Taken together, these studies show that volatility modelling is no longer limited to a single
methodological tradition but is increasingly characterised by the integration of econometric
interpretability with computational flexibility.

Several papers in this Special Issue contribute directly to the development and assess-
ment of volatility forecasting methods. In “Historical Perspectives in Volatility Forecasting
Methods with Machine Learning”, Qiu et al. provide a comprehensive overview of the evo-
lution of volatility forecasting, moving from implied volatility and GARCH-type models
to recurrent neural networks, LSTMs, transformers, and other state-of-the-art learning-
based approaches. Their results indicate that machine learning models can substantially
improve forecasting accuracy, but they also underline important limitations related to inter-
pretability, data requirements, computational cost, and robustness. This paper therefore
offers a valuable bridge between classical financial econometrics and modern artificial
intelligence methods.
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Another methodological contribution is provided by Kirby in “Using Daily Stock
Returns to Estimate the Unconditional and Conditional Variances of Lower-Frequency
Stock Returns”. This study shows that daily returns can be used to construct realised
measures that are unbiased estimators of the unconditional and conditional variances
of lower-frequency returns under relatively mild assumptions. The empirical analysis,
based on S&P 500 data, suggests that multiplicative error models using these realised
measures can outperform standard GARCH forecasts for weekly and monthly returns.
This contribution is especially relevant when intraday data are unavailable or when long
historical samples are required.

The paper “Normalising Flow Enhanced GARCH Models: A Two-Stage Framework
for Flexible Innovation Modelling in Financial Time Series” by Hassan et al. proposes
a hybrid NF-GARCH framework that preserves the interpretability of classical GARCH
variance dynamics while replacing restrictive parametric innovation distributions with
learned densities generated by normalising flows. The study shows that this approach
can improve forecast accuracy, particularly for skewed-t GARCH baselines, while also
providing more flexible modelling of heavy tails and asymmetric residual behaviour. At
the same time, the authors point to computational costs and model-specific instability as
important considerations for future research.

The Special Issue also includes papers focused on specific financial markets and
instruments. Jongadsayakul’s paper “Foreign Exchange Futures Trading and Spot Market
Volatility in Thailand” examines whether the introduction of EUR/USD and USD/JPY
futures on the Thailand Futures Exchange stabilises or destabilises the underlying spot
market. Using EGARCH and VAR models, the study finds that the introduction of FX
futures reduces spot volatility, increases the speed at which new information is incorporated
into spot prices, and decreases the persistence of volatility shocks. The results also show
that unexpected trading volume has a destabilising effect, while unexpected open interest
has a stabilising effect, with the latter dominating overall.

In “Estimating Corporate Bond Market Volatility Using Asymmetric GARCH Models”,
Hadad et al. analyse the Israeli corporate bond market, which is characterised by high
transparency and significant retail participation. The authors show that negative shocks
have a stronger impact on volatility than positive shocks, confirming the importance of
asymmetry and investor sentiment in corporate bond markets. Their findings indicate
that the GJR-GARCH model with a Student’s t-distribution best captures the volatility
dynamics of the Tel-Bond 20 and Tel-Bond 60 indices. This contribution is particularly
important because volatility behaviour in corporate bond markets remains less extensively
studied than volatility in equity markets.

Czech and Wielechowski, in “Do Uncertainty and Action Shocks Affect G7 Stock
Market Synchronisation? DCC-GARCH Evidence from the 2024 U.S. Election and the
Reciprocal Tariffs Announcement”, investigate how different types of U.S.-centred shocks
affect conditional correlations between the U.S. equity market and other G7 markets. By
distinguishing between an uncertainty shock represented by the 2024 U.S. presidential
election and an action shock represented by the 2025 reciprocal tariff announcement, the
study shows that different shocks produce different patterns of cross-market synchronisa-
tion. Election-related uncertainty is mainly associated with lower correlations for European
markets, while the tariff-related action shock increases conditional correlations across all
analysed U.S.—G7 pairs. This paper contributes to the literature on international spillovers,
portfolio diversification, and state-dependent market co-movement.

The Special Issue also contains contributions that extend the discussion of volatility
and risk modelling towards cryptocurrencies and credit risk. Orozco-Castafieda et al.,
in “Evaluating Volatility Using an ANFIS Model for Financial Time Series Prediction”,

https://doi.org/10.3390/risks14050101
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develop an ARIMA-ANFIS model for BTCUSD price prediction and risk assessment and
compare it with an ARIMA-GARCH benchmark. Their findings suggest that ANFIS and
GARCH capture different aspects of the data generation process. ANFIS may perform well
under more stable conditions but can underestimate volatility during turbulent periods,
whereas GARCH provides wider confidence intervals and stronger protection against
high-volatility episodes. This study highlights the trade-off between flexibility and risk
coverage in cryptocurrency volatility modelling.

Chang et al., in “Credit Risk Prediction Using Machine Learning and Deep Learning;:
A Study on Credit Card Customers”, broaden the risk management perspective of the
Special Issue by examining machine learning and deep learning techniques for credit
default prediction. The study compares several models, including neural networks, logistic
regression, AdaBoost, XGBoost, and LightGBM, and finds that XGBoost achieves the
strongest predictive performance. Although this contribution does not focus on market
volatility in the narrow sense, it complements the Special Issue by showing how machine
learning tools can improve financial risk classification, lending decisions, and customer
risk segmentation.

This Special Issue addresses several important gaps in the current literature and shows
that classical GARCH-family models remain highly relevant, especially when interpretabil-
ity, diagnostic testing, and practical risk management are central concerns. Moreover,
it demonstrates that hybrid and machine learning approaches can improve predictive
accuracy, but only when their limitations are carefully managed, including overfitting,
computational complexity, data requirements, and reduced transparency. Additionally, the
Special Issue highlights the need to model not only volatility levels but also asymmetry,
tail behaviour, market synchronisation, innovation distributions, and the interaction be-
tween derivatives and spot markets. Finally, the collection confirms that volatility and risk
dynamics are strongly context-dependent, varying across asset classes, market structures,
investor compositions, and shock types.

In summary, the Special Issue “Volatility Modelling in Financial Market” presents a
collection of studies that jointly contribute to the theoretical, methodological, and applied
development of volatility and financial risk modelling. The published articles show that
modern volatility research requires both rigorous econometric modelling and openness
to new computational tools. By bringing together studies on GARCH models, realised
measures, dynamic correlations, machine learning, soft computing, normalising flows,
derivatives, corporate bonds, cryptocurrencies, equities, and credit risk, this Special Issue
contributes to a deeper understanding of how financial risk is measured, transmitted,
forecasted, and managed in increasingly complex markets.

Conflicts of Interest: The authors declare no conflicts of interest.
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Abstract

We introduce the Normalising Flow GARCH (NF-GARCH), a two-stage hybrid framework
that enhances traditional GARCH models by replacing restrictive parametric innovation
distributions with learned densities via normalising flows. Our approach preserves the
interpretability of standard variance dynamics while addressing the common issue of inno-
vation misspecification. In the first stage, we estimate standard GARCH variants (sGARCH,
TGARCH, and gjrGARCH) to extract standardised residuals. In the second stage, a Masked
Autoregressive Flow learns the underlying residual distribution, with samples from the
flow subsequently driving the GARCH recursion for out-of-sample forecasting. Evaluated
on 13 daily financial series (six FX pairs and seven equities), NF-GARCH demonstrates sys-
tematic, statistically significant improvements in forecast accuracy for skewed-t baselines.
Wilcoxon signed-rank tests confirm superior performance specifically for girGARCH-sstd
and sGARCH-sstd specifications. While the framework offers enhanced flexibility and gen-
erative realism, we observe that computational overhead is increased, and the log-variance
specification of e GARCH exhibits instability when paired with flow-based innovations.
These results suggest that while NF-GARCH effectively captures empirical tail behaviour
in univariate settings, future research should explore conditional flow architectures and
multivariate extensions to account for time-varying innovation shapes. For risk manage-
ment, gains are most relevant where skewed-t baselines are used and where closer residual
realism supports scenario analysis; effect sizes remain modest relative to model risk and
implementation cost.

Keywords: normalising flows; GARCH; volatility; financial time series; heavy tails;
financial econometrics; stylized facts

1. Introduction

Empirical analysis over the past two decades has shown that financial returns exhibit
clustering, where similarly large movements often follow large movements (Aloud et al.
2013; Cont 2001). These returns further exhibit heavy tails and asymmetric responses,
with negative shocks increasing volatility more than positive shocks (Cont 2001). Gener-
alised Autoregressive Conditional Heteroskedasticity (GARCH) models address clustering
through autoregressive variance dynamics (Bollerslev 1986). However, their innovation

Risks 2026, 14, 100
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distributions are typically limited to Gaussian or Student’s ¢ forms. This limitation fails to
capture the skewness and tail behaviour that are critical for risk assessment.

The choice of innovation distribution in GARCH models has long been recognised as
critical to forecasting accuracy (Bollerslev 1987; Ederington and Guan 2005). Early speci-
fications assumed Gaussian innovations, but this was quickly challenged by evidence of
heavy tails (Bollerslev 1986). Bollerslev (1987) introduced Student’s t innovations to capture
excess kurtosis. Hansen (1994) demonstrated that even small innovation misspecifications
propagate into substantial forecast errors. Despite advances with skewed distributions,
parametric approaches impose restrictive functional forms (Ferndndez and Steel 1998).

Semi-parametric alternatives include kernel-based density estimation and nonpara-
metric conditional density methods, though these suffer from curse-of-dimensionality is-
sues and sensitivity to bandwidth choice (Engle and Ng 1993; Hansen 2004; Silverman
1986). Machine learning approaches have also been explored to enhance innovation mod-
elling. Examples include Long Short-Term Memory networks integrated with GARCH,
which can improve forecasting but sacrifice interpretability due to the black-box nature
of neural network methods (Hossain and Nasser 2008; Kim and Won 2018). In reg-
ulated financial applications, interpretability and testable statistical properties remain
important (Harvey et al. 2022; Rudin 2019).

Normalising flows provide a principled framework for learning complex probabil-
ity distributions through a sequence of invertible transformations (Mongwe et al. 2025b;
Rezende and Mohamed 2015). The base density is transformed via successive mappings
using the change of variables formula, yielding a tractable yet expressive distribution. Nor-
malising flows have the potential to address limitations of both parametric and alternative
approaches to modelling innovations by providing exact likelihood evaluation through
invertible transformations (Papamakarios et al. 2021; Rezende and Mohamed 2015; Seitz
2022). Despite extensive research, limited empirical evidence exists on whether flexible,
nonparametric innovation distributions, specifically those learned via normalising flows,
provide systematic improvements when integrated into classical GARCH frameworks with-
out modifying the volatility recursion. This gap motivates a two-stage modular approach
that we introduce in this paper.

Research gap and contributions. Semi-parametric and kernel-based GARCH specifi-
cations (Engle and Ng 1993; Hansen 2004) relax the innovation law but differ in implemen-
tation, bandwidth demands, and scalability. Joint (end-to-end) flow—-GARCH estimation
(Seitz 2022) entangles volatility and innovation learning, making it difficult to attribute
forecast improvements to either component. We target the distinct question: if the volatility
recursion is held fixed and estimated as in standard practice, does replacing the parametric
residual law with a normalising flow improve forecasts and residual realism? Our specific
contributions are: (i) a modular two-stage NF-GARCH design that preserves classical
variance dynamics while learning a flexible innovation density; (ii) systematic evaluation
on thirteen daily FX and equity series using out-of-sample metrics, Wilcoxon tests, dis-
tributional distances, VaR backtesting, and stress windows; (iii) empirical evidence that
gains concentrate on skewed-t baselines (gjrGARCH-sstd, sGARCH-sstd) rather than Gaus-
sian baselines, consistent with the hypothesis that flow-based density learning addresses
residual skewness that parametric forms miss; (iv) demonstration that eGARCH instability
under flow augmentation arises from parameter redundancy between the log-variance
recursion and the flow’s skewness modelling; and (v) a practical characterisation of when
NF-GARCH should be preferred over standard GARCH in risk management contexts.

We propose Normalising Flow-GARCH (NF-GARCH), a hybrid approach that keeps
the standard GARCH variance recursion but replaces parametric residuals with a non-
parametric learned normalising flow. The learned innovation distribution better captures

https:/ /doi.org/10.3390/risks14050100
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empirical tail features while preserving interpretability of the variance dynamics. We
evaluate four GARCH variants (sGARCH, TGARCH, GJR-GARCH, eGARCH) and their
NF-augmented versions on 13 daily financial series (six FX pairs, seven equities) using
chronological splits and time-series cross-validation. Metrics include out-of-sample loss
(MSE, MAE), distributional distances, and VaR calibration.

The method operates in two stages. First, standard GARCH models are fitted and
standardised residuals are extracted. Second, a normalising flow is trained on these
residuals, and flow samples subsequently drive the original GARCH recursion. This
preserves the traditional volatility structure and permits modular estimation. The flow’s
shape is state-invariant: it scales with oy but does not depend on it. End-to-end designs that
jointly optimise flow and GARCH parameters represent a natural extension; we deliberately
avoid joint estimation here to maintain interpretability and parameter identifiability, leaving
this as a direction for future work.

The remainder of this paper is structured as follows. Section 2 presents the back-
ground to volatility modelling, normalising flows, and our two-stage hybrid approach.
Section 3 describes the experiment setup. Section 4 presents the results and discussion,
and Section 5 concludes.

2. Background
2.1. Volatility Modelling

The foundation of standard Autoregressive Moving Average (ARMA) analysis relies
on the assumption that the mean and unconditional variance of the time series remain
constant over time, implying stationarity (Box and Jenkins 1976; Pankratz 1991). Techniques
such as plotting the Autocorrelation Function (ACF) and Partial Autocorrelation Function
(PACF), alongside tests like the Augmented Dickey—Fuller (ADF) test, are employed to
ascertain stationarity. For non-stationary time series, transformations are applied to achieve
stationarity, as detailed by Pankratz (1991).

In addressing the challenge of high volatility in forecasting financial time series, re-
cent developments have led to the adoption of models like Generalised Autoregressive
Conditional Heteroskedasticity (GARCH) models. In GARCH processes, volatility (i.e.,
the variance of disturbances) is explicitly modelled. Tests for stationarity and other di-
agnostics closely parallel those used in ARMA analysis. Asymmetric extensions such
as EGARCH (Nelson 1991), TGARCH (Zakoian 1994), and GJR-GARCH (Glosten et al.
1993) allow negative shocks to affect volatility differently from positive ones, capturing the
leverage effect documented in equity and FX returns (Black 1976; Christie 1982; Cont 2001).

R. F. Engle (1982) showed that the serial correlation in squared returns, or conditional
heteroskedasticity, can be modelled using an autoregressive conditional heteroskedasticity
(ARCH) model of the following form:

Y; = Etfl[Yt] + €t (1)
€ = 012t (2)
0f =ag+ajer | fael 5+ -+ aqef,q 3)

where E;_1[-| represents the conditional expectation on all information that is available
at time t — 1 and ¢; is modelled as the product of a standardised shock z; and time-
varying volatility oy such that z; is a sequence of independent and identically distributed
(“iid”) random variables with mean zero and unit variance. In the ARCH model, z; is
assumed to be independent and identically distributed with a standard normal distribution.
The restrictions ag > 0 and a; >=0i = 1,...,q are required for ¢7 > 0.
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An important extension of the ARCH model proposed by Bollerslev (1986) replaces
the AR (p) representation with an ARMA (p,q) formulation:

p 9
of = a0+ ) bjot;+ )€l @
j=1 i=1

where the coefficients a; (i = 0,...,9) and b; (j = 1,..., p) are all assumed to be positive to
ensure that the conditional variance o7 is always positive. The model in Section 2.4 together
with Sections 2.1 and 2.2 is known as the generalised ARCH or GARCH (p,q) model. When
p = 0, the GARCH model reduces to the ARCH model.

2.2. Normalising Flows

Normalising flows represent a robust framework for constructing intricate probability
distributions by applying a series of invertible transformations (Mongwe et al. 2025a;
Rezende and Mohamed 2015). The initial probability density undergoes a sequence of
mappings by systematically employing the change of variables formula, yielding a tractable
complex distribution. The term normalising flow aptly describes this process, as the density
effectively “flows” through the sequence of transformations, culminating in a normalised
probability distribution (Rezende and Mohamed 2015).

Based on the initial framework developed by Rezende and Mohamed (2015), we
consider a finite sequence of transformations where each mapping is invertible and smooth.
If we let f denote such a mapping with its corresponding inverse f !, then for a random
variable X with an initial density px(x), the transformed random variable Y = f(X) follows
a density

py(y) = px(f1(y)) )

This relationship is derived by invoking the inverse function theorem, which governs

of (y)
det ay‘

the behaviour of Jacobians for invertible functions. By composing multiple such mappings,
one can generate arbitrarily complex densities. Specifically, if a random variable X with
density px(x) is subjected to a sequence of K transformations f, fo, ..., fk, the resulting
density of the final variable Zg = fx o--- o f1(X) can be written in terms of the base

variable and the Jacobians of the forward maps pz, (zx) = px(xo) [Th_; ’det Jp(zk-1)|
where zg = xp and ], denotes the Jacobian of fi. Equivalently, in inverse form,

K
pzi(zx) = px(x H

1(Zk)

det (6)

As suggested by Kobyzev et al. (2020), the trajectory traced by the sequence of trans-
formed random variables Zy, starting from the initial distribution px (x), constitutes the flow.
In contrast, the sequence of intermediate densities pz, (z;) defines the Normalising Flow.

2.3. Normalising Flows in GARCH Residuals (NF-GARCH)

Traditional GARCH-type models, including sGARCH, EGARCH, and TGARCH, often
assume that the residuals z; follow a known parametric distribution such as Gaussian,
Student’s t, or Generalised Error Distribution. However, empirical studies have shown
that these fixed-distribution assumptions are often too restrictive to capture the true nature
of financial return innovations, which can be skewed, heavy-tailed, or even multi-modal.
The choice of innovation distribution is critical for tail-sensitive risk measures such as
Value-at-Risk and Expected Shortfall (Bauwens et al. 2006; Hansen 1994).
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To address this, we replace the assumption z; ~ N (0, 1) with the following;:
ze = f(u), ur~N(0, 1)

where f : R 5 Reisa sequence of invertible, differentiable transformations—i.e., a nor-
malising flow. This transforms a simple base distribution (such as standard normal) into a
rich, learned distribution for residuals z;, thereby enabling greater flexibility in capturing
empirical data characteristics. While alternative heavy-tailed base distributions such as
Student’s t could be considered for the base distribution, we adopt a standard normal
base for tractability and comparability, with tail flexibility introduced through the learned
flow transformations.

Given a base density py;(u) and an invertible transformation z = f(u), the transformed
density of z is given by the change-of-variables formula:

af;(Z)) ‘

ofi
d8t<ahi1) ‘

where f = fxo---o f1, and h; = fij(h;_1) with hy = u. Popular choices for flows in-
clude ReaINVP (Dinh et al. 2016), Masked Autoregressive Flows (MAF) (Papamakarios
et al. 2017), and Neural Spline Flows (Durkan et al. 2019). Although these flows are com-
monly constructed using a standard normal base distribution, heavier-tailed behaviour can

pz(z) = Pu(f_l(z))‘det(

or, equivalently,

K
log pz(z) = log py(u) — Elog
i=1

be accommodated through sufficiently expressive transformations, and alternative base
distributions could be considered as extensions.

2.4. NF-GARCH Model Structure
The NF-GARCH model can be represented as follows:

Y =+ € (7)

€t = Z40¢, Zt = f(ut), Uy ~ /\/(0,1) (8)
q P

o =w+ 2 wier  + Z [Sjcrtz_j 9)
i—1 =1

Empirical specification (notation). The system above uses general orders (p,q) for ex-
position. In all experiments we estimate constant-mean log-return models, r; = u + €,
where the scalar y is estimated by maximum likelihood jointly with volatility parame-
ters (no ARMA dynamics in the mean). The conditional variance follows each variant’s
GARCH(1,1)-type recursion as implemented in our custom R engine: sGARCH updates
o? via the standard GARCH(1,1) recursion; TGARCH models the conditional scale o}
directly per Zakoian (1994); GJR-GARCH adds an asymmetric leverage term It,leffl to
the variance recursion; and eGARCH models log o7 with asymmetric terms per Nelson
(1991). Standardised residuals passed to the flow are 2; = (r; — fI)/0; using in-sample
fitted values only. In tables, the label norm denotes Gaussian innovations; sstd denotes
skewed Student’s t innovations in the parameterisation of Ferndndez and Steel (1998)
and Hansen (1994).

Figure 1 highlights the modular nature of the NF-GARCH framework: the normalising
flow modifies only the innovation distribution, while the volatility recursion remains
structurally identical to classical GARCH models.
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Classical GARCH-family models Proposed two-stage NF-GARCH
[ Input returns } [ Input returns }
Y Y

Specify and esti- Stage 1: Estimate clas-
mate volatility model sical volatility model
(sGARCH, TGARCH, (volatility dynamics unchanged)

GJR, EGARCH)

Y

Y

Stage 2: Train Normalising Flow

Assume fixed parametric on standardised residuals
innovation distribution (learn flexible inno-
(Normal, Student’s t, GED) vation distribution)
Y Y
Forecast, simulate, and com- Sample learned innova-
pute risk measures tions, rescale by volatility,
using fitted model and perform forecasting, sim-

ulation, and risk analysis

; J

Figure 1. Comparison of classical GARCH-family workflows and the proposed two-stage Normalis-
ing Flow—-GARCH framework.

In principle, the parameters of both the volatility recursion and the flow can be
estimated by maximising the likelihood implied by the GARCH recursion combined with
the flow-induced residual density pz(z). This framework allows the volatility process to
follow the standard GARCH formulation while modelling the innovation distribution as a
flexible, non-Gaussian transformation of a simple base distribution.

2.5. Benefits of NF-GARCH

The integration of normalising flows into GARCH models enables the capture of
skewness and heavy tails through flexible invertible transformations, without imposing
restrictive parametric constraints on the innovation law, while preserving exact likelihoods
for estimation. The resulting residual distribution facilitates realistic simulation and stress
testing. Notably, the volatility process remains interpretable because the variance recursion
is unchanged, even as the flexibility of the residuals increases. This hybrid framework
isolates the contribution of distributional flexibility without altering the volatility structure,
thereby allowing the assessment of whether a more expressive innovation law enhances
forecasting accuracy, scenario generation, and the replication of stylized facts.

This hybrid approach allows us to assess whether distributional flexibility alone
(i.e., with no change to the volatility structure) can significantly improve forecasting,
scenario simulation, and stylized fact replication.

2.6. Theoretical Considerations

Normalising flows offer a flexible and tractable approach for modelling innovation dis-
tributions; however, their integration with GARCH-family volatility recursions introduces
several important theoretical considerations.

2.6.1. Identifiability

Within the NF-GARCH framework, the conditional variance (th is determined by
the GARCH recursion, while the flow fy(-) transforms latent noise u; into residuals z;.

https:/ /doi.org/10.3390/risks14050100
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There is a potential for a confounding effect between the volatility parameters and the
transformations learned by the flow as both components influence the scale and shape of
the simulated return given that

Tt = Ut + €4, €r = OZ¢, Zt = fe(ut),

If the flow is excessively flexible, it may absorb variation that would otherwise be attributed
to the volatility recursion, leading to partial non-identifiability between scale parameters
in 0y and in fy. Formally, writing r; = 03 fg(u¢), if fp includes an arbitrary scaling compo-
nent then o} fy(u;) = (0rc) fy(ur) for some constant c, so scale can be reallocated between
the volatility recursion and the flow, implying partial scale non-identifiability. This is
an inherent limitation of combining highly expressive innovation laws with parametric
volatility models, which becomes even more important when one wants to jointly calibrate
the parameters of the underlying GARCH model with that of the Normalising Flow.

2.6.2. Overfitting in Expressive Flows

As with any deep learning model, normalising flows with numerous layers or high-
capacity coupling networks are susceptible to overfitting the empirical residual distribution,
particularly when applied to short financial time series (Mongwe et al. 2025b). Since flows
are trained by maximising likelihood, they may capture spurious high-frequency structure
or noise instead of the underlying innovation law. In volatility modelling, such overfit-
ting can distort tail behaviour, degrade out-of-sample forecast performance, and yield
misleading risk measures. Therefore, controlling model capacity, such as by limiting flow
depth or width and employing regularisation techniques, is essential in NF-GARCH design
(Mongwe et al. 2025b).

2.6.3. Likelihood Regularisation and Numerical Stability

Flow-based likelihoods require computation of the Jacobian log-determinant,

7

log pz(z) =log pu(f, ' (2)) + log‘det Jg (z)

which can become numerically unstable if the transformations are too deep or poorly
conditioned. Large positive or negative Jacobian terms can lead to exploding or van-
ishing log-densities and hinder convergence in optimisation (Papamakarios et al. 2021).
Practical implementations often mitigate these issues through weight decay, spectral con-
straints, or penalties on extreme Jacobian values to keep the learned density well-behaved
(Papamakarios et al. 2021).

2.6.4. Sensitivity to Flow Depth and Architecture

While deeper flows are theoretically more expressive, Papamakarios et al. (2021) con-
firmed that they also increase computational cost and may interact unfavourably with
long-memory volatility dynamics. In practice, shallow or moderately deep flows often
provide sufficient flexibility to capture skewness and heavy tails in the residuals, whereas
very deep architectures yield diminishing returns and intensify identifiability and stabil-
ity concerns (Liu and Regier 2020). Consequently, parsimonious flow architectures are
generally preferable when integrating flows into GARCH-type models.

2.6.5. Implications for NF-GARCH

These considerations indicate that NF-GARCH models function as semi-parametric
volatility models, with their advantages contingent upon achieving a careful balance be-
tween flexibility and control. The GARCH recursion maintains its interpretability, whereas

https:/ /doi.org/10.3390/risks14050100
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the innovation law becomes a learned component that requires regularisation to prevent
overfitting and instability. Thus, a theoretically robust NF-GARCH specification necessi-
tates careful attention to both the volatility structure and the capacity and regularisation of
the flow.

2.7. Two-Stage NF Innovations vs. End-to-End Flow-After-Scaling

Two-stage. In this framework, the normalising flow is trained after the standard
GARCH estimation stage, rather than being embedded directly into the volatility recursion.
This modular approach separates the estimation of conditional volatility dynamics from
the learning of the innovation distribution, allowing for a clearer interpretation of each
component. Specifically, we model the following:

/ !
Ty = Ut + €, €t = 0tZy,  Zy ~ PNF,

with ¢? following the usual GARCH recursion and pnr learned from the standardised
residuals 2; = (¢ — fiy)/6;. Estimation is modular: first fit a GARCH model under a
standard innovation assumption (Gaussian or skew-t) to obtain 03, then train a flow on
{2:}. Forecasts and simulations draw z; ~ pNr and propagate through the same recursion.

Joint (end-to-end) training. An alternative modelling strategy would estimate the
GARCH volatility parameters and the normalising flow jointly within a single likelihood
function, which is a flow-after-scaling or end-to-end calibration approach. In such a
framework, the innovations are modelled as

Zr = fcp(“t)/ U ~ N((), 1), €t = 0}(9)Zt,

where both (6, ¢) are estimated simultaneously by maximising the joint log-likelihood
Y1 ¢:(6,¢). This allows the flow to adapt to the evolving volatility state and enables fully
data-driven conditional innovation laws, but it introduces a highly non-convex objective
and greater computational cost.

While theoretically appealing, this approach introduces substantial practical and con-
ceptual challenges. Joint calibration entangles the scale effects of the volatility recursion
with the shape flexibility of the flow, leading to partial identifiability between ¢;(6) and
fo(-). As a result, improvements in likelihood or forecasting accuracy cannot be uniquely
attributed to enhanced volatility dynamics or improved innovation modelling. In addi-
tion, the resulting optimisation problem is highly non-convex and numerically unstable,
particularly for asymmetric volatility specifications such as EGARCH.

For these reasons, joint calibration is not pursued empirically in this paper. Joint
estimation was not pursued due to numerical instability and the need to isolate the marginal
contribution of innovation modelling. Instead, a two-stage design is adopted to deliberately
isolate the contribution of flexible innovation distributions while preserving the classical
GARCH volatility structure. Nevertheless, joint flow-GARCH estimation remains an
important and promising direction for future research, particularly in settings where
conditional density calibration is prioritised over interpretability.

2.8. Relationship to Classical GARCH

The proposed NF-GARCH framework strictly generalises the classical GARCH model.
In particular, standard GARCH with Gaussian innovations is recovered as a special case
when the normalising flow reduces to the identity transformation

flu) =u,
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so that
zt = f(ur) = up ~ N(0,1).

Under this restriction, the NF-GARCH model collapses exactly to the conventional GARCH
specification with Gaussian residuals. Hence, classical GARCH models lie on the boundary
of the NF-GARCH model class.

It is important to note, however, that this nesting is conceptual rather than operational:
in the two-stage framework adopted in this paper, the flow is not jointly estimated with
the volatility recursion, and the identity mapping is not imposed during training. As such,
standard GARCH is not recovered through estimation but represents a limiting case within
the broader NF-GARCH modelling space. A comparison of innovation structures in
standard GARCH and in the NF-GARCH framework are shown in Figure 2.

Standard GARCH NF-GARCH
Innovation Latent Noise
z ~N(0,1) ur ~ N(0,1)
Y Y
Volatility Process Normalising Flow
0f = w+aer |+ Bo? zt = f(u)
Y Y
Return Volatility Process
Y = pr + €, € = z10% Same as Standard GARCH
Y
Return

Y = i + €1, €t = z10y

Figure 2. Comparison of innovation structures in Standard GARCH vs. NF-GARCH frameworks.

3. Experiment Setup
3.1. Data Description

Our empirical analysis utilises a dataset comprising 13 daily financial time series,
spanning the period from 31 August 2005, to 31 August 2024. The sample encompasses
six foreign exchange (FX) pairs (USD/ZAR, GBP/USD, EUR/USD, GBP/CNY, GBP/ZAR,
and EUR/ZAR) alongside seven highly capitalized equities (X, NVDA, MSFT, PG, CAT,
WMT, and AMZN). FX data were obtained from the South African Reserve Bank and
OANDA, while equity price data were retrieved from Yahoo Finance. All series were
systematically aligned to exclude non-trading days. Because this sample predominantly
represents highly liquid, major asset classes and widely traded emerging market currencies,
we caution that the empirical findings may not directly generalise to alternative asset
classes such as commodities, fixed-income instruments, or illiquid frontier markets.

Asset selection rationale. Assets were selected to span two liquid classes—major and
ZAR-denominated FX pairs and large-cap multi-sector equities—that are well known to
exhibit GARCH-type conditional heteroskedasticity and heavy-tailed innovations. Includ-
ing ZAR pairs (USD/ZAR, GBP/ZAR, EUR/ZAR) introduces emerging-market currency
dynamics alongside G10 benchmarks (GBP/USD, EUR/USD). The equities cover technol-
ogy (NVDA, MSFT), consumer staples (PG, WMT), industrials (CAT, X), and e-commerce
(AMZN), providing sector diversity. This composition allows comparison across asset

https:/ /doi.org/10.3390/risks14050100
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classes while remaining computationally feasible; extension to commodities, fixed income,
and frontier markets is noted as a direction for future work.

Returns and cleaning. We work with log returns ry = log(P;/P;_1) computed on
business days. Prices are aligned to each asset’s trading calendar; non-trading days and
missing values are dropped. Extreme single-day spikes are retained without winsorisation
so that tail behaviour is preserved for flow training and VaR analysis. A minimum of
520 valid observations is required per asset (500 training + 20 test); assets or windows that
fail to reach this threshold are excluded. Return series are treated as weakly stationary fol-
lowing standard practice, with formal residual diagnostics after GARCH filtering reported
in Section 3.5.

3.2. Data Preparation and Performance Evaluation

To preserve the inherent temporal dynamics of the sample, we partition the dataset
chronologically, allocating 65% to the training set and 35% to the test set. Robust-
ness is further established through a rolling-window time-series cross-validation frame-
work. Within this framework, each cross-validation fold comprises a training window
of 500 observations followed immediately by a 20-observation test window, advancing in
discrete, non-overlapping 500-observation increments. To manage computational feasibil-
ity while ensuring representative temporal coverage, we subsampled up to three evenly
spaced folds per asset-model pair. Consequently, these validation windows strategically
capture the early, mid, and late evaluation periods across all 13 analysed assets and their
respective models.

To strictly preclude look-ahead bias, we enforce strict chronological ordering: each
training window spans the interval from fgart to tsiart + 499, with the subsequent 20 ob-
servations designated for out-of-sample testing. Consequently, a minimum threshold of
520 valid observations is required for an asset to be included in the sample. Furthermore,
the final analysis is restricted exclusively to models that successfully achieve convergence.
To evaluate predictive accuracy and model fit, we calculate the mean squared error (MSE),
Mean Absolute Error (MAE), Akaike Information Criterion (AIC), and Bayesian Infor-
mation Criterion (BIC) independently for each window before computing their overall
averages. This localized evaluation framework captures performance heterogeneity across
diverse market regimes and mitigates reliance on any single temporal period.

3.3. Model Development and Implementation

The GARCH models are implemented in R (version 4.4.1; R Core Team, Vienna, Aus-
tria) using a custom estimation engine. This gives complete control over parameterisation
and diagnostics. We fit four variants per asset: standard GARCH (normal and Student-¢
innovations), Exponential GARCH (asymmetric effects), Glosten—Jagannathan—-Runkle
GARCH (leverage terms), and Threshold GARCH (regime-dependent responses). Maxi-
mum likelihood estimation uses R’s optim function. We evaluate models using AIC, BIC,
MSE, MAE, and residual diagnostics (Ljung-Box and ARCH-LM).

For the normalising flow, we extract standardised residuals from each fitted GARCH
model and train an independent flow model using the nflows (version 0.14.0) library in
Python (version 3.14). The main experiments use a Masked Autoregressive Flow (MAF); an
architecturally distinct Real NVP model is trained under identical hyperparameters for the
multi-seed robustness comparison. Architecture details and a side-by-side specification
appear in Table 1.

https:/ /doi.org/10.3390/risks14050100
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Table 1. Normalising flow architecture specifications T,

Component MAF (Main) RealNVP (Robustness)
Architecture

Transform Type Masked Autoregressive Flow Real Non-Volume Preserving
Coupling Autoregressive affine; masked connections Non-autoregressive affine coupling
Masking Autoregressive ordering Input split into two halves
Residual Blocks — 2 per coupling layer
Shared hyperparameters

Base Distribution Standard Normal N'(0,1)

Layers 4

Hidden Units 64 per layer

Activation ReLU

Optimizer Adam

Learning Rate 1073

Batch Size 512

Max. Epochs 75

Early Stopping Patience = 15 epochs (validation log-likelihood)

Validation Split 20% of training data

Weight Decay 1072

* Note: Both architectures use the nflows Python library (MAF: MaskedAffineAutoregressiveTransform; Real-
NVP: RealNVP class). MAF is used for all main experiments; RealNVP is applied with identical shared hyperparam-
eters for the multi-seed robustness comparison (Section 4.9). RealNVP replaces autoregressive masking with non-
autoregressive affine coupling layers, preserving exact invertibility and tractable log-determinant computation.
—: not applicable (residual blocks apply to ReaINVP coupling layers only; MAF does not use them).

Rationale for MAF. Among flow architectures, Masked Autoregressive Flows
(Papamakarios et al. 2017) are a standard choice for low-dimensional univariate density
estimation: they yield analytically tractable Jacobians, numerically stable maximum-
likelihood training on residuals, and an autoregressive factorisation that naturally matches
the univariate innovation setting. Real NVP (Dinh et al. 2016) and Neural Spline Flows
(Durkan et al. 2019) are architecturally distinct alternatives mentioned in the paper; we
adopt MAF for the main experiments after a constrained sensitivity check over depth,
width, learning rate, and batch size (Section 3.4), prioritising validation likelihood and
numerical stability. We extend the empirical comparison to Real NVP (Dinh et al. 2016) on
the same evaluation protocol and report multi-seed stability results across seeds 123, 456,
and 789 for both architectures in Section 4.9.

MAF transforms the base distribution through a series of invertible autoregressive
layers (Papamakarios et al. 2017). Each layer applies an affine transformation y; = x; -
exp(si(x<)) + ti(x<;), where the scale s; and shift ¢; are conditioned only on preceding
dimensions, ensuring strict invertibility and analytically tractable Jacobians. Post-training,
NF-GARCH models are synthesised for simulation and forecasting by integrating the flow-
generated innovations into the original GARCH recursion. While this study is confined
to a univariate framework, extending the methodology to capture joint market dynamics
via multivariate models (e.g., Multivariate GARCH (Bollerslev 1990), BEKK-MGARCH
(Engle and Kroner 1995), or Dynamic Conditional Correlation (R. Engle 2002)) remains a
compelling direction for future work.

Note that the described two-stage procedure prevents data leakage as follows:

1.  Data splitting: Split chronologically—65% training, 35% test.
2. Stage 1—GARCH estimation:
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* Estimate GARCH parameters on training set only:  OGarcy =
arg maxg Y tetrain {GARCH (71, 0);
e  Extract standardised residuals: Z; = (r; — fI;)/0: for t € train, where 0} uses
OGArcH:
3.  Stage 2—NF training:
*  Train flow on training-set residuals only: ¢* = argmaxg Y scyrain 10g P (2t; @);
e Test-set information never enters NF training.

4.  Stage 3—NF-GARCH simulation and forecasting:

*  Sample residuals from trained NF: Z; ~ ps(-; ¢*);
e  Forecast on test set: 7y = fiy + Z;01 for t € test;
e Evaluate using test-set returns only.

Furthermore, the framework strictly precludes look-ahead bias by enforcing a com-
plete separation of the training and evaluation phases. Specifically, the GARCH parameters
and their corresponding residuals are estimated exclusively on the training sample. The nor-
malising flow is subsequently trained solely on these in-sample residuals, reserving the test
set strictly for out-of-sample evaluation. This sequential methodology inherently assumes
residual stationarity across both the training and test periods—an assumption we rigor-
ously validate using Augmented Dickey-Fuller (ADF), KPSS, Ljung-Box, and ARCH-LM
tests (see Section 3.5).

3.4. Hyperparameter Selection and Model Capacity Control

The implementation of normalising flows necessitates the specification of various ar-
chitectural and optimisation hyperparameters. We followed a two-phase selection protocol.
First, the final 20% of each training window was withheld as a held-out validation set before
any hyperparameter search began, ensuring no overlap with the test period. Second, we
evaluated candidate configurations over network depth (3-6 layers), width (32-128 hidden
units), learning rates ([5 x 1074, 2 x 10_3]), and batch sizes (256-1024); the configuration
achieving the highest mean validation log-likelihood across assets and GARCH speci-
fications was retained. The finalised Masked Autoregressive Flow (MAF) architecture
comprises four layers with 64 hidden units each, using a batch size of 512. The network
is optimised via the Adam algorithm with a learning rate of 1073, incorporating an early
stopping mechanism triggered after 15 epochs without improvement in validation log-
likelihood. The same hyperparameters were applied without re-tuning to the RealNVP
robustness comparison in Section 4.9, providing a controlled architectural comparison.

Notably, expanding the network’s capacity—either in depth or width—yielded neg-
ligible in-sample improvements while inducing erratic fluctuations in the Jacobian log-
determinants and pronounced overfitting, particularly on shorter time series. To mitigate
these instabilities, we explicitly restricted the architectural depth and applied L, regularisa-
tion with a weight decay parameter of 10~°.

3.5. Residual Stationarity Diagnostics

The two-stage approach assumes standardised residuals

e —
o]

Zy

are weakly stationary after GARCH filtering, suitable for density estimation. We test this
for each asset-model pair using: Augmented Dickey-Fuller (unit root), KPSS (stationarity),
autocorrelation functions for Z; and 27, Ljung-Box Q-statistics for raw and squared residuals,
and ARCH-LM tests for remaining heteroskedasticity.

https:/ /doi.org/10.3390/risks14050100
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ADF tests reject unit roots for all models and assets. KPSS indicates stationarity for
most series. GARCH filtering largely removes serial dependence in Z;; some squared
residuals show minor remaining dependence. ARCH-LM shows substantial—but not
complete—heteroskedasticity reduction.

Table 2 summarises the diagnostics. Most series pass stationarity tests (ADF, KPSS)
with mean p-values strongly against non-stationarity. Ljung-Box shows most residuals
are approximately uncorrelated; some squared residuals retain dependence. ARCH-LM
indicates substantially reduced heteroskedasticity, though some series keep mild ARCH
effects. These support the weak stationarity assumption for flow-based density estimation,
while acknowledging that complete heteroskedasticity removal is not universal.

Table 2. Summary of residual stationarity diagnostics.

Test Mean p-Value Pass Rate (%) Interpretation
ADF (unit root) 0.012 94.4 Most residuals reject non-stationarity
KPSS (stationarity) 0.087 88.9 Most residuals fail to reject stationarity
Ljung-Box () 0.156 83.3 Most residuals show no serial correlation
Ljung-Box (2%) 0.089 77.8 Some squared residuals retain dependence
ARCH-LM 0.124 72.2 Most residuals show reduced heteroskedasticity

Note: Pass rates indicate the percentage of model-asset combinations where tests support the null hypothesis (for
ADEF, KPSS, Ljung-Box) or fail to reject homoskedasticity (for ARCH-LM). Lower p-values for ADF and KPSS,
and higher p-values for Ljung-Box and ARCH-LM, indicate better residual properties. Some residuals show
remaining ARCH effects, indicating that complete heteroskedasticity removal may not be achieved.

3.6. Theoretical Properties of Two-Stage Estimation

Two-stage estimation needs theoretical justification. Under regularity conditions
(Newey and McFadden 1994), consistency requires: (1) Stage 1 (GARCH) is consistent,
(2) Stage 2 (NF) depends on Stage 1 only through residuals, and (3) residual distribution is
stationary across training and test periods.

Two-stage is less efficient than joint maximum likelihood as it ignores cross-equation
information between GARCH and flow parameters. Practical advantages: separate opti-
misation (computationally tractable), numerical stability (avoids high-dimensional joint
optimisation), and flexibility (different methods per stage). Efficiency loss is typically small
when residuals are approximately stationary, which we validate via diagnostics; formal
efficiency comparison with joint one-step extremum estimators is left for future work.

Validity requires: (1) GARCH and NF parameters are separately identifiable, (2) resid-
ual distribution is stationary (ADF/KPSS), and (3) no functional dependence between
GARCH and NF parameter spaces. Identifiability holds because GARCH controls volatility
dynamics while NF controls residual shape, which are distinct model aspects.

3.7. Conditional vs. Unconditional Innovation Modelling

Our two-stage design models the standardised residuals using a time-invariant uncon-
ditional distribution, acknowledging that financial innovations may occasionally exhibit
mild conditional heterogeneity during periods of acute market stress. In this framework,
all temporal dynamics in volatility are captured exclusively by the GARCH recursion
via the conditional standard deviation, ;. Concurrently, the normalising flow specifies a
highly flexible, yet time-invariant, distribution for the innovations. This architectural choice
structurally mirrors classical GARCH specifications, wherein innovations are assumed
to be independent and identically distributed (i.i.d.) according to a fixed parametric law
(e.g., Gaussian, Student’s t, or Generalised Error Distribution). The NF-GARCH model
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retains this foundational structure but substitutes the rigid parametric density with a
data-driven, highly parameterised distribution learned via the flow.

To validate the assumption of a time-invariant innovation distribution, we conducted
a battery of robustness checks, including rolling-variance metrics, structural break tests,
and subsample distributional comparisons. The results confirm that while the underlying
return series exhibit the expected time-varying conditional variance, the standardised
residual distributions display no substantial structural breaks and demonstrate limited
instability, thereby empirically supporting our time-invariant modelling approach. Al-
though fully conditional or state-dependent normalising flows could theoretically capture
more complex distributional dynamics, such extensions introduce significant identifiability
and optimisation challenges, rendering them a subject for future research.

3.8. Model Evaluation and Predictions

To rigorously assess the out-of-sample predictive accuracy and distributional fidelity
of the final models, we implement a comprehensive dual-evaluation framework on a held-
out test set. The first phase evaluates the quality of the synthetic residuals generated by
the normalising flows. We employ a robust suite of distributional diagnostics, comprising
the (1) Kolmogorov-Smirnov statistic, (2) Wasserstein-1 distance, (3) the Hill estimator
for tail indices, (4) skewness, and (5) kurtosis to verify that the flow-injected innovations
successfully replicate the key empirical properties of the underlying financial data.

The second phase quantifies explicit forecasting performance utilising the previously
outlined 65/35 chronological split and rolling-window time-series cross-validation. Model
efficacy is measured via the mean squared error (MSE), Mean Absolute Error (MAE),
out-of-sample log-likelihood, AIC, and BIC. To determine the statistical significance of
performance differentials across matched model-asset-window evaluations, we apply
the non-parametric Wilcoxon signed-rank test (Demsar 2006). Furthermore, forecast win-
rates are computed to provide an interpretable summary of relative model superiority,
aligning with established best practices in volatility forecasting (Amisano and Giacomini
2007; Ziel 2016). Finally, through a combination of visual diagnostics and these formal
distributional metrics, we systematically verify the replication of stylized financial facts.
This confirms that the performance gains observed in the NF-augmented models represent
robust, structural improvements rather than transient initialisation artifacts.

3.9. Stress Testing Framework and Scenario Analysis

To rigorously evaluate the predictive stability of the proposed framework under
extreme market conditions, we implement a comprehensive stress-testing protocol encom-
passing historical crisis scenarios. The historical analysis examines two periods of acute
market dislocation: the Global Financial Crisis (1 September 2008-31 March 2009) and the
COVID-19 market crash (1 February 2020-30 April 2020). To maintain strict out-of-sample
integrity, models are calibrated exclusively on pre-crisis data and subsequently evaluated
during these defined crisis windows. Forecasting performance across all scenarios is quan-
tified via MSE and MAE. We acknowledge that the scope of this evaluation is limited to two
specific historical crises. While incorporating supplementary historical stress periods and
formally integrating regime-switching tests would further validate the model’s robustness,
such computationally intensive extensions remain vital avenues for future research.

4. Results and Discussion

In this section, we present the results of the experiments. Figure 3 shows the auto-
correlation and partial autocorrelation functions of the EURUSD (FX) and NVDA (equity)
instruments respectively as examples. Figures 4 and 5 show the histograms and Q-Q

https:/ /doi.org/10.3390/risks14050100
18



Risks 2026, 14, 100

plots for the same two assets. Table 3 shows the stylized facts by the FX and Equity asset
classes. Table 4 displays the baseline GARCH model performance. Table 5 shows the
overall performance of standard GARCH compared to NF-GARCH, while Table 6 shows
the performance of standard GARCH compared to NF-GARCH by model and distribution.
Table 7 shows the Wilcoxon signed-rank test results for standard GARCH compared to
NF-GARCH. Table 8 shows the performance of the NF-GARCH model, while Table 9 shows
the win rate of NF-GARCH by model and distribution. Tables 10-14 show the distributional
realism results of the proposed method.

ACF of Squared Returns: EURUSD PACF of Squared Returns: EURUSD

ACF of Squared Returns: NVDA PACF of Squared Returns: NVDA

w
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0 10 20 30 40 0 10 20 30 40
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Figure 3. Autocorrelation and partial autocorrelation functions of squared returns for the EURUSD
and NVDA assets. Red dashed lines indicate 95% confidence bounds.
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Figure 4. Residual histogram and Q-Q plot for the NVDA equity asset. The red line shows the
theoretical normal reference.
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Residual Histogram: EURUSD TGARCH Q-Q Plot: EURUSD TGARCH
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Figure 5. Residual histogram and Q-Q plot for the EURUSD FX asset. The red line shows the
theoretical normal reference.

4.1. Stylized Facts of Return Series

Figure 3 shows autocorrelation and partial autocorrelation functions of squared re-
turns, using the EURUSD and NVDA instruments as examples. Histograms and Q-Q plots
(Figures 4 and 5) show deviations from Normality. Both asset classes show pronounced
leptokurtosis, which are heavier tails than normal. That is, extreme returns are more likely
than Gaussian models predict.

Persistent autocorrelation seen in Figure 3 confirms conditional heteroskedasticity,
which is that large shocks tend to follow large shocks. Returns from both assets also show
heavy tails, volatility clustering, and asymmetric behaviour. The returns are not normal,
and they are not independent over time. Conditional heteroskedastic models, such as
GARCH, are thus necessary to capture these effects for these two asset classes.

Table 3 shows key metrics relating to the stylized facts of the two asset classes un-
der consideration. We note that the FX asset class shows a stronger volatility clustering
(2.174) than equities (1.817), consistent with a higher frequency and liquidity of FX trading.
The leverage effect, which is the asymmetry in volatility response to positive vs. nega-
tive shocks, is small but negative for FX (—0.008). This means that volatility increases
slightly more after negative shocks. Equities show a marginally positive coefficient (0.026),
indicating weaker asymmetry in this sample of assets under consideration.

The FX asset class also shows mild negative skewness (—0.168). Both asset classes
deviate from normality, supporting flexible innovation distributions like normalising flows
to capture heavy tails and asymmetry in the distribution.

Table 3. Stylized facts by the Equity and FX asset classes (class means of per-asset metrics) .

Asset Class Volatility Clustering Leverage Effect Gain/Loss Asymmetry Skewness
Equity 1.817 0.026 0.975 0.013
FX 2.174 —0.008 0.987 —0.168

¢ Note: Volatility clustering is the sum of the first ten ordinates of the sample ACF vector of squared returns from
R’s stats: :acf (indexing includes the lag-zero term in that vector). Leverage effect is the mean overh =1,...,5
of corr (1{r < 0}, rf +h)‘ Gain/loss asymmetry is |r¢| : ry < 0/r; : r; > 0 (mean absolute negative return divided
by mean positive return). Skewness is moments: : skewness when available, otherwise the standardised third

moment of ;. Definitions match scripts/evaluation/calculate_stylized_facts.R.

4.2. Baseline GARCH Performance

We estimated classical GARCH models with Gaussian and Student’s t innovations.
Table 4 summarises results on the 65/35 chronological split, reporting the mean MSE, MAE,
AIC, BIC, and log-likelihood across assets and models.
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Table 4. Baseline GARCH model performance using a 65/35 chronological split.

Model Number of Assets Mean MSE Mean MAE Mean AIC Mean BIC Mean LogLik
gjrtGARCH 13 0.000355 0.01151 —17,512.32 —17,476.42 8762.16
TGARCH 13 0.000355 0.01149 —16,492.24 —16,456.34 8252.12
sGARCH 13 0.000372 0.01186 —15,337.51 —15,313.58 7672.76
eGARCH 1 0.000553 0.01724 635.79 671.69 —311.89

The baseline results in Table 4 show strong persistence of the variance, which is typical
for daily returns, with a slow volatility response to new shocks. TGARCH and GJR-GARCH
perform competitively on MSE and MAE. This suggests that explicit asymmetry modelling
improves short-horizon forecasts over symmetric GARCH. TGARCH achieves a lower AIC
and a higher log-likelihood, suggesting threshold dynamics fit better when returns show
pronounced downside responses.

We observe that the eGARCH model underperformed overall. This is due to unstable
fits and substantially higher errors. This often happens when the exponential specification
is too sensitive to outliers or when the log-volatility recursion amplifies noise in smaller sam-
ples. Only one asset yielded convergent eGARCH estimates (N = 1 in the table compared
to N = 13 for the other models). The eGARCH model still remains theoretically relevant for
our study because it models asymmetry directly without non-negativity constraints.

4.3. EGARCH and TGARCH Convergence

The results in Table 4 show that the standard TGARCH with skewed-t innovations
converges for all 13 assets. We also note that NF-TGARCH also converges and shows a
small mean MSE improvement (1.2%) as shown in Table 6. NF-EGARCH fails to converge
in 12 of 13 assets. The two-stage NF-GARCH design decouples variance dynamics from
innovation shape (flow-learned distribution), which helps avoid the parameter interactions
that destabilise NF-EGARCH.

eGARCH combined with normalising flows failed for 12 of 13 assets, producing ex-
treme forecast errors (e.g., 4.15 x 10%°). Two factors explain this: (1) eGARCH’s log-variance
specification amplifies noise from flow-generated tail regions—minor irregularities are
magnified through the exponential transformation, destabilising the volatility recursion;
(2) identifiability conflicts arise because both e GARCH’s asymmetric structure (via ) and
NF’s distributional flexibility capture skewness and asymmetry, creating parameter redun-
dancy. Multiple model components compete to explain the same empirical regularities,
leading to weakly identified likelihood surfaces, local optima, and divergence. We exclude
eGARCH from main comparisons in this paper. These exclusions do not affect the main
conclusions, which rest on sGARCH, NF-TGARCH, and gjrGARCH.

It is worth noting that TGARCH and gjrGARCH are the strongest conventional base-
lines on MSE and MAE as shown in Table 4. sGARCH serves as a stable but less flexible
symmetric benchmark.

4.4. Limitations of Baseline Comparisons

We compare NF-GARCH against standard GARCH with normal and Student’s ¢ dis-
tributions. Future work should include Generalised Error Distribution (GED) GARCH
and semi-parametric alternatives (Engle and Ng 1993) for more comprehensive evaluation.
GED is another flexible parametric alternative that could serve as a stronger baseline. Semi-
parametric GARCH models (Engle and Ng 1993; Hansen 1994) provide a non-parametric
innovation estimation conceptually similar to NF-GARCH. The current focus on nor-
mal and Student’s t distributions is justified by widespread practice and computational
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feasibility, but more comprehensive comparisons would strengthen the evaluation and
the conclusions.

4.5. NF-GARCH Forecasting Performance

Table 5 reports overall results on the 65/35 chronological split after excluding non-
convergent runs and extreme outliers. We note that the NF-GARCH substantially reduces
out-of-sample forecast errors.

Table 5. Overall NE-GARCH vs. standard GARCH performance on unseen data 9.

Source Number of Obs Mean MSE Median MSE Mean MAE Median MAE Mean AIC Mean BIC
Standard 65 0.000370 0.000358 0.0119 0.0133 —15,940 —15,908
NF_GARCH 65 0.000365 0.000357 0.0118 0.0133 —15,940 —15,908

d Note: “Number of Obs” is the count of retained paired evaluation records (model-asset-window aggregates)
entering the overall summary after excluding non-convergent runs and extreme outliers, not the raw daily
sample length.

The NF-GARCH achieves marginally lower [lower is better] mean forecast errors
(mean MSE: 0.000365 vs. 0.000370; mean MAE: 0.0118 vs. 0.0119). Median MSE and
MAE are nearly identical across the two models; AIC and BIC match because the GARCH
component is estimated once and the flow does not change the likelihood of the volatility
model. Improvements are modest overall but statistically significant for specific model—-
distribution pairs—see Wilcoxon tests and win rates in Tables 7 and 9 respectively.

Table 6 presents aggregate performance by model specification. For the 13-asset run,
all four model—-distribution combinations converge for standard and NF-GARCH (except
eGARCH, which converges for one asset). TGARCH-sstd and gjrGARCH-sstd show small
positive mean MSE improvements (1.2% and 0.3% respectively). sGARCH-sstd shows
a 0.4% improvement; sGARCH-norm shows a slight mean deterioration (—2.0% MSE),
with NF-GARCH and standard GARCH performing similarly on average. eGARCH-sstd
(N = 1) shows a 22% MSE improvement where both specifications converge. This pattern
indicates that gains from flow-based innovations are specification-dependent and most
pronounced for skewed-t baselines (gjrGARCH, sGARCH-sstd), consistent with Wilcoxon
and win-rate results in Tables 7 and 9 respectively.

Table 6. NF-GARCH vs. standard GARCH performance by model and distribution ©.

Model Dist N NF MSE Std MSE NF MAE Std MAE MSE Impr (%) MAE Impr (%)
TGARCH sstd 13 0.000355 0.000359 0.0115 0.0116 1.2 1.0
eGARCH sstd 1 0.000508 0.000651 0.0161 0.0189 22.0 14.5
girtGARCH  sstd 13 0.000354 0.000355 0.0115 0.0115 0.3 0.2
sGARCH norm 13 0.000372 0.000364 0.0118 0.0118 —2.0 —0.5
sGARCH sstd 13 0.000354 0.000356 0.0115 0.0115 0.4 0.2

¢ Note: Dist: norm = Gaussian innovations; sstd = skewed Student’s t per Ferndndez and Steel (1998) as
parameterised in the R GARCH engine. N = number of assets for which both standard and NF-GARCH
converged. MSE Impr (%) = 100 x (Std MSE — NF MSE) /Std MSE; positive = NF improvement, negative = NF
deterioration. The eGARCH row (N = 1) reflects the single convergent asset in the full-sample baseline (see
Section 4.2); crisis-window eGARCH rows in Table 14 use a different pipeline (see footnote a there).

Wilcoxon signed-rank tests, in Table 7, confirm statistical significance for two of four
model-distribution combinations, providing evidence that improvements are not due
to chance. Both gjrGARCH-sstd and sGARCH-sstd achieve significance at the 5% level
(p = 0.0156), with the Wilcoxon statistic equal to zero indicating that NF-GARCH achieved
lower MSE than the standard model in every asset in those groups (13 assets). sGARCH-
norm and TGARCH-sstd do not reach significance (p = 0.8438 and 0.2812 respectively).
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These results indicate that flexible innovation distributions yield statistically measurable
improvements specifically for skewed-t baselines (gjrGARCH and sGARCH-sstd), and not
for sGARCH with normal innovations or for TGARCH in this sample.

Table 7. Wilcoxon signed-rank tests for NF-GARCH vs. standard GARCH.

Model Distribution Test Type Statistic p-Value Significant
gjtGARCH sstd MSE (NF < Standard) 0 0.0156 Yes
sGARCH sstd MSE (NF < Standard) 0 0.0156 Yes
sGARCH normal MSE (NF < Standard) 15 0.8438 No
TGARCH sstd MSE (NF < Standard) 7 0.2812 No

Table 8 shows the results by asset class. We note that the mean MSE and MAE are
very similar for NF-GARCH and standard GARCH in both equities and FX. The results
show that the NF-GARCH approach produced marginally lower MSE [lower is better]
(equity: 0.000654 vs. 0.000664 MSE; FX: 0.0000516 vs. 0.0000518 MSE). The narrow gap in
performance reflects the fact that many individual comparisons are close between the two
models, with statistically significant gains concentrated in gjrGARCH-sstd and sGARCH-
sstd, as indicated by the Wilcoxon and win-rate results in Tables 7 and 9 respectively.

Table 8. Performance summary of the models by asset class.

Asset Class Source N Assets Mean MSE Mean MAE Mean AIC
Equity Standard 7 0.000664 0.01809 —12,502
Equity NF-GARCH 7 0.000654 0.01785 —12,502
FX Standard 6 0.0000518 0.00517 —19,665
FX NF-GARCH 6 0.0000516 0.00515 —19,665

Win rates (Table 9) show NF-GARCH outperforms standard GARCH in 100% of com-
parisons for the gjrGARCH-sstd and sGARCH-sstd models, consistent with the significant
Wilcoxon results. TGARCH-sstd wins in 9 of 13 (69.2%); sGARCH-norm wins in 4 of 13
(30.8%). We note that the gjrGARCH-sstd and sGARCH-sstd approaches achieve 100% win
rates, reinforcing that improvements are systematic for those specifications. sGARCH-norm
and TGARCH-sstd show mixed win rates, consistent with non-significant Wilcoxon tests
in Table 7.

In our experiments, we further noted that varying flow depth of the normalising
flow (3-6 layers), hidden width (32-128 units), and coupling type (affine/spline) produces
modest median MSE changes (within a few percentage points). Qualitative rankings stay
consistent, supporting the baseline architecture that we utilised in this paper. A formal
multi-seed and architecture comparison—covering MAF and RealNVP across seeds 123,
456, and 789—confirming these stability claims is presented in Section 4.9.

Table 9. NF-GARCH win rate by model and distribution.

Model Distribution Total Comparisons NF Wins Win Rate (%)
TGARCH sstd 13 9 69.2
eGARCH sstd 1 1 100.0
gitGARCH sstd 13 13 100.0
sGARCH norm 13 4 30.8
sGARCH sstd 13 13 100.0
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4.6. Distributional Realism

Our results show that the NF-GARCH residuals align more closely with empirical
quantiles. Table 10 shows lower Kolmogorov—Smirnov and Wasserstein distances for NF-
GARCH, especially GJR-GARCH and sGARCH (KS: 0.072-0.074, Wasserstein: 0.147-0.160).
Improved tail and asymmetry capture. Lower Kolmogorov-Smirnov and Wasserstein
values (0.072-0.074 for sGARCH and gjrGARCH) indicate closer matching of residual
distributions than TGARCH or eGARCH. All models show reasonable tail indices.

The results by asset class are shown in Table 11. The results show that NF-GARCH
shows consistent improvements for both FX and equities. KS distance reduction is modest
but systematic: equities improve from 0.064 to 0.052; FX from 0.033 to 0.029. The additional
flow flexibility benefits assets with higher asymmetry and kurtosis—more common in
equity returns than major FX pairs. Both asset classes show reduced distributional distances
under NF-GARCH. Equities show the largest improvements (KS: 0.064 to 0.052), reflecting
enhanced tail modelling and asymmetry capture.

Table 10. Distributional metrics: NF vs. standard residuals.

Model Mean Kolmogorov-Smirnov Mean Wasserstein Mean Tail Index Mean Skewness = Mean Kurtosis
TGARCH 0.095 0.216 2.590 0.425 27.86
eGARCH 0.143 0.299 2.404 —0.011 79.01
girGARCH 0.074 0.147 3.106 0.199 13.02
sGARCH 0.072 0.160 2.975 0.458 15.52

Table 11. Distributional metrics summary by asset class.

Asset Class  Source Mean Kolmogorov-Smirnov Mean Wasserstein
FX Standard 0.0330 0.0042
FX NF_GARCH 0.0290 0.0037
Equity Standard 0.0640 0.0068
Equity NF_GARCH 0.0520 0.0053

4.7. Risk Calibration: VaR Backtesting

Tables 12 and 13 show the VaR backtesting results. VaR backtesting at 95% and
99% shows observed exceedance rates (5.06% and 1.01%) closely matching expected rates.
High Kupiec and Christoffersen p-values (p = 1.00 for all models) suggest well-calibrated
VaR estimates. However, perfect calibration across all models and assets needs careful
interpretation. Possible explanations: (1) conservative VaR estimates (wide bands, fewer
exceedances), (2) limited test sample size reducing backtest power, or (3) test periods lacked
sufficient extreme events. High p-values mean we cannot reject correct unconditional
coverage and independence, but this does not imply optimal calibration—it may reflect
conservative risk estimates, which is often desirable in risk management.

Table 13 shows detailed diagnostics. Observed exceedance rates are slightly below expected
at both confidence levels, possibly indicating conservative VaR estimates. Kupiec statistics are
uniformly low (close alignment); Christoffersen statistics show no exceedance clustering.

Table 12. Detailed VaR backtesting diagnostics P.

Conf Level Observed Rate Expected Rate Kupiec Stat  Kupiec p-Value  Christoffersen Stat  Christoffersen p-Value
0.95 0.0506 0.0500 0.002 1.00 0.001 1.00
0.99 0.0101 0.0100 0.000 1.00 0.000 1.00

b Note: Entries are pooled averages across model-asset cells (rounded for display). Test statistics and p-values are
aggregated analogously. Observed rates slightly below expected rates may indicate conservative VaR estimates.
High p-values indicate we cannot reject correct coverage, but this may reflect conservative calibration rather than
exact calibration.
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Table 13. VaR backtesting results by model and confidence level £

Model Conf Level N Assets Observed Rate Expected Rate Kupiec p-Value  Christoffersen p-Value
TGARCH 0.95 13 0.0506 0.05 1.00 1.00
TGARCH 0.99 13 0.0101 0.01 1.00 1.00
eGARCH 0.95 13 0.0506 0.05 1.00 1.00
eGARCH 0.99 13 0.0101 0.01 1.00 1.00
gjrGARCH 0.95 13 0.0506 0.05 1.00 1.00
gjrGARCH 0.99 13 0.0101 0.01 1.00 1.00
sGARCH 0.95 13 0.0506 0.05 1.00 1.00
sGARCH 0.99 13 0.0101 0.01 1.00 1.00

f Note: Observed exceedance rates and test p-values are identical across GARCH variants because (i) all four
models are estimated on the same 13 assets and evaluated over the same 35% test window, and (ii) at both
confidence levels (95%, 99%) the pooled exceedance rate rounds to the same value across models. Kupiec and
Christoffersen statistics aggregate to near-zero because the observed rates are very close to—but uniformly slightly
above—the expected rates, reflecting conservative rather than exact calibration. Model-level differences in VaR
sharpness are not detectable through pooled exceedance rates at this sample size; they would require asset-level
or rolling-window disaggregation. The identical p-values therefore signal limited backtest power rather than
model indistinguishability. See Table 12 for aggregated diagnostic statistics.

4.8. Stress Testing

Table 14 shows the performance during stress periods. During the 2008 global Fi-
nancial Crisis (GFC), NF-GARCH shows small MSE differences: girGARCH improves by
0.5%; TGARCH, eGARCH and sGARCH show negligible or slight deteriorations (—0.4%,
—0.1%, —0.2%). During the COVID-19 pandemic, TGARCH and eGARCH show marginal
deteriorations (—0.1%, —0.6%); gjrGARCH deteriorates more (—24.6%); sGARCH is close
to neutral (—0.02%). Benefits under stress are limited in this sample; the similarity between
the NF and standard MSE in these windows suggests that under sustained or abrupt
volatility regimes the gain from flow-based innovations is context-dependent.

Table 14. Forecast performance during historical crises: GFC 2008 vs. COVID-19 2020 2.

Crisis Model N NF MSE Standard MSE  MSE Improvement (%)
GFC 2008 TGARCH 12 0.00112 0.00111 —04
GFC 2008 eGARCH 12 0.00112 0.00112 -0.1
GFC 2008 girGARCH 12 0.00132 0.00112 0.5
GFC 2008 sGARCH 12 0.00185 0.00112 —-0.2
COVID 2020 TGARCH 12 0.00102 0.00103 —0.1
COVID 2020 eGARCH 12 0.00103 0.00102 —0.6
COVID 2020 gjirGARCH 12 0.00148 0.00103 —24.6
COVID 2020 sGARCH 12 0.00188 0.00103 —0.02

@ Note: N = 12 is the number of asset—crisis cells retained in the stress-test aggregation (after the crisis-window
filters applied in the replication scripts). This count need not coincide with full-sample convergence counts
in Table 4 (e.g., eGARCH converges for only one asset in the main baseline table); the eGARCH crisis rows
summarise that subsample pipeline and should be read alongside the convergence discussion in Section 4.2.

4.9. Architectural Robustness: Multi-Seed Stability and RealNVP Comparison

To address the empirical validation concern raised in review, we extend the baseline
MAF experiments in two directions: (i) we repeat training across three independent random
seeds (123, 456, 789) and (ii) we compare against Real Non-Volume Preserving (RealNVP)
flows (Dinh et al. 2016), an architecturally distinct coupling-based alternative to MAF.
All results use a six-asset subset of the main sample (NVDA, MSFT, AMZN, EURUSD,
GBPUSD, USDZAR) and the same four GARCH specifications and chronological 65/35
split as the main experiments. Scope note: this robustness exercise is intentionally limited to
the six-asset subset as a practical compromise between computational cost and representativeness;
it covers three equity and three FX assets spanning both asset classes and is sufficient to assess
seed stability and architecture sensitivity, but the findings should not be extrapolated without
qualification to the remaining seven assets in the main analysis.
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4.9.1. ReaINVP Configuration

RealNVP decomposes the input using non-autoregressive affine coupling layers: the
input is partitioned into two halves, one of which conditions the affine transform of the
other, removing MAF’s autoregressive ordering constraint while preserving exact invert-
ibility and tractable log-determinant computation. We match all other hyperparameters
to the MAF baseline (4 coupling layers, 64 hidden units per coupling network, Adam
optimiser, learning rate 103, batch size 512, maximum 75 epochs, early stopping patience
of 15 epochs on validation log-likelihood), with 2 residual blocks per coupling layer.

4.9.2. Seed Stability

Table 15 reports the mean KS distance (averaged over the four GARCH specifications),
mean Wasserstein distance, NF-residual skewness and kurtosis, and Kupiec VaR pass
rate for each seed-architecture combination. Across the three MAF seeds the mean KS
distance is 0.060 with a standard deviation of 0.0004—indicating near-zero sensitivity to
random initialisation. ReaINVP shows a slightly wider spread (std 0.0014) but an identical
mean (0.060), with KS distances in the range 0.059-0.062. In both architectures the NF-
transformed residuals converge to near-Gaussian marginals (skewness ~ 0.00, kurtosis
~ 3.00 across all runs), confirming that the normalising-flow training objective is achieved
consistently regardless of seed choice.

Table 15. Multi-seed and architecture robustness: distributional quality and VaR pass rates 8.

Architecture Seed Mean KS Mean Wass. Skewness Kurtosis Kupiec Pass Rate
MAF 123 0.0602 0.1367 —0.000 2.986 1.00
MAF 456 0.0609 0.1365 —0.011 2.990 1.00
MAF 789 0.0601 0.1366 -+0.006 2.991 1.00
MAF mean (std) 0.0604 (0.0004)  0.1366 (0.0001) 1.00
RealNVP 123 0.0589 0.1343 -+0.011 3.031 1.00
RealNVP 456 0.0617 0.1388 —0.002 2.966 1.00
RealNVP 789 0.0605 0.1361 -+0.004 2.999 1.00
RealNVP mean (std) 0.0604 (0.0014)  0.1364 (0.0023) 1.00

& Note: Results are based on the six-asset subset (NVDA, MSFT, AMZN, EURUSD, GBPUSD, USDZAR); see
scope note in text. KS (Kolmogorov-Smirnov) and Wasserstein distances are averaged across the four GARCH
specifications (sGARCH, eGARCH, gjrGARCH, TGARCH). Skewness and kurtosis are computed from the
NF-transformed residuals pooled over model-asset combinations; target values are 0 and 3 (standard normal).
Kupiec pass rate is the fraction of model-asset-confidence-level cells passing the (Kupiec 1995) unconditional
coverage test at the 5% level (both 95% and 99% VaR evaluated). All 36 seed—architecture-model-confidence-level
combinations pass both (Christoffersen 1998; Kupiec 1995) independence tests. Italicised rows represent cross-seed
mean and standard deviation.

4.9.3. VaR Robustness

All 36 seed—architecture-model-confidence-level combinations achieve a (Kupiec
1995) pass rate of 1.00 and a (Christoffersen 1998) pass rate of 1.00, with mean exceedance
rates of 0.0506 at the 95% level and 0.0101 at the 99% level in every case. The absence of
any variation across seeds or flow families in VaR calibration indicates that risk coverage is
insensitive to both random initialisation and architecture choice.

4.9.4. MAF vs. RealNVP

Neither architecture dominates on distributional quality: the mean KS distance is 0.060
for both MAF and RealNVP (Table 15). MSE improvements relative to standard GARCH
range from —0.01% to +0.04% for MAF and —0.20% to —0.07% for RealNVP, consistent
with the established finding that flow-based gains are modest in magnitude but stable in
sign across specifications. Within this six-asset subset, the results suggest that the choice of
flow architecture is not a material driver of distributional or risk-calibration performance;
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however, given the subset scope, this conclusion should be regarded as indicative rather
than definitive, and replication across the full 13-asset sample remains a direction for
future work.

4.10. Forecasting Performance and Comparison with Prior Literature

NF-GARCH yields modest but statistically significant forecast improvements for
specific specifications. Mean squared errors are marginally lower overall (mean MSE
0.000365 vs. 0.000370). Wilcoxon tests confirm significance (p = 0.0156) for gjrGARCH-sstd
and sGARCH-sstd; win rates reach 100% for those two model-distribution combina-
tions. TGARCH-sstd wins in 69.2% of comparisons; sGARCH-norm shows no systematic
advantage (30.8% win rate). Improvements are thus specification-dependent and most
pronounced for skewed-t baselines.

These results align with and extend prior research on innovation misspecification.
(Hansen 1994) demonstrated theoretically that innovation distribution misspecification
propagates into biased volatility estimates and forecast errors. Our findings provide
empirical confirmation: for skewed-t baselines (gjrGARCH-sstd, sGARCH-sstd), NF-
GARCH achieves 100% win rates and significant Wilcoxon results, suggesting that flow-
based density learning captures residual structure beyond what those parametric forms
provide. Bauwens et al. (2006) showed that flexible innovation distributions improve
Value-at-Risk forecasts in multivariate GARCH models. Our results complement this by
demonstrating that even in univariate settings, innovation flexibility yields statistically
detectable improvements where the baseline is skewed-t. The magnitude is modest in per-
centage terms (e.g., 0.3-1.2% mean MSE improvement for gjrGARCH-sstd and TGARCH-
sstd) but consistent with semi-parametric approaches that report 10-30% MSE reductions
in different settings (Engle and Ng 1993); here, the key finding is statistical significance and
100% win rates for two skewed-t specifications rather than large percentage gains.

The differential performance across asset classes—with equity mean MSE marginally
lower under NF-GARCH (0.000654 vs. 0.000664) and FX similarly marginally lower
(0.0000516 vs. 0.0000518)—echoes findings by Andersen et al. (2001), who documented
that equity returns exhibit more pronounced volatility patterns than major currency pairs.
These improvements result from correcting the residual distribution without altering the
volatility recursion, distinguishing our findings from hybrid deep learning approaches where
improvements cannot be attributed solely to innovation modelling (Kim and Won 2018).

4.11. Comparison with Alternative Flexible Innovation Methods

To contextualize our results, we compare NF-GARCH with alternative flexible innova-
tion methods. Fernandez and Steel (1998) developed skewed parametric distributions that
capture asymmetry within tractable functional forms. While these represent improvements
over symmetric innovations, our girGARCH-sstd baseline—a strong implementation of this
approach—achieves a 100% win rate when augmented with flows (NF-GARCH lower MSE
than the standard in every asset), suggesting that data-driven density learning captures
distributional features beyond what parametric skewed-t families can represent. Engle
and Ng (1993) applied kernel density estimation to GARCH residuals, offering flexibility
without strong parametric assumptions but requiring careful bandwidth selection. In con-
trast, normalising flows combine nonparametric flexibility with parametric tractability
through invertible transformations, eliminating manual tuning while maintaining exact
likelihood evaluation.

Generative adversarial networks (Goodfellow et al. 2014; Wiese et al. 2020) have been
explored for financial time series generation. While GANs produce realistic samples, they
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suffer from training instability and lack the tractable likelihood evaluation necessary for
GARCH parameter estimation and VaR calibration (Arjovsky et al. 2017).

End-to-end deep learning approaches bypass GARCH structures entirely (Kim and
Won 2018). While achieving competitive forecast accuracy, they sacrifice interpretabil-
ity—practitioners cannot extract volatility persistence parameters or leverage coefficients
critical for risk management (Rudin 2019). Harvey et al. (2022) emphasize that in regulated
financial applications, “black-box” models face substantial adoption barriers. The modular
NF-GARCH design preserves all standard GARCH diagnostics while adding innova-
tion flexibility.

4.12. Why EGARCH Underperforms with Flow-Based Innovations

A central methodological finding is the persistent underperformance of NF-EGARCH.
Standard TGARCH-sstd converges for all 13 assets; NF-EGARCH fails to converge in 12
of 13 assets, with failures attributable to parameter interactions between the EGARCH
(log-scale) variance mechanism and flexible flow-based innovation specifications.

4.12.1. Structural Sources of Instability

EGARCH models variance on a logarithmic scale (Nelson 1991), amplifying noise
in the residual sequence. Minor irregularities from the normalising flow, especially in
tail regions where coupling layers are most expressive, are magnified by the exponential
transformation, leading to unstable volatility recursion. Both EGARCH and normalising
flows are designed to capture skewness and asymmetry. When these features are modelled
simultaneously within the volatility recursion and the innovation distribution, the likeli-
hood surface becomes weakly identified, as multiple components compete to explain the
same empirical regularities.

4.12.2. Parameter Redundancy and Identifiability

This finding aligns with broader econometric research on model identifiability.
Rothenberg (1971) established foundational theory demonstrating that models with redun-
dant parameterisations suffer from weak identification and unstable estimation. The consis-
tent instability of NF-EGARCH—as evidenced by extreme forecast errors (e.g., 4.15 x 10°)
and convergence failures in 12 of 13 assets—suggests that identifiability issues arise not
only from overparameterisation within a single model component, but also from redun-
dancy across volatility and innovation specifications. Francq and Zakoian (2010) note that
GARCH parameter estimates become unstable when innovation distributions are severely
misspecified. Our findings suggest a more nuanced relationship: when innovation dis-
tributions are too flexible relative to volatility asymmetry, the model struggles to allocate
explanatory power appropriately between components.

4.12.3. Practical Implications

For practitioners, these findings suggest that innovation flexibility should be paired
with simpler, more symmetric volatility recursions such as sGARCH or modest asymme-
try specifications like GJR-GARCH. Combining aggressive asymmetry in both variance
dynamics (EGARCH) and innovation distributions (normalising flows) risks instability.
Notably, NF-TGARCH succeeded by decoupling these mechanisms through two-stage
estimation, revealing that combining highly flexible variance dynamics with shape-flexible
innovations requires careful architectural design.

4.13. Limitations and Scope

The two-stage architecture preserves interpretability while addressing innovation mis-
specification. Limitations include unconditional innovation modelling (preventing capture
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of time-varying distributional features), limited asset coverage (13 liquid major-market
assets), and increased computational cost. Stress testing shows modest improvements
during sustained volatility (GFC 2008) but mixed performance during abrupt regime shifts
(COVID-19), suggesting benefits depend on regime characteristics.

When to prefer NF-GARCH. Based on our evidence, NF-GARCH is most attrac-
tive when: (i) the baseline uses a skewed Student’s t innovation and the forecaster cares
about marginal forecast error (Wilcoxon significance and win rates for gjrGARCH-sstd and
sGARCH-sstd); (ii) distributional realism of simulated or filtered residuals matters for sce-
nario analysis, backtesting culture, or internal risk dashboards, even if point MSE gains are
small in percentage terms; (iii) modularity is valued—volatility parameters and diagnostics
remain those of a standard GARCH family, with the flow as an add-on. NF-GARCH is a
weaker candidate when a Gaussian sGARCH already suffices, when joint state-dependent
tails are essential (crisis regimes), or when eGARCH-type asymmetry is combined with flow
flexibility (instability). Economic interpretation: the magnitudes we report are unlikely to
dominate transaction costs or model-risk considerations alone; they are more naturally read
as showing that misspecified innovation tails can be partially repaired without respecifying
07, aligning with regulatory interest in auditable, incrementally deployable risk engines
rather than with large standalone alpha claims.

5. Conclusions

This study investigated the efficacy of integrating normalising flows (NF) into classical
GARCH frameworks to enhance financial return volatility modelling. By employing a
two-stage NF-GARCH design across a diverse cross-section of financial series and multiple
GARCH variants, we evaluated whether deep generative components can successfully
resolve the limitations of traditional parametric innovation distributions. Our rigorous
evaluation, utilising chronological splits and time-series cross-validation, demonstrates
that the NF-GARCH framework yields statistically significant forecast improvements over
baseline models, particularly those reliant on skewed-t innovations. While the reductions
in forecast errors are modest, they are highly consistent and specification-dependent. Be-
yond point forecasting, the NF-GARCH residuals exhibit a demonstrably closer alignment
with empirical test set distributions, as evidenced by comprehensive diagnostic metrics.
Importantly, the framework maintains appropriate Value-at-Risk (VaR) calibration. To as-
sess architectural robustness, we additionally compared Masked Autoregressive Flows
against RealNVP across three independent random seeds (123, 456, 789). Both architectures
yield near-identical distributional quality (mean KS distance 0.060 for both; seed standard
deviation < 0.001) and perfect VaR pass rates across all seed—architecture combinations,
confirming that the reported findings are not artefacts of a single flow family or random
initialisation. Consequently, this hybrid approach provides practically relevant enhance-
ments for risk modelling without sacrificing the inherent interpretability and theoretical
grounding of standard GARCH structures.

A primary advantage of the proposed framework is its modularity; flexible innovation
distributions improve empirical realism without altering the underlying variance dynamics.
This integration of classical econometrics with modern generative components yields a
transparent tool compatible with existing risk infrastructures. However, the study identifies
notable architectural and operational constraints. Specifically, attempting to combine
highly asymmetric variance mechanisms (such as the EGARCH specification) with flexible
flow-based innovations proved unstable, leading to widespread convergence failures.
Furthermore, the model currently relies on unconditional innovation modelling, which
limits its ability to capture time-varying distributional features, and its computational
overhead is greater than that of traditional methods.
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Future research should address these limitations by exploring conditional flows with
state dependence to accurately capture time-varying innovation distributions. Extend-
ing the framework to multivariate settings could enable the sophisticated modelling of
cross-asset dependencies. Additionally, broadening the asset coverage to encompass com-
modities, fixed income, and emerging markets—alongside formal regime-switching tests
and stress scenarios—will further strengthen the robustness evaluation; a comparison of
Neural Spline Flows (Durkan et al. 2019) would complement the MAF-RealNVP compari-
son reported here. Ultimately, pursuing these avenues will help transition NF-GARCH
from a hybrid prototype into a mature, standard model class that seamlessly bridges
classical econometrics and deep generative modelling.

Author Contributions: Conceptualisation, A.H., EM. and W.T.M.; methodology, A.H. and W.T.M.;
software, A.H.; validation, A.H., EM. and W.T.M.; formal analysis, A.H.; investigation, A.H.; re-
sources, A.H.; data curation, A.H.; writing—original draft preparation, A.H.; writing—review and
editing, A.-H., EM. and W.T.M,; visualisation, A.H.; supervision, EM. and W.T.M.; project administra-
tion, EM. and W.T.M. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.
Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: All data, code, and additional materials supporting the reported re-
sults are available in the GitHub repository: https:/ /github.com/AbdullahHassan176/NFGARCH
(version v2.0; accessed on 16 April 2026). This includes full exploratory data analysis, per-asset model-
evaluation tables, distributional and tail diagnostics, synthetic data and simulation-quality assess-
ments, complete VaR backtests, stress-scenario definitions and responses, hyperparameter-sensitivity
analyses, methodological diagnostics, source code, and all figures and high-resolution plots.

Acknowledgments: The authors gratefully acknowledge the support and guidance provided by
the School of Statistics and Actuarial Science at the University of the Witwatersrand. We thank the
reviewers for their constructive feedback and suggestions that improved this manuscript.

Conflicts of Interest: The authors declare no conflicts of interest.

Abbreviations

The following abbreviations are used in this manuscript:

ACF Autocorrelation Function

ADF Augmented Dickey-Fuller

AIC Akaike Information Criterion

ARCH Autoregressive Conditional Heteroskedasticity
ARMA Autoregressive Moving Average

BIC Bayesian Information Criterion

EGARCH Exponential GARCH

ES Expected Shortfall

FX Foreign Exchange

GARCH Generalised Autoregressive Conditional Heteroskedasticity
GED Generalised Error Distribution

GFC Global Financial Crisis

GJR-GARCH  Glosten-Jagannathan-Runkle GARCH

KS Kolmogorov-Smirnov

MAE Mean Absolute Error

MAF Masked Autoregressive Flow

MSE Mean Squared Error
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NF-GARCH  Normalising Flow-GARCH

RealNVP Real Non-Volume Preserving Flow
PACF Partial Autocorrelation Function
TGARCH Threshold GARCH
TSCV Time-Series Cross-Validation
VaR Value-at-Risk
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Abstract

Exogenous shocks can affect equity markets by changing volatility and cross-market co-
movement. This study examines how two U.S.-centred events, treated as different shock
types, influence time-varying conditional correlations between the U.S. stock market and
other G7 markets. The uncertainty shock is proxied by the U.S. presidential election of
5 November 2024, while the action shock is proxied by President Trump’s 2 April 2025
announcement of reciprocal tariffs. Using daily log returns for the S&P 500 and leading in-
dices for Canada, France, Germany, Italy, Japan and the United Kingdom, we cover January
2010 to July 2025 and assess event effects using correlation paths for June 2024-June 2025
and symmetric +30-day windows. We employ a DCC-GARCH model to jointly estimate
conditional variances and dynamic correlations for six USA-G7 pairs. The results indicate
persistent correlation dynamics, with Canada/USA the highest and Japan/USA the lowest.
Election-related uncertainty is associated with declines in correlation for European pairs,
suggesting temporary decoupling, while Canada and Japan show only small changes. By
contrast, the tariff action shock significantly increases conditional correlations across all
country/USA pairs, implying stronger market synchronisation, with the largest increases
in North America and parts of Europe, and the smallest adjustment in Japan.

Keywords: uncertainty shock; action shock; G7 stock markets; DCC-GARCH; dynamic
conditional correlation

1. Introduction

Political events can affect financial markets by changing asset prices, market volatility,
and investor decisions. Empirical studies on political uncertainty generally show that
higher perceived political instability is linked to lower stock returns and higher volatility
in financial assets (Arouri et al. 2016; Agoraki et al. 2022). Political and trade-related events
can indeed act as significant exogenous shocks, influencing macroeconomic expectations,
regulatory frameworks, and the stability of international economic relations. These shocks
propagate across borders through various mechanisms, including trade linkages, financial
exposure, and shifts in global risk sentiment (Mei and Guo 2004; Dungey et al. 2018; Cunha
and Kern 2022).

This study examines the reaction of G7 stock markets to two major U.S.-centred
events, treated as distinct types of exogenous shocks, i.e., the U.S. presidential election held
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on 5 November 2024 and President Trump’s 2 April 2025 announcement of “reciprocal
tariffs” (the so-called Liberation Day). We classify these events as an uncertainty shock
and an action shock, respectively. In this context, the uncertainty shock is associated with
a political event whose consequences remain highly uncertain even after the outcome is
known, whereas the action shock is associated with a discrete policy move with immediate
price relevance. While both events originated in the United States, their global relevance is
evident. The U.S. economy plays a central role in international trade, financial markets, and
global capital allocation. Consequently, shifts in U.S. political and trade policy can affect
other G7 economies through multiple channels, including export exposure, multinational
corporate earnings, exchange rate adjustments, and portfolio rebalancing. However, the
magnitude and nature of these effects are likely to be heterogeneous, reflecting differences
in economic structure, financial integration, and sectoral composition of stock indices.

Methodologically, this paper employs a Dynamic Conditional Correlation GARCH
(DCC-GARCH) model. This approach captures changes in both conditional volatility and
time-varying cross-market correlations between the U.S. market and each of the remaining
G7 leading stock indices. Specifically, we estimate six USA-G7 country pairs and analyse
the two exogenous shocks separately.

The main contribution of this study is threefold. First, it introduces a comparative
shock-based perspective by distinguishing between two conceptually different U.S.-centred
exogenous shocks, i.e., an uncertainty shock, represented by the 2024 U.S. presidential elec-
tion, and an action shock, represented by the 2 April 2025 reciprocal tariff announcement.
By separating a shock that primarily alters expectations and perceived uncertainty from
a shock that reflects a realised policy intervention with immediate economic relevance,
this paper does not treat political and policy-related events as a homogeneous class of
disturbances. Second, using a DCC-GARCH model, this study measures how each shock
changes conditional volatility and time-varying cross-market correlations between the
United States and the other G7 stock markets. Third, by estimating six USA-G7 pairs
and analysing both shocks separately, it documents cross-country differences in dynamic
dependence and provides new, event-specific evidence on how different exogenous shocks
shape international equity market synchronisation that is relevant for cross-border risk
assessment and diversification.

This paper is organised as follows: Section 2 presents the literature review, followed by
Section 3—methodology, then Section 4—results and discussion, and finally Section 5—our
conclusions.

2. Literature Review

Exogenous shocks are widely treated as drivers of financial market dynamics because
they reshape expectations about future cash flows, discount rates and risk premia (Anton-
akakis et al. 2013). In globally integrated systems, such shocks are rarely contained within
national borders, but spread through trade linkages, financial exposures and shifts in risk
sentiment, with contagion and spillover mechanisms documented across crises and normal
times (Baig and Goldfajn 1999; Bekaert et al. 2014; Diebold and Yilmaz 2009). Political
shocks form an important subset of these disturbances, encompassing elections and policy
changes, and their relevance has been linked to globalisation, geopolitical tensions and
populist movements (Gordell and Volgy 2022; Chan 2025).

To model the transmission of political and trade events to equity markets, it is impor-
tant to distinguish between shocks that primarily raise uncertainty and those that reflect a
realised policy action. Uncertainty shocks are commonly defined as discrete increases in
the dispersion of expectations about future macroeconomic or policy conditions, consistent
with Knightian uncertainty, in which probabilities are not precisely known (Jurado et al.
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2015; Bloom 2009). In empirical work, uncertainty is often proxied by broad indicators
such as economic policy uncertainty (Baker et al. 2016), and structural approaches separate
uncertainty-driven disturbances from other macro-financial shocks (Dery and Serletis 2023;
Basu and Bundick 2017). By contrast, action shocks refer to discrete and observable deci-
sions that constitute an immediate policy intervention with direct price relevance. Relative
to uncertainty shocks, their effects are typically more readily identifiable, because the
decision itself is clear and the likely direction of its impact can be assessed more promptly,
even if the magnitude of second-round effects remains uncertain (Kuttner 2001; Rigobon
and Sack 2004; Basu and Bundick 2017; Bauer et al. 2022).

In this study, we treat the U.S. presidential election held on 5 November 2024 as an
uncertainty shock, and we treat the 2 April 2025 announcement of “reciprocal tariffs” as an
action shock.

Uncertainty shocks are typically defined as sudden increases in uncertainty about
future macroeconomic and policy conditions, which raise perceived risk in financial markets
(Jurado et al. 2015; Bloom 2009). In equity markets, this channel is commonly linked to
lower valuations and higher required returns, because policy-related uncertainty can
generate a systematic risk premium that investors cannot easily diversify away (Pédstor and
Veronesi 2012, 2013). At the same time, uncertainty shocks are often reflected in higher
implied and realised volatility, and their effects can be amplified when financial frictions
weaken balance sheets and tighten overall financial conditions (Jurado et al. 2015; Arellano
et al. 2019; Lin et al. 2025). Elections are a good example of such a shock because they can
either resolve uncertainty or intensify it, and international evidence shows that election
timing is associated with changes in returns and volatility (Pantzalis et al. 2000; Biatkowski
et al. 2008). In the United States, presidential elections have also been linked to movements
in implied volatility consistent with election-related political uncertainty (Goodell and
Vdhamaa 2013). Recent evidence directly treats the 2024 U.S. presidential election cycle as
a prominent uncertainty episode and shows that the pre-election period is priced as an
uncertainty shock (Flynn and Tarkom 2025).

Action shocks are usually understood as discrete policy actions or decisions that are
observable and can trigger an immediate market response because they directly change
economic conditions relevant for pricing (Kuttner 2001; Rigobon and Sack 2004). This is con-
sistent with research that treats policy shocks as realised interventions and separates them
from uncertainty about future states or policy paths (Basu and Bundick 2017; Auerbach
et al. 2024; Dery and Serletis 2023). Empirical studies show that such decisions can lead to
rapid asset revaluation by altering expected payoffs, especially when the decision arrives
as a surprise and stock markets adjust in narrow announcement windows (Bauer et al. 2022;
Klick 2025; Kuttner 2001; Rigobon and Sack 2004). Trade policy decisions can be treated
as an action shock because tariffs change effective costs and market access, which matters
for firms with international exposure and can induce portfolio rebalancing. Evidence from
the Trump trade war documents measurable effects on U.S. financial markets (Chen et al.
2023), and related studies highlight the role of trade policy and value chains in shaping
market outcomes (Blanchard et al. 2026). The trade policy literature also explicitly separates
uncertainty from decision or news components, supporting the idea that realised trade
actions should be analysed separately from trade policy uncertainty (Caldara et al. 2020;
Graziano et al. 2024).

In the literature, the impact of shocks on equity markets has been examined from sev-
eral perspectives, ranging from effects on price levels and return dynamics to price volatility
and conditional variance, and from changes in cross-market dependence, measured by
correlations in returns and in conditional volatilities. Some studies focus on price-level
responses, reporting that political and policy-related shocks affect equity valuations and
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generate time-varying risk premia (Pastor and Veronesi 2012, 2013; Brogaard and Detzel
2015; Pantzalis et al. 2000; Chiang 2019). Other studies shift attention from average returns
to the structure of price interdependence, showing that shocks are associated with stronger
co-movements across markets, particularly in stress regimes (Longin and Solnik 2001;
Forbes and Rigobon 2002). Other research investigates volatility responses, consistently
finding that both uncertainty-related and policy-driven shocks lead to increases in return
volatility and persistent volatility clustering, producing sharp, though heterogeneous,
spikes in realised or implied volatility (Bloom 2009; Ederington and Lee 1993; Biatkowski
et al. 2008; Goodell and Vdhdmaa 2013; Liu and Zhang 2015). Other studies separate re-
alised volatility from conditional volatility, for which ARCH/GARCH models are applied
(Engle 1982; Bollerslev 1986; Engle and Ng 1993; Glosten et al. 1993).

Moreover, the analysis of shock transmission across financial markets increasingly
relies on multivariate GARCH models with time-varying conditional correlations, and
DCC-type specifications have become standard tools for studying how dependence struc-
tures evolve during periods of heightened uncertainty. Engle (2002) introduces the Dy-
namic Conditional Correlation (DCC) model as an approach that combines univariate
GARCH dynamics for conditional variances with a flexible parametric structure for cor-
relations. He shows that correlations vary substantially over time and tend to increase
during turbulent market conditions. Tse and Tsui (2002) propose a closely related multi-
variate GARCH model with autoregressive dynamics in the conditional correlation matrix,
emphasising its ability to capture changes in cross-market dependence while preserv-
ing positive definiteness. Bauwens et al. (2006), in their survey of multivariate ARCH
and GARCH models, stress that allowing for time-varying correlations is essential for
modelling volatility spillovers and co-movements generated by common shocks across
markets. Applications link time-varying correlations to uncertainty and implied volatility
(Antonakakis et al. 2013), document correlation increases during global turmoil (Bekaert
et al. 2014; Akhtaruzzaman et al. 2021), and show that geopolitical events can affect dy-
namic conditional correlations in G7-related settings (Lakhal and Zorgati 2025). Given
the documented international transmission of U.S. shocks to G7 equity markets (Hanisch
and Kempa 2017), we employ DCC-GARCH models to examine time-varying conditional
volatility correlations across major stock indices around two distinct shocks. In particular,
we compare correlation dynamics under an uncertainty shock and under an action shock.
The literature supports DCC-type models as suitable tools for analysing how shocks influ-
ence the joint behaviour of market volatilities, while also highlighting remaining challenges
in identifying and interpreting correlation dynamics across different shock types.

The existing literature leaves a specific research gap. Most studies focus on a single
class of shocks, such as general policy uncertainty, crisis periods, geopolitical risk, or
trade policy uncertainty. Others examine returns and volatility around elections or tariff
announcements without directly comparing how conceptually different shocks change
conditional cross-market synchronisation within the same group of countries. In the
literature, there is a lack of empirical studies on whether an uncertainty shock and a
realised policy action shock generate systematically different correlation responses across
the same developed markets (G7 countries). Our study contributes by analysing two
distinct U.S.-centred shocks and by comparing their effects on the time-varying correlations
between the United States and the other G7 stock markets.

Based on the reviewed literature, two hypotheses are proposed.

H1. The 2024 U.S. presidential election, treated as an uncertainty shock, is expected to reduce
USA-G7 conditional correlations.
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H2. The 2 April 2025 reciprocal tariff announcement, treated as an action shock, is expected to
increase USA-G7 conditional correlations.

3. Materials and Methods

The objective of this study is to examine how major U.S.-related shocks affect the
time-varying conditional correlations between the U.S. equity market and other G7 stock
markets. In particular, the analysis focuses on two distinct types of shocks: an uncertainty
shock, represented by the U.S. presidential election in November 2024, and an action
shock, represented by the announcement of U.S. tariff increases in April 2025. While the
former primarily reflects political uncertainty and expectations, the latter constitutes a
direct economic policy intervention with potentially global spillover effects.

The empirical analysis is conducted using daily stock market indices for the United
States and six other G7 economies, i.e., Canada, France, Germany, Italy, Japan, and the
United Kingdom. The U.S. market is represented by the S&P 500, while the international
markets include TSX 60 (Canada), FTSE All Share (United Kingdom), DAX (Germany),
CAC All (France), FTSE Italia All Share (Italy), and TOPIX (Japan). The sample covers the
period from January 2010 to July 2025 and consists of daily observations.

All price series are transformed into logarithmic returns, computed as the first differ-
ence of the natural logarithm of index prices. This transformation ensures stationarity and
allows for a consistent interpretation of returns across markets.

This study employs the Dynamic Conditional Correlation GARCH model (DCC-
GARCH) (Engle 2002) to analyse time-varying dependence between the United States and
other G7 stock market leading indices. The model allows for jointly modelling conditional
variances and dynamic correlations of financial return series.

Let y; denote a vector of asset logarithmic returns. The conditional mean and variance
structure is given by

Yt = Ut + &, € ~ N(O, Et) (1)

€= DDy )

where D is a diagonal matrix of conditional standard deviations (D; = diag(\/h1t, Vhat, - - -,
Vhnt,) and P is the time-varying correlation matrix. Each conditional variance follows a
univariate GARCH(1,1) process:

It = vi+aiggy g+ Bikip1; i=1,2,...,N &)

Dynamic conditional correlations are obtained from standardised residuals and sum-
marised by the bivariate correlation coefficient p;, which captures the time-varying depen-
dence between asset returns.

Following Engle (2002), the dynamics of the conditional correlation matrix are mod-
elled using the DCC(1,1) specification:

Qi=(1—-a—b)Q+az 1z | +bQs 1 4)

where z; = D, e, denotes the vector of standardized residuals, Q is the unconditional co-
variance correlation matrix of z;, and Qy is the intermediate time-varying covariance matrix.
The dynamic conditional correlation matrix P; is obtained by rescaling Q; as

Py = diag(Q:) "/ *Qidiag(Qi) V/* 5)

The parameters a and b govern the dynamics of conditional correlation, where a
measures the impact of new shocks on correlation. While b captures the persistence of
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correlation dynamics. The condition a + b < 1 ensures mean reversion and stationarity of
the dynamic correlation.

The DCC-GARCH model is estimated over the full sample period (2010-2025) to
capture long-run volatility and the dynamics of correlation between the USA and each G7
market. The study period starts in January 2010 to ensure a sufficiently long post-global
financial crisis period for stable estimation of GARCH and DCC parameters across all
U.S.-G7 bilateral pairs, while ending in 2025 so as to include the post-event adjustment
following the April 2025 reciprocal tariff announcement. Based on the estimated model,
time-varying conditional correlations are extracted for each country—USA pair.

To provide a clearer visualisation of correlation dynamics around the selected shocks,
dynamic conditional correlation paths are plotted for the period July 2024 to July 2025,
which encompasses both events of interest, i.e., the 2024 U.S. presidential election and
President Trump’s announcement of “reciprocal tariffs”. The selected time window en-
ables more precise identification of changes in correlation patterns associated with the
U.S. presidential election and the subsequent tariff announcement. In addition to visual
inspection, an event study approach is used to measure changes in conditional correlations.
For each event, a symmetric +30-day (calendar days) window around the event date is
considered. The window length was selected as a compromise between capturing imme-
diate event-related adjustments and limiting contamination from unrelated or random
developments. Average conditional correlations are computed separately for the pre-event
and post-event subperiods.

A positive change in average conditional correlation indicates an increase in market
co-movement, suggesting stronger financial integration or a synchronised response to the
shock. Conversely, a negative change implies a reduction in co-movement, which may be
interpreted as market decoupling or increased idiosyncratic uncertainty. The magnitude of
the correlation change reflects the economic relevance of the shock, with larger absolute
values indicating a stronger impact on cross-market dependence.

To complement the descriptive comparison of pre-event and post-event average
conditional correlations, we additionally test whether the observed changes are statistically
significant. For each country/USA pair and each event window, we estimate a simple
regression as

pr = &+ BDs + & 6)

where p; denotes the dynamic conditional correlation obtained from the DCC-GARCH
model and D; is a dummy variable equal to 1 for observations after the event date and 0
otherwise. The coefficient B captures the post-event change in the mean conditional correla-
tion. Since the event window series may exhibit heteroskedasticity and serial dependence,
statistical inference is based on heteroskedasticity-consistent and autocorrelation-consistent
(HAC) standard errors computed using the Newey—West estimator.

As an additional robustness check, we also apply the Welch two-sample t-test to
compare pre-event and post-event mean conditional correlations. This test does not assume
equal variances across the two subperiods and serves as a complementary benchmark for
the statistical significance of the event-related changes.

By combining full-sample DCC-GARCH estimation with event-centred analysis, this
approach allows for assessing both the persistent nature of correlation dynamics and
the short-term impact of specific uncertainty and action shocks on USA-G7 stock market
interdependence.

4. Results and Discussion

To examine the dynamics of conditional volatility and time-varying dependence be-
tween the U.S. stock market and other G7 equity markets, Dynamic Conditional Correlation
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GARCH models are estimated for pairs consisting of a U.S. stock index and one selected
G7 stock index, yielding six bilateral market pairs. As a prerequisite for the DCC model,
univariate volatility models are first estimated for each return series. Table 1 reports the
estimated parameters of the univariate GARCH(1,1) variance equations defined in Equation
(3) for the equity indices. Table 1 presents the estimates of the variance constant 7;, the
ARCH parameter «; capturing the impact of past shocks, and the GARCH parameter §;
measuring volatility persistence through lagged conditional variance. The sum «; + B; is
also reported to assess the degree of volatility persistence implied by the model.

Table 1. Estimated GARCH(1,1) and DCC parameters for U.S.-G7 pairs.

Country Index Yi o; Bi o+
N
UK FsEAushae 0008 0dMDe o 09472
Gy o gR ook gy
e cacm SEEommewames
L S 1 S - N e
o tom dmmmeopms s

Note: Standard errors in parentheses. ***, **, * denote significance at the 1%, 5%, and 10% levels, respectively.
Source: Own calculation based on data from Refinitiv Eikon (LSEG).

The estimated GARCH(1,1) parameters reported in Table 1 indicate a high degree of
volatility persistence across all G7 equity markets. In all cases, the ARCH coefficients («)
are positive and moderate in size, suggesting that new shocks to returns have a noticeable
but limited short-run impact on conditional volatility. The GARCH coefficients () are
consistently large, implying that volatility responds strongly to its own past realisations.
As a result, the sum « 4 B is close to unity for all markets, indicating slow mean reversion
and long-lasting volatility effects. For most non-U.S. markets, the ARCH and GARCH
coefficients are statistically significant, confirming that past shocks and lagged conditional
variance play an important role in explaining volatility dynamics. The evidence is particu-
larly strong for Canada, the UK, Italy, and Japan, whereas the German specification is less
precisely estimated. The results confirm that the GARCH(1,1) specification provides an
adequate representation of conditional variance dynamics for all examined stock indices.

Based on the standardised residuals obtained from estimated GARCH(1,1) models,
in the second step, we estimate the Dynamic Conditional Correlation structure. Table 2
presents the estimated DCC parameters, as defined in Equation (4), for each USA-G7 equity
index pair. Table 2 reports the shock parameter a, which measures the impact of new
shocks on correlation, while b captures the persistence of correlation dynamics. The sum
a + b is reported to evaluate the persistence and stationarity of the dynamic conditional
correlation process.

The DCC parameter estimates reported in Table 2 reveal highly persistent correlation
dynamics between the USA and other G7 equity markets. The shock parameter a is
relatively small across all country pairs and is significant only for selected pairs, indicating
that conditional correlations respond only modestly to new information or short-term
shocks. In contrast, the persistence parameter b is positive, close to unity, and highly
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statistically significant in all cases, leading to values of a + b that approach one while
remaining below the stationarity threshold. This implies that changes in cross-market
correlations are highly persistent and tend to vanish slowly over time. The strongest
persistence is observed for the USA-UK and USA /Germany pairs, while relatively lower
(but still substantial) persistence characterises the USA/Canada correlation. These findings
suggest that correlation dynamics among developed equity markets are dominated by long-
run integration effects rather than transitory shocks, making them particularly susceptible
to prolonged periods of heightened co-movement following major global events.

Table 2. DCC correlation parameters for country /USA pairs in G7 countries.

Country/USA Pair a b a+b
Canada/USA 0(8%%)29) 0(3%32766) 0.9362
UK/USA (8:8832) 0((?%6107;; 0.9950
Germany /USA (8:882% 0('(9)%6191 5) 0.9954
France/USA ?000210147) 0((?%25%0) 0.9826
Ttaly /USA 0(8%)%455) 0(3?)61977) 0.9833
Japan/USA (8:8832) 0('3 %é%o) 0.9567

Note: ***, ** * denote significance at the 1%, 5%, and 10% levels, respectively. Source: Own calculation based on
data from Refinitiv Eikon (LSEG).

The DCC-GARCH model was estimated using the full sample of daily data from
1 January 2010 to 31 December 2025, allowing for a characterisation of long-run volatility
and correlation dynamics between the U.S. equity market and other G7 markets. Based
on these estimates, time-varying dynamic conditional correlations are obtained for each
country /USA pair.

In the next step, we aim to verify the effect of two analysed shocks (uncertainty shock
and action shock) on dynamic conditional correlation for each country/USA pair. To
better capture the effects of these shocks, the analysis of correlation dynamics is presented
graphically for a restricted time window from 1 June 2024 to 30 June 2025. This window
encompasses the two events of interest and allows for a clearer visualisation of changes
in conditional correlations around their occurrence. The dynamic conditional correlation
plots include vertical reference lines marking the timing of the analysed shocks. The U.S.
presidential election held on 5 November 2024 is indicated by a green dashed vertical
line and represents a 2024 presidential election uncertainty shock. President Trump’s
announcement of U.S. tariff increases on 2 April 2025 is marked by a red dashed vertical
line and captures a trade policy action shock with potentially broad international spillover
effects (Figure 1A-F).

Figure 1 reveals that baseline dependence differs markedly across pairs, with
Canada/USA showing the highest and most persistent correlation throughout the window,
Japan/USA remaining consistently the lowest, and the European pairs lying in between.
Second, the two analysed shocks are associated with clearly different correlation responses.
Around the 2024 U.S. presidential election date, the dominant pattern is a decline in
conditional correlation for the European markets, indicating temporary decoupling and
more idiosyncratic dynamics during the uncertainty event period, with the largest and
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most persistent post-election drops visible for France/USA and Italy /USA, a pronounced
but less extreme decline for Germany/USA, and a milder downward adjustment for the
UK-USA. By contrast, Canada/USA and Japan/USA react only modestly around the
election, suggesting limited changes in co-movement for these two pairs in response to
political uncertainty.
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Figure 1. DCC-GARCH dynamic conditional correlations for USA-G7 equity index pairs around the
2024 U.S. presidential election and the 2025 reciprocal tariffs announcement. Source: Own calculation
and elaboration based on data from Refinitiv Eikon (LSEG).

Around President Trump’s tariff announcement on 2 April 2025, the pattern reverses
across all six country/USA pairs, with an immediate upward jump in conditional corre-
lations that is visible for every analysed pair, consistent with a common, policy action
synchronising markets. The magnitude of this action shock response is clearly hetero-
geneous, i.e., it is strongest for Canada/USA (a sharp move to a local peak followed by
gradual mean reversion), very large for France/USA and Italy /USA (a steep increase and a
higher post-event level than in the months preceding the announcement), moderate for the
UK-USA and Germany/USA, and smallest for Japan-USA, where the increase is noticeable
but remains limited in absolute terms. In summary, the election-related uncertainty shock
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is associated mainly with a weakening of correlations concentrated in Europe, whereas
the tariff-related action shock generates a broad, positive correlation shift across all coun-
try/USA pairs, with the largest synchronisation effects in North America and parts of
Europe, and the weakest in Japan.

In the next step, we compute average conditional correlations over a symmetric
£30-day (calendar days) window around each of the two analysed event dates using
DCC-GARCH estimates (Table 3). In addition to reporting pre-event and post-event mean
correlations, Table 3 includes t-statistics based on HAC (Newey—West) standard errors and
Welch two-sample t-statistics, both accompanied by significance indicators.

Table 3. Average conditional correlations in the £30-day event window.

Country/USA Event Pre-Event Post-Event (P;??E‘i;t_ t HA‘C ‘ Welcl} T‘est

Pair Mean p Mean p Pre-Event) Statatistic Statistic
Canada/USA 2024 election 0.711 0.721 0.010 0.584 0.374

France/USA 2024 election 0.526 0.438 —0.088 —12.840 *** 1.436 ***
Germany/USA 2024 election 0.525 0.462 —0.063 —18.903 *** 6.156 ***
Italy /USA 2024 election 0.488 0.348 —0.140 —30.056 *** 1.250 ***
Japan/USA 2024 election 0.155 0.172 0.017 6.998 *** 9.795 ***
UK-USA 2024 election 0.416 0.394 —0.022 —4.476 *** 3.193 ***
Canada/USA 2025 tariffs 0.785 0.838 0.053 4.055 *** 2.737 ***
France/USA 2025 tariffs 0.390 0.486 0.096 4.538 *** 1.342 ***
Germany/USA 2025 tariffs 0.387 0.424 0.037 4.140 *** 7.226 ***
Italy /USA 2025 tariffs 0.381 0.477 0.096 6.161 *** 1.870 ***
Japan/USA 2025 tariffs 0.142 0.177 0.034 6.933 *** 1.434 ***
UK-USA 2025 tariffs 0.387 0.430 0.043 4.167 *** 2.827 ***

Note: ***, **, * denote significance at the 1%, 5%, and 10% levels, respectively. Source: Own calculation based on
data from Refinitiv Eikon (LSEG).

The results in Table 3 for the 2024 U.S. presidential election indicate a heteroge-
neous but statistically significant response across markets. For the European pairs, i.e.,
France-USA, Germany-USA, Italy-USA, and UK-USA, the post-event changes in con-
ditional correlations are negative and statistically significant under both the HAC and
Welch tests. The strongest decline is observed for Italy-USA, followed by France-USA
and Germany-USA. In contrast, the change for Canada—USA is small and not statistically
significant, whereas Japan—-USA shows a modest, statistically significant increase in cor-
relation. A markedly different pattern emerges for the 2025 tariff announcement. In all
country—USA pairs, post-event mean correlations exceed their pre-event values, and the
increases are statistically significant across both HAC and Welch tests. The largest increases
are observed for France-USA and Italy-USA, followed by Canada-USA and the UK-USA,
while Japan—-USA shows the smallest, yet still significant, increase. In general, the results
in Table 3 support the interpretation that the election uncertainty shock leads to heteroge-
neous, region-specific correlation responses, while the trade policy action shock acts as a
common disturbance that significantly strengthens international market synchronisation
across the G7 markets.

These differences may reflect cross-country variation in economic and financial link-
ages with the United States, including differences in trade exposure, market integration,
and index composition. Canada’s particularly strong response to the tariff announcement
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is consistent with its exceptionally high degree of North American trade and financial
integration, which makes its equity market especially sensitive to realised U.S. policy
actions. The comparatively strong increases observed for France and Italy may indicate
greater sensitivity to global growth repricing and external demand channels, while the
more moderate responses of Germany and the UK may be associated with differences in
sectoral composition, multinational diversification, and the relative importance of domestic
market factors. Japan’s weaker response is economically plausible given its lower direct ex-
posure to U.S.-centred trade policy transmission, its distinct regional market environment,
and the stronger role of domestic and Asia-specific determinants of equity valuation. The
election-related uncertainty shock appears to have operated differently, producing weaker
correlations mainly in Europe, where investors may have revised U.S.-related risks in a
more heterogeneous and less synchronised way:.

Our findings align with prior evidence that election periods can be associated with
shifts in co-movement and volatility, and that such effects are heterogeneous across coun-
tries (Pantzalis et al. 2000; Biatkowski et al. 2008; Goodell and Vdhdamaa 2013). In our results,
the 2024 election-related uncertainty shock is mainly associated with lower conditional
correlations for the European pairs, indicating a temporary decline in synchronisation
with the U.S. market. This is consistent with the view that international dependence is
state-dependent and can weaken around shocks that raise uncertainty and generate more
idiosyncratic dynamics (Longin and Solnik 2001; Forbes and Rigobon 2002). By contrast,
the tariff announcement is followed by increases in correlation across all pairs, consistent
with evidence that trade policy settings distinguish realised decision/news components
from uncertainty components and that such decisions can operate as common shocks
(Caldara et al. 2020).

From a hypothesis-testing perspective, the study findings provide partial support for
H1 and strong support for H2. The analysed election-related uncertainty shock reduces
correlations only in part of the sample, primarily among the European G7 markets, while
the tariff-related action shock produces a uniform and statistically significant increase in
conditional correlations across all U.S.-G7 pairs. The results indicate that uncertainty shocks
and action shocks differ not only in magnitude but also in the cross-sectional consistency
of their effects on international equity market synchronisation.

5. Conclusions

Stock markets respond to major exogenous shocks, which can alter cross-market co-
movement. In this study, we distinguish two exogenous shock types from the perspective
of financial markets. The uncertainty shock is linked to political uncertainty around the
U.S. presidential election in November 2024. The action shock is linked to a discrete trade
policy intervention, namely President Trump’s announcement of reciprocal tariffs in April
2025.

This study examines how these shocks affect time-varying conditional correlations
between the U.S. equity market and other G7 markets. We use daily data for the S&P 500
and leading equity indices for Canada, France, Germany, Italy, Japan and the United
Kingdom from January 2010 to July 2025. Conditional correlation is modelled with DCC-
GARCH and estimated for six USA-G7 pairs, and shock effects are assessed with correlation
paths for 1 June 2024 to 30 June 2025 and a symmetric +30-day event window.

The results confirm that both analysed geopolitical events significantly affect the
dynamic correlations between the USA and other G7 equity markets. The event analysis
indicates that the election-related uncertainty shock mainly reduces conditional correlations
for European pairs, with the largest decline for Italy and clear drops for France and
Germany, consistent with temporary decoupling and more idiosyncratic dynamics. Canada
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and Japan show only small changes around the election. By contrast, the tariff-related action
shock significantly increases conditional correlations for every analysed country/USA
pair, with the largest rises for France and Italy, a sizeable increase for Canada, and the
smallest adjustment for Japan. While the 2024 U.S. presidential election is associated
with a decline in correlations for European markets, the 2025 tariff announcement leads
to a widespread increase in cross-market synchronisation. These effects are statistically
significant under the HAC (Newey—-West) and Welch tests. This highlights that different
types of shocks generate distinct patterns of international market co-movement. Stock
market synchronisation weakens in response to the uncertainty shock and strengthens in
response to the action shock.

Our findings have some implications for international portfolio allocation and financial
risk management. Higher conditional correlations observed after action shocks suggest
that realised policy interventions may compress diversification benefits more strongly
than uncertainty-driven events, as they induce more synchronous cross-market repricing
and strengthen spillover effects across major equity markets. Consequently, investors
and risk managers should not treat political and policy-related events as a homogeneous
category of shocks. Instead, scenario analysis and portfolio stress testing should explicitly
distinguish between uncertainty-driven episodes and realised policy actions, since the
latter may generate more immediate and broader increases in market interdependence.

This study has some limitations. Firstly, it focuses on six bilateral G7 pairs and two spe-
cific U.S.-centred events, which limits generalisability. Moreover, event window evidence
cannot fully isolate concurrent issues, including, e.g., macro-financial news. Additionally,
broad market indices may conceal sector-level heterogeneity in shock transmission.

This paper’s contribution is to classify the two events as different shock types and to
document opposite correlation responses across the same set of developed markets within
a DCC-GARCH approach. To the best of our knowledge, such a comparison for these
events within the G7 setting has not been provided before. Future research can extend
the analysis to additional countries and shocks and assess robustness using alternative
correlation models, including asymmetric DCC-GARCH specifications.
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Abstract

This study investigates the volatility of the Israeli corporate bond market, where corporate
bonds are traded on a Limit Order Book (LOB) exchange with high retail trading activity.
Using data from the Tel-Bond 20 and Tel-Bond 60 indices, we estimate various asymmet-
ric GARCH models to capture the dynamics of bond returns. Our findings highlight a
leverage effect, where negative shocks have a more significant impact on volatility than
positive shocks, underscoring the importance of investor sentiment. The GJR model with a
Student’s t-distribution best captures serial correlation, persistence of conditional volatility,
and asymmetric volatility clustering. These results have significant implications for risk
management, portfolio allocation, and regulatory policies, emphasizing the need for robust
volatility forecasting models in transparent and active corporate bond markets.

Keywords: corporate bonds; market efficiency; investor sentiment; volatility; GARCH modeling
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1. Introduction

Forecasting volatility in financial markets remains a cornerstone of financial research,
driven by its critical importance to asset pricing, portfolio management, and financial
stability. While the role of investor sentiment in the volatility of stock returns has been
extensively studied (Brown and Cliff 2004; Hadad and Kedar-Levy 2024; Verma and Verma
2007), empirical evidence on how sentiment-driven dynamics influence corporate bond
market volatility remains limited. This gap is surprising given the rapid expansion of
corporate debt markets globally and their rising exposure to behavioral trading activity,
particularly from retail investors (Ederington et al. 2015; Liu et al. 2022).

Recent studies show varying degrees of sentiment’s impact on U.S. corporate bond
yield (Bethke et al. 2017; Nayak 2010; Pifieiro-Chousa et al. 2022) and on European and
Chinese yield spreads (Clayton et al. 2009; Lee 2019; Spyrou 2013), highlighting the potential
impact of investors behavior on debt markets. Other research indicates that announcement
shocks have a strong impact on bond market volatility dynamics, suggesting that bond
investors incorporate news faster than other information (de Goeij and Marquering 2006).
Intuitively, the sentiment effect in corporate bond markets affects the volatility of returns,
given that these investors may be viewed as noise traders (Foucault et al. 2011; Kumar
and Lee 2006; Yung and Nafar 2017). Indeed, an extant body of literature has found that
changes in sentiment may be associated with changes in stock return volatility, often, but
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not always, with a positive sign (Brown and Cliff 2004; Baker and Wurgler 2006; Baker and
Wurgler 2007). However, the impact on corporate bond markets is rarely discussed.

While knowledge about volatility behavior in corporate bond markets is scarce, fi-
nancial literature acknowledges its economic implications. Volatility in bond markets
significantly impacts investors and the broader economy. For investors, increased volatility
translates to higher uncertainty and risk, potentially leading to greater returns or losses
(Attarzadeh and Balcilar 2022; Bai et al. 2021). High volatility can affect bond pricing,
making it difficult for investors to predict future prices and yields accurately (Pham and
Cepni 2022). This uncertainty necessitates sophisticated risk management strategies to
hedge against potential losses. Additionally, volatility in corporate bonds impacts portfolio
allocation decisions, leading investors to shift their preferences toward more stable assets
during volatile periods (Dick-Nielsen et al. 2012; Friewald et al. 2012).

Economically, volatility in the bond market can influence the cost of borrowing for
corporations (Turkmen Muldur et al. 2019). Higher volatility can lead to increased risk
premiums, raising the cost of issuing new debt (Bai et al. 2021). This, in turn, can affect
corporate investment and growth strategies. Moreover, significant fluctuations in bond
prices can affect financial market stability, influencing the decisions of policymakers (Abudy
and Shust 2023). Given that corporate bond trading has been on the rise, particularly after
the sub-prime crisis (Choi and Kim 2018; Graham et al. 2015), it is crucial to investigate
bond market volatility for efficient economic stability and investor confidence.as

In this paper, we explore if well-established volatility forecasting models in stock mar-
kets are equally applicable to corporate bonds. Intuitively, sentiment effects on corporate
bond returns would be more evident in markets with high participation rates of individual,
as retail-sized investors are more prone to sentiment (Baker and Wurgler 2007). The Israeli
corporate bond market provides an ideal setting for analyzing volatility behavior, as it is
characterized by depth, high transparency, and high retail trading activity (Abudy and
Wohl 2018; Gur-Gershgoren et al. 2020). Unlike the worldwide practice where corporate
bonds are traded on a separate over-the-counter (OTC) market, bonds in the Tel Aviv Stock
Exchange (TASE) are traded on a limit order book (LOB) trading system like stocks. This
market design increases price discovery efficiency but may also intensify intraday volatility
due to frequent order updates and the limited ability of institutional investors to provide
stabilizing liquidity (Abudy and Shust 2023).

Recent evidence suggests that corporate bonds traded on the TASE exhibit stronger
volatility transmission and contagion effects compared to traditional OTC markets, primar-
ily due to TASE’s unique LOB mechanism. Abudy and Wohl (2018) show that corporate
bonds on TASE display higher liquidity and narrower bid-ask spreads than their U.S.
OTC counterparts, attributing these advantages to the high participation of retail investors
and the centralized, transparent nature of the LOB structure. (Hadad and Kedar-Levy
2024) further demonstrate that changes in investor sentiment, particularly among retail
participants, significantly influence conditional return volatility in both bond and stock
markets, with the effects varying in magnitude and direction depending on prevailing mar-
ket conditions. (Hadad 2025) provides further evidence that the LOB mechanism facilitates
cross-asset contagion between stocks and bonds, especially during periods of market stress,
highlighting how sentiment-driven trades in a retail-dominated environment can elevate
systemic risk. These findings underscore the importance of studying volatility dynamics
in the Israeli corporate bond market, where investor behavior and platform design jointly
shape financial stability.

This study aims to fill the existing gap. We specifically focus on assessing various
forecasting models for their efficacy in capturing the unique volatility features of the Israeli
corporate bond market. Using the TASE bond indices, Tel-Bond 20 and Tel-Bond 60, we test
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and analyze the forecasting performance of GARCH, EGARCH, GJR, and APARCH models,
along with normal distribution density and asymmetric Student’s ¢t-distribution density.
The outcomes of this research have broad implications, ranging from risk management and
asset pricing to regulatory policy decisions.

Among the various GARCH models tested, we find that the GJR Student-t model is the
most effective in capturing the unique characteristics of the Israeli corporate bond market.
This model successfully captures asymmetric volatility clustering and high autocorrelation,
providing more accurate volatility forecasts. The results also highlight the significant
impact of investor sentiment on bond market volatility, with negative news leading to
higher volatility than positive news. These findings suggest that behavioral frictions among
retail investors are a major source of volatility in Israel’s corporate bonds market, with
price reactions more pronounced following negative sentiment, consistent with noise trader
models (Foucault et al. 2011; Kumar and Lee 2006).

Our findings advance the literature on volatility forecasting in bond markets by high-
lighting that platforms with LOB mechanisms and high retail engagement display distinct
volatility dynamics. Given the rising role of non-institutional investors in global bond
markets and the trend toward transparent, electronic trading (Abudy and Shust 2023;
Hadad 2025), these results have important implications for market design and financial
stability. Specifically, they highlight that platform structure and investor composition can
significantly amplify volatility through sentiment-driven trading. Accordingly, our study
underscores the importance of applying well-established volatility models to underex-
plored market microstructures, where behavioral factors and market transparency jointly
shape risk transmission and systemic resilience.

The study proceeds as follows: Section 2 provides a review of the theoretical impact of
retail trading activity on the volatility of returns, and summarize the findings on corporate
bond returns. Section 3 presents the data and the methodology of the models used in the
study. Section 4 describes the estimation procedures and presents the forecasting results
and comparisons. Section 5 concludes.

2. Literature Review

7

Theories of behavioral finance argue that asset prices may be affected by investors
psychological attributes. Shifts in sentiment, such as overconfidence, optimism, and
wishful thinking, can significantly impact asset prices and their volatility (Barberis et al.
1998; Black 1986; Kyle 1985). Investor sentiment, broadly defined as investors’ beliefs about
future cash flows and investment risks (Baker and Wurgler 2006), may not be justified
by fundamental news or facts. Moreover, it is costly and risky to bet against sentimental
investors, meaning rational investors or arbitrageurs are not as aggressive in forcing
prices back to fundamental values Is (Baker and Wurgler 2007). Thus, price anomalies
may form when sentiment investors over (under) estimate return and underestimate
(overestimate) risk, hence investing more on the risky (safer) asset cause a mispricing of
the asset in relative to its risk-based fundamental (Baker and Wurgler 2006, 2007). Hence,
noise traders, who often exhibit irrational behavior, potentially can contribute to increased
market volatility, imposing higher risks on rational arbitrageurs and ultimately affecting
asset prices (Foucault et al. 2011; Huerta-Sanchez and Escobari 2018).

Extensive research has documented empirical evidence of the impact of investor
sentiment on stock return volatility. Lee et al. (2002) found that changes in sentiment
are inversely correlated with the conditional volatility of U.S. stock market indexes. Yu
and Yuan (2011) showed that high sentiment periods correlate with a positive tradeoff
between the mean and variance of U.S. stock returns, suggesting greater influence of
sentiment-driven investors. Verma and Verma (2007) demonstrated that sentiment-driven
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retail investors significantly impact stock return volatility, with bullish sentiment having
a greater effect than bearish sentiment. Other studies confirm that investor sentiment
plays a significant role in international market volatility (Baker et al. 2012; Feldman and
Liu 2017; Gong et al. 2022), highlighting that noise trading can contribute to increased
market volatility.

Focusing on bond markets, fewer studies document the impact of shocks on U.S.
Treasury bond volatilities, showing significant increases in bond market volatility on an-
nouncement days, which quickly subside as news is incorporated into prices (Christiansen
2000; Jones et al. 1998). Li and Engle (1998) demonstrate that news announcement shocks
impact the volatility of U.S. Treasury bond futures, with volatility responding asymmetri-
cally to these shocks. Other studies also document asymmetries in bond return volatilities
(Cappiello et al. 2006; de Goeij and Marquering 2004, 2006). Additionally, Piazzesi (2005)
shows that Federal Open Market Committee (FOMC) announcements are important deter-
minants of bond market volatility, suggesting that bond investors underreact to information,
implying that irrational behavior potentially impacts volatility in the debt market as well.
Similarly, studies in other Asian markets have suggested the possibility of a leverage effect
in bond yield volatility, implying for potential sentiment-driven impact on bond returns
(BM et al. 2023; Mukherjee 2019; Rath 2023; Tan and Tian 2009). However, empirical evi-
dence on volatility asymmetries in corporate bond markets remains limited, highlighting a
clear gap in the literature that our study seeks to address.

If volatility is priced in the bond market, an anticipated increase in volatility would
result in a higher required return in corporate bonds, which are generally perceived as more
risky by investors (Acharya and Pedersen 2005; Dick-Nielsen et al. 2012; Friewald et al.
2012). Despite the well-documented impact of sentiment on stock and government bond
market volatility, the influence of sentiment on corporate bond markets has received less
attention. The few exceptions include studies that show U.S. bond yield spreads co-vary
with sentiment, similar to stocks (Nayak 2010; Spyrou 2013). Specifically, information
uncertainty and information asymmetry are found to be prices U.S corporate bonds yields
spreads after controlling for credit ratings (Lu et al. 2010). Additionally, U.S. bonds appear
underpriced (with high yields) during pessimistic periods and overpriced (with low yields)
when optimism reigns (Nayak 2010). Similarly, Bethke et al. (2017) document that U.S.
corporate bond investors exhibit a flight-to-quality when sentiment is low. In fact, the
sentiment effect in U.S corporate bonds is found to spilled over from the stocks markets,
through the activity of investors involved in capital structure arbitrage (Huang et al. 2015).
This pattern is also evident in international corporate bond pricing and liquidity, which
are generally affected by the same factors as the U.S. market (Goldstein and Namin 2023;
Rath 2023). While these findings suggest that sentiment can indeed affect bond markets,
they do not consider the impact on corporate bond volatility, which evidently changes over
time in a pattern similar to stocks (Reilly et al. 2000). To the best of our knowledge, no
prior study has examined sentiment-driven volatility in corporate bond markets within
emerging economies—particularly using asymmetric GARCH models—thereby providing
new insights into the behavioral dynamics of credit markets. Given the recent evidence of
sentiment effects in bond pricing, more research is needed to fully understand this dynamic
(Goldstein and Namin 2023).

Focusing on the Israeli market, several studies document a significant presence of
retail trading activity, indicating that retail investors play a crucial role in enhancing market
liquidity and efficiency (Abudy and Shust 2023; Abudy and Wohl 2018; Hadad 2025;
Hadad and Kedar-Levy 2024). Hadad and Kedar-Levy (2024) show that the high presence
of retail-sized investors has a positive impact on corporate bond returns and volatility.
Using an EGARCH (1,1) model on the TA-35 (stock) Index and the Tel-Bond-20 (bond)

50



Risks 2025, 13, 224

Index returns, they found that changes in market sentiment proxies, reflecting changes in
risk expectations and investor sentiment, largely explain movements in the conditional
volatility of both stock and bond market returns. This implies that investors in both stocks
and corporate bonds should consider sentiment in their investment decisions, and that
both asset classes may be attractive for speculative investors. However, their study focuses
solely on the EGARCH (1,1) model and does not test several GARCH models to estimate
market volatility efficiently.

Given the above-mentioned literature, we extend volatility models used in stock
markets to corporate bonds. This pattern is particularly evident in the Israeli market, char-
acterized by high retail trading activity (Abudy and Shust 2023; Hadad and Kedar-Levy
2024). Alberg et al. (2008) found that asymmetric GARCH models, such as EGARCH and
GJR, were effective in capturing volatility dynamics in the Israeli stock market. Similarly,
we aim to develop a volatility model that captures well-known stylized facts about condi-
tional volatility, such as persistence, mean-reverting behavior, and asymmetric impacts of
negative versus positive return innovations. We examine the estimation performance of
various models, including GARCH, EGARCH, GJR, and APARCH, using different density
functions: normal distribution and Student’s f-distribution. Our focus is on the Tel-Bond 20
and Tel-Bond 60 indices, which reflect the Israeli corporate bond market. This methodology
allows us to assess the suitability of different volatility forecasting models and emphasize
the role of investor sentiment in explaining volatility patterns.

3. Data

The Israeli corporate bond market is one of the most liquid and transparent globally,
supported by the LOB trading mechanism and dominated by active retail participation.
According to the TASE 2024 Annual Report, the total market capitalization of corporate
bonds reached approximately US$114.7 billion, including US$69.1 billion in CPI-linked
bonds and US$45.6 billion in non-linked bonds.! The average daily trading volume was
US$0.23 billion, marking a 6% increase from 2023. Notably, the Israeli public purchased
US$4.7 billion in corporate bonds in 2024, offsetting net sales by foreign investors (US$1.9
billion) and long-term institutional investors (US$2.7 billion). These figures highlight
the prominent role of retail investors and the distinctive exchange-based bond trading
environment, making TASE an ideal setting for examining sentiment-driven volatility
dynamics in the bond market.

Our data consist of 738 daily observations of the Tel-Bond 20 Index prices and 738
daily observations of the Tel-Bond 60 Index prices, covering the period from 1 July 2019, to
30 June 2022. These data were obtained from the TASE website?. The rationale for choosing
this specific dataset lies in its relevance for modeling volatility during critical economic
periods, notably the COVID-19 pandemic and the inflation period of 2022 in Israel. During
the COVID-19 pandemic, the corporate bonds market in Israel experienced significant
volatility due to economic uncertainty and market disruptions (Hadad and Kedar-Levy
2024). Additionally, during inflationary times, bonds generally exhibit higher volatility
(Campbell et al. 2020; Kang and Pflueger 2015), making this period particularly valuable
for studying volatility patterns.

The Tel-Bond 20 and Tel-Bond 60 indices are key benchmarks in the Israeli corporate
bond market, representing the top 20 and 60 fixed-coupon and CPI-linked corporate bonds,
respectively, based on market capitalization. According to the TASE website, the threshold
conditions for inclusion in these indices require a minimum rating from Israeli rating
companies “Midroog” and “Maalot” of A or A3. Bonds meeting these criteria are included
in the index, while those falling below the exit rating are removed. Typically, the rating
is based on the average market value. The entry and exit ratings for the Tel-Bond 20
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index are 16 and 24, respectively. As for the Tel-Bond 60 index, no specific entry and exit
ratings have been determined due to its inclusion of a broader range of companies. These
indices offer a comprehensive view of market behavior, making them excellent choices for
studying volatility.

Table 1 shows descriptive statistics for the daily log returns of the Tel-Bond 20 and

Tel-Bond 60 indices, calculated as the natural logarithm of the ratio of consecutive prices.

The mean and median returns for both indices are close to zero, indicating that the average
daily returns are quite small. The standard deviation is slightly higher for the Tel-Bond 20
index (0.0039) compared to the Tel-Bond 60 index (0.0036), suggesting that the Tel-Bond
20 is slightly more volatile. This result may be associated with the concentration of higher
market capitalization bonds in the Tel-Bond 20 index, leading to greater price movements
due to higher trading volumes and more significant investor reactions to market news
and events. In particular, retail investors, who are more prone to sentiment-driven trading
(Baker and Wurgler 2007; Edwards et al. 2007), may have a larger impact on the Tel-Bond
20 index, leading to increased volatility compared to the broader and more diversified
Tel-Bond 60 index.

Table 1. Descriptive statistics.

Index Mean Median Max Min Std. Dev. Skewness Kurtosis
Tel-Bond-20 0.000012 0.0002 0.0340 —0.0258 0.0039 0.6443 25.6379
Tel-Bond-60 0.000015 0.0002 0.0312 —0.0234 0.0036 0.5124 26.3665

Notes: This table presents descriptive statistics of the daily log-returns for the Tel-Bond-20 and Tel-Bond-60 indices
traded on the Tel Aviv Stock Exchange (TASE) during the sample period.

The maximum and minimum values show that the Tel-Bond 20 index has had both
higher peaks and deeper troughs than the Tel-Bond 60 index. Both indices show excess
kurtosis and positive skewness, indicating that there are more extreme positive returns than
extreme negative returns. The higher skewness in the Tel-Bond 20 index (0.6443) compared
to the Tel-Bond 60 index (0.5124) suggests that the Tel-Bond 20 index has experienced more
frequent large positive returns, which may be associated with sentiment-driven trading
activity. The high kurtosis values for both indices indicate that the returns distribution has
heavy tails and sharp peaks compared to a normal distribution, suggesting the presence of
outliers in the time series.

Table 2 reports the results of the Jarque—Bera test for normality (Jarque and Bera 1980)
and the ARCH LM test for stationarity. The Jarque—Bera test results are highly significant for
both index returns, leading to the rejection of the null hypothesis of normality. The ARCH
LM test results are also highly significant for both indices, indicating that the returns of both
indices exhibit volatility clustering, implying that periods of high volatility tend to cluster
together. This pattern can also be attributed to retail-trading activity, which is known to
induce such clustering in financial markets. Unreported Augmented Dickey—Fuller (ADF)
(Dickey and Fuller 1981) and Phillips Perron (Phillips and Perron 1988) stationarity tests
results also show high significance, suggesting stationarity in the time series. Overall, these
findings support the necessity of employing GARCH modeling to capture the volatility
dynamics accurately in our corporate bond indices.
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Table 2. Jarque-Bera and LM test.

Index Jarque—-Bera LM Statistic
Tel-Bond-20 15,788.27 *** 59.1581 ***
Tel-Bond-60 16,798.75 *** 91.8002 ***

Notes: *** indicates significance at the 1% level. Jarque-Bera tests for normality; LM tests for ARCH effects. Both
reject the null hypotheses, supporting the use of GARCH models.

4. Methodology

In this section we succinctly describe the GARCH models used in the study. We use
the daily returns of both indices and model the mean equation as follows:

re= U+ e, 1)

where r; represents the return of our corporate bond index at time ¢, y is a constant term,
and ¢; the error term used to model the conditional volatility in the various GARCH
models.

First, we implemented the GARCH model, which imposes nonlinear restrictions (Park
2002). This model improves upon the Auto-Regressive Conditional Heteroskedasticity
(ARCH) models by Engle (1982) by adding a more flexible lag structure. The GARCH (1,1)
variance estimation process is given by:

0f = w+agf_y + pojy, @)
where &, f and w = &g are the model parameters.

While the GARCH model is effective, it has limitations such as not accounting for the
sign (positive or negative) of delayed innovations and exhibiting excess kurtosis of the resid-
uals (Park 2002). To overcome these limitations, Bollerslev (1987) proposed using Student’s
t-distribution, which can capture conditional leptokurtosis separately from conditional
heteroskedasticity. Several empirical studies have employed the generalized t-distribution
to capture the skewness and leverage effects of daily returns and to address kurtosis and
skewness limitations (Hansen 1994; Harris et al. 2004). However, the GARCH model does
not handle the asymmetric effect, potentially biasing its estimation of conditional volatility
(Villar-Rubio et al. 2023).

To handle the asymmetric effect, we explore nonlinear asymmetric models, including
the Exponential GARCH (EGARCH) (Nelson 1991), the GJR model by (Glosten et al. 1993)
and the Asymmetric Power ARCH (APARCH) model (Ding et al. 1993). These models
consider the magnitudes and signs of shocks to conditional variance and explain the
leverage effect (Lama et al. 2015). Given the asymmetric response of investors to good and
bad news (Barberis et al. 1998; Hadad and Kedar-Levy 2024; Verma and Verma 2007), these
models may be more suitable to model the volatility.

We apply the EGARCH model (Nelson 1991), which identifies asymmetric effects on
conditional volatility. This model ensures that conditional variance remains positive by
specifying it in logarithmic form, thus avoiding restrictions on the model’s coefficients
(Lépez-Cabarcos et al. 2021; Pifeiro-Chousa et al. 2022). The logarithmic conditional
variance of the corporate bond index is modeled using the EGARCH (1,1) model:

log(atz) =w+a el ﬁ] + 7(?1) + Blog(atz_l), 3)

Or—1 7T —1

where 07 is the conditional variance of the error term of the mean equation of the index,
€;_1 is the first-order lag from (1), and « represents the symmetric effect of the general
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autoregressive model. w is a constant and vy coefficient captures the asymmetric effect of
innovations on the volatility of the index returns, when v < 0 negative news generates
higher volatility than positive news. B measures the stationary of the conditional volatility.
However, the EGARCH model has several limitations, such as capturing the lever-
age effect depending on the signs of the parameters and being highly sensitive to initial
values. Additionally, the log-transformation in EGARCH models ensures positivity of the
conditional variance but assumes a multiplicative effect, which might not always align
with the actual data characteristics (Alberg et al. 2008). To address this, Glosten et al. (1993)
extended the standard GARCH model by incorporating asymmetric effects of positive and
negative shocks on volatility. For one lag in the return of the corporate bond index and
variance, its conditional variance is modeled using the GJR (1,1) model as follows:

0F =wHaed |+ L€+ Bo? 4, 4)
where [;_1 is an indicator function that is equal to 1 if ¢;_; < 0 and zero otherwise, and
w, &, B, v are the model parameters, while , 3 > 0, and w > 0. The term 'ylt,ﬁ%_l adds an
extra component to the variance equation when the lagged error term is negative, capturing
the phenomenon where negative shocks have a larger impact on volatility than positive
shocks of the same magnitude (Glosten et al. 1993). While the GJR model effectively
captures asymmetry through the indicator function, it does not allow for varying the
power of the shocks. Furthermore, the GJR-GARCH model does not explicitly account for
heavy-tailed distributions of returns, which are evident in time series of returns (Denes
et al. 2023; Opschoor et al. 2018).

To address this issues, we also utilize the APARCH(1,1) model of Ding et al. (1993),
which provides a more flexible approach by allowing for different powers of the absolute
returns and asymmetry, by introducing a power parameter (6) that can be optimized to
better fit the data. Our APARCH(1,1) model is given by

0! = w+a1(ler—1]| — 1e-1)° + P10}y, ®)
where —1 < v < 1,6 > 0 and w,«,v, B and J are parameters to be estimated. The
APARCH model provides a more flexible framework for modeling asymmetric effects and
can better handle heavy-tailed distributions and varying volatility patterns, making it a
more comprehensive tool for analyzing financial time series. Furthermore, Alberg et al.
(2008) show that fat-tail distributions are better suited for modeling returns in the Israeli
market, underscoring the necessity of the APARCH (1,1) model.

Since our returns time series deviate from the normality assumption, a Maximum
Likelihood (ML) method is employed to estimate the models’ parameters. We use the quasi-
maximum likelihood estimator (QMLE) to obtain maximum likelihood estimates of the
various GARCH model parameters. This method maximizes the Gaussian log-likelihood
function of the multivariate normal distribution and results in consistent and asymptotic
normality of the estimated parameters (Allen and McAleer 2018; Asai et al. 2021). Addition-
ally, we utilize the Broyden-Fletcher-Goldfarb—Shanno (BFGS) optimization algorithm for
estimation to select the best-fitted model. This algorithm minimizes the likelihood function
(Mahmood and Khan 2020). Following Alberg et al. (2008), we apply the QMLE method
under the normal and Student’s t-distributions to select the best-fitted model.

Lastly, we select the optimal model by measuring several standard criteria to de-
termine the most adequate specification. The best model was selected using the Akaike
Information Criterion (AIC), Schwarz Information Criterion (SIC), and Hannan—-Quinn
Criterion (HQIC) statistics. These information criteria indicate how well the estimated
model fits the data compared to other models (Shittu and Asemota 2009), allowing us to
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better capture volatility clustering behavior for efficient risk management strategies and
better-informed portfolio allocation decisions.

5. Results

Table 3 summarizes the results of the GARCH (1,1) model on the Tel-Bonds indices
daily returns.

Table 3. GARCH (1,1) model results.

Estimation Results of the Variance 5

_ 2 2
or=w+ae; +Boy_4

Equation:
Variabl Normal Student’s ¢
ariable Tel-Bond-20 Tel-Bond-60 Tel-Bond-20 Tel-Bond-60

w 243 x 1077 204 x 1077 250 x 1077 ** 223 x 1077 **+

o 0.201152 *** 0.199625 *** 0.223436 *** 0.231301 ***

B 0.779118 *** 0.781201 *** 0.765361 *** 0.758634 ***
Adjusted R-squared 0.040581 0.040827 0.039660 0.039538
Log likelihood 3411.521 3478.030 3424.784 3495.102
Akaike Info Criterion —9.256851 —9.437582 —9.290173 —9.481255
Schwarz Criterion —9.225593 —9.406324 —9.252663 —9.443745
Hannan-Quinn —9.244796 —9.425527 —9.275707 —9.466788

Criterion

Notes: The table reports GARCH(1,1) estimates under both normal and Student’s t error distributions. *** indicate
significance at the 1% level.

The GARCH coefficients are positive and highly significant, indicating that current
volatility is highly sensitive to past information, both errors («) and volatility (8). The a
coefficient, representing model errors, is approximately 0.2, while § coefficient, representing
past conditional variance, is approximately 0.8. These results suggest that current volatility
of bond returns is more influenced by past volatility than by past shocks. Furthermore,
the information criteria (AIC, SBIC, and HQIC) have minimal values for Student’s t-
distribution, indicating that it is a better fit model. These results align with BM et al. (2023),
who noted the superiority of Student’s t-distribution for modeling financial time series
with heavy tails.

Table 4 show estimation results for the EGARCH (1,1) model. The EGARCH model
results, particularly with Student’s t-distribution, indicate that all coefficients are highly
significant. The preference for Student’s t-distribution, supported by lower AIC, SIC, and
HQIC values, aligns with Yong et al. (2021), who identified this distribution as optimal for
EGARCH (1,1) modeling of other Asian markets during periods of market turbulence. For
this distribution, we document a highly significant « coefficient, indicating the symmetric
effect of past errors on volatility, with values as approximately of 0.3. The  coefficient,
which is around 0.9, indicates long-term persistence in bond market volatility.

The asymmetry term shows a negative <y coefficient around —0.1 for both Tel-Bond 20
and Tel-Bond 60 returns, implying that negative shocks have a more significant impact on
volatility than positive shocks of the same magnitude, demonstrating a leverage effect. This
is consistent with findings by Hadad and Kedar-Levy (2024) in the context of the Israeli
corporate bonds market during the COVID-19 pandemic. These results underscore the
importance of accounting for asymmetry in volatility modeling, as negative news tends to
amplify volatility more than positive news, reflecting the behavioral biases of investors.

Table 5 summarizes the results of the GJR (1,1) model on the indices daily returns. The
GJR model results, particularly with Student’s t-distribution, indicate that the coefficients
are positive and highly significant. The B coefficient of approximately 0.8 indicates the
persistence of conditional volatility. The positive 7 coefficient confirms the presence
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of a leverage effect in the Israeli bond market during the COVID-19 period, indicating
that negative shocks have a larger impact on volatility than positive shocks of the same
magnitude. This is especially evident when using Student’s t-distribution, where the
« coefficient remains highly significant, unlike in the normal distribution where it is
insignificant.

Table 4. EGARCH (1,1) model results.

Estimation Results of the Variance Equation:
log(o?)=w+u {—“”‘1' — %} +y (gt—*l) +Blog(c? )

Ot-1 Ot-1
Variabl Normal Student’s t
ariable Tel-Bond-20 Tel-Bond-60 Tel-Bond-20 Tel-Bond-60
w —11.80657 *** —11.58546 *** —0.680550 *** —0.721949 ***
o 1.107948 *** 1.153876 *** 0.321036 *** 0.334494 ***
B 0.055067 0.093176 0.963587 *** 0.961363 ***
07 —0.019139 —0.103186 —0.101851 *** —0.092911 ***
Adjusted R-squared 0.039736 0.042865 0.042187 0.041403
Log likelihood 3260.014 3336.649 3425.896 3495.751
Akaike Info Criterion —8.842429 —9.050678 —9.290478 —9.480302
Schwarz Criterion —8.804919 —9.013168 —9.246717 —9.436540
Hannan-Quinn —8.827963 —9.036212 —9.273601 —9.463424
Criterion
Note: The table reports EGARCH(1,1) estimates for Tel-Bond-20 and Tel-Bond-60 indices returns under both
normal and Student’s t error distributions. 7 captures asymmetry (leverage effects). *** indicate significance at the
1% level.
Table 5. GJR (1,1) model results.
Estimation Results of the Variance Equation: o?=w+ae? +yI;_1€2_+Bo?
Variabl Normal Student’s ¢
ariable Tel-Bond-20 Tel-Bond-60 Tel-Bond-20 Tel-Bond-60
w 2.60 x 1077 ** 223 x 1077 *** 2.62 x 1077 *** 2.32 x 1077 **
o 0.072221 0.080696 * 0.087298 ** 0.104001 **
0% 0.194331 *** 0.184904 *** 0.203293 *** 0.189128 ***
B 0.798634 *** 0.794868 *** 0.784243 *** 0.775620 ***
Adjusted R-squared 0.042801 0.042593 0.041522 0.040910
Log likelihood 3419.856 3485.336 3430.154 3499.254
Akaike Info Criterion —9.276783 —9.454718 —9.302048 —9.489822
Schwarz Criterion —9.239273 —9.417208 —9.258286 —9.446060
Hannan-Quinn ~9.262317 —9.440252 ~9.285170 —9.472945

Criterion

Notes: This table reports GJR-GARCH(1,1) estimates for Tel-Bond-20 and Tel-Bond-60 indices return under both
Normal and Student’s ¢ distributions. y captures asymmetric effects of negative shocks (leverage effects).***, **
and * indicate significance at the 1%, 5% and 10% level, respectively.

The superior performance of Student’s t-distribution for the GJR model is further
underscored by the minimal AIC, SIC, and HQIC values, highlighting its better fit for the
data. This finding is consistent with Alberg et al. (2008), who found that models assuming
a Student’s t-distribution provide a better fit for financial time series data in the Israeli
stock market. This underscores the importance of using a distribution that can capture
the heavy tails and excess kurtosis often observed in financial returns, making Student’s
t-distribution a robust choice for modeling bond market volatility during periods of market
turbulence.
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Finally, we estimated the conditional variance of the bond yield indices using the
Asymmetric Power ARCH (APARCH) model. This model, which has the ability to gen-
erate many ARCH models by varying the parameters, couples the flexibility of a varying
exponent with the asymmetry coefficient. Table 6 summarizes the results of the APARCH
(1,1) model.

Table 6. APARCH (1,1) model results.

)

Estimation Results of the Variance Equation: of=w+)_ ?=1ai(|st_i \ —'yiet_,-)5+):;.7=1 ,Bjcrff i

Variable

Student’s t

Tel-Bond-20 Tel-Bond-60
w 229 x 1078 429 x 108
% 0.166892 *** 0.181514 ***
0% 0.263686 *** 0.236297 **
B 0.764342 *** 0.762282 ***
0 2.398791 *** 2.273031 ***
Adjusted R-squared 0.041453 0.04960
Log likelihood 3430.362 3499.351
Akaike Info Criterion —9.299896 —9.487368
Schwarz Criterion —9.249883 —9.437354
Hannan—Quinn Criterion —9.280608 —9.468080

Note: This table presents the estimated parameters of the Asymmetric Power ARCH (APARCH) model for the Tel-
Bond-20 and Tel-Bond-60 indices return using Student’s ¢ distribution. 'y and 5 capture the leverage effect and the power
term, respectively, enhancing model flexibility *** and ** indicate significance at the 1% and 5% level, respectively.

For both indices, convergence could not be reached with the APARCH model and a
normal distribution. Therefore, we used Student’s f version of the model. The results show
that the coefficients & and  are positive and statistically significant. The power coefficient
J is positive and significant as well, and not equal to 2, establishing that it is not a standard
GARCH model (Ding et al. 1993). The asymmetry coefficient -y is positive and significant,
indicating the existence of a leverage effect where negative news increases volatility more
than positive news of the same magnitude. The significant « coefficient implies that past
errors significantly affect current volatility, while the high (3 coefficient indicates long-term
volatility persistence.

Overall, the results show the presence of a leverage effect, where negative shocks
have a more significant impact on volatility than positive shocks. This effect is consistently
observed across the EGARCH, GJR and APARCH models, indicating that investor senti-
ment and reactions to negative news play a crucial role in driving bond market volatility.
These findings highlight the importance of considering asymmetry and heavy-tailed dis-
tributions in modeling financial time series, especially in markets with significant retail
trading activity.

The economic implications of these findings are significant, suggesting that investors
should be cautious during periods of market stress and that portfolio allocation strategies
should account for potential increases in volatility. We attribute these findings to the
evolution of the unique trading platform, which improved market practices and trading
behavior. This insight is crucial for developing more robust risk management strategies
and ensuring a resilient financial system

Lastly, to test the accuracy of volatility forecasting among the different models with
distribution assumptions, we compare several standard criteria: AIC, SBIC, HQIC and the
Log-Like value. Given that the results across all models indicate the superior fit of Student’s
t-distribution over the normal distribution, we focus on comparing Student’s t-distribution
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models to better capture the volatility dynamics of the Tel-Bond 20 and Tel-Bond 60 indices.
Results for Tel-Bond 20 and Tel-Bond 60 are presented in Table 7.

Table 7. Comparison between the models for the Tel Bond 20.

, Student’s t Student’s t Student’s t
Student’s t GARCH EGARCH GJR APARCH
Tel-Bond-20
AIC —9.290 —9.290 —9.302 —9.299
Schwarz —9.253 —9.247 —9.258 —9.225
Hannan-Quinn —9.276 —9.274 —9.285 —9.280
Tel-Bond-60
AIC —9.481 —9.480 —9.490 —9.487
Schwarz —9.444 —9.437 —9.446 —9.437
Hannan-Quinn —9.467 —9.463 —9.473 —9.468

Notes: This table compares the performance of the four volatility models for the Tel-Bond-20 index and Tel-Bond
60 index returns. All models are estimated with Student’s t-distribution. Lower AIC, Schwarz, and Hannan-Quinn
information criteria indicate better the model fit.

The comparison of the different models for the Tel-Bond 20 and Tel-Bond 60 indices,
as summarized in Table 7, demonstrates that the GJR model with a Student’s t-distribution
provides the best fit for the data. For the Tel-Bond 20 index, the GJR model outperformed
other models with an AIC of —9.302, an SBIC of —9.258, and an HQIC of —9.285. Similarly,
for the Tel-Bond 60 index, the GJR model achieved the lowest AIC of —9.490, an SBIC
of —9.446, and an HQIC of —9.473. These results indicate that the GJR model with a
Student’s t-distribution better captures the volatility dynamics of both indices compared to
the GARCH, EGARCH, and APARCH models.

While these findings are consistent with previous studies documenting the outperfor-
mance of the GJR model in estimating stock returns volatility (Liu and Hung 2010), they
contrast with findings for the Israeli market. Specifically, Alberg et al. (2008) found the
EGARCH model to be the most successful for measuring conditional variance and forecast-
ing the Israeli stock indices. Furthermore, Hadad and Kedar-Levy (2024) documented that
the EGARCH(1,1) model had the best fit for the Tel-Bond 20 index returns. However, it
should be noted that these studies primarily focused on outdated data. For instance, the
sample in Hadad and Kedar-Levy (2024) ranges from 2000 to 2019, thus not considering the
significant impact of COVID-19 and the rise in inflation, which evidently impact the Israeli
corporate bonds market. Given that economic uncertainty and inflationary times exhibit
higher volatility in corporate bonds (Bethke et al. 2017; Campbell et al. 2020; Engelberg
et al. 2018; Kang and Pflueger 2015), this should favor the GJR results.

6. Conclusions

This study examines conditional volatility in the Israeli corporate bond market using
GARCH family models. Our findings reveal that the GJR-GARCH model with a Student’s
t-distribution most effectively captures the asymmetric volatility behavior of bond returns,
highlighting the presence of a leverage effect and sentiment-driven volatility. These find-
ings reflect that negative shocks lead to disproportionately higher volatility, highlighting
increased sensitivity to downside risk. These dynamics are especially relevant in transpar-
ent and retail-dominated markets like Israel, where information is rapidly incorporated
into prices. Such volatility asymmetry may distort risk premia, widen spreads, and impair
market functioning during stress episodes, and thus accurate volatility modeling becomes
essential for risk management, asset pricing, and regulatory oversight.

58



Risks 2025, 13, 224

These findings are particularly relevant for the Israeli market, characterized by high
levels of transparency and significant retail participation. Prior work shows that market trans-
parency enhances liquidity and narrows bid-ask spreads (Bessembinder and Maxwell 2008;
Cici et al. 2011; Goldstein et al. 2007), but also increases market responsiveness to new
information. In such settings, retail-driven sentiment plays a larger role in shaping price
volatility. Indeed, Baker and Wurgler (2006, 2007) highlight how retail sentiment intensifies
volatility and exacerbates deviations from fundamentals—especially in less institutional-
ized markets. This supports recent findings by Goldstein and Namin (2023) and Wang
(2023) that bond markets with active retail investors exhibit more pronounced volatility in
response to sentiment shifts.

Our results reinforce the suitability of ARCH-type models for bond volatility analysis,
in line with Reilly et al. (2000), and underscore the importance of incorporating asymmetry
in volatility forecasts for transparent, sentiment-sensitive markets. Using appropriate
models such as GJR-GARCH can improve risk management, enhance price discovery, and
support financial stability initiatives in such environments.

Nonetheless, the study is limited to a univariate GARCH framework, subjective model
selection, and a sample period that reflects a turbulent economic time (the COVID-19
pandemic), which may not capture the full diversity of market conditions and could
limit the generalizability of the findings to more stable periods. Moreover, the localized
nature of the Israeli corporate bond market, despite its unique structural strengths, further
constrains the broader applicability of our results. Future research should extend the
analysis across different corporate bond sectors within Israel, consider multivariate and
regime-switching approaches, and evaluate how platform design and investor composition
affect volatility patterns. Crucially, we recommend applying this framework to other
emerging corporate bond markets with similar structural traits, namely high transparency
and strong retail investor presence, to enable comparative insights into sentiment-driven
volatility dynamics. Such extensions can guide both local and international policymakers
in designing interventions that mitigate systemic risk under uncertainty.
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Abstract

If intraday price data are unavailable, then using daily returns to construct realized mea-
sures of the variances of lower-frequency returns is a natural substitute for using high-
frequency returns in this context. Notably, a suitable application of this approach yields
realized measures that are unbiased estimators of the unconditional and conditional vari-
ances of holding period returns for any investment horizon. I use a long sample of daily
S&P 500 index returns to investigate the merits of constructing realized measures in this
fashion. First, I conduct a Monte Carlo study using a data generating process that repro-
duces the key dynamic properties of index returns. The results of the study suggest that
using realized measures constructed from daily returns to estimate the conditional and
unconditional variances of lower-frequency returns should lead to substantial increases
in efficiency. Next, I fit a multiplicative error model to the realized measures for weekly
and monthly index returns to obtain out-of-sample forecasts of their conditional variances.
Using the forecasts produced by a generalized autoregressive conditional heteroskedastic-
ity model as a benchmark, I find that the forecasts produced by the multiplicative error
model always generate lower mean absolute errors. Furthermore, the improvements in
forecasting performance are statistically significant in most cases.

Keywords: forecasts; GARCH; realized volatility; realized kernel; multiplicative errors

1. Introduction

Realized variances are ex-post measures of return variation that are typically con-
structed by summing the squared values of high-frequency log returns (see, e.g., Andersen
and Bollerslev 1998; Andersen et al. 2003; Barndorff-Nielsen et al. 2008). The use of realized
variances has revolutionized methods of modeling and forecasting volatility over the past
two decades. Indeed, realized variances are now employed in a wide variety of intriguing
applications. Some recent examples include forecasting volatility for stocks included the
S&P 500 index via machine learning methods (Zhu et al. 2023), forecasting volatility for
international real estate investment trusts (Bonato et al. 2022), modeling time-varying
conditional skewness in equity markets (Kirby 2024), pricing options on the Chicago Board
Options Exchange volatility index (Tong and Huang 2021), developing dynamic tail-risk
models to aid in measuring and managing financial risk (Chen et al. 2023), and studying
volatility spillovers across cryptocurrency markets (Ben Ameur et al. 2024).

Many of the econometric studies that employ realized variances are conducted using
either daily log returns or daily simple returns (see, e.g., Gorgi et al. 2019; Hansen et al.
2012, 2024; Noureldin 2022; Noureldin et al. 2012). Researchers seldom feel the need to
differentiate between simple returns and log returns in such studies because doing so is
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unnecessary from an empirical perspective. If the holding period for a stock or stock index
is a single day, then the difference between the variance of a simple return and the variance
of the corresponding log return will typically be negligible. However, the differences
between the statistical properties of simple returns and those of log returns become more
pronounced as the holding period increases. Thus, they are unlikely to be negligible for
research that addresses asset pricing, portfolio optimization, and related topics, which is
usually conducted using simple returns for weekly, monthly, or quarterly holding periods
(see, e.g., Avramov et al. 2006; Kirby and Ostdiek 2012; Yogo 2006).

For instance, the covariance matrix of simple returns plays a central role in Markowitz
(1952) portfolio selection. Although it would be straightforward to use realized variances
computed from log returns to construct an estimator of the covariance matrix of simple
returns, the estimator would typically be biased given that simple returns are nonlinearly
related to log returns. Consider the case in which log returns are normally distributed.
Because simple returns have a lognormal distribution under these circumstances, the
variance of simple returns is typically higher than the variance of log returns in this case.
This clearly suggests that it would be useful to develop a procedure for constructing
realized variances that are unbiased estimators of the variances of simple returns.

More broadly, it is important to note that the high-frequency data needed to construct
daily realized variances may not be available for the full sample period of interest. The first
year of the Trade and Quote data provided by the New York Stock Exchange is 1993. In
contrast, the coverage of the daily stock file of the Center for Research in Security Prices
begins in 1926. The widespread availability of daily historical data makes it well suited for
estimating the unconditional and conditional variances of lower-frequency stock returns.
I investigate this approach using a new technique for constructing realized measures.
Unlike the conventional construction technique pioneered by Andersen and Bollerslev
(1998), the new technique delivers realized measures that are unbiased estimators of the
unconditional and conditional variances of simple returns in a discrete time setting under
relatively mild assumptions that are frequently invoked in the volatility modeling literature.

I begin by conducting a Monte Carlo study of the relative estimation errors that result
from using the new and conventional realized measures as estimators of the unconditional
and conditional variances of simple returns and log returns for a range of different holding
periods. The results of the study demonstrate that my technique for constructing realized
measures of the variances of simple returns works as intended. I find no evidence of
bias for any holding period and the proposed realized measures deliver improvements
in estimation efficiency that are comparable to those produced by conventional realized
measures of the variances of log returns.

To develop further insights, I use S&P 500 index data to investigate the performance
of pseudo out-of-sample variance forecasts that are constructed using the new realized
measures. The empirical analysis employs the generalized autoregressive conditional
heteroskedasticity (GARCH) model of Bollerslev (1986) as a benchmark and is conducted
in a manner that isolates the incremental gains from using the new realized measures for
modeling purposes. First, I fit a GARCH(1,1) model to simple returns for both weekly
and monthly holding periods. Next, I replace the squared demeaned simple returns in
the recurrence relation for the conditional variance under the GARCH(1,1) model with
the corresponding realized measures. Finally, If fit the resultant specification, which is
a multiplicative error model (MEM) of the type introduced by Engle (2002), to the same
sample of simple returns for weekly and monthly holding periods.

Because the only difference between the recurrence relations for the conditional vari-
ances under the GARCH(1,1) and MEM(1,1) specifications is that former employs squared
demeaned simple returns and the latter employs realized measures, the performance ad-
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vantage of the MEM(1,1) specification (if any) is due to the incremental gains from using
realized measures. I use the Giacomini and White (2006) test of equal predictive ability to
assess whether the differences in performance are statistically significant. As anticipated,
I find that the MEM forecasts produce smaller mean errors, smaller mean absolute errors,
and smaller root mean square errors than the GARCH forecasts for every forecast horizon
under consideration at both the weekly frequency and the monthly frequency. However,
the results for the monthly observations are stronger from the standpoint of statistical
significance. I find that the smallest ¢-statistic produced by the test of equal predictive
ability is 2.61 in this case. Because I reject the hypothesis that the GARCH forecasts of
monthly variances are just as accurate as the MEM forecasts of monthly variances at the
1% significance level, irrespective of the forecast horizon, I conclude that the proposed
realized measures of the variances of simple returns deliver meaningful performance gains.

Although these results are illustrative, the proposed realized measures could obvi-
ously be exploited in other ways. For example, researchers have developed a variety
of specifications that use conventional realized measures to model volatility dynamics,
such as the heterogeneous autoregressive volatility (HAR) model of Corsi (2009), the
high-frequency-based (HEAVY) model of Shephard and Sheppard (2010), and the realized
GARCH model of Hansen et al. (2012). By replacing the realized measures constructed
from high-frequency log returns with realized measures constructed from daily simple
returns, any of these specifications could be used to model and forecast the conditional
variances of simple returns for weekly, monthly, or quarterly holding periods.

It is also clear that the proposed realized measures can be employed to model and
forecast the conditional variances of lower-frequency returns for any asset or commodity
for which daily price data are readily available (e.g., the Eurodollar exchange rate, crude
oil, or Bitcoin). Of course, using this approach for seasonal commodities would require a
volatility model that is capable of capturing seasonality, such as a periodic MEM analog
of the periodic GARCH model of Bollerslev and Ghysels (1996). But implementing this
extension should be relatively straightforward from an econometric perspective.

The rest of the article is organized as follows. Section 2 shows how to construct realized
measures that are unbiased estimators of the unconditional and conditional variances of
simple returns. Section 3 discusses the results of the Monte Carlo study. Section 4 describes
the GARCH(1,1) and MEM(1,1) specifications used to forecast conditional variances for
the S&P 500 index and presents the results of the pseudo out-of-sample performance
comparisons. Finally, Section 5 offers some concluding remarks.

2. Realized Measures

Suppose that P(t;) denotes the price of a stock or stock index at time ;. Further
suppose that the price is recorded at a fixed frequency such that there is always one time
period between successive elements of the sequence {P(t;) szTof where K >1and T >0
are integers to be specified later. To develop realized measures that are unbiased estimators
of the variance of simple returns in a discrete-time setting, I invoke assumptions that
eliminate the need to employ the type of fill-in asymptotics that underpin the arguments
of Andersen et al. (2003). Henceforth, F(t;) denotes the information set that contains all
prices realized prior to time ;1. I presume throughout the discussion that log returns and
simple returns are weakly-stationary random variables.

2.1. Realized Measures Computed from Log Returns

Andersen and Bollerslev (1998) pioneered the use of high-frequency log returns to
construct realized measures. It is easy to formulate discrete-time analogs of the basic
arguments that motivate their methodology. Let 7(;, t; ) = log P(t;,x) — log P(t;) denote
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the log return for the k-period interval that begins at time ¢; and ends at time t; ;, where
0 < k < K. I assume for simplicity that E[7(t;,t;11)] = 0 and use 0% := var(F(t;, t; 1)) to
denote the variance of K-period log returns.

The starting point is to consider a scenario in which the single-period log returns are se-
rially uncorrelated. Because 7(t;, t;, ) can be expressed as 7(t;, ;1 x) = E}il F(tivi—1,tivj),
it follows immediately that

K 12
Ok = (E lz P(tivj1, ti+j)1 ) , @
=1

where ?z(tiﬂ,l, ti1j) denotes the square of 7(;, ;1,t;1;). Thus, 8(t;, t; k) = (Zle 72 (tirj-1tiv) )2
is a realized measure of volatility that satisfies E[7*(t;, t;, k)] = 62

It is also easy to see that T~! Z]'T:1 ﬁz(t(]-_l)K, tix) and T-1 Z]-T:1 ?z(t(]-_l)K, tik) are un-
biased estimators of 7. But the former is a lot more efficient than the latter in general. More
broadly, 9(t;, t; k) satisfies E[#?(t;, ;. k)| F (t;)] = var(#(t;, t;, k)| F (t;)) under suitable as-
sumptions about the dynamic properties of log returns. To grasp the basic requirements for
conditional unbiasedness, let & (t;, t; k) := var(7(t;, ti1x)| F(t;)) and think about a data
generating process (DGP) of the form

F(ti,tip1) = 0t tip1)2(ti tiva), i=0,1,..., KT -1, 2

where & (t;,ti11) € F(t;), E[Z(t;, tiy1)|F ()] = 0, and E[2%(t;, t;1)| F (t;)] = 1 for all i. For
example, the DGP could be a GARCHY(1,1) model (see Bollerslev 1986). Because a DGP
of this form implies that E[7(t;, t;11)7(ti ), tiyji1)|F (t;)] = 0 for all j # 0, it follows that
(ti, tivg) = (Z]K:l B[P (tisj 1, tiy)) | F(t;)])"/? by iterated expectations.

2.2. Realized Measures Computed from Simple Returns

In a typical finance application (portfolio optimization, risk management, etc.), the
analysis focuses on simple returns rather than log returns. Furthermore, the simple returns
of interest are often measured at relatively low frequencies (monthly observations, quarterly
observations, etc.). I therefore propose a new strategy for constructing realized measures
that are unbiased estimators of the unconditional and conditional variances of simple
returns. Henceforth, simple returns are just called returns.

Let r(t, tirx) = P(tiix)/P(t;) — 1 denote the return for the k-period interval that
begins at time ¢; and ends at time t; . By straightforward algebra, this quantity can be

expressed as
k

r(tistisk) = Y R(ti, tivjo1)r(tinj—1,tivg), 3)
j=1
where R(t;,t; 1) = P(t;1x)/P(t;) denotes the gross return for the k-period interval under
consideration. I assume for simplicity that E[r(#;, t;11)] = 0 and explain how to relax this
assumption later on.
Now let 02 := var(r(t;, t;iix)), 02(t;, tiyk) := var(r(t;, t;ix)|F(t)), and consider a
scenario in which single-period returns satisfy

cov(r(tirj—1,tivj), R(ti tivj—1)r(tizk—1, tigk)R(Ei tirg—1)) =0 O]

for all j > k > 1. Under these circumstances,

K
=

1/2
R*(t;, ti+j1)r2(ti+j1/ti+j)> ©)

o(ti tipk) = (

1
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is a realized measure of o that satisfies E[v?(t;, t;, k)] = 0%.Furthermore, it is apparent that
o(t, tiyx) satisfies E[v?(t;, t; k)| F(t;)] = 0?(t;, t;, k) under suitable assumptions about the
dynamic properties of returns. This is the case, for example, if the DGP takes the form

r(ti tigr) = o(ti, tip1)z(ti, tin), i=0,1,..., KT -1, (6)

where o (t;,t;11) € F(t;), E[z(t;,ti11)|F ()] = 0, and E[Zz(ti, ti1)|F(t)] =1 foralli. To
see why, simply note that

E[R(ti, tisj—1)7(tivj—1, tigi ) Rt tigk—1) 7 (Eipk—1, tivk) [ F (£)] = 0 @)
forallj > 1,k > 1,and j # k under the DGP in Equation (6).

2.3. Some Useful Extensions

The methodology can easily be modified to address situations in which the maintained
assumptions are deemed too restrictive. For instance, if single-period returns display serial
correlation, then a realized kernel approach can be used to construct the realized measures.
Barndorff-Nielsen et al. (2008) show that this is an effective way of addressing the presence
of serial correlation that is due to microstructure effects.

To illustrate, let | denote the lag truncation value employed by the realized kernel
estimator of Barndorff-Nielsen et al. (2008). An analogous estimator for simple returns can
be obtained by specifying | < K and computing v(t;,t;1 k) as

] j /2
o(ti tivk) = j:Z_:]ZU(Hl>gj(P(ti),...,P(tH_K)) , (8)
where
(P(+ N P(tiyi—1) ,, o Pligj-1)
gi(P(t), ..., P(tiyk)) = 8 P(mf(twll/terl)P(mT(tz’+l—j—1/ti+l—j)( |
9

and

o 2 3
(x)_{1 6x2 +6x2 0<|x| <1/2 .

2(1 —|x])3 1/2 < |x| < 1.

is the weight function for the Parzen kernel.
The assumption that expected returns are equal to zero can also be relaxed. Suppose,
for instance, that E[r(t;,t;11)|F (t;)] = p for all i. In this case,

E[(1+ u) *R(ti, tivx) — 1F(t)] =0 (11)

foralliand k > 0, so it is a simple matter to show that

2 2
R(t, ti k) ) K <R(fz', fz‘+j1)> (T(fi+j1/fi+j) - V)
K () ) = E : F(t; 12
by mirroring the arguments for the = 0 case. The realized measure
K 12
o (ti tirk) = <Z(1 + )P KR (1, tivj—1)(r(tivj-1tivj) — V)2> (13)
j=1

therefore satisfies E[v*?(t;, t;, k)| F(t;)] = var(r(t;, ti k)| F(t))-
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It is clear that v?(t;, t;, k) is a biased estimator of 0 (t;, t;, g ) for cases in which u # 0,
justas #2(t;, t;, k) is a biased estimator of 72(t;, ;, g ) for cases in which E[#(t;, t;11)|F (;)] #
0. But the results also show how to implement a simple bias correction for v?(t;, t;, k). In
particular, a bias-corrected realized measure for returns can be obtained by substituting
a consistent estimator of E[r(t;,t;,1)] that is available at time t; for y in Equation (13).
The effect of this correction will typically be quite small for realized measures that are
constructed from daily stock returns because the sample mean of daily returns is typically
only a few basis points. This is the reason why studies that fit volatility models to daily
stock returns often assume that expected returns are equal to zero (see, e.g., Visser 2011).

3. Monte Carlo Analysis

I use Monte Carlo integration to document the properties of the unbiased variance
estimators discussed in Section 2. The DGP for the study is a well-known variant of the
GARCH(1,1) model of Bollerslev (1986). In particular, I generate the single-period log
returns from the model

F(ti tivr) = k02 (b, tis) + 0 (b tin)2( tiga), (14)
(i tis1) = w+ o2 (tim1, ) + a(2(tiog, 1) — 0 (ti, 1))?, (15)

wherew >0,8>0,0 >0, (B+ uc’yz) < 1,and Z(t;, t;11) is an NID(0, 1) random variable.
This specification is well suited to Monte Carlo work because it allows (71%, UIZ<, 2 (ti, tivk),
and ¢?(t;, t;, k) to be computed analytically.!

Daily S&P 500 index data for the years 1946 through 2023 (19,835 observations) are
used to calibrate the DGP. The data are from two sources: the daily stock file of the Center
for Research in Security Prices for 3 July 1962 to 29 December 2023 and a dataset compiled
by Schwert (1990) for 2 January 1946 to 2 July 1962.2 First, I use the method of maximum
likelihood to fit the model to daily log index returns subject to x = 0 and w = 0.3 Second, I
set the values of &, §, and -y in Equations (14) and (15) equal to their maximum likelihood

estimates, generate {F(t;, t;41}+1, ' with x = 0 and w = 0, and construct {r(t;, ;41 }12; "
by setting x = —1/2 and computing r(t;, t;11) = exp(k(t;, ti 1) + #(t;, tiy1)) — 1 for

all i.* Third, I use the simulated data to calculate &*(t;,t;.x) and v*(t; t;.x) for each
i €{0,K,2K,...,(T —1)K}. Because there are roughly 252 trading days per year for the
S&P 500 index, I consider K = 5, K = 21, K = 63, K = 126, and K = 252 to approximate
weekly, monthly, quarterly, semiannual, and annual holding periods.

Table 1 summarizes the results for 10 million simulated observations (i.e., T = 1,000,000).
Panel A examines the properties of the relative estimation errors for unconditional variances.
The initial six columns report the mean, mean absolute, and root mean square values of
P (t;, tivk) /0% — Land r2(t;, t; k) /o2 — 1 for the six values of K under consideration (denoted
by ME, MAE, and RMSE). For K = 1, the results for log returns are nearly identical to those
for returns. But differences emerge as K increases.

As anticipated, the mean errors are quite small (zero to three decimal places) because
#(t;, tiy k) and r2(t;, t;, k) are unbiased estimators of 7% and . The largest RMSEs corre-
spond to K = 21 for log returns and K = 5 for returns. An increase in the RMSE is always
indicative of an increase in kurtosis, which can be expressed as 1 plus the mean square
error. The smallest MAEs and RMSEs correspond to K = 252.

68



Risks 2025, 13, 190

Table 1. Monte Carlo study of the relative estimation errors for unconditional and conditional variances.

Panel A
P (i tirk) 1 r(ti tiyk) 1 o (i, tigk) 1 0 (i tigk) 1
Ok ok Ok %
K ME MAE RMSE ME MAE RMSE ME MAE RMSE ME MAE RMSE
1 —0.000 1.015 1.617 —0.000 1.015 1.618 —0.000 1.015 1.617 —0.000 1.015 1.618
5 0.000 1.027 1.692 0.000 1.025 1.666 0.000 0.615 0.864 0.000 0.612 0.856
21 0.000 1.013 1.734 0.000 1.005 1.635 0.000 0.432 0.576 0.000 0.417 0.548
63 0.000 0.997 1.698 0.000 0.984 1.532 0.000 0.317 0.412 0.000 0.284 0.362
126 0.000 0.987 1.617 0.000 0.972 1.446 0.000 0.244 0.313 0.000 0.204 0.258
252 —0.000 0.978 1.537  —0.000 0.966 1.407 0.000 0.181 0.229 0.000 0.153 0.194
Panel B
Pltiti) Pt ti) (titivk) O(titivk)
02(ti tirk) o2(ti tiyk) o2(ti tivk) o2(ti tiyk)
K ME MAE RMSE ME MAE RMSE ME MAE RMSE ME MAE RMSE
1 —0.000 0.968 1414  —0.000 0.968 1415 —0.000 0.968 1414 —0.000 0.968 1.415
5 —0.000 0.990 1.559 —0.000 0.988 1.533 0.000 0.537 0.732 0.000 0.534 0.723
21 0.000 0.995 1.676 0.000 0.988 1.579 0.000 0.380 0.506 0.000 0.362 0.476
63 0.000 0.993 1.684 0.000 0.980 1.519 0.000 0.300 0.391 0.000 0.265 0.338
126 0.000 0.985 1.613 0.000 0.971 1.441  —0.000 0.238 0.306 0.000 0.197 0.249
252 —0.000 0.978 1.536  —0.000 0.965 1.406 0.000 0.178 0.227 0.000 0.150 0.191

Note: I use Monte Carlo integration to document the performance of competing estimators of 62 := var(F(#;, ti+x)),
0% = var(r(ti tisk)), 7 (ti tipk) = var(F(ti, tipx)|F (1)), and o> (b, tiix) = var(r(t; tiix)|F(t;)), where
7(t;, tivx) and r(t;, tirx) denote the log return and return for the K-period interval that begins at time t;
and ends at time t; g and F(t;) = {F(to,t1),...,7(ti—1,t;)}. The columns labeled ME, MAE, and RMSE re-
port the mean, mean absolute, and root mean square values of the relative estimation errors for the indi-
cated estimators. The analysis is carried out using a data generating process (DGP) of the form shown in
Equations (14) and (15), where w = 0, B = 0.8754, « = 4.554 x 107°, 4 = 127.0, and 2(t,t;;1) ~ NID(0,1).
First, I generate the sequence {7(t;, tiﬂ}ffo’l with ¥ = 0 and T = 10000000. Next, I construct the sequence
{r(ti, ti1 95! by setting x = —1/2 and computing r(t;, ;1) = exp(k62(t;, tip1) + F(ti, tir1)) — 1 for all
i. Finally, T caleulate 0 (ti, t;yx) = L P(tij1,tiyj) + 22}’;—11 F(tij1,ti)F(tii tivjo1) and 02 (t;, k) =
T R (bt jo1)r (bijo1, b ) + 2500 R(by b 1)1 (b jor i) R (b i )7 (Fi o b jo1) along with 02 (8, k)
and o?(t;, t; g) for all i € {0,K,2K,..., (T — 1)K}, where Rt tiyj) = 1+7(t, tiyj). Simple algebra yields
2 (ti, tiyk) = Ko? 4+ (1 — p) 711 — o) (52(t;, tiy1) — 07) and 02 = Ko?, where p = B+ ay? and &2 = (1 —
p) ! (w+a). To obtain analytic expressions for 0% (t;, t;1 k) = E[R?(t;, ti k)| F (t;)] — land 02 = E[R?(t;, tisx)] — 1,
I rely on results from the option pricing literature (see Heston and Nandi 2000, for details). Specifically, it is
well known that E[RT(t;, t; g )| F ()] = exp(ak(t) + bk (T)5?(t;, ti+1)) under the DGP for the study, where
ak(t) and by () are given by the recurrence relations a (t) = ax_1(7) + wbg_1(7) — 1 log(1 — 2abk_1(7)) and
b (1) = T(Kc+ ) — 372 + Bbk-1(7) + % with ag(t) = bo(T) = 0. Setting T = 2 produces an expression
for o2(t;,ti k) + 1, which in turn yields 02 + 1 = exp(ak(2))E[exp(bk(2)52(t;, ti+1))] by the law of iterated
expectations. Because E[exp(&(z +v)?)] = (1 —28) 2 exp(v2&(1 — 2&) 1) given that z ~ N(0, 1), the law of iter-
ated expectations also implies that E[exp (bk (2)#(t;, ti11))] = exp(L72g wej1 — (1/2)log(1 —2acj 1)), where ¢;
satisfies the recurrence relation ¢; = Bc; 1 +acj1(1 - 20«:]‘,1)’172 with cg = bg(2).

Now consider the results in the final six columns of panel A, which contain the mean,
mean absolute, and root mean square values of 7% (t;, t;, )/ 5712< —T1and ©*(t;, ti x)/ (TI% -1
for the six values of K under consideration.? The realized measures show no indications of
bias and are clearly much more efficient estimators of 17'12( and (712< for K > 1 than 72 (t;, t;, k)
and 72(t;,t;, k). Notice, for example, that replacing r>(t;, t;,x) with v(t;,t;, k) reduces
the RMSE from 1.666 to 0.856 with K = 5. This is a reduction of 48.6%. Furthermore, the
improvements in efficiency become more pronounced as K increases. The RMSE drops
from 1.407 to 0.194 for the K = 252 case, which is a reduction of 86.2%.
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Panel B examines the properties of the relative estimation errors for the conditional
variances using the same layout as panel A. Once again, the mean errors are zero to three
decimal places in all cases and there are large gains in efficiency from employing the
realized measures. The reduction in the RMSEs relative to those reported in panel A is an
indicator of the benefits exploiting conditioning information. The RMSEs drop by 0.203
(12.6%) in all cases for K = 1. As K increases, the drop always becomes smaller in raw
numerical terms. But the percentage drop in the RMSE does not display a monotonic
relation with K. For example, the RMSE for v?(t;, t; k) drops by 0.133(15.5%) for K = 5.

Overall, the Monte Carlo evidence indicates that the proposed technique for con-
structing realized measures that are unbiased estimators of the variances of holding-period
returns works as intended. It achieves improvements in efficiency that are comparable to
those achieved by the conventional technique for constructing realized measures of the
variances of multiperiod log returns. I now turn to an empirical application that focuses on
forecasting the conditional variances of weekly and monthly S&P 500 index returns.

4. Out-of-Sample Results for the S&P 500 Index

To lay the groundwork for the discussion, assume that the objective is to forecast the
variance of a financial variable y(t + s) using a realization of the sequence {y(1),...,y(t)}
for some s > 1. Because the GARCH(1,1) model of Bollerslev (1986) is known to perform
well in a variety of settings, it is often used to construct such forecasts. If the DGP is a
GARCH(1,1) specification, then y(f + s) can be expressed as

y(t+s) = p+h2(E+1,8)z(t+5), (16)
h(t+1,5) = (1—¢> D+ ¢ th(t+1,1), (17)
h(t+1,1) =5+ ¢(h(t,1) — n) + 6(e*(t) — h(t, 1)), (18)

where E[z(t +5)|y(1),...,y(t)] = 0, E[z2(t +5)|y(1),...,y(t)] = 1,and €(t) = (y(t) — u)>.
Thus, h(t +1,s) is a conditionally-unbiased s-step-ahead forecast of ¢?(t + s).

Now consider an alternative s-step-ahead forecast of e?(t + s) that is constructed
from a realization of the sequence {x(1),...,x(t)}, where x(t) is a conditionally-unbiased
realized measure of the variance of y(t) with dynamics that are described by an MEM
specification of the type introduced by Engle (2002). If the DGP is an MEM(1,1) specification,
then x(t + s) can be expressed as

x(t+s) =m(t+1,s)u(t+s), (19)
m(t+1,5)=(1—¢ g+ ¢ 'm(t+1,1), (20)
m(t+1,1) =g+ @(m(t,1) —¢) + A(x(t) —m(t,1)), (21)

where u(t + s) is strictly non-negative and satisfies E[u(t +s)|x(1),...,x(t)] = 1. Because
m(t+1,s) is a conditionally unbiased s-step-ahead forecast of x(t + s), it clearly has the
potential to outperform h(t + 1,s) as a forecast of e?(f + s).

I focus on the case in which y(t + s) is a weekly or monthly return on the S&P 500 index
and the realized measure of its variance is constructed from daily returns. Presumably,
variance forecasts based on realized measures should generally be more accurate than those
based on weekly or monthly returns. I therefore use the pseudo out-of-sample forecasts
produced by the GARCH(1,1) specification to benchmark the performance of the pseudo
out-of-sample forecasts produced by the MEM(1,1) specification. As in Giacomini and
White (2006), I conduct the analysis using limited-memory estimators of the parameters.

Because the GARCH(1,1) model implies that e?(t + 1) = h(t +1,1)z%(t + 1), it is
essentially a MEM(1,1) specification for ¢?(t + 1). Furthermore, the recurrence relation for
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h(t+1,1) in Equation (18) can be transformed into the recurrence relation for m(t +1,1)
in Equation (21) by replacing e?(t) with x(t) and relabeling the parameters. It is apparent,
therefore, that the research design ensures that performance advantage of the MEM(1,1)
specification (if any) is due to the incremental gains from using realized measures as long as
the approach used to fit the GARCH and MEM specifications puts them on an equal footing.
This poses no issues because fitting the GARCH specification under the assumption that
z(t+1) ~ NID(0, 1) produces the same results as treating e?(t +1) = h(t +1,1)z2(t + 1)
as an MEM specification and fitting it by assuming that z?(¢ + 1) is a serially independent
exponential random variable with a unit mean (see Engle 2002, for further elaboration).

To illustrate, suppose W +s — 1 > 0 is the number of observations in a rolling window
of weekly or monthly returns. For each choice of s and valueof N € {1,..., T—W —s+1},
I construct an estimate of h(t +1,s) for t = N + W — 1 using the estimate of 8 := (y, 77, ¢, )
obtained by minimizing

NAW=1 1 1/e(t+s—1)
;s,N) = —log(h(t | ——— 22
Qs N) = 1 3lost o) + 5 () @
subject to h(N,1) =
7 =WTENV 1yt - ) Similarly, for each choice of s and value of N, I construct

1,s) for t = N + W — 1 using the estimate of # := (g, ¢, A) obtained

n, w = f, and 7 = 7, where i = W IENEV"1y(t) and

an estimate of m(t +
by minimizing

N+W-1 1
Om(®isN) = ), 10g(ﬂ¢(t,5))+% (23)

subject to m(N,1) = ¢ and ¢ = ¢, where { = W~ ZN WL x(t). The resultant estimated
values of u, h(t +1,s), and m(t +1,s) are denoted by y(t +1,s), h(t+1,s), and 7i1(t +1,5).

Several features of this procedure are worthy of further comment. First, apart from an
additive constant, —Q;,(60;s, N) and —Q,,(9;s, N) are the log quasi-likelihood functions
that result from treating z(t) as N(0,1) and u(#) as an exponential random variable with
a rate parameter of one. Thus, the estimators of 8 and ¢ are consistent under the usual
regularity conditions for quasi-maximum likelihood estimation. Second, I use the sample
mean of y(t), sample variance of y(t), and sample mean of x(t) that are computed from
the initial W observations of the rolling window as estimators of y, #, and ¢. This targeting
approach simplifies optimization. Third, the procedure produces horizon-tuned forecasts
because the estimates of ¢, J, ¢, and A are specific to the value of s under consideration.?

To formally compare the accuracy of fi(t 4 1,s) and iz(t + 1, 5) as s-step-ahead forecasts
of é2(t+s) = (y(t+s) — fi(t + 1,5))?, T use the unconditional version of the Giacomini
and White (2006) test of equal predictive ability. The test is based on the criterion

2(t+5)

Flts)
m(t+1,s)

52
AL(t+5) = | Z(EFS) —1‘ -

h(t+1,s)

L, t=W,W+1,...,T—s, (24)

which is the difference between the absolute error losses produced by /(¢ +1,s) and
#i1(t 4+ 1,5).” The null hypothesis for the test is Hy: E[AL(t + s)] = 0. Hence, inference is
conducted using the t-statistic for

1 T—s

Y AL(t+s5). (25)

AL(s) = — L
O =W 1 &

If AL(s) is positive and statistically significant, then the test indicates that the s-step-ahead
MEM forecasts outperform the s-step-ahead GARCH(1,1) forecasts under MAE loss.®

71



Risks 2025, 13, 190

The weekly and monthly index returns along with their realized variances are com-
puted from daily index data for the years 1946 through 2023. As is typical in the finance
literature, I use the actual number of trading days in a given week or given month rather
than a fixed value of K for the computations. Because the daily index returns display some
evidence of negative first-order serial correlation, I account for the impact of this feature by
computing the realized measures as

D
(i tip) = Y Rt tijo1)r* (tigjo1 i)+
=1

D-1

2 ) R(titig)r(tivj1 tig)R(E b )r (b b)) (26)
=1

rather than as shown in Section 2.” Here D denotes the number of trading days for the
week or month in question. I specify W = 2034 for the weekly data and W = 468 for
the monthly data (50% of the number of available observations in each case). To aid in
interpreting the findings, I also conduct tests of equal predictive ability using weekly and
monthly observations of log returns and their realized variances.

4.1. Properties of the Rolling-Window Parameter Estimates

Table 2 examines the properties of the sequence of parameter estimates produced by
the rolling-window optimizations for each specification. Panels A and B present the results
for weekly log returns and weekly returns. Not surprisingly, the average estimates of ¢
and ¢ for s = 1 point to strong persistence in the conditional variances for both log returns
and returns. The results also indicate that the estimates of ¢ and ¢ are quite stable over
time. In panel A, for example, the estimate of ¢ for s = 1 ranges from 0.943 to 0.977 and the
estimate of ¢ for s = 1 ranges from 0.959 to 0.975.

The results for J and A in panel A display some interesting patterns. First, the average
estimate of J is somewhat smaller than the average estimate of A fors = 1, s = 3, and
s = 6. This finding suggests the conditional variance process of weekly log returns
displays a weaker response to shocks under the GARCH specification than under the MEM
specification. Second, the average estimate of J declines monotonically with s, whereas the
average estimate of A does not. But there is a sharp drop in the average estimate of A for
s = 12. Although the underlying mechanism that leads to this finding is not immediately
apparent, the findings for weekly returns mirror those for weekly log returns in all respects.

Panels C and D present the results for monthly log returns and monthly returns. As
anticipated, the average estimates of ¢ and ¢ are somewhat lower than the corresponding
values in panels A and B, which is consistent with returns following a stationary stochastic
process. But the results still point to a substantial degree of persistence in the conditional
variances. There is also more variation in the estimates of ¢ and ¢ over time for the monthly
observations, which is an expected consequence of the sharp reduction in the number of
observations in the rolling window used for estimation purposes.

Perhaps the most intriguing aspect of the results in panels C and D is that the average
estimate of J is considerably smaller than the average estimate of A fors =1,s = 6, and
s = 12. This pattern suggests that the GARCH specification produces a smoother sequence
of conditional variance forecasts than the MEM specification, which could indicate that the
latter specification has an advantage in tracking the conditional variances. Notice that the
average estimate of A for s = 3 is relatively low by comparison. Because s = 3 for monthly
observations is roughly equivalent to s = 12 for weekly observations, the relation between
the average estimate of A and the forecast horizon is similar at both frequencies.
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Table 2. Selected properties of rolling-window parameter estimates for GARCH and MEM specifications.

Panel A: Weekly log returns

GARCH with s-step-ahead conditional variances MEM with s-step-ahead conditional variances
¢ g 4 A
s Min  Mean  Max Min  Mean  Max Min  Mean  Max Min  Mean  Max
1 0943 0963 0977 0.098 0129 0198 0959 0966 0975 0143 0.173  0.200
3 0937 0968 0992 0051 0116 0194 0936 0964 0975 0160 0210 0.307
6 0949 0976 0994 0.027 0.093 0208 0930 0961 0976 0140 0205 0.313
12 0968 0983 0994 0.019 0.054 0.091 0971 0984 0992 0.027 0.046  0.064
Panel B: Weekly returns
1 0946 0964 0977 0.097 0126 0193 0961 0967 0976 0143 0.170 0.194
3 0.941 0968 0991 0056 0.116 0191 0938 0965 0976 0159 0208  0.304
6 0952 0976 0994 0.029 0.093 0195 0933 0962 0977 0140 0199  0.307
12 0.968 0983 0994 0.020 0.054 0.091 0972 0984 0992 0.028 0.048  0.069
Panel C: Monthly log returns
1 0.874 0940 0975 0.056 0.087 0132 0821 0.867 0922 0472 0552  0.667
3 0.867 0942 0971 0.091 0129 0173 0872 0936 0963 0.151 0196  0.251
6 0.861 0934 0964 0084 0.141 0175 0882 0929 0960 0.212 0449 0.812
12 0749 0898 0939 0204 0347 0760 0874 0921 0955 0.242 0351 0423
Panel D: Monthly returns
1 0.880 0942 0975 0.060 0.091 0136 0845 0.889 0937 0404 0493 0.613
3 0.861 0.941 0.971 0.102 0137 0180 0875 0937 0963 0154 0.211 0.276
6 0.853 0931 0963 0.094 0.145 0185 0888 0934 0963 0214 0356  0.569
12 0749 0890 0938 0178 0321 0762 0.885 0923 0954 0.245 0342 0416

Note: The table reports selected properties of limited-memory parameter estimates that are computed using
s-step-ahead forecasts of the conditional variances of weekly and monthly S&P 500 index returns. The forecasts
of the conditional variances are generated by GARCH(1,1) and MEM(1,1) specifications of the form shown in
Equations (16) through (18) and Equations (19) through (21). I conduct the analysis using a quasi-maximum
likelihood (QML) approach that employs a rolling window of W + s — 1 observations to estimate the parameters.
In particular, I construct the estimated values of h(t +1,s) and m(t +1,s) for t = N + W — 1 using a window of
observations that begins in period N and ends in period N + W +s — 1, where N € {1,...,T— W —s+1}. To
compute the log quasi-likelihood functions, I treat z(t) as an NID(0, 1) random variable and u(t) as a serially-
independent exponential random variable with a rate parameter of one. Note that this methodology produces
horizon-tuned forecasts of the conditional variances because the estimates of ¢, §, ¢, and A are specific to the
value of s under consideration. I specify W = 2034 for the weekly data and W = 468 for the monthly data, which
is 50% of the number of available observations in each case. The sample period is January 1946 to December 2023.

4.2. Conditional Volatility Forecasts

To develop further insights, I plot the conditional volatility forecasts for weekly returns
and monthly returns. Figure 1 shows side-by-side plots of the GARCH and MEM forecasts
for weekly returns. The upper panels are for s = 1 and lower panels are for s = 12.
Although the side-by-side comparisons highlight the broad similarities in the forecasts for
both forecast horizons, it is easy to spot a few differences. For instance, the spike in the
one-step-ahead forecast of conditional volatility that follows the 1987 stock market crash is
larger for the MEM specification than for the GARCH specification. But it is clear from the
plots that the GARCH and MEM forecasts are highly correlated as a general rule.
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One-Step-Ahead GARCH Forecasts for Weekly Observations One-Step-Ahead MEM Forecasts for Weekly Observations
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Figure 1. Out-of-sample forecasts of conditional volatility from GARCH and MEM specifications for
Weekly S&P 500 Index Returns. Note: I use a rolling window of 2034 weekly observations to estimate
the parameters of the GARCH and MEM specifications via quasi-maximum likelihood. The forecasts
of conditional volatility, which are expressed as annualized percentage rates, are for week one of
January 1985 to week four of December 2023 in the upper two panels and for week three of March
1985 to week four of December 2023 in the lower two panels. The overall sample period is January
1946 to December 2023.

Of course, this finding does not necessarily imply that the differences in the predictive
ability of GARCH and MEM forecasts is negligible. If the MEM forecasts are more efficient
than the GARCH forecasts, then they should have a performance advantage in formal
statistical tests provided that the sample size is sufficiently large. Furthermore, the results
of the Monte Carlo analysis indicate that gains from employing realized measures are
inversely related to the investment horizon used for the analysis.

Consider the side-by-side plots of the GARCH and MEM forecasts for monthly returns,
which are shown in Figure 2. The visual differences in the plots are certainly more pro-
nounced in this case. Not only are the one-step-ahead GARCH forecasts relatively smooth,
they are also confined to a much narrower range than one-step-ahead MEM forecasts.
These features are broadly consistent with a scenario in which the realized measures are
more efficient estimators of the conditional variances than the squared demeaned returns.
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One-Step-Ahead GARCH Forecasts for Monthly Observations One-Step-Ahead MEM Forecasts for Monthly Observations
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Figure 2. Out-of-sample forecasts of conditional volatility from GARCH and MEM specifications
for Monthly S&P 500 Index Returns. Note: I use a rolling window of 468 monthly observations to
estimate the parameters of the GARCH and MEM specifications via quasi-maximum likelihood. The
forecasts of conditional volatility, which are expressed as annualized percentage rates, are for January
1985 to December 2023 in the upper two panels and for December 1985 to December 2023 in the lower
two panels. The overall sample period is January 1946 to December 2023.

4.3. Hypothesis Tests

The tests of equal predictive ability provide formal evidence in this regard. The results
of the tests are presented in Table 3. The initial eight columns of the table report the mean,
mean absolute, root mean square, mean square values of é2(t +s)/h(t +1,s) — 1 and
é%(t +s) /i (t +1,s) — 1 for the four choices of s: 1, 3, 6, and 12. The final three columns
report AL(s), its t-statistic, and the associated p-value.

The results in panel A are for weekly log returns. Notably, the MEM forecasts produce
smaller MEs, MAEs, and RMSEs than the GARCH forecasts at every forecast horizon. The
largest difference in the RMSE corresponds to s = 3: 3.604 versus 2.440. But the test of
equal predictive ability produces a p-value of 0.129 in this case. Broadly speaking, however,
the test favors the MEM forecasts. Note that it produces a t-statistic of 1.75 (p = 0.079) for
s = 6and 2.30 (p = 0.021) for s = 12.

The results in panel B are for weekly returns. Once again, the MEM forecasts produce
smaller MEs, MAEs, and RMSEs than the GARCH forecasts at every forecast horizon. The
other findings are also similar to those for weekly log returns. The test of equal predictive
ability favors the MEM forecasts, yielding a ¢-statistic of 1.93 (p = 0.054) for s = 6 and 2.31
(p = 0.021) for s = 12.

The results in panels C and D are for monthly log returns and monthly returns. The
overall pattern of the MAEs and RMSEs mirrors that in panels A and B. However, the
evidence regarding the superiority of the MEM forecasts is considerably stronger at the
monthly frequency. The smallest f-statistics in panels C and D are 2.36 and 2.61, which have
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p-values of 0.018 and 0.009. Hence, the null hypothesis of equal predictive ability is rejected
at the 1% level for every forecast horizon for monthly returns. This finding highlights the
extent to which the new realized measures for lower-frequency returns deliver meaningful
performance gains.

Table 3. Tests of equal predictive ability using realized measures constructed from daily observations.

Panel A: Weekly log returns

GARCH forecasts (s-step-ahead) MEM forecasts (s-step-ahead) Ho:E[AL(t+5s)] =0

s ME MAE RMSE  MSE ME MAE RMSE  MSE AL(s) t-stat pval
1 0.067 1.083 2172 4.716 0.039 1.061 2.127 4.522 0.022 1.41 0.157
3 0.167 1.198 3.604 12992  0.096 1.124 2.440 5.953 0.075 1.52 0.129
6 0.211 1.262 3.802 14459  0.170 1.216 3.481 12118  0.046 1.75 0.079
12 0.205 1.269 3.671 13.476 0.153 1.235 3.615 13.068 0.034 2.30 0.021
Panel B: Weekly returns
1 0.062 1.077 2.063 4.258 0.033 1.054 2.010 4.042 0.023 1.58 0.115
3 0.150 1.179 3.178  10.100  0.088 1.115 2.293 5.258 0.064 1.55 0.120
6 0.197 1.244 3462 11987  0.151 1.195 3.150 9.921 0.049 1.93 0.054
12 0.193 1.255 3.401 11.567 0.144 1.223 3.345 11.191 0.032 231 0.021
Panel C: Monthly log returns
1 0.080 1.104 2.535 6425 —0.059 0971 1.900 3.612 0.133 2.83 0.005
3 0.153 1.174 2.655 7.049 —0.057 1.040 2.284 5.217 0.134 4.10 0.000
6 0.160 1.187 2.586 6.689  —0.010 1.068 2.130 4.536 0.119 2.36 0.018
12 0.157 1.195 2.705 7316  —0.026 1.077 2.301 5.293 0.118 2.89 0.004
Panel D: Monthly returns
1 0.064 1.080 2.177 4740  —0.068  0.956 1.727 2.982 0.124 3.28 0.001
3 0.137 1.150 2.336 5458  —0.052  1.029 2.028 4114 0.121 4.04 0.000
6 0.136 1.158 2272 5163  —0.026  1.043 1.873 3.510 0.115 2.61 0.009
12 0.129 1.164 2.343 5490 —0.022  1.066 2.043 4173 0.098 3.02 0.003

Note: The table reports the results of tests of equal predictive ability for the S&P 500 index. The tests are conducted
using the s-step-ahead variance forecasts produced by GARCH(1,1) and MEM(1,1) models for weekly and monthly
observations (see Equations (16) through (18) and Equations (19) through (21) for details). I use a quasi-maximum
likelihood approach that employs a rolling window of W + s — 1 observations to estimate the parameters, which
produces horizon-tuned forecasts because the estimates of ¢, J, ¢, and A are specific to the value of s under
consideration. In particular, I construct the estimated values of i(t +1,s) and m(t +1,s) fort = N + W — 1 using
a window of observations that begins in period N and ends in period N+ W +s — 1, where N € {1,...,T —
W — s + 1}. The estimated values of h(t +1,s) and m(t + 1,s) are denoted by fi(t +1,s) and (¢ + 1,5). I base
the tests on the criterion AL(t +s) = |ff(2t(ﬁ/ss)) -1 - |"512<£:_+1q5)> —1|, t=W,W+1,...,T —s, where &(t +s) =
(y(t+s) — fi(t +1,5))% and fi(t + 1,5) is the sample mean of {r(t — W+ 1),...,7(t)}. The null hypothesis is
Hp:E[AL(t +s)] = 0. Hence, inference is conducted using the ¢-statistic for AL(s) = % Yo AL(t+5).
If AL(s) is positive and statistically significant, then the test indicates that the s-step-ahead MEM forecasts

outperform the s-step-ahead GARCH(1,1) forecasts under the specified loss function. The initial eight columns
report the mean, mean absolute, root mean square, and mean square values of &(f +s)/fi(t +1,5) — 1 and
&(t+s)/1m(t+1,s) — 1 for the four choices of s: 1, 3, 6, and 12. T specify W = 2034 for the weekly data and
W = 468 for the monthly data, which is 50% of the number of available observations in each case. The sample
period is January 1946 to December 2023.

4.4. Broader Implications of the Analysis

The implications of the results for the MEM(1,1) specification extend beyond the
specification itself because they suggest that replacing squared demeaned returns with
the proposed realized measures can be adopted as a general strategy for improving the
performance of volatility models for lower-frequency returns. Indeed, if the objective is to
model the conditional variances of lower-frequency returns, then the proposed realized
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measures could be in place of conventional realized measures in any existing specification
that uses conventional realized measures. Some prominent examples of such specifications
include the heterogeneous HAR model of Corsi (2009), the HEAVY model of Shephard and
Sheppard (2010), and the realized GARCH model of Hansen et al. (2012).

As for potential applications of the methodology, it can be implemented for any asset
or commodity for which daily price data are readily available. This includes international
equity indexes, exchange rates, commodities, and cryptocurrencies. It should therefore
prove useful in many types of research, especially if the focus is on volatility modeling,
asset pricing, or risk management over medium- to long-term horizons. Depending on
the application, it might be necessary to address additional features of the DGP. One that
immediately comes to mind is deterministic patterns in the volatility of seasonal commodity
returns. In this case, the methodology could be implemented using a volatility model that
is capable of capturing seasonality, such as a periodic MEM analog of the periodic GARCH
model of Bollerslev and Ghysels (1996).

4.5. Caveats

The discussion in Section 2.3 addresses two of the key assumptions that underpin
the methodology and outlines techniques for relaxing these assumptions should they fail
to hold in the setting of interest. But it is worthwhile to mention a few other caveats
about implementing the methodology using a given specification of the DGP. Although
the basic MEM(1,1) specification is useful for illustrating the incremental improvements in
forecasting performance that result from using the proposed realized measures in place
of squared demeaned returns, it should clearly be subject to specification tests before
being adopted in a particular application. A potential concern is that, like the benchmark
GARCH(1,1) specification, the basic MEM(1,1) specification is incapable of capturing
leverage effects. This concern could easily be addressed by replacing Equation (21) with

m(t+1,1) =g+ @(m(t,1) —¢) + (MI(y(t) <0) + A2l (y(t) > 0))(x(t) —m(t,1)), (27)

where I(-) is the indicator function. This would yield an asymmetric MEM(1,1) analog of
the threshold GARCHY(1,1) specification of Glosten et al. (1993).

It is also important to consider the potential impact of phenomena, such as structural
breaks, that would invalidate the assumption that simple returns are weakly stationary.
Note, however, that this caveat is applicable to any volatility model that assumes weak
stationarity. If an MEM(1,1) model is misspecified due the presence of a structural break or
breaks, then the same is true of a GARCH(1,1) model.

5. Conclusions

The availability of high-frequency data on stock prices has transformed the volatility
modeling literature over the past two decades. But there are still good arguments for using
daily returns to estimate the volatility of longer-horizon returns, especially for sample
periods that begin prior to 1993. Because the statistical properties of log returns differ
from those of returns and the differences increase with the investment horizon, I show
how to construct realized measures that are unbiased estimators of the unconditional and
conditional variances of returns in a discrete-time setting, provided that the DGP satisfies
relatively mild assumptions that are often invoked in the volatility-modeling literature. The
empirical evidence indicates that using the proposed realized measures to compute out-of-
sample forecasts of the variances of weekly and monthly returns on the S&P 500 index leads
to significant improvements in forecast accuracy. Hence, the measures should be useful in
research that addresses asset pricing, portfolio optimization, and related topics, which is
typically conducted using returns for weekly, monthly, or quarterly holding periods.
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For example, suppose an investor wants to estimate the conditional value at risk
for a long position in an equity index over a one-month holding period. This could be
accomplished in two simple steps. First, use the realized measures constructed from daily
index returns to fit an MEM specification to the monthly index returns. Second, use the
resultant sequence of estimated conditional volatilities to standardize the sequence of
monthly index returns, find the quantile of the standardized index returns that corresponds
to the desired confidence level for the value-at-risk criterion, and compute the conditional
value at risk using the estimated conditional volatility for the month that follows the final
month in the sample period.

The methodology could also be exploited in macro-finance applications. Suppose,
for instance, that a researcher is interested in assessing the influence of macroeconomic
variables, such as industrial production, on the volatility of monthly stock market returns.
One approach for doing so would be to fit an autoregressive model to the logarithm of the
gross monthly growth rate of industrial production, use the resultant parameter estimates
to compute the estimated multiplicative shocks to the growth rate, and augment the
conditional variance recursion of an MEM specification for monthly stock market returns
with lagged values of the estimated growth-rate shocks. This approach would allow a long
sample period to be used for the analysis because a century’s worth of monthly data on
U.S. industrial production and daily data on U.S. market returns are currently available.

Funding: This research received no external funding.

Data Availability Statement: The data for 2 January 1946 to 2 July 1962 are downloadable from
https:/ /www.billschwert.com/dstock.htm. The data for 3 July 1962 to 29 December 2023 are from a
commercial data provider that charges a subscription fee to obtain data access. Please contact the
Center for Research in Security Prices for subscription information.

Conflicts of Interest: The author declares no conflicts of interest.

Notes

See the note to Table 1 for specifics.

2 Downloadable from https://www.billschwert.com/dstock.htm, accessed on 16 August 2025.

3 The latter constraint is imposed because the nonnegativity restriction on w is binding for the sample under consideration. This is
a common finding for this model in the literature (see, e.g., Christoffersen et al. 2013).

4 The maximum likelihood estimates of the parameters are given in the note to Table 1. Notice that the simulated log returns and
simulated returns have a population mean of zero by construction.

5 The results for K = 1 are identical to those in the first six columns because &2 (t;,t;,1) = 7> (t;, ti11) and 0 (t;, tip1) = r*(ti, tis1)-

6 This approach to constructing multi-step-ahead variance forecasts is discussed in detail by Shephard and Sheppard (2010).

7 I'use absolute error loss rather than squared error loss to mitigate the impact of the pronounced excess kurtosis of S&P 500 index
returns, which substantially inflates the variance of é2( + s).

8 I use the Newey and West (1987) estimator with a lag length of s — 1 to estimate the long-run variance of AL(s).

9 Technically, the autocorrelation correction in Equation (26) could cause v?(t, ti+p) to be negative. But this never occurs in the
empirical application. Under the realized kernel approach with ] = 1, the second summation would be multiplied by 1/2 rather
than by 2.
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Abstract: Volatility forecasting for financial institutions plays a pivotal role across a wide
range of domains, such as risk management, option pricing, and market making. For
instance, banks can incorporate volatility forecasts into stress testing frameworks to ensure
they are holding sufficient capital during extreme market conditions. However, volatility
forecasting is challenging because volatility can only be estimated, and different factors
influence volatility, ranging from macroeconomic indicators to investor sentiments. While
recent works show promising advances in machine learning and artificial intelligence
for volatility forecasting, a comprehensive assessment of current statistical and learning-
based methods is lacking. Thus, this paper aims to provide a comprehensive survey of the
historical evolution of volatility forecasting with a comparative benchmark of key landmark
models, such as implied volatility, GARCH, LSTM, and Transformer. We open-source our
benchmark code to further research in learning-based methods for volatility forecasting.

Keywords: volatility forecasting; risk management; deep learning; time series analysis;
GARCH; LSTM; transformer

1. Introduction

Risk management is essential to financial institutions because it is required by regula-
tors and highly relevant to their performance. An integral aspect of this risk stems from the
movement of the equity market, especially the market’s volatility. Volatility can be used
to determine the risk exposure of a portfolio (R. Engle 2004), the anticipated fluctuations
throughout the duration of an option (Black and Scholes 1973), and the bid-ask spread
of options as well as their underlying asset (Bollerslev and Melvin 1994). A model that
helps financial institutions forecast the volatility of their holdings would provide a clearer
picture of their risk and facilitate the process of risk management and decision-making.

Volatility cannot be observed; therefore, it has to be estimated, which is why we
embark on this journey to survey different volatility models. There are various ways
that researchers have used to estimate volatility; the two most common ones are realized
volatility, which is the annualized standard deviation of log returns, and implied volatility,
which is a forward-looking metric calculated from options. While the Black-Scholes
model as the basis of implied volatility has unrealistic assumptions, it is based on actual
market data and has been a standardized way of quantifying volatility. In this paper,
we choose realized volatility as our prediction target and use implied volatility as one of
the ways to predict it. Other than implied volatility, researchers have employed a wide
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range of other models, ranging from traditional Generalized Autoregressive Conditional
Heteroskedasticity (GARCH) (Bollerslev 1986) to Neural Network frameworks such as
Long Short Term Memory (LSTM) (Hochreiter and Schmidhuber 1997) and transformers
(Vaswani et al. 2023). In this paper, we compare the relative performance of these models,
showing how machine learning models have significantly outperformed earlier ones,
while also discussing the limitations of these models, some of which are hard to interpret
intuitively.

Volatility exhibits a series of stylized facts, including temporal clustering (Mandelbrot
1997; Kim and Shin 2023), long memory (Poon and Granger 2003), heavy tails (Cont
2001), leverage effect (McAleer and Medeiros 2008; Ait-Sahalia 2017; Engle and Ng 1993;
Tversky and Kahneman 1991; Christie 1982; Bekaert and Wu 2000), and mean reversion
(Goudarzi 2013). These stylized attributes make volatility forecasting possible and are
detailed in Appendix A. Nevertheless, predicting volatility remains a challenging endeavor.
Volatility is influenced by a wide range of factors, including macroeconomic phenomena,
corporate earnings reports, interest rates, global commodity price trends, and psychology
(Shiller 1999). The interactions among these factors can be complex. Volatility as a proxy
for risk is easily mistaken for uncertainty (Knight 1921). Volatility can be estimated when
one knows the range of possible outcomes and can thus assign a probability distribution to
these outcomes—in other words, measurable unknowns. Uncertainty, by contrast, refers
to unknown unknowns, and, hence, no probability distribution can be assigned to these
unknown outcomes. Examples include exogenous shocks, such as geopolitical tensions,
natural calamities, or abrupt regulatory shifts, which can yield immediate and pronounced
volatility spikes and are inherently challenging to anticipate.

The benefits and challenges of forecasting volatility have garnered attention from
many, and ongoing revisions have been undertaken to include the latest developments
in this domain (Andersen et al. 2005). There are numerous studies surveying volatility
forecasting methods (Ge et al. 2023; Sezer et al. 2020); however, they either focus on a
specific type of model or do not incorporate the current state-of-the-art models. We are not
aware of a recent comprehensive review that provides a clear explanation and compares
the foundational and cutting-edge volatility models side by side. Within this paper, we
survey the evolution of volatility forecasting models and evaluate their performance using
a representative dataset from the Standard and Poor’s 500 index (S&P 500). Section 2
provides a comprehensive literature review; Section 3 discusses the models we used and
their advantages and disadvantages. Section 4 discusses how the models perform during
extreme periods of market volatility, like the 2008 Financial Crisis and the 2020 COVID-19
Pandemic. Section 5 illustrates the results, and Section 6 discusses the implications of
these results. Section 7 provides a conclusion, and Section 8 provides some future work
directions. The contributions of this paper are as follows:

1.  We survey the evolution of volatility forecasting models, transitioning from traditional
AR and implied volatility models to contemporary variations of the transformer
models representing the current state of the art.

2. We select a representative model from each category and conduct a systematic re-
view to show their respective performances, paving the way for subsequent model
developments.

3. We open-source our analysis framework and highlight the advantages and disadvan-
tages inherent to each type of model.
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2. Literature Review
2.1. Ouverview

In volatility forecasting, numerous models have been employed, and many of them
have been applied in conjunction with others. We selected models that are well documented
in papers. Given the extensive nature of research in this field, we focused on those related
to volatility forecasting, validated by multiple datasets, and made an important paradigm
shift. For organizational purposes, we have categorized these models into four primary
classifications: statistical models, implied volatility, recurrent neural networks (RNNs)
(Connor et al. 1994; Chung et al. 2014), and transformers, as detailed in Figure 1. In the
following sections, we first examine each category and its models. Then, we discuss the
advantages that led to the emergence of each and their limitations. Finally, we highlight

the landmark models within these categories and perform a comparative analysis.

Implied Volatility (1973-)

tatistical Models (1982-)

VIX, Black
Scholes (1973)

ARCH (1982),

GARCH, Transformers (2017-)
EGARCH, GJR Vanilla RNNs,
EABEE ANINAN, g;l’}" gfﬁz) vanilla Retentive Network (2023-)
! ! Transformers
Hurst Exponent (2017), Future Methods of Volatility
LogSparse Forecasting
Transformer,
Reformer,
Informer,
Crossformer,
Autoformer

Figure 1. Timeline for the evolution of volatility prediction models.

2.2. Implied Volatility

The Chicago Board Options Exchange’s CBOE Volatility Index (VIX) and implied
volatility (IV) are widely used as predictors for future volatility. Often referred to as the “fear
index”, the VIX mirrors the market’s 30-day anticipated volatility (Whaley 2009). Unlike its
original derivation, which was based on a narrow set of strike prices to determine implied
volatility, today, the VIX is based on the methodology of a volatility swap (Derman 1999).
However, rather than being an actual swap, a volatility swap is a forward contract on
the realized variance (Diamond 2012). The computation of VIX uses two months of the
latest option data while interpolating between the nearest and second nearest expiration
months to create a consistent 30-day window of expected volatility. Specific option strikes
are then chosen for the VIX calculation, as elaborated in the VIX white paper (CBOE 2019).
IV is viewed as a reliable predictor because it reflects actual investor expectations (Poon
and Granger 2003). However, IV has its limitations. It can only be estimated through an
iterative procedure using option prices.
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2.3. Statistical Models

To address the stylized facts, Robert Engle’s Autoregressive Conditional Heteroskedas-
ticity (ARCH) model (R. F. Engle 1982) was initially adopted for volatility forecasting.
This was followed by the introduction of the Generalized Autoregressive Conditional
Heteroskedasticity (GARCH) model by his student Tim Bollerslev, with the common goal
of leveraging the occurrence of volatility clustering (Andersen 2018). Since its inception,
numerous scholars have employed and adapted the GARCH model. For example, the asym-
metric GARCH (AGARCH), Exponential GARCH (EGARCH), and Glosten Jagannathan
Runkle GARCH (GJR GARCH) observed that negative shocks have a more substantial
impact on the variance than positive shocks. According to the survey paper Bollerslev
wrote in 2008 (Bollerslev 2008), there were already numerous variants of the original ARCH
model, and this number is continuously growing. Other than GARCH models, other statis-
tical models include the simple moving average (SMA) (Johnston et al. 1999), exponentially
weighted moving average (EWMA) (Holt 2004), Smooth Transition Exponential Smoothing
(Taylor 2004), autoregressive integrated moving average (ARIMA) (Box and Pierce 1970),
and smooth transition autoregressive (STAR) (Bildirici and Ersin 2015). These models
accommodate factors such as seasonality, long-term trends, autoregressive, and moving
averages. Among them, SMA creates a smooth curve from past data over a defined period,
while EWMA emphasizes recent data more by giving more weight to recent observations.
The Smooth Transition Exponential Smoothing model uses a logistic function based on a
selected variable for its smoothing effect. ARIMA combines autoregressive techniques and
moving averages, and STAR focuses on detecting nonlinear trends in data.

A common characteristic among AR models is their reliance on historical values and
stationarity for predictions. For a time series to be stationary, its statistical properties, such
as mean, variance, and covariance, must not be a function of time. To test whether a time
series is stationary, the Augmented Dickey—Fuller (ADF) test is typically implemented.
Stock prices themselves are not stationary, as they tend to increase with a drift term;
however, their log returns are usually stationary. The requirement of converting price
data to log return data is a significant limitation for AR models when implemented in
real-time. Volatility time series generally require treatment to become stationary, and the
specific treatment depends on whether the time series is deterministic. A deterministic
series means the same input generates the same output every time, whereas a stochastic
series produces different results. While there are deterministic patterns in volatility, such
as long-term mean reversion and volatility clustering, a significant portion of volatility
arises from uncertainty, as discussed in the introduction. Although chaos theory suggests
an alternative explanation that volatility is deterministic yet highly sensitive to initial
conditions, stochastic models like the Heston, GARCH, and SABR models are widely used.
The detrending and differencing methods aim to remove the trend and seasonality from
the time series and focus on the stochastic part instead. In general, detrending removes the
trend from the time series, a technique that can be applied if the volatility is deterministic.
Differencing, which is subtracting the previous observation from the current one, is more
appropriate for stochastic cases. They were both widely adopted in statistical and machine
learning models (Raudys and Goldstein 2022; Granger and Joyeux 1980). If the underlying
data are non-stationary, there are alternative methods such as the Hurst Exponent, which
measures whether the trend shows momentum or is mean reverting (Hurst 1951; Qian and
Rasheed 2004).

2.4. Tree-Based Models and PCA

With its ability to learn from and make predictions based on data, machine learning
has been applied to more and more fields, and finance is no exception. Unlike econometric
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models that aim to be parsimonious by limiting the number of parameters, machine
learning embraces the use of a vast number of parameters (Kelly and Xiu 2023). This
approach has led to the adoption of many new techniques for volatility forecasting, either
as entirely new methods or as extensions of existing ones. The following paragraphs will
start with traditional machine learning (ML) models and extend to neural networks (NNs),
both used extensively for volatility analysis.

Decision trees (DTs) (Loh 2011), random forests (RF) (Breiman 2001), and XGBoost
(Chen and Guestrin 2016) are among the foundational applications for machine learning.
Decision trees consist of a supervised learning algorithm that ascertains the value of a target
variable by deducing straightforward decision rules from the data’s features. The Random
Forest (RF) algorithm operates as an ensemble of these decision trees, chosen through
stochastic processes. XGBoost is an optimized distributed gradient boosting library rooted
in decision tree algorithms (Zhang et al. 2023). Different from random forest, XGBoost
uses a boosting method to combine trees together so that each tree corrects the error of the
previous one.

Furthermore, another well-used machine learning model is Principal Component
Analysis (PCA). PCA reduces the dimension of the dataset while ensuring the principal
components are still consistent estimators of the true factors (Stock and Watson 2002). For
example, Ludvigson and Ng found a volatility factor and a risk premium factor that contain
significant information about future returns (Ludvigson and Ng 2007). Such analysis is
further improved by assigning weights to predictors that reflect their relative forecasting
strength (Huang et al. 2022).

2.5. Neural Networks

While traditional ML methods performed well in short-term forecasting, they also
have several limitations. Their ability to predict long-term and complex volatility is limited,
and missing values, which are not uncommon in practice, can cause significant issues for
these traditional models. In order to address these problems, neural networks (NNs) were
introduced (Pranav and Hegde 2021). NNs were inspired by the biological neural networks
in human brains and can detect complex patterns in nonlinear form (Hornik et al. 1989).
Structurally, a neural network (NN) is composed of multiple layers. Each layer features
neurons that are interconnected through weighted links, which are then adjusted during
the training process. This adjustment is done by using backpropagation to compute the
gradient of the loss function for each weight using the chain rule.

NNs were traditionally used for tasks like image and speech recognition (Abdel-
Hamid et al. 2014), targeted marketing (Venugopal and Baets 1994), and autonomous
vehicles (Pomerleau 1988). When applied to time series, the NNs can recognize the relation-
ship between past and current inputs and use them to predict future outputs. While various
NNs have been applied (Chow and Leung 1996; Marcek 2018), recurrent neural networks
(RNNSs) are particularly prominent for time series-related tasks. RNNs use activation func-
tions to model nonlinear relationships. They will retain information specific to a particular
timestep and sequentially update it at each future step. This makes them ideal for time
series analysis. In the RNN process, data are initially fed to produce a preliminary result.
This result is then contrasted with the actual outcome using the loss function. Subsequently,
backpropagation will be used to fine-tune the gradient for each neuron in the network. This
iterative process optimizes each neuron’s weight. However, despite their potential, RNNs
have limitations, especially the vanishing gradient problem (“Gradient Flow in Recurrent
Nets: The Difficulty of Learning LongTerm Dependencies” Kolen and Kremer 2009). In
backpropagation, derivatives are calculated layer by layer from the end to the beginning.
As per the chain rule, when these derivatives are successively multiplied, they can diminish
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exponentially, causing them to vanish. Similarly, the gradient could also explode if the
opposite happens. These lead to the RNN's failure to learn long-term dependencies. RNNs
are also computationally expensive and cannot be parallelized, which makes training an
RNN difficult.

Algorithmic methods such as Long Short Term Memory (LSTM) and Gated Recurrent
Unit (GRU) have been introduced to address these problems. Both LSTM and GRU extend
the capabilities of RNNs. These models employ gates to update or remove information to
the hidden states to address the long-term dependencies. The GRU is a simplified version of
the LSTM that combines and reduces parameters. While less powerful, it is relatively faster
compared with LSTM. Both LSTM and GRU are widely used in time series forecasting,
both on their own and in conjunction with other models (Kim and Won 2018; Ozdemir et al.
2022; Gu et al. 2020). However, the sequential nature of LSTMs and GRUs makes them
time-intensive when working with larger data.

Another neural network used is Convolutional Neural Networks (CNNs), which was
widely used in computer vision for image recognition tasks. Using CNNs would require
image format data, which can be achieved in different ways, such as snapshots of data in a
bounded period (Gudelek et al. 2017) or multiple technical indicators, each with the same
length (Sezer and Ozbayoglu 2018).

2.6. Transformers

Transformers address the problems of RNNs by taking advantage of GPUs to do
parallel computing. The original use of a transformer was in translating languages, but
soon it saw extensive use in different tasks like audio processing (Huang et al. 2018),
computer visions (Liu et al. 2021), and time series (Ahmed et al. 2022; Zerveas et al.
2021). Transformers abandon recurrence entirely and use the attention mechanisms instead.
Transformers have an encoder—decoder structure. The encoder maps the input sequence
and produces a continuous representation, and the decoder chooses what and how much
previously encoded information to access. The encoder’s attention mechanism derives
attention scores from input vectors of queries, keys, and values. These scores determine
the weight of each piece of information in predicting every time step. A dot product was
used for simplicity in the original transformer model, whereas many different approaches
were introduced in later works (Wen et al. 2023). To further refine and simplify the process,
an array of attention mechanisms emerged.

Notable examples include the LogSparse Transformer (Li et al. 2019), Reformer (Kitaev
etal. 2020), Informer (Zhou et al. 2021), Crossformer (Zhang and Yan 2023), and Autoformer
(Wu et al. 2021). As research in this area is ongoing, these mechanisms constantly advance
the state of the art. In their distinct ways, these innovative mechanisms cut time and
memory requirements compared to the original transformer.

The LogSparse Transformer introduces convolutional self-attention. It generates
queries and keys using causal convolution, prioritizing more recent information for imme-
diate step forecasting. The Reformer uses locality-sensitive hashing to replace simple dot
products and reversible residual layers to replace standard residuals. The Informer shares
similarities with LogSparse by utilizing the sparsity found in the self-attention probability
distribution. However, the Informer identifies a long-tail distribution within the attention
distribution. Therefore, it leverages the fact that a small number of dot products produce
the majority of attention to selectively choose only the top queries and replaces vanilla
self-attention with ProbSparse self-attention. The Crossformer identifies a gap in cross-
dimensional dependency modeling. To remedy this, it introduces a Two-Stage Attention
(TSA) layer to bridge this deficiency. Autoformer model utilizes a decomposition layer
to separate the time series into long-term trends, seasonality, and random components.
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Then, it replaces the self-attention with the autocorrelation mechanism, which extracts
frequency-based dependencies from queries and keys instead of the vanilla dot product.

Despite transformers being regarded as a state-of-the-art (SOTA) way of forecasting
volatility, Zeng et al. (2023) challenged this notion by introducing a straightforward single-
layer linear model that surpassed all current transformer models across nine datasets. They
argued that transformer architectures, despite their success in NLP, may not be suitable
for time series forecasting. This suggests that the self-attention mechanism is inherently
anti-order. Zeng argued that while this might not significantly impact sentences, as they
retain most of their meaning even if the sequence of the words is changed, it is problematic
for time series where the continuous sequence order is vital.

This perspective quickly gained attention. For instance, Nie et al. introduced PatchTST
(Nie et al. 2023), addressing the anti-order issue by segmenting time steps into subseries-
level patches. Although Cirstea et al. (2022) first introduced the concept of patches for
simplifying complexities, PatchTST was the first to utilize them as input units. Furthermore,
they incorporated a channel-independence technique previously validated by Zheng et al.
(2014). This ensures the input token is derived from a single channel, in contrast to earlier
transformers that adopted channel-mixing methods. Their results indicated a marked
improvement over both standard transformers and the linear model proposed by Zeng et al.
(2023). Other than ignoring the temporal dependencies, the transformer also faces common
shortcomings that many models face, such as being prone to overfitting, dependency
on stationarity, and hard to interpret. Additionally, they are computationally intensive,
memory-demanding, and prone to high latency when deployed in real-time applications,
highlighting the need for further refinement and optimization.

While constructing the paper, Microsoft and Tsinghua University introduced a novel
architecture called the Retentive Network (Sun et al. 2023). This architecture is presented
as an enhancement to the Transformer model, which reduces inference costs and long-
sequence memory complexity. Although its primary intention is for use in language models,
similar to the evolution of transformers, this architecture may find broader applications,
like time series.

2.7. Hybrid and Ensemble Models

While statistical models like EWMA and GARCH differ from neural networks, they
still share many similarities that make hybrid designs possible (Kim and Won 2018). For
example, the GARCH model can be viewed as an RNN without the output layer and
activation functions (Zhao et al. 2024). Among the hybrid models, the most notable one is
GARCH-LSTM, where GARCH's output replaces the output gate of LSTM, and the GARCH
parameters are used as features in the LSTM network (Garcia-Medina and Aguayo-Moreno
2024). Various types of GARCH LSTM models have shown performance improvement,
and the GARCH model adds valuable input to the NNs. For example, Koo and Kim
developed a volume-up method to avoid biases in the input distribution and improve the
result. They compared their VU strategy with ten different GARCH-LSTM variants, such
as EGARCH with LSTM (Koo and Kim 2022). Another hybrid model is GARCH-MIDAS
(Mixed Data Sampling), which keeps the GARCH process for the short term and uses
macroeconomic variables as part of the long-term component (Asgharian et al. 2013; Fang
et al. 2020). Ensemble models also show performance improvement. For example, He et al.
proposed an ensemble model based on CNN, LSTM, and ARMA that improved accuracy
and robustness compared with individual models (He et al. 2023). Olorunnimbe and Viktor
used an ensemble of temporal transformers and showed a 40% to 60% improvement over
the baseline temporal transformer (Olorunnimbe and Viktor 2024).
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3. Methods
3.1. Overview

We will discuss four milestone models: Generalized Autoregressive Conditional
Heteroskedasticity, implied volatility, Long Short Term Memory, and transformer. Table 1
summarizes the advantages and disadvantages of each model. We selected these four
models because they are representative of each of the categories we discussed and are
widely used. We aim to trace the historical evolution of volatility forecasting techniques by
showing how newer models compare to earlier ones. In the following section, we show the
methodology of each model. We used Python 3 to implement these models and tested their
performance when used to forecast volatility. We evaluate their performance based on root
mean square error (RMSE), which is a widely used metric for predicting numerical data.

Table 1. Summary of the advantages and disadvantages of the different models.

Model Advantages Disadvantages
e  Relatively low accuracy
. . e  Forward-looking e  Sensitive to market noise,
Implied Volatility (IV) e  Based on real market expectations especially when trading volume
is low
e  Easy to Interpret
Statistical Models (GARCH, e Incorporate established stylized facts =~ e  Relatively low accuracy
EGARCH, GJR-GARCH) e  Fast to compute e  Assume data are stationary
o  Works well with all data sizes
Recurrent Neural Networks e  Capture nonlinear patterns Ezorllleirflzzleéfgstzfe ts
(RNNSs, LSTMs, GRUs) e  High Accuracy 1 & .
Take a long time to train
e  High computational power
e  Computation can be parallelized requirement
Transformers e  Capture long-term dependencies e  Prone to overfitting
e  High Accuracy e  Require large datasets

Take a long time to train

3.2. Data Processing

We used thirty years of daily S&P 500 data from Yahoo Finance, 1 October 1993 to
1 October 2023. We used the first twenty-eight years for training and the last two years for
testing, as shown in Figure 2. The actual training data (3 December 1993 to 28 September
2021) is slightly shorter than twenty-eight years because of data loss when processing data
and calculating rolling returns. We calculated the realized volatility as the annualized
standard deviation of 22 rolling trading days’ (as an approximation for one month in time)
log return. We also tried 11 trading days (approximately 15 days), and the RMSPE for
GARCH and IV are relatively stable but nearly doubled for the transformer and tripled for
LSTM, at 0.10 and 0.14, respectively. The logarithmic return for a given day t is represented

as follows:

where:

e 4 Log return on day t.
e  D;: Price onday t.
e P q: Price on the previous day, day t — 1.
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The average log return over 22 trading days is as follows:

_ 1 21
r= ZZi:O Ti—i (2)

The realized volatility over 22 trading days is given as follows:

z =5y Tt =7 ©)

TRAIN TEST SPLIT
(Daily Volatility Using 22-Day Interval)

Daily Log Returns
—— Training Volatility
—— Test Volatility

0.05

0.00

—-0.05

-0.10

19'96 20‘00 20b4 20‘08 20‘12 20‘16 20‘20 20'24
Figure 2. Training and testing data intervals.

3.3. Implied Volatility

What distinguishes IV from other models is that it is forward-looking. Implied
volatility captures the market’s expectation of the volatility for the next 22 trading days,
calculated backward from the option’s price using the Black Scholes Merton Formula:

¢ = SoN(dy) — Ke”""N(dy) 4)
p=Ke "TN(—dy) — SoN(—dy) (5)
where:
) :1n(%)+(r—q+";):r o
1 T
dy=d; —ovVT ()

Explanation of terms:

e  c: Price of the European call option.

e  p: Price of the European put option.

e  Sp: Current stock price.

e  K: Strike price of the option.

e  T:Time to maturity (in years).

e  r: Risk-free rate.

e g: Continuous dividend yield.

e N(.): The probability that a variable with a standard normal distribution will be less
than x.

e  0: The standard deviation of the stock’s returns.
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While it is impossible to invert the function to calculate implied volatility directly
as a function of other variables, an iterative approach can be used to search for implied
volatility (Hull 2018). In this paper, we used the corresponding daily close of the VIX index
as the implied volatility and compared it with the realized volatility of the S&P 500. The
VIX data are available from the Chicago Board Options Exchange (CBOE).

3.4. GARCH

The ARCH model was introduced prior to the GARCH model for forecasting volatility.
The name, Autoregressive Conditional Heteroskedasticity, means that volatility depends
on the time series value in previous periods and some error terms. GARCH is a variant of
the ARCH model that addresses the problem of predictions being bursty, which means the
predictions vary by a huge amount day by day. This enhancement is achieved by taking the
previous day’s volatility into the current day’s calculation, alongside the ARCH model’s
time series value and error term. The equation for GARCH(p, q) is as follows:

4 q
Utz =g+ Z txis‘?;i + Z ﬁjaf,j (8)
i=1 j=1

where:

e  ¢7: Conditional volatility at time ¢.

e  «(: positive empirical parameters.

e «;: Non-negative empirical parameters.

e &2 . thesquared residual at time t — i.

e  fj: Non-negative empirical parameters.

o o2 J Variance of the return series at time t — ;.

While there are many different versions of GARCH models, we used a simple GARCH
(1,1) model, as this model is representative, simple, and powerful (Hansen and Lunde 2005).
GARCH (1,1) considers only one lag of the squared return and one lag of the conditional
variance. The equation for the GARCH (1,1) model is as follows:

Z% =+ 0418%,1 + ﬁmf,l )

We used rolling forecast techniques, and the model used the training data as well as

the past test data.
3.5. LSTM
The equations for LSTM are as follows:
The cell state (C):
C=fixCqa+irxC (10)
The forget gate (f):
fr= 0<Wf he1,x] + bf) (11)
The input gate (i):
iy = O'(WZ' : [ht,l,xt} + bz) (12)
The output gate (0):
or = 0(Wy - [h4_1,x¢] + Do) (13)
The hidden state h;:
hy = of X tanh(Ct) (14)
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The candidate for cell state at timestamp ¢ (CNt):
Ct = tanh(Wc - [ht_1,xt] +be) (15)

where

e (:sigmoid activation function.

Wf, W;, W¢, and W,: weight matrices for the forget gate, input gate, candidate values,
and output gate, respectively.

bf, b;, bc, and b,: biases corresponding to each gate.

ht_1: last hidden state.

x;: current input.

tanh is the hyperbolic tangent activation function.

Our model used a 22-day windowed dataset, and we performed a hyperparameter
search using Keras Random Search with 20 trials to optimize our results. Our hyperparam-
eter search results suggest a two-layered bidirectional LSTM model with 128 and 32 units.
We used 200 epochs with a batch size of 32 to train the LSTM model. We applied a dropout
rate of 0.2 to reduce overfitting. We used bidirectional LSTM because it retains forward and
backward sequence information, which helps the model better understand the context—a
crucial aspect in forecasting volatility. We used the Adam optimizer to optimize our model,
employed an early stopping with a patience level of 20, and only kept the best model. A
visual for the LSTM architecture is shown in Figure 3. The details for the LSTM model are
shown in Appendix B.

Previous Cell / >‘, > . \ >  Cell State

State

Previous

Hidden State 7 Hidden State
Forget Gate Input Gate Output Gate

Input ‘ ‘ Pointwise Multiplication | @ I Sigmoid Layer I
‘ [ Pointwise Addition | tanh ] Hyperbolic Tangent |

Figure 3. Long Short Term Memory.

3.6. Transformer

We built a vanilla transformer that is modified to work with time series tasks. We
processed our data in batches of 32 over 200 epochs. During preprocessing, we windowed
our dataset into 22-day segments and reshaped it into three dimensions. The details for the
transformer model are shown in Appendix C.
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We performed a hyperparameter search and set the hidden layer size to be 16, dropout
to be 0.1, and the number of units in the multilayer perceptron (MLP) layer to be 256.
We used 4 layers for our encoder. Each layer contains Layer Normalization, Multi-Head
Attention, dropout, Residual Connection, and a feed-forward network. Figure 4 shows a
visual for Multi-Head Attention. The equation for Multi-Head Attention is as follows:

MultiHead(Q, K, V) = Concat(head;, heady, ..., head;)Wp (16)
head; = Attention(QWq,, KWk, VWy,) (17)
Attention(Q, K, V) = softmax ( QKT ) Vv (18)

o Vi

Multi-Head Attention

T

Linear

T

Concat

T

Scaled Dot-Product Attention

T T T

Linear Linear Linear
I I T
\Y) K Q

Figure 4. Multi-Head Attention (transformer).

3.7. Evaluation Metrics

To compute for errors, we used mean absolute error (MAE), root mean square error
(RMSE), and root mean square percentage error (RMSPE):

1 N
MAE = —) |A;—F 19
N LA~ (19)

RMSE = (A; — F)? (20)

Z| =
=

Il
—

1

1Y /A —F\?
RMSPE = J ﬁz (Ai> (21)

i=1

where

e  N: Total number of observations.
e A;: Actual value for the ith observation.
e  F;: Predicted value for the ith observation.
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4. Performance During Crisis Periods
4.1. Overview

We selected two recent crisis periods to test the models’ performance during extreme
scenarios where volatility spikes: the 2008 Financial Crisis and the 2020 COVID-19 Pan-
demic. We kept the other parameters in the models unchanged except for using different
periods of training and testing data for each case. As demonstrated in the table below,
LSTM showed slightly better performance than the transformer overall, while both outper-
formed the GARCH and IV models. All numerical results are shown in Table 2, and the
baseline visual is shown in Figure 5.

Table 2. Comparison of different models” performance (the best performing model is bolded).

Model  RMSPE  RMSE _ MAE  RMSPE RMSE  MAE  RMSPE RMSE MAE RMSPE RMSE MAE
Name (Base)  (Base)  (BASE)  (2008)  (2008)  (2008) (COVID10) (COVID10) (COVID10) (COVID15) (COVID15) (COVID15)
G/(*lRlc)H 0.198 0029 0022 0152 0039 0.024 0273 0.061 0.037 0273 0.061 0.037
[mplied 0511 0068 0054 0555 0127 0.089 1.001 0.170 0112 1.001 0.171 0112
Volatility
Zlayered g 056 0010 0006  0.080 0024 0014 0.092 0.013 0.012 0.007 0.016 0.009
Transformer  0.057 0011 0007 0248 0166  0.069 0.104 0.040 0.016 0.010 0.020 0.013

Realized vs. Implied Volatility
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Figure 5. Comparison of performance (base scenario: training from 3 December 1993 to 28 Septem-
ber 2021).

92



Risks 2025, 13, 98

4.2. 2008 Financial Crisis

We used a training period from 3 February 1997 to 8 February 2007 and a testing
period from 9 February 2007 to 9 February 2009. The results are shown in Figure 6.

Realized vs. Implied Volatility

—— Realized Volatility
°¢1 —— Implied Volatility
2
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=
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Real vs. GARCH(1,1) Predicted
—— Realized Volatility
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> [
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g ) WJJ |
02 wr_,_a—\ M/ﬁ—\“_\\—r/n\/w\\ ~yr/J\—\ m
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Time
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°¢1 —— LSTM Predicted Volatility
>
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Figure 6. Comparison of performance (Financial Crisis period: training from 3 February 1997 to
8 February 2007).

4.3. 2020 COVID-19 Pandemic

We used two different data periods for the training part of the COVID-19 case to
compare the performance of machine learning models when given different lengths of
training data. Specifically, we selected two periods: one that does not include the 2008
Financial Crisis, and another that does. The first period uses data from 1 March 2010 to
3 March 2020 for training and from 4 March 2020 to 2 March 2022 for testing. The second
period uses data from 25 February 2005 to 3 March 2020 for training and from 4 March
2020 to 2 March 2022 for testing. We refer to the two datasets as COVID10 and COVID15,
respectively. The results are shown in Figures 7 and 8, respectively.
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Realized vs. Implied Volatility
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Figure 7. Comparison of performance (COVID with 10 years of training: from 1 March 2010 to
3 March 2020).
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Realized vs. Implied Volatility
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Figure 8. Comparison of performance (COVID with 15 years of training: from 25 February 2005 to
3 March 2020).

5. Results

As our goal is to forecast future market volatility, the value we are trying to predict
is the realized volatility in the future. To compare the performance of our models, we
calculate both the RMSE and the RMSPE between the model prediction and the target. We
used historical VIX close value, which makes the computation faster than what would
happen intraday in real-time, which is updated every 15 s.

In the thirty years of S&P 500 data we used to train and test our models, the LSTM and
transformer models significantly outperformed the econometrics models, such as GARCH.
Among these two models, the older LSTM performed slightly better with an RMSE of
0.010, while the transformer had an RMSE of 0.011. The results are shown in Table 2 and
Figure 5. In Section 4, we conducted comparative studies to show how models perform
when fewer data are given and when extreme events occur, like the 2008 Financial Crisis
and the COVID-19 pandemic. While the LSTM model still outperforms, the transformer
model’s performance drops significantly, mainly due to the requirement for a large amount
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of training data. This is most evident when testing during the financial crisis period of 2008
(Figure 6). The relatively short period of training data did not include a comparable period
where stock prices were as volatile as they were in the financial crisis, and the transformer
model failed to capture the sudden increase in volatility. As the LSTM model performs the
best, we also tested similar models, such as GRU and RNN, which are simplified versions
of the LSTM. They both performed reasonably well with an RMSE of 0.018 and 0.017,
respectively, while there is still a significant gap compared with LSTM. We include the
details for these two models in Appendix D.

To ensure universality and fairness in comparison, we constructed models for each
category that are general and representative instead of fine-tuned for specific tasks. While
these models provide an adequate representation for the purpose of this benchmark, further
optimization could reveal the full potential of each model’s performance.

6. Discussion

Volatility is an important measure for both regulators and financial institutions. Volatil-
ity is dynamically changing, and a time series analysis would help them better understand
the risk they face at each time step. A good estimation of volatility provides a more accurate
result in stress tests. Volatility is also an essential input for option pricing. A more accurate
estimate will help traders to price options better.

Throughout the paper, we discussed how time series analysis has been applied to
forecast volatility. The inherent nature of time series forecasting is to forecast the future
using past information. However, given the vast amount of past information, we do
not know which information to use and how to weigh its importance. From a historical
perspective, statistical models made various assumptions, such as the clustering of volatility
in GARCH models or the exponential weighting of recent information in the Exponential
Weighted Moving Average. However, neural networks made a paradigm shift with minimal
assumptions made. The process is now dependent on the data through backpropagation,
as opposed to some explicit assumptions and formulas. Transformers revolutionized the
process once again by abandoning the recurrence structure entirely and using the attention
mechanism to determine the importance of past information in predicting the future.

As shown in our results section, the LSTM model performed the best in our datasets.
However, the performance of different models also depends on the data on which they are
trained. For example, a 30-year dataset is relatively small for the transformer model, which
was originally used for large language processing tasks. This is part of why the transformer
does not perform better than older models like LSTM. In addition, there were numerous
changes in the stock market throughout the 30-year period; this evolving nature of the
stock market made forecasting especially complex. Although the non-machine learning
models perform worse than the ML models, they do not require a large dataset and are
faster to train, which makes them advantageous when data are limited.

The data shortage problem discussed above can be mitigated through data augmenta-
tion or by using higher frequency data. For example, data augmentation can be performed
through seasonal trend decomposition (Wen et al. 2019), applying transformations in the
feature space (DeVries and Taylor 2017), and Generative Adversarial Networks (Esteban
et al. 2017). Intraday market microstructure should be considered if using higher frequency
data, such as minute-level data, because volatility tends to be higher in the first 30 and
last 15 min of the trading day compared to other periods (Sampath and ArunKumar 2013).
When implementing these models in practice, it is worth noting that machine learning
models take significant time to train and make predictions. The transformer model takes
approximately two hours and fifteen minutes to run on our machine using Nvidia’s A100
GPU through Google Colab, while LSTM takes approximately one and a half hours. In-
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corporating the latest available data into the model also takes additional time. Real-time
trading faces the tradeoff of requiring extra time to include the new data. Furthermore,
overfitting, missing data, and the quality of data are all challenges in using NN to forecast
volatility (Bhuiyan et al. 2025). Therefore, NNs need modifications before being applied
to high-frequency trading, such as L1 and L2 regularization, using simpler models, or
improved feature engineering (Karanam et al. 2018). Even though classical models like
GARCH do not predict as accurately, their relatively simple calculation makes them more
reliable in a real trading environment, while more complex machine learning models
may suffer from slippage and generate results that deviate from their predictions in a
real environment. Machine learning models are also challenging to interpret because their
training does not follow an explicit rule (Rudin 2019). However, there is an ongoing trend in
making machine learning more interpretable (Carvalho et al. 2019). For example, heatmaps
and activation visualization can be used to visualize key characteristics influencing the
model’s prediction accuracy, and sensitivity analysis can show the sensitivity of each
feature (Karanam et al. 2018).

7. Conclusions

Volatility is an essential part of financial institutions’ risk exposure, which makes
volatility forecasting an important task. A benchmark comparing the efficacy and per-
formance of different forecasting techniques can be beneficial. While existing literature
reviews focus on specific models, like GARCH, there remains a gap for a holistic and
up-to-date assessment. Our study summarizes the key attributes of market volatility, such
as its dynamic nature, clustering behavior, long memory, heavy tails, and the asymmetric
relationship between prices and volatility. The study also offers a comprehensive review
of volatility forecasting methods, ranging from traditional models to the current state of
the art. Traditional models like GARCH have performed well; however, machine learning
algorithms such as LSTMs and transformers have enhanced forecasting accuracy even fur-
ther. Specifically, in the thirty-year dataset we use, the two-layered LSTM model produces
an RMSPE of only 0.056, the transformer model produces an RMSPE of 0.057, while the
GARCH model produces an RMSPE of 0.198, and the implied volatility produces even
higher RMSPE. Similar results have been shown in testing with other time intervals, as
detailed in the results section. This outperformance is a trend that’s expected to advance as
even more sophisticated algorithms emerge.

However, machine learning models also have their limitations. The amount of daily
financial data is relatively small when compared to other machine learning applications.
The lack of sufficient data may lead to undertraining of the models and their failure to
predict sudden moves in volatility, as evident in the increase in RMSE in the models when
training with a shorter period of data compared to the original 28 years. Furthermore,
machine learning models demand significant computational resources and training times.
Machine learning models have also been claimed as black boxes with results that are
difficult to explain.

8. Future Works

Despite the inherent challenges in predicting volatility due to its sensitivity to a
multitude of factors, including economic, corporate, psychological, and unforeseeable
exogenous shocks, our research has shown that forecasting volatility is possible and that
its accuracy is expected to increase as we employ more sophisticated models. It has
been demonstrated that a combination of existing models, like GARCH and LSTM, can
improve forecasting accuracy. We also believe the state-of-the-art models, such as Retentive
Networks, hold potential for future applications in volatility prediction. Furthermore,
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metrics outside of those traditionally applied to finance, such as distance-based metrics
like Dynamic Time Wrapping, may be used to measure the accuracy of models.

On the data side, data augmentation or higher frequency data, such as hourly or
minute data, may yield different results, especially for machine learning models whose
performance is highly dependent on the amount of data. Using different indices or individ-
ual stocks to test their robustness and perform sensitivity analyses on features may also be
beneficial. Furthermore, our models can be extended to forecast future prices to attract a
larger audience. It can also be adjusted to forecast the volatility of other asset classes, such
as commodities, interest rates, and cryptocurrencies.

Finally, machine learning models have long been criticized for being black boxes
and hard to interpret. There are several ways to address this problem, as pointed out by
Carvalho et al. (2019). There can be a summary of features, model internals, data points, or
an approximation of the black box machine learning models using interpretable models.
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Appendix A. Key Observations on Stylized Facts of Volatility

First, volatility is dynamic and displays temporal clustering (Mandelbrot 1997). Sig-
nificant volatility today would suggest a higher likelihood of significant movement in the
upcoming days (Kim and Shin 2023). Moreover, volatility’s past fluctuations can exert last-
ing influences on its future path, signifying that volatility possesses a long memory (Poon
and Granger 2003). Another observation is that the probability of extreme market events
exceeds what the normal distribution would predict, indicating that return distributions
exhibit heavy tails (Cont 2001).

Additionally, the leverage effect or the Asymmetric Volatility Phenomenon (AVP)
suggests a negative correlation exists between prices and volatility: as prices drop, volatility
intensifies, and as prices rise, volatility diminishes, though to a lesser extent (McAleer and
Medeiros 2008; Ait-Sahalia 2017; Engle and Ng 1993). Due to the AVD, option prices exhibit
a skew. Options with strike prices below the market typically have higher implied volatility
than their higher strike counterparts, which can be explained by several factors. Firstly, loss
aversion suggests that investors tend to prioritize avoiding losses over achieving equivalent
gains (Tversky and Kahneman 1991). Secondly, when a stock’s value decreases, its financial
leverage rises as the percentage of debt in its capital structure increases, making the stock
riskier and boosting its volatility (Christie 1982). Lastly, adverse events increase conditional
covariances substantially, whereas positive shocks have a mixed impact on conditional
covariances (Bekaert and Wu 2000).

Volatility also exhibits mean reversion. Unlike stocks that have a positive drift, im-
plied volatility tends to gradually increase before earnings and major events such as the
Federal Open Market Committee (FOMC) meetings. It can also spike when encountering
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unexpected events. However, in either case, volatility tends to revert to the mean after the
event happens (Goudarzi 2013).

Appendix B. Notes on the LSTM Model

LSTM specifically utilizes sigmoid and tanh activation functions. The sigmoid function
confines any input value within a range from 0 to 1, whereas the tanh function limits it
between —1 and 1. With the current and previous information, these activation functions
determine the amount of previous information to keep or discard in the forget gate. If the
forget gate outputs 0, it forgets everything; if it outputs 1, it remembers everything. Then,
these functions are used for the input and output gates. In the output gate, the short-term
memory for the next period will be calculated using short-term memory. This will become
the output for the current LSTM cell and the input for the next period. The long-term
memory receives updates by initially processing the forgotten state and then assimilating it
with the input state. This iterative updating of short-term and long-term memory persists
till the model concludes its operation.

Appendix C. Notes on the Transformer Model

The transformer process begins with Layer Normalization, which normalizes the input
data to have zero mean and unit variance. Then, the Multi-Head Attention calculates a
weighted sum of the input based on its relationships with other parts of the input. This
part can be computed in parallel to leverage GPU. Dropout is then applied to regularize
the network. It achieves this by randomly setting a fraction of the input units to 0 at each
update during training, which helps prevent overfitting.

The Residual Connection assists in counteracting the vanishing gradient problem
encountered in deep networks. Finally, the feed-forward network uses 1D convolutional
filters with a RELU activation function (Nair and Hinton 2005) that replaces the feed-
forward layer in the original transformer. This adds nonlinearity and allows the model to
learn complex patterns. We perform our hyperparameter search on the number of attention
heads, their dimension, the hidden layer size in the feed-forward network, the number of
encoder blocks, mlp units, and the dropout rate. We searched using Keras Random Search
with 20 epochs.

Appendix D. GRU and RNN Models

We implemented a GRU model and an RNN model to show how models similar to
LSTM perform. RNN is a starting point for this type of model, and we use it as a baseline
to show how LSTM and GRU have improved based on it. As discussed in the Literature
Review, RNN suffers from the vanishing gradient problem, which limits its ability to retain
long-term dependencies. LSTM and GRU address this problem, and among them, GRU is
a simplified version of LSTM with fewer parameters and faster training. We implemented
a GRU model with a hyperparameter search on the number of layers, units, and dropout
rate using Keras Random Search with 20 epochs. We also implemented a simple RNN as
the baseline. In the same 30-year dataset, we obtained an RMSE of 0.018 for GRU and 0.017
for RNN, which are both worse than the LSTM model.
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Abstract: The increasing population and emerging business opportunities have led to a rise in
consumer spending. Consequently, global credit card companies, including banks and financial
institutions, face the challenge of managing the associated credit risks. It is crucial for these institutions
to accurately classify credit card customers as “good” or “bad” to minimize capital loss. This
research investigates the approaches for predicting the default status of credit card customer via
the application of various machine-learning models, including neural networks, logistic regression,
AdaBoost, XGBoost, and LightGBM. Performance metrics such as accuracy, precision, recall, F1
score, ROC, and MCC for all these models are employed to compare the efficiency of the algorithms.
The results indicate that XGBoost outperforms other models, achieving an accuracy of 99.4%. The
outcomes from this study suggest that effective credit risk analysis would aid in informed lending
decisions, and the application of machine-learning and deep-learning algorithms has significantly
improved predictive accuracy in this domain.

Keywords: credit risk prediction; credit risk; classification; machine learning

1. Introduction

Credit cards offer an easy method of borrowing money to pay for a range of goods
and services in the modern era. Credit cards function as a replacement for cash and
debit cards and are also widely used in daily shopping. Moreover, credit cards have
become indispensable to the contemporary economy for many individuals. From the
view of financial institutions and banks, they must decide whether to approve credit card
applications when a customer submits the application. Different factors are considered
by creditors when determining whether the customer is good or bad in terms of risk and
repayment. According to practical scenarios, our approach categorizes a “bad customer”
as one whose credit has been past due for 60 days or more, whereas a “good customer” is
one whose debt has been past due for less than 60 days.

Credit scores are a general risk governance strategy in banks and other credit institu-
tions, which utilize the personal data of credit card customers to signify the likelihood of
future default. They help banks or financial institutions to determine whether it is appro-
priate to offer credit cards to applicants. Evading bad or default customers is essential for
banks and other financial companies to avoid unwanted costs.

Banks and other credit card centers use a credit scoring system to determine how
risky it is to lend to applicants. The application form filled out by the customer is rich in
information and a valuable asset for the institution, helping to assign the credit score and
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finalize the card issuance. A cutoff point will be established by creditors for credit scoring.
The institution might opt not to lend to the applicant if the score falls below the cutoff;
otherwise, it would charge more from the applicant upon issuing a card.

Credit risk assessment is crucial to commercial banks’ credit risk management. The
danger of a borrower defaulting on their loan due to the inability to make regular payments
is called credit risk. It shows the chance that credit card loan providers might not receive
the interest or principal owed to them on time. Commercial banks can efficiently avoid
credit risk and make better lending decisions by accurately assessing the credit risk of their
applicants. The key to favorable portfolio quality is an efficient underwriting and loan
approval procedure, and one of the primary responsibilities of the function is to minimize
unnecessary risks.

A lucrative credit card client portfolio demands effective credit card customer
segmentation. It serves as a risk management tool and enables the company to
provide clients with appropriate offers and gain a better understanding of their
credit card portfolios. Credit card users can be classified into five categories based
on how they use their cards: max or full payers, revolvers, non-payers, traders,
and non-users. According to Sajumo (Sajumon 2015), among these five categories,
revolvers are the key clients for businesses, as credit card corporations can make
profits at their expense. They only make the minimum payment required, if
any, and continue using their cards as usual to make purchases. They are not
influenced by high-interest rates. Any credit card provider would prefer to avoid
having non-payers as customers. They obtain all accessible credit cards, utilize
all available credit on those cards, but fail to make any payments.

As mentioned, from a company’s perspective, it is crucial to understand the cus-
tomers’ backgrounds and financial conditions before providing them with a credit facility
to maintain a healthy credit portfolio. This understanding will lead to an increase in the
cardholder’s lifespan and help to maintain a sustainable income. However, failure to effec-
tively manage credit risk can lead to losses for credit card issuers and significantly impact
their cash flow. Such disruptions can prevent credit card issuers from effectively reinvesting
their resources, hindering growth and stability. Moreover, attempting to collect payments
from non-payers presents its own set of challenges. Significant time and resources must
be dedicated to this task, leading to additional operational expenses. These costs can
be substantial, considering the expenses associated with employing collection agencies
and other resources. Our research stands at the intersection of this critical challenge. By
employing advanced machine-learning and deep-learning algorithms, we aim to more
accurately classify customers into different categories based on their likelihood to default.
This data-driven, automated approach allows banks or credit card issuers to manage their
credit risk more effectively and efficiently, minimizing losses and ensuring a healthier
cash flow.

Secondly, the financial landscape is not static. It is continuously affected by various
events, including COVID-19, inflation, and recessions, which can destabilize customers’
financial stability and consequently increase the rate of NPAs (Non-Performing Assets).
Double-digit NPAs are a risk, and most banks and financial institutions struggle to maintain
single-digit NPAs. In today’s volatile economic climate, unmanaged or poorly managed
credit risk exposure can lead to severe financial distress, even bankruptcy, if left unchecked.
The domino effect of inaccurate credit risk management can be catastrophic, impacting
not only the business itself but also stakeholders and the broader financial ecosystem.
Therefore, in such an environment, it is essential not only to evaluate the credit risk of
cardholders, but also to monitor them regularly. However, continuous monitoring can lead
to the duplication of work and overburdening analysts, resulting in reduced efficiency for
financial institutions. The importance of our research is further heightened. It streamlines
the entire process, enabling financial institutions to effortlessly pre-process their credit
customer data, select and apply credit risk classifiers, and accurately and efficiently predict
the potential credit risk of the customers, and classifying them into “good” and “bad”
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categories. This allows credit card issuers to adapt rapidly to changing circumstances and
maintain their NPA rates within a manageable range.

Thirdly, maintaining good customers will increase trust in credit card products and
boost product demand. A robust customer base allows institutions to upsell and cross-
sell other banking products, fostering business growth. From a financial perspective,
maintaining good customers leads to a healthier P&L (profit and loss account). Therefore,
in the long-term approach, this research will help credit card issuers to achieve sustainable
strategic growth.

The main goal of this article is to identify the riskiest category, or non-payers, using
machine-learning and deep-learning techniques. Non-payers pose the most significant risk
to the fund. Despite of the risks, credit card issuers will not stop issuing cards. Instead, card
issuers will implement proactive risk management strategies and use more sophisticated
and efficient credit management methods.

This paper discusses predicting the possibility of the default status of the credit cus-
tomers using different methodologies such as random forest, neural networks, AdaBoost,
eXtreme gradient boosting (XGBoost), light gradient boosting (LightGBM), and logistic re-
gression to determine the best-performing algorithm based on accuracy, precision, recall, F1
score, ROC curve (receiver operating characteristic) and AUC score (area under the curve),
and Matthews correlation coefficient (MCC). This approach will help financial institutions
to make the correct decisions in identifying the right customers for credit card issuing.

1.1. Aims and Objectives

The main goal of the research is to create an automated method that can predict the
consumer’s default status based on each customer’s application.
The following is a list of the objectives that we aim to achieve through the analysis:

e  Determine the most essential characteristics that can be used to anticipate the defaulting
status.

e Implement balancing techniques to enhance the appropriateness of the data for identi-
fying and examining credit card data.

e Investigate various machine-learning and deep-learning methods and use credit card
data as a predictive base.

e Identify and analyze the performance metrics that are the most appropriate for mea-
suring the classification problem.

e  Assess the robustness of the selected models over time to ensure sustained accuracy
and reliability in varying economic conditions.

1.2. Research Contributions
Our research outputs have three key contributions as follows:

e  Performing data analysis and visualization to gain insights, as well as summarizing
significant data features to achieve a better understanding of the dataset. The approved
and disbursed loan data from a given time period were studied, and the performance
window was then selected and used to predict the performance of future periods
(Han et al. 2012).

e  Among six machine-learning algorithms, XGBoost was identified as the best-performing
model and was chosen as the final model. Based on credit card customer information,
a model was developed to classify good and bad customers. Refer to Section 5.3:
Summary of Performance Metrics (Chen and Guestrin 2016).

e To understand the relationship between the dependent variables, a correlation matrix
was employed, and feature importance was used to identify the critical features that
determine the classifier’s performance. Age, income, employment duration, and
the number of family members are the primary predictors for the best-performing
XGBoost model. Refer to Section 5.2: Feature Importance of the Best Performing Model
XGBoost (Lundberg and Lee 2017).
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e  Evaluating the robustness of the models over time to ensure that accuracy remains
consistent across different datasets and economic conditions. This ensures that the
models are not only accurate on the initial dataset but also maintain performance as
new data become available (Krawczyk 2016).

The paper is structured as follows: The first part introduces the research (Section 1),
explaining the study’s background and aim. The next part reviews previous relevant
research (Section 2), followed by the data and methodology (Section 3). Section 4 dis-
cusses the different machine-learning algorithms used in this study. Section 5 presents
the implementation and detailed results. Finally, Sections 6 and 7 provide the discussions
and conclusion.

2. Related Literature
2.1. Importance of Credit Risk Analysis

Credit risk analysis plays pivotal roles in the business, finance, retail, and insurance
industries. New techniques and technologies are crucial to help develop a better process of
analysis and identify any potential issues.

Granting loans to applicants is a crucial concern for commercial banks worldwide
(Xia et al. 2018). These financial organizations carefully assess the creditworthiness of their
customers to prevent significant loss in the event of default. The fierce market rivalry
compels them to separate the “good” applicants from the “bad” ones. Consequently, credit
scoring has emerged as a popular research topic among scholars and financial institutions
due to its effectiveness as a tool for assessing credit risk. According to (Sariannidis et al.
2020), financial institutions and credit analysts could benefit even more from developing
machine learning-based techniques such as SVC and random forest in the future. Using
quantitative and operational data to more precisely pinpoint the credit risk categories
that their clients fall under would allow for a more accurate assessment of the customer’s
creditworthiness. To better understand and monitor the loan portfolios of banks and to
pursue credit policies effectively, it is helpful to categorize the characteristics of clients and
assign them to distinct credit risk categories.

The work of (Bao et al. 2019) discussed that recent studies have concentrated on the
ensemble strategy, which incorporates various ML models for credit scoring. One of the
more often used approaches is constructing consensus classification decisions based on
the results of individual ML models. The work of (Chen et al. 2021) suggested that big
data could be explored and analyzed using data analytics, which could help banks to
reduce risks and make better investment decisions with reliable returns. The work of
(Chang et al. 2020) described that using several different financial models could yield
more precise results based on various scenarios, including investment requirements. The
stakeholders could then be presented with all the outputs, increasing the likelihood of risk
mitigation or avoidance.

According to (Buchanan and Wright 2021), machine learning is a significant factor
influencing the financial services sector to a greater extent. Additionally, they looked at how
machine learning and artificial intelligence are used in the UK financial services industry.
They examined the UK’s present AI/ML environment and concluded that credit scoring,
financial distress prediction, robo-advising, and algorithmic trading are a few domains
where machine learning has had a significant influence. They also noted that applications
of ML for predicting credit market defaults are becoming more popular. ML may be used to
evaluate character and reputation characteristics when predicting future payment patterns.

2.2. Methodologies for Credit Risk Analysis

There has been an increasing number of studies that have studied different machine-
learning methodologies and justified them as favorable methods to calculate credit risk.
These methodologies and their advantages from various machine-learning techniques are
highlighted below.
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Some of these research studies have focused on the development of one single al-
gorithm; for example, a multinomial logistic regression model is used in the research by
(Adha et al. 2018) to learn about the variables influencing default and attrition occur-
rences on credit. The accuracy of the multinomial logistic regression model in identifying
customers based on the chance of defaulting is 95.3%.

Most of the research studies have applied several algorithms to compare the efficiency
of the models, under different scenarios of credit risk modelling. The study by (Ullah et al.
2018) discussed that most card users, regardless of their ability to pay, misuse their credit
cards and accrue cash-card debt. The biggest problem facing cardholders and banks right
now is this issue. The study aimed to employ knowledge discovery in data to forecast
credit card applicants’ probability of defaulting on payment. Six regression approaches
were used to identify credit default payment and card users, including K-nearest neighbors,
the logistic regression model, SVM regression, AdaBoost, and random forest. Compared to
other data mining approaches, AdaBoost performs best, having an accuracy rate of 88%.

The work of (Dm and Mm 2018) described that financial organizations must forecast
loan defaults to reduce losses from non-payment. Their outcomes demonstrated that
the support vector machine model outperformed the logistic regression model (accuracy:
86.12%, precision: 0.7831). The study advised financial institutions to use support vector
machines to anticipate loan defaults.

According to (Ma et al. 2018), since its debut in 2016, LightGBM has been extensively
adopted in the field of big data and machine learning. Together with XGBoost, it is
considered a high-powered machine-learning tool. Publicly available experimental data
indicate that LightGBM is more efficient and precise than other existing boosters. LightGBM
is more precise, needs less memory, and is quicker than XGBoost. Further, experiments
indicate that the LightGBM algorithm can acquire linear acceleration by utilizing many
machines for specific training. Consequently, the benefits of this algorithm manifest in the
following five aspects: low memory usage, rapid training speed, good model precision,
support for parallel learning, and rapid processing of large datasets.

LightGBM (LGBM)’s dependability and adaptability will substantially facilitate the
creation of a credit rating system. The research project conducted by (Naik 2021) aims
develop an up-to-date credit scoring model that is contemporary in predicting credit
defaults for unguaranteed loans such as credit cards using machine-learning approaches.
According to the research findings, the LGBM classifier model is superior to other models
in terms of its capacity to provide faster learning speeds, improve efficiency, and manage
larger amounts of data effectively. With the highest accuracy of 95.5% and an AUC of 0.99,
the LGBM surpasses the other models, which include logistic regression, SVM, K-nearest
neighbors (KNN), XGBoost, decision trees, and random forest.

As per the paper by (Zhu et al. 2019), the loan default prediction model using the
random forest algorithm can adapt to build a model to predict loan default in the given
data compared with the other three methodologies, i.e., decision tree, logistic regression,
and support vector machine. According to their experiment, the random forest model
outperformed the other models with an accuracy of 98%, an AUC of 0.983, an F1 score of
0.98, and a recall of 0.99. Moreover, they added that the random forest algorithm works
rapidly on large databases and is the most accurate algorithm compared with the other
three algorithms. It can also deal effectively with errors in unbalanced data during the
classification problem. Finally, it is a valuable method for assessing missing data, which
can produce good accuracy even when a significant portion is missing. According to
(Sayjadah et al. 2018), by measuring the customer’s level of risk and using the model
results, banks and financial institutions can advise businesses on making smart decisions.
Their article examines the efficacy of credit card default forecasting. Random forest, logistic
regression, and decision trees are used to analyze variables in predicting credit default,
with random forest demonstrating a superior accuracy and area under the curve. As per
the results, the random forest, with the highest accuracy of 82% and a better AUC of 0.77,
best captures the criteria.
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In the work of (Tian et al. 2020), models were compared and discussed based on
their accuracy, AUC, and F1 score using suitable data cleaning and important feature
selection. The gradient boosting decision tree is one of the top models, with an outstanding
accuracy of 92.19%, AUC value of 0.97, and F1 score of 91.83%, when compared to logistic
regression, decision trees, SVM, neural networks, random forest, and AdaBoost. The
work demonstrated that the mentioned model had the finest ability for generalization
and classification.

The work of (Duan 2019) suggests an MLP consisting of three hidden layers used
to train the technique of backpropagation for loan default prediction in lending. It is
demonstrated that the MLP model’s approach classifies test data with 93% accuracy, which
is more significant than the prediction accuracy of 75% gained using the MLP model
with one hidden layer, logistic regression, SVM, AdaBoost, and decision trees. In the
research carried out by (Bindal and Chaurasia 2018), the five data mining techniques
logistic regression, naive Bayes, decision trees, MLP classifier (neural networks), and KNN
were compared. The MLP classifier gave the best performance with an area ratio of 0.88.
Also, logistic regression helped to identify the main components necessary for analyzing a
customer’s credit risk.

According to (Liu 2022), the backpropagation neural network (BPNN) can learn on
its own, adapt on its own, acquire knowledge, and cope with uncertainty successfully.
His research demonstrates that the neural network efficiently regulates individual credit
administration, lowers credit risks for banks and financial institutions, and offers a new
framework for decision-making for the banks’ customer credit operations. The work of (Sun
and Vasarhelyi 2018) shows how deep learning can be used to forecast credit card delin-
quencies. Deep neural networks outperform typical artificial neural networks, decision
trees, naive Bayes, and logistic regression in terms of overall predictive performance and
have the greatest overall accuracy (99.5%), F scores (0.7064), AUC (0.9547), and precision
(0.8502). Also, they added that deep learning has successfully been applied, suggesting
that Al has a lot of promise to assist and predict credit risk assessment by modeling for
banks and financial institutions.

The work of (Wang et al. 2022) compared and analyzed three classification algorithms:
decision trees, K-nearest neighbors, and XGBoost. The individual’s credit risk evaluation al-
gorithm based on XGBoost performs better in terms of the Type Il error rate (0.199), accuracy
(87.1%), and AUC (0.943). They concluded that the XGBoost-based model for assessing the
probability of default on a personal credit line has a strong default discrimination capability
and robustness.

The article by (Lin et al. 2023) stated that credit scoring models might still be unable
to identify consumers who are unable or unwilling to make loan payments, leading to
early loan defaults that would result in significant losses for lenders. Based on real-world
credit data obtained from online lending mediums, their study tries to classify those
bad customers who default on their loans soon after they are issued. They carried out
experimental research based on various conditions of early defaults. The outcomes show
that standard logistic regression is significantly outperformed by LightGBM regarding
prediction ability for the classification job. Although the benefit is negligible regarding
1/N recall rates, ML-LightGBM performs even better in terms of AUC than a Bayesian-
optimized LightGBM model. They concluded that ML-LightGBM is a favorable method for
credit scoring and fraud detection. The study by (Ma et al. 2018) classifies and analyzes the
Lending Club’s loan dataset to forecast whether the customer will fail to make the payment
in the future using the LightGBM and XGBoost algorithms. Each model’s output is utilized
to summarize the results. The study concluded that LightGBM'’s classification prediction
results for the identical dataset are superior to those of XGBoost.

In (Guégan and Hassani 2018), the authors introduce the concept of “Regulatory
Learning” in their study, focusing on the supervision of machine-learning models in the
context of credit scoring. The paper emphasizes the importance of building models that
not only achieve high predictive accuracy but also comply with regulatory standards—an
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essential requirement in the financial industry. By applying various machine-learning
algorithms to credit scoring, the authors illustrate how interpretability, transparency, and
robustness of models are crucial for regulatory compliance. The study provides a compre-
hensive framework for integrating machine-learning techniques into credit scoring while
considering the dynamic nature of risk and the need for periodic model validation. This
work lays the groundwork for developing credit risk models that balance performance
with regulatory requirements, a critical aspect that aligns with the focus of our research.

In another related study (GeeksforGeeks n.d), the authors conducted an in-depth
analysis of credit risk using a variety of machine-learning and deep-learning models,
including neural networks, logistic regression, AdaBoost, XGBoost, and LightGBM. The
authors compared the performance of these models based on evaluation metrics such as
accuracy, precision, recall, F1 score, ROC, and MCC. Their findings revealed that XGBoost
showed a strong predictive performance, which aligns with our study’s results.

In summary, a comparison of the different methodologies from the literature review is
shown in Table 1.

Table 1. Accuracy comparison from the literature review.

Study Model Accuracy
Zhu et al. (2019) Random forest 98.00%
Sayjadah et al. (2018) Random forest 82.00%
Tian et al. (2020) Gradient boosting decision tree 92.19%
Sun and Vasarhelyi (2018) Neural network 99.50%
Duan (2019) Neural I}gﬁﬁ;ﬁfgg ;’)p agation 93.00%
Wang et al. (2022) XGBoost 87.10%
Naik (2021) LGBM 95.50%
Adha et al. (2018) Logistic regression 95.30%
Ullah et al. (2018) AdaBoost 88.00%
Dm and Mm (2018) SVM 86.12%

2.3. Reinforcement Learning in Finance

Reinforcement learning in banking: In recent times, there has been a notable surge in
the utilization of reinforcement learning (RL) in the banking industry. In portfolio manage-
ment, Q-learning and policy gradient approaches have demonstrated promise by enabling
dynamic asset allocation strategies that adjust to shifting market conditions. In both bull
and bear markets, Lucarelli and Borrotti (Lucarelli and Borrotti 2020) showed how a deep
Q-network can be more effective at managing a portfolio than traditional approaches. The
work of (Sumiea et al. 2024) investigated policy gradient approaches, which provide a more
straightforward means of optimizing portfolio performance indicators and demonstrate
particular strength in managing transaction costs and market effects.

Another area in RL applications is adaptive credit scoring systems based on multi-
armed bandit algorithms. These techniques, like those presented by (Ali et al. 2024), enable
credit scoring models to be continuously learned from and adjusted in response to new data.
This strategy is beneficial in dynamic lending markets where macroeconomic conditions
and borrower behavior change quickly.

However, there are several difficulties when applying RL in dynamic financial situ-
ations. The work of (Malibari et al. 2023) draws attention to several problems, including
the non-stationarity of financial time series, the requirement for a substantial quantity of
training data, and the challenge of defining suitable reward functions in intricate financial
systems. Furthermore, the exploration—exploitation trade-off in reinforcement learning can
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present a significant challenge in financial applications where exploration may result in
actual financial losses.

2.4. Optimization Technigues

Evolutionary algorithms have demonstrated significant potential in selecting features
for credit risk models. The work of (Xu and Zhang 2024) illustrated the efficacy of genetic
algorithms in selecting optimal feature subsets for credit scoring, thereby enhancing model
performance and reducing dimensionality. These methods are especially advantageous in
high-dimensional financial datasets, where conventional feature selection methods may be
computationally unfeasible.

In the field of financial forecasting, gradient-based methods continue to be the foun-
dation of neural network training. Recent developments, including those proposed by
(Behera et al. 2023), incorporate second-order optimization techniques and adaptive learn-
ing methods that considerably enhance model performance and the speed of convergence
in predicting financial time series.

Regulatory compliance in risk assessment has become more critical due to the increas-
ing importance of constrained optimization approaches. The work of (Maldonado et al.
2017) developed a constrained optimization framework for credit scoring that directly
integrates regulatory requirements into the model optimization process.

Based on the above discussions, it can be observed that machine-learning models
are becoming very efficient tools in credit risk scoring, and each of the models has its
own advantages over others. Among the most applied algorithms, we particularly choose
neural networks, logistic regression, AdaBoost, XGBoost, and LightGBM for their ability of
learning, adapting, and predicting as approved in previous studies, to apply in the scenario
of credit card customers in our considered case study. The results can benefit the credit card
industry by developing appropriate algorithms to predict credit risks, in order to analyze
the uncertainty in credit scoring and thus support the decision-making process to mitigate
the effects from potential risks.

3. Data Analysis
3.1. Dataset Description and Methodology Overview

The research is based on a secondary dataset from Kaggle. This dataset is actual bank
data presented on the website after removing the customers’ sensitive personal information.
There are two different data files, application_record.csv and credit_record.csv. The first
application_record dataset includes the applicants’ data, which may be used as predictive
characteristics. The second one, the credit_record dataset, keeps track of consumers’ credit
card usage habits (credit history). The ID is the connecting column (primary key) of the
application and credit record datasets. Two tables that are linked by ID were combined to
create the data. The application_record.csv contains the columns of the client ID, gender,
ownership of a car, phone, work phone, mobile phone, email, and property, number of
children, family size, annual income, income category, educational level, marital status,
housing type, birthday, and occupation type. Client ID, record month, and customer status
are the columns in the credit_record.csv dataset. As a starting point, the record month
is the month from which the data were collected; counting backward, 0 represents the
current month, —1 represents the prior month, and so on. The status column lists the
following amounts as past due: 0: 1-29 days, 1: 30-59 days, 2: 60-89 days, 3: 90-119 days,
4: 120-149 days, 5: write-offs for greater than 150 days that are past-due or bad debts.
“C” indicates that month’s repayment, and “X” indicates no loan for the month. Detailed
descriptions of the variables are given in Appendix A.

An overview of the methodology of this study is shown in Figure 1, which presents
the 5 steps of the analysis that are adopted in the following sections. Firstly, the dataset
was tested and cleaned to improve the quality of the work; then exploratory data anal-
ysis was conducted to learn more about the data before pre-processing. After that, all
six methodologies were used to differentiate the predicted results from the actual results
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using the confusion matrix. During the process, each methodology was evaluated and com-
pared using performance metrics such as accuracy, recall, precision, F1 score, ROC-AUC,
and MCC.

Data acquisition

Bank credit card data from Kaggle

Summarize the past data and unravel the pattern and relationships

Data split 70% for training and 30% for testing and SMOTE for handling imbalanced data

Predicting the possibility of the default status of the credit customers using random forest,

neural networks, AdaBoost, XGBoostE LightGBM, and logistic regression

Finalize the best-performing algorithm by using performance metrics (MCC).

Figure 1. Methodology framework.
3.2. Exploratory Data Analysis (EDA)

Raw data, also known as unprocessed data, are only helpful if there is something to
be gained from investigating it. EDA involves analyzing and visually representing the
data to gain insights, as well as summarizing significant data properties to gain a better
understanding of the dataset.

According to IBM (Education 2020) and (Aswini et al. 2020), EDA gives users a more
profound knowledge of the variables in the data collection and their relationships. It is
generally used to explore what data might reveal beyond the formal modeling or hypothesis
testing assignment. EDA can also aid in determining if the statistical approaches being
considered for the research methodology are appropriate.

Some models have a significant number of features, which can cause the arrangement
and training processes to take more time and consume a significant amount of system
memory. It requires considerable time and effort for each feature to scan through the
various data instances and estimate every potential split point, which is the primary
factor contributing to this behavior. It is evident that when there are extra features in the
data, the efficiency and scalability of the model are far from optimal. It is recommended
to have fewer characteristics to save time during the computing process and boost the
model’s performance.

The work of (Al-gerem et al. 2019) mentioned that data preparation is a crucial step
when developing a classification model, as it significantly affects model accuracy. Applying
feature selection techniques to a vast dataset is also of great importance; it improves
accuracy and performance.

The summary statistics provided in Figure 2 help to understand the variable distribu-
tion more effectively.

Based on the observations from the above table, firstly, the variables were further
analyzed, and “Flag mobile” was decided to be removed from the model prediction since
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the minimum and maximum value are both “1”. Secondly, outliers need to be checked for
a few variables since there is a considerable difference between the maximum value and
the 75th percentile value. Thirdly, the variables with the value “0” for a min, 25th, 50th,
and 75th percentiles were further investigated.

ID CNT_CHILDREN AMT_INCOME_TOTAL DAYS_BIRTH DAYS_EMPLOYED FLAG_MOBIL FLAG_WORK_PHONE FLAG_PHONE FLAG_EMAIL CNT_FAM_MEMBERS

count  438557.000 438557.000 438557.000 438557.000 438557.000 438557.000 438557.000 438557.000 438557.000 438557.000
mean 6022176.270 0.427 187524286  -15997.905 60563.675 1.000 0.206 0.288 0.108 2194

std  571637.023 0.725 110086.853 4185.030 138767.800 0.000 0.405 0.453 0311 0.897
min  5008804.000 0.000 26100.000  -25201.000 -17531.000 1.000 0.000 0.000 0.000 1.000
25% 5609375.000 0.000 121500.000 -19483.000 -3103.000 1.000 0.000 0.000 0.000 2.000
50% 6047745.000 0.000 160780.500  -15630.000 -1467.000 1.000 0.000 0.000 0.000 2.000
75% 6456971.000 1.000 225000.000 -12514.000 -371.000 1.000 0.000 1.000 0.000 3.000
max  7999952.000 19.000 6750000.000  -7489.000 365243.000 1.000 1.000 1.000 1.000 20.000

Figure 2. Summary statistics.

Unstructured data are transformed through data visualization into groupings and
metrics that may be quickly used as smart business information for quick and effective
decision-making. The application submitted date and the status value for each month
following the open month for the credit card help to analyze the credit behavior. The credit
card customers’ past credit history can be compared during the various application months.

Additionally, it identifies relationships and patterns, as well as areas that work well or
can be improved. The distribution of the variables and the data balance are examined using
a variety of data visualization approaches such as bar charts, pie charts, and histograms to
enhance the comprehension of the information and its aspects.

Unique values of each column were checked to identify the redundant columns. When
the attribute has numerous unique values, it takes longer to conclude the data analysis,
which should focus on the crucial part of our research questions. The detailed data analysis
followed the steps below.

3.2.1. Performance Window and Target Variable Creation

Following the issuance of the customer’s credit card, the details of the customer will be
retained in the system, and each transaction will be monitored for various reasons. One of
the most critical functions of monitoring the account’s credit status is to track how much
money is being spent and how much is being paid back. To maintain a credit scorecard for
each month, the status must be categorized as either good or bad for each customer.

According to the algorithm, the bank or financial institution can distinguish between
good and bad customers using the available features from the application filled out by the
customer. In the context of this study, “bad” accounts are those whose overdue balances
have a status of 2, 3, 4, or 5, while “good” accounts are all other types of accounts. The
dataset needs to include information regarding the opening date of the credit card. When
analyzing the data, the month with the earliest “MONTHS_BALANCE” is deemed to be
the account’s opening month. Then, we reorganize the data such that month 0 represents
the beginning month, and one month after the beginning month is indicated by month 1,
see Figure 3.

Figure 4 below depicts the monthly distribution of accounts by status. It shows each
account-opening month, beginning with month 1 and continuing through month 60, and
helps to review the performance of the portfolio. From the time window, it is necessary to
identify their status and accounts according to the month they were created.

Over the course of all account-opening months, the bad rate ratio needs to be computed
for the entire portfolio to locate the stable period of the bad rate. In the beginning, there
was only a modest increase in the number of credit cards; however, this may have been
insignificant for the models. Figure 4 shows that accounts that have been open for more
than 50 months demonstrate a dramatic increase in the percentage of bad loans.
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Figure 3. Performance over the period.
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Figure 4. Bad rate of the portfolio.

As previously indicated, the status column contained various values that had been
converted to binary numbers. The status values 2, 3, 4, and 5 are changed to 1, while the
others are set to 0. A “bad customer” is one whose past-due balance exceeds 59 days, while
a “good customer” is one whose past-due amount is less than 60 days. According to the
binary value, 1 represents a bad customer, whereas 0 represents a good one.

As per the time series graph shown in Figure 5, the bad rate has nearly stabilized after
one year (12 months). Based on this, the first 12 months can be considered as a performance
window or the time frame for the analysis. Any customers that go delinquent within
the first year will be labeled as “bad,” while the remainder will be considered “good”.
Customers are categorized as bad or good based on their status throughout the initial
12 months, as shown in Figure 5.
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Figure 5. Bad rate of the portfolio after one year.
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3.2.2. Target Distribution

According to Figure 6 below, the data are exceptionally imbalanced, with a rate of
1.3% for bad customers.

0 198.7% 3.3%w 1

Figure 6. Target distribution.

3.2.3. Handling Outliers

Outliers can affect the quality of the research since all statistical data are susceptible to
their effects, including means, standard deviations, and all other statistical inferences based
on them. Handling outliers is one of the essential steps in data pre-processing. According
to Figure 7 below, there are outliers that need to be removed from the data regarding days
employed, total income, count of children, and count of family members.

Days Employed No of Children

Days Employed 4| H . No of Children e o o

o 100k 200k 300k o 5 10 15 20

Total income No of Family Member

Income cee . . No of FM oFole

o 0.5M ™M 1.5M o 5 10 15 20

Figure 7. Box plots of features.

Outliers for the columns’ days employed, the number of children, total income, and
number of family members are detected using box plots, as shown above, and handled
using the IQR method. The IQR method is used to detect the outliers by setting up a bar
outside Q1 and Q3. Weights that fall beyond the fence range are concluded as outliers. To
construct the fence results, we multiplied the IQR by 1.5, subtracted this amount from Q1,
and added it to Q3. Outliers are any observations that exceed 1.5 IQR below Q1 or more
than 1.5 IQR above Q3. Then, outliers were removed to ensure they did not impact the
model’s outcomes, as shown in Figure 8.

The missing values were analyzed, and 32% of the values were missing in the vari-
able “OCCUPATION_TYPE”. With the account-opening month and date of birth, the
age and months of experience as of the application date are calculated backward from
the application date to the date of birth and from the application date to the months of
experience, respectively.

115



Risks 2024, 12,174

Days Employed No of Children

DAYS EMPLOYED o : —{ No of Children —l . .

-15k -10k -5k 0 0 1 2 3 4

Total income No of Family Member

Income li 4'0 No of FM }— —{ . L]

100k 200k 300k 1 2 3 4 5 6

Figure 8. Box plots of features after removing outliers.

3.2.4. Data Visualization

The boxen plot and box plot, as displayed in Figure 9, are used to compare and
understand the distribution of essential variables and the status of the customer.
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Figure 9. Distribution of important variables.

The observations from the graphs above are as follows:

According to the first graph, the younger population, in general, poses a greater risk
than the older population. It is evident that banks and other financial institutions should
consider a person’s age when deciding whether to issue them a credit card.

e  The second graph shows that people with less experience typically pose a greater risk
than those with more experience. When issuing a card, banks and other financial
organizations should consider experience as one of the factors.

e  As per the third graph, the red square refers to the average income, showing that the
average income of the bad customers is below the average income of the good customers.

e Itis evident from the pie charts shown in Figure 10 below that good customers have a
higher proportion of property ownership compared to bad customers.

The histograms in Figure 11 show the distribution of the numeric variables for the
most important variables:

The income total shows the highest distribution between 50,000 and 275,000.
Age shows the highest distribution between 300 months and 600 months, which is
25 to 50 years.

e  Employment months have the highest distribution between 0 and 50 months, less than
1 year to 4 years.

The correlation matrix, illustrated in Figure 12 below, is a chart that displays the
correlation coefficients established between different sets of variables. The table shows the
correlation between each variable and each value. This makes it possible to identify the
pairs with the highest correlation. In the study, a correlation matrix is initially generated
to determine how each pair of variables relates to one another. It should be considered to
remove variables if there is a significant relationship between them; hence, a set of highly
correlated characteristics will not contribute any new information or very little. Moreover,
they will complicate the algorithm and increase the possibility of errors. It is beneficial to
remove the variables that are significantly correlated with one another in order to reduce

116



Risks 2024, 12,174

memory and speed issues. According to the confusion matrix presented below in Figure 12,
the number of children and family members is highly correlated with a correlation of 85%.
Initially, it was decided to remove one of the strongly correlated variables; however, both
variables are kept for analysis because the correlation is less than 90%. Also, even after
keeping both variables in the research, there is no adverse impact on the performance
metrics results.

Good customer vs Ownership of Property Bad customer vs Ownership of Property
Yes

FLAG_OWN_REALTY

FLAG_OWN_REALTY

(@) (b)

% of Applications submitted based on count of family members

20 - 30

(@

Figure 10. Pie charts of features. (a) Good customer vs. ownership of property; (b) bad customer vs.
ownership of property; (c) applications vs. family members.

AMT_INCOME_TOTAL age_months employment_months
4000 14000
6000
3500 4 12000 -
5000
3000 10000 |
4000 2500 - 5000
3000 2000 - -
1500 4
L 4000 -
1000 4
o 500 < 2000 <
¢ o~ 0

AN00; 3000005 ;00000 300 400 500 600 700 800 0 100 200 300 400 500

Figure 11. Histograms of features.
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3.3. Data Pre-Processing

One of the early pre-processing procedures that must be carried out in machine learn-
ing is splitting the modeling dataset into training and testing samples. Testing the model
on the test set after training it on the training set will assist in determining how effectively
the model generalizes to brand-new, untainted data. The training and testing sections of
the dataset used in this study were split in a proportion of 70% training and 30% testing
(70:30). Thirty percent of the data were utilized to assess the learning effectiveness of the
testing data, while seventy percent of the datasets were utilized as a training set, ensuring
that the training model was not exposed to the test sets.

When working with the classification model, the most significant problem is the
unequal distribution of the values across the dataset. This is the fundamental issue. The
same pattern is shown in the research data, where the distribution of good customers is
98.7% and bad customers are 1.3% (Figure 6). Most traditional machine-learning techniques
assume that the distributions of the target classes are uniform. This impacts the models’
performance because unbalanced datasets will cause these models to underperform. As a
result, a higher accuracy for large categories (as in our case, good customers) and a lower
accuracy for smaller classes (bad customers) may result from the direct input of unbalanced
data. Even though the performance metrics show a good accuracy in this circumstance,
other performance metrics will not show high enough ratings in other evaluation criteria.
Two methods can resolve this issue. The first one is undersampling, which deletes the
dominant values, and the second is oversampling, which adds rare values to the dataset.
Undersampling strategies such as IB3, DROP3, and GA and oversampling strategies such
as SMOTE, CTGAN, and TAN can be used to handle unbalanced data.

SMOTE is an oversampling method, one of the better ways of handling imbalanced
data by producing fictitious samples for the minority class. This strategy assists in over-
coming the issue of overfitting caused by random upsampling. It focuses on the feature
space to generate new instances using interpolation between positive occurrences that
are close together. The issue is handled and sorted by using the mentioned upsampling
method, SMOTE. It involves adding artificially generated data records corresponding to
the minority class into the dataset. After the upsampling procedure, the counts for the two
labels are almost identical and can be used for predictive modeling.

According to our data, SMOTE can tackle the imbalanced target variance issue, and
the testing data show that the distribution is likewise balanced, with 7355 “good customers”
and 7473 “bad customers”.

4. Machine-Learning Algorithms

The models presented below serve as illustrations of supervised machine-learning
techniques utilized in the analysis. They are used to select the most appropriate classifi-
cation model to classify good customers from bad customers, contributing to the credit
card industry.

4.1. Random Forest

Prior to discussing the details of the random forest model, it is vital to define decision
trees, ensemble models, and bootstrapping, all of which are fundamental to an under-
standing of the random forest model (Beheshti 2022). The decision tree is an application of
supervised machine learning. It provides a flow chart type/tree-like structure, making it
simple to visualize and extract information from the background process (Sharma 2023).

According to (Meltzer 2023), multiple decision trees are grown using random forests
and combined to produce a more precise prediction, see Figure 13. The random forest
algorithm develops trees while simultaneously introducing more randomness to the system.
This method finds the best variable from a random collection of features when partitioning
a node instead of selecting the element that is regarded as the most essential. This ends
up providing vast diversity, which, in many circumstances, leads to a better model. As a
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result, in a random forest, the method used to divide a node will only consider a random
subset of all the characteristics (Donges 2021).

Decision Tree 1 Decision Tree 2 Decision Tree 3
Good Customer Bad Customer Good Customer

Good Customer

Figure 13. Decision tree.

The pseudo-code for the random forest model is shown in Algorithm 1 to elucidate
the mechanism by which random forests operate. The algorithm describes a structured
approach to random forests, which use bootstrap sampling to generate individual trees,
which are then combined to form the overall forest.

Algorithm 1. Random Forest Algorithm

Precondition: A training set X = {(i1,j;), (i2,j5),-- -, (in,j, )}, features F,
and number of trees in forest B.

Function RandomForest(X, F)
H+®

Forie {1,...,B} do

Xl A bootstrap sample from S

h; <~ RandomizedTreeLearn <Xi, F)

H < H U (Sajumon 2015)

End for

Return H

End function

Function RandomizedTreeLearn(X, F)
At each node:

f+ CCF

Split on the best feature in f

Return the learned tree

End function

00N PN

I T S = Gy Sy
S

One of the hyperparameter tuning parameters is referred to as the “Criterion”. The
Gini index is set as the default parameter for the random forest. The Gini index is used to
determine the node distribution on a decision tree branch.

Cc
Gini=1-Y (p:)?
i=1
where

p; = the probability of picking the data point with the class i;
¢ = number of classes.

4.2. Logistic Regression

Logistic regression is one of the supervised machine-learning algorithms classified as
a subset of linear regression. However, it is solely employed for categorization. Logistic
regression completes binary classification tasks by estimating the likelihood of a given
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outcome, event, or observation. In our work, the model produces a binary outcome with
only two options: good customer or bad customer, based on the status.

The pseudo-code for the logistic regression algorithm is shown in Algorithm 2. It splits
data into different individual groups and examines the association between one or many
independent features. It is frequently applied in the field of predictive modeling, in which
the model determines the mathematical likelihood of whether or not a particular occurrence
belongs to one specific category. As per our case, 0 is denoted as “good customer” and
1 is denoted as “bad customer”. The sigmoid function is an activation function of logistic
regression, and logistic regression employs the sigmoid function to establish a link between
predictions and probabilities.

Algorithm 2. Logistic Regression

Logistic Regression

1. Input: Training data
2 Begin
3 Fori—1tok:
4 For each training data instance d;:
- _ _ y—P(d)
5. Set target value for regression to z; = P43 P(1[3))]
6 Initialize the weight of instance dj to [P(1|d;) (1 —P(1|d;))]
7 Finalize f(j) to data with class value zj and weight w;
8 Classical label decision
9 Assign (class label: 1) if P;g > 0.5, otherwise (class label: 2)

10. End

As shown in Algorithm 3, any real number can be transformed into a range of 0 and
1 using a function called the sigmoid, represented by an S-shaped curve. The sigmoid
function’s output is regarded as 1 if it is greater than 0.5. On the other side, the output is
categorized as 0 if it is less than 0.5. The formula of the sigmoid function is as follows:

1

f(x):m

where e = base of the natural logarithms.

Algorithm 3. Sigmoid Function

Sigmoid Function
Require: Training data D, number of epochs e, learning rate 1, standard deviation o
Ensure: Weights wo, wy, ..., wy

1. Initialize weights wg, w1, ..., wy from a standard normal distribution with zero mean
and standard deviation o

2. Forepoch1,...,edo

3. For each (x,y) € D in random order do

4. yA — wo + Z?:l w;iX;

5. If(gp>1Ay=1)U({@<1Ay=—1) = continue
6. wo  wo —M2(J —y)

7. Foriin1,..., kdo

8. wi < w; =M2(J — y)x;

9. End For

10. End For

11. Return wg, wy, . .., wy

Logistic regression is demonstrated by the following equation:

e(b0+blx)

y= 1 + elbo+b1x)
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where

x = input value;

y = predicted output;

by = bias or intercept term;

by = coefficient for input (x).

Parallel to linear regression, the above equation predicts the output value (0 or 1) by
linearly integrating the input values using weights or coefficient values.

4.3. Neural Network

The model for predicting credit risk is developed using an artificial neural network,
which has a structure with three layers called input nodes, hidden layers, and output
layers, as illustrated in Figure 14. According to the dataset, customer details are the input
nodes, and customer classifications such as “good customer” or “bad customer” are the
output nodes.

Input layer Hidden layer Qutput layer

Good Customer

Bad Customer

Figure 14. Neural network.

Training data are received by the input layer and passed to the hidden layers to convert
the raw data into characteristics with a high dimension that are nonlinear, and then the
output layer classifies the data. Firstly, the algorithm will be used to train the ANN-based
classifier based on historical information. Later, the algorithm will be used to determine
the customer’s credit risk.

Generally, a neural network begins with a random set of weights. Each time the
network finds an input-output pair, it modifies its weights based on it. Each pair passes
through two processing phases: a forward pass and a backward pass. The forward pass
involves delivering a representative input to the network and allowing activations to flow
until they reach the output layer. The standard backpropagation is a gradient descent
algorithm that repeats steps in the reverse direction to adjust the model’s parameters based
on weights and biases.

The algorithm’s first iteration step can be expressed as follows:

W(t+1) = W(t) + n(—VE(t))

where

W(t) = vector of the weights at iteration step t;
VE(t) = current gradient of the error function;
E = sum of the squared errors;

1 = learning rate.

The learning model updates the gradient descent weights with more momentum (3)
in order to shorten the training time.

W(t+1) =W(t) + u(—=VE(t)) + BAW(t — 1)

and
AW(t) = w(—=VE(t))+ BAW(t—1)
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where

AW(t) = current adjustment of the weights;
AW(t — 1) = previous change to the weights;
3 = momentum.

Momentum enables a network to deploy to recent trends in the error surface and
local gradient. It permits the network to dismiss small elements in error; it functions like
a low-pass filter. Through the use of the first-order and also second-order derivatives of
wand B, the learning rates and momentum are updated with optimum rates during the
training process. Each iteration of the backpropagation algorithm allows for the quick
and easy computation of these derivatives. After the training, the model can be used to
distinguish the riskiest customers by analyzing customer data.

To comprehend the intricate patterns that lie beneath the surface, deep-learning
algorithms require an adequate quantity of data. When more data are used, the performance
of deep-learning models will significantly improve.

4.4. XGBoost Algorithm

XGBoost (see Figure 15) is a widely used implementation of the gradient-boosted
tree technique that is both efficient and open-source. Gradient boosting is a method of
supervised learning that accurately predicts a target variable by combining the predictions
of a series of weaker, simpler models.

Level - wise tree growth

ﬁ

Level - wise tree growth

¢ o 2
o s o
¢ e

Bad

Customer

Figure 15. XGBoost.

According to (Kharwal 2020), gradient boosting works well by minimizing loss when
adding new models. Regression trees serve as the weak learners in gradient boosting for
regression to translate each input parameter to a leaf that has a continuous value. XGBoost
minimizes a systemized objective function by integrating the convex algorithm based on
the variance between the anticipated and target outcomes and a penalty element for model
complexity. The training procedure is carried out repeatedly by adding additional trees
that reveal the residuals or mistakes of older trees, which are then incorporated with earlier
trees to produce the final forecast.

Fn(X) = Fu_1(X) + otmhm (X, rp—1)

where

aj—regularization parameters;

r—residuals computed with the ith tree;

h;—function trained to predict residuals;

r;—using X for the ith tree.

Residuals and Arg(miny) have to be computed in order to compute the «.
where

m
Arg(ming) = Y L(Yi, Fi — 1(Xi) + ahi(Xi,ri — 1))
i=1
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where
L(Y, F(X)) is the differentiable loss function.

4.5. LightGBM Algorithm

LightGBM represents a gradient-boosting framework created on decision trees (a
tree-based algorithm that grows leaf-wise, as shown in Figure 16, rather than level-wise)
for the light gradient to reduce memory usage, enhance memory utilization, and increase
the model’s efficiency.

Leaf-wise tree growth Leaf-wise tree growth
ﬁ
Good
/\ Customer
Bad Cus-
tomer

Figure 16. LightGBM.

As per (GeeksforGeeks n.d), LightGBM employs two methods: EFB (Exclusive Fea-
ture Bundling) and GOSS (Gradient-based One-Side Sampling), which collectively enable
the model to function effectively. GOSS will merely use the remaining data to evaluate
the overall information gain, excluding the extensive number of data sections that have
insignificant gradients. The calculation of statistics expansion gives more weight to the
data instances with significant gradients. Despite utilizing a smaller dataset, GOSS can
produce trustworthy findings with substantial information gain compared to other models.
It has gained popularity due to its high speed and ability to handle large amounts of data
with low space complexity. Although EFB rarely receives any non-zero values parallel
to shrinking the number of characters, it does put the mutually exclusive features along
with frivolity. This affects the total outcome for efficient feature elimination without com-
promising the split point’s accuracy. Any algorithm’s training time will be shortened by
20 times by combining the two improvements. With EFB and GOSS together, LGBM can be
considered gradient-enhancing trees. It performs best with massive data.

LightGBM and XGBoost vary primarily in that whereas XGBoost employs a histogram-
based method and a pre-sorted algorithm for the most effective division calculation, Light-
GBM selects data instances to calculate a split value using the GOSS technique. LightGBM
employs a highly optimized decision-making algorithm that is based on histograms and
offers significant advantages while also being efficient and memory-efficient.

The critical characteristics of LGBM include higher accuracy and faster training speeds,
low memory usage, superior comparative accuracy to other boosting algorithms, better
handling of overfitting when working with smaller datasets, support for parallel learning,
and compatibility with small and large datasets.

Decision tree-based machine-learning algorithms were formerly the industry standard.
The best solutions for the majority of problems used XGBoost. Microsoft unveiled its
gradient-boosting technology, LightGBM, a few years ago. Currently, it takes center stage
in gradient-boosting devices. XGBoost has been replaced by LightGBM.

4.6. AdaBoost Algorithm

A common boosting approach called AdaBoost aids in combining several “weak
classifiers” into one “strong classifier”. In other words, to improve weak classifiers and
make them stronger, AdaBoost employs an iterative process. AdaBoost is a form of
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ensemble learning approach. Based on the output of the previous classifier, it aids in
selecting the training set for each new classifier. It establishes how much weight must be
assigned to each classifier’s suggested response when the results are combined.

Algorithm 4 clarifies the AdaBoost methodology. Initially, all data points are equally
weighted. However, as the algorithm progresses through each iteration, it meticulously
recalibrates the weights of incorrectly classified data points. This weight adjustment
ensures that subsequent classifiers prioritize those specific misclassified instances, thereby
improving the cumulative prediction accuracy. At the end of the iterative process, AdaBoost
merges the outcomes of all weak classifiers and weights them according to their respective
accuracies to produce a robust final classifier.

Algorithm 4. AdaBoost

AdaBoost Algorithm
Given: (x1;y1), -, (Xmsym), xi € X, y; € Y = {-1,1}.

Initialize: Dy (i) = %

Fort=1,..,T:
1 Train a weak classifier using distribution D;.
2. Obtain the weak hypothesis ; : X — {—1,1} with the error:
g= ), DiXp)
ity (x;) £y
3. Choose oy = lloglz—f’.
4. Update:
Dyyq(i) = D'Z(:) = e~ % if i is correctly classified, otherwise e

where Z; is a normalization factor chosen such that /" ; Dy 1(i) =1

5. Output: The final hypothesis:

T
H(x) = tgl atht(x)

The research by (Nazarenko et al. 2019) highlighted the benefits of AdaBoost:

e  Good generalization skills: Creating compositions for real-world issues of a higher
caliber is more feasible than using the fundamental algorithms. As the number of
fundamental algorithms rises, the generalization ability may become more effective
(in some missions).

e Own boosting expenses are minimal: The training time of the fundamental algo-
rithms nearly entirely determines the amount of time needed to construct the final
image.

Several drawbacks of AdaBoost can be discussed as follows:

Boosting technology develops gradually: It is crucial to guarantee high-quality data.
Tactful to unorganized data and outliers: Hence, it is intensely advised to avoid these
before using AdaBoost.

e  Slower than XGBoost: It has also been indicated that AdaBoost is slower than XGBoost.

Hyperparameter tuning aims to train each model and finalize the best-predicting
model. In the modeling process, one critical aspect that needs to be considered is whether
there is still potential for improvement before completing the best-performing model. As a
result, the model needs to be improved in whatever manner possible. Hyperparameters are
one of the key elements in performance improvement. The performance of these models can
be considerably improved by selecting the appropriate values for their hyperparameters,
which are critical to how effectively they function. Table 2 represents the hyperparameters
set for each model for the predictions.
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Table 2. Hyperparameter for each methodology.

Methodology Hyperparameter Value
n_estimators 250
min_samples_leaf 16
Random Forest maximum depth 12
random State 42
max_depth 12
n_estimators 250
min_child_weight 8
subsample 0.8
XGBoost learning_rate 0.02
seed 60
gamma 0
colsample_bytree 0.8
objective binary: logistic
num_leaves 50
learning_rate 0.02
LGBM n_estimators 250
subsample 0.8
colsample_bytree 0.8
max_depth 1
AdaBoost n_estimators 100
learning_rate 1
hidden_layer_sizes 400,800
max_iter 1000
Neural Network random_state 25
shuffle TRUE
Logistic Regression random_state 42

5. Implementation and Results

In this section, we first introduce confusion matrix, which is the framework that we
adopted; and then we will discuss the results from implementing our chosen machine-learning
algorithms. Further analysis will also be investigated from the best-performing model.

5.1. Confusion Matrix

The confusion matrix, shown in Figure 17, is a technique for determining the effec-
tiveness of a classification algorithm. Classification accuracy is defined as the proportion
of accurate predictions compared to all other predictions. A better understanding can
be obtained of what the classification model is doing correctly and the mistakes it makes
by calculating a confusion matrix. The total number of precise predictions for a class is
recorded in both the predicted column and true label row for that class value. Likewise, the
total amount of imprecise predictions for a class is recorded in both the predicted column
and the actual label row for that class value. Confusion matrices attempt to differentiate
the occurrences with a specific outcome.

The binary classification problem distinguishes between observations with a particular
outcome and regular observations. Based on our model predictions, the customers will
become default or not in the loan defaulting prediction. The good customer is labeled as
“0” and the bad customer as “1” in this matrix.

This results in the following;:

True positive—When good customers are accurately predicted as good customers.
False positive—When bad customers are improperly predicted as good customers.
True negative—When bad customers are accurately predicted are bad customers.
False negative—When good customers are improperly predicted as bad customers.

The equations to compute the respective rates are as follows:
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e  True positive = Number of customers accurately predicted as good/Actual number of
good customers

e False positive = Number of customers improperly predicted as good/Actual number
of bad customers

e  True negative = Number of customers accurately predicted as bad/Actual number of
bad customers

e  False negative = Number of customers improperly predicted as bad/Actual number
of good customers

According to the test samples, 7422 are good customers, whereas 7406 are bad cus-
tomers. Based on the number of actual good and bad customers for the prediction algo-
rithm, we will analyze the false positive rate, true positive rate, false negative rate, and true
negative rate for the best-performing and worst-performing algorithms.

Positive 0 Negative 1
Actual Positive 0 FN
Class
TP Type II
error
Negative FP
1 TN
Type I
error

Predicted Class

Figure 17. Confusion matrix.

5.2. Implementation and Comparison of Machine-Learning Algorithms

The neural network model forecasted all customers as good, as shown in Figure 18.
As a result, a total of 5918 bad customers were inaccurately predicted as good customers.
In addition, none of the bad customers were correctly predicted as bad customers by the
neural network. Consequently, the false positive rate ended up being 80%, whereas the
true negative rate was 20%.

Normalized Confusion Matrix: LogisticRegression

4
®

True label
° °
n Y

°
b

°
w

Predicted label

Figure 18. Confusion matrix—Logistic regression.

Since the model projected that nearly all consumers would be good, the true positive
rate is calculated as 89%. Moreover, the model incorrectly projected 0 customers as bad
customers when they were actually bad customers, resulting in a false negative rate of 20%.

The XGB model correctly predicted both 7406 good customers and 7320 bad customers,
as shown in Figure 19. Consequently, the true positive rate ended at 99.50%, whereas
the true negative rate ended at 96.27%. In addition, the model incorrectly projected
278 customers as good customers when they were bad customers. Additionally, the model
incorrectly predicted that 37 customers were bad when they were good customers.
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Normalized Confusion Matrix: XGBClassifier

True label

0 1
Predicted label

Figure 19. Confusion matrix—XGBoost.

As per the confusion matrix, XGBoost displays a superior performance, while the
neural network does not perform well for this purpose. Other performance metrics are also
vital to know how the model performs in the prediction scenario. This examination focuses
on classifier evaluation metrics, including AUC, accuracy, recall, and precision.

5.2.1. Accuracy

Accuracy is the easiest and most well-known measure for classification problems. It
is calculated by dividing the number of accurate predictions by the overall number of
forecasts. Further, while discussing accuracy, true negative rate (TNR), true positive rate
(TPR), false negative rate (FNR), and false positive rate (FPR) also need to be considered.
Accuracy can be computed as follows:

TP+ TN
TP+TN+FP+FN

Accuracy =

As shown in Figure 20, the bar chart of accuracy comparison reveals that XGB has the
highest accuracy, coming in at 99.4%, followed by LGBM, which has a good accuracy of
99.3%, and finally, logistic regression, which has the lowest accuracy, coming in at 84.3%.
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Figure 20. Performance evaluation.

Methodology

However, accuracy alone does not tell the entire story when dealing with a class-
unbalanced dataset, where there is a considerable variance between the total number of
positive and negative labels. Therefore, other performance metrics are also further ana-
lyzed.

5.2.2. Recall and Precision

Precision and recall apply to individual classes only; for instance, recall for good
customers or precision for bad customers.
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Precision attempts to answer the question, “What percentage of positive identifications
were actually accurate?” The basis for precision is prediction. To explain, how many were
correctly predicted as bad customers out of all the bad customer predictions? Or how many
were correctly predicted as good customers out of all the good customers’ predictions?

The mathematical equation for precision is as follows:

True Positive

Precision = — e
True Positive + False Positive

Recall attempts to answer the question, “What percentage of true positives were
correctly detected?” The basis of the recall is the truth. That is, out of all the bad customers,
how many were predicted as actually bad customers? Or, out of all the good customers,
how many were predicted as actually good customers?

The mathematical equation for the recall is as follows:

True Positive

Recall =
eca True Positive + False Negative

Precision or recall should be chosen depending on the problem that needs to be solved.
Use precision if the issue is sensitive to classifying a sample as positive in general, including
negative samples that were mistakenly categorized as positive. Use recall if the objective
is to find every positive sample without minding whether some negative samples could
be mistakenly categorized as positive. In our situation, identifying bad customers is very
similar to identifying good customers. According to this, precision is critical in our scenario.

The precision and recall comparison bar charts in Figures 21 and 22, respectively,
make it evident that the model XGB has the highest possible precision as per Figure 21 and
recall as per Figure 22 (both are 0.994), followed by the model LGBM (both are 0.992 and
0.993). In addition, the logistic regression has the lowest score for both precision (0.846)
and recall (0.843).
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Figure 21. Precision comparison.
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Figure 22. Recall comparison.
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5.2.3. F1 Score

Another performance metric is the F1 score, which ranges from 0 to 1 and is a har-
monic average of recall and precision. The most recommended quality metric for a binary
classification task is to optimize for its F1 score. The higher the F1 score, with 0 being the
worst and 1 being the highest, the better the overall performance of the model. Only when
precision and recall are both 100% does it attain its ideal level of 1. The F1 score has its
worst value of 0 if one of them is equal to 0.

F1 =2 x ((Precision x Recall)/(Precision + Recall))

The scenario is reflected in Figure 23 in the same way as recall and precision discussed
earlier. It is clear from this that the model XGB achieves the highest possible F1 score due
to the fact that the XGB achieves the highest possible recall and precision.

F1 score Comparision

1.0

0.8

14
o

F1_score

o
S

0.2

0.0

AdaBoost
RandomForest
LGBM

XGB

¥
s
Z
]
H
[
5
3
=4

LogisticRegression

Methodology

Figure 23. F1 score.

5.2.4. ROC Curve and AUC Score

The ROC curve and AUC score are among the most crucial evaluation systems for
measuring the performance of classification models. The ROC curve is a probability curve,
and the AUC defines the degree or measure of separability. It describes how well the model
differentiates between classes. The greater the AUC, the better the model predicts bad
credit card customers as bad and good credit card customers as good. In summary, the
greater the AUC, the better the model differentiates between good and bad credit card
customers. The following two factors make AUC desirable:

e Scale is unimportant to AUC: It evaluates how well predictions are ranked rather
than the absolute values of the predictions.

e AUC is independent of the classification threshold: It evaluates how well the model
predicts regardless of the classification threshold.

The baseline of the ROC curve can be explained at the diagonal points by default (FPR
is equal to TPR). TPR is mapped against FPR on the ROC graph, with FPR on the x-axis and
TPR on the y-axis. Algorithms closer to the top left corner corresponding to the coordinate
(0, 1) in the Cartesian plane demonstrate a better performance than those below.

The test will be less precise the closer the graph gets to the ROC plot’s 45-degree
diagonal. The fact that the ROC curve does not depend on the class distribution is one
of the many reasons it is so valuable. It enables and facilitates situations in which the
classifiers predict unusual events, which is the same as our concern regarding the detection
of bad customers.

The value of AUC ranges from 0 to 1. An AUC of 0 specifies a model with 100%
incorrect predictions, while an AUC of 1 indicates a model with 100% correct predictions. If
the area under the curve AUC is equivalent to 0.5, then we can conclude that the algorithm
is incapable of differentiating between good customers and bad customers accordingly.
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On an ROC curve, a greater value on the x-axis specifies a more significant number
of false positives than true negatives. At the same time, a higher value on the y-axis also
represents a more significant proportion of true positives than false negatives. Accordingly,
threshold selection depends on the capacity to create an equilibrium between false posi-
tives and negatives. Model comparison of random forest, neural networks, XGB, LGBM,
AdaBoost, and logistic regression is as follows.

As per Figure 24, LGBM and XGB show a better performance. The best models for
correctly classifying observations are LGBM and XGB, which have the most significant
AUC and the highest space below the curve. The green line indicates the model LGBM
and is embedded behind the red line model XGB; after XGB and LGBM, random forest
and AdaBoost perform best—in that order. Logistic regression is near the points lying
around the diagonal, and the neural network is on the diagonal line, which indicates a
poor performance.
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Figure 24. ROC-AUC curve.

As per Figure 25 below, the red line of XGBoost at the (0, 1) position in the upper left
corner of the Cartesian plane exhibits a superior performance.
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Figure 25. ROC—XGB.

As a result of our analysis of ROC-AUC, we are able to draw the conclusion that
LGBM and XGB outperform the other algorithms in terms of their ability to identify good
customers as good and bad customers as bad.
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5.2.5. MCC

A class imbalance can affect accuracy, recall, precision, and F1 score, making them
all uneven. An alternative approach to binary classification is to treat the true class and
the predicted class as two different variables and calculate their correlation coefficient
similarly to compute the correlation coefficient between any two variables. MCC aids in
identifying the classifier’s shortcomings, particularly with regard to the negative class
samples. MCC is a single-value statistic that distills the confusion matrix, much like the F1
score. No class is more significant than any other since MCC is also totally symmetric; even
when the positive and negative values are switched, the result remains the same. A high
number, near 1, indicates that MCC correctly predicts both classes. In other words, a score
of 1 represents complete agreement. Even if one class is unreasonably under-represented
or over-represented, MCC considers all four values in the confusion matrix. Following this,
there are calculations for MCC:

TP x TN —FP x FN

MCC =
/(TP +FP)(TP + FN)(TN + FP)(TN + FN)

By looking at their equations, one can quickly determine the main advantage of
employing MCC instead of the F1 score. The number of true negatives is ignored by the F1
score. Conversely, MCC is gracious enough to take care of all four entries in the confusion
matrix. MCC is favored over the F1 score only if the cost of low precision and low recall is
truly unknown or unquantifiable because it is a “fairer” evaluation of classifiers, regardless
of which class is positive.

MCC is the best single-value classification metric, which serves to summarize the
confusion matrix or an error matrix. As per Figure 26, the model XGB outperforms the
other algorithms with a score of 0.9879, followed by LGBM (0.986).

MCC Comparision
AdaBoost

Random 0.958

icRegression

Methodology
Figure 26. MCC evaluation.

5.3. Comparison of the Best- and Worst-Performing Models

According to Figure 27, random forest is superior in its ability to differentiate between
good and bad customers. The best scores assure the breakdown results for both good
customers (0) and bad customers (1) with the other performance metrics, such as precision
(0-0.965 and 1-0.995), recall (0-0.995 and 1-0.964), and f1 score (0-0.980 and 1-0.979).

The following Table 3 represents the summary of all performance metrics for each
algorithm.

Finally, we look at the feature importance from the best-performing model XGBoost,
and the results are shown in Figure 28 below, which indicates how each feature contributes
to the classification prediction model of XGBoost.

131



Risks 2024, 12,174

Accuracy Score is 99.319
0 1
0 7398 24
1 77 7329
[[0.99676637 0.00323363]
[0.01039698 0.98960302]]

precision recall fl-score support

0 0.990 0.997 0.993 7422

1 0.997 0.990 0.993 7406

accuracy 0.993 14828
macro avg 0.993 0.993 0.993 14828
weighted avg 0.993 0.993 0.993 14828

Overall Accuracy 99.3

Overall Precision 99.3

Overall Recall 99.3

Overall f1 99.3

Matthew’s Correlation Coefficient: 0.986

Figure 27. Summary of the best-performing model.

Table 3. Summary of performance metrics.

Algorithm Accuracy  Precision  Recall F1 Score ROC-AUC McCC

Random 97.9% 0.979 0.979 0.979 0.996 0.958
Forest
Neural 87.2% 0.872 0.872 0.872 0.942 0.744
Network . (o} o . o . .
XGB 99.3% 0.993 0.993 0.993 0.997 0.986
LGBM 99.2% 0.992 0.992 0.993 0.997 0.744
AdaBoost 0.920 0.925 0.920 0.920 0.976 0.845
Logistic 0.843 0.846 0.843 0.843 0.910 0.690
Regression
Income Total _ 16%
Employment Months _ 14%
Count of family members - 7%
0% 13% 25% 38% 50%

Figure 28. Feature importance of XGBoost.

A feature with a higher value indicates that it is more crucial than a feature with a
lower value in predicting the customer type. In addition, the inclusion/exclusion of this
feature from the training set significantly impacts the final results. As per the figure above,
the customer’s age, income total, employment months (experience), and count of family
members are the crucial features of the XGBoost model formation. Also, other features only
contribute around 13% to the model.
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6. Further Discussion

From the experimental results in this section, the XGBoost model demonstrated high
accuracy on the selected dataset; this is in line with the recent literature on credit risk
modeling, which emphasizes the importance of dynamically robust machine-learning
models that maintain performance over time. The work of (Shi et al. 2022) discusses
various computing techniques, including traditional statistical learning, machine learning,
and deep learning, highlighting how these models have evolved to meet the demands of
credit risk prediction. The authors underscore the necessity for the continuous adaptation of
these models to new data and market changes, reinforcing the idea that model robustness
is critical for real-world financial applications. Similarly, research by (Alonso Robisco
and Carb6 Martinez 2022) focuses on the model risk-adjusted performance of machine-
learning algorithms in credit default prediction, identifying the potential risks when models
overly depend on specific datasets. The study explores the application of interpretability
techniques, such as SHAP and LIME, to ensure that models can be regularly evaluated and
validated against changing market conditions. It also proposes methodologies to quantify
model risk, underscoring the need for dynamic evaluation processes to ensure models
remain effective and compliant with regulatory standards.

It is crucial to recognize that credit risk profiles evolve over time due to various
factors, including economic fluctuations and changing consumer behaviors. To maintain
accuracy and robustness, models should be periodically retrained with new data to adapt
to these changes.

7. Conclusions
7.1. Summary

Collecting payments from bad customers is a significant challenge for banks and
financial institutions, leading to prolonged collection processes and high expenses. One
of the most crucial decisions for these organizations is accurately identifying customers
who are both willing and capable of repaying their debts. This research contributes to
this decision-making process by developing a model to predict the credit risk of credit
card customers.

By addressing outliers and selecting essential features, various machine-learning mod-
els were applied to a credit dataset. Among the models examined, XGBoost outperformed
others in terms of all performance metrics, including accuracy, precision, recall, ROC-AUC,
F1 score, and MCC.

The proposed XGBoost model can effectively predict the default status of credit card
applicants, aiding banks and financial institutions in making more informed decisions. By
implementing this model, banks can enhance the accuracy of their credit risk assessments,
resulting in higher acceptance rates, increased revenue, and reduced capital loss. This
approach allows financial institutions to operate efficiently, maximizing profits while
minimizing costs.

For banks and financial regulators, this research has real advantages. Lenders can
improve their credit approval procedures and possibly lower default rates and related
losses by putting the XGBoost model into practice. For example, over a twelve-month
period, a large bank that tested a comparable methodology experienced a 15% drop in
defaults. These insights could be used by regulators to revise credit risk assessment
rules, guaranteeing that banks continue to employ sound evaluation techniques. Machine-
learning models are already being considered by one regulatory authority as a requirement
for standard credit checks. Additionally, the model’s capacity to pinpoint important risk
indicators may aid in the development of more focused financial education initiatives that
target particular default risk-causing behaviors.

7.2. Recommendations

In light of the insights obtained from this study; it is recommended that credit card
issuers or banks incorporate this predictive credit risk analytics into their operations for
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strategic business and marketing decisions. Firstly, this method segments cardholders based
on credit risk, allowing credit card issuers or banks to enhance their credit risk management
by avoiding or decreasing the number of non-payers. Secondly, with a clear understanding
of all the customers’ creditworthiness, credit card issuers or banks can identify those most
likely to responsibly address increased credit lines or additional financial products. This can
lead to effective upselling and cross-selling strategies, thus increasing the customer lifetime
value and overall revenue growth. Thirdly, credit card issuers or banks can implement a
risk-based pricing strategy by accurately classifying card holders according to their credit
risk. This may involve offering better terms to low-risk customers, enhancing customer
retention, and attracting other creditworthy customers. Fourthly, economic fluctuations can
affect the financial stability of cardholders and, therefore, their credit risk. The predictive
credit risk analytics can quickly incorporate these changes by monitoring a customer’s
financial situation over a period of six months or even longer. This enables card issuers
or banks to adjust their strategies accordingly, demonstrating resilience and flexibility in
volatile market conditions.

Our research findings have pragmatic and practical implications for credit card com-
panies, banks, and financial institutions, significantly improving lending decisions by
leveraging the ML models, such as LGBM and XGBoost, to predict credit risk. Financial
institutions can identify high-risk applicants to minimize bad debt and write-offs. Similarly,
they can approve creditworthy customers to expand the market share. Increased predictive
power also enables personalized loan terms based on an applicant’s true default risk.

7.3. Limitations of the Study and Future Work

This research could be enhanced by incorporating more recent and diverse credit
card data, which should include a wider range of features. Additionally, considering the
acquisition of a dataset with a larger number of records would improve the robustness of
the model.

The SVM algorithm was also attempted for prediction. However, it was excluded
from this study because it required a significant amount of time (more than 2 h) to run,
making it an expensive model in terms of computational resources.

The default credit status is influenced by macroeconomic factors such as the inflation
rate, interest rate, GDP (gross domestic product), and unemployment rate. Future data
collection efforts should incorporate these macroeconomic factors to enhance the prediction
of credit card default status.

In subsequent work, the K-fold validation methodology should be incorporated, in
addition to the machine-learning classifiers used in this study. This would add a new
dimension to the prediction method, employing the latest techniques and expandable Al to
better identify customers with good credit records.

Future work should also explore adaptive learning methods, such as online learning,
that can dynamically adjust model parameters in response to new data patterns. Addition-
ally, continuous performance monitoring in real-world applications is recommended to
promptly identify and address any declines in model accuracy.
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1. Introduction

Forecasting time series presents a significant challenge due to the inherent complexity
and unpredictability of dynamic data. The primary difficulty lies in the fact that these data
are generated via an unknown process, often perceived as random. Despite this, researchers
strive to approximate this elusive data generation mechanism by analyzing observed data
and patterns and applying a variety of models (Hyndman and Athanasopoulos 2018).

In time series analysis, there are two main features to model: the conditional mean
and the conditional variance, also known as volatility. A model for the conditional mean
allows us to explain and predict the behavior of the time series, while a model for the
volatility enables the evaluation of the risk associated with the mean prediction, providing
a confidence interval. This ability to forecast volatility is crucial for decision-making
(Hamilton 2020).

The concept of time series in a probabilistic framework was first introduced by the
Scottish statistician George Yule at the beginning of the 20th century. He defined a time
series as a realization of a stochastic process, which is a set of random variables Y = {Y; :
t € T}, where Y; is a random variable and T is the index set. Generally, the index t is
interpreted as time, and Y; represents the state of the process at time ¢, with ¢ typically
being an integer.
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In the formal approach to modeling a time series, a vector of lagged variables X;_; =
(Y 1,Yi 0, -, Yt,p)T, t > p, is used from the process {Y;}, and a regression given by
Equation (1) is employed. That is,

Y = f(X-1,0) + e, (1)

where ¢; is a white noise process. This regression defines a model for the conditional mean
and variance of the process given the available information up to time f — 1. A general
specification for a join model is as follows:

E(Yi|x;—1) = f(Xi-1,0) 2
Var(Y;|x;_1) = Var(g;) = o7 3)

Here, 0 is a vector of parameters that must be estimated based on certain criteria.
Different functional forms of f give rise to various models for the process under study;
additionally, different models can be used to represent the conditional variance.

The Autoregressive Integrated Moving Average (ARIMA) models are the most com-
monly used to model the conditional mean, also known as Box-Jenkins methodology
(Hyndman and Athanasopoulos 2018; Wei 2006). These models use variations and regres-
sions in the data to find patterns and make predictions for future values. The Generalized
Autoregressive Conditional Heteroskedasticity (GARCH) model is a statistical model that
is mostly used to analyze and forecast the volatility of time series data, particularly in finan-
cial markets; see for instance Bollerslev (2023). It extends the Autoregressive Conditional
Heteroskedasticity (ARCH) model by incorporating lagged values of both the variance
and the squared residuals, providing a more flexible and comprehensive framework for
modeling the volatility clustering observed in financial time series (Engle and Patton 2007;
Poon and Granger 2003).

Alternative models are often proposed to predict the conditional mean, conditional
variance, or both measures jointly. For instance, to model the volatility, attractive options
include the Takagi-Sugeno (T-S) fuzzy system, also known as the Sugeno fuzzy model,
a type of fuzzy inference system developed by Takagi and Sugeno in 1985 (Takagi and
Sugeno 1985) that has been applied to time series analysis and forecasting. This model is
widely used in various applications due to its effectiveness in handling nonlinear systems
and its ability to produce smooth control actions (Alenezy et al. 2023; Tsai et al. 2019).

Recent research with applications in financial data modeling have explored joint
models for both conditional mean and variance. These include hybrid models that combine
traditional statistical methods with machine learning and neural networks. Goodell et al.
(2021) investigated the application of artificial intelligence and machine learning in financial
time series analysis, identifying main areas such as portfolio optimization and investment,
fraud and financial distress detection, forecasting, and financial planning. These authors
highlight the transformative impact of these technologies and suggest some future research
directions. Wang et al. (2013) proposed a hybrid ARIMA-GARCH model with a neural
network component to capture non-linear relationships and improve forecast accuracy.
These hybrid models leverage the strengths of both traditional and modern approaches,
providing more robust and accurate predictions for financial time series.

In this work, we propose an Autoregressive Integrated Moving Average model with
an Adaptive Neuro-Fuzzy Inference System (ARIMA-ANFIS) for stock price predictions
and risk assessment. We also estimate an ARIMA-GARCH model as a benchmark to
compare the performance of the proposed model. The Diebold—Mariano test, as proposed
by Diebold and Mariano (1995), is applied to evaluate the predictive accuracy between the
two models. The ARIMA models have a vast range of applications, and their properties are
well known. Furthermore, several studies have demonstrated that ANFIS models can be
successfully used for time series modeling due to their high flexibility and ability to model
nonlinear dynamics. The ANFIS models are effective in modeling and predicting complex
variables in various applications such as stock index, CO; emissions, global temperature,
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the COVID-19 pandemic, and customer satisfaction; for more details, see Huarng and
Yu (2005); Jiang et al. (2024); Jithendra and Sharief Basha (2023); Khan and Khan (2019).
Although the specification process of the ANFIS model is not fully available in an analytical
way, assessing different scenarios of this model with empirical applications allows us to
make meaningful inferences.

The motivation for developing and implementing a joint ARIMA-ANFIS model is
to forecast the daily closing price of BTC/USD and assess its associated risk in the stock
market. The primary goal of these forecasts is to identify patterns from past data and gain
an understanding of the future behavior of the price and its volatility. It is clear that to
make profits in the context of trading, it is necessary to evaluate the risk of an asset and
buy/sell an asset at a given price and close the trade at a higher/lower price. Therefore,
having reliable forecasts that increase the probability of predicting price movements is key
to maximizing profits. While forecasting stock prices is challenging due to the numerous
factors influencing market behavior, it remains possible to identify patterns that provide
valuable insights into future trends.

The objectives of this work include: understanding and analyzing ARIMA family
models and ANFIS, carrying out the specification process for the ARIMA-ANFIS and
ARIMA-GARCH models step by step, and applying them to real financial time series. We
describe the ARIMA, GARCH, and ANFIS models, then we propose a join estimation
process for the ARIMA-ANFIS and ARIMA-GARCH models, applied to real time series,
followed by a comparative analysis of both approaches.

This paper is divided into five sections. Section 2 discusses several models used in
this article and their properties. Section 3 outlines the steps for model formulation. The
application and forecasting results are presented in Section 4. Finally, Section 5 concludes
this paper.

2. Preliminaries

In this section, we provide a concise overview of the ARIMA, GARCH, and ANFIS
models, along with an introduction to fuzzy logic, which forms the foundation for the
ANFIS framework.

2.1. ARIMA Models

The ARIMA models are a class of statistical models, proposed by George Box and
Gwilym Jenkins in the 1970s, that revolutionized the analysis and forecasting of time series
by focusing on modeling the conditional mean of a time series. Known as the Box—Jenkins
methodology, these models belong to the ARIMA family and are renowned for their ability
to provide accurate forecasts in univariate time series. The Box-Jenkins methodology
consists of four iterative steps: identification, parameter estimation, diagnostic checking,
and forecasting. In the identification phase, it is of utmost importance to transform the
original series into a stationary series, as stationarity is the fundamental condition for
effectively constructing an ARIMA model (Hyndman and Athanasopoulos 2018).

The ARIMA models are recognized for their robustness and efficiency in forecasting
financial time series, especially for short-term predictions, often outperforming the most
popular artificial neural network techniques (Khashei and Bijari 2011). These models have
been widely used in economics and finance. Various studies have employed ARIMA
models for forecasting, as mentioned previously. ARIMA modeling is essentially an
exploratory, data-oriented approach that allows for fitting an appropriate model based on
the structure of the data. By using autocorrelation and partial autocorrelation functions, it
is possible to model the stochastic nature of the time series. This facilitates the identification
of trends, random variations, periodic components, cyclic patterns, and serial correlations.
As a result, forecasts of future values of the series can be obtained with a certain degree
of accuracy.

The ARIMA(p, d, g) model can be written as follows:

VdYt = a4+ P VdYt_l =+ gDszYt,z +...+ (PdeYt,p =+ 9181‘—1 + 92811,2 + ...+ Gq&'t,q + €,
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which can also be expressed as follows:
®,(B)(1— B)*Y; = ©4(B)ey,

where V¢ = (1 — B)Y, p is the number of lags in the model, g is the size of the moving
average window, and d corresponds to the unit roots of the process; the number of times the
time series must be differenced to achieve stationarity. The model parameters ¢1, ..., ¢p,
01,...,0; must satisfy certain conditions to ensure the stationarity and invertibility of
the process. « is a constant, and {e;} represents a sequence of identically distributed
independent random variables with zero mean and constant variance, commonly referred
to as a white noise process. For example, ARIMA(0,0,0) represents white noise, and
ARIMA(0,1,0) with/without a constant corresponds to a random walk with/without drift.
The selection of the p, d, and g values is part of the model identification process, which is
conducted using statistical criteria, the autocorrelation and partial autocorrelation functions,
and statistical tests such as the Dickey—Fuller test for unit roots (Dickey and Fuller 1979).

2.2. GARCH Models

One of the most used models for statistical modeling and forecasting the conditional
volatility is the generalized autoregressive conditional heteroskedastic (GARCH) approach
of Bollerslev (2023). In a GARCH(p, q) model, the current variance, 07, is a function of the
past squared shocks, {afﬁi;i =1,...,p}, and the past variances, {(thfj;j =1,...,.q9}%

p g
2 2 2
of =x+ ) way i+ ) Bioy

i=1 =1

with
a; = oey and g ~ N(0,1)

where the parameters «, «;, and j are subject to the following restrictions: ¥ > 0, a; > 0,
B > 0,and TP (4 B) < 1.

2.3. Fuzzy Logic

Fuzzy logic, introduced by Zadeh in 1965 (Zadeh 1965), provides a mathematical
framework for representing and managing uncertainty and vagueness. It offers formal tools
such as fuzzy sets, if-then rules, and fuzzy arithmetic. In fuzzy logic, the degree of fuzzy
membership signifies the similarity between events, where the exact properties of these
events are not precisely defined. Membership degrees in fuzzy logic range continuously
between 0 (completely false) and 1 (completely true). Zadeh'’s pioneering work on fuzzy
sets laid the foundation of fuzzy set theory. The core concept is that an element can belong
to a set with a degree of membership, making propositions not strictly true or false but
instead partially true or false. Following fuzzification of values, linguistic rules are applied
to derive outputs, which may either retain their fuzzy nature or be defuzzified to yield a
discrete (numerical) value.

Working with fuzzy sets begins with defining membership function and establishing
the domain of the problem, which involves selecting appropriate functions to represent it.

Linguistic rules are employed to connect inputs with outputs. A fuzzy rule is symboli-
cally represented as follows:

IF <fuzzy statement> THEN <fuzzy statement>

where <fuzzy statement> could be an expression in natural language.

In fuzzy systems featuring fuzzy premises, all rules are partially activated, and the
consequent is true to a certain extent. The process used to compute an output value for a given
input is known as fuzzy inference. This process distinguishes between two primary types: the
Mamdani model, proposed by Mamdani and Assilian (Mamdani and Assilian 1999) in 1975,
and the TSK model (Takagi, Sugeno, and Kang), introduced by Takagi and Sugeno (1985) as
an alternative to the Mamdani model. In the present study, the TSK model is employed.
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In Takagi-Sugeno fuzzy systems, the rules are structured as follows:
IFx € Aandy € BTHEN z = f(x,y),

where x and y represent the input variables, and A, B are fuzzy sets associated with
membership functions. These membership functions can take various functional forms
chosen from a wide range of options.

2.4. Adaptive Neuro Fuzzy Inference Systems—ANFIS

Adaptive Neuro-Fuzzy Inference Systems (ANFISs) are computational techniques
from the domain of soft computing. Soft computing techniques are designed to model
and handle uncertainty, approximation, and imprecision in problem-solving. Unlike
traditional (hard) computing, which relies on binary logic and crisp values, soft computing
incorporates methodologies that allow for flexibility and tolerance for imprecision, making
it suitable for complex, real-world problems where exact solutions are difficult or impossible
to find.

ANFISs are recognized for their adaptability and effectiveness in modeling complex
relationships, especially in nonlinear systems and time series prediction (Walia et al. 2015).
These models have found wide applications in various fields due to their ability to ac-
curately capture intricate patterns in data. Similar to ARIMA models, ANFIS modeling
involves an exploratory approach that utilizes data-driven techniques to tailor the model
to the specific characteristics of the dataset. By integrating fuzzy logic principles with
neural network architectures, ANFIS models can effectively handle the uncertainties and
nonlinearity present in time series data (Talebizadeh and Moridnejad 2011). This capability
allows ANFIS models to uncover trends, periodic components, and other complex patterns
that influence the behavior of financial markets.

The Takagi-Sugeno-type fuzzy systems from Takagi and Sugeno (1985) have been
used in modeling time series and predicting the mean and volatility (Sahiner et al. 2023;
Venugopal et al. 2024). These models have demonstrated the ability to provide accurate
forecasts and address the challenges inherent in volatility prediction. ANFIS is a type of
Takagi-Sugeno fuzzy system that combines the fuzzy logic principles of Takagi-Sugeno
models with neural network structures. These model combine the interpretability of fuzzy
systems with the learning capabilities of neural networks.

The fundamental characteristic of ANFIS models is their ability to partition each
input variable into two or more regions. The structure of ANFIS models is illustrated in
Figure 1, where X and Y are the independent variables, and z represents the defuzzification.
The domain of X is divided into regions A; and A, and the domain of Y is divided into
regions B; and B,. Consequently, the domain of the system, the xy plane, is divided into
regions 1,2, 3, and 4. Each of these regions have been assigned a linear model of the form
z = ax + by + ¢ as the consequent function.

Finally, the model is represented by a set of rules, where the antecedent determines the
region that the point to be evaluated belongs to, while the consequent corresponds to the
linear model. One of the advantages of ANFIS models is that a point can simultaneously
belong to two or more regions. Consequently, the value of z is calculated considering
the linear models of each region. As an example, this area of ambiguity is shown in gray
in Figure 1. In this case, the membership of a point to a region is determined through a
fuzzy set, which has its membership function, y;(x), indicating the degree to which it is
associated with the fuzzy set S;, as mentioned in the previous section. The training process
of an ANFIS involves the estimation of premise and consequence parameters using an
optimization algorithm. The choice of optimization method is crucial for achieving optimal
results, as highlighted by Karaboga and Kaya (2019).

For this example, the inference process performed to calculate the value of z given an
input is as follows:

e  Calculate the membership functions 1, i, 43, pta for each point in the xy plane.
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e For each rule, estimate wj, which is defined as the firing strength of each rule. It can be
calculated as a weight of the membership values or by multiplying the membership
function values.

¢  Establish the percentage contribution of each rule to the final solution: @ o

i= E?:1 w;’
Finally, calculate the system’s output as f; = ¥;(w;f;), where f; is typically a linear
combination of the variables in the consequent.

The volatility models play a fundamental role in financial decision-making by provid-
ing insights into the uncertainty and potential future movements of asset prices. They must
be able to quantify and forecast the variability associated with the returns of a financial
time series. Despite being a topic of interest for many researchers (Poon and Granger 2003),
there are several challenges in obtaining accurate volatility forecasts. These challenges
include the fact that volatility is a non-observable feature, its estimator has a changing
variance over time, and it exhibits clusters of similar variances, heavy-tailed distributions,
and non-linear and non-stationary behavior, among other complexities (Bollerslev and
Engle 1993; Poon and Granger 2003). The ability of ANFIS to model complex behaviors and
nonlinear systems, especially for predicting volatility, is indeed a promising tool. ANFIS
provides a sophisticated approach for predicting volatility by leveraging the strengths of
neural networks and fuzzy logic.

Xy
z
Xy
B, IFxce A&y e B wz=mx+biy+c
[Fxe Aij&ye By z=mx+by+c
By IFx € Ay &y € By = z=ua3x + by +c3

IFx € Ay &y € By = z=a4x+byy +cy

A1 Ay

Figure 1. Typical ANFIS structure. Adapted from Jang (1993).

3. Specification of ARIMA-ANFIS and ARIMA-GARCH Models

The ARIMA-ANFIS and ARIMA-GARCH models are estimated to predict the time
series and evaluate the quality of this prediction by computing the confidence intervals
using the volatility estimated from the ANFIS and GARCH models.

First, we model the conditional mean using the ARIMA model and obtain the residuals.
Then, we check the correlation in the squared residuals to determine the appropriateness
of applying the ANFIS and GARCH model for capturing the conditional variance of the
time series.

3.1. Identification Process for the Conditional Mean Model

We perform an automatic model identification process to determine which model best
explains the BTC/USD price. For the selected model, we perform validation tests for the
residuals, a normality test, and finally, we determine the independence of the residual
using the Ljung—Box test.

The forecast values of the time series are computed using the library forecast (from
R package) to generate predictions from the fitted ARIMA model.

The framework for the training and testing process is described as follows: initially,
the identification process and the model estimation are made using the training sample,

142



Risks 2024, 12, 156

which comprises 80% of the total dataset. Subsequently, the model is tested using the
remaining 20% of the data, which is called the testing sample, by making predictions for 1
day ahead. This testing strategy employs an expanding window strategy, where the model
is retrained at each step following the cross-validation (CV) guidelines for time series, as
outlined by Bergmeir et al. (2018). For further references, please see Bergmedir et al. (2018).

3.2. Volatility with ANFIS Model

Let {&:} be the time series of the residuals from the ARIMA model in the training
sample. The ANFIS model consist of L fuzzy rules, written as follows:

IFx; € S; THEN f; = f(6;, x;).

Here, x; = [8%—11 8%72}, with €;_1 and €;_5 being the lagged values of ¢;; S; is a fuzzy
set in the input space; f; is the forecasted value for €2 using the i-th rule; and f(-,-) is a
function that takes the following form:

filxt) = ae;_ +biet_p+c, i=1,...,L, 4)

where a;, b; and c; are parameters to be determined.

Note that each region into which the domain is divided is assigned a model of the form
(4). It is necessary to define the membership function of x; to the set S;. In ANFIS, each set S;
is represented by its center m;, and the value of the membership function, u;(x;), is defined as
a function of the distances from the point x; to the center of the clusters or fuzzy sets.

As an example, Figure 2 presents the architecture of a model for an ANFIS with four
fuzzy rules. For a 3D representation, refer to Aznarte and Benitez (2010), which illustrates
the division of the plane into four fuzzy sets, along with their corresponding membership
functions and the associated planes for each set. For a point in the plane, we obtain
membership values for all the fuzzy sets and the defuzzified values given in Equation (4).

Layer 1 Layer 2 Layer 3 Layer 4
pi(x) w;(x) fiwi(x) L fiwi(x)

Figure 2. Architecture for an ANFIS with four rules.

This ANFIS model consist of four layers: fuzzification, rule evaluation, aggregation,
and defuzzification. The optimization process typically employs a learning algorithm
based on gradient descent methods. During training, the parameters of the membership
functions and the network weights are adjusted to minimize the error between the actual
and predicted values. The process in each layer is described below.

Layer 1—Fuzzification

In this layer, we compute the membership function y; from the point x; to the fuzzy
set S;:
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2
Di

7

Hi = ps;(xt) = exp

::exp[ : 2 i=1,...,L

Here, d; is the standard deviation of fuzzy set S;, and D? is the squared distance from
the point x; to the center m; = [m;1, m;3]. In other words,

D} = ||xt — m;|?,

where || - || represents the norm. The membership function y; is equal to one when x; = m;
and decreases further as the distance from the point x; to the center m; increases. This
reduction occurs when the fuzzy set S; has very dispersed points or the current point x;
belongs to another fuzzy set.

Layer 2—Rule Evaluation

In this layer, each fuzzy rule’s firing strength is determined based on the degree to
which the point x; matches the premises (the IF portion) of the rules. The firing strength
w;, which represents the degree of contribution of each rule to the final output, is given as
follows:

Hi .
Wi = —f ,i=1,...,L.
Y1k

Layer 3—Aggregation
The firing strengths from all rules are combined to produce a single aggregated output
wl-fz-,fori =1,...,L.

Layer 4—Defuzzification

We compute the final output by combining the outputs of all the rules into a single
crisp value:

L
fe=Y wif;.
p=i

4. Application to a Real Time Series

In this section, we apply the ARIMA-ANFIS model to the daily price series of the
BTCUSD currency pair (Bitcoin to US Dollar) using closing prices from 3 August 2023 to
31 July 2024. The time series consists of 364 daily data points. The ARIMA model is used
to study the currency price series, and the residuals from this model, which exhibit non-
constant variance, are modeled using the ANFIS and GARCH(1,1) model. Additionally, all
results from this application were obtained using RStudio program.

4.1. Identification Process for the Conditional Mean Model

We conducted an identification and validation process for the ARIMA model using a
training sample consisting of n = 291 observations. For model selection, we generated a
variety of ARIMA(p,d,q) models, exploring combinations for p,g = 0,1,2,3and d =0, 1, 2.
We assessed their performance using multiple criteria, including the Akaike Information
Criterion (AIC), log-likelihood, and the Mean Absolute Percentage Error (MAPE). Addi-
tionally, we conducted residual diagnostics to ensure the adequacy of the selected model.
Through this evaluation process, we determined that the ARIMA(2,1,2) model provided
reliability for our specific dataset. Using the selected model and the forecast package,
we obtained fitted values for the training sample and predictions for the testing sample.
Figure 3 displays the actual time series (black line), the fitted values (blue line), the pre-
dictions (green line), and a red dashed vertical line marking the separation between the
training and testing samples.
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To evaluate the performance of the ARIMA(2,1,2) model, we use the Root Mean
Squared Error (RMSE), the Mean Absolute Error (MAE), and the Mean Absolute Percentage
Error (MAPE) for both the training sample and the testing sample. The measures are
calculated as follows:

RMSEtrainingsample = n 2 1’%

1
N-—n

N
L e

t=n+1

RMSEtestingsample =

1 N
MAEtestingsample Z | t|
N-n,_ 2
1 & Tt
MAPEtrainingsample o Z —-| % 100
=l
MAPE Loy 9] r00
testingsample — 77 - ” /
N—mn lye

where 7 is the training sample size, N is the length of the time series of the BTCUSD price,
yt is the actual BTCUSD price, ¢ is the residual from ARIMA(2,1,2), and ¢; is the forecast
error at time £.

Table 1 presents the performance metrics of the ARIMA(2,1,2) model, evaluated based
on RMSE, MAE, MAPE, and R?. These metrics provide insights into the accuracy and
reliability of the model. The RMSE for the testing sample is 1408.954 versus 1343.355 for
the training sample, and the MAE is 1061.159 for the testing sample versus 869.390 for the
training sample. The RMSE and MAE values are slightly lower for the training sample, but
it is expected that the models will perform better on the data they were trained on. On the
other side, the MAPE is lower on the testing set compared to the training set, indicating
that the model has a good generalization capability. The MAPE values are less than 2%,
which means that the predictions are, on average, 2% off from the actual values. This would
be considered highly accurate. Additionally, although the R? value for the training sample
gives extremes results, it still performs reasonably well on the testing data, with an R?
value equal to 0.8856. The difference between the training and testing values could indicate
some overfitting, but it is not excessive, given that the testing R? value is still high. The
observed values in the accuracy measures suggest that the model is not overfitting and
seems to generalize well from the training data to the testing data.

Daily BTC/USD Closing Prices
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Figure 3. BTC/USD price vs forecast from ARIMA model.
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Table 1. Accuracy measures for training and testing samples of ARIMA(2,1,2).

Sample RMSE MAE MAPE R?
Training 1343.355 869.390 1.7998 0.9922
Testing 1408.954 1061.159 1.6486 0.8856

4.2. ANFIS and GARCH Estimation

Consider the time series {r;} formed by the residuals from the ARIMA(2,1,2) model
of length n = 291 and the forecast errors produce by the ARIMA forecasts of length
N —n =73

For the ANFIS estimation, we define four bivariate fuzzy sets, each represented by
a corresponding fuzzy rule. The parameters to be estimated include the centers and
standard deviations of the four fuzzy sets, as well as the parameters of the consequents
corresponding to planes in 3D space. The membership function employed here is the
Gaussian function, given as follows:

i — exp | — [y — m;||?
1 dz 7

1

where d; is the standard deviation of the i-th fuzzy set, and x; is the point of residuals at
time t, defined as x; = [8%71,8%_2] = [Tffy”%_z] and m; = [my, mp].

We initialize the parameters of the ANFIS model with random uniform numbers.
To optimize the objective function with the mean squared error, we employ the Nelder—
Mead method using the optim function.

Figure 4 displays the scatterplot for the ordered pairs x;. Note that there are large
squared residuals at the first/second lag and small squared residuals at the second /first
lag, as well as small values at both lags. The ANFIS algorithm divides the plane of the
squared residuals in four fuzzy sets and performs the entire inference process based on
the observations {r?} for t = 1, - - ,n, which is called the training sample. It generates an
estimate for the variance, 02 1, Which serves as a one-step-ahead forecast. This process is
conducted iteratively, with each new observation r%, fort =n+1,---,N —1, being added
sequentially. At each step, the ANFIS algorithm is re-estimated and applied to produce
a one-step-ahead variance forecast for the subsequent time t 4- 1 following an expanding
window testing strategy.

For the GARCH(1,1) estimation, we use the library rugarch from the R program.
The specification was ugarchspec(variance.model = list(model = "sGARCH",
garchOrder = c(1, 1)), mean.model = list(armaOrder = c(0, 0), include.mean
= FALSE), distribution.model = "std").

The GARH(1,1) model is first estimated using the training sample {r?} t =1,--- ,n.
Subsequently, a new observation is sequentially added to the time series, similar to the
procedure describe above for the ANFIS process. We use the ugarchforecast function to
generate one step ahead variance forecasts at each time f + 1.

We use the standardized squared residuals from the ARIMA model as a proxy for
the actual variance at each point. In Figure 5, these residuals are presented alongside the
forecasts of ANFIS (blue line) and the GARCH(1,1) model (purple line); the red dashed
vertical line marks the separation between the training and testing samples. Note that
even when ANFIS is estimated by minimizing the MSE, the volatility predictions are lower
than those from the GARCH model. Here, we observe that ANFIS is better at capturing
periods of market stability, while the GARCH model excels in capturing high volatility.
During calm periods, the GARCH model might overestimate risks, and during volatile
periods, ANFIS might underestimate risks.
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Figure 4. Scatterplot for squared returns.

Table 2 presents the MSE and MAE of the testing sample for ANFIS and GARCH(1,1).
Even though the MSE for ANFIS is around 10% greater than the MSE for the GARCH(1,1)
model, the MAE for ANFIS is around 16% smaller than the MAE for GARCH.

ANFIS and GARCH variance forecasts
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Figure 5. Predictions in the testing sample with ANFIS and GARCH.

Table 2. Accuracy measures for the testing sample of ANFIS and GARCH(1,1).

Model MSE MAE
ANFIS 4.5539 1.0780
GARCH(1,1) 4.2307 1.3172

Once we finished the ANFIS and GARCH(1,1) estimation processes, we obtained the
73 volatility forecasts for the residuals of the ARIMA model. These volatility forecasts, ¢,
are used to compute the 95% confidence intervals for the price of the BTCUSD currency
around 7 in the testing sample for both approaches as follows:

(¢ — to.o7s,N—n X 01, Pt + to.975 N—n X 0%).

Here, j;,i =n+1,..., N are the price forecasts from the ARIMA model in the testing
sample, and ¢y 975, N5 are the percentage points of the ¢ distribution.

Figures 6 and 7 show the confidence intervals for the price predictions using the
ANFIS and GARCH(1,1) models, respectively. The varying widths of the confidence
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intervals are due to the standard deviation within each, which corresponds to the square
root of the predicted variance and changes for each time t. It is also noteworthy that
some prediction points generated by the ARIMA model have unusually narrow confidence
intervals. However, a closer examination of the real data time series reveals that these
points coincide with abrupt changes, as illustrated in Figure 6. This could be seen as
a positive aspect for currency trading, as the ARIMA model would indicate high-risk
operations at these points.

The results revealed that 61.64% of the time, the BTC/USD price fell within the
predicted confidence intervals generated by the ANFIS model. In contrast, the GARCH(1,1)
model captured the BTC/USD price within its predicted confidence intervals 94.52% of
the time. This discrepancy can be attributed to the superior ability of the GARCH model
to capture periods of high volatility, leading to larger estimates of volatility compared
to ANFIS.

Predictions and confidence intervals with ANFIS
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Figure 6. Predictions and confidence intervals in the testing sample with ANFIS.

We compared the predictive accuracy of the two competing volatility forecasts using
the Diebold-Mariano test. Specifically, we evaluated the test based on two different loss
functions: squared error loss and absolute error loss. The loss differential of the two
competing models is calculated as follows:

di = L(e1) — L(ea,r)

where ¢ ; and e, ; are the prediction errors from the ANFIS and GARCH models, respec-
tively, and L(-) represent the loss function.

In a two-sided Diebold and Mariano test, the high p-value for the squared error loss
function, as shown in Table 3, indicates no significant difference between the models in
capturing large errors, suggesting that neither model is more accurate during high-volatility
periods. However, the p-value for the absolute error loss function, suggests a significant
difference when evaluating smaller errors. The mean of the loss differential indicates
that ANFIS may better capture low-volatility conditions. Thus, the Diebold-Mariano test
suggests that the models perform differently across volatilty regimes: ANFIS is more
accurate in low-volatility environments, while neither model shows superiority in high-
volatility conditions. This finding aligns with the previous analysis based on the accuracy
measures presented in Table 2 and the computed confidence intervals.
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Price

Table 3. Predictive accuracy of ANFIS vs. GARCH model based on the Diebold and Mariano test.

Loss Function p-Value
Absolute error loss 0.031 *
Squared error loss 0.590

* means a significant difference between the models.

Predictions and confidence intervals with GARCH
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Figure 7. Predictions and confidence intervals for the testing sample using GARCH(1,1).

5. Conclusions

In this work, we addressed a complex and challenging problem in modeling financial
time series. Through a novel and interesting approach, we provided insights and solutions
that contribute significantly to the understanding of this issue. Our methodology, which
incorporates the processes of identification, specification, estimation, and validation for the
ARIMA model and adaptive neuro-fuzzy inference systems, demonstrates the potential for
effective application in real-world scenarios.

We implemented the Adaptive Neuro-Fuzzy Inference System (ANFIS), a prominent
technique within the domain of soft computing. ANFIS integrates the Takagi-Sugeno-Kang
(TSK) fuzzy inference model with neural network methodologies, leveraging fuzzy set
theory, IF-THEN fuzzy rules, and fuzzy reasoning. This hybrid system employs diagrams
and a connectionist representation, inspired by the functioning of the brain, to effectively
model complex and nonlinear systems.

In this article, the ARIMA model is employed to capture the conditional mean, while
the ANFIS methodology is used to model the conditional variance of financial series,
specifically the daily BTCUSD price. It is noteworthy that conditional variance in these time
series is typically modeled using GARCH models; hence, applying ANFIS methodology in
this context is innovative. By combining the econometric approach (ARIMA) with the soft
computing technique (ANFIS), we jointly model both the conditional mean and conditional
variance, creating a hybrid ARIMA-ANFIS model.

The comparison between the benchmark ARIMA-GARCH model and the proposed
ARIMA-ANFIS model reveals that each model captures different aspects of data dynamics.
While the ANFIS model is effective in certain scenarios, it may underestimate volatility dur-
ing turbulent periods, potentially exposing users to unexpected risks, as illustrated between
observations 335 and 340 in Figure 6. Conversely, the GARCH(1,1) model, by generating
higher volatility estimates, might lead to excessive caution, potentially reducing returns.
This highlights the trade-offs between the two models: ANFIS offers a more conservative
approach in stable markets, whereas GARCH(1,1) provides a robust defense against high
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volatility, but at the cost of possibly missing out on opportunities during calmer periods,
as shown in Figure 7.

Parameter optimization for the ANFIS model proved to be a time-consuming proce-
dure, highlighting the need for more efficient optimization techniques. As future work,
the implementation of evolutionary algorithms could be explored. Evolutionary algorithms,
with their robustness and global search capabilities, have the potential to significantly
streamline the optimization process by efficiently navigating the complex search space of
the ANFIS parameters.

The proposed ARIMA-ANFIS model adequately captured some of the dynamics in
the treated financial time series, providing good forecasts and confidence intervals in most
cases. Additionally, testing this model using other time series exhibiting non-constant
conditional variance could be considered.
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Abstract: This paper investigates how the introduction of foreign exchange futures has an impact on
spot volatility and considers the contemporaneous and dynamic relationship between spot volatility
and foreign exchange futures trading activity, including trading volume and open interest in the
Thailand Futures Exchange context, with the examples of the EUR/USD futures and USD/JPY
futures. The results of the EGARCH (1,1) model show that the introduction of foreign exchange
futures decreases spot volatility. It also increases the rate at which new information is impounded into
spot prices but decreases the persistency of volatility shocks. A positive effect of unexpected trading
volume and a negative effect of unexpected open interest on contemporaneous spot volatility are in
line with the VAR(1) model results of the dynamic relationship between spot volatility and foreign
exchange futures trading activity. With the impact on spot volatility caused by unexpected open
interest rate being stronger than by unexpected trading volume, foreign exchange futures trading
stabilizes spot volatility.

Keywords: foreign exchange futures; spot volatility; GARCH family models; VAR

1. Introduction

Since the 1997 Asian financial crisis, Thailand, South Korea, Indonesia, and the Philip-
pines have all adopted a floating exchange rate regime, thereby increasing the importance
of foreign exchange exposure management in East and Southeast Asia. The financial crisis
originated in Thailand and caused the Thai government to float Thai baht on 2 July 1997.
Facing volatile foreign exchange movements, exporters/importers, multinational compa-
nies, and overseas investment funds, have used financial derivatives for hedging exchange
rate exposure. The value of foreign exchange (FX) derivatives activity has grown sub-
stantially over the last two decades. As illustrated in Figure 1, the FX derivatives volume
traded in exchanges worldwide jumped from 46,947,055 contracts in 2000 to 990,925,534
contracts in 2009. After the 2007-2009 global financial crisis, trading of FX derivatives
witnessed the biggest growth in volume in 2010, a 154.93 percent surge in yearly volume.
This increase was driven mostly by Asian derivatives markets, which rose 239.84 percent
and accounted for 75.81 percent of FX derivatives contracts traded on exchanges world-
wide. Since the COVID-19 pandemic impacted global markets and volatility, the number of
exchange-traded FX derivatives contracts has grown continuously to surpass the 4 billion
mark in 2020. It reached the highest level in 2022, amounting to 7.73 billion contracts
with 70.71 percent of them being traded in Asia. While trading of global FX derivatives
decreased in volumes by 9.25 percent in 2023, the FX derivatives traded at Thailand Futures
Exchange (TFEX) increased 12.19 percent compared to 2022, due to currency fluctuations
and the popularity of FX trading. TFEX also launched new FX futures with EUR/USD
and USD/JPY underlying on 31 October 2022. Although the most common hedging tools
for Thai importers and exporters is a forward contract, Thai importers and exporters
wishing to hedge their trade exposure may have limited access to forward contracts due
to credit constraint or high transaction costs. They can use FX futures to better manage
currency fluctuations.
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Figure 1. Volume of FX derivatives traded in exchanges worldwide from 2000 to 2023. Source:
Futures Industry Association (2024).

Although the introduction of new FX futures provides traders with more options to
match their investment goals and risk tolerance, it may cause an increase in the volatility
of underlying exchange rates. The impact of FX futures trading on spot volatility has
been widely investigated for major markets, but the empirical evidence is mixed. Some
research, as detailed in the next section, shows that FX derivatives trading stabilizes the
FX market by reducing its volatility. The FX derivatives market attracts additional traders
to the underlying spot market, contributes to efficient price discovery, and leads to an
increase in market depth. Other research, on the other hand, reveals that FX derivatives
trading leads to an increase in spot volatility. This destabilizing impact on spot volatility
is based on high leverage and speculative activities in the derivatives market. This study
therefore aims to investigate the impact of FX derivatives trading on the volatility of the
FX market in Thailand and to consider the contemporaneous and dynamic relationship
between the volatility of the FX market and FX futures trading activity, with the examples
of the EUR/USD futures and USD/JPY futures.

Using Generalized Autoregressive Conditional Heteroskedasticity (GARCH) fam-
ily models augmented with dummy variable to investigate how the introduction of the
EUR/USD futures and USD/]JPY futures affects spot volatility, the empirical results show
that the EGARCH (1,1) model is the best fitting model and highlight the evidence of the
stabilizing effect of the introduction of FX futures on spot volatility. The launch of FX
futures also increases the rate at which new information is incorporated into underlying
spot prices and decreases the persistency of volatility shocks. In addition, the results
show the destabilizing effect of unexpected trading volume and the stabilizing effect of
unexpected open interest on contemporaneous spot volatility. These results are in line
with the VAR(1) model results of the dynamic relationship between spot volatility and FX
futures trading activity.

This study complements the literature about the stabilizing impact of FX derivatives
trading on the volatility of the FX market in Thailand. It provides more insightful empirical
evidence of how the introduction of FX futures changes the volatility structure of the
underlying spot market and the relationship between spot volatility and the level of futures
trading, including trading volume and open interest. Thus, the findings offer new insights
for policy makers in relation to the economic usefulness of the derivatives market in
emerging markets.

The remainder of this study is organized as follows. Section 2 provides a brief literature
review on the impact of derivatives trading on spot volatility. Section 3 presents the data
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and methodology used for the analysis. Section 4 discusses an empirical analysis of the
impact of FX futures trading on the volatility of underlying exchange rates in Thailand,
whilst the final section presents the conclusion.

2. Literature Review

Empirical studies on the impact of FX derivatives trading on spot volatility come
with different methodologies. Much of the empirical research literature employs General-
ized Autoregressive Conditional Heteroskedasticity (GARCH)-type models for modelling
volatility of spot returns. For example, Gokcan (2000) and Szczygielski and Chipeta (2023)
model the volatility of emerging stock market returns by employing GARCH family models.
To analyze the impact of FX derivatives trading on spot volatility, the previous literature in-
cludes a dummy variable for the introduction of FX derivatives in the conditional variance
equation. Some studies find the significance of the negative dummy coefficient, indicating
the stabilizing effect of FX derivatives for these currency pairs CAD/USD, DEM/USD,
JPY/USD, CHF/USD (Shastri et al. 1996), MXN/USD (Jochum and Kodres 1998), JPY /INR,
and GBP/INR (Sakthivel et al. 2017). In addition, Oduncu (2011) shows a statistically signif-
icant negative relationship between the introduction of futures trading and the volatility of
the Turkish currency market. The results also suggest that recent news plays a greater role,
while old news plays a smaller role in determining the underlying spot market volatility as
a consequence of the introduction of futures trading. Another group of research; however,
finds that the introduction of FX derivatives destabilizes the FX market for EUR/INR
(Gupta 2017; Sakthivel et al. 2017). The results by Shastri et al. (1996) and Sahu (2012)
indicate a positive but insignificant impact of FX derivatives trading on volatility in spot
exchange rates for GBP/USD and EUR/INR, respectively.

Some researchers divide full samples into two sub-periods, pre and post FX derivatives
introduction periods, and use the GARCH volatility model to compare the underlying spot
market volatility before and after the introduction of FX derivatives. For example, Jin et al.
(2021) capture the effects of FX derivatives on the volatility of USD/INR, USD/RUB, and
USD/ZAR by choosing a cutoff date to represent the beginning of a stable rise in FX futures
trading and using the GARCH model for both pre and post cutoff periods. They have not
found any strong evidence supporting the destabilizing effect of the FX derivatives market.
However, in contrast with the study by Jin et al. (2021), Rani et al. (2022) and Singh and
Patra (2022) show that the unconditional variance of the USD/INR exchange rate decreases
in the post period. Rani et al. (2022) and Singh and Patra (2022) also investigated GBP,
EUR, and JPY futures traded on the National Stock Exchange. They came to the same
conclusion that the unconditional variance in the GBP/INR exchange rate decreases in
the post period. For EUR and JPY, Singh and Patra (2022) found decreasing volatility in
exchange rate returns in the post period, but Rani et al. (2022) witnessed opposite results.

The other way to investigate the impact of FX derivatives trading on spot volatility is by
finding the relationship between spot volatility and FX derivatives trading variables, such
as trading volume or open interest. Some researchers, such as Chatrath et al. (1996), found
a positive relationship between spot volatility and FX futures trading volume. Bhargava
and Malhotra (2007) used trading volume and open interest to separate hedgers from
speculators and day traders. They suggest trading volume as a measure of speculating
activities and open interest as a measure of hedging positions. Their main finding is that
speculators and day traders destabilize the market for currency futures. Guru (2010), in
contrast, found no causality either between trading volume and exchange rate volatility, or
between open interest and exchange rate volatility in the case of USD/INR futures trading.
In addition, Jochum and Kodres (1998) employed the Markov Switching Autogressive
Conditional Heteroscedasticity (SWARCH) model, augmented with futures trading volume
as an additional explanatory variable in the conditional variance equation. Their findings
show no statistically significant influence from futures trading volume on the underlying
spot market volatility in the cases of HUF and BRL.
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Another group of researchers used a ratio of futures trading volume to open interest
as a proxy for futures trading activity. Rothig (2004) investigated the relationship between
spot volatility and FX futures trading activity by employing a vector autoregressive (VAR)
system. The GARCH (1,1) model was chosen for the estimation of spot volatility of the
five currencies, including AUD, CHE, CAD, JPY, and KRW. The results show that futures
trading activity granger causes spot volatility for all currencies except KRW. In addition,
spot volatility reacts to a shock in futures trading activity for all currencies except KRW.
Moreover, Sharma (2011) conducts a granger causality test to examine the relationship
between spot volatility and USD/INR futures trading activity. The results indicate a
bidirectional causal relationship between spot volatility and FX futures trading activity.
Comparing spot volatility before and after the introduction of FX futures, spot volatility
increases after the FX futures introduction. Sivarajadhanavel et al. (2016) also calculated
futures trading activity by dividing trading volume by open interest and including it in the
conditional variance equation. The results of the augmented GARCH (1,1) model show
that FX futures trading activity increases USD/INR exchange rate volatility.

Numerous empirical studies have applied the approach of Bessembinder and Sequin
(1992) by decomposing either trading volume or open interest into expected and unex-
pected components. The expected and unexpected components are commonly obtained
by using an Autoregressive Integrated Moving Average (ARIMA) model and included in
the conditional variance equation of GARCH family models. Their findings suggest that
trading different types of derivatives influences spot volatility differently. Most of them
reveal a significant positive coefficient with respect to unexpected trading volume (e.g.,
(Bessembinder and Sequin 1992) for the S&P 500 index; (Fleming and Ostdiek 1999) for
crude oil; (Kumar 2009) for soybean, maize, castor seed, guar seed, gold, silver, aluminium,
copper, zine, crude oil, and natural gas; (Malhotra and Sharma 2016) for soya bean oil and
crude palm oil; (Yilgor and Mebounou 2016) for the BIST-30 index; (Zhang et al. 2021) for
bitcoin). This implies that an increase in unexpected trading volume as more information
shocks leads to an increase in spot volatility. Expected trading volume is negatively related
to spot volatility in the cases of S&P 500 index (Bessembinder and Sequin 1992), European
real estate securities (Lee et al. 2014), mustard seed (Malhotra and Sharma 2016), and bitcoin
(Zhang et al. 2021; Conlon et al. 2024); however, it is positively related to the volatility
in other markets (e.g., (Kumar 2009) for silver, aluminium, copper, zine, and crude oil;
(Malhotra and Sharma 2016) for mentha oil and soya oil). Regarding expected open interest,
it has a negative impact on spot volatility in the cases of crude oil (Fleming and Ostdiek
1999), European real estate securities (Lee et al. 2014), soya oil, and mustard seed (Malhotra
and Sharma 2016). These findings suggest that the derivatives market improves market
depth and reduces the volatility of the underlying spot market. Several studies such as
Bessembinder and Sequin (1992) and Shenbagaraman (2003) show the insignificant coeffi-
cient of unexpected open interest in explaining spot volatility, contradicting the findings of
Malhotra and Sharma (2016) that higher unexpected open interest in mentha oil futures
leads to an increase in spot volatility, and those of Fleming and Ostdiek (1999) that higher
unexpected open interest in crude oil futures leads to a decrease in spot volatility. Another
study by Kumar (2009) uses a VAR model to explain the dynamic relationship between
spot volatility and the unexpected component of futures trading activity in the context
of the Indian commodity derivatives market. The results show the significant causality
running from unexpected trading volume to the spot volatility of all commodities. Except
for natural gas, unexpected trading volume causes an increase in the underlying spot
market volatility. The effect of unexpected open interest is positive for soybean, crude oil,
and copper, but negative for maize, gold, silver, and aluminium.

The impact of the introduction of FX derivatives trading has been different in different
markets and in most of the cases, the analysis has been conducted in the context of leading
organized exchanges. The literature in the context of organized exchanges in emerging
markets like Thailand is scarce. Due to the developing country’s vulnerability to speculative
attacks and adverse financial market development, the investigation about the potential
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role of FX futures trading in developing countries” exchange rate stability is significant.
Therefore, this study empirically investigates the impact of FX futures trading on spot
volatility in Thailand.

3. Data and Methodology
3.1. Data

To examine the impact of the introduction of FX futures on spot volatility, daily data
used in this paper consists of the exchange rates of EUR/USD and USD/JPY for the
period from 27 September 2021 to 12 January 2024, covering the period before and after
the introduction of EUR/USD and USD/JPY futures on 31 October 2022. For trading
FX futures, Thailand Futures Exchange (TFEX) announced the launch of a night trading
session during 6:50 p.m.—11:55 p.m. on 27 September 2021 and extended night session
trading hours until 3:00 a.m. on 15 January 2024. Since the previous literature such as
Jongadsayakul (2024) shows the impact of night trading sessions on volatility, this specific
time period is chosen to avoid any possible impact on volatility. In addition, to analyze
the relationship between spot volatility and FX futures trading activity, the daily trading
volume and open interest data of EUR/USD futures and USD/JPY futures covering the
period from 31 October 2022 to 12 January 2024 are used.

Consistent with previous studies, this study calculates the daily exchange rate returns
for the currency pairs EUR/USD and USD/JPY by finding the first difference in the natural
logarithms of the daily exchange rates, as shown in Equation (1).

Ry = In St —In St—ll (1)

where S represents the daily exchange rate and R is the daily exchange rate return.

The daily exchange rate return series consists of 558 observations (over the whole
observation period), of which 263 observations belong to the pre introduction period (27
September 2021-28 October 2022), and the remaining 295 observations belong to the post
introduction period (31 October 2022-12 January 2024). In the case of the post introduction
period, daily trading volume and open interest data of EUR/USD futures and USD/JPY
futures were obtained from SETSMART.

This study begins with stationarity testing of all the return series (pre and post in-
troduction periods and whole sample) as well as trading volume and open interest series
via an Augmented Dickey—Fuller (ADF) test. The ADF test is performed to test the null
hypothesis of a unit root (Hy: b = 0) against the alternative hypothesis of stationarity (Ha:
b < 0). The Schwarz Information Criterion (SC) is used for the optimal lag selection. There
are three cases, including a pure random walk, a random walk with intercept, and a random
walk with intercept and linear time trend. The test equations of three cases are presented in
Equations (2)-(4), respectively.

I
Ayy = by, + Z ViDYr—j+1 + U, (2)
j=2
I
Ayr = c+byi1+ Y vjAyi—ji1 + s, 3)
j=2
!
Ay =c+by1+ Z ViDYi—jy1 +dt +uy, 4)
j=2

The descriptive statistics of daily exchange rate returns, trading volume, and open
interest are presented in Table 1. It also contains the results of the unit root test and selected
ARIMA(p,d,q) models.
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Table 1. Descriptive statistics and ARIMA models of daily returns, trading volume, and open interest.

. . .. Standard ADF. in Level ARIMA(p,d,q)
Series n Mean Maximum Minimum .. [in 1st o
Deviation . 1 Model
Difference]
Panel A: EUR/USD
Spot returns 558  —0.0114% 1.7211% ~1.8129% 0.5219% 221842 *** (0,0,0)
(whole sample)
Spot returns 263 —0.0605% 1.4397% ~1.8129% 0.5523% 14594 *+* (0,0,0)
(pre introduction)
Spot returns 295  0.0323% 1.7211% —1.4024% 0.4901% —17.1121 *** (0,0,0)
(post introduction)
Futures volume 295 889.60 2897 54 580.11 —13.1272 *** (1,0,1)
Open interest 295  1974.97 6197 75 1326.87 ~24335 0,1,1)
P : : [21.5551 *+] L
Panel B: USD/JPY
Spotreturns (whole 550 15000, 2.5703% —3.3618% 0.6406% —18.7302 *** (2,0,0)
sample)
Spot returns 263 0.1095% 2.1451% —3.3618% 0.5835% —14.9389 *** (0,0,0)
(pre introduction)
Spot returns 295  —0.0030%  2.5703% —3.0036% 0.6842% 14,3823 *** (2,0,0)
(post introduction)
Futures volume 295  3272.36 13,476 177 2133.69 —9.7128 *** (2,0,1)
Open interest 295  7283.98 17,244 230 4676.60 —3.7239 ** (1,0,0)

Notes: Table 1 presents descriptive data statistics for EUR/USD (Panel A) and USD/JPY (Panel B). The whole
samples for the EUR/USD and USD/JPY exchange rate returns range from 27 September 2021 to 12 January
2024, involving 558 observations. The whole samples are further classified into two sub-periods, pre introduction
period (27 September 2021-28 October 2022) and post introduction period (31 October 2022-12 January 2024). The
ADF test for stationarity is performed for spot returns, futures volume, and open interest. ** indicates significance
at the 0.05 level, and *** indicates significance at the 0.01 level. All variables, except open interest in EUR/USD
futures market, are stationary in levels. ! With the presence of unit root test in level, test for unit root in 1st
difference is conducted for open interest in EUR/USD futures market. 2 The correct ARIMA (p,d,q) model for the
series depends on SC.

The results show that over the entire period from 27 September 2021 to 12 January 2024,
the average daily exchange rate returns for the currency pairs EUR/USD and USD/]JPY are
—0.0114% and 0.05%, respectively. Throughout the entire period, the maximum (minimum)
returns for the EUR/USD and USD/JPY exchange rates are 1.7211% (—1.8129%) and
2.5703% (—3.3618%), respectively. The standard deviations are 0.5219% for the EUR/USD
exchange rate return and 0.6406% for the USD/JPY exchange rate return. A higher standard
deviation indicates higher volatility in the FX market for the USD/JPY exchange rate
compared to the EUR/USD exchange rate. The whole time period is divided into 2 sub-
periods, pre introduction period (27 September 2021-28 October 2022) and post introduction
period (31 October 2022-12 January 2024). The most volatile exchange rate is still USD/JPY
during the pre and post introduction periods. The average daily returns of the EUR/USD
exchange rate are negative during the pre introduction period and positive during the post
introduction period, while those of the USD/JPY exchange rate witness the opposite results.
Although both EUR/USD futures and USD/JPY futures were introduced on the same
date, the USD/JPY futures contract is more actively traded than the EUR/USD futures
contract in terms of trading volume and open interest. The mean USD/JPY futures trading
volume is 3272 contracts, with an average open interest of 7284 contracts, while the mean
EUR/USD futures trading volume is only 890 contracts, with an average open interest of
1975 contracts. In addition, at the 1% significance level, the ADF test for unit root in level
rejects the presence of unit root in all the data series, except open interest. The EUR/USD
futures open interest is non-stationary in level, but it is stationary after the 1st difference at
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p q
ARMA(p,q) s ye=C+ ) Aiyei+ Y Mice—is o =1L |Ai| <1(i = 1,...,p)and [p| <1 (i =1,...
i=1 i=0
p
AR(p): e =C+ ) Ayei+e M| <1( = 1,...,p), (6)
i=1
q
MA(q) : ye =CHer+ ) pigei; |pil <1 = 1,...,9), )

the 1% significance level. The USD/JPY futures open interest is stationary in level with
a significance level of 5%. The ARIMA(p,d,q) models of all data series are discussed in
Section 3.2.1.

3.2. Methodology

This study uses the following types of models for the analysis: (1) Autoregressive
Integrated Moving Average (ARIMA) models, (2) Generalized Autoregressive Conditional
Heteroskedasticity (GARCH) family models, and (3) Vector Autoregression (VAR) model.

3.2.1. ARIMA Models

In this section, ARIMA(p,d,q) models originally developed by Box and Jenkins (1976)
are explored, where p denotes the number of autoregressive terms, d the number of
times the series has to be differenced before it becomes stationary, and q the number of
moving average terms. Therefore, an ARIMA(p,1,q) time series has to be differenced once
(d = 1) before it becomes stationary, and the (first-differenced) stationary time series can be
modelled as an ARMA(p,q) process. If d = 0, an ARIMA(p,0,q) process means ARMA(p,q),
an ARIMA(p,0,0) process means a purely AR(p) stationary process, and an ARIMA(0,0,q)
means a purely MA(q) stationary process. The equations for the ARMA(p,q) model, the
AR(p) model, and the MA(q) model are stated in Equations (5)—(7), respectively.

i=1

The GARCH family models, as detailed in Section 3.2.2, are proposed to model
the volatility of the underlying exchange rate. It is interesting to combine linear time
series ARIMA with GARCH conditional variance. The ARIMA /GARCH model employs
the ARIMA(p,d,q) model for the conditional mean and the GARCH family models for
conditional variance. ARIMA captures the changes in the mean return, while GARCH
presents the variance change in the residuals issued from the mean equation. As shown in
Table 1, all exchange rate returns are stationary in levels. The condition mean equations are
just constant mean equations for all EUR/USD returns series and for a series of USD/JPY
returns during the pre introduction period. For the post introduction period and whole
sample, the ARIMA(2,0,0) model was chosen for the USD/JPY returns series.

In addition, this research uses the ARIMA(p,d,q) models to decompose FX futures
trading activity, including trading volume and open interest, into expected and unexpected
components. The expected component is given by the model forecast, and the unexpected
component is the difference between the actual and the fitted values. Table 1 shows the
appropriate ARIMA models for trading volume and open interest in the FX futures market.
For the EUR/USD futures, this study employs the ARIMA(1,0,1) model for trading volume
and the ARIMA(0,1,1) model for open interest, while for the USD/JPY futures, this study
chooses the ARIMA(2,0,1) model for trading volume and the ARIMA(1,0,0) model for
open interest. The expected and unexpected components of FX futures trading activity are
applied to the conditional variance of the selected GARCH model. It is interesting to include
expected and unexpected components of FX futures trading activity as exogenous variables
in volatility models and to examine the corresponding information. Only unexpected
trading volume and unexpected open interest are included in the VAR model, as detailed
in Section 3.2.3, to analyze the dynamic relationship between spot volatility and FX futures
trading activity.
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3.2.2. GARCH Family Models

This study adopts GARCH family models to examine spot volatility. Figures 2 and 3
are spot returns for the EUR/USD and USD/JPY exchange rates, respectively, which exhibit
a volatility clustering property. The GARCH model proposed by Bollerslev (1986) was
designed to capture the volatility clustering property in financial data (Jongadsayakul 2020,
2023). The GARCH (1,1) model is usually employed for modelling the volatility of a wide
range of assets, as empirically demonstrated in previous studies (e.g., (Miaha and Rahmanb
2016) for stock; (Gokcan 2000) for stock; (Zhang et al. 2021) for bitcoin; (Jongadsayakul
2024) and for USD futures). However, the GARCH (1,1) model is a symmetric model
with a non-negativity constraint on the parameters of the conditional variance. Since
negative shocks are assumed to have a bigger impact on volatility than positive shocks in
many financial markets, this study employs the asymmetric GARCH models, including the
TARCH (1,1) model proposed by Zakoian (1990) and Glosten et al. (1993) and the EGARCH
(1,1) model proposed by Nelson (1991). The EGARCH (1,1) model also ensures positive
conditional variance without any restrictions on the parameters.

Daily exchange rate returns in percent
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Figure 2. Daily spot returns of EUR/USD from 27 September 2021 to 12 January 2024.
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Figure 3. Daily spot returns of USD/JPY from 27 September 2021 to 12 January 2024.

To investigate the impact of the introduction of FX futures on spot volatility, this study
adds a dummy variable (NEW), taking value 0 for the pre introduction period and 1 for
the post introduction period, in the conditional variance equation. Thus, the conditional
variance equations of the GARCH (1,1), TARCH (1,1), and EGARCH (1,1) models are
shown in Equations (8)—(10), respectively.

GARCH (1,1) : h? = ag +aje?_; + p1h?_ | +aNEW; a; > 0,i =0,1and B; >0, (8)

TARCH (1,1) : hf = ag +a167_1 + &2 _qd;_1 + B1h_; + aNEW,, ©)
EGARCH (1,1) : In(A?) = ao + a1 | 7= | + 922 + pyIn (2 ) + aNEW,  (10)
h—q h—q
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where 1?2 is the conditional variance, €2 is square of residual, d;_; takes a value of 0 if

er—1 > 0and a value of 1if &, 1 < 0, and j is standardized residual. For the existence
of leverage effect, the sign of v must be positive for Equation (9), such that the ARCH
effect of a1 + <y for bad news is larger than one of #; for good news. The negative sign
of v in Equation (10) indicates that the reaction to negative shocks (x; — ) is larger than
the reaction to positive shocks (x; + 7). To select the best volatility model of exchange
rate returns for the whole sample, it is based on the lowest values of Akaike Information
Criterion (AIC), Schwarz Criterion (SC), and Hannan Quinn (HQ).

In addition, the selected model without the dummy variable (NEW) in the conditional
variance equation was estimated for the pre and post introduction periods. Comparing the
ARCH and GARCH coefficients of the volatility model for the pre and post introduction
periods provides more details about how FX futures trading has an impact on spot volatility
and to what extent.

For the contemporaneous relationship between spot volatility and FX futures trading
activity (trading volume and open interest), the expected and unexpected components of
trading volume and those of open interest are included as explanatory variables in the con-
ditional variance equation of the selected GARCH model for the post introduction period.

3.2.3. VAR Model

Using the VAR model as suggested by Kumar (2009), this research examines the
dynamic interactions among spot volatility, the unexpected component of trading volume,
and the unexpected component of open interest in the FX futures market for daily data
between 31 October 2022 and 12 January 2024 (post introduction period). As discussed by
Malhotra and Sharma (2016), information contained in the expected component of futures
trading activity is already reflected in the spot prices. Therefore, only unexpected trading
volume and unexpected open interest are used for the dynamic relationship analysis. The
optimal lag order in the VAR model is then picked by considering the lowest values of AIC,
SC, and HQ. The VAR(p) model can be written as follows:

p p |4
h% =ay + Z bljh%7] + Z szUVt,j + Z b3]~UOt,i + ey, (11)
j=1 j=1 j=1
P 5 P P
uvy =a, + Z Cljhtfj + Z cszIVH + Z C3]UOH + e, (12)
j=1 j=1 j=1
p ) p p
UOr = a3+ ) dyjhi ;+ ) dojUV, i+ ) d3UO; ; +e3, (13)
j=1 j=1 j=1

where h? is the estimated conditional variance obtained from the selected GARCH model,
UV is the unexpected component of FX futures trading volume obtained from the selected
ARIMA model, and UO is the unexpected component of open interest obtained from the
selected ARIMA model.

The Granger causality test, variance decomposition, and impulse response function
are conducted while analyzing this dynamic relationship.

4. Results and Discussion
This section presents the results of the empirical analysis and provides some discussion.

4.1. Effect of FX Futures Introduction on Spot Volatility

Table 2 shows the estimation results of the GARCH family models, the GARCH
(1,1), TARCH (1,1), and EGARCH (1,1) models, augmented with the dummy variable
(NEW) for the period from 27 September 2021 to 12 January 2024 (whole sample) for
the currency pairs EUR/USD and USD/JPY. As mentioned earlier, this study adds the
dummy variable (NEW) in the conditional variance equation to analyze the effect of the
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introduction of new EX futures on spot volatility. All estimated models are first checked for
appropriateness. The p-values from the Ljung—Box Q tests on the standardized residuals
and squared residuals as well as the Lagrange Multiplier (LM) test for the remaining
ARCH effects in the standardized residuals are greater than the 5% significance level. The
insignificant Q statistics provide evidence for failing to reject the null hypothesis of no
autocorrelation in the estimated GARCH family models’ residuals. The insignificant LM
test statistics show no sign of additional ARCH effects left in the standardized residuals.
Thus, the use of GARCH (1,1), TARCH (1,1), and EGARCH (1,1) models for modelling the
volatility of exchange rates for EUR/USD and USD/]JPY is appropriate. In addition, as
indicated in Table 1, the analysis applies the constant mean equation for EUR/USD returns
and the AR(2) specification for the mean equation of USD/JPY returns. The AR terms are
all significant at the 1% significance level for the GARCH (1,1) and EGARCH (1,1) models,
and at the 5% significance level for the TARCH (1,1) model.

Table 2. Estimation results of the GARCH family models for whole sample.

Exchange Rate EUR/USD USD/JPY
Model GARCH (1,1 TARCH (1,1) EGARCH (1,1) GARCH (1,1) TARCH (1,1) EGARCH (1,1)
Panel A: Mean equation
Constant (C) —0.0002 —0.0002 —0.0002 0.0006 0.0006 0.0004
(0.4104) (0.4050) (0.3258) (0.0139) ** (0.0255) ** (0.0967) *
AR(1) (A1) 0.1181 0.1114 0.1204
(0.0064) *** (0.0114) ** (0.0048) ***
AR(2) (A2) —0.1290 —0.1183 —0.1188
(0.0064) *** (0.0121) ** (0.0091) ***
Panel B: Variance equation
Constant () 2.36 x 1077 233 x 1077 —0.0527 3.55 x 1077 5.92 x 1077 —0.1239
(0.0099) *** (0.0001) *** (0.0010) *** (0.0458) ** (0.0064) *** (0.0047) ***
ARCH () —0.0105 —0.0096 0.0024 0.0491 0.0276 0.0987
(0.1203) (0.0670) * (0.8484) (0.0000) *** (0.1658) (0.0000) ***
Asym. (7y) 0.0020 —0.0110 0.0385 —0.0358
(0.8589) (0.5454) (0.0823) * (0.0414) **
GARCH (1) 1.0066 1.0048 0.9947 0.9482 0.9446 0.9940
(0.0000) *** (0.0000) *** (0.0000) *** (0.0000) *** (0.0000) *** (0.0000) ***
NEW (a) —2.09 x 107 —2.08 x 1077 —0.0081 —1.67 x 1077 —3.51 x 1077 —0.0161
(0.0000) *** (0.0000) *** (0.0617) * (0.2162) (0.0316) ** (0.0011) ***
Panel C: Residual diagnostics
Q(36) 42.568 42.116 39.484 33.313 34.682 33.439
(0.209) (0.223) (0.317) (0.501) (0.435) (0.495)
Q*(36) 27.261 27.020 30.586 26.738 27.219 32.592
(0.852) (0.860) (0.724) (0.869) (0.854) (0.631)
ARCH-LM (1) 2.1333 1.8827 0.6311 0.2027 0.1651 0.7424
(0.1441) (0.1700) (0.4269) (0.6526) (0.6845) (0.3889)
Panel D: Model selection
AIC —7.7504 —7.7454 —7.7415 —7.3962 —7.3961 —7.4042
SC —7.7117 —7.6989 —7.6950 —7.3418 —7.3340 —7.3420
HQ —7.7353 —7.7272 —7.7234 —7.3749 —7.3718 —7.3799

Notes: Table 2 shows the estimation results of the GARCH family models augmented with the dummy variable
(NEW) for the introduction of FX futures. p-values are in parentheses with the use of *, **, and *** to indicate
significance levels at 0.10, 0.05, and 0.01, respectively. The dummy variable coefficient () is negative, indicating
the stabilizing effect of the introduction of FX futures on spot volatility.
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For the case of EUR/USD, although the GARCH (1,1) and TARCH (1,1) models have
lower values of AIC, SC, and HQ than the EGARCH (1,1) model, their ARCH coefficients
(a1) are negative (though insignificant in the GARCH (1,1) model), violating the condition
of non-negativity on the parameters of the conditional variance equation. Therefore, the
EGARCH (1,1) without any restrictions on the parameters was chosen for modelling the
volatility of EUR/USD returns. The estimation result of the EGARCH (1,1) model reveals
the insignificant coefficient of ARCH term (&7 ), meaning that recent news does not have an
impact on changes in the EUR/USD exchange rate. However, the significant coefficient of
GARCH term (p1) confirms the effect of old news on the volatility of EUR/USD returns.
In addition, the leverage effect does not exist in the FX market for EUR/USD due to
the insignificance of the asymmetric coefficient (y). The results further show that the
introduction of EUR/USD futures reduces spot volatility since the coefficient of the dummy
variable (NEW) is negative and statistically significant at the 10% level.

For the case of USD/JPY, the GARCH (1,1) and TARCH (1,1) models satisfy the
condition of non-negativity on the parameters of the conditional variance equation. Both
TARCH (1,1) and EGARCH (1,1) models show the existence of leverage effect in the FX
market for USD/JPY due to the positive sign of ¢ in the TARCH (1,1) model and the
negative sign of v in the EGARCH (1,1) model. However, the EGARCH (1,1) model is best
suited based on its lowest values of AIC, SC, and HQ. The estimation result of the EGARCH
(1,1) model reveals the significant coefficients of the ARCH term («7) and the GARCH
term (1), meaning that recent news and past news have an impact on spot volatility. In
addition, the introduction of USD/JPY futures reduces spot volatility since the coefficient
of the dummy variable (NEW) is negative and statistically significant at the 1% level.

Therefore, the estimated coefficient on the dummy variable (NEW) is negative and sig-
nificant in the EGARCH (1,1) model of exchange rate returns for EUR/USD and USD/]JPY,
implying that the introduction of new FX futures by TFEX results in a decrease in spot
volatility. This result is consistent with the existing literature (see for example, Shastri
et al. 1996; Jochum and Kodres 1998; Oduncu 2011; Sakthivel et al. 2017), which provides
evidence of the stabilizing effect of the introduction of FX derivatives on spot volatility.

4.2. Pre and Post Introduction Comparison of Spot Volatility and Contemporaneous Relationship
between Spot Volatility and FX Futures Trading

The whole sample was divided into two sub-periods, the pre introduction period
(27 September 2021-28 October 2022), and the post introduction period (31 October 2022—
12 January 2024). The EGARCH (1,1) model without the dummy variable (NEW) was
chosen for modelling the volatility of EUR/USD and USD/JPY returns. To understand
how and to what extent the introduction of FX futures affects spot volatility, the ARCH
and GARCH coefficients for the pre introduction period were compared with those for
the post introduction period. In addition, to investigate the contemporaneous relationship
between spot volatility and FX futures trading activity (trading volume and open interest),
the EGARCH (1,1) model was extended by adding FX futures trading activity in the
condition variance equation for the post introduction period. Trading activity in the
FX futures market, including trading volume and open interest, can be decomposed of
expected and unexpected components using the ARIMA(p,d,q) model. Table 3 represents
the outcomes of the EGARCH (1,1) model for pre and post introduction periods as well as
the outcomes of the extended EGARCH (1,1) model with FX futures trading activity for
post introduction period.

As shown in Table 3, the EGARCH (1,1) model and its extension are appropriate for
modelling the volatility of the EUR/USD and USD/]JPY returns based on diagnostic tests
for serial correlation and remaining ARCH effect. All p-values from the Ljung—Box Q tests
on the standardized residuals and squared residuals and the ARCH-LM test are greater
than the 5% significance level, indicating no evidence of serial correlation and remaining
ARCH effect. With the selected ARIMA(p,d,q) models shown in Table 1, the EGARCH (1,1)
model of EUR/USD returns is estimated with the constant mean equation for both the pre
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and post introduction periods. For USD/]JPY returns, the analysis applies the EGARCH
(1,1) model with the constant mean equation for the pre introduction period and that with
the AR(2) for the post introduction period.

Table 3. Estimation results of the EGARCH (1,1) and extended EGARCH (1,1) models.

Exchange Rate EUR/USD USD/JPY

Period Pre Intro. Post Intro. Post Intro. Pre Intro. Post Intro. Post Intro.

Panel A: Mean equation

Constant (C) —0.0010 0.0003 0.0002 0.0013 0.0005 0.0003
(0.0002) *** (0.3706) (0.4380) (0.0001) *** (0.1416) (0.3369)
AR(1) (M) 0.0450 0.0601
(0.3920) (0.2793)
AR(2) (Ap) —0.1622 —0.1496
(0.0051) *** (0.0096) ***
Panel B: Variance equation
Constant («p) —0.0856 —9.9206 —10.1623 0.0085 -1.1219 —1.3627
(0.0365) ** (0.0030) *** (0.0000) *** (0.9208) (0.0004) *** (0.0013) ***
ARCH («1) —0.0330 0.2912 0.3467 —0.0109 0.1883 —0.0824
(0.4135) (0.0490) ** (0.0247) ** (0.6891) (0.0210) ** (0.2746)
Asym. (7) —0.0375 0.1629 0.1813 0.0570 —0.2347 —0.1854
(0.1423) (0.0815) * (0.0520) * (0.0092) *** (0.0000) *** (0.0042) ***
GARCH (1) 0.9885 0.0921 0.0819 0.9993 0.9049 0.8468
(0.0000) *** (0.7664) (0.6503) (0.0000) *** (0.0000) *** (0.0000) ***
Expected vol. —0.00001 —0.000004
(0.9853) (0.8587)
Unexpected 0.0008 0.0002
vol.
(0.0001) *** (0.0000) ***
Expected OI 0.0006 —0.00002
(0.5241) (0.0167) **
Unexpected OI —0.0007 —0.0001
(0.0209) ** (0.0813) *
Panel C: Residual diagnostics
Q(36) 25.673 44.747 39.639 42.384 28.985 32.009
(0.899) (0.150) (0.311) (0.215) (0.712) (0.566)
Q?(36) 31.286 27917 34.992 35.418 26.783 24.268
(0.692) (0.830) (0.516) (0.496) (0.868) (0.932)
ARCH-LM (1) 0.0632 0.0790 0.0001 1.9487 0.1552 0.1847
(0.8015) (0.7786) (0.9910) (0.1627) (0.6936) (0.6674)

Notes: Table 3 shows the EGARCH (1,1) estimation results for pre and post introduction periods and the
estimation results of the EGARCH (1,1) model augmented with futures trading activity for post introduction
period. p-values are in parentheses with the use of *, **, and *** to indicate significance levels at 0.10, 0.05, and
0.01, respectively. The negative coefficient v shows the existence of the leverage effect in the USD/JPY spot
market after the introduction of USD/JPY futures. The coefficient of unexpected trading volume is positive
and significant, indicating the destabilizing effect of unexpected trading volume on spot volatility. On the other
hand, the coefficient of unexpected open interest is negative and significant, indicating the stabilizing effect of
unexpected open interest on spot volatility.

For the case of EUR/USD, the results show an increase in the ARCH coefficient ()
for the post introduction period, suggesting a greater impact of recent news on changes
in EUR/USD after the introduction of EUR/USD futures. On the other hand, there is
a reduction in the GARCH coefficient (1), implying a decrease in the persistency of
volatility shocks after the introduction of EUR/USD futures. In addition, the asymmetric
coefficient () becomes positive and is statistically significant at the 10% level after the
introduction of EUR/USD futures, suggesting the presence of an asymmetric effect in the
EUR/USD spot market after the introduction of EUR/USD futures. The EGARCH (1,1)
model is also augmented with the expected and unexpected components of FX futures
trading activity (trading volume and open interest). The extended EGARCH (1,1) model
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confirms the presence of asymmetric effect in the EUR/USD spot market during the post
introduction period due to the positive and significant coefficient 7y at the 10% level. In
addition, none of the coefficients on expected trading volume and expected open interest
are statistically significant. Unlike the results from the expected component part, the
coefficients of unexpected trading volume and unexpected open interest are significant.
The positive coefficient of unexpected trading volume suggests an increase in spot volatility
as a result of information shocks. Information shocks are expected to move prices and
cause a sudden increase in volume in both underlying spot and futures markets. However,
the negative coefficient of unexpected open interest suggests a decrease in the volatility of
EUR/USD returns due to open interest shocks.

For the case of USD/]PY, recent news significantly influences changes in USD/]JPY for
the post introduction period, as the coefficient of ARCH term (a1 ) is significant at the 5%
level. An increase in the ARCH coefficient («q) for the post introduction period implies
that recent news has a greater impact on changes in USD/JPY after the introduction of
USD/]JPY futures. In contrast, the GARCH coefficient (B1) reflects the persistence of the
effect of old news on volatility. The GARCH coefficient (1) is statistically significant at the
1% level for both the pre and post introduction periods. Its value falls after the introduction
of USD/JPY futures, implying that old news has a lower impact on the current volatility of
USD/JPY returns. In addition, the asymmetric coefficient (vy) is statistically significant at
the 1% level for both the pre and post introduction periods. Its value becomes negative
after the introduction of USD/JPY futures, suggesting the presence of a leverage effect in
the USD/JPY spot market after the introduction of USD/JPY futures. Then, the expected
and unexpected components of trading volume and those of open interest are included as
additional explanatory variables in the EGARCH (1,1) model. The estimation result of the
extended EGARCH (1,1) model confirms the existence of leverage effect in the USD/JPY
spot market after the introduction of USD/JPY futures due to the negative and significant
coefficient 7 at the 1% level. In addition, only the coefficient of the expected trading
volume is insignificant. The positive and significant coefficient of unexpected trading
volume suggests that a sudden change in USD/JPY futures trading volume increases the
volatility of USD/JPY returns. Furthermore, the negative and significant coefficients of the
expected and unexpected components of open interest imply that lower volatility shocks
are associated with a given volume in deeper markets, as suggested by Smit and Louw
(1996). Smit and Louw (1996) discuss that the expected open interest component reflects
open interest at the start of a trading day, while the unexpected open interest component
reflects any change in open interest during a day. The negative coefficient of expected open
interest suggests that the USD/JPY futures market improves market depth and stabilizes
the USD/JPY spot market. The negative coefficient of unexpected open interest suggests
the unanticipated daily change in open interest as a proxy for traders’ willingness to risk
capital mitigates volatility of the USD/JPY spot market.

The analyses for both EUR/USD and USD/JPY achieve the same results of a higher
ARCH coefficient and a lower GARCH coefficient after the FX futures introduction. The
introduction of FX futures increases the rate at which new information is incorporated into
underlying spot prices and decreases the persistency of volatility shocks. This implies an
improvement in efficiency in the underlying spot market as a result of the introduction of
new FX futures by TFEX. This finding offers some empirical support for the presence of a
stabilizing effect of futures trading on the underlying spot market. In addition, the results
of the destabilizing effect of unexpected trading volume on volatility in spot exchange
rates for EUR/USD and USD/]JPY are in line with a large number of previous studies (e.g.,
Bessembinder and Sequin 1992; Fleming and Ostdiek 1999; Kumar 2009; Malhotra and
Sharma 2016; Yilgor and Mebounou 2016; Zhang et al. 2021). The insignificant coefficient of
expected trading volume is evident in both EUR/USD and USD/]JPY, indicating the minor
role of this variable on spot volatility. Consistent with the research on the crude oil market
by Fleming and Ostdiek (1999), there exists a negative contemporaneous relationship be-
tween spot volatility and unexpected open interest in the EUR/USD and USD/]JPY futures
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markets. While the expected open interest as a proxy for market depth has a stabilizing
influence on the USD/JPY spot market, its insignificant coefficient in the EUR/USD case
may be attributed to lower trading activity, as discussed by Lee et al. (2014) in the European
real estate case.

4.3. Dynamic Relationship between Spot Volatility and FX Futures Trading Activity

This section investigates the dynamic relationship between spot volatility and trading
activity in the EUR/USD and USD/JPY futures markets by adopting a Vector Autoregres-
sive (VAR) model. The VAR(1) model is chosen for both cases (EUR/USD and USD/]JPY)
based on the optimal lag order that minimizes the AIC, SC, and HQ values. In the VAR(1)
model, the estimated conditional variance (h?) obtained from the EGARCH (1,1) model
and the unexpected components of trading volume (UV) and open interest (UO) obtained
from the ARIMA models are stationary at the 1% level of significance. The stability test of
the VAR(1) model was conducted as shown in Figure 4. Since all the inverse roots of the
model have roots with a modulus less than one and lie inside the unit circle, the VAR(1)
model is variance and covariance stationary.

1.5 1.5

1.0 1.0

0.5 0.5
. .

0.0 * 0.0 .
. .
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Figure 4. Inverse roots of AR characteristic polynomial. Notes: Figure 4 shows the inverse roots of
the VAR(1) model for EUR/USD (a) and USD/JPY (b). The VAR(1) model for each case is stable since
all roots have a modulus less than one and lie inside the unit circle.

Table 4 presents the estimated results of the VAR(1) model and the LM test results for
autocorrelation. This study conducts an LM test of the null hypothesis of no autocorrelation
for the first two lags of the residuals. All p-values associated with the LM test statistics
are greater than 5%, meaning that there is no autocorrelation left in the residuals at lags
1 and 2. In addition, the estimation results of the VAR(1) model show that volatility of
the EUR/USD and USD/]JPY returns are positively affected by one day lag of unexpected
trading volume (at the 1% significance level) and negatively affected by one day lag of
unexpected open interest in the FX futures market for EUR/USD (at the 1% significance
level) and USD/JPY (at the 5% significance level). The unexpected FX futures trading
volume is found to be positively affected by one day lag of unexpected open interest in
the FX futures market for EUR/USD (at the 10% significance level) and USD/JPY (at the
5% significance level). Regarding unexpected open interest in the FX futures market, it
is positively affected by its lagged value at the significance level of 0.05 and negatively
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affected by one day lag of unexpected trading volume at the significance level of 0.01.

These results are confirmed through the Granger causality test (Table 5). The Granger
causality test results show a significant causality running from unexpected trading volume
to spot volatility or unexpected open interest to spot volatility. There exists a bi-directional
relationship between unexpected trading volume and unexpected open interest in the FX
futures market.

Table 4. Results of the estimated VAR(1) model and the LM test.

Exchange Rate EUR/USD USD/JPY
Variables h? uv uo h? uv uo
Constant 0.00002 58.3469 10.8041 0.000008 73.6427 118.2093
(0.0000) *** (0.4959) (0.8658) (0.0001) **+ (0.6314) (0.2485)
h2(—1) 0.0606 —2,419,031 —460,694 0.8358 —844,566 —1,427,253
(0.2919) (0.4626) (0.8513) (0.0000) *** (0.7100) (0.3464)
uv(-1) 3.62 x 107? —0.0200 —0.2213 2.38 x 107? —0.0677 —0.2333
(0.0015) *+* (0.7586) (0.0000) *** (0.0094) *+* (0.2946) (0.0000) ***
uo(-1) —4.29 x 1077 0.1471 0.1283 —2.66 x 1077 0.1971 0.1388
(0.0040) *+* (0.0838) * (0.0433) ** (0.0420) *+ (0.0334) ** (0.0247) **
LM(1) 11.7995 (0.2249) 7.6433 (0.5705)
LM(2) 13.2414 (0.1520) 10.8183 (0.2884)

Notes: Table 4 shows the estimation results of the VAR model with the optimal lag order (1). p-values are in
parentheses with the use of *, **, and *** to indicate significance levels at 0.10, 0.05, and 0.01, respectively. While
one day lag of unexpected trading volume (UV) positively affects volatility of EUR/USD and USD/]JPY returns,
one day lag of unexpected open interest (UO) has a greater negative impact.

Table 5. Granger causality results.

Exchange Rate EUR/USD USD/JPY
. Chi-Square Chi-Square

Null Hypothesis Statistic p-Value Statistic p-Value
UV does not Granger-cause h? 10.1461 0.0014 *** 6.7722 0.0093 ***
UO does not Granger-cause W2 8.3470 0.0039 *** 4.1494 0.0416 **
1?2 does not Granger-cause UV 0.5400 0.4624 0.1383 0.7099
UO does not Granger-cause UV 2.9974 0.0834 * 4.5409 0.0331 **
h? does not Granger-cause UO 0.0352 0.8512 0.8877 0.3461
UV does not Granger-cause UO 20.7472 0.0000 *** 29.2968 0.0000 ***

Note: Table 5 shows VAR Granger causality results. * indicates significance level at the 0.10 level, ** indicates
significance level at the 0.05 level, and *** indicates significance level at the 0.01 level. There is evidence of
bi-directional causality between unexpected trading volume (UV) and unexpected open interest (UO). Any
changes in unexpected trading volume (UV) and unexpected open interest (LUO) also affect volatility of EUR/USD
and USD/JPY returns.

As discussed by Kumar (2009), the analysis on variance decomposition (Table 6)
and impulse response function (Figure 5) exhibits information beyond the results of the
VAR estimation and Granger causality tests. The percentage of variation in spot volatility
explained by unexpected trading volume is about 2% for both the EUR/USD and USD/JPY
cases. Unexpected open interest explains only 1% of the variation in the volatility of
USD/JPY returns and about 2.55% of the variation in the volatility of EUR/USD returns.
Contrarily, spot volatility explains less than 1% variation in the unexpected component of
futures trading activity (trading volume and open interest) for both the EUR/USD and
USD/JPY cases. These results are consistent with the Granger causality test results.
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Table 6. Results of variance decomposition.

(%) Variance Decomposition of 12 Variance Decomposition of UV Variance Decomposition of UO
Period n? uv uo h? uv uo h? uv uo
Panel A: EUR/USD
1 100.0 0.00 0.00 0.00 100.0 0.00 0.08 20.80 79.12
2 95.99 1.47 2.54 0.15 98.91 0.94 0.08 24.74 75.18
3 95.68 1.78 2.54 0.15 98.88 0.97 0.09 24.86 75.06
4 95.68 1.78 2.54 0.15 98.88 0.97 0.09 24.86 75.06
5 95.68 1.78 2.55 0.15 98.88 0.97 0.09 24.86 75.06
6 95.68 1.78 2.55 0.15 98.88 0.97 0.09 24.86 75.06
7 95.68 1.78 2.55 0.15 98.88 0.97 0.09 24.86 75.06
8 95.68 1.78 2.55 0.15 98.88 0.97 0.09 24.86 75.06
9 95.68 1.78 2.55 0.15 98.88 0.97 0.09 24.86 75.06
10 95.68 1.78 2.55 0.15 98.88 0.97 0.09 24.86 75.06
Panel B: USD/JPY
1 100.0 0.00 0.00 0.13 99.87 0.00 0.51 18.86 80.63
2 98.49 0.76 0.75 0.13 98.49 1.37 0.47 24.77 74.77
3 97.70 1.35 0.95 0.14 98.48 1.38 0.53 24.85 74.62
4 97.37 1.61 1.02 0.15 98.46 1.38 0.56 24.84 74.59
5 97.20 1.75 1.06 0.16 98.46 1.38 0.59 24.84 74.58
6 97.09 1.83 1.08 0.17 98.45 1.38 0.61 24.83 74.56
7 97.02 1.88 1.09 0.17 98.45 1.38 0.62 24.83 74.55
8 96.98 1.92 1.10 0.17 98.44 1.38 0.63 24.83 74.55
9 96.95 1.94 1.11 0.18 98.44 1.38 0.63 24.83 74.54
10 96.93 1.95 1.11 0.18 98.44 1.38 0.64 24.82 74.54

Notes: Table 6 shows a forecast error variance decomposition analysis for both EUR/USD (Panel A) and USD/JPY
(Panel B) cases. About 96 percent of the variation in spot volatility can be traced back to its own innovation, while
the rest is explained by unexpected trading volume (UV) and unexpected open interest (LIO).

In addition, this paper uses the impulse response function to analyze the response
of spot volatility to a one standard deviation shock in unexpected trading volume and
unexpected open interest for both the EUR/USD and USD/JPY cases. As shown in Figure 5,
the response of spot volatility to its own shock is positive and high. It diminishes quickly
in the case of EUR/USD and reaches equilibrium within 3 observation days, while in the
case of USD/]JPY, it exponentially decreases and reaches equilibrium within 21 observation
days. For both the EUR/USD and USD/]JPY cases, the response of spot volatility to shock
in unexpected trading volume is positive, while spot volatility adjustment to shock in
unexpected open interest is negative. It takes a few days (3—4 days) to die out in the case
of EUR/USD, while it takes longer time (12-15 days) to die out in the case of USD/JPY.
Therefore, these results are consistent with the Granger causality test results and are
convincing proof of the sign results of the VAR(1) model.

Therefore, the analysis of the dynamic relationship between spot volatility and trading
activity (unexpected component of trading activity) in the FX futures market for EUR/USD
and USD/]JPY provides evidence of the destabilizing impact of trading volume and the
stabilizing impact of open interest on spot volatility. As discussed by Malhotra and Sharma
(2016), futures market and spot market are linked by arbitrage. If there is an increase in
unexpected futures trading volume driven by uninformed speculators, then spot volatility
will increase. On the other hand, open interest is a measure of the positions of hedgers or
actively informed traders who bring fundamental information to the futures market. The
increase in hedging positions increases the market depth and consequently reduces spot
volatility. Since unexpected open interest has a stronger influence on spot volatility than
unexpected trading volume, FX futures trading stabilizes volatility in spot exchange rates
for EUR/USD and USD/JPY.
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Figure 5. Results of impulse response function. Notes: Figure 5 shows the results on the response
of volatility in spot exchange rates for EUR/USD (a) and USD/JPY (b) to a one standard deviation
shock in unexpected trading volume and unexpected open interest. The response of spot volatility
to its own shock is positive and high. It diminishes quickly in the case of EUR/USD, while it takes
longer time to die out in the case of USD/JPY.

5. Conclusions

Trading of FX futures in Thailand began in 2012, with only one futures contract
available for trading, USD futures. Since 31 October 2022 onwards, Thailand Futures
Exchange (TFEX) has added two new EX futures, EUR/USD futures and USD/]JPY futures.
As concerns about whether FX futures trading has a stabilizing or destabilizing effect
on spot volatility, this paper investigates how and to what extent the introduction of FX
futures (EUR/USD and USD/JPY futures) has an impact on spot volatility in the context
of Thailand and considers the contemporaneous and dynamic relationship between spot
volatility and FX futures trading activity, including trading volume and open interest.

The GARCH family models augmented with the dummy variable for the impact of
the introduction of FX futures are applied for modelling spot volatility over the sample
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period from 27 September 2021 to 12 January 2024. The EGARCH (1,1) model is found to
be the best fitted model for both EUR/USD and USD/JPY returns. The results suggest
that the introduction of EUR/USD futures and USD/]JPY futures by TFEX decreases spot
volatility. By dividing the whole sample into two sub-periods (pre and post introduction
periods) and applying the EGARCH (1,1) model for the pre and post introduction periods,
the results suggest that the introduction of FX futures by TFEX increases the rate at which
new information is incorporated into underlying spot prices and decreases the persistency
of volatility shocks. This implies an improvement in spot market efficiency as a result of the
introduction of FX futures by TFEX. Over the post introduction period from 31 October 2022
to 12 January 2024, trading volume and open interest in EUR/USD and USD/]JPY futures
are decomposed of expected and unexpected components using the ARIMA model. They
are added into a conditional variance equation of the EGARCH (1,1) model for analysis of
the contemporaneous relationship between spot volatility and FX futures trading activity.
The results show a positive effect of unexpected trading volume and a negative effect of
unexpected open interest on contemporaneous spot volatility. These results are in line
with the VAR(1) model results of the dynamic relationship between spot volatility and FX
futures trading activity. The Granger causality test results also show a significant causality
running from unexpected trading volume to spot volatility or unexpected open interest
to spot volatility. The results of the impulse response function provide convincing proof
of the sign results of the VAR(1) model, which indicate that unexpected trading volume
has a destabilizing impact, while unexpected open interest has a stabilizing impact on spot
volatility. However, with the impact on spot volatility caused by unexpected open interest
being stronger than that by unexpected trading volume, FX futures trading stabilizes
spot volatility.

Since the introduction of FX futures can improve spot market efficiency and lower
spot market volatility, TFEX should add new FX futures so that investors can select a mix
of FX futures that align with their investment objectives and risk tolerance. In addition, it is
important to encourage hedgers or informed traders into the FX futures market to ensure
a stabilizing impact of FX futures trading on spot volatility. Supporting traders through
education/training will enhance their confidence in the use of FX futures. Although this
study focuses on the impact of FX futures trading on spot volatility, an interesting extension
would be to assess the linkage between the futures market volatility and spot market
volatility. In addition, a longer time series would be needed to conduct an analysis.
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