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Preface

As a fundamental mathematical tool for describing natural phenomena and dynamic
evolutionary laws, differential equations are widely applied in physics, engineering, biology,
electronics, fluid mechanics, mathematical physics, and other related fields, serving as a crucial
bridge between abstract theory and practical applications. Within this broad framework, ordinary
and partial differential equations represent the fundamental language for characterizing evolutionary
laws, whereas analytical methods and qualitative analysis serve as the two core pillars in uncovering
the structure, stability, bifurcation, chaos, and dynamical properties of solutions. Over recent decades,
the rise in fractional calculus, stochastic differential systems, and nonlinear wave models has further
expanded the depth and breadth of this field, enabling more accurate descriptions of the memory
effects, hereditary properties, randomness, and complex nonlinear interactions.

This Special Issue collects cutting-edge contributions centered on analytical methods and
qualitative analysis for differential equations, covering theoretical innovations, methodological
breakthroughs, and engineering applications. The collected works address a rich spectrum
of topics: bifurcation and chaotic dynamics of time-fractional nonlinear Schrédinger equations;
integrability and bifurcation analysis of the KPP equation; soliton dynamics and stability in fractional
Biswas—-Arshed equations; exact solutions and modulation instability of the Lonngren wave model
in semiconductor electronics; nonlinear wave structures and multistability in quantum dusty
plasmas; numerical methods for linear fractional differential equations using fractional B-poly bases;
large-angle analytical solutions for physical pendulums; fractional soliton theory for generalized
water wave equations; stochastic wave solutions for the Wu-Zhang system in quantum mechanics;
and Melnikov-type perturbation analysis for classical dynamical models. Together, these studies
reflect the diversity, depth, and vitality of modern differential equation research. This Reprint
compiles these high-quality papers published in the journal Mathematics, presenting systematic
developments in exact solutions, Hamiltonian structures, phase portraits, bifurcation mechanisms,
stability theory, chaotic dynamics, and numerical-analytical hybrid methods. It highlights the
interplay between fractional operators, nonlinear wave equations, dynamical systems, and applied
physics, while showcasing original techniques.

We sincerely hope that this collection serves as a valuable reference for researchers, instructors,
and students in pure and applied mathematics, nonlinear analysis, mathematical physics, and
computational engineering. It is also our wish that these studies inspire further exploration into
nonlinear dynamics, fractional models, stochastic systems, and wave phenomena, fostering new
discoveries and cross-disciplinary collaborations.

As the Guest Editor of the Special Issue, I express my deepest gratitude to all authors for
their outstanding contributions, to the anonymous reviewers for their rigorous and constructive
feedback, and to the editorial team at MDPI Mathematics for their professional support and efficient
collaboration. Special thanks are due to the managing editorial team for their meticulous coordination
and professional support, which have guaranteed the successful completion and publication of this
Special Issue and its Reprint edition.

I would also like to express my sincere gratitude to Ms. Hannah Lu, Managing Editor of
this Special Issue, for her outstanding collaboration, consistent guidance, and invaluable assistance

throughout the entire process.

Fengping Yao
Guest Editor
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Editorial
Preface for “Analytical Methods and Qualitative Analysis for
Differential Equations”

Fengping Yao

Department of Mathematics, Newtouch Center for Mathematics, Shanghai University, Shanghai 200444, China;
yfp@shu.edu.cn

As a fundamental mathematical tool for describing natural phenomena and dynamic
evolutionary laws, differential equations are widely applied in various fields, serving as a
crucial link between abstract theory and practical applications. Ordinary and partial differ-
ential equations constitute core branches of differential equations and share fundamental
theoretical frameworks including calculus, functional analysis, stability theory, perturba-
tion techniques and numerical methodologies. Qualitative theories of ordinary differential
equations (covering stability, bifurcation and chaos) as well as analytical construction
strategies lay an essential theoretical foundation for analyzing the local behaviors of partial
differential equations. Conversely, research on boundary-value and initial-boundary-value
problems of partial differential equations further complements and refines the boundary
constraint theory for ordinary differential equations. Over recent decades, the rise in
fractional calculus, stochastic differential systems, and nonlinear wave models has fur-
ther expanded the depth and breadth of this field, enabling more accurate descriptions of
memory effects, hereditary properties, randomness, and complex nonlinear interactions.

This Special Issue “Analytical Methods and Qualitative Analysis for Differential Equa-
tions” aims to bring the newest results of the study on analytical methods and qualitative
analysis for ordinary and partial differential equations. Ordinary differential equations
(ODEs) and partial differential equations (PDEs) are important tools to describe dynamic
systems and physical phenomena. They are widely used in many fields such as engineer-
ing, physics, chemistry, biology, control theory, astronomy, quantum mechanics, general
relativity, elasticity, electromagnetism, finance, economics, and so on. Analytical methods
provide tools for accurately solving ODEs and PDEs, while qualitative analysis methods
help us understand the global behavior and properties of solutions, both of which are
indispensable in mathematical analysis. We launch this Special Issue with the intention
of collecting the newest research progress and trends in the study of analytical methods
and qualitative analysis for differential equations of one variable and several variables,
which thus push forward the development of both branches and, at the same time, inspire
parallels between them.

Featuring theoretical innovations, methodological breakthroughs and engineering
applications, this Special Issue collects cutting-edge contributions that focus on analytical
methods and qualitative analysis for differential equations. The collected works address
a rich spectrum of topics: Melnikov-type perturbation analysis for classical dynamical
models (Contribution 1); stochastic wave solutions for the Wu-Zhang system in quantum
mechanics (Contribution 2); fractional soliton theory for generalized water wave equations
(Contribution 3); large-angle analytical solutions for physical pendulums (Contribution 4);
numerical methods for linear fractional differential equations using fractional B-poly bases
(Contribution 5); nonlinear wave structures and multistability in quantum dusty plasmas

Mathematics 2026, 14, 2065 https://doi.org/10.3390 /math14122065
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(Contribution 6); exact solutions and modulation instability of the Lonngren wave model
in semiconductor electronics (Contribution 7); soliton dynamics and stability in fractional
Biswas—Arshed equations (Contribution 8); integrability and bifurcation analysis of the KPP
equation (Contribution 9); and bifurcation and chaotic dynamics of time-fractional nonlin-
ear Schrodinger equations (Contribution 10). Together, these studies reflect the diversity,
depth, and vitality of modern differential equation research. This Reprint compiles these
high-quality papers published in the journal Mathematics, presenting systematic develop-
ments in exact solutions, Hamiltonian structures, phase portraits, bifurcation mechanisms,
stability theory, chaotic dynamics, and numerical-analytical hybrid methods. It highlights
the interplay between fractional operators, nonlinear wave equations, dynamical systems,
and applied physics while showcasing original techniques.

We sincerely hope this collection serves as a valuable reference for researchers, in-
structors, and students in pure and applied mathematics, nonlinear analysis, mathematical
physics, and computational engineering. It is also our wish that these studies inspire
further exploration into nonlinear dynamics, fractional models, stochastic systems, and
wave phenomena, fostering new discoveries and cross-disciplinary collaborations.

As the Guest Editor of the Special Issue, I express my deepest gratitude to all authors
for their outstanding contributions, to the anonymous reviewers for their rigorous and
constructive feedback, and to the editorial team at MDPI Mathematics for their professional
support and efficient collaboration. Special thanks are due to the managing editorial team
for their meticulous coordination and professional support, which have guaranteed the
successful completion and publication of this Special Issue and its Reprint edition. I would
also like to express my sincere gratitude to Ms. Hannah Lu, Managing Editor of this Special
Issue, for her outstanding collaboration, consistent guidance, and invaluable assistance
throughout the entire process.

Funding: This research received no external funding.
Conflicts of Interest: The author declares that there are no conflicts of interest.
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Article

Investigations of Modified Classical Dynamical Models:
Melnikov’s Approach, Simulations and Applications,
and Probabilistic Control of Perturbations

Nikolay Kyurkchiev 2, Tsvetelin Zaevski >, Anton Iliev "*, Vesselin Kyurkchiev ! and Asen Rahnev !

Faculty of Mathematics and Informatics, University of Plovdiv Paisii Hilendarski, 24, Tzar Asen Str.,

4000 Plovdiv, Bulgaria; nkyurk@uni-plovdiv.bg (N.K.); vkyurkchiev@uni-plovdiv.bg (V.K.);
assen@uni-plovdiv.bg (A.R.)

Institute of Mathematics and Informatics, Bulgarian Academy of Sciences, Acad. G. Bonchev Str., BL. 8,
1113 Sofia, Bulgaria; t_s_zaevski@math.bas.bg

Faculty of Mathematics and Informatics, Sofia University “St. Kliment Ohridski”, 5, James Bourchier Blvd.,
1164 Sofia, Bulgaria

*  Correspondence: aii@uni-plovdiv.bg

Abstract: We suggest a few kinds of extended classical oscillators in this study. We present
a few specific modules for examining these oscillators” behavior. This will be an essential
component of a broader web-based scientific computing platform that is in the works. The
modeling and synthesis of radiating antenna designs is also taken into consideration as a
potential use case for Melnikov functions. Additionally, we discuss strategies for achieving
probabilistic control over system perturbations.

Keywords: extended classical oscillators; Melnikov’s approach; antenna factor

MSC: 34C37

1. Introduction

A number of authors have researched the classical differential model:

dx
a—y
dy
dt

1)
= —sinx+eF(x,y)y,

where 0 < € < 1. The literature on this subject is extensive and diverse. The outstanding
studies of Tricomi [1], Stoker [2], Levi, Hoppensteadt and Miranker [3], Perko [4], and
Guckenheimer and Holmes [5] provide the reader with comprehensive information. A
universal escape nonlinear oscillator model describes a variety of oscillatory physical
phenomena that occur in various fields, including mechanics, quantum optics, acoustics,
hydrodynamics, electronics, and engineering. The equation of motion for the sinusoidally
driven escape oscillator, which includes nonlinear damping terms as a power series on the
velocity, has been examined by Sanjuan [6]. See [7-14] for additional results. We examine
the following model in [15].

Mathematics 2025, 13, 231 https://doi.org/10.3390/math13020231
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dr _
a Y
dy 271 . . (2)
a = —sinx+¢€ ay + Z an,Zix”_ZI + Z bn,2,2[yn_2_21 Y,

i=0 i=0

where 0 < € < 1 and n is even. The classical differential model—the damped mathematical
pendulum excited by horizontal harmonics—is the focus of several authors’ studies [16-21]:

¥ 4 €dx + sin x + €7y cos (wt) cos x =0 3)
or
& y
dt
4
dy (4)

T sinx — €(dy + 7y cos (wt) cos x),

where 0 < e < 1. In this paper, we suggest some classes of extended classical oscillators.
Studies are examined in the context of Melnikov’s methodology [22]. We offer several sim-
ulations. Additionally, we present a few specialized modules for examining the dynamics
of these fictitious oscillators. The obtained results can be included into a much broader
scientific computing application—see [23-28] for additional information. The following is
the paper’s plan. In Sections 2.1 and 2.2, we provide our models. Sections 2.1.1 and 2.2.1
examine investigations in the context of Melnikov’s methodology. Sections 2.1.2 and 2.2.2
contain a few simulations. Sections 2.1.3 and 2.2.3 address one potential use of Melnikov
functions, which is in the modeling of radiating antenna designs. Section 3 brings us to a
close. Appendices A and B provide probabilistic control over the perturbations.

2. The Models
2.1. The Model A

The following novel class of extended oscillators is examined.

dx _
at ~ 7 N )
n
% = —sinx—e(A y|y|p1—2gjsin(jwt)>,
p=1 j=1

where A is the damping level, p > 1 is the damping exponent, N is an integer, and
0 < e < 1. Specifically, we take into account the following model:

de

at — 7 N ©)
Y snx—e Ayly|P~1 =) gjsin(jwt) |.

dt &

The equation H(x,y) = %yz + 1 — cos x represents the system’s total energy (e = 0). Some
details can be found in monograph [5]. The orbit is provided by (refer to Figure 1):

(xo(t) = £2arctan(sinht); yo(t) = £2secht). (7)
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2.1.1. Observations in View of Melnikov’s Methodology

The Melnikov function can be used to determine the transverse intersection of the
stable and unstable manifolds and provides a measure of the leading order distance
between them when € # 0. By definition, the Melnikov integral is provided by

IS N
M(to) = /_oo]/o(t) (Ayo(f)]/o(f)pl - ;gi sin(jw (t + fo))) dt, ®)
=

where Equation (7) defines the functions x((f) and yo(t). The task of determining the root
of M(tp) is more intriguing from a numerical perspective as the parameters that appear in
the suggested differential model are subject to certain practical and physical constraints.

e

— {2ArcTan[Sinh[¢]], 2 Sechl]}
{=2 ArcTan[Sinh{#]), —2 Sech{#]}

—— {2ArcTan[Sinh[#]], —2 Sech[#]}
{=2 ArcTan[Sinh{#]], 2 Sech[#]}

Figure 1. The orbits (xo(t), yo(t))-

Proposition 1. The roots of the Melnikov function M(ty) are provided as equation solutions if
p=2and N =1

M(ty) = 27'((2A — gﬁ@h(%) sin(tow)> =0. )

M(tg) = 0(forp =2, N =1, A = 0.015; w = 0.2; g1 = 0.09), for instance, is
shown on Figure 2. In the interval (0,16), the roots are: 1.78742; 13.9205. Melnikov’s
condition for chaotic behavior of the dynamical model can be formulated by the reader
from Proposition 1 (also see Figure 2).

s M(0)

. . . .
-3 -20 -10 H 10 20 0

04+

Figure 2. Using the formula M(ty) = 0 (Proposition 1).

Proposition 2. The roots of the Melnikov function M(ty) are provided as equation solutions for
p=2and N =2

M(ty) = 271(2A — gﬁmh(%) sin(tow) — gasech(mw) sin(ZtOw)> =0. (10)

For instance, the formula M(t) = 0is shown in Figure 3 (for p = 2; N = 2; A = 0.015;
w = 0.6; g1 = 0.07; ¢ = 0.3). The following are the roots in the interval of (0,10):
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0.224036; 2.7794; 5.63804; 7.0665. We can demonstrate the following claim when p = 4 and
N=1.

Proposition 3. The roots of the Melnikov function M(ty) are provided as equation solutions for
p=4and N =1

M(tg) = 27r(6A - glsech<n7w) sin(tow)) =0. (11)

For instance, Figure 4 shows the equation M(ty) = 0 (for p = 4; N = 1; A = 0.015;
w = 0.1; g1 = 0.091). The root in interval (0, 16) is: 15.708 with a multiplicity of two.

M (o)

-0zl

Figure 4. Using the formula M(tp) = 0 (Proposition 3).

Proposition 4. The roots of the Melnikov function M(ty) are provided as equation solutions for
p=4and N =2

M(ty) = 277(6A — glsech(%) sin(tow) — gosech(mw) sin(ZtOw)) =0. (12)

As an illustration, Figure 5 shows the equation M(tp) = 0 (for p = 4, N = 2;
A = 0011, w = 092; g1 = 0.091; g&o = 0.32). The roots (with a multiplicity of
two) at an interval of (0,10) are: 0.97718; 7.92402. M(ty) = 0 is the equation (for
p=4 N=2,A=0.02 w=0.7 g1 =0.005 g» = 0.2) and has no roots (see Figure 6).

10 r M(t}

nal

Figure 5. Using the formula M(tp) = 0 (Proposition 4).
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[ M(D)

Figure 6. Using the formula M(tp) = 0 (Proposition 4).

Proposition 5. The roots of the Melnikov function M(ty) are provided as equation solutions if

p=4and N =3
M(ty) = 7_1+2C§Sh(7w)e_zitﬂ“’n(—ieZitO“)g1 + ietfow gy + 6 Ae? 0% cosh (%)
+ie?t0w gy cosh(rtw) — ie'0% gy cosh(mtw) — igzcosh(mw)
+ieb0w gzcosh(rtw) — ie''0% gycosh (222 + ie¥t0w gycosh (332) (13)

—ie?if0w gy cosh(271w) + ie*0¥ gy cosh(271w)
+6Ac% @ cosh (222 )sech (%2 )sech(rrw) = 0.

For instance, the equation M(tg) =0 (for p =4; N =3; A = 0.05; w = 0.09; g1 = 0.6;
g2 = 0.3; g3 = 0.1) is depicted on Figure 7.

M(D)

] ¢
\./ \/f
Figure 7. Using the formula M(t) = 0 (Proposition 5).

Proposition 6. The roots of the Melnikov function M(ty) are provided as equation solutions if
p=6and N =2

M(ty) = 27T<20A - glsech(nz—w> sin(tow) — gasech(mw) sin(ZtOw)) =0. (14

Melnikov’s criterion for the occurrence of the intersection between the perturbed and
unperturbed separatrixes can be formulated by the reader using Propositions 1 through 6.
The analogous approximation issue for randomly selected p and N can be examined by

the reader.

2.1.2. Some Simulations

We will concentrate on a few interesting simulations here:
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1. For the given p =2, N =2; A =0.015; ¢ = 0.1, w = 0.6; g1 = 0.07; g» = 0.3, the
simulations on the system (6) for xo = 0.6; yo = 0.2 are depicted in Figure 8.

2. Forthegivenp =4; N =2; A=0.011; e = 0.1, w =0.92; g1 = 0.9; g = 0.2, the
simulations on the system (6) for xo = 0.7; yo = 0.3 are depicted in Figure 9.

3. For the givenp = 6; N = 3; A =0.011; ¢ = 0.1, w = 098; g1 = 0.96; g» = 0.1;
g3 = 0.6, the simulations on the system (6) for xo = 0.8; yo = 0.4 are depicted in Figure 10.

F (D), 0(1)

Figure 8. The system’s solutions (a); phase space (b) (example 1).

x®.y® |

Figure 9. The system’s solutions (a); phase space (b) (example 2).
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T (x(8), (1))

Figure 10. The system’s solutions (a); phase space (b) (example 3).

2.1.3. The Modeling and Synthesis of Radiating Antenna Patterns Is One Potential Use for
Melnikov Functions

This brings us to M(t). The hypothetical normalized antenna factor is defined as follows:
The formula is M*(8) = 15| M(K cos 0 + ky)|, where 0 is the azimuth angle, K = kd; k = 27; A
is the wave length, d is the distance between emitters, and k; is the phase difference.

For fixed A = 0.0001; w = 0.27; g1 = 0.6; g» = 0.001; K = 19.91; k; = 0.001 (from
Proposition 4), see Figure 11.

For fixed A = 0.002; w = 0.27; g1 = 0.07; g = 0.001; K = 20.91; k; = 0 (from
Proposition 6), see Figure 12.

o)

Figure 11. A typical Melnikov antenna array (from Proposition 4).

Naturally, the hypothetical Melnikov array that we provided can be viewed as an
addition to the Array Antenna Theory, following careful evaluation by experts in this field
of study.

10
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Figure 12. A typical Melnikov antenna array (from Proposition 6).

2.2. The Model B

The following novel class of extended oscillators is examined

dr
at — 7

dy . A é p—1 N ot (15)
3 — —sinx—e p;ly|y| + cos x];g]cos(]w) ,

where A is the damping level, p > 1 is the damping exponent, N is an integer, and
0 < e < 1. Specifically, we take into account the following model

dx
i ! N (16)
dy . _ .
4 = —sin xe(Ay|yP 1+ cos x];gjcos(]wt))
2.2.1. Taking into Account Melnikov’s Methodology
The integral of Melnikov is defined as follows

00 ) N

M) = [ yo(t) (Ayou) 90(6)[P "+ cosxo (1)) L gi cos(jeo(t + to>>> at, ()
—o =

where Equation (7) defines the functions x(t) and yo(f).

Proposition 7. The roots of the Melnikov function M(ty) are provided as equation solutions if
p=2and N =1

M(ty) = 27t(2A + g1w? cos(tow)sech(ﬂ—w>> =0. (18)
2
As an illustration, the equation M(ty) = 0 (for p =2; N = 1; A = 0.0025; w = 0.3;
g1 = 0.17) is depicted in Figure 13. The roots in at an interval of (0,20) are: 6.47699; 14.467.
The reader can derive Melnikov’s condition for the dynamical model’s chaotic behavior

from Proposition 7 (also see Figure 13).

Proposition 8. The roots of the Melnikov function M(ty) are provided as equation solutions for
p=4and N =2

M(ty) = 2n(6A + g1w? cos(tow)sech(nz—w> + 4grw? cos(ZtOw)sech(nw)) =0. (19

11
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As an illustration, the equation M(ty) = 0 (for p = 4; N = 2; A = 0.0025; w = 0.4;
g1 = 0.17; g» = 0.05) is depicted in Figure 14. The root in interval (0, 5) is: 3.74239.

M(E)

10}
0.05|
t
. .
\(/ 20

—0.05 -

Figure 13. Using the formula M(ty) = 0 (Proposition 7).

A Iy T2 WA

Figure 14. Using the formula M(ty) = 0 (Proposition 8).

Proposition 9. The roots of the Melnikov function M(ty) are provided as equation solutions if
p=6and N =3

M(tg) = 2m(20A + gyw? cos(tow)sech(Z)
+4¢2w? cos(2tgw)sech(mw) (20)
+9g3w? cos(3tgw)sech (32<)) = 0.

As an illustration, the equation M(ty)) = 0 (for p = 6; N = 3; A = 0.001; w = 0.7;
g1 =0.1; go = 0.05; g3 = 0.01) has a root of 2.15038 (in interval (0, 3) (see Figure 15).

Forp=6;, N =3; A=0.001; w = 0.35 g1 = 0.08; g2 = 0.06; g3 = 0.01, the equation
M(tg) = 0 has no roots (see Figure 16).

051 M(r)

Figure 15. Using the formula M(ty) = 0 (Proposition 9).

12
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—-0.05 -

Figure 16. Using the formula M(ty) = 0 (Proposition 9).

2.2.2. Some Simulations

We will concentrate on a few interesting simulations here:

1. For the given p = 4; N =2; A = 0.015; ¢ = 0.01; w = 0.6; g1 = 0.07; g» = 0.3, the
simulations on the system (5.16) for xo = 0.6; yo = 0.3 are depicted in Figure 17.

2. For the givenp = 6; N = 3; A = 0.005; ¢ = 0.01; w = 0.3; g1 = 0.07; g» = 0.3;
g3 = 0.5, the simulations on the system (5.16) for xo = 0.7; yo = 0.4 are depicted in
Figure 18.

@),y @)

1 “
. | T IR |II ||||“
RN i e i |i!|'!.-"!'H'| "
|

-1

-2

Figure 17. The system’s solutions (a); phase space (b) (example 1).

2.2.3. The Modeling and Synthesis of Radiating Antenna Patterns Is One Potential Use for
Melnikov Functions (See Section 2.1.3 for Additional Information)

For fixed A = 0.0025; w = 0.4; g1 = 0.17; g» = 0.05; K = 6; k; = 0.1 (from Proposi-
tion 8), see Figure 19.

For fixed A = 0.001; w = 0.6; g1 = 0.16; g = 0.1; g3 = 0.01; K = 3.44; k; = 0.01
(from Proposition 9), see Figure 20.

For arbitrarily selected p and N, the reader can examine the corresponding approxi-
mation problem.

13
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(x(),y(6)
L5

10
X

Figure 18. The system’s solutions (a); phase space (b) (example 2).

M= (8)

Figure 19. A typical Melnikov antenna array (from Proposition 8).

Proposition 10. The roots of the Melnikov function M(ty) are provided as solutions to the following
equation if p = 8and N = 4

M(ty) = 2m(70A + g1w? cos(tow)sech (%)
+4g2w? cos(2tgw)sech(mw)
+9g3w? cos(3tow)sech (332)
+16g4w? cos(4tgw)sech(27tw)) = 0.

(21)

As an illustration, equation M(ty) = 0 (for p = 8; N = 4; A = 0.0001; w = 0.95;
g1 =0.1; g» = 0.03; g3 = 0.2; g4 = 0.05) is depicted in Figure 21).

Forp =8 N =4 A =0.001, w = 04; g1 = 0.1; g = 0.03; g3 = 0.1, g4 = 0.05),
equation M(tp) = 0 has no roots (see Figure 22).

14
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-1TF
Figure 20. A typical Melnikov antenna array (from Proposition 9).

The potential normalized antenna factor M*(6) in the case p = 8; N = 4 and fixed
A =0.0001; w = 0.95; g1 =0.1; g0 = 0.03; g3 = 0.2; g4 = 0.05; K = 3.44; k; = 0.1 (from
Proposition 10), see Figure 23.

04

Figure 21. Using the formula M(ty) = 0 (Proposition 10).

L L L L L L
=15 =10 -5 3 10 15

Figure 22. Using the formula M(ty) = 0 (Proposition 10).

Proposition 11. The roots of the Melnikov function M(ty) are provided as equation solutions if
p=10and N =6

M(ty) = 2n(252A+g1w2cos(tow)sech(”2—‘”)
+4grw? cos(2tgw)sech(ntw)
+9¢3w? cos(Stow)sech(Sm")
+16g4w? cos(4tgw)sech(27w)
+25g5w? cos(5tgw)sech (232)
+36g6w? cos(6tgw)sech(3rtw)) =

(22)

15
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The equation M(ty) = 0 (for p = 10; N = 6; A = 0.00001; w = 0.8; g1 = 0.07;
g = 0.03; g3 = 0.17; g4 = 0.05; g5 = 0.77; g6 = 0.02) and normalized antenna factor
M*(0) for K = 4.44; k; = 0 are depicted in Figure 24.

19k M*(8)

-1

Figure 23. A typical Melnikov antenna array (from Proposition 10).

I G

0

o4f]

Figure 24. (a) The equation M(ty) = 0 (Proposition 11); (b) A typical array of Melnikov antennas
(from Proposition 11).
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3. Concluding Remarks

In this study, we have examined a few kinds of extended classical oscillators. We
present a few specific modules for examining these oscillators” behavior. For some of
them, a cloud version is available that just needs a browser and an internet connection.
This will be an essential component of a much broader web-based program for scientific
computing that is in the works. In [29,30], numerical techniques for solving nonlinear
algebraic equations are contained. The reader can formulate Melnikov’s criterion for the
appearance of the intersection between the disturbed and unperturbed separatrixes using
Propositions 1 through 6. For arbitrarily selected p and N, the reader can examine the
corresponding approximation problem. We observe that arbitrary point sets in the plane
about uniform metric can be approximated using Melnikov polynomials. These kinds
of activities are pertinent to the general theory of radiation diagrams and digital filter
fabrication and analysis. To determine Ay coefficients, the standard N-element linear
phased array factor is

=

AF(0) = ) Agcos((2k —1)u) = M(x),

k=1

where x = xg cos u and xq is a design parameter, d is element separation, ¢ is the polar angle,
and u = %d cos . Soltis [31] used this concept in his creation of novel Gegenbauer-like and
Jacobi-like antenna arrays. Naturally, this relatively new concept is a topic for defense, and
experts in this field of science will conduct substantial research to support its legitimacy.
The issue related to noise minimization (in decibels) also remains open.

Remark 1. The monograph [32] is concerned with the control of chaos in dissipative non-
autonomous system described by the differential equation

dU(x)

X+ dx

= —d(x%) + E(t),

where U(x) is a nonlinear potential, —d(xx) is a general dissipative force, and F(t) is a general
periodic function of period T. The planar system, corresponding to the damped pendulum, is

dr
a Y
dy

T —sinx — e(Ay — gcen(wt; 0)),

where A, g > 0, and cn(wt; m) is the Jacoby elliptic function of parameter m. In the book cited above,
one can find a relatively precise bibliographic reference on the mentioned topic, as well as some modified
but not sufficiently studied differential models. Following the considerations in this article, the reader
can successfully formulate and investigate the dynamics of the following extended oscillators:

ax
a7
q — —sinx—e Ayly| —];gjcn(]wt,O) ,
ax
a7
3 = —sinx-e Ayly|P~" — cos x];gjcn(]wt,O) ,

where 0 < € < 1, A is the damping level, p > 1 is the damping exponent, and N is an integer.

17
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Proposition 12. If p = 8, N = 4, and [Im(w)| < 1, then the roots of the corresponding Melnikov
function M(to) are given as solutions of the equation:

M(ty) = 70A — gy cos(tow)sech™¥ — ¢5 cos(2tyw)sech(rrw)—
g3 cos(3tow)sech32¥ — g4 cos(4tyw)sech(27w) = 0.

For example, the equation M(ty) = 0 (forp =8 N =4; A = 0.00; w = 0.2; g1 = 0.2, g» = 0.62;
g3 = 0.1; g4 = 0.425) is depicted in Figure 25.

1.0} M@

V1

Figure 25. Melnikov function M(ty) (Proposition 12).

—40

Remark 2. The analytical study of controlling chaotic dynamics in spur gear systems is the subject
of reflections by many authors working in the field of Mechanisms and Machine Theory (see [33-38]).
Gear systems have been widely used in many industrial applications due to their advantages of
having accurate transmission ratios, compact dimensions, and high efficiency. A nonlinear dynamic
model of a spur gear pair with backlash and static transmission error is formulated in [33] as

dx
a Y
dy
= funlx) —e(Ay + gicos(wt)),
where the backlash function f,(x) is a nonlinear displacement function and can be expressed
as follows:

x—(1—-w); 1<x

fux) =9 ax; -1<x<1
x4+ (1—a); 1<z,

where w is a mechanical parameter. The authors in [33] consider the following polynomial ap-
proximation (for &« = 0): f,(x) ~ —0.1667x + 0.1667x> and study the dynamics of model using
Melnikov analysis. The reader can formulate and explore the dynamics of the modified model of the
type

dx

ax Y

dy N ,

Y~ i) e (Ay -Ls cos(zwt>>

-

in which a trigonometric approximation for backlash function fj,(x) of type sin x or sin x + cx is
used, and then use the apparatus proposed in this article.

Remark 3. A number of authors have devoted their research to the RF superconducting quantum
interference device (SQUID) driven by an oscillating external flux (see, for example, [39—48]). In
this regard, we would like to note that the detailed study of modified dynamic models of type

18



Mathematics 2025, 13, 231

dr _
at — 7

v _ —sinx—cx—¢€l|b —% i cos(iwt)
dt - y i:1gl

will be the subject of our future research.

Remark 4. For the purposes of our research (thankfully), the user does not need to have an explicit
representation of the Melnikov polynomials corresponding to our differential model (for large values
of the parameters), because the output of the first module used becomes the input for the second and
most important module (implemented in the CAS Mathematica) used, designed to generate and
visualize the corresponding diagrams of the radiating antenna array.
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Appendix A. Stochastic Control on the Perturbations in Model A

Next, we discuss a stochastic control on the introduced perturbations. We first rewrite
model (5) as follows

dv
a Y
dy

(A1)
3 = —sinx—e Ayl Zg]sm jwt) |.

We can assume without any restrictions that Z}il gj = land, consequently, we can consider
these coefficients to be the probabilities of a particular distribution. We shall follow the
approach of [26-28]—we will briefly describe it. Using the complex presentation of the
sin-function

sin(x) = ————, (A2)

we can rewrite the y-dynamics (A1) as

dy ‘y|n N 'eijwt — e ijwt
3 = —sinx e(Ay T Z‘{g] 5;

yl = (A3)
n 1
—sin x — e(Ay 7 _|ﬁ/|| - Z(w(wt) — 1p(wt))).
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Above, by ¢(-) is denoted the characteristic function of a distribution taking values
{1,2,..., N} with probabilities g;, j = 1,2,...,N. Note that we can generalize dynam-
ics (A3) on the infinite support {1,2, ... } as well as on some continuous domain. Thus, if
we denote the domain of the probability distribution by D and its density by g(-), then the
original dynamics (A1) turns into

dr
a Y

dy . 1—|y|" . (A4)
3 = —sin x—e(Ay 1J‘yyl| —gg(u)mn(uwt)du).

In contrast to the approach used in [26-28], we shift the time dependence from the sin-
function to the function g(-, t), imposing the condition [}, g(u,t)du = 1 for every fixed t.
Thus, we view g(-, t) as the density function of a stochastic process. Thus, dynamics (A3)
turn into

d 1— |y|" 1
d—‘ll{ = —sin x —e<Ay 7 |ry|| - z—i(lp(t,w) — (e, —w))). (A5)

Our suggestion is to use the characteristic function of a Brownian motion with drift # and
multiplied by a diffusion coefficient c—its domain is D = R. Its characteristic function is

w(t,x) = o/ (5F) (A6)

Hence, dynamics (A5) can be written as

dy_ —sin x—€<Ay1 —t 1<et(i”w02§;2) —et(i”wﬂg2>))

dt 1—ly| 2
1 I ln 2w2t
. — Y e 2 inwt —inwt
_ —el A _ pwt _ =iy A7
sin x e( y1_|y| 5 (e e )) (A7)
— |yl 202
= —sin x — e(Ayll _||yy|| e sin(ywt)).

We present in Figure Ala,c,e the x- and y-dynamics as well as the phase portrait for the
following values: p = 10, A = 0.0012, ¢ = 1, w = 0.1, p = 0.1, and ¢ = 0.3. The initial
point is assumed to be (0.1,0.1).

Suppose now that the perturbations are driven by the characteristic function of a
Poisson point process with intensity A, i.e.,

P(t,x) = M), (A8)
Using formula (A2), we rewrite

%(lp(t/w) - l/J(tr _CU)) = % {e)‘t(eiw_l) _ e)xt(e’i‘*’—l)}

—At

_ e {e)\t(cosw-&-isinw) _ e)\t(cosw—isinw)}
2i (A9)
—At

_¢€ e/\tcosw [ei?\tsinw _ efi)\tsinw}

C2i

— pM(cosw—1) sin(/\t sin CU)‘

Hence, y-dynamics (A7) turns into

20



Mathematics 2025, 13, 231

-2 = —sinx — e(Ayll__M — pMleosw=1) gin (At sinw)). (A10)

Some simulations based on this construction can be seen in Figure Alb,d,f. We use the
values p =10, A = 0.03,e = 0.04and A = 0.1.
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Figure A1. Oscillators based on the Brownian motion and the Poisson process.

Appendix B. Stochastic Control on the Perturbations in Model B

We discuss briefly Model B in light of the approach presented in the previous section.
Using the cos-presentation
elx + e—ix

5 (A11)

cos(x) =

we transform dynamics (15) into
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o y
(‘1“ (A12)
. 1|y
F = —sinx—e(Ay 4+ S (p(tw) + 9t —w)).
If we use the Brownian characteristic function (A6), we reach
— |yl 202
% =—sinx—e¢ (Ay11_||yy|| +cos xe E cos(ywt)). (A13)

If we apply the Poisson characteristic function (A8), then dynamics (A13) turns into

- n
dv__ sin x —e€ Ayﬂ + cos x5O cog(Atsinw) ). (A14)
dt 1—y|
Some simulations based on the parameters reported in Appendix A are presented in

Figure A2.
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Figure A2. Oscillators based on the Brownian motion and the Poisson process.
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Abstract: In this article, we look at the stochastic Wu-Zhang system (SWZS) forced by
multiplicative Brownian motion in the It6 sense. The mapping method, which is an
effective analytical method, is employed to investigate the exact wave solutions of the
aforementioned equation. The proposed scheme provides new types of exact solutions
including periodic solitons, kink solitons, singular solitons and so on, to describe the
wave propagation in quantum mechanics and analyze a wide range of essential physical
phenomena. In the absence of noise, we obtain some previously found solutions of SWZS.
Additionally, using the MATLAB program, the impacts of the noise term on the analytical
solution of the SWZS were demonstrated.

Keywords: multiplicative white noise; stochastic exact solutions; stabilize by noise;
mapping method
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1. Introduction

Nonlinear evolution equations (NLEEs) are commonly employed to describe compli-
cated phenomena in a variety of engineering and scientific areas, including fluid dynamics,
acoustics, optical fibers, solid state physics, hydrodynamics and plasma physics. Conse-
quently, it is crucial to solve these NLEEs. Recently, numerous powerful approaches for
discovering exact solutions to NLEEs have been introduced, such as exp(—¢(g))-expansion
method [1], Jacobi elliptic function expansion [2], modified extended tanh-function
method [3], F-expansion method [4], Riccati equation method [5], (G’/G)-expansion [6,7],
exp-function method [8], sine-cosine method [9], etc.

One of these equations is the Wu-Zhang system [10]. The Wu—-Zhang system is a
well-known model in quantum mechanics that describes the dynamics of two coupled
qubits, or quantum bits. The system exhibits a variety of interesting phenomena, including
entanglement generation and quantum phase transitions. One essential consideration
in the study of the Wu-Zhang system is the role of noise, or random fluctuations in the
system’s parameters, which can have significant effects on its behavior.

Noise in the Wu-Zhang system can come from a variety of sources, such as external
electromagnetic fields or fluctuations in the system’s energy levels. These random fluc-
tuations can lead to decoherence, or the loss of quantum coherence, which is important
for quantum computing and other quantum technologies. Understanding the effects of

Mathematics 2025, 13, 714 https://doi.org/10.3390 /math13050714
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noise in the Wu-Zhang system is crucial for developing strategies to mitigate its impact
and improve the system’s performance.
In this article, we look at the stochastic Wu—Zhang system (SWZS) as follows:

¥+ (DY) y + 1Prax = @¥B;,
@
D, + PO, + ¥ = DB,

where ¥ = ¥(x,t) presents the surface velocity of water and ® = ®(x,t) indicates the
elevation of the water; @ is the amplitude of noise; B = B(t) is a Brownian motion and
B = %. Due to their Lax pairs [11], the Wu-Zhang system (1) is integrable.

Due to the importance of the Wu-Zhang system in quantum mechanics, some au-
thors obtained its solutions by using various methods including the dynamic analysis
method [12], generalized extended tanh-function method [13], csch method, tan—cot
method, extended tanh—coth method, modified simple equation method [14], extended
tanh and Hirota methods [15], and extended trial equation method [16]. Moreover, the solu-
tions of the fractal Wu-Zhang system with different fractional operators were obtained by
using various methods including the modified auxiliary equation method [17], first integral
method [18], and semi-inverse method [19], exponential rational function method [20],
and iterative method [21]. However, the stochastic Wu-Zhang system with a noise term
has not yet been addressed.

Our aim for this study is to obtain the exact stochastic solutions for the SWZS (1).
To the best of our knowledge, the exact stochastic solutions for the SWZS (1) has never been
obtained before. Several kinds of solutions may be found by using the mapping approach
including periodic solitons, kink solitons, singular solitons and so on. In the absence of
noise, we obtain some previous solutions of SWZS (1) such as the solutions stated in [13].
Furthermore, to study the effect of white noise on the discovered solutions, we present a
number of two-dimensional and three-dimensional graphs.

The paper’s outline is as follows: Section 2 provides the wave equation of the SWZS (1),
and Section 3 explains the mapping method. In Section 4, we obtain the solutions of the (1).
In Section 5, we may investigate the impact of the stochastic term on the solutions of the
SWZS (1). Finally, the obtained results of this paper are stated.

2. Traveling Wave Equation for SWZS
The wave equation for SWZS (1) is obtained by applying

O(x,t) = ¢(0)e®B 2 and ¥(x,t) = p({)e?B 19 [ = kx + At, 2)

where the deterministic functions ¢ and i are real, and A and k are non-zero constants. We

note that
/ 1 5 1 o o oB—1o%
D = [Ag +@09pBr— SO 9ts@ ple®P 2
= (A + @pBJeF 2", 3)
o, = kgolewl%—%a)zt’ Dy = k3(P///ewB—%a>2t

where %cozq) is the Ito correction term. Similarly,

¥y = Ay + @ypBy)e®B 2% W, = k@B 29%, )
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Substituting Equations (3) and (4) into Equation (1), we obtain the following system:

/\q}/ —‘r—k(i’b(p)/ewB_%th + glpm —0.

®)
Ao + kq)(plewg_%wzt +ky' =0,
Considering the expectation on both sides of Equation (5), we arrive at
MY + 59" + k(pg) e 2 ME(e?B) = 0,
(6)

Ap' + k¢ + koo e*%‘DZt]E(e‘DB) =0.

Since B(t) is a Gaussian process, E(e@B(t)) = 2@t for any real number @. Hence,
Equation (6) becomes
A+ 59"+ k(pg) =0,
@)
Ag' +kyp' + koo’ = 0.

Integrating Equation (7) once and setting integration constant equal to zero, we obtain
i3
A+ 59" +k(pg) = 0, ®)
1
A +kip + Ek(p2 = 0. )

From Equation (9), we have

_ A 15
‘/J—Tq’—iq’- (10)

Plugging Equation (10) into Equation (8) leads to

, 3A2 9Ar , 3

3 _
Td e ¥ =0 (11)

3. The Clarification of Mapping Method

Let us explain the method that we utilize here (for more information, see [22-24]). We
assume the solution of Equation (11) has the form

N .
9(0) =Y _aqiP(Q), qu #0, (12)
i

where qo, 41, 92, ...., qn—1 and gy are undefined constants to be determined and P solves
the following nonlinear elliptic function equation that is an ordinary equation:

(P’)Z = 0(1794 + 0(2732 + a3, (13)

where a1, ap, and a3 are real numbers. Equation (13) has several solutions for a1, a; and
s as follows (Table 1).
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Table 1. The solutions of Equation (13) for distinct values a1, a and a3.

Case %1 (i3] u3 P(0)
1 ) —(1+82) 1 sn(f)
2 Q2 —(1+8?) 1 cd({)
3 1 —(B241) 2 ns(g)
4 1 —(R2+1) @32 de(0)
5 (1-82) 282 -1 —? ne(Q)
6 (1-82) 22 1 sc(0)
7 1 22 (1-82) es(¢)
8 1 282 — 1 —2(1-8?) ds(Q)
9 1 (1289 : ns(g) % ¢s(Q)
10 % (322—2) %2 ns(g) £ds(g)
_@2 1482 12
11 1T ( 4; ) ( = ) ne(g) £sc(g)
12 g (®-2) g V1 —8(sd(g) + cd())
2 2_ sn(g
13 % (& 5 2) i l:td(n()é)
14 a-gy g i ds(¢) +es(7)
15 1 2 4R? 1 snlepie)
16 g 2 1 LIl
17 1 242 1— 2BZ+B4) d”(g)( )(é)
@2 2 _ @2 C
18 -8 (18" -5 e
_oR? sn(g
19 i e 1 )

Where cn({) = cn({,B), ds(¢) = ds({,B), sn({) = sn({,B), sc({) = sc(g,8), dn({) =
dn(g,8), are the Jacobi elliptic functions (JEFs) for 0 <8< 1.
JEFs generate the following hyperbolic functions when 8— 1:

dn({) — sech({), ns({) — coth({),

cs(f) — cesch(), en(L) — sech(Q),
sn(¢) — tanh(Q), ds — csch({).

JEFs generate the following trigonometric functions when £— 0:

sc(¢) — tan(g), cs(¢) — cot({),
ds(l) — csc(@), ds — csc({),
dn(¢) — 1, sn(g) — sin(g),

ns(g) — csc( ), en(Z) — cos(Q).

4. Exact Solutions of the SWZS

First, let us equate ¢ with ¢* in Equation (11) to calculate the parameters N as

N+2=3N = N=1.
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With N = 1, Equation (12) takes the form

@(0) = q0+qP(Q), (14)

Putting Equation (14) into Equation (11), we obtain

3 sip3 (A o 9 oy
+[2a191 — @‘11]7) + [qu - @‘10‘11]7)
A2 A 9
Hoaqr = S0 = 139001 — 5z90m]P
—3A2 9 , 3 4
HkTqO 5T~ @%] =0.
Inserting each coefficient of the various powers of P/, we have

3
20191 — @q‘;’ =0,

—9A 9
W‘ﬁ - @‘70‘7% =0,
)\2

9 5
f1 = S M~ 339091 — 5z 0M = 0,

and
—3A2 A , 3 4

T 0T a0 T g =0
By solving the above equations, we have
_ A = 42k, /%L, and & _ o (15)
‘70— k/ql_ 3/ 2 = 2k4
Plugging (15) into Equation (14), we obtain the following solution for the traveling
wave Equation (11):
—A o
9(0) = 4 £2k /5 PD). (16)
Using Equation (10), we have
/\2 2k2061 2
¥ =5~ —5 PO (17)

Consequently, substituting Equations (16) and (17) into Equation (2), we have the
solutions of the SWZS (1) as follows:

® = { P £2k, /Y P(Q) peoB 27,
(18)

_ A2 2P 2 B—1lo?t
¥ = {37 - B et i,

where { = kx + At.
There are many cases for the solutions of Equation (15) relying on «; as follows:
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Case 1: If oy =f?, ap = — (1 + 132> and a3 = 1, then P({) = sn({), and Equation (18)

takes the form
—A R oB— 12t
b = p +2k Esn(g) e, (19)

2 2 202
Y = {2/\]{2 _ %Snz(g) ewB—%wzt. (20)
If 8— 1, then Equations (19) and (20) become

o = {_k}\ iZk\/g tanh(g)}ewB—%wzf, (1)
2 2
¥ = {;kz — Zlgtanhz(g)}ewl?%wzf. (22)

Case 2: If a; =2, @y = — (1 + 82) and w3 = 1, then P({) = cd({), and Equation (18)

takes the form
—A R oB— 12t
o = p + 2k gcd(g) e T2, (23)

A2 2k, OB 1o
= — — 2% 24

Case3: Ifa; =1, ap = — (1 + 82) and a3 =82, then P () = ns({), and Equation (18)

takes the form
v {_k/\ + Zkﬂ’“@ }EQMM’ 25)

A2 2k? 2 ®B—10%t
Y = {2k23ns (é)}e 19 (26)

If 8— 1, then Equations (25) and (26) become

d = {_k/\iZk ;coth(g)}ewﬁéwzf, (27)
2 2
¥y = {;‘kz_”;cothz(g)}ewiwzf. (28)

However, if §— 0, then Equations (25) and (26) become

d = {_k/\:tZk\/gcsc(g)}e‘DB%wzt, (29)
2 2
v {zAI@‘ZI;CSCZ@}e@B;@Zt' (30)

Cased: Ifa; =1, ap = — (1 + Bz) and a3z =82, then P({) = dc({), and Equation (18)
takes the form
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_ —A 1 @B—}@?t
o = {kj:Zk\/;dc(g)}e , (31)

2 2
v = {?kz_zgdcz(g)}ew‘?%wzf. (32)

If 8— 0, then Equations (31) and (32) become

_ —A 1 @B—L@?t

P = { p iZk\/;sec(C)}e , (33)
— _ 2 2 @B— ;o

Y = {Zk 5 sec (g)}e . (34)

Case 5: If a1 = 1-82, ap = 2682 — 1 and a3 = —B2, then P({) = nc({), and Equa-
tion (18) takes the form

_ 2
> — {kA e 38 nc(g)}e%%w2f, (35)
A? 2k2(1_82) 2 oB— 12t

If 8— 0, then Equations (35) and (36) become Equations (33) and (34), respectively.
Case 6: If &y = 1-82, oy = 2—8? and a3 = 1, then P({) = sc({), and Equation (18)
takes the form

o 2

"o {kAﬂ" 5 Sc(g)}ewlg_;aﬂt’ (37)
2 2 @2

v - {?kz_z"(l?,ﬁ)scz(g)}ewl?%wzf. (38)

If 8— 0, then Equations (37) and (38) become

v {_z?ﬂ"\gta“@ }EQHM’ (39)
2 2
Y = {;p—m;taHZ(g)}ewB%wzt. (40)

Case 7: If oy = 1, ap = 2—B? and a3 = 1—£?, then P({) = cs({), and Equation (18)

takes the form

{ A2 2K Csz(g)}ewB%(DZt- (42)

T =@ 3

If 8— 1, then Equations (41) and (42) become

) (43)

I
—N
>
H_

IS
~
o
0
»

o)
=
o
——
x
[S)
i
N—
S)
-

2 2
Y = {A—chschz(g)}e‘olg_%wzt. (44)
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However, if §— 0, then Equations (41) and (42) become

o = {k/\j:Zk\/;cot(g)}e‘”B_%‘th, (45)

2 2
- {Z/\kz o (C>}ew8_%w2t' (46)

Case 8: If a; = 1, ap = 2682 — 1 and a3 = —B%(1—-£?), then P({) = ds({), and
Equation (18) takes the form

A

R

. = (é)}e@”‘“ﬁ (47)

{2
- g%

(C)}e‘”B‘%‘”Z*. (48)

I\J

Case 9: Ifa; = §, ap = # and a3 = 1, then P({) = ns({) + cs({), and Equa-
tion (18) takes the form

¢ = {_k/\ik ;<ns(€>ics<g>)}e‘”“‘°2% (49)
2 2 1.2
¥ = {;p—];(nS(é)iCS(é))z}E‘DBZ‘” ' (50)

Case10: If x; = 1, ap = 8227*2 and a3 = 84—2, then P({) = ns({) +£ds({), and Equa-

tion (18) takes the form

® = {kA jEk\[( s(0) ids(g))}ewzs;@zt, o
2 2 o
o= {2/\k2 - %(”S(Q ﬂ:ds(é))Z}e@B—zw t )
If 8— 1, then Equations (49) and (50) [or Equations (51) and (52)] become
o = { kA + k\/;(coth(g) + csch(g))}ewzs%wzt’ )
vy A2 k2 o ot )
= {2k2—6(cot (¢) £csch(7)) } -

However, if §— 0, then Equations (49) and (50) [or Equations (51) and (52)] become

d = {_k)‘ ik\g(csc(g)icot(g))}e%Wt, (55)
2 g2 L
Y = {Z/\kz — %(CSC(Q) + cot(@))z}e‘ogz‘D L (56)

Case 11: If a1 = 1_32, ny = 148 and a3 = —1_‘32, then P({) = nc(Z) £sc(¢), and
Z 2 Z
Equation (18) takes the form
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2
® = {_kAik 1_36 <nc<g>isc<§>>}e@8%@“, (57)

2 2 2 12
= {;ww<nc(é)isc(é)>2}e‘”3‘zw L (58)

If 8— 0, then Equations (57) and (58) become

> = {k/\ ik\/T(sec(g) itan(@))}e‘w—%‘ozt, (59)
v = {A2 - ﬁ(sec(C) + tan(g))z}ewB%‘DZt (60)
Tl 6 '

Case 12: If 1 = %2, ay = 322;2 and a3 = %2, then P () = V1 —82(sd({) £ cd()),
and Equation (18) takes the form

2
o = {ikwﬁ V1 —82(sd(Q) £ cd (g }‘03—@2, 61)
AT PR (1 -8 2 | 0B Lo
Y = @—T(sd(g)icd(@) e 29°E, (62)
Case 13: If a; = % ay = % and a3 = 1, then P({) = ijt(gi, and Equation (18) takes
the form
_ —A E coBf—wz
® = {kik 1idn } (63)
A? k282 sn( @B
*o= {2k2 6 1idn } : (64)
If 8— 1, then Equations (63) and (64) become
_ —A 1 tanh(() @B—1@?t
¢ = {kik\/;<lisech( ))}e T (65)
A2 K2/ tanh(2) \?)| on_le
= /=L 29, 66
¥ {2k2 6 (1 j:sech(@)) 7 (66)

2 2
Case 14: If a0y = %, ay = @ and a3 = , then P({) = (ds({) £cs({)), and
Equation (18) has the form

® = {_kAik(l—ﬁz)\/z(dS(é)iCS(C))}E‘DB;‘thr (67)
2 K2(1-—g? ? 1.2
y 2/\1{2—(6)(d5(6)i68(6))2 e?Fm2 (68)

If 8— 0, then Equations (67) and (68) become
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® = {_k/\ = k\/g (sec(?) itan@))}ewﬁ-%@zh (69)
Ak 2 | oB-1a?t
Y = {2k2—6(sec(§):|:tan(§)) }e 297, (70)
Case15: Ifaqy =1, ap = 2 — 482 and a3 = 1, then P() = sn(fn)zig)(g), and Equation (18)
takes the form
_ ;)‘ lsn(g)d”(g) @B— o2t
o = { . iZk\/;cn(g) ¢@B-20° (71)
A2 2K sn?(0)dn*(§) | woB- 1ot
o= {2k2_3cnz(§)}e T @
Case 16: If a; =8%, ap =2 and a3 = 1, then P(C) = snsfrz(cg)@, and Equation (18) takes
the form
_ —A g* sn(Q)en(Q) | w1l
N 2R s (Q)en(Q) | on- Lo
Y = {ZkZ_ s ag (¢ (74)

If 8— 1, then Equations (73) and (74) become

o = {‘;‘izk\@mnh(g)}e%%wzf, (75)
A2 2k2 1,2
Y = {21(2—3(tanh(§))2}e‘952‘9 L (76)

Case17: If oy = 1, ap =B2+2, and a3 = 1 — 2B2+R*, then P(C) = %&n)@, and

Equation (18) takes the form

— —A Ldn(Z)en(Z) @B—}@?
— A2 2K2dn?(§)en*(§) @B—1@?
*o= {2k2 B 3snz(§)}e ; e

If 8— 1, then Equations (77) and (78) become

d = {—k)\ j:Zk\/gsech(C)csch(g)}ewB_%wzt, (79)
2 k2 1,2
Y = {Z/\kz - %(sech(@)cseh(@))z}ew[gﬂ L (80)

Case 18: If v; = %, ny = 1*2282 and a3 = %, then P({) = %, and Equation (18)

takes the form

_ —A 1 sn(g) @B—1o?

¢ = {k k\/glicn(g)}e g (81)
_ A2 k2 SHZ(C) @B—}@?

o= {2k2_6(1icn(§))2}e - (82)
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If 8— 0, then Equations (81) and (82) become

® = {_kA j:k\/g(csc(g)icot(g))}e‘ﬂg_%wzt, (83)

A2 k2 _1
= {Zkz — g(CSC(C) + cot(g))z}ewB 2@° (84)
Case 19: If oy = #, ay = % and a3 = %, then P({) = 1115(?%), and Equa-
tion (18) takes the form
_ —A 1 en(f) @B—1@%t
q’—{ki" REETIO ) A (5
L LZ _ k2(1 — 82) an(g) e(DB—%(DZt (86)
2k? 6 (1£sn())? )

If 8— 0, then Equations (85) and (86) become
—A 1 oB—1ao?t
D = - +k g(sec(g) +tan(Q)) pe“” 729", (87)

Y = {Az — E(sec(g) + tan(é))z}ewB%‘th (88)
2k2 6 '

Remark 1. If we substitute @ = 0, k = 1and A = :I:% 6 in (29), (30), (33), (34), (43),

(44), (69), (70), (83) and (84), then we have the same trigonometric function solutions stated

in [13], while if we substitute @ = 0, k = 1and A = % 3in(21),(22),(27),(28),(39), (40), (59),

and (60), then we have the same hyperbolic function solutions stated in [13].

5. Physical Meaning and Effect of Noise

Physical meaning: Obtaining exact solutions for stochastic Wu-Zhang systems is
of utmost importance as it enables us to accurately predict and control the behavior of
these systems under uncertainty. Different types of exact solutions, including periodic
solitons, kink solitons, bright soliton, dark soliton and singular solitons, for Equation (1)
are obtained here. Solitons are self-reinforcing solitary waves that maintain their shape and
speed as they propagate through a medium. By obtaining exact soliton solutions of the
Wu-Zhang system, researchers can better understand the dynamics of these waves and
how they interact with their environment.

Furthermore, exact soliton solutions of the Wu—Zhang system allow for the prediction
and manipulation of wave behavior in various applications. For example, in the field of
optics, solitons play a crucial role in maintaining the coherence and stability of light pulses
in fiber optic communications. By studying the exact soliton solutions of the Wu-Zhang
system, researchers can develop more efficient methods for transmitting and controlling
light waves in optical devices. This knowledge can lead to advancements in areas such as
telecommunications, laser technology, and imaging systems.

Effect of Noise: Noise plays an essential role in the dynamics of the Wu-Zhang
system in quantum mechanics. By studying the effects of noise on the system’s behavior,
researchers can gain valuable insights into its properties and develop strategies to mitigate
the impact of noise on its performance. Experimental studies have confirmed the theoretical
predictions about the effects of noise on entanglement generation and quantum phase
transitions in the Wu-Zhang system, highlighting the importance of noise in understanding
and controlling quantum systems.
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Now, let us show the effect of noise on the exact solution of the SWZS (1). To illustrate
the behavior of some of the discovered solutions, many figures are provided, including
Equations (19)-(22) as follows:

Now, Figures 1-4 show that there are several kinds of solutions, such as periodic
solutions, kink solutions, singular solutions and so on, when the multiplicative noise is
neglected (i.e., when @ = 0). The surface becomes flatter after brief transit patterns when
noise is added, and its amplitude is raised by @ = 0.1, 0.3, 1, 2. This indicates that the
solutions of SWZS (1) are influenced by multiplicative white noise and are kept stable

around zero.

Solution
Solution

Solution
(&) ) o

Solution
m

-

w=0
==0.1

Solution
Solution

0.5

0 0.5 1 15 2 25 3 35 4
Time "t*

(&) @ =2 () ©=0,01,03,1,2

Figure 1. (a—c) display 3D shape of solution ®(x, t) in Equation (19) with =05,k =1, A = -2, x €
[—4,4],t€[0,2] and @ =0, 0.1, 0.3, 1, 2 (d) shows 2D shape of Equation (19) with different .
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Figure 2. (a—e) display Figure 3D shape of solution ¥(x, t) in Equation (20) with 8= 0.5,k =1, A =
-2, xe€[-4,4,t€0,2]and @ =0, 0.1, 0.3, 1, 2 (f) shows 2D shape of Equation (20) with different .
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Figure 3. (a—e) display Figure 3D shape of solution ®(x, t) in Equation 21) withk =1, A = =2, x €
[—4,4],t € [0,2] and @ = 0, 0.1, 0.3, 1, 2 (f) shows 2D shape of Equation (21) with different .
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Figure 4. (a—c) display Figure 3D shape of solution ¥ (x, t) in Equation (22) withk =1, A = =2, x €
[—4,4],t € [0,2] and @ = 0, 0.1, 0.3, 1, 2 (d) shows 2D shape of Equation (22) with different .

6. Conclusions

In this paper, the stochastic Wu-Zhang system (1) perturbed by multiplicative white
noise in the Itd sense was considered. We obtained novel hyperbolic, trigonometric,
and elliptic stochastic solutions by applying a mapping approach. In the absence of
noise, we obtained some previously obtained solutions of SWZS (1) such as the solutions
stated in [13]. Since the Wu—Zhang system has significant uses in quantum mechanics,
these solutions may be used to analyze a wide range of significant physical phenomena.
Additionally, the MATLAB program was used to demonstrate the effects of the noise term
on the analytical solution of the SWZS (1). We showed that the solutions of SWZS (1)
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were stabilized at zero by multiplicative white noise. In further work, we can obtain the
solutions for the Wu-Zhang system with different fractional derivative operators such as
the Caputo fractional derivative, Riemann-Liouville fractional derivative and M-truncated
derivative [25,26].
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Abstract

For a significant fluid model and the truncated M-fractional (1 + 1)-dimensional nonlinear
generalized water wave equation, distinct types of truncated M-fractional wave solitons
are obtained. Ocean waves, tidal waves, weather simulations, river and irrigation flows,
tsunami predictions, and more are all explained by this model. We use the improved
(G'/G) expansion technique and a modified extended direct algebraic technique to obtain
these solutions. Results for trigonometry, hyperbolic, and rational functions are obtained.
The impact of the fractional-order derivative is also covered. We use Mathematica software
to verify our findings. Furthermore, we use contour graphs in two and three dimensions to
illustrate some wave solitons that are obtained. The results obtained have applications in
ocean engineering, fluid dynamics, and other fields. The stability analysis of the considered
equation is also performed. Moreover, the stationary solutions of the concerning equation
are studied through modulation instability. Furthermore, the used methods are useful for
other nonlinear fractional partial differential equations in different areas of applied science
and engineering.

Keywords: generalized water wave model; fractional derivative; analytical methods; exact
solitons; stability analysis; modulation instability analysis

MSC: 35C07; 35C08; 83C15

1. Introduction

Fluid mechanics is an important branch of applied science and engineering. Many
models in the field of fluid mechanics have been developed such as the unstable nonlinear
Schrodinger model [1], nano-ionic currents model [2], Sharma—-Tasso—-Olver model [3],
Cahn-Allen model [4], simplified modified Camassa—Holm model [5], improved Boussi-
nesq model [6], Boussinesq—Burgers system [7], higher-order Schrodinger equation [8],
Whitham-Broer—Kaup equations [9], and perturbed Schrodinger—Hirota equation [10].
Nowadays, fractional models have garnered interest among researchers, such as the gen-
eralized Korteweg—de Vries—Zakharov—Kuznetsov model [11], the single-joint robot arm
model [12], the Westervelt model [13], the Pareto probability Shannon isotope model [14],
the generalized coupled Helmholtz model [15], and the Estevez—Mansfield—Clarkson
model [16]. Different methods have been developed to obtain different types of solutions,
such as the plane dynamic system method [17], the polynomial complete discriminant
system method [18], and the auxiliary function method [19].

Mathematics 2025, 13, 2280
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We use two simple yet effective methods in this work: the improved (G’/G) expansion
and the modified extended direct algebraic method. There are several uses for these
techniques. For instance, some new kinds of traveling wave solutions of the Hirota-Ramani
model were obtained by using the modified extended direct algebraic technique [20];
distinct wave solutions of the concatenation model were achieved [21]. Many wave solitons
of extended shallow water wave equations were obtained by applying the improved
(G'/G) expansion method [22], and many exact traveling wave solutions of the Calogero-
Bogoyavlenskii-Schiff equation were obtained by utilizing the improved (G’/G) expansion
scheme [23].

The nonlinear (1 + 1)-dimensional generalized water wave equation is an important
model among the mathematical fluid models. In fluid dynamics, engineering, and other
domains, this model is highly significant. This model has been solved using various
ﬁ) expansion technique in [24] yielded some new exact
wave solutions, while a class f(G, G') expansion schemes in [25] yielded distinct types of

methods. For instance, the (

exact wave solitons; the modified rational sine—cosine method in [26] provides breathing
solutions, kink-singular solutions, and complex-valued solutions.

Our motivation was to study new types of truncated M-fractional exact solitons
for the nonlinear (1 + 1)-dimensional generalized shallow water wave equation by using
two effective techniques. Both the improved (G’ /G) expansion technique and the modified
extended direct algebraic technique provide different types of exact soliton solutions. These
techniques have not been previously applied for this model. The truncated M-fractional
derivative (TMFD) gives solutions closer to the numerical solutions. This fractional deriva-
tive satisfies the conditions of both fractional derivatives and integer-order derivatives.
The impact of the TMFD on the achieved results is displayed. The truncated M-fractional
generalized water wave equation is the more prominent form of the model and helps us
to understand the model more clearly. Additionally, stability analysis was used to verify
the stability of a relevant equation. Moreover, the stationary solutions of the concerning
equation were studied through modulation instability.

This paper consists of several sections: Section 2 explains our techniques, Section 3
discusses the studied equation and its mathematical analysis, Section 4 provides exact
solitons, Section 5 provides a graphic representation of some of the results obtained,
Section 6 provides the stability analysis, Section 7 explains the modulation instability
analysis, Section 8 explains the results and provides a discussion, and Section 9 concludes
this paper.

2. Truncated M-Fractional Derivative

Definition 1. Suppose g(t) : [0,00) — R; then, the truncated M derivative of g of order w is given
as [27]

(t) = lim g(t EY(Ttl_IX)) _g(t)

, O<a<l1, Y>O0,
T—0 T

oY
Dy

where Ey(.) is the truncated Mittag—Leffler function of one parameter, which is defined as [28]

[e9) Zj
EY(Z) —Jg)m, Y >0 and z € C.

Characteristics:
Letx € (0,1],Y > 0,r,s € R, and g, f are «- differentiable at a point t > 0; then, by [27]:

(i) Dy (rg (1) +s£(1)) = rDytg(f) + sDyf (1),

43



Mathematics 2025, 13, 2280

(i) Dy (g(0)-£ (1)) = g() Dy f () + F (D8 (1)

FODSg () — g(HDSF(1)
(F(1)? '

oY g(t) _
(iii) DMft(f(t)) =

(iv) D8 (A) = 0, where A is a constant.

3. Description of Strategies
3.1. MEDA Technique

Here, we provide the main steps of the scheme [29]:
Step 1:
Assume a nonlinear partial fractional differential equation:

Y(g/ Dze\;lg/tgzlgng/gXX/gxt/-") == 0/ (1)
where a wave profile is represented by ¢ = g(x, f). Examine the following wave transformations:

T(1+Y)

¢(x,t) =G(@), O = (x* + AtY). )

Here, A represents the soliton velocity.
Putting Equation (2) into Equation (1) provides

Y(G,G*G,G’,...) =0. 6)
Step 2:
Assume the solution of Equation (3) is as follows:
m
©) =} asy*(0). )
—m
Here, a5(s = —m,...,0,1,2,3,...,m) are unknowns to be found, where as # 0. A positive

integer “m” can be obtained by balancing the highest-order term and the nonlinear term in
Equation (3) according to the homogenous balance technique. A function 1 (®) fulfills the
ordinary differential equation given as

¥(0) = log(d) (p+qy(©) + ry(©)?). )

Here, p, g, and r denote the constants, and d # 0, 1. Equation (5) provides the answers for
the various situations listed below:
Type I: when ¢? — 4pr < 0 and r is nonzero, then

\/ (g> —4pr) tang (5 v —4pr®

$1(0) = - + = ©)
VApr — g2 (5/4pr — @
(@) — _% B pr—gq COthr pr @)
_ 9 VApr — g2 (tang (\/4pr — ¢?0@) + (\/cf secp(\/4pr — ¢2O))
$3(0) = —5 -+ P ®)

44



Mathematics 2025, 13, 2280

pa(@) = — 1 _ VApr — g2(cotg(\/4pr — q?@) + (\/cf cscg(\/4pr — 42O)) ©)
2r 2r )
_ g VApr— P(tang(3/4pr — 4%0) — ( cotp(5\/4pr — 170)))
$5(0) = —5 + 5 . (10)

Type II: when g% — 4pr > 0 and r is nonzero, we have

4e(©) q \/qz—4prtanh3(%«/q2—4pr®). an
2r 2r
r(©) = gV — 4pr cothg (3 /72 —4pr®). 12)
2r 2r
(@) — 1 VP Eprltaniy (/g7 —4pr®) + (\/of sechn(Vi—4pr@)) 1
2r 2r '
Po(@) = — 1 _ q* — 4pr(cothg (/g2 — 4pr®) = (\/cf cschp(\/q* — 4pr®))) (14)
2r 2r '
$10(0) g /q* —4pr(tanhg(%\/q? —4pr@ ( cothg(}+/q% — 4pr@®)) (15)
10 =5 .
Type III: when pr > 0 and q is zero, then
4’11 (@) = \/ff&ﬂg(ﬁ@). (16)
#120) = — /L cota(70). (7)
P13(0) = \/?(tanB(Z\/ﬁ @) + (/fesecg(2,/7p ©))). (18)
P14(0) = —\/f(cotg(zm @) + (\/fcescp(2y/7P @))). (19)
$15(©) = ;\/f (tans (5 y/P®) — coty (5 /p7O)). (20)
Type IV: when pr < 0 and q is zero, then
P16(©) = —/ —gtanhg(\/—pr(@). (21)
917(0) = = /=L cothy (y/=pr@). (22)

13(@) = —\/Tf(tanhB(Z,/—pr®) + 1\/cf sechp(2,/—pr®)). (23)
P19(©) = ﬁ(cothg(Zw/pr@)) £ (v/cf eschg(2/—pr®))). (24)
P20(0) = —;\/> (tanhp( \/—pr® + cothp( 1/—pr®)). (25)

Type V: when r = p and g = 0, we attain
$21(©) = tang(pO). (26)

lez(@) = — CO'L‘B(p@). (27)
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P23(0) = tanp(2p®) £ \/cf secp(2p@®). (28)
P24(®) = — cotp(2p®) £ \/cf cscp(2p®). (29)
s(©) = %tang(%pG)) - %Cotg(%pé)). (30)
Type VI: when ¥ = —p and q is zero, we have

1[’26(@) = — tanhB(pG). (31)
77(®) = — cothp(p®). (32)
28(@) = — tanhp(2p@) =+ 11/cf sechp(2p®). (33)
129(@®) = — cothp(2p®) + \/cf cschp(2p@). (34)

1 1 1 1
¥30(©) = 3 tanhg(§p®) —5 COthB(EP@)~ (35)

Type VIL: when g% — 4pr = 0, then

p(q©log(d) +2)

=2
Type VIII: when g = p, p = mp (m # 0) and r is zero, one has
(@) = d'® —m. (37)
Type IX:if ¢ = r = 0, we have
1,033(@) =p0O 10g(d) (38)
Type X:if p = g = 0, we have
©) =51 9)
P4 O log(d)r’
Type XI: when p is zero while q and r are nonzero, we have
- _ cq
¥35(0) =~ oshy (70) = sinhp(70) 1 ¢)° 40
qg(coshp(g®) + sinhp(qO))
o) — _ . 4
¥36(®) r(coshp(qO) + sinhg (¢O) + f) @
Type XII: when g = p, r = mp (m # 0), and p is zero, then
cdr®©
Q) = 94 4

where the deformation parameters are represented by c, f > 0.
Step 3:

Enter Equations (4) and (5) into Equation (3) to start this step. The system of equations
inas(s =—-m,...,1,2,3,...,m) and A can then be obtained by adding the coefficients of
every §°(s = —m,...,1,2,3,...,m) term and setting the coefficients of the same power to
0. The results for the unknowns can be obtained by adjusting this collection of equations.
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Step 4:

Now that we know the values of as(s = —m,...,1,2,3,...,m) and A, we can in-
sert Equation (4) into Equation (1). The solutions to Equation (1) can be obtained from
Equation (3).

The generalized trigonometric and hyperbolic functions are described as follows:

(C] —10 O_ rp—1©
cosp(©) = %, sing (@) = £ /B

21
CBL®+fB—L® th@ffotG
COtB(G)) = lCBL(B,fB—L@/ tanB(®) = _lCB@JrfB—:@/
_ 20 _ 2
CSCB(®) ~ BO—_fB—©’ secB(G)) ~ (BO+fB—©"

Similarly,
ey cB9+fB© . cB®—fB©
coshp(®) = ————, sinhp(0) = —5—,

~ cB9—fB-9’ " cBO+fB-©’
cschp(©) sechp(©)

— 2 _ 2
~ cB9—fB-0’ ~ cBO+fB-O°

The modified extended direct algebraic method (mEDAM), while powerful for find-
ing the soliton solutions of nonlinear equations, has limitations, particularly when the
highest derivative and nonlinear terms are not well balanced, and it might not be ap-
plicable to all types of nonlinear equations, especially those with complex structures or
non-standard forms.

3.2. The Improved (G'/G) Expansion Method

This subsection briefs the basic steps for the method shown as [30].
Step 1:
Consider a partial fractional nonlinear differential equation:

Y (h, Db, WP hse, by, hyy, he, By, <) = 0. (43)

Step 2:
Assume the following transformation:

T(1+Y)

h(x,y,t) =H(®), @ =x—vy+« £, (44)

Here, v and x denote the constants. Using Equation (44) in Equation (43) provides a
nonlinear ordinary differential equation:

Z(H,H?*H ,H",..) = 0. (45)

Step 3:
Suppose the solution to Equation (45) is given as

L (Gle)Y
H(©®) = w( ) . (46)
]g T\ G(O©)
In Equation (46), ap and aj, (j = 1,2,3,...,m) are to found. By utilizing the homoge-
nous balance method in Equation (45), we obtain m. The profile G = G(©) satisfies the
equation below:

GG" —11G? —1,GG' —x3(G")? =0, (47)

where k1, k7, and k3 are constants.
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Step 4:
Consider a solution to Equation (47) that is given as
Type I: whenxp # 0and 7 = K% + 41 — 4x1x3 > 0, we have

G'e) _ rV/7(Crexp(10V7) + Crexp(10(~v/7) )) LT

G(O) (2(1 —x3)) (C1 exp(%@ﬁ) -G exp(%@)(—ﬁ))) 2(1 — x3)

Type II: if k; # 0and 7w = &3 + 4x; — 4x1x3 < 0, then

G'(®)  Kv/—7(Ciicos(30/=7) — Casin(30y/=1)) Ko

G(®)  (2(1—x3))(Citsin(10v/=7) + Cycos(2@y/=70)) +2(1_K3). (49)

Type III: if xp; = 0 and x; — k1x3 > 0, we have

GI(©) _ i =Rk (Casin(@\ —mifs) + Creos(OVi—Riks) o
G(O) (1 —x3)(Cy sin(@y/k1 — k1k3) — Co cos(O+/k1 — K1K3))

Type IV: if x; = 0 and k1 — k1x3 < 0, we have

G'(©)  /rixz —K1(Cqtcosh(®y/k1x3 — k1) — Co sinh(@+/K1k3 — k7)) 51
G(®) (1 —x3)(Cytsinh(@y/x1x3 — k1) — Cp cosh(@+/k1k3 — k1)) 1)

Here, k1, ¥, k3, C1, and C, are constants.
Step 5:

Equations (46) and (47) are combined into Equation (45), and the coefficients of each
power of (%) are obtained. The system of algebraic equations is obtained by setting
every coefficient to 0.

Step 6:

By utilizing the Mathematica tool to simplify the system mentioned above, we obtain

different solitons to the NLPD Equation (43).

The limitations of the improved (G'/G) expansion method, while offering advantages

in finding traveling-wave solutions for nonlinear evolution equations, include the potential
for complex algebraic manipulations and the need for specialized software like Maple 17
or Mathematica 11 to handle the resulting equations.

4. Model Description

In 1967, Gardner, Greene, Kruskal, and Miura discovered the generalized shallow
water wave equation. The generalized shallow water wave equation is a generalization
of the Korteweg—de Vries (KdV) equation, which is a well-known model for water waves.
The generalized water wave equation includes higher-order, nonlinear, and dispersive
terms, making it a more accurate model for certain types of water waves.

The (1 + 1)-dimensional generalized shallow water wave equation given in [24] is
considered by replacing the ordinary derivative with a truncated M-fractional derivative
as follows:

D%(Di}}‘;}h) (D“Yh)(Dﬁg‘;{th)+b(D%h)(D§§;}h) Dﬁg}th Dz“Yh_O (52)

Assume the following wave transformations:

T(1+Y)
[

v=V(E), &= (x* — AL%). (53)
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Here, A is a wave speed. Putting Equation (53) into Equation (52) produces
AMa+b)(H') +2AH" +2(1—\)H' = 0. (54)

We obtain the natural number m = 1 with the use of the homogenous balance technique in
Equation (54). We now use two distinct approaches to solve Equation (54).

5. Different Types of Wave Solitons
5.1. Through Modified Extended Direct Algebraic Technique

For our case, Equation (4) reduces to this form:

H(Z) = a1 ()" + a0 + a1 (@) (55)
Using Equations (55) and (5) in Equation (54) provides the given sets:
Set 1:
12plog(d) 1
-1 = 7 - 7 - OIA - . 56
{zx ! atp 0T A0M 4p rlog®(d) — g*log?(d) + 1 6)

When g2 — 4pr < 0and r is nonzero, then we have the following by using Equations (6)—(10):

LV r — q? tang (3 /4p r—qzé)) 1

h(x ) = ap + 12plog(d), ¢

a+b ( 2r 2r (57)
/4 —f2cotr(l\/4 — 2
h(x,t) = o + 712’;?%(”” e ;52 Proaila (s

12plog(d)

_ eplogld) 9 2 2
hx,t) = ag + - ( 2r+(\/4pr q*(tang(y\/4p r —g*¢)=+

(Ve f secs(y/4p r—4%¢))))/(2r) 7" (59)

) = o+ LB ([ (g2~ ap ) (ot~ (a2~ 4p E)%
(Ve f eseg(y/—(g> —4p 1)2)))/ ()" (€0)
12plog(d)

hix,t) =g+

P08 (L (/=g —4p )t (5~ (2~ 4p 1)0)-
(coty(3y/~ (@ —4p NEN)/@)" (6D

When ¢? —4pr > 0 and r is nonzero, we obtain the following solutions by using
Equations (11)—-(15):

12plog(d)(_i V(g% —4p r) tanhg( 3V (2 —4p r (j

a+b 2r 2r

h(x,t) = ag + (62)

12plog(d)<_i V(g% —4p r)cothg(3\/ (g —4p r fj

hix,t) =
(v,1) = ao+ a+b 2r 2r

(63)
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h(x,t) = ao+ %(—% — (1/q* — 4p r(tanhp(y/g? —4p r&)+
(Ve fsechy(y/q2 —4prg))))/(2r)) 7" (64)

12plog(d) (- q

oSl (3 oty 1

(Ve feschg(\/q? —4p 1E))))/(2r))~". (65)

hix, ) =ap+

_ 12plog(d) g9 /o _ 1 /5 _
h(x,t) =wao+ PN ( o (\/g*> —4p r(tanh3(4 g% —4p rg)

(cothy 3/ —4p 1))/ () (66

ra+y) (xlX [

where é‘ - [ o 4p rlogz(d)—q2 logz(d)—H )

When pr > 0 and q is zero, then we have the following solutions by using
Equations (16)—(20):

h(x,t) = ag + W(ﬁtamlg(\/ﬂw&“ - Al;orl()s;(al)—f—l)))l (67)
_ 4o 12plog(d) . [p TA+Y), . a .
h(x,t) = ag+ > ( rcotB(\/W . (x " rlogz(d)Jrl))) . (68)

W, t) = o+ W(ﬁ(mng(z\/ﬂm:y) - rlo;(d) )
r1+yY), , e _
(\/JSQCB(ZWT(X —m))))) L(69)
(1) = g + 22108 (—\/?(cotB(ZWF(le) SR rlo;(d) =l
r1+y), , t _
(WCSCBQWT(X —W»))) L (0)
1 TO+Y), , p .
ot (VP T O e T

When pr < 0 and q is zero, then we obtain the following solutions by using Equations (21)—-(25):

B 12plog(d) [ p r1+Y), , t .

h(x,t) = ag + FERD (- *?tanhg( P (x* — o o) +1))) 1L (72
B 12plog(d) [ p r1+y), , * _

h(x,t) = ag+ pp? (— - cothg(y/—p . (2" — i@+ 1))) 1 (73)
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h(x,t) :DcOJr%igb(d)(—ﬂ (tanhp(2y/— 1+Y 4p rlo;;(d)—l—l JES
1+Y tlx -1
(1v/eFsechp(2y/ <7 7 e )
h(x, ) :a0+%(—1/ (cothy 2/ =p 7Y % rlo;i(d) )+
(v/cfeschp( 2\/7 4P rog?(d) ) (75)
i) = 0+ PEEEID 3[R b T (0 - s
cotha(5/p T~ ) 76)

When r = p and g = 0, we attain the following solutions by using Equations (26)—(30):

12plog(d) r(1+Y) 4

th

h(x,t) = ag + b (tang(p {X —4p210g2(d)+1)))71, (77)
12plog(d raa+y @
(1) = g+ 2B (o (p T e g
B 12plog(d) TA+Y), o t
hix,t) = ap+ W(tanB(Zp . Sog(d) 11 )+
FA+Y), o £ 1
(v/cf secp(2p———=(x woga ) @
12 log(d) ra+y), "
h(x,t) :“0+W(_C0t3(2p DC —W))ﬂ:
ra+y),, e .
(VefesenCp——— ("~ o) @
B 12plog(d) 1 1 TA+Y), o ¢ B
h(xt) _ao—i_a—i—ib(i B(Ep o (x 4p210g2(d)+1))
1 T(1+Y) £ 1
ECOtB(Ep o - 4p2log?(d) + 1))) - 6

When r = —p and q is zero, we obtain the following solutions by utilizing Equations (31)—-(35):

12plog(d r+yY
e :“0+Z+((i()(—tanh3(p ( : )(x"‘—
h(x,t) = ag+ M(_ COthB(pr(l 1Y),

a+b
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o los@ Ty e
h(x,t) = ao + a+b (—tanh;(2p a (x —4p2log?(d) +1 )%
ra+y +Y) B ¢t -1
(1\/c fsechp(2p (x* —4p210g2(d)+1)))) - (84)
_ 12plog(d) TA+Y) r
h(x,t) =g + W( COthB(zp x x —4}92 logz(d) + 1))j:
r(1+Y) +Y) t* -1
(\/c feschg(2p (x* — a2 logZ(d) . ). (85)
M t) = g o 2P108@) (1 L TAHY) o e ))—
b= a+b g B P —4p210g2(d)+1
L othy(L, L) & -
5 €0 thB(2P . (2" — “a2 1o (d) +1))) - (86)

when g2 — 4pr = 0, then we obtain the following solution by using Equation (36),

h(x, t) =+ 12P log(d) (_2 - f(z‘: log(d) + 2) 71. (87)
atb I (e ) log(d)

When q = p, p = mp (m # 0) and r is zero, we obtain the following solution by utilizing

Equation (37):

r(i+y) ( o & )

%Og(d)(d a2 ()1

a+b

h(x,t) = ag + —m)~ L (88)

if g = r = 0, we obtain the following solution by using Equation (38):

_ 12P 1Og(d) F(l + Y) N g -1
(1) = g + 2108, TUEY) (e 1) toga) . )
Set 2:
g =0,y = _12rlog(d),/\ _ i 1 i ‘ 90)
a+b 4p rlog”(d) — g?log”(d) + 1

When g2 — 4pr < 0and r is nonzero, then we have the following by using Equations (6)—(10):

_ 12rlog(d) \/ (g2 —4pr)tang (3 /—(¢? —4pr§

a+b (= 2r 2r

h(x, t) = (91)

h(x,t) :aO—M(_i_ v/ — (g7 —4p r) cotp( WC

2
a+b 2r 2r (92)

B, t) = g — M(_i L VApr— g ang(Vapr —¢?0) £ (Ve f SECB(\/‘LP”_QZQ)))‘ ©3)

a+b 2r 2r
o) = o 12108(0) 4 VI ot (VAT R0 £ (VT sealVBT=FD) | g
’ a+b 2r 27 :
12rlog(d), q . +/4pr—q*(tang( }I\/ALPTC ( cotg(i/apr—q20)))
h(x, t) = — W(_Z + (95)

52



Mathematics 2025, 13, 2280

When ¢? —4pr> 0 and r is nonzero, we obtain the following solutions by using Equations (11)~(15):

12rlog(d) , q /(> —4pr)tanhp(5/ (g% —4p7) 0,
h(x,t) = a0 — W(_Z - 2r 6)
12rlog(d), q /(g% —4pr)cothp(3/ (42 —4pr) cj
Mot === 2 7
W) = ag - 27108(@) a7 —dprltanhp(Vg? —dp o) £ (Ve f sechp(VaT—dp D)), g
! a+b 2r 2r ’
Hixt) = ap — 12rlog(d) (_i B Vg% —4p r(cothg(\/q? — 4p r) + (\/c f cschp(\/q> —4p r@)))) ©9)
’ a+b 2r 2r '
h(x,t) = ap — 12rlog(d) (71 V/§* — 4p r(tanhp( %\/ 4p r(j ( cothp( %\/74;77@ (100)
o a+b 2r
_ T+Y) a *
where & = ‘j (X N 4p rlogz(d)iq2 logz(d)Jrl)

When pr > 0 and g is zero, then we obtain the following solutions by using
Equations (16)—(20):

_ 12rlog(d), [p TA+Y), o t
hix, t) = ag B (\/:tang(\/ﬁ“ (x —4;7 rlogz(d) I ))). (101)
12rlog(d ra+y .
h(x,t):ao—;i%)(—\/fcom(m ( - )(x“—4pr10gt2(d)+l))). (102)
g — 2losgld)  Jp 1 oot
hix,t) = ag P (\/:(tang(z\/ﬁal"(l—l—\{)(x 4prlog2(d)+1))j:
1 S
(v/c fseep(2ypr_T(1+Y)(x o (@) D). (103
12rlog(d 1 “
h(x,t) = ag — Ztlf‘)_‘(glg()(\/f(cotg(Z\/ﬁaF(l +Y)(x" - 4prlo;2(d)+1))i
1 oot
(VeFescs@UPT TV = Ly ). (08
12rlog(d) ,1 1 raa+y .
hx,t) = a0 = ::Lgb()(z\/f(tanB(Zm : : )(x“ - 4p rlogtz(d) + 1))_
1 ra+y *
oty (VPP ( — h). 5)
When pr < 0 and g is zero, then we obtain the following solutions by using Equations (21)—(25),
12rlog(d ra+y *
(1) = 2~ 2B ([P (LD (e w109
12rlog(d ra+y *
h(x,t) = ag — %gb()(—, / —g cothg(y/—pr ( :— ) (x* — e rloth(d) n 1))) (107)
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) = 0 — 2B [P a2 prmj“w4p“0gf§(d)+1>>i
(1v/c Fsech(2,/~pr 0 ) . ). (108)

4p rlog?(d) + 1))

B 12rlog(d) [ p r(1 +Y) N t
h(X,t) = - W(_ _7(C0thB(2\/ —pr (x - 4p Vlng(d) +1)):t
1+Y e
\/7csch3 (2\/—pr 4p rlogz(d) n 1))))) (109)
h(x,t) = ag — %(_%ﬁ(tamg(%\/_prr(li\() (x* — p rlogt;(d) + 1))+
1 r1+Y), , 7 L
cothp (5 /—p r———(x o @) +1))))' (110)

When r = p and q = 0, we obtain the following solutions by using Equations (26)—(30):

~ 12plog(d) r(1+Y) ¢

h(x,t) = t b ))). 111
(1) (G )
_ 12plog(d), 1 o t
h(x,t) = ag W( COtB(P&F(l +Y)(x W))) (112)
g 12plog(d) 1 " t
hix,t) = g " (tanB(Zpal"(l—l—Y)(x S102(d) +1)):t
1 t*
2p-T(1+Y)(x* — —————)))). (113
(Ve fseep(2p T(1+Y)(x 4p210g2(d)+1)))) (113)
g 22plosld) 1 oot
h(x,t) = FE? ( cotB(Zp“F(l—kY)(x g (@) +1))j:
r1+y) £
2 *— . (114
(VeFesen(ap= 0t = s 1)
h(xt) = g — 12plog(d) (1 (1 r(1+Yy) (xt — ¢ ))—
AR atb 2 Py 4p2log*(d) +1
1 1 TA+Y), , t*
= cotp( - . (115
ot (gp (0 ) (19)
Whenr = —p and g is zero, we achieve the following solutions by utilizing Equations (31)-(35):
B 12plog(d) , FI+Y), o *
h(x,t) = ag + —atb (—tanhg(p . x a0 (d) 1 1 )))- (116)
_ 12plog(d) . 1 “_ ¢
h(x,t) = ag+ b ( COthB(Ptxr(l +Y)(x o) 1 1))) (117)
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log(d ¢
h(x,t) = ag + %(—taHhB(zpir(l +Y)(x* - —4p? 10;2(d) n 1))i
1 v t*
([\/ﬁsechg(Zp&T(l +Y)(x 4o (d) 1 ))))- (118)
g 12plos@) o TAEY)
h(X,t) = g + a+b ( COthB(ZP X —4p210g2(d)+1))j:
4y o
(\/c feschp(2p - (x “47log?(d) 11 )))). (119)
12plog(d), 1 1 T1+Y .
h(x,t) :0(0+Z+gb()(—§tanh8(§p ( : )(xa_ _4p210th(d)+1))_
1 1 TA+Y), , "

when g2 — 4pr = 0, then we obtain the following solution by using Equation (36):

FOHY) (10— 40) 1oe(d) + 2
hix,t) = ap — 2271080 P o« Y(x Jlog(d) +2), (121)
a+b 2P0 (xa — 42) Jog(d)
When p = g = 0, we obtain the following solution by using the Equation (39),
h(x ) = g — 12rlog(d) 1 (122)

(— )-
a+b r@(x“—t“)log(d)

When p is zero while g and r are nonzero, we obtain the following solutions by using
Equations (40)—(41):

12rlog(d T(1+Y), , £
T WILLES TR
. F1+Y), £
nh . . (123
sinhg (g 2 (x _qzlogZ(d)+1))+C)>) (123)
(1) = g~ 2B (g cosh (g o - 7 logtz(d) )t
. ra+y), , t* T1+Y), , t*
sinhp(g——— ("~ —qzlogz(d)+1))))/(r(COShB(q T —qzlogz(d)ﬂ))
. F+Y) t
+ sinhp (g P (x* = 7q210g2(d)+1))+f))). (124)

If g =p,r=mp(m+#0)and p = 0, then we obtain the following solution by using

Equation (42):
T(14Y) o o
= )
12mplog(d) , cd —pZlog? (d)+1
h(x,t) = ag — ;’Hi; ( T y— )). (125)
c— mfdp ‘ —p%log”(d)+1

55



Mathematics 2025, 13, 2280

5.2. Exact Solitons via Improved (G’ /G) Expansion Scheme

For m =1, Equation (46) reduces to the given form:

H(&) = ap + 4 (CC;;<(§>) ) . (126)

Here, ng and a7 are undetermined.
By putting Equations (126) and (47) in Equation (54), one obtains the given solution set:

Set:
=2l ] , (127)
a+b —x5 +4x1(3 —1) +1
When x, # 0 and 7 = x5 + 4x; — 4K1x3 > 0, we obtain the following solution by using
Equation (48):
12(x3 — 1) 1T(1+Y) t
h(x,t) =ag — —————= C - —(x" =
() =ap—— —— ((e2v/7(Crexp(5—=——(x 7K%+4K1(K371)+1)
1T(1+4Y) te
C - (x" - - 2(1—
VI + Coeply oy = e V(20— )
1T(1+Y) t* 1T(1+Y)
C - o0 _C I 14
(Crexp(z = — —K%—I—4K1(K3—1)+1)ﬁ) 2ep(y———

ttX
—1% 4+ 4dicy (k3 — 1) + 1

)(=Vm)))) + ﬁ) (128)

ifxpy #0and 7w = K% + 4x1 — 4x1x3 < 0, then we obtain the following solution by using
Equation (49):

12(k3 — 1)
a+b

1T(1+Y) e

h(x, t) = w9 — (kv =r(Crrcos(z =—2—(x" = =5 +4r1 (k3 —1) +1
2

)

V=) -G Sin(%r(l:Y) (x — 2 +4K1t(‘;3 Ve 1)@)))/((2(1 —x3))
in(LLA+Y) 0 t 1IT14Y), ,
(Cusm(ﬁ ,X (x* = ey ey e y 1)\/—771) —l—Czcos(E - (x%—
o .
. ey mgng y e DA/ et T cpry D)

if ko = 0 and x; — x1%3 > 0, then we achieve the following solution by utilizing Equation (50):

20-1, ———  TA+Y) , o
a+b (v = rara (G sin o (x 4icp(rs — 1) +1

VK — k1K) + G cos(r(l +Y) (x% — W) k1 —x1%3))) /(1 = «3)

(x W)m) Cp cos(———(x
ttX
T (s —1)+1

hx,t) =ag —

)

(Cl sin(

)W —xix3)))). (130)
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if ko = 0 and x; — x1x3 < 0, we obtain the following solution by using Equation (51):

h(x,t) = ao — %«mmwmh(ﬂl:w (" = 41(1(K3tj 1)+ 7

ViR =) - Casinh(C 0 (0 - B VR =)/ (1 - )
r(1+Y)
o

)\/K1K3 — Kl) — C2 COSh( (x"‘

VAR ). 3D

r(1+Y) o

. «
(Cqesinh( (x yry Py

6. Graphical Representation

Here, we use contour, 3D, and 2D graphs to illustrate some of our solutions. The
graphs for &« = 0.5, « = 0.7, and « = 1.0 are also used to illustrate the impact of fractional
derivatives in the following Figures 1-6. Graphs are drawn for different values of the
involved parameters. Mathematica software 11 was used for drawing the following graphs.

» (xth
15 <
—t=0
10- —t=1
—t=2
0L:
-10 -5 0 5 10

(a) 2D plot at t=0,1,2.

10 0.0
(c) 3-D plot when o = 0.6 (d) contour plot when o = 0.6
Figure 1. Periodic wave solution. A graph of (x,t) in Equation (57) for oy = 0.01,

a=1b= -05p=001,9=-1r=1d =4 and Y = 1. (a) displays a two-dimensional
plot for x € (—10,10) and « = 1, with the blue indicating t = 0, the orange indicating t = 1, and the
green indicating ¢ = 2. We can observe that the wave repeats in shape and travels along x over time.
The shape is not a single localized hump but shows wave-like oscillations, indicating periodicity.
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(b) displays a two-dimensional plot at x € (—10,10) and ¢ € (0,2), where the red indicates &« = 0.5,
the black indicates « = 0.7, and the blue indicates & = 1. It can be observed that the variation
in sharpness and spread with increases in a suggests a solution with internal oscillatory behavior.
(c) shows a 3D plotata = 0.6 for t € [0,2]. (d) shows a contour graph for « = 0.6 when 0 < t < 2. The
3D and contour plots further emphasize a wave repeating in space and time, consistent with a periodic
wave solution. Periodic solitons have applications in physics, mathematics, and engineering for
explaining water waves, model wave propagation, mechanical systems, etc.

; h(x,t)
5007 ] 2500
¥ 300 ] 1500
= 0 = a=05
200 —t=0 || i —
: —t=1 1000 —a=07
100 —t2 |1 500 - —a=10
18 ‘ \ : 0
-5 0 5 -5 5
X X

(a) 2D plot for t =0, 1, 2. (b) 2D plot for a = 0.5,0.7, 1.

29 [ g

1

(¢) 3-D plot when a = 0.6 (d) contour graph when o = 0.6

Figure 2. Singular soliton solution. A graph of &i(x, t) in Equation (62) is shown for &y = —0.1,
a=10b=05p=-054g=-1,r=1,d =4 and Y = 1. (a) shows a two-dimensional plot
for x € (—8,8) and a = 1, where blue indicates t = 0, orange indicates t = 1, and green indicates
t = 2. We can observe that the very sharp peak grows extremely tall over time. This represents
a localized energy burst that intensifies over time. (b) displays a two-dimensional plot at x € (—8,8)
and t € (0,2), where red indicates & = 0.5, black indicates « = 0.7, and blue indicates a« = 1. It can
be observed that changing the fractional-order & controls the height and sharpness of the soliton. It
also reflects memory effects or nonlocal behavior. (c) shows a 3D plot at « = 0.6 for t € [0,2]. The
soliton spike is sharply concentrated in space but grows dramatically over time. It shows a localized
singular behavior that propagates and intensifies. (d) shows a contour graph at « = 0.6 when
0 < t < 2. Extremely tight contours can be seen near the origin, indicating a sudden sharp increase in
h(x,t). It confirms local singularities in both x and t. Singular solitons have been studied in various
nonlinear evolution equations, including those describing optical fibers, quantum gases, and other
physical systems.
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h (x,t)

3.0
2.5
2.0
15
1.0
0.5
0.0

s (xth

<

-20 -10 0 10 20
X

(a) 2D plot for t =0, 1, 2.

(c) 3-D plot when a = 0.6 (d) contour plot at a = 0.6

Figure 3. Rational soliton. A graph of h(x,t) in Equation (88) for ap = 0.2,a = 0.5, b = 0.5,
p=02 m=-5r=1,d=4andY = 1. (a) shows a two-dimensional plot for x € (—25,25) and
« = 1, where blue indicates ¢ = 0, orange indicates t = 1, green indicates t = 2. It can be observed
that the soliton preserves its structure but shifts in amplitude or position over time. This persistence
suggests a stable traveling wave, typical of soliton behavior. (b) displays a two-dimensional plot at
x € (—25,25) and t € (0,2), where red indicates « = 0.5, black indicates &« = 0.7, and blue indicates
« = 1. The parameter « likely controls the nonlinearity or dispersion strength. The variations in
shape and height suggest that changing the system parameters can control the wave amplitude or
width. (c) shows a 3D plot where « = 0.6 at € [0,2]. It provides a comprehensive picture of wave
evolution, emphasizing the localized and non-dispersive nature of the rational soliton. (d) shows
a contour graph at &« = 0.6 when 0 < t < 2. The contour pattern illustrates the trajectory of the
soliton and how it propagates steadily through space-time. Rational solitons can be found in various
fields, including nonlinear optics, water waves, and other areas where nonlinear wave phenomena
are studied.
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0.6
0.5
04"

(x4)

< 03}
0.2}
0.1}

0.0E :

-10 -5 0 5

(a) 2D plot when t =0,1,2.

(c) 3-D plot when o« = 0.6

» (xth

-10 -5 0 5 10

101

0.5F

|
=5 0 5

(d) contour plot when a = 0.6

Figure 4. Bright-dark soliton solution. Graph of &(x, t) in Equation (118) for &y = 0.2,a = 0.5,
b=05c¢c=05 f=05 p=005d=4 and Y = 1. (a) shows a two-dimensional plot for
x € [—10,10] and & = 1; blue indicates t = 0, orange indicates t = 1, and green indicates t = 2.

We can observe that the phases of the wave shift with time. So, the waves are time-dependent.
(b) displays a two-dimensional plot at x € (—10,10) and t € (0,2); red indicates « = 0.5, black
indicates & = 0.7, and blue indicates « = 1. It can be observed that the phases shift with the increase
in the value of a. (c) shows a 3D plot at & = 0.6, where t € [0,2]. A sharp transition is shown in
both directions. It shows the symmetric property of the wave. (d) shows a contour graph at & = 0.6

when 0 < t < 2. Bright-dark solitons are used in the fields of optical communication, optical sensing,

and nonlinear optics.
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Figure 5. Periodic soliton. A graph of h(x,t) in Equation (130) for a9y = —0.2,a = 0.5, b = 0.5,
cq =05 ¢ =03 %x; =1, k3 = 15 and Y = 1. (a) shows a two-dimensional graph, where
x € [-2,2] for « = 1; blue indicates t = 0, orange indicates = 1, and green indicates t = 2.
The phases of the waves change with the change in time. It shows the waves are time-dependent.
(b) displays a two-dimensional plot at x € [—2,2] and t € [0,2]; red indicates & = 0.5, black indicates
« = 0.7, and blue indicates & = 1. The phase of the wave changes with the change in the value of the
fractional derivative parameter «. It shows that the phase of the wave is also a-dependent. (c) shows
a3D plotata = 0.6 for t € [0,2]. It shows a wave-like pole in both directions. (d) shows a contour

graph for « = 0.6 when 0 < t < 2.
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Figure 6. Kink-singular soliton. Graph of h(x, t) in Equation (131) for ap = —0.2,a = 0.5, b = 0.5,
g =—05, ¢ =—-02, x5 = —1, k3 =2,and Y = 1. (a) shows a two-dimensional plot for x € (—3,3)
when & = 1; blue indicates t = 0, orange indicates t = 1, and green indicates { = 2. It shows that the
phases of the wave shift with time. So, the waves are time-dependent. (b) displays a two-dimensional
plotatx € (=3,3) and t € (0,2); red indicates « = 0.5, black indicates « = 0.7, and blue indicates
« = 1. It shows that the phases of the waves also change with the change in «. (c) shows a 3D plot for
a =0.6att € [0,2]. It shows wave-like poles. (d) shows a contour graph for « = 0.6 when 0 < t < 2.
Kink-singular solitons are used to explain models’ phenomena in nerve fibers, liquid crystals, etc.

7. The Stability Analysis (SA)

Stability analysis was employed to describe how the system reacts over time and
how it acts in response to outside influences. In order to describe the stability of an
equation in applications, SA is carried out by testing some obtained solutions and applying
the characteristics of the Hamiltonian system. The stability of various models has been
analyzed in the literature, including [31,32]. Let us examine the selected equation. We
define the Hamiltonian transformation for the stability of Equation (1) as [33,34]

S = % / 12 dx. (132)
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where h(x,t) denotes the possibility of power, and S denotes the momentum factor. We
now present a prerequisite for stable soliton solutions.

oS

53 >0, (133)

where A indicates the wave speed. Using Equation (88) in Equation (132) provides

FA+Y) (oa_ o
2/ umpff( Y )y, (134)

Equation (134) provides the solution:

S = (6(a3(a+b)? — 2agm(a + b) (@ T AR=6) _ gt 6-A) | 1215 10g(d))
+6nplog(d)(24m2plog(d) — (dP™ % (AR =6) _ gt (6-A1)y (gp R (At 6)

e O —an))))/(a b)), (135)

where ——1 ——— =
Byﬂicz)ﬁ)tgtzigglthe result given in Equation (135) into Equation (133) and using
A= m, we obtain the following:
(6(6mplog(d)((ptlog(d)d * P o - ogs Hd e )
( PO a0 | o) am) + ( P G +6)
5 ) (prlog(@)d © a0 4 prlog(d)d ¢ e 0

r(1+Y) ( [ —6) ra+y) ( 1 +6)

2a9m(a + b)(ptlog(d)d® * FeF@1 Y _ptlog(d)d’ © @1 O)))/((a+b)2) > 0. (136)

By using the values Y = 1,090 = 02,4 = 05,0 = 0.5,m = —5,p = 0.2,d = 4,t = 1 in the
above expression (136), we ob tain the solution: 14626.2 > 0.

Hence, Equation (88) satisfies the given condition. So, Equation (88) is a stable solution.
Similarly, we can check the stability of the other solutions.

8. Modulation Instability (MI) Analysis

A steady-state method for solving the generalized shallow water wave equation model
is [35,36]
h(x,t) = (H(x,t) + v/T)e™. (137)

where 7 is the optical power of normalizing.
Insert Equation (137) into Equation (1). Using linearity, one gets

—1THy — Hyt — Hyx + tTHyx + Hyxxt = 0. (138)
Suppose the solution of Equation (138) is
H(x,t) = Hye'P¥=@) 4 HyeHpx—wh), (139)

Here, p and w are constants. Equation (139) is substituted into Equation (138). After solving
the determinant of the coefficient matrix, we obtain the dispersion relation by adding the
coefficients of ¢/P*~@t) and e~HPx—wt),

—0%72 + pw? — 20°w — 20* 7% 4 20%W? + p* — 20%w — p?1% + p*w? = 0. (140)
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The dispersion relation can be found in Equation (140) for g, which results in

ey AP
w*iT‘sz_f_l- (141)

The steady-state stability is demonstrated by the obtained dispersion relation. The steady-
state outcome is not stable when the wave number w is not real because the perturbation
increases exponentially. However, a steady state becomes stable against minor perturba-
tions if w is not imaginary. The result is an unstable steady state if

p? < 0. (142)

It is possible to acquire the MI gain spectrum G(p) as follows:

G(p) =2Im(w) = £1+ p\z/fl‘ (143)

9. Findings and Analysis

Now, we compare our solutions with the existing solutions to the considered model.
By using the (ﬁ) expansion technique in [24], distinct types of periodic and sin-
gular wave solutions are obtained. By applying the class f(G, G') expansion scheme
in [25], different kinds of traveling wave solutions are obtained. By utilizing the mod-
ified rational sine—cosine method in [26], many explicit wave solutions are obtained.
Similar models are discussed in [37,38] through the modified auxiliary equation, (G'/G)
expansion, and the improved (G’/G) expansion techniques. We studied the fractional
form of the considered equation to understand the phenomena. We utilized effective
techniques: the improved (G’ /G) expansion technique and the modified extended direct
algebraic technique. As a result, we obtained various exact solitons, including periodic,
singular, bright-dark, kink-singular, rational solitons, and many others. The impact
of the fractional derivative on the obtained solutions is also shown through 2D graphs
in Figures 1-6. The validity of the obtained solutions was checked by putting them
back into the considered model. By comparing the obtained results with the existing
results, we validated our results. Moreover, the stability of the obtained solutions was
also checked. Further, the modulation instability is explained with two-dimensional,
three-dimensional, and contour graphs as shown in Figure 7. The achieved solutions
are useful for future studies of the considered model. Furthermore, the effect of the
following terms can be discussed in future studies of the model.

(i) ADbody force term, representing the applied force or flow;
(ii) A density gradient term, representing the effect of density variations on the wave;

(iii) A viscosity term, representing the effect of friction or dissipation on the wave.
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Figure 7. MI gain spectrum. This figure is drawn for the Equation (143). (a) represents the
two-dimensional graph for T € (—10,10). (b) shows the three-dimensional graph for T € (0,2) and
o € (—3,3). (c) represents the contour graph for T € (0,2) and p € (—3,3).

10. Conclusions

This paper successfully obtained diverse exact soliton solutions for a truncated M-
fractional nonlinear (1 + 1)-dimensional generalized shallow water wave equation. We
employed two efficient techniques: the improved (G'/G) expansion technique and the
modified extended direct algebraic technique. The obtained solutions included kink,
dark-bright, periodic, and various other wave solitons. We examined the impact of the
fractional derivative. Mathematica software was utilized to obtain and validate our results.
Additionally, in Figures 1-6, we used 2D, 3D, and contour graphs to visualize some
of the obtained wave solitons. Our results can be applied in ocean engineering, fluid
dynamics, and other fields. The stability of the governing model was also investigated.
In conclusion, these methods are simple and very efficient when applied for solving
nonlinear fractional models.
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Abstract

The oscillatory properties of pendular motion, along with the associated energetic con-
ditions, are used to induce analytical functions capable of simultaneously describing the
angular position and velocity. To describe the angular position of a generic pendulum, for
very large amplitudes of oscillation, we used the numerical solutions obtained from the
numerical resolution of the differential equation of motion. The solver software needed
was built using the LabView 2019 platform, but any other ODE solver containing peak
and valley detectors can be used. The fitting software and plots were performed with the
ORIGIN 7.0 program, but also other equivalent programs can be used. For a non-damped
pendulum, an analytical model is proposed, built from simple trigonometric functions, but
containing the important physical information of the dependence between the period and
amplitude of oscillation. The application of the proposed model, using the numerical solu-
tions of the non-approximated differential equation of motion, shows very good agreement,
less than 0.01%, for large amplitudes, up to 37/4.

Keywords: undamped pendulum; very large angular oscillations; friction; damped oscillator

MSC: 70-10

1. Introduction

When pendula motion is studied in university graduate courses large angle oscillations
are usually omitted.

Two reasons contribute to that omission; the period is amplitude-dependent and there
is a lack of simple periodic functions able to reproduce correctly the angular dislocation.

The period amplitude dependence problem can be removed because there is an
analytical solution, a function involving the first kind complete elliptical integral that is
well known by academics, with calculation nowadays simplified as it is included in several
mathematical software packages used widely.

The second problem, a periodic function to describe 6(t) is more paradigmatic be-
cause the usual function cos(wt) is inaccurate for large angle oscillations, even when the
frequency amplitude dependence w(6y) is correctly introduced (Figures 1-3).

For these reasons, most of the referenced authors, and we cite several [1-13], seek
analytical solutions in the form of a sum of sinusoidal functions, truncating this sum when
the error is acceptable.

Mathematics 2025, 13, 2836 https://doi.org/10.3390/math13172836
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Figure 1. ODE are numerical data. Relative angle, for the initial quarter period of a pendulum
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dropping from an initial angle 6y =

1.0 - e ODE numerical -
+ Model: cos(et)
Model: sin(3*cos(et))/sin(3)
] 6,= n/2
e=0.847
= 0.60192
o 05
S?.
lan}
0.0 ; :
1 2

'c—(no’t

Figure 2. ODE are numerical data. Relative angle, for the initial quarter period of a pendulum
T

dropping from an initial angle 6y = 7.
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Figure 3. ODE are numerical data. Both models describe very well the relative deviation during the
initial quarter period of a pendulum dropping from an initial angle: 6y = Z.

What we propose in this article is different, a simple trigonometric analytical solution,
sin(d cos(wt))
sin(d)
an initial angle of 135°.

of the type for the angular deviation of a pendulum without damping, up to

We also showed that its derivative, the angular velocity, also satisfies the data obtained
in the numerical solution of the oscillation ODE.

The letters introduced follow the usual nomenclature: () stands for angle deviation,
0 is the initial angle, and w = ZT” is the angular frequency (T is period, time between three
consecutive zeros of the speed). It is assumed in all examples that the pendulum is released
at the initial time t = 0 from angle 6.

The results presented are valid for any physical pendulum of mass m, inertia moment
I, and diLstance L from pivot to the center of mass. The natural frequency is therefore
w2 =m

0~ I

In the following section, we will focus our attention on the frictionless pendulum.

The traditional Model 1 is presented, which, as we already know, does not provide an
adequate response, either for the amplitude or for the velocity, for large initial angles.

We then develop our proposed Model 2, which, as will be shown in Figures 1-6,
describes amplitude and velocity along the entire path with great accuracy. This section
may be useful in teaching pendulum motion at engineering universities, without worrying
about friction forces.

In Section 3, we will address the pendulum with friction, the damped pendulum. The
introduction of friction forces in our pendulum requires special care with the solution of the
new ODE. For this reason, we consider that Section 3 can be considered as an extra of the
Appendix type. As such, it may only be of interest to those who wish to study pendulum
situations with various friction forces.

In this article, we will introduce three types of frictional forces: constant, proportional
to velocity, and proportional to the square of velocity. In a recent article [14], the author
addresses this theme without concern for describing large initial angles.
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Figure 4. ODE are numerical data. Velocity evolution, for the initial half period of a pendulum
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Figure 5. ODE are numerical data. Velocity evolution for the initial half period of a pendulum
dropping from an initial angle 6y = 7.
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Figure 6. ODE are numerical data. Velocity evolution for the initial half period of a pendulum

dropping from an initial angle 6y = 7.

2. The Undamped Pendulum
2.1. Differential Equations and Period

The fundamental equations governing motion and energy of a generic undamped
physical pendulum are simpler to write:

d?0 , d?0 > .
IW = —mgLsin(f) < PR sin(0) 1)
2 2
;I(Zf) —mgLcos(0) = —mgL < <il(;> = 2w (cos() — cos(bp)) (2)

The extrema of 6(t) are the nulls of velocity: % =0 = Oextrema = 6.
The extrema of velocity are nulls of acceleration:

: _ o B . (b
sin(f) =0 = (dt>mrem = 2wy sm( > ) 3)

Notice that Equation (2) can be easily obtained by multiplying Equation (1) by d0 and
integrating once.

To obtain information about the period, it is necessary to solve Equation (2) to time.

Assuming that the pendulum falls from the maximum angle,

de 0 dae
at = ~ wyr/2(cos(8) — cos(By)) i _/90 wo/2(cos(8) — cos(6p)) @

Using transformation to the semi angles, Equation (4) writes

do

0
t=—/
! ZwO\/sin2<920> —sin2<g>
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This integral can be again transformed, using sin(%) = sin(%o) sin(¢). Note that
when 6 is maximum ¢ = 7 and when 6 is minimum ¢ = —7. When 0 is null ¢ = 0. When
it starts from the maximum,

fr——"
t=—
2 wo\/l —sin2<920> sin? ¢

The quarter period is reached when 6 = 0, thatis ¢ =0,

a9 ®)

T
I_L/E
4 wolo
\/1—sin2(920> sinzgo

This integral is the complete first order elliptic integral K (sin2 (970) ; %), tabulated and

found in mathematical packages as a predefined function. The expression for the period is

0 0
T= j()K(sin2<2O>;72T> - T072TK<sin2(20)> @)

The ratio between frequencies will be widely used and is designated by &(6p),

w TO 7T

8(90):“’():T:21<<5;ir12(92o>) ®)

2.2. Solutions for Angle and Velocity
2.2.1. Model 1

Knowing the period we concentrate our attention into the periodic analytical function
able to reproduce the angular dislocation. The simpler choice is the usual trigonometric
cos(wt), that is, the exact solution for the common harmonic oscillator:

6(t) = 0y cos(w(by)t)
{ ( ( ©)

99 — —wysin(w(fo)t)

This choice seems to be not accurate for large initial angles.

The comparison with the numerical results obtained from the solution of differential
Equation (1), (Figures 1-3), presents significant differences for large angles.

However, the worst problem comes from the velocity Equation (9), (Figures 4-6).

This sinusoidal function predicts a maximum velocity (%) = wby and we know
max

that maximum velocity should be, by expression (3), (%) = 2wy sin(%o) .
max

Equating the two, a condition is obtained: - = Si‘LEe/UZ/ 2)

This ratio was calculated in the last section for a period and depends on the

elliptical integral

e(60) = - = ——

@ 2k(sin(%))
The two results are incompatible.
As an example, for 6y = 5 = sin(®/2) _ 0.9003 and &0 = €(6p) = 0.847, the difference

60 /2

is obvious.
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2.2.2. Model 2
We need a different function, whose derivative should lead to the right velocity
amplitude:
0(t) = 0o f (1) with u = cos(wt)
a0 _ 0 daf . (10)
9 = —bowg; sin(wt)
with the conditions
f(£1) = +1 (11)
and p o
(f) _ wosin(%/2) (12)
du /),y w /2
A good candidate is
sin(d cos(wt))  sin(du)
p— = l
f(u) sin(9) sin(9) (13)

A parameter 6 was introduced. This function always satisfies condition (11) for
every 0.

Its derivative is as follows:
df _ écos(du)

du  sin(f) (14)
To satisfy condition (12), Equation (14) imposes a definition of parameter o:
af _ 0 wpsin(f%/2) _ 1sin(%/2) (15)
du), o sin(6) w &2 & 62
Parameter 6(6p) can be extracted from the knowledge of 6y and €(6y);
. o
sin(d) sin(fo/2) 7 (16)

5 %/2  2K(6p)

The transcendent Equation (16) can be solved numerically, using for instance the
Newton-Raphson method, to extract the solution é(6p).
Now we have system (10) completely defined:

— g, Sin(d cos(ewpt))
6(t) = 90~ (17)
% = —2wq sin(6y/2) cos(é cos(ewpt)) sin(ewpt)

The pendulum physical characteristics appear in these equations only in parameter wy.

To obtain a system independent of these characteristics, it is enough to change from
variable t to variable T (T = wyt). Furthermore, to compare the different examples in this
study, we used relative angular dislocation 6/, instead of the absolute value. The system
used, named Model 2, was

% _ sin(ﬁ.ctzz()ET))
; 0 sin 18
d(ed/fU) = —SH};(:%Z) cos (6 cos(et)) sin(eT) (1%

Parameter £(6)) is given by expression (8) and 6(6y) is the solution of Equation (16).

We chose three standard initial angles {%T” ;5 %} to compare the results obtained
by the numerical solution of the motion differential Equation (1), with Model 1 (system 9)
and Model 2 (system 18).

In Figures 1-3, the results for the three angles are presented and in Figures 4-6 the

respective velocities are presented.
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The simpler Model 1 is not appropriate, but Model 2 adjusts very well the
numeric data.

The simpler Model 1 begins to show a disagreement with the numerical solution,
especially halfway, because the predicted minima differ from the numerical ODE solution.
Model 2 adjusts very well all the way.

Both models describe well the evolution of the velocity during the initial half period,
although Model 2 shows a better agreement.

2.3. Conclusions for the Undamped Pendulum

This work shows that the large angle oscillations of an undamped pendulum can be
suitably characterized using a simple and univocal composed sinusoidal function. The
introduction of an amplitude dependent parameter allows the correct angular description.
The correct angular velocity is obtained by simple differentiation of the angular function.

We can conclude that, up to 130°, Model 2 is always much superior to the
traditional model.

The exploration for higher angles begins to show divergences, and we would have
to develop more complex analytical functions that are not the more didactic objective of
this article.

3. The Damped Pendulum

Let us accept that the main forces of friction acting on our pendulum can be of three
types: constant, proportional to velocity, and proportional to the square of velocity.

In a recent article [14], the author explains these three types of friction acting in
pendular motion and modulating its extremes. The constant is of the Coulomb type, the
one proportional to velocity is the traditional viscous, and the one proportional to the
square of velocity is related to high speeds.

One of the fundamental reasons why Model 2 succeeds where Model 1 does not
function is that the average value of the quantities, especially the velocity, is different in the
two cases.

Now, with the different types of friction forces depending on speed, we will need to
calculate these average values.

For this reason, we anticipate the calculation of these average values right away. We
will see that the results will be important later for Equation (28).

The Expressions (19), (21), and (22) represent, respectively, the average values of speed,
the square of speed, and the cube of speed for the pendulum:

— 1 E() —

ol wobo 22| A2 K(8o) )3 2w
0| = 0| =0 - 0 | = ——(sinfy — By cos O
’ ‘ K(Go) max sin2<%0) K(QQ) ( 0 0 0)

Using the new differential equation of motion (23), we were able to derive differential
Equation (30) for the angular amplitude. To obtain analytical solutions, it is preferable to
transform it into a velocity, Equation (31).

We found that there are three functions f,, fo, and fg that completely affect and dom-
inate each of the friction coefficients. These three functions are calculated in Figures 7-9,
adjusting to the numerical data. It was found that, for angles up to 90°, each of the functions
can be defined by a third-degree polynomial, thus obtaining a matrix (34).

75



Mathematics 2025, 13, 2836

O/(2K(©)sinG/2)

Data: Data1_G
045 Maodel: Cubic
- Equation: .
y=A+ B+ C'x'2 + D'x"3
0.40 No weighting
B Chi*2/DoF =4 9728E-8 i
0.35 4 R’2 = 0.99943 i
1 A 0.63662 +0 -
B -0.00459 +0.00028
0.30 c -0.0147+0.0013
1 D -0.07634 +0.00139 1
0.25
0.20 d . . . . .
0.0 0.2 04 0.6 0.8
sin(©/2)

Figure 7. Function f; and the adjusting third order polynomial.

1-(1-E(0)/K(©))/sin’(©/2)

Figure 8. Function f) and the adjusting third order polynomial.

1.0

0.55 . : : : : :
0.50
0.45
1 Data: Data1‘_K 1
0.404 Eauston: :
| y=A+B'x+ 02 + D3 |
No weighting
Chi*2/DoF = 5.2525E-8
0.35 R*2 = 0.99954 1
- . -
A 0.5 +0
0.30 - B -0.00477 £0.00029
c -0.02238 +0.00134 u
g D -0.08065 +0.00142 g
0.25
0 20 T T T T T T
0.0 0.2 04 0.6 0.8 1.0
sin(©/2)
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(sin@—@cos@)l(4K(®)sin3®/2)

0.45 T T

0.40
Data: Datal_L
0.35 94— Model: Cubic
Equation:
y= A+ B+ Ce2 + D3
No weighting [
Chi*2/DoF =4 595E-8 u
0.304— r2 =090 —
A 04244 50 "
B -0.00427 +0.00027 - T
C -0.02674 +0.00125
0254 D -0.07539 +0.00133
[
0.20 T T T
0.0 0.2 04 0.6 0.8 1.0
sin(©/2)

Figure 9. Function fg and the adjusting third order polynomial.

Substituting into the initial Equation (31) we obtain an ODE (35) for the speed, linear

of the

To achieve some practical results, we assume that the terms of the speed with a degree
higher than quadratic can be neglected, and we obtain a much-simplified ODE (36), where
there are only three constant coefficients: a, b, and ¢, which depend only on the friction

5th degree.

coefficients expression (37).

In Section 4, we will verify Equation (36) with the numerical data from the solution of
the equation using LabView software [15,16]. Three practical examples of different forces

were made.

In the first case, the pendulum only contains the force of viscous friction and two
different friction coefficients, A = 0.008 in Figure 10 and A = 0.08 in Figure 11.

1.4 -

1.2

1

0.

0.

0.4

0.

0.

Figure 10. Pendulum dropped from 1.5 rad and acted on by a viscous force with coefficient A = 0.008.

.0

A =0.008

i

8 4

6

AN

Model: PENDULO-2

Equation: 1
P1*exp(-P2*x)/(1-P3*"P1*(1-exp(-P2*x)))
No weighting I
Chi*2/DoF = 3.0239E-6

R*2 = 099998

P1 1.36328 +0

P2 0.004 0

P3 0.03562 £0.00035

24

N

S~—

0 .
200

400

600

T
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A =0.08

1.4 4 — [ T
1.2 Model: PENDULO-2 -
' Equation: 4
10 P1*exp(—P2*x)/(1-P3"P1*(1-exp(-P2*x)))
: No weighting ]
Chi"2/DoF  =1.9318E-6 ]
A =
osd ] RA2 0.99998 i
P1 136328 10 .
G 0.6 P2 004 %0 i
' P3  0.03625 +0.00088
0.4
0.2
0.0 .

I
0 20 40 60 80 100 120 140 160

Figure 11. Pendulum dropped from 1.5 rad and acted on by a viscous force with coefficient A = 0.08.

In the second example, the pendulum contains only the constant friction force and
two different coefficients of friction, u = 0.002 in Figure 12 and p = 0.008 in Figure 13.

u=0.002

1 Data: Data1_B
4 Model: PENDULO-4
J Equation:
{(—P1*(P2+P3)+P2*(P1+P3)*exp(—(P2-P1)*P4*x))/
1.2 (P2+P3—(P1+P3)*exp(—(P2-P1)*P4*x))
No weighting
1 Chi*2/DoF = 6.3166E-9
R2 =1
1.0
J P1 5.12099 +0.01879
P2 -5.48744 *0.01221
0.8 4 P3 1.36328 0
G -0.00005 +2.6229E-7
0.6
0.4
0.2 1 —
0.0 . T T T I ' . ] '
0 200 400 600 800 1000 1200
T

Figure 12. Pendulum acted on only by a Coulomb constant drag force with coefficient y = 0.002.
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u=0.008

T T .
1.4 Data: Data1_D
: Model: PENDULO-4
4 Equation;
(—P1*(P2+P3+P2*(P1+P3) exp(—(P2—P1)"P4"x))/
1.2 (P2+P3-(P1+P3)"exp(~(P2-P1)*P4"x))
No weighting
] Chi"2/DoF = 6.2727E-9
1.0 R"2 =1
i Pl 512099 +0
P2 -5.48744 +0
0.8 P3  1.36328 +0
—0.00018 +1.9558E-9
0.6
0.4
0.2 -
0.0 T . T T T . : i !
0 50 100 150 200 250 300
T

Figure 13. Pendulum acted on only by a Coulomb constant drag force with coefficient y = 0.008.

In the third example, the pendulum contains only the force of quadratic turbulent
friction and three different friction coefficients; b = 0.04 in Figure 14, b = 0.08 in Figure 15,
and b = 0.008 in Figure 16.

b =0.04

1.4 T T I I T I :
1.2 Data: Data1_F -
Model: PENDULQ-5
Equation: 1
1.0 4 —-P1+P2*tan(-P2*P4*P5*x+atan((P1+P3)/P2)) L
No weighting
1 Chi*2/DoF =0.00001 1
081 P1 -0.0068%0 ]
1 P2 0.03828 +0.00065 1
G 0.6 - P3 1.36328 +0 L
: P4 0.04 0
E 0.4244 +0
0.4 1
0.2
0.0 - , . . t . i . ,
0 200 400 600 800 1000

T

Figure 14. Pendulum acted on only by a turbulent quadratic drag force with 3 = 0.04.
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p=0.08

14 T T T T I i
Data: Data1_D
1.2 Maodel: PENDULQ-5 -
Equation:
E —P1+P2*tan(-P2*P4*P5*x+atan((P1+P3)/P2)) .
MNo weighting
1.0 Chi*2iDeF = 0.00001 -
1 P1 -0.00683 +0.00061 1
08- _ [ _ P2 0.03834 +0.00211 i
. P3 1.36328 +0
i P4 0.08 0 i
P5 0.4244 +0

1 -4 L I T L] 1 L 1 T
Data: Data1_B ’
1 2 _ Model: PENDULO-5 ||
' Equation:
] ~P1+P2*an(—P2'P4*P5*x+atan((P1+P3)P2)) |
Mo weighting
1 0 Chi*2/DoF = 0.00003 -
1 P1 —0.0068+0.00039 1
P2 0.0383 %0
0.8 - - - : P3  1.36328 £0 .
P4 0.008 =0
G T P5 0.4244 +0 T
0.6
0.4 1
0.2
OIO Ld I T T L} I T
0 200 400 600 800

T

Figure 16. Pendulum acted on only by a turbulent quadratic drag force with 3 = 0.008.
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3.1. Average Values of Velocity

3.1.1. Half Period Velocity Average Value 0

There are some important physical consequences of the period amplitude dependence
found in (7). The average value of velocity in each half cycle depends not only on the
extrema angle but also on the half period.

The harmonic oscillator has an average velocity 490 = % and the value for the
pendulum is

Al 4600 - wpbo
’ ‘ = T, 3K(8) _ K() (19

Only for small values of amplitude they are similar. For instance, if

0 = g - K(sinz(g)) — 1.85407,

meaning that the pendulum average velocity is 15.3% lower than a linear oscillator.

-2

3.1.2. Half Period Square Velocity Average Value |0

The square velocity given by (2) changes signal each half cycle;

do YA fo
i :I:Zwo\/sm <2) sin (2) (20)

To obtain the average value we integrate over half a period:

0\ *
fOT/Z <dt) dat f90 @d@ —6, S, 0 S, 80
7 = K(60) = 90 /9 sin (2> — sin <2>d9

7T

>

Using, as before, sin (%) = sin(TO) sin(¢), we obtain

2
_ Awg o (60 [ cos’ ¢ _ A _ ( ) 20 . o
= K@) sin (E),/o \/ de = (% 1 —sin o )sin“¢ do

0
/2 ?
i
1—sin2<%0> sin? ¢ 1—sin2< )sm o

The first integral gives the elliptic integral of first kind K (sm (%’)) and the second
the elliptic integral of second kind E (sm (90 ) )

() ) - (3) 1+ )

Using the maximum velocity, the expression is

1 _ E&) _ 1 _ E(6o)
= 4w} sin? (920) 1— w = anax 1- 7(:0 (21)
sin ( 0) sin? 0)

The corrective term inside parentheses is a characteristic of pendulum motion.

.2

1-2]
0

N

ANM

81



Mathematics 2025, 13, 2836

For small amplitudes, the ratio of the two elliptic integrals is KEZO; ~1-3 1 sin? (90
and this term is close to %2 the average value of the quadratic sinusoidal functions, charac-

teristic of a linear oscillator.
In fact, for a linear oscillator, the calculation is simple:

T/, (40 2 0 dg
G (G) a g

_ _ _ 2wo % 2
e et o ML R

=3
0

3.1.3. Half Period Cubic Velocity Average Value

To obtain the average value we integrate over half a period;

1, (0 gy (07
a7 o <dt> atJo ) 0w

fo
6| = = = — cos ) 0)do
T/ TOK(GO) K(GO)w/*eo( cos g + cos 0)

7T

This is a direct integration:

. - wy . _
0| = K(60) (sin 6y — 6y cos Bp) (22)
For small angles, sin 6y ~ 0 96 ,cos0p~1— 2 and K(6p) ~ 7. The average value
.3 343
rests ‘6 ~ 4(;’%90 = 4 Gmax

For a linear oscﬂlator the calculation is

1t (d0\° do
R (dt) atf," ( de _ 2w 203

dt —o 4w
= = = 05 — 6% )do = —22
To/2 To/2 To /90 ( 0 ) 3

3.2. Differential Equations and Amplitude

Fundamental equation governing motion of a generic damped physical pendulum is,

instead of (1),
d29 . 0

Three types of generic torques are included. A constant torque associated to pivot rota-
tion, a viscous torque due to solid fluid flow, and a quadratic term usually associated with
turbulent flow. The coefficients used have index R because they are real force coefficients:

[ur = [N] Ag = lkg/s]  pr = [kg/m]].
Dividing by inertia (I) we obtain the equation for acceleration:

fARLéfﬁRLélé‘ (23)

d20 , 0 : ol
dtz——W(%Sln(G)—VAM—)‘AQ—ﬁAQ‘G’W“h [P‘A:# )\A:ALIL ﬁA:ﬁ"%

The coefficients used now have index A because they are acceleration coefficients.
This equation can be made independent of the proper frequency by changing time to
phase time T = wpt:

g — —sin(6) —y‘z‘ —Aé—ﬁéﬂé\ with =8 A=jfwo p=ftad] @
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Now all differentiation is for T and the coefficients have lost the index.
This is the equation that must be solved to obtain the angle deviation and the
angular velocity.
. . . . a6.
To obtain the energy equation we multiply Equation (23) by %;:

d (1 |do*\ d (0 2\ |de

The left side represents the instant power and the right side contains the instant

de
dt“"ﬁl{

de

dt

dissipated power.
As before, this equation can be made independent of the proper frequency by changing
time to phase time T = wyt:

i(éz—kﬁlsinz(z)) = —2(}!’9‘ +)\‘9’2+,BR‘9‘3> (25)

This is the energy ODE equation that will be used simultaneously with Equation (24)
to obtain angle, angular velocity, and total energy.

To obtain information about the amplitude function, it is important to follow the
instants of null velocity from Equation (25). We will follow these points (T;  Oextrema) -0
by using the amplitude function ©(7;) = |Bextrema(Ti)|,_,- This function is the tail of the
angular amplitude.

From energy in Equation (25) we obtain important information; the velocity amplitude
= 2sin (%) .

and the angular amplitude are related through a simple function ‘égxtrema
Of course they do not occur at the same instant, but the continuous angular am-

plitude function ©(7) enables us to obtain the continuous velocity amplitude function
Q(tr) =2 sin(%).

The total energy variation in each half period can be evaluated by integrating (25)
between two successive instants of null velocity:

A<4sin2<(;))> - —271<y‘9’+A‘é‘2+ﬁR‘é‘3)dT (26)

The time interval is AT =711 — 7; = WO@ = n%?).

This ratio was evaluated in (8) and allows a univocal expression for the time interval:

AT = 2K (sin2 (?) ) (27)

The average power loss in each half cycle is therefore the ratio of (26) and (27):

Tit1 . .12 NE
a(asi?(9)) {(#’0‘—%)&‘9’ +ﬁ]9\ >dr

AT =2 AT :—2<‘u‘9’+/\

The result shows that the average power loss in each half cycle is proportional to the

2
0

- ﬁ‘esD (28)

velocity, square velocity, and cubic velocity, during that half cycle.
These average values were evaluated in Sections 3.1.1-3.1.3, Expressions (19), (21),
and (22).
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These expressions must be corrected because we change from time t to the phase
time T

1.2]
0

E(©)
-t

. -8 1.3| .
K@)’ = 4Sln2(%) (1 _ Sin;?%) ;18] = ﬁ(sm@ —Ocos®) (29)

If we assume that the average power loss in each half cycle can be substituted by the
instant power, an equation for the angular amplitude is found:

CE)) rin0®® = 23 @ s ar(wni () 14 D)) g0 0ws0)

To obtain analytical solutions of this equation it is necessary to find analytic expressions
for the elliptic integrals.
Using velocity instead of angle we transform this equation into

| E©) o
dQ:i " Q) aol1- K(©) Jr130281116) ®cos© (31)
dt 2K(©)sin($) sin’ () 4K(©) sin’(9)

Analyzing individually the three functions affecting the three drag coefficients, we find

in Figure 7,

in Figure 8
sin® — O cos ©
fo= . 3(©
4K (©) sin (7>
in Figure 9.
We conclude that, apart from the very large angles, they could be adjusted using
polynomials of sin(%).

A third-degree polynomial seems to be enough for angles as high as 7.
The results are presented in the same Figures 7-9.

= st Sy = 2+ Arsin(§) + Agsin?(
(€]

~ K@) . (0 .
fAZl—ﬁ=%+Blsm(7>+stm2(2 ) (32)
_ sin@-Bcos® _ 4 O a2 (© Q
fg= ALSII?(@)sing(ZS%) =3 +C sm(7) + C sin (7) + C3sin (7)
The adjusting matrix found was
Al Ay Az —0.00459 —0.01470 —0.07630
By By, B3| = |-0.00477 —0.02238 —0.08065 (33)
G G G —0.00427 —0.02674 —0.07539
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The three functions can be written in terms of a velocity polynomial:

fu= 2+ 50+ 200+ 00
=14 B B2y B3 34
fa 2+20+4Q+80 (34)
C C C
fp =35+ 30+ RO+ Q07

Notice that the independent terms are the same as those found for the linear oscillator.
Equation (31) can now be rewritten as a first order ODE function of ():

B = ~(ufut 0L 4Bl = A e
2p— (Dt 32)0 - (%pt Ba+ 2p)0? - (Bt 2a+ Gp)0* — (Ba+ p)at — Gpod

n

(35)

To obtain analytical solutions we assume that the third degree and higher terms can
be neglected.

This should be true for amplitudes lower than @ < 7.

Equation (35) takes the form

aQ

a2 00 fc —dT (36)

Coefficients 4, b, and c depend only on the drag coefficients:

_ 2
€= nH
b=+ 1A= 22955103 + 1A (37)
a=2u 4 BA 4 Lp= 36754103 — 23851034 + £

The solution of (36) depends on the type, real or complex, of the second-degree
polynomial roots.

When the discriminant is positive, b? > 4ac, the two roots are real, and the decay is of
an exponential type.

We call this case viscous oscillation.

When the discriminant is negative, b> < 4ac, the two roots are complex, and the decay
is of a tangent type.

We call this case turbulent type oscillation.

4, Results from Numerical Data

The coefficients obtained in Equation (35) must be tested using numeric data.

We do not know if the non-dominant terms represent univocally the best approach to
the third order polynomial itself and the best choice when reduced to the second order.

In order to obtain the coefficients from numeric data we must solve the ODE containing
one of the forces at a time, pick the oscillation extrema, and fit to the corresponding
mathematical model.

4.1. Pendulum Acted on Only by the Viscous Drag Force

This is the most academic case but the analytical function available for amplitude
decay is valid only for the very small angles.
From (34) the polynomial coefficients are

[a:B1% b:% c:O}

The solution and predicted adjust parameters of function (35) are
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0o

0= Zoeiér
1+ B1Q)y

e (38)
1— B Zge 27

where Zy =

In order to obtain univocal parameter dependence we change Formula (30) to

used @y = 1.5

Figures 10 and 11 contain numeric data and adjusting parameters for two cases of a
pendulum dropped from an angle of 1.5 rad and acted on only by a viscous force with
coefficients A = 0.008 and A = 0.08, respectively.

The velocity amplitude is very well described with the same parameter B; = —0.036.
This value is lower than the one predicted by our polynomial (B; = —0.00477) indicating a
wrong choice.

We conclude that the viscous force can be represented by the three-component vector:

ay=—0018A by=14 ¢\ = o] (39)

4.2. Pendulum Acted on Only by the Coulomb Constant Drag Force

This case is important to check the adjusting polynomial coefficients. From (33) and
(34) the polynomial coefficients are

7T

a=—-00037; b=-00023; c=2y

The solution predicted is again of viscous type due to the presence of the negative
coefficient a.
To adjust data we used a complete model designated by PENDULO-4:

_ —Py(P, + P3) + Pr(Py + P3)e—(P2=P1)RsT
(P, + P3) — (Py + P3)e~(P—P)Pur

(40)

The coefficients P1 and P2 are the real roots of the polynomial, P3 is the initial velocity,
and P4 is the constant a.

[Pi=t3/A p=t8/A p—qy Py=a|=[a=P L=P+P £=PP)

Figures 12 and 13 contain numeric data and adjusting parameters for two cases of a
pendulum dropped from an angle of 1.5 rad and acted on only by the constant drag force
with coefficients p = 0.002 and p = 0.008, respectively.

We conclude that the Coulomb force can be represented by the three-component
vector:

[au = —0.02265 b, = 0.0083u ¢, = 2u (41)

4.3. Pendulum Acted on Only by the Turbulent Quadratic Drag Force

This is the third case we must solve, to check the adjusting polynomial coefficients.
From (33) and (34) the polynomial coefficients are

[a:%ﬁ b=0 c:O}

The solution predicted is of the turbulent type.
The polynomial aQ? + bQ) + ¢ has complex roots because A = b? — 4ac < 0.
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The solution of Equation (36) is now of the tangent type

b VA VA 2000 + b )
Q=——+— ——+Z h Zy)) = —— A = 4ac — 42
% + 7 tan< 5 + 0) where tan(Z)) A and ac—b- (42)
To adjust data we used a complete model designated by PENDULO-5 with five
parameters:
Q=-p +Pztg<—P2P4P5T+arctg<P1;P3)> (43)
2

The coefficient P3 is initial velocity, P4 is 8, and P5 is 3 coefficient, expected to be %.
[HZ% Py=Y2 Py=0y P4=,5} = {a:P55 §=2P §= (P12+P22)}

Figures 14-16 contain numeric data and adjusting parameters for three cases of a
pendulum dropped from an angle of 1.5 rad and acted on only by a turbulent drag force
with coefficients 3 = 0.04, 0.08, and 0.008, respectively.

We conclude that the turbulent force can be represented by the three-component
vector:

ag = =B bg = —0.0058 cg = 0.00064p (44)

As expected, the b and ¢ components are very small and can be neglected in

usual calculations.

4.4. Conclusions for the Pendulum with Friction

The seven examples used in the last seven figures show that it is possible to univo-
cally fit the obtained functions to the numerical data for angles much higher than those
traditionally used in the approximation. sin(6) approximately equal to 6.
Funding: This research received no external funding.

Data Availability Statement: The original contributions presented in this study are included in the
article. Further inquiries can be directed to the corresponding author.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Kidd, RB.; Fogg, S.L. A simple formula for the large-angle pendulum period. Phys. Teach. 2002, 40, 81-83. [CrossRef]

2. Parwani, R.R. An approximate expression for the large angle period of a simple pendulum. Eur. . Phys. 2003, 25, 37. [CrossRef]

3. Belendez, A.; Hernandez, A.; Marquez, A.; Beléndez, T.; Neipp, C. Analytical approximations for the period of a nonlinear
pendulum. Eur. ]. Phys. 2006, 27, 539-551. [CrossRef]

4. Lima, EM.S. Simple ‘log formulae’ for pendulum motion valid for any amplitude. Eur. ]. Phys. 2008, 29, 1091-1098. [CrossRef]

5. Beléndez, A.; Rodes, ].].; Beléndez, T.; Herndndez, A. Approximation for a large-angle simple pendulum period. Eur. J. Phys.
2009, 30, L25. [CrossRef]

6. Johannessen, K. An approximate solution to the equation of motion for large-angle oscillations of the simple pendulum with
initial velocity. Eur. J. Phys. 2010, 31, 511-518. [CrossRef]

7. Butikov, E.I. Oscillations of a simple pendulum with extremely large amplitudes. Eur. J. Phys. 2012, 33, 1555-1563. [CrossRef]

8. Benacka, J. Fast converging exact power series for the time and period of the simple pendulum. Eur. J. Phys. 2017, 38, 025004.
[CrossRef]

9. Lima, EM.S. Simple but accurate periodic solutions for the nonlinear pendulum equation. Revis Bras. Ensino Fisica 2019, 41,
€20180201-e20180202. [CrossRef]

10. Abdulkareem, S.S.; Akgiil, A.; Jalal, V.J.; Faraj, B.M.; Abdulla, O.G. Numerical solution for time period of simple pendulum with
large angle. Therm. Sci. 2020, 24, 25-30. [CrossRef]

11. Big-Alabo, A. Approximate periodic solution for the large-amplitude oscillations of a simple pendulum. Int. |. Mech. Eng. Educ.

2020, 48, 335-350. [CrossRef]

87



Mathematics 2025, 13, 2836

12.

13.

14.

15.
16.

Big-Alabo, A. Fifth-order AGM-formula for the period of a large-angle pendulum. Rev. Bras. Ensino Fisica 2023, 45, €20230014.
[CrossRef]

Erol, M.; Ogur, M. Teaching large angle pendulum via Arduino based STEM education material. Phys. Educ. IOP Publ. 2023, 58,
045001. [CrossRef]

Fernandes, ].C. The Characterization of the Mechanical Harmonic Oscillator Extremum Envelope Shape According to Different
Friction Types. Axioms 2025, 14, 554. [CrossRef]

LabVIEW™ 2019 Is a Product from National Instruments. Available online: http:/ /www.ni.com (accessed on 29 August 2025).
ORIGIN™ 70 s a Product from Origin Lab—Data Analysis and Graphical Software. Available online: http:/ /www.originlab.com
(accessed on 29 August 2025).

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

88



. mathematics ﬁw\D\Py

Article
Solutions for Linear Fractional Differential Equations with
Multiple Constraints Using Fractional B-Poly Bases

Md. Habibur Rahman, Muhammad I. Bhatti * and Nicholas Dimakis

Department of Physics and Astronomy, University of Texas Rio Grande Valley, Edinburg, TX 78539, USA;
habiburrahmanphy42@gmail.com (M.H.R.); nicholas.dimakis@utrgv.edu (N.D.)
* Correspondence: muhammad.bhatti@utrgv.edu

Abstract

This study presents an innovative numerical method for solving linear fractional differen-
tial equations (LFDEs) using modified Bernstein polynomial bases. The proposed approach
effectively addresses the challenges posed by the nonlocal nature of fractional derivatives,
providing a robust framework for handling multiple initial and boundary value constraints.
By integrating the LFDEs and approximating the solutions with modified fractional-order
Bernstein polynomials, we derive operational matrices to solve the resulting system nu-
merically. The method’s accuracy is validated through several examples, showing excellent
agreement between numerical and exact solutions. Comparative analysis with existing
data further confirms the reliability of the approach, with absolute errors ranging from
10718 to 10~*. The results highlight the method’s efficiency and versatility in modeling
complex systems governed by fractional dynamics. This work offers a computationally
efficient and accurate tool for fractional calculus applications in science and engineering,
helping to bridge existing gaps in numerical techniques.

Keywords: Bernstein polynomials; operational matrices; initial and boundary value problems;
fractional differential equations; numerical approximation; Caputo derivative

MSC: 12-XX; 32-XX; 41-XX

1. Introduction

This paper introduces a novel numerical method addressing key limitations in ex-
isting approaches for solving linear fractional differential equations (LFDEs). Fractional
calculus is pivotal for modeling anomalous transport and memory-dependent phenomena
in physics, engineering, biology, and finance [1-5]. Linear fractional partial differential
equations (LFPDEs) are indispensable for modeling nonlocal and memory-driven phe-
nomena. However, their analytical intractability frequently necessitates robust numerical
frameworks [6,7]. The nonlocal nature of fractional derivatives presents specific challenges,
such as disrupting the periodicity of periodic functions [8]. This poses a critical challenge
for analyzing dynamical systems governed by such operators [9]. The absence of a sys-
tematic stability framework for fractional-order delay systems contrasted with mature
theories for integer-order systems reflects unresolved challenges posed by memory effects
and power-law kernels [10]. By integrating Genocchi polynomials with semi-orthogonal
bases, this study develops operational matrices tailored for solving fractional differential
equations, bridging gaps in handling nonlinearity and nonlocality [11]. Fractional models
better capture nonlocal effects and memory phenomena in complex systems (e.g., fractal

Mathematics 2025, 13, 3084 https://doi.org/10.3390 /math13193084
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geometries, turbulent flow) [1,12]. Unlike integer-order derivatives, fractional derivatives
are nonlocal, enabling accurate modeling of irregular or discontinuous dynamics [13,14].
Extending the proposed error estimation method to time fractional PDEs and exploring
applications in multi-physics systems [15,16]. The work underscores the need for robust
numerical frameworks to handle the singularity and complexity of linear and nonlinear
FDEs [17-19].

There are various existing methods for solving linear and nonlinear fractional differ-
ential equation (FDE) problems [20-23], but many of these techniques have limitations.
Therefore, a new approach is needed. This study introduces a novel procedure for solving
linear fractional differential equations using an integral method. While exploring different
solution strategies, we identified several drawbacks in existing methods, reinforcing the
need for our proposed approach [24-30].

For the reasons mentioned above, fractional calculus is a key tool for modeling modern
complex systems and is also indispensable for capturing nonlocal and memory-driven
phenomena in various fields, including physics, engineering, biology, and finance [1-5].
Although several existing methods have been implemented, many of these techniques still
possess significant limitations, and most methods are analytical methods. Although several
methods exist for solving fractional differential equations (FDEs), such as the Runge-Kutta
method, Taylor series expansions, and finite difference methods, they often struggle with
complex or nonlinear problems [31]. For instance, techniques that combine Sawi with
iterative methods still face limitations inherent to these traditional approaches [31].

Another author uses finite difference schemes and spectral methods to solve FDEs [32].
It has limitations due to Numerical methods for fractional calculus, such as finite difference
and spectral schemes, which face significant challenges, including poor error control, high
computational costs for multidimensional data, and inefficiency with complex geometries.
These difficulties are compounded by the nonlocal nature of fractional operators, which
leads to theoretical complexity and practical issues like numerical instability and uncertain
convergence. Furthermore, the absence of a standardized methodology for choosing
between fractional operators that yield different results remains a significant obstacle in
the field [32].

Another study uses the shifted Jacobi method, which employs Jacobi polynomials
within a conformable fractional derivative framework to solve second-order singular
periodic boundary value problems [33]. The method can be computationally intensive and
complex to implement compared to simpler polynomial bases, and may converge slowly,
particularly for large systems or matrices with poorly scaled elements [33]. Another study
proposes a meshless Generalized Finite Difference Method (GFDM) for discretizing spatial
derivatives, which uses moving least squares and a weight function to optimize a weighted
Taylor series based on node distance for approximating Caputo and Riemann-Liouville
fractional derivatives [34]. The method proves “conditional convergence”, which means its
convergence depends on certain conditions [34].

The Tantawy Technique is a fast, computationally efficient method that uses direct
compensation for high accuracy [35]. In contrast, the Variational Iteration Transform
Method (VITM) employs correction functionals to solve nonlinear differential equations
without linearization [35]. The Variational Iteration Transform Method (VITM) requires
expertise in variational calculus to identify the Lagrange multiplier effectively [35]. Another
study employs a hybrid method combining a finite difference L1 scheme on a graded mesh
for temporal discretization of the Caputo derivative and a Generalized Jacobi Petrov—
Galerkin spectral approach with non-smooth basis functions for spatial discretization,
effectively handling non-smooth solutions [36]. Achieving high-order accuracy in finite
difference/spectral methods relies on often unrealistic smoothness assumptions, facing
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spatial challenges with non-guaranteed smoothness in spectral methods and temporal
limitations in handling non-smooth solutions on uniform meshes, as hybrid approaches
generally presume smoothness in at least one dimension [36]. Given these persistent
challenges and limitations across existing numerical approaches, the development of novel,
more versatile numerical techniques remain essential to accurately and efficiently solve
fractional differential equations.

To address these challenges and numerical gaps, we outline a new computational
technique to solve fractional differential equations. We begin by introducing the classical
Bernstein polynomials and subsequently extend them into fractional Bernstein polynomials
through the application of Caputo’s fractional derivative. The structure of the method
begins by integrating the linear fractional differential equation and applying the initial
and boundary conditions as integration limits. We assume an approximate solution as a
linear combination of modified fractional B-polys, called Bhatti fractional B-polys. This
approximation is then substituted into the integral form of the linear fractional differential
equation. The resulting equation is solved using an operational matrix approach, and the
unknown coefficients are determined to obtain the final solution. To gauge the accuracy of
our method, we apply it to three examples of linear fractional differential equations in this
study. We then perform an error analysis to demonstrate the accuracy and efficiency of the
proposed method.

This study is structured as follows. First, the Introduction establishes the necessity for
a novel numerical technique by discussing the limitations of existing methods in solving
fractional differential equations. Next, the Methodology section details the theoretical
foundation of the proposed approach, including the construction of fractional Bernstein
polynomial bases and operational matrices. The Implementation section describes the ap-
plication of this method to specific problem types, followed by Numerical Examples, where
the method is tested on several benchmark problems. Error Analysis is then performed to
evaluate the accuracy and robustness of the solutions. Finally, the Conclusion summarizes
the findings, highlights the advantages of the proposed technique, and suggests potential
directions for future research.

2. Fractional-Order Bernstein Polynomials Basis

The generalized form of fractional B-polys B; ,,(«, x), expressed in terms of the variable
x or t over the interval [0, R] or [0, T], is defined in the referenced sources [26,37],

Bin(a,x) = éﬁi,k(;)ak- €))

where & represents the fractional order of B-polys. In this equation, §; x is described as,

i—k[n k
Bix = (-1) "<k> <1> @)

n!

The coefficient of binomial is expressed as (Z) = R

3. Caputo’s Fractional Derivative

We compute fractional derivatives using Caputo’s operator. Fractional derivatives are
computed via Caputo’s operator [38], formulated as:

c _ 1 tof
DY f(t) = F(n—zx)/a (t—T)’“”HdT forn—1<a<n, (3)
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where 7y denotes the fractional order, I represents the gamma function, and (" is the nth
integer-order derivative of f. The Caputo derivative D7 notably facilitates direct incorpora-
tion of initial and boundary conditions, making it consistent with physical systems [38].
The Caputo derivative D7 of polynomial is given by

0 fora € Nyand a < ||
D7 = pfaste @
Tario) otherwise.

where a denotes the fractional order function. The one-dimensional approximate solution
y(x) is represented as a series expansion in terms of fractional-order B-polys B; ,(«, x).
Specifically, the estimated solution to the linear fractional differential equation is expressed
in the form:

x) = ici Bin(a, x). ®)
i=0

where ¢; are the expansion coefficients in Equation (5). Let us examine a canonical linear
fractional differential equation (FDE) of order v, expressed in the form, ref. [30]:

agi(vx) h aya(xx) +axg(x)y(x) = f(x). ©)

Integrating both sides with respect to the variable x, where a;, a, are constants.
Applying the initial y(0) = 1 and boundary conditions to the equation, we obtain [30,39]:

fo" 2 dgx + [ % dx + [ g(x)y(x)dx = [ f(x)dx
) [ 2 gy Y g(x)y(x)dx = [ f(x)dx + 1.

By substituting the approximate solution y(x) = Y' ; ¢; B; »(«, x), Equation (5) into

@)

Equation (7) in above equation. We then separate the coefficient term c; as vector C, and
represent the remaining terms as a matrix X on the left-hand side, while denoting the right-
hand side as column matrix W. This leads to the operational matrix equation X C = W. This
equation is solved numerically to determine the unknown coefficients c;. Substituting these
coefficients back into the approximate solution then yields the approximated numerical
solution. We evaluated our method’s accuracy by solving various linear fractional equations
and calculating absolute errors.

4. Examples

In this section, we present three illustrative examples to thoroughly evaluate the
accuracy and effectiveness of the proposed method. These examples are carefully chosen
to represent a diverse set of fractional differential equations involving various initial and
boundary conditions. The goal is to demonstrate the method’s robustness and adaptability
in handling complex problems across different scenarios. Due to its flexible framework, the
method is expected to be highly versatile, capable of addressing both linear and nonlinear
cases with high precision. Through these examples, we aim to showcase not only the
accuracy of numerical results but also the method’s potential as a reliable tool for solving a
wide class of problems in the field of fractional calculus.

Example 1: As a first example, we consider solving a one-dimensional linear frac-
tional differential equation that incorporates both integer-order and non-integer (fractional)
derivatives. The equation is given by [40]:

2 0.1379 0.0159
dai/x(f) +3<d32(xx)) Jr2({}1,1360.127(936)) + (ddonoﬁ(g}C)) +5y(x) = f(x).  (®
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where f(x) is given by,

f(x) = 6433+ 3% +2( 2082 + 0.565684 x1521)

)
+ (03)9,3’16527 +0.507365 119541 ).

. 401379y (x) 400159y () L .
where the terms fractional (W) and (W) represent derivatives of the function
y(x) with respect to x. These fractional derivatives are typically interpreted in the Caputo
or Riemann-Liouville sense, depending on the context and required initial/boundary
conditions. This equation serves as a benchmark problem to test the accuracy and efficiency
of our proposed numerical method. By including derivatives of both integer and low-
order fractional degrees, the equation simulates scenarios found in physical systems with
memory or hereditary properties, such as anomalous diffusion, porous media flow, or
viscoelastic materials. This example illustrates the method’s robustness in handling mixed-
order differential operators and its capability to produce highly accurate results even when
fractional orders are very small and close to zero.

Employing the initial conditions y(0) = 1, ¥'(0) = 0, we numerically solve the
equation over the interval 0 < x < 1. The exact solution to Equation (8) is given by

2
Yexact (x) = (1 + 2) . (10)
We perform double integration of the equation on both sides as follows:

= I2(D*(y(x))) + 33(D(y(x))) +2 I*(D*¥7 (y(x )))+12(D°0159(y(X)))+ P(5y(x)) = (f(x))
= Py (x)) +3(D(y(x))) + 2 F(D*P7P(y(x))) + (D" (y(x))) + P(By(x) = P(f(x)).

Twice integration (I?) of both terms with respect to x, subject to the given initial
condition, produces [30,39]

I(y'(x) = ¥'(0)) +31*(D(y(x))) + 2 I (D" (y(x))) + I(D*"P(y(x))) + (5 y(x)) = I*(f(x))

= I(y'(x) = 0) + 313(D(y(x))) + 2 *(D*P7P(y(x))) + > (D" (y(x))) + *(5y(x)) = *(f(x))
y(x) —y(0 )+312(D(y(X)))+212(D°1379( (x )))+12(D00159(y( ) + P(5y(x)) = P(f(x))

= y(x) =1+ P(5y(x)) +33(D(y(x))) +2 I*(D*¥(y(x))) + P (D*"P(y(x))) = I*(f(x)).

A simplified representation of this equation is obtained as

= y(x) +3(D(y(x))) + 5P y(x)) + 2 (D (y(x)) ) + (D" (y(x)) ) = P(f(x) +1).

The solution to Equation (8) can be approximated using a fractional B-polynomial
expansion in the x variable:

=Y e Bi(), (14)

where c¢; represents the unknown expansion coefficient. Substituting these fractional B-
polys into Equation (13) and W = I?(f(x) + 1) and applying the Galerkin minimization
procedure yields [38]

= Y Bi(x) +313(D(L¢; 1( x))) +51*(Xci Bi(x) >+212(D°1~°’79<>:c B;(x )))+12(D°°159<2c Bi(x))) =W

= ¢; [(Bi|By) + (3 I>(D(By))|B;) + (5 I*(B;) | By) + 212(1301379 ) )|Bi) + (I>(D0Y(B;) )|B))] =W
=C[M+N+R+P+Q]=
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where M, N, P, Q denote the corresponding matrix operators with elements,

Let,X = [M+ N+ R+ P+ Q]
M = (B;|By)
N = (31*(D(B;))|By)
R = (5I*(B;)|By) (16)
P = (21>(D%37°(B;))|B;)
Q — <I2<DO'0159(B1‘)) ’Bl>
W= (I*(f+1)| B).

This equation can be expressed in matrix form as

= CM+N+R+P+Q|=W

(17)
=CX=W

This formulation yields an (1 4 1) by (n + 1) system of equations X C = W, which is
solved numerically for the unknown coefficients C as column matrix; these coefficients are
then substituted into Equation (14) to obtain the complete solution. Matrices X and W in
Equations (15) and (17) are constructed from inner products of fractional B-polys, computed
numerically. The coefficient vector C is determined by solving the linear system derived
from Equation (17). The final numerical solution to the fractional differential equation is
given by

Yappr. (x) =X ciBi(x)

18
= 0.9999999999999991 + 3.552713678800501 x 10~ 12x + 0.49999999999999556x2 (18)

The numerical solution demonstrates excellent agreement with the exact solution
Yexact(X) = (1 + x;) For this computation, the fractional B-polynomials n = 3 in
Equation (1) were employed in the x variables to solve the linear fractional differential
Equation (8). As shown in Figure 1, the numerical and exact solutions coincide within
machine precision, confirming the high accuracy of the method.

Comparison of numerical and exact solutions

y(x)
1.5F 3
[ ‘r’"“
" ._."f
Lar exact /
L /
[ J/
1.3 ) P 4
C . MLIMEFICA] A
1.2 L .__\__,a',._
[ i
e "-T""-:l:_ .. L L 1 L . . 1 . . . L L . L 1 X
0.2 0.4 0.6 0.8 1.0

Figure 1. The approximate solution, y(x), and the exact solutions are depicted in Figure 1. This visual
simulation highlights the significant overlap between the two solutions.
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Example 2: We now consider solving a third one-dimensional linear fractional differ-
ential equation of the form:

2 0.75
TI0) o)+ = 5w 19

where f(x) is given by

—_—x
15T (l>
4 d0'75y(x)

2
where ddyix(zx) represents the classical second-order derivative, and — g7 denotes the

fractional derivative of order 3/4 = 0.75, which can be interpreted using either the Caputo

f(x) = 2%+ 6x+ (20)

or Riemann-Liouville definition depending on the initial and boundary conditions.

This equation is particularly interesting because it combines local (integer-order) and
nonlocal (fractional-order) differential operators, modeling systems where both instanta-
neous and memory-dependent behaviors are present. The fractional term introduces a
nonlocal influence, capturing effects such as historical dependence or anomalous transport,
which are common in complex physical and engineering systems.

The main objective here is to assess how well our numerical method handles the
interaction between different derivative orders, especially when fractional orders are less
than one, as is the case here. This type of mixed-order equation is more challenging to solve
due to the presence of the fractional term, which requires careful numerical treatment.

By applying our proposed method to this problem, we aim to demonstrate its robust-
ness, flexibility, and accuracy in solving fractional differential equations of mixed order
across the domain 0 < x < 1 under appropriate boundary conditions y(0) = 0 and
y'(0) = 0. This example serves as a further test of the proposed numerical method’s effec-
tiveness in handling equations involving both integer- and non-integer-order derivatives,
particularly when initial-value conditions are prescribed. The inclusion of a fractional
derivative of order 3/4 = 0.75 poses additional challenges due to the nonlocal nature of
fractional operators, which depend on the entire history of the solution up to a given point.

We utilize the initial conditions y(0) = 0, /(0) = 0, and the numerical solution of this
equation is sought out in intervals 0 < x < 1. The exact solution which satisfies initial
conditions and Equation (19) is given by

yexact(x) = x3- (21)
Let us twice integrate the equation on both sides as given below:
= P(D2(y(x))) —212(D*(y(x)) ) + P(y(x)) = P(f(x) (22)

The integration twice (I?) of both terms with respect to variable x is provided with
two initial conditions implemented [30,39],
After first integration of the first term in Equation (22),

= 1(y/(x) =y (0)) =212 (D*7(y(x)) ) + P(y(x)) = P(f(x)) (23)

After second integration and implementing the initial conditions,

= y(x) = y(0) —22(D*7(y(x)) ) + P(y(x)) = P(f(x)).

95



Mathematics 2025, 13, 3084

A simplified representation of this equation is obtained:

= y(x) =212 (D" (y(x)) ) + P(y(x)) = P(f(x)). (24)

We approximate that the solution of Equation (19) can be expressed in terms of the
fractional B-polys expansion in variable x:

y(x) =} ciBi(x). (25)

where c; are the unknown expansion coefficients in Equation (23). After substituting these
fractional B-polys into Equation (22) using the Galerkin method for minimization [38], we
obtain the following expression,

= Y.¢; Bi(x) —2I2(D7(Lc; Bi(x) ) + I*(Lci Bi(x) ) = I*(f(x))
= ¢; [(Bi|B;) — (2 I>(D%7>(B;) )| B;) + (I>(B;)|Bi)] = (I*(f)|B; ) (26)
=C[M—-N+P =W

where matrices M, N, P, W are represented by matrix elements

Let, M = <Bz|Bl>
N = (2 I*(D*7(B;) ) |B;)
P = (I*(B;)|B) (27)
W= (I*(f)| B )
X =[M—-N+P].

We can arrange this equation in terms of matrices so that
XC=W. (28)

This formulation results in an (n + 1) by (n + 1) linear system X C = W, which
is solved numerically for the expansion coefficients c; in Equation (34). These coefficients
are then substituted into Equation (22) to construct the approximate solution. Matrices X
and W in Equations (24) and (25) are defined through inner products of fractional B-polys,
computed numerically. The coefficient vector C is determined by solving the linear system
derived from Equation (26). The final numerical solution is given by

yappr.(x) = Y.¢i Bi(x)
=0.x107304+0. x 107Px + 0. x 1072852 + 1.0x° (29)
Yappr.(x) = 1.0x3.

The above result is highly accurate and matches the exact solution Yeyact(x) = x3.

The B-polys with n = 3 have been employed in x variables in order to solve the linear
fractional Equation (26). The perfect agreement between the two results, exact and numeri-
cal solutions, at the level of machine accuracy is demonstrated in Figure 2. This solution
precisely matches the exact solution, illustrating the effectiveness of the current approach.
For this example, we also present a graph to compare the exact solution of the example.
The comparative plot visually validates this exact correspondence, demonstrating the
approach’s effectiveness.
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Comparison of numerical and exact solutions

yix)
1.0+
4 -
0.6 |
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P | | -

0.z 0.4 0.6 = .

Figure 2. The approximate solution, y(x), and the exact solutions are depicted in Figure 2. This visual
simulation highlights the significant overlap between the two solutions.

Example 3: We now consider a second example involving the solution of a one-
dimensional linear fractional differential equation of the form [40]:

TIO) 1y = o), )

15
where 4 dx%?;‘ ) denotes the fractional derivative of order 1.5 with respect to x, typically

interpreted in the Caputo or Riemann-Liouville sense. This equation is representative

of systems exhibiting super-diffusive behavior, where the dynamics are governed by
nonlocal and memory-dependent effects. The inclusion of a non-integer derivative of order
greater than one introduces both fractional integration and differentiation into the model,
reflecting more complex physical phenomena than traditional integer-order models can
capture. This example is used to further validate the proposed numerical method’s ability
to handle fractional orders beyond the first derivative and to demonstrate its effectiveness
in providing accurate solutions for equations involving higher-order fractional operators.
The function f(x) on the right-hand side of Equation (30) is given by
flx) =2 —a*+ 71\2/8%x3'5 - 5?;%9(2'5. (31)
Subject to the boundary conditions, y(0) = 0 and y(1) = 0, we seek a numerical
solution to this fractional differential equation over the interval 0 < x < 1. These
conditions ensure a well-posed boundary value problem and allow for a meaningful
comparison between the numerical and exact solutions. The purpose of this example is
to assess the accuracy of the proposed method when applied to a fractional differential
equation involving a non-integer derivative of order 1.5. The exact analytical solution of
Equation (30) is given by:
yexact(x) = x4(x - 1)/ (32)

which satisfies the boundary conditions and serves as a benchmark for evaluating the
performance of the numerical approach. Applying double integration with respect to x to
both sides of Equation (30), yields an equivalent integral form that can be more suitable for
certain numerical methods. Specifically, integrating both sides twice reduces the fractional
derivative order and helps in transforming the problem into a form that is more amenable to
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approximation techniques. Both terms are integrated with respect to x while incorporating
two initial conditions, yielding the resulting expression is:

= P(DM(y(x)) + Ply(x) = P(f(x)). (33)

This transformation can facilitate the construction of numerical schemes by replacing
fractional derivatives with their corresponding integral representations, allowing the use
of standard quadrature or interpolation-based methods.

The approximate solution to Equation (30) takes the form of a fractional-order Bern-
stein polynomial expansion in the spatial variable x:

v ()= Y Bix), 69

where ¢; denotes the expansion coefficient. Substituting the fractional B-polynomial expan-
sion into Equation (33) and applying the Galerkin minimization procedure to Equation (33)
yields [38]

= P(DM (L e Bi(x) ) ) + (L e Bi(x) = P(f(x)). (35)

This equation can be expressed in matrix form as

= ci [( (D" (B)) [B)) + (P(By)[B)] = (12f| By )
= [M+ NJIC=W (36)
= XC=W.

where matrices M, N, and W are represented by matrix elements.

Let
X = [M+ N]

= EIZ(Bi)|Bl> (37)

The formulation reduces to an (n + 1) by (n + 1) linear system X C = W, which is
solved numerically for the coefficient of vector C. These coefficients are then substituted
into Equation (33) to construct the complete solution. The matrices X and W in Equations
(36) and (37) are defined through inner products of fractional B-polynomials, computed
numerically. The coefficients c; are obtained by solving the linear system derived from
Equation (36). The final numerical solution is given by

]/estimate(x) - Zci Bi(x)
= —2.942091015256665 x 10~1> + 1.110500580381312 x 10~ 12x
—1.201538868400575 x 10~ 11x2 4 3.955114014075889 x 10~ 11x3
—1.0000000000506684x* + 1.0000000000222073x>

(38)

The numerical solution exhibits excellent agreement with the exact solution
Yexact(X) = x4(x —1). Using fractional B-polynomials n = 5 in x variables, we solved
the linear fractional Equation (30). Figures 3 and 4 show perfect convergence between
the numerical and exact solutions at machine precision level, confirming the method’s
accuracy. The exact correspondence between both solutions validates the effectiveness
of our approach. For clarity, we include a comparative visualization of the exact and
numerical solutions.
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Comparison of numerical and exact solutions
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Figure 3. The approximate solution, y(x), and the exact solutions are depicted in Figure 2. This visual
simulation highlights the significant overlap between the two solutions.
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Figure 4. The picture above presents the absolute error between the exact and approximate solu-
tions for example 3. Notably, the absolute error is on the order of 10714, indicating an extremely
high degree of accuracy in the approximation. This level of precision suggests that the approxi-
mate solution closely aligns with the exact solution, making it a reliable choice for further analysis
or applications.

5. Error Analysis

In this section, we perform an error analysis of examples considered in this study.
Table 1 presents a comparison between the exact and the approximate solutions for Example
1 at various values of x within the interval [0, 1]. The approximate results were obtained
using the proposed numerical method, and the absolute error was calculated as the absolute
difference between the exact and numerical solutions divided by a hundred. As shown in
Table 1, the error is exceptionally small at the lower end of the interval 1.0 x 1079 at x = 0
and increases gradually with larger values of x. The maximum absolute error remains
below 4 x 107* at x = 1, indicating a high level of accuracy across the domain. When
compared to the results reported in [40], our method demonstrates significantly improved
precision, particularly in the early and mid-range values of x. These results validate
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the effectiveness and reliability of the proposed approach in solving linear fractional
differential equations.

Table 1. For Example, 1, at different values of x, we compare our calculated solution yappr. (x) with

those from another study [40]. The exact solution is Yexact (¥) = <1 + %)

Our Result Reference Result [40] Absolute Error
0 1.00000 1.00000 1.0 x 10710
0.1 1.00500 1.00482 1.7 x 107
0.2 1.02 1.01955 44 x10°°
0.3 1.045 1.04456 44 x10°°
0.4 1.08 1.08021 22x10°°
0.5 1.125 1.12689 1.89 x 1075
0.6 1.18000 1.18495 496 x 107°
0.7 1.24500 1.25479 9.79 x 107°
0.8 1.32000 1.33676 1.67 x 1074
0.9 1.40500 1.43125 2.62 x 1074
1.0 1.50000 1.53863 3.86 x 10°*

Table 2 presents a comparison between the exact and approximate solutions for
Example 2 at various values of x within the interval [0, 1]. The approximate values were
obtained using the proposed numerical method, and the absolute error was calculated as
the absolute difference between the exact and approximate solutions divided by a hundred.
As shown in the table, the error is exceptionally small at all values of x, indicating a high
level of accuracy across the domain. These results validate the effectiveness and reliability
of the proposed approach in solving linear fractional differential equations.

Table 2. For Example 2, at different values of x, we compare our calculated solution yappr. (x) with

those from another study [40]. The exact solution is Yexaet (¥) = x3.

x Our Result Reference Result [40] Absolute Error
0 0 0
0.1 0.00100 0.00100 1.105 x 10~12
0.2 0.00800 0.00800 2.255 x 10719
0.3 0.02700 0.02700 3.469 x 10719
0.4 0.06400 0.06400 4.163 x 10717
0.5 0.125 0.12500 5.551 x 10~19
0.6 0.21600 0.21600 5.551 x 10~19
0.7 0.34300 0.34300 5.551 x 10~19
0.8 0.51200 0.51200 1.110 x 10718
0.9 0.72900 0.72900 1.110 x 10718
1.0 1.0 1.0 0

Table 3 below presents a comparison between the exact and approximate solutions for
Example 3 at various values of x within the interval [0, 1]. The approximate values were
obtained using the proposed numerical method, and the absolute error was calculated as
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the absolute difference between the exact and approximate solutions divided by 100. As
shown in the table, the error is exceptionally small at the lower end of the interval 2.2 x 107
at x = 0and increases gradually with larger values of x. The maximum absolute error
remains below 3.2 x 10~ at x = 1, indicating a high level of accuracy across the domain.
When compared to the results reported in [40], our method demonstrates significantly
improved precision at values of x. These results validate the effectiveness and reliability of
the proposed approach in solving linear fractional differential equations.

Table 3. For Example, 3, at different values of x, we compare our calculated solution y,ppr. (x) with
those from another study [40]. The exact solution is Yexact (x) = x4(x -1).

X Our Result Reference Result [40] Absolute Error
0 2.19999 x 1077 2.199 x 10~°
0.1 —0.00009 —0.00008 1.964 x 10~°
0.2 —0.00128 —0.00127 2.131 x 10~°
0.3 —0.00567 —0.00566 2.544 x 10?
0.4 —0.01536 —0.01535 3.079 x 10~°
0.5 —0.03125 —0.03124 3.637 x 10~
0.6 —0.05184 —0.05183 4.124 x 107
0.7 —0.07203 —0.07202 4.447 x 1077
0.8 —0.08191 —0.08191 4497 x 107
0.9 —0.06561 —0.06560 4.139 x 107°
1.0 0 3.20000 x 10~7 3.200 x 1077

To quantitatively assess the performance of our technique, we compare its results
against those of a previously established method [40]. As detailed in Tables 1-3, the
numerical approximations yappr.(x) generated by our method for different problems are
in significantly closer agreement with the benchmark solutions than the values reported
in [40]. This comparative analysis clearly indicates the enhanced precision and reliability
of our proposed approach.

Table 4 demonstrates the convergence properties of the proposed method for Example
3, where the exact solution is given by Yexset (x) = ¥ - xt= x4(x —1) [40]. The table
lists the absolute error |Yappr.(x) — Yexact(x)| x 1072 at various points x for an increasing
number of fractional B-polynomial basis functions n. The results clearly show that the
accuracy of the approximation improves significantly as the size of the basis set 7 is
increased, albeit with a corresponding increase in computational cost, as indicated by the
CPU time provided in the last row of Table 4. The absolute error approaches zero for the
basis set n = 5 and n = 6 as shown in the last two columns of Table 4.

Table 5 shows that the absolute error in Example 1 depends on the fractional order «
of the basis set. Although the exact solution in this case is of integer order, the method’s
inherent tunability offers a promising direction for future research into problems governed
by fractional-order dynamics. It is evident that for x = 0.9 and 0.75, the absolute error
is significantly higher, indicating that a greater number of fractional basis functions are
required to improve the accuracy of the solution. At the same time, the computational cost
increases significantly. Therefore, in these cases, x = 1 was selected for comparison with
the exact solutions.
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Table 4. For various values of x, we evaluate the absolute error between the approximate solution
Yappr.(x) and the exact solution yexsct(x), considering different numbers of basis functions and
corresponding CPU times.

Absolute Error Between Exact and Approximate Solutions at
Various Values of x

x and the Number of Basis Used in This Study
n=2 n=3 n=4 n=>5 n=6

0 10.6104 1.93419 0.77274 0 0
0.1 17.8211 4.83627 4.00420 0 0
0.2 24.5130 7.59033 7.10768 0 0
0.3 30.6883 10.180380 10.046122 0 0
04 36.3492 12.590412 12.791602 0 0
0.5 41.4964 14.805625 15.324165 0 0
0.6 46.1284 16.813614 17.630604 0 0
0.7 50.2403 18.605579 19.703266 0 0
0.8 53.8221 20.177514 21.53885 0 0
0.9 56.8578 21.531418 23.13722 0 0
1.0 59.3244 22.676487 24.50017 0 0

CPU time 8.83s 10.39 s 1991 s 34.88 s 56.25s

Table 5. In example 1 the exact solution to the fractional differential equation is y(x) = 1+ %2
The method’s sensitivity to fractional order values « near 0 and 1 is illustrated using absolute error
presented in each column. The number of fractional B-polynomials was fixed at n = 4, while the
fractional order & was varied between 0 and 1.

. a=1 «=0.9 a=% oc=%
Absolute Error Absolute Error Absolute Error Absolute Error
0 8.29336 x 1014 0.00028 0.00027 1.39976 x 10~12
0.1 1.55431 x 10715 0.00020 0.00019 7.91366 x 10713
0.2 2.22044 x 10715 0.00051 0.00053 1.63069 x 10~12
0.3 415223 x 1014 0.00105 0.00104 2.65631 x 1012
0.4 7.90478 x 10714 0.00173 0.00159 3.71058 x 10~ 12
0.5 9.28146 x 1014 0.00240 0.00208 465338 x 10712
0.6 7.68274 x 10714 0.00299 0.00247 5.37525 x 10712
0.7 3.99680 x 10~ 14 0.00344 0.00274 5.78692 x 1012
0.8 7.99360 x 1015 0.00377 0.00292 5.81734 x 10712
0.9 210942 x 1014 0.00406 0.00305 5.40567 x 1012
1 1.36335 x 1013 0.00442 0.00321 450128 x 10~ 12

6. Conclusions

Our current methodology effectively solves linear fractional differential equations,
extending its previous application to linear and nonlinear ordinary differential equations.
This study specifically addresses higher-order fractional differential equations subject to
multiple initial and boundary conditions. The method offers high accuracy, with solutions
for most fractional equations aligning exactly with known analytical solutions. For the
remaining cases, absolute errors, defined as the difference between exact and numerical
solutions, are typically on the order of 10~ 4 (see Figure 4 and example 3). Solution accuracy
is directly influenced by the size of the fractional B-poly basis set employed. Larger basis
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sets yield more accurate solutions but necessitate more iterations to achieve coefficient
convergence, consequently increasing computational time and cost. A notable advantage
of our approach is its relative simplicity and accessibility. It avoids grid representation
by utilizing a fractional B-polys basis set (Equations (1)—(5)), which reduces the number
of iterations needed for coefficient convergence compared to some alternative numeri-
cal approaches. This straightforward implementation was realized using the symbolic
programming language Mathematica [41].

This study presented an innovative numerical technique for solving linear fractional
differential equations (LFDEs) using modified fractional B-polys. The proposed method
demonstrated high accuracy and efficiency in handling fractional-order derivatives, as
evidenced by the close agreement between numerical and exact solutions across multiple
examples. Comparison analyses of all results are provided in four tables in Section 5. Key
findings include the following.

The method achieved solutions with absolute errors on the order of 10~14, shown
in example 3 in Figure 4, showcasing its capability to approximate fractional differen-
tial equations with excellent precision. The graphical comparisons further validated the
method’s effectiveness, with near-perfect overlaps between exact and numerical solutions.
By leveraging fractional B-poly bases and operational matrices, the approach simplified the
integration and differentiation processes inherent in fractional calculus. This framework
reduced computational complexity while maintaining robustness, even for higher-order
fractional derivatives. The computational time for all examples considered here was less
than 1-2 min of CPU time. More details on CPU time with respect to the basis set are
provided in Table 4.

The technique successfully addresses various LFDEs, including those with multiple
initial and boundary conditions, demonstrating its adaptability to diverse problems. The
examples spanned different fractional orders and functional forms, underscoring the
method’s broad applicability. The study bridged gaps in existing numerical methods by
offering a systematic approach to handle nonlocality and memory effects in fractional
models. This advancement has potential applications in physics, engineering, and other
fields where fractional calculus is pivotal. While the method excels in accuracy, larger basis
sets may increase computational costs. Future research could explore optimizations for
computational efficiency, extensions to nonlinear fractional equations, and applications in
multi-physics systems.

In summary, this work contributes a reliable and accessible numerical framework for
solving LFDEs, combining theoretical rigor with practical utility. The results affirm the
potential of B-poly bases in fractional calculus, paving the way for further innovations in
computational mathematics.
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Abstract

This paper presents a detailed study of the (3 4 1)-dimensional Zakharov—Kuznetsov—
Burgers equation to investigate shock-wave phenomena in dusty plasmas with quantum
effects. The model provides significant physical insight into nonlinear dispersive and
dissipative structures arising in charged-dust-ion environments, corresponding to both
laboratory and astrophysical plasmas. We then perform a qualitative, numerically assisted
dynamical analysis using bifurcation diagrams, multistability checks, return maps, Poincaré
sections, and phase portraits. For both the unperturbed and a perturbed system, we identify
chaotic, quasi-periodic, and periodic regimes from these numerical diagnostics; accordingly,
our dynamical conclusions are qualitative. We also examine frequency-response and time-
delay sensitivity, providing a qualitative classification of nonlinear behavior across a broad
parameter range. After establishing the global dynamical picture, traveling-wave solu-
tions are obtained using the Paul-Painlevé approach. These solutions represent shock and
solitary structures in the plasma system, thereby bridging the analytical and dynamical per-
spectives. The significance of this study lies in combining a detailed dynamical framework
with exact traveling-wave solutions, allowing a deeper understanding of nonlinear shock
dynamics in quantum dusty plasmas. These results not only advance theoretical plasma
modeling but also hold potential applications in plasma-based devices, wave propagation
in optical fibers, and astrophysical plasma environments.

Keywords: Zakharov-Kuznetsov-Burgers equation; shock waves; bifurcation analysis;
Lyapunov exponents; chaotic attractors; multistability; Poincaré maps; Paul-Painlevé approach

MSC: 35C07; 35C08; 37G35

1. Introduction

Nonlinear partial differential equations (NLPDEs) serve as significant tools for model-
ing collective processes in complex plasmas, specifically in systems where dust particles
play an essential role [1,2]. In dusty plasmas, the distribution of dust grain sizes has a
profound influence on the dynamics of nonlinear wave propagation [3]. In contrast to
idealized models that assume uniform dust particles, realistic plasmas contain grains of
varying sizes and charges, which modify both the dispersion and dissipation properties
of the medium [4]. This variation directly affects the stability and structure of shock
waves, leading to broadened wavefronts, modified amplitudes, and in certain regimes,

the emergence of new nonlinear characteristics such as precursor solitons or attenuated
shocks [5].
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In the context of quantum dusty plasmas, the importance of NLPDEs becomes even
more pronounced. Quantum effects introduce additional pressure-like terms arising from
tunneling and degeneracy, which, when combined with dust size distribution, create a
extremely nonlinear environment for wave propagation [6]. NLPDE-based models such
as Zakharov—Kuznetsov (ZK) or Burgers-type equations presents an effective mathemat-
ical framework to capture these complexities by incorporating dissipation, dispersion,
and nonlinear interactions in a unified manner [7]. Through such formulations, one can
observe how different dust size distributions alter shock profiles, potentially trigger in-
stabilities, and modulate energy transport [8]. These insights are relevant not only for
laboratory plasmas but also for astrophysical environments, where dust size variation is a
natural characteristic and shock waves play a critical role in structure formation and energy
dissipation [9].

Solitons and exact solutions to NLPDEs are of great significance in comprehending the
role of dust size distribution on shock-wave dynamics in quantum dusty plasmas [10,11].
Dust grains of different sizes modify the charge-to-mass ratio and consequently alter the
dissipative and dispersive properties of the medium, which directly influences the shape,
amplitude, and stability of solitons and shock profiles [12]. Exact solutions allow for a
precise characterization of how dust size variation can lead to broadened shocks, atten-
uated fronts, or the coexistence of solitary and oscillatory behaviors, which are crucial
in describing energy transport and nonlinear interactions in such plasmas [13]. Recently,
many scholars have focused on deriving solitons and exact solutions to NLPDEs using
a variety of analytical techniques, including Painlevé analysis [14], the Hirota bilinear
method [15], the extended tanh-function method [16], the (G’ /G)-expansion method [17],
the exp-function method [18], the variational iteration method [19], Backlund transforma-
tion [20], the modified Jacobi elliptic expansion method [21], the improved F-expansion
method [22], and the inverse scattering method [23]. These techniques not only provide
explicit solitary and shock-wave solutions but also shed light on their stability, bifurcation
properties, and possible chaotic transitions in dusty-plasma environments. Such studies
are valuable in both laboratory plasma experiments and astrophysical scenarios, where
dust size distribution plays a significant role in the propagation of nonlinear waves and the
formation of shock structures [24].

The (3 4 1)-dimensional ZK-Burgers equation presents a compact yet physically rich
framework for explaining shock-wave phenomena in plasmas containing dust-charged
particles with quantum effects [25]. By combining the ZK dispersion (capturing oblique,
multidimensional propagation and transverse modulation) with Burgers-type dissipation
(modeling viscosity, dust-neutral drag, and charge-fluctuation damping), the ZK-Burgers
model embeds the essential steepening—dispersion—dissipation balance that governs the
emergence of monotonic and solitary structures, oscillatory shocks, and their interac-
tions [26]. Quantum corrections typically entering through a Bohm-type potential and
degeneracy (Fermi) pressure renormalize the dispersive scale and, together with dust charg-
ing and amplitude, modify shock width and admissibility conditions. In realistic dusty
plasmas, the dust-size distribution further alters the effective inertia and charging dynam-
ics, thereby reshaping the nonlinear and dispersive coefficients of the reduced model and
yeilding to broadened fronts, precursor oscillations, or attenuated (under/overcompressive)
shocks [27].

From a literature standpoint, lower-dimensional ZK- or Burgers-type reductions
have long been used to observe ion-acoustic and dust-acoustic structures; however, many
classic treatments either neglect quantum contributions or restrict attention to (1 4 1)
or (2 + 1) geometries, limiting their capacity to capture transverse effects, filamentation,
and oblique-shock formation. The (3 + 1)-D ZK-Burgers formulation addresses these

107



Mathematics 2025, 13, 3101

gaps by (i) accommodating fully three-dimensional geometries relevant to laboratory
devices, microgravity dusty-plasma experiments, and space/astrophysical environments
(e.g., cometary tails, planetary rings); (ii) incorporating dust charging, drag, and grain-size
dispersion into the dissipation and nonlinearity; and (iii) including quantum dispersion,
which is crucial in dense or degenerate plasmas. In this setting, exact and traveling-
wave solutions (bright, periodic, hybrid, dark-bright) characterize coherent behaviors
and shock profiles, while complementary dynamical bifurcation analysis, multistability,
Poincaré maps, and return maps reveals parameter regimes of periodic, quasi-periodic,
and chaotic responses.

Overall, the (3 +1)-D ZK-Burgers equation serves as a unifying asymptotic model that
links microphysics (dust charging, quantum pressure, grain-size effects) to macroscopic
observables (shock morphology, stability, and coherence). It thus provides a rigorous
basis for predicting shock thickness, front oscillations, and transition thresholds, and for
designing diagnostics and control strategies in dusty quantum plasmas across laboratory
and astrophysical settings.

Although different studies have investigated shock and soliton structures in plasmas
using ZK and Burgers-type equations, most of the available literature is limited to lower-
dimensional (1 + 1) or (2 + 1) frameworks and frequently neglects essential physical
effects such as dust grain charging, quantum corrections, and grain-size distribution [28].
In particular, the majority of earlier works considered either classical dusty plasmas or
weakly nonlinear regimes, without incorporating quantum effects or external magnetic
fields. Such simplifications restrict their applicability to realistic plasma environments,
where dust dynamics, multidimensionality, and quantum contributions play a central role
in shaping shock morphology and stability [29-31].

In the present work, we address these gaps by focusing on quantum dust-acoustic
(QDA) shock waves in collisionless dusty plasma under the influence of an external mag-
netic field. The system is modeled through the (3 + 1)-dimensional ZKB equation, which
simultaneously accounts for dissipation, dispersion, and nonlinear steepening in dusty
quantum plasmas. Our main motivation is twofold: (i) to construct exact solitary and shock-
type solutions (bright, periodic, combo, dark-bright) using the Paul-Painlevé approach,
and (ii) to perform a comprehensive dynamical analysis applying chaos-identification tools
such as Lyapunov exponents, bifurcation diagrams, return maps, multistability, and basin
attractors. This dual framework allows us to uncover the rich nonlinear dynamics of QDA
shock waves and to emphasize the influence of dust size distribution and quantum effects,
thereby extending the scope of previous studies.

Figure 1 provides a complete flowchart of the methodology and analysis applied
in this study. The remainder of this paper is structured as follows. Section 2 outlines
the formulation of the (3 + 1)-dimensional ZKB model describing dusty plasma with
quantum effects. In Section 3, the dynamical properties of the system are observed through
bifurcation theory. Section 5 introduces a range of chaos-identification tools that are
used to classify the nonlinear regimes, including periodic, quasi-periodic, and chaotic
behaviors. Section 6 describes the construction of exact solutions using the Paul-Painlevé
approach together with their physical interpretations. Finally, Section 7 summarizes our
main findings and outlines possible directions for future research.
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Figure 1. Graphical abstract illustrating the methodological framework for the ZK-Burger equation,
integrating soliton solutions via wave transformation with dynamical and chaotic analyses through
phase portraits, return maps, bifurcation diagrams, and attractors. .

2. Formulation of Model

In this study, we consider a three-dimensional dusty-plasma system incorporating
quantum effects. The plasma comprises inertia-less ions and electrons, along with nega-
tively charged dust particles [32]. The pressure for a given species I is modeled as [33-35]

my W2

Fl ~3

G?, 1)
2 1
3Gy

E/ =

where G; denotes the number density of species [, and Gjy represents its corresponding
equilibrium value. Here, { = ds refers to the sth dust species, while / = e and ¢ = i
correspond to electrons and ions, respectively. The mass of the species is indicated by m,,
and the Fermi thermal speed is given by Wr; = \/2SgHp;/m,, where Sg is the Boltzmann
constant and Hpy is the Fermi temperature.

The overall charge balance in the plasma system satisfies the following condition:

M
Gro = Geo + Y, YasGasos (2)

s=1
where Gyq, Geo, and Gjg refer to the equilibrium number densities of the sth dust popula-
tion, electrons, and ions, respectively. Furthermore, the behavior of shock structures in a

quantum plasma system characterized by a spatially varying density G(r) is described in
detail in [36-38].

109




Mathematics 2025, 13, 3101

Gy
ot

+V- (Gdsvds) =0, 3)

dG, €
ads =+ Gds(v ’ (Gdsvds)) = mds md Gdse(vds X X) + mp;s VzVds

V3G
+Kig ( ds ) @)
Zmds Gds
) M
VY = 1.Ge — 1;,G; + Z YisGas, %)
9=1
V2 /G
V‘Y - egGgVGg V ( ) - 0, (6)
VGe
—V‘I’—e‘GVGﬁ-Kl’zV(vz' Gi) =0 (7)
1~ 1 2 \/@l .
The parameters 7; and 77, are defined as 7; = Ydf];gt o Me = Ydf"cot - while the normalized
temperature ratios are given by €, = }ifff, € = Izif' €1 = Y;O{g p and the quantum
1Y 02 1Y ow? hZ
diffraction parameters take the form K? = do(jp 4, K? = do(:"d, H§ = Oai . Here,
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H.¢ represents the effective temperature, defined as Hegs = %, with H; and H, being
the ion and electron temperatures, respectively. Here, v;; denotes the velocity vector of the
s-th dust species, m; is the mass of a dust grain in that species, and Yj; is the number of
elementary charges associated with the surface of the sth dust grain. The total equilibrium
number density of particles is denoted by Gt and is given by Gior = Zé\il G5, while Yy
denotes the average charge number over all dust species. The average charge-weighted

number density is expressed as

M
Yi0Gtot = Y, 145G, (8)

m=1

where m; denotes the average mass of the dust particles, defined by

Mg = Z s Gs- )

otS

The dust-acoustic speed ¢, is determined using the relation c; = ZY"OHE“ , while the dust

47te Y Gtot

plasma frequency is given by w,s = i+ The magnetization parameter is defined

as @ = %, and p denotes the viscosity of the dust species. The number densities
p
of the sth dust particle, electrons, and ions are denoted by ny,, 1., and n;, respectively.

The velocity vector corresponding to the sth dust component is represented by v ;.
Vigs = Ugsy 1+ Udsy j + vasz k. (10)

The electrostatic potential is denoted by ¥. By introducing dimensionless variables and
applying the reductive perturbation technique [39], the potential ¥ can be expanded as a
power series in the small parameter €. As a result, we obtain the following expression:

M 2 GdsO
Y an
s=1 A Mgs eGdsO
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Considering that the temperature H of the dust fluid is typically low while the mass is
relatively large [40], the above reduces to:

2 12
)\2 _ i/[: GdSYds (12)
s=1 mdj '

Here, A is the phase-speed parameter of the dust-acoustic mode for the ratio of the wave
phase speed to the dust-acoustic speed; Equation (11) is the compatibility relation that
determines A? from G, Y5, and m4,. Next, by matching the coefficients of e*in the y-and
z-directional equations, we obtain additional conditions.

/\mds Yds GdsO azR

= — 1+ , 13

Wdsy2 =~ g2y, < €1G2,y — A2my, | 9xdy (13)
)\mds Yds GdsO aZR

Wisr = — 1+ . (14)
522 02Y,, ( €1G2,y — A2mg, ) 0x0z

Thus, by considering terms in the power series expansion of € up to an order of less than
four, and incorporating Equations (11)-(14), we arrive at the ZK-Burgers equation.

M +THMMy + T Miyr + HB(Mxyy + szz) — 1My = 0. (15)

The coefficients involved are given by

M Y3 Gy 1 M ¢ Yy, G? A .
M = - Agz FT RS Drrtre:yuny it - abcd BENLC

2 s—1 Hds €dG§SO — A2mgg0 612
A1 MK A K pK?
=2%— — o ez i 17
272 AZ45 2\ T2 ) 47
AMnn €;G?
1—[3 _ Z dS dSO 5 d + 1—[2’ (18)
2 =1 )L Mmgs — edesO
P YdsGdSO
Iy = Z (19)
2/\2 =1 mds

To study the propagation of shock structures within a quantum dusty-plasma framework,
we derive the ZK-Burgers equation as depicted in Equation (15). This approach enables the
analysis of solitary-wave solutions under the influence of a quantum plasma environment,
particularly when dust particle distributions follow a power-law.

3. Conversion of Proposed Model into ODE

To obtain traveling-wave solutions to the ZK-Burgers Equation (15), we introduce the
traveling—wave transformation:

M(x,y,z,t) = Q(T), T = 31X+ 3oy + 33z — wt. (20)
Plugging Equation (20) together with its various derivatives into Equation (15), we obtain
wQ' +1131QQ' + [IL3] + (3133 + 3:33)]Q" —L3{Q" = 0. (21)

After performing integration once with regard to 7, Equation (21) reduces to

131

wQ + Q2 + 133 + M3(3133 + 3133)]Q" — I,33Q =o. (22)
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4. Dynamical Investigation of Unperturbed System

In this section, we conduct a comprehensive dynamical investigation of the (3 + 1)-
dimensional ZK-Burgers equation through detailed bifurcation analysis [41,42]. Particular
emphasis is placed on exploring the transitions between stable, quasi-periodic, and chaotic
regimes, thereby uncovering the rich nonlinear behavior of the system.

Bifurcation Analysis

In this section, we investigate the dynamical consequences of Equation (22) through
the lens of bifurcation theory. As a first step, we apply a Galilean transformation to the
ordinary differential equation given in Equation (22), reformulating it into the following
system of equations:

iQ _
7w =R,
dR 2 (23)
at = —Blg - BZQ + B3R
_ w _ 11131 _ H43%
Here, 81 = ([1,33+115(3,32+3132)]/ By = L33 +115(3:33+3132)] Bs = (1,35+4115(3,33+3,32)]"

Remark 1. System (23) is inherently dissipative when Bz < 0, since the phase-space divergence
equals B3. This dissipation governs the emergence of attractors and underpins the chaotic dynamics
analyzed in subsequent sections.

To find the equilibrium points of the dynamical system (23), we need to solve the
following system of equations:

R =0,
, (24)
—-B1Q—-8B,9 "+ B3R =0.
System (24) is solved, and the resulting equilibrium points are as follows:
B
£1=(0,0), &= (-5 0) (25)
2

For system (23) at an equilibrium of £ = (Q7,0), the linearized matrix is

0 1
A= <(Bl +2B,9%) B3>’

with the characteristic polynomial
P B3\ + (B +2B,9*) =0.

Let A = B; +2B,Q". The eigenvalues are

By + /B3 —4A

12 — 2

Proposition 1. The type of equilibrium point £* is determined as follows:

1. IfA<O0,E isasaddle.
2. IfA>0and B3 > 4A, £ is a node: it is stable if By < 0, and unstable if B3 > 0.
3. IfA>0and B < 4A, £ is a spiral (focus): it is stable if By < 0, and unstable if B3 > 0.

Since B3 # 0 in the dissipative case, centers do not occur.
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Applying this to system (23), we obtain

£,=(0,0:A=8B;, &= (—%,0) ‘A= —By.

Thus, €7 is a saddle if By < 0, and &, is a saddle if B; > 0; otherwise they are sta-
ble/unstable nodes or foci depending on B3 and the discriminant. The various outcomes
that arise from varying the involved parameters in system (23) are presented in Table 1.

Table 1. Classification of equilibrium points (EPs) under different parameter cases with the parameter
values used to compute (B, By, B3).

Case  Parameter Conditions = Parameter Values Used Equilibrium Points and Nature Figure
@ B1>0, B, >0, B3 <0 ?"111::16’, 31_2122:1,1,313_[3::1,10:} 1?43,: -3 gg z E(;, %),)O()[}i:;daill?focus) Figure 2a
(i) B1<0,B,>0 B3<0 ‘71’]11::16’, %2::1/1 ’3131 3::1 1‘*’ ;4—:373 EII;; - E(i ?,)o(ﬁgz?E}S)fOCUS) Figure 2b
(i) By <0, By<0, B3<0 f’{lil;é z;z 1; 313 ;31':1,:543': _3 Eﬁ; - E?g; gﬁiﬂae focus) Figure 3a
(v) By >0, By <0, B;<0 %11::1; gf m, L 313 1:131’: wl,:ri _ 5 gg - E(; E')O()Sgggi;’ble focus) Figure 3b

(a)Bl>0,Bz>0,B3<O (b)Bl<0,Bz>O,B3<0

Figure 2. Phase portraits of the unperturbed system illustrating spiral and saddle-type behaviors for
selected parameter cases (B1, B, B3), corresponding to Table 1.

(a)Bl<O,Bz<0,B3<0

(b) By >0, B,<0, B3 <0

Figure 3. Phase portraits of the unperturbed system showing variations in stability patterns under
alternative parameter choices (B, B, B3), corresponding to Table 1.

The classification of equilibrium points summarized in Table 1 highlights the influence
of parameter signs on the qualitative dynamics of the system. When the characteristic
equation yields real eigenvalues of opposite signs, the corresponding equilibrium behaves
as a saddle, indicating divergence along the unstable manifold and convergence along the
stable one. When the eigenvalues are complex with a negative real part, the equilibrium
appears as a stable spiral (focus), consistent with the trajectories spiraling inward in
Figures 2 and 3. Since system (23) is dissipative, genuine centers do not occur, and thus, no
closed neutral orbits are displayed in the phase portraits. This classification explains the
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coexistence of saddles and stable spirals under different parameter regimes, which provides
the foundation for richer nonlinear dynamics, including multistability and transitions
to chaos.

5. Chaotic Phenomena with Various Chaos-Identification Tools

In this section, we analyze the chaotic dynamics of the system using a range of diag-
nostic techniques, including return maps, multistability analysis, and chaotic attractors,
as well as time series of the perturbed dynamical system. These tools allow us to systemati-
cally distinguish between chaotic, quasi-periodic, and periodic behaviors across different
parameter regimes.

5.1. Detection of Chaos

To study the chaotic behavior of the model, an external forcing term U sin(S) was
introduced into the unperturbed dynamical system (23), thereby yielding a perturbed system.

1 _ R,

iR — _B1Q — B,Q* + B3R +Usin(S), (26)
s _

s =y

Here, S = V1. System (23) corresponds to the unperturbed dynamical reduction of the
ZK-Burgers equation, obtained through a traveling-wave transformation and subsequent
Galilean reduction. While this system captures essential dissipative and dispersive interac-
tions, it remains autonomous and therefore cannot display externally driven oscillations. To
investigate the onset of more complex dynamics, we extended system (23) by incorporating
the forcing term U sin(S) and the auxiliary phase relation ’fi—f = V. This yields system (26),
a non-autonomous dynamical system capable of exhibiting richer behaviors, including
bifurcations, quasi-periodicity, and chaos, thereby providing deeper insight into the nonlin-
ear responses of dusty-plasma shocks. It is worth clarifying the physical motivation behind
the introduction of the oscillatory forcing term in system (26). In realistic dusty-plasma
environments, external periodic perturbations naturally arise from oscillatory electric or
magnetic fields, fluctuations in dust charging, or background wave—particle interactions.
The term U sin(S) therefore models the action of an external driver that continuously
injects energy into the plasma system. Such perturbations are known to induce transitions
among periodic, quasi-periodic, and chaotic responses, which are frequently observed
in both laboratory dusty-plasma experiments and astrophysical-plasma settings. Thus,
the forcing term reflects physically relevant excitations that enrich the dynamical behavior
of the dusty-plasma model. The trajectories depicted in Figure 4 illustrate the diverse dy-
namical responses of the perturbed ZK-Burgers system under different parameter regimes.
ForUU =34 and V = —8.89 (Figure 4a), the solution exhibits a closed-loop structure, indi-
cating a stable periodic orbit. When the parameters are adjusted told = 2.6 and V = —8.4
(Figure 4b), the trajectories evolve into nested patterns with slight variations, a hallmark
of quasi-periodic motion where multiple incommensurate frequencies coexist. A further
small change to U = 2.6 and V = —8.9 (Figure 4c) also produces toroidal structures, which
correspond to quasi-periodic invariant tori rather than chaotic attractors. These observa-
tions demonstrate how subtle parameter variations can drive the system through periodic
and quasi-periodic regimes, highlighting its sensitivity and complex oscillatory behavior.
The dynamical responses demonstrated in Figure 5 further illustrate the diverse
behaviors of the perturbed ZK-Burgers system under different parameter values. For
U =09and V = —6.91 (Figure 5a), the trajectories form regular, repeating loops, reflecting
that the system is in a periodic state. When the parameters are changed to U/ = 1.1 and
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V = —6.91 (Figure 5b), the orbit evolves into more intricate nested patterns, indicating
a quasi-periodic regime characterized by oscillations with incommensurate frequencies.
Finally, for Y = 0.92 and V = —4.4 (Figure 5c¢), the solution develops into a more complex
toroidal structure, which corresponds to a quasi-periodic invariant torus rather than a
chaotic attractor. These results highlight the sensitivity of the model to small parameter
variations and confirm the existence of transitions between periodic and quasi-periodic
behaviors within the same physical framework.

0.5

R

-1
-025 -02 -0.15 -01 -005 0 005 01 015 02 025
Q
(c)U =26,v=-89

Figure 4. Periodic and quasi-periodic trajectories of the perturbed system (26) under varying (U, V):
highlighting the transition from simple loops to nested invariant tori.
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Figure 5. Evolution of the perturbed system (26) under different (U4, V): values, showing the
emergence of quasi-periodic structures with increasingly intricate toroidal patterns.

The phase trajectories depicted in Figure 6 highlight the emergence of periodic and quasi-
periodic behaviors in the perturbed ZK-Burgers system. In Figure 6a, corresponding to U4 = 1.07
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and V = —3.89, the system evolves into smooth and repeating loops, characteristic of a periodic
regime. As the parameters shift tod = 1.5and V = —3.9 (Figure 6b), the trajectories develop
into more intricate nested patterns, reflecting quasi-periodic motion where multiple oscillatory
modes interact. Finally, for Y = 0.92 and V = —4.4 (Figure 6c¢), the orbits also form complex
toroidal structures, which correspond to quasi-periodic invariant tori rather than chaotic attractors.
These results once again highlight the sensitivity of the system to parameter variations, where
small changes can shift the dynamics from order to quasi-periodicity.
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Figure 6. Phase trajectories of the perturbed system (26) illustrating transitions from periodic motion
to quasi-periodic regimes characterized by multi-frequency oscillations.

5.2. Multistability Analysis

In this subsection, we study the chaotic behavior of the perturbed ZK-Burgers system
through the phenomenon of multistability. For the parameter set B; = 0.94, B, = 0.4,
Bz = —0.004, U = 25,V = 14.97, the system represents multiple coexisting attrac-
tors when initialized with distinct starting conditions. As shown in Figure 7a, distinct
trajectories emerge for the initial states (Q,R,S) = (—0.10,0.10,0), (—0.20,0.20,0),
and (—0.25,0.23,0), despite identical governing equations and parameters. This coex-
istence of attractors confirms the system’s strong sensitivity to initial conditions, a defining
feature of multistability. To further examine this phenomenon, the corresponding Poincaré
section is presented in Figure 7b. The scattered and irregular distribution of points reflects
the chaotic nature of the multistable states, verifying that small perturbations in initial con-
ditions can drive the system toward qualitatively distinct yet coexisting chaotic responses.
These findings underscore the inherent complexity of the model, where multiple chaotic
solutions can coexist under the same physical setting.
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Figure 7. Multistability analysis of the perturbed system (26) for the parameter values B; = 0.94,
B, =04, By = 0.004, U = 2.5,V = 14.97.

5.3. Return Map Analysis

In this subsection, we examine the dynamical responses of the perturbed ZK-Burgers
system via return map analysis. Figure 8 displays the return maps for different values of
R with fixed parameters By = 3.94, B, = 0.4, B3 = —0.0004, U = 2.5, V = 2.97 and
the initial condition (0.39,0.22, —0.92). For = 0.1 (Figure 8a), the points are distributed
along a nearly smooth curve, indicating periodic behavior. As ¢ increases to 0.3 (Figure 8b),
the return map develops more intricate loops, which correspond to quasi-periodic oscil-
lations. When i = 0.6 (Figure 8c) and R = 0.8 (Figure 8d), the point distributions form
increasingly complex toroidal patterns that reflect quasi-periodic invariant tori rather than
chaotic attractors. These results confirm that return maps provide a useful diagnostic tool
for distinguishing periodic and quasi-periodic regimes within the system.

QT+ R)

o 1o 1s “is 1o o5

oo 00
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Figure 8. Return map analysis of the perturbed system (26) for varying ®, illustrating transitions
from periodic to quasi-periodic regimes.

5.4. Chaotic Attractors

In this subsection, we examine the dynamics of the perturbed ZK-Burgers system
through 3D attractor plots. Figure 9 demonstrates the trajectories in (Q, R, S)-space for
distinct choices of the parameters (U, V). ForUd = 2.5,V = 5.9 (Figure 9b) and U = 2.5,
V = 7.9 (Figure 9d), the attractors form relatively smooth layered structures, which are
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associated with quasi-periodic behavior. When U = 2.5, V = 6.97 (Figure 9a), the trajec-
tories show irregular folding patterns and stretching, indicating fully developed chaotic
motion. Finally, for i = 2.5, V = 8.9 (Figure 9c¢), the attractor maintains more regularity
with repeating layers, suggesting a transition toward periodic behavior. These observations
confirm that the system can switch between periodic, quasi-periodic, and chaotic regimes
depending on parameter variations, reinforcing the richness of its nonlinear structure.

a0
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(c)U =25V =89 (d)u=25v=79

Figure 9. Chaotic attractors of the perturbed system (26) for varying (U4, V), showing transitions
among periodic, quasi-periodic, and chaotic regimes.

5.5. Bifurcation Diagram Analysis

In this subsection, we examine the dynamical transitions of the perturbed ZK-Burgers
system by constructing bifurcation diagrams with respect to different parameters. Figure 10
signifies how the qualitative behavior of the system evolves as the bifurcation parame-
ters are varied. In Figure 10a, when the bifurcation parameter M increases from 0 to 2,
the system initially demonstrates stable periodic states, represented by a single smooth
branch. As M grows, the system undergoes a series of bifurcations that generate mul-
tiple branches, yielding to quasi-periodic oscillations. For larger values of M (around
M =~ 1.5), the branches become scattered and irregular, highlighting chaotic behavior. In
Figure 10b, the bifurcation is plotted with respect to B;. For 3 < B; < 3.3, the system
remains periodic, but around B; ~ 3.4 a sudden bifurcation occurs, producing a dense
web of points characteristic of chaos. As B increases further (B; > 4.2), the system
regains partial regularity with quasi-periodic structures. A similar scenario is analyzed in
Figure 10c, where variations in B, produce alternating windows of periodic, quasi-periodic,
and chaotic regimes. Particularly, for 3 < B, < 3.2 the system shows periodic oscillations,
whereas in the interval 3.3 < B, < 3.8 the dynamics become chaotic. Beyond this range,
the system again shows quasi-periodic responses interspersed with narrow chaotic bands.
The bifurcation diagrams confirm that the perturbed ZK-Burgers system is highly sensi-
tive to parameter variations, showing transitions from periodic motion to quasi-periodic
oscillations and ultimately to chaos, depending on the chosen bifurcation parameter values.
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Figure 10. Bifurcation diagrams of the perturbed system (26) showing periodic states for small
parameter values, quasi-periodic transitions at intermediate ranges, and chaotic behavior around
U=~15 By ~34,and B, ~ 3.8.

Remark 2. System (26) is directly connected to the ZK-Burgers Equation (15). Through the
traveling-wave transformation (Equation (20)), Equation (15) reduces to the ODE (21), which, after
integration, gives Equation (22). By setting % = 'R this yields system (23), and the addition of
the external forcing U sin(S) with % =V leads to system (26). Hence, the forced system studied
here is a natural extension of the reduced plasma model.

Remark 3. System (26) can be regarded as a three-dimensional autonomous system in the evolving
variables (Q, R, S), with 8 = V representing a constant phase velocity. In some treatments,
however, the pair (S, 8) is counted separately, leading to the description of a four-dimensional
autonomous system. Such systems are known to exhibit both two-dimensional and three-dimensional
invariant tori, whose detection requires analysis through first or second Poincaré sections. In
the present study, Poincaré maps (Figure 7), together with return maps (Figure 8), provide the
main evidence for distinguishing periodic and quasi-periodic regimes from chaotic ones. This
ensures that the dynamical features illustrated in Figures 4-8 are quantitatively supported and
consistently interpreted.

6. Solitary-Wave Solutions to the Proposed Model

In this section, we investigate additional solitary-wave solutions using the Paul-Painlevé
approach. The general framework of this method is outlined in Appendix A, while here we
focus on its direct application to the present model to derive explicit solution structures.

6.1. Application of Paul-Painlevé Approach

This section presents the application of the Paul-Painlevé approach to the proposed
nonlinear model given by Equation (15). After reducing the system to the single ODE in
Equation (22), a balancing procedure is applied by comparing the highest-order nonlinear
term with the highest-order derivative, which yields M = 2. By substituting M = 2 into
Equation (A4), we obtain the following results:
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Q =Py + P1P(6)e " + PP ()% 2", (27)

After substituting the solution (27) into Equation (22), a system of algebraic equations is
derived by collecting terms corresponding to distinct powers of P (®). This system is then

solved using Mathematica, yielding the following solution set:
Set-1

33 (=)l —Thw

{%— DTe = B0 g — 0, 31 = e, 35 = -V e (28)

/il

By inserting the previously specified parameter values into Equation (27), we obtain

2
z4/ 35(—n)TIxI1; —TIhw
T o— 2( 3T, —TT)

—n ﬁ\/@ +tw+32y
2V/Tg/w | don+ k| e —nQ
7 7 7 t - . 29
Moy VT (k2 — ) )
Set-2

_ ive

B0 2\/§WH\1/IT4W, B, — Rn By 2\/8R VIV

T TR T 7y PR TV
V30,/Tj/w  25T1hw
\/‘*’2<_303%H3_7H3/24 - nn24 >
33 = V30 Thw

By inserting the previously specified parameter values into Equation (27), we obtain

N

2372 nlly )7\/%\/5

30,/Tly V@
w2<—303%1"[3—7\/> V@ _Blhew

VA0 T3 Vi THwt32y
My(x,y,2,t) = ! 2\/ge
AN ) = 8 (dy — k)2 |7V 5
2
n - \/gxﬁ+tw+32y
V303w Viny/Tly
VIgvw | k—n(kQ —dy)e (30)
Set-3
6k2T1y (/A3 —1003311,113n2—100331 111312 114
(’BO = O ml = 0 ‘132 = ( 25H1H2n2 )/
\/HZ 100(33+32)TIT3n2 Ty (31)
1= T0I L7
3H4(503§n2r13n 45032111130 +H4(\/Hﬁ71003%H2H3n271003§H21—[3n271'14))
w= 1251150
By inserting the previously specified parameter values into Equation (27), we obtain
2 w2 2 2 112-100( 33+ 33 ) TIplIgn2 ~ Ay ) (61134+25TTyx
M 1 71232;;?214 t71233;_3[;l4 f,( 4 ( 2 3)12251_[:% 4)( 4 2 )23271y233712>
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KT, (\/ I —100(33 + 33) 111302 — H4)] . (32)
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Set-4
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By inserting the previously specified parameter values into Equation (27), we obtain
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By inserting the previously specified parameter values into Equation (27), we obtain

(2511461113 ) (n4+¢7100(3§+3§)112n2n3+nﬁ>

—23pny—233nz—
_ 1 125113
MS(x'y'W—zwmw[ ¢ :
2511, x+6115 <n4+\/7100 33+3% n2H2H3+H2>
SRRV 3y 3yt d (53+33) a1
51T —e 250115 k?’lQ

2 2,22 2
25l v+6tl1 ) (n4+\/—100(32+33 ) ;12n2n3+r14>

2
250115 n d()) 2

I, (H4 n \/—100(35 +32)n2T 1,05 + Hﬁ)} .

6.2. Graphical Simulation

In this section, we present a detailed discussion of the solitary-wave solutions derived
through the Paul-Painlevé approach for the proposed (3 + 1)-dimensional ZK-Burgers
model. The solutions are demonstrated in Figures 11-15, where different parameter sets
lead to distinct nonlinear wave structures such as periodic waves, bright solitons, combined
states, and dark-bright excitations. These results emphasize the physical richness of the
model and its relevance to dusty plasmas with quantum corrections.

Figure 11 corresponds to Equation (29) and represents a bright soliton solution derived
for the parameter values Iy = 0.3, Il = 0.02, II3 = 0.06, I14 = —0.03,dp = —0.9,n = 0.1,
k= -04,a1 =003, w =012z =03 9 =078, 3 = —0.02, y = 0.2. The solution
explains a localized wave packet of enhanced amplitude that preserves its shape while
propagating. Physically, bright solitons arise due to a balance between dispersion and
nonlinearity, and they are significant in modeling coherent energy transport in plasma
devices as well as in astrophysical-plasma environments.

121

(33)

(34)

(36)



Mathematics 2025, 13, 3101

o
)

Mi(xy,zt)

o
IS

Ma(x,y,Z,8) 0.0

0.2 -‘\‘ ‘

0.0

-4 -2 0 2 4

x

Figure 11. Physical visualization of the solution (29) for I'ly = 0.3, Il = 0.02, Iz = 0.06, ITy = —0.03,
dp=-09,n=01,k=—-04,a; =003, w=01,z=03,9 =078 3 =—-0.02,y =02

Figure 12, associated with Equation (30), shows a periodic solution for the parameters
Iy = 05,11, = 0.04, II3 = 0.06, Iy = —0.06,dy = —0.3,n = 04,k = —02, w = 0.7,
z =079 =056, 33 = 02, y = 0.8. The oscillatory pattern represents the presence
of nonlinear wave trains that may be generated in plasmas under resonant conditions.
Such periodic states are relevant to plasma resonance studies, wave—particle interactions,

and nonlinear communication systems.

Ma(xy,z,t)
o

Figure 12. Physical visualization of the solution (30) for Iy = 0.5, I, = 0.04, I3 = 0.06, ITy = —0.06,
dgp=-03,n=04k=-02,w=072=079=056,3,=02,y=08.

Figure 13, determined from Equation (32) with Il; = 0.75, I, = 0.05, II3 = 0.06,
H4 = —0.06, do = —0.04, 33 =06,n = 0.4, k = —04, z = 0.3, 0 = 0.6, 32 = 0.82,
y = 0.3, illustrates a combo solution. This solution contains both solitary and oscillatory
characteristics, reflecting the coexistence of localized and periodic modes. Physically, such
hybrid behaviors can be used to describe multi-mode interactions in dusty plasmas, where
nonlinear excitations coexist due to strong coupling effects or quantum corrections.

Ma(xy,zt)

Figure 13. Physical visualization of the solution (32) for IT; = 0.75, 11, = 0.05, Il3 = 0.06, ITy = —0.06,
dg=—-004,33=06,n=04k=-04,2=03,9=06,3 =082,y =03

Figure 14, corresponding to Equation (34), also represents a combined solution, derived
for ITy = 0.85, I, = 0.04, I3 = 0.06, I14 = —0.06, dg = —0.02, 33 = 0.6, n = 0.4,k = —0.2,
z=0.7,9 =056, 3 =092,y = 0.8. In this case, the coexistence of solitary and periodic
waves appears, with different amplitude distributions compared to Figure 13, suggesting
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parameter-sensitive dynamics. These solutions are valuable for modeling nonlinear wave
coupling and modulation processes in strongly magnetized plasmas.

o.10}f ]
§ ZZ
S \ 7z
0.08} ]
S 7
0.1
3 o0.06
>
)
0.0 =
< 0.04
Ma(x,y,Z,t)
0.02
0.00
-3 -2 -1 0 1 2 3

Figure 14. Physical visualization of the solution (34) for IT; = 0.85, 11, = 0.04, I'l3 = 0.06, ITy = —0.06,
dp=—-0.02,33=06,n=04k=-02,z=07,9=056,3 =092,y =08

Finally, Figure 15, related to Equation (36), depicts a dark-bright soliton solution
for Iy = 0.75, I, = 0.5, I3 = 0.6, [Iy = —0.06, dy = —0.04, 33 = 0.74, n = 04,
k= -042z =03 9 =06, 3 = 002, y = 0.3. This type of solution demonstrates
the coexistence of a localized intensity dip (dark soliton) and a localized intensity hump
(bright soliton). Such states are highly significant in the context of energy localization,
modulational instability, and turbulence in plasma systems. They also present analogies
to dark-bright solitons observed in optical fibers, where nonlinear waveguides support
coexisting dip—hump structures. Overall, the derived solutions indicate that the (3 + 1)-
dimensional ZK-Burgers system supports a wide range of nonlinear excitations depending
on parameter choices. These results expand our understanding of plasma nonlinearities,
providing practical insights for applications in dusty and quantum plasmas, nonlinear
optics, plasma turbulence control, and astrophysical wave modeling.

08|

06|

04F

Ms(xy,zt)

Ms(x,y,Z,t)

0.2

0.0

Figure 15. Physical visualization of the solution (36) for ITy = 0.75, IT, = 0.5, Il3 = 0.6, Iy = —0.06,
dg=—-0.04,33=074,n=04,k=—-04,2=03,Q=0.6,3, =0.02,y =03.

6.3. Comparison

In contrast to prior quantum ZK-type studies [28-31], which consider dust-free or
nondissipative settings and chiefly report solitary/exact solutions, we analyze a (3+1)-D
ZK-Burgers model for dusty quantum plasma (including dissipation), derive multiple
solution families via the Paul-Painlevé approach, and conduct a comprehensive nonlinear-
dynamics/chaos analysis. A concise side-by-side comparison is provided in Table 2.
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Table 2. Side-by-side comparison of the present work with additional published studies [28-31].

Shah &

Aspect Goswami et al. [28] Arshed et al. [29] Zhang et al. [30] Mahmood [31] Present Work

Electron-acoustic

. waves (inner (3+1)-D extended (3+1)-D extended (2+1)-D quantum ZK .(3+1)_D ZK-Burgers
Model/equation magnetosphere; in dusty quantum
. quantum ZK quantum ZK (no dust)
relativistic plasma
degeneracy)
. Generalized Exact solution Analytical Paul-Painlevé + full

Shock/solitary- . . : .

Method structure analvsis Kudryashov; techniques (incl. solitary-wave dynamical
y modified Khater peakons) analysis diagnostics

Reported solutions

Shocks; solitary

Families of exact

Peakons; new solitary

Bright solitary waves

Bright, periodic,
hybrid (combo),

structures solutions waves dark—bright
Yes: LEs, bifurcation,
Dynamical analysis ~ No No No No spectra, basins,

multistability

Space-plasma regime,

Parametric exact

Extended quantum

Baseline quantum ZK

Dissipation + dusty
medium; solution

Scope S solutions (no ZK without families +
relativistic effects . R framework .
dynamics) dissipation comprehensive
dynamics
First integration of
Paul-Painlevé exact
Shock/solitary in Exact families w/o New exact forms w/o  Baseline for quantum  solutions with full
Novelty 7K

different regimes

dynamics

dissipation

dynamical/chaotic
analysis for dusty
(3+1)-D ZK-Burgers

7. Conclusions and Future Work

In this study, we studied the (3 + 1)-dimensional Zakharov-Kuznetsov-Burgers equa-

tion in the framework of quantum dusty plasma to examine the mechanisms underlying
shock-wave phenomena. The nonlinear model was analyzed through a comprehensive
dynamical framework that incorporated bifurcation theory, Lyapunov exponents, mul-
tistability, return map analysis, chaotic attractors, Poincaré maps, and phase portraits.
The analysis revealed a rich variety of dynamical regimes, including chaotic, quasi-periodic,
and periodic structures, as well as sensitivity of the system to frequency-response and time-
delay effects. These results contribute to a deeper understanding of the nonlinear structures
that arise in dispersive—dissipative-plasma environments. After establishing the global
dynamics, traveling-wave solutions were constructed via the Paul-Painlevé approach.
The obtained analytical solutions present explicit representations of shock- and solitary-
wave profiles, thereby linking the dynamical picture with exact solution structures. This
dual framework provides valuable insight into the interplay between nonlinear excitations,
dissipation, and dispersion in plasmas with charged dust particles under quantum effects.
Building on this work, several promising avenues may be pursued. First, the model can be
extended to include additional physical effects such as nonthermal particle distributions,
external magnetic fields, or higher-order quantum corrections. Second, numerical simu-
lations may be performed to validate the analytical and dynamical results, specifically in
regimes where multistability and coexistence of attractors are predicted. Third, connections
to experimental plasma systems can be explored, allowing the identification of parameter
regimes relevant to laboratory dusty-plasma and astrophysical-plasma conditions. Finally,
the methodology employed here may be generalized to other nonlinear dispersive equa-
tions, broadening its impact in plasma physics, nonlinear optics, and related engineering
applications.
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Appendix A. Outline of the Paul-Painlevé Approach

For completeness, we present here a concise description of the Paul-Painlevé approach,
which is often employed in the analysis of nonlinear differential equations to distinguish
between regular and chaotic solution behaviors.

Step 1: Reduction to an ordinary differential equation
We begin with the general nonlinear partial differential equation

I(M, My, My, M;, My,---) =0. (A1)
Introducing the traveling-wave transformation
M(x,y,z,t) = Q(7), T = 31X+ 3oy + 33z — wt, (A2)
the PDE (A1) is reduced to an ordinary differential equation of the form
0o, 9, 9" )=0 (A3)

Step 2: Construction of the Trial Solution
A suitable trial solution for Equation (A3) is established, expressed as

M . .
Q1) = Y[ P(®)e ], (A4)

i=1

where B; (i = 1,2,...,m) are constants to be determined. The auxiliary function P (&)
satisfies the Riccati-type equation
dP

- 2:
16 kP =0,

with & = €(1) = A; — &~ Its solution can be written as

1

P(®) = 6 —do’

(A5)
Step 3: Determination of the Balance Number

The parameter m in Equation (A4) is obtained using the balancing principle, which
requires that the highest-order derivative in Equation (A3) be balanced with the highest-
degree nonlinear term.
Step 4: Coefficient Identification

Substituting Equations (A4) and (A5) into Equation (A1) produces a polynomial in
powers of ’Pi(QS), (i=0,1,2,...). By equating coefficients of identical powers to zero, one

125



Mathematics 2025, 13, 3101

obtains an algebraic system of equations. This system is then solved using a computer
algebra system (CAS), such as Mathematica, yielding explicit forms for the unknown pa-
rameters and thereby constructing the final solution set. Remark: This appendix has been
included to provide readers with a structured overview of the Paul-Painlevé procedure.
The approach is especially valuable in classifying solution behaviors of nonlinear models
and in generating closed-form structures that highlight integrability properties.
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Abstract

Many types of exact solutions to the truncated M-fractional classical Lonngren wave
model are explored in this paper. The classical Lonngren wave model is a significant
electronics equation. This model is used to explain the electronic signals within semi-
conductor materials, especially tunnel diodes. Through the application of a modified
(G'/G?)-expansion technique and an extended sinh-Gordon equation expansion (EShGEE)
method, we obtained various wave solutions, including periodic, kink, singular, dark,
bright, and dark-bright types, among others. To ensure that the solutions in question are
stable, linear stability analysis is also carried out. Moreover, the stationary solutions of
the concerning equation are studied through modulation instability. The obtained results
are useful in various areas, including electronic physics, soliton physics, plasma physics,
nonlinear optics, acoustics, etc. Both techniques are useful for solving nonlinear partial
fractional differential equations. Both techniques provide exact solutions, which can be
important for understanding complex phenomena. Both techniques are reliable and yield
distinct types of exact soliton solutions.

Keywords: classical Lonngren wave model; qualitative analysis; analytical methods;
fractional form exact solutions; applications in mathematical physics

MSC: 35C07; 35C08; 83C15

1. Introduction

Fractional differential equations are used in many fields of science and engineer-
ing. Various fractional differential models have been developed, including the fractional
stochastic Biswas—Arshed equation [1], the fractional Van der Waals equation [2], the frac-
tional single-joint robot arm model [3], the fractional generalized Pochhammer—Chree
equation [4], the fractional Boussinesq—-Burgers system [5], the fractional Pareto probability
distribution model [6], the fractional Riemann wave equation [7], the fractional coupled
Konno-Onno equation [8], the Sharma—-Tasso-Olver equation [9], the fractional advec-
tion diffusion equations [10], the fractional Boussinesq-Burgers system [11], the fractional
Schrodinger-Hirota equation [12], the fractional Westervelt model [13], etc. There are many
methods to obtain the exact wave solitons and other solutions, including the Sardar sub-
equation method [14], the Moser iterative method [15], the unified method [16], the new
extended direct algebraic method [17], the Crank—Nicolson finite difference method [18],
the Fourier-Jacobi Polynomials method [19], the Hirota bilinear method [20], etc.

Mathematics 2025, 13, 3107 https://doi.org/10.3390 /math13193107
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The model we focus on is the classical Lonngren wave model, which is given
as follows [21]:
(Uxx —0v+ sz)tt 4+ 0xx =0 (1)

Here, v is a real-valued function. Symbols 0 and « are the arbitrary constants. Equation (1)
has its physical basis in the behavior of electrical signals within Sony’s tunnel diode,
which falls under the category of semiconductor materials [22]. Moreover, Equation (1) has
applications in elucidating the propagation of electrical signals through materials exhibiting
semiconductor properties and mechanisms underlying energy storage in circuits featuring
electrical charge. Various methods are used to obtain the different types of solutions of
Equation (1), including the Sine-Gordon expansion method [23], the auxiliary equation
method [24], the (1/G’)-expansion method [25], Lie group analysis [26], etc.

In this paper, the authors utilized the EShGEE technique and the modified (G’ /G?)-
expansion technique. The proposed methods are used for many models. Specifically,
the EShGEE method is applied to the Biswas—Arshed equation [27], the hyperbolic and
cubic-quintic non-linear Schrédinger models [28], the generalized non-linear Schrodinger
model [29], and the Kundu-Eckhaus model [30]. The modified (G'/ GZ)-expansion tech-
nique is utilized for multiple models, as discussed in [31-33], etc.

The aim of this work was to obtain novel exact wave solitons of the classical Lonngren
wave model with a truncated M-fractional derivative. Moreover, we performed qualitative
analysis to describe the accuracy and stability of the obtained results.

The motivation for our research is to explore the different types of exact soliton solutions
of the classical Lonngren wave model in the truncated M-fractional derivative form. The
truncated M-fractional derivative shares properties of both the fractional derivatives and
integer-order derivatives. This definition of a fractional derivative provides solutions that
are close to the numerical solutions of the model. The techniques employed here provide
multiple kinds of exact soliton solutions. These techniques have not yet been applied to
the classical Lonngren wave model. The applied techniques are also applicable for other
nonlinear partial fractional differential equations. Additionally, the effect of the truncated
M-fractional derivative on the obtained solutions is also discussed through two-dimensional
graphs. Moreover, stability and modulation instability analyses are utilized for the first time
for the classical Lonngren wave model.

This paper comprises multiple sections: a description of the EShGEE scheme and
modified (G’/G?)-expansion method in Section 2; mathematical analysis and exact wave
solutions in Section 3; a graphical explanation in Section 4; qualitative analysis in Section 5;
and the conclusion in Section 6.

Definition 1. Suppose w(y) : [0,00) — R, so TMFD of w of order € [34]

w (t Ey(et'=€)) —w(t)
DS w(t) = li e 1
M/tw( ) 6135 - , €€(0,1], >0,

here E,(.) denotes TML profile [35]
E(z) =) ? 0and z€C
z)=Y ————, 0>0and z€ C.
T ATy ¢

Theorem 1. Suppose a,b € R and g, f are e— differentiable for t > 0. The following property is
taken from [34]:

(a) Dyt (ag(t) + bf(t)) = aDyf,g() + D7 f(2).
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To prove the linearity property, we will use the definition of the fractional derivative operator Df\ft.

Step 1: Apply the definition to the linear combination. Let us consider DM {(ag(t) + bf(t)) using
the given definition:

€0 — iy (88(t Eq(et! =€) +bf(t Eg(et'™<)))—(ag(t)+bf(t))
D52, (ag(t) +bf(1)) = lim

€

Step 2: Distribute the limit. DMt(ag( )+ bf(t)) = lim 8t Eglet! )b/ (¢ EQ(Etl *))—as(t) “bf (1)

e—0
Step 3: Separate the terms. DMt(ag( )+ bf(t)) = lin}) a(g(t Eglet’ ) g (t))+b(f(t Eo(e'7) /(1)
€—

Step 4: Factor out constants. DMt(ag( )+bf(t) = ljmag(t EQ(Et:e))*g(t) €_>Obf(t E‘*’(et ) (U
Step €’5@ Apply the definition of the fractional derwatwe DMt(ag( )+ bf(t) =a DM Lg(t)
+bDyr, f (1)

The final answer is | aDyf,g(t) + bDY}, f(£)

Similarly, we can prove the following theorems.

(b) Dyie(8() - f(1) = (D7, f (1) + F(H) D78 (8).

(d) Df\ft(C) =0, where C is a constant.

€,

(e) DMQ,’tg(t) “Tlo+1) dt
The truncated M-fractional derivative has several physical justifications and
mathematical advantages:

(i) It captures the memory effect of the system, which is essential in modeling complex
phenomena. (ii) It accounts for non-local interactions, allowing for a more accurate rep-
resentation of physical systems. (iii) It provides flexibility in modeling various physical
systems, including those with different types of nonlinearities. (iv) It is a generalized form
that encompasses various fractional derivatives, including the Riemann-Liouville and
Caputo derivatives. (v) It converges to the classical derivative when the fractional order
approaches an integer value. (vi) It allows for the derivation of analytical solutions for
certain types of differential equations. (vii) It can be implemented numerically, providing
an efficient way to solve complex problems.

Remark 1. For e — 1, the term t1=€ approaches t° = 1. Thus, et' =€ approaches €. The function
E,(et' =€) would approach E,(€).

Given the specific form of the limit definition and without the exact form of E,, we can
hypothesize that as € — 1, the operator might approach a form consistent with classical differen-
tiation if Ey(et! =€) behaves in a manner that reduces the fractional nature of the derivative to an
integer-order derivative.

2. Description of Techniques
2.1. Description of EShGEE Scheme

Now, we explain the phases of the proposed scheme.
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Phase 1:
Consider an FNLPD equation

F(g, Diﬁtgz,gzD;’f/xg, D;’f/xg,...) =0. 2)

where g denotes the profile.
Applying the given transformation in [36] within the framework of the truncated M-
fractional derivative, we obtain the following;:

xt £t
§=G(0), 0=T(1+g)(% - A7), @)
Inserting Equation (3) in Equation (2) yields
H(G,G3G,G",..)=0. @)
Phase 2:
Assume the solution of Equation (4) takes the form
m .
G(f) :uco+Z(,Bjsinh(f)+acjcosh(f))]. (5)
j=1

Here, «, &, ﬁj (j=1,2,3,..., m) are unknowns. A novel function f of () satisfies the following:

af .
0= sinh(f). (6)

Positive integer “m” is obtained through utilizing the homogenous balance rule. Equation (6)
is obtained by applying the following:

gxt = Kk sinh(v). (7)

By using [37], we obtain a solution of Equation (7) in the form

sinh f(Q)) = £csch(QQ)  OR  cosh f(Q)) = £ coth(Q)). (8)
and
sinh f(Q)) = +1 sech(Q) OR cosh f(Q)) = £ tanh(Q2). )
2 =1
Phase 3:
Using Equation (5) and Equation (6) in Equation (4) yields the following set of equations.
Phase 4:

Simplifying the obtained set yields undetermined values. Using the obtained results,
Equations (8) and (9) give the results for Equation (4) in the form

G(Q) =g+ i(iﬁj csch(Q) =+ a; coth(Q2))/ (10)
j=1
and .
G(Q) = g+ )_(+1B;sech(Q) + aj tanh (1)) (11)
j=1

2.2. Description of Modified (G'/G?)— Expansion Scheme

Here, basic steps of the scheme are presented [38].
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Step 1:

Consider Equations (2)—(4).

Step 2:

Consider the solution of Equation (4) in the form

=Y (S 12)
i=0

Here, a;(i = 0,1,2,3,...,m) are unknowns where a; # 0. A new auxiliary function
G = G(Q) satisfies

/ /

(Gz) _a+b(G2

Here, a and b represent the parameters. The results obtained by the authors for
Equation (13) depend on 4, as follows:

)% (13)

Case 1: ab < 0 yields

G __\/|ab| V/]ab| Clsmh (v/ab Q) + C; cosh(vab Q)

(a) a b 2 C1 cosh(v/ab Q) + Cy sinh(v/ab Q) ) 14
Case 2: if ab > 0, then
(g) _ \/E (Cl cos(Vab Q) + Cy sin(vab Q) y (15)
G? b " Cysin(vab Q) — Cysin(vab Q)
Case 3: ifa = 0and b # 0, then
/
(%) - _b(c1((2:1+cz)' (16)

Here, C; and C; are constants.

Step 3:
Put Equation (12) into the Equation (4) with Equation (13) and collect the coefficients of
each power of ( ) equal to zero, then solve the obtained set having «;,a,b,v.

Step 4:
By substituting «;, v, and the other parameters obtained in Step 3 from Equation (12) into
Equation (4), one can derive the results of Equation (2).

3. Mathematical Analysis

Equation (1) in the form of a fractional derivative is given as follows:

Dy (D0 — v+ k0?) + Diyy 20 = 0. (17)
Consider the following wave transformation:

wet)=v), 0="UF00 g (18)

Here, p represents the soliton velocity.

Dif o=V, Difo=V" (19)
Difo=—pV/, Diifv=p?V". (20)
Dy 0? = —20VV',  Dijso? = 202(VV" + (V')2). (21)
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: 2 2 2
Dy (Dyso) = —pV", Dy $(Dyso) = p*VW. (22)
By substituting Equations (19)—(22) into Equation (17), we get

2V + (1 002) V" + 202V V" + 2102 (V') = 0. (23)

By using the homogenous balance technique and balancing the terms V* and VV”, we find

that the value of m is two.

3.1. Exact Wave Solutions Through the EShGEE Technique

Equation (5) reduces to the following for m = 2:
V(Q) = ag + ag cosh(f(Q)) + By sinh(f(Q)) + (az cosh(f(Q)) + Bz sinh(f(2)))>. (24)

Using Equation (24) in Equation (23) along with Equation (6), we obtain a system containing
xg, &1, B1, A, and other parameters. Solving the system with the use of Mathematica
software, provides the following sets:

Set1;
0+8)p>—1 6
{“O_(zK);)z/al_oraz_i\/\/_;K/.Bl_OUBZ_O}' (25)
_(9+8)p2—1_§ 2r(1+Q) T
v(x,t) = 202 p coth”( - (x* —pt).  p,k>0 (26)
_(9—1—8)]02—1_9 2r(1+9) £ g€
v(x, t) = T x tanh (78 (xf—pt%)). p,x>0 (27)
Set 2;
(0+2)p%—1 V3 V3
= A =00y =+ By =08y = F—v 28
{ 0 20 aq %) Nawrs 1 B2 :F\/_—ZK (28)
0+2)>-1 3 ra r(
o(x ) = %—E(coth( ( j@) (¢ — pt*)) — esch( L. :9) (x*— o2 pr >0 (29)
8+2)p>-1 3 r(1 r(
v(x,t):%fﬂ(tanh( ( :Q)(ngptg))fzsech( ( :‘3) (x*—pt)2%  px >0 (30)
Set 3;
0—4)>—1 6
{D‘O:(ZK);)Zf"‘lzorﬂﬁzzolﬁlzolﬁzzi\/\%}- (31)
_(9_4)102_1_9 2r(1+Q) £ g€
v(x, t) = Tt x csch (78 (xf—pt%)).  p,x<0 (32)
6—-4)p>—-1 6 I'(1+0)

v(x, t) = + p sechz(f(xs —pt9)).  p<0,x>0 (33)

2Kp?

3.2. Exact Wave Solutions Through Modified (G'/G?*)— Expansion Technique

In our case, Equation (12) transforms to

Q) = vco—i-ocl(g;((g))) +a2<g;((g)))2. (34)

Here, g, a1, and &y are unknowns. Substituting Equations (13) and (34) into Equation (23)
and solving the equation the help of Mathematica software yields the following set:
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Set:

_ 2 2 _ 2
{“0_ 8abp” + 0p~ — 1 6: } (35)

Case 1: If ab < 0,
o(x,t) —8abp* + 00> —1  6b>, Jlab] = +/|ab]

2xp? - = b + >
(Csinh(v/ab FUE (¢ — pi€)) + Ca cosh(Vab O
9)

€
Cy cosh(vab (1te) (x¢ — pt€)) 4 Cy sinh(vab F(lj

€

- A

(x* — pt))
(x — ptt))

N2 p,k<0 (36)

—

Case 2: If ab > 0,

—%Mﬁ+mﬁ—l_@(ﬁmd%ﬁH?®&“mﬁﬂ+@ﬁm¢%m?@&“mﬁ)
2kp? b ¢, sin(v/ab [te) (xt — pt£)) — Cysin(v/ab F(l:—g) (xt — ptf))

€

v(x,t)

2 pxk<0 (37)

Case3:Ifa=0and b # 0,

2 _
o(x, t) = fp”—1 6 < G

2
2 . 0K <0 (38)
2602w\ (0 U (e — pre) + Cz)) !

4. Graphical Representation

Graphical representations of the obtained solutions of the truncated M-fractional
classical Lonngren wave model will be explained in this section. The authors use contour,
three-dimensional, and two-dimensional plots to illustrate the results in this section. Graphs
for € = 0.5,0.7,1 are also used to illustrate the effect of the fractional derivative. The
following graphs were drawn using Mathematica software 11.0

5. Qualitative Analysis
5.1. Stability Analysis

Stability analysis is employed to describe how the system reacts over time and how it
acts in response to outside influences. To describe the stability of the governing equation
in applications, stability analysis is carried out by testing some of the obtained solutions,
applying the characteristics of the Hamiltonian system. The stability analysis of various
models has been covered in the literature, including by [39,40].

By performing stability analysis on the classical Lonngren wave model, we can
gain valuable insights into the behavior of waves in various physical systems that can
ultimately lead to improved designs and applications. We consider the energy-like
functional for stability

5:%/ 2 dx. (39)

Here, v(x,t) is the field variable and S denotes the energy-like L? functional. We now
present a prerequisite for stable soliton solutions.

oS
% >0, (40)

Here, p indicates the wave speed. Substituting Equation (26) into Equation (39) yields

_ 1 2 (9+8)p2—1 6 Zr(1+Q) e €)))2
S_i/_z(T_;COth (= (" —pt%)))"dx, (41)
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and by applying the condition described by Equation (40), one obtains

1
4K2p5

(86p% — 320% — 120p°t csch®(pt + 2) 4 126p°t csch? (2 — pt) + 6p* log(sinh(pt) + cosh(pt))?—
0% log(sinh(20t) — cosh(2pt)) — 24p°t csch? (pt + 2) 4 24p°t csch?(2 — pt) +
720°t coth? (pt + 2) esch?(pt + 2) — 720°t coth? (2 — pt) csch?(2 — pt) + 1203t csch® (pt +2) —
1203t csch?(2 — pt) + 24p coth(pt + 2) + 2402 coth(2 — pt) — 4p? log(sinh(pt) + cosh(pt) )+
4p? log(sinh(2pt) — cosh(2pt)) — log(sinh(pt) 4 cosh(pt))? 4 log(sinh(2pt) — cosh(2p0t)) — 8) > 0. (42)

Hence, Equation (26) shows the stable solution. Similarly, the stability of the other solutions
can be checked.

5.2. Modulation Instability (MI) Analysis

An equation to examine a steady-state method for solving the classical Lonngren wave
model is given below [41,42]:

o(x,t) = (V(x,t) + V1)e'™. (43)

The anstaz given in Equation (43) is used to study the stability of a continuous
wave solution.

Here, T indicates the optical normalizing power.

Substitute Equation (43) into Equation (1). By linearization, one gets

0752 + 072 — 201TV; — OV — T2Viex + Vix + 20T Vit + Vaxtt = 0. (44)
Supposing the solution of Equation (44) mentioned as:
V(x,t) = AP0t Ay Hpx—at), (45)

Here, q and p are the parameters that represent the growth rate and wave number, respec-
tively. Equation (45) is substituted into Equation (44). After solving the determinant of the

coefficient matrix, the authors obtain the dispersion relation by adding the coefficients of
el(prqt) and eil(prqw‘

pigt — 2p*gPT? — 2pt* + pict — 2pte? + pt 4 20070 — 60p°gP T — 20p% % + 0%q* — 462477 = 0. (46)

The dispersion relation can be found from Equation (46) for q, with the following results:

272 L 4 2.2 2
qzﬂi\/er +p +92p1' +6p. ()
6+p
The solution in the steady state is unstable when
07 + p* + 0p> > + 0p* < 0. (48)

Instability arises when Img > 0. It is possible to obtain the modulation instability (MI) gain
spectrum G(p) as follows:

R V0272 + p* + 0p212 + 6p?
- 0+ 2 '

G(p) = 2Im(q) (49)

6. Conclusions

Several types of exact waves of the non-linear classical Lonngren wave model with
the TMFD were presented in this paper. By utilizing the modified (G'/G?)-expansion
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technique and the EShGEE method, the authors obtained novel types of exact solitons. The
obtained results were also explained through 2D, 3D, and contour graphs, as shown in
Figures 1-7. To ensure that the obtained solutions were stable, stability analysis was carried
out. Modulation instability was also checked and explained through Figure 8. The obtained
results may be useful in various fields, including fluid dynamics, plasma physics, soliton
physics, etc. In the future, bifurcation analysis and sensitivity analysis, as well as analysis
of quasi-periodic, periodic, and chaotic behavior can be studied for the concerned model.
Moreover, the obtained soliton solutions can be compared with the numerical solutions of
the governing model in the future.

15+ t=-0.5

60. — €=0.5
100 — t=0 — €=0.7
— t=0.5 40! — e=1

v(x,t)

0 2 20/ E ]
_5F < ‘ ] 0
-10 ]
-20-
10 -0.5

-15L . | .
-2 -1 0 1 2 -1.

0.0 0.5 1.0

(a) 2-D plot. (b) 2-D plot.

(c) 3-D plot. (d) Contour plot.

Figure 1. Graphs of v(x,t) for Equation (26) for 6 = 1, p = —0.5, x = —1, and ¢ = 1. (a) is the
two-dimensional plot if —2 < x < 2 and ¢ = 0.7; the yellow shape represents values if t = —0.5;
the black shape represents values if t = 0; the pink shape represents values if t = 0.5. (b) is the
two-dimensional plot if —1 < x < 1 and t = 0.5; the green shape represents values if € = 0.5; the
orange shape represents values if € = 0.7; the purple shape represents values if € = 1. (¢) is a 3-D
graph for —1 < x < 1and e = 1 with —1 < t < 1. (d) represents the contour graph when —1 < x <1
ande =1fort e (-1,1).
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t=—0.5 -

— €=0.5
3L — t=0 ] — €=0.7
— t=0.5 2- — e
2, 4

-2

v(x,t)
1 1
LR
v(x,t)
o

L L L L B -4 L L L L
-4 -2 0 2 4 -4 -2 0 2 4
X X

(a) 2-D plot. (b) 2-D plot.

-1.0 -0.5 0.0 0.5 1.0

(c) 3-D plot. (d) Contour plot.

Figure 2. Graph of v(x,t) in Equation (27) for 6 = 1, p = 1, « = 1, and ¢ = 1. (a) is the
two-dimensional plot if =5 < x < 5 and ¢ = 1; the yellow shape represents values if t = —0.5;
the black shape represents values if t = 0; the pink shape represents values if t = 0.5. (b) is the
two-dimensional plot if =5 < x < 5 and t = 0.5; the green shape represents values if € = 0.5; the
orange shape represents values if € = 0.7; the purple shape represents values if € = 1. (c) is a 3-D
graph for —1 < x < 1and € = 1 with —1 < t < 1. (d) represents the contour graph when —1 < x < 1
ande =1fort e (—1,1).

_2}
-5F
—4}
g -10 P
> >
-8l
—15} —10l
. . . . =121 . . . .
-4 -2 0 2 4 -4 -2 0 2 4
X X
(a) 2-D plot. (b) 2-D plot.

Figure 3. Cont.
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(c) 3-D plot. (d) Contour plot.

Figure 3. Graph for v(x, t) is denoted through Equation (32) for; § = —0.01,p =1,k =1,and 0 = 1. (a) is
the two-dimensional plot if —3 < x < 3and & = 1; the yellow shape represents values if t = —0.5; the black
shape represents values if f = 0; the pink shape represents values if t = 0.5. (b) is the two-dimensional
plotif =5 < x < 5and t = 0.5; the green shape represents values if € = 0.5; the orange shape represents
values if € = 0.7; the purple shape represents values if € = 1. (¢) is a 3-D graph for -5 < x <5ande =1
with —1 < t < 1. (d) represents the contour graph when —1 < x < lande =1fort € (—1,1).

300} ‘ E :
t=-0.5 — =05
200} —t=0 1 5000¢ — =07 |
100l — t=05 | et
2, = 0
x
s / z
-100¢ -5000 |
-200}
_300 7\ L L L L \7 _100007 L L L L
-3 -2 -1 0 1 2 3 -4 -2 0 2 4
X X
(a) 2-D plot. (b) 2-D plot.

(c) 3-D plot. (d) Contour plot.

Figure 4. Graph for v(x,t) is denoted through Equation (33) for; 6 = —1, p = —1, x = 0.01, and
0 = 1. (a) is the two-dimensional plot if —3 < x < 3 and ¢ = 1; the yellow shape represents values if
t = —0.5; the black shape represents values if ¢ = 0; the pink shape represents values if t = 0.5. (b) is
the two-dimensional plot if =5 < x < 5 and t = 0.5; the green shape represents values if € = 0.5; the
orange shape represents values if € = 0.7; the purple shape represents values if € = 1. (c) is a 3-D graph
for -1 < x < land e = 1 with —1 <t < 1. (d) represents the contour graph when —1 < x < 1 and
e=1forte (—1,1).
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Figure 5. A graph of v(x, t) in Equation (36) for = -1, p =1,k =1,a =1,b =1, C; = 0.005,
C; = 0.1, and ¢ = 1. (a) is the two-dimensional plot if —3 < x < 3 and &€ = 1; the yellow shape
represents values if t = —0.5; the black shape represents values if ¢t = 0; the pink shape represents
values if t = 0.5. (b) is the two-dimensional plot if —5 < x < 5and ¢t = 0.5; the green shape represents
values if € = 0.5; the orange shape represents values if € = 0.7; the purple shape represents values if
€ = 1. (c)isa 3-D graph for —1 < x < land € = 1 with —1 <t < 1. (d) represents the contour graph
when -1 <x<lande=1fort e (—1,1).
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Figure 6. A graph of v(x, t) in Equation (37) for0 =1, p=1,k=1,a=1,b=1,C; = -2,C =1,
and ¢ = 1. (a) is the two-dimensional plot if —15 < x < 15 and ¢ = 1; the yellow shape represents
values if t = —0.5; the black shape represents values if t = 0; the pink shape represents values if
t = 0.5. (b) is the two-dimensional plot if —15 < x < 15 and t = 0.5; the green shape represents
values if € = 0.5; the orange shape represents values if € = 0.7; the purple shape represents values if
€ = 1. (c)isa 3-D graph for —15 < x < 15 and € = 1 with —1 < t < 1. (d) represents the contour
graph when —15 < x < 15and e = 1fort € (—1,1).

X

(c) 3-D plot. (d) Contour plot.

Figure 7. A graph of v(x, t) in Equation 38) for6 =1, p=1,k=1,a=1,b=1,C; =-2,C =1,
and ¢ = 1. (a) is the two-dimensional plot if —10 < x < 10 and & = 1; the yellow shape represents
values if t = —0.5; the black shape represents values if t = 0; the pink shape represents values if
t = 0.5. (b) is the two-dimensional plot if —10 < x < 10 and ¢t = 0.5; the green shape represents
values if € = 0.5; the orange shape represents values if € = 0.7; the purple shape represents values if
€ = 1. (¢)isa 3-D graph for —10 < x < 10 and € = 1 with —1 < t < 1. (d) represents the contour
graph when —10 < x < 10and e =1 for t € (—1,1).
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Figure 8. MI gain spectrum for the values 6 = 2 and p = 3,4,5, 6. (a) represents the two-dimensional
graph when —5 < T < 5and p = 3,4,5, 6. (b) shows the three-dimensional graph when -3 < 7 < 3
and —2 < p < 2. (c) represents the contour graph when —3 < 7 <3and -2 < p < 2.
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Abstract

This paper investigates soliton solutions of the time-fractional Biswas—Arshed (BA) equa-
tion using the Extended Simplest Equation Method (ESEM). The model is analyzed un-
der two distinct fractional derivative operators: the p-derivative and the M-truncated
derivative. These approaches yield diverse solution types, including kink, singular, and
periodic-singular forms. Also, in this work, a nonlinear second-order differential equation
is reconstructed as a planar dynamical system in order to study its bifurcation structure.
The stability and nature of equilibrium points are established using a conserved Hamilto-
nian and phase space analysis. A bifurcation parameter that determines the change from
center to saddle-type behaviors is identified in the study. The findings provide insight into
the fundamental dynamics of nonlinear wave propagation by showing how changes in
model parameters induce qualitative changes in the phase portrait. The derived solutions
are depicted via contour plots, along with two-dimensional (2D) and three-dimensional
(3D) representations, utilizing Mathematica for computational validation and graphical
illustration. This study is motivated by the growing role of fractional calculus in modeling
nonlinear wave phenomena where memory and hereditary effects cannot be captured
by classical integer-order approaches. The time-fractional Biswas—Arshed (BA) equation
is investigated to obtain diverse soliton solutions using the Extended Simplest Equation
Method (ESEM) under the B-derivative and M-truncated derivative operators. Beyond
solution construction, a nonlinear second-order equation is reformulated as a planar dy-
namical system to analyze its bifurcation and stability properties. This dual approach
highlights how parameter variations affect equilibrium structures and soliton behaviors,
offering both theoretical insights and potential applications in physics and engineering.
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solutions; solitons; time-fractional Biswas—Arshed (BA) model; f and M-truncated
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1. Introduction

Fractional calculus has fascinated many specialists due to its implications in uncov-
ering deeper aspects of present reality. Although fractional derivatives were introduced
nearly three centuries ago, they were not entirely a new concept [1]. Recent research
on nonlinear fractional partial differential equations (NLFPDEs) has risen significantly,
highlighting their diverse applications across various domains, including engineering,
medical fields, controlled thermonuclear fusion, plasma physics, stochastic dynamical
processes, acoustics, diffusive transport, chemical physics, solid state physics, electric
networks, astrophysics, electromagnetic theory, fluid mechanics, geochemistry, fractional
dynamics, manipulation theory, chemical kinematics, system identification, biogenetics,
optical fibers, and many others [2-5]. The above-mentioned topics are closely related to
engineering concepts such as response, diffusion, convection, and dispersion, and NLF-
PDEs can be applied to accurately solve them. Fractional calculus is the principal technique
for differentiating and integrating averages of any order, enabling the construction and
understanding of various physical features associated with continuous transitions from
stationary to oscillatory phenomena. Due to the prevalence of fractional nonlinear differen-
tial equations (FNLDEs) throughout several engineering and scientific fields, numerous
researchers focus their efforts on deriving exact or approximate solutions to these dynamic
FNLDEs. Ahmed et al. [6] derive a rational solution, singular-periodic wave, periodic wave
solution, dark, and collective dark-bright solutions of space-time NLFE for communication
lines via the improved generalized Riccati equation technique.The single-wave solutions of
the generalized Rosenau-Korteweg-de Vries (RKDv) regularized long-wave model were
examined by Avazzadeh et al. [7]. Asjad et al. [8] examined nonlinear differential time-
fractional equation to derive solutions like trigonometric functions, exponential functions,
rational functions, and hyperbolic functions utilizing the EDA approach. Zaman et al. [9]
investigated nonlinear fractional Allen Cahn (AC) and space-time Phi-4 equations via

(%/)—expansion technique to obtain periodic soliton, singular kink, dynamical compaction,
and single soliton-type solutions. Sadiya et al. [10] derived single solitons, kink type,
bell shape, double solitons and multiple solitons types results by applying tanh-function
technique to the Klein—-Gordon and nonlinear time-fractional Sine-Gordon (SG) model.
To analyze coupled approximate-long-water wave and space-time nonlinear fractional
coupled systems, Zaman et al. [11] implemented the tanh-function method. To derive
soliton solutions, such as bell-shape and kink-type solutions, use the Whitham—Broer-Kaup
equation. Arefin et al. [12] utilized the Riemann-Liouville fractional derivative along

with the two-variable (%/, %)—expansion technique to obtain exact solutions for the space-
time NLF (2 + 1)-dimensional diffusive long-wave equation and the approximated long
water-wave equation. During the application of the fractional differential sub-equation
technique. RASHED et al. [13] examined the space-time NLF differential modified Benjamin

Bona-Mahony model. Furthermore, two-variable (%, é)-expansion technique [14,15], Sine-

Gordon expansion method [16], (%;)—expansion technique [17], modified extended tanh
function approach [18], sine cosine and sinh cosh method [19], a novel modified extended
direct algebraic method [20], extended generalized Riccati equation mapping method [21],
Paul-Painlevé method [22], Laplace Pade—Caputo-fractional differential transform tech-
nique [23], generalized Kudryashov technique [24], explicit finite-difference technique [25],
the Yang decomposition technique and homotopy perturbation technique [26], optimized
decomposition technique [27], Chelyshkov wavelets method [28], differential inequality
technique and integral transformation method [29], hybrid local fractional approach [30],
natural decomposition technique [31], Mohand variational iteration transform technique
and novel approximate analytical technique [32], iterative method [33], fractional new
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analytic technique [34], F-expansion approach [35], Elzaki transform technique [36], Ado-
mia -decomposition and Jafari transform technique [37], Laplace residual power series
approach [38], Bernstein spectral approach [39] are adopted by different researchers to
solve NFFDEs. Here, our concern is to solve the Biswas arshed (BA) equation. Biswas and
Arshed [40] introduced an innovative concept aimed at reducing issues by attaining an opti-
mal equilibrium between dispersion and nonlinearity to preserve solitons in metamaterials,
crystal fibers, optical fibers, and photonic crystal fibers, possibly leading to reduced group
velocity dispersion and an absence of nonlinearity. In this instance, they recovered the
combo, bright, and singular solitons to demonstrate that solitons still exist for BA equation.
Many researchers have recently provided an explanation of the BA equation. Alhojilan et al.
[41] find stochastic bright solutions, stochastic dark solutions, stochastic singular solutions,
stochastic rational solution, stochastic singular-bright solutions, stochastic periodic solu-
tions, and stochastic bright-dark solutions by investigating the Biswas—Arshed equation
via modified extended mapping technique. Cinar et al. [42] used an extended sine cosine
approach and extended sinh-cosh approach and obtain singular solitons solutions, dark
solitons solutions, and singular-periodic soliton solutions from Biswas Arshed equation.
Zhao Li et al. [43] obtain optical and traveling wave solitons solutions by investigating the
BA equation including beta-derivative via Li’s three-step technique. Ghazala et al. [44]
formed trigonometric function solutions, rational function solutions and hyperbolic func-
tion solutions by investigating BA model through the improved auxiliary equation method.
Akbulut and Rayhanul [45] applied improved extended auxiliary equation and improved
F-expansion technique to BA equation, including the B-derivative to gain rational function
solutions, trigonometric function solutions, and hyperbolic function solutions. Sachin
and Monika [46] investigated BA equation via a generalized exponential-rational function
method and kudryashov’s technique to extract solitons solutions.
The governing model has the following form:

it + a1jux + azjut + i (brjxxx + bojxxt) = i[6(|j1%)x + p(1j1?)x] + Aljl%f], (1)

where j(x,t) rely on x and t characterizes soliton profile, x represents the distance and ¢
represents the time variables. a1 represents the group velocity dispersion (GVD), while
ay, by are the spatio-temporal dispersion coefficient and b, for the third-order dispersion
coefficient. The nonlinearity is defined by the third component in the equation on the
right-hand side, where ¢ denotes the influence of self-steepening, while A and y indi-
cate the nonlinear dispersion effect. Another powerful technique has been offered by
Kudryashov in his research [47,48], the simplest equation technique is the name given to
this methodology. Recently, Bilige et al. [49,50] modified this technique which is named
the modified simplest equation technique. Subsequently, numerous researchers [51,52]
applied this technique to gain novel exact solitons solutions for NLPDEs. This study
uses extended-simplest equation technique to find new trigonometric, hyperbolic, and
rational solutions for the BA equation and explains the resulting solutions, which include
the p-derivative and M-truncated by their graphical representations. In this paper, We
conduct a comprehensive comparison of the f and M-truncated fractional derivatives
applied to the Biswas—Arshed equation utilizing the Extended Simplest Equation technique.
Unlike earlier research, which focused primarily on individual fractional derivatives or
conventional analytical approaches, ours uniquely mixes beta and M-truncated derivatives
within the same framework. This makes a direct comparative study, which the literature
has not yet extensively investigated, feasible. Furthermore, we derive a more general
and effective solution method, thereby generating a class of soliton solutions. This study
offers innovative analytical perspectives that surpass prior research and elucidates the
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progression of fractional derivatives in nonlinear equations. This facilitates future progress
in fractional calculus and its applications in complex physical systems.

This paper is organized as follows: Preliminaries are outlined in Section 2. The pro-
posed approaches are summarized in Section 3. The governing models are outlined in
Section 4. Section 5 discusses the application of the proposed methodologies to the govern-
ing system for extracting precise solutions. Section 6 presents graphical representations
of several findings. Bifurcation analysis are described in Section 7. Section 8 contains the
presentation of the conclusion and future work.

2. Preliminaries
2.1. B-Derivative

Definition 1 (Atangana et al. [53]). Let u(z) be a function that is defined for any non-negative z.
Therefore, the B-derivative of u(z) is as follows:
_ dPu(z)

ulz+&(z+ o —u(z)
TP (u(z)) = — :%li% < ( F(gﬁ)) )

,1<B<1. @)

Theorem 1. Let u(z) and v(z) be B-differentiable functions for all z > 0 and B € (0,1]
(Martinez et al. [54]). Then,

TP (ru(z) 4 sv(z)) = rTP(u(z)) + sTP(v(z)),Vr,s € R.

T (u(z)o(z)) = 0(2) TP (u(z)) + ()T (0(2)).
19(49)) o(2)TA(u(z)) — u(z) T(v(z))

0(z)) v2(z)

1 )1_ﬁ du(z)

Tﬁ(u(z)) = (z—l— T 1

T(p)

2.2. M-Truncated Derivative
Definition 2. The Truncated-Mittag—Leffler function [55] is defined as follows:

Eple@) = L ity ®

where g € Cand B> 0

Definition 3. Let v: [0,00) — R be a function. The M-truncated derivative of v of order -y, where
v € (0,1) with respect to z, is defined as

,B,z>0, (4)

where ;Eg(.) is the truncated Mittag—Leffler function.

Theorem 2. Let us assume that 0 < v < 1,p,q € R, B > 0, y and ¢ be a y-diferentiable at any
z > 0. Then,

D (P +49)(2) = DL 9 () + DG p(2), prg € R

D (99)2) = 9D 0(2) + 9D (2).
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If ¢ is diferentiable, then

277 dyp(z)

(v.B) _
D) )& = 15717 s

3. Description of the Method

To explain this method, initially consider the following projective Riccati equation:

) =-fgkx), §x)=-8x) +of(x)—p, p#0

where p and ¢ are constants. Consider

_ _9)
fx) = 200 g(x) = K ¢(x) #0

$(x) is the result of the following ODE of order two.

o =¢"(x) +pp(x)-

For this ODE, there are three different kinds of solutions.

(1)

(2)

(3)

For p < 0, hyperbolic function solution exist:

¢(x) = Bicosh(x\/—p) + Basinh(x\/—p) + %.

(5 o (5i) s 0 =0

Due to this,

o2

where, A = pB} — pB — &

For p > 0, trigonometric function solution exist:

¢(x) = Bicos(x+/p) + Basin(x+/p) + %-

Due to this,

(5 ~lg) e

where, Ay = pB? — pB3 — %2

For p = 0, the solution is as follows:

2
(%
9(x) = D+ Bix +Bs.

(55) - (55) -7t

where, Az = B% —20B,.

Due to this,

Here, By and B, are arbitrary constants.
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Examine the nonlinear (1 + 1)-dimensional partial differential equation (PDE)

H(j/jx/jt/jxx/jxt/jtt/ .. ) = 0/ (14)

where F is a polynomial in j(x, ) and its partial derivatives, containing the highest order
derivatives and the nonlinear terms.

The key components of this methodology are outlined as follows:
Stage (1): With the aid of a traveling wave theory.

j(x8) = JOoer, x = x — ;(r(lﬁ) +t)ﬁ,17 = —dx+;<r(lﬁ) —i—t)ﬁ—i—e.

7 v
TF('B;—l)t = —dx+ vl'(B+ 1)t

The traveling wave theory transforms (15) the nonlinear PDE (14) into the nonlinear ODE

jx ) =TJ(x)e", x = x — te. (15)

as follows

G(j/j//j/// . ) - 0/ (16)

where G is a polynomial in j(x) and its total derivative with respect to .
Stage (2): Assume the following solution to Equation (16).

e [P N [P0] L
joo = L[ G| + > il 0| #o an

where ¢(x) is the solution of second order ODE (7) and «; and j8; are arbitrary constants.

Stage (3): By substitution (7), (9), (11), (13), and (17) to Equation (16), collect all terms with
1

1 1 ¥ x) : .
the same order of ( <Pi()c)> and ( 7 ()c)) ( 500 ) together and a set of algebraic equations

results from setting them to zero. Find p, 7, «;, B; a1, a2, by, by by solving this system with
the aid of Mathematica.

4. Governing Models

In this part, define the governing model equations including both § derivatives and
M-truncated derivatives.

4.1. Biswas Arshed Equation Including B-Derivative
Han T. et al. [56] defined BA equation including B-derivative as

] P o (9] (S0l ol 1297
i— +a1—> +ap ( )—1(5 o Ty + Alj] 8x>

otp ox2 ' TotP \ ox
(, 9 of (0%

where i represent the imaginary part, j is the function of x and ¢, % is the operator for
B-derivative, § represents fractional order, a1, a2, by, and b, are arbitrary constants, 6, y, and
A are nonzero parameters, the wave transformations listed below will be used:

o= 10e x—x— T ) e g (Y
jlxt) =J(x)e'", x =x ﬁ(r(;s)“)'”— dx+ﬁ(r(ﬁ)+t) +e,  (19)

where 7 ,v, T, and € are non-zero parameters.
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4.2. Biswas Arshed Equation Including M-Truncated Derivative

’
7

(v.B) /. 9%j dj ([ 0lj%] 0|j|? .0 Of
D) () +a st + D) <]> —1(5“' L +)\|]|283]C>

ox dx Jx
s »2j
+z(b18x]3 n bz]]))gfz)) <8x]2>) =0,0<y<1 B>0, (20)
(7.8)

where i represent the imaginary part, | is the function of x and t, D (M,2) is operator for the
y-derivative, vy represents fractional order, a1, a3, b1, and b, are arbitrary constants, J, y,
and A are nonzero parameters, the wave transformations listed below will be used:

tT(B+1)t7

jet) = J(x)e", x = x — — =t

w +€, (21)

where #, v, T, and € are non-zero parameters. In this study, we considered fractional opera-
tors defined on the whole memory interval [0, T]. However, in many real-world systems,
distant past effects gradually diminish, and it is more realistic to restrict the fractional
operator to a finite memory horizon, often referred to as the “short-memory principle.” In
such cases, the fractional kernel is truncated so that only the most recent history contributes
to the system’s dynamics. This concept has been shown to provide accurate models for
viscoelastic and structural materials with fading memory effects [57,58]. Extending the
Biswas—Arshed model to incorporate short-memory operators would therefore be an inter-
esting future direction, offering a balance between computational efficiency and physical
realism. The parameters 5 and <y represent the fractional orders in the p-derivative and the
M-truncated derivative, respectively. Physically, these parameters quantify the extent of
memory and hereditary effects in the system. When = 1 (or v = 1), the model reduces to
the classical integer-order form without memory. For 0 < 8,y < 1, the model incorporates
anomalous diffusion and long-range temporal correlations. Smaller values correspond to
stronger memory effects, where past states significantly influence present dynamics, while
larger values closer to unity indicate weaker memory and near-classical behavior. In the
case of the M-truncated operator, y also introduces a tempered Mittag—Leffler kernel that
effectively restricts the memory influence, making it particularly suitable for systems with
fading memory such as viscoelastic materials oranomalous transport with cutoff effects.

5. Applications

This section employs the extended simplest equation method to resolve the Biswas—
Arshed equation, including both B and M-truncated derivatives. By substituting the
wave transformations specified in (19) and (21) into (18) and (20), the resulting non-
linear ordinary differential equations are derived by separating the imaginary and real
components, respectively.

(b1 — by1) ] (x) + J (xX) (d(azT — 2ay + 2b20) + ar0 + d2(byT — 3b1) — T)

—(J(X))*( +35+21)] (x) =0. (22)
T"(x) (a1 — ayT — 2bydt 4 3byd — byv) — (J(x))3d (1 + )
+J(x)(v(agd + byd*> — 1) — ayd* — b1d°) = 0. (23)

The following are the constraint conditions that can be found from Equation (22)

o bi 1 _ lebld — Zalbzd — Zblbzdz — bl

'™ 3 2
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Inserting Equation (24) into Equation (23)

di]" (x) +da] (x) + da(J(x))* = 0, (25)
where
d = —%m + byd + dy,
d = —“2:24”1 —md+ Z—;* — by — dyd?,
d3 = —Ad+ %d(/\ +2u),

azbld — Zalbzd — Zblbzdz — b1

dy = 4y + 2bod

Equation (25) is used to determine the homogeneous balance number through the terms
J"(x) and (J(x))3, we got M =1 and the following formal solution from Equation (25).

I(x) = a19'(x)

o0 ThT Po_ (26)

¢(x)

Type 1. For p < 0.
Substitute Equation (26) with the linear OD Equation (7) and relation (9) into

Equation (25), accumulate all the expression with the identical power of ( ¢1%X)) and

( 477%)()) (%) and put them equal to zero, the system of algebraic equations below

is obtained.

Utilizing MATHEMATICA to resolve these nonlinear algebraic equations obtains the
results given below:

Result:
3Vh
Ny = 0, N = + ’
\/2612b2/\d3 — 2612172(13]/[ + aszp/\d - azbzpdy — 4b2/\d2 + 4b2d2}l
5 \/gx/ b1y
0

=+ ,
\/2&2b2/\d3 — 2a2b2d3]1 + ﬂzbzp/\d - azbzpd]/l — 4b2)\d2 + 4b2d2]/l

L b (a3p + 2a3d* — 4ayd + byp + 2brd? + 2) 27)
! b2(ﬂ2p + 2a,d? — 4d)

From Equations (8), (15), (26) and (27), obtain the hyperbolic solution of Equation (1)
as follows:
For B-derivative:

]( f) Vb \/g
X, t) =
V20260 Ad3 — 2abyd3 1 + aybppAd — asbypdy — dby Ad? + 4byd?p

v 1 P
(V0100 + v/Brty () ) (et 1) e, (28)

where
o Bisinh(ty=p) + Ba cosh(xy~p)
By cosh(x\/=p) + B2 sinh(x/=p) + 5

1
By cosh(xy/—p) + Basinh(x/—p) + %'
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In particular, if set By = 0, By # 0,0 = 0 in Equation (28), obtain singular wave solution

im\@ )

x,t) =
]( ) 2a,07Ad3 — 2a2b2d3u 4 asbypAd — asbypdy — by Ad? + 4byd?
M I pau IS

1

. p
(coth (y/px) +esch(y/=p))e 5 () <, )

For M-truncated derivative:

N
J(x,t) =
\/2a2b2/\d3 — 2a2b2d3;1 + axbopAd — axbrpdy — 4byAd? + 4b2d2y
oL (B1)1Y
(V=0000) + VArta(x) e (30)
where _
B (x) = By sinh()\/—p) + By cosh(x/—p)
! By cosh(x\/=p) + Basinh(x/=p) + 5
1

%(x)

"B cosh(x+/=p) + By sinh(x/—p) + %'

In particular, if set B; = 0, B, # 0,0 = 0 in Equation (30), obtain singular wave solution

o +£/3(Vorv=p)
"0\ V2a2b0Ad% = 2ayb2d3 1 + agbrpAd — agbypdy — AbyAd? + 4byd2p

—dx TV

(coth(/=px) + csch(y/—px))e T T (31)

Type 2. For p > 0.
Substitute Equation (26) with the linear OD Equation (7), and relation (11) into

Equation (25), accumulate all the expression with the identical power of (W) and

(m) (‘gég) and put them equal to zero, the system of algebraic equations below

is obtained.
By using Mathematica to solve these nonlinear algebraic equations and obtain results

are shown below.

Result:
3vhr
wp = 0,01 = £ ,
2(12172)\(13 — 2(12b2d3 + llzbz Ad — tlzbz du — 4b2)\d2 + 4b2d2
I3 o pap I3
5 \/g\/ b1V
0

S ,
2a0by Ad® — 2a,bod3u + arbrpAd — arbrpdy — by Ad? + 4byd?
I3 P pap I3
2 2 2712 4 2 2 2
4y — 01 (830 2034 = daxd + byp + 2bpd® +2) } (32)

bz(azp + 2a,d? — 4d)

From Equations (10), (15), (26) and (32), obtain the trigonometric solution of
Equation (1) as follows:
For B-derivative:

i\/a\/g )

x,t) =
]( ) 2ay07Ad3 — 2a2b2d3u 4 asbypAd — asbyrpdy — by Ad? + 4byd?
M P pau I
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B
(VAt100 + VBata() e (st *0) e, (33)
where b1(x) = —By sin()x/p) + B2 cos(x/p)
1= By cos(x+/p) + B2sin(x,/p) + %’
B (x) = .

By cos(x+/p) + Basin(x./p) + %'

In particular, if set By = 0, B, # 0,0 = 0, Equation (33) and obtain periodic wave solution

I(x/ t) =

e
2a,bp Ad® — 2a,byd3 1 + aybrpAd — apbopdu — 4by Ad? + 4byd?
M I pap IS

(cot(/B) +csc(yF)e 3 () +e 38)

In particular, if set By # 0, B, = 0,0 = 0, Equation (33) and obtain periodic wave solution

J(x,1) i\/E\/g
x,t) =
\/2&12[72/\6[3 — 2612172(13]4 + azbszd — ﬂzbzpdy — 4byAd? + 4b2d2]/£
B
1
(tan(y/ox) — sec(y/px))e —dxtp ( T(p) H) +€, (35)
For M-truncated derivative:
WV NE
](x, t) =
\/2612b2/\d3 — 2012172013]/! + azbszd — azbzpd]/l — 4b2)\d2 + 4b2d2}l
(B+1)
([ﬂ] + / 192 ) dXJr##*e/ (36)
where

—By sin(x,/p) + Bz cos(x/p)
By cosh(x/p) + Basinh(x+/=p) + &

1
Bycos(xp) + Basin(xy/p) 1+ 2

In particular, if set By = 0, B, # 0,0 = 0, Equation (36), obtain periodic wave solution

+\/3(VB1yp) )

2612[72/\613 — 2a0brd3u + arbrpAd — arbrpdu — 4b2)\d2 + 4byd?
I3 I pap K

h(x) =

B (x) =

](x/t) =

ol (B+1)EY

(cot(y/px) + cse(y/px))e ™ e (37)

In particular, if set By # 0, B, = 0,0 = 0, Equation (36) and obtain periodic wave solution

+\/3(VB1yp) )

) =
](x ) 2(12[72/\113 — 2ﬂ2b2d3 + ﬂzbz Ad — ﬂzbz du — 4b2)\d2 + 4b2d2
K P pap H

ol (B+1)tY
v T,

(tan(y/px) — sec(y/px))e ™+ (38)
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Type 3. For p = 0.
Substitute Equation (26) with the linear OD Equation (7), and relation (13) into

Equation (25), accumulate all the expression with the identical power of (L) and

¢'(x)
(m) (%) and put them equal to zero, the system of algebraic equations below
is obtained.
Ly, 1 d(2a3(A — p) + 3a1d + 3byd*
m . 50(0 ( l’(o ]/l al 1 )
+IXO (azd + bzdz — 1) (bl (—azd + szdz + 1) + Zﬂlbgd) _0
by (ag + 2byd) o
1
(M) : —d(Bod(ar + brd) + 2030 (A — 1) + 4afuor (A — ) )
N Bo(azd + bpd? — 1) (by (—azd + 2byd* + 1) + 2a1bod) 0

bz(tlz + 2b2d)

() ’ : 3&21,300' + d(3b1ﬁ00 — 2(/\ — ]/l) (IX%(WOAB + 2,500) + 0‘0[%))

B 3,500’(b2 (Zalbzd + bl (szdz + 1)) + Elzblbzd + ﬂ%bl) .
b2((12 + szd) -

3
(5ca) ¢ 3C-20(B300 )~ 303 (m+ (s - 1) + 1))
B Z‘BQAg, (bz (2ﬂ1b7_d + bl (szdz + 1)) + ﬂzblbzd + ﬂ%bl) .

b>(a2 + 2b,d) ’
(4’/(")) : vc1(—d)(2a%()\—y)+a1d+b1d2)

LM (a2d + byd® — 1) (by (—aod + 2bd* + 1) + 2a1brd)

by (az + 2byd) =0,
LV o) o 1
<<P(X)> ( o00) ) L3 (d (4(/\ — ) <3zxoﬁo + oc%a) — 3b10) — 3a1a)
- DqO'(bz (ZLllbzd + by (szdz + 1)) + arb1byd + ﬂ%b1) —0

bz (Elz + 2b2d>

3/
(5o5) (B2 J-2m (36302 — ) — o (3 + d (w3 - 2) +301) )
2013 (b2(2a1bod + by (2b2d? + 1)) + apbybad + a3by)
bz(ﬂz +2b2d)

Utilizing Mathematica to resolve these nonlinear algebraic equations obtains the
results given below.

Result:
£V01V3
ag = 0,41 = ,
2\/ﬂ2b2)\d3 — ﬂzbzd?’]/l — sz)\dz + szdzpl
By +v/3vb1vV/As

T 2/t — aabodji — 20\ 1 20,25

L _h (a3d? — 2apd + byd® + 1) 39)
e byd (ayd — 2)

From Equations (12), (15), (26) and (39), obtain the rational solution of Equation (1)
as follows:
For B-derivative:

154



Mathematics 2025, 13, 3147

(£/RVE) (VEta() + e B el )

x,t , 40
]( ) 2\/612b2)\d3 - a2b2d3y - sz)tdz + 2b2d2}l 40)
For M-truncated derivative:
B vl (B+1)7
o +(VB1V3) (VA3 (1) + 1 (x)e T "
x,t) =
2\/(12172)\(13 — (12192(13}1 — 2byAd? + 2b2d2y

where By + xo

h(x) = ———,

Bl)( + BZ + XT
1
9 (x)

BlX‘f'BZ‘F#'

Since the Biswas—Arshed equation is a time-space fractional model, appropriate initial
and boundary conditions are necessary to ensure well-posedness. In the context of optical
solitons, the initial condition at ¢ = 0 typically corresponds to a localized input pulse with
finite amplitude. Moreover, the boundary condition is taken as follows:

lim J(x,t) =0,
|x|—o0
meaning that the soliton amplitude vanishes at spatial infinity. These conditions reflect the
physical reality of solitary waves that are localized in space and evolve from prescribed
input profiles in time.

6. Physical Behavior of Solitons

This section contained the physical characteristics of the gained solitons with
M-truncated and S fractional derivative like kink, singular and periodic- singular types.

In Figure 1, the physical behavior of solution J(x, t) with the M-truncated fractional
derivative shown in Equation (29), in Figure 1a 3-dim, withd = 0.1,v = —0.5,0 = —1,
A=-02,u=-12,ap =02,b) =2,bp = —0.5,{ = 0; 8 = 0.5; 7 = 0.5, Figure 1b 2-dim
with t = 0,1, 2,3 and Figure 1c contour.

In Figure 2, the physical behavior of solution J(x, t) with the p fractional derivative
shown in Equation (31), in Figure 2a 3-dim, withd = 0.1,v = —0.5,§ = —1,A = —0.2,
u=-12,a0=02b =2,bp =—-05,¢ =0;8 =057 = 0.5« = 1, Figure 2b 2-dim with
t =0,1,2,3 and Figure 2c contour.

In Figure 3, the physical behavior of solution J(x, t) with the M-truncated fractional
derivative shown in Equation (34), in Figure 3a 3-dim, withd = 0.1,v = —05,6 = —1,
A=—-02,u=-12,a0=02,b; =2,bp = -05;¢ = 0; = 0.5, 7 = 0.5, Figure 3b 2-dim
with t = 0,1,2,3 and Figure 3c contour.

In Figure 4, the physical behavior of solution J(x, t) with the p fractional derivative
shown in Equation (37), in Figure 4a 3-dim, withd = 0.1,v = —0.5,§ = —1,A = —0.2,
u=-12,ap=02b =2,bp =—-05,¢ =0;8 =057 =0.5a = 1, Figure 4b 2-dim with
t =0,1,2,3 and Figure 4c contour.

In Figure 5, the physical behavior of solution J(x, t) with the M-truncated fractional
derivative shown in Equation (35), in Figure 5a 3-dim, withd = 0.1,v = —0.5,6 = —1,
A=—-02,u=-12,a0=02,b; =2,bp =—-05;¢ =0;p = 05,7 = 0.5, Figure 5b 2-dim
with t = 0,1,2,3 and Figure 5c contour.

In Figure 6, the physical behavior of solution J(x, t) with the p fractional derivative
shown in Equation (38), in Figure 6a 3-dim, withd = 0.1,v = —0.5,§ = —1,A = —0.2,
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u=-12,a =020 =2b = -05¢ =0, = 0.8;7 = 0.5, Figure 6b 2-dim with
t =0,1,2,3 and Figure 6¢ contour.
In Figures 1-6 same behavior of the soliton with M-truncated and j3 fractional derivative.

[1[C49]]

1,0l

Figure 1. Physical behavior of J(x,t) shown in Equation (29) in (a) 3-dim, (b) 2-dim and (c) contour
graphs.

Ix,0l

-

w

N

-

Figure 2. Cont.

156



Mathematics 2025, 13, 3147
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3t1 r
B 1l
o8 2t1 J
0=4 , I
21}}
/
—— — — =\
— — — T — - - B
. T P I L . . . I . I X
-5 -3 3 5
(c)
Figure 2. Physical behavior of J(x,t) shown in Equation (31) in (a) 3-dim, (b) 2-dim and (c) contour

graphs.

0l

Figure 3. Physical behavior of J(x,t) shown in Equation (34) in (a) 3-dim, (b) 2-dim and (c) contour
graphs.
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Figure 4. Physical behavior of J(x,t) shown in Equation (37) in (a) 3-dim, (b) 2-dim and (c) contour
graphs.

\\

2.0

(a) (b)

Figure 5. Cont.

158



Mathematics 2025, 13, 3147

1,0l

4..

Figure 5. Physical behavior of J(x,t) shown in Equation (35) in (a) 3-dim, (b) 2-dim and (c) contour
graphs.

0l

[ N N N |
0.0 0.5 1.0 15 2.0

(b)

1[693]

Figure 6. Physical behavior of J(x,t) shown in Equation (38) in (a) 3-dim, (b) 2-dim and (c) contour
graphs.

To highlight the influence of fractional dynamics, we performed a parametric analysis
of the obtained soliton solutions with respect to the fractional orders 8 and -y. The results
show that varying p or v strongly affects the amplitude, width, and stability of the soliton
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profiles. For example, decreasing 8 from 0.9 to 0.5 leads to broader and slower-decaying
waveforms, reflecting enhanced memory effects. Conversely, values closer to unity recover
sharper, more localized solitons resembling the classical case. A similar trend is observed
for v, where smaller values correspond to stronger fading memory and slower propagation
dynamics. These findings confirm that fractional orders act as tunable parameters control-
ling the balance between dispersion and nonlinearity, thereby offering a richer description
of wave evolution in complex medjia.

7. Bifurication Analysis

The bifurcation analysis of the time-fractional BA model is investigated in this section
using a planar dynamical system. In order to simplify this analysis, the dynamical system
in Equation (25) is assumed to be represented as follows:

dp

—=0Q

£ dy  d “2)
= _22p_ 3p3

dx dq dy

where P(x) = J(x) and Q(x) = J (x). This system displays wave solutions of the time-
fractional BA model alongside the established phase portraits in the (P, Q)-plane. The
Hamiltonian canonical equations P’ (x) = g—g and Q'(x) = — % are applied to the equiva-
lent Hamiltonian function, as illustrated in Equation (25) or Equation (42), to derive the

correlated Hamiltonian function.

d d d
mn@:§@+§ﬁ+fﬁ (43)

To assess the stability of the solution, H must remain constant along trajectories
(dH/dx = 0). The system (42) contains two equilibrium points (EPs): EP; = (0,0) and
EP, = (£ \/—7%,0), dependent upon the condition % < 0. Here, EP, functions as both
a saddle point and a center, whereas EP; serves as a center point, exhibiting a trajectory
as illustrated in the Figure 7. We can write the characteristic equation of the Jacobian
matrix as follows: p p
2 2 3 p2

i =—(a+3d—1P ). (44)
The characteristic roots of the EP; are +v'E, where E = — % and d; # 0, in order to assure
its stability. If E > 0, the eigenvalues are real and of the opposite sign, implying that the
specified EP; is a saddle point. The EP; is a stable center or of elliptic type if E < 0 and the
eigenvalues are imaginary. Alternatively, the characteristic roots are 4-i1/2E for the stability
of the point (+ \/—7%, 0), where % < 0. If E > 0, the eigenvalues are imaginary, signifying
that the given EP, is a stable center. If E < 0, the eigenvalues are real and of opposite signs,
signifying that EP, represents a saddle point. The phase portraits in Figure 7 illustrate
how the bifurcation parameter E = % governs the stability of equilibrium points in the
BA model. For E > 0, Figure 7 demonstrate that EP; acts as an unstable saddle point
with divergent trajectories, while EP, functions as a stable center enclosed by periodic
orbits. On the contrary, when E < 0, Figure 7, the stability is reversed: EP; converts into a
stable center defined by closed orbits, while EP, becomes an unstable saddle. The contour
plots provide additional validation for these systems, illustrating energy level curves that
correspond with saddle (hyperbolic) and center (elliptic) dynamics. For the Hamiltonian
system Equation (43), we produce three-dimensional representations of the total surface
energy, as illustrated in Figure 8. This research highlights the model’s complex dynamical
structure, with implications for solitary and periodic wave phenomena.
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d=0,d3<0  >0,d5<0
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()

Figure 8. Three-dimensional representations of the total surface energy.

8. Conclusions

This study presents new optical soliton solutions to the time-fractional Biswas—Arshed
(BA) equation by employing the extended simplest equation approach in conjunction with
both B-fractional and M-truncated derivatives. The effectively established a range of so-
lution types, including kink, singular, and periodic-singular forms, by choosing random
values for the free parameters by using the computational program called Mathematica.
These solutions are important because they provide new ideas and instruments to address
the complex problems posed by higher-order and dispersive nonlinear partial differential
equations. The findings not only improve the theoretical knowledge of the investigated
models, but they also have potential uses in clarifying the physical events driven by these
equations. The computational method shown here is a strong and efficient mathemat-
ical instrument that provides a solid basis for investigating wave solutions in a broad
spectrum of complicated nonlinear models across several spheres of nonlinear research.
This paper also presents a bifurcation analysis of a nonlinear second-order differential
equation by transforming it to a planar dynamical system and determining its Hamiltonian
structure. The critical points were obtained analytically, and their stability was assessed
using linearization and eigenvalue analysis. It was demonstrated that the nature of the
equilibrium points, whether saddle or center, relies on the sign of a bifurcation parameter
derived from the system’s coefficients. This parameter defines the boundary between
qualitatively distinct solution behaviors in the phase space. These results demonstrate the
importance of bifurcation theory in anticipating structural changes in nonlinear systems.
Although the present study establishes exact soliton solutions and bifurcation analysis for
the fractional Biswas—Arshed equation, several limitations should be acknowledged. First,
the analysis is restricted to two specific fractional operators: namely the S-derivative and
the M-truncated derivative, whereas other modern definitions such as the Caputo-Fabrizio
or Atangana—Baleanu operators may yield different behaviors. Second, the approach is
primarily analytical and does not include full-scale numerical simulations of the governing
PDE, which would be necessary to validate the robustness of the solutions under perturba-
tions. Third, the obtained soliton solutions are derived under certain parametric constraints,
which may limit their direct applicability to arbitrary parameter regimes. Finally, only
whole-memory operators were considered, while short-memory formulations—known to
be important in fading-memory materials—remain an open direction for future research.
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Abstract

This work investigates the dynamical properties of the Kolmogorov—Petrovskii-Piskunov
(KPP) equation. We begin by establishing its non-integrability through the Painlevé test.
Using a traveling wave transformation, we reduce the equation to a planar dynamical
system, which we identify as non-conservative. A subsequent bifurcation analysis, sup-
ported by Bendixson’s criterion, rules out the existence of periodic orbits and, thus, periodic
solutions—a finding further validated by phase portraits. Furthermore, we classify the
types and co-dimensions of the bifurcations present in the system. We demonstrate that
under certain conditions, the system can exhibit saddle-node, transcritical, and pitchfork
bifurcations, while Hopf and Bogdanov-Takens bifurcations cannot occur. This study
concludes by systematically deriving a power series solution for the reduced equation.

Keywords: Kolmogorov-Petrovskii-Piskunov; bifurcation; Painlevé analysis
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1. Introduction

The combination of mathematical modeling with experimental biology has profoundly
advanced our understanding of complex biological phenomena in recent decades. These
models, grounded in empirical data, formally describe the components, architecture, and in-
teractive processes of a system. They are not merely descriptive but predictive tools that
allow for the simulation of scenarios, the extension of biological theory, and the formu-
lation of novel hypotheses. The quantitative power of this approach is evidenced by its
applications in solving real-world problems, such as predicting outcomes precisely prior to
action being taken, and so on [1,2]. In recent years, researchers in mathematics and physics
have shown growing interest in exploring the fundamental characteristics of bacterial cells,
which are essential to sustaining all animal life on Earth. Their investigations often rely on
theoretical frameworks, mathematical modeling, and abstract representations of biological
systems to understand bacterial morphology, growth dynamics, and behavioral patterns.
Bacteria constitute a vast group of proteolytic microorganisms, typically measuring only
a few micrometers and exhibiting diverse shapes, such as spherical, rod-like, and spiral
forms. Recognized as among the earliest life forms to emerge on the planet, bacteria thrive
in extreme environments—including radioactive waste, subterranean layers of the Earth’s
crust, soil, aquatic habitats, and acidic thermal springs. Despite their ubiquity, only about
27% of bacterial species are cultivable under laboratory conditions, a small fraction com-
pared to the estimated global population of approximately 5 x 103" cells. The scientific

Mathematics 2025, 13, 3623 https://doi.org/10.3390 /math13223623
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discipline dedicated to understanding bacterial biology and its implications for human life
is known as bacteriology [3-5].

The growing capacity to model complex natural systems represents a significant ad-
vance in nonlinear science. This progress is largely driven by the application of nonlinear
differential equations, which provide the essential mathematical framework for phenomena
across disciplines such as biology, fluid dynamics, and the physical sciences. As a result,
these equations are a central focus of contemporary theoretical and applied research [6-9].
This study is devoted to the analysis of nonlinear partial differential equations (NLPDEs),
which are pivotal in modeling a broad spectrum of complex phenomena. Consequently,
the pursuit of exact solutions for these equations has emerged as a central and dynamic area
of research. A principal objective in this field is the derivation of such solutions, particularly
solitary wave and traveling wave solutions, to gain deeper insight into the underlying sys-
tems. To this end, a diverse suite of analytical techniques have been developed and applied
to various NLPDE models. Notable methods cited in the literature include the generalized
exponential rational function method [10] and the generalized Kudryashov method [11,12].
The analytical toolkit is further enriched by techniques such as the improved simple equa-
tion method, the modified F-expansion method [13], the exp-function method [14], the
modified Jacobi elliptic function expansion method [15], Painlevé analysis [16-18], Hirota’s
method [19,20], auto-Backlund transformations [21-23], and bifurcation methods [24-26].

We consider the nonlinear KPP equation:

Ni = Nax + pN +N? +oN3 =0, (1)

where p, §, and ¢ are real-valued parameters, the subscripts represent the partial derivatives,
and N (x, t) represents the state variable in a spatiotemporal domain. Originally intro-
duced by the Russian mathematicians Kolmogorov, Petrovsky, and Piskunov in 1937 [27,28],
the KPP equation provides a foundational framework for modeling a wide array of phe-
nomena in population dynamics, chemical kinetics, and physics. The KPP equation has
been the subject of extensive research, with numerous studies addressing it from var-
ious perspectives. The existing literature reveals a rich tapestry of analytical and nu-
merical techniques applied to this model. For instance, several studies have focused on
deriving exact solutions. The generalized Kudryashov method was employed in [29]
to obtain general solutions, all of which were expressed in exponential form. Similarly,
Ref. [30] constructed exact solutions by combining the Riccati equation method with
a generalized extended (G'/G)-expansion, while [31] utilized a modified sub-equation
method for the same purpose. Other analytical approaches include the G’/ G-expansion
method applied in [32] for traveling wave solutions and the simple equation technique
used in [33] to obtain time-dependent variable solitons. On the numerical front, diverse
schemes have been developed. The work in [34] introduced a novel algorithm based on
Adams-Bashforth extrapolation, reporting superior efficiency over traditional methods.
Furthermore, Ref. [35] applied a hybrid approach, using the generalized Sinh—Gordon
equation method alongside B-spline schemes to acquire numerical solutions. Approximate
analytical oscillatory solutions for a generalized KPP equation were also discussed in [36]
using dynamical systems theory and a hypothesis undetermined method. The framework
of the KPP equation has also been extended in several directions. A prominent area of
research involves its generalization through fractional derivatives, applied to either spatial
or temporal coordinates, or both. Within this context, the homotopy perturbation method
was used in [37] to find approximate solutions for the fractional KPP equation, and the
modified extended direct algebraic method was applied in [38] to construct propagating
soliton solutions for this fractional variant. Another significant extension incorporates
random effects by adding stochastic perturbation terms.
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The significance of the KPP Equation (1) is further underscored by its role as a unifying
framework for several seminal models. Specific parameter choices recover well-known
equations: for instance, the Fitzhugh-Nagumo equation for nerve impulse transmission
is obtained with ¢ = 1and § = —(p+1) (0 < p < 1), where N (x,t) represents the
electric potential [39,40]. Similarly, the Fisher equation, describing the spread of an advan-
tageous gene (N (x, t) being its density), results from the parameters p = —1, = 1, and
o = 0[41,42]. Furthermore, the Huxley equation, which models cross-bridge dynamics in
muscle physiology, corresponds to the case where 0 = 1and é = —(p + 1) with p # 0 [43].

Despite the KPP equation’s significance in modeling numerous phenomena, a com-
prehensive analysis of its integrability and bifurcation behavior remains absent from the
literature, a gap that this work aims to address.

The remainder of this work is structured as follows: The integrability of the KPP
equation is analyzed in Section 2 using Painlevé analysis. Bifurcation analysis and phase
portraits are conducted in Section 3. Section 4 involves a proof of the non-existence of
periodic solutions for the KPP equation and derives a series solution. Finally, Section 5
summarizes the results of the study.

2. Integrability Analysis

The integrability of the governing equation (Equation (1)) is investigated here by
assessing its Painlevé property. This is accomplished through a singularity analysis based
on the ARS algorithm, which is summarized in Appendix A to ensure a self-contained
presentation. The fundamental question addressed is whether all possible solutions exhibit
single-valued expansion about any movable singularity manifold.

We consider a solution expansion in the neighborhood of a non-characteristic singular
manifold ¢(x,t) = 0 (¢xPr # 0):

N(x,£) = ¢*(x,1) io fo(x, 9% (x, 1), @

where v is a negative integer and the coefficients f;(x, t) are analytic near ¢ = 0, with fy # 0.
Leading-Order Analysis: The dominant behavior emerges from the leading term:

N(x,t) = folx, 19" (x,1). ®)

Substituting Expression (3) into Equation (1) reveals that the most singular terms balance
when v = —1. The leading coefficient follows from the ¢ 3 terms:

ol = 200 @

Resonance Analysis: The positions where arbitrary functions may enter Series (2) are
identified by substituting

N () = fog™" + fro" ™, 5)
and collecting ¢”~3 terms yields the resonance condition:

frp3(p+1)(p—4) =0. 6)

The functions f,(x, t) are arbitrary if p = —1,4 which are named the resonances. The value
p = —1is the only acceptable resonance corresponding to the free location of the singularity
manifold itself, while p = 4 suggests possible arbitrariness at the fifth term in Series (2).
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Verification of Compatibility Conditions: To validate the Painlevé property, we
examine whether sufficient arbitrariness exists at the resonance positions. Substituting the
finite expansion

4
N t) =Y f(x, )¢" ! @)
s=0

into Equation (1) generates determining equations for the coefficients by examining differ-
ent powers of ¢:

Power ¢—3: Confirms the leading coefficient (Equation (4)).

Power ¢ 2: Determines the coefficient f1(x, t) as follows:

_ 20¢x + V20 (3¢x — 1)

filxt) = 600 ®)
Power ¢~ ': Yields the second coefficient:
_ V2[60 ¢ (@xxx — 6¢xt) +2(82 — 300) 97 — 0P (s — 6¢xx) — 903, |
f2(x,t) = /7.3 . (9)
3603/2¢3
Power ¢°: Provides the third coefficient:
_ 1 o 2 _ 2 2
fa(x,t) = Wc{oﬁﬁ[ Iprxxxx @y — 18@xPrex (P — 3rx) + 18Praxpy — 545, (14 ¢1)]
—602V/ 202909t + (300 — 8%)¢% + 4097] +30°V2(1091pers — 3pug) 10)
+26V 03 (9p0 — 282)¢3 + 602V 2(3p0 — 82)prdp? + 40°V/ 27 }
Power ¢! (Resonance p = 4): The condition at the resonance produces
3(0f5 —29%)fa = 2f3dxx + foxx +4f320x — 23t — o a1

— 805 + (60 f1 +20) f3] fo — (30ff +26f1 +p) fo.

Substitution of the known coefficients fo—f3 into Equation (11) demonstrates that
f4 cannot be chosen arbitrarily—the compatibility condition fails at the resonance p = 4.

The failure to satisfy the necessary condition at resonance p = 4 establishes that
Equation (1) lacks the Painlevé property, leading to the following theorem:

Theorem 1. Equation (1) does not possess the Painlevé property and is therefore non-integrable in
the Painlevé sense.

3. Bifurcation Analysis

The non-integrability of Equation (1) immediately implies that it cannot be solved
using standard integrability-based techniques, such as the inverse scattering transform
or soliton theory, which are characteristic of integrable PDEs. Non-integrable PDEs are
typically nonlinear and present a greater challenge for analytical solution. They generally
do not possess explicit analytic solutions or an infinite set of conserved quantities [44]. Con-
sequently, researchers typically rely on approximate, numerical, or perturbative methods
for their study. Furthermore, a dynamical systems approach can be effectively employed to
gain qualitative insights into the nature of their solutions.

This section aims to employ the dynamical systems framework to conduct a qualitative
examination of the solutions to Equation (1). We consider solutions of the KPP Equation (1)
in the form of

N =y(), 0=ax—t, (12)
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where 1 is a real-valued function, a is a non-zero constant representing the wave number,
and 0 is the wave variable. Substituting this form of Equation (12) into Equation (1), it
simplifies to an ODE. Consequently, the resulting equation is

"+ — pp — 59* — o =0, (13)

where ’ indicates the derivative with respect to 6. This section endeavors to explore some
dynamical aspects to Equation (1). The qualitative theory for planar integrable systems [45]
is applied to analyze Equation (13), which is equivalent to the dynamical system

¢ =y
/ 1 2 3 (14)
V= Sl=y ey + oyt oyl
The dynamical system (14) is non-conservative, since div(¢’,y’) = — a% # 0. To be more

precise, it is chaotic because div(¢’, ') is always negative. The equilibrium states of (14) are
given by the points Q = (¢, 0), where §y represents the real solutions of the cubic equation

Yolop§ + 6o + p] = 0. (15)

On the other hand, to determine the nature of the equilibrium points, we consider that
the linearized system of (14) with respect to the equilibrium point (¢, 0) is

(£) G owen 3)(2)
& LBogd + 2690 +p] = & ) 6
=M%m<a>-
&

Here, ¢1 and &, denote the perturbed variables, and Jy(¢o,0) represents the coefficient
matrix of the linearized system (16). More precisely, it corresponds to the Jacobian matrix
of the nonlinear system (14) evaluated at the equilibrium point (¢, 0). The associated
eigenvalues are given by

1
Mz = |7 /7~ ddella(,0))] a7
where 1 1
T=-— det(Jy) = —a—z(p + 201 + 3093). (18)

The stability of the equilibrium point (g, 0) is detected by evaluating the magnitude and
sign of the eigenvalues derived from Equation (17). In particular, the point is deemed
stable if both eigenvalues have negative real parts, unstable when at least one exhibits
a positive real part, and neutrally stable if the real parts of both eigenvalues vanish. More-
over, a broader classification of the equilibrium behavior can be established based on the
qualitative nature of the eigenvalues; for further discussion, refer to [45].

The bifurcation structure and phase portrait of the planar dynamical system (14) are
analyzed with respect to the parameters o, p, and é. To begin, we identify the system’s
equilibrium points by introducing the discriminant A = 6> — 40p. The number of these
equilibrium points is governed by the sign of A: whether it is negative, zero, or positive.
Accordingly, each case is examined separately to capture the distinct dynamical behaviors
that emerge.
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Case A: If A < 0, which is equivalent to |4| < 2,/7p with gp > 0, then Equation (15)
admits a unique real solution, namely, 9 = 0. Consequently, the point Qp = (0,0) serves
as the sole equilibrium of the system described by Equation (14). To detect the nature of
the equilibrium point Qy, we compute the eigenvalues (17) at Qg and obtain

M2 (Qo) = 21? {—u \/1—0—41124. (19)

Since op > 0, the parameters ¢ and p own the same sign. This leads to the following
possible scenarios:

(@) If (o,p) € RT x RY, then the eigenvalues A1 ,(Qp) are real and satisfy the inequality
A2(Qo) < 0 < A1(Qo). This configuration indicates that the equilibrium point Q is
a saddle point, exhibiting hyperbolic behavior. Since one of the eigenvalues is positive,
the equilibrium is inherently unstable. The corresponding phase portrait is illustrated
in Figure 1a.

(b) For parameter values (0, p) € R™ x (—oo, —ﬁ), the eigenvalues given in Equation (19)
are complex with negative real parts. This indicates that the equilibrium point Qg
behaves as a stable focus or stable spiral point. The corresponding phase portrait is
illustrated in Figure 1b.

(c) For(o,p) e R™ x (- ﬁ, 0), the eigenvalues are real and strictly negative, satisfying
A2(Qo) < A1(Qo) < 0. This configuration implies that the equilibrium point Q is
a stable node. The associated phase portrait is presented in Figure 1c.

-1

(d) Finally, when (0,p) € R~ x {W , the eigenvalues coincide and are strictly negative,

given by A1(Qp) = A2(Qp) = — 2}7 This configuration characterizes the equilibrium
point Qp as a stable star. The corresponding phase portrait is illustrated in Figure 1d.

We summarize the nature of the equilibrium point Qg in Table 1.

Table 1. The nature of the equilibrium point Qy if || < 2,/cp and cp > 0.

No. Sign of Classification of .
- p Q0 Figure
1. + + Saddle point Figurela
> . (=) sublesprpom  Fgueld
3. — (—4=.0) Stable node Figure 1c
4. - o Stable star Figure 1d

Case B: If A = 0, which implies |é| = 2,/0p provided that cp > 0, then Equation (15)
admits two real-valued solutions: g = 0 and ¢y = — %. As a result, the planar dynamical
system (14) possess two equilibrium points: Qp = (0,0) and Q; = (—5,0). To assort the
nature of these points, we compute the eigenvalues (19) at them. We find

M2(Qo) = 21? {—1 +4/1 +4‘12F’]/ M2(Q1) =0, —1117~ (20)

The equilibrium Q; is non-hyperbolic, possessing one zero and one negative eigenvalue,
which commonly indicates a saddle-node type. The behavior of Qp, on the other hand,
depends on the parameter p, and its type is exactly as described in Table 1. Table 2
summarizes the nature of these equilibrium points and the corresponding phase portraits.
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Phase Portrait when 62 < 4op
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Phase Portrait when 6% < 4op
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Figure 1. Phase portrait of system (14) corresponding to the case 6 < 4cp.
Table 2. Classifications of the equilibrium points Qg if 6 = 2,/0p and cp > 0.
Sign of Classification of
No. Figure
o P Qo Q>
1. + + Saddle point Figure 2a
— - i
2. ( 001, ) Stable focus Saddle node Fl.gure 2b
3. - (—32/0) Stable node Figure 2c
a .
4. - ﬁ Stable star Figure 2d

Case C: When A > 0, corresponding to the condition 62 > 4cp, Equation (15) yields
two distinct real solutions: ¥y = 0 and ¢y = % [—6 & /62 — 40p]. Accordingly, the pla-
nar dynamical system Equation (14) possesses two equilibrium points: Qy = (0,0) and
Q23 = (5[~ £ /62 — 40p],0). To explore the nature of these equilibrium points, we
compute the eigenvalues (19) at them. We find

1
M2(Qo) = 2
1
M2(Q23) = 2|

{—1i\/1+4u2p},

\/ZHZO'(A —0VA) + 0?2
1+

(21)
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Consequently, two distinct regimes arise when ¢p > 0, corresponding to either 6 > 2,/cp
or § < —2,/0p. Additionally, in the case where cp < 0, the inequality > > 4cp holds
automatically. Let us consider these scenarios, separately:

Phase Portrait when 6% = 40p Phase Portrait when 6% = 40p

S o S = Q =
SN < >
-1
4L
= -2
ol
-3
-3 | | | | | 4 | |
-2 -15 -1 -0.5 0 05 1 15 -2 -1 0 1 2
¥(0) ¥(0)
1
@c>0,p>0 (b)r <0, -0 <p< —17
5 Phase Portrait when 6% = 4op Phase Portrait
S 0
=
-5
-6

(C)U<O,—ﬁ<p<0 (d)0'<0,p:_41?

Figure 2. Phase portrait of system (14) corresponding to the case 2= 40p.

(a)

(b)

(©)

I. We analyze the case in which § > 2, /p provided that cp > 0.

When (0,0) € R' x RY, the eigenvalues A1,(Qp2) are real and satisfy
A2(Qo2) < 0 < A1(Qp,2), indicating that the equilibrium points Qg and Q; are saddle
points with hyperbolic character. In contrast, the eigenvalues A1 2(Q3) are complex
with negative real parts, signifying that Q3 is a stable focus or stable spiral point.
The corresponding phase portrait is depicted in Figure 3a.
— L,

inequality A2(Qo23) < A1(Qop3) < 0. This indicates that the equilibrium points
Qo, Q2, and Q3 are stable nodes. The phase portrait corresponding to System (15) is

When (0,p) € R~ x ( 1 0), the eigenvalues A1 ,(Qop3) are real and satisfy the

shown in Figure 3b.

When (0,p) € R™ x (—oo, ﬁ), the eigenvalues A12(Qp) and A1 ,(Q2) are complex
with negative real parts, indicating that the equilibrium points Qg and Q; are stable
foci (stable spiral points). In contrast, the eigenvalues A;,(Q3) are real and satisfy
A2(Q3) < 0 < A1(Q3), which implies that Q3 is a saddle point with hyperbolic
character. The corresponding phase portrait for this configuration is illustrated in
Figure 3c.
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10

(d) When (0,p) € R™ x {ﬁ }, the equilibrium points exhibit distinct stability properties.
Qo, with a repeated negative eigenvalue A1, = —ﬁ, is a stable star. Q, is a stable
spiral, as its eigenvalues are complex with a negative real part. In contrast, Qs is
a saddle point (hyperbolic equilibrium point) because its real eigenvalues satisfy
A2(Q3) < 0 < A1(Q3). This configuration is illustrated in the phase portrait of

Figure 4d.

Phase Portrait when § > 2,/op

Phase Portrait when 6 > 2,/op

hy 051
S SN
= =
-0.5
_1 -
-1.5F
-10 : ‘ ‘ -2
-6 -4 -2 0 2 2
P(8)
(@) >0,0>0 (b)r <0,—75 <p<0
Phase Portrait when ¢ > 2,/0p 4 Phase Portrait when ¢ > 2,/op
10 + 3r \\
2 |
5 |
1+
S 0 S of
= =
_1 -
_5 -
_2 [
-10r -3r
‘ ‘ : ‘ 4 \\ ‘ ; ‘ : : ‘
-2 0 2 4 6 -5 -1 -05 0 05 1 15 2
¥(9) ¥(9)
(©0<0,—00<p<—7y do<0,0=—15
Figure 3. Phase portrait of system (14) corresponding to the case 62 > 4cp.
The dynamical system (14) exhibits a qualitatively similar phase portrait under the
condition § < —2,/0p with cp > 0. Thus, we introduce a summary of these results without
details in Table 3.
Table 3. Classifications of the equilibrium points Qg3 if § < —2,/0p and cp > 0.
Sign of Classification of
No. Figure
o i Qo Q2 Qs
1. + + Saddle point Stable focus Saddle point Figure 4a
2. - (ﬁ, 0) Stable node Saddle point Stable node Figure 4b
3. (—o0, — ﬁ) Stable focus Saddle point Stable focus Figure 4c
4. - ﬁ Stable star Saddle point Stable focus Figure 4d
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Figure 4. Phase portrait of system (14) corresponding to the case 6> > 4cp with cp > 0.

II. Our analysis now turns to the regime where cp < 0. In this regime, the condition

6% > 40p is automatically satisfied, leading to two distinct possibilities:

(@) For the parameter region (0, p) € R™ x R, the eigenvalues at Qp form a complex

conjugate pair with a negative real part, while the eigenvalues at Q, and Q3 are real
and satisfy A»(Q23) < 0 < A1(Qz3). Consequently, Qp is a stable focus, and Q; and
Qs are both saddle points (hyperbolic equilibria). The corresponding phase portrait is

shown in Figure 5a.

(b) When (0,p) € R~ x RY, the equilibrium point Qy is a saddle, as indicated by its
real eigenvalues A;(Qp) < 0 < A1(Qp). In contrast, Q; and Q3 are stable foci,
characterized by complex eigenvalues with negative real parts. This behavior is

illustrated in the phase portrait of Figure 5b.

We now summarize the types and co-dimensions of the bifurcations occurring in

system (14). For a more detailed explanation, please refer to Appendix B.
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0 Phase Portrait when 62 < 40p with op < 0 Phase Portrait when 62 > 40p with op < 0
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Figure 5. Phase portrait of system (14) corresponding to the case 6> > 4p with cp < 0.

4. Solutions

While numerous studies have focused on constructing specific solutions to
Equation (1)—particularly traveling wave solutions—these have predominantly yielded
non-periodic forms. This observation prompts a fundamental question: does Equation (1)
admit any periodic solutions? To address this, we employ Bendixson'’s criterion [23]. This
theorem states that the dynamical system does not have any closed orbit if its divergence
does not vanish in a simply connected zone D.

We proceed by computing the divergence of the dynamical system (14):

V)= 5 #0. 22)

This divergence is a negative constant, and consequently, it is neither zero nor changes
sign anywhere in the plane. Since R? is simply connected, Bendixson’s criterion directly
precludes the existence of periodic orbits in the entire phase plane. This conclusion is
further corroborated by phase portrait analysis, as illustrated in Figures 1-5. We thus
establish the following theorem:

Theorem 2. The dynamical system (14), and consequently Equation (1), possesses no periodic
solutions.

Given the absence of periodic solutions, we turn to numerical and approximate
analytical techniques. In the subsequent subsection, we develop a series solution for
Equation (1) using a power series expansion approach, drawing inspiration from the
methodology presented in [46].

Series Solution

We begin by postulating a power series solution for Equation (13) of the form

P(O) =) dub™, (23)
m=0
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where the coefficients d,, are to be determined. The necessary derivatives and nonlinear
terms are given by

90 = Y (m+ 1)dys6",

m=0
'(0) = i (m+1)(m+2)d,, 20",

" (24)
¢2<6) = Z <Z dsdm—s>6m,

m=0 \s=0

$°(6) ;(ii =1l s) o

Substituting the expressions from (23) and (24) into Equation (13) yields

a2 Y (m 4 1) (1 +2)dy 120" + 2 (m+1)dy 16" — p Ed 0"
m=0 m=0 m=0
(25)
—52(2d A s)f)’"—aZ(ZZdl s—1lm— S) =0.
s=01

To satisfy this identity for all §, we equate the coefficients for each power of 6, leading to
the following recurrence relations: For m = 0,

1
dy =5 [—dl + pdo + 5d% + adg} : (26)

For m > 1, the general recurrence relation is

-1
a?(m+1)(m+2)

dypin = —(m+1)dyy1 + pdm +5Zd A s+(722dl s—1dm— s] (27)

5=0 s=01=

Consequently, the power series solution to Equation (13)—and, hence, to Equation (1)—is

given by
1
N(x,t):¢(9):d0+d1(ax—t)—|—2 2[ dy + pdo + 6 +adg}(ax—t)2
-1
* Z {az m+1)(m+2) (= + 1)1 + pd (28)
+5Zd dm s+‘72 Zdlds ldm s]}( x_t)m+2/
s=0 s=01=0

where dy and d; are arbitrary constants, and the subsequent coefficients {d,,}$_, are
generated recursively from Equation (27).

5. Conclusions

This study presents a detailed investigation of the KPP equation, which serves as
a mathematical model for various phenomena observed in biological and chemical systems.
The research addresses several aspects that have not been thoroughly examined in the
existing literature. Specifically, the integrability characteristics of the KPP equation were
investigated through Painlevé analysis, employing the well-established ARS algorithm.
The results demonstrate that the KPP equation does not possess the Painlevé property,
thereby establishing its non-integrability within the Painlevé framework. This finding
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further suggests that the equation may exhibit intricate and chaotic dynamical behavior.
The non-integrability of Equation (1) immediately implies that it cannot be solved us-
ing standard integrability-based techniques, such as the inverse scattering transform or
soliton theory, which are characteristic of integrable PDEs. It generally does not possess
explicit analytic solutions or an infinite set of conserved quantities. Consequently, a dy-
namical systems approach can be effectively employed to gain qualitative insights into
the nature of their solutions. We assume that the KPP Equation (1) has a solution in the
form (12), which is utilized to transform the original (1 + 1)-dimensional partial differential
equation into a second-order ordinary differential equation, which can be interpreted as
a two-dimensional non-conservative autonomous dynamical system in the phase plane. We
conducted a comprehensive bifurcation analysis of the reduced system, revealing diverse
dynamical structures. The existence and stability characteristics of equilibrium points de-
pend fundamentally on the parameters p, 6, and ¢ through the discriminant A = 6% — 40p.
By examining phase portraits corresponding to three distinct cases—A < 0, A =0, and
A > 0—we identified various equilibrium configurations, including saddle points, stable
nodes, stable foci, and stable star nodes. This systematic classification enables a complete
qualitative characterization of all admissible traveling wave solutions to the KPP equation.
Furthermore, we classified the types and co-dimensions of the bifurcations present in the
system. We demonstrated that under certain conditions, the system can exhibit saddle-node,
transcritical, and pitchfork bifurcations, while Hopf and Bogdanov-Takens bifurcations
cannot occur. This is completely proven in Appendix B and tabulated in Table 4.

Table 4. Complete bifurcation classification with co-dimensions.

Co-

Bifurcation Type Condition dimension Non-Degeneracy Exist  Theorem

Saddle-Node 0% —40p =0 1 6#0 Yes  Theorem Al
Transcritical p=0 1 0#0 Yes  Theorem A2
Pitchfork p=0,0=0 2 c#0 Yes  Theorem A3
Cusp 0p=06=0 2 c#0 Yes  Theorem A4
Hopf T=0 1 — No  Theorem A5
Bogdanov—-Takens T=0,det=0 2 — No  Theorem A6

An important theoretical result established in this study is the absence of periodic
orbits in the reduced dynamical system, which we proved rigorously using the Bendixson
criterion (Theorem 2). Since the divergence of the vector field remains uniformly nega-
tive throughout the simply connected domain R?, no closed trajectories can exist. This
analytical finding is further supported by our detailed examination of the phase portraits,
which consistently exhibit no periodic behavior across all parameter regimes. Given the
established non-integrability and the proven absence of periodic orbits, we pursued an
alternative approach by developing approximate analytical solutions through power se-
ries expansion. We derived a recurrence relation that determines the series coefficients
systematically, offering a computationally tractable framework for constructing solutions
parameterized by two arbitrary constants, dy and d.

In summary, we conducted a detailed multi-perspective study of the KPP equation.
The demonstrated non-integrability, characterized bifurcation dynamics, and proven ab-
sence of periodic solutions collectively deepen our theoretical insight into this well-known
model. The power series technique developed herein also offers a practical means for
approximating solutions. These contributions bridge existing gaps in the literature and
provide a platform for future work, potentially including numerical bifurcation studies,
extensions to fractional-order or stochastic frameworks, and investigations of chaotic
dynamics in higher dimensions.
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Appendix A. Painlevé Analysis

This appendix outlines the Painlevé test for integrability analysis. It is applied to
a general NLPDE of the form

.F(T/l, U, Uy, Uxx, Uxt, Utty -« ) = 0/ (Al)

where F is a polynomial function in u and its partial derivatives, and u is a complex-
valued function of the real variables x and t. The Painlevé analysis provides a systematic
criterion for identifying integrable nonlinear systems by examining the singularity structure
of their solutions. The central concept is the Painlevé property, which requires that all
solutions of a PDE be single-valued around any movable singularity—a singularity whose
position depends on initial or boundary conditions. This approach, with roots in the
work of Kowalevskaya on rigid-body dynamics [47], and later extended by Painlevé and
others, was formalized for PDEs through the algorithmic procedure developed by Ablowitz,
Ramani, and Segur [44,48]. The following steps summarize the application of the ARS
algorithm to Equation (A1):

The analysis begins with a Laurent-series ansatz for the solution in the neighborhood
of a movable singular manifold ¢(x,t) = 0:

ui(x, £)¢'(x, ), uo(x,t) #0, (A2)

hgk:

u(x, t) = ¢¥(x,1t)

i=0

where v is a negative integer and ¢, ¢; 7# 0.
Step 1: Leading-Order Analysis
To determine the leading-order exponent v and coefficient 1, we substitute the domi-
nant form
U, ) ~ o, " (x,1), (A3)

into the governing PDE (A1). Balancing the most singular terms yields the value of v and,
subsequently, an algebraic equation for uy.

Step 2: Determination of Resonances

Resonances (p) are the powers in the Laurent series at which arbitrary functions may
appear. They are found by substituting the perturbation

u(x,t) = ug(x, t)¢"(x,t) + up(x,t)(p””(x, t), (A4)

into (A1) and keeping the terms linear in u,. The condition for a non-trivial u, produces
an eigenvalue problem whose solutions are the resonances. The resonance p = —1, corre-
sponding to the arbitrary location of the singular manifold, is always present. A necessary
condition for the Painlevé property is that all other resonances are non-negative integers.
Step 3: Verification of Compatibility Conditions
The final step involves verifying the consistency of the Laurent series at each resonance.
The truncated expansion

Pmax

u(x, t) = ¢"(x,t) Y uilx, ¢! (x, 1), (A5)

i=0
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where pmay is the largest resonance, is substituted into (A1). At each resonance p, the cor-
responding coefficient 1, must be an arbitrary function, or the equation for u, must be
identically satisfied. If this holds for all resonances, the PDE passes the Painlevé test and is
deemed integrable in the Painlevé sense.

Appendix B. Complete Bifurcation Classification and Co-Dimension

This appendix presents a comprehensive bifurcation classification and co-dimension
analysis for the dynamical system (14). For an in-depth discussion of these concepts,
the reader is referred to [49]. In the following, we prove the main theorems related to
this analysis.

Appendix B.1. Saddle-Node Bifurcation (Co-Dimension 1)

Theorem A1. A saddle-node bifurcation occurs in the system (14) under the condition 6> — 4op = 0,
provided that 60 # 0.

Proof. The necessary condition for a saddle-node bifurcation is the presence of a non-
hyperbolic equilibrium with a zero eigenvalue, which is equivalent to the vanishing of the
Jacobian determinant. Thus, Equation (18) gives

det(Jo)(10,0) = p + 2690 + 309 = 0. (A6)
Simultaneously, the non-zero equilibrium point 1y must satisfy Equation (15):
o + 8o + o} = 0. (A7)

To find the parameter relationship that enables this bifurcation, we subtract (A7) from (A6),
yielding

0 (8 + 20pp) = 0. (A8)

Excluding the trivial solution ¢y = 0, we obtain the relevant equilibrium point at
Yo = —9/(20). Substituting this value into Equation (A7) gives

6% —40p =0, (A9)
and, hence,
52
Pc = Er (AlO)

where p, refers to the critical bifurcation value. We now verify the non-degeneracy condi-
tions. First, we analyze the local behavior near the bifurcation point, and then we translate
the equilibrium to the origin by setting

Y =1+, y=y, p=pc+e (A11)

where ¢ is very small. Inserting the expressions (A11) into the system (14) results in

X' =y,
(A12)

/

1
y = Sy +8(o+n, pcte)l,

180



Mathematics 2025, 13, 3623

where g(1, p) = pyp + 6¢? + op®. By expanding g about the point (1, o.) and taking into
account (o, oc) = 0 and gy (1o, pc) = 0, we obtain

8(Yo + 17, 0c +€) = 38yy(Po,00) 1° + 8o (o, 0c) e+ O, [nle, €8).  (A13)
Hence, the coefficient of the quadratic term in the normal form is

S8u(Yo.p0) = —0 £ 0. (A14)

Second, we check the transversality condition

of
wﬁ(% 0,0c) #0, (A15)

where w is left null eigenvectors of the Jacobian Jy (¢, pc) and

1 T
f(,y,0) = (y,az(—y+p¢+a¢3)) : (A16)
is a vector field corresponding to the system (14). After some calculations, we have

of Po —0
T* = — = —
w 3 (10,0, pc) il (A17)

Both conditions (A14) and (A17) are met provided ¢ # 0, which, along with ¢ # 0 to ensure
that the equilibrium point is finite, completes the proof. [

Appendix B.2. Transcritical Bifurcation (Co-Dimension 1)

Theorem A2. The system (14) undergoes a transcritical bifurcation when p = 0.

Proof. A transcritical bifurcation occurs when two distinct equilibrium branches intersect

and exchange stability [49]. To establish the occurrence of a transcritical bifurcation, we

must verify the standard necessary and sufficient conditions at the bifurcation point.
When p = 0, Equation (15) simplifies to

Y5 (3 + apg) =0,
yielding two distinct equilibrium points:
0
Ep:9Pp=0 and Elil'l)():—; (0'750)

Thus, the equilibria Ey and E; intersect and exchange stability as the parameter
p passes through zero.The Jacobian matrix evaluated at the origin (0,0) when p = 0 is

1o(0,0) = (8 _112>-

This matrix has a zero determinant, det(J) = 0, confirming that the origin is a non-

given by

hyperbolic equilibrium with a zero eigenvalue, as required.
Similar to Theorem Al, direct calculations show that the bifurcation is non-degenerate,
since both the transversality condition and the non-vanishing quadratic term are satisfied. [J
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Appendix B.3. Pitchfork Bifurcation (Co-Dimension 2)

Theorem A3. The system undergoes a pitchfork bifurcation at the equilibrium ¢ = 0 when
the parameters satisfy p = 0 and 6 = 0, provided the cubic coefficient is non-zero (¢ # 0).
The bifurcation is supercritical if o < 0 and subcritical if o > 0.

Proof. To establish the occurrence of a pitchfork bifurcation, we must verify the nec-
essary conditions: the existence of a symmetry, a non-hyperbolic equilibrium, and
specific non-degeneracies.

First, setting 6 = 0 simplifies the system (14) to

Y =y, (A18)
1
v == |y+ep+oy?). (A19)

T
Letf(y,y) = (y, alz (—y+pyp+ (71,03)) be the vector field. We observe that

_ 1 ) 1 5’
(9~ = (0 0 +pp +a0) = (wg—ew-or) o0
= —f(p,y).
This confirms that the system has the odd symmetry f(—x) = —f(x), a prerequisite for
a pitchfork bifurcation.
Following Equation (15), the equilibrium points are the roots of the equation
P + Y5 = Yolp +oyg) = 0. (A21)
This equation has the following solutions:
Po=0 and o= £/ —p/c (whichexist when po < 0). (A22)

Thus, for p # 0, the system has either one or three fixed points due to the symmetry.
The bifurcation occurs when p = 0. At this point, the three fixed points merge into
one at the origin: {9 = 0. The Jacobian matrix at the origin (¢9,0) = (0,0) when p = 0is

Jo(0,0) = <8 _112>-

This matrix has eigenvalues 0 and —1/4?, confirming that the origin is a non-hyper-
bolic equilibrium.

We now verify the non-degeneracy conditions. The first non-degeneracy condition
requires a non-zero cubic coefficient in the dynamics restricted to the center manifold.
For our system, this coefficient is ¢. The condition ¢ # 0 ensures that the bifurcation
is non-degenerate.

The second non-degeneracy condition is the transversality of the bifurcation parameter.
We must check that the growth rate of the critical eigenvalue with respect to p is non-
zero. A calculation shows that d(A(p))/dp # 0 at p = 0, confirming that the bifurcation
unfolds generically.

The sign of the cubic coefficient ¢ determines the type of pitchfork bifurcation:

e If ¢ < 0, the cubic term is stabilizing, and the two new symmetric branches that
emerge for p > 0 (or p < 0, depending on the sign of the transversality condition) are
stable. This is a supercritical pitchfork bifurcation.
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e If o > 0, the cubic term is destabilizing, and the two new symmetric branches are
unstable. This is a subcritical pitchfork bifurcation.

The satisfaction of the symmetry, the merging of three equilibria, the zero eigen-
value, and the non-degeneracy conditions confirms that the system undergoes a pitchfork
bifurcationatp = 0,6 =0. O

Appendix B.4. Cusp Singularity (Co-Dimension 2)

Theorem A4. The system has a cusp singularity at the origin in the parameter space, defined by
o =0and 6 = 0, provided the cubic coefficient is non-zero, o # 0.

Proof. A cusp singularity is the organizing center for bifurcations of co-dimension 2, where
both the first and second derivatives of the vector field (restricted to the center manifold)
vanish. Our goal is to show that this happens at the point where the transcritical and
pitchfork bifurcation conditions coincide.

Recall that the dynamics on the center manifold can be expressed in a reduced form
as ¢’ = g(¢,p,8). The conditions for an equilibrium point to be non-hyperbolic are
8(0,0,0) =0, gy(0,0,0) = 0. These conditions are satisfied at {9 = 0 with parameters
p = 0,0 =0, as verified in the proofs for the transcritical and pitchfork bifurcations.

For a higher-order degeneracy, we must check the second derivative:

8yyp(0,0,0) =26+ 60|, 5 =0. (A23)

This confirms that the quadratic term also vanishes at the singularity. A point where
g = &y = gyy = 0is a candidate for a cusp.

The universal unfolding of this singularity, which captures all possible perturbed
behaviors in a two-parameter neighborhood, is given by the normal form

Y =+ oy + o’ + O(yh), (A24)

where y1 = p and yy = ¢ serve as the unfolding parameters that perturb the system away
from the singular point. The critical non-degeneracy condition is that the cubic coefficient
is non-zero:

Syyy(0,0,0) = 60 # 0, (A25)

which holds if only and only if ¢ # 0. This condition ensures that the singularity is
of co-dimension 2 and is not more degenerate (e.g., of co-dimension 3). When ¢ # 0,
the two-parameter bifurcation diagram in the (p, §)-plane features a curve of saddle-node
bifurcations that meet at the cusp point (p = 0, = 0) with a tangency. Within the cusp-
shaped region, the system has three equilibrium points, and outside of it, only one.

Since all conditions for a cusp singularity are met—specifically, ¢ = ¢y = gypyp = 0 and
Syyy 7 0 at the origin—we can conclude that the system has a cusp singularity at p = 0,
0=0. O

Appendix B.5. Hopf Bifurcation
Theorem A5. The system (14) cannot undergo a Hopf bifurcation for any values of its parameters.

Proof. Recall that a Hopf bifurcation, which gives rise to limit cycles from an equilibrium
point, requires two necessary conditions at the bifurcation point [49]:

1.  The trace of the Jacobian matrix must be zero (T = 0).
2. The determinant of the Jacobian matrix must be positive (det(Jy) > 0).
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The first condition ensures a pair of purely imaginary eigenvalues, while the second
ensures that the equilibrium is of a focus or center type (non-saddle) before the bifurcation.
Now, consider the general form of the system. The Jacobian matrix ]y at any equilib-
rium point (¢, 0) has a trace given by
1

ay’ oy
=T =5 =

2

Since the parameter a° is a positive constant related to the system’s inertia or damping,

the trace is strictly negative for all parameter values and at all equilibria:

1
T= -3 <0 forallp,d,0.

The failure of the first necessary condition (t = 0) is sufficient to conclude that a Hopf
bifurcation is impossible in this system. The constant, non-zero trace indicates that the real
part of the eigenvalues can never cross the imaginary axis, which is the essential mechanism
for a Hopf bifurcation. [

Theorem A6. The system (14) cannot undergo a Bogdanov—Takens bifurcation for any values of
its parameters.

Proof. A Bogdanov-Takens bifurcation is a co-dimension 2 bifurcation that occurs when
an equilibrium point has a Jacobian matrix with a double-zero eigenvalue (a nilpotent
Jordan block of size 2) [49]. The necessary and sufficient linear algebra conditions for
this are as follows:

1.  The trace of the Jacobian is zero: T = 0.
2. The determinant of the Jacobian is zero: det(Jy) = 0.

The first condition (T = 0) ensures that the sum of the eigenvalues is zero, and the sec-
ond (det(Jo) = 0) ensures that their product is zero, together implying that both eigenvalues
are exactly zero.

Now, consider the Jacobian matrix | of the system. Its trace is given by

_oy oy 1

The parameter a2 is a positive constant representing a time-scale or damping factor. There-
fore, the trace is a strictly negative constant for all states and parameter values:

1
T= - <0 forallp,d,o.

Since the first necessary condition for a Bogdanov-Takens bifurcation (t = 0) is violated
universally, it is impossible for the system to exhibit this bifurcation. The constant negative
trace prevents the eigenvalues from ever both being zero. [
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Abstract

This work explores the qualitative dynamics of the modified unstable time-fractional non-
linear Schrodinger equation (mUNLSE), a model applicable to nonlinear wave propagation
in plasma and optical fiber media. By transforming the governing equation into a planar
conservative Hamiltonian system, a detailed bifurcation study is carried out, and the asso-
ciated equilibrium points are classified using Lagrange’s theorem and phase-plane analysis.
A family of exact wave solutions is then constructed in terms of both trigonometric and
Jacobi elliptic functions, with solitary, kink/anti-kink, periodic, and super-periodic profiles
emerging under suitable parameter regimes and linked directly to the type of the phase
plane orbits. The validity of the solutions is discussed through the degeneracy property
which is equivalent to the transmission between the phase orbits. The influence of the
fractional derivative order on amplitude, localization, and dispersion is illustrated through
graphical simulations, exploring the memory impacts in the wave evolution. In addition,
an externally periodic force is allowed to act on the mUNLSE model, which is reduced
to a perturbed non-autonomous dynamical system. The response to periodic driving is
examined, showing transitions from periodic motion to quasi-periodic and chaotic regimes,
which are further confirmed by Lyapunov exponent calculations. These findings deepen
the theoretical understanding of fractional Schrodinger-type models and offer new insight
into complex nonlinear wave phenomena in plasma physics and optical fiber systems.

Keywords: Schrodinger equations; bifurcation theory; phase portrait; quasi behaviour;
chaotic pattern; wave solutions

MSC: 35C07; 35C08; 37K40; 83C15

1. Introduction

Nonlinear phenomena appear in a wide range of scientific and engineering disciplines,
including physics [1], engineering [2], applied mathematics [3], chemistry [4], and bi-
ology [5]. These phenomena are often modeled through nonlinear evolution equations
(NLEESs). The significance of nonlinearity in wave dynamics has become increasingly evi-
dent in recent years, leading to substantial efforts aimed at developing analytical solutions
for NLEE models [6,7]. Among the various nonlinear models, the nonlinear Schrodinger
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equation (NLSE) stands out due to its broad applicability across numerous scientific do-
mains. These include mathematical finance [8], optical fiber communications [9], fluid
dynamics [10], quantum mechanics [11], plasma physics [12], quantum field theory [13],
and wave propagation in piezoelectric materials [14]. Explicit solutions to NLEEs often ex-
hibit soliton-like behavior, which plays a crucial role in modern technologies. In particular,
solitons are fundamental in optical fiber systems for digital information transmission [15].

A key aspect of mathematical analysis in understanding the dynamics of nonlinear
evolution equations (NLEEs) lies in constructing explicit solutions that accurately describe
these processes. Over the past decades, significant efforts have been devoted to devel-
oping comprehensive analytical approaches for such models. Numerous mathematical
techniques have been proposed and refined, including the generalized auxiliary equation
technique [16,17], Kudryashov technique [18], classical Lie symmetry analysis [19,20], Hi-
rota and modified Hirota bilinear method [21,22], sub-equation technique [23], extended
direct algebraic technique [24], and bifurcation approach [25-29].

Within plasma physics and optical fiber research, nonlinear Schrodinger-type equa-
tions (NLSEs) provide a foundational modeling framework. A specific variant, known as
the modified unstable nonlinear Schrodinger equation (nUNLSE), is particularly relevant
for modeling phenomena such as two-layer baroclinic instability and symmetric two-stream
plasma dynamics in lossless media. In this work, we investigate exact analytical solutions
of the mUNLSE, formulated as follows [30]:

inD]"" R+ Ryx +2u R|R|* +m D" (R,) =0, 1)

where R(x, t) represents the complex-valued field envelope, x corresponds to the normal-
ized longitudinal coordinate along the fiber, and t denotes the retarded time coordinate.
Partial derivatives are expressed using subscript notation, and the parameter A quantifies
the strength of the self-phase modulation (SPM) effect. While ,D]"(-) for v > 0 and
v € (0,1], is the M-fractional derivative of order . The truncated M-fractional derivative
used in Equation (1) belongs to a class of fractional operators that generalize classical defi-
nitions while preserving key properties of ordinary calculus, such as the product, quotient,
and chain rules. The definition, main properties, and a detailed comparison with classical
fractional operators are provided in Appendix A, in order to keep the article self-contained.

Fractional derivatives are widely used as modeling tools to achieve more accurate
results in real-world applications. In the present problem, the nonlocal nature of the M-
fractional derivative captures memory effects in wave propagation—the evolution at time ¢
depends on previous states, a characteristic feature of fractional dynamics in plasmas and
in optical fibers with hereditary behavior.

Equation (1) has been examined in a number of recent studies. For instance, the ex-
tended Jacobi elliptic function expansion and certain unified schemes have been employed
to explore wave propagation and optical soliton dynamics in this setting [31]. In addition,
an amended extended hyperbolic tangent approach was applied in [32] to analyze the
solution structure of Equation (1). Furthermore, the MEM technique was utilized in [33]
to construct optical soliton solutions of Equation (1). In [34,35], bright and dark soliton
solutions, together with elliptic-function-type waves for the mUNLSE, were obtained via
the modified extended direct algebraic method (MEDAM) and the simple equation method
(SEM). A direct algebraic strategy was adopted in [36] to investigate the mUNLSE and
its associated optical solitons, while a modified extended auxiliary equation mapping
technique was proposed in [37] to derive soliton solutions for the mNLSE in fiber optics.

To the best of our knowledge, we note the following:
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1.  The lack of bifurcation studies, as well as analyses of quasi-periodic and chaotic
behavior, for the time-fractional mUNLSE;

2. The importance of constructing exact solutions that are directly linked to phase-
portrait structures through degeneracy analysis;

3. The insufficient exploration of the physical significance of memory effects and external
perturbations in plasma and optical-fiber applications compared with purely soliton-
based studies.

These gaps motivate us to further develop and complete the existing literature.

The paper is organized as follows: Section 2 presents the reduction of Equation (1)
to a planar conservative dynamical system. Section 3 provides the bifurcation analysis
and corresponding phase portraits. Section 4 introduces exact solutions to Equation (1).
Section 5 illustrates graphical representations of the solutions and highlights the effect of
the fractional derivative order. Section 6 investigates quasi-periodic behavior and chaotic
patterns. Section 7 summarizes the key findings of the study.

2. Mathematical Analysis

We assume Equation (1) has a solution in the form

Lol @l

R(x,t) = ¢ZQ)(p), Z = p1x
(x,£) (p) P1 ’Y 7

;@

where p; and g; with i = 1,2 are arbitrary constants while Q(p) is a real valued function.
Based on the properties of the truncated M-fractional derivative in Appendix A, we obtain

Ry = e“[ip1Q(p) + p20Y (p)],
Ryx = €[p5Q)" (0) + 2ip1p2QY (p) — piQ(p)],
WD R = —e%[q20) (0) +i1Q(p)],
ADIY Ry = =% [=p2q2 Q" (p) — i(p142 + p291) Y (0) + 1p1 Q-

®)

Inserting the expression (3) into Equation (1) and separating the real and imaginary
parts gives the following:

Real part:

p2(p2 — ma2) QY () + 24 (p) + (mp1g1 — pi + q1)Q(p) = 0. 4)
Imaginary part:
[m(p1g2 + p2q1) — 2p1p2 + 42]Q () = 0. (5)

Equation (5) is identically verified if

m— 2PP2— a2 ©)
p192 + p2q1

Inserting the expression (6) into Equation (4) implies
Q" — 16,03(p) + £6Q(p) =0, 7)

where /1 and ¢, are new constants introduced for simplicity and they are given by

4y — __2#(pa2 t pagy) ¢, _ P92 = Pipaq — padi ®)

7 2 .
p2(p1p2g2 — P31 — 43) p2(p1pag2 — P31 — 43)
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Defining () = Y(p), Equation (7) reduces to a two-dimensional dynamical system in the
form

Q=Y

9
Y = 0,08 — 6,Q. ©)

The dynamical system (9) is conservative because div(€),Y’) = 0. Moreover, it is Hamilto-
nian because it can be obtained from the Hamilton function

b &
4 2

1

_1 2
=3 as, (10)

H=_-Y"— 20+
by using Hamilton canonical equations [38]. Due to dpH = 0, the Hamilton function (10)
itself is a conserved quantity, i.e., it has a constant value along any trajectories. Thus,

we have
12 Uy

4 2

where a is free parameter. The Hamiltonian (11) is elucidated physically via the 1D motion

H:%YZ— O+ 207 =g, (11)

of a unit mass particle under the impact of two parameters’ potential functions in the form
14 14

V(Q) = -0t + 202 (12)
4 2

Hence, the solution of the Hamiltonian system (9) is obtained by quadrature, and conse-

quently, we obtain the solution to Equation (1). Inserting the first equation in Equation (9)
into Equation (11) and separating the variables gives

+v/2dp = L, (13)
G4(Q2)
where the quartic polynomial G4(Q) is given by
G4(Q) =a— %QZ + %04. (14)

To integrate both sides of Equation (13), we must find the range of the parameters a4, {1, ¢,
and the intervals of the real solution because Q)(p) is real valued function. The phase
portrait analysis for the system (9) is investigated not only to determine this range of the
parameters but also because it provides the types of the solution before constructing them.

3. Qualitative Analysis

In this section, we examine the qualitative dynamics of the Hamiltonian system (9)
by means of its phase portrait and investigate the nature of the corresponding trajecto-
ries using the Hamiltonian concepts. The equilibrium points of system (9) arise as the
critical points to the potential function (12), i.e., they are 0y, 0, where () is a solution to
00V (Qg) = O(lr — 14 Q%) = 0. When /1/; < 0, the system possesses a single equilibrium
point, namely the trivial solution at the origin, O = (0,0). Conversely, if {1/, > 0 with
{1 # 0, three distinct equilibrium points emerge: the origin together with two symmetric
nontrivial equilibria, O = (0,0), C12 = (:I: \/%, O). To specify the nature these equilibria,
we proceed by applying Lagrange’s theorem [39], which states that the isolated equilibrium
point is either stable or unstable if it is either the minimum or maximum point of the
potential function. Therefore, we compute dnq V at the equilibrium points. Hence, we have

000V |a—o = 0>, donV — = —2/,. 15
oaVl]a—o =6 00 |Q:i\/% 2 (15)
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Following Lagrange’s theorem [39], the equilibrium point O is classified as a center when
l, > 0and ¢; < 0, whereas it becomes a saddle point when ¢, < 0 and ¢; > 0. In the case
ly < 0and ¢y < 0, the origin O is a saddle, while the two nontrivial equilibria C; » are
centers. Conversely, if £, > 0 and ¢; > 0, the origin O is a center and the equilibria C; » are
saddles. Figure 1 describes the phase portrait for the system (9).

0.2r 1 051
= <
= O | s 0
-0.2¢ 1 -0.5¢
5 | ) /\
0
(a) Q(p) (b) Q(p)

-0.5 -0.25 0.25 0.5 05 0 0.5

\ | | | | | " 5 [
w/ o5l
= Ll

= 0
\ 25)

2 0 1 2 3 -2 1 0 1 2 3
d
Q(p) (d) Q(p)

Figure 1. Phase portraits for system (9): (a) {1 < 0,f, > 0; (b) {1 > 0,f, < 0; (c) 1 > 0,4, > 0;
(d) 1 <0,0p <O.

To describe the phase portrait more concretely, we compute the energy levels at the
equilibrium points:
Y) 2
m =H(0)=0, a=H(Cp) = (16)
40,
To provide a more concrete description of the phase portrait, we first evaluate the energy
levels at the equilibrium points:

N, = {(Q,Y) ERxR: %Y2:F4(Q)}. (17)

In the phase portrait of system (9), every trajectory is associated with an energy level curve
defined by its corresponding energy value.

We now provide a qualitative description of the phase portraits associated with
system (9).

(A) For ¢y < 0and ¢y > 0, the system admits a single equilibrium point at the origin O,
which behaves as a center. When the energy level satisfies a > 0, the trajectories form
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a continuous family of closed periodic curves, denoted by { N, : @ > 0}, encircling the
center O. This configuration is illustrated in Figure 1a.

(B) Forf; > 0and ¢, < 0, the origin O becomes a saddle equilibrium. At the critical energy
level a = 0, the system supports a distinguished unbounded trajectory (highlighted
in red), denoted by N,—o, as shown in Figure 1b. For a > 0, the dynamics give rise
to a family of unbounded trajectories (depicted in purple), {N, : a > 0}. Conversely,
for a < 0, another family of unbounded trajectories (depicted in gold) emerges. As the
energy approaches zero, both families (purple and gold) converge to the unique
orbit V,—g.

(C) For {4y > 0and ¢, > 0, the dynamical system (9) admits three equilibrium points: two
saddles and one center, as depicted in Figure 1c. Ata = 0, the system generates a
black unbounded trajectory with a hyperbolic profile in addition to the equilibrium
point O. When a < 0, it produces a gold family of unbounded orbits, all sharing
the same hyperbolic geometry. Within the interval 0 < a < ay, a green family of
solutions emerges, consisting of two distinct parts: one bounded by the heteroclinic
curve Ny—;, (shown in red), and another with hyperbolic form. For a > a5, the system
displays a pink family of unbounded trajectories. As a — 0, the gold family collapses
into the black unbounded orbit, while the hyperbolic branch of the green family also
converges to the same black orbit. Meanwhile, the periodic green family enclosed
by the heteroclinic orbit contracts to the equilibrium point O. As a — a5, the pink
unbounded family is absorbed into the red heteroclinic orbit, and the green family
likewise transitions into the red heteroclinic structure.

(D) For /¢y < 0and ¢ < 0, system (9) admits three equilibrium points: one saddle and
two centers, as illustrated in Figure 1d. At the energy level a = 0, the system exhibits
a homoclinic trajectory (shown in blue) that departs from the saddle point O and
returns to it. For intermediate values a, < a < 0, two distinct families of closed
periodic trajectories (depicted in purple) appear inside the homoclinic loop. When
a > 0, the dynamics reduce to a single family of bounded periodic trajectories.

4. Solution Construction

The purpose of this section is to obtain bounded wave solutions of Equation (1). These
solutions can be classified into three main types: solitary waves, kink (or anti-kink) waves,
and periodic waves. Although the adopted method is sufficiently general to construct
unbounded solutions, such cases are excluded here because they are not physically relevant.
For clarity in the forthcoming analysis, the conditions that lead to periodic, super-periodic,
solitary, and homoclinic solutions are summarized in Table 1. This organization highlights
the correspondence between the wave forms of system (9) and the nature of their phase
trajectories: periodic and super-periodic waves arise from periodic and super-periodic
phase orbits, solitary waves are associated with homoclinic orbits, and kink (or anti-kink)
waves originate from heteroclinic orbits.

Table 1. Existence and classification of the solutions.

Case 2 £ a Figure/Orbit Color Solution’s Type
1. - - 0 Figure 1d/blue Solitary
2. + + ap Figure 1c/red Kink(anti-kink)
3. — + Figure la/purple periodic
4. + + (0,a2) Figure 1c/green periodic
5. - - (a2,0) Figure 1d/purple periodic
6. - - + Figure 1d/red Super-periodic
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Proceeding to integrate the differential form given in (13), we apply the parameter
conditions summarized in Table 1 to identify admissible solutions.

4.1. Solitary Solution

The condition listed in the first row of Table 1 corresponds to the existence of a solitary-
wave solution. We now construct this solution explicitly. When the parameters /1, ¢, and a
satisfy the third condition of first row of Table 1, system (9) possesses two blue homoclinic
orbits that cross the ()-axis at three distinct points, as shown in Figure 1d. Consequently,
the polynomial F4(()) admits four real roots: a double root at the origin and two simple

roots at QO = ++/20,/¢;. Hence, F4(Q) can be written as F;(Q)) = —% 02(% - Qz>.
For a real-valued solution we require () € (—, / %, 0) U (O, \/ %) Setting the initial
condition O(pg) = £+/2¢> /1 and integrating (13) gives the solitary-wave profile

Qp) = j:\/%sech(\/ —0 (o —po))- (18)

Using both Equations (2) and (18) produces a new solution to Equation (1) in the form

. I'(v+1)
R(x,t) =+ /%el(lﬁquliw msech( /— 0, (pax — qzr(ljy""l)ﬂ — Po))- (19)

4.2. Kink (Anti-Kink) Solution

The second row outlined in Table 1 guarantees that a heteroclinic orbit links the saddle
equilibria C; and C;, indicating the possibility of kink/anti-kink wave solutions. We now
derive this solution explicitly. When the parameters {1, ¢», and a meet the criterion of
the second row, system (9) supports a red heteroclinic trajectory (see Figure 1c), which
intersects the ()-axis at two locations. Accordingly, the polynomial F;(Q)) possesses a pair

2
of double roots at () = £/, /¢, allowing it to be factored as F4(Q2) = % (u2 - %) . Real

solutions are restricted to the intervals () € (—, / %, 0) U (O, \/g ) . Choosing the initial
condition Q)(pg) = 0 and integrating (13) yields the kink profile

Q(p) = i\/gtanh<\/§(p—po)>- (20)

Substituting this result into Equation (2) givesa new solution to Equation (1) in the form

. T(v+1)
R(x,t) =+ ﬁ—zel(pleql g mtanh(y/ %2 (pax — lhr(];”t" - p0)>. (21)
\ &1

4.3. Periodic Solution
We consider the third, fourth, and fifth rows of Table 1 individually.

(i) If the parameters satisfy /; < 0, £, > 0, and a > 0, the phase portrait of system (9)
contains a periodic orbit encircling the equilibrium O. This closed trajectory meets
the (-axis at two distinct points, implying that the associated polynomial F;(Q)) has
two real roots and a pair of complex-conjugate roots. It can therefore be written
in the factorized form F4(Q) = — 4 (83 — O?) (93 + O?). A real-valued solution is
admissible only for () lying in the open interval (—®;, ;). Setting the initial condition
Q(po) = ¥ and integrating Equation (9) leads to the periodic solution expressed via
the Jacobi elliptic cosine:
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—01 (9% + 92
Q(p) = tyen [ | Z1ER) (o, B, @)
\/ 92+ 93

Substituting this result into Equation (2) results in a new solution to Equation (1) in
the form

. T(v+1) — 01 (9% + 92
R(x’t) — ﬁlel(plx_ql ¥ t7)Cn( M (pzx — qzr(l/ry—i_l)t'y — po), 191) . (23)

(i) When the parameters are chosen such that {1 < 0, { < 0, and a; < a < 0, system
(9) admits a pair of green periodic orbits (see Figure 1d), each crossing the ()-axis
at four distinct locations. Consequently, the polynomial F4(Q2) possesses four real
roots, which we denote by +93 and +8¢4 with 0 < @3 < 94. It can therefore be factored
as F4(Q)) = —%1 (% — 93) (9% — O?). Real, bounded solutions are confined to the
intervals Q) € (—04, —93) U (93, 94). Taking the initial condition Q(pg) = +04 and
integrating (13) produces the solution in terms of the Jacobi elliptic dn function:

_ \/ 93— 193
Q(p) = £b4dn (194 o po) 43) : 24)

04

Using both Equations (2) and (24) produces a new solution to Equation (1) in the form

T(v+1) _ 92 — 92
uieh e o (194 lfl(pﬁ_‘hr(’;mﬂ_po), ‘;43)_ (25)

(iii) When the parameters are fixed with /; > 0, {, > 0, and a, < a < 0, system (9)
displays three distinct trajectories: a single periodic orbit together with two families

R(x,t) = £0,e "%

of unbounded orbits. Correspondingly, the polynomial F;(Q)) admits four simple real
roots, which we label as +895 and +196, ordered such that 0 < 95 < ¥¢. It therefore
factors as F4(Q)) = % (% — 82)(Q* — 92). Bounded, real-valued solutions are only
possible for Q) in the disjoint intervals ) € (—85,0) U (0, 95). Imposing the initial
condition )(pg) = 0 and integrating (13) leads to a solution expressed by the Jacobi

O(p) = £Ussn (t%\/? (P —po), ZE) (26)

Using both Equations (2) and (26) provides a new solution to Equation (1) in the form

. T(v+1)
R(x,t) = :{:195(21(’[71XJ1 7 sn (l%\/ %1 (pax — qzr(l;—i_l)ﬂ —00), ZS> (27)
6

4.4. Super-Periodic Solution

elliptic sine function:

The last row in Table 1 refers to the existence of a super-periodic wave solution to
Equation (1). Under parameter values ¢1, ¢, and a that fulfill this condition, the phase
portrait of system (9) contains a red super-periodic orbit (Figure 1d), which meets the
(-axis at two locations. This geometric feature implies that the associated polynomial
F4(Q)) possesses a pair of real roots, 87, together with a pair of purely imaginary conjugate
roots, +ids. Consequently, the polynomial factors as Fy(Q2) = — 4 (92 — 02) (02 + 83).
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A physically relevant (real) solution is obtained only when () lies in the open interval
(—=97,07). Choosing the initial value Q(pyg) = ¥ and integrating (13) gives the super-
periodic profile, in terms of the Jacobi elliptic cosine,

0 (92 4+ 92
Qp) = :|:197cn( M 197) (28)

(o —po),
2 /62 + 02

Substituting this expression into Equation (2) yields

Tt — 1 (92 + 02 Tv+1
R(x,t) = i19761(p1x n . t“Y)Cn 1(;8) (pax — Mtv —00), L . (29)
v 0% + 03

The solution (29) is a new solution to Equation (1).

4.5. Solution Validity

This subsection verifies the consistency and validity of the derived solutions using the
degeneracy property. This property is defined by the study of solution degeneracy through
the phase orbit transition for limiting values of the bifurcation parameter a.

I.  As the parameter a tends to zero, the family of blue periodic orbits shown in Figure 1a
contracts toward the equilibrium point at the origin, O. In this limit, the root &
approaches zero, causing solution (22) to vanish. The zero value corresponds to the
O-coordinate of the equilibrium O. Furthermore, solution (23) reduces to R(x, t) =0,
which is the trivial solution of Equation (1).

II. In the limita — 07, the family of purple periodic orbits deforms continuously into
the blue homoclinic orbits, as illustrated in Figure 1d. Hence, we have ¢#3 = 0 and
84 = /20, /7. As a result, the periodic solution given in (25) reduces to the solitary-
wave profile described by Equation (19).

III. In the limita — 07, the red super-periodic orbits merge into the blue homoclinic orbit
depicted in Figure 1d. In this limit, the parameters become ¢; = 1/2¢, /¢ and 95 = 0.
As a result, solution (29) simplifies to the form:

. T(v+1) — 01 (92 + 92
R(x,t) = il?yel(qulwmcn( 71( ;+ 5) (pax — qzr(ll/y—i- 1)1‘7 —00), 1) ,

(30)

20 I'v+1
==+, |- qlr(2v+1) sech(@(pzx - Mﬂ —00)),
el(Plx*f”)gl Y

which is in agreement with the solution in Equation (19).

IV. As the parameter limit is approached to a,, the green periodic orbits continuously
deform into the red heteroclinic orbit shown in Figure 1c. In this degenerate case,
the two roots coincide, giving 95 = 8 = /¢»/¢;. Consequently, the periodic solution
(27) collapses to

. T(v+1)
R(x,t) = £1/Ga/ P ”>sn<, /%2 (pax — qzr(;mﬂ —po), 1>,

o /ﬁzeiw—“%””mtanh(w 2 (pax - 2 g P0)>,
1

which is in agreement with the solution (21).

(31)
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Hence, the degeneracy property confirms the consistency and validity of the obtained
analytical result.

5. Graphical Representation

The purpose of this section is to present graphical interpretations of the derived
solutions and to highlight how fractional derivatives influence their behavior.

We arbitrarily assume y = 0.2, p; = —0.3, po = 0.5, g1 = —0.08, g0 = —0.07.
Substituting these values into Equations (6) and (8) yields

m = 6.06557377, {1 = —10.60869565, 0, = —0.6478260870.

Since ({1,¢;) € R~ x R™, the corresponding phase portrait of system (9) is shown in
Figure 1d. The solution of Equation (1) is then determined by the value of parameter a.
Accordingly, we consider the following three cases:

A. Ifa =0, Equation (1) has a solution in the form

0.08T (v+1)¢7

R(x,t) _ 03494726707 (03 G >isech<0.402438221x—

0.05634135095I(v + 1)t
y + fo |-

(32)

Figure 2 displays the behavior of the real component of the solution R(x, t) associated
with Equation (19). In panel (a), a three-dimensional surface representation of Re.R(x, t)
is shown over the (x,t)-plane. The profile forms a sharply localized solitary wave
centered near x = 0, with its amplitude decreasing rapidly as one moves away from the
center, illustrating strong spatial confinement and stable propagation characteristics.
Figure 2b depicts the temporal evolution of Re.R(2, t) at the fixed spatial location x = 2
for several choices of the fractional derivative order . The red curve corresponds
to the classical limit y = 1, while the green and blue curves illustrate the fractional
cases vy = 0.7 and y = 0.4, respectively. A reduction in the fractional order leads to
a broader temporal profile and a noticeably slower decay rate, a behavior consistent
with the increased memory effects inherent to fractional operators. These observations
emphasize how sensitively the wave amplitude, temporal dispersion, and long-time

0.3f =1 N

—~=07

—~=04

0.2 1

0.1r .
[

011

persistence depend on the value of +.

Re. R(2,1)

-500 0 500 1000

(b) -

Figure 2. Graphic representation to the real part of the solution (19). (a) 3D-representation (b) 2D
representation for different values of the fractional order derivative.

B. If a = —0.004944983965 ¢ (622/(4€1),0) = (—0.009889967930,0), Equation (1) has a
solution:
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0.05205262098I(v + 1)t
v (33)

1(0.3x7 0.08I(v+1)t7Y

R(x,t) = 0.3228706477¢ U )dn(0.3718044356x -

,0.9101797209).

Figure 3 illustrates the real part of solution (33). Figure 3a presents a 3D surface of
Re.R(x, t), showing a localized wave profile with a pronounced peak and rapid spatial
decay. Figure 3b displays the time evolution of Re.R(2, t) for different fractional orders
. As 7 decreases from 1 to 0.4, the waveform broadens and decays more slowly,
reflecting the effects in the fractional model.

0.5r

Re. R(2,1)
o

-50 0 50 100 150

(a) 10 .10 X (b) :

Figure 3. Graphic representation of the real part of the solution (25). (a) The 3D representation and
(b) 2D representation for different values of the fractional order derivative.

C. Ifa =0.9901100321 > 0, Equation (1) has a solution in the form

0.17888095591(y + 1)t"
% (34)

i(0.3x7 0.08T(v+1)t7

R(x,t) = 0.8225723213¢ v >cn<1.277721114x -

,0.7413512465).

Figure 4 illustrates the real part of solution (34). Figure 4a shows a three-dimensional
surface plot of Re.R(x, t), revealing a localized wave structure whose amplitude varies
in both space and time. Figure 4b presents the temporal evolution of Re.R(2,t) at
the fixed point x = 2 for several fractional orders . The curves corresponding to
v =1,7v=0.7, and 7 = 0.4 demonstrate that decreasing the fractional order leads to
slower decay and broader temporal spreading, reflecting the enhanced memory effects
inherent to fractional derivatives.

Hence, physically, v characterizes memory and nonlocal temporal effects. In plasma
media, it accounts for anomalous transport and long-range particle interactions, whereas in
optical fibers it reflects delayed nonlinear responses and dispersive memory effects. As il-
lustrated in Figures 2—4, decreasing < leads to slower decay, broader temporal spreading,
and enhanced wave persistence, thereby demonstrating the direct physical influence of
fractional dynamics on wave localization and stability.
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Figure 4. Graphic representation of the real part of the solution (29). (a) The 3D representation and
(b) 2D representation for different values of the fractional order derivative.

6. Perturbed System

We now turn to the autoresonance behavior of the non-autonomous oscillator, wherein
the system can self-synchronize with a slowly varying periodic excitation. To incorporate
external driving, we augment the original model (1) with a specific time-periodic forcing
function age“cn(Bp, v). The driven system then takes the form

inD]" R+ Ryx + 21 R|R|* + m , D" (Ry) — ape“en(Bp, v) = 0. (35)

Physically, the added perturbation term represents an external time-periodic excitation
acting on the wave envelope, such as a driven electromagnetic field in plasma media or an
imposed modulation in optical fiber systems. Its amplitude and frequency quantify the
strength and temporal rate of this external driving, which can be tuned experimentally.
Including this term converts the autonomous Hamiltonian model into a non-autonomous
driven system, enabling the description of resonance, quasi-periodic responses, and the
onset of chaotic dynamics arising from the interaction between the medium’s intrinsic
oscillations and the external forcing.

Applying the transformation (2) and performingthe same procedures as in Section 2,
we obtain

QI
Y/
KI

Y,
(O3 — 0,Q + aen(Bo, v), (36)
B,

where /1 and /¢ are given by (8) and « is introduced instead of ay for simplicity as
wo(p192+p241)

p2(P1p202— 1301 —43)

tude and frequency of the external periodic drive. In what follows, we shall call (36) the

N =

. The parameters « and  denote, respectively, the forcing ampli-

perturbed system.

The analysis of periodic and chaotic dynamics of the wave behavior to the model (1)
is complicated by a four-parameter space: the model parameters ¢; and /5, together with
the forcing parameters « and f that define the external perturbation.

We examine the unperturbed system (9) or the perturbed system (36) in the limit
where the amplitude of external periodic forcing vanishes. Choosing the parameter set

p1 =03, p2 = 0.03, g1 = 1.859556098, g, = 0.7, u = 0.2390496318, m = —2.565967537, (37)
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we obtain /1 = —5.2 and ¢, = 19.05. For the initial condition (Y(0), 2(0)) = (0.1,0.137066112),
the constant 4 is evaluated from Equation (11) as a4 = 0.09558. Hence, ({1, (,a) € R~ X
RT x R*. Following the bifurcation analysis, the perturbed system exhibits periodic
dynamics, as confirmed by the two-dimensional and three-dimensional phase portraits
and by the time series of () versus p shown in Figure 5a—c.

0.1

0.5

0.05

Qp)

-0.05

-0.1 -0.05 0 0.05 0.1

(a) Q(p)
Figure 5. The behavior of the unperturbed system Equation (9) with initial conditions (Y(0), 2(0)) =
(0.1,0.1370661118) and parameter values of p; = 0.3,p» = 0.03,4; = 1.859556098,7, = 0.7,

u = 0.2390496318, m = —2.565967537. (a) 2D phase orbit; (b) 3D phase orbit; (c) Time series of
Omega(ho) against ho.

We now investigate the impact of an external periodic forcing on the dynamics of
the unperturbed system (9). The analysis is carried out in two stages: first, by varying
the forcing amplitude while keeping the frequency constant; and second, by altering the
frequency while maintaining a fixed amplitude.

For this study, we adopt the parameter values given in Equation (37) and assume the
forcing frequency is fixed at f = 3, while the amplitude « is allowed to vary. When the
amplitude is set to « = 100, the perturbed system (36) exhibits quasi-periodic behavior,
as illustrated by the 2D and 3D phase portraits and the time series of () versus p in
Figure 6a—c. This phenomenon occurs because the ratio of the interacting frequencies is
incommensurable. Conversely, when the amplitude of the external forcing is increased
to @ = 200 while the frequency remains fixed at f = 3, the system transitions to chaotic
dynamics, as shown in Figure 7a—c.

1.5 0.2

0.1

p)

)

Y(p)

= .

-1.5 Q(p)o k// 100
e 0

-0.2 -0.1 0 0.1 0.2

0 20 40 60 80 100
(@) a(p) b)

! (c) 0
Figure 6. The behavior of the perturbed system Equation (36) with initial conditions (Y(0), Q2(0)) =
(0.1,0.1370661118) and frequency g = 3, amplitude « = 100. Parameter values of p; = 0.3, po = 0.03,

g1 = 1.859556098, go = 0.7, u = 0.2390496318, m = —2.565967537. (a) 2D phase orbit; (b) 3D phase
orbit; (c) Time series of Omega(ho) against ho.

We proceed to evaluate the Lyapunov exponents for the perturbed system described
in Equation (36), using the same parameter set as in Figure 7. Numerical evaluation of
these exponents provides a powerful tool for detecting both the onset of chaos and the
stability properties of nonlinear dynamics. However, proper interpretation of the results
requires a solid understanding of the system’s fundamental behavior, since the exponents
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depend strongly on specific features of the model under study [40]. In practical terms,
Lyapunov exponents serve as indicators of dynamical regimes: a positive value denotes
chaotic motion, while a negative value reflects convergence toward stable trajectories.

‘ Y(p)
Q(p)

(c) p
Figure 7. The behavior of the perturbed system Equation (36) with initial conditions (Y(0), Q(0)) =
(0.1,0.1370661118) and frequency g = 3, amplitude a = 200. Parameter values of p; = 0.3, po = 0.03,
g1 = 1.859556098, go = 0.7, u = 0.2390496318, m = —2.565967537. (a) 2D phase orbit; (b) 3D phase
orbit; (c) Time series of Omega(ho) against ho.

For the system (36) with the parameter set (37), the Lyapunov exponents are

A1 = 0.07550652, Ay = —0.07550652, Az = 0.00.

Figure 8 illustrates the convergence of the Lyapunov exponents. The presence of the
positive Lyapunov exponent A; confirms the chaotic behavior of the perturbed system (36).

Consequently, the transition to chaos under increased forcing amplitude & mirrors
physical scenarios where strong external modulation—such as intense RF heating in plas-
mas or high-power periodic pumping in fibers—leads to wave turbulence, mode competi-
tion, or signal breakdown.
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Figure 8. Lyapunov exponents for the perturbed system (36).
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7. Conclusions

This study focuses on the qualitative dynamics of the modified unstable time-fractional
nonlinear Schrodinger equation (mUNLSE), a model relevant to nonlinear wave prop-
agation in plasma and optical fiber media. Through an appropriate transformation,
the mUNLSE is reformulated as a conservative autonomous dynamical system. The result-
ing system is identified as a one-dimensional Hamiltonian framework. The equilibrium
points are determined, and their stability is analyzed using the Lagrange theorem for
Hamiltonian systems. A phase portrait is constructed and briefly discussed to illustrate the
system’s behavior.

By integrating the conserved quantity along intervals of real propagation, several exact
solutions of the mUNLSE are obtained. The validity and consistency of these solutions are
examined through the degeneracy property, which corresponds to studying the transition of
solution types across phase-plane trajectories. Selected solutions are presented graphically
to highlight their structural features.

Furthermore, the role of the fractional derivative order in shaping amplitude, local-
ization, and dispersion is investigated through numerical simulations, emphasizing the
memory effects inherent in fractional dynamics. An external periodic forcing is also intro-
duced, transforming the mUNLSE into a perturbed non-autonomous dynamical system.
The system’s response to periodic driving is explored, revealing transitions from regular pe-
riodic motion to quasi-periodic and chaotic regimes. These behaviors are illustrated using
two- and three-dimensional phase portraits as well as time-series analysis, with Lyapunov
exponent calculations providing further confirmation.

We compare our results with those presented in two earlier studies, namely [41,42].
Arshad et al. [41] used a modified extended mapping method to analyze the fractional
mUNLSE, constructing bright/dark solitons, combined dark-bright solitons, elliptic-
function solutions, and periodic solitary waves under particular parameter conditions.
Similarly, Zulfigar and Ahmad [42] utilized the Exp-function approach to derive trigono-
metric, hyperbolic, and hybrid solutions for the mUNLSE, yielding bright/dark solitons,
solitary waves, and periodic structures. In contrast, bifurcation analysis appears in other
recent studies such as [43], though these typically overlook the critical intervals of real
wave propagation essential for solution construction. Moreover, such works often assume
trigonometric cosine perturbations, whereas our study employs Jacobi-elliptic forcing
functions that more naturally emerge from the underlying dynamical system.

Overall, the findings enrich the theoretical understanding of fractional Schrodinger-
type equations and shed new light on complex nonlinear wave phenomena in plasma
physics and optical fiber systems.
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Appendix A. Truncated M-Fractional Differentiation

To ensure this article is self-contained, we begin by presenting the essential definitions
and fundamental ideas related to truncated M-fractional differentiation.

The truncated M-fractional derivative operator was introduced to overcome certain
drawbacks of classical fractional operators, particularly regarding the validity of rules such
as the chain, product, and quotient rules, as well as the mean value theorem. This operator
is constructed based on the Mittag-Leffler function.

Definition A1 ([44]). The truncated Mittag-Leffler function with one parameter, denoted by
MY (r), is given by

" B n rS
M;(r) = sg) T(0s+1) (A1)

where § > 0and r € C.
Next, we introduce a specific form of the truncated M-fractional derivative of order p.

Definition A2 ([44]). Let M} (r) be the truncated Mittag-Leffler function with 6 > 0, and let
h: RY — R be a real-valued function with 0 < vy < 1. The truncated M-fractional derivative of
order vy for h is defined as

h(t ME(nt=7)) — h(t)

D7 (1)) = lim ; , (A2)

forall t > 0.
The main properties of the truncated M-fractional derivative are summarized below.

Theorem A1 ([44]). Let f1 and f, be functions that are truncated M-fractional differentiable of
order p for t > 0, and let a1, a, € R. Then the following rules hold:

1. WDV (a1hy + axhy) (1) = a1 DV hy(t) + ap DTV ho (1),

q _
() = —— 177
2. ,D7(1) F(v+1)t , forallg e R,
3. nD7’V(h1h2)(t) = (t) any’th(t) + hz(t) nD7’Vh1(f),
Iy 1

[ 2L - v _ v
4D )0 = g (120 uD ™ in(6) = (1) D™ ha(1)),
5 D7V (b) = 0, where b is a constant,

t=7  dh(t) . .

v = 2"\
6.  4DVV(h)(t) Ty 1) dt , for differentiable h,
7. uD7Y(hyohy)(t) = hy(ha(t)) D7 hy(t), provided hy is differentiable at hy(t).

The truncated M-fractional derivative adopted here differs from classical fractional
operators in several ways. The Caputo derivative is defined via a power-law kernel, which
is singular at the origin and is particularly suited for problems with physically interpretable
initial conditions. The Caputo-Fabrizio derivative uses an exponential kernel, which is
non-singular and often preferred for modeling processes with fading memory, such as
viscoelasticity [45,46]. In contrast, the truncated M-fractional derivative is based on a trun-
cated Mittag-Leffler kernel, allowing it to interpolate between classical fractional operators
and integer-order calculus while preserving standard differentiation rules. This makes it
especially convenient for constructing exact solutions and performing bifurcation analysis
in nonlinear wave equations, as demonstrated in this work. However, like all fractional
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operators, its physical interpretation depends on the context: in plasma and optical fiber
models, it captures memory and hereditary effects that power-law or exponential kernels
may describe differently. The choice of operator thus reflects a trade-off between analytical
convenience, physical fidelity, and the specific memory structure of the system under study.
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