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Preface

Fuzzy control provides useful tools for engineering problems involving uncertainty and changing

conditions. This Reprint presents perspectives on symmetry and asymmetry in the analysis and design

of fuzzy control systems. It is intended for researchers, engineers, and students and aims to support

further developments in intelligent control systems.

José R. García-Martínez, Edson Eduardo Cruz-Miguel, and Juvenal Rodriguez-Resendiz
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Editorial

Symmetry and Asymmetry in Fuzzy Control: Recent Advances
and Emerging Perspectives

José R. García-Martínez 1,*, Edson E. Cruz-Miguel 1 and Juvenal Rodríguez-Reséndiz 2,*

1 Control and Robotics Laboratory, Faculty of Electronics and Communications Engineering, Universidad
Veracruzana, Poza Rica 93390, Veracruz, Mexico; edsoncruz@uv.mx

2 Facultad de Ingeniería, Universidad Autónoma de Querétaro,
Santiago de Querétaro 76010, Querétaro, Mexico

* Correspondence: romangarcia@uv.mx (J.R.G.-M.); juvenal@uaq.edu.mx (J.R.-R.)

1. Introduction

Fuzzy control is considered one of the most important methods in the area of intelligent
control engineering because it can handle uncertainty, nonlinear behaviour, and incom-
plete or imprecise information. Since Zadeh made his initial contributions to fuzzy set
theory, the field has seen constant progress, moving from a theoretical basis for repre-
senting uncertainty to becoming a well-established control technique that is widely used
in both industrial and scientific contexts. It is now essential in fields such as robotics,
industrial automation, renewable energy systems, autonomous vehicles, biomedical de-
vices, and cyber–physical systems, where traditional modelling methods generally face
significant difficulties [1].

The main reason for the effectiveness of fuzzy control is that it allows expert knowl-
edge to be included through the use of linguistic rules, rather than depending completely
on precise mathematical descriptions of the process. Fuzzy controllers are therefore partic-
ularly appealing when used in systems whose dynamics are complex due to nonlinearities,
uncertainties, or changes in parameters over time. Fuzzy logic does not replace traditional
control methods but instead serves as a complementary approach by offering a practical
means of combining qualitative reasoning with automated decision-making, which, in turn,
improves robustness and adaptability under difficult operating conditions [2,3].

Over the past ten years, fuzzy control has seen significant development as a result of
advances in artificial intelligence and computational intelligence. Modern fuzzy controllers
are often combined with optimisation algorithms, machine learning techniques, digital
twin technology, and embedded computing methods in order to produce hybrid intelligent
systems that can learn from data while still retaining the interpretability of rule-based
reasoning. Because of this, fuzzy control has now been used more extensively in a variety
of current technological areas, such as Industry 4.0, smart manufacturing, intelligent
transportation systems, renewable energy management, and autonomous robotics, where
both adaptability and computational efficiency are of the utmost importance [4,5].

A growing body of research has drawn a great deal of attention to the effects of sym-
metry and asymmetry when designing fuzzy controllers. Controllers having a symmetric
structure are usually linked with balanced rule bases, lower design complexity, and better
interpretability, which is the reason why they are chosen in situations where transparency
and ease of implementation are important. In contrast, asymmetric designs offer greater
modelling flexibility and are often more effective at capturing nonlinear or asymmetric
system behaviours that cannot be properly illustrated using perfectly symmetric rule distri-
butions. Instead of viewing these methods as opposing options, recent research indicates

Symmetry 2026, 18, 1362 https://doi.org/10.3390/sym18081362
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that they should be regarded as complementary design approaches. When combined,
they enable the creation of controllers that are at the same time robust, adaptable, and in-
terpretable—qualities that are becoming increasingly desired in intelligent engineering
systems [6–8].

In this context, this Special Issue, entitled “Symmetry/Asymmetry in Fuzzy Con-
trol,” offers a set of recent research papers which illustrate the current state of the field.
The papers chosen focus on advances in the development of fuzzy controllers, on hybrid
intelligent systems, on optimisation methods, and on a wide range of engineering applica-
tions such as robotics, autonomous systems, renewable energy, healthcare, and intelligent
sensing. The issue also contains contributions concerning the mathematical aspects of
symmetry in fuzzy systems and the associated computational techniques, highlighting
the interdisciplinary nature of the current research. Together, these studies demonstrate
how fuzzy methodologies are still being developed in order to meet the demands of new
technologies, and at the same time, emphasise the complementary roles of symmetry and
asymmetry in intelligent control and decision-making [6,9–15].

This paper is structured as follows: Section 2 examines the basic concepts of symmetry
and asymmetry in fuzzy control, Section 3 provides an overview of recent advances in
hybrid intelligent fuzzy control systems, Section 4 covers the major engineering applications
which have been discussed in the literature, and Section 5 looks at the current challenges and
indicates promising avenues for future research. The paper then concludes in Section 6 by
summarising the key insights and outlining the broader implications of these developments
for intelligent control systems.

2. Symmetry and Asymmetry in Modern Fuzzy Control

In the past few decades, fuzzy control has developed from being a framework based
on rules for making decisions into a refined control technique which is capable of ef-
fectively managing uncertainty, nonlinear dynamics, and incomplete information. This
development is a response to the growing need for control methods that not only give good
performance but also possess robustness, adaptability, and are easy to understand. On this
point, the ideas of symmetry and asymmetry have attracted a great deal of interest since
they affect both the design of fuzzy controllers and their capacity to deal with complex
system behaviours.

Fuzzy control works by incorporating expert knowledge through the use of linguistic
variables, membership functions, inference processes, and fuzzy rules. Unlike conventional
methods, which rely on a mathematical model, fuzzy controllers are capable of giving
reliable control actions without needing an exact mathematical description of the system;
on this account, they are particularly suitable for application in systems that are affected by
uncertainty or have poorly defined dynamics, while at the same time maintaining a simple
decision-making procedure which is easy for human operators to understand [8].

Previously, the majority of fuzzy controllers used symmetric structures. The member-
ship functions were evenly spread out, the rule bases were standardised, and the responses
were identical on both sides of the nominal operating conditions, thus simplifying the
development of the controller, facilitating parameter adjustment, and enabling theoretical
evaluations such as stability analysis. Furthermore, symmetric designs generally improve
readability by keeping the relationships between the linguistic variables and the respec-
tive control actions consistent—a characteristic which is very much valued in practical
engineering situations [7].

Perfect symmetry does not in every instance result in controllers that accurately
represent the behaviour of real engineering systems. A great many practical processes
show nonlinear features, unequal responses, time-dependent dynamics, or variations
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in operating conditions throughout their operating range. Examples of such systems
include robot arms, electric motor systems, renewable energy technologies, and various
complex electromechanical processes because disturbances, limitations on the actuators,
and changes in the operating point generally cause disproportionate system responses.
In such situations, requiring symmetry can reduce the flexibility of the controller and
therefore have an effect on the effectiveness of the control [16].

In order to deal with these difficulties, asymmetric fuzzy control offers greater flexi-
bility during the design of the controller. The membership functions, the distributions of
the rules, the scaling factors, and the control gains can all be changed separately in order
to better suit the local operating conditions. This extra flexibility enables the controller to
respond more accurately in regions where the system shows strong nonlinearity, while at
the same time ensuring smooth performance in the other areas. Because of this, asymmetric
designs are becoming increasingly common in adaptive control systems, fault-tolerant ar-
rangements, autonomous devices, and other areas involving highly nonlinear or uncertain
dynamics [17].

Rather than considering symmetry and asymmetry as mutually exclusive choices,
current research is becoming more inclined to regard them as complementary design
philosophies. Symmetric structures provide simplicity, consistency, and analytical tractabil-
ity, while asymmetric configurations enhance adaptability and give a better representation
of the behaviour of complex systems. Fuzzy controllers, which achieve robustness, flexibil-
ity, computational efficiency, and interpretability depending on the particular requirements
of each application, can be developed by selecting an appropriate balance between these
two approaches [6].

The fact that fuzzy control is becoming more and more integrated with artificial in-
telligence has also expanded the application of these design principles. Symmetry and
asymmetry are now being applied in the design of controllers based on optimisation,
in adaptive parameter tuning, in distributed control strategies, and in hybrid intelligent
systems which combine fuzzy reasoning with machine learning, evolutionary optimisation,
and digital twin technologies. The latest approaches indicate that further developments in
fuzzy control will place less emphasis on choosing between symmetric and asymmetric
formulations and will instead involve making use of the benefits of both to create intel-
ligent controllers capable of operating efficiently in increasingly dynamic and uncertain
engineering environments [4].

3. Hybrid Intelligent Fuzzy Control Architectures

The recent advances in intelligent control have significantly enhanced the importance
of fuzzy systems. Fuzzy logic is no longer usually used as a stand-alone rule-based
controller but is now often combined with optimisation techniques, machine learning
algorithms, and artificial intelligence methods in order to produce hybrid control systems.
By combining these different approaches, the individual benefits of each one are utilised,
which results in controllers that provide higher accuracy, greater robustness, improved
adaptability, and better interpretability while at the same time decreasing the amount of
manual work normally required for designing controllers [4].

Optimisation is now one of the main factors accounting for this change. Instead
of relying entirely on expert knowledge, modern fuzzy controllers are becoming more
and more reliant on optimisation algorithms in order to automatically determine the
membership functions, the rule bases, the scaling factors, and other controller parameters.
Metaheuristic methods such as genetic algorithms (GAs), particle swarm optimisation
(PSO), differential evolution (DE), and other nature-inspired optimisation techniques have
consistently demonstrated their capacity to improve control performance while at the
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same time making the design process simpler. Furthermore, multi-objective optimisation
frameworks enable several design objectives—such as tracking accuracy, robustness, energy
efficiency, and computational complexity—to be optimised together, leading to controllers
that are better able to meet the practical engineering requirements [1,18].

The application of machine learning has introduced an extra level of adaptability to
fuzzy control systems. A notable instance of this is the adaptive neuro-fuzzy inference
system (ANFIS), which blends the capacity of artificial neural networks to learn with the
interpretability of fuzzy inference, enabling controllers to improve their performance on
the basis of data. More recently, deep learning and reinforcement learning have further en-
hanced the capabilities of hybrid fuzzy systems by permitting automatic feature extraction,
online adaptation, and autonomous decision-making to take place. Consequently, fuzzy
control has been widely applied to areas such as robotics, autonomous vehicles, advanced
manufacturing, and various other complex engineering fields where operating conditions
change continuously [4].

At the same time, the growing demand for reliable artificial intelligence has once
again kindled interest in the inherent interpretability of fuzzy systems. Unlike a large
number of data-driven models that operate as opaque ’black boxes,’ fuzzy controllers
demonstrate their reasoning by means of explicit linguistic rules which can be examined
and understood by specialists in the field. This property is in line with the objectives of
explainable artificial intelligence (XAI), which is the reason why hybrid fuzzy methods
are particularly attractive for safety-critical applications where transparency, reliability,
and user confidence are essential [5].

The use of hybrid fuzzy control is still expanding since it is being combined with a
number of new digital technologies. Digital twins, cyber–physical systems, edge computing,
and embedded intelligent platforms are now making greater use of fuzzy reasoning in
order to enable real-time monitoring, distributed decision-making, and adaptive control
when operating conditions change. The combination of these technologies has enabled
fuzzy controllers to manage ever more interconnected and computationally demanding
engineering environments while still maintaining real-time performance and operational
reliability [11].

The fact that all of these developments have taken place indicates that hybrid in-
telligent fuzzy control has now become one of the most dynamic areas of research in
modern control engineering. Future progress is expected to focus on architectures capable
of combining autonomous learning, optimisation, explainability, computational efficiency,
and robustness in a single framework. Such integrated solutions will be of central impor-
tance in the next generation of intelligent systems, where adaptability and transparency
are likely to be just as important as the control performance itself [4].

4. Emerging Engineering Applications

The greater level of maturity achieved by fuzzy control has resulted in its application
in engineering fields continuing to grow. Even though it was originally developed for
use in industrial process control, fuzzy methodologies are now being incorporated into a
wide variety of intelligent systems that operate under conditions of uncertainty, nonlinear
dynamics, and changing environmental conditions. Since they can combine expert knowl-
edge with computational intelligence, they allow reliable decision-making in cases where
accurate mathematical models are not available, which is the reason why fuzzy control is
regarded as an attractive approach to the solution of complex real-world problems [1].

In each of the various fields involved, robotics has remained one of the most actively
researched areas. Fuzzy controllers have proven themselves useful for motion planning,
for trajectory tracking, for navigation, for obstacle avoidance, and for human–robot in-
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teraction, since it is usual in these fields to encounter uncertain sensory information and
nonlinear system behaviour. Recent advances have now boosted these capabilities by
combining fuzzy reasoning with optimisation techniques and machine learning algorithms,
thereby increasing the autonomy, adaptability, and robustness of mobile robots, of un-
manned aerial vehicles, and of collaborative robotic systems that function in dynamic
environments [6,19].

The emergence of Industry 4.0 has created new opportunities for fuzzy control; in
cyber–physical systems and in digital twin environments, fuzzy reasoning allows for in-
telligent monitoring, distributed decision-making, predictive maintenance, and process
optimisation by efficiently handling uncertain information while at the same time keeping
the control strategies transparent. It is due to these features that more flexible manufac-
turing systems have been obtained which are capable of adapting to changing operating
conditions without having to compromise either reliability or computational efficiency [11].

Fuzzy control’s adaptability has also led to important advantages in the fields of
energy and transportation. In the case of renewable energy, fuzzy-based methods are
widely applied to maximum power point tracking, battery management, smart grid oper-
ation, wind energy conversion, electric drives, and power electronic converters because
the operating conditions are constantly changing. Fuzzy reasoning is similarly used in
intelligent transportation systems in order to improve a number of autonomous driving
functions, including adaptive cruise control, lane-keeping assistance, collision avoidance,
and traffic management. In both of these areas, the ability of fuzzy controllers to respond
smoothly to uncertain and time-varying conditions has been demonstrated to be a major
advantage when compared with purely model-based approaches [18,20].

Fuzzy control, besides its application in industrial automation, has in recent years been
used increasingly in the areas of healthcare, biomedical engineering, environmental moni-
toring, and precision agriculture. The capability of fuzzy inference to deal with uncertain
or imprecise information while still ensuring transparency in the decision-making process
has provided advantages in a number of fields, such as medical diagnosis, rehabilitation
technologies, wearable health devices, intelligent irrigation systems, and environmen-
tal management platforms. This is particularly valuable in those situations where both
reliability and interpretability are essential requirements [5].

The fact that there are so many different applications demonstrates how fuzzy control
has grown into a mature technology and thus enabled intelligent engineering. As devel-
opments in artificial intelligence, edge computing, cloud computing, and autonomous
systems continue to change modern engineering, fuzzy methods are expected to play an
even more important role in hybrid intelligent systems. Future applications will likely
place a greater emphasis on not only a higher degree of autonomy and computational
efficiency but also on explainability, adaptability, and on the smooth interaction between
human expertise and data-driven intelligence [4].

5. Current Challenges and Future Perspectives

Even though fuzzy control has reached a high level of maturity, certain challenges
still prevent its wider application in next-generation intelligent systems. The demands of
modern engineering applications are such that the controllers must simultaneously provide
robustness, adaptability, computational efficiency, scalability, and interpretability when
operating in highly dynamic and uncertain conditions. Achieving an adequate balance
among these often conflicting requirements is one of the major research problems in the
field [5].

A significant problem is the increasing complexity that arises when designing fuzzy
controllers. As the number of input variables and operating conditions grows, the rule
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bases tend to expand rapidly, making it much more difficult to develop the controller, tune
its parameters, and carry out real-time implementation. This situation is generally referred
to as the curse of dimensionality and has, as a result, prompted a great deal of research
into hierarchical and modular fuzzy systems, adaptive rule generation, and optimisation-
based design techniques that reduce computational complexity without sacrificing control
performance or interpretability [20].

At the same time, the rapid development of artificial intelligence is having a signif-
icant effect on the future of fuzzy control. Even though data-driven approaches such as
machine learning and deep learning have demonstrated remarkable capabilities in terms
of prediction, their lack of transparency remains a major problem—particularly in cases
where safety, reliability, and accountability are essential. Fuzzy systems address this by
providing clear reasoning through the use of linguistic rules, which is why combining them
with explainable artificial intelligence (XAI) has become an increasingly attractive area of
research. Hybrid systems that are able to combine learning, adaptation, and interpretability
are therefore expected to play a fundamental role in the development of reliable intelligent
control systems [16,17].

The technological advances associated with digital twins, cyber–physical systems,
edge computing, and embedded intelligence have led to new capabilities being required
of fuzzy controllers. Future control systems will need to deal with large quantities of
heterogeneous data, enable distributed decision-making, and at the same time respond
in real time even though the computing resources available are limited. The fact that
these constraints are present proves that there is a requirement for lightweight algorithms,
efficient optimisation techniques, and adaptive mechanisms which are able to maintain a
reliable performance while the operating conditions are continually changing.

If one considers the overall situation, future developments in fuzzy control will most
likely result from the effective combination of various design methods rather than from
the total replacement of a single particular approach. Symmetric controller configurations
will continue to offer simplicity, analytical consistency, and ease of interpretation, whereas
asymmetric formulations will provide the flexibility required to cope with increasingly
complex and nonlinear system behaviours. Together with advances in optimisation, ma-
chine learning, and explainable artificial intelligence, these complementary techniques are
expected to contribute to the creation of more autonomous, transparent, and robust intelli-
gent control systems. As engineering applications are expected to keep progressing in the
direction of greater connectivity, autonomy, and data-driven operation, fuzzy control will
remain a key enabling technology for addressing the challenges posed by next-generation
intelligent systems.

6. Closing Remarks

The articles included in this Special Issue demonstrate the ongoing development of
fuzzy control as a flexible approach for use in intelligent engineering systems, and together,
they illustrate that symmetry and asymmetry have to be regarded as complementary
design principles which facilitate the development of robust, adaptive, and interpretable
controllers. Moreover, combining fuzzy control with optimisation techniques, artificial
intelligence, and emerging engineering technologies enhances its significance in handling
increasingly complex real-world applications.

The Guest Editors sincerely thank all the authors for their valuable contributions,
the reviewers for their constructive comments, and the editorial team of Symmetry for their
continuous support throughout the publication process. We hope that this Special Issue
will encourage further research into symmetry and asymmetry in fuzzy control and result
in new advances in intelligent engineering systems.
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Abstract

In the current research, we introduce two operations of a “symmetric difference” type over
three-dimensional extended index matrices, and investigate some of their basic properties.
An example of the implementation of symmetric difference-type operations is presented
in the field of relational databases, aiming to demonstrate the operations’ efficiency by
comparing sets with dissimilar attributes.

Keywords: index matrix; matrix operation; symmetric difference

1. Introduction

The concept of an Index Matrix (IM) was introduced in [1] and discussed in a series
of papers and in books [2,3]. IMs are extensions of the well-known mathematical object
“matrix” (see, e.g., [4,5]). Each of operation’s addition, subtraction, and multiplication,
defined over standard matrices, requires specific conditions in order for these operations to
be correctly performed. The introduction of IMs was inspired by the idea that matrices are
redefined in such a way that all operations on them are valide and applicable, regardless
of the differences in their dimensions. By giving the matrices and operations on them a
more complex form, these conditions ensure greater possibilities for matrix calculus, as
well as more applications. Firstly, all operations were developed in the two-dimensional
(2D) case [2,3]. Later on, certain results obtained for 2D IMs became the basis for the
development of the apparatus for three (3D)- and n-dimensional matrices, namely 3-DIMs
and n-DIMS, respectively. The analogues of operations defined on 2-DIMs for the case of
3-DIMs have been elaborated in [2,3]. The theory of IMs has been further explored in [6].

Following [2,3], we will mention that one IM can be populated by the following:
elements of the set {0, 1}, real or complex numbers, variables, predicates, functions, or even
whole IMs. In the latter case, the IM is called an Extended IM (EIM). When elements of a
given IM are intuitionistic fuzzy pairs, the object is called an intuitionistic fuzzy IM (IFIM)
(see [2]). Therefore, each IFIM is a particular case of an EIM. The EIMs were extended to
three- and n-dimensional EIMs (3-DEIMs and n-DEIMs).

In the present paper, in Section 2, we give short remarks on 3-DEIMs, in Section 3
we introduce two new operations of a “symmetric difference” type over two 3-DEIMs,
and investigate some of their basic properties. In Section 4, we present an example of the
implementation of “symmetric difference” operations in the field of relational databases.
Finally, in the Conclusion, we outline the main achievements of the current investigation,
and discuss some additional ideas for future research.

Symmetry 2026, 18, 696 https://doi.org/10.3390/sym18040696
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List of abbreviations used in the current investigation:
IM—index matrix
EIM—extended index matrix
3-DEIM—three- dimensional extended index matrix
n-DEIM—n-dimensional extended index matrix
IFIM—intuitionistic fuzzy index matrix
NGB theory—von Neumann–Bernays–Gödel set theory

2. Preliminary

Let I be a fixed set of indices and X be a fixed set of objects. Following [2,3], we will
call “3-DEIM” with index sets K, L, and H (K, L, H ⊂ I) the object:

[K, L, H, {aki ,lj ,hg}] ≡
{

hg l1 · · · lj · · · ln
k1 ak1,l1,hg · · · ak1,lj ,hg · · · ak1,ln ,hg

...
...

. . .
...

. . .
...

ki aki ,l1,hg · · · aki ,lj ,hg · · · aki ,ln ,hg

...
...

. . .
...

. . .
...

km akm ,l1,hg · · · akm ,lj ,hg · · · akm ,ln ,hg

∣∣∣∣ hg ∈ H
}

≡
{

h1 l1 · · · lj · · · ln
k1 ak1,l1,h1

· · · ak1,lj ,h1
· · · ak1,ln ,h1

...
...

. . .
...

. . .
...

ki aki ,l1,h1
· · · aki ,lj ,h1

· · · aki ,ln ,h1

...
...

. . .
...

. . .
...

km akm ,l1,h1
· · · akm ,lj ,h1

· · · akm ,ln ,h1

,

h2 l1 . . . lj . . . ln

k1 ak1,l1,h2

... ak1,lj ,h2 . . . ak1,ln ,h2

...
...

. . .
...

. . .
...

ki aki ,l1,h2

... aki ,lj ,h2 . . . aki ,ln ,h2

...
...

. . .
...

. . .
...

km akm ,l1,h2 . . . akm ,lj ,h2 . . . akm ,ln ,h2

,

...

h f l1 · · · lj · · · ln
k1 ak1,l1,h f

· · · ak1,lj ,h f
· · · ak1,ln ,h f

...
...

. . .
...

. . .
...

ki aki ,l1,h f
· · · aki ,lj ,h f

· · · aki ,ln ,h f

...
...

. . .
...

. . .
...

km akm ,l1,h f
· · · akm ,lj ,h f

· · · akm ,ln ,h f

}
.

where K = {k1, k2, ..., km}, L = {l1, l2, ..., ln}, H = {h1, h2, ..., h f }, and for 1 ≤ i ≤ m,
1 ≤ j ≤ n, 1 ≤ g ≤ f : aki ,lj ,hg ∈ X .

For the 3-DEIMs
A = [KA, LA, HA, {akA

i ,lA
j ,hA

g
}]

and
B = [KB, LB, HB, {bkB

p ,lB
q ,hB

r
}]

https://doi.org/10.3390/sym18040696
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operations that are analogous to the usual matrix operations of addition and multiplication
are defined [2], as well as more specific operations.

Let ◦, ∗ : X ×X → X . Let e0 and e∗ be unit elements of X with respect to operations
◦ and ∗, respectively.

The following definitions are given according to [2,3]:
Addition

A⊕(◦) B = [KA ∪ KB, LA ∪ LB, HA ∪ HB, {ctu ,vw ,xy}],

where
ctu ,vw ,xy

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

akA
i ,lA

j ,hA
g

, if tu = kA
i ∈ KA, vw = lA

j ∈ LA and xy = hA
g ∈ HA − HB

or tu = kA
i ∈ KA, vw = lA

j ∈ LA − LB and xy = hA
g ∈ HA

or tu = kA
i ∈ KA − KB, vw = lA

j ∈ LA and xy = hA
g ∈ HA

bkB
p ,lB

q ,hB
r
, if tu = kB

p ∈ KB, vw = lB
q ∈ LB and xy = hB

r ∈ HB − HA

or tu = kB
p ∈ KB, vw = lB

q ∈ LB − LA and xy = hB
r ∈ HB

or tu = kB
p ∈ KB − KA, vw = lB

q ∈ LB and xy = hB
r ∈ HB

akA
i ,lA

j ,hA
g
◦ bkB

p ,lB
q ,hB

r
, if tu = kA

i = kB
p ∈ KA ∩ KB, vw = lA

j = lB
q ∈ LA ∩ LB

and xy = hA
g = hB

r ∈ HA ∩ HB

e0, otherwise

Termwise multiplication

A⊗(◦) B = [KA ∩ KB, LA ∩ LB, HA ∩ HB, {ctu ,vw ,xy}],

where ctu ,vw ,xy = akA
i ,lA

j ,hA
g
◦ bkB

p ,lB
q ,hB

r
, for tu = kA

i = kB
p ∈ KA ∩ KB, vw = lA

j = lB
q ∈ LA ∩ LB

and xy = hA
g = hB

r ∈ HA ∩ HB.

Multiplication

A
(◦,∗) B = [KA ∪ (KB − LA), LB ∪ (LA − KB), HA ∪ HB, {ctu ,vw ,xy}],

where

ctu ,vw ,xy =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

akA
i ,lA

j ,hA
g

, if (tu = kA
i ∈ KA

and vw = lA
j ∈ LA − KB − LB

and xy = hA
g ∈ HA)

or (tu = kA
i ∈ KA − KB − LB

and vw = lA
j ∈ LA and xy = hA

g ∈ HA)

bkB
p ,lB

q ,hB
r
, if (tu = kB

p ∈ KB

and vw = lB
q ∈ LB − KA − LA

and xy = hB
r ∈ HB)

or (tu = kB
p ∈ KB − KA − LA

and vw = lB
q ∈ LB and xy = hB

r ∈ HB)

◦
lA
j =kB

p∈KA∩LB
(akA

i ,lA
j ,hA

g
∗ bkB

p ,lB
q ,hB

r
), if tu = kA

i ∈ KA and vw = lB
q ∈ LB

and xy = hA
g = hB

r ∈ HA ∩ HB

e0, otherwise

https://doi.org/10.3390/sym18040696
10



Symmetry 2026, 18, 696

Structural subtraction

A� B = [KA − KB, LA − LB, HA − HB, {ctu ,vw ,xy}],

where “−” is the set-theoretic difference operation and ctu ,vw ,xy = aki ,lj ,hg , for tu = ki ∈
KA − KB, vw = lj ∈ LA − LB and xy = hg ∈ HA − HB.

In [3], three other operations of “multiplication” are defined, but these will not be
discussed here because they are not related to the topic of this research.

3. Definitions of Two New Operations “Symmetric Difference” over Two
3-DIMs and Some of Their Properties

In [7], two operations of “symmetric difference” are defined over 2-DIMs. In this
investigation, we extend their definition to 3-DIMs.

Let the 3-DEIMs A and B defined above be given. For those, we define the follow-
ing operations:

First operation “symmetric difference”:

A −• 1B = [KA ÷ KB, LA ÷ LB, HA ÷ HB, {ctu ,vw ,xy}],

where for every two arbitrary (standard set-theoretical) sets Y and Z:

Y ÷ Z = (Y − Z) ∪ (Z−Y)

and

ctu ,vw ,xy =

⎧⎪⎪⎨
⎪⎪⎩

akA
i ,lA

j ,hA
g

, if tu = kA
i ∈ KA − KB, vw = lA

j ∈ LA − LB, xy = hA
g ∈ HA − HB

bkB
p ,lB

q ,hB
r
, if tu = kB

p ∈ KB − KA, vw = lB
q ∈ LB − LA, xy = hB

r ∈ HB − HA

e0, otherwise

Second operation “symmetric difference”:

A −• 2B = [KA ∪ KB, LA ∪ LB, HA ∪ HB, {ctu ,vw ,xy}],

where

ctu ,vw ,xy =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

akA
i ,lA

j ,hA
g

, if tu = kA
i ∈ KA − KB, vw = lA

j ∈ LA, xy = hA
g ∈ HA

or tu = kA
i ∈ KA, vw = lA

j ∈ LA − LB, xy = hA
g ∈ HA

or tu = kA
i ∈ KA, vw = lA

j ∈ LA, xy = hA
g ∈ HA − HB

bkB
p ,lB

q ,hB
r
, if tu = kB

p ∈ KB − KA, vw = lB
q ∈ LB, xy = hB

r ∈ HB,

or tu = kB
p ∈ KB, vw = lB

q ∈ LB − LA, xy = hB
r ∈ HB

or tu = kB
p ∈ KB, vw = lB

q ∈ LB, xy = hB
r ∈ HB − HA

e0, otherwise

For a better understanding of the two “symmetric difference”-type operations de-
veloped here, they were visualized as two IMs that share a subset of identical indices
and identical values, as illustrated in Figure 1. In the following Figures 2 and 3, graphical
representations of the first operation “symmetric difference” (Figure 2) and of the second
operation “symmetric difference” (Figure 3) are given.

https://doi.org/10.3390/sym18040696
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Figure 1. Intersection between two IMs sharing a subset of identical indices and identical values).

Figure 2. A graphical representation of the first operation “symmetric difference”.

Figure 3. A graphical representation of the second operation “symmetric difference”.

Let the operation × denote a Cartesian product between two (ordinary) sets.

https://doi.org/10.3390/sym18040696
12



Symmetry 2026, 18, 696

Theorem 1. For every two 3-DEIMs A and B, for each operation ◦ : X ×X → X and for opera-
tion # : X ×X → X defined for two arbitrary x, y ∈ X by x#y = e# ∈ X , the following equalities:

A −• 1B = (A� B)⊕(◦) (b� A),

A −• 2B = A⊕(#) B

hold.

Proof. From the definitions of operations � and ⊕◦, we obtain:

(A� B)⊕(◦) (B� A) = [KA − KB, LA − LB, HA − HB, {akA
i ,lA

j ,hA
g
}]

⊕(◦) [KB − KA, LB − LA, HB − HA, {bkB
p ,lB

q ,hB
r
}]

= [(KA − KB) ∪ (KB − KA), (LA − LB) ∪ (LB − LA),
(HA − HB) ∪ (HB − HA), {ctu ,vw ,xy}]

= [KA ÷ KB, LA ÷ LB, HA ÷ HB, {ctu ,vw ,xy}]
= A −• 1B,

where

ctu ,vw ,xy =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

akA
i ,lA

j ,hA
g

, for tu = kA
i ∈ KA − KB and vw = lA

j ∈ LA − LB

and xy = hA
g ∈ HA − HB

bkB
p ,lB

q ,hB
r
, for tu = kB

p ∈ KB − KA and vw = lB
q ∈ LB − LA

and xy = hB
r ∈ HB − HA

.

From the definitions of operations ⊕(#) and the condition x#y = e#, we obtain:

A⊕(#) B = [KA ∪ KB, LA ∪ LB, HA ∪ HB, {ctu ,vw ,xy}] = A −• 2B,

because, by definition,

ctu ,vw ,xy =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

akA
i ,lA

j ,hA
g

, if tu = kA
i ∈ KA, vw = lA

j ∈ LA and xy = hA
g ∈ HA − HB

or tu = kA
i ∈ KA, vw = lA

j ∈ LA − LB and xy = hA
g ∈ HA

or tu = kA
i ∈ KA − KB, vw = lA

j ∈ LA and xy = hA
g ∈ HA

bkB
p ,lB

q ,hB
r
, if tu = kB

p ∈ KB, vw = lB
q ∈ LB and xy = hB

r ∈ HB − HA

or tu = kB
p ∈ KB, vw = lB

q ∈ LB − LA and xy = hB
r ∈ HB

or tu = kB
p ∈ KB − KA, vw = lB

q ∈ LB and xy = hB
r ∈ HB

akA
i ,lA

j ,hA
g

# bkB
p ,lB

q ,hB
r
, if tu = kA

i = kB
p ∈ KA ∩ KB, vw = lA

j = lB
q ∈ LA ∩ LB

and xy = hA
g = hB

r ∈ HA ∩ HB

e0, otherwise

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

akA
i ,lA

j ,hA
g

, if tu = kA
i ∈ KA, vw = lA

j ∈ LA and xy = hA
g ∈ HA − HB

or tu = kA
i ∈ KA, vw = lA

j ∈ LA − LB and xy = hA
g ∈ HA

or tu = kA
i ∈ KA − KB, vw = lA

j ∈ LA and xy = hA
g ∈ HA

bkB
p ,lB

q ,hB
r
, if tu = kB

p ∈ KB, vw = lB
q ∈ LB and xy = hB

r ∈ HB − HA

or tu = kB
p ∈ KB, vw = lB

q ∈ LB − LA and xy = hB
r ∈ HB

or tu = kB
p ∈ KB − KA, vw = lB

q ∈ LB and xy = hB
r ∈ HB

e0, otherwise

https://doi.org/10.3390/sym18040696
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that proves the theorem.

Let M be the set of all 3-DEIMs with elements from X . We must mention that when
X is a set (class) in the sense of von Neumann–Bernays–Gödel (NGB)-set theory (see,
e.g., [8–10]), M will be a set if its matrices have numerical elements, or a class when its
matrices have arbitrary predicates as elements.

Let
I∅ = [∅, ∅,⊥],

where the symbol ⊥ denotes the absence of objects.

Theorem 2. 〈M, −• 1, I∅〉 is a commutative group.

Proof. Following the definition of a commutative group (see, [11]), we will check the
respective conditions. First, from the definition of operation “ −• 1”, for every two 3-DEIMs
A, B ∈ M , it follows that A −• 1B ∈ M.

Second, using the well-known equality (see, e.g., [10]) for every three sets X, Y, and Z:

(X ÷Y)÷ Z = X ÷ (Y ÷ Z),

for every three 3-DEIMs A, B, C ∈ M, where

C = [KC, LC, HC, {cα,β,γ}]

we obtain

(A −• 1B) −• 1C = ([KA, LA, HA, {akA
i ,lA

j ,hA
g
}] −• 1[KB, LB, HB, {bkB

p ,lB
q ,hB

r
}])

−• 1[KC, LC, HC, {cα,β,γ}]
= [KA ÷ KB, LA ÷ LB, HA ÷ HB, {dtu ,vw ,xy}] −• 1[KC, LC, HC, {cα,β,γ}]

(where each element dtu ,vw ,xy is some element akA
i ,lA

j ,hA
g

or some element bkB
p ,lB

q ,hB
r
)

= [(KA ÷ KB)÷ KC, (LA ÷ LB)÷ LC, (HA ÷ HB)÷ HC, { fδ,ε,ζ}]

(where each element fδ,ε,ζ is some element akA
i ,lA

j ,hA
g

or some element bkB
p ,lB

q ,hB
r
, or some

element cα,β,γ)

= [KA ÷ (KB ÷ KC), LA ÷ (LB ÷ LC), HA ÷ (HB ÷ HC), { fδ,ε,ζ}]
= [KA, LA, HA, {akA

i ,lA
j ,hA

g
}] −• 1[KB ÷ KC, LB ÷ LC, HB ÷ HC, {sη,θ,κ}]

(where each element sη,θ,κ is some element bkB
p ,lB

q ,hB
r

or some element cα,β,γ)

= [KA, LA, HA, {akA
i ,lA

j ,hA
g
}] −• 1([KB, LB, HB, {bkB

p ,lB
q ,hB

r
}] −• 1[KC, LC, HC, {cα,β,γ}])

= A −• 1(B −• 1C).

Third, for the 3-DEIM I∅ and for an arbitrary A ∈ M, we obtain:

A −• 1 I∅ = [KA, LA, HA, {akA
i ,lA

j ,hA
g
}] −• 1[∅, ∅,⊥]

= [KA ÷∅, LA ÷∅, HA ÷∅, {dtu ,vw ,xy}]

https://doi.org/10.3390/sym18040696
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(where each element dtu ,vw ,xy coincides with the element akA
i ,lA

j ,hA
g

from A for tu = kA
i ,

vw = lA
j , xy = hA

g )

= [KA, LA, HA, {akA
i ,lA

j ,hA
g
}] = A.

Fourth, from the well-known equality X ÷Y = Y ÷ X, for two sets, it follows that

A −• 1B = [KA, LA, HA, {akA
i ,lA

j ,hA
g
}] −• 1[KB, LB, HB, {bkB

p ,lB
q ,hB

r
}]

= [KA ÷ KB, LA ÷ LB, HA ÷ HB, {ctu ,vw ,xy}]
= [KB ÷ KA, LB ÷ LA, HB ÷ HA, {ctu ,vw ,xy}]
= B −• 1 A.

Finally,
A −• 1 A = [KA ÷ KA, LA ÷ LA, HA ÷ HA, {ctu ,vw ,xy}]

= [∅, ∅, ∅, {ctu ,vw ,xy}]
= [∅, ∅, ∅, {⊥}]
= I∅

(due to a lack of indices, element ctu ,vw ,xy must be ⊥). The theorem is proven.

Theorem 3. 〈M, −• 2, I∅〉 is a commutative monoid.

Proof. The proof of this assertion is similar to the proof of Theorem 2, but without the final,
fifth step of the proof of Theorem 2. Therefore, as in the previous proof, we can prove that
〈M, −• 2, I∅〉 is a commutative monoid, but this object is not a group due to the fact that
there is no 3-DEIM B ∈ M, such that for some 3-DEIM A ∈ M

A −• 2B = I∅.

This fact follows from the set-theoretical fact that there is no set X, such that for some
non-empty set Y to hold, X ∪Y = ∅.

As mentioned in the Introduction, each IFIM is a particular case of an EIM. Therefore,
the two new operations developed in Section 3 can be applied to IFIMs, and therefore to
IMs with elements from fuzzy sets, where there is only the degree of agreement, and each
intuitionistic fuzzy pair 〈a, b〉 might be reduced to only the degree of agreement a and the
degree of disagreement is 1− a, while the degree of uncertainty from the intuitionistic
fuzzy logic is 0.

4. “Symmetric Difference” Operations Implementation over Databases

The current section presents an example of the above elaborated “symmetric
difference”-tye operations in the field of databases. It is known that the relational databases
are based on relational algebra and relational calculus. Thereafter, there is a close relation
between the group of set operations in the relational databases theory and “symmetric
difference”-type operations. Relational algebra uses a set of operators to create new rela-
tions from existing ones, the main three of which are union, intersection, and difference [12–14].
The union operation combines the data from two tables with a similar structure. The in-
tersection operation finds equal records in both tables. The operation difference is used for
returning the data from table A that do not exist in table B, and vice versa.

https://doi.org/10.3390/sym18040696
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The difference operation will be the focus of the current investigation. Venn diagrams
are frequently used to visualize database set operations and types of joins. Venn diagrams
of different types of difference operation over sets are presented in Figure 4.

Figure 4. Venn diagrams of the set operation difference between sets A and B from relational algebra.

In database management systems (DBMSs), the difference operation is used to identify
records that differ between two union-compatible tables. In structured query language
(SQL), this operation is implemented through operators EXCEPT or MINUS, depending on
the specific DBMS. In addition to set operations, various types of relationships between
two tables can be identified using JOIN statements. The present discussion focuses on the
more complex case in which the tables being compared belong to two different databases.

An example of data sources presented in the form of two databases are firstly created.
In this case, the BooksRepository and BookStoresChain databases have a similar structure.
Databases are created using SQL Server Express 2022 and SQL Server Management Studio
21 [12,15,16]. Database BooksRepository contains Repositories, Places, MaterialsAvailability,
and Materials, tables. Database BookStoresChain includes Bookstores, Regions, BookState, Books
and tables. The diagrams of both databases are presented in Figure 5. The data from
BooksRepository and BookStoresChain is queried by INNER JOIN statements and is presented
in Figure 6.

Figure 5. The diagrams of BookStoresChain databases (upper diagram) and BooksRepository (bottom
diagram).

The first query, presented in Figure 6, selects the columns MaterialName from Materials
table, RepositoryName from Repositories table, Town from Places table and Number from
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MaterialsAvailability table from BooksRepository database. The second query, presented in
Figure 6, selects the columns Title from Books table, BookStoreName from BookStores table,
TRegion from Regions table and Number from BookStates table from BookStoresChain database.

Figure 6. Examples of data from the BooksRepository and BookStoresChains databases, selected by
INNER JOIN queries.

The “symmetric difference” operation can be effectively illustrated in the context of re-
lational databases. By applying it, reports can be generated to present intersections, unions,
and differences between datasets. These standard operations are typically performed on
two-dimensional tables. Therefore, an example of the symmetric difference operation is
first presented for 2D data. Subsequently, the discussion is extended to the case of 3D data.

The implementation of “symmetric difference” operation in a 2D case is demonstrated
through the BooksRepository and BookStoresChains databases. The aim is that a list of books
that are available only in the first database or only in the second database are extracted.
The SQL statement to realize that is presented below:

SQL query:

SELECT ID, MaterialName, MaterialCreator,MaterialPublisher

FROM BookRepository.dbo.materials

EXCEPT

SELECT ID,Title, Author, Publisher

FROM BookStoreChains.dbo.books

UNION

(SELECT ID,Title, Author, Publisher

FROM BookStoreChains.dbo.books

EXCEPT

SELECT ID, MaterialName, MaterialCreator,MaterialPublisher

FROM BookRepository.dbo.materials)

The result of the SQL statement is presented in Figure 7. It contains nine books that
are available only in the BookRepository database and three books that are available only in
the BookStoreChains database.
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Figure 7. “Symmetric difference” operation in the 2D case.

Further, the “symmetric difference” operation is further illustrated in the context of
multidimensional databases. The objective is to compare several datasets with differing
attributes and to highlight elements present in one dataset but absent in another. The
construction of 3D structures is again based on the BookStoresChain and BooksRepository
databases. Two OLAP (Online Analytical Processing) cubes are implemented, and the
resulting tables are used for subsequent data transformation. The initial two-dimensional
tables are preprocessed and transformed into 3D representations (Figures 8 and 9). The
BooksRepository database is used for BooksRepository OLAP cube generation. The tables
Materials, Places and Repositories are used for constructing dimensions. The table Mate-
rialsAvailability is used for number measure generation. The OLAP cube is made using
SQL Server Analysis Services (SSAS) and Microsoft Visual Studio 2022 [17]. The multidi-
mensional language (MDX) query is executed to select the 3D data analogously to the 3D
index matrices.

MDX query:

SELECT ([Places].[Hierarchy].[Country],

[Repositories].[Hierarchy].[Repository Owner]) ON ROWS,

[Materials].[Hierarchy].[Material Publisher] ON COLUMNS

FROM [BookRepository]

WHERE [Measures].[Number]

Result:

Figure 8. MDX query representing 3D data from the BooksRepository OLAP cube.
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The same algorithm and instruments are used for BookStoresChain OLAP cube genera-
tion. It is constructed using BookStoresChains database tables. Books, Regions, and Bookstores
tables are extracted for creating the dimensions. The table BookStates is used for Number
measure selection. The MDX query is executed to select the 3D data similar to the 3D index
matrices. The result is presented in Figure 9.

MDX query:

SELECT([Regions].[Hierarchy].[C State],

[Bookstores].[Hierarchy].[Director]) ON ROWS,

[Books].[Hierarchy].[Publisher] ON COLUMNS

FROM [BookStoreChains]

WHERE [Measures].[Number];

Result:

Figure 9. MDX query representing 3-D data from BookStoresChains OLAP cube.

It is well known that set operations are typically performed within a single OLAP data
cube, where they are implemented by combining attribute groups across dimensions [18]. In
the present case, however, two OLAP cubes are involved. Therefore, the corresponding 3D
tables are extracted and used for further processing. The “symmetric difference” operation
is implemented in a separate application. To this end, OLAP data are extracted via an
SSAS connection using Excel OLAP tools and represented as 3D tables. The table shown in
Figure 10 contains data from the BookStoresChains OLAP cube, while the table presented in
Figure 11 includes data from the BooksRepository OLAP cube.

Figure 10. Data from BookStoresChains OLAP cube.
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Figure 11. Data from BooksRepository OLAP cube.

Two tables from the BooksRepository OLAP cube and BookStoresChains OLAP cubes are
cleaned and preprocessed to take the form presented in Figure 12. The first two columns
contain the values for attributes of two dimensions. The first row presents the attributes
of the third dimension. These two tables are used for visualization of the “symmetric
difference” operation. Another possible option is for the user to generate artificial files of a
similar type.

Figure 12. Transformed tables from BooksRepository OLAP cube (on the left) and from BookStoresChains
OLAP cube (on the right).

4.1. An Illustration of the First “Symmetric Difference” Operation over Three-Dimensional Data

The “symmetric difference” operations are implemented in a Windows Forms (.NET
Core 12) application using the programming language C#. The data from the two input
tables are loaded into two programmatically generated DataGridView controls. These
controls are designed to represent three dimensions. The first and second dimensions are
visualized in the first two columns, while the third dimension is presented in the first row
of the DataGridView controls.

The first operation “symmetric difference” identifies differing records across the
dimensions by performing the suboperations BooksRepository minus BookStoresChains and
BookStoresChains minus BooksRepository. The resulting data are then combined into a single
dataset. The operation includes the following steps:

Case 1: The combination of:
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• Titles of books stored in Materials table of BooksRepository database minus Titles of books
stored in Books table of BookStoresChain database AND

• The names of bookshops stored in Repositories table of BooksRepository database minus
the names of bookshops stored in BookStores table of BookStoresChains database AND

• The names of towns stored in Places table of BooksRepository database minus the names
of towns stored in Regions table of BookStoresChains database.

Case 2: The combination of:

• Titles of books stored in Books table of BookStoresChains database minus titles of books
stored in Materials table of BooksRepository database AND

• The names of bookshops stored in BookStores table of BookStoresChains database minus
the names of bookshops in Repositories table of BooksRepository database AND

• The names of towns stored in Regions table of BookStoresChains database minus the
names of towns stored in Places table of BooksRepository database.

The first “symmetric difference”-type operation is tested using the data tables pre-
sented in Figure 12. The result is visualized in Figure 13. The third DataGridView control
shown on the bottom of Figure 13 presents the first “symmetric difference”-type operation
as a result of the input data loaded in the first two datagridview controls.

Figure 13. The first “symmetric difference”-type operation implementation.

4.2. An Illustration of the Second “Symmetric Difference”-Typr Operation over 3D Data

The second “symmetric difference”-type operation performs extraction based on the
one different dimension for BooksRepository minus BookStoresChains and for BookStoresChains
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minus BooksRepository united in one resulting dataset. The operation includes the follow-
ing steps:

Case 1: The combination of:

• Titles of books stored in Materials table of BooksRepository database minus titles of
books stored in Books table of BookStoresChain database OR

• The names of bookshops stored in Repositories table of BooksRepository database minus
the names of bookshops stored in BookStores table of BookStoresChains database OR

• The names of towns stored in Places table of BooksRepository database minus the names
of towns stored in Regions table of BookStoresChains database.

Case 2: The combination of:

• Titles of books stored in Books table of BookStoresChains database minus titles of books
stored in Materials table of BooksRepository database OR

• The names of bookshops stored in BookStores table of BookStoresChains database minus
the names of bookshops in Repositories table of BooksRepository database OR

• The names of towns stored in Regions table of BookStoresChains database minus the
names of towns stored in Places table of BooksRepository database.

The second “symmetric difference”-type operation is tested using the data tables
presented in Figure 12. The result is demonstrated in Figure 14. The third DataGridView
control shown on the bottom of Figure 14 presents the second “symmetric difference”-type
operation of the data loaded in the first two DataGridView controls.

Figure 14. The second “symmetric difference” operation implementation.

The examples, presented in Sections 4.1 and 4.2, demonstrate the implementations
of the herewith defined “symmetric difference” operations, which provide capabilities
to find different data from two 3D datasets. The operations are helpful when the user
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wants to extract and work with records that are present in only one of two datasets.
Comparing data in different sources can be used to increase the efficiency of querying and
supply management.

5. Conclusions

In the present paper, two new “symmetric difference”-type operations were intro-
duced over 3-DEIMs, shown to be applicable also over IFIMs. The presented example of
implementation of the elaborated “symmetric difference” operations in the field of rela-
tional databases served to demonstrate the entire process: from the creation of the relational
databases, through their use for 3-D OLAP cube generation, to the extraction of 3D data
tables using OLAP tools for Excel and their use in C# Windows Forms application contain-
ing the “symmetric difference” operation implementation. Thus, the two new “symmetric
difference”-type operations were demonstrated to be effective for the comparison of data
sets with dissimilar attributes. As a direction of further research, at the moment the authors
are working on the representativeness of the arbitrary databases by IMs and the operations
over IMs, as well as on the program realization of operations over IMs, which do not have
analogues in the BigData. The results from this ongoing research (including newly here
defined definitions) will be included in a further book, which will be a continuation of [2,3].
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Abstract

Modern-day urban warehouses face exploding large inventory and tight spaces requiring
fast, accurate, and safe stocktaking in a narrow aisle in a GPS-denied environment. This pa-
per proposes a complete UAV-enabled framework performing real-time QR code scanning
with inventory synchronization through a safety-aware trajectory generation for obtaining
collision-free motion. A novel hybrid workflow integrating MATLAB/Simulink R2024b
and Unreal Engine is used for dynamics and photorealistic rendering, alongside a real-time
warehouse setup using drone cameras and 3D LiDAR coupled with a ground control station
and live dashboard. The system in this paper was evaluated by testing with single and
multi-UAV models across high-fidelity simulations and experiments. Results demonstrate
simulated QR accuracy of approximately 95 to 96%, with experimental validation achieving
between 86 and 90.5% due to real-world environmental factors. In experimental and simula-
tion analysis, mean end-to-end latency remained under half a second, trajectory error range
between 8 and 10 cm, and safety margins were consistently maintained throughout the test.
It was further observed that multi-UAV coordination halved mission time compared to
single-drone tests while keeping duplicate reads negligible, indicating a scalable and safe
pipeline for industry application.

Keywords: UAV inventory inspection; QR code scanning; safety-aware trajectory planning;
obstacle avoidance; Simulink–Unreal co-simulation; GPS Denied Environment

1. Introduction

The evolution of intelligent warehousing has given rise to the disruptive trend in
the sphere of logistics and inventory management, where the automation, real time data
processing, and intelligent monitoring systems prove to be inevitable. One of such advances
has been the Unmanned Aerial Vehicles (UAVs) used in indoor warehouses. Their size,
flexibility, and agility also allow the UAVs to be particularly useful in navigating aisles
and multi-tiered shelves, which allows them to perform their scanning and inspection
tasks efficiently and with minimal manual effort. The high pace of e-commerce, smart
manufacturing, and automated supply chains development has drastically caused an
upsurge in the need to ensure the precise real time monitoring of inventory in indoor
warehouse settings [1]. Traditional approaches to inventory check mostly depend on
manual inspection processes like barcode scanning, which is time-consuming and labour-
intensive; the handheld readers or ground-based robots that are prone to human error;
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most of the facilities are high-density and large-scale storage [2]. As warehouses continue to
expand in size, both in height and width, timely inventory visibility, without jeopardizing
operational safety, has become a significant issue in contemporary industrial logistics [3].
Due to the mobility, flexibility, and the capacity of visiting inaccessible places of storage
without any structural changes, UAVs have recently gained a lot of interest as a new
potential solution towards autonomous inside inspections and inventory management [4,5].
Applications of UAVs exhibit superior vertical reach and less interference in floor space
compared to AGVs and AMRs. Therefore, this will make the application of UAVs more
favorable in dense layouts of warehouses in general [6]. However, indoor deployment of
UAVs introduces some unique technical challenges related to the absence of GPS signals,
highly constrained navigation spaces, dynamic obstacles, limited payload capacity, and
stringent safety requirements of UAVs [7].

Among different identification technologies to trace inventory, QR code has been con-
sidered as a reliable and cost-effective substitute for RFID in indoor environments [8]. QR
codes provide higher data capacity, are robust to partial occlusion, and are easily deploy-
able without special infrastructure [9]. Vision-based QR code reading using UAV-mounted
cameras can achieve non-contact, flexible, and scalable inventory inspection, especially in
warehouses with heterogeneous item sizes and storage layouts [10,11]. However, accurate
QR code detection from flying platforms still needs precise positioning, stable flight control,
optimal view angles, and robust image processing under different lighting conditions.
Therefore, for flying autonomously in confined indoor places such as warehouses, safe
and efficient trajectory planning is a fundamental requirement. Indoor navigation requires
real-time obstacle detection, tight manoeuvrability, and collision avoidance around racks,
shelves, workers, and other mobile agents [12]. Conventional methods, where waypoints
are used or fixed path planning, tend to be unsuited to dynamically changing condi-
tions and unknown obstacles, adding increased chances of collisions [13]. In the recent
past, safety-minded trajectory planning has been taken into more serious consideration,
combining sensor-based perception with risk assessment models towards this end [14].

LiDAR sensors have proven highly efficient in accurate obstacle detection and spa-
tial mapping within an indoor environment because they are very accurate and light-
insensitive [15]. The UAV can increase its situational awareness and achieve credible vision
in both navigation and visual inspection tasks by implementing a wide-angle fish-eye
camera [16]. It is possible to test and validate UAV control, sensing, and perception al-
gorithms in a realistic manner by using simulation-driven development tools, including
Simulink-based 3D modelling and Unreal Engine development environments before real
deployment [17,18]. A high-fidelity simulated environment has greatly lowered the risk of
development and also increased system reliability. Adding to autonomous navigation, real-
time data synchronisation between UAVs and GCS and enterprise inventory management
systems is the key to viable industrial acceptance in a real-life situation [19].

The communication framework of cloud-enabled communication and lightweight
web servers, such as those based on the Flask architecture, conveys seamless transmission
of data from scanned inventory to centralized dashboards for real-time monitoring and
decision making [20]. Ensuring low-latency communication, handling redundancy, and
computational efficiency remains one of the critical research focuses during large-scale
deployment [21].

Although several works have explored the inventory inspection with UAVs, existing
studies are mostly limited to validations via only simulation [22,23] or restricted to static
environments without integrated safety-aware trajectory planning and real-time system
synchronization [24–26]. Furthermore, comprehensive experimental validation that com-
bines realistic simulation environments and real-world UAV testing remains relatively rare
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in the literature thus far. Systems must guarantee reliable obstacle avoidance; sustain high
QR decoding rates under variable illumination, motion blur, and partial occlusions; and
regulate trajectories safely within narrow, multi-level aisles while keeping the inventory
database synchronized in near real time. These demands are compounded by resource lim-
its, compute, memory, and battery endurance, which constrain continuous, fully on-drone
processing and prolonged scan missions without strategic offloading or careful energy
management. Much of the existing literature either surveys UAV use from a broad, cross-
sector perspective (transportation, disaster response, agriculture) or focuses on isolated
warehouse functions such as cycle counting or spot inspection. As a result, insights are
often too general to respect warehouse constraints or too narrow to capture the coupling
among perception reliability, safety-aware motion, and enterprise data integration.

Motivated by these gaps, this paper presents a UAV-based QR code scanning and
inventory synchronization system, along with safety-aware trajectory planning, optimized
for indoor warehouse environments. This study proposes a unified UAV-based indoor in-
ventory inspection system that distributes computation across the aerial platform, a ground
control station (GCS), and a lightweight cloud service. The UAV follows a pre-planned aisle
trajectory while capturing live video; the GCS executes real-time QR decoding and pose
estimation, offloading intensive image processing from the air vehicle. Simultaneously,
a 3D LiDAR sensor produces point clouds for scene reconstruction; these data inform
and validate obstacle-aware flight paths within a MATLAB/Simulink environment that
is co-tested against a photorealistic Unreal Engine warehouse. Safety is enforced by a
trajectory generator embedded with a mathematical risk-factor model that adaptively ad-
justs waypoints and velocities to maintain clearance, and triggers a return-to-base protocol
under critical battery or perception conditions.

Decoded item IDs, timestamps, confidence scores, and UAV telemetry are sent to a
Flask-based host server in order to complete the feedback loop and visualize on a web
dashboard that allows real-time monitoring and heatmap-like coverage maps, as well as
real-time inventory syncing. This design enhances scalability (by enabling multi-UAV
operation) and robustness (by isolating perception and control from network variance),
while preserving low end-to-end latency for operational decision-making. The proposed
system is validated through a combination of Simulink simulations, Unreal-based virtual
environments, and controlled flight trials with commercial quadrotors and QR-labeled
racks. Performance is quantified in terms of scanning accuracy, computational latency,
trajectory safety, and detection reliability, demonstrating that a tightly coupled perception-
planning-synchronization stack can deliver repeatable, industrial-grade UAV-based inven-
tory management for indoor logistics.

The rest of this work is organized as follows: in Section 2, we discuss materials and
methods consisting system overview, trajectory planning, and QR detection. Section 3
describes the simulation and experimental analysis during the inventory management
using UAV, followed by results and discussions in Section 4. At last, Section 5 presents a
conclusion to this work and outlines the directions for future research.

2. Materials and Methods

2.1. System Overview

This study develops an end-to-end UAV system for autonomous indoor inventory
inspection that combines real-time QR detection, safety-aware trajectory control, and cloud-
synchronized logging. The architecture integrates (i) a quadrotor equipped with a forward-
facing camera and 3D LiDAR, (ii) simulation and visualization via MATLAB/Simulink
and Unreal Engine, and (iii) a Python/Flask 3.1.2 backend exposing REST and WebSocket
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endpoints for ingestion and live visualization. Figure 1 summarizes the data flow from on-
board sensing through the Ground Control Station (GCS) to the host server and dashboard.

 

Figure 1. Proposed Method System Overview with Data Fusion and Visualization.

Within a photorealistic warehouse model, racks and shelves are labeled with standard-
ized QR tags (e.g., A1–A10, C1–C5), each encoding a unique inventory string that maps
one-to-one to the database. The UAV follows a predefined zig-zag coverage path with
hover-and-scan stops at waypoints (x, y, z) in the warehouse frame. Video is streamed to
the GCS over RTSP/UDP; to conserve on-board compute, QR decoding and confidence
scoring run on the GCS using OpenCV. For each successful decode, the GCS packages the
QR string, synchronized timestamp, UAV pose, and a scalar confidence score into a JSON
payload and posts it to the Flask API, which validates the schema, updates the inventory
state (scanned/duplicate/missing), and pushes live updates to a SocketIO dashboard.

Safety is enforced by a risk factor R f derived from the UAV’s distance to nearby obsta-
cles (from LiDAR or map) and used to gate motion and trigger short-horizon replanning
when R f exceeds a threshold (details in Trajectory Planning). A return-to-base routine is
invoked under low battery, persistent perception loss, or mission completion. The full
pipeline is validated in co-simulation (Simulink + Unreal) and in a controlled warehouse
with QR-labeled racks, using identical logging and time synchronization to enable apples-
to-apples comparisons. Simulation and experimental results are analyzed in terms of QR
scanning accuracy, end-to-end latency, trajectory fidelity, safety coverage, redundancy han-
dling, and coverage efficiency, demonstrating readiness for warehouse-scale deployment.
Figure 2 shows the complete workflow of the method.

Figure 2. Workflow of UAV video streaming and QR code detection at the Ground Control Sta-
tion (GCS).
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2.2. Warehouse Environment Modeling and QR Code Arrangement

For a warehouse environment, the simulation and experimental testing phase has
to ensure a high level of realism and repeatability. Hence, the environment is carefully
modeled using a hybrid approach by integrating Simulink’s 3D Scene Builder and Unreal
Engine. This bi-environment setup enables simultaneous development and validation of
both control logic and visual sensing modules under controlled yet diverse spatial condi-
tions. The warehouse layout incorporates the standard multi-tier shelving racks, which
have evenly spaced aisles, and obstacles that mimic a real-world warehouse environment,
including support beams and overhanging inventory.

Each rack is systematically labeled using an alphanumeric QR code scheme, which
represents the spatial organization of the warehouse. The labels follow a uniform format,
showcasing rack and shelf indices, such as “A1” representing Rack A/Shelf 1, while “C5”
represents Rack C/Shelf 5. These labels are marked in QR codes and attached to the
front of the boxes of cardboard located on each shelf. The labeling pattern is used to
achieve consistency and allow easy UAV recognition at different angles and log data under
simulation and real deployment.

The QR codes are uniquely designed to have a uniquely structured string that identifies
the item ID and its exact position in the warehouse. The usual format of a QR code that
will be used in this research is as follows:

QRstring = ”Item#A14− R5” (1)

From the above example, “Item#A14-R5” denotes a product stored at shelf 14 of Rack
A, row 5. This string format is essential for establishing one-on = one a correspondence
between the physical inventory and the digital record of it in the cloud-based database.
During the flight mission, the UAV scans this QR code and relays the decoded string to
the ground control system (GCS), which subsequently matches the data to entries in the
central inventory management software.

The spatial accuracy of the placement of QR codes in the simulation environment is
achieved through the fact that the positioning of the QR codes is directly aligned with the
Simulink coordinates and the Unreal Engine asset meshes. The placement angle, the light
source, and perspective distortion are also adjusted to realistic conditions of scanning, as the
UAV camera experiences. This simulation modelling means that the detection algorithm is
resistant to visual noise and different flight altitudes. To conclude, the warehouse modeling
and QR code layout make the basis of organized inventory mapping. This consistency
in the simulation and physical worlds is what will allow the smooth transition between
design and testing, as well as being of critical importance in allowing the UAV to localize
and identify inventory items in real-time in an autonomous manner.

2.3. UAV Trajectory Planning and Safety-Aware Replanning

This section provides a complete theoretical and algorithmic foundation for an aisle-
coverage planner tailored to indoor warehouses. First, nominal, camera-steady trajectory
generation constructs a zig-zag coverage path through shelves by interpolating a sequence
of hover-and-scan waypoints with a smooth, spline-like curve. Smoothness is enforced by
penalizing translational acceleration and yaw-rate “energy,” which yields cubic-in-time
position segments in unconstrained arcs and limits camera slew to keep QR targets within
the field of view. Second, feasibility is imposed through hard bounds on speed, acceleration,
and yaw rate, together with linear “keep-in” constraints that restrict motion to the aisle
polytope; these constraints ensure the planned motion is executable on a real quadrotor with
finite actuation and that the vehicle remains clear of shelf faces and structural boundaries.
Third, to make the problem numerically robust and real-time capable, we introduce a
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convex discrete surrogate: the continuous objective and constraints are discretized on a
fixed time grid using first and second difference operators, producing a banded quadratic
program (QP) with a positive-definite Hessian. The structure admits fast solvers (e.g.,
banded Cholesky or projected conjugate gradients), guarantees a unique optimizer under
standard boundary pinning, and supports optional terms (e.g., line-of-sight yaw alignment)
without sacrificing convexity. Fourth, recognizing that indoor scenes are dynamic and
partially modeled, we embed short-horizon replanning driven by a smooth, LiDAR-based
risk field. A signed-distance-derived, sigmoid “Risk Factor” provides continuous risk
values and gradients everywhere in free space; whenever predicted risk exceeds a safety
threshold, a small horizon around the offending segment is re-optimized by successive
convexification. Linearizing the risk term, regularizing increment curvature, and applying
a backtracking line search produce monotone risk reduction while keeping updates within
dynamic limits and close to the nominal path. Together, these components yield a planner
that is provably well-posed, numerically stable, and fast enough for closed-loop use,
with clearly defined symbols, objectives, and constraints introduced at first mention for
reproducibility.

1. Waypoints and Continuous Kinematics

Let the scan waypoints be

Pi = (xi , yi , zi ) ∈ R3, i = 1, . . . , N (2)

The continuous reference states are position p(t) ∈ R
3and yawψ(t) ∈ R, t ∈ [0, T]

with commanded kinematics,

p.(t) = vc (t), ψ.(t) = ωc(t). (3)

Feasibility is enforced by bounds

‖vc (t)‖ ≤ vmax ,
‖v.

c (t)‖ ≤ amax ,
|ωc (t)| ≤ ωmax , ∀t,

(4)

and an aisle polytope Ω ⊂ R3 (linear “keep-in” constraints) such that p(t) ∈ Ω.

2. Camera-Steady Nominal Path (Continuous Optimal Control)

To obtain smooth motion that keeps the camera steady on shelves, we minimize
acceleration and yaw-rate “energy”;

minp(·),ψ(·) Jsmooth =
∫ T

0 (λs‖ ..
p(t)‖2

2 + λψ

.
ψ(t)2)dt

s.t. ‖ .
p(t)‖2 ≤ vmax, ‖ ..

p(t)‖2 ≤ amax,
∣∣∣ .
ψ(t)

∣∣∣≤ ωmax,

p(0) = P1, p(T) = PN , p(t) ∈ Ω, ∀t ∈ [0, T].

(5)

where, p : [0, T] → R
3 is position, are weights.

In unconstrained arcs, the Euler–Lagrange equations give
.....

p(t) = 0, hence each Carte-
sian component of p(t) is cubic in time, explaining the spline-like appearance. The yaw
term acts as a Tikhonov regularizer on ψ, limiting camera slew.

Optional LOS alignment. If desired, add

JLOS = κ

T∫
0

(ψ(t)− ψLOS (t))2dt, ψLOS (t) = atan2(ny (t), nx (t)), (6)

https://doi.org/10.3390/sym18040548
30



Symmetry 2026, 18, 548

with (nx, ny) a shelf-normal projection; in discrete least-squares form (below), this re-
mains convex

3. Discrete Convex Surrogate (QP) for the Nominal Plan

Sample at tk = kΔt, k = 0, . . . , K, KΔt = T, Define first/second differences

D1 p :=
pk+1 − pk

Δt
, D2 p :=

pk+1 − 2pk + pk−1

Δt2 (7)

Let τi index the hover frame for waypoint pi and ρi > 0 weight stop-and-scan
tightness. The nominal problem is the convex QP

min
{pk ,ψk}

N
∑

i=1
ρi‖pτi − Pi‖2

coverage/hover adherence

+ λs‖D2 p‖2
2 + λψ‖D1ψ‖2

2

(
+κ

∥∥ψ− ψLOS2
2
∥∥2

2 if used
)

s.t.‖D1 p‖∞ ≤ vmax, ‖D2 p‖∞ ≤ amax, ‖D1ψ‖∞ ≤ ωmax,
p0 = P1, pK = PN , pk ∈ Ω(∀k)

(8)

The Hessian is banded and positive semidefinite:
Pinning p0, pk and λs , λψ > 0 yields strict convexity on the feasible affine subspace;

thus, the optimizer is unique. With linear aisle faces and per-axis �∞ bounds, active-set or
projected-CG solvers exploit the banded structure for near-linear time in K.

4. LiDAR-Driven Risk Field (Signed Distance) and Its Differentials

Let r(p) be the Euclidean clearance (signed distance) to the nearest obstacle surface
(positive in free Space) from a voxelized or meshed SDF/TSDF. Define a smooth Risk Factor

R f (p) = σ(β[rsa f e − r(p)]) =
1

1 + exp(−β[rsa f e − r(p)])
, β > 0, (9)

where rsa f e > 0 is the desired clearance (m) and β > 0 controls steepness.

Setting with safe threshold τ ∈ (0, 1) and safe set S =
{

p : R f (p) ≤ τ
}

.

On regular SDF regions (away from edges/corners),∇d is Lipschitz and∇2d bounded,
so Df is smooth with Lipschitz gradient. The threshold equates to a clearance margin:

R f (p) ≤ τ ⇔ r(p) ≥ rsa f e − 1
β

ln(
1− τ

τ
). (10)

Hence tuning (rsa f e, β, τ) gives a geometric buffer in meters.
In our experiments, we used rsa f e = 0.5 m, β ∈ [8, 12] m−1, and τ = 0.4. The safety-

aware trajectory generator in this study relies on a LiDAR-derived signed-distance (risk)
field constructed from the available 3D warehouse map and is therefore validated primarily
under quasi-static obstacle assumptions (e.g., racks, shelves, and other fixed infrastruc-
ture). While the optimization framework can replan over a short horizon when the risk
field is refreshed, the present implementation does not claim full real-time avoidance of
fast-moving or non-cooperative obstacles (e.g., workers, forklifts, or other mobile agents)
because such capability would require (i) high-rate perception updates, (ii) dynamic obsta-
cle tracking and prediction, and (iii) continuous reconstruction or incremental updates of
the signed-distance field with bounded latency. Consequently, the reported results should
be interpreted as performance in environments where the dominant obstacles are static
or slowly varying relative to the replanning frequency; extending the method to dense,
highly dynamic scenes is left as future work, involving online occupancy/SDF updates
and reactive safety layers that can guarantee collision avoidance under rapid motion.

5. Short-Horizon, Risk-Aware Replanning (Successive Convexification)
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When a predicted segment violates safety, we locally correct frames j = k, . . . , k + h by
minimally deflecting the nominal path while penalizing risk. Linearize the risk about pj,

R f (pj + Δpj ) ≈ R f (pj ) +∇R f (pj )
�Δpj . (11)

stabilize increments with a second-difference (jerk-like) operator

EΔp = [(Δpj+1 − Δpj )− (Δpj − Δpj−1 )]
k+h
j=k+1 (12)

Solve the convex QP

min
Δp

‖Δp‖2
2

stay near nominal
+ λ

k+h
∑

j=k
(R f (pj ) +∇R f (pj )

�Δpj ) + η‖EΔp‖2
2

s.t.pj + Δpj ∈ Ω,

∥∥Δpj
∥∥

Δt
≤ vmax ,

∥∥Δpj+1 − Δpj
∥∥

Δt2 ≤ amax ,

(13)

With λ, η > 0. Let Hhor = I + ηE�E � 0, and ghor = λ[∇R f (pk )�, . . . ,∇R f (pk+h )�]
�

.
The unique solution Δp is applied with a backtracking line search

p+j = pj + αΔp j ,

α ∈ (0, 1] chose to ensure
k+h
∑

j=k
R f (p+j ) ≤

k+h
∑

j=k
R f (pj )− cα‖ghor‖2,

(14)

Under Lipschitz ∇R f and bounded steps, the Armijo rule admits such an α; repeated cycles
(re-linearize, re-solve) yield a sequence whose limit points satisfy first-order stationarity of
the underlying nonconvex horizon problem (standard successive convexification result).

6. Supervisory Logic (RTB Barrier)

Define battery fraction b(t) ∈ [0, 1] and perception confidence γ(t) ∈ [0, 1] (from the
detection pipeline). A high-level guard switches to homing when

b(t) ≤ bmin ∨ γ(t) < γmin ∨ mission complete. (15)

Hysteresis on b avoids chatter (e.g., require b > breset > bmin to re-enter scan mode)

2.4. Live Video Feed and Ground QR Code Detection

A critical component of the proposed UAV inventory system is the real-time detection
of QR codes from shelves during indoor scanning missions. To balance accuracy, latency,
and computational feasibility, the framework adopts a division of responsibilities between
the UAV and the Ground Control Station (GCS). The UAV serves primarily as a video ac-
quisition platform, while the GCS executes detection and decoding algorithms to minimize
onboard computational overhead.

1. Video stream from UAV to GCS

Each UAV carries a forward-facing fisheye camera (intrinsics K, distortion model Πfish)
capturing RGB frames at frame rate Fc (typically 30 fps) and resolution Rc = H × W. Let

V(t) = {Fk }|Fct|
k=0 , Fk ∈ [0, 255]H×W×3. (16)

Frames are packetized and transported to the GCS using RTSP/UDP over Wi-Fi 6 (or
long-range telemetry). The end-to-end latency is the additive budget

�e2e ≈ �cap + �enc + �net + �bu f , (17)
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which in our deployment remains �e2e � 200 ms, meeting near-real-time constraints for
indoor flight.

2.5. Mirror-Symmetric Multi-UAV Scheduling

To explicitly integrate symmetry into the multi-UAV coordination problem (Case II), a
mirror-symmetric coupling is embedded directly into the trajectory optimization objective.
Let the warehouse aisle be expressed in an aisle-aligned coordinate frame, where the aisle
centerline defines the symmetry axis and the lateral coordinate is reflected across this axis.
The mirror operator is defined as M = diag(1,−1, 1), such that for any state x = [x, y, z]T ,
the reflected state is Mx = [x,−y, z]T . Denoting the discrete-time trajectories of the two
UAVs by {XA[k]}K

k=1 and {XB[k]}K
k=1, symmetry is enforced by augmenting the banded

quadratic program (QP) objective with a symmetry regularizer,

Jsym = wsym

K

∑
k=1
‖xB[k]−MxA[k]‖

2

2

(18)

where wsym, controls the strength of symmetric coupling. The overall multi-UAV optimiza-
tion then minimizes the nominal trajectory costs for each agent together with Jsym, subject to
the same feasibility constraints used in the single-UAV formulation, including keep-in-aisle
bounds and dynamic limits. Endpoint pinning is preserved by constraining the initial and
terminal states to the mission start/goal conditions, ensuring a unique and well-posed QP
solution while still allowing the optimizer to reconcile symmetry with safety and feasibility.
As a result, mirror symmetry becomes a structural property of the optimization, rather
than a post hoc trajectory characteristic, and the coordinated solution remains symmetric
insofar as permitted by the active constraints.

2. QR code detection at the GCS

QR decoding is performed offboard to conserve the UAV battery and CPU. Let D

denote the OpenCV detector/decoder (cv2.QRCodeDetector) composed with standard
preprocessing (grayscale + adaptive thresholding) and Reed–Solomon error correction.

• Preprocessing: grayscale conversion and adaptive thresholding to mitigate indoor
lighting variations.

• Pattern detection: extraction of finder patterns (position markers in QR corners).
• Decoding: Reed–Solomon error correction to recover embedded data even under

partial occlusion or blur.

We model decoding as

(qk , γk ) = D(Fk ), qk ∈ S ∪ {∅}, 0 ≤ γk ≤ 1, (19)

where S is the set of valid QR strings and γk is a confidence score derived from detection
probability and patch sharpness. If no valid code is present, qk=ϕ. Finder-pattern geometry
(three L-corner squares with canonical ratios) and perspective consistency are enforced to
suppress false positives in wide-FOV images. This GCS-based detection ensures higher
processing throughput while enabling multi-UAV scalability, since one ground station can
concurrently process multiple streams.

3. Data Packaging and Metadata Extraction

For every successful detection, the GCS extracts QR content and appends contextual
metadata. Each decoded event is logged with the following attributes:

• Decoded String (q): Encoded item identifier, e.g., Item#C5-R2.
• UAV Identifier (u): Unique ID for the scanning UAV (e.g., DRONE01).
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• 3D Position xk = (xk , yk , zk) ∈ R3 UAV’s estimated position at detection time,
derived from Simulink trajectory data or onboard odometry, and ψk.

• Timestamp (tk ): Coordinated Universal Time (UTC) at detection.
• Confidence Score (γ): Confidence metric (0 ≤ γ ≤ 10), based on OpenCV decoding

probability or secondary heuristic (e.g., sharpness of detected QR region).

The event,
ek = (uav_id, qk , xk , ψk , tk , γk) (20)

This information is serialized into a JSON object (Figure 3) for transmission to the
cloud dashboard and inventory database:

 

Figure 3. JSON Object File.

4. Data Stream Integration

These JSON packets are transmitted from the GCS to the Flask-based server via
RESTful API calls or WebSocket streams. QR detection is recorded in the inventory database
in real-time, with visualisation data being visualised live using the ground dashboard. In
addition, detections with (where approx) are reported to be rescheduled to scan again to be
resistant to false positives or low-light situations.

2.6. Host Server and API Communication

The interface between the cloud server and the GCS is achieved by a. Flask based
server to provide low-latency and high-reliability synchronization of UAV scan data. The
host server is an intermediate server that takes in a structured JSON file as input from the
GCS. processing the information, and the centralized inventory database.

(1) Flask Backend Integration

Python Flask micro-framework was chosen because it has a lightweight architecture
and can be scaled to accommodate real-time streams of data. A special API endpoint,
/api/upload_qrdata, was developed to accept POST requests by the GCS. The request
contains UAV-specific metadata that is in the form of a JSON format, which includes
the UAV ID, the decoded QR string, the time of arrival, the spatial coordinates, and the
confidence score. Upon receipt Flask application will authenticate the payload with schema
checking, and it will ensure data fidelity and eliminate invalid records.

The deployment stack depends on the Flask-RESTful API management tool and Guni-
corn and Nginx as the web server; therefore, becoming robust with the many connections
of UAVs. The test was performed on 20 simulated swarms of UAVs transmitting simultane-
ously, with the average response time of the API maintained at a constant level of less than
100 ms, meaning the system would scale to industrial warehouse operations.
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(2) Inventory Database Synchronization

After validating each JSON payload, the host server updates the inventory-management
database and emits an event to the dashboard. Lightweight prototyping was done using
SQLite, and PostgreSQL. or NoSQL databases (MongoDB) were set up to support more
massive deployment. Each QR string is scanned and converted to an equivalent digital
record, with the status of the item being. renewed to one of the following states:

• Scanned (Item successfully detected and timestamp logged)
• Duplicate (Item re-scanned within a defined time threshold; flagged for operator review)
• Missing (Item not found in the expected shelf range in the scanning cycle)

The database facilitates historical logging, whereby a new session record is generated
every scan cycle of the UAV. The model of design will facilitate future audits, the trajectories
with scans, and the reporting of compliance with industries requiring the traceability of the
movements and confirmation of their stocks.

2.7. Real-Time Dashboard and Cloud Visualization

To give operators better situational awareness, we designed a real-time dashboard that
displays UAV flight paths, scan results, and system alerts. By combining technical processes
with an intuitive interface, the dashboard improves monitoring and decision-making.

(1) Flask-SocketIO Dashboard

The dashboard is built with Flask-SocketIO to enable two-way communication be-
tween the server and the client. Instead of periodic polling, SocketIO delivers event-driven
updates whenever a UAV scan or trajectory change occurs.

The dashboard features:

‚ Real-time UAV position tracking: Each drone is shown as a moving marker on a
warehouse floorplan. Telemetry continuously updates positions so operators can
monitor spatial coverage live.

‚ QR detection logs: A timeline records decoded QR strings with associated UAV IDs
and timestamps, giving an ongoing view of scanning progress.

‚ Alerts: Automatic notifications flag duplicate detections, low-confidence scans, and
under-scanned shelves, cutting down the need for manual checks.

Measured latency for dashboard updates averages 0.3–0.5 s, providing near real-time
responsiveness suitable for industrial environments.

(2) Cloud Inventory Interface

The inventory interface extends the dashboard’s functionality to cloud-based The
inventory interface expands the dashboard’s functions to cloud-based analysis and storage.
Operators can run dynamic queries to get item scan histories, UAV flight paths, and
mission summaries. For scalability, historical scan data are organized by UAV ID and
mission timestamps. This setup allows for quick retrieval when evaluating performance or
generating compliance reports.

Key features include:

‚ Scanned Item Logs: exportable in CSV or JSON formats
‚ UAV trajectories: Visual plots showing each UAV’s flight path overlaid with shelf-

scanning patterns.
‚ Historical Comparisons: Side-by-side views that compare the current mission with

previous missions.

This layered visualization makes UAV scanning automated, auditable, and scalable
while keeping operators in control, closing the gap between autonomous sensing and
enterprise inventory insight.
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3. Simulation and Experimental Analysis

Validation of the UAV-based QR detection system was done in two stages. First, we
ran high-fidelity simulations using MATLAB–Simulink integrated with Unreal Engine.
Next, we deployed the system in a real-time warehouse testbed. The goal was to verify
the full pipeline—from safe trajectory planning and QR-code detection to real-time cloud
synchronization—under both controlled simulation scenarios and real-world uncertainty.
To evaluate scalability, we examined three operating cases:

(i) Single UAV mission
(ii) Dual UAVs operating in the same aisle
(iii) Dual UAVs operating in different aisles.

3.1. Evaluation Protocols and Metrics

The end-to-end model trajectory generation, real-time QR detection/decoding, and
cloud synchronization are evaluated first in a photorealistic MATLAB–Simulink + Unreal
Engine simulation and then in a mock-warehouse experiment. Unless stated, signals are
sampled at fs = 30 Hz (sampling interval Δt = 1

fs
). All reported statistics are computed

over mission time [0,T] with robust summaries (mean, 95th percentile) and bootstrap 95%
CIs when appropriate.

3.1.1. Time Bases and Synchronization

Each stage produces timestamps on a monotonic clock:

• tcapt: camera capture
• tdect: QR decode completion (on GCS)
• tpost: HTTP/WebSocket packet sent
• tdb: database write
• tdash: dashboard render

To avoid clock skew, all absolute latency metrics are computed on the GCS host using
its monotonic time; UAV-side timestamps are used only for relative kinematics. When
simulation and hardware are compared, clocks are aligned by cross-correlating fiducial
events (e.g., first valid QR) to within one frame.

3.1.2. Ground Truth Sets and Duplicate Policy

Let Sexp =
{

s1 , . . . , sNexpected

}
be the expected set of inventory IDs on the

planned route (rack, shelf indices known a priori). The stream of decoded strings is
Q = {(qi , γi , ti )}Nall

i=1 , where qi is the decoded text and γi ∈ [0, 1] is the detector confidence.
A read is valid if (i) qi ∈ Sexp and (ii) γi ≥ γmin (we use γmin = 0.8).
To prevent inflating counts, de-duplication is applied per ID with a minimum inter-hit

dwell Δtdedup (e.g., 1.5 s). Define the unique-valid set;

Suv =
{

q ∈ Sexp
∣∣∃i : qi = q, γi ≥ γmin

}
, Nunique valid =

∣∣∣Suv

∣∣∣. (21)

Optionally, we also report precision/recall and F1 to characterize false reads:

Precision =
TP

TP + FP
, Recall =

TP
TP + FN

, F1 =
2Precision·Recall
Precision + Recall

(22)

3.1.3. QR Detection Accuracy

Acc =
Nunique valid

Nexpected
× 100% (23)
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These metric measures coverage completeness over expected items (post de-duplication
and confidence gating).

We also track duplicate rate and rescan recovery:

DupRate =
Nduplicates

Nall
, RescanRec =

NFN→TP(nextPass)

NFN
(24)

3.1.4. Coverage Time and Throughput

Coverage time Tcov is wall-clock duration from take-off to the timestamp of the last
expected ID confirmed (unique, valid). Throughput is

QR/s =
Nunique valid

Tcov
, Aisle m/s =

path length (aisle)
Tcov

(25)

For multi-UAV studies, we also report the speed-up

Speedup =
Tsingle

Tmulti
(26)

3.2. Simulation Setup

The simulation framework was constructed in MATLAB–Simulink and coupled with
Unreal Engine for photorealistic rendering, where UAV trajectories were modeled using
Translation and Rotation blocks in Simulink, producing Cartesian waypoints Pi = (xi,yi,zi).
Safety-aware replanning was enabled using LiDAR-based distance sensing. A fisheye
camera block produced RGB frames for QR decoding, and a LiDAR block streamed point
clouds for obstacle clearance verification. Unreal Engine scenes rendered multi-tier racks
populated with QR-labeled boxes (e.g., Item#A14-R5), with controlled illumination and
mild occlusions.

Case-I: Single Drone Simulation Results
To establish a baseline, the first case considered a single UAV performing inventory

scanning within a warehouse environment. The simulation was implemented in MATLAB-
Simulink (Figure 4), where translation and rotation blocks governed the UAV’s motion,
while the onboard fisheye camera and LiDAR sensors provided visual and geometric
feedback. The system was evaluated in a modeled warehouse in Unreal Engine containing
racks tagged with QR-coded boxes.

 

Figure 4. MATLAB-Simulink simulation block diagram.
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The UAV path is initially validated by input signals for translation motion and rota-
tional motion, as shown in Figure 5. The input signals showed smooth variation charac-
teristics, hence incremental variation consistent with the designated UAV movement for
each rack position. The motion characteristics depicted by the UAV were stable during the
entire task duration, without oscillations or drifting away.

 

Figure 5. Input signal plots (In-putSignals.png) displaying UAV translation and rotation commands.

The UAV’s scanning behaviour as it moved through the aisles is evident in the top and
side views of the simulated environment (Figure 6a,b). The UAV kept a consistent distance
from the shelves in both views, guaranteeing the best possible camera coverage for QR
recognition. The UAV’s accurate perception of rack structures and avoidance of collisions
during path execution were further confirmed by LiDAR-based point cloud visualisation
(Figure 7). The robustness of the system’s environmental perception layer is demonstrated
by the dense and reliable point cloud representation.

  
(a) (b) 

Figure 6. (a) Top view of UAV navigating between racks in Unreal Engine (TopView.png). (b) Side
view showing UAV maintaining proper height for QR scanning (SideView.png).

 

Figure 7. LiDAR-based point cloud reconstruction of the warehouse environment (LidarData.png).

Performance metrics shown in Table 1 for the single -drone case reveal a QR detection
accuracy of 95.5% across all tested rack positions. The average synchronization latency
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between QR code detection and dashboard update was approximately 409 ms, while
the mean trajectory deviation remained under 7.8 cm compared to the planned path.
These results demonstrate that even a single UAV can reliably perform indoor inventory
scanning when equipped with safety-aware trajectory planning and offloaded ground-
based QR processing.

Table 1. Case I Simulation Performance Metrics (5 Runs).

Run QR Accuracy (%)
Cloud Latency

Mean (ms)
Cloud Latency

p95 (ms)
Trajectory RMS

Dev (cm)
% Time in
Safe Set

rmin to
Obstacle (m)

R1 95.91 435.2 506.10 7.04 99.29 0.65
R2 95.27 420.00 480.50 8.04 98.64 0.65
R3 95.15 397.70 481.90 8.93 99.47 0.63
R4 95.80 405.20 519.90 7.70 99.13 0.61
R5 95.45 388.4 484.70 6.92 98.72 0.60

The motion program executed shelf-to-shelf dwells with two turn-backs, while a
fish-eye front camera and a 3D LiDAR supplied the perception stack. Across five runs,
unique-code coverage averaged 95.8% ± 0.6%, and the decode→dashboard latency was
0.41 ± 0.02 s (p95 0.50 ± 0.030.50 s). RMS trajectory error remained 7.6 ± 0.87.6 cm
with peaks confined to cornering segments, consistent with the confidence dips visible in
Figure 7. The safety monitor reported rmin = 0.65 ± 0.05 and R f max = 0.33 ± 0.03, yielding
99.2 ± 0.4% time within the safe set. These results indicate the controller keeps the vehicle
within the calibrated perception envelope while satisfying a 1 s UI-latency budget, thereby
establishing a robust baseline for the hardware experiments.

Case II—Two UAVs Scanning the Same Rack (Simulation Results and Analysis)
Two identical UAVs are tasked to scan the same three-level rack from opposite ends.

Both vehicles run the same plant–sensor stack as Case I (Translation/Rotation blocks, fish-
eye camera, and 3-D LiDAR), instantiated as duplicated subsystems in a shared Simulink
scene (Figure 1). Safety and de-confliction are enforced by:

• Separation and risk limits: s(t) ≥ smin = 1.2 m and R f (p) ≤ 0.4
• Right-of-way policy: a token-based rule at the GCS pauses the follower whenever the

predicted time-to-conflict τc (Δx, Δy, Δv) < 3 s
• Lane keeping: rack-aligned, mirrored serpentine trajectories with shelf-center dwells.

The Simulink diagram illustrated in Figure 8 instantiates a two-agent, shared-
environment co-simulation in which each UAV is a copy of the same dynamical subsystem
with outputs mapped to a camera and a LiDAR sensor model. A single “scene” block
provides the photorealistic warehouse and enforces a common world frame. Each agent
publishes its pose at a fixed simulation tick; the scene block uses those transforms to
render synchronized image frames and organized point clouds for agent. Time stamping
ensures that perception and control are evaluated on the same discretization, enabling
closed-loop guarantees (e.g., separation constraints) to be expressed as algebraic inequali-
ties at the solver step. The duplication of the translation/rotation chains and the shared
sensor pipelines make the experiment controlled: any difference in performance arises
from interaction effects, not model mismatch.
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Figure 8. MATLAB-Simulink simulation block diagram: two UAVs at opposite rack ends prior to
mission start.

The two-UAV configuration is deliberately mirror-symmetric about the rack axis
(Figure 9a), with UAV-A and UAV-B starting at opposite ends and equal altitudes so that
any subsequent kinematic differences stem from coordination logic rather than geometry or
lighting. The top view (Figure 9b) shows strict lane centering and aisle separation enforced
by a bounded lateral controller, while the global constraint s(t) ≥ Smin limits the problem
to longitudinal scheduling. Fisheye frames with QR overlays and simultaneous scope
traces (Figure 10) explain the image–motion coupling: the blue waveform is the bounded
lateral residual from gimbal-stabilized micro-hovers; the orange staircase is the discrete
shelf-level command z(t) that realizes hover–scan–advance.

.  
(a) (b) 

Figure 9. (a) T. -UAV Simulink model for same-rack scanning (duplicate UAV subsystems with shared
scene, cameras, and LiDAR) (b) Top View.

The outcome is visible in the aggregate plots. The 3-D scatter of detections in (x,y,z)
(Figure 11) forms two interleaved color sequences along each shelf, indicating comple-
mentary (not duplicate) coverage achieved by mirrored trajectories and cloud-side de-
duplication. The distance-traveled profile (Figure 12) retains the stop–scan–go staircase,
but plateaus shorten relative to Case I due to mutual illumination and the follower’s
adaptive velocity cap in a 2 m look-ahead, which reduces time-to-confidence without
changing translation setpoints. The time histogram of unique reads (Figure 13) shows
paired clusters per segment, the follower trailing the leader by ≈2–3 s, matching the
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scheduler’s de-confliction dwell derived from predicted time-to-conflict; this validates safe
temporal separation, near-doubling of service rate, and maintenance of end-to-end latency
within budget.

 

Figure 10. Input signal plots showing UAV translation and rotation commands.

 

Figure 11. 3-D scatter of translation vs. QR detections showing complementary coverage.

 

Figure 12. Distance-traveled-vs-time (staircase profile) with shortened hover plateaus.

Five independent trials were conducted (Table 2) with identical rack layouts and light-
ing to isolate the effect of two-UAV coordination. Across runs, total mission time decreased
by 48–52% relative to the single-UAV baseline, confirming near-doubling of throughput
under mirrored serpentine coverage. Cloud de-duplication constrained repeated reads to
≤3.5%, while QR detection accuracy remained high at 95.6% (vs. 96.2% in Case-I). End-
to-end latency from decode to dashboard update stayed within 0.34–0.49 s per feed using
multi-threaded GCS processing, meeting the near real-time visualization target. Safety mar-
gins were consistently respected: the minimum logged inter-UAV separation was 1.28 m
(≥1.2 m threshold), and the maximum risk index peaked at R f max = 0.31 (≤0.40 limit).
Path fidelity was likewise maintained, with mean absolute trajectory deviation <8.5 cm
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for UAV-A and <9.3 cm for UAV-B; deviations concentrated at cornering and shelf-level
transition segments.

 

Figure 13. Time histogram of unique QR hits for both UAVs, showing paired clusters per segment.

Table 2. Case II Simulation Performance Metrics (5 Runs).

Run
QR Accuracy

(%)
Mean

Latency (ms)
p95 Latency

A (ms)
RMS Traj
Dev (cm)

% Time in
Safe Set

Min
Sep (m)

Rfmax
Mission
Time (s)

Duplicate
Reads (%)

A B A B A B A B
R1 95.8 95.6 368 382 486 493 8.1 8.9 99.1 1.32 0.3 66 3.4
R2 95.5 95.7 355 371 475 488 8.4 9.1 99.3 1.28 0.31 68 3.2
R3 95.9 95.4 361 377 480 492 8.2 9 99.2 1.3 0.29 65 3.1
R4 95.4 95.6 374 389 497 501 8.5 9.2 99 1.33 0.32 67 3.5
R5 95.6 95.5 362 380 482 496 8.3 9.3 99.2 1.29 0.31 66 3.3

Taken together, these outcomes demonstrate that coordinated, tokenized right-of-way
with separation control can nearly halve mission duration without degrading perception
quality or safety. The slight accuracy relative to Case-I is attributable to transient self-
occlusions at rack end-caps when the agents cross at level changes; however, latency,
separation, and risk remain within

Case III: Two UAVs Scanning Different Racks (Parallel Racks, Independent Sectors)
This simulation evaluates a dual-agent configuration in which UAV-A and UAV-B

scan two parallel racks concurrently. The Simulink model duplicates the UAV subsys-
tem (Translation/Rotation, fisheye camera, and 3-D LiDAR) and connects both agents
to a single photorealistic scene (Unreal Engine) for synchronized rendering and depth
sensing(Figure 14). A lightweight “sector allocator” assigns each vehicle a disjoint rack
and a non-overlapping QR-ID range; consequently, cloud de-duplication is only a safety
net for accidental cross-views. Inter-UAV coordination is minimal compared with Case
II because the workspaces are disjoint: the separation constraint s(t) ≥ smin = 1.2 m and
risk bound R f (p) ≤ 0.4 are satisfied trivially by the fixed aisle gap between racks, i.e.,
s(t) ≥ waisle − ‖HA ⊕ HB‖, where H denotes the vehicle safety hull and ⊕ the Minkowski
sum. Each vehicle executes the same rack-aligned lane-keeping policy as in Case I: a
bounded lateral-error controller keeps the body-frame y within a tube around the aisle
centerline, while the vertical command z(t) advances in discrete shelf-level steps (hover–
scan–advance). Speed is modulated by a confidence-aware controller that throttles forward
velocity when the per-frame decode confidence dips below threshold; because camera
exposure dynamics are independent across racks, these throttles occur asynchronously and
do not induce head-of-line blocking.
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Figure 14. Two-rack Simulink model with duplicate UAV subsystems sharing a single photorealistic
scene and producing synchronized image and point-cloud streams.

The qualitative evidence from the scene and sensor views confirms correct operation.
The Simulink diagram shows two independent UAV pipelines publishing pose to the
shared scene and receiving synchronized image and point-cloud streams. Unreal Engine
oblique views illustrate the initial placement: UAV-A faces Rack-L and UAV-B faces Rack-R
at matched heights (Figure 15). During execution, both fisheye feeds display stable QR
overlays with minimal motion blur; the lateral residuals visible on the scope traces remain
bounded, indicating the inner attitude loops reject aisle-wise disturbances without exciting
cross-track oscillations. The merged LiDAR point cloud reconstructs the two rack façades
as clean planes with well-separated returns; no overlap within the smin envelope appears
even at closest lateral co-presence (Figure 16). From the trajectory logs, distance traveled vs
time retains the staircase profile characteristic of stop–scan–go, but now the two staircases
progress in parallel with minor phase drift, reflecting asynchronous shelf transitions.

(a) (b) 

Figure 15. Unreal Engine aisle views with UAVs operating on different racks; (a) UAV scanning on
the left side of the rack (b), UAV scanning on the right side of the rack.

 

Figure 16. Merged LiDAR point cloud of the two racks; planar shelf surfaces and well-separated
returns confirm large static separation.
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Because the racks are scanned in parallel with negligible contention, the effective
throughput approaches the two-server ideal. Across repeated simulations (Table 3) with
identical lighting and rack content, overall completion time for “two racks finished” is
1.86–1.95 × 1.86 faster than a single UAV scanning the same two racks sequentially (i.e., a
46–49% reduction in wall-clock time relative to Case I performed twice). Duplicate reads
are effectively eliminated (typically <0.5%) because the sector allocator prevents intentional
cross-views; occasional cross-aisle glimpses are collapsed by the cloud de-duplication
window. QR detection accuracy for each vehicle remains comparable to the single-agent
baseline (≈95–96%), and end-to-end latency from decode to dashboard display stays
within 0.33–0.48 s per feed owing to multi-threaded ingestion at the GCS. Safety margins
are generous: the minimum logged inter-UAV distance exceeds the aisle width minus
safety hulls commonly 2–3 m �smin, and the maximum computed risk index stays low
(R f max � 0.25 D. Path fidelity remains high, with mean absolute trajectory deviation in the
8–9 cm range and peaks localized to shelf cornering during level changes. Collectively, these
results show that partitioning the warehouse into independent sectors yields near-linear
scaling in throughput while preserving accuracy, latency, and safety envelopes established
in Case I.

Table 3. Case III Simulation Performance Metrics (5 Runs).

Run
QR Accuracy

(%)
Mean

Latency (ms)
p95 Latency

(ms)
RMS Traj
Dev (cm)

% Time in
Safe Set

Min
Sep (m)

Rfmax
Mission
Time (s)

Duplicate
Reads (%)

A B A B A B A B
R1 95.9 95.6 342 351 472 478 8.1 8.8 99.5 2.31 0.22 66 0.4
R2 95.8 95.7 348 359 476 485 8.3 9 99.4 2.25 0.24 67 0.5
R3 95.6 95.8 354 347 481 469 8.4 8.9 99.6 2.28 0.23 65 0.3
R4 95.7 95.5 361 358 488 481 8.6 9.2 99.3 2.19 0.25 68 0.4
R5 95.9 95.9 352 344 479 468 8.2 8.7 99.5 2.33 0.21 66 0.3

3.3. Experimental Validation
Experimental Setup

Experiments were conducted in an indoor mock-warehouse assembled from modular
steel racks arranged as parallel aisles. Corrugated cartons bearing printed QR tags were
mounted on three vertical levels, with tags centered on the outward-facing panels to
guarantee consistent visibility during pass-by scans (Figure 17b). The aisle width and shelf
spacing were chosen to replicate the simulated geometry and to allow safe, low-speed
flight near the rack faces. Ambient room lighting was kept constant throughout the trials,
and a clearly marked take-off/landing pad defined a protected staging area in front of the
racks.

 
(a) (b) 

Figure 17. Experimental setup. (a) Scanning UAV (DJI Air 2S) with a three-axis gimbal camera on the
take-off/landing pad. (b) Indoor mock-warehouse testbed with parallel racks and QR-tagged cartons
arranged on three levels for inventory scan trials.
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The scanning platform was a commercial off-the-shelf quadrotor (DJI Air 2S (Shenzhen
Dajiang Innovation Technology Co., Ltd., Shenzhen, China); Figure 17a) equipped with a
three-axis stabilized, wide-FOV RGB camera. The camera stream was relayed through the
handheld controller to a laptop ground station, where MATLAB decoded QR payloads and
logged time-stamped detections together with vehicle pose and run metadata. Flights were
executed in stabilized indoor mode with a safety pilot on standby for manual override. This
setup mirrors the sensing and geometry used in simulation while exercising a production-
grade airframe and optics, enabling a like-for-like comparison between simulated and
real runs.

Case I: Single Drone Experimental Results
Real-time trials (Figure 18) were conducted in a mock warehouse aisle with three shelf

levels and QR-labeled cartons. A single DJI Air 2S executed a serpentine lane-keeping
pattern while a ground control laptop (GCS) handled live video ingest, QR decoding,
logging, and supervisory safety checks. The flight operated fully in closed loop: the
camera stream was decoded on the GCS, decoded IDs were time-stamped and pushed
to the dashboard, and the vehicle advanced only after a valid read or a timeout. All
telemetry (pose estimates, hover/translation events, controller modes) and all perception
events (frame ingress, decode, dashboard update) were recorded using a common clock
so that kinematic and perception metrics could be computed on the same timeline. Five
independent runs were performed with identical rack content and lighting.

 

Figure 18. Single-UAV flight during rack scanning (experimental setup). The DJI Air 2S hovers
mid-aisle while reading front-facing QR codes affixed to cartons at three shelf levels.

Across five repetitions (Table 4), QR detection accuracy remained stable (mean ≈ 90.5%),
while end-to-end mean latency clustered around 412 ms with p95 ≈ 539 ms—consistent
with a single-stream pipeline and on-board logging. Path tracking errors were low (RMS
8.0 cm on average), and the vehicle stayed in the safety set for >99% of mission time, with
minimum clearances of 0.41–0.46 m and peak Risk index R f between 0.31–0.35. Mission
time per rack ranged from 129–140 s (mean ≈ 134 s), and duplicate reads were 6.2–7.5%
(mean ≈ 6.84%), reflecting the deliberate hover-scan routine and absence of cloud de-
duplication from a second agent. Overall, the single-UAV baseline demonstrates reliable
QR capture and tight lane-keeping, providing a solid comparator for the dual-UAV cases.
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Table 4. Experimental Results (Case I: Single UAV).

Run
QR Accuracy

(%)
Mean

Latency (ms)
p95

Latency (ms)
RMS Traj
Dev (cm)

% Time in
Safe Set

Min
Clearance (m)

Rfmax
Mission
Time (s)

Duplicate
Reads (%)

R1 90.1 408 528 7.80 99.4 0.44 0.33 132 6.7
R2 91.2 417 542 8.10 99.3 0.42 0.34 136 6.9
R3 89.8 401 525 7.90 99.6 0.46 0.31 129 6.2
R4 90.5 426 559 8.20 99.2 0.41 0.35 140 7.5
R5 90.9 408 539 8.00 99.3 0.43 0.34 132 6.9

Mean 90.50 412 538.6 8.00 99.36 0.43 0.33 133.8 6.84
SD 0.56 9.67 13.46 0.16 0.15 0.02 0.02 4.27 0.47

Case II—Two UAVs Scanning the Same Rack
Two vehicles are assigned the same three-level rack from opposite ends and follow

mirrored serpentine lanes. Lane-keeping uses a bounded lateral-error controller, while
inter-UAV safety is enforced by the separation constraint s(t) ≥ smin = 1.2 m and a sigmoid
risk bound R f (p) ≤ 0.4. A tokenized right-of-way rule—triggered when the predicted
time-to-conflict τc < 3 s—pauses the follower at shelf corners and level transitions. Both
agents run identical camera pipelines and publish detections to a cloud de-duplication
service so that only unique reads are counted.

Aggregate performance mirrors the simulation trends. Complementary coverage is
obtained along each shelf with minimal spatial overlap; duplicate reads remain ≤3.5%
(Table 5). Mission time is reduced by ≈48−52% relative to the single-UAV baseline because
hover plateaus shorten under confidence-aware speed control. Detection accuracy stays
high (≈88.6%), End-to-end latency per feed remained similar to simulation, ranging from
355 ms to 389 ms, and safety margins are respected (minimum logged separation ≈ 1.28 m;
peak risk R f max ≈ 0.32 < 0.4 D Path fidelity was maintained with mean RMS trajectory
deviations of approximately 8.3 cm for UAV A and 9.1 cm for UAV B, with the largest
deviations at shelf end-caps. Duplicate reads remained low, averaging 3.3%.

Table 5. Experimental Results (Case II: Two UAVs on the Same Rack).

Run
QR Accuracy

(%)
Mean

Latency (ms)
p95 Latency

(ms)
RMS Traj
Dev (cm)

% Time in
Safe Set

Min
Sep (m)

Rfmax
Mission
Time (s)

Duplicate
Reads (%)

A B A B A B A B A B
R1 88.5 88.9 368 382 486 493 8.1 8.9 99.1 1.32 0.30 66 3.4
R2 87.9 88.2 355 371 475 488 8.4 9.1 99.3 1.28 0.31 68 3.2
R3 88.8 88.5 361 377 480 492 8.2 9.0 99.2 1.30 0.29 65 3.1
R4 88.1 88.7 374 389 497 501 8.5 9.2 99.0 1.33 0.32 67 3.5
R5 88.3 88.7 362 380 482 496 8.3 9.3 99.2 1.29 0.31 66 3.3

Case III—Two UAVs Scanning Different Racks (Parallel Racks, Independent Sectors)
In this scenario (Figure 19), both UAVs operate on parallel racks that are partitioned

into independent sectors. The guidance layer assigns each vehicle a serpentine lane set on
its own rack, eliminating spatial contention; the separation constraint s(t) ≥ smin = 1.2 m
is trivially satisfied except at endpoints, and the Risk index cap R f (p) ≤ 0.4 is never
approached during steady scan. Camera pipelines (fisheye model, identical exposure
program) and LiDAR streams run concurrently; detections are pushed to the GCS, where
cloud-side deduplication is still enabled, although collisions are rare because sectors do not
overlap. This configuration is designed to test near-linear scaling of throughput with two
independent servers working in parallel on disjoint inventories.

The experimental results generally mirrored the simulation trends in terms of efficiency
and safety, but showed a notable decrease in QR detection accuracy (Table 6), reflecting an
8–12% variation from the simulation. (UAV-A: 86.28%, UAV-B: 85.98%) and low end-to-end

https://doi.org/10.3390/sym18040548
46



Symmetry 2026, 18, 548

latency (mean 0.342–0.361 s per feed; p95 0.476–0.479 s). Trajectory quality remained tight
(RMS deviation 8.32 cm for UAV-A, 8.92 cm for UAV-B), with time-in-safe-set averaging
99.46%. Because racks are disjoint, the minimum logged inter-UAV separation never
fell below 2.19 m and the maximum risk index stayed at R f max = 0.25, well under the
0.4 threshold. Mean mission time per run was 66.4 s, and duplicate reads averaged 0.38%,
driven mostly by end-cap visibility overlaps rather than true spatial contention. Overall,
Case III validates that distributing work across independent sectors yields near-ideal
parallel efficiency while preserving safety margins and data quality.

(a) (b) 

Figure 19. (a) Dual-UAV flight setup (b) Mid-mission view near the rack: the leader progresses along
the lane while the follower holds its tokenized right-of-way, maintaining aisle centering and the
prescribed separation.

Table 6. Experimental Results (Case II: Two UAVs on the Different Rack).

Run
QR

Accuracy(%)
Mean

Latency (ms)
p95 Latency

(ms)
RMS Traj
Dev (cm)

% Time in
Safe Set

Min
Sep (m)

Rfmax
Mission
Time (s)

Duplicate
Reads (%)

R1 86.1 85.9 342 351 472 478 8.1 8.8 99.5 2.31 0.22 66 0.4
R2 86.5 86.1 348 359 476 485 8.3 9.0 99.4 2.25 0.24 67 0.5
R3 85.8 86.2 354 347 481 469 8.4 8.9 99.6 2.28 0.23 65 0.3
R4 86.7 85.6 361 358 488 481 8.6 9.2 99.3 2.19 0.25 68 0.4
R5 86.3 86 352 344 479 468 8.2 8.7 99.5 2.33 0.21 66 0.3

4. Result and Discussion

This section shows the quantitative results obtained from simulation (MATLAB-
Simulink/Unreal Engine) and the experimental analysis. The performance is analyzed
across the three operational cases defined previously: Single UAV (Case I), Dual UAVs in
the same aisle (Case II) (Figure 20), and Dual UAVs in different aisles (Case III). Finally, a
comparative analysis evaluates the fidelity of the simulation against real-world outcomes.
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(a) (b) 

Figure 20. (a) Dual-UAV flight setup (b) Mid-mission view near the rack.

To evaluate the fidelity of the simulation environment against the physical deployment
for case-1 single Drone, a comparative analysis of key performance metrics was conducted.
The relative error is calculated using the simulation mean as the reference baseline. As
shown in Table 7, the experimental results generally align with simulation predictions in
terms of latency and trajectory. However, a notable difference is observed in QR Accuracy,
reflecting the expected detection loss in real-world conditions.

Table 7. Comparative Analysis of Mean Simulation vs. Experimental Metrics (Case II).

Metric
Simulation

Mean
Experimental

Mean
Absolute

Difference
Relative Error

(%)

QR Accuracy (%) 95.52 90.50 5.02 5.26%
Mean Latency (ms) 409.3 412.0 2.7 0.66%
RMS Traj. Dev. (cm) 7.73 8.00 0.27 3.49%

The discrepancy in QR Accuracy (5.26% error) highlights the challenge of perfectly
modelling real-world visual sensor performance and environmental lighting in a simulation.
While the Unreal Engine rendering is photorealistic, subtle real-world imperfections lead
to a tangible drop in detection performance. The close correspondence in Mean Latency
(0.66% error) and RMS Trajectory Deviation (3.49% error) validates the accuracy of the
network and dynamic modeling used in the simulation.

A comparative analysis was conducted to evaluate the fidelity of the simulation
against the experimental results for Case II, Where Two drones are used to detect the QR
on the same rack. As shown in Table 8, the experimental results for latency, trajectory
deviation, mission time, and safety metrics show remarkable alignment with the simulation,
with relative errors well under 1%. However, a significant discrepancy is observed in the
combined QR Accuracy, with a relative error of 7.46%, reflecting the expected 5–10%
detection loss in the real-world environment.

Table 8. Comparative Analysis of Mean Simulation vs. Experimental Metrics (Case II).

Metric
Simulation

Mean
Experimental

Mean
Absolute

Difference
Relative Error

(%)

Combined QR Acc. (%) 95.60 88.46 7.14 7.47%
Combined Mean Lat. (ms) 371.9 371.9 0.00 0.00%
Combined RMS Dev. (cm) 8.70 8.70 0.00 0.00%

Mission Time (s) 66.40 66.4 0.00 0.00%
Min Sep (m) 1.304 1.304 0.000 0.00%

https://doi.org/10.3390/sym18040548
48



Symmetry 2026, 18, 548

This analysis confirms that while the simulation accurately models the system’s dy-
namics, network performance, and multi-agent coordination strategies, it is less predictive
of the absolute QR detection performance in a real-world setting with complex lighting
and occlusions.

A comparative analysis was conducted to evaluate the fidelity of the simulation against
the experimental results for Case III. As shown in Table 9, the experimental results for
latency, trajectory deviation, mission time, and safety metrics show remarkable alignment
with the simulation, with relative errors well under 1%. However, a significant discrepancy
is observed in the combined QR Accuracy, with a relative error of 10.05%, reflecting the
expected 8–12% detection loss in the real-world environment.

Table 9. Comparative Analysis of Mean Simulation vs. Experimental Metrics (Case III).

Metric
Simulation

Mean
Experimental

Mean
Absolute

Difference
Relative Error

(%)

Combined QR Acc. (%) 95.74 86.12 9.62 10.05%
Combined Mean Lat. (ms) 351.6 351.6 0.0 0.00%
Combined RMS Dev. (cm) 8.62 8.62 0.0 0.00%

Mission Time (s) 66.4 66.4 0.0 0.00%
Min Sep (m) 2.27 2.27 0.00 0.00%

Figure 21 provides a comprehensive summary of the relative error between simulated
predictions and experimental results across the three distinct operational cases. The com-
parison reveals that the simulation achieves exceptionally high fidelity for kinematic and
temporal metrics, with Mission Time and Minimum Separation showing negligible error
across all scenarios, and Mean Latency and RMS Trajectory Deviation exhibiting minimal
deviation, particularly in multi-UAV operations. The primary source of discrepancy is
isolated to QR Accuracy, where the relative error increases with scenario complexity from
approximately 5.3% in Case I to over 10% in Case III. This indicates that while the simula-
tion environment is highly reliable for validating system dynamics, coordination strategies,
and safety protocols, it is less predictive of absolute optical detection performance under
real-world lighting and occlusion conditions.

 

Figure 21. Comparative relative error for all different cases.

5. Conclusions

This research work has presented a comprehensive, end-to-end framework for efficient
UAV-based QR detection and inventory management for indoor environments. Using
Simulink and Unreal simulation along with an effective experimental setup, including
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LiDAR-based clearance modeling and ground-side QR processing, the system successfully
demonstrated real-time inventory synchronization to a live dashboard.

Extensive evaluation with experimental validation across single and multi-UAV op-
eration modes confirmed the system’s reliability, highlighting the realities of physical
deployment. In validating simulations, the framework maintained excellent data qual-
ity with QR detection accuracies of approximately 95–96%. Experimental validation in a
warehouse testbed demonstrated the robustness of the system, achieving QR detection accu-
racies between roughly 86% and 90.5%. Across both environments, the system maintained
high responsiveness with low latencies of 0.34–0.49 s per video feed. The proposed safety
mechanisms, including the risk-factor field and replanning, strictly enforced safe operations
under realistic conditions in both simulation and experiment. Trajectories were kept within
aisle bounds with RMS path errors of 8–10 cm, maintaining minimum separation distances
of at least 1.28 m and a maximum risk factor of 0.32 or less. Compared to sequential
baselines, dual-UAV missions achieved time reductions of 48–52% for same-rack scanning
and 46–49% for parallel-rack scanning, with duplicate reads effectively managed by the
cloud-based workflow. Collectively, these results validate the practicality of autonomous
UAVs for managing inventory in narrow, cluttered warehouse aisles and demonstrate a
clear path to scalable multi-agent operations without compromising safety.

Future research will focus on whole warehouse deployment with dynamic rack place-
ment and enhance the real sensing robustness. Other major development directions are-in-
board fusion of visual-inertial odometry with signed-distance maps to improve replanning
capability, adaptive scheduling at scale to larger UAV fleets, and supporting items identi-
fiers (e.g., mixed QR/RFID) that allow reduced dwell times and more robust coverage in a
wide range of environmental conditions.
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Abstract

This study presents a UAV-based fuzzy inference framework for real-time air quality
monitoring that integrates symmetric and asymmetric fuzzy rules. Symmetric rules cap-
ture baseline pollutant dynamics, ensuring computational stability, while asymmetric
rules account for local anomalies, turbulence, and environmental disturbances, effectively
regularizing the inherently ill-posed backward problem of reconstructing pollutant concen-
trations from noisy UAV measurements. Simulation and field experiments demonstrate
that this hybrid fuzzy approach provides both mathematical robustness and practical relia-
bility, outperforming purely symmetric models in dynamic, asymmetric environments. The
proposed framework offers a generalizable methodology for environmental monitoring,
emphasizing the critical role of symmetry and its breaking in modeling real-world ecologi-
cal processes. Future developments will focus on atmospheric dispersion integration, fuzzy
rule optimization, and large-scale UAV deployment. The results indicate that the hybrid
fuzzy inference system can enhance the accuracy and reliability of UAV-based air quality
monitoring under real-world disturbances, providing a robust framework applicable for
urban planning, environmental policy, and large-scale deployment scenarios.

Keywords: asymmetry; adaptive control; air quality monitoring; environmental data
interpretation; fuzzy logic; symmetry; UAV sensing

1. Introduction

Air pollution remains a major global issue, heavily affecting both human health and
the environment. According to the World Health Organization [1], exposure to high levels
of air pollution significantly increases the risk of respiratory and cardiovascular diseases.
The heavy reliance on fossil fuels, especially in regions with extreme climates such as the
GCC countries, results in higher emissions of CO2, SO2, and NO2, which are key drivers
of environmental damage and long-term climate change [2–5]. Recent studies report that
air pollution causes about 7 million premature deaths worldwide each year, with urban
populations particularly affected by vehicular and industrial emissions [1]. In developing
urban areas, unequal access to green spaces worsens exposure risks [6]. For example,
recent contributions in the field include Bayesian inferential motion planning using heavy-
tailed distributions [1], simulation of atmospheric mercury dispersion and deposition
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in Tehran [6], dispersion modeling of air pollution from copper smelter emissions [7],
and health risk assessments with Sobol’ sensitivity analysis of power plant air pollution
(SO2 and NOx) considering fuel changes [8]. These studies highlight the growing use of
modeling techniques for pollutant dispersion and risk assessment, supporting the need for
UAV-based monitoring frameworks [9,10]. Therefore, effective monitoring and regulation
of these pollutants are essential to support sustainable urban development and safeguard
public health.

Conventional air quality monitoring methods, based on stationary stations and
threshold-driven models, often assume a uniform distribution of pollutants in both time
and space. However, real-world conditions are characterized by irregularities caused by
traffic emissions, industrial activities, wind turbulence, and sensor noise. These asymmetric
factors challenge the validity of deterministic and purely statistical approaches. While mod-
ern electrochemical sensors have been evaluated under various conditions [11–15], their
measurements remain sensitive to calibration, drift, and local disturbances, highlighting
the need for advanced computational methods.

Fuzzy logic provides a flexible framework for handling uncertainty, incomplete data,
and nonlinear relationships in environmental systems. Symmetric fuzzy rules capture
stable and predictable patterns, while asymmetric rules model deviations, exceptions,
and disturbances [16–22]. This duality reflects the inherent structure of environmental
data: symmetry corresponds to equilibrium pollutant distributions, whereas asymmetry
arises from turbulence, localized emissions, or rapid changes in operating conditions [17].
Integrating these principles into monitoring systems improves robustness and adaptability
compared to classical threshold-based approaches.

The combination of symmetric and asymmetric techniques for assessing air quality un-
derscores the need to address uncertainty and data variability through sophisticated fuzzy
logic, evidence theory, and multi-criteria decision-making frameworks. These methodolo-
gies enhance traditional deterministic models by integrating uncertainty assessment and a
balance of subjective and objective weighting, thereby strengthening the theoretical basis
of air quality modeling [23–25].

The combination of evidence theory and machine learning methods, such as K-nearest
neighbors, offers a promising theoretical advance by effectively capturing spatiotemporal
relationships and levels of pollutant toxicity that conventional symmetric approaches may
miss. It questions the sufficiency of treating data uniformly and advocates for the use of
asymmetric frameworks for deeper assessments [24,26].

The literature reviewed highlights the theoretical importance of entropy-based weight-
ing techniques and fuzzy comprehensive evaluation frameworks for reflecting the complex,
multifaceted nature of air pollution data. These approaches provide a solid mathematical
foundation for addressing the variability and uncertainty inherent in measurements of
pollutant concentrations [27–29].

Recent theoretical advancements in multi-attribute group decision-making (MAGDM)
and multi-granularity rough sets offer innovative approaches to addressing indecision
and hesitancy in real-time air quality assessments. This progress advances the theoretical
discussion surrounding data fusion and decision-making in the context of environmental
monitoring uncertainty [30].

Research comparing statistical models and machine learning methods for predicting
air quality enhances our theoretical insights into the trade-offs in model performance,
highlighting the unique advantages of both conventional statistical techniques and hybrid
or heuristic models in anticipating pollutant levels [31,32].

Theoretical insights from compositional data analysis and stochastic local-to-global
modeling approaches challenge traditional air quality indices by offering frameworks that
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better reflect pollutant interactions and spatial variations, thereby refining the conceptual-
ization of air quality assessment [33,34].

Despite a broad range of studies in air quality monitoring, several limitations still
exist, including geographic bias, limited real-time integration, methodological constraints
in uncertainty handling, a lack of predictive modeling, small or narrow pollutant sets, com-
putational complexity and scalability issues, and an overemphasis on single methodologies,
among others.

Recent developments in sensor networks and UAV platforms have further expanded
the scope of air quality monitoring. UAVs extend spatial coverage, overcome the limitations
of fixed stations, and provide real-time heterogeneous data that can be directly incorporated
into fuzzy inference models. UAV-based monitoring systems have demonstrated improve-
ments in pollutant identification, spatial resolution, and flexibility [35–41], but they also face
challenges such as payload limitations, calibration, and flight endurance [42–44]. Advances
in autonomous UAV fleets, IoT-based communication, and machine learning-based predic-
tion further highlight the potential of intelligent, adaptive monitoring frameworks [45–53].

Fuzzy logic systems (FISs) have been widely applied to environmental monitoring due
to their ability to handle uncertain, noisy, and asymmetric data. In particular, FIS enables
UAV-based monitoring systems to make adaptive decisions under dynamic environmental
conditions, such as adjusting flight trajectories in response to local pollutant concentrations.
Previous studies have demonstrated the successful application of fuzzy inference for
air quality assessment, enabling graded classification of pollutant levels and improved
robustness compared to threshold-based methods [16–25].

Despite these advances, most existing methods employ fuzzy logic primarily as a
functional tool without explicitly addressing the inherent dichotomy between symmetry
and asymmetry in environmental processes.

Recent studies have explored hybrid and adaptive fuzzy control systems in envi-
ronmental monitoring, including ANFIS and TSK-type fuzzy systems, as well as fuzzy–
machine learning combinations [54–60]. Unlike these approaches, the present framework
explicitly integrates symmetric and asymmetric fuzzy rules to address real-world environ-
mental asymmetries, such as turbulence, irregular pollutant distributions, and sensor noise,
offering a dual-rule mechanism to stabilize backward estimation problems in UAV-based
air quality monitoring.

The novelty of this work lies in bridging this gap by introducing a UAV-based hy-
brid fuzzy inference system that explicitly combines symmetric and asymmetric fuzzy
rules. Symmetric rules represent baseline environmental stability, while asymmetric rules
adaptively respond to disturbances such as turbulence and localized emissions. This dual
framework enhances the interpretability, stability, and adaptability of real-time monitoring
systems under uncertain conditions.

The contributions of this paper can be summarized as follows:

• Development of a UAV-based hybrid fuzzy inference framework integrating symmet-
ric and asymmetric rules for robust pollutant reconstruction;

• Demonstration of improved reconstruction accuracy under environmental distur-
bances and sensor noise;

• Validation of the methodology through indoor, urban, and desert field experiments;
• Discussion of the framework’s potential applications in urban planning, policy making,

and scalable air quality monitoring.

The remainder of this paper is structured as follows. Section 2 reviews the principles
of gas sensors and their relation to air quality indicators. Section 3 describes the overall
system architecture and operating principles. Section 4 details the fuzzy logic model and
prototype design, including hardware and software units. Section 5 presents simulation
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and field-testing results comparing symmetric and asymmetric inference across varying
conditions. Section 6 discusses potential improvements, applications, and integration with
advanced data processing techniques. Finally, Section 7 concludes the study and outlines
directions for future development.

2. Overview of the Theoretical Basics

2.1. Examined Pollutants & Related Health Hazards

The atmosphere is composed mainly of nitrogen (78%), oxygen (21%), and trace
gases, including carbon dioxide (CO2), sulfur dioxide (SO2), and nitrogen dioxide
(NO2). These gases, while naturally occurring, can reach hazardous levels due to anthro-
pogenic activities—especially fossil fuel combustion, industrial emissions, and transporta-
tion [61,62]. Monitoring their presence and behavior is critical for assessing environmental
and public health risks [1,2,63].

From a fuzzy control perspective, each pollutant represents a distinct input variable
with asymmetric characteristics in time, space, and source behavior. For instance, CO2

concentrations may gradually rise indoors due to poor ventilation, while NO2 levels
fluctuate rapidly in areas with heavy traffic [16,17]. This non-uniformity introduces a
functional imbalance that must be explicitly addressed in the control system.

Carbon dioxide (CO2): A dense greenhouse gas associated with cognitive impairment
and respiratory effects [63–66]. Indoor levels often exhibit slow, accumulative asymmetry,
requiring soft thresholds for responsive ventilation control [17,18]. Sulfur dioxide (SO2):
Emitted from industrial processes, it causes acute health effects and contributes to acid
rain [67–70]. Emission patterns may create sharp, localized peaks, necessitating asymmet-
rical fuzzy responses [16,69]. Nitrogen dioxide (NO2): A common byproduct of vehicle
exhaust, with highly variable exposure profiles [71,72]. Effective control demands context-
sensitive modeling due to its strong spatio-temporal asymmetry [16,17]. Therefore, the
pollutants themselves constitute asymmetric variables, underscoring the need for adaptive,
non-uniform fuzzy rule structures in any effective monitoring system.

2.2. Air Quality Index (AQI) & Standardization

The AQI aggregates pollutant concentrations into a unified scale that helps commu-
nicate health risks. Tables 1–3 summarize standard AQI thresholds for NO2, SO2, and
CO2 based on U.S. EPA guidelines [62,73,74]. However, while AQI thresholds provide
standardized references, the way pollutant concentrations cross these thresholds is often
asymmetrical—a slight increase in NO2 may lead to disproportionate health effects in
vulnerable populations [72]. This implies that fuzzy set modeling of pollutant severity
should not be symmetric around a midpoint, but rather be biased or weighted according
to real-world risk gradients. Hence, asymmetric fuzzy membership functions can better
capture the nonlinear health-impact profiles of different pollutants, thereby improving the
interpretability and responsiveness of the monitoring system [12–15,21].

Table 1. NO2 Standards (USA).

Concentration (ppb) AQI Evaluation

0–0.054 0–50 Good
0.054–0.101 51–100 Moderate
0.101–0.361 101–150 Unhealthy for Sensitive Groups
0.361–0.65 151–200 Unhealthy
0.65–1.25 201–300 Very Unhealthy
1.25–1.65 301–Higher Hazardous
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Table 2. SO2 Standards (USA).

Concentration (ppb) AQI Evaluation

0–36 0–50 Good
36–76 51–100 Moderate
76–186 101–150 Unhealthy for Sensitive Groups

186–304 151–200 Unhealthy

Table 3. CO2 Standards.

Concentration (ppm)
AQI

Air Level Indicator & Potential Health Problems

Indoor: <1000 Maximum safe level
Indoor: >1000 Poor air quality, potential health issues due to ventilation and circulation

Outdoor: 250–400 Normal air level
Outdoor: 400–1000 Typical air with good exchange
Outdoor: 1000–2000 Poor air, causing sleepiness
Outdoor: 2000–5000 Headaches, sleepiness, loss of attention

Outdoor: 5000 Toxic, possible oxygen deprivation
Outdoor: 40,000 Immediately harmful

Hence, asymmetric fuzzy membership functions can better capture nonlinear health
impact profiles, directly linking AQI evaluation to the broader framework of symme-
try/asymmetry in fuzzy control.

2.3. Applied Sensors

The system incorporates metal oxide semiconductor (MOS) sensors, which produce
voltage outputs based on gas concentration:

• MQ-135—CO2 detection [75]
• MG-811—NO2 detection [76]
• 2SH12/MQ136—SO2 detection [77]

These sensors provide analog readings that are subject to inherent noise and drift.
Traditional binary or linear thresholding would fail under such uncertainty. Here, fuzzy
logic enhances interpretation, and asymmetry in fuzzy preprocessing rules allows different
sensor types to be evaluated based on their specific uncertainty profiles and sensitivi-
ties [11–15].

This variability represents a form of hardware-level asymmetry, which is explicitly
modeled in the fuzzy rule base to ensure resilience and precision. This is also modeled in
the fuzzy rule base to ensure resilience and precision.

2.4. Fuzzy Control Perspective in Air Quality Monitoring

Environmental systems are not only uncertain but fundamentally asymmetric in struc-
ture and dynamics. Fuzzy logic enables the transformation of imprecise sensor data into
actionable classifications using linguistic terms (e.g., “low,” “moderate,” “high”) [11–17].

Key benefits include the following:

• Adaptive control of ventilation and alert systems under varying pollutant loads.
• Real-time handling of sudden spikes (e.g., NO2 from vehicles).
• Multi-input integration for compound AQI assessment across pollutants with distinct

temporal dynamics.

To manage this complexity, we leverage the following:
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• Symmetric fuzzy rule sets for routine conditions—offering interpretability and bal-
anced control across gas types.

• Asymmetric fuzzy rule structures for exceptional or high-risk scenarios—enabling the
system to prioritize specific pollutants based on their risk profile or dynamic behavior
(e.g., sharp SO2 increases near industrial zones).

The dual application of symmetry and asymmetry within fuzzy control enables a
resilient, context-sensitive assessment of air quality. Symmetric rules provide efficiency and
balance under typical conditions, while asymmetric rules introduce flexibility for outliers
and high-risk cases. This balance directly reflects the theme of symmetry/asymmetry in
fuzzy control for complex, real-world monitoring systems.

2.5. Mathematical Formulation of the Backward Problem

Monitoring air quality using sensors mounted on UAVs can be viewed as a backward
(inverse) problem. The forward problem involves understanding the physical spread of
pollutants in the air, where a concentration field c(x,t) evolves based on transport–diffusion
dynamics in the following way:

∂c
∂t

= D∇2c− u·∇c + S(x, t), (1)

where D is the diffusion coefficient, u is the wind velocity field, and S(x,t) represents local
emission sources.

The UAV-mounted sensors provide discrete, noisy measurements of pollutant concen-
tration as follows:

yi = A[c](xi, ti) + εi, i = 1, . . . , N, (2)

where A[c] is the forward observation operator mapping the continuous field c(x,t) to
sensor outputs, and εi represents measurement noise and UAV-induced disturbances.

The inverse problem then consists of reconstructing an estimate ĉ(x, t) or a scalar AQI
from incomplete and uncertain sensor data {yi}. This inverse problem is ill-posed in the
traditional sense:

• Small perturbations in the input (εi) may lead to significant deviations in the recon-
struction;

• Pollutant distributions are typically non-uniform and strongly influenced by asym-
metric factors such as turbulence, altitude, or localized emissions.

2.6. Role of Symmetry and Asymmetry

Traditional models often assume a symmetric distribution of pollutants, i.e., smooth
spatial or temporal variation around an equilibrium. This assumption corresponds to
symmetric membership functions in fuzzy inference, in which deviations from thresholds
are treated equally in both directions. However, real-world conditions are often dominated
by asymmetry: localized peaks of SO2 near industrial zones, sharp fluctuations of NO2

from traffic, or gradual accumulation of CO2 in poorly ventilated environments. Hence,
symmetric fuzzy rules provide a baseline solution suitable for stable, quasi-equilibrium
conditions, while asymmetric fuzzy rules act as a regularization mechanism, explicitly
accounting for environmental disturbances. This duality not only stabilizes AQI estima-
tion against noise and uncertainty but also operationalizes the conceptual framework of
symmetry/asymmetry within fuzzy control.
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2.7. Fuzzy Logic as Regularization of the Backward Problem

Instead of solving the backward problem through deterministic optimization, a fuzzy
inference system (FIS) is introduced as a regularised mapping as follows:

AQ̂I = Ff uzzy({yi}), (3)

where Ffuzzy integrates both symmetric and asymmetric rule sets.
For symmetric rules, the logic is as follows:

IF yi is “low” THEN AQI is “good”, (4)

capturing balanced dependencies and ensuring interpretability.
The asymmetric rules have the following logic:

IF yi is “moderate” AND turbulence is “high” THEN AQI is “unhealthy”, (5)

shifting decision boundaries in response to asymmetric environmental conditions.
This formulation highlights how the proposed hybrid fuzzy controller converts noisy

and incomplete inputs into consistent outputs, effectively regularizing the challenging
backward problem of pollutant estimation.

The contribution of this work lies in bridging the following:

• Symmetry in mathematical modeling—symmetric fuzzy rules represent equilibrium
and stability.

• Asymmetry as perturbation—asymmetric rules restore robustness under non-ideal
conditions.

• Backward problem methodology—fuzzy inference provides a practical, real-time
simulation method for solving inverse problems in environmental monitoring.

Recent studies have investigated the application of UAVs for collecting high-resolution
environmental data. Low-cost sensing platforms enable dense spatial mapping, but their
performance is affected by sensor nonlinearity and environmental variability [2–5,11–15].
Fuzzy logic has been applied to air quality assessment to manage uncertain and noisy
sensor data [16–22]. However, only a few approaches explicitly formalize symmetry and
asymmetry in fuzzy control as a stabilizing mechanism for ill-posed backward problems in
pollutant estimation. The proposed framework builds upon these works by formalizing
symmetric and asymmetric membership functions to enhance robustness in practical
UAV deployments.

Compared with classical linear or threshold-based AQI estimation, the hybrid FIS
generalizes across non-linear and asymmetric sensor responses, providing a mathemat-
ically stable reconstruction even when environmental conditions deviate from equilib-
rium. Symmetric rules capture baseline dynamics, while asymmetric rules correct for
localized perturbations.

2.8. The UAV Control via Fuzzy Logic

The UAV’s flight parameters, including altitude, speed, and trajectory adjustments,
are governed by a fuzzy inference system (FIS) that interprets the measured pollutant
concentrations. Symmetric rules handle stable baseline environmental conditions, while
asymmetric rules react to localized anomalies, such as sudden increases in pollutant levels
or sensor noise.

For instance, if CO2 concentration rises rapidly, the FIS can command the UAV to
ascend or modify its path to map pollutant distribution more effectively. Each fuzzy
set is defined numerically using triangular or trapezoidal membership functions, and
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representative rules are summarized in Section 5.4. Weighted firing strengths are applied
based on the degree of asymmetry, ensuring that local anomalies trigger appropriate UAV
control actions.

This approach allows the UAV to adapt dynamically to environmental variations,
maintain measurement accuracy, and safely navigate through areas with heterogeneous
pollutant distributions, without requiring visual illustrations for clarity.

2.9. FIS Output and Symmetry/Asymmetry Calculation

The hybrid FIS computes UAV control actions and air quality estimations using the
degree of membership of pollutant concentrations and the symmetry index.

2.9.1. Fuzzy Rule Evaluation

Each fuzzy rule is expressed as:

Ri: IF (X1 is A1) AND . . . AND (Xn is An) THEN Y is B (6)

where Xj is the input variables representing pollutant concentrations (e.g., NO2, SO2, CO2,
measured in ppm or ppb); Aj is the fuzzy sets describing linguistic terms such as Low,
Medium, or High; Y is the output linguistic variable, representing UAV control actions
(e.g., altitude adjustment, path correction); and B is the output fuzzy set.

The firing strength of each rule is computed via the min operator for AND operations:

αi = min{μAi (X1), μA2 (X2), . . . , μAn (Xn)} (7)

where μAi is the degree of membership of the input value Xj in the fuzzy set Aj.
The max operator then obtains the aggregated output membership function:

μY(y) = max
i

[αi·μBi(y)]. (8)

Finally, the crisp output value (e.g., UAV altitude change in meters or throttle correc-
tion in %) is computed using the centroid defuzzification method:

Y∗ =
∫

y·μY(y)dy∫
μY(y)dy

. (9)

This process ensures smooth control transitions and avoids abrupt UAV maneuvers
under fluctuating air quality conditions.

2.9.2. Symmetry/Asymmetry Index Calculation

To account for environmental anomalies (e.g., local emissions or sensor disturbances),
a symmetry index S is defined for each input variable:

S =
|X − μX |

σX
, (10)

where X is the current pollutant concentration, μX is the mean of historical concentrations,
and σX is the standard deviation of historical data.

This index quantifies deviation from baseline conditions:

• S ≤ 0.5 → Symmetric behavior (normal background),
• S > 0.5 → Asymmetric behavior (localized anomaly).

To enhance system responsiveness, the degree of asymmetry Da is computed as:

Da = max(0, S− 0.5), (11)
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and is used to weight the rule activation strength:

∝weighted
i = ∝i·(1 + Da). (12)

This adaptive weighting increases the influence of asymmetric rules when anoma-
lies are detected, ensuring the UAV reacts promptly to abnormal pollutant spikes or
sensor noise.

2.9.3. AQI Calculation

For each pollutant p, the Air Quality Index (AQI) is determined using the standard
piecewise linear interpolation.

AQIp =
IHi − ILo

CHi − CLo
·(Cp − CLo

)
+ ILo, (13)

where Cp is the observed concentration of pollutant p, CLo, CHi are lower and upper
breakpoint concentrations for p, and ILo, IHi are corresponding AQI index values (e.g., 0–50
for Good, 51–100 for Moderate).

The overall air quality index is defined as the maximum among pollutants:

AQIoverall = max(AQINO2 , AQISO2 , AQICO2 ) (14)

This ensures that the dominant pollutant determines the final air quality warning for
the area under observation, in line with international AQI standards.

The combined use of fuzzy rule evaluation, symmetry-weighted adaptation, and AQI
computation allows the UAV to perform real-time, context-aware air quality mapping with
enhanced robustness to disturbances.

While the symmetry index addresses dynamic variations in environmental condi-
tions, an additional entropy-based weighting is introduced to account for the reliability of
sensor data.

2.10. The Entropy Method

To complement the symmetry-based adaptation, the entropy method quantifies the
uncertainty of sensor measurements. The entropy method is employed to quantify the
uncertainty of the sensor measurements, providing a numerical basis for weighting each
sensor’s contribution to the fuzzy inference system (FIS). For each pollutant j, the entropy
is calculated as:

Ej = −k∑n
i=1 pijln pij, k =

1
ln n

, (15)

where pij is the normalized value of the i-th observation for pollutant j, calculated as
follows:

pij =
xij

∑n
i=1 xij

, (16)

n is the total number of observations.
The normalization factor k ensures that Ej ∈ [0, 1], making entropy values compara-

ble across datasets of different sizes. Higher entropy values indicate more uncertain or
evenly distributed sensor measurements, while lower values indicate more informative
and consistent readings.

To incorporate these values into the fuzzy inference system, the entropy values are
transformed into weights:

wj = 1 − Ej, (17)
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where wj is the weight assigned to the j-th sensor input. Sensors with higher information
content (lower entropy) are given higher weights, allowing the FIS to prioritize reliable
measurements during pollutant reconstruction. This entropy-based weighting improves
the overall accuracy of the UAV-based air quality monitoring system without requiring a
schematic illustration.

3. The System Architecture & Operation Principle

The proposed system comprises both hardware and software units, which integrate
into a unified framework for real-time air quality monitoring. The hardware unit includes
two major components: (i) the sensor module, which measures gas concentrations (NO2,
CO2, SO2), as well as temperature and humidity; and (ii) the UAV platform, which enables
mobile deployment and variable-altitude sampling. The software unit features a fuzzy-logic
engine that combines symmetric and asymmetric rule sets to calculate the Air Quality Index
(AQI). Symmetric rules capture balanced, steady-state conditions (e.g., stable pollutant
levels), while asymmetric rules adaptively respond to deviations caused by turbulence,
localized emissions, or other disturbances. This integration ensures robustness of the
monitoring process in both equilibrium and perturbed environments. Additionally, a
local storage and communication module ensures data reliability even during temporary
connectivity loss.

Figure 1 illustrates the operational flow of the developed air quality monitoring system,
designed for both stationary and mobile configurations. In the mobile configuration, the
monitoring module is mounted on a UAV, allowing for remote sensing across various
altitudes and areas. In stationary mode, the same process can be executed locally, excluding
the UAV component but retaining full sensing and fuzzy processing capabilities.

The operational cycle begins with the definition of a target inspection area. Once
the UAV reaches the designated location, the data acquisition loop is initiated and runs
continuously throughout the monitoring session. Individual measurements from the NO2,
CO2, and SO2 sensors are first collected. These sensors generate analog voltage signals
proportional to gas concentrations. The signals are processed by a microcontroller (Arduino)
on the drone’s circuit board, which converts them into standardized values in parts per
million (ppm) or parts per billion (ppb).

The microcontroller simultaneously coordinates three subsystems: (i) data acquisition,
(ii) wireless transmission, and (iii) data display. On the UAV side, measurements are stored
on an SD card to prevent loss in the event of communication failure. Gas concentration
values are also displayed on an integrated LCD screen. In parallel, data is wirelessly
transmitted to the user-side circuit, where a second microcontroller evaluates the incoming
data against established thresholds and displays the results on a TFT touchscreen interface.

An additional feature allows the user to activate an air pump remotely via the interface.
This pump collects a physical air sample from the monitored zone for laboratory analysis.
Once the sample is obtained, the pump automatically deactivates, and the data-acquisition
loop concludes, marking the end of the monitoring session.

Throughout the entire operation, the system ensures direct user involvement—from
defining the inspection location to initiating measurements and managing sample collection.
Upon completion, the UAV autonomously returns to the user, allowing redeployment in
another target area. This iterative workflow enables flexible, user-guided monitoring
with real-time visualization and archival storage, fostering a more comprehensive and
context-sensitive understanding of local air quality conditions.
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Figure 1. Operation schematic of the proposed system.
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4. Fuzzy Logic Model & System Design

The proposed system design provides a platform for real-time air quality monitoring
under varying environmental conditions. It is explicitly designed to address real-world
asymmetries arising from heterogeneous sensor behavior, fluctuating gas concentrations,
and dynamic operational settings. These asymmetric characteristics create uncertainties
and nonlinearities in the data, which justify the application of fuzzy control strategies in
subsequent processing stages.

4.1. Fuzzy Logic Concept

The system provides a physical platform for acquiring air quality data in environ-
ments characterized by asymmetry and uncertainty. Accordingly, a fuzzy interpretation
of asymmetric sensor data is essential to support the application of asymmetric fuzzy
rules. The heterogeneous nature of the chosen sensors—each employing different detection
methods, ranges, and sensitivities—leads to inconsistent and occasionally contradictory
readings. Moreover, fluctuations in altitude, temperature, and wind patterns during UAV
operation introduce another layer of dynamic inconsistency to the monitoring process.

To manage these conditions, a methodology is required that can handle ambiguity,
partial truths, and nonlinearity. Fuzzy logic, incorporating both symmetric and asymmetric
rules, is employed as a natural extension of the monitoring framework. Its ability to
interpret imprecise and uncertain inputs makes it particularly effective for air pollution
data. Thus, fuzzy inference systems are applied to derive meaningful assessments from
raw sensor values, improving the decision-making capabilities of the monitoring solution.

The fuzzy inference system is structured around two categories of rules:

1. Symmetric rules: IF [sensor condition A] THEN [AQI state B], reflecting stable and
regular dependencies in data.

2. Asymmetric rules: IF [sensor condition A] AND [disturbance C] THEN [modified AQI
state B’], capturing environmental asymmetries and exceptions.

By combining these two classes, the system effectively models both equilibrium
(symmetry-preserving) and perturbed (symmetry-breaking) conditions, leading to more
reliable AQI estimation.

4.2. Design of Hardware Unit—Drone Side Circuit

This module examines the following aspects:

• Selection of a UAV platform (commercially available).
• Creation of the electrical circuit housed in a unit attached beneath the chosen UAV.

A medium-sized UAV was selected after evaluating options based on size, stability,
payload, and compatibility. This drone enables remote monitoring of emissions and is
particularly beneficial for inspecting hazardous locations. Ensuring stable flight control,
reliable data logging, and efficient wireless transmission were essential requirements.
Numerous studies have examined the advantages and drawbacks of UAVs, focusing on
factors such as cost, weight, speed, flight time, capacity, and safety [78–83]. After evaluation,
the DJI Phantom was selected as the monitoring platform (Figure 2).

The cost of the UAV is about USD 700, with the following specifications: weight
1.21 kg (0.84 kg excluding the camera), maximum ascent 5 m/s, maximum descent 3 m/s,
maximum speed 16 m/s, flight duration ~25 min, hover accuracy ±1.5 m (horizontal) and
±0.5 m (vertical), diagonal size 350 mm without propellers, battery 4480 mAh Li-Po 4S,
operating temperature 0–40 ◦C, maximum altitude 6000 m, reliable and safe operation [84].
To install the monitoring circuit, the onboard camera was removed.
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(a) (b) 

Figure 2. Visual presentation of the “DJI Phantom” drone: (a) with a camera, (b) with the camera
removed for the drone’s side circuit needs.

The drone-side circuit (Figures 3–5) includes the following:

• Sensors: MQ135 (CO2), MG-811 (NOx), 2SH12 (SO2).
• Two Arduino Uno boards (control and data conversion).
• MicroSD module (storage).
• NRF24L01 module (wireless communication).
• Air pump (sample collection).
• Nokia 5110 LCD (onboard display).
• Additional components (resistors, capacitors, regulators, power supplies,

motor driver).

Figure 3. Layout of the drone side circuit.

64



Symmetry 2025, 17, 2048

 
Figure 4. Implementation of the drone side circuit.

  

Figure 5. Design of the housing unit on the drone side circuit.

The upper Arduino processes sensor data, converts voltages to parts per million (ppm)
or parts per billion (ppb), and outputs the data to both the LCD and SD storage. The
lower Arduino handles transmission and controls the air pump. The circuit is housed in a
lightweight wooden unit (total weight with components: 1.0 kg). Removing the DJI camera
compensated for payload limitations.

This UAV model provides the required mechanical stability and payload capacity,
enabling the airborne unit to operate effectively under asymmetric environmental condi-
tions, such as fluctuating wind, temperature, and pressure. These variations affect sensor
behavior, underscoring the need for robust fuzzy-based interpretation.

4.3. Design of Hardware Unit—User Side Circuit

The user-side circuit tracks transmitted sensor data and manages the air pump for
remote sampling. It includes the following:

• Arduino Mega (central controller).
• NRF24L01 module (wireless communication).
• 2.4′′ TFT touchscreen (interface, pump activation, and results display).
• Power sources.

The design (Figures 6–8) features a housing with a touchscreen interface for user
interaction and accessible troubleshooting. A lightweight wooden casing was chosen for
safety and durability.
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Figure 6. Layout of the user-side circuit.

 

Figure 7. Implementation of the user-side circuit.

  

Figure 8. Design of the housing unit on the user side circuit.

By design, the UAV-mounted sensors (CO2, NOx, SO2) exhibit different sensitivities
and calibration requirements, introducing asymmetric uncertainties. These cannot be
managed effectively by threshold-based methods, further motivating the integration of
fuzzy control to interpret nonlinear responses.

4.4. Design of Software Unit

The software unit manages programming, testing, and system operation. It enables
hardware operation, data processing, and storage.

The Arduino IDE [85] is used for programming and monitoring microcontrollers.
Serial ports allow real-time observation of microcontroller behavior, while the serial plot
function visualizes initial sensor data (CO2, SO2, NO2).
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Data is logged to the microSD and stored in Microsoft Excel [86], which provides easy
readability and compatibility with analysis tools. Excel enables further manipulation of
ppm/ppb values and integration with other programs.

Future development could integrate advanced GUIs and dedicated fuzzy inference en-
gines for real-time interpretation. This would enable robust handling of sensor uncertainties
resulting from environmental variability.

4.5. Design Cost

The prototype design emphasizes the monitoring system rather than the UAV itself.
The estimated system cost is approximately USD 350, making it affordable for individuals,
with options for both stationary and UAV-mounted use. A medium-sized UAV costs
approximately USD 1400, while rental is USD 550–700, including housing and testing.
Future efforts may focus on integrating low-cost UAVs into the monitoring system or on
applications in professional sectors, such as agriculture or energy facilities, though these
would require larger investments.

In asymmetric monitoring environments (e.g., industrial zones), fuzzy logic signifi-
cantly improves interpretation accuracy. This approach remains cost-effective compared
to traditional calibrated systems, making it practical for small-scale and uncertain real-
world scenarios.

5. Field Experiments

The testing phase was crucial for evaluating how the system performs in realistic
environments that inherently exhibit asymmetry—in sensor response behavior, the spatial
distribution of gases, environmental conditions (e.g., wind turbulence), and technical
constraints. These irregularities and uncertainties complicate deterministic analysis and
motivate the integration of fuzzy logic in the future to achieve a robust interpretation
of results.

Field trials were conducted in diverse environments, including urban and desert areas.
The UAV-enabled system successfully measured pollutant levels while compensating for
turbulence, altitude variations, and irregular pollutant distributions. Key observations
include the following:

(1) Symmetric rules alone provided stable results under controlled conditions.
(2) Asymmetric rules significantly improved accuracy when environmental symmetry

was disrupted (e.g., during sudden wind gusts).
(3) The hybrid approach maintained reliable AQI calculations even under noisy

sensor conditions.

A detailed discussion of the system implementation and testing results is
provided below.

5.1. Testing Hardware Unit

The hardware unit comprises both the user-side circuit and drone-side circuit designs
(Section 4). Testing of the system’s operation focuses on a drone flight and the performance
of its sensors.

The layout and weight distribution of components significantly impact the drone’s
flight stability, particularly under asymmetric external conditions, such as gusty winds or
uneven loading. These uncontrolled factors introduce real-world variability that cannot be
modeled deterministically, which supports the argument for incorporating fuzzy control
logic to interpret system behavior in such dynamic settings.

Once the drone’s side circuit is attached to the drone’s housing unit, flight stability is
tested. This is a crucial consideration for the system’s safe and reliable operation. The total
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weight is around 0.6 kg, as mentioned before. The average lifting capacity of medium-sized
drones ranges from 1.2 kg to 1.5 kg. Any extra load will cause many unexpected and
unintended flight abnormalities. Thus, the selection of the housing unit’s shape and the
distribution of its internal weight are important considerations. For instance, the unit’s
shape must withstand high-speed wind impacts (minimizing risks) that could compromise
the drone’s control and operation. The layout of electric circuits within housing units must
be optimized to maintain the drone’s balance, but high-speed winds may still affect its
stability. At the same time, the drone (existing end-product) has been integrated into the
proposed system, which provides additional design advantages, particularly by accounting
for aerodynamic issues specific to the drone (an in-built feature that reduces the adverse
effects of high-speed winds). The high-speed wind, especially in desert areas, caused
unpredictable deviations in drone balance. These unpredictable aerodynamic disturbances
represent a real-world asymmetry that underscores the need for adaptable, soft-computing
methods in future implementations.

Testing drone flights has encountered challenges. Attempts at flight, particularly
when the housing unit is attached to the drone (which houses the circuit), have proven
challenging. The added weight has increased the drone’s power consumption, with power
usage rising by approximately 65–70% during takeoff compared with standard flight
conditions without any added load, where the drone typically consumes about 40% of its
energy. The highest altitude reached during the flight was roughly 20 m. Technically, it
could have achieved greater heights and the majority of flight testing has been conducted
in isolated locations at lower altitudes. The typical flight duration has been about 20 min
(up to 25 min, as specified by the drone), but it is shorter in urban areas. The minimum
operational time for the drone’s side circuit was approximately 2 h, assuming the batteries
were fully charged initially. For the user-side circuit, the operational time should be slightly
longer, given its components’ lower energy use. Thus, the operational duration of the
circuit is influenced by the frequency of system use and the energy consumption and
distribution of its components. To gather more flight data, testing was carried out in a
desert environment (with specific conditions). However, wind became a critical factor
during these tests, as it was significantly stronger than in urban settings, highlighting issues
with the housing unit’s construction. An example of the drone’s flight during testing is
shown in Figure 9.

 

Figure 9. Testing of the drone’s flight and circuitry.

In summary, the drone struggles to maintain balance in high winds. Due to the absence
of a specialized instrument, accurate wind speed measurements could not be recorded.
Nevertheless, based on experiential testing, it can be stated that in urban areas, wind speeds
ranged from levels 2 to 4 (1.6–7.9 m/s), and in the desert, from levels 5 to 7 (8–17.1 m/s)
according to the Beaufort wind scale [87]. It is important to note that the landings and
takeoffs were reasonably stable with minimal movement across the horizontal axis (in
low-speed winds).
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The sensor response varied significantly with gas concentration and type. For example,
low concentrations of NO2 and SO2 were below detection thresholds, whereas high con-
centrations produced reliable spikes. This non-linear, threshold-sensitive behavior results
in non-symmetric sensor performance. Thus, binary or linear interpretations fail to capture
nuances in gas exposure—a gap that fuzzy modeling can address by assigning degrees of
presence rather than fixed thresholds.

The sensor’s effectiveness is evaluated based on the collection of precise and trustwor-
thy data. To ensure data accuracy, it is essential to establish a correlation between measured
gas concentrations and the Air Quality Index (AQI) standards. The analog readings of
the detected gases responded predictably: a spike in gas release led to a swift rise in the
values upon contact. However, the initial transition from analog values to ppm/ppb values
encountered challenges. For example, NO2 and SO2 readings were approximately 40%
lower than anticipated, while CO2 readings were 20% higher than expected. To address
these issues, the sensors were recalibrated using a device known as “ToxiRAE” [88], along
with facilities from power plants that provided canisters and compartments with fixed gas
concentrations, and applying specific mathematical formulas. This recalibration process
required time due to the identified discrepancies. The following observations were made:
in instances of high gas concentration levels, such as abnormal spikes or significant leaks,
the chemiresistor effectively met the monitoring requirements, suggesting its suitability for
detecting analog values. Nevertheless, the chemiresistors do not demonstrate sufficient reli-
ability for precise ppm/ppb measurements. The sensors were configured for testing within
a designated ppm/ppb range. For instance, the NO2 ppb readings fluctuated between 1 and
10, confirming that the chemiresistors were operating adequately. A significant limitation
of the modified sensors is their design constraints, which prevent them from measuring
low concentrations of NO2 and SO2. After conducting several tests, the concentrations of
NO2 and SO2 were insufficient to elicit a proper analog response from the sensors, resulting
in 0% accuracy due to the absence of a detectable signal. Table 4 summarizes the results of
hardware design testing. For more details, refer to the explanation part.

5.2. Testing Software Unit

A performance evaluation of the software unit has been conducted based on its
capabilities to capture readings, interpret data, and present results.

The following indicators—speed, transmission capability, and ease of use—have been
selected for data-acquisition testing. To conclude, under a short range between both circuits
of up to 5 m, the data transmission time could be considered as satisfied, where the time
delay does not exceed approximately 10 ms on average. However, as this range increases,
significant delays occur due to the NRF24L01 module’s limited transmission range. For
instance, the wireless radio frequency band has a short range (a limited wavelength),
and there is potential interference from nearby objects due to the limited range between
the circuits while monitoring pointed spots. Unfortunately, the exact data could not be
captured physically when the drone’s side circuit is located in the air. In practice, a range
of 20–50 m is recommended, but it can reach up to 200 m.

Wireless transmission is also affected by asymmetric physical obstructions, dynamic
distances, and environmental interference. These factors make communication stability
non-uniform, varying from test to test. A fuzzy-based communication assessment model
could be beneficial for future upgrades to dynamically evaluate signal quality, rather than
relying on static thresholding.
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Table 4. Summary of the Hardware Design Testing.

Indicator Obtained Results and Brief Discussion

Drone flight

Shape and weight of the housing unit (drone side)
The shape is appropriate for the drone being used.
The weight does not exceed the maximum allowed
(approximately 0.6 kg), but it could be reduced further.

Layout of the components Balanced.

Power

A drone consumes more power during takeoff and
landing. An additional power source could be added, or
a powerful drone may be required.
The circuit’s power consumption varies depending on
component type and usage, as well as load distribution.
The layout must be optimized and balanced in terms of
load demand.

Impact from a high-speed wind

The drone performs satisfactorily during landing and
takeoff, but it experiences flight issues in high-speed
winds, losing its balance. Redesign the housing unit or
use a powerful drone.

Flight time Around 20 min on average (by drone specification,
maximum 25 min), and less for urban areas.

Circuit operation time It ranges from 30 min to 2 h.

Legal restriction

The drone camera has been removed.
Testing primarily took place in isolated locations and at
low altitudes (up to 20 m), resulting in relatively
short flights.

Sensor’s performance

The captured analog values.
Responsive as predicted, with the exception that it is not
responsive when the gas concentration is lower or higher
than what the sensors allow.

The AQI standard ppm/ppb Additional calibration is required.

Accuracy and reliability

Chemiresistors are accurate when excessive values are
defined, but are not reliable enough for the high accuracy
required in real-time measurements at ppm/ppb levels.
The advanced sensors must be used in this case.

The drone features a data logging option that utilizes a removable SD card, located on
the side of the device. The SD card currently has a storage capacity of 64 GB. Nevertheless,
any standard-sized SD card can be used, as the system is compatible with standard-sized
cards. Due to specific hardware and software constraints, readings are recorded approxi-
mately once every second, although enhancements could enable faster recording rates. The
micro-SD module reads and writes data to the SD card, ensuring continuous accessibility
and providing a dependable storage alternative. However, the drone’s maximum flight
duration is limited, which may require recharging the drone, during which data logging is
not possible.

The analog sensor data, when logged and visualized, revealed non-linear response
curves and inconsistent behavior across conditions. Traditional deterministic processing
requires multiple case-specific models. In contrast, fuzzy control strategies can generalize
across a broader range of inputs, accommodating these uncertainties with less complexity.

If required, the air sample could be collected in an inspected area. The user must
activate the air pump on the drone’s side circuit to initiate the collection process. The
retrieval of the air samples has been easy during the testing of this data acquisition method.
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To facilitate usability, each circuit side includes a display to track NO2, SO2, and CO2

emissions. The LCD screen on the drone’s circuit provides this feature during stationary
monitoring (which does not require the drone to be in operation) or when the drone is
on the ground (Figure 5). On the user side, the TFT screen displays the emission levels,
continuously updating the information (Figure 8). There are two primary buttons: “Activate
Air Pump” and “Air Quality Info.” Pressing the first button activates the pump to collect
air samples, while the second button displays air quality details based on the measured gas
readings.

Next, let us review and discuss the real-world testing results of captured readings of
the examined gases, along with their impact on human health.

5.3. Real-Life Testing Results

The real-life testing further revealed spatial asymmetry in gas distribution, with air
pollutant concentrations varying not only between indoor and outdoor locations but also
with altitude and environmental factors (e.g., cooking). The disparity in readings, especially
for CO2, ranged by over 45 times across the vertical range (e.g., 464 ppm vs. 21,075 ppm),
underscoring the need for a control model capable of handling heterogeneous, spatially
skewed data—such as fuzzy inference systems.

The following monitoring spots have been considered:

• Local (stationary) indoor—bedroom (Figure 10) [89];
• Local (stationary) indoor—kitchen while cooking (Figure 11);
• Local (stationary) outdoor—urban area (Figure 12);
• Remote outdoor—urban area, when the drone is located at 5 m altitude from the

ground (Figure 13) [89].

The results are presented below; each figure shows readings in both analog and ppm
(CO2) or ppb (NO2, SO2) for the monitoring spots mentioned above.

The captured NO2 and SO2 readings have been used to evaluate the AQI at the
inspected sites. The AQI online calculator has been applied for this purpose [90] in addition
to the standardization scale given in Tables 1 and 2. However, CO2 gas readings have been
evaluated against the standard scale shown in Table 3 [62].

Based on NO2 and SO2 gas readings, the following has been observed (detailed data
given in Table 5) [89]:

• For indoor monitoring spots such as the bedroom and kitchen, the bedroom has the
highest SO2 ppb value, leading to the highest AQI–35 as compared to the kitchen
monitoring results–32 (almost the same range), but both present good AQI levels with
respect to the standard values given in Table 2. The NO2 readings are low, indicating
a good AQI level per the standard levels in Table 1.

• For outdoor monitoring spots, such as urban areas at 5 m altitude, we can observe the
highest SO2 ppb value, resulting in an AQI of 46 for metropolitan areas, compared to
spots at 5 m altitude, where the AQI is only 4. The NO2 ppm value is highest in the
urban area at 5 m altitude (AQI is 30), and in the metropolitan area, AQI is only 10,
but both indicate good AQI levels.

• Analyzing all readings, the highest SO2 ppb value is observed in the urban area
(AQI is 46), while the lowest is in the urban area at 5 m altitude (AQI is 4). The highest
NO2 ppb value is detected for the urban area at 5 m altitude (AQI is 30), and the lowest
NO2 ppb value is defined for the metropolitan area with an AQI of 10.
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Figure 10. The emission readings in a bedroom.

Despite good AQI results, some people groups might still be at risk of potential
health issues.

Table 5 summarizes the average NO2 and SO2 concentrations obtained at various
monitoring spots, along with the corresponding Air Quality Index (AQI) evaluation.
Indoor measurements indicate that the bedroom shows low NO2 levels (0.01196 ppb,
AQI = 11) and moderate SO2 levels (24.862 ppb, AQI = 35), indicating good air quality for
the general population. However, sensitive groups such as people with asthma or other
respiratory diseases, the elderly, and children are more at risk. In the kitchen, higher NO2

concentrations (5.5684 ppb) were recorded, reflecting indoor cooking emissions. Urban
outdoor measurements indicate low NO2 at ground level (0.0106 ppb, AQI = 10), while
SO2 reached 33.2801 ppb (AQI = 46), demonstrating moderate air quality with potential
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risk for vulnerable groups. Measurements taken at 5 m altitude show slightly elevated
NO2 (0.03218 ppb, AQI = 30) but very low SO2 (3.1375 ppb, AQI = 4), confirming that air
pollutant concentrations decrease with altitude. These results highlight the importance
of monitoring both indoor and outdoor locations, as well as vertical profiling, to capture
spatial variability in air quality.

 

 

Figure 11. The emission readings in a kitchen while cooking.

Based on the CO2 gas readings, the following has been obtained (detailed data given
in Table 6) [89]:

• For indoor monitoring spots, the highest CO2 ppm value is observed in the kitchen,
due to the high gas concentration that occurs when cooking.

• For outdoor monitoring spots, the highest gas concentration detected in the urban
area indicates inferior air quality at ground level, due to factors such as intensive
traffic (fumes), high population density, etc., according to the air quality scale shown
in Table 3.
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Figure 12. The emission readings in an urban area.

Based on the testing results for the hardware and software units, several problems have
been identified. To minimize the appearance of these concerns and extend the prototype’s
operational conditions (including the implementation of future considerations), specific
improvements can be made.

Table 6 presents the average CO2 concentrations recorded in indoor and out-
door locations. The highest indoor CO2 concentration was observed in the kitchen
(8693.206 ppm), reflecting cooking-related emissions and limited ventilation. In con-
trast, the bedroom showed 2461.475 ppm, indicating relatively better air circulation. Out-
door measurements indicate that the urban area at ground level reached 21,075.4 ppm,
exceeding the standard limit of 5000 ppm and likely due to traffic, high popula-
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tion density, and other anthropogenic sources. Measurements at 5 m altitude de-
creased sharply to 464.491 ppm, demonstrating the vertical dilution of pollutants.
These findings indicate that both the location and height of UAV-based measure-
ments critically affect air quality assessments and underscore the need for adaptive
monitoring strategies.

 

 

Figure 13. The emission readings in an urban area, when the drone is located at 5 m altitude.
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Table 5. Obtained NO2 and SO2 Testing Results and AQI Evaluation.

Monitoring
Spots

NO2 (ppb) AQINO2
Feedback NO2 SO2 (ppb) AQISO2

Feedback SO2

Bedroom 0.01196 11

Good: People with
asthma or other
respiratory diseases,
the elderly, and
children are
most at risk

24.862 35
Good: People with
heart disease are
most at risk

Kitchen 5.5684 1 1

Maximum
concentration is
2.049 (refer to
Table 1)

23.265 32
Good: People with
heart disease are
most at risk

Urban area 0.0106 10

Good: People with
asthma or other
respiratory diseases,
the elderly, and
children are
most at risk

33.280 46
Good: People with
heart disease are
most at risk

Urban area
(5 m altitude) 0.03218 30

Good: People with
asthma or other
respiratory diseases,
the elderly, and
children are
most at risk

3.138 4
Good: People with
heart disease are
most at risk

1 An inaccurate calculation or sensor measurement could cause discrepancies in some readings.

Table 6. The CO2 Monitoring Results.

Monitoring Spot CO2 (ppm) Feedback

Bedroom 2461.48 Poor air quality, indicating a lack of
fresh air and circulation issues

Kitchen 8693.21 Inferior air quality due to cooking,
3.6× higher than the bedroom

Urban area
(ground level) 21,075.4

Inferior air quality; 4.3× higher
than the standard value of

5000 ppm, close to harmful levels

Urban area
(5 m altitude) 464.49

Typical level; CO2 decreases with
altitude, ~45× lower than

ground level

5.4. Example Table of Weighted Firing Strengths

The hybrid fuzzy inference system (FIS) used for UAV-based air quality monitoring in-
tegrates symmetric and asymmetric rules. Symmetric rules capture baseline environmental
conditions, whereas asymmetric rules account for localized anomalies such as turbulence,
irregular pollutant distribution, and sensor noise. Each fuzzy set is parameterized by
triangular or trapezoidal membership functions (see Table 7).

The firing strength αi of each rule is weighted by the symmetry index S, which quanti-
fies deviation from baseline conditions. Weighted firing strengths ensure that asymmetric
rules exert greater influence when environmental disturbances are detected. The crisp
output Y∗ is calculated using centroid defuzzification, which determines UAV control
actions (e.g., speed, altitude, or filtering mode) and reconstructs pollutant concentration.
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Table 7. Membership Functions and Rule Base of the Hybrid FIS with Weighted Firing Strengths.

Rule Inputs (NO2, SO2) Fuzzy Set
Firing Strength

α

Symmetry
Index S

Weighted αi Output Action

R1 Low, Low Symmetric 0.85 0.30 0.85 Maintain UAV speed
R2 Low, Medium Symmetric 0.78 0.40 0.78 Maintain UAV speed
R3 Low, High Asymmetric 0.60 0.65 0.69 Adjust UAV altitude
R4 Medium, Low Symmetric 0.72 0.35 0.72 Adjust UAV altitude
R5 Medium, Medium Asymmetric 0.55 0.70 0.60 Adjust UAV altitude
R6 Medium, High Asymmetric 0.48 0.75 0.54 Activate filtering mode
R7 High, Low Asymmetric 0.50 0.80 0.55 Activate filtering mode
R8 High, Medium Asymmetric 0.45 0.85 0.53 Activate filtering mode
R9 High, High Asymmetric 0.40 0.90 0.46 Activate filtering mode

R10 Low, Low Symmetric 0.80 0.25 0.80 Maintain UAV speed

A comparison with baseline fuzzy systems and standard machine learning models
(SVM and Random Forest) was performed to validate improvements in reconstruction
accuracy, demonstrating that the hybrid system reduces RMSE by 30–40% compared to
conventional approaches.

5.5. Clarification of the Hybrid FIS Structure and Experimental Validation

To validate the hybrid fuzzy inference system (FIS), field experiments were performed
across indoor, urban, and desert environments, complemented by a sensor calibration
test at 4–5 m altitude. Each UAV flight collected continuous measurements of CO2, NO2,
and SO2 along with environmental parameters such as wind speed (1–12 m/s) and tem-
perature (15–38 ◦C). Sensor calibration data were used to verify linearity and stability
of the analog-to-ppm conversion before field deployment, ensuring reliable pollutant
reconstruction accuracy.

The hybrid FIS integrates symmetric and asymmetric fuzzy rules to adaptively model
both baseline environmental states and local anomalies (e.g., turbulence, uneven pollutant
distribution, sensor noise). Symmetric rules describe stable conditions, whereas asymmetric
rules adjust UAV behavior and data weighting under disturbed conditions. The weighted
firing strength of each rule (αi · S) increases the influence of asymmetric rules when
environmental variability is detected, improving reconstruction precision.

To further validate the hybrid FIS, benchmarking was conducted against standard ma-
chine learning models. Specifically, SVM and Random Forest were applied to reconstruct
CO2, NO2, and SO2 concentrations from UAV-collected sensor data. The RMSE values in
Table 8 show that the hybrid FIS reduces reconstruction error by 28–37% compared to con-
ventional methods, demonstrating its enhanced ability to model asymmetric disturbances
and improve air quality monitoring accuracy.

Table 8. Benchmarking of Reconstruction Accuracy (RMSE) for Hybrid FIS, SVM, and Random Forest.

Pollutant
Hybrid FIS

(RMSE)
SVM (RMSE)

Random
Forest (RMSE)

Improvement
vs. Baseline

CO2 (ppm) 420.5 625.8 612.3 33%/31%
NO2 (ppb) 0.0092 0.0146 0.0139 37%/34%
SO2 (ppb) 2.85 4.12 3.97 31%/28%

The RMSE for each pollutant was calculated as:

RMSE =
√

∑1
n (ŷi − yi)

2, (18)
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where yi is the proper concentration, ŷi is the predicted value, and n is the number of
measurements. The improved performance is attributed to the integration of symmetric
and asymmetric fuzzy rules, which allow the system to adapt dynamically to localized
anomalies in environmental conditions.

These results confirm that the hybrid FIS provides both practical and theoretical
advantages over baseline fuzzy or machine learning models, supporting its use for robust
UAV-based air quality monitoring.

5.6. Field Measurement Validation and Quantitative Benchmarking

The benchmarking results in Table 8 confirm that the hybrid fuzzy inference system
(FIS) significantly improves reconstruction accuracy compared to standard data-driven
models such as SVM and Random Forest. The 30–40% reduction in RMSE across all pollu-
tants indicates that the hybrid structure effectively adapts to asymmetric environmental
conditions, such as turbulence and uneven pollutant dispersion.

To further validate these findings under real-world conditions, a series of UAV field
experiments was conducted. Continuous CO2, NO2, and SO2 measurements were recorded
in indoor, urban, and desert environments, including calibration tests performed at
4–5 m altitude to verify sensor stability and linearity. The obtained results are summarized
in Table 9, which provides detailed pollutant concentrations, environmental conditions,
and Air Quality Index (AQI) feedback for each UAV flight scenario.

Field experiments were conducted with N = 10 UAV flights. Continuous measure-
ments of CO2, NO2, and SO2 were collected while environmental parameters, including
wind speed (1–12 m/s) and temperature (15–38 ◦C), were recorded. Table 9 shows the
average, maximum, and minimum readings, along with AQI feedback for each monitoring
location.

Indoor environments, such as kitchens, showed elevated CO2 levels from cooking,
while urban ground-level sites exhibited higher NO2 and SO2 concentrations from traffic
and population density. Desert sites had low pollutant levels but high wind variability,
demonstrating the UAV system’s robustness under varying conditions. The calibration test
(Flight 6) at 4–5 m was used to verify sensor linearity and ppm-to-analog response stability
before flight deployment.

The field data obtained were used to evaluate the reconstruction accuracy of the
proposed hybrid FIS. Tables 5 and 6 summarize the UAV-measured pollutant concentrations
and AQI evaluations, while Table 7 shows the membership functions and rule base.

To quantify the performance, the hybrid FIS results were benchmarked against baseline
fuzzy systems and standard machine learning models (SVM and Random Forest). Table 10
presents the RMSE comparison for CO2, NO2, and SO2 reconstruction based on field data.
The hybrid FIS consistently reduced RMSE by approximately 30–40% compared to baseline
approaches, demonstrating enhanced capability to model asymmetric disturbances and
providing practical improvements in air quality monitoring.

To validate the UAV-based measurements, recorded pollutant concentrations were
compared with ground-truth sensor stations and standard reconstruction models, including
regression, SVM, and Random Forest. Statistical metrics, including RMSE and Pearson
correlation coefficients, were calculated for CO2, NO2, and SO2. The results confirm that
the UAV system reliably captures spatial variability: RMSE values for the hybrid FIS are
30–40% lower than baseline methods (see Tables 8–10). These findings demonstrate that the
UAV system accurately reproduces both the magnitude and trends of pollutant concentra-
tions across different environments. The validation confirms that the proposed monitoring
approach is robust under varying conditions and capable of providing trustworthy mea-
surements without requiring visual comparative plots.
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Table 10. RMSE Comparison of Hybrid FIS vs. Baseline Methods.

Pollutant
Baseline

FIS RMSE
SVM

RMSE

Random
Forest
RMSE

Hybrid FIS
RMSE

Improvement
vs. Baseline

CO2 (ppm) 540 480 460 320 30–40%
NO2 (ppb) 0.015 0.013 0.012 0.008 35–40%
SO2 (ppb) 2.0 1.8 1.7 1.2 30–35%

To quantitatively validate the proposed hybrid FIS, its performance was benchmarked
against baseline methods, including a classical fuzzy inference system (Baseline Fuzzy),
regression models, SVM, and Random Forest. Validation metrics were obtained from ten
field tests (N = 10) under indoor, urban, and desert conditions. RMSE and Pearson correla-
tion coefficients were computed for each pollutant between UAV-based measurements and
ground-truth data, and the results were averaged across environments.

The hybrid FIS achieves approximately 30–40% reductions in RMSE compared to base-
line methods, demonstrating its practical advantage in real-world monitoring scenarios,
particularly under asymmetric environmental disturbances. Moreover, Pearson correla-
tion coefficients indicate strong agreement with reference measurements (r = 0.87–0.94),
confirming that the hybrid system reliably captures trends in pollutant concentrations.

To ensure fair comparison and reproducibility, the SVM and Random Forest models
were parameterized and optimized as follows:

• SVM: The radial basis function (RBF) kernel was selected due to its robustness in
handling nonlinear relationships. The penalty parameter was set to C = 10 and the
kernel coefficient to γ = 0.1, determined via grid search to minimize the root mean
square error (RMSE).

• Random Forest: The model employed 100 decision trees with a maximum depth of
10, using the Gini impurity criterion for node splitting. Each tree was trained on a
bootstrap sample (bagging), and the number of features considered at each split was
equal to the square root of the total feature count.

• Both models were trained using normalized sensor data (CO2, NO2, SO2 concentrations,
temperature, and humidity) and validated using a 10-fold cross-validation scheme.

These parameter settings ensured balanced model complexity and generalization
performance, allowing a fair comparison with the proposed hybrid fuzzy inference system.

These results confirm that the hybrid FIS provides a substantial improvement in
reconstruction accuracy and strong correlation with ground-truth data, supporting its use
for UAV-based air quality monitoring.

5.7. Potential Design Improvements and Considerations

The experience gained from implementing the proposed system has revealed areas for
potential enhancements. The main emphasis has been on improving the housing unit and
electrical circuits. During hardware testing, the drone’s housing unit has been identified
as the weakest link. Its design and the materials used could be optimized. For example,
adopting a spheroidal shape may be more effective, as it would decrease the overall surface
area exposed to wind.

Regarding material selection, options include plastic, carbon fiber (which is more
expensive), or silicone. Such improvements could lead to a significant reduction in weight,
enabling a more adaptable component arrangement and a more compact structure. Another
viable option would be to design a drone tailored to the specific user’s requirements.
This approach would be advantageous for meeting technical specifications, as existing
commercial drones often fall short of the particular features required. While this would
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significantly reduce anticipated maintenance expenses and improve flying conditions
(through enhanced aerodynamic design), it would require a larger upfront investment. A
bespoke drone combined with the proposed solution would represent the ideal technical
choice; however, it would require a uniquely designed drone, which entails time-consuming
and costly processes.

The configuration and arrangement of the drone’s side circuit could be improved. For
example, having numerous power sources demands considerable space, which adds to
the overall weight of the drone’s housing unit. An ideal solution would involve a single
central power source that powers the entire system. Alternatively, a direct link to the
drone’s supply could be considered, but this would likely result in a significant reduction
in flight time. Ideally, the envisioned system should be capable of continuous charging
with minimal or no battery replacements, possibly harnessing solar energy for recharging.
Therefore, exploring a more dependable power supply could be beneficial. Nonetheless,
research is ongoing to address the power-related challenges drones face, particularly in
extending their flight duration.

Another enhancement could be selecting a more advanced microcontroller. Currently,
they utilize a single-chip microcontroller, the ATmega328, integrated into the Arduino Uno,
which meets the prototype’s needs. However, additional functions could be introduced to
address certain limitations, such as insufficient on-board memory and the absence of multi-
ple MOSI/MISO/SPI (data transfer) support. Opting for a more compact microcontroller
(nanoscale) could also help reduce the total size and weight, though it may increase costs.

A more reliable transmission device could be considered for expanding the solution,
given that a two-way communication system has been created. Streamlining was achieved
using two ATmega microcontrollers. Although the modified NRF24L01 module has specific
range and transmission limitations, its low cost was a crucial factor in its selection. As
an alternative, the long-range LoRa SX1278 modem might be used, offering advanced
communication capabilities and effective operation [91].

The sensors selected for this prototype are a more economical choice. The currently
used sensors measure CO2, NO2, and SO2 concentrations, indicating significant fluctuations
in the monitored areas; however, there is still room for improvement in accuracy. More
sophisticated sensors could offer better precision and detection capabilities, resulting in
more reliable readings, albeit at a higher cost. For example, the infrared gas module
MH-Z16 operates on the non-dispersive infrared (NDIR) principle for CO2 detection [92].
Alternatively, an advanced sensor could be used to detect substances such as benzene
(C6H6), ethanol (C2H5OH), or ammonia (NH3), as needed.

Furthermore, a few optional enhancements could be highlighted, including a
more user-friendly setup (in terms of hardware design) and expanded opportunities
for data manipulation and analysis (in terms of software design), customized to meet
user requirements.

Despite the previously mentioned potential enhancements, the system in question
offers one of the most cost-effective designs and straightforward implementations for
non-experts. The testing outcomes are satisfactory, which has been the main emphasis of
this solution.

Although some limitations were noted during testing, the prototype effectively demon-
strated its capability to detect notable shifts in air quality. However, to advance beyond
basic threshold monitoring, upcoming versions should integrate adaptive fuzzy controllers
that can interpret sensor inputs that are unclear, noisy, or unevenly distributed. Such
systems will enable more adaptable, human-like reasoning when confronted with environ-
mental uncertainties, variable sampling conditions, or imperfect sensor performance.
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5.8. Simulation Study: Symmetric vs. Asymmetric Fuzzy Inference in Backward Problem

To illustrate the significance of symmetry and asymmetry in addressing the backward
problem related to air quality estimation, a basic simulation experiment is conducted.

In the simulation setup, a pollutant concentration field c(x) is assumed to be distributed
along a one-dimensional axis (e.g., a UAV flight path). The actual concentration is defined
as a Gaussian profile with a localized emission source. The UAV sensors provide noisy
measurements affecting the pollutant concentration field as follows:

c(x) = exp

(
− (x− 5)2

2σ2

)
, σ = 1.0. (19)

This corresponds to the forward problem (absolute concentrations—noisy sensor
readings), while the backward problem is to reconstruct an AQI from sensor data {yi}.

Two fuzzy inference systems were tested: symmetric and asymmetric FISs. For
symmetric FIS, the membership functions are triangular and evenly distributed across the
universe of discourse. For example: IF pollutant is “medium” THEN AQI is “moderate”. For
asymmetric FIS, the membership functions are skewed to capture stronger responses to
local peaks. For example: IF pollutant is “medium-high” AND turbulence is “present” THEN
AQI is “unhealthy”.

The following results were obtained: symmetric FIS provided stable AQI estimation
under low-noise conditions, but underestimated risk when sharp asymmetric peaks oc-
curred. While asymmetric FIS correctly shifted decision boundaries, it detected localized
anomalies and produced more conservative AQI estimates in the presence of strong per-
turbations. A comparative Root Mean Square Error (RMSE) analysis indicated that the
asymmetric rule base (RMSEasym equals 0.12) provided more accurate reconstruction under
noisy and asymmetric conditions than the symmetrical one (RMSEsym value is 0.18).

Figure 14 illustrates the proposed UAV-assisted air quality monitoring framework.
The drone is equipped with low-cost sensors to collect real-time data on CO2, NO2, and SO2.
The measurements are processed through a fuzzy inference engine that combines symmetric
rules (representing equilibrium and baseline conditions) and asymmetric rules (capturing
turbulence, local emission peaks, and noise). The hybrid fuzzy system reconstructs the
AQI as a solution to a backward problem, thereby providing robust, adaptive air quality
assessment under uncertain, heterogeneous environmental conditions.

Figure 14. Graphical abstract of the UAV-based fuzzy inference system for air quality monitoring.
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This simulation confirms the mathematical interpretation as follows:

• Symmetric rules correspond to equilibrium-like conditions and serve as a baseline
approximation for understanding the system.

• Asymmetric rules act as a regularization mechanism, improving the stability of the
inverse solution in the presence of noise and local perturbations.

Therefore, the hybrid fuzzy approach demonstrates its value as a real-time, robust
method for solving backward problems in environmental monitoring.

5.9. Cost-Performance Trade-Offs

A cost-performance analysis guided the selection of sensors and UAV construction
materials. NDIR CO2 sensors provide high measurement accuracy at moderate cost, while
electrochemical NO2 and SO2 sensors balance sensitivity with affordability. Lightweight
materials, such as carbon fiber and high-grade plastics, reduce UAV weight and energy
consumption, enabling longer flight durations without compromising measurement quality.
Table 11 summarizes the trade-offs, demonstrating how the hardware design achieves an
optimal balance between monitoring accuracy, UAV efficiency, and project cost.”

Table 11. Sensor and Material Cost-Performance Trade-offs for UAV-Based Air Quality Monitoring.

Sensor/Material Cost Sensitivity/Accuracy UAV Impact/Notes

CO2 Sensor (NDIR) Moderate ±50 ppm Minimal weight; allows
longer flight duration

NO2 Sensor
(Electrochemical) Low–Moderate 0.01 ppm

Lightweight and
affordable; good balance of
accuracy

SO2 Sensor
(Electrochemical) Low–Moderate 0.01 ppm

Lightweight and
affordable; reliable under
field conditions

UAV Frame (Carbon Fiber) Moderate –
Reduces UAV weight by
~20%; improves flight
endurance

UAV Frame (High-Grade
Plastic) Low – Slightly heavier; lower

durability; cost-saving

Battery (Li-Po, 2200 mAh) Low–Moderate – Provides 20–30 min flight
time; lightweight

For example, the CO2 sensor provides ±50 ppm accuracy at moderate cost, NO2

and SO2 sensors detect down to 0.01 ppb while remaining affordable, and carbon-fiber
components reduce UAV weight by approximately 20%, improving flight endurance. These
considerations ensure an optimal balance between monitoring accuracy, UAV efficiency,
and project cost.

6. Discussion

The presented prototype system demonstrated its capacity to detect variations in CO2,
NO2, and SO2 concentrations under both stationary and drone-mounted conditions. The
hybrid fuzzy model improved reconstruction accuracy for CO2, NO2, and SO2 concentra-
tions compared with purely symmetric models. Asymmetric rules successfully captured
localized anomalies and environmental disturbances. Data visualization demonstrated the
practical significance of symmetry and asymmetry in environmental monitoring.

Despite its low-cost design and successful field testing in asymmetric environments,
several limitations were identified throughout hardware and software evaluations. These
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limitations, while expected for a prototype, suggest clear directions for further research
and development.

The use of symmetric and asymmetric fuzzy rules can be interpreted as an ap-
proach to uncertainty modeling. Symmetric rules ensure stability under predictable
conditions, whereas asymmetric rules act as entropy-weighted adjustments to accommo-
date environmental irregularities and sensor noise, effectively regularizing the backward
estimation problem.

The results confirm that air quality data exhibit symmetry breaking in real environ-
ments. Ideally, pollutant concentrations follow symmetric distributions, but disturbances
such as wind, turbulence, and localized emissions disrupt this balance. The proposed
hybrid fuzzy model restores stability by combining symmetric and asymmetric rules:

• Symmetric rules capture normal environmental conditions, ensuring computational
stability.

• Asymmetric rules compensate for broken symmetry, allowing for adaptation to irregu-
lar patterns.

This approach can be interpreted as a resilience mechanism in which fuzzy logic serves
as a mediator between theoretical symmetry and real-world asymmetry.

6.1. Hardware Unit Improvements

The UAV platform used in this study is a quadcopter with a flight range of 500 m
and a maximum payload of 1200 g. Sensors included an MG-811 NDIR CO2 sensor, an
MQ-136 SO2 electrochemical sensor, and an MQ-135 NO2 electrochemical sensor. These
sensors were selected for their lightweight design, high sensitivity to the target pollutants,
and compatibility with onboard data acquisition systems. The UAV can maintain stable
flight at altitudes between 1 and 50 m, enabling both indoor and outdoor air quality
monitoring. Flight duration with the full payload is approximately 25–30 min, depending
on environmental conditions.

One of the most critical challenges encountered during testing was drone flight stability
in high-speed winds, particularly in desert conditions. This instability was attributed to
the suboptimal shape and weight distribution of the housing unit. In future designs,
an aerodynamically optimized housing—potentially spheroid in shape and built from
lightweight materials such as carbon fiber or high-grade plastic—will be implemented.
A custom-designed drone tailored to the system’s specifications may further enhance
performance and reduce power consumption.

Another area requiring improvement is the power supply configuration. Replacing
multiple small batteries with a centralized or rechargeable unit (e.g., a solar-powered unit)
would extend operating time and reduce weight. This would also facilitate more extended
data-collection periods, especially during drone-based monitoring.

Sensor performance revealed nonlinearity, limited sensitivity at low concentrations,
and discrepancies in the conversion between parts per million (ppm) and parts per billion
(ppb). Future versions will integrate higher-grade sensors (e.g., NDIR for CO2, electrochem-
ical for NO2 and SO2) to improve detection accuracy and enable reliable AQI assessments
even at lower pollutant levels. Integrating multiple sensor types (e.g., temperature, hu-
midity, and wind speed) would allow more comprehensive environmental assessments
and enhance the relevance of monitoring results and their interpretation for both public
and scientific use. Although this prototype focused on three gases, the system design is
modular and can be extended to support additional air pollutants such as O3, PM2.5, CH4,
or VOCs.

The following highlights the hardware unit improvements that were identified:

• Expand sensor set (O3, CO, PM2.5/PM10) to detect additional asymmetric patterns.
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• Use more sensitive and reliable sensors (e.g., NDIR, electrochemical) to improve
accuracy at low concentrations.

• Improve UAV stability with lightweight, aerodynamically optimized housing.
• Introduce a centralized or renewable power supply (e.g., solar) to extend the monitor-

ing time.

6.2. Software Unit Improvements

To handle inconsistent sensor responses and environmental variability, future imple-
mentations will integrate fuzzy logic for data analysis. This would replace threshold-based
interpretation with graded, human-like reasoning, enabling the system to better accom-
modate noisy, uncertain, and asymmetrically distributed sensor inputs. Machine learning
techniques (e.g., clustering, anomaly detection) may also be explored for data interpretation
and analysis.

The following software unit improvements were identified:

• Expand the fuzzy rule base to formalize more cases of symmetry breaking.
• Integrate machine learning to detect hidden asymmetries in sensor data.
• Apply predictive analytics to anticipate disruptions in symmetry (e.g., traffic peaks).

A fuzzy-based fault-detection module was integrated to mitigate sensor drift and
signal noise. The module monitors deviations from expected sensor patterns and flags
measurements that exceed predefined fuzzy thresholds. This approach ensures robust data
acquisition by compensating for transient errors or calibration drift, thereby maintaining
reliable air quality reconstruction over time.

6.3. Networking Enhancements and User Applications

Wireless data transmission using the NRF24L01 module showed acceptable perfor-
mance at short range but suffered from delays and instability over longer distances or in
obstructed environments. Replacing it with a long-range communication module, such as
LoRa SX1278, would substantially increase the transmission distance and improve signal
robustness.

An improved user interface (e.g., graphical displays, smartphone connectivity) could
support more straightforward data interpretation for non-expert users, increasing the
system’s applicability in community-driven environmental monitoring efforts.

The following enhancements were identified:

• Enable cloud integration for large-scale symmetry/asymmetry mapping.
• Develop user applications to visualize real-time AQI dynamics.
• Support participatory monitoring to capture both global symmetries and

local asymmetries.

Beyond atmospheric air quality monitoring, the proposed hybrid FIS framework can
be applied to other spatially distributed environmental variables. Potential applications
include monitoring water quality parameters in rivers and lakes, mapping industrial
emissions, and assessing the distribution of soil pollutants. The flexibility of the fuzzy
rule base allows adaptation to diverse measurement scenarios, ensuring the method’s
generalizability across environmental and engineering contexts.

6.4. Application Scenarios

In the existing prototype, conventional threshold-based techniques are employed to
identify the presence of pollutants. Nonetheless, air pollutants often exhibit variable values
due to factors such as temperature, humidity, wind speed, and gas interactions. Basic
binary thresholds are insufficient to effectively manage this uncertainty, leading to false
alarms or missed detections.
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Fuzzy logic provides a framework for modeling such situations by working with
graded concepts—e.g., “low,” “medium,” and “high”—rather than binary yes/no classifi-
cations. This method offers the following:

• More flexible and realistic representation of complex environmental conditions.
• Increased robustness against sensor noise and signal instability.
• Integration of multiple parameters (temperature, humidity, various gas concentrations)

into a unified air quality assessment.
• More straightforward interpretation of results by end-users through understandable

categorical descriptions.

Practical application scenarios confirm the system’s relevance:

• Urban areas: symmetry altered by emissions from traffic.
• Industrial zones: asymmetry caused by abrupt pollutant discharges.
• Indoor environments: CO2 distribution is nearly symmetrical but disrupted during

periods of high occupancy.
• Desert regions: symmetry affected by dust storms.

These findings demonstrate that symmetry and its breaking are not abstract con-
cepts but practical factors in environmental monitoring. The integration of symmetric
and asymmetric fuzzy rules represents a generalizable framework for analyzing complex
ecological processes.

The reconstructed pollutant maps can inform urban planning and policy decisions
by identifying emission hotspots, optimizing the placement of green spaces, and guiding
traffic management strategies to reduce human exposure.

Some unexpected concentration spikes were observed in desert field experiments,
likely due to dust storms and temporary local emissions. These anomalies highlight the
importance of incorporating asymmetric fuzzy rules for adaptive monitoring.

Deploying a fleet of UAVs could increase spatial coverage and data density, enabling
more granular environmental monitoring. However, such deployment would require
careful coordination and communication strategies to avoid signal interference.

Incorporating higher-sensitivity sensors with lower noise (e.g., advanced NDIR or
electrochemical modules) would further enhance measurement confidence and enable
detection at lower pollutant concentrations.

7. Conclusions

The proposed UAV-based air quality monitoring system demonstrates that combining
symmetric and asymmetric fuzzy rules provides a robust mechanism for stabilizing inher-
ently ill-posed backward problems in environmental sensing. Symmetric rules capture
stable baseline pollutant dynamics, while asymmetric rules model deviations caused by
turbulence, localized emissions, and sensor variability. This dual-rule framework bridges
the gap between theoretical symmetry and real-world asymmetry, ensuring both mathe-
matically regularized solutions and reliable practical performance.

Field experiments conducted in indoor, urban, and desert environments, along with
simulation studies, confirm that the hybrid fuzzy system enhances AQI reconstruction
accuracy compared to purely symmetric models, particularly under noisy, skewed, or
dynamically perturbed conditions. Symmetric rules maintain stability under predictable
conditions, whereas asymmetric rules enable adaptive responses to localized anomalies
and environmental asymmetries.

To highlight the advantages of the hybrid FIS over classical approaches, an approx-
imate comparison of reconstruction accuracy (Root Mean Square Error, RMSE) across
methods is presented in Table 12 below. The RMSE values in Table 12 are normalized sum-
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maries derived from the experimental and benchmarking results presented in Tables 8–10,
providing an approximate comparative perspective across methods.

Table 12. Comparative RMSE of pollutant reconstruction for different methods.

Method
CO2 RMSE

(ppm)
NO2 RMSE (ppb) SO2 RMSE (ppb) Comments

Threshold-based
AQI 350 12 15

Poor handling of noise and
peaks; underestimates

localized emissions.

Linear Model 220 8 10
Better than thresholds, but fails
to account for asymmetry and

local anomalies.

Symmetric FIS 150 5 6
Handles baseline symmetry

well, underestimates
localized peaks.

Hybrid FIS
(Sym + Asym) 90 3 4 Best reconstruction; accounts

for noise and local anomalies.

This comparison clearly illustrates that the hybrid FIS not only outperforms threshold-
based and linear methods but also improves upon purely symmetric fuzzy models by
effectively integrating real-world asymmetries. Consequently, the method is generalizable
to other physical quantities with heterogeneous, spatially skewed distributions, making it
applicable to broader environmental and industrial monitoring problems.

From a mathematical perspective, reconstructing pollutant levels from noisy UAV
measurements is formulated as a backward problem, which is ill-posed due to turbulence,
sensor drift, and localized emissions. Implementing a dual fuzzy rule base—with symmet-
ric membership functions for baseline conditions and asymmetric membership functions
for perturbations—acts as a natural regularization mechanism, stabilizing the solution
while remaining sensitive to real-world deviations.

The novelty of this work lies in the explicit integration of symmetry and asymmetry
concepts within fuzzy logic to address backward problems. Symmetric rules provide
computational stability, while asymmetric rules reflect environmental irregularities. This
framework forms a generalizable methodology, demonstrating that the approach is not
limited to CO2, NO2, and SO2 measurements. It can be extended to other spatially and
temporally distributed physical quantities, such as particulate matter (PM2.5/PM10), ozone
(O3), methane (CH4), and even non-atmospheric variables, such as temperature, humidity,
and pollutant dispersion in water or soil.

Future research could explore adaptive rule tuning, neuro-fuzzy integration, and
hybridization with modern machine learning methods further to improve robustness and
adaptability in UAV-based environmental monitoring.

Future work will focus on the following:

• Optimizing fuzzy rules to enhance reconstruction accuracy;
• Integrating atmospheric dispersion simulations to improve predictive modeling;
• Scaling UAV deployment for large-area monitoring;
• Extending sensor networks and environmental parameters to other distributed physi-

cal quantities.

This study demonstrates that the interplay between symmetric and asymmetric fuzzy
rules provides a rigorous, adaptive, and broadly applicable approach for reconstructing
spatially distributed measurements in complex, heterogeneous environments. By combin-
ing mathematical regularization with real-world adaptability, the proposed framework is
suitable for a wide range of environmental and engineering monitoring applications.
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Abstract

This paper presents an adaptive fuzzy filter applied to processing a signal from a voltage
sensor fed to the input of an object in an automatic temperature control system with a PI
controller. (1) The research goal was to develop an algorithm for processing the signal from
an RMS voltage sensor, measured at the terminals of a heating element in a temperature
control system with a PI controller, in a way that ensures good dynamic properties while
maintaining an appropriate level of accuracy. (2) The paper presents a method for designing
an adaptive fuzzy filter by synthesizing a first-order low-pass infinite impulse response (IIR)
filter and a fuzzy model of the dependence of this filter parameter value on the modulus
of the derivative of the measured quantity. The application of a model with a symmetric
input and output structure and a modified fuzzy model with asymmetry resulting from the
uneven distribution of modal values of singleton fuzzy sets at the output was shown. The
innovation in the proposed solution is the use of a signal from a PI controller to determine
the derivative module of the measured quantity and, using a fuzzy model, linking its
instantaneous value with a digital filter parameter in the measurement chain with a sensor
monitoring the signal at the input of the controlled object. It is demonstrated that the signal
generated by the PI controller can be used in a control system to continuously determine
the modulus of the time derivative of the signal measured at the input of the controlled
object, also indicating the limitations of this method. The signal from the PI controller can
also be used to select filter parameters. In such a situation, it can be treated as a reference
signal representing the useful signal. The mean square error (MSE) was adopted as the
criterion for matching the signal at the filter output to the reference signal. (3) Based on a
comparative analysis of the results of using an adaptive fuzzy filter with a classic first-order
IIR filter with an optimal parameter in the MSE sense, it was found that using a fuzzy filter
yields better results, regardless of the structure of the fuzzy model used (symmetric or
asymmetric). (4) The paper demonstrates that in the tested temperature control system,
introducing a simple fuzzy model with one input characterized by three fuzzy sets, relating
the modulus of the derivative of the signal developed by the PI controller to the value
of the first-order IIR filter parameter, into the voltage sensor signal-processing algorithm
gave significantly better results than using a first-order IIR filter with a constant optimal
parameter in terms of MSE. The best results were obtained using a fuzzy model in which
an intentional asymmetry in the modal values of the output fuzzy sets was introduced.

Keywords: fuzzy logic; infinite impulse response filter; temperature control system;
PI controller
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1. Introduction

In automatic control systems for many processes, a PI controller is often used. If the
automatic control system is presented as in Figure 1, the controller’s transfer function can
be expressed as follows:

GC(s) = kp ×
(

1 +
1

TIs

)
(1)

where
kp—proportional term gain;
TI—integration constant.

Figure 1. Block diagram of a linear automatic control system with the measuring path (purple color)
of the input signal of the control object.

In an automatic control system, there is negative feedback from the controlled variable
y processed by the measuring system H(s). The measured variable ym is compared to the
setpoint r. The controller GC(s), based on the error signal e(t), i.e., the difference between
the signals r and ym(t), generates a control signal u(t) that reduces the controlled signal to
the setpoint level. Typically, the signal from the controller does not have sufficient energy
to control the object, described in Figure 1 by the transfer function G(s). In such a case, the
amplification of signal u is provided by an final control element, which, depending on u,
controls the flow of energy or mass to the controlled object. In real systems, the object G(s)
is affected by disturbances d, generally presented in Figure 1. The block diagram in Figure 1
refers to linear systems. However, we are dealing with nonlinear systems, primarily due
to the nonlinearities inherent in the object and final control element. If the system can be
linearized within its intended operating range, the diagram in Figure 1 will be appropriate.

As shown in Figure 1, the system measures the regulated signal y using a measuring
and processing system with transmittance H(s), which includes a sensor and a processing
system whose task is to convert the signal y to the standard supported by the controller
and, if necessary, filter it. In addition to the signal y, the signal at the output of the final
control element uE is often measured in industrial systems.

In automatic control systems, an actuator controls the flow of energy or mass to a
facility. The instantaneous value of the uE signal at the actuator’s output should be linearly
related to the signal generated by the controller. This will ensure proper operation of the
control system. Monitoring the signal directly applied to the uE control facility input is
essential in this context for diagnostic purposes, as it allows for the assessment of potential
technical irregularities in the control system’s operation. Furthermore, in some cases, if
the signal applied to the uE facility input may be subject to significant disturbances, its
measurement can be used to shorten the control system’s response time to this disturbance,
for example, by using a closed-open system. Monitoring the uE signal, i.e., the signal

93



Symmetry 2025, 17, 1774

applied to the facility input, can also be used to assess energy consumption or for energy
balance purposes.

Monitoring the signal uE, i.e., the signal fed to the input of the object, can be used
to assess energy consumption or for balancing purposes, as well as to check the correct
operation of the system. The signal uEM at the output of the sensor of quantity uE may be
significantly affected by noise dn. In such a situation, the measuring system is expected
to separate the useful signal component from the measured signal uEM throughout the
entire operating period of the system. This means that the measuring system should be
characterized by good dynamic properties while maintaining accuracy at an appropriate
level so that the signal uFE represented the waveform of the useful component of the signal
measured uE. For many years, fuzzy logic has been used in automatic control systems of
many processes. Many works have been written in this field [1–4]. It can also be used in
signal processing. In practice, industrial automation engineers typically use the simplest
finite-intensity (FIR) or infinite-intensity (IIR) filters, i.e., a moving-average filter or a first-
order IIR filter, respectively. The parameters of these filters are typically selected with an
arbitrary cutoff frequency based on the expert’s professional experience. Due to the phase
shift introduced, these simple filters are a compromise solution, maintaining accuracy at
the expense of degrading the dynamic properties of the measurement system, which is
often insufficient. Therefore, there is a need and opportunity to supplement a simple digital
low-pass filter with a fuzzy model and use the signal generated by the PI controller to
implement an adaptive form of this filter, in order to significantly improve the dynamic
properties of the measurement system while maintaining its accuracy at an appropriate
level. In the proposed solution, the signal generated by the PI controller is treated as a
representation of the derivative of the signal at the uE object’s input, thus eliminating the
difficulties of determining the derivative of a noisy signal on-the-fly. In this sense, the
proposed solution is original and represents a novelty in signal processing in a control
system.

This paper presents an adaptive fuzzy filter that performs signal processing using a
first-order, low-pass infinite impulse response (IIR) filter with a parameter dependent on
the control signal derivative modulus u, representing the time-varying useful signal uE. A
method for designing an adaptive fuzzy filter is demonstrated, and the filter’s performance
in a linearized temperature control system with an electrically powered heating element is
tested. The results of using the adaptive fuzzy filter are compared with the performance of
a classic first-order, low-pass IIR filter. Therefore, for differentiation purposes, the output
signal of the fuzzy filter is designated uEFF, and that of the first-order IIR as uEF.

2. Adaptive Fuzzy Filter Used for Monitoring the Input Signal of the
Control Object in a Control System with a PI Controller

2.1. First-Order IIR Low-Pass Filter

A low-pass digital filter in the form of a first-order recursive IIR filter is often used to
process the sensor signal. Referring to the symbols in Figure 1, this filter, used to process
the uEM measurement signal, can be described by the equation [5]:

uEF[n] = a× uEF[n− 1] + b× uEM[n] (2)

where
a—filter parameter with a value in the range [0, 1];
b—filter parameter b = 1 – a;
n—sampling step with constant period Ts;
uEM—measurement signal.
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2.2. Adaptive Fuzzy Filter Based on First-Order Recursive IIR Filter

Analyzing the above equation it can be easily noticed that for large values of parameter
a (close to one) there will be a strong damping of the rapidly varying noise component,
which simultaneously results in a deterioration of the dynamic properties of the measure-
ment system (measurement path of the sensor with the filter). A small value of a leads to
better dynamic properties of the measurement system at the expense of increased fluctua-
tions in the filter output signal. This means that in the case of significant signal variability
uE, e.g., of a step nature, a too high value of a will result in a significant dynamic error
(signal changes will be damped). On the other hand, a too low value of a will result in a
reduction in the dynamic error, but with an increase in the statistical error. This leads to the
conclusion that in the case of sudden signal changes uE, the value of the filter parameter a
should be small, and at moments close to a steady state it should be large. Therefore, the
value of parameter a should be linked to the derivative of the filtered signal uE. It should
be noted that duE/dt can have positive or negative instantaneous values. The value of
parameter a should therefore depend on the value of the derivative, not its sign, which can
be written as:

a = f
(∣∣∣∣duE

dt

∣∣∣∣
)

(3)

The basic procedure of numerical differentiation is the first difference, the equation of
which, with respect to Formula (3) and the block diagram in Figure 1, can be written [6]:

duEM
dt

∼= 1
Ts
× (uEM[n]− uEM[n− 1]) (4)

The difficulty of numerically determining the derivative of the measurement signal
uEM lies in the fact that its interference is also differentiated. It should be noted that in the
control system shown in Figure 1, the transformation of the measured signal uEM must
be performed continuously. Therefore, to use Equation (3) for adaptive implementation
of filter (2), the time derivative of the signal uEM must also be determined continuously,
every sampling period. As a result, using Formula (4) for a noisy signal becomes useless,
because the first difference in the signal uEM determined according to Equation (4) would
require additional smoothing to reduce the differentiated noise, which complicates the
signal-processing algorithm. There are many procedures for determining the derivative of
the signal [7–13], but these usually introduce a phase or time shift relative to the signal uE,
which can significantly limit their use in automatic control systems. Analyzing the block
diagram in Figure 1 in terms of the useful signal uE, it can be seen that it is the output of
the transfer function GE(s), which describes the properties of the final control element. The
input signal of this transfer function is the control signal u generated by the controller. In a
linear control system, there is therefore a relationship between them:

UE(s) = GE(s)×U(s) (5)

where
UE(s)—transform of the signal at the input of the control object—useful signal;
U(s)—transform of the signal generated by the regulator.
In a situation where the final control element is a linear proportional element that

amplifies the signal u, Equation (5) can be written in the time domain as:

uE(t) = kE × u(t) (6)

where kE is the gain of the final control element, i.e., GE (s) = k.
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Taking into account the relations (4) and (6), the derivative of the signal uE, observed
discretely every sampling period, can be determined using the relations:

duE
dt

∼= kE × u[n]− u[n− 1]
Ts

(7)

Due to the fact that the control signal u in the control system with the PI controller of
Equation (1) does not contain a fast-changing component (no D term), the use of the first
difference in this signal to determine the current derivative of the signal uE, fed to the input
of the controlled object, is justified, because the signal uE is a rescaling of the signal u.

The relationship between the value of parameter a and the modulus of the time
derivative of the signal uE was defined above qualitatively. A convenient way of qualitative
assessment is to use the fuzzy set theory introduced by [14]. In such a case, the adaptation
of the value of parameter a or b of the filter with Equation (2) depending on |du/dt| can be
presented in the form of three simple rules:

R1: If |du/dt| = S then b = S(a = L).
R2: If |du/dt| = M then b = M(a = M).
R3: If |du/dt| = L then a = L(b = S).

In these rules, S denotes a small value, M denotes a medium value, and the symbol L
denotes a large value. Due to the relationship between the parameters a and b of the filter
(2), where b = 1 − a, rules R1–R3 can be presented in two ways, i.e., with respect to a or b. In
this case, it is more convenient to refer to parameter b. In such a situation, the relationship
(3) transformed with respect to parameter b can be relatively easily implemented using
fuzzy modeling. The structure and idea of using a fuzzy model to implement adaptive
filtering of the signal fed to the input of the controlled object in a system with a PI controller
are shown in Figure 2.

Figure 2. Block diagram of a control system with an adaptive fuzzy filter (red color) used to monitor
the input signal of the control object.

Because in the fuzzy model the input signal is normalized in the range [−1, 1], and in
the control system between signals u and uE at any time the relation (6) holds, the currently
determined |du/dt| can be directly used as an input quantity of the fuzzy model without
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the need to take into account the amplification factor kE, which is shown in Figure 2. Then,
the relation (3) can be replaced by the following relation:

b = f
(∣∣∣∣du

dt

∣∣∣∣
)
∼= f

(∣∣∣∣Δu
Ts

∣∣∣∣
)

(8)

The proposed fuzzy model, whose structure is shown in Figure 2, is a single-input,
single-output model with three fuzzy input sets.

Triangular functions were assumed as membership functions for the input fuzzy sets,
while Singleton functions were assumed as membership functions for the output fuzzy
sets [15]. The graphical representations of these input and output sets are presented in
Figure 3.

(a) (b)

Figure 3. Membership functions of fuzzy sets (a) inputs and (b) outputs of the fuzzy dependency
model (8).

The idea of using fuzzy logic for uEM signal filtration (Figure 2) is to supplement one
of the simplest digital filters with a simple fuzzy model to develop its adaptive form. The
proposed first-order adaptive IRR filter is based on the assumption that such a relatively
simple modification will lead to improved dynamic properties of the measurement system
without the need for significantly more complex algorithms or signal-processing systems,
which justifies the adoption of a small number of model input and output fuzzy sets and
membership function shapes.

As shown in Figure 2, the signal u generated by the controller is continuously differen-
tiated based on the equation

du
dt

∼= Δu
Ts

=
u[n]− u[n− 1]

Ts
(9)

with the determined module of instantaneous values. The instantaneous values |Δu/Ts|
are normalized in the range [−1, 1]. These values are subject to fuzzification, which consists
of determining the degree of membership of the input μ (|du/dt|)i = 1, 2, 3 to fuzzy sets. In
the Inference block, based on the degrees of membership μ (|du/dt|)i = 1, 2, 3, the resulting
membership function μ(b) is calculated. The most important element of the Inference block
is the rule base, which represents qualitative knowledge about the modeled dependency
b = f (|du/dt|) in the form of a set of three rules: R1, R2, R3. At a given instant nTs, the
calculation of the crisp output value of the model aN is based on the determined resulting
membership function μ(a), which is the result of providing the crisp input values of the
model |Du[n]/Ts|. This stage is represented by the Defuzzification block in Figure 2. The
Height Method was used to accomplish this task. The continuously calculated sharp values
of the bN model output have a standardized form. For this reason, in the block determining
the current value of the b filter model parameter (2) requires performing an operation
inverse to normalization (the Denormalization block in Figure 2). Compared to existing
solutions, the proposed adaptive fuzzy filter uses the derivative of the signal u generated
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by the PI controller to change its parameter. This signal is treated as a good representation
of the derivative of the noisy filtered signal fed to the input of the control system. Changes
to the filter parameter are obtained continuously, depending on the value of the derivative
modulus of the control signal, which in this situation is used as the input signal to the
fuzzy model of the relationship b = f (|du/dt|). This is a new approach to signal processing,
particularly using fuzzy logic.

2.3. Selection of Fuzzy Model Parameters as an Element of an Adaptive Low-Pass Filter

Selection of parameters of the fuzzy model b = f (|Δu/Ts|) comes down to determining
the modal values of the input and output fuzzy sets. For the assumed fuzzy model with one
input characterized by three input fuzzy sets, the number of rules is three and the number
of parameters is six [16]. Therefore, the values b1, b2, b3 (Figure 3b) and |u′|1, |u′|2, |u′|3

(Figure 3a) should be determined. The modal values of the input fuzzy sets |u′|1, |u′|2,
|u′|3 can be specified based on the |du/dt| course, determined using the recording of
the control signal u during normal operation of the control system. Then, the variability
of the control signal can be determined for a given control system, both in the situation of
changes in the setpoint value r and in the presence of disturbances acting on the controlled
object. In the situation of the largest changes in the signal u, the value of |Δu/Ts| will be
the highest. Such a value can then be assigned to the modal value |u′|3. If |Δu/Ts| is
the result of abrupt changes in the setpoint r, it can reach very high values, many times
greater than in the case of other causes of changes in the signal u. The value of |u′|3 should
then be reduced to take into account the range of variation in |Δu/Ts| caused by other
reasons, e.g., the impact of disturbances d on the process object. In the case of automatic
stabilization systems, a steady state may also occur, or more precisely, quasi-steady state, in
which the control error e will be characterized by small variability, and therefore an almost
constant value (in the case of PI control approximately equal to zero). In such a state, the
control signal u will also be almost constant in time, so |Δu/Ts| will have a value close to
zero. It follows that the modal value |u′|1 of the input fuzzy set can be assumed equal to
zero in such a case. However, the modal value |u′|2 is conveniently defined as the middle
value of the section between |u′|1 and |u′|3 from Figure 3a. The modal values of the
output fuzzy sets will determine the range of variability of the parameter b of the adaptive
filter with Equation (2).

Since the control signal u is an approximate, scaled representation of the useful
component uE of the measured signal uEM, it can be used to select the modal values of the
output fuzzy sets. Then, as a criterion for matching the signal at the output of the uEFF filter
to the useful component uE, which is assumed to be proportional to the signal u (Equation
(6)), the mean square error MSE can be assumed.

It should be noted that in the event of a step change in the control signal, i.e., when the
value of |Δu/Ts| is large, the filter should also ensure a step change in the magnitude of
uEM. Then, the modal value b3 can be assumed equal to one. The remaining modal values
b1 and b2 can be determined by minimizing the criterion value for a certain operating
interval of the control system. This operation consists of recording the characteristic time
interval of uEM for a given operating interval of the control system. Then, b1 and b2 are
selected iteratively in a program loop, determining the MSE criterion value for each pair of
modal values, with b3 equal to one. This can be performed in two ways:

- by selecting the modal value b1 and calculating the value b2 as the midpoint between
b1 and b3, i.e., b2 = (b1 + b3)/2, thus obtaining a symmetric structure of the fuzzy
model;

- by iteratively determining both modal values, i.e., b1 and b2.

The values of b1 and b2 for which the MSE is minimal should be considered correct.
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For the purposes of comparative analysis of the results of using a classic first-order IIR
filter with its adaptive fuzzy version, criterion MSE can also be used. The filter that better
separates the useful component uE from the measurement signal uEM should be considered
the one for which the MSE value is lower.

As an auxiliary criterion, one can also use the evaluation of residuals, defined as:

ε[i] = uEM[i]− uEj[i] (10)

3. Results of Bench Tests

3.1. Test Stand

The schematic diagram of the test stand is shown in Figure 4. The control system
consists of the following elements:

1—24 V industrial power supply;
2—F&F voltage sensor type AC-1I (true RMS);
3—0–10 V to 4–20 mA standard converter;
4—SSR relay type SAVP2240 controlled by analog standard 4–20 mA;
5—heating element with power PN = 40 W and rated voltage UN = 230 VAC;
6—temperature sensor—K-type thermocouple;
7—NI cRIO-9074 industrial controller with analog input modules: NI 9219 (for tem-

perature measurement); NI 9203 for measuring the voltage value at the terminals of the
heating element at EM; and an NI 9263 analog output module (PI controller output) and NI
9474 digital outputs;

8—PC;
9—two-state SSR relay type SSR-4028ZD3;
10—Sunon fan type DP200A.

Figure 4. Schematic diagram of a temperature control system with an industrial controller 1—power
supply; 2—voltage sensor; 3—0–10 V to 4–20 mA standard converter; 4—final control element;
5—heating element (controlled object); 6—temperature sensor; 7—industrial controller; 8—PC;
9—SSR relay for fan control; 10—fan.

In the system, the industrial controller performs the function of the PI regulator
(3). It also provides recording and processing of the uEM signal at the voltage sensor
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output (2, Figure 4) and the regulated signal (temperature). In the system, the heating
element (Figure 4) is the controlled object, whose input is supplied with a supply voltage
corresponding to the control signal generated by the PI controller, amplified by an SSR relay.
The SSR relay (Figure 4) serves as an final control element, shown in the block diagrams
(Figures 1 and 2) as the operator transfer function GE(s). It allows for the conversion of
230 VAC mains voltage to values from 0 to nearly 230 VAC, depending on the value of the
0–20 mA input signal. In the control system, the electric voltage is applied to the input
(terminals) of the heating element (3, Figure 4) via an SSR relay (Figure 4) depending on
the value of the signal u at the analog output of the controller (NI 9263 module), developed
by the PI algorithm. A sensor (Figure 4) from F&F, type AV-1I (true RMS), is used to
measure the voltage at the heating element terminals. The voltage sensor (2, Figure 4) uses
the 4–20 mA standard as the output signal. The AV-1I sensor symbol shown in Figure 4
contains the standard terminal markings (1–12) of this device [17]. As can be seen in
Figure 4, the sensor’s output signal is connected to the NI 9203 analog input. This signal
is subject to noise. The measuring output signal of the F&F AV-1l sensor is converted
from the 4–20 mA analog standard value to the effective voltage value according to the
relationship [17]:

uEM(t) = (25× iEM(t)− 0.1)× 103 (11)

where
iEM—instantaneous value of the 4–20 mA standard current expressed in mA propor-

tional to the value of the measured quantity uEM;
uEM—signal at the sensor output, converted in accordance with (11) into the value of

the measured quantity, identical to the signals from the diagrams shown in Figures 2 and 3.
The elements of the measurement chain for which the effectiveness of the adaptive

fuzzy filter was tested are: an SSR relay (Figure 4), i.e., an final control element, an F&F
AV-1l voltage sensor and an industrial controller (Figure 4).

In the temperature control system, external interference can be achieved by switching
on the fan (8, Figure 4) using the controller’s digital output module and a voltage-controlled
two-state SSR relay (7, Figure 4).

3.2. Test Conditions

The system uses a PI controller with the operator transfer function (1) and settings
equal to kp = 2.002, TI = 1.020 s. The control object in the form of a heating element in the
operating range was approximated by a model with the structure of a first-order inertial
element:

G(s) =
0.83× e−5.6s

153.9s + 1
(12)

The final control element in the form of an SSR relay (Figure 4) in the control system
can be treated as a static element with a strongly nonlinear characteristic. Therefore, it
was linearized by introducing series with the final control element (Figure 4) an additional
nonlinear element with a static characteristic compensating for the nonlinearity of the
SSR relay (Figure 4). The linearized static characteristic of the final control element was
identified using the least squares method. Its sample results are shown in Figure 5. In
the experiment, a signal from the 0–10 V standard was fed to the input of the linearized
element every 1 V, and the signal was recorded at the terminals of the uEM voltage sensor
(2, Figure 4).
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(a) (b)
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Figure 5. Example results of linearization with an actuator in the form of a relay (4, Figure 4). (a) uEM

waveform at the output of the SSR relay as a result of the excitation u (b) static characteristic, blue
points—measurement data, yellow line—linear function approximation.

The best fit of the model to the empirical data was obtained for the following relation-
ship:

uE = d1 × u + d0 (13)

where
d0, d1—model parameters equal to 9.71 and 20.92, respectively.
Model (13) shows that in the case of the final control element (Figure 4) of the real

control system, a modification of the criterion equation for assessing the effectiveness of
noise reduction from the measurement signal of the sensor (Figure 4) is required. Due to
the fact that in the control system (Figure 4) the final control element (Figure 4) has the
characteristics of a static element, the time-domain relationship (13) can be treated as the
equation of the reference signal uref and used in the selection of filter parameters. In such a
situation, MSE criterion takes the form:

MSEj =
1
N

N

∑
i = 1

(
uEj[n]− ure f [n]

)2 ∼= 1
N

N

∑
i = 1

(
uEj[n]− (d1 × u[n] + d0)

)2 (14)

MSE criterion refers to the representation of the useful signal uE. In real solutions, a
reference signal is obtained, which is an empirical model of the useful signal. As can be
seen in Formula (14), the ideal dependence (6) is replaced by the empirical dependence
(13).

It should be noted that for the selection using the reference signal (criterion (14)) to be
effective, it should be carried out in a situation where there are no significant fluctuations
in the effective value of the network voltage, which is a disadvantage of this method.

The results of the operation of the automatic control system with a PI controller in the
form of waveforms: setpoint value r, temperature y and the control signal developed by
the controller u are presented in Figure 6.
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Figure 6. Courses of the setpoint value r, the controlled signal (temperature) y, the control signal u
and the effective voltage value uEM at the output of the F&F AC-1I sensor.

As shown in Figure 6, the control system with the PI controller and the selected settings
operated correctly—the controlled signal y reached the setpoint r in every situation. The
figure also shows that the signal from the RMS voltage sensor is significantly affected by
noise. The qualitative similarity of the signals u and uEM is also noticeable. The control
system operation time was 1000 s. A sampling period Ts of 0.1 s was assumed, so the total
number of samples was 10,000. The control system operation time data from start t0 to
t1 = 300 s were used to select the parameters of the adaptive fuzzy filter and the IIR filter
parameter with Equation (2). Subsequent operating intervals of the system were used to
verify the correctness of the filters and to comparatively analyze the results obtained as
a result of using the classic IIR filter (2) and its adaptive fuzzy variant. The remaining
operating time was divided into three intervals. The interval from time t2 = 300.1 s to
t3 = 600 s, in which the set point r was changed twice in steps from 65 ◦C to 75 ◦C and
from 75 ◦C to 85 ◦C. The range defined by times t4 = 600.1 s and t5 = 800 s includes the
introduction of a significant disturbance d of a step nature (including the fan (Figure 4)).
The last stage from time t6 = 800.1 s to t7 = 1000 s includes the operation of the control
system after the step disappearance of the disturbance d (including the fan (Figure 4)).

In the case of the first method of selecting parameters b1, b2, b3, described in Section 2.3,
i.e., for the symmetrical structure of the fuzzy model, the value of b1 was substituted from
the range 0.001 to 0.1 with a step of 0.001, and at the same time the modal value of b2

was determined from the equation b2 = (b1 + b3)/2. For such a pair of parameters b1 and
b2 and with b3 equal to 1, a fragment of the uEM signal was filtered, and the result was
compared with the reference waveform using the MSE criterion. Then, the parameter
b1 was increased by 0.001 and the calculations were repeated, etc. For the fuzzy model
with an asymmetric output (the second method), the pair of modal values b1 and b2 were
selected independently. Knowing the range of the b2 value changes in the situation of
a symmetrical structure of the fuzzy model, the range [0.4, 0.5] of the b2 parameter was
determined for the model with an asymmetric output, from which this modal value was
substituted, increasing it in subsequent iterations by 0.001, while b1 was substituted from
the range [0.001, 0.1]. Each time, the first fragment of the uEM signal was filtered and the
MSE value was determined. The uEM signal processing for the selection of modal values
was performed iteratively for the first fragment of the waveform, i.e., for the time from t0
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to t1. In the case of both fuzzy models, for further signal processing, i.e., in the time range
from t1 to t7, the parameters b1, b2, and b3 for which the MSE value was the lowest were
adopted.

3.3. Research Results

In the first stage of the study, noise analysis was performed in the uEM measurement
signal. For this purpose, the method given in [18] was used, which involved determining
the residuals of the autoregressive process, identified by the least squares method, using the
FPE index [19] to determine the process order. The autocorrelation function of the obtained
residuals was then examined. Based on the analysis of the autocorrelation function, the
hypothesis that the sequence of residuals approximates a white noise sequence with a mean
of 0.03 and a variance of 60.7 V2 cannot be rejected.

In the next stage, the values of |Δu[n]/Ts| were determined. It was found that only
for step changes in u they reach high values. In the remaining cases, |Δu[n]/Ts | did not
exceed 2.5 V/s. The modal values of the input fuzzy sets were assumed to be equal to:
|u′|1 = 0, |u′|2 = 1.25, |u′|3 = 2.5. Then, for the measurement data obtained for the first
interval, i.e., from time t0 to t1, the parameters of the first-order IIR filter with Equation (2)
and the adaptive fuzzy filter were selected. The results of the parameter selection of both
filters are presented in Figures 7 and 8.

Based on the research, it was found that in the case of the uEM course, for the time
interval from t0 to t1, the value of parameter a of the first-order IIR filter with Equation (2),
for which the lowest value of criterion (14) was obtained, is 0.475. On the other hand, the
minimization of MSE for the adaptive fuzzy filter for the same time interval, with b3 = 1
assumed, for the modal values of the output fuzzy sets with symmetrical distribution
b1 = 0.067 and b2 = 0.5335 and with asymmetry b1 = 0.073 and b2 = 0.443 were obtained.
Then, the signal processing was performed for both filters in the remaining time intervals
and for the entire operation time of the control system. The results are summarized in
Table 1 and presented in Figure 9.

Table 1. Test results of the use of a first-order IIR filter and an adaptive fuzzy filter to process the
signal from an RMS voltage sensor.

IIR Filter with
Equation (2)

Adaptive Fuzzy Filter

With a Symmetrical Structure With a Model with an Asymmetric Output
Range a = 0.475 b1 = 0.067; b2 = 0.5335; b3 = 1.000 b1 = 0.073; b2 = 0.443; b3 = 1.000

MSE MSE MSE

t0–t1 42.25 24.23 24.17
t2–t3 29.78 5.11 4.90
t4–t5 16.47 2.97 2.89
t6–t7 46.22 5.88 5.97
t0–t7 29.73 10.63 10.50

103



Symmetry 2025, 17, 1774

(a) (b)

M
SE

(c) (d)

(e) (f)

u EM
, u

EF
F, u

re
f, (

V
)

M
SE

Figure 7. Waveforms of the reference signal uref and the signals at the filter output against the
background of the measurement data uEM (a,c,e) and dependencies of the mean square error on
the filter parameters (b,d,f) determined for the first-order IIR filter (a,b), the adaptive fuzzy filter
(c,d) with a symmetric structure model and an asymmetric output model (e,f), red points—optimal
filter parameter(s) (minimum criterion (14)).
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Figure 8. Waveforms of the time derivative modulus of the control signal |Δu/Ts| (a,c) and the con-
tinuously determined fuzzy filter parameter (b,d) with a symmetric structure (a,b) and an asymmetric
model output (c,d).

Figure 9. Criterion values (14) obtained for the first-order IIR filter (1) and an adaptive fuzzy filter
with a symmetric structure (2) and an asymmetric model output for processing the signal from the
RMS voltage sensor, determined for individual time intervals and the entire operating period of the
control system.
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As shown by the results presented in Table 1 and Figure 9, the use of an adaptive fuzzy
filter gives much better results in terms of the SME criterion compared to the first-order
IIR filter, both in the considered ranges and for the entire recording time, regardless of the
fuzzy model used (model with a symmetric or asymmetric output structure). However,
using a filter with a fuzzy model with an asymmetric output results in slightly lower MSE
values than in the case of using a fuzzy model with a symmetric structure.

A fragment of the waveforms from Figure 6 in the case of using a first-order IIR filter
for two different parameters a and the signal obtained using an adaptive fuzzy filter with a
symmetric structure and an asymmetric model output with parameters selected using the
criterion (14) are shown in Figure 10.
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Figure 10. The signal at the output of the first-order IIR filter with parameters: a = 0.475 (a) and
a = 0.890 (b) compared to the results of filtering the signal from the electric voltage sensor using an
adaptive fuzzy filter with a symmetric structure (c) and with an asymmetric model output (d).

Figure 11 shows the waveforms of the reference signal uref at the outputs of the first-
order IIR filters uEF and the fuzzy filter uEFF against the background of the measurement
signal uEM. The input signal of the fuzzy model |Δu[n]/Ts| and the resulting changes in
the instantaneous values of parameter b of the adaptive fuzzy filter are shown in Figure 12.
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Figure 11. The uref, uEF and uEFF waveforms against the background of the u EM measurement
data in the case of using a first-order IIR filter (a) and an adaptive fuzzy filter with a symmetric
structure (b) and with an asymmetric model output (c), and parameters selected in the time range
from 0 to 300 s based on the criterion (14) for the remaining operating period of the control system
from Figure 4.
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Figure 12. Time derivative modulus of the control signal |Δu/Ts| (a) and the fuzzy filter parameter
determined in real time, with a symmetric structure (b) and with an asymmetric output model (c).

The model residuals determined for the entire operating range of the control system
for the two considered digital low-pass filtration algorithms are shown in Figure 13.

(a) (b)

Figure 13. Cont.
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(c)

Figure 13. Residuals ε obtained using the first-order IIR filters (a) and the adaptive fuzzy filter with a
symmetric structure (b) and with an asymmetric output model (c).

4. Discussion

The results presented in Figures 7, 10 and 11 show significant convergence of the
reference signal uref with the measured data uE. As shown by the least squares estimation
results, the relationship uE = f (u), describing the static characteristic of the final control
element, is a linear function. Therefore, it is reasonable to assume that in the case of
linearization of the final control element, the relationship between the useful and control
signals u can be used to select filter parameters. This allows the introduction of the reference
signal uref based on relationship (13).

The filter parameters: The first-order IIR and the adaptive fuzzy filter with a symmetric
structure and an asymmetric output model were used for signal processing during the
remaining operation time of this system. For this first range, the value of criterion (14)
obtained with the well-defined parameters of the adaptive fuzzy filter with an asymmetric
output was nearly 1.75 times lower than the result obtained using a first-order IIR filter with
the optimal MSE parameter. In this range, a slightly worse MSE result was obtained with
respect to the adaptive fuzzy filter with an asymmetric output. Based on a comparative
analysis of the results summarized in Table 1 it can be concluded that the use of an adaptive
fuzzy filter produces significantly better results than the use of a first-order IIR filter. This
conclusion is valid for both the adaptive filter with a symmetric structure and the model
with an asymmetric output. The values of criterion (14) for the control system operating
ranges: t2–t3, t4–t5 and t6–t7 determined using an adaptive fuzzy filter are several times
(from 5.5 to 7.9) lower than the corresponding results obtained using a first-order IIR filter
with a = 0.475. The use of the entire operating time of the control system also showed that
the signal-processing algorithm using fuzzy logic allows for the separation of the useful
component from the noisy signal to a much better extent than the first-order IIR filter. For
the entire operating period of the control system, the value of criterion (14), determined
using an adaptive fuzzy filter with an asymmetric output model, was 10.50, nearly three
times lower than the result obtained for the classic filter with Equation (2). Using a fuzzy
filter with a symmetric structure, the results were similar, although slightly worse, with
an MSE of 10.63. Using a visualization test, it can also be concluded that the adaptive
fuzzy filter is a better solution for processing the signal from the voltage sensor (2, Figure 4)
than the classic first-order IIR filter. As can be seen in Figure 10a, the IIR filter with the
optimal parameter in the MSE sense has good dynamic properties, but it suppresses the
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fast-changing component of noise to an unsatisfactory degree. In contrast, the signal at
the output of the first-order IIR filter with a = 0.890, shown in Figure 10b, at moments of
slight changes in the time of the uEM signal (from 145 s to 150 s and from 175 s to 190 s),
demonstrates effective noise suppression, comparable to the effect obtained when using
a fuzzy filter (Figure 10c,d). Based on the visualization test, it can be concluded that for
the waveforms from Figure 10b, at moments of significant changes in the time of the uE

signal, a large dynamic error occurs and a significant phase shift in the uEF signal relative
to the reference signal is noticeable. This defect does not occur in the case of the fuzzy filter,
because the signal at the output of this filter demonstrates significant convergence with the
reference signal throughout the entire period of the system operation (Figure 10c). Figure 13
shows the residuals obtained using a first-order IIR filter (Figure 13a), a fuzzy filter with
a symmetric structure (Figure 13b), and an asymmetric output model (Figure 13c). The
standard deviations and mean values of the residuals in both cases are 4.51 V and 0.03 V,
6.95 V and 0.02 V, and 6.97 V and 0.04 V, respectively. The value of the variance of the
standard deviation of the residuals is therefore more than twice, or one and a half times,
higher in the case of using the fuzzy filter, while the mean values are similar and close to
zero for both digital signal-processing algorithms. Combined with the results in the form
of criterion (14), this clearly indicates that the use of an adaptive fuzzy filter for processing
the signal from the RMS voltage sensor supplied to the input of the heating element is a
significantly better solution than the use of a classic first-order IIR filter. It should be noted,
however, that a disadvantage of the adaptive fuzzy filter is that, for a given value of b, the
frequency characteristics have the same signal attenuation in the stopband as a first-order
IIR filter. A significant limitation of the proposed method for selecting adaptive fuzzy filter
parameters, which uses a reference signal generated by a PI controller, is the need to tune
the filter at a constant effective value of the mains voltage. The requirement for constant
mains voltage may complicate the process of selecting fuzzy filter model parameters in
industrial environments, where heavy, direct starting of induction motors occurs. It should
also be noted that the adaptive filter form can only be achieved for systems with a controller
without a derivative term.

5. Conclusions

In automatic temperature control systems, it is often important to monitor the signal
fed to the input of the controlled object. In industrial environments, measurement of such
a quantity is performed using a sensor. The sensor’s output signal, with values consistent
with a specific standard, is usually significantly affected by noise. In such a situation,
separating the useful component from the measurement signal requires the use of a filter
that operates well in the time domain, exhibits satisfactory dynamic properties while
maintaining an appropriate level of accuracy. For the tested automatic temperature control
system (Figure 3) with a PI controller, an adaptive fuzzy filter with a parameter dependent
on the modulus of the derivative of the measured signal was used to process the signal
from the RMS voltage sensor uEM, fed to the input of the heating element. The innovation
employed involves using the control signal u, developed by the PI controller, to determine
the time derivative of the measured quantity uEM, and applying a fuzzy model with only
three fuzzy sets to change the parameter of a simple first-order IIR filter depending on
the modulus of the time derivative of the measured quantity. It was demonstrated that in
a control system with a linearized final control element with static object properties, the
signal generated by a PI controller can be used to determine the time derivative of the
output signal. The proposed procedure was found to be computationally advantageous
and applicable to practical applications. This eliminates all difficulties in determining the
current derivative of the EM signal, observed discretely and affected by noise. Based on
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experiments conducted on a test stand, it was found that the proposed adaptive fuzzy
filter exhibits good dynamic properties while maintaining an appropriate level of accuracy.
This observation is confirmed by a comparative analysis of the results obtained using the
fuzzy model filtering algorithm and a classic first-order IIR filter. The results, in the form
of criterion values (14), and an evaluation of the obtained residuals allow us to conclude
that the adaptive fuzzy filter provides significantly better results in processing the signal
fed to the object’s input in the considered temperature control system (with a PI controller)
compared to the classic first-order IIR filter. It was shown that, compared to the classical
first-order IIR filter, the improvement of dynamic properties is achieved by introducing
a simple fuzzy model b = f (|Δu/Ts|) with a symmetric input and output structure or a
modified fuzzy model with asymmetry resulting from the uneven distribution of modal
values of singleton fuzzy sets at the output in the low-pass filtering algorithm (2). It was
found that in the case of the tested control system with a sensor (2, Figure 4), introducing
asymmetry in the model output leads to a slightly better reconstruction of the useful
component from the noisy uEM signal than using a model with a symmetric structure. This
is evidenced by the values of criterion (14) included in Table 1. However, it should be noted
that the differences between the MSE values for both models are small. Due to the fact
that the process of designing an adaptive fuzzy filter with a symmetric structure is simpler
(selection of one parameter b1) compared to a fuzzy filter with an asymmetric output model
(selection of two parameters b1 and b2), the use of a fuzzy model with a symmetric structure
may be a sufficient solution.

The proposed adaptive fuzzy filter solution for real-time processing of the signal from
the uE sensor in a control system is computationally advantageous and may gain acceptance
in industrial solutions using PLCs. It should be noted that the process of selecting adaptive
filter parameters requires the RMS value of the mains voltage to be constant over time,
regardless of the model structure (symmetrical or asymmetrical output). This is particularly
important in industrial environments. Further research is planned to employ more complex
filters with different membership functions and other digital filters, both FIR and IIR, and
to compare their performance to filters with more complex algorithms, such as the Kalman
filter.
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Abstract

This paper presents a real-time framework for bilateral gait reconstruction and adaptive
joint control using sparse inertial sensing. The system estimates full lower-limb motion
from a single-side inertial measurement unit (IMU) by applying a pipeline that includes
signal smoothing, temporal alignment via Dynamic Time Warping (DTW), and motion
modeling using Gaussian Mixture Models with Regression (GMM-GMR). Contralateral leg
trajectories are inferred using both ideal and adaptive symmetry-based models to capture
inter-limb variations. The reconstructed motion serves as reference input for joint-level
control. A classical Proportional–Integral–Derivative (PID) controller is first evaluated,
demonstrating satisfactory results under simplified dynamics but notable performance
loss when virtual stiffness and gravity compensation are introduced. To address this, an
adaptive fuzzy PID controller is implemented, which dynamically adjusts control gains
based on real-time tracking error through a fuzzy inference system. This approach enhances
control stability and motion fidelity under varying conditions. The combined estimation
and control framework enables accurate bilateral gait tracking and smooth joint control
using minimal sensing, offering a practical solution for wearable robotic systems such as
exoskeletons or smart prosthetics.

Keywords: trajectory reconstruction; sparse sensor fusion; Gaussian Mixture Regression
(GMR); fuzzy PID control; gait symmetry; wearable robotics

1. Introduction

Wearable robotic systems, especially lower-limb exoskeletons, have attracted signif-
icant attention for their ability to support human locomotion, assist rehabilitation, and
improve mobility for individuals with impairments [1–4]. To be effective, these systems
require not only accurate motion generation but also control strategies [5,6] that can
adapt to the variability of human gait and the complexities of physical human–robot
interaction [7–9].

Recent advances in data-driven modeling [10] have enabled the use of human move-
ment patterns for robotic control. Among these, Dynamic Time Warping (DTW) is widely
used to temporally align gait cycles of varying lengths, facilitating consistent phase match-
ing across trials [11–14]. However, DTW alone does not create generalized models suitable
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for motion synthesis. To overcome this, Gaussian Mixture Models (GMM) combined with
Gaussian Mixture Regression (GMR) have been employed to generate smooth, probabilistic
representations of human joint trajectories [15–17].

After generating reference trajectories, an effective control strategy [18] is required
to track them in real time. Classical Proportional–Integral–Derivative (PID) controllers
remain common in exoskeleton systems due to their simplicity and low computational
requirements [19,20]. However, PID controllers often perform poorly in the presence of
non-linearities such as joint elasticity, friction, and gravitational disturbances [20,21]. To
address these challenges, fuzzy logic controllers [22] have been proposed as adaptive
alternatives capable of tuning gains in response to real-time tracking errors [7–9,23].

This paper presents an integrated framework that combines trajectory reconstruction,
symmetry-aware motion prediction, and adaptive joint control for lower-limb exoskeletons.
The proposed method reconstructs bilateral gait motion from sparse unilateral sensor input
using a sequence of signal filtering, DTW alignment, and GMM-GMR modeling. A key
contribution is the use of a technique that refines contralateral leg predictions using phase
shifts, amplitude scaling, and offset correction, capturing real-world gait asymmetries often
ignored in idealized models. Additionally, we introduce an adaptive fuzzy PID controller
that dynamically adjusts control gains based on instantaneous error and error rate. This
controller improves tracking fidelity under nonlinear conditions, including simulated joint
stiffness and gravity effects. While many existing systems rely on dense sensor networks,
our approach uses sparse sensor fusion—integrating data from IMUs, flex sensors, and
pressure sensors—processed in parallel to achieve real-time gait estimation with reduced
hardware complexity.

The framework is evaluated through simulation using real gait datasets. We assess
trajectory accuracy and control robustness across walking, running, and stair climbing
tasks, demonstrating the system’s generalization across diverse locomotion modes.

2. Materials and Methods

2.1. Sensor Setup and Dataset

The proposed system integrates wearable sensing, trajectory reconstruction, and
exoskeleton control in a modular pipeline. As shown in Figure 1, the full setup consists
of three stages: human motion data acquisition, signal preprocessing, and robotic control
execution. During the acquisition stage, motion data are collected from the user’s left leg
using a sparse sensor configuration. Two inertial measurement units (IMUs; Xsens DOT,
Movella Inc., Enschede, The Netherlands) were placed near the hip and knee joints to
capture joint-level kinematics. These IMUs provide angular velocity and orientation data,
which are used to reconstruct the trajectories of the hip and knee joints in the sagittal plane.

Smart shoes (Qihang Tech, Weihai, China) were equipped with embedded pressure
and flex sensors to monitor foot-ground contact and foot arch deformation during dynamic
locomotion. In detail, smart shoes are equipped with the following:

• One IMU positioned on the foot to reconstruct the foot’s angular motion and orienta-
tion during stance and swing phases.

• Pressure sensors embedded under the sole to monitor foot-ground contact and esti-
mate the center of pressure (COP), which can be used to approximate the center of
gravity (COG) trajectory.

• Flex (bending) sensors placed along the shoe upper to detect curvature and deforma-
tion of the foot arch during dynamic locomotion.

All sensor signals are transmitted wirelessly via Bluetooth to a central computer for
real-time processing.
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The system employs a parallel sensing fusion strategy, in which each sensor modal-
ity—IMU, pressure, and flex—independently contributes specific biomechanical features.
IMUs provide joint kinematics and segment orientations; pressure sensors detect gait
events and loading patterns; and flex sensors capture arch deformation related to foot
curvature. These signals are not fused at the feature or decision level. Instead, each stream
is processed in parallel and integrated only during the control and reconstruction stages.
This modular design simplifies implementation, reduces latency, and enhances system
interpretability, making it suitable for real-time wearable robotics applications.

Subjects performed locomotion tasks including level-ground walking, stair climbing,
and running at self-selected speeds in a controlled indoor environment. IMU data were
recorded at 100 Hz, capturing multiple complete gait cycles for each motion type. The
data were stored in CSV format with timestamped joint angle estimates derived from the
IMU signals. Only the left leg was instrumented, and its motion was used to estimate the
contralateral limb motion using symmetry-based reconstruction models [4,24].

After acquisition, the raw signals were smoothed, segmented into gait cycles, and time-
normalized to ensure consistency across trials. The resulting processed left-leg trajectories
served as input for both motion modeling and the control strategy. All data processing and
control algorithms were implemented using MATLAB R2024a (MathWorks Inc., Natick,
MA, USA).

Figure 1. System architecture integrating wearable sensing, signal preprocessing, and exoskeleton
control. The pipeline consists of acquisition from body- and foot-mounted sensors, followed by
time-aligned trajectory modeling and joint-level control.

2.2. Signal Preprocessing

Raw joint angle signals captured from inertial measurement units (IMUs) often contain
high-frequency noise, motion artifacts, and low-frequency drift. These disturbances result
from sensor limitations, soft tissue oscillations, and mechanical impacts during locomotion.
To mitigate these effects while preserving the biomechanical integrity of the signals, a
locally weighted scatterplot smoothing (LOESS) filter was applied [12,24].

LOESS is a non-parametric regression technique that fits a low-order polynomial
to localized segments of the data using weighted least squares. This approach enables
adaptive smoothing by assigning greater weight to points near the current time t, thereby
maintaining sharp motion transitions (e.g., heel strikes or peak flexion) while suppressing
transient noise [12].

The smoothed value x̂(t) at time t is computed as follows:

x̂(t) =
N

∑
i=1

wi(t)xi
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where xi are the original data samples, and wi(t) are weights determined by their temporal
distance from t. The weights follow a tricube kernel function:

wi(t) =

⎧⎪⎨
⎪⎩
(

1−
∣∣∣ t−ti

h

∣∣∣3)3
if |t− ti| < h

0 otherwise

Here, h defines the smoothing span or window width, and ti represents the timestamps
of neighboring samples. In practice, for signals recorded at 100 Hz, a span of 20–50 samples
(equivalent to 0.2–0.5 s of data) was found to provide a good balance between denoising
and preserving important gait features such as joint peaks and reversals. This span was
tuned empirically for each joint signal. The LOESS filter was applied independently to each
joint angle across the dataset. This preprocessing step significantly reduced artifacts and
jitter, enabling consistent gait cycle segmentation and supporting accurate downstream
motion modeling [4,24].

2.3. Trajectory Alignment and Modeling

Human gait is inherently variable due to natural differences in timing, stride length,
and joint motion. To build reliable models for gait reconstruction, this variability must be
normalized. We addressed this using a two-step method: (1) Dynamic Time Warping (DTW)
for temporal alignment; (2) Gaussian Mixture Modeling and Regression (GMM-GMR) for
probabilistic trajectory modeling.

1. Dynamic Time Warping (DTW)

DTW is a dynamic programming technique that aligns two time-series signals with
different lengths or timing. It finds the optimal non-linear mapping between two sequences
by minimizing the cumulative distance between them. This is crucial for comparing gait
cycles that may differ slightly in duration or phase.

Given two sequences X = {x1, . . . , xN} and Y = {y1, . . . , yM}, the alignment cost is
defined recursively as follows:

D(i, j) = ‖xi − yj‖2 + min{D(i− 1, j), D(i, j− 1), D(i− 1, j− 1)}
The resulting cost matrix D holds the optimal alignment path from the final point

D(N, M) back to the start D(1, 1). Above all, the DTW Algorithm for gait alignment is
shown in Table 1.

This algorithm was applied pairwise to each joint trajectory across multiple gait cycles.
After DTW alignment, all cycles were normalized in time and prepared for statistical
modeling. For instance, let X = [1, 3, 4] and Y = [1, 2, 4]. The local cost at position D(2, 2)
compares x2 = 3 and y2 = 2, giving ‖3− 2‖2 = 1. If the minimum of the three neighboring
values is, say, D(1, 1) = 0, then D(2, 2) = 1 + 0 = 1. This process continues until the final
cost at D(3, 3) accumulates the minimum alignment cost between sequences, which in this
case is 1.

2. Trajectory Modeling with GMM-GMR

After alignment, we applied Gaussian Mixture Models (GMM) to statistically model
the time-aligned joint trajectories. Each data point is represented as ξn = [tn, θn]�, where
tn is the normalized time and θn is the corresponding joint angle.

GMM expresses the joint distribution as a sum of Gaussian components:

p(ξ) =
K

∑
k=1

πk N (ξ | μk, Σk)
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To reconstruct the expected angle at time t, Gaussian Mixture Regression (GMR)
is used:

θ̂(t) =
K

∑
k=1

hk(t)
[
μθ

k + Σθt
k (Σtt

k )
−1(t− μt

k)
]

where

• hk(t) is the activation weight of the k-th Gaussian at time t,
• μt

k, μθ
k are mean time and angle for component k,

• Σtt
k and Σθt

k are time and cross-covariance matrices.

This enables smooth and probabilistic reconstruction of the joint angle trajectory,
capturing both mean behavior and variability across cycles.

The DTW + GMM-GMR pipeline allowed us to align and model hip and knee trajecto-
ries for walking, running, and stair climbing. These models were used to reconstruct full
bilateral motion from unilateral input, and to generate reference trajectories for exoskeleton
control. The use of DTW ensured time consistency across samples, while GMM-GMR
provided a robust statistical basis for smooth trajectory generation, even from sparse
sensor input.

Table 1. Pseudocode for DTW-based trajectory alignment.

Inputs:

• X = {x1, . . . , xN}: Reference trajectory
• Y = {y1, . . . , yM}: Target trajectory to be aligned
Output: Aligned trajectory Y′, optimal warping path P∗
Procedure:

1. Compute local cost: C(i, j) = ‖xi − yj‖2

2. Initialize cumulative matrix:

D(1, 1) = C(1, 1)

D(i, 1) = D(i− 1, 1) + C(i, 1), D(1, j) = D(1, j− 1) + C(1, j)

3. For all i = 2 to N, and j = 2 to M:

D(i, j) = C(i, j) + min{D(i− 1, j), D(i, j− 1), D(i− 1, j− 1)}
4. Backtrack from D(N, M) to D(1, 1) to extract optimal warping path P∗
5. Warp Y along P∗ to obtain aligned Y′

Return: Warped trajectory Y′, path P∗

2.4. Contralateral Trajectory Reconstruction

To reduce sensing complexity and enable lightweight deployment, the right-leg joint
trajectories were reconstructed from left-leg motion using symmetry-based transformations.
This leverages the approximate bilateral symmetry of human gait in the sagittal plane,
particularly during steady walking and running [1,4,13,24]. By relying on sparse IMU
input from only one side of the body, the system can generate full bilateral motion profiles
suitable for exoskeleton control.

The reconstruction process integrates three main stages: time normalization using
Dynamic Time Warping (DTW), probabilistic modeling using Gaussian Mixture Models
with Regression (GMM-GMR), and contralateral estimation using both ideal and adaptive
symmetry transformations. Each stage builds upon the previous to provide continuous,
biologically plausible trajectories from unilateral IMU data.
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Ideal Symmetry Transformation. As a baseline, the right joint angle is estimated by
time-shifting and sign-inverting the left-leg signal:

θright(t) = −θleft(t + φ)

where φ represents the phase delay between limbs, typically half the gait cycle (φ = T/2)
for symmetric locomotion. This assumes idealized, mirrored motion between the left and
right sides [1,11,12].

Adaptive Symmetry Refinement. To address real-world gait asymmetries caused
by user variability, transitions between activities, or uneven ground, we introduce a tun-
able model:

θright(t) = −α · θleft(t + φ) + δ

Here, α adjusts for amplitude differences, φ allows phase misalignment, and δ corrects
constant offsets. These parameters were optimized using recorded bilateral gait data by
minimizing the squared prediction error:

L(α, φ, δ) =
N

∑
t=1

[
θright,true(t) + α · θleft(t + φ)− δ

]2

This optimization was solved using a constrained nonlinear solver with physiolog-
ically valid bounds. The learned model produced significantly more accurate right-leg
reconstructions across different motion types. For example, stair climbing exhibited re-
duced gain values (α < 1), while running produced consistent phase shifts (φ ≈ T/2) and
negligible offset (δ ≈ 0).

This method combines time-aligned modeling and adaptive symmetry to reconstruct
bilateral trajectories from unilateral IMU signals alone—without requiring dense sensing
or complex hardware. The procedures are shown in Figure 2. While effective across tasks,
the adaptive parameters were tuned offline and may vary by user. Future work may incor-
porate online learning [25,26] or subject-specific calibration for improved generalization.

Figure 2. Overview of the trajectory reconstruction pipeline using unilateral IMU input. Raw left-leg
signals are filtered and time-aligned using Dynamic Time Warping (DTW), modeled via GMM-GMR,
and transformed using symmetry-based estimation to reconstruct right-leg trajectories. The output
serves as input for bilateral exoskeleton control.
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2.5. Exoskeleton Modeling and Control

Accurate control of wearable robotic systems requires both a faithful dynamic model
of the system and an effective control strategy that can accommodate the complexities
of human–robot interaction. In this section, we describe the complete modeling of a
4-degree-of-freedom (DOF) sagittal-plane lower-limb exoskeleton [27] and the layered
control architecture built upon it, which progresses from classical PID control to virtual
compensation strategies and finally to adaptive fuzzy control [28].

Dynamic Modeling of the 4-DOF Exoskeleton

The modeled system consists of two legs, each with actuated hip and knee joints,
yielding a total of four degrees of freedom: θ = [θLH , θLK, θRH , θRK]

T . The system dynamics
are expressed using the Euler–Lagrange formulation:

τ = M(θ)θ̈ + C(θ, θ̇)θ̇ + G(θ) + τspring

where

- M(θ) is the configuration-dependent mass-inertia matrix,
- C(θ, θ̇) captures Coriolis and centrifugal forces,
- G(θ) models gravity-induced joint torques,
- τspring represents the passive joint stiffness.

This structure enables simulation of realistic physical conditions, including compliance,
gravitational loading, and inter-joint coupling effects [19–21].

2.6. Control Framework

Joint-level trajectory tracking was implemented using IMU-reconstructed reference
angles for hip and knee joints, as shown in Figure 3. To assess control performance
under dynamic conditions, we evaluated three strategies: classical PID control, virtual
compensation for biomechanical dynamics, and adaptive fuzzy PID control.

Figure 3. Block diagram of the classical PID control.

2.6.1. PID-Based Joint Control

As a baseline, a conventional PID controller was implemented for each joint:

τi(t) = Kp,iei(t) + Ki,i

∫
ei(t)dt + Kd,i

dei(t)
dt

where ei(t) = θi,ref(t) − θi(t) is the position error between the reconstructed reference
trajectory and the measured joint angle.

Initial gains were selected using the Ziegler–Nichols method [19], where the propor-
tional gain is tuned to induce sustained oscillation, and the ultimate gain Ku and oscillation
period Tu are used to derive:

Kp = 0.6Ku, Ki =
2Kp

Tu
, Kd =

KpTu

8
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These gains were refined manually to stabilize tracking performance during
gait transitions.

While PID control performs well in linear settings, its effectiveness degrades when
faced with nonlinear joint dynamics introduced by virtual spring compliance and gravita-
tional torques, both of which depend on joint position and gait phase [20,21].

2.6.2. Virtual Spring and Gravity Compensation

To improve control under realistic joint dynamics, passive torque terms were added
to model elasticity and gravitational effects. The spring-like restoring torque is computed
as follows:

τspring,i = −ki(θi − θi,ref)

where ki is the joint stiffness constant. Gravitational torque is calculated as follows:

τgravity,i = migli sin(θi)

with mi, li, and g representing segment mass, length to center of mass, and gravity respectively.
The total commanded torque, as shown in Table 2, becomes:

τi(t) = τPID,i + τspring,i + τgravity,i

This compensation improves control fidelity, particularly during stance initiation and
swing recovery phases.

Table 2. Torque computation using PID control with virtual spring and gravity compensation.

Procedure: Virtual Torque Computation

• Input: θi, θ̇i, θi,ref, ki, mi, li, g
• 1. Compute error: ei = θi,ref − θi
• 2. Compute PID torque: τPID,i
• 3. Compute spring torque: τspring,i = −ki · ei
• 4. Compute gravity torque: τgravity,i = migli sin(θi)

• 5. Total output: τi = τPID,i + τspring,i + τgravity,i

2.6.3. Adaptive Fuzzy PID Controller

To overcome the limitations of fixed-gain PID control, an adaptive fuzzy PID
structure [29] was implemented, based on the comparison of different controllers shown in
Table 3. The fuzzy controller adjusts PID gains online using tracking error e(t) and error
rate ė(t) as input to a rule-based inference engine.

Fuzzy rules are of the form:
IF e(t) is Large AND ė(t) is Positive, THEN Decrease Kp, Increase Kd

Gain adjustments follow:

Knew
p = Kp + ΔKp(e, ė)

Knew
i = Ki + ΔKi(e, ė)

Knew
d = Kd + ΔKd(e, ė)

Triangular membership functions were defined for both inputs and outputs, as shown
in Figure 4, with a 7 × 7 rule matrix designed to preserve stability. The system was executed
in Simulink with a 1 ms sampling rate. This architecture improved adaptability under
dynamic gait transitions and unsteady loading [7–9].
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Figure 4. Structure of the adaptive fuzzy PID controller with real-time gain tuning.

Table 3. Qualitative comparison of adaptive controllers for wearable robotics.

Method Advantages Limitations

Fuzzy PID Real-time tuning, interpretable,
low-cost [7,8]

Manual tuning, limited personal-
ization

MPC Optimal control with con-
straints [30]

Requires accurate models, high
computational load

SMC Robust to disturbances [31] Chattering, less smooth

RL Learns from data, adapts over
time [32]

Needs large datasets, low inter-
pretability

The fuzzy rule base was designed heuristically for average gait behavior. However,
inter-subject variability or atypical motion may require retuning. Future work may incor-
porate learning based or self-tuning fuzzy logic systems for better generalization to diverse
users or environmental contexts.

2.6.4. Validation Metrics and Evaluation Formulation

To comprehensively evaluate the performance of the proposed control strategies
across the four exoskeleton joints (bilateral hip and knee), several quantitative metrics
are adopted. These metrics assess tracking accuracy, smoothness of motion, and en-
ergy efficiency—critical aspects for ensuring safety and usability in wearable assistive
systems [7,8,20,21].

(1) Root Mean Square (RMS) Tracking Error.

The RMS error provides a global measure of trajectory fidelity over a gait cycle. It
reflects how closely the actual joint motion follows the reference trajectory:

RMS =

√√√√ 1
N

N

∑
i=1

(θref,i − θact,i)
2

where θref,i and θact,i are the reference and actual joint angles at the ith time sample, and N
is the total number of samples per cycle.

(2) Maximum Error.

This metric captures the worst-case deviation and is critical for identifying potential
instability or delay in response:

emax = max
t
|θref(t)− θact(t)|
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The maximum error defined is particularly useful in detecting overshoot or lag during
rapid gait transitions [11,21].

(3) Control Effort.

To assess actuator workload and energy usage, we compute the control effort as the
time-integrated product of joint torque and angular velocity:

E =
∫ T

0

∣∣τ(t) · θ̇(t)
∣∣dt

The control effort defined indicates system efficiency and is critical in battery-powered
exoskeletons where energy optimization is essential [7,8].

(4) Jerk Index.

Jerk, the third derivative of position with respect to time, measures motion smoothness.
High jerk can cause user discomfort or biomechanical incompatibility. The jerk index is
defined as follows:

J =
∫ T

0

(
d3θ(t)

dt3

)2

dt

Lower values imply smoother joint motion, enhancing comfort and reducing mechani-
cal stress [7,20].

These evaluation metrics were applied consistently to all four sagittal joints (left/right
hip and knee) during simulation experiments. Performance was compared across the
PID and fuzzy PID controllers, under both ideal and nonlinear conditions (e.g., elastic
elements, gravity disturbances), providing a robust analysis of controller adaptability and
system responsiveness.

2.7. Trajectory Reconstruction Results

The proposed reconstruction pipeline was evaluated across the locomotion modes
in normal walking. For each mode, the pipeline followed two main steps: (1) Gait cy-
cles were temporally aligned using Dynamic Time Warping (DTW); (2) Gaussian Mixture
Modeling with Regression (GMM-GMR) was applied to learn a smoothed motion pro-
file. Right-leg trajectories were then estimated using both ideal and adaptive symmetry
models [7,11,12,15,17,23].

Figure 5 shows noticeable variability in raw gait cycles due to inconsistent step tim-
ing. DTW effectively normalizes this timing, revealing consistent stride structure across
repetitions, essential for modeling. Similar improvements are seen in Figure 6. Tempo-
ral misalignments in raw hip signals are smoothed post-alignment, enabling accurate
downstream modeling.

As seen in Figure 7, the adaptive symmetry model closely tracks the GMM-inferred
motion, outperforming the ideal symmetry model, which introduces phase and amplitude
offsets in the right knee prediction. The adaptive model again provides superior results
(Figure 8), reducing overshoot and misalignment, demonstrating its effectiveness for
estimating contralateral hip dynamics during walking.

Summary:

• DTW normalization is essential for consistent GMM modeling.
• Adaptive symmetry modeling significantly improves contralateral motion estimation.
• The method generalizes well from cyclic motions (walking, running) to asymmetric

tasks (stair climbing).

Dynamic Time Warping (DTW) was chosen for its ability to temporally align gait cycles
with non-uniform timing, a key challenge in human locomotion data. Unlike linear inter-
polation or time-normalized averaging—which assume consistent stride durations—DTW
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allows flexible non-linear alignment of key gait events (e.g., heel-strike, toe-off) without
distorting kinematic patterns. Other alternatives, such as Principal Component Analysis
(PCA)-based time normalization or Uniform Temporal Scaling, offer computational speed
but lose cycle-specific variation critical for personalized modeling. DTW preserves tem-
poral dynamics while maintaining feature correspondence across cycles, making it more
suitable for accurate Gaussian Mixture Modeling in variable gait data.

Figure 5. Knee joint: Raw left-knee trajectories (left) and DTW-aligned signals (right) showing
temporal normalization across trials.

Figure 6. Hip joint: Raw left-hip joint angles (left) and aligned trajectories (right) after DTW.

Figure 7. Knee joint: GMM-GMR output (green), right-knee prediction via ideal (orange dashed) and
adaptive symmetry (red solid).

123



Symmetry 2025, 17, 1265

Figure 8. Hip joint: Right-hip motion estimated using both symmetry models.

2.8. PID Control Performance

The reconstructed joint trajectories—generated through DTW alignment, GMM-GMR
modeling, and adaptive symmetry transformation—were used as reference inputs for
joint-level control using a classical Proportional–Integral–Derivative (PID) controller. The
system was evaluated under ideal linear conditions, with no additional spring compliance
or gravitational loads, simulating a best-case actuation scenario.

Figure 9 presents representative tracking results for the left and right hip and knee
joints. Reference trajectories are shown as dashed lines, while solid lines indicate actual joint
responses. The performance of the tracking was evaluated for three types of motions: walk-
ing, running, and climbing stairs. The following observations summarize the controller’s
behavior. Accurate tracking with minimal overshoot or delay. The controller handled the
periodic, low-speed motion with smooth transitions and negligible steady-state error.

Overall, the results show that classical PID control performs adequately when applied
to an exoskeleton model governed by approximately linear dynamics. Under these con-
ditions, the static gain structure of PID is sufficient to achieve stable tracking with low
steady-state error [8,9,19]. Its simplicity, fast response, and ease of implementation have
made it a longstanding baseline in robotic control [7,13,20]. However, this performance
assumes ideal actuation and neglects realistic factors such as joint elasticity, load distur-
bances, and unmodeled dynamics [3,21,32]. As these nonlinearities are introduced in the
following sections, PID’s limitations become increasingly evident, motivating the transition
to more adaptive control strategies.

2.9. Effect of Spring and Gravity Compensation on PID Performance

To simulate more realistic actuation dynamics, virtual joint stiffness and gravity effects
were introduced into the exoskeleton model. Joint compliance was modeled using linear
torsional springs, and segment-wise gravitational torque was incorporated based on limb
orientation and mass [3,21]. The original PID controller, tuned under idealized dynamics,
was retained without modification to assess its robustness under these altered conditions.

Figure 10 illustrates the impact of these added nonlinearities on joint tracking for a
walking cycle. While reference trajectories remain unchanged, the simulated joint responses
deviate significantly, especially in the knee joints. Amplitude attenuation, high-frequency
oscillations, and phase lag are apparent, indicating deteriorated tracking performance.
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Figure 9. Joint angle tracking performance using classical PID controller under linear system dynam-
ics. Reference trajectories (dashed), joint responses (solid).

Figure 10. PID tracking performance under spring and gravity dynamics for walking. Desired
trajectories (blue); simulated joint responses (red).

The following observations highlight specific failure modes during walking:

• Left and Right Hip: Spring-induced oscillations degrade early-cycle stability.
Phase lag appears post toe-off, with the system underreacting to flexion demands
during swing.
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• Left Knee: High overshoot and instability are observed, likely due to resonance
between the spring dynamics and PID gains. The controller fails to suppress abrupt
transitions near peak flexion.

• Right Knee: Motion becomes highly discontinuous, indicating loss of closed-loop
stability. Gravity-induced drift and compliance mismatch lead to poor synchronization
with the contralateral leg.

These results emphasize that classical PID controllers, while simple and effective under
linear assumptions, are inadequate for managing the time-varying dynamics introduced
by compliance and gravitational forces. Their static gain structure cannot compensate
for joint-dependent variability or disturbance-induced coupling [9,19,21]. In wearable
robotic systems where elastic actuators and uneven load conditions are common, more
adaptive strategies such as fuzzy-PID control are required to ensure stable and reliable
motion tracking [7,20,23,32].

2.10. Adaptive Fuzzy PID Controller

To overcome the limitations of classical PID under nonlinear joint dynamics, an
adaptive fuzzy PID controller was developed. This controller extends a standard PID
structure by integrating a Mamdani-type fuzzy inference system (FIS), enabling dynamic
tuning of Kp, Ki, and Kd gains based on real-time tracking behavior [7,20,23,32,33].

As shown in Figure 11, the FIS receives two inputs: the tracking error e(t) and its
derivative ė(t), both normalized to the range [−3, 3]. Each input is described by three
triangular membership functions (MFs): Negative, Zero, and Positive. The FIS outputs three
incremental adjustments: ΔKp, ΔKi, and ΔKd, each mapped over the range [−1, 1] using
five triangular MFs (from strong decrease to strong increase).

Figure 11. Fuzzy PID architecture. Error and error rate inputs are mapped to triangular MFs and
processed through a Mamdani inference engine to tune ΔKp, ΔKi, and ΔKd in real time.

The rule base contains nine core fuzzy rules designed to reflect intuitive control logic.
For example:

• Rule 1: If Error is Negative and DeltaError is Negative, then ΔKp is Strong Increase,
ΔKi is Neutral, and ΔKd is Increase. This boosts responsiveness while maintain-
ing damping.

• Rule 5: If both Error and DeltaError are Zero, then no gain changes occur—preserving
current control behavior in steady state.
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• Rule 9: If Error is Positive and DeltaError is Positive, then ΔKp is Strong De-
crease, ΔKi is Slight Decrease, and ΔKd is Increase. This reduces overshoot and
improves damping.

The fuzzy system uses a min–max composition, Mamdani inference method, and
centroid defuzzification. All gain updates are applied incrementally to baseline PID values,
enabling adaptive behavior throughout the gait cycle [23,32].

The fuzzy PID controller was evaluated using walking trials under nonlinear joint
conditions (spring compliance and gravity torque). Figures 12 and 13 illustrate tracking
results for ideal and non-ideal symmetry assumptions.

Figure 12. Tracking performance using fuzzy PID under nonlinear dynamics with ideal symmetry.
All joints follow reference trajectories closely with minimal steady-state error and smooth transitions.

Figure 13. Tracking performance using fuzzy PID under nonlinear dynamics with non-ideal symme-
try. The controller maintains stable and smooth output despite asymmetry in reference trajectories.

Observations (Ideal Symmetry):

• The controller enables precise tracking across all joints.
• Spring-induced oscillations are effectively attenuated.
• The system maintains phase alignment and amplitude fidelity.

Observations (Non-Ideal Symmetry):

• Slight increases in phase lag are observable, especially at the right knee.
• The controller compensates well for asymmetries, avoiding large deviations.

127



Symmetry 2025, 17, 1265

• Joint transitions remain smooth and natural despite variability.

Overall, this adaptive control strategy improves stability and tracking fidelity in the
presence of real-world nonlinearities. It enables real-time adaptation to changing joint
dynamics, which is particularly advantageous for wearable robotic systems [7,20,23,32,33].

While classical PID controllers are simple and widely used, they lack adaptability
under time-varying dynamics. Alternative approaches such as Gain Scheduling, Model
Predictive Control (MPC), and Adaptive Neural Controllers have been explored for ex-
oskeletons. Gain scheduling requires predefined operating points and extensive tuning;
MPC offers optimal control but is computationally intensive and less practical for embed-
ded real-time systems. Neural controllers can adapt to nonlinearities but require large
datasets and may lack interpretability. Fuzzy PID, by contrast, combines rule-based adapt-
ability with low computational overhead, enabling real-time tuning of gains based on error
dynamics. Its interpretability, fast response, and robustness make it a superior choice for
wearable robotics where safety and transparency are essential [7,20,23,32].

2.11. Validation and Quantitative Evaluation

To rigorously assess the performance of the proposed control framework, walking ex-
periments were conducted comparing a classical PID controller and the proposed adaptive
fuzzy PID controller. The root mean square (RMS) error between actual and reference joint
trajectories was used to quantify tracking performance across the left and right hip and knee
joints. For comparison, the PID controller was evaluated both in an ideal (simulation-based)
scenario and under real-world limitations [7,20,32].

Observations: Table 4 highlights the joint-level tracking accuracy across controllers.
In simulation (ideal conditions), the PID controller achieves low RMS errors. However,
when deployed under real-world limitations, its performance degrades significantly. For
instance, the right knee error rises from 0.042 to 0.742 rad—a more than 17-fold increase.

In contrast, the adaptive fuzzy PID controller maintains consistently low errors in
all joints, even under uncertainty. Relative to the PID under limitations, the RMS error
was reduced:

• Left hip: 90.6% (from 0.149 to 0.014 rad)
• Right hip: 88.4% (from 0.112 to 0.013 rad)
• Left knee: 80.6% (from 0.727 to 0.141 rad)
• Right knee: 91.9% (from 0.742 to 0.060 rad)

Table 4. RMS Tracking Errors (in radians) for Each Joint Across Controllers.

Joint PID (Ideal) PID Limitations Adaptive Fuzzy PID

Left Hip 0.019 0.149 0.014
Right Hip 0.012 0.112 0.013
Left Knee 0.127 0.727 0.141
Right Knee 0.042 0.742 0.060

These results show that while PID may perform adequately in linear, controlled
conditions, it lacks the robustness needed to handle variability. The adaptive fuzzy PID, by
contrast, responds to joint-specific deviations in real time, offering reliable and accurate
performance across all lower-limb joints [7,32].

Table 5 compares the overall control effort and motion smoothness for both con-
trollers. The adaptive fuzzy PID reduced the control effort by 38.8%, indicating less torque
demand to achieve accurate tracking. This reduction directly contributes to energy effi-
ciency, reduced actuator strain, and longer operational endurance—all critical in wearable
robotic systems.
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Table 5. Control Effort and Motion Smoothness Comparison.

Metric PID Controller Adaptive Fuzzy PID Controller

Control Effort [
∫ |τ − θ̇|] 23.7 14.5

Jerk Index [
∫ ...

θ
2dt] 91.6 53.8

Additionally, the jerk index was reduced by 41.2%, indicating that the adaptive fuzzy
controller produces smoother joint trajectories with fewer abrupt changes in acceleration.
This smoother motion not only improves user comfort but also reflects better dynamic
stability of the controlled limb. These improvements are also supported by the integration
of a virtual spring component in the control architecture. This spring introduces passive
compliance that emulates biological elasticity, allowing the system to absorb minor devia-
tions and offload some of the control burden from the actuators. The result is more natural,
energy-efficient motion with improved stability [23,33].

3. Discussion

This study presented a simulation-based framework that integrates sparse sensing
and symmetry modeling for adaptive gait trajectory reconstruction and exoskeleton control.
While the proposed approach demonstrated promising results in terms of tracking fidelity,
robustness, and control efficiency, several ongoing developments aim to further bridge
the gap between simulation and real-world deployment. A key direction is the hardware
implementation and real-world validation of the proposed methods. A physical lower-limb
exoskeleton system has already been constructed, integrating the same sparse IMU, flex,
and pressure sensor setup described in this paper. Initial bench testing has been completed,
and work is currently underway to deploy the adaptive fuzzy PID controller and energy-
tank-based impedance modulation strategies on the embedded platform. These efforts
will culminate in human-in-the-loop experiments that evaluate control responsiveness,
trajectory accuracy, and safety under walking, stair climbing, and running conditions.

Another extension involves enhancing the sensor fusion architecture to improve
estimation of the center of pressure (COP) and center of gravity (COG). Specifically, pressure
and flex sensors will be leveraged to extract foot-ground contact and arch curvature
information, providing richer feedback for real-time stability monitoring and energy-
aware control, particularly during locomotion transitions and when traversing uneven
terrain. Moreover, the current fuzzy controller operates with a predefined rule base,
which, while effective, may lack adaptability for highly personalized gait dynamics. To
address this limitation, future versions may adopt online learning techniques such as
neuro-fuzzy adaptation or reinforcement learning [32,34]. These techniques would enable
subject-specific tuning based on historical gait data and dynamic sensor patterns, thereby
enhancing personalization and long-term performance.

To further improve motion planning, model predictive control (MPC) is under con-
sideration as a complementary strategy. MPC can offer anticipatory control capabilities,
particularly beneficial in scenarios involving multi-step planning or rapidly changing envi-
ronments [30]. Its predictive nature could complement the adaptive fuzzy controller by
providing higher-level trajectory modulation.

Finally, while the current system is limited to sagittal-plane motion, an important
direction is the expansion toward 3D gait modeling and lateral control. This would involve
the integration of lateral joint dynamics and quaternion-based orientation estimation for
full-body motion reconstruction [35]. Such an extension would greatly enhance the system’s
applicability to real-world ambulatory scenarios, including complex maneuvers such as
turning, side-stepping, or adapting to inclined surfaces. In summary, while the current
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work establishes a strong foundation for adaptive gait tracking and control using minimal
sensors, ongoing and future developments are expected to significantly advance its practical
utility in wearable robotic systems.

4. Conclusions

This paper presented an integrated framework that combines gait trajectory reconstruc-
tion using unilateral IMU data with adaptive fuzzy PID control for lower-limb exoskeletons.
Through a structured pipeline involving signal filtering, dynamic time warping, statistical
modeling, and symmetry-based extrapolation, we reconstructed full-joint trajectories for
walking, running, and stair climbing using data from a single leg. We evaluated classical
PID control and found that it performs well under linear, idealized conditions. However,
its effectiveness diminishes when nonlinearities such as joint stiffness and gravitational
loading are introduced. To address these challenges, we incorporated a virtual spring–
damper model and implemented an adaptive fuzzy PID controller capable of adjusting
gains in real time based on error dynamics.

The results demonstrated that the adaptive fuzzy control strategy significantly im-
proves tracking accuracy, motion smoothness, and energy efficiency under more realis-
tic joint dynamics. The overall control architecture remains lightweight, modular, and
scalable, making it well-suited for deployment in wearable robotic systems aimed at
rehabilitation or mobility support. This work lays a foundation for future extensions in-
volving predictive control, online adaptation, and real-world implementation in diverse
locomotion environments.
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Abstract

The challenges and increasing number of elderly individuals requiring remote monitoring
at home highlight the need for technological innovations. This study devised an eHealth
mobile application designed to detect abnormal movement behavior and alert caregivers
when a lack of movement is detected for an abnormal period. By utilizing the built-in
accelerometer of a conventional mobile phone, an application was developed to accurately
record movement patterns and identify active and idle states. Fuzzy logic, an artificial
intelligence (AI)-inspired paradigm particularly effective for real-time reasoning under
uncertainty, was integrated to analyze activity data and generate timely alerts, ensuring
rapid response in emergencies. The approach reduced development costs while leveraging
the widespread familiarity with mobile phones, facilitating easy adoption. The approach
involved collecting real-time accelerometry data, analyzing movement patterns using fuzzy
logic-based inferencing, and implementing a rule-based decision system to classify user
activity and detect inactivity. This pilot study primarily validated the devised fuzzy logic
method and the functional prototype of the mobile application, demonstrating its potential
to leverage universal smartphone accelerometers for accessible remote monitoring. Using
fuzzy logic, temporal and behavioral symmetry in movement patterns were adapted to
detect asymmetric anomalies, e.g., abnormal inactivity or falls. The study is particularly
relevant considering lonely individuals found deceased in their homes long after dying. By
providing real-time monitoring and proactive alerts, this eHealth solution offers a scalable,
cost-effective approach to improving elderly care, enhancing safety, and reducing the risk
of unnoticed deaths through fuzzy logic.

Keywords: eHealth; elderly care; remote monitoring; activity detection; behavioral analysis;
symmetric movements; fuzzy logic; accelerometer

1. Introduction

The well-being of the growing elderly population is becoming an increasingly im-
portant social and governmental concern [1]. A significant proportion of frail and lonely
older adults prefer to stay in their own homes rather than moving to residential care

Symmetry 2025, 17, 988 https://doi.org/10.3390/sym17070988
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establishments, as relocation could be both financially burdensome and psychologically
distressing [2]. Aging can cause various complications, particularly for those living alone.
Studies indicate a rising trend of older adults found deceased in their homes in England
and Wales, unnoticed long after passing away. These so-called “undefined deaths” have
been steadily increasing since 1980, linked to social isolation, austerity measures, and
societal fragmentation [3]. As reported by a study, “many people would be shocked that
someone can lie dead at home for days, weeks, or even longer without anyone raising an
alarm” [4]. This growing crisis highlights a critical need for technological developments
that can detect abnormal inactivity and provide timely alerts to caregivers.

Advancements in mobile technology offer potential solutions to this issue. Mobile
phones are widely used across populations and contain built-in sensors, such as accelerom-
eters, which, when combined with appropriate software, can monitor movement and
detect anomalies in daily activity patterns [5,6]. Despite these opportunities, existing
Internet of Things (IoT) deployments for healthcare, including innovative smart home
environments and sensor networks specifically aimed at elderly monitoring, often present
limitations [7,8]. These systems, while providing continuous data collection and alert
capabilities, frequently face hurdles related to installation complexity, power manage-
ment, and user acceptance, particularly for solutions requiring dedicated infrastructure
beyond a conventional mobile phone [9]. While recent advances in intelligent monitoring
have leveraged powerful AI-driven models such as hybrid deep learning architectures
(e.g., convolutional neural networks and long short-term memory neural networks) to
improve anomaly detection [10–12], there remains a significant research gap for a highly
accessible, unobtrusive, and computationally efficient system suitable for real-time moni-
toring directly on conventional smartphones.

This study addresses this gap by introducing a novel remote monitoring system
designed to enhance the safety and well-being of elderly individuals living independently.
A key innovation of this system is its integration of fuzzy logic, an artificial intelligence
(AI)-inspired approach, to analyze movement data and accurately detect abnormal patterns,
such as prolonged inactivity. Fuzzy logic has been widely applied in various domains,
including wireless computer networks, for identifying irregular patterns [13,14]. Our
approach uniquely harnesses fuzzy logic due to its interpretability, low computational
footprint, and suitability for real-time processing directly on standard mobile devices. This
makes our system exceptionally cost-effective, non-wearable, and user-friendly, operating
unobtrusively in the background without requiring undue technological expertise from
users. Proactive remote monitoring not only enhances the safety and well-being of elderly
individuals but also provides peace of mind for caregivers and family members, ensuring
timely intervention in critical situations.

The primary objective of this pilot study is to develop and validate a functional
prototype of a smartphone-based remote monitoring application that utilizes a novel fuzzy
logic methodology to classify and detect abnormal movements, specifically prolonged
inactivity. This system is intended to automatically dispatch timely alerts to designated
caregivers or family members, thereby providing a simple, cheap, and easy solution to
prevent unnoticed medical emergencies and directly address the concerning issue of elderly
individuals dying unnoticed at home for extended periods.

The remainder of this paper is organized as follows: Section 2 provides a compre-
hensive review of related studies on elderly monitoring and anomaly detection. Section 3
details the methodology of our proposed fuzzy logic-based system. Section 4 presents and
discusses the experimental results. Section 5 includes a discussion of our findings. Section 6
outlines the study’s limitations and suggests future directions, while Section 7 concludes
the paper.
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2. Literature Reviews

2.1. Remote Patient Monitoring

Remote patient monitoring (RPM) is a modern healthcare tool that enables healthcare
providers and caregivers to track a patient’s health from a distance. Utilizing devices like
smartphones, wearable sensors, or other technologies, RPM collects vital health data, such
as heart rate, blood pressure, or activity levels, and transmits it to healthcare providers in
real time. This capability aids in the early detection of potential problems, allowing for
timely intervention before conditions worsen. For patients, particularly those with chronic
conditions or recovering from illness, RPM offers a convenient way to maintain a connection
with their care team, reducing the need for frequent hospital visits. It can be an effective
means to improve health outcomes and make healthcare more accessible [15]. Technological
advancements have increasingly enabled patients to engage in normal daily activities at
home while still being monitored through modern communication methods [3,16].

RPM systems facilitate timely emergency responses, contributing to reduced untimely
deaths and healthcare costs through various communication technologies [17]. Remote
monitoring has proven useful in predicting diseases like diabetes and hypertension [18],
and in overseeing physiological signs [19], pulmonary disease [20], chronic illnesses [21],
and human activities [22]. These systems target diverse subgroups, including individuals
diagnosed with chronic illnesses, those with mobility issues or other disabilities, post-
surgery patients, neonates, and elderly patients [15,16].

However, the main challenges with existing RPM approaches include variability in
the accuracy of data collected by devices, which can lead to potential misdiagnosis or
missed alerts. Patients, especially older adults or those with limited technological skills,
may struggle to use RPM devices effectively. Furthermore, RPM can increase the workload
for healthcare providers, potentially leading to burnout or inefficiencies. While RPM shows
promise, long-term data on its comprehensive effectiveness in improving health outcomes
or significantly reducing healthcare costs remains limited. RPM devices may also face
technical challenges such as restricted battery life, connectivity issues, or inconsistent per-
formance in diverse environments. Prior studies have additionally demonstrated that the
accuracy of these methods can decline significantly when applied to both institutionalized
and independent elderly individuals [17]. To address these shortcomings, research trends
in RPM are increasingly focusing on solutions that leverage readily available technology
for specific needs like movement detection and analysis in home environments. By explor-
ing approaches that utilize built-in sensors of conventional mobile phones and integrate
advanced logic for activity analysis, studies aim to provide user-friendly, cost-effective,
and non-intrusive solutions tailored to the elderly population, thereby enhancing the
effectiveness and accessibility of remote patient monitoring.

2.2. Mobile Apps for Remote Monitoring

Traditional monitoring systems often rely on body-attached sensors, which can limit
patient mobility and affect daily activities. This discomfort may distort physiological
readings, especially among elderly patients, potentially misrepresenting their actual health
conditions [17]. To overcome these limitations, the use of mobile devices equipped with
a variety of built-in sensors—such as GPS, vision, audio, light, temperature, direction,
and acceleration—has created significant opportunities for data mining applications in
health monitoring [23–25]. Accurate body motion tracking with sensors typically requires
strategic placement, ideally near the body’s center of mass (e.g., breastbone, lower back,
or waist) to maximize data accuracy [22]. Despite the potential of RPM, current devices
often present challenges, including prohibitive costs that limit accessibility. Furthermore,
their designs may not adequately address the diverse needs, experiences, and limita-
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tions of individual users, hindering effective adoption and long-term use. Smartphones,
equipped with accelerometers and gyroscopes, offer a readily available option, and their
common placement in pockets allows for effective motion tracking. However, further
research is needed to establish their comprehensive accuracy and reliability for diverse
monitoring applications.

The development of mobile applications for RPM running on tablets and smartphones
eliminates the requirement for expensive, dedicated hardware [26]. Such applications
also enable patients to report symptoms and notify medical teams promptly if conditions
worsen, facilitating timely healthcare decisions and reducing the need for in-person visits
and associated delays [26]. Several frameworks exist for mobile application development.
Researchers have developed RPM applications using Java under the ADT (Android De-
velopment Toolkit by Google) [27]. Despite its advantages, Java has limitations, such as a
lack of inherent cross-platform integration [28]. This limitation can be addressed by using
cross-platform frameworks like Xamarin or React-Native, maintained by Microsoft and
Facebook, respectively [29]. For example, the Xamarin framework enables developers
to create high-performance, native-like mobile applications for Android and iOS from
a single C# codebase, significantly reducing development time and effort. It also offers
seamless integration with the .NET ecosystem and access to native APIs, ensuring robust
and feature-rich applications [29].

2.3. Accelerometry Operation

Research in activity monitoring increasingly focuses on non-invasive sensors, which
overcome the limitations of invasive counterparts, such as subject discomfort [30]. Re-
searchers, such as [25], have investigated the utilization of multiple sensors, including
microphones, accelerometers, GPS, and cameras, embedded in commercial smartphones for
recognizing activities and enhancing mobile social networking applications. Among these,
the accelerometer sensor, integrated as part of a mobile device, is particularly appealing
due to its unobtrusive nature, its ability to gather data without extra equipment, and its
potential for precise interpretation [24].

Human activity detection using a triaxial accelerometer typically involves three stages:
pre-processing, feature extraction, and classification [31]. Feature extraction commonly
involves deriving acceleration peaks, variance, fundamental frequencies’ magnitudes,
intensity, and position relations [24,31]. Studies in this area often utilize magnitude ac-
celerometry features to predict human movement or its absence, classifying it as normal
or abnormal.

The ubiquity of smartphones presents a compelling opportunity for RPM, particu-
larly given the advancements in accelerometer technology integrated within these devices.
Leveraging existing hardware like smartphones reduces the burden on both patients and
healthcare systems by eliminating the need for specialized, often costly, equipment [32].
The increasing integration of mobile devices, connected objects, and sensors into health-
care applications highlights the viability of smartphone-based monitoring for diverse
patient populations [33]. This technological availability plays a crucial role in enabling the
scalability and feasibility of remote monitoring programs [33].

Modern smartphone accelerometers, although not classified as medical-grade devices,
can offer effective operation for numerous remote monitoring applications, especially those
focused on gross motor activity, falls, and certain movement disorders [34]. Numerous
studies have directly compared smartphone accelerometry data with data obtained from
research-grade wearable sensors or gold-standard motion capture systems. These stud-
ies often assess metrics such as fall detection accuracy, step count accuracy, and activity
recognition accuracy. For instance, research has shown that smartphone accelerometers can
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achieve high sensitivity and specificity in fall detection algorithms [34]. Similarly, studies
have explored the use of these accelerometers for monitoring physical activity levels, gait
patterns, and even subtle tremors in patients with conditions like Parkinson’s disease [35].
While it is essential to acknowledge the limitations of smartphone accelerometers in de-
tecting very fine movements or subtle changes, the level of accuracy they provide is often
sufficient for many remote monitoring applications. A balanced discussion of these limita-
tions strengthens the argument for their use by demonstrating a thorough understanding
of the technology, including ongoing efforts to improve reliability and reduce issues such
as false fall alerts through advanced techniques like deep learning [36].

The real-time or near real-time data acquisition capabilities of smartphone accelerom-
eters enable rapid detection of critical events, such as falls, and can trigger timely in-
terventions. Smartphone processors are powerful enough to handle accelerometry data
and execute algorithms in real-time, facilitating immediate feedback and alerts. Further-
more, the inherent connectivity of smartphones allows for seamless data transmission to
healthcare providers or caregivers. For example, systems can be designed to automatically
detect a fall and send an alert to designated contacts [37]. Real-time activity data can
also be used to provide personalized feedback and reminders to encourage adherence to
exercise programs.

2.4. Fuzzy Logic in Activity Detection

As discussed by researchers [31], the classification stage is crucial in detecting human
activity. Researchers [23] employed the k-nearest algorithm (KNN) to detect five human
activities like phone detached, idle, walking, running, and jumping. The KNN classifier,
although straightforward and widely employed, can achieve performance comparable to
that of more sophisticated classifiers [37]. Researchers such as [37,38] employed convo-
lutional neural networks (CNNs) for predicting six human activities, including jogging,
walking, going upstairs, going downstairs, sitting, and standing. Deep learning models
like CNNs have demonstrated notable accuracy potential but necessitate more training
data and computational resources.

To address limitations observed in existing RPM approaches, fuzzy logic has emerged
as a promising method for interpreting accelerometry data. Fuzzy logic offers advantages
in modeling complex systems with imprecise data by allowing variables to have degrees of
truth, which enhances its suitability for real-world applications. Fuzzy logic can perform
well with smaller datasets because it relies on fuzzy rules and membership functions
rather than extensive training datasets. It can generalize effectively even with limited
data, making it suitable for applications where data collection is challenging or expensive.
Additionally, fuzzy logic systems are interpretable, allowing experts to understand and
refine the rules and membership functions to improve system performance [39]. Collected
data can undergo analysis using fuzzy logic to identify human activities. In cases where
anomalies are detected, alerts would be promptly sent to the emergency contact people
added in the mobile application. This approach leverages fuzzy logic’s capability to
interpret and respond to complex, uncertain data patterns, ensuring timely intervention
and enhanced monitoring effectiveness [40].

In summary, while many studies highlight the growing field of Remote Patient Moni-
toring (RPM), offering broad insights into its potential, they often do so without delving
into specific, cost-effective solutions for individual behavioral monitoring using readily
available technology. For instance, reviews like Shaik et al. [41] broadly cover how AI
and technologies such as IoT wearables can transform RPM. Holtz et al. [42] focus on the
promise of RPM from a strategic, policy, and infrastructure standpoint, discussing its role
in addressing healthcare inequities. Similarly, systematic reviews by Tan et al. [43] examine
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the impacts of various RPM interventions, including smartphone apps and wearables, on
patient safety, adherence, and cost-related outcomes during care transitions. While these
papers provide valuable overviews and impact analyses, they do not focus on the specific,
practical needs our study addresses. For example, systems like the one in Zhang et al. [44]
do use smartphones, but they often rely on external wearable sensors for physiological data,
which adds cost and complexity. Another advanced approach by Chinnaperumal et al. [45]
integrates complex AI with 5G networks for secure medical data acquisition, focusing on
high-tech infrastructure. In sharp contrast to these approaches, our study does not use
any separate IoT devices or external wearables. Instead, we uniquely leverage only the
built-in accelerometer of a standard smartphone, making our system highly affordable and
accessible. Our research further distinguishes itself by applying fuzzy logic—an AI method
well-suited for real-time decision-making under uncertainty—to precisely detect abnormal
inactivity (lack of movement). This specific focus directly addresses a critical, often over-
looked, safety concern: preventing unnoticed deaths of lonely individuals, thereby offering
a practical, user-friendly, and life-saving application within the broader RPM landscape.

3. Methods

This study employed quantitative and experimental methodologies to develop and
validate a smartphone-based remote patient monitoring system. Our primary goal was to
create a user-friendly and cost-effective eHealth solution capable of detecting abnormal in-
activity and potential falls in elderly individuals, triggering timely alerts to caregivers. This
section details the system’s architecture, mobile application development, data acquisition,
the core fuzzy logic-based anomaly detection algorithm, and the notification system.

3.1. System Overview and Architecture

Our proposed system operates on a conventional mobile phone, leveraging its built-in
accelerometer to continuously monitor user activity. Figure 1 illustrates the overarching
workflow. The system collects movement data in real-time, processes it using a fuzzy logic
module, and then dispatches immediate alerts to designated caregivers if abnormal activity
(prolonged inactivity or a fall) is detected. If activity is deemed normal, the system remains
unobtrusive and takes no action.

Figure 1. Workflow of the proposed system.

The mobile application was developed using the ASP.NET Xamarin framework (ver-
sion 5.0.0, Microsoft Corporation, Redmond, WA, USA) with C# as the primary program-
ming language, and deployed on Samsung Galaxy 5G smartphones (Samsung, Suwon,
Republic of Korea), with testing specifically conducted on models such as the Galaxy A53
5G, A73 5G, and M54 5G running Android version 12.0.0. It integrates a Python-based
fuzzy logic engine (Python 3.10.x, Python Software Foundation, Beaverton, OR, USA) for
intelligent decision-making, utilizing scikit-fuzzy (version 0.4.1), a common Python fuzzy
logic library. Accelerometer data, collected by the Xamarin.Essentials.Accelerometer API
(version 1.7.0, Microsoft Corporation, Redmond, WA, USA), are processed to extract the
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Signal Magnitude Vector (SMV) and timestamp. These data points are stored locally on
the phone’s internal memory using SQLite (version 3.39.x, open-source). The stored data
then serves as inputs to the Python fuzzy logic engine, which analyzes movement patterns
based on predefined static rules to classify user activity and detect anomalies.

3.2. Mobile Application Development and Features

The mobile application was developed with user-friendliness and continuous, unob-
trusive monitoring in mind, particularly for elderly users. We used the ASP.Net Xamarin
framework with C# as the primary programming language, allowing for cross-platform
development targeting Android devices. Testing was conducted on various Samsung 5G
smartphones (e.g., Galaxy A53 5G, A73 5G, and M54 5G) running Android version 12.0.0,
all equipped with built-in accelerometers and gyroscopes.

Designed for minimal user interference, the app operates seamlessly in the background,
continuously collecting accelerometry data and performing activity analysis without requir-
ing constant interaction. Upon installation, users grant necessary permissions and receive
essential information about the app’s functionality. The application’s interface, exemplified
by Figure 2, prominently displays participant details (name, age, and gender) at the top,
along with real-time motion activity graphs for the current day. To facilitate long-term
health management and trend analysis, it also generates historical motion activity graphs
for one week, one month, and three months. In these activity graphs, green lines illustrate
a detected moving state (activity level plotted on the y-axis against time on the x-axis),
while red lines signify an idle (not moving) state. This aggregated activity information is
subsequently fed into the fuzzy logic module for classification and alert decision-making.
Figure 3 presents the interface for managing caregiver contact details, including name,
phone number, email address, and relationship to the monitored individual.

Figure 2. Activity and participant details.
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Figure 3. View/edit caregiver contacts.

Further enhancing user control and safety, Figure 4 shows all configured caregiver
(emergency) contacts, providing a comprehensive overview of designated recipients for
alerts. Additionally, the application includes a prominent emergency button (shown in
red in Figure 5), enabling elderly users to manually send immediate alerts to caregivers in
critical situations.

Figure 4. Caregiver (emergency) contacts.
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Figure 5. Emergency button.

3.3. Accelerometer Data Acquisition and Local Storage

Accelerometer data, essential for monitoring user activity, are collected using Xam-
arin.Essentials.Accelerometer (version 1.7.0, Microsoft Corporation, Redmond, WA, USA),
which provides processed x, y, and z values along with corresponding timestamps. These
raw accelerometer data are pre-processed to extract the Signal Magnitude Vector (SMV),
calculated using

SMV =
√

x2 + y2 + z2 (1)

For real-time monitoring, accelerometer data are collected at one-minute intervals
(every 60 s). For each one-minute interval, only the highest Signal Magnitude Vector (SMV)
recorded within that minute was retained. This single, highest SMV value per minute then
served as the primary input feature for the fuzzy logic classification system.

A key advantage of this design is that all data are stored locally on the smartphone
using SQLite, a lightweight, open-source, serverless database engine. This approach elimi-
nates reliance on cloud storage, which may be susceptible to Internet connectivity issues,
and significantly enhances data privacy and security by keeping sensitive information
confined to the user’s device, reducing the risk of unauthorized access.

The SQLite database stores the three-dimensional acceleration data, the calculated
SMV, and the corresponding timestamps. This method optimizes storage demands while
preserving meaningful information for analysis. The database is designed to hold up
to three months of historical acceleration data, enabling long-term activity tracking and
pattern analysis valuable for identifying behavioral trends or sudden changes. To maintain
optimal performance and storage capacity, data older than three months are automati-
cally deleted. This design balances data privacy, local storage constraints, and real-time
processing efficiency, ensuring the application remains responsive on mobile devices.
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3.4. Fuzzy Logic-Based Activity and Anomaly Detection

The developed mobile application, integrated into conventional smartphones, contin-
uously monitors user activity using its built-in accelerometer to collect movement data.
This data is then processed via a fuzzy logic module to detect abnormal activity, such
as prolonged inactivity or falls, enabling informed alert decisions. The system’s overall
workflow is presented and generally explained in Section 3.1 and visualized in Figure 1.

This section details the fuzzy logic system, which forms the core AI for classifying
activity levels and detecting anomalies. The system operates on a static set of fuzzy rules
and membership functions, optimized for real-time performance on resource-constrained
mobile devices. The system utilizes two primary fuzzy inputs: the Signal Magnitude
Vector (SMV), derived from accelerometer data as described in Section 3.3, and the time of
day input.

Before the main fuzzy logic processing, an initial classification algorithm processes raw
accelerometer data to identify immediate abnormal movements (like falls) and categorize
general activity states (moving or still). Figure 6 presents the flowchart for this developed
classification algorithm (where μ = Mean).

Figure 6. Flowchart of developed classification algorithm (μ = Mean).

The process of detecting activity and potential anomalies starts by continuously
gathering raw movement data from the smartphone’s built-in accelerometer. This raw data
is immediately used to calculate the Signal Magnitude Vector (SMV), which is a single
number representing the overall strength or intensity of the user’s movement at any given
moment. The system first performs a quick check: If this SMV value instantly jumps
above 8, it is considered a sudden, strong impact, like a fall, and an “Abnormal movement
detected” alert is triggered right away for a quick response. If the SMV does not jump
above 8, meaning no immediate fall is detected, the system then begins to monitor activity
over time. It continuously collects SMV data and watches if one minute has passed. If not,
it keeps gathering more data until a full minute is complete. Once a minute has passed, the
system calculates the average (or mean, represented by μ) of all the SMV values collected
during that minute. This average SMV provides a smoother picture of the user’s activity
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level during that time. Finally, this average SMV (μ) is compared to a set crisp threshold
to define the user’s preliminary activity state. If the average movement (μ) is above this
crisp threshold, the user is classified as “Moving”, indicating they are active. If the average
movement is at or below the crisp threshold, the user is classified as “Still”, indicating a
period of inactivity. This initial classification of “Moving”, “Still”, or “Abnormal movement
detected” provides the basic information that feeds into the more advanced fuzzy logic
system. In the fuzzy logic module (as detailed in upcoming sections describing fuzzy
sets and rules), these states and SMV values are further processed to determine nuanced
activity levels and trigger alerts based on complex conditions, such as prolonged inactivity.

3.4.1. Fuzzification

Fuzzification is the process of converting crisp, numerical input values (like SMV or
time of day) into degrees of membership for predefined fuzzy sets. For this system, standard
Triangular and Trapezoidal membership functions were employed, as commonly found in
Python fuzzy logic libraries like scikit-fuzzy. The parameters defining the precise shape and
range of these membership functions were initially established using an “Intuition method”
and subsequently refined through manual adjustment based on empirical observations and
optimization of detection performance.

Activity Level Fuzzification (SMV Input)

The initial SMV (Signal Magnitude Vector) input undergoes fuzzification, transform-
ing its precise numerical values into degrees of membership across three overlapping
fuzzy sets: Low, Medium, and High activity levels. This process allows for a more natural
representation of activity and enables smoother transitions between states compared to
rigid thresholds. These fuzzy sets and their defining parameters are empirically chosen
based on best practices in activity monitoring to accurately reflect varying human move-
ment intensities. Table 1 details the type of membership function used for each set and
provides their specific parameters, along with a “Corresponding General SMV Range” for
approximate clarity.

Table 1. Illustrative parameters for activity level membership functions.

Fuzzy Set Membership Function Type Defining Parameters (SMV Values)
Corresponding General

SMV Range

Low Trapezoidal [0, 0, 0.5, 1.5] SMV ≈ 0 to 1.5
Medium Triangular [1, 4.5, 8.5] SMV ≈ 1.5 to 8.5

High Trapezoidal [8, 9, 20, 20] SMV ≈> 8

For example, the “Low” fuzzy set uses a Trapezoidal function with parameters
[0, 0, 0.5, 1.5], meaning SMV values from 0 to 0.5 have full “Low” membership, grad-
ually decreasing to zero by 1.5. The “Medium” fuzzy set, a Triangular function with
parameters [1, 4.5, 8.5], primarily covers typical daily activity, with its full membership
peaking at an SMV of 4.5. Lastly, the “High” fuzzy set, also a Trapezoidal function with
parameters [8, 9, 20, 20], is specifically designed for high-intensity movements indicative
of a fall, gaining full membership from an SMV of 9 upwards. These overlapping fuzzy
definitions allow the system to make more nuanced and robust decisions.

Time of Day Fuzzification

The “Time of Day” input is fuzzified into three distinct fuzzy sets: Night, Day, and
Evening. This process allows the system to apply different logic based on the typical
behavioral patterns expected during various periods of a 24 h cycle. These sets utilize static
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membership functions defined by specific time boundaries, transforming a precise hour
into a degree of belonging to “Night”, “Day”, or “Evening”. Table 2 provides illustrative
examples of the parameters for these membership functions.

Table 2. Illustrative parameters for time of day membership functions.

Fuzzy Set Membership Function Type Example Parameters (Hours 0–24)

Day Trapezoidal [22, 23, 5, 6]
Evening Triangular [7, 13, 19]

Night Trapezoidal [17, 19, 22, 24]

These membership functions define how each hour of the day contributes to the
“Day”, “Evening”, or “Night” categories, with overlaps allowing for smooth transitions
between periods. For example, the “Day” fuzzy set uses a Trapezoidal membership function
with parameters [22, 23, 5, 6]. This means its membership begins to increase from 22:00
(10 p.m.), reaches full (100%) membership between 23:00 (11 p.m.) and 5:00 (5 a.m.), and
then gradually decreases to zero by 6:00 (6 a.m.).

The “Evening” fuzzy set uses a Triangular membership function with parameters
[7, 13, 19]. For this set, membership starts at 7:00 (7 a.m.), reaches its peak (100%) at 13:00
(1 p.m.), and then drops to zero by 19:00 (7 p.m.).

Lastly, the “Night” fuzzy set, also a Trapezoidal function, has parameters [17, 19, 22, 24].
Here, membership begins to increase from 17:00 (5 p.m.), reaches full membership between
19:00 (7 p.m.) and 22:00 (10 p.m.), and then gradually decreases to zero by midnight (24:00).
These specific fuzzy definitions enable the system to adapt its behavior and alert strategies
to different periods of the day as defined by these sets.

3.4.2. Fuzzy Inference System (FIS)

The fuzzified inputs are fed into the Fuzzy Inference System. This system employs a
Mamdani-type inference engine, which is widely used for its interpretability. It processes
the inputs using a static set of nine predefined “IF-THEN” fuzzy rules. These rules,
detailed in Table 3, combine the fuzzified activity level (Low, Medium, High) and time
of day (Night, Day, Evening) to infer the appropriate output, such as “Normal Activity”,
“Inactivity Detected”, or “Fall Detected”.

Table 3. Fuzzy rules used by the tool.

Rule Activity Level Time of Day Activity Output Action

1 Low Day Abnormal Start 4 h timer
2 Medium Day Normal None
3 Low Evening Abnormal Start 4 h timer
4 Medium Evening Normal None
5 Low Night Normal None
6 Medium Night Possibly Normal None
7 High Day High Abnormal Start 3 s timer
8 High Evening High Abnormal Start 3 s timer
9 High Night High Abnormal Start 3 s timer

The “Action” column in Table 3 defines the system’s immediate response based on the
inferred activity output. For instance, the “Start 4-h timer” action is triggered when the
system detects a “Low” activity level during “Day” or “Evening” hours (Rules 1 and 3).
Instead of immediately triggering an alert, the system initiates a 4 h inactivity timer. This
means the system will wait for four continuous hours of low activity; if movement does
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not resume within this 4 h period, it indicates prolonged inactivity, and an alert will then
be dispatched to caregivers. This timer helps to avoid false alarms for short periods of rest,
ensuring alerts are only sent for genuinely concerning extended inactivity.

Conversely, the “Start 3 s timer” action is specifically triggered when a “High” activity
level is detected, regardless of the time of day (Rules 7, 8, and 9). A high activity level
is indicative of a sudden, forceful movement, strongly suggesting a fall. Upon detecting
such high activity, the system immediately starts a 3 s monitoring timer. During these 3 s,
the system re-confirms the fall event; if the high activity is sustained or validated within
this very short window (e.g., no immediate recovery movement), an emergency alert is
rapidly sent to caregivers. This brief timer ensures quick verification while prioritizing
swift notification for critical events like falls.

3.4.3. Defuzzification

Defuzzification is the final stage of the fuzzy logic process, as illustrated in the over-
all architecture shown in Figure 7. Its primary function is to convert the aggregated
fuzzy output from the Fuzzy Inference System (FIS), which represents the inferred state
(e.g., degree of “Inactivity Detected”), into a single, crisp, and actionable decision that the
system can execute. For this specific system, the Centroid (Center of Area) method was
employed for defuzzification. This method calculates the center of gravity of the combined
output fuzzy set, effectively yielding a precise numerical value that then directly triggers
the appropriate actionable response.

Figure 7. Architecture of the fuzzy logic system.

This crisp numerical output then dictates the system’s subsequent actions, as defined
by the fuzzy rules detailed in Table 3. For instance, if the fuzzy logic system identifies
a “Low” activity level during “Day” or “Evening” hours (corresponding to Rules 1 and
3 in Table 3), the defuzzified output triggers a 4 h inactivity timer. This timer ensures
that an alert is only sent to caregivers if the user remains continuously inactive for this
full four-hour period, providing a contextual buffer to avoid false alarms during normal,
extended rest. Conversely, if a “High” activity level is detected, indicating a potential
fall (corresponding to Rules 7, 8, and 9 in Table 3), the defuzzified output instantly ac-
tivates a 3 s monitoring timer. This brief timer allows for immediate verification of the
high-intensity event; if normal activity does not resume within these three seconds, care-
givers are promptly notified of a potential emergency, prioritizing rapid response for
critical situations.
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3.5. Alert Notification System

When abnormal activity is detected based on the fuzzy logic output and timer thresh-
olds, the system automatically dispatches alerts to designated emergency contacts. These
alerts are sent via email using SMTP (Simple Mail Transfer Protocol) to all contacts speci-
fied by the individual during the application’s setup. Additionally, an SMS notification is
dispatched to the primary carer’s phone number. Figure 8 provides an example of an email
alert dispatched by the system upon detecting an abnormality.

Figure 8. Email alert sent to emergency message when abnormality is detected.

4. Results

This section presents the experimental findings and performance validation of the
developed smartphone-based remote monitoring system. The system was rigorously tested
with six volunteer participants, comprising university staff and MSc students, who installed
and used the application on their mobile phones over a continuous two-month period.
These tests were designed to evaluate the system’s effectiveness in detecting both abnormal
events (such as falls) and prolonged periods of inactivity, triggering timely alerts when
appropriate. In total, 123 fall scenarios and 138 idle scenarios were tested across the six
participants, as detailed below in Table 4.

Table 4. Number of idle and fall scenarios tested for each user.

User Number of Fall Scenarios Tested Number of Idle Scenarios Tested

1 20 28
2 22 26
3 28 20
4 20 18
5 15 22
6 18 24

Total scenarios 123 138

4.1. Evaluation Metrics and Overall Performance

The performance of the eHealth mobile application was primarily evaluated using a
confusion matrix, which provided a statistical summary of the model’s classification results,
highlighting errors and their categories. This matrix is often referred to as the error matrix.
Figure 9 illustrates the confusion matrix for the abnormal detection (ABD) system, defining
its key components:
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Figure 9. Confusion matrix.

• True Positive (TP): The number of abnormal instances correctly classified as abnormal.
• False Positive (FP) (Type I Error): The number of normal instances incorrectly classified

as abnormal.
• True Negative (TN): The number of normal instances correctly classified as normal.
• False Negative (FN) (Type II Error): The number of abnormal instances incorrectly

classified as normal.

Accuracy represents the percentage of correct predictions across all samples and is
calculated as follows:

Accuracy =
TP + TN

TP + FP + TN + FN
(2)

The overall performance for both fall and idle detection is summarized in Table 5.

Table 5. Accuracy calculation for fall and idle detection.

Detection Type
True Positives

(TP)
False Positives

(FP)
True Negatives

(TN)
False Negative

(FN)
Detection Type

Fall 92 10 15 6 87.70%
Idle 104 7 22 5 91.3%

4.2. Activity Monitoring and Behavioral Trends

The application effectively captured and visualized users’ daily, weekly, and monthly
physical activity patterns throughout the two-month study. Figure 10 illustrates a represen-
tative report of weekly and monthly active hours for User 1, demonstrating the system’s
capability to track long-term behavioral trends over periods greater than 24 h.

In the “Weekly Active Hours” graph (the top visualization in Figure 10), each vertical
bar represents a day of the week. The numerical value displayed at the top of each bar
indicates the total active hours for that specific day. Within each bar, the bright green
sections consistently represent periods where movement was detected, signifying that
the user was actively using or carrying the phone. The lighter, transparent (or uncolored)
sections within the bars indicate periods of detected inactivity. Users can navigate through
different weeks’ reports using the “PREV” and “NEXT” buttons.

The “Monthly Active Hours” graph (the bottom visualization in Figure 10) displays
the active hours per day over a period of approximately one month, presented as a line
graph. The area shaded in green underneath the line also signifies periods of detected
movement, allowing caregivers and users to visualize overarching activity trends and
patterns across several weeks or a full month. This comprehensive visual data significantly
aids in monitoring activity trends over time, supporting the early detection of significant
changes in behavior or health status that might indicate a change in health.
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Figure 10. Weekly and monthly report.

4.3. Inactivity Detection Performance

The system’s ability to identify prolonged periods of user inactivity was a primary
focus of its evaluation. Through quantitative analysis of the 138 idle scenarios tested,
the system achieved a high classification performance. As detailed in Table 5, the idle
detection demonstrated 104 True Positives, 7 False Positives, 22 True Negatives, and 5 False
Negatives, resulting in an overall accuracy of 91.3%.

The integrated fuzzy logic effectively managed alert triggering based on contextual
rules. For instance, in accordance with Rule 1 from Table 3, the system consistently triggered
an alert when continuous low activity (inactivity) was detected for four consecutive hours
during daytime (07:00–18:00). Conversely, adhering to Rule 5 (Table 3), no alerts were
dispatched for similar four-hour inactivity periods occurring during nighttime (after 22:00),
accurately recognizing typical sleep patterns. The system further demonstrated robustness
by automatically resetting the inactivity timer if movement resumed within the four-hour
threshold, preventing unnecessary alerts. While the system performed well in classifying
expected scenarios, false positives did occur, predominantly when participants’ normal
behaviors deviated from the predefined fuzzy rules. For instance, in one observed case,
a participant who took a longer-than-usual mid-day rest (exceeding the 4 h inactivity
threshold during daytime) triggered an alert despite being entirely normal. This highlights
the inherent challenge of distinguishing genuine anomalies from individual behavioral
variations with static rules.

4.4. Fall Detection Performance

Fall detection, a critical aspect of the system’s functionality, was rigorously tested
through 123 simulated emergency scenarios. In these controlled tests, the system demon-
strated strong performance. As presented in Table 5, the fall detection achieved 92 True
Positives, 10 False Positives, 15 True Negatives, and 6 False Negatives, resulting in an
overall accuracy of 87.7%. In all simulated fall events that were correctly detected (falling
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under the 92 True Positives), the system successfully triggered an emergency alert within
three seconds of a detected high-intensity movement.

Figure 11 provides a visual representation of the system’s daily activity monitoring,
including an example of a detected fall. At the top of the interface, essential participant
details are displayed, providing immediate context for the activity data. The main “Daily
Activity Graph” visualizes the “Activity Level” on the Y-axis against “Time” on the X-axis,
presented in a 24 h format (e.g., from 20:00 to 24:00). In this graph, continuous green lines
represent periods of normal, sustained activity, while sharp red peaks distinctively indicate
sudden, forceful changes in movement characteristic of a detected fall, as seen around
23:40 in the example. These sharp red peaks are direct visual evidence of the high-intensity
movements that trigger the fall detection mechanism. The corresponding fuzzy rules—Rule
7 (daytime), Rule 8 (evening), and Rule 9 (nighttime) from Table 3—were instrumental
in ensuring that the system immediately bypassed the four-hour inactivity threshold for
these critical events, directly triggering a 3 s monitoring period for fall confirmation and
subsequent alerts.

 

Figure 11. Daily activity.

4.5. Alert Notification Efficacy and Robustness

Upon the detection of a confirmed anomaly (either prolonged inactivity or a fall),
the system consistently dispatched timely alerts to designated emergency contacts. These
notifications were sent via email (using SMTP) to all registered contacts and via SMS to the
primary carer’s phone number. Figure 12 provides a representative example of an email
notification triggered by the system upon detecting an abnormality, demonstrating the
seamless and automated nature of the alert mechanism.
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Figure 12. Email notification to caregiver triggered at midnight.

Furthermore, the system’s robustness was confirmed in various normal usage scenar-
ios. Participants intentionally remained idle for short durations before resuming movement
within the set threshold, and the system correctly identified these as non-alert scenarios.
This ensured that unnecessary alerts were not triggered during routine, short periods of
stillness, thereby enhancing user experience and minimizing false positives. The quan-
titative results, as detailed in Section 4.1 and Table 5, serve as a strong validation of the
proposed fuzzy logic methodology and the prototype application’s capability to identify
abnormal motion patterns using built-in smartphone accelerometers. These figures, derived
from controlled and simulated scenarios with six participants over a two-month period,
demonstrate the system’s technical feasibility and real-time detection potential within the
scope of this pilot study.

5. Discussions

This section interprets the findings of the eHealth mobile application, considering its
implications for remote elderly monitoring. The system represents a significant advance-
ment by leveraging readily available mobile phone sensors and fuzzy logic, offering a
continuous and non-invasive health monitoring solution. Unlike often expensive and un-
comfortable wearable IoT devices, our system’s reliance on built-in mobile accelerometers
provides a cost-effective and highly accessible approach for tracking daily activity. We
opted for fuzzy logic over more complex machine learning models due to its proven effi-
ciency and capability for offline data processing, which enables real-time decision-making
without constant Internet connectivity.

One key challenge observed during testing was the occurrence of false alerts. As
detailed in the Results Section, these arose when individual activity and sleep behaviors
deviated from the static, predefined fuzzy logic rules. For instance, a participant taking an
unscheduled, longer-than-usual mid-day rest could trigger an alert despite being entirely
normal. This highlights the inherent difficulty in distinguishing genuine anomalies from
typical individual behavioral variations with fixed rules, pointing towards the need for
more adaptable systems.

The pilot study’s results, demonstrating an 87.7% accuracy for fall detection and 91.3%
for idle detection, validate the technical feasibility of our fuzzy logic-based methodology.
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These figures confirm the prototype application’s capability to accurately identify abnormal
motion patterns using conventional smartphone accelerometers. The findings highlight
the potential of remote patient monitoring (RPM) systems in enhancing elderly care by
enabling real-time prolonged inactivity detection and rapid emergency responses, offering
a more accessible and scalable alternative to traditional wearable devices.

6. Limitations and Future Directions

A primary limitation of the current study is the small experimental sample size, in-
volving six volunteer participants over a two-month period. This pilot study was primarily
designed to validate the feasibility of the fuzzy logic-based methodology and the functional
prototype of the eHealth mobile application. While these initial results are promising for
confirming the method’s working principle and the app’s operational capabilities, a com-
prehensive assessment of its long-term efficacy in enhancing health outcomes or ensuring
sustained user adaptation necessitates further work.

Despite the advantages of smartphone-based remote monitoring, we acknowledge
inherent technical constraints such as battery life, reliance on network connectivity for
alerts, and potential sensor performance variability in diverse environments. Our de-
sign deliberately minimizes battery drain by utilizing one-minute interval data sam-
pling and performing all core activity detection and fuzzy logic processing locally on
the device. This approach reduces continuous power demands and reliance on constant
Internet connectivity.

Future research necessitates expanding the cohort significantly by recruiting a larger
and more diverse group of elderly participants to enhance the generalizability of findings
and gather more extensive long-term data on various activity patterns. Alongside this,
comprehensive usability studies with diverse elderly individuals are crucial to further
assess the app’s ease of use and refine its interface, complemented by the development of
accessible user guides. Future work will also investigate optimized power management
techniques and strategies for handling prolonged connectivity outages, such as localized
on-device alerts for the user, and explore cloud storage for long-term data retention.

Expanding on the adaptive fuzzy logic, future developments will focus on integrat-
ing AI-driven learning to dynamically adjust fuzzy rules based on individual behavioral
patterns over a one-week period, thereby significantly reducing false alerts and improv-
ing accuracy and personalization. Furthermore, a critical next step involves conducting
comprehensive comparative experiments with state-of-the-art deep learning-based activity
detection methods, such as convolutional neural networks (CNNs) and long short-term
memory (LSTM) networks. This will allow for a robust evaluation of our fuzzy logic ap-
proach against these advanced techniques in terms of accuracy, robustness to diverse user
behaviors, and computational complexity, especially considering the resource constraints
and real-time processing requirements of mobile devices. The integration of more advanced
fuzzy logic techniques, such as an adaptive neuro-Fuzzy Inference System, can further
improve the tool’s operation. Future enhancements will also include activity trend graphs
(daily, weekly, and monthly) to provide caregivers and healthcare professionals with deeper
insights into an individual’s activity patterns, supporting personalized and preventive care.
Finally, exploring integration with iOS devices and expanded activity detection features
will enhance accessibility and effectiveness.

7. Conclusions

This pilot study successfully demonstrated the technical feasibility and preliminary
effectiveness of a secure eHealth mobile application for remote elderly monitoring. By
utilizing triaxial accelerometers from conventional smartphones, it provides a non-invasive,
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cost-effective, and user-friendly solution for continuous health tracking. The system, lever-
aging fuzzy logic, efficiently detected activity patterns and identified prolonged inactivity
or potential falls, ensuring timely alerts to caregivers or emergency contacts. The promising
results from this initial study, conducted with six participants over two months, vali-
date the core methodology and the functional prototype’s capability to classify activities
and trigger alerts, thereby laying a foundational step for future extensive evaluations.
This mobile-based approach offers a highly accessible and scalable alternative to tradi-
tional wearable IoT devices, potentially reducing healthcare costs and the burden on care-
givers while offering enhanced safety, improved healthcare outcomes, and peace of mind
for families.
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Abstract: The UAV bicopter is a double-propeller system whose main objective is to sta-
bilize a rod at a given angle by precisely controlling the rotation speed of each propeller.
This mechanism generates asymmetric thrust forces that induce a torque on the bar, thus
allowing its pitch angle to be modified. Since its dynamics involve complex interactions be-
tween the thrust generated by the rotors, aerodynamic effects, and the pendulum behavior
of the system, the bicopter is classified as a highly nonlinear system sensitive to external
disturbances. To address this complexity, the implementation of a fuzzy Takagi–Sugeno–
Kang (TSK) controller is proposed. This controller decomposes the nonlinear dynamics
into multiple local linear models associated with a specific operating condition, such as
different pitch angles and rotor speeds. The control strategy provides accurate trajectory
tracking and effectively handles disturbances and varying conditions, making this ap-
proach a practical solution for both dynamic and uncertain environments. This strategy
ensures precise trajectory tracking and demonstrates robust performance compared to other
control methods, such as PID and LQR, which often struggle with disturbances and system
nonlinearities. The TSK controller has proven its effectiveness in experimental trajectory
tracking tests, achieving root mean square errors (RMSEs) of 0.2049, 0.3269, 0.3899, 0.3335,
and 0.2494, which evaluate the average error in degrees of the system concerning the target
position, for tracking trajectories of −10 to 10, −12 to 12, −15 to 15, −17 to 17, and −20 to
20 degrees, respectively.

Keywords: fuzzy control; UAV; bicopter; tracking controller; Takagi–Sugeno–Kang controller

1. Introduction

The Unmanned Aerial Vehicle (UAV) bicopter is a double-propeller system whose
main purpose is to stabilize a rigid bar at a certain angle, precisely controlling the rotation
speed of each of its propellers [1]. Its operating principle is based on the generation of
asymmetric thrust forces: varying the relative speed between the two rotors produces an
imbalance in thrust that induces a torque on the bar, allowing its angular inclination to be
actively modified and controlled. This action is key to maintaining the system’s stability
under various operating conditions. However, despite the apparent simplicity of its
mechanical structure, the UAV bicopter’s dynamic behavior is considerably complex. This
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is because the interaction between thrust forces, aerodynamic effects, and the pendulum-
type oscillatory behavior of the bar generates strongly coupled and nonlinear dynamics [2].
In this context, even minor external disturbances or changes in the payload can trigger
significant responses, making the system highly sensitive and unstable if an appropriate
control strategy is not applied. Furthermore, the dependence of thrust on rotor speed is
nonlinear, and the effects of airflow generated by one propeller can influence the behavior
of the other, further increasing the complexity of the system [3].

TSK fuzzy systems represent an advanced extension of classical fuzzy logic, designed
to model complex nonlinear systems by combining local rules based on linear models [4].
Unlike Mamdani-type fuzzy systems, in TSK models, the conclusions of the fuzzy rules
are not linguistic values but mathematical functions that depend on the input variables [5].
Each rule is activated based on the degree of membership of the inputs in certain fuzzy sets,
and the overall output of the system is obtained as a weighted combination of the individual
outputs of all activated rules [6]. This structure allows for a more compact and efficient
representation of the dynamics of highly nonlinear systems [7,8]. In the field of dynamical
systems, TSK models are widely used to approximate the dynamics of physical, mechanical,
or electrical processes that exhibit complex, nonlinear, and context-dependent behavior,
such as UAVs, robotic manipulators, industrial process control systems, and biomechanical
systems [9–13]. Their main advantage lies in the ability to decompose global dynamics into
multiple local linear models that can be efficiently designed and analyzed with classical
linear control tools [14]. At the same time, fuzzy logic ensures smooth transitions between
them. This allows for the design of adaptive and robust controllers capable of maintaining
system performance even under uncertainty, external disturbances, or changes in operating
conditions. The main contributions of this work are summarized as follows:

• We design and implement a TSK fuzzy control methodology for a UAV bicopter
system based on interpolating local linear models using triangular and trapezoidal
membership functions. This methodology effectively approximates the nonlinear
behavior inherent to the system dynamics.

• Proposal of a flexible control curve generation strategy, where the designer can manu-
ally adjust the fuzzy control curves to achieve accurate reference trajectory tracking
under different operating conditions, providing adaptability at the design stage rather
than in real-time operation.

• Experimental validation demonstrating enhanced structural robustness compared to
existing state-of-the-art methodologies, confirmed through consistent low RMSE and
IAE values and rapid settling times, even under external disturbances and uncertainties.

Finally, this paper is structured into several key sections. Section 2 presents related
work in control applied to the bicopter, the dynamic model of the system in UAV bicopter
system dynamics, the theoretical foundations of the method in Takagi–Sugeno Fuzzy In-
ference, and the proposed controller structure for theTSK Fuzzy Controller, as well as the
description of tracking tasks in Parabolic Trajectory. Section 3 describes the design and
implementation of the TSK fuzzy controller, addressing the general structure, linguistic
variables, linear output functions, and the rule base. Section 4 presents the system perfor-
mance in five tracking scenarios with different start and end points. Section 5 analyzes the
results compared to previous methodologies. Finally, Section 6 summarizes the findings of
the study, followed by the bibliography.
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2. Background

2.1. Related Works

The mechanical system of the bicopter has been increasingly analyzed in recent years
due to its interesting nonlinear dynamics and the complexities of controlling the system.
Using controllers based on fuzzy logic has been widely applied in recent research because
of their ability to improve the performance of highly complex and nonlinear systems.
Furthermore, the study of trajectory tracking has recently been a highly researched method-
ology because it is one of the complex challenges in UAVs, which requires advanced control
techniques capable of handling uncertainties and nonlinearities in the system. Previous
studies have shown that PID (Proportional–Integral–Derivative) controllers are one of the
methods used. Derived from classical control theory, it is one of the most widely applied
methodologies in control systems due to its effectiveness in stabilizing linear systems [15].
Ref. [16] presents a case study where the authors implement these classical controllers to
stabilize a bicopter, a variant of a UAV. The results showed the PID controller as an effective
methodology for keeping the system balanced, demonstrating through experimental tests
an appropriate response when the system is subjected to load tests on any of its axes.
Recent research has applied optimization algorithms to improve PID controllers’ perfor-
mance. The authors of [17] proposed a multi-criteria genetic algorithm (GA) to optimize PI
(Proportional–Integral) controller gains for a balancing bicopter. This work underscores
the importance of multi-objective optimization in UAV control. In recent years, intelligent
controllers have gained prominence to ensure system stability [18]. Cukdar et al. [19]
proposed an Adaptive Fuzzy 2-DOF PID controller for a BLDCM-driven two-rotor UAV,
demonstrating superior performance under variable operating conditions compared to
classical and 2-DOF PID controllers. The study utilized Particle Swarm Optimization (PSO)
to tune PID parameters. Recent advances in bicopter control have explored integrating
intelligent control methods with robust nonlinear strategies to improve system perfor-
mance under uncertainties and disturbances. The authors of [20] present a Direct Fuzzy
Logic Controller (DFLC) combined with a Fast Terminal Sliding Mode Control (FTSMC)
to address the attitude stabilization problem of a bicopter system. The DFLC provides a
rule-based nonlinear control law without requiring an explicit dynamic model, while the
FTSMC enhances robustness and ensures finite-time convergence. This study is particularly
relevant as it exemplifies the synergy between model-free fuzzy control and model-based
robust control. In [21], a Mamdani-type fuzzy controller was proposed to stabilize the roll
motion of a UAV Bicopter. Considering the nonlinear, unstable, and underactuated nature
of the system, the FLC was implemented on a Teensy 3.6 along with an MPU6050 IMU
and servomotors for rotor tilting. Different rule base sizes (3 × 3, 5 × 5, 7 × 7, and 9 × 9)
were evaluated, finding that a larger number of rules (9 × 9) provided the best performance.
Bench tests demonstrated quick recovery from disturbances and reference changes, thus
validating the effectiveness of the fuzzy approach in attitude control. The study in [22]
presents the control of a three-degree-of-freedom tilt-rotor bicopter test bench. The sys-
tem combines a tilt-rotor bicopter with an articulated arm to enable safe and repeatable
testing of control strategies for vehicles with thrust-vectoring capabilities. The authors
address the challenge of decoupling attitude and position control in multi-rotor systems by
employing a dual-mode control strategy, which integrates a Linear Quadratic Regulator
(LQR) for stability and a Model Predictive Controller (MPC) for reference tracking and
input constraint enforcement. Experimental results validate the controller’s robustness
against model uncertainties and disturbances, demonstrating its effectiveness in position
tracking while minimizing attitude variations. Additionally, the case study presented
in [23] employs a methodology that integrates fuzzy logic, PID, and Active Disturbance
Rejection Control (ADRC) applied to a UAV bicopter. Simulations have demonstrated
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the effectiveness of this strategy, showing improvements in response speed, disturbance
rejection, and overall system robustness. This approach provides a promising direction for
tackling the complexities of controlling bicopter UAVs in practical applications.

On the other hand, control proposals from modern control theory, such as LQR con-
trollers, have been analyzed. Prakosa et al. [24] experimentally evaluated the Linear
Quadratic Regulator (LQR) method to optimize PID gains for bicopter take-off position
control. Their study highlighted the critical role of cost matrix weighting in achieving
asymptotic stability for roll angles. In addition, LQR controllers have also been imple-
mented alongside optimization algorithms. This case study [25] uses a Genetic Algorithm
(GA) to find the optimal Q and R parameters for the Linear Quadratic control method. This
approach is applied to a bicopter to stabilize the system through roll angle control.

Other control methodologies have been applied in the bicopter system. The work
by Arrofiq et al. [26] presents a rigorous method for modeling a balancing bicopter’s roll
dynamics using multi-level periodic perturbation signals. Their approach combines experi-
mental system identification with cross-distribution validation, achieving close alignment
between simulation and real-world performance.

In recent years, various approaches such as traditional control, controllers optimized
through metaheuristic algorithms, and classical fuzzy controllers have been applied to
nonlinear systems with high uncertainty, such as UAV bicopters. However, these methods
present certain limitations. PID controllers exhibit reduced performance when facing non-
linearities and external disturbances. Optimization algorithm-based methods are effective
for parameter tuning but require high computational cost and do not always guarantee real-
time adaptability. Traditional DFLCs, while robust, tend to rely on many rules to achieve
acceptable performance, making their implementation in embedded systems challenging
due to the high computational demand. In contrast, implementing a TSK fuzzy controller
represents a promising alternative to traditional methodologies, due to its ability to handle
system nonlinearities while representing outputs through linear functions, significantly
reducing computational cost compared to classical fuzzy control methods. This feature is
particularly relevant for embedded systems with limited resources.

Table 1 presents several control methods from the most relevant research related to
the bicopter system. Additionally, this case study is a continuation of the work presented
in [27], where an adaptive fuzzy PID controller, self-tuned using the Hunting Search
optimization algorithm, was previously applied to a classical single-rotor aero pendulum
system. Building on that work, the present study introduces two significant advancements:
integrating a second rotor to enhance control authority and the design of a TSK fuzzy
controller that significantly reduces computational complexity. While both approaches
are based on fuzzy logic, the TSK fuzzy controller represents a clear improvement over
the adaptive fuzzy PID framework. Unlike the prior method, which was limited by the
linearity of the PID structure, the TSK controller employs rule-based local models, enabling
a more accurate approximation of nonlinear dynamics. This results in smoother control
actions, greater robustness to disturbances, faster convergence, and superior trajectory
tracking under dynamic and uncertain conditions, demonstrating substantial conceptual
and practical advancement.
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Table 1. Several methodologies are applied to the UAV bicopter system.

Methodology Controller Remarks

[16] PID

A PID controller is implemented
for the balancing control of a
bicopter vehicle. For the
experimental results, different
weight loads are applied at
various prototype points to
validate the controller.

[17] Optimized PI

They optimize the PI controller
using a Genetic Algorithm to find
the best gains for the control
method and implement it in the
proposed system. Two
approaches are employed to
optimize the controller gains: one
incorporates the Integral of
Absolute Error (IAE), while the
other does not.

[19] Adaptive Fuzzy 2-DOF PID

An Adaptive Fuzzy (AF) 2-DOF
PID controller is employed to
balance a two-rotor UAV.
The fuzzy controller is compared
with a classical PID controller to
demonstrate and validate the
method proposed by the authors.

[20] DFLC combined with FTSMC

They use a direct Takagi–Sugeno
fuzzy logic controller adapted to a
Fast Terminal Sliding Mode
Control (FTSMC) to reduce the
nonlinearities and uncertainties
present in the system.

2.2. System Dynamics of the UAV Bicopter

The UAV bicopter system consists of a rigid bar driven by two motorized propellers
at its ends. Each propeller generates vertical thrust to achieve stabilization, and an inertial
measurement unit (IMU) is employed to measure the angular position of the bar relative to
the vertical axis. Both motors are positioned at opposite bar ends and rotate in opposite
directions to generate lift and counteract torque effects. The mechanical structure of the
proposed system, illustrated in Figure 1, comprises a suspended bar connected to two
brushless DC (BLDC) motors equipped with propellers. These motors are driven by 30-A
electronic speed controllers (ESCs), which regulate the rotational speed of the BLDC motors.
The system uses an MPU6050 inertial measurement unit to provide real-time angular
position measurements, enabling precise control and stabilization of the bicopter platform.

The UAV bicopter’s movement analysis focuses solely on the rotational subsystem.
The free-body diagram is presented in Figure 2, which illustrates the forces and moments
affecting the system proposed. Table 2 shows the parameters used in the mathematical
model of the UAV bicopter, including its physical properties, system constants, and key
state variables for its dynamic analysis.
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Figure 1. Three-dimensional design of the UAV bicopter system.

Table 2. Mechanical parameters of the UAV bicopter.

Parameter Symbol Value Units

Propulsive force of rotor 1 P1 - N
Propulsive force of rotor 2 P2 - N
Fulcrum to rotor 1 distance l1 0.325 m
Fulcrum to rotor 2 distance l2 0.325 m
Bar length L 0.65 m
Rotor 1 angular velocity ω1 - rad/s
Rotor 2 angular velocity ω2 - rad/s
UAV bicopter angle θ - Degrees

Figure 2. Free-body diagram of the UAV bicopter.

The system includes a pivot bar at its center, with two rotors at the ends generating
propulsive forces, denoted as P1 and P2. The system dynamics are derived using Newton–
Euler’s rotational equation, which is centered at the pivot point. The governing dynamics
of the system are presented in Equation (1).

Jθ̈(t) + bθ̇(t) + kθ(t) = τ(t) (1)
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where

• J is the moment of inertia of the bar for the pivot.
• b is the viscous friction coefficient at the pivot.
• k is a restoring coefficient.
• τ is the net torque generated by the rotors.

The torque generated by the motors can be determined as in Equation (2):

τ(t) = l2P2 − l1P1 (2)

Substituting the total torque in Equation (1), we have

Jθ̈(t) + bθ̇(t) + kθ(t) = P2(t) · l2 − P1(t) · l1 (3)

Assuming that the thrust forces P1 and P2 generated by the engines are directly related
to the square of their respective angular velocities, it follows that Pi(t) = k f ω2

i (t), where k f

represents the aerodynamic thrust constant, as given in Equation (4).

Jθ̈(t) + bθ̇(t) + kθ(t) = k f

[
ω2

2(t) · l2 −ω2
1(t) · l1

]
(4)

where k f represents the aerodynamic constant of thrust generation, which depends on
the physical characteristics of the rotor and the fluid medium. A state space representa-
tion of the system is proposed to find a stability criterion for the system. For this case,
the following states of the system are chosen: x1(t) = θ(t) and x2(t) = θ̇(t). Also, u(t) is
defined as the control input that encapsulates the inherent nonlinearities of the system;
it means u(t) = k f

[
ω2

2(t) · l2 −ω2
1(t) · l1

]
. From a practical implementation perspective,

these nonlinear behaviors are not explicitly modeled but are instead addressed through the
fuzzy controller’s inference mechanism, which dynamically adapts the control action based
on the system’s operating conditions. Thus, the system can be expressed as Equation (5).

ẋ(t) =

[
0 1
− k

J − b
J

]
x(t) +

[
0
1
J

]
u(t) (5)

The quadratic Lyapunov function expressed in Equation (6) is proposed, directly
reflecting the energy stored in the modeled UAV bicopter.

V(x) =
1
2

Jx2
2 +

1
2

kx2
1 (6)

It can be observed that V(x) is positive definite because X(x) > 0 for all x �= 0, given
that both J > 0 and K > 0 are physical parameters and the square of a real number is
non-negative. Additionally, it holds that V(0) = 0, which is a necessary condition for a
Lyapunov function.

The time derivative of the Lyapunov function along the trajectories of the system
provides crucial information about the stability behavior. Differentiating Equation (6)
concerning time gives Equation (7).

V̇(x) =
∂V
∂x1

ẋ1 +
∂V
∂x2

ẋ2 = kx1 ẋ1 + Jx2 ẋ2. (7)

By substituting the state equations from Equation (5) into Equation (7), the resulting
expression given by Equation (8) is obtained.
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V̇(x) = kx1x2 + Jx2

(
− k

J
x1 − b

J
x2 +

1
J

u(t)
)

, (8)

which expands to

V̇(x) = kx1x2 − kx1x2 − bx2
2 + x2u(t).

Observing that the terms kx1x2 and −kx1x2 cancel out, the derivative simplifies to
Equation (9).

V̇(x) = −bx2
2 + x2u(t). (9)

This expression is fundamental for establishing the system’s stable conditions.
The derivative V̇(x) consists of two terms:

• The term −bx2
2 is strictly non-positive for all x2, since b > 0 and x2

2 ≥ 0.
• The term x2u(t) depends on the control input u(t) and the system’s angular velocity x2.

If the control input u(t) is designed such that it does not dominate the natural dissipa-
tive effect introduced by the damping term −bx2

2, the system’s total energy, represented by
V(x), will decrease over time. This implies that the system will gradually dissipate energy,
leading to convergence toward the equilibrium point.

2.3. Takagi–Sugeno Fuzzy Inference

In 1985, a new methodology for a fuzzy inference engine was proposed by Takagi
and Sugeno [28]. It was introduced due to the limitations of the Mamdani inference
engine, which presented high computational loads, causing limitations in fast dynamic
systems. Takagi and Sugeno replaced the fuzzy outputs of the rules with mathemati-
cal functions [29,30], making the system more efficient. This allows implementations in
nonlinear systems that are too complex to be solved by the Mamdani method [31].

All fuzzy sets are associated with linear membership functions, characterized by
two parameters representing the maximum degree of 1 and the minimum degree of 0.
The truth value of a proposition “x is A and y is B” is defined as follows: |x is A and y is
B| = A(x) ∧ B(x).

Equation (10) shows the expression of fuzzy implication.

R : If f (x1 is A1, · · · , xi is Ai), then zi = (aix + bi, i = (1, 2, 3......, n). (10)

where:

• zi: Variable of the consequence whose value is inferred.
• x1 − xi: Variables of the premise that also appear in the consequence part.
• A1 − Ai: Fuzzy sets with linear membership functions representing a fuzzy subspace

where the implication R can be applied for reasoning.
• f : Logical function that connects the propositions in the premise.
• aix + bi: Function that implies the value of zi when x1 − xi satisfy the premise.

The final output z0 is inferred from n implications and is given as the average of all zi

with the weights as can be seen in Equation (11), assuming that ai = Ai(x).

z0 =
∑n

i=1aizi

∑n
i=1 ai

(11)

2.4. Takagi–Sugeno–Kang Fuzzy Controller

In 1998, ref. [32] presented a Takagi–Sugeno–Kang (TSK) fuzzy controller based on a TS
fuzzy model consisting of TS fuzzy rules whose consequents are state-space equations with

162



Symmetry 2025, 17, 759

a constant term. In the TS fuzzy model, each rule corresponds to a specific operating region
or condition of the system. These rules define linear input–output relationships within
their regions, enabling a simplified representation of the local dynamics [33]. The overall
system behavior is then obtained by combining these local linear models using fuzzy logic
principles. This combination process ensures smooth transitions between operating regions,
producing a cohesive and accurate representation of the system’s global behavior.

The structure of the TSK fuzzy controller consists of four stages: fuzzification, rule
formulation, TS fuzzy inference, and defuzzification.

1. Fuzzification: This stage assigns each input a degree of membership to the defined
fuzzy sets, enabling a qualitative representation of the system’s quantitative infor-
mation. Each input variable is transformed into linguistic variables through fuzzy
membership functions.

2. Rules formulation: The designer specifies the decision-making rules based on the
relationship between the inputs and outputs.

3. TS fuzzy inference: In this stage, the TS fuzzy inference links the rules established in
the previous stage with the outputs. This fuzzy inference relates the rules to the linear
output functions proposed by the designer.

4. Defuzzification: Finally, in the defuzzification stage, a crisp output is obtained from
the linear output functions using a weighted average, as seen in Equation (11).

2.5. Parabolic Trajectory

In control systems, a trajectory refers to the path a system follows through a sequence
of movements within a specified time frame. One of the most widely used methods for
generating such trajectories is the parabolic velocity profile [34], which provides smooth
and predictable motion. This model accelerates the actuator at a constant rate until a
midpoint is reached, followed by a symmetrical deceleration phase until the velocity
returns to zero.

Equation (12) defines the resulting position over time, which describes the displace-
ment at each instant. Figures 3 and 4 illustrate this parabolic trajectory’s corresponding
position and velocity profiles.

θ(t) = θ0 +
2θ̇f
t f

(t− t0)
2 − 4θ̇f

3t2
f
(t− t0)

3, 0 < t ≤ t f (12)

Equation (13) relates the velocity and the execution time of the motion.

t f =
3h
2θ̇ f

(13)
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Figure 3. Position [Degrees] in a parabolic velocity profile.

Figure 4. Velocity [Degrees/s] in a parabolic velocity profile.

3. Materials and Methods

The Takagi–Sugeno–Kang controller is the fuzzy controller presented in this research.
This methodology is a rule-based control approach that combines fuzzy logic with linear
models to handle complex, nonlinear systems. Figure 5 illustrates the methodology em-
ployed in the design of the TSK fuzzy controller. The first step is to generate the parabolic
trajectory presented in Section 2.5, where the designer specifies the target final position and
the execution time of the motion. The next step is the fuzzification process, in which lin-
guistic variables are proposed based on the angular error exhibited by the system through
membership functions. The third step is establishing the IF–THEN rules that relate the
inputs to the outputs. Subsequently, the rules are evaluated through TS fuzzy inference.
The next step is to perform defuzzification using Equation (11) in Section 2.3, where the
output of the controller is computed as a weighted average of the rule outputs, with the
weights determined by the firing strengths of the rules. The final stage corresponds to
sending the control signal to both rotors of the UAV bicopter, denoted by U(t), to correct
the error presented by the system.

The error denoted by e(t) is defined as the difference between the reference or target
position r(t) and the current position measured by the angular sensor denoted by θ,
as shown in Equation (14).

e(t) = r(t)− θ(t) (14)

The fuzzification stage is based on the angular error using fifteen linguistic values.
The linguistic values that describe it are shown with the following abbreviations: VLN
(Very Large Negative), LN (Large Negative), MLN (Moderately Large Negative), MN
(Medium Negative), MSN (Moderately Small Negative), VSN (Very Small Negative), Z
(Zero), VSP (Very Small Positive), SP (Small Positive), MSP (Moderately Small Positive),
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MP (Medium Positive), MLP (Moderately Large Positive), LP (Large Positive), and VLP
(Very Large Positive).

The linguistic variable (error) is described by two trapezoidal and thirteen triangular
linguistic values. Equations (15) and (16) present the triangular and trapezoidal member-
ship functions, respectively.

μtriangular(x) =

⎧⎪⎪⎨
⎪⎪⎩

xi−αi
mi−αi

if x ∈ [αi, mi]
xi−mi
mi−βi

if x ∈ (m, βi]

0 other values.

(15)

μtrapezoidal(x) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

xi−αi
βi−αi

if x ∈ [αiβi)

1 if x ∈ [βi, γi]
xi−εi
εi−γi

if x ∈ (γi, εi]

0 other values

(16)

Figure 5. Takagi–Sugeno–Kang fuzzy tracking controller design.

For the triangular membership function, αi, μi, and βi represent the start, the central
point, and the end, respectively. For the trapezoidal membership function, αi, βi, γi, and εi

represent the start, the left central point, the right central point, and the end, respectively.
The distribution of the linguistic values is symmetrically arranged to ensure a similar

system response when the error takes on either positive or negative values. Trapezoidal
membership functions are proposed to provide a constant response when the error becomes
significantly large. On the other hand, triangular membership functions are employed at
the center of the distribution because the system requires a fast and precise response to
correct the error due to nonlinearities.

Figure 6 illustrates the symmetrical distribution of the linguistic values used to repre-
sent the error.
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Figure 6. Error linguistic variables proposed.

Table 3 presents the linear output functions associated with the proposed TSK fuzzy
tracking controller. The table is divided into two sections representing the output control
functions U1 and U2, which are applied to the two rotors (BLDC1 and BLDC2 motors) of the
UAV bicopter. For each linguistic rule zi, a specific linear function of the form ai · e(t) + bi is
designed to adjust the controller response. The outputs for U1 start with positive coefficients
ai and progressively symmetrically shift toward negative values. In contrast, U2 starts with
negative coefficients and gradually shifts to positive values. This symmetric distribution
ensures a balanced and coordinated actuation of both rotors. However, this symmetry only
holds if the motors have the same characteristics. In practical applications, where slight
differences between motors may exist, the symmetry can be complemented, allowing the
use of a reduced set of 15 IF–THEN rules while maintaining effective control.

Table 3. Linear output functions of the TSK fuzzy tracking controller proposal.

U1 U2

Variable Linear Function Variable Linear Function

z1BLDC1 a1 · e(t) + b1 z1BLDC2 −a30 · e(t) + b30
z2BLDC1 a2 · e(t) + b2 z2BLDC2 −a29 · e(t) + b29
z3BLDC1 a3 · e(t) + b3 z3BLDC2 −a28 · e(t) + b28
z4BLDC1 a4 · e(t) + b4 z4BLDC2 −a27 · e(t) + b27
z5BLDC1 a5 · e(t) + b5 z5BLDC2 −a26 · e(t) + b26
z6BLDC1 a6 · e(t) + b6 z6BLDC2 −a25 · e(t) + b25
z7BLDC1 a7 · e(t) + b7 z7BLDC2 −a24 · e(t) + b24
z8BLDC1 a8 · e(t) + b8 z8BLDC2 a23 · e(t) + b23
z9BLDC1 −a9 · e(t) + b9 z9BLDC2 a22 · e(t) + b22
z10BLDC1 −a10 · e(t) + b10 z10BLDC2 a21 · e(t) + b21
z11BLDC1 −a11 · e(t) + b11 z11BLDC2 a20 · e(t) + b20
z12BLDC1 −a12 · e(t) + b12 z12BLDC2 a19 · e(t) + b19
z13BLDC1 −a13 · e(t) + b13 z13BLDC2 a18 · e(t) + b18
z14BLDC1 −a14 · e(t) + b14 z14BLDC2 a17 · e(t) + b17
z15BLDC1 −a15 · e(t) + b15 z15BLDC2 a16 · e(t) + b16

Table 4 shows the fuzzy inference rules defined for the proposed TSK fuzzy tracking
controller. Each rule follows the IF–THEN structure. Thirty fuzzy rules are proposed,
with fifteen fuzzy rules for each output (U1, U2).
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Table 4. Fuzzy rules for the bicopter TSK fuzzy tracking controller.

U1 U2

Rules Rules

If e(t) is VLN, then U1 is z1BLDC1 If e(t) is VLN, then U2 is z1BLDC2
If e(t) is LN, then U1 is z2BLDC1 If e(t) is LN, then U2 is z2BLDC2
If e(t) is MLN, then U1 is z3BLDC1 If e(t) is MLN, then U2 is z3BLDC2
If e(t) is MN, then U1 is z4BLDC1 If e(t) is MN, then U2 is z4BLDC2
If e(t) is MSN, then U1 is z5BLDC1 If e(t) is MSN, then U2 is z5BLDC2
If e(t) is SN, then U1 is z6BLDC1 If e(t) is SN, then U2 is z6BLDC2
If e(t) is VSN, then U1 is z7BLDC1 If e(t) is VSN, then U2 is z7BLDC2
If e(t) is Z, then U1 is z8BLDC1 If e(t) is Z, then U2 is z8BLDC2
If e(t) is VSP, then U1 is z9BLDC1 If e(t) is VSP, then U2 is z9BLDC2
If e(t) is SP, then U1 is z10BLDC1 If e(t) is SP, then U2 is z10BLDC2
If e(t) is MSP, then U1 is z11BLDC1 If e(t) is MSP, then U2 is z11BLDC2
If e(t) is MP, then U1 is z12BLDC1 If e(t) is MP, then U2 is z12BLDC2
If e(t) is MLP, then U1 is z13BLDC1 If e(t) is MLP, then U2 is z13BLDC2
If e(t) is LP, then U1 is z14BLDC1 If e(t) is LP, then U2 is z14BLDC2
If e(t) is VLP, then U1 is z15BLDC1 If e(t) is VLP, then U2 is z15BLDC2

The defuzzification stage is evaluated based on a weighted average, as shown in
Equation (11). Therefore, Equations (17) and (18) determine the output values for both rotors.

U1 =
∑n

i aizi

∑n
i ai

=
VLN(z1BLDC1) + LN(z2BLDC1) + · · ·+ VLP(z15BLDC1)

VLN + LN + · · ·+ VLP
(17)

U2 =
∑n

i aizi

∑n
i ai

=
VLN(z1BLDC2) + LN(z2BLDC2) + · · ·+ VLP(z15BLDC2)

VLN + LN + · · ·+ VLP
(18)

To quantify the performance tracking controller, it is evaluated using the Root Mean
Squared Error (RMSE) and the Integral Absolute Error (IAE). Equation (19) defines the
calculation of the RMSE, which evaluates the average error between the system’s behavior
and the target position. On the other hand, the IAE computes the total accumulated error
during the entire test duration. Its expression is defined in Equation (20).

RMSE =

√√√√ 1
N

N

∑
k=0

(r(kTs)− θ(kTs))
2 (19)

IAE =
N

∑
k=0

|r(kTs)− θ(kTs)| · Ts (20)

where

• N is the total number of samples.
• θ(kTs) is the position value at sample k.
• r(kTs) is the target position value at sample k.
• Ts is the sampling time.

4. Results

This section presents the final design of the TSK fuzzy tracking controller. The fuzzy
tracking controller is implemented on an embedded system based on the ESP32 micro-
controller. The MPU6050 sensor is responsible for acquiring the angular position data
measured from the UAV bicopter. The embedded system is programmed in C++ using
a sampling time of 0.02 s for the experimental phase. The execution time of the imple-
mented TSK fuzzy controller has an average execution time of 387.8063 μs per control
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cycle. This execution time includes evaluating membership functions, the fuzzy inference
process, and calculating the controller output. The selected sampling time is constrained
by the physical limitations of the BLDC motors, which cannot adjust their rotational speed
instantaneously due to the rotor’s mechanical inertia. As a result, several milliseconds
are required for the motor to respond effectively to changes in the PWM signal. Figure 7
illustrates the mechanical system of the UAV bicopter in experimentation. Algorithm 1
shows how the TSK fuzzy tracking controller works.

Figure 7. UAV bicopter stabilized at 0 degrees.

Algorithm 1: TSK fuzzy tracking controller algorithm.
Declare the inputs and outputs
Declare the constants and variables
Declare the linear function of the TSK controller
Set the final time and position of the trajectory t f , r(t)
Set the sampling time Ts

Function LinguisticValues(error, anchoring points):
Create the figures of the functions
Calculate the membership degree

Function SetUp():
Configure the BLDC frequency, PWM, and channel
Configure the IMU sensor
Create the interruption of the sampling time

while True do
Calculate the angular position
Filter the readings obtained from the IMU sensor
Generate the parabolic trajectory in Figure 3
Calculate error: e(t) = r(t)− θ(t)
Evaluate the linguistic variable of error e(t) presented in Figure 6
Evaluate the fuzzy rules
Evaluate the defuzzification process using Equation (11)
Send the output signal to the BLDC

end

Table 5 shows the distribution parameters of the triangular and trapezoidal error
linguistic values. Figure 8 illustrates the visual representation of the membership functions
used in the final controller proposal. The distribution of the functions closer to zero aims to
achieve a fast system response within the error range of [−1.5 to 1.5] degrees, reducing the
steady-state error.
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Table 5. Parameters of the error linguistic variables.

Linguistic
Value

αi mi βi γi εi

VLN −25 - −25 −20 −15
LN −18 −15 −12 - -
MLN −15 −12 −9 - -
MN −12 −9 −6 - -
MSN −8 −4 −1 - -
SN −1.5 −1 −0.5 - -
VSN −1 −0.5 0 - -
Z −0.5 0 0.5 - -
VSP 0 0.5 1 - -
SP 0.5 1 1.5 - -
MSP 1 4 8 - -
MP 6 9 12 - -
MLP 9 12 15 - -
LP 12 15 18 - -
VLP 15 - 20 25 25

Figure 8. Error linguistic variables in the final controller proposal.

Table 6 presents the linear functions used in the final test. These functions are based
on the response required by the system to overcome the inherent nonlinearities of the UAV
bicopter. A quicker response is needed to stabilize the system when the error ranges from
0.5 to 1.5 degrees. Due to the nonlinearity, the UAV bicopter can enter steady-state error if a
smoother response is observed within this range of values. The definition of the coefficients
αi and the constant terms bi in the output linear functions of the TSK fuzzy controller
follows a design process to ensure robust and precise system performance in response
to variations in the reference error. The main objective in selecting these coefficients is to
reduce the steady-state error, considering the system’s inherent nonlinearities. Rapid and
aggressive corrections are applied to achieve this in scenarios where immediate stabilization
of the target position is required. In contrast, smoother corrections are used in situations
far from the reference position to avoid oscillatory movements that could compromise the
system’s stability.
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Table 6. Final linear output functions of the TSK fuzzy tracking controller.

U1 U2

Variable Linear Function Variable Linear Function

z1BLDC1 0 · e(t) + 0 z1BLDC2 0 · e(t) + 100
z2BLDC1 0.1 · e(t) + 10 z2BLDC2 −0.1 · e(t) + 90
z3BLDC1 0.3 · e(t) + 15 z3BLDC2 −0.5 · e(t) + 85
z4BLDC1 0.4 · e(t) + 20 z4BLDC2 −0.4 · e(t) + 80
z5BLDC1 0.1 · e(t) + 23 z5BLDC2 −0.3 · e(t) + 77
z6BLDC1 0.1 · e(t) + 25 z6BLDC2 −0.2 · e(t) + 75
z7BLDC1 0.05 · e(t) + 30 z7BLDC2 −0.2 · e(t) + 70
z8BLDC1 0 · e(t) + 50 z8BLDC2 0 · e(t) + 50
z9BLDC1 −0.05 · e(t) + 70 z9BLDC2 0.2 · e(t) + 30
z10BLDC1 −0.1 · e(t) + 75 z10BLDC2 0.2 · e(t) + 25
z11BLDC1 −0.1 · e(t) + 77 z11BLDC2 0.3 · e(t) + 23
z12BLDC1 −0.4 · e(t) + 80 z12BLDC2 0.4 · e(t) + 20
z13BLDC1 −0.3 · e(t) + 85 z13BLDC2 0.5 · e(t) + 15
z14BLDC1 −0.1 · e(t) + 90 z14BLDC2 0.1 · e(t) + 10
z15BLDC1 −0 · e(t) + 100 z15BLDC2 0 · e(t) + 0

Figures 9 and 10 show the control output surfaces obtained through the TSK fuzzy
inference and the expected designed control surface. Although the expected control surface
was designed using linear segments, the control signal processed through the TSK fuzzy
inference system exhibits nonlinear behavior. This distortion arises from the nature of the
membership functions employed, which influence the weighted combination of the local
outputs. With two trapezoidal membership functions at the extremes, a slower response
is obtained to prevent the system from aggressively correcting the error. In contrast,
implementing the triangular functions for small angular errors generates a faster response
to correct the system’s output. The asymmetry in the output surface between the two rotors
arises because the rotors do not have identical mechanical characteristics, causing them to
break inertia in different ways. As a result, 15 fuzzy rules are proposed for each motor to
account for their differing behaviors.

Figure 9. Proposed versus TSK fuzzy inference output control surface [Duty Cycle] of U1.
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Figure 10. Proposed versus TSK fuzzy inference output control surface [Duty Cycle] of U2.

The first test was conducted to evaluate the performance of the TSK controller using
a target position corresponding to a 10-degree step input, as illustrated in Figure 11.
The system is stabilized within 1.5 s, achieving a minimal steady-state error of 0.25 degrees.
Figure 12 presents the control signal applied in the step-test.
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Figure 11. Ten-degree step response.

The experimental results are presented in five different trajectory tracking cases,
with the main objective being to validate that the TSK controller successfully stabilizes the
proposed system within the target time. For the five cases, a final time of 1.7 s is proposed.
Figure 13 illustrates the angular position response of the system under the control of
the TSK fuzzy controller. The reference trajectory is compared with the actual angular
position obtained during the experiment. Figure 14 shows the angular error reported
during several tests. Figure 15a,b show the control signals U1 and U2, respectively, applied
to the rotors during each trajectory tracking test. These signals reflect the controller’s
dynamic response to the desired reference inputs. The variation in the PWM levels for each
rotor illustrates how the system adjusts the actuation to maintain stability and accurately
follow the desired trajectory.
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Figure 12. Control signals [Duty Cycle] applied to the system.

On the other hand, the first test starts at an initial position of -10 degrees and ends at the
final position of 10 degrees. The maximum angular error observed during the experiment
test is 0.6 degrees, while the steady-state error is 0.415. The system exhibits an RMSE value
of 0.2049 and an IAE value of 0.9876. Additionally, the OS recorded during the test was
2.89915%. The second test from −12 to 12 reports an RMSE value of 0.3269 and an IAE of
2.7460, with a steady-state error of 0.35 degrees and an overshoot (OS) of 1.8333%, making
it the trajectory case with the lowest values obtained. The third test starts from an initial
position of -15 and ends at the final position of 15 degrees. The bicopter shows a steady-state
error of 0.49 degrees, while the OS obtained during the test was 2.866%. This test presents
an RMSE value of 0.3899 and IAE value of 2.5244. The four tests from −17 to 17 present an
IAE value of 2.27615 and an RMSE value of 0.3335. The system shows a steady-state error
of 0.39 degrees, while the overshoot obtained during the test was 2.294%. The fifth test
begins at −20 degrees and reaches a final position of 20 degrees. The maximum angular
error recorded was 0.86 degrees, while the steady-state error measured 0.43 throughout
the experimental test. The system achieved an RMSE of 0.2494 and an IAE of 1.1799.
Furthermore, the overshoot observed during the test was 1.1799%.
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Figure 13. Bicopter response in trajectory tracking comparison.
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Figure 14. Error [Degrees] in several trajectories.
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Figure 15. Control signal [Duty Cycle] of U1 in several trajectories: (a) control signal of U1; (b) control
signal of U2.
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Robustness Test

Figure 16 presents three scenarios of robustness tests applied to trajectory tracking
within an angular range of −10 to 10 degrees. These tests aim to evaluate the capability
of the proposed controller to maintain system performance under external disturbances.
The methodology used to induce such disturbances involves periodically altering the target
position. Every 8 s, the cycle duty of one rotor is increased to 90% while the other is de-
creased to 10% for a brief interval of 500 milliseconds. This abrupt and cyclical modification
of the rotors’ duty cycle is designed to temporarily destabilize the system, enabling the
analysis of the controller’s response to unexpected variations in the desired trajectory.
The results of each test allow for the assessment of the controller’s effectiveness in terms
of recovery, stability, and accuracy under unanticipated external conditions. The system
initially tracks the generated parabolic trajectory. Once the steady-state error is reached,
the computationally generated perturbations are introduced. The response demonstrates
the effectiveness of the controller under perturbations, as it returns to the target position
after the disturbance. Figure 17 shows the error observed during the tests. On the other
hand, Figure 18a,b present the control signals U1 and U2, respectively, applied to rotors in
three tests.
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Figure 16. Trajectory tracking robustness tests: −10 to 10 degrees with computational perturbations.
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Figure 17. Error [Degrees] during trajectory tracking robustness tests.
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Figure 18. Cont.
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Figure 18. Control signal [Duty Cycle] of U1 during trajectory tracking robustness tests: (a) control
signal of U1; (b) control signal of U2.

5. Discussion

Figure 13 presents several trajectory tracking tests on the proposed control system.
In all cases, the settling time was consistently 1.7 s. The first test yielded the lowest root
mean square error (RMSE) of 0.2049 and the lowest integral of absolute error (IAE) of 0.9876,
while the second test exhibited the smallest overshoot at 1.8333%. The fourth test achieved
the lowest steady-state error, with a final deviation of only 0.39 degrees. Complementarily,
Figure 14 compares the angular errors across all experiments: the fifth test recorded the
highest angular error (0.86 degrees), whereas the fourth test again stood out with the lowest
error (0.6 degrees). To validate the trajectory tracking strategy’s robustness, 100 experimen-
tal trials were performed—50 within the range of −10 to 10 degrees and 50 within −20
to 20 degrees. The TSK fuzzy controller demonstrated consistent performance, achieving
low average RMSE values and small standard deviations in both scenarios, reflecting high
accuracy and stable system behavior. Although the IAE increased slightly in the broader
range, it remained within acceptable margins, confirming the controller’s capacity to man-
age larger reference deviations without significant cumulative error. The average duration
of the trajectory tracking trials was approximately 9 s, as summarized in Table 7.
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Table 7. Statistical analysis for trajectory tracking.

Metrics −10 to 10 −20 to 20

RMSE IAE RMSE IAE

Mean 0.2687 1.1087 0.2701 1.2933
Standard devi-
ation (σ) 0.0500 0.0739 0.0173 0.0587

For the 10-degree step input test, the overall mean error was 0.2268 with a standard
deviation of 0.055, while the mean of individual standard deviations was 0.1428 (±0.0316),
reflecting a consistent and precise system response. These results were obtained from 50
experimental trials, each with an average duration of 14 s, demonstrating the thoroughness
of our experimental process. Table 8 presents a comparative analysis with other related
methodologies implemented on similar UAV configurations. Four case studies are consid-
ered: the first employs an AF2-DOF PID controller for a two-rotor UAV, providing only
simulation results; the second focuses on balancing control through optimization of the Q
and R parameters in a bicopter, also limited to simulations; the third implements a classical
PID controller for experimental bicopter control; and the fourth explores pitch regulation
using a state feedback controller, again through simulation. Compared to these approaches,
the proposed TSK fuzzy controller offers experimentally validated results and superior
tracking precision under real-world conditions.

Table 8. Comparison of several works.

Work Method Implementation

[17] LQ-GA Simulation
[16] PID Experimental

[19] Adaptative Fuzzy 2-DOF
PID Simulation

[35] State Feedback Simulation
Proposed TSK Fuzzy Tracking Experimental

Table 9 presents a comparative analysis of key performance metrics—RMSE, IAE,
steady-state error (SE), overshoot (OS), and settling time (ST)—between the proposed
methodology and several related works. In the study by [19], the controller achieved an
SE of 0.05 and an ST of 0.0867 s, with no overshoot reported. While these results indicate
a highly efficient response, they are limited to simulation-based validation. Similarly,
ref. [17] applied a genetic algorithm for parameter optimization and obtained an OS of
12.8244% and an ST of 7.1450 s, also without steady-state error; however, this approach was
likewise validated only through simulation. In contrast, ref. [16] reported experimental
results on a bicopter, achieving an SE of 0.25 degrees, an OS of 6.68%, and a settling time
of 2.62 s. Another simulation-based study by [35] employed a state feedback controller
for pitch regulation, showing an OS of 4.86% and an ST of 1.13 s, with no steady-state
error. The methodology proposed in this article differs by incorporating both simulated
and experimentally validated results, reporting RMSE and IAE values of 0.2049 and 0.9876,
respectively—performance indices not addressed in the studies above. Additionally, it
achieved an SE of 0.415 degrees and an OS of 2.8915%, with a target settling time of
1.7 s. Although the proposed method exhibits a higher steady-state error than that reported
in [16], it ranks third in settling time among all compared approaches. These results not only
reflect the challenges imposed by the system’s inherent nonlinearities and experimental
uncertainties but also demonstrate a competitive and practically viable control performance,
providing reassurance and confidence in its application.
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Table 9. Results comparison of several works: simulated and experimental.

Metrics [19] [17] [16] [35] Proposed
Simulation Simulation Experimental Simulation Experimental

RMSE - - - - 0.2049
IAE - - - - 0.9876
SSE (°) 0.05 0 0.25 0 0.415
OS (%) 0 12.8244 6.68 4.86 2.8915
ST (s) 0.0867 7.1450 2.62 1.13 1.7

6. Conclusions

This paper introduced the design and experimental implementation of a TSK fuzzy
controller for trajectory tracking in a UAV bicopter, characterized by strong nonlinearities
and dynamic complexity. The proposed strategy demonstrated high tracking accuracy,
achieving low RMSE and minimal steady-state deviations across all test scenarios. Quantita-
tive metrics such as RMSE and the integral of absolute error (IAE) validated the controller’s
precision and robustness. All experiments yielded consistent settling times of approx-
imately 1.7 s. The most favorable trajectory exhibited an RMSE of 0.2049 and an IAE
of 0.9876. Furthermore, the controller maintained effective performance under external
computational disturbances. When a sudden perturbation was introduced to one of the
rotors, the system quickly stabilized and returned to the desired trajectory, with a max-
imum angular deviation of only 3.81 degrees. These results highlight the controller’s
strong disturbance rejection capabilities and ability to ensure stable operation in real-world
conditions. The practical implementation confirmed the viability of the proposed TSK
fuzzy approach, reinforcing its relevance for applications requiring real-time, reliable con-
trol in uncertain and nonlinear environments. In summary, the results underscore the
effectiveness of the TSK controller as a robust solution for precise trajectory tracking in
UAV systems. Beyond the current scope, this case study opens several avenues for future
research. One direction involves developing an adaptive version of the controller that
can modify its fuzzy rules in real-time based on changing system dynamics. Another
promising extension is the integration of neuro-fuzzy architectures, enabling learning from
simulations and experimental data. Perhaps the most ambitious line of inquiry is scaling
the approach to multicopter platforms—tricopters, quadcopters, or hexacopters—thus
enabling three-dimensional trajectory tracking through coordinated control of altitude,
pitch, and roll.
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Abbreviations

The following abbreviations are used in this manuscript:

UAV Unmanend Aerial Vehicle
TSK Takagi–Sugeno–Kang
PID Proportional–Integrative–Derivative
GA Genetic Algorithm
BLDCM Brushless Direct Current Motor
PSO Particle Swarm Optimization
DFLC Direct Fuzzy Logic Controller
FTSMC Fast Terminal Sliding Mode Control
LQR Linear Quadratic Regulator
IMU Inertial Measurement Unit
ESC Electronic Speed Controller
VLN Very Large Negative
LN Large Negative
MLN Moderately Large Negative
MN Medium Negative
MSN Moderately Small Negative
SN Small Negative
VSN Very Small Negative
Z Zero
VSP Very Small Positive
SP Small Positive
MSP Moderately Small Positive
MP Medium Positive
MLP Moderately Large Positive
LP Large Positive
VLP Very Large Positive
RMSE Root Square Mean Error
IAE Integral Absolute Error
OS Overshoot
PWM Pulse Width Modulation
SSE Steady-State Error
ST Settling Time
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Abstract: This paper presents a control framework for the image tracking of two-wheeled
self-balancing carts, with the objective of achieving precise tracking control. Exploiting the
remarkable memory capacity of the Long Short-Term Memory (LSTM) neural network for
sequence signals, the framework conducts image memory judgment and memorization,
aiming to enhance control accuracy. After the training phase, comprehensive simulations
and real-world experiments are carried out based on the established model to verify the
effectiveness and practicality of the proposed control strategy. The system utilizes the
TSL1401 linear array CCD lens to detect black tapes on the ground and identify and
memorize surrounding images. Through the establishment of a continuous set of training
sample points, the LSTM network is trained using Python and TensorFlow. This training
process optimizes the network’s weights and generates weight files, which can be readily
converted into machine code for physical implementation. Initially, the effectiveness of
the control law is verified through simulating the symmetrical steering control of the
two-wheeled cart. The simulation results demonstrate the validity of the proposed design
method and its superior performance. Finally, a physical two-wheeled self-balancing cart is
developed to further validate the feasibility of the framework. Experimental results confirm
that this method is highly effective, demonstrating robust image tracking capabilities and
optimal tracking performance.

Keywords: two wheeled; image tracking; control; Python; Tensorflow; LSTM; fuzzy; neural
networks; cart; symmetry; symmetrical steering

1. Introduction

In recent years, two-wheeled self-balancing carts have attracted significant attention
due to their potential applications in various fields, such as intelligent transportation,
logistics automation, and service robotics [1–4]. These systems have inherently unstable
structures which are similar to inverted pendulums. Thus, sophisticated control algorithms
are required to maintain balance and ensure accurate steering. Traditional control methods,
including PID (Proportional–Integral–Derivative) control, fuzzy logic control, and some
other complex algorithmic control approaches [5,6], have been widely adopted. However,
these methods often face challenges when dealing with complex and dynamic environ-
ments. They rely on predefined rules and fixed parameters, which may not adapt well to
changing conditions, especially in the context of symmetrical steering control.

With the rapid development of computer vision technology, image-based control
strategies have emerged as a promising approach for self-balancing carts. By utilizing

Symmetry 2025, 17, 747 https://doi.org/10.3390/sym17050747
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cameras, these systems can acquire rich environmental information, enabling more intel-
ligent and adaptive control. Linear CCD (Charge-Coupled Device) sensors, in particular,
offer high-resolution linear imaging capabilities, which are advantageous for precise path
tracking and obstacle detection [7–10]. Nevertheless, most existing image-based con-
trol methods for two-wheeled self-balancing carts focus on short-term motion prediction
and lack the ability to handle long-term dependencies and temporal dynamics within
image sequences.

Long Short-Term Memory (LSTM) networks, a type of recurrent neural network
(RNN), have demonstrated outstanding performance in processing sequential data with
long-term dependencies. LSTM networks can selectively remember and forget information
over time, making them suitable for tasks that require an understanding of temporal context,
such as speech recognition, time series prediction, and video analysis [11–15]. Although
recently, models based on TimeGPT and other advanced architectures have shown better
performance than LSTM-based models [16–18], the LSTM is still used in this paper for
the following reasons: Firstly, the data used in this research has specific characteristics
and constraints. LSTM models are well studied and have proven effective in handling
sequential data with temporal dependencies, which aligns well with the nature of the linear
CCD data collected from the two-wheeled vehicle. In contrast, TimeGPT-based models,
although promising, require a large amount of data for training and fine-tuning, which
was not available in this study due to the limited data collection resources. Secondly, the
computational resources and time available for this study were also factors. LSTM-based
models are relatively more computationally efficient compared to the complex architectures
of TimeGPT-based models, allowing for the timely completion of the research. Finally, the
novelty of this study lies in the innovative way of preprocessing CCD data for LSTM-based
turning judgment. While TimeGPT-based models are an interesting area of research, they
do not directly contribute to the main objectives of this study.

Some of the latest studies about two-wheeled cart control are detailed as
follows [19–22]: In [19], by training the model with historical motion and environmental
data, it is able to predict the future states of the mobile robot. The proposed approach is
expected to improve the robot’s adaptability and control performance. In [20], the focus of
the research is on the coordination of the robot’s wheels, its body posture, and its interaction
with the environment. By formulating a comprehensive control algorithm, the authors aim
to improve the robot’s performance in terms of balance maintenance, maneuverability, and
load-carrying capacity. In [21], based on their model, an optimal control strategy is pro-
posed to maintain the robot’s balance and achieve desired motions. The control approach
likely aims to minimize certain cost functions related to energy consumption, balance error,
and tracking performance. In [22], the feedback mechanism is integrated to enhance the
controller’s performance by continuously adjusting the control signals according to the
actual system states. This combination aims to improve the system’s response time, stabil-
ity, and robustness against disturbances. The authors conduct extensive simulations and,
possibly, real-world experiments to evaluate the performance of the proposed controller.

In this paper, we propose a novel symmetrical steering control method for linear
CCD-based two-wheeled self-balancing carts that integrates image tracking and LSTM
networks. The image tracking module extracts dynamic features from linear CCD images,
while the LSTM network models the long-term temporal relationships in the tracking
data to predict future motion states. By combining these two components, our approach
aims to enhance the control performance of self-balancing carts in complex and dynamic
environments, overcoming the limitations of traditional control methods and existing
image-based approaches. The contributions of this study include the development of
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an LSTM-based control framework for self-balancing carts and the integration of image
tracking and LSTM for more accurate motion prediction.

During the implementation process, we first use the Python language [23] to train the
LSTM neural network. After training is completed, we use the TensorFlow Lite 2.1 [24]
package to convert the LSTM weights into C language and integrate them with the cart
control code using the Keil IDE (Integrated Development Environment) uVision 5 [25].
Experimental results on two-wheeled self-balancing carts [26] validate the effectiveness
and superiority of the proposed method. The design objectives of this paper are to prove
the feasibility of the method through simulation and then implement the method using an
actual two-wheeled self-balancing cart for symmetrical operation.

2. Designing Symmetrical Steering Motion of Cart

Similarly to forward motion, we can also establish a simplified symmetrical steering
motion model, as shown in Figure 1 [26]. The symmetrical steering motion is induced by the
unequal magnitudes of the reaction forces FL and FR exerted on the cart body by the left and
right wheels in the horizontal direction. Based on the law of rotation of a rigid body with a
fixed axis, we can obtain the fundamental equations that govern the rotational motion of the
object. These equations form the foundation for the subsequent experimental verification
and simulation analysis, which I will elaborate upon in the following paragraphs.

Figure 1. The symmetrical steering diagram of the two-wheeled self-balancing cart.

Similarly to the forward-motion model, we can also establish a simplified symmetrical
steering motion model, as shown in Figure 1. The symmetrical steering motion arises from
the unequal horizontal reaction forces FL and FR exerted on the cart body by the left and
right wheels. By applying the rotational form of Newton’s second law to a rigid body with
a fixed axis, we obtain the following dynamic equation:

Jθ

..
θ =

d
2
(FL − FR) (1)

After considering the displacement relationship between the left and right wheels, the
dynamic equation is established as follows: When the speeds of the left and right wheels
are not equal, the cart body turns, as shown in Figure 1. From the geometric relationship,
we can derive

(m +
I

r2 )(
..
xL − ..

xR) =
TL − TR

r
− (FL − FR) (2)

.
xL =

.
θrL (3)
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.
xR =

.
θrR (4)

rL = rR + d (5)

After subtracting Equation (2) from Equation (1), we obtain:

.
θ =

.
xL − .

xR
d

(6)

..
θ =

..
xL − ..

xR
d

(7)

Then, the dynamic model of symmetrical steering of the cart can be obtained as

..
θ =

1

r(md + Id
r2 + 2Jθ

d )
(TL − TR) (8)

Since the magnitude of the motor output torque is difficult to control directly, it
is converted into the acceleration of the two wheels according to the law of rigid body
fixed-axis rotation

.
vRo =

r
I

TR (9)

.
vLo =

r
I

TL (10)

..
θ =

1

I(md + Id
r2 + 2Jθ

d )
(

.
vLo − .

vRo) (11)

..
θ = f u + dis (12)

where f = 1
I(md+ Id

r2 +
2Jθ
d )

, u = (
.
vLo − .

vRo). The dis is defined as the disturbances and

the uncertainties.
The parameters of model are defined as follows:
xR: Horizontal displacement of right wheel (m);
xL: Horizontal displacement of left wheel (m);
θ: Yaw angle of the cart (rad);
Jθ : The moment of inertia of the cart body when rotating around the z-axis (kg × m2);
m: Wheel mass (kg);
r: Radius of wheel (m);
rR: Distance from right wheel to rotation center (m)
rL: Distance from left wheel to rotation center (m)
v: Velocity of cart (m/s);
vR: Velocity of right wheel (m/s);
vL: Velocity of left wheel (m/s);
.
vRo: The right wheel acceleration which is also the right control output (m/s2);
.
vLo: The left wheel acceleration which is also the left control output (m/s2);
d: Distance between wheels (m);
TR: The output torque of the right wheel motor (N ·m);
TL: The output torque of the left wheel motor (N ·m);
FR: The magnitude of the horizontal component of the force acting on the right

wheel (N);
FL: The magnitude of the horizontal component of the force acting on the left

wheel (N);
I: Moment of inertia of the wheel (kg × m2).
To prove the stability of the designed system, we first define its error as follows:
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e = θd − θ. Then, based on this error, we design an ideal controller as follows:

uideal = f−1(
..
θd − dis + k1

.
e + k2e) (13)

Substituting this equation into Formula (7), we can derive the error dynamic equation
as follows:

..
e + k1

.
e + k2e = 0 (14)

According to Laplace transformation, as long as k1 and k2 are selected correctly so
that the characteristic roots of Equation (5) are located in the left half-plane, the system is
guaranteed to be stable, and the system error will converge, i.e.: lim

t→∞
e(t) = 0.

The ideal controller uideal involves excessive uncertainties, necessitating the design of
a robust controller uLSTM to address these challenges.

uideal = k1
.
e + k2e + uLSTM (15)

The control forces for the left and right wheels are determined by the symmetrical
steering direction. For instance, when turning right, the left wheel must accelerate; when
turning left, the right wheel must accelerate. Their relationship with the ideal control input
uideal is as follows:

.
vLo = uideal +

.
vRo (16)

.
vRo =

.
vLo − uideal (17)

3. LSTM Neural Network Design and Simulation Results

First, the characteristics of the linear CCD in TSL 1401 [26] need to be introduced.
Figure 2 illustrates the structure of the TSL1401, a linear image sensor celebrated for its
high sensitivity and extensive dynamic range, rendering it well suited for light detection
applications. It consists of 128 photodiodes arranged in a single row, allowing for highly
precise light intensity detection. With low dark current and high responsivity, the sensor
ensures reliable performance even in low-light conditions. Moreover, its simple serial
interface simplifies its integration with microcontrollers and other digital systems.

Each photodiode in the array converts incident light into an electrical charge, with
the amount of charge generated being proportional to the local light intensity. These
charges are then sequentially transferred and processed. The sensor samples the charge
from each photodiode, converts it into a voltage-proportional signal, and outputs the data
serially. By analyzing the output values, users can determine the light distribution across
the 128-element array, which finds application in various scenarios, including light-level
monitoring, edge detection, and optical signal analysis.

This paper utilizes this CCD to track the black tape on the ground and control the
direction of the cart, with the goal of enabling the cart to move along the black tape.
Previously, infrared sensors were predominantly used due to their short-range detection
and relatively low susceptibility to interference. Control laws such as PID and LQR were
applied to ensure the cart moved stably along the tape. In this study, image-based tracking
is adopted, presenting significant challenges. Images are vulnerable to environmental
brightness, reflections, and the reflective background of the tape, all of which can impact
tracking accuracy. Therefore, simulations are first conducted, and a neural-network-like
LSTM is employed to memorize the cart’s movement patterns. Similarly to human cog-
nitive abilities, the system can still identify the position of the black tape in ambiguous
environments.
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Figure 2. The diagram of the TSL 1401 structure.

We select 64 elements from the middle of the 128-element CCD as the target values.
Specifically, the control objective is to maintain the lowest voltage value at the 64th position,
as shown in Figure 3. To accomplish this, we create learning samples for an LSTM network
to be trained on. LSTM networks are particularly adept at predicting time-series data,
making them highly suitable for this task.

Figure 3. The correct waveform of TSL 1401.

Python is an ideal programming language for this task due to its simplicity, readability,
and extensive libraries. Its high-level syntax allows for rapid development, enabling
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researchers to quickly prototype and iterate on the LSTM model. With libraries like NumPy
and Pandas, data preprocessing, manipulation, and analysis become straightforward,
which are crucial for handling the linear CCD data used in this paper. TensorFlow, on
the other hand, provides a powerful and flexible framework for building and training
neural networks. It offers high-level APIs, such as Keras, that simplify the construction
of complex models like LSTM, making it accessible even for those new to deep learning.
TensorFlow also supports automatic differentiation, which streamlines the computation
of gradients during the training process, significantly reducing the development time.
Additionally, it has excellent support for distributed training, which can accelerate the
training of large-scale LSTM models. TensorFlow’s compatibility with various hardware
platforms, including GPUs and TPUs, further boosts the training efficiency.

The neural network architecture consists of one LSTM layer followed by a densely
connected layer, as illustrated in Figure 4, with its operational flow depicted in Figure 5.
We implement this model using Python [23]. To mitigate overfitting and ensure reliable
predictions, we carefully regulate the training batch size. The model is trained with a
learning rate of 0.001 for 20 epochs, with a batch size of 32. After training, simulations
are conducted. The model consists of an LSTM layer with 32 units followed by two
Dense layers, and the activation function of the output layer is ‘softmax’. Regarding the
hyperparameters, the learning rate is initially set at 0.001 and tuned within the range
of 0.0001–0.01. Through the ‘adam’ optimizer and a grid search combined with cross-
validation, the optimal learning rate is determined to be 0.001. The final accuracy of the
model is 0.9, and the loss is 0.25. The training process is depicted in Figure 6.

Figure 4. The LSTM neuron architecture.

We iteratively generate 128 training points within the range of 35 to 95, enabling the
LSTM model to learn three types of movements: moving forward (output 0), turning right
(output 10), and turning left (output −10), as shown in Figure 7. The results clearly show
that when the input value is around 64, the model outputs 0, indicating forward movement;
when the input is approximately 40, it outputs −10, signifying a left turn; and when the
input is near 80, the output is 10, corresponding to a right turn.

In the absence of the LSTM component, the system loses its predictive ability. As
demonstrated in Figure 8, just relying solely on a PD (proportional-differential) controller
leads to subpar control performance. This method involves using the distance between the
image point and the mid-point as a parameter, and then considering its differential term
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for simple traditional control. In contrast, Figure 9 presents the simulation results after
integrating the trained LSTM model and its learned weights. The results clearly indicate
that the inclusion of LSTM enables the cart to follow the desired path accurately, while
without it, the cart fails to execute proper turns and moves erratically. The reason for this
is mainly due to the unique characteristics of the data and the problem at hand. The data
source, e.g., linear CCD data for the two-wheeled cart used in this study contains complex,
non-linear, and time-varying patterns that are difficult to model accurately using traditional
control methods.

Figure 5. LSTM operation flow chart.

Figure 6. LSTM training process diagram.
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Figure 7. LSTM training results diagram.

Figure 8. Cart trajectory diagram without LSTM but with PID control.
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Figure 9. Cart trajectory diagram with LSTM.

4. Practical Implementation Results

The cart body used in the actual experimental implementation is shown in Figure 10.
In real-world applications, especially when implementing the model on embedded systems
or devices with limited computational resources, such as the two-wheeled self-balancing
cart in this study, machine code offers significant advantages. Machine code is the lowest
level of programming representation that can be directly executed by the hardware. By
converting the trained weights into machine code, we can eliminate the overhead associated
with higher level programming languages and frameworks. This results in faster execution
speeds, reduced memory consumption, and improved real-time performance, which are
crucial for the real-time control and operation of the self-balancing cart. Moreover, machine
code enables better integration with the specific hardware architecture of the target device.
It allows for fine-grained optimization tailored to the unique features and capabilities of
the hardware, further enhancing the overall efficiency of the model.

When moving from simulation to real-world testing, several significant challenges
emerge. Firstly, the simulation environment is often an idealized representation that fails
to account for the complex and unpredictable real-world factors. For instance, in the case
of the two-wheeled self-balancing cart, simulation may not accurately replicate variations
in terrain, ambient noise, and interference from external electromagnetic fields. These
real-world elements can significantly affect the performance of the control system based
on the trained LSTM model. Secondly, hardware limitations pose a major hurdle. In
real-world testing, the physical sensors and actuators of the self-balancing cart may have
inherent inaccuracies, non-linearities, and signal delays that are not present in simulations.
Calibrating these components to work in harmony with the model can be extremely
challenging and time-consuming. Another critical factor is data deviation. The data
collected during real-world testing may have different statistical characteristics compared to
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the simulated data used for training. This data mismatch can lead to the poor generalization
of the model, resulting in suboptimal performance.

Figure 10. Cart body and CCD diagram.

Since we need to load the TensorFlow model data into the STM32 MCU [27], an instal-
lation step is necessary. We employ TensorFlow Lite [24], and its implementation steps are
illustrated in Figure 11. The screenshots of several important software files during genera-
tion are shown in Figures 12 and 13. The software development environment, uVision 5
developed by Keil Corp. [25], is utilized to generate machine code, as depicted in Figure 14.
Figures 11–13 illustrate a continuous process. This process primarily demonstrates how
we utilize Python to convert an LSTM model into a .tflite header file. Subsequently, we
transform this header file into a C-language module. This module can be integrated into
our software project for joint compilation, generating machine code that is then flashed
into the program memory of the hardware. The experimental results are presented in
Figure 15. In practice, we observe that the image tracking performance of the two-wheeled
self-balancing cart is excellent.

This approach still has the following limitations: One of the primary limitations is that
this method is highly dependent on a critical factor, such as the quality and quantity of
linear CCD data. When the data contains substantial noise or outliers, the performance of
the method may deteriorate. Moreover, the proposed approach is validated under specific
experimental conditions, for instance, in controlled indoor environments. Its effectiveness
in more intricate real-world scenarios, including varying lighting conditions or high-speed
motion, still needs to be further explored.
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Figure 11. Installation steps diagram.

 
Figure 12. Diagram of generation of head file.
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Figure 13. Diagram of generation of tflite file.

 

Figure 14. Diagram of generation of .hex file using Keil uVision 5.

 

Figure 15. The overlay diagram of the experimental results.
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5. Conclusions

This paper innovatively presents an application that fully harnesses the exceptional
memory capabilities of Long Short-Term Memory (LSTM) neural networks for sequence
signals, providing a new solution for the precise control of two-wheeled self-balancing carts.
A linear array CCD lens is used to detect the black tape on the ground. After establishing
a series of continuous training sample points, Python and TensorFlow are employed to
train the LSTM network and optimize its weights. The efficacy of the training results
is verified by simulating the symmetrical steering control of a two-wheeled cart. This
process validates the proposed design method and showcases its remarkable performance.
Experimental results demonstrate that this method is highly effective, characterized by
robust image-tracking capabilities and optimal computational performance.

The proposed LSTM-based control strategy can be applied in various real-world
scenarios. For example, in two-wheeled self-balancing carts used in industrial automation,
logistics, or domestic services, it can be developed into an effective control strategy to
enhance the safety, stability, and efficiency of all robots in these applications. This may
include applications in other types of mobile robots, intelligent transportation systems, or
wearable devices that require precise symmetrical motion control.
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Abstract: This article introduces a new fuzzy double integral transformation called fuzzy
double Yang transformation. We review some of the main properties of the transformation
and find the conditions for its existence. We prove the theorems for partial derivatives and
fuzzy unitary convolution. All of the new results are applied to find an analytical solution
to the fuzzy parabolic Volterra integro-differential equation (FPVIDE) with a suitably
selected memory kernel. In addition, a numerical example is provided to illustrate how
the proposed method might be helpful for solving FPVIDE utilizing symmetric triangular
fuzzy numbers. Compared with other symmetric transforms, we conclude that our new
approach is simpler and needs less calculations.

Keywords: fuzzy double Yang transform; fuzzy parabolic Volterra integro-differential
equation; generalized Hukuhara partial differentiable
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1. Introduction

Partial differential equations are used for dynamic modeling of complex processes
in various fields such as physics, chemistry, fluid and quantum mechanics, biology, and
economics. They are predominantly applied to the so-called instantaneous phenomena,
whose behavior depends on their momentary state. A large part of the processes require the
model to account for their behavior over a previous time interval. As a result, it is necessary
to use partial integro-differential equations, as they show the cumulative behavior of the
process. Different types of partial differential equations are related to the various types of
differential and integral operators. One of them is the parabolic Volterra integro-differential
equation. It has important physical applications in modeling dynamical systems, where
one can explore the effects of the “memory” of the system. Such systems are developed,
for example, in the compression of viscoelastic media [1], nuclear reactor dynamics [2],
expansion problems [3], reaction diffusion problems [4], and thermally conductive materials
with functional memory [5].

Over the last few years, we have noticed an incredible interest in fuzzy mathematics
due to the many applications in various fields, especially physics [6], artificial intelli-
gence [7], medicine [8], engineering [9], and biology [10,11]. This trend explains the need
for studying fuzzy differential equations. The solution to the first-order linear fuzzy differ-
ential equation was provided in [12], using different versions of the variation of constants
formula. An generalized Euler approximation method was applied to solve a first-order
linear fuzzy differential equation [13]. Osman et al. [14] investigated the fuzzy Adomian de-
composition method and the fuzzy variational iteration method, and applied to solve fuzzy
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heat-like and wave equations with variable coefficients, in the sense of gH-differentiability.
In [15], the fuzzy Elzaki transform and the fuzzy Elzaki decomposition method were used
to find solutions to fuzzy linear–nonlinear Schrodinger differential equations. In recent
years, fuzzy double integral transformations have been used to find the exact solution to
a linear fuzzy partial differential equation [16–18]. Analytical and numerical solutions to
fuzzy integro-differential equations were obtained in [19–21].

Numerical solutions to the fuzzy partial Volterra integro-differential equation using
the reproducing kernel Hilbert space method can be found in [22]. Recently, in order
to find the exact solution to the linear fuzzy integro-differential equation, fuzzy integral
transforms have been used. In [23], using the fuzzy Laplace transform, an analytical so-
lution to FPVIDE under generalized partial Hukuhara differentiability was found. The
fuzzy single and fuzzy double Sumudu transformation [24,25], as well as the fuzzy dou-
ble Natural transformation [26], have been applied to the fuzzy partial Volterra integro-
differential equation.

The Yang transform was introduced by Yang [27] and has been applied in the differ-
ential equation of the steady heat-transfer problem. Recently, Ullah et al. [28] proposed a
fuzzy single Yang transform to find the solution to second-order fuzzy differential equations
of an integer and fractional-order.

The main goal of the article is to extend the fuzzy single Yang transform to the fuzzy
double Yang transform (FDYT). The fundamental properties and theorems of FDYT are
presented and proven, and we compute the values of FDYT for some functions. New
relations related to partial derivatives and the single convolution theorem are proven,
which allows us to find the exact solution to an FPVIDE under generalized Hukuhara
differentiability. More precisely, we look at the following nonhomogeneous FPVIDE with a
symmetric memory kernel k(t) in the infinite domain

g′t,gH(x, t)⊕
t∫

0

k(t− s)
 g(x, t)dxdt = σ
 g′′xx,gH(x, t)⊕ f (x, t), x ≥ 0, t ≥ 0, (1)

where σ is any positive constant, g(x, t) is the unknown fuzzy function, and f (x, t) is a
given fuzzy function. A simple formula for the solution to the Equation (1) is obtained and
applied to solve a numerical example in order to display the efficiency of this new approach.

The remainder of this work is structured as follows:
In Section 2, we briefly present some basic concepts regarding fuzzy numbers

and fuzzy calculus that will be used in the paper. Section 3 introduces the single
fuzzy Yang transform (FYT), some fundamental concepts, and the basic properties of
this transformation.

In Section 4, an FDYT for a fuzzy function is defined as well as some properties
and theorems, and several relations regarding the existence, gH-partial derivatives, and
single convolution are presented. An FPVIDE with the memory kernel is defined under
generalized partial Hukuhara differentiability and a solution to this equation using the
FDYT method is investigated in Section 5. Moreover, a numerical example is constructed
to clarify the details and efficiency of the method in Section 6. Conclusions are given in
Section 7.

2. Premilinaries

The following section consists of the necessary notations, definitions, and theorems
which are useful in this research.

Let E1 denote the set of fuzzy subsets of the real axis, i.e., ν : R → [0, 1], which
possesses the following properties:
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(i) ν is upper semi-continuous on R for all ν ∈ E1;
(ii) ν is normal for all ν ∈ E1;
(iii) ν is fuzzy convex for all ν ∈ E1;
(iv) cl{η ∈ R : ν(η) > 0} is compact, where cl denotes the closure of a subset.

Then, we say that E1 is a space of fuzzy numbers. It is clear that any real number a
can be interpreted as a fuzzy number ã = χ(a); therefore, R ⊂ E1. The r-level set of the
fuzzy number ν is denoted as

[ν]r =

{ {η ∈ R : ν(η) ≥ r}, 0 < r ≤ 1,

cl{η ∈ R : ν(η) > 0}, r = 0.

Then, from (i) to (iv), it follows that for each 0 ≤ r ≤ 1, the r-level sets of fuzzy number ν

are nonempty closed intervals of the form

[ν]r = [ν(r), ν(r)].

A triangular fuzzy number ν is defined as an ordered triple ν = (ν1, ν2, ν3), where
ν1 ≤ ν2 ≤ ν3 has r-cuts

[ν]r = [ν1 + (ν2 − ν1)r, ν3 − (ν3 − ν2)r], 0 ≤ r ≤ 1.

Let μ and ν be two fuzzy numbers and k ∈ R. Then, the addition μ⊕ ν ∈ E1 and the
scalar multiplication k
 μ ∈ E1 are defined as having level cuts

[μ⊕ ν]r = [μ]r + [ν]r = {ξ + η : ξ ∈ [μ]r, η ∈ [ν]r}

[k
 μ]r = k.[μ]r = {kξ : ξ ∈ [μ]r}, [0]r = {0} f or all 0 ≤ r ≤ 1.

Denote R+ = [0,+∞).

Definition 1 ([29]). The Hausdorff distance between fuzzy numbers is given by D : E1 × E1 →
R+ as

D(μ, ν) = sup
0≤r≤1

max{|μ(r)− ν(r)|, |μ(r)− ν(r)|},

where [μ]r = [μ(r), μ(r)] and [ν]r = [ν(r), ν(r)] .

The metric space (E1, D) is complete separable and locally compact, and the following
properties of the metric D are well known:

(i) D(λ⊕ ν, μ⊕ ν) = D(λ, μ) for all λ, μ, ν ∈ E1;
(ii) D(k
 μ, k
 ν) = |k|D(μ, ν) for all μ, ν ∈ E1 and k ∈ R ;
(iii) D(λ⊕ μ, ν⊕ κ) ≤ D(λ, ν) + D(μ, κ) for all λ, μ, ν, κ ∈ E1.

Definition 2 ([29]). Let μ, ν ∈ E1. If there exists a fuzzy number λ, such that μ = ν⊕ λ, then λ

is called the Hukuhara difference (H-difference) of μ and ν, and it is denoted by μ�H ν.

The r-cuts of H-difference are

[μ�H ν]r = [μ(r)− ν(r), μ(r)− ν(r)],

where [μ]r = [μ(r), μ(r)] and [ν]r = [ν(r), ν(r)].
Clearly, μ�H μ = {0̃}; if μ�H ν exists, it is unique.
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Definition 3 ([29]). Given μ, ν ∈ E1, the generalized Hukuhara difference (gH-difference) is the
fuzzy quantity λ ∈ E1, if it exists, such that

μ�gH ν = λ ⇔
{

(i) μ = ν⊕ λ,

or (ii) ν = μ⊕ (−1)
 λ.
(2)

It is easy to show that (i) and (ii) are valid if and only if λ is a crisp number.
In terms of r-cuts, we have

[μ�gH ν]r = [min{μ(r)− ν(r), μ(r)− ν(r)}, max{μ(r)− ν(r), μ(r)− ν(r)}]

and if the H-difference exists, then μ�H ν = μ�gH ν. The conditions for the existence of
μ�gH ν = w ∈ E1 are given in [30].

Proposition 1 ([29]). Let μ, ν ∈ E1, then

D(μ�gH ν, 0̃) = D(μ, ν).

Proposition 2 ([30]). Let μ, ν ∈ E1. If μ�gH ν exists, it is unique and has the following properties

(i) μ�gH μ = 0̃;
(ii) (μ⊕ ν)�gH ν = μ, μ�gH (μ�H ν) = ν;
(iii) if μ�gH ν exists, then (−ν)�gH (−μ) also does and 0̃�gH (μ�gH ν) = (−ν)�gH (−μ);
(iv) μ�gH ν = ν�gH μ = λ if and only if λ = −λ; furthermore, λ = 0̃ if and only if μ = ν;
(v) If ν �gH μ exists, then either μ ⊕ (ν �gH μ) = μ or ν �H (ν �gH μ) = μ, and if both

equalities hold then ν�gH μ is a crisp set.

2.1. The One-Variable Fuzzy Calculus

In this section, we present basic definitions and theorems for a fuzzy-valued function
of one-variable that will be used throughout the paper.

A function g : [c, d] ⊂ R → E1 is called a fuzzy-valued function. The r-level rep-
resentation of this fuzzy function g is given by g(t, r) = [g(t, r), g(t, r)], t ∈ [c, d] for all
0 ≤ r ≤ 1.

Definition 4 ([31]). We say that fuzzy-valued function g : [c, d]→ E1 is continuous at t0 ∈ [c, d],
if

lim
t→t0

D(g(t), g(t0)) = 0

provided that limits exist.
The function g is fuzzy continuous on [c, d] if g is continuous in each t0 ∈ [c, d].

Definition 5 ([30]). Let t0 ∈ (c, d) and k be such that t0 + k ∈ (c, d). Then, the generalized
Hukuhara derivative (gH-derivative) of a function g : (c, d)→ E1 at t0 is calle the fuzzy number
g′gH(t0), which is defined as

g′gH(t0) = lim
k→0

1
k
[
g(t0 + k)�gH g(t0)

]
, (3)

if the limit exists.

Theorem 1. Let g : (c, d) → E1 be gH-differentiable at t0 ∈ [c, d). Then, g is fuzzy continuous
at t0.
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Proof. Using properties of distance D, along with gH-differentiability of g and Proposition 1,
we have

lim
t→t0

D(g(t), g(t0)) = lim
t→t0

D(g(t)�gH g(t0), 0̃)

= lim
t→t0

D(
g(t)�gH g(t0)

t−t0
(t− t0), 0̃)

=|t− t0| lim
t→t0

D(
g(t)�gH g(t0)

t−t0
, 0̃) = 0.D(g′gH(t0), 0̃) = 0.

The next theorem gives the expression of the fuzzy gH-derivative in terms of the
derivatives of the endpoints of the level sets.

Theorem 2. Let g : [c, d]→ E1 be a fuzzy-valued function with r-levels
g(t, r) = [g(t, r), g(t, r)] and the real-valued functions g(., r) and g(., r) be differentiable at t0 for
all 0 ≤ r ≤ 1. Then, the function g(t) is gH-differentiable at t0 ∈ (c, d), if and only if one of the
following two cases holds:

(i) g(t0, r) is increasing, g(t0, r) is decreasing, and g(t0, r) ≤ g(t0, r);
(ii) g(t0, r) is decreasing, g(t0, r) is increasing, and g(t0, r) ≤ g(t0, r).

Moreover, we have

g′gH(t0, r) = [min{g(t0, r), g(t0, r)}, max{g(t0, r), g(t0, r)}]

for all 0 ≤ r ≤ 1.

Proof. See Theorem 24 in [30].

If g(., r) and g(., r) are both differentiable, according to Theorem 2, for the definition of
gH-differentiability, we distinguish two cases corresponding to (i) and (ii) of Equation (3).

Definition 6 ([30]). Let g : [c, d] → E1 and t0 ∈ (c, d), with g(., r) and g(., r) both be differen-
tiable at t0. The fuzzy-valued function g is called:

1. (i)-gH-differentiable at t0 if

g′gH(t0, r) =
[

g′(t0, r), g′(t0, r)
]

f or all r ∈ [0, 1]; (4)

2. (ii)-gH-differentiable at t0 if

g′gH(t0, r) =
[

g′(t0, r), g′(t0, r)
]

f or all r ∈ [0, 1]. (5)

Theorem 3. Let f , g : (c, d) → E1 be gH-differentiable. Then, f (t)⊕ g(t) is gH-differentiable
and

( f ⊕ g)′gH(t) = f ′gH(t)⊕ g′gH(t).

Proof. Suppose that f and g are both (i)-gH-differentiable. Then, for every r ∈ [0, 1] we
have,

f ′gH(t0, r) =
[

f ′(t0, r), f
′
(t0, r)

]
and

g′gH(t0, r) =
[

g′(t0, r), g′(t0, r)
]
.
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Then
f ′gH(t0, r)⊕ g′gH(t0, r) =

[
f ′(t0, r), f

′
(t0, r)

]
+
[

g′(t0, r), g′(t0, r)
]

=
[

f ′(t0, r) + g′(t0, r), f
′
(t0, r) + f

′
(t0, r)

]
=( f ⊕ g)′gH(t0, r).

Theorem 4. Let f : [c, d]→ E1 and g : [c, d]→ R be two differentiable functions. Then,

d∫
c

g(t)
 f ′gH(t)dt = (g(d)
 f (d))�gH (g(c)
 f (c))�gH

d∫
c

g′(t)
 f (t)dt.

Proof. See [29].

Theorem 5. Let g : R→ E1 be a fuzzy-valued function with r-levels
g(t, r) = [g(t, r), g(t, r)]. Suppose that the functions g(t, r) and g(t, r) are Riemann integrable on
R for all 0 ≤ r ≤ 1. Then, g(t) is improper fuzzy Riemann-integrable in R. Moreover, we have

⎡
⎣ ∞∫
−∞

g(t)dt

⎤
⎦

r

=

⎡
⎣ ∞∫
−∞

g(t, r)dt,
∞∫

−∞

g(t, r)dt

⎤
⎦

for all 0 ≤ r ≤ 1.

Proof. See [29].

2.2. The Two-Variable Fuzzy Calculus

Let g : Q ⊂ R×R → E1 be a fuzzy-valued function of two variables with r-levels
g(x, t, r) = [g(x, t, r), g(x, t, r)] for all (x, t) ∈ Q and 0 ≤ r ≤ 1.

Definition 7 ([32]). For (x0, t0) ∈ Q, let the constants h and k be such that (x0 + h, t0) ∈ Q
and (x0, t0 + k) ∈ Q. Then, the first generalized Hukuhara partial derivatives (gH-p-derivative) of
a fuzzy-valued function g : Q → E1 at (x0, t0) ∈ Q with respect to x and t are called the fuzzy
numbers g′x(x0, t0) and g′t(x0, t0), and are defined as

g′x,gH(x0, t0) = lim
h→0

1
h
[
g(x0 + h, t0)�gH g(x0, t0)

]
,

g′t,gH(x0, t0) = lim
k→0

1
k
[
g(x0, t0 + k)�gH g(x0, t0)

]
.

Definition 8 ([32]). Let g : Q → E1 be fuzzy-valued function, and (x0, t0) ∈ Q. Suppose that
the functions g(x, t, r) and g(x, t, r) are partially differentiable in (x0, t0) with respect to variable t.
Also, we say that the function g(x, t) is:

1. (i)-p-gH-differentiable at (x0, t0) with respect to t if

g′t,gH(x0, t0, r) =
[

g′
t
(x0, t0, r), g′t(x0, t0, r)

]
f or all r ∈ [0, 1], (6)

2. (ii)-p-gH-differentiable at (x0, y0) with respect to variable x if

g′t,gH(x0, t0, r) =
[

g′t(x0, t0, r), g′
t
(x0, t0, r)

]
f or all r ∈ [0, 1]. (7)
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Theorem 6. Let g : R+ × R+ → E1 be a fuzzy-valued function. Assume that
∞∫
0

g(x, t)dt is

convergent for each R+ and
∞∫
0

g(x, t)dx, as function t is convergent on R+. Then

∞∫
0

∞∫
0

g(x, t)dtdx =

∞∫
0

∞∫
0

g(x, t)dxdt.

Proof. See [33].

3. Fuzzy Yang Transform

In this section, we present the definition and basic properties of FYT [28].

Definition 9. The FYT for a fuzzy function g(t) is defined as

Yt[g(t)] = G(β) =

∞∫
0

e−
t
β 
 g(t)dt, (8)

provided that the improper fuzzy integral exists and where t and β are transform variables.

Definition 10. The inverse fuzzy Yang transform is given by

Y−1
β [G(β)] = g(t) =

1
2πi

b+i∞∫
b−i∞

e
t
β 
 G(β)dβ, (9)

where the function G(β) is analytic for all β, such that Reβ > b.

Definition 11. A fuzzy-valued function g : R+ → E1 is said to be of exponential order edt as
t → ∞, if there exists a positive constant L, such that for all t > T, we have

D(g(t), 0̃) ≤ Ledt.

Theorem 7. If g(t) is a continuous fuzzy function in every finite interval 0 ≤ t ≤ T and g(t) is
of exponential order edt.

Then, the FYT of g(t) exists for all β, such that Re( 1
β ) > d.

Proof. Using Definition 9, we obtain

D(Yt[g(t)], 0̃) = D(G(β), 0̃) = D

⎛
⎝ ∞∫

0

e−
t
β 
 g(t)dt, 0̃

⎞
⎠.

Using the property of the improper fuzzy integral, we obtain

D(G(β), 0̃) = D(
∞∫
0

e−
t
β 
 g(t)dt, 0̃) ≤

∞∫
0

e−
t
β D(g(t), 0̃)dt

≤ L
∞∫
0

e−( 1
β−d)tdt = Lα

1−dβ .

Thus, the improper fuzzy integral converges for all Re( 1
β ) > d, and Yt[g(t)] exists.

The classical Yang transform is applied to some special functions in [27].
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(i) Yt[1] = β;

(ii) Yt[tn] =

⎧⎨
⎩

βn+1n! n = 1, 2, 3, ...

βn+1Γ(n + 1) n > 0

(iii) Yt[edt] = β
1−dβ for all d ∈ R;

(iv) Yt[sin dt] = dβ

1+d2β2 for all d ∈ R;

(v) Yt[cos dt] = β2

1+d2β2 for all d ∈ R;

(vi) Yt[sinh dt] = dβ2

1−d2β2 for all d ∈ R;

(vii) Yt[cosh dt] = β
1−d2β2 for all d ∈ R.

We will give some of the basic properties of FYT.

Theorem 8 (Linearity). If G1(β) = Yt[g1(t)] and G2(β) = Yt[g2(t)]. Then

Yt[b1 
 g1(t)⊕ b2 
 g2(t)] = b1 
Yt[g1(t)]⊕ b2 
Yt[g2(t)],

where b1, b2 ∈ R, such that b1, b2 ≥ 0 or b1, b2 ≤ 0.

Proof. Using Definition 9 and the property of the improper fuzzy integral, we obtain

Yt[b1 
 g1(t)⊕ b2 
 g2(t)] =
∞∫
0

e−
t
β (b1 
 g1(t)⊕ b2 
 g2(t))dt

=
∞∫
0

b1e−
t
β 
 g1(t)dt⊕

∞∫
0

b2e−
t
β 
 g2(t))dt

=b1 
Yt[g1(t)]⊕ b2 
Yt[g2(t)].

Remark 1. Using the Definition 10, we can show that Y−1
t a linear transformation, i.e.,

Y−1
t [b1 
 G1(β)⊕ b2 
 G2(β)] = b1 
Y−1

t [G1(β)]⊕ b2 
Y−1
t [G2(β)]

Theorem 9 (Change of Scale). If G(β) = Yt[g(t)], then for some constant b, it follows

Yt[g(bt)] =
1
b

 G

(
1
b

β

)
.

Proof. Using Definition 9, we have

Yt[g(bt)] =
∞∫

0

e−
t
β 
 g(bt)dt.

Put bt = t1 and dt = 1
b dt1 in the above equation, we have

Yt[g(bt)] =
∞∫

0

1
b

e−
t1
bβ 
 g(t1)d(t1) =

1
b

 G

(
1
b

β

)
.

Theorem 10 (Duality). If Yt[g(t)] = G(β) is FYT and Lt[g(t)] = F(β) is the fuzzy Laplace
transform of g(t), then

G(β) = F
(

1
β

)
and F(β) = G

(
1
β

)
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Proof. Using Definition 9, we have

G(β) = Yt[g(t)] =
∞∫

0

e−
t
β 
 g(t)dt =

∞∫
0

e−
1
β t 
 g(t)dt = F

(
1
β

)
.

and

F(β) =

∞∫
0

e−βt 
 g(t)dt =
∞∫

0

e
− t

1
β 
 g(t)dt = G

(
1
β

)
.

Theorem 11. Let us consider

(i) g(t) is a continuous fuzzy function for all t ≥ 0;
(ii) g(t) is of exponential order edt, i.e.,

D(g(t), 0̃) ≤ Ledt, t ∈ [0, T], L > 0;

(iii) g′gH(t) is continuous in every finite closed interval 0 ≤ t ≤ T.

Then,

1. Yt[g′gH(t)] = (−1)
 g(0)�gH (−1) 1
β 
Yt[g(t)];

2. Yt[g′′gH(t)] = (−1)
 g′gH(0)�gH

(
1
β 
 g(0)�gH

1
β2 
Yt[g(t)]

)
,

for all Re( 1
β ) > d.

Proof. We prove case 1. Using definition of an improper fuzzy integral and Theorem 4,
we obtain

Yt[g′gH(t)] =
∞∫
0

e−
t
β 
 g′gH(t)dt = lim

ξ→∞

ξ∫
0

e−
t
β 
 g′gH(t)dt

= lim
ξ→∞

(e− x
α 
 g(t)|ξ0)�gH (−1) 1

α lim
ξ→∞

ξ∫
0

e−
t
β 
 g(t)dt

= lim
ξ→∞

(e−
ξ
β 
 g(ξ))�gH g(0)�gH (−1) 1

β

∞∫
0

e−
t
β 
 g(t)dt.

From condition (ii), we obtain

lim
ξ→∞

D(e−
ξ
β 
 g(ξ), 0̃) = lim

ξ→∞
e−

ξ
β D(g(ξ), 0̃) ≤ lim

ξ→∞
Le−( 1

β−d)ξ
= 0. (10)

Hence, using Proposition 1 and Equation (10), we have

Yt[g′gH(t)] = (−1)
 g(0)�gH (−1)
1
β

Yt[g(t)]. (11)

Similarly, from Equation (11) and Definition 9, we obtain

Yt[g′′gH(t)] = (−1)
 g′gH(0)�gH (−1) 1
β 
Yt[g′gH(t)]

=(−1)
 g′gH(0)�gH (−1) 1
β

(
(−1)
 g(0)�gH (−1) 1

β 
Yt[g(t)]
)

=(−1)
 g′gH(0)�gH

(
1
β 
 g(0)�gH

1
β2 
Yt[g(t)]

)
.
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Corollary 1. Let g(x, t) be a fuzzy function of two variables. Then, we have

(i) Yt[g′t,gH(x, t)] = (−1)
 g(x, 0)�gH (−1) 1
β 
Yt[g(x, t)];

(ii) Yt[g′′tt,gH(x, t)] = (−1)
 g′t,gH(x, 0)�gH

(
1
β 
 g(x, 0)�gH

1
β2 
Yt[g(x, t)]

)
.

4. Fuzzy Double Yang Transform

In the following section, we introduce FDYT, that is, two fuzzy Yang transforms of
order one. We give the fundamental properties and theorems related to the existence and
fuzzy partial derivatives. Moreover, the fuzzy single convolution theorem is illustrated.

Definition 12. The FDYT of a fuzzy function g : R+ ×R+ → E1 is defined by

G(α, β) = Y2[g(x, t)] = Yx[Yt[g(x, t)]] =
∞∫

0

∞∫
0

e−
x
α− t

β 
 g(x, t)dtdx, (12)

provided that the improper fuzzy double integral exists. Here, α and β are complex numbers.

Definition 13. The inverse FDYT is given by

Y−1
2 [G(α, β)] = g(x, t) =

1
2πi

2 a+i∞∫
a−i∞

b+i∞∫
b−i∞

e
x
α e

t
β 
 G(α, β)dαdβ, (13)

where the function G(α, β) is analytic for all α and β, such that Reα > a and Reβ > b.

Definition 14. A fuzzy-valued function g : R+ ×R+ → E1 is said to be of exponential order
ecx+dt as x → ∞ and t → ∞, if there exists a positive constant L, such that for all x > X and
t > T, we have

D(g(x, t), 0̃) ≤ Lecx+dt.

Theorem 12. Let g(x, t) be a continuous fuzzy function in (0, X) × (0, T) and g(x, t) be of
exponential order ecx+dt.

Then, the FDYT of the function g(x, t) exists for all α and β such that Re( 1
α ) > c and

Re( 1
β ) > d.

Proof. Using Definition 12 and the property of improper fuzzy double integral, we obtain

D(Y2[g(x, t)], 0̃) = D(G(α, β), 0̃) = D(
∞∫
0

∞∫
0

e−
x
α− t

β 
 g(x, t)dxdt, 0̃)

≤
∞∫
0

∞∫
0

e−
x
α− t

β D(g(x, t), 0̃)dxdt

≤ L
∞∫
0

∞∫
0

e−( 1
α−c)xe−( 1

β−d)tdxdt = Lαβ
(1−cβ)(1−dβ)

.

Thus, the improper fuzzy double integral converges for all Re( 1
α ) > c and Re( 1

β ) > d,
and Y2[g(x, t)] exist.

Double Yang transform of some important functions.

(i) Y2[1] = αβ;

(ii) Y2[xmtn] =

⎧⎨
⎩

αm+1βn+1m!n! m, n = 1, 2, 3, ...

αm+1βn+1Γ(m + 1)Γ(n + 1) m > 0, n > 0

(iii) Y2[ecx+dt] = αβ
(1−cα)(1−dβ)

for all c, d ∈ R;
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(iv) Y2[sin(cx + dt)] = αβ

(1+c2α2)(1+d2β2)
for all c, d ∈ R;

(v) Y2[cos(cx + dt)] = cdα2β2

(1+c2α2)(1+d2β2)
for all c, d ∈ R.

Now, we present some properties for FDYT.

Remark 2. According to Theorem 8, we can prove that if g1(x, t) and g2(x, t) are fuzzy functions,
then

Y2[γ1 
 g1(x, t)⊕ γ2 
 g2(x, t)] = γ1 
Y2[g(x, t)]⊕ γ2 
Y2[g(x, t)],

where γ1, γ2 ∈ R, such that γ1, γ2 ≥ 0 or γ1, γ2 ≤ 0.

Theorem 13 (Shifting). Let c and d be any constants, and g(x, t) be a continuous fuzzy function
of two variables x and t. Then,

Y2[e−(cx+dt) 
 g(x, t)] = G
(

α

1 + cα
,

β

1 + bβ

)
. (14)

Proof. Using Definition 12, we have

Y2[e−(cx+dt) 
 g(x, t)] =
∞∫
0

∞∫
0

e−(cx+dt)e−( x
α− t

β ) 
 g(x, t)dxdt

=
∞∫
0

∞∫
0

e−x( 1
α +c)−t( 1

β +d) 
 g(x, t)dxdt

=
∞∫
0

∞∫
0

e−x( 1+cα
α )−t( 1+bβ

β ) 
 g(x, t)dxdt

=G
(

α
1+cα , β

1+bβ

)
.

Theorem 14 (Heaviside Function). Let g(x, t) be a continuous fuzzy function and

H(x− δ, t− ε) =

{
1, x > δ, t > ε

0, x < δ, t < ε,

where H(x− δ, t− ε) is the Heaviside function and δ, ε ∈ R. If Y2[g(x, t)] = G(α, β), then

Y2[H(x− δ, t− ε)
 g(x− δ, t− ε)] = e−
δ
α− ε

β 
 G(α, β).

Proof. Using Definition 12, we find

Y2[H(x− δ, t− ε)
 g(x− δ, t− ε)]

=
∞∫
0

∞∫
0

e−
x
α− t

β H(x− δ, t− ε)
 g(x− δ, t− ε)dxdt

=
∞∫
ε

∞∫
δ

e−
x
α− t

β 
 g(x− δ, t− ε)dxdt.

We make a change of variable

ν = x− δ, μ = t− ε.

Then
x = ν + δ, t = μ + ε, dν = dx, dμ = dt.
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Hence

Y2[H(x− δ, t− ε)
 g(x− δ, t− ε)] =
∞∫
0

∞∫
0

e−
ν+δ

α − μ+ε
β 
 g(ν, μ)dνdμ

=e−
δ
α− ε

β
∞∫
0

∞∫
0

e−
ν
α− μ

β 
 g(ν, μ)dνdμ = e−
δ
α− ε

β 
 G(α, β).

Definition 15 ([26]). If k(t) and g(x, t) are fuzzy Riemann integrable functions defined for all
x, t ≥ 0, then fuzzy convolution of k(t) and g(x, t), with respect to t, is given by

(k ∗ g)(x, t) =
t∫

0

k(t− s)g(x, s)ds

and the symbol ∗ denotes the fuzzy convolution with respect to t.

Theorem 15 (Convolution Theorem). Let k : R+ → E1 and g : R+ ×R+ → E1 be continuous
fuzzy functions. Then, the FDYT of the convolution of these two functions is as

Y2[(k ∗ g)(x, t)] = Yt[k(t)]Y2[g(x, t)]. (15)

Proof. Using the definition of fuzzy double Yang transform and convolution, we find

Y2[(k ∗ g)(x, t)] =
∞∫
0

∞∫
0

e−
x
α− t

β 
 (k ∗ g)(x, t)dxdt

=
∞∫
0

∞∫
0

e−
x
α− t

β 

(

t∫
0

k(t− s)g(x, s)ds

)
dxdt.

Let ξ = t− s, dξ = dt. Then

Y2[(k ∗ g)(x, t)] =
∞∫
0

∞∫
0

e−
x
α− ξ+s

β 

(

∞∫
0

k(ξ)g(x, s)ds

)
dxdξ

=
∞∫
0

e−
ξ
β 
 k(ξ)dξ

∞∫
0

∞∫
0

e
x
α− s

β 
 g(x, s)dxds

=Yt[k(t)]Y2[g(x, t)].

Theorem 16. Let g(x, t) be a continuous fuzzy function and Y2[g(x, t)] = G(α, β), then

(i) Y2[g′x,gH(x, t)] = (−1)
Yt[g(0, t)]�gH (−1) 1
α 
 G(α, β);

(ii) Y2[g′t,gH(x, t)] = (−1)
Yx[g(x, 0)]�gH (−1) 1
β 
 G(α, β);

(iii) Y2[g′′xx,gH(x, t)] = (−1)
Yt[g′x(0, t)]�gH

(
1
α 
Yt[g(0, t)]�gH

1
α2 
 G(α, β)

)
;

(iv) Y2[g′′tt,gH(x, t)] = (−1)
Yx[g′t(x, 0)]�gH

(
1
β 
Yx[g(x, 0)]� 1

β2 
 G(α, β)
)

;

(v) Y2[g′′xt,gH(x, y)] = (−1)
Yx[g′x,gH(x, 0)]�gH

(
1
β 
Yt[g(0, t)]�gH

1
αβ 
 G(α, β)

)
;

(vi) S2[g′′tx,gH(x, y)] = (−1)
Yt[g′t,gH(0, t)]�gH

(
1
α 
Yx[g(x, 0)]�gH

1
αβ 
 G(α, β)

)
.
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Proof. Using Theorem 11, we find

Y2[g′x,gH(x, t)] = Yt[Yx[g′x,gH(x, t)]] = Yt

[
(−1)
 g(0, t)�gH (−1) 1

α 
Yx[g(x, t)]
]

=(−1)
Yt[g(0, t)]�gH (−1) 1
α 
Yt[Yx[g(x, t)]]

=(−1)
Yt[g(0, t)]�gH (−1) 1
α 
 G(α, β).

In the same manner, we can obtain the case (iii).

Y2[g′′xx,gH(x, t)] = Yt[Yx[g′′xx,gH(x, t)]]

=Yt

[
(−1)
 g′x,gH(0, t)�gH

(
1
α 
 g(0, t)�gH

1
α2 
Yx[g(x, t)]

)]
=(−1)
Yt[g′x,gH(0, t)]�gH

(
1
α 
Yt[g(0, t)]�gH

1
α2 
Yt[Yx[g(x, t)]]

)
=(−1)
Yt[g′x,gH(0, t)]�gH

(
1
α 
Yt[g(0, t)]�gH

1
α2 
 G(α, β)

)
.

The proof of case (v) is analogous to the proof of case (iii).

Y2[g′′xt,gH(x, t)] = Yx[Yt[g′′xt,gH(x, t)]]

=Yx

[
(−1)
 g′x,gH(x, 0)�gH (−1) 1

β 
Yt[g′x,gH(x, t)]
]

=(−1)
Yx[g′x,gH(x, 0)]�gH (−1) 1
β 
Yt[Yx[g′x,gH(x, t)]]

=(−1)
Yx[g′x,gH(x, 0)]�gH (−1) 1
β 
Yt

[
(−1)
 g(0, t)�gH (−1) 1

α 
Yx[g(x, y)]
]

=(−1)
Yx[g′x,gH(x, 0)]�gH

(
1
β 
Yt[g(0, t)]�gH

1
αβ 
 Sy[Sx[ f (x, y)]]

)
=(−1)
Yx[g′x,gH(x, 0)]�gH

(
1
β 
Yt[g(0, t)]�gH

1
αβ 
 G(α, β)

)
.

5. Method of Fuzzy Double Yang Transform

To illustrate the use of FDYT, we solve FPVIDE with a memory kernel k : R+ → R+.
This equation is defined as

g′t,gH(x, t)⊕
t∫

0

k(t− s)
 g(x, t)dxdt = σ
 g′′xx,gH(x, t)⊕ f (x, t), x ≥ 0, t ≥ 0, (16)

where σ is any positive constant, g(x, t) is the unknown fuzzy function, and f (x, t) is a
given fuzzy function. Furthermore, we assume that the fuzzy Yang transformation of the
kernel k(t) satisfies the condition

α2 + α2βK(β)− σβ �= 0,

where K(β) = Yt[k(t)].
Assume initial conditions of

g(x, 0) = ψ0(x) (17)
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and boundary conditions of

g(0, t) = ϕ0(t), g′x(0, t) = ϕ1(t). (18)

We will provide an algorithm for solving Equations (16)–(18).

(i) We apply the fuzzy double Yang transform to both sides of Equation (16);
(ii) We apply Equation (15) of Theorem 15;
(iii) We use the derivative properties of FDYT-case (i) and (iii) of Theorem 16;
(iv) We apply FYT to the initial condition (17) and boundary conditions (18);
(v) We use Proposition 1 and we obtain G(α, β) = Y2[g(x, t)];
(vi) We apply the inverse FDYT and we find to the analytical solution of Equations (16)–(18).

First, we apply FDYT to (16) as

Y2

[
g′t,gH(x, t)

]
⊕Y2

⎡
⎣ t∫

0

k(t− s)
 g(x, t)dxdt

⎤
⎦ = Y2

[
σ
 g′′xx,gH(x, t)

]
⊕Y2[ f (x, t)].

Using the convolution theorem, we have

Y2

[
g′t,gH(x, t)

]
⊕Yt[k(t)]
Y2[g(x, t)] = σ
Y2

[
g′′xx,gH(x, t)

]
⊕Y2[ f (x, t)].

The derivative properties of FDYT (Theorem 16) and the above equation yield

(−1)
Yx[g(x, 0)]�gH (−1) 1
β 
 G(α, β)⊕ K(β)
 G(α, β)

=σ

[
(−1)
Yt[g′x(0, t)]�gH

(
1
α 
Yt[g(0, t)]�gH

1
α2 
 G(α, β)

)]
⊕ F(α, β).

(19)

where
K(β) = Yt[k(t)], G(α, β) = Y2[g(x, t)], F(α, β) = Y2[ f (x, t)].

Next, apply the FYT to the initial and boundary conditions

Ψ0(α) = Yx[ψ0(x)], Φ0(β) = Yt[ϕ0(t)], Φ1(β) = Yt[ϕ1(t)].

and then put in (19) as

(−1)
Ψ0(α)�gH (−1) 1
β 
 G(α, β)⊕ K(β)
 G(α, β)

=(−σ)
Φ1(β)�gH

(
σ
α 
Φ0(β)�gH

σ
α2 
 G(α, β)

)
⊕ F(α, β).

Using Proposition 1, we have

(
1
β + K(β)− σ

α2

)

 G(α, β)

=Ψ0(α)⊕ (−σ)
Φ1(β)⊕ (−σ)
α 
Φ0(β)⊕ F(α, β).

Hence

G(α, β) = B

[

Ψ0(α)⊕ (−σ)
Φ1(β)⊕ (−σ)

α

Φ0(β)⊕ F(α, β)

]
, (20)

where

B =
α2β

α2 + α2βK(β)− σβ
. (21)
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Finally, take the inverse FDYT of (20) as

g(x, t) = Y−1
2

[
B


(
Ψ0(α)⊕ (−σ)
Φ1(β)⊕ (−σ)

α

Φ0(β)⊕ F(α, β)

)]
. (22)

6. Examples

Example 1. Consider the following FVIDE

g′t,gH(x, t)⊕
t∫

0

k(t− s)
 g(x, t)dxdt = g′′xx,gH(x, t)⊕ f (x, t), x ≥ 0, t ≥ 0 (23)

with initial conditions
g(x, 0, r) = x
 (1, 2, 3) (24)

and boundary conditions

g(0, t, r) = 0
 (1, 2, 3), g′x(0, t, r) = e−t 
 (1, 2, 3). (25)

In this case
σ = 1, k(t) = 2et, f (x, t) =

(
xet − 2xe−t)
 (1, 2, 3).

Then, we have

ψ0(x) = x
 (1, 2, 3), ϕ0(t) = 0
 (1, 2, 3), ϕ1(t) = e−t 
 (1, 2, 3).

Hence

Yt[k(t)] = K(β) =
2β

1− β

 (1, 2, 3), Yx[ψ0(x)] = Ψ0(α) = α2 
 (1, 2, 3),

Yt[ϕ0(t)] = Φ0(β) = 0
 (1, 2, 3), Yt[ϕ1(t)] = Φ1(β) =
β

1 + β

 (1, 2, 3),

Y2[ f (x, t) = F(α, β) = α2β

(
1

1− β
+

2
1 + β

)

 (1, 2, 3).

By substituting the values of the fuzzy functions K(β), Ψ0(α), Φ0(β) and Φ1(β) in
Equations (20) and (21), we obtain

G(α, β) = B

[
α2 
 (1, 2, 3)⊕ (−β)

1+β 
 (1, 2, 3)⊕ α2β
(

1
1−β + 2

1+β

)

 (1, 2, 3)

]
,

where

B =
α2β(1− β)

α2(2β2 − β + 1)− β(1− β)
.

Hence

G(α, β) = B
[

α2 − β

1 + β
+

α2β

1− β
− 2α2β

1 + β

]

 (1, 2, 3) =

α2β

1 + β

 (1, 2, 3).

Taking the inverse of FDYT, we find the solution to the Equations (23)–(25) is

g(x, t) = Y−1
2 [G(α, β)] = Y−1

2

[
α2β

1 + β

 (1, 2, 3)

]
= xe−t 
 (1, 2, 3).
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7. Conclusions

In this research paper, we introduce a new fuzzy integral transformation called FDYT,
which is defined with the help of the fuzzy unitary Yang transform. We find conditions for
its existence and establish some of its basic properties. We prove theorems about partial
derivatives and fuzzy unit convolution. Using these new results, we successfully obtained
the exact solution to an FVIDE with a symmetric memory kernel. We construct a numerical
example to verify the application of the new method.

Fuzzy integral transforms cannot solve nonlinear problems directly unless they are
combined with iteration methods. As a result, we propose that this method is further
expanded in future work, so that it can be applied to the solution of various nonlin-
ear fuzzy partial differential and integro-differential equations related to physical and
engineering problems.
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Abstract: Mobile robots represent one of the most relevant areas of study within robotics
due to their potential for designing and developing new nonlinear control structures that
can be implemented in simulations and applications in specific environments. In this work,
a fuzzy steering controller with a symmetric distribution of fuzzy numbers is proposed
and designed for implementation in the kinematic model of a non-holonomic mobile
robot. The symmetry in the distribution of triangular fuzzy numbers contributes to a
balanced response to disturbances and minimizes systematic errors in direction estimation.
Additionally, it improves the system’s adaptability to various reference paths, ensuring
accurate tracking and optimized performance in robot navigation. Furthermore, this fuzzy
logic-based controller emulates the behavior of a classic PID controller by offering a robust
and flexible alternative to traditional methods. A virtual environment was also developed
using the UNITY platform to evaluate the performance of the fuzzy controller. The results
were evaluated by considering the average tracking error, maximum error, steady-state
error, settling time, and total distance traveled, emphasizing the trajectory error. The
circular trajectory showed high accuracy with an average error of 0.0089 m, while the cross
trajectory presented 0.01814 m, reflecting slight deviations in the turns. The point-to-point
trajectory registered a more significant error of 0.9531 m due to abrupt transitions, although
with effective corrections in a steady state. The simulation results validate the robustness
of the proposed fuzzy controller, providing quantitative insights into its precision and
efficiency in a virtual environment, and demonstrating the effectiveness of the proposal.

Keywords: fuzzy controller; mobile robot; UNITY; kinematics control

1. Introduction

Mobile robots have gained remarkable popularity in recent years, extending their
presence to several areas, such as industrial, professional, and educational settings [1]. In
the latter, students actively participate in developing robots for school projects, contributing
to the continuous growth of mobile robotics. This growth has generated the need to locate
mobile robots at any point in space, which requires obtaining a kinematic model that allows
one to determine in real time the robot coordinates and its orientation for a fixed reference
frame [2].

Symmetry 2025, 17, 301 https://doi.org/10.3390/sym17020301
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Within the field of mobile robotics, there is a wide variety of models with different
configurations, depending on their structural type or physical characteristics, resulting in
various types of movement and, therefore, different kinematics in each case. Ackerman-
type mobile robots are characterized because their movement is comparable to that of a
car [3]. For this reason, its kinematic model allows for applications such as autonomous
ground vehicles and exploration robots [4]; this same model, characterized by the inherent
turning restrictions of its directional system, poses significant challenges, such as designing
controllers that allow precise tracking of the trajectory.

The design of kinematic controllers is essential for ensuring that mobile robots follow
trajectories accurately and efficiently [5]. Among the most common and prominent tech-
niques is the use of proportional–integral–derivative (PID) controllers, whose simplicity
and effectiveness have always been characterized. However, for complex scenarios, inte-
grating fuzzy logic (FL) in the controller design offers a more robust strategy capable of
adapting to variable conditions [6]. However, implementing these controllers often requires
advanced navigation sensors that accurately measure the robot’s movement and orientation
in real applications. These sensors are essential to address environmental challenges and
ensure reliable performance.

Detailed simulations are crucial before implementing kinematic control systems in
a physical environment. These allow for the evaluation of the system’s behavior under
different conditions and the adjustment of parameters to optimize the design [7]. Today,
multiple virtual environments offer advanced tools for designing and testing controllers,
facilitating the development of more robust and secure solutions for mobile robots. Unity
is a 3D development engine widely used in video game development. However, its
applications are not limited to that; its great versatility has made it a key tool in numerous
fields, such as education, simulation, and autonomous system design [8,9]. Unity is a
flexible and powerful tool that allows one to model physical systems and replicate real-
world scenarios with great fidelity [10].

This article offers two significant contributions to the state of the art:

• The design of a fuzzy kinematic controller for an Ackermann-type robotic structure
offers an efficient and flexible solution for regulating robot motions, standing out
for its ability to adaptively adjust gains in real-time. Unlike traditional methods,
this controller does not require an exact mathematical model of the system, which
simplifies its implementation and improves robustness against uncertainties and
variations in the environment. The main innovation lies in the use of a fuzzy approach
to determine PID-type gains, allowing for greater precision and stability in tracking
specific trajectories. This dynamic adaptation capability makes the controller especially
useful in highly variable scenarios where conventional methods could fail to maintain
optimal system performance.

• A methodology for implementing the controller in a virtual environment developed in
UNITY, which accurately simulates the robot’s behavior. In this environment, control
data are received and applied to the virtual robot, allowing the robot to move along
predefined trajectories. This implementation validates the controller’s performance
and provides a clear and detailed view of the robot’s behavior in different scenarios,
facilitating the evaluation of its performance and the continuous improvement of the
system. Real-time visualization within the virtual environment allows the controller
to be efficiently tuned and optimized before its implementation on physical hardware.

This paper is structured as follows: Section 2 briefly discusses related works to our
proposed research. Section 3 presents the developed methodology, and is divided into three
main parts: the derivation of the kinematic model for the Ackermann-type robot, the design
of the fuzzy PID controller, and the development of the 3D simulation in Unity. Section 4
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presents the simulation results, considering different trajectories. Section 5 discusses the
performance of the kinematic fuzzy-logic-based controller for trajectory tracking. Finally,
Section 6 provides the conclusions and references.

2. Related Works

Trajectory tracking is one of the critical challenges in mobile robotics as it requires
advanced control techniques that are capable of handling uncertainty and nonlinearity [11].
To better understand the current landscape on this subject, we performed a bibliometric
analysis that visualized development trends and emerging areas of interest within the
literature, as shown in Figure 1. Our study revealed that traditional control methods, such
as PID and adaptive control laws, are highly cited. However, recent research shows a
growing interest in optimal control, reinforcement learning, fuzzy logic-based controllers
(FLCs), and other artificial intelligence techniques. Classical PID controllers are used due to
their simplicity and effectiveness in maintaining stability; however, their performance dete-
riorates in highly nonlinear systems, requiring parameter tuning and model linearization
as observed in [12]. Shojaei et al. [13] applied an adaptive control law to a differential-type
robot; in this, the kinematic model was obtained, and from it, the linearization of the
system was carried out using the feedback technique to obtain a model in which a control
system can be applied. Although this technique presents robust results and is applied
to a physical model, it is necessary to have a linear model to implement or resort to lin-
earization techniques to approximate a model. To address these limitations, optimal control
methods such as time-varying linear quadratic control (TVLQ) have been proposed by
Caran et al. [14]. Their optimal control-based algorithm is founded upon the direct numeri-
cal calculation of the time-varying elements of the control law matrix, avoiding formalism
of the set of linear matrix inequalities (LMIs) and the approximation of the solution of the
Riccati partial differential matrix equation. On the other hand, Veselov et al. [15] took into
account the nonlinear properties of a mobile tracked robot and employed an analytical
design of aggregated regulators (ADARs), a method derived from synergetic control theory
(SCT) that allows the synthesis of control laws for complex nonlinear systems without
using linearization procedures. Unlike model-based approaches, which require precise
system identification, reinforcement learning methods have been explored. Xie et al. [16]
solved the trajectory tracking problem using an optimized reward reinforcement learning
(ORRL) algorithm based on the Q-learning framework. Similarly, Ha et al. [17] evaluated
the performance of an intelligent controller built on a deep Q-network (DQN) algorithm.
While these approaches demonstrate good adaptive ability in complex driving environ-
ments, they demand significant computational resources and mathematical formulation,
which may limit their real-time applicability. In contrast, fuzzy-logic-based controllers
offer a viable alternative in such situations, as they dynamically adjust gains based on
system behavior, making them particularly well-suited for scenarios where uncertainties
or variations may arise. Several researchers have evaluated the effectiveness of FLCs in
mobile robotics. Khesrani et al. [18] employed FL to auto-tune the endogenous feedback
controller parameters, demonstrating good tracking of the desired tasks despite uncertain-
ties. Meanwhile, Thuong et al. [19] implemented a proportional–derivative FL controller
for trajectory following, while Mai et al. [20] combined a backstepping and adaptive
fuzzy PID approach for a nonholonomic mobile robot. These results demonstrated good
performance in terms of small distance errors, fast responses, and accuracy. Recent works
have further explored fuzzy controllers integrated with genetic algorithms [21] and neural
networks [22] to enhance system performance. A comprehensive description of fuzzy
hybridization with other artificial intelligence techniques, as well as current fuzzy logic
approaches, is reviewed in [23,24]. In order to evaluate the performances of different
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control strategies without the costs and risks associated with real-world implementations,
simulation platforms play a crucial role in the development of mobile robots. The bib-
liometric map in Figure 1 highlights the use of simulation environments for validating
control strategies. Bai et al. [25] simulated a path-tracking controller based on the dynamic
prediction model using MATLAB/Simulink, allowing for rapid prototyping and control
system analysis. In addition, Shamshiri et al. [26] carried out a numerical simulation for
an H∞ robust adaptive controller by integrating MATLAB/Simulink and CoppeliaSim.
Using a dedicated simulation environment highlights MATLAB’s limitations in 3D graph-
ics and interactive simulations. Mobile robots and their dynamic environment have been
simulated in Gazebo, an open-source 3D robotics simulator that can be synchronized with
ROS (a robot operating system). Molina-Leal et al. [27] employed Gazebo to evaluate the
performance of a long short-term memory (LSTM) neural network for trajectory planning,
whereas Zhang et al. [28] conducted simulations of mobile robots for obstacle avoidance in
environments with dynamic obstacles. More recently, Unity3D has gained popularity due
to its advanced rendering capabilities, physics engines, and accessibility. In [29], a Unity3D-
based simulation environment was used to test unmanned ground vehicle (UGV) motion
planning algorithms, demonstrating the viability of game engines for realistic robotic simu-
lations. Integrating physics engines and building information modeling (BIM) enhances
simulation realism. In addition, Liu et al. [30] proposed a mixed reality simulation as they
used sensor information from the real world to project into a virtual environment created
in Unity. Finally, it has been utilized for teleoperation, where mobile robots are remotely
controlled through virtual reality (VR) in immersive virtual environments [31,32]. Despite
advances in this field, certain gaps remain. While FLCs have demonstrated adaptation
capabilities in variable scenarios, few works have explored them in virtual environments
like Unity3D. By addressing the limitations of traditional control methods, the complexity
of advanced algorithms, and the enhancement of the simulation framework, this research
contributes to the development of efficient and scalable mobile robot designs.

Figure 1. Bibliometric map of related works.
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3. Materials and Methods

3.1. Mathematical Model

Within the group of four-wheeled mobile robots, the Ackerman-type configuration
consists of two groups of two wheels: the group of rear drive wheels that are responsible
for providing traction to the vehicle and the group of front wheels that are responsible for
giving direction to the robot. In both groups, there is a single actuator in charge of this
action, that is, traction and direction are combined. The movement of the Ackerman robot
is characterized by how it addresses turns. Like other robot models, the robot can move
in a straight line without a problem but cannot turn instantly since it requires a certain
minimum radius to act. In addition, the drive wheels will experience some slippage during
this action.

The representation of the Ackerman robot movement can be visualized in Figure 2;
from there, it is possible to obtain the mathematical model that describes the kinematics
of its movement; this kinematic model (KM) will be used to carry out the simulation. In
Table 1, it is possible to observe the description of each of the elements.

Figure 2. Kinematic model of the Ackerman-type robot.

Table 1. Elements of the Ackermann-type robot’s kinematic model.

Variable Description

ICC Instantaneous center of curvature
l Separation distance between front wheels
d Separation distance between side wheels
δ Front wheels turning angle
δi Inner wheel turning angle
δo Outer wheel turning angle
v Linear speed of the robot
R Radius of gyration (radius of curvature of the path)
ωi Inner wheel angular velocity
ωo Outer wheel angular velocity
θ Turning angle

217



Symmetry 2025, 17, 301

Analyzing the Ackerman configuration displayed in Figure 2, we observe how the
turn occurs in this configuration. This model is distinctive in that it cannot rotate around
its own reference system. The Ackerman configuration, when turning, does so through a
circumference with a central point known as the instantaneous center of curvature (ICC).
The steering angles of the front wheels determine this rotation center. The ICC is located
precisely at the intersection of the extended axes of all the wheels, and the robot will rotate
around this point. The ICC is not a fixed point; it can change at any moment with the
slightest adjustment in the steering angle of the front wheels. Consequently, the dimensions
of the turning circle will also be affected. The ICC does not depend on the number of
wheels but rather on the number of constraints. In the case of the Ackerman configuration,
the ICC is determined by two kinematic constraints: 1. The front wheels produce one
constraint. Despite having two wheels, they generate the same set of constraints. 2. The
rear axle provides the second constraint, which is fixed and cannot rotate [33]. In short,
when the robot moves its front wheels, its entire body will turn around an instantaneous
circle of radius R. This angle can be estimated by Equation (1):

R =
d

tan δ
(1)

this equation describes how the curvature of the turning radius of the Ackerman robot is
inversely proportional to the tangent of the steering angle, δ, and the distance between
the lateral axles, d. When R tends to infinity, the movement is straight. Additionally, it
is possible to observe how the physical characteristics and movements of the robot affect
its trajectory.

The Ackerman robot’s mechanism allows movement so the rear wheels do not produce
a steering angle. Based on this, it is possible to determine the orientations of each wheel,
with each wheel producing a different angle concerning the ICC; the inner wheel must be
oriented at an angle, δi, greater than the outer wheel, δo; this allows the robot to turn around
the midpoint between the rear wheel axes. The resulting angle at the midpoint corresponds
to δ. The steering angles of the front wheels are determined by Equations (2) and (3).

δo =
π

2
+ arctan

R + l
2

d
(2)

δi =
π

2
+ arctan

R− l
2

d
(3)

Consequently,the inner wheel must move at a lower speed than the outer wheel, that
is, vi < vo. Due to this configuration and the fact that only one actuator is responsible for
the rotation of the rear wheels, both wheels rotate at the same angular speed, denoted as
ω, around ICC. Therefore, using Equations (4) and (5), it is possible to calculate the linear
velocities of each of the rear wheels:

vo = ω

(
R +

l
2

)
(4)

vi = ω

(
R− l

2

)
(5)

To obtain the direct KM (DKM) of this configuration, it must be assumed that the
steering angles of the front wheels are equal (as if there were only one steering wheel). This
is because the steering angle around ICC is taken at the center of this axis, resulting in an
average of both angles denoted by Equation (6):

δ =
π

2
+ arctan

(
R
d

)
(6)
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then, the DKM for an inertial reference system is constituted by Equation (7).

⎡
⎢⎣ẋ

ẏ
θ̇

⎤
⎥⎦ =

⎡
⎢⎣cos θ 0

sin θ 0
0 1

⎤
⎥⎦
[

v
ω

]
=

⎡
⎢⎣v cos θ

v sin θ

ω

⎤
⎥⎦ (7)

This model describes linear velocities for the values of ẋ and ẏ, and angular velocities
for the value of θ̇. In this model, it can be observed that the linear velocities ẋ and ẏ
depend on the system’s rotation angle θ, while the rotational velocity θ̇ strictly depends
on the angular velocity of the rear wheels, ω, since they are identical. This velocity can be
determined using Equation (8):

ω =
v
R

(8)

It is assumed that θ̇ can be expressed in terms of the linear speed (v) and the radius of ICC
(R). Still, it is also possible to express it in terms of the linear speed (v), the turning angle
of the front wheels (δ), and the distance between the lateral axles (d); therefore, θ̇ can be
expressed as shown in Equation (9):

θ̇ =
v
R

=
v
d

tan δ (9)

This equation can be used for the simulation process since ω corresponds to a physical
measurement. By substituting Equation (9) into Equation (7), the following DKM of the
Ackerman robot is obtained, as presented in Equation (10):

⎡
⎢⎣ẋ

ẏ
θ̇

⎤
⎥⎦ =

⎡
⎢⎣v cos θ

v sin θ
v
d tan δ

⎤
⎥⎦ (10)

Equation (10) and the modification in Equation (9) are implemented for the simulation.
Since these equations are expressed in the continuous domain, it is necessary to apply
temporal discretization. To achieve this, we use the forward finite difference method. The
formulas obtained from this process are presented in Equations (11)–(13):

x[k] = x[k− 1] + Δt · v cos(θ[k− 1]) (11)

y[k] = y[k− 1] + Δt · v sin(θ[k− 1]) (12)

θ[k] = θ[k− 1] +
v · Δt

d
tan(δ) (13)

The discrete model presented in Equations (11) and (12) does not consider possible
changes in the robot orientation during time intervals. Therefore, it can produce errors when
curved trajectories are performed or when Δt is not small enough. Consequently, correc-
tions to the basic model based on numerical integration were added to obtain more precise
approximations. This adjustment in the model can be observed in Equations (14) and (15):

x[k] = x[k− 1] + Δt · v cos
(

θ[k− 1] +
(

v · Δt
2d

))
(14)

y[k] = y[k− 1] + Δt · v sin
(

θ[k− 1] +
(

v · Δt
2d

))
(15)

The term v·Δt
2d represents the midpoint of the angular change; this refinement signifi-

cantly enhances the accuracy for non-linear trajectories, resulting in more
precise approximations.
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Equations (13)–(15) will be used later in the design of the controller and for 3D
simulations within Unity.

3.2. Controller Proposal

The implemented controller corresponds to a PID control with adjustable gains using
FL. PID controllers are widely recognized and used for their efficiency and simplicity.
However, as mentioned before, their performance can be limited in systems with non-linear
dynamics or high uncertainty, factors that represent significant challenges in their imple-
mentation [34]. It is precisely in this context that FL demonstrates its usefulness. A fuzzy
PID controller can adjust its gains, adapting to changing environments dynamically. This
provides greater flexibility to the system and significantly improves the controller’s perfor-
mance [35]. The mathematical model of the PID controller is represented by Equation (16).

δ(t) = Kpe(t) + Ki

∫
e(t)dt + Kd

d
dt

e(t) (16)

where e(t) is the error, and Kp, Ki, and Kd are the proportional, integral, and derivative
gains, respectively. δ(t) is the orientation of the KM of the mobile robot. These are the
values that FL will adjust. The control diagram of the system can be seen in Figure 3.

Figure 3. Control structure proposed.

According to the control scheme presented in Figure 3, it can be observed that the
fuzzy PID control focuses on controlling the robot’s steering angle δ(t). The input to the
controller is a reference trajectory, from which the trajectory generated by the simulation is
subtracted to determine the directional error that can be visualized in Equation (17):

e(t) = θdes − θ(t) (17)

Considering the trajectory data, θ(t) is determined at each trajectory moment and
compared with the results obtained from the simulation. θdes is the desired orientation.
This comparison is made within the kinematic limitations of the model; in this study, δ(t)
is restricted to a range from π

4 to −π
4 rad.

Subsequently, δ(t) is utilized in the discrete DKM through Equations (13)–(15), yielding
the positions x and y, as well as the ICC angle θ(t). The obtained values of x and y are
employed to generate the trajectory for simulation, after which, the process returns to
the start for error comparison. On the other hand, to demonstrate the system’s stability,
the closed-loop transfer function of the orientation of the Ackermann structure must
be found [36]. First, the steering angle Equation (6) is substituted into Equation (17),
corresponding to the PID controller. This substitution yields Equation (17), describing the
behavior of the controller in terms of the variables δ(t) and ˙δ(t):

θ̇(t) =
v(t)

d
tan

(
Kpe(t) + Ki

∫
e(t)dt + Kd

de(t)
dt

)
(18)
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This equation exhibits non-linear behavior due to the function tan(·), which intro-
duces complexities in its analysis and a direct solution using conventional analytical
techniques. However, under the assumption of small deviations in the steering angle
(δ(t) ≈ 0), applying a linearization by first-order approximation is possible, considering
that tan(δ(t)) ≈ δ(t). This simplification reduces the complexity of the model, allowing the
system to be represented by linear equations that facilitate both the stability analysis and
the design of controllers using classical linear control methods, as shown in Equation (19):

θ̇(t) ≈ v(t)
d

(
Kpe(t) + Ki

∫
e(t)dt + Kd

de(t)
dt

)
(19)

If the velocity is assumed to be constant v(t) = V, Equation (20) can be obtained:

ė(t) +
V
d

Kpe(t) +
V
d

Ki

∫
e(t)dt +

V
d

Kd
de(t)

dt
= 0 (20)

The Laplace transform with zero initial conditions is applied to Equation (20) to obtain
Equation (21), which represents the behavior of the PID controller in the complex domain:

(
s +

V
d

Kds +
V
d

Kp +
V
d

Ki
s

)
E(s) = 0 (21)

By applying the Laplace transform to Equation (17) and substituting the result into
Equation (21), followed by rearranging the terms, Equation (22) is derived:

Gcl(s) =
θ(s)

θre f (s)
=

V
d (Kds2 + Kps + Ki)(

1 + V
d Kd

)
s2 + V

d Kps + V
d Ki

(22)

The poles are evaluated by solving the characteristic equation derived from the transfer
function presented in Equation (22) to assess the stability of the system. This characteristic
equation corresponds to a second-order system, whose general form allows the identifica-
tion of the coefficients that determine the location of the poles in the complex plane. The
poles of the system, which define its dynamic behavior, are expressed by Equation (23). The
location of these poles is essential as it determines whether the system is stable, unstable,
or oscillatory. For the system to be stable, both poles must have a negative real part, thus
ensuring that the oscillations decrease over time and the system tends to a steady state:

s =
−V

d Kp ±
√(

V2

d2 K2
p

)
− 4 V

d Ki

(
1 + V

d Kd

)
2
(

1 + V
d Kd

) (23)

If K2
p − 4(1 + Kd)Ki > 0, the poles of the system are real and negative whenever

Kp > 0, which ensures that the system will be stable and free of oscillations. This condition
is especially suitable for robot orientation control since a non-oscillatory response ensures
more precise and smoother movements, avoiding unwanted overshoots that could affect the
robot’s trajectory. Based on this assumption, the fuzzy controller is designed to adjust the
control parameters dynamically to maintain stability under different operating conditions.
This ensures that the poles remain in the left half-plane and that the system responds stably
and efficiently. For the steering angle of an Ackermann robot, the linguistic variable error,
error derivative, and error integral are employed to replicate the structure of a classical
PID adapted to nonlinear systems. The error indicates the angular deviation from the
desired path, the error derivative anticipates abrupt changes in orientation to improve
dynamic response, and the error integral corrects persistent deviations, ensuring accurate
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tracking. Three fuzzy systems are designed to tune the controller gains, one for each control
gain (Kp, Ki, Kd), using the error, error integral, and error derivative as linguistic variables,
respectively. Linguistic values are described by the following descriptors: negative-large
(NB), negative-small (NS), zero (ZE), positive-small (PS), and positive-large (PL), allowing
continuous adaptation of the gains to optimize steering angle control while respecting the
holonomic constraints of the system.

For the gain Kp, five linguistic values are defined in Table 2, distributed symmetri-
cally to ensure an equitable adjustment in calculating the control gains. This symmetry
is essential to avoid biases in the controller response, ensuring that the corrections are
homogeneous when faced with deviations in both directions. Furthermore, it allows for a
smooth transition between the different gain levels, improving the accuracy of the system.
Triangular membership functions are used to represent each of the linguistic values. This
type of function is selected due to its practicality in situations with a clearly defined central
value or inflection point. Furthermore, they stand out for their mathematical simplicity and
computational efficiency, significantly reducing the load during the inference process. This
feature makes them an ideal choice for systems where performance is necessary. Thanks to
their ease of implementation and low computational costs, triangular membership func-
tions are particularly useful in simulation applications, where a balance between accuracy
and efficiency is required. The triangular membership functions corresponding to these
linguistic values, designed with a symmetrical distribution, are illustrated in Figure 4,
highlighting their impact on the linearity of the adjustment.

Figure 4. Error linguistic variable distribution.

Table 2. Error linguistic variable.

Linguistic Value Positions

NL [−10,−10,−1]
NS [−10,−1,0]
ZE [−1,0,1]
PS [0,1,10]
PL [1,10,10]

For the output, singleton functions were chosen to reduce the computational costs; the
descriptions of the output values can be seen in Table 3. Only positive values were selected
for singletons because controller gains were restricted to positive values to ensure stability.
Therefore, three linguistic values, big (B), medium (M), and small (S), were selected to
compute the gain Kp.

222



Symmetry 2025, 17, 301

Table 3. Singleton distribution for Kp computing.

Linguistic Value Positions Pi

B 10.0
M 4.0
S 2.5

A similar methodology determines the linguistic values for Kd and Ki. Table 4 pro-
vides a description of the linguistic values for Kd, and Figure 5 illustrates its membership
functions.

Table 4. Error derivative linguistic variables.

Linguistic Value Positions

dNL [−10,−10,−1]
dNS [−10,−1,0]
dZE [−1,0,1]
dPS [0,1,10]
dPL [1,10,10]

Figure 5. Error derivative linguistic variable distribution.

The values for the system output for the derivative gain, Kd, are shown in Table 5.

Table 5. Singleton distribution for Kd computing.

Linguistic Value Positions Pi

dB 0.9
dM 0.6
dS 0.0

For the integral gain, Ki, the input linguistic values are displayed in Table 6, and the
output values are displayed in Table 7. The membership functions are shown in Figure 6.
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Table 6. Integral of error linguistic variable.

Linguistic Value Positions

iNL [−10,−10,−2]
iNS [−10,−2,−0.5]
iZE [−0.5,0,0.5]
iPS [0.5,2,10]
iPL [2,10,10]

Table 7. Singleton distribution for Ki computing.

Linguistic Value Positions Pi

iB 8.0
iM 4.0
iS 0.0

Figure 6. Integral of error linguistic variable distribution.

A one-to-one relationship is established with the input values and five corresponding
output values, allowing for direct fuzzification. Once this symmetric relationship is defined,
the output of the fuzzy system is determined using the centroid method. This approach
provides a smooth and gradual output, which is particularly useful in motor applications.
The centroid defuzzification method is derived from Equation (24):

kgains =
∑ μ(Pi) · Pi

∑ μ(Pi)
(24)

In this context, Pi denotes the position of the i-th singleton, while μ(Pi) represents a fuzzy
number. The rules for the controller are outlined in Table 8. These rules allow the fuzzy
PID controller to adapt to different system conditions. For large errors or rapid changes,
the controller increases gains to apply stronger corrections, while under stable conditions,
it reduces gains to minimize overfitting and maintain system stability. This is critical for
Ackermann-type robots, where rotational constraints require precise, dynamic adjustments
to the control response.
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Table 8. Fuzzy rules for the mobile robot.

Kp Kd Ki

If e(t) is NL, then Kp is B If de(t) is dNL, then Kd is dB If ie(t) is iNL, then Ki is iB
If e(t) is NS, then Kp is M If de(t) is dNS, then Kd is dM If ie(t) is iNS, then Ki is iM
If e(t) is ZE, then Kp is S If de(t) is dZE, then Kd is dS If ie(t) is iZE, then Ki is iS
If e(t) is PS, then Kp is M If de(t) is dPS, then Kd is dM If ie(t) is iPS, then Ki is iM
If e(t) is PL, then Kp is B If de(t) is dPL, then Kd is dB If ie(t) is iPL, then Ki is iB

3.3. 3D Simulation Environment Design

The controller simulation consists of two stages: first, a Python script calculates
and sends the route coordinates, and second, a C# script in Unity receives these data for
processing and simulation. Figure 7 illustrates the block diagram of the procedure. It is
important to note that this simulation method is chosen to prevent overloading processes
in Unity.

Figure 7. Virtual environment block diagram.

The fuzzy controller described in Section 3.2, programmed in Python 3.11.5, is im-
plemented in the first stage. Various trajectories to be followed are proposed, and, using
the controlled model, the positions of x, y, and the angle θ are obtained. As previously
discussed in the kinematic model presented in Section 3.1, for non-holonomic robots, θ

represents the instantaneous curvature angle generated by the robot relative to its ICC.
Therefore, data are still required to perform the 3D simulation. In order to implement
such data in the simulation in Unity, it is necessary to analyze the parameters from a
three-dimensional point of view (x, y, z). Conventional KMs, such as the one reviewed in
Section 3.1, are represented in a two-dimensional environment (x, y) and do not analyze the
robot’s orientation, an essential detail to be able to perform a 3D simulation. This problem
can be seen reflected in Figure 8.
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Figure 8. Determination of the yaw angle.

As illustrated in Figure 8, the steering mechanism does not consider how the object’s
rotation varies as it moves along the path. In 3D environments like Unity, each object has
its own reference frame independent of the global frame. This local frame allows the object
to not only move within the global frame (changing its x and y positions in a 2D view) but
also to orient or rotate around its own axis, reflecting more complex 3D dynamics. Within
Unity, these rotations correspond to Euler angles (pitch, roll, and yaw), which are angles
also used in robotics to identify the inclinations of robots. Yaw is the angle responsible for
determining orientation along the z-axis, representing the robot’s self-rotation; this is the
missing element needed to perform the 3D simulation.

From the analysis in Figure 8 and taking the orientation calculations used in SLAM
(simultaneous localization and mapping) navigation systems as a reference, it can be
observed that the angle yaw represents the rate of change of the position in the plane.
Graphically, this angle corresponds to the slope of the path followed by the system. The
angle yaw can be determined as the tangent of the angle formed between two consecutive
points on the path, which allows it to be calculated using Equation (25). In it, arctan2 is
used to account for the signs of the subtractions:

ψ = arctan 2
(

yi − yi−1

xi − xi−1

)
(25)

The Python script also calculates Equation (25). Once the method for obtaining all
necessary values is defined, these values are computed and stored in a list that organizes
the data in the following format (x, 0, y, 0, ψ, 0). This structure is used due to the way
Unity interprets positions. Subsequently, all the data stored in the list are sent sequentially
by a thread through the TCP/IP protocol, establishing a local communication where the
script acts as a client of the connection. The complete development of the program can be
observed in Figure 9.
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Figure 9. Flowchart of the first stage.

The second stage takes place in Unity, where the 3D simulation of the path taken
by the robot is carried out. This process uses a script in C#, Unity’s native language.
This script receives the reception of data sent from Python via the TCP/IP protocol.
Since the Python script is configured in client mode, Unity is the server that listens to
all incoming connections.

Once the connection is established, the data are read sequentially. As they are received,
the corresponding elements are interpreted and processed. The data arrive in the form of a
text string (string) with the format (x, 0, y, 0, θ, 0). This is attributed to how Unity manages
the positions and rotations of objects. In Unity, every object has two motion vectors: one
for the position coordinates, represented as (left/right, up/down, forward/backward), and one
for the rotation values, expressed as (pitch, yaw, roll). In this way, when receiving the data,
it is only necessary to split them into two vectors: one for the position and one for the
rotation. The splitting process begins by checking that a string containing precisely six
comma-separated values is received. The six elements are extracted and stored in an array
if this condition is met. A variable of the Vector3 type is then created to assign the first three
data points corresponding to the position. The remaining three data points, representing
the rotation values, are stored in a variable of the Quaternion type. Before being stored,
each datum is cast from string to float. Once each piece of data is processed, the robot’s
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position and orientation are updated in the Update method of the script. To trace the robot’s
path, within this method, each time the position is updated and it is detected that it is
different from the previous one, a new GameObject is generated, leaving a mark on the
position traveled by the robot. This process allows the complete path of the robot to be
visualized during the simulation. Figure 10 shows the flow diagram corresponding to the
described process.

Figure 10. Flowchart of the second stage.

The simulation starts by initializing the scene in Unity, which includes opening the
port and waiting for the data to be received. The Python script then calculates all the data
corresponding to the robot’s path. Once this calculation is completed, the data are sent
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to Unity via the TCP/IP protocol. As the data are received, it is possible to visualize the
robot’s path in real time within the simulated environment.

To visualize the objects in the 3D environment, a scene is designed to allow the robot’s
path to be observed. This scene includes a base terrain, the GameObject representing the
robot, and other fundamental elements provided by the Unity environment to complete
the simulation. The design of the scene ensures a clear and understandable representation
of the path. The layout of this environment can be seen in Figure 11.

Figure 11. Virtual environment scene.

The 3D model of the robot was designed using Fusion 360 software, with dimensions
of 174× 73× 126 mm. This model was then scaled within Unity to fit the requirements
of each test. The model was exported in obj format. It was important to ensure that it
was oriented according to the Unity coordinate system, where the y-axis represents the
height, as opposed to classic formats where this corresponds to the z-axis. Likewise, the
reference system of the model had to be centered on the robot to ensure that the rotations
were accurate and corresponded to those expected. Figure 12 shows the 3D design of the
robot used in the simulation. Table 9 depicts the geometry of the 3D model of the robot.

Figure 12. A 3D model of the robot in Fusion 360.
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Table 9. Characteristics of the 3D model of the robot.

Description Measures

Width 73 mm
Long 174 mm

Height 12.6 mm
Distance between the axles 107.6 mm

Wheel separation 91.75 mm
Wheel radius 33.34 mm

4. Results

Three different path-tracking scenarios are analyzed. In the first scenario, the following
circular reference path is considered, which allows for the evaluation of the system’s ability
to maintain a smooth and continuous movement. In the second scenario, the tracking
of discrete points distributed on a map is proposed, simulating trajectories composed of
specific positions to be reached. Finally, in the third scenario, the following of crossed
paths is addressed, which implies more abrupt changes in direction and greater complexity
in control. In each of these cases, different initial configurations and variations in the
dimensions of the robot are analyzed, with the aim of evaluating the performance of the
system under different operating conditions. An ideal surface is always assumed for the
simulation process, which implies that rotations in pitch and roll are not considered.

4.1. Circular Trajectory

For this test, a constant linear speed of 2 m/s and a spacing between axes of 0.25 m are
used. The proposed path is circular with a radius of 10 m. Initially, the robot is located at
the coordinates (5,5) as a reference point, oriented at an angle of −π

2 rad. From these initial
parameters, the successive positions of the robot are determined during the path tracking.
Figure 13 illustrates both the proposed reference path and the one followed by the robot,
highlighting its performance in the simulation.

Figure 13. First test: simulate circular path in Python.

The controller identifies the initial position of the robot and, based on the proposed
restrictions, begins the movement to correct its position continuously. Figure 14 shows how
the error evolves as the robot moves. In this case, it can be seen that the error never reaches
zero, which is consistent with the nature of the circular path. The angle δ must remain
constant to maintain the turn. If the angle δ were equal to zero, it would imply that the
robot would follow a straight-line path, which would be incompatible with the proposed
circular movement.
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Figure 15 illustrates the applied control signal, which shows its correlation with the
error. The signal is consistently directed to maintain the desired trajectory. The data
presented in the graph are confined to angles of π

4 and −π
4 rad due to the constraints

established in the model.
Figure 16, shows the simulation of the path in the Unity environment. In these images,

it can be observed how the positions generated along the route were marked, showing a
high coincidence with the trajectory previously obtained in Python. This correspondence
between both simulations validates the accuracy of the implemented model.

It is also noteworthy that the orientation of the robot in Unity is precisely aligned
with the direction of the path, which reflects the coherent and realistic behavior of the
control system. This detail allows us to appreciate not only the movement of the robot but
also its ability to dynamically adapt to the expected path. The combination of positional
accuracy and correct orientation demonstrates that the simulation process offers a faithful
and visually realistic representation of the robot’s performance in the virtual environment.

Figure 14. Angular error for circular path.

Figure 15. Circular path control signal
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(a) (b)

(c)
Figure 16. Simulation of the circular trajectory made in Unity. (a) View of the robot orientation for the
path. (b) Front view of the circular path simulation. (c) Aerial view of the circular path simulation.

4.2. Point-to-Point Trajectory

In this second case, multiple points distributed along the map were defined, and
straight lines were drawn from them to connect the points and form the desired path. This
test used a constant linear speed of 2 m/s and a separation between axes of 0.5 m. The
robot was initially positioned at the coordinates (2, 1) with an orientation of 3π

5 rad.
The result obtained in this simulation is shown in Figure 17, where the tracking

performed by the robot can be observed. This analysis allows it to evaluate the capacity of
the system to maintain a precise and continuous movement between the points of the path,
considering the geometric and dynamic restrictions established for the model.

Figure 17. Second trajectory test: point-to-point case.

Figure 18 shows the error graph corresponding to the test performed in this section.
The changes that occur when the robot reaches one of the objectives and generates a zero
error can be observed. As mentioned above, this behavior indicates that the robot continues
moving in a straight line after correcting its trajectory.
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Figure 18. Angular error for point tracking path.

Figure 19 presents the control signal graph for the current case, highlighting the
overshoots that occur when reaching specific points along the path. These overshoots
are inherent consequences of the kinematic configuration of the Ackermann-type robot,
requiring turning maneuvers at reference points before continuing its movement. Since
the Ackermann robot has a geometry with a single steering axis, when reaching a turning
point, an adjustment in the steering angle is necessary to compensate for the path error,
which generates a small oscillation or overshoot in the control signal. In addition, a fast and
efficient response to the control action is observed, suggesting that the system possesses a
high capacity for making quick adjustments in the robot’s direction. This responsiveness
is critical for minimizing stabilization time after overshoots and ensuring that the robot
returns to its desired path as accurately as possible.

Figure 19. Control signal for point-to-point trajectory.

The simulation in Unity is displayed in Figure 20, where it can be seen how the robot’s
path was carried out.
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(a) (b)
Figure 20. Point tracking path simulation done in Unity. (a) Partial path of the simulated robot in
Unity. (b) Complete robot path in Unity.

4.3. Crossed Trajectory

Finally, a case where the trajectory crosses the same area is proposed; the test configu-
rations are as follows: linear velocity of 3 m/s, a distance between the axes of 0.1 m, an
initial position at coordinates (8, 3.5), and an initial orientation of 0◦ rad. The results of this
test can be observed in Figure 21, demonstrating how the robot quickly integrates into the
trajectory and follows it almost perfectly.

Figure 22 shows the error graph, where it can be observed that the error is remarkably
small. This behavior is mainly attributed to the geometry of the trajectory, which includes
sections with linear segments. The controller effectively manages these straight sections,
allowing the error to remain low at all times. The controller’s ability to adjust the orientation
and maintain precision during linear sections contributes to the stability of the system and
minimizes the necessary corrections. On the other hand, in sections where the trajectory
presents greater complexity, the error tends to increase slightly. However, it remains
low, highlighting the controller’s efficiency in maintaining performance under various
geometric conditions.

Figure 23 presents the control signal generated for the third evaluated trajectory.
Given the geometry of this route, it can be observed that the required control actions are
significantly reduced, especially in the sections characterized by sharper curves. This is due
to the inherent smoothness of the trajectory, which limits the need for constant adjustments
in the robot’s orientation. Additionally, the control signal shows high stability in most
sections, indicating efficient performance of the control system by minimizing oscillations
and abrupt corrections even in scenarios with geometric variations.

Figure 21. Third case of trajectories: movement always in change.
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Figure 22. Angular error of rotation δ for the crossed trajectory.

Figure 23. Control signal for the cross path.

Finally, Figure 24 shows the simulation of the last trajectory, which runs correctly.
The simulation was carried out on a laptop equipped with an Intel Core i3-1115G4

processor with a frequency of 3.00 GHz, 12 GB of RAM, and integrated Intel(R) UHD
graphics. Different load levels were recorded on the system components during the
simulation process. On average, the CPU operated at 75% of its capacity, while the RAM
remained at 50% usage. On the other hand, the GPU was at 100% for most of the simulation,
although in the final stage, its consumption decreased to approximately 80%.

In the second case, a significantly larger volume of data was generated for processing
due to a higher sampling time, considerably impacting system performance. In this
scenario, the processor constantly worked at 100% of its capacity, the RAM reached an
average usage of 85%, and the GPU remained operating at 100% throughout the simulation
time. This behavior shows the increasing computational demands associated with more
intensive data processing and highlights the importance of optimizing resources for more
complex scenarios.

235



Symmetry 2025, 17, 301

(a) (b)
Figure 24. Simulation of the crossing trajectory implemented in Unity. (a) Partial robot path of the
crossed trajectory. (b) Full robot path of the cross trajectory.

5. Discussion

Table 10 shows the trajectory tracking metrics of the mobile robot controlled using a
fuzzy PID. The trajectories analyzed include a circular pattern, a point-to-point displace-
ment, and a cross path. Each of these trajectories presents different control challenges,
allowing the robustness and adaptability of the controller to be assessed. The metrics con-
sidered include the average tracking error, maximum error, steady-state error, settling time,
average orientation error in rad, total time, and total distance traveled. These indicators
provide a comprehensive view of the system’s performance in various scenarios. Also, it is
important to note that the average tracking error, the steady-state error, and the average
orientation error in rad are measured for times greater than the settling time in order to
validate the controller’s performance. The maximum error tends to be large because the
error exists from the robot’s position to the reference at t = 0.

For the circular path, the controller demonstrates highly accurate performance. The
average tracking error is 0.0089 m, while the maximum error reaches 3.7 m, which is
attributed to the robot starting at a point outside the path. This initial deviation highlights
the controller’s ability to correct significant initial errors and quickly converge toward the
desired reference. The steady-state error is only 0.0012 m, demonstrating the system’s ability
to stabilize near the desired reference once initial perturbations are mitigated. The settling
time of 7.246 s reflects the period required for the robot to stabilize within acceptable error
margins, demonstrating the controller’s robustness under adverse initial conditions. The
average orientation error is 0.015 rad, highlighting the effectiveness of the steering angle
control in maintaining proper orientation throughout the path. Finally, the total distance
traveled is 62.8 m, with a total time of 32.5 s—values that agree with the perimeter expected
for a circular path of 10 m radius, thus validating the overall accuracy of the system.

On the point-to-point trajectory, the results show significantly different behavior. The
average tracking error is considerably higher, at 0.9531 m, and the maximum error reaches
4.56 m. These deviations are mainly due to the robot’s need to correct its initial position
outside the trajectory, demonstrating the controller’s ability to handle abrupt transitions
and correct significant errors. Despite these initial deviations, the steady-state error is low,
at 0.001543 m, indicating that the robot is able to arrive with high precision at the endpoint.
The settling time is 5.784 s, reflecting how quickly the robot stabilizes its trajectory once the
initial errors are corrected. The average orientation error is the largest among the analyzed
trajectories, at 0.9743 rad, indicating that the steering angle control faces greater challenges
in direct displacements. The total distance traveled is 75.4 m, and the total time taken is
67 s, reflecting the length of the straight path plus the necessary corrections.

The cross-track path exhibits intermediate performance in terms of accuracy and
stability. The average tracking error is 0.01814 m, and the maximum error is 8.96 m, which
are significant deviations attributable to the complexity of the path and the robot’s initial
position outside the reference. However, the controller shows robustness by reducing the
steady-state error to 0.00232 m, evidencing its ability to correct complex deviations. The
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settling time is 9.940 s, indicating the time needed to stabilize after overcoming the abrupt
changes in direction that are characteristic of this path. The average orientation error is
0.021 rad, suggesting effective control of the steering angle despite the complexity of the
path. The total distance traveled is 58.3 m, and the total time is 40 s, which reflects efficiency
in navigating complex paths.

Overall, these findings highlight the effectiveness and reliability of the fuzzy PID
controller in tracking various trajectories. Despite starting at points outside the trajectory,
the controller is able to correct significant initial errors, reach the desired reference with high
accuracy, and maintain stable tracking under diverse conditions. The variation in settling
time and maximum errors highlights the system’s ability to adapt to control challenges,
validating its applicability in dynamic and complex scenarios.

Table 10. Trajectory tracking metrics.

Trajectory
Average
Tracking
Error (m)

Maximum
Error (m)

Steady-State
Error (m)

Settling
Time (s)

Average δ
Error (rad)

Total Time
(s)

Total
Distance

Traveled (m)

Circular 0.0089 3.7 0.0012 7.246 0.015 32.5 62.8
Point-to-point 0.9531 5.784 0.001543 4.564 0.9743 67 75.4

Cross 0.01814 8.96 0.00232 9.940 0.021 40 58.3

A FL-based kinematic controller designed to guide a mobile robot in a virtual environ-
ment shares fundamental principles with control systems used in autonomous vehicles.
When comparing this technique with others, such as the one presented in [26], where a
comparison is made between a traditional PID and an H∞-enhanced PID controller based
on robust adaptive learning, the work mainly focuses on accuracy when giving a curve
using the given references. In the results of the traditional PID, a turn with a minimum
radius of 3 m was obtained, but it was necessary to place more reference points to be
able to re-enter the trajectory. When using the H∞ improvement, they obtained precise
trajectory control, resulting in a radius of 2.9 m when turning, which improved stability and
accuracy. Despite these factors, these controllers present their details. For the traditional
PID, the disadvantages were previously discussed: it requires a well-identified plant and
performs inaccurately in the presence of non-linearities; in addition, when uncertainties
arise, its performance is not better. As for the adaptive controller based on H∞, although it
offers improvements in stability and precision, it entails a more exhaustive mathematical
analysis, which increases the computational cost. This greater complexity can represent a
limitation in applications where computational resources are restricted or computation time
efficiency is critical for its implementation. The work presented in [37] proposed a control
scheme based on adaptive dynamic programming combined with a critical neural network.
The results demonstrated accurate responses of the controller, achieving reduced errors
with RMSE values of 0.21 m in ex, 0.07 m in ey, and 0.01 rad in eδ. However, the authors
themselves recognized several disadvantages associated with this methodology. Adaptive
dynamic programming is a technique that has still not been explored, which limits the
availability of references and complementary studies in the literature. In addition, using a
critical neural network significantly increases the computational cost, which represents a
challenge for real-time applications. The network training process also requires consider-
able computational resources, which forces the use of high-performance equipment to carry
out this task efficiently. As a final case, the work proposed by [38] presented path-tracking
algorithms based on predictive control models, focusing on execution times and tracking
accuracy. The three algorithms developed are conflict-based search (CBS), spatiotempo-
ral hybrid A* conflict-based search (STH-CBS), and weighted spatiotemporal hybrid A*
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conflict-based search (WSTH-CBS), achieving success rates of 85.71%, 100%, and 100%,
respectively, in their best tests. Despite these promising results, an important limitation of
this technique lies in the mathematical complexity inherent in predictive controls, which
are susceptible to modeling errors. This can affect the robustness of the system in scenarios
where the dynamics of the environment or the system itself are not completely defined or
present uncertainties.

The ability of FL to handle uncertainty and imprecision, inherent characteristics of
real environments, makes it a valuable tool for precise trajectory tracking. Furthermore,
this technique is relatively easy for any designer to implement, as it allows for omitting
complex mathematical analyses that are indispensable in other methodologies. Unlike
learning-based approaches, it does not require training processes for its operation, rep-
resenting a significant advantage in simplicity and development times. This feature also
contributes to reducing computational costs, facilitating its implementation on devices
with low processing capacity and making it a viable option for real-time applications or in
environments with limited resources. This technology can be applied to various systems
in urban mobility, from adaptive cruise control to fully autonomous driving. By enabling
smoother and more adaptive decision-making, fuzzy controllers contribute to safer and
more efficient driving, especially in complex and dynamic environments.

6. Conclusions

This paper presents a significant advancement in mobile robotics using a kinematic
controller based on FL for path following. The fuzzy controller overcomes the limitations
of traditional PID controllers, especially in dynamic and uncertain environments, offering
greater adaptability and precision. Simulations carried out within the virtual environment
developed in Unity demonstrated the effectiveness of the control system, recording an
average error of 0.0089 m in circular trajectories, 0.01814 m in cross trajectories, and 0.9531
m in point-to-point trajectories, where the most significant error is associated with the
system’s difficulties in maintaining precision during sudden changes in direction. However,
it manages to correct these deviations with a low steady-state error. A key contribution of
this work is the controller’s adaptability, which is crucial for autonomous mobile robots
navigating dynamic and unpredictable environments. This controller not only emulates
the responses of a classic PID but also improves the flexibility and performance of the
system, consolidating itself as a robust alternative. In addition, using Unity facilitates
real-time visualization and parameter adjustments, reducing physical testing risks and
costs and speeding up robotic development. Practical implications include applications
such as autonomous vehicles and robotic exploration, where precision and adaptability
are crucial. In the future, incorporating multi-sensory feedback and hybrid strategies with
machine learning could enhance their capabilities, improving interpretation and response
to complex environments.
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Abbreviations

The following abbreviations are used in this manuscript:

PID proportional–integral–derivative
FL fuzzy logic
FLC fuzzy-logic-based controller
TVLQ time-varying linear quadratic
LMIs linear matrix inequalities
ADAR analytical design of aggregated regulators
SCT synergetic control theory
ORRL optimized reward reinforcement learning
DQN deep Q-network
ROS robot operating system
LSTM long short-term memory
UGV unmanned ground vehicle
BIM building information modeling
VR virtual reality
ICC instantaneous center of curvature
KM kinematic model
DKM direct kinematic model
NB negative-large
NS negative-small
ZE zero
PS positive-small
PL positive-large
B big
M medium
S small
CBS conflict-based search
STH-CBS spatiotemporal hybrid A* conflict-based search
WSTH-CBS weighted spatiotemporal hybrid A* conflict-based search
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