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Ana Savić, Kemal Eren, Soley Ersoy and Vladimir Baltić
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Right Conoids Demonstrating a Time-like Axis within Minkowski Four-Dimensional Space
Reprinted from: Mathematics 2024, 12, 2421, https://doi.org/10.3390/math12152421 . . . . . . . 53

Sharief Deshmukh, Amira Ishan and Bang-Yen Chen

Disaffinity Vectors on a Riemannian Manifold and Their Applications
Reprinted from: Mathematics 2024, 12, 3659, https://doi.org/10.3390/math12233659 . . . . . . . 64

Shahroud Azami, Rawan Bossly, Abdul Haseeb and Abimbola Abolarinwa

First Eigenvalues of Some Operators Under the Backward Ricci Flow on Bianchi Classes
Reprinted from: Mathematics 2024, 12, 3846, https://doi.org/10.3390/math12233846 . . . . . . . 74

Mohd Danish Siddiqi, Meraj Ali Khan, Ibrahim Al-Dayel

Modified F (R, T )-Gravity Model Coupled with Magnetized Strange Quark Matter Fluid
Reprinted from: Mathematics 2025, 13, 586, https://doi.org/10.3390/math13040586 . . . . . . . 90
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Mića S. Stanković
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Article

On Curvature Pinching for Submanifolds with Parallel
Normalized Mean Curvature Vector

Juanru Gu * and Yao Lu

Department of Applied Mathematics, Zhejiang University of Technology, Hangzhou 310023, China;
2112109016@zjut.edu.cn
* Correspondence: gujuanru@zjut.edu.cn

Abstract: In this note, we investigate the pinching problem for oriented compact submanifolds of
dimension n with parallel normalized mean curvature vector in a space form Fn+p(c). We first prove
a codimension reduction theorem for submanifolds under lower Ricci curvature bounds. Moreover,
if the submanifolds have constant normalized scalar curvature R ≥ c, we obtain a classification
theorem for submanifolds under lower Ricci curvature bounds. It should be emphasized that our
Ricci pinching conditions are sharp for even n and p = 2.

Keywords: submanifold; rigidity theorems; Ricci curvature; scalar curvature

MSC: 53C24; 53C40; 53C42

1. Introduction

The geometric rigidity of compact submanifolds plays an important role in subman-
ifold geometry. In 1968, Simons [1] first studied the rigidity for minimal submanifolds
in spheres. Later, a series of striking rigidity theorems for minimal submanifolds were
obtained by some geometers [2–6]. Let Mn be an n-dimensional oriented compact subman-
ifold in the complete and simply connected space form Fn+p(c) with constant curvature
c. In 1979, Ejiri [7] proved a rigidity result for minimal submanifolds with pinched Ricci
curvatures in spheres.

Theorem 1 ([7]). Let Mn(n ≥ 4) be a simply connected, compact oriented minimal submanifold
in Sn+p. If the Ricci curvature of M satisfies RicM ≥ n − 2, then M is either the totally geodesic

submanifold Sn, the Clifford torus Sm(√ 1
2
)
× Sm(√ 1

2
)

in Sn+1 with n = 2m, or CP2( 4
3 ) in S7.

Here CP2( 4
3 ) denotes the two-dimensional complex projective space minimally immersed into S7

with constant holomorphic sectional curvature 4
3 .

Later, Shen [8] and Li [9] obtained that if M3 is a compact oriented minimal submani-
fold in S3+p, and RicM ≥ 1, then M is totally geodesic. Afterward, Xu and Tian [10] got a
refined version of Theorem 1, where the condition “M is simply connected” was removed.
In 2013, Xu and Gu [11] generalized the Ejiri rigidity theorem to compact submanifolds
with parallel mean curvature vector in space forms.

Theorem 2 ([11]). Let Mn(n ≥ 3) be an oriented compact submanifold with parallel mean
curvature vector in Fn+p(c) with c + H2 > 0. If

RicM ≥ (n − 2)(c + H2),

then M is either the totally umbilic sphere Sn( 1√
c+H2 ), the Clifford hypersurface Sm( 1√

2(c+H2)

)
×

Sm( 1√
2(c+H2)

)
in the totally umbilic sphere Sn+1( 1√

c+H2 ) with n = 2m, or CP2( 4
3 (c + H2))

Mathematics 2024, 12, 1633. https://doi.org//10.3390/math12111633 https://www.mdpi.com/journal/mathematics1



Mathematics 2024, 12, 1633

in S7( 1√
c+H2 ). Here CP2( 4

3 (c + H2)) denotes the two-dimensional complex projective space

minimally immersed in S7( 1√
c+H2 ) with constant holomorphic sectional curvature 4

3 (c + H2).

Further discussions for submanifolds with parallel mean curvature vector have been
carried out by many authors (see [12–14], etc.).

On the other hand, it is important to study the rigidity problem for compact submani-
folds with constant scalar curvature. In 1977, Cheng and Yau [15] constructed a self-adjoint
second-order differential operator to study n-dimensional closed hypersurfaces with con-
stant scalar curvature in the space form Fn+1(c), and obtained a classification result.

Theorem 3 ([15]). Let Mn be a compact hypersurface with constant normalized scalar curvature
R in the space form Fn+1(c) with constant curvature c. If R − c ≥ 0, and the sectional curvature of
M satisfies KM ≥ 0, then M is either a totally umbilical hypersurface, or a (Riemannian) product
of two totally umbilical constantly curved submanifolds.

In 1996, Li [16] studied Cheng-Yau’s self-adjoint operator, and proved a rigidity
theorem for submanifolds with pinched scalar curvature.

Theorem 4 ([16]). Let Mn(n ≥ 3) be a compact hypersurface with constant normalized scalar
curvature R in the unit sphere Sn+1. If R̄ = R − 1 ≥ 0, and the norm square S of the second
fundamental form of M satisfies

nR̄ ≤ S ≤ n
(n − 2)(nR̄ + 2)

[
n(n − 1)R̄2 + 4(n − 1)R̄ + n

]
,

then either S ≡ nR̄, and M is a totally umbilical hypersurface, or

S =
n

(n − 2)(nR̄ + 2)

[
n(n − 1)R̄2 + 4(n − 1)R̄ + n

]
,

and M = S1
(√

1 − r2
)
× Sn−1(r), r =

√
n−2

n(R+1) and R̄ = R − 1.

After that, some rigidity theorems for submanifolds with constant scalar curvature
were obtained [17,18]. In 2013, Guo and Li [19] generalized Theorem 4 to the case
of n(≥ 4)-dimensional submanifolds with parallel normalized mean curvature vector
in spheres.

The pinching problem of submanifolds with parallel normalized mean curvature
vector seems interesting. In this paper, we first study the compact submanifolds with
parallel normalized mean curvature vector in space forms. Using Li-Li’s inequality [20]
and the DDVV inequality proved by Lu, Ge-Tang [21,22], we obtain a codimension reduc-
tion theorem.

Theorem 5. Let Mn(n ≥ 3) be an oriented compact submanifold with parallel normalized mean
curvature vector in the space form Fn+p(c)(p > 1). If the Ricci curvature of M satisfies

RicM > (n − 2 + δ(n, p))(c + H2) > 0,

then M lies in the totally geodesic space form Fn+1(c). Here

δ(n, p) =
{

0, for p = 2,
n−1

3n−5 , for p ≥ 3.

If p ≥ 3, 1
3 < δ(n, p) ≤ 1

2 . Moreover, we investigate the compact submanifolds with
constant scalar curvature and parallel normalized mean curvature vector, and prove a
rigidity result.

2



Mathematics 2024, 12, 1633

Theorem 6. Let Mn(n ≥ 3) be an oriented compact submanifold with constant normalized scalar
curvature R and parallel normalized mean curvature vector in the space form Fn+p(c). If R ≥ c, and

RicM > (n − 2 + δ(n, p))(c + H2) > 0,

then M must be the totally umbilical sphere Sn( 1√
c+H2

)
. Here δ(n, p) is defined as in Theorem 5.

2. Notation and Lemmas

Let Mn be an n-dimensional oriented compact submanifold in the (n+ p)-dimensional
complete and simply connected space form Fn+p(c) with constant curvature c. We make
the following convention on the range of indices:

1 ≤ A, B, C, · · · ≤ n + p, 1 ≤ i, j, k, · · · ≤ n, n + 1 ≤ α, β, γ ≤ n + p.

For an arbitrary fixed point x ∈ M ⊂ Fn+p(c), we choose an orthonormal local frame
field {eA} in Fn+p(c), where {ei} are tangent to M. Let {ωA} and {ωAB} be the dual frame
field and the connection 1-forms of Fn+p(c) respectively. Let h, ξ and Rm be the second
fundamental form, mean curvature vector and the Riemannian curvature tensor of M,
respectively, and R̄m the Riemannian curvature tensor of Fn+p(c). Then

ωαi = ∑
j

hα
ijωj, hα

ij = hα
ji,

h = ∑
α,i,j

hα
ijωi ⊗ ωj ⊗ eα, ξ =

1
n ∑

α,i
hα

iieα,

Rijkl = c(δikδjl − δilδjk) + ∑
α

(
hα

ikhα
jl − hα

ilh
α
jk
)
, (1)

Rαβkl = ∑
i
(hα

ikhβ
il − hα

ilh
β
ik). (2)

The squared norm S of the second fundamental form of M are give by S := ∑α,i,j(hα
ij)

2.
Define Hα = (hα

ij)n×n and choose en+1 such that it is parallel to ξ. Hence, we have

trHn+1 = nH, trHα = 0, for α 	= n + 1.

Here H is the mean curvature of M. Denote by Ric(u) the Ricci curvature of M in the
direction of u ∈ UM, where UM is the unit tangent bundle. From (1) we have

Ric(ei) = (n − 1)c + ∑
α,j

[
hα

iih
α
jj − (hα

ij)
2], (3)

and
n(n − 1)(R − c) = n2H2 − S, (4)

where R is the normalized scalar curvature, given by R = 1
n(n−1) ∑i,j Rijij. Denoting the

first and second covariant derivatives of hα
ij by hα

ijk and hα
ijkl respectively. Then, by definition

∑
k

hα
ijkωk = dhα

ij − ∑
k

hα
ikωkj − ∑

k
hα

kjωki − ∑
β

hβ
ijωβα,

∑
l

hα
ijklωl = dhα

ijk − ∑
l

hα
ijlωlk − ∑

l
hα

ilkωl j − ∑
l

hα
l jkωli − ∑

β

hβ
ijkωβα.

The Laplacian of hα
ij is defined by Δhα

ij = ∑k hα
ijkk.

Now, we assume that M has parallel normalized mean curvature vector. Then,
ωn+1,α = 0 for any α. Therefore, ∑i ωn+1,i ∧ ωiα = 0, for any α. Thus,

Hn+1Hα = Hα Hn+1,

3
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and
Rn+1,αkl = 0, for any α, k, l.

Following [5,6], we have

Δhn+1
ij = ∑

k
hn+1

kkij + ∑
k,m

(hn+1
mk Rmijk + hn+1

im Rmkjk), (5)

Δhα
ij = ∑

k
hα

kkij + ∑
k,m

hα
kmRmijk + ∑

k,m
hα

miRmkjk − ∑
β 	=n+1,k

hβ
kiRαβjk, f or α 	= n + 1. (6)

We define the gradient and Hessian of f by

d f = ∑
i

fiωi, ∑
j

fijωj = d fi + ∑
j

f jωji,

where f is a function f defined on M. We make appeal to the differential operator due to
Cheng and Yau [15], acting on any C2-function f by

� f = ∑
i,j

(
nHδij − hn+1

ij

)
fij. (7)

It follows from [15] that the operator � is self-adjoint, that is,∫
M
� f dv = 0, for any f ∈ C2(M). (8)

The following lemma will be used to prove our main theorems, which is essentially
due to Cheng-Yau [15], and see also [16,19].

Lemma 1. Assume the normalized scalar curvature R =constant and R − c ≥ 0, then

|∇h|2 ≥ n2|∇H|2. (9)

Denote by N(A) the square of the norm of A, where A = (aij) is a matrix. Then,
N(A) = tr(At A) = ∑i,j a2

ij, and we have the following lemmas.

Lemma 2 ([20]). Let B1, . . . , Bm be symmetric (n × n)-matrices. Set Sαβ = tr
(

Bt
αBβ

)
,

Sα = Sαα, then

m

∑
α,β

N(BαBβ − BβBα) + ∑
α,β

S2
αβ ≤ (1 +

1
2

sgn(m − 1))
(

∑
α

Sα

)2
,

and the equality holds if and only if one of the following conditions holds:
(1) B1 = B2 = . . . = Bm = 0
(2) only two of the matrices B1, B2, . . . , Bm are different from zero. Moreover, assuming

B1 	= 0, B1 	= 0, B3 = . . . = Bm = 0, one has S1 = S2, and there exists an orthogonal
(n × n)-matrix T such that

TBt
1T =

√
S1

2

⎛⎜⎜⎝
1 0
0 −1

0

0 0

⎞⎟⎟⎠,

TBt
2T =

√
S1

2

⎛⎜⎜⎝
1 0
0 1

0

0 0

⎞⎟⎟⎠.

4
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The following DDVV inequality is proved by Lu and Ge-Tang [21,22].

Lemma 3 (DDVV Inequality). Let B1, . . . , Bm be symmetric (n × n)-matrices. Then,

∑
α,β

N(BαBβ − BβBα) ≤
(

∑
α

N(Bα)
)2

,

where the equality holds if and only if under some rotation all Br’s are zero except two matrices
which can be written as

B̃r = P

⎛⎜⎜⎜⎜⎜⎝
0 μ 0 · · · 0
μ 0 0 · · · 0
0 0 0 · · · 0
...

...
...

. . .
...

0 0 0 · · · 0

⎞⎟⎟⎟⎟⎟⎠Pt, B̃s = P

⎛⎜⎜⎜⎜⎜⎝
μ 0 0 · · · 0
0 −μ 0 · · · 0
0 0 0 · · · 0
...

...
...

. . .
...

0 0 0 · · · 0

⎞⎟⎟⎟⎟⎟⎠Pt,

for an orthogonal (n × n)-matrix P.

3. A Codimension Reduction Theorem

In this section, we assume M is a compact submanifold with parallel normalized mean
curvature vector in Fn+p(c) for p > 1. Since trHα = 0, we have ∑k hα

kkij = 0 for α 	= n + 1.
Then, we obtain from (6) that

∑
i,j,α 	=n+1

hα
ijΔhα

ij = ∑
i,j,k,m,α 	=n+1

(hα
ijh

α
kmRmijk + hα

ijh
α
miRmkjk)

− ∑
i,j,k,α,β 	=n+1

hα
ijh

β
kiRαβjk.

(10)

We obtain from (1) and (2) that

∑
i,j,k,m,α 	=n+1

hα
ijh

α
kmRmijk + ∑

i,j,k,m,α 	=n+1
hα

ijh
α
miRmkjk

= ncSI + ∑
α 	=n+1,β

trHβ · tr(H2
α Hβ)− ∑

α 	=n+1,β
[tr(Hα Hβ)]

2

− ∑
β,α 	=n+1

[tr(H2
α H2

β)− tr(Hα Hβ)
2],

and
∑

i,j,k,α,β 	=n+1
hα

ijh
β
kiRαβjk = ∑

α,β 	=n+1
[tr(H2

α H2
β)− tr(Hα Hβ)

2].

For submanifolds with parallel normalized mean curvature, Hn+1Hα = Hα Hn+1 for
any α. (tr(Hα Hβ)) is a symmetric (p − 1) × (p − 1)-matrix for α, β 	= n + 1. Then, we
choose the normal vector fields {eα}α 	=n+1 such that

tr(Hα Hβ) = trH2
α · δαβ.

This implies
∑

α,β 	=n+1
[tr(Hα Hβ)]

2 = ∑
α 	=n+1

tr(H2
α)

2. (11)

Then, we have

∑
i,j,α 	=n+1

hα
ijΔhα

ij = ncSI − 2 ∑α,β 	=n+1[tr(H2
α H2

β)− tr(HαHβ)
2]− ∑

α 	=n+1
(trH2

α)
2

+ ∑
α 	=n+1

tr(H2
α Hn+1) · trHn+1 − ∑

α 	=n+1
[tr(Hα Hn+1)]

2.
(12)

5
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Hence,

1
2
�SI = ∑

i,j,k,α 	=n+1
(hα

ijk)
2 + ∑

i,j,α 	=n+1
hα

ijΔhα
ij (13)

= X1 + Y1,

where

X1 := − ∑
α,β 	=n+1

N(Hα Hβ − Hβ Hα)− ∑
α 	=n+1

(trH2
α)

2

+ ∑
α 	=n+1

tr(H2
α Hn+1) · trHn+1 − ∑

α 	=n+1
[tr(Hα Hn+1)]

2 + ncSI ,

Y1 := ∑
i,j,k,α 	=n+1

(hα
ijk)

2.

Lemma 4. X1 ≥ nSI [Ricmin − (n − 2)(c + H2)]− sgn(p − 2) n−1
2(n−2)S2

I .

Proof. Since Hn+1Hα = Hα Hn+1, Hn+1 and Hα can be simultaneously diagonalized for
every fixed α:

(i) If p = 2, we choose {ei} such that Hn+2 is a diagonal matrix, i.e., hn+2
ij = 0 for i 	= j.

Then, it can be seen from (3) that

(n − 2)H
(

hn+1
ii − H

)
≥ Ricmin − (n − 1)

(
c + H2

)
+
(

hn+1
ii − H

)2
+
(

hn+2
ii

)2
.

Hence, we obtain

tr
(

H2
n+2Hn+1

)
· trHn+1 − [tr(Hn+2Hn+1)]

2

= −[tr(Hn+1 − HI)Hn+2]
2 + nHtr

[
(Hn+1 − HI)H2

n+2

]
+ nH2SI

= nH ∑
i

(
hn+1

ii − H
)(

hn+2
ii

)2
−
[
∑

i

(
hn+1

ii − H
)(

hn+2
ii

)]2

+ nH2SI

≥ n
n − 2

[Ricmin − (n − 1)(c + H2)]SI +
1

n − 2
[

(
∑

i
(hn+1

ii − H)hn+2
ii

)2

(14)

+(trH2
n+2)

2]− [∑
i
(hn+1

ii − H)hn+2
ii ]2 + nH2SI

≥ n
n − 2

[Ricmin − (n − 1)(c + H2)]SI

+
1

n − 2
(trH2

n+2)
2 − n − 3

n − 2
(SH − nH2)SI + nH2SI ,

where I is the unit (n × n)-matrix. Then, it follows from (4) and (14) that

X1 ≥ n
n − 2

[Ricmin − (n − 1)(c + H2)]SI

−n − 3
n − 2

(trH2
n+2)

2 − n − 3
n − 2

(SH − nH2)SI + nH2SI + ncSI

≥ n
n − 2

[Ricmin − (n − 1)(c + H2)]SI

−n − 3
n − 2

(S − nH2)SI + nH2SI + ncSI

≥ nSI [Ricmin − (n − 2)(c + H2)].

6
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(ii) If p ≥ 3, for a fixed α, let {ei} be a frame diagonalizing the matrix Hα such that
hα

ij = 0 for i 	= j. So we observe that these terms can be written as follows:

∑
α 	=n+1

tr(H2
α Hn+1) · trHn+1 − ∑

α 	=n+1
[tr(Hα Hn+1)]

2

= nH ∑
α 	=n+1

[tr(Hn+1 − HI)H2
α]− ∑

α 	=n+1
[tr(Hn+1 − HI)Hα]

2 + nH2SI (15)

= nH ∑
α 	=n+1

[∑
i
(hn+1

ii − H)(hα
ii)

2]− ∑
α 	=n+1

[∑
i
(hn+1

ii − H)hα
ii]

2 + nH2SI .

We also obtain from (3) that

(n − 1)(c + H2) + (n − 2)H(hn+1
ii − H)− (hn+1

ii − H)2 − (hα
ii)

2 − ∑
j,β 	=α,n+1

(hβ
ij)

2 ≥ Ricmin.

This implies that

nH ∑
i

(
hn+1

ii − H
)
(hα

ii)
2 ≥ n

n − 2 ∑
i

(
hn+1

ii − H
)2

(hα
ii)

2 +
n

n − 2 ∑
i
(hα

ii)
4

+
n

n − 2 ∑
β 	=α,n+1

i,j

(
hβ

ij

)2
(hα

ii)
2

+
n

n − 2

[
Ricmin − (n − 1)

(
c + H2

)]
trH2

α (16)

≥ 1
n − 2

[
∑

i

(
hn+1

ii − H
)
(hα

ii)

]2

+
1

n − 2

(
trH2

α

)2

+
n

n − 2

[
Ricmin − (n − 1)

(
c + H2

)]
trH2

α.

From (15) and (16), we obtain

− ∑
β,α 	=n+1

N
(

Hα Hβ − Hβ Hα

)
− ∑

α 	=n+1

(
trH2

α

)2

+ ∑
α 	=n+1

tr
(

H2
α Hn+1

)
· trHn+1 − ∑

α 	=n+1
[tr(Hα Hn+1)]

2

≥ − ∑
β,α 	=n+1

N
(

Hα Hβ − Hβ Hα

)
− ∑

α 	=n+1

(
trH2

α

)2
+ nH ∑

α 	=n+1
∑

i

(
hn+1

ii − H
)
(hα

ii)
2

− ∑
α 	=n+1

[
∑

i

(
hn+1

ii − H
)

hα
ii

]2

+ nH2SI (17)

≥ −
(

1
n − 2

+
n − 3
n − 2

)
∑

β,α 	=n+1
N
(

Hα Hβ − Hβ Hα

)
− n − 3

n − 2 ∑
α 	=n+1

(
trH2

α

)2
+ nH2SI

−n − 3
n − 2 ∑

α 	=n+1

[
∑

i

(
hn+1

ii − H
)
(hα

ii)

]2

+
n

n − 2

[
Ricmin − (n − 1)

(
c + H2

)]
SI .

It follows from Lemmas 2 and 3 that

∑
β,α 	=n+1

N
(

Hα Hβ − Hβ Hα

)
− ∑

α 	=n+1

(
trH2

α

)2
≤ 3

2
S2

I ,

and
∑

β,α 	=n+1
N
(

Hα Hβ − Hβ Hα

)
≤ S2

I .

7



Mathematics 2024, 12, 1633

These together with (4) and (17) imply that

X1 ≥ SI

{
n(c + H2)− n − 3

n − 2

(
SH − nH2

)
+

n
n − 2

[
Ricmin − (n − 1)

(
c + H2

)]}
−
[ 1

n − 2
+

3(n − 3)
2(n − 2)

]
S2

I (18)

≥ nSI

[
Ricmin − (n − 2)(c + H2)

]
+

n − 1
2(n − 2)

S2
I .

This proves the lemma.

Theorem 7. If Mn(n ≥ 3) is an oriented compact submanifold with parallel normalized mean
curvature in the space forms Fn+p(c)(p ≥ 2), then∫

M

{
nSI [Ricmin − (n − 2)(c + H2)− sgn(p − 2)

n − 1
2(n − 2)

S2
I

}
dM ≤ 0.

Proof. Since M has parallel normalized mean curvature, Hn+1Hα = Hα Hn+1. This implies
that Y1 = ∑i,j,k,α 	=n+1(hα

ijk)
2 ≥ 0. Then, it follows from Lemma 4 that

1
2
�SI = X1 + Y1 ≥ nSI [Ricmin − (n − 2)(c + H2)]− sgn(p − 2)

n − 1
2(n − 2)

S2
I . (19)

Hence,

0 =
1
2

∫
M
�SIdM

≥
∫

M

{
nSI [Ricmin − (n − 2)(c + H2)]− sgn(p − 2)

n − 1
2(n − 2)

S2
I

}
dM.

This proves Theorem 7.

Now, we are in the position to prove Theorem 5.

Proof of Theorem 5. It follows from (4) that

SI ≤ S − nH2 ≤ n[(n − 1)(c + H2)− Ricmin]. (20)

This together with (19) implies that

1
2
�SI

≥ nSI [Ricmin − (n − 2)(c + H2) + sgn(p − 2)
n − 1

2(n − 2)
(Ricmin − (n − 1)(c + H2))]

≥ nSI

[
1 + sgn(p − 2)

n − 1
2(n − 2)

]
×
[

Ricmin −
(

n − 2 + sgn(p − 2)
n − 1

3n − 5

)
(c + H2)

]
.

Therefore,

0 =
1
2

∫
M
�SIdM

≥
∫

M

{
nSI

[
1 + sgn(p − 2)

n − 1
2(n − 2)

]
×
[

Ricmin −
(

n − 2 + sgn(p − 2)
n − 1

3n − 5

)(
c + H2

)]}
dM.

8
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If Ricmin >
[
n − 2 + sgn(p − 2) n−1

3n−5

]
(c + H2), then SI = 0. It follows from a theorem due

to Erbacher [23] that M lies in the totally geodesic submanifold Fn+1(c) of Fn+p(c). This
proves Theorem 5.

4. Submanifolds with Constant Scalar Curvature

In this section, we assume M is an oriented compact submanifold with constant
normalized scalar curvature R and parallel normalized mean curvature vector in the space
form Fn+p(c). Since trHn+1 = nH, we obtain from (5) that

∑
i,j

hn+1
ij Δhn+1

ij = ∑
i,j

nHijhn+1
ij + ∑

i,j,k,m
(hn+1

ij hn+1
mk Rmijk + hn+1

ij hn+1
im Rmkjk). (21)

Applying (1) and (2), we obtain

∑
i,j,k,m

hn+1
ij hn+1

km Rmijk + ∑
i,j,k,m

hn+1
ij hn+1

mi Rmkjk

= nc(SH − nH2) + ∑
α

trHα · tr(H2
n+1Hα)− ∑

α

[tr(Hn+1Hα)]
2

−∑
α

[tr(H2
n+1H2

α)− tr(Hn+1Hα)
2].

Since Hn+1Hα = Hα Hn+1 for any α,

1
2
�SH = ∑

i,j,k
(hn+1

ijk )2 + ∑
i,j

hn+1
ij �hn+1

ij

= X2 + Y2, (22)

where

X2 := nHtrH3
n+1 − (trH2

n+1)
2 − ∑

α 	=n+1
[tr(Hn+1Hα)]

2 + nc
(

SH − nH2
)

,

Y2 := ∑
i,j,k

(hn+1
ijk )2 + ∑

i,j
nHijhn+1

ij .

Lemma 5. X2 ≥ n
(
SH − nH2)[Ricmin − (n − 2)(c + H2)

]
.

Proof. We choose the orthonormal frame fields {ei} such that hn+1
ij = λn+1

i δij. Let

fk = ∑
i
(λn+1

i )k, μn+1
i = H − λn+1

i , i = 1, 2, . . . , n,

Bk = ∑
i
(μn+1

i )k,

and we have
B1 = 0, B2 = SH − nH2, B3 = 3HSH − 2nH3 − f3.

Then

X2 = −S2
H + nH f3 − ∑

α 	=n+1

(
∑

i
μn+1

i hα
ii

)2
+ nc

(
SH − nH2

)
= −S2

H + nH(3HSH − 2nH3 − B3)− ∑
α 	=n+1

(
∑

i
μn+1

i hα
ii

)2
(23)

+nc
(

SH − nH2
)

= B2[nc + 2nH2 − SH ]− nHB3 − ∑
α 	=n+1

(
∑

i
μn+1

i hα
ii

)2
.

9
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According to Equation (3) in space form Fn+p(c), we have

(n − 1)c + nHλn+1
i − (λn+1

i )2 − ∑
α 	=n+1,j

(hα
ij)

2 = Ric(ei) ≥ Ricmin,

S − nH2 ≤ n[(n − 1)(c + H2)− Ricmin], (24)

and

(n − 2)H(λn+1
i − H)− (λn+1

i − H)2 + (n − 1)(c + H2)− ∑
α 	=n+1,j

(hα
ij)

2 − Ricmin ≥ 0,

from which it can be deduced that

H(λn+1
i − H) ≥ (λn+1

i − H)2

n − 2
+

∑α 	=n+1,j(hα
ij)

2

n − 2
+

Ricmin

n − 2
− n − 1

n − 2
(c + H2).

So,

−nHB3 ≥ n
n − 2 ∑

i

(
μn+1

i

)4
+

n
n − 2 ∑

α 	=n+1
∑
i,j

(
hα

ij

)2(
μn+1

i

)2

+
n

n − 2

[
Ricmin − (n − 1)

(
c + H2

)]
B2.

This together with (23) and (24) implies that

X2 ≥ B2

{
nc + 2nH2 − SH +

n
n − 2

[Ricmin − (n − 1)(c + H2)]
}

+
n

n − 2 ∑
i
(μn+1

i )4 + ∑
α 	=n+1

[ n
n − 2 ∑

i
(hα

ii)
2(μn+1

i )2 −
(

∑
i

μn+1
i hα

ii

)2]
≥ B2

{
nc + 2nH2 − SH +

n
n − 2

[Ricmin − (n − 1)(c + H2)]
}

B2
2

n − 2
− n − 3

n − 2 ∑
α 	=n+1

(
∑

i
μn+1

i hα
ii

)2

≥ B2

{
nc + nH2 − n − 3

n − 2
(S − nH2) (25)

+
n

n − 2
[Ricmin − (n − 1)(c + H2)]

}
≥ n

n − 2
B2

{
(n − 2)(c + H2)

−(n − 3)[(n − 1)(c + H2)− Ricmin] + [Ricmin − (n − 1)(c + H2)]
}

= n(SH − nH2)[Ricmin − (n − 2)(c + H2)].

This completes the proof of the lemma.

Proof of Theorem 6. Since the normalized scalar curvature R is constant, we obtain from
(4) that

n2ΔH2 = 2n2HΔH + 2n2|∇H|2 = ΔS. (26)

On the other hand, we obtain from (13) and (22) that

1
2

ΔS = |∇h|2 + ∑
i,j,

nHn+1
ij hn+1

ij + X1 + X2. (27)

10
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This together with (7) implies that

�(nH) = ∑
i,j
(nHδij − hij)(nH)ij

=
1
2

ΔS − n2|∇H|2 − ∑
i,j

nhn+1
ij Hij (28)

= (|∇h|2 − n2|∇H|2) + X1 + X2.

Therefore, we obtain from Lemmas 1, 4 and 5 that

�(nH) ≥ n
(

S − nH2
)[

Ricmin − (n − 2)
(

c + H2
)]

− sgn(p − 2)
n − 1

2(n − 2)
S2

I

≥ n
(

S − nH2
)[

Ricmin − (n − 2)
(

c + H2
)
− sgn(p − 2)(n − 1)

2n(n − 2)

(
S − nH2

)]
≥ n

(
S − nH2

){
Ricmin − (n − 2)

(
c + H2

)
(29)

+sgn(p − 2)
n − 1

2(n − 2)

[
Ricmin − (n − 1)

(
c + H2

)]}
= n

(
S − nH2

)[
1 + sgn(p − 2)

n − 1
2(n − 2)

]
×
[

Ricmin −
(

n − 2 + sgn(p − 2)
n − 1

3n − 5

)(
c + H2

)]
.

Since the operator � is self-adjoint, we conclude

0 ≥
∫

M
n(S − nH2)

[
1 + sgn(p − 2)

n − 1
2(n − 2)

]
×
[

Ricmin −
(

n − 2 + sgn(p − 2)
n − 1

3n − 5

)(
c + H2

)]
.

Thus, we obtain from the assumption RicM > (n − 2 + sgn(p − 2) n−1
3n−5 )(c + H2) that

S − nH2 = 0.

This means M must be the totally umbilcal sphere Sn( 1√
c+H2

)
. This proves Theorem 6.

5. Discussion

The following example shows the pinching constant is the best possible in even
dimensions and p = 2.

Example 1. Let Sn+1( 1√
c+H2 ) be the totally umbilic sphere in Fn+p(c) with c + H2 > 0. Here

the mean curvature H is a constant.
Let M = Sm( 1√

2(c+H2)

)
× Sm( 1√

2(c+H2)

)
be a Clifford hypersurface in Sn+1( 1√

c+H2 )

with n = 2m. Then, M is a compact submanifold in Fn+2(c) with parallel normalized mean
curvature vector, the Ricci curvature RicM ≡ (n− 2)(c+ H2), and the normalized scalar curvature
R = n−2

n−1 (c + H2).
More generally, M is also a submanifold in Fn+p(c) with parallel normalized mean curvature

vector for p ≥ 3, and the Ricci curvature of M satisfies RicM ≡ (n − 2)(c + H2).

For n = 4 and p ≥ 4, we have the following example.

11
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Example 2. Let S7( 1√
c+H2 ) be the totally umbilic sphere in F4+p(c) with c + H2 > 0. Here

the mean curvature H is a constant. Let CP2( 4
3 (c + H2)) be the two-dimensional complex pro-

jective space minimally immersed in S7( 1√
c+H2 ) with constant holomorphic sectional curvature

4
3 (c + H2). Then, M is a compact submanifold in F4+p(c) with parallel normalized mean curvature
vector for p ≥ 4, the Ricci curvature RicM ≡ 2(c + H2), and the normalized scalar curvature
R = 2

3 (c + H2).

Motivated by Theorem 6, Examples 1 and 2, we propose the following conjecture.

Conjecture 1. Let M be an n(≥ 3)-dimensional oriented compact submanifold with constant
normalized scalar curvature R and parallel normalized mean curvature vector in the space form
Fn+p(c). If R ≥ c, and

RicM > (n − 2)(c + H2) > 0,

then M must be the totally umbilical sphere Sn( 1√
c+H2

)
.
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Abstract: The aim of the paper is to present two results concerning real hypersurfaces in the six-
dimensional sphere S6(1). More precisely, we prove that real hypersurfaces with the Lie-parallel
shape operator A must be totally geodesic hyperspheres. Additionally, we classify real hypersur-
faces in a nearly Kähler sphere S6(1) whose Lie derivative of the shape operator coincides with its
covariant derivative.
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1. Introduction

An almost Hermitian manifold with an almost complex structure J and the Levi-Civita
connection ∇̃ is, respectively, Kähler or nearly Kähler if the tensor field G(X, Y) = (∇̃X J)Y
is vanishing or skew-symmetric. In [1], it was shown that an arbitrary nearly Kähler
manifold can be locally decomposed into manifolds of three particular types, with six-
dimensional nearly Kähler manifolds being one of those types. We recall that it has
been shown by Butruille, see [2], that only four homogeneous, six-dimensional, strictly
nearly Kähler manifolds exist: the six-dimensional sphere S6(1), the manifold S3 × S3, the
projective space CP3, and the flag manifold SU(3)/U(1)× U(1). We note that, out of these
four, only the sphere S6(1) is endowed with standard metrics.

If we denote by N the unit normal vector field on the hypersurface M of an almost
Hermitian manifold, the tangent vector field ξ = −JN is called the Reeb vector field or
characteristic vector field. We denote by g the metric on S6(1) induced by the standard
Euclidean metric 〈, 〉 in the space R7. The shape operator of real hypersurfaces M of S6(1)
is denoted by A and satisfies g(AX, Y) = g(h(X, Y), N) for all X, Y tangent to M, where h
is the second fundamental form of M.

We say that a hypersurface M is Hopf if the vector field ξ satisfies Aξ = αξ for a certain
differentiable function α, and then ξ is a principal vector field. We also note that the function
α is locally constant, see [3]. It was shown in [3] that a connected Hopf hypersurface of a
nearly Kähler S6(1) is an open part of either a geodesic hypersphere or a tube around an
almost complex curve in S6(1). Therefore, at each point of a Hopf hypersurface in S6(1),
there exist either one, two, or three different principal curvatures.

The parts of totally geodesic hyperspheres are, of course, umbilical and have only
one principal curvature α. All other Hopf hypersurfaces in S6(1) are parts of tubes around
almost complex curves in S6(1), and the principal curvature α has a multiplicity of 3. If
the almost complex curve is totally geodesic, there is only one other principal curvature μ
that has a multiplicity of 2. If the almost complex curve is not totally geodesic, then it is
one of types (I), (II), or (III), and α has two other principal curvatures, μ and λ, that have a
multiplicity of 1. For details, we refer the reader to [4].
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In recent years, the study of Riemannian hypersurfaces in different ambient spaces
endowed with an almost complex structure has been an active field of research. In particular,
many studies deal with the question of the existence and classification of hypersurfaces
that satisfy various conditions related to their parallelism, particularly related to its shape
operator, such as η-parallelness or pseudo-parallelness; we refer the reader to [5,6]. The
non-existence of real hypersurfaces in complex space forms with a parallel shape operator
was observed in [7]. Additionally, Kimura and Maeda [8] classified real hypersurfaces in
complex projective space whose shape operator is ξ-parallel, i.e., ∇ξ A = 0.

Recall that Lie derivative L of a vector field on M is given by LXY = ∇XY −∇YX,
while the Lie derivative of the shape operator is given by (LX A)Y = ∇X(AY) + A∇YX −
∇AYX − A∇XY for the X, Y tangent of M. The Lie derivative, with respect to the vector
field, has many applications in physics, in particular in mechanics, hydrodynamics, theory
of relativity, and cosmology. Hence, hypersurfaces whose shape operator is invariant
or has at least a certain regularity in its behavior with respect to the Lie derivative are
of particular interest. Ki, Kim, and Lee, see [9], classified real hypersurfaces in complex
space forms whose shape operator is Lie ξ-parallel, i.e., Lξ A = 0. Suh, in [10], provides
a characterization of real hypersurfaces of type A in a complex two-plane Grassmannian
G2(C

m+2), which are tubes over totally geodesic G2(C
m+1) in G2(C

m+2) in terms of the
vanishing Lie derivative of the shape operator A along the direction of the Reeb vector
field ξ. In [11], the authors prove the nonexistence of real hypersurfaces in CP2 and CH2,
whose shape operator satisfies the relation LX A = ∇X A, from the X orthogonal to ξ.

Motivated by these results, we consider a similar line of research regarding the nearly
Kähler sphere S6 and prove the following theorems.

Theorem 1. Let M be a real hypersurface in S6(1). The shape operator A on M is Lie-parallel, i.e.,
LX A = 0, X ∈ TM, if and only if M is a totally geodesic hypersphere in S6(1).

Theorem 2. Let M be a real hypersurface in S6(1). The shape operator A on M satisfies Lξ A =
∇ξ A, if and only if M is a totally geodesic hypersphere in S6(1).

Additionally, given that totally geodesic hyperspheres also satisfy the stronger condi-
tion LX A = ∇X A, for all X ∈ TM, we obtain the following:

Corollary 1. Let M be a real hypersurface in S6(1). The shape operator A on M satisfies LX A =
∇X A, for all X ∈ TM, if and only if M is a totally geodesic hypersphere in S6(1).

In particular, we note that most of the known results dealing with this type of problem
regard hypersurfaces of Kähler manifolds. In this case, the almost complex structure is
parallel, making it easier to conduct calculations. For hypersurfaces of the nearly Kähler
sphere S6, the covariant derivative of the almost complex structure, tensor G, is skew-
symmetric, which, in a technical sense, imposes the need to approach the problem in a
different manner, see [12,13]. As a consequence, we need to use a suitable moving frame
along the hypersurface, which is nicely suited to the given structure, in order to obtain its
properties and analyze them.

2. Preliminaries

First, we provide a brief exposition of how the standard nearly Kähler structure J on
S6(1) arises in a natural manner from the multiplication of Cayley numbers O. A vector
cross product × given as follows:

u × v =
1
2
(uv − vu),

and is well defined on the space of purely imaginary Cayley numbers O, which we may
identify with R7.
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Then, vectors e1, ...e7 of the standard orthonormal basis of the space R7 satisfy the
relations provided in the following table of multiplication.

× e1 e2 e3 e4 e5 e6 e7
e1 0 e3 −e2 e5 −e4 −e7 e6
e2 −e3 0 e1 e6 e7 −e4 −e5
e3 e2 −e1 0 e7 −e6 e5 −e4
e4 −e5 −e6 −e7 0 e1 e2 e3
e5 e4 −e7 e6 −e1 0 −e3 e2
e6 e7 e4 −e5 −e2 e3 0 −e1
e7 −e6 e5 e4 −e3 −e2 e1 0

Any orthonormal basis or frame for which the relations of this table hold is called a
G2 basis or frame. Then, for an arbitrary point p ∈ S6(1) and X ∈ TpS6(1), the (1,1)-tensor
field J is defined by

JpX = p × X

and is an almost complex structure.
We will denote by 〈, 〉 the standard metric in the space R7 and, by g, the induced metric

on S6(1). Further, we denote D and ∇̄ by the corresponding Levi–Civita connections.
Let M be a Riemannian submanifold of the sphere S6(1) with a Hermitian structure

(J, g). The tensor field G of type (2, 1), defined by G(X, Y) = (∇̄X J)Y, is skew symmetric,
which makes the almost complex structure a nearly Kähler one. The tensor field G has the
following properties:

G(X, JY) + JG(X, Y) = 0, g(G(X, Y), Z) + g(G(X, Z), Y) = 0.

Additionally, for tangent vector fields X, Y, and Z, see [14], it holds that

(∇̄G)(X, Y, Z) = g(X, Z)JY − g(X, Y)JZ − g(JY, Z)X. (1)

Let ∇ and ∇⊥ be, respectively, the Levi–Civita connection of the submanifold M and
the normal connection in the normal bundle T⊥M of M in S6(1). The formulae of Gauss
and Weingarten for the hypersurface are as follows:

∇̄XY = ∇XY + h(X, Y), ∇̄X N = −AX +∇⊥
X N,

where X and Y are tangent vector fields and N is a normal vector field on the hypersur-
face. Here, A and h denote the shape operator and the second fundamental form. The
relationship between them is given by g(h(X, Y), N) = g(AX, Y). The Gauss equation for
the hypersurface is as follows:

R(X, Y, Z, W) =g(X, W)g(Y, Z)− g(X, Z)g(Y, W)

+ g(h(X, W), h(Y, Z))− g(h(X, Z), h(Y, W)), X, Y, Z, W ∈ TM, (2)

where we denote by R the Riemannian curvature tensor of M.
Now, let M be a hypersurface in S6(1). Using the almost complex structure J on

S6(1), the normal vector field N on M, we define the corresponding Reeb vector field
ξ = −JN with dual 1-form η(X) = g(X, ξ). Then, D = Ker η = {X ∈ TM | η(X) = 0} is
a four-dimensional almost complex distribution on M.

3. The Moving Frame for Hypersurfaces in S6(1)

Now, we will present the construction of one of the local moving frames that is,
roughly speaking, compatible with the structure on the hypersurface, and hence, easier to
work with. Also, we will present the relationship between the connection coefficients in
this particular frame, for more details see [12,15].

15
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For any unit vector field E1 ∈ D, let E2 = JE1, E3 = G(E1, ξ), and E4 = JE3. Then, as
shown in [15], the set {E1, E2, E3, E4, E5 = ξ} is a local orthonormal moving frame. One
such frame is uniquely determined by the choice of the vector field E1 ∈ D.

We note that, additionally, the following relations are also valid for each frame.

Lemma 1 ([15]). The orthonormal frame {E1, E2, E3, E4, E5 = ξ} satisfies the following relations:

G(E1, E2) = 0, G(E1, E3) = −ξ, G(E1, E4) = N, G(E1, ξ) = E3,

G(E1, N) = −E4, G(E2, E3) = −N, G(E2, E4) = ξ, G(E2, ξ) = −E4, (3)

G(E2, N) = −E3, G(E3, E4) = 0, G(E3, ξ) = −E1, G(E3, N) = E2,

G(E4, ξ) = E2, G(E4, N) = E1.

We further denote the coefficients of the covariant derivatives in the given frame as
follows:

gk
ij = g(DEi Ej, Ek), hij = g(DEi Ej, N), 1 ≤ i, j, k ≤ 5. (4)

Since D is a metric connection and the second fundamental form is symmetric, straight-
forwardly, we obtain gk

ij = −gj
ik, and hij = hji.

Using the definition of G(X, Y) = (∇̄X J)Y and the expression for its covariant deriva-
tive, we obtain, the following two lemmas, see [12].

Lemma 2 ([12]). For the previously defined coefficients, we obtain the following:

g3
12 = −g4

11, g4
12 = g3

11, h11 = −g5
12, h12 = g5

11, g3
22 = −g4

21,

g4
22 = g3

21, g5
22 = −g5

11, h22 = g5
21, g3

32 = −g4
31, g4

32 = g3
31,

h13 = 1 − g5
32, h23 = g5

31, g3
42 = −g4

41, g4
42 = g3

41, h14 = −g5
42,

h24 = −1 + g5
41, g3

52 = −1 − g4
51, g4

52 = g3
51, h15 = −g5

52, h25 = g5
51,

g5
32 = 2 + g5

14, g5
42 = −g5

13, g5
31 = −g5

24, g5
41 = 2 + g5

23, h33 = −g5
43,

h34 = g5
33, g5

44 = −g5
33, h44 = g5

43, h35 = −g5
54, h45 = g5

53.

Proof. By taking X ∈ {E1, ..., ξ} and Y ∈ {E1, ..., ξ, N} in the relation

∇̄X(JY) = G(X, Y) + J(∇̄XY),

and using (3), we obtain the proof of the lemma.
For X = E1 and Y = E1, we obtain the following:

g3
12 = −g4

11, g4
12 = g3

11, h11 = −g5
12, h12 = g5

11.

For X = E2 and Y = E1, we obtain the following:

g3
22 = −g4

21, g4
22 = g3

21, g5
22 = −h12 = −g5

11, h22 = g5
21.

In a similar manner, we obtain other relations.

Lemma 3 ([12]). For the coefficient (4), the following holds:

g5
52 = g2

11 + g4
13, g5

51 = −g2
21 − g4

23, g5
54 = g2

31 + g4
33,

g5
53 = −g2

41 − g4
43, h55 = −g2

51 − g4
53. (5)
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Proof. By taking X = E1, Y = E1, and Z = E3 in (1), we obtain the following: g5
52 =

g2
11 + g4

13. Similarly, by taking X = E2, Y = E1, and Z = E3, we obtain g5
51 = −g2

21 − g4
23;

for X = E3, Y = E1, and Z = E3, we obtain g5
54 = g2

31 + g4
33. Finally, for X = E4, Y = E1,

and Z = E3 and X = ξ, Y = E1, and Z = E3, respectively, we get g5
53 = −g2

41 − g4
43 and

h55 = −g2
51 − g4

53. Straightforward computation shows that (1) is then satisfied for an
arbitrary choice of vector fields which completes the proof.

Recall that we still have the possibility of choosing E1 ∈ D. We can decompose the
vector field Aξ into an orthogonal sum of two vector fields, parallel to D and ξ, respectively.
Let E1 be the unit vector field collinear with the first component. Then, we can write

Aξ = βE1 + αξ, (6)

for differentiable functions α and β. Moreover, by choosing the direction of E1, we may
assume that β ≥ 0. Of course, in the case of the Hopf hypersurface, when β = 0, the vector
field E1 is still not uniquely determined by this.

Since Aξ has no components in the direction of vector fields E2, E3, E4, causing it to
vanish, we obtain:

g4
13 = −g2

11 − β, g4
23 = −g2

21, g4
33 = −g2

31, g4
43 = −g2

41, g4
53 = −g2

51 − α.

From the Gauss equation we obtain the next two relations between the coefficients. By
implementing X = E2, Y = E3, Z = E1, and W = E2 into the Gauss Equation (2) we obtain
the following:

E2(g2
31) =g2

21g4
21 − 3g5

21 − 2g5
14g5

21 + 2g5
11g5

24 + g2
11(−g3

21 + g2
31)− 2g4

21g3
31

+ 2g3
21g4

31 + g2
31g4

31 − g2
21g2

41 − g3
31g2

41 − 2g2
51 − g5

14g2
51 + g5

23g2
51 + E3(g2

21),

and then by implementing (X, Y, Z, W) = (E2, E3, E3, E4) in (2), we also obtain the following:

(3 + 2g5
14)g5

21 − 2g5
24(g5

11 + g5
33) + (1 + 2g5

23)g5
34 + (−2 − g5

14 + g5
23)α (7)

+ (−g3
21 + g2

31)β = 0.

4. Proof of the Theorem 1

Let us denote Lk
ij = g((LEi A)Ej, Ek). The condition that the shape operator A is

Lie-parallel is equivalent to Lk
ij = 0, 1 ≤ i, j, k ≤ 5.

Lemma 4. Let M be a hypersurface in S6(1) with Lie ξ-parallel shape operator A. Then, M is a
Hopf hypersurface.

Proof. Suppose that M is a non-Hopf hypersurface, i.e., β 	= 0. From Li
55 = 0, 1 ≤ i ≤ 4,

we have, respectively,

ξ(β) = −g5
11β, g2

51 = −g5
12, g3

51 = −g5
13, g4

51 = −g5
14.

Using this, from

0 = L5
51 = −3g5

11β,

0 = L5
53 = (−g5

13 + 2g5
24)β,

0 = L5
54 = (−3 − g5

14 − 2g5
23)β,
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we get, respectively g5
11 = 0, g5

13 = 2g5
24 and g5

14 = −3 − 2g5
23. From 0 = L2

51 = 6(1 + g5
23),

we obtain g5
12 = −1, and

0 = L1
52 = (g5

12 + g5
21)

2 + (g5
24)

2 + β2

gives us a contradiction.

Therefore, now we assume M to be a Hopf hypersurface, implying that β = 0 and α
are constant.

Recall that, for Hopf hypersurfaces, we still have the option of choosing E1 ∈ D, and
we can assume that E1 is an eigenvector field for the shape operator A. As

AE1 = −g5
12E1 + g5

11E2 − (1 + g5
14)E3 + g5

13E4,

we obtain g5
11 = 0, g5

14 = −1, g5
13 = 0.

Now, from 0 = L5
22 = 2g5

24, we obtain g5
24 = 0, and then from 0 = L5

24 + L5
13 = −4g5

33,
we obtain g5

33 = 0. Now let us see what the shape operator looks like:

AE1 = −g5
12E1, AE2 = g5

21E2 + (1 + g5
23)E4, AE3 = −g5

34E3, (8)

AE4 = (1 + g5
23)E2 + g5

43E4, AE5 = αE5.

Lemma 5. Let M be a Hopf hypersurface in S6(1) with Lie-parallel shape operator A. Then, the
moving frame can be chosen so that both E1 and E3 are the eigenvectors of the shape operator A for
the eigenvalues α.

Proof. From (8), we want to prove that −g5
12 = α = −g5

34.
Let us first assume that g5

34 	= −α. From

0 = L5
23 = (1 − g5

23)(g5
34 + α),

0 = L3
45 = −(g5

34 + α)(g5
43 + g2

51 + α),

0 = L5
43 = (g5

34 − g5
43)(g5

34 + α),

we obtain, respectively, g5
23 = 1, g2

51 = −g5
43 − α, and g5

43 = g5
34. Next, from 0 = L3

54 =
−2g4

51 we have g4
51 = 0, and then, from 0 = L4

53 = −4(1 + (g5
34)

2), we get a contradiction.
Hence, g5

34 = −α.
Now, suppose that g5

12 	= −α. From

0 = L5
41 = −(3 + g5

23)(g5
12 + α), 0 = L1

25 = −(g5
21 − g2

51)(g5
12 + α),

we have g5
23 = −3 and g2

51 = g5
21. Then, from 0 = L1

45 = −(−1 − g4
51)(g5

12 + α), we obtain
g4

51 = −1 and now, from 0 = L2
51 = −4 − (g5

12 + g5
21)

2, we obtain a contradiction, which
completes the proof of this lemma.

Now, (7) becomes g5
21 − (2 + g5

23)α = 0, so g5
21 = (2 + g5

23)α, and we obtain the
following:

0 = L5
12 = −(1 + g5

23)(3 + g5
23)(1 + α2).

If we assume that g5
23 = −3, then from 0 = L5

32 = 2g5
43 − 6α, we obtain g5

43 = 3α, and
from 0 = L5

34 = −8(1 + α2), we obtain a contradiction. Therefore, it must be g5
23 = −1.

From (8), we now see that the shape operator A of the hypersurface M has a quadruple
eigenvalue α and a single g5

43. Since M is a Hopf surface, it is possible that M is a totally
geodesic hypersphere, i.e., g5

34 = α = 0.
Straightforward computation shows that all Lk

ij, 1 ≤ i, j, k ≤ 5 are equal to zero, which
completes the proof.
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5. Proof of the Theorem 2

Let us denote aij = g(A∇Ei ξ −∇AEi ξ, Ej). The condition Lξ A = ∇ξ A is equivalent
to aij = 0, 1 ≤ i, j ≤ 5.

Lemma 6. Let M be a hypersurface in S6(1). If the shape operator A on M satisfies Lξ A = ∇ξ A,
then M is a Hopf hypersurface.

Proof. Suppose that M is a non-Hopf hypersurface, i.e., β 	= 0. From ai5 = 0, 1 ≤ i ≤ 4, we
obtain, respectively,

−g5
11β = 0, −g5

21β = 0, g5
24β = 0, −(2 + g5

23)β = 0,

so g5
11 = g5

21 = g5
24 = 0 and g5

23 = −2. Now, from 0 = a54 = (−1 + g5
14)β, we obtain

g5
14 = 1, and then, a21 = −4 	= 0, which is a contradiction.

Suppose now that M is a Hopf hypersurface, i.e., β = 0.
To determine the moving frame, we can choose E1 to be an eigenvector field for the

shape operator A. As

AE1 = −g5
12E1 + g5

11E2 − (1 + g5
14)E3 + g5

13E4,

we obtain g5
11 = 0, g5

14 = −1, g5
13 = 0.

Now, from 0 = a22 = −2g5
24, we obtain g5

24 = 0; then, we obtain 0 = a12 = g5
33. From

a14 = 0 and a32 = 0, we obtain, respectively,

−g5
12g5

23 + g5
43 = 0, −g5

21 − (2 + g5
23)g5

34 = 0,

so g5
43 = g5

12g5
23 and g5

21 = −(2 + g5
23)g5

34. The only non-zero aij are now the following:

a12 = 1 − (g5
12)

2 + g5
23 + g5

12(2 + g5
23)g5

34,

a21 = [2 + g5
23][1 + g5

23 − g5
12g5

34 + (2 + g5
23)(g5

34)
2],

a23 = g5
23(1 + g5

23)(g5
12 − g5

34),

a34 = −1 − g5
23 − g5

34(g5
12g5

23 + g5
34),

a41 = (1 + g5
23)(2 + g5

23)(g5
12 − g5

34),

a43 = g5
23(1 + g5

23 + (g125)2g5
23 + g5

12g5
34).

We begin further discussion from a23 = g5
23(1 + g5

23)(g5
12 − g5

34) = 0.
If we assume that g5

23 = 0, then a34 = 0 becomes −1 − (g5
34)

2 = 0, which is a
contradiction. If we assume that g5

12 = g5
34, from 0 = a12 = (1+ (g5

12)
2)(1 + g5

23), we obtain
1 + g5

23 = 0, so it is enough to consider only the case g5
23 = −1.

Now, 0 = a12 = g5
12(g5

34 − g5
12) gives us g5

12 = 0 or g5
34 = g5

12.
Assuming g5

12 = 0, a21 = 0 becomes (g5
34)

2 = 0, so g5
34 = 0 and now all aij are zero. In

this case, the shape operator A has a quadruple eigenvalue 0 and one is α. As M is a Hopf
hypersurface, this is possible if and only if α = 0, i.e., M is a totally geodesic hypersphere.

Assuming g5
34 = g5

12, we assume that all aij are zero. In this case, the shape operator
A has a quadruple eigenvalue −g5

12 and one is α. As M is a Hopf hypersurface, this is
possible if and only if −g5

12 = α = 0, i.e., M is a totally geodesic hypersphere.
Hence, if the shape operator A on M satisfies Lξ A = ∇ξ A, then M is a totally geodesic

hypersphere.
If M is a totally geodesic hypersphere then the shape operator A on M obviously

satisfies Lξ A = ∇ξ A, and that completes the proof.
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Abstract: In this paper, we present the evolutions of ruled surfaces generated by the principal normal,
the principal normal’s derivative, and the Darboux vector fields along a space curve that are the
elements of an alternative frame. The comprehension of an object’s rotational behavior is crucial
knowledge relevant to various realms, and this can be accomplished by analyzing the Darboux vector
along the path of a point on the object as it moves through space. In that regard, examining the
evolutions of the ruled surfaces based on the changes in their directrices, including the Darboux
vector in the alternative frame along a space curve, is significant. As the first step of this study,
we express the evolution of the alternative frame elements of a space curve. Subsequently, the
conditions for the ruled surfaces generated by them to be minimal, developable, and inextensible are
investigated. These findings can allow some physical phenomena to be well understood through
surface evolutions satisfying these conditions. In the final step, we provide graphical representations
of some examples of inextensible ruled surfaces and curve evolutions.

Keywords: ruled surface; alternative frame; evolution of curve

MSC: 53A05; 53A25; 58C27

1. Introduction

Differential geometry places significant emphasis on the study of curves and surfaces,
particularly their time evolution within Euclidean 3-space E3. The transformation of
curves and surfaces over time is described through their corresponding flows. When
examining the time variation of a curve, maintaining constant arc length (zero arc-length
variation) in its initial and final positions classifies it as an inelastic curve [1]. Similarly, for
surfaces, preserving the main curvature at both initial and final positions designates them
as inelastic surfaces [2]. Physically, inelastic curves and surfaces arise in situations where
movements occur without tension energy, leading to the flow of surfaces. Examples include
the oscillating motion of a fixed-length cable or the fluttering of a piece of paper in the wind,
both of which are represented by inelastic curves and surface flows [1–4]. In a mathematical
sense, the evolution of a surface X(s, u, t) for all time points t is expressed as the isometric
image of the original surface X(s, u, t0) defined at the initial time t0. Research in the field
of differential geometry has enlightened inelastic curves, and surface flows in various
domains, such as computer imaging [5,6], computer animation [7], and mechanical motion
science [8]. The concepts of surface evolution, particularly the minimization of mean
curvature flow and surface energy, provide a clear understanding of physical phenomena,
such as the behavior of soap films and bubbles [9,10]. While there is a considerable body of
research on curve flows, surface flows have not received as much attention in the existing
literature. In this study, we obtained ruled surfaces with the help of a space evaluation
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using the alternative frame. This alternative frame consists of the principal normal vector
of the Frenet frame, the derivative of the principal normal, and the Darboux vectors. In
2016, Uzunog̃lu et al. defined an alternative moving frame of a space curve [11]. This
research has caught the attention of many researchers, and the new approach affects studies
on curves [12–14] and surfaces [15–21] based on the alternative frame.

In this work, we intend to present the evolutions of the ruled surfaces constructed
by the principal normal, the derivative in the direction of the principal normal, and the
Darboux vector fields of the space curves that are the elements of the alternative frame. It is
a fact that understanding the rotational behavior of objects is crucial in various fields, and
this can be achieved by analyzing the Darboux vector along a curve to find out how the
curve rotates as it moves through space. Here, the evolutions of the ruled surfaces depend
on the evolutions of their directrices, including the Darboux vector in the alternative
frame along a space curve. In that regard, some geometric properties of the ruled surface
evolutions are investigated based on the benefit of knowing in which direction the curve
flows are rotating by their Darboux vectors. Examples of the curve evolutions and the
surfaces constructed by their alternative frame elements are given, and their graphics
are drawn.

2. Preliminaries

Let α : I ⊂ R → E3 be a unit-speed curve parametrized by an arc-length s. The Frenet
apparatus of α is {T(s), N(s), B(s), κ(s), τ(s)} where T(s) = α′(s), N(s) = α′′(s)

‖α′′(s)‖ , and
B(s) = T(s)× N(s) are the unit tangent, principal normal, and binormal vector fields of
the curve α. The functions κ(s) = ‖α′′(s)‖ and τ(s) = 〈N′(s), B(s)〉 are the curvature and
torsion of it, respectively.

On the other hand, the alternative moving frame along the curve α is given by

{N(s), C(s), W(s)} where N(s), C(s) = N′(s)
‖N′(s)‖ , and W(s) = τ(s)T(s)+κ(s)B(s)√

κ(s)2+τ(s)2 are the unit

principal normal, the derivative of the principal normal, and the Darboux vector fields,
respectively [11]. In addition, the alternative moving frame derivatives are given in ma-
trix form ⎡⎣ N

C
W

⎤⎦
s

=

⎡⎣ 0 λ 0
−λ 0 μ
0 −μ 0

⎤⎦⎡⎣ N
C
W

⎤⎦. (1)

Here, for η(s) = κ(s)2

(κ(s)2+τ(s)2)
3/2

(
τ(s)
κ(s)

)′
, the functions

λ(s) =
√

κ(s)2 + τ(s)2 and μ(s) = η(s)λ(s)

are the first and second curvature of α with respect to alternative moving frame, respec-
tively [11].

Therefore, there is the following relationship between the new alternative frame
{N, C, W} and Frenet frame {T, N, B}:

T(s) =
−κ(s)C(s) + τ(s)W(s)√

κ(s)2 + τ(s)2
and B(s) =

τ(s)C(s) + κ(s)W(s)√
κ(s)2 + τ(s)2

,

and the principal normal vector N(s) is also common in each frame for all s ∈ I .

Lemma 1. Let α be a unit speed curve with the alternative apparatus {N, C, W, λ, μ} in Euclidean
3-space, then the following expressions are satisfied:

i. If the second curvature function μ(s) vanishes for κ(s) 	= 0, then the curve α is a helix.
ii. If the function η(s) is a constant, then the curve α is a slant helix [11].
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Let X(s, u, t) be a ruled surface evolution in E3, then some quantities associated with
the ruled surface evolution at any value of t are given below

i. The unit normal vector field is

U(s, u, t) =
Xs × Xu

‖Xs × Xu‖
, (2)

where the tangent vectors of X(s, u, t) are Xs =
∂X
∂s and Xu = ∂X

∂u .
ii. The first fundamental form is I(s, u, t) = Eds2 + 2Fdsdu + Gdu2, where coefficients of

I are
E(s, u, t) = 〈Xs, Xs〉, F(s, u, t) = 〈Xs, Xu〉, G(s, u, t) = 〈Xu, Xu〉. (3)

iii. The second fundamental form is I I(s, u, t) = eds2 + 2 f dsdu + gdu2, where coefficients
of I I are

e(s, u, t) = 〈Xss, U〉, f (s, u, t) = 〈Xsu, U〉, g(s, u, t) = 〈Xuu, U〉. (4)

iv. The Gaussian and mean curvatures are

K(s, u, t) =
eg − f 2

EG − F2 and H(s, u, t) =
Eg − 2E f + Ge

2(EG − F2)
, (5)

respectively.

Also, it is well-known that any surface with vanishing Gaussian curvature is called
developable, and with vanishing mean curvature is called minimal [15].

3. Inextensible Flows of Curves with Alternative Frame

In this section, first, we recall the basic concepts about the evolution of a moving curve
in Euclidean 3-space E3. Then, we give the intrinsic equations expressing its curvatures
corresponding with a moving alternative frame {N, C, W}.

Let α be a moving space curve described in parametric form by a position vector
α(s, t) for a time parameter t. Thus, the partial derivatives of the elements of the moving
alternative frame {N, C, W} of α with respect to t are given in the matrix form as follows⎡⎣ N

C
W

⎤⎦
t

=

⎡⎣ 0 f1 f2
− f1 0 f3
− f2 − f3 0

⎤⎦⎡⎣ N
C
W

⎤⎦,

where f1, f2, and f3 are smooth function of s and t. If the curve flow α(s, t) is inextensible,
then there exist Nst = Nts, Cst = Cts, and Wst = Wts. Thus, considering the matrices above
and (1) gives us the following relationships⎧⎪⎨⎪⎩

λtC + λCt = f1sC + f1Cs + f2sW + f2Ws,

μtW + μWt − λtN − λNt = f3sW + f3Ws − f1sN − f1Ns,

μtC + μCt = f2sN + f2Ns + f3sC + f3Cs,

such that ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

f1 =
λ f3 − f2s

μ
,

f2 =
f1s − λt

μ
,

f3 =
μ f1 + f2s

λ
.
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Moreover, the curvatures of the evolving space curve satisfy the relations{
λt = f1s − μ f2,

μt = λ f2 − f3s.

So, we can say that these equations represent the motion of the space curve with the
alternative frame.

4. Inextensible Flows of Ruled Surfaces

In this section, we investigate the ruled surface constructed by the evolution of a space
curve with the alternative frame. The parametric equation of a ruled surface is presented by

X(s, u) = α(s) + ur(s), (6)

where α(s) is called the base curve and r(s) is the director curve of the ruled surface. By
moving with time t curves α(s) and r(s), the evolution equation of this ruled surface can
be written as

X(s, u, t) = α(s, t) + ur(s, t).

Now, let’s give the definition of inextensibility.

Definition 1. Let X(s, u, t) be a surface evolution of the surface X(s, u) given by Equation (6) in
E3. Then the flow of the surface evolution X(s, u, t) is inextensible if the coefficients E, F, and G of
the first fundamental form of X(s, u, t) satisfy

∂E
∂t

=
∂F
∂t

=
∂G
∂t

= 0,

for all time t [1].

4.1. Inextensible Flows of N-Ruled Surface

Let XN be an N-ruled surface which is generated by the motion of the vector N in the
alternative frame of the curve α, then the evolution equation of this surface is represented by

XN(s, u, t) = α(s, t) + uN(s, t). (7)

So, the subscripts s and u represent partial derivatives of the equation of the surface
XN are easily calculated in the following form

∂XN(s, u, t)
∂s

= (p + uλ)C(s, t) + qW(s, t),

∂XN(s, u, t)
∂u

= N(s, t),
(8)

where the functions p = −κ√
κ2+τ2 and q = τ√

κ2+τ2 depend on the parameters s and t. By
substituting Equation (8) into Equation (2), one can get the normal vector field of the ruled
surface XN given by Equation (7) as

UN(s, u, t) =
qC(s, t)− (p + uλ)W(s, t)√

q2 + (p + uλ)2

for q2 + (p + uλ)2 	= 0. On the other hand, by considering Equations (3) and (8), the
coefficients EN , FN , and GN of the first fundamental form of the ruled surface XN are
obtained as follows

EN(s, u, t) = q2 + (p + uλ)2, FN(s, u, t) = 0, GN(s, u, t) = 1. (9)
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Theorem 1. Let XN(s, u, t) be an N−ruled surface evolution of XN with the alternative frame
{N, C, W}. The ruled surface evolution XN(s, u, t) is inextensible provided that

∂λ

∂t
= 0,

∂p
∂t

= 0, and
∂q
∂t

= 0,

for all time t.

Proof. Let XN(s, u, t) be an N−ruled surface evolution of XN with the alternative frame.
Taking the partial derivatives of the coefficients of the first fundamental form given by
Equation (9) with respect to t, we get

∂EN
∂t

= 2q
∂q
∂t

+ 2(p + uλ)

(
∂p
∂t

+ u
∂λ

∂t

)
,

∂FN
∂t

= 0,
∂GN

∂t
= 0.

If there exists ∂λ
∂t = ∂p

∂t = ∂q
∂t = 0 (in other words, if the curve α is a circular helix), the

conditions given in Definition 1 are satisfied. This completes the proof.

Theorem 2. Let XN(s, u, t) be an N−ruled surface evolution of XN with the alternative frame,
then the Gaussian curvature KN and the mean curvature HN of XN are

KN(s, u, t) = − q2λ2(
q2 + (p + uλ)2

)2

and

HN(s, u, t) =
q
(
−qμ + ∂p

∂s + u ∂λ
∂s

)
− (p + uλ)

(
(p + uλ)μ + ∂q

∂s

)
2
(

q2 + (p + uλ)2
)3/2 ,

respectively.

Proof. Let XN(s, u, t) be a N−ruled surface evolution of XN with the alternative frame. By
differentiating Equation (8), one can get

∂2XN(s, u, t)
∂s2 = −

(
pλ + uλ2

)
N(s, t) +

(
∂p
∂s

− qμ + u
∂λ

∂s

)
C(s, t) +

(
∂q
∂s

+ pμ + uλμ

)
W(s, t),

∂2XN(s, u, t)
∂s∂u

= λC(s, t),

∂2XN(s, u, t)
∂u2 = 0.

Considering these last equations together with the principal normal vector field of XN ,
the coefficients of the second fundamental form of XN are given by

eN(s, u, t) =
q
(
−qμ + ∂p

∂s + u ∂λ
∂s

)
− (p + uλ)

(
(p + uλ)μ + ∂q

∂s

)
√

q2 + (p + uλ)2
,

fN(s, u, t) =
qλ√

q2 + (p + uλ)2
, gN(s, u, t) = 0.

(10)

By substituting Equations (9) and (10) into Equation (5), one can obtain the Gaussian
curvature and the mean curvature of the surface XN as above.

Corollary 1. Let XN(s, u, t) be an N−ruled surface evolution of XN with the alternative frame,
then the surface XN is
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• developable if q vanishes,
• minimal if q vanishes, or μ = λs = 0 and p, q are constants.

4.2. Inextensible Flows of C-Ruled Surface

Let XC be a C-ruled surface which is generated by the motion of the vector C of
the curve α with the alternative frame, then the evolution equation of this surface is
represented by

XC(s, u, t) = α(s, t) + uC(s, t). (11)

So, the partial derivatives of the ruled surface XC with respect to s and u are easily
calculated in the following form

∂XC(s, u, t)
∂s

= −λuN(s, t) + pC(s, t) + (q + uμ)W(s, t),

∂XC(s, u, t)
∂u

= C(s, t),
(12)

where the functions p and q depend on the parameters s and t. By considering the partial
derivatives of the surface XC given by Equations (2) and (11), one can get the normal vector
field of the ruled surface XC as

UC(s, u, t) = − (q + uμ)N(s, t) + uλW(s, t)√
u2λ2 + (q + uμ)2

for u2λ2 + (q + uμ)2 	= 0. On the other hand, by considering Equations (3) and (12),
the coefficients EC, FC, and GC of the first fundamental form of the ruled surface XC are
obtained as follows

EC(s, u, t) = p2 + u2λ2 + (q + uμ)2, FC(s, u, t) = 0, GC(s, u, t) = 1. (13)

Theorem 3. Let XC(s, u, t) be a C-ruled surface evolution of XC with the alternative frame
{N, C, W}. The ruled surface evolution XC(s, u, t) is inextensible if and only if

∂λ

∂t
=

∂μ

∂t
=

∂p
∂t

=
∂q
∂t

= 0 (or the curve α is a circular helix).

Proof. Let XC(s, u, t) be a C-ruled surface evolution with the alternative frame. Taking the
partial derivatives of the coefficients of the first fundamental form given by Equation (13)
with respect to t, we have

∂EC
∂t

= 2p
∂p
∂t

+ 2u2λ
∂λ

∂t
+ 2(q + uμ)

(
∂q
∂t

+ u
∂μ

∂t

)
,

∂FC
∂t

=
∂p
∂t

,
∂GC
∂t

= 0.

If there exists ∂λ
∂t = ∂μ

∂t = ∂p
∂t = ∂q

∂t = 0, or if the curve α is a circular helix, the
conditions given in Definition 1 are satisfied. Thus, the proof is completed.

Theorem 4. Let XC(s, u, t) be a C-ruled surface evolution of XC with the alternative frame, then
the Gaussian curvature KC and the mean curvature HC of the surface XC are

KC(s, u, t) = − q2λ2(
u2λ2 + (q + uμ)2

)2
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and

HC(s, u, t) =
u
(
(q + uμ) ∂λ

∂s − λ
(

∂q
∂s + u ∂μ

∂s

))
− pqλ

2
(

u2λ2 + (q + uμ)2
)3/2 ,

respectively.

Proof. Let XC(s, u, t) be a C-ruled surface evolution of XC with the alternative frame. By
differentiating Equation (12), one can get

∂2XC(s, u, t)
∂s2 =

(
−pλ − u

∂λ

∂s

)
N(s, t) +

(
∂p
∂s

− uλ2 − qμ − uμ2
)

C(s, t)

+

(
pμ +

∂q
∂s

+ u
∂μ

∂s

)
W(s, t),

∂2XC(s, u, t)
∂s∂u

= −λN(s, t) + μW(s, t),

∂2XC(s, u, t)
∂u2 = 0.

Considering these last equations together with the normal vector field of XC, the
coefficients of the second fundamental form of XC are calculated as

eC(s, u, t) =
pqλ + u

(
(q + uμ) ∂λ

∂s − λ
(

∂q
∂s + u ∂μ

∂s

))
√

u2λ2 + (q + uμ)2
,

fC(s, u, t) =
qλ√

u2λ2 + (q + uμ)2
, gC(s, u, t) = 0.

(14)

By substituting Equations (13) and (14) into Equation (4), one can obtain the Gaussian
curvature and the mean curvature of the C-ruled surface as above.

Corollary 2. Let XC be a C-ruled surface with the alternative frame. The surface XC is developable
and minimal, provided that q vanishes.

4.3. Inextensible Flows of W-Ruled Surface

Let XW be a W-ruled surface that is generated by the motion of the Darboux vector
W of the curve α with the alternative frame, then the evolution equation of this surface is
represented by

XW(s, u, t) = α(s, t) + uW(s, t). (15)

So, the partial derivatives of the equation of W-ruled surface XW with respect to s and
u are easily calculated in the following form

∂XW(s, u, t)
∂s

= (p − uμ)C(s, t) + qW(s, t),

∂XW(s, u, t)
∂u

= W(s, t),
(16)

where the functions p and q depend on the parameters s and t. By considering the partial
derivatives of the surface XW and Equation (2), one can get the normal vector field of the
W-ruled surface as

UW(s, u, t) = N(s, t),

27



Mathematics 2024, 12, 2015

where p > uμ. On the other hand, by considering Equation (16), the coefficients EW , FW ,
and GW of the first fundamental form of the W-ruled surface given by Equation (15) are
obtained as follows

EW(s, u, t) = q2 + (p − uμ)2, FW(s, u, t) = q, GW(s, u, t) = 1. (17)

Theorem 5. Let XW(s, u, t) be a W-ruled surface evolution of XW with the alternative frame
{N, C, W}. The W-ruled surface evolution XW(s, u, t) is inextensible if and only if

∂p
∂t

=
∂q
∂t

=
∂μ

∂t
= 0, or the curve α is a circular helix.

Proof. Let XW(s, u, t) be a W-ruled surface evolution of XW with the alternative frame.
Taking the partial derivatives of the coefficients of the first fundamental form given by
Equation (17) with respect to t, we have

∂EW(s, u, t)
∂t

= 2q
∂q
∂t

+ 2(p − uμ)

(
∂p
∂t

− u
∂μ

∂t

)
,

∂FW(s, u, t)
∂t

=
∂q
∂t

,
∂GW(s, u, t)

∂t
= 0.

If there exists ∂p
∂t = ∂q

∂t = ∂μ
∂t = 0, or the curve α is a circular helix, the conditions given

in Definition 1 are satisfied. Thus, the proof is completed.

Theorem 6. Let XW(s, u, t) be a W−ruled surface evolution of XW with the alternative frame,
then the Gaussian curvature KW and the mean curvature HW of the W−ruled surface are

KW(s, u, t) = 0

and
HW(s, u, t) =

λ

2(uμ − p)
,

respectively.

Proof. Let XW(s, u, t) be a W-ruled surface evolution of XW with the alternative frame. By
differentiating Equation (16), we find that

∂2XW(s, u, t)
∂s2 = (uλμ − pλ)N(s, t) +

(
pμ − uμ2 +

∂q
∂t

)
W(s, t) +

(
∂p
∂t

− u
∂μ

∂t
− qμ

)
C(s, t),

∂2XW(s, u, t)
∂s∂u

= −μC(s, t),

∂2XW(s, u, t)
∂u2 = 0.

Considering these last equations together with the normal vector field of XW , the
coefficients of the second fundamental form of XW are calculated by

eW(s, u, t) = λ(uμ − p), fW(s, u, t) = 0, gW(s, u, t) = 0. (18)

By substituting Equations (17) and (18) into Equation (5), one can obtain the Gaussian
curvature and the mean curvature of the W-ruled surface as above.

Corollary 3. Let XW be a W-ruled surface with the alternative frame, then the surface XW is

• developable,
• not minimal.
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Example 1. Let’s take a curve defined in parametric form

α(s) = (s − 2 tanh s,−2 sech s,−2 sech s), (19)

see Figure 1. Let its evolution be given in the form

α(s, t) = (s − 2 tanh s,−2 sech s cos t,−2 sech s sin t). (20)

see Figure 2. The Frenet vectors and the curvatures of the curve evolution α(s, t) at any time t are

T(s, t) =
(

1 − 2sech s2, 2 cos t sech s tanh s, 2sech s sin t tanh s
)

,

N(s, t) =
(

2sech s tanh s, cos t
(

2 − cosh s2
)

sech s2,
(

2 − cosh s2
)

sech s2 sin t
)

,

B(s, t) = (0, sin t,− cos t), κ(s, t) = 2sech s, τ(s, t) = 0.

Figure 1. The tangent vectors (green), principal normal vectors (blue), binormal vectors (cyan),
derivative of the principal normal vectors (red), and Darboux vectors (yellow) of α(s) given by
Equation (19) where s ∈ (−3, 3).

Figure 2. The curve evolution α(s, t) given by Equation (20) for t = 0 (red), t = π/4 (green),
t = π/2 (blue), and t = π (yellow) where s ∈ (−3, 3).
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The alternative frame vectors and the alternative curvatures of α(s, t) are

N(s, t) =
(

2sech s tanh s, sech s2
(

2 − cosh s2
)

cos t, sech s2
(

2 − cosh s2
)

sin t
)

,

C(s, t) =
(

1
2
(3 − cosh 2s)sech s2,−2 sech s tanh s cos t,−2sech s tanh s sin t

)
,

W(s, t) = (0, sin t,− cos t), λ(s, t) = 2sech s, μ(s, t) = 0.

Thus, the evolution equations of the ruled surfaces, which are generated by the motion of the
vector N, C, and W along the curve α, are represented by⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

XN(s, u, t) =

(
s − 2(1 − usech s) tanh s, cos t(u − 2sech s(1 − usech s)),

(u − 2sech s(1 − usech s)) sin t

)
,

XC(s, u, t) =

(
s − u + 2usech s2 − 2 tanh s,−2 cos t sech s(1 + u tanh s),

−2sech s sin t(1 + u tanh s)

)
,

XW(s, u, t) = (s − 2 tanh s,−2 cos t sech s + u sin t,−u cos t − 2sech s sin t),

(21)

see Figure 3, Figure 4, and Figure 5, respectively.

Figure 3. The surface evolution XN(s, u, t) given in Equations (21) for t = π/4 (cyan) and t = π/2
(blue) where s ∈ (−5, 5) and u ∈ (−0.5, 0.5).

Figure 4. The surface evolution XC(s, u, t) given in Equations (21) for t = π/4 (red) and t = π/2
(yellow) where s ∈ (−5, 5) and u ∈ (−2, 2).
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Figure 5. The surface evolution XW(s, u, t) given in Equations (21) for t = π/4 (purple) and
t = π/2 (green) where s ∈ (−5, 5) and u ∈ (−2, 2).

Thus, one can get the normal vector fields of the ruled surfaces as:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

UN(s, u, t) =

⎛⎝0,
(cosh s − 2u)sech s sin t√

(1 − 2usech s)2
,

cos t(2usech s − 1)√
(1 − 2usech s)2

⎞⎠, usech s 	= 1
2

,

UC(s, u, t) = (0,− sin t, cos t),

UW(s, u, t) =
(
−2sech s tanh s,

cos t(cosh 2s − 3)sech s2

2
,
(cosh 2s − 3)sech s2 sin t

2

)
.

The coefficients of the first fundamental form of the ruled surfaces are obtained as follows⎧⎪⎨⎪⎩
EN(s, u, t) = (1 − 2usech s)2, FN(s, u, t) = 0, GN(s, u, t) = 1,

EC(s, u, t) = 1 + 4u2sech s2, FC(s, u, t) = −1, GC(s, u, t) = 1,

EW(s, u, t) = 1, FW(s, u, t) = 0, GW(s, u, t) = 1.

Taking the partial derivatives of the coefficients of the first fundamental form of XN, XC, and
XW with respect to t, we get ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

∂EN
∂t

=
∂FN
∂t

=
∂GN

∂t
= 0,

∂EC
∂t

=
∂FC
∂t

=
∂GC
∂t

= 0,

∂EW
∂t

=
∂FW
∂t

=
∂GW

∂t
= 0.

Therefore, it is said that the ruled surface evolutions are inextensible. The Gaussian curvatures
and the mean curvatures of XN, XC and XW are⎧⎪⎨⎪⎩

KN(s, u, t) = 0, HN(s, u, t) = 0,

KC(s, u, t) = 0, HC(s, u, t) = 0,

KW(s, u, t) = 0, HW(s, u, t) = −sech s.

Consequently, the surface evolutions

• XN, XC, and XW are developable,
• XN and XC are minimal but XW is not minimal.
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Example 2. Let us consider a curve defined in parametric form,

β : (−π, π) ⊂ R → E3

s → β(s) =
1√
2
(sin s, cos s, s),

(22)

see Figure 6, and its evolution is defined in the form

β : (−π, π)× (0, w) → E3

(s, t) → β(s, t) =
1√
2

(
sin s(t + 1)

t + 1
,

cos s(t + 1)
t + 1

, s
)

,
(23)

see Figure 7. The Frenet vectors and the curvatures of the curve evolution β(s, t) at any time t are
found as

T(s, t) =
(

cos s(1 + t)√
2

,− sin s(1 + t)√
2

,
1√
2

)
,

N(s, t) = (− sin s(1 + t),− cos s(1 + t), 0),

B(s, t) =
(

cos s(1 + t)√
2

,− sin s(1 + t)√
2

,− 1√
2

)
κ(s, t) =

1 + t√
2

, τ(s, t) = −1 + t√
2

,

and the alternative frame vectors and the alternative curvatures of β(s, t) are

N(s, t) = (− sin s(1 + t),− cos s(1 + t), 0),

C(s, t) = (− cos s(1 + t), sin s(1 + t), 0),

W(s, t) = (0, 0,−1),

λ(s, t) = 1 + t, μ(s, t) = 0.

Thus, the evolution equations of the ruled surfaces, which are generated by the motion of the
vectors N, C, and W in the alternative frame of the curve β, are represented by⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

YN(s, u, t) =

⎛⎝
(√

2 − 2(1 + t)u
)

sin s(1 + t)

2(1 + t)
,

(√
2 − 2(1 + t)u

)
cos s(1 + t)

2(1 + t)
,

s√
2

⎞⎠,

YC(s, u, t) =

(
sin s(1 + t)√

2(1 + t)
− u cos s(1 + t),

cos s(1 + t)√
2(1 + t)

+ u sin s(1 + t),
s√
2

)
,

YW(s, u, t) =

(
sin s(1 + t)√

2(1 + t)
,

cos s(1 + t)√
2(1 + t)

,
s√
2
− u

)
,

(24)

see Figure 8, Figure 9, and Figure 10, respectively.

Figure 6. The tangent vectors (green), principal normal vectors (blue), binormal vectors (cyan),
derivative of the principal normal vectors (red) and Darboux vectors (yellow) of β(s) given by
Equation (22) where s ∈ (−π, π).
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Figure 7. The curve evolution β(s, t) given by Equation (23) for t = 0 (red), t = 1 (green), t = 2 (blue),
t = 3 (yellow) where s ∈ (−π, π).

Figure 8. The surface evolution YN(s, u, t) given by Equations (24) for t = π/4 (blue) and t = π/2
(cyan) where s ∈ (−π/2, π/2) and u ∈ (−1, 1).

Figure 9. The surface evolution YC(s, u, t) given by Equations (24) for t = π/4 (red) and t = π/2
(yellow) where s ∈ (−π/2, π/2) and u ∈ (−1, 1).
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Figure 10. The surface evolution TW(s, u, t) given by Equations (24) for t = π/4 (purple) and t = π/2
(green) with s ∈ (−π/2, π/2) and u ∈ (−1, 1).

The equations of the normal vector fields of the ruled surfaces are found⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

UN(s, u, t) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

√
2 cos s(1 + t)

2
√

1 + (1 + t)
(
(1 + t)u −

√
2
)

u
,

−
√

2 sin s(1 + t)

2
√

1 + (1 + t)
(
(1 + t)u −

√
2
)

u
,

√
2u(1 + t)− 1

2
√

1 + (1 + t)
(
(1 + t)u −

√
2
)

u

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

UC(s, u, t) =

⎛⎝− sin s(1 + t)√
1 + 2(1 + t)2u2

,− cos s(1 + t)√
1 + 2(1 + t)2u2

,

√
2(1 + t)u√

1 + 2(1 + t)2u2

⎞⎠,

UW(s, u, t) = (sin s(1 + t), cos s(1 + t), 0),

1 + (1 + t)
(
(1 + t)u −

√
2
)

u 	= 0.

The coefficients of the first fundamental form of the ruled surfaces are obtained as follows⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

EN(s, u, t) = 1 + (1 + t)
(
(1 + t)u −

√
2
)

u, FN(s, u, t) = 0, GN(s, u, t) = 1,

EC(s, u, t) = 1 + (1 + t)2u2, FC(s, u, t) = − 1√
2

, GC(s, u, t) = 1,

EW(s, u, t) = 1, FW(s, u, t) = − 1√
2

, GW(s, u, t) = 1.

Taking the partial derivatives of the coefficients of the first fundamental form of YN, YC, and
YW with respect to t, we get⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

∂EN
∂t

=
(

2(1 + t)u −
√

2
)

u,
∂FN
∂t

=
∂GN

∂t
= 0,

∂EC
∂t

= 2(1 + t)u2,
∂FC
∂t

=
∂GC
∂t

= 0,

∂EW
∂t

=
∂FW
∂t

=
∂GW

∂t
= 0.

So, it is said that the ruled surface YW is inextensible, but the ruled surface YN and YC are
not inextensible.
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The Gaussian curvatures and the mean curvatures of YN, YC, and YW are⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

KN(s, u, t) = − (1 + t)2

2
(

1 + (1 + t)
(
−
√

2 + (1 + t)u
)

u
)2 , HN(s, u, t) = 0,

KC(s, u, t) = − 2(1 + t)2(
1 + 2(1 + t)2u2

)2 , HC(s, u, t) = − 1 + t
√

2
(

1 + 2(1 + t)2u2
)3/2 ,

KW(s, u, t) = 0, HW(s, u, t) = −1 + t√
2

.

As a result, the surface

• YN is not developable but minimal,
• YC is not both developable and minimal,
• YW is developable but not minimal.

5. Conclusions

This paper presents the evolution of ruled surfaces formed by the vector fields in the
alternative frame, such as the principal normal vector, its derivative, and the Darboux
vector. Since analyzing the Darboux vector along a curve allows us to determine how
a curve is rotating as it moves through space, the obtained results may have a crucial
role in various fields like robotics, biomechanics, and mechanical engineering, where
understanding the rotational behavior of objects is essential. Therefore, as the first step
of this study, the evolution of a space curve is expressed with an alternative frame. Then,
the conditions for these ruled surfaces to be minimal, developable, and inextensible are
investigated. The evolution of these surfaces has not been investigated so far. It is thought
that this subject may have important applications as well as in the aforementioned areas
and in the field of physics.
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Abstract: In this study, we investigate the tangent bundle TM of an n-dimensional (pseudo-)Riemannian
manifold M equipped with a Ricci-quarter symmetric metric connection ∇̃. Our primary goal is to
establish the necessary and sufficient conditions for TM to exhibit characteristics of various solitons,
specifically conformal Yamabe solitons, gradient conformal Yamabe solitons, conformal Ricci solitons,
and gradient conformal Ricci solitons. We determine that for TM to be a conformal Yamabe soliton,
the potential vector field must satisfy certain conditions when lifted vertically, horizontally, or
completely from M to TM, alongside specific constraints on the conformal factor λ and the geometric
properties of M. For gradient conformal Yamabe solitons, the conditions involve λ and the Hessian
of the potential function. Similarly, for TM to be a conformal Ricci soliton, we identify conditions
involving the lift of the potential vector field, the value of λ, and the curvature properties of M. For
gradient conformal Ricci solitons, the criteria include the Hessian of the potential function and the
Ricci curvature of M. These results enhance the understanding of the geometric properties of tangent
bundles under Ricci-quarter symmetric metric connections and provide insights into their transition
into various soliton states, contributing significantly to the field of differential geometry.

Keywords: complete lift metric; Ricci-quarter symmetric metric connection; tangent bundle;
conformal Yamabe soliton; gradient conformal Yamabe soliton; conformal Ricci soliton; gradient
conformal Ricci soliton

MSC: 53C07; 53A45

1. Introduction

Golab [1] introduced the notion of a quarter-symmetric connection, defined by a linear
connection ∇ on a differentiable manifold (M, g) of dimension n. The torsion tensor T∇

associated with this connection must satisfy a certain criterion:

T∇(ξ1, ξ2) = η(ξ2)φξ1 − η(ξ1)φξ2. (1)

In this context, η represents a non-zero 1-form, φ denotes a (1, 1)− tensor, and ξi (i = 1, 2)
represent vector fields. The most comprehensive form of quarter-symmetric metric connec-
tions on Riemannian, Hermitian and Kaehlerian manifolds was introduced by Yano and
Imai [2]. In particular, when the (1, 1)-tensor φ coincides with the identity tensor (φ = id),
the quarter-symmetric connection simplifies to a semi-symmetric connection. Friedmann
and Schouten [3] were the pioneers in introducing the notion of a semi-symmetric linear
connection on a differentiable manifold. The form of the semi-symmetric metric connec-
tion that is currently known was first proposed by Yano [4], who employed Hayden’s
method [5]. Consequently, one can perceive a quarter-symmetric connection as an expan-
sion of the notion of a semi-symmetric connection. Fundamentally, a quarter-symmetric

Mathematics 2024, 12, 2101. https://doi.org/10.3390/math12132101 https://www.mdpi.com/journal/mathematics37
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metric connection aligns with a Hayden connection, distinguished by its torsion tensor
properties (1).

When the tensor φ is specified as a (1, 1) type Ricci tensor, expressed as

g(φξ1, ξ2) = R(ξ1, ξ2),

the resulting quarter-symmetric connection is termed a Ricci quarter-symmetric connection.
Such a connection, denoted as ∇, on a Riemannian manifold is classified as a Ricci quarter-
symmetric metric connection (abbreviated as RQSMC) if it adheres to the condition:

(∇ξ1 g)(ξ2, ξ3) = 0

for all vector fields ξ1, ξ2, ξ3 on M. Kamilya and De introduced the concept of a RQSMC
on a Riemannian manifold and determined the required conditions for the symmetry of
the Ricci tensor of a RQSMC [6].

The Ricci flow transforms the metric g (i.e., the shape of the manifold M) into a
metric of appropriate constant curvature (i.e., spherical) proportional to the Ricci tensor.
In differential geometry, self-similar solutions of the Ricci flow are known as Ricci soliton.
On a Riemannian manifold (M, g), a smooth vector field V is considered to define a Ricci
soliton if it satisfies the equation:

1
2

LV g + Ric = λg,

where LV g denotes the Lie derivative of the Riemannian metric g according to V and λ is
a constant. A Ricci soliton is represented by the triple (g, V, λ), with its classification as
either shrinking, steady, or expanding whether λ > 0, λ = 0, or λ < 0, respectively.

The Yamabe flow, introduced by Hamilton [7] shortly after the Ricci flow addresses the
Yamabe problem—a quest to discover a metric on a given compact Riemannian manifold
(M, g) of dimension n > 3 that preserves the original metric g while upholding a constant
scalar curvature. An intriguing aspect of this flow is the concept of a Yamabe soliton,
elucidated by Barbosa and Ribeiro [8], which represents a solution showcasing self-similar
behavior on the manifold (M, g).

A Yamabe soliton, defined on a Riemannian or pseudo-Riemannian manifold (M, g),
is characterized by the equation

1
2

LV g = (r − λ)g,

where r signifies the scalar curvature of (M, g). The soliton is categorized as shrinking,
steady, or expanding based on whether λ > 0, λ = 0, or λ < 0, respectively.

In 2005, Fischer [9] introduced a novel concept termed conformal Ricci flow, inspired by
Hamilton’s pioneering work on Ricci and Yamabe flows [7]. This approach, a modification
of the traditional Ricci flow equation, replaces the unit volume restriction with a scalar
curvature constraint. The resulting equations, known as the conformal Ricci flow equations,
emerge from a blend of conformal flow and Ricci flow equations in terms of vector fields.

These equations, expressed as

∂g
∂t

+ 2
(

Ric(g) +
1
n

g
)
= −ρg with r(g) = 1,

where Ric denotes the Ricci tensor of M, r denotes the scalar curvature of the metric g
and ρ is a scalar non-dynamical field, exhibit a notable resemblance to the Navier–Stokes
equations from fluid mechanics:

∂υ

∂t
+∇υυ + υΔυ = −gradρ divυ = 0
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is analogous to the Navier–Stokes equations in fluid mechanics. In this context, the time-
dependent scalar field ρ, termed conformal pressure, plays a pivotal role, akin to real
physical pressure, in ensuring the incompressibility of the fluid. Similarly, the conformal
pressure serves as a Lagrange multiplier, conformally deforming the metric flow in order
to maintain the scalar curvature constraint.

In their initial research contribution, Gezer and Karakas [10] introduced the innovative
concept of an RQSMC ∇̃ on the tangent bundle TM, in conjunction with the complete
lift metric Cg defined on the Riemannian manifold M. This seminal work delved into an
in-depth exploration of various curvature tensors and their associated properties under
the framework of ∇̃, accompanied by the introduction of the mean connection to enhance
the understanding of the geometric structures involved. The central focus of their research
was the clarification of the fundamental conditions that govern the transformation of the
tangent bundle TM into a Ricci soliton, gradient Ricci soliton, and the manifestation of
local conformal flatness. This elucidated the manifold’s dynamic behavior in response to
the RQSMC ∇̃.

Subsequently, in a follow-up research endeavor, Gezer and Karakas [11] undertook
a classification of distinct special vector fields on TM based on the RQSMC ∇̃. This
encompassed a diverse range of vector fields, including incompressible vector fields,
harmonic vector fields, concurrent vector fields, conformal vector fields, projective vector
fields and ϕ̃(Ric) vector fields on TM. This comprehensive categorization provided the
foundation for the delineation of the intricate interactions and behaviors of these vector
fields within the tangent bundle structure. Furthermore, their investigation extended to
defining the criteria under which the tangent bundle TM can function as a Riemannian
soliton and a generalized Ricci–Yamabe soliton under the influence of the connection ∇̃.
This unlocked further insights into the manifold’s soliton dynamics.

The overarching objective of their collective body of research work is to establish the
fundamental conditions that dictate the transition of the tangent bundle TM into a diverse
array of solitons, including the manifestation of a conformal Yamabe soliton, gradient
conformal Yamabe soliton, conformal Ricci soliton, and gradient conformal Ricci soliton
relative to the RQSMC ∇̃. This comprehensive exploration not only expands the existing
knowledge base concerning the intricate geometrical properties of the tangent bundle TM
but also provides insight into the transition of the tangent bundle into a diverse array of
solitons, including the manifestation of a conformal Yamabe soliton, gradient conformal
Yamabe soliton, conformal Ricci soliton, and gradient conformal Ricci soliton relative to
the RQSMC ∇̃. While both this paper and the paper [11] deal with soliton theory and
vector fields on TM under a Ricci quarter-symmetric metric connection ∇̃, they differ
in their primary focus: This paper focuses on conditions for specific types of solitons
(conformal Yamabe solitons, gradient conformal Yamabe solitons, conformal Ricci solitons,
and gradient conformal Ricci solitons) under ∇̃, while the paper [11] focuses primarily on
specific types of vector fields (incompressible, harmonic, etc.) and establish conditions for
solitons such as Riemannian solitons and generalized Ricci–Yamabe solitons within this
framework. The motivation behind considering the article is to contribute new insights
into soliton theory under Ricci quarter-symmetric metric connections, providing a rigorous
framework to explore and understand the emergence and properties of solitons on tangent
bundles TM of (pseudo-)Riemannian manifolds M. By addressing these gaps, the article
aimed to advance theoretical knowledge and potentially open avenues for future research
and applications in mathematical and physical sciences.

2. Preliminaries

2.1. The Tangent Bundle

Consider an n-dimensional differentiable manifold M. The tangent bundle TM of the
manifold M is defined as:

TM = ∪
P∈M

TP M
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where TP M denotes the tangent space of M at P. Let us choose a local coordinate system
{U, xh} within M, and use Cartesian coordinates (yh) in each tangent space TP M at a point
P ∈ M. These Cartesian coordinates are established using the natural basis

{
∂

∂xh |P
}

. With

this setup, we can define a local coordinate system in TM denoted as {π−1(U), xh, yh}.
Here, π represents the natural projection function defined as: π : TM �−→ M, and P stands
for an arbitrary point belonging to U. Moreover, the coordinate system (xh, yh) is referred
to as the induced coordinates on π−1(U), which comes from the original coordinate system
{U, xh} within M.

Now, consider a vector field ξ defined within the open subset U of M. This can be
locally expressed as ξ = ξh ∂

∂xh . Given that ∇ is a torsion-free linear connection on M, we
are able to provide the following geometric objects without delay.

1. The vertical lift Vξ, the horizontal lift Hξ and the complete lift Cξ are, respectively,
as follows:

Vξ = ξh∂h, Hξ = ξh∂h − ysΓh
skξk∂h and Cξ = ξh∂h + ys∂sξh∂h.

2. The adapted frame
{

Eβ

}
=
{

Ej, Ej

}
on the tangent bundle is given by:

Ej = ∂j − ysΓh
sj∂h, Ej = ∂j.

The expressions of the lifts of a vector field ξ with regards to the adapted frame
immediately follow:

Vξ = ξ jEj, Hξ = ξ jEj, Cξ = ξ jEj + ys∇sξ jEj. (2)

3. The following is the complete lift metric Cg with respect to the adapted frame:

Cgαβ =

(
0 gij

gij 0

)
.

For the fundamental concepts and details, we refer to [12,13].

2.2. The RQSMC on
(
TM,C g

)
The RQSMC ∇̃ functions within the tangent bundle TM of a (pseudo-)Riemannian

manifold (M, g), where it is defined with respect to the complete lift metric Cg. This metric,
derived from the underlying metric g on M, serves as the basis for establishing geometric
relationships and structures within the tangent space. In our previous investigation detailed
in [10], we delve into the intricacies of the RQSMC ∇̃ and the associated curvature tensors.
By representing the components of these entities as Γk

ij and R k
sij , respectively, we elucidate

the behavior of the RQSMC ∇̃ and its associated curvature tensors in a structured manner.

1. The RQSMC ∇̃ on TM:⎧⎪⎨⎪⎩
∇̃Ei Ej = Γk

ijEk + {ysR k
sij + yjR k

i − ykRij}Ek,
∇̃Ei Ej = Γk

ijEk,
∇̃Ei

Ej = 0, ∇̃Ei
Ej = 0

2. The curvature tensor R̃ of the RQSMC ∇̃:
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R̃(Ei, Ej)Ek = R l
ijk El + {ys∇sR l

ijk }El ,

R̃(Ei, Ej)Ek = R l
ijk El ,

R̃(Ei, Ej)Ek = {R l
ijk + Rikδl

j − gjkR l
i }El ,

R̃(Ei, Ej)Ek = {R l
ijk + gikR l

j − Rjkδl
i}El ,

R̃(Ei, Ej)Ek = 0, R̃(Ei, Ej)Ek = 0,

R̃(Ei, Ej)Ek = 0, R̃(Ei, Ej)Ek = 0

with respect to the adapted frame
{

Eβ

}
. The Ricci tensor K̃ of the RQSMC ∇̃:

K̃jk = (3 − n)Rjk, K̃jk = 0,

K̃ j k = 0, K̃j k = 0. (3)

The scalar curvature r̃ of the RQSMC ∇̃ in relation to Cg is established as zero.

A vector field Ṽ = vhEh + vhEh on TM within the adapted frame
{

Eβ

}
is identified as

a fiber-preserving vector field if the components vh solely depend on the variables
(

xh
)

.

The Lie derivative of the fiber-preserving vector field Ṽ with respect to the RQSMC ∇̃ is
expressed to be used in forthcoming proofs [11]:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

(i) LṼ g̃ij =
(
∇ivh

)
ghj +

(
Ejv

h
)

ghi

(ii) LṼ g̃ij =
(

Eiv
h
)

ghj +
(
∇jvh

)
ghi

(iii)
LṼ g̃ij =

[
Eivh +

(
ysR h

sia + yaRh
i − yhRia

)
va + Γ h

ia va
]

ghj

+
[

Ejvh +
(

ysR h
sja + yaRh

j − yhRja

)
va + Γ h

ja va
]

ghi.

(4)

3. Conformal Yamabe Soliton Structure on (T M, Cg) in Relation to RQSMC ∇̃
In recent years, geometric flows and associated solitons have attracted the attention

of many geometers. In 2021, Roy, Dey and Bhattacharyya [14] developed the idea of
Conformal Yamabe solitons, defined on an n-dimensional Riemannian manifold as follows:

LV g +

[
2λ − 2r − (ρ +

2
n
)

]
g = 0. (5)

The classification of a conformal Yamabe soliton into shrinking, steady, or expanding
categories is determined by the value of the constant λ. Specifically, a soliton is considered
shrinking if λ > 0, steady if λ = 0, and expanding if λ < 0. In this context, the scalar
curvature r, a scalar non-dynamical field ρ (which is time-dependent), and the Lie derivative
LV g of the metric g along the vector field V are all key components.

Theorem 1. When TM is regarded as the tangent bundle of an n-dimensional (pseudo-)Riemannian
manifold M equipped with the RQSMC ∇̃, for the triplet (Cg, Ṽ, λ) to be a conformal Yamabe
soliton, it is necessary and sufficient that the specified conditions need to be satisfied:

(i) VV = (va, vā) = (0, va),
(ii) λ = 1

2 (ρ + 1
n ),

(iii) V is a Killing vector field on M.

In here, the potential vector field is constructed as the vertical lift VV of a vector field V defined on
M to the tangent bundle TM.
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Proof. Starting from the relation (5) we write

LṼ g̃εβ + [2λ − 2r̃ − (ρ +
2

2n
)]g̃εβ = 0. (6)

Consider (ε, β) = (i, j) from the previous equation:

LṼ g̃ij + [2λ − (ρ +
2

2n
)]g̃ij = 0.

Based on the formulation of LṼ g̃ in (4), we have(
∇ivh

)
ghj +

(
Ejv

h
)

ghi + [2λ − (ρ +
1
n
)]gij = 0.

Consider the potential vector field Ṽ as the vertical lift VV = (va, vā) = (0, va) of a vector
field V on M, then

λ =
1
2
(ρ +

1
n
).

When we consider (ε, β) = (i, j) in (6), we obtain

LṼ g̃ij + [2λ − 2r̃ − (ρ +
2

2n
)]g̃ij = 0.

From (4) we have [
Eivh +

(
ysR h

sia + yaRh
i − yhRia

)
va + Γ h

ia va
]

ghj

+
[

Ejvh +
(

ysR h
sja + yaRh

j − yhRja

)
va + Γ h

ja va
]

ghi = 0

and if we choose the potential vector field Ṽ as the vertical lift VV = (va, vā) = (0, va) of a
vector field V on M, then

(∇ivh)ghj + (∇jvh)ghi = 0.

It follows
LV gij = 0.

This shows V is a Killing vector field on M with respect to the Levi-Civita connection.

A (pseudo-)Riemannian manifold (M, g) is called an Einstein manifold if the relation

Kjk = λgjk

holds with a scalar function λ, where K is the Ricci tensor of (M, g).

Theorem 2. Consider TM as the tangent bundle of an n-dimensional (pseudo-)Riemannian mani-
fold M equipped with the RQSMC ∇̃. For the triplet (Cg, Ṽ, λ) to be a conformal Yamabe soliton,
it is necessary and sufficient that the specified conditions need to be satisfied:

(i) HV = (va, vā) = (va, 0),

(ii) λ = 1
2 (ρ + 1

n )−
∇hvh

2n ,
(iii) Rsa =

r
2 gsa, i.e., M is an Einstein manifold,

where the potential vector field is formed as the horizontal lift HV of a vector field V defined on M
to the tangent bundle TM.

Proof. Referring to the relation (5), the following equations are derived for a manifold M
in connection with a potential vector field V.
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The equation

LṼ g̃ij + [2λ − 2r̃ − (ρ +
2

2n
)]g̃ij = 0

is obtained by considering specific values for (ε, β) = (i, j). Using the expression of
LṼ g̃ in (4), the equation(

∇ivh
)

ghj +
(

Ejv
h
)

ghi + [2λ − 2r̃ − (ρ +
1
n
)]gij = 0

is obtained.
For the potential vector field Ṽ as the horizontal lift HV = (va, vā) = (va, 0) with r̃ = 0,

the resulting equation is (
∇ivh

)
ghj + [2λ − (ρ +

1
n
)]gij = 0.

Contracting both sides of the previous equation with gij yields

∇hvh + [2λ − (ρ +
1
n
)]n = 0

and

λ =
1
2
(ρ +

1
n
)− ∇hvh

2n
.

By considering the indices (ε, β) = (i, j), the equation

LṼ g̃ij + [2λ − 2r̃ − (ρ +
2

2n
)]g̃ij = 0

is obtained. Referring to (4), we have[
Eivh +

(
ysR h

sia + yaRh
i − yhRia

)
va + Γ h

ia va
]

ghj

+
[

Ejvh +
(

ysR h
sja + yaRh

j − yhRja

)
va + Γ h

ja va
]

ghi = 0.

If we consider the potential vector field Ṽ as the horizontal lift HV = (va, vā) = (va, 0), then[(
ysR h

sia + yaRh
i − yhRia

)
va
]

ghj

+
[(

ysR h
sja + yaRh

j − yhRja

)
va
]

ghi = 0.

By contracting both sides of the last equation with gij, we have

Rsa =
r
2

gsa.

This shows M is an Einstein manifold. Here, r is the scalar curvature of M.

Theorem 3. When TM is regarded as the tangent bundle of an n-dimensional (pseudo-)Riemannian
manifold M equipped with the RQSMC ∇̃, for the triplet (Cg, Ṽ, λ) to be a conformal Yamabe
soliton, it is necessary and sufficient that the specified conditions need to be satisfied:

(i)CV = (va, vā) = (va, ys∇sva),

(ii) λ = 1
2 (ρ + 1

n )−
∇hvh

n ,
(iii)∇h∇svh − (2Rsa − gsar)va = 0,

where the potential vector field is generated as the complete lift CV of a vector field V defined on M
to the tangent bundle TM.
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Proof. Utilizing the concept from relation (5), we represent the equation as follows:

LṼ g̃εβ + [2λ − 2r̃ − (ρ +
2

2n
)]g̃εβ = 0. (7)

When considering (ε, β) = (i, j), this equation simplifies to:

LṼ g̃ij + [2λ − 2r̃ − (ρ +
2

2n
)]g̃ij = 0.

Expanding using the expression of LṼ g̃ in (4), we obtain(
∇ivh

)
ghj +

(
Ejv

h
)

ghi + [2λ − (ρ +
1
n
)]gij = 0.

By considering the potential vector field Ṽ as the complete lift CV = (va, vā) =
(va, ys∇sva) of a vector field V on M, the equation simplifies to:(

∇ivh
)

ghj + [∂j(y
s∇svh)]ghi + [2λ − (ρ +

1
n
)]gij = 0.

Further simplification yields:(
∇ivh

)
ghj + (∇jvh)ghi +

[
2λ − (ρ +

1
n
)

]
gij = 0.

Contracting both sides of the last equation with gij, we obtain:

2∇hvh +

[
2λ − (ρ +

1
n
)

]
n = 0,

leading to the relationship:

λ =
1
2
(ρ +

1
n
)− ∇hvh

n
.

Upon analyzing (ε, β) = (i, j) in (7), we obtain

LṼ g̃ij + [2λ − 2r̃ − (ρ +
2

2n
)]g̃ij = 0.

Referring back to (4), we express the equation as:[
Eivh +

(
ysR h

sia + yaRh
i − yhRia

)
va + Γ h

ia va
]

ghj

+
[

Ejvh +
(

ysR h
sja + yaRh

j − yhRja

)
va + Γ h

ja va
]

ghi = 0.

Opting for the potential vector field Ṽ as the complete lift CV = (va, vā) = (va, ys∇sva), then

[
(
∂i − ysΓ m

si ∂m
)(

yt∇tva)+ (
ysR h

sia + yaRh
i − yhRia

)
va + Γ h

ia (y
s∇sva)]ghj

+[
(

∂j − ysΓ m
sj ∂m

)(
yt∇tva)+ (

ysR h
sja + yaRh

j − yhRja

)
va + Γ h

ja (y
s∇sva)]ghi

= 0.

This simplifies to: [
ys∇i∇svh +

(
ysR h

sia + yaRh
i − yhRia

)
va
]

ghj

+
[
ys∇j∇svh +

(
ysR h

sja + yaRh
j − yhRja

)
va
]

ghi = 0.
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Contracting both sides with gij gives

2ys
[
∇h∇svh − (2Rsa − gsar)va

]
= 0,

from which we conclude:

∇h∇svh − (2Rsa − gsar)va = 0.

Here, r stands for the scalar curvature of M. This completes the proof.

4. Gradient Conformal Yamabe Soliton Structure on (TM, Cg) with Respect to RQSMC

∇̃
A Conformal Yamabe soliton (g, V, λ) is labeled as a gradient Conformal Yamabe

soliton when V is equal to the gradient of a smooth function f , denoted as ∇ f . In this
context, the smooth function f is denoted as the potential function, and the Equation (5) is
expressed as:

Hess f +
[

2λ − 2r − (ρ +
2
n
)

]
g = 0, (8)

where ∇ f represents the gradient of f and Hess represents the Hessian. Typically, the
Hessian of any function f on M, in relation to the connection ∇, is typically expressed as:

(Hess∇ f )(X, Y) = XY f − (∇XY) f ,

for any vector fields X and Y on M.

Lemma 1. The Hessian of the vertical lift of a smooth function f on a Riemannian manifold (M, g)
can be described in terms of the RQSMC ∇̃ on the tangent bundle (TM,C g) as follows:

(9)

Hess∇̃
V f (HX,H Y) = HX HY V f − (∇̃H X

HY)V f

Hess∇̃
V f (Ei, Ej) = Ei Ej

V f − (∇̃Ei Ej)
V f

= (∂i − ysΓh
si∂h)(∂j − ymΓl

mj∂l) f

−[Γh
ijEh + (ysR h

sij + yjRh
i − yhRij)Eh]

V f

= (∂i − ysΓh
si∂h)(∂j f )− Γh

ij(∂h − ysΓm
sh∂m) f

= ∂i∂j f − Γh
ij∂h f

= ∇i∇j f ,

Hess∇̃
V f (V X,V Y) = V X VY V f − (∇̃V X

VY)V f (10)

Hess∇̃
V f (Ei, Ej) = Ei Ej

V f − (∇̃Ei
Ej)

V f

= 0,

Hess∇̃
V f (HX,V Y) = HX VY V f − (∇̃H X

VY)V f (11)

Hess∇̃
V f (Ei, Ej) = Ei Ej

V f − (∇̃Ei Ej)
V f

= −(Γh
ijEh + Γh

ijEh)
V f

= 0,
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Hess∇̃
V f (V X,H Y) = V X HY V f − (∇̃V X

HY)V f (12)

Hess∇̃
V f (Ei, Ej) = Ei Ej

V f − (∇̃Ei
Ej)

V f

= ∂i(∂j − ysΓh
sj∂h)

V f

= ∂i∂j f

= 0.

Now, we focus on the gradient Conformal Yamabe soliton.

Theorem 4. Consider TM as the tangent bundle of an n-dimensional (pseudo-)Riemannian mani-
fold M equipped with the RQSMC ∇̃. The triplet (Cg, Ṽ, λ) forms a conformal gradient Yamabe
soliton if and only if the following conditions are met:

(i) λ = 1
2 (ρ + 1

n ),
(ii) ∇i∇j f = 0.

Proof. With help of the relation (8), we can represent the equation as:

(Hess f )εβ +

[
2λ − 2r̃ − (ρ +

2
2n

)

]
g̃εβ = 0. (13)

Setting (ε, β) = (i, j), we derive

(Hess f )ij + [2λ − 2r̃ − (ρ +
1
n
)]g̃ij = 0

from the previous equation. Referring to the expression for Hess f in (11), we establish:

[2λ − (ρ +
1
n
)]gij = 0.

Contracting both sides with gij yields the relationship

λ =
1
2
(ρ +

1
n
).

Considering (ε, β) = (i, j) in (13), we write

(Hess f )ij + [2λ − 2r̃ − (ρ +
1
n
)]g̃ij = 0.

Finally, the conclusion from (9) is that:

∇i∇j f = 0.

5. Conformal Ricci Soliton Structure on (T M, Cg) in Relation to RQSMC ∇̃
In the context of an n-dimensional Riemannian manifold M, a conformal Ricci soliton

is characterized by the equation:

LV g + 2Ric =
[

2λ − (ρ +
2
n
)

]
g = 0, (14)

where Ric denotes the Ricci tensor, λ represents a constant, and ρ is a scalar non-dynamical
field (time-dependent scalar field) [15].
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Theorem 5. Consider TM as the tangent bundle of an n-dimensional (pseudo-)Riemannian mani-
fold M equipped with the RQSMC ∇̃. The triplet (Cg, Ṽ, λ) constitutes a conformal Ricci soliton if
and only if the following conditions are met:

(i) VV = (va, vā) = (0, va),
(ii) λ = 1

2 (ρ + 1
n ),

(iii) For n 	= 3, 1
2(3−n) LV gij + Rij = 0.

Here, the potential vector field is obtained by vertically lifting V, a vector field defined on M, to the
tangent bundle TM as VV.

Proof. We commence by considering relation (14), which is represented as:

LṼ g̃εβ + 2K̃
εβ
+ [2λ − (ρ +

2
2n

)]g̃εβ = 0. (15)

Substituting (ε, β) = (i, j) into this equation, we derive:

LṼ g̃ij + 2K̃
ij
+ [2λ − (ρ +

2
2n

)]g̃ij = 0.

Using the expression for LṼ g̃ in (4), we have:(
∇ivh

)
ghj +

(
Ejv

h
)

ghi + [2λ − (ρ +
1
n
)]gij = 0.

Choosing the potential vector field Ṽ as the vertical lift VV = (va, vā) = (0, va) of a
vector field V on M, we simplify to:

[2λ − (ρ +
1
n
)]gij = 0.

Contracting with gij on both sides of the last equation we have

λ =
1
2
(ρ +

1
n
).

Next, we examine (ε, β) = (i, j) in (15), which yields:

LṼ g̃ij + 2K̃ij + [2λ − (ρ +
2

2n
)]g̃ij = 0

Utilizing (4), this can be expressed as:[
Eivh +

(
ysR h

sia + yaRh
i − yhRia

)
va + Γ h

ia va
]

ghj

+
[

Ejvh +
(

ysR h
sja + yaRh

j − yhRja

)
va + Γ h

ja va
]

ghi

+2(3 − n)Rij = 0

and also step by step with further simplifications:

[Eivh + Γ h
ia va]ghj + [Ejvh + Γ h

ja va]ghi + 2(3 − n)Rij = 0

[(∂i − ysΓ m
si ∂m)vh + Γ h

ia va]ghj + [(∂j − ysΓ m
sj ∂m)vh + Γ h

ja va]ghi

+2(3 − n)Rij = 0

[(∂ivh + Γ h
ia va]ghj + [(∂jvh + Γ h

ja va]ghi

+2(3 − n)Rij = 0
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(∇ivh)ghj + (∇jvh)ghi + 2(3 − n)Rij = 0

and
Lvgij + 2(3 − n)Rij = 0.

This expression leads to:

1
2(3 − n)

LV gij + Rij = 0.

Theorem 6. Consider TM as the tangent bundle of an n-dimensional (pseudo-)Riemannian mani-
fold M equipped with the RQSMC ∇̃. The triplet (Cg, Ṽ, λ) constitutes a conformal Ricci soliton if
and only if the following conditions hold:

(i) HV = (va, vā) = (va, 0),

(ii) λ = 1
2 (ρ + 1

n )−
∇hvh

2n ,
(iii) r = 0 and M is Ricci flat,

where the potential vector field is determined by horizontally lifting the vector field V from the base
manifold M to the tangent bundle TM.

Proof. As defined in (14), we begin with the equation:

LṼ g̃εβ + 2K̃
εβ
+ [2λ − (ρ +

2
2n

)]g̃εβ = 0. (16)

When applied to (ε, β) = (i, j), the equation simplifies to:

LṼ g̃ij + 2K̃
ij
+ [2λ − (ρ +

2
2n

)]g̃ij = 0.

Using the expression of LṼ g̃ in (4), we derive:(
∇ivh

)
ghj +

(
Ejv

h
)

ghi + [2λ − (ρ +
1
n
)]gij = 0.

Assuming Ṽ as the horizontal lift vector field HV = (va, vā) = (va, 0), we can express:(
∇ivh

)
ghj + [2λ − (ρ +

1
n
)]gij = 0.

Upon contracting with gij, we determine:

∇hvh + [2λ − (ρ +
1
n
)]n = 0

leading to:

λ =
1
2
(ρ +

1
n
)− ∇hvh

2n
.

For (ε, β) = (i, j) in (16), the equation simplifies to:

LṼ g̃ij + 2K̃ij + [2λ − (ρ +
2

2n
)]g̃ij = 0.
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From (4), the expression transforms into:[
Eivh +

(
ysR h

sia + yaRh
i − yhRia

)
va + Γ h

ia va
]

ghj

+
[

Ejvh +
(

ysR h
sja + yaRh

j − yhRja

)
va + Γ h

ja va
]

ghi

+2(3 − n)Rij = 0[(
ysR h

sia + yaRh
i − yhRia

)
va
]

ghj +
[(

ysR h
sja + yaRh

j − yhRja

)
va
]

ghi

+2(3 − n)Rij = 0.

Contracting with gij, we obtain:

[−2ys(2Rsa − gsar)va] + 2(3 − n)r = 0.

This leads to the conclusion:

Rsa =
r
2

gsa and (3 − n)r = 0,

implying that r = 0, signifying the Ricci flatness of M with r denoting the scalar curvature
of M.

Theorem 7. If we consider TM as the tangent bundle of an n-dimensional (pseudo-)Riemannian
manifold M equipped with the RQSMC ∇̃, the triplet (Cg, Ṽ, λ) constitutes a conformal Ricci
soliton if and only if the following conditions are met:

(i)CV = (va, vā) = (va, ys∇sva),

(ii) λ = 1
2 (ρ + 1

n )−
∇hvh

n ,
(iii) r = 0,

(iv) ∇h∇svh − 2Rsava = 0,

where the potential vector field is formed by completely lifting V, a vector field defined on M, to the
tangent bundle TM as CV.

Proof. Based on the relation (14), we write

LṼ g̃εβ + 2K̃
εβ
+ [2λ − (ρ +

2
2n

)]g̃εβ = 0. (17)

If we consider (ε, β) = (i, j), from the previous equation,

LṼ g̃ij + 2K̃
ij
+ [2λ − (ρ +

2
2n

)]g̃ij = 0

and from the expression of LṼ g̃ in (4) we have(
∇ivh

)
ghj +

(
Ejv

h
)

ghi + [2λ − (ρ +
1
n
)]gij = 0.

Taking CV = (va, vā) = (va, ys∇sva), we obtain(
∇ivh

)
ghj + [∂j(y

s∇svh)]ghi + [2λ − (ρ +
1
n
)]gij = 0

and (
∇ivh

)
ghj + (∇jvh)ghi + [2λ − (ρ +

1
n
)]gij = 0.
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Contracting with gij on both sides of the last equation we have

2∇hvh + [2λ − (ρ +
1
n
)]n = 0

and it follows

λ =
1
2
(ρ +

1
n
)− ∇hvh

n
.

Now we consider (ε, β) = (i, j) in (17), we obtain

LṼ g̃ij + 2K̃ij + [2λ − (ρ +
2

2n
)]g̃ij = 0

and from (4) we have[
Eivh +

(
ysR h

sia + yaRh
i − yhRia

)
va + Γ h

ia va
]

ghj

+
[

Ejvh +
(

ysR h
sja + yaRh

j − yhRja

)
va + Γ h

ja va
]

ghi

+2(3 − n)Rij = 0

and it follows [
ys∇i∇svh +

(
ysR h

sia + yaRh
i − yhRia

)
va
]

ghj

+
[
ys∇j∇svh +

(
ysR h

sja + yaRh
j − yhRja

)
va
]

ghi

+2(3 − n)Rij = 0.

Contracting with gij on both sides of the last equation we have

2ys
[
∇h∇svh − (2Rsa − gsar)va

]
+ 2(3 − n)r = 0

and it follows
∇h∇svh − (2Rsa − gsar)va = 0 and (3 − n)r = 0.

This shows r = 0. Therefore, we obtain ∇h∇svh − 2Rsava = 0. Here, r is the scalar
curvature of M.

6. Gradient Conformal Ricci Soliton Structure on (T M, Cg) in Relation to RQSMC ∇̃
A gradient conformal Ricci soliton, defined by (g,∇ f , λ) with V = ∇ f , involves a

smooth function f known as the potential function. The Equation (14) takes the form:

Hess f + 2Ric =
[

2λ − (ρ +
2
n
)

]
g = 0. (18)

In this context, ∇ f represents the gradient of f , and Hess denotes the Hessian. The Hessian
of any function f on M, with respect to the connection ∇, is typically denoted as:

(Hess∇ f )(X, Y) = XY f − (∇XY) f ,

for any vector fields X and Y on M.

Theorem 8. If we consider TM as the tangent bundle of an n-dimensional (pseudo-)Riemannian
manifold M equipped with the RQSMC ∇̃. The conformal gradient Ricci soliton can be identified
by the triplet (Cg, Ṽ, λ) if and only if the following conditions are satisfied:

(i) λ = 1
2 (ρ + 1

n ),
(ii) ∇i∇j f = 2(n − 3)Rij.
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Proof. In line with relation (18), we derive the equation:

(Hess f )εβ + 2K
εβ
+ [2λ − (ρ +

2
2n

)]g̃εβ = 0. (19)

By setting (ε, β) = (i, j), we find:

(Hess f )ij + 2K
ij
+ [2λ − (ρ +

1
n
)]g̃ij = 0.

Using the expression for Hess f from (11) and (3), we conclude:

[2λ − (ρ +
1
n
)]gij = 0.

Contracting both sides with gij leads us to:

λ =
1
2
(ρ +

1
n
).

When we substitute (ε, β) = (i, j) in (19), we can rewrite the equation as:

(Hess f )ij + 2Kij + [2λ − (ρ +
1
n
)]g̃ij = 0.

Finally, (9) and (3) lead us to the outcome:

∇i∇j f = 2(n − 3)Rij.

7. Conclusions

This paper presents a comprehensive investigation into the geometric attributes of the
tangent bundle TM of a (pseudo-)Riemannian manifold M, equipped with a RQSMC ∇̃.
The primary objective is to identify the essential conditions for TM to exhibit different
types of solitons and soliton-like structures under this connection. Through rigorous
mathematical analysis, we have provided explicit conditions characterizing each type of
soliton within the framework of the RQSMC ∇̃. By defining and scrutinizing the properties
of potential vector fields lifted from M to TM, we have elucidated the geometric and
algebraic structures underlying these soliton formations. These solitons represent critical
solutions of geometric flow equations and play pivotal roles in understanding the global
and local geometry of (pseudo-)Riemannian manifolds.

The results presented here provide a comprehensive understanding of the interplay
between geometric structures and connection properties within the tangent bundle TM. By
delineating the precise conditions under which each type of soliton emerges, we contribute
to the advancement of differential geometry and its applications in physics. These findings
have significant implications for various fields, including general relativity, where soliton-
like structures often arise as solutions to Einstein’s field equations.

The contributions of this paper extend beyond pure mathematics, as the results ob-
tained have implications in both differential geometry and physics. From a differential
geometry perspective, our work enriches the understanding of soliton-like structures
and their emergence in tangent bundles endowed with specific metric connections. Fur-
thermore, our findings provide valuable insights into the geometric flows and curvature
properties of tangent bundles, contributing to ongoing research in geometric analysis and
mathematical physics.

In the context of physics, the elucidation of soliton formations in tangent bundles opens
avenues for exploring the geometric aspects of physical theories. Solitons play a significant
role in various physical phenomena, including nonlinear wave equations and field theories.
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Therefore, our results pave the way for investigating the geometric underpinnings of soliton
dynamics in the context of tangent bundles, offering new perspectives on the interplay
between geometry and physics.

In conclusion, this paper represents a significant contribution to the fields of differential
geometry and theoretical physics, providing valuable insights into the geometric properties
of tangent bundles and their relevance to soliton theory. We anticipate that our findings
will inspire further research and foster interdisciplinary collaborations aimed at unraveling
the intricate geometrical structures of (pseudo-)Riemannian manifolds.
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Abstract: In the four-dimensional Minkowski space, hypersurfaces classified as right conoids with
a time-like axis are introduced and studied. The computation of matrices associated with the fun-
damental form, the Gauss map, and the shape operator specific to these hypersurfaces is included
in our analysis. The intrinsic curvatures of these hypersurfaces are determined to provide a deeper
understanding of their geometric properties. Additionally, the conditions required for these hyper-
surfaces to be minimal are established, and detailed calculations of the Laplace–Beltrami operator
are performed. Illustrative examples are provided to enhance our comprehension of these concepts.
Finally, the umbilical condition is examined to determine when these hypersurfaces become umbilic,
and also the Willmore functional is explored.
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1. Introduction

The parametric equation

r(u, v) = α(v) + uβ(v)
= (0, 0, g(v)) + u(cos( f (v)), sin( f (v)), 0)

determines a ruled surface in three-dimensional Minkowski space L3. This specific surface,
distinguished by its unique geometric properties, is accurately identified as a right conoid.
It features a time-like axis defined by the vector (0, 0, 1) and adheres to the metric signatures
(+,+,−) inherent to Minkowski space.

To unravel the intricacies inherent in this parametric representation, let us break down
its components. The curve α(v) acts as a foundational axis along the z-direction. Concur-
rently, the vector function β(v) defines the generating vector shaping the ruled surface.
The parameter u moves dynamically along this generating vector, while v parametrizes the
curve α(v), influencing the overall structure of the ruled surface.

The essential geometric features of the right conoid are encapsulated by this parametric
formulation, which also serves as a mathematical framework for understanding its behavior
within L3. A foundation is laid by the intricate relationship among the reference curve,
generating vector, and parametric variables, allowing for the exploration of the geometric
intricacies and properties of this ruled surface within the context of Minkowski space.

This classification gains significance as the surface is generated by moving a straight
line intersecting a predetermined linear reference, ensuring that perpendicular alignment
between these lines is maintained throughout the generation process. By defining the
xy-plane as the orthogonal plane and the z-axis as the baseline, we derive the parametric
equation that defines the right conoid.

Mathematics 2024, 12, 2421. https://doi.org/10.3390/math12152421 https://www.mdpi.com/journal/mathematics53
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Moreover, identifying this ruled surface as a right conoid with a time-like axis in
L3 emphasizes its geometric finesse and structural integrity. This classification not only
emphasizes its importance within the context of Minkowski space but also enables a deeper
understanding of its curvature characteristics and spatial configuration.

This study aims to thoroughly investigate the core attributes of hypersurfaces cat-
egorized as right conoids with a time-like axis (RCH-T) within the expansive realm of
four-dimensional Minkowski space L4. Our primary objective is to compute differential
geometric objects crucial to these hypersurfaces. Leveraging the robust framework pro-
vided by the Cayley–Hamilton theorem, our aim is to scrutinize and quantify the intrinsic
curvatures inherent in these particular hypersurfaces.

In addition to exploring curvature properties, a core objective of our research is to
establish criteria that govern minimization within this particular geometric framework.
This entails a thorough examination of factors influencing the reduction in specific ge-
ometric attributes, thereby enriching our understanding of the dynamics of RCH-T in
four-dimensional Minkowski space.

An essential focus of our investigation is the intricate relationship between RCH-T
and the Laplace–Beltrami (L–B) operator in the expansive domain of L4. By exploring this
connection, our aim is to gain insights into the intrinsic geometric properties of these hy-
persurfaces, thereby deepening our understanding of their behavior within the Minkowski
space framework.

Furthermore, our analysis extends to include the elucidation of the umbilical condition,
which reveals specific geometric characteristics that RCH-T may manifest. To provide a
thorough overview of these geometric properties, we introduce the Willmore functional for
RCH-T, enabling a quantitative assessment of their shape attributes.

This multifaceted approach not only advances our theoretical understanding but also
lays the foundation for practical applications and further advancements in the study of
hypersurfaces within Minkowski space.

In Section 2, we delve into the foundational principles and concepts of four-dimensional
Minkowski geometry. Section 3 focuses on detailing curvature formulas applicable to hyper-
surfaces in L4. Moving forward to Section 4, we provide a comprehensive definition of right
conoid hypersurfaces with a time-like axis, highlighting their distinct properties and char-
acteristics. Section 5 shifts the discussion to the L–B operator for a smooth function in L4,
utilizing the hypersurfaces analyzed previously. Section 6 addresses umbilical right conoid
hypersurfaces with a time-like axis in L4. The Willmore functional of these hypersurfaces
is introduced in Section 7. Finally, the present study concludes in the last section.

2. Preliminaries

In Minkowski (n + 1)-space Ln+1, the symbol sj is expressed as σj, which denotes the
j-th elementary symmetric function defined by

σj(a1, a2, . . . , an) = ∑
1≤i1<i2<...<ij≤n

ai1 ai2 . . . aij ,

and we use the notation

rj
i = σj(k1, k2, . . . , ki−1, ki+1, ki+2, . . . , kn).

An oriented hypersurface M is considered within the intricate domain of Minkowski
four-dimensional space L4. The shape operator of this hypersurface, denoted by S =

(
sij
)

3×3,
is employed in the exploration of various geometric measures.

Let rj
i = σj(k1, k2, k3) with the defined condition, leading to r0

i = 1. The function sk is
recognized as the k-th average curvature of the oriented surface M. Specifically, the average
curvature H is given by H = 1

3 s1. Moreover, the Gauss–Kronecker (G–K) curvature of M is
denoted as K = s3.
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These curvature terms play crucial roles in differential geometry, particularly in under-
standing the geometric properties of hypersurfaces. The mean curvature H represents the
average of the principal curvatures and is fundamental in various geometric and physical
contexts. For M, H is directly related to the first mean curvature s1.

The Gauss–Kronecker curvature K, also known as the Gaussian curvature in dimension
three, characterizes the intrinsic curvature of M independent of its embedding in higher-
dimensional space. It is given by the third mean curvature s3.

Together, these curvatures provide comprehensive insights into the geometry of M,
facilitating analyses ranging from surface classification to applications in fields such as
physics and materials science.

The characteristic polynomial, denoted as
3
∑

k=0
(−1)kskλ3−k = 0, of S is indicated by

the equation
det(S − λI3) = 0. (1)

Here, I3 denotes the identity matrix. The curvature relations are revealed as (3
i)Ki = si,

highlighting the intrinsic geometric properties of the hypersurface.
In this investigation, a vector is deemed identical to its transpose. We analyze the

embedding of x = x(u, v, w) from M3 ⊂ E3 into L4.

Definition 1. An inner product for two vectors t1 = (t1
1, t1

2, t1
3, t1

4), t2 = (t2
1, t2

2, t2
3, t2

4) of L4 is
achieved through the expression〈

t1, t2
〉
= t1

1t2
1 + t1

2t2
2 + t1

3t2
3 − t1

4t2
4.

Definition 2. A triple vector product for three vectors t1 = (t1
1, t1

2, t1
3, t1

4), t2 = (t2
1, t2

2, t2
3, t2

4),
t3 = (t3

1, t3
2, t3

3, t3
4) in L4 is given by the determinant

t1 × t2 × t3 =

∣∣∣∣∣∣∣∣
e1 e2 e3 −e4
t1
1 t1

2 t1
3 t1

4
t2
1 t2

2 t2
3 t2

4
t3
1 t3

2 t3
3 t3

4

∣∣∣∣∣∣∣∣.
Here, the base components in L4 are determined by ek.

Definition 3. The shape operator matrix S of the hypersurface x in Minkowski four-dimensional
space L4 is indicated by

(
gij
)−1·

(
hij
)
, where

(
gij
)

3×3 and
(
hij
)

3×3 represent the first and the second
fundamental form matrices, respectively. The components of the matrices are defined as gij =

〈
xi, xj

〉
,

hij =
〈
xij,G

〉
, for i, j = 1, 2, 3, and the Gauss map of x is obtained through the expression

G =
xu × xv × xw

‖xu × xv × xw‖
. (2)

Refer to Chen et al. [1], Li, Güler, and Toda [2], and O’Neill [3] for detailed explanations.

3. Curvatures in L4

In this section, we explore the curvature expressions associated with a hypersurface
characterized by φ = φ(u, v, w) within the context of L4. We delve into the geometric
properties of the hypersurface, considering its embedding into the space L4.

Proposition 1. The following curvature formulas are associated with a hypersurface φ in L4:
K0 = 1 by definition,

3K1 = −d2

d3
, 3K2 =

d1

d3
, K3 = −d0

d3
, (3)
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where d3λ3 + d2λ2 + d1λ + d0 = 0 describes the characteristic polynomial Eq. PS (λ) = 0 of the
shape operator matrix S , d3 = det

(
gij
)
, d0 = det

(
hij

)
, and

(
gij
)
,
(
hij
)

denote the first and the
second fundamental form matrices, respectively.

Proof. The curvatures are indicated by the characteristic polynomial equation of S in L4:

K0 = 1,

3K1 = k1 + k2 + k3 = −d2

d3
,

3K2 = k1k2 + k1k3 + k2k3 =
d1

d3
,

K3 = k1k2k3 = −d0

d3
.

Definition 4. A hypersurface φ in L4 is termed j-minimal when Kj=1,2,3 = 0.

Proposition 2. The following relation between the curvatures and the fundamental forms holds for
a hypersurface φ = φ(u, v, w) in L4:

K0
(
fij
)
− 3K1

(
tij
)
+ 3K2

(
hij
)
−K3

(
gij
)
= O3,

where
(
gij
)
,
(
hij
)
,
(
tij
)
,
(
fij
)

give the first, second, third, and fourth fundamental form matrices,
and O3 determines the zero matrix.

4. RCH-T in L4

In this section, the right conoid hypersurface with a time-like axis is described, and its
geometric qualities are examined in Minkowski four-dimensional space L4.

In L4, attention is given to a ruled hypersurface determined by

φ(u, v, w) = α(v, w) + uβ(v, w)

= (0, 0, 0, Ψ) + u(cos℘ cos ρ, sin℘ cos ρ, sin ρ, 0).

Here, α, β denote the surfaces, u ∈ R−{0}, 〈β, β〉 = 1, ℘ = ℘(v), ρ = ρ(w), Ψ = Ψ(v, w)
describe differentiable functions, and 0 ≤ ℘, ρ < 2π.

The following definition supplies the hypersurface φ(u, v, w) = R·ηT , where the
profile hypersurface η = (u, 0, 0, Ψ) rotates around the time-like axis � = (0, 0, 0, 1) through

R(v, w) =

⎛⎜⎜⎝
cos℘ cos ρ − sin℘ − cos℘ sin ρ 0
sin℘ cos ρ cos℘ − sin℘ sin ρ 0

sin ρ 0 cos ρ 0
0 0 0 1

⎞⎟⎟⎠,

with R ∈ SO(4), R·�T = �T , RT ·ε·R = R·ε·RT = ε, ε = diag(1, 1, 1,−1).

Definition 5. A right conoid hypersurface with a time-like axis is immersed by φ : M3 ⊂ E3 −→
L4, parametrized by

φ(u, v, w) =

⎛⎜⎜⎝
φ1(u, v, w)
φ2(u, v, w)
φ3(u, v, w)
φ4(u, v, w)

⎞⎟⎟⎠ =

⎛⎜⎜⎝
u cos℘ cos ρ
u sin℘ cos ρ

u sin ρ
Ψ

⎞⎟⎟⎠. (4)

Here, u ∈ R−{0}, ℘ = ℘(v), ρ = ρ(w), 0 ≤ ℘, ρ < 2π, and Ψ = Ψ(v, w).
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For brevity, the following notations are chosen: c = cos℘, s = sin℘, C = cos ρ, and
S = sin ρ.

The computation of
(
gij
)

is determined by the first derivatives of the RCH-T, as given
in Equation (4) with respect to u, v, and w, resulting in the following matrix:

(
gij
)
=

⎛⎝ 1 0 0
0 u2C2℘2

v − Ψ2
v −ΨvΨw

0 −ΨvΨw u2ρ2
w − Ψ2

w

⎞⎠, (5)

and ℘v = ∂℘
∂v , ℘2

v = ∂2℘
∂v2 , etc. Therefore, det

(
gij
)
= u2W, where W = ℘2

v
(
u2ρ2

w − Ψ2
w
)
C2 −

ρ2
wΨ2

v. The characterization of the RCH-T described by Equation (4) as a space-like (resp.,
time-like, light-like) hypersurface is contingent upon whether W > 0 (resp., W < 0,
W = 0).

Applying the Gauss map formula (Formula (2)), the Gauss map of the RCH-T, as
determined by Equation (4), is derived as follows:

G =
1

|W|1/2

⎛⎜⎜⎝
−sρwΨv − cSC℘vΨw
cρwΨv − sSC℘vΨw

C2℘vΨw
Cu℘vρw

⎞⎟⎟⎠. (6)

By taking the second derivatives with respect to u, v, and w of the RCH-T defined by
Equation (4) and employing the Gauss map as given by Equation (6), the subsequent
matrix is acquired:

(
hij
)
=

⎛⎜⎜⎜⎜⎝
0 C℘vρwΨv

|W|1/2
C℘vρwΨw

|W|1/2

C℘vρwΨv

|W|1/2
Cu(CS℘3

vΨw+ρw(℘vvΨv−℘vΨvv))
|W|1/2 − u℘vρw(CΨvw+ρwSΨv)

|W|1/2

C℘vρwΨw

|W|1/2 − u℘vρw(ρwSΨv+CΨvw)

|W|1/2
Cu℘v(ρwwΨw−ρwΨww)

|W|1/2

⎞⎟⎟⎟⎟⎠, (7)

where ℘uu = ∂2℘
∂u2 , ℘uv = ∂2℘

∂u∂v , etc. By employing (5) and (7), the computation of the shape
operator matrix S =

(
sij
)

3×3 for (4) is carried out. Therefore, utilizing (3) in conjunction
with (5) and (7), the curvatures of the RCH-T are determined.

Theorem 1. Let φ be an RCH-T defined by the equation in (4) within L4. The curvatures associated
with φ are outlined, with K0 = 1 by default, as follows:

K1 =
1

3u(C2℘2
v(u2ρ2

w − Ψ2
w)− ρ2

wΨ2
v)

3/2

[
C℘vρw

(
C2u2℘2

v − Ψ2
v

)
Ψww + 2C℘vρwΨvΨwΨvw

+C℘vρw

(
u2ρ2

w − Ψ2
w

)
Ψvv + ℘v

(
Cρww + 2Sρ2

w

)
Ψ2

vΨw + C
(
℘vvρwΨv + CS℘3

vΨw

)
Ψ2

w

−Cu2℘vvρ3
wΨv − C2u2℘3

v

(
Cρww + Sρ2

w

)
Ψw

]
,

K2 =
℘v

3(C2℘2
v(u2ρ2

w − Ψ2
w)− ρ2

wΨ2
v)

2

[
−C2ρw

(
ρw℘vvΨv − ρw℘vΨvv + CS℘3

vΨw

)
Ψww

−C℘vρ2
w(2SρwΨv + CΨvw)Ψvw − C2℘vρwρwwΨwΨvv − ℘vρ4

wΨ2
v

+C3℘3
v

(
Sρww − Cρ2

w

)
Ψ2

w + C2℘vvρwρwwΨvΨw

]
,

K3 =
C2℘2

vρ2
w

u(C2℘2
v(u2ρ2

w − Ψ2
w)− ρ2

wΨ2
v)

5/2

[
−Cρw℘v

(
Ψ2

wΨvv − 2ΨvΨwΨvw + Ψ2
vΨww

)
+
(
℘v

(
Cρww + 2Sρ2

w

)
Ψ2

v + C
(

ρw℘vvΨv + CS℘3
vΨw

)
Ψw

)
Ψw

]
,
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Proof. By applying the theorem of Cayley–Hamilton, the curvatures Ki associated with φ
are determined through the characteristic polynomial, mentioned by Equation (1), of the
RCH-T defined by Equation (4):

K0λ3 − 3K1λ2 + 3K2λ −K3 = 0.

Corollary 1. Let φ be an RCH-T mentioned by Equation (4) in L4. φ is deemed 1-minimal if the
ensuing partial differential equation emerges:

C℘vρw
[(

C2u2℘2
v − Ψ2

v
)
Ψww + 2ΨvΨwΨvw +

(
u2ρ2

w − Ψ2
w
)
Ψvv

]
+℘v

(
Cρww + 2Sρ2

w
)
Ψ2

vΨw + C
(
℘vvρwΨv + CS℘3

vΨw
)
Ψ2

w
−Cu2℘vvρ3

wΨv − C2u2℘3
v
(
Cρww + Sρ2

w
)
Ψw = 0,

where u 	= 0, C℘v
(
u2ρ2

w − Ψ2
w
)1/2 	= ±ρwΨv.

Corollary 2. Consider φ as an RCH-T indicated by Equation (4) within L4. φ is regarded as
2-minimal if the subsequent partial differential equation is satisfied:

−C2ρw
(
℘vvρwΨv − ℘vρwΨvv + CS℘3

vΨw
)
Ψww

−C℘vρ2
w(2SρwΨv + CΨvw)Ψvw − C2℘vρwρwwΨwΨvv

−℘vρ4
wΨ2

v + C3℘3
v
(
Sρww − Cρ2

w
)
Ψ2

w + C2℘vvρwρwwΨvΨw = 0,

where C℘v
(
u2ρ2

w − Ψ2
w
)1/2 	= ±ρwΨv.

Corollary 3. Let φ be an RCH-T given by Equation (4) in L4. φ is deemed 3-minimal if the
following partial differential equation is provided:

−Cρw℘v
(
Ψ2

vΨww − 2ΨvΨwΨvw + Ψ2
wΨvv

)
+
(
℘v
(
Cρww + 2Sρ2

w
)
Ψ2

v + C
(
ρw℘vvΨv + CS℘3

vΨw
)
Ψw

)
Ψw = 0,

where u 	= 0, C℘v
(
u2ρ2

w − Ψ2
w
)1/2 	= ±ρwΨv.

It should be noted that the resolutions for Ψ in the corollaries are challenges yet to
be addressed.

5. The Laplace–Beltrami Operator of the RCH-T in L4

In this section, the focus shifts to the application of the L–B operator on a smooth
function in L4. The subsequent steps involve calculating this operator using the RCH-T
defined by the equation in (4).

Definition 6. The Laplace–Beltrami operator is defined for a smooth function ς = ς
(

x1, x2, x3) |D(
D ⊂ R3) of class C3 and depends on the first fundamental form

(
gij
)
:

Δς =
1

g1/2

3

∑
i,j=1

∂

∂xi

(
g1/2gij ∂ς

∂xj

)
, (8)

where
(
gij) = (gkl)

−1 and g = det
(
gij
)
.

For comprehensive insights into the Laplace–Beltrami operator, refer to the works of
Chen et al. [1] and Lawson [4]. Hence, the following is provided.
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Theorem 2. The Laplace–Beltrami operator of the RCH-T φ expressed by Equation (4) is for-
mulated as Δφ = 3K1G, where K1 represents the mean curvature and G depicts the Gauss map
of φ.

Proof. The L–B operator applied to the RCH-T as described by Equation (4) is repre-
sented as follows:

Δφ =
1

g1/2

[
∂

∂u

(
g1/2g11 ∂φ

∂u

)
+

∂

∂v

(
g1/2g22 ∂φ

∂v

)
+

∂

∂v

(
g1/2g23 ∂φ

∂w

)
+

∂

∂w

(
g1/2g32 ∂φ

∂v

)
+

∂

∂w

(
g1/2g33 ∂φ

∂w

)]
, (9)

where (
gij
)
=

1
u2W

⎛⎝ 1 0 0
0 u2ρ2

w − Ψ2
w ΨvΨw

0 ΨvΨw C2u2℘2
v − Ψ2

v

⎞⎠, (10)

and W = C2℘2
v
(
u2ρ2

w − Ψ2
w
)
− ρ2

wΨ2
v. Through the substitution of the derivatives of the

components, as determined by (10), into the formula presented by (9), the formation of
Δφ = (Δφ1, Δφ2, Δφ3, Δφ4) along with its individual components is accomplished.

Δφ1 = 1
uW2 (−Cρw℘v(sΨvρw + CScΨw℘v)

((
u2ρ2

w − Ψ2
w
)
Ψvv + 2ΨvΨwΨvw +

(
C2u2℘2

v − Ψ2
v
)
Ψww

)
− cC3S2℘4

vΨ4
w − C

(
s℘vvρ2

w + 2cS2℘2
vρ2

w + cCS℘2
vρww

)
Ψ2

vΨ2
w + cC3Su2℘4

v
(
Cρww + Sρ2

w
)
Ψ2

w
+ C2u2℘vρw

(
sS℘2

vρ2
w + cS℘vvρ2

w + Cs℘2
vρww

)
ΨvΨw − s℘vρw

(
Cρww + 2Sρ2

w
)
Ψ3

vΨw
− C2S℘vρw

(
c℘vv + s℘2

v
)
ΨvΨ3

w + sCu2℘vvρ4
wΨ2

v),

Δφ2 = 1
uW2 (Cρw℘v(cΨvρw − CSsΨw℘v)

((
u2ρ2

w − Ψ2
w
)
Ψvv + 2ΨvΨwΨvw +

(
C2u2℘2

v − Ψ2
v
)
Ψww

)
− sC3S2℘4

vΨ4
w − C

(
−c℘vvρ2

w + 2sS2℘2
vρ2

w + sCSρww℘2
v
)
Ψ2

vΨ2
w + sC3Su2℘4

v
(
Cρww + Sρ2

w
)
Ψ2

w
− C2u2℘vρw

(
cS℘2

vρ2
w + cC℘2

vρww − sS℘vvρ2
w
)
ΨvΨw + c℘vρw

(
Cρww + 2Sρ2

w
)
Ψ3

vΨw
− C2S℘vρw

(
s℘vv − c℘2

v
)
ΨvΨ3

w − cCu2℘vvρ4
wΨ2

v),

Δφ3 = 1
uW2 (C3℘2

vρw
(
u2ρ2

w − Ψ2
w
)
ΨwΨvv + 2C3℘2

vρwΨvΨ2
wΨvw

+ C3℘2
vρw

(
−Ψ2

v + sCSu2℘2
v
)
ΨwΨww − sC4Su2℘4

vρwwΨ2
w + C4S℘4

v
(
Ψ2

w − u2ρ2
w
)
Ψ2

w
− C2℘v

(
−C℘vρwwΨvΨw − 2S℘vρ2

wΨvΨw − C℘vvρwΨ2
w + Cu2ρ3

w℘vv
)
ΨvΨw),

Δφ4 = 1
u2W2 (C2℘2

vρ2
w
(
u2ρ2

w − Ψ2
w
)
Ψvv + 2C2℘2

vρ2
wΨvΨwΨvw + C2℘2

vρ2
w
(
C2u2℘2

v − Ψ2
v
)
Ψww

+ Cρw℘v
(
2S℘vρ2

wΨ2
v + C℘vρwwΨ2

v + Cρw℘vvΨvΨw + C2S℘3
vΨ2

w − C2u2℘3
v
(
Cρww + Sρ2

w
))

Ψw
− C2u2℘v℘vvρ4

wΨv).

Definition 7. The hypersurface φ is termed harmonic if each component of Δφ is null.

Example 1. Upon substituting ℘(v) = v, ρ(w) = w, and Ψ(v, w) = w into an RCH-T defined
by Equation (4), the expression is simplified to

φ(u, v, w) = (u cos v cos w, u sin v cos w, u sin w, w).

Its Gauss map and the shape operator matrix are characterized by

G =
1

(1 − u2)
1/2 (− cos v sin w,− sin v sin w, cos w, u),
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S =

⎛⎜⎜⎝
0 0 1

(1−u2)
1/2

0 tan w
u(1−u2)

1/2 0

− 1
(1−u2)

3/2 0 0

⎞⎟⎟⎠.

Subsequently, the principal curvatures are k1 = i
u2−1 = −k2 and k3 = tan w

u(1−u2)
1/2 , and the

curvatures are determined through

K1 =
tan w

3u(1 − u2)
1/2 ,

K2 =
1

3(1 − u2)
2 ,

K3 =
tan w

u(1 − u2)
5/2 .

Hence,
Δφ =

tan w
u(1 − u2)

(− cos v sin w,− sin v sin w, cos w, u).

In conclusion, the hypersurface is neither minimal nor harmonic.

Example 2. Upon choosing ℘(v) = v, ρ(w) = w, and Ψ(v, w) = v for an RCH-T defined by
Equation (4), the RCH-T is parametrized by

φ(u, v, w) = (u cos v cos w, u sin v cos w, u sin w, v).

φ possesses the Gauss map

G =
1

(1 − u2 cos2 w)
1/2 (− sin v, cos v, 0, u cos w).

Therefore, the shape operator matrix is determined by

S =

⎛⎜⎜⎝
0 cos w

(1−u2 cos2 w)
1/2 0

− cos w
(1−u2 cos2 w)

3/2 0 u sin w
(1−u2 cos2 w)

3/2

0 − sin w
u(1−u2 cos2 w)

1/2 0

⎞⎟⎟⎠.

The curvatures are given by

K1 = 0,

K2 =
1

3(1 − u2 cos2 w)
2 ,

K3 = 0.

Finally, Δφ = (0, 0, 0, 0). This implies that the hypersurface is 1-minimal, 3-minimal, and har-
monic.

A comprehensive understanding of the diverse expressions of the geometric struc-
tures of the RCH-T indicated by Equation (4) is provided by exploring the hypersurfaces
classified as minimal, non-minimal, harmonic, and non-harmonic.

6. The Umbilical Condition of the RCH-T in L4

In this section, the umbilical condition for the RCH-T defined by Equation (4) is disclosed.
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Definition 8. A point p on a hypersurface is termed umbilical if and only if k1 = k2 = k3. This
implies K1

3 = K3.

As a result, we offer the following, laying down an essential foundation for deciphering
the fundamental principles behind our findings.

Theorem 3. A point p on the hypersurface of the right conoid, φ : M3 ⊂ E3 −→ L4, that features
a time-like axis, is considered umbilic if and only if it satisfies the partial differential equation
K1

3 −K3 = 0. Here, K1 and K3 indicate the mean and Gauss–Kronecker curvatures, respectively.

Proof. By using the curvatures K1 and K3 of the right conoid hypersurface with the time-
like axis φ, the following partial differential equation arises:

Φ3−27C2u2
W

2℘2
vρ2

wΘ = 0, (11)

where

Φ = C℘vρw

(
C2u2℘2

v − Ψ2
v

)
Ψww + 2C℘vρwΨvΨwΨvw

+C℘vρw

(
u2ρ2

w − Ψ2
w

)
Ψvv + ℘v

(
Cρww + 2Sρ2

w

)
Ψ2

vΨw

+C
(
℘vvρwΨv + CS℘3

vΨw

)
Ψ2

w − Cu2℘vvρ3
wΨv

−C2u2℘3
v

(
Cρww + Sρ2

w

)
Ψw,

Θ = −Cρw℘v

(
Ψ2

wΨvv − 2ΨvΨwΨvw + Ψ2
vΨww

)
+
(
℘v

(
Cρww + 2Sρ2

w

)
Ψ2

v + C
(

ρw℘vvΨv + CS℘3
vΨw

)
Ψw

)
Ψw,

W = C2℘2
v

(
u2ρ2

w − Ψ2
w

)
− ρ2

wΨ2
v.

This theorem highlights a significant geometric property of the points on the hypersur-
face. It states that a point on the right conoid hypersurface with a time-like axis is umbilic
exactly when it satisfies the given partial differential equation. The primary challenge is to
find solutions Ψ that fulfil the partial differential equations described in Equation (11).

7. The Willmore Functional of the RCH-T in L4

In this section, we introduce the Willmore property of the RCH-T.

Definition 9. Let s : M ⊂ E2 −→ Rn be a smooth immersion such that W(s) < ∞. The function
s is deemed a critical point for W if

∀n ∈ C∞(M,Rn),
d
dq

W(s + qn)
∣∣q=0 = 0.

An immersion satisfying this condition is referred to as Willmore.

Refer to the studies conducted by Li and Yau [5], Toda [6], and the research carried
out by Willmore [7,8] for a thorough exploration of Euclidean properties. Hence, the
Willmore functional is employed for the RCH-T given by Equation (4) in Minkowski
four-dimensional space.

Theorem 4. An immersion φ : M3 ⊂ E3 −→ L4 is considered Willmore if and only if it satisfies
the partial differential equation

ΔK1 + 3K1(K1
3 −K3) = 0,
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where Δ denotes the Laplace–Beltrami operator, and K1 andK3 represent the mean and Gauss–
Kronecker curvatures, respectively.

Proof. By using the curvatures determined by Theorem 1, and by utilizing the expression
ΔK1 = (K1)uu +(K1)vv +(K1)ww and incorporating the umbilical condition K1

3 −K3 = 0,
the following partial differential equation is unveiled:

(K1)uu + (K1)vv + (K1)ww + Φ
(

Φ3−27C2u2
W

2℘2
vρ2

wΘ
)
= 0, (12)

where

Φ = C℘vρw

(
C2u2℘2

v − Ψ2
v

)
Ψww + 2C℘vρwΨvΨwΨvw

+C℘vρw

(
u2ρ2

w − Ψ2
w

)
Ψvv + ℘v

(
Cρww + 2Sρ2

w

)
Ψ2

vΨw

+C
(
℘vvρwΨv + CS℘3

vΨw

)
Ψ2

w − Cu2℘vvρ3
wΨv

−C2u2℘3
v

(
Cρww + Sρ2

w

)
Ψw,

Θ = −Cρw℘v

(
Ψ2

wΨvv − 2ΨvΨwΨvw + Ψ2
vΨww

)
+
(
℘v

(
Cρww + 2Sρ2

w

)
Ψ2

v + C
(

ρw℘vvΨv + CS℘3
vΨw

)
Ψw

)
Ψw,

W = C2℘2
v

(
u2ρ2

w − Ψ2
w

)
− ρ2

wΨ2
v.

A profound connection between the immersion of the hypersurface and its Willmore
property is established by this theorem. It is asserted that the immersion φ from E3 into L4

achieves the status of being Willmore if and only if it aligns with the specified equation.
The identification of solutions Ψ for the partial differential equation referred to as (12)
remains an unresolved matter.

8. Conclusions

In conclusion, this study has offered a detailed exploration of hypersurfaces identified as
right conoids with a time-like axis (RCH-Ts) in four-dimensional Minkowski space L4. Through
meticulous analysis and computation of essential matrices—specifically, the fundamental form,
Gauss map, and shape operator—specific curvatures intrinsic to these geometrical entities have
been uncovered. The application of the Cayley–Hamilton theorem has been instrumental in
shedding light on the complex geometric properties of RCH-T hypersurfaces.

The foundational investigation into four-dimensional Minkowski geometry laid a
solid groundwork, elucidating crucial curvature formulas applicable to hypersurfaces
within this space. The comprehensive definition of RCH-Ts has highlighted their unique
characteristics and has distinguished them within the realm of hypersurfaces.

Moreover, practical implications of the Laplace—Beltrami operator on these hyper-
surfaces have been explored, demonstrating its computational utility and furthering our
understanding of their geometric behavior. The introduction of umbilical RCH-T hypersur-
faces has expanded our exploration, revealing additional geometric insights.

Lastly, the presentation and analysis of the Willmore functional has provided a quanti-
tative measure to evaluate the shape characteristics of RCH-T hypersurfaces, contributing
to both theoretical advancements and potential practical applications.

In summary, this comprehensive investigation not only deepens our theoretical under-
standing of hypersurfaces in Minkowski space but also sets the stage for future research
and applications in geometry and mathematical physics.
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Abstract: A disaffinity vector on a Riemannian manifold (M, g) is a vector field whose affinity tensor
vanishes. In this paper, we observe that nontrivial disaffinity functions offer obstruction to the
topology of M and show that the existence of a nontrivial disaffinity function on M does not allow
M to be compact. A characterization of the Euclidean space is also obtained by using nontrivial
disaffinity functions. Further, we study properties of disaffinity vectors on M and prove that every
Killing vector field is a disaffinity vector. Then, we prove that if the potential field ζ of a Ricci soliton(

M, g, ζ, λ
)

is a disaffinity vector, then the scalar curvature is constant. As an application, we obtain
conditions under which a Ricci soliton

(
M, g, ζ, λ

)
is trivial. Finally, we prove that a Yamabe soliton(

M, g, ξ, λ
)

with a disaffinity potential field ξ is trivial.

Keywords: affinity tensor; disaffinity function; disaffinity vector; Ricci soliton; Yamabe soliton;
isometric to Euclidean space; Killing vector field

MSC: 53C21; 53C15

1. Introduction

Throughout this paper, we assume that Mn is a connected Riemannian n-manifold
with a Riemannian metric g. Let X(Mn) denote the space of smooth vector fields on Mn.

The affinity tensor, Lξ∇, of a vector field ξ on a Riemannian manifold M is defined by
(cf. [1], p. 109):(

Lξ∇
)(

X, Y
)
= Lξ∇XY −∇Lξ XY −∇XLξY, X, Y ∈ X(M), (1)

where ∇ is the Riemannian connection and L represents the Lie derivative. An affinity
tensor was used in [2–4], where the authors used it to obtain a characterization of a trivial
Ricci soliton and used differential equations to obtain different characterizations of a sphere,
respectively. We were informed by one of the reviewers that W. A. Poor was not the first
to use the affinity tensor of a vector field, but rather, slightly earlier, S. Kobayashi and K.
Nomizu (cf. [5], Chapter IV, pp. 225–236) used these vector fields under the name “affine
infinitesimal transformations” and extensively studied them on manifolds equipped with
an affine connection, which is a more general context than that which we are considering
here.

A vector field ξ on M is called a disaffinity vector if its affinity tensor vanishes, that is
Lξ∇ = 0. From (1), we obtain(

Lξ∇
)
(X, Y) = Lξ∇XY −∇Lξ XY −∇XLξY

= [ξ,∇XY]−∇[ξ,X]Y −∇X [ξ, Y]
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= ∇ξ∇XY −∇∇XYξ −∇[ξ,X]Y −∇X∇ξY +∇X∇Yξ

= R(ξ, X)Y +∇X∇Yξ −∇∇XYξ.

Hence, we obtain
R
(
X, ξ

)
Y = ∇X∇Yξ −∇∇XYξ (2)

for a disaffinity vector ξ on M.
Now, we discuss a few examples of disaffinity vectors on some well-known Rieman-

nian manifolds:
(i) Considering the Euclidean n-space En =

(
Rn, 〈 , 〉

)
and the position vector field

ξ =
n

∑
j=1

uj ∂

∂uj (3)

on En, where u1, . . . , un are Euclidean coordinates, then it follows that ξ satisfies Equa-
tion (2) and, consequently, ξ is a disaffinity vector on En. Also, all parallel vector fields on
the Euclidean n-space are disaffinity vectors.

(ii) It is well known that on the standard unit sphere S2n−1 in the complex n-space Cn,
the Reeb vector field ξ = −JN, where J is the complex structure on Cn and N is the unit
normal to S2n−1, defines a Sasakian structure on S2n−1 (cf. [6]), and it satisfies Equation (2);
therefore, ξ is a disaffinity vector on S2n−1.

Indeed, disaffinity vectors are in abundance and, as will be explored herein, we observe
that they play an important role in shaping the geometry of the Riemannian manifold on
which they live. Given a (smooth) function f on a Riemannian manifold Mn, we say f is a
disaffinity function if its gradient ∇ f is a disaffinity vector. Observe that if we consider the
function f = 1

2‖ξ‖2 on En, where ξ is the position vector field appearing in Equation (3),
then it follows that ∇ f = ξ. And, as we have seen, because ξ is a disaffinity vector, it
follows that f is a non-constant disaffinity function on En. Since each constant function
is a disaffinity function, we call a non-constant disaffinity function a nontrivial disaffinity
function.

In this article, we are interested in the impact of the existence of a nontrivial disaffinity
function on a Riemannian manifold. Indeed, we prove that if a Riemannian manifold Mn

admits a nontrivial disaffinity function, then it is non-compact (cf. Theorem 1), showing
that the existence of a nontrivial disaffinity function provides an obstruction to the topology
of Mn. This result may appear as a counter argument to example (ii); however, it is actually
not so, as the Reeb vector field ξ on compact S2n−1 is not the gradient of a function. Next,
we prove that each Killing vector is a disaffinity vector (cf. Proposition 1), supporting the
statement that disaffinity vectors are in abundance. To show the importance of disaffinity
functions on a complete Riemannian manifold Mn, we provide a characterization of En

using a non-harmonic disaffinity function on Mn (see Theorem 2). The next important
question to consider involves finding conditionsunder which a Ricci soliton

(
Mn, g, ζ, λ

)
is

trivial (cf. Theorem 3). In addition, we prove that if the potential field ξ of a Yamabe soliton(
Mn, g, ξ, λ

)
(cf. [7]) is a disaffinity vector, then

(
Mn, g, ξ, λ

)
is trivial (see Theorem 4).

2. Preliminaries

The curvature tensor R of a Riemannian manifold Mn is defined by

R(X, Y)Z = [∇X ,∇Y]Z −∇[X,Y]Z, X, Y, Z ∈ X(M) (4)

and the Ricci tensor Ric is given by

Ric
(
X, Y

)
= ∑

l
g
(

R
(
el , X

)
Y, el

)
, (5)
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where {e1, . . . , en} is a local orthonormal frame on Mn. Associated to the Ricci tensor is the
Ricci operator Q, defined by

Ric
(
X, Y

)
= g

(
QX, Y

)
. (6)

The scalar curvature S of Mn is

S = ∑
l

Ric
(
el , el

)
. (7)

The following formula for the gradient ∇S of S is well known (cf. [7–12]):

1
2
∇S = ∑

l

(
∇el Q

)(
el
)
, (8)

where the covariant derivative ∇XQ is defined by(
∇XQ

)(
Y
)
= ∇XQY − Q

(
∇XY

)
.

Given a (smooth) function f : Mn → R, the Laplacian Δ acting on f is given by

Δ f = div
(
∇ f

)
, (9)

where ∇ f is the gradient of f anddiv X = ∑
l

g
(
∇el X, el

)
. If Mn is compact, then the Stokes’s

Theorem implies that ∫
Mn

(
div X

)
dVg = 0, (10)

where dVg is the volume element of Mn.
For a function f : Mn → R, the Hessian operator Hf is defined by

Hf X = ∇X∇ f , X ∈ X(M) (11)

and the Hessian of f , Hess
(

f
)
, is given by

Hess
(

f
)(

X, Y
)
= g

(
Hf X, Y

)
. (12)

A function f on Mn is called a disaffinity function if its gradient ∇ f is a disaffinity
vector. We see from the introduction that there is a non-constant disaffinity function on En.

Recall that a vector field ξ on a Riemannian manifold Mn is said to be a Killing vector
field if it satisfies (cf. [13]):

Lξ g = 0. (13)

It is known that the Reeb vector field ξ on the unit sphere S2n−1 of example (ii) in the
introduction is a Killing vector field, which is also a disaffinity vector. Indeed, we prove in
the next result that every Killing vector field is a disaffinity vector, broadening the area of
influence of disaffinity vectors.

Proposition 1. Every Killing vector field on a Riemannian manifold is a disaffinity vector.

Proof. Let ξ be a Killing vector field on a Riemannian manifold Mn and let η be a 1-form
dual to ξ, that is, η(X) = g

(
X, ξ

)
. Define G : X(M) → X(M) by

1
2

dη
(
X, Y

)
= g

(
GX, Y

)
, X, Y ∈ X(M), (14)

which shows that G is a skew symmetric operator. Now, using (13) and (14), we have

2g
(
∇Xξ, Y

)
= g

(
∇Xξ, Y

)
+ g

(
∇Yξ, X

)
+ g

(
∇Xξ, Y

)
− g

(
∇Yξ, X

)
= 2g

(
GX, Y

)
.
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Thus, we have
∇Xξ = GX. (15)

The above equation implies that

∇X∇Yξ = ∇XGY = (∇XG)(Y) + G(∇XY),

which gives
R(X, Y)ξ = (∇XG)(Y)− (∇YG)(X). (16)

Note that as the 2-form dη is closed, we can apply Equation (14) to confirm

g
((
∇XG

)
(Y), Z

)
+ g

((
∇YG

)
(Z), X

)
+ g

((
∇ZG

)
(X), Y

)
= 0.

The above equation, on using skew symmetry of G, implies

g((∇XG)(Y), Z)− g((∇YG)(X), Z) + g((∇ZG)(X), Y) = 0,

which, in view of Equation (16), confirms

g
(

R
(
X, Y

)
ξ, Z

)
+ g

((
∇ZG

)
(X), Y

)
= 0.

Thus, we have (
∇ZG

)
(X) = R

(
Z, ξ

)
X. (17)

Now, Equation (2) for a Killing vector field ξ and Equation (15) implies that

R
(
X, ξ

)
Y = ∇XGY − G

(
∇XY

)
=
(
∇XG

)
(Y),

which is Equation (17). Therefore, ξ is a disaffinity vector on Mn.

3. Disaffinity Functions on a Riemannian Manifolds

Recall that a function f on a Riemannian manifold Mn is a disaffinity function if ∇ f is
a disaffinity vector. In this section, we study the influence of the existence of a nontrivial
disaffinity function on Mn.

Theorem 1. If a Riemannian n-manifold Mn admits a nontrivial disaffinity function, then it is
non-compact.

Proof. Suppose that Mn is a Riemannian manifold and f is a nontrivial disaffinity function
on Mn. Then, ∇ f satisfies Equation (2), which gives

R
(
X,∇ f

)
Y =

(
∇X Hf

)
(Y), X, Y ∈ X(M). (18)

Taking a local orthonormal frame {e1, . . . , en} on Mn and using the symmetry of the Hessian
operator, Equation (18) implies

Ric
(
∇ f , Y

)
= ∑

j
g
(
Y,
(
∇ej Hf

)
(ej)

)
. (19)

Note that using Equations (4) and (11), we find

R
(
X, Y

)
∇ f =

(
∇X Hf

)
(Y)−

(
∇Y Hf

)
(X). (20)

Also, using Δ f = ∑
j

g
(

Hf ej, ej
)
, we obtain

X
(
Δ f
)
= ∑

j

(
g
((
∇X Hf

)
(ej) + Hf

(
∇Xej

)
, ej
)
+ g

(
Hf ej,∇Xej

))
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= ∑
j

g
((
∇X Hf

)
(ej), ej

)
+ 2 ∑

j
g
(

Hf ej,∇Xej
)
. (21)

Note that Hf ej = ∑
l

Hess( f )
(
ej, el

)
el , where Hess( f )

(
ej, el

)
is symmetric, and

∇Xej = ∑
k

ωk
j (X)ek,

where the connection forms ωk
j are skew symmetric. Consequently, we have

∑
j

g
(

Hf ej,∇Xej
)
= 0.

Thus, by using Equation (20) and the above equation in Equation (21), we find that

X
(
Δ f
)
= ∑

j
g
(

R
(
X, ej

)
∇ f , ej

)
+ ∑

j
g
((
∇ej Hf

)
X, ej

)
,

which, in view of Equation (5) and the symmetry of the Hessian operator Hf , yields

X
(
Δ f
)
= −Ric

(
X,∇ f

)
+ ∑

j
g
(
X,
(
∇ej Hf

)
(ej)

)
.

Using Equation (19) in the above equation, we obtain

X
(
Δ f
)
= 0, X ∈ X(M), (22)

and it confirms that Δ f = c, where c is a constant. Thus, after integrating Δ f = c, we obtain
c = 0 and Δ f = 0 on a compact Mn. Therefore, f is a constant, which is a contradiction as
f is a nontrivial disaffinity function.

Now, we prove the following characterization of a Euclidean space.

Theorem 2. A complete Riemannian n-manifold Mn admits a non-harmonic disaffinity function
f such that h = 1

2‖∇ f ‖2 satisfies the inequality

Ric
(
∇ f ,∇ f

)
≥ Δh − 1

n
(
Δ f
)2

if and only if Mn is isometric to the Euclidean n-space.

Proof. Let Mn be a complete Riemannian n-manifold and f : Mn → R be a non-harmonic
disaffinity function. Suppose that the function h = 1

2‖∇ f ‖2 satisfies the inequality

Ric
(
∇ f ,∇ f

)
≥ Δh − 1

n
(
Δ f
)2. (23)

Note that for X ∈ X(M), we have X
(
h
)
= g

(
H f X,∇ f

)
, which gives

∇h = H f
(
∇ f

)
.

Differentiating the above equation with respect to X ∈ X(M) gives

Hh
(
X
)
=
(
∇XH f

)(
∇ f

)
+H2

f
(
∇ f

)
. (24)

Now, since f is a disaffinity function, Equation (18) implies

R
(
X,∇ f

)
∇ f =

(
∇X Hf

)
(∇ f )
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and inserting this equation in Equation (24) gives

Hh
(
X
)
= R

(
X,∇ f

)
∇ f +H2

f
(
∇ f

)
.

Contracting the above equation yields

Δh = Ric
(
∇ f ,∇ f

)
+ ‖H f ‖2.

We then rearrange the above equation into the form

‖H f ‖2 − 1
n
(
Δ f
)2

= Δh − 1
n
(
Δ f
)2 − Ric

(
∇ f ,∇ f

)
.

Now, using the inequality (23) in the above equation, we find

‖H f ‖2 − 1
n
(
Δ f
)2 ≤ 0,

which, by virtue of Cauchy–Schwartz’s inequality ‖H f ‖2 ≥ 1
n
(
Δ f
)2, gives

‖H f ‖2 =
1
n
(
Δ f
)2.

The above equality holds if and only if

H f =
Δ f
n

I. (25)

Since f is a disaffinity function by (23), we see that Δ f = is a constant, say, nc. Moreover,
since f is non-harmonic function, we obtain c 	= 0. Thus, Equation (25) becomes

Hess( f ) = cg

and it guarantees that Mn is isometric to the Euclidean n-space (cf. [12]).
Conversely, suppose that Mn is isometric to the Euclidean space En. Then, we know

that the position vector field ξ given by Equation (3) is a disaffinity vector. If we consider

f =
1
2
‖ξ‖2,

then we obtain ∇ f = ξ. This shows that f is a disaffinity function on En. Also, Δ f =
div ξ = n implies that f is a non-harmonic disaffinity function. Further, here,

h =
1
2
‖∇ f ‖2 =

1
2
‖ξ‖2 = f .

Thus, Δh = Δ f = n and Ric
(
∇ f ,∇ f

)
= 0 for En as well as

Δh − 1
n
(
Δ f
)2

= 0.

Consequently, the converse holds.

4. Disaffinity Vectors and Triviality of Ricci Solitons

For a Ricci soliton
(

Mn, g, ζ, λ
)
, the potential field ζ and constant λ satisfy (cf. [7]),

1
2
Lζ g + Ric = λg. (26)

A Ricci soliton
(

Mn, g, ζ, λ
)

is called trivial if either ζ = 0 or Lζ g = 0.
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In this section, we are interested in studying the impart of the condition that the
potential field ζ of the Ricci soliton

(
Mn, g, ζ, λ

)
is a disaffinity vector. It is worth noting

that if
(

Mn, g, ζ, λ
)

is nontrivial and the potential field ζ is a disaffinity vector, then the
Ricci soliton is non-compact. For a compact Ricci soliton

(
Mn, g, ζ, λ

)
to be a gradient Ricci

soliton, that is ζ = ∇ϕ for a function ϕ (cf. [7]), this implies that ϕ is a nontrivial disaffinity
function. Thus, Theorem 1 implies that Mn is non-compact.

On a Ricci soliton
(

Mn, g, ζ, λ
)
, let β denote the 1-form dual to the potential field ζ,

that is, β(X) = g
(
X, ζ

)
. Define a skew symmetric operator G : X(M) → X(M) by

1
2

dβ
(
X, Y

)
= g

(
GX, Y

)
, X, Y ∈ X(M). (27)

Then, using
2g
(
∇Xζ, Y

)
=
(
Lζ g

)(
X, Y

)
+ dβ

(
X, Y

)
and Equations (6), (26), and (27), we arrive at

∇Xζ = λX − QX + GX. (28)

Using the above equation, we obtain

R
(
X, Y

)
ζ = −

(
∇XQ

)
(Y) +

(
∇YQ

)
(X) +

(
∇XG

)
(Y)−

(
∇YG

)
(X)

and, using a local orthonormal frame {e1, . . . , en}, the symmetry of Q, skew symmetry of
G, and Equation (8) in the above equation, we obtain

Ric
(
Y, ζ

)
= −1

2
Y
(
S
)
+ Y

(
S
)
− ∑

j
g
(
Y,
(
∇ej G

)
(ej)

)
.

Thus, we have

Q
(
ζ
)
=

1
2
∇S − ∑

j

(
∇ej G

)
(ej). (29)

Proposition 2. If
(

Mn, g, ζ, λ
)

is a Ricci soliton with the potential field ζ as a disaffinity vector,
then the scalar curvature S of Mn is constant.

Proof. Suppose that the potential field ζ of the Ricci soliton
(

Mn, g, ζ, λ
)

is a disaffinity
vector. Then, using Equations (2) and (28), we obtain

R
(
X, ζ

)
Y = ∇X

(
λY − QY + GY

)
−
(
λ∇XY − Q

(
∇XY

)
+ G

(
∇XY

))
= −

(
∇XQ

)
(Y) +

(
∇XG

)
(Y).

Using a local orthonormal frame {e1, . . . , en}, the symmetry of Q, skew symmetry of G,
and Equation (8) in the above equation, we obtain

Ric
(
Y, ζ

)
= −1

2
Y(S)− ∑

j
g
(
Y,
(
∇ej G

)
(ej)

)
,

that is,

Q
(
ζ
)
= −1

2
∇S − ∑

j

(
∇ej G

)
(ej). (30)

From Equations (29) and (30), we arrive at ∇S = 0, and hence, S is a constant.

Note that one of the interesting questions in the geometry of Ricci solitons is to find
conditions under which a Ricci soliton

(
Mn, g, ζ, λ

)
is trivial. This question is relatively
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easier if Mn is compact, and hence, it is important to find conditions under which a
non-compact Ricci soliton

(
Mn, g, ζ, λ

)
is trivial.

Theorem 3. A Ricci soliton
(

Mn, g, ζ, λ
)

with ζ as a disaffinity vector and the Ricci operator Q
satisfying Q

(
ζ
)
= λζ is trivial.

Proof. Suppose that
(

Mn, g, ζ, λ
)

is a Ricci soliton with potential field ζ as a disaffinity
vector satisfying

Q
(
ζ
)
= λζ. (31)

Differentiating the above equation and using Equation (28), we arrive at(
∇XQ

)(
ζ
)
+ Q

(
λX − QX + GX

)
= λ

(
λX − QX + GX

)
.

Let us choose a local orthonormal frame {e1, . . . , en} with X = ej. Then, after taking the
inner product with ej and summing up the resulting equations, we find

∑
j

g
(
ζ,
(
∇ej Q

)
(ej)

)
+ λS − ‖Q‖2 = nλ2 − λS, (32)

where we have applied the skew symmetry of G and the symmetry of Q to confirm

∑
j

g
(
QGej, ej

)
= 0 and ∑

j
g
(
Gej, ej

)
= 0.

Using Proposition 2, we see that S is constant. Thus, on using Equation (8) in Equation (32),
we find that

−‖Q‖2 = nλ2 − 2λS,

which could be rearranged as

‖Q‖2 − 1
n

S2 = − 1
n
(
nλ − S

)2. (33)

Now, applying Cauchy–Schwartz’s inequality

‖Q‖2 ≥ 1
n

S2

in (33), we obtain

‖Q‖2 =
1
n

S2 and S = nλ. (34)

The first equation in (34) is the equality case in Cauchy–Schwartz’s inequality, which holds
if and only if Q = S

n I. Thus, by virtue of the second equation in (34) gives Q = λI. This
gives Lζ g = 0. Consequently, the Ricci soliton

(
Mn, g, ζ, λ

)
is trivial.

5. Disaffinity Vectors and Yamabe Solitons

In this section, we study Yamabe solitons
(

Mn, g, ξ, λ
)
, n ≥ 2, whose potential field ζ

satisfies (cf. [7,10])
1
2
Lξ g =

(
S − λ

)
g, (35)

for a constant λ, where S is the scalar curvature of Mn.
A Yamabe soliton

(
Mn, g, ξ, λ

)
is called trivial if its scalar curvature S is a constant.

If the potential field ξ of the Yamabe soliton
(

Mn, g, ξ, λ
)

is the gradient of a function ϕ,
that is, ξ = ∇ϕ, then

(
Mn, g,∇ϕ, λ

)
is called a gradient Yamabe soliton. It is known that a

compact gradient Yamabe soliton is always trivial (cf. [7]). In this section, we are interested
in the impact of the potential field ξ being a disaffinity vector on the geometry of Yamabe
soliton

(
Mn, g, ξ, λ

)
.
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As before, we denote by β the dual of the potential field ξ, and define the skew
symmetric operator F : X(M) → X(M) by

1
2

dβ
(
X, Y

)
= g

(
FX, Y

)
. (36)

Then, using (35) and (36), we have the following expression:

∇Xξ =
(
S − λ

)
X + FX. (37)

Theorem 4. A Yamabe soliton
(

Mn, g, ξ, λ
)
, n ≥ 2, with potential field ξ as a disaffinity vector

is trivial.

Proof. Suppose that
(

Mn, g, ξ, λ
)

is a Yamabe soliton, n ≥ 2 whose potential field ξ satisfies
Equation (2). Then, using Equations (2) and (37), we have

R
(
X, ξ

)
Y = ∇X

(
(S − λ)Y + FY

)
−
(
S − λ

)
∇XY − F

(
∇XY

)
= X

(
S
)
Y +

(
∇X F

)
(Y).

Using the skew symmetry of F and a local orthonormal frame {e1, . . . , en} of Mn, we may
take the trace from the above equation to obtain

Ric
(
ξ, Y

)
= Y

(
S
)
− ∑

j
g
(
Y,
(
∇ej F

)(
ej
))

,

which is equivalent to
Q
(
ξ
)
= ∇S − ∑

j

(
∇ej F

)(
ej
)
. (38)

Next, we use Equations (4) and (37) to obtain

R
(
X, Y

)
ξ = X

(
S
)
Y − Y

(
S
)
X +

(
∇X F

)
(Y)−

(
∇Y F

)
(X),

which, on using a local orthonormal frame {e1, . . . , en} and skew symmetry of the operator
F while taking the trace from the above equation, we obtain

Ric
(
Y, ξ

)
= −(n − 1)Y

(
S
)
− ∑

j
g
(
Y,
(
∇ej F

)(
ej
))

. (39)

Equation (39) implies

Q
(
ξ
)
= −(n − 1)∇S − ∑

j

(
∇ej F

)(
ej
)
. (40)

Combining Equations (38) and (40) gives ∇S = 0. Therefore, the Yamabe soliton
(

Mn, g, ξ, λ
)

is trivial.

6. Epilogue

In this article, we have seen the impact of a nontrivial disaffinity function as well
as disaffinity vector on the geometry of the Riemannian manifold Mn. In particular, we
use the non-harmonic disaffinity function to derive a characterization of the Euclidean
space. We also use the constraint on the potential field of a Ricci or Yamabe soliton to be a
disaffinity vector to obtain the triviality of the solitons. We shall elaborate two situations
for future study, one for nontrivial disaffinity functions and the other for the disaffinity
vectors on a Riemannian manifold.

Recall that the notion of Eikonal equation ‖∇ f ‖ = 1 on a Riemannian manifold Mn

comes from physics, specially medical imaging (cf. [9,11]). Note that the existence of the
Eikonal equation ‖∇ f ‖ = 1 on Mn forces Mn to be non-compact. A similar role is played
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by the nontrivial disaffinity function as well. Thus, it would be interesting to analyze the
geometry of the Riemannian manifold that admits a nontrivial disaffinity function f , which
satisfies the Eikonal equation ‖∇ f ‖ = 1.

Recall that a vector field ξ on Mn is called torse-forming (cf. [14]) if it satisfies

∇Xξ = σX + ω(X)ξ, X ∈ X
(

Mn),
where σ is a function called the conformal scalar and ω is a 1-form called the generating
form. For another situation, we may consider a compact Riemannian manifold Mn that
admits a torse-forming vector field ξ. It would be interesting to study a torse-forming vector
field ξ on a Riemannian manifold Mn that is also the disaffinity vector, and to investigate
its impact on the geometry of Mn.
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Abstract: Let λ(t) be the first eigenvalue of the operator −Δ + aRb on locally three-dimensional
homogeneous manifolds along the backward Ricci flow, where a, b are real constants and R is the
scalar curvature. In this paper, we study the properties of λ(t) on Bianchi classes. We begin by
deriving an evolution equation for the quantity λ(t) on three-dimensional homogeneous manifolds in
the context of the backward Ricci flow. Utilizing this equation, we subsequently establish a monotonic
quantity that is contingent upon λ(t). Additionally, we present both upper and lower bounds for
λ(t) within the framework of Bianchi classes.
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1. Introduction

Over the last few years, the study of the eigenvalues of geometric operators has
become more important in mathematics and physics. Understanding the behavior and
nature of the eigenvalues of the operators reveals useful information about the topology
and geometry of the underlying Riemannian manifolds.

Suppose that (M, g) is a Riemannian manifold, −Δ is the Laplace–Beltrami operator,
and R is the scalar curvature correponding to the metric g. Richard Hamilton first defined
and introduced the concept of Ricci flow (see [1]). Perlman was able to prove Poincaré’s
conjecture by using Ricci flow. In [2], Perelman showed that the first non-zero eigenvalue
of the operator −4Δ + R was non-decreasing under Ricci flow. Perelman’s results were
built on by many authors. Under the Ricci flow, Cao [3] extended Perelman’s results by
considering evolving the first eigenvalue of −Δ+ 1

2 R on Riemannian manifolds with R ≥ 0,
and in [4], he investigated the monotonicity of the first eigenvalue of −Δ + cR, c ≥ 1

4 on
closed Riemannian manifolds. Li [5] removed Cao’s curvature assumption for the first
eigenvalue of −Δ + 1

2 R and came to a similar conclusion. In [6], Fang and Yang studied the
first eigenvalues of −Δφ + R

2 under the Yamabe flow, where −Δφ is the Witten–Laplacian.
In [7], the first author investigated the first eigenvalue of −Δφ + cS for c > 1

4 under
the rescaled List extended Ricci flow, where S = R − α|∇φ|2, α > 0 is a constant, and
φ(t) : M → R is a smooth function such that the couple (g(t), φ(t)) evolves under rescaled
List extended Ricci flow as ∂g

∂t = −2Ric + 2α∇⊗∇φ + 2r
n g and ∂φ

∂t = Δφ and r(t) is a
smooth function only dependent on the t. Yang and Zhang [8] studied the first eigenvalue
of −Δ + cRa along the Ricci flow, where a, c are real constants. It is important to recognize
that the Laplacian expressed as ∇∗∇+ 1

4 R corresponds to the familiar Dirac Laplacian,
where the equation D = ∇∗∇+ 1

4 R defines the Dirac operator D where ∇∗ is an adjoint of
∇. For further details, please refer to sources [9] (p. 352), [10], [11] (p. 55), and [12].
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Recently, the authors studied the eigenvalue of −Δφ + cSa along the rescaled List
extended Ricci flow [13]. Hou, in [14], studied the first eigenvalue of −Δ under the
backward Ricci flow. Then, Korouki and Razavi [15] obtained similar results for (−Δ − R)
along the Ricci flow. In [16], Hou and Yang investigated the eigenvalues of −Δ + aR, a > 0
on locally homogeneous three-dimensional manifolds along the backward Ricci flow.

In this paper, we consider the first eigenvalues of the operators −Δ + aRb on locally
three-dimensional homogeneous manifolds along the backward Ricci flow. Then, on
Bianchi classes, we obtain some monotonic quantities and bounds for the first eigenvalues
of the operators −Δ + aRb along the backward Ricci flow. If a = 0, the findings presented
in paper [14] will be derived. In the case where a = −1 and b = 1, the outcomes from
article [15] will be achieved. Furthermore, when b = 1, the results from article [16] will
also be obtained. Consequently, our findings represent a novel contribution and serve as a
generalization of the results from the aforementioned studies.

2. Preliminaries

There are nine classes of three-dimensional locally homogeneous closed manifolds,
which are divided into two families [17]. The first family includes of H(3), SO(3)×R1, and
H(2)×R1; the second family consists R3, SL(2,R), SU(2), E(1, 1), E(2), and Heisenberg.
The second family is called Bianchi classes. Milnor [18] obtain a basis {Xi}3

i=1 on Bianchi
classes such that the initial metric and the Ricci tensors can be diagonalized with respect
to this basis, and this property is maintained by the Ricci flow. Suppose that {θ}3

i=1 is the
frame dual to {Xi}3

i=1. Hence, we consider the following metric:

g(t) = J (t)(θ1)
2 +K(t)(θ2)

2 + L(t)(θ3)
2.

Consider M to be a closed n-dimensional manifold with the Riemannian metric g0.
The Ricci flow [19,20] is defined as follows:

d
dt

g(t) + 2Ric(g(t)) = 0, g(0) = g0. (1)

Here, Ric indicates the Ricci curvature tensor of g(t). Let g(t) be a solution of (1) and dμ be

the volume form of g(t). For r =
∫

M Rdν∫
M dν

, we assume

γ(t) =
1

1 − 2
n
∫ t

0 r(τ)dτ

and t̄ =
∫ t

0 γ(τ)dτ; then, ḡ(t̄)− γ(t)g(t) = 0 solves the normalized Ricci flow

∂ḡij

∂t
= −2(R̄ij −

r
n

ḡij). (2)

Under the normalized Ricci flow, the volume of (Mn, g(t)) is a constant. Suppose
that g(t), t ∈ (−Tb, Tc) is the maximal solution of (2). We consider the backward Ricci
flow equation

d
dt

g(t) + 2Ric(g(t)) +
2r
n

g = 0, g(0) = g0, (3)

which on locally homogeneous closed three-dimensional manifolds becomes

d
dt

g(t) + 2Ric(g(t)) +
2R
3

g = 0, g(0) = g0. (4)

See [21–24] for more detail of the backward Ricci flow.
Suppose that I ∈ [0,+∞] is the maximal existence time for (4).
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For real constants a and b, we say that λ is an eigenvalue of the operator −Δ + aRb if
there is a function u defined on M that satisfies the equation

−Δu + aRbu = λu. (5)

In this scenario, u is called the eigenfunction corresponding to the eigenvalue λ. Now,
we give an evolution formula for λ(t) on three-homogeneous manifold along the backward
Ricci flow.

Proposition 1. Suppose that the backward Ricci flow (4) on a locally homogeneous three-dimensional
manifold has the solution (M, g(t)) and λ(t) is the first eigenvalue of −Δ + aRb. Then,

d
dt

λ(t) = −2R
3

λ(t)− 2
∫

M
Rijuiju dμ + 2abRb−1|Ric|2 (6)

+
2
3

a(1 − b)Rb+1.

Proof. Along the backward Ricci flow, we obtain

∂

∂t
Δu = Δut + 2Rijuij −

2
3

RΔu.

Therefore, we find

d
dt

λ(t) =
d
dt

(∫
M

(
−Δu + aRbu

)
u dμ

)
=

∫
M

(
−2Rijuij +

2
3

RΔu + abRb−1 ∂R
∂t

u
)

u dμ

+
∫

M

(
−Δut + aRbut

)
u dμ +

∫
M

(
−Δu + aRbu

) d
dt
(u dμ). (7)

Integration by parts implies that∫
M

(
−Δut + aRbut

)
u dμ =

∫
M

(
−Δu + aRbu

)
ut dμ.

From the normalization condition
∫

M u2dμ = 1, we conclude that

0 =
d
dt

(∫
M

u2 dμ

)
=
∫

M
u
(
ut dμ + (u dμ)t

)
.

Hence, we infer∫
M

(
−Δut + aRbut

)
u dμ +

∫
M

(
−Δφu + aRbu

) d
dt
(u dμ)

=
∫

M

(
−Δu + aRbu

)(
ut dμ + (u dμ)t

)
= λ(t0)

∫
M

u
(
ut dμ + (u dμ)t

)
= 0. (8)

Plugging (8) into (7), we have

d
dt

λ(t) =
∫

M

(
−2Rijuij +

2
3

RΔu + abRb−1 ∂R
∂t

u
)

u dμ. (9)

Along the backward Ricci flow, we arrive at

∂R
∂t

= ΔR + 2|Ric|2 − 2
3

R2. (10)
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Applying (10) in the evolution formula (9), we deduce

d
dt

λ(t) =
∫

M

[
−2Rijuiju +

2R
3

uΔu
]

dμ

+ab
∫

M
Rb−1

[
ΔR + 2|Ric|2 − 2

3
R2
]

u2 dμ. (11)

On locally homogeneous three-dimensional manifolds, the scalar curvature R is a
constant; then, ΔR = 0. Also, |Ric|2 is a constant; hence, we obtain (6).

3. Bounds for λ(t) on Bianchi Classes

Now, we are going to estimate the eigenvalue in Bianchi classes.
Case 1: R3

On R3, we have g(t) = g0; thus, λ(t) becomes a constant.
Case 2: Heisenberg H3

For a given the metric g0 = J0(θ1)
2 +K0(θ2)

2 + L0(θ3)
2 on Heisenberg, we have the

frame {Xi}3
i=1 as follows:

[X2, X3] = 2X1, [X3, X1] = 0, [X1, X2] = 0,

also under the normalization J0K0L0 = 4, we have

R11 =
1
2
J 3, R22 = −1

2
J 2K, R33 = −1

2
J 2L,

R = −1
2
J 2, |Ric|2 =

3
4
J 4.

Therefore, the backward Ricci flow equations become⎧⎪⎨⎪⎩
dJ
dt = 4

3J 3, J (0) = J0,
dK
dt = − 2

3J 2K, K(0) = K0,
dL
dt = − 2

3J 2L, L(0) = L0,

and this system has a solution as follows:

J = J0

(
1 − 8

3
J 2

0 t
)− 1

2
, K = K0

(
1 − 8

3
J 2

0 t
) 1

4
, L = L0

(
1 − 8

3
J 2

0 t
) 1

4
.

Theorem 1. Suppose that λ(t) is the first eigenvalue of −Δ + aRb, a ≥ 0 on
(

M = H3, g0
)
. Let

I be the maximal existence time for (4). Then, for any b ≥ 0 such that (−1)b is a real constant and
b 	= 1

2 , the quantity

λ(t)
(

1 − 8
3
J 2

0 t
)− 1

4
− a(−1

2
)b(

5
3
+

5
6

b)
3J 2b

0
2(4b + 1)

(
(1 − 8

3
J 2

0 t)−b− 1
4 − 1

)
is non-increasing along flow (4) and

λ(t) ≤
(

1 − 8
3
J 2

0 t
) 1

4
[

λ(0)− a(−1
2
)b(

5
3
+

5
6

b)
3J 2b

0
2(4b + 1)

(
(1 − 8

3
J 2

0 t)−b− 1
4 − 1

)]
. (12)

Also, the quantity

λ(t)
(

1 − 8
3
J 2

0 t
) 1

2
− a(−1

2
)b(−1

3
+

5
6

b)
3J 2b

0
4(−2b + 1)

(
(1 − 8

3
J 2

0 t)−b+ 1
2 − 1

)
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is non-decreasing along flow (4) and

λ(t) ≥
(

1 − 8
3
J 2

0 t
)− 1

2
[

λ(0)− a(−1
2
)b(−1

3
+

5
6

b)
3J 2b

0
4(−2b + 1)

(
(1 − 8

3
J 2

0 t)−b+ 1
2 − 1

)]
(13)

on [0, I).

Proof. Proposition 1 implies that

d
dt

λ(t) ≤ 1
3
J 2λ + J 2

∫
M

uΔudμ +
3
2

ab(−1
2
J 2)b−1J 4 +

2
3
(−1

2
J 2)b+1a(1 − b)

= −2
3
J 2λ + a(−1

2
J 2)bJ 2 +

3
2

ab(−1
2
J 2)b−1J 4 +

2
3
(−1

2
J 2)b+1a(1 − b) (14)

= −2
3
J 2λ + a(−1

2
)bJ 2b+2(

5
3
+

5
6

b).

Then,

d
dt

(
λ(t)e

2
3
∫ t

0 J 2(s)ds −
∫ t

0
a(−1

2
)bJ 2b+2(s)(

5
3
+

5
6

b)e
2
3
∫ s

0 J 2(τ)dτds
)
≤ 0.

Since J = J0
(
1 − 8

3J 2
0 t
)− 1

2 , then we have

2
3

∫ t

0
J 2(s)ds = ln(1 − 8

3
J 2

0 t)−
1
4

and ∫ t

0
J 2b+2(s)e

2
3
∫ s

0 J 2(τ)dτds = J 2b+2
0

∫ s

0
(1 − 8

3
J 2

0 s)−b− 5
4 ds

=
3J 2b

0
2(4b + 1)

(
(1 − 8

3
J 2

0 t)−b− 1
4 − 1

)
.

Therefore, the quantity

λ(t)
(

1 − 8
3
J 2

0 t
)− 1

4
− a(−1

2
)b(

5
3
+

5
6

b)
3J 2b

0
2(4b + 1)

(
(1 − 8

3
J 2

0 t)−b− 1
4 − 1

)
is non-increasing along flow (4), and it follows from the integration that

λ(t) ≤
(

1 − 8
3
J 2

0 t
) 1

4
[

λ(0)− a(−1
2
)b(

5
3
+

5
6

b)
3J 2b

0
2(4b + 1)

(
(1 − 8

3
J 2

0 t)−b− 1
4 − 1

)]
. (15)

In a similar way, we also have

d
dt

λ(t) ≥ 1
3
J 2λ −J 2

∫
M

uΔudμ +
3
2

ab(−1
2
J 2)b−1J 4 +

2
3
(−1

2
J 2)b+1a(1 − b)

=
4
3
J 2λ + a(−1

2
)bJ 2b+2(−1

3
+

5
6

b). (16)

Hence,

d
dt

(
λ(t)e−

4
3
∫ t

0 J 2(s)ds −
∫ t

0
a(−1

2
)bJ 2b+2(s)(−1

3
+

5
6

b)e−
4
3
∫ s

0 J 2(τ)dτds
)
≥ 0.

Therefore, the quantity

λ(t)
(

1 − 8
3
J 2

0 t
) 1

2
− a(−1

2
)b(−1

3
+

5
6

b)
3J 2b

0
4(−2b + 1)

(
(1 − 8

3
J 2

0 t)−b+ 1
2 − 1

)
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is non-decreasing along flow (4), and from the integration, we obtain

λ(t) ≥
(

1 − 8
3
J 2

0 t
)− 1

2
[

λ(0)− a(−1
2
)b(−1

3
+

5
6

b)
3J 2b

0
4(−2b + 1)

(
(1 − 8

3
J 2

0 t)−b+ 1
2 − 1

)]
. (17)

This completes the proof of our theorem.

Case 3: E(2)

E(2) represents the collection of isometries within the Euclidean plane.
The manifold E(2) is an Einstein manifold. For a given metric g0, there is a Milnor

frame {Xi}3
i=0 such that

[X1, X2] = 0, [X3, X1] = 2X2 [X2, X3] = 2X1.

In this case, under the normalization J0K0L0 = 4, we have

R11 =
1
2
J
(
J 2 −K2

)
, R22 =

1
2
K
(
K2 −J 2

)
, R33 = −1

2
L(J −K)2,

R = −1
2
(J −K)2, |Ric|2 =

1
4
[2(J 2 −K2)2 + (J −K)4].

Cao and Saloff-Coste [22] proved the following:

• if J0 = K0, then there holds J = K, I = ∞, and g(t) = g0;
• If J0 > K0, then J > K, I < ∞.

J (t) ∼
√

6
4

(I − t)−
1
2 , K(t) ∼ η1(I − t)

1
4 , L(t) ∼ η2(I − t)

1
4

as t → I , where η1 and η2 are two positive constants.

Theorem 2. Suppose that λ(t) is a first eigenvalue of −Δ + aRb, a ≥ 0 on a three-dimensional
homogeneous Riemannian manifold (M = E(2), g0). Let 1 ≤ b be an odd number. Then, the
following is true:

(i) If J0 = K0 then λ(t) = λ(0);
(ii) If J0 > K0 and L0 > K0, then the quantity

λ(t)e
1
3
∫ t

0 (J 2(s)−K2(s))ds − 3ab(
1
2
)b
∫ t

0
(J 2(s)−K2(s))b+1e

1
3
∫ s

0 (J 2(r)−K2(r))drds

is non-increasing along flow (4) and the quantity

λ(t)e
1
3
∫ t

0 (J (s)−K(s))2ds +
1
3

a(2 + b)(
1
2
)b
∫ t

0
(J (s)−K(s))2b+2e

1
3
∫ s

0 (J (r)−K(r))2drds

is non-decreasing under (4). Also,

λ(τ)

( I − t
I − τ

)c1

− c2

b + c1
(I − t)c1

(
(I − t)−b−c1 − (I − τ)−b−c1

)
.

≤ λ(t) ≤ λ(τ)

( I − t
I − τ

)c1

+
c3

b + c1
(I − t)c1

(
(I − t)−b−c1 − (I − τ)−b−c1

)
for t ≥ τ and some positive constants c1, c2 and c3.
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Proof. For the case J0 = K0, we have g(t) = g0, and consequently λ(t) = λ(0). For
J0 > K0, 1 ≤ b is an odd number, and a > 0; then, from [21], we obtain J > K and form
Proposition 1, so we have

d
dt

λ(t) ≤2
3
(J −K)2λ(t) + (J 2 −K2)

∫
M

uΔudμ +
2
3

a(1 − b)(−1
2
)b−1(J −K)2b+2

+
1
2

ab(−1
2
)b−1(J −K)2b−2[2(J 2 −K2)2 + (J −K)4]

=

(
2
3
(J −K)2 − (J 2 −K2)

)
λ(t) + a(J 2 −K2)(−1

2
)b(J −K)2b

+
2
3

a(1 − b)(−1
2
)b−1(J −K)2b+2

+
1
2

ab(−1
2
)b−1(J −K)2b−2[2(J 2 −K2)2 + (J −K)4].

Therefore, we obtain

d
dt

λ(t) ≤ −1
3
(J 2 −K2)λ(t) + 3ab(

1
2
)b(J 2 −K2)b+1.

Then,

d
dt

(
λ(t)e

1
3
∫ t

0 (J 2(s)−K2(s))ds − 3ab(
1
2
)b
∫ t

0
(J 2(s)−K2(s))b+1e

1
3
∫ s

0 (J 2(r)−K2(r))drds
)
≤ 0

and it yields the quantity

λ(t)e
1
3
∫ t

0 (J 2(s)−K2(s))ds − 3ab(
1
2
)b
∫ t

0
(J 2(s)−K2(s))b+1e

1
3
∫ s

0 (J 2(r)−K2(r))drds

which is non-increasing along flow (4). Also, we conclude

d
dt

(
λ(t)ec1

∫ t
τ (I−s)−1ds − c3

∫ t

τ
(I − s)−b−1ec1

∫ s
τ (I−r)−1drds

)
≤ 0.

Then,

λ(t) ≤ λ(τ)

( I − t
I − τ

)c1

+
c3

b + c1
(I − t)c1

(
(I − t)−b−c1 − (I − τ)−b−c1

)
.

In a similar way, we obtain

d
dt

λ(t) ≥ −1
3
(J −K)2λ(t)− a(

1
2
)b(

2
3
+

b
3
)(J −K)2b+2,

which implies that

d
dt

(
λ(t)e

1
3

∫ t
0 (J (s)−K(s))2ds +

1
3

a(2 + b)(
1
2
)b
∫ t

0
(J (s)−K(s))2b+2e

1
3

∫ s
0 (J (r)−K(r))2drds

)
≥ 0

and it yields the quantity

λ(t)e
1
3
∫ t

0 (J (s)−K(s))2ds +
1
3

a(2 + b)(
1
2
)b
∫ t

0
(J (s)−K(s))2b+2e

1
3
∫ s

0 (J (r)−K(r))2drds

which is non-decreasing along (4). We also infer

d
dt

(
λ(t)ec1

∫ t
τ (I−s)−1ds + c2

∫ t

τ
(I − s)−b−1ec1

∫ s
τ (I−r)−1drds

)
≥ 0.
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Then,

λ(t) ≥ λ(τ)

( I − t
I − τ

)c1

− c2

b + c1
(I − t)c1

(
(I − t)−b−c1 − (I − τ)−b−c1

)
.

Case 4: E(1,1)

E(1, 1) represents the collection of isometries within a two-dimensional plane char-
acterized by a flat Lorentzian metric. In this context, there is an absence of an Einstein
metric. Instead, all elements within this group exhibit asymptotic behavior akin to cigar
degeneracies. Given a metric g0 on E(1, 1), we choose a Milnor frame {Xi}3

i=0 such that

[X3, X1] = 0, [X2, X3] = 2X1, [X1, X2] = −2X3. .

Also, under the normalization J0K0L0 = 4, we have

R11 =
1
2
J
(
J 2 −L2

)
, R22 = −1

2
K(J + L)2, R33 =

1
2
L
(
L2 −J 2

)
,

R = −1
2
(J + L)2, |Ric|2 =

1
4
[(2(J 2 −L2)2 + (J + L)2].

Under the condition J0 ≥ L0, Cao and Saloff-Coste [22] proved the following:

(i) if J0 = L0, then we have J (t) = L(t), I = 3
32K0, and

J (t) ∼
√

6
4

(I − t)−
1
2 , K(t) ∼ 32

3
(I − t), t ∈ [0, I).

(ii) If J0 > L0, then J > L, I < ∞, and

J (t) ∼
√

6
4

(I − t)−
1
2 , K(t) ∼ η1(I − t)

1
4 , L(t) ∼ η2(I − t)

1
4

as t goes to I , where η1 and η2 are two positive constants and I is the maximal
existence time.

Theorem 3. Suppose that λ(t) is the first eigenvalue of −Δ + aRb, a ≥ 0 on (M = E(1, 1), g0).
Let 1 ≤ b be a odd number. Then, the quantity

λ(t)e
2
3
∫ t

0 (J+L)2(s)ds − 1
3

a(
1
2
)b(2 + b)

∫ s

0
(J + L)2b+2(s)e

2
3
∫ t

0 (J+L)2(r)drds

is non-increasing along flow (4), and the quantity

λ(t)e
2
3
∫ t

0 (J 2(s)−L2(s))ds − 1
3

a(
1
2
)b(2 + b)

∫ s

0
(J + L)2b+2(s)e

2
3
∫ t

0 (J 2(r)−L2(r))drds

is non-decreasing along flow (4). If J0 ≥ L0, then

λ(τ)

( I − t
I − τ

)c3

+
c2

b + c3
(I − t)c3

(
(I − t)−b−c3 − (I − τ)−b−c3

)
≤ λ(t) ≤ λ(τ)

( I − t
I − τ

)c1

+
c2

b + c1
(I − t)c1

(
(I − t)−b−c1 − (I − τ)−b−c1

)
(18)

for t ≥ τ and some positive constants c1 and c3.
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Proof.

d
dt

λ(t) ≤1
3
(J + L)2λ(t) + (J + L)2

∫
M

uΔu dμ

+
1
2

ab
(
−1

2
(J + L)2

)b−1[
(2(J 2 −L2)2 + (J + L)2

]
+

2
3

a(1 − b)
(
−1

2
(J + L)2

)b+1

≤ −2
3
(J + L)2λ(t) +

1
3

a(
1
2
)b(2 + b)(J + L)2b+2.

Thus,

d
dt

(
λ(t)e

2
3
∫ t

0 (J+L)2(s)ds − 1
3

a(
1
2
)b(2 + b)

∫ s

0
(J + L)2b+2(s)e

2
3
∫ t

0 (J+L)2(r)drds
)
≤ 0,

which yields the quantity

λ(t)e
2
3
∫ t

0 (J+L)2(s)ds − 1
3

a(
1
2
)b(2 + b)

∫ s

0
(J + L)2b+2(s)e

2
3
∫ t

0 (J+L)2(r)drds

which is non-increasing along flow (4). Similarly, we have

d
dt

λ(t) ≥− 2
3
(J 2 −L2)λ(t) + a(J 2 −L2)

(
−1

2
(J + L)2

)b
+

2
3

a(1 − b)
(
−1

2
(J + L)2

)b+1

≥ −2
3
(J 2 −L2)λ(t)λ(t)− 1

3
a(

1
2
)b(2 + b)(J + L)2b+2.

Thus,

d
dt

(
λ(t)e

2
3
∫ t

0 (J 2(s)−L2(s))ds − 1
3

a(
1
2
)b(2 + b)

∫ s

0
(J + L)2b+2(s)e

2
3
∫ t

0 (J 2(r)−L2(r))drds,
)
≥ 0

which yields the quantity

λ(t)e
2
3
∫ t

0 (J 2(s)−L2(s))ds − 1
3

a(
1
2
)b(2 + b)

∫ s

0
(J + L)2b+2(s)e

2
3
∫ t

0 (J 2(r)−L2(r))drds

which is non-decreasing along flow (4). If J0 ≤ L0, then 2
3 (J + L)2 ∼ c1(I − t)−1 and

2
3 (J 2 −L2) ∼ c3(I − t)−1 for some positive constant c1. Hence,

λ(t) ≤ λ(τ)

( I − t
I − τ

)c1

+
c2

b + c1
(I − t)c1

(
(I − t)−b−c1 − (I − τ)−b−c1

)
and

λ(t) ≥ λ(τ)

( I − t
I − τ

)c3

+
c2

b + c3
(I − t)c3

(
(I − t)−b−c3 − (I − τ)−b−c3

)
which implies that (18) holds.

Case 5: SU(2)

A Manifold SU(2) is an Einstein manifold. Given a metric g0 on SU(2), we choose a
Milnor frame {Xi}3

i=0 such that

[X1, X2] = 2X3, [X3, X1] = 2X2, [X2, X3] = 2X1.

82



Mathematics 2024, 12, 3846

In this case, under the normalization J0K0L0 = 4, we have

R11 =
1
2
J [J 2 − (K−L)2], R22 =

1
2
K[K2 − (J −L)2],

R33 =
1
2
L[L2 − (J −K)2].

Then,

R =
1
2
[
J 2 − (K−L)2]+ 1

2
[
K2 − (J −L)2]+ 1

2
[
L2 − (J −K)2],

and

|Ric|2 =
1
4

([
J 2 − (K−L)2]2

+
[
K2 − (J −L)2]2

+
[
L2 − (J −K)2]2

)
.

From [22], we have:

Theorem 4. Suppose that g(t), t ∈ [0, I) is the solution of (4) and L0 ≤ K0 ≤ J0. Then, the
following is true:

(i) If L0 = K0 = J0, then I = ∞ and g(t) = g0, t ∈ [0, ∞);
(ii) If L0 < J0 = K0, then I = ∞, J = K > L and J ∼ 8

3 t, L ∼ 9
16 t−2 as t ∈ ∞;

(iii) If L0 ≤ K0 < J0, then I < ∞, J > K ≥ L and there are two positive constants η1, η2,
such that

J (t) ∼
√

6
4

(I − t)−
1
2 , K(t) ∼ η1(I − t)

1
4 , L(t) ∼ η2(I − t)

1
4

as t tends to I .

Theorem 5. Suppose that λ(t) is a first eigenvalue of −Δ + aRb, a ≥ 0 on (M = SU(2), g0).
Let 1 ≤ b be an odd number. The following is then true:

(i) If J0 = K0 = L0, then λ(t) = λ(0).
(ii) If J0 = K0 > L0, then the quantity

λ(t)− 9
4

ab2b
∫ t

0
J 2b+2(s)ds

is non-increasing along (4) and the quantity

λ(t)e−
2
3
∫ t

0 J 2(s)ds +
2
3

a(−2 + 4b)2b
∫ t

0
J 2b+2(s)e−

2
3
∫ s

0 J 2(r)drds

is non-decreasing under (4). Also,

λ(t) ≤ λ(τ) +
6ab2b

2b + 3

(
t2b+3 − τ2b+3

)
for τ ≤ t, so τ is a fixed time.

(iii) If J0 > K0 ≥ L0, then the quantity

λ(t)e
2
3
∫ t

0 J 2(s)ds − a2b(1 +
3
4

b)
∫ t

0
J 2b+2(s)e

2
3
∫ s

0 J 2(r)drds

is non-increasing along (4) and the quantity

λ(t)e−
2
3
∫ t

0 J 2(s)ds − 2
3

a(1 − b)(
9
2
)b+1

∫ t

0
J 2b+2(s)e−

2
3
∫ s

0 J 2(r)drds
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is non-decreasing under (4). Also,

λ(τ)

( I − t
I − τ

)c1

+
c2

b + c1
(I − t)c1

(
(I − t)−b−c1 − (I − τ)−b−c1

)
≤ λ(t) ≤ λ(τ)

( I − t
I − τ

)c1

+
c3

b + c1
(I − t)c1

(
(I − t)−b−c1 − (I − τ)−b−c1

)
.

Proof. (i) If J0 = K0 = L0, then we obtain g(t) = g0, t ∈ [0, ∞) and it follows that
λ(t) = λ(0).

(ii) If J0 = K0 > L0, then we have J = K > L,

− 2R11 = −2R22 = J
[
L2 − 2J L

]
≤ −JL2,

− R33 = −L3,

− 2
3

R =
1
3
(L2 − 4J L) ≤ −L2,

2abRb−1|Ric|2 =
ab
2

(
−1

2
L2 + 2J L

)b−1[
2(−L2 + 2J L)2 + L4

]
≤ 9

4
ab2bJ 2b+2,

and

2
3

a(1 − b)Rb+1 =
2
3

a(1 − b)
(
−1

2
L2 + 2J L

)b+1
≤ 0.

Therefore, based on Proposition 1, we can write

d
dt

λ(t) ≤ −L2λ(t)−L2
∫

M
uΔudμ +

9
4

ab2bJ 2b+2

= −aL2
(
−1

2
L2 + 2J L

)b
+

9
4

ab2bJ 2b+2

≤ 9
4

ab2bJ 2b+2

which implies that the quantity

λ(t)− 9
4

ab2b
∫ t

0
J 2b+2(s)ds

is non-increasing along (4). Also, we infer

λ(t) ≤ λ(τ) +
6ab2b

2b + 3

(
t2b+3 − τ2b+3

)
for t ≥ τ. In a similar way for b ≥ 1, we conclude

− 2R11 = −2R22 = J
[
L2 − 2J L

]
≥ −2J 3,

− R33 = −L3 ≥ −2J 2L,

− 2
3

R =
1
3
(L2 − 4J L) ≥ −4

3
J 2,

2abRb−1|Ric|2 ≥ 0,
2
3

a(1 − b)Rb+1 ≥ 2
3

a(1 − b)
(

2J 2
)b+1

.
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It follows from the above inequalities and Proposition 1 that

d
dt

λ(t) ≥ −4
3
J 2λ(t)− 2J 2

∫
M

uΔudμ +
4
3

a(1 − b)2bJ 2b+2

=
2
3
J 2λ(t)− 2aJ 2(−1

2
L2 + 2J L)b +

4
3

a(1 − b)2bJ 2b+2

≥ 2
3
J 2λ(t)− 2aJ 2(2J 2)b +

4
3

a(1 − b)2bJ 2b+2

=
2
3
J 2λ(t)− 1

3
a2b(−2 + 4b)J 2b+2.

It is easy to check that the quantity

λ(t)e−
2
3
∫ t

0 J 2(s)ds +
2
3

a(−2 + 4b)2b
∫ t

0
J 2b+2(s)e−

2
3
∫ s

0 J 2(r)drds

is non-decreasing along flow (4).

(iii) If J0 > K0 ≥ L0 then J > K ≥ L,

− 2R11 ≤ J 3, −2R22 ≤ J 2K, −2R33 ≤ J 2L,

− 2
3

R =
1
3

(
J 2 +K2 + L2 − 2JK − 2AL− 2KL

)
≤ 1

3
J 2,

2abRb−1|Ric|2 = ab(
1
2
)b
(
−J 2 −K2 −L2 + 2JK+ 2J L+ 2KL

)
×
([

J 2 − (K−L)2]2
+
[
K2 − (J −L)2]2

+
[
L2 − (J −K)2]2

)
≤ ab(

1
2
)b(4J 2)b−1(3J 4) =

3
4

ab2bJ 2b+2,

2
3

a(1 − b)Rb+1 ≤ 0.

According to Proposition 1 and the above inequalities, we find

d
dt

λ(t) ≤ 1
3
J 2λ(t) + J 2

∫
M

uΔudμ +
3
4

ab2bJ 2b+2

= −2
3
J 2λ(t) + a2bJ 2b+2 +

3
4

ab2bJ 2b+2

= −2
3
J 2λ(t) + a2b(1 +

3
4

b)J 2b+2,

which leads to the quantity

λ(t)e
2
3
∫ t

0 J 2(s)ds − a2b(1 +
3
4

b)
∫ t

0
J 2b+2(s)e

2
3
∫ s

0 J 2(r)drds

which is non-increasing along flow (4) and

λ(t) ≤ λ(τ)

( I − t
I − τ

)c1

+
c3

b + c1
(I − t)c1

(
(I − t)−b−c1 − (I − τ)−b−c1

)
.
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Similarly, we have

− 2R11 = −J
[
J 2 − (K−L)2

]
≥ J

[
−J 2 + L2 −K2

]
≥ −2J 3,

− 2R22 ≤ −2J 2K, −2R33 ≤ −2J 2L, −2
3

R ≥ −4
3
J 2,

2abRb−1|Ric|2 ≥ 0,
2
3

a(1 − b)Rb+1 ≥ 2
3

a(1 − b)(
9
2
)b+1J 2b+2,

then

d
dt

λ(t) ≥ −4
3
J 2λ(t)− 2J 2

∫
M

uΔudμ +
2
3

a(1 − b)(
9
2
)b+1J 2b+2

≥ 2
3
J 2λ(t) +

2
3

a(1 − b)(
9
2
)b+1J 2b+2.

We deduce that

λ(t)e−
2
3
∫ t

0 J 2(s)ds − 2
3

a(1 − b)(
9
2
)b+1

∫ t

0
J 2b+2(s)e−

2
3
∫ s

0 J 2(r)drds

is non-decreasing under (4) and

λ(t) ≥ λ(τ)

( I − t
I − τ

)c1

+
c2

b + c1
(I − t)c1

(
(I − t)−b−c1 − (I − τ)−b−c1

)
.

This completes the proof of our theorem.

Case 6: SL(2,R)

Using the Milnor frame {Xi}3
i=0 on SL(2,R), we obtain

[X1, X2] = 2X3, [X3, X1] = 2X2, [X2, X3] = −2X1,

and in this case, under the normalization J0K0L0 = 4, we have

R11 =
1
2
J [J 2 − (K−L)2], R22 =

1
2
K[K2 − (J + L)2]

R33 =
1
2
L[L2 − (J +K)2].

Then,

R =
1
2
[
J 2 − (K−L)2]+ 1

2
[
K2 − (J + L)2]+ 1

2
[
L2 − (J +K)2],

and

|Ric|2 =
1
4

([
J 2 − (K−L)2]2

+
[
K2 − (J + L)2]2

+
[
L2 − (J +K)2]2

)
.

Under the condition K0 ≥ L0, from [22], we have

(i) if J0 ≥ K0 ≥ L0, then J ≥ K ≥ L and

J (t) ∼
√

6
4

(I − t)−
1
2 , K(t) ∼ η1(I − t)

1
4 , L(t) ∼ η2(I − t)

1
4

as t goes to I , where η1 and η2 are two positive constants.
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(ii) If J0 ≤ K0 −L0, then J ≤ K−L and

J (t) ∼ η1(I − t)
1
4 , K(t) ∼

√
6

4
(I − t)−

1
2 , L(t) ∼ η2(I − t)

1
4

as t goes to I , where η1 and η2 are two positive constants.
(iii) If J < K < J + L for all time t ∈ [0, I), then we obtain

J (t) ∼
√

6
4

(I − t)−
1
2 , K(t) ∼

√
6

4
(I − t)−

1
2 , L(t) ∼ η2(I − t)

as t goes to I , where η1 is a positive constant.

Theorem 6. Suppose that λ(t) is the first eigenvalue of −Δ+ aRb, a ≥ 0 on (M = SL(2,R), g0).
Let 1 ≥ b be an even number.

If J0 ≥ K0 ≥ L0, then the quantity

λ(t)e
11
3
∫ t

0 J 2(s)ds − 1
3

a(
1
2
)b(11 + b)

∫ t

0
J 2b+2(s)e

11
3
∫ t

0 J 2(r)drds

is non-increasing along flow (4) and the quantity

λ(t)e−
∫ t

0 J 2(s)ds − a(
1
2
)b(1 + 9b)

∫ t

0
J 2b+2(s)e−

∫ t
0 J 2(r)drds

is non-decreasing along (4). Also,

λ(τ)

(I − τ

I − t

) 3
8
+ a(

1
2
)b(1 + 9b)

1
b + 3

8
(I − t)−

3
8
[
(I − t)−b+ 3

8 − (I − τ)−b+ 3
8

]
≤ λ(t) ≤ λ(τ)

( I − t
I − τ

)c1

+
c2

b + c1
(I − t)c1

(
(I − t)−b−c1 − (I − τ)−b−c1

)
,

for t ≥ τ and some positive constants c1 and c2, so τ is a fixed time.

Proof. If J0 ≥ K0 ≥ L0, then J ≥ K ≥ L, R11 > 0, R22 < 0, R33 < 0,

− 2R11 < 0,

− 2R22 = −K
[
K2 − (J + L)2

]
≤ 4KJ 2,

− 2R33 = −L
[
L2 − (J +K)2

]
≤ 4LJ 2,

− 2
3

R =
1
3
(J −K−L)2 ≤ 1

3
J 2,

2abRb−1|Ric|2 = −2ab(
1
2
)b−1(J −K−L)2b−2|Ric|2 ≤ 0,

and

2
3

a(1 − b)Rb+1 =
2
3

a(b − 1)(
1
2
)b+1(J −K−L)2b+2 ≤ 2

3
a(b − 1)(

1
2
)b+1J 2b+2.
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Hence, Proposition 1 yields

d
dt

λ(t) ≤ 1
3
J 2λ(t) + 4J 2

∫
M

uΔudμ +
2
3

a(b − 1)(
1
2
)b+1J 2b+2

= −11
3
J 2λ(t) + 4aJ 2(

1
2
)b(J −K−L)b +

2
3

a(b − 1)(
1
2
)b+1J 2b+2

≤ −11
3
J 2λ(t) +

1
3

a(
1
2
)b(11 + b)J 2b+2.

Then, the quantity

λ(t)e
11
3
∫ t

0 J 2(s)ds − 1
3

a(
1
2
)b(11 + b)

∫ t

0
J 2b+2(s)e

11
3
∫ t

0 J 2(r)drds

is non-increasing along flow (4) and

λ(t) ≤ λ(τ)

( I − t
I − τ

)c1

+
c2

b + c1
(I − t)c1

(
(I − t)−b−c1 − (I − τ)−b−c1

)
.

Also,

− 2R11 = J
[
−J 2 + (K−L)2

]
≥ −J 3,

− 2R22 ≥ −KJ 2,

− 2R33 ≥ −LJ 2,

− 2
3

R =
1
3
(J −K−L)2 ≥ 0,

2abRb−1|Ric|2 = −2ab(
1
2
)b−1(J −K−L)2b−2|Ric|2 ≥ −9ab

2
(

1
2
)b−1J 2b+2,

2
3

a(1 − b)Rb+1 ≥ 0.

Therefore, we obtain

d
dt

λ(t) ≥ −J 2
∫

M
uΔudμ − 9ab

2
(

1
2
)b−1J 2b+2

≥ J 2λ(t)− a(
1
2
)b(1 + 9b)J 2b+2.

This yields the quantity

λ(t)e−
∫ t

0 J 2(s)ds − a(
1
2
)b(1 + 9b)

∫ t

0
J 2b+2(s)e−

∫ t
0 J 2(r)drds

is non-decreasing under (4) and

λ(t) ≥ λ(τ)

(I − τ

I − t

) 3
8
+ a(

1
2
)b(1 + 9b)

1
b + 3

8
(I − t)−

3
8
[
(I − t)−b+ 3

8 − (I − τ)−b+ 3
8

]
.

4. Conclusions

In this paper, we study the first eigenvalues λ(t) of the geometric perators −Δ + aRb

on locally three-dimensional homogeneous manifolds along the backward Ricci flow, where
a, b are constants. First, we obtain an evolution formula for λ(t) on three-homogeneous
manifold along the backward Ricci flow. Then, on Bianchi classes, we obtain some mono-
tonic quantities and bounds for λ(t), which is constant on R3.
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Abstract: This research note presents the properties of the F(R, T)-gravity model in com-
bination with magnetized strange quark matter. We obtain the equation of state for the
magnetized strange quark matter in the F(R, T)-gravity model endowed with the La-
grangian through of Ricci curvature. We also examine the Ricci solitons supported by a
time-like conformal vector field in F(R, T)-gravity, attached with magnetized strange quark
matter fluid. Within this ongoing research, we give an estimate of the total quark pressure
and total density in the phantom barrier and the radiation epochs of the Universe. Finally,
using Ricci solitons, we study the various energy conditions, some black holes criteria,
and Penrose’s singularity theorem for magnetized strange quark matter fluid spacetime
coupled with the F(R, T)-gravity model.

Keywords: F(R, T)-gravity; Ricci soliton; magnetized strange quark matter; conformal
vector field; black holes

MSC: 53C44; 53B30; 53C50; 53C80

1. Introduction

Einstein’s gravitational field equations present a standard method for examining
known cosmic dynamics [1,2]. The most reliable description of observed data is given by
Einstein’s field equation. The F(R, T)-gravity theory was formulated to tackle issues like
the late-time acceleration of the Universe and the problems of dark matter and inflation in
cosmological models.

In response to this scenario, several mathematicians and physicists have crafted advanced
gravitational theories like F(R)-gravity [3–5], F(G)-gravity [6], and F(R, T)-gravity theory [7],
among others. These theories originated from the Einstein–Hilbert action. Diverging from
Einstein’s conventional gravity theory, these models hold promise as potential accurate approx-
imations to quantum gravity [8]. Utilizing the Einstein–Hilbert Lagrangian density, General
Relativity (GR) can be expanded into F(R) gravity, where F(R) is a function of the Ricci scalar
R. Neutron stars of considerable size within F(R) gravity are characterized by higher-order
curvature effects; refer to works such as [9–11] for more details. However, concerns have been
raised about the applicability of F(R) gravity due to its limitations in achieving equilibrium
within the solar system and its inability to support various astronomical models, including
stable star structures (refer to [12,13] for further insights).
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Harko et al. [14] introduced a more inclusive gravity model known as F(R, T)-gravity
theory, where they consider the Lagrangian to be an arbitrary function of T and R, with T
denoting the trace of the energy–momentum tensor. This framework proved effective in
describing the rapid expansion of the Universe during late cosmic times.
The notion of a quark star or a compact star, supported by the degenerate pressure of quark
matter, has been proposed for stars smaller than neutron stars. Many researchers have
delved into the characteristics of such quark stars. Alcock et al. [15] and Haensel et al. [16]
suggest that a few neutron stars could potentially be exotic stars composed entirely of
strange materials. Cheng et al. [17] investigated the properties of strange quark stars.

In this model, quarks are perceived as a degenerate Fermi gas restricted to the spatial
area occupied by vacuum energy density. The quark content within this model comprises
electrons, massless quarks u, massive quarks s, and quarks d.

According to the bag model, in scenarios where quarks are massless and non-
interacting, quark pressure is anticipated.

ρq = 3pq, (1)

where the energy density of quarks is denoted by ρq. Furthermore, the total pressure pM

and total energy density ρM are expressed as

ρM = ρq + Bc, pM = pq −Bc. (2)

Ultimately, the equation of the state is employed to generate quark matter (EoS):

pM =
ρM − 4Bc

3
, (3)

Here, Bc is referred to as the bag constant. This concept is in line with the phenomenological
bag model of quark matter, where the quark confinement is described by an energy term
that is proportional to the volume.

Substantial alterations in the properties of strange matter occur when the electromagnetic
scale coincides with nuclear scales. In a study by [18], a phenomenological bag model has been
employed to examine quark matter in a strong magnetic field, revealing that the stability of
strange quark matter is enhanced when the magnetic field surpasses a specific critical strength.
Literature references [18,19] highlight that the presence of a magnetic field induces pressure
anisotropy, with the bag model being considered the most suitable approach for investigating
magnetized strange quark matter (MSQM) as discussed in [20–22].

Moreover, the extension of the quasiparticle model has been applied to analyze MSQM
in [23], unveiling a bag function dependent on density and magnetic field that achieves the
maximum saturation density at the quantum chromodynamic (QCD) scale parameter [24].
General relativity (GR) and cosmology are both employed to represent a time-constrained,
4-dimensional connected Lorentzian manifold [25,26].

When the Ricci tensor exhibits a specific form, these spacetimes are referred to as
perfect fluid spacetimes within quasi-Einstein Lorentzian manifolds [26,27].

Ric = A1d + A2η ⊗ η (4)

In this scenario, scalars A1 and A2 are included, d is the Lorentzian metric, while the
1-form η is metrically equivalent to a unit time-like vector field. Furthermore, a Lorentzian
spacetime manifold is one that accommodates a vector field resembling time [28].
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The concept of a generalized quasi-Einstein manifold (GQE) is elaborated in the
manner outlined in [29,30].

Definition 1. A non-flat Riemannian manifold (Mn, d) (n > 2) is termed a generalized quasi-
Einstein Lorentzian manifold (GQE) when its Ricci tensor S of type (0, 2) is non-zero and meets
the condition:

Ric = A1d + A2η ⊗ η + A3θ ⊗ θ (5)

wherein A1, A2, and A3 are smooth scalar functions of which A2 	= 0, A3 	= 0 and η, θ are 1-from
such that

d(p, γ) = η(p), d(p, ζ) = θ(p)

for any vector filed p ∈ χ(Mn, d).
The unit vectors γ and ζ corresponding to 1-form η and θ are orthogonal to each other. In addition,

γ and ζ are the generators of the manifold. If A3 = 0, then (Mn, d) reduces to a perfect fluid spacetime.

Spacetime geometry, especially in the context of the General Theory of Relativity (GR),
is intricately linked to the symmetry of physical matter. The solutions to field equations
are often streamlined by the presence of symmetries in the metric. One notable form
of symmetry is represented by solitons, which are connected to the geometric evolution
of spacetime.

In 1988, Hamilton [31] introduced the concept of Ricci flow. The Ricci soliton emerges as
the ultimate limit of solutions to the Ricci flow. The behavior of self-similar solutions or Ricci
solitons often arises as limits of dilations of singularities in Ricci flow. They can be viewed as
fixed points of Ricci flow, as a dynamical system, and the spaces of Riemannian metrics.

The Ricci flow equation is detailed in [31].

∂

∂t
d = −2Ric, (6)

A Riemannian manifold (M, d) that allows for a smooth vector field F is termed a
Ricci soliton as per [32].

1
2
LFd + λd + Ric = 0, (7)

where the Lie derivative the Ricci tensor, and a real number are denoted by LF , Ric, and λ,
respectively. A Ricci soliton (RS) is said to be expanding, stable, or declining, with reference
to (7), depending on whether λ > 0, λ = 0, or λ < 0, respectively.

Researchers in [33] delved into spacetime through the lens of the Ricci soliton. Addi-
tionally, Venkatesha and Aruna discussed Ricci solitons within the context of ideal fluid
spacetime in [34]. Siddiqi et al. (refer to [35–37]) scrutinized spacetime utilizing solitons
across a range of methodologies.

Currently, the investigation of quark matter fluid represents a captivating research area.
Within General Relativity (GR), the exploration of quark matter fluid is conducted under
various assumptions. Mak and Harko [38] have employed conformal motion to analyze
quark matter within spherically symmetric spacetime. Agarwal and Pawar [39] delved into
a cosmological model incorporating quark matter within the context of F(R, T)-gravity
theory. In a recent study in 2022, Siddiqi et al. [40,41] delved into the characteristics of
F(R, T)-gravity featuring perfect fluid matter and accommodating Ricci solitons, Yamabe
solitons, Einstein solitons, gradient Ricci solitons, and gradient Yamabe solitons. Building
upon prior investigations, we explore an F(R, T)-gravity model within a magnetized
strange quark matter fluid spacetime that admits a Ricci soliton in this paper.
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2. Gravitational Field Equation of F(R, T) = F1(R) + F2(T)-Gravity
Model Attached with Magnetized Strange Quark Matter Fluid

In this section, we delve into the F(R, T) = F1(R) + F2(T)-gravity model coupled
with quark matter fluid. Given that this model hinges on the physical characteristics of the
magnetized strange quark matter fluid, we can formulate a range of theoretical models
across different values of R and T, as outlined in [14]. For illustrative purposes, we will
consider the following model.

F(R, T) = F1(R) + F2(T), (8)

where the functions of R and T are represented by F1(R) and F2(T), respectively.
The adjusted Einstein–Hilbert action term is considered as:

ΠE =
1

16π

∫
[Lm + F(R, T))]

√
(−d) d4x, (9)

where the Lagrangian is symbolized as Lm. The energy tensor of the matter is given by

Tab =
−2δ(

√
−d)Lm√

−d δab
. (10)

Assume that Lm is not contingent on its derivatives but is solely reliant on dab. The variation
in action (9) concerning dab suggests

F
′
1(R)Ricab −

1
2

F1(R)dab + (dab∇c∇c −∇a∇b)F
′
1(R) (11)

= 8πTab − F
′
2(T)Tab − F

′
2(T)Ξab +

1
2

F2(T)dab.

where F
′
1(R) = ∂F(R,T)

∂R and F
′
2(T) =

∂F(T,T)
∂T .

Standard notation is employed here; ∇a and � ≡ ∇c∇c represent the d’Alembert
operator and covariant derivative, respectively. Additionally, we have

Ξab = −2Tab + dabLm − 2dlk ∂2Lm

∂dab∂dlk . (12)

The field equation of the standard F(R)-gravity model can be obtained anew by setting
F2(T) to zero.

Consider a quark matter fluid characterized by the total pressure pM, total energy
density ρM, and velocity vector ηα. Given our flexibility in selecting Lm, we set Lm = −pM.

The energy–momentum tensor for magnetized strange quark (MSQ) matter fluid is
defined as per reference [23,42].

T(MSQ)
ab = (pM + ρM)ηaηb +

(
h2

2
− pM

)
dab − θaθb, (13)

where
ηa∇bηa = 0, ηa · ηa = 1. (14)

Moreover, where ηa = (0, 0, 0, 1) serves as the four-velocity vector, the magnetic flux h2

aligns in the x-direction due to the condition ηaθa = 0. In this context, pM stands for the
proper pressure, and ρM denotes the energy density.
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By utilizing Equations (12) and (13), we derive the variation of the stress energy–
momentum tensor for the magnetized strange quark fluid as follows.

Ξab = −2Tab − pMdab. (15)

After adopting (8) and (11), we obtain

F
′
1(R)Ricab =

1
2

F1(R)dab + 8πTab − F
′
2(T)Tab − F

′
2(T)Ξab +

1
2

F2(T)dab. (16)

In view of (13)–(15), the gravitational field equation for magnetized strange quark matter
fluid in F(R, T) = F1(R) + F2(T)-gravity model (16) becomes

Ricab =
1

F′
1(R)

{
1
2
(F1(R) + F2(T)) + (8π + F

′
2(T)

(
h2

2
− pM

)}
dab (17)

+
1

F′
1(R)

{
(ρM + pM + h2)(8π + F

′
2(T))

}
ηaηb +

1
F′

1(R)

{
(8π + F

′
2(T))

}
θaθb,

Upon contraction, Equation (17) simplifies to

R =
2[F1(R) + F2(T)]

F′
1(R)

+
(32π + 4F

′
2(T)

F′
1(R)

[(ρM − 3pM) + h2]. (18)

Therefore, for a spacetime (M4, d) containing magnetized strange quark matter fluid within
F(R, T) = F1(R) + F2(T)-gravity, the Ricci tensor takes on the following structure:

Ricab = αdab + βηaηb + γθaθb, (19)

where

α =
1

F′
1(R)

{
1
2
(F1(R) + F2(T)) + (8π + F

′
2(T)

(
h2

2
− pM

)}
, (20)

β =
1

F′
1(R)

{
(ρM + pM + h2)(8π + F

′
2(T))

}
, γ =

1
F′

1(R)

{
(8π + F

′
2(T))

}
. (21)

We assume that a and b are non-simultaneously zero throughout the document. A similar
approach was employed in [40] to establish the formulation of the Ricci tensor. For the sake
of coherence, we present the proof as well. As a result, we obtain

Theorem 1. The Ricci tensor for the spacetime of magnetized strange quark matter fluid in the
F(R, T) = F1(R) + F2(T)-gravity model is given by

Ricab =
1

F′
1(R)

{
1
2
(F1(R) + F2(T)) + (8π + F

′
2(T)

(
h2

2
− pM

)}
dab

+
1

F′
1(R)

{
(ρM + pM + h2)(8π + F

′
2(T))

}
ηaηb +

1
F′

1(R)

{
(8π + F

′
2(T))

}
θaθb.

Corollary 1. The scalar curvature for the F(R, T) = F1(R) + F2(T)-gravity model featuring
magnetized strange quark matter fluid is defined as:
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R =
2[F1(R) + F2(T)]

F′
1(R)

+
(32π + 4F

′
2(T))

F′
1(R)

[(ρM − 3pM) + h2].

In a notation devoid of indices, Equation (17) can now be represented as

Ric = αd + βη ⊗ η + γθ ⊗ θ. (22)

By referencing Equations (1) and (17), we arrive at the subsequent outcome.

Theorem 2. A spacetime (M4, d) in F(R, T) = F1(R) + F2(T)-gravity featuring magnetized
strange quark matter fluid represents a generalized quasi-Einstein spacetime.

Now, employing Equation (18), we derive

pM = −ρM
3

− 1
3

{
h2 − R

F′
1
(R)− 2(F1(R) + F2(T))(32π + 4F

′
2(T))

}
. (23)

Referring to [43], for the fact that pM = ρM + F(r) is the equation of state for dark
energy, with t being the cosmic time and F(r) being a function of the scale factor ”r”. The
author also demonstrated that whereas ω < −1 and ω > −1 indicate a shift from phantom
to non-phantom, ω = pM

ρM
= −1 yields a phantom barrier.

Theorem 3. If the matter of F(R, T) = F1(R) + F2(T)-gravity model is magnetized strange quark
matter fluid, then EoS is given by (23).

Assume that the strange quark matter’s EoS is pM = (ρM−4Bc)
3 . This finding, when

used with Equation (23), yields

pM =

{
RF

′
1(R)− 2(F1(R) + F2(T))

6(32π + 4F′
2(T))

− h2

}
− 2

3
Bc. (24)

ρM =

{
RF

′
1(R)− 2(F1(R) + F2(T))

2(32π + 4F′
2(T))

− h2

}
+ 2Bc. (25)

Thus, we turn up the following outcomes.

Corollary 2. If the magnetized strange quark matter fluid in the F(R, T) = F1(R) + F2(T)-
gravity model obeys the EoS (23) for strange quark matter. Then (24) and (25) determines the total
pressure pM and the total energy density ρM, respectively.

In the case of phantom barrier, ρM = −pM =

{
h2 − RF

′
1(R)−2(F1(R)+F2(T))

2(32π+4F′
2(T))

}
+ 2

3Bc.

As a result, we may infer

Corollary 3. If a phantom barrier type source of matter is used in a F(R, T) = F1(R) + F2(T)-
gravity model filled with magnetized strange quark matter fluid, the total pressure and total energy
density are calculated as

ρM = −pM =

{
h2 − RF

′
1(R)− 2(F1(R) + F2(T))

2(32π + 4F′
2(T))

}
+

2
3
Bc. (26)
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3. Ricci Soliton on F(R, T) = F1(R) + F2(T)-Gravity Model Attached
with Magnetized Strange Quark Matter

In this section, we analyze the Ricci soliton (RS) within the F(R, T)-gravity model,
coupled with magnetized strange quark matter. The conformal vector field ζ in this scenario
acts as the timelike velocity vector field.

As defined by Kuhnel and Rademacher [44], a conformal vector field F (CVF) on a
Lorentzian spacetime manifold (M4, d) is given by:

LFd = 2Ωd (27)

wherein Ω is a smooth function on M4. F is homothetic when Ω is constant, and is Killing
if Ω = 0. Next, adopting F = ζ, Equation (7) becomes

(Lζd)(a, b) + 2Ric(a, b) + 2λd(a, b) = 0. (28)

In light of (27), we gain
Ric(a, b) + (λ + Ω)d(a, b) = 0. (29)

Substituting (22) into the preceding equation, we obtain

(α + λ + Ω)d(a, b) + βη(a)η(b) = 0. (30)

By substituting a = b = ζ into (30), we deduce

λ =
1

F′
1(R)

{
1
2
(F1(R) + F2(T)) + (8π + F

′
2(T)

(
h2

2
− pM

)}
(31)

−
(

1
F′

1(R)

{
(ρM + pM + h2)(8π + F

′
2(T))

}
+ Ω

)
.

As such, we obtain the subsequent outcome.

Theorem 4. If a spacetime (M4, g) in the F(R, T) = F1(R) + F2(T)-gravity model attached with
magnetized strange quark matter fluid admits a RS (d, ζ, λ) with a CVF ζ, then RS is growing,
stable, or decreasing, referring as

1. 1
F′

1(R)

{
1
2 (F1(R) + F2(T)) + (8π + F

′
2(T)

(
h2

2 − pM

)}
> 1

F′
1(R)

{
(ρM + pM + h2)(8π + F

′
2(T))

}
+ Ω,

2. 1
F′

1(R)

{
1
2 (F1(R) + F2(T)) + (8π + F

′
2(T)

(
h2

2 − pM

)}
= 1

F′
1(R)

{
(ρM + pM + h2)(8π + F

′
2(T))

}
+ Ω, and

3. 1
F′

1(R)

{
1
2 (F1(R) + F2(T)) + (8π + F

′
2(T)

(
h2

2 − pM

)}
< 1

F′
1(R)

{
(ρM + pM + h2)(8π + F

′
2(T))

}
+ Ω, respectively, provided 1

F′
1(R)

	= 0.

4. Energy Conditions in F(R, T) = F1(R) + F2(T)-Gravity Model
Attached with Magnetized Strange Quark Matter Fluid Admits
Ricci Soliton

Referring to [45], we determine whether the criterion is met by the Ricci tensor Ric in
the spacetime described by Equation (32), where
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Ric(ζ, ζ) > 0, (32)

holds for all timelike vector fields ζ ∈ χ(M4). In such cases, Equation (32) is termed the
time-like convergence condition (TCC).

From Equation (17), we have

Ric(ζ, ζ) = α + β.

The spacetime in question is valid if it satisfies the time-like convergence condition
(TCC), meaning Ric(ζ, ζ) > 0.

1
F′

1(R)

{
1
2
(F1(R) + F2(T)) + (8π + F

′
2(T)

(
h2

2
− pM

)}
(33)

>
1

F′
1(R)

{
(ρM + pM + h2)(8π + F

′
2(T))

}
+ Ω.

The spacetime adheres to the cosmological strong energy condition (SEC) [46].
With the provided details and considering Equation (33), we can conclude that

Theorem 5. If a spacetime (M4, d) in the F(R, T) = F1(R) + F2(T)-gravity model attached with
magnetized strange quark matter fluid admits a RS (d, ζ, λ) with with a CVF ζ and satisfies TCC,
then RS is growing.

Remark 1. In 1973, Hawking and Ellis demonstrated that [47]:

(i) The time-like convergence condition (TCC) implies the cosmological strong energy condition
(SEC) and the null convergence condition (NCC).

(ii) The strong energy condition (SEC) implies the null energy condition (NEC).

Consequently, it follows that TCC implies NCC as well.

Using Theorem 5 and Remark 1 together, we turn up the following outcomes:

Theorem 6. If a spacetime (M4, d) in the F(R, T) = F1(R) + F2(T)-gravity model attached with
magnetized strange quark matter fluid admits a growing RS (d, ζ, λ) with a CVF ζ, if (33) holds,
then the quark matter fluid spacetime (M4, d) in the f (R, T) satisfies SEC.

Corollary 4. In the framework of the F(R, T) = F1(R) + F2(T)-gravity model coupled with
magnetized strange quark matter fluid, if a spacetime (M4, d) allows for an expanding RS geometry
(d, ζ, Λ) characterized by a conformal vector field ζ, and if condition (33) is met, then the spacetime
of the quark matter fluid in the f (R, T) model satisfies the null convergence condition (NCC).

Corollary 5. In the context of the F(R, T) = F1(R) + F2(T)-gravity model coupled with mag-
netized strange quark matter fluid, if a spacetime (M4, d) allows for an RS geometry (d, ζ, λ)

characterized by a conformal vector field (CVF) ζ and satisfies the strong energy condition (SEC),
then the Ricci tensor Ric in the expanding RS geometry belongs to the second Segre type [47].

The Universe’s evolution and the formation of galaxies were significantly influenced
by dark matter, which is implied by gravitational effects that general relativity cannot
account for unless there is more matter than can be seen [48].

Various changes to the standard rules of general relativity are advocated by dark matter.
These consist of entropic gravity, tensor–vector–scalar gravity, and modified Newtonian
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dynamics. None of the modified gravity theories that have been put forth thus far are able
to account for all of the observational data simultaneously, indicating that dark matter of
some kind will still be necessary even if gravity must be changed [48].

Remark 2. Strong energy conditions are mathematically imposed boundary restrictions that aim
to reflect the idea that energy should be positive rather than physical constraints. However, negative
pressure is a characteristic of the dark energy component. Dark energy slows the motion of large-scale
structures while speeding up the Universe’s expansions because it defies gravity [49]. The SEC
violation is correlated with this negative.

Moreover, a necessary condition for the late accelerated expansion of the Universe is
that the parameter of the dark energy equation (EoS) pM

ρM
= ω must be negative, i.e., ω < 0.

Therefore, if Ric(ζ, ζ) ≤ 0, then the violation of SEC is necessary. Therefore, (33) holds only
for non-expanding solitons such that

1
F′

1(R)

{
1
2
(F1(R) + F2(T)) + (8π + F

′
2(T)

(
h2

2
− pM

)}
(34)

≤ 1
F′

1(R)

{
(ω +

h2

ρM
)(8π + F

′
2(T))

}
+ Ω.

The right-hand side of (34) disappears in the case of dark energy, ω = − h2

ρM
= −1. Thus,

we can articulate the following outcome.

Theorem 7. Let the source of matter be dark energy in the F(R, T) = F1(R) + F2(T)-gravity
model attached with magnetized strange quark matter fluid, which admits a non-growing RS
(d, ζ, λ ≤ 0) with a CVF ζ, then SEC violates.

Moreover, we gain an interesting result with the violation of strong energy conditions.

Theorem 8. If the source of matter is dark energy in the F(R, T) = F1(R) + F2(T)-gravity model
attached with magnetized strange quark matter fluid admits a non-growing RS (d, ζ, λ ≤ 0) with a
CVF ζ, then the magnetic flux h in equal to the total density ρM.

5. Application of Singularity Theorem in F(R, T) = F1(R)+ F2(T)-Gravity
Model Attached with Magnetized Strange Quark Matter Fluid Admits a
Ricci Soliton

Remark 3. Based on Penrose’s singularity theorem, Vilenkin and Wall ([50]) showed that the
spacetime M satisfies the null convergence condition (NCC), indicating the presence of black holes
and a trapped surface outside these black holes within M.

In view of Theorem 5, Remarks 1 and 2, and Corollary 4, we can articulate the
upcoming result.

Theorem 9. If a spacetime (M4, d) in the F(R, T) = F1(R) + F2(T)-gravity model coupled
with magnetized strange quark matter fluid accommodates a growing RS geometry (d, ζ, Λ)

characterized by a conformal vector field (CVF) ζ, and if the spacetime (M4, g) satisfies the null
convergence condition (NCC), then the spacetime of the magnetized strange quark matter fluid in
(M4, d) includes black holes with a trapped surface outside these black holes within the F(R, T)-
gravity model.
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Corollary 6. If a spacetime (M4, d) in the F(R, T) = F1(R) + F2(T)-gravity model coupled with
magnetized strange quark matter fluid features a growing RS geometry (d, ζ, Λ) with a Killing
vector field ζ, and if the spacetime (M4, d) satisfies the null convergence condition (NCC), then
the spacetime of the magnetized strange quark matter fluid in (M4, d) includes black holes with a
trapped surface outside these black holes within the F(R, T)-gravity model.

6. Solitonic Solutions for Magnetic Dilaton

The inclusion of a hypothetical particle known as the magnetic dilaton in the standard
model. The magnetic dilaton is a scalar field that appears in gravity theories with addi-
tional dimensions [51] and in the field theory when conformal symmetry is spontaneously
violated [52].

Certain cosmological issues are clarified by the magnetic dilaton field. Magnetic dila-
ton field theory provides an explanation for inflation and the existence of the cosmological
constant [53]. Additionally, using a magnetic dilaton to study black holes could lead to
new insights on black hole thermodynamics [54]. Additionally, composite Higgs models
contain magnetic dilaton. In this case, a magnetic dilaton might act as a link between dark
matter particles and the standard model.

Multidimensional theories of gravity, such as the superstring theory [55] and the 5-
dimensional Kaluza–Klein theory [51], which combines gravitational and electromagnetic
interactions, also predict magnetic dilaton. The diagonal elements of a multidimensional
metric tensor dab, which correspond to the coordinates of additional spacetime dimensions,
are where a magnetic dilaton is regarded in these theories as a scalar field. While elements
d00, d11, d22, and d33 reflect ordinary 4-dimensional spacetime, the magnetic dilaton field in
a 5-dimensional scenario might be found in metric tensor element d44 [51].

Maxwell-dilaton theory [56], which specifically derives from the multidimensional
theories of gravity [55], takes the magnetic dilaton into account. Electromagnetic fields can
produce magnetic dilation, which can be found in investigations looking for particles that
resemble axion [57].

In some astrophysical objects, magnetic dilatons [58], produced by different arrange-
ments of electromagnetic fields may be investigated. Investigating revolving neutron stars
(pulsars and magnetars) as dilaton sources is particularly noteworthy. These objects are
known to generate coherent electromagnetic radiation and have strong magnetic fields
between 108 and 1015 Gauss [59]. A detailed discussion of how revolving neutron stars
produce dilatons may be found in [60].

The creation of magnetic dilaton during magnetic dipole radiation transmission in a
galactic magnetic field. For relatively long distances Lcoh, where Lcoh is the magnetic field’s
coherence length, the galactic magnetic field can be regarded as uniform and constant [61].
Lcoh = approx. 100 pc for the galactic magnetic field [62]. This is why galactic magnetic
fields can contribute significantly to dilaton formation even though they are only about
10−5 Gauss [61].

The following is an expression for the density of the Lagrange function for the magnetic
dilaton interacting with an electromagnetic field [60]:

L = C0(∂Ψ) + C1e−2KψFabF ab, (35)

where the Maxwell tensor is Fab and the gauge constants are C0, C1, and K. A massless
scalar field Ψ is said to be a magnetic dilaton.

Superstring theory predicts the value of the constant K = 1. K =
√

3 is the value
obtained from the 5-dimensional Kaluza–Klein theory result [51].
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The density of the Lagrange function (35) yields the field equations, which take the
following form:

∂k∂kΨ =
−C1K

C0
e−2KΨFabF ab, (36)

∂a[e−2KΨF ab] = 0. (37)

The self-interacting magnetic dilaton field Ψ is represented by Equation (36). An electro-
magnetic field equation is shown in Equation (37). It also explains how the electromagnetic
is affected by the magnetic dilaton field.

In the spacetime, the field Equations (36) and (37), will look like this with this approxi-
mation: (

Δ − 1
c2

∂2

∂t2

)
Ψ =

C1K
C0

FabF ab, (38)

∂aF ab = 0. (39)

Maxwellian electrodynamics without charges or currents is described by Equation (39).
The following is a representation of the invariant FabF ab in terms of the electric field

E and magnetic field B:
FabF ab = 2[B2 − E2]. (40)

The Equation (38) will be written as follows in this case:(
Δ − 1

c2
∂2

∂t2

)
Ψ =

C1K
C0

2[B2 − E2]. (41)

The source of the magnetic dilaton field can only be electromagnetic fields for which
the invariant (39) is not equal to zero, per Equations (38) and (41) in the approximation
under consideration. As a result, the magnetic dilaton field can be produced during the
propagation of electromagnetic waves in an external electromagnetic field or in the vicinity
of an electromagnetic source.

However, Kong and Liu studied the hyperbolic Ricci flow in 2010 [63]. This flow is
composed of a system of second-order nonlinear evolution of partial differential equations.
The wave characteristics of metrics and manifold curvatures are described by hyperbolic
Ricci flow. Furthermore, gravity has the ability to create waves. Gravity waves generate
spacetime rippling that spreads over the cosmos. A gravitational wave is essentially an
oscillation of spacetime curvature that is traveling away from Earth.

For example, the hyperbolic Ricci flow [63], which is thus inspired by the Ricci flow, is
characterized by the resulting evolution equation

1
2

∂2

∂t2 d(t) = −Ric(t)d(t), d0 = d(0),
∂

∂t
dij = ΔΨ, (42)

Therefore, a hyperbolic Ricci soliton is a self-similar solution of hyperbolic Ricci flow that
is characterized as:

Definition 2 ([64]). A hyperbolic Ricci soliton is a semi-Riemannian manifold (Mn, g) if, and only
if, there is a vector field ζ on M and real scalars μ and λ such that

1
2
LζLζ g + λLζ g + Ric = μd, (43)

where Ric is the Ricci curvature of M.
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Now, in light of Equations (41)–(43), we can express the geometric flow for magnetic
dilaton such that

∂2

∂t2 Ψ = −c2ΔΨ + 2c2 C1K
C0

[B2 − E2]. (44)

Thus, the soliton is a self-similar solution of geometric flow (44) that is expressed as:

1
2
LζLζ Ψ + c2ΔΨ − 2c2 C1K

C0
[B2 − E2] + λLζΨ = μΨ. (45)

where metric dΨ induced by Ψ and dΨ depends nonlinearly on Ψ.
In (45), λ and μ show the types of solitons for magnetic dilaton and the rate of the

underlying type, respectively. Moreover, μ represents the rate of change in the solutions
and has geometric meaning as well. Depending on the constant μ, the soliton rate of change
can be either shrinking, expanding, or approximately stable, regardless of whether μ < 0,
μ > 0, or μ = 0. Still, it is an open problem to discuss the rate of change of μ of hyperbolic
Ricci solitons for Thorems 4–7 (see the chart in Figure 1).

Figure 1. Analysis chart for the Ricci solitons and the solitons for magnetic dilaton.

7. Conclusions

F(R, T)-gravity theory is effective in representing the fast expansion of the Universe
throughout late cosmic eras.

We have revealed an extensive variety of phenomena from our study of the properties
of magnetized strange quark matter in F(R, T)-gravity, especially its interesting coupling
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to Ricci solitons with a conformal vector field. We derive the gravitational field equation
of the F(R, T) = F1(R) + F2(T)-gravity model attached with magnetized strange quark
matter fluid and derive the expression for the Ricci scalar for the spacetime of magnetized
strange quark matter fluid in the specific F(R, T)-gravity model.

Moreover, we gain the equation of state for magnetized strange quark matter fluid at-
tached with the F(R, T)-gravity framework and determine the total quark density and total
pressure during the radiation and phantom barrier epochs of the Universe. Furthermore,
we delve into the characteristics of magnetized strange quark matter in F(R, T)-gravity,
highlighting its association with Ricci solitons endowed with a time-like conformal vector
field. After that, we provide certain criteria for the magnetized strange quark matter
combined with the given F(R, T)-gravity model, taking into account the black holes and
different energy circumstances in terms of Ricci solitons.

Finally, we obtain a singularity theorem, which is based on the application of Penrose’s
singularity theorem for a spacetime that satisfies the null convergence condition indicating
the presence of black holes, and explore a solitonic method on magnetic dilaton.

Some aspects of F(R, T)-gravity, and important other field theory aspects:

Researchers have investigated the singularity in the research of black holes using
contour integrals and assessed it in the energy component using Fourier transforms; some
theories, such as transistors and perturbation theory, are even highly helpful in this regard.
In addition to being commonly utilized to give dark matter abundances a geometric
origin, the F(R, T)-gravity model has garnered more interest recently in the context of
astrophysical applications. Furthermore, it has been suggested as an explanation for cosmic
inflation.

The F(R, T)-gravity theory, which generalizes the EH Lagrangian to be an arbitrary
function of the Ricci scalar R and energy–momentum tensor T, is one of the most ex-
tensively researched variations of Einstein’s classical explanation of gravitational waves.
The technical nature of these theories restricts analytical knowledge to systems with high
symmetry or perturbations of such systems, despite the fact that significant progress has
been made in grasping the consequences of such theories. Numerical relativity has made
significant contributions to our understanding of space–time dynamics in classical general
relativity in recent years, and it offers some optimism that concerns in F(R, T) gravity will
be similarly applicable.
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Abstract: In this work, we consider Pythagorean triples and quadruples using fundamental
form matrices of hypersurfaces in three- and four-dimensional space forms and illustrate
various figures. Moreover, we generalize that an immersed hypersphere Mn with radius r
in an (n + 1)-dimensional Riemannian space form Mn+1(c), where the constant sectional
curvature is c ∈ {−1, 0, 1}, satisfies the (n + 1)-tuple Pythagorean formula Pn+1. Remark-
ably, as the dimension n → ∞ and the fundamental form N → ∞, we reveal that the radius
of the hypersphere converges to r → 1√

2
. Finally, we propose that the determinant of the

Pn+1 formula characterizes an umbilical round hypersphere satisfying k1 = k2 = · · · = kn,
i.e., Hn = Ke in Mn+1(c).

Keywords: space forms; Pythagorean triples; Pythagorean quadruples; Pythagorean
(n + 1)-tuples; hypersurface; hypersphere; radius; fundamental form matrices

MSC: 53A07; 53C42; 15A09; 15A24

1. Introduction

The Pythagorean theorem is one of the most fundamental and enduring results in
mathematics. This article explores its geometric significance through differential geometry,
extending its classical formulation to higher-dimensional space forms.

The Pythagorean (or Pythagoras’ of Samos (570–495 BC)) Theorem: Geometrically:
The sum of (the areas of) the two small squares equals (the area of) the big one. Algebraically:
a2 + b2 = c2, where a and b are the legs of the triangle and c is the hypotenuse.

For centuries, people have been cited and used this theorem. Mordell [1] and
Nagell [2] gave the Pythagorean triples and quadruples, algebraically, in their books.

Arnold and Eydelzon [3] studied matrix Pythagorean triples. Crasmareanu [4] in-
troduced a new method to find Pythagorean triples with matrices. Aydın and Mihai [5]
worked on surfaces with Pythagorean fundamental forms in 3-space forms. Palmer, Ahuja,
and Tikoo [6] studied the Pythagorean triples preserving matrices. Some authors, such
as [7–9], gave the Pythagorean theorem in their books, historically.

Remarkably, the Babylonians empirically knew the hypotenuse length of a square,
i.e.,

√
2. See Figure 1 (Left and Middle: written in the original Babylonian sexagesimal

system using base 60; Right: converted to our decimal system using base 10) for the best-
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known ancient Babylonian tablet, known as YBC 7289, which is approximately 4000 years
old and related to the Pythagorean theorem [7,9].

See [10,11] for more details on the Babylonian clay tablet YBC 7289.
Next, we give the fundamental notions of the differential geometry of hypersurfaces.

See [12] for details.
Let Em denote the Euclidean m-space, where (x1, x2, . . . , xm) is a rectangular coordi-

nate system, with the canonical Euclidean metric tensor defined by g̃ = 〈 , 〉 =
m
∑

i=1
dx2

i .

We denote the Levi-Civita connections [13] of the manifold M̃, and its submanifold M
of Em by ∇̃, ∇, respectively. We use the letters X, Y, Z, W (resp., ξ, η) to denote the vec-
tors fields tangent (resp., normal) to M. The Gauss and Weingarten formulas are given,
respectively, by

∇̃XY = ∇XY + h(X, Y), (1)

∇̃Xξ = −Aξ(X) + DXξ, (2)

where h, D, and A are the second fundamental form, the metric connection, and the shape
operator of M, respectively. The shape operator Aξ is a symmetric endomorphism of the
tangent space Tp M at p ∈ M for each ξ ∈ T⊥

p M. The shape operator and the second
fundamental form are related by

〈h(X, Y), ξ〉 =
〈

Aξ X, Y
〉
.

The Gauss and Codazzi equations are, respectively, defined by

〈R(X, Y, )Z, W〉 = 〈h(Y, Z), h(X, W)〉 − 〈h(X, Z), h(Y, W)〉, (3)

(∇̄Xh)(Y, Z) = (∇̄Yh)(X, Z), (4)

where R, RD are the curvature tensors related with connections ∇ and D, respectively,
and then ∇̄h is given by the Levi-Civita connection

(∇̄Xh)(Y, Z) = DXh(Y, Z)− h(∇XY, Z)− h(Y,∇XZ).

Figure 1. The best known old Babylonian tablet from Mesopotamia: YBC 7289. (Left) Original tablet.
(Middle) Babylonian numbers and their decoded values. (Right) Decimal number transformation.

Let M be an oriented hypersurface in En+1, S its shape operator, and x its position
vector. Considering a local orthonormal frame field {e1, e2, . . . , en} consisting of principal
directions of M corresponding from the principal curvature ki for i = 1, 2, . . . , n, we assume
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the dual basis of this frame field be {θ1, θ2, . . . , θn}. Hence, the first structural equation of
Cartan is given by

dθi =
n

∑
i=1

θj ∧ ωij, i, j = 1, 2, . . . , n, (5)

where ωij denotes the connection forms corresponding to the chosen frame field. Denoting
the Levi-Civita connections of M in E

n+1 by ∇ and ∇̃, respectively, from the Codazzi
Equation (3), we obtain

ei(kj) = ωij(ej)(ki − kj), (6)

ωij(el)(ki − kj) = ωil(ej)(ki − kl) (7)

for distinct i, j, l = 1, 2, . . . , n.
Taking sj = σj(k1, k2, . . . , kn), where σj is the j-th symmetric function defined by

σj(a1, a2, . . . , an) = ∑
1≤i1<i2<...<ij≤n

ai1 ai2 . . . aij ,

we use the following notation:

rj
i = σj(k1, k2, . . . , ki−1, ki+1, ki+2, . . . , kn).

By the definition, we have r0
i = 1 and sn+1 = sn+2 = · · · = 0. Calling the function sk

as the k-th mean curvature of M, the functions H = 1
n s1 and K = sn are named the mean

curvature and the Gauss–Kronecker curvature of M, respectively. M is called the j-minimal
if sj ≡ 0 on M.

InEn+1, finding the i-th curvature formulas Ci, where i = 0, . . . , n, we use the following
characteristic polynomial of S:

PS(λ) = 0 = det(S − λIn) =
n

∑
k=0

(−1)kskλn−k, (8)

and In denotes the identity matrix of order n. Then, we obtain curvature formulas (n
i )Ci = si.

Here, (n
0)C0 = s0 = 1 (by definition), (n

1)C1 = s1, . . . , (n
n)Cn = sn = K.

k-th fundamental form of M is defined by(
Sk−1(X), Y

)
=
〈

Sk−1(X), Y
〉

.

Then, one obtains

n

∑
i=0

(−1)i
(

n
i

)
Ci I

(
Sn−i(X), Y

)
= 0. (9)

Recently, Güler [14] introduced curvature formulas for hypersurfaces in four-
dimensional space. For further details on the nature of hypersurfaces, see also [15–18].

In this work, we present several results related to the Pythagorean Pn+1 formula.
In Section 2, we introduce the Pythagorean triples P3 using fundamental form matrices of
surfaces in three-dimensional space forms.

In Section 3, we examine Pythagorean quadruples P4 using fundamental form matrices
of hypersurfaces in four-dimensional space forms M4(c), where c ∈ {−1, 0, 1}.

In Section 4, we generalize the Pythagorean formula for hypersurfaces immersed in
Mn+1(c) using matrices corresponding to the fundamental forms I, I I, I I I, . . . , N, N + 1 of
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the hypersurface. Additionally, we show that an immersed hypersphere Mn with radius r
in Mn+1(c) satisfies the Pythagorean (n + 1)-tuple equation Pn+1. Remarkably, as n → ∞
and N → ∞, we reveal that the radius converges to r → 1√

2
for the hypersphere Mn.

Finally, we show that the determinant of the Pn+1 formula characterizes an umbilical
round hypersphere satisfying k1 = k2 = · · · = kn, i.e., Hn = Ke in Mn+1(c).

We also provide a conclusion in Section 5.

2. The Pythagorean Triples P3

Using the fundamental form matrices, we consider the Pythagorean triples Equation
as follows

I2 + I I2 = I I I2. (10)

For any surface, taking n = 2 in Equation (9), we have

C0 I I I − 2C1 I I + C2 I = 0, (11)

where C0 = 1 (by definition), C1 = H (mean curvature), C2 = K = Ke (extrinsic Gaussian
curvature, where K = Ke + c).

Next, we obtain the solutions of the Pythagorean triples formula P3 with the funda-
mental form matrices, using two different ways, excluding the way of Aydın and Mihai [5].

2.1. First Solution of the Pythagorean Triples Formula P3

Substituting I I I of Equation (11) into the right side of Equation (10), we obtain the
Pythagorean triples formula P3, as follows

I2 + I I2 = (2H II − Ke I)2,

considering that A.B 	= B.A for matrices in general, and taking I I = I.S, we have the
following equation[(

1 − 4H2
)
(S) + 2HKe(I2)

]
(I.S)−

[(
K2

e − 1
)
(I2)− 2HKe(S)

]
(I) = 0. (12)

Substituting the following matrices: shape operator S =

(
k1 0
0 k2

)
, the first fun-

damental form I =

(
a11 a12

a12 a22

)
, and identity I2 =

(
1 0
0 1

)
into the Equation (12),

we obtain (
a11X11 a12X12

a12X12 a22X22

)
=

(
0 0
0 0

)
, (13)

where

X11 =
(

1 − 4H2
)

k2
1 + 4HKek1 + 1 − K2

e , (14)

X22 =
(

1 − 4H2
)

k2
2 + 4HKek2 + 1 − K2

e , (15)

X12 =
(

1 − 4H2
)

k1k2 + 2HKe(k1 + k2) + 1 − K2
e . (16)

Here, a11 	= 0, a12 	= 0, a22 	= 0, since I 	= 0. Hence, we have Xij = 0, as follows
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(
1 − 4H2

)
k2

1 + 4HKek1 + 1 − K2
e = 0, (17)(

1 − 4H2
)

k2
2 + 4HKek2 + 1 − K2

e = 0, (18)(
1 − 4H2

)
k1k2 + 2HKe(k1 + k2) + 1 − K2

e = 0. (19)

Adding Equations (17) and (18), and extending Equation (19) by 2, respectively,
we obtain

(
1 − 4H2

)(
k2

1 + k2
2

)
+ 4HKe(k1 + k2) + 2

(
1 − K2

e

)
= 0, (20)

2
(

1 − 4H2
)

k1k2 + 4HKe(k1 + k2) + 2
(

1 − K2
e

)
= 0. (21)

Replacing (k1 + k2)
2 = k2

1 + k2
2 + 2k1k2, k1 + k2 = 2H, k1k2 = Ke, k2

1 + k2
2 = 4H2 − 2Ke,

into Equation (20) and Equation (21), respectively, we obtain the following

K2
e + Ke − 1 = 2H2

(
1 + 4

(
Ke − H2

))
, (22)

K2
e − Ke − 1 = 0. (23)

Ke solutions of Equation (23) are the golden ratio ϕ = 1+
√

5
2 , and its conjugate ϕ∗ = 1−

√
5

2
as in [5]. Together with complex solutions, all {H, Ke} solutions of Equations (22) and (23)
are the following {

−1
2

, ϕ∗
}

,
{
−1

2
, ϕ

}
,
{

1
2

, ϕ∗
}

,
{

1
2

, ϕ

}
,{

−i
√
−ϕ∗, ϕ∗

}
,
{

i
√
−ϕ∗, ϕ∗

}
, {−√

ϕ, ϕ}, {√ϕ, ϕ}.

Corollary 1. Whenever H2 = Ke in Equation (22), we obtain Equation (23). Therefore, H2 = Ke

is the common solution, and then the real {H, Ke} solutions of P3 are
{
−√

ϕ, ϕ
}

,
{√

ϕ, ϕ
}

.

Definition 1. The surface is called totally umbilical if all its points are umbilical, i.e., k1 = k2 or
equivalently H2 = Ke.

For simplicity, we will use the term “umbilical surface” instead of “totally umbilical
surface” for the rest of the paper.

The only totally umbilical surfaces are (pieces of) planes and spheres. See [19]
for details.

2.2. Second Solution of the Pythagorean Triples Formula P3

Taking the determinant of both sides of the following(
X11 X12

X12 X22

)
=

(
0 0
0 0

)
, (24)

where Xij is given by Equations (14), (15), and (16), respectively, we obtain(
−4H2 − K2

e + 1
)(

k2
1 + k2

2

)
+ 2

(
4H2 + K2

e − 1
)

k1k2 = 0.

Substituting k2
1 + k2

2 = 4H2 − 2Ke, k1k2 = Ke, we obtain an implicit algebraic curve
Φ1(H, Ke) = 0 (See Figure 2, Left):
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4
(

Ke − H2
)(

4H2 + K2
e − 1

)
= 0. (25)

Corollary 2 (Geometric Conclusion 1). The determinant described by Equation (25) of the P3

matrix given by Equation (24) draws a parabola Ke = H2 or an ellipse (2H)2 + K2
e = 1.

Taking H = k1+k2
2 and Ke = k1k2 in Equation (25), we obtain the implicit algebraic

curve Φ2(k1, k2) = 0, which depends on the principal curvatures, curvature k1, and torsion
k2, as follows (see Figure 2, right):

−k4
1k2

2 − k2
1k4

2 + 2k3
1k3

2 − k4
1 − k4

2 + 2k2
1k2

2 + k2
1 + k2

2 − 2k1k2 = 0. (26)

Figure 2. Algebraic curves. (Left) Φ1(H, Ke) = 0, (Right) Φ2(k1, k2) = 0.

Corollary 3. The determinant of the P3 matrix defined in Equation (24) and given by Equation (25),
corresponds to an umbilical round sphere where the principal curvatures satisfy k1 = k2, i.e.,
H2 = Ke, in M3(c) with c ∈ {−1, 0, 1}.

3. The Pythagorean Quadruples P4

Let a, b, c, d ∈ N−{0}, and let {a, b, c, d} be a quadruple with a2 + b2 + c2 = d2, called
a Pythagorean quadruple (we called it P4).

In addition, if {a, b, c, d} is a P4, so is {ta, tb, tc, td} for any t ∈ N−{0}. If gcd (a, b, c, d) =
1, the quadruple {a, b, c, d} is named a primitive Pythagorean quadruple. Here are some of
the quadruples {1, 2, 2, 3}, {2, 10, 11, 15}, {3, 4, 12, 13}, {7, 24, 312, 313}, {17, 144, 408, 433},
and {1089, 4840, 6480, 8161}.

See [1,2,20,21] for the algebric cases, and for the geometric cases [3–6] of the
Pythagorean theorem. Considering the algebraic findings of it, we continue our com-
putations with the geometric ways. Nelsen [22] gave the proof of the Pythagorean
quadruples, virtually.

The set of the primitive Pythagorean quadruples for which a is odd can be obtained
by ⎧⎪⎨⎪⎩m2 + n2 − p2 − q2︸ ︷︷ ︸

a

, 2(mp + nq)︸ ︷︷ ︸
b

, 2(nq − mp)︸ ︷︷ ︸
c

, m2 + n2 + p2 + q2︸ ︷︷ ︸
d

⎫⎪⎬⎪⎭, (27)

where m, n, p, q are the non-negative integers, gcd(m, n, p, q) = 1, and m + n + p + q is odd.
Here, a2 + b2 + c2 = d2 is also known as Lebesgue’s identity. See [2] for Lebesgue’s identity.
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Better understanding the Pythagorean quadruples P4, we consider the Hopf fibration
map defined by Hopf: C×C → E3,

Hopf(z, w) =
(
|z|2 − |w|2, 2Re(zw), 2Im(zw)

)
,

or briefly, it is defined by Hopf: S3 → S2. Adding on the last term d of Equation (27) on the
image Hopf(z, w), we can define P4 : C×C → E4, as follows:

(z, w) �→ P4(z, w) =

⎛⎜⎝|z|2 − |w|2︸ ︷︷ ︸
a

, 2Re(zw)︸ ︷︷ ︸
b

, 2Im(zw)︸ ︷︷ ︸
c

, |z|2 + |w|2︸ ︷︷ ︸
d

⎞⎟⎠,

where z = m + ni, w = p + qi, m, n, p, q are the non-negative integers; gcd(m, n, p, q) = 1;
and m + n + p + q is odd. Then, we obtain that P4(z, w) transforms into a Pythagorean
quadruple (27).

Let M4(c) be a 4-dimensional Riemannian space form, which has constant sectional
curvature c ∈ {−1, 0, 1}, with metric 〈., .〉

M
. While c ∈ {−1, 0, 1}, M4(c) represents a

hyperbolic space H4, Euclidean space E4, 4-sphere S4, respectively. The hypersphere with
radius r in E5 is defined by S4(r) =

{
x ∈ E5 | 〈x, x〉

E
= r2}, and the hyperquadric in

Lorentz–Minkowski space L5 = E5
1 is defined by H4(r) =

{
x ∈ L5 | 〈x, x〉

L
= −r2}. We

remark that the open hemi-hypersphere, which has all points x = (x1, . . . , x5) of S4, is S4
i,+,

where xi > 0.
We assume M3 to be an orientable hypersurface immersed into M4(c). For any hyper-

surface of M4(c), taking n = 3 in Equation (9), the fundamental forms and the curvatures
are related by

C0 IV − 3C1 I I I + 3C2 I I − C3 I = 0. (28)

Here, C0 = 1, C1 = H, C3 = Ke. See [14] for details.
Next, we consider a hypersurface M3 immersed in a space form M4(c), c ∈ {−1, 0, 1},

satisfying Pythagorean quadruples Equation P4:

I2 + I I2 + I I I2 = IV2, (29)

geometrically. In the next theorem, we only use the following 3-sphere S3(r) with spherical
representing x : E3 → S3(r) ⊂ E4:

(r cos θ1 cos θ2 cos θ3, r sin θ1 cos θ2 cos θ3, r sin θ2 cos θ3, r sin θ3), (30)

where r > 0 and 0 ≤ θi ≤ 2π. It can be given for H3 and E4, similarly.

Theorem 1. The Pythagorean quadruple given Equation (29) of the hypersphere determined by
Equation (30) can be denoted by

(I3)
2 + (S)2 +

(
S2
)2

=
(

S3
)2

.

S3(r) has the Pythagorean quadruple described by Equation (29) if and only if the following algebraic
equation holds:

x3 + x2 + x − 1 = 0, (31)

where x = r2.
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Proof. Let M4(c) with c = 0 be a Euclidean 4-space E4, and let S3(r) be a hypersphere
with radius r given by Equation (30). Then, we compute the fundamental forms of the
hypersphere as follows

I = diag
(

r2 cos2 θ2 cos2 θ3, r2 cos2 θ3, r2
)

,

I I = diag
(
−r cos2 θ2 cos2 θ3,−r cos2 θ3,−r

)
,

I I I = diag
(

cos2 θ2 cos2 θ3, cos2 θ3, 1
)

,

IV = diag
(
−1

r
cos2 θ2 cos2 θ3,−1

r
cos2 θ3,−1

r

)
.

Using Equation (29), and with the help of the fundamantel form matrices of the S3(r),
we obtain r6 + r4 + r2 − 1 = 0, and r 	= 0. The shape operator matrix of the hypersphere
described by Equation (30) is given by S = − 1

r I3, where I3 is the identitity matrix. See [14]
for details.

Numerical solutions of the Equation (31) are x1 ≈ 0.54369, x2, x3 ∈ C. Since x = r2, we
have r1 ≈ 0.73735.

Next, we indicate the solutions of the Pythagorean quadruples formula P4, using two
different ways with the fundamental form matrices.

3.1. First Solution of the Pythagorean Quadruples Formula P4

Substituting IV of Equation (28) into the right side of Equation (29), we have the
Pythagorean quadruple formula P4, as follows

I2 + I I2 + I I I2 = (3H III − 3C2 I I + Ke I)2. (32)

Taking into account A.B 	= B.A for matrices in general, and S = I−1.I I, S−1 = I I−1.I,
I I I = I I.S = I.S2, after some computations, we obtain the following equation

0 =
[
−Ke M(I3) + MT(S) +

(
1 − M2

)(
S2
)](

I.S2
)

+
[

TKe(I3) +
(

1 − T2
)
(S) + MT

(
S2
)]

(I.S) (33)

+
[(

1 − K2
e

)
(I3) + TKe(S)− MKe

(
S2
)]

(I).

To shorten the computations, we use

k1 + k2 + k3 = 3H = M,

k1k2 + k1k3 + k2k3 = 3C2 = T,

k1k2k3 = Ke.

Substituting the shape operator S =

⎛⎜⎝ k1 0 0
0 k2 0
0 0 k3

⎞⎟⎠, the first fundamental form

I =

⎛⎜⎝ a1 a2 a3

a2 a4 a5

a3 a5 a6

⎞⎟⎠, and the identity I3 =

⎛⎜⎝ 1 0 0
0 1 0
0 0 1

⎞⎟⎠ matrices into the Equation (33),

we obtain
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⎛⎜⎝ a1Y11 a2Y12 a3Y13

a2Y12 a4Y22 a5Y23

a3Y13 a5Y23 a6Y33

⎞⎟⎠ =

⎛⎜⎝ 0 0 0
0 0 0
0 0 0

⎞⎟⎠,

where

Y11 =
(

1 − M2
)

k4
1 + 2TMk3

1 +
(

1 − T2 − 2MKe

)
k2

1 (34)

+2TKek1 + 1 − K2
e ,

Y22 =
(

1 − M2
)

k4
2 + 2TMk3

2 +
(

1 − T2 − 2MKe

)
k2

2 (35)

+2TKek2 + 1 − K2
e ,

Y33 =
(

1 − M2
)

k4
3 + 2TMk3

3 +
(

1 − T2 − 2MKe

)
k2

3 (36)

+2TKek3 + 1 − K2
e ,

Y12 = −MKe

(
k2

1 + k2
2

)
+ TKe(k1 + k2) +

(
1 − M2

)
k2

1k2
2 (37)

+TM
(

k2
1k2 + k1k2

2

)
+
(

1 − T2
)

k1k2 + 1 − K2
e ,

Y13 = −MKe

(
k2

1 + k2
3

)
+ TKe(k1 + k3) +

(
1 − M2

)
k2

1k2
3 (38)

+TM
(

k2
1k3 + k1k2

3

)
+
(

1 − T2
)

k1k3 + 1 − K2
e ,

Y23 = −MKe

(
k2

2 + k2
3

)
+ TKe(k2 + k3) +

(
1 − M2

)
k2

2k2
3 (39)

+TM
(

k2
2k3 + k2k2

3

)
+
(

1 − T2
)

k2k3 + 1 − K2
e .

Since I 	= 0, ai 	= 0, where i = 1, 2, ..., 6. Hence, Y11 = 0, Y12 = 0, Y13 = 0, Y22 = 0,
Y23 = 0, and Y33 = 0. Adding diagonal elements ∑Yii and other elements ∑Yjk (j 	= k),
we find

−3K2
e − 2M

(
3M2 − 6T − 2

)
Ke + M2T

(
6M2 − 9T − 4

)
−M6 + M4 + M2 + 1 + 2

(
T3 + T2 − T + 1

) = 0, (40)

−3K2
e + M(3T − 2)Ke + 2 −

(
T3 − T2 − T − 1

)
= 0, (41)

respectively. We use

k4
1 + k4

2 + k4
3 =

(
M2 − 2T

)2
− 2

(
T2 − 2MKe

)
=

(
9H2 − 6C2

)2
− 2

(
9C2

2 − 6HKe

)
,

k3
1 + k3

2 + k3
3 = M3 − 3MT + 3Ke = 27H3 − 27HC2 + 3Ke,

k2
1 + k2

2 + k2
3 = M2 − 2T = 9H2 − 6C2,

k2
1k2

2 + k2
1k2

3 + k2
2k2

3 = T2 − 2MKe = 9C2
2 − 6HKe,

and
k1k2

2 + k2
1k2 + k1k2

3 + k2
1k3 + k2k2

3 + k2
2k3 = MT − 3Ke = 9HC2 − 3Ke

to obtain Equations (40) and (41). Therefore, by replacing T, M with 3C2, 3H, respectively,
Equations (40) and (41) reduce to Ω1(H,C2, Ke) = 0 and Ω2(H,C2, Ke) = 0, as follows
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Ω1(H,C2, Ke) = −3(K2
e − 2H

(
18C2 − 27H2 + 2

)
Ke (42)

+9C2H2
(

27C2 − 54H2 + 4
)

+243H6 − 27H4 − 3H2 − 18C3
2 − 6C2

2 + 2C2 − 1),

Ω2(H,C2, Ke) = −3
(

K2
e − H(9C2 − 2)Ke + 9C3

2 − 3C2
2 − C2 − 1

)
, (43)

respectively. Equations (42) and (43) are the implicit algebraic surfaces. See Figure 3
and Figure 4, respectively.

Figure 3. Algebraic surface Ω1(H,C2, Ke) = 0. (Left) Front view, (Right) back view.

Figure 4. Algebraic surface Ω2(H,C2, Ke) = 0 in (43). (Left) Front side view, (Right) back side view.

Ke solutions of Equations (42) and (43) are as follows

Ke =
(

18C2 − 27H2 + 2
)

H ± (18C3
2 + 6C2

2 − 2C2 + 1 + 81C2
2H2

−486C2H4 + 36C2H2 + 486H6 − 81H4 + 7H2)1/2,

Ke =
1
2

(
(9C2 − 2)H ±

(
(9C2 − 2)2H2 − 4

(
9C3

2 − 3C2
2 − C2 − 1

))1/2
)

,

respectively.
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We also obtain that the implicit algebraic surfaces depend on the principal curvatures
k1, k2, k3 as Ω1(k1, k2, k3) = 0 and Ω2(k1, k2, k3) = 0, replacing H,C2, Ke with k1+k2+k3

3 ,
k1k2+k1k3+k2k3

3 , k1k2k3, respectively, in Equation (42) and Equation (43). See Figure 5 and
Figure 6 for the algebraic surfaces Ω1, Ω2, respectively.

Figure 5. Algebraic surface Ω1(k1, k2, k3) = 0. (Left) Front side view, (Right) back side view.

Figure 6. Algebraic surface Ω2(k1, k2, k3) = 0. (Left) Front side view, (Right) back side view.

Eliminating C2, H, Ke, respectively, in Equation (42) and Equation (43), we have the
following implicit algebraic equations. Ω3(H, Ke) = 0 (see Figure 7, Left), Ω3(C2, Ke) = 0
(See Figure 7, Middle), and Ω3(H,C2) = 0 (see Figure 7, Right), respectively.

Ω3(H, Ke) = −387420489H18 + 387420489H16 + 516560652H15Ke

−33480783H14 − 420901272H13Ke − 200884698H12K2
e

+60584274H12 + 74401740H11Ke + 136580337H10K2
e

+18068994H9K3
e − 49483062H10 − 49837356H9Ke

−30114990H8K2
e − 12045996H7K3

e + 177147H6K4
e

+2827791H8 + 15348366H7Ke + 8815797H6K2
e

+2033910H5K3
e + 347733H4K4

e − 39366H3K5
e

−1081107H6 − 783918H5Ke − 1579014H4K2
e

−265842H3K3
e − 23328H2K4

e − 7290HK5
e − 729K6

e

−43335H4 + 278208H3Ke + 41292H2K2
e + 17100HK3

e

+2871K4
e − 10332H2 − 9810HKe − 3699K2

e + 1557,
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Ω3(C2, Ke) = −387420489C18
2 + 774840978C17

2 + 516560652C15
2 K2

e

−387420489C16
2 − 903981141C14

2 K2
e − 200884698C12

2 K4
e

+114791256C15
2 + 449599086C13

2 K2
e + 306110016C11

2 K4
e

+18068994C9
2K6

e − 286978140C14
2 − 157306536C12

2 K2
e

−150929244C10
2 K4

e − 24446286C8
2K6

e + 177147C6
2K8

e

+153055008C13
2 + 199113228C11

2 K2
e + 39090438C9

2K4
e

+10628820C7
2K6

e − 39366C3
2K10

e + 2125764C12
2

−99615663C10
2 K2

e − 24229773C8
2K4

e + 2342277C6
2K6

e

−91854C4
2K8

e + 45927C2
2K10

e − 729K12
e + 46766808C11

2

+17990262C9
2K2

e + 14464818C7
2K4

e − 4531464C5
2K6

e

+77274C3
2K8

e − 10206C2K10
e − 25863462C10

2

−13161366C8
2K2

e − 2138886C6
2K4

e + 1972188C4
2K6

e

−125145C2
2K8

e + 5994K10
e − 5117580C9

2 + 7619508C7
2K2

e

−57834C5
2K4

e − 259686C3
2K6

e + 19818C2K8
e − 5078214C8

2

−1570995C6
2K2

e − 141426C4
2K4

e + 106146C2
2K6

e − 16551K8
e

+2152008C7
2 − 303750C5

2K2
e − 2970C3

2K4
e + 18396C2K6

e

+819396C6
2 − 326268C4

2K2
e − 76158C2

2K4
e + 20700K6

e

+454896C5
2 + 97524C3

2K2
e − 49716C2K4

e − 43740C4
2

+80919C2
2K2

e − 13383K4
e − 40824C3

2 + 26082C2K2
e

−24057C2
2 + 4698K2

e − 4374C2 − 729,

Ω3(H,C2) = 4782969H12 − 9565938C2H10 + 4782969C2
2H8

−3188646H10 + 1062882C3
2H6 + 6731586C2H8

−1062882C4
2H4 − 4901067C2

2H6 + 413343H8

+1417176C3
2H4 − 944784C2H6 + 59049C6

2

−157464C4
2H2 + 597051C2

2H4 − 223074H6

+13122C5
2 − 83106C3

2H2 + 266814C2H4

−12393C4
2 − 78003C2

2H2 + 50301H4 − 1458C3
2

−27702C2H2 + 729C2
2 − 2916H2.

Figure 7. Algebraic curves. (Left) Ω3(H, Ke) = 0, (Middle) Ω3(C2, Ke) = 0, and (Right) Ω3(H,C2) =

0.

We obtain the implicit algebraic surface, which depends on principal curvatures
k1, k2, k3 as Ω3(k1, k2, k3) = 0, replacing H, Ke with k1+k2+k3

3 , k1k2k3, respectively, in
Ω3(H, Ke) = 0. See Figure 8 for the algebraic surface Ω3.
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Figure 8. Algebraic surface Ω3(k1, k2, k3) = 0. (Left) Front side view, (Right) back side view.

3.2. Second Solution of the Pythagorean Quadruple Formula P4

Before defining the umbilical hypersurface in 4-space, we make some remarks.

Remark 1. The following are equivalent

k1 = k2 = k3 ⇔ k1 − k2 = 0 ∧ k1 − k3 = 0 ∧ k2 − k3 = 0
⇔ (k1 − k2)

2 = 0 ∧ (k1 − k3)
2 = 0 ∧ (k2 − k3)

2 = 0

⇔

⎧⎪⎨⎪⎩
k2

1 − 2k1k2 + k2
2 = 0

k2
1 − 2k1k3 + k2

3 = 0
k2

2 − 2k2k3 + k2
3 = 0

⎫⎪⎬⎪⎭
⇔ k2

1 + k2
2 + k2

3 = k1k2 + k1k3 + k2k3 (Adding above eqs.)
⇔ H2 = C2.

Remark 2. The following are equivalent

k1 = k2 = k3 ⇔ k1 − k2 = 0 ∧ k1 − k3 = 0 ∧ k2 − k3 = 0
⇔ (k1 − k2)

2 = 0 ∧ (k1 − k3)
2 = 0 ∧ (k2 − k3)

2 = 0

⇔

⎧⎪⎨⎪⎩
k2

1 + 2k1k2 + k2
2 = 4k1k2

k2
1 + 2k1k3 + k2

3 = 4k1k3

k2
2 + 2k2k3 + k2

3 = 4k2k3

⎫⎪⎬⎪⎭
⇔ (k1 + k2)

2 = 4k1k2 ∧ (k1 + k3)
2 = 4k1k3 ∧ (k2 + k3)

2 = 4k2k3

⇔ (k1 + k2)(k1 + k3)(k2 + k3) = 8k1k2k3

⇔ HC2 = Ke.

Remark 3. Using the results of the Remarks 1 and 2 together, we have

k1 = k2 = k3 ⇔ H3 = Ke.

Next, we describe the umbilical hypersurface of four dimensional space.

Definition 2. The hypersurface M3 immersed into a M4(c), c ∈ {−1, 0, 1} is called umbilical
if all its points are umbilical, i.e., k1 = k2 = k3 or, equivalently, H3 − Ke = 0, with HC2 = Ke,
H2 = C2.
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The only umbilical hypersurfaces are (open to) hyperplanes and hyperspheres
in M4(c).

Next, taking determinants of both sides of⎛⎜⎝ Y11 Y12 Y13

Y12 Y22 Y23

Y13 Y23 Y33

⎞⎟⎠ =

⎛⎜⎝ 0 0 0
0 0 0
0 0 0

⎞⎟⎠, (44)

we obtain

0 = −[
(

k2
1k4

2 + k4
1k2

2 + k2
1k4

3 + k4
1k2

3 + k2
2k4

3 + k4
2k2

3

)
+6k2

1k2
2k2

3 + 2
(

k3
1k3

2 + k3
1k3

3 + k3
2k3

3

)
+ 2k1k2k3

(
k3

1 + k3
2 + k3

3

)
−2k1k2k3

(
k1k2

2 + k2
1k2 + k1k2

3 + k2
1k3 + k2k2

3 + k2
2k3

)
]
(

K2
e + M2 + T2 − 1

)
.

Here, Yij are given by Equations (34), (35), (36), (37), (38), and (39), respectively. Hence,
the above Equation reduces to

−(k1 − k2)
2(k1 − k3)

2(k2 − k3)
2
(

K2
e + M2 + T2 − 1

)
= 0. (45)

Then, −(k1 − k2)
2(k1 − k3)

2(k2 − k3)
2 transforms to the following

−(k2 − k3)
2(k1 − k3)

2(k1 − k2)
2 = 27

(
4H3Ke − 3C2

2H2 + 4C3
2 + K2

e − 6C2HKe

)
,

by using

k2
1k4

2 + k4
1k2

2 + k2
1k4

3 + k4
1k2

3 + k2
2k4

3 + k4
2k2

3 =
(

T2 − 2MKe

)(
M2 − 2T

)
− 3K2

e

=
(

9C2
2 − 6HKe

)(
9H2 − 6C2

)
− 3K2

e .

Therefore, we obtain the following.

Corollary 4. Since H2 = C2, HC2 = Ke, H3 = Ke, the determinant of the P4 matrix (44)
satisfies

4H3Ke − 3C2
2H2 + 4C3

2 + K2
e − 6C2HKe = 0,

by using

k3
1k3

2 + k3
1k3

3 + k3
2k3

3 = T3 − 3TMKe + 3K2
e

= 27C3
2 − 27HC2Ke + 3K2

e .

We also have the following.

Corollary 5 (Geometric Conclusion 2). The determinant given by Equation (45) of the P4

matrix described by Equation (44) draws the surface Ke = H3 with H2 = C2, HC2 = Ke and the
ellipsoid surface (3H)2 + (3C2)

2 + K2
e = 1.

The determinant of the P4 is also given by as follows

27
(

4H3Ke − 3C2
2H2 + 4C3

2 + K2
e − 6C2HKe

)(
(3H)2 + (3C2)

2 + K2
e − 1

)
= 0.

118



Mathematics 2025, 13, 836 15 of 21

Here, 4H3Ke − 3C2
2H2 + 4C3

2 + K2
e − 6C2HKe = 0 is the implicit surface as

Θ1(H,C2, Ke) = 0 (See Figure 9, Left), satisfying H3 − Ke = 0, with HC2 = Ke,
H2 = C2, and the implicit ellipsoid, or ellipsoidal surface (3H)2 + (3C2)

2 + K2
e = 1 as

Θ2(H,C2, Ke) = 0 (See Figure 9, Right).

Figure 9. Algebraic surfaces. (Left) Θ1(H,C2, Ke) = 0, (Right) Θ2(H,C2, Ke) = 0.

Hence, extending the determinant of the P4, we obtain the implicit algebraic surface
Ψ(H,C2, Ke) = 0, as follows (see Figure 10):

Ψ(H,C2, Ke) = −108H3Ke + 972H5Ke + 81C2
2H2 + 972C3

2H2 − 729C2
2H4

−729C4
2H2 + 243C2

2K2
e + 108C3

2K2
e + 243H2K2

e + 108H3K3
e

−108C3
2 + 972C5

2 − 27K2
e + 27K4

e − 81C2
2H2K2

e − 162C2HK3
e

−1458C2H3Ke − 1458C3
2HKe + 972C2

2H3Ke + 162C2HKe.

Figure 10. Algebraic surface Ψ(H,C2, Ke) = 0. (Left) Front side view, (Right) back side view.

Corollary 6. The determinant given by Equation (45) of the P4 matrix described by Equation (44)
corresponds to an umbilical round hypersphere where the principal curvatures satisfy k1 = k2 = k3.
In other words, it satisfies H3 = Ke with HC2 = Ke and H2 = C2 in M4(c), where c ∈ {−1, 0, 1}.

We remark that this work relies on the Phythagorean formula but does not depend on
the distance between points in the running space form.
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On the other hand, we use the upper hypersphere S3(r) with the Cartesian map x:
E3 → S3(r) ⊂ E4 given by

(u, v, w) �→
(

u, v, w,
√

r2 − u2 − v2 − w2
)

, (46)

where r > 0. Next, we compute the fundamental forms of the upper hypersphere given by
Equation (46). The first fundamental form matrix of it as follows

I =

⎛⎜⎜⎝
r2−v2−w2

r2−u2−v2−w2
uv

r2−u2−v2−w2
uw

r2−u2−v2−w2

uv
r2−u2−v2−w2

r2−u2−w2

r2−u2−v2−w2
vw

r2−u2−v2−w2

uw
r2−u2−v2−w2

vw
r2−u2−v2−w2

r2−u2−v2

r2−u2−v2−w2

⎞⎟⎟⎠,

Then, the shape operator matrix is given by S = 1
r I3. We obtain I I = I.S, I I I = I I.S,

and IV = I I I.S, easily.
Taking into account the Pythagorean quadruple formula I2 + I I2 + I I I2︸ ︷︷ ︸

Ω

= IV2︸︷︷︸
Φ

, of

the hypersphere described by Equation (46), and considering det(Ω) = det(Φ), we have
the following.

Corollary 7. The hypersphere given by Equation (46) has the Pythagorean quadruple formula
mentioned by (29) if and only if the following holds

r6
(

r12 + 3r10 + 6r8 + 7r6 + 6r4 + 3r2 + 1
)
− 1 = 0.

The roots of above equation are r1 = −0.73735 ∈ R−, r2 = 0.73735 ∈ R+, r3,4,...,18 ∈ C.
Here, the positive and real r2 solution is also given in the second row of the Table 1.

Let M3 be an immersed hypersurface into H4, E4, or S4. M3 is named totally geodesic
while I I = 0 and totally umbilical while I I = μI, where μ 	= 0 is a constant. When I I = 0,
then I I I = 0 and IV = 0. This is not possible for the Pythagorean P4 formula. On the
other hand, while I I is degenerate (i.e., det(I I) = 0), using Equations (28) and (29), and
considering I I I = I I.S =I.S2, Ke = det S, we obtain I = 0 , which contradicts det(I I) = 0.
So, det(I I) 	= 0.

When M3 is minimal, and Ke 	= 0, using Equations (28) and (29) again, we find
the following: (

K2
e − 1

)
I2 =

(
1 − (3C2)

2
)

I I2.

Taking both sides of the determinant, we have

K6
e − 3K4

e +
(
(3C2)

2 + 2
)

K2
e − 1 = 0. (47)

Here, Ke has 4 complex roots, 1 negative real root (Ke = −1.3936, C2 = −0.251538), and the
following positive real root (Ke = 0.317103, C2 = 0.956641)

Ke =

(
0.381571c − 7.86222(C2)

2

c
+

0.87358
c

+ 1

)1/2

,

where

c =
(
−81(C2)

2 + 1.73205
(

2916(C2)
6 + 1215(C2)

4 − 378(C2)
2 + 23

)1/2
+ 9

)1/3
.
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Then, Ke is a constant. When the space is H4 or E4, then M3 should be totally geodesic
(see [23,24] for M2 case.). Then, it gives a contradiction.

Therefore, the case of Ke = 1 and M3 is totally geodesic and does not take place.
The case of Ke = 0, M3 is an open piece of the Clifford torus. Then, Ke = −1, which
is incompatible with Equation (47). So, the immersed hypersurface into H4, E4, or S4

+

supplying the P4 formula mentioned by Equation (29) cannot be totally geodesic, may not
be minimal, and does not have a degenerate second fundamental form.

On the other side, we want to see the real solutions of
n
∑

k=1
xk − 1 = 0 for some integers.

See Tables 1–4 for some solutions to it. To see the real solutions of
99999

∑
k=1

xk − 1 = 0 in E100000

on graphics depending on x and r, respectively, see Figure 11.

Table 1. x and r solutions of Pythagorean 3–26-tuples.

Dimension x (11 Digits) r (11 Digits)

3 0.6180349887 0.7861513777
4 0.5436890126 0.7373527058
5 0.5187900636 0.7202708266
6 0.5086603916 0.7132043127
7 0.5041382583 0.7100269420
8 0.5020170551 0.7085316191
9 0.5009941779 0.7078094220

10 0.5004931182 0.7074553826
11 0.5002454622 0.7072803279
12 0.5001224294 0.7071933466
13 0.5000611322 0.7071500069
14 0.5000305436 0.7071283785
15 0.5000152657 0.7071175757
16 0.5000076312 0.7071121773
17 0.5000038151 0.7071094789
18 0.5000019074 0.7071081300
19 0.5000009537 0.7071074556
20 0.5000004768 0.7071071183
21 0.5000002384 0.7071069498
22 0.5000001192 0.7071068655
23 0.5000000596 0.7071068233
24 0.5000000298 0.7071068023
25 0.5000000149 0.7071067917
26 0.5000000074 0.7071067864

Table 2. x and r solutions of Pythagorean 30, 40, 50-tuples.

Dimension x (17 Digits) r (17 Digits)

30 0.5000000004656613 0.7071067815158197
40 0.5000000000004547 0.7071067811868691
50 0.5000000000000004 0.7071067811865478

Table 3. x and r solutions of Pythagorean 75-tuples of S74(r) in E75.

Dimension 75

x (27 digits) 0.50000000000000000000001323
r (27 digits) 0.70710678118654752440085372
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Table 4. x and r solutions of Pythagorean 100-tuples of S99(r) in E100.

Dimension 100

x (41 digits) 0.5000000000000000000000000000003944304526
r (41 digits) 0.7071067811865475244008443621051279437326

In dimension 200, i.e., in E200, x and r solutions of the Pythagorean 200-tuples of the
S199(r) are as follows (with 321 digits):

x ≈ 0.5000000000000000000000000000000000000000000000000000000000003

11150763893057085357203202689006212029512608436058356655094556658

63343488449735236553010467476138303976881738641100895335924232023

34114463199807863070347568289193325695011780175081122039993867410

2867738110784051939243798551104507095592401999618923621906567756,

and

r ≈ 0.7071067811865475244008443621051279437325833055886006739067917

94344757197397837300988207418918995590004395380321440946772513382

49838886753552692449588190583402000578194741957214813556875759537

82813770690555701346636538769813156446384560892821446168091144026

0791134133607458928495481181021022394644625344379042586920744364.

Interestingly, when the dimension n increasing regularly, we observe that x → 1
2 , and

r → 1√
2

from all of the above results. To understand the larger results of the Pythagorean

105-tuples, virtually, see Figure 11.

Figure 11. Real graphics of the Pythagorean 105-tuples of S99999(r). (Left) y =
99999

∑
k=1

xk − 1,

x≈ 1
2 , (Right) y =

99999
∑

k=1
r2k − 1, r≈ 1√

2
.

4. Pythagorean (n + 1)-Tuples Pn+1

In this section, considering all findings of the previous two sections, we obtain the
generalized Pythagorean formula Pn+1, using the fundamental form matrices for the
hypersurfaces in higher dimension space forms.
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Theorem 2. Let a hypersurface Mn immersed into a (n + 1)-dimensional Riemannian space form
Mn+1(c), c ∈ {−1, 0, 1} satisfy the following Pythagorean (n + 1)-tuples Pn+1 equation

I2 + I I2 + I I I2 + . . . + N2 = (N + 1)2, (48)

if and only if the following algebraic equation holds:

n

∑
k=1

xk − 1 = 0,

where x = r2. Here, I, I I, I I I, . . . , N, N + 1 are the fundamental form matrices of the hyper-
surface Mn.

Proof. Let Mn be an immersed hypersurface into Hn+1, En+1, or Sn+1. The shape oper-
ator matrix is given by S = 1

r In, where In is the identitity matrix. The Pn+1 given by
Equation (48) of the hypersurface can be denoted by

(In)
2 + (S)2 +

(
S2
)2

+ . . . +
(

Sn−1
)2

= (Sn)2.

Considering the Pn+1 determined by Equation (48) with the fundamantel form matrices
of the hypersurface, we obtain r2n + r2n−2 + . . . + r2 − 1 = 0, and r 	= 0. The hypersurface
Mn has the Pythagorean (n + 1)-tuples Pn+1 described by Equation (48) if and only if
algebraic equation xn + xn−1 + . . . + x − 1 = 0 holds, where x = r2.

Additionally, the geometric series is defined by
∞
∑

k=0
xk = 1

1−x , where |x| < 1. Therefore,

we have the following

∞
∑

k=1
xk − 1 = 0 ⇔

∞
∑

k=0
xk − 2 = 0

⇔ −1+2x
1−x = 0, x 	= 1

⇔ x = 1
2

⇔ r = 1√
2

,
(

x = r2, r > 0
)
.

(49)

Corollary 8. Let Mn be an immersed hypersphere into Mn+1(c), c ∈ {−1, 0, 1} with radius r
satisfying the Pythagorean (n + 1)-tuples Pn+1 mentioned by Equation (48). When n → ∞, then
N → ∞, and r → 1√

2
.

Next, we define the umbilic hypersurface, then give a generalization of the determinant
of the Pythagorean (n + 1)-tuples Pn+1 formula.

Definition 3. The hypersurface Mn immersed into a (n + 1)-dimensional Riemannian space form
Mn+1(c), c ∈ {−1, 0, 1} is called umbilical if all its points are umbilical, i.e., k1 = k2 = . . . = kn,
or, equivalently, Hn − Ke = 0.
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Proposition 1. Let a hypersurface Mn immersed into a Mn+1(c), c ∈ {−1, 0, 1} satisfy the
Pythagorean (n + 1)-tuples Pn+1 formula

I2 + I I2 + I I I2 + . . . + N2 =

(
n

∑
i=1

(−1)i+1
(

n
i

)
Ci I

(
Sn−i(X), Y

))2

. (50)

Then, the determinant of Equation (50) is given by

nn(Cn − Cn
1 )
(
(nC1)

2 + (nC2)
2 + . . . + (nCn−1)

2 + C2
n − 1

)
= 0, (51)

or equivalently by

−
n

∏
1≤i<j≤n

(
ki − kj

)2
(

n−1

∑
�=1

(nC�)
2 + C2

n − 1

)
= 0, (52)

where C1 = H, Cn = Ke.

Finally, we have the following.

Conjecture 1. The determinant of the Pn+1 matrix, as defined in Equation (50), generates a
hypersurface Hn = Ke and a hyperellipsoid (nH)2 +(nC2)

2 +(nC3)
2 + . . .+(nCn−1)

2 +K2
e = 1

in Mn+1(c), where c ∈ {−1, 0, 1}.

Then, we present the following generalization for the determinant of Pn+1.

Conjecture 2. The determinant given by Equation (51) (or equivalently by Equation (52)) of
the Pn+1 formula mentioned by Equation (50) corresponds to an umbilical round hypersphere
satisfying k1 = k2 = . . . = kn, i.e., Hn = Ke, in Mn+1(c), where c ∈ {−1, 0, 1}.

5. Conclusions

This article provides a thorough investigation of the Pythagorean theorem from the per-
spective of differential geometry, offering insightful generalizations in higher-dimensional
space forms. It establishes a connection between classical geometric identities and the
intrinsic properties of hypersurfaces, filling a notable gap in the field.

Specifically, the paper generalizes that an immersed hypersphere Mn with radius r
in Mn+1(c), where c ∈ {−1, 0, 1}, satisfies the (n + 1)-tuple Pythagorean formula. Fur-
thermore, as the dimension n → ∞ and the fundamental form N → ∞, it is shown that
r → 1√

2
.

Finally, the paper proposes that the determinant of the Pythagorean formula character-
izes an umbilical round hypersphere with equal principal curvatures, satisfying Hn = Ke

in Mn+1(c). These findings contribute to a broader understanding of curvature relations
and their role in the geometry of hypersurfaces.
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16. Güler, E.; Hacısalihoğlu, H.H.; Kim, Y.H. The Gauss map and the third Laplace–Beltrami operator of the rotational hypersurface

in 4-space. Symmetry 2018, 10, 398. [CrossRef]
17. Güler, E.; Magid, M.; Yaylı, Y. Laplace–Beltrami operator of a helicoidal hypersurface in four-space. J. Geom. Symm. Phys. 2016,

41, 77–95. [CrossRef]
18. Güler, E.; Turgay, N.C. Cheng–Yau operator and Gauss map of rotational hypersurfaces in 4-space. Mediterr. J. Math. 2019, 16, 66.

[CrossRef]
19. Lopez, R. Surfaces with constant mean curvature in Euclidean space. Int. Elec. J. Geom. 2010, 3, 67–101.
20. Carmichael, R.D. The Theory of Numbers and Diophantine Analysis; Dover Pub. Inc.: New York, NY, USA, 1959.
21. Gauss, C.F. Disquisitiones Arithmeticae; Springer: New York, NY, USA, 1986; Translated and with a preface by Arthur A. Clarke,

Revised by William C. Waterhouse, Cornelius Greither and A.W. Grootendorstand with a preface by Waterhouse.
22. Nelsen, R. Proof without words: Pythagorean quadruples. Coll. Math. J. 2014, 45, 179. [CrossRef]
23. Chen, B.Y. Minimal surfaces with constant Gauss curvature. Proc. Am. Math. Soc. 1972, 34, 504–508. [CrossRef]
24. Chen, B.Y. Geometry of Submanifolds; M. Dekker: New York, NY, USA, 1973.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

125



mathematics

Article

Geometry of LP-Sasakian Manifolds Admitting a General
Connection

Rajesh Kumar 1, Laltluangkima Chawngthu 2, Oğuzhan Bahadır 3 and Meraj Ali Khan 4,*
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1. Introduction

In the realm of differential geometry, the study of manifolds with specialized geometric
forms is basic for grasping complex spaces that appear in physics, especially in general relativity
and cosmology. One such form is the Para-Sasakian manifold, which like Sasakian manifolds,
provides an interesting framework for geometries with some symmetry properties. When these
forms are combined with a Lorentzian metric, they bring to light Lorentzian Para-Sasakian
manifolds. These manifolds have a fascinating relation between the geometric properties of
both Riemannian and Lorentzian spaces. Lorentzian Para-Sasakian manifolds are remarkable
in the study of spacetime symmetries and cosmological models. Their structure allows for
the discovery of physical systems where time-like and space-like directions reveal a specific
association, which is crucial in several areas of theoretical physics. These manifolds appeared in
1989 and were introduced by Matsumoto. In 1992, Mihai and Rosca independently introduced
the idea of Lorentzian para-Sasakian manifolds in classical analysis [1,2].

In 2019, Biswas and Baishya [3,4] introduced the notion of a new connection, called
general connection in the context of Sasakian geometry and discussed several cases. They
defined general connection DG in the following manner:

DG
κ1
κ2 = Dκ1κ2 + a[(Dκ1 η)(κ2)ζ − η(κ2)Dκ1 ζ] + bη(κ1)φκ2 (1)
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for any κ1,κ2 ∈ χ(M), where a, b are real constants, φ is a (1, 1)-type tensor field, ζ is a vector
field, η is a 1-form, χ(M) is the set of all vector fields on M and D is the Levi-Civita connection.

From (1), we have the following particular cases:

(i) if a = 0, b = −1, then (1) reduces to the quarter-symmetric metric connection [5,6];
(ii) if a = 1, b = 0, then (1) reduces to the Schouten–Van Kampen connection [7];
(iii) if a = 1, b = −1, then (1) reduces to the Tanaka Webster connection [8];
(iv) if a = 1, b = 1, then (1) reduces to the Zamkovoy connection [9].

Recently, Bhatt and Chanyal [10] studied η-Ricci solitons on Sasakian manifolds
admitting general connection, ref. [11] investigated conformal Ricci soliton in Sasakian
manifolds admitting general connection. Moreover, ref. [12] studied Ricci solitons on
concircularly flat and Wi-flat Sasakian manifolds admitting a general connection.

In a Lorentzian para-Sasakian manifold (briefly LP-Sasakian manifold) M of dimension
n (n > 2), the projective curvature tensor P̄ and the conharmonic curvature tensor C̄ in
accordance with general connection DG are given by

P̄(κ1,κ2)κ3 = R̄(κ1,κ2)κ3 −
1

n − 1
[S̄(κ2,κ3)κ1 − S̄(κ1,κ3)κ2], (2)

C̄(κ1,κ2)κ3 =R̄(κ1,κ2)κ3 −
1

n − 2
[S̄(κ2,κ3)κ1 − S̄(κ1,κ3)κ2

+ g(κ2,κ3)Q̄κ1 − g(κ1,κ3)Q̄κ2]

(3)

for any κ1,κ2,κ3 ∈ χ(M), where R̄, S̄, Q̄ are the Riemannian curvature tensor, the Ricci
tensor and the Ricci operator in accordance with general connection DG, respectively [13–16].

Definition 1. An n-dimensional LP-Sasakian manifold M is said to be a generalized η-Einstein
manifold if the Ricci tensor of type (0, 2) satisfies

S(κ2,κ3) = α1g(κ2,κ3) + α2η(κ2)η(κ3) + α3γ(κ2,κ3) (4)

for any κ2,κ3 ∈ χ(M), with χ(M) being the set of all vector fields of the manifold M, where α1, α2

and α3 are scalars and γ is a 2-form.

The paper is designed as follows: After the introduction, some postulates of the LP-
Sasakian manifold are given in Section 2. In Section 3, we have discussed the LP-Sasakian
manifold admitting the general connection and obtaining certain curvature tensors in an LP-
Sasakian manifold. Section 4 contains projectively flat, ζ-projectively flat and φ-projectively
flat LP-Sasakian manifolds in accordance with the general connection. Section 5 discusses the
conharmonically flat, ζ-conharmonically flat and φ-conharmonically flat LP-Sasakian manifolds
in accordance with the general connection. Quasi-conharmonically flat LP-Sasakian manifolds
in accordance with the general connection are discussed in Section 6. Section 7 deals with Ricci
semi-symmetric LP-Sasakian manifold, reviewing the general connection. Section 8 deals with
the applications of the general connection to the general theory of relativity by considering
Einstein’s field equation without cosmological constant. Finally, with the help of Koszul’s
formula, an example is given for the validation of the work.

2. Preliminaries

An n-dimensional differentiable manifold M is classified as an LP-Sasakian manifold
if it admits a (1, 1)-type tensor field φ, a vector field ζ, a 1-form η and a Lorentzian metric g
that satisfy the following conditions:
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φ2
κ1 = κ1 + η(κ1)ζ, η(ζ) = −1, η(φκ1) = 0, φζ = 0, (5)

g(φκ1, φκ2) = g(κ1,κ2) + η(κ1)η(κ2), (6)

η(κ1) = g(κ1, ζ), g(κ1, φκ2) = g(φκ1,κ2), (7)

Dκ1 ζ = φκ1, (8)

(Dκ1 φ)(κ2) = η(κ2)κ1 + g(κ1,κ2)ζ + 2η(κ1)η(κ2), (9)

where D denotes the operator of covariant differentiation in accordance with the Lorentzian
metric g.

Let γ be a symmetric (0, 2)-type tensor field such that γ(κ1,κ2) = g(κ1, φκ2). More-
over, in an LP-Sasakian manifold M, the vector field η is closed, then we have

(Dκ1 η)(κ2) = g(κ1, φκ2) = γ(κ1,κ2), γ(κ1, ζ) = 0 (10)

for all κ1,κ2 on M.
Furthermore, in an LP-Sasakian manifold M, the following condition holds:

η(R(κ1,κ2)κ3) = g(κ2,κ3)η(κ1)− g(κ1,κ3)η(κ2), (11)

R(κ1,κ2)ζ = η(κ2)κ1 − η(κ1)κ2, (12)

R(ζ,κ2)κ3 = g(κ2,κ3)ζ − η(κ3)κ2, (13)

R(ζ,κ2)ζ = η(κ2)ζ +κ2, (14)

S(κ1, ζ) = (n − 1)η(κ1), (15)

S(φκ1, φκ2) = S(κ1,κ2) + (n − 1)η(κ1)η(κ2), (16)

Qζ = (n − 1)ζ, Qφ = φQ, S(κ1,κ2) = g(Qκ1,κ2), S2(κ1,κ2) = S(Qκ1,κ2) (17)

for all κ1,κ2 ∈ χ(M), where R, S and Q are the curvature tensor, the Ricci tensor and the
Ricci operator with respect to the Levi-Civita connection D, respectively.

3. Curvature Tensors in Accordance with General Connection in an
LP-Sasakian Manifolds

With the help of (8) and (10) in (1), we obtain

DG
κ1
κ2 = Dκ1κ2 + a[g(κ1, φκ2)ζ − η(κ2)φκ1] + bη(κ1)φκ2, (18)

where a and b are real constants. The torsion tensor is given by

T̄(κ1,κ2) = (a + b)[η(κ1)φκ2 − η(κ2)φκ1]. (19)

From (1) and (10), we obtain

(DG
κ1

g)(κ2,κ3) = −2bη(κ1)g(κ2, φκ3). (20)

Replacing κ2 by ζ in (18), we obtain

DG
κ1

ζ = (a + 1)φκ1. (21)
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Again, from (7)–(9) and (18), we have

DG
κ1

φκ2 =(a + 1)g(κ1,κ2)ζ + (a + b + 2)η(κ1)η(κ2)ζ

+ φ(Dκ1κ2) + η(κ2)κ1 + bη(κ1)κ2,
(22)

DG
κ1

g(κ2,κ3) = g(Dκ1κ2, φκ3) + g(κ2, Dκ1κ3), (23)

DG
κ1

g(κ2, φκ3) =g(Dκ1κ2, φκ3) + g(κ2, φDκ1κ3) + g(κ1,κ3)η(κ2)

+ g(κ1,κ2)η(κ3) + 2η(κ1)η(κ2)η(κ3).
(24)

Let R̄ be the Riemannian curvature tensor in accordance with general connection DG

defined by
R̄(κ1,κ2)κ3 = DG

κ1
DG
κ2
κ3 − DG

κ2
DG
κ1
κ3 − DG

[κ1,κ2]
κ3. (25)

Using (18), (20) and (22)–(24) in (25), we obtain

R̄(κ1,κ2)κ3 =R(κ1,κ2)κ3 + (a + ab + b)[g(κ1,κ3)η(κ2)ζ − g(κ2,κ3)η(κ1)ζ]

+ a(a + 2)[g(κ2, φκ3)φκ1 − g(κ1, φκ3)φκ2]

+ (ab + b − a)[η(κ2)η(κ3)κ1 − η(κ1)η(κ3)κ2].

(26)

Contracting (26), we have

S̄(κ2,κ3) =S(κ2,κ3) + (ab + b − a2 − a)g(κ2,κ3) + a(a + 2)λg(κ2, φκ3)

+ [ab + b − a2 − a + (n − 1)(ab + b − a)]η(κ2)η(κ3),
(27)

where λ = traceφ.
By direct calculation, we are able to obtain the following relations:

S̄(ζ,κ3) = (a + 1)(1 − b)(n − 1)η(κ3), (28)

Q̄κ2 =Qκ2 + [ab + b − a2 − a]κ2 + a(a + 2)λφκ2

+ [ab + b − a2 − a + (n − 1)(ab + b − a)]η(κ2)ζ,
(29)

Q̄ζ = (a + 1)(1 − b)(n − 1)ζ, (30)

r̄ = r − a2(n − 1) + a(a + 2)λ2, (31)

R̄(κ1,κ2)ζ = (a − ab − b + 1)[η(κ2)κ1 − η(κ1)κ2], (32)

R̄(ζ,κ2)κ3 =(a + ab + b + 1)g(κ2,κ3)ζ + 2(a + 1)bη(κ2)η(κ3)ζ

+ (ab + b − a − 1)η(κ3)κ2
(33)

R̄(κ1, ζ)κ3 =− (a + ab + b + 1)g(κ1,κ3)ζ − 2(a + 1)bη(κ1)η(κ3)ζ

+ (a − ab − b + 1)η(κ3)κ1
(34)

for any κ1,κ2,κ3 ∈ χ(M), where λ = traceφ. Therefore, we can state the following:

Theorem 1. An n-dimensional LP-Sasakian manifold M equipped with general connection
DG satisfies the following:

(i) R̄ of DG is specified by (26);
(ii) S̄ of DG is specified by (27);
(iii) r̄ of DG is specified by (31);
(iv) S̄ of DG is symmetric;
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(v) R̄(κ1,κ2)κ3 + R̄(κ2,κ3)κ1 + R̄(κ3,κ1)κ2 = 0.

Remark 1. We can see that in an n-dimensional LP-Sasakian manifold M admitting general
connection DG, the following properties are obtained from (1), (26), (27) and (31) under the
following conditions:

Case 1 Results

a = 0, b = −1 Quarter-symmetric metric connection
R̄ R(κ1,κ2)κ3 + g(κ2,κ3)η(κ1)ζ − g(κ1,κ3)η(κ2)ζ + η(κ1)η(κ3)κ2

−η(κ2)η(κ3)κ1

S̄ S(κ2,κ3)− g(κ2,κ3)− nη(κ2)η(κ3)

r̄ r

Case 2 Results

a = 1, b = 0 Schouten–Van Kampen connection
R̄ R(κ1,κ2)κ3 − g(κ2,κ3)η(κ1)ζ + g(κ1,κ3)η(κ2)ζ + 3g(κ2, φκ3)φκ1

−3g(κ1, φκ3)φκ2 + η(κ1)η(κ3)κ2 − η(κ2)η(κ3)κ1

S̄ S(κ2,κ3)− 2g(κ2,κ3)− (n + 1)η(κ2)η(κ3) + 3λg(κ2, φκ3)

r̄ r − n + 1 + 3λ2

Case 3 Results

a = 1, b = −1 Tanaka Webster connection
R̄ R(κ1,κ2)κ3 + g(κ2,κ3)η(κ1)ζ − g(κ1,κ3)η(κ2)ζ + 3g(κ2, φκ3)φκ1

−3g(κ1, φκ3)φκ2 + 3η(κ1)η(κ3)κ2 − 3η(κ2)η(κ3)κ1

S̄ S(κ2,κ3)− 4g(κ2,κ3)− (3n + 1)η(κ2)η(κ3) + 3λg(κ2, φκ3)

r̄ r − n + 1 + 3λ2

Case 4 Results

a = 1, b = 1 Zamkovoy connection
R̄ R(κ1,κ2)κ3 − 3g(κ2,κ3)η(κ1)ζ + 3g(κ1,κ3)η(κ2)ζ + 3g(κ2, φκ3)φκ1

−3g(κ1, φκ3)φκ2 − η(κ1)η(κ3)κ2 + η(κ2)η(κ3)κ1

S̄ S(κ2,κ3) + (n − 1)η(κ2)η(κ3) + 3λg(κ2, φκ3)

r̄ r − n + 1 + 3λ2

4. Projectively Flat LP-Sasakian Manifolds in Accordance with
General Connection

From (2), (26) and (27), we obtain

P̄(κ1,κ2)κ3 =R(κ1,κ2)κ3 + (a + ab + b)[g(κ1,κ3)η(κ2)ζ − g(κ2,κ3)η(κ1)ζ]

+ a(a + 2)[g(κ2, φκ3)φκ1 − g(κ1, φκ3)φκ2]

+ (ab + b − a)[η(κ2)η(κ3)κ1 − η(κ1)η(κ3)κ2]

− 1
n − 1

[
S(κ2,κ3)κ1 + (ab + b − a2 − a)g(κ2,κ3)κ1

+ {ab + b − a2 − a + (n − 1)(ab + b − a)}η(κ2)η(κ3)κ1

+ a(a + 2)λg(κ2, φκ3)κ1 − S(κ1,κ3)κ2

− (ab + b − a2 − a)g(κ1,κ3)κ2

− {ab + b − a2 − a + (n − 1)(ab + b − a)}η(κ1)η(κ3)κ2

− a(a + 2)λg(κ1, φκ3)κ2
]
.

(35)
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Let M be projectively flat with respect to DG, i.e., P̄ = 0. Then, taking the inner product
with κ4 in (35), we obtain

R(κ1,κ2,κ3,κ4) =(a + ab + b)[g(κ2,κ3)η(κ1)η(κ4)− g(κ1,κ3)η(κ2)η(κ4)]

− a(a + 2)[g(κ2, φκ3)g(φκ1,κ4)− g(κ1, φκ3)g(φκ2,κ4)]

− (ab + b − a)[η(κ2)η(κ3)g(κ1,κ4)− η(κ1)η(κ3)g(κ2,κ4)]

+
1

n − 1
[
S(κ2,κ3)g(κ1,κ4)

+ (ab + b − a2 − a)g(κ2,κ3)g(κ1,κ4)

+ {ab + b − a2 − a + (n − 1)(ab + b − a)}η(κ2)η(κ3)g(κ1,κ4)

+ a(a + 2)λg(κ2, φκ3)g(κ1,κ4)− S(κ1,κ3)g(κ2,κ4)

− (ab + b − a2 − a)g(κ1,κ3)g(κ2,κ4)

− {ab + b − a2 − a + (n − 1)(ab + b − a)}η(κ1)η(κ3)g(κ2,κ4)

− a(a + 2)λg(κ1, φκ3)g(κ2,κ4)
]
.

(36)

Setting κ1 = κ4 = ζ in (36) with (5) and (14), we get

S(κ2,κ3) = d1g(κ2,κ3) + d2η(κ2)η(κ3) + d3λγ(κ2,κ3), (37)

where d1 = −2ab − 2b + a2 + bn + abn + n − 1, d2 = −2ab − 2b + a2 + bn + abn + bn,
d3 = −a(a + 2), γ(κ2,κ3) = g(φκ2,κ3) = g(κ2, φκ3) and λ = traceφ. Therefore, the
following theorem can be stated as:

Theorem 2. If an n-dimensional LP-Sasakian manifold M is projectively flat in accordance with
general connection DG, then it is found to be a generalized η-Einstein manifold.

Again, setting κ3 = ζ in (35), we obtain

P̄(κ1,κ2)ζ =R(κ1,κ2)ζ + (a + ab + b)[g(κ1, ζ)η(κ2)ζ − g(κ2, ζ)η(κ1)ζ]

+ a(a + 2)[g(κ2, φζ)φκ1 − g(κ1, φζ)φκ2]

+ (ab + b − a)[η(κ2)η(ζ)κ1 − η(κ1)η(ζ)κ2]

− 1
n − 1

[
S(κ2, ζ)κ1 + (ab + b − a2 − a)g(κ2, ζ)κ1

+ {ab + b − a2 − a + (n − 1)(ab + b − a)}η(κ2)η(ζ)κ1

+ a(a + 2)λg(κ2, φζ)κ1 − S(κ1, ζ)κ2

− (ab + b − a2 − a)g(κ1, ζ)κ2

− {ab + b − a2 − a + (n − 1)(ab + b − a)}η(κ1)η(ζ)κ2

− a(a + 2)λg(κ1, φζ)κ2
]
.

Inserting (2), (5), (7), (12) and (15) in the above equation, we obtain

P̄(κ1,κ2)ζ = P(κ1,κ2)ζ.

Therefore, the theorem states the following:

Theorem 3. An n-dimensional LP-Sasakian manifold M is ζ-projectively flat with respect to
the general connection DG if and only if it is ζ-projectively flat with respect to the Levi-Civita
connection D.
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Now, let us consider the φ-projectively flat LP-Sasakian manifold M in accordance
with general connection DG.

Definition 2. An n-dimensional LP-Sasakian manifold M is said to be φ-projectively flat in
accordance with the general connection DG if

g(P̄(φκ1, φκ2)φκ3, φκ4) = 0 (38)

for all the vector fields κ1,κ2,κ3,κ4 ∈ χ(M).

Theorem 4. If an n-dimensional LP-Sasakian manifold M (n > 2) is φ-projectively flat in
accordance with the general connection DG, then M is a generalized η-Einstein manifold.

Proof. Taking the inner product with κ4 in (4), we get

g(R̄(φκ1, φκ2)φκ3, φκ4) =
1

n − 1
[
S̄(φκ2, φκ3)g(φκ1, φκ4)

− S̄(φκ1, φκ3)g(φκ2, φκ4)
]
.

(39)

Let {υ1, υ2, υ3, . . . , υn−1, ζ} be a local orthonormal basis of vector fields in M by using
the fact that {φυ1, φυ2, φυ3, . . . , φυn−1, ζ} is also a local orthonormal basis of vector fields
in M.
Setting κ2 = κ3 = υi in (39) and summing over i (1 ≤ i ≤ n − 1), we obtain

n−1

∑
i=1

g(R̄(φκ1, φυi)φυi, φκ4) =
1

n − 1

n−1

∑
i=1

[
S̄(φυi, φυi)g(φκ1, φκ4)

− S̄(φκ1, φυi)g(φυi, φκ4)
]
.

(40)

It can be easily seen that
n−1

∑
i=1

g(φυi, φυi) = n − 1, (41)

n−1

∑
i=1

S̄(φκ1, φυi)g(φυi, φκ4) = S̄(φκ1, φκ4), (42)

n−1

∑
i=1

S̄(φυi, φυi) = r̄. (43)

Now, using (41)–(43) in (40), we have

S̄(φκ1, φκ4) =
r̄
n

g(φκ1, φκ4). (44)

From (6), (16), (31) and (44), we get

S(κ1,κ4) = f1g(κ1,κ4) + f2η(κ1)η(κ4) + f3λγ(κ1,κ4), (45)

where

f1 =
r − a2(n − 1) + a(a + 2)λ2

n
− (ab + b − a2 − a),

f2 =
r − a2(n − 1) + a(a + 2)λ2

n
− (ab + b − a2 − a + n − 1),

f3 = −a(a + 2),
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λ = traceφ and γ(κ1,κ4) = g(φκ1,κ4) = g(κ1, φκ4).
Thus, M is a generalized η-Einstein manifold.

5. Conharmonically Flat LP-Sasakian Manifolds in Accordance with
General Connection

In view of (3), (26), (27) and (29), we obtain

C̄(κ1,κ2)κ3 =C(κ1,κ2)κ3 + (a + ab + b)[g(κ1,κ3)η(κ2)ζ − g(κ2,κ3)η(κ1)ζ]

+ a(a + 2)[g(κ2, φκ3)φκ1 − g(κ1, φκ3)φκ2]

+ (ab + b − a)[η(κ2)η(κ3)κ1 − η(κ1)η(κ3)κ2]

− 1
n − 2

[
2(ab + b − a2 − a){g(κ2,κ3)κ1 − g(κ1,κ3)κ2}

+ {ab + b − a2 − a + (n − 1)(ab + b − a)}{η(κ2)κ1

− η(κ1)κ2}η(κ3)

+ {ab + b − a2 − a + (n − 1)(ab + b − a)}g(κ2,κ3)η(κ1)ζ

− {ab + b − a2 − a + (n − 1)(ab + b − a)}g(κ1,κ3)η(κ2)ζ

+ a(a + 2)λ{g(κ2, φκ3)κ1 − g(κ1, φκ3)κ2}
− a(a + 2)λg(κ1,κ3)φκ2 − λg(κ2,κ3)φκ1}

]
.

(46)

If M is a conharmonically flat (i.e., C̄ = 0) LP-Sasakian manifold in accordance with
general connection, then from (3), we obtain

R̄(κ1,κ2)κ3 =
1

n − 2
[S̄(κ2,κ3)κ1 − S̄(κ1,κ3)κ2 + g(κ2,κ3)Q̄κ1 − g(κ1,κ3)Q̄κ2]. (47)

Taking the inner product of (47) with vector field κ4, we obtain

g(R̄(κ1,κ2)κ3,κ4) =
1

n − 2
[S̄(κ2,κ3)g(κ1,κ4)− S̄(κ1,κ3)g(κ2,κ4)

+ g(κ2,κ3)S̄(κ1,κ4)− g(κ1,κ3)S̄(κ2,κ4)],
(48)

where g(Q̄κ1,κ4) = S̄(κ1,κ4).
Performing an orthonormal frame field of M and contracting (48) over κ1 and κ4, gives

r̄ = 0. (49)

Using (31) in (49), we have
r = a2n − a2 − a2λ2 − 2aλ2. (50)

Therefore, the following theorem arises:

Theorem 5. If an n-dimensional LP-Sasakian manifold M (n > 2) is conharmonically flat in
accordance with general connection DG, then the scalar curvature is given by r̄ = 0, meaning that,
r = a2n − a2 − a2λ2 − 2aλ2.

Theorem 6. An n-dimensional LP-Sasakian manifold M is ζ-conharmonically flat in accordance
with general connection DG if and only if it is so in accordance with Levi-Civita connection D,
assuming that the vector fields are horizontal vector fields.
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Proof. Now, we will show for the ζ-conharmonically flat LP-Sasakian manifold M in
accordance with general connection DG.

Replacing κ3 by ζ in (46) and with the help of (3) and (5), we obtain

C̄(κ1,κ2)ζ =C(κ1,κ2)ζ +
a

n − 2
[
η(κ2)κ1 − η(κ1)κ2

]
+

a(a + 2)λ
n − 2

[
η(κ1)φκ2 − η(κ2)φκ1

]
= C(κ1,κ2)ζ,

(51)

if κ1,κ2 are horizontal vector fields on M, and a is a real constant.
Hence, it is proven.

Now, κ3 is replaced with ζ in (3). Then, using (28) and (32), we have

C̄(κ1,κ2)ζ =
(a + 1)(b − 1)

n − 2
[
η(κ2)κ1 − η(κ1)κ2

]
+

1
n − 2

[
η(κ1)Q̄κ2 − η(κ2)Q̄κ1

]
.

(52)
If M is ζ-conharmonically flat in accordance with general connection DG, then from (52),
we obtain

(a + 1)(b − 1)
[
η(κ2)κ1 − η(κ1)κ2

]
= η(κ2)Q̄κ1 − η(κ1)Q̄κ2. (53)

After taking the inner product with κ4 in the above equation, the new equation becomes

(a + 1)(b − 1)
[
η(κ2)g(κ1,κ4)− η(κ1)g(κ2,κ4)

]
=η(κ2)S̄(κ1,κ4)

− η(κ1)S̄(κ2,κ4).
(54)

Setting κ2 = ζ in (54), we obtain

S̄(κ1,κ4) = (a + 1)(1 − b)
[
g(κ1,κ4) + nη(κ1)η(κ4)

]
. (55)

Contracting (55) over κ1 and κ4, we obtain

r̄ = 0. (56)

Theorem 7. An n-dimensional LP-Sasakian manifold M is ζ-conharmonically flat in accordance
with general connection DG, then the scalar curvature in accordance with general connection
DG vanishes.

Moreover, let us consider the φ-conharmonically flat LP-Sasakian manifold M in
accordance with general connection DG.

Definition 3. An n-dimensional LP-Sasakian manifold M is said to be φ-conharmonically flat in
accordance with general connection DG if

g(C̄(φκ1, φκ2)φκ3, φκ4) = 0 (57)

for all the vector fields κ1,κ2,κ3,κ4 ∈ χ(M).

Theorem 8. If an n-dimensional LP-Sasakian manifold M (n > 2) is φ-conharmonically flat in
accordance with general connection DG, then M is generalized η-Einstein manifold.

Proof. Taking the inner product with κ4 in (3), we obtain
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g(R̄(φκ1, φκ2)φκ3, φκ4) =
1

n − 2
[
S̄(φκ2, φκ3)g(φκ1, φκ4)

− S̄(φκ1, φκ3)g(φκ2, φκ4)

+ g(φκ2, φκ3)S̄(φκ1, φκ4)

− g(φκ1, φκ3)S̄(φκ2, φκ4)
]
.

(58)

Let {υ1, υ2, υ3, . . . , υn−1, ζ} be a local orthonormal basis of vector fields in M. Utilizing
the fact that {φυ1, φυ2, φυ3, . . . , φυn−1, ζ} also forms a local orthonormal basis of vector
fields in M, we proceed by setting κ2 = κ3 = υi in Equation (58) and summing over i for
1 ≤ i ≤ n − 1, we obtain

n−1

∑
i=1

g(R̄(φκ1, φυi)φυi, φκ4) =
1

n − 2

n−1

∑
i=1

[
S̄(φυi, φυi)g(φκ1, φκ4)

− S̄(φκ1, φυi)g(φυi, φκ4) + g(φυi, φυi)S̄(φκ1, φκ4)

− g(φκ1, φυi)S̄(φυi, φκ4)
]
.

(59)

It is evident that
n−1

∑
i=1

g(φυi, φυi) = n − 1, (60)

n−1

∑
i=1

S̄(φκ1, φυi)g(φυi, φκ4) = S̄(φκ1, φκ4), (61)

n−1

∑
i=1

S̄(φυi, φυi) = r̄. (62)

Using (60)–(62) in (59), we obtain

S̄(φκ1, φκ4) = r̄g(φκ1, φκ4). (63)

From (6), (16), (31) and (63), we obtain

S(κ1,κ4) = k1g(κ1,κ4) + k2η(κ1)η(κ4) + k3λγ(κ1,κ4), (64)

where
k1 = r − a2(n − 1) + a(a + 2)λ2 − (ab + b − a2 − a),

k2 = r − a2(n − 1) + a(a + 2)λ2 − (ab + b − a2 − a + n − 1),

k3 = −a(a + 2),

λ = traceφ and γ(κ1,κ4) = g(φκ1,κ4) = g(κ1, φκ4). This verifies that M is generalized
η-Einstein manifold.

6. Quasi-Conharmonically Flat LP-Sasakian Manifolds in Accordance
with General Connection

Definition 4. An n-dimensional LP-Sasakian manifold M is said to be quasi-conharmonically flat
in accordance with general connection DG if

g(C̄(φκ1,κ2)κ3, φκ4) = 0 (65)

for all vector fields κ1,κ2,κ3,κ4 ∈ χ(M).
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Theorem 9. If an n-dimensional LP-Sasakian manifold M (n > 2) is quasi-conharmonically flat
in accordance with general connection DG, then its scalar curvature in accordance with general
connection DG vanishes.

Proof. Taking the inner product with κ4 in (3), we obtain

g(R̄(φκ1,κ2)κ3, φκ4) =
1

n − 2
[
S̄(κ2,κ3)g(φκ1, φκ4)− S̄(φκ1,κ3)g(κ2, φκ4)

+ g(κ2,κ3)S̄(φκ1, φκ4)− g(φκ1,κ3)S̄(κ2, φκ4)
]
.

(66)

Let {υ1, υ2, υ3, . . . , υn−1, ζ} be a local orthonormal basis of vector fields in M. Using the fact
that {φυ1, φυ2, φυ3, . . . , φυn−1, ζ} also form a local orthonormal basis of vector fields in M,
we proceed as follows. Setting κ2 = κ3 = υi in (66) and summing over i (1 ≤ i ≤ n − 1),
we obtain

n−1

∑
i=1

g(R̄(φκ1, υi)υi, φκ4) =
1

n − 2

n−1

∑
i=1

[
S̄(υi, υi)g(φκ1, φκ4)

− S̄(φκ1, υi)g(υi, φκ4) + g(υi, υi)S̄(φκ1, φκ4)

− g(φκ1, υi)S̄(υi, φκ4)
]
.

(67)

It is readily apparent that
n−1

∑
i=1

g(φυi, φυi) = n, (68)

n−1

∑
i=1

S̄(φκ1, φυi)g(φυi, φκ4) = S̄(φκ1, φκ4), (69)

n−1

∑
i=1

S̄(φυi, φυi) = r̄. (70)

Using (68)–(70) in (67), we obtain
r̄

n − 2
g(φκ1, φκ4) = 0. (71)

Since g(φκ1, φκ4) 	= 0. Then, the above equation reduces to

r̄ = 0. (72)

Thus, the proof is completed.

7. Ricci Semi-Symmetric LP-Sasakian Manifolds in Accordance with
General Connection

Numerous geometers have explored the characteristics of semi-symmetric and Ricci
semi-symmetric manifolds, as documented in [17,18]. In this section, we will examine Ricci
semi-symmetric LP-Sasakian manifolds in the context of a general connection DG.

Definition 5. An n-dimensional LP-Sasakian manifold M is said to be Ricci semi-symmetric in
accordance with general connection DG if the curvature tensor R̄ in accordance with DG satisfies

(R̄(κ1,κ2).S̄)(κ3,κ4) = 0, (73)

where κ1,κ2,κ3,κ4 are horizontal vector fields on M.

Theorem 10. A Ricci semi-symmetric LP-Sasakian manifold M of dimension n (n > 2) equipped
with general connection DG is a generalized η-Einstein manifold.
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Proof. Equation (73) can be written as

S̄(R̄(κ1,κ2)κ3,κ4) + S̄(κ3, R̄(κ1,κ2)κ4) = 0. (74)

Setting κ1 = κ4 = ζ in (74), we obtain

S̄(R̄(ζ,κ2)κ3, ζ) + S̄(κ3, R̄(ζ,κ2)ζ) = 0. (75)

Using (28) and (33) in (75), we have

(a − ab − b + 1)S̄(κ2,κ3) =(a + ab + b + 1)(n − 1)(a + 1)(1 − b)
[
g(κ2,κ3)

+ 2(a + 1)bη(κ2)η(κ3)
]
.

(76)

Now, inserting (27) in (76), we obtain

S(κ2,κ3) = l1g(κ2,κ3) + l2η(κ2)η(κ3) + l3λγ(κ2,κ3), (77)

where

l1 =
1

a − ab − b + 1
[
(a − ab − b + 1)(ab + b − a2 − a)

− (a + ab + b + 1)(n − 1)(a + 1)(1 − b)
]
,

l2 =
1

a − ab − b + 1
[
(a − ab − b + 1)(ab + b − a2 − a + abn + bn

− an − ab − b + a)− 2(a + ab + b + 1)(n − 1)(a + 1)(1 − b)
]
,

l3 = a(a + 2),

λ = traceφ and γ(κ2,κ3) = g(κ1, φκ3). Therefore, we can say that M is a generalized
η-Einstein manifold.

8. Applications to the General Theory of Relativity

The objective of this section is to explore the applications of the general connection DG

on an n-dimensional LP-Sasakian manifold M within the framework of the general theory
of relativity. We assume that an LP-Sasakian manifold M of dimension n represents a fluid
space–time and its Ricci tensor S̄ defined with respect to DG satisfies S̄ = 0.

From (27) and (31), we obtain

S(κ1,κ2) =(a − ab − b + a2)g(κ1,κ2)− a(a + 2)λg(κ1, φκ2)

+ [a − ab − b + a2 − (n − 1)(ab + b − a)]η(κ1)η(κ2),
(78)

r = a2(n − 1)− a(a + 2)λ2. (79)

The Einstein field equation in the absence of a cosmological constant is expressed by

S(κ1,κ2)−
r
2

g(κ1,κ2) = κT(κ1,κ2) (80)

for all κ1,κ2 ∈ χ(M), where T is the energy momentum tensor and κ is the Einstein’s
gravitational constant. If possible, we consider that the fluid space–time is a perfect fluid
space–time, then the energy–momentum tensor T assumes the form

T(κ1,κ2) = pg(κ1,κ2) + (p + μ)η(κ1)η(κ2) (81)
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for κ1,κ2 ∈ χ(M), where p is the isotropic pressure, μ is the energy density, and ζ is the
fluid flow velocity, i.e., g(ζ, ζ) = −1 of the perfect fluid space–time.

Now, from (78), (79) and (81), Equation (80) becomes

a(a + 2)λ2 − a2(n − 1) + 2(a − ab − b + a2)

2
g(κ1,κ2)

+ {a − ab − b + a2 − (n − 1)(ab + b − a)}η(κ1)η(κ2)

− a(a + 2)λg(κ1, φκ2)

= κ{pg(κ1,κ2) + (p + μ)η(κ1)η(κ2)}.

(82)

Setting κ1 = κ2 = ζ and using (5) and (7) in (82), we find

(n − 1)(a2 + 2a − 2ab − 2b)− a(a + 2)λ2 = 2κμ. (83)

By selecting a frame field and subsequently contracting Equation (80), we obtain

a(n − 2)(a − an + aλ2 + 2λ2) = 2κ[p(n − 1)− μ]. (84)

From (83) and (84), we obtain

p
μ
=

Δ
(n − 1){(n − 1)(a2 + 2a − 2ab − 2b)− a(a + 2)λ2} , (85)

where Δ = a(n − 2)(a − an + aλ2 + 2λ2) + (n − 1)(a2 + 2a − 2ab − 2b) − a(a + 2)λ2.
Thus, (85) represents the equation of state for the perfect fluid space–time. As a spe-
cial case, if we assume λ = trace φ = 0 and n = 4, the equation of state for the perfect fluid
space–time reduces to

p
μ
=

1
3
[ a(2 − a)− 2b(a + 1)

a(a − 2)− 2b(a + 1)
]
. (86)

If the real constants a = 0, b = −1 in (86), then Equation (86) reduces to the quarter-
symmetric metric connection, which can be seen from (1). Therefore, we obtain

3p = μ. (87)

Thus, this indicates that the space–time is isotropic and homogeneous [19]. De et al. [20]
also investigated the properties of isotropic and homogeneous space–times. Numerous
researchers, including [20–23] have explored the characteristics of such space–times. Based
on these findings, we can formulate the following theorem:

Theorem 11. Consider a perfect fluid space–time equipped with the general connection DG, where
the Ricci tensor associated with DG vanishes. If this perfect fluid space–time satisfies Einstein field
equations without a cosmological constant, then the equation of state for the space–time is given by

p
μ
=

a(n − 2)(a − an + aλ2 + 2λ2) + (n − 1)(a2 + 2a − 2ab − 2b)− a(a + 2)λ2

(n − 1){(n − 1)(a2 + 2a − 2ab − 2b)− a(a + 2)λ2} .

In particular, for n = 4, λ = trace φ = 0, and the real constants a = 0, b = −1, the space–time is
filled with an isotropic and homogeneous perfect fluid.

9. Example

Let M = (x, y, z, u) ∈ R4 : u 	= 0 be a 4-dimensional differentiable manifold, where R4

denotes the Euclidean space of dimension 4.
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Let us assume that

υ1 = ex+u ∂

∂x
, υ2 = ey+u ∂

∂y
, υ3 = ez+u ∂

∂z
, υ4 =

∂

∂u
.

are the linearly independent vector fields, and therefore, they form a basis of M. The
non-vanishing components of the Lie bracket are given by

[υ1, υ4] = −υ1, [υ2, υ4] = −υ2, [υ3, υ4] = −υ3.

Let the semi-Riemannian metric g of M be defined by

g(υi, υj) = 1 for i, j = 1, 2, 3, g(υi, υj) = 0 for i 	= j

and
g(υi, υj) = −1 for i = j = 4, where i, j = 1, 2, 3, 4.

We assume that the associated 1-form corresponding to the unit timelike vector field
ζ = υ4 on M is related by the condition g(κ1, υ4) = η(κ1). Let the (1, 1)-tensor field φ be
defined by

φ(υ1) = −υ1, φ(υ2) = −υ2, φ(υ3) = −υ3, φ(υ4) = 0.

Then, it is clear that
φ2
κ1 = κ1 + η(κ1)υ4, η(υ4) = −1

hold for all vector fields κ1. The manifold M, equipped with the compatible metric g,
forms a 4-dimensional Lorentzian para-contact metric manifold. Using Koszul’s formula,
we obtain

2g(Dκ1κ2,κ3) =κ1g(κ2,κ3) +κ2g(κ3,κ1)−κ3g(κ1,κ2)− g(κ1, [κ2,κ3])

− g(κ2, [κ1,κ3]) + g(κ3, [κ1,κ2]).

It can easily verify that
Dυi υ4 = −υi for i = 1, 2, 3,

Dυi υi = −2υ4 for i = 1, 2, 3,

and
Dυi υj = 0 for i 	= j, where i = j = 4.

From the above analysis, we establish that Dκ1 υ4 = φκ1 for all κ1 ∈ χ(M). This allows us
to assert that (M, g) is a 4-dimensional LP-Sasakian manifold. The non-zero components of
the curvature tensor R corresponding to the Levi-Civita connection are

R(υ1, υ2)υ1 = −υ2, R(υ1, υ3)υ1 = −υ3, R(υ1, υ4)υ1 = −υ4, R(υ1, υ2)υ2 = υ1,

R(υ2, υ3)υ2 = −υ3, R(υ2, υ4)υ2 = −υ4, R(υ1, υ3)υ3 = υ1, R(υ2, υ3)υ3 = υ2,

R(υ3, υ4)υ3 = −υ4, R(υ1, υ4)υ4 = −υ1, R(υ2, υ4)υ4 = −υ2, R(υ3, υ4)υ4 = −υ2.

Additionally, the non-zero components of the Ricci tensor S are expressed as

S(υi, υi) = 3 for i = 1, 2, 3 and S(υj, υj) = −3 for j = 4.
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Proceeding further, based on the preceding discussions, the general connection DG on
M defined by Equation (1) takes the following form

DG
υi

υi = −(a + 2)υ4 for i = 1, 2, 3, DG
υi

υ4 = −(a + 1)υi for i = 1, 2, 3

and
DG

υi
υj = 0 for i 	= j, where i = j = 4.

The non-zero components of the curvature tensor R in accordance with the general connec-
tion DG are given as

R̄(υi, υ4)υi = −(a + ab + b + 1)υ4 for i = 1, 2, 3.

Additionally, we compute the Ricci tensor S̄ with respect to the connection DG as follows

S̄(υi, υi) = 3 + ab + b − a2 − a − a2λ − 2aλ for i = 1, 2, 3

and
S̄(υj, υj) = −3(a − b − ab + 1) for j = 4,

where a and b are real constants. From the above findings, the scalar curvatures regarding the
Levi-Civita connection D and the general connection DG are r = 12 and r̄ = r− 3a2, respectively,
knowing that λ = traceφ = 0. Hence, these results verify Equation (31) and Theorem 5.

10. Conclusions

From all of the above results, we can conclude that an n-dimensional LP-Sasakian
manifold admitting general connection DG satisfies the following:

Conditions Results

P̄ = 0 generalized η-Einstein manifold
φ-projectively flat generalized η-Einstein manifold

C̄ = 0 r̄ = 0
ξ-conharmonically flat r̄ = 0
φ-conharmonically flat generalized η-Einstein manifold

quasi-conharmonically flat r̄ = 0
R̄.S̄ = 0 generalized η-Einstein manifold

From Section 8, we established that a perfect fluid space–time equipped with the general
connection DG, whose Ricci tensor associated with DG vanishes and satisfies the Einstein
field equation without cosmological constant. Under these conditions, the space–time is filled
with an isotropic and homogeneous perfect fluid, particularly for n = 4, λ = trace, φ = 0,
and the real constants a = 0, b = −1. Further, connections are fundamental in both general
relativity and differential geometry for understanding the geometry of curved spaces. In
general relativity, they are used to describe space–time curvature, the movement of particles
along geodesics, parallel transport, and covariant derivatives, which help explain how
matter and energy shape space–time. In differential geometry, connections are employed
to define curvature, facilitate parallel transport, and allow differentiation of tensor fields
on curved manifolds, extending the concept of differentiation to curved spaces. In both
fields, connections play a key role in describing how geometric objects change as they move
through curved spaces, enhancing our understanding of curvature, structure, and geometry.
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Abstract: Ruled surfaces in Minkowski 3-space play a crucial role in differential geometry
and have significant applications in physics and engineering. This study explores the
fundamental properties of ruled surfaces via orthogonal modified frame in Minkowski
space E3

1, focusing on their minimality, developability, and curvature characteristics. We
examine the necessary and sufficient conditions for a ruled surface to be minimal, consider-
ing the mean curvature and its implications. Furthermore, we analyze the developability
of such surfaces, determining the conditions under which they can be locally unfolded
onto a plane without distortion. The Gaussian and mean curvatures of ruled surfaces in
Minkowski space are computed and discussed, providing insights into their geometric
behavior. Special attention is given to spacelike, timelike, and lightlike rulings, highlighting
their unique characteristics. This research contributes to the broader understanding of the
geometric properties of ruled surfaces within the framework of Minkowski geometry.

Keywords: ruled surfaces; Minkowski 3-space; orthogonal modified frame

MSC: 53A05; 53A25; 58C27

1. Introduction

The requirement that there is at least one straight line, known as a ruling, that lies
wholly on the surface through each point on the surface defines ruled surfaces, a funda-
mental class of surfaces in differential geometry. These surfaces’ straightforward geometric
structure and simplicity of creation make them useful in physics, engineering, and architec-
ture. Compared to their Euclidean counterparts, governed surfaces in Minkowski 3-space
E3

1 have special geometric features, especially when categorized according to spacelike,
timelike, or lightlike rulings.

In the parametric representation of a ruled surface, denoted as Λ(σ, υ) = ϑ(σ) +

υ U(σ), the base curve ϑ(σ) describes the shape of the surface, while the director vector
U(σ) determines the direction of the rulings. We can convey the points on the surface using
two parameters σ and υ owing to this representation; see [1,2].

The study of null geodesics, which characterize the motions of light beams in curved
space–time, naturally involves ruled surfaces. For instance, governed surfaces made up
of families of null geodesics can be thought of as light cones, which determine the causal
structure of space–time (see [3]).

Ruled surfaces are used to explain wavefronts moving through gravitational fields
in general relativity and optics. Due to the curvature of space–time, these wavefronts
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frequently create cusps and caustics, which are crucial for gravitational lensing effects
(see [4]). Since the paths of charged particles frequently form helical or conical ruled
surfaces in space–time diagrams, ruled surfaces may be used to examine the motion of
charged particles in electromagnetic fields (see [5]). Also, since null geodesics establish
the border between parts of space–time that can communicate with infinity and those that
cannot, the event horizon of a revolving black hole (such as a Kerr black hole) is composed
of ruled surfaces (see [6]).

Observing the behaviors of the ruled surfaces under Lorentz transformations, the
orthogonal modified frame (OMF) provides a sophisticated geometric and algebraic frame-
work, which modifies the Lorentz group for ruled surfaces in E3

1. Because traditional
Frenet–Serret frames frequently falter in degenerate situations, such lightlike decisions, the
OMF is a more reliable and flexible instrument. We may create frame-adaptive Lorentz
transformations using an OMF that maintain the core geometric characteristics of ruled
surfaces, such as their causal nature (spacelike, timelike, or lightlike). Specifically, the
ruling structure can be preserved while applying modified Lorentz boosts and rotations to
spacelike and timelike governed surfaces. It is necessary to perform certain null rotations
(parabolic Lorentz transformations) for lightlike ruled surfaces in order to preserve the
causal nature of the ruling. Since ruled surfaces are commonly seen in shock wavefronts,
string theory, and relativistic kinematics, this method has obvious uses in relativity, differ-
ential geometry, and wave propagation in spacetime. This version of the Lorentz group
preserves the basic structure of the governed surface while expanding our knowledge of
symmetry transformations in E3

1.
Analyzing ruled surfaces’ curvature characteristics, minimality requirements, and

developability is a crucial part of the study process. In [7,8], Struik and Eisenhart have
performed classical studies on ruled surfaces, establishing basic conclusions in Euclidean
and Lorentzian geometry. These investigations have been expanded to Minkowski space
due to developments in contemporary differential geometry, where the behavior of ruled
surfaces under various frame structures has emerged as a key field of study. In recent
times, there has been a particular focus on the orthogonal modified frame with κ 	= 0 and
τ 	= 0 of a space curve in Minkowski 3-space. This framework involves studying curves
in a three-dimensional space with specific curvature and torsion properties. Researchers
have made notable contributions to this area, as referenced in works such as [9–17]. The
purpose of this work is to use an orthogonal modified frame to investigate the geometric
characteristics of ruled surfaces in Minkowski 3-space. We advance our knowledge of
these surfaces and their uses in Lorentzian geometry by investigating the requirements for
minimality, developability, and curvature properties. The results of this study give a wider
view of the function of modified frame structures in differential geometry by comparing
them with previous findings.

2. Preliminaries

The definition of the Lorentzian product in E3
1 is

L = dσ2
1 + dσ2

2 − dσ2
3 ,

where (σ1, σ2, σ3) is the coordinate system of E3
1. The characteristics of an arbitrary υ ∈ E3

1
vector are as follows: Null if L(υ, υ) = 0 and υ 	= 0, spacelike if L(υ, υ) > 0 or υ = 0, and
timelike if L(υ, υ) < 0. Likewise, if a curve ϕ = ϕ(�) has a ϕ′(�) that is spacelike, timelike,
or null, then it can also be spacelike, timelike, or null [18,19].
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Let ϑ = ϑ(σ) be a spacelike curve in E3
1. Let {t, n, b} denote the moving Frenet frame

of ϑ, then {t, n, b} satisfying [2,18,19]:

ṫ(σ) = κ(σ) n(σ),

ṅ(σ) = −εκ(σ) t(σ) + τ(σ) b(σ),

ḃ(σ) = τ(σ) n(σ),

(1)

where
(
· = d

dσ

)
, L(t, t) = 1, L(n, n) = ε, L(b, b) = −ε, and L(t, n) = L(t, b) = (n, b) = 0.

When ε = 1, ϑ(σ) is first kind spacelike and when ε = −1, ϑ(σ) is second kind spacelike.
Assume that ϑ(σ) is an analytic curve with discrete zero points in E3

1. The orthogonal
modified frames are provided under the assumption that κ(σ) is not identically zero
as [9–11]:

Ṫ(σ) = N(σ),

Ṅ(σ) = −− εκ2(σ) T(σ) +
(

κ̇(σ)

κ(σ)

)
N(σ) + τ(σ) B(σ),

Ḃ(σ) = τ(σ) N(σ) +

(
κ̇(σ)

κ(σ)

)
B(σ),

(2)

where L(T, T) = 1, L(N, N) = εκ2, L(B, B) = −εκ2, L(T, B) = 0, L(N, B) = 0, and
L(T, N) = 0.

A ruled surface Λ in E3
1 can be represented as

Λ(σ, υ) = ϑ(σ) + υ �(σ), (3)

where ϑ(σ) is base curve and �(σ) is director. The unit normal vector field N on Λ can be
defined by [19]

NΛ =
Λσ × Λυ

‖Λσ × Λυ‖
,

where Λσ =
∂Λ
∂σ

and Λυ =
∂Λ
∂υ

. These are the first and second fundamental forms of Λ,
respectively,

I : E = ‖Λσ‖2, F = L(Λσ, Λυ), G = ‖Λυ‖2,

I I : e = L(Λσσ, NΛ), f = L(Λσυ, NΛ), g = L(Λυυ, NΛ).

The Gaussian and mean curvatures of Λ, respectively, are given by [19]

KΛ =
e g − f 2

EG − F2 ,

HΛ =
E g + G e − 2F f

2(EG − F2)
.

Proposition 1 ([20,21]). A ruled surface Λ is developable if and only if KΛ = 0, and minimal if
and only if HΛ = 0.

3. Characteristics of Ruled Surfaces via Orthogonal Modified Frame

We derive descriptions of the minimal and developable ruled surfaces from the or-
thogonal modified frame in E3

1.
The representation of a ruled surface for a regular spacelike curve β = β(σ) via

orthogonal modified frame in E3
1 is handed as
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Γ(σ, υ) = β(σ) + υ �(σ), (4)

for β(σ) the base curve and �(σ) the director curve such that ‖�(σ)‖ = 1. Then, we can
write (4) in the form

Γ(σ, υ) = β(σ) + υ
[
r1 T(σ) + r2 N(σ) + r3 B(σ)

]
, r2

1 + εκ2(r2
2 − r2

3) = 1. (5)

Based on (5), the equations of I’s components and the unit normal vector field basic
form of Γ are as follows:

EΓ = (1 − ευr2κ2)2 + ευ2κ2

[(
r1 + r2

(
κ̇

κ

)
+ r3τ

)2
−
(

r2τ + r3

(
κ̇

κ

))2
]

,

FΓ = r1(1 − ευr2κ2) + ευ2κ2
[

r2

(
r1 + r2

(
κ̇

κ

)
+ r3τ

)
− r3

(
r2τ + r3

(
κ̇

κ

))]
,

GΓ = 1,

(6)

NΓ =
α1 T(σ) + α2 N(σ) + α3 B(σ)√

α2
1 + εκ2(α2

2 − α2
3)

, (7)

where

α1 = υr3

[
r1 + r2

(
κ̇

κ

)
+ r3τ

]
− υr2

[
r2τ + r3

(
κ̇

κ

)]
,

α2 = υr1

[
r2τ + r3

(
κ̇

κ

)]
− r3(1 − ευr2κ2),

α3 = υr1

[
r1 + r2

(
κ̇

κ

)
+ r3τ

]
− r2(1 − ευr2κ2).

(8)

The features of Γ’s second fundamental form are as follows:

eΓ =
α1δ1 + εκ2(α2δ2 − α3δ3)√

α2
1 + εκ2(α2

2 − α2
3)

,

fΓ =
−εα1r2κ2 + εκ2[α2

(
r1 + r2

(
κ̇
κ

)
+ r3τ

)
− α3

(
r2τ + r3

(
κ̇
κ

))]√
α2

1 + εκ2(α2
2 − α2

3)
,

gΓ = 0,

(9)

where

δ1 = −ευ

{
2r2κ̇ + κ

[
r1 + r2

(
κ̇

κ

)
+ r3τ

]}
,

δ2 = 1 − ευr2κ2 + υ

{
r3τ̇ + r2

d
dσ

(
κ̇

κ

)
+

(
κ̇

κ

)[
r1 + r2

(
κ̇

κ

)
+ r3τ

]
+ τ

[
r2τ + r3

(
κ̇

κ

)]}
,

δ3 = υ

{
r2τ̇ + r3

d
dσ

(
κ̇

κ

)
+ τ

[
r1 + r2

(
κ̇

κ

)
+ r3τ

]
+

(
κ̇

κ

)[
r2τ + r3

(
κ̇

κ

)]}
.

(10)

Through using above-mentioned information, the Gaussian and mean curvatures are
calculated based on the following:

KΓ = −

{
− εα1r2κ2 + εκ2

[
α2

(
r1 + r2

(
κ̇
κ

)
+ r3τ

)
− α3

(
r2τ + r3

(
κ̇
κ

))]}2

Δ
[
α2

1 + εκ2(α2
2 − α2

3)
]
)

, (11)
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HΓ =
1

2Δ
√

α2
1 + εκ2(α2

2 − α2
3)

{
α1δ1 + εκ2(α2δ2 − α3δ3)− 2

[
r1(1 − ευr2κ2)

+ ευ2κ2
[
r2

(
r1 + r2

( κ̇

κ

)
+ r3τ

)
− r3

(
r2τ + r3

( κ̇

κ

))]][
− εα1r2κ2

+ εκ2
[
α2

(
r1 + r2

( κ̇

κ

)
+ r3τ

)
− α3

(
r2τ + r3

( κ̇

κ

))]]}
,

(12)

where

Δ = (1 − ευr2κ2)2 + ευ2κ2
[(

r1 + r2

( κ̇

κ

)
+ r3τ

)2
−
(

r2τ + r3

( κ̇

κ

))2]
−
{

r1(1 − ευr2κ2)

+ ευ2κ2
[
r2

(
r1 + r2

( κ̇

κ

)
+ r3τ

)
− r3

(
r2τ + r3

( κ̇

κ

))]}2

.

As a result of the preceding findings, we can deduce the the next theorems.

Theorem 1. At the point (σ, 0), the ruled surface (5) via orthogonal modified frame fulfills the
following requirements:

1. The surface is developable if and only if τ =
r1r3

r2
2 − r2

3
.

2. The surface is minimal if and only if τ =
r3(1 − 2r2

1)

2r1(r2
2 − r2

3)
.

Case 1. At r1 = 0, the ruled surface (5) has to have the specific traits:

KΓ = − εκ2{r3
[
r2
(

κ̇
κ

)
+ r3τ

]
− r2

[
r2τ + r3

(
κ̇
κ

)]}
r2

2 − r2
3

,

HΓ = − εr3κ

2
√

ε(r2
2 − r2

3)
.

(13)

Corollary 1. At the point (σ, 0), the ruled surface (5) via orthogonal modified frame with r1 = 0
is developable if τ = 0.

Case 2. For ε = 1 at r2 = 0, the ruled surface (5) has to have the specific traits:

KΓ = −κ2(r1 + r3τ)

r3(r2
1 − 1)

,

HΓ = −κ
[
1 − 2r1(r1 + r3τ)

]
2
√

r2
1 − 1)

.
(14)

Corollary 2. For ε = 1 and at the point (σ, 0), the ruled surface (5) via orthogonal modified frame
with r2 = 0 is as follows:

1. Developable if only and only if τ = −
(

r1

r3

)
.

2. Minimal if only and only if τ =
1 − 2r2

1
2r1r3

.

Case 3. For ε = −1 at r3 = 0, the ruled surface (5) has to have the specific traits:
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KΓ =
r2

2τκ2

1 − r2
1

, HΓ =
r1r2τκ

1 − r2
1

. (15)

Corollary 3. For ε = −1 and at the point (σ, 0), the ruled surface (5) via orthogonal modified
frame with r2 = 0 is an (HΓ, KΓ)-linear Weingarten surface if only and only if β(σ) is a W-curve.

Case 4. For ε = 1 at r1 = r2 = 0, the ruled surface (5) has to have the specific traits:

KΓ = −τκ2, HΓ = −r3κ. (16)

Corollary 4. For ε = 1 and at the point (σ, 0), the ruled surface (5) via orthogonal modified frame
with r1 = r2 = 0 is as follows:

1. Developable if only and only if τ = 0 .

2. An (HΓ, KΓ)-linear Weingarten surface if only and only if β(σ) is a W-curve.

Case 5. For ε = −1 at r1 = r3 = 0, the ruled surface (5) has to have the specific traits:

KΓ = τκ2, HΓ = 0. (17)

Corollary 5. For ε = −1 and during the point (σ, 0), the ruled surface (5) via orthogonal modified
frame with r1 = r3 = 0 is as follows:

1. A minimal surface.

2. Developable if only and only if τ = 0 .

3. An (HΓ, KΓ)-linear Weingarten surface if only and only if β(σ) is a W-curve.

Example 1. For ε = −1, let β(σ) =
(√

3 σ
2 , sinh

(
σ
2
)
, cosh

(
σ
2
))

be a spacelike curve in E3
1. It is

simple to demonstrate the Frenet invariants as follows:

t(σ) =

(√
3

2
,

1
2

cosh
(σ

2

)
,

1
2

sinh
(σ

2

))
,

n(σ) =
(

0, sinh
(σ

2

)
, cosh

(σ

2

))
,

b(σ) =

(
1
2

,−
√

3
2

cosh
(σ

2

)
,−

√
3

2
sinh

(σ

2

))
,

κ =
1
4

, τ = −
√

3
4

.

Then, the orthogonal modified frames are

T(σ) =

(√
3

2
,

1
2

cosh
(σ

2

)
,

1
2

sinh
(σ

2

))
,

N(σ) =

(
0,

1
4

sinh
(σ

2

)
,

1
4

cosh
(σ

2

))
,

B(σ) =

(
1
8

,−
√

3
8

cosh
(σ

2

)
,−

√
3

8
sinh

(σ

2

))
.

Taking r1 = 3
2
√

2
, r2 =

√
3, and r3 = 1, the ruled surfaces via Frenet frame and orthogonal modified

frame are then computed as follows (see Figures 1 and 2):
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Γ1(σ, υ) =

(
3σ + (2

√
3 +

√
2)υ, (υ + 1) sinh

(σ

2

)
+
( (2 −√

6)υ
2
√

3

)
cosh

(σ

2

)
,
( (2 −√

6)υ
2
√

3

)
sinh

(σ

2

)
+ (υ + 1) cosh

(σ

2

))
,

Γ2(σ, υ) =

(
1

8
√

2

[
4
√

6σ + (
√

2 + 6
√

3)υ
]
,
( (4 +√

3υ)

4

)
sinh

(σ

2

)
+
( (6 −√

6)υ
8
√

2

)
cosh

(σ

2

)
,
( (6 −√

6)υ
8
√

2

)
sinh

(σ

2

)
+
( (4 +√

3υ)

4

)
cosh

(σ

2

))

Figure 1. Γ1(σ, υ) = β(σ) + υ �(σ).

Figure 2. Γ2(σ, υ) = β(σ) + υ
(

r1 T(σ) + r2 N(σ) + r3 B(σ)
)

.

4. Evolutionary Characteristics of Spectacular Ruled Surfaces via
Orthogonal Modified Frame

Within this section, we investigate the T-, N-, and B-ruled surfaces along an analytic
space curve using orthogonal modified frames. If the β(σ) and �(σ) curves do, in fact,
transit in time t, the ruled surface (4) looks like this:

Γ(σ, υ, t) = β(σ, t) + υ �(σ, t). (18)
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4.1. T-Ruled Surface via Orthogonal Modified Frame

For ε = −1, the tangent-ruled surface is generated by the motion of the tangent vector
T(σ) of β(σ), and its equation is represented by

Ψ(σ, υ, t) = β(σ, t) + υ T(σ, t). (19)

The Ψ’s partial differentiations are

Ψσ = T(σ) + υ N(σ),

Ψυ = T(σ).
(20)

Using (20), in reality, we may obtain the IΨ’quantities and the Ψ unit normal vector field as
follows:

EΨ = 1 − υ2κ2,

FΨ = 1,

GΨ = 1,

(21)

NΨ =
B(σ)

κ
. (22)

Differentiating (20) in relation to σ and υ, respectively, and using (22), the I IΨ’quantities of
Ψ are

eΨ = υτκ,

fΨ = 0,

gΨ = 0.

(23)

Then, KΨ and HΨ of a T-ruled surface Ψ are

KΨ = 0, HΨ = − τ

2υκ
. (24)

Corollary 6. For ε = −1, the T-ruled surface (19) via an orthogonal modified frame is as follows:

1. A developable surface.

2. Minimal if only and only if τ = 0 .

3. An (HΨ, KΨ)-linear Weingarten surface if only and only if β(σ) is a helix.

4.2. N-Ruled Surface via Orthogonal Modified Frame

The formula for the normal-ruled surface produced by the movement of the normal
vector N(σ) of β(σ) is shown by

Ω(σ, υ, t) = β(σ, t) + υ N(σ, t). (25)

The Ω’s velocity vectors are

Ωσ =
[
1 − ευκ2]T(σ) + υ

( κ̇

κ

)
N(σ) + υτ B(σ),

Ωυ = N(σ).
(26)

149



Mathematics 2025, 13, 940

Using (26), we could really obtain the Ω’s quantities of IΩ and NΩ as follows:

EΩ =
(
1 − ευκ2)2

+ ευ2(κ̇2 − τ2κ2),
FΩ = ευκκ̇,

GΩ = εκ2,

(27)

NΩ =
−υτ T(σ) + (ευκ2 − 1)B(σ)√

τ2κ2 − εκ2(ευκ2 − 1)2
. (28)

Differentiating (26) in relation to σ and υ, respectively, and using (28), the Ω’s quantities of
I IΩ are

eΩ =
ευκ

[
3υτκ̇ − (ευκ2 − 1)(τ̇κ + 2τκ̇)

]√
τ2κ2 − εκ2(ευκ2 − 1)2

,

fΩ =
τκ2[ε(υ + 1)− υκ2]√
τ2κ2 − εκ2(ευκ2 − 1)2

,

gΩ = 0.

(29)

Then, KΩ and HΩ of an N-ruled surface Ω are

KΩ =
τ2κ2[ε(υ + 1)− υκ2]2[

ε(1 − ευκ2)2 − υ2τ2κ2
][

τ2κ2 − εκ2(ευκ2 − 1)2
] ,

HΩ =
υκ
[
3υτκ̇ − (ευκ2 − 1)(τ̇κ + 2τκ̇)− 2ετκ̇[ε(υ + 1)− υκ2]

]
2
[
ε(1 − ευκ2)2 − υ2τ2κ2

]√
τ2κ2 − εκ2(ευκ2 − 1)2

.

(30)

Corollary 7. The N-ruled surface (25) via an orthogonal modified frame is as follows:

1. A developable surface iff τ = 0.

2. Minimal if only and only if

3υτκ̇ − (ευκ2 − 1)(τ̇κ + 2τκ̇)− 2ετκ̇[ε(υ + 1)− υκ2] = 0.

4.3. B-Ruled Surface via Orthogonal Modified Frame

The binormal-ruled surface is generated by the motion of the binormal vector B(σ) of
β(σ), and its equation is represented by

Φ(σ, υ, t) = β(σ, t) + υ B(σ, t). (31)

The Φ’s velocity vectors are

Φσ = T(σ) + (υτ)N(σ) + υ
( κ̇

κ

)
B(σ),

Φυ = B(σ).
(32)

Using (32), we could really obtain the Φ’s quantities of IΦ and NΦ as follows:

EΦ = 1 + ευ2[τ2κ2 − κ̇2],
FΦ = −ευκκ̇,

GΦ = −εκ2,

(33)
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NΦ =
υτ T(σ)− N(σ)√

εκ2 + υ2τ2
. (34)

Differentiating (32) in relation to σ and υ, respectively, and using (34), the Φ’s quantities of
I IΦ are

eΦ = − εκ
[
υ2τ2κ + 2υτκ̇ + κ(1 + υτ̇)

]
√

εκ2 + υ2τ2
,

fΦ = − ετκ2
√

εκ2 + υ2τ2
,

gΦ = 0.

(35)

Then, KΦ and HΦ of a B-ruled surface Φ are

KΦ =
τ2κ2[

ε + υ2τ2κ2
][

εκ2 + υ2τ2
] ,

HΦ = − κ2[υτ̇ + υ2τ2 + 1
]

2
[
ε + υ2τ2κ2

]√
εκ2 + υ2τ2

.
(36)

Corollary 8. The B-ruled surface (31) via orthogonal modified frame is as follows:

1. A developable surface iff τ = 0.

2. Minimal if only and only if υτ̇ + υ2τ2 + 1 = 0.

Example 2. For ε = 1, let β(σ) =

(√
2 σ,

∫ σ

0
sinh

(
π t2

2

)
dt,

∫ σ

0
cosh

(
π t2

2

)
dt
)

be a space-

like curve in E3
1. It is simple to demonstrate the Frenet invariants as follows:

t(σ) =
(√

2, sinh
(

πσ2

2

)
, cosh

(
πσ2

2

))
,

n(σ) =
(

0,
(

σ

|σ|

)
cosh

(
πσ2

2

)
,
(

σ

|σ|

)
sinh

(
πσ2

2

))
,

b(σ) =

(
− σ

|σ| ,−
(√

2 σ

|σ|

)
sinh

(
πσ2

2

)
,−
(√

2 σ

|σ|

)
cosh

(
πσ2

2

))
,

κ = π|σ| , τ =
√

2πσ .

Then, the orthogonal modified frames are

T(σ) =
(√

2, sinh
(

πσ2

2

)
, cosh

(
πσ2

2

))
,

N(σ) =

(
0, πσ cosh

(
πσ2

2

)
, πσ sinh

(
πσ2

2

))
,

B(σ) =
(
−πσ,−

√
2πσ sinh

(
πσ2

2

)
,−

√
2πσ cosh

(
πσ2

2

))
.

The T-ruled surface via an orthogonal modified frame is computed as follows (see Figure 3):
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Figure 3. T-ruled surface.

Ψ(σ, υ, t) =
(√

2
(
σ + υ

)
,
∫ σ

0
sinh

(
π t2

2

)
dt + υ sinh

(
πσ2

2

)
,
∫ σ

0
cosh

(
π t2

2

)
dt

+ υ cosh
(

πσ2

2

))
.

The N-ruled surfaces via Frenet frame and orthogonal modified frame are then computed as (see
Figures 4 and 5).

Ω1(σ, υ, t) =
(√

2σ,
∫ σ

0
sinh

(
π t2

2

)
dt +

(
υσ

|σ|

)
cosh

(
πσ2

2

)
,
∫ σ

0
cosh

(
π t2

2

)
dt

+

(
υσ

|σ|

)
sinh

(
πσ2

2

))
,

Ω2(σ, υ, t) =
(√

2σ,
∫ σ

0
sinh

(
π t2

2

)
dt + πυσ cosh

(
πσ2

2

)
,
∫ σ

0
cosh

(
π t2

2

)
dt

+ πυσ sinh
(

πσ2

2

))
.

Figure 4. N-ruled surface via Frenet frame.
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Figure 5. N-ruled surface via orthogonal modified frame.

The B-ruled surfaces via Frenet frame and orthogonal modified frame are then computed as
follows (see Figures 6 and 7):

Φ1(σ, υ, t) =
(√

2σ − υσ

|σ| ,
∫ σ

0
sinh

(
π t2

2

)
dt −

(√
2υσ

|σ|

)
sinh

(
πσ2

2

)
,
∫ σ

0
cosh

(
π t2

2

)
dt

−
(√

2υσ

|σ|

)
cosh

(
πσ2

2

))
,

Φ2(σ, υ, t) =
(√

2σ − υσ,
∫ σ

0
sinh

(
π t2

2

)
dt −

√
2υσ sinh

(
πσ2

2

)
,
∫ σ

0
cosh

(
π t2

2

)
dt

−
√

2υσ cosh
(

πσ2

2

))
.

Figure 6. B-ruled surface via Frenet frame.
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Figure 7. B-ruled surface via orthogonal modified frame.

5. Conclusions

In this work, we used an orthogonal modified frame to investigate the geometric
features of ruled surfaces in Minkowski 3-space E3

1. The research emphasized the influence
of spacelike rulingson the behavior of these surfaces by concentrating on important fea-
tures like minimality, developability, and curvature attributes. According to our research,
ruled surfaces may be studied more methodically and effectively by using an orthogonal
modified frame, which also offers fresh perspectives on the curvature requirements and
categorization of these surfaces. In order to better comprehend minimum ruled surfaces in
Lorentzian geometry, the requirements for these surfaces were investigated, and the con-
nections between Gaussian and mean curvature were developed. We illustrate the benefits
of using modified frames to analyze the geometric features of ruled surfaces by contrasting
our findings with those of previous research. These results may have use in differential
geometry, mathematical physics, and relativity, where Minkowski space is essential. By
examining higher-dimensional governed surfaces or their dynamic behaviors under other
geometric flows, further study might be built on this work. This work lays the groundwork
for future investigations into ruled surfaces in the Minkowski framework, improving our
theoretical knowledge of them and their possible uses in a range of scientific domains.
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Abstract: We investigated the properties of Ricci semi-symmetric Robertson–Walker space-
times within the framework of f (R)-gravity theory. Initially, we established that Ricci
semi-symmetric Robertson–Walker spacetimes are locally isometric to either Minkowski or
de Sitter spacetimes. We then focused on the 4-dimensional formulation of these spacetimes
in f (R)-gravity, deriving expressions for the isotropic pressure p and energy density σ. To
further develop our understanding, we explored various energy conditions to constrain the
functional form of f (R). We analyzed several models, namely f (R) = R− α(1 − e−

R
α ),

f (R) = R− β tanhR, and f (R) = R− log(mR), where α, β, and m are constants. Our
findings suggest that the equations of state parameters for these models are compatible with
the universe’s accelerating expansion, indicating an equation of state parameter ω = −1.
Moreover, while these models satisfy the null, weak, and dominant energy conditions
reflective of the observed accelerated expansion, our analysis reveals that they violate the
strong energy condition.

Keywords: Ricci semi-symmetric spacetime; Robertson–Walker spacetime; f (R)-gravity
theory; energy conditions in modified gravity

MSC: 53C21; 53C50; 53Z05

1. Introduction

The geometry of generalized Robertson–Walker (GRW) spacetimes has emerged as
a vital and dynamic area of research, bridging the fields of mathematics and theoretical
physics. A GRW spacetime is characterized as a warped product manifold, where its foun-
dational structure comprises a one-dimensional base manifold. In cosmological physics, the
Friedmann–Lemaitre–Robertson–Walker (FLRW) metrics serve as elementary models for
describing the expansion of the universe, acknowledging the pioneering contributions of
several scientists in the evolution of modern cosmological theories. Recent advances in the
study of Lorentzian manifolds have unveiled numerous intriguing decomposition theorems
that deepen our understanding of spacetime geometry. Notably, in [1], a groundbreaking
decomposition of Lorentzian manifolds was introduced, demonstrating a novel connection
between their geometric properties and the foundational principles of General Relativity.
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Mathematics 2025, 13, 1012

This work significantly enhances our understanding of how Lorentzian manifolds relate
to the more specialized FLRW spacetimes, revealing the potential for these structures to
inform our understanding of cosmic evolution. A Lorentzian manifold can be modeled as
a GRW spacetime if it satisfies a specific criterion: the presence of a time-like concircular
vector field. However, this condition is relaxed when an additional condition [2] is taken
into account, thus permitting a wider range of spacetime geometries to be classified as
GRW. Specifically, a Lorentzian manifold M attains the GRW spacetime if it possesses a
unit time-like torse-forming vector field u�b, which serves as an eigenvector of the Ricci
tensor Ricab. In the presence of a unit time-like torse-forming vector field, it suggests the
existence of a scalar function ϕ on M such that

∇au�
b = ϕ(gab + u�

au�
b), u�au�

a = −1. (1)

In [3], it has been shown that the Ricci tensor of a GRW spacetime is characterized by

Ricab =
R− ψ

n − 1
gab +

R− nψ

n − 1
u�

au�
b + (n − 2)u�ku�lCkabl ,

where Ckabl is the Weyl conformal curvature tensor and R is the scalar curvature. A
conformally flat GRW spacetime is known as classical Robertson–Walker (RW) spacetime,
allowing the Ricci curvature form to change as follows:

Ricab =
R− ψ

n − 1
gab +

R− nψ

n − 1
u�

au�
b. (2)

At this point, we recall that the Ricci tensor for homogeneous and isotropic spacetime
has the form

Ricab = αgab + βu�
au�

b. (3)

By virtue of (2) and (3), one can conclude that an RW-spacetime is a perfect fluid
spacetime, where

α =
R− ψ

n − 1
, β =

R− nψ

n − 1
.

For more information regarding perfect fluid spacetimes and the characterization
of GRW- and RW-spacetimes, readers are encouraged to see the references [2,4–6]. An
algebraic curvature condition for a spacetime to be classified as a perfect fluid spacetime
is described in [7]. In differential geometry, manifolds that meet this algebraic curvature
criterion are known as quasi-Einstein manifolds [8].

The quest to understand the dynamics of our universe, particularly during its late-time
inflationary phase, has led some researchers to modify the action principle of Einstein’s
field equations (EFEs), recognizing that the standard theory of gravity may not offer a
complete explanation. A significant contribution to this field is found in Buchdahl’s pro-
posal [9], which introduces a modified gravity theory by replacing the Ricci scalar R in
the Einstein–Hilbert action with an arbitrary function f (R). This innovative modification
yields a new action principle that challenges conventional views of astrophysical phenom-
ena. While the choice of functions f (R) is indeed constrained by a range of observational
data and scalar–tensor theoretical results, researchers can adopt a phenomenological ap-
proach that assumes specific forms for f (R), allowing for empirical testing against existing
criteria. A diverse array of models and functional forms has emerged in the literature, with
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notable contributions from studies such as [10–15]. These explorations have demonstrated
that certain astrophysical structures, including massive neutron stars, resist explanations
grounded in GR but can be effectively described through the higher-order curvilinear
features of f (R)-gravity. Supporting evidence for these claims can be found in references
[16–20], which highlight the notable advantages of investigating modified gravity theories.
The equations of motion derived from f (R)-gravity reflect increased complexity, offering
solutions that can diverge significantly from those predicted by traditional GR.

Energy conditions (ECs) play a crucial role in establishing the positivity of the energy–
momentum tensor, serving as fundamental criteria for various theories of gravity. However,
the introduction of f (R)-gravity models has posed significant challenges in effectively con-
straining their model parameters. By applying different energy conditions, researchers can
derive potential constraints on the parameters governing the f (R) framework [21]. Origi-
nally articulated within the confines of GR [22], these conditions have since been adapted
for f (R)-gravity by defining effective pressure and energy density, facilitating a more nu-
anced understanding of these modified theories. As evident from the preceding literature,
it is imperative to dedicate more attention to f (R)-gravity, which remains largely unex-
plored. Motivated by these gaps, the present study focuses on the Ricci semi-symmetric
Robertson–Walker (RW) spacetime in the context of f (R)-gravity. Our objective is to shed
light on the unanswered questions that arise within this realm, specifically through an ex-
amination of the null, weak, strong, and dominant energy conditions applicable to various
f (R)-gravity models.

2. RW-Spacetime

The scalar curvature of RW spacetime, the eigenvalue of the Ricci tensor corresponding
to u�, and the divergence of the one-form u� can be easily deduced as follows:

R = nα − β, ψ = α − β, (4)

∇bu�
b = (n − 1)ϕ, respectively. (5)

An RW-spacetime is a conformally flat GRW-spacetime which holds significant inter-
est in the standard theory of gravity [23] governed by Einstein’s field equations (EFEs):

Ricab −
R
2

gab = k2Tab,

where Tab denotes the energy–momentum tensor and k is a gravitational constant. Thus,(
α − R

2

)
gab + βu�

au�
b = k2Tab. (6)

The energy momentum tensor for homogeneous and isotropic spacetime is defined by
the symmetric tensor:

Tab = pgab + (p + σ)u�
au�

b, (7)

where p and σ indicate isotropic pressure and energy density. Banerjee et al. [24] employed
isotropic pressure to provide a detailed analysis of the characteristics of wormholes and
energy conditions in the context of f (R, T ) gravity. The authors of reference [25] explored
bouncing cosmology with higher-order curvature in modified gravity by using isotropic
pressure. Gadbail et al. [26] studied the corrections to the Lagrangian for bouncing
cosmology in f (Q) gravity, using the energy–momentum tensor for homogeneous and
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isotropic spacetime. Extensive studies of isotropic pressure have been conducted in various
cosmological and astrophysical phenomena [27–35]. Upon comparing (6) and (7), one can
easily find that

k2 p = α − R
2

=
R− ψ

n − 1
− R

2
=

(3 − n)R− 2ψ

2(n − 1)
,

k2(p + σ) = β =
R− nψ

n − 1
,

k2σ =
R− nψ

n − 1
− (3 − n)R− 2ψ

2(n − 1)
=

R− 2ψ

2
.

3. Characterization of Ricci Semi-Symmetric RW-Spacetime

In this section, we investigate some geometric behaviors of RW-spacetime within the
background of curvature condition on the Ricci tensor. A spacetime is said to be Ricci
semi-symmetric [23] if it satisfies

∇l∇kRicab −∇k∇lRicab = 0.

Taking the covariant derivative of (2) twice gives

∇l∇kRicab −∇k∇lRicab = ∇l∇k(αgab + βu�
au�

b)−∇k∇l(αgab + βu�
au�

b),

= β
(

u�
a(∇l∇k −∇k∇l)u

�
b + u�

b(∇l∇k −∇k∇l)u
�
a

)
.

We can easily conclude from the previous equation that an RW spacetime is Ricci
semi-symmetric if and only if either β = 0 or ∇l∇ku�

b = ∇k∇lu
�
b. Remarkably, if β = 0

in (3), then this implies that an RW spacetime is Einstein, that is, Ricab = R
n gab. Conversely,

if the spacetime is Einstein, then

R
n

= (α − nα +R).

The aforementioned equation yields α = R
n , which, when considered in (4), gives

β = 0. The second condition is equivalent to u�
hRich

abk = 0. Hence, we conclude
the following.

Theorem 1. An RW-spacetime M is Ricci semi-symmetric if and only if M is Einstein or
u�

hRich
abk = 0.

The Ricci semi-symmetric RW-spacetime is Einstein, provided that β = 0. In this case,
the Ricci tensor and energy–momentum tensor are, respectively, transformed into

Ricab =
R
n

gab, (8)

Tab = − 1
k2

(
n − 2

2n

)
Rgab. (9)

In this situation, one can find
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p = − 1
k2

(
n − 2

2n

)
R, (10)

σ =
1
k2

(
n − 2

2n

)
R. (11)

By virtue of the previous equation, one can obtain p + σ = 0, which indicates that a
perfect fluid is referred to as dark energy matter.

Remark 1. Let M be a Ricci semi-symmetric RW-spacetime. Then, perfect fluid spacetime is
referred to as the dark matter era.

Since the energy density cannot be negative, it follows from (11) that R ≥ 0, that is,
R = 0 or R > 0:

• When R = 0, then (8), which results in Ricab = 0, signifies that the spacetime is flat,
and thus locally isometric to Minkowski spacetime [36].

• When R > 0, this condition leads to a spacetime characterized by a constant positive
curvature, specifically classifying it as a de Sitter spacetime [36].

Therefore, we state the following.

Theorem 2. A Ricci semi-symmetric RW-spacetime is either locally isometric to Minkowski
spacetime or a de Sitter spacetime.

4. Ricci Semi-Symmetric RW-Spacetime Obeying f (R)-Gravity

In this study, we delve into the implications of f (R)-gravity within the context of Ricci
semi-symmetric RW-spacetime, which is characterized by a specific geometric structure
that allows for cosmological models consistent with modern observations. This examina-
tion is prompted by the recognition that f (R) theories can extend our understanding of
gravitational phenomena beyond that provided by GR.

To initiate our analysis, we consider a modified form of the Einstein–Hilbert action
represented by the following integral:

H =
1
κ2

∫
{ f (R) + Lm}

√
−gd4x, (12)

where Lm corresponds to the Lagrangian matter density of scalar field and κ2 is a coupling
constant that relates the gravitational phenomenon to the energy–momentum tensor. The
stress–energy tensor of the matter is calculated using the following expression:

Tab = − 2√−g
δ(
√−gLm)

δgab . (13)

By varying the modified action H with respect to the metric, we arrive at the field
equations for f (R)-gravity as

fR(R)Ricab −
1
2

f (R)gab + (gab�−∇a∇b) fR(R) = κ2Tab, (14)

where � denotes the d’Alembert operator. An interesting facet of this framework is the
ability to simplify the field equations by substituting f (R) with R. We know that R is
constant on Ricci semi-symmetric RW-spacetime, so the equation can be restructured to
express the relationship more clearly, as follows:
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Ricab −
R
2

gab =
κ2

fR(R)
Te f f

ab , (15)

with Te f f
ab = Tab +

f (R)−R fR(R)
2κ2 gab. Due to Theorem 1, we obtain Ricab = R

4 gab. For a
constant R, the above field equation becomes

−R
2

gab =

[
κ2

fR(R)
p +

f (R)−R fR(R)

2 fR(R)

]
gab +

κ2

fR(R)
(p + σ)u�

au�
b. (16)

Combining a and b in the previous equation, one can obtain

R =
3κ2 p

fR(R)
− κ2σ

fR(R)
+

2 f (R)

fR(R)
. (17)

Once again, transvecting (16) by (u�)b and after some computation, we obtain

R =
2 f (R)

fR(R)
− 4κ2σ

fR(R)
. (18)

Combining (17) together with (18) gives

p =
R fR(R)

4κ2 − f (R)

2κ2 , and σ =
f (R)

2κ2 − R fR(R)

4κ2 . (19)

Hence, we state the following.

Theorem 3. In Ricci semi-symmetric RW-spacetime, isotropic pressure p and energy density σ

are given by the expression (19).

5. Energy Conditions

In the context of GR, ECs are widely regarded as crucial tools for exploring the
properties of compact objects in various modified-gravity theories, as highlighted in
references [37–39]. ECs serve as invaluable tools for assessing the self-stability of cos-
mological models, typically derived from the widely recognized Raychaudhuri equation
[40,41]. Additionally, its helps us to elucidate the geometrical characteristics of spacetime
curvature, such as space-like, time-like, and light-like behaviors, while also shedding
light on the nature of dreadful singularities [42,43]. The expressions of the Raychaudhuri
equations are

dΘ
dτ

= −1
3

Θ2 − σabσab + ωabωab − Ricabuaub, (20)

dΘ
dτ

= −1
2

Θ2 − σabσab + ωabωab − Ricabnanb. (21)

Here, Θ refers to the expansion rate, na is the null vector, and σab and ωab are the shear
and rotation associated with the vector field ua, respectively. For gravitational attraction,
the conditions given by (20) and (21) are satisfied as follows:

Ricabuaub ≥ 0, Ricabnanb ≥ 0.

We use (19) to deduce some relevant energy conditions for the present scenario:

• Null energy condition (NEC): if σ + p ≥ 0.
• Strong energy condition (SEC): if σ + 3p ≥ 0 with R fR(R)− fR(R) ≥ 0.
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• Weak energy condition (WEC): if σ ≥ 0, σ + p ≥ 0 with −R fR(R) + fR(R) ≥ 0.
• Dominant energy condition (DEC): if σ ≥ 0, ‖p‖ ≤ σ.

We will now explore the ECs for particular functions of the Ricci scalar R within this
framework in the subsequent section.

6. Features of f (R)-Gravity Models

In this section, we explore a specific class of f (R)-modified-gravity models by detail-
ing the functional form of f . Generally, the field equations are influenced by the tensor
Tab, which incorporates the physical properties of the matter field. Consequently, in
f (R)-gravity, each choice of the function f can lead to a variety of theoretical models,
depending on the specific nature of the matter source considered. Some of the early f (R)

models, including the Starobinsky [44] and Carroll [11] models, accounted for cosmic
inflation without the need for scalar fields and explained late-time acceleration purely as a
gravitational phenomenon, without invoking dark energy. Although these models have
their limitations, they played a significant role in popularizing f (R) models overall. They
also highlighted the complexity involved in identifying a viable and stable f (R) model.
For an in-depth review of f (R)-gravity theory, refer to [45]. Sotiriou et al. [37] described
the f (R) theory as a form of toy theory and provided a detailed explanation of this toy
model in their research. Additionally, numerous researchers have examined various toy
models in their studies [46–48]. We will analyze three different toy models to investigate
energy conditions in the following subsections.

6.1. Model-1: f (R) = R− α(1 − e−
R
α )

In this context, we consider f (R) to be an exponential function characterized by the
free parameter α. Consequently, the expressions for energy density and pressure can be
formulated as

σ =
1

4κ2

(
−2α + e−

R
α (2α +R) +R

)
, (22)

p =
1

4κ2

(
2α − e−

R
α (2α +R)−R

)
. (23)

Utilizing (22) and (23), one can examine the energy conditions within this framework.
Figure 1 illustrates the profiles of various energy conditions within the context of cosmo-
logical evolution. The analysis reveals that the energy density remains strictly positive
throughout the universe’s evolution for parameters, where R > 1 and α > 0. This fig-
ure further demonstrates that elevated values of R correspond to higher energy density
levels, implying that the universe possessed substantial energy density during its early
stages of development. It is noteworthy that the NEC is a subset of the WEC, thereby
confirming the satisfaction of both conditions. The profiles for the DEC are also depicted in
Figure 1, indicating positivity throughout. However, a violation of the SEC is observed,
which suggests that the universe is experiencing a phase of late-time acceleration [49,50].
Throughout this analysis, the EoS parameter ω = −1. The EoS parameter is viewed as a
viable metric for assessing our models in relation to the ΛCDM cosmological model. Re-
markably, this nature is consistent with the ΛCDM theoretical framework for dark energy
and is further validated by recent experimental findings [51]. In [13], the author elaborated
on a significant observation regarding this result.

Moreover, the present analysis demonstrates that the condition ω = −1 character-
izes late-time cosmic acceleration. Utilizing this parameter in the context of the SEC, it is
observed that ρ + 3ωρ remains negative. In order to explain cosmic acceleration in a homo-
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geneous and isotropic universe, it is necessary for the late universe to display substantial
negative pressure. Consequently, these findings confirm that our model indicates that the
universe is undergoing an accelerated expansion phase [49,52–54].
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Figure 1. Contour plots showing the variations in energy density, DEC, and SEC as functions of R
and α. In the energy density and DEC plots, the color gradient ranges from dark blue (lower values)
to light yellow (higher values), indicating that both energy density and DEC increase with increasing
R and α. In the SEC plot, the color gradient ranges from light yellow (higher values) to dark blue
(lower values), showing that SEC decreases (becomes more negative) with increasing R and α.

6.2. Model-2: f (R) = R− β tanhR
In this part, we consider a model f (R) = R− β tanhR. Tsujikawa [55], Appleby, and

Battye [56] described this type of f (R)-gravity model. We can express the pressure and
energy density in terms of this model as

p =
1

2κ2 β tanh(R)− 1
4κ2 R

(
βsech2(R) + 1

)
, (24)

σ =
1

4κ2

(
−2β tanh(R) + βRsech2(R) +R

)
. (25)

By analyzing the behavior of t he pressure and energy density as expressed in (24) and
(25), we can deduce the EoS parameter ω in this scenario. Upon performing the necessary
calculations, we find that ω = −1 for any β. This result implies that the universe is
primarily driven by a cosmological constant, which is consistent with the widely accepted
ΛCDM theory [51]. In Figure 2, we present the profiles of energy density and energy
conditions to visually illustrate their characteristics. The graphs demonstrate that while
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both the energy density and DEC criteria are satisfied, the SEC is not met. Additionally,
as σ + p approaches zero in this analysis, it becomes clear that both the WEC and NEC
are fulfilled.
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Figure 2. Contour plots showing the variations in energy density, DEC, and SEC as functions of R
and β. In the energy density and DEC plots, the color gradient ranges from dark blue (lower values)
to light yellow (higher values), indicating that both energy density and DEC increase with increasing
R and β. In the SEC plot, the color gradient ranges from light yellow (higher values) to dark blue
(lower values), showing that SEC decreases (becomes more negative) with increasing R and β.

6.3. Model-3: f (R) = R− log(mR)

We consider f (R) as a logarithmic function of the Ricci scalar with the free parameter
m > 0. This model is characterized by the following expressions for energy density
and pressure:

σ =
1
4
(R+ 1 − 2 log(mR)), (26)

p =
1
4
(2 log(mR)−R− 1) (27)

In this scenario, the EoS is equal to 1 for all values of m, suggesting that the universe
is primarily governed by a cosmological constant, aligning with the widely accepted
ΛCDM model. Since WEC combines NEC and positive density, and NEC is always zero
in this context, we can observe behaviors related to SEC, DEC, and the density parameter.
Figure 3 presents the profiles of energy density, as well as the DEC and SEC. An analysis of
these graphs indicates that while both the energy density and DEC criteria are satisfied,
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the SEC criterion is not. Furthermore, as p + σ approaches zero in this construction, it is
evident that both the WEC and NEC are also satisfied.
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Figure 3. Contour plots showing the variations in energy density, DEC, and SEC as functions of R
and m. In the energy density and DEC plots, the color gradient ranges from dark blue (lower values)
to light yellow (higher values), indicating that both energy density and DEC increase with increasing
R and m. In the SEC plot, the color gradient ranges from light yellow (higher values) to dark blue
(lower values), showing that SEC decreases (becomes more negative) with increasing R and m.

7. Discussion

This work has provided a comprehensive exploration of Ricci semi-symmetric
Robertson–Walker spacetime within the framework of f (R)-gravity. By employing both
analytical techniques and graphical analyses, we have effectively demonstrated the stability
of several cosmological toy models, which were framed by carefully chosen functional
forms of f (R). Specifically, we investigated models defined by f (R) = R− α(1 − e−

R
α ),

f (R) = R− β tanhR and f (R) = R− log(mR), all of which allowed for a rich under-
standing of the underlying cosmological dynamics. In [13,57], the author employed these
models to investigate the energy conditions, demonstrating its relevance and effectiveness
in their analysis. Motivated by their findings, we adopted a similar model for our research,
seeking to advance the understanding of this area.

Our study not only examined the expression and implications of energy conditions
within these models but also highlighted their stability properties. In particular, for model-
1, we found that the energy density remains positive across a range of parameters (R ≥ 1
and α > 0) in Figure 1 and that the dominant, null, and weak energy conditions are satisfied,
while the SEC is violated. This behavior aligns well with the observed accelerated expansion
of the universe, supporting the notion that such models can represent a dark energy era,
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characterized by an equation of state parameter ω that approaches −1, consistent with
predictions from the ΛCDM model. Further, recent data from the Planck collaboration and
the ΛCDM model suggest that the equation of the state parameter is roughly ω � −1 [51].
This behavior indicates that the universe is experiencing a negative pressure regime, which
plays a key role in its ongoing accelerated expansion. Therefore, the ω parameter serves as
an effective basis for comparing our models with the ΛCDM framework. Moreover, we
have confirmed that similar results hold for model-2 and model-3, further validating our
findings. These insights reinforce the potential of f (R)-gravity theories to provide viable
alternatives to standard cosmological models. Comparable results have been documented
in the literature [13,57–59], reinforcing the conclusions of the present study.

To relate the proposed f (R) mathematical models to cosmological observational data,
we will first determine the scale factor a(t) and subsequently calculate the Hubble param-
eter H(t) = a′/a based on the modified Friedmann equations. Next, we will utilize the
relation H = −z′/z + 1 to express cosmic time t as a function of the redshift parameter z.
This will enable us to derive the Hubble parameter H(z) in terms of redshift, forming our
model equation. We plan to fit this H(z) using observational data from cosmic chronome-
ters (CCs), baryon acoustic oscillations (BAOs), and Type Ia supernovae (SNeIa) in the
near future. Through this method, we aim to test the viability of the proposed f (R) model
in explaining the universe’s expansion history and ensuring its consistency with various
cosmological observations.
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1. Introduction

The study of Finslerian hypersurfaces and their classification represents a significant
advancement in the field of Finsler geometry, a branch of differential geometry that gener-
alizes Riemannian geometry by allowing the metric to depend not only on position but also
on direction. The notion of Finslerian hypersurfaces was first introduced by the eminent
mathematician Matsumoto, who provided a systematic classification of these hypersurfaces
into three distinct types: hyperplanes of the first kind, second kind, and third kind. This
classification was based on the geometric and algebraic properties of the hypersurfaces and
their relationship to the underlying Finsler metric. Matsumoto’s work laid the groundwork
for subsequent research, inspiring numerous mathematicians to explore the properties of
these hypersurfaces under various modifications and generalizations of the Finsler metric.
These investigations, as documented in references [1–12], have uncovered a rich array of
geometric properties, deepening our understanding of the intrinsic structure of Finslerian
hypersurfaces and their applications in geometry and physics.

In addition to his contributions to the theory of Finslerian hypersurfaces, Matsumoto
also introduced the concept of an (α, β)-metric [13], which has since become a central
topic of research in Finsler geometry. An (α, β)-metric is a generalization of the classical
Riemannian metric, where α represents the Riemannian part of the metric and β is a 1-form

that introduces a directional dependence. The exponential metric, expressed as L = αe
β
α , is

a unique form of the (α, β)-metric that has attracted significant attention due to its elegant
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structure and its connections to theoretical physics and cosmology. The exponential metric
has been extensively examined by various authors [14–20], who have explored its geometric
properties under different conditions. One notable feature of the exponential metric is its
relationship to Rander’s metric. Specifically, under certain transformations, the exponential
metric can be reduced to Rander’s metric, which has significant applications in theoretical
physics, particularly in the study of spacetime geometries and cosmological models. This
connection highlights the importance of (α, β)-metrics not only in pure mathematics but
also in applied fields.

A hypersurface is a generalization of the concept of hyperplane. It is defined as follows.

Definition 1. A sub-manifold of dimension (n − 1) is termed a hypersurface of an enveloping
manifold M of dimension n, and the co-dimension of the hypersurface is one.

If m > n, then the space Vn is termed a subspace of Vm, and Vm serves as an envelop-
ing space for Vn. Particularly, if m = n + 1, then Vn is referred to as a hypersurface of the
enveloping space Vn+1.

Hence, a hypersurface Mn−1 of the manifold Mn can be parametrically described by
the equation

xi = xi(uα) ,{α = 1, 2, . . . , (n − 1)},

where u represent the Gaussian coordinates on the hypersurface Mn−1.
If yi represents the supporting line element at a point (uα) on the hypersurface Mn−1,

tangential to Mn−1, then we have

yi = Bi
α(u)vα

Thus, vα is regarded as the supporting element of Mn−1 at a point (uα). Considering the
function G(u, v) = G(x(u), y(u, v)), which generates a Finsler metric on Mn−1, we obtain
an (n − 1)-dimensional Finsler space U (n−1) = (Mn−1,G(u, v)).

In Finsler geometry, a hyperplane can be classified into different types based on its
geometric properties. Below are some examples of such hypersurfaces:

Example 1. A sphere can be visualized as a three-dimensional structure and is an example of a
two-dimensional manifold (n = 2) embedded in three-dimensional space. Thus, a hypersurface on
this sphere would be a one-dimensional curve.

Example 2. A torus can be visualized as a three-dimensional structure and is an example of a
two-dimensional manifold (n = 2) embedded in three-dimensional space, and a spiral curve would
represent the hypersurface.

In Figure 1, the first image shows the sphere as the three-dimensional space, with the
curve (red lines) representing a hypersurface within it. The second image features a torus
as the three-dimensional space, where the spiral curve (red line) represents a hypersurface
within that structure.

Example 3 (Hyperplane of first kind). A hyperplane in a three-dimensional Finsler space is
classified as a “hyperplane of the first kind" if it intersects with a given curve or surface within
that space.

Example 4 (Hyperplane of second kind). A “hyperplane of the second kind" in Finsler geometry
is a hyperplane (represented by a surface) that does not intersect with a given curve or surface in the
three-dimensional Finsler space.
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Figure 1. Examples of hypersurface in sphere and torus.

In Figure 2, the first image shows a hyperplane intersecting with a curve, and this
intersection is classified as a “hyperplane of the first kind”. In the second image, the surface
is shifted upward by adding 5 to the z-values, preventing any intersection with the curve.
This is referred to as the “hyperplane of the second kind”.

Figure 2. Examples of first- and second-kind hyperplane in 3D.

Example 5 (Hyperplane of third kind). We consider a flat plane embedded in 3D space. This
plane has zero curvature, and its normal vector remains constant. This serves as a simplified analogy
for a hyperplane of the third kind in Finsler geometry, where the conditions of vanishing curvature
and tensor create a similar “flatness" within the Finsler space (Figure 3).

Figure 3. Example of hyperplane of third kind.
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Thus “hyperplane of the third kind” is essentially “flat” with respect to the ambient
Finsler space.

In this paper, we introduce and analyze a novel (α, β)-metric defined as G(α, β) =

(α + β)e
β

(α+β) . We refer to this metric as the Rander’s-type exponential (α, β)-metric due
to its structural similarity to Rander’s metric combined with an exponential factor. This
metric represents a natural extension of the classical Rander’s metric and the exponen-
tial metric, combining their features in a way that opens up new avenues for geometric
exploration. Our primary focus is on investigating the intrinsic properties of this Finsler
space, particularly the conditions under which its hypersurfaces exhibit characteristics of
hyperplanes of the first, second, and third kind. In Theorem 3, we derive the necessary and
sufficient conditions for the hypersurfaces of the Rander’s-type exponential (α, β)-metric
to be classified as hyperplanes of the first kind. These conditions are expressed in terms
of the geometric invariants of the Finsler space and provide a clear characterization of
the hypersurfaces in this category. Similarly, in Theorem 4, we establish the conditions
under which the hypersurfaces exhibit properties of hyperplanes of the second kind. These
conditions involve a deeper analysis of the interplay between the Riemannian part α and
the 1-form β in the metric. Finally, in Theorem 5, we address the case of hyperplanes of
the third kind, identifying the specific geometric constraints that must be satisfied for the
hypersurfaces to fall into this classification.

In addition to the classification of hypersurfaces, we also investigate the reducibility
of the Cartan tensor C for these hypersurfaces. The Cartan tensor is a fundamental object
in Finsler geometry, encoding information about the anisotropy of the Finsler metric. Its
reducibility, or the extent to which it can be decomposed into simpler components, provides
valuable insights into the geometric structure of the Finsler space. In Propositions 1–3,
we examine the reducibility of the Cartan tensor in various forms, focusing on the hyper-
surfaces associated with the Rander’s-type exponential (α, β)-metric. These propositions
reveal the conditions under which the Cartan tensor can be reduced to simpler forms,
shedding light on the geometric behavior of the hypersurfaces and their relationship to the
underlying metric.

Through this detailed analysis, we aim to contribute to the broader understanding of
Finslerian hypersurfaces and their geometric properties, particularly in the context of the
newly introduced Rander’s-type exponential (α, β)-metric. Our results not only extend
the existing theory of Finslerian hypersurfaces but also provide new tools for exploring
the geometric and physical implications of (α, β)-metrics. By uncovering the intrinsic
properties of this metric and its hypersurfaces, we hope to inspire further research into the
rich and diverse world of Finsler geometry.

2. Preliminaries

In this study, we investigate an n-dimensional Finsler space represented as
Un = {Mn,G(α, β)}. Here, Un consists of an n-dimensional differentiable manifold Mn

coupled with a fundamental function G that takes on a Rander’s-type exponential form
within a unique Finsler space metric, expressed as

G(α, β) = (α + β)e
β

(α+β) (1)

Taking partial derivatives of Equation (1) with respect to α and β yields

Gα = α
(α+β)

e
β

(α+β) , Gβ = (2α+β)
(α+β)

e
β

(α+β)

Gαα = β2

(α+β)3 e
β

(α+β) Gββ = α2

(α+β)3 e
β

(α+β)
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Gαβ = − αβ

(α+β)3 e
β

(α+β)

where Gα = ∂G
∂α , Gβ = ∂G

∂β , Gαα = ∂Gα
∂α , Gββ =

∂Gβ

∂β , Gαβ = ∂Gα
∂β .

In the Finsler space Un = {Mn,G(α, β)}, the normalized support element li = ˙∂iG
and the angular metric tensor hij are defined as, per reference [21],

li = α−1GαYi + Gβbi

hij = paij + q0bibj + q−1(biYj + bjYi) + q−2YiYj

where Yi = aijy
j. For the fundamental metric Function (1) above, the constants are

p = e
2β

α+β) , (2)

q0 =
α2

(α + β)2 e
2β

(α+β) ,

q−1 = − β

(α + β)2 e
2β

(α+β) ,

q−2 = − (α + 2β)

α(α + β)2 e
2β

(α+β)

The fundamental metric tensor gij =
1
2 ∂̇i ∂̇jG2 and its corresponding reciprocal tensor gij for

G = G(α, β) can be found in reference [21].

gij = paij + p0bibj + p−1(biYj + bjYi) + p−2YiYj (3)

where

p0 =
{α2 + (2α + β)2}

(α + β)2 e
2β

(α+β) , (4)

p−1 =
2α

(α + β)2 e
2β

(α+β)

p−2 = − 2β

α(α + β)2 e
2β

(α+β)

The reciprocal tensor gij of gij is given by

gij = p−1aij − s0b
ibj − s−1(b

iyj + bjyi)− ss−2y
iyj (5)

where bi = aijbj and b2 = aijb
ibj

s0 =
1

τp
{pp0 + (p0p−2 − p2

−1)α
2}, (6)

s−1 =
1

τp
{pp−1 + (p0p−2 − p2

−1)β},

s−2 =
1

τp
{pp−2 + (p0p−2 − p2

−1)b
2},

τ = p(p+ p0b
2 + p−1β) + (p0p−2 − p2

−1)(α
2b2 − β2)

The hv-torsion tensor Cijk =
1
2 ∂̇kgij is provided in reference [10].

2pCijk = p−1(hijmk + hjkmi + hkimj) + γ1mimjmk (7)
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where
γ1 = p

∂p0

∂β
− 3p−1q0, mi = bi − α−2βYi (8)

Here, mi represents a non-zero covariant vector that is orthogonal to the support element yi.
Given the components {i

jk} representing the Christoffel symbols of the associated
Riemannian space Rn, and using �k to represent the covariant derivative with respect to
xk determined by these Christoffel symbols, we now introduce the following definition:

2Eij = bij + bji, 2Uij = bij − bji (9)

where bij = �jbi.

The Cartan connection of Un, represented as CΓ = (Γ∗i
jk , Γ∗i

0k, Γi
jk), defines the special

Finsler space. The difference tensor Di
jk = Γ∗i

jk − {i
jk} is given by

Di
jk = BiEjk + U i

kBj + U i
j Bk + Bi

jb0k + Bi
kb0j − b0mg

imBjk (10)

−C i
jm Am

k − C i
km Am

j + Cjkm Am
s g

is + λs(C i
jmCm

sk +

C i
kmCm

sj − Cm
jkC i

ms)

where

Bk = p0bk + p−1Yk, Bi = gijBj, U k
i = gkjUji (11)

Bij =
{p−1(aij − α−2YiYj) +

∂p0
∂β mimj}

2
, Bk

i = gkjBji

Am
k = Bm

k E00 + BmEk0 + BkUm
0 + B0Um

k

λm = BmE00 + 2B0Um
0 , B0 = Biy

i

In this context, the symbol ‘0’ represents contraction with yi, excluding the elements p0, q0,
and s0.

3. Cartan Connection for the Hypersurface of a Finsler Space

If Un−1 represents a hypersurface of Un defined by xi = xi(uα), with {α = 1, 2, 3...(n −
1)}, and if the supporting element yi of Un is tangent to Fn−1 [21], then

yi = Bi
α(u)v

α (12)

The metric tensor, the hv-tensor, a unit normal vector, the angular metric tensor, and the
connection between projection factors and their inverses for a Finslerian hypersurface
Fn−1 [21] at a point (uα) are detailed as follows:

gαβ = gijBi
αB

j
β, Cαβγ = CijkBi

αB
j
βBk

γ,

gij{x(u, v), y(u, v)}Bi
αN j = 0, gij{x(u, v), y(u, v)}N iN j = 1.

hαβ = hijBi
αB

j
β, hijBi

αN j = 0, hijN iN j = 1. (13)

Bα
i = gαβgijB j

β, Bi
αB

β
i = δ

β
α , Bα

i N i = 0, Bi
αNi = 0.

Ni = gijN j, Bk
i = gkjBji, Bi

αBα
j +N iNj = δi

j.
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The Cartan connection ICΓ = (Γ∗α
βγ, Gα

β, Cα
βγ) associated with the Finslerian hypersurface

Fn−1 is expressed as

Γ∗α
βγ = Bα

i (Bi
βγ + Γ∗i

jkB
j
βBk

γ) + Mα
βhγ.

Gα
β = Bα

i (Bi
0β + Γ∗i

0jB
j
β), Cα

βγ = Bα
i C i

jkB
j
βBk

γ,

where

Mβγ = NiC i
jkB

j
βBk

γ, Mα
β = gαγMβγ, Hβ = Ni(Bi

0β + Γ∗i
ojB

j
β),

and

Bi
βγ =

∂Bi
β

∂uγ , Bi
0β = Bi

αβv
α.

Note: The tensorial quantities Mαβ and Hα are identified as the second fundamental v-tensor
and the normal curvature vector, respectively.

Moreover, the second fundamental h-tensor Hβγ can be represented as, per [21],

Hβγ = Ni(Bi
βγ + Γ∗i

jkB
j
βBk

γ) + MβHγ, (14)

In this context, Mβ = NiC i
jkB

j
βN k. Given the above expression, it is evident that the tensorial

quantity Hβγ is non-symmetric, leading to

Hβγ −Hγβ = MβHγ − MγHβ. (15)

The covariant derivatives of the projection factor Bi
α with respect to the h- and v-directions

of ICΓ can now be articulated as

Bi
α|β = HαβN i, Bi

α|β = MαβN i.

When we contract Hβγ and Hγβ with vβ, the result is

H0γ = Hγ, Hγ0 = Hγ + MγH0, (16)

Hence, the crucial findings for the Finslerian hypersurface [21] that we will utilize in our
current study are as follows.

Lemma 1. The normal curvature tensor becomes zero in all cases if and only if the normal curvature
vector vanishes on a Finslerian hypersurface U (n−1).

Lemma 2. In a scenario where Un symbolizes a Finsler space and U (n−1) signifies its hypersurface,
the hypersurface U (n−1) is classified as a hyperplane of the first kind solely when the normal
curvature vector completely disappears.

Lemma 3. Given a Finsler space denoted by Un and its corresponding hypersurface U (n−1), the
hypersurface U (n−1) is categorized as a hyperplane of the second kind only under the condition that
both the normal curvature vector and the second fundamental h-tensor vanish completely.

Lemma 4. In the context where Un stands for a Finsler space and U (n−1) denotes its hypersurface,
the hypersurface U (n−1) is classified as a hyperplane of the third kind if and only if the normal
curvature vector, the second fundamental h-tensor, and the v-tensor vanish identically.
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4. Hypersurface U (n−1)(c) of a Finsler Space with Rander’s-Type
Exponential Form of (α, β)-Metric

In the context of a Finsler space featuring a Rander’s-type exponential (α, β)-metric

expressed as G(α, β) = (α + β)e
β

(α+β) , where α =
√
aij(x)yiyj denotes a Riemannian metric

and the vector field bi(x) = ∂b
∂xi signifies the gradient of a scalar function b(x), we now

explore a hypersurface U (n−1)(c) determined by the equation b(x) = c, where c stands for
a constant [10].

Obtained from the parametric representation xi = xi(uα) of Fn−1(c), we derive

∂b(x)
∂uα = 0

∂b(x)
∂xi

∂xi

∂uα = 0

biBi
α = 0

The preceding demonstration illustrates that bi(x) represents the covariant compo-
nents of a normal vector field of the hypersurface Un−1(c). Moreover, we have

biBi
α = 0 and biy

i = 0 i.e β = 0 (17)

and the induced metric G(u, v) of Un−1(c) is given by

G(u, v) = aαβv
αvβ, aαβ = aijBi

αB
j
β (18)

which is a Riemannian metric.
Substituting β = 0 into Equations (2), (4) and (6) yields

p = 1, q0 = 1, q−1 = 0 q−2 = −α−2 (19)

p0 = 5 p−1 = 2α−1 p−2 = 0 τ = 1 + b2,

s0 =
1

1 + b2 s−1 =
2

α(1 + b2)
s−2 = − 4b2

α2(1 + b2)

From Equation (5) we obtain

gij = aij − 1
1 + b2 b

ibj − 2
α(1 + b2)

(biyj + bjyi) +
4b2

α2(1 + b2)
yiyj (20)

Therefore, traversing the Finslerian hypersurface Un−1(c) using Equations (20) and (17)
results in

gijbibj =
b2

(1+b2)

Thus, we have

bi(x(u)) =

√
b2

(1 + b2)
Ni, b2 = aijbibj (21)

where b is the length of the vector bi.
Once more, by utilizing Equations (20) and (21), we obtain

bi = aijbj = b
√

1 + b2N i +
2b2yi

α
(22)

Thus, we have the following theorem.

176



Mathematics 2025, 13, 1063

Theorem 1. The Riemannian metric induced on a Finsler hypersurface U (n−1)(c) within a Finsler
space U (n)(c), characterized by the Rander’s-type exponential metric described in Equation (1), is de-
lineated in Equation (18). Moreover, the scalar function b(x) is defined by Equations (21) and (22).

The angular metric tensor hij and the fundamental metric tensor gij of Un can be
expressed as

hij = aij + bibj −
1
α2 YiYj and gij = aij + 5bibj +

2
α
(biYj + bjYi) (23)

By combining Equations (17), (23) and (13), it can be deduced that, if h(a)
αβ represents the

angular metric tensor of the Riemannian aij(x), then, along ...Un−1
(c) , hαβ = h

(a)
αβ .

Thus, along Un−1
(c) , ∂p0

∂β = 4
α .

Deriving from Equation (8), we obtain

γ1 = − 2
α , mi = bi

Then, the hv-torsion tensor becomes

Cijk =
1
α
(hijbk + hjkbi + hkibj)−

1
α
bibjbk (24)

In the Rander’s-type exponential form of the (α, β)-metric of a Finsler hypersurface U (n−1)
(c) ,

it follows from Equations (13), (14), (16), (17) and (24) that we obtain

Mαβ =
1
α

√
b2

(1 + b2)
hαβ and Mα = 0 (25)

Hence, based on Equation (14), it can be concluded that Hαβ is symmetric, leading to the
following theorem.

Theorem 2. The v-tensor, representing the second fundamental form for the hypersurface
U (n−1)(c) within a Finsler space characterized by the Rander’s-type exponential metric described
in Equation (1), is given by Equation (25). Simultaneously, the h-tensor Hαβ is identified
as symmetric.

Now, from Equation (17), we have biBi
α = 0. Then, we have

bi|βBi
α + biBi

α|β = 0

Consequently, by utilizing Equation (16) and the expression bi|β = bi|jB
j
β + bi|jN jHβ,

we obtain
bi|jBi

αB
j
β + bi|jBi

αN jHβ + biHαβN i = 0 (26)

Since bi|j = −bhCh
ij, we obtain

bi|jBi
αN j = 0

Thus, deriving from Equation (26), we have√
b2

(1 + b2)
Hαβ + bi|jBi

αB
j
β = 0 (27)
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Since bi|j is symmetric, upon contracting Equation (27) with vβ and applying Equation (12),
we obtain √

b2

(1 + b2)
Hα + bi|jBi

αy
j = 0 (28)

Once more, contracting Equation (28) with vα and employing Equation (12), we arrive at√
b2

(1 + b2)
H0 + bi|jy

iyj = 0 (29)

From Lemmas 1 and 2, along with Equation (29), it becomes evident that a Finslerian
hypersurface U (n−1)(c) within a Finsler space featuring Rander’s-type exponential metric
as given in Equation (1) is a first-kind hyperplane if bi|jy

iyj = 0.
Given that bi|j represents the covariant derivative concerning CΓ within the Finsler

space Un defined over yi, whereas bij = �jbi denotes the covariant derivative concerning
the Riemannian connection {i

jk}, it follows that bij is independent of yi. Consequently, we
are inclined to examine the disparity bi|j − bij, where bij = �jbi.

Given that bi constitutes a gradient vector, we can deduce from Equation (9) that

Eij = bij Uij = 0 and U i
j = 0

Leveraging the aforementioned fact and Equation (10), the difference tensor Di
jk = Γ∗i

jk − {i
jk}

can be articulated as

Di
jk = Bibjk + Bi

jb0k + Bi
kb0j − b0mg

imBjk − C i
jm Am

k − (30)

C i
km Am

j + Cjkm Am
s g

is + λs(C i
jmCm

sk +

C i
kmCm

sj − Cm
jkC i

ms)

where

Bi = 5bi + 2α−1Yi, Bi =
5

(1 + b2)
bi +

2(1 − b2)

α(1 + b2)
yi, (31)

BiBi =
4 + 21b2

1 + b2 , λm = Bmb00, Bij =
1
α
(aij −

YiYj

α2 ) +
2
α
bibj,

Bi
j =

1
α
{(δi

j − α−2yiYj) +
2

(1 + b2)
bibj −

4b2

α(1 + b2)
bjy

i},

Am
k = Bm

k b00 + Bmbk0

Considering Equations (19) and (20), the connection in Equation (11) transforms into
Bi

0 = 0, Bi0 = 0, owing to Equation (31), resulting in Am
0 = Bmb00.

Contracting Equation (30) with yk now yields

Di
j0 = Bibj0 + Bi

jb00 −BmC i
jmb00

Once more, contracting the previous equation with respect to yj gives

Di
00 = Bib00 = { 5

(1+b2)
bi + 2(1−b2)

α(1+b2)
yi}b00

Considering Equation (17) in the context of U (n−1)
(c) , we obtain

biDi
j0 =

5b2

(1 + b2)
bj0 +

1 + 3b2

α(1 + b2)
bjb00 −

5
1 + b2 bib

mC i
jmb00 (32)

178



Mathematics 2025, 13, 1063

Contracting Equation (32) with yj, we have

biDi
00 =

5b2

1 + b2 b00 (33)

Given Equations (21), (22) and (25), and Mα = 0, we obtain

bib
mC i

jmB
j
α = b2

(1+b2)
Mα = 0

Therefore, with the relation bi|j = bij − brDr
ij, Equations (32) and (33) yield

bi|jy
iyj = b00 − brDr

00 = 1−4b2

1+b2 b00

As a result, Equations (28) and (29) can be expressed as√
b2

1 + b2 Hα +
1 − 4b2

1 + b2 bi0Bi
α = 0, (34)√

b2

1 + b2 H0 +
1 − 4b2

1 + b2 b00 = 0

Therefore, the condition H0 = 0 is equivalent to b00 = 0. Utilizing the fact that β = biy
i = 0,

the condition b00 = 0 can be restated as bijy
iyj = biy

ibjy
j for a certain cj(x). Hence, we can

express this as
2bij = bicj + bjci (35)

Combining Equations (17) and (35), we obtain

b00 = 0, bijBi
αB

j
β = 0, bijBi

αy
j = 0

Hence, from Equation (34), we obtain Hα = 0; again, from Equations (31) and (35), we

obtain bi0b
i = c0b

2

2 , λm = 0, Ai
jB

j
β = 0, and BijBi

αB
j
β = 1

αhαβ.
Now, employing Equations (20), (21), (22), (25) and (30), we arrive at

brDr
ijBi

αB
j
β = − c0b

4

2α(1 + b2)
hαβ (36)

Therefore, Equation (27) simplifies to

Hαβ +
c0b

3

2α(1 + b2)3/2 hαβ = 0 (37)

Therefore, the hypersurface Fn−1
(c) exhibits umbilic properties.

Theorem 3. The necessary and sufficient condition for the hypersurface U (n−1)(c) in a Finsler
space U (n)(c) with a Rander’s-type exponential-form metric given by Equation (1) to be a hyperplane
of the first kind is precisely defined in Equation (35).

The following is evident from Equation (35).

Corollary 1. The second fundamental h-tensor for a Finsler hypersurface U (n−1)(c) of a Finsler
space U (n)(c) equipped with a Rander’s-type exponential-form metric defined in Equation (1) is
directly related to its angular metric tensor.

According to Lemma 3, the hypersurface U (n−1)(c) qualifies as a hyperplane of the
second kind when and only when Hα = 0 and Hαβ = 0. Consequently, deducing from
Equation (36), we obtain
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c0 = ci(x)yi = 0

Thus, there exists a function ψ(x) such that

ci(x) = ψ(x)bi(x)

Therefore, from Equation (35), we obtain

2bij = bi(x)ψ(x)bj(x) + bj(x)ψ(x)bi(x)

This can be expressed as

bij = ψ(x)bibj

Theorem 4. The necessary and sufficient condition for the hypersurface U (n−1)(c) of a Finsler
space U (n)(c) equipped with a Rander’s-type exponential-form metric defined in Equation (1) to be
classified as a hyperplane of the second kind is delineated in Equation (37).

Once more, Lemma 4, in conjunction with Equation (25) and Mα = 0, indicates that Un−1(c)
does not form a hyperplane of the third kind. Therefore, the following holds.

Theorem 5. The hypersurface U (n−1)(c) within a Finsler space U (n)(c), distinguished by a
Rander’s-type exponential metric as specified in Equation (1), is incapable of being a hyperplane of
the third kind.

5. Some Important Results of Hypersurfaces U (n−1)(c) of a Finsler
Space U n(c) with Rander’s-Type Exponential Form of (α, β)-Metric

The hv-torsion tensor Cijk of U (n−1)(c) with a Rander’s-type exponential metric of
(α, β), expressed in Equation (24), is given by

Cijk =
1
α (hijbk + hjkbi + hkibj)− 1

αbibjbk

Contracting by gjk, we have

Ci = Cijkg
jk = (2+3b2)

α(1+b2)
bi

This indicates that

bi =
α(1 + b2)

(2 + 3b2)
Ci (38)

Therefore, when expressed as Equation (24),

Cijk =
(1 + b2)

(2 + 3b2)
(hijCk + hjkCi + hkiCj)−

α2(1 + b2)3

(2 + 3b2)3 CiCjCk (39)

Definition 2. A Finsler Space Un is called semi-C-reducible, if the (h) hv-tortion tensor Cijk is
written in the form

Cijk =
p

(n + 1)
(hijCk + hjkCi + hkiCj) +

q
C2 CiCjCk. (40)

Now, by combining Equations (39) and (40), we obtain

p =
(n + 1)(1 + b2)

(2 + 3b2)
and q =

−α2C2(1 + b2)3

(2 + 3b2)
(41)

Thus, we arrive at the following proposition.
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Proposition 1. The Finslerian hypersurface U (n−1)(c) of Finsler space Un equipped with a
Rander’s-type exponential-form metric defined in Equation (1) is always a semi-C-reducible Finsler
space if Equation (41) satisfied.

Moreover, by contracting Equation (24) with Bi
α and utilizing Equation (17), we

can derive
CijkBi

α =
1
α
(hijbkBi

α + hkibjBi
α) (42)

By contracting Equation (42) with B j
β and applying Equation (17), we obtain

CijkBi
αB

j
β = 1

αhijbkBi
αB

j
β

This suggests that

CijkBi
αB

j
β =

1
α
hαβbk (43)

By contracting Equation (43) and applying Equation (17), we find

CijkBi
αB

j
βBk

γ = Cαβγ = 0 (44)

Proposition 2. The Finslerian hypersurface U (n−1)(c) of Finsler space Un equipped with a
Rander’s-type exponential-form metric defined in Equation (1) is a C-reducible Finsler space if
Equation (44) satisfied.

Definition 3. A Finsler space Un is called C2-like if the (h) hv-tortion tensor Cijk is written in
the form

Cijk =
1
C2 CiCjCk

The main scalar I [22] of a two-dimensional Finsler space is defined as

LCijk = Imimjmk

Since mi = bi, then we have

LCijk = Ibibjbk

Contracting gjk, we have

LCi =
Ib2

(1 + b2)
bi (45)

Now, the main scalar I of a two-dimensional Finsler space is

Cijl =
L2(1 + b2)3

I3b6 CiCjCk (46)

Therefore, utilizing the definition above and Equation (46), we find

C =
I

3
2 b3

L(1 + b2)
3
2

(47)

Proposition 3. The Finslerian hypersurface U (n−1)(c) in a two-dimensional Finsler space Un,
which is endowed with Rander’s-type exponential-form metric as defined in Equation (1), will
consistently represent a C2-like Finsler space given that Equation (47) holds true.
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6. Conclusions

Following an in-depth exploration of a distinct Finsler space defined by a Rander’s-

type exponential-form metric with the expression G(α, β) = (α + β)e
β

(α+β) , where α repre-
sents the Riemannian metric and β denotes the 1-form metric, this study has delved into
the intrinsic properties of this specialized geometric space.

The research has primarily focused on investigating the behavior of hypersurfaces
within this Finsler space and their resemblance to hyperplanes categorized into the first,
second, and third kinds. By scrutinizing the conditions under which these hypersurfaces
exhibit such characteristics, we have unveiled significant insights into the interplay between
the metric structure and the geometric properties of the space.

Furthermore, our study has examined the reducibility of the Cartan tensor C for
these hypersurfaces in diverse forms, unveiling further layers of complexity within the
geometric framework.

By shedding light on the nuanced relationship between the metric structure and the
geometric features of Finsler spaces, this research contributes to a deeper understanding of
the behavior of these spaces under specific conditions. The findings presented in this study
pave the way for further exploration and research in the realm of Finsler geometry, offering
a promising avenue for uncovering additional intriguing facets and applications within
this field.
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1. Introduction

The foundational principles of classical analysis, a pivotal element of modern math-
ematical theory, were laid out by Leibniz and Newton in the late 17th century, primarily
focusing on the notation of differential and integral calculus. Rooted in trigonometry,
algebra, and analytic geometry, classical analysis incorporates concepts like limits, differen-
tiation, integration, and series expansions. These operations, often regarded as fundamental
as those of basic arithmetic, have earned classical analysis the alternative name “summa-
tional analysis”. Its versatility has led to widespread use across various disciplines that
require precise mathematical modeling and optimization.

However, classical analysis faces limitations in certain contexts, prompting the devel-
opment of alternative methodologies. Among these, Volterra proposed a novel analytical
approach in 1887 called Volterra-type or multiplicative analysis, which prioritizes multipli-
cation over addition as its core operation [1]. In this paradigm, multiplication and division
replace addition and subtraction, introducing a new structural framework for mathematical
modeling. Expanding on Volterra’s foundation, Grossman and Katz, between 1972 and
1983, developed what is now recognized as non-Newtonian analysis. This framework
introduced novel concepts and definitions, revolutionizing mathematical operations across
diverse domains [2,3]. These methods, encompassing geometric, bigeometric, and anageo-
metric analysis, offer innovative tools for problems unsolvable by classical techniques.

Multiplicative analysis, as a counterpart to classical analysis, has gained substantial
attention and has encouraged further research. Numerous studies, including [4–8], have
significantly contributed to its advancement. Recent works in differential geometry also
integrate multiplicative analysis. For instance, Georgiev’s contributions [9–11], particu-
larly [10], are considered foundational texts in multiplicative geometry, establishing new
definitions and theorems linking geometric structures with multiplicative principles. These
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studies emphasize the interplay between multiplicative geometry and other mathematical
disciplines, broadening its scope and applications.

Advances in geometric analysis include Nurkan et al. application of geometric calculus
to derive Gram–Schmidt vectors [12]. Similarly, ref. [13] examined spherical indicatrices
and helices in non-Newtonian Euclidean spaces, providing fresh characterizations and
examples. Aydın et al. classified and visualized rectifying curves within multiplicative
Euclidean space using multiplicative spherical curves [14], while [15] extended these
concepts to tube surfaces with multiplicative quaternions. Moreover, several intriguing
studies in differential geometry have focused on curves. Broscăţeanu et al. [16] analyzed the
infinitesimal bending of rectifying curves, Burlacu and Mihai [17] investigated applications
of curve theory in road design, and Jianu et al. [18] explored a surface associated with the
Catalan triangle.

Further investigations into non-Newtonian geometry include Has, Yılmaz, and
Yıldırım’s exploration of Lorentz–Minkowski space through non-Newtonian approaches [19],
and Özdemir and Ceyhan’s study on multiplicative hyperbolic split quaternions and their
role in hyperbolic rotation matrices [20]. Has and Yılmaz also analyzed non-Newtonian
conics through multiplicative analytic geometry [21]. Additionally, Es’s research [22] uti-
lized homothetic multiplicative calculus to derive kinematic expressions for plane motion.
Expanding on these, Has and Yılmaz examined magnetic curves within multiplicative
Riemannian manifolds using non-Newtonian methods [23]. Moreover, Aydın has studied
the multiplicative rectifying submanifolds of multiplicative Euclidean space and made im-
portant contributions to this area [24]. Ceyhan has worked on a non-Newtonian approach
to the geometric phase through optical fibers via multiplicative quaternions [25].

In the realm of affine geometry, extensive research has illuminated the properties of
affine spaces. Works like [26–29] provide comprehensive discussions on both foundational
and advanced aspects of affine geometry, bridging classical and contemporary perspectives.

This paper is organized as follows. It first introduces the key concepts of multiplicative
calculus. Subsequently, the essential elements of equiaffine geometry relevant to the
analysis are discussed. Finally, the curvature of a multiplicative plane curve is computed.

2. Preliminaries

This section delves into two fundamental topics. The initial part discusses the founda-
tional aspects of equiaffine plane curves, emphasizing the determinant in the affine plane
and the concept of equiaffine arc-length. The latter part introduces the framework of mul-
tiplicative analysis, examining multiplicative operations and structures such as addition,
multiplication, and derivatives in the multiplicative context. Furthermore, the multiplica-
tive determinant is presented as a logarithmic counterpart to the classical determinant.

2.1. Basics of Equiaffine Space Curves

Equiaffine spaces are a subspace of affine spaces, possessing a fixed volume form,
which provides them with additional geometric structure. Equiaffine geometry was con-
sidered in the paper due to its intrinsic properties that provide a natural framework
for analyzing curves in an affine space without relying on an external Euclidean met-
ric. Unlike classical differential geometry, which depends on metric-based notions of
distance and angle, equiaffine geometry allows for the study of curves and surfaces using
volume-preserving transformations. This makes it particularly suitable for applications in
multiplicative calculus, where traditional metric structures are replaced by multiplicative
analogs. By integrating equiaffine concepts with multiplicative calculus, the paper aims to
develop a systematic approach to defining arc length, curvature, and torsion in a manner
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that is invariant under multiplicative affine transformations. Now, this section provides an
overview of the key principles of equiaffine space curves, avoiding in-depth explanations.

Let R3 be the affine space with the determinant

[u v w] =

∣∣∣∣∣∣∣
u1 u2 u3

v1 v2 v3

w1 w2 w3

∣∣∣∣∣∣∣ = u1(v2w3 − v3w2)− u2(v1w3 − v3w1) + u3(v1w2 − v2w1), (1)

where u = (u1, u2, u3), v = (v1, v2, v3), and w = (w1, w2, w3) ∈ R3.
Let ϕ : I → R3 represent a regular curve in R3. Typically, for equiaffine regular curves,

the condition of non-degeneracy [ϕ̇(t) ϕ̈(t)
...
ϕ (t)] 	= 0 for every t ∈ I is assumed, where

ϕ̇(t) =
dϕ

dt
(t), ϕ̈(t) =

d2 ϕ

dt2 (t),
...
ϕ (t) =

d3 ϕ

dt3 (t). (2)

Given this, the equiaffine arc length of ϕ, measured from ϕ(t0) (t0 ∈ I), is given as

s(t) =
∫ t

t0

[ϕ̇(t) ϕ̈(t)
...
ϕ (t)]

1
6 dt. (3)

Let

ϕ′(s) =
dϕ

ds
(s), ϕ′′(s) =

d2 ϕ

ds2 (s), ϕ′′′(s) =
d3 ϕ

ds3 (s). (4)

A regular curve ϕ is parameterized by the equiaffine arc length if it satisfies[
dϕ

ds
(s)

d2 ϕ

ds2 (s)
d3 ϕ

ds3 (s)
]
= 1. (5)

for all s.
The set

{
dϕ
ds (s),

d2 ϕ

ds2 (s),
d3 ϕ

ds3 (s)
}

is referred to as the equiaffine Frenet frame of ϕ(s). When
we take the derivative of (5) with respect to the parameter s, it is apparent that[

dϕ

ds
(s)

d2 ϕ

ds2 (s)
d4 ϕ

ds4 (s)
]
= 0, (6)

where the set is linearly dependent for every s ∈ J, given by{
dϕ

ds
(s),

d2 ϕ

ds2 (s),
d4 ϕ

ds4 (s)
}

. (7)

Therefore, this implies the existence of smooth functions κ(s) and τ(s) on J such that

d4 ϕ

ds4 (s) + κ(s)
dϕ

ds
(s) + τ(s)

d2 ϕ

ds2 (s) = 0, (8)

where

κ(s) = −
[

d2 ϕ

ds2 (s)
d3 ϕ

ds3 (s)
d4 ϕ

ds4 (s)
]

, (9)

and

τ(s) =
[

dϕ

ds
(s)

d3 ϕ

ds3 (s)
d4 ϕ

ds4 (s)
]

. (10)

The functions κ(s) and τ(s) are called equiaffine curvature and equiaffine torsion of the
curve ϕ(s), respectively. The equiaffine curvature and equiaffine torsion are the equiaffine
invariants in R3.
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Let ϕ be a non-degenerate smooth curve in R3 parameterized by equiaffine arc length
s. As a result, the equiaffine equations of Frenet type are presented in matrix form as⎡⎢⎢⎣

d2 ϕ

ds2 (s)
d3 ϕ

ds3 (s)
d4 ϕ

ds4 (s)

⎤⎥⎥⎦ =

⎡⎢⎣ 0 1 0
0 0 1

−κ(s) −τ(s) 0

⎤⎥⎦
⎡⎢⎢⎣

dϕ
ds (s)

d2 ϕ

ds2 (s)
d3 ϕ

ds3 (s)

⎤⎥⎥⎦. (11)

2.2. Basics of Multiplicative Analysis

This section introduces the fundamental definitions and key principles of multiplica-
tive analysis, drawing inspiration from the contributions of Georgiev [9–11]. Subsequently,
the discussion transitions to multiplicative equiaffine space curves.

Let R∗ = (0, ∞), where we define the operations of multiplicative addition, multipli-
cation, subtraction, and division as follows:

x +∗ y = elog x+log y = x · y, (12)

x ·∗ y = e(log x)(log y) = xlog y, (13)

x −∗ y = elog x−log y =
x
y

, (14)

x/∗y = e
log x
log y = x

1
log y for y 	= 1. (15)

These operations define the multiplicative structure (R∗,+∗,−∗). Each x∗ in R∗ is
called a multiplicative number, where x∗ = ex. The multiplicative zero and unit are 0∗ = 1
and 1∗ = e, respectively.

For k ∈ N, the power k∗ of a multiplicative number x is defined as xk∗ = x ·∗ x · · · ·∗ x
(repeated k times), which simplifies to e(log x)·k.

The multiplicative sine and cosine functions are defined as:

sin∗ x = esin(log x) (16)

and
cos∗ x = ecos(log x). (17)

Similarly, the multiplicative hyperbolic sine and cosine functions are given by

sinh∗ x = esinh(log x) (18)

and
cosh∗ x = ecosh(log x). (19)

Let A ∈ R∗ and f be a first-order continuously differentiable function. The first-order
multiplicative derivative of f , denoted by f ∗(x), is defined as

f ∗(x) = lim
h→0∗

f (x +∗ h)−∗ f (x)/∗h = e
x f ′(x)

f (x) , (20)

where f ′ represents the classical derivative of f .
From now on, the multiplicative derivative given in Equation (20) will also be denoted

by (. . .)∗.
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For a, b ∈ R∗ and f : R∗ → R∗, the multiplicative indefinite integral and the multi-
plicative Cauchy integral are defined as∫

∗
f (x) ·∗ d∗x = e

∫ 1
x log f (x) dx (21)

and ∫ b

a
f (x) ·∗ d∗x = e

∫ b
a

1
x log f (x) dx. (22)

Finally, for three vectors x = (x1, x2, x3), y = (y1, y2, y3), and z = (z1, z2, z3) the multi-
plicative determinant is defined as

[x y z]∗ = x1 ·∗ y2 ·∗ z3 +∗ y1 ·∗ z2 ·∗ x3 +∗ z1 ·∗ x2 ·∗ y3

−∗ z1 ·∗ y2 ·∗ x3 −∗ x1 ·∗ z2 ·∗ y3 −∗ y1 ·∗ x2 ·∗ z3,
(23)

which can be expressed in logarithmic terms as

[x y z]∗ =
e
(

log x1·log y2·log z3+log y1·log z2·log x3+log z1·log x2·log y3

)
e
(

log z1·log y2·log x3+log x1·log z2·log y3+log y1·log x2·log z3

) . (24)

This serves as the multiplicative analogue of the classical determinant in R3
∗.

3. Multiplicative Equiaffine Space Curves

In this section, we extend the theory of multiplicative equiaffine space curves by
introducing the concept of multiplicative affine space and the multiplicative determinant,
which serves as a generalization for volume computation. Additionally, we define key
notions such as multiplicative linear independence, the multiplicative equiaffine group,
and the multiplicative arc length. The discussion further includes the development of the
multiplicative Frenet apparatus and the corresponding Frenet equations, which characterize
the curvature and frame transformations of these curves.

The multiplicative affine space R3
∗ is defined as a three-dimensional affine space with a

multiplicative structure replacing the conventional additive framework. Within this space,
a constant volume form is maintained, acting as a generalized determinant to compute
the “volume” formed by three vectors. This volume form is expressed multiplicatively
as follows:

[x y z]∗ = x1 ·∗ (y2 ·∗ z3 −∗ y3 ·∗ z2)−∗ x2 ·∗ (y1 ·∗ z3 −∗ y3 ·∗ z1) +∗ x3 ·∗ (y1 ·∗ z2 −∗ y2 ·∗ z1), (25)

where x = (x1, x2, x3), y = (y1, y2, y3), and z = (z1, z2, z3) are vectors in R3
∗.

Proposition 1. In R3
∗, for vectors x = (x1, x2, x3), y = (y1, y2, y3), and z = (z1, z2, z3)

([x y z]∗)
∗ = [x∗ y z]∗ +∗ [x y∗ z]∗ +∗ [x y z∗]∗, (26)

equality is satisfied.

Proof. Let us assume that

[x y z]∗ = x1 ·∗ (y2 ·∗ z3 −∗ y3 ·∗ z2)−∗ x2 ·∗ (y1 ·∗ z3 −∗ y3 ·∗ z1) +∗ x3 ·∗ (y1 ·∗ z2 −∗ y2 ·∗ z1), (27)

Now, consider x, y, and z as matrices with the vectors as columns

x =
[

x1 x2 x3

]
, y =

[
y1 y2 y3

]
, z =

[
z1 z2 z3

]
(28)
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Then, the determinant of the matrix formed by x, y, and z denoted as [x y z]∗, is given by

[x y z]∗ = det
∗

⎡⎢⎣x1 x2 x3

y1 y2 y3

z1 z2 z3

⎤⎥⎦ (29)

= x1 ·∗ (y2 ·∗ z3 −∗ y3 ·∗ z2)

−∗ x2 ·∗ (y1 ·∗ z3 −∗ y3 ·∗ z1)

+∗ x3 ·∗ (y1 ·∗ z2 −∗ y2 ·∗ z1)

(30)

or
= elog x1·log y2·log z3+log x2·log y3·log z1+log x3·log y1·log z2

.e−(log x1·log y3·log z2+log x2·log y1·log z3+log x3·log y2·log z1)
(31)

Now, let us multiplicatively differentiate this last expression, then

([x y z]∗)
∗ =

(
e(log x1·log y2·log z3+log x2·log y3·log z1+log x3·log y1·log z2)

·e−(log x1·log y3·log z2+log x2·log y1·log z3+log x3·log y2·log z1)
)∗ (32)

is obtained. Using the multiplicative derivative rule, we have

= ex
(
(log x1)

∗·(log y2·log z3−log y3·log z2)+(log x2)
∗·(log y3·log z1−log y1·log z3)+(log x3)

∗·(log y1·log z2−log y2·log z1)
)

+∗ex
(
(log y1)

∗·(log x3·log z2−log x2·log z3)+(log y2)
∗·(log x1·log z3−log x3·log z1)+(log y3)

∗·(log x2·log z1−log x1·log z2)
)

+∗ex
(
(log z1)

∗·(log x2·log y3−log x3·log y2)+(log z2)
∗·(log x1·log y3−log x3·log y1)+(log z3)

∗·(log x1·log y2−log x2·log y1)
)
.

(33)

Therefore, we have proved that

([x y z]∗)
∗ = [x∗ y z]∗ +∗ [x y∗ z]∗ +∗ [x y z∗]∗, (34)

completing the proof.

Definition 1. A set {x, y, z} of vectors in R3
∗ is said to be multiplicatively linearly independent if

the equation
λ1 ·∗ x +∗ λ2 ·∗ y +∗ λ3 ·∗ z = 0∗ = 1 (35)

holds only when λ1 = λ2 = λ3 = 1. Otherwise, if there exist λ1, λ2, λ3 ∈ R∗, not all equal to 1,
such that Equation (35) holds, then x, y, and z are said to be multiplicatively linearly dependent.

SL =
(
3, R3×3

∗
)
=
{

A ∈ R3×3
∗ : |A|∗ = e

}
. The multiplicative equiaffine group of R3

∗ is
produced by the combined action of the multiplicative rotation group and the multiplicative
translation group. A representation of a multiplicative equiaffine transformation of R3

∗ can
be expressed in the form

C̄ = A ·∗ C +∗ B, (36)

where C̄, C, B ∈ R3×1
∗ . Note that the transformation given in Equation (36) preserves the vol-

ume of a parallelepiped and hence is called a volume-preserving multiplicative affine transformation.

Definition 2. Let ϕ = ϕ(t) = (ϕ1(t), ϕ2(t), ϕ3(t)), where t ∈ I ⊂ R∗, is a multiplicative
non-degenerate smooth parametric curve in R3

∗. This means that

[ϕ∗ ϕ∗∗ ϕ∗∗∗]∗ 	= 0∗ (or 1), (37)
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for any t.

Definition 3. The multiplicative equiaffine arc length function ρ for the multiplicative equiaffine
curve ϕ in R∗ is defined as

ρ(t) =
∫ t

∗t0

([ϕ∗ ϕ∗∗ ϕ∗∗∗]∗)
1
6 ∗ ·∗ d∗u = e

∫ t
t0

1
u (log([ϕ∗ ϕ∗∗ ϕ∗∗∗ ]∗))

1
6 du, (38)

where [ϕ∗ ϕ∗∗ ϕ∗∗∗]∗ is the multiplicative determinant of the first, second, and third multiplicative
derivatives of the curve ϕ. The parameter ρ is the multiplicative equiaffine arc length parameter.

Proposition 2. Let ϕ be a multiplicative non-degenerate smooth parametric curve in R3 parame-
terized by the multiplicative equiaffine arc length ρ. Then, we have

[(d∗ϕ/∗d∗ρ d2
∗ϕ/∗d∗ρ2∗ d3

∗ϕ/∗d∗ρ3∗ ]∗ = 1∗.

Proof. Using the chain rule, we write

d∗ϕ/∗d∗ρ = (d∗ϕ/∗d∗t) ·∗ (d∗t/∗d∗ρ)

or
d∗ϕ/∗d∗ρ = ϕ∗ ·∗ (d∗t/∗d∗ρ). (39)

If we take the multiplicative derivative of (39), then

d2
∗ϕ/∗d∗ρ2∗ = ϕ∗∗ ·∗ (d∗t/∗d∗ρ)2∗ +∗ ϕ∗ ·∗

(
d2
∗t/∗d∗ρ2∗

)
. (40)

Again, take the multiplicative derivative of (40), then

d3
∗ϕ/∗d∗ρ3∗ = ϕ∗∗∗ ·∗ (d∗t/∗d∗ρ)3∗

+∗ ϕ∗∗ ·∗ 2 ·∗ (d∗t/∗d∗ρ) ·∗
(

d2
∗t/∗d∗ρ2∗

)
+∗ ϕ∗∗ ·∗ (d∗t/∗d∗ρ) ·∗

(
d2
∗t/∗d∗ρ2∗

)
+∗ ϕ∗ ·∗

(
d3
∗t/∗d∗ρ3∗

)
Thus, we have

[(d∗ϕ/∗d∗ρ d2
∗ϕ/∗d∗ρ2∗ d3

∗ϕ/∗d∗ρ3∗ ]∗ = (d∗t/∗d∗ρ)6∗ ·∗ [ϕ∗ ϕ∗∗ ϕ∗∗∗]∗.

According to the Mean Value Theorem in analysis, since

[ϕ∗ ϕ∗∗ ϕ∗∗∗]∗ = (d∗ρ/∗d∗t)6∗

from (38), we get
[(d∗ϕ/∗d∗ρ d2

∗ϕ/∗d∗ρ2∗ d3
∗ϕ/∗d∗ρ3∗ ]∗ = 1∗.

This completes the proof.

190



Mathematics 2025, 13, 1107

Definition 4. Let ϕ be a multiplicative non-degenerate smooth curve in R3
∗ parameterized by the

multiplicative equiaffine arc length s. The multiplicative equiaffine Frenet equations are given in
matrix form as ⎡⎢⎣d2

∗ϕ/∗d∗s2∗

d3
∗ϕ/∗d∗s3∗

d4
∗ϕ/∗d∗s4∗

⎤⎥⎦ =

⎡⎢⎣ 0∗ 1∗ 0∗
0∗ 0∗ 1∗

−∗κ∗(s) −∗τ∗(s) 0∗

⎤⎥⎦
⎡⎢⎣ d∗ϕ/∗d∗s

d2
∗ϕ/∗d∗s2∗

d3
∗ϕ/∗d∗s3∗

⎤⎥⎦, (41)

where the functions κ∗(s) and τ∗(s) are called the multiplicative equiaffine curvature and multi-
plicative equiaffine torsion of the curve ϕ(s), respectively.

Therefore, this implies the existence of smooth functions κ∗(s) and τ∗(s) such that

d4
∗ϕ/∗d∗s4∗ +∗ κ∗(s) ·∗ d∗ϕ/∗d∗s +∗ τ∗(s) ·∗ d2

∗ϕ/∗d∗s2∗ = 0∗, (42)

where
κ∗(s) = −∗[d2

∗ϕ/∗d∗s2∗ d3
∗ϕ/∗d∗s3∗ d4

∗ϕ/∗d∗s4∗ ]∗ (43)

and
τ∗(s) =

[
d∗ϕ/∗d∗s d3

∗ϕ/∗d∗s3∗ d4
∗ϕ/∗d∗s4∗

]
∗
. (44)

The multiplicative equiaffine curvature κ∗(s) and torsion τ∗(s) are multiplicative
equiaffine invariants in R3

∗.

Theorem 1. Let ϕ be a curve in R3
∗ parameterized by multiplicative equiaffine arc length. Then

the curve ϕ and A ·∗ ϕ +∗ B have the same multiplicative equiaffine curvature and torsion, where
A ∈ SL and B ∈ R3×1

∗ .

Proof. Let β be a curve other than ϕ and let it be represented as follows:

β = A ·∗ ϕ +∗ B. (45)

If the derivatives are taken in the multiplicative sense, the following equalities are obtained:

d∗β/∗d∗s = A ·∗ d∗ϕ/∗d∗s, (46)

d2
∗β/∗d∗s2∗ = A ·∗ d2

∗ϕ/∗d∗s2∗ , (47)

d3
∗β/∗d∗s3∗ = A ·∗ d3

∗ϕ/∗d∗s3∗ , (48)

d4
∗β/∗d∗s4∗ = A ·∗ d4

∗ϕ/∗d∗s4∗ . (49)

Moreover, from the properties of the multiplicative determinant, we obtain the follow-
ing expressions: [

d∗β/∗d∗s d2
∗β/∗d∗s2∗ d3

∗β/∗d∗s3∗
]
∗

=
[

A ·∗ d∗ϕ/∗d∗s A ·∗ d2
∗ϕ/∗d∗s2∗ A ·∗ d3

∗ϕ/∗d∗s3∗
]
∗

=
[
d∗ϕ/∗d∗s d2

∗ϕ/∗d∗s2∗ d3
∗ϕ/∗d∗s3∗

]
∗

= 1∗. ( or e )

(50)

This last equation implies that β is parameterized by multiplicative equiaffine arc length.
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If Definition 4 is considered, the following equalities are found between the curvatures
and torsions of these two curves:

κ
β
∗ (s) = −∗

[
d2
∗β/∗d∗s2∗ d3

∗β/∗d∗s3∗ d4
∗β/∗d∗s4∗

]
∗

= −∗
[
d2
∗ϕ/∗d∗s2∗ d3

∗ϕ/∗d∗s3∗ d4
∗ϕ/∗d∗s4∗

]
∗

= κ
ϕ
∗ (s),

(51)

and

τ
β
∗ (s) =

[
d∗β/∗d∗s d3

∗β/∗d∗s3∗ d4
∗β/∗d∗s4∗

]
∗

=
[
d∗ϕ/∗d∗s d3

∗ϕ/∗d∗s3∗ d4
∗ϕ/∗d∗s4∗

]
∗

= τ
ϕ
∗ (s).

(52)

The proof is thus completed.

Now, based on the above explanations, we can provide the following three examples
in the multiplicative equiaffine space.

First, consider the curve ψ(s) in the multiplicative equiaffine space, given by multi-
plicative operations as

ψ(s) =
(

s, e1/2 ·∗ e(log s)2
, e1/6 ·∗ e(log s)3

)
, (53)

or by classical operations as

ψ(s) =
(

s, e1/2(log s)2
, e1/6(log s)3

)
. (54)

The curvatures κ∗(s) and τ∗(s) of this curve are identically equal to 0∗ or 1. The graph of
this curve can be seen in Figure 1.

Figure 1. Graph of Equation (54).

Next, consider the curve Φ(s) given by

Φ(s) = (−∗s, sin∗ s, cos∗ s), (55)
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or
Φ(s) =

(
1/s, elog(sin s), elog(cos s)

)
, (56)

where κ∗(s) = 0∗ = 1 and τ∗(s) = 1∗ = e. The graph of this curve can be seen in Figure 2.
Lately, consider the curve Ψ(s) given by

Ψ(s) =
(

e5/216 ·∗ e1/s, e
√

s ·∗ elog(sin
√

s), e
√

s ·∗ elog(cos
√

s)
)

, (57)

or
Ψ(s) =

(
e

5
216s , e

√
s log(sin(

√
s)), e

√
s log(cos(

√
s))
)

(58)

where κ∗(s) = −∗e2/27 = e−2/27 and τ∗(s) = −∗e1/3 = e−1/3. The graph of this curve can
be seen in Figure 3.

Figure 2. Graph of Equation (56).

Figure 3. Graph of Equation (58).
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4. Conclusions

This study introduces a comprehensive framework for analyzing curves in multiplica-
tive equiaffine space by integrating concepts from multiplicative calculus and equiaffine
differential geometry. Key contributions include the definitions of multiplicative equiaffine
arc length, curvature, and torsion, alongside the development of the multiplicative Frenet
apparatus and corresponding Frenet equations. Through these tools, the study systemati-
cally classifies space curves with constant multiplicative curvature and torsion, providing
new insights into the geometric behavior of these curves.

The presented examples demonstrate how multiplicative calculus extends classical
geometric concepts, showcasing its potential to generalize and enhance traditional method-
ologies. These advancements contribute not only to the theoretical development of affine
geometry but also highlight potential applications in fields such as physics, engineering,
and mathematical modeling, particularly in scenarios involving exponential growth, scaling
phenomena, or non-Newtonian frameworks.

Future research could explore the broader applicability of this framework, examining
its integration with other geometric and physical systems and its potential to address
complex real-world problems.
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Abstract: The study of the equitorsion biholomorphically projective mappings between
two generalized Riemannian spaces in the sense of Eisenhart’s definition is continued. Some
new invariant geometric objects of an equitorsion canonical biholomorphically projective
mapping are found, as well as some relations between these objects. At the end, the linear
independence of the obtained invariants is examined.
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1. Introduction

Differentiable manifolds GRN with a non-symmetric metric tensor, GAN , and non-
symmetric affine connection and their mappings are of interest to many
scientists [1–10]. Although the notion of non-symmetric affine connection was used in
several works before A. Einstein, for example in [11], the use of non-symmetric connection
became especially evident after the appearance of the works of A. Einstein, relating to
create his Unified Field Theory [12,13], where the symmetric part of a basic tensor is related
to gravitation and the anti-symmetric one to electromagnetism. Since 1951, Eisenhart was
occupied with problems of spaces with non-symmetric basic tensors and non-symmetric
connection in several works [14]. He defined a generalized Riemannian space as “a space of
coordinates with which ia associated a non-symmetric tensor gij”, and the connection coef-
ficients are defined by gij. In 1952, Eisenhart obtained two curvature tensors in generalized
Riemannian space, using the fact that the connection coefficients are non-symmetric.

Geometric mappings are interesting and significant, both theoretically and practically.
Geodesic and almost geodesic lines are important for geometry and physics. Geodesic
mappings and their generalizations, like F-planar and holomorphically projective map-
pings, have been considered in many papers [1,4,6,9,10,15–17]. As a kind of generalization
of holomorphically projective mappings, biholomorphically projective mappings were
defined and considered in the paper [18].

In the sense of Eisenhart’s definition, an N-dimensional manifold MN equipped with
a non-symmetric metric tensor ĝ, whose components are gij such that gij 	= gji for at least

Mathematics 2025, 13, 1334 https://doi.org/10.3390/math13081334196
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one pair of indices (i, j), is a generalized (pseudo-)Riemannian space GRN . The symmetric
and anti-symmetric parts of the metric ĝ are

gij =
1
2
(

gij + gji
)

and gij
∨
=

1
2
(

gij − gji
)
. (1)

We also assume that det
[
gij
]
	= 0, which we use to define a contravariant symmetric

metric tensor by components such as
[
gij] = [

gij
]−1. The affine connection coefficients of

the space GRN are generalized Christoffell symbols Γi
jk given by [18],

Γi
jk = gipΓp.jk,

where Γi.jk = 1
2 (gji,k − gjk,i + gik,j), where, for example, gij,k =

∂gij

∂xk . Generally, Γi
jk 	= Γi

kj,

and the symmetric and anti-symmetric parts of Γi
jk, respectively, are given by the formulas

Γi
jk =

1
2
(Γi

jk + Γi
kj), Γi

jk
∨
=

1
2
(Γi

jk − Γi
kj).

The magnitude Γi
jk
∨

is the torsion tensor of the space GRN .

In the case of generalized Riemannian space GRN , the following curvature tensors are
linearly independent [19]:

R
1

i
jmn = Ri

jmn + Γi
jm
∨
|n − Γi

jn
∨
|m + Γp

jm
∨

Γi
pn
∨
− Γp

jn
∨

Γi
pm
∨

, (2)

R
2

i
jmn = Ri

jmn − Γi
jm
∨
|n + Γi

jn
∨
|m + Γp

jm
∨

Γi
pn
∨
− Γp

jn
∨

Γi
pm
∨

, (3)

R
3

i
jmn = Ri

jmn + Γi
jm
∨
|n + Γi

jn
∨
|m − Γp

jm
∨

Γi
pn
∨
+ Γp

jn
∨

Γi
pm
∨
− 2Γp

mn
∨

Γi
pj
∨

, (4)

R
4

i
jmn = Ri

jmn + Γi
jm
∨
|n + Γi

jn
∨
|m − Γp

jm
∨

Γi
pn
∨
+ Γp

jn
∨

Γi
pm
∨
+ 2Γp

mn
∨

Γi
pj
∨

, (5)

R
5

i
jmn = Ri

jmn − Γp
jm
∨

Γi
pn
∨
+ Γp

jn
∨

Γi
pm
∨

, (6)

R
6

i
jmn = Ri

jmn + Γp
jm
∨

Γi
pn
∨
+ Γp

jn
∨

Γi
pm
∨

, (7)

where “|” denotes a covariant derivative with respect to the symmetric affine connection
Γi

jk, whose curvature tensor is Ri
jmn.

The family of curvature tensors of the space GRN is

Ki
jmn = Ri

jmn + uΓi
jm
∨
|n + u′Γi

jn
∨
|m + vΓp

jm
∨

Γi
pn
∨
+ v′Γp

jn
∨

Γi
pm
∨
+ wΓp

mn
∨

Γi
pj
∨

, (8)

for scalars u, u′, v, v′, and w.
The linearly independent curvature tensors (2)–(7) are extracted from the family (8) by

selecting the following constants: (u, u′, v, v′, w):

(u, u′, v, v′, w) ∈
{
(1,−1, 1,−1, 0), (−1, 1, 1,−1, 0), (1, 1,−1, 1,−2),

(1, 1,−1, 1, 2), (1, 0, 0,−1, 1, 0), (1, 0, 0, 1, 1, 0)
}

.
(9)

Remark 1. Let us obtain invariants for a geodesic mapping f : RN → R̄N in the manner proposed
by H. Weyl [20]. The basic equation of this mapping is
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Γ̄i
jk = Γi

jk + ψkδi
j + ψjδ

i
k. (10)

From this basic equation, one finds the transformation rule of curvature tensor Ri
jmn to R̄i

jmn,

R̄i
jmn = Ri

jmn + δi
j
(
ψm|n − ψn|m

)
+ δi

mψj|n − δi
nψj|m − δi

mψjψn + δi
nψjψm. (11)

If the exchange ψij = ψi|j − ψiψj is involved in Equation (11), we will transform it to

R̄i
jmn = Ri

jmn + δi
j
(
ψmn − ψnm

)
+ δi

mψjn − δi
nψjm. (12)

After contracting the relation (12) by i and j, and by i and m, and with respect to the symmetry
Rij = Rji in Riemannian space, such as Rp

pmn = Rnm − Rmn, we obtain

ψij = ψji = − 1
N − 1

(
R̄ij − Rij

)
. (13)

After substituting the expression (13) into (12), we obtain

R̄i
jmn = Ri

jmn −
1

N − 1
(
δi

mR̄jn − δi
nR̄jm

)
+

1
N − 1

(
δi

mRjn − δi
nRjm

)
, (14)

From Equation (14), we obtain that the Weyl projective tensor

Wi
jmn = Ri

jmn +
1

N − 1
(
δi

mRjn − δi
nRjm

)
is an invariant for the geodesic mapping f . The traces of Wi

jmn are Wp
pmn = 0, Wp

jpn = 0, and

Wp
jmp = 0.

For this reason, there are two problems:

1. We do not have an invariant for the geodesic mapping that does not neglect the Ricci tensor
Rij after contraction.

2. If there are not Kronecker delta-symbols in the transformation rule of the curvature tensor
under an analyzed mapping, we are not able to apply Weyl’s method to obtain an invariant for
the studied mapping.

These problems were solved in the paper [21] by obtaining general formulas for basic and
derived invariants of a mapping between affine connection spaces. We will apply this methodology
in this research and obtain invariants for a special mapping of generalized Riemannian space.
Because the corresponding deformation tensor will not be a function of a Kronecker delta-symbol, we
will be able to obtain just one invariant for the studied mapping, which is a function of the curvature
tensor Ri

jmn. Unlike the Weyl projective tensor, the traces of the invariant that will be obtained in
this paper will not vanish.

2. Review of Basic Invariants

One of the most important current problems in differential geometry is finding new
invariant geometric objects. T. Y. Thomas [22] and H. Weyl [20] started the research about
invariants of special diffeomorphisms between spaces with symmetric affine connection.
Many authors have continued Thomas’s and Weyl’s works, for example V. Berezovski, J.
Mikeš, E. Stepanova, etc. [1,2,5,15]. Also, some invariant geometrical objects for diffeo-
morphisms of spaces with non-symmetric affine connection are obtained in many papers,
for example [9,16,17,23].
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In this section, we will refer to the results presented in [21]. Namely, if f : RN → R̄N

is a mapping of Riemannian space RN whose deformation tensor is

Γ̄i
jk = Γi

jk + ω̄i
jk − ωi

jk, (15)

for geometric objects ω̄i
jk and ωi

jk symmetric by indices j and k, it is obtained that T̄ i
jk = T i

jk

and W̄ i
jmn = W i

jmn for

T i
jk = Γi

jk + ωi
jk, (16)

W i
jmn = Ri

jmn + ωi
jm|n − ωi

jn|m + ω
p
jmωi

pn − ω
p
jnωi

pm, (17)

and the corresponding T̄ i
jk and W̄ i

jmn. The geometrical objects T i
jk and W i

jmn are named the

associated basic invariants of Thomas and Weyl type for the mapping f .
For an equitorsion mapping f : GRN → GR̄N , the families curvature tensors (8) and

K̄i
jmn = R̄i

jmn + uΓ̄i
jm
∨
‖n + u′Γ̄i

jn
∨
‖m + vΓ̄p

jm
∨

Γ̄i
pn
∨
+ v′Γ̄p

jn
∨

Γ̄i
pm
∨
+ wΓ̄p

mn
∨

Γ̄i
pj
∨

,

for the covariant derivatives with respect to torsion-free affine connections Γi
jk and Γ̄i

jk,

respectively, denoted by “|” and “‖”, satisfy the relation

K̄i
jmn − Ki

jmn = R̄i
jmn − Ri

jmn + u
(
Γ̄i

pnΓ̄p
jm
∨
− Γi

pnΓp
jm
∨

)
− u

(
Γ̄p

jnΓ̄i
pm
∨
− Γp

jnΓi
pm
∨

)
− (u + u′)

(
Γ̄p

mnΓ̄i
jp
∨
− Γp

mnΓi
jp
∨

)
+ u′(Γ̄i

pmΓ̄p
jn
∨
− Γi

pmΓp
jn
∨

)
− u′(Γ̄p

jmΓ̄i
pn
∨
− Γp

jmΓi
pn
∨

)
.

(18)

Because the mapping f is equitorsion, the equality Γ̄i
jk
∨
= Γi

jk
∨

holds. With this in mind,

and the invariance of geometrical objects T i
jk and W̄ i

jmn, the equality ˜̄W i
jmn = W̃ i

jmn is

satisfied for

˜̄W i
jmn = W̄ i

jmn + uT̄ i
pnΓ̄p

jm
∨
− uT̄ p

jnΓ̄i
pm
∨
− (u + u′)T̄ p

mnΓ̄i
jp
∨
+ u′T̄ i

pmΓ̄p
jn
∨
− u′T̄ p

jmΓ̄i
pn
∨

, (19)

W̃ i
jmn = W i

jmn + uT i
pnΓp

jm
∨
− uT p

jnΓi
pm
∨
− (u + u′)T p

mnΓi
jp
∨
+ u′T i

pmΓp
jn
∨
− u′T p

jmΓi
pn
∨

. (20)

After substituting the expressions of T i
jk and W i

jmn given by (16) and (17) and the

corresponding expressions of T̄ i
jk and W̄ i

jmn into the equalities (19) and (20), respectively,

one obtains˜̄W i
jmn = R̄i

jmn + ω̄i
jm‖n − ω̄i

jn‖m + ω̄
p
jmω̄i

pn − ω̄
p
jnω̄i

pm

+ uΓ̄i
pnΓ̄p

jm
∨
− uΓ̄p

jnΓ̄i
pm
∨
− (u + u′)Γ̄p

mnΓ̄i
jp
∨
+ u′Γ̄i

pmΓ̄p
jn
∨
− u′Γ̄p

jmΓ̄i
pn
∨

+ uΓ̄p
jm
∨

ω̄i
pn − uΓ̄i

pm
∨

ω̄
p
jn − (u + u′)Γ̄i

jp
∨

ω̄
p
mn + u′Γ̄p

jn
∨

ω̄i
pm − u′Γ̄i

pn
∨

ω̄
p
jm,

(21)

W̃ i
jmn = Ri

jmn + ωi
jm|n − ωi

jn|m + ω
p
jmωi

pn − ω
p
jnωi

pm

+ uΓi
pnΓp

jm
∨
− uΓp

jnΓi
pm
∨
− (u + u′)Γp

mnΓi
jp
∨
+ u′Γi

pmΓp
jn
∨
− u′Γp

jmΓi
pn
∨

+ uΓp
jm
∨

ωi
pn − uΓi

pm
∨

ω
p
jn − (u + u′)Γi

jp
∨

ω
p
mn + u′Γp

jn
∨

ωi
pm − u′Γi

pn
∨

ω
p
jm.

(22)
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The difference of geometrical objects ˜̄W i
jmn and W̃ i

jmn given by Formulas (21) and (22) is

0 = ˜̄W i
jmn − W̃ i

jmn = R̄i
jmn − Ri

jmn + u
(
Γ̄i

pnΓ̄p
jm
∨
− Γi

pnΓp
jm
∨

)
− u

(
Γ̄p

jnΓ̄i
pm
∨
− Γp

jnΓi
pm
∨

)
− (u + u′)

(
Γ̄p

mnΓ̄i
jp
∨
− Γp

mnΓi
jp
∨

)
+ u′(Γ̄i

pmΓ̄p
jn
∨
− Γi

pmΓp
jn
∨

)
− u′(Γ̄p

jmΓ̄i
pn
∨
− Γp

jmΓi
pn
∨

)
+ ω̄i

j[m‖n] − ωi
j[m|n] + ω̄

p
j[mω̄i

pn] − ω
p
j[mωi

pn]

+ uΓ̄p
jm
∨

ω̄i
pn − uΓ̄i

pm
∨

ω̄
p
jn − (u + u′)Γ̄i

jp
∨

ω̄
p
mn + u′Γ̄p

jn
∨

ω̄i
pm − u′Γ̄i

pn
∨

ω̄
p
jm

− uΓp
jm
∨

ωi
pn + uΓi

pm
∨

ω
p
jn + (u + u′)Γi

jp
∨

ω
p
mn − u′Γp

jn
∨

ωi
pm + u′Γi

pn
∨

ω
p
jm,

(23)
where [mn] is an anti-symmetrization without division by indices m and n.

The first seven summands in Equation (23) coincide with the right side of equality (18).
Hence, the forthcoming equality holds,

0 = ˜̄W i
jmn − W̃ i

jmn = K̄i
jmn − Ki

jmn + ω̄i
j[m‖n] − ωi

j[m|n] + ω̄
p
j[mω̄i

pn] − ω
p
j[mωi

pn]

+ uΓ̄p
jm
∨

ω̄i
pn − uΓ̄i

pm
∨

ω̄
p
jn − (u + u′)Γ̄i

jp
∨

ω̄
p
mn + u′Γ̄p

jn
∨

ω̄i
pm − u′Γ̄i

pn
∨

ω̄
p
jm

− uΓp
jm
∨

ωi
pn + uΓi

pm
∨

ω
p
jn + (u + u′)Γi

jp
∨

ω
p
mn − u′Γp

jn
∨

ωi
pm + u′Γi

pn
∨

ω
p
jm,

(24)

for the families Ki
jmn and K̄i

jmn of the curvature tensors of the spaces GRN and GR̄N .

From the equality (24), we obtain the expressions of the geometrical objects W̃ i
jmn and˜̄W i

jmn as follows:

˜̄W i
jmn = K̄i

jmn + ω̄i
jm‖n − ω̄i

jn‖m + ω̄
p
jmω̄i

pn − ω̄
p
jnω̄i

pm

+ uΓ̄p
jm
∨

ω̄i
pn − uΓ̄i

pm
∨

ω̄
p
jn − (u + u′)Γ̄i

jp
∨

ω̄
p
mn + u′Γ̄p

jn
∨

ω̄i
pm − u′Γ̄i

pn
∨

ω̄
p
jm,

(25)

W̃ i
jmn = Ki

jmn + ωi
jm|n − ωi

jn|m + ω
p
jmωi

pn − ω
p
jnωi

pm

− uΓp
jm
∨

ωi
pn + uΓi

pm
∨

ω
p
jn + (u + u′)Γi

jp
∨

ω
p
mn − u′Γp

jn
∨

ωi
pm + u′Γi

pn
∨

ω
p
jm.

(26)

The next theorem holds.

Theorem 1. Let f : GRN → GR̄N be an equitorsion mapping of a generalized Riemannian space
GRN. The geometrical objects W̃ i

jmn given by Equation (22) are invariants for the mapping f
expressed in terms of the curvature tensor of the associated space RN.

The geometrical objects W̃ i
jmn given by Equation (26) are invariants for the mapping f

expressed in terms of the curvature tensors of the space GRN.

The geometrical objects W̃ i
jmn are equitorsion invariants for the mapping f .

Because there are six linearly independent curvature tensors [19], the next corollaries
are satisfied.

Corollary 1. Let f : GRN → GR̄N be an equitorsion mapping of Riemannian space GRN. Three
of the invariants for this mapping, given by Equation (22), are linearly independent.

Corollary 2. Let f : GRN → GR̄N be an equitorsion mapping of Riemannian space GRN. Six of
the invariants for this mapping, given by Equation (26), are linearly independent.
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Corollary 3. Let f : GRN → GR̄N be an equitorsion mapping of Riemannian space GRN.
The geometrical objects W̃ij = W̃ p

ijp, whose components are

W̃ ij = Rij + ω
p
ij|p − ω

p
ip|j + ω

q
ijω

p
qp − ω

p
iqω

q
jp

+ uΓq
pqΓp

ij
∨
+ uΓq

ipΓp
jq
∨
− (u + u′)Γq

jpΓp
iq
∨
+ u′Γq

jpΓp
iq
∨

+ uΓp
ij
∨

ω
q
pq + uΓp

jq
∨

ω
q
ip − (u + u′)Γp

iq
∨

ω
q
jp + u′Γp

iq
∨

ω
q
jp,

(27)

are invariants for the mapping f .

Remark 2. When we express the invariant W̃ i
jmn in terms of curvature tensors of the space GRN,

we involve summands like Γi
jk
∨

Γp
qr
∨

. These summands are invariants for the equitorsion mapping

f , and they make six linearly independent invariants. These summands are extracted from the
invariant W̃ i

jmn expressed in terms of the curvature tensor of the associated space RN and other
non-invariant objects. For this reason, we will obtain invariants without including other invariants
as separate summands.

3. Invariants for Equitorsion Canonical Biholomorphically
Projective Mappings

Let GRN and GRN be two generalized Riemannian spaces. We will observe these
spaces in the common system of coordinates defined by the mapping f : GRN → GRN .
If Γi

jk and Γi
jk are connection coefficients of the spaces GRN and GRN , respectively, then

Pi
jk = Γi

jk − Γi
jk is the deformation tensor of the connection for a mapping f [18].

In the paper [18], we defined biholomorphically projective mappings between two
generalized Riemannian spaces GRN and GRN with almost complex structures that are
equal in a common system of coordinates defined by the mapping f : GRN → GRN . We
considered a generalized Riemannian space GRN with a non-symmetric metric tensor
gij and almost complex structure Fi

j such that Fi
j 	= aδi

j, where a is a scalar invariant,
and we defined a biholomorphically projective curve of the kind θ (θ = 1, 2) and a
biholomorphically projective mapping of the kind θ (θ = 1, 2).

Definition 1 ([18]). In the space GRN, a curve l given in parametric form

xi = xi(t), (i = 1, . . . , N),

is said to be biholomorphically projective of the kind θ (θ = 1, 2) if it satisfies the following equation:

λh
|
θ
p(t)λ

p(t) = a(t)λh(t) + b(t)Fh
pλp(t) + c(t)

2
Fh

pλp(t),

where a, b, c are functions of parameter t, where λi =
dxi

dt
,

2
Fh

p = Fh
q Fq

p .

Definition 2 ([18]). A difeomorphism f : GRN → GRN is a biholomorphically projective
mapping of the kind θ (θ = 1, 2) if biholomorphically projective curves of the kind θ (θ = 1, 2)
of the space GRN are mapped to the biholomorphically projective curves of the kind θ of the space
GRN.
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After defining, we concluded that the biholomorphically projective curves of the first
kind and the biholomorphically projective curves of the second kind match, so we simply
named them the biholomorphically projective curves, and the corresponding mappings are
named biholomorphically projective mappings.

Also, the mapping f : GRN → GRN is a biholomorphically projective mapping if in
the common coordinate system the connection coefficients Γh

ij and Γh
ij satisfy the relation [18]

Γi
jk = Γi

jk + ψ(jδ
i
k) + σ(jF

i
k) + τ(j

2
Fi

k) + ξ i
jk,

and the deformation tensor has the form [18]

Pi
jk = ψ(jδ

i
k) + σ(jF

i
k) + τ(j

2
Fi

k) + ξ i
jk, (28)

where (ij) is a symmetrization without division by indices i, j, ψi, σi, and τi are vectors,
2
Fi

j = Fi
qFq

j , and ξ i
jk is an anti-symmetric tensor. Inspired by the form of the deformation

tensor (28), we have defined another type of mapping.
Let Fi

j and Fi
j be almost complex structures of the spaces GRN and GRN , respectively,

where Fi
j = Fi

j in the common system of coordinates defined by the mapping f : GRN →
GRN , and assume that it holds Fi

j 	= aδi
j, where a is a scalar invariant. The mapping

f : GRN → GRN is a canonical biholomorphically projective mapping if in the common
coordinate system the connection coefficients Γi

jk and Γi
jk satisfy the relation [24]

Γi
jk = Γi

jk + σ(jF
i
k) + τ(j

2
Fi

k) + ξ i
jk, (29)

where (jk) is a symmetrization without division by indices j and k, σj and τj are vectors,
2
Fi

j = Fi
pFp

j , and ξ i
jk is an anti-symmetric tensor. If Pi

jk is a deformation tensor with respect to

the canonical biholomorphically projective mapping f : GRN → GRN , then we have [24]

Pi
jk = σ(jF

i
k) + τ(j

2
Fi

k) + ξ i
jk. (30)

The mapping f : GRN → GRN is an equitorsion canonical biholomorphically projec-
tive mapping if the torsion tensors of the spaces GRN and GRN are equal in a common
coordinate system after the mapping f . Then, from Ref. [24],

ξ i
jk = 0. (31)

In this case, the relation (30) becomes [24]

Pi
jk = σ(jF

i
k) + τ(j

2
Fi

k). (32)

As a special case of equitorsion canonical biholomorphically projective mappings,
the equitorsion mapping f : GRN → GR̄N , whose deformation tensor is

Pi
jk = Γ̄i

jk − Γi
jk = −τpFp

j Fi
k − τpFp

k Fi
j + τj

2
Fi

k + τk
2
Fi

j, (33)
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was studied. In this case, an invariant of Thomas type [24]

CHT i
jk = Γi

jk −
1
e

(
Γq

pqFp
j Fi

k + Γq
pqFp

k Fi
j − Γp

jp

2
Fi

k − Γp
kp

2
Fi

j

)
, (34)

is obtained for e = ±1, assuming that δi
j, Fi

j , and
2
Fi

j are linearly independent.

The invariant CHT i
jk is the associated basic invariant for mapping f . From this

invariant, one reads

ωi
jk = −1

e

(
Γq

pqFp
j Fi

k + Γq
pqFp

k Fi
j − Γp

jp

2
Fi

k − Γp
kp

2
Fi

j

)
. (35)

We will express the previous ωi
jk in some other form, better for further computing

ωi
jk = −1

e
Γq

pq

(
Fp

j Fi
k + Fp

k Fi
j − δ

p
j

2
Fi

k − δ
p
k

2
Fi

j

)
= −1

e
Γq

pqF pi
jk , (36)

for

F pi
jk = Fp

j Fi
k + Fp

k Fi
j − δ

p
j

2
Fi

k − δ
p
k

2
Fi

j. (37)

After substituting the expression (36) into Equations (17) and (22), assuming that F is
covariantly constant, we obtain the following results:

W i
jmn = Ri

jmn +
1
e

Γq
pq|[mF

pi
jn] +

1
e

Γq
pqF pi

j[m|n] + Γq
aqΓs

bsF
ap
j[mF

bi
pn] (38)

Wij = Rij +
1
e

Γq
pq|jF

pr
ir − 1

e
Γq

pq|rF
pr
ij +

1
e

Γq
pqF pr

ij|r −
1
e

Γq
pqF pr

ir|j

+ Γq
aqΓs

bsF
ap
ij F br

pr − Γq
aqΓs

bsF
ap
ir F br

pj ,
(39)

W̃ i
jmn = Ri

jmn +
1
e

Γq
pq|[mF

pi
jn] +

1
e

Γq
pqF pi

j[m|n] + Γq
aqΓs

bsF
ap
j[mF

bi
pn]

+ uΓi
pnΓp

jm
∨
− uΓp

jnΓi
pm
∨
− (u + u′)Γp

mnΓi
jp
∨
+ u′Γi

pmΓp
jn
∨
− u′Γp

jmΓi
pn
∨
− u

e
Γp

jm
∨

Γq
rqF ri

pn

+
u
e

Γi
pm
∨

Γq
rqF rp

jn +
u + u′

e
Γi

jp
∨

Γq
rqF rp

mn −
u′

e
Γp

jn
∨

Γq
rqF ri

pm +
u′

e
Γi

pn
∨

Γq
rqF rp

jm,

(40)

W̃ij = Rij +
1
e

Γq
pq|jF

pr
ir − 1

e
Γq

pq|rF
pr
ij +

1
e

Γq
pqF pr

ij|r −
1
e

Γq
pqF pr

ir|j

+ Γq
aqΓs

bsF
ap
ij F br

pr − Γq
aqΓs

bsF
ap
ir F br

pj + uΓq
pqΓp

ij
∨
+ uΓp

iqΓq
jp
∨
− uΓp

jqΓq
ip
∨

− u
e

Γp
ij
∨

Γq
rqF rs

ps +
u
e

Γs
pj
∨

Γq
rqF rp

is +
u + u′

e
Γs

ip
∨

Γq
rqF rp

js − u′

e
Γp

is
∨

Γq
rqF rs

pj .

(41)

Accordingly, we conclude that the following theorem is valid.

Theorem 2. Let f : GRN → GR̄N be an equitorsion canonical biholomorphically projective
mapping that preserves the structure F, which is covariantly constant according to the covariant
derivative with respect to torsion-free affine connection. The geometrical objects W i

jmn and W̃ i
jmn,

given by (38) and (40), respectively, are the associated basic invariant and equitorsion invariant for
the mapping f .

Corollary 4. The invariants W i
jmn and W̃ i

jmn satisfy the equation
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W̃ i
jmn = W i

jmn + uΓi
pnΓp

jm
∨
− uΓp

jnΓi
pm
∨
− (u + u′)Γp

mnΓi
jp
∨
+ u′Γi

pmΓp
jn
∨
− u′Γp

jmΓi
pn
∨

− u
e

Γp
jm
∨

Γq
rqF ri

pn +
u
e

Γi
pm
∨

Γq
rqF rp

jn +
u + u′

e
Γi

jp
∨

Γq
rqF rp

mn −
u′

e
Γp

jn
∨

Γq
rqF ri

pm +
u′

e
Γi

pn
∨

Γq
rqF rp

jm.
(42)

The invariants Wij and W̃ij satisfy the equation

W̃ij = Wij + Γq
aqΓs

bsF
ap
ij F br

pr − Γq
aqΓs

bsF
ap
ir F br

pj + uΓq
pqΓp

ij
∨
+ uΓp

iqΓq
jp
∨
− uΓp

jqΓq
ip
∨

− u
e

Γp
ij
∨

Γq
rqF rs

ps +
u
e

Γs
pj
∨

Γq
rqF rp

is +
u + u′

e
Γs

ip
∨

Γq
rqF rp

js − u′

e
Γp

is
∨

Γq
rqF rs

pj .
(43)

The invariants W̃ i
jmn, W i

jmn, W̃ij, and Wij are tensors.

Linearly Independent Invariants

The family of invariants W̃ i
jmn given by (42) depends u and u′, and none of the scalars

present in the family of curvature tensors (8) feature. After changing the corresponding
scalars u and u′ from linearly independent curvature tensors into the Equation (41), we
will obtain the following invariants:

W̃
1

i
jmn = Ri

jmn +
1
e

Γq
pq|[mF

pi
jn] +

1
e

Γq
pqF pi

j[m|n] + Γq
aqΓs

bsF
ap
j[mF

bi
pn]

+ Γi
pnΓp

jm
∨
− Γp

jnΓi
pm
∨
− Γi

pmΓp
jn
∨
+ Γp

jmΓi
pn
∨
− 1

e
Γp

jm
∨

Γq
rqF ri

pn

+
1
e

Γi
pm
∨

Γq
rqF rp

jn +
1
e

Γp
jn
∨

Γq
rqF ri

pm − 1
e

Γi
pn
∨

Γq
rqF rp

jm,

(44)

W̃
2

i
jmn = Ri

jmn +
1
e

Γq
pq|[mF

pi
jn] +

1
e

Γq
pqF pi

j[m|n] + Γq
aqΓs

bsF
ap
j[mF

bi
pn]

− Γi
pnΓp

jm
∨
+ Γp

jnΓi
pm
∨
+ Γi

pmΓp
jn
∨
− Γp

jmΓi
pn
∨
+

1
e

Γp
jm
∨

Γq
rqF ri

pn

− 1
e

Γi
pm
∨

Γq
rqF rp

jn − 1
e

Γp
jn
∨

Γq
rqF ri

pm +
1
e

Γi
pn
∨

Γq
rqF rp

jm,

(45)

W̃
3

i
jmn = Ri

jmn +
1
e

Γq
pq|[mF

pi
jn] +

1
e

Γq
pqF pi

j[m|n] + Γq
aqΓs

bsF
ap
j[mF

bi
pn]

+ Γi
pnΓp

jm
∨
− Γp

jnΓi
pm
∨
− 2Γp

mnΓi
jp
∨
+ Γi

pmΓp
jn
∨
− Γp

jmΓi
pn
∨
− 1

e
Γp

jm
∨

Γq
rqF ri

pn

+
1
e

Γi
pm
∨

Γq
rqF rp

jn +
2
e

Γi
jp
∨

Γq
rqF rp

mn −
1
e

Γp
jn
∨

Γq
rqF ri

pm +
1
e

Γi
pn
∨

Γq
rqF rp

jm,

(46)

W̃
4

i
jmn = Ri

jmn +
1
e

Γq
pq|[mF

pi
jn] +

1
e

Γq
pqF pi

j[m|n] + Γq
aqΓs

bsF
ap
j[mF

bi
pn]

+ Γi
pnΓp

jm
∨
− Γp

jnΓi
pm
∨
− 2Γp

mnΓi
jp
∨
+ Γi

pmΓp
jn
∨
− Γp

jmΓi
pn
∨
− 1

e
Γp

jm
∨

Γq
rqF ri

pn

+
1
e

Γi
pm
∨

Γq
rqF rp

jn +
2
e

Γi
jp
∨

Γq
rqF rp

mn −
1
e

Γp
jn
∨

Γq
rqF ri

pm +
1
e

Γi
pn
∨

Γq
rqF rp

jm,

(47)

W̃
5

i
jmn = Ri

jmn +
1
e

Γq
pq|[mF

pi
jn] +

1
e

Γq
pqF pi

j[m|n] + Γq
aqΓs

bsF
ap
j[mF

bi
pn], (48)

W̃
6

i
jmn = Ri

jmn +
1
e

Γq
pq|[mF

pi
jn] +

1
e

Γq
pqF pi

j[m|n] + Γq
aqΓs

bsF
ap
j[mF

bi
pn]. (49)

Theorem 3. Three of the invariants (44)–(49) are linearly independent.
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Proof. The family of invariants W̃ i
jmn given by (40) is isomorphic to the vector space, whose

elements are v = (1, u,−u,−u − u′, u′,−u′, u, u, u + u′,−u′, u′). The fifths (u, u′, v, v′, w),
which generate six linearly independent curvature tensors, are given by (9). After taking
the values of u and u′ from these fifths and substituting them into the vectors v, we obtain
the following vectors:

v1 = (1, 1,−1, 0,−1, 1, 1, 1, 0, 1,−1), (50)

v2 = (1,−1, 1, 0, 1,−1,−1,−1, 0,−1, 1), (51)

v3 = (1, 1,−1,−2, 1,−1, 1, 1, 2,−1, 1), (52)

v4 = (1, 1,−1,−2, 1,−1, 1, 1, 2,−1, 1), (53)

v5 = (1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0), (54)

v6 = (1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0). (55)

The rank of matrix
[

v1 v2 v3 v4 v5 v6
]

is 3, which completes the proof of
this theorem.

Corollary 5. Three linearly independent invariants are W̃
1

i
jmn, W̃

2
i
jmn, and W̃

3
i
jmn.

Corollary 6. Three of the invariants W̃ ij are linearly independent. Invariants W̃
1

ij, W̃
2

ij, W̃
3

ij are

linearly independent.

4. Discussion

Invariants for different mappings in the case of spaces with symmetric and non-
symmetric affine connection have been obtained by different authors. The generalizations
of the Weyl conformal, the Weyl projective tensor, and the Thomas projective parameters
are objects that have been generalized in many different papers regarding invariants for
different types of geometric mappings. This paper is a natural continuation of the research
discussed in papers [21,24]. The study of the equitorsion biholomorphically projective
mapping between two generalized Riemannian spaces in the sense of Eisenhart’s definition
has been continued by finding new invariant geometric objects for the special case of the
equitorsion canonical biholomorphically projective mapping. Also, the linear indepen-
dence of the obtained invariants was examined. Considering the diversity of types of
bihollomorphicaly projective mappings, the goal of further research will be to find new
invariant geometric objects, both in the case of the considered equitorsion canonical biholo-
morphically projective mapping and in the case of some other types of biholomorphically
projective mappings. The results of this paper motivate us to ask ourselves whether there is
an interpretation from a physical point of view, as well as what the geometrical significance
of the obtained objects is.
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thank the Ministry of Science, Technological Development and Innovation of Serbia, which helped

205



Mathematics 2025, 13, 1334

the realization of this research through the Mathematical Institute of the Serbian Academy of Sciences
and Arts.

Data Availability Statement: Data are contained within the article.

Conflicts of Interest: The authors declare no conflicts of interest.

References

1. Berezovski, V.; Báscó, S.; Mikeš, J. Almost geodesic mappings of affinely connected spaces that preserve the Riemannian curvature.
Ann. Math. Inform. 2015, 45, 3–10.

2. Berezovski, V.; Báscó, S.; Mikeš, J. Diffeomorphism of Affine Connected Spaces Which Preserved Riemannian and Ricci Curvature
Tensors. Miskolc Math. Notes 2017, 18, 117–124. [CrossRef]

3. Konovenko, N.G.; Kurbatova, I.N.; Cventuh, E. 2F-planar mappings of pseudo-Riemannian spaces with f-structure. Proc. Int.
Geom. Cent. 2018, 11, 39–51. (In Ukrainian)

4. Mikeš, J. Holomorphically projective mappings and their generalizations. J. Math. Sci. N. Y. 1998, 89, 1334–1353. [CrossRef]
5. Mikeš, J.; Berezovski, V.; Stepanova, E.; Chudá, H. Geodesic Mappings and Their Generalizations. J. Math. Sci. 2016, 217, 607–623.

[CrossRef]
6. Mikeš, J.; Pokorná, O.; Starko, G. On almost geodesic mappings π2(e) onto Riemannian spaces. Rend. Delcircolo Mat. Palermo Ser.

2 2004, 72, 151–157.
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19. Vesić, N.O. Eighty one Ricci-type identities. Facta Univ. (Niš) Ser. Math. Inform. 2020, 35, 1059–1078. [CrossRef]
20. Weyl, H. Zur Infinitesimal Geometrie: Einordnung der Projectiven und der Konformen Auffssung; Gottingen Nachrichten: Gottingen,

Germany, 1921; pp. 99–112.
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