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Figure 2. Complete characteristic curve of the pumps. [2].

The characteristic lines of a pump are shown in Figure 3. A working pump provides a water head
rise. The water head and discharge on both sides of a pump can be solved using the following set of
equations [8], which combine the complete characteristic curve in Figure 3:

 

Figure 3. Characteristic lines of a pump.
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(6)

The solutions have been described in detail in previous research [2,32], which is complex and
lengthy. Since it is not the main focus of this study, the details of these solutions are partly omitted here.

3. Model Establishment

3.1. Pipeline Meshing

In a long water supply system, there are various kinds of pipelines, including steel pipes,
PCCP pipes and tunnels etc. that divides a water supply system into several zones. Due to the
differences in the diameter, roughness, and elasticity, the wave velocity and rubbing effect in the zones
are not the same. At the connecting profile of two continuous pipeline sections, usually, it may not be
divided just exactly at the abrupt change profile. To deal with the meshing problem, the wave speed
or pipe length must be modified in the numerical simulation model, and that inevitably leads to a
system error. The best way to limit the simulation system error is to compact the meshing. The closer
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the adjacent sections are set, the more accurate the simulation will be. However, while increasing the
accuracy by using dense mesh, the calculating time and internal storage required in the computer are
enhanced at the same time.

In the simplified model shown in Figure 4, there are two reservoirs upstream and downstream,
whose boundary conditions are assumed to regard the water level of them kept constant during
the transient processes. A pump station is located at the upstream side to provide hydraulic head,
and the pipeline is a long tunnel through a mountain connecting the two reservoirs. The meshing
is uniformly distributed according to Equation (3), which should satisfy the Courant condition [36].
The maximum value of time step mainly depends on the rate at which the transient process occurs.
There is no compulsory restriction on the minimum value of time step, in theory, however, the less the
time step is set, the longer the running time of the program, and the higher the cost. From previous
investigations [42], it is found that when the time step is in the order of 0.01 s, the detailed reflection of
device operations, and the simulation accuracy can be ensured. Considering the running time and
accuracy of the calculation, the time step is chosen to be 0.01 s in this numerical model empirically.
According to the basic assumption of MOC, Equation (3), which requires the location step to equal the
time step multiplying the wave speed. Therefore the mesh density is set every 10 m, as the wave speed
is considered as 1000 m/s in the model.

 

Figure 4. The physical model of a simplified case established for simulation.

3.2. Pumps Moment of Inertia

In a water supply system, pumps are the energy providing devices, pressurizing the delivering
liquids meters to tens of meters’ water head. Both starting and stopping the pumps can cause water
hammer in the pipelines. Starting a pump can cause a positive pressure rising wave delivering
downstream, while stopping a pump may lead to a sudden pressure decrease. In a pressured pipeline
system, extreme negative pressure is always an undesired phenomenon that may cause the stability
failure of pipelines. Determined by the material, the pipelines can tolerate a certain range of negative
pressure, which is the available static pressure, similar to its loading capacity of positive pressure.
When the intensity of negative pressure is within the tolerable range, it is not severe and can be resisted
by the pipeline. However, when the intensity of the negative pressure is beyond the tolerable range of
the pipelines, it will be critical.

The moment of inertia is a kind of inherent parameter that determines the rotate speed changing
processes, with a dominant influence on the restrictive relationship among the four variables illustrated
above, connected with Equation (5). In Equation (7), T is the unbalanced torque, I = WR2

g/g is the
moment of inertia, W is the weight of the rotating part plus entrained liquid, Rg is the radius of
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gyration of the rotating mass, ω is the angular velocity in radians, and dω
dt represents the angular

acceleration. It shows that the angular acceleration is inversely proportional to the moment of inertia.

T = −I
dω

dt
(7)

Figure 5 shows the negative pressure wave producing process in a controlled volume behind the
pump after pump stopping. After the pump power off, while the discharge qoutlet through section j
remains as large as the steady condition, the discharge qinlet through section i decreases with the rotate
speed n of the pump. In this way, the water supplied from upstream cannot fulfill the room in the
control volume anymore. The faster the angular velocity ω decreases, the worse the negative water
hammer will be. Therefore, we prefer the angular acceleration to be less, which demands the moment
of inertia of the pump to raise. When the moment of inertia of the pump increases, the acceleration
processes of pump start and stop last longer. It should have a positive effect on water hammer control
by expanding the transient responding time after a sudden operation.

 

Figure 5. Physical analysis of negative pressure occurring in a pump stopping progress.

4. Simulation and Analysis

4.1. Pump Load Process and Extreme Pressure Along Pipeline

The parameters of the simulated pipeline and pumps are listed in Table 1. The simulated
conditions are shown in Table 2, which are changed at the moment of inertia or valve operations to
investigate different aspects as follows. tV0 is the start time of valve operation, ΔtV1 is the time period
of the first stage of valve operation, ΔtV2 is the time period of the first stage of valve operation, Δτ1 is
the closed ratio of the first stage, and Δτ2 is the closed ratio of the second stage. To investigate the
influence of changing pumps moment of inertia on water hammer protection, the first five cases shown
in Table 2, which use different moments of inertia without valve operations, are simulated respectively
for comparison. In all the simulated cases, the pump failure times are set as 1000 s uniformly. Actually,
the model does not need that long to achieve stability, however, it is set at this value to imitate a sudden
failure during a normal running condition. As the length of the pipeline is 40 km, and the pressured
wave speed is 1000 m/s, the reflection time is therefore 2L

a = 80 s after the pump’s failure. It is the time
of the first water hammer response transferring back after the event occurrence. The upstream water
level is 0 m, while the downstream water level is 30 m higher, which needs the pumps to provide the
head difference and extra energy to overcome the friction along the pipeline. Therefore, after pumps
failure, the water will flow backward and push the pumps to inverse if the valve is not closed. In this
part of the analysis, the valve is kept open, thus, the backflow would cause the pumps inversion.
The operations of the valve will be analyzed in the following section. Increasing the pumps moment of
inertia can be easily accessed by adding a flywheel onto the pump’s spindles, as shown in Figure 6.
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Figure 6. Physical model of a pump with an additional flywheel to increase the moment of inertia.

Table 1. Parameters of the simulated pipeline.

Pumps Pipeline

HR (m) QR (m3/s) NR (r/min) TR (N · m) L (km) D (m) a (m/s) A (m2)
35.57 8.60 375 84,583 40 5 1000 19.6

Table 2. Parameters of the simulated conditions.

Cases I (kg · m2)
Valve Closing

tV0 ΔtV1 Δτ1 ΔtV2 Δτ2

iC# (iC = 1,2, . . . ,7) iC · 105 / / / / /
8# 105 1000 600 s 100% 0 s 0%
9# 105 1100 600 s 100% 0 s 0%

10# 105 1000 60 s 80% 540 s 20%

After a sudden power off, the pumps lose electric force resource to sustain the water supply
function, turning gradually slower due to the inertia. In this way, the water discharge drawn through
the pumps decreases, while the outlet of the control volume in Figure 5 remains at a high velocity.
Therefore, the negative pressure wave occurs as the momentum of the water in the control volume
decreases. Figure 7 shows the complete pressure processes behind the pump of the whole simulation
under a series of conditions including the pumps’ start, normal running condition, pumps’ failure,
and backflow steady condition. Under different conditions of additional moment of inertia, the start
period, normal running, and backflow steady conditions differ little, while the difference in the pump
failure period is obvious. For a clear comparison, a detailed view of the pressure changing process in
the pump failure period at the location right behind the pumps is shown in Figure 8. After the power
off, the hydraulic head behind the pumps decreases dramatically, which produces a negative water
hammer. Using pumps with a high moment of inertia, the head dropping process shows a relatively
smooth trend compared to other conditions. That leads to a protection effect for the water supply
system by reducing the negative water hammer intensity. However, there is an interesting inversion of
those pressure curves under different conditions. In this set of curves, the inversion zone appears at
about 150 s after the pumps power off. It reveals that the pressure process under a low moment of
inertia condition not only decreases rapidly but also has a quicker rise back than the other conditions.
Obviously, it can be regarded as a sign of a stronger intensity of the produced negative water hammer.
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Figure 7. Pressure processes behind the pump of complete time series under different moment of
inertia conditions.

Figure 8. Detailed comparison of pressure processes behind the pump under different moment of
inertia conditions.

Figure 9 shows the non-dimensional rotate speed of the pumps and the non-dimensional velocity
of the water flowing through the pumps. The non-dimensional rotate speed is using the actual rotate
speed divided by the rated rotate speed of the pump, and the non-dimensional velocity is using
the actual discharge divided by the rated discharge of the pump. During the period of the normal
running condition, the flow discharge is 3.74 m3/s, the cross area of the pipeline is 19.6 m2, and the
flow velocity is 0.19 m/s. After about 500 s since the pump failure with no operations on the valve,
the system reaches another steady condition, where the backflow discharge is −6.1 m3/s, and the
corresponding velocity is −0.31 m/s. The hydraulic head h analyzed in this study, sometimes called
the piezometer head, does not include the velocity head. The velocity head is as large as v2

2g , and the

velocity v = Q
A . Then, the velocity head of the normal condition and backflow steady condition are,
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respectively, 0.0018 m and 0.0049 m. Compared to the changes on the hydraulic head, the velocity
head affects little. As for the pumps’ behavior, in normal conditions, the rotate speed is 375 r/min,
equal to the rated rotate speed. In the backflow steady condition after the pumps’ failure without
valve operations, the pumps will be forced to inverse by the backflow force provided by the water
level difference between the upstream and downstream reservoirs. The non-dimensional rotate speed
of inversion will reach −0.87, finally, which is about −326 r/min. The inversion needs to be controlled,
because the extended rapid runaway speed may cause damage to the pumps as well. In comparison,
it can be seen that the normal running condition and backflow steady condition do not differ as
the moment of inertia changes. The moment of inertia only affects the unsteady transient processes.
Apparently, regardless of the rotate speed or fluid velocity, pumps of higher moment of inertia show
better stability and produce slighter water hammer than those of low moment of inertia. Thus, it is
clear that using pumps with a high moment of inertia is definitely a more secure choice for water
hammer control in engineering.

 
Figure 9. Comparisons of dimensionless rotate speed and dimensionless velocity changing progress
under different moment of inertia conditions.

In reality, we are concerned more about the extreme pressure along the pipeline rather than the
water hammer process at a certain place. That is because the center pipeline altitude can be changed
limited by the topographic conditions. For instance, the pipeline should be deeper underground
when crossing a river, and it may rise along with a hillside. Thus, the long-distance water supply
pipelines are usually not horizontal. Figure 10 shows the comparison of the extreme pressure curve
along the pipeline. The simulation results show that increasing the pumps moment of inertia can not
only protect the most severe negative pressure zone but also reduce the water hammer intensity in the
whole pipeline system.
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Figure 10. Comparison of the extreme dynamic head along the pipeline under different moment of
inertia conditions.

4.2. Quantity of Additional Moment of Inertia

The moment of inertia can be accessed by changing the mechanic structure of the pumps.
Except for improving the working accuracy by reducing the water hammer intensity, it will accelerate
the cost and the occupied space at the same time. Except for adding an additional moment of inertia
of pumps, there are still plenty of ways to reduce the water hammer intensity, such as surge tanks,
air valves, optimization of operations, etc. Therefore, there is no need to increase the pumps moment
of inertia with no limit. That will cost unnecessary economical and space resources. To numerically
compare the value of positive effect, two quantities are defined. Δhp n1,n2 represents the difference
of the extreme low pressure at the side of pipe right next to the pumps, where the negative pressure
wave first occurs under the conditions of case n1# and case n2#, where n1 and n2 are two integers,
representing the order number of two different cases selected from five different cases shown in Table 1.
In most conditions, that is the location of the worst zone in a water hammer caused by a pump power
off event. Therefore, it is regarded as a typical quantity to measure the protecting effect. However,
in the conditions with a low moment of inertia, the rotate speed of the pumps would reduce quickly.
The filled water inlet may only relieve the negative pressure of the upstream part but cannot access the
downstream part to relieve the negative pressure wave delivered there. Therefore it is possible that
the minimum pressure will occur somewhere else in the pipeline. The hydraulic head h, sometimes
called piezometer head, equals the pipe center line height adding the relative pressure inside the pipe.
When the hydraulic head curve is lower than the altitude of the pipe center line, the pipe will suffer
negative pressure. In normal conditions, there is no negative pressure in the pipeline. However, in a
water hammer process, the negative pressure wave may bring about a dramatic head decrease, and
when the head decrease is greater than the original positive pressure at that point, negative pressure
occurs. Therefore, other than additional devices and optimization of operations, reducing the pipeline
height can significantly help to prevent negative pressure occurrence in the pipeline, while increasing
the positive pressure. Take case 1# for example, the negative pressure wave influence is shown in
Figure 11. There are three locations along the pipeline picked out to show the negative pressure
delivering process, which are, respectively, x = 1 km, x = 20 km, and x = 39 km. The other one is ΔW,
the whole area surrounded by two extreme pressure curves of different conditions, which represents
the effect along the whole water supply system. Figure 12 shows the definition of Δhp and ΔW.
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Figure 11. The negative pressure wave delivering process in case 1#.
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Figure 12. Description of the defined quantities Δhp and ΔW.

To find a rule between the additional moment and the caused positive effect on pressure control,
more conditions are simulated, since the original five cases were not adequate to reflect the trend.
Seven of them were selected to show the trend of the two defined quantities. Figure 13 shows the
relationship between the times of additional moment and the caused positive effect represented by
those two quantities of adjacent cases, using the first seven cases listed in Table 2.
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Figure 13. The trend of Δhp and ΔW changing with increased moment of inertia.

Obviously, as the increase of the additional moment of inertia, the efficiency of the improvement on
extreme pressure control effect will not be maintained at a high level. Especially ΔW, which represents
the sight of the whole pipeline system, which keeps decreasing while the moment grows.
Concerning the most severe zone in the pipeline, which is the point right behind the pump station,
the helpful quantity of additional moment is limited below 6 times of the original moment of inertia.
However, that can only be a qualitative conclusion, because the concrete numerical value is only
suitable for the model established in this study, thus there is a lack of universality.

4.3. Considering the Valve

The simulations conducted above are without considering operations of valves. Normally,
to ensure the pumps are not damaged from rapid runaway speed, there is always a non-returning
valve set behind the rotors, as shown in Figure 5. Once the pump starts to inverse, the valve should be
closed to protect the pump. However, operation of the valve can also bring undesired consequences to
the system. If the valve is closed too fast or not at a suitable time, it will cause another water hammer
event even more severe than the one caused by pump failure. In order to figure out the effect of putting
off the valve closing time, as well as staging the valve operation, three more cases were added to
make a comparison. The valve operations’ corresponding connection with the system is reflected
in Figure 14. Figures 15 and 16 show, respectively, the pressure processes behind the pump and the
dimensionless rotate speed, and velocity changing progresses in the conditions considering valve
closing listed as cases 8#, 9#, and 10# in Table 2.
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t

Figure 14. Parameters of the simulated operating conditions considering valve operations.

Figure 15. Comparison of pressure processes behind the pump under different valve closing operations.

 

Figure 16. Comparison of dimensionless rotate speed and dimensionless velocity changing progresses
under different valve closing operations.
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Comparisons among case 8#, case 9#, and case 10# represents two kinds of ways to adjust
the operation of the valve, putting off the valve operation time and staging the closing operation.
Obviously, putting off the valve closing operation time has a slight influence on pressure control,
and a negative effect on controlling the runaway speed. That means the backflow discharge should be
controlled by a quick reduction of the valve open ratio before it increases to cause a rapid runaway
speed. Though case 10# shows a significant improvement on both runaway speed and pressure control,
it magnifies the extreme negative pressure behind the pump at the same time. That is because the
rapid close stage I limited the discharge supplement into the negative pressure zone.

Adding pumps moment of inertia, and staging valve closing operation, plenty of more cases are
investigated. The remaining other parameters were unchanged, only adjusting the moment of inertia
and the time of valve closing in stage I. Ranging moment of inertia from 100,000 to 600,000, and time
of valve closing stage I from 60 s to 120 s, the lowest pressure behind the pumps and the maximum
runaway speed non-dimensional rotate speed are shown in Figure 17.

As shown, increasing pumps moment of inertia benefits on both aspects. Prolongation of valve
closing time can help reduce extreme negative pressure but enlarge runaway speed at the same time.
The key region is the period that the flow direction remains forward, which is within about 90 s shown
in Figure 9. The best operation is to let the flow go on running to fill the negative pressure zone and
close the valve to prevent runaway speed when backflow returns. Staging the time of valve closing is
for accessing two aims at the same time. The first is stage I, rapid closing till 20% opening ratio, that is
for preventing runaway speed. The other is stage II, slow closing till entirely closed, to avoid another
water hammer caused by valve closing.

N
N

h

Figure 17. Comparisons of pressure processes behind the pump and dimensionless rotate speed under
different additional moment of inertia when combining different valve closing operations.

5. Discussion

Surge tanks, air valves, and pressure vessels are widely used to the control intensity of water
hammer. They are usually of good value to improve the system running security. However, the pipeline
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arrangement of a long-distance water supply system is subject to the geographical conditions.
For instance, to cross a river, the pipeline is usually put under the riverbed, or above the water surface
like a bridge, and surge tanks are usually limited by the height of the covered thickness above the
pipeline. Indeed, the height of the surge tanks can be increased by building a tower upon the land but it
leads to much labor and financial cost at the same time. Therefore, reasonable adjustment on devices is
a relatively convenient and effective way to control extreme pressure in water hammers. Especially in
the projects when the altitude of the pipeline is higher than the pumps. The rising zone of the pump’s
outlet pipe cannot be protected by surge tanks or other additional devices. The pressure control
ability primarily depends on the characteristics of pumps and the operations of valves. Optimizing
the operations processes and adding pumps moment of inertia can also help to control the extreme
pressure along the pipeline and protect the pumps from fast runaway speed. The comparison among
case 1# to 7# indicates that additional moment of inertia has a positive effect on negative pressure
control and there is a most effective quantity of it. Furthermore, comparison among case 1#, and 8# to
10#, show the best cooperation of the valve to control the pump’s runaway speed is staging time and
to avoid the forward flow period. The simulated cases in this research are under specific limitations on
pipeline design and pump parameters, the conditions of actual water supply engineering may have
complex situations on the devices and pipeline design, including faster flow velocity and larger water
hammer intensity. Nevertheless, the advantages of the additional moment of inertia remain the same.

To claim the assumptions used in this research, expect for the physical model simplification,
the numerical model used for simulation has some assumptions. The first is the basic assumption
of MOC, which requires the relationship between meshing grid and pressure wave speed, which is
illustrated in Equation (3). The second is the neglect of unsteady friction factor, which actually has
little influence on the prediction of extreme pressure value and does not affect the investigation results
either. Besides, the flow in the pipe is one-dimensional and the control volume is fixed relative to the
pipe. The velocity and pressure are uniform at the cross sections of the pipe, and the fluid density is
constant. The pipe walls and fluid are linearly elastic, that is, stress is proportional to strain. And the
temperature is assumed to be constant. Increasing the pumps moment of inertia can be easily accessed
by adding a flywheel to the pump’s spindles. It makes the response of pumps to accident events slower
and slighter, which is normally a helpful change for device protection. It has to be pointed out that the
efficiency of improvement will decline as the additional moment increases. For different engineering,
there are corresponding valued limits of the additional moment of inertia. In addition, an added
moment of inertia requires extra materials, space, and energy consumption. However, it does not need
extra power to keep running in steady running conditions. Considering the security improvement on
accident events in water supply systems, it is a recommendation to design the pumps with a reasonably
high moment of inertia. Though, it has to be clarified that there are still some limitations, the effect of
additional pump moment of inertia has just a relieving function for negative pressure when pumps
fail. It has little benefit for water hammer control caused by downstream valve rapid closing or other
devices operations inside the pipeline. In further research, the investigation on other parameters of
pumps and pipeline design will be conducted, such as the complete characteristic curves of the pumps
and draft tube design of the pump station.

6. Conclusions

In this study, a 1D numerical model containing a pump station, valves, reservoirs, and pipeline
was established. After investigations on the effect of changing the pumps moment of inertia and
operations of valves behind the pumps after a power off event, the following conclusions were drawn:

In water supply pipe systems, except for normal pressure control devices, additional pumps
moment of inertia can help prevent extreme negative pressure occurring behind the pumps in accident
events such as electric power off. Moreover, the extreme pressure curve along the pipeline can also be
reduced. Considering the construction cost and the efficiency, there is always an efficient zone of the
additional moment of inertia according to different engineering.

430



Energies 2019, 12, 108

The pumps design and optimized valve operations are significant to protect pipe and pump from
damage when accident events occur. Through various cases of numerical simulations based on the
method of characteristics, it was found that increasing the moment of inertia benefits both negative
pressure control after pumps power off and preventing pumps runaway speed. Closing the valve is
for protecting the pumps from rapid runaway speed.

Staging the valve closing time can significantly reduce the water hammer caused by valve closing.
To limit the negative pressure intensity, the dominant part of valve closing should begin after the period
that the pipe flow direction remains forward. As when the flow direction is still forward, the filling
water can help reduce the negative pressure caused by pump failure. The best operation is to let the
flow go on running to fill the negative pressure zone and close the valve to prevent runaway speed
when backflow returns.
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Acronyms

MOC method of characteristics

Nomenclature

g Acceleration of gravity (m/s2)
h Pressure head (m)
x Distance along pipe from the inlet (m)
t Time, as subscript to denote time (s)
v Flow velocity (m/s)
τw Instantaneous wall shear stress
αPipe−Plane The angle between pipe and the horizontal plane.
τws The quasi-steady component
τwu The unsteady component
f Darcy–Weisbach friction factor
D Main pipe diameter (m)
a Wave speed of water hammer (m/s)
Δt Time step (s)
B A defined constant parameter of a pipeline
R A defined constant parameter of a pipeline
i Serial number of nodes (s)
q Discharge (m3/s)
A Area of section (m2)
Δx length of element, space interval step (m)
H Head of the pump (m)
Q Discharge through the pump (m3/s)
T Torque of the pump (Nm)
N Rotate speed of the pump
WH A defined dimensionless variable representing a pump’s characteristic
WB A defined dimensionless variable representing a pump’s characteristic
xp Instantaneous position of pump operation
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HR Rated head of the pump (m)
NR Rated speed of the pump
QR Rated discharge of the pump (m3/s)
TR Rated torque of the pump (Nm)
π Constant
I The moment of inertia (kgm2)
W The weight of rotating parts plus entrained liquid (kg)
Rg The radius of gyration of the rotating mass (m)
ω The angular velocity in radians
n Non-dimensional rotate speed of the pump
j Section number
L The length of pipeline (m)
tPstop Time of the pump powering off (m2)
hmax The maximum hydraulic head (m)
hmin The minimum hydraulic head (m)
Δh The difference of hydraulic head (m)
iC The number of cases
ΔW The whole area surrounded by two extreme pressure curves
λ Non-dimensional coefficient
hPsteady,2 The hydraulic head at pump in the second steady condition (m)
hPmin The minimum hydraulic head at pump in a transient process (m)
hPsteady,1 The hydraulic head at pump in the first steady condition (m)
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Abstract: The 80 year-old empirical Colebrook function ξ, widely used as an informal standard
for hydraulic resistance, relates implicitly the unknown flow friction factor λ, with the known
Reynolds number Re and the known relative roughness of a pipe inner surface ε∗; λ = ξ(Re, ε∗, λ).
It is based on logarithmic law in the form that captures the unknown flow friction factor λ in
a way that it cannot be extracted analytically. As an alternative to the explicit approximations or
to the iterative procedures that require at least a few evaluations of computationally expensive
logarithmic function or non-integer powers, this paper offers an accurate and computationally cheap
iterative algorithm based on Padé polynomials with only one log-call in total for the whole procedure
(expensive log-calls are substituted with Padé polynomials in each iteration with the exception of the
first). The proposed modification is computationally less demanding compared with the standard
approaches of engineering practice, but does not influence the accuracy or the number of iterations
required to reach the final balanced solution.

Keywords: Colebrook equation; Colebrook-White; flow friction; iterative procedure; logarithms;
Padé polynomials; hydraulic resistances; turbulent flow; pipes; computational burden

1. Introduction

The empirical Colebrook equation [1,2] implicitly relates the unknown flow friction factor λ

with the known Reynolds number Re and the know relative roughness of inner pipe surface, ε∗; λ =

ξ(Re, ε∗, λ), where ξ is functional symbol, Equation (1).

1√
λ
= −2·log10

(
2.51
Re

· 1√
λ
+

ε∗

3.71

)
(1)

In Equation (1) Re is Reynolds number; 4000 < Re < 108, ε∗ is relative roughness of inner pipe
surface; 0 < ε∗ < 0.05, and λ is Darcy flow friction factor; 0.0064 < λ < 0.077 (all three quantities are
dimensionless). All values are in correlation with the diagram of Moody [3–5].

The Colebrook equation is based on experiments performed by Colebrook and White in 1937 with
the flow of air through a set of artificially roughened pipes [2]. The accuracy of this 80 year-old equation
is disputed many times [6–8] but it is still accepted in engineering practice as an informal standard
for hydraulic resistance. Therefore, to repeat results and for comparisons, it is required to solve the
Colebrook equation accurately. Numerous evaluations of flow friction factor such as in the case of
complex networks of pipes pose extensive burden for computers, so not only an accurate but also
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a simplified solution is required. Calculation of complex water or gas distribution networks [9] which
requires few evaluations of logarithmic function for each pipe, presents a significant and extensive
burden which available computer resources hardly can easily manage [10–14].

The Colebrook equation is based on logarithmic law where the unknown flow friction factor
λ is given implicitly, i.e., it appears on both sides of Equation (1) in form λ = ξ(Re, ε∗, λ),
from which it cannot be extracted analytically (an exception is through the Lambert W-function [15–17]).
The common way to solve it is to guess an initial value λ0 for friction factor and then to try to
balance it using the iterative algorithm [18] which needs to be terminated after the certain number of
iterations when the final balanced value λn is reached. As an alternative to the iterative procedure,
numerous approximate formulas are available [19–22]. Usually, more complex approximations are
more accurate, but also more computationally expensive because they contain at least a few logarithmic
expressions and/or terms with non-integer powers which require use of demanding algorithms
(non-integer exponential or natural logarithm) to be evaluated in processor units of computers and to
be stored in registers [10–16]. The most accurate explicit approximations up to date are by Buzzelli [23],
Zigrang and Sylvester [24], Serghides [25], Romeo et al. [26], and Vatankhah and Kouchakzadeh [27,28].
They introduce the relative error of up to 0.14% [20] and they at least require evaluation of two or more
computationally expensive functions [10,11].

The presented scheme for solving the Colebrook equation requires only one single call of the
logarithmic function in respect to the whole iterative procedure. It is equally accurate as a standard
iterative approach and does not require additional iterations to reach the same accuracy. Instead of
the computationally expensive logarithmic function, its Padé polynomial equivalent [29] is used in all
iterations, exception the first. The Padé approximant is the approximation of a function by a rational
algebraic fraction where both the numerator and the denominator are polynomials [29]. Because these
rational functions only use the elementary arithmetic operations, they can be evaluated numerically
very easily. In the computer environment, they required less basic floating-point operations compared
with the logarithmic function [30–32].

The presented simplified iterative method can be profitable for future computing software in
terms of having a high level of accuracy and speed with a decreased computational burden.

2. Evaluation of Logarithmic Function through Padé Polynomials

Basic floating-point operations such as addition and multiplication are carried out directly in the
Central Processor Unit (CPU) while logarithmic functions, exponents or square roots require expensive
operations based on more complex algorithms [30–32]. In addition to logarithms and non-integer
powers, Biberg [33] adds also division in the group of more costly functions for evaluation while
addition, subtraction and multiplication has treated as low-cost operations according to Biberg [33].
Winning and Coole [34] report average time for 100 million operation in seconds and relative effort,
respectively as follows: addition 23.40 s and 1, subtraction 27.50 s and 1.18, division 31.70 s and 1.35,
multiplication 36.20 s and 1.55, squared 51.10 s and 2.18, square root 53.70 s and 2.29, cubed 55.58 s
and 2.38, natural log 63.00 s and 2.69, cubed root 63.40 s and 2.71, fractional exponential 77.60 s and
3.32, and log to 10-base 78.80 s and 3.37.

To illustrate the complexity of computing in modern computers it should be noted that even such
a relatively simple equation such as Colebrook’s can make a numerical problem in computer registers
due to overflow error. Its transformed version in term of the Lambert W-function can give such large
numbers for some pairs of the Reynolds number Re and the relative roughness of inner pipe surface
ε∗ which are from the practical domain of applicability in engineering practice and which cannot be
stored in 32- or 64-bit registers of modern computers [15,16].

In order to simplify the common iterative procedure from engineering practice for solving the
Colebrook equation, the logarithmic function is replaced with its relevant Padé polynomial equivalent in
all iterations with exception to the first. The Padé polynomials can accurately approximate logarithmic
function only in a limited domain. For example, knowing that log10(100) = 2, value of log10(90)
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can be obtained from log10(100/90) = log10(100)− log10(90) → log10(90) = log10(100)− log10(100/90)
using the fact that 100/90 ≈ 1.111 is near 1. Logarithmic function can be replaced by its Padé
polynomial equivalent very accurately in a limited domain, instead of log10(1.111), already calculated
log10(100) = 2 and Padé polynomial which is accurate around 1 for argument z = 1.1111 can be used to
calculate log10(90).

Because of linearization of the unknown parameter λ, a more suitable form of the Colebrook
equation for computation is x = −2·log10

(
2.51·x

Re + ε∗
3.71

)
, where x = 1√

λ
. The argument of logarithmic

function in the Colebrook equation is y = 2.51·x
Re + ε∗

3.71 where only evaluation through its native
logarithmic form log10(y) need go only in the first iteration where further evaluation can go through
the appropriate Padé polynomial which is accurate for its argument z around 1, knowing that
z01 = y0

y1
, z02 = y0

y2
, z03 = y0

y3
, etc. or z01 = y0

y1
, z12 = y1

y2
, z23 = y2

y3
, etc. in the case of the Colebrook

equation it is always near 1; z ≈ 1. Evaluation of 10-base logarithmic function in many computing
languages goes through natural logarithm where log10(z) =

ln(z)
ln(10) and where ln(10) ≈ 2.302585093 is

constant, and therefore the Padé polynomials that approximate accurately ln(z) for z ≈ 1 are shown;
Equations (2)–(7). Padé polynomials of different orders can be used for approximation of ln(z), here all
accurate for arguments z close to 1; z ≈ 1. As the expansion point z0 = 1 is a root of ln(z), the accuracy
of the Padé approximant decreases. Setting the OrderMode option in Matlab Padé command to relative
compensates for the decreased accuracy. Thus, here, the Pade approximant of (m,n) order uses the

form ln(z) ≈ (z−z0)·(α0+α1·(z−z0)+...+αm(z−z0)
m)

1+β1·(z−z0)+...+βn(z−z0)
n , where α and β are coefficients (the coefficients of the

polynomials need not be rational numbers).
Horner algorithm transforms polynomials into a computationally efficient form and therefore,

Horner nested polynomial representations of the Padé polynomials of different orders for ln(z) where
z → 1 are shown here; Equations (2)–(7). Relative error introduced by them; Equations (2)–(5)
compared with ln(z) is shown in Figure 1 and for Equation (6) in Table 1. Higher order of Padé
approximants are more accurate, but more complex. For example, Padé polynomial of order (2,3)
is with polynomial of order 2 in numerator and of order 3 in denominator; Equation (6). Of course,
low order formulas are simpler, but they have larger errors than high order formulas and vice versa.

Order (1,1), Equation (2):

ln(z) ≈ z·(z + 4)− 5
4·z + 2

(2)

Order (1,2), Equation (3):

ln(z) ≈ 3·(z − 1)·(z + 1)
z·(z + 4) + 1

(3)

Order (2,1), Equation (4):

ln(z) ≈ −z·(z·(z − 9)− 9)− 17
18·z + 6

(4)

Order (2,2), Equation (5):

ln(z) ≈ z·(z·(z + 18)− 9)− 10
z·(9·z + 18) + 3

(5)

Order (2,3), Equation (6):

ln(z) ≈ (z − 1)·(11·z2 + 38·z + 11
)

3·(z3 + 9·z2 + 9·z + 1)
(6)

Order (3,2), Equation (7):

ln(z) ≈ z·(z·(11·z + 27)− 27)− 11
z·(z·(3·z + 27) + 27) + 3

(7)
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In Equations (2)–(7), z is from z01 = y0
y1

, z02 = y0
y2

, z03 = y0
y3

, etc., or z01 = y0
y1

, z12 = y1
y2

, z23 = y2
y3

,

etc.; and y = 2.51·x
Re + ε∗

3.71 .
Relative error of Padé approximants (2,2) for z ≈ 1 of ln(z) is negligible for 0.8 < z < 1.2. Thus,

relative error of the used Padé approximants (2,3) of ln(z) in the proposed iterative procedure is even
more negligible and therefore it is not presented in Figure 1, but it is available in Table 1. As can be
seen from Figure 1, even the very simple form of Padé polynomials (1,2) and (2,1) are of high accuracy
in respect of domain of interest for solving the Colebrook equation which is z ≈ 1; z ε[0.9, 1.1].

R
el

at
iv

e 
E

rr
or

 (%
)

Figure 1. Relative error between ln(z) and its Padé approximants accurate for z ≈ 1.

Table 1. Relative error in % of Padé approximant (2,3) for z in interval [0.6; 1,6].

z log10(z)= ln(z)
ln(10) Padé Approximants (2,3) Relative Error %

0.6 −0.22184875 −0.221847398 6.1 × 10−4%
0.65 −0.187086643 −0.187086228 2.2 × 10−4%
0.7 −0.15490196 −0.154901848 7.2 × 10−5%
0.75 −0.124938737 −0.124938712 2.0 × 10−5%
0.8 −0.096910013 −0.096910009 4.4 × 10−6%

0.85 −0.070581074 −0.070581074 6.6 × 10−7%
0.9 −0.045757491 −0.045757491 4.9 × 10−8%

0.95 −0.022276395 −0.022276395 6.5 × 10−10%
1 0 0 0%

1.05 0.021189299 0.021189299 4.8 × 10−10%
1.1 0.041392685 0.041392685 2.7 × 10−8%

1.15 0.06069784 0.06069784 2.7 × 10−7%
1.2 0.079181246 0.079181245 1.3 × 10−6%

1.25 0.096910013 0.096910009 4.4 × 10−6%
1.3 0.113943352 0.113943339 1.2 × 10−5%

1.35 0.130333768 0.130333735 2.6 × 10−5%
1.4 0.146128036 0.146127961 5.1 × 10−5%

1.45 0.161368002 0.161367854 9.2 × 10−5%
1.5 0.176091259 0.176090987 1.5 × 10−4%

1.55 0.190331698 0.190331231 2.5 × 10−4%
1.6 0.204119983 0.204119223 3.7 × 10−4%

3. Initial Starting Point for the Proposed Iterative Method

In the case of the Colebrook equation, practical experience shows that trying to get a good initial
starting point x0 has limited value until it is chosen in the domain of applicability of the equation
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which is 3.68 < x < 12.47. Every initial starting point x0 chosen from the domain of applicability of
the Colebrook equation will lead to the final accurate solution surely, with the only difference that
in some cases more additional iterations would be needed. Usually, with the initial guess x0 that is
close to the exact solution, the iterative procedure converges to it in five or fewer iterations. To date,
cases which lead to divergence, fluctuation, or convergence to a possible far away solution outside
of the practical domain of applicability of the Colebrook equation are not known. In the proposed
approach, a good starting point should be chosen within the domain of applicability of the Colebrook
equation and should not contain any logarithmic function and/or non-integer power term.

A number of options to choose an optimal starting point x0 are considered: (1) special case
of the Colebrook equation when Re → ∞ , (2) integration of the Colebrook equation, (3) explicit
approximations of the Colebrook equation, and (4) fixed value.

1. The common approach is to choose an initial starting point from the zone of fully developed

turbulent rough hydraulic flow x0 = −2·log10

(
ε∗

3.71

)
, because in this special case of the Colebrook

equation where Re → ∞ , the equation is in explicit form with respect to x; x0 = ξ(ε∗), where ξ is
functional symbol [18,22]. Here the goal is to avoid use of logarithmic functions and therefore,
this starting point is not suitable.

2. An efficient procedure for finding a sufficiently good initial starting point x0 is proposed by
Yun [35] in the integral form; Equation (8):

x0 =
1
2
·
{

a + b + sgn(F(a))·
∫ b

a
tanh(F(x))dx

}
(8)

In Equation (8), F = x − ξ(x) = 0, ξ represents the Colebrook equation, a is the lower
while b is the upper limit from which an initial starting point x0 should be chosen; a = 3.68 and
b = 12.47 because the domain of applicability of the Colebrook equation that is between 3.68 and
12.47 in respect to x, sgn is signum function: if F(a) > 0 → sgn(F(a)) = 1 , F(a) = 0 → sgn(F(a)) = 0 ,
and F(a) < 0 → sgn(F(a)) = −1 , while tanh is hyperbolic tangent which is defined through the
exponential function ex with non-integer power x the use of which is as computationally expensive as
the use of the logarithmic function and which therefore cannot be recommended.

3. Every explicit approximation of the Colebrook equation [19–28]; x ≈ ς(Re, ε∗), where ς is
the functional symbol, can be used to choose an initial starting point x0. On the other hand,
almost all available approximations contain logarithmic or/and terms with non-integer powers,
which makes them unsuitable for use in the developed approach. On the other hand, having
previous experience with training Artificial Neural Networks (ANN) to simulate the Colebrook
equation [36], i.e., to use ability of artificial intelligence to simulate the Colebrook equation
not knowing its logarithmic nature but only knowing raw input and corresponding output
datasets {Re, ε∗} → {x} , a computationally cheap explicit approximation of the Colebrook
equation is developed through genetic programming [21,37–40]. The developed approximation
is computationally efficient because of its polynomial structure; Equation (9):

x0 = 5.05 − 30.73·ε∗ + 3.4·Re + Re2

469647.7

46137.9 + Re + Re2

3250657.6 + ε∗·Re2

515.25

(9)

Eureqa [computer software] by Nutonian, Inc., Boston, MA, USA. [41,42] is used to generate
Equation (9). The Eureqa-polynomial approximation; Equation (9) has up to 40% relative error, but it
is very cheap and sufficiently accurate to serve as an initial starting point x0.

4. Extensive tests over the domain of applicability of the Colebrook equation shows that one fixed
value can also be used as the initial starting point x0 for the iterative procedure in all cases.
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Results indicate that the proposed Padé approach works in all cases, as the argument z of ln(z)
is always close to one. When Equation (9) is used, values of z are within the range 0.91–1.05.
Moreover, for the most pairs of the Reynolds number Re and the relative roughness of inner pipe
surfaces ε∗ which are in the domain of applicability, the initial starting point x0 = 7.273124147
requires the least number of iterations.

To avoid using a computationally expensive logarithmic function in the initial stage of the iterative
procedure, the recommendation is to start calculation with fixed-value starting point x0 = 7.273124147
or to use a polynomial expression; Equation (9). Power-law formulas from Russian practice which
does not contain logarithmic function can also be used as an alternative although they usually contain
integer power in fractional form [43–45].

4. Proposed Iterative Method

The Colebrook equation is usually solved iteratively using the Newton-Raphson method [46]
or even more using a simplified Newton-Raphson method known as the fixed-point method [18].
Recently, hybrid three-point methods have been proposed [47,48].

Here is presented an adjusted very accurate, fast and computationally cheap version of the
Newton-Raphson method suitable for the Colebrook equation in which the logarithmic function is
replaced after the first iteration with the Padé approximant in polynomial form [29].

Knowing that the Colebrook equation is based on logarithmic law [1,2], the achievement with
this simplified approach is more significant. Numerical examples are shown in Section 5 of this paper.

Iteration 0:

In order to avoid use of computationally expensive logarithmic functions or functions with
non-integer powers, a required initial starting point x0 should be chosen using recommendations from
Section 3 of this paper; points 3 or 4.

Iteration 1:

Having provided an initial starting point x0, new value x1 can be calculated using Equation (10):

x1 = x0 − F(x0)

F′(x0)
(10)

In Equation (10), F(x) represents the Colebrook equation x = ξ(x) which needs to be in suitable
form, F = x − ξ(x) = 0; Equation (11):

F(x0) = x0 + 2·log10(y0) = 0 (11)

In Equation (11), y0 = 2.51·x0
Re + ε∗

3.71 which will also be used in the next iteration (in an additional
variant of the proposed method y0 is used in all subsequent iterations), while in Equation (10), the first
derivative of F in respect to x; F′(x) is from Equation (12):

F′(x0) = 1 +
2·2.51

2.302585093·Re·
(

100·ε∗
371 + 2.51·x0

Re

) (12)

In Equation (12), ln(10) ≈ 2.302585093 is with constant value, and therefore only log10(y0) from
Equation (11) requires evaluation of the logarithmic function.

In many programming languages, evaluation of logarithmic function of any base is processed by
natural logarithm [14]. Change of 10-base logarithm from the Colebrook equation to e-based natural
logarithm where e ≈ 2.718 and where ln(10) ≈ 2.302585093 is implemented as log10(z) =

ln(z)
ln(10) .

Iteration 2:

New value x2 should be calculated using Equation (13):

x2 = x1 − F(x1)

F′(x1)
(13)
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In Equation (13), F(x1) is not calculated by log10(y1), where y1 = 2.51·x1
Re + ε∗

3.71 , but using Padé
polynomial replacement for logarithmic function which is accurate for z → 1 and using the already
calculated value of log10(y0) from the previous iteration; Equation (14):

F(x1) = x1 + 2·log10(y0)−
(z01 − 1)·(11·z2

01 + 38·z01 + 11
)

2.302585093·(3·z3
01 + 9·z2

01 + 9·z01 + 1
) (14)

In Equation (14), log10(y0) − (z01−1)·(11·z2
01+38·z01+11)

2.302585093·(3·z3
01+9·z2

01+9·z01+1)
≡ log10(y1), 2.302585093 ≈ ln(10),

and z01 = y0
y1

. In the first iteration, log10(y0) is already known; Equation (11). The Padé polynomial
used in Equation (14) is of order (2,3) which means that the polynomial in the numerator is of the order
of 2 while in the denominator of order 3. The Padé polynomials are also known as Padé approximants
and here the maximal relative error of the polynomial expression term in Equation (14) in domain
zε[0.6, 1.6]; z → 1 is minor as shown in Table 1. Value of z for the procedure shown in practice is
zε[0.9, 1.1] and therefore the error of the used Padé approximant can be neglected in the case shown.

The first derivative F′(x1) does not contain any logarithmic functions and should be evaluated
using Equation (12), where x0 should be replaced with the new value x1 or knowing that the value
of the derivative does not change significantly between two iterations, F′(x0) can be reused in all
subsequent iterative cycles. Even knowing that the value of the first derivate in the procedure shown
is always near 1; for rough calculations it can be assumed that F′(x) ≈ 1 which gives the fixed-point
method as a special case of the Newton-Raphson scheme.

Iteration 3:

New value x3 is again evaluated in the same way using Equation (15):

x3 = x2 − F(x2)

F′(x2)
(15)

In Equation (15), F′(x2) can be calculated or F′(x1) or F′(x0) can be reused. In additon, F(x2) can
be calculated using z02 = y0

y2
, where y2 = 2.51·x2

Re + ε∗
3.71 . Input parameter for Padé polynomial z02 here

refers to y0 from the first iteration; Equation (16):

F(x2) = x2 + 2·log10(y0)−
(z02 − 1)·(11·z2

02 + 38·z02 + 11
)

2.302585093·(3·z3
02 + 9·z2

02 + 9·z02 + 1
) (16)

In Equation (16), log10(y0)− (z02−1)·(11·z2
02+38·z02+11)

2.302585093·(3·z3
02+9·z2

02+9·z02+1)
≡ log10(y2).

The Padé polynomial is a very accurate approximation of logarithmic function, so knowing that
y0 is evaluated directly through the logarithmic function, while y1, y2, y3, etc. is based on its Padé
polynomial equivalent, it is obvious that the sequence z01 = y0

y1
, z02 = y0

y2
, z03 = y0

y3
, etc. is slightly

more accurate compared with the sequence z01 = y0
y1

, z12 = y1
y2

, z23 = y2
y3

, etc. which accumulates error
introduced with Padé approximations. Anyway, the introduced error is so small that it can practically
be neglected. The second sequence z01 = y0

y1
, z12 = y1

y2
, z23 = y2

y3
, etc. yields Equation (17):

F(x2) = x2 + 2·log10(y1)−
(z12 − 1)·(11·z2

12 + 38·z12 + 11
)

2.302585093·(3·z3
12 + 9·z2

12 + 9·z12 + 1
) = x2+2·

log10(y0)−
(z01 − 1)·(11·z2

01 + 38·z01 + 11
)

2.302585093·(3·z3
01 + 9·z2

01 + 9·z01 + 1
) − (z12 − 1)·(11·z2

12 + 38·z12 + 11
)

2.302585093·(3·z3
12 + 9·z2

12 + 9·z12 + 1
) (17)

In Equation (17), log10(y1) − (z12−1)·(11·z2
12+38·z12+11)

2.302585093·(3·z3
12+9·z2

12+9·z12+1)
≡ log10(y2) and, log10(y0) −

(z01−1)·(11·z2
01+38·z01+11)

2.302585093·(3·z3
01+9·z2

01+9·z01+1)
≡ log10(y1)
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Iteration i:
All indexes i in respect the third iteration should be updated as i = i + 1 with exemption of index

0 in Equation (16). The calculation is finished when xi+1 ≈ xi.
The algorithm for the proposed improved procedure is given in Figure 2.

 

Figure 2. Algorithm for the proposed one log-call improved procedure.

Only a one-off evaluation of the logarithmic function is needed in the proposed algorithm from
Figure 2, which is clearly marked in red; A = log10(y0). On the other hand, y0 calculated in iteration 1
is reused in all next steps and it is marked in green in Figure 2.

The proposed procedure can be simplified assuming that F′(xi) = 1, which gives the simple
fixed-point procedure [18] instead of the Newton-Raphson.
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5. Numerical Examples

Here are two numerical examples:

Example 1: Example 2:

Re = 8.31·103, ε∗ = 0.024 Re = 2.5·106, ε∗ = 4·10−4

Iteration 0
x0 = 6.279860788 x0 = 7.401979091 (9)

Iteration 1
y0 = 0.008365808 y0 = 0.000115248

log10(y0) = −2.077492116 log10(y0) = −3.938365477
F(x0) = 2.124876556 F(x0) = −0.474751864 (11)
F′(x0) = 1.001337518 F′(x0) = 1.001024781 (12)

x1 = 4.157822498 x1 = 7.876244936 (10)

Iteration 2
y1 = 0.007724855 y1 = 0.000115724

z01 =
y0
y1

= 1.082972765 z01 =
y0
y1

= 0.995885374
0.034617535 −0.001790646 Padé approximant (6)

F(x1) = −0.066396805 F(x1) = 0.003095273 (14)
FF′(x1) = 1.001986711 F′(x1) = 1.000970478

x2 = 4.224087653 x2 = 7.873152664 (13)

Iteration 3
y2 = 0.00774487 y2 = 0.000115721

z02 =
y0
y2

= 1.080174034 z02 =
y0
y2

= 0.995912092
0.033493733 −0.001778995 Padé approximant (6)

F(x2) = 0.002115955 F(x2) = −2.03017·10−5 (16)
F′(x2) = 1.001957048 F′(x2) = 1.000970813

x3 = 4.221975832 x3 = 7.873172946 (15)

Final value:
x = 4.22204103 x = 7.873172814

λ = 1
x2 = 0.056098998 λ = 1

x2 = 0.016132454

6. Conclusions

An efficient algorithm for the iterative calculation of the Colebrook equation by both an accurate
and computationally efficient Padé approximation is presented in this paper. It requires only one
evaluation of the logarithmic function in respect to the whole iterative procedure and more specifically
only in the first iteration, while the common procedures from current engineering practice require
at least one evaluation of logarithmic function for every single iteration. The logarithmic function
in the proposed procedure is replaced in all iterations (except the first), with simple, accurate and
efficient Padé polynomials [29]. In this way the same accuracy is reached through the proposed less
demanding procedure, after the same number of iterations as in the standard algorithm which uses
log-call in each iterative step. This is a good achievement, knowing that the nature of the Colebrook
equation is logarithmic. For their evaluation in the Central Processor Unit (CPU), Padé polynomials
require a lower number of floating-point operations to be executed compared with the logarithmic
function [10–14,30–34,44].

The here presented iterative approach only introduces a computationally cheaper alternative to
the standard iterative procedure. It does not reduce the number of required iterations to reach the
final desired accuracy nor provide more accurate results. The proposed method reduces the burden
for the Central Processor Unit (CPU) as less floating-point operations need to be executed. In that
way, the presented approach also increases speed of computation. On the other hand, many explicit
non-iterative approximations to the Colebrook equation are available in literature [19–28,49] which
initially appear simple for computation, but are not. They are widely used, but although some of
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them are very accurate, they contain relatively complex internal iterative steps and also a number of
computationally demanding functions. For example, the widely used Haaland approximation [49,50]
introduces relative error up to 1.5%, but with the cost of evaluation of one logarithmic expression and
one non-integer power. In addition, the approximation by Romeo et al. [26,39] reaches extremely high
accuracy with the relative error of up to 0.14%, but with a cost of evaluation of even three logarithmic
expressions and two non-integer powers. Regarding alternative iterative procedures, Clamond [10]
provides an accurate iterative approach using Ω function, but this algorithm requires at least two
log-calls; one for initialization and one in the first iteration, which is more expensive compared with
the here presented approach.

The procedure proposed in this paper can significantly reduce the computational burden for
evaluating complex distribution networks with various applications (water, gas) [9,50–55]. For example,
a probabilistic approach using time dependent modeling of distribution or transmission networks
requires many millions of evaluations of Colebrook’s equation. For such kinds of computations it is
always good to have a cheaper but still accurate approach to speed up the process.
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55. Brkić, D. A gas distribution network hydraulic problem from practice. Petrol. Sci. Technol. 2011, 29, 366–377.
[CrossRef]

© 2018 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
article distributed under the terms and conditions of the Creative Commons Attribution
(CC BY) license (http://creativecommons.org/licenses/by/4.0/).

446



MDPI
St. Alban-Anlage 66

4052 Basel
Switzerland

Tel. +41 61 683 77 34
Fax +41 61 302 89 18

www.mdpi.com

Energies Editorial Office
E-mail: energies@mdpi.com

www.mdpi.com/journal/energies





MDPI  
St. Alban-Anlage 66 
4052 Basel 
Switzerland

Tel: +41 61 683 77 34 
Fax: +41 61 302 89 18

www.mdpi.com ISBN 978-3-03921-428-0


	Blank Page



