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3.3. Influences of Graded Field on Dispersion Curves and the Electromechanical Coupling Factor

Considering two graded shapes, cubic and sinusoidal graded fields. Figure 7 shows their
dispersion curves of Lamb wave. The results show that the effect of the graded field on dispersion
characteristics of Lamb wave is significant, including the propagating modes and evanescent modes.
Comparison between Figures 7 and 5b, we can notice that the imaginary part of the complex branches
for the sinusoidal graded case, at () = 0 plane, is bigger than that for the linear and cubic cases.
Interestingly, for the cubic graded cases, the complex branch connecting two purely imaginary branches
disappears and turns into a different one connecting a purely imaginary branch and a real branch.
For clarity, Figure 8 shows the frequency spectra and phase velocity spectra of Lamb propagating
wave for the three graded fields. Obviously, the effect of the graded field is little on the low mode,
but becomes significant with increasing the mode order and wave number. The phase velocity for
the sinusoidal graded field is bigger than that for the linear graded field, while the linear bigger
than the cubic. The reason lies in that the different graded fields result in different material volume
distributions, and the wave velocity depends on the material properties. Figure 9 gives the variation
curves of the three gradient fields in the z direction. The CoFe,O4 content for the sinusoidal graded
field is the highest, and the wave velocity of Ba;TiOj3 is slower than that of CoFe;Oy.

Re(kh) 5 ©

(b)

Figure 7. 3D dispersion curves of Lamb wave: (a) cubic graded field, (b) sinusoidal graded field.
blue—real branches, green—purely imaginary branches, red—complex branches.

() (b)

Figure 8. Dispersion curves of propagating Lamb wave for FGPPM plates with different graded fields;
(a) Frequency spectra; (b) Phase velocity spectra.
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Figure 9. Variation curves of the three graded functions.

The magneto-electromechanical coupling factor K? is an important parameter for designing
acoustic wave devices. A high magneto-electromechanical coupling factor is expected in engineering
applications. It is defined as [29]

_ 2|Voc — Vsc|
B Voc
where Voc and Vsc are the phase velocities for the electric and magnetic open circuit and short
circuit, respectively.

To illustrate the effect of graded field on the K2, we calculate the K? for SO modes of four different
FGPPM plates, as shown in Figure 10. We can find that the K2 reaches a maximum at a certain wave
number and tend to the same little value with increasing wave number, which implies the influence
of the graded field on the energy propagation of Lamb wave in high-frequency zone is insignificant.
It reaches a maximum from 4.4% for the sinusoidal graded field to 9.5% for the cubic graded field.
They are located near ki = 2 and kh = 1.5 respectively. The K for the cubic graded field is always bigger
than that of the other three graded cases. Also the maximum of K? shifts to the smaller wave number
when the graded power exponent is increasing.

K? (18)
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Figure 10. Effect of graded field on magneto-electromechanical coupling factor for SO mode.

3.4. Wave Structure Analysis

The distributions of displacement and electric potential and magnetic potential fields can be
obtained according to Equations (4) and (8). Considering a special position where the complex
branch firstly collapses onto the real branch at about () = 1.0, as marked with a circle in Figure 5b.
Figures 11 and 12 present the distributions of the physical quantities in the z and x directions when
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0 =1.01115, ¥ = 0.23216 — 0.04612i, and (2 = 1.01911, ¥ = 0.17938, respectively. As seen in these figures,
the real branch propagates without any attenuation, and the complex branch exhibits an oscillatory
distribution and propagates a very long distance, about a few tens of thicknesses of the plate.
The displacement u, and electric potential and magnetic potential distributions change along the
z direction in a nearly anti-symmetric manner. The displacement u, exhibits a nearly symmetric
manner. The distribution of displacement u, of the complex branch is very similar to that of the real
branch, implying the evanescent wave mode converts into the propagating wave mode.

8 8

6 6
£ s 24
ERD £2 A
<. E)
2o - 20 S

2 - 2 /,

-
Y 4
0 0.2 0.4 0.6 0.8 1 0 5 10 15 20
The thickness direction The wave propagation direction
(@

15 ) 15
- =
g 10 — v s
2 7 E
2 ~ 5
2 _~ 3
3 5 - == & ~
g . o
£ - £
£ - S

0 =

0 0.2 0.4 0.6 08 1 0 5 10 15 20
The thickness direction The wave propagation direction

(b)

Figure 11. Distributions of the physical quantities when Q) = 1.01115, ¥ = 0.23216 — 0.04612i.
(a) displacement distribution, (b) electric potential and magnetic potential distribution.
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Figure 12. Distributions of the physical quantities when Q2 = 1.01911, ¥ = 0.17938. (a) displacement
distribution, (b) electric potential and magnetic potential distribution.
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3.5. Merits of the Presented Method

Based on the above calculation of wave propagation in a FGPPM plate, we can summarize the
following advantages of the presented method, which makes the method attractive.

(1) The complex mathematical issue is reduced to solve an eigenvalue problem, which is capable
of accurately determining all the real, imaginary and complex solutions of a transcendental
dispersion equation.

(2) The conventional approaches (root-finding routines or finite element simulations) require
an iterative search procedure or a far greater coding effort, to find complex roots. The present
method can avoid tedious iterative two-variable search and is simple to program. It needs to
take a larger polynomial order to obtain solutions of the higher modes, which will cause more
computer memory and long time.

(3) The method is easy to implement and can be extended to complex structures such as multilayered
or curved structures.

4. Conclusions

This paper presents an analytic method based on polynomial expansions for the determination
of the full dispersion spectrum of the guided waves in the FGPPM plate. The correctness of the
present method is verified via numerical comparison with available reference results. For the first time,
the complete 3D dispersion curves of Lamb wave in a FGPPM plate are illustrated in a wide frequency
range. The characteristics of the Lamb waves including the propagating and evanescent modes in
various FGPPM plates are investigated. The emphasis on evanescent waves makes this work relevant
for applications in the nondestructive evaluation of material or structural properties. Based on the
above numerical results, some interesting conclusions can be drawn:

(1)  Superior to the conventional methods that necessitate an iterative search procedure to solve the
complex roots of a dispersion equation, the presented analytic method can transform the set of
differential equations for the acoustic waves into an eigenvalue problem in the form AX = kX to
find the complex solutions.

(2) Complex branches of the Lamb wave usually collapse onto the extremum of the real branches.
They exhibit both local vibration and local propagation, and some can propagate a quite long
distance (more than ten times of the plate thickness). They will turn into the propagating modes
with increasing frequency.

(3) Some evanescent modes have a noticeably higher phase velocity than the propagating modes.
The phase velocity of the low order evanescent modes is more than four times larger than that
of the propagating modes. Also, the wave dispersion of the evanescent mode is quite weak in
a certain frequency range.

(4) The magneto-electromechanical coupling factor of the guided wave in a FGPPM plate may
be improved by adjusting the graded field. The coupling factor reaches a maximum from
4.4% for the sinusoidal graded field to 9.5% for the cubic graded field. The maximum of the
magneto-electromechanical coupling factor for the SO mode shifts to lower frequencies with
increasing the gradient index.
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Abstract: In the present study, the propagation of Love waves is investigated in a layered structure
with two different homogeneity saturated materials based on Biot’s theory. The upper layer is
a transversely isotropic functional graded saturated layer, and the substrate is a saturated semi-space.
The inhomogeneity of the functional graded layer is taken into account. Furthermore, the gradient
coefficient is employed as the representation of the relation with the layer thickness and the material
parameters, and the power series method is applied to solve the variable coefficients governing
the equations. In this regard, the influence of the gradient coefficients of saturated material on the
dispersion relations, and the attenuation of Love waves in this structure are explored, and the results
of the present study can provide theoretical guidance for the non-destructive evaluation of functional
graded saturated material.

Keywords: functional graded saturated material; inhomogeneity; Love wave; dispersion; attenuation

1. Introduction

The research of the propagation characteristics of Love waves have been found in a wide range
of engineering applications, such as seismic engineering, geotechnical engineering, and geophysics.
Studies based on the elastic hypothesis have been sufficiently carried out. Since 1956, Biot [1-3]
established the constitutive relation and the motion equation of saturated porous media. Based on
Biot’s work, fruitful results have been yielded thereafter. Deresiewics et al. [4-6] derived the dispersion
and attenuation equations of Love waves in the porous media. Wang, Tong, and Santos et al. [7-9] used
the iteration method to solve the dispersion equation of porous materials. In addition, Konezak [10]
and Ba et al. [11] gave a solution to the propagation of waves in porous layered half-space.

However, the research, which we have mentioned above, mainly focused on the homogeneous
hypothesis of media. In the real situation, some saturated materials are always regarded as a layered
and inhomogeneous medium, in which the material parameters vary continuously with the medium
thickness. On this basis, how to explain the influence of homogeneity on wave propagation
characteristics has become a crucial problem. In the recent years, some researchers use analytical
methods to solve this problem. For example, Ke et al. [12] and Qian et al. [13] used the iterative
method and Wentzel-Kramers-Brillouin (WKB) method, respectively, to deal with the inhomogeneity
of materials, but have some limitations. In Ke’s work, the inhomogeneity of materials was described
just as an exponential function, which we do not think is sufficient. The WKB method is too complicated
for calculation. Cao et al. [14-16] used the power series method to solve Love wave and Rayleigh wave
propagation problems in the FGM layered composite system.

In this study, the inhomogeneity of the saturated material and solid skeleton is supposed to
be transversely isotropic. In addition, the assumption is made concerning the relationship between

Materials 2018, 11, 2165; d0i:10.3390/ma11112165 227 www.mdpi.com/journal /materials
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material thickness and material parameters, of which the latter vary continuously along the depth.
Then, the dispersion relations and the attenuation of Love waves are investigated.

2. Statement of the Problem and Governing Equations

The propagation of Love waves in a functional graded saturated media structure is shown in
Figure 1. The upper layer is a transversely isotropic inhomogeneous saturated layer with the thickness
of H. The surface of this layer is traction free, and the substrate is a homogeneous saturated half-space.
Based on the Biot’s model of the homogeneous anisotropic saturated porous media, the soil skeleton
is considered as a transversely isotropic medium. In terms of the Love waves propagation in the
structure shown in Figure 1, the expressions of displacement are given as follows:

uy =uy =0, u; = uz(x,y,t), 1)
wy =wy, =0, w; = w(x,y,t).
Based on the motion equations, presented by Biot [3] in porous media, namely:
Gijj = Pili + Py . @
—Pfj = PfUi + Mw; + 1410,

where py is the fluid pressure, and p is the density of saturated material, which can be expressed
asp = (1—¢)os + Pps. ps is the density of solid skeleton, py is the fluid density, and ¢ is the
porosity of the solid. The u; in the equation is the component of the solid skeleton, and in terms of
w; = —¢(u; — U;), U is the displacement of fluid. The comma followed by the subscript i indicates the
space differentiation with respect to the corresponding coordinate x, y, and z, the dot “e” represents
time differentiation, and the repeated index is the means to summation related to that index. The
parameter m;; = Re[w;(w)]pos/¢ and r;; = 1/ Re[K;(w)] are Biot's coefficients put forward by Biot. They
are the functions of angular frequency w and w = ck. C and k are the velocity and numbers of the
waves. Where 7 is the viscosity of the fluid, and &;(w) and K;(w) are the dynamic tortuosity and
permeability. Let uy, uy, u; and wy, wy, w, denote the displacement of the medium. The governing
equations for the displacement of medium can be obtained.

Let u;, w; denote the displacement in the substrate layer. The expression of the governing equations
for the Love waves propagating in the substrate layer (x > 0) are given as follows.

= % | m Pu _ = U, - 9P
C44 ox2 + C44 a]/Z =P ot2 +pf otz (3)

= U, | = PW, | 5 9B,
pfyuf-i-ml%-&-n g;‘ :0,

=11

where Cyy is the coefficient of material parameters. The “~” symbol is used to denote the parameters in
the substrate layer.
Similarly, we use #;, @; denote the displacement in the upper layer. The governing equations for

the Love waves propagating in the upper layer (—H < x < 0) can be expressed as follows:

4)
N Ph o P | 5 00 (
P+ G+ GE =0,

A 90, Aol APl AP0, | A 0%,
{ Cufad +Cu 5 +Cur =057 + 05525

aulrr 1y

where the superscript “’” indicates the space differentiation with respect to the x— coordinate. The
symbol is used to denote the parameters in the upper layer, and these parameters are the functions of
the x — axis, which needs to be emphasized.

The boundary condition of the present problem should be satisfied as follows: (a) the traction free
boundary condition is %y, (—H,y) = 0 at x = —H; (b) the stress and displacement are all continuous,
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Trz(0,¥) = %z(0,y), #(0,y) = 42(0,y), @=(0,y) = @-(0,y); and (c) the attenuation conditions for
Love waves are i; — 0 at x — 0.

ed y
Inhomogeneous |
layer =
y 0 -
Z
uniform
substrate
v
X

Figure 1. The functional graded saturated material layered structure.
3. Solution of the Problem

In light of the present Love waves propagation problem we have discussed above, the solutions
of the governing equations can be supposed as follows:
uz(x,y,t) = Az(x) explik(y — ct)],
- . 5)
w;(x,y,t) = W (x) explik(y — ct)],

where i = /=1, k = 271/ ) is the wave number, and c is the phase velocity. A;(x) and W,(x) are
the amplitudes of the displacement, which will be solved. Furthermore, the “~” symbol and the
“~ symbol are used to denote the substrate layer and the upper layer, respectively, so A,(x) is the
amplitudes of the displacement of the substrate layer, and A (x) refers to the amplitudes of the upper
layer, respectively.

Firstly, in order to solve the problem in the substrate layer, we combine Equation (5) with
Equation (3), and the governing equations can be modified as follows:

Cu (A —KA) = —pKA; — p W, .
pfczkzzz + 7111 2K2 W, + F1ickW, = 0. ©)
Then, the Love waves in the substrate layer can be expressed as follows:
{ 7 (x,y,t) = [Cy exp(ix) + Caexp(—iyx)] exp[ik(y — ct)], -
_ peck
W, (x,y,t) = —muz(x,y,f)r

For the radiation condition of the Love waves, we must have Im(7y) > 0 and Re(7y) > 0. And, when
integrating Equation (7) into the attenuation conditions, we can easily find that C; = 0.
Secondly, the governing equations in the upper layer can be solved by combing Equation (5) with
Equation (4), and the governing equation can be modified as follows:
{ C44A/z/ + (2/14121; - C44k2AZ = —ﬁCzszz — pfcszWZ, (8)
prc?k? Az + 1y ck W, + #1ickW, =0,
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In order to solve the variable coefficient Equation (8), we assume the material parameters of the
upper layer as the following functional form:

Cu= L m(@)"p=Lalq) o= L aH)"

750 nD:OO n=0 (9)
i = ¥ ay ()" h = L ai(i)",

n=0 n=0

where the coefficients a/, can be determined by the relations between the functions and their Taylor
expansions. Then, the solutions of Equation (8) can be assumed to take the similar forms, as follows:

~ 0 X n . 0 X n

A, = an<ﬁ) W, = Ztn<ﬁ) . (10)
n=0 n=0

According to the integration of Equations (9) and (10) into Equation (8), the two recursive

equations for s, and t, are presented as follows:

n n n
Y (i+2)(i+ 1D, sipa+ X (n—i+1)(i+1)a) 801~ (kH)?ZOal i
1=l i=

n—i

e, 0 a1
+c2(kH)* ¥ a2+ A2(kH)* Y at =0,
i=0 i=0
n n n
czkzz a:’zfl-s,‘ + czkzz uf,_iti + ickz ”ifiti =0. (12)
i=0 i=0 i=0

We can calculate the coefficients of (x/H)", s, and t, with n from zero to infinity, using Equations
(11) and (12). On this basis, a matrix is described to solve these coefficients.

(SOjrslj) =1, (13)

where j =3~4 and I'is a 2 X 2 unit matrix. The solution of Equation (8) can be rewritten as follows:

=3 n=0
According to the discussion we have made above, the solution of Equation (4) can be described as
follows:

G

L=
ie

j 0

i (x,y,t) = { Snj(ﬁ)n} explik(y — ct)],

(15)

)

W (x,y,t) = { Otn(%)n} explik(y — ct)],

n=

Then, we apply Equations (15) and (7) to the boundary condition of the present problem, and there
are a set of homogeneous linear algebraic equations of unknown coefficients C;,i = 1, 3, 4 obtained.
According to the condition for the existence of a non-trivial solution, the determinant of the coefficients
matrix Q must be vanished.

|Q[ =0. (16)
4. Numerical Results and Discussion

The numerical examples will be given to illustrate the propagation characters of Love waves in
the functional graded saturated layer, which are lying on a homogeneous saturated soil half-space.
First and foremost, some important hypotheses must be introduced. In light of our problem, we used
the following expression [7] to calculate the a(w) and K(w).
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nwKi(w)] ™" =ip prai(w) = i psa;(e0) 3f 8 fu

SRR VI R

-1
where f = w/2m is the wave frequency. f,; = w./2m = 3174)[871Ki(0)ai(oo)pf} is a critical
frequency, which was reported by Sharma in 1991 [17]. At the functional graded layer, the material
parameters are functions of layer thickness, and these functions can be assumed as follows:

g=1—exp(px/H), (18)

where the parameter p is the gradient coefficient, which refers to the level of layer inhomogeneity. On
this basis, the parameter function of soil thickness can be described as follows:

Cu=Cu-g (19)

and the other parameters in the upper layer have the similar forms.

In the present paper, the influence of the gradient coefficient on the Love waves dispersion
relations and attenuation will be discussed. In detail, from the governing Equation (3), Equation (4),
and dispersion relations Equation (16), the wave number k in our problem is a complex k = kj 4 ky.
Then, the dispersion relation curves will be drawn as the relation between the phase velocities ¢
and k; in convenient, and we designate J = ky/k; as the attenuation coefficient to evaluate the Love
wave attenuation in our problem. In order to solve the complex dispersion equation, we used the
method called the minimum modulus value approximation, in order to approximate the suitable
solution. The theme of this method is described below. We assume the material parameter of the
homogeneous saturated media as follows: Cy4 = 4Gpa, ¢ = 0.2, K;(0) = 1, & (c0) = 1,77 = 103 pa-s,
ps = 30kN/m’, p; = 10kN/m?, g, = 1L.2kN/m’.

4.1. Influence of the Gradient Coefficient on Love Wave Dispersion

In order to describe the influence of the gradient coefficient on the Love wave dispersion, it is
necessary to give a solution to the complex Equation (16). First of all, according to the research
conducted by Sharma [17] and Wang [7], the Love wave speed has a range in the porous medium that
is determined by a critical frequency, f;. In this paper, we also chose them as the method to calculate
the range of the Love wave speed for specific gradient coefficients. Secondly, based on the range
of speed, we employed the minimum modulus value approximation method to obtain the suitable
solution of Equation (16). The theme of this method should be given as follows: (a) for a given speed
range of the specific gradient coefficient p and nth modes of Love wave, we choose four values of
(k1H kyH) from ki1H = 0, and made them as a square; (b) calculate the determinant of Equation (16);
(c) choose the values (k1 H koH), which have the minimum value of determinant and use (k1 H,k,H) as
an angular point to make the new square, which has a half-length of the side of the previous square;
(d) repeat the step (c) until the value of determinant reaches zero; and (e) give an increment of k1 H,
and repeat the whole procedures. Then, we can draw a dispersion curve of the nth mode of the Love
wave. At the same time, the attenuation coefficient loglk, /k1] can also be calculated in the given
gradient coefficient p and nth modes of wave.

Figure 2 presents the Love wave dispersion curve of 1st and 2nd modes with the gradient p = 0.6.
The comparison of the different gradient coefficients (p = 0.2, 0.6, 0.8) is shown in Figure 3. The results
in Figure 3 suggest that the gradient coefficient p gives a conspicuous impact of Love wave dispersion.
And Figure 4 shows the material parameter distributions. With the increase of the gradient coefficient
p, the phase velocity of the Love wave decreases obviously, and the influence of the gradient coefficient
on the first mode is more intense than that on the second mode. For the first mode of the Love wave,
with the increase of dimensionless wave numbers ki H, the influence of gradient coefficients on phase

231



Materials 2018, 11, 2165

velocity gradually increases. In terms of the second mode of the Love wave, the influence is smoother
than that on the first mode.
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Figure 2. The dispersion curve of the Love wave in the inhomogeneous unsaturated layer lies on
homogeneous saturated half-space.
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Figure 3. The comparison of the dispersion relation of the Love wave with the different gradient
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Figure 4. The material parameter distributions.
4.2. Influence of the Gradient Coefficient on Love Wave Attenuation

The attenuation of the Love wave is shown in Figure 5. The solid line denotes the first mode
attenuation, and the second mode is expressed by the dashed line. As the two modes indicate,
the attenuation rapidly increases at first, and then becomes smoother with the increase of dimensionless
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wave numbers, kiH. The investigating results of the influence of the gradient coefficient on the
attenuation of the Love wave are plotted in Figure 6. In the current study, the discussion mainly
focuses on the situation of the Love wave attenuation in the first mode. The solid line refers to the
situation of p = 0.2, the dashed line describes the p = 0.6, and the case of p = 0.8 is plotted as the dotted
line. It is easily seen that the change of gradient coefficient almost exerts no effect on the Love wave
attenuation, and the influence of material inhomogeneity on the attenuation of wave is very little.
In this regard, great interest is entailed in the comparison with the rapid influence of inhomogeneity
on the dispersion of the Love wave.
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Figure 5. The attenuation curve of the Love wave in the inhomogeneous saturated layer lies on

homogeneous saturated half-space.
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Figure 6. The comparison of the attenuation of the Love wave with the different gradient parameter p.

5. Conclusions

In this paper, based on the Biot’s saturated porous medium theory, the influence of inhomogeneity
has been theoretically analyzed on the propagation character of the Love wave in a transversely
isotropic inhomogeneous saturated layer lying on a saturated half-space. The governing equations
of the problem have been solved by the power series method, and the minimum modulus value
approximation method is employed to discuss the dispersion equation of the Love wave. The gradient
coefficient p has been introduced to describe the inhomogeneity of the saturated media, and we
obtained the dispersion and attenuation curve of the Love wave with different gradient coefficients.
It is important to note that the gradient coefficient has a great influence on the dispersion of the Love
wave, but the effect of the gradient coefficient on the attenuation is less significant.
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Abstract: To investigate Lamb waves in thin films made of functionally graded viscoelastic material,
we deduce the governing equation with respect to the displacement component and solve these
partial differential equations with complex variable coefficients based on a power series method.
To solve the transcendental equations in the form of a series with complex coefficients, we propose
and optimize the minimum module approximation (MMA) method. The power series solution agrees
well with the exact analytical solution when the material varies along its thickness following the same
exponential function. When material parameters vary with thickness with the same function, the effect
of the gradient properties on the wave velocity is limited and that on the wave structure is obvious.
The influence of the gradient parameter on the dispersion property and the damping coefficient are
discussed. The results should provide nondestructive evaluation for viscoelastic material and the
MMA method is suggested for obtaining numerical results of the asymptotic solution for attenuated
waves, including waves in viscoelastic structures, piezoelectric semiconductor structures, and so on.

Keywords: Lamb wave; functionally graded viscoelastic material; minimum module approximation
method; damping coefficient

1. Introduction

Lamb waves, which are a type of plain strain wave in a thin film or a plate with a traction-free
boundary, are widely used in nondestructive evaluation. Early research reported on Lamb waves
focused on isotropic elastic plates [1]. Since then, scientists have directed more attention to Lamb waves
in plates made of various materials, including viscoelastic materials [2], functionally graded materials
(FGMs) [3], piezoelectric materials [4], and piezoelectric-piezomagnetic materials [5]. To detect material
properties or damage to the structures, much research has been focused on guided waves in composite
structures based on numerical and experimental methods [6,7].

FGMs were proposed by scientists as a kind of thermal-protection material in the 1990s [8].
In FGM structures, the material parameters are not constant and vary along one direction continuously.
With the development of material technology, the FGM technique has been used not only for
common elastic material but also for some smart materials, including piezoelectric [9,10] and
piezoelectric-piezomagnetic materials [11]. To evaluate the mechanical properties of FGM structures,
researchers have investigated various elastic waves in FGM structures, such as Lamb waves, horizontal
shear (SH) waves [12], Love waves [13], and Rayleigh waves [14].

To address wave propagation problems in heterogeneous media, both numerical and analytical
methods are employed for solving the wave-governing differential equations with variable coefficients.
The main idea of numerical methods is to divide the functionally graded material into multilayer
models and to simplify each sublayer as a homogenous layer [15-18]. Scientists have also proposed
some analytical solutions for wave propagation problems in different heterogeneous structures. These
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methods include exact analytical expressions for material parameters following the same exponential
function [19], the Wentzel-Kramers-Brillouin (WKB) method for large-wave-number [20] or cutoff
problems [21,22], and the special function method for material parameters following some special
function [23]. In recent decades, researchers suggested that these equations can be solved by using a
power series method [11,24] and a Legendre polynomial method [25,26], which are fit for solving the
wave propagation problem in heterogeneous structures in arbitrary cases in which material parameters
vary continuously and slowly. The form of the dispersion equations based on these two methods
contains series items. Therefore, these dispersion equations should be solved numerically.

It is found that not only elastic materials but also viscoelastic materials in nature have gradient
properties. For example, when a material undergoes subsurface aging or subsurface damage, the
elastic modulus varies along the thickness of the damaged subsurface region and mechanical gradient
characteristics appear [27]. This should also occur for viscoelastic materials. For the wave propagation
problem in viscoelastic structures, Lu et al. [28] found that the attenuation of Lamb waves increases
with the increase of the thickness of the viscoelastic layer and that the mode is transformed as well.
Compared with the propagation characteristics of Love waves in an elastic medium, the energy of Love
waves in a Kelvin-Voigt viscoelastic medium is obviously attenuated, as shown by Zhang et al. [29].
SH waves have one displacement component. Yu et al. [30] deduced the dispersion equations for SH
waves in orthotropic viscoelastic hollow cylinders. There are few studies on the propagation of Lamb
waves with two displacement components in viscoelastic complex structures, and most of them use
the Legendre polynomial method [31].

The dispersion equations for wave propagation in a viscoelastic material comprise a set of complex
coefficient transcendental equations. To solve the transcendental equations with complex variables,
Qian et al. [32] comprehensively analyzed the applicability of the parabolic Newton iteration method,
the binary dichotomy method, and the modulus value convergence method. However, when the
power series method is employed to solve the wave propagation problem in a functionally graded
viscoelastic material (FGVM) structure, the dispersion equation, which is a transcendental equation
with complex numbers in series form, is difficult to solve based on the above numerical simulation
method. For example, the Newton iteration method requires that the solution be in the form of a
display function rather than a series, while the binary dichotomy method and the modulus value
convergence method might lead to the existence of spurious solutions.

In this study, we investigate the dispersion and attenuation characteristics of Lamb wave
propagation in a thin film made of FGVM, which follows the Kelvin—Voigt model [33]. The governing
equations with a displacement function are deduced and the power series asymptotic solution is
obtained by using the power series method. Because the series has no explicit expression for the
function, we propose the minimum module approximation (MMA) method for solving the complex
coefficient dispersion equation. The detailed process of the MMA method, the existence analysis of
its solution, and its optimization are given. The reliability of the power series solution is verified by
comparison with the exact analytical solution for Lamb wave propagation in a functionally graded
viscoelastic film. The dispersion and attenuation characteristics of Lamb wave propagation under
different gradient parameters are discussed, and the damping coefficients are analyzed. Conclusions
based on these results can provide a theoretical basis for nonhomogeneous viscoelastic structure
nondestructive testing.

2. Basic Equation for Lamb Waves in FGVM Film

Consider Lamb waves propagating in an isotropic functionally graded viscoelastic film along the
x direction, as shown in Figure 1. The thickness of the film is /1. The z direction is along the thickness
direction. Let 1, v, and w represent the displacement in the x, y, and z directions, respectively. For
Lamb waves propagating is this structure, the displacement should satisfy:

u=u(xzt),v=0,w=wxzt) 1)
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Functionally Graded
Viscoelastic Plate

© X

Figure 1. Functionally graded viscoelastic film and coordinate system.

If we let subscripts 1, 2, and 3 represent x, y, and z, respectively, then the stress tensor gij,
i,j =1-3, can be divided into two parts: the deviation stress E,-]- and the spherical stress tensor om,
where o = 0j/3, k = 1 -3, and the repeated index in the subscript implies summation with respect
to that index.

In the Kelvin model, the constitutive equation can be expressed as:

_ 9Sij
UI‘]' = 2GS;']‘ + 21}7, Om — Ukk/3 = KSkk (2)

where i, j,k,| = 1 -3, Sy is the strain tensor, n represents the viscosity coefficient, G is the shear
modulus, and K is the bulk modulus.
Equation (2) can be rewritten as:

®G)

- 3Skl
9ij = CijkiSu + Cija
where c;j and ¢;jy are components of the elastic tensor and viscosity tensor, respectively. In an FGVM,
both these elastic parameters as well as the mass density p are not constants but are functions of z.
The motion equations have the following form:

doy | dox; %u dox. do _ 2w
x P TP Tar T P @
The relation between the strain and the displacement deduced from Equation (1) is:
du dw Ju Jdw
fxzazgzzzz)/xz:z+$/5y27xy27y220 5)

By using index reduction, the original fourth-order elastic parameters can be rewritten to
second-order elastic parameters. By substituting Equation (5) into the constitutive Equation (3), we
obtain the following component forms of the stress:

du Pw
Ox = C11g, a+ C1383z + g axg + Clgzazaz
Oxz = C44(alzl + azfc}) + C44(¢92§lt + axg}t) ©)

2 82
0z = 013§ +an +C13m +en gy

where the parameters in isotropic materials satisfy ¢11 — ¢13 = 2c44 and ¢17 — €13 = 2C44.
Substitution of Equation (6) into Equation (4) leads to the following governing equations with
respect to the displacement components:

%u 2w = Pu = _Pw u I w Pw
ClldaYz +ogo; T 311 argi T B3 T caa( 5 + 5o8) + Taa( 3 + 35%)
degs (Ju | Jdw degy (9%u Qrw) _ u
+ ( + 8x ) + (92«915 axat) Por atz (7)
Pu
C44(axaz Tz ) + C44(¢9x829t + axZat) +enga ten Sy azz + 013 3igzar axazat gy azzat

dets Qu an Jw  d3 2w | den Pw . Pw
tE ot @t & oo T oz — Pon
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Lamb waves propagating in a functionally graded viscoelastic film must satisfy not only the
governing equations but also the traction-free conditions of the film, which are expressed as:

02(x,0) =0, 0xz(x,0) =0, 02(x,h) =0, oxz(x,h) =0 8)

3. Power Series Solution

The solutions of the governing equations can be expressed as:
u = U(z) explik(x — ct)], w = —=iW(z) explik(x — ct)] 9)

where i is the imaginary unit, k and c are the wave number and wave velocity, respectively, and U(z)
and W(z) are the unknown amplitudes of the displacement.
Substitution of Equation (9) into Equation (7) leads to:

Caall” + ¢ U’ + (pP = 11 k2 )U + k(E11 — 4a) W’ + EukW =0

N 10
W’ +c'uW' + (PQZ - 344k2)W — k(11 — Caa) U’ — (631 - 2@;14)ku =0 (10)

where ¢4y = cg4 —102Cyy, €11 = 11 —i0)C11, Q2 = ck is the frequency, and the prime symbol (") represents
differentiation with respect to thickness z. Both €44 and ¢11 are functions of z and 2. Suppose that the
material parameters vary along the thickness direction slowly, so that, for a certain (2, the material
parameters of the isotropic FGVM film can be expressed as follows:

oAl e 53 o= o)

Suppose that the material parameters can be expressed in the power series form:

A7) = Zu§;>(h) (i=1,2,3) (12)
n=0

Therefore, the solutions of Equation (10) can also be expressed in a power series form as:

Bl o= £l
n=0 n=0

By substituting Equations (11)—(13) into Equation (10) and equating the coefficient of (z/h)" to zero,
the following recursive equations can be obtained:

1
st + (k) X (a7~ all )s

nl

L 0420+ Dzt T (=14 D)0+ D, )

n
+(kh) f 1+1)(d 1>I—a<2>)tl+1+(kh)2( —14+1)a? =0
=0 =0 (14)
pi 0(l+2)(l+1)a >t1+2+2 (n—l+1)(l+1) l+1t,+1+(kh) ;0( ’<13>l 2 _ <z_>1)tl
n n
E, 4+ D6~ e~ 04, -2 o =0

=0 =0

where sy, s1, tp, and t; are undetermined coefficients. For [ > 2, all of the s} and ¢ are linear functions of
S0, 81, to, and t.
To simplify calculating the relation between s;, t; and s, s1, to, t1, let:

(50]'/51]'/ tOjrtlj) =1 (15)
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where j = 1-4 and I is a 4 X 4 unit matrix. Therefore, the solution of Equation (10) can be rewritten as:

0

U(z) = 24“ ) snj(%)n, W(z) = 24“ oy fﬂj(%)11 (16)

j=1 n=0 =1 n=0

where the constants C;j (j = 1-4) are to be determined. For n = 0 and 1, s,; and t,; are defined by
expression (15); for other values of 7, s,,j, and t,,; can be determined by solving Equation (14).

By substituting (16) into the boundary conditions, we then obtain the following linear algebraic
equations for determining constants C; (j = 1-4):

(&9, =269, JkhxCy +€9,C4 = 0
&9,Co+khe9,C3 =0

4 )
Zl{ X [h(efy =26 )saj + &y (n 1)f<n+1>f]}cf =0 (17)
j=1 n=
4 )
P {Eo[%(" +1)s(1)) + &L Kty ,-]}cj =0

The sufficient and necessary condition for the existence of a nontrivial solution is that the
determinant of the coefficient matrix must vanish. Therefore, for the dispersion relation for Lamb
waves, there exists:

|Tij| =0 (18)

where

T = —kh(f(l)l —2524), Ty =&, Tn =1, T3 = kh,

Tyj = L [~kh(ely =28 )su + &y 0+ Dty Ty = T [0+ Do+ it |
where j = 1-4, and other items of T,~j equal zero. The superscripts 0 and h represent the material
parameters at the bottom and upper surfaces, respectively.

Owing to the existence of the complex relation, Equation (18) is a complex coefficient transcendental
equation. In this paper, we suppose that k and the wavelength A are both real numbers. The wave
velocity ¢ contains both real and imaginary parts. The real part of the wave velocity represents the
phase velocity, and the imaginary part is related to the attenuation characteristic of the wave.

4. MMA Method and Optimization

4.1. MMA Method

For solving an equation with a complex variable, we should obtain a solution for which both the
real part and the imaginary part of the equation should be zero. Consider the complex equation:

fz)=0= f(x,y) =0, (19)

where x and y are the real and imaginary parts, respectively, of the complex variable z, and f, which is a
function of z, is also complex. We suppose z = a + ib is the solution of Equation (19). It should satisfy
the conditions:

Re[f(a,b)] = 0and Im[f(a,b)] =0, (20)

where Re[f(x, y)] and Im[f(x, y)] represent the real and imaginary parts of the function f(x, y).
Let

G(x,y) = (Mod[f(x, y)]}* = {Re[f(x, y)]}* + {Im[f (x, y)], @1
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where Mod|[f (x, y)] is the module of the function f(x, y) and the square of the module is expressed by
the function G(x, y).

Suppose that the solution of Equation (19) exists and is unique in the region (xg,Xp), (yo,yo).
The model in Figure 2 is used to illustrate the solution steps. The first loop step is shown in Figure 2a:
We divide the solution region into 1 X 1 grids, obtaining (1 + 1)?> nodes in total, and calculate the
module of each node by using Equation (21) and find the node (a3, by) satisfying:

G(a,b1) = min{G(xg, yo), G(x0 + iAxo, yo + jAyo)} (i,j=1,...,n). (22)
where _
Xo —Xo Yo~ Yo
AXO = , Ayo = .
n n

(x0.yotnAyo) (xotndxo,yotndyo) (ana-Axyr,by1+tAyy.1) (anatdxnr,byatAyn)
3 5
=} <
z (a,b1) Z
T T —
= s (axby)

(x0,0) (XgtnAxo,y0) (an-1-Axy.1,b5.1-Ayw.1) (anatAxy,bya-Ayna,

n+1 Nodes n+1 Nodes
(@) (b)

Figure 2. Steps of the MMA method. (a) First loop step, (b) Nth loop step.

For the second loop step, based on 1, we obtain the four points (a1—Axg,b1—Yo), (a1+Ax0,b1-Y0),
(a1+Ax0,b1+y0), and (a1—Axg,b1+1p), remesh the square determined by the four points as the vertices
into n X n grids once again, and also calculate the module of each node to find the minimum.

For the Nth loop step (Figure 2b), we repeat the above step, obtaining:

G(an, by) = min{G(xn_1, yn-1), G(xn-1 + iAxN_1, Yn-1 + jAYn-1)} (i, j=1,..., 1) (23)

where (ay, by) is the node with the minimum module after N time steps. The approximate solution of
Equation (19) z = ay + iby, can then be obtained.

4.2. Optimization of the MMA Method

The MMA method can be applied to solve equations with complex variables. To optimize the
method, the following function g is introduced:

1

4 \G1?
1= (52) 4
where g represents the average percentage of solution area reduction with each calculation and 7% and
(1 + 1)? are the number of grids and nodes of the solution region, respectively.
To optimize the MMA method, we should find the n value needed to satisfy that q reaches its
minimum. In other words, In g should also be the minimum. Therefore, # should satisfy:

dl
nqzo

an (25)
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The solution of Equation (25) is n = 3.77. Because the number of grids needs to satisfy the condition
of positive integers, we take the approximate solution at 1 = 4.

In practical numerical analysis, we always predict with a certain level of uncertainly the region
over which the equation with complex variables has a solution. If, in the first step, (a1, b1) lies on
the boundary of the region, (xo, %), (yo,yo), the solution might not lie in the region. In this case, n
should be selected to be a larger number to certify the existence of the solution. However, a spurious
solution might exist if the calculation region is too large. Normally, the solutions of these problems
are always irrational. This means that we can find the solution as the module infinites approaches
zero. We should check for the convergence of solution by testing the ratio of the module reduction in
several continuous steps. For example, we can calculate the ratio of the module for every three loops
and judge the convergence to avoid a spurious solution.

It is worth noting that, if the minimum modulus is located at the boundary in the first calculation,
there might be no solution in the computational domain. If the minimum modulus is not at the
boundary after mesh refinement, the solution exists in the computational domain. Otherwise, the
computational domain needs to be enlarged and recalculated. To verify the existence of the solution
and avoid a spurious solution, we suggest that n should be selected as 6-8 in the first loop step in
practical calculations.

5. Numerical Results and Discussion

5.1. Comparison with the Exact Analytical Results

To verify the validity of the power series method, the exact analytic solution and the asymptotic
solution of the power series are compared when all material parameters vary with the same exponential
function. The exact analytical solution can be obtained for waves propagating in the special FGVM
thin film. The governing equations can be simplified to ordinary differential equations with constant
coefficients, and the analytical solution can be obtained directly.

We suppose that the material parameters follow:

A= AgeP@/h), U= yoe"’(Z/h), n=2¢&u= 5“0810(2/14), o= poer’(z/h) (26)

where Ay, po, and pg are material parameters of the film lower surface at z = 0, 1 is the viscosity
coefficient, & is a constant and is selected as 107>, and p represents the gradient parameter. The
analytical solution in this condition can be selected as a reference for the solution of the power series
reported in this paper.

The material parameters used in this paper can be deduced as:

11 = (/\0 + 2[.10 - %i()éyo)ep(z/h) = ﬁlep(z/”)
ess = (o _i(),gyo)ep(z/h) = ﬁzep(z/h) (27)
p = poe? &M = paer(z/h)

The displacement amplitude can also be expressed in an exponential function form as:
Ue(z) = Ae*G/M) | W, (z) = Be*/M) (28)

By substitution of Equation (28) into Equation (10) the homogeneous linear equations for the
undetermined coefficients A and B can be deduced as:
[B20% + papy + (Bsc® — B ) (kh)*|A + [kh(B1 — B2)a + khippa] B = 0

[kh(B2 = B1)ex + p(2B2 = B1)]A + [Bra® + papy + (Bac? — 2) (k) *|B = 0 )
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Equations (29) comprise a set of linear homogeneous equations with respect to A and B. From
the necessary and sufficient conditions for the existence of a nontrivial solution, we obtain that the
determinant of the coefficient matrix is equal to zero:

Bac® + papy + (Bsc? — 1) (k)
kh(B2 = p1)a +p(282 — 1)

kh(B1 — B2)ax + khppBa

Bra? + papy + (Bac? - o) (k) -° 0

Considering that Equation (30) is a fourth-order equation, we suppose that the solution is a; (j
=1-4). The relation between A and B is derived by calculating Equation (29) as follows:

B; = fiAi(i = 1-4) (31)

The displacement amplitude solution of Equation (10) can be rewritten as:
4 4
U=Y A w=Yy" fiaeH" (32)
j=1 j=1

Similarly, by considering the boundary conditions, we then obtain the dispersion equation:
|Tij| =0 (33)

where
le = (ﬁl —2ﬁ2)k+ﬁ1fja1‘, sz = aj —kf]‘
Taj = [(B1 = 2B2)k+ Bufi; e, Taj = (aj —kf;)e" (j = 1-4)

In numerical analysis, the normalized wave velocity ¢ and the dimensionless wave number k# are
applied for describing the wave propagation property. The normalized dimensionless wave velocity
¢ satisfies:

&=c/ce (34)

where ¢y, = \/G_/p, which is the bulk shear wave velocity. The Poisson ratio is a constant and satisfies
v =0.25.

To evaluate the accuracy and precision of the power series and MMA methods, the relation between
the normalized wave velocity and the dimensionless wave number for Lamb waves propagating in the
special FGVM thin film is plotted in Figure 3. When p = 0, the FGVM thin film becomes a homogenous
viscoelastic thin film. Figure 3a,b present the real and imaginary parts of the normalized wave velocity,
respectively. It is found that the solution obtained by using the power series method agrees well with
the exact analytical solution.

Mode3

o

—#—p=0

o

| —m—p=0

—e— 0.
—A—p=0.

S
%

S
=S

-0.15

—¥%—p=0  Exact analytical solution
—m—p=0 Power series asymptotic solution
—&— p=0.5 Exact analytical solution
—A— 0.5 Power serics asymplotic solution

- S

Real part of dimensionless wave velocity

Dimensionless wave number kh
@

Figure 3. Wave velocity of Lamb waves in homogenous viscoelastic film and in special FGVM film. (a)
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By checking the results of the change of phase velocity, we find that there exists little difference
between the wave velocity curves for Lamb waves in the homogenous viscoelastic thin film and in the
special FGVM thin film. Normally, the dispersion curves of Lamb waves in homogenous film can be
determined by bulk shear wave velocity and the Poisson ratio. Both the bulk shear wave velocity and
the Poisson ratio in homogenous thin film are same as those in the special FGVM thin film. It can be
used to explain that the dispersion curves of the two cases are almost identical. This implies that we
cannot measure the gradient parameters by variation of the wave velocity

We further study the wave structure of Lamb wave propagation in different viscoelastic thin films.
The normalized displacement amplitude is defined as:

hu = |UI/|U(0)| - sign{Re(U) /Re[U(0)]}, T = [W|/|U(0)| - sign{Re(W) /Re[U(0)]} (35)

where U(0), which represents displacement component at z = 0, is selected to be 1 in the numerical
analysis, Re is the real part of the complex number, and the sign function satisfies

. 1, x>0
sign(x) =17~ (36)

The normalized displacement amplitude of the first two modes at ki = 1t and kh = 27 are plotted
in Figure 4. The curves obtained from the exact solution and these obtained by using the power
series method coincide completely. In a homogenous viscoelastic thin film, the wave structure is
symmetric or antisymmetric. However, because of the asymmetric properties of the FGVM thin film,
the displacement amplitudes are not symmetric.
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Figure 4. Wave structure. (a) ki = 7, Mode 1, (b) kh = r, Mode 2, (c) kh = 2rt, Mode 1, (d) kh = 27,
Mode 2.
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To further investigate the influence of the gradient property on the displacement, we denote the
ellipticity of particles on lower and upper surfaces as xo = |wo/ug| and xj, = |[wy, /uyl, respectively. The
relation between the gradient parameter and the ellipticity of particles at kh = 7w and kh = 27 is plotted
in Figure 5. It is found that the influence of the gradient property on the ellipticity of a particle on the
surface is more obvious than that on the wave velocity.
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Figure 5. Ellipticity of particles on lower and upper surfaces versus the gradient parameter. (a) kh = 7,
Mode 1, (b) kh = t, Mode 2, (c) kh = 2, Mode 1, (d) kh = 271, Mode 2.

5.2. Material Parameters Varying Linearly

For numerical analysis with the theoretical model described above, we assumed that the Lamé
parameters A and p, mass density p, and viscosity coefficient 1 in the functionally graded viscoelastic
film varied as follows:

z z Z
A:M+mhﬁu:w+mm?p:m+mm?n:@ (37)

where Ay, o, and pg are material parameters of the film lower surface at z = 0; 1 is the viscosity
coefficient; & is a constant and is selected as 1075 (except in Section 5.2.3); and py, p2 and p3 are the
gradient parameters of A, i, and p, respectively (0 < py,p2,p3 < 1).

The material parameters used in this paper can be deduced as:

4
b =A+2u— 51(217, C4q = U —1i0 (38)

5.2.1. All Material Parameters Varying Identically

Suppose that all material parameters vary along the thickness direction linearly and identically,
ie.,pi = p(i =1,2,3). The wave velocity plotted as a function of wave number when p =0, 0.3, 0.5,
and 0.7 is shown in Figure 6. By comparing the results for the case in Section 5.1, a similar conclusion
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can be reached. If all the material parameters vary along the thickness direction identically, the wave
velocity curves almost coincide.
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Figure 6. Wave velocity of Lamb waves in homogenous viscoelastic film and in FGVM film (with all
material parameters varying linearly and identically). (a) Real part, (b) imaginary part.

In these cases, the bulk wave velocity, including the shear wave velocity ¢, and the longitudinal
wave velocity cg, where c;, = /(A + 2‘u) / p, are constants. This implies that, if the bulk wave velocities
are constants, the wave velocity of Lamb waves in the FGVM thin film are almost similar to that in a
homogenous film.

Similarly, the wave structures are also plotted in Figure 7. It is found that the gradient parameter
has an obvious influence on the wave structure. It is also shown in Figure 7 that the ellipticity of
particles on the upper and lower surfaces is different owing to the gradient property of the FGVM film.
Considering testability, we suggest that the ellipticity of a particle on the surface can be applied for
measuring the gradient parameter when all material parameters vary identically.
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u/uﬂ,w/u

0

ul uo,w/ u

Figure 7. Wave structure of Lamb waves (with all material parameters varying linearly and identically).
(a) kh = m, Mode 1, (b) kh = i, Mode 2, (c) kh = 271, Mode 1, (d) kh = 21, Mode 2.
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5.2.2. Material Parameters Varying Independently

To investigate the influence of the elastic modulus and density gradient on dispersion and
attenuation characteristics of Lamb waves in gradient viscoelastic film, we chose three types of films
for which the gradient parameters are:

A:pr=pp=p3=0,B: p,pp=0,p3=02,C: p1 =02, pp=02,p3=0

Film A is a homogeneous film, which can be used for referencing the propagation characteristics
in the gradient film. The elastic modulus in film B is a constant, and the density increases along the
thickness of the film and the density of the lower surface is the same as that of the homogeneous film.
Conversely, the density in film C is a constant, and the elastic modulus varies along the thickness
direction linearly.

The real and imaginary parts of the wave velocity in the three types of films are shown in Figure 8.
When the mass density increases, the real part and the absolute value of the imaginary part of the wave
velocity of each mode are less than these in the homogenous film; when the elastic modulus increases,
the real part and the absolute value of the imaginary part of the dimensionless wave velocity of each
mode are larger than these in the homogenous film.
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-0.12
-0.14
-0.16
-0.18

Real part of dimensionless wave velocity
Imaginary part of dimensionless wave velocity

Dimensionless wave number A/ Dimensionless wave number k/
(@ (b)
Figure 8. Dimensionless Lamb wave velocity in functionally graded viscoelastic films of different

gradient parameters: (a) Dispersion curves of Lamb waves in the three films, (b) attenuation curves of
Lamb waves in the three films.

5.2.3. Relative Viscosity Coefficient Varying Independently

In engineering application, the relative viscosity coefficient might vary along one direction because
of the environment. However, in these cases, the mass density and the elastic parameters might not
change. To reveal the influence of the gradient relative viscosity coefficient on the wave property, we
suppose that the relative viscosity coefficient & varies along the thickness direction and that other
parameters including A, p, and p are constants. The material parameters are:

A= Ao, = o, p=po, N=_Ep, E=10"ps(z/h) (39)

The wave velocity is plotted as function of wave number in Figure 9. In Figure 9a, the curves for
the real part of the phase velocity almost coincide. This suggests that the influence of the gradient
relative viscosity coefficient on the dispersion curves is too slight to measure. However, obvious
differences can be observed in Figure 9b, which describes the relation between the imaginary parts
of the wave velocity. The absolute value of the imaginary part of the dimensionless wave velocity
increases with the increase of the gradient relative viscosity coefficient. The physical meaning of the
imaginary parts of the wave velocity will be discussed in the next section.

246



Materials 2019, 12, 268

2
‘5 0.00
g‘ —é ~o_ —o Mode 1
> -0.02 -
s 5 ‘ot o,
4 4 > o -3
I3 g -004F  Mode2
z @ —A)
= % 006
2 <
< .2 008}
= %
k| z
£ E000 e p 025
Mode 3
-_S 5 012F | —e—p=05
[ = Ay =
g S 014t p,=0.75
)
= 5 o016t ™
= g‘) L L L !
~ g 0 2 4 6 8
Dimensionless wave number kh - Dimensionless wave number kh
(a) (b)

Figure 9. Wave velocity of Lamb waves in homogenous viscoelastic film and in FGVM film (with only
the relative viscosity coefficient varying linearly and identically). (a) Real part, (b) imaginary part.

5.3. Influence of Gradient Parameter on Wave Attenuation

Equation (18) is a complex equation. As the wave number is a real number, the wavelength is also
a real number, the obtained wave velocity is complex, and the product (2 of the wave velocity c and
the wave number k is complex, which can be expressed as follows:

cp =Re(c), Q= w+iw = ck (40)

where w and @ are the real and imaginary parts of (2, respectively, w is frequency, and @ is related to
the attenuation of the wave amplitude. From Equation (40), we have:

w = cpk (41)

In viscoelastic materials, the wave propagation process is essentially a quasi-periodic motion, and
the period of the particle displacement is determined by the phase velocity. The period is expressed
as follows: ) )

U T
T _n 42
kRe(c) @ (42)

To analyze the attenuation trend, we define the amplitude ratio of the adjacent period as the

damping coefficient y, given by:

y= exp[—Zn g’zg ] = exp(—?) (43)

In this study, the normalized product of frequency and thickness @ is selected to be the abscissa. If

. @
o=—
Csh
is satisfied, then
. @ p
oh = —h=—kh (44)
Csh Csh

The influence of the gradient properties on the damping coefficient is plotted in Figure 10.
The damping coefficient increases with the increase of the frequency. When material parameters are
constants, or material parameters vary along the thickness direction with the same exponential function,
or both Lamé parameters and mass density vary linearly, the damping coefficient of Mode 1 and Mode
2 is similar, as shown in Figure 10a,b. However, when the Lamé parameters and mass density do not
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vary identically, a difference in the damping coefficient can be observed, as shown in Figure 10b. When
the mass density increases, the damping coefficient increases at high frequency (&h > s0). This implies
that, at high frequency, if the mass density increases along the thickness direction, then the Lamb
waves in the FGVM thin film should attenuate more quickly than those in a homogenous material.
Conversely, if the Lamé parameters increase along the thickness direction, then the attenuation of
Lamb waves in the FGVM thin film should be weakened. If only the relative viscosity coefficient
increases along the thickness direction, then the attenuation of Lamb waves will become more serious,
as shown in Figure 11. As the gradient coefficient increases, the damping coefficient increases and the
attenuation tendency becomes obvious.
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Figure 10. Damping coefficient of Lamb waves with Lamé parameters and density varying along
the thickness direction: (a) Material parameters varying following the same exponential function; (b)
material parameters varying following a linear function.
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Figure 11. Damping coefficient of Lamb waves with the relative viscosity coefficient varying.

6. Conclusions

The power series method can be employed for solving the governing differential equations for
Lamb wave propagation in FGVM thin films. The MMA method is proposed to solve the transcendental
equations in the form of a series with complex coefficients. It is suggested that the meshing number
should be selected as 6-8 in the first loop step and 4 in other loops. The numerical results obtained by
these methods agree well with the exact analytical solution.

When Lamé parameters and mass density vary along the thickness direction identically, the
influence of the gradient properties on the wave velocity is slight but that on the wave structure and
the ellipticity of particles on the surface is obvious. This suggests that the ellipticity of particles on the
surface should be selected to measure the gradient property if the bulk wave velocities are constants
in the FGVM thin film. When Lamé parameters and mass density vary along the thickness direction
independently, the variation of the phase velocity can be used for testing the gradient parameters.
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However, when the relative viscosity coefficient is a variable and both Lamé parameters and mass
density are constants, the gradient property will not affect the phase velocity. The attenuation tendency
becomes obvious with the increase of the gradient relative viscosity coefficient.

The method proposed herein and the results obtained should provide theoretical guidance for
ultrasonic nondestructive testing of heterogeneous viscoelastic materials and enable the safe evaluation
of surface acoustic wave devices.
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