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Bluetooth technology. It Is estimated that whole system should be much more energy efficient. It is
based on the premise that most of the users download much more than they upload, which will result
in lower battery drain.

Figure 40. BroadbandLIGHT testing polygon implementation and management center.

Table 5 summarizes multiple tests with different configurations, including ours. We have
included information about modulation, detector, maximal reachable transmit speed and even maximal
reachable distance.

Next version of our prototype will feature advanced signal processing methods, which we already
investigated multiple times in different areas [116–121].
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6. Conclusions

In this paper, we have presented results of our ongoing research. Our VLC prototype based on
NI LabVIEW SDR and commercially available lights is introduced. First part of our experiment was
carried out on Phillips indoor ceiling light. We have analyzed maximal possible transmit speeds at
different distances from center, located directly below transmitter. The maximal reachable distance
was 325 m, when using 4-QAM and 1 MHz bandwidth. Transmit speed was at least 2 Mbps. With
wider channels and higher modulations (8-QAM to 256-QAM), maximal reachable distance decreased
rapidly.

The second part was based on Octavia tail-light, which was tested under different natural
conditions. A maximal measuring distance was constant 550 cm. A special box was inserted between
transmitter (tail-light) and receiver (photodetector), which simulated different conditions such as:
thermal turbulence, rain and fog. A number of figures with real measured data was presented and
commented accordingly. We have also identified weak spots, which will be adjusted and possibly
researched in future publications. From measured data, fog has the greatest impact on communication,
as it caused. On the other side, thermal turbulence had the lowest impact. The highest reachable
transmit speed was 28 Mbps for combination of 256-QAM and 4MHz, which was reachable only in the
empty box.

Weak spots were identified and thoroughly discussed. A number of possible upgrades were
mentioned, focusing on custom parts, which will significantly improve whole setup.
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Abstract: A highly accurate indoor positioning under the effect of multipath reflections has been
a prominent challenge for recent research. This paper proposes a novel indoor visible light
communication (VLC) positioning model by connecting k-nearest neighbors (kNN) and random
forest (RF) algorithms for reflective environments, namely, kNN-RF. In this fingerprint-based model,
we first adopt kNN as a powerful solution to expand the number of input features for RF. Next, the
importance rate of these features is ranked and the least effective one(s) may be removed to reduce
the computation effort. Next, the training process using the RF algorithm is conducted. Finally, the
estimation process is utilized to discover the final estimated position. Our simulation results show
that this new approach improved the positioning accuracy, making it nearly five times better than
other popular kNN algorithms.

Keywords: indoor positioning system (IPS); visible light communication (VLC); multipath reflections;
k-nearest neighbors (kNN); random forest (RF)

1. Introduction

In the last few decades, the global positioning system (GPS) has been widely employed in
positioning and navigation because of its high reliability and accuracy, and because of its real-time
positioning capability [1]. In indoor environments, however, this power substantially declines and it
may even be impossible to accurately and continuously locate the coordinates of the followed object,
largely due to building structures, building materials, and other obstructions [2].

Recently, with the rapid development of high-intensity, solid-state white LEDs, the idea of using
LEDs for both illumination and data transmission has become a promising trend in contemporary
applications [3], particularly the growing demand for positioning techniques in indoor environments
where people spend approximately 90% of their time during the day [4]. Also, LED lighting
technology is gradually replacing conventional indoor lighting methods due to its safety, economy,
and environmental friendliness [3,5]. Additionally, visible light communication (VLC) has recently
emerged as one of the most promising candidates for fifth-generation (5G) mobile communications [1].
Several other types of wireless signals have been applied in indoor positioning fields, such as WiFi,
RFID, Bluetooth, and Zigbee, and each of them has unique strengths, although their positioning
accuracy remains somewhat limited [2].

In this paper, we propose a novel kNN-RF model based upon the traditional fingerprint technique.
Unlike the existing received signal strengths (RSS)-based algorithms, in this scheme k-nearest neighbors
(kNN) is responsible for enlarging the number of inputs for the next random forest (RF) model, which
needs enough data to avoid overfitting and to obtain more accurate training results. Not all data
generated from kNN are used by the RF model; rather, the data are sent through an evaluation
and collection process which ranks the importance of each feature and eliminates the useless ones.

Electronics 2019, 8, 63; doi:10.3390/electronics8010063 www.mdpi.com/journal/electronics86
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This process reduces the computational time and increases the capacity of the RF training operation.
Another noteworthy point is that our proposed model incorporates the strong effects of multipath
reflection, ambient light, and other noises. Our approach produced a remarkable reduction in the error
range from 94.2 cm by the conventional kNN method to 19.3 cm by the kNN-RF method.

The main contributions of this paper are as follows:

� Most of recent VLC-based research have ignored the impact of reflection (see Section 2). However,
this noise exerts a very bad influence on the positioning accuracy, especially in areas outside the
room’s center. In this paper, the effects of multipath reflection are thoroughly explored at the
highest reflective rate.

� We propose a novel machine learning-based indoor positioning solution. This method first uses
kNN as a powerful tool to expand the number of features for RF in the next step. Then the
position of the mobile object can be located based on the estimation process in the RF algorithm
which collects all the features directly from both the LED lights and the kNN output signals.

The remainder of this paper is organized as follows. Section 2 summarizes and analyzes some
related works. Section 3 introduces the system model with and without multipath reflections, and then
presents our proposed algorithm in detail. Section 4 discusses our simulation results and performance
evaluations, then some proposed real applications are presented in Section 5, and Section 6 offers our
discussion and conclusion.

2. Related Work

To improve accuracy, several VLC-based positioning techniques have been proposed [6], including
the angle of arrival (AOA) [7], time of arrival (TOA), time difference of arrival (TDOA) [8,9], phase
difference of arrival (PDOA) [10,11], and RSS [12,13]. Each of them has distinct limitations: AOA
helps considerably to reduce the positioning errors but requires high computational complexity; TOA
and TDOA need to ensure compliance with strict requirements for synchronization; PDOA requires a
lower computational time than TDOA but needs a local oscillator; and RSS-based positioning accuracy
is considered moderately low because of the effect of ambient light, noises, and the tilt angle of the
photo-detector (PD) [10].

In addition to diverse types of signal-based positioning methods, a few positioning algorithms
have been developed to optimize the quality of indoor positioning systems (IPS). In Reference [12], the
authors proposed an improved kNN model by applying weights to more accurately determine the
Euclidean distances.

Another approach, which compares machine learning and other conventional RSS-based solutions,
was presented in Reference [13]. However, the general focus of these articles ignores multipath
reflections, even though they actually exist and have an enormous impact on the system quality.
To elucidate these impacts, the authors in Reference [14] proved that the influence of multipath
reflections is much weaker and seems to be almost unaffected in the central region of a given room.
In contrast, the reflection in other areas (i.e., the corners and edges) is more powerful than in the case
of no reflection. In the given results, the positioning errors in the corner unexpectedly increased and
reached roughly 2 m.

In Reference [15] the authors used the trilateration method to show that the positioning errors
increased by 76 times, from 2 cm using line-of-sight (LOS) compared to 152 cm with non-line-of sight
(NLOS). In Reference [16], the authors proposed a new approach to reduce the positioning error by
using calibration methods, including selecting the strongest LED signal and decreasing the distance
between the LED bulbs. As a result, there was a considerable improvement in the positioning accuracy,
and the errors in the whole room were at 0.3 m and 0.25 m as a result of LED selection and changing
the LED distance, respectively. However, the corresponding errors outside the central region were still
high, at 0.47 m and 0.36 m. Additionally, a change in the number of LEDs and the distance between
them may lead to changes in the structure of the room and illumination intensity. These analyses
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demonstrate that interference exerts a very negative influence on the positioning accuracy of LOS
and NLOS, especially in corners and near edge areas. To reduce such detrimental effects, the authors
of Reference [17] presented a new way to improve the positioning accuracy in a room corner, based
on tilting the image sensor. They did not consider the multipath reflections and still achieved low
accuracy at some points, and found it difficult to determine the optimal tilt angle.

3. System Model and Proposed Positioning Method

In this section, we first investigate the system model used for the proposed solution. This model
consists of a directed optical channel and a non-directed optical channel. In each part, we focus on
calculating the received optical power, then the total received optical power from both channels are
shown. Next, a typical system configuration and our proposed kNN-RF algorithm are introduced
in detail.

3.1. System Model

3.1.1. Directed Optical Channel

The directed optical channel, or LOS path, is shown in Figure 1. This channel is of vital importance
in almost every indoor VLC positioning system because it receives most of the total optical power.
As illustrated in Figure 2, the maximum received power is 0.92 mW and the minimum is 0.34 mW.
The power distribution in the central region appears quite uniform, and the illumination intensity in
this area is stronger than other areas, especially in the corners.

Figure 1. Directed channel model with one LED.

 

Figure 2. Received power distribution with directed channel.

88



Electronics 2019, 8, 63

To compute the LOS power, we assume that the distance and the angle from the transmitter to the
receiver are d and ϕ, respectively. The irradiance angle ϕ and incidence angle Ψ are of equal value
because we accept that both the LED and the photosensitive area of the receiver are parallel to the floor
(see Figure 1).

To effectively detect the presence of visible light from the LED, the signal collection area on the
optical sensor plays an important role. This area has a great influence over the positioning correctness
and can be calculated as [18]:

Aesc =

{
APDTs(Ψ)g(Ψ) cos(Ψ), 0 ≤ Ψ ≤ Ψc,
0, Ψ > Ψc

(1)

where APD is the active detector area of the PD; Ts(Ψ) is the gain of the optical filter; g(Ψ) is the gain of
the optical concentrator; and Ψc is the receiver field of view (FOV).

The irradiance (W/cm2) is given by Reference [18]:

Is(d,φ) =
PtRo(φ)

d2 (2)

where Pt is the transmitted power; d is the transmission distance from the LED to the PD; and Ro(φ) is
the Lambertian radiant intensity, written as [19]:

Ro(φ) =

[
n + 1

2π

]
cosn(φ) (3)

where n is the Lambertian order and is determined from [19]:

Φ1/2 = cos−1
(

1
2

) 1
n

(4)

Hence,

n =
− ln(2)

ln(cos Φ1/2)
(5)

The optical power gathered from the LED lamps can be expressed as [18]:

PLOS = Is(d,φ)Aesc (6)

Finally, the total directed optical power at the receiver is as follows [5]:

PLOS =

{
Pt

(n+1)APD
2πd2 cosn(φ)Ts(Ψ)g(Ψ) cos(Ψ), 0 ≤ Ψ ≤ Ψc

0, Ψ > Ψc
(7)

3.1.2. Non-Directed Optical Channel

To evaluate the impact of multipath noises on the system performance, we conducted a
comprehensive study of the effects of the first reflection from the four walls around the room. In
practice, the reflection of visible light always exists in an indoor environment, especially in a narrow
space with walls, ceiling, floor, and some pieces of furniture. As can be seen in Figure 3, the active area
of the receiver is facing upwards and is parallel with the floor. Hence, it is impossible to have a sense of
the first signal reflected from the floor. In addition, the direction of the LED bulb is facing downwards,
and we also set the half-power semi-angle of each bulb at 60◦ and the distance from the light source
to the ceiling at 0.7 m. This meant that the amount of light which the ceiling directly received from
the LED bulb was completely restricted. Furthermore, any additional reflections could be neglected
because they would have no significant effect compared to the total noise level power [20]. For these

89



Electronics 2019, 8, 63

reasons, we chose the first reflection from the walls and the LOS signal as the major channel model in
our work. Figure 4 illustrates that the power distribution in the corner and near the wall was higher
than in the central area.

 

Figure 3. Non-directed channel model with one LED.

 

Figure 4. Received power distribution with non-directed channel.

To compute the received power of the first reflection link, we compute the received power at a
reflective point on the wall as follows:

PR_wall = Is(d1,φ)Ae f f _wall (8)

where Is(d1, φ) can be obtained from Equation (2); d1 is the distance between an LED and a reflective
point; and Aeff_wall is the effective signal collection area on the wall and is given as follows:

Ae f f _wall = dAwall cos(α) (9)

where dAwall is the surface element on the wall and α is the angle of irradiance from an LED to the
reflective point.

Based on the cosine law and the inverse square law, the transmitted power from a reflective point
is then given:

PT_wall =
Pr_wallρ

d2
2

cos(β) (10)

where d2, β are the distance and the angle, respectively, from a reflective point and the receiver, and ρ

is the reflectance factor.
Substituting Equations (8) and (9) into (10), we have:

PT_wall = Pt
m + 1

2πd2
1d2

2
ρ cosn(φ)dAwall cos(α) cos(β) (11)
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From here, the PD uses PT_wall as the input signal from the non-direct link, and the final power
PDi f f that the sensors collect can be calculated as:

PDi f f = PT_wall A cos(Ψr) Ts(Ψr)g(Ψr) (12)

where Ψr is the incidence angle of the light from the wall.
Finally, we adopt the non-directed optical power as follows [5]:

PDi f f = Pt
A(n + 1)
2πd2

1d2
2

ρ cosn(φ)dAwall cos(α) cos(β) cos(Ψr)Ts(Ψr)g(Ψr), 0 ≤ Ψr ≤ Ψc (13)

3.1.3. Overall Optical Channel

In this paper, the overall channel is considered as the connection between the LOS path and the
diffuse reflection path. The purpose of this combination was to further investigate the undesirable
effects of reflection on the system performance and to make our simulation results more reliable and
practical. Furthermore, as previously discussed in Sections 3.1.1 and 3.1.2, we simply focused on the
first reflection path from the four walls around the empty room and thus, the total received optical
power from the four LED groups is the sum of the directed and non-directed optical power (see
Figure 5) given by:

Pr = PLos + PDi f f (14)

 

Figure 5. Received power distribution with overall channel.

3.2. Proposed Positioning Method

3.2.1. System Configuration

An overview of a typical room model is shown in Figure 6 [14], where its length, width, and
height are fixed at 5 m, 5 m, and 3 m, respectively. We assume the LED bulbs are installed on an
imaginary plane at a height of 2.3 m from the floor. Four LED bulbs are used in this model, and each of
them has 10 W of transmitted optical power and a half-power semi-angle of exactly 60◦. In our system,
the receiver moving around the 25-m2 floor has a PD active area of 1 cm2 and is parallel with the floor.
Other technical parameters related to the transmitters, receiver, and multipath reflection noise are
summarized in detail in Table 1.
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Figure 6. System configuration.

Table 1. Model technical parameters.

Parameter Value

Room dimension (L × W × H) 5m × 5m × 3m
Reflection coefficient 0.8

Transmitters

LED power per group 10 W
No. of LED groups 4

Wave length 420 nm
Elevation: −90◦

LED position (x, y, z) (m)

A (1.25, 1.25, 2.3)
B (3.75, 1.25, 2.3)
C (3.75, 3.75, 2.3)
D (1.25, 3.75, 2.3)

Half power semi-angle 60◦

Receiver

PD active area 1 cm2

FOV 60◦
Gain of optical filter 1
Receiver sensitivity −30 dBm

Ts(Ψ) 1
g(Ψ) 1.5

3.2.2. kNN-RF Algorithm

In the following section, we present a novel fingerprint location method known as kNN-RF, a
combination of kNN and RF. In particular, the training data are expanded by kNN, and this leads to a
significant improvement in the positioning accuracy after the RF training process.

The proposed RSS-based technique can be divided into two main phases— the offline phase and
the online phase (Figure 7).

The offline phase plays a key role since it takes most of the program execution time. This phase
consists of three separable basic steps. First, based on the area of the floor (see Figure 6), we prepared a
feasible number of reference points (25 × 25) with the distance between these points of 20.833 cm and
the optical receiver on a mobile object then began to collect all the RSS data from the four LED bulbs at
each predetermined point. Second, all the sampling data gathered from the previous step were stored
in memory.
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Figure 7. Block diagram of the proposed system.

Finally, all these data were sent to the kNN-RF model. This process (Figure 8) is described in the
following details:

(i) Feature expanding process using kNN: First using kNN is an important step to increase the
number of variables for the RF model, by finding the closest points to each reference point. kNN
is a very simple machine learning algorithm and is widely used in the current IPSs. The main
objective of this method is to find the Euclidean distances based on all of the reference points
collected in the offline phase. For the number of Euclidean distances, it is entirely possible to rely
on the value of k (k > 1) [12]. Specifically, the Euclidean distances are computed as follows:

DE =

√√√√ 4

∑
i=1

(
RSSon_i − RSSo f f _i

)2
(15)

where i is the number of LED bulbs (i.e., i = 4); RSSon_i are the RSS values collected in the online
phase; and RSSoff_i are the RSS values stored in the offline phase.

 
Figure 8. kNN-RF model.

After determining the Euclidean distances, the coordinates of each closest point are easily
identified. From this location, their RSS values are also inferred. To determine one of the two
inputs of the next RF block, the major operation of this step is to identify the nearest RSS of each
collected fingerprint based on the Euclidean distance (15). The number of RSS outputs from kNN
always depends on how many k closest points are used. In our proposed system, the number of
LED bulbs is fixed at four; hence each k value corresponds to four RSS values. In summary, RSS data
transferred to the next step from the kNN model are illustrated in Table 2, with k = 2 and given as:

RSSkNN = LEDnokFo f f (16)

where RSSkNN is the total number of RSS values after processing using kNN; LEDno is the number of
LEDs (here, LEDno = 4); k is the number of nearest points; and Foff is the number of fingerprints (here,
Foff = 625).

(ii) Feature evaluation and collection process: The RSS signals from both the kNN output and the
sampling data stored in the memory are transferred to the first function block in the RF model,
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namely, feature evaluation and collection. As discussed earlier, the number of features from
kNN varies depending upon the number of k-nearest points, and they obviously exist in direct
proportion. In the RF algorithm we can improve the performance of the training process and
reduce the computation cost using the feature importance ranking [21,22].

Table 2. Received optical power using kNN algorithm with two nearest points (Unit: W).

RSS (online) RSS (k = 1) RSS (k = 2)

No. LED A LED B LED C LED D LED A LED B LED C LED D LEDA LED B LED C LED D

1 7.13 × 10−5 1.16 × 10−5 1.16 × 10−5 4.52 × 10−6 7.13 × 10−5 1.16 × 10−5 1.16 × 10−5 4.52 × 10−6 10.3 × 10−5 1.64 × 10−5 2.34 × 10−5 9.24 × 10−5

2 10.3 × 10−5 1.64 × 10−5 2.34 × 10−5 9.24 × 10−6 10.3 × 10−5 1.64 × 10−5 2.34 × 10−5 9.24 × 10−6 10.3 × 10−5 2.34 × 10−5 1.64 × 10−5 9.24 × 10−6

3 11.4 × 10−5 1.70 × 10−5 2.41 × 10−5 9.02 × 10−6 11.4 × 10−5 1.70 × 10−5 2.41 × 10−5 9.02 × 10−6 12.2 × 10−5 1.73 × 10−5 2.54 × 10−5 8.92 × 10−6

4 12.2 × 10−5 1.73 × 10−5 2.54 × 10−5 8.92 × 10−6 12.2 × 10−5 1.73 × 10−5 2.54 × 10−5 8.92 × 10−6 12.7 × 10−5 1.75 × 10−5 2.78 × 10−5 9.02 × 10−6

5 12.7 × 10−5 1.75 × 10−5 2.78 × 10−5 9.02 × 10−6 12.7 × 10−5 1.75 × 10−5 2.78 × 10−5 9.02 × 10−6 13.0 × 10−5 1.75 × 10−5 3.12 × 10−5 9.30 × 10−6

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

621 9.02 × 10−6 2.78 × 10−5 1.75 × 10−5 12.7 × 10−5 9.02 × 10−6 2.78 × 10−5 1.75 × 10−5 12.7 × 10−5 9.30 × 10−6 3.12 × 10−5 1.75 × 10−5 13.0 × 10−5

622 8.92 × 10−6 2.54 × 10−5 1.73 × 10−5 12.2 × 10−5 8.92 × 10−6 2.54 × 10−5 1.73 × 10−5 12.2 × 10−5 9.02 × 10−6 2.78 × 10−5 1.75 × 10−5 12.7 × 10−5

623 9.02 × 10−6 2.41 × 10−5 1.70 × 10−5 11.4 × 10−5 9.02 × 10−6 2.41 × 10−5 1.70 × 10−5 11.4 × 10−5 8.92 × 10−6 2.54 × 10−5 1.73 × 10−5 12.2 × 10−5

624 9.24 × 10−6 2.34 × 10−5 1.64 × 10−5 10.3 × 10−5 9.24 × 10−6 2.34 × 10−5 1.64 × 10−5 10.3 × 10−5 9.24 × 10−6 1.64 × 10−5 2.34 × 10−5 10.3 × 10−5

625 4.52 × 10−6 1.16 × 10−5 1.16 × 10−5 7.13 × 10−5 4.52 × 10−6 1.16 × 10−5 1.16 × 10−5 7.13 × 10−5 9.24 × 10−6 1.64 × 10−5 2.34 × 10−5 10.3 × 10−5

In Figure 9 the importance level of the variables is illustrated, with k = 2, 3, 4, and 5. In each
case there are always differences among the feature groups (e.g., RSS_online, RSS_k1, RSS_k2, RSS_k3,
RSS_k4, RSS_k5), and even among elements in a group. The least important value can be neglected to
achieve better or at least the same positioning accuracy using much less computing time.
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Figure 9. Feature importance ranking by (a) k = 2, (b) k = 3, (c) k = 4, (d) k = 5.
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(iii) The training process using RF: After evaluating and collecting the notable features, the RF training
process is executed. We set the number of trees and features to 40 and 12, respectively. Similar to the
previous procedure in kNN, the RF also uses the RSS data as the input signals, but the difference
here is the combination of RSS data collected from the reference points and the RSS data that came
from the kNN. This connection increases the number of variables, which helps reduce the chances
of overfitting. However, a tremendous amount of data can lead to a very long run time.

Thus, the analysis results in Figure 9 can be used to choose, as well as remove, the appropriate
features. Then, as shown in Figure 10, by neglecting some features that have an importance rate ≤4%,
the CPU time is achievably enhanced, by 5.99% with k = 2 and by 18.3% with k = 3. With k = 5, half of
all the features are skipped and the improvement increases up to 31%, while the mean errors rise only
slightly by 7.45%. Therefore, the CPU time gradually decreases as more useless features are neglected.
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Figure 10. CPU time comparison before and after collection process.

In the online phase, the current RSS data from all the LED lights are sent directly to the estimation
process block in the kNN-RF model (Figure 8). This block then uses these data and all the trained data
in the offline phase to estimate the position of the object being considered. Estimation plays a major
role in the online phase and has an effect on the final estimated position.

To evaluate the performance of our proposed algorithm, we shuffled the dataset randomly and
divided them into 10 subsets. We then performed cross validations in each of them. By using this
method, each subset is given the opportunity to be a testing set 1 time and be a training set 9 times. The
results shown in Figure 11 demonstrate that our method is able to predict unseen data with a mean
accuracy of 99.33%. More in-depth analyses of the impacts of the number of neighbors in kNN, the
number of trees in RF, the receiver angle, and the performance of our method are thoroughly discussed
in the next section.

Figure 11. Cross validations.
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4. Performance Evaluation

4.1. Effects of the Number of Neighbors in kNN

We examined cases with various numbers of k nearest points, and from Table 3 it is virtually
certain that when k gradually increased from 2 to 8, the accuracy score showed only a minor fluctuation.
However, some error types, such as the mean absolute error (MAE), mean square error (MSE), and
root mean square error (RMSE) were slightly worse, corresponding to the increase in k values. As
mentioned in Section 3.2, finding an ideal k value is considered an excellent way to satisfy the real-time
requirements and enhance the quality of the recommended solution. In our proposed method, the
number of features sent to the RF block increased four times, corresponding to each k value added (see
Section 3.2). Therefore, in this paper, k is set to 2.

Table 3. Positioning accuracy vs. the number of k.

The Number of k 2 3 4 5 6 7 8

Accuracy Score (%) 99.08 99.34 99.06 99.10 99.18 99.27 98.98
MAE (m) 0.132 0.146 0.150 0.151 0.156 0.159 0.163
MSE (m) 0.039 0.040 0.044 0.044 0.047 0.048 0.051

RMSE (m) 0.196 0.200 0.208 0.209 0.216 0.217 0.225

4.2. Effects of the Number of Trees in RF

The number of trees in RF has a significant impact on not only the computational time, but also
the positioning error of the system. To achieve reliable results, we randomly selected 125 testing data
points (20% overall) and executed 100 consecutive repetitions to evaluate the influence of the number
of trees on the system performance.

As depicted in Figure 12, the more trees that are chosen, the smaller the mean of the positioning
errors. When the number of trees is more than 40, the performance continues to slightly improve, but
not significantly. With 40 trees, the mean of the positioning errors was 0.193 m, and with 150 trees it
was 0.189 m, a difference of only about 2.07%. From 70 trees onwards, the system became more stable,
with mean errors in the range of 0.189 m to 0.191 m.

 

0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150

0.185

0.190

0.195

0.200

0.205

0.210

M
ea

n 
of

 P
os

iti
on

in
g 

Er
ro

rs
 (m

)

Number of Trees

Figure 12. The number of trees vs. mean errors.

We also found that there were no considerable differences in the mean errors when the number
of trees reached 40 and more. However, as discussed in Section 3.2, the tree numbers are directly
proportional to the computational effort required (Figure 13). For instance, if 150 trees are selected
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instead of 10, the computational time will increase more than 13 times; thus, our system always suffers
from a heavy computation burden. Therefore, to ensure the real-time performance and acceptable
positioning quality, we recommend limiting the number of potential trees to the range of 40 to 70; even
smaller values can be considered when strict execution time is required.

Figure 13. The numbers of trees vs. CPU time.

4.3. Effects of the Receiver Angle

In practice, the angle of the receiver may change over time and the degree of change depends on
either the robustness of the mobile object equipped with a PD, the flatness of the moving surface, or the
posture of the person using the PD sensor. In this section, we evaluated the effects of the receiver angle
on the positioning accuracy by testing the mean of positioning errors corresponding to three separate
cases: 10◦, 20◦, and 30◦. For simplicity we assumed that the receiver angle is formed by the horizontal
plane of the PD and the horizontal plane of the floor. This can be seen in Figure 14, compared with the
case of a fixed rotation angle (0◦), the positioning errors in the cases of 10◦, 20◦, and 30◦ inclinations
increased 3%, 28%, and 34%, respectively. This means that as we gradually increase the tilt angle
of the optical receiver, the positioning accuracy changes in a deteriorating direction. However, the
positioning error showed a slight increase in the range from a 0◦ to 10◦ inclination of only 3%. This
range of tilt angle is also one of the most ubiquitous situations in reality. We are, therefore, confident
that our proposed solution fully satisfies the actual requirements.
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Figure 14. Positioning accuracy in different receiver angles.

97



Electronics 2019, 8, 63

4.4. Performance Evaluation

In Figure 15, the true positions (tails) and the estimated positions (heads) are used to visually
illustrate the positioning accuracy of trilateration, kNN, Weighted-kNN (WkNN), and kNN-RF
algorithms. It is clear that the combination of kNN and RF produced the most promising performance.

  
(a) (b) 

  
(c) (d) 

Figure 15. Position estimation outcome by (a) Trilateration, (b) kNN, (c) WkNN, and (d) kNN-RF.

In Reference [12], the authors demonstrated that a WkNN model in a non-reflective space was
approximately 36% to 50% more accurate than the trilateration method with and without ambient
light, respectively. In a reflective environment, however, the precision of the positioning system with
the WkNN method became much worse, as the mean error rose from 0.031 m to 0.92 m, a 29-fold
increase. In contrast to the first three algorithms (i.e., trilateration, kNN, and WkNN), the errors in the
kNN-RF method were considerably lower, with an RMSE of 0.193 m (Figure 16).

As shown in Figure 17, the kNN-RF showed positive effects in specific areas of the model. By
analyzing the random data with kNN and kNN-RF, we found that the highest error appeared in the
corner where the impacts of noise and reflection were greatest. However, after being trained by the
kNN-RF algorithm, the error dramatically declined (almost 7-fold) from 1.16 m to 0.166 m. Although
the effect of the reflection in the region near the wall was higher than in the central area, and was lower
than in the corner area, there was a notable (6-fold) mean error improvement. In contrast, due to the
limited impact of the reflection on the central points, that area achieved the best positioning accuracy,
0.069 m, and thus gained only a slight improvement from kNN to kNN-RF.
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Figure 17. Positioning accuracy in different places.

These results demonstrate that our proposed kNN-RF solution produced a significant improvement
in the accuracy of the positioning system, even though the interference intensity became stronger due to
reflection and other noises.

5. Applications

The evolution of indoor positioning system using LED light gives us an ideal opportunity to
develop useful products that serve our daily lives. In particular, we can build in-house localization
applications at a low cost thanks to the availability of LED bulbs. In this paper, we suggest some
applications that we are pursuing.

Assistive devices for people with disabilities: The PD will be put on a smart cane or other assistive
walking devices to localize the position of the blind users and help them reach their destination quickly
and safely. Additionally, a smart wheel chair with a positioning function enables the elderly and
the disabled to travel easily. This can help improve their quality of life and maintain their sense
of independence.
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Indoor mobile robots: In addition to the applications for the disabled, LED-based indoor positioning
solution is also particularly useful in the field of mobile robots. We can use a mobile robot as an
effective means of transport in a factory or warehouse. The robot is used to pick up, move, and place
objects automatically. We can also adopt this kind of robot as a home assistant device which can make
our lives easier and more comfortable.

6. Discussion and Conclusions

To improve the positioning accuracy in multipath reflective environments, an innovative indoor
VLC positioning model is proposed in this paper, namely kNN-RF. Our simulation results show that
this combination of kNN and RF algorithms was five times more precise than other kNN methods. As
for conventional kNN methods, the quality of the positioning system is satisfactory if and only if there
is no existence of reflection. This noise, however, always persists in the indoor environment. In this
paper, we consider not only the highest reflection rate, but also the effect of ambient light, thermal
noise, and shot noise. The obtained outcomes show a considerable improvement in the positioning
accuracy outside of the room center, which faces the highest multipath reflections. For instance, the
positioning errors represent a marked improvement from kNN to kNN-RF in the room corners and
near the wall by 7-fold and 6-fold, respectively.

The potential results of the kNN-RF method present a chance of improving the performance of
the positioning system despite the negative impact of noises.

To further our research, we plan to conduct a real-time, full-scale experiment to demonstrate
the performance of our proposed method. We will also focus on improving the positioning accuracy
by strengthening the optimization of signal pre-processing before taking the kNN-RF algorithm
into account. After performing some improvements to the algorithm, we will try to apply our
proposed algorithm to indoor a mobile robot. For our current study, a VLC-based positioning system
is one of the main parts in the field of a multi-robot system, including collision avoidance and
multi-robot coordination.
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Abstract: Whereas the impact of photodiode noise and reflections is heavily studied in Visible Light
Positioning (VLP), an often underestimated deterioration of VLP accuracy is caused by tilt of the
Light Emitting Diodes (LEDs). Small LED tilts may be hard to avoid and can have a significant
impact on the claimed centimeter-accuracy of VLP systems. This paper presents a Monte-Carlo-based
simulation study of the impact of LED tilt on the accuracy of Received Signal Strength (RSS)-based
VLP for different localization approaches. Results show that trilateration performs worse than
(normalized) Least Squares algorithms, but mainly outside the LED square. Moreover, depending on
inter-LED distance and LED height, median tilt-induced errors are in the range between 1 and 6 cm
for small LED tilts, with errors scaling linearly with the LED tilt severity. Two methods are proposed
to estimate and correct for LED tilts and their performance is compared.

Keywords: VLP; LED tilt; Visible Light Positioning; positioning; localization algorithm

1. Introduction

1.1. Introduction on Visible Light Positioning

The introduction of Light Emitting Diodes (LEDs) for traditional lighting applications has also
led to new research lines in other application domains, as LEDs can be modulated to transmit
information over the visible light propagation channel. Besides large interest in high-speed Visible
Light Communication (VLC), another promising application is Visible Light Positioning (VLP) [1,2],
where e.g., the location of a photo diode (PD) is estimated. When using Received Signal Strength
Indicator (RSSI)-based positioning [3], VLP has an advantage over well-known Radio-Frequency (RF)
solutions, thanks to the absence of small-scale fading effects. Research has shed light on the impact
of noise on positioning performance [4], the impact of reflections [5,6], or the impact of LED power
uncertainty [7]. Also the impact of receiver tilt has been characterized [8–11], and ways to compensate
for this, but it remains unclear to what extent random small tilts of the LED at the ceiling impact
positioning performance.

1.2. Expected Issues Considering LED Tilt

Besides tilt induced via the LED die placement and packaging, another important source of tilt
is the operator suspending the LED. As suspending a LED is typically done while looking up and
standing on a ladder or a hydraulic platform lift, it becomes harder for the operator to maintain a
good feeling of horizontality, compared to when standing on the ground. Intuitively, one would
expect that the impact of LED tilt on the positioning error strongly relates to the lateral deviation in
the receiver plane, defined as the distance between the intersect of the untilted LED normal and the
receiver plane (i.e., right below the LED), and the intersect of the tilted LED normal and the receiver
plane (i.e., where the LED beam is directed to). This lateral deviation is equal to the tangent of the tilt

Electronics 2019, 8, 389; doi:10.3390/electronics8040389 www.mdpi.com/journal/electronics102
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angle (in radians) multiplied by the LED-PD height difference, or, for small tilt angles, the product of
the LED-PD height difference and the tilt angle (in radians) itself. Figure 1a shows the value of this
deviation in the receiver plane due to a tilted LED, as a function of the LED height (i.e., the height
difference between the LED and the PD). For real-life industrial VLP applications, LED heights of 7 m
or more are not uncommon and lead to deviations between 12 cm (for a tilt of 1°) and 61 cm (for a tilt of
5°). This paper will quantitatively and qualitatively investigate the validity of this intuitive assumption.
Furthermore, it needs investigation to what extent induced errors of multiple LEDs, each with a certain
(unknown) tilt, accumulate or compensate each other.
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Figure 1. Lateral displacements in receiver plane in case of LED tilt. (a) Maximal lateral displacement
of LED normal in the receiver plane due to LED tilt, as a function of LED-PD height difference;
(b) Additional displacement ∂L in receiver plane due to LED tilt ∂φ as a function of angle of irradiance
φ (S = square side length, h = LED-PD height difference).

1.3. Paper Content and Structure

This paper will characterize LED-tilt impact within a typical square VLP configuration by means
of a Monte-Carlo simulation, in which it is assumed that each of the four deployed LEDs has a
certain unknown (small) horizontal tilt, and a random azimuthal rotation. This way, the cumulative
distribution function (cdf) of the positioning error will be constructed for different locations within the
test site, and for different localization approaches. Also, the impact of LED tilt will be related with
the LED height and inter-LED distance. Finally, a brief exploration is presented towards estimating
LED tilt by investigating two tilt estimation methods, which can then be used to adjust model-based
RSS-VLP fingerprinting maps, and eventually, reduce positioning errors. The remainder of this paper
is structured as follows. Section 2 will present the visible light channel model that will be used in the
positioning algorithm, the simulation configuration, the positioning algorithms, and the proposed
LED tilt estimation methods. In Section 3, the results will be presented, after which the main findings
of this work will be discussed in Section 4, together with related future research work.

2. Materials and Methods

2.1. Channel Model

In this work, only the Line-of-Sight (LoS) path between the LED transmitters and the PD receivers
are accounted for. We will not consider the impact of reflections as a source of “noise”, in order to be
able to unambiguously assess the effect of LED tilt only. For the same reason, no shot noise or thermal
noise will be considered in this study. It should be noted that even when reflections are accounted
for via a model-based fingerprinting approach [6], LED tilt will have an impact since the reflected
contributions could either increase or decrease, depending on the LED location and tilt, the PD location,
and the location of the reflective surface. This is considered to be future work. Figure 2 and Table 1
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define the model parameters of the visible light channel. The power PR received at the PD is calculated
according to the channel model used in [12]:

PR = PE · hLoS, (1)

with PE the emitted optical power by the LED. hLoS is the channel gain along the direct link and can be
described as follows, when assuming a Lambertian radiator:

hLoS =
m + 1
2πd2 cosm(φ) · AR · cos(ψ) · TR(ψ) · GR(ψ), (2)

with m the order of the Lambertian emitter, and φ the angle of irradiance (i.e., the angle between
the LED normal and the vector �vLED2PD from the LED to the PD, with φ equal to either ϕtilt or ϕ in
Figure 2, depending on the LED being tilted or not). TR(ψ) and GR(ψ) are the optical filter’s gain and
the optical concentrator’s gain at the receiver, respectively, with ψ the angle of incidence (i.e., the angle
between the PD normal �nPD and the vector from the PD to the LED). The LEDs will be assumed to
be within the field-of-view (FOV) of the PD and TR(ψ) and GR(ψ) are assumed equal to 1. d is the
distance between the LED and the PD, and AR the actual PD area, here assumed to be 1 cm2. The PD
will be assumed to be horizontally oriented, so that cos(ψ) reduces to h/d, with h the height difference
between the LED and the PD.

When the LED is not tilted (i.e., horizontally oriented), the angle of irradiance φ = ϕ = ψ

(see Figure 2) with cos(ϕ) also equal to h/d. However, in case of LED tilt, the angle of irradiance φ is
equal to ϕtilt (see Figure 2), with cos(ϕtilt) as follows:

cos(ϕtilt) =
�vLED2PD ·�ntilt

LED

|�vLED2PD| · |�ntilt
LED|

, (3)

with�ntilt
LED the (tilted) LED normal (compared to�nno tilt

LED , being the untilted LED normal). The LED is
assumed to be tilted over an angle θ (determining the severity of the tilt), and rotated over an angle α

(determining where the LED is tilted to), as shown in Figure 2. Since |�ntilt
LED| = 1 and |�vLED2PD| = d,

cos(ϕtilt) is obtained as follows:

cos(ϕtilt) =
(xPD − xLED)sin(θ)cos(α) + (yPD − yLED)sin(θ)sin(α) + h cos(θ)

d
, (4)

with (xPD, yPD, 0) and (xLED, yLED, h) the coordinates of the PD and the LED respectively. Please note
that the assumption of the PD being located in the xy-plane, does not retract from the generality of the
work, as only the LED-PD height difference h matters.

As such, the power Ptilted
R received from a tilted LED on a horizontally oriented PD is calculated

as follows:

Ptilted
R = PE

h(m + 1)AR

2πd4 ((xPD − xLED)sin(θ)cos(α) + (yPD − yLED)sin(θ)sin(α) + hcos(θ))m (5)

Table 1. Summary of the parameters defined in Figure 2.

Parameter Explanation Parameter Explanation

θ horizontal LED tilt h LED-PD height difference
α azimuthal rotation of tilted LED normal d LED-PD distance
φ general notation for angle of irradiance (=ϕ or ϕtilt) �vLED2PD vector from LED to PD
ϕ angle of irradiance for untilted LED �nno tilt

LED untilted LED normal
ϕtilt angle of irradiance for tilted LED �ntilt

LED tilted LED normal
ψ angle of incidence �nPD PD normal
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Figure 2. Overview of visible light channel.

2.2. Simulation Configuration

Simulations will be executed for the room depicted in Figure 3. The dimensions of the room are
7 m × 7 m, with a ceiling at a height difference h above the PD, with h = 2.5 m (office environment)
or h = 6 m (industrial environment). The Lambertian order m of the LEDs is equal to 1, for all four
LEDs. In this scenario, we assume that the receiver height is fixed and known (e.g., a PD attached
to the top of a cart), so the evaluation of the receiver location is reduced to a plane. A receiver grid
of 5 mm will be considered here, meaning that the PD center can be located at NL = 14012 candidate
locations. Furthermore, we assume that the receiver hardware is able to demultiplex the contributions
of the different LED sources [13]. Four LEDs are attached to the ceiling, at the locations indicated in
Figure 3. We here assume the frequency division multiple access (FDMA) scheme proposed in [13] and
further investigated in [14], which combines the transmission of square waves with ‘power spectrum
identification’ based on the Fast Fourier Transform of the incident signal. The authors make use of
the even harmonics of square waves being zero, to separate the different contributions of each LED
transmitter at the receiver side. The modulation frequencies are typically in the range of 1–100 kHz,
which is sufficiently below the LED and LED driver bandwidth (>1 MHz) to not have a detrimental
impact on the positioning system. Although the exact optical power of the LEDs does not impact the
findings, as no receiver noise is added, we here assume an optical power of 10 W, in line with common
assumptions in literature [15,16].

The parameter θ is assumed to be the absolute value of a normally distributed variable θN , and α

to be uniformly distributed: θ = |θN |, with θN ∼ N (0, σ2
tilt) and α = U[0°, 360°]. Two values of σtilt

will be mainly considered in this work: 1° and 2°, meaning that 95% of the LEDs will be mounted with
a tilt below 2° and 4° respectively.

The positioning error due to tilt will be evaluated at 100 locations in a quarter of the receiver plane,
i.e., at the blue locations indicated in Figure 3. Thanks to the symmetry of the setup, the resulting error
distributions can be extrapolated to the three other zones, since the distribution of the positioning
errors will repeat themselves at the corresponding locations of the different parts of the 7 m × 7 m area.
It should be noted though that each single simulation will result in an asymmetric setup, since for each
simulation, the tilt of each LED will be randomly and independently chosen. However, the resulting
cdf at corresponding locations will be the same when a sufficient number of simulations is considered,
due to the fact that the statistical distribution of the LED tilt is assumed to be the same for each of
the LEDs. In this work, a position estimation for each of the 100 positions will be executed for 10,000
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random sets of LED tilts in a Monte-Carlo simulation. Each position estimation will be done according
to the algorithms presented in Section 2.3.
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7
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40 cm

Figure 3. Simulation configuration (A,B,C,D indicate LED locations, blue dots indicate scatter plot
ground truth locations, see Section 3.1, orange dots indicate the evaluation points used in Section 3.2).

2.3. Positioning Algorithms

Three different positioning algorithms will be compared: a traditional trilateration method,
and two model-based fingerprinting methods using a Least-Squares Estimation (LSE) and a normalized
LSE (nLSE) respectively.

2.3.1. Trilateration

Given a measured power Pmeas
Ri from LEDi (i = 1..N) and assuming that cos(φ) = cos(ψ) = h

di
for

horizontally oriented LEDs and PD (see Figure 2), Equation (2) can be rewritten to allow the calculation
of the estimated distance d̂i between LEDi and PD:

d̂i = m+3

√
(m + 1) · PE

2πPmeas
Ri

· hm+1 · AR, (6)

The real squared horizontal distance d2
i between LEDi and the PD is given by:

d2
i = (x − xi)

2 + (y − yi)
2 = x2 − 2xxi + x2

i + y2 − 2yyi + y2
i , (7)

with (x, y) the PD location, and (xi, yi) the coordinates of LEDi. After eliminating the quadratic terms
in x2 and y2 by subtracting d2

N from d2
i , N-1 equations are obtained (i = 1, . . . , N − 1):

d2
i − d2

N = −2x(xi − xN) + x2
i − x2

N − 2y(yi − yN) + y2
i − y2

N (8)

These linear equations in x and y can be written as b = M

[
x
y

]
, where
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b =

⎡⎢⎢⎢⎢⎣
d2

1 − x2
1 − y2

1 − d2
N + x2

N + y2
N

d2
2 − x2

2 − y2
2 − d2

N + x2
N + y2

N
...

d2
N−1 − x2

N−1 − y2
N−1 − d2

N + x2
N + y2

N

⎤⎥⎥⎥⎥⎦ (9)

M =

⎡⎢⎢⎢⎢⎣
x1 − xN y1 − yN
x2 − xN y2 − yN

...
...

xN−1 − xN yN−1 − yN

⎤⎥⎥⎥⎥⎦ (10)

[
x
y

]
can then be estimated as

[
x̂
ŷ

]
using the Moore-Penrose pseudo-inverse of M:

[
x̂
ŷ

]
= (MT M)−1MT b (11)

In case the LEDs are tilted, the assumption of cos(φ) = cos(ψ) = h
di

will no longer hold, and errors
will be introduced.

2.3.2. Least-Squares Estimation

The following two methods are based on the comparison of the set of so-called measured received
powers Pmeas

Ri from each (tilted) LEDi (i = 1, . . . , N) at the unknown PD location (xPD, yPD), with the set
of fingerprinted PD powers PL,model

Ri from LEDi at all (14012) locations L in the grid. For the construction
of the fingerprinting database of the PL,model

Ri values, each LED is assumed to be untilted, as it is its most
probable position. The set of so-called measurements (Pmeas

R1 , Pmeas
R2 , . . . , Pmeas

RN ) represent the observed
values in the realistic setup investigated here. They are obtained from (PE1, PE2, . . . , PEN), where Pmeas

Ri
values are obtained from Equation (5) with θ and α values as samples from their respective statistical
distributions. The larger the tilt of the LEDs (larger σ2

tilt values), the larger the positioning errors will
be. The algorithm estimates the unknown location with coordinates (xPD, yPD) to be at the location L
where the Least-Squares cost function CL

LSE has a minimum [6]:

CL
LSE =

N

∑
i
(Pmeas

Ri − PL,model
Ri )2. (12)

2.3.3. Normalized Least-Squares Estimation

The normalized Least-Squares Estimation algorithm was shown to perform better than the LSE
algorithm when there is uncertainty on the respective LED powers [17]. The unknown location
(xPD, yPD) is estimated at the the location L where the cost function CL

nLSE has a minimum:

CL
nLSE =

N

∑
i
(

Pmeas
Ri − PL,model

Ri

PL,model
Ri

)2. (13)

For the LSE and nLSE methods, each position estimation thus consists of a comparison of the set
of measurements (Pmeas

R1 , Pmeas
R2 , . . . , Pmeas

RN ) against all (PL,model
R1 , PL,model

R2 , . . . , PL,model
RN ) sets that are stored

in the database. In total, NL sets of N values of PL,model
Ri are precalculated and stored in a fingerprinting

database, i.e., the received power at NL locations from each of the N LEDs, according to the LoS
channel model from Section 2.1. For the configuration under test, N = 4 and NL = 14012 = 1,962,801,
meaning that 7,851,204 values are stored.
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2.4. LED Tilt Estimation Methods

Based on the configuration and the algorithms described in the previous sections, the impact
of LED tilt will be assessed. In this section, two methods for estimating the LED tilt are presented,
i.e., the angles θ and α from Figure 2. Once this tilt is known, the fingerprinting map with powers
(PL,model

Ri values of Sections 2.3.2 and 2.3.3) can be adjusted, in order to reduce aforementioned LED
tilt impact.

2.4.1. Exhaustive Search

The first method encompasses an exhaustive search over all possible (x, y) locations in the receiver
plane. As Equation (2) can be rewritten as

PR(x, y) = PE · m + 1
2πd2(x, y)

cosm(φ)(x, y) · AR · cos(ψ)(x, y) · TR(ψ)(x, y) · GR(ψ)(x, y), (14)

the location (xL,yL) in the receiver plane which is pointed to by the LED normal, can be determined
as the (x,y) location for which the angle of irradiance φ is minimal or cosm(φ)(x, y) is maximal. For a
horizontal PD, and when removing all (x,y)-independent factors, (xL,yL) is thus found at the location
(x,y) where

PR(x, y) · d3(x, y)
TR(ψ)(x, y) · GR(ψ)(x, y)

(15)

is maximal. Especially for small LED tilt values, it is fair to assume that the optical filter’s gain and the
optical concentrator’s gain at the receiver are also independent of the receiver location, so that the LED
tilt is determined by the location (xL,yL) where the product of the measured received power PR(x, y)
and the cube of the LED-PD distance becomes maximal, i.e.,

(xL, yL) = max
(x,y)

(PR(x, y) · d3(x, y)).

From the location (xL,yL), the tilt values (α, θ) are easily derived using basic trigonometry as

(arctan yL
xL

, arctan
√

x2
L+y2

L
h ). Although this method in principle delivers the exact LED tilt, it is very

cumbersome, as it requires the execution of a large set of measurements, whereby the exact ground
truth of the measurement location has to be known. The measurement campaign should be executed
with an automated positioning system, e.g., with a stepping motor [18].

2.4.2. Quick Search

Unlike in the case of the first method, the second method, denoted here as ’quick search’, uses a
power measurement at only a limited set of NM locations under the considered LED. Based on these
power measurements Pmeas

i , a minimum-search in the (θ,α) space is executed for finding the most likely
values for these tilt parameters. We propose a cost function using power ratios at the different locations
instead of absolute power values, since the expected powers Pmodel

i are sometimes not known without
doing a calibration phase like e.g., in [19]. This is due to e.g., unknown deviations of the assumed
LED power, PD responsivity,. . . When working with power ratios and thus excluding these unknown
factors to a certain extent, the cost function is expected to be better suited to identify power differences
that are solely due to the LED tilt. As such, the proposed cost function is the following:

Ctilt(α, θ) =
NM

∑
i=1

NM

∑
j=i+1

(
Pmeas

i
Pmeas

j
− Pmodel

i (α, θ)

Pmodel
j (α, θ)

)2

, (16)

with NM the number of measurement locations in the receiver plane, and Pmeas
i the measured power at

location i underneath the considered LED. The power values Pi, i=1..NM, are first sorted in descending
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order. Pmodel
i (α, θ) is the modeled received power at location i, according to Equation (5) for a LED

tilt determined by (α, θ). The cost function iterates over α between 0° and 360°, with a 1° resolution.
The parameter θ is iterated between 0° and θmax = 5, with 0.1° resolution. Ctilt will reach its minimal
value for (α, θ) values equal to the actual LED tilt values, although the outcome will be corrupted by
external factors such as noise, unaccounted PD tilt, deviations from the tabulated Lambertian order.

2.4.3. LED Tilt Estimation Scenario

The performance of the described methods will be evaluated for a 10 W LED at a height of 2.5 m
above the receiver plane. The LED is assumed to have a horizontal tilt of θ = 1.6° and an azimuthal
rotation α of 230°. For the ’quick search’ method, four measurement locations (NM = 4) in the receiver
plane will be considered, with (quite randomly chosen) coordinates (1,0), (−0.5,±

√
3

2 ), and (1,−1).
Finally, a PD area of AR = 1 cm2 is assumed.

3. Results

3.1. Assessment of LED Tilt Impact on Positioning Accuracy for Typical Configurations Using
Different Metrics

Figure 4 shows the cdf of the positioning errors of the 104 simulations at each of the 100 evaluation
locations for (a) a LED-PD height difference of 2.5 m and σtilt = 1° (denoted as normal office placement);
(b) a LED-PD height difference of 2.5 m and σtilt = 2° (denoted as sloppy office placement); (c) a
LED-PD height difference of 6 m and σtilt = 1° (denoted as normal industrial placement); and (d) a
LED-PD height difference of 6 m and σtilt = 2° (denoted as sloppy industrial placement). In each
plot, the three localisation metrics from Section 2.3 are compared. Table 2 lists the median (p50) and
95%-percentile (p95) values of the errors for the different configurations. It is observed that for a normal
office placement (see Figure 4a), median errors are around 2–3 cm and 95-percentile errors between
6 and 10 cm. The LSE metric slightly outperforms the nLSE metric, whereas traditional trilateration
produces errors that are almost 40% higher on average than for LSE. For a sloppy industrial placement
(see Figure 4b), median (p50) and maximal (p95) errors more or less double, compared to the normal
placement, for all metrics.

When increasing the height to 6 m (industrial), errors increase, but not significantly. For a normal
industrial placement (see Figure 4c), although median errors increase between 8 (trilateration) and
24% (LSE) compared to the normal office placement, maximal errors even see a slight decrease for the
LSE and trilateration approaches. The next section will elaborate on this impact of LED height more
thoroughly. Finally, for a sloppy industrial placement (see Figure 4d), the errors again more or less
double compared to the normal industrial placement, suggesting that doubling σtilt for each of the
LEDs also doubles the resulting positioning error.

To give more insight on the spatial distribution of the postion estimates for the different localization
approaches, Figure 5a–c show a scatter plot of the estimated positions for a LED-PD height difference
of 2.5 m, and a σtilt value of 2°, for LSE, nLSE, and trilateration, respectively. For each of the 100
evaluation points, 250 estimations are displayed. These 100 evaluation points correspond to the blue
dots in Figure 3. The square that is formed by the LEDs is partly shown with orange lines. These scatter
plots correspond to the values in Table 2 for a ’sloppy office’ deployment. The dominant LED at (1.5,
1.5) causes a more circular pattern due its LED tilt for the LSE metric than for nLSE, showing that
nLSE indeed reduces the impact of the dominant LED. Trilateration performs worse than the other
two metrics, but especially outside the LED square (i.e., for x or y coordinates <1.5 m). Inside the LED
square, the performance of the algorithms is comparable.
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Table 2. Median and maximal positioning errors for the three localization approaches, for four typical
LED deployments.

Positioning Error (cm) LSE nLSE Trilateration

p50 p95 p50 p95 p50 p95
normal office (h = 2.5, σtilt = 1°) 1.80 6.52 2.06 6.52 2.47 9.07
sloppy office (h = 2.5, σtilt = 2°) 3.64 13.09 4.03 13.15 4.90 18.35

normal industrial (h = 6, σtilt = 1°) 2.24 6.40 2.50 7.02 2.66 8.08
sloppy industrial (h = 6, σtilt = 2°) 4.53 12.65 4.92 13.87 5.25 15.87
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(d)
Figure 4. Cdf of the positioning errors at the evaluation locations (blue dots in Figure 3) for three
positioning metrics. (a) Normal office placement (LED-PD height difference = 2.5 m, σtilt = 1°);
(b) Sloppy office placement (LED-PD height difference = 2.5 m, σtilt = 2°); (c) Normal industrial
placement (LED-PD height difference = 6 m, σtilt = 1°); (d) Sloppy industrial placement (LED-PD
height difference = 6 m, σtilt = 2°).
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(a) LSE (b) normalized LSE

(c) Trilateration

Figure 5. Scatter plot of 250 location estimations for each of 100 locations (indicated by white-edged
dots) in top left part of the 7 m by 7 m square of Figure 3, for a LED height of 2.5 m and a σtilt = 2°.
The LED square is indicated with an orange line.

3.2. LED Tilt Impact for Different Inter-LED Distances, LED Height and Tilt

In this section, we further characterize the errors due to random LED tilt, using the common
trilateration method described in Section 2.3.1. Different configurations with four LEDs in a square
configuration are investigated. We vary the side of the square (i.e., the inter-LED distance) between 2
and 8 m in steps of 1 m, the LED height between 2 and 8 m in steps of 1 m, and σtilt between 1 and 3° in
steps of 1°. For each of these 7 × 7 × 3 =147 combinations, each of the 4 LEDs are randomly tilted and
the localisation accuracy is evaluated on a uniform 11 × 11 grid in between the LED locations, meaning
that the accuracy is evaluated only inside the LED square, for which was observed that all three
localization approaches yielded comparable estimation clouds (see Figure 5). These 121 evaluation
points correspond to the orange dots in Figure 3. Please note that Figure 3 represents a configuration
with square side length S = 4. For each of the 147 combinations, 5000 LED tilt settings are generated,
with the LEDs tilted according to the statistical tilt distributions presented in Section 2.2. As (thermal
or shot) noise is not considered here, the value of the transmit power PE or the PD area AR has no
influence on the positioning accuracy, so conclusions are also valid for other LED optical powers or
PD areas.

Figure 6a shows the p50 error due to LED tilt for 7 different square side lengths (2 to 8 m), as a
function of the LED height, for a σtilt value of 1°. The figure shows that irrespective of the LED height,
the impact of tilt is the lowest for smaller LED squares. e.g., for a LED height of 2 m, the median
induced positioning error increases from 1 cm for a 2 × 2 m LED square to 6.5 cm for an 8 × 8 m LED
square. As the LED height increases, the influence of the square side length reduces, with median errors
between 2.4 cm (2 × 2 m square) and 3.8 cm (8 × 8 m square). Furthermore, it is interesting to note that
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the impact of LED tilt on positioning accuracy in the receiver plane does not necessarily increase with
LED height (i.e., higher LED-PD height differences), while intuitively (and from Figure 1a), one might
expect a monotonic increase of the induced error with LED height. However, for a given LED square
size S, there appears to be an optimal LED height with respect to the impact of LED tilt. e.g., for an
8 × 8 m LED square, this optimal LED height is 6 m, decreasing to 4 m for a 5 × 5 m LED square,
and to smaller than 2 m for a 2 × 2 m LED square.

We explain this using Figure 1b, where a 1D-simplified side view of the considered configuration
is shown, with h the LED-PD height difference and S the LED square side length. With γ between 0
and 1, γS indicates the range of possible lateral displacements L = h · tanφ of the PD in the receiver
plane, with respect to perpendicular irradiance (γ = 0 is below the LED, γ = 1 is below an adjacent
LED of the LED square). φ is the angle of irradiance for an untilted LED. The variable of interest
here is ∂L

∂φ , indicating the additional lateral displacement in the receiver plane, due to a LED tilt

∂φ: ∂L
∂φ = h

cos2φ
= h + γ2S2

h . The result comprises two opposed phenomena. One the one hand,
we observe that larger LED heights h correspond to larger additional displacements in the receiver
plane. This corresponds to the phenomenon described in Section 1.2 and Figure 1, and is is reflected by
the first factor h of ∂L

∂φ , meaning that the tilt impact is smaller for smaller LED heights. On the other
hand, we see that for a given (and fixed) LED square size S, relatively more receiver locations will have
a large angle of irradiance φ when h is smaller (see also Figure 1b), leading to a larger additional lateral

displacement. This is reflected by the second factor γ2S2

h of ∂L
∂φ . The combination of these two opposed

phenomena causes, depending on the size of the LED square S, the minimal tilt impact to be observed
at different height differences h. When the LED-PD height difference is equal to the inter-LED distance
(h = S), forming a cube, the error sees a perfect linear increase with h, as indicated by the red curve
in Figure 6a, again corresponding to the intuitive assumption described in Section 1.2 ( ∂L

∂φ reduces

to h(1 + γ2) for this simplified 1D-case).
Finally, it was again observed that p95 errors scale approximately to values equal to three times

the p50 values. Similarly, the p50 errors scale also linearly with the σtilt value, as is shown in Figure 6b,
depicting the induced median error for a 4 × 4 m LED square, as a function of LED height for three
σtilt values.
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Figure 6. Induced median error due to LED tilt for different LED square sizes, heights, and tilts.
(a) Induced median error for square side lengths between 2 and 8 m, as a function of LED height, for a
σtilt value of 1°; (b) Induced median error for a 4 × 4 m LED square, as a function of LED height for
three σtilt values.

3.3. Evaluation of LED Tilt Estimation Methods

In this section, the performance of the LED tilt estimation methods presented in Section 2.4
are presented. Figure 7a,b show the PR · d3 values in the receiver plane without receiver noise and
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with added noise to the received powers (σnoise = 10−7 W) respectively (’exhaustive search method’).
The figures indicate the LED location (green asterisk in (0,0)), the real (black asterisk) and estimated
(red asterisk) intersect of the LED normal with the receiver plane, and the location receiving the
maximal power PR (blue asterisk). It should be noted that the direction of the tilted LED normal is
indeed not only determined by the maximal received power PR (blue asterisk), as this maximal-power
location is determined by a tradeoff between being located along the LED normal (pulling towards the
black asterisk) and having the shortest distance to the LED (pulling the location back towards right
underneath the LED, green asterisk). This is also why the tilted LED normal intersect is not found at
the location with a maximal PR, but instead at the location with a maximal PR · d3. Figure 7a shows
that under the absence of noise, the LED tilt can be estimated exactly (red asterisk co-located with
black asterisk), indicating the correctness of the proposed method. When noise is added, θ and α are
estimated at 2.1° and 201° respectively (compared to the real values θ = 1.6° and α = 230°). To reduce or
avoid the possible effect of obtaining an erroneous noise-induced maximum of PR · d3, an alternative
approach could be to calculate the centre of the set of the X locations with the highest measured PR · d3

values. The value of X should be determined based on a tradeoff between a sufficient tilt estimation
precision and a sufficient spatial averaging of possible noise.
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Figure 7. Illustration of LED tilt estimation methods. (a) Exhaustive method—no noise (scale showing
PR · d3, in Wm3); (b) Exhaustive method—noise (scale showing PR · d3, in Wm3); (c) Quick search—no
noise (scale showing Ctilt(α, θ) from Equation (16), dimensionless); (d) Quick search—noise (scale
showing Ctilt(α, θ) from Equation (16), dimensionless).

Figure 7c,d show the cost function from Equation (16) without noise and with added noise to the
considered measurement points (σnoise = 10−7 W). Figure 7c indicates the correct operation of the quick
search method (green asterisk co-located with red asterisk). Figure 7d shows a slight deviation of the
estimation due to the added noise (error in θ and α of 0.1° and 4.5° respectively). Comparison of the
LED tilt estimations of the two methods under the presence of noise, shows that the quick search using
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only four measurement points typically performs better than the exhaustive search, despite the fact
that fewer measurements were used. This is explained by the fact that the intersects of the tilted LED
normals are usually very close to the untilted LED normal (a few cm, see Figure 7a,b). Due to the low
gradient of the received power in the area underneath the LED (m = 1), differences in PR (or in PR · d3)
are very small, making them susceptible to noise. The quick search method uses measurement points
that are further from the intersect of the untilted LED normal with the receiver plane. Thanks to the
larger power gradient there, this method appears to be less susceptible to noise. Or differently stated,
LED tilt is better noticed at larger angles of irradiance, the phenomenon also discussed in the previous
section and noticed in Figure 1b.

4. Discussion

In this paper, we investigated to what extent the uncertainty on the LED tilt impacts RSS-based
VLP accuracies. For a 7 m × 7 m room with four LEDs placed in a 4 m × 4 m square, positioning
errors at 100 locations in the receiver plane were compared for three localization approaches, based on
a Monte Carlo simulation consisting of 104 simulations. It was shown the model-based fingerprinting
methods (Least-Squares Estimation and normalized Least-Squares Estimation) performed slightly
better than a traditional trilateration, mainly for locations outside the LED square. We observed that
tilt-induced errors are in the order of centimeters, depending on the LED configuration (LED height
and inter-LED distance), and the severity of the tilt. The errors scale linearly with the severity of the
LED tilt.

We found that for a σtilt value of 1°, median errors for a LED height of 7 m were between 2 and
4 cm (see Figure 6a, depending on inter-LED distance), which indicates a more limited impact than
intuitively assumed from Figure 1a, where a lateral deviation of 12.2 cm was found. This indicates that
the lateral deviation of the LED normal in the receiver plane corresponds to a significant overestimation
of tilt-induced positioning errors, suggesting that induced errors of multiple LEDs compensate each
other. It has also been shown that increasing the LED height does not necessarily increase the
tilt-induced errors: depending on the inter-LED distance, there is an LED height optimum where LED
tilt impact is minimal.

We now compare these errors with errors induced by noise, and errors due to deviations on the
tabulated optical LED power. In [6], the performance of VLP under the presence of reflections was
investigated for h = 1.65 m and S = 2.5 m and a wall reflectance factor of 0.3. Median errors between
6.7 and 8.7 cm were found, depending on the metric used. Based on the curves presented in Figure 6a,
a median error between 1 and 1.5 cm due to tilt can be expected for a configuration with these h and
S values, when σtilt = 1°. In [17], it was investigated to what extent deviations from the tabulated
transmitted optical LED power impacted positioning accuracy. Again, for h = 1.65 m and S = 2.5 m,
median and maximal (95% percentile) errors of 4.21 and 10.75 cm were found for a LED tolerance
(i.e., 3-sigma value) of 10%. For the same configuration, median errors ranging from about 1 mm
to 10 cm were obtained for standard deviations of the observed noise power ranging between 10−8

and 10−6 W [17].
Knowing that the tilt-induced errors investigated here, add up with those introduced by thermal

noise and shot noise, reflections, receiver tilt, and imperfections in the LED radiation pattern, LED tilt
is one of the crucial aspects to consider and compensate for, since the other aspects are often harder to
compensate for: receiver tilt might be variable while moving, noise is a random process, and reflections
and LED radiations patterns are not easy to model well, or require the execution of a large measurement
campaign. Therefore, estimating LED tilt and compensating for it might consistently reduce VLP
errors by a few centimeters. As a first exploration, two methods to estimate the LED tilt have been
presented. Although intuitively it could be assumed that an exhaustive analysis of the (maximal)
powers in the area right underneath the tilted LED would be the best approach to accurately estimate
LED tilts, it seems that a limited set of measurements at different, more distant points would deliver
better estimates. It remains to be (experimentally) investigated how many points would ideally be
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required and which locations would be optimal. This is considered as future work. The presented
method shows to have the potential to estimate LED tilt, which in turn allows adjusting model-based
fingerprinting maps for an improved RSS-based VLP performance. Another interesting future research
track is a full sensitivity analysis, including the impact of noise, LED tilt, PD tilt, and wall reflections.
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Abbreviations

The following abbreviations are used in this manuscript:

MDPI Multidisciplinary Digital Publishing Institute
LED Light Emitting Diode
VLP Visible Light Positioning
RSS Received Signal Strength
PD photodiode
VLC Visible Light Communication
RSSI Received Signal Strength Indicator
RF Radio-frequency
cdf cumulative distribution function
LoS Line-of-Sight
LSE Least-Squares Estimator
nLSE normalized Least-Squares Estimator
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Abstract: In the mobile optoelectronic tracking system (MOTS) based on charge-coupled device
(CCD) and fiber-optic gyroscope (FOG), the tracking performance (TP) and anti-disturbance ability
(ADA) characterized by boresight error are of equal importance. Generally, the position tracking
loop, limited by the image integration time of CCD, would be subject to a non-negligible delay
and low-sampling rate, which could not minimize the boresight error. Although the FOG-based
velocity loop could enhance the ADA of the system, it is still insufficient in the case of some
uncertain disturbances. In this paper, a feedforward control method based on the results of error and
disturbance observation was proposed. The error observer (EOB) based on the CCD data and model
output essentially combined the low-frequency tracking feedforward and closed-loop disturbance
observer (DOB), which could simultaneously enhance the low-frequency TP and ADA. In addition,
in view of the poor low-frequency performance of the FOG due to drift and noise that may result in
the inaccuracy of the observed low-frequency disturbance, the FOG-based DOB was used to improve
the relatively high-frequency ADA. The proposed method could make EOB and DOB complementary
and help to obtain a high-precision MOTS, for in practical engineering, we give more attention to the
low-frequency TP and full-band ADA. Simulations and experiments demonstrated that the proposed
method was valid and had a much better performance than the traditional velocity and position
double-loop control (VPDC).

Keywords: feedforward control; mobile optoelectronic tracking system; error observer; disturbance
observer; tracking performance; anti-disturbance ability; model reference

1. Introduction

The charge-coupled device (CCD)-based mobile optoelectronic tracking system (MOTS),
commonly mounted on vehicles, ships, airplanes and satellites, is mainly used for astronomical
observation, free space communication, searching and target tracking [1–5]. The closed-loop control
of the system is based on the boresight error detected by a CCD. The value of boresight error could
reflect the tracking performance (TP) and anti-disturbance ability (ADA), both of which are equally
important in a moving platform being full of various disturbances. Due to the image integration time
of the CCD, the position tracking loop would be subject to a non-negligible delay and low-sampling
rate [6,7], which are major causes of instability and performance deterioration [8–10]. Scholars
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have adopted many optimization methods to enhance the tracking accuracy and decrease the bad
influence of the delay. A PID-I method, with an integration added to the controller, was proposed
to reduce the steady-state error of the system [11], which, however, would affect the stability of the
system and decrease its dynamic performance. In order to eliminate the effect of delay on system
stability, a Smith predictor was introduced to the tracking loop [12,13]; however, the delay was moved
out from the closed loop but still existed in the system, which would restrict the TP. As reported,
a multi-loop control structure based on MEMS inertial sensors could increase the bandwidth of
the system [14]. Nevertheless, there was little low-frequency improvement of TP. Compared to
the difficulties in enhancing the TP, the ADA of the system is relatively easier to improve, for the
disturbances usually originate from the base which could be measured by inertial sensors with little
delay. Therefore, an inertial sensor, such as a fiber-optic gyroscope (FOG) mounted parallel to the
boresight, is commonly used to establish a high-rate inner loop, which would increase the whole
ADA of the system [15,16]. However, the ADA of the closed-loop control is still insufficient for plant
uncertainties and large-magnitude disturbances. In summary, the feedback control method is limited
in improving either the TP or ADA of the system.

In order to get a satisfactory performance, it is necessary to perform feedforward control, including
the tracking and disturbance feedforward. Theoretically, the errors could be significantly reduced or
even eliminated, and almost all measurable disturbances could be suppressed. Unfortunately, it was
difficult to get the trajectory of the target and extract the disturbance signals. A predictive tracking
method combining the boresight error with angular sensor for synthesizing the target trajectory was
proposed to compensate the errors caused by time delay [17,18]. However, an additional position
sensor was required, which was only suitable for the condition with low measurement noise. Similarly,
in order to detect the disturbances, additional sensors should be equipped on the pedestal [19,20];
the wind disturbance and cogging force cannot be reflected from the pedestal. Hence, the feedforward
control based on direct measurement could not be easily implemented, especially for the space and
cost limited occasions.

In this paper, an unconventional feedforward control method based on the error and disturbance
observation was proposed considering the velocity and position double-loop control (VPDC).
The CCD-based error observer (EOB) combined the differential of the boresight error and model
output with a delay to generate a composite velocity, which simultaneously contained the delayed
signals of the target motion and disturbance. Since the delay had little effect on the very low-frequency
signal, the low-frequency items of the composite velocity could be fed forward to the velocity closed
loop. The EOB was equivalent to a coalition of the low-frequency tracking and disturbance feedforward.
Although the TP improvement was in the low frequency, it was satisfactory because the target motion
signal mainly distributed there. Unlike the TP, the ADA improvement only in low frequency brought
by EOB was not enough because external disturbances nearly distributed in the full frequency band.
Therefore, a FOG-based disturbance observer (DOB) was continuously added to the inner loop to
increase the ADA. Unlike the direct disturbance feedforward method, by which additional sensors
should be equipped on the pedestal to extract disturbance, DOB could acquire the disturbance through
the difference between the data of the existing sensors and the model output [21,22]. Since the FOG’s
low-frequency signal was weak and susceptible to drift and noise, which resulted in the inaccuracy of
the observed low-frequency disturbance, the additional DOB mainly benefited the high-frequency ADA.
Hence, the proposed method could make the CCD-based EOB and FOG-based DOB complementary.
To verify the effectiveness of the method, a platform consisting of groups of the fast steering mirror
system was established, which was the core component of MOTS [14]. Experiments demonstrated that
the proposed system had a good TP in low frequency and a strong ADA in a wide band.

This paper is organized as follows. Section 2 introduces the physical structure of the MOTS,
the basic VPDC method and the common tracking and disturbance feedforward way based on direct
measurement. Section 3 analyzes the proposed feedforward method based on the EOB and DOB,
which could provide theoretical derivations. Section 4.1 discusses the matter of how to design the EOB
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controller Q1 to maximize the performance of the EOB under the condition of guaranteed gain and
phase margin. Section 4.2 focuses on the design of the DOB controller Q2 and analyzes the promotion
of ADA. Section 5 is the experimental part, indicating the detailed improvement of the TP and ADA
by the proposed method. Section 6 lists the concluding remarks.

2. The CCD-Based MOTS with Traditional Control Methods

The basic configuration of the MOTS is shown in Figure 1. The light from the target could pass
through the reflective surface of the rotating mirror, which would then be detected by CCD to calculate
the boresight error. After receiving the boresight error, the controller would drive the voice motors to
make the mirror rotate accordingly, thereby tracking the target and resisting the impact of the external
disturbances. To enhance the ADA, a FOG was mounted on the lens barrel to measure the angle
velocity. In addition, the velocity closed loop would increase the stiffness of the object and make it
easier to control the platform.

Figure 1. Configuration of the MOTS.

2.1. The Basic VPDC Control Method

In Figure 2, the basic control structure of the VPDC was presented. The error transfer functions of
the tracking and disturbance were respectively SR and SD, as shown in Equations (1) and (2).

R
se τ−

pC vC s

D

s

vG
E Y

Figure 2. The VPDC structure. Gv refers to the velocity open-loop transfer function. Cv and Cp

respectively refer to the velocity controller and position controller. e−τs refers to the delay element of
the CCD. E refers to the boresight error without delay. R and D respectively refer to the target signal
and the external disturbance signal. Y refers to the corresponding movement of the boresight.
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where CvGv/(1 + CvGv) ≈ 1 in low frequency, because the high-sampling rate velocity loop commonly
has a high bandwidth over 100 Hz [14]. As we all know, the smaller the error transfer function is,
the higher the accuracy will be. From Equations (1) and (2), it could be concluded that the TP could be
slightly improved by the velocity loop. However, the velocity loop could significantly improve the
ADA and the enhanced part is |1/(1 + CvGv)|. Unfortunately, when tracking a high-velocity target
with strong external disturbance from the pedestal, the TP and ADA would still be insufficient. If the
structure was not modified, we could only increase the gain Cp and Cv or add more integral elements
to enhance the performance. However, these would decrease the margin and could even make the
system unstable. To get a high-precision system under complex conditions, the feedforward branch
should be introduced.

2.2. The Conventional Feedforward Based on Direct Measurement

The feedforward control, as a robust method in industrial control, can effectively decrease the
influence of delay and establish a high real-time and high-precision system. The VPDC-based direct
feedforward structure is shown below (Figure 3).
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Figure 3. The direct feedforward structure based on VPDC.

The error transfer functions are as follows.
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1
s e−τs

≈ 1 − Q1

1 + Cp
1
s e−τs

(3)

S′
D = E

D = 1−Q2·Gv
1+CvGv+CpCvGv

1
s e−τs = 1

1+CvGv
· 1−Q2·Gv

1+Cp
CvGv

1+CvGv
1
s e−τs

≈ 1
1+CvGv

· 1−Q2·Gv
1+Cp

1
s e−τs

(4)

Compared to Equations (1) and (2), if Q1 and Q2 are designed properly, the error could be reduced
to 0, theoretically. However, in fact, the pure feedforward control is a kind of open-loop control highly
relying on the object model. Since the mathematical model could only be built accurately at low and
middle frequencies, the promotion mainly concentrated in these bands. In addition, it was difficult to
get signals of the target movement and disturbance. Firstly, there is no sensor that could directly detect
the motion state of the target. If the sensors’ fusion method is adopted to predict the target trajectory,
an additional sensor should be used to measure the position of the platform. The prediction method
requires lots of computation and is only suitable for low noise environments. Secondly, in order to
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extract the external disturbance from the pedestal, additional sensors are also required. Moreover, it is
difficult to identify the disturbance source and more auxiliary equipments are required. Therefore,
the feedforward based on direct measurement is also inappropriate in engineering.

3. The EOB and DOB-Based Indirect Feedforward Control

3.1. The CCD-Based EOB

The proposed way of combining EOB and DOB could be regarded as an indirect feedforward
control of model reference. The EOB structure is shown in Figure 4. The inner velocity loop has
changed the velocity transfer function and it could be treated as 1 in low frequency. The given
velocity vre f after passing a delay element is actually an output of the inner closed-loop model. Through
combining the differential of the boresight error and the model output, a composite velocity is produced,
which simultaneously contains the information of the target and disturbances. In order to better
understand the essence of the EOB, its equivalent structure, as shown in Figure 5, should be referred to.

R se τ−
pC vC s

D

s

vG

Q

s se α−

E Yrefv v

Figure 4. The EOB structure based on VDPC. e−as refers to an artificially added delay and α = τ.
Q1 refers to the EOB controller.

R se τ−
pC s

D

v v

s
C G

vB

se α−

sse τ−

Q

Q

E Y

sse τ−

refv v

Figure 5. The equivalent structure of EOB. Bv = CvGv/(1 + CvGv) refers to the closed-loop transfer
function. Bv ≈ 1 at a low frequency.

In Figure 5, the EOB is split into a tracking feedforward structure and a closed-loop DOB. In the
tracking feedforward, the input of Q1 refers to the target’s velocity with the delay of CCD. Similarly,
the input of Q1 in DOB refers to an external disturbance with a same delay. These delayed signals are
valuable, which can be fed forward to the system at a low frequency, because the phase lag caused by
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delay would be little at the very low frequency. However, at the high frequency, the phase lag would
be great, which could lead to instability of the system. Hence, to reduce the negative influence of
the delayed input, the low-pass filter Q1 should be adopted, which would only allow the passing of
low-frequency signals. Of course, because of the existing of the delay, the effect of EOB is slightly worse
than the direct feedforward way based on sensors fusion, but this still can be accepted. Therefore,
EOB is an incomplete feedforward way working at the low frequency.

To get the error transfer functions easier, the EOB in Figure 4 can also be regarded as an equivalent
position controller as follows.

C′
p =

sQ1 + Cp

1 − Q1e−αs (5)

With C′
p, the error transfer functions in Figure 4 can be derived below.

�
S R = E

R = 1−Q1·e−αs

1+Q1(
CvGv

1+CvGv e−τs−e−αs)+Cp
CvGv

1+CvGv
1
s e−τs

≈ 1−Q1·e−αs

1+Cp
1
s e−τs

(6)

�
S D = E

D = 1
1+CvGv

· 1
1+

sQ1+Cp
1−Q1e−τs

CvGv
1+CvGv

1
s e−τs

= 1
1+CvGv

· 1−Q1e−αs

1+Q1(
CvGv

1+CvGv e−τs−e−αs)+Cp
CvGv

1+CvGv
1
s e−τs

≈ 1
1+CvGv

· 1−Q1e−αs

1+Cp
1
s e−τs

(7)

Compared to Equations (3) and (4), the values of Equations (6) and (7) could not reach 0 due to
the existence of delay. However, it could be close to 0 at the very low frequency, because e−αs ≈ 1
under this condition. Theoretically, the lower bandwidth of Q1 could benefit the stability of the system,
but the very low frequency would reduce the effect of feedforward. In order to maximize the benefits
of the feedforward while ensuring the stability, the matter of how to choose Q1 with guaranteed gain
margin (GM) and phase margin (PM) will be discussed in Section 4.

3.2. The Additional FOG-Based DOB

EOB can apparently enhance the low-frequency TP and ADA. It is adequate to complete the
tracking because the main frequencies of the target signal are low. However, the frequencies of external
disturbance distribute in a wide band. In addition to the low-frequency sway, the MOTS could also be
greatly affected by relatively high-frequency mechanical vibration and electromagnetic interference.
Therefore, to further improve the ADA and release the potential of the FOG only used in feedback,
the FOG-based DOB was added into the velocity loop. FOG had a high bandwidth over 100 Hz,
while at the low frequency, its signal was susceptible to drift and noise. Hence, the DOB could extract
an accurate disturbance at the relatively high frequency, which can promote the ADA a lot in the
higher band. The structure combining EOB with DOB is presented in Figure 6.
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R
se τ−

pC

Q

s se α−

vC s

s

vG

vG

Q

E Y

D

refv u v

Figure 6. The VPDC structure enhanced by EOB and DOB. G̃v refers to the approximate velocity model
of the platform and G̃v ≈ Gv. Q2 refers to the DOB controller.

The closed-loop velocity is given as follows

v = uGv + sD (8)

u = (vre f − v)Cv − (v − uG̃v)Q2 (9)

After calculation,

v =
CvGv

1 + CvGv + Q2(Gv − G̃v)
vre f +

(1 − Q2G̃v)s
1 + CvGv + Q2(Gv − G̃v)

D (10)

Since E = R − 1
s v and vre f = E · e−τsC′

p, we could get

ŜR = E
R = 1−Q1e−αs

1−Q1e−αs+ CvGv
1+CvGv+Q2(Gv−G̃v)

(Cp+sQ1)e−τs 1
s

≈ 1−Q1e−αs

1−Q1e−αs+(Cp+sQ1)e−τs 1
s

≈ 1−Q1e−αs

1+Cpe−τs 1
s

(11)

ŜD = E
D = (1−Q2G̃v)

1+CvGv+Q2(Gv−G̃v)
· (1−Q1e−αs)

1−Q1e−αs+ CvGv
1+CvGv+Q2(Gv−G̃v)

(Cp+sQ1)e−τs 1
s

≈ (1−Q2G̃v)

1+CvGv+Q2(Gv−G̃v)
· (1−Q1e−αs)

1−Q1e−αs+(Cp+sQ1)e−τs 1
s

≈ (1−Q2G̃v)
1+CvGv

· (1−Q1e−αs)

1+Cpe−τs 1
s

(12)

Equation (11) is approximately equal to Equation (6), which means that the FOG-based DOB
could not enhance the TP, but slightly affect the stability of the system. Comparing Equation (12) with
Equation (7), it could be obviously found that the ADA was continuously improved. Then, at the
low frequency 1 − Q1e−αs was close to 0 and at the relatively high frequency 1 − Q2G̃v was close to
0, which means that the CCD-based EOB and FOG-based DOB could complement each other and a
system with strong ADA in a wide band was acquired. The design of Q1 and Q2 will be discussed in
the following section.
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4. Parameters Design and Performance Analysis

4.1. The Design of Q1 and the Performance Improvement with EOB

Firstly, we should determine the form of the original position controller Cp in Figure 2. According
to the previous analysis, the inner loop as the controlled object was close to 1. It is easy to verify
whether Cp = k = π

4τ can stabilize the platform with PM more than 45◦ and GM more than 6 dB.
The crossover frequency and gain frequency of the outer loop can be defined as ωc and ωg. We can
easily get ωc = π

4τ and ωg = π
2τ . To investigate the stability of the system, the open-loop transfer

function was presented as follows.

Gopen = Cp
1
s

e−τs (13)

After adding the EOB, the open-loop transfer can be changed to Equation (14).

G′
open = C′

p
1
s e−τs

=
sQ1C−1

p +1
1−Q1e−αs · (Cp

1
s e−τs)

(14)

In Equation (14), the low-pass filter Q1 may be set as a simple first-order form as follows.

Q1 =
1

1 + Ts
(15)

To make the equivalent controller C′
p have no effect on the stability margin, two restrictions

should be met: (1) arg[L(jωc)] ≥ 0; (2) −20 log
[
L(jωg)

] ≥ 0, where L(s) should be set as follows.

L(s) =
sQ1C−1

p + 1

1 − Q1e−αs =
ks + (Ts + 1)
(Ts + 1)− e−αs (16)

According to Appendix A, we know that the phase and gain loss of L(s) is inevitable. In order
to meet the stability condition of PM > 45◦ and GM > 6dB, we should reduce the controller gain
appropriately. Although it would cause the close-loop bandwidth to drop slightly, it is acceptable
because the low-frequency ability of suppressing errors is more important than the bandwidth. With the
EOB structure, the previous controller Cp is substituted by 0.8Cp, accompanied with T = 6α and α = τ.

Comparing Equations (6) and (7) with Equations (1) and (2), it can be found that the promotion of
the closed-loop performance depends on the amplitude of 1 − Q1e−αs.∣∣∣1 − Q1e−jτω

∣∣∣2 = 1 +
1 + 2Tω sin (τω)− 2 cos (τω)

1 + (Tω)2 (17)

Obviously, if ω → 0, then
∣∣1− Q1e−jτω

∣∣2 → 0, which means that the improvement is huge at the
very low frequency. Since 1 + 2Tω sin (τω) always increases and 2 cos (τω) decreases when τω changes
from 0 to 0.5π, it is evident that ωo ∈ (0, ωg) exists, which makes 1+ 2Tωo sin (τωo) = 2 cos (τωo).

When ω < ωo,
∣∣1− Q1e−jτω

∣∣2 < 1 the system performance would be enhanced.

The following discussion is on the amplification of
∣∣1 − Q1e−jτω

∣∣2 for errors. Equation (17) can be
rewritten as follows.∣∣∣1 − Q1e−jτω

∣∣∣2 = 1 +
1 + 2Tω sin (τω)− 2 cos (τω)

1 + (Tω)2 ≤ 1 +
1 + 2Tω

1 + (Tω)2 <3 (18)

It means that the amplification of the errors at the medium frequency is limited. Moreover,
actually,

∣∣1 − Q1e−jτω
∣∣2 cannot reach the boundary value in Equation (18) and approaches 0 when ω

is big enough.
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In this paper, the CCD’s delay is 0.02 s (two frames 100 Hz sampling rate). Substitute all the
parameters to 1 − Q1e−αs and the Simulation is shown in Figure 7. The performance improvement
was big at the low frequency and even reached −20 dB at 0.1 Hz. The peak in the middle frequency
from 2 Hz to 20 Hz was consistent with the previous analysis, but it was very small and not at the low
frequency for tracking. On the contrary, for suppressing disturbances, the relatively high-frequency
performance cannot be ignored. Hence, the FOG-based DOB should be added.

Figure 7. The simulation of the performance promotion with EBO.

4.2. The Design of Q2 and the ADA Improvement with DOB

The FOG-based DOB method depends on the model of the platform. The fine tracking model of
the MOTS is as follows, which contains a differential element, a mechanical resonance element with
natural frequency ωn, and an inertial element with electrical time constant Te. Then, with the spectrum
fitting method in system identification, the detailed parameters could be determined. Commonly,
ωn is several Hz and Te << 1.

Gv =
Ks

s2

ω2
n
+ 2ξ

ωn
s + 1

· 1
Tes + 1

(19)

Before adding the DOB structure into the inner loop, we should complete the design of the velocity
closed loop. To get a high-bandwidth inner loop with a sufficient PM and GM, the controller can be set
as follows, which would make the open-loop transfer function as an approximate integration element.
The anti-resonant link can be used to compensate the resonance in Gv, Tes + 1 to promote the phase
lag, and the inertial element can be used to filter the high-frequency noise.

Cv =
kv

(
s2

ω2
n
+ 2ξ

ωn
s + 1

)
s2 · (Tes + 1)

Tvs + 1
(20)

After establishing the velocity closed loop, the position open-loop transfer function could still be
an approximate integration element and the position controller Cp should be set as a proportional link
according to Section 4.1.

After completing the VPDC design, the DOB could be introduced without affecting the stability
of the system. According to Figure 6 and Equation (12), the ideal DOB controller Q2 should be the
inverse of Gv, as shown below,

Q2 = (Gv)
−1 =

(
s2

ω2
n
+ 2ξ

ωn
s + 1

)
(Tes + 1)

Ks
(21)
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In Equation (21), the order of the numerator order is higher than that of the denominator,
which cannot be accomplished in physics. In addition, as the FOG’s signal is commonly accompanied
with drift at the low frequency, the integration in Q2 would exacerbate this situation and result in
the saturation of the driver, which would affect the stability. To solve the problem, the controller Q2

should make a compromise, although this would sacrifice some performances at the very low and
high frequency. The practical controller is shown as follows.

Q2 =

s2

ω2
n
+ 2ξ

ωn
s + 1

K(s + b)(T1s + 1)
(22)

In Q2, the integral is changed to be 1/(s + b), making the integral effect disappear at the low
frequency. What’s more, an inertial element, in which T1 << 1, is used to filter the high-frequency
signals and abandon the compensation for high frequency disturbances because the model of the
platform is commonly not accurate at the very high frequency. From Equation (12), the ADA promotion
from DOB is due to 1 − Q2G̃v, and now attention is attached to its value.

1 − Q2G̃v = 1 −
s2

ω2
n
+ 2ξ

ωn s+1

K(s+b)(T1s+1) · Ks
s2

ω2
n
+ 2ξ

ωn s+1
1

Tes+1

= 1 − s
(s+b)(T1s+1)(Tes+1)

= T1Tes3+(T1+Te+bT1Te)s2+(bT1+bTe)s+b
T1Tes3+(T1+Te+bT1Te)s2+(1+bT1+bTe)s+b

(23)

At the very low frequency, 1 − Q2G̃v ≈ b/b = 1, there is no improvement for ADA. At the
medium frequency, 1 − Q2G̃v ≈ b/(s + b), there is a maximum −20 dB promotion and as ω grows,
the promotion is smaller. At the very high frequency, 1 − Q2G̃v ≈ (T1Tes3/T1Tes3) ≈ 1, the lift
disappears again. From the analysis, 1 − Q2G̃v is a band-pass filter, which does not work at very low
or high frequency. However, this is acceptable because the EOB could enhance the low-frequency
performance and the very high-frequency ADA commonly relies on the system’s mechanical design.
The ADA improvement of DOB was simulated in Figure 8, and the whole effect brought by both EOB
and DOB was also presented. The result was as expected. Like a notch filter, the pure DOB can mainly
function at the medium frequency, while the effect of EOB and DOB can benefit both the low- and
medium-frequency performance.

Figure 8. The simulation of the ADA improvement.
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5. Experimental Verification

The experimental setup was presented in Figure 9, which involved three fast steering mirror
systems used in the disturbance isolation table. One was the controlled object named Tracking Mirror,
one was Target Mirror for simulating target motion, and one was Disturbance Mirror for simulating
external disturbances. The Tracking Mirror was fixed above the Disturbance Mirror. Since the fast
steering mirror was a symmetrical two-axis system, we only need to pay attention to single-axis motion.
The laser could emit light as a visual axis reference. Then, the light could be reflected by the Target
Mirror and entered into the phase sensitive demodulator (PSD), a substitute for CCD. We could control
the motion of Target Mirror and Disturbance Mirror to simulate the target’s motion and the external
interference. The controller could receive the boresight error from PSD and the platform’s velocity
detected by a FOG, to stabilize the boresight. The PSD could run in at the sampling rate of 100 Hz with
an artificially added delay to imitate the CCD. The FOG could run at the rate of 5000 Hz.

Disturbance 
Mirror

Tracking Mirror

Target  Mirror

FOG
Light source

PSD receiver

Boresight

Figure 9. Experimental setup.

Before designing the closed-loop controller, the model of the platform should be acquired with a
spectrum fitting method. In order to identify the parameters in Equation (19), the driver should output
a sinusoidal signal of varying frequency to actuate the Tracking FSM. Then the FOG would be used to
detect the motion state; comparing the output to the input, the open-loop bode response of the velocity
can be drawn with the blue line, as shown in Figure 10. Finally, the parameters were adjusted to make
the red curve of the model coincide with the blue one, and a high-precision transfer function could be
acquired, as shown in Equation (24).

G̃v(s) =
2.3s

0.00072s2 + 0.0202s + 1
· 1

0.0005s + 1
(24)
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Figure 10. The open-loop bode response of the velocity.

The closed-loop bode response of the velocity was exhibited in Figure 11, in which the bandwidth
passed 100 Hz, and the resonance peak of the open-loop velocity model under 7 Hz was eliminated,
benefiting the controller design of the outer position loop. Below 10 Hz, the amplitude was close to
0 dB and the phase loss was less than 6◦, which indicated that the closed-loop transfer function could
be regarded as 1 in this low frequency band. Therefore, it was enough to take a proportional link as
the position controller.

Figure 11. The closed-loop bode response of the velocity.

5.1. The Improvement of the TP with EOB

In Figure 12, the closed-loop bode responses of the position with or without EOB were described.
When the EOB was introduced, the amplitude of the position controller should drop a little to guarantee
enough margins. Although the bandwidth of the system with EOB was decreased by about 2 Hz,
it would make no difference, because the performance below 1 Hz was adopted for tracking.
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Figure 12. The closed-loop bode responses of the position.

The error suppression bode response of the MTOS was presented in Figure 13, which only
provided the target signal. Three methods were listed overall, the basic VPDC method, the direct
feedforward method and the EBO method based on the VPDC. Obviously, the direct feedforward
method based on sensors fusion with the predictive way had the best error suppression performance.
However, the performance of the EBO method was close to the direct feedforward, which signified
that the previous analysis was right and the proposed way was approximately equivalent to the direct
feedforward method. Moreover, compared with the direct feedforward, the EBO method did not
need an additional position sensor to measure the angular of the platform and cost a smaller amount
of computation. Below 2 Hz, the system with EOB would have a better ability of error suppression
than the pure VPDC without EOB; actually, it would be valid for both tracking and anti-disturbance.
With the decrease of the frequency, the promotion of ability would be more apparent and could even
reach −20 dB under 0.1 Hz. In the frequency band between 2 Hz and 18 Hz, the performance of the
pure VPDC was a little better than the system with EBO, as shown in Figure 7, and the performance
could be accepted. In Figure 14, the time-domain residual error was presented with the given target
signal of different frequencies. In the frequency domain below 1 Hz, the EBO can make a big difference.

Figure 13. The error suppression response of the MOTS.
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Figure 14. The residual tracking errors in different frequencies.

5.2. The Improvement of the ADA with the Combination of EOB and DOB

According to Equation (22), the DOB controller Q2 is not the ideal value and a concession should
be made. Parameter b can determine the starting point of disturbance compensation. Considering that
the used FOG in this experiment had a poor performance below about 1 Hz, the actually used Q2 was
set as Equation (25) and all the parameters of controllers were listed in Table 1.

Q2 =
0.00072s2 + 0.0202s + 1

2.3(s + 5)
· 1

0.0065s + 1
(25)

Table 1. The parameters of controllers. When EOB is added, Cp should be changed to C′
p = 0.8Cp for

sufficient PM and GM according to the previous analysis.

Controllers Cp Cv Q1 Q2

Parameters π
4τ = 39.25

kv = 16.8
Te = 0.0005
Tv = 0.0003
ωn = 5.9Hz
ξ = 0.3764

T = 0.12

K = 2.3
b = 5

T1 = 0.0065
ωn = 5.9Hz
ξ = 0.3764

The disturbance suppression bode response is presented in Figure 15, which involved four
situations in all, showing the pure VPDC structure and the various combinations of EOB and DOB
based on VPDC; the VPDC without any feedforward had a relatively poor ADA, especially in the
middle frequency domain of about 5 Hz, which approached 0 dB. The EOB has apparently promoted
the ADA of the low frequency below 1 Hz, sometimes (for example, on a ship) there would be a shake
of carrier with a strong amplitude. The reason why the promotion was restricted at the frequency of
0.1 Hz was that the performance of the system almost reached the limitation under this noise condition.
The DOB mainly worked at the medium frequency, where there was a maximum increase of −20 dB,
because the measured signals and the reference model were relatively more accurate in this band.
With the simultaneous help of EOB and DOB, the ADA had an improvement (at least −10 dB) in
both the low and medium frequencies, which means that the system’s precision would nearly be
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increased by an order of magnitude. The proposed method could not enhance the very high-frequency
ADA, which mainly depended on the mechanical design. Figure 16 shows the time-domain residual
error with a given disturbance signal of different frequencies. Obviously, with the proposed way,
the residual error was reduced below 30 Hz.

Figure 15. The disturbance suppression response of the MOTS.

Figure 16. The residual stabilization errors in different frequencies.

In order to verify the level of accuracy under the actual engineering conditions, we should detect
the residual errors when simultaneously giving the target signal and disturbances to the system.
In Figure 17, the results were presented and there was huge promotion. The target signal was 0.28◦

0.2 Hz and the disturbances consisted of 0.28◦ 0.5 Hz, 0.0028◦ 5 Hz and 0.028◦ 50 Hz. The RMS error of
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the pure VPDC was 8.6504” and the RMS error with additional EOB and DOB was 1.8111”, signifying
that the proposed way of observation was valid.

Figure 17. The residual error with the given signals of the target and disturbances.

6. Conclusions

In this paper, an unconventional feedforward method was introduced based on indirect
measurement. EOB and DOB were combined to enhance the low-frequency TP and improve the ADA
in a wide frequency band. The CCD and model output-based EOB were essentially a combination of
the incomplete tracking and disturbance feedforward, which increases the low-frequency performance.
The FOG-based DOB was a supplement for enhancing the relatively high-frequency ADA. The potential
of the sensors was fully released and the low-bandwidth CCD and high-bandwidth FOG were made
complementary. The multi-loop feedback control and feedforward control were simultaneously adopted
to promote the accuracy and stability of the system. The design of Q1 and Q2 was analyzed, which is
easy to be implemented in engineering. Experimental results demonstrated that a high-performance
MOTS with a satisfied TP and strong ADA was acquired.

Since the performance of the system enhanced by the proposed method has approached to the
limitation in this noise condition, we will consider regarding noise as an input and adopt some
time-domain filters to decrease the impact of noise on the system.
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Appendix A

To investigate L(s), substitute e−αs = cos (αw)− j sin (αω) into Equation (16),

L(jω) =
j(kω + Tω) + 1

1 − cos (αω) + j[Tω + sin (αω)]
(A1)
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Because of the effect of the trigonometric functions, the phase function and magnitude function of
L(jω) will oscillate in each cycle. Assume φ(ω) is the phase of L(jω), and we could get

φ(ω) = ac tan (kω + Tω)− ac tan
Tω + sin (αω)

1 − cos (αω)
(A2)

If α = 0, we have φ(ω) = ac tan (kω + Tω)− 0.5π < 0. Hence, T should be big enough to make
the loss of phase small at ωc. Nevertheless, if T is too big, it will lead to the decreasing of the promotion
for the system performance. Concentrating on the derivative function of φ(ω) as follows,

φ′(ω) =
k + T

1 + (k + T)2ω2
− (T − α)[1 − cos (αω)]− Tαω sin (αω)

[1 − cos (αω)]2 + [Tω + sin (αω)]2
(A3)

Obviously, if T < α, then φ′(ω) > 0 when Tω ∈ (0, π
4 ). However, since α (the CCD’s delay)

cannot be too small, commonly, T has to be much bigger than α or it will result in instability. Actually,
when T > α and Tω ∈ (0, π

4 ), we can still get φ′(ω) > 0.

Proof.

Tω ∈ (0, π
4 ).

Define ψ(ω) = (T − α)[1 − cos (αω)]− Tαω sin (αω).
If ψ(ω) < 0, obviously, φ′(ω) > 0.
Since ψ(0) = 0 and ψ′(ω) = −α2[sin (αω) + Tω cos (αω)] < 0, we get ψ(ω) < 0. Then, φ′(ω) > 0.

From the above discussion, φ(ω) is always increasing when ω is from 0 to π
4τ . Note that{

φ(0) = −0.5π

φ(ωc) = ac tan (1 + Tωc)− ac tan Tωc+
√

2/2
1−√

2/2
< 0

(A4)

It means that no matter what T is, the phase loss is inevitable. If we consider the amplitude of
L(jω), the same result will be obtained. The gain function of L(jω) is as follows.

− 20 log|L(jω)| = −10 log

[
(kω + Tω)2 + 1

[1 − cos (αω)]2 + [Tω + sin (αω)]2

]
(A5)

It is obvious that −20 log|L(j∞)| = −20 log ( k
T + 1), T >> k is hoped for reducing the sacrificing

of GM. But,

− 20 log
∣∣L(jωg)

∣∣ = −10 log

[
1 +

4Tωg + 1
4 + T2ω2

g

]
< 0 (A6)

From Equation (A6), it can be concluded that the GM will also suffer losses. �
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