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Figure 4. Expected proportions τ−1Es(t0; τ) (top) and τ−1Cs(t0; τ) (bottom) versus the intervention
age t0 for τ = 1 year and increments in the number of L3 infective larvae in the small intestine
(shaded area, right vertical axis). Scenario US, and grazing strategies UM, TS and TM with the
anthelmintic fenbendazole.

As intuition tells us, grazing strategy TM results in the most effective procedure for every
time instant t0, regardless of the anthelmintic treatment. In Figures 2 and 3, it is also seen that
grazing strategy UM is preferred to grazing strategy TS when intervention is prescribed at ages
t0 < 293 (21 October), 285 (13 October) and 286 (14 October) as the respective anthelmintics ivermectin,
fenbendazole and albendazole are used in the case TS; on the contrary, the latter is preferred to the
former at intervention instants t0 > 293, 285 and 286. This behaviour is also noted in Figure 4, where we
make the effectiveness and cost of intervention amount to τ−1Es(t0; τ) and τ−1Cs(t0; τ), respectively;
in such a case, grazing strategy UM is preferred to grazing strategy TS for intervention instants
t0 < 278 (6 October) as the host is treated with fenbendazole, and the latter is preferred to the former
in the case of intervention instants t0 > 281 (9 October). For grazing strategy TS, it is seen in Figure 2
(respectively, Figure 3) that the effectiveness function e f f TS(t0; τ) (respectively, the cost function
costTS(t0; τ)) appears to behave as an increasing (respectively, decreasing) function of the intervention
instant t0 as t0 < 346 (13 December) and 338 (5 December) if the anthelmintic ivermectin and the
anthelmintics fenbendazole and albendazole are administered to the host (respectively, t0 < 309
(6 November), 308 (5 November) and 339 (6 December) if anthelmintics ivermectin, fenbendazole and
albendazole are used); moreover, its variation over time seems to be more apparent, in agreement
with three periods of maximum pasture contamination, with 42.0 L3 kg−1 DM (by mid-February), 68.0
L3 kg−1 DM (by 2 June) and 80.0 L3 kg−1 DM (between October and November) as maximum values
of infective larvae on herbage. Figure 2 (respectively, Figure 3) allows us to remark that, in comparison
with the case TS, these periods of maximum pasture contamination influence in an opposite manner
the effectiveness (respectively, cost of intervention) in grazing strategies UM and TM.
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3.2. Intervention Instants t0

In Table 1, we list the value of the effectiveness e f f s(t0; τ) and the cost costs(t0; τ) of intervention
for certain intervention instants t0 derived by applying Criteria 1 and 2 in grazing strategies UM,
TS and TM, for probabilities p1 ∈ {0.50, 0.60, 0.70} and p2 ∈ {0.15, 0.20, 0.25} and a variety of values
of the index p; in scenario US, effectiveness and cost are replaced by the probabilities ∑3

m=0 πUS
m (τ)

and ∑11
m=8 πUS

m (τ) + πUS
−1 (τ), respectively. A detailed discussion on the instants t0 in Table 1 and some

related consequences can be found in Appendix A.2. It can be noticed that the selection t0 = 273
(1 October), which is related to the index p = 0.1 in the case TM with the anthelmintic fenbendazole,
results in the minimum cost of intervention (0.09589, instead of 0.49951 in scenario US) and the
maximum effectiveness (0.79086, instead of 0.06072 in scenario US), and it can be thus taken as optimal
for our purposes. Moreover, the anthelmintic fenbendazole is found the most effective drug since the
highest values of e f f s(t0; τ) and the smallest values of costs(t0; τ) are observed in Table 1 for every
grazing strategy s ∈ {TS, TM} and fixed intervention instant t0.

Table 1. Effectiveness and cost of intervention. Scenario US and grazing strategies UM, TS and TM
with the anthelmintics ivermectin, fenbendazole and albendazole.

Strategy (s) Anthelmintic t0 Criteria e f f s(t0; τ) costs(t0; τ) τ−1Es(t0; τ) τ−1Cs(t0; τ)

US — — — 0.06072 0.49951 0.68645 0.14746
UM 170 1 & 2 0.54431 0.11049 0.79996 0.09726

274 2 0.45540 0.12524 0.76629 0.09983
281 2 0.38981 0.14216 0.74973 0.10267
286 2 0.32115 0.16811 0.73306 0.10715
290 2 0.26634 0.19763 0.72023 0.11233
298 2 0.20886 0.24130 0.70769 0.11984

TS ivermectin 358 2 0.41766 0.16608 0.69160 0.14217
fenbendazole 308 1 0.50340 0.12350 0.75871 0.10433

336 1 0.60161 0.13144 0.71941 0.12421
338 2 0.60604 0.13209 0.71613 0.12578

albendazole 313 1 0.50240 0.12842 0.74908 0.10793
338 2 0.57385 0.13407 0.71312 0.12626

TM ivermectin 170 1 & 2 0.73224 0.09721 0.86987 0.09525
274 1 & 2 0.71025 0.09797 0.82480 0.09580
281 1 & 2 0.69119 0.09877 0.81634 0.09602
286 1 & 2 0.66653 0.10011 0.80686 0.09644
290 1 & 2 0.64110 0.10197 0.79743 0.09713
298 1 & 2 0.61142 0.10528 0.78209 0.09911
308 1 & 2 0.56977 0.11374 0.76202 0.10372

fenbendazole 273 1 & 2 0.79086 0.09589 0.83891 0.09557
274 1 & 2 0.79080 0.09589 0.83820 0.09558
281 1 & 2 0.78559 0.09601 0.83107 0.09573
286 1 & 2 0.77604 0.09636 0.82304 0.09605
290 1 & 2 0.76467 0.09707 0.81476 0.09662
298 1 & 2 0.75182 0.09895 0.79922 0.09852
308 1 & 2 0.72721 0.10573 0.77734 0.10310

albendazole 272 1 & 2 0.78128 0.09605 0.83749 0.09558
274 1 & 2 0.78102 0.09606 0.83605 0.09560
281 1 & 2 0.77361 0.09623 0.82838 0.09576
286 1 & 2 0.76132 0.09666 0.81971 0.09610
290 1 & 2 0.74737 0.09747 0.81089 0.09671
298 1 & 2 0.73134 0.09945 0.79492 0.09867
308 1 & 2 0.70211 0.10641 0.77271 0.10336

Values for τ−1Es(t0; τ) and τ−1Cs(t0; τ) in Table 1 correspond to the expected proportions of time
that the host infection level M(t) remains in the subsets of levels {0, 1, 2, 3} and {8, 9, 10, 11} ∪ {−1},
respectively. It is remarkable to note that the maximum effectiveness τ−1Es(t0; τ) = 0.86987 (instead
of 0.68645 in scenario US) and the minimum cost of intervention τ−1Cs(t0; τ) = 0.09525 (instead of
0.14746 in scenario US) are both related to the selection t0 = 170 (19 June) in grazing strategy TM with
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the anthelmintic ivermectin. It should be noted that t0 = 170 results in the longest post-intervention
interval [t0, τ] in our examples; similarly to the case of control strategies based on isolation and
anthelmintic treatment of the host (see Section 3.3 in [20]), the maintenance of stable safe-pasture
conditions for a long period of time may often be difficult and highly expensive, so that the choice
t0 = 170 might be unsustainable for practical use.

An interesting question concerns the comparative analysis between the mass functions {πs
m(t0; τ) :

m ∈ {−1} ∪ S} of the parasite burden at age τ = 1 year in grazing strategies UM, TS and TM and the
corresponding mass function {πUS

m (τ) : m ∈ {−1} ∪ S} in the case of no intervention. In Figure 5,
we first focus on this question as intervention is prescribed at age t0 = 170 in grazing strategies
UM, TS and TM, with the anthelmintic drug ivermectin in the cases TS and TM. The movement of
the host to safe pasture (strategies UM and TM) at day t0 = 170 yields a significant decrease in the
probability that the host does not survive at age τ = 1 year (0.09528 and 0.09516 in the cases UM and
TM, respectively, instead of 0.15708 in scenario US), as well as an important decrease in the expected
degree of infestation in the case of survival; more particularly, the degree of infestation is expected
to be light as either anthelmintic drugs are used (ETM,t0 [M(τ)|M(τ) 
= −1] = 2.25085) or the host is
transferred to a paddock with safe pasture (EUM,t0 [M(τ)|M(τ) 
= −1] = 3.20312), instead of moderate
and nearly high in the case US (EUS[M(τ)|M(τ) 
= −1] = 6.88878). Set-stocking conditions are not as
effective as the movement of the host to safe pasture since the expected degree of infestation amounts
to a moderate degree in the case of survival (ETS,t0 [M(τ)|M(τ) 
= −1] = 6.13509); moreover, for
grazing strategy TS, the decrease in the probability of no-survival is apparent, but it is not as notable as
for strategies UM and TM. In Figure 6, we plot the mass function of the parasite burden M(τ) at age
τ = 1 year in scenario US versus its counterpart in grazing strategy TM, when animals are treated with
ivermectin, fenbendazole and albendazole at ages t0 = 170, 273 and 272, respectively. By Tables A2
and A3 in Appendix A, ages t0 = 170, 273 and 272 are all feasible intervention instants, which leads
us to mass functions that are essentially comparable in magnitude. On the contrary, the shape and
magnitudes of the mass function in grazing strategy TM are dramatically different from the shape
and magnitudes in scenario US, where no intervention is prescribed, irrespective of the anthelmintic
product.

Figure 5. The mass function of the parasite burden M(τ) at age τ = 1 year. Scenario US and grazing
strategies UM, TS and TM (from left to right) with the anthelmintic ivermectin as the intervention
prescribed at age t0 = 170.
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Figure 6. The mass function of the parasite burden M(τ) at age τ = 1 year. Scenario US and grazing
strategy TM with the anthelmintics ivermectin, fenbendazole and albendazole (from left to right) as the
intervention prescribed at ages t0 = 170, 273 and 272, respectively.

4. Conclusions

It is of fundamental importance in the development of GI nematode infection in sheep to
understand the role of grazing management in reducing anthelmintic use and improving helminth
control. With empirical data of [22,24], we present a valuable modelling framework for better
understanding the host-parasite interaction under fluctuations in time, which arguably represents the
most realistic setting for assessing the impact of seasonal changes in the parasite burden of a growing
lamb. Grazing strategies UM, TS and TM in Section 2.1 are defined in terms of an eventual movement
to safe pasture and/or chemotherapeutic treatment of the host at a certain age t0 ∈ (0, τ). For a suitable
choice of t0, we suggest to use two control criteria that adequately balance the effectiveness and cost of
intervention at age t0 by using simple stochastic principles. Specifically, each intervention instant t0

in Table 1 yields an individual-based grazing strategy for a lamb that is born, parasite-free, at time
t = 0 (1 January, in our examples). The individual-based grazing strategies UM, TS and TM can be
also thought of as group-based grazing strategies in the case of a flock consisting of young lambs,
essentially homogeneous in age. In such a case, intervention at age t0 is prescribed (in accordance with
a predetermined grazing strategy) by applying our methodology to a typical lamb that is assumed to
be born, parasite-free, at a certain average day t′. Then, results may be routinely derived by handling
the set of empirical data in Figure 2 in [22] starting from day t′, instead of Day 0, since intervention at
time instant t′ + t0 amounts to age t0 of the typical lamb in the paddock. From an applied perspective,
the descriptive model in Section 2 becomes a prescriptive model as the set of empirical data in Figure 2
in [22] is appropriately replaced by a set of data derived by taking the average of annual empirical
data from historical records.

For practical use, the profits of applying Criteria 1 and 2 in grazing strategies UM, TS and TM
should be appropriately compared with experimental results. To that end, we first comment on general
guidelines (see Part II of [25]) for control of GI nematode infection. From an experimental perspective,
the dose-and-move strategy (termed TM) is usually recommended in mid-July, this recommendation
being applicable in temperate zones where the maximum numbers of L3 infective larvae do not occur
before midsummer, which is our case (Figures 2–4, shaded area). As stated in [25], midsummer
movement to safe pasture without deworming (strategy UM) is thought of as a low cost control
measure; it can even be effective at moderate levels of pasture infectivity, and it has the advantage
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of creating no anthelmintic resistance by drug selection. We may translate these specifications into
an intervention at day t0 = 195 (15 July) in strategies TM and UM. Guidelines for the application
of an anthelmintic drug without movement (strategy TS) are not so clearly available, and various
alternatives (based mainly on the several-dose approach) are applied in a variety of circumstances that
strongly depend on the geographical region, climate and farming system. For comparative purposes
in strategy TS, we compare our results (derived by applying Criteria 1 and 2) with an intervention at
day t0 = 287 (15 October), when the maximum number of infective larvae L3 on herbage is observed
(Figures 2–4, shaded area).

We present in Table 2 a sample of our results when the anthelmintic fenbendazole is used in
grazing strategies TS and TM. Table 2 lists values of the reduction in the mean infection level (RMIL)
at age τ = 1 year, under the taboo that the host survives at age τ = 1 year, and the reduction in the
total lost probability (RTLP) when, instead of scenario US, intervention is prescribed at day t0 < τ by a
certain grazing strategy s with s ∈ {UM, TS, TM}. The indexes RMIL and RTLP for grazing strategy s,
with s ∈ {UM, TS, TM}, are defined by:

RMILs,t0 = 100×
(

1− Es,t0 [M(τ)|M(τ) 
= −1]
EUS[M(τ)|M(τ) 
= −1]

)
%,

RTLPs,t0 = 100×
(

1− Ps,t0(M(τ) = −1)
PUS(M(τ) = −1)

)
%,

where Es,t0 [M(τ)|M(τ) 
= −1] denotes the conditional expected infection level of the host at age
τ = 1 year, given that it survives at age τ = 1 year, and Ps,t0(M(τ) = −1) is the probability that
the host does not survive at age τ = 1 year, when intervention is prescribed at day t0 according to
grazing strategy s. The values EUS[M(τ)|M(τ) 
= −1] and PUS(M(τ) = −1) are related to scenario
US, and they reflect no intervention.

Table 2. Indexes reduction in the mean infection level (RMIL) and reduction in the total lost probability
(RTLP) for strategies UM, TS and TM with the anthelmintic fenbendazole.

Strategy (s) Criteria t0 RMILs,t0 RTLPs,t0

UM 1 & 2 170 53.50% 39.34%
2 274 46.98% 39.17%
2 281 41.85% 38.88%
2 286 36.00% 38.21%
2 290 30.78% 37.12%
2 298 24.54% 34.86%

Midsummer 195 50.28% 39.28%
TS 1 308 51.01% 33.27%

1 336 59.19% 19.77%
2 338 59.56% 19.10%

Maximum pasture contamination 287 37.78% 38.17%
TM 1 & 2 273 72.36% 39.41%

1 & 2 274 72.36% 39.41%
1 & 2 281 71.88% 39.39%
1 & 2 286 71.03% 39.26%
1 & 2 290 70.07% 38.92%
1 & 2 298 69.09% 37.82%
1 & 2 308 67.47% 33.63%

Midsummer 195 70.47% 39.42%

In grazing strategies UM and TM, the experimental selection t0 = 195 (midsummer) is found
to be near an optimal solution, and Table 2 permits us to analyse the effects of the stochastic control
criteria in a more detailed manner. Based on the decreasing monotonic behaviour of RMIL and RTLP
with respect to the intervention instant t0, it is noticed that the later we apply grazing strategies UM
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and TM, the worse the results we obtain. This is closely related to the important role played in the
cases UM and TM by the use of safe pasture, which is reflected in the 75% contamination reduction
with respect to the original paddock. Therefore, the movement of the host to safe pasture appears to be
dominant in the use of anthelmintics, so that the sooner the host is moved, the safer it is for the host.
The maintenance of stable safe-pasture conditions for a long period of time may be difficult and/or
highly expensive, whence additional considerations should be taken into account when selecting
the time instant t0 for moving the host. In grazing strategy UM, the intervention instant t0 = 170
should be considered as optimal for our purposes, and it yields a reduction of 53.50% in the mean
infection level at the end of the year, as well as a reduction of 39.34% in the probability of no-survival.
However, an intervention at day t0 = 274 (i.e., moving the host to safe pasture more than one hundred
days later) would result in significantly lower operational costs, but predicted reductions are still
around high levels (RMILUM,274 = 46.98%, RTLPUM,274 = 39.17%). It is clear that a balance between
operational costs and the magnitudes of the indexes RMIL and RTLP should be made. It is seen
that the experimental selection t0 = 195 seems to implicitly incorporate this balance, delaying the
movement of the host almost a month with respect to t0 = 170, at the expense of losing 3.22% and
0.06% of efficiency in the indexes RMIL and RTLP, respectively. Although the selection of t0 may
depend on external factors, the movement of the host to safe pasture before day t0 = 287 (maximum
pasture contamination) is highly recommendable, and intervention instants t0 = 290 and 298 should
be discarded in the light of these results.

Similar comments can be made for grazing strategy TM. In this case, the experimental selection
t0 = 195 allows us to achieve a good index RMIL in comparison with those time instants t0 obtained
by applying Criteria 1 and 2, while obtaining the highest index RTLP. The intervention at day t0 = 195
is more than two months advanced with respect to the day t0 = 273, which is derived by applying
Criteria 1 and 2. The experimental selection t0 = 195 results in higher operational costs due to an early
movement, and it amounts to a minor improvement of 0.01% in the index RTLP; it is also seen that the
option t0 = 273 yields the value RMILTM,273 = 72.36%, which is higher than the corresponding value
for the experimental choice. Thus, when comparing grazing strategy TM with strategy UM, the use
of an anthelmintic drug seems to permit delaying the movement of the host to safe pasture, while
maintaining good indexes RMIL and RTLP; note that it is still possible to have values of RMIL and
RTPL above 70% and 39%, respectively, if the intervention is delayed at day t0 = 286.

Under set-stocking conditions, the use of an anthelmintic drug at day t0 = 287 (15 October) may
be seen as optimal in terms of the index RTLP, but at the expense of an unacceptable value 37.78% of
RMIL. Note that an application of Criteria 1 and 2 leads us to intervention instants t0 = 308, 336 and
338, with values RMILTS,t0 varying between 50% and 60%. In particular, the time instant t0 = 308
permits us to achieve a significant improvement of the index RMIL (51.01% instead of 37.78%) and
maintain the index RTLP above 33%, which is comparable with the value 38.17% resulting from an
intervention when maximum values of L3 on herbage are observed.

One of the simplifying assumptions in Section 3 (see also Appendix A) is related to the effect
that the infestation degree of the lambs might have on the pasture infection level itself. We deal
with a non-infectious assumption, and specifically, the empirical data in Figure 2 in [22] allow us
to partially incorporate this effect into the age-dependent patterns in terms of the infection level of
a standard paddock during the year. The analytical solution in Section 2.1 can be however used to
examine the infectious nature of the parasite in a more explicit manner. Although it is an additional
topic for further study, we stress that the infectious nature of the parasite appears to be a relevant
feature in grazing strategy UM, where the force-of-infection in a field seeded with untreated lambs
would likely increase back up to a similar level to the original paddock. In an attempt to address this
question, various variants of the age-dependent rate λ′(t) can be conjectured, such as the function
λ′(t) = (0.25 + 0.75h−1(t− t0))λ(t) at post-intervention instants, with h > 0. Then, under proper data
availability, the selection λ′(t) reflects the use of a paddock with safe pasture at initial post-intervention
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instants (λ′(t0) = 0.25λ(t0)) and how the pasture infection level reaches the pre-intervention level,
represented by λ′(t0 + h) = λ(t0 + h), after a period consisting of h days.
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Appendix A. GI Nematode Infection in Growing Lambs

In its complete life cycle, the parasitic phase of Nematodirus spp. commences when worms in
the larval stage L3 encounter the host, which is a largely passive process with the grazing animal
inadvertently ingesting larvae with herbage as it feeds. As a result, infection occurs by ingestion of
the free-living L3, with an establishment proportion (i.e., the proportion of ingested free-living L3 that
become established in the small intestine of the host) ranging between 45% and 60%; see, e.g., [26–28].
Various external factors (moisture levels, temperature and the availability of oxygen) are key drivers
that affect how quickly eggs hatch and larvae develop and how long larvae and eggs survive on pasture.
Therefore, the occurrence of nematode infections in sheep is inherently linked to seasonal conditions,
and it is therefore connected to a diversity of physiographic and climatic conditions; see [22,29,30],
among others. The adverse effects of GI nematode parasites on productivity are diverse, and reductions
of live weight gain in growing stock have been recorded as being as high as 60–100%. Anthelmintics,
such as ivermectin, fenbendazole and albendazole, are drugs that are effective in removing existing
burdens or that prevent establishment of ingested L3.

Faecal examination for the presence of worm eggs or larvae is the most common routine aid to
diagnosis employed. In the faecal egg count (FEC) reduction test, animals are allocated to groups of
ten based on pre-treatment FEC, with one group of ten for each anthelmintic treatment tested and a
further untreated control group. For instance, this requires the use of forty animals in [24], where the
efficacy of three anthelmintics (ivermectin, fenbendazole and albendazole) against GI nematodes is
investigated. A full FEC reduction test is understandably expensive and takes a significant length
of time before farmers are presented with the results; in addition, accurate larval differentiation also
demands a high degree of skill. As an alternative test, a points system (see [21]) may serve as a crude
guide to interpreting worm counts, which is based on the fact that one point is equivalent to the
presence of 4000 worms, a total of two points in a young sheep is likely to be causing measurable
losses of productivity and clinical signs and deaths are unlikely unless the total exceeds three points.

Based on the above comments, Table 1 in [20] presents an equivalence in the identification of
the degree of infestation, level of infection, eggs per gram (EPG) value, number of L3 infective larvae
in the small intestine and the points system, which can be used to study the parasite load of a lamb
in a unified manner. We refer the reader to [1,2,21] for further details on nematode taxonomy and
morphology and the treatment and control of parasite gastroenteritis in sheep.

Appendix A.1. Empirical Data and Age-Dependent Rates

In this section, we first use the results in Section 3.2 of [20] to specify the functions λ(t) and ηm(t)
for time instants t ∈ [0, τ] in scenario US and for time instants t ∈ [0, t0] in grazing strategies UM,
TS and TM. Concrete specifications for age-dependent patterns at time instants t ∈ (t0, τ] are then
derived by suitably modifying these functions under the distributional assumptions in the cases UM,
TS and TM. Results yielding scenario US are related to the study conducted by Uriate et al. [22], which
is designed to describe monthly fluctuations of nematode burden in sheep (Rasa Aragonesa female
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lambs) raised under irrigated conditions in Ebro Valley, Spain, by using worm-free tracer lambs and
monitoring the faecal excretion of eggs by ewes. Specifically, we use the set of empirical data in Figure 2
of [22] recording the number of L3 infective larvae on herbage samples at weekly intervals from a fixed
paddock of the farm. In grazing strategies TS and TM, the empirical data in [22] are appropriately
combined with those data in [24] on the clinical efficacy assessment of ivermectin, fenbendazole and
albendazole in lambs parasited with nematode infective larvae.

In Figure 2 of [22], results are expressed as infective larvae per kilogram of dry matter (L3 kg−1

DM) after drying the herbage overnight at 60◦ C, and the numbers of L3 infective larvae on herbage
samples correspond to Chabertia ovina and Haemonchus spp. (9.6%), Nematodirus spp. (4.0%), Ostertagia
spp. (71.4%) and Trichostrongylus spp. (15.0%). In our work, the increments in the number of L3

infective larvae in the small intestine (Figure 1, shaded area) are estimated by fixing the value 55% as
the establishment proportion and incorporating concrete specifications for the lamb growth pre- and
post-weaning. To be concrete, it is assumed that, for a host that is born on 1 January (Day 0), the lamb
birth weight equals 5 kg, the pre-weaning period consists of four weeks and the lamb growth rate
from birth to weaning is given by 0.3 kg per day. The lamb growth rate on pasture post-weaning is
assumed to be equal to 0.15 kg per day, and the daily DM intake is given by the 6% of body weight
(BW); see [31] for details on lamb growth rates on pasture.

These specifications determine the age-dependent rate λm(t) = λ(t) for ages t ∈ [0, τ] in scenario
US and grazing strategy TS, and for ages t ∈ [0, t0] in grazing strategies UM and TM, with τ = 1 year.
More concretely, the function λ(t) is defined to be the piecewise linear function formed by connecting
the points (n, λ(n)) in order by segments, where the value λ(n) at the n-th day is determined in [20]
as a function of the number of L3 infective larvae of Nematodirus spp. on pasture, from Figure 2
of [22], the DM intake at the n-th day, the establishment proportion and the interval length l = 103

used in Table 1 of [20] to define infection levels m ∈ S in terms of numbers of infective larvae in the
small intestine. To reflect the use of safe pasture in grazing strategies UM and TM, it is assumed that
λ′(t) = 0.25λ(t) for ages t ∈ (t0, τ] where λ(t) denotes the previously specified function, which is
related to the original paddock.

Similarly to Section 3.2 in [20], the death rates of parasites in grazing strategies TS and TM
are given by η′m(t) = mη(t) for levels m ∈ S , where η(t) reflects the chemotherapeutic efficacy of
a concrete anthelmintic over time. We use the empirical data of [24], where the efficacy of three
anthelmintic products against GI nematodes is investigated. In the FEC reduction test of [24], animals
were allocated to four groups termed A, B, C and D. Animals of Group A served as the control, whereas
animals of Groups B, C and D were orally administered ivermectin (0.2 mg·kg−1·BW), fenbendazole
(5.0 mg·kg−1·BW) and albendazole (7.5 mg·kg−1·BW), respectively. Animals were sampled for FEC at
Day 0 immediately before administering the drug and thereafter on Days 3, 7, 14, 21 and 28. Then,
the function η(t) associated with each anthelmintic is defined as the polyline connecting the points
(tn, η(tn)), where the instants tn are given by t0, t1 = t0 + 3, t2 = t0 + 7, t3 = t0 + 14, t4 = t0 + 21 and
t5 = t0 + 28. The length of the therapeutic period is assumed to be equal to 28 days, so that η(t) = 0
for instants t > t5. Values η(tn) are determined in Table 1 of [20] from the EPG value and the infection
level at time tn, as well as the length l′ = 50 used to define levels of infection in terms of EPG values.

Appendix A.2. Intervention Instants t0

Values of t0 are listed in Table A1 for grazing strategy UM and denoted by t1
0 and t2

0 as they are
derived by applying Criteria 1 and 2, respectively. In Tables A2 and A3, values of t0 are listed for
grazing strategies TS and TM and the anthelmintics ivermectin (Group B), fenbendazole (Group C)
and albendazole (Group D), which are denoted by tB

0 , tC
0 and tD

0 , respectively. The selection m′ = 4
in Tables A1–A3 amounts to a degree of infestation that is moderate (Figure A1), and consequently,
a measurable presence of worms is observed.
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Table A1. Intervention instants t0 versus the index p and the lower bound p1 for effectiveness
(Criterion 1) and the upper bound p2 for the cost of intervention (Criterion 2) for m′ = 4. Grazing
strategy UM.

p I≥4 p1 J1
≥4 t1

0 p2 J2
≥4 t2

0

0.1 [170, 365) 0.70 —– —– 0.25 [170, 299] 170
0.60 —– —– 0.20 [170, 290] 170
0.50 [170, 194] 170 0.15 [170, 282] 170

0.2 [274, 365) 0.70 —– —– 0.25 [274, 299] 274
0.60 —– —– 0.20 [274, 290] 274
0.50 —– —– 0.15 [274, 282] 274

0.3 [281, 365) 0.70 —– —– 0.25 [281, 299] 281
0.60 —– —– 0.20 [281, 290] 281
0.50 —– —– 0.15 [281, 282] 281

0.4 [286, 365) 0.70 —– —– 0.25 [286, 299] 286
0.60 —– —– 0.20 [286, 290] 286
0.50 —– —– 0.15 —– —–

0.5 [290, 365) 0.70 —– —– 0.25 [290, 299] 290
0.60 —– —– 0.20 [290, 290] 290
0.50 —– —– 0.15 —– —–

0.6 [298, 365) 0.70 —– —– 0.25 [298, 299] 298
0.60 —– —– 0.20 —– —–
0.50 —– —– 0.15 —– —–

0.7 [308, 365) 0.70 —– —– 0.25 —– —–
0.60 —– —– 0.20 —– —–
0.50 —– —– 0.15 —– —–

Figure A1. The age-dependent probability P≥m′ (t) as a function of the age t ∈ (0, τ) with τ = 1 year,
for m′ = 1 (broken line), 4 (dotted line) and 8 (solid line), and increments in the number of L3 infective
larvae on the small intestine (shaded area, right vertical axis).
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Table A2. Intervention instants t0 versus the index p and the lower bound p1 for effectiveness
(Criterion 1) for m′ = 4. Grazing strategies TS and TM with the anthelmintics ivermectin (B), fenbendazole
(C) and albendazole (D).

p I≥4 p1 J1,B
≥4 tB

0 J1,C
≥4 tC

0 J1,D
≥4 tD

0

0.1 [170, 365) 0.70 TS —– —– —– —– —– —–
TM [170, 278] 170 [170, 319] 273 [170, 308] 272

0.60 TS —– —– [336, 339] 336 —– —–
TM [170 ,301] 170 [170, 344] 273 [170, 342] 272

0.50 TS —– —– [308, 344] 308 [313, 343] 313
TM [170, 343] 170 [170, 348] 273 [170, 346] 272

0.2 [274, 365) 0.70 TS —– —– —– —– —– —–
TM [274, 278] 274 [274, 319] 274 [274, 308] 274

0.60 TS —– —– [336, 339] 336 —– —–
TM [274, 301] 274 [274, 344] 274 [274, 342] 274

0.50 TS —– —– [308, 344] 308 [313, 343] 313
TM [274, 343] 274 [274, 348] 274 [274, 346] 274

0.3 [281, 365) 0.70 TS —– —– —– —– —– —–
TM —– —– [281, 319] 281 [281, 308] 281

0.60 TS —– —– [336, 339] 336 —– —–
TM [281, 301] 281 [281, 344] 281 [281, 342] 281

0.50 TS —– —– [308, 344] 308 [313, 343] 313
TM [281, 343] 281 [281, 348] 281 [281, 346] 281

0.4 [286, 365) 0.70 TS —– —– —– —– —– —–
TM —– —– [286, 319] 286 [286, 308] 286

0.60 TS —– —– [336, 339] 336 —– —–
TM [286, 301] 286 [286, 344] 286 [286, 342] 286

0.50 TS —– —– [308, 344] 308 [313, 343] 313
TM [286, 343] 286 [286, 348] 286 [286, 346] 286

0.5 [290, 365) 0.70 TS —– —– —– —– —– —–
TM —– —– [290, 319] 290 [290, 308] 290

0.60 TS —– —– [336, 339] 336 —– —–
TM [290, 301] 290 [290, 344] 290 [290, 342] 290

0.50 TS —– —– [308, 344] 308 [313, 343] 313
TM [290, 343] 290 [290, 348] 290 [290, 346] 290

0.6 [298, 365) 0.70 TS —– —– —– —– —– —–
TM —– —– [298, 319] 298 [298, 308] 298

0.60 TS —– —– [336, 339] 336 —– —–
TM [298, 301] 298 [298, 344] 298 [298, 342] 298

0.50 TS —– —– [308, 344] 308 [313, 343] 313
TM [298, 343] 298 [298, 348] 298 [298, 346] 298

0.7 [308, 365) 0.70 TS —– —– —– —– —– —–
TM —– —– [308, 319] 308 [308, 308] 308

0.60 TS —– —– [336, 339] 336 —– —–
TM —– —– [308, 344] 308 [308, 342] 308

0.50 TS —– —– [308, 344] 308 [313, 343] 313
TM [308, 343] 308 [308, 348] 308 [308, 346] 308
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Table A3. Intervention instants t0 versus the index p and the upper bound p2 for the cost of intervention
(Criterion 2) for m′ = 4. Grazing strategies TS and TM with the anthelmintics ivermectin (B), fenbendazole
(C) and albendazole (D).

p I≥4 p2 J2,B
≥4 tB

0 J2,C
≥4 tC

0 J2,D
≥4 tD

0

0.1 [170, 365) 0.25 TS [286, 363] 358 [268, 363] 338 [270, 363] 338
TM [170, 363] 170 [170, 363] 273 [170, 363] 272

0.20 TS [299, 362] 358 [279, 362] 338 [281, 361] 338
TM [170, 362] 170 [170, 362] 273 [170, 362] 272

0.15 TS —– —– [290, 346] 338 [292, 344] 338
TM [170, 350] 170 [170, 350] 273 [170, 348] 272

0.2 [274, 365) 0.25 TS [286, 363] 358 [274, 363] 338 [274, 363] 338
TM [274, 363] 274 [274, 363] 274 [274, 363] 274

0.20 TS [299, 362] 358 [279, 362] 338 [281, 361] 338
TM [274, 362] 274 [274, 362] 274 [274, 362] 274

0.15 TS —– —– [290, 346] 338 [292, 344] 338
TM [274, 350] 274 [274, 350] 274 [274, 348] 274

0.3 [281, 365) 0.25 TS [286, 363] 358 [281, 363] 338 [281, 363] 338
TM [281, 363] 281 [281, 363] 281 [281, 363] 281

0.20 TS [299, 362] 358 [281, 362] 338 [281, 361] 338
TM [281, 362] 281 [281, 362] 281 [281, 362] 281

0.15 TS —– —– [290, 346] 338 [292, 344] 338
TM [281, 350] 281 [281, 350] 281 [281, 348] 281

0.4 [286, 365) 0.25 TS [286, 363] 358 [286, 363] 338 [286, 363] 338
TM [286, 363] 286 [286, 363] 286 [286, 363] 286

0.20 TS [299, 362] 358 [286, 362] 338 [286, 361] 338
TM [286, 362] 286 [286, 362] 286 [286, 362] 286

0.15 TS —– —– [290, 346] 338 [292, 344] 338
TM [286, 350] 286 [286, 350] 286 [286, 348] 286

0.5 [290, 365) 0.25 TS [290, 363] 358 [290, 363] 338 [290, 363] 338
TM [290, 363] 290 [290, 363] 290 [290, 363] 290

0.20 TS [299, 362] 358 [290, 362] 338 [290, 361] 338
TM [290, 362] 290 [290, 362] 290 [290, 362] 290

0.15 TS —– —– [290, 346] 338 [292, 344] 338
TM [290, 350] 290 [290, 350] 290 [290, 348] 290

0.6 [298, 365) 0.25 TS [298, 363] 358 [298, 363] 338 [298, 363] 338
TM [298, 363] 298 [298, 363] 298 [298, 363] 298

0.20 TS [299, 362] 358 [298, 362] 338 [298, 361] 338
TM [298, 362] 298 [298, 362] 298 [298, 362] 298

0.15 TS —– —– [298, 346] 338 [298, 344] 338
TM [298, 350] 298 [298, 350] 298 [298, 348] 298

0.7 [308, 365) 0.25 TS [308, 363] 358 [308, 363] 338 [308, 363] 338
TM [308, 363] 308 [308, 363] 308 [308, 363] 308

0.20 TS [308, 362] 358 [308, 362] 338 [308, 361] 338
TM [308, 362] 308 [308, 362] 308 [308, 362] 308

0.15 TS —– —– [308, 346] 338 [308, 344] 338
TM [308, 350] 308 [308, 350] 308 [308, 348] 308

An examination of the resulting instants t0 in Tables A1–A3 reveals the following
important consequences:

(i) In applying Criterion 1 (respectively, Criterion 2) to grazing strategy TM, values of the lower
bound p1 ∈ {0.5, 0.6, 0.7} for effectiveness (respectively, the upper bound p2 ∈ {0.15, 0.2, 0.25}
for the cost of intervention) result in identical intervention instants t0, irrespective of the
anthelmintic drug, with the exception of the case p = 0.1. More concretely, we observe that,
in the case p = 0.1, identical intervention instants t0 are derived for each fixed anthelmintic
drug, but a replacement of the predetermined drug by another anthelmintic results in different
intervention instants.
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(ii) For every anthelmintic drug and fixed index p, Criteria 1 and 2 applied to grazing strategy
TM yield identical intervention instants t0, with the exception of those pairs (p, p1) for the
anthelmintic ivermectin leading us to empty subsets J1,B

≥4 . In order to maintain high values of
the minimum level of effectiveness (Criterion 1), we have therefore to handle smaller values
of the index p (0.1 and 0.2 in Table A2) for grazing strategy TM, which means that low-risk
intervention instants should become potential intervention instants.

(iii) For every anthelmintic, the intervention instant t0 derived in grazing strategy TM behaves as an
increasing function of the index p, regardless of the control criterion.

(iv) For every anthelmintic and fixed value p1, the intervention instant t0 in grazing strategy TS
appears to be constant as a function of the index p. This is in agreement with the fact that the
maximum levels of effectiveness (Figure 2) and the minimum costs of intervention (Figure 3) are
observed at the end of the year (November–December), in such a way that this period of time
always consists of potential intervention instants (Figure A1) for the index p ranging between
0.1 and 0.7.

(v) In contrast to grazing strategies TS and TM, the values p1 ∈ {0.5, 0.6, 0.7} for grazing strategy
UM lead us to empty subsets J1

≥4 of potential intervention instants, with the exception of the
pair (p, p1) = (0.1, 0.5). This observation is closely related to the monotonic behaviour of the
effectiveness (Figure 2) and cost (Figure 3) functions, which links the first months of the year to
the highest effectiveness and the minimum cost of intervention.

(vi) The upper limit of the set I≥4 in Tables A1–A3 is always at Day 365, which can be readily
explained from the monotone behaviour (Figure A1) of the age-dependent probability P≥m′(t)
in the case m′ = 4. It is clear that other thresholds m′ will not necessarily yield Day 365;
for example, I≥m′ = (280, 360) in the case m′ = 1 with p = 0.85.

(vii) For strategies UM (Table A1) and TM (Tables A2 and A3), the lower limits of the resulting sets
J1
≥4 and J2

≥4 always coincide with the lower limit of the set I≥4 of potential intervention instants
t0, but this is not the case for strategy TS. This means that an early movement of the host to safe
pasture should lead to feasible intervention instants.

The values of the effectiveness e f f s(t0; τ) and the cost costs(t0; τ) of intervention for instants t0 in
Tables A1–A3 are listed in Table 1 and analysed in more detail in Section 3.2.
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1. Introduction

The problem of small deviation asymptotics for Gaussian processes was intensively studied in
last years. Such a development was stimulated by numerous links between the small deviation theory
and such mathematical problems as the accuracy of discrete approximation for random processes,
the calculation of the metric entropy for functional sets, and the law of the iterated logarithm in the
Chung form. It is also known that the small deviation theory is related to the functional data analysis
and nonparametric Bayesian estimation.

The history of the question is described in the surveys [1,2], see also [3] for recent results. The most
explored is the case of L2-norm. For an arbitrary square-integrable random process X on [0, 1] put

||X||2 =

⎛⎝ 1∫
0

X2(t)dt

⎞⎠
1
2

.

We are interested in the exact asymptotics as ε → 0 of the probability P{||X||2 ≤ ε}.
Usually one studies the logarithmic asymptotics while the exact asymptotics was found only for

several special processes. Most of them are so-called Green Gaussian processes. This means that the
covariance function GX is the Green function for the ordinary differential operator (ODO)

Lu ≡ (−1)�
(

p�(t)u(�)
)(�)

+
(

p�−1(t)u(�−1)
)(�−1)

+ · · ·+ p0(t)u, (1)

(p�(t) > 0) subject to proper homogeneous boundary conditions. This class of processes contains, e.g.,
the integrated Brownian motion, the Slepian process and the Ornstein–Uhlenbeck process, see [4–10].
Notice that some strong and interesting results were obtained recently for non-Green processes by
Kleptsyna et al., see [11] and references therein.

Mathematics 2018, 6, 55; doi:10.3390/math6040055 www.mdpi.com/journal/mathematics203



Mathematics 2018, 6, 55

In the present paper, we are interested in small deviations of so-called mixed Gaussian processes
which are the sum (or the linear combination) of two independent Gaussian processes, usually with
zero mean values. Mixed random processes arise quite naturally in the mathematical theory of finances
and engineering applications and are known long ago.

Cheredito [12] considered the linear combination of the standard Wiener process W and the
fractional Brownian motion (fBm) WH with the Hurst index H, namely the process

YH
(β)(t) = W(t) + βWH(t),

where β 
= 0 is a real constant. It is assumed that the processes W and WH are independent.
The covariance function of this process is min(s, t) + β2GWH (s, t), where the covariance function
of the fBm is given by the well-known formula

GWH (s, t) =
1
2
(s2H + t2H − |s− t|2H),

and H ∈ (0, 1) is the so-called Hurst index. For H = 1/2 the fBm process turns into the usual
Wiener process.

This paper strongly stimulated the probabilistic study of such process and its generalizations
concerning the regularity of its trajectories, its martingale properties, the innovation representations,
etc. The papers [13–15] are the typical examples.

The small deviations of the process YH
(β) were studied at the logarithmical level in [16], where the

following result was obtained. We cite it in the simplified form (without the weight function).

Proposition 1. As ε → 0 the following asymptotics holds

lnP{||YH
(β)||2 ≤ ε} ∼

{
lnP{||W||2 ≤ ε}, if H > 1/2;
β1/H lnP{||WH ||2 ≤ ε}, if H < 1/2.

From [17] we know that as ε → 0

lnP{||WH || ≤ ε} ∼ − H

(2H + 1)
2H+1

2H

(
Γ(2H + 1) sin(πH)(

sin
(

π
2H+1

))2H+1

) 1
2H

ε−1/H ,

and the exact small deviation asymptotics of W is given below, see (3).
However, the exact small deviations of mixed processes have not been explored. In general case it

looks like a very complicated problem. First steps were made in a special case when a Gaussian process
is mixed with some finite-dimensional “perturbation”. The general theory was built in [18], later some
refined results were obtained in the case of Durbin processes (limiting processes for empirical processes
with estimated parameters), see [19] as a typical example.

We can give the solution in two cases. In Section 2 we consider the linear combination of two
processes whose covariance functions are Green functions for two different boundary value problems
to the same differential equation. The simplest example here is given by the standard Wiener process
W(t) and the Brownian bridge B(t). Also we provide the exact small deviation asymptotics for more
complicated mixtures containing the Ornstein–Uhlenbeck processes.

In Section 3 we deal with pairs of processes whose covariance functions are kernels of integral
operators which are powers (or, more general, polynomials) of the same integral operator. The basic
example here is the Brownian bridge and the integrated centered Wiener process

W(t) =
∫ t

0

(
W(s)−

∫ 1

0
W(u)du

)
ds. (2)
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Another series of examples is given by the Wiener process and the so-called Euler integrated
Wiener process.

2. Mixed Green Processes Related to the Same Ordinary Differential Operator (ODO)

Let X1 and X2 be independent zero mean Gaussian processes on [0, 1]. We assume that their
covariance functions G1(s, t) and G2(s, t) are the Green functions for the same ODO (1) with different
boundary conditions. This means they satisfy the equation

LGi(s, t) = δ(s− t), i = 1, 2.

in the sense of distributions and satisfy corresponding boundary conditions.
We consider the mixed process

Zβ(t) = X1(t) + βX2(t), t ∈ [0, 1].

Since X1 and X2 are independent, it is easy to see that its covariance function equals

GZβ(s, t) = G1(s, t) + β2G2(s, t)

and satisfies the equation
LGZβ(s, t) = (1 + β2)δ(s− t)

in the sense of distributions. Therefore, it is the Green function for the ODO 1
1+β2 L subject to some

(in general, more complicated) boundary conditions. This allows us to apply general results of [6,8] on
the small ball behavior of the Green Gaussian processes and to obtain the asymptotics of P{||Zβ||2 ≤ ε}
as ε → 0 up to a constant. Then the sharp constant can be found by the complex variable method as
shown in [7], see also [20].

To illustrate this algorithm we begin with the simplest mixed process

Zβ
1 (t) = B(t) + βW(t), t ∈ [0, 1].

The covariance function G
Zβ

1
is given by (1 + β2)min(s, t) − st, and the integral equation for

eigenvalues is equivalent to the boundary value problem

− f ′′(t) =
1 + β2

λ
f (t), f (0) = 0, f (1) + β2 f ′(1) = 0.

It is easy to see that the process 1√
1+β2

Zβ
1 (t) coincides in distribution with the process W(β),

so-called “elongated” Brownian bridge from zero to zero with length 1 + β2, see ([21], Section 4.4.20).
Therefore, we obtain, as ε → 0,

P{||Zβ
1 ||2 ≤ ε} = P

{
||W(β)||2 ≤

ε√
1 + β2

}
(∗)∼
√

1 + β2

|β| · P
{
||W||2 ≤

ε√
1 + β2

}
(the relation (∗) was derived in ([7], Proposition 1.9), see also ([18], Example 6)).

The last asymptotics was obtained long ago:

P{||W||2 ≤ ε} ∼ 4√
π
· ε · exp

(
− 1

8
ε−2
)

, ε → 0, (3)

and we arrive at the following Theorem:

Theorem 1. The following asymptotic relation holds as ε → 0:
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P{||B + βW||2 ≤ ε} ∼ 4√
π
· ε

|β| · exp
(
− 1 + β2

8
ε−2
)

.

The next process we consider is

Zβ
2 (t) = Ů(α)(t) + βU(α)(t), t ∈ [0, 1].

Here Ů(α)(t) is the Ornstein–Uhlenbeck process starting at the origin and U(α)(t) is the stationary
Ornstein–Uhlenbeck process. Both them are Gaussian processes with zero mean-value. Their covariance
functions are, respectively,

GŮ(α)
(s, t) = (e−α|t−s| − e−α(t+s))/(2α); GU(α)

(s, t) = e−α|t−s|/(2α).

Direct calculation shows that the integral equation for eigenvalues of Zβ
2 is equivalent to the

boundary value problem

− f ′′(t) + α2 f (t) =
1 + β2

λ
f (t);

(
f ′ − α(1 + 2β−2) f

)
(0) = ( f ′ + α f )(1) = 0.

By standard method we derive that if r1 < r2 < ... are the positive roots of transcendental equation

F1(ζ) := (ζ2 − α2(1 + 2β−2))
sin(ζ)

ζ
− 2α(1 + β−2) cos(ζ) = 0

then λn(Zβ
2 ) =

1+β2

r2
n+α2 , n ≥ 1.

Recall that the eigenvalues of the stationary Ornstein–Uhlenbeck process were derived in [22].

By rescaling we obtain λn(
√

1 + β2 U(α)) =
1+β2

ρ2
n+α2 , n ≥ 1, where ρ1 < ρ2 < ... are the positive roots of

transcendental equation

F2(ζ) := (ζ2 − α2)
sin(ζ)

ζ
− 2α cos(ζ) = 0.

We claim that λn(Zβ
2 ) and λn(

√
1 + β2 U(α)) are asymptotically close, and therefore, using the

Wenbo Li comparison theorem, see [22], we can write

P{||Zβ
2 ||2 ≤ ε} ∼ Cdist · P

{
||U(α)||2 ≤

ε√
1 + β2

}
, ε → 0, (4)

where the distortion constant is given by

Cdist =

(
∞

∏
n=1

λn(
√

1 + β2 U(α))

λn(Zβ
2 )

) 1
2

=

(
∞

∏
n=1

r2
n + α2

ρ2
n + α2

) 1
2

.

To justify (4) we should prove the convergence of the last infinite product. As in [7], we use the
complex variable method.

For large N in the disk |ζ| < π(N − 1
2 ) there are exactly 2N zeros ±rj, j = 1, ..., N, of F1(ζ),

and exactly 2N zeros ±ρj, j = 1, ..., N, of F2(ζ). By the Jensen theorem, see ([23], Section 3.6.1), we have

ln

(
|F1(0)|
|F2(0)|

·
N

∏
n=1

ρ2
n

r2
n

)
=

1
2π

2π∫
0

ln
|F1(π(N − 1

2 ) exp(iϕ))|
|F2(π(N − 1

2 ) exp(iϕ))|
dϕ.

It is easy to see that if we take |ζ| = π(N − 1
2 ) then
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|F1(ζ)|
|F2(ζ)|

⇒ 1, N → ∞.

Therefore,
∞

∏
n=1

r2
n

ρ2
n
=
|F1(0)|
|F2(0)|

. (5)

Now we use Hadamard’s theorem on canonical product, see ([23], Section 8.24):

F1(ζ) ≡ F1(0) ·
∞

∏
n=1

(
1− ζ2

r2
n

)
; F2(ζ) ≡ F2(0) ·

∞

∏
n=1

(
1− ζ2

ρ2
n

)
.

In view of (5) this gives

C2
dist =

∞

∏
n=1

r2
n + α2

ρ2
n + α2 =

|F1(0)|
|F2(0)|

·
∞

∏
n=1

(
1 +

α2

r2
n

)/ ∞

∏
n=1

(
1 +

α2

ρ2
n

)
=
|F1(iα)|
|F2(iα)|

= 1 + β−2.

Thus, (4) is proved. Since the small deviation asymptotics of U(α) is known, see ([7], Proposition 2.1)
and ([20], Corollary 3), we obtain the following Theorem:

Theorem 2. The following asymptotic relation holds as ε → 0:

P{||Ů(α) + βU(α)||2 ≤ ε} ∼
√

αeα

π
· 8ε2

|β|
√

1 + β2
· exp

(
−1 + β2

8
ε−2
)

.

Finally, we consider the stationary process

Zβ
3 (t) = B(α)(t) + βU(α)(t), t ∈ [0, 1],

where B(α) is the Bogoliubov periodic process ([24–26]) with zero mean and covariance function

GB(α) (s, t) =
1

2α sinh(α/2)
cosh

(
α|t− s| − α

2

)
.

A portion of tedious calculations gives the boundary value problem for eigenvalues of Zβ
3 :

− f ′′(t) + α2 f (t) =
1 + β2

λ
f (t); f ′(0)−A1 f (0) +A2 f (1) = f ′(1) +A1 f (1)−A2 f (0) = 0.

Here

A1 = α
(1 + β2γ)2 + 1
(1 + β2γ)2 − 1

; A2 = 2α
1 + β2γ

(1 + β2γ)2 − 1
; γ = 1− e−α.

Just as in the previous example we obtain λn(Zβ
3 ) = 1+β2

r2
n+α2 , n ≥ 1, where r1 < r2 < ... are the

positive roots of transcendental equation

F3(ζ) := (ζ2 − α2)
sin(ζ)

ζ
− 2A1 cos(ζ) + 2A2 = 0.

Arguing as before, we derive

P{||Zβ
3 ||2 ≤ ε} ∼ C̃dist · P

{
||U(α)||2 ≤

ε√
1 + β2

}
, ε → 0,

where
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C̃2
dist =

∞

∏
n=1

r2
n + α2

ρ2
n + α2 =

|F3(iα)|
|F2(iα)|

=
γ(1 + β2)2

β2(2 + β2γ)
,

and thus we obtain the following Theorem:

Theorem 3. The following asymptotic relation holds as ε → 0:

P{||B(α) + βU(α)||2 ≤ ε} ∼
√

α(eα − 1)
π

· 8ε2

|β|
√

2 + β2(1− e−α)
· exp

(
−1 + β2

8
ε−2
)

.

3. Mixed Processes Related to Polynomials of Covariance Operator

Recall that the covariance operator GX related to the Gaussian process X is the integral operator
with kernel GX .

Lemma 1. Let covariance operators GX and GZ are linked by relation GZ = P(GX), where P is a polynomial

P(x) := x + a2x2 + · · ·+ ak−1xk−1 + akxk.

Then the following asymptotic relation holds as ε → 0:

P{||Z||2 ≤ ε} ∼ Ĉdist · P{||X||2 ≤ ε}.

Proof. By the Wenbo Li comparison theorem, we should prove that the following infinite
product converges:

Ĉ2
dist =

∞

∏
n=1

λn(X)

λn(Z)
.

It is well known that the set of eigenvalues of P(GX) coincides with the set P({λn(X)}n∈N).
Moreover, since P increases in a neighborhood of the origin, for sufficiently large n we have just
λn(Z) = P(λn(X)). Thus,

Ĉ2
dist =

∞

∏
n=1

λn(X)

P(λn(X))
=

∞

∏
n=1

(1 + O(λn(X))).

Since X is square integrable, the series ∑
n

λn(X) converges. Therefore, the infinite product also

converges, and the lemma follows. �

The first example is the mixed process

Zβ
4 (t) = B(t) + βW(t), t ∈ [0, 1],

where the integrated centered Wiener process W is defined in (2).
The integral equation for the eigenvalues of W is equivalent to the boundary value problem [4]

y(IV) =
1
λ

y, y(0) = y(1) = y′′(0) = y′′(1) = 0. (6)

It is easy to see that the operator of the problem (6) is just the square of the operator of the
boundary value problem

− y′′ =
1
λ

y, y(0) = y(1) = 0, (7)

which corresponds to the Brownian bridge. Therefore, we have the relation GW = G2
B (surely, this can

be checked directly). Thus,
G

Zβ
4
= GB + β2G2

B.
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Therefore, we can apply Lemma 1. Since the small ball asymptotics for the Brownian bridge was
obtained long ago

P{||B||2 ≤ ε} ∼
√

8
π
· exp

(
− 1

8
ε−2
)

,

it remains to calculate

Ĉ2
dist =

∞

∏
n=1

λn(B)
λn(B) + β2λ2

n(B)
=

∞

∏
n=1

(πn)2

(πn)2 + β2 .

The application of Hadamard’s theorem to the function F4(ζ) =
sin(ζ)

ζ gives

∞

∏
n=1

(
1 +

β2

(πn)2

)
=

F4(iβ)
F4(0)

=
sinh(β)

β
,

and we arrive at the following Theorem:

Theorem 4. The following asymptotic relation holds as ε → 0:

P{||B + βW||2 ≤ ε} ∼
√

8β

π sinh(β)
· exp

(
− 1

8
ε−2
)

.

Now we consider a family of mixed processes (m ∈ N)

Ẑβ
2m(t) = W(t) + βWE

2m(t); Ẑβ
2m−1(t) = W(1− t) + βWE

2m−1(t), t ∈ [0, 1],

where WE
m is so-called Euler integrated Brownian motion, see [27,28]:

WE
0 (t) = W(t); WE

2m−1(t) =
∫ 1

t
WE

2m−1(s) ds; WE
2m(t) =

∫ t

0
WE

2m−1(s) ds.

It was shown in [28], see also ([6], Proposition 5.1), that the covariance operator of WE
m can be

expressed as
GWE

2m
= G2m+1

W ; GWE
2m−1

= G2m
W̃

,

where W̃(t) = W(1− t). Obviously, the small ball asymptotics for W̃ and for W coincide.
Thus, we can apply Lemma 1, and it remains to calculate

Ĉ2
dist =

∞

∏
n=1

λn(W)

λn(W) + β2λk+1
n (W)

=
∞

∏
n=1

(π(n− 1
2 ))

2k

(π(n− 1
2 ))

2k + β2

(here k = 2m or k = 2m− 1).
Application of Hadamard’s theorem to the function cos(ζ) gives

∞

∏
n=1

(
1− ζ2

(π(n− 1
2 ))

2

)
= cos(ζ). (8)

Put z = exp
( iπ

2k
)

and multiply relations (8) for ζ = β
1
k z, ζ = β

1
k z3,. . . , ζ = β

1
k z2k−1. This gives

Ĉ2
dist =

(
k

∏
j=1

cos
(

β
1
k z2j−1))−1

.

We take into account that
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cos
(

β
1
k z2j−1) · cos

(
β

1
k z2k−2j+1) = | cos

(
β

1
k z2j−1)|2

= sinh2 (β 1
k sin(π(2j−1)

2k )
)
+ cos2 (β 1

k cos(π(2j−1)
2k )

)
and obtain the following Theorem:

Theorem 5. For m ∈ N, the following asymptotic relations hold as ε → 0:

P{||W + βWE
2m||2 ≤ ε} ∼ 4√

π

× 1√
m
∏
j=1

(
sinh2 (β 1

2m sin(π(2j−1)
4m )

)
+ cos2

(
β

1
2m cos(π(2j−1)

4m )
)) · ε · exp

(
− 1

8
ε−2
)

;

P{||W̃ + βWE
2m−1||2 ≤ ε} ∼ 4√

π cosh
(

β
1

2m−1
)

× 1√
m−1
∏
j=1

(
sinh2 (β 1

2m−1 sin(π(2j−1)
4m−2 )

)
+ cos2

(
β

1
2m−1 cos(π(2j−1)

4m−2 )
)) · ε · exp

(
− 1

8
ε−2
)

.

4. Discussion

We have initiated the study of the complicated problem of exact small deviations asymptotics
in L2 for mixed Gaussian processes with independent components. After the survey of the problem,
we consider the linear combination of two processes whose covariance functions are Green functions
for two different boundary value problems to the same differential equation. The simplest example here
is given by the standard Wiener process W(t) and the Brownian bridge B(t). Also we provide the exact
small deviation asymptotics for more complicated mixtures containing the Ornstein–Uhlenbeck processes.

Next, we deal with pairs of processes whose covariance functions are kernels of integral operators
which are powers (or, more general, polynomials) of of the same integral operator. The basic example
here is the Brownian bridge and the integrated centered Wiener process

W(t) =
∫ t

0

(
W(s)−

∫ 1

0
W(u)du

)
ds.

Another series of examples is given by the Wiener process and the so-called Euler integrated
Wiener process.

It would be interesting to understand the genesis of boundary conditions and integral operators
in the more general cases of mixed processes.

Acknowledgments: This work was supported by the grant of RFBR 16-01-00258 and by the grant SPbGU-DFG
6.65.37.2017.

Author Contributions: Both authors contributed equally in the writing of this article.

Conflicts of Interest: The authors declare that there is no conflict of interests.

References

1. Li, W.V.; Shao, Q.M. Gaussian processes: Inequalities, Small Ball Probabilities and Applications. In Stochastic
Processes: Theory and Methods, Handbook of Statistics; Rao, C.R., Shanbhag, D., Eds.; Elsevier: Amsterdam,
The Netherlands, 2001; Volume 19, pp. 533–597.

2. Lifshits, M.A. Asymptotic behavior of small ball probabilities. In Probability Theory and Mathematical Statistics,
Proceedings of the Seventh Vilnius Conference (1998), Vilnius, Lithuania, 12–18 August 1998; Grigelionis, B., Ed.;
VSP/TEV: Rancho Cordova, CA, USA, 1999; pp. 453–468.

210



Mathematics 2018, 6, 55

3. Lifshits, M.A. Bibliography of Small Deviation Probabilities, on the Small Deviation Website. Available
online: http://www.proba.jussieu.fr/pageperso/smalldev/biblio.pdf (accessed on 22 March 2018).

4. Beghin, L.; Nikitin, Y.Y.; Orsingher, E. Exact small ball constants for some Gaussian processes under the
L2-norm. J. Mathem. Sci. 2005, 128, 2493–2502.

5. Kharinski, P.A.; Nikitin, Y.Y. Sharp small deviation asymptotics in L2-norm for a class of Gaussian processes.
J. Math. Sci. 2006, 133, 1328–1332.

6. Nazarov, A.I.; Nikitin, Y.Y. Exact small ball behavior of integrated Gaussian processes under L2-norm and
spectral asymptotics of boundary value problems. Probab. Theory Relat. Fields 2004, 129, 469–494.

7. Nazarov, A.I. On the sharp constant in the small ball asymptotics of some Gaussian processes under L2-norm.
J. Math. Sci. 2003, 117, 4185–4210.

8. Nazarov, A.I. Exact L2-small ball asymptotics of Gaussian processes and the spectrum of boundary-value
problems. J. Theor. Prob. 2009, 22, 640–665.

9. Nikitin, Y.Y.; Orsingher, E. Exact small deviation asymptotics for the Slepian and Watson processes in the
Hilbert norm. J. Math. Sci. 2006, 137, 4555–4560.

10. Nikitin, Y.Y.; Pusev, R.S. Exact small deviation asymptotics for some Brownian functionals. Theor. Probab. Appl.
2013, 57, 60–81.

11. Chigansky, P.; Kleptsyna, M.; Marushkevych, D. Exact spectral asymptotics of fractional processes. arXiv
2018, arXiv:1802.09045. Available online: https://arxiv.org/abs/1802.09045 (accessed on 22 March 2018).

12. Cheridito, P. Mixed fractional Brownian motion. Bernoulli 2001, 7, 913–934.
13. El-Nouty, C. The fractional mixed fractional Brownian motion. Stat. Probab. Lett. 2003, 65, 111–120.
14. Cai, C.; Chigansky, P.; Kleptsyna, M. Mixed Gaussian processes: A filtering approach. Ann. Prob. 2016, 44,

3032–3075.
15. Yor, M. A Gaussian martingale which is the sum of two independent Gaussian non-semimartingales.

Electron. Commun. Probab. 2015, 20, 1–5.
16. Nazarov, A.I.; Nikitin, Y.Y. Logarithmic L2-small ball asymptotics for some fractional Gaussian processes.

Theor. Probab. Appl. 2005, 49, 645–658.
17. Bronski, J.C. Small ball constants and tight eigenvalue asymptotics for fractional Brownian motions.

J. Theor. Probab. 2003, 16, 87–100.
18. Nazarov, A.I. On a set of transformations of Gaussian random functions. Theor. Probab. Appl. 2010, 54, 203–216.
19. Nazarov, A.I.; Petrova, Y.P. The small ball asymptotics in Hilbertian norm for the Kac–Kiefer–Wolfowitz

processes. Theor. Probab. Appl. 2016, 60, 460–480.
20. Gao, F.; Hannig, J.; Lee, T.-Y.; Torcaso, F. Laplace transforms via Hadamard factorization with applications to

Small Ball probabilities. Electr. J. Probab. 2003, 8, 1–20.
21. Borodin, A.N.; Salminen, P. Handbook of Brownian Motion: Facts and Formulae; Birkhäuser: Basel, Switzerland,

1996.
22. Li, W.V. Comparison results for the lower tail of Gaussian seminorms. J. Theor. Probab. 1992, 5, 1–31.
23. Titchmarsh, E. Theory of Functions, 2nd ed.; Oxford University Press: Oxford, UK, 1975.
24. Sankovich, D.P. Gaussian functional integrals and Gibbs equilibrium averages. Theor. Math. Phys. 1999, 119,

670–675.
25. Sankovich, D.P. Some properties of functional integrals with respect to the Bogoliubov measure.

Theor. Math. Phys. 2001, 126, 121–135.
26. Pusev, R.S. Asymptotics of small deviations of the Bogoliubov processes with respect to a quadratic norm.

Theor. Math. Phys. 2010, 165, 1348–1357.
27. Chang, C.-H.; Ha, C.-W. The Greens functions of some boundary value problems via the Bernoulli and Euler

polynomials. Arch. Math. 2001, 76, 360–365.
28. Gao, F.; Hannig, J.; Lee, T.-Y.; Torcaso, F. Integrated Brownian motions and exact L2-small balls. Ann. Probab.

2003, 31, 1320–1337.

c© 2018 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
article distributed under the terms and conditions of the Creative Commons Attribution
(CC BY) license (http://creativecommons.org/licenses/by/4.0/).

211



mathematics

Article

Convergence in Total Variation to a Mixture of
Gaussian Laws

Luca Pratelli 1 and Pietro Rigo 2,*

1 Accademia Navale, Viale Italia 72, 57100 Livorno, Italy; pratel@mail.dm.unipi.it
2 Dipartimento di Matematica “F. Casorati”, Universita’ di Pavia, via Ferrata 1, 27100 Pavia, Italy
* Correspondence: pietro.rigo@unipv.it

Received: 29 April 2018; Accepted: 5 June 2018; Published: 11 June 2018

Abstract: It is not unusual that Xn
dist−→ VZ where Xn, V, Z are real random variables, V is

independent of Z and Z ∼ N (0, 1). An intriguing feature is that P
(
VZ ∈ A

)
= E
{
N (0, V2)(A)

}
for

each Borel set A ⊂ R, namely, the probability distribution of the limit VZ is a mixture of centered
Gaussian laws with (random) variance V2. In this paper, conditions for dTV(Xn, VZ)→ 0 are given,
where dTV(Xn, VZ) is the total variation distance between the probability distributions of Xn and VZ.
To estimate the rate of convergence, a few upper bounds for dTV(Xn, VZ) are given as well. Special
attention is paid to the following two cases: (i) Xn is a linear combination of the squares of Gaussian
random variables; and (ii) Xn is related to the weighted quadratic variations of two independent
Brownian motions.

Keywords: mixture of Gaussian laws; rate of convergence; total variation distance; Wasserstein
distance; weighted quadratic variation

MSC: 60B10; 60F05

1. Introduction

All random elements involved in the sequel are defined on a common probability space (Ω,F , P).
We let B denote the Borel σ-field on R and N (a, b) the Gaussian law on B with mean a and variance b,
where a ∈ R, b ≥ 0, and N (a, 0) = δa. Moreover, Z always denotes a real random variable such that:

Z ∼ N (0, 1).

In plenty of frameworks, it happens that:

Xn
dist−→ VZ, (1)

where Xn and V are real random variables and V is independent of Z. Condition (1) actually occurs
in the CLT, both in its classical form (with V = 1) and in its exchangeable and martingale versions
(Examples 3 and 4). In addition, condition (1) arises in several recent papers with various distributions
for V. See, e.g., [1–8].

An intriguing feature of condition (1) is that the probability distribution of the limit:

P
(
VZ ∈ A

)
=
∫
N (0, V2)(A) dP, A ∈ B,

is a mixture of centered Gaussian laws with (random) variance V2. Moreover, condition (1) can be
often strengthened into:
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dW(Xn, VZ)→ 0, (2)

where dW(Xn, VZ) is the Wasserstein distance between the probability distributions of Xn and VZ.
In fact, condition (2) amounts to (1) provided the sequence (Xn) is uniformly integrable; see Section 2.1.

A few (engaging) problems are suggested by conditions (1) and (2). One is:

(*) Give conditions for dTV(Xn, VZ)→ 0, where

dTV(Xn, VZ) = sup
A∈B
|P(Xn ∈ A)− P(VZ ∈ A)|.

Under such (or stronger) conditions, estimate the rate of convergence, i.e., find quantitative
bounds for dTV(Xn, VZ).

Problem (*) is addressed in this paper. Before turning to results, however, we mention an example.

Example 1. Let B be a fractional Brownian motion with Hurst parameter H and

Xn =
n1+H

2

∫ 1

0
tn−1(B2

1 − B2
t ) dt.

The asymptotics of Xn and other analogous functionals of the B-paths (such as weighted power variations)
is investigated in various papers. See, e.g., [5,7–10] and references therein. We note also that:

∫ 1

0
tnBt dBt =

Xn

nH −
H

2H + n
for each H ≥ 1/4,

where the stochastic integral is meant in Skorohod’s sense (it reduces to an Ito integral if H = 1/2).
Let a(H) = 1/2− |1/2− H| and V =

√
H Γ(2H) B1 ∼ N

(
0, H Γ(2H)

)
. In [8], it is shown that, for

every β ∈ (0, 1), there is a constant k (depending on H and β only) such that:

dTV(Xn, VZ) ≤ k n−β a(H) for all n ≥ 1,

where Z is a standard normal random variable independent of V. Furthermore, the rate n−β a(H) is quite close to
be optimal; see condition (2) of [8].

In Example 1, problem (*) admits a reasonable solution. In fact, in a sense, Example 1 is our
motivating example.

This paper includes two main results.
The first (Theorem 1) is of the general type. Suppose ln :=

∫
|t φn(t)| dt < ∞, where φn is

the characteristic function of Xn. (In particular, Xn has an absolutely continuous distribution). Then,
an upper bound for dTV(Xn, VZ) is provided in terms of ln and dW(Xn, VZ). In some cases, this bound
allows to prove dTV(Xn, VZ) → 0 and to estimate the convergence rate. In Example 5, for instance,
such a bound improves on the existing ones; see Theorem 3.1 of [6] and Remark 3.5 of [7]. However,
for the upper bound to work, one needs information on ln and dW(Xn, VZ), which is not always
available. Thus, it is convenient to have some further tools.

In the second result (Theorem 2), the ideas underlying Example 1 are adapted to weighted
quadratic variations; see [5,8,9]. Let B and B′ be independent standard Brownian motions and

Xn = n1/2
n−1

∑
k=0

f
(

Bk/n − B′k/n
) {

(ΔBk/n)
2 − (ΔB′k/n)

2},

where f : R→ R is a suitable function, ΔBk/n = B(k+1)/n − Bk/n and ΔB′k/n = B′(k+1)/n − B′k/n. Under
some assumptions on f (weaker than those usually requested in similar problems), it is shown that
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dTV(Xn, VZ) =O(n−1/4), where V = 2
√∫ 1

0 f 2
(√

2Bt
)

dt. Furthermore, dTV(Xn, VZ) =O(n−1/2) if
one also assumes inf| f | > 0. (We recall that, if an and bn are non-negative numbers, the notation
an =O(bn) means that there is a constant c such that an ≤ c bn for all n).

2. Preliminaries

2.1. Distances between Probability Measures

In this subsection, we recall a few known facts on distances between probability measures.
We denote by (S, E) a measurable space and by μ and ν two probability measures on E .

The total variation distance between μ and ν is:

‖μ− ν‖ = sup
A∈E

|μ(A)− ν(A)|.

If X and Y are (S, E)-valued random variables, we also write:

dTV(X, Y) = ‖P(X ∈ ·)− P(Y ∈ ·)‖ = sup
A∈E
|P(X ∈ A)− P(Y ∈ A)|

to denote the total variation distance between the probability distributions of X and Y.
Next, suppose S is a separable metric space, E the Borel σ-field and∫

d(x, x0) μ(dx) +
∫

d(x, x0) ν(dx) < ∞ for some x0 ∈ S,

where d is the distance on S. The Wasserstein distance between μ and ν is:

W(μ, ν) = inf
X∼μ,Y∼ν

E[d(X, Y)],

where inf is over the pairs (X, Y) of (S, E)-valued random variables such that X ∼ μ and Y ∼ ν. By a
duality theorem, W(μ, ν) admits the representation:

W(μ, ν) = sup
f

∣∣∣∫ f dμ−
∫

f dν
∣∣∣,

where sup is over those functions f : S → R such that | f (x)− f (y)| ≤ d(x, y) for all x, y ∈ S; see, e.g.,
Section 11.8 of [11]. Again, if X and Y are (S, E)-valued random variables, we write:

dW(X, Y) = W
[
P(X ∈ ·), P(Y ∈ ·)

]
to mean the Wasserstein distance between the probability distributions of X and Y.

Finally, we make precise the connections between convergence in distribution and convergence
according to Wasserstein distance in the case S = R. Let Xn and X be real random variables such that
E|Xn|+ E|X| < ∞ for each n. Then, the following statements are equivalent:

- limn dW(Xn, X) = 0;

- Xn
dist−→ X and E|Xn| → E|X|;

- Xn
dist−→ X and the sequence (Xn) is uniformly integrable.

2.2. Two Technical Lemmas

The following simple lemma is fundamental for our purposes.
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Lemma 1. If a1, a2 ∈ R, 0 ≤ b1 ≤ b2 and b2 > 0, then:

‖N (a1, b1)−N (a2, b2)‖ ≤ 1−
√

b1

b2
+
|a1 − a2|√

2 π b2
.

Lemma 1 is well known; see e.g. Proposition 3.6.1 of [12] and Lemma 3 of [8].
Note also that, if a1 = a2 = a, Lemma 1 yields:

‖N (a, b1)−N (a, b2)‖ ≤
|b1 − b2|

bi
for each i such that bi > 0.

The next result, needed in Section 4, is just a consequence of Lemma 1. In such a result, X and
Y are separable metric spaces, gn : X × Y → R and g : X × Y → R Borel functions, and X and Y
random variables with values in X and Y , respectively.

Lemma 2. Let ν be the probability distribution of Y. If X is independent of Y and

gn(X, y) ∼ N
(
0, σ2

n(y)
)
, g(X, y) ∼ N

(
0, σ2(y)

)
, σ2(y) > 0

for ν-almost all y ∈ Y , then:

dTV

(
gn(X, Y), g(X, Y)

)
≤ min

{
E
( |σn(Y)− σ(Y)|

σ(Y)

)
, E
( |σ2

n(Y)− σ2(Y)|
σ2(Y)

) }
.

Proof. Since X is independent of Y,

dTV

(
gn(X, Y), g(X, Y)

)
= sup

A∈B

∣∣∣∫ (P
(

gn(X, y) ∈ A
)
− P
(

g(X, y) ∈ A
))

ν(dy)
∣∣∣

≤
∫
‖P
(

gn(X, y) ∈ ·
)
− P
(

g(X, y) ∈ ·
)
‖ ν(dy).

Thus, since gn(X, y) and g(X, y) have centered Gaussian laws and g(X, y) has strictly positive
variance, for ν-almost all y ∈ Y , Lemma 1 yields:

dTV

(
gn(X, Y), g(X, Y)

)
≤
∫ |σn(y)− σ(y)|

σ(y)
ν(dy) = E

( |σn(Y)− σ(Y)|
σ(Y)

)
and dTV

(
gn(X, Y), g(X, Y)

)
≤
∫ |σ2

n(y)− σ2(y)|
σ2(y)

ν(dy) = E
( |σ2

n(Y)− σ2(Y)|
σ2(Y)

)
.

3. A General Result

As in Section 1, let Xn, V and Z be real random variables, with Z ∼ N (0, 1) and V independent
of Z. Since |V|Z ∼ VZ, it can be assumed V ≥ 0. We also assume E|Xn|+ E|VZ| < ∞, so that we
can define:

dn = dW
(
Xn, VZ).

In addition, we let:

X′n = Xn + d1/2
n U,

where U is a standard normal random variable independent of (Xn, V, Z : n ≥ 1).
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We aim to estimate dTV(Xn, VZ). Under some conditions, however, the latter quantity can be
replaced by dTV(Xn, X′n).

Lemma 3. For each α < 1/2,

|dTV(Xn, VZ)− dTV(Xn, X′n)| ≤ d1/2
n + d1/2−α

n + P(V < dα
n).

In addition, if E(1/V) < ∞, then:

|dTV(Xn, VZ)− dTV(Xn, X′n)| ≤ d1/2
n
{

1 + E(1/V)
}

.

Proof. The Lemma is trivially true if dn = 0. Hence, it can be assumed dn > 0. Define
X′′n = VZ + d1/2

n U and note that:

|dTV(Xn, VZ)− dTV(Xn, X′n)| ≤ dTV(X′n, X′′n ) + dTV(X′′n , VZ).

For each A ∈ B,

P(X′n ∈ A) =
∫
N (Xn, dn)(A) dP and P(X′′n ∈ A) =

∫
N (VZ, dn)(A) dP.

Hence, Lemma 1 yields:

dTV(X′n, X′′n ) = sup
A∈B

∣∣∣∫ (N (Xn, dn)(A)−N (VZ, dn)(A)
)

dP
∣∣∣

≤
∫
‖N (Xn, dn)−N (VZ, dn)‖ dP ≤ E|Xn −VZ|

d1/2
n

.

On the other hand, the probability distribution of X′′n can also be written as:

P(X′′n ∈ A) =
∫
N (0, V2 + dn)(A) dP.

Arguing as above, Lemma 1 implies again:

dTV(X′′n , VZ) ≤
∫
‖N (0, V2 + dn)−N (0, V2)‖ dP

≤ E
(

1− V√
V2 + dn

)
≤ E
( d1/2

n√
V2 + dn

)
≤ d1/2

n
ε

+ P(V < ε)

for each ε > 0. Letting ε = dα
n with α < 1/2, it follows that:

|dTV(Xn, VZ)− dTV(Xn, X′n)| ≤
E|Xn −VZ|

d1/2
n

+ d1/2−α
n + P(V < dα

n). (3)

Inequality (3) holds true for every joint distribution for the pair (Xn, VZ). In particular, inequality
(3) holds if such a joint distribution is taken to be one that realizes the Wasserstein distance, namely,
one such that E|Xn −VZ| = dn. In this case, one obtains:

|dTV(Xn, VZ)− dTV(Xn, X′n)| ≤ d1/2
n + d1/2−α

n + P(V < dα
n).

Finally, if E(1/V) < ∞, it suffices to note that:

dTV(X′′n , VZ) ≤ E
( d1/2

n√
V2 + dn

)
≤ d1/2

n E(1/V).
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For Lemma 3 to be useful, dTV(Xn, X′n) should be kept under control. This can be achieved under
various assumptions. One is to ask Xn to admit a Lipschitz density with respect to Lebesgue measure.

Theorem 1. Let φn be the characteristic function of Xn and

ln =
∫
|t φn(t)| dt = 2

∫ ∞

0
t |φn(t)| dt.

Given β ≥ 1, suppose supn E|Xn|β < ∞ and dn → 0. Then, there is a constant k, independent of n,
such that:

dTV(Xn, X′n) ≤ k
(

ln d1/2
n

)β/(β+1)
.

In particular,

dTV(Xn, VZ) ≤ d1/2
n + d1/2−α

n + P(V < dα
n) + k

(
ln d1/2

n

)β/(β+1)

for each α < 1/2, and

dTV(Xn, VZ) ≤ d1/2
n
{

1 + E(1/V)
}
+ k
(

ln d1/2
n

)β/(β+1)
if E(1/V) < ∞.

It is worth noting that, if β = 1, the condition supn E|Xn| < ∞ follows from dn → 0. On the

other hand, dn → 0 can be weakened into Xn
dist−→ VZ whenever supn E|Xn|β < ∞ for some β > 1; see

Section 2.1.

Proof of Theorem 1. If ln = ∞, the Theorem is trivially true. Thus, it can be assumed ln < ∞.
Since φn is integrable, the probability distribution of Xn admits a density fn with respect to

Lebesgue measure. In addition,

| fn(x)− fn(y)| = (1/2π) |
∫
(e−itx − e−ity) φn(t) dt|

≤ |x− y|
2π

∫
|t φn(t)| dt =

ln |x− y|
2π

.

Given t > 0, it follows that:

2 dTV(Xn, X′n) ≤ 2
∫
‖P(Xn ∈ ·)− P(Xn + d1/2

n u ∈ ·)‖N (0, 1)(du)

=
∫ ∫

| fn(x)− fn(x− d1/2
n u)| dxN (0, 1)(du)

≤ P(|Xn| > t) + P(|X′n| > t) +
∫ t

−t

∫
| fn(x)− fn(x− d1/2

n u)| N (0, 1)(du) dx.

Since supn E|Xn|β < ∞ and dn → 0, one obtains:

P(|Xn| > t) + P(|X′n| > t) ≤ P(|Xn| > t) + P(|Xn| > t/2) + P(d1/2
n |U| > t/2)

≤ 2 P(|Xn| > t/2) +
dβ/2

n E|U|β
(t/2)β

≤ 2 E|Xn|β + dβ/2
n E|U|β

(t/2)β
≤ k∗

tβ
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for some constant k∗. Hence,

2 dTV(Xn, X′n) ≤
k∗

tβ
+

ln d1/2
n

2π

∫ t

−t

∫
|u| N (0, 1)(du) dx

≤ k∗

tβ
+

ln d1/2
n

π
t for each t > 0.

Minimizing over t, one finally obtains:

2 dTV(Xn, X′n) ≤ c(β) (k∗)1/(β+1)
( ln d1/2

n
π

)β/(β+1)
,

where c(β) is a constant that depends on β only. This concludes the proof.

Theorem 1 provides upper bounds for dTV(Xn, VZ) in terms of ln and dn. It is connected to
Proposition 4.1 of [4], where dTV is replaced by the Kolmogorov distance.

In particular, Theorem 1 implies that dTV(Xn, VZ)→ 0 provided V > 0 a.s. and

lim
n

d1/2
n ln = lim

n
dW(Xn, VZ)1/2

∫
|t φn(t)| dt = 0.

In addition, Theorem 1 allows to estimate the convergence rate. As an extreme example, if dn → 0,
E(1/V) < ∞ and supn

{
ln + E|Xn|β

}
< ∞ for all β ≥ 1, then:

dTV(Xn, VZ) = O(dα
n) for every α < 1/2.

We next turn to examples. In each such examples, Z is a standard normal random variable
independent of all other random elements.

Example 2. (Classical CLT). Let V = 1 and Xn = (1/
√

n) ∑n
i=1 ξi, where ξ1, ξ2, . . . is an i.i.d. sequence

of real random variables such that E(ξ1) = 0 and E(ξ2
1) = 1. In this case, dn = O(n−1/2); see Theorem 2.1

of [13]. Suppose now that E|ξ1|β < ∞ for all β ≥ 1 and ξ1 has a density f (with respect to Lebesgue measure)
such that

∫
| f ′(x)| dx < ∞. Then, supn

{
ln + E|Xn|β

}
< ∞ for all β ≥ 1, and Theorem 1 yields:

dTV(Xn, Z) = O(n−α) for each α < 1/4.

This rate, however, is quite far from optimal. Under the present assumptions on ξ1, in fact,
dTV(Xn, Z) = O(n−1/2); see Theorem 1 of [14].

We finally prove supn
{

ln + E|Xn|β
}

< ∞. It is well known that E|ξ1|β < ∞ for all β implies
supn E|Xn|β < ∞ for all β. Hence, it suffices to prove supn ln < ∞. Let φ be the characteristic function of
ξ1 and q =

∫
| f ′(x)| dx. An integration by parts yields |φ(t)| ≤ q/|t| for each t 
= 0. By Lemma 1.4 of [15],

one also obtains |φ(t)| ≤ 1− (1/43)(t/q)2 for |t| < 2q (just let b = 2q and c = 1/2 in Lemma 1.4 of [15]).
Since φn(t) = φ(t/

√
n)n for each t ∈ R,

|φn(t)| ≤
( q
√

n
|t|
)n

for |t| ≥ q
√

n and

|φn(t)| ≤
(

1− t2

43 q2n

)n
for |t| < q

√
n.

Using these inequalities, supn ln < ∞ follows from a direct calculation.

As noted above, the rate provided by Theorem 1 in the classical CLT is not optimal. While not
exciting, this fact could be expected. Indeed, Theorem 1 is a general result, applying to arbitrary Xn,
and should not be requested to give optimal bounds in a very special case (such as the classical CLT).
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Example 3. (Exchangeable CLT). Suppose now that (ξn) is an exchangeable sequence of real random variables
with E(ξ2

1) < ∞. Define

V =
√

E(ξ2
1 | T )− E(ξ1 | T )2 and Xn =

∑n
i=1{ξi − E(ξ1 | T )}√

n
,

where T is the tail σ-field of (ξn). By de Finetti’s theorem,

dTV(Xn, VZ) ≤ E
(
‖P(Xn ∈ · | T )−N (0, V2)‖

)
.

Hence, dTV(Xn, VZ) → 0 provided ‖P(Xn ∈ · | T )−N (0, V2)‖ P−→ 0. As to Theorem 1, note that

Xn
dist−→ VZ (see e.g. Theorem 3.1 of [16]) and

E(X2
n) = E

{
E(X2

n | T )
}
= n E

{
E
((∑n

i=1(ξi − E(ξ1 | T ))
n

)2 | T )}
= n E(V2/n) = E(V2) < ∞.

Furthermore, ln ≤ E
{∫
|t| |E

(
eitXn | T

)
| dt
}

. Thus, by Theorem 1, dTV(Xn, VZ)→ 0 whenever

E(ξ2
1 | T ) > E(ξ1 | T )2 a.s. and lim

n
d1/2

n E
{∫
|t| |E

(
eitXn | T

)
| dt
}
= 0.

Example 4. (Martingale CLT). Let

Xn =
kn

∑
j=1

ξn,j,

where (ξn,j : n ≥ 1, j = 1, . . . , kn) is an array of real square integrable random variables and kn ↑ ∞. For each
n ≥ 1, let:

Fn,0 ⊂ Fn,1 ⊂ . . . ⊂ Fn,kn

be sub-σ-fields of F with Fn,0 = {∅, Ω}. A well known version of the CLT (see e.g. Theorem 3.2 of [17]) states

that Xn
dist−→ VZ provided:

(i) ξn,j is Fn,j-measurable and E
(
ξn,j | Fn,j−1

)
= 0 a.s.;

(ii) ∑j ξ2
n,j

P−→ V2, maxj|ξn,j| P−→ 0, supn E
(
maxj ξ2

n,j
)
< ∞;

(iii) Fn,j ⊂ Fn+1,j.

Condition (iii) can be replaced by:

(iv) V is measurable with respect to the σ-field generated byN ∪
(
∩n,jFn,j

)
whereN = {A ∈ F : P(A) = 0}.

Note also that, under (i), one obtains E(X2
n) = ∑kn

j=1 E(ξ2
n,j).

Now, in addition to (i)–(ii)–(iii) or (i)–(ii)–(iv), suppose supn ∑kn
j=1 E(ξ2

n,j) < ∞. Then, Theorem 1 (applied

with β = 2) implies dTV(Xn, VZ)→ 0 whenever V > 0 a.s. and limn d1/2
n ln = 0. Moreover,

dTV(Xn, VZ) = O
((

ln d1/2
n
)2/3
)

if E(1/V) + ln < ∞ for each n.

Our last example is connected to the second order Wiener chaos. We first note a simple fact as
a lemma.
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Lemma 4. Let ξ = (ξ1, . . . , ξk) be a centered Gaussian random vector. Define:

Y =
k

∑
j=1

aj
{

ξ2
j − γ2

j
}

,

where aj ∈ R and γ = (γ1, . . . , γk) is an independent copy of ξ. Then, the characteristic function ψ of Y can be
written as:

ψ(t) = E
{

e−t2S}, t ∈ R, where S = ∑
i,j

ai aj E
(
ξiξ j
) (

ξi + γi
) (

ξ j + γj
)
.

Proof. Let σi,j = E
(
ξiξ j
)
, ξ∗ = (ξ + γ)/

√
2 and γ∗ = (ξ − γ)/

√
2. Then,

(ξ∗, γ∗) ∼ (ξ, γ), Y = 2 ∑
j

aj ξ∗j γ∗j , S = 2 ∑
i,j

aiajσi,jξ
∗
i ξ∗j .

Therefore,

ψ(t) = E
{

E
(
eitY | ξ∗

)}
= E
{

e−2t2 ∑i,j ai ajσi,jξ
∗
i ξ∗j
}
= E
{

e−t2S}.

Example 5. (Squares of Gaussian random variables). For each n ≥ 1, let (ξn,1, . . . , ξn,kn) be a centered
Gaussian random vector and

Xn =
kn

∑
j=1

an,j
{

ξ2
n,j − E(ξ2

n,j)
}

where an,j ∈ R.

Take an independent copy (γn,1, . . . , γn,kn) of (ξn,1, . . . , ξn,kn) and define:

Yn =
kn

∑
j=1

an,j
{

ξ2
n,j − γ2

n,j
}

,

Sn =
kn

∑
i=1

kn

∑
j=1

an,i an,j E
(
ξn,iξn,j

) (
ξn,i + γn,i

) (
ξn,j + γn,j

)
.

Note that Sn is a (random) quadratic form of the covariance matrix
(
E
(
ξn,iξn,j

)
: 1 ≤ i, j ≤ kn

)
. Therefore,

Sn ≥ 0.
Since |φn|2 agrees with the characteristic function of Yn, Lemma 4 yields:

|φn(t)|2 = E
{

e−t2Sn
}

.

Being Sn ≥ 0, it follows that:

|φn(t)|2 = E
{

e−t2Sn 1
{Sn≥t

ε−4
2 }

}
+ E
{

e−t2Sn 1
{Sn<t

ε−4
2 }

}
≤ e−tε/2

+ P(Sn < t
ε−4

2 ) = e−tε/2
+ P
(
S−2−ε

n > t4+ ε(2−ε)
2
)

≤ e−tε/2
+ E
(
S−2−ε

n
)

t−4− ε(2−ε)
2 for all ε > 0 and t > 0.
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Hence,

ln
2

=
∫ ∞

0
t |φn(t)| dt ≤ 1 +

∫ ∞

1
t |φn(t)| dt

≤ 1 +
∫ ∞

1
t e

−tε/2
2 dt +

√
E
(
S−2−ε

n
) ∫ ∞

1
t−1− ε(2−ε)

4 dt,

so that supn ln < ∞ whenever supn E
(
S−2−ε

n
)
< ∞ for some ε ∈ (0, 2).

To summarize, applying Theorem 1 with β = 2, one obtains:

dTV(Xn, VZ) = O(d1/3
n ) (4)

provided Xn
dist−→ VZ, for some V independent of Z, and

E(1/V) + sup
n

{
E
(
S−2−ε

n
)
+ E(X2

n)
}
< ∞ for some ε ∈ (0, 2).

The bound (4) requires strong conditions, which may be not easily verifiable in real problems. However,
the above result is sometimes helpful, possibly in connection with the martingale CLT of Example 4. As an
example, the conditions for (4) are not hard to be checked when ξn,1, . . . , ξn,kn are independent for fixed n. We
also note that, to our knowledge, the bound (4) improves on the existing ones. In fact, letting p = 2 in Theorem
3.1 of [6] (see also Remark 3.5 of [7]) one only obtains dTV(Xn, VZ) = O(d1/5

n ).

4. Weighted Quadratic Variations

Theorem 1 works nicely if one is able to estimate dn and ln, which is usually quite hard. Thus, it is
convenient to have some further tools. In this section, dTV(Xn, VZ) is upper bounded via Lemma 2.
We focus on a special case, but the underlying ideas are easily adapted to more general situations.
The results in [8], for instance, arise from a version of such ideas.

For any function x : [0, 1]→ R, denote:

Δx(k/n) = x((k + 1)/n)− x(k/n) where n ≥ 1 and k = 0, 1, . . . , n− 1.

Let q ≥ 2 be an integer, f : R → R a Borel function, and J = {Jt : 0 ≤ t ≤ 1} a real process.
The weighted q-variation of J on {0, 1/n, 2/n, . . . , 1} is:

J∗n =
n−1

∑
k=0

f (Jk/n)
(
ΔJk/n

)q.

As noted in [5], to fix the asymptotic behavior of J∗n is useful to determine the rate of convergence
of some approximation schemes of stochastic differential equations driven by J. Moreover, the study
of J∗n is also motivated by parameter estimation and by the analysis of single-path behaviour of J.
See [5,9,18–21] and references therein.

More generally, given an R2-valued process:

(I, J) = {(It, Jt) : 0 ≤ t ≤ 1},

one could define:

(I, J)∗n =
n−1

∑
k=0

f (Ik/n)
(
ΔJk/n

)q.

The weight f (Ik/n) of
(
ΔJk/n

)q depends now on I. Thus, in a sense, (I, J)∗n can be regarded as the
weighted q-variation of J relative to I.
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Here, we focus on:

Xn = n1/2
n−1

∑
k=0

f
(

Bk/n − B′k/n
) {

(ΔBk/n)
2 − (ΔB′k/n)

2}, (5)

where B and B′ are independent standard Brownian motions. Note that, letting q = 2 and I = B− B′,
one obtains:

Xn = n1/2 {(I, B)∗n − (I, B′)∗n
}

.

Thus, n−1/2Xn can be seen as the difference between the quadratic variations of B and B′ relative
to I = B− B′.

We aim to show that, under mild assumptions on f , the probability distributions of Xn converge
in total variation to a certain mixture of Gaussian laws. We also estimate the rate of convergence.
The smoothness assumptions on f are weaker than those usually requested in similar problems;
see, e.g., [5].

Theorem 2. Let B and B′ be independent standard Brownian motions and Z a standard normal random variable
independent of (B, B′). Define Xn by Equation (5) and

V = 2

√∫ 1

0
f 2
(√

2Bt
)

dt .

Suppose E(1/V2) < ∞ and

| f (x)− f (y)| ≤ c |x− y| e|x|+|y|

for some constant c and all x, y ∈ R. Then, there is a constant k independent of n satisfying:

dTV(Xn, VZ) ≤ k n−1/4.

Moreover, if inf| f | > 0, one also obtains dTV(Xn, VZ) ≤ k n−1/2.

To understand better the spirit of Theorem 2, think of the trivial case f = 1. Then, the asymptotic
behavior of Xn = n1/2 ∑n−1

k=0

{
(ΔBk/n)

2 − (ΔB′k/n)
2} can be deduced by classical results. In fact,

dTV(Xn, 2Z) = O(n−1/2) and this rate is optimal; see Theorem 1 of [14]. On the other hand, since
V = 2, the same conclusion can be drawn from Theorem 2.

We finally prove Theorem 2.

Proof of Theorem 2. First note that T = (B+ B′)/
√

2 and Y = (B− B′)/
√

2 are independent standard
Brownian motions and

Xn = 2 n1/2
n−1

∑
k=0

f
(√

2 Yk/n
)

ΔTk/n ΔYk/n.

Note also that:

VZ ∼ 2 T1

√∫ 1

0
f 2
(√

2Yt
)

dt.
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Thus, in order to apply Lemma 2, it suffices to let X = Y = C[0, 1], X = T, and

gn(x, y) = 2 n1/2
n−1

∑
k=0

f
(√

2 y(k/n)
)

Δx(k/n)Δy(k/n),

g(x, y) = 2 x(1)

√∫ 1

0
f 2
(√

2y(t)
)

dt.

For fixed y ∈ Y , gn(T, y) and g(T, y) are centered Gaussian random variables. Since
E
{(

ΔTk/n
)2}

= 1/n,

σ2
n(y) = E

{
gn(T, y)2} = 4

n−1

∑
k=0

f 2(√2 y(k/n)
) (

Δy(k/n)
)2

and σ2(y) = E
{

g(T, y)2} = 4
∫ 1

0
f 2(√2y(t)

)
dt.

On noting that σ2(Y) ∼ V2, one also obtains:

σ2(Y) > 0 a.s. and E
{

1/σ2(Y)
}
= E(1/V2) < ∞.

Next, define:

an = (1/4) E
{
|σ2

n(Y)− σ2(Y)|
}

= E
{∣∣∣n−1

∑
k=0

f 2(√2 Yk/n
) (

ΔYk/n
)2 − ∫ 1

0
f 2(√2Yt

)
dt
∣∣∣}.

By Lemma 2 and the Cauchy–Schwarz inequality,

dTV(Xn, VZ)2 = dTV

(
gn(T, Y), g(T, Y)

)2
≤ E
( |σn(Y)− σ(Y)|

σ(Y)

)2

≤ E
{

1/σ2(Y)
}

E
{(

σn(Y)− σ(Y)
)2}

≤ E(1/V2) E
{
|σ2

n(Y)− σ2(Y)|
}
= 4 E(1/V2) an.

If inf| f | > 0, since σ2(Y) ≥ 4 inf f 2, Lemma 2 implies again:

dTV(Xn, VZ) ≤ E
( |σ2

n(Y)− σ2(Y)|
σ2(Y)

)
≤

E
(
|σ2

n(Y)− σ2(Y)|
)

4 inf f 2 =
an

inf f 2 .

Thus, to conclude the proof, it suffices to show that an =O(n−1/2).
Define c∗ = max(c, | f (0)|) and note that:

| f (s)| ≤ c∗ e2|s| and | f (s)2 − f (t)2| ≤ 2 c c∗|s− t| e3(|s|+|t|) for all s, t ∈ R.

Define also:

a(1)n = E
{∣∣∣n−1

∑
k=0

f 2(√2 Yk/n
) ((

ΔYk/n
)2 − 1/n

)∣∣∣} and

a(2)n = E
{∣∣∣(1/n)

n−1

∑
k=0

f 2(√2 Yk/n
)
−
∫ 1

0
f 2(√2Yt

)
dt
∣∣∣}.
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Since an ≤ a(1)n + a(2)n , it suffices to see that a(i)n =O(n−1/2) for each i. Since Y has independent
increments and E

{((
ΔYk/n

)2 − 1/n
)2}

= 2/n2,

(
a(1)n
)2

= E
{∣∣∣n−1

∑
k=0

f 2(√2 Yk/n
) ((

ΔYk/n
)2 − 1/n

)∣∣∣}2

≤
n−1

∑
k=0

E
{

f 4(√2 Yk/n
) ((

ΔYk/n
)2 − 1/n

)2}
=

n−1

∑
k=0

E
{

f 4(√2 Yk/n
)}

E
{((

ΔYk/n
)2 − 1/n

)2}
= (2/n2)

n−1

∑
k=0

E
{

f 4(√2 Yk/n
)}

≤ 2 (c∗)4 E
{

e8
√

2M}
n

where M = sup
0≤t≤1

|Yt|.

Similarly,

a(2)n = E
{∣∣∣(1/n)

n−1

∑
k=0

f 2(√2 Yk/n
)
−
∫ 1

0
f 2(√2Yt

)
dt
∣∣∣}

≤
n−1

∑
k=0

∫ (k+1)/n

k/n
E
{
| f 2(√2 Yk/n

)
− f 2(√2 Yt

)
|
}

dt

≤ 2
√

2 c c∗
n−1

∑
k=0

∫ (k+1)/n

k/n
E
{
|Yk/n −Yt| e6

√
2M} dt

≤ 2
√

2 c c∗
√

E
{

e12
√

2M
} n−1

∑
k=0

∫ (k+1)/n

k/n

√
E
{
(Yk/n −Yt)2

}
dt

≤ 2
√

2 c c∗
√

E
{

e12
√

2M
} 1√

n
.

Therefore, a(i)n =O(n−1/2) for each i, and this concludes the proof.
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Abstract: Different versions of the lognormal diffusion process with exogenous factors have been
used in recent years to model and study the behavior of phenomena following a given growth curve.
In each case considered, the estimation of the model has been addressed, generally by maximum
likelihood (ML), as has been the study of several characteristics associated with the type of curve
considered. For this process, a unified version of the ML estimation problem is presented, including
how to obtain estimation errors and asymptotic confidence intervals for parametric functions when no
explicit expression is available for the estimators of the parameters of the model. The Gompertz-type
diffusion process is used here to illustrate the application of the methodology.

Keywords: lognormal diffusion process; exogenous factors; growth curves; maximum likelihood
estimation; asymptotic distribution

1. Introduction

The lognormal diffusion process has been widely used as a probabilistic model in several
scientific fields in which the variable under consideration exhibits an exponential trend.
Originally, the lognormal diffusion process was mainly applied to modeling dynamic variables in the
field of economy and finance. Important contributions have been made in this direction by Cox and
Ross [1], Markus and Shaked [2], and Merton [3], showing the theoretical and practical importance of
the process in that environment. For example, this process is associated with the Black and Scholes
model [4] and appears in later extensions as terminal swap-rate models (Hunt and Kennedy [5],
Lamberton and Lapeyre [6]).

In 1972, Tintner and Sengupta [7] introduced a modification of the process by including a linear
combination of time functions in the infinitesimal mean of the process. The motivation for this was
the introduction of external influences on the interest variable (endogenous variable), influences that
could contribute to a better explanation of the phenomenon under study. For this reason, these time
functions are known as exogenous factors, whose time behavior is assumed to be known or partially
known. By using these time functions we can model situations wherein the observed trend shows
deviations from the theoretical shape of the trend during certain time intervals, and can therefore use
them to help describe the evolution of the process. Furthermore, a suitable choice of the exogenous
factors can contribute to the external control of the process for forecasting purposes. Note that the
methodology derived from the inclusion of exogenous factors has been applied to several contexts
other than the lognormal process (see, for example, Buonocore et al. [8]).

The lognormal diffusion process with exogenous factors has been widely studied in relation to
some aspects of inference and first-passage times. It has been applied to the modeling of time variables
in several fields (see, for example [9,10]). On occasion, the endogenous variable itself helps identify the
exogenous factors. However, there are situations in which external variables to the process that have
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an influence on the system are not available, or situations in which their functional expressions are
unknown. In such cases, Gutiérrez et al. [11] suggested approaching the exogenous factors by means
of polynomial functions.

The ability to control the endogenous variable using exogenous factors makes this process
particularly useful for forecasting purposes. Some of its main features, such as the mean, mode and
quantile functions (that can be expressed as parametric functions of the parameters of the process),
can be used for prediction purposes. Therefore, the inference of these functions has been the subject
of considerable study, both from the perspective of point estimation and of estimation by confidence
intervals. With respect to the former, in [10] a more general study was carried out to obtain maximum
likelihood (ML) estimators. In that case, the exact distribution of the estimators was found, and then
used to obtain the uniformly minimum variance unbiased (UMVU) estimators. In addition, expressions
for the relative efficiency of ML estimators, with respect to UMVU estimators, were obtained. This last
study was extended for a class of parametric functions which include the mean and mode functions
(together with their conditional versions) as special cases. Concerning estimation by confidence bands,
in this paper the authors extended the results obtained by Land [12] on exact confidence intervals
for the mean of a lognormal distribution, thus obtaining confidence bands for the mean and mode
functions of the lognormal process with exogenous factors and expressing these functions in a more
general form.

In most of the works cited, inference has been approached from the ML point of view, considering
discrete sampling of the trajectories. To this end, it is essential to have the exact form of the transition
density functions from which the likelihood function associated with the sample is constructed.
However, alternatives are available for a range of situations. For example, approximating the transition
density function using Euler-type schemes derived from the discretization of the stochastic differential
equation that models the behavior of the phenomenon under study (sometimes this approach is known
as naive ML approach). Other possible alternatives to ML are those derived, for example, from the
use of the concept of estimating functions (Bibby et al. [13]) and the generalized method of moments
(Hansen [14]). Fuchs in [15] presents a good review of these and other procedures. The Bayesian
approach is also present in the study of diffusion processes, as suggested by Tang and Heron in [16].

On the other hand, considering particular choices of the time functions that define the exogenous
factors has enabled researchers to define diffusion processes associated to alternative expressions of
already-known growth curves. Along these lines, we may cite a Gompertz-type process [17] (applied to the
study of rabbit growth), a generalized Von Bertalanffy diffusion process [18] (with an application to the
growth of fish species), a logistic-type process [19] (applied to the growth of a microorganism culture),
and a Richards-type diffusion process [20]. In [21], a joint analysis of the procedure for obtaining
these processes is shown. More recently, Da Luz-Sant’Ana et al. [22] have established, following a
similar methodology, a Hubbert diffusion process for studying oil production, while Barrera et al. [23]
introduced a process linked to the hyperbolastic type-I curve and applied it in the context of the
quantitative polymerase chain reaction (qPCR) technique.

In these last cases, obtaining the ML estimators was a rather laborious task. In fact, the resulting
system of equations is exceedingly complex and does not have an explicit solution, and numerical
procedures must be employed instead, with the subsequent problem of finding initial solutions
(see, for instance [18,19,22]). However, it is impossible to carry out a general study of the system of
equations in order to check the conditions of convergence of the chosen numerical method, since it
is dependent on sample data. One alternative is then to use stochastic optimization procedures like
simulated annealing, variable neighborhood search, and the firefly algorithm [20,23,24]. In any case,
the exact distribution of the estimators cannot be obtained. Recently, the asymptotic distribution
of the MLestimators and delta method have been used in order to obtain estimation errors, as well
as confidence intervals, for the parameters and parametric functions in the context of the Hubbert
diffusion model [25].
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The main objective of this paper is to provide a unified view of the estimation problem by means
of discrete sampling of trajectories, and to cover all the diffusion processes mentioned above. To this
end, we will consider the generic expression of the lognormal diffusion process with exogenous factors.
In Section 2, a brief summary of the main characteristics of the process is presented. Sections 3 and 4
address the problem of estimation by ML by using discrete sampling. In Section 3, the distribution of the
sample is obtained, while in Section 4 the generic form adopted by the system of likelihood equations
is derived in terms of the exogenous factor included in the model. Section 5 deals with obtaining the
asymptotic distribution of the estimators, after calculating the Fisher information matrix, for which
the results of Section 3 are fundamental. Finally, and as an application of the previous developments,
Section 6 deals with the particular case of the Gompertz-type process introduced in [17].

2. The Lognormal Diffusion Process With Exogenous Factors

Let I = [t0,+∞) be a real interval (t0 ≥ 0), Θ ⊆ Rk an open set, and hθ(t) a continuous, bounded
and differentiable function on I depending on θ ∈ Θ.

The univariate lognormal diffusion process with exogenous factors is a diffusion process
{X(t); t ∈ I}, taking values on R+, with infinitesimal moments

A1(x, t) = hθ(t)x
A2(x) = σ2x2, σ > 0

(1)

and with a lognormal or degenerate initial distribution. This process is the solution to the stochastic
differential equation

dX(t) = hθ(t)X(t)dt + σX(t)dW(t), X(t0) = X0,

where W(t) is a standard Wiener process independent on X0 = X(t0), t ≥ t0, being this solution

X(t) = X0 exp
(

Hξ(t0, t) + σ(W(t)−W(t0))
)

, t ≥ t0

with

Hξ(t0, t) =
∫ t

t0

hθ(u)du− σ2

2
(t− t0), ξ = (θT , σ2)T .

An explanation of the main features of the process can be found in [21], where the authors
carried out a detailed theoretical analysis. As regards the distribution of the process, if X0

is distributed according to a lognormal distribution Λ1
[
μ0; σ2

0
]
, or X0 is a degenerate variable

(P[X0 = x0] = 1), all the finite-dimensional distributions of the process are lognormal. Concretely,
∀n ∈ N and t1 < · · · < tn, vector (X(t1), . . . , X(tn))T has a n-dimensional lognormal distribution
Λn[ε, Σ], where the components of vector ε and matrix Σ are

εi = μ0 + Hξ(t0, ti), i = 1, . . . , n

and
σij = σ2

0 + σ2(min(ti, tj)− t0), i, j = 1, . . . , n,

respectively. The transition probability density function can be obtained from the distribution of
(X(s), X(t))T , s < t, being

f (x, t|y, s) =
1

x
√

2πσ2(t− s)
exp

(
−
[
ln(x/y)− Hξ(s, t)

]2
2σ2(t− s)

)
, (2)
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that is, X(t)|X(s) = y follows a lognormal distribution

X(t) | X(s) = y � Λ1

(
ln y + Hξ(s, t), σ2(t− s)

)
, s < t.

From the previous distributions, one can obtain the characteristics most commonly employed for
practical fitting and forecasting purposes. These characteristics can be expressed jointly as

Gλ
ξ (t|y, τ) = Mξ(t|y, τ)λ1 exp

(
λ2

(
λ3 σ2

0 + σ2(t− τ)
)λ4
)

, (3)

with λ = (λ1, λ2, λ3, λ4)
T and where Mξ(t|y, τ) = exp

(
y + Hξ(τ, t)

)
. Table 1 includes some of these

characteristics (the n−th moment, and the mode and quantile functions as well as their conditional
versions) according to the values of λ, τ and y.

Table 1. Values used to obtain the n-th moment and the mode and quantile functions from Gλ
ξ (t|z, τ).

zα is the α-quantile of a standard normal distribution.

Function Expression z τ λ

n-th moment E[X(t)n] μ0 t0 (n, n2/2, 1, 1)T

n-th conditional moment E[X(t)n|X(s) = y] ln y s (n, n2/2, 0, 1)T

mode Mode[X(t)] μ0 t0 (1,−1, 1, 1)T

conditional mode Mode[X(t)|X(s) = y] ln y s (1,−1, 0, 1)T

α-quantile Cα[X(t)] μ0 t0 (1, zα, 1, 1/2)T

α-conditional quantile Cα[X(t)|X(s) = y] ln y s (1, zα, 0, 1/2)T

3. Joint Distribution of d Sample-Paths of the Process

Let us consider a discrete sampling of the process, based on d sample paths, at times tij,

(i = 1,. . . , d, j = 1, . . . , ni) with ti1 = t0, i = 1, . . . , d. Denote by X =
(
XT

1 | · · · |XT
d
)T the vector containing

the random variables of the sample, where XT
i includes the variables of the i-th sample-path, that is

Xi = (X(ti1), . . . , X(ti,ni ))
T , i = 1, . . . , d.

From Equation (2), and if the distribution of X(t1) is assumed lognormal Λ1(μ1, σ2
1 ), the probability

density function of X is

fX(x) =
d

∏
i=1

exp
(
− [ln xi1−μ1]

2

2σ2
1

)
xi1σ1

√
2π

ni−1

∏
j=1

exp

(
−
[
ln(xi,j+1/xij)−mi,j,j+1

ξ

]2
2σ2Δj+1,j

i

)
xijσ

√
2πΔj+1,j

i

where mi,j+1,j
ξ = Hξ(tij, ti,j+1) and Δj+1,j

i = ti,j+1 − tij.

Now, we consider vector V =
[
VT

0 |VT
1 | · · · |VT

d
]T

=
[
VT

0 |VT
(1)

]T
, built from X by means of the

following change of variables:

V0i = Xi1, i = 1, . . . , d

Vij = (Δj+1,j
i )−1/2 ln

Xi,j+1

Xij
, i = 1, . . . , d; j = 1, . . . , ni − 1.

(4)

Taking into account this change of variables, the density of V becomes
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fV(v) =

exp
(
− 1

2σ2
1
(ln v0 − μ11d)

T(ln v0 − μ11d)

)
d

∏
i=1

v0i

(
2πσ2

1

) d
2

exp
(
− 1

2σ2

(
v(1) − γξ

)T (
v(1) − γξ

))
(2πσ2)

n
2

(5)

with ln v0 = (ln v01, . . . , ln v0d)
T , n = ∑d

i=1(ni − 1). Here, 1d represents the d-dimensional vector
whose components are all equal to one, while γξ is a vector of dimension n with components
γ

ξ
ij = (Δj+1,j

i )−1/2mi,j,j+1
ξ , i = 1, . . . , d; j = 1, . . . , ni − 1.

From Equation (5) it is deduced that:

• V0 and V(1) are independents,
• the distribution of V0 is lognormal Λd

[
μ11d; σ2

1 Id
]
,

• V(1) is distributed as an n-variate normal distribution Nn
[
γξ ; σ2In

]
,

being Id and In the identity matrices of order d and n, respectively.

4. Maximum Likelihood Estimation of the Parameters of the Process

Consider a discrete sample of the process in the sense described in the previous section, including
the transformation of it given by Equation (4). Denote by η = (μ1, σ2

1 )
T and suppose that η and ξ are

functionally independent. Then, for a fixed value v of the sample, the log-likelihood function is

Lv(η, ξ) = − (n + d) ln(2π)

2
− d ln σ2

1
2

−
d

∑
i=1

ln v0i −

d

∑
i=1

[ln v0i − μ1]
2

2σ2
1

− n ln σ2

2
− Z1 + Φξ − 2Γξ

2σ2 (6)

where

Z1 =
d

∑
i=1

ni−1

∑
j=1

v2
ij, Φξ =

d

∑
i=1

ni−1

∑
j=1

(
mi,j+1,j

ξ

)2

Δj+1,j
i

, Γξ =
d

∑
i=1

ni−1

∑
j=1

vijm
i,j+1,j
ξ

(Δj+1,j
i )1/2

.

Taking into account Equation (6), and since η and ξ are functionally independent, the ML
estimation of η is obtained from the system of equations (Given a function f : Rk → R, ∂ f

∂xT =(
∂ f
∂x1

, . . . , ∂ f
∂xk

)
. Notation ∂ f

∂xT indicates that the result is a row vector).

∂Lv(η, ξ)

∂ηT =

(
∂Lv(η, ξ)

∂μ1
,

∂Lv(η, ξ)

∂σ2
1

)
= 0

resulting in

μ̂1 =
1
d

d

∑
i=1

ln v0i and σ̂2
1 =

1
d

d

∑
i=1

(ln v0i − μ̂1)
2.

On the other hand, by denoting

Ωξ =
1
2

∂Φξ

∂θT =
d

∑
i=1

ni−1

∑
j=1

mi,j+1,j
ξ

Δj+1,j
i

∂mi,j+1,j
ξ

∂θT , Ψθ =
1
2

∂Γξ

∂θT =
d

∑
i=1

ni−1

∑
j=1

vij

(Δj+1,j
i )1/2

∂mi,j+1,j
ξ

∂θT

(7)

Υξ = −∂Φξ

∂σ2 =
d

∑
i=1

mi,ni ,1
ξ , Z2 = −2

∂Γξ

∂σ2 =
d

∑
i=1

ni−1

∑
j=1

vij(Δ
j+1,j
i )1/2
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we have

∂Lv(η, ξ)

∂θT =
1
σ2

[
Ψθ−Ωξ

]
∂Lv(η, ξ)

∂σ2 = − n
2σ2 +

Z1 + Φξ − 2Γξ

2σ4 − Z2 − Υξ

2σ2 .

Thus, the ML estimation of ξ is obtained as the solution of the following system of k + 1 equations:

Ψθ−Ωξ = 0 (8)

Z1 + Φξ − 2Γξ − σ2Z2 + σ2Υξ = nσ2 (9)

In the case where hθ is a linear function in θ, it is possible to determine an explicit solution for
this system of equations (see [10,26]). In other cases, the existence of a closed-form solution can not
be guaranteed, and it is therefore necessary to use numerical procedures for its resolution. The fact
that these methods require initial solutions has motivated the construction of ad hoc procedures which
depend on the process derived according to the function hθ considered (see [18,19,22]). However, it is
impossible to carry out a general study of the system of equations in order to check the conditions of
convergence of the chosen numerical method, since the system is dependent on sample data and this
may lead to unforeseeable behavior. One alternative would be using stochastic optimization procedures
like simulated annealing, variable neighborhood search and the firefly algorithm. These algorithms
are often more appropriate than classical numerical methods since they impose fewer restrictions on
the space of solutions and on the analytical properties of the function to be optimized. Some examples
of the application of these procedures in the context of diffusion processes can be seen in [19,21,23,25].

5. Distribution of the ML Estimators of the Parameters and Related Parametric Functions

In this section we will discuss some aspects related to the distribution of the estimators of the
parameters of the model, and their repercussions in the corresponding distributions of parametric
functions, which can be of interest for several applications.

With regard to the distribution of the estimators of η, it is immediate to verify that

μ̂1 � N1[μ1; σ2
1 /d] and

d σ̂2
1

σ2
1

� χ2
d−1.

If hθ is linear, it is then possible to calculate exact distributions associated with the estimators of ξ,
which allows us to establish confidence regions for the parameters as well as UMVU estimators and
confidence intervals for linear combinations of θ and σ2 (see [10,26]). However, in the non-linear case,
the fact that an explicit expression for the estimators of ξ is not always readily available precludes
obtaining, in general, exact distributions for them. In that case, asymptotic distributions can be used
instead. In fact, on the basis of the properties of the ML estimators, it is known that ξ̂ is asymptotically
distributed as a normal distribution with mean ξ and covariance matrix I(ξ)−1, where I(ξ) is the
Fisher’s information matrix associated with the full sample (in this case, ignoring the data of the
initial distribution).

First we calculate the associated Hessian matrix: (we have adopted the usual expression for the

Hessian matrix of f : Rk → R using vectorial notation, that is
∂2 f

∂x∂xT ).
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H(ξ) =
∂2Lv(η, ξ)

∂ξ∂ξT =

⎛⎜⎜⎜⎜⎜⎝
∂2Lv(η, ξ)

∂θ∂θT

(
∂2Lv(η, ξ)

∂σ2∂θT

)T

∂2Lv(η, ξ)

∂σ2∂θT
∂2Lv(η, ξ)

∂(σ2)2

⎞⎟⎟⎟⎟⎟⎠

=
1
σ2

⎛⎜⎜⎜⎜⎝
Πξ − Ξξ − 1

σ2

[
ΨT

θ −ΩT
ξ

]
+

1
2

(
∂Υξ

∂θT

)T

− 1
σ2

[
Ψθ−Ωξ

]
+

1
2

∂Υξ

∂θT
n

2σ2 −
Z1 + Φξ − 2Γξ

σ4 +
Z2 − Υξ

σ2 − Z3

4

⎞⎟⎟⎟⎟⎠
where

Πξ =
d

∑
i=1

ni−1

∑
j=1

∂2mi,j+1,j
ξ

∂θ∂θT (Δj+1,j
i )−1/2

(
vij − (Δj+1,j

i )−1/2mi,j+1,j
ξ

)
and

Ξξ =
d

∑
i=1

ni−1

∑
j=1

(Δj+1,j
i )−1

⎛⎝∂mi,j+1,j
ξ

∂θT

⎞⎠T
∂mi,j+1,j

ξ

∂θT , Z3 =
d

∑
i=1

Δni ,1
i .

Taking into account the distribution of the sample (see Section 3), we have

E[Πξ ] = 0, E[Z1] = nσ2 + Φξ , E[Z2] = Υξ , E[Ψθ] = Ωξ , E[Γξ ] = Φξ

so, the Fisher’s information matrix is given by

I(ξ) = −E[H(ξ)] =
1
σ2

⎛⎜⎜⎜⎜⎝
Ξξ −1

2

(
∂Υξ

∂θT

)T

−1
2

∂Υξ

∂θT
n

2σ2 +
Z3

4

⎞⎟⎟⎟⎟⎠ ,

from where it is concluded that ξ̂
D→ Nk+1

[
ξ; I(ξ)−1]. In addition, and by applying the delta method,

for a q−parametric function g(ξ) (q ≤ k + 1) it is verified that

g(ξ̂) D→ Nq

[
g(ξ);∇g(ξ)T I(ξ)−1∇g(ξ)

]
where ∇g(ξ) represents the vector of partial derivatives of g(ξ) with respect to ξ.

The elements in the diagonal of matrix I(ξ)−1 provide asymptotic variances for the estimations
of the parameters, while the delta method provides the asymptotic covariance matrix for g(ξ̂) (and
consequently the elements of the diagonal are the asymptotic variances for the estimation of each
parametric function of g(ξ)). For example, if we consider g(ξ) = Gλ

ξ (t|y, τ), that is the general
expression for the main characteristics of the process given by Equation (3), then

∇g(ξ) = g(ξ)
(

λ1
∂Hξ(τ, t)

∂θT , (t− τ)

[
−λ1

2
+ λ2λ4

(
λ3 σ2

0 + σ2(t− τ)
)λ4−1

])
.
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6. Application: The Gompertz-Type Diffusion Process

In this section we focus on the Gompertz-type diffusion process introduced in [17] with the aim
of obtaining a continuous stochastic model associated with the Gompertz curve whose limit value
depends on the initial value. Concretely

f (t) = x0 exp
(
−m

β

(
e−β t − e−β t0

))
, t ≥ t0 ≥ 0, m, β > 0 and x0 > 0.

To this end, the non-homogeneous lognormal diffusion process with infinitesimal moments

A1(x, t) = me−β tx (10)

A2(x) = σ2x2

was considered.
In order to apply the general scheme developed in the preceding sections, we consider the

following reparameterization θ = (δ, α)T = (m/β, e−β)T , which leads to expressing the Gompertz
curve as

fθ(t) = x0 exp
(
−δ
(
αt − αt0

))
(11)

whereas the infinitesimal moments (10) are written in the form of Equation (1), with hθ(t) = −δαt ln α.
Denoting ϕα

i,j+1,j = αti,j+1 − αti,j and ωα
i,j+1,j = ti,j+1αti,j+1 − tijα

tij , one has mi,j+1,j
ξ = −δϕα

i,j+1,j −
σ2

2 Δj+1,j
i and

∂mi,j+1,j
ξ

∂θT = −
(

ϕα
i,j+1,j, δωα

i,j+1,j

)
,

so, from Equation (8), and by taking into account of Equation (7), the following system of
equations appears

Xα
1 + δXα

2 +
σ2

2
Xα

3 = 0

Xα
4 + δXα

5 +
σ2

2
Xα

6 = 0

where

Xα
1 =

d

∑
i=1

ni−1

∑
j=1

vij ϕ
α
i,j+1,j

(Δj+1,j
i )1/2

, Xα
2 =

d

∑
i=1

ni−1

∑
j=1

(
ϕα

i,j+1,j

)2

Δj+1,j
i

, Xα
3 =

d

∑
i=1

ϕα
i,ni ,1

Xα
4 =

d

∑
i=1

ni−1

∑
j=1

vijω
α
i,j+1,j

(Δj+1,j
i )1/2

, Xα
5 =

d

∑
i=1

ni−1

∑
j=1

ϕα
i,j+1,jω

α
i,j+1,j

Δj+1,j
i

, Xα
6 =

d

∑
i=1

ωα
i,ni ,1.

After some algebra, one obtains

δα =
Xα

3 Xα
4 − Xα

1 Xα
6

Xα
2 Xα

6 − Xα
3 Xα

5
and σ2

α = 2Sα, where Sα =
Xα

1 Xα
5 − Xα

2 Xα
4

Xα
2 Xα

6 − Xα
3 Xα

5
.

On the other hand, and since

Φξ = δ2Xα
2 +

σ4

4
Z3 + δσ2Xα

3 , Γξ = −δ Xα
1 −

σ2

2
Z2, Υξ = −δ Xα

3 −
σ2

2
Z3,

Equation (9) results in

Sα [2n + Sα]− δα [2Xα
1 + δαXα

2 ]− Z1 = 0 (12)
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The solution of this equation provides the estimation of α, whereas those of the other parameters
are given by δα̂ and σ2

α̂ .
As regards the asymptotic distribution of ξ̂, it is a trivariate normal distribution with mean ξ and

covariance matrix given by I(ξ)−1, being

I(ξ) =
1
σ2

⎛⎜⎜⎝
Xα

2 δ Xα
5 −Xα

3
δ Xα

5 δ2 Xα
7 −δ Xα

6

−Xα
3 −δ Xα

6
n

2σ2 +
Z3

4

⎞⎟⎟⎠
with

Xα
7 =

d

∑
i=1

ni−1

∑
j=1

(
ωα

i,j+1,j

)2

Δj+1,j
i

.

This distribution can be used to obtain the asymptotic standard errors for the estimation of the
parameters as well as for some parametric functions of interest (see the last comment of the previous
section). In particular, we focus on the inflection time and the corresponding expected value of
the process at this instant, conditioned on X(t0) = x0. Another important parametric function in
this context is the upper bound that determines the carrying capacity of the system modeled by the
process. Concretely:

• Upper bound, conditioned on X(t0) = x0, g1(θ) = x0 exp
(
δ αt0
)
.

• Inflection time, g2(θ) = − ln δ/ ln α.
• Value of the process at the time of inflection, conditioned on X(t0) = x0, g3(θ) = g1(θ)/e.

On the other hand, when using the model for predictive purposes some of the parametric functions
of Table 1 can be used. In particular, the conditioned mean function adopts the expression

E[X(t)|X(τ) = y] = g4(θ) = y exp
(
−δ
(
αt − ατ

))
.

Note that this curve is of the type of Equation (11). For this reason, this function is useful for
forecasting purposes. In this case, it is of interest to provide not only the value of the function at each
time instant, but also the standard error of the prediction and a confidence interval determining a
range of values that includes, with a given confidence level, the true real value of the forecast.

Application to Real Data

The following example is based on a study developed in [27] on some aspects related to the
growth of a population of rabbits. Figure 1 shows the weight (in grams) of 29 rabbits over 30 weeks.
The sample paths begin at different initial values, thus showing a sigmoidal behavior, and their bounds
are dependent on the initial values. These two aspects suggest that using the Gompertz-type model
proposed above would be appropriate.

This data set has been used in various papers to illustrate some aspects of the Gompertz-type
process, such as the estimation of the parameters and the study of some time variables that may
be of interest in the analysis of growth phenomena of this nature. As regards the estimation of
the parameters, in [17] the authors designed an iterative method for solving the likelihood system
of equations, while in [24] the maximization of the likelihood function was directly addressed by
simulated annealing. In addition, in [28] two time variables of interest for this type of data were
analyzed: concretely the inflection time and the time instant in which the process reaches a certain
percentage of total growth. Both cases were modeled as first-passage time problems.

In this paper the estimation of the parameters has been carried out from the resolution of
Equation (12) by means of the bisection method (see Figure 2) and then by using expressions δα̂

and σ2
α̂ .
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Figure 1. Weight of 29 rabbits over 30 weeks.

Figure 2. Graph of equation for α.

Table 2 contains the estimated values for the parameters and the inflection time, as well as the
asymptotic estimation error and 95% confidence intervals by applying the delta method.

Table 2. Estimated values, standard errors and 95% confidence intervals of the parameters and the
inflection time.

Parametric Function δ α σ g2(θ)

Estimated value 4.1020 0.8301 0.0708 7.5803
Standard error 0.0556 0.0021 0.0002 0.1053

Confidence interval (3.9929, 4.1063) (0.8258, 0.8343) (0.0704, 0.0713) (7.3738, 7.7869)
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As regards the weight value at the inflection time and the upper bound, remember that these
values depend on the one observed at the initial instant. Taking into account the range of observed
weight values at the initial instant of observation, several values have been considered within this
range. For these values, the expected weight of a rabbit at the moment of inflection has been studied,
as well as the possible value of the maximum weight (upper bound). Table 3 contains the estimated
values, the asymptotic standard errors, and the 95% confidence intervals.

Function E[X(t)|X(t0) = x0] can be used to provide forecasts of the weight of a rabbit that
presents an initial weight x0. Figure 3 shows, for a selection of four of the rabbits used in the study,
the estimated mean function together with the 95% asymptotic confidence intervals obtained for each
value of this function. Additionally, the observed values are included to check the quality of the
adjustment made by the model under consideration. Obviously, this type of representation can also be
obtained by considering any value of x0 in the range of the initial distribution of the weight. Note that
the estimated mean functions for each rabbit depend on the initial value, and so do the corresponding
confidence intervals for the mean at each time instant. Therefore, the graphs in the figure are different
for each rabbit although the estimation of the parameters is unique.

Table 3. Estimated values, standard errors, and 95% confidence intervals of the upper bound and value
at the inflection time for several values of the initial weight.

Initial Weight
Upper Bound Value at Inflection Time

g3(θ̂) St. Error 95% Interval g1(θ̂) St. Error 95% Interval

145 1772.836 70.546 (1634.568, 1911.104) 4819.068 191.764 (4443.215, 5194.920)
155 1772.836 75.411 (1625.032, 1920.640) 4819.068 204.990 (4417.295, 5220.841)
165 1883.638 80.276 (1726.298, 2040.978) 5120.260 218.215 (4692.566, 5547.954)
175 2105.243 85.142 (1938.367, 2272.118) 5722.643 231.440 (5269.028, 6176.258)
185 2216.045 90.007 (2039.634, 2392.456) 6023.835 244.665 (5544.299, 6503.371)
195 2216.045 94.872 (2030.098, 2401.992) 6023.835 257.890 (5518.378, 6529.291)
205 2105.243 99.737 (1909.760, 2300.726) 5722.643 271.115 (5191.266, 6254.020)
215 1883.638 104.603 (1678.620, 2088.657) 5120.260 284.341 (4562.961, 5677.558)

Figure 3. Cont.
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Figure 3. Observed values, estimated mean function, and confidence intervals for a choice of rabbits.

7. Conclusions

The present paper deals with some topics about inference for the non-homogeneous lognormal
process (or with exogenous factors). Starting from the general form of the process, we studied the
ML estimation of the parameters by using discrete sampling. This general overview enabled us to
provide a unified method for several diffusion processes which can be built from particular cases of
the non-homogeneous lognormal process for several choices of exogenous factors. In addition, we also
looked into the asymptotic distribution of estimators, through which we can calculate the estimation
errors and confidence intervals for the estimators of a wide range of parametric functions of interest
in many fields. Finally, the process here described is applied to the Gompertz-type diffusion process
introduced in [17].
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Abstract: The model of a two-dimensional birth-death process with possible catastrophes is studied.
The upper bounds on the rate of convergence in some weighted norms and the corresponding
perturbation bounds are obtained. In addition, we consider the detailed description of two examples
with 1-periodic intensities and various types of death (service) rates. The bounds on the rate of
convergence and the behavior of the corresponding mathematical expectations are obtained for
each example.

Keywords: continuous-time Markov chains; catastrophes; bounds; birth-death process; rate
of convergence

1. Introduction

There is a large number of papers devoted to the research of continuous-time Markov chains and
models with possible catastrophes, see for instance [1–21], and the references therein. Such models
are widely used in queueing theory and biology, particularly, for simulations in hight-performance
computing. In some recent papers, the authors deal with more or less special birth-death processes
with additional transitions from and to origin [9–13,18–20]. In [22], a general class of Markovian
queueing models with possible catastrophes is analyzed and some bounds on the rate of convergence
are obtained. Here we consider a more specific but important model of a two-dimensional birth-death
process with possible catastrophes and obtain the upper bounds on the rate of convergence in some
weighted norms and the corresponding perturbation bounds.

Ergodicity bounds in l-1 norm (associated with total variation) for such processes can be obtained
quite easily due to the possibility of catastrophes, i.e., transitions to zero from any other state.
Obtaining the estimates in weighted norms that guarantee the convergence of the corresponding
mathematical expectations as well as the construction of the corresponding limiting characteristics are
more complex problems.
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In addition, we consider in detail two examples with 1-periodic intensities and various types of
death (service) rates. The bounds on the rate of convergence and the behavior of the corresponding
mathematical expectations are obtained for each example.

Our results seem to be interesting for both queueing theory and biology applications.
Let X(t) = (X1(t), X2(t)) be two-dimensional birth-death-catastrophe process (where Xi(t) is

the corresponding number of particles of type i, i = 1, 2) such that in the interval (t, t + h) the
following transitions are possible with order h: birth of a particle of type i, death of a particle of type i,
and catastrophe (or transition to the zero state 0 = (0, 0)).

Denote by λ1,i,j(t), λ2,i,j(t), μ1,i,j(t), μ2,i,j(t), and by ξi,j(t) corresponding birth, death,
and catastrophe rates for the process. Namely, λ1,i,j(t) is the rate of transition from state (i, j) to
state (i + 1, j) at the moment t, λ2,i,j(t) is the rate of transition from state (i, j) to state (i, j + 1), μ1,i,j(t)
is the rate of transition from state (i, j) to state (i − 1, j), μ2,i,j(t) is the rate of transition from state
(i, j) to state (i, j− 1), and finally, ξi,j(t) is the rate of transition from state (i, j) to state (0, 0) at the
moment t.

The transition rate diagram associated with the process is presented in Figure 1.

Figure 1. Transition rate diagram.

Suppose that all intensities are nonnegative and locally integrable on [0; ∞) as functions of t.
Moreover, we also suppose that the condition of boundedness

λ1,i,j(t) + λ2,i,j(t) + μ1,i,j(t) + μ2,i,j(t) + ξi,j(t) ≤ L < ∞, (1)

hold for any i, j and almost all t ≥ 0.
We renumber the states of two-dimensional process X(t) = (X1(t), X2(t)) (0,0), (0,1), (1,0), (0,2),

(1,1), (2,0), . . . by increasing the sum of coordinates, and in the case of the same sum, by increasing
the first coordinate. Hence we obtain one-dimensional vector p(t) = (p0(t), p1(t), . . . )T of state
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probabilities in a new numeration, and therefore, we can rewrite the forward Kolmogorov system in
the following form:

dp

dt
= A (t) p, t ≥ 0, (2)

where A(t) =
(
aij(t)

)
is the corresponding transposed intensity matrix:

A(t) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a00 μ1,0,1 + ξ0,1 μ2,1,0 + ξ1,0 ξ0,2 ξ1,1 ξ2,0 ξ0,3 ξ1,2 ξ2,1 ξ3,0 · · ·
λ1,0,0 a11 0 μ1,0,2 μ2,1,1 0 0 0 0 0 · · ·
λ2,0,0 0 a22 0 μ1,1,1 μ2,2,0 0 0 0 0 · · ·

0 λ1,0,1 0 a33 0 0 μ1,0,3 μ2,1,2 0 0 · · ·
0 λ2,0,1 λ1,1,0 0 a44 0 0 μ1,1,2 μ2,2,1 0 · · ·
0 0 λ2,1,0 0 0 a55 0 0 μ1,2,1 μ2,3,0 · · ·
0 0 0 λ1,0,2 0 0 a66 0 0 0 · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · ·

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

and aii(t) = −∑i ai,j(t).
Throughout the paper by ‖ · ‖ we denote the l1-norm, i. e., ‖x‖ = ∑ |xi|, and ‖B‖ = supj ∑i |bij|

for B = (bij)
∞
i,j=0.

Let Ω be a set all stochastic vectors, i.e., l1 vectors are with nonnegative coordinates and unit
norm. Hence the assumption (1) implies the bound ‖A(t)‖ ≤ 2L for almost all t ≥ 0. Therefore,
the operator function A(t) from l1 into itself is bounded for almost all t ≥ 0 and locally integrable on
[0; ∞). Therefore, we can consider the forward Kolmogorov system as a differential equation in the
space l1 with bounded operator.

It is well known, see [23], that the Cauchy problem for such a differential equation has a unique
solution for an arbitrary initial condition, and p(s) ∈ Ω implies p(t) ∈ Ω for t ≥ s ≥ 0.

We have
p(t) = U(t, s)p(s), (3)

where U(t, s) is the Cauchy operator of Equation (2).

Note that the vector of state probabilities can be written in ’two-dimensional form’ as
p(t) = (p00(t), p01(t), p10(t), p02(t), p11(t), . . . )T .

2. Bounds in l1 Norm

Consider the first equation in forward Kolmogorov system and rewrite it in the following form:

dp0

dt
= − (a00 + ξ(t)) p0 + ∑

i≥1
(a0i(t)− ξ(t))pi + ξ(t), (4)

where ξ(t) = infi,j ξi,j(t).
Then we have from Equation (2) the following system:

dp

dt
= B(t)p + f(t), (5)

where f(t) = (ξ(t), 0, . . .)T and

B(t) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a00 − ξ μ1,0,1 + ξ0,1 − ξ μ2,1,0 + ξ1,0 − ξ ξ0,2 − ξ ξ1,1 − ξ ξ2,0 − ξ ξ0,3 − ξ ξ1,2 − ξ ξ2,1 − ξ ξ3,0 − ξ · · ·
λ1,0,0 a11 0 μ1,0,2 μ2,1,1 0 0 0 0 0 · · ·
λ2,0,0 0 a22 0 μ1,1,1 μ2,2,0 0 0 0 0 · · ·

0 λ1,0,1 0 a33 0 0 μ1,0,3 μ2,1,2 0 0 · · ·
0 λ2,0,1 λ1,1,0 0 a44 0 0 μ1,1,2 μ2,2,1 0 · · ·
0 0 λ2,1,0 0 0 a55 0 0 μ1,2,1 μ2,3,0 · · ·
0 0 0 λ1,0,2 0 0 a66 0 0 0 · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · ·

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.
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We have

p(t) = V(t)p(0) +
∫ t

0
V(t, τ)f(τ) dτ, (6)

where V(t, τ) is the Cauchy operator of Equation (5).
Then one can estimate the logarithmic norm of B(t) in the space of sequences l1 (see [24]):

γ (B(t))1 = max

(
a00(t)− ξ(t) + ∑

i≥1
ai0(t),

sup
i≥1

(
aii(t) + a0i(t)− ξ(t) + ∑

j 
=i,j≥1
aji(t)

))
= −ξ(t).

(7)

Then for all 0 ≤ s ≤ t we have

‖V(t, s)‖ ≤ e
−

t∫
s

ξ(τ) dτ
. (8)

Therefore, the following statement is correct (see details in [16,18]).

Theorem 1. Let the intensities of catastrophes be essential, that is∫ ∞

0
ξ(t) dt = ∞. (9)

Then the process X(t) is weakly ergodic and the following bound of the rate of convergence holds:

‖p∗(t)− p∗∗(t)‖ ≤ 2e
−

t∫
0

ξ(τ) dτ

, (10)

for all initial conditions p∗(0), p∗∗(0) and any t ≥ 0.

Consider now the ”perturbed” process X̄ = X̄(t), t ≥ 0, adding a dash on top for all
corresponding characteristics.

Put Â(t) = A(t)− Ā(t), and assume that the perturbations are “uniformly small”, i.e., for almost
all t ≥ 0 the following inequality is correct

‖Â(t)‖ ≤ ε. (11)

Consider the stability bounds of the process X(t) under these perturbations. In addition,
we assume that the process is exponentially ergodic, that is, that for some positive M, a and for all s, t,
0 ≤ s ≤ t the following inequality holds

e−
∫ t

s ξ(u) du ≤ Me−a(t−s). (12)

Then from Theorem 1:

‖p∗(t)− p∗∗(t)‖ ≤ e
−

t∫
s

ξ(τ) dτ
‖p∗(s)− p∗∗(s)‖ ≤ 2e

−
t∫

s
ξ(τ) dτ

≤ 2Me−a(t−s). (13)

Here we apply the approach proposed in [25] for a stationary case and generalized for a
nonstationary situation in [15,16].

We have

‖p(t)− p̄(t)‖ ≤ Me−a(t−s)‖p(s)− p̄(s)‖+ M
∫ t

s
‖Â(u)‖e−a(u−s)du. (14)
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Therefore we obtain

‖p(t)− p̄(t)‖ ≤
{
‖p(s)− p̄(s)‖+ (t− s)ε, 0 < t < a−1 log M,
a−1(log M + 1−Me−a(t−s))ε + Me−a(t−s)‖p(s)− p̄(s)‖, t ≥ a−1 log M.

(15)

It implies the following statement.

Theorem 2. If the condition (12) is fulfilled and the perturbations are uniformly small:

‖Â(t)‖ ≤ ε, (16)

for almost all t ≥ 0. Then the following bound holds:

lim sup
t→∞

‖p(t)− p̄(t)‖ ≤ ε (1 + log M)

a
, (17)

for any initial conditions p(0), p̄(0).

Corollary 1. Let the intensities of the process be 1-periodic and instead of (12) we have the following inequality

∫ 1

0
ξ(t)dt ≥ θ > 0. (18)

Then (17) is correct for
M = eK, a = θ, (19)

where K = sup|t−s|≤1
∫ t

s ξ(τ)dτ < ∞.

3. Bounds in Weighted Norms

Consider the diagonal matrix D = diag(d0, d1, d2, d3, · · · ), with entries of the increasing sequence
{dn}, where d0 = 1, and the corresponding space of sequences l1D =

{
z = (p0, p1, p2, . . .)T} such that

‖z‖1D = ‖Dz‖1 < ∞.
Then one can estimate the logarithmic norm of operator B(t) in l1D space.
According to the general approach, we obtain the matrix

DB(t)D−1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a00 − ξ (μ1,0,1 + ξ0,1 − ξ)
d0
d1

(μ2,1,0 + ξ1,0 − ξ)
d0
d2

(ξ0,2 − ξ)
d0
d3

(ξ1,1 − ξ)
d0
d4

(ξ2,0 − ξ)
d0
d5

(ξ0,3 − ξ)
d0
d6

(ξ1,2 − ξ)
d0
d7

· · ·

λ1,0,0
d1
d0

a11 0 μ1,0,2
d1
d3

μ2,1,1
d1
d4

0 0 0 · · ·

λ2,0,0
d2
d0

0 a22 0 μ1,1,1
d2
d4

μ2,2,0
d2
d5

0 0 · · ·

0 λ1,0,1
d3
d1

0 a33 0 0 μ1,0,3
d3
d6

μ2,1,2
d3
d7

· · ·

0 λ2,0,1
d4
d1

λ1,1,0
d4
d2

0 a44 0 0 μ1,1,2
d4
d7

· · ·

0 0 λ2,1,0
d5
d2

0 0 a55 0 0 · · ·

0 0 0 λ1,0,2
d6
d3

0 0 a66 0 · · ·

· · · · · · · · · · · · · · · · · · · · ·

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

where aii(t) = −∑i ai,j(t).
Consider now the logarithmic norm

γ (B(t))1D = γ
(

DB(t)D−1
)

1
. (20)

243



Mathematics 2018, 6, 80

Let us make the correspondence between the column number of matrix DB(t)D−1 and the number
of zeros under the main diagonal in this column (till the first nonzero element). Then we obtain the
arithmetic progression {ai}:

a1 a2 a3 a4 a5 a6 a7 a8 a9 a10 a11 a12 a13 a14 a15 a16 a17 a18 a19 a20 a21 · · ·
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 · · ·
1 1 2 2 2 3 3 3 3 4 4 4 4 4 5 5 5 5 5 5 6 · · ·

We compose the sequence {bi} of the number of identical entries of the third line: 2, 3, 4, 5, 6, · · · .
Note that ∑N

i=1 bi is equal to the last ak, corresponding to the number of zeros N in the k-th column.
Then the sum of the first N elements of sequence {bi} is approximately equal to the number of

the column an = n:
(2b1 + (N − 1)) N ≈ 2an = 2n.

Knowing the column number n, one can find the formula for the number of zeros N under the
main diagonal in this column till the first nonzero element. We note that the number of zeros over the
diagonal till μ1,i,j is one less.

If N is not an integer, we must take the nearest right to N an integer.
One can see that columns 2, 5, 9, 14, ... (these columns correspond to sums ∑

j
i=1 bi and integer N)

contain death rates μ2,i,j(t) only, and columns 3, 6, 10, 15, ... contain death rates μ1,i,j(t) only, and all
other columns contain the both death intensities.

Consider the following quantities:
for n = 0

αn (t) = λ1,0,0(t) + λ2,0,0(t) + ξ(t)− λ1,0,0(t)
d1
d0
− λ2,0,0(t)

d2
d0

,

for n = 1

αn (t) = λ1,0,1(t) + λ2,0,1(t) + μ1,0,1(t) + ξ1(t)− λ1,0,1(t)
d3
d1
− λ2,0,1(t)

d4
d1
− (μ1,0,1(t) + ξ1(t)− ξ(t)) d0

d1
,

for n = 2

αn (t) = λ1,1,0(t) + λ2,1,0(t) + μ2,1,0(t) + ξ2(t)− λ1,1,0(t)
d4
d2
− λ2,1,0(t)

d5
d2
− (μ2,1,0(t) + ξ2(t)− ξ(t)) d0

d2
,

for integer −3+
√

9+8n
2 :

αn (t) = λ1,s−1(n)(t) + λ2,s−1(n)(t) + μ2,s−1(n)(t) + ξs(i,j)(t)− λ1,s−1(n)(t)
dn+N+1

dn
− λ2,s−1(n)(t)

dn+N+2
dn

−μ2,s−1(n)(t)
dn−N−1

dn
− (ξs(i,j)(t)− ξ(t)) d0

dn
, N = −3+

√
9+8n

2 ,

for integer −3+
√

9+8(n−1)
2 :

αn (t) = λ1,s−1(n)(t) + λ2,s−1(n)(t) + μ1,s−1(n)(t) + ξs(i,j)(t)− λ1,s−1(n)(t)
dn+N+1

dn
− λ2,s−1(n)(t)

dn+N+2
dn

−μ1,s−1(n)(t)
dn−N

dn
− (ξs(i,j)(t)− ξ(t)) d0

dn
, N =

⌈
−3+

√
9+8n

2

⌉
,

in other cases:

αn (t) = λ1,s−1(n)(t) + λ2,s−1(n)(t) + μ1,s−1(n)(t) + μ2,s−1(n)(t) + ξs(i,j)(t)− λ1,s−1(n)(t)
dn+N+1

dn

−λ2,s−1(n)(t)
dn+N+2

dn
− μ1,s−1(n)(t)

dn−N
dn
− μ2,s−1(n)(t)

dn−N−1
dn

−(ξs(i,j)(t)− ξ(t)) d0
dn

, N =
⌈
−3+

√
9+8n

2

⌉
.

Then the following algorithm helps us to correlate the number n and pair (i, j):
(1) n1 = n− 1,
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(2) n2 = n1 − 2,
· · ·
(k) nk = nk−1 − k, while nk > 0,
(k+1) i = nk, j = k− nk.

We obtain
γ (B(t))1D = − inf

t
αn(t) = −α(t). (21)

Therefore, for all 0 ≤ s ≤ t we have the bound for the corresponding Cauchy operator:

‖V(t, s)‖1D ≤ e
−

t∫
s

α(τ) dτ
, (22)

and the following statement.

Theorem 3. Let for some sequence {di} we have the condition∫ ∞

0
α(t) dt = ∞. (23)

Then the process X(t) is weakly ergodic and the following bound of the rate of convergence is correct:

‖p∗(t)− p∗∗(t)‖1D ≤ e
−

t∫
0

α(τ) dτ

‖p∗(0)− p∗∗(0)‖1D , (24)

for any initial conditions p∗(0), p∗∗(0) and for all t ≥ 0.

Mathematical expectations for both processes X1(t) and X2(t) can be obtained using formulas:

E1(t) = 1(p2 + p4 + p7 + . . .) + 2(p5 + p8 + p12 + · · · ) + . . . (25)

= 1(p10 + p11 + p12 + . . .) + 2(p20 + p21 + p22 + · · · ) + . . .

and

E2(t) = 1(p1 + p4 + p8 + . . .) + 2(p3 + p7 + p12 + · · · ) + . . . (26)

= 1(p01 + p11 + p21 + . . .) + 2(p02 + p12 + p22 + · · · ) + . . . .

Let us now introduce a process N(t) = |X(t)| = X1(t) + X2(t), that is the number of all particles
at the moment t.

Then one has for the mathematical expectation (the mean) of this process the following equality:

EN(t) = 1(p01 + p10) + 2(p02 + p11 + p20) + 3(p03 + p12 + p21 + p30) + · · · ) + . . . (27)

= 1(p1 + p2) + 2(p3 + p4 + p5) + 3(p6 + p7 + p8 + p9) + . . . = E1(t) + E2(t).

We note that for W = infi≥0
di
i the next inequality holds

EN(t) = 1(p1 + p2) + 2(p3 + p4 + p5) + 3(p6 + p7 + p8 + p9) + . . . ≤ ∑
i≥1

ipi ≤
1

W ∑
i≥1

di pi =
‖p(t)‖1D

W
.

Denote by EN(t, k) = E(|X(t)|/|X(0)| = k) the conditional expected number of all particles in
the system at instant t, provided that initially (at instant t = 0) k particles of both types were present in
the system.
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Corollary 2. Let the condition (23) hold and there is a sequence {di} such that W > 0, then the process
N(t) has the limiting mean φN(t) = EN(t, 0), and for any j and all t ≥ 0 the following bound of the rate of
convergence is correct:

|EN(t, j)− EN(t, 0)| ≤
1 + dj

W
e
−

t∫
0

α(τ) dτ

. (28)

Applying in addition the condition that the perturbations of the intensity matrix are small enough
in the corresponding norm, that is ‖Â(t)‖1D ≤ ε, one can also obtain ‖B̂(t)‖1D ≤ ε.

We assume here that the process X(t) is exponentially ergodic in l1D-norm, that is for some
positive M1, a1 and for all s, t, 0 ≤ s ≤ t the following inequality holds:

e−
∫ t

s α(u) du ≤ M1e−a1(t−s). (29)

Here we apply the approach from [18].
One can rewrite the original system for the unperturbed process in the form:

dp

dt
= B̄(t)p(t) + f̄(t) + B̂(t)p(t) + f̂(t). (30)

Then

p(t) = V̄(t, 0)p(0) +
∫ t

0
V̄(t, τ)f̄(τ) dτ +

∫ t

0
V̄(t, τ) B̂(τ)p(τ) (31)

and

p̄(t) = V̄(t, 0)p̄(0) +
∫ t

0
V̄(t, τ)f̄(τ) dτ. (32)

Therefore, in any norm for any initial conditions we have the correct bound:

‖p(t)− p̄(t)‖ ≤
∫ t

0
‖V̄(t, τ)‖

(
‖B̂(τ)‖‖p(τ)‖+ ‖f̂(τ)‖

)
dτ. (33)

Then we have the following inequality for the logarithmic norm:

γ(B̄(t))1D ≤ γ(DB(t)D−1)1 + ‖B̂(t)‖1D ≤ −α(t) + ε. (34)

On the other hand, one can obtain the estimation using inequality (29):

‖p(t)‖1D ≤ ‖V(t)p(0)‖1D +

t∫
0

‖V(t, τ)f(τ) dτ‖1D ≤

≤ M1e−a1t‖p(0)‖1D +
LM1

a1
(35)

for any initial condition p(0). Moreover, ‖f̂(τ)‖1D ≤ ε.

Then using bound (33), we have

‖p(t)− p̄(t)‖1D ≤
∫ t

0
e−
∫ t

τ
(α(u)−ε)du

(
ε

(
M1e−a1τ‖p(0)‖1D +

LM1
a1

)
+ ε

)
dτ ≤

≤ o(1) +
εM1(1 + LM1/a1)

a1 − ε
.

Therefore, the following statement is correct.
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Theorem 4. Let inequalities (12) and (29) hold for any initial condition p(0) ∈ l1D and for all t ≥ 0,
then we have

‖p(t)− p̄(t)‖1D ≤ M1ε

(
LM1 + a1

a1(a1 − ε)
+ M1te−(a1−ε)t‖p(0)‖1D

)
, (36)

and

lim sup
t→∞

‖p(t)− p̄(t)‖1D ≤
M1ε(LM1 + a1)

a1(a1 − ε)
. (37)

Corollary 3. Let in addition the sequence be increasing fast enough, such that W > 0, then for any j, t ≥ 0
we have

lim sup
t→∞

|EN(t)− ĒN(t)| ≤
M1ε(LM1 + a1)

Wa1(a1 − ε)
. (38)

4. Examples

Example 1. Let λ1,i,j(t) = λ2,i,j(t) = 2+ sin 2πt, i, j ≥ 0, μ2,0,1(t) = 1+ cos 2πt, μ1,1,0(t) = 2(1+ cos 2πt),
and other μ1,i,j(t) = μ2,i,j(t) = 3(1+ cos 2πt), and let catastrophe intensities be ξi,j(t) = 5. Put ε = 10−6.

Choose dn = 1 + n
10 , then α(t) = α0(t)− 2

3 = 56
10 − 3

10 sin 2πt, a = 5, M = 1, a1 = 3.8, M1 = 1.1,
W = 1/10.

We obtain now the following bounds

|EN(t, 1)− EN(t, 0)| ≤ 3.4 · 10−4, t ≥ 4, (39)

lim sup
t→∞

‖p(t)− p̄(t)‖ ≤ 2 · 10−4, (40)

lim sup
t→∞

|EN(t, 0)− ĒN(t, 0)| ≤ 0.023. (41)

The values of αn(t) are shown in Figure 2. The mean for the process N(t) on the interval t ∈ [0, 3]
for different initial conditions are shown in Figures 3–6, and the bounds for the limiting perturbed
mean is shown in Figure 7.

Figure 2. The values of several αn(t) for Example 1.
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Figure 3. The mean EN(t, 0) on the interval t ∈ [0, 3] with initial condition X(t) = (0, 0) for Example 1.

Figure 4. The mean EN(t, 29) on the interval t ∈ [0, 3] with initial condition X(t) = (0, 29) for
Example 1.
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Figure 5. The mean EN(t, 29) on the interval t ∈ [0, 3] with initial condition X(t) = (14, 15) for
Example 1.

Figure 6. The mean EN(t, 29) on the interval t ∈ [0, 3] with initial condition X(t) = (29, 0) for
Example 1.
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Figure 7. The limiting perturbed mean for t ∈ [2, 3] for Example 1.

Example 2. Let now λ1,i,j(t) = λ2,i,j(t) = 2 + cos 2πt, i, j ≥ 0, μ1,i,j(t) = min(1 + i · j, 3)(1 + cos 2πt),
i ≥ 1, j ≥ 0, μ2,i,j(t) = min(1+ i · j, 3)(1 + cos 2πt), i ≥ 0, j ≥ 1, and let the catastrophe rates be ξi,j(t) = 5.
Let ε = 10−3.

Put dn = 1 + n
10 , then α(t) = α9(t)− 1

7 = 548
133 + 4

19 sin 2πt− 9
19 cos 2πt, a = 5, M = 1, a1 = 4.12,

M1 = 1.2, W = 1/10.
Then we obtain

|EN(t, 1)− EN(t, 0)| ≤ 9.4 · 10−4, t ≥ 2, (42)

lim sup
t→∞

‖p(t)− p̄(t)‖ ≤ 2 · 10−4, (43)

lim sup
t→∞

|EN(t, 0)− ĒN(t, 0)| ≤ 0.021. (44)

The values of αn(t) are shown in Figure 8.
The mean for the process N(t) on the interval t ∈ [0, 3] for different initial conditions are shown

in Figures 9–12, and the bounds for the limiting perturbed mean is shown in Figure 13.
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Figure 8. The values of several αn(t) for Example 2.

Figure 9. The mean EN(t, 0) on the interval t ∈ [0, 3] with initial condition X(t) = (0, 0) for Example 2.
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Figure 10. The mean EN(t, 29) on the interval t ∈ [0, 3] with initial condition X(t) = (0, 29) for
Example 2.

Figure 11. The mean EN(t, 29) on the interval t ∈ [0, 3] with initial condition X(t) = (14, 15) for
Example 2.
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Figure 12. The mean EN(t, 29) on the interval t ∈ [0, 3] with initial condition X(t) = (0, 29) for
Example 2.

Figure 13. The limiting perturbed mean for t ∈ [2, 3] for Example 2.
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Remark 1. These graphs give us the additional information on the considered examples. Namely, Figures 2 and 8
show the bounding on the rate of convergence, see Equation (21) for Examples 1, 2 respectively, in Figures 3–6
and 9–12 one can see the mathematical expectation of the number of all particles at the moment t until the
stationary behaviour. Finally, the limiting behaviour of the limiting mathematical expectation of the number of
all particles for the perturbed process is shown in Figures 7 and 13.
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Abstract: In this paper, we investigate the reliability and stochastic properties of an n-component
network under the assumption that the components of the network fail according to a counting
process called a geometric counting process (GCP). The paper has two parts. In the first part, we consider
a two-state network (with states up and down) and we assume that its components are subjected to
failure based on a GCP. Some mixture representations for the network reliability are obtained in terms
of signature of the network and the reliability function of the arrival times of the GCP. Several aging
and stochastic properties of the network are investigated. The reliabilities of two different networks
subjected to the same or different GCPs are compared based on the stochastic order between their
signature vectors. The residual lifetime of the network is also assessed where the components fail
based on a GCP. The second part of the paper is concerned with three-state networks. We consider a
network made up of n components which starts operating at time t = 0. It is assumed that, at any
time t > 0, the network can be in one of three states up, partial performance or down. The components
of the network are subjected to failure on the basis of a GCP, which leads to change of network states.
Under these scenarios, we obtain several stochastic and dependency characteristics of the network
lifetime. Some illustrative examples and plots are also provided throughout the article.

Keywords: two-dimensional signature; multi-state network; totally positive of order 2; stochastic
order; stochastic process

1. Introduction

In recent years, there has been a great growth in the use of networks (systems), such as
communication networks and computer networks, in human life. The networks are a set of nodes
that are connected by a set of links to exchange data through the links, where some particular nodes
in the network are called terminals. Usually, a network can be modeled mathematically as a graph
G(V,E,T) in which V shows the collection of nodes, E shows the set of links and T denotes the set
of terminals. Depending on the purpose of designing a network, the states of the network can be
defined in terms of the connections between the terminals. In the simplest case, the networks have two
states: up and down. However, in some applications, the networks may have several states which are
known, in reliability engineering, as the multi-state networks. Multi-state networks have extensive
applications in various areas of science and technology. From a mathematical point of view, the states
of multi-state networks are usually shown by, K = 0, 1, . . . , M, in which K = 0 shows the complete
failure of the network and K = M shows the perfect functioning of the network. A large number of
research works have been published in literature on the reliability and aging properties of multi-state
networks and systems under different scenarios. For the recent works on various applications and
reliability properties of networks, we refer to [1–10].

Mathematics 2018, 6, 197; doi:10.3390/math6100197 www.mdpi.com/journal/mathematics256



Mathematics 2018, 6, 197

When a network is operating during its mission, its states may change over the time according
to the change of the states of its components. From the reliability viewpoint, the change in the states
of the components may occur based on a specific stochastic mechanism. In a recent book, Gertsbakh
and Shpungin [11] have proposed a new reliability model for a two-state network under the condition
that components (with two states) fail according to a renewal process. Motivated by this, Zarezadeh
and Asadi [12] and Zarezadeh et al. [13] studied the reliability of networks under the assumption
that the components are subject to failure according to a counting process. Under the special case that
the process of the components’ failure is a nonhomogeneous Poisson process (NHPP), they arrived
at some mixture representations for the reliability function of the network lifetime and explored its
stochastic and aging properties under different conditions.

The aim of the present paper is to assess the network reliability under the condition that the
failure of the components appear according to a recently proposed stochastic process called geometric
counting process (GCP). We assume that the nodes of the network are absolutely reliable and, throughout
the paper, whenever we say that the components of the network fail, we mean that the links of the
network fail. Let {ξ(t), t ≥ 0} be a counting process where ξ(t) denotes the number of events in [0, t].
A GCP, introduced in [14], is a subclass of counting process {ξ(t), t ≥ 0}, which satisfies the following
necessary conditions (for the sufficiently small Δ(t))

1. ξ(0) = 0,
2. P(ξ(t + Δ(t))− ξ(t) = 1) = λ(t)Δ(t) + o(Δ(t)),
3. P(ξ(t + Δ(t))− ξ(t) ≥ 2) = o(Δ(t)).

To be more precise, a GCP is a counting process ξ(t), with ξ(0) = 0 such that, for any interval
(t1, t2],

P(ξ(t2)− ξ(t1) = k) =
1

1 + Λ(t2)−Λ(t1)

( Λ(t2)−Λ(t1)

1 + Λ(t2)−Λ(t1)

)k, k = 0, 1, . . . , (1)

where Λ(t) = E(ξ(t)) is the mean value function (MVF) of the process. It is usually assumed that
Λ(t) is a smooth function in the sense that there exists a function λ(t) such that λ(t) = dΛ(t)/dt. The
function λ(t) is called the intensity function of the process. We have to mention here that, as noted
by Cha and Finkelstien [14], the NHPP also lies in the class of counting process satisfying (i)–(iii),
with an additional property that the increments of the process are independent. The motivation of
using the GCP, in comparison with NHPP, is natural in some practical situations as we mention in the
following. The GCP model, like the NHPP model, has a simple form and easy to handle mathematical
characteristics. In an NHPP model, the increments of the process are independent, while, in the GCP
model, the increments of the process have positive dependence. In practice, there are situations in
which there is positive dependence of increments in a process that occurs naturally. For instance,
assume that the components of a railway network destroyed by an earthquake that occurs according
to a counting process. Then, the probability of the next earthquake is often higher if the previous
earthquake has happened recently, compared with the situation that it happened earlier (see [14]).
Furthermore, the NHPP has a limitation that the mean and the variance of the process are equal,
i.e., E(ξ(t)) = Var(ξ(t)), while, in GCP, the variance of the process is always greater than the mean,
i.e., Var(ξ(t)) > E(ξ(t)). This property of the GCP makes it cover many situations that can not be
described and covered by the NHPP. For more details on recent mathematical developments and
applications of the GCP model, see [14,15].

The reminder of the paper is arranged as follows. In Section 2, we first give the well-known
concept of signature of a network. Then, we consider a two-state network that consists of n components.
We assume that the components of the network fail according to a GCP. We obtain some mixture
representations for the reliability of the network based on the signatures. Several aging and stochastic
properties of the network are explored. Among others, conditions are investigated under which the
monotonicity of the intensity function of the process of component failure implies the monotonicity of
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the network hazard rate. The reliabilities of the lifetimes of the different networks, subjected to the
same or different GCPs, are compared based on the stochastic order between the associated signature
vectors. We also study the stochastic properties of the residual lifetime of the network where the
components fail based on a GCP. Section 3 is devoted to the reliability assessment of the single-step
three-state networks. Recall that a network is said to be single-step if the failure of one component
changes the network state at most by one. First, we give the notion of a two-dimensional signature
associated with three-state networks. Then, we consider an n-component network and assume that the
network has three states up, partial performance and down. We again assume that the components of the
network are subjected to failure on the basis of GCP, which results in the change of network states.
Under these conditions, we obtain several stochastic and dependency characteristics of the networks
based on the two-dimensional signature. Several examples and plots are also provided throughout the
article for illustration purposes.

Before giving the main results of the paper, we give the following definitions that are useful
throughout the paper. For more details, see [16].

Definition 1. Let X and Y be two random variables (RVs) with survival functions F̄X and F̄Y, probability
density functions (PDFs) fX and fY, hazard rates hX and hY, and reversed hazard rates rX and rY, respectively:

• X is said to be smaller than Y in the usual stochastic order (denoted by X ≤st Y) if F̄X(x) ≤ F̄Y(x) for
all x.

• X is said to be smaller than Y in the hazard rate order (denoted by X ≤hr Y) if hX(x) ≥ hY(x) for all x.
• X is said to be smaller than Y in the reversed hazard rate order (denoted by X ≤rh Y) if rX(x) ≤ rY(x) for

all x.
• X is said to be smaller than Y in the mean residual life order (denoted by X ≤mrl Y) if E(X− x|X > x) ≤

E(Y− x|Y > x) for all x.
• X is said to be smaller than Y in likelihood ratio order (denoted by X ≤lr Y) if fY(x)/ fX(x) is an

increasing function of x.

It can be shown that, if X ≤lr Y, then X ≤hr Y and X ≤rh Y. In addition, X ≤hr Y implies
X ≤mrl Y and X ≤st Y.

Definition 2. Let X and Y be two random vectors with survival functions F̄X and F̄Y, respectively.

• X is said to be smaller than Y in the upper orthant order (denoted by X ≤uo Y) if F̄X(x) ≤
F̄Y(x) for all x ∈ Rn.

• X is said to be smaller than Y in the usual stochastic order (denoted by X ≤st Y) if E(ρ(X)) ≤ E(ρ(Y))
for every increasing function ρ(·) for which the expectations exist.

Definition 3.

• The nonnegative function g(x) is called multivariate totally positive of order 2 (MTP2) if g(x)g(y) ≤
g(x ∨ y)g(x ∧ y), for all x, y ∈ Rn, where x ∧ y = (min{x1, y1}, . . . , min{xn, yn}) and x ∨ y =

(max{x1, y1}, . . . , max{xn, yn}).
• The RVs X and Y are said to be positively quadrant dependent (PQD) if, for every pair of increasing

functions ψ1(x) and ψ2(x),
Cov(ψ1(X), ψ2(Y)) ≥ 0.

• The RVs X and Y are said to be associated if for every pair of increasing functions ψ1(x, y) and ψ2(x, y),
Cov(ψ1(X, Y), ψ2(X, Y)) ≥ 0.

In a special case when n = 2, the MTP2 is known as totally positive of order 2 (TP2 ).
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2. Two-State Networks under GCP of Component Failure

In the reliability engineering literature, several approaches have been employed to assess the
reliability of networks and systems. Among various ways that are considered to explore the reliability
and aging properties of the networks, an approach is based on the notion of signature (or D-spectrum).
The concept of signature, which depends only on the network design, has proven very useful in the
analysis of the networks performance particularly for comparisons between networks with different
structures. Consider a network (system) that consists of n components. The signature associated with
the network is a vector s = (s1, s2, . . . , sn), in which the ith element shows the probability that the ith
component failure in the network causes the network failure, under the condition that all permutations
of order of components failure are equally likely. In other words, the ith element si is equal to si = ni/n!,
i = 1, . . . , n, where ni is the number of permutations in which the ith component failure changes
the network state from up to down. For more details on signatures and their applications in the
study of system reliability, see, for example, Refs. [17–20] and references therein. In this section, we
give a signature-based mixture representation for the reliability of the network under the condition
that the components of the network fail according to a GCP {ξ(t), t ≥ 0} with MVF Λ(t). We have
from Equation (1)

P(ξ(t) = k) =
1

1 + Λ(t)
( Λ(t)

1 + Λ(t)
)k, k = 0, 1, . . . .

Then, the survival function of the kth arrival time of process, ϑk, is given as

F̄ϑk (t) :=P(ϑk > t) = P(ξ(t) < k)

=1−
( Λ(t)

1 + Λ(t)
)k, k = 0, 1, . . .

and the PDF of the kth arrival time ϑk is achieved as

fϑk (t) = k
λ(t)

Λ(t)(1 + Λ(t))
( Λ(t)

1 + Λ(t)
)k, k = 0, 1, . . . .

Let T denote the lifetime of a network with n components. The components of network are
subjected to failure based on a GCP with MVF Λ(t). From the reliability modeling proposed by
Zarezadeh and Asadi [12], the reliability of the network lifetime, denoted by F̄T , is represented as

F̄T(t) =
n

∑
i=1

si

(
1−
( Λ(t)

1 + Λ(t)
)i), t > 0, (2)

or equivalently as

F̄T(t) =
1

1 + Λ(t)

n−1

∑
i=0

S̄i
( Λ(t)

1 + Λ(t)
)i, t > 0, (3)

where S̄i = ∑n
k=i+1 sk is the survival signature of the network. Then, the PDF of T is obtained as

fT(t) =
λ(t)

(1 + Λ(t))2

n

∑
i=1

isi
( Λ(t)

1 + Λ(t)
)i−1, t > 0, (4)
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where λ(t) = dΛ(t)/dt. In addition, the hazard rate of network lifetime is given as follows:

hT(t) =
λ(t)

Λ(t)(1 + Λ(t))
.

∑n
i=1 isi

( Λ(t)
1+Λ(t)

)i
∑n

i=1 si
[
1−
( Λ(t)

1+Λ(t)

)i]
=

λ(t)
Λ(t)

∑n
i=1 isi

( Λ(t)
1+Λ(t)

)i
∑n−1

i=0 S̄i
( Λ(t)

1+Λ(t)

)i , t > 0.

With hϑk (t) = fϑk (t)/F̄ϑk (t) as the hazard rate of the kth arrival time of the GCP, it can be seen
that the hazard rate of network lifetime can be also written as

hT(t) =
∑n

k=1 sk fϑk (t)
∑n

k=1 sk F̄ϑk (t)
=

n

∑
k=1

sk(t)hϑk (t), (5)

which is a mixture representation with mixing probability vector s(t) = (s1(t), . . . , sn(t)) where,
for k = 1, . . . , n,

sk(t) =
sk
[
1− ( Λ(t)

1+Λ(t) )
k]

∑n
k=1 sk

[
1− ( Λ(t)

1+Λ(t) )
k
] (6)

=
sk
[
1− ( Λ(t)

1+Λ(t) )
k]

∑n−1
i=0 S̄i(1− Λ(t)

1+Λ(t) )(
Λ(t)

1+Λ(t) )
i
. (7)

One can easily show that sk(t) is the probability that the lifetime of system is equal to the kth
arrival time of the process given that the network lifetime is greater than t.

Let us look at the following example.

Example 1. Consider a network that consists of six nodes and 10 links with the graph depicted in Figure 1.

a

b

c

d

e

f

1

2

3

4

5
6

7 8

9

10

Figure 1. A network with 10 links, and six nodes

The network is assumed to work if there is a connection between some of nodes which we consider them as
terminals. We consider two different sets of terminals for the network:

• First, we consider all nodes as terminals, T = V (all-terminal connectivity). In this case, we can show that
the corresponding signature vector of a network is as follows:

s = (0, 0,
1
30

,
9
70

,
29
90

,
65

126
, 0, 0, 0, 0).
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• Second, assume that the network is working if there is a connection between nodes c and f . That is, the
terminals set is T� = {c, f }. In this case, the signature vector is obtained as

s� = (0, 0,
1

120
,

37
840

,
179
1260

,
379

1260
,

19
70

,
1
6

,
1

15
, 0).

An algorithm for calculating these signatures is available from the authors upon the request.

Assume that, in each case, the network is subjected to failure based on the GCPs with the same MVFs.
Denote the lifetimes of the network corresponding to (a) and (b) by T and T�, respectively. Comparing the
corresponding survival signatures of network for two cases shows that S̄i ≤ S̄�

i , for i = 0, 1, . . . , 9, and
hence based on (3) we have T ≤st T∗ implying that the network with two-terminal connectivity is more
reliable than the network with all-terminal connectivity, as expected intuitively.

Figure 2a gives the plot of network reliability in the case of all-terminal connectivity, T = V, and when
Λ(t) = ta, for different values of a. As seen, the reliability function of network does not order with respect to a
for all t > 0. Of course, this is true in any network when MVF Λ(t) = ta, a > 0. This is so using the fact that

P(ϑk > t; a) =
[
1−
( ta

1 + ta

)k]
is increasing (decreasing) in a for 0 < t < 1 (t > 1), for a general signature vector s the reliability of the network

P(T > t; a) =
n

∑
k=1

skP(ϑk > t; a),

is also increasing (decreasing) in a for 0 < t < 1 (t > 1). Figure 2b represents the hazard rate of network when
T = V for a = 0.5, 1, 1.5. Figure 3a,b shows the plots of reliability function and hazard rate of the network
lifetime when the terminals set is considered as T� = {c, f }.

(a) (b)

Figure 2. The plots of (a) the reliability function; (b) the hazard rate of network lifetime when the
terminals set is T = V.
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(a) (b)

Figure 3. The plots of (a) the reliability function; (b) the hazard rate of network lifetime when the
terminals set is T� = {c, f }.

It is interesting to compare the network reliability when the failure of components appear
according to a GCP and the network reliability when the failure of components occur based on
an NHPP. In the sequel, we show that, if the network has a series structure, then the reliability of the
network in the GCP model dominates the reliability of the network in an NHPP model. Consider a
two-state series network with the property that the first and the last components are considered to be
terminals. We assume that the network fails if the linkage between the two terminals are disconnected.
This occurs at the time of the first component failure. Let TNP and TGP denote the lifetimes of the
network when the component failure appears according to NHPP and GCP with the same MVF Λ(t),
respectively. If ϑ1,NP and ϑ1,GP denote the arrival times of the first component failure based on NHPP
and GCP, respectively, then, from inequality ex > (1 + x), x > 0, we can write

P(ϑ1,NP > t) = e−Λ(t) <
1

1 + Λ(t)
= P(ϑ1,GP > t).

Hence, based on the fact that, for a series network s = (1, 0, . . . , 0), relation (2) implies that
TNP ≤st TGP.

The following example reveals that the above result, proved for the series network, is not
necessarily true for any network.

Example 2. Consider the network described in Example 1. Figure 4 shows that the reliability functions of the
network for part (a). As the plots show the reliability functions are not ordered in NHPP and GCP models with
the same MVFs Λ(t) = t. The reliability of the network in the NHPP model is higher than the GCP model for
the early times of operating of the network. However, when the time goes ahead, the network reliability in NHPP
declines rapidly and stays below the reliability of the GCP model.
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Figure 4. The reliability of network in Example 2.

The next theorem explores the monotonicity relation of the intensity function of the process and
the hazard rate of the network.

Theorem 1. Let the components of a network fail based on a GCP with increasing intensity function λ(t).
Then, the hazard rate of network is increasing if and only if ψ(u) is increasing in u where

ψ(u) =
∑n−1

k=0 (k + 1)sk+1uk

∑n−1
k=0 S̄kuk

. (8)

Proof. From (3) and (4), the hazard rate of network can be written as

hT(t) =
fT(t)
F̄T(t)

= λ(t)ψ(μ(t)), (9)

where ψ(·) is defined in (8) and μ(t) = Λ(t)/(1+ Λ(t)) is increasing in t. If ψ(t) is increasing, from (9),
it can be easily seen that hT(t) is increasing. This completes the ‘if’ part of the theorem. To prove ‘only
if’ part of the theorem, let hT(t) be increasing and ψ(t) be decreasing in the interval (a, b). For MVF
Λ(t) = ct, c > 0, and hence λ(t) = c as an increasing function, we conclude that hT(t) is decreasing
on interval (a, b), which contradicts with the assumption that the hazard rate of network is increasing
for all t.

Theorem 2. Let T and T� denote the lifetimes of two networks with signature vectors s = (s1, . . . , sn) and
s� = (s�1, . . . , s�n), respectively. Suppose that the components of networks fail based on GCPs with MVFs Λ(t)
and Λ�(t), respectively. If s ≤st s� and Λ(t) ≥ Λ�(t) for all t ≥ 0, then T ≤st T�.

Proof. Let ϑk and ϑ�
k denote the kth arrival times of the two processes, k = 1, ..., n. Since P(ϑk ≤

ϑk+1) = 1, then, from Theorem 1.A.1 of [16], we can write ϑk ≤st ϑk+1. Hence,

P(T > t) =
n

∑
k=1

sk F̄ϑk (t) ≤
n

∑
k=1

s�k F̄ϑk (t). (10)
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In addition, the condition Λ(t) ≥ Λ�(t) for all t ≥ 0 implies that ϑk ≤st ϑ�
k , k = 1, ..., n. Then,

we get

n

∑
k=1

s�k F̄ϑk (t) ≤
n

∑
k=1

s�k F̄ϑ�k
(t) = P(T� > t). (11)

Hence, the result follows from (10) and (11).

Theorem 3. For two networks as described in Theorem 2, assume that the failure of components of both networks
appear according to the same GCPs:

1. If s ≤st s�, then T ≤st T�,
2. If s ≤hr s�, then T ≤hr T�,
3. If s ≤rh s�, then T ≤rh T�,
4. If s ≤lr s�, then T ≤lr T�.

Proof. It can be easily shown that ϑk ≤lr ϑk+1 k = 1, 2, . . . . Since lr-ordering implies hr-, rh- and
st-ordering, parts (i), (ii), (iii), and (iv) are proved, by using (2), from Theorems 1.A.6, 1.B.14, 1.B.52,
and 1.C.17 of [16], respectively.

From part (ii) of Theorem 3, since hr-ordering implies mrl-ordering, we conclude that if s ≤hr s�

then T ≤mrl T�. However, the following example shows that the assumption s ≤hr s� can not be
replaced with s ≤mrl s� to have T ≤mrl T�.

Example 3. Consider two networks with signature vectors s = (0, 2/3, 1/3) and s� = (1/3, 0, 2/3). It is
easy to see that s ≤mrl s�. However, s �st s� and hence s �hr s�. Assume that the components of both
networks fail based on the same GCPs with MVF Λ(t) = t2. Then, a straightforward calculation gives
E(T) = 2.5525 > E(T�) = 2.4871, which, in turn, implies that T �mrl T�.

2.1. Residual Lifetime of a Working Network

Let T denote the lifetime of a network whose components are subjected to failure based on a GCP
with MVF Λ(t). If the network is up at time t, then the residual lifetime of the network is presented by
the conditional RV (T − t|T > t) with conditional reliability function given as

P(T − t > x|T > t) =
1

P(T > t)

n

∑
k=1

skP(ϑk > t + x)

=
n

∑
k=1

sk(t)P(ϑk − t > x|ϑk > t),

where sk(t) is the kth element of vector sk(t) as defined in (6). This shows that the reliability function
of the residual lifetime of the network is a mixture of the reliability functions of residual lifetimes of
the first n arrival times of GCP, where the mixing probability vector is s(t) = (s1(t), . . . , sn(t)). As
we have already mentioned, sk(t) is in fact the probability that the kth component failure causes the
failure of the network, given that the lifetime of the network is more than t; that is,

sk(t) = P(T = ϑk|T > t), k = 1, 2, ..., n.

In what follows, we call the vector s(t) as the conditional signature of the network. In the sequel,
we give some stochastic properties of the conditional signature of network under the condition that
the components of the network fail based on GCP model.

Theorem 4. Consider a network with signature vector s = (s1, s2, . . . , sn). With M = max{i|si > 0},
limt→0 s(t) = s and limt→∞ s(t) = s̃ where s̃ = (s̃1, . . . , s̃M) and s̃i =

isi
∑n

k=1 ksk
, i = 1, . . . , n.
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Proof. From (6), we can write

si(t) =
si
[
1− ( Λ(t)

1+Λ(t) )
i]

∑M
k=1 sk

[
1− ( Λ(t)

1+Λ(t) )
k
] , i = 1, . . . , n.

Then, it is easily seen that, for any i, limt→0 si(t) = si and hence

lim
t→0

s(t) = s.

On the other hand, for i = 1, . . . , n,

lim
t→∞

si(t) = lim
u→1

si(1− ui)

∑n
k=1 sk(1− uk)

,

= lim
u→1

isiui−1

∑n
k=1 kskuk−1 =

isi

∑n
k=1 ksk

,

and consequently the result follows.

Example 4. For the network in Example 1, with Λ(t) = ta, we have

hϑi (t) =
aktak

(1 + ta)
[
(1 + ta)k − tak

] , i = 1, 2, . . . .

Hence, it is easily seen that limt→∞ hϑi (t) = 0. Thus, based on (5) and Theorem 4, we have
limt→∞ hT(t) = 0 for any network structure.

Theorem 5. Consider a network whose components fail based on two different GCPs with MVFs Λ(t)
and Λ�(t), respectively. Denote by s(t) and s�(t) the corresponding conditional signatures of the two
networks. Then,

• s(t) and s�(t) are increasing in the sense of st-ordering with respect to t;
• Λ(t) ≤ Λ�(t) implies that s(t) ≤st s�(t) for all t ≥ 0.

Proof. With δ(i, u) = 1− ui, from (6), for each MVF Λ(t), si(t) can be written as

si(t) =
siδ(i, μ(Λ(t)))

∑n
i=1 siδ(i, μ(Λ(t))

, i = 1, . . . , n, (12)

where μ(v) = v/(1 + v). Then, we have

n

∑
i=k

si(t) = βk(μ(Λ(t))),

in which

βk(u) =
∑n

i=k si[1− ui]

∑n
i=1 si[1− ui]

.
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For i1 ≤ i2,

δ(i2, u)
δ(i1, u)

=
1− ui2

1− ui1
=

∑i2−1
j=0 uj

∑i1−1
j=0 uj

=
∑i1−1

j=0 uj + ∑i2−1
j=i1

uj

∑i1−1
j=0 uj

=1 +
i2−1

∑
j′=i1

1

∑i1−1
j=0 uj−j′

(13)

is increasing in u and hence δ(i, u) is TP2 in i and u. Using this fact and Lemma 2.4 of [13]:

• Since μ(u) is increasing in u, then, for an arbitrary MVF Λ(·), we have

n

∑
i=k

si(t) ≤
n

∑
i=k

si(t′), t ≤ t′.

• Since μ(u) is increasing in u, and Λ(t) ≤ Λ�(t) for all t ≥ 0, then

n

∑
i=k

si(t) ≤
n

∑
i=k

s�i (t), t ≥ 0.

Therefore, the proof of the theorem is complete.

The following lemma from [13] is useful to get some stochastic properties of conditional signature
expressed in (6). Before expressing the lemma, we recall that a non-negative function f (x), x ≥ 0, is
said to be upside-down bathtub-shaped if it is increasing on [0, a], is constant on [a, b] and is decreasing
on [b, ∞) where 0 ≤ a ≤ b ≤ ∞.

Lemma 1. Let α(.) and β(.) be non-negative discrete functions and γ be positive and real-valued. Define

τ(u) =
γ ∑k′

i=l′ α(i)ui

∑k
i=l α(i)β(i)ui

, u > 0, (14)

where l ≤ l′, l′ < k′ and k′ ≤ k. Assume that β(.) is a non-constant decreasing (increasing) function on
{l′, l′ + 1, ..., k′}. Then, for l = l′ and k′ < k(k = k′ and l′ > l), we have

1. τ(u) is upside-down bathtub-shaped with a single change-point;
2. τ(u) is bounded above by γ/β(k′) (γ/β(l′)).

Now, we have the following theorem.

Theorem 6. For a network with signature vector s = (s1, . . . , sn),

1. sm(t) is decreasing in t and sM(t) is increasing in t where m = min{i|si > 0} and M = max{i|si > 0};
2. sj(t), m ≤ j ≤ M, is upside-down bathtub-shaped with a single change-point;
3. sj(t), m ≤ j ≤ M, is bounded above by sj/S̄j−1;
4. The maximum value of sj(t), m ≤ j ≤ M, does not depend on the MVF Λ(t).

Proof. Assume that μ(t) = t/(1 + t). From (12), we can write

sm(t) = sm

( M

∑
i=m

si
δ(i, μ(Λ(t)))
δ(m, μ(Λ(t)))

)−1
sM(t) = sM

( M

∑
i=m

si
δ(i, μ(Λ(t)))

δ(M, μ(Λ(t)))

)−1
. (15)
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As seen in (13), δ(i2, x)/δ(i1, x), for i2 ≥ i1, is increasing in x. Since μ(Λ(t)) is increasing in t, then
it can be concluded that δ(i2, μ(Λ(t)))/δ(i1, μ(Λ(t))) is also increasing in t, for i2 ≥ i1. Based on this
fact and (15), we observe that sm(t) is a decreasing function of t and sM(t) is an increasing function of
t. This completes the proof of part (a).

From relation (7), we have

sj(t) =
sj ∑

j−1
i=0

(
μ(Λ(t))

)i
∑n−1

i=0 S̄i
(
μ(Λ(t))

)i .

With γ = sj, α(i) = 1, β(i) = S̄i, l = l′ = 0, k′ = j− 1 and k = n− 1 in (14), define ωj(u) := τ(u).
Then, we can write

sj(t) = ωj
(
μ
(
Λ(t)

))
.

Since μ
(
Λ(t)

)
is increasing in t, parts (b) and (c) follow from parts (i) and (ii) of Lemma 1.

Part (d) can be proved from the fact that

max
t>0

sj(t) = max
t>0

ωj
(
μ
(
Λ(t)

))
= max

t>0
ωj(t).

The following theorem compares the performance of two used networks based on their
conditional signatures.

Theorem 7. Let s(t) and s�(t) be the conditional signatures of two networks with lifetimes T and T�,
respectively. Suppose that the component failure in both networks appear based on the same GCPs.

1. If s(t) ≤st s�(t), then (T − t|T > t) ≤st (T� − t|T� > t);
2. If s(t) ≤hr s�(t), then (T − t|T > t) ≤hr (T� − t|T� > t);
3. If s(t) ≤rh s�(t), then (T − t|T > t) ≤rh (T� − t|T� > t);
4. If s(t) ≤lr s�(t), then (T − t|T > t) ≤lr (T� − t|T� > t).

Proof. It can be easily seen that ϑk ≤lr ϑk+1, k = 1, . . . , n− 1. Then, from Theorem 1.C.6 of [16], we
have, for k = 1, . . . , n− 1 and t ≥ 0,

(ϑk − t|ϑk > t) ≤lr (ϑk+1 − t|ϑk+1 > t).

Hence, these residual lifetimes are also hr-, rh- and st-ordered. Since s(t) ≤st s�(t), from
Theorem 1.A.6 of [16], we have, for all x > 0,

P(T − t > x|T > t) =
n

∑
k=1

sk(t)P(ϑk − t > x|ϑk > t)

≤
n

∑
k=1

s�k (t)P(ϑk − t > x|ϑk > t) = P(T� − t > x|T� > t).

This establishes part (a). The proof of parts (b), (c) and (d) are obtained similarly by using
Theorems 1.B.14, 1.B.52, and 1.C.17 of [16], respectively.

3. Three-State Networks under GCP of Component Failure

In this section, we study the reliability of the lifetimes of the networks with three states under
the condition that the components fail according to a GCP with MVF Λ(t) = λt. In order to develop
the results, we need the notion of two-dimensional signature that has been defined for single-step
three-state networks by Gertsbakh and Shpungin [11]. Throughout this section, we are dealing with a
single-step three-state network consisting of n binary components where we assume that the network
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has three states: up (denoted by K = 2), partial performance (denoted by K = 1) and down (denoted by
K = 0). Suppose that the network starts to operate at time t = 0 where it is in state K = 2. Denote by
T1 the time that the network remains in state K = 2 and by T2 the network lifetime i.e., the entrance
time into state K = 0. Let I (J) be the number of failed components when the network enters into state
K = 1 (K = 0). Gertsbakh and Shpunging [11] introduced the notion of two-dimensional signature as

si,j = P(I = i, J = j) =
ni,j

n
, 1 ≤ i < j ≤ n, (16)

where ni,j represents the number of permutations in which the ith and the jth components failure
change the network states from K = 2 to K = 1 and from K = 1 to K = 0, respectively. We denote by
matrix S the two-dimensional signature with elements defined in (16). In the following, we first obtain
the joint reliability function of (T1, T2). Under the assumption that all orders of components failure are
equally probable, we have

P(T1 > t1, T2 > t2) =
n

∑
i=0

n

∑
j=i+1

P(I = i, J = j)P(ξ(t1) < i, ξ(t2) < j|I = i, J = j)

=
n

∑
i=0

n

∑
j=i+1

si,jP(ξ(t1) < i, ξ(t2) < j),

in which the second equality follows from the fact that the event {I = i, J = j} depends only on the
network structure and does not depend on the mechanism of the components failure. In addition, it
can be shown, by changing the order of summations, that

P(T1 > t1, T2 > t) =
n

∑
i=0

n

∑
j=i

S̄i,jP(ξ(t1) = i, ξ(t2) = j), (17)

where S̄i,j = ∑n−1
k=i+1 ∑n

j=max{k,j}+1 sk,l .
Suppose that the component failures occur at random times ϑ1, . . . , ϑn that are corresponding to

the first n arrival times of the GCP {ξ(t), t ≥ 0}. Using the fact that the event (ξ(t) = i) occurs if and
only if (ϑi ≤ t < ϑi+1), it can be shown that

P(T1 > t1, T2 > t2) =
n

∑
i=0

n

∑
j=i+1

si,jP(ϑi > t1, ϑj > t). (18)

Assuming that the MVF of the GCP is Λ(t) = λt, Di Crescenzo and Pellerey [15] obtained the
PDF of (ϑ1, . . . , ϑn) as

fϑ1,...,ϑn(t1, . . . , tn) =
n!λn

(1 + λtn)n+1 , 0 < t1 < · · · < tn. (19)

Using (19), the joint PDF of ϑi and ϑj is achieved as

fϑi ,ϑj(ti, tj) =
j!λj

(1 + λtj)j+1

ti−1
i (tj − ti)

j−i−1

(i− 1)!(j− i− 1)!
, 0 < ti < tj. (20)

In the following, we present an example of a three-state network whose components fail according
to a GCP with MVF Λ(t) = λt.

Example 5. Consider a network with a graph as depicted in Figure 5. The network has 14 links and eight nodes
in which the dark nodes are considered to be terminals. Suppose that the nodes are absolutely reliable and the
links are subjected to failure.
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Figure 5. The network with eight nodes, and 14 links.

Assume that the network is in up state if all terminals are connected, in partial performance state if
two terminals are connected and in down state if all terminals are disconnected. Let the network components
fail according to a GCP with intensity function λ(t) = 1 and all orders of links failure are equally likely.
Figure 6 presents the plot of joint reliability function of the network lifetimes (T1, T2). The elements si;j of the
two-dimensional signature are calculated using an algorithm by the authors, which can be provided to the readers
upon the request.

Figure 6. The joint reliability function of (T1, T2) in Example 5.

In the following theorem, we compare the state lifetimes of two three-state networks. In order to
do this, we need the following Lemma.

Lemma 2. Assume that {ξ1(t), t ≥ 0} and {ξ2(t), t ≥ 0} are two GCPs with intensity functions λ1(t) =
λ1 > 0, and λ2(t) = λ2 > 0, respectively. Let ϑ1,1, ϑ1,2, . . . and ϑ2,1, ϑ2,2, . . . denote the arrival times
corresponding to the two processes, respectively. If λ1 ≥ λ2, then (ϑ1,1, . . . , ϑ1,n) ≤st (ϑ2,1, . . . , ϑ2,n) for every
n ≥ 1.

Proof. Using relation (19), it can be seen that fϑi,1,...,ϑi,n is MTP2, which implies that ϑi,1, . . . , ϑi,n are
associated, i = 1, 2. In addition, we have

fϑ2,1,...,ϑ2,n(t1, . . . , tn)

fϑ1,1,...,ϑ1,n(t1, . . . , tn)
= (

λ2

λ1
)n(

1 + λ1tn

1 + λ2tn
)n+1, 0 < t1 < · · · < tn,

which is increasing in (t1, . . . , tn). Therefore, the required result is concluded from Theorem 6.B.8
of [16].
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Theorem 8. Consider two three-state networks that each consist of n components having signature matrices
S1 and S2, respectively. Let the components of ith network fail according to GCP {ξi(t), t ≥ 0}, i = 1, 2 with
intensity function Λi(t) = λi. Let ϑi,1, ϑi,2, ... denote the arrival times corresponding to {ξi(t), t ≥ 0}. Suppose
that (T (1)

1 , T (1)
2 ) and (T (2)

1 , T (2)
2 ) are the corresponding state lifetimes of the two networks, respectively:

• If λ1 ≥ λ2 and S1 ≤uo S2, then (T (1)
1 , T (1)

2 ) ≤uo (T (2)
1 , T (2)

2 ),
• If λ1 ≥ λ2 and S1 ≤st S2, then (T (1)

1 , T (1)
2 ) ≤st (T (2)

1 , T (2)
2 ).

Proof. From Lemma 2, if λ1 ≥ λ2, then (ϑ1,1, . . . , ϑ1,n) ≤st (ϑ2,1, . . . , ϑ2,n), which implies
(ϑ1,i, ϑ1,j) ≤st(uo) (ϑ2,i, ϑ2,j) for all 1 ≤ i < j ≤ n.

• Using representation (17), we have

P(T (1)
1 > t1, T (1)

2 > t2) =
n

∑
i=0

n

∑
j=i

S̄1,i,jP(ξ1(t1) = i, ξ1(t2) = j)

≤
n

∑
i=0

n

∑
j=i

S̄2,i,jP(ξ1(t1) = i, ξ1(t2) = j)

=
n

∑
i=0

n

∑
j=i+1

s2,i,jP(ϑ1,i > t1, ϑ1,j > t2)

≤
n

∑
i=0

n

∑
j=i+1

s2,i,jP(ϑ2,i > t1, ϑ2,j > t2)

= P(T (2)
1 > t1, T (2)

2 > t2),

where the first inequality follows from the assumption that S1 ≤uo S2 and the second inequality
follows from (ϑ1,i, ϑ1,j) ≤uo (ϑ2,i, ϑ2,j) for 1 ≤ i < j ≤ n.

• Using the fact that (ϑ1,i, ϑ1,j) ≤st (ϑ2,i, ϑ2,j) for all i < j and the assumption that S1 ≤st S2, the
required result is concluded from Theorem 3.3 of [21].

In the sequel, we investigate the dependency between T1 and T2 based on the dependency
between RVs I and J. In fact, we show that, if I and J are PQD (associated), then T1 and T2 are also
PQD (associated). Before that, let

s(1)i = P(I = i), s(2)j = P(J = j),

and S̄(k)
i = ∑n

l=i+1 s(k)l , k = 1, 2.

Theorem 9. Let T1 be the lifetime of a three-state network in state K = 2 and T2 be the lifetime of the network.
Let the components failure of the network appear according to the GCP {ξ(t), t ≥ 0} with arrival times
ϑ1, . . . , ϑn.

• If I and J are PQD, then T1 and T2 are PQD.
• If I and J are associated, then T1 and T2 are associated.

Proof. From representation (20), one can show that fϑi ,ϑj(ti, tj) is TP2, which implies that ϑi and ϑj are
associated and PQD.
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(a) Let φ(·) and ψ(·) be two increasing functions. From representation (18), we have

E(φ(T1)ψ(T2)) =
n−1

∑
i=1

n

∑
j=i+1

si,jE(φ(ϑi)ψ(ϑj))

≥
n−1

∑
i=1

n

∑
j=i+1

si,jE(φ(ϑi))E(ψ(ϑj))

≥
n

∑
i=1

s(1)i E(φ(ϑi))
n

∑
j=1

s(2)j E(ψ(ϑj))

= E(φ(T1))E(ψ(T2)),

where the first inequality follows from the fact that ϑi and ϑj are PQD and the second inequality
follows from the assumption that I and J are PQD.

(b) Proof of part (b) is the same as the proof of part (a) using the fact that, for every two-variate
increasing functions φ′(·, ·) and ψ′(·, ·),

E(φ′(T1, T2)ψ
′(T1, T2)) =

n−1

∑
i=1

n

∑
j=i+1

si,jE(φ′(ϑi, ϑj)ψ
′(ϑi, ϑj)).

The results of the theorem are interesting in the sense that the PQD (associated) property of I and
J, which is non-aging and depends only on the structure of the network, is transferred to the PQD
(associated) property of T1 and T2, which is the aging characteristic of the network.

Example 6. Consider again the network presented in Example 5. It can be seen that, for every i, j = 1, . . . , 14,
S̄i,j ≥ S̄(1)

i S̄(2)
j . This implies that I and J are PQD. Hence, if the components fail according to a GCP, then T1

and T2 are PQD.

4. Conclusions

In this article, we studied the reliability, aging and stochastic characteristics of an n-component
network whose components were subjected to failure according to a geometric counting process
(GCP). We first considered the case that the network has two states (up and down). Some mixture
representations of the network reliability were obtained in terms of signature of the network and
the reliability functions of the arrival times of the GCP. We studied the conditions under which the
hazard rate of the network is increasing in the case that intensity function of the process is increasing.
Stochastic comparisons were made between the lifetimes of different networks, subjected to GCPs,
based on the stochastic comparisons between their signatures. The residual lifetime of the network
was also explored. In the second part of the paper, we considered the networks with three states: up,
partial performance, and down. The components of the network were assumed to fail based on a
GCP with mean value function Λ(t) = λt, which leads to the change of the network states. Under
these circumstances, we arrived at several stochastic and dependency properties of the networks with
the same and different structures. The results of Section 3 were obtained under the special case that
the MVF of the GCP is Λ(t) = λt. The developments of the paper were mainly dependent on the
notions of signature and two-dimensional signature. The results of the paper were illustrated by
several examples.
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