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Scholar at the University of Houston in 2008 and at the University of Michigan in 2015, 2016, and 2017.

His research interests include numerical methods for wave propagation and scattering in complex 
structures, leaky-wave antennas, SIW, and multi-layered media. He is currently working on wave 
propagation along artificial surfaces having geometrical higher symmetries. He is the co-author 
of more than 50 papers in international journals, and more than 100 in international conferences. 
He was the co-organizer of three convened sessions on higher symmetries (at AP-S 2017, EuCAP 
2018, and META 2017). He is currently the Chair of the COST Action CA18223 on higher-symmetric 
artificial materials.

Dr. Valerio was a recipient of the Leopold B. Felsen Award in 2008. In 2010, he was a recipient of the 
Barzilai Prize for the best paper at the National Italian Congress of Electromagnetism (XVIII RiNEm). 
In 2014, he was a recipient of the Raj Mittra Travel Grant for junior researchers presented at the IEEE 
Antennas and Propagation Society Symposium, Memphis, TN, USA. In 2018, he was co-author of the 
best paper in “Electromagnetic and Antenna theory” at the 12th European Conference on Antennas 
and Propagation (EuCAP), London, UK.

Oscar Quevedo-Teruel received his degree in Telecommunication Engineering from Carlos III 
University of Madrid Spain in 2005, part of which was done at Chalmers University of Technology 
in Gothenburg, Sweden. He obtained his PhD from Carlos III University of Madrid in 2010 
and was then invited as a postdoctoral researcher at the University of Delft (The Netherlands). 
In 2010–2011, Dr. Quevedo-Teruel joined the Department of Theoretical Physics of Condensed Matter 
at Universidad Autonoma de Madrid as a research fellow and went on to continue his postdoctoral 
research at Queen Mary University of London in 2011–2013.

In 2014, he joined the Electromagnetic Engineering Division, in the School of Electrical Engineering 
and Computer Science at KTH Royal Institute of Technology in Stockholm, Sweden, where he is an 
Associate Professor and director of the Master Programme in Electromagnetics Fusion and Space 
Engineering. He has been an Associate Editor of the IEEE Transactions on Antennas and Propagation 
since 2018, and he is the delegate of EurAAP for Sweden, Norway, and Iceland for the period 
2018–2020. He is a distinguished lecturer of the IEEE Antennas and Propagation Society for the 
period 2019–2021.

He has made scientific contributions to higher symmetries, transformation optics, lens antennas, 
metasurfaces, leaky-wave antennas, multimode microstrip patch antennas, and high impedance 
surfaces. He is the co-author of 77 papers in international journals, 139 at international conferences, 
and has received approval on 3 patents.

vii





Preface to ”Higher Symmetries and Its Application in

Microwave Technology, Antennas and Metamaterials”

Artificial materials composed of periodic arrangement of inclusions (unit cells) in a host

medium have been widely studied and used in photonics and microwaves in the last few

decades. Recently, it has been remarked that unit cells exhibiting specific symmetries can lead

to dispersive properties never found before: ultra large bandwidth of operation, significantly

reduced losses due to dielectric-less propagation, miniaturization effects, and enhanced stopband

for electromagnetic bandgaps. These properties can meet the expectation of new communication

devices providing beam-scanning antennas, high isolation, miniaturization, high-power capabilities,

and reconfigurability.

When the unit cell of a periodic structure is invariant under a geometrical transformation,

the structure is said to be “higher symmetric”, since the higher symmetry is the minimal symmetry

defining the entire structure starting from a part of the unit cell. Higher-symmetric structures

along one direction were first introduced in the 1970s, and many fundamental results on the subject

were summarized in the seminal paper (Hessel et al., Proc. IEEE, 1973). Namely, glide symmetry

(a composition of a mirroring and a translation) and twist symmetry (a composition of a rotation

and a translation) were analyzed there with reference to periodic metallic waveguides. Those results

did not spark new research until today, when recent studies on artificial materials have provided

fields of application not considered before. It has been remarked that glide symmetry can enable

negative-index dispersion when otherwise not possible (Quesada et al., Opt. Lett., 2014) and a

higher effective refractive index for lens applications in (T. Chang et al., Nature Comm., 2016) and

(Cavallo and Felita, IEEE Trans. Antennas Propag., 2017). 2-D glide-symmetric metasurfaces can

considerably reduce the dispersion of wave propagation with respect to simple periodic structures,

mimicking an artificial material whose refractive index remains almost invariant over a wideband

(O. Quevedo-Teruel et al., IEEE Antennas Wireless Propag. Lett., 2016) and (O. Quevedo-Teruel et al.,

IEEE Antennas Wireless Propag. Lett., 2018). Furthermore, 2-D glide-symmetric metasurfaces improve

both the bandwidth and the attenuation of stopbands with respect to simple periodic structures,

offering new solutions for integrated circuits and gap waveguide technology (M. Ebrahimpouri

et al., IEEE Trans. Microw. Theory Techn., 2018). The need for modeling and explaining the

dispersive effects related to these symmetries has led to numerical and analytical solutions based

on mode-matching (Valerio et al., IEEE Trans. Microw. Theory Techn., 2018) and equivalent circuits

(Valerio et al., IEEE Antennas Propag., 2017). The effects of symmetries on the inter-cell coupling have

been quantified in (Bagheriasl et al., IEEE Trans. Microw. Theory Techn., 2019).

This Special Issue considers the role of symmetries of spatial or temporal nature in different

kinds of electromagnetic problems. The first paper “Time-reversal Symmetry in Antenna Theory”

discusses how time-reversal invariance affects properties of lossless radiating systems. Namely,

antenna matching conditions are examined, and for the first time, the generation of the time-reversed

field distribution of a radiating system is proposed, by illuminating a matched antenna with a

suitable Herglotz wave. The following four papers deal with symmetric configurations for the

design of radiating and guided-wave devices. In the paper “Fully Metallic Flat Lens Based on

Locally Twist-Symmetric Array of Complementary Split-Ring Resonators”, a twisted arrangement

of split-ring resonators is used to synthetize different effective refractive index by modifying the

order of the twist symmetry. This leads to a flat lens collimating a spherical wave into a plane

ix



wave. In “Analysis of Periodic Structures Made of Pins Inside a Parallel Plate Waveguide”,

wave propagation inside a structure made of periodic metallic pins is studied. The pins position

is modified starting from a fully-symmetric configuration to a glide-symmetric one, and by tuning

in a symmetric or asymmetric way the pin length. The effects on the frequency-dispersion and

on the stop-band frequency width are studied with full-wave simulations. The paper “One-Plane

Glide-Symmetric Holey Structures for Stop-Band and Refraction Index Reconfiguration” proposes a

holey metasurface whose slots are of elliptical shape and exhibit in-plane glide symmetry, in order to

minimize misalignment problems in off-plane in glide-symmetric structures.

In “Twist and Glide Symmetries for Helix Antenna Design and Miniaturization”, twist and glide

symmetries are used in order to miniaturize a helix antenna. A combination of glide and twist

symmetry is also defined by including glide corrugations along a helicoidal pattern.

The last two papers of the Special Issue present methods to solve an electromagnetic problem

in a domain defined by higher-symmetric boundary conditions. In “Modeling of Glide-Symmetric

Dielectric Structures”, a mode matching is proposed to study glide-symmetric structures made with

dielectric inclusions. The field distribution of different modes is computed in both fully-symmetric

and glide-symmetric configurations. Finally, in “Bloch Analysis of Electromagnetic Waves in

Twist-Symmetric Lines”, a multimodal characterization of a suitable sub-unit cell is used in order

to recover the dispersion diagram of the twist-symmetric line, by highlighting the role of inter-cell

coupling due to higher-order modes.

Guido Valerio, Oscar Quevedo-Teruel

Special Issue Editors

x
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Abstract: Here, I discuss some implications of the time-reversal invariance of lossless radiating
systems. I highlight that time-reversal symmetry provides a rather intuitive explanation for the
conditions of polarization and impedance matching of a receiving antenna. Furthermore, I describe a
solution to generate the time-reversed electromagnetic field through the illumination of a matched
receiving antenna with a Herglotz wave.

Keywords: Time-reversal symmetry; Antennas; Lorentz reciprocity

1. Introduction

Time reversal is the operation that flips the arrow of time such that t → −t [1,2]. Remarkably,
the laws that rule the microscopic dynamics of most physical systems are invariant under a
time-reversal transformation (the exceptions occur in some nuclear interactions and are irrelevant
in the context of this study). This property implies that under suitable initial conditions, the time
reversed dynamics may be generated and observed in a real physical setting, similar to a movie played
backwards. Ultimately, the invariance under time reversal implies that at a microscopic level the
physical phenomena are intrinsically reversible: if a particular time evolution is compatible with the
physical laws, then the time-reversed dynamics also is.

A consequence of “time-reversal invariance” is that the propagation of light in standard
waveguides is inherently bi-directional, even if the system does not have any particular spatial
symmetry. For example, if an electromagnetic wave can go through, a metallic pipe with no
back-reflections, then the time-reversed wave also can, but propagating in the opposite direction.
This rather remarkable property is usually explained with the help of the Lorentz reciprocity
theorem [3,4], but it is ultimately a consequence of microscopic reversibility and time reversal
invariance [2,5,6].

In this article, I reexamine the consequences of time-reversal invariance in antenna theory. I show
that time-reversal invariance provides a rather intuitive explanation for the conditions of impedance
and polarization matching in the theory of the receiving antenna. In addition, I prove that in a
time-harmonic regime the time-reversed wave can be generated through the illumination of the
receiving antenna with a superposition of plane waves generated in the far-field.

2. Time-Reversal Symmetry

It is well known that the equations of macroscopic electrodynamics are not time reversal invariant
when the system has dissipative elements. This is so because the description provided by macroscopic
electrodynamics is incomplete, as it only models the time evolution of the electromagnetic degrees of
freedom. In contrast, in a microscopic formalism –with all the light and matter degrees of freedom
included in the analysis– the system dynamics is time-reversal symmetric. Thus, in some sense,
macroscopic dissipative systems (e.g., lossy dielectrics) have a hidden time-reversal symmetry [6].
To circumvent this complication, here I will focus on systems with negligible material absorption,
so that the dynamics determined by the macroscopic Maxwell equations are time-reversal symmetric.

Symmetry 2019, 11, 486; doi:10.3390/sym11040486 www.mdpi.com/journal/symmetry1
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2.1. General Case

Consider the propagation of light in some lossless, dispersion-free, dielectric system described by
the Maxwell equations:

∇× E = −μ0
∂H
∂t ,

∇× H = j + ε ∂E
∂t

(1)

with ε = ε(r). The time-reversal operation T transforms the electromagnetic fields E, H and the current

density j as E
T→ ETR, H

T→ HTR, and j
T→ jTR with [2]:

ETR(r, t) = E(r,−t),
HTR(r, t) = −H(r,−t),

jTR(r, t) = −j(r,−t).
(2)

The transformed fields satisfy the same equations as the original fields. Under a time-reversal
transformation the magnetic field and the current density flip sign, whereas the electric field does
not. Thus, the former are said to be odd under a time-reversal transformation, whereas the latter is
even. As a consequence, the Poynting vector S = E × H also flips sign under a time reversal operation,
so that the wave dynamics and direction of propagation are effectively reversed. The time reversal
symmetry is rather general and applies to waves with an arbitrary variation in time.

For example, consider the scenario illustrated in Figure 1a, which represents a scattering problem
with two waveguides connected by some arbitrary junction (two-port microwave network). The two
incoming waves E+

1 and E+
2 can have arbitrary time variations and their scattering originates two

outgoing waves, E−
1 and E−

2 . As illustrated in Figure 1b, the time-reversal operation swaps the
roles of the incoming and outgoing waves, because it flips the direction of propagation. Hence,
the time-reversed signals are given by ETR,±

i (r, t) = E∓
i (r,−t). In particular, suppose that some wave

incident in port 1 is fully transmitted to port 2. Then, if port 2 is illuminated with the time-reversed
transmitted signal it will reproduce the original signal in port 1, but reversed in time. Thereby,
time-reversal invariant systems are intrinsically bi-directional, independent of any spatial asymmetry.

 

Figure 1. Illustration of the effect of the time-reversal operation in a time-domain scattering problem:
(a) The incoming waves E+

1 and E+
2 are scattered by the junction and originate two outgoing waves E−

1
and E−

2 . (b) Time-reversed scenario where the roles of the incoming and outgoing waves are exchanged.

The enunciated results can be generalized in a straightforward way to dispersive lossless
dielectrics, e.g., to material structures characterized by some real-valued scalar permittivity ε = ε(ω, r)

(e.g., a Lorentz dispersive model with no dissipation). The reason is that the electrodynamics of lossless
dispersive systems can be formulated as a Schrödinger-type time evolution problem [7–9], which in
the case of reciprocal media (e.g., standard dielectrics) is time-reversal invariant.

Furthermore, as discussed in Reference [10], most lossless nonlinear systems are time-reversal
symmetric and hence are also bi-directional (see also Reference [11] for the acoustic case). For example,

2
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for an instantaneous Kerr-type nonlinear response with ε = ε0(χ
(1) + χ(3)E · E), the Maxwell equations

(1) remain time-reversal invariant. Interestingly, the time-harmonic response of a two-port microwave
network with nonlinear components is generically asymmetric [12–14]. Indeed, if the ports are
individually excited by the same time-harmonic signal the level of the transmitted signal depends
on which port is excited; in this sense, nonlinear systems are nonreciprocal as the transmissivity is
generically direction dependent for a given time-harmonic excitation [12–14]. In summary, lossless
nonlinear systems are usually both time-reversal invariant and nonreciprocal, the two conditions are
not incompatible [10]. In the rest of the article, I focus on linear systems.

2.2. Time-Harmonic Variation

Consider a time-harmonic solution of the Maxwell equations, such that the electromagnetic
fields and current density are of the form: E(r, t) = Re

{
Eω(r)ejωt}, H(r, t) = Re

{
Hω(r)ejωt},

j(r, t) = Re
{

jω(r)e
jωt}, with ω being the real-valued oscillation frequency. Under a time reversal

the electric field is transformed as E(r, t) → Re
{

Eω(r)e−jωt} = Re
{

E∗
ω(r)ejωt} , where the symbol “*”

stands for complex conjugation. Hence, the complex amplitudes of the fields and current density are
transformed as:

Eω(r)
T→ E∗

ω(r),

Hω(r)
T→ −H∗

ω(r),

jω(r)
T→ −j∗ω(r).

(3)

Thus, in the frequency domain the time-reversal operation is closely linked to phase
conjugation [15,16]. Similarly, voltages and currents are transformed as:

Vω
T→ V∗

ω,

Iω
T→ −I∗ω.

(4)

For example, consider a N-port microwave network such that the voltages and currents at a generic
port i are of the form: Vω,i = V+

ω,i + V−
ω,i and Iω,i = (V+

ω,i − V−
ω,i)/Z0, i = 1, . . . , N. Here, V+

ω,i represents
an incoming (incident) wave and V−

ω,i an outgoing (scattered) wave. The characteristic impedance of

the ports is Z0. The incident and scattered waves are related as V− = S · V+, where V± =
[
V±

ω,i

]
are

column vectors and S =
[
Sij

]
is the scattering matrix. The time reversal operation exchanges the roles

of the incident and scattered waves, such that VTR,± = V∓,∗. Therefore, if the system is time-reversal
invariant V+,∗ = S · V−,∗. Thus, the scattering matrix must satisfy S = S−1,∗. On the other hand, for a
lossless system the incident power must equal the scattered power: V− · V−,∗ = V+ · V+,∗. To satisfy
this additional constraint the scattering matrix must be unitary S · S† = 1. Combining the two results,
one finds that the scattering matrix must be transpose symmetric:

S = ST . (5)

Thus, any time-reversal invariant linear lossless system is necessarily reciprocal (Sij = Sji) [17].
Here, I note in passing that in electromagnetic theory the time-reversal operator T is idempotent,

such that T 2 = 1. In other words, a “double” time reversal leaves the system dynamics unchanged.
In contrast, in condensed matter theory the time reversal operator satisfies T 2 = −1, and because
of this property the scattering matrix of fermionic systems is anti-symmetric, S = −ST [17]. It was
recently shown that photonic systems protected by a special parity-time-duality (PT D) symmetry are
constrained by S = −ST , and thereby are matched at all ports (Sii = 0) [17]. Such systems can enable
bi-directional transmission of light free of back scattering.

3
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3. Application to Antenna Theory

The time-reversal property may be used to explain several well-known properties of radiating
systems. Similar to the previous section, I assume that the antennas are formed by lossless materials,
e.g., lossless dielectrics or perfect conductors. In particular, the radiation efficiency of the antennas
is 100%.

Consider a generic antenna radiating in free-space (Figure 2a). The antenna is fed by a
generator with a time-harmonic variation. The antenna radiates the electromagnetic fields Erad

ω , Hrad
ω .

By definition, the antenna impedance is Za = V0,ω/I0,ω where V0,ω , I0,ω are the complex amplitudes of
the voltage and current at the antenna terminals. In the far-field region the radiated electric field is
asymptotically of the form [18]:

Erad
ω ≈ Eff

ω ≡ η0 jk0 I0,ω
e−jk0r

4πr he(r̂)

he(r̂) = r̂ × (r̂ × 1
I0,ω

∫
jω(r

′)ejk0 r̂·r′d3r′).
(6)

 

Figure 2. (a) An antenna fed by a time-harmonic generator radiates in free-space. (b) Time-reversed
problem wherein all the radiated energy returns to the antenna. The antenna terminals are connected
to a matched load.

In the above, k0 = ω/c is the free-space wave number, η0 is the free-space impedance, and he(r̂)

is the (vector) effective height of the antenna, which depends on the direction of observation r̂ (r̂ can
be expressed in terms of angles θ, ϕ associated with a system of spherical coordinates). The antenna
effective height depends on the total current distribution jω(r

′), which includes the external currents
associated with the generator and the induced polarization and conduction currents in the materials.

The polarization of the antenna in the direction r̂ is determined by the closed curve defined by
Erad(t) = Re

{
Erad

ω ejωt
}

∼ Re
{

he(r̂)ejωt}, and hence by the effective height he because the electric
field is evaluated in the far-field region.

3.1. Polarization and Impedance Matching

Consider now the time-reversed problem represented in Figure 2b, where all the radiated energy
is returned back to the antenna. The time reversed voltage and current at the antenna terminals are
VTR

0,ω = V∗
0,ω and ITR

0,ω = −I∗0,ω (Equation (4)). The current flowing into the antenna terminals (inward
direction) is IL,ω = −ITR

0,ω (see Figure 2; note that in the scenario of Figure 2a the current is positive
when it flows in the outward direction). From here, it follows that VTR

0,ω/IL,ω = V∗
0,ω/I∗0,ω = Z∗

a , i.e.,
in the time-reversed scenario the generator is effectively equivalent to a matched load with impedance
Z∗

a . Furthermore, the field arriving to the antenna in the direction r̂ is evidently ETR
ω = Erad,∗

ω ∼ h∗
e (r̂),

which is the well-know condition for polarization matching. These properties show that in the

4
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time-reversed problem the antenna is impedance matched to the load and polarization matched to the
incident wave for any direction r̂.

Thus, the time-reversal invariance provides a rather intuitive understanding of the conditions
of impedance and polarization matching, as it shows that the two conditions emerge naturally in the
time-reversed problem where the receiving antenna captures the energy arriving from the far-field
with 100% efficiency.

In the time domain ETR(t) = Erad(−t) and thereby the polarization curve associated with
ETR

ω is the same as the polarization curve associated with Erad
ω . In a time period (T = 2π/ω),

ETR(t), Erad(t) follow the same polarization curve but in opposite directions due to the time-reversal
link. Yet, the polarization of the two waves is the same, i.e., the antenna and the wave are polarization
matched, because the propagation directions of the two waves differ by a minus sign (Erad

ω propagates
in the outward radial direction and ETR

ω in the inward radial direction).
For example, an antenna that radiates a right-circularly polarized (RCP) wave in some direction

of space is polarization matched to an incoming plane wave with RCP polarization. Even though the
wave and antenna polarizations are identical, the geometrical senses of rotation of the relevant electric
fields are opposite. This otherwise intriguing property can be understood as a simple consequence of
time-reversal invariance.

3.2. Time-Reversed Field Generated with a Far-Field Illumination

The problem of generating a time-reversed field distribution is of practical interest, as it enables
concentrating and focusing energy from the far field into some desired region of space. The theory
and application of time-reversed fields were developed and extensively explored by Fink and
co-authors [19–24]. Here, I revisit the problem and highlight some features that were not discussed in
Reference [24].

In the time-reversed problem of Figure 2b the incident wave ETR
ω propagates from r = ∞ to the

antenna where it is fully absorbed by the matched load, without generating any back-reflections. It is
natural to wonder what happens if the same antenna is illuminated by the time-reversed far field (time
reversal of Eff

ω) rather than by the fully time-reversed field (the time reversal of Erad
ω given by ETR

ω ). In
the former case, the incident wave Einc

ω (r) should be a superposition of plane waves emerging from all
possible directions of space r̂′. From Equation (6), the field dEinc

ω (r) associated with the wave emerging
from the infinitesimal solid angle dΩ(r̂′) must have amplitude proportional to e+jk0 r̂′ ·rh∗

e (r̂
′)dΩ(r̂′).

Notably, I prove in the Appendix A that the solution of the scattering problem formulated in the
previous paragraph can be constructed from the fully time reversed field ETR

ω . Specifically, when an
impedance-matched antenna is illuminated by the incident field

Einc
ω (r) =

k2
0

8π2 I∗0,ωη0

∫
e+jk0 r̂′ ·rh∗

e (r̂
′)dΩ(r̂′), (7)

the field scattered by the antenna is precisely given by Escat
ω = ETR

ω − Einc
ω , such that the total field is

ETR
ω . Thus, ETR

ω may be both understood as an incident wave that is absorbed by the antenna with no
back-scattering, or alternatively as the superposition of an incident wave (Einc

ω ) and the corresponding
field back scattered by the antenna (Escat

ω ). The two cases, even though totally different from a physical
point of view, cannot be mathematically distinguished in time-harmonic regime.

As previously mentioned, the incident field Einc
ω is a superposition of propagating plane waves

emerging from all directions of space. This type of wave is known as a Herglotz wave. The integral in
Equation (7) is over all solid angles dΩ(r̂′). Furthermore, it is shown in Appendix A that the scattered
field has the following asymptotic form in the far-field region:

Escat
ω (r) ≈ −η0 jk0 I∗0,ω

e−jk0r

4πr
h∗

e (−r̂). (8)

5
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Comparing Equations (6) and (8) it is evident that the power scattered by the antenna when it is
illuminated by Einc

ω is Pscat = Prad where Prad is the power radiated by the antenna in the scenario of
Figure 2a. Furthermore, since the total field Einc

ω + Escat
ω is identical to ETR

ω it is evident that the power
absorbed by the matched load is Pr = Prad. These properties imply that when the impedance-matched
antenna is illuminated by the Herglotz wave it captures the same power as it scatters: Pr = Pscat.
The property Pr = Pscat is specific to the Herglotz wave considered here, and it generally does not
hold true for other far-field excitations [25,26]. Note that the polarization curve associated with the
scattered field Escat

ω along the direction r̂ is determined by h∗
e (−r̂), which generally differs from the

polarization of the antenna in transmitting mode.
It is emphasized that the fully time reversed field ETR

ω can be excited simply by illuminating the
impedance matched antenna with the Herglotz wave Einc

ω , which is a superposition of propagating
plane waves.

4. Conclusions

I revisited the topic of time-reversal symmetry in macroscopic electromagnetism. I showed
that under a time-reversal transformation a transmitting antenna becomes the impedance matched
receiving antenna. Heuristically, the excitation with the time-reversed wave must be the most
effective way of delivering power to an antenna. Thus, the time-reversal invariance provides a
simple and intuitive understanding of the conditions of impedance and polarization matching in
antenna theory. In particular, it elucidates why a polarization matched incident wave has an electric
field that rotates geometrically in a direction opposite to that of the field radiated by the antenna in the
same direction. In addition, I generalized the ideas of Reference [24] and showed that the time reversal
of the field emitted by a lossless transmitting antenna can be created by illuminating an impedance
matched receiving antenna with the far-field excitation associated with the Herglotz wave given by
the Equation (7). In such a scenario, the power captured by the matched load is precisely the same as
the power scattered by the antenna.
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Engineering Research Prize and by Fundação para Ciência e a Tecnologia (FCT) under project PTDC/EEITEL/
4543/2014 and UID/EEA/50008/2019.
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Appendix A

Consider the configuration of Figure 2a, where a generic lossless antenna radiates in free-space.
Let jω(r

′) be the total electric current distribution, determined both by the external current associated
with the generator and by the polarization and conduction currents in the materials. The radiated
fields in time-harmonic regime may be expressed in terms of a vector potential as

Aω(r) = μ0

∫
jω(r

′)
e−jk0|r−r′ |

4π|r − r′|d
3r′. (A1)

Under a time reversal, the vector potential is transformed as Aω(r)
T→ −A∗

ω(r). Thus,
the time-reversed vector potential is:

ATR
ω (r) = μ0

∫
−j∗ω(r

′)
e+jk0|r−r′ |

4π|r − r′|d
3r′. (A2)

Using e+jk0|r−r′ | = e−jk0|r−r′ | + 2j sin(k0|r − r′|), I obtain the decomposition ATR
ω = Ainc

ω +

Ascat
ω , with

Ascat
ω (r) = μ0

∫
−j∗ω(r

′)
e−jk0|r−r′ |

4π|r − r′|d
3r′, (A3a)
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Ainc
ω (r) = μ0

∫
−j∗ω(r

′)
j sin(k0|r − r′|)

2π|r − r′| d3r′. (A3b)

Evidently, the time-reversed field has a similar decomposition ETR
ω = Einc

ω + Escat
ω (see also

Reference [24]). The field Escat
ω is obtained from Ascat

ω , and thus satisfies the Sommerfeld radiation
conditions. Thus, Escat

ω can be understood as the wave scattered by Einc
ω . From Equation (A3a) it is

simple to check that in the far-field region

Escat
ω (r) ≈ −jk0η0

e−jk0r

4πr
r̂ × (r̂ ×

∫
j∗ω(r

′)e+jk0 r̂·r′d3r′). (A4)

Comparing this result with Equation (6), one obtains Equation (8).
The potential Ainc

ω is an analytic function and can be written as a superposition of plane waves.
Indeed, from

sin k0r
4πr

=
k0

16π2

∫
e−jk0k̂·rdΩ(k̂), (A5)

the incident vector potential may be expressed as:

Ainc
ω (r) = −μ0

jk0

8π2

∫
dΩ(k̂)ejk0k̂·r

(∫
d3r′ j∗ω(r

′)e−jk0k̂·r′
)

. (A6)

With the help of Equation (6), it can be checked that the “incident” electric field
Einc

ω = (1/jωε0)∇×∇× Ainc
ω /μ0 is given by Equation (7).

The power received by an impedance-matched antenna is

Pr =
|Voc|2
8Ra

. (A7)

Here, Ra = Re{Za} is the input resistance of the antenna and Voc is the voltage induced by the
incident field at the antenna terminals when they are terminated with an open circuit. As is well
known, for reciprocal systems the open-circuit voltage is Voc = Einc

0 ·he(r̂) where Einc
0 is field associated

with an incident plane wave (arriving from direction r̂) evaluated at the origin [18]. Thus, from the
superposition principle, the voltage induced by the Herglotz wave given by Equation (7) is:

Voc =
k2

0
8π2 I∗0,ωη0

∫
|he(r̂)|2dΩ(r̂). (A8)

For a lossless system the input resistance is coincident with the radiation resistance, which from

(6) can be written as Ra = η0
k2

0
16π2

∫
|he(r̂)|2dΩ(r̂). This result implies that Voc = 2I∗0,ωRa so that the

received power is given by Pr =
1
2 Ra|I0,ω |2 = Prad. This direct analysis confirms that when the antenna

is illuminated by the Herglotz wave the power absorbed by a matched load is exactly the power
radiated by the antenna in the scenario of Figure 2a.
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Abstract: In this article, we demonstrate how twist symmetries can be employed in the design
of flat lenses. A lens design is proposed, consisting of 13 perforated metallic sheets separated by
an air gap. The perforation in the metal is a two-dimensional array of complementary split-ring
resonators. In this specific design, the twist symmetry is local, as it is only applied to the unit cell
of the array. Moreover, the twist symmetry is an approximation, as it is only applied to part of
the unit cell. First, we demonstrate that, by varying the order of twist symmetry, the phase delay
experienced by a wave propagating through the array can be accurately controlled. Secondly, a lens
is designed by tailoring the unit cells throughout the aperture of the lens in order to obtain the
desired phase delay. Simulation and measurement results demonstrate that the lens successfully
transforms a spherical wave emanating from the focal point into a plane wave at the opposite side of
the lens. The demonstrated concepts find application in future wireless communication networks
where fully-metallic directive antennas are desired.

Keywords: twist symmetry; lens antenna; complementary split-ring resonator; complementary split
ring resonator (CSRR)

1. Introduction

A periodic structure possesses a higher geometrical symmetry if it is invariant under a translation
and one or more additional geometrical operations. One-dimensional (1D) structures possessing
higher symmetries were studied during the 1960s and 1970s [1–4]. In those early studies, two types of
higher symmetries were investigated, namely Cartesian glide and twist (also called screw) symmetry.
A Cartesian glide symmetry is obtained if the additional geometrical operation, which is applied
jointly with the translation, is a mirroring with respect to a plane. More specifically, a structure
possesses Cartesian glide symmetry if its unit cell consists of two sub-unit cells that are displaced
a distance p/2 and mirrored with respect to a plane, where p is the period of the full unit cell. A twist
symmetry is obtained if the additional geometrical operation is a rotation around the periodicity
axis. A structure possesses an m-fold twist symmetry (m being an integer) if its unit cell consists of
m sub-unit cells, which are displaced a distance p/m and rotated 2π/m with respect to the adjacent
sub-unit cells. A two-fold twist-symmetric structure also possesses glide symmetry if the sub-unit
cell is mirror-symmetric with respect to one plane that includes the periodicity axis. Moreover,
a purely-periodic structure, i.e., a structure without a higher symmetry, possesses one-fold twist
symmetry (m = 1). In [1–4], it was shown that there were no stop-bands between the m first modes in
the dispersion diagram (m = 2 in the case of glide). This modal characteristic has been applied for the
design of 1D glide-symmetric forward and backward scanning leaky-wave antennas [5–7].

Symmetry 2019, 11, 581; doi:10.3390/sym11040581 www.mdpi.com/journal/symmetry9
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Recently, higher symmetries, and glide symmetry in particular, have received a renewed attention
in the microwave community, as higher symmetric structures provide attractive properties for the
design of microwave components [8–19]. These properties are especially attractive in the mm-wave
regime, where dielectric losses are prohibitive, and higher symmetries permit a control of the
propagation characteristics on fully-metallic periodic structures [20]. More specifically, it has been
demonstrated that higher symmetric structures increase the equivalent refractive index [21–23]
and reduce the dispersion [9,10,16,17] of conventional periodic structures. These properties have
recently been applied in the design of two-dimensional (2D) fully-metallic glide-symmetric wideband
metasurface lenses [9,10]. Moreover, glide-symmetric structures have demonstrated that, while they
suppress the stop-band between the first two modes, a huge stop-band is present between the
second and third modes [12]. This property has been used to reduce the leakage between waveguide
interconnections [13] and design cost-efficient gap waveguides at mm-wave frequencies [14,15].
In order to reduce the computation time and give valuable physical insight, several methods for
calculating the dispersion diagram of glide-symmetric structures have been presented [24–28].

Although similar properties have been demonstrated in twist-symmetric structures [16–18,24],
very few twist-symmetric devices have been conceived. In twist-symmetric structures, in contrast to
glide-symmetric structures, the m-fold order of symmetry presents an additional degree of freedom
in the design. Twist symmetry has been successfully employed in the design of reconfigurable
filters [17], compact phase shifters [19], miniaturization of helix antennas [29], and polarization
transformers [30]. In this work, we demonstrate how the additional control of the propagation
characteristics in twist-symmetric structures can be applied in the design of flat lenses.

The paper is organized as follows: In Section 2, two simulation studies are conducted.
First, in Section 2.1, local twist symmetry is investigated, and the effect of adding different orders
of twist symmetries in the structure is highlighted. After, in Section 2.2, local twist symmetries are
employed in the design of a flat lens. In Section 3, the results are discussed. Finally, in Section 4,
the methods employed in the study and the procedure undertaken are explained.

2. Results

Our study is divided in two steps. First, in Section 2.1, a general study of twist-symmetric
complementary split ring resonators (CSRRs) is conducted. In this initial study, the effects of locally
adding an approximate twist symmetry to an array of CSRRs is highlighted. Secondly, in Section 2.2,
a lens design consisting of an array of tailored CSRRs is conducted based on the results obtained in
Section 2.1.

2.1. Study of Twist-Symmetric Complementary Split Ring Resonators

In this work, four different structures with local twist symmetry are studied. The structures are
illustrated in Figure 1. In this initial study, the structures are 3D periodic. The different unit cells
consisted of different numbers of layers of perforated metallic sheets of a thickness t, separated by
an air gap of thickness h. The perforation in the metal consisted of two concentric semi-circular slots,
also called CSRRs, of radius, R. The slots had a width sw, and a metallic bridge of width g connected
the metal on each side of the slot. The studied structures were 1-, 3-, 4-, and 6-fold twist-symmetric
with 1, 3, 4, and 6 metallic sheets per unit cell, respectively. The twist symmetry was local since only
the unit cell was twist-symmetric, and not the full array of CSRRs. Furthermore, the twist symmetry
was approximate since only the slots were rotated between adjacent sub-unit cells, and not the entire
sub-unit cell. Moreover, since the sub-unit cell exhibited mirror symmetry, the rotation between
two adjacent sub-unit cells in the smallest geometrical full unit cell was halved. This means that the
rotation between two adjacent sub-unit cells was not 2π/m, but rather π/m, where m is the order of
the twist symmetry. Consequently, the rotation between adjacent sub-unit cells was 180◦, 60◦, 45◦,
and 30◦ in the 1-, 3-, 4-, and 6-fold twist-symmetric structures, respectively.
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(a) (b) (c) (d)
Figure 1. Simulated CSRRs with local twist symmetry. Studied structures: (a) purely periodic (m = 1),
(b) 3-fold, (c) 4-fold, and (d) 6-fold.

In Figure 2a, the propagation constants for the four structures are represented. In all structures,
the lateral periodicity, uw, was 20 mm, the slots were placed at a radius R = 7 mm; the slot width, sw,
was 3 mm, and the metallic bridge separating the slots had a width of g = 1.5 mm. The separation
between the metallic sheets, h, was 4 mm, and the thickness of the metallic sheets, t, was 1 mm. The final
implementation (i.e., the lens) will operate with the second mode of the CSRR array. Therefore, only this
mode is plotted in Figure 2a. The electric field profile of the second mode is illustrated in the inset of
Figure 2a. The mode was odd with respect to the center of the unit cell, in contrast to the first mode,
which was even. The odd field distribution was consistent with the excitation employed in the final
implementation of the lens. Notably, the electric field pattern in the slot resembled that of a TE10-mode
in a rectangular waveguide. In fact, the dispersion characteristics of the mode were similar to the ones
in a periodically-loaded rectangular waveguide.
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Figure 2. (a) Simulated propagation constant with dimensions: uw = 20 mm, R = 7 mm, sw = 3 mm,
g = 1.5 mm, t = 1 mm, and h = 4 mm. (b) Simulated effective refractive index at 11 GHz with
dimensions: uw = 20 mm, R = 7 mm, g = 1.5 mm, t = 1 mm, and h = 4 mm.

From the results of Figure 2a, we can conclude that the phase delay can be controlled by changing
the order of the symmetry. In previous works, it has been demonstrated that by increasing the order of
twist symmetry, an increased density can be obtained [16–18,24]. However, in Figure 2a, the highest
density is not necessarily achieved in the structure with the highest order of the symmetry. The reason
for this discrepancy with previously-reported results is that, in this study, the sub-unit cell period was
kept constant, in contrast to previous studies where the full unit cell periodicity was kept constant.
Moreover, the lowest order of twist symmetry (i.e., the three-fold structure) was the most different
from the purely-periodic structure. There were two reasons for this. First, the cut-off frequency of
the CSRR was shifted upwards in the twist-symmetric structures compared to the purely-periodic
structure. The CSRRs in different layers of the structures effectively formed a waveguide with a cut-off
frequency. When adjacent layers were rotated, the effective width of the waveguide was reduced,
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leading to an up-shift in the cut-off frequency. The largest rotation between the two sub-unit cells was
obtained in the three-fold structure, and hence, the shift was more severe in this configuration, as the
effective width of the waveguide was the smallest. Secondly, the slope of the dispersion curve was
more gradual in the twist-symmetric structures compared to the purely-periodic structure. The more
gradual slope was caused by the reduced coupling between the CSRRs in different layers for the
twist-symmetric structures, compared to the purely-periodic structure. The reduced coupling resulted
in a narrower pass band for the second mode [30].

In Figure 2b, the effective refractive index at 11 GHz is presented. The order of symmetry and
slot width were swept. The remaining parameters were: R = 7.5 mm, uw = 20 mm, g = 2 mm,
h = 4 mm, and t = 1 mm. Again, the density of a periodic structure can be controlled by varying
the order of the symmetry. The increased density was related to the increased path traveled by the
mode, which was forced to revolve in a helical manner around the periodicity axis. The smallest pitch
of the helix, and consequently the highest density, was obtained in the three-fold structure. In fact,
for increasing order of twist symmetry, we approached the purely-periodic structure as the rotation
between subsequent sub-unit cells was decreasing. Additionally, if another geometrical parameter was
allowed to vary simultaneously (the slot width, sw, in this case), a large continuous range of effective
indices can be obtained. This control of the phase delay has been previously used to design compact
phase shifters [19]. Here, we employed this effect for the design of a flat lens.

2.2. Lens Design Using CSRRs

The operation of the lens was conceptually similar to the one of transmit arrays [31–34]. The phase
delay experienced by a wave propagating through the lens was controlled throughout the aperture.
The full lens structure is presented in Figure 3. The lens consisted of 13 perforated metallic sheets
with a thickness of 1 mm. The sheets were made of aluminum and were separated by 4 mm of
air. These sheets were thick enough to remain flat in a practical realization of the lens. However,
due to the manufacturing process employed here (laser cutting), the sheets deformed significantly.
Therefore, a layer a 4 mm-thick Rohacell 51HF (εr = 1.065) was added for structural support in
between the metallic layers in the realized prototype. The manufactured lens (in the measurement
setup) is illustrated in Figure 3c.

The perforation in the metallic sheets consisted of an array of CSRRs. The CSRRs were tailored
throughout the aperture so the lens provided the required phase correction necessary to transform
a spherical wave emanating from the focal point into a plane wave at the opposite side. A similar
configuration has been employed to obtain a wideband linear-to-linear polarization transformation
with very low insertion losses [30]. However, in that work, a normally incident plane wave was
assumed, and the CSRRs remained unchanged throughout the aperture. Moreover, the first and last
layers were different in order to produce a polarization transformation.

Thirteen metallic layers were employed here to produce 3-, 4-, and 6-fold twist-symmetric unit
cells. In this way, each twist configuration can fit an integer number of periods into 12 metallic layers.
One additional layer, identical to the first, was inserted at the end to ensure that the lens was symmetric
and no polarization transformation was performed. If desired, polarization transformation can be
integrated into the structure if the first and last layers are different. The phase delay throughout the
lens was tailored so that a spherical wave emanating from the focal point, f p, arrived in phase at the
opposite side of the lens. To obtain this, ψ(r) = l(r) + T · neff(r) must remain constant throughout
the aperture (up to an integer addition of free-space wavelengths), where r is the radial coordinate
in the aperture, l(r) = f p/ cos[tan−1(r/ f p)] is the total optical path from the focal point through the
lens, and neff(r) is the effective refractive index of the lens at the position r. The focal point in the
designed lens was 130 mm, and the width of the lens, w, was 220 mm. The total thickness of the lens,
T, was 61 mm.
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(a) (b) (c)
Figure 3. (a–b) Layout of the lens: (a) front view, and (b) perspective view. The distance between the
metallic sheets is exaggerated for increased clarity. (c) Measurement setup in the anechoic chamber.

The simulated electric field for the lens, at 11 GHz, excited by a half-wavelength dipole,
is presented in Figure 4a,b for the E-plane and H-plane. The lens successfully transformed the
spherical wave into a plane wave. To estimate how successful the transformation was, the normalized
radiation pattern at 11 GHz, both for the lens fed with a rectangular waveguide (WR90) and for the
isolated waveguide (normalized to the maximum realized gain of the full lens antenna), is plotted
in Figure 4c,d for the E-plane and H-plane. A clear improvement in the gain of roughly 6 dB was
achieved with the lens. The measured H-plane radiation pattern is included in Figure 4d, and the
measurement corroborated the simulation. The measured E-plane radiation pattern was distorted
by the struts necessary for mounting the antenna in the anechoic chamber. Therefore, the E-plane
cut is not presented here. The losses in the metallic sheets were below 1% of the stimulated power
in simulations.
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Figure 4. Simulated E-field and far-field of the lens. (a–b) x-component of the electric field excited by
an x-oriented half-wavelength dipole placed in the focal point of the lens: (a) E-plane and (b) H-plane.
(c–d) Normalized radiation pattern of the lens excited with a rectangular waveguide (WR90) placed
at the focal point of the lens: (c) E-plane and (d) H-plane. The measurement of the H-plane cut is
included as well. The width, w, of the lens is 220 mm, and the focal point is 130 mm from the first layer.
The separation between the sheets is 4 mm, and the thickness of the metallic sheets is 1 mm.
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3. Discussion

In this work, a periodic structure with local twist symmetry was applied for the design of a
fully-metallic lens. First, it was demonstrated that, by introducing different orders of an approximated
twist symmetry into the unit cell of a 2D array of CSRRs, the phase delay can be controlled. Moreover,
an excellent range of different phase delays can be achieved by only varying the symmetry order.
Secondly, a lens was designed by varying the order of the symmetry throughout the aperture,
obtaining the required phase delay at each point. The lens consisted of 13 perforated metallic sheets
separated by an air gap. The perforation in each sheet was an array of CSRRs. The CSRRs were
rotated in each consecutive layer to obtain the twist symmetry. The first and last layers of the lens
were identical in order to ensures that no polarization transformation was performed in the lens.
However, a polarization transformer can be integrated into the structure by using different orientation
of the CSRRs in the first and last layer. Full-wave simulation results showed that the lens structure
successfully transformed a spherical wave emanating from the focal point of the lens into a plane wave
at the opposite side. The presented concepts can be employed in future design intended for wireless
communication networks at high frequencies where fully-metallic directive antennas are desired [20].

4. Materials and Methods

CST Microwave Studio [35] has been used to produce the simulation results in this article. In the
study conducted in Section 2.1, the structures were simulated in the Eigenmode Solver of CST,
with periodic boundary conditions in all directions. In the study conducted in Section 2.2, the structure
was simulated in the Time-Domain Solver of CST. The measurements were carried out in an anechoic
chamber. The lens was fed with a WR90 standard waveguide.
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Abstract: In this work, we have analyzed different versions of periodic structures made with metallic
pins located inside a parallel plate waveguide (PPWG), varying the symmetry and disposition of
the pins. The analysis focuses on two main parameters related to wave propagation. On one hand,
we have studied how the different proposed structures can create a stopband so that the parallel
plate modes can be used in gap waveguide technology or filtering structures. On the other hand,
we have analyzed the dispersion and equivalent refractive index of the first propagating transverse
electromagnetic mode (TEM). The results show how the use of complex structures made with pins
in the top and bottom plates of a PPWG have no advantages in terms of the achieved stopband
size. However, for the case of the propagating mode, it is possible to find less dispersive modes
and a higher range of equivalent refractive indices when using double-pin structures compared to a
reference case with single pins.

Keywords: bed of nails; glide symmetry; gap waveguide technology; dispersion; stopband

1. Introduction

Periodic structures made with metallic pins have been used by the electromagnetism community
in different kinds of applications. The original structure known as “the bed of nails” [1] can be
considered a metasurface and is able to provide extraordinary boundary conditions. This property
was used in the definition of a new technology known as a gap waveguide [2,3], where the structure
is combined with a top metal lid to provide the cutoff frequency or stopband for all the parallel
plate modes [4]. In this case, the pin structure acts as an artificial magnetic conductor (AMC) within
a given frequency range, producing a stopband. This same concept was also used as a successful
packaging solution [5] using not only pins but also other versions of symmetrical and periodic “pin-like”
structures [6–8]. A similar idea was also implemented using dielectric materials [9] rather than metal.

Gap waveguide technology is currently a reality and its use in designing antennas and components
has been widely extended [10]. Alternatives to pin structures to create the stopband in a PPWG have
emerged, such as half-size pins [11] and holes [12,13], mainly with the purpose of providing easier
manufacturing of this technology.

On the other hand, these pin structures have been also used to create effective refractive indices
without using dielectrics. This property was used to design lenses [14] or even prisms to compensate
the dispersion of a conventional leaky wave antenna [15]. For this type of application, the structure of
the pins is well located within the parallel plate structure and modifies the dispersion characteristics of
the first propagating mode.

Symmetry 2019, 11, 582; doi:10.3390/sym11040582 www.mdpi.com/journal/symmetry17



Symmetry 2019, 11, 582

Recently, higher symmetries have been proposed for periodic structures in the form of
corrugations [13,16] to obtain either less dispersive behavior of the propagating mode for designing
lenses [17] or to increase the stopbands for use in gap waveguide technology. Other similar periodic
structures have been studied and applied in the optical domain [18,19].

The purpose of this work is to present a complete analysis of pin structures inside a parallel
plate waveguide in terms of stopbands, equivalent refractive index and dispersion of the first
propagating mode. In the study, we focus on the analysis of innovative configurations of pins in
terms of a combination of pins with different characteristics or the use of higher symmetries such as
glide symmetry.

2. Geometries Considered in the Analysis

The pin structures that are considered in this study are presented in Figure 1.
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Figure 1. Pin geometries considered in the study. * In these cases, we will consider two cases of shift in
one direction (X) and two directions (XY) shifts.

In our work, the reference case is the conventional pin (Figure 1a), where hpin is the height of
the pin, w is the width of the pin, L is the distance between the two plates and g is the gap either
between the top plate and the pin or between the top and bottom pins. A second case of the study
is a symmetric double pin with half of the height of the reference pin (hpin/2) as shown in Figure 2b.
This geometry has been extensively studied in the paper [11] in terms of its stopband properties.
We will also include here the propagation properties, i.e., the dispersion of the first mode. A third
case is the glide symmetric case (Figure 2c), i.e., a translation in the longitudinal direction of p/2
and a reflection with respect to the LPPWG/2 plane. Here, we consider the cases of only the half-pin
translation in one direction (generically named as X) and the shift in two directions (named as XY).

Three other structures are proposed in this study and are described in Figure 1d–f. The key
difference of these structures is that they present asymmetries related to the previous ones already
introduced. In particular, we will study the effect of using unequal pins in the top (with height
htop) and bottom (with height hbottom) of the metal plate and also interleaving these different pins.
Finally, Figure 2 contains additional representations of the cases under study including the reference
coordinate axes.
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Figure 2. Unit cell description including axes. Top view of the translations in only X (b) or XY
(c) directions.

In order to compare the six structures, some key parameters will be fixed for all the cases.
The distance L between the two plates, the gap size g, the pin width w and the periodicity p will remain
constant in this initial study. The effect of all these parameters has been extensively analyzed in [4] for
the reference case. In the second part of this work, we also include a parametric study for all the other
proposed geometries.

3. Stopband Analysis

Simulations of the parallel plate stopband were carried out by calculating the dispersion diagram
of a unit cell using the commercial software CST Microwave Studio. Alternative methodologies for
calculating dispersion diagrams of these kinds of structures were presented in [20].

As for the pin structure, we have selected the following dimensions: hpin = 2.5 mm, w = 1
mm, p = 2 mm and g = 0.5 mm. However, we have decided to normalize all the frequencies to the
frequency f0 where the pin height for the reference case is 0.25λ. As a consequence and without loss of
generality, with the selected hpin of 2.5 mm, f0 corresponds to 30 GHz.

The selection of some initial dimensions and their normalization with respect to a frequency
is a common practice when doing parametric studies(see the previous examples in [4,11,12]). It is
important to mention that as a consequence of the linearity of the electromagnetism, the results can be
directly scaled to any desired frequency range.

First, the calculated dispersion diagrams of the first two modes for the reference pin (Figure 1a),
the double pin (Figure 2b) and glide symmetry cases with a shift in one direction and two directions
(Figure 2c) are presented in Figure 3. In this figure the blue curves correspond to the dispersion
diagram of the first mode of the geometry while the red curves correspond to the second propagating
mode of the geometry. We can observe that reference (case a) has the largest stopband. The case named
half-height (case b) has a higher cutoff frequency of the first mode, and the second mode is flat in
frequency, meaning that it cannot be used to propagate energy and corresponds to a resonance. Finally,
in the glide case, when we shift the pins (case c) in the bottom layer by half the period with respect
to the pins in the top layer (in one or two directions), the stopband disappears between the first and
second modes, as previously observed for glide corrugations [16]. Note that in this case there is a very
narrow stopband between the second and third modes.

Concerning the analysis of the asymmetrical cases from Figure 1, we start with case d (Figure 1d).
In Figure 4, the variation in the dispersion diagram for the double-pin structure when the pins in the
top and bottom plates have different heights (htop and hbottom, respectively) is represented. For this
analysis, we always consider that the total height (htop + hbottom) is equal to the height of the reference
pin hpin = 2.5 mm. The consequence of increasing the height of one of the pins is a reduction in the
cutoff frequency of the first and second modes.
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Figure 3. Dispersion diagrams for cases a, b and c according to Figure 1. The frequency is normalized
to the frequency corresponding to the single-pin height hpin = λ/4. Blue lines correspond to the first
mode and red lines to the second mode.

Figure 4. Dispersion diagrams for case d in Figure 1 for different pin heights, where htop + hbottom =

hpin. Blue lines represent the first mode and red lines the second mode.

The next step was to analyze the effect of shifting the asymmetrical pins (case e) as described
in Figure 1e. An example of this study is presented in Figure 5. First, we considered a shift in one
direction (Figure 5a) and then a shift in XY (Figure 5b). It can be seen that the effects in both cases are
similar. Only when the two pins (top and bottom) had identical heights, the stopband between the
first two modes disappeared. When the pins had different heights, the stopband existed.

The last case to be analyzed was the interleaving of pins with different heights in the top and
bottom layers (case f ) as shown in Figure 1f. In this particular case, we needed to use a unit cell with a
doubled size to ensure the right symmetry when applying periodic boundary conditions. The results
for two different interleaved heights (h1bottom = 1.75 mm and h2bottom = 2.4 mm) are shown in Figure 6.
In this case, a narrow stopband occurs only for very-high-order modes. We can conclude for this case
that the high number of modes is just a consequence of the supersymmetry of the unit cell. Moreover,
we can easily see how there is continuity among the first five modes, which in practice is just a single
mode. Additionally, note that the stopband is in the same frequency range as that for the previously
studied geometries.
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(a) Shifted in X. (b) Shifted in XY (glide).

Figure 5. Dispersion diagrams for case e in Figure 1 for different pin heights, where htop + hbottom = hpin.
Blue lines represent the first mode and red lines the second mode.

Figure 6. Dispersion diagrams for pins in case f according to Figure 1. Different colors represent
different modes.

Finally, a summary of the obtained stopbands for the different structures is represented in Table 1,
with fstart corresponding to the normalized starting frequency of the stopband and fstop being the
normalized end frequency of the stopband. The cases with glide symmetry (case c) are not included as
the stopband is practically nonexistent. The case of interleaved pins refers to the bandgap between
high-order modes; nonetheless, this stopband exists in the same frequency range as that for the
other geometries.

Table 1. Summary of the starting and end frequencies of the stopbands created by the different
analyzed structures.

Geometry fstart fend

Single pin (case a) 0.84 f0 1.5 f0
Half-pin (case b) 1.28 f0 1.7 f0

Pins, different heights (case d, h1 = 1.5) 1.23 f0 1.68 f0
Pins, different heights (case d, h1 = 2) 1.01 f0 1.58 f0

Pins, shifted (case e, h1 = 1.5) 1.29 f0 1.51 f0
Pins, shifted (case e, h1 = 2) 1.03 f0 1.55 f0
Pins, glide (case e, h1 = 1.5) 1.31 f0 1.53 f0
Pins, glide (case e, h1 = 2) 1.04 f0 1.55 f0

Interleaved pins (case f , h1 = 1.5) 1.31 f0 1.68 f0
Interleaved pins (case f , h1 = 2) 1.38 f0 1.57 f0
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From this first comparative analysis among the different proposed geometries, several conclusions
are derived. When dealing with shifted geometries (X or XY), the use of unequal pins in the top and
bottom plates preserved the stopbands, whilst the use of identical pins made it disappear. On the other
hand, when these unequal pins were interleaved, again there was no stopband.

Parametric Study for Cases with Pins of Unequal Heights

In this section, we include a brief parametric study of some of the geometries. The type of
representation is similar to the ones presented in [4,11]. The complete study of all the cases in most
situations gives the same type of conclusions as in the previous studies, and for this reason we have
selected some representative cases to be shown here. The range of variation of the different parameters
has been also taken from these previous studies as the intention of the present work is to analyze the
effect of the specific geometry.

The first geometry to be analyzed is the the case of double pins with unequal heights, denoted
as case d (Figure 1d). The parameters that vary are the gap g for different periodicities and the effect
of the relation w/p between the width w of the pin and the period p for different gap sizes. These
parameters are analyzed for pin heights values hbottom of 1.5 mm and 2 mm, and the results are
shown in Figures 7 and 8, respectively. In these figures, the blue curves represent the upper limit of
the stopband, while the red curves represent the lower limit. For each value of the horizontal axis,
a dispersion diagram has been calculated. The two represented points (red and blue) in vertical,
correspond to the frequency where the stopband stats and the frequency where the stopband stops.
For example, if you consider the dispersion diagram in Figure 3 there is a frequency range where there
are no modes. The maximum frequency of propagation of the first mode is the lower limit of the stop
band, and the minimum frequency of propagation of the second mode is the upper limit.

The frequency is normalized to f0, and the other parameters are normalized to λ0. The parameters
that are not changed in the analysis correspond to the reference case. For the structure made with
double pins of unequal heights, a reduction in the gap size always increases the stopband as shown
in Figures 7a and 8a. As the periodicity increases, the lower limit of the stopband decreases, and the
upper limit of the stopband is not affected up to a value of the period after which it decreases. The ratio
between the width of the pin and the periodicity w/p is optimum (maximizing the stopband) when
the proportion is 1 to 2 (Figures 7b and 8b).

(a) Effect of the gap. (b) Effect of the ratio of the pin width to the periodicity.

Figure 7. Parametric study for the geometry described as d in Figure 1 for hbottom = 1.5 mm. Red lines
represent the start frequency of the stopband whilst blue lines represent its end frequency.
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(a) Effect of the gap. (b) Effect of the ratio of the pin width to the periodicit.y

Figure 8. Parametric study for the geometry described as d in Figure 1 for hbottom = 2.0 mm. Red lines
represent the start frequency of the stopband whilst blue lines represent its end frequency.

For the case of geometries with shifted pins (case e), similar studies were carried out. In this case,
we show the parametric effect when the pins have the same height and different heights. Two cases
have been considered: pins shifted in just one direction (Figures 9 and 10) and pins shifted in both
directions (Figures 11 and 12). In these figures, again the red lines represent the lower limit of the
stopband, and the blue lines represent the upper limit. In addition, we have made use of subplots
to better show the variation of the parameters. In these subplots, the dashed lines correspond to the
stopbands formed between the second and third modes (represented by shaded areas), while the solid
lines correspond to the stopband formed between the first and second modes. As concluded before,
these geometries have very narrow or even nonexistent stopbands when htop = hbottom. However, when
the pins have different sizes, stopbands appear and follow similar rules in terms of their parametric
dependence as in the non shifted cases. Finally, the differences between the shifted cases in just one
direction and in two directions are very small for the case when the pins have unequal heights but
more important for the case when the pins have the same height (glide case).

(a) Effect of the gap. (b) Effect of the ratio of the pin width to the periodicity.

Figure 9. Parametric study for the X-shifted geometry with htop = hbottom, p1 = 0.125λ0, p2 = 0.1875λ0,
p3 = 0.25λ0, p4 = 0.375λ0, p5 = 0.5λ0, g1 = 0.0125λ0, g2 = 0.0625λ0, and g3 = 0.125λ0.
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(a) Effect of the gap. (b) Effect of the ratio of the pin width to the periodicity.

Figure 10. Parametric study for the X-shifted geometry with hbottom = 2 mm, p1 = 0.125λ0,
p2 = 0.1875λ0, p3 = 0.25λ0, p4 = 0.375λ0, p5 = 0.5λ0, g1 = 0.0125λ0, g2 = 0.0625λ0, and g3 = 0.125λ0.

(a) Effect of the gap. (b) Effect of the ratio of the pin width to the periodicity.

Figure 11. Parametric study for the XY-shifted geometry with htop = hbottom, p1 = 0.125λ0,
p2 = 0.1875λ0, p3 = 0.25λ0, p4 = 0.375λ0, p5 = 0.5λ0, g1 = 0.0125λ0, g2 = 0.0625λ0, and g3 = 0.125λ0.

(a) Effect of the gap. (b) Effect of the ratio of the pin width to the periodicity.

Figure 12. Parametric study for the XY-shifted geometry with hbottom = 2 mm, p1 = 0.125λ0,
p2 = 0.1875λ0, p3 = 0.25λ0, p4 = 0.375λ0, p5 = 0.5λ0, g1 = 0.0125λ0, g2 = 0.0625λ0, and g3 = 0.125λ0.
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4. Equivalent Refractive Index

Now, we proceed to analyze the effective refractive index of the first propagating mode of the
previous structures. There are two main parameters we need to consider, namely the range of values
achieved by the different structures (as all of them have the same basic element and periodicity) and
how flat these lines are in frequency, as this will measure the dispersion of the element. The results
can be used for designing wideband lenses [21], making use of the low dispersion characteristic,
or conversely to design a structure that requires a very dispersive unit cell as in [15].

The calculation of the equivalent refraction index is made from the calculated dispersion diagram.
In this calculation, we obtain the phase constant (β) of the first propagating mode. By dividing this
phase constant by the free space propagation constant (κ0), we obtain the equivalent refractive index.

Figure 13a shows the effect of using the structures made with double pins with different heights
in comparison with the case of a single pin. It is clear that with a single pin, we obtain higher refraction
indices, but at the same time the structure is much more dispersive. Note that the less dispersive case
occurs when both pins have exactly the same height.In all these figures the lines stop in the vertical
axis due to the beginning of the stopband.

Figure 13b shows the analysis of the case with interleaving pins (case f of Figure 1). Once again,
different heights of the pins have been considered. It is observed that changing the sizes of the
consecutive pins leads to considerably higher equivalent refractive indices. This is explained by the
fact that this is the only case where the air gap in between pins is not always located in the same
position in the cross-section of the structure, as the gap position changes between consecutive pins.
This somehow has an effect on the propagating field such that it does not encounter a straight path
with only air. On the contrary, the propagating field necessarily finds the pins in its way, consequently
increasing the equivalent refractive index. Another observation from these results is that with the
interleaving pins, the mode is less dispersive.

(a) Pin height variation without interleaving. (b) Pin height variation with interleaving.

Figure 13. Equivalent refractive indices for different cases from Figure 1: in particular cases, a, b, d
and f .

In Figure 14, we show the effect of using higher symmetries in the unit cells of cases b and d of
Figure 1. For case b (identical pins on the top and bottom), we can clearly see in Figure 14a that a
displacement of half the periodicity in one direction makes the structure less dispersive, as previously
demonstrated for other types of unit cells [12]. An extra displacement added in the perpendicular
direction shas a small effect in this case, probably due to the fact that we are calculating the equivalent
refractive index only in the first zone of the Brillouin diagram (Γ-X). The achieved equivalent refraction
indices are lower for the case with glide symmetry than for the case of the original pins without
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shifting. The same effect is observed for the case in which the top and bottom pins have different
heights (Figure 14b).

(a) Identical pins (b) Pins with different heights

Figure 14. Equivalent refractive indices for different cases in Figure 1 after shifting the pins.

Effect of the Different Parameters on the Equivalent Refractive Index

In this section, we present the effect of varying some of the parameters of the analyzed structures
on the equivalent refractive index and the dispersion of the first mode. For this analysis, we individually
change the size of the gap, the width of the pin and the periodicity, while the other parameters are
kept constant at the initial reference values.

The first case to study is the structure with double pins of different heights. The reference case
variables values in this case are g = 0.5 mm, p = 2 mm and w = 1 mm. The results are presented in
Figure 15. We can observe the following general conclusions: a decrease in the gap to one half of the
value of the reference case (Figure 15b) produces an increase in the equivalent refraction index for all
the cases, probably as a consequence of the increase in the amount of metal with respect to air in the
unit cell. On the other hand, an increase in the periodicity (from 2 to 3 mm) decreases the equivalent
refractive index and makes the mode slightly less dispersive (Figure 15c). Finally, the increase in the
width of the pins to 1.5 mm decreases the minimum value of the refraction indices for all the cases
independently of the heights (shown in Figure 15d).

(a) Reference case (b) Gap of 0.25 mm

Figure 15. Cont.

26



Symmetry 2019, 11, 582

(c) Period of 3 mm (d) Width of 1.5 mm

Figure 15. Effect of varying different parameters in the geometries a, b and d from Figure 1.
The reference case has a gap of 0.5 mm, a period of 2 mm and a width of 1 mm.

Considering the case f from Figure 1, i.e., interleaving pins with different heights, the effect of
the parameters is shown in Figure 16. In this case, a change in the gap size produces the same effects
as those in the previous studied case. The use of a higher period is useful to obtain smaller values
of the equivalent refraction indices but in this case does not show an improvement in the dispersion
of the mode. Finally, the increase in the width of the pins reduces the dispersion in all the cases and
has different consequences for the achieved values of the refraction indices depending on the heights.
For identical pin heights, there is a reduction in the equivalent refractive index, while for unequal pins
the index increases.

When the top and bottom pins are shifted to enable higher symmetries, the effect of varying the
same parameters is presented in Figure 17 for the case using pins with identical heights (glide case).
The conclusions for this case are similar to those for the previous cases in terms of the variation in
the gap and the periodicity (decreasing the gap or decreasing the periodicity increases the equivalent
refractive index). On the other hand, the structure is almost insensitive to a variation in the width of
the pins.

(a) Reference case (b) Gap of 0.25 mm

Figure 16. Cont.
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(c) Period of 3 mm (d) Width of 1.5 mm

Figure 16. Effect of varying different parameters in the geometry f (interleaved pins) from Figure 1.
The reference case has a gap of 0.5 mm, a period of 4 mm and a width of 1 mm.

(a) Reference case (b) Gap of 0.25 mm

(c) Period of 3 mm (d) Width of 1.5 mm

Figure 17. Effect of varying different parameters in the geometry c from Figure 1. The reference case
has a gap of 0.5 mm, a period of 4 mm and a width of 1 mm.

Finally, in the latter case, when we analyzed the behavior when the pins have unequal heights in
the top and bottom layers, i.e., case e from Figure 1, the most significant conclusion derived from the
results shown in Figure 18 is the insensitivity to the variation in the width of the pins. In fact, with the
increase in the width of the pins from 1 mm to 1.5 mm, all the analyzed cases converged to the same
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value of equivalent refractive index at low frequencies independently of their height or shift. On the
other hand, for the other two parameters (the gap size and period), the conclusions were not different
from those obtained for the previous cases.

(a) Reference case (b) Gap of 0.25 mm

(c) Period of 3 mm (d) Width of 1.5 mm

Figure 18. Effect of varying different parameters in the geometry e from Figure 1. The reference case
has a gap of 0.5 mm, a period of 4 mm and a width of 1 mm.

5. Conclusions

In this work, different periodic structures combining pins inside parallel plate waveguide
structures are analyzed. The pins are realized in several configurations including glide symmetry,
shifting of the pins, asymmetries in the pin height and interleaving pins with different heights.
The study focuses on dispersion diagrams. From the computed dispersion diagrams, information
about the existence of a stopband for the parallel plate modes and its size and the propagation
characteristics of the first mode are obtained. The propagation characteristics are studied as equivalent
refraction indices as a function of frequency.

Initially, the effect of the different geometries considered (presented in Figure 1) in these two
aspects are studied. Concerning the stopband, the reference geometry (a single pin) produces a
stopband covering a larger frequency range. On the other hand, glide symmetric structures do not
have a stopband, while the cases combining pins with unequal heights always have stopbands (even if
they are narrow).

The parametric studies carried out regarding this property confirm that in all cases with stopbands,
a reduction in the gap size increases the bandwidth of the stopband and the ratio between the pin
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width and the period is relevant in determining this bandwidth. Similar conclusions were obtained in
the past for the reference case.

With respect to the effective refractive index of the first propagating transverse electromagnetic
mode (TEM), the main conclusions are that the structure with glide symmetry is less dispersive and
that even for the case of using top and bottom pins with different heights, applying half-period shifts
always reduces the dispersion. On the other side, the most dispersive case is the reference case with a
single pin. Finally, when the pins are interleaved, the mode is also less dispersive than the reference
structure and the equivalent refractive indices are larger.

The effect of the different parameters has also been evaluated from the perspective of propagation
characteristics. As a global conclusion, a reduction in the gap or the period increases the refraction
index. The effect of the width of the pins depends on the specific geometry.

Structures made with pins have been experimentally used and the manufacturing process is
typically either a milling or 3D printing. When moving far up in frequency, long and thin pins can
result in too fragile for manufacturing and the presented geometries based on the use of shorter pins
can have advantages from this point of view.
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Abstract: This work presents a new configuration to create glide-symmetric structures in a single
plane, which facilitates fabrication and avoids alignment problems in the assembly process compared
to traditional glide-symmetric structures based on several planes. The proposed structures can be
printed on the metal face of a dielectric substrate, which acts as a support. The article includes a
parametric study based on dispersion diagrams on the appearance of stop-bands and phase-shifting
by breaking the symmetry. In addition, a procedure to regenerate symmetry is proposed that may
be useful for reconfigurable devices. Finally, the measured and simulated S parameters of 10 × 10
unit-cell structures are presented to illustrate the attenuation in these stop-bands and the refractive
index of the propagation modes. The attenuation obtained is greater than 30 dB in the stop-band for
the symmetry-broken prototype.

Keywords: glide symmetry; single plane; stop-band; periodic structures; higher symmetries;
refractive index

1. Introduction

The recent study of higher symmetries [1–5] was driven by a growing interest in the use of periodic
structures to improve the electromagnetic properties of antennas and microwave devices. These
symmetries were first investigated in the 1960s and 1970s for one-dimensional periodic structures [6–8],
introducing the concepts of glide and screw (twist) symmetry. More recently, two-dimensional
glide symmetries were proposed and studied, which are a particular case of higher symmetries,
demonstrating great potential for modifying the dispersion properties of periodic structures [9,10].
Periodic glide-symmetric structures are obtained by translating and mirroring a unit cell with respect
to the glide plane [11]. The theoretical analysis of some of these structures with glide symmetry was
carried out using the Floquet theorem [12–14], which provides an effective tool for the analysis of
periodic structures. Glide symmetries were successfully used to reduce the dispersion of periodic
structures [15–18], to increase the equivalent refractive index [19–22], or to increase the band and
attenuation of electromagnetic bandgaps [10,23–25]. For example, glide symmetry was proposed to
produce lens antennas for fifth-generation (5G) communications [26,27], taking advantage of their
ability to generate a higher refractive index, less dispersion, and more isotropy [9]. Preceding this
work, all glide-symmetric structures proposed in the literature for parallel plate configurations have a
horizontal plane of symmetry, perpendicular to the direction of propagation [9,10]. These configurations
require two different planes that must be shifted with respect to the other, which complicates fabrication
and can introduce alignment problems.

In this work, we propose a glide-symmetric structure in a single plane with ellipses as the main
element on a dielectric substrate that acts as a support. Glide symmetry is achieved by placing the

Symmetry 2019, 11, 495; doi:10.3390/sym11040495 www.mdpi.com/journal/symmetry32
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symmetry plane vertically, preserving the orthogonality with respect to the direction of propagation.
The use of a dielectric substrate instead of an all-metal structure allows the introduction of additional
degrees of freedom, including the ability to modify or break the glide symmetry in the case of using a
substrate that may have different values of dielectric constant (e.g., liquid crystals [28]). The propagation
takes place mainly in an air gap above the plane of the ellipses; thus, the losses that the dielectric
substrate may introduce are low. The electromagnetic properties of the structure in terms of dispersion,
stop-bands, or refractive index are determined by the orientation, size, and position of these ellipses.

This paper is organized in four sections. Section 2 shows the basic properties and parameters of
the glide-symmetric unit cell and some examples of operation. It includes the possibility to regenerate
the glide symmetry from a symmetry-broken structure, maintaining the value of all parameters.
In Section 3, the performance of these new structures is illustrated by the S parameters of a complete
design with 10 × 10 unit cells, comparing measurements and simulations. The extracted dispersion
diagrams from measurements are compared with the simulated unit cells. Finally, Section 4 discusses
the results and potential applications of the proposed structures.

2. Materials and Methods

The studied structures consist of two metallic layers separated by a given air gap. The top layer is
a smooth metal sheet, while the bottom layer contains the glide-symmetric ellipses printed on the metal
surface of a dielectric substrate. This configuration generates conditions in the electromagnetic fields
inside the air gap between metal sheets that cause modifications in the propagation and the appearance
of stop-bands depending on the shape and orientation of the ellipses. Figure 1 represents the unit cell
with all the parameters that define its electromagnetic behavior. Figure 1a shows the thicknesses of the
air hAir and the dielectric substrate hDiel, together with the dielectric constant εr of the substrate and
the period p. Periodic conditions in the x- and y-directions of the unit cell were applied to perform
the dispersion analysis. The direction of propagation selected in the analysis extends along the y-axis,
in which there are two periodicities to generate glide symmetry. In the perpendicular direction (x),
there is only one periodicity. Figure 1b shows the parameters related to the size, position, orientation,
and shape of the ellipses, which will determine the basic behavior of the whole structure. In particular,
the sizes of the major and minor semi-axes of the ellipses are defined by the values of A1 and B1 for the
first ellipse and A2 and B2 for the second ellipse. The parameters ϕ and θ define the angle of inclination
of the first and second ellipses. A zero value means a horizontal position of the ellipses (semi-minor
axis in the y-direction). Positive values of ϕ introduce counter-clockwise rotation for the first ellipse,
and positive values of θ imply clockwise rotation for the second ellipse. Finally, the distance between
ellipses can be modified by the displacement parameter d. The ellipses are kept at a distance equal to
the periodicity p with d = 0, while values greater than zero mean that the second ellipse moved toward
the first ellipse.

From the definition of the parameters presented in Figure 1, glide symmetry is achieved when
A1 = A2, B1 = B2, ϕ = θ, and d = 0. The symmetry axis is at the center of the structure along the
y-direction, and glide symmetry is obtained by reflecting the initial ellipse through the symmetry axis
and displacing the ellipse obtained at a distance p in the y-direction. Figure 2 depicts an example of
the operation of this structure. Figure 2a represents the dispersion diagrams of a structure with glide
symmetry, and Figure 2b represents the same structure after breaking the symmetry with a modification
of θ. In this work, all the dispersion analyses were carried out using the Eigenmode solver in CST
Microwave Studio considering periodic boundaries in x- and y-directions, and electrical boundaries in
the z-direction. Although there are available methods to quickly analyze glide symmetry based on the
Floquet theorem [12–14] or equivalent circuits [11,29], these methods were not proposed to analyze
this structure [30]. The dispersion diagrams only represent phase variations in the y-direction, as it
is the direction in which the glide symmetry takes place. The chosen parameters for the case shown
in Figure 2a are as follows: εr = 3, hAir = 0.3 mm, hDiel = 1.52 mm, p = 2.75 mm, A1 = A2 = 2.5 mm,
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B1 = B2 = 0.75 mm, ϕ = θ = 30◦, and d = 0 mm. The value of θ is changed to 90◦ in the structure of
Figure 2b.

(a) (b) 

Figure 1. Unit cell of the proposed structure and parametrization. View in perspective (a), and top
view without the top metal plate (b).

(a) (b) 

Air stop-band

Dielectric stop-band

Figure 2. Dispersion diagrams for two configurations of the unit cell: glide-symmetric (a) and
non-glide-symmetric (b).

Since the proposed structure is built in two different mediums, there are two fundamental modes
of propagation, one in the air gap and one in the dielectric. The mode of interest in this case is the one
that propagates in the air, as it has lower losses. An example of the dispersion curves of these modes is
shown in Figure 2. For a glide configuration (Figure 2a), non-dispersive modes are obtained. However,
the immediate effect of the rupture of the symmetry (Figure 2b) is the appearance of stop-bands or
frequency ranges in which the fields do not propagate in the chosen direction. The stop-band appears
in both the air and dielectric modes, but it is wider and its effect is more pronounced in the air mode.
This is because the air gap is thinner than the thickness of the dielectric, and the electromagnetic
fields confined inside are more influenced by the shape of the ellipses. The rupture of the symmetry
generates a stop-band for the value β(2p)/π = 1 of the dispersion diagram, as expected from a periodic
glide-symmetric structure with two periodicities [10]. The reference points indicated in Figure 2b
represent the upper and lower limits of the stop-band, calculated for a 180◦ phase difference value
between boundaries in the y-direction, which is equivalent to a value of 1 normalized with respect to
period 2p of the structure. In the parametric studies carried out in Sections 2.1–2.4, these reference
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points are used to show the behavior of the stop-band and the refractive index. The refractive index
n is calculated as the ratio of the speed of light in vacuum, c, divided by the speed of light in the
medium under study, v. Equations (1) and (2) demonstrate that this is equivalent to calculating the
relationship between frequency in vacuum, fv, and frequency in the medium under study, fm, for any
βv(2p)/π = βm(2p)/π value of the dispersion diagram, assuming that periodicity p is the same in both
cases. Since βv(2p)/π = βm(2p)/π, we have λv = λm; thus, we get Equation (2).

n =
c
v
=
λv fv
λm fm

; (1)

n =
fv
fm

. (2)

Equation (2) implies that the refractive index increases if the frequency of the mode propagating in
the medium under study decreases. In the studies carried out in this section, the frequency in vacuum
for the reference point β(2p)/π = 1, with p = 2.75 mm, was 27.3 GHz.

The structure of Figure 2a was used as a reference for the parametric study (parameters: εr = 3,
hAir = 0.3 mm, hDiel = 1.52 mm, p = 2.75 mm, A1 = A2 = 2.5 mm, B1 = B2 = 0.75 mm, ϕ = θ = 30◦,
and d = 0 mm). This section is subdivided into four main subsections, whereby each represents an
alternative to break the symmetry and open stop-bands. Rupture of the symmetry is achieved by
varying four fundamental parametric relationships: the size ratio between ellipses A2/A1, the vertical
displacement of the second ellipse normalized with respect to the period d/p, the orientation of the
ellipses ϕ and θ, and the relationship between semi-minor axis B1, B2 and semi-major axis A1, A2 of the
ellipses. The graphs also include other parameters that do not play a role in breaking the symmetry,
but that can intensify its effect. At the end of this section, the effect of varying the period p is presented,
for glide and non-glide configurations. All graphs represent the reference points at the right side of the
dispersion diagram (β(2p)/π = 1), as indicated in Figure 2. The continuous lines indicate the lower
limit of the stop-band, while the dashed lines indicate the upper limit.

2.1. Symmetry Broken by the Ellipse Size

The first observed rupture of the symmetry occurs when the ellipse sizes are different. For simplicity,
the relationship between the minor and major semi-axes is maintained constant (B1/A1 = B2/A2 = 0.3).
In Figure 3, the stop-band opens when the second ellipse reduces its size, A2, to near zero while
keeping the size A1 constant (A2/A1 = 0.1). It should be noted that the stop-band width begins to reach
saturation for values less than A2/A1 = 0.5. This means that it is not necessary to reach very small
ellipse sizes to achieve a larger stop-band, which facilitates the manufacturing. As expected, for an
A2/A1 = 1 ratio, the glide symmetry is recovered and the stop-band is completely closed. Additionally,
results are included for different sizes of the first ellipse (A1 from 1.5 mm to 2.5 mm). The value of the
period p of the structure was kept constant at 2.75 mm. It can be seen how the reduction in size of this
ellipse leads to narrower stop-bands. In addition, the refractive index of the structure increases as A1

increases. This is consistent, as the fields propagating in the air gap are most affected by the dielectric
for larger ellipse sizes.

2.2. Symmetry Broken by the Displacement between Ellipses

The second rupture of the symmetry relates to the displacement of the second ellipse toward the
first ellipse with the period, d/p. In combination with this, Figure 4 also shows the effect of varying
the thickness of the air gap normalized to period, hAir/p. The value of p is 2.75 mm for all the cases.
The rupture of the symmetry is greater upon increasing d/p values; thus, the stop-band increases.
Of special interest is the significant effect that reducing the thickness of the air gap has on the stop-band
widening. The explanation for this phenomenon is once again that the effect of the elliptical structures
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intensifies when the field is more confined within the air gap. This also explains the shifting to lower
frequencies for smaller thicknesses as the refractive index increases.

Figure 3. Effect of the size of the second ellipse versus the first ellipse A2/A1 for different values of A1.
The rest of the parameters are εr = 3, hAir = 0.3 mm, hDiel = 1.52 mm, p = 2.75 mm, B1/A1 = B2/A2 = 0.3,
ϕ = θ = 30◦, and d = 0 mm.

Figure 4. Effect of the displacement d of the second ellipse toward the first ellipse for different values
of the air gap thickness hAir/p. The rest of the parameters are εr = 3, hDiel = 1.52 mm, p = 2.75 mm,
A1 = A2 = 2.5 mm, B1 = B2 = 0.75 mm, and ϕ = θ = 30◦.

2.3. Symmetry Broken by the Orientation of the Ellipses

Another alternative to break the symmetry lies in the ϕ and θ angles at which the ellipses are
oriented. Figure 5 depicts the stop-band behavior at a θ angle from 0◦ to 90◦ for ϕ values that also
range from 0◦ to 90◦ in steps of 10◦. In order to have a perspective of the effect of all the parameters of
the structure, Figure 5 includes the results for various values of the thickness of the dielectric substrate
normalized to the square root of its dielectric constant, hDiel/

√
εr (εr = 3). It can be observed that the

curves cross each other when ϕ and θ are equal, which happens in cases where glide symmetry exists.
Therefore, the stop-band opens for θ values that differ more from ϕ. The curves have a sinusoid shape
associated with the rotation of the ellipses, for which only a half of the period is represented, since a
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similar behavior is expected in the other half (θ values from 90◦ to 180◦). Regarding the thickness of the
dielectric substrate, Figure 5 shows how the width of the stop-band increases for greater thicknesses,
but this effect tends to saturate from a certain thickness. This is because the mode that penetrates the
ellipses into the dielectric is an evanescent mode. Thus, when the thickness is small, the mode does
not have enough space to be attenuated; however, for thicknesses greater than a certain threshold,
the mode is attenuated enough so that it is not affected by an increase in thickness.

mm

mm

mm

mm

Figure 5. Effect of the orientation ϕ and θ of each of the two ellipses for different values of the dielectric
substrate thickness hDiel/

√
εr. The rest of the parameters are εr = 3, hAir = 0.3 mm, p = 2.75 mm,

A1 = A2 = 2.5 mm, B1 = B2 = 0.75 mm, and d = 0 mm.

It should be noted that the points corresponding to cases with glide symmetry, where the stop-band
closes, rise in frequency from the configuration ϕ = θ = 0◦ to the configuration ϕ = θ = 90◦. This is
equivalent to the reduction of the equivalent refractive index. This is due to the way in which the
modes are coupled through the elliptical slots, which depends on their orientation perpendicular or
parallel to the direction of propagation. The coupling of a transverse electromagnetic (TEM) mode is
minimal in a slot oriented in the direction of propagation (ϕ = θ = 90◦), but it is maximum if oriented
perpendicularly (ϕ = θ = 0◦). Therefore, the effect of dielectric substrate is lower in the first case
producing a lower equivalent refractive index.

For clarity, the widest stop-band cases are selected for each ϕ value and represented in Figure 6
as a fractional stop-band. Wider stop-band structures have a θ value of 0◦ for ϕ values less than 40◦,
and 90◦ for ϕ values greater than 40◦. Of all the cases presented, the maximum stop-band is given
when ϕ = 0◦ and θ = 90◦ or ϕ = 90◦ and θ = 0◦, which correspond to equivalent structures. In these
cases, the width of the stop-band is about twice as wide as for ϕ = 40◦. In Figure 6, we have a better
visualization of the effect of dielectric thickness on the stop-band width. The thickness of the dielectric
is doubled in each curve, but the increase in the width of stop-band is progressively reduced.
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mm
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Figure 6. Maximum fractional stop-band found for each value of ϕ in Figure 5 considering different
substrate thicknesses.

2.4. Stop-Band Frequency Shifting and Semi-Minor vs. Semi-Major Axis Relationship

The last parametric study carried out in this work relates to the period of the structure with
stop-band frequency displacement. Different values of period p were taken with the corresponding
scaling of the ellipse dimensions to preserve the percentage of area occupied by the ellipses in the unit
cell. The parameters of the reference structure for this stop-band study are as follows: hAir = 0.3 mm,
hDiel = 1.52 mm, A1 = A2 = 2.5·(p/2.75) mm, and d = 0 mm. A parametric sweep of the B1 and B2 values
was also included in the study, so that the ratio of the semi-minor and semi-major axes B/A (B = B1 = B2;
A = A1 = A2) of the ellipses varied from 0.1 to 1. The results are shown in Figure 7a,b. Figure 7a
contains the dispersion diagram value at β(2p)/π = 1 of a structure with glide symmetry (ϕ = 30◦,
θ = 30◦). The analysis on a broken-symmetry structure (ϕ = 0◦, θ = 90◦) is depicted in Figure 7b.

  
(a) (b) 

Figure 7. Effect of the semi-minor vs. semi-major axis B/A relationship for different values of the period
p: values for a glide-symmetric structure (a) and a non-glide structure (b). The rest of the parameters
are hAir = 0.3 mm, A1 = A2 = 2.5·(p/2.75) mm, and d = 0 mm.

It is characteristic of periodic structures that the frequency behavior is inversely proportional to
its period. Thus, in Figure 7, it is observed that the modes move downward in frequency with the
inverse of p. In the glide-symmetric configuration, there is no stop-band; thus, in Figure 7a, only one
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curve is represented for each periodicity value p. It is interesting to note that, when the B/A value is
higher, the frequency of the modes decreases, i.e., the refractive index increases. This is because the
interaction of the electromagnetic fields with the dielectric material increases as a result of the reduction
of the metallic surface. With respect to the non-glide configuration of Figure 7b, both the curve for
the starting frequency (solid) and the curve for the ending frequency (dashed) of the stop-band are
represented. The pattern is similar to the behavior of the glide configuration with the increase of the
B/A value. However, there is a variation in the width of the stop-band that reaches its minimum when
B/A = 1, in which we recover the symmetry and the stop-band disappears. Figure 8 represents the
width of the stop-band obtained in each of the p values represented in Figure 7b. It is clearly observed
that the maximum width of the stop-band is achieved for B/A values ranging between 0.3 and 0.4.

 

Figure 8. Bandwidth of the stop-band for the non-glide configuration in Figure 7b as a function of B/A
for different values of periodicity p.

2.5. Regeneration of the Glide Symmetry

An interesting property of the structures analyzed in this work is the regeneration of glide
symmetry from a structure with broken symmetry. The procedure consists of applying the symmetry
again on the non-glide unit cell using one of the lateral edges as a symmetry axis. The procedure is
shown in Figure 9, where the original unit cell is reflected and translated a distance p in the direction of
propagation. Of special interest is the case in which the unit cell with broken symmetry has mirror
symmetry, i.e., it is identical to the reflected unit cell considering the center in the y-direction as the
axis of symmetry. This particularity allows to break and regenerate the symmetry only by displacing a
column of the unit cell at periodicity p. In periodic prototypes with several unit cells, it implies the
capacity to design reconfigurable structures based on the relative displacement of alternated columns
in the direction of propagation.

Figure 10 depicts a comparison of the dispersion diagrams obtained with the unit cells of
Figure 9a,b. The main stop-band present for β(2p)/π = 1 in the non-glide unit cell, from 20.92 GHz to
26.76 GHz, closes completely by regenerating the symmetry. Another interesting effect on non-glide
structures is the appearance of an additional stop-band produced by the merging of the forward mode
in air with the reverse mode in the dielectric. In the example shown in Figure 10, this occurs for
values around β(2p)/π = 0.75. This type of stop-band was explained in Reference [31] as a complex
mode that propagates in the structure. This additional stop-band is also completely closed in the
glide configuration.
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(a) (b) 

Figure 9. The non-glide-symmetric structure in Figure 7b mirrored using a different symmetry axis (a);
the new glide-symmetric structure (b) is obtained from (a) after applying a translation.

 

Figure 10. Dispersion diagram of the structure in Figure 9b with regenerated symmetry compared to
the original non-glide-symmetric structure in Figure 9a.

2.6. Materials and Instrumentation

In order to carry out an experimental demonstration of the phenomena described in this
section, different devices were used for both the manufacture and the measurement of prototypes.
The manufacture of the ellipses on the substrate was carried out with an LPKF ProtoLaser S4 with
the dielectric material RO4350B (εr = 3.66; tan(δ) = 0.0035 @10GHz). The necessary aluminum parts
were machined in an external company. Twenty 2.92-mm coaxial connectors with a core diameter
of 0.3 mm and length of 7 mm were chosen for the connections. The calibration kit used was the
85056K HP/Agilent. The measurements were made using two 2.92-mm low-phase-error coaxial cables
minibend KR-6, and eight loads Anritsu K210. Finally, the vector network analyzer used was the
Agilent 8722ES model.

3. Results

Four designs were made for the experimental demonstration. In three of them, we used the unit
cells shown in Figure 11, which corresponded to the glide configuration (Figure 10), the non-glide
configuration (Figure 11b), and the configuration with regenerated glide symmetry from a non-glide
configuration (Figure 11c). The parameters chosen for the designs were εr = 3.66, hAir = 0.2 mm,
hDiel = 1.52 mm, p = 2.75 mm, A1 = A2 = 2.5 mm, B1 = B2 = 0.75 mm, and d = 0 mm. The only values
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that were different were ϕ and θ, taking ϕ = θ = 30◦ for the glide configuration and ϕ = 0◦, θ = 90◦
for the non-glide and regenerated configurations. The glide (Figure 12a) and non-glide (Figure 12b)
designs contained 10 × 10 unit cells, whereas the design with regenerated symmetry (Figure 12c)
contained only 5 × 10 unit cells due to the unit cell being twice as wide. The fourth design (Figure 12d)
was a supporting structure that acted as a “thru” and that was used to make phase corrections in
the measurements of the other three designs. The prototypes were excited by 10 coaxial connections,
five on each side, to create a plane wave that emulated the boundary conditions used in the analyzed
unit cells. It should be noted that we added a non-glide frame of ellipses around the four designs to
prevent the propagation of spurious modes between the metal surface of the dielectric substrate and
the aluminum casing that shielded these designs. As we can observe in Figure 12, the total length of
the surface with ellipses was 55 mm (each unit cell was 5.5 mm in length), but the distance between the
coaxial connectors and the ellipses was 24 mm in total. This is the separation that should exist between
coaxial inputs and outputs of the “thru” for a correct post processing of the measurements.

   
(a) (b) (c) 

Figure 11. Unit cells of the manufactured designs: glide-symmetric configuration (a), non-glide
configuration (b), and regenerated glide configuration (c).
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Figure 12. Elliptic configurations of the final designs: glide configuration (a), non-glide configuration
(b), regenerated glide configuration (c), and “thru” section (d).

Two metal casings, one top and one bottom, covered the dielectric sheet. Ten coaxial connectors
were inserted in these casings, six in the top casing and four in the bottom casing. In this way,
the excitation at the input through five coaxial probes was achieved by alternating the up–down
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orientation of the connectors, as can be seen in the Figure 13. By introducing three probes from the
top and two from the bottom, it is possible to achieve a separation between contiguous probes of
5 mm, which coincided with half a wavelength in free space at 30 GHz. This ensured a good plane
wave across the desired frequency range, between 20 and 30 GHz. Since the base size of the coaxial
connectors was 9.5 mm, it was impossible to achieve this separation by inserting the probes on one
side only. Therefore, the purpose of these metal casings was threefold. First of all, the 2.92-mm coaxial
connectors could be screwed on. Secondly, the internal shape of these casings provided an acceptable
matching of the complete prototype between 20 and 30 GHz, as the phenomenon to be demonstrated
occurred between these frequencies. Finally, the thickness of each casing (top and bottom) was such
that the phase difference between the external surface and the inner surface was the same to ensure
that all probes excited the structure in phase. For this, both the thickness of the dielectric and the
metallization of both sides of the dielectric were taken into account. All dimensions of the metal
casings are shown in detail in Figure 13. The internal structure of the top casing is shown in Figure 13a.
This part corresponds to the design of the “thru”; thus, its length was smaller than for the other designs.
In particular, this casing increased its length by an additional 55 mm while keeping the 0.2-mm gap in
the center of the piece. There was a staggered shape from the input and output with the five holes for
the coaxial probes to the central area with the gap of 0.2 mm. In the design, a 3-mm corrugation was
introduced along the entire edge, which corresponded to approximately a quarter wavelength at the
central frequency. This allowed the short to be transformed into open and again into short-circuit in the
internal boundary of the casing, ensuring good electrical isolation of the fields. Figure 13b represents
a lateral cut of the complete “thru” design where the coaxial probes entered from the bottom side.
Similarly, Figure 13c shows another lateral cut in which the coaxial probes penetrated from the top
side. All holes in the dielectric substrate with a diameter of 0.7 mm were metallized to preserve the
coaxial structure when the probes were introduced through them. For a better visualization, Figure 13d
includes a detailed image of the central zone of Figure 13b,c. Finally, Figure 13e,f present the details of
the inner sides of the top and bottom part of the casing. All dimensional values required in the design
of the casing are given in Figure 13b–f.

The images of the manufactured prototype are shown in Figure 14a–d. To reduce manufacturing
costs, the four designs of Figure 12a–d were implemented on a single piece of dielectric substrate
(Figure 14a). In addition, instead of manufacturing a complete metal casing covering the entire
prototype in Figure 13a, a single casing was built with the short section for the thru and a long
section for the glide (Figure 12a), non-glide (Figure 12b), and regenerated glide (Figure 12c) designs.
This allowed a considerable reduction of the manufacturing cost, as the long section of the metal casing
was identical in all three cases. This reduced casing consisted of the top and bottom parts, as shown in
Figure 14b. Figure 14c shows a detailed photo of the stepped transition and Figure 14d depicts the final
assembly in the measurement process with the cables and loads connected. For the measurement of
the long designs, we moved the casing to the position of each one. Detailed images of the three ellipse
configurations can be found in Figure 15: glide (Figure 15a), non-glide (Figure 15b), and regenerated
glide (Figure 15c).

The measurement process was critical, requiring at least 35 measurements for each of the designs.
Therefore, all connections had to be very stable to ensure that the conditions were the same in all
35 measurements. The results obtained from these 35 measurements were properly processed to
combine the individual S parameters of each port in reflection and transmission parameters of an
equivalent simultaneous excitation at the five input ports. This process was applied to the four designs,
and the results obtained are represented in Figure 16, together with the results of the simulations.
Figure 16a represents the results of the “thru” section, Figure 16b represents the results of the glide
configuration section, Figure 16c represents the results of the non-glide section, and Figure 16d
represents the results of the regenerated glide-symmetric design. The simulations were carried out
including the losses in the dielectric (tan(δ) = 0.0035) and in the conductors (copper and aluminum).
The results obtained fit very well with the simulations, with the exception of a small upward shift in
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frequency of approximately 0.5 GHz for all cases. The appearance of a band with an attenuation greater
than 20 dB between 22.5 and 27.5 GHz was observed in the non-glide prototype (Figure 16c) with
respect to the glide prototype (Figure 16b), whose effect was eliminated by regenerating the symmetry
(Figure 16d). As indicated in Figure 10, an additional stop-band can be found at frequencies around
17.5 GHz in the non-glide case. The effect of this secondary stop-band was lower with an attenuation
level between 15 and 20 dB, but it was present in the measurement due to the merging of the forward
mode in the air and the backward mode in the dielectric. Finally, the appearance of a third stop-band
in the three cases studied around 35 GHz was also of interest, which was produced again by the fusion
of forward and backward modes in air and dielectric.

 

  
(e) (f) 

(b) 
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Figure 13. Pieces of the metal casing for the “thru” section. Inner view of the top piece (a); cross-section
with the probes entering from the bottom part (b); cross-section with the probes entering from the
top part (c); detailed view of the stepped transition (d); details of the top piece (e); details of bottom
pieces (f).
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(a) (b) 

(c) (d) 

Figure 14. Pictures of the manufactured prototypes and assembly. Dielectric substrate with the elliptic
patterns (a); top and bottom parts of the casing (b); detail of the transition at the top part of the casing
(c); final measurement assembly (d).

(a) (b) (c) 

Figure 15. Detailed pictures of the elliptic configurations: glide configuration (a), non-glide
configuration (b), and regenerated glide configuration (c).

Of equal interest was the effect of these periodic elliptical structures on the phase. These results are
depicted in Figure 17. For this study, the phase difference introduced by the “thru” section, represented
in Figure 17a, was used as a reference. The first step was to eliminate the phase shift introduced by the
“thru” section from the measured phase of the elliptical configurations. With this, we obtained the
phase difference produced only by the 55-mm section with ellipses (10 unit cells). These results are
represented in Figure 17b–d, applying a normalization in the phase with the factor β(2p)/π. As with the
magnitude values, the measured phase values represented in the dispersion diagrams in Figure 17b,c
coincided very well with the dispersion diagrams obtained from the unit-cell analysis. The 0.5-GHz
upward deviation in frequency appeared again, but the shape exactly fit the results obtained in
simulation. In addition to the measurement result, the graphs also included the result obtained from
the full wave simulation of the S parameters of the complete designs, which matched better than the
dispersion diagrams of the unit cells. In the glide (Figure 17b) and regenerated glide (Figure 17d) cases,
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a non-dispersive behavior up to 30 GHz was observed. The measured curve was closer to the light line
in the regenerated glide configuration than in the original glide configuration, reaching the normalized
value of 1 at 24.4 GHz in the first case and at 23.6 GHz in the second case (light line at 27.3 GHz).
This means that there was a higher refractive index in the original configuration, which could be
modified by varying the parameters of the unit cell. Of special interest was the dispersion diagram
measured for the non-glide prototype (Figure 17c), in which the two stop-bands produced around
17.5 GHz and from 22 GHz to 27 GHz were clearly observed. In the range between these two stop-bands
(18 to 22 GHz), there was a considerably higher refraction coefficient than in the glide configurations,
which could be used to implement a structure with a higher phase-shifting capacity.

  
(a) (b) 

  
(c) (d) 

Figure 16. Simulated and measured S parameters of the “thru” section (a), the glide configuration (b),
the non-glide configuration (c), and the regenerated glide configuration (d).

Figure 18 shows a comparison of the behavior of the electric field within the air gap, more precisely
in a cut in the middle of the air gap (0.1 mm). The frequencies were conveniently selected to show
the most interesting phenomena found in these structures: propagation at frequencies below the
appearance of stop-bands (15 GHz), the maximum attenuation of the field found in the secondary
stop-band (17.36 GHz), propagation between the two stop-bands (20.22 GHz), the maximum attenuation
in the fundamental stop-band (25.28 GHz), propagation at a frequency above the two stop bands
(28.86 GHz), and attenuation in the third stop band (35 GHz). The fields propagated homogeneously
in the two glide configurations except in the capture at 35 GHz where a stop-band was present in
all cases. For the non-glide prototype, the level of the electric field progressively decayed along the
structure for the frequencies contained in the stop-bands, especially in the fundamental stop-band
(25.28 GHz), which was exhaustively studied throughout this paper.
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(c) (d) 

Figure 17. Simulated and measured phases in transmission. Phase introduced by the “thru” section (a),
and dispersion diagrams of the glide (b), non-glide (c), and regenerated glide (d) configurations.
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Figure 18. Representations of the electric field inside the air gap of the simulated prototypes for the
three configurations under study at given frequencies of interest.
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4. Discussion

This work introduced a new type of glide symmetry based on a single-plane metal structure.
The usefulness of these structures lies in generating stop-bands with different levels of attenuation
and a variety of refraction coefficients in a simple and easy implementation. This functionality was
demonstrated with the analysis of dispersion diagrams and simulation and measurement of the S
parameters of the manufactured prototypes. Our parametric study highlights the tremendous number
of different configurations that this technology offers to produce stop-bands with different bandwidths
at various frequencies, as well as to generate equivalent refractive indexes. Our experimental results
showed a stop-band with a bandwidth of 5 GHz centered at the frequency of 25 GHz (20% fractional
bandwidth) with an attenuation of 5.5 dB/cm for the non-glide configuration. In the measured glide and
regenerated glide cases, a wideband propagation with refractive indexes of 1.12 and 1.16 was obtained,
with a possibility to reach values higher than 1.3 with other configurations. The implementation was
done using ellipses with a certain orientation on the metallic face of a dielectric substrate. On them,
a smooth metal plate was placed at a given distance, providing a gap of air through which the
propagation of the electromagnetic fields took place. Unlike previous glide-symmetric structures
described in the literature, the alignment of the surface with ellipses and the upper metal plate is
not a problem when manufacturing a prototype based on this technology, since a misalignment does
not produce any rupture of the symmetry in this case. This is of particular interest for the design
and manufacture of Luneburg lenses like the one developed in Reference [26], as it would reduce
the manufacturing complexity. The Luneburg lens presented in Reference [26] was implemented by
means of two opposing metal parts in which a glide-symmetric holey structure was machined. If the
alignment of these two plates is not good enough, ruptures of symmetry may appear between the
upper and lower plates, resulting in small stop-bands through the structure. The application of glide
symmetry in a single plane prevents the occurrence of this problem. Although we demonstrated in
this work that the rupture of the symmetry in the plane of the ellipses generates a stop-band with
an attenuation of approximately 30 dB in 55 mm of surface, there are works that demonstrate that
the glide-symmetric holey structures in two metallic surfaces provide a greater attenuation per unit
length. In particular, the EGB achieved in Reference [23] provided 3.5 times more propagation blockage.
This work only studied the attenuation in a particular configuration of ellipses to demonstrate the
appearance of stop-bands; thus, further investigation with other configurations is required. The main
function of the dielectric material used in the designs of this work is to act as a support for the
glide-symmetric ellipses. Future lines of research focused on this type of structures can be based on
the substitution of the dielectric substrate by a thin sheet of metal suspended in air with the pattern of
ellipses. Since it was demonstrated that it is possible to regenerate glide symmetry from a specific
non-glide configuration, the use of thin metal plates instead of dielectric material allows the possibility
of breaking and regenerating symmetry by displacing alternate rows of ellipses at a distance equal
to the periodicity p (see Figure 10). Another possibility is to replace the dielectric material with an
anisotropic material such as liquid crystal [28], whose effective dielectric constant in the direction
of propagation can be modified by applying a voltage between the parallel metal plates containing
it [32]. This property would make it possible to electrically control the appearance of stop-bands and
refractive index. Therefore, these structures offer the possibility of developing both mechanically and
electrically reconfigurable devices.
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Abstract: Here we propose the use of twist and glide symmetries to increase the equivalent refractive
index in a helical guiding structure. Twist- and glide-symmetrical distributions are created with
corrugations placed at both sides of a helical strip. Combined twist-and glide-symmetrical helical
unit cells are studied in terms of their constituent parameters. The increase of the propagation
constant is mainly controlled by the length of the corrugations. In our proposed helix antenna,
twist and glide symmetry cells are used to reduce significantly the operational frequency compared
with conventional helix antenna. Equivalently, for a given frequency of operation, the dimensions
of helix are reduced with the use of higher symmetries. The theoretical results obtained for our
proposed helical structure based on higher symmetries show a reduction of 42.2% in the antenna size
maintaining a similar antenna performance when compared to conventional helix antennas.

Keywords: higher symmetries; periodic structures; glide symmetry; twist symmetry; dispersion
diagram; microwave printed circuits; helix antennas

1. Introduction

Symmetrical structures are present in a huge number of natural phenomena. On occasion,
symmetries have a positive impact in the physical response and properties of materials. Therefore,
when symmetries are not spontaneously found in nature, engineers have found a manner to
tailor them in an artificial manner [1]. The use of symmetrical geometries modifies the physical
properties of materials, such as their mechanical, thermal or electromagnetic responses [2]. Among
these properties, those related to electromagnetic behaviour are of great importance for conductive
materials and dielectric substrates. The electromagnetic properties resulting from configurations with
one-dimensional higher symmetries were initially studied in the 1960s and 1970s [3,4]. However,
it has been in recent years, with the new developments on computational electromagnetics, that more
complex structures, including two-dimensional and three-dimensional higher-symmetric structures,
have been studied. These structures have demonstrated new possibilities for the design of microwave
and millimeter-wave circuits and antennas [5]. Some of the key advantages of employing higher
symmetries in the design of radiofrequency devices are: significant reduction of the frequency
dispersion [6], accurate control of the equivalent refractive index [7], control and elimination of
stop-bands in periodic structures [8].

A periodic structure possesses a higher symmetry when it is invariant under a translation and
another spatial operator such as a rotation or mirroring. Two commonly used higher symmetries
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are glide and twist symmetries as illustrated in Figure 1. While the extra spatial operator for glide
symmetries is a mirroring with respect to a glide line/surface [9,10], for the twist symmetries the
operator is a rotation along a twist axis [10–12]. Twist symmetry is a more general concept than glide
symmetry. For example, when the unit cell is symmetrical along the transversal direction, a 180◦

twist-symmetrical structure turns out to be glide-symmetrical too.

(a) 

  
(b) 

Figure 1. Examples of higher symmetries: (a) glide-symmetrical corrugations. The corrugations
are periodic along x axis, and the mirroring plane is z = 0; (b) Twist-symmetrical metallic rod with
inclusions rotated ϕ = 90◦ along the twist axis.

Twist and glide symmetries were demonstrated to reduce the dispersion of metasurfaces,
providing unit cells with a flattened frequency dependence. This is advantageous for the design
of wideband microwave devices, such as planar lenses [3]. Also, the use of glide symmetries in
metallic holey structures, as reported in [4], increases the bandwidth of the electromagnetic bandgaps.
These glide-symmetrical holey structures have been proposed for cost-effective gap waveguide
technology at the millimeter-wave frequency range. Additionally, the combination of twist- and
glide-symmetrical configurations increases the equivalent refractive index of periodic structures [5],
enhances the linearity of the modes, and creates additional stop-bands at given frequencies [10]. In [13],
the use of higher symmetries has been applied to produce a multibeam Luneburg lens antenna with
low scan-losses and wide bandwidth. Gap waveguides with glide-symmetrical holey EBG structures
were proposed in [14], creating cost-effective guiding structures at high frequencies. Using this
technology, a wideband phase shifter was proposed in [15]. Finally, low-loss waveguide flanges
were proposed in [16], with the use of glide-symmetric holes around the waveguide apertures.
In this manner, the leakage at the waveguide joint is avoided. Lastly, a recent work about the
application of glide-symmetry in printed double-sided parallel-strip lines demonstrated the potential
of glide symmetry to produce low dispersion transmission lines and filter behavior by breaking the
symmetry [9].
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Here, we proposed the combination of glide and twist symmetries to reduce the size of helix
antennas based on the increment of the equivalent refractive that the higher symmetries produce.

2. Materials and Methods

For antenna designs that are based on field guidance and progressive matching towards free space,
as is the case in helix-based antennas, the use of higher-symmetrical configurations can be beneficial.
In this section, we analyze the electromagnetic effects of including twist and glide corrugations of a
metallic flat strip in a helix structure, defining the guidelines for antenna designs.

2.1. Baseline Helix Antenna Designs

The general structure of a helix antenna is shown in Figure 2a, and it is formed by a ground plane
and a conducting helix structure. The basic parameters that define a helix antenna are: the radius (r),
the pitch (p) and the pitch angle (α). The mathematical relation between these parameters is:

p = 2πr tan(α) (1)

(a) 

 
 

(b) (c) 

Figure 2. Conventional helix antenna composed of a wire and a ground plane: (a) antenna model and
scheme; (b) normal mode of radiation; (c) axial mode of radiation.

Depending on these parameters, the antenna can operate in two common modes of radiation:
normal and axial mode. The antenna is operating in its normal mode (Figure 2b) if, for a
certain working frequency fo, the helix circumference is considerably smaller than the wavelength
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(2πr << λo) [17]. The polarization in this mode is typically aimed to be circular. The antenna operates
in its axial mode if the helix circumference is in the order of the wavelength (2πr ≈ λo) and the pitch
distance p is a quarter of the wavelength (p ≈ λo/4) [18]. Therefore, for the axial mode, the pitch
angle must be around 15 degrees, following Equation (1). This mode produces high directivity as
illustrated in Figure 2c and provides circular polarization. The use of twist and glide symmetries,
depicted in the following subsections, increase the propagation constant. This can be of interest for
antenna miniaturization for a given frequency. The miniaturization of the helix antenna in axial mode
is useful in applications with space restrictions, such as in antenna arrays.

A helix antenna can be made with a metallic strip instead of a wire. In this case, the strip width w
plays a role on the antenna impedance matching [19]. Equations (2) and (3) show the mathematical
relations of the pitch length (Lp) and gap between turns (g) regarding the basic helix parameters.

Lp =
2πr

cos(α)
(2)

g = p cos(α)− w (3)

Helix antennas are travelling wave antennas that can be classified as slow-wave since the phase
velocity of the wave in the structure is smaller than the speed of light. However, this kind of antennas
radiate in the curvatures similar to a conventional helix antenna. This radiation is affected by the
discontinuities produced by the corrugations. A classical explanation of the operation of a helix
antenna operating in the axial mode is that the radiation is similar to an array of loops whose phase
distribution produces an end-fire radiation [20].

2.2. Periodic Glide-Symmetrical and Twist-Symmetrical Unitary Cells

The unitary cell corresponds to one turn of the helix. The basic parameters to be considered for the
baseline periodic cell are: the periodicity (p), the metallic helix strip width (w), the gap space between
the wrapped helix strip (g), and the unwrapped length of one turn of the helix strip (Lp). Figure 3a
shows the baseline cell both in 3D and in a planar view.

The twist symmetry can be easily introduced to this basic helix cell by adding an integer
number of corrugations per cell to any (or both) sides of the strip. These corrugations have inherent
twist symmetry due to the helical configuration of the strip. Figure 3b depicts the parameters that
characterize the twist-symmetrical strip, which are: the width of the corrugation (wc), its length (hc),
and the number of corrugations per unit cell (Nc). The unit cell is composed by sub-cells that consist of
a pair of adjacent corrugations.

A twist configuration can be modified to become also a glide. In this case, one corrugation of
each pair of the consecutive corrugations is moved to the opposite side of the strip, as illustrated in
Figure 3c. In that case, the glide-symmetric periodicity includes a pair of opposed corrugations and its
unwrapped length is Lp/Nsubcell. Therefore, the number of glide periods is Nsubcell = Nc/2. It should be
noted that, although this configuration is glide in its unwrapped version, once it is rolled, the relation
between corrugations of the consecutive turns are not glide. This can be corrected by including a small
misalignment (offset) of the corrugations in one of the strip sides so the corrugations of the structure,
once wrapped, fit together again. The offset value that satisfies this condition is p·sin(α)-Lp/Nc as
illustrated in Figure 3d. Notice that this case keeps a glide configuration, not regarding the strip,
but between strip turns.
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(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 3. Cont.
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(e) 

Figure 3. Periodic helix cell: (a) conventional helix (without corrugations); (b) twist-symmetrical
helix; (c) combined twist- and glide-symmetrical helix; (d) combined twist-and-glide-symmetric helix
with offset in the glide configuration; (e) Their dispersion diagrams. The reference dimensions are:
r = 12 mm, α = 15◦, p = 20.2 mm, Lp = 78.06 mm, g = 12.78 mm, w = p/3, Nc = 8, hc = 0.4g and
wc = 0.3Lp/Nc.

The electromagnetic behavior of this periodic structure can be characterized with the dispersion
diagram of the unitary cell that, in this work, is calculated with the eigenmode analysis of CST
Microwave Studio. Since this full-wave electromagnetic solver does not allow eigenmode simulations
with open boundary conditions, this requirement in the y and z directions is satisfied by oversizing the
simulation box in those directions and imposing an electric wall (Et = 0) at these boundaries. This does
not have influence in the frequency range under study since the distance to the box boundaries is
much larger than the helix diameter. In the x direction (the direction of the axis of the helix structure),
the boundary condition is periodic.

Figure 3a–d provide the schematics under study of the helix unitary cell. Their dispersion
diagrams are illustrated in Figure 3e. In this graph, the reference is the dispersion diagram of the
helix cell without corrugations (blue line). The twist inclusions in the helix unitary cell increase the
propagation constant value, which also becomes almost linear with respect to the frequency for the first
propagating mode. Additionally, the closed stop-band between the first and second propagation mode
is eliminated. The combination of twist and glide symmetries in the unitary cell slightly increases
these effects. The glide case with offset presents similar results for the first mode, as illustrated in
Figure 3e, but it permits a further increase of the length of the corrugations without the overlapping
between turns.

2.3. Parametric Tuning Effects

The effect of modifying the parameters of the corrugated structure is here studied. This study is
aimed to produce general guidelines that will be of use for the design of helix antennas.

2.3.1. On the Twist Symmetry

The first parametric study, illustrated in Figure 4, is focused on the corrugations of the twist
configuration. First, the results for the variation of the length of the corrugations (hc) are depicted in
Figure 4a. The increase in the length produces a higher propagation constant, which means an increase
of the effective refractive index of the structure. Figure 4b provides the results of modifying the width
wc, while preserving the number of corrugations per turn (Nc). This effect is smaller than in the case of
the length of the corrugations (hc). In Figure 4c, we illustrate the effect of the number of corrugations
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per turn (Nc) for a fixed corrugation width. Although the cell periodicity is the same for all the cases,
the different dimensions and number of corrugations introduce a variation in the propagation constant.
The parametric study carried out in Figure 4c reveals that the increase in the number of corrugations
per turn has a small influence in the propagation constant.

  
(a) 

  
(b) 

  
(c) 

Figure 4. Simulated dispersion diagrams for the twist-symmetrical helix cell: (a) modification in the
length of the corrugations (hc); (b) modification of the width of the corrugations (wc), while preserving
the number of corrugations per turn (Nc = 4); (c) modification of the number of corrugations (Nc), for a
given width, wc = 0.06Lp. The reference dimensions are: r = 12 mm, α = 15◦, p = 20.2 mm, Lp = 78.06 mm,
g = 12.78 mm, w = p/3, hc = 0.4g and wc = 0.3Lp/Nc.
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2.3.2. On the Combined Twist and Glide Symmetry

If glide symmetry is added, the effect previously reported in the twist case is enhanced as depicted
in Figure 5a. In this configuration, a higher integration between corrugations is possible, so a higher
value for the length of the corrugation can be achieved (hc). Variations in the width of the corrugations
(Figure 5b) and the number of corrugations (Figure 5c) have a more limited effect.

 
(a) 

 
(b) 

 
(c) 

Figure 5. Simulated dispersion diagrams for the twist- and glide-symmetrical helix cell: (a) modification
of the length of the corrugations (hc); (b) modification of the width of the corrugations (wc),
while preserving the number of glide periods (Nsubcell = 4) per turn; (c) modification of the number
of glide periods (Nsubcell), for a given width, wc = 0.06Lp. The reference dimensions are: r = 12 mm,
α = 15◦, p = 20.2 mm, Lp = 78.06 mm, g = 12.78 mm, w = p/3, hc = 0.4g and wc = 0.3Lp/Nc.
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2.4. Symmetry Breakage

Finally we illustrate here the effect of the breakage of the higher symmetry in the structure.
The presence of the bandgap when the symmetry is broken is useful for filtering purposes [9]. Although
this symmetry breakage can be introduced in different ways, here we only show the effect of one
representative case that is depicted in Figure 6a. The breakage is produced by increasing the length of
the corrugation of one sub-cell. The dispersion diagram of this structure is illustrated in Figure 6b,
in which a stop-band between the first and second modes is generated due to the rupture of the
symmetry. Additionally, when the symmetry is broken, the frequency linearity of the propagation
constant of the first mode is lost. Notice that in this subsection we only present a brief description of
the possibility of breaking the symmetry for filtering purposes, but it is not used in the antenna design.
In our specific antenna design, the main goal is miniaturization and filtering is not intended. Therefore,
the importance relies in the position of the modes in the dispersion diagram that has to be in a lower
position regarding to the position of the modes of the reference helix cell. Including a twist-and-broken
glide-symmetrical unit cell in the helix antenna would imply a reduction of the operational bandwidth.
Deeper studies regarding symmetry breakage can be found in [9].

(a) 

 
(b) 

Figure 6. Symmetry breakage: (a) twist-and-broken glide-symmetrical unit cell; (b) dispersion diagram.
The reference dimensions are: r = 12 mm, α = 15◦, p = 20.2 mm, Lp = 78.06 mm, g = 12.78 mm, w = p/3,
Nc = 8, hc1 = 0.3g, hc2 = 0.9g and wc = 0.3Lp/Nc.
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3. Helix Antenna Miniaturization

The miniaturization of helix antennas has been the focus of several research studies, mainly for
quadrifilar helix antennas [21–24]. The techniques that have been generally employed for their
miniaturization are core dielectric loadings [25,26], meander lines [27] and loading of the pointed ends
of the helix arms [28].

A straightforward consequence of increasing the propagation constant of the unitary helix
cell is the miniaturization of the resulting helix antenna. A miniaturized helix antenna formed
by twist-and-glide unitary cells is expected to radiate similar to a strip-only helix antenna, which is
larger in dimension.

The following subsections show the comparison between two helix antenna designs operating
at the same frequency. The first design is a conventional axial-mode helix strip antenna and the
second design is the equivalent miniaturized twist-and-glide symmetric axial-mode helix antenna.
Our proposed technique for miniaturization is fully-metallic, which means that there is no dielectric
material in the structure. Therefore, dielectric losses are avoided and our miniaturized antenna can
reach higher efficiency and gain at high frequency when compared to miniaturized antennas based on
dielectric solutions.

3.1. Conventional Helix Antenna Design

A conventional helix antenna made of strips can be designed based on the principles described in
Section 2.1. In this case, the conventional strip helix antenna design has been designed to operate in
2.45 GHz. The radius of the helix is fixed at r = 19.5 mm, which is the parameter that mainly defines
the antenna frequency. The pitch angle α has a value of 15 degrees to obtain a radiation in axial mode.
The strip width (w) has a value of p/3. This parameter has no noticeable effect in the working frequency.
The number of helix turns Nturns is chosen to be 12. A ground plane is located at the bottom of the
antenna with a side dimension around one wavelength at the working frequency. A coaxial cable and a
standard SMA-type transition, both of 50 Ω, are considered for the antenna feeding. These dimension
values for the unit cell imply that the third mode is the one excited in our conventional antenna design.

Figure 7a illustrates the |S11| calculated in CST Microwave Studio. The circular polarization
bandwidth is illustrated in grey. The circular polarization bandwidth represents the frequency range
where the antenna has an axial ratio (AR) below 3 dB at the main direction of radiation and operates in
axial mode.

(a) 

Figure 7. Cont.
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(b) (c) (d) 

Figure 7. Simulated results of a conventional helix antenna in axial mode: (a) |S11| results; (b) 3D
radiation pattern in axial mode at 2 GHz (c) 2.45 GHz and (d) 2.8 GHz. The conventional helix unit cell
dimensions are: r = 19.5 mm, α = 15◦, p = 32.82 mm, w = p/3 and Lp = 126.84 mm.

The conventional helix antenna has an impedance bandwidth (−10 dB of the |S11|) of 54.5%,
and an AR bandwidth (below 3dB) of 49%. Figure 7b–d illustrate the 3D radiation pattern of the helix
antenna at different frequencies. An end-fire radiation pattern with a high directivity is achieved,
as expected for the axial mode.

3.2. Twist-And-Glide Symmetrical Helix Antenna Design

The use of the twist-and-glide symmetrical configuration described in Section 2.3.2 can be used to
miniaturize a helical antenna due to their ability to increase the propagation constant. The higher the
propagation constant, the larger the effect of the miniaturization. Thus, using the twist-and-glide cell
configuration illustrated in Figure 5a, choosing a long corrugation length value, the size reduction of
the helix antenna can be remarkable.

The twist-and-glide symmetrical helix antenna has the same feed, ground plane and number
of turns than the conventional version described in Section 3.1. The only difference between both
antennas is the helical strip radius. The twist-and-glide symmetrical helix antenna radius is fixed to
14.8 mm in order to operate with the axial mode. According to Equation (1) and maintaining the pitch
angle at 15 degrees, if the helix antenna radius r is smaller, the pitch period p must be smaller, reducing
the length of the antenna. Therefore, this new antenna will have a reduced volume, since its length
and radius are both smaller. Again, these dimension values for the unit cell imply that the third mode
is the one excited in our miniaturized antenna design.

Figure 8a illustrates the simulated reflection coefficient, including the circular polarization
bandwidth. A tapered twist-and-glide unit cell is needed in the first turn of the helix antenna for
impedance matching.

(a) 

Figure 8. Cont.
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(b) (c) (d) 

Figure 8. Simulated results of the miniaturized glide- and twist-symmetrical helix antenna centered
at 2.45 GHz: (a) Simulated |S11| (b) 3D radiation pattern in axial mode at 2 GHz (c) 2.45 GHz
and (d) 2.8 GHz. The twist-and-glide symmetrical unit cell dimensions are: r = 14.8 mm, α = 15◦,
p = 24.91 mm, w = p/3, Lp = 96.27 mm, Nsubcell = 4, hc = 7.5 mm and wc = 0.3Lp/Nsubcell.

The simulation results show an impedance bandwidth of 43.4%. Circular polarization is achieved
and the AR bandwidth covers 38% maintaining the central frequency at 2.45 GHz. These bandwidths
are slightly narrower than in the case of the conventional helix antenna. The loss in bandwidth in
the miniaturized version is caused by the difficulty of matching the corrugated strips. The directivity
and size comparisons are illustrated in Figure 9a,b. Both directivity levels are above 12 dBi but the
directivity of the miniaturized design is lower due to a smaller antenna’s physical aperture. Regarding
the size comparison, the volume size of the conventional helix antenna has been reduced in a 42.2%.

(a) 

 
(b) 

Figure 9. (a) Directivity comparison (b) Antenna size comparison. The twist-and-glide symmetrical
unit cell dimensions are: r = 14.8 mm, α = 15◦, p = 24.91 mm, w = p/3, Lp = 96.27 mm, Nsubcell = 4,
hc = 7.5 mm and wc = 0.3Lp/Nsubcell.
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4. Conclusions

In this document, we introduce the use of higher symmetries for helix antenna design. Glide and
twist symmetries can be employed to modify the propagation properties of periodic structures by
increasing the value of the equivalent refractive index. This effect has been employed here to reduce
the size of a helix antenna.

With the use of both twist and glide symmetries, the helix achieves a higher propagation constant
of the helix, reducing its operational frequency and yielding a miniaturization in the structure.
This effect is mainly controlled by the length of the added corrugations. Here, we have demonstrated a
reduction of 42.2% in the antenna volume for a helix antenna operating at 2.45 GHz. Our miniaturized
helix design achieves similar antenna performance to a conventional helix design in terms of directivity
and AR bandwidth.
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Abstract: Recently, there has been an increased interest in exploring periodic structures having higher
symmetry properties, primarily based on metallic realization. The design of dielectric glide-symmetric
structures has many challenges, and this paper presents a systematic analysis approach based on
Floquet mode decomposition and mode matching technique. The presented procedure connects the
analysis of standard periodic structures and glide-symmetric realizations, thus giving insight into the
wave propagation and interaction characteristics. The obtained results were verified in comparison
with results from known references and using a commercial solver, proving that the proposed analysis
technique is inherently accurate, and the degree of accuracy depends only on the number of modes
used. The proposed analysis approach represents the first step in the design process of dielectric
periodic structures with glide symmetry.

Keywords: higher symmetries; glide symmetry; periodic structures; dispersion analysis; mode matching

1. Introduction

Interest in different artificial electromagnetic structures has led to investigation of various
structures, applications and ideas in general. A very promising direction in these developments is
structures with higher symmetries. For a periodic structure we can say that it possesses a higher
symmetry when the unit cell coincides with itself after more than one geometrical operation of
a different kind—translation, rotation, mirroring, etc. [1–3]. The glide operator, for example, is a
geometrical transformation composed by a translation and a mirroring with respect to the so-called
glide plane. The idea to combine different types of symmetry in a periodic structure will have a strong
influence on the propagation properties. One of the most interesting is the possibility to tune the
dispersion of lower propagating modes depending on the application, i.e., dispersion can be reduced
or increased. In addition, as a direct consequence of this, the electromagnetic bandgap can be extended
or reduced, or even completely removed.

Periodic structures with higher symmetry were first studied in the 1960s and 1970s in relation to
one-dimensional periodic waveguides [1–3]. Recent work on structures with higher symmetries (in
both one and two dimensions) has demonstrated various effects and devices, such as ultra-wideband
Luneburg lenses [4,5], leaky-wave antennas with low frequency dependency [6], cost-efficient gap
waveguide technology [7,8], contactless flanges with low leakage [9], low-dispersive propagation in
periodic structure-based transmission lines [10,11], and fully metallic reconfigurable filters and phase
shifters [12]. These results were obtained using metallic structures, however, in many applications
only dielectric types of materials are allowed. Therefore, our interest lies in the investigation of the
fully dielectric structures with higher symmetry.

Symmetry 2019, 11, 805; doi:10.3390/sym11060805 www.mdpi.com/journal/symmetry64
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Dielectric waveguides containing periodic variation along the propagation direction have been
used in many applications ranging from microwave to optical frequencies. They are designed to
either support a bounded propagating wave (in microwave or optical filters and distributed feedback
reflectors for high-quality lasers) or an unbounded leaky wave (in leaky-wave antennas and optical
couplers) [13]. Recently, some new applications were investigated, like plasmonic optical modulators
for nanophotonic architectures in which the modulator transmittance is changed with bias voltage [14].

The reported analysis methods were often based on the assumption that periodic variation acts
only as a small perturbation of a planar multilayer waveguide [15–17], which may produce erroneous
results in many cases, e.g., if the corrugated grating is thick. The proposed rigorous solution is based on
the Floquet mode decomposition and a mode matching (MM) technique [18,19] in which the corrugated
layer is modeled as a periodic array of infinite dielectric slabs [20]. All previously considered structures
contained one layer of corrugations, except in Reference [21] where two layers of corrugations with
different periodicities were investigated. The Floquet mode expansion approach can also be combined
with the boundary integral formulation in which the boundary conditions at each interface inside
the structure follow Floquet’s theorem [22]. Similarly, the finite element method can be adapted for
computation of modal decomposition and scattering matrices [23,24].

In this paper we have extended the MM analysis method to glide-symmetric dielectric periodic
structures. The presented analysis description is focused on one-dimensional glide-symmetric
structures [25]. The first part of the paper describes the analysis procedure and it is followed by initial
results obtained for a test case found in literature, while the properties of the glide-symmetric dielectric
structures are discussed in the second part of the paper.

2. Analysis of Waveguides Containing Periodic Dielectric Structures

A periodic structure possesses a higher symmetry when the unit cell coincides with itself after
more than one geometrical operation. Glide symmetry is the invariance of a periodic structure under a
translation of half its period and a mirroring with respect to a plane parallel to the periodicity directions.
Written as a formula, if the periodicity is present along the x-direction with the period Px, a glide
operator can be written as: {

(x, y)→ (x + Px
2 , y)

z→ −z
. (1)

Other kinds of higher symmetries are defined by combination of rotation and translation (twist or
polar glide symmetries) or by time operations (parity-time symmetries).

The analysis of guiding dielectric structures having higher symmetries is based on Floquet mode
decomposition and MM approach [26–29]. The electric and magnetic fields in each section of the
structure are represented as a sum of suitable modes with unknown complex amplitude, i.e., we used
the preknowledge about the electromagnetic (EM) field configuration and symmetry properties to
reduce the number of unknowns, to precisely describe the EM field present in the structure, and to
give a physical insight about the presence of higher symmetry properties.

The dielectric waveguide structure of interest is shown in Figure 1. It is a parallel-plate waveguide
(PPW) with top and bottom walls realized using dielectric corrugations. The period of corrugations is
denoted by Px, the height of corrugations by hcorr, the width and permittivity of periodic dielectric
inclusions by Wx1, Wx2 and ε1, ε2, and the height and permittivity of parallel-plate waveguide by
hppw and εppw. Note that the plane z = 0 is located in the middle of the parallel-plate region. We will
first analyze the simple periodic structure (i.e., the one with classical translation/mirroring symmetry,
see Figure 1a) and then we will modify the analysis procedure for structures with higher symmetry
in which the corrugations are shifted with respect to each other by Px/2, i.e., the structure will be
glide-symmetric, as in Figure 1b.

65



Symmetry 2019, 11, 805

(a) (b) 

Figure 1. Sketch of the parallel-plate dielectric waveguide with periodic structure; (a) simple periodic
structure with translation and mirroring symmetry, and (b) periodic structure with glide symmetry.
Direction of wave propagation is sketched using a red arrow.

The waveguide mode of interest is propagating in the direction perpendicular to corrugations
(i.e., in the x-direction). Therefore, we can distinguish transverse electric (TE) and transverse magnetic
(TM) propagating modes (i.e., they do not mix due to presence of the periodic structure corrugations).
Here we will give the formulation for TE modes because it is straightforward to repeat the formulation
for TM modes.

The analysis is based on representation of the EM field in all regions of interest: Parallel-plate
region, layer with corrugations, and outer space. The analysis procedure can be simplified if the
modes are orthogonal. This is enforced in the parallel-plate waveguide region by representing the EM
field as a series of Floquet harmonics by virtue of periodicity. For each Floquet mode present in the
parallel-plate waveguide the y-component of the E-field can be expressed as

Ey(x, z) =
NPPW∑

m=−NPPW

[
A1

m cos(kzz) + A2
m sin(kzz)

]
e− jkxx (2)

kx = kx,0 +
2mπ
Px

, ky = 0, kz =
√

k2
0εPPW − k2

x − k2
y. (3)

The tangential x-component of H-field can be calculated using the following expression

Hx =
− j
η0k0

∂Ey

∂z
=
− j
η0k0

NPPW∑
m=−NPPW

kz
[
−A1

m sin(kzz) + A2
m cos(kzz)

]
e− jkxx. (4)

Here, m is the index of the Floquet mode, NPPW is the highest-order considered Floquet mode
(in total 2NPPW + 1 modes are taken into account), and k0 and η0 are the wave number and the wave
impedance of free space.

In order to determine the Floquet coefficients Am and the propagation constant kx,0 of the
propagating wave inside the parallel-plate waveguide we need to match the tangential EM components
with the ones in the corrugated walls. The wave propagating in the corrugated region can be modeled
as a wave propagating along a periodic array of dielectric slabs [18,20] with the following EM field
distribution (Ncorr denotes the highest-order considered mode).

Ecorr
y (x, z) =

Ncorr∑
i=1

Ecorr
0,i (x)

(
C+

i e− jγiz + C−i e+ jγiz
)

(5)

Ecorr
0,i (x) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
B1

i cos kx,2(x + Px/2) + B2
i sin kx,2(x + Px/2) −Px/2 ≤ x ≤ −Px/2 + W2/2

B3
i cos kx,1x + B4

i sin kx,1x −W1/2 ≤ x ≤W1/2
B5

i cos kx,2(x− Px/2) + B6
i sin kx,2(x− Px/2) Px/2−W2/2 ≤ x ≤ Px/2

(6)

Hcorr
x =

− j
η0k0

∂Ecorr
y

∂z
, kx,1 =

√
k2

0ε1 − γ2
i , kx,2 =

√
k2

0ε2 − γ2
i . (7)
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The coefficients B1
i − B6

i and the propagation constant in the z-direction γi are determined by
considering the wave propagation along the periodic array with an assumed progressive phase delay
per unit cell. In more detail, for each possible propagation constant kx,0, i.e., for each considered
progressive phase delay we need to solve the secondary (local) mode-matching problem. The problem
is described with a linear system of four equations representing the continuity of the Ey and Hz field
components at two boundaries x = ±W1/2. Since for each considered case we have six unknown
coefficients as seen in Equations (5)–(7), the Floquet theorem is used to express B5

i and B6
i using B1

i ,
B2

i and assuming progressive phase delay. The determinantal equation resulting from the linear
system gives the value of the propagation constant along the interfaces γi and then it is possible to
determine the field distribution of the considered ith mode. The details of the formulation are given in
Reference [18].

By matching these two expressions (e.g., for the E-field at the boundary z = hppw/2) and testing
it with (1/Px) exp(+ jkxx), one equation per each Floquet harmonic is obtained (as a consequence of
orthogonality of Floquet harmonics):

A1
m cos(kzhppw/2) + A2

m sin(kzhppw/2) =
Ncorr∑
i=1

Ẽcorr
0,i (m)

(
C+

i e− jγihppw/2 + C−i e+ jγihppw/2
)
, (8)

Ẽcorr
0,i (m) =

1
Px

Px/2∫
−Px/2

Ecorr
0,i (x)e+ j(kx,0+(2mπ/Px))xdx. (9)

We can further simplify Equation (8) by considering only even or odd modes (with respect to the
symmetry plane z = 0). By doing so, only one coefficient A1

m or A2
m is left and we have consequently

expressed each Floquet coefficient Am with the Fourier transformation of the E-field distribution at the
corrugation boundary. Thereby, only the coefficients C±i (among all coefficients Am, Bi, Ci and Dm that
describe the field distribution) are the unknowns.

The goal is to derive one characteristic equation for the propagation constant kx,0 of the propagating
wave inside the parallel-plate waveguide. Therefore, we should also match the tangential magnetic
field Hx at the boundary between parallel-plate waveguide and corrugated region.

− j
η0k0

NPPW∑
m=−NPPW

kz
[
−A1

m sin(kzz) + A2
m cos(kzz)

]
e− jkxx

= −1
η0k0

Ncorr∑
i=1

Ecorr
0,i (x) γi

(
C+

i e− jγihppw/2 −C−i e+ jγihppw/2
) (10)

Equation (10) can be simplified using the connection between the coefficients Am and C±i (given
by Equations (8) and (9)). By multiplying Equation (10) with (Ecorr

0,l (x))∗, where * refers to the complex
conjugate, and integrating over the period we obtain the following linear system of equations whose
determinant is the characteristic equation for the propagation constant kx,0[

Yl,i
][

C±i
]
= [0]. (11)

The coefficients of the linear system of equations related to the unknowns C+
i and C−i are

respectively equal (e.g., for the even symmetry case)

Yl,2i−1 =
NPPW∑

m=−NPPW

jkz
[
− tan(kzhppw/2)

]
e− jγihppw/2Ẽcorr

0,i (m)
(
Ẽcorr

0,l (m)
)∗

− γie− jγihppw/2 1
Px

Px/2∫
−Px/2

Ecorr
0,i (x)

(
Ecorr

0,l (x)
)∗

dx
(12)
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Yl,2i =
NPPW∑

m=−NPPW

jkz
[
− tan(kzhppw/2)

]
e+ jγihppw/2Ẽcorr

0,i (m)
(
Ẽcorr

0,l (m)
)∗

+ γie+ jγihppw/2 1
Px

Px/2∫
−Px/2

Ecorr
0,i (x)

(
Ecorr

0,l (x)
)∗

dx
(13)

Note that the field distributions of the propagating modes along the periodic array of dielectric
slabs Ecorr

0,i (x) (i.e., along the corrugations) are not orthogonal.
Since we have two times more unknowns than equations, we have to repeat the procedure for the

half-space above the corrugations. The EM field in the upper half-space (i.e., in the space outside the
structure) can be represented as:

Ey(x, z) =
NPPW∑

m=−NPPW

D1
me− jkxxe− jkair

z (z−hcorr−hPPW/2) (14)

Hx =
− j

k0η0

∂Ey

∂z
, kx = kx,0 +

2mπ
Px

, ky = 0, kair
z =

√
k2

0 − k2
x − k2

y. (15)

Here, we have assumed that the space outside the structure is air (or vacuum) with the relative
permittivity equal to one. The corresponding coefficients of the linear system of equations related to
the unknown C±i are equal

YNcorr+l,2i−1 =
∞∑

m=−∞
kair

z e− jγi(hcorr+hppw/2)Ẽcorr
0,i (m)

(
Ẽcorr

0,l (m)
)∗

−γie− jγi(hcorr+hppw/2) 1
Px

Px/2∫
−Px/2

Ecorr
0,i (x)

(
Ecorr

0,l (x)
)∗

dx
(16)

YNcorr+l,2i =
∞∑

m=−∞
kair

z e+ jγi(hcorr+hppw/2)Ẽcorr
0,i (m)

(
Ẽcorr

0,l (m)
)∗

+γie+ jγi(hcorr+hppw/2) 1
Px

Px/2∫
−Px/2

Ecorr
0,i (x)

(
Ecorr

0,l (x)
)∗

dx
(17)

It is enough to consider only the upper half of the structure shown in Figure 1a; the lower part is
taken into account using even or odd mirroring symmetry of the considered modes.

For the structures with glide symmetry, i.e., if the upper corrugated plate is shifted by half a
period in the x-direction, the E-field distributions at the top and bottom corrugation interfaces can be
related as:

E

(
x, y, z = −hPPW

2

)
= e− jkx,0 Px/2 E

(
x− Px

2
, y, z = +

hPPW

2

)
. (18)

This expression should have the double sign ± in front of the exponential term. However,
the double sign ± does not define two different sets of modes or introduce any ambiguity because the
solutions of the two problems actually coincide: the Floquet harmonic 0 becomes the harmonic −1
when switching the sign from plus to minus (see Reference [28] for details).

We will use the following translation property of the Fourier transformation:

1
Px

∫
ϕ(x− Px/2) e− jkx,0Px/2ejkxxdx =

1
Px

∫
ϕ(x′) e+ jmπejkxx′dx′ = ϕ̃(kx)e+ jmπ = ϕ̃(kx)·(−1)m. (19)

Term (−1)m actually means that depending on the index of Floquet mode we have even or odd
symmetry across the z = 0 plane (see Equation (2)). For even Floquet modes (m = 0, ±2, ±4, . . .) the
E-field in the parallel-plate region is described with A1

m cos(kzz) terms, while for odd Floquet modes
(m = ±1, ±3, . . .) the E-field is described with A2

m sin(kzz) terms. In other words, the presence of glide
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symmetry causes the odd and even symmetries to be mixed inside the PPW resulting in extraordinary
properties of the glide-symmetric guiding structure.

3. Results

In order to test the developed code, we compared the results of a calculated field distribution
inside the corrugated layer with the results from [18]. We plotted the normalized value of the Hy field
component of the TM wave for different values of assumed progressive phase delay per unit cell.
The parameters of the corrugated structure are the following: εr1 = 2.56, εr2 = 1.0, Px = 0.6 λ0, Wx1

= 0.26 λ0 and Wx2 = 0.34 λ0. Excellent matching of the obtained results can be noticed in Figure 2.
We also tested the accuracy of the calculated propagation constant of the first two modes travelling
along the periodic array of dielectric slabs (Figure 3). Again we got excellent agreement with results
given in [18]. It is interesting to notice that for values kx,0 less than 0.5·π/Px the first high-order mode
is evanescent, i.e., the values of γ2 are imaginary (kx,0 is the transverse propagation constant in the
corrugated region). For values kx,0 larger than 0.5·π/Px the wave propagates along the dielectric slabs
and consequently γ2 is a real number. The dominant mode is of a propagating type for all values of kx,0.

 
(a) (b) 

Figure 2. Normalized value of the H field component of TM wave for different values of assumed
progressive phase delay per unit cell; solid line—results calculated using the developed program,
diamonds—calculated results from [18]; (a) first mode, (b) second mode.

Figure 3. Normalized value of the propagation constant of the first two modes travelling along
the periodic array of dielectric slabs; solid line—results calculated using the developed program,
diamonds—calculated results from Reference [18]. γ2 = 0 is the cut-off condition of the 2nd mode,
thus for the values kx,0 smaller than the cut-off value (0.5·π/Px) γ2 is imaginary (the mode is evanescent).
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In order to investigate the properties of glide-symmetric dielectric structures we considered
the following periodic structure: εPPW = 2.56, hPPW = 10 mm, Px = 35 mm, Wx1 = 15 mm, Wx2 =

20 mm, εr1 = 10.0, εr2 = 1.0, and hcorr = 10 mm. First, we analyzed the simple periodic structure
(Figure 1a). In Figure 4 the dispersion diagram of the first three propagating modes are given. Note that
only the values of the propagation constant larger than the free-space propagation constant k0 are
given, otherwise the excited mode is a fast wave and the structure is radiating part of the EM energy
(i.e., we have a leaky-wave antenna). The obtained results were compared with the ones obtained
using a general electromagnetic solver, CST Microwave Studio in our case, and the agreement is very
good. Specifically, the Eigenmode Solver in the CST Microwave Studio package was used to find the
dispersion characteristics of the considered structures, thus it was necessary to analyze only a unit cell.
In x- and y- directions the periodic boundary conditions were applied, while at the top and bottom of
the periodic cell the PMC boundary conditions were used to simulate infinitely long symmetric and
glide-symmetric structures. Note that the unit cell was quite long in the z-direction since it was needed
to ensure that the amplitude of the evanescent fields was negligible at the top and bottom boundaries.

 

Figure 4. Propagation constant of the first three modes travelling along the dielectric waveguide with
corrugations from Figure 1a; solid line—results calculated using the developed program (blue line: 1st
even mode, red line: 1st odd mode, green line: 2nd even mode), diamonds—results calculated using
CST Microwave Studio (dashed black line represents the light-line). The E-field distribution in the unit
cell of the first three modes for kx,0 = π/Px is also shown (the structure is infinite in the y-direction).

In Figure 4 the field distributions of the first three propagating modes are also given. Note that
the dominant mode is even (relative to the symmetry line z = 0), the first higher order-mode is odd,
and the second higher-order mode is even again. Note also that the evanescent field is present also in
the air close to the structure. This is probably the most important difference compared to the metallic
waveguides. The higher the mode (or for frequencies closer to the cut-off frequency), the larger the
percentage of the power actually propagating out of the parallel-plate waveguide and consequently
in the half-spaces around the guiding structure. In Figure 4, the third mode has more than half of
the power propagating outside the waveguiding structure. Theoretically, for frequencies just above
cut-off almost all power is actually propagating outside the parallel-plate layer [30]. This is one of the
limits in the design of dielectric glide-symmetric structures since the designed metallic components
mostly have a very thin parallel-plate region (in order to obtain the desired electromagnetic properties).
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In the dielectric case probably there is no point to make equivalent structures with a thin gap between
corrugations since almost all power will propagate outside the guiding structure.

The dispersion diagram of the glide-symmetric dielectric waveguide (having the same dimensions
as considered simple periodic structure) is given in Figure 5. The shape of the obtained dispersion
diagram is similar to the ones obtained with metallic glide-symmetric waveguides. The obtained
bandgap is between 2.52 and 3.65 GHz. The field distribution of the first two modes is also shown for
kx,0 = π/Px. Like in the case of the simple periodic structure (Figure 4) a much larger percentage of EM
power is propagating outside the dielectric structure for the second mode. The selected time moment
gives the best illustration of the E-field distribution for the depicted modes. Other time moments could
be selected, as illustrated in Figure 6 where the E-field distribution of the dominant mode is given for
relative phase shifts 45◦, 90◦, 135◦ and 180◦, respectively.

 
(a) 

 
(b) 

Figure 5. Propagation constant of the first two modes travelling along the glide-symmetric dielectric
waveguide with corrugations (Figure 1b); solid line—results calculated using the developed program,
diamonds—results calculated using CST Microwave Studio (dashed black line represents the light-line);
(a) glide-symmetric structure only, (b) comparison of glide-symmetric and simple-symmetric structures
(blue dashed line). The E-field distribution in the unit cell of the first two modes for kx,0 = π/Px is also
shown (the structure is infinite in the y-direction).
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Figure 6. The E-field distribution in the unit cell of the first mode for kx,0 = π/Px at different time
moments where T denotes the period of oscillations (T = 1/f ).

In order to be able to tune the dispersion diagram according to the designer’s needs one should
understand the background of such a shape. The key point is Equation (19), i.e., the fact that glide
symmetry actually means mixing of odd and even modes. This is visible in Figure 5b where we have
displayed on the same diagram dispersion curves of simple and glide-symmetric dielectric waveguides.
It can be seen that the lower part of the dispersion curve is nearly indistinguishable from the even
mode profile of the non-glide structure (up to the vicinity of the propagation constant kx,0 = π/Px),
while the upper part is mostly affected by the odd mode.

This property actually enabled us to tune the dispersion diagram (see Figure 7). For example,
if we reduced the thickness of the parallel-plate region from 10 mm to 2 mm, then the odd mode
had a higher cut-off frequency and therefore the dispersion diagram of a glide-symmetric case was
less dispersive and the bandgap started at higher frequencies. This was even more prominent if we
reduced the thickness of the corrugated region from 10 mm to 2 mm (Figure 7b) because the overall
thickness of the dielectric structure was then much smaller.

(a) (b) 

Figure 7. Propagation constant of the first mode travelling along the glide-symmetric dielectric
waveguide with corrugations (case of thinner parallel-plate dielectric slab); solid line—results calculated
using the developed program, diamonds—results calculated using CST Microwave Studio (dashed
black line represents the light-line); (a) case of thinner parallel-plate dielectric slab (hppw = 2 mm),
(b) case of thinner corrugated region (hcorr = 2 mm).

We tested various combinations of refractive indexes for PPW and corrugated regions. One natural
choice is to have only one material, i.e., that corrugations are made from the same material as the
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PPW (εr1 = εPPW = 2.56 and εr2 = 1.0; other parameters are the same as for the structure in Figure 5).
In other words, such structures are made from a homogeneous media but the boundaries have a
periodic variation. Results of the same type were obtained (see Figure 8), however the glide-symmetric
properties were not so pronounced. It can be concluded that contrast between the permittivity of PPW
and corrugated regions can also be used for tuning the dispersion properties.

Figure 8. Propagation constant of the first mode travelling along the glide-symmetric dielectric
waveguide with corrugations made from homogeneous material; solid line—results calculated using
the developed program, diamonds—results calculated using CST Microwave Studio (dashed black line
represents the light-line).

Needless to say, it is possible to analyze guiding structures in which the lower corrugated layer is
arbitrarily shifted compared to the upper layer (i.e., when the shift is between 0 and Px/2). The obtained
dispersion diagrams are located between ones for the symmetric and glide-symmetric cases, which was
demonstrated in Reference [11] for metallic structures. Therefore, we have focused our investigation
on the two most interesting cases, symmetric and glide-symmetric.

Finally, numerical properties of the proposed analysis method should be mentioned. The number
of modes in the PPW and corrugated regions were NPPW = 5 (in total 11 modes) and Ncorr = 2. We tested
the numerical convergence of the solution, and enlarging the number of modes only slightly improved
the accuracy of the solution. The needed computer time was less than a second per point in the
dispersion diagram, while the CST typically needed around 1 hour for calculating the whole dispersion
diagram (depending on the accuracy of the meshing). All the calculations were made on a standard PC.

4. Conclusions

This paper discussed the Floquet mode decomposition applied together with a mode-matching
approach in the analysis and design of dielectric waveguides with glide-symmetric periodicity.
The analysis method is based on representing the EM field in each region with suitable modes and
connecting the field distributions in different regions using symmetry properties, resulting in an
efficient program for determining propagation properties and obtaining a physical picture of modes
in such waveguides. The developed approach provides a basis for better understanding of wave
propagation characteristics and of various types of wave interactions in glide-symmetric structures.

Until now most realized waveguide prototypes possessing higher symmetry were made from metal.
Although at first glance there are a lot of similarities between metallic and dielectric glide-symmetric
structures, the main difference comes from the fact that in the dielectric case, part of the propagating
wave (and thus part of the electromagnetic power) travels outside the dielectric parallel-plate waveguide.
Therefore, the dispersion diagram (and consequently the bandgap) is dominantly conditioned by the
odd mode of the equivalent non-glide structure whose cut-off frequency mostly depends on the total
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thickness and permittivity of the waveguide structure. This also limits us in selecting the thickness of
the parallel-plate waveguide since the percentage of power propagating outside the guiding structure
is larger for thinner structures. The other limit represents the free-space wavenumber—for propagation
constants smaller than the free-space wavenumber a fast wave is excited which leads to leakage of
electromagnetic energy. Our presented discussion shows that by adjusting the structure parameters
various waveguiding properties can be obtained, and our formulation is able to aid in the design
process and provide fast and accurate results.
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Abstract: We discuss here under which conditions a periodic line with a twist-symmetric shape can
be replaced by an equivalent non-twist symmetric structure having the same dispersive behavior.
To this aim, we explain the effect of twist symmetry in terms of coupling among adjacent cells through
higher-order waveguide modes. We use several waveguide modes to accurately derive the dispersion
diagram of a line through a multimodal transmission matrix. With this method, we can calculate
both the phase and attenuation constants of Bloch modes, both in shielded and open structures.
In addition, we use the higher symmetry of these structures to further reduce the computational cost
by restricting the analysis to a subunit cell of the structure instead of the entire unit cell. We confirm
the validity of our analysis by comparing our results with those of a commercial software.

Keywords: dispersion analysis; higher symmetry; periodic structures; twist symmetry;
transmission matrix

1. Introduction

A higher symmetric periodic line is characterized by its invariance under a geometrical transformation
other than a translation. The higher symmetry resulting from a combination of a rotation and a
translation is called twist (or screw) symmetry [1–4]. In an N-fold twist symmetry, if the period
is p, a subunit cell (1/N of the entire unit cell) is translated p/N along the periodicity axis and
twisted 2π/N radians around the same axis. Figure 1a,b shows 2-fold and 4-fold twist symmetric
lines, respectively.

Recent studies on higher-symmetric structures have revealed interesting characteristics such as
a reduced dispersion and wider and stronger stop bands [5–12]. These characteristics have led
to numerous applications in different areas such as wideband lens antennas [13], cost-effective
gap-waveguide technology [14,15], leaky-wave antennas [16], and leakage reduction in waveguide
transitions [17]. All these studies use commercial software to perform periodic analyses on a unit cell
of periodicity. Despite its accuracy, this approach is not valid if the structure is open (radiating line)
and does not give any physical insight about the impact of the twist operation on the periodic line.
Only in Reference [5] was an equivalent circuit proposed for a line based on a coaxial cable. However,
that circuit considers the interaction between adjacent cells only through the fundamental TEM mode
of the coaxial line. In this paper, we will show that such an approach can fail if dense lines are studied.

As proved in those papers, the advantages of higher-symmetric structures over simpler periodic
ones stimulate now the urge to understand where the difference between the two categories arises,
for instance, to explain the source of different dispersive behaviors of the structures in Figure 1a,c
on the basis of fundamental electromagnetic theory. In addition, there is a need for fast and efficient
analysis methods for higher symmetric structures. This paper answers both of these needs by first
showing the different coupling mechanism occurring in higher-symmetric and non-higher-symmetric
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structures and then by formulating a Bloch analysis method that only takes into account a partial unit
cell, thus accelerating the calculation procedure.

Figure 1. Pin-loaded coaxial transmission lines: (a) 2-fold twist-symmetric, (b) 4-fold twist-symmetric,
(c) non-twist symmetric with 2 pins, and (d) non-twist symmetric with 4 pins. (d1 = 2.4 mm,
d2 = 4.84 mm, d3 = 2.4 mm, and h = 2 mm).

In this work, we first classify periodic structures with twist symmetry into two groups: reducible
and irreducible. The former group consists of structures that are equivalent to periodic structures with
a reduced period and no twist symmetry, while the latter group consists of those of which the higher
symmetry cannot be reduced to an equivalent periodic structure with a reduced period. We show that
the couplings between cells through higher-order modes are the cause of the difference between these
two groups. We quantify this effect by defining a multimodal transmission matrix to formulate a Bloch
analysis. Finally, we formulate, for the first time, the eigenvalue problem based on a twist symmetry
operator [4] by means of a transmission-matrix approach. This restricts the problem to a subregion of a
unit cell and, therefore, reduces the computational cost of the analysis. It also helps to explain how the
higher-order modes affect the reducibility of the structure.

2. Reducibility of Twist-Symmetric Structures

In this section, we define the reducibility of twist-symmetric structures to non-twist periodic lines.
We will state under which assumptions this property holds by means of a multimodal transmission-matrix
approach capable to perform accurate Bloch analyses also for tightly coupled adjacent cells.

2.1. Reducible and Irreducible Twist Symmetries

A periodic structure with an N-fold twist symmetry is invariant under the twist operator SN,pẑ:

SN,pẑ : (ρ, φ, z) → (ρ, φ +
2π

N
, z +

p
N
) (1)

It is easy to observe from Equation (1) that a composition of N twist operators gives Tpẑ,
the translation operator of length p along z (SN

N,pẑ = Tpẑ). This confirms that a twist-symmetric
structure (“twisted structure” in the following) is also a periodic structure. Figure 1a,b shows the
unit cells of twisted coaxial transmission lines loaded with circular pins, with a 2-fold and a 4-fold
symmetry, respectively.

For each twisted line, we define an associated non-twisted periodic line by suppressing the
rotation in Equation (1). The twisted structures in Figure 1a,b are then associated to the non-twisted
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periodic lines in Figure 1c,d, respectively. While p is the period of the N-fold twisted structure,
the associated non-twisted structure has a period of p/N.

We define “reducible” a twisted structure which has the same dispersion diagram as its
corresponding non-twisted one in a certain range of frequencies. Irreducible structures are those
without such characteristic. In other words, in a reducible line, the rotations of the subunit cells do not
affect the dispersive behavior, while in an irreducible line, the rotations change the dispersion behavior
with respect to the associated non-twisted periodic line. Figure 2a shows the comparison between the
dispersion diagram of a 2-fold twisted structure as in Figure 1a and its non-twisted associated structure
as in Figure 1c. The results are obtained with the CST eigensolver tool (CST ES) [18]. The structure
in Figure 1a is reducible to a non-twisted periodic line, since the two dispersion curves are perfectly
superimposed. The rotation of its subunit cells does not have an impact on its dispersion diagram.
Figure 2b depicts the dispersion diagrams of similar structures as in Figure 1a,c but with different
parameters (a shorter period of p = 7 mm). This time, the twisted line is irreducible, since it has a
different dispersion diagram with respect to the non-twisted one. Figure 2c depicts the dispersion
diagrams for a 4-fold twisted structure as in Figure 1b and its associated non-twisted structure as in
Figure 1d with p = 15 mm. The comparison of the diagrams suggests that the 4-fold twisted line is
irreducible at higher frequencies, while it can be reduced to a simple non-twisted structure with a
smaller period in the lower frequencies. Figure 2d depicts the dispersion diagrams for the the same
structures where the twisted line has a smaller period of p = 10 mm. The difference between the two
results in this case demonstrates that this 4-fold twisted line is irreducible even at low frequencies.

We want to show that the difference between a reducible and an irreducible twisted line is due
to the relevance of higher-order modes of the unloaded line in the coupling between adjacent cells.
In order to prove this, we present a rigorous multimodal Bloch analysis and we apply it to different
twisted lines.

Figure 2. A dispersion diagram comparison of the twist-symmetric and their non-twist symmetric
structures shown in Figure 1: (a) with 2 pins (p = 15 mm), (b) with 2 pins (p = 7 mm), (c) with 4 pins
(p = 15 mm), and (d) with 4 pins (p = 10 mm).

2.2. Multimodal Transmission-Matrix Method

It is well-known that a periodic structure can be studied by limiting the analysis to its unit cell.
Considering a 1-D periodic structure with period p along the z direction, Floquet boundary conditions
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can be written for the unit cell periodic boundaries. This results in an eigenvalue problem for the
translation operator Tpẑ:

Tpẑ [E (ρ, φ, z)] = E (ρ, φ, z + p) = e−jkz pE (ρ, φ, z) (2)

of which the eigenvalue provides the propagation constant of a Bloch mode (kz) and of which the
eigenvector is the modal electric field. In general, the propagation constant (kz = β − jα) is a complex
quantity. Its real part β is the phase constant, and the opposite of its imaginary part α is the attenuation
constant. An equivalent boundary condition could also be written in terms of the magnetic field
H. However, we will write all the subsequent conditions in this paper in terms of E for brevity.
Monochromatic quantities are assumed throughout the paper, of which the time dependence ejωt is
suppressed for simplicity.

In order to study the impact of higher-order modes on the cell coupling, we consider on the two
periodic boundary planes of a unit cell n modes of the unloaded line (“background modes” in the
following). Since the background structure has a circular section, the radial component of the electric
field of the background modes has the following profile:

Ψ(m,i),e/h
(±)

(ρ, φ) = fm,i (ρ) e±jmφ (3)

where fm,i are suitable linear combinations of Bessel functions expressing the radial dependence of
each mode. The index m represents the order of angular dependence (e±jmφ), the index i is the radial
dependence, and e and h in the superscript stand for TM and TE modes, respectively.

We associate to each mode a voltage and a current. Different definitions are possible for the
equivalent transmission lines associated to a waveguide mode, either based on line integrals of the
transverse electric and magnetic fields or as quantities proportional to the transverse fields [19].
The method presented here can be used with either one of the formulations as long as a coherent
definition is kept throughout the computation. Therefore, we define the following vectors at each
cell boundary:

V =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

VTEM

...

V(m,i),e/h
(±)

...

V(M,I),e/h
(±)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

and I =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

ITEM

...

I(m,i),e/h
(±)

...

I(M,I),e/h
(±)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(4)

One or more TEM modes exist if the background line is a multiconductor line (e.g., a coaxial cable),
while they are absent if the background line is a single-conductor circular waveguide. In this paper,
a coaxial cable is used as background line as shown in Figure 1, and a TEM mode is, therefore, present.

Therefore, the unit cell can be viewed as a multiport network: Each port corresponds to a mode at
one of the periodic boundaries. We can define a multimodal generalized transmission matrix (or “T
matrix”) T, relating the voltages and currents on one cell boundary to the voltages and currents on
the other cell boundary [20]. The Floquet condition from Equation (2) can be stated in terms of this T
matrix as

T ·
[

V
I

]
= e−jkz p

[
V
I

]
(5)

The T matrix is a generalization of the well-known ABCD matrix, used for two-port networks.
The ABCD matrix and the usual Bloch analyses treated in Reference [19] are recovered here if the
fundamental TEM mode is the only retained mode in Equation (4). Next, we apply Equation (5) to
the previous twisted lines to confirm the connection between irreducibility and cell coupling through
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higher-order modes. In all the following examples, the CST frequency-domain solver is at first used to
calculate the scattering parameters in the frequency range 0–20 GHz. Then the scattering matrix is
transformed into the T matrix as explained in Reference [20], and Equation (5) is solved. Note that
a different definition of voltages and currents associated to each mode would change the numerical
values of the scattering matrix and then would change the transimission matrix, but this would not
modify the results of the eigenvalue problem in Equation (5).

Figure 3a depicts the dispersion curves obtained with Equation (5) for the 2-fold reducible twisted
cell studied in Figure 2a. It also plots the dispersion diagram obtained with a CST ES for comparison.
We observe that, in this case, a monomodal T matrix (1 mode) is already enough to match the results
obtained by CST ES. The results for a T matrix with 3 modes (m = 0,±1 and i = 1 in Equation (3)) also
matches the monomodal T matrix and the CST ES results. This demonstrates that adding an extra
set of modes does not vary the already converged results. Figure 3b shows the same results for the
associated non-twisted line. Also, in this case, one single mode is sufficient to reach convergence.
This confirms that in a reducible case a single mode is sufficient to accurately calculate the dispersion
diagram of both the twisted and non-twisted lines.

Figure 3. A dispersion diagram of 2-fold twist-symmetric structures in Figure 1 derived from the
T-matrix method and CST ES applied to their unit cells: (a) Twisted p = 15 mm, (b) associated
non-twisted p = 15 mm, (c) twisted p = 7 mm, and (d) associated non-twisted p = 7 mm.

Figure 3c depicts the dispersion diagram of the irreducible (p = 7 mm) 2-fold twisted unit
cell studied in Figure 2b together with the dispersion diagram calculated with the CST ES. Here,
a monomodal T-matrix method leads to the correct dispersion curve in the lower range of frequency.
At higher frequencies, at least 3 modes are required. The results for 5 modes (m = 0,±1,±2 and i = 1)
are also sketched in the figure to further emphasize the convergence. Figure 3d shows the same results
for the associated non-twisted line. In this case, one mode only is not enough even at low frequencies.
This confirms that the irreducibility of a twisted line is related to the presence of coupling through
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higher-order modes either in the twisted line or in its associated non-twisted line. These higher-order
modes interact with each other differently in the presence or absence of twists and lead to different
dispersive behaviors.

Figure 4a depicts the dispersion diagram for the 4-fold twisted cell irreducible at high frequencies
studied in Figure 2c; Figure 4b shows the associated non-twisted line. Again, in the frequency ranges
where the twisted line is irreducible, the presence of higher-order modes is necessary in at least one of
the two lines (in this case the non-twisted line). This confirms that the difference between the lines
arise from the presence of higher-order modes.

The same results are confirmed in Figure 4c,d (4-fold twisted cell irreducible over the entire frequency
range): Higher-order modes are important in the non-twisted line over the entire range.

Figure 4. A dispersion diagram of 4-fold twist-symmetric structures in Figure 1 derived from the
T-matrix method and CST ES applied to their unit cells: (a) Twisted p = 15 mm, (b) associated
non-twisted p = 15 mm, (c) twisted p = 10 mm, and (d) associated non-twisted p = 10 mm.

These results confirm that, while reducible structures need a single fundamental mode, irreducible
structures have a more complex modal interaction: Either they or their associated non-twisted line
needs a multimodal T matrix. In this specific structure, the proximity of the pins is the key parameters
that makes higher-order modes relevant. The more tightly coupled the pins are, the more relevant the
higher-order modes become. For instance, a reducible twisted structure in Figure 1b could become an
irreducible structure by decreasing the period and increasing the size of the pins since these changes
will move the pins closer to each other.

We have shown that, in this context, modelling a unit cell with a multimodal T matrix is required
for accurate dispersion results. This approach is also an effective alternative to retaining multiple
unit cells as in Reference [21]. Finally, we stress that this method leads to accurate results also when
eigenvalue tools of commercial software are currently not available, for example, in the case of open
structures, where the attenuation constant α can be related to radiation (e.g., leaky waves).

81



Symmetry 2019, 11, 620

3. Twist Symmetry Conditions on a Subunit Cell

In this section, we exploit the twist symmetry in order to reduce the computational domain of the
periodic problem. In periodic lines, Bloch modes are eigensolutions of the translation operator Tpẑ,
as shown in Equation (2). By virtue of the twist symmetry, Bloch modes are also eigensolutions of the
twist operator SN,pẑ [4]:

SN,pẑ [E (ρ, φ, z)] = λE (ρ, φ, z) (6)

where λ is the relevant eigenvalue. Note that the twist operator acts here on the observation point
and does not rotate the E field. Since SN

N,pẑ = Tpẑ, from Equation (2), we can state that λN = e−jkz p

and that
λ = e−jkz

p
N (7)

where the different Nth roots merely correspond to different Floquet harmonics, so that they do not
appear in Equation (7).

The new eigenvalue problem in Equation (6) with λ given in Equation (7) determines the Bloch
modes. However, we are interested in formulating an eigenproblem for the translation operator T p

N ẑ
rather than the twist operator. In fact, commercial software can easily compute a sub-cell transmission
matrix, which describes the translation of fields and not the twist transformation. To overcome this
problem, we first define the rotation operator:

R 2π
N ẑ [E (ρ, φ, z)] = E (ρ, φ + 2π/N, z) (8)

and we express the translation operator T p
N ẑ as a composition of the symmetry operator SN,pẑ and the

inverse rotation operator R−1
2π
N ẑ

= R− 2π
N ẑ:

T p
N ẑ [E (ρ, φ, z)] = R−1

2π
N ẑ

SN,pẑE (ρ, φ, z) = e−jkz
p
N R−1

2π
N ẑ

E (ρ, φ, z) (9)

The T-matrix formulation requires the expression of the Bloch mode as a composition of the
modes of the background structure. This is a convenient basis when dealing with rotations, since each
background mode in Equation (3) satisfies a simple property:

R−1
2π
N ẑ

[
Ψ(m,i)
(±)

(ρ, φ)
]
= e∓jm 2π

N Ψ(m,i)
(±)

(ρ, φ) (10)

(The e/h polarization is not stated for simplicity). If the transmission matrix of a single subunit cell
of an N-fold twisted structure associated to the translation operator T p

N ẑ is T1/N , the conditions in
Equations (9) and (10) lead to the following eigenvalue problem:

T1/N

[
V
I

]
= e−jkz

p
N

[
Q 0

0 Q

]
·
[

V
I

]
(11)

where V is the voltage and I is the current vector defined in Equation (4). The matrix Q can be
written as

Q =

⎡
⎢⎢⎢⎢⎢⎢⎣

1 0 · · · 0

0 q(m,i)
(±)

. . .
...

...
. . . . . . 0

0 · · · 0 q(M,I)
(±)

⎤
⎥⎥⎥⎥⎥⎥⎦

(12)

where q(m,i)
(±)

= e∓jm 2π
N and 0 is the null square matrix.
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Solving the generalized eigenvalue problem in Equation (11) gives the propagation constant kz

starting from the simulation of a subunit cell of the twisted line. This formulation reduces the volume
of the computational domain of the periodic problem by a factor N.

However, commercial electromagnetic software often calculates scattering parameters by means
of waveguide modes with an angular dependence of the trigonometric forms cos (mφ) or sin (mφ)

rather than the exponential form of e±jmφ. Therefore, a generalized eigenvalue problem based on these
functions is useful for a practical implementation of the method. The radial components of the electric
fields of these trigonometric modes are

Ψ(m,i),e/h
cos (ρ, φ) = ge/h

(m,i) (ρ) cos(mφ)

Ψ(m,i),e/h
sin (ρ, φ) = ge/h

(m,i) (ρ) sin(mφ) (13)

where ge/h
(m,i) are suitable radial functions. Applying the inverse rotation operator to these electromagnetic

fields gives the following (note again that the rotation is performed on the observation point, not on
the vector field):

R−1
2π
N ẑ

[
Ψ(m,i),e/h

cos (ρ, φ)
]
=

[
cos

(
2πm

N

)
Ψ(m,i),e/h

cos (ρ, φ) + sin
(

2πm
N

)
Ψ(m,i),e/h

sin (ρ, φ)

]
(14)

R−1
2π
N ẑ

[
Ψ(m,i),e/h

sin (ρ, φ)
]
=

[
− sin

(
2πm

N

)
Ψ(m,i),e/h

cos (ρ, φ) + cos
(

2πm
N

)
Ψ(m,i),e/h

sin (ρ, φ)

]
(15)

It is interesting to note that the rotation (and then also the twist condition) is no more diagonal in
the trigonometric basis: Rotating one mode gives a combination of two degenerate modes, with the
only exception occurring for m = 0, where only the cos term exists. This means that we have to retain
both the cos and the sin modes for each m �= 0.

The generalized eigenvalue in Equation (11) changes to

T1/N

[
V ′

I′

]
= e−jkz

p
N

[
Q′ 0

0 Q′

]
·
[

V ′

I′

]
(16)

where the primed voltage and current vectors V ′ and I′ are defined based on the trigonometric
background modes:

V ′ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

VTEM

...

V(m,i),e/h
cos

V(m,i),e/h
sin

...

V(M,I),e/h
cos

V(M,I),e/h
sin

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

and I′ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ITEM

...

I(m,i),e/h
cos

I(m,i),e/h
sin

...

I(M,I),e/h
cos

I(M,I),e/h
sin

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(17)

The definition of the primed matrix Q′ is also given here:
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Q′ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 · · · · · · · · · · · · 0

0
. . . . . . . . . · · · · · ·

...
...

. . . cos
( 2πm

N
)

sin
( 2πm

N
)

· · · · · ·
...

...
. . . − sin

( 2πm
N

)
cos

( 2πm
N

)
· · · · · ·

...
...

. . . . . . . . . . . . 0 0
...

. . . . . . . . . 0 cos
(

2πM
N

)
sin

(
2πM

N

)
0 · · · · · · · · · 0 − sin

(
2πM

N

)
cos

(
2πM

N

)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(18)

Figure 5a plots the normalized phase constant of the 4-fold twist-symmetric structure shown in
Figure 1b (p = 15 mm) derived from Equation (16) and compares it to the results given by CST ES.
It is observed that a single mode does not provide the correct dispersion diagram at high frequencies,
whereas considering 3 modes (TEM mode and the first two degenerate higher-order modes) leads
to the accurate diagram, which matches the CST ES results over the entire frequency band shown.
To further emphasize the advantages of the T-matrix method, the normalized attenuation constant of
the structure is also given in Figure 5b where it is easy to notice that the stopband predicted with a
single mode is not correct while using 3 modes correctly predicts the frequency range of first stopband.
These results could not be compared to CST ES since the commercial software does not provide such
information. The results with inclusion of 5 modes are also plotted in these two figures, and they
match the results of the 3-mode T-matrix method. It is important to note that even though we have
used the pin-loaded transmission lines in Figure 1 to verify our method, the eigenvalue problems in
Equations (11) and (16) are general and they can be applied to any structure with a twist symmetry.

Furthermore, the method is also valid for a larger class of structure, characterized by the invariance
under the twist transformation of Equation (1) with non-integer N. In this last case, the structure is
no more periodic and, therefore, cannot be studied with available commercial software. The present
approach still holds and, to the best of the authors’ knowledge, is the only formulation available for a
rigorous solution of the problem.

Figure 5. Dispersion diagrams derived with the T-matrix method on the subunit cell of the structure in
Figure 1b (p = 15 mm): (a) The normalized phase constant βp/π vs. frequency and (b) the normalized
attenuation constant α/k0 vs. frequency (k0 being the free-space wavenumber).

Finally, it is interesting to compare the solving time of the T-matrix method applied to a sub-cell
and the CST ES in an entire unit cell. To do so, we consider the more complex case of the 4-fold
twist symmetry where 3 modes were needed in the T-matrix method. To make this comparison, we
choose 76 points on the first passband and solve the problem for this frequency range. For the CST
ES, an adaptive mesh refinement with a maximum of 1% relative error in frequency is defined
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using tetrahedral meshes. As a result, the cell is meshed with 19,850 tetrahedrons. For the CST
frequency-domain solver, a relative error of 1% for scattering parameters is defined in the adaptive
mesh refinement routine with tetrahedral meshes, resulting in a total of 14,310 tetrahedrons for the
entire cell and 4016 tetrahedrons for the sub-cell. We have used a computer with 128 GB of RAM and
an Intel(R) Xeon(R) CPU with 6 cores and a base frequency of 3.60 GHz for its CPU cores.

The computation time for these methods are included in Table 1. A quick comparison for the case
of a single frequency point shows that even though the T-matrix method with a unit cell has a higher
computation time compared to CST ES, the T-matrix method with the subunit cell is slightly faster than
CST ES. It should be noted that a higher computation time of the unit cell formulation may be justified
since the T matrix generally produces extra information on the attenuation constant of the Bloch waves
and can be applied also to open structures. As we consider a large frequency range, the computation
time difference changes dramatically. The T-matrix method has a shorter computation time for both
the unit cell and subunit cell formulations (88 and 21 s, respectively) compared to CST ES (780 s).
This occurs because the computation of the scattering parameters is accelerated significantly by the
broadband sweep techniques. The rest of the computation (solving the T-matrix eigenvalue problem)
is executed very fast. For instance, this part was executed in less than 2 s for 76 frequency points and
3 modes for both the unit cell and the subunit cell formulations. This is a significant reduction in
computation time compared to the CST ES.

Table 1. The computational time for solving the periodic structure in Figure 1b.

1 frequency
point

T matrix
(subunit Cell)

T matrix
(unit cell)

CST
(eigensolver)

Time (s) 12 19 13

76 frequency
points

T matrix
(subunit cell)

T matrix
(unit cell)

CST
(eigensolver)

Time (s) 21 88 780

4. Conclusions

In this paper, we have discussed a transmission-matrix method for periodic structures with
a higher symmetry. We have enhanced its accuracy by including higher-order modes and have
demonstrated through a set of examples how the inclusion of these higher modes increases the
accuracy of the method. Furthermore, we have used higher-order modes to explain how some twisted
structures with symmetry can be equivalent to non-twisted structures with a reduced period. We also
applied the twist operator to a transmission matrix method for the first time. This resulted in a new
formulation that applies to a subregion of a unit cell for structures with a twist symmetry with a lower
computation cost.
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