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Preface to "Iterative Methods for Solving
Nonlinear Equations and Systems”

Solving nonlinear equations in any Banach space (real or complex nonlinear equations, nonlinear
systems, and nonlinear matrix equations, among others) is a non-trivial task that involves many areas
of science and technology. Usually the solution is not directly affordable and requires an approach
utilizing iterative algorithms. This is an area of research that has grown exponentially over the last
few years.

This Special Issue focuses mainly on the design, analysis of convergence, and stability of
new iterative schemes for solving nonlinear problems and their application to practical problems.
Included papers study the following topics: Methods for finding simple or multiple roots, either
with or without derivatives, iterative methods for approximating different generalized inverses, and
real or complex dynamics associated with the rational functions resulting from the application of
an iterative method on a polynomial function. Additionally, the analysis of the convergence of the
proposed methods has been carried out by means of different sufficient conditions assuring the local,
semilocal, or global convergence.

This Special issue has allowed us to present the latest research results in the area of iterative
processes for solving nonlinear equations as well as systems and matrix equations. In addition to
the theoretical papers, several manuscripts on signal processing, nonlinear integral equations, partial
differential equations, or convex programming reveal the connection between iterative methods and

other branches of science and engineering.
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A Few Iterative Methods by Using [1,n]-Order Padé
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Abstract: In this paper, a few single-step iterative methods, including classical Newton’s method
and Halley’s method, are suggested by applying [1, n]-order Padé approximation of function for
finding the roots of nonlinear equations at first. In order to avoid the operation of high-order
derivatives of function, we modify the presented methods with fourth-order convergence by using
the approximants of the second derivative and third derivative, respectively. Thus, several modified
two-step iterative methods are obtained for solving nonlinear equations, and the convergence of the
variants is then analyzed that they are of the fourth-order convergence. Finally, numerical experiments
are given to illustrate the practicability of the suggested variants. Henceforth, the variants with
fourth-order convergence have been considered as the imperative improvements to find the roots of
nonlinear equations.

Keywords: nonlinear equations; Padé approximation; iterative method; order of convergence;
numerical experiment

1. Introduction

It is well known that a variety of problems in different fields of science and engineering require
to find the solution of the nonlinear equation f(x) = 0 where f : I — D, for an interval I C R and
D C R, is a scalar function. In general, iterative methods, such as Newton’s method, Halley’s method,
Cauchy’s method, and so on, are the most used techniques. Hence, iterative algorithms based on these
iterative methods for finding the roots of nonlinear equations are becoming one of the most important
aspects in current researches. We can see the works, for example, [1-22] and references therein. In the
last few years, some iterative methods with high-order convergence have been introduced to solve
a single nonlinear equation. By using various techniques, such as Taylor series, quadrature formulae,
decomposition techniques, continued fraction, Padé approximation, homotopy methods, Hermite
interpolation, and clipping techniques, these iterative methods can be constructed. For instance,
there are many ways of introducing Newton’s method. Among these ways, using Taylor polynomials to
derive Newton’s method is probably the most widely known technique [1,2]. By considering different
quadrature formulae for the computation of the integral, Weerakoon and Fernando derive an implicit
iterative scheme with cubic convergence by the trapezoidal quadrature formulae [4], while Cordero
and Torregrosa develope some variants of Newton’s method based in rules of quadrature of fifth
order [5]. In 2005, Chun [6] have presented a sequence of iterative methods improving Newton’s
method for solving nonlinear equations by applying the Adomian decomposition method. Based
on Thiele’s continued fraction of the function, Li et al. [7] give a fourth-order convergent iterative
method. Using Padé approximation of the function, Li et al. [8] rederive the Halley’s method and
by the divided differences to approximate the derivatives, they arrive at some modifications with
third-order convergence. In [9], Abbasbandy et al. present an efficient numerical algorithm for

Mathematics 2019, 7, 55; d0i:10.3390 / math7010055 1 www.mdpi.com/journal /mathematics
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solving nonlinear algebraic equations based on Newton-Raphson method and homotopy analysis
method. Noor and Khan suggest and analyze a new class of iterative methods by using the homotopy
perturbation method in [10]. In 2015, Wang et al. [11] deduce a general family of n-point Newton type
iterative methods for solving nonlinear equations by using direct Hermite interpolation. Moreover, for
a particular class of functions, for instance, if f is a polynomial, there exist some efficient univariate
root-finding algorithms to compute all solutions of the polynomial equation (see [12,13]). In the
literature [13], Bartoni et al. present an algorithm for computing all roots of univariate polynomial
based on degree reduction, which has the higher convergence rate than Newton’s method. In this
article, we will mainly solve more general nonlinear algebraic equations.

Newton’s method is probably the best known and most widely used iterative algorithm for
root-finding problems. By applying Taylor’s formula for the function f(x), let us recall briefly how to
derive Newton iterative method. Suppose that f(x) € C"[I],n =1,2,3,...,and € I is a single root
of the nonlinear equation f(x) = 0. For a given guess value xo € [ and a § € R, assume that f'(x) # 0
for each x belongs to the neighborhood (xg — 6, x9 + ¢). For any x € (xg — 6, x9 + 6), we expand f(x)
into the following Taylor’s formula about xo:

Fx) = F0) + £ (o) (x = %0) + 3" () (x = 10 4+ + (= x)f D (o) 4+

wherek =0,1,2,- - -. Let |17 — xo| be sufficiently small. Then the terms involving (17 — xo)k, k=23,...,
are much smaller. Hence, we think the fact that the first Taylor polynomial is a good approximation to
the function near the point xy and give that

f(x0) + f'(x0) (1 — x0) = 0.
Notice the fact f'(xg) # 0, and solving the above equation for 7 yields

~ g J(X0)
TR gy

which follows that we can construct the Newton iterative scheme as below

X,
X1 = X — Jf,((x’;)),k =0,1,2,....

It has been known that Newton iterative method is a celebrated one-step iterative method.
The order of convergence of Newton’s method is quadratic for a simple zero and linear for multiple root.

Motivated by the idea of the above technique, in this paper, we start with using Padé
approximation of a function to construct a few one-step iterative schemes which includes classical
Newton’s method and Halley’s method to find roots of nonlinear equations. In order to avoid
calculating the high-order derivatives of the function, then we employ the approximants of the higher
derivatives to improve the presented iterative method. As a result, we build several two-step iterative
formulae, and some of them do not require the operation of high-order derivatives. Furthermore, it is
shown that these modified iterative methods are all fouth-order convergent for a simple root of the
equation. Finally, we give some numerical experiments and comparison to illustrate the efficiency and
performance of the presented methods.

The rest of this paper is organized as follows. we introduce some basic preliminaries about Padé
approximation and iteration theory for root-finding problem in Section 2. In Section 3, we firstly
construct several one-step iterative schemes based on Padé approximation. Then, we modify the
presented iterative method to obtain a few iterative formulae without calculating the high-order
derivatives. In Section 4, we show that the modified methods have fourth-order convergence at least
for a simple root of the equation. In Section 5 we give numerical examples to show the performance of
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the presented methods and compare them with other high-order methods. At last, we draw conclusions
from the experiment results in Section 6.

2. Preliminaries

In this section, we briefly review some basic definitions and results for Padé approximation of
function and iteration theory for root-finding problem. Some surveys and complete literatures about
iteration theory and Padé approximation could be found in Alfio [1], Burden et al. [2], Wuytack [23],
and Xu et al. [24].

Definition 1. Assume that f(x) is a function whose (n + 1)-st derivative f(”H) (x),n=0,1,2,..., exists
for any x in an interval 1. Then for each x € I, we have

f"(x0)

£ = )+ ) — 30 + L7602y g £ 00)

n!

(x = x0)" +o[(x —x0)"}, (1)

which is called the Taylor’s formula with Peano remainder term of order n based at xq, and the error o[(x — x¢)"]
is called the Peano remainder term or the Peano truncation error.

Definition 2. If P(x) is a polynomial, the accurate degree of the polynomial is d(P), and the order of the
polynomial is w(P), which is the degree of the first non-zero term of the polynomial.

Definition 3. If it can be found two ploynomials
m . .
P(x) =) ai(x—x)  and  Q(x) =) bi(x —xo)'
i=0 i

such that
3(P(x) <m, QM) <n, w(f(X)QM)~P(x)=m+n+1,
P

(x).
Qx)’

then we have the following incommensurable form of the rational fraction

Po(x) _ P(x)

T Q) Q)

which is called [m, n]-order Padé approximation of function f(x).

Ry (x)

We give the computational formula of Padé approximation of function f(x) by the use of
determinant, as shown in the following lemma [23,24].

Lemma 1. Assume that Ry, (x) = g?)((?) is Padé approximation of function f(x). If the matrix

am Am—1 At l-n
Am41 am ot Am2-n
Am,n = .
Amin—-1 Gmyn-2 = °° am

is nonsingular, that is the determinant |Ay,,| = d # 0, then Py(x), Qo(x) can be written by the following
determinants
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Tm(x) (x - xO)Tm—l (x) e (x - xO)nTnl+1—n(x)
1] m+1 am ce Am+1—n
Po(x) = ¥l .
Am4n Aptn—1 c Am
and
1T (x=x) -+ (x—x)"
1] m+1 am e Opgl—n
Qo(x) = 7 . . ,
An+n Am4n—-1 " am
(1) .
where a, = %, n=0,1,2,..., and we appoint that

k )
a;(x —xg)!, for k>0,
Ti(x) = Eo =) f
0, for k<O0.

Next, we recall the speed of convergence of an iterative scheme. Thus, we give the following
definition and lemma.

Definition 4. Assume that a sequence {x;}$>, converges to i, with x; # 1 for all i,i = 0,1,2,.... Let the
error be e; = x; — 1. If there exist two positive constants « and B such that

hm ‘€i+1‘ _ ,B

i—o0 ‘ei“" o

then {x;}, converges to the constant  of order . When o = 1, the sequence {x;} , is linearly convergent.
When « > 1, the sequence {x;}%°  is said to be of higher-order convergence.

For a single-step iterative method, sometimes it is convenient to use the following lemma to judge
the order of convergence of the iterative method.

Lemma 2. Assume that the equation f(x) = 0,x € I, can be rewritten as x = ¢(x), where f(x) € C[I] and
@(x) € CT[1],7y € IN*. Let 1 be a root of the equation f(x) = 0. If the iterative function ¢(x) satisfies

9V =0j=12,...,7-1,97() #0,
then the order of convergence of the iterative scheme x; 11 = ¢(x;),i =0,1,2,...,is .

3. Some Iterative Methods

Let 77 be a simple real root of the equation f(x) = 0, where f : I — D,I C R,D C R. Suppose
that xo € I is an initial guess value sulfficiently close to 7, and the function f(x) has n-th derivative
f M (x),n =1,2,3,...,in the interval I. According to Lemma 1, [m, n]-order Padé approximation of
function f(x) is denoted by the following rational fraction:
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Tm(x) (X - xO)Tm—l (x) e (X - xO)n m+1—n(x)
Am+1 Am T Apyt1—n
Am+n Am4n—1 s am
x) & Ryn(x) = (2)
S0 Ron) T (x=x) -+ (x—x0)"
Am41 Am o Amplen
Am+n  Amtyn—-1 " am

Recall Newton iterative method derived by Taylor’s series in Section 1. The first Taylor polynomial
is regarded as a good approximation to the function f(x) near the point xy. Solving the linear equation
denoted by f(xo) + f'(x0) (17 — xo) ~ 0 for 1 gives us the stage for Newton’s method. Then, we think
whether or not a novel or better linear function is selected to approximate the function f(x) near the
point xg. Maybe Padé approximation can solve this question. In the process of obtaining new iterative
methods based on Padé approximation of function, on the one hand, we consider that the degree of the
numerator of Equation (2) is always taken as 1, which guarantees to obtain the different linear function.
On the other hand, we discuss the equations are mainly nonlinear algebraic equations, which differ
rational equations and have not the poles. Clearly, as n grows, the poles of the denominator of
Equation (2) do not affect the linear functions that we need. These novel linear functions may be able
to set the stage for new methods. Next, let us start to introduce a few iterative methods by using
[1, n]-order Padé approximation of function.

3.1. Iterative Method Based on [1,0]-Order Padé Approximation

Firstly, when m = 1,n = 0, we consider [1,0]-order Padé approximation of function f(x).
It follows from the expression (2) that

f(x) = Ryp(x) = Ti(x) = ag + ay(x — xo).

Let Ry (x) = 0, then we have
ag + ap(x — xp) = 0. 3)

Due to the determinant |A;o| # 0, ie., f'(xg) # 0, we obtain the following equation from
Equation (3).
x=1x— 2
0T

In view of ap = f(xq),a1 = f'(xp), we reconstruct the Newton iterative method as below.

Method 1. Assume that the function f : I — D has its first derivative at the point xo € I. Then we obtain the
following iterative method based on [1,0]-order Padé approximation of function f(x):

Xpp1 = X — Jj:/(();];)),k =0,1,2,.... ()

Starting with an initial approximation xq that is sufficiently close to the root 11 and using the above
scheme (4), we can get the iterative sequence {x;}52.

Remark 1. Method 1 is the well-known Newton's method for solving nonlinear equation [1,2].
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3.2. Iterative Method Based on [1,1]-Order Padé Approximation

Secondly, when m = 1,n = 1, we think about [1, 1]-order Padé approximation of function f(x).
Similarly, it follows from the expression (2) that

Ty (x) (x—xo)To(x)’

ap aq
f(x) = Ryp(x) =
1 (x—xp)
ap ay
Let Ry1(x) = 0, then we get
apay + a2 (x — xg) — agaz(x — xp) = 0. (5)

Due to the determinant |A; | # 0, that is,

a ay | | f(x) flxo) | f"(x0)
a; u(1) N fﬂ(zXO) f'(x0) ’fZ(XO)_f(xO) 20 70

Thus, we obtain the following equality from Equation (5):

apa
v=ap— 0
ﬂl—aoaz

Combining ag = f(x9),a1 = f'(x0), a2 = % f"(x0), gives Halley iterative method as follows.

Method 2. Assume that the function f : I — D has its second derivative at the point xo € I. Then we obtain
the following iterative method based on [1,1]-order Padé approximation of function f(x):

o 2f ) f ()
TR 22 () — ) 7 ()

Starting with an initial approximation xg that is sufficiently close to the root n and applying the above
scheme (6), we can obtain the iterative sequence {x;},.

k=0,1,2,.... 6)

Remark 2. Method 2 is the classical Halley’s method for finding roots of nonlinear equation [1,2],
which converges cubically.

3.3. Iterative Method Based on [1,2]-Order Padé Approximation

Thirdly, when m = 1,n = 2, we take into account [1,2]-order Padé approximation of function
f(x). By the same manner, it follows from the expression (2) that

Ti(x) (x—x0)To(x) O

a aj ag
as a2 m

f(x) = Ryp(x) = 5
1 x—x (x—xp)
a ay ap
as a ay

Let Ry 5(x) = 0, then one has
2., 2 3_ 2 _ _
apat + agay + (ay — 2apa1a; + agaz) (x — xg) = 0. (7)
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Due to the determinant | A 5| # 0, that is,

ap ap 0 f’//(xo) flxo) 0 , "
woa w | = LB ) ) | = 0 - ) o) ) + I g
R N s AC)

Thus, we gain the following equality from Equation (7):

B aga? — ajar
Ry 20y
1 0a1a + u0a3
Substituting ag = f(x0),a1 = f'(x0),a2 = 3f"(x0), and a3 = £ f"(xo) into the above equation
gives a single-step iterative method as follows.

Method 3. Assume that the function f : I — D has its third derivative at the point xo € 1. Then we obtain
the following iterative method based on [1,2]-order Padé approximation of function f(x):

Yo — oy — 3f () (2" (xx) — f (i) f ()
=T P () — 6 G f (ki) 7 () + P2 () £ ()

Starting with an initial approximation xg that is sufficiently close to the root n and applying the above
scheme (8), we can receive the iterative sequence {x;}%2.

k=0,1,2,.... )

Remark 3. Method 3 could be used to find roots of nonlinear equation. Clearly, for the sake of applying this
iterative method, we must compute the second derivative and the third derivative of the function f(x), which may
generate inconvenience. In order to overcome the drawback, we suggest approximants of the second derivative
and the third derivative, which is a very important idea and plays a significant part in developing some iterative
methods free from calculating the higher derivatives.

3.4. Modified Iterative Method Based on Approximant of the Third Derivative

In fact, we let zy = x; — /{r(&i))- Then expanding f(z;) into third Taylor’s series about the point
Xy yields

Flk) = Fxk) + () = 06) 5 o) (o = 3002 + 3 £ o) = e,
which follows that
11 —~ 3f2(xk)f/(xk)f//(xk) — 6f(zk)fl3(xk)
= Pl

Substituting (9) into (8), we can have the following iterative method.

. ©)

Method 4. Assume that the function f : I — D has its second derivative about the point xo € 1. Then we
possess a modified iterative method as below:

S (€19
{ T Pl (10)

— Xk —Zk —
il = % T et Ty KT 02

where L(xy) = f(x) (f(xx) f” (xi) — 2f"(xy)). Starting with an initial approximation xo that is sufficiently
close to the root 17 and using the above scheme (10), we can have the iterative sequence {x;}>,.

Remark 4. Methods 4 is a two-step iterative method free from third derivative of the function.
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3.5. Modified Iterative Method Based on Approximant of the Second Derivative

It is obvious that the iterative method (10) requires the operation of the second derivative of the
function f(x). In order to avoid computing the second derivative, we introduce an approximant of the
second derivative by using Taylor’s series.

Similarly, expanding f(zx) into second Taylor’s series about the point x; yields

1
Flze) = f ) + (2 — 20 (xe) + 57 (26 — 20 (),

which means o
2f (i) £ (%)
1"
Xp) R (11)
[ (xk) )
Using (11) in (10), we can get the following modified iterative method without computing second
derivative.

Method 5. Assume that the function f : I — D has its first derivative about the point xo € 1. Then we have
a modified iterative method as below:

(

Xpp1 = Xg — fi(fkk)):zf}(zzkk)) (xr—2z), k=0,1,2,....

(12)

Starting with an initial approximation xq that is sufficiently close to the root 1 and using the above
scheme (12), we can obtain the iterative sequence {x;}.

Remark 5. Method 5 is another two-step iterative method. It is clear that Method 5 does not require to calculate
the high-order derivative. But more importantly, the characteristic of Method 5 is that per iteration it requires
two evaluations of the function and one of its first-order derivative. The efficiency of this method is better than
that of the well-known other methods involving the second-order derivative of the function.

4. Convergence Analysis of Iterative Methods

Theorem 1. Suppose that f(x) is a function whose n-th derivative f)(x),n = 1,2,3,..., exists in
a neighborhood of its root ny with f'(n) # 0. If the initial approximation x is sufficiently close to 1, then the
Method 3 defined by (8) is fourth-order convergent.

Proof of Theorem 1. By the hypothesis f(17) = 0 and f'(1) # 0, we know that 7 is an unique single
root of the equation f(x) = 0. So, for each positive integer n > 1, we have that the derivatives of high
orders f () (1) # 0. Considering the iterative scheme (8) in Method 3, we denote its corresponding
iterative function as shown below:

o) — x— ) (2F2) — F ()
6 () — 6f (x)f' ()" () + () ()

By calculating the first and high-order derivatives of the iterative function ¢(x) with respect to x
at the point 77, we verify that

(13)

¢'(1) =0, ¢"(n)=0, ¢"(1)=0

and

0@ () = 3f"(y) — 4f/(17)f”1(r73){17”)’(77) + 2 f () L0,
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Thus, it follows from Lemma 2 that Method 3 defined by (8) is fourth-order convergent.
This completes the proof. O

Theorem 2. Suppose that f(x) is a function whose n-th derivative f)(x),n = 1,2,3,..., exists in
a neighborhood of its root iy with f'(n) # 0. If the initial approximation x is sufficiently close to 1, then the
Method 4 defined by (10) is at least fourth-order convergent with the following error equation

err1 = (B3 —2babs)et +0(e}),

()
where e, = x — 11,k =1,2,3,..., and the constants b,, = f,”<';7),an =/ n!(”),n =1,2,3,....

Proof of Theorem 2. By the hypothesis, it is clear to see that 7 is an unique single root of the equation
f(x) = 0. By expanding f(x¢), f'(xx) and f”(xy) into Taylor’s series about 1, we obtain

Fr) = ef )+ S0 + S F70n) + SO0+ FO )+ G £ () +O(e])

(14)
= f'(n) (brex + boe? + bae} + bae} + bse + beed + O(e])),
£'(x) = f'(r) (b1 + 2baer + 3baef + 4bse] + Sbse + 6beef +O(¢f) ) (15)
and
£"() = £'(7) (202 + 6baei + 12b4ef + 20056} + 30bgef +O(ef) ), (16)
where b, = %f/(‘jiy))’ n=1,2,---.Clearly, by = 1. Dividing (14) by (15) directly, gives us
JJ:,((J)CC’?) = Xk —Zx = e — hz@% — 2(b3 — b%)ei — (417% -+ 3b4 — 7b2b3)€%
—2(10b3bs — 2bs + 5byby + 4b5 + 3b3)e? 17)

— (163 + 28b3by + 33byb3 + 5bg — 52b3b3 — 17b3by — 13bybs)el + O(e]).
By substituting (17) into (10) in Method 4, one has
zk = 1+ boe +2(bs — b3)e} + (43 + 3by — 7bobs)e}

+2(1003bs — 2bs + 5byby + 4035 + 3b3)e? (18)
+(16b3 + 28b3by + 33byb3 + 5bg — 52b3b3 — 17b3by — 13bybs)e + O(e7).

Again, expanding f(z;) by Taylor’s series about 77, we have

flz) = f'(n) (baef —2(b3 — b3)e} — (7babs — 5b3 — 3by)ey

—2(5baby + 604 + 363 — 12623 — 2bs)e} 19)
+ (283 + 34b3by + 37byb3 + 5bs — 73b3bs — 17b3by — 13b2b5)ed + O(e])) .

Hence, from (15) and (19), we have

@) f2(x) = f2(n) (bae? +2(b3 + bz)e? + (7bobs + b3 + 3by) e} + 2(5boby + 2b3bs + 3b% + 2bs ey

(20)
+ (4bab3 + 6b3by + b3bs + 13bobs + 17bsby + 5be)e? + O(e])) .
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Also, from (14), (15), and (16), one has
L(xe) = —2f5(n) (ex + 4bae? + 2(3b3 + 2bs)e} + (14byb3 + 3b3 + 3by)e}
+(14byby + 1163bs + 9b% + bs)e} 21
+ 2(7byb3 + 6b3by + 6bybs + 10b3by + bg)ed + O(e])) .

Therefore, combining (20) and (21), one can have

) — ey — 2(bs — b)ef — (363 + 3by — Sbobs)e} (22)
—(6b3bs + 4bs — 5byby — 3b5 — 203 )ed + O(e2).
Furthermore, from (17) and (22), we get

Xk — Yk
1+ 2f (zie) f2 (xe) L= (o)

So, substituting (23) into (10) in Method 4, one obtains

= e — (b3 — 2babs)ef — (1263bs — 5baby — 4b5 — 4b3)ed + O(ef).  (23)

X1 = 17+ (B3 — 2bybs)ef + O(e}). (24)
Noticing that the (k 4 1)-st error ey 1 = x,1 — 17, from (24) we have the following error equation
eps1 = (b3 — 2bobz)ef + O(e}), (25)

which shows that Method 4 defined by (10) is at least fourth-order convergent according to Definition 4.
We have shown Theorem 2. [

Theorem 3. Suppose that f(x) is a function whose n-th derivative f)(x),n = 1,2,3,..., exists in
a neighborhood of its root iy with f'(n) # 0. If the initial approximation x is sufficiently close to 1, then the
Method 5 defined by (12) is also at least fourth-order convergent with the following error equation

Cpr1 = (bg — b2b3)€% + O(ei),

g, =100 4123,

where e, = x —n,k=1,2,3,..., and the constants b,, = f,”(’%, n="

Proof of Theorem 3. Referring to (14) and (19) in the proof of Theorem 2, then, dividing f(z;) by
f(xx) — f(zx) we see that

% = bzek — 2(!7% - bs)E}% - 3(2b2b3 - h% - b4)€}% - (3b§ + 4b§ + 8b2b4 - 11b%b3 - 4b5)6;§
— (10633 + 10b3by + 10bybs — 11byb3 — 14b3bs — 5be ey 26)
—(22103bs + 16b3 + 78byb3by + 27b3bs — 7365
—158b3b% — 91b3b, — 6b3 — 10b3bs — 4bybg )ef + O(e7).
From (26), we obtain
ful o) — = 1+ baeg + (2b — B3)e} + (3bs — 2Dabs)e]
NIEARIEN)
+(2b3 + 4bs — 3b%bs — 2byby)ef + (14b3bs + 2b3by + 5bg — 563 27)

—9b,b3 — 5b3by — 2bybs)e? + (77bS + 192b3b% + 121b3b, + 1563
+26b3bs + 14bybg — 240b3bs — 24b3 — 130bybsby — 51b3b5)e? + O(e]).

10
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Multiplying (27) by (17) yields that

fOo) = f(yi) 3 4 4 2 2 5 6
I (X — zg) = e — (b3 — babs)ey + 2(2b; — 4b5bs + b5 + baby)ep + O(ey). 28
f(xk)—Zf(yk)(k 1) = ex — (b3 — babs)ey +2(20; — 4b3bs + b3 + boba)eg + O(ep).  (28)
Consequently, from (12) and the above Equation (28), and noticing the error e, 1 = X1 — 7,
we get the error equation as below:

epi1 = (B3 — babs)et +0(e}). (29)

Thus, according to Definition 4, we have shown that Method 5 defined by (12) has fourth-order
convergence at least. This completes the proof of Theorem 3. [J

Remark 6. Per iteration, Method 5 requires two evaluations of the function and one of its first-order derivative.
If we consider the definition of efficiency index [3] as /A, where A is the order of convergence of the method
and T is the total number of new function evaluations (i.e., the values of f and its derivatives) per iteration,
then Method 5 has the efficiency index equal to /4 ~ 1.5874, which is better than the ones of Halley iterative
method /3 ~ 1.4423 and Newton iterative method \/2 ~ 1.4142.

5. Numerical Results

In this section, we present the results of numerical calculations to compare the efficiency of
the proposed iterative methods (Methods 3-5) with Newton iterative method (Method 1, NIM for
short), Halley iterative method (Method 2, HIM for short) and a few classical variants defined in
literatures [19-22], such as the next iterative schemes with fourth-order convergence:

(i)  Kou iterative method (KIM for short) [19].

2 () k=0,1,2,...

Xk4+1 = Xk — ,
N 1+ 1—2Ef(xk) f/(xk)

where L¢(xy) is defined by the equation as follows:

L) = £ = f)/ B () £ (i)
I F2(xe) :

(ii)  Double-Newton iterative method (DNIM for short) [20].

{ 2= X ff/(&kk)()

_ flxe) _ fz) _
Xk+1 = Xg — f’(X};) - f/(zl;); k= 0,1,2,....

(iii)  Chun iterative method (CIM for short) [21].

{ o =%

X))’
Y fm) P fle) _

wen =2 - fo = (1r 20+ BE) FE, k=012

(iv) Jarratt-type iterative method (JIM for short) [22].

2 = xp — 24

F)”
_ 4f (xi) 1 9 ( f'(zx) 1 2 k=012
Ykl = Xk T PlrgrarG) \ LT 16 (f’(x[) B ) ’ TS

11



Mathematics 2019, 7, 55

In iterative process, we use the following stopping criteria for computer programs:
Iterr —xel <& and [f(x)| <e

where the fixed tolerance e is taken as 107!, When the stopping criteria are satisfied, x;,; can be
regarded as the exact root 7 of the equation. Numerical experiments are performed in Mathematica
10 environment with 64 digit floating point arithmetics (Digits: =64). Different test equations f; = 0,
i=1,2,...,5, the initial guess value x(, the number of iterations k + 1, the approximate root xy1,
the values of |x 1 — x| and | f(xx,1)| are given in Table 1. The following test equations are used in
the numerical results:

S 44x?—25=0,

Table 1. Numerical results and comparison of various iterative methods.

Methods Equation xp k41 Xk41 |21 — x| | f(xkt1)]
NIM fi= 1.5 7 2.22398009056931552116536337672215719652 1.1 x 1072 4.1 x 10~%
HIM A= 15 5 2.22398009056931552116536337672215719652 1.7 x 10741 1.0 x 1074

Method 3 f; = 1.5 4 2.22398009056931552116536337672215719652 8.3 x 10740 1.6 x 1078

Method4  fi=0 15 4 2.22398009056931552116536337672215719652 8.3 x 1072 1.9 x 10~%

Method 5  f; = 1.5 4 2.22398009056931552116536337672215719652 7.5 x 10730 7.4 x 1074
KIM =0 15 4 2.22398009056931552116536337672215719652 8.5 x 10738 3.9 x 1048

DNIM fi= 1.5 4 2.22398009056931552116536337672215719652 1.1 x 1072 1.1 x 10~%
CIM A=0 15 5 2.22398009056931552116536337672215719652 1.5 x 10741 6.6 x 10~%>
M fi=0 15 5 2.22398009056931552116536337672215719652 1.2 x 10°% 43 x 10~%
NIM f=0 1 5 0.73908513321516064165531208767387340401 6.4 x 10721 1.5 x 10~4
HIM fr= 1 4 0.73908513321516064165531208767387340401 3.4 x 107% 51 x 107%

Method3  fo = 1 3 0.73908513321516064165531208767387340401 8.2 x 10719 75 x 10~%

Method4  fo = 1 3 0.73908513321516064165531208767387340401 1.4 x 107 9.4 x 1048

Method5  fo = 1 3 0.73908513321516064165531208767387340401 1.1 x 10718 7.5 x 1074
KIM =0 1 3 0.73908513321516064165531208767387340401 1.5 x 10720 83 x 10~%

DNIM fr= 1 3 0.73908513321516064165531208767387340401 6.4 x 10721 9.5 x 10748
CIM fr=0 1 3 0.73908513321516064165531208767387340401 2.2 x 107 9.4 x 1048
JIM fr= 1 3 0.73908513321516064165531208767387340401 7.4 x 10718 83 x 1074
NIM f3=0 35 7 2.03526848118195915354755041547361249916 6.4 x 10728 2.9 x 1074
HIM fz= 3.5 5 2.03526848118195915354755041547361249916 2.0 x 107%° 5.8 x 10~%

Method3  f3=0 35 4 2.03526848118195915354755041547361249916 2.0 x 10733 6.0 x 1074

Method 4  f3 = 35 4 2.03526848118195915354755041547361249916 2.0 x 1073 8.0 x 1046

Method5  f5 = 35 4 2.03526848118195915354755041547361249916 3.4 x 10730 3.1 x 1074
KIM fz= 35 4 2.03526848118195915354755041547361249916 4.3 x 10733 8.6 x 107

DNIM fz= 35 4 2.03526848118195915354755041547361249916 6.4 x 10728 9.9 x 10746
CIM fz=0 35 4 2.03526848118195915354755041547361249916 1.1 x 10720 9.6 x 1046
JIM fz= 35 4 2.03526848118195915354755041547361249916 1.9 x 10722 1.1 x 10~%

12
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Table 1. Cont.

Methods Equation xp k41 Xk41 [xks1 — x| |f (k)]
NIM fa=0 3.6 8 0.25753028543986076045536730493724178138 65x107%  35x10°%
HIM fa=0 3.6 6 0.25753028543986076045536730493724178138 48x107%  1.6x107%

Method 3 fa=0 3.6 4 0.25753028543986076045536730493724178138 9.6x1071¥  27x107%

Method 4 fa=0 3.6 5 0.25753028543986076045536730493724178138 1.1x107%  33x10#

Method 5 fa=0 3.6 4 0.25753028543986076045536730493724178138 25x1071 49 x10"#
KIM fa=0 3.6 5 0.25753028543986076045536730493724178138 21x107#%  89x10#

DNIM fa=0 3.6 4 0.25753028543986076045536730493724178138 26x107  35x107%
CIM fa=0 3.6 4 0.25753028543986076045536730493724178138 28x10712 28 x 1074
JIM fa=0 3.6 5 0.25753028543986076045536730493724178138 9.7x10738 97 x 1074
NIM f5=0 3.5 11 —0.44285440100238858314132799999933681972 82 x 10722 7.7 x10~%
HIM f5=0 3.5 7 —0.44285440100238858314132799999933681972 22 x 10737 61 x10°%

Method 3 fs= 3.5 5 —0.44285440100238858314132799999933681972 1.8 x 10°2* 3.4 x10~%

Method 4 fs= 3.5 5 —0.44285440100238858314132799999933681972 53 x 107 7.9 x 10~#

Method 5 f5= 3.5 6 —0.44285440100238858314132799999933681972 2.0 x 10~%2 3.9 x 10~#
KIM fs= 3.5 7 —0.44285440100238858314132799999933681972 3.6 x 1072 2.7 x 10~#2

DNIM f5= 3.5 6 —0.44285440100238858314132799999933681972 82 x 10722 49 x 10~%
CIM f5=0 3.5 7 —0.44285440100238858314132799999933681972 33 x 107 8.6 x 10~#
JM f5=0 3.5 6 —0.44285440100238858314132799999933681972 9.3 x 10°13 6.6 x 1074

6. Conclusions

In Section 3 of the paper, it is evident that we have obtained a few single-step iterative methods
including classical Newton’s method and Halley’s method, based on [1, n]-order Padé approximation
of a function for finding a simple root of nonlinear equations. In order to avoid calculating the higher
derivatives of the function, we have tried to improve the proposed iterative method by applying
approximants of the second derivative and the third derivative. Hence, we have gotten a few modified
two-step iterative methods free from the higher derivatives of the function. In Section 4, we have
given theoretical proofs of the several methods. It is seen that any modified iterative method reaches
the convergence order 4. However, it is worth mentioning that Method 5 is free from second order
derivative and its efficiency index is 1.5874. Furthermore, in Section 5, numerical examples are
employed to illustrate the practicability of the suggested variants for finding the approximate roots of
some nonlinear scalar equations. The computational results presented in Table 1 show that in almost
all of the cases the presented variants converge more rapidly than Newton iterative method and Halley
iterative method, so that they can compete with Newton iterative method and Halley iterative method.
Finally, for more nonlinear equations we tested, the presented variants have at least equal performance
compared to the other existing iterative methods that are of the same order.
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Abstract: Steffensen-type methods with memory were originally designed to solve nonlinear
equations without the use of additional functional evaluations per computing step. In this paper,
a variant of Steffensen’s method is proposed which is derivative-free and with memory. In fact, using
an acceleration technique via interpolation polynomials of appropriate degrees, the computational
efficiency index of this scheme is improved. It is discussed that the new scheme is quite fast and
has a high efficiency index. Finally, numerical investigations are brought forward to uphold the
theoretical discussions.

Keywords: iterative methods; Steffensen’s method; R-order; with memory; computational efficiency

1. Introduction

One of the commonly encountered topics in computational mathematics is to tackle solving
a nonlinear algebraic equation. The equation can be presented as in the scalar case f(x) = 0, or more
complicated as a system of nonlinear algebraic equations. The procedure of finding the solutions (if it
exists) cannot be done analytically. In some cases, the analytic techniques only give the real result
while its complex zeros should be found and reported. As such, numerical techniques are a viable
choice for solving such nonlinear problems. Each of the existing computational procedures has their
own domain of validity with some pros and cons [1,2].

Two classes of methods with the use of derivatives and without the use of derivatives are known to
be useful depending on the application dealing with [3]. In the derivative-involved methods, a larger
attraction basin along with a simple coding effort for higher dimensional problems is at hand which,
in derivative-free methods, the area of choosing the initial approximations is smaller and extending to
higher dimensional problems is via the application of a divided difference operator matrix, which is
basically a dense matrix. However, the ease in not computing the derivative and, subsequently,
the Jacobians, make the application of derivative-free methods more practical in several problems [4-7].

Here, an attempt is made at developing a computational method which is not only efficient in
terms of the computational efficiency index, but also in terms of larger domains for the choice of the
initial guesses/approximations for starting the proposed numerical method.

The Steffensen’s method [8] for solving nonlinear scalar equations has quadratic convergence for
simple zeros and given by:

fxx)

Xkt1 =X — ——
/ M)

[xkr Wk]
wi = x+ Bf(xx), B € R\{0}, k>0,
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where the two-point divided difference is defined by:

Flose) = Flws)

Xk — Wk

flxg, wi] =

This scheme needs two function evaluations per cycle. Scheme (1) shows an excellent tool for
constructing efficient iterative methods for nonlinear equations. This is because it is derivative-free
with a free parameter. This parameter can, first of all, enlarge the attraction basins of Equation (1)
or any of its subsequent methods and, second, can directly affect the improvement of the R-order of
convergence and the efficiency index.

Recalling that Kung and Traub conjectured that the iterative method without memory based on m
functions evaluation per iteration attain the optimal convergence of order 2”1 [9,10].

The term “with memory” means that the values of the function associated with the computed
approximations of the roots are used in subsequent iterations. This is unlike the term “without memory”
in which the method only uses the current values to find the next estimate. As such, in a method with
memory, the calculated results up to the desired numbers of iterations should be stored and then called
to proceed.

Before proceeding the given idea to improve the speed of convergence, efficiency index, and the
attraction basins, we provide a short literature by reviewing some of the existing methods with
accelerated convergence order. Traub [11] proposed the following two-point method with memory of
order 2.414:

Y = 1 — fxx)
* f[xk/jcllc + Bref (xi)]’ %)
Pre= flre zxa]’
where z;_1 = x;_1 + Br_1f(xx_1), and Bp = —sign(f’(xg)) or 7;. This is one of the

flxo, x0 + f(x0)]

pioneering and fundamental methods with memory for solving nonlinear equations.

Dzuni¢ in [12] suggested an effective bi-parametric iterative method with memory of — (3 +V1 )
R-order of convergence as follows:

kaxk"‘.ka(xk() y

w,

Pe= "N &= T aNg(wy) F 2V ®)
fxx)

ML= T o] F oS (wr)

Moreover, Dzuni¢ and Petkovié [13] derived the following cubically convergent Steffensen-like
method with memory:

. fx)
et = f[xkfjf/{ + Bref (xi)] @)

PP NN PO NN o |

where z;_1 = xx_1 + Br_1f(xx_1) depending on the second-order Newton interpolation polynomial.

Various Steffensen-type methods are proposed in [14-17].

In fact, it is possible to improve the performance of the aforementioned method by considering
several more sub-steps and improve the computational efficiency index via multi-step iterative
methods. However, this procedure is more computational burdensome. Thus, the motivation here
is to know that is it possible to improve the performance of numerical methods in terms of the
computational efficiency index, basins of attraction, and the rate of convergence without adding more
sub-steps and propose a numerical method as a one-step solver.
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Hence, the aim of this paper is to design a one-step method with memory which is quite
fast and has an improved efficiency index, based on the modification of the one-step method of
Steffensen (Equation (1)) and increase the convergence order to 3.90057 without any additional
functional evaluations.

The rest of this paper is ordered as follows: In Section 2, we develop the one-point Steffensen-type
iterative scheme (Equation (1)) with memory which was proposed by [18]. We present the main
goal in Section 3 by approximating the acceleration parameters involved in our contributed scheme
by Newton’s interpolating polynomial and, thus, improve the convergence R-order. The numerical
reports are suggested in Section 4 to confirm the theoretical results. Some discussions are given in
Section 5.

2. An Iterative Method

The following iterative method without memory was proposed by [18]:

{ ;U(ijk_ﬁf(x’})(' ) 5)
— oy — Xk Wi
M = ] (”gf[xk,wu)'éek'

with the following error equation to improve the performance of (1) in terms of having more
free parameters:

e = —(~1+ B (@) (2~ 0)et +0(e}), ®
%f ;i)(ff‘) . Using the error Equation (6), to derive Steffensen-type iterative methods with
memory, we calculate the following parameters: = By, { = (i, by the formula:

1
{ Pe= Sy @)
(k=102

where ¢; =

Il

fork =1,2,3,---,while f/(x,), ¢; are approximations to f(«) and ¢y, respectively; where « is a simple
zero of f(x). In fact, Equation (7) shows a way to minimize the asymptotic error constant of Equation (6)
by making this coefficient closer and closer to zero when the iterative method is converging to the
true solution.

The initial estimates By and {p must be chosen before starting the process of iterations. We state
the Newton'’s interpolating polynomial of fourth and fifth-degree passing through the saved points
as follows:

{ Ny(t) = Ny(t; xp, We—1, X1, W2, Xk—2), ®)
N5 (#) = N (£; wi, X, W1, Xk—1, Wk—2, Xg—2)-
5

Recalling that N (t) is an interpolation polynomial for a given set of data points also known as the
Newton’s divided differences interpolation polynomial because the coefficients of the polynomial are
calculated using Newton's divided differences method. For instance, here the set of data points for
Ny(t) are {{xy, f(x) b {we1, f(we1)} {1 f(xe1) b {weo, f(wr2)} ) {xia f(xe2)

Now, using some modification on Equation (5) we present the following scheme:

wy = xp — Brf (xx),

1 _NZ (wy)

Pe= N0 = aNZ(uwy)

X1 = Xk BiCOR <1+§k%>, k> 0.

 flewy [, W

s k=2,

©)
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Noting that the accelerator parameters i, (j are getting updated and then used in the iterative
method right after the second iterations, viz, k > 2. This means that the third line of Equation (9) is
imposed at the beginning and after that the computed values are stored and used in the subsequent
iterates. For k = 1, the degree of Newton interpolation polynomials would be two and three. However,
for k > 2, interpolations of degrees four and five as given in Equation (8) can be used to increase the
convergence order.

Additionally speaking, this acceleration of convergence would be attained without the use any
more functional evaluations as well as imposing more steps. Thus, the proposed scheme with memory
(Equation (9)) can be attractive for solving nonlinear equations.

3. Convergence Analysis
In this section, we show the convergence criteria of Equation (9) using Taylor’s series expansion

and several extensive symbolic computations.

Theorem 1. Let the function f(x) be sufficiently differentiable in a neighborhood of its simple zero w. If an initial
approximation xg is necessarily close to a. Then, R-order of convergence for the one-step method (Equation (9))
with memory is 3.90057.

Proof. The proof is done using the definition of the error equation as the difference between the
k-estimate and the exact zero along with symbolic computations. Let the sequence {x;} and {wy}
have convergence orders r and p, respectively. Namely,

k1 ~ ek, (10)
and:
Caj ~ €, (11)
Therefore, using Equations (10) and (11), we have:
e~ e~ ey~ ey, (12)
and:
2
Cwk ~ e}f ~ (31:71)11 ~ e]fr,z (13)

The associated error equations to the accelerating parameters 8 and {; for Equation (9) can now
be written as follows:

Cuwk ™~ (71 + ﬁkf/(‘x))ek ’, (14)
and:

et ~ — (=14 Bf () (ca — Z)ed. (15)

On the other hand, by using a symbolic language and extensive computations one can find the
following error terms for the involved terms existing in the fundamental error Equation (6):

-1+ ﬁkf,(“) ~ C5€k—26k—1€yw k—1€w k—2/ (16)

€2 — Ck ™~ C6€k—2€k—1Cuwk—1Cwk—2 (17)

Combining Equations (14)—(17), we get that:

2
1
Cok ~ e;_—;pr-%—r-%—p-# } (18)
2(r2+pr+r+p+1)
Ck+1 ™~ o . (19)
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We now compare the left and right hand side of Equations (12)—(19) and Equations (13)-(18),
respectively. Thus, we have the following nonlinear system of equations in order to find the final
R-orders:

(20)

rPp— (PP+pr+r+p+1) =0,
P =2 +pr+r+p+1)=0.

The positive real solution of (20) is = 3.90057 and p = 1.9502. Therefore, the convergence
R-order for Equation (9) is 3.90057. [J

Since improving the convergence R-order is useless if the whole computational method is
expensive, basically researcher judge on a new scheme based upon its computational efficiency
index which is a tool in order to provide a trade-off between the whole computational cost and the
attained R-order. Assuming the cost of calculating each functional evaluation is one, we can use the
definition of efficiency index as EI = pl/ ? 0 is the whole computational cost [19].

The computational efficiency index of Equation (9) is 3.90057% ~ 1.97499 ~ 2, which is clearly
higher than efficiency index 21 ~ 14142 of Newton’s and Steffensen’s methods, 3.56155 2 ~ 1.8872 of
(3) 31/2 ~ 1.73205 of Equation (4).

However, this improved computational efficiency is reported by ignoring the number of
multiplication and division per computing cycle. By imposing a slight weight for such calculations
one may once again obtain the improved computational efficiency of (9) in contrast to the existing
schemes of the same type.

4. Numerical Computations

In this section, we compare the convergence performance of Equation (9), with three well-known
iterative methods for solving four test problems numerically carried out in Mathematica 11.1. [20].

We denote Equations (1), (3), (5) and (9) with SM, DZ, PM, M4, respectively. We compare the
our method with different methods, using g = 0.1 and y = 0.1. Here, the computational order of
convergence (coc) has been computed by the following formula [21]:

oe — Il Ca)/f(xea)]
In|(f (xe—1)/ f (xe—2)] (1)

Recalling that using a complex initial approximation, one is able to find the complex roots of the
nonlinear equations using (9).

Experiment 1. Let us consider the following nonlinear test function:
fi(x) = (x —2tan(x)) (x* - 8), (22)

where « = 2 and xy = 1.7.

Experiment 2. We take into account the following nonlinear test function:
fo(x) = (x = 1) (210 + 23 + 1) sin(x), (23)

where « = 1 and xy = 0.7.

Experiment 3. We consider the following test problem now:
fa(x) = _sz +2tan_1(x) +1, (24)

where « ~ 1.8467200 and xy = 4.
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Experiment 4. The last test problem is taken into consideration as follows:
fu(x) = tan"!(exp(x +2) + 1) + tanh(exp(—x cos(x))) — sin(7rx), (25)

where & ~ —3.6323572--- and xy = —4.1.

Tables 1-4 show that the proposed Equation (9) is of order 3.90057 and it is obviously believed to
be of more advantageous than the other methods listed due to its fast speed and better accuracy.

For better comparisons, we present absolute residual errors |f (x)|, for each test function which
are displayed in Tables 1-4. Additionally, we compute the computational order of convergence.
Noting that we have used multiple precision arithmetic considering 2000 significant digits to observe
and the asymptotic error constant and the coc as obviously as possible.

The results obtained by our proposed Equation (M4) are efficient and show better performance
than other existing methods.

A significant challenge of executing high-order nonlinear solvers is in finding initial approximation
to start the iterations when high accuracy calculating is needed.

Table 1. Result of comparisons for the function f;.

Methods 1fi(x3) | If(eg) | If(x5) | If,(xe) | coc
SM 41583 3.0743 1.4436 0.25430 2.00
DZ 0.13132 20026 x 1077 1.0181 x10°% 71731 x10"% 357
PM 1.8921 x 107° 45864 x 1072*  1.0569 x 10788 7.5269 x 107318 355
M4 9.1741 x 107° 33242 x 10726 44181 x 107103 11147 x 10740  3.92

Table 2. Result of comparisons for the function f,.

Methods 1fo(xs) | 15 (xe) | 1fo(x7) | If,(xg) | coc
SM - — - — —
DZ 0.14774 0.0016019. 13204 x 10710 15335 x1073%  3.56
PM 21191 x 10710 8.0792 x 10~ 1.9037 x 107121 3.7062 x 10740 3,56
M4 59738 x 1071° 41615 x 107  1.7309 x 107220 1.8231 x 10787  3.90

Table 3. Result of comparisons for the function f3.

Methods 1f3(x3) 1 If5(xg) | 1f3(xs) 1 If5(xe) | coc
SM 0.042162 0.00012627 1.1589 x 1072 9.7638 x 10720 2.00
DZ 1.0219 x 10711 4.4086 x 107%*  1.6412 x 107157 15347 x 10702 3,57
PM 7.9792 x 1078 3712 x 1070 49556 x 107108 29954 x 10386 3,57
M4 44718 1076 29187 x 1072 47057 x 107100 1.0495 x 1073%  3.89

To discuss further, mostly based on interval mathematics, one can find a close enough guess to
start the process. There are some other ways to determine the real initial approximation to start the
process. An idea of finding such initial guesses given in [22] is based on the useful commands in
Mathematica 11.1 NDSolve [] for the nonlinear function on the interval D = [a, b].

Following this the following piece of Mathematica code could give a list of initial approximations
in the working interval for Experiment 4:
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ClearAll[“Global "]

(*Defining the nonlinear function.*)
f[x_]:=ArcTan[Exp[x+2]+1]+Tanh[Exp[-x Cos[x]]]-Sin[Pi x];

(*Defining the interval.*)
a=4.;b=4.;

(*Find the list of initial estimates.*)

Zeros = Quiet@Reap[soln=y[x]/.FirstfNDSolve[{y’[x]
=Evaluate[D[f[x],x]],y[bl==(f[b])},y[x].{x,a,b},
Method->{“EventLocator”,”Event”->y[x], “EventAction”>Sow[{x,y[x]}]}11[[2,1]];
initialPoints = Sort[Flatten| Take[zeros, Length[zeros],1]]]

To check the position of the zero and the graph of the function, we can use the following code to
obtain Figure 1.

Length[initialPoints]
Plot[f[x],{x,a,b}, Epilog->{PointSize[Medium], Red, Point[zeros]},PlotRange->All, PerformanceGoal-
>“Quality”, PlotStyle->{Thick, Blue}]

Table 4. Result of comparisons for the function f;.

Methods 1f4(x3) 1 Ify(xg) | 1fy(xs) 1 Ify(xe) | coc
SM 0.00001166 37123 x 10710 37616 x 10719 3.8622 x 1073  2.00
DZ 1.6 x 10713 6.9981 x 1074 1.0583 x 10716  7.0664 x 10~°%° 3,57
PM 3.0531 x 10711 32196 x 10738 37357 x 10713* 65771 x 10746 3.56
M4 25268 x 10713 15972 x 1074 2.8738 x 10- 191 1.6018 x 10-74  3.90

-4 -2 2 4

Figure 1. The plot of the nonlinear function in Experiment 4 along with its roots colored in red.

As a harder test problem, for the nonlinear function g(x) = 2x + 0.5sin(207 x) — x2, we can

simply find a list of estimates as initial guesses using the above piece of codes as follows: {—0.185014,
—0.162392, —0.0935912, —0.0535277, 6.73675 x 10~°, 0.0533287, 0.0941576, 0.160021, 0.188066, 0.269075,
0.279428,1.76552,1.78616, 1.8588, 1.89339,1.95294, 2., 2.04692, 2.10748, 2.13979, 2.2228, 2.22471}. The plot
of the function in this case is brought forward in Figure 2.

We observe that the two self-accelerating parameters 3y and {p have to be selected before the
iterative procedure is started. That is, they are calculated by using information existing from the
present and previous iterations (see, e.g., [23]). The initial estimates By and ¢y should be preserved as
precise small positive values. We use By = (o = 0.1 whenever required.
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After a number of iterates, the (nonzero) free parameters start converging to a particular value
which makes the coefficient of Equation (6) zero as well as make the numerical scheme to converge
with high R-order.

Figure 2. The behavior of the function g and the position of its roots (the red dots show the location of
the zeros of the nonlinear functions).

5. Ending Comments

In this paper, we have constructed a one-step method with memory to solve nonlinear
equations. By using two self-accelerator parameters our scheme equipped with Newton'’s interpolation
polynomial without any additional functional calculation possesses the high computational efficiency
index 1.97499, which is higher than many of the existing methods.

The efficacy of our scheme is confirmed by some of numerical examples. The results in Tables 1-4
shows that our method (Equation (M4)) is valuable to find an adequate estimate of the exact solution
of nonlinear equations.
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Abstract: The principal objective of this work is to propose a fourth, eighth and sixteenth order
scheme for solving a nonlinear equation. In terms of computational cost, per iteration, the fourth
order method uses two evaluations of the function and one evaluation of the first derivative; the
eighth order method uses three evaluations of the function and one evaluation of the first derivative;
and sixteenth order method uses four evaluations of the function and one evaluation of the first
derivative. So these all the methods have satisfied the Kung-Traub optimality conjecture. In addition,
the theoretical convergence properties of our schemes are fully explored with the help of the main
theorem that demonstrates the convergence order. The performance and effectiveness of our optimal
iteration functions are compared with the existing competitors on some standard academic problems.
The conjugacy maps of the presented method and other existing eighth order methods are discussed,
and their basins of attraction are also given to demonstrate their dynamical behavior in the complex
plane. We apply the new scheme to find the optimal launch angle in a projectile motion problem and
Planck’s radiation law problem as an application.

Keywords: non-linear equation; basins of attraction; optimal order; higher order method; computational
order of convergence

MSC: 65HO05, 65D05, 41A25

1. Introduction

One of the most frequent problems in engineering, scientific computing and applied mathematics,
in general, is the problem of solving a nonlinear equation f(x) = 0. In most of the cases, whenever
real problems are faced, such as weather forecasting, accurate positioning of satellite systems in the
desired orbit, measurement of earthquake magnitudes and other high-level engineering problems,
only approximate solutions may get resolved. However, only in rare cases, it is possible to solve the
governing equations exactly. The most familiar method of solving non linear equation is Newton’s
iteration method. The local order of convergence of Newton’s method is two and it is an optimal
method with two function evaluations per iterative step.

In the past decade, several higher order iterative methods have been developed and analyzed for
solving nonlinear equations that improve classical methods such as Newton’s method, Chebyshev
method, Halley’s iteration method, etc. As the order of convergence increases, so does the number
of function evaluations per step. Hence, a new index to determine the efficiency called the efficiency
index is introduced in [1] to measure the balance between these quantities. Kung-Traub [2] conjectured
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that the order of convergence of any multi-point without memory method with d function evaluations
cannot exceed the bound 27~1, the optimal order. Thus the optimal order for three evaluations per
iteration would be four, four evaluations per iteration would be eight, and so on. Recently, some fourth
and eighth order optimal iterative methods have been developed (see [3-14] and references therein).
A more extensive list of references as well as a survey on the progress made in the class of multi-point
methods is found in the recent book by Petkovic et al. [11].

This paper is organized as follows. An optimal fourth, eighth and sixteenth order methods are
developed by using divided difference techniques in Section 2. In Section 3, convergence order is
analyzed. In Section 4, tested numerical examples to compare the proposed methods with other
known optimal methods. The problem of Projectile motion is discussed in Section 5 where the
presented methods are applied on this problem with some existing ones. In Section 6, we obtain the
conjugacy maps of these methods to make a comparison from dynamical point of view. In Section
7, the proposed methods are studied in the complex plane using basins of attraction. Section 8 gives
concluding remarks.

2. Design of an Optimal Fourth, Eighth and Sixteenth Order Methods

Definition 1 ([15]). If the sequence {x, } tends to a limit x* in such a way that

X —x*
lim 21 =% _ ¢
n—eo (xy — x*)P

for p > 1, then the order of convergence of the sequence is said to be p, and C is known as the asymptotic error
constant. If p =1, p = 2 or p = 3, the convergence is said to be linear, quadratic or cubic, respectively.
Let e,, = x,, — x*, then the relation

eni1 =Cel+ o(e5“) - o(e;’). (1)
is called the error equation. The value of p is called the order of convergence of the method.
Definition 2 ([1]). The Efficiency Index is given by
El =pi, @)
where d is the total number of new function evaluations (the values of f and its derivatives) per iteration.

Let x,+1 = P(xy,) define an Iterative Function (IF). Let x,,;1 be determined by new information at
X, P1(Xn), ., $i(x4),1 > 1. No old information is reused. Thus,

X1 = P (X, P1(xn), e Pi(2n))- ®)

Then 1 is called a multipoint IF without memory.
The Newton (also called Newton-Raphson) IF (2" NR) is given by

¢2"dNR(x) =X—- ff.,((};)) . (4)

The 2"INR IF is one-point IF with two function evaluations and it satisfies the Kung-Traub
conjecture with d = 2. Further, Elyuyg = 1.414.
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2.1. An Optimal Fourth Order Method

We attempt to get a new optimal fourth order IF as follows, let us consider two step Newton’s

method f(y (x))
Parmngr (X) = Ponayg (¥) — W. ©

The above one is having fourth order convergence with four function evaluations. But, this is not
an optimal method. To get an optimal, need to reduce a function and preserve the same convergence
order, and so we estimate f’(9,uy (x)) by the following polynomial

q(t) = ag +ay(t — x) +ax(t — x)%, (6)
which satisfies

q(x) = f(x), 4'(x) = f(x), §(Puanr (%)) = f(Puanr(%))-

On implementing the above conditions on Equation (6), we obtain three unknowns ag, 1 and a;.
Let us define the divided differences

fly,x] = W,f{y,x,x] = W

From conditions, we get ag = f(x), a1 = f'(x) and a2 = f[Poning(X), ¥, ], respectively, by using
divided difference techniques. Now, we have the estimation

f' (ananr(x)) = 4 ($2ung (¥) = a1 + 282 (o0 g (x) — X).
Finally, we propose a new optimal fourth order method as

o) = o) — f(hpuanr (%))
Paraa () = Pk () = ey A (0 X (P () — )

@)

The efficiency of the method (7) is Elyyyp = 1.587.

2.2. An Optimal Eighth Order Method

Next, we attempt to get a new optimal eighth order IF as following way

Sy (%)
f gy p (%))

The above one is having eighth order convergence with five function evaluations. But, this is not
an optimal method. To get an optimal, need to reduce a function and preserve the same convergence
order, and so we estimate f'(9,my,(x)) by the following polynomial

Py ar(X) = Yyrmypg (¥)

q(t) = by + by (t — x) + by(t — x)* + ba(t — x)°, ®)
which satisfies

q(x) = f(x), 4'(x) = f'(x), 4($2ang (%)) = f(@2anr (%)), 4 W@gmypr (X)) = f (Wamyp (2))-

On implementing the above conditions on (8), we obtain four linear equations with four unknowns
by, b1, by and bs. From conditions, we get by = f(x) and b; = f'(x). To find b, and b3, we solve the
following equations:

FWpang () = f(x) + f/(0) (oninr (x) = %) + ba(Ppnang () — x)*+ b3 (Ponag (x) — x)?
FWgyp(2)) = F(x) 4 /() (@gypg (%) = %) + b ($ymypg (%) — )% + b3 (ymypy (x) — x)°.
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Thus by applying divided differences, the above equations simplifies to

by + b3 (Yonang (¥) = X) = flPonang (%), %, x] ©)
by + b3 (Yymypr(x) — %) = flPgmyp (%), %, x] (10)

Solving Equations (9) and (14), we have

by = F g (), %, X] (Pgenppg (X) = %) — flgrmypg (), %, X] (Ponayp (%) — X)
Paenypg (X) — Pomang (%)
be — Flgmyps (%), %, %] = flhonang (%), x, X]
3 = .
Pty (X) = Poma g (%)

’

)

Further, using Equation (11), we have the estimation

F Wy (%) = ' ($gypr (X)) = b1 + 262 a0y p1 (X) — %) 4 3b3(Pmy g (x) — )%
Finally, we propose a new optimal eighth order method as

_ _ f@anym (%))
Yavua(3) = aryan(x) f1(x) + 262 (Pmypg () — x) + b3 (Pgmypg (x) — %)%

12)

The efficiency of the method (12) is Elgy,yp = 1.682. Remark that the method is seems a particular
case of the method of Khan et al. [16], they used weight function to develop their methods. Whereas
we used finite difference scheme to develop proposed methods. We can say the methods 4/Y M and
8!"Y M are reconstructed of Khan et al. [16] methods.

2.3. An Optimal Sixteenth Order Method

Next, we attempt to get a new optimal sixteenth order IF as following way

S (@genyp(x))
f(gmyp(x))”

The above one is having eighth order convergence with five function evaluations. However,
this is not an optimal method. To get an optimal, need to reduce a function and preserve the same
convergence order, and so we estimate f'(giy,(x)) by the following polynomial

Promyar (%) = Ygimypr(x) —

g(t) = co+er(t—x) + oot —x)2 +ea(t — x)3 4+ eg(t — x)4, (13)

which satisfies

q(x) = f(x), 4'(x) = f'(x), G(puanr (%)) = f(@omanr(¥)),
q(amypr(2)) = f(Pamypr (%)), q(Pgenyar(x)) = f(Pgmyar(x))-

On implementing the above conditions on (13), we obtain four linear equations with four
unknowns ¢, ¢1, ¢ and c3. From conditions, we get co = f(x) and ¢; = f/(x). To find c3, c3 and ¢4, we
solve the following equations:
fWpang(0)) = f(x) + f'(2) (0 (%) = ) + c2(Pgningp (x) — 202 + c3(Pnng (x) = 0)° + ca(Pnanp (x) — 0)*
F@aypa(x)) = F) + F1 () (Pamyp (%) = ) + c2(gmnypg () — 2 + e3Py (¥) = 2)° + ca(ymyp (x) — 1)
FWgnym(x) = f(0) + F'(0) (Pgmypa (x) = %) + c2(Pgmypg (x) — 2)* + e3(Pgnypg (x) = 2)° + ca(Pgmypg (x) — x)%
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Thus by applying divided differences, the above equations simplifies to

€2 + 3 (Ponag () — %) + ca(Ponayr () — x)z = flamang(x), X, %]
c2 + c3(Yymyar(x) — %) + ca(Pamypr () = )* = Flgmypg(x), x, %] (14)
—x —x

2+ c3(Pgmypr (%) )+ ca(Pginypp (%) )2 = flpgmym(x), x, 1]

Solving Equation (14), we have

(Pl (), 5] ( = S35+ 523) + Flpyngna (), %3] (5385 = $183) + Flpgiag (x), %, 6] (= 5352+ 519 )

o=
z —525, + 515% + 5255 — $355 — 5152 + 5,52
(P, %51 (85 = ) + Flaaa(), %)= 53+ 88) + Flpnan (), 5,51 (5} - ) )
- 525, + 152 + 5255 — 5255 — 5,52 + 5,52 ’ (15)
(F920ar (), %31 ( = S2+85) + Flpanyag (x), %3] (81 = S3) + flpgnyaa (), 6] (= $1+ 52))
Cq4 = ’

75%52 + 515§ + 5%53 - 5%53 - 515§ + SzS%

1= Pounr(¥) = X, S2 = Yanym(¥) = X, S5 = gy (x) = x.
Further, using Equation (15), we have the estimation
f' (gya (%)) 2 ' (Ygiypr (1)) = €1 + 202 (Pgiypy (x) — 2) + Be3 (Pgayp (x) — %)’ + 4y (Pgiyp(x) — x)°.

Finally, we propose a new optimal sixteenth order method as

_ _ [y (x))
Yo (3) = Prvia(3) F7(x) + 202 (gmypg (%) — x) =+ Bes (Pgrnypy (¥) — %) + dea(Pgmypy (x) — x)3 (16)

The efficiency of the method (16) is Elyg,yn = 1.741.

3. Convergence Analysis

In this section, we prove the convergence analysis of proposed IFs with help of Mathematica
software.

Theorem 1. Let f : D C R — R be a sufficiently smooth function having continuous derivatives. If f(x) has
a simple root x* in the open interval D and xy chosen in sufficiently small neighborhood of x*, then the method
48 M IFs (7) is of local fourth order convergence, and the 8"Y M IFs (12) is of local eighth order convergence.

) (x*
Proof. Lete = x —x* and c[j] = %, j=2,3,4,.... Expanding f(x) and f’(x) about x* by Taylor’s
method, we have
) = £/ (e + 2el2] + €3] + e*cld] + e%c[5] + efel6] + cl7] + e8] ... ) (17)

and

F1(x) = f'(x*) (1 +2e c[2] + 3¢2c[3] + 4e3c[4] + Sete[5] + 6¢3¢c[6] + Tebc[7] + 8e7c[8] + 9eSc[9] + ... ) 18)
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Thus,

Poning(¥) = 5"+ c[2]e? + (= 2c[22 +2c[3] ) + (4c[2]® — 7e[2]e[3] + 3e[4] ) e + ( - 8e[2)

+20c[2]%¢[3] — 6¢[3]2 — 10c[2]c[4] + 4c[5])e5 + (16c[2]5 — 52¢[2]3¢[3] + 28¢[2]2c[4] — 17¢[3]c[4]

+ ¢[2](33¢[3])* — 13¢[5]) + 5c[6])e6 - 2(16c[2]6 — 64c[2]*c[3] — 9¢[3]% + 36c[2]3¢c[4] + 6¢[4] 4 9c[2](7c[3]>

— 2¢[5]) + 11¢[3]c[5] + c[2] (—46c[3]c[4] + 8c[6]) — 3c[7])e7 + (64c[2]7 — 304¢[2]%¢[3]
+176¢[2)*c[4] + 75¢[3]2c[4] + ¢[2]3(408¢[3]> — 92¢[5]) — 31c[4]c[5] — 27¢([3]c[6]
+ c[2]2(—348¢[3]c[4] + 44c[6]) + c[2](—135¢[3]° + 64c[4]> + 118¢[3]c[5] — 19¢[7]) + 7c[8])e8 +....

Expanding f (g (X)) about x* by Taylor’s method, we have

Fppr(x)) = £/(x*) (cl2le? + (= 2c[22 +2¢[3] )+ (5e[2]® — 7e2]e[3] + 3c[4] ) * — 2(6ec[2]*
— 12¢[2]%¢[3] + 3¢[3]? + 5¢[2]c[4] — 2c[5])e5 + (28c[2]5 — 73¢[2]%¢[3] + 34c[2]2c[4] — 17¢[3]c[4]

+ c[2)(37¢[3]* — 13¢[5]) + 5c[6])e6 - 2(32c[2]6 —103¢[2]*¢[3] — 9¢[3]® + 52c[2]Pc[4] + 6¢[4]2
+¢[2](80c[3]? — 22¢[5]) + 11c[3]e[5] + c[2](—52¢[3]c[4] + 8cl6]) — 36[7])67

+ (14442}7 — 552¢[2]5¢[3] + 297c[2]*c[4] + 75¢[3]%c[4] + 2¢[2]3(291¢[3]) — 67¢[5])

— 31c[4]c[5] — 27¢[3]c[6] 4 c[2]*(—455¢[3]c[4] + 54c[6]) + c[2](—147¢[3]> + 73c[4]?
+134c[3]c[5] — 19¢[7]) + 7c[8] ) + ...

Using Equations (17)—(20) in divided difference techniques. We have

Flan (), %3] = f(x*) (el2] 4 2¢[3Je + (c[2le[3] +3eld])e? +2( = cl2]2[3] + c[3]2
+ cl2eld] + 2¢[5])* + (4c(2Pel3] — Bel2el4] +7elBJeld] +c[2](~7c[3] + 3c[3]) + 5ele] ) e*
o+ ((— Bel2l*ef3] — 6c[3]° +4cl2Peld] + e[z (5c[3] ~ c[5]) +10c[3]e]s]
+ 4c[2) (~5eBJel4] +cl6]) +6(cl4]? +c7]) )+ (16c[2]%(3] — e[2]*cl4]
~ 25c[37c(4] +17cl4le[5] + c[21°(~52¢[3 + 5c[5]) + c[21*(46c[3]el4] — 5cle])
+13c[3]c[6] + ¢[2](33¢[3)° — 14c[4]2 — 26¢[3]c[5] + 5¢[7]) + 7c[8})66 _— )

Substituting Equations (18)—(21) into Equation (7), we obtain, after simplifications,
Payag(x) = 2+ (c[21° —cl2ef3] et —2(2el2)* — ac2fPel3] + e[3f* +cl2leld] e + (106[2]° — 30c[2]%c[3
2] — 7eBJeld] + 3ef2)(6cf3]? — cl5)) )¢ — 2(10c[2)* ~ 40c(2)c[3] ~ 6c[3]®
+20c[2

Pefd] + 3c[4)? + 8c[2](5¢[3]? — ¢[5]) + 5¢[3]c[5] + c[2](—26¢[3]c[4] + 2c[6]))e7 + (36c[2]7
— 178¢(2]%¢[3] + 101c[2]*c[4] + 50¢[3]%c[4] + 3¢[2]3(84¢[3]> — 17¢[5]) — 17¢c[4]c[5] — 13¢[3]c]6]
+ ¢[2]2(—209¢(3]c[4] + 20c[6]) + c[2](—91¢[3]® + 37c[4] + 68¢[3]c[5] — 5c[7]))e8 e

+12¢[2)%¢
3C
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Expanding f(ip4my,,(x)) about x* by Taylor’s method, we have

S paryan(0)) = £/ ( (2P — el2lef3])e* —2(2e[2]* — del2€[3] +<[3P + el2lels])* + (10c[2]°
— 30c[21%[3] + 12¢[2]cl4] - 7e[3Jef4] + 3ef2] (6c[3]* —l5)) ) — 2 (10¢[2]° — 40c[2]c[3
= 63+ 20c[20cl4] + 3el4]? + 8e[21(5e[3]* — cf5]) + Sef3Jef5] + e[2](~26¢3e4] + 2¢[6]) )7 (23)
+ (37c[2]7 —180c[2]%¢[3] + 101c[2]*c[4] + 50c[3]%c[4] + c[2]3(253¢[3]* — 51c[5]) — 17c[4]c[5]

— 13¢[3]c[6] + c[2]2(—209¢[3]c[4] + 20c[6]) + c[2](—91c[3]® + 37c[4]? + 68c[3]c[5] — 5c[7]))e8 ... )
Now,

Flumena(x), %3] = £(x%) (e[2] + 2c[Ble + 3eldle? + del5e® + (c[21%c[3] - cl2Je[3] + 5ele] ) e*

+ ( — 4c[2]*c[3] + 8c[2]%¢[3]* — 2¢[3] + 2¢[2]3c[4] — 4c[2]c[3]c[4] + 6c[7])e5 ”
+ (10c[2]5c[3] — 8c[2]c[4] + 28¢[2)%¢[3]c[4] — 11¢[3]%c[4] + c[2]*(—30c[3]? + 3¢[5])+

2¢[2](9¢[3]® — 2¢[4]? — 3¢[3]¢[5]) + 7c[s])e6 T )
Substituting Equations (19)-(21), (23) and (24) into Equation (12), we obtain, after simplifications,
Py () —x* = c[2]? (c[2]2 = c[3]) (c[2] — cl2]e[3] + 4] ) + O (") 25)

Hence from Equations (22) and (25), we concluded that the convergence order of the 4"yM and
8"YM are four and eight respectively. [

The following theorem is given without proof, which can be worked out with the help of Mathematica.

Theorem 2. Let f : D C R — R be a sufficiently smooth function having continuous derivatives. If f(x)
has a simple root x* in the open interval D and x( chosen in sufficiently small neighborhood of x*, then the
method (16) is of local sixteenth order convergence and and it satisfies the error equation

Prgmym () =37 = ((0[2]4)((6[2]2 = c[3])*)(c[2] — cl2]e[3] + c[4]) (c[2]* — c[2]2c[3] + c[2]e[4] — C[5]))€16 +0(e?).

4. Numerical Examples

In this section, numerical results on some test functions are compared for the new methods
4y M, 8"y M and 16" YM with some existing eighth order methods and Newton’s method. Numerical
computations have been carried out in the MATLAB software with 500 significant digits. We have used
the stopping criteria for the iterative process satisfying error = [xy — xn_1| < €, where € = 10~ and
N is the number of iterations required for convergence. The computational order of convergence is
given by ([17])

_ Inj(xn —xn-1)/(¥N-1 — *N-2)|
In|(xn-1 — xn-2)/ (xn—2 — XN-3)|

We consider the following iterative methods for solving nonlinear equations for the purpose of
comparison: 145, a method proposed by Sharma et al. [18]:

2w B 19/
=x =3y s =x= (= 3+ 577,

37 W)Y f)
+570) o) %8

Yyimcrnps @ method proposed by Chun et al. [19]:

L2 L 16 (x)f'(x)
V=X Sy Prenno () =X G 50 ()71 (y) 9 ) @
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Pymgy, a method proposed by Singh et al. [20]:

_2f) ey (Y7 91 W)
- 3f/(x)/lnb4”'S]( ) ( 3 4f/(x)

Pging, @ method proposed by Kung-Traub [2]:
f) f(y) f(x)

s

f'(y)
f(x)

R

)

7

4

3 f'(y)
4 f/(

Xn)

- 2) f)
() =2~ 50 (0~ £ (0~ FRPG )~ @)

Pginyyy, @ method proposed by Liu et al. [8]

0 f@ fW)
YT PR T T T ) —2f () f(x)
)

f(z)

)

f@) [ fx)—fly
Py (X) =2z — (x) <<

Yginpnpp, @ method proposed by Petkovic et al. [11]

2
w2y T

)= f(2)

f(x)

frx)

S (SN ) G, R (C)) f(z) 4f(2)
Y= Gy <(f<x>) ) — flx >>f/(x>"”8 pnpo () =2 ) (‘P“”ﬂw @ )
where ¢(t) =142t +2t> — B and t = ;E y)

Pging 41, @ method proposed by Sharma et al. [12]

Wy e\ S ) (@) = Ayl + ATz
YR PGyt (3 2L >f'<x) Yansa () =2~ < 2]~ flz )
Pging 4o, @ method proposed by Sharma et al. [13]

N {CO R () B _, [yl f@)
L N {5 Y o By {2
Ygincpcrs @ method proposed by Cordero et al. [6]
_ L fx_ f) 1

y=x f’(x)’z_y f/(x)1_2t+t2_t3/2'¢8thFGT(x =

143 f(z) _ f(z)

Ttr flzyl+ flzxx(z-y)"  f(x)
Pgincry, @ method proposed by Cordero et al. [7]

_ S 1—tf(X) S el A flz) _ f(z)
YR Ry T Y T L iy e = 2 (=2 %) =% )T

Table 1 shows the efficiency indices of the new methods with some known methods.
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Table 1. Comparison of Efficiency Indices.

Methods p d EI
2MNR 2 2 1414
4thgp 4 3 1587
4MCLND 4 3 1587
4thgy 4 3 1587
4ty M 4 3 1587
8IKT 8 4 1.682
8w 8 4 1.682
8"PNPD 8 4 1.682
8"SA1T 8 4 1.682
8"SA2 8 4 1.682
8"CFGT 8 4 1.682
ghCTV 8 4 1.682
8thym 8 4 1.682
16"YM 16 5 1.741

The following test functions and their simple zeros for our study are given below [10]:

fi(x) =sin(2cos x) — 1 — x2 4 ¢sin(), x* = —0.7848959876612125352...
fo(x) = xe*” —sin’x +3cosx +5, x* = —1.2076478271309189270...
fa(x) = 2%+ 4x% — 10, x* = 1.3652300134140968457...
fa(x) = sin(x) + cos(x) + x, x* = —0.4566247045676308244...
f5(x) = g —sinx, x* = 1.8954942670339809471...

x* = 0.4099920179891371316...

Table 2, shows that corresponding results for f; — fs. We observe that proposed method 4/'Y M is
converge in a lesser or equal number of iterations and with least error when compare to compared
methods. Note that 4"SB and 4/"S] methods are getting diverge in f5 function. Hence, the proposed
method 4"Y M can be considered competent enough to existing other compared equivalent methods.

Also, from Tables 3-5 are shows the corresponding results for f; — fs. The computational order of
convergence agrees with the theoretical order of convergence in all the functions. Note that 8! PNPD
method is getting diverge in f5 function and all other compared methods are converges with least error.
Also, function f; having least error in 8"CFGT, function f, having least error in 8" CTV, functions f;
and fy having least error in 8/"Y M, function fs having least error in 8#"SA2, function fs having least
error in 8""CFGT. The proposed 16t"Y M method converges less number of iteration with least error
in all the tested functions. Hence, the 16" Y M can be considered competent enough to existing other
compared equivalent methods.
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Table 2. Numerical results for nonlinear equations.

Methods f1(x), xo = —0.9 fz(x), xo = —1.6
N |x; — x| |*n — xn—1] p N |x—x [xn — xn—1] P
2" NR (4) 7 0.1080 77326 x 10774 199 9 0.2044 9.2727 x 10774 1.99
4" SB (26) 4 0.1150 9.7275 x 107% 399 5 0.3343 1.4237 x 1079 3.99
4MCLND (27) 4 01150 14296 x 107%* 399 5  0.3801 1.1080 x 10°72  3.99
4thST (28) 4 01150  3.0653 x 10792 399 5 03190  9.9781 x 1075  3.99
4ty M (7) 4 0.1150  6.0046 x 1077 399 5 03737  7.2910 x 107120 4,00

Methods f3(x), xo = 0.9 fa(x), x0 = —1.9

2"NR (4) 8 06263 13514 x 10772 200 8 19529  1.6092 x 10-72  1.99
4 3B (26) 5 05018  4.5722 x 1071 399 5 15940  6.0381 x 1072 3.99
4""CLND (27) 5 05012 47331 x 107198 399 5 15894 27352 x 107 3.99
4thg T (28) 5 0.4767  3.0351 x 1071% 399 5 1.5776 9.5025 x 10~ 3.99
4ty M (7) 5 0.4735  2.6396 x 1071% 399 5 1.5519  1.4400 x 107102 3.99
Methods f5(x), xp = 1.2 fe(x), xo = 0.8
2" NR (4) 9 24123 13564 x 1078 199 8 0.3056 32094 x 10772 1.99
4" SB (26) Diverge 5 03801 28269 x 107122 3.99
4MCIND (27) 14 00566 68760 x 10713 399 5 03812  7.8638 x 107127 3.99
45y (28) Diverge 5 03780  1.4355 x 10~ 3.99
4ty M (7) 6 1.2887 23155 x 10714 399 5 03840  1.1319 x 10~ 399

Table 3. Numerical results for nonlinear equations.

Methods fi1(x), xo = —0.9 f2(x), xo = —1.6

N |x1 —X(]l |xN—xN_1| p N |x1—x0| |xN—xN_1| p

8KT (29) 3 01151 16238 x 1071 791 4 0.3876  7.2890 x 107137 799
8" LW (30) 3 0.1151 45242 x107% 791 4 0.3904 11195 x 10~ 8,00
8"PNPD (31) 3 0.1151 88549 x 107°° 787 4 0.3734 23461 x 1078 7.99
8"SA1(32) 3 01151 34432 x10°°0 788 4 03983 84343 x 107121 800
8"5A2(33) 3 01151 69371 x 10797 799 4 03927 59247 x 10725  7.99
8"CFGT (34) 3 01151 11715x 1078 777 5 0.1532  2.0650 x 10718 7.99
8thCTV (35) 3 0.1151  4.4923 x 1071 794 4 0.3925  2.3865 x 10722 7.99
8hyM(12) 3 01151 11416 x 10777 796 4 03896 89301 x 107163 8.00
16"YM (16) 3 0.1151 0 1599 3 03923 35535 x 10°%  16.20

Table 4. Numerical results for nonlinear equations.
Methods f3(x), xo = 0.9 fa(x), xo = —1.9

N |x1 — x| [xn — xn—1] 4 N |x1 — x| |en — xn—1] I4

8MKT (29) 4 04659 50765 x 107216 799 4 14461 55095 x 1072%  8.00
8MLW (30) 4 04660 27346 x 10723 799 4 14620  3.7210 x 107146 8,00
8""PNPD (31) 4 03821 99119 x 107! 802 4 13858 20603 x 107!° 798
8SA1(32) 4 04492 15396 x 10712 800 4 14170 22735x1071%  7.99
8SA2(33) 4 04652  41445x107%* 798 4 14339 25430 x 1071 7.9
8"CFGT (34) 4 04654 24091 x 10720 799 4 14417 47007 x 1072 7.99
8MCTV (35) 4 04652  3.8782x 107288 800 4 13957 37790 x 1077 7.9
8MYM(12) 4 04653 35460 x 1073 7.99 4 14417 29317 x 1072 7.99
16MYM(16) 3 04652 36310 x 1071 1613 3 14434 18489 x 107110 1636
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Table 5. Numerical results for nonlinear equations.

Methods fs5(x), xo =12 fo(x),x0 = 0.8

lx1 —xo|  |an — xN—1] p

0.3898  6.0701 x 1072%  7.99
0.3898  6.1410 x 107228 7.99

N |x1 — xo| |¥n — xN—1] P

8!"KT (29) 5 1.8787  2.6836 x 107182 7.99
8" LW (30) 6 405156  4.6640 x 107161 7.99

N
4
4
8"PNPD (31) Diverge 4 03894  3.6051 x 10710 7.99
8"mSA1(32) 7 8919802 21076 x 107215 900 4 03901 59608 x 107245 8.00
8"5A2(33) 4 07161 53670 x 107128 799 4 0.3900 83398 x 10721 8.61
8MCFGT (34) 5  2.8541 0 799 4 03900 0 7.99
8thCTV (35) 5 0.6192 16474 x 107219 900 4 0.3901  1.0314 x 107%*  8.00
8y M (12) 4 0.7733 13183 x 10°% 798 4 0.3900 12160 x 107286 7.99
16"YM(16) 4 0.6985 0 1610 3 03900  1.1066 x 10743 1573

5. Applications to Some Real World Problems

5.1. Projectile Motion Problem

We consider the classical projectile problem [21,22] in which a projectile is launched from a tower
of height 1 > 0, with initial speed v and at an angle 6 with respect to the horizontal onto a hill, which
is defined by the function w, called the impact function which is dependent on the horizontal distance,
x. We wish to find the optimal launch angle 6,, which maximizes the horizontal distance. In our
calculations, we neglect air resistances.

The path function y = P(x) that describes the motion of the projectile is given by

2
P(x) =h+xtan6 — % sec? 6 (36)

When the projectile hits the hill, there is a value of x for which P(x) = w(x) for each value of x.
We wish to find the value of 6 that maximize x.

2
w(x) = P(x) = h+ xtand — 5 sec? (37)

Differentiating Equation (37) implicitly w.r.t. 6, we have

dx dx dx
/ 2 8 (2002 2
w (x)dG = xsec” 6 + 70 tan 0 2 (x sec 9tan9+xd9 sec 9) (38)

Setting Z—Z = 0in Equation (38), we have

2

X = 2 cot by (39)
8
or
)
0, = arctan (—) (40)
Xm

An enveloping parabola is a path that encloses and intersects all possible paths. Henelsmith [23]
derived an enveloping parabola by maximizing the height of the projectile fora given horizontal distance
x, which will give the path that encloses all possible paths. Let w = tan 6, then Equation (36) becomes

2
y=Px)=h+xw— gxz

8 W+ wd) (41)
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Differentiating Equation (41) w.r.t. w and setting y’ = 0, Henelsmith obtained

2
y’:xf%(w) =0
2 (42)
w=—
gx
so that the enveloping parabola defined by
02 gx?
ym*P(x)*h‘*‘%—ﬁ (43)

The solution to the projectile problem requires first finding x,, which satisfies p(x) = w(x) and
solving for 6, in Equation (40) because we want to find the point at which the enveloping parabola
p intersects the impact function w, and then find 0 that corresponds to this point on the enveloping
parabola. We choose a linear impact function w(x) = 0.4x with 1 = 10 and v = 20. We let g = 9.8.
Then we apply our IFs starting from xy = 30 to solve the non-linear equation

2 2
f(x) =p(x) — w(x) =h+%7%70.4x

whose root is given by x,,, = 36.102990117..... and

2
0, = arctan ( ) = 48.5°.
Xm
Figure 1 shows the intersection of the path function, the enveloping parabola and the linear impact
function for this application. The approximate solutions are calculated correct to 500 significant figures.
The stopping criterion [xy — xy_1| < €, where e = 107 is used. Table 6 shows that proposed method
16!"YM is converging better than other compared methods. Also, we observe that the computational
order of convergence agrees with the theoretical order of convergence.

Figure 1. The enveloping parabola with linear impact function.
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Table 6. Results of projectile problem.

IF N Error cpu Time(s) I
2MNR 7 4.3980 x 10776 1.074036 1.99
4hyM 4 43980 x 10776 0.902015 3.99
8IhKT 3 15610 x 10~ 0.658235 8.03
8ihLw 3 7.8416 x 107 0.672524 8.03

8"PNPD 3 4.2702 x 10757 0.672042 8.05
8thsA1 3 1.2092 x 10761 0.654623 8.06
8"CTV 3 35871 x 10773 0.689627 8.02
8"YM 3 4.3980 x 10776 0.618145 8.02
16"YM 3 0 0.512152 16.01

5.2. Planck’s Radiation Law Problem

We consider the following Planck’s radiation law problem found in [24]:

87rchA =5
o(N) = R =7 (44)

which calculates the energy density within an isothermal blackbody. Here, A is the wavelength of
the radiation, T is the absolute temperature of the blackbody, k is Boltzmann’s constant, / is the
Planck’s constant and c is the speed of light. Suppose, we would like to determine wavelength A which
corresponds to maximum energy density ¢(A). From (44), we get

8mchA 6 ) ( (ch/AKT)ech/AKT

/ _ —
g'(A) = (ech/)\kT_l /AT _ *5> =4-B.

It can be checked that a maxima for ¢ occurs when B = 0, that is, when

(ch//\kT)eCthT _
( oCH /AT _ | > =5

Here putting x = ch/AkT, the above equation becomes
=e N (45)

Define

flo) = e -1+ 2. (46)

The aim is to find a root of the equation f(x) = 0. Obviously, one of the root x = 0 is not taken for
discussion. As argued in [24], the left-hand side of (45) is zero for x = 5 and e~> = 6.74 x 10~3. Hence,
it is expected that another root of the equation f(x) = 0 might occur near x = 5. The approximate
root of the Equation (46) is given by x* ~ 4.96511423174427630369 with xy = 3. Consequently, the
wavelength of radiation (A) corresponding to which the energy density is maximum is approximated as

ch
(kT)4.96511423174427630369 ’

~
~

Table 7 shows that proposed method 16! YM is converging better than other compared methods.
Also, we observe that the computational order of convergence agrees with the theoretical order
of convergence.
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Table 7. Results of Planck’s radiation law problem.

IF N Error cpu Time(s) o

2MNR 7 1.8205 x 10770 0.991020 2.00
4ty M 5 1.4688 x 107181 0.842220 4.00
8IhKT 4 4.0810 x 107288 0.808787 7.99
8"LW 4 3.1188 x 10268 0.801304 7.99

8"PNPD 4  8.0615 x 10260 0.800895 7.99

4
4
4
3

8thsA1 1.9335 x 1028 0.791706 8.00
gthCTV 5.8673 x 107282 0.831006 8.00
8thym 25197 x 107322 0.855137 8.00
16" YM 8.3176 x 107153 0.828053 16.52

Hereafter, we will study the optimal fourth and eighth order methods along with Newton’s method.

6. Corresponding Conjugacy Maps for Quadratic Polynomials

In this section, we discuss the rational map R, arising from 2"NR, proposed methods 4"Y M
and 8"YM applied to a generic polynomial with simple roots.

Theorem 3. (2™ NR) [18] For a rational map R, (z) arising from Newton's method (4) applied to p(z) =
(z—a)(z—b),a # b, Ry(z) is conjugate via the a Mobius transformation given by M(z) = (z —a)/(z —b) to

S(z) = 22

Theorem 4. (4""YM) For a rational map R,(z) arising from Proposed Method (7) applied to p(z) = (z —
a)(z—b),a # b, Ry(z) is conjugate via the a Mbius transformation given by M(z) = (z—a)/(z —b) to

S(z) =24

Proof. Let p(z) = (z—a)(z—1b), a # b, and let M be Mobius transformation given by M(z) =

(z—a)/(z — b) with its inverse M~1(z) = ((ZZ b:la)) , which may be considered as map from C U {co}.
We then have )
— 10, — Z0—aNy _ o4
S(z) = MoR, o M~(2) _M<Rp( e )) =24
|

Theorem 5. (8'"YM) For a rational map R, (z) arising from Proposed Method (12) applied to p(z) = (z —
a)(z—b),a # b, Ry(z) is conjugate via the a Mobius transformation given by M(z) = (z —a)/(z —b) to

S(z) =25

Proof. Let p(z) = (z—a)(z—1b), a # b, and let M be Mobius transformation given by M(z) =

(z—a)/(z — b) with its inverse M~1(z) = <<ZZ b:la)) , which may be considered as map from C U {co}.

We then have

_ 1y zb—a\\ g
S(z) = MoR, o M™\(2) 7M<Rp(z_1 )) =28
O
Remark 1. The methods (29)—(35) are given without proof, which can be worked out with the help of Mathematica.

Remark 2. All the maps obtained above are of the form S(z) = zFR(z), where R(z) is either unity or a rational
function and p is the order of the method.
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7. Basins of Attraction

The study of dynamical behavior of the rational function associated to an iterative method gives
important information about convergence and stability of the method. The basic definitions and
dynamical concepts of rational function which can found in [4,25].

We take a square R x R = [—2,2] x [—2,2] of 256 x 256 points and we apply our iterative methods
starting in every z(%) in the square. If the sequence generated by the iterative method attempts a zero
zf of the polynomial with a tolerance |f(z¥))| < x10~* and a maximum of 100 iterations, we decide

that z(%) is in the basin of attraction of this zero. If the iterative method starting in z(%) reaches a zero in
N iterations (N < 100), then we mark this point 29 with colors if |z(N> - z]*\ < %1074 If N > 50, we
conclude that the starting point has diverged and we assign a dark blue color. Let Np be a number
of diverging points and we count the number of starting points which converge in 1, 2, 3, 4, 5 or
above 5 iterations. In the following, we describe the basins of attraction for Newton’s method and
some higher order Newton type methods for finding complex roots of polynomials p;(z) = 22 — 1,
pa(z) =2 —1and p3(z) = 2° — 1.

pE=2-1 pa(s) =2 -1 P =21

Figure 2. Basins of attraction for 2" NR for the polynomial p1(z), pa(z), p3(2).

Figures 2 and 3 shows the polynomiographs of the methods for the polynomial p;(z). We can
see that the methods 2"NR, 4/"YM, 8"SA2 and 8/"YM performed very nicely. The methods 4thsB,
4thgy KT, 8"LW, 8"PNPD, 8"SA1, 8"CFGT and 8!"CTV are shows some chaotic behavior near the
boundary points. The method 4""CLND have sensitive to the choice of initial guess in this case.

Figures 2 and 4 shows the polynomiographs of the methods for the polynomial p;(z). We can see
that the methods 2"'NR, 4" YM, 8""SA2 and 8""YM performed very nicely. The methods 4"*SB, 8""KT,
8"LW and 8"CTV are shows some chaotic behavior near the boundary points. The methods 4*CLND,
4thgy, 8"PNPD, 8""'SA1, and 8" CFGT have sensitive to the choice of initial guess in this case.

Figures 2 and 5 shows the polynomiographs of the methods for the polynomial p3(z). We can
see that the methods 4"YM, 8"SA2 and 8/"YM are shows some chaotic behavior near the boundary
points. The methods 2"/NR, 4!"SB, 4"CLND, 4], 8"KT, 8"LW, 8!"PNPD, 8"SA1, 8/"CFGT and
8"CTV have sensitive to the choice of initial guess in this case. In Tables 8-10, we classify the number
of converging and diverging grid points for each iterative method.
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4"MCLND

0 05 1 15

8"PNPD

0 05 1 15

8"CFGT 8thcTv

Figure 3. Basins of attraction for p;(z) = 22 — 1.
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8"CLND

0 05 1 15

8"PNPD

0 05 1 15

8"CFGT 8thcTv

Figure 4. Basins of attraction for py(z) = 2> — 1.
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05

8"CFGT 8thCcTV

Figure 5. Basins of attraction for p3(z) = 2° — 1.
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Table 8. Results of the polynomials p; (z) = 22 — 1.

IF N=1 N=2 N=3 N=4 N=5 N>5 Np
2MNR 4 516 7828 23,272 20,548 13,368 0
4thgp 340 22,784 29,056 6836 2928 3592 0

4MCLND 372 24,600 29,140 6512 2224 2688 1076
4thgy 300 19,816 28,008 5844 2968 8600 0

4thym 520 31,100 27,520 4828 1208 360 0
8KT 4684 44,528 9840 3820 1408 1256 24
8w 4452 43,236 11,408 3520 1540 1380 0
8PNPD 2732 39,768 13,112 3480 1568 4876 16
8MSA1 4328 45,824 8136 2564 1484 3200 0
8!MSA2 15,680 45,784 3696 376 0 0 0
8!"CFGT 9616 43,716 7744 2916 980 564 64
8thCTV 7124 48,232 7464 1892 632 192 0
8thyYM 8348 50,792 5572 824 0 0 0

Table 9. Results of the polynomials py(z) = 2> — 1.

IF N=1 N=2 N=3 N=4 N=5 N>5 Np
2"NR 0 224 2908 11,302 19,170 31,932 0
4thsp 160 9816 27,438 9346 5452 13,324 6

4""CLND 170 11,242 28,610 9984 4202 11,328 7176
4thgy 138 7760 25,092 8260 5058 19,228 1576
4thym 270 18,064 30,374 9862 3688 3278 0
8thKT 2066 34,248 11,752 6130 4478 6862 0
8w 2092 33,968 12,180 4830 3030 9436 0

8"PNPD 1106 25712 11,258 3854 1906 21,700 10452
8thsA1 1608 36488 12,486 3718 1780 9456 872

8thSA2 6432 46,850 9120 2230 640 264 0
8"CFGT 3688 40,740 13,696 4278 1390 1744 7395
8!"CTV 3530 43,554 11,724 3220 1412 2096 0

8"yM 3816 43,596 12,464 3636 1302 722 0

Table 10. Results of the polynomials p3(z) = z° — 1.

IF N=1 N=2 N=3 N=4 N=5 N>5 Np
2"NR 2 100 1222 4106 7918 52,188 638
4thsp 76 3850 15458 18,026 5532 22,594 5324

4""CLND 86 4476 18,150 17,774 5434 19,616 12,208
4thgy 62 3094 11,716 16,840 5682 28,142 19,900
4thym 142 7956 27,428 15,850 5726 8434 0

8t"KT 950 17,884 20,892 5675 4024 16,111 217
8MLW 1032 18,764 20,622 5056 3446 16,616 1684
8"PNPD 496 12,770 21,472 6576 2434 21,788 14,236
8SA1 692 26,212 15,024 4060 1834 17,714 8814
8tSA2 2662 41,400 12,914 4364 1892 2304 0
8"CFGT 2008 21,194 23,734 6180 3958 8462 1953
8thCTV 1802 36,630 13,222 4112 2096 7674 350
8"YM 1736 27,808 21,136 5804 2704 6348 0

We note that a point zg belongs to the Julia set if and only if the dynamics in a neighborhood of
zg displays sensitive dependence on the initial conditions, so that nearby initial conditions lead to
wildly different behavior after a number of iterations. For this reason, some of the methods are getting
divergent points. The common boundaries of these basins of attraction constitute the Julia set of the
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iteration function. It is clear that one has to use quantitative measures to distinguish between the
methods, since we have a different conclusion when just viewing the basins of attraction.

In order to summarize the results, we have compared mean number of iteration and total number
of functional evaluations (TNFE) for each polynomials and each methods in Table 11. The best method
based on the comparison in Table 11 is 8/"SA2. The method with the fewest number of functional
evaluations per point is 8/"SA2 followed closely by 4/"YM. The fastest method is 8""SA2 followed
closely by 8"YM. The method with highest number of functional evaluation and slowest method
is 8" PNPD.

Table 11. Mean number of iteration (N) and TNFE for each polynomials and each methods.

IF N, for p1(z) Ny forpa(z) Ny forps(z) Average TNFE
2"NR 4.7767 6.4317 9.8531 7.0205 14.0410
4thsp 3.0701 4.5733 9.2701 5.6378  16.9135
4"CLND 3.6644 8.6354 12.8612 8.3870  25.1610
4thgy 3.7002 7.0909 14.5650 8.4520  25.3561
4thym 2.6366 3.1733 4.0183 3.2760 9.8282
8KT 2.3647 3.1270 4.4501 3.3139 13.2557
8w 2.3879 3.5209 6.3296 4.0794 16.3178
8"PNPD 2.9959 10.5024 12.3360 8.6114 34.4457
8t"SA1 2.5097 4.5787 9.7899 56262  22.5044
8"SA2 1.8286 2.1559 2.5732 2.1859 8.7436
8"CFGT 2.1683 2.8029 3.4959 2.8223 11.2894
8thCTV 2.1047 2.4708 3.9573 2.8442 11.3770
8thyM 1.9828 2.3532 3.3617 2.5659  10.2636

8. Concluding Remarks and Future Work

In this work, we have developed optimal fourth, eighth and sixteenth order iterative methods
for solving nonlinear equations using the divided difference approximation. The methods require
the computations of three functions evaluations reaching order of convergence is four, four functions
evaluations reaching order of convergence is eight and five functions evaluations reaching order of
convergence is sixteen. In the sense of convergence analysis and numerical examples, the Kung-Traub’s
conjecture is satisfied. We have tested some examples using the proposed schemes and some known
schemes, which illustrate the superiority of the proposed method 16/"YM. Also, proposed methods
and some existing methods have been applied on the Projectile motion problem and Planck’s radiation
law problem. The results obtained are interesting and encouraging for the new method 16" YM.
The numerical experiments suggests that the new methods would be valuable alternative for solving
nonlinear equations. Finally, we have also compared the basins of attraction of various fourth and
eighth order methods in the complex plane.

Future work includes:

e Now we are investigating the proposed scheme to develop optimal methods of arbitrarily high
order with Newton’s method, as in [26].

e Also, we are investigating to develop derivative free methods to study dynamical behavior and
local convergence, as in [27,28].
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Abstract: In this paper, using the idea of weight functions on the Potra—Ptdk method, an optimal
fourth order method, a non optimal sixth order method, and a family of optimal eighth order methods
are proposed. These methods are tested on some numerical examples, and the results are compared
with some known methods of the corresponding order. It is proved that the results obtained from the
proposed methods are compatible with other methods. The proposed methods are tested on some
problems related to engineering and science. Furthermore, applying these methods on quadratic and
cubic polynomials, their stability is analyzed by means of their basins of attraction.

Keywords: nonlinear equations; Potra-Ptdk method; optimal methods; weight function; basin of
attraction; engineering applications
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1. Introduction

For solving nonlinear equations iteratively, the Newton’s method given by

e

is one of the most commonly used methods. The efficiency index as defined by Ostroswki in [1],
which relates the order of convergence of a method p with the number of function evaluations per
iteration d, is given by the expression p'/¢. Newton’s method is quadratically convergent and requires
two function evaluations per iteration and, thereby, has the efficiency index value of 21/2 ~ 1.414.
Numerous methods have appeared giving higher order of convergence or better efficiency. One of
the recent strategies to increase the order of the methods is the use of weight functions [2-5]. In this
regard, Sharma and Behl [6] presented the fourth order method:

— 2 flow)
T ) s e s @
Xn Xn
xupr == (=3 FES + 340 ) f
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Similarly, Sharifi et al. [7] used weight functions on the third order Heun’s method and proposed the
fourth order method

v == 3 @)
oy fGw) (1 3 3 (£l _ 1) _ e (L) 1) 4 fl)
tun =00~ 1 (s + i) <1 - -8 (s -y + f’<yn>)'

According to Kung and Traub [8], an iterative method is said to be optimal if its order is 291 where d

is the number of function evaluations per iteration. Notice that Newton’s method as well as (1) and (2)
are all optimal.
Potra and Ptak [9], as an attempt to improve Newton’s method, gave the method

— _ flxa)
S Foe ) ®)
Xp+1 = Xn — L ;/(X{)]/n .

This method is cubically convergent but is not optimal, as it requires three function evaluations
per iteration.

The aim, in the present paper, is to further investigate the method (3). Precisely, we use weight
functions and improve the order of convergence of (3). We do it in three ways which correspond to the
methods of orders 4, 6 and 8. Out of these, the methods with orders 4 and 8 are optimal.

Dynamics of a rational operator give important information about the convergence, efficiency
and stability of the iterative methods. During the last few decades, many researchers, e.g., [10-16]
and references therein, study the dynamical behavior of rational operators associated with iterative
methods. Furthermore, there is an extensive literature [17-21] to understand and implement further
results on the dynamics of rational functions. In this paper, we also analyze the dynamical behavior
of the methods that we have developed in this paper. Furthermore, at the end of this work, the
basins of attraction are also presented and compared among the proposed and other methods of the
corresponding order.

The remaining part of the paper is organized as follows. In Section 2, the development of the
methods and their convergence analysis are given. In Section 3, the proposed methods are tested on
some functions, and the results are compared with other methods in the head of Numerical Examples.
In Section 4, the proposed methods are tested on some engineering and science related designs.
Section 5 is devoted to analyze the stability of the introduced methods by means of complex dynamics.
In this sense, the study of the rational function resulting from the application of the methods to several
nonlinear functions is developed, and their basins of attraction are represented. Finally, Section 6
covers the conclusions of the research.

2. Development of Methods and Their Convergence Analysis

In this section, the methods of order four, six and eight are introduced, and its convergence
is analyzed.

2.1. Optimal Fourth Order Method

Based on the Potra-Ptdk method (3), we propose the following two-step method using a weight
function, whose iterative expression is

fxn)

Yn =2Xn— Flxn)’
" 4)
Xp+1 = Xnp — w(tn)fi('}r)a{gy”/
fyn)

where w(t,) = aj + aty + asth and t, =
following theorem.

. The convergence of (4) is proved in the

—

(xn
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Theorem 1. Let f be a real or complex valued function defined in the interval 1 having a sufficient number of
smooth derivatives. Let « be a simple root of the equation f(x) = 0 and the initial point xg is close enough to .
Then, the method (4) is fourth order of convergence ifa; =1, ap = 0 and az = 2.

i
Proof. We denote cj= %. Let e, = x,; — a be the error in x;,. Then, Taylor’s series expansion of
X;; ) an X5 ) about « gives
df b gi
flxn) = f'(a) (en + czeﬁ + C3ef’, + C433 + 6563 + 6662 + C7€Z + Cgeg + O(eg)) (5)
and
F(xn) = f(a) (l + 2¢e, + 3e3e? + degey + Besel + 6cgel, + eyl + 8cgel, + O(eﬁ)) . (6)

Letd,; = yu — a, then, from the first equation of (4), we get

dy = coeh —2 (3 —c3) s + (4¢3 — 7cacs + 3cq) € + (—8c5 + 20c3¢3 — 10cacr — 6¢3 + 4cs) €,
+ (165 — 52c3¢3 + 28c4c3 + (333 — 13c5) €2 — 17c3¢4 + 5c6) €5

2 (16cg — 64cscs 4 36c4c3 +9 (7¢3 — 2c5) 3 + (8c — 46c3c4) €2 — 963 + 6¢3 + 11cses — 3C7> e’
+ (64c§ — 304c3c3 + 176¢4¢5 + (408c% — 92¢5) 3 + (44ce — 348c3cq) €3

+75c3c4 — 3leges — 27c3c6 + 2 (—135¢3 + 118csc3 + 64cF — 19¢7) + 7c8) eS 1+ 0(e)

so that, using Taylor’s series expansion of f(y,) about &, we get
flyn) = fldu+a)
= f'(a) [cZe,% —2(c3 —c3)ed + (563 — Teacs + 3ca) € — 2 (6¢5 — 12c3¢3 + 5egcr +3c% — 2c5) €,

+ (28c§ — 73c363 + 34cqc3 + (37¢3 — 13c5) ca — 17c304 + 5c6>eg
72<32c§ —103c3¢3 + 52c4¢3 + (80c3 — 22c5) c3 + (8cs — 52c3¢4) €2 )
—9¢3 + 6¢% + 11cses — 3C7) e+ <144cg — 5520363 + 297c4c5 + 2 (291c3 — 67cs) ¢3
+ (54c6 — 455¢5¢4) 3 + 7534 — 3leacs — 27c3c6 + ¢o (—147¢3 + 134csc3 + 73c — 19¢7)
+7C3> S+ O(e?,)] .

Now, from (5) and (7), we get

t — f(Yn
" flan)
= coen + (—3c3 +2c3)e2 + (8c3 — 10cac3 + 3eg)ep + (—20c4 + 37c3c3 — 14cacy — 8c3 + 4cs) €

+ (485 — 118c3c5 + 51c3cy + 55cpc3 — 18cpc5 — 22c3¢4 + 5c6) €

+ ( — 112¢§ + 344c3c3 — 163c4c3 + (65¢c5 — 252c3) 3 + 2 (75c3c4 — 11c6) 2 ®
+26¢3 — 15c — 28c3c5 + 6C7> S +0(el).
Therefore, using the results obtained above in the second equation of (4), we get
eni1 = (1—a1) en — apc2e3 + (2a163 + 3a2c3 — 2a5¢5 — a3c3) €3 ©

+ (—9a1¢3 + 7aycacs — 6arc3 + 10apcoc3 — Bazcy + 6a3cs — 4ascacs) ek + O(e)).
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In order to obtain fourth order of convergence, in view of (9), we must have
1-— a = 0,

a :0,

2alc§ + 3u2c§ —2apc3 — a3c§ =0,

which gives a1 = 1, ap = 0 and a3 = 2. Therefore, from (9), the error equation of the method (4) becomes
eni1 = (363 — coc3)er + O (ef,) ,
and the assertion follows. [

In view of Theorem 1, the proposed fourth order method is

— f(xn)
T > (10)
n Xn)+f(Yn
X1 = Xp— (1 +2 (jf%) ) f<vf)(xf)<y )

which requires three function evaluations per iteration and consequently is optimal. In addition, the
efficiency index of (10) is 1.5874, which is higher than that of (3) having an efficiency index of 1.442.

2.2. Sixth Order Method

Using the results obtained in (10), we propose a new method defined by

_ ()
Yn =Xn— ff'ffrn)' ,
== (L)) Sl w
Xp+1 = Zn — wl(tn);/((z:n))/

where w1 (t,) = b1 + bot,, is a new weight function and ¢, is as in (4). The order of convergence is
shown in the following result.

Theorem 2. Let f be a real or complex valued function defined in an interval I having a sufficient number of
smooth derivatives. Let « be a simple root of the equation f(x) = 0 and the initial point xg is close enough to w.
Then, (11) has a sixth order of convergence if by = 1 and by = 2.

Proof. Let 0, = z;, — a. Then, from second equation of (11), we obtain

0n = (3c3 — cocs)et — 2 (8cy — 10ckcs + c3 + cocq) €

12
+(46¢5 — 114c3c5 + 30c3cs + 420c3 — 3eacs — 7czcq)el + O(e]). (12)

Now, by expanding f(z,) about « using Equation (12), we obtain

f(zn) = f(0n+a)
= f'(2)[(3c3 — cac3) e — 2 (8cy — 10ckcs + ¢ + cacq) € (13)
+ (46¢3 — 114c3c3 + 30c5cs + 4205¢3 — Beacs — 7eses) €6 + O(el)].

Therefore, using (6), (8) and (13) in the third equation of (11), we obtain

ent1 = (1—by)ca(3c2 — c3)ed
+ (c5(22b1 — 3by — 16) + c3c3(—22b1 + by +20) +2(by — 1)cacy +2(by — 1)c3) €5
+(c3(=90by + 31by + 46) + c3¢3(167by — 31by — 114) + 2c3c4(—17by + by + 15)
+c2(c3(—49by + 4by +42) +3(by — 1)cs) + 7(by — 1)eseq) el + O(e)).

(14)
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In order to obtain sixth order of convergence, the coefficients of ¢} and ¢} must vanish in (14), i.e.,
by =1 and by = 2. Therefore, the error equation of the method (11) becomes

€1 = C2 (18(:% —9c5¢3 + c%) S +0 (eZ) ,
and the assertion follows. [

In view of Theorem 2, the following is the sixth order method

— oy fl)
Yn =T i
= — f(yn) ) +f(yn)
Znp = Xn (1 +2 (f(xn)) ) ) (15)
Xpn+1l = Zn — (1 + Z;EZZ;) j{/((i”;)) .

2.3. Optimal Eighth Order Method

Notice that the method (15) is not optimal as it requires four function evaluation per iteration to
achieve sixth order of convergence. Its efficiency index is 1.5651, which is less than that of the fourth
order method (10). However, an eighth order method is obtained by (10) using an additional Newton
step. The resulting iterative scheme is

Yn =Xn— ff/(&:)) ,
e Fum) ) fon) 4 ()
Zy = Xn 142 <f(xn)> > f/(x”) 7 (16)
Xpn+l = Zn — ;/<(ZZ’:1)) .

Nevertheless, this method requires five function evaluation per iteration, so that its efficiency index
reduces to 1.5157, and, moreover, it is not optimal. Towards making the method (16) more efficient
and optimal, we approximate f’(z) as

gy S Cm)
F @) > f ) Gn) (17)

where

t, = fyn) Uy = f(zn) 5y = f(zn).
flxn)’ fxn)’ f(yn)
Here, | and G are some appropriate weight functions of two variables and one variable, respectively.
This type of approximations was done by Matthies et al. in [22]. Accordingly, we propose the
following method:

Yn =Xn— (Xn

f
o (1e2()°) e )
B

Xn+1l = Zn — Z”) ](tn/ un) ) G(sﬂ)'

where t,,, u,, and s,, are as in (17). For the method (18), we take the functions | and G as

142t + (B+2)uy + 312

J(tn, un) = T+ By (19)
and 144
Sn
G(sn) = 11 (A - 1)y’ (20)

where 8 and A belong to C. We prove the following result.
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Theorem 3. Let f be a real or complex valued function defined on some interval I having a sufficient number of
smooth derivatives. Let « be a simple root of the equation f(x) = 0 and the initial point xg is close enough to .
Then, (18) is an eighth order of convergence for the functions | and G given by (19) and (20), respectively.

Proof. In view of (5) and (13), we obtain

(zn
f Xy
= (33 — cac3) €3 + (—19¢5 + 21ckc3 — 20004 — 263) €k

(65c2 — 138C2C3 + 32[3%64 + 45c2c§ —3cp05 — 70304) &) +0(ef).

\

Up

Similarly, (7) and (13) yield

—

3c2 —c3) €2 —2(5¢3 — 6cac3 + C4) ey + (11c — 44c3cs + 17cpcq + 113 — 3cs) e
+ (56¢5 + 28c3c3 — 56c5¢4 — 60023 + 22¢5¢5 + 300304 — 4cg ) €3 + O(e5).

Consequently, (19) gives

J(tn,1n) =1+ 2c0en + (4c5 — 3c3) € + (4¢3 — 10coc3 + 6C4) e
+ (—3(2B+1)ch +2(B + 10)c3cs — 14cacs — 8c3 + 8cs) et

+ ((475 —38)c — (578 + 14)c3cs +4(B + 7)ches eay)

+2¢; (4(B+ 4)c3 — 9cs5) — 22c304 + 10c6> e+ 0(e),
and (20) gives

G(sn) =14 (33 —c3)e2 —2(5c3 — 6eoc3 +c4) €5
+ ((20 — 9A)c4 +2(3A — 25)c3cs — (A — 12)c3 + 17coc4 — 3cs) €

+2 <(30A —2)c5 + (60 — 46))c3c3 +2(3A — 17)Beg + 02 (6(2A — 7)c3 +11c5)  (22)
+(17 = 2A)c3c4 — 2c6> e +0(e8).
Now, using the values from (6), (12), (13), (21), and (22) in (18), the error equation of the method is
eni1 = C2 (3C% - C3) (c§(6,3 +9A+9) —2c3c3(B +3A +4) + cocq + c%)\) &S+0 (62) ,
which gives the eighth order of convergence. [J

3. Numerical Examples

In this section, we test the performance of the methods proposed in Section 2 with the help of some
numerical examples. We compare the results obtained with the known methods of the corresponding
order. We consider the following nonlinear equations and initial guesses:

o fi(x)=sin’x—x2+1,x =2,

e fo(x) =In(1+2?) +exp(x? —3x)sinx, xg = 2,
e A =2-(1-x5xn=1

e fulx)=x%—exp(x) —3x+2,x =1,

o fs(x) =VxZ+2x+5—2sinx — x> +3,x) = 2.

In the previous section, we have proved the theoretical order of convergence of various methods.
For practical purposes, we can test numerically the order of convergence of these methods by using
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Approximated Computational Order of Convergence (or ACOC), defined by Cordero and Torregrosa [23].
They defined the ACOC of a sequence {x;},k > 0 as

log (|ks1 — xk| / |3k — Xx-1)
ACOC = . 23
log (|xx — X1 / |X—1 — xx—2|) @)

The use of ACOC, given by (23), serves as a practical check on the theoretical error calculations.

We apply our proposed methods and other existing methods as discussed in the following
subsections on each of the test functions. Various results of up to four iterations are observed, and
we compare the results obtained at the 4th iteration among different methods of the corresponding
order and shown in Tables 1-3. For a particular test function, we take the same initial guess xg
for each of the methods under consideration. We compare the approximate error Ax, = |x, —
X,—1|, the approximate solution x,,, the absolute value of corresponding functional value |f(x,)|, and
approximated computational order of convergence (ACOC) at n = 4. In the tables, “NC” stands for
no convergence of the method. We use Mathematica 9.0 for the calculations.

3.1. Comparison of the Fourth Order Method
Let us denote our method (10) by My;. We shall compare this method with
e  Sharma and Behl method (1), denoted by My,

e  Sharifi et al. method (2), denoted by My3,
e Jarratt’s method [24], denoted by M4 and given by

e ]
— _ 3f’(3/n)+fl(xn) fxn)
Tntl = *n (6f’(yn>—2f’(xu)> Fn)”

Yn = Xn— Flxn)’

[

_ _ § (yn) (xn)
Yntl = Yn ((f(xn%f(yn))z)f’(w)'

All the methods My, i = 1,2,3,4,5 are optimal. Table 1 records the performance of all
these methods.

Table 1. Comparison of numerical results of fourth order methods at the 4th iteration.

fi f2 fs fa fs
My 87309 x 10720 27730 x 10°5  9.9454 x 10730 12399 x 10  9.2139 x 1052
My 11188 x 107%7 29815 x 10728 1.0915 x 1072 7.7434 x 10772 3.5851 x 10101
Ax, My 11523 x 102 NC 6.1887 x 10713 1.3049 x 10715 3.6376 x 10~%°
My, 2.0493 x 1032 2.0594 x 103! 11971 x 10720 15448 x 10770 1.1488 x 10~
Mys  4.0043 x 10728 2.8464 x 10757 24018 x 10730 47295 x 107%°  2.8215 x 10~8!

My 1.4045 —7.8835 x 107218 0.3460 0.2575 2.3320
My 1.4045 —6.9805 x 10110 0.3460 0.2575 2.3320
Xn My 1.4045 NC 0.3460 0.2575 2.3320
My 1.4045 3.2977 x 107128 0.3460 0.2575 2.3320
Mys 1.4045 —3.5010 x 107226 0.3460 0.2575 2.3320

My 19828 x 107100 7.8835 x 107218 1.9230 x 10~116 25756 x 10262 1.1861 x 1032
My 40436 x 107198 69805 x 107110 1.1758 x 109 6.8107 x 10257 1.9034 x 10404

[f(xn)] Mgz 3.6237 x 10~ NC 6.4877 x 1074 75782 x 10792 2.9990 x 10~ 1%
My 17439 x 107177 32977 x 10712 44608 x 10780 1.3131 x 107255 25652 x 1073%
Mys 57027 x 107110 35010 x 107220 9.4841 x 107120 6.9959 x 1020  1.1952 x 10324
My 3.9919 4.0000 4.0184 4.0000 4.0000
My 3.9935 3.9953 4.0646 4.0000 4.0000

ACOC Mg 4.1336 NC 3.5972 4.6265 4.0214
Myy 3.9978 4.0069 3.9838 4.0000 4.0000
Mys 3.9946 4.0001 3.9878 4.0000 4.0000
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3.2. Comparison of Sixth Order Methods
We denote our sixth order method (15) by Mg;. We shall compare this method with

e Ms) : Method of Neta [25] with a = 1, given by

— f(xn)
Yn =Xn— Fln)’
z — — M fyn)
noT YT )+ (@-2)f(yn) [
x =z, — f(%)*f(yn) f(zn
n+l " fxn)=3f (yn) f'(xu)”

e Msz : Method of Grau et al. [26] given by

— _ f(xn)
Yn =Xn Pl
flyn)  f(xa)

Zn = Yn T P ,) flm)—2f ()’
_ Fen) )

oy =y Flx)
" " f(an) fan)=2f(yn)”
flza) _ fOn)+af(yn)
xn) f(xn)+(a=2)f(yn)’

=
=
+
=
Il
N
=
I
s

e Mjss : Method of Chun and Neta [28] given by

Yn = n = /j‘(’i(fc:;)’
_ _ f(yn 1
Zn = Yn f’(xn) (17%)21
Xppy = zp— L) 1
nt ") (Pﬁyn;fﬁ(zn;)z

The comparison of the methods Mg;, i = 1,2,3,4,5 is tabulated in Table 2. From the table, we
observe that the proposed method Mg, is compatible with the other existing methods. We can see that
method Mgz gives different results for the test functions f, and f5 with given initial guesses.

Table 2. Comparison of numerical results of sixth order methods at the 4th iteration.

A 2 f3 fa fs
Mg 1.8933 x 10773 1.8896 x 10718 51627 x 10~ 1.3377 x 10719 9.5891 x 10~26!
Mg 1.6801 x 107106 29382 % 107152 2.4137 x 10~%* 1.7893 x 10191 3.75383 x 10~2%°
Axy Mgz 29803 x 107 2.9803 x 107%°  2.9815 x 10782 29815 x 10782 2.9803 x 10~
Mgy 5.0012 x 1078 2.4246 x 10713 49788 x 10~% 4.6397 x 107198 4.0268 x 102
Megs 9.9516 x 10788 2.1737 x 10715%  3.3993 x 10786 2.7764 x 10719 3.4903 x 10~

Mg 1.4045 —1.1331 x 10788 0.3460 0.2575 2.3320
Mep 1.4045 45753 x 107908 0.3460 0.2575 2.3320
Xy Mg 1.4045 1.4045 0.3460 0.2575 1.4045
Mes 1.4045 1.0114 x 10914 0.3460 0.2575 2.3320
Mgs 1.4045 —3.7511 x 107921 0.3460 0.2575 2.3320
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Table 2. Cont.

f f2 f3 fa f5
Mg 5.6523 x 107436 11331 x 10784 1.8046 x 10~5% 0.0 0.0
Mgy 6.7308 x 107636 45753 x 107998 1.0347 x 107381 0.0 0.0
[f(xn)| Mgz 8.1802 x 107568 8.1802 x 107568 8.2004 x 1074 8.2004 x 10~4% 8.1802 x 10568
Mgy 5.7605 x 107506 1.0114 x 107914 1.8726 x 10~40° 0.0 0.0
Mgz 3.7794 x 107522 3.7511 x 10~21 4.8072 x 10~>14 0.0 0.0
Me1 5.9980 6.0000 5.9980 6.0000 6.0000
Mg 5.9992 6.0000 5.9854 6.0000 6.000
ACOC Mg 5.9997 5.9997 5.9992 5.9992 5.9997
Mgy 5.9991 6.0000 5.9984 6.0000 6.0000
Mgs 5.9993 6.0000 6.0088 6.0000 6.0000

3.3. Comparison of Eighth Order Methods

Consider the eighth order method (18), which involves the parameter pair (5, A). We denote

e Mg the case where (B,A) = (0,0), whose iterative expression results in

_ f(xn)
Yn = Xn— f/(J;n),
_ )+ (yn) (ya) |2
2 = — ! “Q%ﬁ>)
n) (142t +2u, 383
Xn+l = Zn — ]{’((in)) < - t1+—s,, ot )/

e Mg, for (B,A) = (1,1), resulting in the iterative scheme given by Mg :

_ (xn)
Yn *xn_]]:/(in)/ ,
_ [+ f(yn) fyn)
I == ) 1+2(ﬂm)>'
Un 2
Xp4+1 :Zn*% (m%tii”m(l‘FSn))/

e Mg for (B,A) = (0,1), whose iterative method is

Yn =Xn— jjj/((j';)) ’
o f) ) Fu) )
Zn = Xn f/(xn) (1 +2 (f(x,,)) > ’
Xyl = Zn — f,(é"n)) ((1+ 2t +2uy +3t2) (1 +54)) -

Along with these, we take the following methods for the comparison of numerical results:

e  Matthies et al. in [22] presented an optimal class of 8th order method from the Kung-Traub
method [8]. For some particular values of the parameters, one of the methods denoted by Mg, is

given by
Yn =Xn— J{/((};:’)) ’
z :y_<;&m&iﬂfm>
! " NG~ fy)? ) FG)
fzn) (2taASuntAG 4G s,

23ty +uy+2t2

:“‘ﬂm(
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e Babajee et al. in [11] presented a family of eighth order methods. For some fixed values of
parameters, the method denoted by Msgs is given by

— _ f(xn) fxn) \5

v == He (1 (FG 2)'
_ _ fyn) _ M B

2 =y A (1 Fe)
. f) [ Q+B+5t+s,
Tkl =27 ey \ ot

e  Chun and Lee in [29] presented a family of optimal eighth order methods. For some particular
values of parameters, the method denoted by Mg is given by

Yn =X f’i&i}'
o o f(yn 1
Zn = Yn— ey (1- £y
Xpi1 =2 — fz) S
n+ T f(x,) (1t 28 5“>2
T T T T2

In all the above methods, t,, 11, and s, are as given in (17). The performance of the methods Msg;,

i=1,2,3,4,5,6 are recorded in Table 3.

Table 3. Comparison of numerical results of eighth order methods at the 4th iteration.

fi fa f3 fa f5
Mg; 5.8768 x 107187 1.5404 x 10739 25345 x 10719 6.1099 x 1074 4.4344 x 10768
Mgy 2.0563 x 107165 9.0158 x 107321 1.1101 x 10717 5.4494 x 10~*21 4.0437 x 1075
Ax, Mss 45429 x 10170 15139 x 10732 2.9710 x 107168 2.8838 x 10421 2.9107 x 10604
Mgy 2.4469 x 107187 49438 x 10~ 4.3825 x 107171 1.8592 x 10438 43404 x 1061
Mgs 2.6744 x 10~204 NC 1.7766 x 107177 6.5231 x 107192 9.8976 x 105
Mgg 4.1482 x 1072% 1.3271 x 107380 56991 x 10~17° 2.5934 x 10~*% 7.1011 x 10~
Mg, 1.4045 0.0 0.3460 0.2575 2.3320
Mg, 1.4045 0.0 0.3460 0.2575 2.3320
o Ms 1.4045 0.0 0.3460 0.2575 2.3320
" Mgy 1.4045 0.0 0.3460 0.2575 2.3320
Msgs 1.4045 NC 0.3460 0.2575 2.3320
Mg 1.4045 0.0 0.3460 0.2575 2.3320
Mgy 0.0 0.0 0.0 0.0 0.0
Mgy 0.0 0.0 0.0 0.0 0.0
o) Mg 0.0 0.0 0.0 0.0 0.0
Mgy 0.0 0.0 0.0 0.0 0.0
Msgs 0.0 0.0 0.0 0.0 0.0
Mg 0.0 0.0 0.0 0.0 0.0
Mg, 7.9999 8.0000 7.9993 8.0000 8.0000
Mg, 7.9996 8.0000 8.0000 8.0000 8.0000
Acoc Mss 7.9997 8.0000 7.9996 8.0000 8.0000
Mgy 7.9998 8.0000 8.0047 8.0000 8.0000
Mgs 7.9995 NC 8.0020 8.0004 8.0000
Mg 8.0000 8.0000 8.0023 8.0000 8.0000

From Tables 1-3, we observe that the proposed methods are compatible with other existing
methods (and sometimes perform better than other methods) of the corresponding order. Not any
particular method is superior to others for all examples. Among the family of eighth order methods (18),
from Table 3, we observe that the method Mg; performs better than other two. For more understanding
about the iterative methods, we study the dynamics of these methods in the next section.
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4. Applications

The applications discussed in Sections 4.1-4.3 are based on standard engineering examples, and
we refer to [30]. We use the proposed methods My, Mg, and Msg;, i = 1,2,3 to obtain the various
results from the first three iterations of these examples. In particular, we compute the value of the
unknowns x,,_1 and x,, absolute value of the function f(x,) and absolute value of the difference d of
unknown in two consecutive iterations, i.e., d = |xn — Xp—1 |, n=123.

4.1. Pipe Friction Problem

Determining fluid flow through pipes and tubes has great relevance in many areas of engineering
and science. In engineering, typical applications include the flow of liquids and gases through
pipelines and cooling systems. Scientists are interested in topics ranging from flow in blood vessels
to nutrient transmission through a plant’s vascular system. The resistance to flow in such conduits
is parameterized by a dimensionless number called the friction factor f. For a flow with turbulence,
the Colebrook equation [31] provides a means to calculate the friction factor:

0= +20log ( ¢ 251 ) , (24)

\/17 ﬁJrRe\/f

where € is the roughness (m), D is the diameter (m) and Re is the Reynolds number

Here, p denotes the fluid density (kg/m?), v the velocity of the fluid (m/s) and u the dynamical
viscosity (N's/m?). A flow is said to be turbulent if Re > 4000.

To determine f for air flow through a smooth and thin tube, the parameters are taken to be
p=123kg/m3 u =179 x 107> N-s/m?, D = 0.005 m, V = 40 m/s and € = 0.0000015 m. Since the
friction factors range from about 0.008 to 0.08, we choose initial guess fy = 0.023. To determine the
approximate value of f, we use the function

g(f) = % +2.0log <3;D + Ri%) . (25)

The results obtained by the various methods are presented in Table 4.

Table 4. Results of pipe friction problem.

#Iter Value My Meg1 Mg Mg, Mg
f 0.0169 0.0170 0.0170 0.0170 0.0170
1 g(f) 0.0240 0.0104 0.0009 0.0005 0.0008
0.0061 0.0060 0.0060 0.0060 0.0060
f 0.0170 0.0170 0.0170 0.0170 0.0170

2 g(f) 3.0954 x 1077 2.6645 x 10715 8.8818 x 10710 8.8818 x 10710 8.8818 x 10~1¢

d 0.0001 41700 x 107> 3.7223 x 107® 20962 x 10~° 3.3172 x 10~°
f 0.0170 0.0170 0.0170 0.0170 0.0170

3 g(f) 88818 x1071° 838818 x 1071° 8.8818 x 10~ 1¢ 8.8818 x 10~1¢ 8.8818 x 10~1°
d 1.2442 x 1071 1.0408 x 10°17 6.9389 x 10718 0.0 0.0

4.2. Open-Channel Flow

An open problem in civil engineering is to relate the flow of water with other factors affecting the
flow in open channels such as rivers or canals. The flow rate is determined as the volume of water
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passing a particular point in a channel per unit time. A further concern is related to what happens
when the channel is slopping.
Under uniform flow conditions, the flow of water in an open channel is given by
Manning’s equation
VS

= Y2 ARY3, 26
o (26)

Q

where S is the slope of the channel, A is the cross-sectional area of the channel, R is the hydraulic
radius of the channel and 7 is the Manning’s roughness coefficient. For a rectangular channel having
the width B and the defth of water in the channel y, it is known that

A = By
and B
_ Y
R=5% 2y’
With these values, (26) becomes
\/§ By 2/3
o= a(s2%,)"

Now, if it is required to determine the depth of water in the channel for a given quantity of water, (27)

S By \*°
fly) = %By <B+y2y> -Q (28)

can be rearranged as

In our work, we estimate y when the remaining parameters are assumed to be given as Q = 14.15m?/s,
B =4572m,n = 0.017 and S = 0.0015. We choose as an initial guess yy = 4.5 m. The results obtained
by the various methods are presented in Table 5.

Table 5. Results of an open channel problem.

# Iter Value M41 M61 Ms] Msz M53

y 1.4804 1.4666 1.4652 1.4653 1.4653

1 f(y) 0.2088 0.0204 0.0016 0.0029 0.0028
d 3.0200 3.0334 3.0348 3.0347 3.0347
y 1.4651 1.4651 1.4651 1.4651 1.4651

2 f(y) 45027 x 1077 1.7764 x 1071% x 10715 35527 x 10715 3.5527 x 1071°
d 0.0154 0.0015 0.0001 0.0002 0.0002
y 1.4651 1.4651 1.4651 1.4651 1.4651

3 f(y) 35527 x1071% 71054 x 10714 6.5725 x 10~ 53291 x 10~1> 1.7764 x 1015
d 33152 x 10719 51070 x 10~1% 5.1070 x 10715 6.6613 x 10716 2.2204 x 10~1°

4.3. Ideal and Non-ldeal Gas Laws

The ideal gas law is
PV =nRT,

where P is the absolute pressure, V is the volume, 1 is the number of moles, R is the universal gas
constant and T is the absolute temperature. Due to its limited use in engineering, an alternative
equation of state for gases is the given van der Waals equation [32-35]

(P+;—2) (v—b) = RT,
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where v = % is the molal volume and 4, b are empirical constants that depend on the particular gas.
The computation of the molal volume is done by solving

flo)=(P+ Z%) (v —b) — RT. (29)

We take the remaining parameters as R = 0.082054 L atm/(mol K), for carbon dioxide 2 = 3.592,
b = 0.04267, T = 300 K, p = 1 atm, and the initial guess for the molal volume is taken as vy = 3.
The results obtained by the various methods are presented in Table 6. In this table, IND stands for
indeterminate form.

Table 6. Numerical results of ideal and non-ideal gas law.

#Iter Value Mg Me1 Mg Ms, Ms3
v 26.4881 27.0049  23.9583 24.1631 24.0274
1 f(v) 1.9647 2.4788 0.5509 0.3474 0.4823
d 23.4881 24.0049  20.9583 21.1631 21.0274
v 24.5126 245126 24.5126 24.5126 24.5126
2 f(v) 27340 x 1078 3.3573 x 10712 0.0 0.0 0.0
d 1.9756 2.4923 0.5543  0.3495 0.4852
v 24.5126 24.5126 IND IND IND
3 f(v) 0.0 0.0 IND IND IND

d 27503 x 1078 33786 x 10712 IND IND IND

5. Dynamical Analysis

The stability analysis of the methods Ma;, Mg and Mg;, i = 1,2,3, is performed in this section.
The dynamics of the proposed methods on a generic quadratic polynomial will be studied, analyzing
the associated rational operator for each method. This analysis shows their performance depending
on the initial estimations. In addition, method My, is analyzed for cubic polynomials. First, we recall
some basics on complex dynamics.

5.1. Basics on Complex Dynamics

Let R : C — C be a rational function defined on the Riemann sphere. Let us recall that every
holomorphic function from the Riemann sphere to itself is in fact a rational function R(z) = gé)) ,
where P and Q are complex polynomials (see [36]). For older work on dynamics on the Riemann
sphere, see, e.g., [37].

The orbit of a point zg € C is composed by the set of its images by R, i.e.,

{Zo,R(Zo),RZ(Zo), .. .,Rn(Zo), .. }

A point zF' € € is a fixed point if R(zF) = zF. Note that the roots z* of an equation f(z) = 0 are fixed
points of the associated operator of the iterative method. Fixed points that do not agree with a root of
f(x) = 0 are strange fixed points.

The asymptotical behavior of a fixed point zf is determined by the value of its multiplier
# = |R'(zF)|. Then, zF is attracting, repelling or neutral if y is lower, greater or equal to 1, respectively.
In addition, it is superattracting when y = 0.

For an attracting fixed point z, its basin of attraction is defined as the set of its pre-images of
any order:

A(Z") = {zg € C: R*(z9) — zF',n — }.

The dynamical plane represents the basins of attraction of a method. By iterating a set of initial
guesses, their convergence is analyzed and represented. The points z€ € C that satisfy R'(z€) = 0 are
called critical points of R. When a critical point does not agree with a solution of f(x) = 0, it is a free
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critical point. A classical result [21] establishes that there is at least one critical point associated with
each immediate invariant Fatou component.

5.2. Rational Operators

Let p(z) be a polynomial defined on C. Corresponding to the methods developed in this paper,
i.e., methods (10), (15) and family (18), we define the operators Ry4(z), Re(z) and Rg(z), respectively,
in C as follows:

Ry(z) = z<1+z<i’;y(<5>>)2> v(z);(pz()y(z», 0
Re(2) = R4(z)—<l+2%) %
Rs(z) = M@%mgé?nnqq
where y(z) = 2 — 22 and
I(z) _ e fj%@”w@%?f

First, we recall the following result for the generalization of the dynamics of My;.
Theorem 4 (Scaling Theorem for method My;). Let f(z) be an analytic function in the Riemann sphere and
let A(z) = nz + o, withyy # 0, be an affine map. Let h(z) = u(f o A)(z) with u # 0. Then, the fixed point
operator R{ is affine conjugated to Rl by A, i.e.,

(AoRjoA™)(z) = R{(2).

Proof. From (30), let the fixed point operators associated with f and / be, respectively,

R} (z)

_ FEN? f@+H(E)
e (1+2(75") O

2
Ri(z) = z—(1+2(Ma)") Hodaie),

Thus, we have

2 z
(][0 0 = o) - (122400 £AEf4) o

Being /' (z) = nuf'(A(z)), we obtain

[22
Ri(z) = z— (1+28h P
(A(2)) +F(AW)
AE)

y))) 1f(A(z) +;4f(A(
z )
f

Il
N
|
/N
—
+
N
ny
N/—\
NSRS
oS
==
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The affine map A satisfies A(zq — zp) = A(z1) — A(z2) + 0, Vz1, 22. Then, from (32), we have

2(AW) ) FAE)+F(AW))
(AoRg)(z) A(z) ((HZ;ZAZ));;Z{;‘Ajﬂly)))+U
z))+
Alz) ((1“2 ) LA o) +o
PHawy At
A2) ( ) FAGD)

Thus, it proves that (R{ 0 A)(z) = (Ao Rl)(z) and then method My satisfies the Scaling Theorem. L[]

Theorem 4 allows for generalizing the dynamical study of a specific polynomial to a generic
family of polynomials by using an affine map. Analogous to the way we proved the Scaling Theorem
for the operator Ry, it also follows that the fixed point operators R and Rg obey the Scaling Theorem.

5.3. Dynamics on Quadratic Polynomials

The application of the rational functions on a generic quadratic polynomial p(z) = (z —a)(z — b),
a,b € C is studied below. Let Ryqp be the rational operator associated with method My on p(z).
When the Mébius transformation h(u) = §=% is applied to Ry, ;, we obtain

z* (24 + 623 4 1422 + 14z + 3)
3z4 + 1423 + 1422 + 6z + 1

Sa(z) = (o Ryqp0h™1)(z) = (32)
The rational operator associated with My on p(z) does not depend on a and b. Then, the dynamical
analysis of the method on all quadratic polynomials can be studied through the analysis of (32).
In addition, the Mobius transformation & maps its roots 2 and b to z; = 0 and z; = oo, respectively.

The fixed point operator S4(z) has nine fixed points: z{ = 0and zJ = co, which are superattracting,
andzf = 1,255 = L(-3+5), 2, = 5240\ /3 - V2,25 g = 2232 +i\/3 + V2, all of them
being repelling. Computing S} (z) = 0, 5 critical points can be found. Zlc,z = z] , and the free critical
points z§ = 1andz45 = 6( 13 +1/133).

Following the same procedure, when Mobius transformation is applied to methods Mg and Ms;,
i =1,2,3, on polynomial p(z), the respective fixed point operators turn into

Se(z) = 26 (212416211 119210 4-5442° +170028 + 380827 4620620 +72882°+59732* +32482° + 11112242162+ 18)
642) = T 21621+ 1111210132482 +597325+ 728827 620620+ 380825+ 170027+ 54423+ 11922+ 162 +1

Su(x) = 2E,  Sel) =1F  Ss@)=32F
where P, and Q; denote polynomials of degree k.

The fixed point operator Sg has 19 fixed points: the two superattracting fixed points zi 2 =219
the repelling fixed point z{ = 1 and the repelling fixed points z£, ..., zly, which are the roots of a
sixteenth-degree polynomial.

Regarding the critical points of Sg, the roots of p(z) are critical points, and S has the free critical
points z§ = —1 and the roots of a tenth-degree polynomial, z§, .. ., z§;.

The dynamical planes are a useful tool in order to analyze the stability of an iterative method.
Taking each point of the plane as initial estimation to start the iterative process, they represent the
convergence of the method depending on the initial guess. In this sense, the dynamical planes show
the basins of attraction of the attracting points.

Figure 1 represents the dynamical planes of the methods S, and Sg. The generation of the
dynamical planes follows the guidelines established in [38]. A mesh of 500 x 500 complex values has
been set as initial guesses in the intervals —5 < R{z} < 5, =5 < &{z} < 5. The roots z; = 0 and
z3 = o0 are mapped with orange and blue colors, respectively. The regions where the colors are darker
represent that more iterations are necessary to converge than with the lighter colors, with a maximum
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of 40 iterations of the methods and a stopping criteria of a difference between two consecutive iterations
lower than 107°.

As Figure 1 illustrates, there is convergence to the roots for every initial guess. Let us remark that,
when the order of the method increases, the basin of attraction of zj = 0 becomes more intricate.

Finally, for the fixed point operators associated with family Ms, the solutions of Sg;(z) = z
for i = 1,2,3 give the superattracting fixed points 211?,2 = zj, and the repelling point =1 In
addition, Sg; has 28 repelling points. Sg, and Sgz have 38 repelling points, corresponding to the roots
of polynomials of 28 and 38 degree, respectively, and the strange fixed points zi 5= %(—1 + \/5)

-5 0 5 i -5 0 5
Riz) Riz)

(a) S4 (b) Se
Figure 1. Dynamical planes of methods S4 and Se.
The number of critical points of the fixed point operators Sg; are collected in Table 7. In addition,

the number of strange fixed points and free critical points are also included in the table for all of
the methods.

Table 7. Number of strange fixed points (SFP) and free critical points (FCP) for the methods on
quadratic polynomials.

Ss Se Ss1 Ss2 Ss3

Strange fixed points 7 17 29 41 41
Free critical points 3 29 29 43 29

Figure 2 represents the dynamical planes of the methods Sg;, Sgo and Sg3. Since the original
methods satisfy the Scaling Theorem, the generation of one dynamical plane involves the study of
every quadratic polynomial.

i 5 0 5
Rz}

(b) Ss2

Figure 2. Dynamical planes of methods Sg;,i = 1,2,3.
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There is an intricate region around z = —1 in Figure 2a, becoming wider in Figure 2b,c around
z = —1.5. However, for every initial guess in the three dynamical planes of Figure 2, there is
convergence to the roots.

5.4. Dynamics on Cubic Polynomials

The stability of method My; on cubic polynomials is analyzed below. As stated by the authors
in [39], the Scaling Theorem reduces the dynamical analysis on cubic polynomials to the study of
dynamics on the cubic polynomials pg(z) = 2%, p1(z) = 2% +z, p_(z) = 2% — z and the family of
polynomials p (z) = z% + 7z + 1. Let us recall that the first one only has the root z{ = 0, while p., (z)
and p—(z) have three simple roots: zi = 0and Z;,?’ = Fior 25/3 = TF1, respectively. For each y € C,
the polynomial p, (z) also has three simple roots that depend on the value of 7. They will be denoted
by z7,5(7):

By applying method My to polynomials py(z), p+(z) and p—(z), the fixed point operators
obtained are, respectively,

S40 (z) = 467 Syt (z) = 62°+3627 +462° Sy (z) = 6253627 +467° )

81/ (1+3z2)F 7 (1-322)%

The only fixed point of S4(z) agrees with the root of the polynomial, so it is superattracting, and the
operator does not have critical points.
The rest of the fixed point operators have six repelling fixed points, in addition to the roots of the

corresponding polynomials: ZZ’S = :I:% and zf o = £i\/1(3£V2) for Sy, (z), and zis = :tg and

zb g =4/1(3£V2) for Sy (z).

Regarding the critical points of S; 1 (z) and Sy _ (z), they match with the roots of the polynomials.

Moreover, there is the presence of free critical points with values 225 = +i % for S4 . (z) and

225 =4/ for Sy _(z).

As for quadratic polynomials, the dynamical planes of method My; when it is applied to the
cubic polynomials have been represented in Figure 3. Depending on the roots of each polynomial, the
convergence to zj = 0 is represented in orange, while the convergence to z; and zj is represented in
blue and green, respectively. It can be see in Figure 3 that there is full convergence to a root in the three
cases. However, there are regions with darker colors that indicate a higher number of iterations until
the convergence is achieved.

32

5
4
3
2
1
0 *
1
2
3
4
5

-5 0 5
”(z)

@) po(z) (b) p+(2) (© p-(2)

Figure 3. Dynamical planes of method My; on polynomials pg(z), p+(z) and p—(z).

When method My, is applied on p. (z), the fixed point function turns into

P —462° — 36727 44225 — 6972 + 452" +62° + 129727 — 1

S4,'y(z) = ('Y +3ZZ)4
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The fixed points of S,,(z) are the roots of the polynomial zj , ;(7), being superattracting, and the
strange fixed points z§_4(7) that are the roots of the sixth-degree polynomial g(z, ) = 35z° + 377z* +
728 4+ 119222 gz + 1% — 1.

As the asymptotical behavior of zJ (7),...,zf (v) depends on the value of 7, the stability planes
corresponding to these points are represented in Figure 4. For each strange fixed point, a mesh
of 100 x 100 points covers the values of R() € [-5,5] and J(y) € [-5,5]. The stability plane
shows the values for the parameter where |Sfm(zF )| is lower or greater than 1, represented in red or
green, respectively.

5 0 5
R{v}

Figure 4. Stability planes of z} (7).

From Figure 4, the strange fixed points are always repelling for (R(y), (7)) € [-5,5] x [-5,5].
Then, the only attracting fixed points are the roots of the polynomial. This fact guarantees a better
stability of the method.

The solutions of S} . (z) = 0 are the critical points Zlc,2,3('7) = 2} »5(7) and the free critical points
z§ =0and

2/3
(\/@\/12573+2484+414) —5/69y

C _
Z =
5 ™) 692/3 i/ V691/12593+4-2484+414
(—1:£iv3) (V69/125y7+2484+414) Y2 sV (14iv3)y
2(37(7) = .

2 692/3 %/ V69+4/12593+2484-+414

When the fixed point function has dependence on a parameter, another useful representation is the
parameters’ plane. This plot is generated in a similar way to the dynamical planes, but, in this case,
by iterating the method taking as an initial guess a free critical point and varying the value of y in a
complex mesh of values, so each point in the plane represents a method of the family. The parameters’
plane helps to select the values for the parameter that give rise to the methods of the family with
more stability.

The parameters’ planes of the four free critical points are shown in Figure 5. Parameter -y takes the
values of 500 x 500 points in a complex mesh in the square [—5,5] x [—5,5]. Each point is represented
in orange, green or blue when the corresponding method converges to an attracting fixed point. The
iterative process ends when the maximum number of 40 iterations is reached, in which case the point
is represented in black, or when the method converges as soon as, by the stopping criteria, a difference
between two consecutive iterations lower than 10~° is reached.

For the parameters’ planes in Figure 5, there is not any black region. This guarantees that the
corresponding iterative schemes converge to a root of p. (z) for all the values of 7.

In order to visualize the basins of attraction of the fixed points, several values of v have been
chosen to perform the dynamical planes of method My;. These values have been selected from the
different regions of convergence observed in the parameters planes. Figure 6, following the same code
of colours and stopping criteria as in the other representations, shows the dynamical planes obtained
when these values of v are fixed.
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5 0 s
o)

0
i)

@ z§ (b) 2§ (7) ©2§(7) @ z5(7)

Figure 5. Parameter planes of the critical points of method My; on p(z).

As Figure 6 shows, there is not any initial guess that tends to a point different than the roots. This
fact guarantees the stability of these methods on the specific case of any cubic polynomial.

s

5
4
3
2
1
0
1
2
3
4
5

5 0 5
Rz}

@y=-2+4i b)yy=-1+i (c)y=0.5—-0.5i
Figure 6. Dynamical planes for method My; on p,(z) for different values of 1.
6. Conclusions

Two iterative schemes of orders of convergence four and six, and a family of methods of order
eight have been introduced. The method of order four and the family of order eight are optimal
in the sense of Kung-Traub’s conjecture. The development of the order of convergence of every
method has been performed. For every method, we have made a numerical experiment, over both test
functions and real engineering problems. In order to analyze the stability of the introduced methods,
the dynamical behavior of them has been studied. The results confirm that the methods have wide
basins of attraction, guaranteeing the stability over some nonlinear problems.
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Abstract: Based on the Steffensen-type method, we develop fourth-, eighth-, and sixteenth-order
algorithms for solving one-variable equations. The new methods are fourth-, eighth-,
and sixteenth-order converging and require at each iteration three, four, and five function evaluations,
respectively. Therefore, all these algorithms are optimal in the sense of Kung-Traub conjecture;
the new schemes have an efficiency index of 1.587, 1.682, and 1.741, respectively. We have given
convergence analyses of the proposed methods and also given comparisons with already established
known schemes having the same convergence order, demonstrating the efficiency of the present
techniques numerically. We also studied basins of attraction to demonstrate their dynamical behavior
in the complex plane.
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1. Introduction

Finding faster and exact roots of scalar nonlinear equations is the most important problem
in engineering, scientific computing, and applied mathematics. In general, this is the problem of
solving a nonlinear equation f(x) = 0. Analytical methods for finding solutions of such problems
are almost nonavailable, so the only way to get appropriate solutions by numerical methods is
based on iterative algorithms. Newton’s method is one of the well-known and famous methods for
finding solutions of nonlinear equations or local minima in problems of optimization. Despite its nice
properties, it will often not work efficiently in some real-life practical applications. Ill conditioning
of the problems, the computational expense of functional derivative, accurate initial guesses, and a
late convergence rate generally lead to difficulties in its use. Nevertheless, many advantages in all
of these drawbacks have been found and led to efficient algorithms or codes that can be easily used
(see References [1,2] and references therein). Hence, Steffensen developed a derivative-free iterative
method (SM2) (see References [3]):

(n)
() — ) 4 (), ylr+D) — ) ST
W = 2004 ), D = <) — SO 0
where f[x(", ("] = %ﬁ%(")), which preserves the convergence order and efficiency index of

Newton’s method.

Mathematics 2019, 7, 1052; doi:10.3390 /math7111052 67 www.mdpi.com/journal /mathematics



Mathematics 2019, 7, 1052

The main motivation of this work is to implement efficient derivative-free algorithms for finding
the solution of nonlinear equations. We obtained an optimal iterative method that will support the
conjecture [4]. Kung-Traub conjectured that multipoint iteration methods without memory based on 4
functional evaluations could achieve an optimal convergence order 2¢~1. Furthermore, we studied the
behavior of iterative schemes in the complex plane.

Let us start a short review of the literature with some of the existing methods with or without
memory before proceeding to the proposed idea. Behl et al. [5] presented an optimal scheme that
does not need any derivative evaluations. In addition, the given scheme is capable of generating new
optimal eighth-order methods from the earlier optimal fourth-order schemes in which the first sub-step
employs Steffensen’s or a Steffensen-type method. Salimi et al. [6] proposed a three-point iterative
method for solving nonlinear equations. The purpose of this work is to upgrade a fourth-order iterative
method by adding one Newton step and by using a proportional approximation for the last derivative.
Salimi et al. [7] constructed two optimal Newton-Secant-like iterative methods for finding solutions
of nonlinear equations. The classes have convergence orders of four and eight and cost only three
and four function evaluations per iteration, respectively. Matthies et al. [8] proposed a three-point
iterative method without memory for solving nonlinear equations with one variable. The method
provides a convergence order of eight with four function evaluations per iteration. Sharifi et al. [9]
presented an iterative method with memory based on the family of King’s methods to solve nonlinear
equations. The method has eighth-order convergence and costs only four function evaluations per
iteration. An acceleration of the convergence speed is achieved by an appropriate variation of a free
parameter in each step. This self-accelerator parameter is estimated using Newton’s interpolation
fourth degree polynomial. The order of convergence is increased from eight to 12 without any extra
function evaluation. Khdhr et al. [10] suggested a variant of Steffensen’s iterative method with
a convergence order of 3.90057 for solving nonlinear equations that are derivative-free and have
memory. Soleymani et al. [11] presented derivative-free iterative methods without memory with
convergence orders of eight and sixteen for solving nonlinear equations. Soleimani et al. [12] proposed
a optimal family of three-step iterative methods with a convergence order of eight by using a weight
function alongside an approximation for the first derivative. Soleymani et al. [13] gave a class of
four-step iterative schemes for finding solutions of one-variable equations. The produced methods
have better order of convergence and efficiency index in comparison with optimal eighth-order
methods. Soleymani et al. [14] constructed a class of three-step eighth order iterative methods by
using an interpolatory rational function in the third step. Each method of the class reaches the optimal
efficiency index according to the Kung-Traub conjecture concerning multipoint iterative methods
without memory. Kanwar et al. [15] suggested two new eighth-order classes of Steffensen-King-type
methods for finding solutions of nonlinear equations numerically. Cordero et al. [1] proposed a general
procedure to obtain derivative-free iterative methods for finding solutions of nonlinear equations
by polynomial interpolation. In addition, many authors have worked with these ideas on different
iterative schemes [16-24], describing the basin of attraction of some well-known iterative scheme.
In this work, we developed a novel fourth-order iterative scheme, eighth-order iterative scheme,
and sixteenth-order iterative scheme, that are without memory, are derivative-free, and are optimal.

The rest of this paper is ordered as follows. In Section 2, we present the proposed fourth-, eighth-,
and sixteenth-order methods that are free from derivatives. Section 3 presents the convergence order
of the proposed scheme. In Section 4, we discuss some well-known iterative methods for the numerical
and effectiveness comparison of the proposed schemes. In Section 5, we display the performance of
proposed methods and other compared algorithms described by problems. The respective graphical
fractal pictures obtained from each iteration scheme for test problems are given in Section 6 to show
the consistency of the proposed methods. Finally, Section 7 gives concluding remarks.
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2. Development of Derivative-Free Scheme

2.1. Optimal Fourth-Order Method

Let us start from Steffensen’s method and explain the procedure to get optimal methods of
increasing order. The idea is to compose a Steffensen’s iteration with Newton'’s step as follows:

_ £
v =2 = =y @
2(1) = () ™)

The resulting iteration has convergence order four, with the composition of two second-order
methods, but the method is not optimal because it uses four function evaluations. In order to get
an optimality, we need to reduce a function and to preserve the same convergence order, and so,
we estimate f'(y(")) by the following polynomial:

Na(t) = Fy™) + (= y") fly™, ] 4 (£ =y ™) (= ™) fly ™), ™), 2], ®)
where
x(k=1) pavd) (k=1)
© 0 (@ kD) flxV) ,x0] — fx(© L XTIy )
FAE ST S 20 = 0 50 #x

x(k=1) < x®) 1t is noted
get

Ny = Fly™, 0]+ (g =) Fly ), ™), €], 4)

Now, approximating f'(y") ~ N (y")) in Equation (2), we get a new derivative-free optimal
fourth-order method (PM4) given by

is the generalized divided differences of kth order at 20 < xM < x@ <

<
that A3 (y™) = f(y"). Differentiating Equation (3) and putting t = y"), we

W) = ) 4 f(x()3

Fa00)
y(ﬂ) x(”) f(w(”))ff(x("))' (5)
f"™)

T Y () ) £, ]

2.2. Optimal Eighth-Order Method

Next, we attempt to get a new optimal eighth-order method in the following way:

w = x4 f(x(M)3,

(n) — M&

Yo =T )y .
20—y Fly) (6)

- T )~ T
P(n) =2z — ;/((Zz(n)))'

The above has eighth-order convergence with five function evaluations, but this is not an optimal
method. To get an optimal we need to reduce a function and to preserve the same convergence order,
and so, we estimate f(z(")) by the following polynomial:

Na(t) = f(&") + (¢ —z<")>f[z<"> <">1 +( t—z<">> E=y ") fEE, Y™, )]

7
+ (=) (¢ =y ™) (=) F120, 5, 20, 2], 7
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It is clear that V3(z(")) = f(z("). Differentiating Equation (7) and setting t = z("), we get
N3f<z(n)) = flz0m, y] 4 (200 — y () f[z00, 00 (] 4 (201 — ) (200 — () f201) (1) o0 x(0](8)

Now, approximating f'(z(")) ~ N3(z(") in (6), we get a new derivative-free optimal eighth-order
method (PM8) given by

w(”) = x(") +f(x(”))3,

(n) — yln) _ __fGUDE

Yo =X T iy

H(n) — 4 (n) _ f™) ©)
VT T Ty =)y 500

p(n) — () _ ]f(< )

FEOT 0]+ (200 —y00) F 20700 00| 4 (20— 00 (20 o) F (20 ) g0 ()]

2.3. Optimal Sixteenth-Order Method

Next, we attempt to get a new optimal sixteenth-order method in the following way:

wl®) = x4 f(x(M)3,
WE;@),%

Fwlm)—f(x0m)” w
_ ")
2" =yl — FIy w4 (g0 — . W0 Ly 00 <] (10)
(n) — ,(n) _ fzM)
p f[zm),y(w))H(z(u),y(n)) FIE 5, (M 1 (200 —y ) (200 o)) £ 200 50 p) ()] /
(n+1) _ () _ f(P")
X p f/(p(n)) .

The above has sixteenth-order convergence with six function evaluations, but this is not an optimal
method. To get an optimal, we need to reduce a function and to preserve the same convergence order,
and so, we estimate f’(p")) by the following polynomial:

Na(t) = f(p™) + (¢ = pO) A", 2]+ (£ = p) (= 2 £, 2, y )]
+(t— p(">)(t _ z<”>)(t _ y(n) )f[p( ),z<”),y(">,w(”)] (11)
+(t— p<”))(t — 2y (¢ — y(”))(t _ w(ﬂ))f[p(n),z(n),yw,w(ﬂ),x(n)},
It is clear that Ny(p)) = f(p"). Differentiating Equation (11) and setting t = p{"), we get

NG = Fp, 20 4+ (p) = 200) 0, 200,y 0] (p) = 200) (1) y ) £pl0) 200, ), 0

12)
+(p(n) _Z( ))(p( )_y( )(p(n) ))f[p( )z ,y(n),w(n X )].

Now, approximating f'(p(™) ~ A (p™)) in Equation (10), we get a new derivative-free optimal
sixteenth-order iterative method (PM16) given by

wl) = 20 4 f(x(M)3,

(n) _ ,(n f( x(m)?
A ) f(x(”))'( o
_ _ y"
21 =y T, 00 () — ) Ty ) <] (13)
p(") — ) _ =)

Fl20,y 04 (200 —y () £ 1200,y (m) ()] (2(0) — (1) ) (2 (1) —gp(n)) F[2(1) (1) () X ()] 7
(n)
21 — () _ S™) ,
p Ni(p(n))

where NV (p™)) given in Equation (12).
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3. Convergence Analysis

In this part, we will derive the convergence analysis of the proposed schemes in Equations (5), (9),
and (13) with the help of MATHEMATICA software.

Theorem 1. Let f : D C R — R be a sufficiently smooth function having continuous derivatives. If f(x) has
a simple root x* in the open interval D and x\%) is chosen in a sufficiently small neighborhood of x*, then the
method of Equation (5) is of local fourth-order convergence and and it satisfies the error equation

ent1 = (c2® — c2)ef3])el + (&)

Proof. Lete, = x(") — x* and c[j] = ) j=2,3,4,.... Expanding f(x(") and f(w(") about x* by

o)
Taylor’s method, we have
F) = £ (") en + cl2leg + c[3lep + cl4le + ., (14)
w™ = e, + f'(x*)3[en + c[2]e + c[3]e] + c[d]el +.. 3, (15)
Fa) = £V e +c2Jed + (F () + el + (5 (¢)el2] + e +..). (t6)
Then, we have
Y = x* 4 c[2)e2 + (—2c[2)? + 2¢[3])ed + (4c[2]® — 7e[2)c[3] + 3c[4] + F/(x*)c2])et +... . (17)

Expanding f(y(") about x*, we have

Fy™) = f'(x")[c[2led — 2(c[2* — c[3])ep + (5c[2]® — 7c[2]c[3] + 3c[4] + f/(x*)’c[2])es +...].  (18)
Now, we get the Taylor’s expansion of f [y, wm] = % by replacing

Equation (15)—(18).
Fly™, ] = £ (x) 1+ c[2len + (c[2]2 +c[3])eh + (' (x*)3c[2] = 2c[2] + c[2]e[3] +c[4])ef, +..]- (19)
Also, we have
™, w™, xM] = £(x*)[c]2] + 2¢[3]en + (c[2]c[3] + c[4])e2 + .. ] (20)
Using Equations (14)—(20) in the scheme of Equation (5), we obtain the following error equation:
eni1 = (c[2 — cl2lc[3])el + ... @1)
This reveals that the proposed method PM4 attains fourth-order convergence. [J
Theorem 2. Let f : D C R — R be a sufficiently smooth function having continuous derivatives. If f(x) has

a simple root x* in the open interval D and x(©) is chosen in a sufficiently small neighborhood of x*, then the
method of Equation (9) is of local eighth-order convergence and and it satisfies the error equation

ent1 = c[217(c[2]? — c[3]) (c[2] — c[2]e[3] + c[4])es + O(ep).-
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Theorem 3. Let f : D C R — R be a sufficiently smooth function having continuous derivatives. If f(x) has
a simple root x* in the open interval D and x(%) is chosen in a sufficiently small neighborhood of x*, then the

method of Equation (13) is of local sixteenth-order convergence and and it satisfies the error equation

eni1 = c[2]4(c[2]2 - c[3})2(c[2]3 — c[2)e[3] + c[4]) (c[z]4 — c[2%¢[3] + c[2]c[4] — c[5]>e},6 +0(el).

4. Some Known Derivative-Free Methods

Let us consider the following schemes for the purpose of comparison. Derivative-free

Kung-Traub’s two-step method (KTM4) [4] is as follows:

_ F(xM) L) — () L) D) ) Fym™) f(wm)
= oy @ =X S =Y ) O AR o]

Derivative-free Argyros et al. two-step method (AKKB4) [25] is as follows:

y

oy _ oy f&®) () (n o fy™) f(x) ~fyW)
v =3 = oy @ = KON T = e Jf[y<",w<>]<1 )

Derivative-free Zheng et al. two-step method (ZLM4) [26] is as follows:

(n)
() — () )y L(41) _ () _ fy™)
w X +f(x )/ x Y f[x(”),y(”)] + <]/( _ x(n) )f[ (1) (n)]'

Derivative-free Argyros et al. three-step method (AKKBS) [25] is as follows:

(n) — ) — _FG) ) () () ) — y(n) _ fy™) f(xm) _ fu")
) = ot — A, ")~ e e o (1 )
x(n+1) — (1) _ £z
T2y (@ 00 F 200 5 2] 4 (=1 my T7) (20— 20 FL00 (0 200 0]
Derivative-free Kanwar et al. three-step method (KBKS) [15] is as follows:
() (n)
y() = x() — % W) = 200 4 F(x0)3, 200 = y(m W i
1) _ _ JiE) _ (") M f(z ")) fz) fz")
X0 = 20— T e g ) (1 (i) sl + fe +5(fo ) )

Derivative-free Soleymani three-step method (SM8) [2] is as follows:

() y
W) = 5004 (300, = 0 L) o)),

(n+1) — 5(n) _ f _ 1
K1) — (0 G w‘”) Putpn, where gy = T G

- £y SOV FE) ) | e
¥n =1+ by (ﬂzm)) (W F0), ) @+ flx0, ) ) (L2 >) +LED 4 e S

Derivative-free Zheng et al. four-step method (ZLM16) [26] is as follows:

_ o fxmy — f™)
yi = x0) F@)—f My w® o f(x), 200 =y — T w04 () — o)) £ [y o) X (D] 7
Pl = z0n) £E)
T 00| (20— 0 200 )20 4 (200) ) (2 ) (200 ) () (0]
2 1) = pln) ™)
Py
where f/(p) & F[p0, 200] + (p) — 200) F[ptm), 20, (0] 1 (00 — 200 (1) — 4 £, 2 0), (1) ()]
+(p) ,Zm))(,,(w ,y(n))(,,(ro _ ol ))f[p(n) (n) y< ), w(m) x(n)].

5. Test Problems

(22)

(23)

(24)

(25)

(26)

27)

(28)

We compare the performance of the proposed methods along with some existing methods for
test problems by using MATLAB. We use the conditions for stopping criteria for |f(x(N))| < e where
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€ = 10750 and N is the number of iterations needed for convergence. The computational order of
convergence (coc) is given by

X

(
/(

In | (xN) — x(N-1)) / (x(N=1) _ x(N-2))|
(N=2)) / (x(N-2) — x(N-3))|

“In |(x(N=1) — x(N=2)

The test problems and their roots are given below:

fi(x) =sin(2cos x) — 1 — 22 + ¢sin(®), x* = —0.7848959876612125352...
fo(x) = x* +4x% — 10, x* = 1.3652300134140968457...
f3(x) = Va2 +2x +5—2sinx —x* 43,  x* = 2.3319676558839640103...
fa(x) = e *sinx +log (1+x2) —2, X" = 2.4477482864524245021...
f5(x) = sin(x) + cos(x) + x, x* = —0.4566247045676308244...

Tables 1-5 show the results of all the test functions with a given initial point. The computational
order of convergence conforms with theoretical order of convergence. If the initial points are close to
the zero, then we obtain less number of iterations with least error. If the initial points are away from
the zero, then we will not obtained the least error. We observe that the new methods in all the test
function have better efficiency as compared to other existing methods of the equivalent methods.

Table 1. Comparisons between different methods for f;(x) at x(©) = —0.9.
Methods N |x( —xO] |x(2) —x1)) [x®) —x@)|  |x(N) —x(N=1)| (o
SM2 (1) 8 0.0996 0.0149 6.1109 x10~* 1.0372x 108 1.99
KTM4(22) 5 0.1144 6.7948x107%  3.4668x10712  51591x10"178 400
AKKB4 (23) 4 0.1147 3.6299x10%  9.5806x107 1% 4.6824x107%2  3.99
ZLM4(24) 5 0.1145 6.1744x10~%  1.5392x10712  1.3561x10"18% 4,00
PM4 (5) 4 0.1150 1.3758x107%  2.6164x101°  3.4237x10%3 3.99
AKKBS8 (25) 3 0.1151 1.2852x1078  3.7394x10762  3.7394x1062 7.70
KBK8(26) 3 0.1151 8.1491x1078  1.5121x107% 1.5121x 10~ 7.92
SMS (27) 4 0.1151 1.8511x107°  1.0266x10~% 0 7.99
PMS (9) 3 0.1151 71154x107°  9.3865x10°%  9.3865x107%7  8.02
ZLM16 (28) 3 0.1151 5.6508x107 15  1.4548x107225  1.4548x10~2> 1582
PM16(13) 3 0.1151 5.3284x10717  1.2610x10722  1.2610x10722  16.01
Table 2. Comparisons between different methods for f;(x) at x(0 =16.
Methods N [x( —xO] |x@ —x®]  |xG) —x@)|  |x(V) _x(N=-1|  ¢o¢
SM2 (1) 12 0.0560 0.0558 0.0520 1.7507 %1083 1.99
KTM4(22) 5 0.2184 0.0163 3.4822x10°° 4.7027x10~7° 3.99
AKKB4 (23) 33 0.0336 0.0268 0.0171 2.4368 %1052 0.99
ZLM4(24) 5 0.2230 0.0117 4.4907x10~7 3.9499x10~% 3.99
PM4 (5) 5 0.2123 0.0224 2.3433x1077 4.3969x10-12 4,00
AKKBS8 (25) 4 0.2175 0.0173 1.2720x107° 1.0905x 1066 8.00
KBK8 (26) D D D D D D

SMS8 (27) 4 0.2344 41548x10~%  9.5789x10~*  7.7650x10"181  7.89
PMS (9) 4 0.2345 24307x10%  4.6428x10732  82233x107%*  8.00
ZLM16 (28) 3 0.2348 220481077  1.9633x10- 124 1.9633x10-1%* 1557
PM16 (13) 3 0.2348 2.8960x10°8  1.7409x10126  1.7409x107120  17.11
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Table 3. Comparisons between different methods for f3(x) at x(0) = 2.7.

Methods N |x() —x(O] |x@) —x1)) [x®) —x@) | |x(N) —x(N=1)| (o
SM2 (1) 7 0.3861 0.0180 4.6738x10~%5 1.0220x 1082 1.99
KTM4 (22) 4 0.3683 2.8791x107%  1.0873x10716 2.2112x10~%6 3.99
AKKB4 (23) 4 0.3683 25241x107%  52544x10°7  9.8687x107%  3.99
ZLM4 (24) 4 0.3683 3.1466x10~%  1.7488x107 16 1.6686x 1065 4.00
PM4 (5) 4 0.3683 22816x10~%  23732x10717  2.7789x10~%° 3.99
AKKB8 (25) 3 0.3680 1.7343x1078  3.8447x107%7  3.8447x10~¢7 8.00
KBK8 (26) 4 0.3680 42864x107°  1.8700x10738  2.4555x1073%  7.99
SM8(27) 3 0.3680 7.8469x1078  2.9581x107°1  2.9581x1076! 8.00
PMS (9) 3 0.3680 9.7434x107°  1.0977x10~% 1.0977x 1069 8.04
ZLM16 (28) 3 0.3680 1.4143x10710  6.3422x1072%0  6.3422x1072%  16.03
PM16(13) 3 0.3680 3.6568x10717  7.4439x107%4  7.4439x107%*  16.04
Table 4. Comparisons between different methods for f4(x) at x(©) = 1.9.
Methods N |x(U —x(O] |x(2) —x1)) [x®) —x@)|  |x() —x(N=1)| 4o
SM2 (1) 7 0.4975 0.0500 25378 x10~% 1.9405x 1073 2.00
KTM4 (22) 4 0.2522 1.7586x107°  1.5651x10726  9.8198x10197  3.99
AKKB4 (23) 4 0.5489 0.0011 3.8305x10°1°  5.5011x10~°! 3.99
ZLM4 (24) 4 0.5487 9.0366x10~%  1.4751x10~1° 1.0504 % 1062 3.99
PM4 (5) 4 0.5481 3.0864x107%  8.0745x1018  3.7852x10772  3.99
AKKBS8 (25) 3 0.5477 5.4938x10~7  4.9628x1076 4.9628 %1056 8.17
KBK8 (26) 3 0.5477 41748x10~7  5.8518x107? 5.8518 1057 8.47
SM8(27) 3 0.5477 5.4298x10~7  4.1081x107°¢  4.1081x1075¢ 8.18
PMS (9) 3 0.5477 5.8222x1078  1.1144x10~% 1.1144x 1064 8.13
ZLM16 (28) 3 0.5477 2.7363x1071%  7.2982x1072%  7.2982x1072%  16.13
PM16(13) 3 0.5477 5.6240x1071°  1.9216x10727  1.9216x107%7  16.11
Table 5. Comparisons between different methods for f5(x) at x(©) = —0.2.
Methods N |x(U —x(O] |x(2) —x(1)) [x®) —x@)|  |x() —x(N=1) (o
SM2 (1) 7 0.3072 0.0499 6.4255x10~* 4.1197x10~5° 2.00
KTM4(22) 5 0.2585 0.0019 1.5538x10712  3.4601x10°19*  4.00
AKKB4 (23) 4 0.2571 44142x10~%  3.4097x10°15 1.2154x10~% 3.99
ZLM4 (24) 4 0.2580 0.0013 3.5840x 1013 1.8839x 1051 3.99
PM4 (5) 4 0.2569 2.8004x107%  6.2960x10°17  1.6097x107¢7  3.99
AKKB8 (25) 3 0.2566 41915x1078  6.3444x107%  6.3444x107% 8.37
KBK8 (26) 4 0.2566 4.0069x10°°  5.1459x10~ ¥ 0 7.99
SM8(27) 4 0.2566 2.9339x107°  1.0924x1046 0 7.99
PMS (9) 3 0.2566 3.7923x10~ 11 9.0207x10~% 9.0207x10~%0 7.99
ZLM16 (28) 3 0.2566 5.3695x10710  7.0920x10"22  7.0920x10~%2  16.06
PM16 (13) 3 0.2566 1.1732x107Y  1.2394x10731%  1.2394x107%%  16.08
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6. Basins of Attraction

The iterative scheme gives information about convergence and stability by studying basins of
attraction of the rational function. The basic definitions and dynamical concepts of rational function can
found in References [17,27,28]. Let us consider a region R x R = [—2,2] x [—2,2] with 256 x 256 grids.
We test iterative methods in all the grid point z(?) in the square. The iterative algorithms attempt roots
z; of the equation with condition [f(z))] < x10~* and a maximum of 100 iterations; we conclude
that z(0) is in the basin of attraction of this zero. If the iterative method starting in z() reaches a zero in
N iterations, then we mark this point z(9) with colors if \Z(N ) — zf| < x107*. If N > 50, then we assign
a dark blue color for diverging grid points. We describe the basins of attraction for finding complex
roots of py(z) = 22 — 1, pa(z) = 2% — 1, p3(z) = (22 +1)(z2 — 1), and p4(z) = z° — 1 for proposed
methods and some higher-order iterative methods.

In Figures 1-5, we have given the basins of attraction for new methods with some existing
methods. We confirm that a point zy containing the Julia set whenever the dynamics of point shows
sensitivity to the conditions. The neighbourhood of initial points leads to the slight variation in
behavior after some iterations. Therefore, some of the compared algorithms obtain more divergent
initial conditions.

Figure 1. Basins of attraction for SM2 for the polynomial.
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Figure 2. Polynomiographs of p;(z): (a) KTM4; (b) AKKB4; (¢) ZLM4; (d) PM4; (e) AKKBS; (f) KBKS;
(g) SMS; (h) PMS; (i) ZLM16; and (j) PM16.
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Figure 3. Polynomiographs of py(z): (a) KTM4; (b) AKKB4; (¢) ZLM4; (d) PM4; (e) AKKBS; (f) KBKS;
(g) SM8; (h) PM8; (i) ZLM16; and (j) PM16.
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(@ G

Figure 4. Polynomiographs of p3(z): (a) KTM4; (b) AKKB4; (c)ZLM4; (d) PM4; (e) AKKBS; (f) KBKS;
(g) SMS; (h) PMS; (i) ZLM16; and (j) PM16.
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Figure 5. Polynomiographs of p4(z): (a) KTM4; (b) AKKB4; (c)ZLM4; (d) PM4; (e) AKKBS; (f) KBKS;
(g) SMS; (h) PMS; (i) ZLM16; and (j) PM16.
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7. Concluding Remarks

We have proposed fourth-, eighth-, and sixteenth-order methods using finite difference
approximations. Our proposed new methods requires 3 functions to get the 4th-order method,
4 functions to obtain the 8th-order method, and 5 functions to get the 16th-order one. We have
increased the convergence order of the proposed method, respectively, to four, eight, and sixteen
with efficiency indices 1.587, 1.565, and 1.644 respectively. Our new proposed schemes are better
than the Steffensen method in terms of efficiency index (1.414). Numerical solutions are tested to
show the performance of the proposed algorithms. Also, we have analyzed on the complex region for
iterative methods to study their basins of attraction. Hence, we conclude that the proposed methods
are comparable to other well-known existing equivalent methods.
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Abstract: A generic family of optimal sixteenth-order multiple-root finders are theoretically
developed from general settings of weight functions under the known multiplicity. Special cases of
rational weight functions are considered and relevant coefficient relations are derived in such a way
that all the extraneous fixed points are purely imaginary. A number of schemes are constructed based
on the selection of desired free parameters among the coefficient relations. Numerical and dynamical
aspects on the convergence of such schemes are explored with tabulated computational results and
illustrated attractor basins. Overall conclusion is drawn along with future work on a different family
of optimal root-finders.
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1. Introduction

Many nonlinear equations governing real-world natural phenomena cannot be solved exactly by
virtue of their intrinsic complexities. It would be certainly an important matter to discuss methods
for approximating such solutions of the nonlinear equations. The most widely accepted method
under general circumstances is Newton’s method, which has quadratic convergence for a simple-root
and linear convergence for a multiple-root. Other higher-order root-finders have been developed by
many researchers [1-9] with optimal convergence satisfying Kung-Traub’s conjecture [10]. Several
authors [10-14] have proposed optimal sixteenth-order simple-root finders, although their applications
to real-life problems are limited due to the high degree of their algebraic complexities. Optimal
sixteenth-order multiple-root finders are hardly found in the literature to the best of our knowledge at
the time of writing this paper. It is not too much to emphasize the theoretical importance of developing
optimal sixteenth-order multiple root-finders as well as to apply them to numerically solve real-world
nonlinear problems.

In order to develop an optimal sixteenth-order multiple-root finders, we pursue a family of
iterative methods equipped with generic weight functions of the form:

Yn = Xn — mfé((l;;)),

Zn =Y — me(S)fr((yY'l)) = [1 +5Qs(s )]f’ i’,x, ’ 1)
W, = 2 — mK, (s, u)f,((zif) m[1+sQy(s )+su1<f(s,u)}ff,((§’;>>,

Xyl = Wn — m]f(s, u,v)f =x, —m[l+ sQf(s) + suKy (s, u)+ suvj(s, u,v)] ff,(();’;)),
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f(yn) )1/m

where s = (f(x,,) Hal )Um £on) )Um Qy : C — Cisanalytic [15]in a neighborhood

o= o=

fyn) fzn)
of 0, K f CcC? > cC holomorphic [16,17] in a neighborhood of (0,0), and J : IE :CP > C holomorphic
in a neighborhood of (0,0,0). Since s, u and v are respectively one-to-m multiple-valued functions,
their principal analytic branches [15] are considered Hence, for instance, it is convenient to treat s

as a principal root given by s = exp[L Log /" ] with Log(;g ; = Log{;gl’m +i Arg(Jf(EZ:g) for

-7 < Arg(;gxn; ) < 7; this convention of Arg(z) for z € C agrees with that of Log[z] command of
Mathematica [18] to be employed later in numerical experiments.

The case for m = 1 has been recently developed by Geum-Kim-Neta [19]. Many other existing
cases for m = 1 are special cases of (1) with appropriate forms of weight functions Qy, Ky, and J;
for example, the case developed in [10] uses the following weight functions:

1+(1 u)s?
Kf(s u) (1—s)2(1 2u)(l su)f’ ) R - @
_ —1+2su*(v=1)+s* (u—Du?(v—1) (uv—1)+s*[uv—1—u’(v*—1)]
]f(s’ u, Z)) - (";75)2(1‘7%(SLjilz;z(v7¥§(u0713(Si;71)2“ : :

One goal of this paper is to construct a family of optimal sixteenth-order multiple-root finders by
characterizing the generic forms of weight functions Q f(s), K f(s, u),and J f(s, u,v). The other goal is
to investigate the convergence behavior by exploring their numerical behavior and dynamics through
basins of attractions [20] underlying the extraneous fixed points [21] when f(z) = (z —a)™(z — b)™ is
applied. In view of the right side of final substep of (1), we can conveniently locate extraneous fixed
points from the roots of the weight function m([1 +sQy(s) + suKy (s, u) + suvj¢(s, u,v)].

A motivation undertaking this research is to investigate the local and global characters on the
convergence of proposed family of methods (1). The local convergence of an iterative method for
solving nonlinear equations is usually guaranteed with an initial guess taken in a sufficiently close
neighborhood of the sought zero. On the other hand, effective information on its global convergence
is hardly achieved under general circumstances. We can obtain useful information on the global
convergence from attractor basins through which relevant dynamics is worth exploring. Especially
the dynamics underlying the extraneous fixed points (to be described in Section 3) would influence
the dynamical behavior of the iterative methods by the presence of possible attractive, indifferent,
repulsive, and other chaotic orbits. One way of reducing such influence is to control the location of the
extraneous fixed points. We prefer the location to be the imaginary axis that divides the entire complex
plane into two symmetrical half-planes. The dynamics underlying the extraneous fixed points on the
imaginary axis would be less influenced by the presence of the possible periodic or chaotic attractors.

The main theorem is presented in Section 2 with required constraints on weight functions, Qy,
Ky, and ] to achieve the convergence order of 16. Section 2 discusses special cases of rational
weight functions. Section 3 extensively investigates the purely imaginary extraneous fixed points and
investigates their stabilities. Section 4 presents numerical experiments as well as the relevant dynamics,
while Section 5 states the overall conclusions along with the short description of future work.

2. Methods and Special Cases

A main theorem on the convergence of (1) is established here with the error equation and
relationships among generic weight functions Qy(s), K¢(s, u), and J¢(s, u,v):

Theorem 1. Suppose that f : C — C has a multiple root « of multiplicity m > 1 and is analytic in a
neighborhood of w. Let ¢; = @ ”}'ﬂ) f(;'(’:]’l forj = -+. Let xo be an initial guess selected in

a suﬁ‘tczently small region containing a. Assume Ly : (C — C is analytic in a neighborhood of 0. Let
Q; = ﬁEQf( )|(s:0) for 0 < i < 6. Let Ky : C? — C be holomorphic in a neighborhood of (0,0).

Let J; : C* — C be holomorphic in a neighborhood of (0,0,0). Let K = 1,1] B?’;/t/ K (s, u)|<s:O u—o) for
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0<i<12and0 < j <6 Let ik = shpr 303 £ (59| (s_guop0) r 0 <1 < 8,0 < j < dand
0<k<2IfQo=10Q1=2Kp=1Kyp=2Kp=1Kyp=1+Q2,Ky1 =4,K3p = —4+2Q2+ Q3,
Jooo =1, J100 = 2,Ja00 = 1+ Q2,Jo10 = 1, J110 = 4, J300 = —4 +2Q2 + Q3, Joor = 1, Jozo = Koz, J210 =
1+ Ko1, Jaoo = Kao, J101 = 2,J120 = 2+ Kip, 310 = —4+ K1 + 202, Js00 = Kso, Jo11 = 2, )01 =
1+ Q2 Joso = —1+ Koz + Koz, J2o0 = 1+ Koy + Koo — Q2, Jy10 = —3 + Ky + Kgg + Q2 — Qy, Jeoo =
Koo, J111 = 8, Ja01 = —4+2Q2 + Q3,J130 = —4 + 2Ko2 + K12 + Ki3, Jaz0 = —6 + 2Kp1 + Ka1 + K3z —
2Q2 — Qg, Js10 = 6 4+ 2Ky0 + K50 + K51 — 3Q3 — 2Q4 — Q5, J700 = Ky are fulﬁlled, then Scheme (1)
leads to an optimal class of sixteenth-order multiple-root finders possessing the following error equation: with
en =X, —aforn=0,12,---,

1
el = g=o502(pcs — 2mes) [Bocs + Prcies +12m* (Ko — 1) — 12mPeaca] ¥ 0 + Oler)),  (3)

wherep = 94 m —2Qa, By = (—431+12Kyg — 7m? +6m(—17 + Qy) +102Qs — 24Q3 — 12Q4 + 6Kp10 +
3K02p2), B1= —12m(—17+ Koy —2m+Qy + Kozp), Y= Alcg + A2C3C3 + A3C§C4 + A4C%C3C4 + A5C% +
Aéc% + A7C% + A862€%C4,

Ay = (—255124 + 144]g00 — 144Ksgg — 122577m — 23941m?2 — 2199m> — 79m* + 24K 40 (472 + 93m +
5m2) — 72(17 + m) Q3 — 576 Q3 + Q3 (48(—566 + 6Kyg — 117m — 7m?) — 576Qy) + 24(—485 + 6Kyg —
108m — 7m2)Qy — 144Q2 + Q3(36(—87 + 14m + m?) + 288Q3 + 144Qy) + Q2(18(5300 + 1529m +
172m?* + 7m® — 8Ky (18 + m)) + 144(35 + m)Qz + 72(29 + m)Qy) + 180%¢ + 6p(12]s10 — 12(2Ks50 +
Keo + K1 — 2Q5 — Qo) + Jo11(—12Kyg + 02) + 2Ka1 (—Joo202 + 03 + 6179)) + p?(36]420 — 36]211Ko1 +
36J002K3;, — 72K31 — 36J021Ka0 — 36Ky41 — 36Ky2 + 3Jo2102 + 6Koo(—6/a01 + 12J002Ka0 — Joozz + 03)) +
12]40107 + Joo20%2 + 90*7),

Ay = m(144(Q3 — 2Qs — Qo) + 288Q3(—Kz1 + (39 + 4m) — Kupp) + 144Q3(—2Ky — (7 +
m) — Koop) + 144Q4(—Ka1 + 4(9 + m) — Knop) + Q2(144K51 (58 + 5m) — 36(1529 — 8Ky + m(302 +
17711)) — 28803 — 144Q4 + 144Ky (38 + 3m)p) - 108‘02(7 + 6(40859 — 24]410 + 48K50 + 24Kg0 + 24Kg1 +
24K40(731 + ]211 — 371”1) + m(14864 + m(1933 + 88"1)) — 2]2110—8) — 72p3T — 24p2(]0020'2 — 6110) —
24[(21(1309 + m(267 + 14711) — Joo208 + 6770) + p(144]211K21 — 144]002[(%1 + 12(—12]420 + 12(2K31 +
Jo21Kao + Ka1 + Ka2) — Jo210) — 12Kz (1781 + m(360 + 19m) — 2Jo0204 + 12170))),

Az = 12m?(6(63 + 5m)Q; — 48Q3 — 24Q4 + 6(Jo11 + Ko1 — 2Jo02Ko1 )p — (1645 — 12]401 + 12(—1 +
2]002)[(40 +372m + 23m? — 2]0020'2) + 3p20'5),

Ay = 144m3(—3Q; + (53 — Jo11 + (=1 + 2Joo2) Ka1 + 6m — 2Jon2p2) — p0s),

As = 72pm3C5 + 1277126%((—12[(21 (]211 — 4(10 + Wl)) + K02(4778 — 12]401 + m(990 + 527’}’1)) +
3(*1929 + 4]40] + 4]420 - 8K31 + 8K40 - 4K41 - 4K42 —476m — 31}’1’[2 + 2]2]] (43 + 5m) + ]021 (115 +
22m + mz))) - 6(—88 + 121021 + 4211 + 232Kop + 8Kp1 + (—10 + 1321 + 22K02)m + 2]002(51 — 4Ky +
5m))Qa + 12(1 + Jooz + 3Jo21 + 6Ko2) Q3 + 18p0 + 18027 + Qa(12(—2 + Kpp) + 12177) + Q3(24(—2 +
Koz) + 24171) — Joo1772 + 111 ((2165 — 12Kgg + m(510 + 31m)) + 112)),

D¢ = 72m3(2(—1 + Jooo)mc3 — 2mezcs + c3(2Qa(—1 + 6Kpp) — 2Kp2 (49 — Jo11 + 5m + 2Jonops) +
(85 = 2211 — 2J230 + 4K1p — 4Ka1 + 4002 (Ka1 — p2) + 2Kop + 2Kp3 + 11m + 2]p2103) — 407)),

A7 = 144m* (=1 + Jooz + Joo1 + Joso — Koz — Koa + (2 — 171) Koz + Joo2K3,), A = 144m* (=3 4171 +
(1= 2Jo02)Koz),

T = Joao — Joo1Koz + Jo02K3, — Koz — Kos, p2 = 17 +2m — Qy, p3 = —26+ Koy — 3m +3Q,, 0 =
J230 — J211Ko2 — 2K12 — Joo1 Kot + 2J002 Koo Ko — Koo — Koz, 03 = 431+ 7m? — 6m(—17 4+ Q;) — 102Q, +
24Q3 +12Q4, 03 = 472 + 5m? + m(93 — 6Q;) — 108Q; + 12Q3 + 6Qy, 04 = 890 + 13m?% — 231Q, +
6Q% — 3m(769 + 7Q2) + 24Q3 + 12Q4, 05 = ]021 =+ K()z — 2]0021(02, 0 = —1255 + 6K40 — 288m —
17m? + 363Q; + 39mQ, — 18Q§ —12Q3 — 6Qy, 07 = 431 — 12Ky + 7m? — 6m(—17 + Qo) — 102Q, +
24Q; + 12Qq, 05 = 1349 + 19m? + m(312 — 36Q) — 360Q> + 12Q3 + 24Q3 + 12Qq, 170 = —Jao1 +
2Jo02Ka0, 11 = 2Jooz + Jo21, 112 = 6K3; — 6Ko1 (43 + 5m) + 206Kpp.
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Proof. Since Scheme (1) employs five functional evaluations, namely, f'(xy), f(xn), f(yn), f(zn),
and f(wy), optimality can be achieved if the corresponding convergence order is 16. In order to induce
the desired order of convergence, we begin by the 16th-order Taylor series expansion of f(x,) about a:

7f’("‘) miq < o1 L O(el7 4
f(xn)— m! en{ +ZC1 €y + (en )} ( )
: i=2
It follows that
" _ O m4+i—1
Fon) = Aoty M o), 6
: i=2

(m—1)
For brevity of notation, we abbreviate e, as e. Using Mathematica [18], we find:

—(m +1)c% + 2me Y, oy .
yn:xn—m;((in)):a-i-%ez-ﬁ-( ( +3122+ 3)E3+m74§34+2mz ¢é 1+ 0(e7), (6)
n

i—1
i=5

where Yy = (1+ m)zcg —m(4 +3m)cyes + 3mPcq and Y; = Yi(cp, 3, -+, c16) for 5 < i < 16.
After a lengthy computation using the fact that f(yn) = f(¥n)|e,— (y,—a) We get:

1/m > 15
_ (fyn) _C (—(m+2)c5+2mc3) , R iy 16
. (f(xn) T m2 MR T +i§i Eie'+0(e™), @)

where 3 = (7 +7m + 2m?)c3 — 2m(7 + 3m)cacs + 6m>cy, E; = Ei(ca, 3, -, c16) for 4 < i < 15.

In the third substep of Scheme (1), w, = O(e®) can be achieved based on Kung-Traub’s conjecture.
To reflect the effect on w;, from z, in the second substep, we need to expand z, up to eighth-order
terms; hence, we carry out a sixth-order Taylor expansion of Qf(s) about 0 by noting that s = O(e)

and ff,—(&’:l)) = 0(e?):
Qf(s) = Qo + Q15 + Qas” + Q38® + Qus* + Q55 + Qes® + O(¢7), ®)

where Q; = 77 Qf(s) for 0 < j < 6. As a result, we come up with:

_ 16 .
zy = Xy — mQj(s) flyn) _ o+ (l mQO)ez + %63 + Y Wie+0(e"),
n i=4

where ji3 = (=14 m(Qo — 1) +3Qq — Q1)c% — 2m(Qo — 1)c3 and W; = Wi(cz, c3,- -+, c16,Qo, -+ , Qo)
for 4 <i < 16. Selecting Qp = 1 and Q; = 2 leads us to an expression:

272 16 X
Zn :uc+cz(pczm72mc3)e4+z W; e + 0(e'). )

i=5

By a lengthy computation using the fact that f(zu) = f(xu)le, - (z, —«), We deduce:

/m 2 16
f(zn) ! (pcz —2mc3) 5 | 33 5 i 17
= = W) oy O3 Giel +0(e7), 10
u (f(yn) TR T +i§1 e+ 0(e") (10)
where 63 = (49 + 2m? + m(27 — 6Q,) — 18Q, + 3Q3)c§ — 6mpcycy + 6m’cy and G; =

Gi(ca,c3,-++ ,¢16,Qa, -+, Q) for4 <i < 16.
In the last substep of Scheme (1), x,, 11 = O(e'®) can be achieved based on Kung-Traub’s conjecture.
To reflect the effect on x,,41 from w;, in the third substep, we need to expand w,, up to sixteenth-order
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terms; hence, we carry out a 12th-order Taylor expansion of Kf(s,u) about (0,0) by noting that:

s =0(e), u = O(¢?) and ;’,((Zxﬂj) = O(e*) with K;; = O satisfying i +2j > 12 forall 0 < i < 12,0 < j < 6:

K¢ (s,u) = Koo + K1os + Kaos? + Kaps® 4 Kyos* + Ksos® + Kgos® + Kzos” + Kgos® + Koos® + Kigos'® + Kqyps'! +
Kipps'? + (Ko1 + Ky15 + K182 + K318% 4 Kyy8* + Ki18° + Kg18° + Kyps7 + Kgys® 4 Koqs? + K101510)M+
(Koz + Kips + Kops? + Kaps® + Kaps* + Ksps® + Keos® + Kos” + Ksps®)u?+ (1)
(Kos + Ki3s + Kass? + Kazs® + Kyzs* + Ksgs® + Kgas®)u+
(Ko + K1as + Kpqs? + Kays® + Kygs*)u* + (Kos + K158 + Koss?)u® + Kogu® + O(e'?).

Substituting z,, f(xx), f(yn), f(zu), f'(xu), and Ky(s, u) into the third substep of (1) leads us to:

. flz) _ (1= Koo)ealpcg —2me3) 4 & 17
Wy = Zn me(s,u) o) o+ o3 e +,-:Z5rl e +0(e), (12)

where T'; = Ti(cp, ¢3,+ -+ ,¢16,Q2, " - - ,Q6,K]-[), for 5<i<16,0<j<12and 0 < ¢ < 6. Thus Koo =1
immediately annihilates the fourth-order term. Substituting Koy = 1 into I's = 0 and solving for K,
we find:

Kip = 2. (13)

Continuing the algebraic operations in this manner at the i-th (6 < i < 7) stage with known
values of K]‘(, we solve I'; = 0 for remaining Kﬂ; to find:

Ky =1+ Q2 Kop1 =1 (14)

Substituting Koo = 1, Kjg = 2, Koo = 1+ Q2, Ko1 = 1 into (12) and simplifying we find:

([ f(wy) L/m o [Boc3 + Bickes + 12m2(Kpp — 1)c3 — 12m2cacy]
-\ flza) B 12m*

where By and B are described in (3) and T; = T;(ca,¢3,- -+ ,¢16,Q2, -+, Qg) for 5 < i < 16.

To compute the last substep of Scheme (1), it is necessary to have an eighth-order Taylor expansion
of J¢(s,u,v) about (0,0,0) due to the fact that % = O(¢®). Tt suffices to expand | ¢ up to eighth-,
fourth-, and second-order terms in s, u, v in order, by noting that s = O(e), u = O(ez), v = O(e4) with
],‘jk = O satisfying i +-2j +4k > 8forall0 <i <8,0<;j<4,0<k<2:

16 )
et + Z T; et +0(e'), (15)
i=5

J5(s,1,9) = Jooo + J1008 + J2005> + J3005> + Jaoos* + J5008> + Jeoos® + Jz0” + Jsoos® + (Joro + Ji108 + Ja108”+
J3108% + Ju105* + J5105° + Je105®) 1t + (Jozo + J1208 + J2208% + J3208® + Ja0s*)® + (Joso + Jaz0s + Jzos?)u®+  (16)
Joaou* + (Joo1 + Jio15 + Jo015% + J3015° + Jaors* + (Jor1 + Jinrs + Janrs?)u + Joz1u?)o + Jooa0*.

Substituting wy, f(xx), f(Yn), f(za), f(wy), f'(xx) and ]f(s, u,v) in (1), we arrive at:

16
w ;
Xpy1 = Wy —mJ¢(s,u,0) - ;’((XZ; = a4 ped+ Zé Q; el +0(e"), (17)
i=
where ¢ = 2L (1 — Jooo)ca(pc3 — 2mes) [Boch + Bic3es + 12m?(Kop — 1)c3 — 12m%cacy] and

Q; =04(c2, ¢3, -+ ,c16) Q2+, Qo, Koo, Jire), for 9 <i <16,0<5<12,0<60<6,0<j<8,
0<k<40</(<2.
Since Joop = 1 makes ¢ = 0, we substitute Jopo = 1 into Qg = 0 and solve for J1g to find:

J100 = 2. (18)
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Continuing the algebraic operations in the same manner at the i-th (10 < i < 15) stage with
known values of Jjx¢, we solve (); = 0 for remaining Jj, to find:

Jaoo =1+ Q2,Jo10 = 1, Jiio = 4, Jao0 = —4 +2Q2 + Qs, Joor = 1, Jozo = Koz, J210 = 1 + Koy,

Jaoo = Kao, Ji01 = 2, Jizo = 2+ Kiz, Ja10 = —4 + Ka1 + 2Q2, J500 = Kso, Jor1 = 2, Joo1 =1+ Qo,

Jii1 =8, Joso = —1+ Koz + Koa, Ja20 = 1+ Ko1 + Koo — Q2, Jar0 = =3 + Kao + Ka1 + Q2 — Qu, (19)
Ja01 = —4+2Q2 + Q3, Jizo = —4 + 2Kz + K12 + Kiz, Ja0 = —6 + 2Ko1 + Ka1 + K2 —2Q2 — Qs,

Jooo = Keo, Js10 = 6 + 2Kag + Kso + K51 — 3Q3 — 2Q4 — Qs, J700 = Kro-

Upon substituting Relation (19) into (14, we finally obtain:

Q6 c2(pc3 — 2mes) [Boch + Biches + 12m? (Koo — 1) — 12m?cacq] ¥, (20)

1
"~ 3456m15

where p, Bo, B1, and ¥ as described in (3). This completes the proof. [

Remark 1. Theorem 1 clearly reflects the case for m = 1 with the same constraints on weight functions
erKfl ]f studied in [19]

Special Cases of Weight Functions

Theorem 1 enables us to obtain Qf(s), K¢ (s, u), and J¢(s, u,v) by means of Taylor polynomials:

Qf(s) = 1+25+ Qos” + Q35® + Qus* + Q55° + Qes® + O(¢7),

Kp(s,u) =1+ 25+ (14 Q2)s + (2Q2 + Q3 — 4)s® + Kyos* + Ksps® + Kgos® + Krgs” + Kgos®

+K9[]Sg + Klooslo + Kllgsll + K]zoslz + (1 +4s + K21S2 + K3153 + K4154 + K5155 + K6156

+K7187 + Kg18% + Ko1s? + Kyo15'0) u 4 (Ko + K28 + Kpps? + Kzs® 4 Kyps* + Ksps®

+Kes® + Krps” + Kps®)u? + (Kos + Ki3s + Ka3s? + Kaas® + Kyzs* + Kszs® + Kezs®)u®

+(Kog + K145 + Kogs? + Kags® + Kygs*)u* + (Kos + Kiss + Koss?)u® + Koguu® + O(e??), (21)
Jf(s,u,0) = 1425+ (14 Q2)s? + (2Q2 + Qs — 4)s® + Kyos* + Ksos® + Keos® + Kzos” + Jgoos®

+(1+ 45+ (14 Kp1)s? + (Ka1 +2Qp — 4)s® + (Kgo + Kag — 3+ Qo — Qu)s* + (2Kgg + Ksp + K51 + 6
—3Q3 —2Q4 — Q5)s° + Je105°)u + (Koz + (2 + Ki2)s + (Ko1 + Koo — Q2 +1)s% + (2Kp1 + K1 + K32 — 6
—20Q — Q3)s® + Junos*)u? + (Kop + Koz — 1+ (2Koz + K1z + Kiz — 4)s + Joaos?)u® + Joaou*

+(1 +2s+ (1 + QZ)S2 + (ZQZ + Q3 — 4)53 + ]40134 + (2 + 8s + Iznsz)u + ](]211(2)0 + ]0()22/2 + O(Cg),

where parameters Q>-Qs, Kao, Kso, Keo, K70, Kso, Koo, K100, K110, K120, K21, K31, K1, Ks1, Ke1, K71, Ksi,
Ko1, K101, Koo, K12, K22, K32, Kaz, K52, K, K72, Kso, Kos, K3, Kos, K3z, Kaz, Ks3, Kes, Koa, Kia, Koa, Kaa, Kaa,
Kos, K5, Kas, Ko and Joso, Jooz, Jo21, J211, J230, Jao1, Ja20, Je10, Jsoo may be free.

Although various forms of weight functions Q¢(s), K¢ (s, u) and J¢(s, u,v) are available, in the
current study we limit ourselves to all three weight functions in the form of rational functions, leading
us to possible purely imaginary extraneous fixed points when f(z) = (z2 — 1)" is employed. In the
current study, we will consider two special cases described below:

The first case below will represent the best scheme, W3G7, studied in [19] only for m = 1.

Case 1: .
Qf(s) = 125/

. (s—1)*
Kf(sru) Qf(s) 1-2s—u+2s%u’ ) » . ”n . (22)
] (S u U) =K (S u) . 1+ gis'+u sl s Yl s 0+l Y2 s 1S
AN A Ay (5,1)+0- (22,5, 13822+ 11(r26+ 7275 +AS2)

’
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where

do = q12 = 13 = 417 = q18 = 419 = G20 =19 = F19 = 19 = 120 =0,

_ 3055820263252 76497245\ | __ 56884034112404+44614515451)
n= 142682111242 g2 = 285364222484 ’
_ —45802209949332—44308526471A  __ _ 3(17778426888128+67929066997A)
93 = 42682111242 g4 = 426821112420 ,
_ 2(21034820227211+132665343294)\) ~1589080653012451+ 1340876814641,
g5 = 356705278105 6 = 142682111242
 2(-780300304415180 + 71852971399) . 12288(—727210117741 11281679521
q7 = 71341055621 /g8 = 71341055621 ,
— 9 g, — 2(=741727036204277+126275739062A)
qi0 = 2 q11 = 71341055621 ’
_ 8192(— 3964538065856+615849113/\) 8(—226231159891830+340832086211)
f4 = 71341055621 15 = 71341065621 ’ 23)
 24(—908116719036344 1 136634733499)) _ 131072(—918470889768-+136352293))
q16 = 356705278105 1421 = 356705278105 ’

=017 =0, 13 = g3, = Q4,15 = 5,76 =6 — L,r7 = q7 — 1 — 2,1 = qs + 2,

r = 729558910226378916+5256346708371/\ L = —55018830261476 109759858153)L

26821112420 2682111242

P 75694849962572+11301475999/\) s = 4096(— 1500792372416+228734011/\)
13 = 71341055621 14 = 15508925135
P ’ 43641510974266076 6354680006961 . _2(= 1060205894022116+202907726307A)
e Z}S 2817%055173156756 47715354713%59556275)1) v 71341055621 ’

_ + _ 1 _ _ _
18 = TT341055621 o1 =By = —1,13 = 1,74 = — o,

_ _ 1353974063793787
ras = —q3,126 = —1 —qa,roy = =2 —q1 — ’15f)‘ = T 212746858830 ’

and A (s,u) = 1+ 55 s’ +uYS yrs™ + 2 Y ris' 0 +ud YA orist 15,
As a second case, we will consider the following set of weight functions:

Case 2: .
Qf(s) = 1257 R
— (s=1)
Kf (s,u) - Qf( s)- 1-2s—u+2s2u’ (24)
1452, gisi4uys 441 st Y1 594 Y gisi=1
Jr(s,u,0) = 28 ’
Ao (s,1)+0- (L 50 1is 20+ Y28y 115 24 rp9u2)

where Ao(s,u) =1+ Y0 st +uyd  ris 4+ 12y 2o ris 0 + 13y o115 and determination of the 48
coefficients q;,7; of J¢ is described below. Relationships were sought among all free parameters
of J¢(s,u,v), giving us a simple governing equation for extraneous fixed points of the proposed family
of methods (1).
To this end, we first express s, 1 and v for f(z) = (2% — 1)" as follows with t = z2:
2 4
(t—1) (t—1) 25)

1
Ta 02 YT Al ret+ )2

In order to obtain a simple form of J¢(s, u,v), we needed to closely inspect how it is connected
with K¢ (s, u). When applying to f(z) = (z2 —1)™, we find Ky (s,u) with t = 22 as shown below:

4t(1+1)

2+6t+1" (26)

K¢(s,u) =

Using the two selected weight functions Qy, Ky, we continue to determine coefficients g;, r; of

Jr yielding a simple governing equation for extraneous fixed points of the proposed methods when

f(z) = (22 — 1) is applied. As a result of tedious algebraic operations reflecting the 25 constraints
(with possible rank deficiency) given by (18) and (19), we find only 23 effective relations, as follows:

M =5(-8-123),00=—3-291,03 = 2+ 1,94 = —124,q5 = 294 — 125,

%75_,,_7513_,,_13%+7_§%_25q10+5q12+7_5g_5r12
4 4 2
gr=-2B 441 B 2 2 5]8*@44‘*_5* /49 = q15 — 15,
q10 = *2114 — 2q15 + 416 — 116,911 = —6+ %5 — % + g9 +2¢710 —rg+ 111, (27)

r=-=2+q1,1=2(14q2),13 = 443,74 = =14 q4,75 = 2 — g3 — 244 + g5,
re =1 +2q3 — {4 *2115 +qe,17 = *2+5q3 *4114 *21]5+6I]7+21‘8,1‘9 = —q4+qo,
ro = —2—q5 — 249 + q10,720 = — 1,721 = 4 — q3,722 = —4(1 — gq3).
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The three relations, Jso0 = Kso, Jeoo = Keo, and J700 = Kz give one relation rp = —4(1 — g3).

Due to 23 constraints in Relation (27), we find that 18 free parameters among 48 coefficients of
Jr in (24) are available. We seek relationships among the free parameters yielding purely imaginary
extraneous fixed points of the proposed family of methods when f(z) = (22 — 1)" is applied.

To this end, after substituting the 23 effective relations given by (27) into ] in (24) and by applying
to f(z) = (22 — 1)™, we can construct H(z) = 1+ sQg(s) +suKy(s, u) +suvj(s,u,v) in (1) and seek
its roots for extraneous fixed points with t = z2:

A-G(1)

HE) = v etree+ ) Wiy

(28)

where A is a constant factor, G(t) = Y2, g;t!, with g0 = —q14,§1 = —16 — 2912 — 4413 — 8714 — 1615 +
10‘716 — 41’8 + 47‘11 + 21‘12 - 1614 - 41’15 — 10716 + 37’2() + 601’21 + 101‘22, i = gi(qur 12, ,7’25), for 2 <
i < 20 and W(t) = ZEO wit, with wg = —ry, wy = 16rg + 4ri3 — 5riy + 4105, w; =
w;i(q12, 712, -+ ,125), for2 < i < 15. The coefficients of both polynomials, G(t) and W(t), contain
at most 18 free parameters.

We first observe that partial expressions of H(z) with t = z2, namely, 1 +sQ r(s) =

2(1+t)” 1+
8Qf(s) +suK(s,u) = Wm and the denominator of (28) contain factors t, (1+3t), (1+1t), (1+

6t + 2), (1 + 21t + 35t + 7t%) when f(z) = (z2 — 1)™ is applied. With an observation of presence of
such factors, we seek a special subcase in which G(t) may contain all the interested factors as follows:

1+3t

G(t) = H1+38) (1 4+ M1+ 6t + 12)P(1 4+ 21t + 352 + 73) - (1 + 10t +562) (1 + 92t + 13412 +- 2813 + #4) - (1), (29)

where ®(t) is a polynomial of degree (9 — (A +2p)), with A € {0,1,2},8 € {1,2,3}and 1 < A+ < 3;
two polynomial factors (1 + 10 + 5¢2) and (1 + 92t + 134t> + 28t> + t*) were found in Case 3G of the
previous study done by Geum-Kim-Neta [19]. Notice that factors (1 + 6 + £2), (1 + 21t + 35t2 + 7¢3),
(1410t +5¢t2) and (1 + 92t + 134> + 28t% + t*) of G(t) are all negative, i.e., the corresponding
extraneous fixed points are all purely imaginary.

In fact, the degree of ®(t) will be decreased by annihilating the relevant coefficients
containing free parameters to make all its roots negative. We take the 6 pairs of (A,B) €
{(0,1),(0,2),(0,3),(1,1),(1,2),(2,1)} to form 6 subcases named as Case 2A-2F in order. The lengthy
algebraic process eventually leads us to additional constraints to each subcase described below:

Case 2A: (A, 8) = (0,1)

912 (-39 9 B 7 130 0 -12-2 -13 -134] [q13 —74
1 1 1 1

q15 0 —5 —1 8§ 16 0 0 0 0 0 0 0 J16 0

’ _7 17 g5 58 o, _1 1 _181_699 _99 _1807 _1163 _ 2207

° A3 8o 4 IR A k| 1350

50 T O R e s B e S S S ool I il I e

il I St W O Sy e - et S KLl I e

| _ |7 —30—33—37—17 1 -1 7 37 E: 17 7 o

14 0 1 1 i 2 0 0 -3 = —1 —58 — 7 19 — =

’ 1 _21_23_67_ 21 1 _1 165 59 79 1201 967 ; 1987

1 23 * 354 5%6 8 4 l16 2241 }1%9 29 947 707 » 1453

mel NN 2R S T A s | |

18 2 -21-23-% -2 0 -1 R A 1 to7 A

123 0 0 0 0 0 0 0 —Z —? -1 —17 01 728 ?

Fo4 000 0 0 0 0 0 -2 -4 0 & 1]\ 2
and q14 = 0. These 12 additional constraints 413, q15, 8, *11, 712, 713, 14, 15, '16, 718, 23, 24 are expressed

in terms of 12 parameters 413, q16, §17, 918, 919, '17, 719, 125, 126, 27,728, 29 that are arbitrarily free for
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the purely imaginary extraneous fixed points. Those 12 free parameters are chosen at our disposal.
Then, using Relations (27) and (30), the desired form of J¢(s, u,v) in (24) can be constructed.
Case 2B: (A, B) = (0,2)

912 (-3 9 9 ¥ 72 o o } -1 187 0 -10
715 o -4 -+ -1 -Lo o o o o 0
7 17 59 1 1 1 16l 917 87
Pl RS B 28 AR AT |
1 -3 ¥ T ¢ % 31 8 —% 3 || ~76
r _1l g4 B 3% 9 ¢ _1 1 el _317 2
12 2 2 4 2 i 6 24 6 J1s 2
713 7 =30 -33-Y -2 1 -1 o 7 27 57
"1 o 1 1 3 L1 o o o L -5 19 -1
=1 2 3 & m o1 1 1 5 ey 1 a (31
15 2, T4 T4 06 T8 4 T16 a8 95 2 17 8,
16 SEIE L S S St S M- S N -7
18 2 -21-23-% -2 o0 -1 -% 3 % 19 23
123 o 0o o o o o0 o —-% -} -4 127 0
o o 0 o o o o0 o0 o 1 3 4
1w 728
725 o o o o o0 o0 o0 3 -3 -% —16
126 Lo 0 0o o0 o0 0 0 -3 -1 Z |\ 12
and g4 = 0. These 14 additional constraints are expressed in terms of 10 parameters

713,916, 917, 918, 919, 117,719,727, 128, t29 that are arbitrarily free for the purely imaginary extraneous
fixed points. Those 10 free parameters are chosen at our disposal. Then, using Relations (27) and (31),
the desired form of J¢(s, u,v) in (24) can be constructed.

Case 2C: (A, B) = (0,3)

A I T R B I -7
015 0 i1t 0 0 2 x| |™ —%
16 0o -1 - -3 0 N i
T TR T N T B A L B
m -4 B B 3 -9 =20 —100
I A R R N T I L
13 7 -3 2 3 1 -1 ? I%J , 9793
rna| |0 0 0 0 0 0 & 1 19 -3
0 I I T RCTE S
| |3 % 3 0 a1} -7 g \im| |7
118 2 -2 1 0 0 -1 n 147 21
23 0 0 0 0 0 0 S T S N I A 13
724 0 0 0 0 0 0 1 3 4
125 0 0 0 0 0 0 -7 5|8 -29
126 0 0 0 0 0 0 4 -29 64
ra7 | 0 0 0 0 0 0o B 29| \'» -39
and q14 = 0. These 16 additional constraints are expressed in terms of 8 parameters

417,918,919, 717, 718,119, 28, 29 that are arbitrarily free for the purely imaginary extraneous fixed points.
Those 8 free parameters are chosen at our disposal. Then, using Relations (27) and (32), the desired
form of J¢(s, u,v) in (24) can be constructed.

Case 2D: (A, B) = (1,1), being identical with Case 2A.

Case 2E: (A, B) = (1,2), being identical with Case 2B.
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Case 2F: (A, ) = (2,1),

912 -3 0 -1-10 0 -13 -12-% -13 -134 q1s —74
715 o 130 0 0o 0o 0 0 o o 0
716 0 -1-3-Y0 0o o 0o 0o o0 o0 0
’ 7 3 1 1 _1 1 _ 181 _699 _99 _ 1807 _ 1163 q18 2207
° L5 5 25 25 & 2 78 & 0llg 1350
_ 50 0 o o _ =221 /&2 /o bz 19 _ 50
7'11 f4l 45 47 85 3 41 255 4%5 8121 AS;} 13755
i1t _9o _ /7 _ 9 —1 &9 3o 0z1 T — 1999
I B IR B e il B R I
13 = 7 =3 =2 2 1 -3 79 ﬁls 37 Ty T27 19 + Z (33)
14 00000 0 —3 -8 -1 -% -% 25 —ol
, 1 1 _ 1 g 1 _1 165 59 79 1291 97 1987
15 2 2 4 1 16 28 11 16 224 1 726
" 303 3 g . 1 2w 439 29 ‘707 _ 1453
10 : 2 4 4 15124 27298 372 6036 44;1 127 919
ol I e A T A
s _3 _ iz 28 16
73 0 0 00 0 0 777 1 7 01 7
124 L 0 0 0 0 O 0 -7 1 0 28 7 729 7

and g14 = 0. These 13 additional constraints are expressed in terms of 11 parameters 413,417, 18, 719,
117, 119, 125, 126, 127, 728, 29 that are arbitrarily free for the purely imaginary extraneous fixed points.
Those 11 free parameters are chosen at our disposal. Then, using Relations (27) and (33), the desired
form of J¢(s,u,v) in (24) can be constructed. After a process of careful factorization, we find the
expression for H(z) in (28) stated in the following lemma.

Proposition 1. The expression H(z) in (28) is identical in each subcase of 2A-2F and given by a unique
relation below:

(1+3t (14+1064562) (1492¢+1342 42883 +44) 2
H(z) = ()1 6l P (1o amseim) £ =25 34

despite the possibility of different coefficients in each subcase.

Proof. Let us write G(t) in (28) as G(t) = t(1+3t) - gy (£) - o (t) - D(t) - (1 + )1 + 6t + t2)P~ with
Pr(t) = (146t 4+ 12)(1+ 21t + 3562 + 7t3) and () = (1 + 10t + 5t2) (1 + 92t + 13412 4 28> + t4).
Then after a lengthy process of a series of factorizations with the aid of Mathematica symbolic ability,
we find ®(t) and W(t) in each subcase as follows.

(1) Case 2A: with A = 0 and g = 1, we get

O(t) = —2(1+1)-Tq(t), (35)
W(t) = =2y () (1 + 28t + 7012 + 28> + )Ty (1),

where I“](t) = —244 + 28q16 + 28q17 + 21q18 + 14419 — 36125 — 30126 — 28197 — 27128 — 378rp9 +
14t(—72 + 4‘716 + 4‘717 + 3q18 + 2!119 — 4ro5 + 2197 +4rpg — 721’29) + t2(1692 — 476(]16 — 476(]17 — 357‘718 —
238419 + 548725 + 57816 + 672127 + 957128 4+ 6006729 ) + 4t3(72288 4196416 + 196417 + 147918 + 98419 —
148rp5 — 1007y — 42197 — 67198 — 15401’29) — 7t4(1636 + 68416 + 68717 + 51q18 + 34q19 + 415 + 22126 +
361’27 + 557‘28 + 3867‘29) + t5(74176 + 561]16 + 56L]]7 + 42‘718 + 281119 + 6487‘25 + 4007‘2(, + 1407‘27 — 327’28 +
71681’29) + té(—4332 + 28416 + 28q17 + 21q18 + 14q19 — 484125 — 394196 — 392127 — 545128 — 29261’29).
(2) Case 2B: with A = 0 and 8 = 2, we get

{@(t) ~3(1+10) - Ty(r), 36)

W(t) = —18(1+ 6t + £2)yy () (1 + 28t + 7082 + 2883 + t4)T (t),

where rz(t) = (1 + 6t + tz)(3(—4 +4q16 + 4917 + 318 + 2419 + 128 — 207’29) + t(24 —48q16 — 48417 —
36418 — 24419 + 4197 + 22198 + 280r9) + 6t2(*32 + 12916 + 12917 + 9918 + 6419 + 2127 + 67128 — 16r99) —

2t3(396 + 24414 + 24417 + 18418 + 12919 + 2727 + 11rog + 140r99) + 3t*(—188 + 4q16 + 4417 + 3918 +
2{]19 — 47‘27 — 13728 + 527‘29)).
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(3) Case 2C: with A = 0 and B = 3, we get

O(t) = F(1+1) - T5(t), 37)
W(t) = 4(1 + 6t + 12)24py (t) (1 + 28t + 701> + 2813 + t4)T'5(t),

where T'3(t) = (1 + 6t + 12)2(12 — 3rog + 2t(60 4 1ro8 — 84199) — 4129 + 12(124 + rog 4 172r29)).
(4) Case 2D: with A = 1and B =1, we get

(I)(t> = 7% : r1<t)/ (38)
W(t) = — 18y (£)(1 + 28t + 7012 + 28t + t4)I'1 ().
(5) Case 2E: with A = 1 and 8 = 2, we get
CD(t) = 7% . rZ(t)r (39)
W(t) = —18(1+ 6t + t2) 1 (£) (1 + 28t + 702 + 2813 + t4)I» (1),

(6) Case 2F: with A =2 and 8 = 1, we get

{w) =3-1,(0), (40)
W(t) = 2(1+ t)4py (£) (1 + 28t + 7012 + 2813 + t4)Ty (1),

where F4(t) = 244 + 3615 + 30796 + 28797 + 27128 + 378729 + i’(764 + 207p5 — 307y — 56797 — 83128 +
6307‘29) — 2t2(1228 + 28415 + 274126 + 308127 + 437128 + 33181’29) + 213 (5804 + 580125 + 474174 +
392ry7 + 449rpg + 63981’29) — t4(156 + 1132ry5 + 794196 + 532127 + 513108 + 100941’29) + 5 (4332 +
4847‘25 + 3941’26 + 3921’27 + 5451’28 + 29261‘29).

Substituting each pair of (®(t), W(t)) into (28) yields an identical Relation (34) as desired. [

Remark 2. The factorization process in the above proposition yields the additional constraints given by (30)—(33)
for subcases 2A-2F, after a lengthy computation. Case 2D and Case 2E are found to be identical with Case 2A
and Case 2B, respectively, by direct computation.

In Table 1, we list free parameters selected for typical subcases of 2A-2F. Combining these selected
free parameters with Relations (27) and (30)—(33), we can construct special iterative schemes named
as W2A1, W2A2, - .-, W2F3, W2F4. Such schemes together with W3G?7 for Case 1 shall be used in
Section 4 to display results on their numerical and dynamical aspects.

Table 1. Free parameters selected for typical subcases of 2A1-2F4.

SCN g3 q6 4q17 Q8 g9 17 T19 r25  r2  f7  rg 129
241 0 0 0 0 0 0 0 0 0 0 0 0
22 20 0 0 0 0 0 1012 4 2 -8 0 0
203 5% 0 0 0 0 0 o ¥ o 0 0 0
244 0 0 W -2 22 9 o -1 o 0 0 0
2B 0 0 0 0 0 0 0 - - 0 0 0
22 0 0 0 0 0 0 9% - - =31 -1 -}
2B3 19 0 0 0 0 0 0 - - -18 0 0
2B 0 0 45 52 -12 0 0 - - -18 0 0
21 0 - 0 0 0 0 0 - - - 0 0
202 34 - 0 0 0 174 0 - - - 4 0
263 0 - 0 0 0 0 280 - - 4 0
204 -% - B 0 0 - - - 0 0
2F1 0 - 0 0 0 -4 0 —S1Z W B o
22 16 - 0 0 0 0 0 1 0 10 0 0
2F3 1B . ¥ 2@ 0 0 0 0 0 0 0
24 0 - 0 0 0 -3 0 -33 78 —46 -4 0
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3. The Dynamics behind the Extraneous Fixed Points

The dynamics behind the extraneous fixed points [21] of iterative map (1) have been investigated
by Stewart [20], Amat et al. [22], Argyros-Magrefian [23], Chun et al. [24], Chicharro et al. [25],
Chun-Neta [26], Cordero et al. [27], Geum et al. [14,19,28-30], Rhee at al. [9], Magrefian [31],
Neta et al. [32,33], and Scott et al. [34].

We locate a root a of a given function f(x) as a fixed point ¢ of the iterative map Ry

X1 :Rf(xn)rnzorll"' ’ (41)

where R f is the iteration function associated with f. Typically, R f is written in the form: R f(x,,) =

Xn — jf,((’;;)) H f(xn), where H i is a weight function whose zeros are other fixed points ¢ # & called

extraneous fixed points of R¢. The dynamics of Ry might be influenced by presence of possible
attractive, indifferent, or repulsive, and other periodic or chaotic orbits underlying the extraneous
fixed points. For ease of analysis, we rewrite the iterative map (41) in a more specific form:

Xp1 = Ry(xn) = xn — m;,((?;)) Hy(xn), (42)
where Hy(xn) = 1+5Qf(s) + suKg(s, u) + suvjs(s, u,v) can be regarded as a weight function in the
classical modified Newton’s method for a multiple root of integer multiplicity m. Notice that « is a
fixed point of Ry, while ¢ # « for which H¢({) = 0 are extraneous fixed points of Ry.

The influence of extraneous fixed points on the convergence behavior was well demonstrated
for simple zeros via Konig functions and Schroder functions [21] applied to a class of functions
{fi(x) = x* — 1,k > 2}. The basins of attraction may be altered due to the trapped sequence {x,}
by the attractive extraneous fixed points of Ry. An initial guess x chosen near a desired root may
converge to another unwanted remote root when repulsive or indifferent extraneous fixed points are
present. These aspects of the Schroder functions were observed when applied to the same class of
functions { fi(x) = ¥ — 1,k > 2}.

To simply treat dynamics underlying the extraneous fixed points of iterative map (42), we select a
member f(z) = (z2 — 1)". By a similar approach made by Chun et al. [35] and Neta et al. [33,36], we
construct Hy(xy) =s-Qf(s) +s-u-Kp(s,u) +s-u-v-J¢(s,u,v) in (42). Applying f(z) = (22 —1)"
to Hy, we find a rational function H(z) with t = 2z:

N(#)

(z) = D)’ (43)

where both D(t) and N (#) are co-prime polynomial functions of t. The underlying dynamics of the
iterative map (42) can be favorably investigated on the Riemann sphere [37] with possible fixed points
“0(zero)” and “c0”. As can be seen in Section 5, the relevant dynamics will be illustrated in a 6 x 6
square region centered at the origin.

Indeed, the roots ¢ of NV (t) provide the extraneous fixed points ¢ of Ry in Map (42) by the relation:

1 .
F= t2, ?ft7é0, (44)
0O(double root), if t = 0.

Extraneous Fixed Points and their Stability

The following proposition describes the stability of the extraneous fixed points of (42).
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Proposition 2. Let f(z) = (z2 — 1)"™. Then the extraneous fixed points & for Case 2 discussed earlier are all
found to be repulsive.

Proof. By direct computation of R}(z) with f(z) = (2> — 1), we write it as with t = z2:

)
Rr@) = )"

where ¥, (1) = (=1+ )15 and ¥4(t) = 16t(1 + £)2(1 + 6t + 12)2(1 + 28t + 70> + 2813 + t4)2.
With the help of Mathematica, we are able to express ¥, (t) = grsgoa7s (1 + 3)(1 + 10¢ + 5¢2) (1 +
92t + 13412 + 2813 + t4) - Q,,(t) — 2097152 - R, () and ¥4 () = — graps 16(1 + 3t) (1 + 10¢ + 5¢2) (1 +
92t + 134> + 2813 + +4) - Qu(t) — 131072 - Ry(t), with Q,(t) and Qq(t) as six- and eight-degree
polynomials, while R, () = (327,923,929, 643 + 34,417,198,067, 010t + 446,061,306, 116, 505> +
1621107643125740t% + 2,036,953, 856, 667,405t* + 892,731, 761,917, 554> + 108, 873,731,877, 775t%)
and R4 (t) = (327,923,929, 643 + 34417198067010¢ + 446,061,306, 116, 505> + 1621107643125740t> +
2,036,953, 856, 667,405t* + 892,731,761,917,554> + 108,873,731,877,775°). Further, we express
Ru(t) = (1410t +5t2)Qu(t) + Ry(t) and Ry(t) = (1 + 10t + 5t2)Q,(t) + Ry(t), with Ry(t) =
— 10077.69 (36 + 341t) = R4(t). Now let t = &2, then

RY(&) =16

using the fact that (14 3t)(1 + 10t + 5t2) (1 + 92t + 134> + 283 + t*) = 0. Hence & for Case 2 are all
found to be repulsive. [

Remark 3. Although not described here in detail due to limited space, by means of a similar proof as shown in
Proposition 2, extraneous fixed points ¢ for Case 1 was found to be indifferent in [19].

If f(z) = p(z) is a generic polynomial other than (z2 — 1), then theoretical analysis of the relevant
dynamics may not be feasible as a result of the highly increased algebraic complexity. Nevertheless,
we explore the dynamics of the iterative map (42) applied to f(z) = p(z), which is denoted by R, as
follows:

Zusr = Rp(2a) = 20 —m ;’((ZZ)) Hy (1), (45)

Basins of attraction for various polynomials are illustrated in Section 5 to observe the complicated
dynamics behind the fixed points or the extraneous fixed points. The letter W was conveniently
prefixed to each case number in Table 1 to symbolize a way of designating the numerical and dynamical

aspects of iterative map (42) .

4. Results and Discussion on Numerical and Dynamical Aspects

We first investigate numerical aspects of the local convergence of (1) with schemes W3G7 and
W2A1-W2F4 for various test functions; then we explore the dynamical aspects underlying extraneous
fixed points based on iterative map (45) applied to f(z) = (2% — 1), whose attractor basins give useful
information on the global convergence.

Results of numerical experiments are tabulated for all selected methods in Tables 2-4.
Computational experiments on dynamical aspects have been illustrated through attractor basins in
Figures 1-7. Both numerical and dynamical aspects have strongly confirmed the desired convergence.

Throughout the computational experiments with the aid of Mathematica, $MinPrecision = 400
has been assigned to maintain 400 digits of minimum number of precision. If a is not exact, then it is
given by an approximate value with 416 digits of precision higher than $MinPrecision.

Limited paper space allows us to list x,, and a with up to 15 significant digits. We set error bound
€=} x 1073 to meet |x, — a| < €. Due to the high-order of convergence and root multiplicity, close
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initial guesses have been selected to achieve a moderate number of accurate digits of the asymptotic
error constants.

Methods W3G7, W2A1, W2C2 and W2F2 successfully located desired zeros of test functions
F] - F4Z

W3G7 : Fy(x) = [cos () +2x2 — 37t]*, a &~ 2.27312045629419, m = 4,

W2A1: F(x) = [cos (x* +1) —xlog (x2 =t +2) +1]* (> +1—7), a = /T —1,m =5,

W2C2: F3(x) = [sin~! (x2 — 1) + 3e* — 2x — 3]%, & ~ 0.477696831914490, m = 2, (46)
W2F2: Fy(x) = (x> + 1)* +log[l + (x? +1)%], a = i,m = 3,

where logz(z € C) is a principal analytic branch with — 7 < Im(logz) < 7.

We find that Table 2 ensures sixteenth-order convergence. The computational asymptotic
error constant |e,|/|e, 1|'® is in agreement with the theoretical one 1 = lim,_ |en]/|e, 1!
up to 4 significant digits. The computational convergence order p, = log|e,/n|/log le,_1| well
approaches 16.

Additional test functions in Table 3 confirm the convergence of Scheme (1). The errors |x, — «|
are listed in Table 4 for comparison among the listed methods W3G7 and W2A1-W2F4. In the current
experiments, W3G7 has slightly better convergence for f5 and slightly poor convergence for all other
test functions than the rest of the listed methods. No specific method performs better than the other
among methods W2A1-W2F4 of Case 2.

According to the definition of the asymptotic error constant #(c;, Q ¢, Ky, ]f) = lim, o0 [R f(xn) —ul/
|xn — a|'®, the convergence is dependent on iterative map R £(xu), f(x), xo, « and the weight functions
Qf, Ky and J¢. It is clear that no particular method always achieves better convergence than the others
for any test functions.

Table 2. Convergence of methods W3G7, W2A1, W2C2, W2F2 for test functions Fy (x) — Fy(x).

Method F n X |F(xn)] |2y — af \e,,/e}f,ﬂ 1 Pn
0 22735 1.873 x 10710 0.000379544

W3G7 F 1 2.27312045629419  1.927 x 10723 6.798 x 1070  0.00003666355445 0.00003666729357
2 227312045629419 0.0 x 10740 1,004 x 10~%7 16.00000
0 1.4634 1.93 x 10721 0.0000181404

W2A1 F 1 1.46341814037882  3.487 x 1073%° 2,040 x 1074 148.4148965 148.4575003
2 1.46341814037882 0.0 x 10740 0.0 x 1073 16.00000
0 0.4777 1.890 x 10710 3168 x 10~°

W2C2 F 1 0.477696831914490 6.116 x 10718 1.802 x 10792 0.0001750002063  0.0001749999826
2 0.477696831914490 0.0 x 10740 8,522 x 10737 16.00000
0 0.99995i 1.000 x 10712 0.00005

W2F2  F; 1 1.00000000000000i 4.820 x 10721>  1.391 x 10772 0.001037838436 0.001041219259
2 1.00000000000000i 0.0 x 10740 0,0 x 10400 16.00030

P — 1 Jen] __ loglen/n]
i=v-1, 11 =1limy e T a6 P = Toglenl”

Table 3. Additional test functions f;(x) with zeros « and initial values x¢ and multiplicities.

i fi(x) [ X0 m
1 [4+3sinx—2x%]* ~ 1.85471014256339 1.86 4
2 [2x — Pi+xcosx]® z 1.5707 5
3 [2x® + 3¢ +4sin (x?) - 52 ~ —0.402282449584416 —0.403 2
4 [VBx%-cos 4 g — ] (x—3)3 3 3.0005 4
5 (x—1)2+ & —log[3 —2x + 47 1-i¥3 0.99995 — 0.28; 2
6 [xlogx —/x+x°P 1 1.0001 3

Here, logz (z € C) represents a principal analytic branch with — 77 < Im(logz) < 7.

The proposed family of methods (1) has efficiency index EI [38], which is 16'/° ~ 1.741101 and
larger than that of Newton’s method. In general, the local convergence of iterative methods (45) is
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guaranteed with good initial values x( that are close to «. Selection of good initial values is a difficult
task, depending on precision digits, error bound, and the given function f(x).

Table 4. Comparison of |x, — «| among selected methods applied to various test functions.

. f(x)
Method  |x, | 12 fa fs fa fs fe

[xp—a| 177 x 107%0* 162 x 1077 489 x 1071 150 x 10°°1 576 x 1077  1.19 x 10~%
[xp—a] 102 x 1071 113 x 10722 124 x 10721 327 x 1075 1,08 x 107 240 x 1072

[x;—a| 283 x 107% 105 x 107 192 x 1072 123 x 107 129 x 10°°  1.11 x 10°%

W3G7

w2al ;g —a] 00 x 1073 424 x 10720 0.0 x 10740 0.0 x 107 662 x 107 361 x 10~
W2A2 [x;—a| 163 x 1074 233 x 107 145 x 10770 1.05 x 10°°1 132 x 107°° 234 x 107%
[xp—a] 00 x107% 111 x 10028 0.0 x 10740 0.0 x 1073 253 x 10°% 739 x 102
W2A3 [xp—a| 253 x 1074 182 x 107 456 x 107 1.20 x 107 443 x 107°  3.85 x 107%
[xp—a] 0.0 x 107 140 x 1072° 840 x 10725 0.0 x 1073 3,03 x 1078 153 x 1020
WAL [xp—a] 124 x 107% 135 x 107 153 x 1072 838 x 107 158 x 107* 112 x 107%*
[xp—a] 170 x 10712 596 x 107%* 522 x 1071 816 x 107 334 x 10757 279 x 1074*#
W2B1 [xp—a] 239 x 1074 228 x 107 130 x 1072  7.80 x 107 214 x 10°° 281 x 10°%
[xp—a] 00 x 1073 157 x 10722 0.0 x 10740 0.0 x 1073 604 x 1075 223 x 1023
W2B2 [x; —a| 444 x 10742 273 x 107 303 x 1072 179 x 107 430 x 10°° 329 x 10~%
;g —a] 00 x 107 669 x 10722 0.0 x 10740 0.0 x 107 601 x 1078 7.78 x 1028
W2B3 [x;—a| 985 x 1074 311 x 1070 426 x 107  3.01 x 107 446 x 107° 326 x 107%
xp—a] 00 x107% 117 x 1002° 0.0 x 10740 0.0 x 107 306 x 1078 791 x 1027
W2B4 [xp—a] 104 x 107%2 192 x 107 177 x 1072 112 x 107 177 x 107* 153 x 107%
[xp—a] 112 x 10715 468 x 10745 906 x 1071 223 x 10718 232 x 10756 0.0 x 10400
wact |x; —a| 487 x 107% 427 x 107 295 x 1072 150 x 1072  1.08 x 1070 514 x 107%*
[xo—a] 00 x 107 00 x 1073 00 x 10740 0.0 x 1073 241 x 107" 222 x 107"
W2C2 [xp—a] 931 x 107% 101 x 107 594 x 1072 261 x 107 147 x 10°° 118 x 10°%
[xp—a] 0.0 x 10737 423 x 10720 0.0 x 10740 0.0 x 1073 711 x 107% 495 x 10~%!
x1—al 917 x 10792 888 x 107 685 x 10752 430 x 10762 436 x 10°°  9.66 x 10°¢*
w2C3
[y —a] 00 x 1073 784 x 10730 00 x 10740 00 x 107 211 x 1078 605 x 10-2
Waca [xp—a| 536 x 10742 672 x 107 655 x 1072 438 x 1072 1.02 x 107%  6.13 x 107%
[xg—a] 992 x 10712* 596 x 107%* 297 x 1071 855 x 1071 130 x 107% 0.0 x 10740
WaF1 [xp—a| 436 x 107%2 867 x 107 255 x 1072  1.29 x 107% 434 x 107°  1.60 x 107%*
[xp—af 0.0 x 107 712 x 1072* 0.0 x 10740 0.0 x 1073 457 x 1075 461 x 10724
x1—a| 120 x 1079 174 x 1070 552 x 1070 367 x 107 408 x 10°° 506 x 10
W2F2
[xp—af 00 x 107 116 x 1072¢ 0.0 x 10740 0.0 x 1073 233 x 1075 456 x 10-2°
W2F3 |x;—a| 108 x 107% 154 x 107% 155 x 10771 114 x 10°%1 867 x 1075  1.396 x 10°%
[xp—a] 141 x 107%% 527 x 107172 847 x 107%* 0.0 x 1073 166 x 107 522 x 10718
WoF4 |x;—a| 380 x 10742 501 x 107 215 x 1072  1.07 x 10°% 435 x 107°°  1.18 x 10~%

;g —a] 00 x 107 116 x 10735 0.0 x 10740 0.0 x 107 365 x 1078 138 x 102

The global convergence with appropriate initial values xj is effectively described by means of
a basin of attraction that is the set of initial values leading to long-time behavior approaching the
attractors under the iterative action of Ry. Basins of attraction contain information about the region of
convergence. A method occupying a larger region of convergence is likely to be a more robust method.
A quantitative analysis will play the important role for measuring the region of convergence.

The basins of attraction, as well as the relevant statistical data, are constructed in a similar
manner shown in the work of Geum-Kim-Neta [19]. Because of the high order, we take a smaller
square [—1.5,1.5]2 and use 601 x 601 initial points uniformly distributed in the domain. Maple
software has been used to perform the desired dynamics with convergence stopping criteria satisfying
|%p21 — xu| < 107 within the maximum number of 40 iterations. An initial point is painted with a
color whose intensity measures the number of iterations converging to a root. The brighter color implies
the faster convergence. The black point means that its orbit did not converge within 40 iterations.

Despite the limited space, we will explore the dynamics of all listed maps W3G7 and W2A1-W2F4,
with applications to pi(z), (1 < k < 7) through the following seven examples. In each example,
we have shown dynamical planes for the convergence behavior of iterative map x,+1 = Ry (x5) (42)
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with f(z) = pk(z) by illustrating the relevant basins of attraction through Figures 1-7 and displaying
relevant statistical data in Tables 5-7 with colored fonts indicating best results.

Example 1. As a first example, we have taken a quadratic polynomial raised to the power of two with all real
roots:

p1(z) = (22 - 1)~ 47)

Clearly the roots are +1. Basins of attraction for W3G7, W2A1-W2F4 are given in Figure 1. Consulting
Tables 5-7, we find that the methods W2B2 and W2F4 use the least number (2.71) of iterations per point on
average (ANIP) followed by W2F1 with 2.72 ANIP, W2C3 with 2.73 and W2B1 with 2.74. The fastest method
is W2A2 with 969.374 s followed closely by W2A3 with 990.341 s. The slowest is W2A4 with 4446.528 s.
Method W2C4 has the lowest number of black points (601) and W2A4 has the highest number (78843). We will
not include W2A4 in the coming examples.

Table 5. Average number of iterations per point for each example (1-7).

Example

Map

I:m=2 2m=3 3m=3 4&m=4 5:m=3 6:m=3 7:m=3 Average
W3G7 2.94 3.48 3.83 3.93 3.95 3.97 6.77 4.12
W2A1 2.84 3.50 3.70 4.04 6.84 3.74 5.49 4.31
W2A2 2.76 3.15 3.52 3.84 3.62 3.66 4.84 3.63
W2A3 2.78 3.21 3.61 3.89 3.70 3.74 4.98 3.70
W2A4 11.40 - - - - - - -
W2B1 2.74 3.25 3.70 3.88 3.67 3.72 5.01 3.71
W2B2 2.95 3.42 3.66 4.01 3.75 3.77 5.15 3.82
W2B3 2.78 3.28 3.64 3.89 3.69 4.65 513 3.86
W2B4 3.29 3.91 4.99 - - - - -
W2C1 2.88 3.66 3.87 4.08 3.89 5.45 6.25 4.30
W2C2 2.93 3.68 3.95 4.15 6.70 4.67 5.75 4.55
Ww2C3 2.73 3.22 3.53 3.98 3.60 3.62 4.94 3.66
W2C4 3.14 3.81 4.96 - - - - -
W2F1 2.72 3.24 3.55 3.84 3.49 3.57 5.41 3.69
W2F2 2.81 3.28 3.80 4.06 5.02 4.50 5.29 4.10
W2F3 291 3.54 4.36 441 - - - -
W2F4 2.71 3.19 3.50 3.86 3.42 3.53 5.52 3.68

Example 2. As a second example, we have taken the same quadratic polynomial now raised to the power of
three:
pa(z) = (- 1) (48)

The basins for the best methods are plotted in Figure 2. This is an example to demonstrate the effect of
raising the multiplicity from two to three. In one case, namely W3G7, we also have m = 5 with CPU time of
4128.379 s. Based on the figure we see that W2B4, W2C4 and W2F3 were chaotic. The worst are W2B4, W2C4
and W2F3. In terms of ANIP, the best was W2A2 (3.15) followed by W2F4 (3.19) and the worst was W2B4
(3.91). The fastest was W2B3 using (2397.111 s) followed by W2F1 using 2407.158 s and the slowest was W2C4
(4690.295 s) preceded by W3G7 (2983.035 s). Four methods have the highest number of black points (617).
Those were W2A1, W2B4, W2C1 and W2F2. The lowest number was 601 for W2A2, W2C2, W2C4 and W2F1.

Comparing the CPU time for the cases m = 2 and m = 3 of W3G7, we find it is about doubled. But when
increasing from three to five, we only needed about 50% more.
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(1) W3G7 (2) W2A1 (4) W2A3

(5) W2A4 (6) W2B1 (8) W2B3

(9) W2B4 (10) wac1 (11) wac2 (12) wacs

(13) W2C4 (15) W2F2 (16) W2F3

(17) W2F4

Figure 1. The top row for W3G7 (left), W2A1 (center left), W2A2 (center right) and W2A3 (right).
The second row for W2A4 (left), W2B1 (center left), W2B2 (center right) and W2B3 (right). The third
row for W2B4 (left), W2C1 (center left), W2C2 (center right) and W2C3 (right). The third row for W2C4
(left), W2F1 (center left), W2F2 (center right), and W2F3 (right). The bottom row for W2F4 (center),
for the roots of the polynomial equation (22 — 1)2.
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(1) W3G7 (2) W2A1 (3) W2A2 (4) W2A3

(5) W2B1 (6) W2B2 (8) W2B4

(10) wac2 (11) wac3 (12) wacs

(13) W2F1

(15) W2F3 (16) W2F4

(17) W3G7m5

Figure 2. The top row for W3G7 (left), W2A1 (center left), W2A2 (center right) and W2A3 (right).
The second row for W2B1 (left), W2B2 (center left), W2B3 (center right) and W2B4 (right). The third
row for W2C1 (left), W2C2 (center left), W2C3 (center right) and W2C4 (right). The fourth row for
W2F1 (left), W2F2 (center left), W2F3 (center right), and W2F4 (right). The bottom row for W3G7m5
(center), for the roots of the polynomial equation (z2 —1)¥, k € {3,5}.

Example 3. In our third example, we have taken a cubic polynomial raised to the power of three:

p3(z) = (32° + 422 — 10)°. (49)
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Basins of attraction are given in Figure 3. It is clear that W2B4, W2C4 and W2F3 were too chaotic and
they should be eliminated from further consideration. In terms of ANIP, the best was W2F4 (3.50) followed by
W2A2 (3.52), W2C3 (3.53) and W2F1 (3.55) and the worst were W2B4 and W2C4 with 4.99 and 4.96 ANIP,
respectively. The fastest was W2C3 using 2768.362 s and the slowest was W2B3 (7193.034 s). There were 13
methods with only one black point and one with two points. The highest number of black points was 101 for
W2F2.

Table 6. CPU time (in seconds) required for each example(1-7) using a Dell Multiplex-990.

Example

Map

I:m=2 2m=3 3m=3 4m=4 5m=3 6m=3 7:m=3 Average
W3G7 1254.077 2983.035 3677.848 3720.670 3944.937 3901.679 4087.102  3367.050
W2A1 1079.667 2694.537 3528.149 3119911 5896.635 2938.747 3526.840 3254.927
W2A2 969374 2471727 3287.081 2956.702 3218223 2891.478 2981.179  2682.252
W2A3  990.341 2843789 2859.093 2999.712 3002.146 3074.811 3155.307 2703.600
W2A4  4446.528 - - - - - - -
W2B1 1084.752 2634.826 3295.162 3051.941 2835.755 3238.363 3272.667 2773.352
W2B2 1075.393 2429.996 3130.223 3051.192 2929.106 3581.456 3155.619 2764.712
W2B3  1180.366 2397.111 7193.034 3000.383 2970.711 3739.766  3139.084 3374.351
W2B4  1274.653 2932.008 4872.972 - - - - -
W2C1  1132.069 2685.355 3242.637 3287.066 3147.663 4080.019 4802.662 3196.782
W2C2  1112.162 2881.697 3189.706 3873.037 5211.619 3665.773 3950.896  3412.127
W2C3 1052570 2421.026 2768.362 3014.033 2778518 2914.941 3953.346  2700.399
W2C4 2051710 4690295 7193.034 - - - - -
W2F1 1071540 2407.158 2909.965 3472317 2832.230 3490.896 3246.584 2775.813
W2F2  1015.051 2438483 3031.802 3061.270 3703.152 3737.394 3324.537 2901.670
W2F3  1272.188 2596.200 3603.655 4130.158 - - - -
W2F4  1216.839 2620.052 3589.177 3233.168 3534.312 3521.660 3934.845 3092.865

Table 7. Number of points requiring 40 iterations for each example (1-7).

Example

Map

I:m=2 2m=3 3m=3 4m=4 5:m=3 6:m=3 7:m=3 Average
W3G7 677 605 1 250 40 1265 33,072 5130.000
W2A1 657 617 1 166 34,396 1201 18,939  7996.714
W2A2 697 601 1 162 1 1201 15,385 2578.286
W2A3 675 605 55 152 9 1221 14,711 2489.714
W2A4 78,843 - - - - - - -
W2B1 679 613 1 204 9 1201 13,946  2379.000
W2B2 635 609 1 116 1 1217 15,995  2653.429
W2B3 679 613 1 146 3 10,645 16,342 4061.286
W2B4 659 617 2 - - - - -
W2C1 689 617 1 400 20 18,157 24,239  6303.286
Ww2C2 669 601 1 174 17,843 1265 18,382  5562.143
W2C3 659 609 1 184 1 1201 14,863  2502.571
Ww2C4 601 601 1 - - - - -
W2F1 681 601 1 126 10 1225 18,772 3059.429
W2F2 679 617 101 614 3515 1593 17,469  3512.571
W2F3 663 605 1 78 - - - -
W2F4 645 605 1 130 12 1217 20,020 3232.857
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(2) WAl

(6) W2B2

(10) wac2 (12) W2C4

(13) W2F1 (14) W2F2 (15) W2F3 (16) W2F4

Figure 3. The top row for W3G7 (left), W2A1 (center left), W2A2 (center right) and W2A3 (right).
The second row for W2B1 (left), W2B2 (center left), W2B3 (center right) and W2B4 (right). The third
row for W2Cl1 (left), W2C2 (center left), W2C3 (center right) and W2C4 (right). The bottom row for
W2F1 (left), W2F2 (center left), W2F3 (center right), and W2F4 (right), for the roots of the polynomial
equation (323 4422 — 10)°.

Example 4. As a fourth example, we have taken a different cubic polynomial raised to the power of four:

pa(z) = (2 - 2)"

The basins are given in Figure 4. We now see that W2F3 is the worst. In terms of ANIP, W2A2 and W2F1
were the best (3.84 each) and the worst was W2F3 (4.41). The fastest was W2A2 (2956.702 s) and the slowest
was W2F3 (4130.158 s). The lowest number of black points (78) was for method W2F3 and the highest number

(614) for W2F2. We did not include W2F3 in the rest of the experiments.
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(12) W2F2

(13) W2F3 (14) W2F4

Figure 4. The top row for W3G7 (left), W2A1 (center left), W2A2 (center right) and W2A3 (right).
The second row for W2B1 (left), W2B2 (center left), W2B3 (center right) and W2C1 (right). The third
row for W2C2 (left), W2C3 (center left), W2F1 (center right) and W2F2 (right). The bottom row for
W2F3 (left) and W2F4 (right), for the roots of the polynomial equation (22 —2)%

Example 5. As a fifth example, we have taken a quintic polynomial raised to the power of three:
ps(z) = (2= 1)°. (51)

The basins for the best methods left are plotted in Figure 5. The worst were W2A1 and W2C2. In terms of
ANIP, the best was W2F4 (3.42) followed by W2F1 (3.49) and the worst were W2A1 (6.84) and W2C2 (6.70).
The fastest was W2C3 using 2778.518 s followed by W2F1 using 2832.23 s and W2B1 using 2835.755 s.
The slowest was W2A1 using 5896.635 s. There were three methods with one black point (W2A2, W2B2 and
W2C3) and four others with 10 or less such points, namely W2B3 (3), W2A3 and W2B1 (9) and W2F1 (10).
The highest number was for W2A1 (34,396) preceded by W2C2 with 17,843 black points.
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(12) W2F2

(13) W2F4

Figure 5. The top row for W3G7 (left), W2A1 (center left), W2A2 (center right) and W2A3 (right).
The second row for W2B1 (left), W2B2 (center left), W2B3 (center right) and W2C1 (right). The third
row for W2C2 (left), W2C3 (center left), W2F1 (center right) and W2F2 (right). The bottom row for
W2F4 (center), for the roots of the polynomial equation (z° — 1)3.

Example 6. As a sixth example, we have taken a quartic polynomial raised to the power of three:
po(z) = (' = 1)°. (52)

The basins for the best methods left are plotted in Figure 6. It seems that most of the methods left were good
except W2B3 and W2C1. Based on Table 5 we find that W2F4 has the lowest ANIP (3.53) followed by W2F1
(3.57). The fastest method was W2A2 (2891.478 s) followed by W2C3 (2914.941 s). The slowest was W2C1
(4080.019 s) preceded by W3G7 using 3901.679 s. The lowest number of black points was for W2A1, W2A2,
W2B1 and W2C3 (1201) and the highest number was for W2C1 with 18,157 black points.
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(1) W3G7 (2) WAl (3) w2a2

o

(5) W2B1 (6) W2B2 (7) W2B3 (8) wact

o

(9) wac2 (11) W2F1 (12) W2F2

(13) W2F4

Figure 6. The top row for W3G7 (left), W2A1 (center left), W2A2 (center right) and W2A3 (right).
The second row for W2B1 (left), W2B2 (center left), W2B3 (center right) and W2C1 (right). The third
row for W2C2 (left), W2C3 (center left), W2F1 (center right) and W2F2 (right). The bottom row for
W2F4 (center), for the roots of the polynomial equation (z* —1)3.

Example 7. As a seventh example, we have taken a non-polynomial equation having +i as its triple roots:

pe(z) = (z+1)%(e* " = 1), withi = v/—1. (53)

The basins for the best methods left are plotted in Figure 7. It seems that most of the methods left have a
larger basin for the root —i, i.e., the boundary does not match the real line exactly. Based on Table 5 we find that
W2A2 has the lowest ANIP (4.84) followed by W2C3 (4.94) and W2A3 (4.98). The fastest method was W2A2
(2981.179 seconds) followed by W2B3 (3139.084 s), W2A3 (3155.307 s) and W2B2 (3155.619 s). The slowest
was W2C1 (4802.662 s). The lowest number of black points was for W2B1 (13,946) and the highest number was
for W3G7 with 33,072 black points. In general all methods had higher number of black points compared to the

polynomial examples.
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We now average all these results across the seven examples to try and pick the best method.
W2A2 had the lowest ANIP (3.63), followed by W2C3 with 3.66, W2F4 with 3.68 and W2F1 with 3.69.
The fastest method was W2A2 (2682.252 seconds), followed by W2C3 (2700.399 s) and W2A3 using
2703.600 s of CPU. W2B1 has the lowest number of black points on average (2379), followed by W2A3
(2490 black points). The highest number of black points was for W2A1.

Based on these seven examples we see that W2F4 has four examples with the lowest ANIP, W2A2
had three examples and W2F1 has one example. On average, though, W2A2 had the lowest ANIP.
W2A2 was the fastest in four examples and on average. W2C3 was the fastest in two examples and
W2B3 in one example. In terms of black points, W2A2, W2B1 and W2B3 had the lowest number in
three examples and W2F1 in two examples. On average W2B1 has the lowest number. Thus, we
recommend W2A2, since it is in the top in all categories.

(9) wac2 (12) W2F2

(13) W2F4

Figure 7. The top row for W3G7 (left), W2A1 (center left), W2A2 (center right) and W2A3 (right).
The second row for W2B1 (left), W2B2 (center left), W2B3 (center right) and W2C1 (right). The third
row for W2C2 (left), W2C3 (center left), W2F1 (center right) and W2F2 (right). The bottom row for
W2F4 (center), for the roots of the non-polynomial equation (z +i)3(e*~* — 1)3.
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5. Conclusions

Both numerical and dynamical aspects of iterative map (1) support the main theorem well through
a number of test equations and examples. The W2C2 and W2B3 methods were observed to occupy
relatively slower CPU time. Such dynamical aspects would be greatly strengthened if we could include
a study of parameter planes with reference to appropriate parameters in Table 1.

The proposed family of methods (1) employing generic weight functions favorably cover most of
optimal sixteenth-order multiple-root finders with a number of feasible weight functions. The dynamics
behind the purely imaginary extraneous fixed points will choose best members of the family with
improved convergence behavior. However, due to the high order of convergence, the algebraic
difficulty might arise resolving its increased complexity. The current work is limited to univariate
nonlinear equations; its extension to multivariate ones becomes another task.
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Abstract: Finding a repeated zero for a nonlinear equation f(x) =0, f : I € R — R has always been of
much interest and attention due to its wide applications in many fields of science and engineering.
Modified Newton’s method is usually applied to solve this kind of problems. Keeping in view
that very few optimal higher-order convergent methods exist for multiple roots, we present a
new family of optimal eighth-order convergent iterative methods for multiple roots with known
multiplicity involving a multivariate weight function. The numerical performance of the proposed
methods is analyzed extensively along with the basins of attractions. Real life models from life science,
engineering, and physics are considered for the sake of comparison. The numerical experiments and
dynamical analysis show that our proposed methods are efficient for determining multiple roots of
nonlinear equations.

Keywords: nonlinear equations; multiple zeros; optimal iterative methods; higher order of convergence

1. Introduction

It is well-known that Newton’s method converges linearly for non-simple roots of a nonlinear
equation. For obtaining multiple roots of a univariate nonlinear equation with a quadratic order of
convergence, Schroder [1] modified Newton’s method with prior knowledge of the multiplicity
m > 1 of the root as follows:

f(xn)

f'(xn)

Scheme (1) can determine the desired multiple root with quadratic convergence and is optimal in
the sense of Kung-Traub’s conjecture [2] that any multipoint method without memory can reach its
convergence order of at most 2P~ for p functional evaluations.

In the last few decades, many researchers have worked to develop iterative methods for finding
multiple roots with greater efficiency and higher order of convergence. Among them, Li et al. [3]
in 2009, Sharma and Sharma [4] and Li et al. [5] in 2010, Zhou et al. [6] in 2011, Sharifi et al. [7]
in 2012, Soleymani et al. [8], Soleymani and Babajee [9], Liu and Zhou [10] and Zhou et al. [11] in
2013, Thukral [12] in 2014, Behl et al. [13] and Hueso et al. [14] in 2015, and Behl et al. [15] in 2016
presented optimal fourth-order methods for multiple zeros. Additionally, Li et al. [5] (among other
optimal methods) and Neta [16] presented non-optimal fourth-order iterative methods. In recent
years, efforts have been made to obtain an optimal scheme with a convergence order greater than
four for multiple zeros with multiplicity m > 1 of univariate function. Some of them only succeeded

)

Xp41 = Xp — M

in developing iterative schemes of a maximum of sixth-order convergence, in the case of multiple
zeros; for example, see [17,18]. However, there are only few multipoint iterative schemes with optimal
eighth-order convergence for multiple zeros which have been proposed very recently.
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Behl et al. [19] proposed a family of optimal eighth-order iterative methods for multiple roots
involving univariate and bivariate weight functions given as:

_ f(xn)
Yn = X _mf,(x”)/m >1,
Zn = Yn — unQ(hn);iJ;:)) ’ ()
f(xn)

Xp4+1 = Zn — “ntnG(hn/ tn)

f'(xn)’
where weight functions Q : C — C and G : C?> — C are analytical in neighborhoods of (0) and (0,0),

1 1
respectively, with u,, = (%) "l = ﬁ and t, = (%) ", being a; and a, complex nonzero
free parameters.
A second optimal eighth-order scheme involving parameters has been proposed by

Zafar et al. [20], which is given as follows:

_ fxn)
Yn = X 7mf’(xn)'m >1,

fxn)
f'(xn)’

Xp+1 = Zn — Untn(B1 + Bouty ) P(ty) G(wy)

Zn = Yn — munH(un)

®G)

f(xn)
f'(xn)’

where By,B, € R are free parameters and the weight functions H: C - C,P:C - Cand G: C = C
1 1 1
are analytic in the neighborhood of 0 with 1, = (M) "oty = (%) " and w, = <M> "

flxn) Yn fxn)
Recently, Geum et al. [21] presented another optimal eighth-order method for multiple roots:
f(xn)

= x, — >

Yn = Xn mf/(xn)/ >0
. f(xn)

Wy = Xp mLf(s)f’(x,,)' 4)

fxn)
=xy,—m|L Ky (s, ,
tr1 = = [Ly (5) + Ky (s, 720y

where Ly : C — C is analytic in the neighborhood of 0 and Ky : C? — C is holomorphic in the

1 1
neighborhood of (0,0) with s = (;Ezz;) "u= (%) "

Behl et al. [22] also developed another optimal eighth-order method involving free parameters
and a univariate weight function as follows:

— e —m fxn)
Yn = Xn f,(x”)/
_ flra)  1+Bu
Zn = Yn — muf,(xii) m, /3 eR (5)

Xn+1 = Zn — uvj{,((i:;)) (0(1 + (1 + leZJ)Pf(u)) ,

where a1, ap € R are two free disposable parameters and the weight function Py : C — C s an analytic
1

1
function in a neighborhood of 0 with u = (%) "= (%) "
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Most recently, Behl at al. [23] presented an optimal eighth-order method involving univariate
weight functions given as:

_ f(xn)
Yn = Xn —mf,(xn),m >1,
Zn = Yn — munt(u11);((J;:)) ’ (6)
unwy f(xn)
Bt = 20+ g () + Ky (o))

where By, By € R are free parameters and the weight functions G fr H £ K & C — C are analytic in the

1 1 1
neighborhood of 0 with 1, = (%) "o = (/{gf{:;) " and w, = (%) "

Motivated by the research going on in this direction and with a need to give more stable
optimal higher-order methods, we propose a new family of optimal eighth-order iterative methods for
finding simple as well as multiple zeros of a univariate nonlinear function with multiplicity m > 1.
The derivation of the proposed class is based on a univariate and trivariate weight function approach.
In addition, our proposed methods not only give the faster convergence but also have smaller residual
error. We have demonstrated the efficiency and robustness of the proposed methods by performing
several applied science problems for numerical tests and observed that our methods have better
numerical results than those obtained by the existing methods. Further, the dynamical performance of
these methods on the above mentioned problems supports the theoretical aspects, showing a good
behavior in terms of dependence on initial estimations.

The rest of the paper is organized as follows: Section 2 provides the construction of the
new family of iterative methods and the analysis of convergence to prove the eighth order of
convergence. In Section 3, some special cases of the new family are defined. In Section 4, the numerical
performance and comparison of some special cases of the new family with the existing ones are given.
The numerical comparisons is carried out using the nonlinear equations that appear in the modeling of
the predator—prey model, beam designing model, electric circuit modeling, and eigenvalue problem.
Additionally, some dynamical planes are provided to compare their stability with that of known
methods. Finally, some conclusions are stated in Section 5.

2. Construction of the Family

This section is devoted to the main contribution of this study, the design and convergence
analysis of the proposed scheme. We consider the following optimal eighth-order class for finding
multiple zeros with multiplicity m > 1:

—x _mf(xn) "
P =Ty 2
Zn = Yn — MG (1) ;((3;’;)), 7)
f(xn)

Xn+1 = Zn — munH(un/ tn, wn)i

f'xn)
where G : C — C and H : C® — C are analytical functions in a neighborhood of (0) and (0,0,0),

1 1 1
ropctvaly ing = (9) 1= (10) o, = (1)
In the next result, we demonstrate that the order of convergence of the proposed family reaches

optimal order eight.
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Theorem 1. Let us consider x = ¢ (say) is a zero with multiplicity m > 1 of the involved function f.
In addition, we assume that f : C — C is an analytical function in the region enclosing the multiple zero ¢.
The proposed class defined by Equation (7) has an optimal eighth order of convergence, when the following
conditions are satisfied:

G(0)=1, G =G'(0)=2, G, =G"(0) =4— %,Gs =G"(0)
G
Hoopo = 0, Higg = 0, Hp1o = 1, Hip1 = 3 — T;Hllo =2— Hoo1, 8)

Hoi1 =4, Hopo = 1,|G3] < 00, |Hgp1| < o,

1 9ititk

where Hijy = i —%———
ik = TR 5] ot o0l

H (un, tn, n)] (1, =0,ty=0,0n—0) for 0 < i,k <1,0 < j <2,

Proof. Let us assume that ¢, = x, — ¢ is the error at nth step. By expanding f(x,,) and f'(x,) about
x = ¢ using Taylor series expansion, we have:

(m)
flxn) = f m'(é) e (1 + 16 + 6% 4 caed + cqet +csed + coed + crel, 4 cged + O(ei)) 9)

(m)
f(xn) = f ml(é) ent (m +c1(m 4 1)ey + ca(m 4 2)e2 + c3(m + 3)ed + cy(m + 4)et + cs(m +5)ed

(10)
+ceg(m + 6)e$’, +c7(m + 7)el + cg(m + 8)@2 + O(e?,)) ,

m fOE)

respectively, where ¢, = WW, =1,2,3,...8

By inserting the above Equations (9) and (10), in the first substep of Equation (7), we obtain:

2 (chz — (m+ 1)c%>e§, 4

cie k-
Yn—G = 7” + ) +k70 Areb™ 1 0(e)), 11)
where Ay = Ag(m,cq,0p,...,c8) are given in terms of m,cy,ca,¢3,...,c3 with two explicitly
written coefficients Ay = %{3(137’”2 + c%(m +1)2 — cyeom(3m + 4)} and Ay = —#{c‘%(m +1)3 —

2e0¢2m(2m? + 5m + 3) + 2cscym?(2m + 3) + 2m? (c3 (m + 2) — 2c4m) }, etc.
With the help of Taylor series expansion and Equation (11), we get:

aym  (2mey — (m+1)2 ) (S)"e, 6
fl) = F @)z | 2 e . e & aio@]|.
: '1 k=0

Using Equations (9) and (12), we have:

% 2mcy — (m+2)c2 )e2
_ (fyn)\ " _ caen ( 2 L 3 4 5 6
Uy = <f(xn) = + " + e, + we, + e, + O(ey), (13)

where 77 = 217 {c?(Zmz + 7m + 7) + 6c3m> — 2cicom(3m + 7)], T = —6%‘4 [c‘{(ém?’ +29m? +

51m + 34) — 6ccim(4m? + 16m + 17) + 12c1c3m?(2m + 5) + 12m?(c3(m + 3) — 264711)] and 73 =
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s [ — 243 (cyc3(5m +17) — Sesm) + 12c3¢2m?(10m? + 43m + 49) + 12c1m2{c§ (10m? + 47m + 53) —

2cym(5m + 13)} — 4cpc3m(30m® + 163m? 4 306m + 209) + 3 (24m* + 146m> + 355m? + 418m + 209)].

Itis clear from Equation (13) that u,, is of order one. Therefore, we can expand the weight function
G(uy) in the neighborhood of origin by Taylor series expansion up to third-order terms for eighth-order
convergence as follows:

2 3
Gmgzqm+wd@+%de%gW@. (14)

Now, by inserting Equations (11)—(14) in the second substep of the proposed class (Equation (7)),
we obtain:

= (G(0) — 1)y 2 (1+G'(0) +m— G(O)(mj3))c% +2mcy(G(0) — 1))35,[
m m

5 (15)

Bie) + 0(e)),
j=1

Jr

where B; = Bj(G(O),G’(O),G”(O),G’”(O),m, €1,¢,...,¢7),]=1,2,3,4,5.
In order to obtain fourth-order convergence, the coefficients of ¢ and e} must be simultaneously
equal to zero. Thus, from Equation (15), we obtain the following values of G(0) and G'(0) :

G(0) =1,G'(0) =2. (16)
Using Equation (16), we have:
9 — G"(0) + m)c? — 2mcqcy 4 4
Zy—C=— ( ©) st) 1 ! )eﬁ +) Pjefq+ +0(e), (17)

=1

where P; = P;(G"(0),G"'(0),m,cy,¢2,...,¢7),j =1,2,3,4.
With the help of Equation (17) and Taylor series expansion, we have:

I m o 3_ m—1
(9-G (0)+mms)c%'—2mclcz> <2—m <(9 G (O)er:?ﬁ 2”lclfz) 170)

m! 3(m3m!)

en

me
fan) = f(&)ed (
(18)

where:
o = (124 + G (0) —3G"(0)(7 + 3m)ct — 6m(—3G"(0) +4(7 + m)cicy + 12m3c5 + 12m2c1C3))

and F] = F]'(G//(O), G/”(O),m, C1,€2,..., C7),j = 1,2, A
Using Equations (9), (12) and (18), we further obtain:

DV BO-GO) +m) —2me , &
t:GgD - pyee 23'2‘+];Qf€{1+2+0(63), (19)
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where Q; = Q;(G"(0),G"(0),m,c1,¢a,...,¢6),j = 1,2,3,4 and:

@)\ % SO G"(0) +m)—2merer 5 &
Wn = (j‘((xn)> = o3 L 232 + ;QJ‘€T3+O(€§), (20)

]
where Q; = Q;(G"(0),G"'(0),m,c1,¢2,...,¢6),j = 1,2,3,4.

Hence, it is clear from Equation (13) that ¢, and wj, are of order 2 and 3, respectively. Therefore, we
can expand weight function H (i, t,, w,) in the neighborhood of (0,0, 0) by Taylor series expansion
up to second-order terms as follows:

H (ttn, tn, wn) ~ Hooo + ttnHioo + tnHoto + wn Hoor + tntnHi1o + tnwn Hior + waty Hiro + 2 Hopo, (21)
1 ai+j+k

1k 3yl ot ek
Using Equations (9)—(21) in the last substep of proposed scheme (Equation (7)), we have:
g Eq p ol prop q

where Hijk = H(un/tnr wn)‘(0,0,0)' for0 <i,k<1,0< ] <2

Hoooc A
ent1 = _716121 + Z Efe;rz + O(ei;l)/ (22)
i—1

1

where E; = E;(m, G"(0), G"'(0), Hooo, H100, Hoto, Hoo1, Hio1, Hi10, Hozo, €1, €2, - - -, ), i = 1,2,3,4.
From Equation (22), it is clear that we can easily obtain at least cubic order of convergence, for:

Hogo = 0. (23)
Moreover, E; = 0 for Hygg = 0, we also have:

(*1 + H(no) C1(*9 + G" (0) C% + ZTVZCZ)
2m3

E, =

Thus, we take:
— 1+ Hoio =0, (24)

Thus, by inserting Equation (24), it results that E; = 0 and:

(=2 Hog1 + Hi1g) (=9 + G” (0) c3 4 2mcy)

Ey = - . (25)
Therefore, by taking:
Hiip =2 — Hom, (26)
we have at least a sixth-order convergence. Additionally, for Hy = 1:
E (—2+2Hj01 — G" (0)) ¢3(—9 + G” (0) ¢ + 2mcy) -
4= o , 27)
which further yields:
G" (0
Hygp =1+ 2( ) (28)
Finally, we take:
Hoi1 =4, G"(0)=4— %

"

where G3 =G (0).
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Then, by substituting Equations (23), (24), (26) and (28) in Equation (22), we obtain the following
optimal asymptotical error constant term:

C1
— W(G3 4 6(5+m))c? — 12mcy) ((G3(25 + m) +2(227 + 90m + 7m?))c} )

—2m(180 + Gz 4 24m)c3cy + 24m>c3 + 24m>cic3)ed + O(ey).

Equation (29) reveals that the proposed scheme (Equation (7)) reaches optimal eighth-order
convergence using only four functional evaluations (i.e., f(x,), f'(xn), f(yn) and f(z,)) per iteration.
This completes the proof. [

3. Some Special Cases of Weight Function

In this section, we discuss some special cases of our proposed class (7) by assigning different
kinds of weight functions. In this regard, please see the following cases, where we have mentioned
some different members of the proposed family.

Case 1: Let us describe the following polynomial weight functions directly from the hypothesis of
Theorem 1:

Gs

1
Guy) =142u, + (2 - ﬁ) u 4 gcgu%,
(30)

G
H(u,,,tn,w,,) = tn + <H00] + <3— Té) Mn) wy + ((2— H001)u,, +4wn +tn)tn,

where Hyy; and G3 are free parameters.
Case 1A: When Hyy; = 2, G3 = 0, we obtain the corresponding optimal eighth-order iterative
method as follows:

f(xn)
f(xn)

Zn = Yn — ity (14 2uy, 4 2u3)

,n >0,

Yn =Xy — MM

fxn)
f,(xn)’ 61

Xpi1 = Zn — mun(t,z1 + W (24 3uy + 4ty) + ty)

fxn)
f(xn)’

Case 2: Now, we suggest a mixture of rational and polynomial weight functions satisfying
condition Equation (8) as follows:

B 1+ aguy
1+ (ag—2) up +azu?’

G(un)
(32)

G
H(up, ty, wy) =ty + <H001 + <3 — 1—;) u,,) wy + ((2 — Hopr) tn + 4wy + 1) ty,

where az = —2(ag — 1) + % and ag, G3 and Hyp; are free parameters.
Case 2A: When gy = 2, Hy1 = 2,G3 = 12, the corresponding optimal eighth-order iterative
scheme is given by:

_ f(xn)
Yn = Xn — mf,(xn),n >0,
B 14+ 2u,\ f(xn)
T Y ( 1-u2 ) JEDK 9

f(xn)
f(xn)

Xpi1 = Zn — My (ty + 2 (1 + up) wy + (b + 4wy) ty)

114



Mathematics 2018, 6, 310

Case 3: Now, we suggest another rational and polynomial weight function satisfying Equation (8)
as follows:

1+ aguy
G(u,) = ,
(1) 1+ (ag — 2) uy + azu2 + agud

34
o e
H(”nrtn/wn) =ty + | Hop1 + (3 — ﬁ Uy | Wy + ((2 - HOOl) uy + 4wy, + tn) ty,

where a3 = —2(ag— 1) + %, ag = 2ag + (ag — 6) % and ag, Hyp and Gj are free.
Case 3A: By choosing ag = 4, a3 = —5, a4 = 6, Hyp1 = 2, G3 = 12, the corresponding optimal
eighth-order iterative scheme is given by:

f(xn)
= — >
Yn = Xn mf,(Xn),n >0,
1+ 4u, fxn)
=y, — 35
Zn = Yn = Mikn <1+2un — 512 +6uﬁ) F(xn) (35)

f(xn)
f(xn)”

In a similar way, we can develop several new and interesting optimal schemes with eighth-order
convergence for multiple zeros by considering new weight functions which satisfy the conditions of
Theorem 1.

Xp+1 = Zn — m”n(tn +2 (1 + un) Wy + (tn +4wn) tn)

4. Numerical Experiments

This section is devoted to demonstrating the efficiency, effectiveness, and convergence behavior of
the presented family. In this regard, we consider some of the special cases of the proposed class,
namely, Equations (31), (33) and (35), denoted by NS1, NS2, and NS3, respectively. In addition, we
choose a total number of four test problems for comparison: The first is a predator-prey model, the
second is a beam designing problem, the third is an electric circuit modeling for simple zeros, and the
last is an eigenvalue problem.

Now, we want to compare our methods with other existing robust schemes of the same order on
the basis of the difference between two consecutive iterations, the residual errors in the function,
the computational order of convergence p, and asymptotic error constant 7. We have chosen
eighth-order iterative methods for multiple zeros given by Behl et al. [19,23]. We take the following
particular case (Equation (27)) for (a; = 1, ap = —2, Gop = 2m) of the family by Behl et al. [19] and
denote it by BM1 as follows:

_ fxn)
I G
zy = Yn —m (1 + 2hy) jj:,((?;)) Up, (36)
Xpi1 = zp —m (1 by + B4 3K + hy (2 + Aty — Zhn)) J{,((’;”)) Untn.
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From the eighth-order family of Behl et al. [23], we consider the following special case denoted
by BM2:

f(xn)
f'(xn)’

Zp = Yn — My (1 +2u11)

Yn =Xy —m

fxn)
f(xn)’

unwn f(xn) 2 3
T—w, F(xn) <71 —2uy, — uy, +4uy, 720,1> .

(37)

Xpt1 =2zn+m

Tables 1-4 display the number of iteration indices (1), the error in the consecutive iterations
|41 — Xn|, the computational order of convergence p = M, n > 1, (the formula by

log|(f(xn)/ f(xn-1))]

Jay [24]), the absolute residual error of the corresponding function (| f(x,)|), and the asymptotical error

constant 17 ~ | 5"

. We did our calculations with 1000 significant digits to minimize the round-off

error. We display all the numerical values in Tables 14 up to 7 significant digits with exponent. Finally,
we display the values of approximated zeros up to 30 significant digits in Examples 14, although a
minimum of 1000 significant digits are available with us.

For computer programming, all computations have been performed using the programming
package Maple 16 with multiple precision arithmetics. Further, the meaning of a(+b) is a x 10#0) in
Tables 1-4.

Now, we explain the real life problems chosen for the sake of comparing the schemes as follows:

Example 1 (Predator-Prey Model). Let us consider a predator-prey model with ladybugs as predators and
aphids as preys [25]. Let x be the number of aphids eaten by a ladybug per unit time per unit area, called the
predation rate, denoted by P(x). The predation rate usually depends on prey density and is given as:

X3

P(x) = Kiu3 ey

a, K> 0.
Let the growth of aphids obey the Malthusian model; therefore, the growth rate of aphids G per hour is:
G(x)=rx, r>0.

The problem is to find the aphid density x for which:

This gives:
rx® — Ka? +ra® = 0.

Let K = 30 aphids eaten per hour, a = 20 aphids and r = 23 per hour. Thus, we are required to find the
zero of:
f1 (x) = 0.7937005260x° — 30x? 4 6349.604208

The desired zero of f is 25.198420997897463295344212145564 with m = 2. We choose xy = 20.
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Table 1. Comparison of different multiple root finding methods for f; (x).

BM1 BM2 NS1 NS2 NS3

|x1 —xo|  2.064550(1) 4.789445 1.219414(1) 1.214342(1) 1.213887(1)
[f(x;)]  1.008384(4) 4963523 1.739946(3) 1.712863(3) 1.710446(3)

|xp— x| 1.544682(1)  4.088744(—1 6.995715 6.944984 6.940438

— =

[f(x2)]  1.967429(—6)  3.035927(—7)  3.672323(—9)  6.792230(—9)  4.951247(—9)
|x3 — x|  2.560869(—4)  1.005971(—4)  1.106393(—5)  1.504684(—5)  1.284684(—5)
[f(x3)] 5.685107(—81) 6.093227(—29) 1.223217(—100) 5.427728(—98) 2.522949(—99)
" 7.900841 0.1287852 1.928645(—12)  2.780193(—12) 2.386168(—12)

0 7.676751 3.0078946 7.834927 7.814388 7.825421

Example 2 (Beam Designing Model). We consider a beam positioning problem (see [26]) where an r meter
long beam is leaning against the edge of the cubical box with sides of length 1 m each, such that one of its ends
touches the wall and the other touches the floor, as shown in Figure 1.

Figure 1. Beam positioning problem.

What should be the distance along the floor from the base of the wall to the bottom of the beam? Let y be the
distance in meters along the beam from the floor to the edge of the box and let x be the distance in meters from the
bottom of the box to the bottom of the beam. Then, for a given value of r, we have:

fo(x) = x* +4x® — 24x% +16x + 16 = 0.
The positive solution of the equation is a double root x = 2. We consider the initial guess xg = 1.7.

Table 2. Comparison of different multiple root finding methods for f,(x).

BM1 BM2 NS1 NS2 NS3

|21 — xo| 1.288477 2734437(—1)  7.427026(—1)  7.391615(—1)  7.388023(—1)
[f(x1)] 35.99479 1.670143(—2) 5783224 5.682280 5.672098

|xp— x| 9.884394(—1)  2.654643(—2)  4.427007(—1)  4.391589(—1)  4.388001(—1)
[f(x2)]  3.566062(—8)  2.333107(—9) 8.652078(—11) 1.664205(—10) 1.1624462(—10)

|x3 — x|  3.854647(—5)  9.859679(—6)  1.898691(—6)  2.633282(—7)  2.200800(—6)

[f(x3)|  7.225712(—77) 5512446(—30) 2306147(—95) 1.620443(—92) 4.8729521(—94)
e 4230427(—1)  3.997726(7)  1.286982(—3)  1.903372(—3)  1.601202(—3)
0 7.629155 3.0090640 7.812826 7.7859217 7.800775

Example 3 (The Shockley Diode Equation and Electric Circuit). Let us consider an electric circuit
consisting of a diode and a resistor. By Kirchoff’s voltage law, the source voltage drop Vs is equal to the
sum of the voltage drops across the diode Vp and resistor Vg :

Ve =Vr+ Vp. (38)
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Let the source voltage be Vs = 0.5 V and from Ohm'’s law:
Vr = RI. (39)

Additionally, the voltage drop across the diode is given by the Shockley diode equation as follows:

Vb
I=1Is (e”VT - 1) , (40)
where I is the diode current in amperes, Ig is saturation current (amperes), n is the emission or ideality constant

(1 < n < 2 forsilicon diode), and Vp is the voltage applied across the diode. Solving Equation (40) for Vp and
using all the values in Equation (38), we obtain:

—0.5+ RI+nVrln (é +1> =0
Now, for the given values of n, Vr, R and Is, we have the following equation [27]:
—05+0.1I+14In(I+1) =0.
Replacing I with x, we have
fa(x) =—05+0.1x+14In(x+1).
The true root of the equation is 0.389977198390077586586453532646. We take xo = 0.5.

Table 3. Comparison of different multiple root finding methods for f3(x).

BM1 BM?2 NS1 NS2 NS3

|vp —xp|  1.100228(—1)  1.100228(—1) 1.100228(—1) 1.100228(—1)  1.100228(—1)
If(x1)]  3213611(—12)  1.902432(—10)  7.591378(—11)  4.728795(—10)  1.626799(—10)
lvp— x| 2902439(—12)  1.718220(—10)  6.856308(—11)  4.270907(—10)  1.469276(—10)
If(x2)]  9.512092(—97)  6.797214(—81)  2.215753(—84)  2.393956(—77)  1.758525(—81)
|v3 — x|  8591040(—97)  6.139043(—81)  2.001202(—84)  2.162151(—77)  1.588247(—81)
|f(x3)]  5.604505(—773) 1.805114(—644) 1.1671510(—672) 1.032863(—615) 3.278426(—649)
b 1.705849(—4)  8.081072(—3) 4.097965(—3) 1.953099(—2)  7.312887(—3)
P 7.999999 7.999999 7.999999 7.999999 7.999999

Example 4 (Eigenvalue Problem). One of the challenging task of linear algebra is to calculate the eigenvalues of
a large square matrix, especially when the required eigenvalues are the zeros of the characteristic polynomial
obtained from the determinant of a square matrix of order greater than 4. Let us consider the following
9 X 9 matrix:

(12 0 0 19 -19 76 —19 18 437]

—64 24 0 -24 24 64 -8 32 376

~16 0 24 4 —4 16 -4 8 92
L% 0 0 -10 50 40 2 20 242
A=g|-4 0 0 -1 4 4 1 2 25
—40 0 0 18 —18 104 —18 20 462

-84 0 0 -29 29 84 21 42 501

16 0 0 —4 4 —16 4 16 —92

L0 0 0 0 0 0 0 0 24]

The corresponding characteristic polynomial of matrix A is given as follows:

fa(x) = &7 —29x® 4-349x7 — 2261x0 4 8455x° — 17663x* 4 15927x% + 6993x? — 24732x 4 12960. (41)
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The above function has one multiple zero at ¢ = 3 of multiplicity 4 with initial approximation xo = 3.1.

Table 4. Comparison of different multiple root finding methods for fy(x).

BM1 BM2 NSs1 NS2 NS3

|y —xo|  1577283(—1)  9.9275251(—2)  1283418(—1)  1.283182(—1)  1.283180(—1)
If(x1)]  9.361198(—4)  2.205656(—11)  5.299339(—5)  5281568(—5)  5.281425(—5)
|xo—x1|  5772837(—2)  7.247474(—4)  2.834188(—2)  2.831824(-2)  2.831805(—2)
If(x2)]  9.059481(—49)  7.0590148(—38) 2.755794(—55)  8.779457(—55)  5.772523(—55)
|v3 —xp|  3.262145(—13)  2.278878(—10)  7.661066(—15)  1.023515(—14)  9.216561(—15)
If(x3)]  4.543117(—408) 2278878(—117) 4.807225(—457) 1.869778(—452) 4.077620(—454)
" 2644775(—3)  2264227(15)  1840177(—2)  2474935(—2)  2.228752(-2)
0 7.981915 3.000250 7.989789 7.988696 7.989189

In Tables 14, we show the numerical results obtained by applying the different methods for
approximating the multiple roots of fi(x) — f4(x). The obtained values confirm the theoretical results.
From the tables, it can be observed that our proposed schemes NS1, NS2, and NS3 exhibit a better
performance in approximating the multiple root of f1, f, and f; among other similar methods. Only in
the case of the example for simple zeros Behl’s scheme BM1 is performing slightly better than the other
methods.

Dynamical Planes

The dynamical behavior of the test functions is presented in Figures 2-9. The dynamical planes
have been generated using the routines published in Reference [28]. We used a mesh of 400 x 400
points in the region of the complex plane [—100,100] x [—100,100]. We painted in orange the points
whose orbit converged to the multiple root and in black those points whose orbit either diverged or
converged to a strange fixed point or a cycle. We worked out with a tolerance of 10~% and a maximum
number of 80 iterations. The multiple root is represented in the different figures by a white star.

20 21 22 23 24 25 26 20 21 22 23 24 25 26 20 21 22 23 24 25 26
Re{z} Re{z} Re{z}

Figure 2. Dynamical planes of the methods NS1 (Left), NS2 (Center), and NS3 (Right) for f(x).

20 21 22 23 24 25 26 20 21 22 23 24 25 26
Re{z} Re{z}

Figure 3. Dynamical planes of the methods BM1 (Left) and BM2 (Right) for f; (x).

119



Mathematics 2018, 6, 310

2
45
05
=
£ *
05
1.5
2
1 2 3 4 5 1 2 3 4 5 1 2 3 4 5

Re{z} Re{z} Ref{z}

Figure 4. Dynamical planes of the methods NS1 (Left), NS2 (Center), and NS3 (Right) for f,(x).
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Figure 5. Dynamical planes of the methods BM1 (Left) and BM2 (Right) on f5(x).

2 -1 0 1 2 2 -1 0 1 2 -2 -1

0
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Figure 6. Dynamical planes of the methods NS1 (Left), NS2 (Center), and NS3 (Right) for f3(x).
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Figure 7. Dynamical planes of the methods BM1 (Left) and BM2 (Right) for f3(x).
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Ref{z} Ref{z} Ref{z}

Figure 8. Dynamical planes of the methods NS1 (Left), NS2 (Center), and NS3 (Right) on fy(x).

Figure 9. Dynamical planes of the methods BM1 (Left) and BM2 (Right) for f4(x).

Figures 2-9 study the convergence and divergence regions of the new schemes NS1, NS2, and NS3
in comparison with the other schemes of the same order. In the case of f1(x) and f>(x), we observed
that the new schemes are more stable than BM1 and BM2 as they are almost divergence-free and
also converge faster than BM1 and BM2 in their common regions of convergence. In the case of
f3(x), BM1 performs better; however, NS1, NS2, and NS3 have an edge over BM2 for the region
in spite of the analogous behavior to BM2, as the new schemes show more robustness. Similarly,
in the case of f4(x), it can be clearly observed that the divergence region for BM1 is bigger than that for
NS1, NS2,and NS3. Additionally, these schemes perform better than BM2 where they are convergent.
The same behavior can be observed through the numerical comparison of these methods in Tables 1—4.
As a future extension, we shall be trying to construct a new optimal eighth-order method whose
stability analysis can allow to choose the optimal weight function for the best possible results.

5. Conclusions

In this manuscript, a new general class of optimal eighth-order methods for solving nonlinear
equations with multiple roots was presented. This family was obtained using the procedure of weight
functions with two functions: One univariate and another depending on three variables. To reach
this optimal order, some conditions on the functions and their derivatives must be imposed. Several
special cases were selected and applied to different real problems, comparing their performance with
that of other known methods of the same order of convergence. Finally, their dependence on initial
estimations was analyzed from their basins of attraction.
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Abstract: The aim of this paper is to introduce new high order iterative methods for multiple roots of
the nonlinear scalar equation; this is a demanding task in the area of computational mathematics and
numerical analysis. Specifically, we present a new Chebyshev-Halley-type iteration function having
at least sixth-order convergence and eighth-order convergence for a particular value in the case of
multiple roots. With regard to computational cost, each member of our scheme needs four functional
evaluations each step. Therefore, the maximum efficiency index of our scheme is 1.6818 for & = 2,
which corresponds to an optimal method in the sense of Kung and Traub’s conjecture. We obtain
the theoretical convergence order by using Taylor developments. Finally, we consider some real-life
situations for establishing some numerical experiments to corroborate the theoretical results.

Keywords: nonlinear equations; multiple roots; Chebyshev-Halley-type; optimal iterative methods;
efficiency index

1. Introduction

One important field in the area of computational methods and numerical analysis is to find
approximations to the solutions of nonlinear equations of the form:

flx) =0, 1

where f : D C C — Cis the analytic function in the enclosed region I, enclosing the required solution.
It is almost impossible to obtain the exact solution in an analytic way for such problems. Therefore,
we concentrate on obtaining approximations of the solution up to any specific degree of accuracy by
means of an iterative procedure, of course doing it also with the maximum efficiency. In [1], Kung and
Traub conjectured that a method without memory that uses 1 + 1 functional evaluations per iteration
can have at most convergence order p = 2". If this bound is reached, the method is said to be optimal.
For solving nonlinear Equation (1) by means of iterations, we have the well-known
cubically-convergent family of Chebyshev-Halley methods [2], which is given by:

Xn+1 = Xn — 21— DéLf(xn) f/(x”)

g1 L) }f(x”),aeR, %)
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where Lg(xy) = W A great variety of iterative methods can be reported in particular cases.
For example, the classical Chebyshev’s method [1,3], Halley’s method [1,3], and the super-Halley
method [1,3] can be obtained if « = 0, a = %, and « = 1, respectively. Despite the third-order
convergence, the scheme (2) is considered less practical from a computational point of view because of
the computation of the second-order derivative.

For this reason, several variants of Chebyshev-Halley’s methods free from the second-order
derivative have been presented in [4-7]. It has been shown that these methods are comparable to
the classical third-order methods of the Chebyshev-Halley-type in their performance and can also
compete with Newton’s method. One family of these methods is given as follows:

-y — f(xn)
Yn = Xn f/(xn)’

3)
xeR

x — fyn) f(xn)
w1 = @*ﬂm—wwﬂﬂmr

We can easily obtain some well-known third-order methods proposed by Potra and Ptak [4]
and Sharma [5] (the Newton-secant method (NSM)) for « = 0 and &« = 1. In addition, we have
Ostrowski’s method [8] having optimal fourth-order convergence, which is also a special case for
« = 2. This family is important and interesting not only because of not using a second- or higher order
derivative. However, this scheme also converges at least cubically and has better results in comparison
to the existing ones. Moreover, we have several higher order modifications of the Chebyshev-Halley
methods available in the literature, and some of them can be seen in [9-12].

In this study, we focus on the case of the multiple roots of nonlinear equations. We have some
fourth-order optimal and non-optimal modifications or improvements of Newton’s iteration function
for multiple roots in the research articles [13-17]. Furthermore, we can find some higher order methods
for this case, but some of them do not reach maximum efficiency [18-23]; so, this topic is of interest in
the current literature.

We propose a new Chebyshev-Halley-type iteration function for multiple roots, which reaches a
high order of convergence. Specifically, we get a family of iterative methods with a free parameter «,
with sixth-order convergence. Therefore, the efficiency index is 6174 and for a = 2, this index is 8174,
which is the maximum value that one can get with four functional evaluations, reaching optimality in
the sense of Kung and Traub’s conjecture. Additionally, an extensive analysis of the convergence order
is presented in the main theorem.

We recall that ¢ € C is a multiple root of the equation f(x) = 0, if it is verified that:

f@=0£@) =0, f" V@) =0 and f"(&) £0,

the positive integer (m > 1) being the multiplicity of the root.

We deal with iterative methods in which the multiplicity must be known in advance, because
this value, m, is used in the iterative expression. However, we point out that these methods also work
when one uses an estimation of the multiplicity, as was proposed in the classical study carried out
in [24].

Finally, we consider some real-life situations that start from some given conditions to investigate
and some standard academic test problems for numerical experiments. Our iteration functions here
are found to be more comparable and effective than the existing methods for multiple roots in terms
of residual errors and errors among two consecutive iterations, and also, we obtain a more stable
computational order of convergence. That is, the proposed methods are competitive.
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2. Construction of the Higher Order Scheme

In this section, we present the new Chebyshev-Halley-type methods for multiple roots of
nonlinear equations, for the first time. In order to construct the new scheme, we consider the
following scheme:

& f(en)

f(xn)’
_ Ui f(xn)
Z”_x”fm(lJrlfmy)f’(xn)’ 4)
f(xn)

where the function:

with:

_(fn)\m
”(ﬂwﬂl'
_ f(%))ﬁ
flyn))
B=m((a(e+2)+9)y>+n*(a(x+3)—6T—3)+n(a+8t+1)+2t+1),

where & € R is a free disposable variable. For m = 1, we can easily obtain the scheme (3) from the first
two steps of the scheme (4).

In Theorem 1, we illustrate that the constructed scheme attains at least sixth-order convergence
and for a = 2, it goes to eighth-order without using any extra functional evaluation. It is interesting to
observe that H(#, T) plays a significant role in the construction of the presented scheme (for details,
please see Theorem 1).

Theorem 1. Let us consider x = ¢ to be a multiple zero with multiplicity m > 1 of an analytic function f : C —
C in the region containing the multiple zero & of f(x). Then, the present scheme (4) attains at least sixth-order
convergence for each w, but for a particular value of & = 2, it reaches the optimal eighth-order convergence.

Proof. We expand the functions f(x,) and f’(x,) about x = ¢ with the help of a Taylor’s series
expansion, which leads us to:

(m)
fxn) = f m‘(é) e (1 + c1en + 262 + c3el + caet + csed + coed + cyel, 4 cged + O(e%)), 5)

f(xn) = p et (m + (m+1)cren + (m +2)ca€2 + (m 4 3)czed + (m + 4)cqet + (m +5)cse)
' ©)
+ (m +6)ceeh + (m +7)czel, + (m + 8)csel +O(e2)),

m__ "Nk~ 23,4...,8and ey = Xy — ¢ is the error in the
A (R A e

respectively, where ¢, =

n™ iteration.
Inserting the above expressions (5) and (6) into the first substep of scheme (4) yields:

5
c .
Yo —E= e+ ) gie +0(er), 7)
i=0
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where ¢; = ¢;(m,c1,¢a,...,c8) are given in terms of m, ¢y, c3, . . ., ¢g, for example ¢y = # (2mcz —(m+
1)c}) and ¢y = -1 {3mZC3 + (m+1)%5 — m(3m + 4)c1cz] , etc.
Using the Taylor series expansion and the expression (7), we have:

Flyn) =F0 ()2 {(Cﬁ;n)' " i (2mey — (m+1)c2) (2)" e, n (ﬁ)1+nz 1 {(3+3m 4+ 3m? + m¥)ch

mlcy m 5 2mlc3 ®)
—2m(2 +3m + 2m*)cier + 4(m — 1)m*c3 + 6mPcrcs bed + Y Gieh > +0(e)) |
i=0
We obtain the following expression by using (5) and (8):
n= %+2m2_7£1—’;1+2)cl 2 1 6ged 4 01eh + 02e) +0(ef), )
where 0 = ZTmNGOC G G T g —ﬁ (1202 (2m + 5)c1c3 + 1202 ((m + 3)S3 —

2mey) — 6m(4m? + 16m +17)c?cy + (6m3 4 29m? + 51m + 34)c*| and 6, = 12m?(10m? + 43m +
1 1

24 24m5 [
49)c?c3 — 24m3 ((5m +17)cocs — 5mcs) 4+ 12m? ( (10m? 4+ 47m + 53)c2 — 2m(5m +13)cy ) c1 — 4m (30m3 +
1 2

163m? + 306m + 209)c3cy + (24m* + 146m> + 355m? + 418m + 209)c§] .
With the help of Expressions (5)-(9), we obtain:

2
2y —E = 7(0‘ mZ)Cl 3+le€l+4+0( 9, (10)

i=0
where ; = ;(a,m,cq,¢,...,cg) are given in terms of &, m, ¢z, c3, . . ., cg with the first two coefficients
explicitly written as g = — 51 [(lez — 100 + (7 — 4a)m + 11) 3 + 2m (4o — 7)c1c2} and Py = Ly [( -
603 + 4202 — 96n + (29 — 18a)m> + 6(30% — 140 + 14)m + 67) c} + 12m>(5 — 3a)cy.c3 + 12m2(3 — 2a)c3 +
12m( — 3a2 + 14a + (50 — 8)m — 14) c%cz].
By using the Taylor series expansion and (10), we have:

(=)
m2 5 .
flzn) =fM(@em | ~—r~L—+ Y fiel, +0(en) | - (11)

m!

From Expressions (8) and (11), we further have:

_ (=2, N ((—2a%+8a+ (2a —3)m —7)c3 +2m(3 — 2a)co)
- n

m 2 &+ 7165 + 7oeh +0(e3), (12)

where 11 = 51 [( 3 + 1842 — 30a + (4 — 3a)m?* + 3(20% — 7a + 5)m + 11) ¢} + 3m?(4 — 3a)c3 +
3m(—4a® + 14a + 3am — 4m — 10)c1c2} and 7, = 24 = [24m (— 6a% +20a + (4o — 5)m — 14)cycs +
12m? ((—8a2 4 24n + dam — 5m — 13)c3 + 2m(5 — 4a)cy) — 12m (12a% — 66a% + 100a + 2(4a — 5)m? +
(—2002 + 640 — 41)m — 33)c2cp + ( — 240t + 19203 — 49202 4 3920 + 6(4a — 5)m> + (—72a% + 2320 —
151)m? + 6(12a% — 6642 + 100a — 33)m + 19)&{] .

By using Expressions (9) and (12), we obtain:

(& — Z)C% 2

H(y,7t)=— 2+ Aey + Azel + O(ey) (13)
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where A1 = [} (<20 48+ (4a— 7)m —7) +2(7 — 4a)em| and Ay = ls[ef(— 607 +
36a% — 66a + (29 — 18a)m? + 3(6a* — 22a + 17)m + 34) + 12(5 — 3a)czeym? + 12(3 — 2a)c3m? +
6c2c3m (—60% + 220 +2(50 — 8)m —17) |.

Now, we use the expressions (5)—(13) in the last substep of Scheme (4), and we get:

3 .
eni1 =y Lieh™ +0(e)), (14)
i=1

where L; = %[C% (? —a+m?— (a®+4a —17)m —3) — 2co(m — 1)m], Ly = (x —2)c3[ —
12coc2m{10a> — 2402 — 39a + (16a — 27)m? — (10a° + 2702 — 2620 + 301)m + 91} + 12c3c1m? (—4a +
(4a — 7)m + 8) + 12c3m?(— 120 + 4(3a — 5)m + 21) + c}{ — 24a* + 168a° — 156a% — 6620 + (520 —
88)m> — (60a° + 16202 — 1616a + 1885)m? + 2(18a* — 124% — 7112 + 2539x — 2089)m + 979} | and
Ly = 5% [ — 24cyczerm® (4202 — 146n + 125)m — 6(7a> — 26a + 24)) — 24c3m®( — 24a% + 84a +
(2402 — 80a + 66)m — 73) + 12c5c3m>{2(15a* — 630> — 5a® +290a — 296) + (540> — 190 + 165)m> +
(—30a* — 28a3 + 968a2 — 2432a + 1697)m } + 12c%m2{c% (80a4 —304a% — 2264% 4 1920a + 2(81a2 —
277x + 234)m? 4 (—80a* — 11243 + 271242 — 6410& + 4209)m — 1787) — 4(a — 2)cqm(—3a + (B —
5)m + 6)} - 2c2c;*m{ — 3(96a° — 804a* 4 1504a° 4 267642 — 10612« + 8283) + 4(177a% — 611a +
521)m® — 3(220a* + 280a° — 755642 + 18400a — 12463)m? 4 4(108a° — 234a* — 43024% 4 2290242 —
38593 + 20488)m} + c?{48a6 — 4808° + 996a* + 547243 — 29810a% + 50792 + (27642 — 9564 +
818)m* 4 (—360a* — 448a> + 1243442 — 30518« + 20837)m + (43245 — 1236a* — 160444> + 9230602 —
161292« + 88497)m? + (—168a° + 888a> + 5352a* — 5558043 + 173290a? — 224554 + 97939)m —
29771}].

It is noteworthy that we reached at least sixth-order convergence for all . In addition, we can
easily obtain L1 = L, = 0 by using & = 2.
Now, by adopting & = 2 in Expression (14), we obtain:

Ag(12c3c1m® — 12coc3m (3m? + 30m — 1) + 12c3m?(2m — 1) + ¢} (10m® + 183m> + 650m — 3)) o
Cn+1 = €n
24m®

+o(), (19

where Ay = (c}(m + 1) — 2cicom). The above Expression (15) demonstrates that our proposed
Scheme (4) reaches eighth-order convergence for « = 2 by using only four functional evaluations
per full iteration. Hence, it is an optimal scheme for a particular value of # = 2 according to the
Kung-Traub conjecture, completing the proof. [

3. Numerical Experiments

In this section, we illustrate the efficiency and convergence behavior of our iteration functions
for particular valuesa =0, « =1, « = 1.9, and & = 2 in Expression (4), called OM1, OM2, OM3,
and OM4, respectively. In this regards, we choose five real problems having multiple and simple zeros.
The details are outlined in the examples (1)—(3).

For better comparison of our iterative methods, we consider several existing methods of order six
and the optimal order eight. Firstly, we compare our methods with the two-point family of sixth-order
methods proposed by Geum et al. in [18], and out of them, we pick Case 4c, which is mentioned
as follows:

f(xn)

n=2Xp—m ’
Y JED)

m>1,

16
m+ ayuy 1 (yn) ( )

f
14 byt + bog? 1+ 15 f'(yn)’

Xn+1 = Yn —

where:
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2m (4m* — 16m3 + 31m? — 30m + 13) 4 (2m? — 4m + 3)
=  (m=1) (4 —8m +7) © T = 1) (am? — 8m +7)’
h2:7z22_221;/ Clzz(mil)/

1 1
= (S, e (ST,
fxn) f'(xn)
called GM1.

In addition, we also compare them with one more non-optimal family of sixth-order iteration
functions given by the same authors of [19], and out of them, we choose Case 5YD, which is given by:

_ f(xn)
yn—xn*mf,(Xn),THZL
o [ =2) Qun = 1)) f(x)
= {(unflnsuwz)]f'(xn)' )
Xp+1 = X —m{ (un —2) 2un — 1) }f(xn)
it " (5uty —2) (uy + 00 —1) | f'(xn)’

1

1
where 1, = (J{Ez:;) " and v, = (%) " and this method is denoted as GM2.
Moreover, we compare our methods with the optimal eighth-order iterative methods proposed

by Zafar et al. [21]. We choose the following two schemes out of them:

fxn)

n=Xn —Mm ’
Y JIED)

Wy = Yn — My (6u“:’, — 2 4 2u, + 1) j:,((f;)), (18)
o =02 (S55) 75
and:
]
G e (1 715@2;8“%) Jj;((f;))’ (19)
st == a1+ 20) 1+ 00) (5 2T ) S8
where u, = (;EZ:; ) ’ » Un = <];((Zy0: ))> " s Wn = (;iiv:)) ) '17, and these iterative methods are denoted in

our tables as ZM1 and ZM2, respectively.
Finally, we demonstrate their comparison with another optimal eighth-order iteration function
given by Behl et al. [22]. However, we consider the following the best schemes (which was claimed

by them):

DV fxn)
Yn = Xn mf’(x,,)’
Zn = Yn — mjj:’((fci)) Iy (1 +2hy), (20)
_ flxn) tuhn
Yuet = 2 bt {—1—2h,,—h§+4hﬁ—2kn]
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and: )
Xn
Yn = Xn mf/(xn),
R f,(x”) I (1+ 2hy,), @1)
f'(xn)
_f(xn) tahn 114 9h% 4 2kn + (6 + 8kn)
Xn4+1 = Zn mf’(xn)l—tn[ 1+4h, ]r

1 1 1
H _ (flyn)\m _ (fa)\m — flzn) \ ™ H H
with h, = ( f(xn)) , kn = ( T )) ty < n )> , which are denoted BM1 and BM2, respectively.
In order to compare these schemes, we perform a numerical experience, and in Tables 1 and 2,
we display the difference between two consecutive iterations |x,1 — x|, the residual error in the
corresponding function |f(x,)|, and the computational order of convergence (p) (we used the formula
given by Cordero and Torregrosa [25]:

In(] xgy1 =2 |/ ] — %1 |)
~ 22
PP (= | /%1 — %2 ) @)

We make our calculations with several significant digits (a minimum of 3000 significant digits) to
minimize the round-off error. Moreover, the computational order of convergence is provided up to
five significant digits. Finally, we display the initial guess and approximated zeros up to 25 significant
digits in the corresponding example where an exact solution is not available.

All computations have been performed using the programming package Mathematica 11 with
multiple precision arithmetic. Further, the meaning of a(+b) is shorthand for a x 10+ in the
numerical results.

Example 1. Population growth problem:
The law of population growth is defined as follows:

AN() _
T — N+,

where N(t) = the population at time t, i = the fixed/constant immigration rate, and -y = the fixed/constant birth
rate of the population. We can easily obtain the following solution of the above differential equation:

Mﬂ:MW+%WHL

where Ny is the initial population.

For a particular case study, the problem is given as follows: Suppose a certain population contains 1,000,000
individuals initially, that 300,000 individuals immigrate into the community in the first year, and that 1,365,000
individuals are present at the end of one year. Find the birth rate (vy) of this population.

To determine the birth rate, we must solve the equation:

f1(x) = 1365 — 1000¢* — ?(ex ~1). (23)

wherein x = vy and our desired zero of the above function f; is 0.05504622451335177827483421. The reason

for considering the simple zero problem is to confirm that our methods also work for simple zeros. We choose the
starting point as xo = 0.5.
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Example 2. The van der Waals equation of state:

ayn?
P+ vz (V —nay) = nRT,
explains the behavior of a real gas by introducing in the ideal gas equations two parameters, ay and ay, specific
for each gas. The determination of the volume V of the gas in terms of the remaining parameters requires the
solution of a nonlinear equation in 'V,

PV® — (nayP + nRT)V? + a1n*V — ayan* = 0.

Given the constants ay and ay of a particular gas, one can find values for n, P, and T, such that this
equation has three simple roots. By using the particular values, we obtain the following nonlinear function:

falx) = x® — 5222 4 9.0825x — 5.2675. (24)

which has three zeros; out of them, one is the multiple zero & = 1.75 of multiplicity two, and the other is the
simple zero « = 1.72. Our desired root is &« = 1.75, and we chose xo = 1.8 as the initial guess.

Example 3. Eigenvalue problem:
For this, we choose the following 8 x 8 matrix:

12 12 36 —12 0 0 12 8
148 129 397 147 -12 6 —109 74
72 62 —186 66 -8 4 54 36
=32 24 88 —36 0 0 24 16
20 13 —45 19 8 6 —13 -10
120 98 =330 134 -8 24 90 —60

-132 -109 333 115 12 -6 105 66

0 0 0 0 0 0 0 4

The corresponding characteristic polynomial of this matrix is as follows:
fa(x) = (x —4)3(x +4)(x — 8)(x — 20)(x — 12)(x + 12).

The above function has one multiple zero at & = 4 of multiplicity three. In addition, we consider xo = 2.7
as the starting point.

Example 4. Let us consider the following polynomial equation:

50

fiz) = (=1 =1)". (25)

The desired zero of the above function fy is « = 2 with multiplicity of order 50, and we choose initial guess
xo = 2.1 for this problem.
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4. Conclusions

We presented an eighth-order modification of the Chebyshev-Halley-type iteration scheme having
optimal convergence to obtain the multiple solutions of the scalar equation. The proposed scheme is
optimal in the sense of the classical Kung-Traub conjecture. Thus, the efficiency index of the present
methods is E = v/8 ~ 1.682, which is better than the classical Newton’s method E = ¥/2 ~ 1.414.
Finally, the numerical experience corroborates the theoretical results about the convergence order,
and moreover, it can be concluded that our proposed methods are highly efficient and competitive.
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Abstract: In this paper, we introduce a new family of efficient and optimal iterative methods for
finding multiple roots of nonlinear equations with known multiplicity (m > 1). We use the weight
function approach involving one and two parameters to develop the new family. A comprehensive
convergence analysis is studied to demonstrate the optimal eighth-order convergence of the suggested
scheme. Finally, numerical and dynamical tests are presented, which validates the theoretical results
formulated in this paper and illustrates that the suggested family is efficient among the domain of
multiple root finding methods.

Keywords: nonlinear equations; optimal iterative methods; multiple roots; efficiency index

1. Introduction

The problem of solving nonlinear equation is recognized to be very old in history as many
practical problems which arise are nonlinear in nature . Various one-point and multi-point methods
are presented to solve nonlinear equations or systems of nonlinear equations [1-3]. The above-cited
methods are designed for the simple root of nonlinear equations but the behavior of these methods
is not similar when dealing with multiple roots of nonlinear equations. The well known Newton’s
method with quadratic convergence for simple roots of nonlinear equations decays to first order when
dealing with multiple roots of nonlinear equations. These problems lead to minor troubles such as
greater computational cost and severe troubles such as no convergence at all. The prior knowledge of
multiplicity of roots make it simpler to manage these troubles. The strange behavior of the iterative
methods while dealing with multiple roots has been well known since 19th century in the least when
Schroder [4] developed a modification of classical Newton’s method to conserve its second order of
convergence for multiple roots. The nonlinear equations with multiple roots commonly arise from
different topics such as complex variables, fractional diffusion or image processing, applications to
economics and statistics (Lévy distributions), etc. By knowing the practical nature of multiple root
finders, various one-point and multi-point root solvers have been developed in recent past [5-18]
but most of them are not optimal as defined by Kung and Traub [19], who stated that an optimal
without memory method can achieve its convergence order at the most 2" requiring # + 1 evaluations
of functions or derivatives. As stated by Ostrowski [1], if an iterative method possess order of
convergence as O and total number of functional evaluations is n per iterative step, then the index
defined by E = O/ is recognized as efficiency index of an iterative method.

Sharma and Sharma [17] proposed the following optimal fourth-order multiple root finder with
known multiplicity m as follows:

Yn = Xn m+2 " f(xy)”
St = %= 0 fi
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where ®(x,) = { (m® —4m +8) — (m +2)2 (72" L3 x 2(m — 1) (m +2) (725)" 23 }
A two-step sixth-order non-optimal family for multiple roots presented by Geum et al. [9] is

given by:
_ R f(xn)
Yn = Xp—m f,(xn),m>1,
Xn+1 = Yn— Q(Tn,Sn) : j{/((yyr;))/ (1)

where, 1, = ¥ %,sn = %and Q:C%2 = Cis holomorphic in a neighborhood of (0,0).

The following is a special case of their family:

Yn = xn—m~j{/((§")),n20,m>1,
n

f(yn)
f'(yn) @

Another non-optimal family of three-point sixth-order methods for multiple roots by
Geum et al. [10] is given as follows:

Xpp1 = Yn—Mm [1 +2(m—1)(rn — sn) — 4rusn +sﬂ .

— e —m- f(xn) m
Yn = Xn f/(xn), >1,
f(xn)

Wy = ]/n—m’G(Pn)'m: 3
Xpg1 = Wy —m-K(pu,on,) - ;’((7;:))’

where p,, = ¥/ % and v, = [/ {‘((ZU:)) . The weight functions G : C — C is analytic in a neighborhood

of 0and K : C? — C is holomorphic in a neighborhood of (0,0). The following is a special case of the
family in Equation (3):

f(x"),mzl,

Yn = Xp—M-

f'(xn)
= f(xn)
oo y“""‘[lﬂ’"””?’]'f/(xn)’ 4
fast = wa e [T pa 20+ (14 2pn)on] jj:’((in)).

The families in Equations (1) and (3) require four evaluations of function to produce convergence
of order six having efficiency index 63 = 1.5650 and therefore are not optimal in the sense of the

Kung-Traub conjecture [19].
Recently, Behl et al. [20] presented a multiple root finding family of iterative methods possessing
convergence order eight given as:

G

Yn = Xp— mfl(xn) =
_ —u f(xn)
Zn = Yn nQ(hn)f,(Xn)r ®)
Xnp1 = 2zn — UntyG(hy, tn)}r,((i:)) ,
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where the functions Q : C — C and G : C? — C are restricted to be analytic functions in the regions

1 1
nearby (0) and (0, 0), respectively, with u, = (%) " ohy = % and t,;, = (%) ", being a;

and a; complex non-zero free parameters.
We take Case (27) for (a1 = 1, ap = 1, Gop = 0) from the family of Behl et al. [20] and represent it
by BM given by:

_ _ f(xn)
Yn = Xn mf’(xn) ’
Zn = Yn— (m + 2hym + %hﬁ(‘im + 2m)> jj:/((i’:z)) Un )
St = za— (ot 3h2 4 (24 4+ ) ) J{,((’;")) tnty.

Most recently, another optimal eighth-order scheme presented by Zafar et al. [21] is given as:

fon) s

T T )
Zn = Yn— munH(un);(();r;))/ (7)
Xps1 = 2z — tinta(B1 + Bottn)P(£n)G(wy) f(xn)

f(xn)’

where By,B, € R are suppose to be free parameters and weight functions H: C — C, P: C — Cand
1 1
G : C — C are restricted to be analytic in the regions nearby 0 with 1, = ( %) "oty = (%) "

1
and w, = (% "

From the eighth-order family of Zafar et al. [21], we consider the following special case denoted
by ZM:

= f(xn)
T Gy
o= e 020 )
Xpi1 = zn — Mipty (14 2uy) (14 ) (1 + 2wy) f(xn) ®

f(xn)”

The class of iterative methods referred as optimal is significant as compared to non-optimal
methods due to their speed of convergence and efficiency index. Therefore, there was a need to
develop optimal eighth-order schemes for finding multiple zeros (m > 1) and simple zeros (m = 1)
due to their competitive efficiencies and order of convergence [1]; in addition, fewer iterations are
needed to get desired accuracy as compared to iterative methods having order four and six given by
Sharma and Geum [9,10,17], respectively. In this paper, our main concern is to find the optimal iterative
methods for multiple root y with known multiplicity m € N of an adequately differentiable nonlinear
function f : I C R — R, where I represents an open interval. We develop an optimal eighth-order zero
finder for multiple roots with known multiplicity m > 1. The beauty of the method lies in the fact that
developed scheme is simple to implement with minimum possible number of functional evaluations.
Four evaluations of the function are needed to obtain a family of convergence order eighth having
efficiency index 8% = 1.6817.

The rest of the paper is organized as follows. In Section 2, we present the newly developed
optimal iterative family of order eight for multiple roots of nonlinear equations. The discussion of
analysis of convergence is also given in this section. In Section 3, some special cases of newly developed
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eighth-order schemes are presented. In Section 4, numerical results and comparison of the presented
schemes with existing schemes of its domain is discussed. Concluding remarks are given in Section 5.

2. Development of the Scheme and Convergence Analysis

In this section, we suggest a new family of eighth-order method with known multiplicity m > 1
of the required multiple root as follows:

" x”””’;(é’l))'"— '
o W_m'ﬂHm'ﬁgg' ©)
Xnpl = Zn—m~t~L(s,u).;((§’;)),

et = {5y~ = ey

where the function H : C — C is restricted to be analytic function in the regions nearby 0 and
weight function L : C2 — C is holomorphic in the regions nearby (0,0) and t,s and u are one-to-m
multiple-valued functions.

In the next theorem, it is demonstrated that the proposed scheme in Equation (9) achieves the
optimal eighth order of convergence without increasing the number of functional evaluations.

Theorem 1. Suppose x = p (say) is a multiple root having multiplicity m > 1 of an analytic function
f : C — C in the region enclosing a multiple zero u of f(x). Which implies that the family of iterative methods
defined by Equation (9) has convergence of order eighth when the following conditions are fulfilled:

Hy=1,H; =2,Hy = —=2,H3 = 36,Loo = 0,L1g = 1,Lo1 = 2,L11 = 4, Ly = 2. (10)

Then, the proposed scheme in Equation (9) satisfies the following error equation:

1
bps1 = W{cl(c%(n + m) — 2mey) ((677 4 108m 4 7m?)c}
—24m(9 + m)cer + 12m>c3 + 12m2cyc3)ed } +O(ey), (11)
n+k)
where e, = X, — pand c; = m (m,k =1,2,3,---.

Gn k)L 70 ()

Proof. Suppose x = u is a multiple root of f(x). We expand f(x,) and f'(x,) by Taylor’s series
expansion about x = y using Mathematica (Computer based algebra software), to get

(m)
ﬂw):fmybﬁ@+qm+mé+@ﬁ+mé+%i+%£+wd+%£+0@%) (12)

and

(m)
flxn) = fT!(")eZ”lm +ep(m+1)ey + ca(m +2)e2 + cs(m +3)ed + cq(m + 4)e
+es(m 4 5)ed + c(m -+ 6)ed + c7(m +7)el + cg(m + 8)ed + O(e;),

respectively. By utilizing the above Equations (11) and (12) in the first substep of Equation (9), we obtain

c162 20om — c2(m+1))e3 4
Yn— 1= %+ (2e2 ;1(2 Ve +21k1§3c;ke’,;+4+o(e?,), 13)
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where Gy = Gy(m,¢q,¢2,...,cg) are expressed in terms of 1, ¢q, ¢z, ¢3, . . ., cg and the two coefficients
Goand G; can be explicitly written as Gy = %{363m2 + c?(m +1)% — cicom(3m +4)} and G, =
f;?{c‘]l(m +1)3 — 2c5c¢2m(2m? + 5m + 3) + 2c3cym?(2m + 3) + 2m? (3 (m + 2) — 2cqm) }. By Taylor’s
expansion, we get

CLym (2mey — (m+1)c2) ()" 6
Flon) = po e | L7 Crea = De)Ge |y g o).y
: 1 k=0
By using Equations (12) and (14), we get
2mmcy — (m +2)c?)e?
u= Clnj" ;. (2mes (mz JAD |3 1t 4 gacd +O(6S), (15)
where ; = ﬁ[c%(Zmz + 7m + 7) 4 6c3m® — 2c1com(3m + 7)), 2 = —6;7[(,“11(61113 +29m? +

51m + 34) — 6coc2m(4m? + 16m + 17) + 12cic3m*(2m + 5) + 12m*(3(m + 3) — 2cym)], @3 =

s [—24m3 (cac3(5m + 17) — 5csm) + 12¢3¢3m? (10m? + 43m + 49) + 12¢ym?{c}(10m* + 47m + 53) —

2cym(5m + 13)} — dopc3m(30m> + 163m? + 306m + 209) + c3 (24m* + 146m> + 355m> + 418m + 209)).
Taylor series of H(t) about 0 is given by:

Hy, H
H(t) :H0+H1t+2—,2t2+3—'3t3+0(e;*,) (16)

where H; = H (0) for 0 < j < 3. Inserting Equations (13)—-(16) in the second substep of the scheme in
Equation (9), we get

—(1+Ho)erez (14 Hi +m— Ho(3+m)c}) +2(=1+ Ho)mca)ey
m m?2

+21? [(2 +10H; — Hp + 4m + 4Hym + 2m* — Hy(13 4 11m + 2m?))c3

zZy = MU+

+2m(—4 — 4Hy — 3m + Ho(11 +3m)crc; — 6(—1+ Ho)m?cs)eh | +zse)

+26¢5 + z7e] + O(ed).
By selecting Hy = 1 and H; = 2, we obtain

(63(9 — Hy + m) — 2mcycp)

3 e+ 2563 + z6e8 + 276, + O(ed), 17)

Zyp = P+

where z5 = — =L {c}(125+ Hj + 84m + 7m? — 3H(7 4 3m) + 6m(—3Hz + 4(7 + m))cicy + 12c3m? +
12coc1m) , 26 = 5;-5{1507 + 1850m + 677m? + 46m> + 4H3(9 + 4m) — 6H2(59 + 53m + 12m?))c] —
4m(925 + 8H; + 594m + 53m> — 3Hy(53 + 21m)cicr +12m2(83 — 9H, + 13m)ces — 168m3cocs +
12m?c1 (115 — 12H2 + 17m)c3 — 6mey) and z; = —{12c2c3m?(36f + 13m + 11) + (37 — 168cocsm® +
4c3coam(96B% + 252B + 53m? + 18(14B + 5)m) + 12c1m?(c3(48B + 17m + 19) — 6cgm) }.

Again, we use the Taylor’s expansion for Equation (17) to get:

-1
o—m (c% (9—Hp+m)—2meycy > m (27"’ (C?(9*H2+”;)’2mC162 ) " F’O)

flan) = f et " - ; ¢

n n m! 3(m3m!) n

. = 1
+ th]7:O Hje{1+ +0(e;),
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where pg = c}(125 + Hj + 84m + 7m? — 3Hy(7 + 3m))ct — 6m(—3H2 + 4(7 + m))c2cy + 12m>c3 +
12c3cym?). With the help of Equations (12) and (18), we have
29— Hp+m) —2mc; ,

s = P e + P16y + P2y + p3e + O(e5), (18)

where
1
01 = 7W{C%(98 + Hz + 4m? + 54m — 6Hy(3 + m) — 12m(9 — Hy + m)cyco + 12m%c3 },

1
2= 2t
12 (167 + 2Hz + 87m + 6m> — Hy (33 + 10m)c2cy + 24m>(26 — 3Hy + 3m)cyc3+

899 + 10021 + 313m> + 18m> + 4Hz(8 + 3m) — 6Ho (43 + 33m + 6m?))ci—

12m?(c3(35 — 4Hy 4 3m) — 6mcy)

and p3 = — 5= [—4257 — 7270m — 4455m* — 101m> — 48m* — 10H3(37 + 30m + 6m?) + 30H, (60 +
75m + 31m? + 4m®)c; + 10m (1454 + 60H; + 1548m + 21 Hzm + 454m?> + 24m® — 18H, (25 + 18m +
3m?)c3cy — 30m>(234 + 3Hz + 118m + 8m? — 2H2(24 + 7m)c3c; — 60m%cy (141 + 2H; + 67m +
4m? — 2Hy(15 + 4m)c3 + 2(—17 + 2Hy — 2m)mcy) — 120m3(—25 + 3Hy — 2m)cycs + 2mes} +
(7305 ) (102047 + 180H3 + 204435m + 187055m? + 81525m> + 14738m* + 600m° + 40H3 (389 + 498m +
214m? + 30m3) — 45H, (1223 4 20301 + 1353m? + 394m3 + 40m*)) — 30m (13629 +22190m + 12915m? +
2746m® + 120m* + 16H5 (83 + 64m + 12m?) — 6H (1015 + 1209m + 470m? + 56m>)) + 120m? (2063 +
208811 + 589m? + 30m3 + H3(88 + 30m) — 18Hy + (36 + 25m + 4m?)) + 80m? (2323 + 2348m + 635m?> +
30m® + 4H3(28 4+ 9m) — 3Hz(259 + 173m + 26m?)) — 2m (303 + 4Hz + 149m + 10m? — 9Hy (7 + 2m)) —
720m3((393 + 6Hz + 178m + 10m? — Hy(87 4 22m))] + (—42 + 5H, — 5m)mcs) + 20m3((—473 — 8Hz —
195m — 10m? + 12Hz(9 + 2m) )cacs + 6m (65 — 8H2 + 5mt)cy + 3m (71 — 9H2 + 5m)cqgmce.

Since it is obvious from Equation (15) that u possess order e;, the expansion of weight function
L¢(s,u) by Taylor’s series is possible in the regions nearby origin given as follows:

2

s
L(s,u) = Log + sLyo + uLoy + suLqy + Eng (19)

where L;; = % aggil 7L(s,u) 00" By using Equations (12)—(19) in the proposed scheme in Equation (9),
we have

eni1 = Mpe? + Msed + Myek + Msed + MgeS + Myel, +0(ed), (20)

where the coefficients M;(2 < i < 7) depend generally on m and the parameters L; ;. To obtain at least
fifth-order convergence, we have to choose Loy = 0, L9 = 1 and get

(=2 + Lo1)c((—=9 + Hp — m)c3 + 2mcs)

eny1 = o, e + Meel, + Mye], + O(e}).

where the coefficients M;(6 < i < 7) depend generally on m and the parameters L;;. To obtain
eighth-order convergence, we are restricted to choosing the values of parameters given by:

Hy = —2,H3 =36,Loo =0,L19 =1,Lo1 = 2,Ly =2,L11 =4 (21)

This leads us to the following error equation:

1
tu1 = W[Q(C%(ll + 1) — 2mey) ((677 4 108m + 7m?)cf — 24m(9 + m)c2ey

+12m2c3 4+ 12mPc1c3))ed + O(e)). (22)
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The above error equation (Equation (22)) confirms that the presented scheme in Equation (9)
achieves optimal order of convergence eight by utilizing only four functional evaluations (using

F(xn), f'(xn), f(yn) and f(z,)) per iteration. [
3. Special Cases of Weight Functions

From Theorem 1, several choices of weight functions can be obtained. We have considered
the following:

Case 1: The polynomial form of the weight function satisfying the conditions in Equation (10) can be
represented as:

142t — 2 +61°
S+ 2u + 4su + §° (23)

—

[N~
SIS

==
(Il

The particular iterative method related to Equation (23) is given by:

SM-1:
o S
Yn = Xn F(xn)’ >0,
= oy, —m-t- 2, o3y f(xn)
S O
el = Z"*m't'(S+Sz+2u+4su)-ffl((fc’;))
wheret = n f( )/5_ f(Z”) u=" f(zﬂ) (24)

fxn) fyn)’ B f(xn)

Case 2: The second suggested form of the weight functions in which H(#) is constructed using
rational weight function satisfying the conditions in Equation (10) is given by:

1+8t+11#
H(H) 1+ 6t
L(s,u) = s+ 2u+4su+ s> (25)

The corresponding iterative method in Equation (25) can be presented as:

SM-2:
I 1C7)
Yn = xn Flan)’ >0,
— 148t + 112, f(xn)
o= et (g ),y
Xap1 = zp— -t (s 450 4 2u + dsu) - jj:,(&")
wheret = wf f(Yn) _mf ol flza)
here! ) ’” \/f () (26)

Case 3: The third suggested form of the weight function in which H(t) is constructed using
trigonometric weight satisfying the conditions in Equation (10) is given by:

5418t
HEO = 548t — 1112
L(s,u) = s+2u-+4su+s (27)
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The corresponding iterative method obtained using Equation (27) is given by:
SM-3:

Yn = xnfm-}[,((f;)),nzo,
5418t f(xn)
Yn—met (gg— 11t2)f’(xn)'

Zy =
X = zp—m-t-(s+s>+2u+4su f(xn)
n+l = n £ ( + 57+ 2u + 4 ) f/(xn)
wher _om fyn) s—m f(zn) y= f(zn)
here! \/ Feon)”* =\ Flm)” \/ fn) 9

4. Numerical Tests

In this section, we show the performance of the presented iterative family in Equation (9) by
carrying out some numerical tests and comparing the results with existing method for multiple roots.
All numerical computations were performed in Maple 16 programming package using 1000 significant
digits of precision. When p was not exact, we preferred to take the accurate value which has larger
number of significant digits rather than the assigned precision. The test functions along with their
roots y and multiplicity m are listed in Table 1 [22]. The proposed methods SM-1 (Equation (24)), SM-2
(Equation (26)) and SM-3 (Equation (28)) are compared with the methods of Geum et al. given in
Equations (2) and (4) denoted by GKM-1 and GKM-2 and with method of Bhel given in Equation (6)
denoted by BM and Zafar et al. method given in Equation (8) denoted by ZM. In Tables 1-8, the error
in first three iterations with reference to the sought zeros (|x,, — |) is considered for different methods.
The notation E(—i) can be considered as E x 107". The test function along with their initial estimates
X and computational order of convergence (COC) is also included in these tables, which is computed
by the following expression [23]:

log | (xk1 — w)/ (xx — )|

COC ~ )
log |(xx — )/ (xx—1 — 1|

Table 1. Test functions.

Test Functions Exact Root z Multiplicity m
fi(x) = (cos(ZE) +x2 — 7'[)5 2.03472489... 5
fa(x) = (e¥ x —20)2 2.842438953... 2
f3(x) = (Inx++/(x1+1)—2)°  1.222813963... 9
f4(x) (cosx — x)3 0.7390851332... 3
fs(x) = ((x =13 =1)® 2.0 50
fo(x) = (23 +4x2 —10)® 1.365230013... 6
fr(x) = (8xe ™ —2x —3)8 —1.7903531791... 8

Table 2. Comparison of different methods for multiple roots.

f1 (x), xXg = 2.5
GKM-1 GKM-2 SM-1 SM-2 SM-3 ™M BM

|xp — | 683(—4)  111(—=3)  2.15(—4)  1.87(—4)  2.03(—4)  152(—4)  1.84(—4)
|xvo— | 342(—14) 253(—18)  237(—29)  3.53(—30) 1.25(—29)  9.69(—31)  2.89(—30)
|3 —pu| 213(—55) 3.58(—106) 5.28(—229) 5.71(—236) 2.53(—231) 2.56(—240) 1.05(—236)

CcOocC 4.00 6.00 8.00 8.00 8.00 8.00 8.00
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Table 3. Comparison of different methods for multiple roots.

fz(x),xo =3.0

GKM-1 GKM-2 SM-1 SM-2 SM-3 M BM
lvp—p|  118(=7)  527(—6)  233(=7)  121(=7)  190(=7)  140(=7)  1.16(=7)
lvo— | 262(-37) 115(—32)  130(—53) 221(—56)  1.99(—54)  1.30(—55)  1.57(—56)
lxs —p| 3.07(=221) 125(—192) 1.19(—423) 2.67(—446) 2.87(—430) 7.37(—440) 1.73(—447)

COC 6.00 6.00 8.00 8.00 8.00 8.00 8.00
Table 4. Comparison of different methods for multiple roots.
f3(x),x0 = 3.0
GKM-1 GKM-2 SM-1 SM-2 SM-3 ZM BM
|x1 —u| 550(—1) 429(-2)  181(-2)  175(-2) 179(-2) D* D
lxo—pu| 399(-7) 877(—10) 282(—15) 958(—16) 204(—-15 D D
|xs —p| 113(=27) 751(-56) 206(—117) 821(—122) 649(—-119) D D
CcOoC 4.00 6.00 8.00 8.00 8.00 D D
* D stands for divergence.
Table 5. Comparison of different methods for multiple roots.
f4(x),x0 =1.0
GKM-1 GKM-2 SM-1 SM-2 SM-3 ™M BM
|x1 —p| 277(-4)  255(-5)  678(—8)  545(—8)  629(—8)  490(—8)  5.15(—8)
|xo—pu| 328(—14) 6.83(—36) 7.95(—60) 855(—61) 3.83(—60)  4.06(—61)  4.91(—61)
|3 — | 5.86(—49) 251(—213) 2.82(—475) 3.11(—483) 7.18(—478) 8.99(—486) 3.36(—485)
cocC 3.50 6.00 8.00 8.00 8.00 7.99 7.99
Table 6. Comparison of different methods for multiple roots.
fs (x),xo =21
GKM-1 GKM-2 SM-1 SM-2 SM-3 M BM
|xp —u|  7.68(—5)  112(—5)  758(—7)  485(—7)  652(—7)  477(-7)  4.65(-7)
|xo—u| 349(—17) 5.33(—29) 3.70(—47) 410(—49) 8.82(—48)  5.66(—49)  2.72(—49)
|xs — | 146(—66) 6.11(~169) 1.19(—369) 1.06(—385) 9.93(—375) 2.22(—384) 3.79(—387)
CcocC 3.99 6.00 8.00 8.00 8.00 7.99 7.99
Table 7. Comparison of different methods for multiple roots.
fo(x),x0 = 3.0
GKM-1 GKM-2 SM-1 SM-2 SM-3 ™M BM
|xy —u| 544(—2) 101(—1) 540(—2) 530(—2) 536(—2) 436(—2) 5.39(—2)
lxo—u| 740(=7) 537(=7) 110(—10) 472(—11) 8.60(—11) 136(—11) 4.92(—11)
|[x3 —pu| 3.54(—26) 1.86(—38) 5.28(—80) 2.43(—83) 576(—81) 1.80(—87) 3.14(—83)
CcocC 3.97 5.96 8.00 7.98 7.97 7.97 7.97
Table 8. Comparison of different methods for multiple roots.
fr(x),x0 = =12
GKM-1 GKM-2 SM-1 SM-2 SM-3 M BM
|y —u|  265(—3)  215(—3)  438(—4)  424(—4)  432(—4)  341(—4)  426(—4)
o —u| 724(—12) 9.63(—17) 444(—27) 111(=27) 311(-27) 358(—28)  1.14(—27)
|3 —p| 405(—46) 7.81(—97) 497(—211) 255(—216) 228(—212) 527(—220) 3.06(—216)
CcocC 4.00 6.00 8.00 8.00 8.00 7.99 7.99
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It is observed that the performance of the new method SM-2 is the same as BM for the function f;
and better than ZM for the function f,. The newly developed schemes SM-1, SM-2 and SM-3 are not
only convergent but also their speed of convergence is better than GKM-1 and GKM-2 while ZM and
BM show divergence for the function f3. For functions f, f5, f¢ and f7, the newly developed schemes
SM-1, SM-2 and SM-3 are comparable with ZM and BM. Hence, we conclude that the proposed family
is comparable and robust among existing methods for multiple roots.

5. Dynamical Analysis

For the sake of stability comparison, we plot the dynamical planes corresponding to each scheme
(SM-1, SM-2, SM-3, BM and ZM) for the nonlinear functions fi, f2, f3, f4, f5, fe, f7 by using the procedure
described in [24]. We draw a mesh of 400 x 400 points such that each point of the mesh is an
initial-approximation of the required root of corresponding nonlinear function. The point is orange if
the sequence of iteration method converges to the multiple root (with tolerance 103) in fewer than 80
iterations and the point is black if the sequence does not converges to the multiple root. The multiple
zero is represented by a white star in the figures. Figures 1-14 show that the basin of attraction drawn
in orange is of the multiple zero only (i.e., a set of initial guesses converging to the multiple roots fills
all the plotted regions of the complex plane). In general, convergence to other zeros or divergence
can appear (referred to as strange stationary points). SM-1 has wider regions of convergence for f; as
compared to ZM and BM in Figures 1 and 2; SM-1 and SM-3 have wider regions of convergence for
f» as compared to ZM and BM in Figures 3 and 4. The convergence region of SM-2 for functionsf3,
fa and f¢ is comparable with ZM and BM, as shown in Figures 5-8, 11 and 12. For function f5 in
Figures 9 and 10, the convergence region of SM-3 is better than ZM and BM. For function f7, SM-1 and
SM-3 have better convergence regions than ZM and BM, as shown in Figures 13 and 14. Figures 1-14
show that the region in orange is comparable or bigger for the presented methods SM-1, SM-2 and
SM-3 than the regions obtained by schemes BM and ZM, which confirms the fast convergence and
stability of the proposed schemes.

Figure 1. Basins of attraction of SM1 (Left), SM2 (Middle) and SM3 (Right) for f;(x).

Figure 2. Basins of attraction of BM (Left) and ZM (Right) for f (x).
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Figure 3. Basins of attraction of SM1 (Left), SM2 (Middle) and SM3 (Right) for f(x).

Figure 4. Basins of attraction of BM (Left) and ZM (Right) for f>(x

Figure 5. Basins of attraction of SM1 (Left), SM2 (Middle) and SM3 (Right) for f3(x).

Figure 6. Basins of attraction of BM (Left) and ZM (Right) for f3(x

Figure 7. Basins of attraction of SM1 (Left), SM2 (Middle) and SM3 (Right) for f;(x).
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Figure 8. Basins of attraction of BM (Left) and ZM (Right) for f4(x

Figure 9. Basins of attraction of SM1 (Left), SM2 (Middle) and SM3 (Right) for f5(x).

Figure 10. Basins of attraction of BM (Left) and ZM (Right) for f5(x

Figure 11. Basins of attraction of SM1 (Left), SM2 (Middle) and SM3 (Right) for fg(x).

Figure 12. Basins of attraction of BM (Left) and ZM (Right) for fg(x).
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Figure 13. Basins of attraction of SM1 (Left), SM2 (Middle) and SM3 (Right) for f7(x).

Figure 14. Basins of attraction of BM (Left) and ZM (Right) for f7(x).

6. Conclusions

In this paper, we present a new family of optimal eighth-order schemes to find multiple roots of
nonlinear equations. An extensive convergence analysis is done, which verifies that the new family
is optimal eighth-order convergent. The presented family required four functional evaluations to
get optimal eighth-order convergence, having efficiency index 8% = 1.6817, which is higher than the
efficiency index of the methods for multiple roots and of the families of Geum et al. [9,10]. Finally,
numerical and dynamical tests confirmed the theoretical results and showed that the three members
SM-1, SM-2 and SM-3 of the new family are better than existing methods for multiple roots. Hence,
the proposed family is efficient among the domain of multiple root finding methods.
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Abstract: This research paper proposes a derivative-free method for solving systems of nonlinear
equations with closed and convex constraints, where the functions under consideration are continuous
and monotone. Given an initial iterate, the process first generates a specific direction and then employs
a line search strategy along the direction to calculate a new iterate. If the new iterate solves the
problem, the process will stop. Otherwise, the projection of the new iterate onto the closed convex set
(constraint set) determines the next iterate. In addition, the direction satisfies the sufficient descent
condition and the global convergence of the method is established under suitable assumptions.
Finally, some numerical experiments were presented to show the performance of the proposed
method in solving nonlinear equations and its application in image recovery problems.

Keywords: nonlinear monotone equations; conjugate gradient method; projection method;
signal processing

MSC: 65K05; 90C52; 90C56; 92C55

1. Introduction

In this paper, we consider the following constrained nonlinear equation
F(x) =0, subjectto x €Y, M

where F : R" — R" is continuous and monotone. The constraint set ¥ C R" is nonempty, closed
and convex.

Monotone equations appear in many applications [1-3], for example, the subproblems in
the generalized proximal algorithms with Bregman distance [4], reformulation of some ¢;-norm
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regularized problems arising in compressive sensing [5] and variational inequality problems are
also converted into nonlinear monotone equations via fixed point maps or normal maps [6],
(see References [7-9] for more examples). Among earliest methods for the case ¥ = R" is
the hyperplane projection Newton method proposed by Solodov and Svaiter in Reference [10].
Subsequently, many methods were proposed by different authors. Among the popular methods
are spectral gradient methods [11,12], quasi-Newton methods [13-15] and conjugate gradient methods
(CG) [16,17].

To solve the constrained case (1), the work of Solodov and Svaiter was extended by Wang et al. [18]
which also involves solving a linear system in each iteration but it was shown later by some authors
that the computation of the linear system is not necessary. For examples, Xiao and Zhu [19] presented a
CG method, which is a combination the well known CG-DESCENT method in Reference [20] with the
projection strategy by Solodov and Svaiter. Liu et al. [21] presented two CG method with sufficiently
descent directions. In Reference [22], a modified version of the method in Reference [19] was presented
by Liu and Li. The modification improves the numerical performance of the method in Reference [19].
Another extension of the Dai and Kou (DK) CG method combined with the projection method to
solve (1) was proposed by Ding et al. in Reference [23]. Just recently, to popularize the Dai-Yuan (DY)
CG method, Liu and Feng [24] modified the DY such that the direction will be sufficiently descent.
A new hybrid spectral gradient projection method for solving convex constraints nonlinear monotone
equations was proposed by Awwal et al. in Reference [25]. The method is a convex combination of two
different positive spectral parameters together with the projection strategy. In addition, Abubakar et al.
extended the method in Reference [17] to solve (1) and also solve some sparse signal recovery problems.

Inspired by some the above methods, we propose a descent conjugate gradient method to solve
problem (1). Under appropriate assumptions, the global convergence is established. Preliminary
numerical experiments were given to compare the proposed method with existing methods to solve
nonlinear monotone equations and some signal and image reconstruction problems arising from
compressive sensing.

The remaining part of this paper is organized as follows. In Section 2, we state the proposed
algorithm as well as its convergence analysis. Finally, Section 3 reports some numerical results to show
the performance of the proposed method in solving Equation (1), signal recovery problems and image
restoration problems.

2. Algorithm: Motivation and Convergence Result

This section starts by defining the projection map together with some of its properties.

Definition 1. Let ¥ C R" be a nonempty closed convex set. Then for any x € R", its projection onto ¥,
denoted by Py (x), is defined by

Py (x) = argmin{[lx — y| :y € ¥}.
Moreover, Py is nonexpansive, That is,

1Py (x) = Pe(y)l| < llx —yll, VxyeR™ @

All through this article, we assume the followings

(G1) The mapping F is monotone, that is,

(F(x) ~ F(y))"(x —y) 20, Vxy € R".
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(Gz) The mapping F is Lipschitz continuous, that is there exists a positive constant L such that
[F(x) = FW)Il < Lilx = yll, vx,y € R™.

(G3) The solution set of (1), denoted by ¥, is nonempty.

An important property that methods for solving Equation (1) must possess is that the direction

dy satisfy
F(xo) T < —c|[F(xe)lI?, @)
where ¢ > 0is a constant. The inequality (3) is called sufficient descent property if F(x) is the gradient

vector of a real valued function f : R" — R.
In this paper, we propose the following search direction

—F if k =
gy = | FO, =0 @)
—F(xy) + Brdp—1 — OcF(xy), ifk>1,
where G
Xk
= 5
Pe=Ta ©

and 0y is determined such that Equation (3) is satisfied. It is easy to see that for k = 0, the equation
holds with ¢ = 1. Now fork > 1,

Fx) dp = —F(xi) "F(xi) + F(x) " IF () d_1 — OcF (xi) TF (x)

[rramy|
F(x
= —F ) P+ P Ty - el ©
_ ~IFCG) P11 + I F (i) 1k lIF (i) Tele—1 — OlIF (o) [Pl i1 [
-1
Taking 0; = 1 we have
F(xi)Tdx < —||F(x0) % @)

Thus, the direction defined by (4) satisfy condition (3) Vk where ¢ = 1.
To prove the global convergence of Algorithm 1, the following lemmas are needed.

Algorithm 1: (DCG)
Step 0. Given an arbitrary initial point xg € R", parameters ¢ > 0,0 < < 1, Tol > 0 and set
k:=0.
Step 1. If ||F(xx)|| < Tol, stop, otherwise go to Step 2.
Step 2. Compute dj using Equation (4).
Step 3. Compute the step size ay = max{f :i =0,1,2,--- } such that

= Fg + o) Ty > o || F(x + o) || | ®)
Step 4. Set z; = xy + aydy. If zx € ¥ and ||F(zx)|| < Tol, stop. Else compute
X1 = Pelxe — CkF(z()]
where

Fz) T (xk — z)

*= 2

Step 5. Let k = k + 1 and go to Step 1.
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Lemma 1. The direction defined by Equation (4) satisfies the sufficient descent property, that is, there exist
constants ¢ > 0 such that (3) holds.

Lemma 2. Suppose that assumptions (G1)—(Gs) holds, then the sequences {xi} and {z;} generated by
Algorithm 1 (CGD) are bounded. Moreover, we have

lim [|x; — z[| =0 ©
k—so0
and
lim [|xg 1 — X[l = 0. (10)
k—soc0

Proof. We will start by showing that the sequences {x;} and {z;} are bounded. Suppose ¥ € ¥,
then by monotonicity of F, we get

F(ze)" (30 = %) > F(z)" (3 — 1), (1)
Also by definition of z; and the line search (8), we have
F(z)" (3 = 2x) > o |[F(ze) ||| i[> > 0. 12)
So, we have

l[xes1 — E||* = [|Pg[xe — ZcF(z6)] — %I|* < [l — GcF(zk) — %
= [|xx — %[1* — 28 F (z¢) T (xx — %) + |ZF (1) |12

< [l — %[|* = 205 F (i) " (xk — zi) + 1CF (zi) |12 (13)

) Flzo) (e —2) )
= e~ - (=)

< [l — =2

Thus the sequence {||x;x — X||} is non increasing and convergent and hence {x;} is bounded.
Furthermore, from Equation (13), we have

61 = 21 < [l — %1%, (14)
and we can deduce recursively that
[l = %1% < o — 5|2, VK >0.
Then from Assumption (G;), we obtain
IF(ull = [[F(xi) = F(®)[| < Lflxe — %] < Lllxo — %]
If we let L||xo — %|| = , then the sequence {F(x;)} is bounded, that is,

IF(x)l <, Vk>o0. (15)
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By the definition of z;, Equation (12), monotonicity of F and the Cauchy-Schwatz inequality,
we get

ollagdil® _ Flzi)" (e —2) _ Flzi)" (e — z)
e =zl = lloee — 2 llxe =z
The boundedness of the sequence {x; } together with Equations (15) and (16), implies the sequence
{zx} is bounded.
Since {z;} is bounded, then for any & € ¥, the sequence {z; — ¥} is also bounded, that is, there

< IExl- (16)

ollxg =zl = <

exists a positive constant v > 0 such that
llze — %[ <w.
This together with Assumption (Gy) yields
IE(zi)ll = I1F(z¢) — F(®)[| < Ll — %|| < Lv.

Therefore, using Equation (13), we have

2

o ) 112

oyl = 2l < e = 22 e =212,
which implies
2R 4 o -2 Z12 =
e Y e =zl < )0 (e = =12 = s — 2%) < flxo — 2| < o0 17)
k=0 k=0
Equation (17) implies

lim [|x; — z¢|| = 0.
k—o0
However, using Equation (2), the definition of {; and the Cauchy-Schwartz inequality, we have

[l k1 — x| = ([P [xx — G F(zx)] — x¢ |l

< xk — GkF(zk) — x|

(18)
= [1GkF(zo) |
= [lxk — zll,
which yields
Jim {lxjeq — x| = 0.
—00
O
Equation (9) and definition of z; implies that
lim a||dg|| = 0. (19)
k—o0

Lemma 3. Suppose dy is generated by Algorithm 1 (CGD), then there exist M > 0 such the ||dy|| < M
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Proof. By definition of d; and Equation (15)

dell = || - 2F () + JEGRIL, )
(I di—1]]
F(x
< 2ol + L g
k—1 (20)
<3)F(x)|
< 3k.

Letting M = 3x, we have the desired result. [J

Theorem 1. Suppose that assumptions (G1)—(Gs) hold and let the sequence {xy } be generated by Algorithm 1,
then
lim inf || F(x¢) || = 0, (21)
k—o0

Proof. To prove the Theorem, we consider two cases;

Case 1

Suppose li]{n inf ||di|| = 0, we have li;n inf ||F(xg)|| = 0. Then by continuity of F, the sequence {x;} has
—00 —00

some accumulation point ¥ such that F() = 0. Because {||xx — %||} converges and ¥ is an accumulation

point of {x;}, therefore {x;} converges to .

Case 2

Suppose lilgn inf ||dg|| > 0, we have lign inf||F(x¢)|| > 0. Then by (19), it holds that klim ap = 0.
— 00 —00 —00

Also from Equation (8),

—F(xe+ B ) Tdy < o | F(xi + B M) | 1|12

and the boundedness of {xx}, {d}, we can choose a sub-sequence such that allowing k to go to infinity
in the above inequality results
F(x)Td > 0. (22)

On the other hand, allowing k to approach oo in (7), implies

F(x)Td<o. (23)

(22) and (23) imply contradiction. Hence, lign inf ||F(xg)|| > 01is not true and the proof is complete. [
—00

3. Numerical Examples

This section gives the performance of the proposed method with existing methods such as PCG
and PDY proposed in References [22,24], respectively, to solve monotone nonlinear equations using 9
benchmark test problems. Furthermore Algorithm 1 is applied to restore a blurred image. All codes
were written in MATLAB R2018b and run on a PC with intel COREi5 processor with 4 GB of RAM and
CPU 2.3 GHZ. All runs were stopped whenever ||F(x;)|| < 1075.
The parameters chosen for the existing algorithm are as follows:

PCG method: All parameters are chosen as in Reference [22].

PDY method: All parameters are chosen as in Reference [24].

Algorithm 1: We have tested several values of § € (0,1) and found that p = 0.7 gives the best
result. In addition, to implement most of the optimization algorithms, the parameter ¢ is chosen as
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a very small number. Therefore, we chose p = 0.7 and ¢ = 0.0001 for the implementation of the
proposed algorithm.

We test 9 different problems with dimensions ranging from n = 1000, 5000, 10, 000, 50, 000, 100, 000
and 6 initial points: x; = (0.1,0.1,---,1)T, x, = (0.2,0.2,---,02)T, x3 = (0.5,0.5,--- ,0.5)T, x4 =
(1.2,1.2,---,12)T, x5 = (1.5,15,--- ,1.5)T, xs = (2,2, - - ,2)T. In Tables 1-9, the number of iterations
(ITER), number of function evaluations (FVAL), CPU time in seconds (TIME) and the norm at the
approximate solution (NORM) were reported. The symbol ‘—" is used when the number of iterations
exceeds 1000 and/or the number of function evaluations exceeds 2000.

The test problems are listed below, where the function F is taken as F(x) =

(), fa(x), s fu(2))T.
Problem 1 ([26]). Exponential Function.
filx) = -1,

filx)=¢i+x;—1, fori =2,3,...,n,
and ¥ = R'}.

Problem 2 ([26]). Modified Logarithmic Function.
filx) =In(x; +1) — %, fori=2,3,..,n,

n
and ¥ ={xeR": Y x; <n,x;>-1,i=1,2,...,n}.
i-1

Problem 3 ([13]). Nonsmooth Function.
fi(x) =2x; —sin|x;|, 1 =1,2,3,..,n,

n
and¥ = {x e R": in <nx;>0,i=1,2,...,n}.
i=1

i
It is clear that Problem 3 is nonsmooth at x = 0.
Problem 4 ([26]). Strictly Convex Function I.
filx)=¢"—1, fori =1,2,..,n,
and ¥ = R'}.

Problem 5 ([26]). Strictly Convex Function II.

filx) = %e"l -1, fori=1,2,..,n,
and ¥ = R'}.
Problem 6 ([27]). Tridiagonal Exponential Function

fl (x) =x — ecos(h(lerxz))

fi(x) = x— ecos(h(xia+xitxign)) fori=2,.,n—1,

fn(x) =X, — eCos(h(x”,ler,,))
1
+1

’

and ¥ = R'}.
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Problem 7 ([28]). Nonsmooth Function
filx) =x;—sin|x; — 1], i =1,2,3,..,n.

n
and¥ ={xeR": Y x;<nx;>-1,i=12,...,n}
i=1

Problem 8 ([23]). Penalty 1

ti=Y 2% c=10"°

[ng®

1
fi(x) =2c(x; — 1) +4(t; —0.25)x;, i = 1,2,3, ..., n.
and ¥ = R’

Problem 9 ([29]). Semismooth Function

4
and¥ ={xeR*: Y x,<3,x,>0,i=1,234}.
i=1

In addition, we employ the performance profile developed in Reference [30] to obtain Figures 1-3,
which is a helpful process of standardizing the comparison of methods. The measure of the
performance profile considered are; number of iterations, CPU time (in seconds) and number of
function evaluations. Figure 1 reveals that Algorithm 1 most performs better in terms of number of
iterations, as it solves and wins 90 percent of the problems with less number of iterations, while PCG
and PDY solves and wins less than 10 percent. In Figure 2, Algorithm 1 performed a little less by
solving and winning over 80 percent of the problems with less CPU time as against PCG and PDY with
similar performance of less than 10 percent of the problems considered. The translation of Figure 3 is
identical to Figure 1. Figure 4 is the plot of the decrease in residual norm against number of iterations
on problem 9 with x4 as initial point. It shows the speed of the convergence of each algorithm using the
convergence tolerance 1075, it can be observed that Algorithm 1 converges faster than PCG and PDY.
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Applications in Compressive Sensing

There are many problems in signal processing and statistical inference involving finding sparse
solutions to ill-conditioned linear systems of equations. Among popular approach is minimizing
an objective function which contains quadratic () error term and a sparse ¢; —regularization term,
that is,

1
min |y — Bx|3 + ]| x[l1, (24)

where x € R", y € RF is an observation, B € R*" (k << n) is a linear operator, 7 is a non-negative
parameter, ||x||; denotes the Euclidean norm of x and ||x||; = ¥/ ; |x;| is the £; —norm of x. It is easy
to see that problem (24) is a convex unconstrained minimization problem. Due to the fact that if the
original signal is sparse or approximately sparse in some orthogonal basis, problem (24) frequently
appears in compressive sensing and hence an exact restoration can be produced by solving (24).

Iterative methods for solving (24) have been presented in many papers (see References [5,31-35]).
The most popular method among these methods is the gradient based method and the earliest gradient
projection method for sparse reconstruction (GPRS) was proposed by Figueiredo et al. [5]. The first step
of the GPRS method is to express (24) as a quadratic problem using the following process. Let x € R"
and splitting it into its positive and negative parts. Then x can be formulated as

X=u-—mou, u>0, v>0,

where u; = (x;)+,v; = (—x;)+ foralli = 1,2, ..,n and (.)+ = max{0,.}. By definition of /;-norm, we
have ||x||; = efu +elv, where e, = (1,1,...,1)T € R". Now (24) can be written as

1
nﬂivnEHyfB(ufv)|\§+iye;u+qe,{v, u>0, v>0, (25)

which is a bound-constrained quadratic program. However, from Reference [5], Equation (25) can be
written in standard form as

1
rnzin EZTDZ +cTz, such that z>0, (26)

T T
where z = <Z>, c = wey, + ( bb>, b= BTy, D= <—BB£B BE;BB)
Clearly, D is a positive semi-definite matrix, which implies that Equation (26) is a convex
quadratic problem.
Xiao et al. [19] translated (26) into a linear variable inequality problem which is equivalent
to a linear complementarity problem. Furthermore, it was noted that z is a solution of the linear
complementarity problem if and only if it is a solution of the nonlinear equation:

F(z) = min{z, Dz +c} = 0. (27)

The function F is a vector-valued function and the “min” is interpreted as component-wise minimum.
It was proved in References [36,37] that F(z) is continuous and monotone. Therefore problem (24) can
be translated into problem (1) and thus Algorithm 1 (DCG) can be applied to solve it.

In this experiment, we consider a simple compressive sensing possible situation, where our goal
is to restore a blurred image. We use the following well-known gray test images; (P1) Cameraman,
(P2) Lena, (P3) House and (P4) Peppers for the experiments. We use 4 different Gaussian blur kernals
with standard deviation ¢ to compare the robustness of DCG method with CGD method proposed
in Reference [19]. CGD method is an extension of the well-known conjugate gradient method for
unconstrained optimization CG-DESCENT [20] to solve the ¢;-norm regularized problems.
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To access the performance of each algorithm tested with respect to metrics that indicate a better
quality of restoration, in Table 10 we reported the number of iterations, the objective function (ObjFun)
value at the approximate solution, the mean of squared error (MSE) to the original image &,

1
MSE = =% — x.|%
n

where x, is the reconstructed image and the signal-to-noise-ratio (SNR) which is defined as

1]

7_“),

SNR = 20 x log;,( -z

We also reported the structural similarity (SSIM) index that measure the similarity between the original
image and the restored image [38]. The MATLAB implementation of the SSIM index can be obtained
at http:/ /www.cns.nyu.edu/~lcv/ssim/.

Table 10. Efficiency comparison based on the value of the number of iterations (Iter), objective function
(ObjFun) value, mean-square-error (MSE) and signal-to-noise-ratio (SNR) under different Pi (o).

Image Iter ObjFun MSE SNR
DCG CGD DCG CGD DCG CGD DCG CGD
P1(1E-8) 8 9 4397 x 10° 4398 x 10° 3.136 x 1072 3157 x 1072 942  9.39
P1(1E-1) 8 9 4399 x 10° 4401 x 10° 3.147 x 1072 3.163 x 1072 9.40  9.38
P1(0.11) 11 8 4428 x 10° 4432 x 10° 3229 x 1072 3232x 1072 929 9.9
P1(0.25) 12 8 4468 x 10° 4473 x 10° 3365 x 1072 3289 x 102 911 9.1
P1(1E-8) 9 9 4555 x 10° 4556 x 10° 3287 x 1072 3.3412x 1072 9.4  9.07
P1(1E-1) 9 9 4558 x10° 4559 x 10° 3298 x 1072 3348 x 1072 9.2  9.06
P1(0.11) 12 12 4588 x 10° 4591 x 10° 3416 x 1072 3.446 x 1072 897 893
P1(0.25) 7 8 4628 x10° 4.630 x 10° 3.621 x 1072 3500 x 1072 872  8.86
P1(1E-8) 9 9 5179 x 10° 5179 x 10° 3209 x 1072 3.3259 x 1072 10.03  9.96
P1(1E-1) 9 9 5182 x 10° 5182 x 10 3231 x 1072 3267 x 1072 10.00 9.95
P1(0.11) 7 9 5209 x 10° 5209 x 10° 3436 x 1072 3344 x 1072 973 985
P1(0.25) 10 8 5250 x 10> 5254 x 10> 3557 x 1072 3438 x 1072 958  9.73
P1(1E-8) 9 9 4388 x 10°  4.389 x 10° 3299 x 1072 3335 x 1072  9.03  8.99
P1(1E-1) 9 9 4391 x 10° 4393 x 10° 3308 x 1072 3.340 x 1072 9.02  8.98
P1(0.11) 12 8 4421 x 10° 4424 x 10° 3425 x 1072 3411 x1072 887 8.89
P1(0.25) 7 8 4461 x 10° 4463 x 10° 3.621 x 1072 3483 x 1072 863 8.80

The original, blurred and restored images by each of the algorithm are given in Figures 5-8.
The figures demonstrate that both the two tested algorithm can restored the blurred images. It can be
observed from Table 10 and Figures 5-8 that Algorithm 1 (DCG) compete with the CGD algorithm,
therefore, it can be used as an alternative to CGD for restoring blurred image.
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Original Blurred

Recovered by DCG

Figure 5. The original image (top left), the blurred image (top right), the restored image by CGD
(bottom left) with SNR = 20.05, SSIM = 0.83 and by DCG (bottom right) with SNR = 20.12, SSIM = 0.83.

Original Blurred

Recovered by CGD Recovered by DCG

Figure 6. The original image (top left), the blurred image (top right), the restored image by CGD
(bottom left) with SNR = 22.93, SSIM = 0.87 and by DCG (bottom right) with SNR = 24.36, SSIM = 0.90.
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Original Blurred

Recovered by CGD Recovered by DCG

Figure 7. The original image (top left), the blurred image (top right), the restored image by CGD
(bottom left) with SNR = 25.65, SSIM = 0.86 and by DCG (bottom right) with SNR = 26.37, SSIM = 0.87.

Original Blurred
s

Figure 8. The original image (top left), the blurred image (top right), the restored image by CGD
(bottom left) with SNR = 21.50, SSIM = 0.84 and by DCG (bottom right) with SNR = 21.81, SSIM = 0.85.
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4. Conclusions

In this research article, we present a CG method which possesses the sufficient descent property
for solving constrained nonlinear monotone equations. The proposed method has the ability to
solve non-smooth equations as it does not require matrix storage and Jacobian information of the
nonlinear equation under consideration. The sequence of iterates generated converge the solution
under appropriate assumptions. Finally, we give some numerical examples to display the efficiency of
the proposed method in terms of number of iterations, CPU time and number of function evaluations
compared with some related methods for solving convex constrained nonlinear monotone equations
and its application in image restoration problems.
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Abstract: The aim of this paper is to present a new semi-local convergence analysis for Newton’s
method in a Banach space setting. The novelty of this paper is that by using more precise Lipschitz
constants than in earlier studies and our new idea of restricted convergence domains, we extend
the applicability of Newton’s method as follows: The convergence domain is extended; the error
estimates are tighter and the information on the location of the solution is at least as precise as before.
These advantages are obtained using the same information as before, since new Lipschitz constant
are tighter and special cases of the ones used before. Numerical examples and applications are used
to test favorable the theoretical results to earlier ones.
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1. Introduction

In this study we are concerned with the problem of approximating a locally unique solution z*
of equation

G(x) =0, )

where G is a Fréchet-differentiable operator defined on a nonempty, open convex subset D of a Banach
space E; with values in a Banach space Ej.

Many problems in Computational disciplines such us Applied Mathematics, Optimization,
Mathematical Biology, Chemistry, Economics, Medicine, Physics, Engineering and other disciplines can
be solved by means of finding the solutions of equations in a form like Equation (1) using Mathematical
Modelling [1-7]. The solutions of this kind of equations are rarely found in closed form. That is why
most solutions of these equations are given using iterative methods. A very important problem in the
study of iterative procedures is the convergence region. In general this convergence region is small.
Therefore, it is important to enlarge the convergence region without additional hypotheses.

The study of convergence of iterative algorithms is usually centered into two categories: Semi-local
and local convergence analysis. The semi-local convergence is based on the information around an
initial point, to obtain conditions ensuring the convergence of theses algorithms while the local
convergence is based on the information around a solution to find estimates of the computed radii of
the convergence balls.

Newton’s method defined for alln = 0,1,2,... by

Zuy1 = zn — G'(z4) 1 G(zn), )

Mathematics 2019, 7, 299; d0i:10.3390 / math7030299 174 www.mdpi.com/journal /mathematics



Mathematics 2019, 7, 299

is undoubtedly the most popular method for generating a sequence {z,, } approximating z*, where z is
an initial point. There is a plethora of convergence results for Newton’s method [1-4,6,8-14]. We shall
increase the convergence region by finding a more precise domain where the iterates {z, } lie leading to
smaller Lipschitz constants which in turn lead to a tighter convergence analysis for Newton’s method
than before. This technique can apply to improve the convergence domain of other iterative methods
in an analogous way.

Let us consider the conditions:

There exist zgp € () and 17 > 0 such that

G'(z0) " € L(Ey, Eq) and || G'(z0) "' G(z0) | < ;
There exists T > 0 such that the Lipschitz condition
G (20) (G (x) = G'(y))|| < Tllx —yl|

holds for all x,y € Q.
Then, the sufficient convergence condition for Newton’s method is given by the famous for its
simplicity and clarity Kantorovich sufficient convergence criterion for Newton’s method

hg = 2Ty < 1. 3)

Let us consider a motivational and academic example to show that this condition is not satisfied.
Choose Ey = Ey =R, zg =1, p € [0,0.5), D = S(z0,1 — p) and define function G on D by

G(x) =22 —p.

Then, we have T = 2(2 — p). Then, the Kantorovich condition is not satisfied, since hx > 1 for all
p € (0,0.5). We set Ix = @ to be the set of point satisfying Equation (3). Hence, there is no guarantee
that Newton’s sequence starting at zg converges to z* = 3/p.

The rest of the paper is structured as follows: In Section 2 we present the semi-local convergence
analysis of Newton’s method Equation (2). The numerical examples and applications are presented in
Section 3 and the concluding Section 4.

2. Semi-Local Convergence Analysis

We need an auxiliary result on majorizing sequences for Newton’s method.

Lemmal. Let H>0,K >0,L >0, Ly > 0and n > 0 be parameters. Suppose that:

hy =Lyy <1, 4)

where 1

L¥E ifb = LK +26Ly(K—2H) =0

27(5(L0 +H) + /0%(Ly + H)? + 0(LK + 26Lo(K — 2H)) ifb >0

Lt = LK + 20Ly(K — 2H) ’
(Lot H) + /82(Lo + H)? + 6(LK + 20Lo(K — 2H)) #b<0
LK +26Lo(K — 2H) -

and

2L

L++/L2+8LyL

0=
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holds. Then, scalar sequence {t,} given by

K _ 2
=0, h=1 b=h+;5{5%

L (tn+1 — tn)z
than =t e
n+2 n+1 1 2 (1 — Lo tn+1)

is well defined, increasing, bounded from above by

- % Ky?
=+ (14125) sy

and converges to its unique least upper bound t* which satisfies

by <<

Lty —t . .
where 6y = M Moreover, the following estimates hold:
2(1 = Lot)
0 <ty —tyy1 <6 5"-1K7’72 forall n=1,2,---
n+2 — bnt1 < 0o 2(1_Hyp) 2
and

t*ftng%é”’z forall n=23,---.

Proof. By induction, we show that

L (teg1 — )

0< o<
2(1—L0tk+1) -

forall n=1,2,---,

®)

(6)

@)

®

©)

(10)

holds forallk = 1,2, - -. Estimate Equation (10) is true for k = 1 by Equation (4). Then, we have by

Equation (5)

0<tz—th<dp(a—t)) = B<tHh+d(—t)

= t3<tr+(1+0) (k2 —t) — (k2 —ty)

_52
= hB<h+R(h—t) <t

and form =2,3,---

ture < twy1+600M (2 — 1)
< tmw+dp Sm—2 (tz — tl) + o sm—1 (t2 — tl)
< h+A+0A+6+--+0" ) (1)

= t+ 1+ 55 (h—t) <+
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Assume that Equation (10) holds for all natural integers n < m. Then, we get by

Equations (5) and (10) that

0 < tmgo — b1 <000 ! (ta— 1) <™ (— 1)

and
1— " 1—gmtt
tpao <t + (146 ——) (tz — tl) <th+—— (tr— tl) <t
1-0 1-4
Evidently estimate Equation (10) is true, if m is replaced by m + 1 provided that
L
E (tm+2 - tm+1) <4 (1 — Lo tm+2)
or
L
2 (tm+2 - tm+1) +0Lotmi2—0 <0
or
L 1— §m+1

Estimate Equation (11) motivates us to define recurrent functions {¢} on [0,1) by

L
Pm(s) = = (o — b)) " s Ly (T s+ 24+ t") (a—t1) — (1= Loty s.

2

We need a relationship between two consecutive functions ;. We get that
Pma1(s) = L(ta—t) 24 sLy(L+s+2+ -+ ") (h— 1)
—(1-Lot1)s
= L(ta—t) "2 4sLy(I+s+24 - +t" ) (h— 1)
—(1—Lot)s =5 (a—t)t"
—sLop(1+s+ 24+ t") (ta—t1) + (1 — Lot) s+ ¢i(s).
Therefore, we deduce that
Pua(5) = () + 5 QLof +Ls— 1)1 (12— )
Estimate Equation (11) is satisfied, if
Pm(6) <0 holds forall m=1,2,---.
Using Equation (12) we obtain that
Pui1(8) = Ppu(6) forall m=1,2,---.
Let us now define function 9« on [0,1) by

Poo(s) = lim ¢y (s).

m—o0
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Then, we have by Equation (14) and the choice of 4 that
Poo(6) = P (0) forall m=1,2,---.

Hence, Equation (13) is satisfied, if
Peo(d) < 0. (15)

Using Equation (11) we get that

Poo(d) = (% (ta—t) + Lot — 1) J. (16)

It then, follows from Equations (2.1) and (2.13) that Equation (15) is satisfied. The induction is
now completed. Hence, sequence {t, } is increasing, bounded from above by t** given by Equation (6),
and as such it converges to its unique least upper bound +* which satisfies Equation (7). [

Let S(z,0) , S(z, 0) stand, respectively for the open and closed ball in E; with center z € E; and of
radius ¢ > 0.
The conditions (A) for the semi-local convergence are:

(A1) G: D C E; — E, is Fréchet differentiable and there exist zg € D, 5 > 0 such that G'(z9) ! €
L(Ez, El) and
IG" (z0) "' G (z0) | < 7.

(Az) There exists Ly > 0 such that forall x € D
16" (20) "1 (G’ (x) = G'(20))I| < Lollx —zo]-
(A3) Loy < 1and there exists L > 0 such that
16" (20) (G (x) = G'(y))II < Lllx —ylI-
forall x,y € Dy := S(zl,Lio —||G"(z0)"'G(z9)||) N D.
(A4) There exists H > 0 such that
IG' (20) (G (z1) — G'(20))I| < Hllz1 — zo]l,
where z; = zg — G'(z9) ' G(z0)-
(As) There exists K > 0 such that for all 8 € [0,1]
IG' (20) " (G' (20 +6(21 — 20)) — G'(20))I| < K821 — 2o -

Notice that (4;) = (A3) = (As) = (Aj4). Clearly, we have that
H<K<Ly a7)

and LLU can be arbitrarily large [9]. It is worth noticing that (A3)—(As) are not additional to (Ay)
hypotheses, since in practice the computation of Lipschitz constant T requires the computation of the
other constants as special cases.

Next, first we present a semi-local convergence result relating majorizing sequence {t,} with
Newton’s method and hypotheses (A).
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Theorem 1. Suppose that hypotheses (A), hypotheses of Lemma 1 and S(zo,t*) C D hold, where t* is given
in Lemma 1. Then, sequence {z,} generated by Newton’s method is well defined, remains in S(zo,t*) and
converges to a solution z* € S(zo, t*) of equation G(x) = 0. Moreover, the following estimates hold

Hzn+1 - ZnH <tyyr —tn (18)

and
|zn —2"|| <t —t, forall n=0,1,2---, (19)

where sequence {t, } is given in Lemma 1. Furthermore, if there exists R > * such that
S(zo,R)C D and Lg(t*+R) <2,

then, the solution z* of equation G(x) = 0 is unique in S(zo, R).

Proof. We use mathematical induction to prove that

k1 — 2l <t —t (20)

and
g(zk+1,t* - tk+1) - §(Zk, e — tk) forall k=1,2,---. (21)

Letz € S(z1,t* — ).
Then, we obtain that

HZ—Z()” < ||Z—21H + ”21 —Z()H < t _tl +t1 —to =t —to,
which implies z € S(z, t* — t). Note also that
11 = zoll = 1G"(z0) ' G(20) || <y = t1 — o

Hence, estimates Equations (20) and (21) hold for k = 0. Suppose these estimates hold for n < k.
Then, we have that

ki1 k1
lzks1 —zoll < Y llzi = zicall < Y (ti = tica) = tegr — to = b
= iz

and
[z + 0 (zk41 — 21) — zoll < b+ 0 (1 — 1) <t

forall @ € (0,1). Using Lemma 1 and the induction hypotheses, we get in turn that
IG"(20)H(G (zk41) = G'(z0)) || < Mllxess — zoll < M(tiss — to) < Mty <1, (22)
where .
e e

It follows from Equation (22) and the Banach lemma on invertible operators that G’ (Zma1) ™!
exists and
G (zi1) ™ G/ (20) | < (1= M|zg1 = 20]) ™" < (1= Mbgyr) ™" (23)

Using iteration of Newton’s method, we obtain the approximation
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Glzkr1) = Glzka) — Glzk) — G (zk) (zh1 — 2k)
- /0 (G (40 (21 — 22)) = G (zm)) (z1cen — 22) 6. @)
Then, by Equation (24) we get in turn
HG’(TO)’l G(zk+1) |l
< /O G (20) ™" (G (2 + 0 (2k41 — z)) — G (z)) Il 12641 — 2| 6 25)

1 M
<My [ 10 (21 = 20l s =210 < S (b — )2,

where

K if k=0
Ml{ L if k=1,2,---.

Moreover, by iteration of Newton’s method, Equations (23) and (25) and the induction hypotheses
we get that

lzera —zenll = (G (2k41) " G (20)) (G (20) ! G(zi11)) |
< 16" (zk41) 7 G (20) | 16" (20) 7! Gzieia) |
1 (b1 —t)?
= 21(7;21,{“*” = by = teg

That is, we showed Equation (20) holds for all k > 0. Furthermore, let z € S(z o, t* — tiy2)-
Then, we have that

A

Iz =21l < Iz = zgall + lzkg2 — zksa |l

< =t hga — b = = B

Thatis, z € S(zg, 1, t* — t;11). The induction for Equations (20) and (21) is now completed. Lemma
1 implies that sequence {s, } is a complete sequence. It follows from Equations (20) and (21) that {z, }
is also a complete sequence in a Banach space E; and as such it converges to some z* € S(zp, t*) (since
S(zo,t*) is a closed set). By letting k — oo in Equation (25) we get G(*) = 0. Estimate Equation (19) is
obtained from Equation (18) (cf. [4,6,12]) by using standard majorization techniques. The proof for the
uniqueness part has been given in [9]. [

The sufficient convergence criteria for Newton’s method using the conditions (A), constants L, Ly
and 7 given in affine invariant form are:

e  Kantorovich [6]
hg = 2Ty < 1. (26)

e Argyros [9]
= (Lo+T)y < 1. @7)

o  Argyros [3]

1
b= (T+4L0 + VT2 +8L0T) n<1 (28)
o Argyros [11]
1
hy = 1 <4L0 +/LoT +8L3 + \/L0T> n<1 (29)
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e Argyros [12]
hy =Ly <1,
Ly=Ly(T), 6=205(T).

If H= K = Ly = L, then Equations (27)—(30) coincide with Equations (26). If Ly < T, then L < T

(30)

hk <l=mh<l=h<l=>h<l=>h<l=h<I1,

L
but not vice versa. We also have that for TO —0:

o1 h 1 hy 1

R T U

h h h G
3 3 3

I T

Conditions Equations (31) show by how many times (at most) the better condition improves the
less better condition.

Remark 1. (a) The majorizing sequence {t, }, t*, t** given in [12] under conditions (A) and Equation (29)
is defined by
Lo(t — t)?

0=0, t=1n b 1+2(1—L0t1)

T(tn+1 - tn)z

t =t —_— =12,... 32
n+2 n+1 2(1 — LOtn+1) n (32)

L(ﬂ]z

_ 1; < PR L/ A
L i Ye g vy on)

Using a simple inductive argument and Equation (32) we get for Ly < L that

th <typ_1,n=23,4,..., (33)
thpr —th <tph —t,1,n=23,..., (34)

and
I (35)

Estimates for Equations (5)—(7) show the new error bounds are more precise than the old ones and the
information on the location of the solution z* is at least as precise as already claimed in the abstract of this
study (see also the numerical examples). Clearly the new majorizing sequence {t,} is more precise than
the corresponding ones associated with other conditions.

(b)  Condition S(zp,t*) C D can be replaced by S(z, L%) (or Do). In this case condition (Ay)' holds for all
X,y € S(zo, Lio) (or Do).

© If Loy < 1, then, we have that zo € §(21,Li — |G (20)"1G(z0)]]), since 5‘(21,% _
0 0

1

IG'(20) 7' G(20) ) € S(zo, L)

3. Numerical Examples

Example 1. Returning back to the motivational example, we have Ly = 3 — p.
Conditions Equations (27)—(29) are satisfied, respectively for

p € Iy := [0.494816242,0.5),
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p € I, := [0.450339002, 0.5)

and
pel3:= [0.4271907643,0.5).

We are now going to consider such an initial point which previous conditions cannot be satisfied but our
new criteria are satisfied. That is, the improvement that we get with our new weaker criteria.

We get that
_5+p
H="2F,
K=2,
L= —2 _(“2p>+5p+6)
3G—p) PP

Using this values we obtain that condition Equation (4) is satisfied for p € [0.0984119,0.5), However,
must also have that
Lo‘r] <1

which is satisfied for p € Iy := (0,0.5]. That is, we must have p € L, so there exist numerous values of p for
which the previous conditions cannot guarantee the convergence but our new ones can. Notice that we have

IkChCLCZCly

Hence, the interval of convergence cannot be improved further under these conditions. Notice that the
convergence criterion is even weaker than the corresponding one for the modified Newton’s method given in [11]
by Lo(n7) < 0.5.

For example, we choose different values of p and we see in Table 1.

Table 1. Convergence of Newton’s method choosing zy = 1, for different values of p.

4 0.41 0.43 0.45

z;  0.803333  0.810000 0.816667
zp 0747329  0.758463  0.769351
zz 0742922 0.754802 0.766321
zg 0742896 0.754784  0.766309
z5  0.742896  0.754784  0.766309

Example 2. Consider Ey = E; = A[0,1]. Let D* = {x € A[0,1]; ||x|| < R}, such that R > 0 and G defined
on D* as

G(x)(u1) = x(u1) — f(ur) — 7\/01 p(uy, u2)x(uz)? dup,  x € C[0,1], uy € [0,1],

where f € A[0,1] is a given function, A is a real constant and the kernel y is the Green function. In this case,
forall x € D*, G'(x) is a linear operator defined on D* by the following expression:

[G'(x)(v)](u1) = v(up) — 3A /01 w(uy, u2)x(up)*0(uz) duy, v € C[0,1], uy € [0,1].
If we choose zo(u1) = f(u1) = 1, it follows

IT—G'(z0) || <3|Al/8.
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Hence, if

[A| < 8/3,
G'(z0) ! is defined and

8
i -1 <
16/Go) ™ < g5

A
<
[EEES S

_ Al
_ / 1 < ‘ .
n HG (ZO) G(ZO)H =8 _3|)\‘

Consider A = 1.00, we get
n =02
T =338,
Ly =26,
K =228,

H =128
and

L =138154....

By these values we conclude that conditions (26)—(29) are not satisfied, since

hg =152>1,

h =128>1,
hy =1.19343...> 1,

h3 >1.07704... > 1,
but condition (2.27) and condition (4) are satisfied, since

hy =0.985779... < 1
and

hs = 0.97017... < 1.
Hence, Newton’s method converges by Theorem 1.

4. Application: Planck’s Radiation Law Problem

We consider the following problem [15] :

871cPA—S
(P()\) = P _ (36)
enpT 1

which calculates the energy density within an isothermal blackbody. The maxima for ¢ occurs when
density ¢(A). From (36), we get

87tcPA 0 (£ )MCEET_l
! _ AB _ —
¢ ()\) B < e*,\cgrfl > ( i1 ) =0

(37)

183



Mathematics 2019, 7, 299

that is when

and

(55 )ersT =1

e~

P = O (38)
ABT

A

After using the change of variable x = % and reordering terms, we obtain

fx)=e* -1+ g (39)

As a consequence, we need to find the roots of Equation (39).
We consider Q) = E(5,1) C R and we obtain

n = 0.0348643.. .,

Lo = 0.0599067 ...,
K =10.0354792...,
H =0.0354792. ..

L =0.094771....
So (A) are satisfied. Moreover, as b = 0.000906015 > 0, then

Ly =10.0672...,

which satisfies

Ly =0.350988... <1

and that means that conditions of Lemmal 1 are also satisfied. Finally, we obtain that

t* =0.0348859... ..

Hence, Newton’s method converges to the solution x* = 4.965114231744276 . .. by Theorem 1.
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Abstract: In this paper, we design a new third order Newton-like method and establish its
convergence theory for finding the approximate solutions of nonlinear operator equations in the
setting of Banach spaces. First, we discuss the convergence analysis of our third order Newton-like
method under the w-continuity condition. Then we apply our approach to solve nonlinear fixed point
problems and Fredholm integral equations, where the first derivative of an involved operator does
not necessarily satisfy the Holder and Lipschitz continuity conditions. Several numerical examples
are given, which compare the applicability of our convergence theory with the ones in the literature.

Keywords: nonlinear operator equation; Fréchet derivative; w-continuity condition; Newton-like
method; Frédholm integral equation

1. Introduction

Our purpose of this paper is to compute solution of nonlinear operator equation of the form
F(x) =0, M

where F : D C X — Y is a nonlinear operator defined on an open convex subset D of a Banach space
X with values into a Banach space Y.

A lot of challenging problems in physics, numerical analysis, engineering, and applied
mathematics are formulated in terms of finding roots of the equation of the form Equation (1).
In order to solve such problems, we often use iterative methods. There are many iterative methods
available in literature. One of the central method for solving such problems is the Newton method [1,2]
defined by

Xnel = Xn — (F;/c,,)ilF(xn) @

for each n > 0, where F. denotes the Fréchet derivative of F at point x € D.

The Newton method and the Newton-like method are attractive because it converges rapidly
from any sufficient initial guess. A number of researchers [3-20] have generalized and established
local as well as semilocal convergence analysis of the Newton method Equation (2) under the
following conditions:

(a) Lipschitz condition: | Fy — Fy|| < K|[x — y|| for all x,y € D and for some K > 0;
(b) Holder Lipschitz condition: ||Fy — Fy|| < K||x —y||” for all x,y € D and for some p € (0,1]
and K > 0;

Mathematics 2019, 7, 31; doi:10.3390 /math7010031 186 www.mdpi.com/journal /mathematics
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() w-continuity condition: ||F, — Fy|| < w(||lx —y|)) forall x,y € D,where w : [0,00) — [0,00) isa
nondecreasing and continuous function.

One can observe that the condition (c) is more general than the conditions (a) and (b). One can
find numerical examples where the Lipschitz condition (a) and the Hélder continuity condition (b) on
the first Fréchet derivative do not hold, but the w-continuity condition (c) on first Fréchet derivative
holds (see Example 1, [21]).

On the other hand, many mathematical problems such as differential equations, integral equations,
economics theory, game theory, variational inequalities, and optimization theory ([22,23]) can be
formulated into the fixed point problem:

Find x € C such that x = G(x), 3)

where G : C — X is an operator defined on a nonempty subset C of a metric space X. The easiest
iterative method for constructing a sequence is Picard iterative method [24] which is given by

Xp1 = G(xn) )

for each n > 0. The Banach contraction principle (see [1,22,23,25]) provides sufficient conditions for
the convergence of the iterative method Equation (4) to the fixed point of G. Banach spaces have more
geometrical stricture with respect to metric spaces. For study fixed points of nonlinear smooth operators,
Banach space structure is required. More details of Banach space theory and fixed point theory of
nonlinear operators can be found in [1,22,23,26-28].
The Newton method and its variant [29,30] are also used to solve the fixed point problem of
the form:
(I-G)(x) =0, )

where [ is the identity operator defined on X and G : D C X — X is a nonlinear Fréchet differentiable
operator defined on an open convex subset D of a Banach space X. For finding approximate solution
of the Equation (5), Bartle [31] used the Newton-like iterative method of the form

i1 = — (1= Gy,) " (I - Glxw)) 6)

for each n > 0, where G is Fréchet derivative of G at point x € D and {y, } is the sequence of arbitrary
points in D which are sufficiently closed to the desired solution of the Equation (5). Bartle [31] has
discussed the convergence analysis of the form Equation (6) under the assumption that G is Fréchet
differentiable at least at desired points and a modulus of continuity is known for G’ as a function of x.
The Newton method Equation (2) and the modified Newton method are the special cases of the form
Equation (6).

Following the idea of Bartle [31], Rall [32] introduced the following Stirling method for finding a
solution of the fixed point problem Equation (5):

Yn = G(xﬂ)r
{ $i1 = X — (1= G},) ™ (tn = G(an)) 7

for each n > 0. Many researchers [33-35] have studied the Stirling method Equation (7) and established
local as well as semilocal convergence analysis of the Stirling-like method.

Recently, Parhi and Gupta [21,36] have discussed the semilocal convergence analysis of the
following Stirling-like iterative method for computing a solution of operator Equation (5):

zn = G(xn),
Yn =%, — (I — Gén)_l(xn —G(xn)), 8)
Xpy1 =yn— (I — Gé,l)fl(yn —G(yn))
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for each n > 0. More precisely, Parhi and Gupta [21] have studied the semilocal convergence analysis
of Equation (8) for computing a solution of the operator Equation (5), where G : D C X — X isa
nonlinear Fréchet differentiable operator defined on an open convex subset D under the condition:

(Q) |Gyl < kforallx € D and for some k € (0, 1].

There are some nonlinear Fréchet differentiable operators G : D C X — X defined on an open
convex subset D which fail to satisfy the condition (Q)) (see Example 1). Therefore, ref. [21] (Theorem 1)
is not applicable for such operators. So, there is the following natural question:

Problem 1. Is it possible to develop the Stirling-like iterative method for computing a solution of the operator
Equation (5), where the condition (C)) does not hold?

The main purpose of this paper is to design a new Newton-like method for solving the operator
Equation (1) and provide an affirmative answer of the Problem 1. We prove our proposed Newton-like
method has R-order of convergence at least 2p + 1 under the w-continuity condition and it covers a
wide variety of iterative methods. We derive the Stirling-like iterative method for computing a solution
of the fixed point problem Equation (5), where ()) does not hold and hence it gives an affirmative
answer to Question 1 and generalizes the results of Parhi and Gupta [21,36] in the context of the
condition (Q)).

In Section 2, we summarize some known concepts and results. In Section 3, we introduce a new
Newton-like method for solving the operator Equation (1) and establish convergence theory of the
proposed Newton-like method. In Section 4, we derive the Stirling-like iterative method from the
proposed Newton-like method and establish a convergence theorem for computing a solution of the
fixed point problem. Applications to Fredholm integral equations are also presented in Section 5,
together with several numerical examples, which compare the applicability of our iterative technique
with the ones in the literature.

2. Preliminary

In this section, we discuss some technical results. Throughout the paper, we denote B(X,Y)
a collection of bounded linear operators from a Banach space X into a Banach space Y and
B(X) = B(X, X). For some r > 0, B;[x] and B,(x) are the closed and open balls with center x and
radius r, respectively, Ny = NU {0} and ® denote the collection of nonnegative, nondecreasing,
continuous real valued functions defined on [0, ).

Lemma 1. (Rall [37] (p. 50)) Let L be a bounded linear operator on a Banach space X. Then £~ exists if and
only if there is a bounded linear operator M in X such that M~ exists and

1
M—-L|| < ——.
| T
If L7 exists, then we have

Y T Ve
1-M7IL|| = 1— M7 M- L]

H£4H§1—H

Lemma 2. Let 0 < k < % be a real number. Assume that q = ﬁ + kP for any p € (0,1] and the
scalar equation

PP P
0—k%1+¢ﬂ0“‘—<§£i+k0 gPRP =0

has a minimum positive root «. Then we have the following:
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(1) g>kforall p € (0,1].
2) ae(0,1).

Proof. (1) This part is obvious. Indeed, we have

1 1 2-p

—— +kF—= = k>0
P L T pe
forallp € (0,1] and 0 < k < 4.
(2) Set
w
H=(1-k(1 tptp“f(q k”) Pep. 9
§(t) = (1 —kF(1+qt)"t) b1 k) a ©)

It is clear from the definition of g(#) that g(0) > 0,¢(1) < 0and ¢’(t) < 0in (0,1). Therefore, g(t)
is decreasing in (0, 1) and hence the Equation (9) has a minimum positive root « € (0,1). This completes

the proof. [

Lemma 3. Let by € (0, &) be a number such that kP (1 + qby)Pby < 1, where k, p, « and q are same as in
Lemma 2. Define the real sequences {b,}, {0y} and {y,} by

(L 1) ol

by, 10
(1*kp(1+qbn)pbn)p+1 n ( )

bn+1 =

(Wbl +kp) qb2 1

T—kP(1+qbn)Phy’ "~ T—kP(1 + qbn)Pby (1)

0y =
for each n € Ny. Then we have the following:

p
by 2p
p+1 kP '7”70

@ (1-kP (1-+qbo)Pbo) " <1t

(2)  The sequence {by,} is decreasing, that is b, 1 < by, for all n € N.
(3) kP(1+qbn)Pb, <1 forall n € Ny.

(4) by < E@V"p, forall n e Ny.

p+1)"-1

(5) 6, <¢ = 0 for all n € Ny, where 6y = 0 and & = o6".

Proof. (1) Since the scalar equation g(¢) = 0 defined by Equation (9) has a minimum positive root
a € (0,1) and g(t) is decreasing in (0,1) with g(0) > 0 and g(1) < 0. Therefore, g(t) > 0 in the

interval (0,a) and hence
by P
(ZT(I + kP ) ‘Ipbop

<1
(1 —kP(1 + qbo)Pbo)P ™

(2) From (1) and Equation (10), we have by < by. This shows that (2) is true for n = 0. Let j > 0 be
a fixed positive integer. Assume that (2) is true forn = 0,1,2,- - -, j. Now, using Equation (10),

we have

el P! 2p
( /+1 +k}”> qpb]+1 < 1 +k}"> qpb]

big < b
(1—kp(1+qu+l)pbj+l)p+l ! (1—kp(1+qb]')pbn)p+l !

bjip =

= b1

Thus (2) holds for n = j+ 1. Therefore, by induction, (2) holds for all n € Ny.
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(3) Since b, < b,,_q foreachn =1,2,3,--- and k¥ (1 + qby)*by < 1 for all p € (0, 1], it follows that
kP (1 + gby )Py < KP(1+ gbo)Pbo < 1.

(4) From (3), one can easily prove that the sequences {7, } and {6, } are well defined. Using Equations
(10) and (11), one can easily observe that

bui1 = Ynbhby (12)
for each n € Ny. Put n = 0 and n = 1 in Equation (12), we have
by = 708by = £y

and
Pb L
<';T1 +kP> qPby”
b
(1— kP (14 qby)Pby )P
Pop P
(15 +40) 0oy
b
(1= kP(1+ gbo)Pbo)?* T
(q’f(l] +kp> qpbgp
g\ b
(1— kP (1+ qbo)Pbo)" !
= PyfPby = P11y,

by =

Hence (4) holds for n = 0 and n = 1. Let j > 1 be a fixed integer. Assume that (4) holds for each
n=0,1,2---,j. From Equations (11) and (12), we have

P! 2
< ]+1 +kp> qpbjil
(1= KkP(1 +qbj1)Pbjs1)

<q blin +kp> qp(g<2p+1)fbj)2p
T bj

bj+2 1 bj+l

IN

(1—kr(1+ qu+1)pbj+1)p

qvb 2
p+11 + kp) qpbjp

(é:Zp(Zerl)] ( b
(l _ kp(l + qu)pbj)lf“rl j+1
i j-1
g2 @p+1) g2p2p+1)— gZP(ZpH)g(ZPH)bj

IN

IN

+1

5(2p+1)j+lbj+1~

Thus (4) holds for n = j+ 1. Therefore, by induction, (4) holds for all n € Ny.
(5) From Equation (11) and (4), one can easily observe that

bP o)
(—’;ﬁ + kF’) qb? <'LT? + kp) 9(Zbo)? @p+1)' -1
< <& 7 0.
1=kP(1+4qb1)Pby = 1—kP(1+ qbo)Pbo

6, =
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Hence (5) holds for n = 1. Letj > 1 be a fixed integer. Assume that (5) holds for each
n=20,1,2---,j. From Equation (11), we have

P oY
( Pﬁ] +kp> qb/ZH
0; =
I 1= kP(1+ gbjy1)Pbjia

P it \
<ﬁ%+kﬁq & 7 ko

1= kP(1+ qbo)Pbo

@p+1)/tla
[

<

Thus (5) holds for n = j+ 1. Therefore, by induction, (v) holds for all n € Nj. This completes
the proof. [

3. Computation of a Solution of the Operator Equation (1)

Let X and Y be Banach spaces and D be a nonempty open convex subsetof X. Let F: D C X — Y
be a nonlinear operator such that F is Fréchet differentiable at each point of D and let L € B(Y, X) such
that (I — LF)(D) C D. To solve the operator Equation (1), we introduce the Newton-like algorithm
as follows:

Starting with xp € D and after x,, € D is defined, we define the next iterate x,,.1 as follows:

I—LF)(xy),
I—E1F) (xn), (13)

Zn

Xpp1 = (I — le,,_lp)(yn)

for each n € Nj.

If we take X = Y,F = [ —Gand L = I € B(X) in Equation (13), then the iteration process
Equation (13) reduces to the Stirling-like iteration process Equation (8).
Before proving the main result of the paper, we establish the following:

Proposition 1. Let D be a nonempty open convex subset of a Banach space X, F : D C X — Y be a Fréchet
differentiable at each point of D with values in a Banach space Y and L € B(Y, X) such that (I — LF)(D) C D.
Let w : [0,00) — [0, c0) be a nondecreasing and continuous real-valued function. Assume that F satisfies the
following conditions:

@ |[F = Fll < w(llx —yl)) forall x,y € D;
(2) ||I = LF}|| < cforall x € D and for some ¢ € (0,0).
Define a mapping T : D — D by
T(x) = (I—-LF)(x) (14)
forall x € D. Then we have
11— e Fry || < 1 F5lw(ellx — i)

X

forall x,y € D.

Proof. For any x,y € D, we have
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M= BB < I B — By
< I T =Ty
— B w(lx — y — LEG) — @) )
= W (I =y =L [ By (x -]
< B o (1= L ey il o1
< IF (el - yl).

This completes the proof. [J

Now, we are ready to prove our main results for solving the problem Equation (1) in the framework
of Banach spaces.

Theorem 1. Let D be a nonempty open convex subset of a Banach space X, F : D C X — Y a Fréchet
differentiable at each point of D with values in a Banach space Y and L € B(Y, X) such that (I — LF)(D) C D.
Let xo € D be such that zy = xg — LF(xq) and Fz’o_l € B(Y, X) exist. Let w € ® and let a be the solution of
the Equation (9). Assume that the following conditions hold:

(C1) ||F; = Fjll < w(||lx = yll) forall x,y € D;

(C2) ||I = LFL|| < kforall x € D and for some k € (O,%];
(C3) ||ELM| < B for some B> 0;

(C4) ||FZ’0*1F(x0)|| < 1 for some y > 0;

(C5) w(ts) < tPw(s),s €[0,00),t€[0,1] and p € (0,1];

q/ 170

+kP | qb3
(C6) by = p) < &4 = 5y + K, 0 = Ppgrregiyyg, and Brlwo] © D, where r = 15

Then we have the following:

(1) The sequence {x,} generated by Equation (13) is well defined, remains in B,[xq] and satisfies the
following estimates:

lyn—1—zu—1ll <Kkllyu—1—x0-1ll,

1 = yu—1ll < qbu_1llyn—1 — xu-1ll,

Hxn - xnle < (1 + qhnfl)Hyn 1— xnler
F.texists and ||| < oy | ES L

Hyn - xn” < Qn—lHyn—l - xn—l” < 6ﬂ”yO - XOHI
IES Hlewo(llyn — xull) < b

(15)

foralln € N, where z,,y, € Br[xo], the sequences {by}, {0n}, and {7y, } are defined by Equations (10)
and (11), respectively.

(2)  The sequence {x, } converges to the solution x* € B,[xq] of the Equation (1).
(3) The priory error bounds on x* is given by:

[l — 27| <

(1+qbo)y 1/2p2) 2P HD)"
T ¢
1/2p2 @ =5\ _n/p
guer(1—¢ v Yo Yo

for each n € Ny.
(4) The sequence {x, } has R-order of convergence at least 2p + 1.
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Proof. (1) First, we show that Equation (15) is true for n = 1. Since xg € D, yo = xg — Fz/[le (x0) is

well defined. Note that
llyo — xol|

= |[E,;'F(xo)| < <.

Hence yo € B:[xp]. Using Equation (13), we have

llyo — zol|

IN A

By Proposition 1 and (C2), we have

It =yoll = [ (F(yo) -

IN

| — Fi 'F(x0) + LF(xo) |
llyo — xo — LE,, (yo — xo)
11— LE|lllyo — xoll

kllyo — xol|-

F(x0) — FZ, (o — x0))l

1
/ IEL (FL atyssa) — Flo + Flo = Elo)llllvo — xolldt

< B[ [ 1By s~ Eullat 4 1, — El| o~

= /3/0 ((1*t)HyO*on)dter(llyo*Zoll)} llvo — xol|
rrl

= B /O(1—t)”w(Hyo—on)dt+aJ(k||yo—xOII)} llvo — xol|
rrl

= B /O(1—t)”w(Hyo—on)df+k”w(Hyo—on)] llvo — xol|
M1

< — P — _

< B |5 ¥ wllvo— ol v~ ol

< qBw()llyo — xoll < gbollyo — xol|-

Thus we have
lx1 = xoll < [lx1 —yoll + llyo — xoll < gbollyo — xol + llyo — xol|
(16)
< (I+4gbo)llyo —xoll <7,

which shows that x; € B;[x]. Note that z; =

we have

11— EUEL |

(I = LF)(x1) € D. Using Proposition 1 and (C3)-(C5),

1L Hleo (kll — xoll)
Bew(k(1 + qbo)|lyo — xoll)
Bk (1 4 gbo)Pw([lyo — xoll)
kP (14 qbo)? e (1)

(k(14 gbo))Pbo < 1.

ININININ A

Therefore, by Lemma 1, 1—"2/1’1 exists and

F/l
IEH < =

Subsequently, we have

(k(1+ qbo))Pbo

I

= vl B, - 17
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Ily1 —xall = [ F(x)]]
= |[E N (F(x1) = F(yo) — Ly (x1 — o))l

< B o DOy gy — Fi) 1+ 1By = Bzl 1 = ol
< B [l = vol) + w(klvo — xoll)] llvs = ol
< B pilw(qhoHXO*yoH)+k”w(\|y0*xo\\)} qbollxo — yoll
18

< B ”’Tw(nyo—xo||)+kpw<\|yo—xou)} gbollyo — ol (18)
< w[m | Bomatlyo — ol

qpbukr’ s
= WHW*XOH
< 0lyo — xol|-

From Equations (16) and (18), we have

lyr —xoll < lyr — 21l + [lx1 — xol]
< Bllyo —xoll + (1 +qbo)llyo — xol|
< (1+4bo)8]lyo — xol| + (1 + qbo)lyo — xol|
< (Q+gby)(1+0)y<r

and
lz1 = x|l < llzz =yl + llyr — x1ll + [|lx1 = xol|

< (1+K)[lyr — 2l + (1 +qbo)llyo — xol|
< A+q)n+(1+q)n

I4+q)(1+0)y<r.

This shows that z1, 1 € B, [xp]. From Equations (17) and (18), we get

IE e (llyr — xall) YollE Hlew (8lyo — xoll)
Y00 pw (1)

’)/ngbo = bl.

ININ N

Thus we see that Equation (15) holds for n = 1.
Letj > 1be a fixed integer. Assume that Equation (15) is true for n = 1,2, - - - , j. Since x; € B,[xq],
it follows z; = (I — LF)(x;) € D. Using (C3), (C4), Equations (13) and (15), we have

ILF(xj) — EL7VF(xj) | = (L = E2-E(x;)|
(L= E7DE (x = y))l

1= LE |lly; — xll

klly; — x;ll-

lly; =zl
(19)

INIA

Using Equations (13) and (19), we have
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I =yl = 1B E@)]
< IEIE) — F(xg) — B (g — )
< NES [Jo DB gy — B 1] s = ]
< B[Sy IEL oy, — Bl + 1B = BN ly; =
= B ot =) — st + oy =] Iy =50
< B [y @l =)y = x5t + colilly; = x50 ly; = ]
< I f (@ =07+ k)w(ly; = xil)de] vy =)
< B [+ R @l — 3Dy — ;1

qllE! llw(lly; — xjlD)ly; — ;]I
abjlly; — x|

From Equation (20), we have
llxj41 = yill + lly; — xl

abilly; — xll + lly; — x4l (21)
(1 +qb))ly; — xjl-

||Xj+1 —xjH

INIA A

Using Equations (20) and (21) and the triangular inequality, we have

A

j
1 —xoll < ) a1 — ]l

j
2(1 +qbs)[lys — x|

<

5=0

j

< Y (14 qbo)6°[lyo — xol

5=0

_gitl

< (1+Wbo) —a
< Otay _
- 1-0

which implies that x¢1 € By[xp]. Again, by using Proposition 1, (C2), (C5), and Equation (21),
we have

I=EE N < IE oK — )
< ESHIRP (L + gb)Pao([ly; — xil)
<

kP(l + qb])Pb] < 1.

Therefore, by Lemma 1, F.; J exists and

I
F/ 1 —1
IE530 < § gy, = I

Using Equations (13), (C2), and (21), we have
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1A E (x|

= I\F’,j( (xj+1) = F(y)) = B, (xj1 = )

||yj+1 - xj+1||

< HF'HlII U IIF, Yt ,+ry]-)_Fy,,||dt+||Fy',—F£jH} Ixi1 — vl
< B [/ m\xm_yju>dt+w(||yj_zju)} —
< IEG {/ <“7bf||yjijll)dtw(k\lyrxf\l)} ablly; — %
L [
< e Mwﬂw—x]nnkpwuy,—x]|)} abylly; — x|
qpbj p 1—1
= | R IR ol = x1ably; =
Pb]P .
S P + k7| qb3 [ly; — xj]|

< lly; — xjll <0 lyo — xoll,
llyjs1 —xoll < lyjrr —xjeall + %501 — xoll

. j
O lyo — xoll + 3 I|xss1 — x|

<
s=0
1 j
< 0 |yo — xol + Y- (1 + qbo)6°[|yo — xo|
s=0
j+1
< (1+gbo) Y 6%
s=0
< Otay_,

1-0

and

lziv1 —xoll < llzjr1 —yjeall + llyjen = xjpall + %701 — %ol

IA

j
(L+k)[lyjr1 — xjall+ Y (1+qbo)6°y
s=0

, j
A+ + Y (1+q)6%
s=0

IA

j+1
< Y (1+qfy<r
s=0

which implies that z;, 1,1 € By(xo). Also, we have

HF',j lw(lyjs1 —xjall) < ’YjHFz/lew(Gijj - xjl)
< %07 IE Hleo(lly; — ;1)
<

Py, —

Hence we conclude that Equation (15) is true for n = j + 1. Therefore, by induction, Equation (15)
is true for all n € Ny.
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(2) First, we show that the sequence {x, } is a Cauchy sequence. For this, letting m,n € Ny and

using Lemma 3, we have

||xm+n — Xn H

m+n—1
< Z ij+1—xj||
j=n
m+n—1
< Y (+gb) ]y —xll
j=n
m4n—1j—1
< (1+gbo) ) [T6illyo —xoll
j=n i=0
m+4n—1j-1 1
< (T+qbo) Z HC GHVO*XOH
mtn—1j-1 (2p+1x
< (+gbo) Y TIE 7 7 ||y0—xo||
j=n =0
= @2p+1)
m+n—1 T _1
= (1+qbo) E gi=0 Yo " llyo — xoll
m+n—1 (2p+1)] -1 ]
< (1+4b) Z &y ) llyo— xoll.

By Bernoulli’s inequality, for each j > 0 and y > —1, we have (1 +y)/ > 1+ jy. Hence we have

me+n - Xn”
_1 _n [ pr)t @pr)"ep+1) 1 @)t epenm 1l (1)
< (T4gbo)l " (& 48 ¥ "k Py T
_ 1 n @p+1)" @p+)"(142p) 1 @p+1)"(1+2(m-1)p) _ (m=1)
< (1+qbo)g W')‘op ¢ ¥ 44 'Yop+"'+é > Yo
1 _n (2p+1)" (2,+1)n< 1 +1) 1 2 +1)»1( 1 +m71
= (tgho)d ¥y’ (& ¥ 4+ P R R
@p+1)"1 1 m=1
= (1+gb)E 27 7% < (§(2p+1 7 )P bt (§(2p+1)ﬂ70—1) v >,7
(2p+1)"-1 n 1— an)”
= (I+qb)¢ » 77 ( ) 1
1— ( 2y+1 )

)
)

_my
s )n @)

Since the sequence {x, } is a Cauchy sequence and hence it converges to some point x* € B[xg].
From Equations (13), (C2), and (15), we have

[ILE (xn) |

<

INIA

zn = yall + lyn — xu]|
kllyn = xull + llyn — xul
(1+Kk)6"y.
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Taking the limit as 7 — co and using the continuity of F and the linearity of L, we have

F(x*) = 0.

(3) Taking the limit as m — oo in Equation (22), we have

[l — x| <

for each n € N.

(4) Here we prove

1 2p+1)"
ey ) @
g/ (1= )

[[%n1 — x*]|
[[xp — x*[2P+1 =

for all n € Ny and for some K > 0. One can easily observe that there exists 19 > 0 such that

[, —x*|| < 1 (24)

whenever n > ny. Using Equations (13) and (24), we have

and

llzn — x|l

[yn ="l =

IN

ININ IN IA

IN

[l%2 — x* — LF(x) |
lln — x* = L(F(xn) — F(x")) |

1
lan —x* — L / Flo iy (Xn — )l

= LE ol = 2
< K-l

IN

60 = x* = FL T ()|

|EL R, (o = 27) = B |

IE IEGRD) = = e =)

DL I fo (Bl gy = Fl) i — %)

NE g B gy ey — B s — ¥t

NEL g U g3y = Bl e = B, I 10 — e
IEL ) Jy (o tnxn—x*||>+w(||zn—x*H))nxn—x*ndt
IE g (8l = 37 [P0 (1) + oKl — x°[) 100 — ° e
IEL T (F +0) oD — 741

I[EZ, Hlgeo (1) [Jaen — 2|7

(25)

Using Equations (13), (24) and (25), we have
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12641 — 7|
= llyn — E ' F(yn) = x|

< B IR () = F(e') = B, (0 = )]
= IEZ [ By~ B =)
< IEL [ NB gy — Pl —

= I 0By = B+ B~ EL )l — 2t
< B @l =21+ okl —x* D)l —

= (”’w \Fz',fqua)uxn—x*u”“)+w<kuxn—x*u>)df

Bz Hlgeo (1) an — o P

< R (= 10w (1B D) R o) )
xqeo(1) 0 — x*+1
Xy — x*||Pw (| E-Y|qw
B e L L B PR
= Kallza - 2,

where

2
X — x*||Pw (||FY | g (1
S i I

P +k”>qw(1).

Let |[F7| < dand 0 < d < w(0) ™!, where ¢ > 0. Then, for all x € By(x*), we have
1= BN < B IF: - Bl < dofe) <1

and so, by Lemma 1, we have

d
—1 < — = A.
B < s = A

Since x;, — x* and z, — x* as n — oo, there exists a positive integer Ny such that

d
=1 <
1E M < Ty

for all # > Np. Thus, for all n > Nj, one can easily observe that

o'w (AMquw(1)) )

Ky < A2 ———2 4k quw(1) =K.
"= < p+1 70(1)

This shows that the R-order of convergence at least (2p + 1). This completes the proof. [

4. Applications

4.1. Fixed Points of Smooth Operators

Let X be a Banach spaces and D be a nonempty open convex subset of X. Let G: D C X — X be
anonlinear operator such that D is Fréchet differentiable at each point of D and let L € B(X, X) such
that (I — L(I — G))(D) € D. For F = I — G, the Newton-like algorithm Equation (13) reduces to the
following Stirling-like method for computing fixed point of the operator G:
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Starting with xo € D and after x,, € D is defined, we define the next iterate x,, 1 as follows:

zw = (I—L(I-G))(xn),
yn=(I=(I=GL,)" (I G))(xa), (26)
Yuy1 = (1= (1= GL,) "' (I=G))(yn)

for each n € Nj.
For the choice of X = Y and F = I — G, Theorem 1 reduces to the following:

Theorem 2. Let D be a nonempty open convex subset of a Banach space X, G : D — X be a Fréchet
differentiable at each point of D with values into itself. Let L € B(X) be such that (I — L(I — G))(D) C D.
Let xg € D be such that zg = xo — L(xo — G(x0)) and let (I — G;O)’1 € B(X) exist. Let w € ®Pand a bea
solution of the Equation (9). Assume that the conditions (C5)—(C6) and the following conditions hold:

(C7) ||[(I— GQO)*1|| < B for some p > 0;

(C8) ||(I— G;O)’l(xo — G(x9))|| <1 for somen > 0;

(C9 |G, = Gyl < w(|lx —yll) forall x,y € D;

(C10) ||I = L(I = GY)|| < k forall x € D and for some k € (0,%],

Then the sequence {x, } generated by Equation (26) is well defined, remains in B,[xo] and converges to the
fixed point x* € By[xg| of the operator G and the sequence {x, } has R-order of convergence at least 2p + 1.

We give an example to illustrate Theorem 2.
Example 1. Let X =Y =Rand D = (—1,1) C X. Define a mapping G : D — R by

1.1x°% — x
G(x) = — (27)
orall x € D. Define L : R — R by L(x) = Z2x for all x € R. One can easily observe that
f Yy 7 y
(I-L(I-G))(x)eD

or all x € D. Clearly, G is differentiable on D and its derivative at x € D is G, = 3321 0ud G is bounded
Y X 6 x
with ||Gy|| < 0.3833 for all x € D and G’ satisfies the Lipschitz condition

Gy = Gyll < Kl|x —yl|
forall x,y € D, where K = 1.1. For xg = 0.3, we have
zo= (I —L(I - G))(xg) = —0.0894135714, ||(I — G;O)’lH < 0.860385626 = B,

[[(I—GL,) " (x0 — G(x0))]| < 0.29687606 = 7.
Forp=1,q=2and w(t) = Kt for all t > 0, we have

by = Bw(y) = 0.280970684 < 1,

qug p

> 95
0= ~———~2—— =0.0335033167 < 1
1-— k(l + lﬂio)bo

and r = 0.563139828. Hence all the conditions of Theorem 2 are satisfied. Therefore, the sequence {x,, } generated
by Equation (26) is in By [xo| and it converges to the fixed point x* = 0 € B [xo] of G.
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Remark 1. In Example 1, |G|l < 0.38333 > 1. Thus the condition (Q) does not hold and so we can not
apply Parhi and Gupta [21] (Theorem 1) for finding fixed points of the operators like G defined by (27). Thus the
Stirling-like method defined by Equation (26) provides an affirmative answer of the Problem 1.

If the condition (Q)) holds, then Theorem 2 with L = I reduces to the main result of Parhi and
Gupta [21] as follows:

Corollary 1. [21] (Theorem 1) Let D be a nonempty open convex subset of a Banach space X and G : D — D
be a Fréchet differentiable operator and let xy € D with zg = G(xg). Let (I — GQO)*1 € B(X) exists and
w € P. Assume that the conditions (C5)—(C9) and the following condition holds:

(C11) ||GL|| < kforall x € D and for some k € (0, 3].

Then the sequence {x,} generated by Equation (8) is well defined, remains in B, [x] and converges to the
fixed point x* € By[x| of the operator G with R—order of the convergence at least 2p + 1.

Example 2. Let X =Y =Rand D = (—6,6) C X. Define a mapping G : D — R by

forall x € D. It is obvious that G is Fréchet differentiable on D and its Fréchet derivative at x € D is

sinx

G, = e 5%, Clearly, G, is bounded with |G| < 0.22 < L =kand

[Gx = Gyll < Kllx =yl
forall x,y € D, where K = 0.245. For xo = 0, we have
z0=G(xg) =3, ||[(I— G;0)71|| < 0.834725586524139 = B

and
(I — G;D)’l(xo — G(x0))]| < 2.504176759572418 = 1.

Forp=14q= % and w(t) = Kt for all t > 0, we have
by = BKy = 0.512123601526580 < 1,

P
(% + kp) qb3

=2 — =(0.073280601270728 < 1
1-— k(l + qbo)bo

6

and r = 5.147038576039456.
Hence all the conditions of Theorem 2 with L = I are satisfied. Therefore, the sequence {x, } generated by
Equation (26) is in B,[xo| and it converges to the fixed point x* = 3.023785446275295 € B, [xo| of G (Table 1).

Table 1. A priori error bounds.

[l2ew — x|

3.0237854462752
1.7795738211156 x 102
6.216484249588206 x 106
2.335501569916687 x 10~
8.775202786637237 x 1013
4.440892098500626 x 1016

(SN EV I S e I
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4.2. Fredholm Integral Equations

Let X be a Banach space over the field F (R or C) with the norm || - || and D be an open convex
subset of X. Further, let B(X) be the Banach space of bounded linear operators from X into itself.
Let S € B(X), u € Xand A € F. We investigate a solution x € X of the nonlinear Fredholm-type
operator equation:

x—ASQ(x) = u, (28)

where Q : D — X is continuously Fréchet differentiable on D. The operator Equation (28) has been
discussed in [10,38,39]. Define an operator F : D — X by

F(x) =x—ASQ(x) —u (29)

forall x € D. Then solving the operator Equation (29) is equivalent to solving the operator Equation (1).
From Equation (29), we have
Fe(h) = h = ASQy(h) (30)

for all 1 € X. Now, we apply Theorem 1 to solve the operator Equation (28).

Theorem 3. Let X be a Banach space and D an open convex subset of X. Let Q : D — X be a continuously
Fréchet differentiable mapping at each point of D. Let L, S € B(X) and u € X. Assume that, for any xo € D,
29 = xo — L(xo — ASQ(xq) — u) and (I — )\SQ’ZO)’1 exist. Assume that the condition (C6) and the following
conditions hold:

(C12) (I—L(I—ASQ))(x)—u € D forallx € D;

(C13) ||(I—ASQL) | < B for some p > 0;

(C14) |[(I—ASQL,)  (xo — ASQ(x0) — )| < 7 for some 17 > 0;
(C15) [1Q% — Qyll < wolllx —yll) forall x,y € D, where wy € ®;
(C16) wo(st) < sPwq(t),s € [0,1] and t € [0, 00);

(C17) ||[I—L(I—ASQ,)| <k k < forall x € D.

Then we have the following:
(1) The sequence {x, } generated by

zn = Xp — L(xn — ASQ(xn) —u),
Yn = xn — (I — /\SQ,/ZM)71 (xn = ASQ(xn) —u), @1
Xp4+1 = Yn — (I - /\SQ;n)_l(yn - /\SQ(yn) - “)

for each n € Ny is well defined, remains in B,[xo] and converges to a solution x* of the Equation (28).
(2) The R-order convergence of sequence {x, } is at least 2p + 1.

Proof. Let F : D — X be an operator defined by Equation (29). Clearly, F is Fréchet differentiable
at each point of D and its Fréchet derivative at x € D is given by Equation (30). Now, from (C13)
and Equation (30), we have ||FZ’0_1 || < B and so it follows that (C3) holds. From (C14), Equations (29)
and (30), we have ||F/; (F(xg))| < 7. Hence (C4) is satisfied. For all x,y € D, using (C15), we have

IE; = Fll = sup{ll(F —F)z|l:z € X, ||z[| = 1}
< JM[ISIFsup{llQy — Qylllizll - z € X, ||z]| = 1}
< [AISIlwo(llx =yl

w(llx =ylD,
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where w(t) = |A[[|S||wo(t). Clearly, w € ® and, from (C16), we have
w(st) < sPw(t)

foralls € [0,1] and t € (0, 00]. Thus (C1) and (C5) hold. (C2) follows from (C17) for ¢ = k € (0, 1].
Hence all the conditions of Theorem 1 are satisfied. Therefore, Theorem 3 follows from Theorem 1.
This completes the proof. [

Let D = X = Y = Cla, b] be the space of all continuous real valued functions defined on [2,b] C R

with the norm ||x|| = sup |x(t)|. Consider, the following nonlinear integral equation:
telab]
b
x(s) = g(s) +A / K(s, ) ((x(D)P +v(x(t))?)dt (32)
Ja

foralls € [a,b] and p € (0,1], where g, x € Cla, b] with g(s) > Oforalls € [a,b], K : [a,b] X [a,b] — Ris
a continuous nonnegative real-valued function and y, v, A € R. Define two mappings S,Q : D — X by

Sx(s) = / " K(s, Ox()dt (33)

foralls € [a,b] and
Qx(s) = pu(x(s))"*? +v(x(s))? (34)

forall y,v € Rands € [a,b].

One can easily observe that K is bounded on [g, b] x [4,]], that is, there exists a number M > 0
such that |K(s, t)| < M for all s, t € [a,b]. Clearly, S is bounded linear operator with ||S|| < M(b —a)
and Q is Fréchet differentiable and its Fréchet derivative at x € D is given by

Qh(s) = (u(1+ p)x¥ +2vx)h(s) (35)
forall i € Cla,b]. Forall x,y € D, we have
QY —Qyll sup{[(Q% — Qy)hll : h € Cla, ], ||1]| = 1}
sup{[|(n(1+p)(x” —y") +2v(x —y))h|| : h € Cla, b], [|n]| = 1}
sup{(|u|(1 +p)llx? —y?|| + 2[v[[x = yID[|2]| : I € Cla,b], |1]| = 1} (36)

[l (L p) > = ylIP +2[v]llx = yll
wo(llx = yl),

A IAIA

where wy(t) = |pu|(14 p)tP +2|v|t, t > 0 with
wo(st) < sPwp(t) 37)
foralls € [0,1] and ¢ € [0, c0). For any x € D, using Equations (33) and (35), we have
ISQ%ll
sup{|[SQ3h| : GbX [[n]l =1}
sup {sup, i,y |17 K (5,5 (u(1 + p)(x()7 + 2vx(D)h(a| : h e X, [l =1} s)

sup { [} [K(s, )| (|| (1+ p) (8)[P + 2vl|x(O))[h(B)]dt : b € X, |1 = 1}
(I (4 p)Ix[IP + 2[v [ x][)M(b — a) < 1.

VANRVAN

We now apply Theorem 3 to solve the Fredholm integral Equation (32).
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Theorem 4. Let D = X = Y = Cla, b] and p,v,A, M € R. Let S,Q : D — X be operators defined by
Equations (33) and (34), respectively. Let L € B(X) and xo € D be such that zy = xo — L(xg — ASQ(xo) —
g) € D. Assume that the condition (C6) and the following conditions hold:

(C18)

1 _ .
=TT P P 2Tz A—a) — B Jor some p > 0;

lxo—g-H AL o171 +21v] 0 |2) M (b~
(C19) ST +p) T+ 220 ) M(5—a)

1
(C20) 1= LI+ AL Qe (L p)Ix [P+ 2[vl[|x][) M (b —a) < 3 forall x € D.

2) = 1 for some 7 > 0;

Then the sequence generated by Equation (31) with u = g € X is well defined, remains in B, [x,] and
converges to the solution x* € By[xo] of the Equation (32) with R-order convergence at least (2p + 1).

Proof. Note that D = X = Y = C[a,b]. Obviously, (C12) holds. Using Equations (C20), (33),
(35) and (38), we have

1T = (1= ASQz )|l < [A(Il (1 + p)lI20l1” +2|v|[lz0]) M(b — @) < 1.
Therefore, by Lemma 1, (I — ASQ;O)_I exists and

1

. 39
T AT + P)lIzoll” + 2] Tz0 [)M(b — ) 49

[(I—ASQL) I <

Hence Equations (C18) and (39) implies (C13) holds. Using Equations (C19), (38) and (39),
we have

(1= ASQLy) ™ (x0 — ASQ(x0) — &) |

< (T = ASQL) IIlxo — gll + [1ASQ(x0) )

l[x0 = &Il + [A[(lpel[|x0IP ! + 2| [| 0| *) M (b — a)
= 1= M(ul@+ p)lizollP +2[v]l|zol ) M(b — a)
< 7

Thus the condition (C14) is satisfied. The conditions (C15) and (C16) follow from Equations (36)
and (37), respectively. Now, from Equation (C20) and (38), we have
1= L(I—ASQY)|l 1T = LIl + 1L AS QLI
I = LI+ LA (gl (X + p) I[P+ 2[v ][ ) M (b — a)
1

3

<
<

IN

This implies that (C17) holds. Hence all the conditions of Theorem 3 are satisfied. Therefore,
Theorem 4 follows from Theorem 3. This completes the proof. [

Now, we give one example to illustrate Theorem 3.

Example 3. Let X = Y = C|0,1] be the space of all continuous real valued functions defined on [0, 1].
Let D = {x:x € C[0,1], ||x]| < 3} C C[0,1]. Consider the following nonlinear integral equation:

x(s) = sin(7ts) + % /01 cos(7ts) sin(7t) (x(£))PFdt, p € (0,1]. (40)
Define two mappings S : X — Xand Q: D — Y by
S5(x)(s) = /:K(SJ)X(t)dt, Qx)(s) = (x(s)F*,
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where K(s, t) = cos(7ts) sin(7tt). For u = sin(7s), the problem Equation (40) is equivalent to the problem
Equation (28). Here, one can easily observe that S is bounded linear operator with ||S|| < 1 and Q is Fréchet
differentiable with Q'h(s) = (p +1)(x(s))Ph(s) forallh € X and s € [0,1]. Forall x,y € D, we have

1Q% = Qyll < (p+ Dllx — ylI" = wo(llx - ylI),
where wy(t) = (p+ 1)tP for any t > 0. Clearly, wy € P. Define a mapping F : D — X by
F(x)(s) = x(s) — %OSQ(x)(s) _ sin(7s).

Clearly, F is Fréchet differentiable on D. We now show that (C12) holds for L = I € B(X). Note that

1 /3\""! 3
<f(f) 1<l

H(IfL(IfASQ))(x)qu—HfSQ x)(s) +sin(ms) | < 75 2 2

forall x € D. Thus (I — L(I — ASQ))(x) —u € D forall x € D. For all x € D, we have

3\ 7
—F V<p ~) =k
- Fll < PR e < B (2) k

Therefore, by Lemma 1, Fi~1 exists and

(p+1)cos(rs) [ sin(ret)(x(£))PU(t)dt
—(p+1) fol sin(7tt) cos(7tt) (x(t))Pdt

E7MU(s) = U(s) + (41)

forallU €Y.

Let xo(s) = sin(7s), w(t) = w"—ét) = p—JrOltP . Then we have the following:

(@) X0 € X, F(xo(s)) = — <) [A(sin(rt))P+2dt;
(b) zo(s) = xo(s) — F(xo(s)) = sin(rs) + <G [ (sin(rrt))P+2dt;

10p+1 .
© B < T — P

(@ B "Fxo)]l < ﬁ:ﬂ)m =1
+1)10P(P+1) +1\? e
() bo=pw(n) = MW and g = 57 + (p ) (3)"-
70 1 k)b
One can easily observe that § = % < 1forallp € (0,1 and r = (H"b")” . Hence all the

conditions of Theorem 3 are satisfied. Therefore, the sequence {x,} generated by Equation (31) is
well defined, remains in B, [x(] and converges to a solution of the integral Equation (40).
For p = 1, the convergence behavior of Newton-like method Equation (31) is given in Table 2.

Table 2. Iterates of Newton-like method Equation (31).

xu(s) zu(s) Yu(s)
sin(7ts) sin(7s) + 0.0424413182 cos(7ts)  sin(7s) + 0.0425947671 cos(7ts
sin(7ts) + 0.0424794035 cos(7ts)  sin(7ts) 4+ 0.0424791962 cos(7ts)  sin(7ts) + 0.0424796116 cos(7ts
sin(7ts) + 0.0424795616 cos(7ts)  sin(7ts) + 0.042479611 cos(7ts)  sin(7ts) + 0.0424796112 cos(7ts
sin(7ts) + 0.0424796111 cos(7ts)  sin(7ts) + 0.0424796109 cos(7ts)  sin(7ts) + 0.0424796113 cos(7ts

WN=O| X

2

5. Conclusions

The semilocal convergence of the third order Newton-like method for finding zeros of an operator
from a Banach space to another Banach space and the corresponding Stirling-like method for finding
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fixed points of an operator on a Banach space are established under the w-continuity condition.
Our iterative technique is applied to nonlinear Fredholm-type operator equations. The R-order of our
methods are clearly shown to be equal to at least 2p + 1 for any p € (0, 1]. Some numerical examples
are given in support of our work, where earlier work cannot apply. In future, our iterative techniques
can be applied in optimization problems.
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1. Introduction

Let Eq, E; be Banach spaces and I C [E; be a nonempty and open set. Set LB(E;, E) = {M :

E; — E,}, bounded and linear operators. A plethora of works from numerous disciplines can be
phrased in the following way:

Alx) =0, (1)

using mathematical modelling, where A : D — [, is a continuously differentiable operator in the
Fréchet sense. Introducing better iterative methods for approximating a solution s, of expression (1)
is a very challenging and difficult task in general. Notice that this task is extremely important, since
exact solutions of Equation (1) are available in some occasions.

We are motivated by four iterative methods given as

2 _
yj =% = 3V () A (x))

B @
K =3~ 3 [ (V) ~ V() (3 ) + () ()M Ay,
2y
yj =x; — EA (x)” ]A(x])
1 3 ®G)
Xpg1 =Xj — [ 21+ B + 8A })\ (xj)fl)\(x/),
i =51 = 22 () Ay
1 3 @
Xn+1 :x]‘ - {I + Z(A/ — I) + g(A] - 1)2] /\/(yj)il)L(Xj)/
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and

]/] :x]‘ — H/‘/\,(X]')_l/\(x]')
©)

Xpt1 =Zj — {3[ - H]‘/\/(x]')_l[xj', Zj; )\H A’(xj)_l)\(zj),

where H]O = H%x;), xo,y0 € I are initial points, H(x) = 2] + H(x), H; = H(X;) € LB(Eq,Ey),
Aj=N(x) N (), z = @, B; = A(y;)"'N(x)),and [, ;A] : D x D — LB(Eq,Ey) is a first order
divided difference. These methods specialize to the corresponding ones (when E; = E, = R, i is
a natural number) studied by Nedzhibov [1], Hueso et al. [2], Junjua et al. [3], and Behl et al. [4],
respectively. The 4-order convergence of them was established by Taylor series and conditions on
the derivatives up to order five. Even though these derivatives of higher-order do not appear in the
methods (2)—(5). Hence, the usage of methods (2)—(5) is very restricted. Let us start with a simple

problem. Set £y =E; = Rand D = —%, %] We suggest a function A : A — Ras

0 t=0
A = { B Bme— i tAO
Then, s, = 1is a zero of the above function and we have
N(t) = 5t* + 32 In 12 — 483 + 212,
A'(t) = 208% + 6tIn 12 — 12> + 10¢,

and
N (1) = 60t* + 61n £2 — 24t +22.

Then, the third-order derivative of function A”’(x) is not bounded on . The methods (2)—(5)
cannot be applicable to such problems or their special cases that require the hypotheses on the third or
higher-order derivatives of A. Moreover, these works do not give a radius of convergence, estimations
on |[xj — s« ||, or knowledge about the location of s.. The novelty of our work is that we provide this
information, but requiring only the derivative of order one, for these methods. This expands the
scope of utilization of them and similar methods. It is vital to note that the local convergence results
are very fruitful, since they give insight into the difficult operational task for choosing the starting
points/guesses.

Otherwise with the earlier approaches: (i) We use the Taylor series and high order derivative,
(ii) we do not have any clue for the choice of the starting point xy, (iii) we have no estimate in advance
about the number of iterations needed to obtain a predetermined accuracy, and (iv) we have no
knowledge of the uniqueness of the solution.

The work lays out as follows: We give the convergence of these iterative schemes (2)—(5) with
some main theorems in Section 2. Some numerical problems are discussed in the Section 3. The final
conclusions are summarized in Section 4.

2. Local Convergence Analysis

Let us consider that I = [0,00) and ¢ : [ — I be a non-decreasing and continuous function with

q)o(o) =0.
Assume that the following equation

po(t) =1 (6)

has a minimal positive solution pg. Let Iy = [0, po). Let ¢ : [y — I and ¢; : Iy — I be continuous and
non-decreasing functions with ¢(0) = 0. We consider functions on the interval I as

_Joela—otdr+1 [) gi(zt)dr
B 1—@ol(t)

P1(t)
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and
Pi(t) =i (t) — 1.
Suppose that
Po(t) <3. @)

Then, by (7), $1(0) < 0 and () — oo, as t — p;. On the basis of the classical intermediate
value theorem, the function 91 () has a minimal solution R; in (0, pg). In addition, we assume

q(t) =1 (8)
has a minimal positive solution p,;, where
1
a(t) = 5 (3e0(1 (1) + go(1))-

Set p = min{pg, oy}
Moreover, we consider two functions ¢, and ¢, on I; = [0, p) as

(90 (w1()1) + @0(0) Jy @r(xt)dT

_ Joola-opdr 3
PO wm T aama- e
and
$a(t) = ¢o(t) — 1.
Then, §»(0) = —1, and () — oo, with t — p~. We recall R, as the minimal solution of
lpz(t) = 0. Set

R = min{Ry, Ry}. )

It follows from (9) that for every ¢ € [0, R)

0< go(t) <1, (10)

0<yi(t) <1, (11)

0<q(t) <1 (12)
and

0<yo(t) <1 (13)

Define by S(s.,7) = {y € E; : ||s. —y|| <, } and denote by S(s., r) the closure of S(s., ).
The local convergence of method (2) uses the conditions (A):

(a1) A:D — E,is a continuously differentiable operator in the Fréchet sense, and there exists s, € I.
(a2) There exists a function ¢g : I — I non-decreasing and continuous with ¢y(0) = 0 for all x € D

Set Dy = DN S(s, po), where py is given in (6).
(a3) There exist functions ¢ : Iy — I, ¢1 : Iy — I non-decreasing and continuous with ¢(0) = 0 so
that for all x,y € Dy

Nis)™ (V@) = M) | < polllx = s.l)-

N (V) = V@)]|| < elly =)

and

N ()N @) < gr(lly = xI)

210



Mathematics 2019, 7, 89

(a4) S(s«,R) C D, radii pg, pq as given, respectively by (6), (8) exist; the condition (7) holds, where R
is defined in (9).
(as) )
/ ¢o(TR*)dT < 1, for some R* > R.
0

Set Dy = DN S(s., RY).

We can now proceed with the local convergence study of Equation (2) adopting the preceding
notations and the conditions (A).

Theorem 1. Under the conditions (A) sequence {x;} starting at xo € S(s«, R) — {s«} converges to s,
{xj} € S(x,R) so that

yj = sell < pr(llx = selDllxj = sell < llxj —safl <R (14)

and
01 = sl < (il = salDllxj = sl < [l = sel, (15)

with y and P, functions considered previously and R is given in (9). Moreover, s, is a unique solution in the
set Dy.

Proof. We proof the estimates (14) and (15) by adopting mathematical induction. Therefore, we
consider x € S(s«, R) — {s«}. By (a1), (42), (9), and (10), we have

1A (s:) M (A (s4) = A ()| < @o(lls+ — xoll) < po(R) <1, (16)
hence \'(x)~! € LB(Ey, E;) and

1

NE) WG € - 17
” ( ) (*)H—l_(po(Hs*_xO”) ( )
The point y is also exists by (17) for n = 0. Now, by using (a1), we have
1
AMx) = A(x) — A(ss) = /O N (ss + T(x — $))dT(x — 5. (18)
From (a3) and (18), we yield
1
[V 2| < [ el —s.ddrlx =s. . (19)
We can also write by method (2) for n = 0
(=1 Ty 1
Yo — Sx = (xo — s — A (x0) A(xo)) + 3/\ (x0) " A(xp)- (20)
By expressions (9), (11), (17), (19), and (20), we obtain in turn that
lyo — sl < { A (x0) A (5.)| H / DT (W (s + T(x0 = 8.)) = V(o) ) (30 = 5.)dT
1/\1 1)‘ xO H
@n

fo ( (1-1) HXO*S*H)dTJrsfo (tllxo — s«|)dT
1= @o(llxo — s
= 1 ([lxo — s« ) [[x0 = s]| < [lxo — s4]| <R,
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-1
which confirms yy € S(s., R) and (14) for n = 0. We need to show that (3A/(y0) - 3/\’(x0)) €
LB(E,, Ey).

In view of (a3), (12), and (21), we have

(2V(s)™ [wyo) =N (x0) =3X(s2) + A(s.)] |

<5 [0 W) - e |+ 107 W) - 26|
< %[4’0 (Ilyo — s« +q)0(||xofs*H)} 22)
< 3l HXO*S*IDonfs*H)+¢o<||xofs*|\>]
=q(lx0 —s.]) <

SO
1

< —.
~ 1=q(llxo =)

Using (9), (13), (17), (a3), (21), (23), and the second substep of method (2) (since x; exists by (23)),
we can first write

H <3A,(y0) - A’(xo)) 71)"(5*)

(23)

X] —Ss = X( — Sx — /\/(xo)*l/\(xo)

+ [I - %(%'Wo) —N'(x0) " (3N (o) + ?\'(xo))]/\'(xo)flA(xo) ey
SO
s =l < %0 = 52 = A (x0) Ao} |+ 5 13X (30) — A'(x0)) N5
x [ (52) 71 (W (0) = A"(x0)) | + 1A () ™ (A (r0) = A'(52)) 1] IA” (x0) " A4 (0) A0
o —onar 3 (90llvo=s:)+eollxo—s.1)) fy @1(llxo —s.[)ar @5

+§
2

Xg — Sx
- 1—¢o(t) llx0 I

(T =q(llxo = s<1)) (1 = go(l|lx0 = s:I1))
< 2(llxo = s«l)llxo = sull < llxo — s+ |-

So, (15) holds and x; € S(s., R).
To obtain estimate (25), we also used the estimate

| =

I— 5 (3X (yo) — '(x0)) " (31 (yo) + A" (x0))
(3M (o) — A (x0)) ! [2(3A'(y0) —A'(x0)) — (3A" (o) + )\'(Xo))] (26)

= 2 (3N (o) = N (x0)) ' [(W (o) = X' (s2)) + (N(5:) = N'(x0)) |

\()JNM—‘N

The induction for (14) and (15) can be finished, if x;;;, ¥, x,+1 replace xg, yo, x1 in the preceding
estimations. Then, from the estimate

i1 = sl < pllom = sl <R, p = @a(flxo —s«[l) € 0, 1), 27)

we arrive at li£n Xm = Ss and X, 11 € S(s«, R). Let us consider that K = fol M (Y« + T(s« — ys))dT for
m—r00
y* € Dy with K(y) = 0. From (a1) and (a5), we obtain

IV (5) 71V (52) = K)I| < fy @o(llse —y=[)de

(28)
< fol @o(TR)dT < 1.
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So, K1 e LB(Eq, Ey), and s« = y by the identity
0= K(s.) = K(y) = K(s. — ). 29)
O

Proof. Next, we deal with method (3) in an analogous way. We shall use the same notation as
previously. Let ¢o, ¢, ¢1, 00, 1, R1, and 1, be as previously.

We assume
po(¥1(H)t) =1 (30)
has a minimal solution p;. Set p = min{po, p1 }. Define functions ¢, and ¢, on interval I, = [0, p) by
o Jela-—mndr |, 300+ 90)) (a0 +0(0) | [ g (ct)ae
2= T ) 8(1 — go(t)) 8(1 = go(y1(1)1)) 1—go(t)
and

Pa(t) = ¢a(t) - 1.
Then, §»(0) = —1 and §(t) — co, with t — p~. Ry is known as the minimal solution of equation
Pp(t) = 01n (0, p), and set
R = min{Ry, Ry}. (31)

Replace p, by p1 in the conditions (A) and call the resulting conditions (A)’.
Moreover, we use the estimate obtained for the second substep of method (3)

X1 — Sx = X0 — Sx — /\’(xo)’l/\(xo) + [%I — gBO — %Ao} A/(Xo)flA(xO)
=xp — 5. — A (x0) TA(x0) + [— 21+ %(1 — Ag) + %(1 - BO)]A’(xO)—lA(xO) o
= x0 — s — A'(x0) " A(x0) + [ —20+ %)\/(950)71 <A'(Xo) - )\/(yo))
9 ! — ! !/ ! —
+ gV o)™ (X (o) = N (x0) ) |2 (x0) A x0)-
Then, by replacing (24) by (32) in the proof of Theorem 1, we have instead of (25)
o — [0l —xolhar 3(9(lyo = s<1) + go(lls« — xo))
X1 —S«|| =
! 1= ¢([ls« = xoll) 8(1 = @o([ls+ — xol))
(33)

9(<Po(||yo —s«[l) + @o(lls« — xOH)) I @1(llss — xol)dT
8(1 = go(llyo — s«I1)) } 1= go([ls« — xoll)

< $a(lls« = xol) [l — xoll < s« — xoll

}IS* — xol

The rest follows as in Theorem 1. [

Hence, we arrived at the next Theorem.

Theorem 2. Under the conditions (A)', the conclusions of Theorem 1 hold for method (3).
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Proof. Next, we deal with method (4) in the similar way. Let ¢o, ¢, 91,00, p1, 0, ¥1, R1, and 91, be as in
the case of method (3). We consider functions i, and ¢, on I as

gty = DOO=D0IT o) +gu(d)  1oor()) + (1)
? 1—go(t) (I—go®) (A —go(pr(t)t)) 4 (1—po(t))
3 (go(pr(H)t) + go(t)\*
T8 ( 1 go(t) )
and
Pa(t) = po(t) — 1.
The minimal zero of > (t) = 0 is denoted by Ry in (0, p), and set
R = min{Ry, Ry}. (34)

Notice again that from the second substep of method (4), we have

X1 =50 = 30— 50— V(x0) AGx0) + [V x0) = (o) T - (Ao = 1) = (T - 40 A(xo)

= x0 — s+ — A (x0) " A (x0) + {/\/(xo)1 {(A/(yo) = A(s2)) + (A'(s0) = A/(XO))]

1 (35)
= VG0 (W (0) = N (52)) + (V(s2) = M (x0))]
3 ! -1 ! / ! / 2
— V() [(W (o) = A(54)) + (V' (s1) = N (x0)) ] pA(xo),
SO
vy —s.] < Jo @((1=7)lIs. = xol)dT @0 (¢(lls« —xolDlls« — xoll) + po(lls« — xoll)
e 1= o(lls« = xoll) (1 = po(lls« = x0l1)) (1 = @o((lls+ — xol)lls+ — xoll))
L1 (¢ (1(lls« — x0l)lls« — xoll) + @o(lls« — xol))
4 (1= po(lls+ — xolD)) (36)
3 ( @(@1(ls+ — xoll) s+ — xoll) + @o(lls« —xol)\?
+§( ol ) £ o ) }Hs*fxoﬂ

< Pa(lls« — xol)lls« — X0l < [[sx — x0]|-
The rest follows as in Theorem 1. [J
Hence, we arrived at the next following Theorem.

Theorem 3. Under the conditions (A)', conclusions of Theorem 1 hold for scheme (4).

Proof. Finally, we deal with method (5). Let ¢, ¢, ¢1, 0o, Io be as in method (2). Let also ¢ : Iy — I,
¢3:1o— I, @s:Ip — Iand @5 : Iy x Iy — I be continuous and increasing functions with ¢3(0) = 0.
We consider functions i and ¢ on Iy as

o o1 =)0t + (1) [y @1 (TH)dT
hii) = = golt)

and

Pr(t) =p1(t) — 1.
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Suppose that
¢1(0)92(0) <1. 37)
Then, by (6) and (37), we yield §;(0) < 0 and ¢;(t) — co with t — p;. Ry is known as the

minimal zero of 1 (t) = 0in (0, pg). We assume

Po(g(t)t) =1, (38)

where g(t) = 1 (1 + ¢1(t)), has a minimal positive solution p;. Set I; = [0, p), where p = min{py, 01}
We suggest functions ¢» and ¢, on I; as

o) = Jy o1 =)g(dT  (po(8())D) + 90(0)) Jo or(z(t)r)d
2 1— golg(D)t) 1~ 9o(g())) (1 — po(1))
@3 (5(1+91(b) )fo er(tg(H))dT  a(t)@s(t, 1 ()t fo p1(Tg(t)t)dr
2 1= go(t))? +4 fErp)e st
and
Po(t) = yn(t) —
Suppose that
(203(0) + p1(0)95(0,0) ) 1(0) < 1. (39)

By (39) and the definition of I;, we have (0) < 0, 2(t) — co with t — p~. We assume R; as
the minimal solution of §,(¢) = 0. Set

R = min{Ry, Ry }. (40)

The study of local convergence of scheme (5) is depend on the conditions (C):

(c1) = (a).

(c2) = (a2).

(c3) There exist functions ¢ : Iy — I, @1 : Ip = I, @2 : Ip = I, 93 : Iy — I, ¢4 : Iy — I, and
@5 : Iy x Ip — I, increasing and continuous functions with ¢(0) = ¢3(0) = 0so for all x,y € Dy

A (s0) 7 (A (y) = A ()| < @(lly = x[1),
A" ()" A ()] < @a(llx = ssll),
11— H)[ < @2(]lx —s:]),
A (s:) ! ([, A] = A () | < p3(lly — ),
IH ()| < @alllx — s,

and
1A (s:) 7 [,y AL < sl = siell, lly = s,

(ca) S(s«,R) € D, po,p1 given, respectively by (6), (38) exist, (37) and (38) hold, and R is defined
in (40).
(c5) = (as).
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Then, using the estimates

l[yo = s«ll = llxo — s — A'(x0) " A(x0) + (I — Ho)A (x0) ™ A(x0) |
fg (1T =1)llx0 — s«l[)d||x0 — 54|
1 —g@o(llxo —s:l)

fo (1= D)llxo = s )7 + @a(llxo = s: 1) fy @1(T]lx0 — s
1= go([|xo —s«[l)

< ¢1(llxo — s« llxo = sull < [lxo = sull <R,

+ 11 = Holl [ (x0) ™" A" (s:) [[[|A" (s:) " Axo)

(41)

llxo = sl

and
llx1 = sl = llz0 — s« — A"(20) " Alz0) + A (z0) (X (x0) — A’ (20))A' (x0) ™ A (20)
+2 (x0) " ([x0,20; A] = A" (x0)) A’ (x0) "' A(20) + HYA' (x0) ™ [0, 203 AJA (x0) " A(z0) |
Jo o((1 = 1)g(lx0 — 54| [lx0 — 5|
- 1= o(g(llxo — s} lxo — sl
(¢0(on —s.]1) + @o(8([Ix0 — s+ ) l|x0 = 54 1)) Jo @1(8(lx0 — s} 10 — s} )dT
(1= po(g(l[xo — s« 1) [lx0 — s<[1)) (1 — @o(llx0 —s«[1)) (42)
1 1 0—Sx —Sx
g (Lo Dby g g g 5. o =5
+2
(1= go(llxo —s«))?
4([|x0 — 5.1 @5(llx0 — sull, o — s« 1) Jo @1(t8(llx0 — 54| l|x0 — s )dT 20 — 5|
(1= @o([lxo —s:11))?
< a(llxo = s« [ llxo — sl < [lxo — 54 -
Here, recalling that zg = x(’zﬁ, we also used the estimates
xo + 1
2o = sull = | 2522 = sl < S (w0 = sull + lyo — s}
1 (43)
< 5@+ ¢i(llxo = s ) [lxo — s,
a=A(z0) 7" = A (x0) Tt = A (20) TH(A (x0) = A (54)) 4 (A (52) — A (20))] A (x0) 7,
B = (=21 + Ho\' (x0) ™ [x0, 20; AD A (x0) ",
and

7= =21+ (21 + H))A'(x0) " [x0, 20; A]
= —21+ 21\ (x0) ' [x0, z0; A] 4+ 2HIA (x0) ™" [x0, 205 A
=21 (x0) ! ([x0, 205 A] = A (x0)) + HYA' (x0) ™ [0, 20; A]
to obtain (41) and (42). O

Hence, we arrived at the next following Theorem.

Theorem 4. Under the conditions (C), the conclusions of Theorem 1 hold for method (5).

3. Numerical Applications

We test the theoretical results on many examples. In addition, we use five examples and out of
them: The first one is a counter example where the earlier results are applicable; the next three are
real life problems, e.g., a chemical engineering problem, an electron trajectory in the air gap among
two parallel surfaces problem, and integral equation of Hammerstein problem, which are displayed in
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Examples 1-5. The last one compares favorably (5) to the other three methods. Moreover, the solution
to corresponding problem are also listed in the corresponding example which is correct up to 20
significant digits. However, the desired roots are available up to several number of significant digits
(minimum one thousand), but due to the page restriction only 30 significant digits are displayed.

We compare the four methods namely (2)—(5), denoted by NM, HM, JM, and BM, respectively
on the basis of radii of convergence ball and the approximated computational order of convergence
_ g [llx)=xy I/ lxy —xs-1 ]

tog [ 1) =) I/ x5 =)}
(ACOC). We have included the radii of ball convergence in the following Tables 1-6 except, the Table 4
that belongs to the values of abscissas t; and weights w;. We use the Mathematica 9 programming
package with multiple precision arithmetic for computing work.

We choose in all examples H?(x) = 0 and H(x) = 2I, 50 ¢2(t) = 1 and ¢4(t) = 0. The divided
difference is [x,y; A] = fol A (y+ 6(x —y))db. In addition, we choose the following stopping criteria
(@) [xj+1 — %]l < e and (i) [A(x)]| < e, where e = 1020,

j=2,3,4,... (for the details please see Cordero and Torregrosa [5])

Example 1. Set X = Y = R. We suggest a function Aon D = [-1, 2] as
0 x=0
Ax) = f .
() { xOsin (1/x) + 23log(n?x?), x#0

But, A" (x) is unbounded on O at x = 0. The solution of this problem is s, = % The results in Nedzhibov [1],
Hueso et al. [2], Junjua et al. [3], and Behl et al. [4] cannot be utilized. In particular, conditions on the 5th
derivative of A or may be even higher are considered there to obtain the convergence of these methods. But, we
need conditions on ' according to our results. In additon, we can choose

80+ 167 + (7 + 121og 2) 72

H
2+ 1

, @1(t) =1+ Ht, @o(t) = ¢(t) = Ht,

93(5,1) = 5 (gr(s) +@1(1)) and g(t) = 2 ga(0)

The distinct radius of convergence, number of iterations n, and COC (p) are mentioned in Table 1.

Table 1. Comparison on the basis of different radius of convergence for Example 1.

Schemes Ry Ry R X0 n p
NM 0.011971  0.010253 0.010253  0.30831 4  4.0000
HM 0.011971  0.01329  0.011971 0.32321 4 4.0000
M 0.011971  0.025483 0.011971 0.32521 4  4.0000

BM 0 0 0 -

Equation (39) is violated with these choices of ¢;. This is the reason that R is zero in the method BM. Therefore,
our results hold only, if xo = s..

Example 2. The function
Ap(x) = x* — 1.674 — 7.79075x> + 14.7445x% 4 2.511x. (44)

appears in the conversion to ammonia of hydrogen-nitrogen [6,7]. The function Ay has 4 zeros, but we choose
S, A 3.9485424455620457727 + 0.3161235708970163733i. Moreover, we have

Po(t) = @(t) = 40.6469t, @1(t) =1+ 40.6469t, @3(t) = %sz(f)f and @s(s,t) = %(?1(5) +@1(t)).

The distinct radius of convergence, number of iterations n, and COC (p) are mentioned in Table 2.
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Table 2. Comparison on the basis of different radius of convergence for Example 2.

Schemes Ry Ry R X0 n p

NM 0.0098841 0.0048774 0.0048774  3.953+0.3197i 4  4.0000
HM 0.0098841  0.016473 0.016473 3.9524 + 0.32i 4 4.0000
M 0.0098841  0.0059094 0.0059094 3.9436 +0.3112i 4  4.0000
BM 0 0 0 - - -

Equation (39) is violated with these choices of ¢;. This is the reason that R is zero in the method BM. Therefore,
our results hold only, if xyg = s..

Example 3. An electron trajectory in the air gap among two parallel surfaces is formulated given as

Ep
mw?

x(t) =xo + (v0+e% sin(wt +a)) (t—tg) +e (cos(wt + &) + sin(w + ), (45)

where e, m, xg, vy, and Eq sin(wt + «) are the charge, the mass of the electron at rest, the position, velocity of
the electron at time to, and the RF electric field among two surfaces, respectively. For particular values of these
parameters, the following simpler expression is provided:

fa(x) =x+ g — %COS(X). (46)

The solution of function f3 is s, ~ —0.309093271541794952741986808924. Moreover, we have

1 1
9(t) = go(t) = 05869, ¢1(t) = 140.5869t, @3(t) = 5¢a(t) and @s(s,t) = 5(@1(s) + @1 (£))-
The distinct radius of convergence, number of iterations n, and COC (p) are mentioned in Table 3.

Table 3. Comparison on the basis of different radius of convergence for Example 3.

Schemes Ry Ry R X0 n p
NM 0.678323 0.33473 0.33473 0001 4 4.0000
HM 0.678323 1.13054 0.678323 —0.579 4  4.0000
M 0.678323 0.40555 0.40555  0.091 5  4.0000
BM 0 7.60065 x 1018 0 - - -

Equation (39) is violated with these choices of ¢;. This is the reason that R is zero in the method BM. Therefore,
our results hold only, if xy = s..

Example 4. Considering mixed Hammerstein integral equation Ortega and Rheinbolt [8], as
1 /1 3
x(s) =1+ g/ U(s, Dx(t)dt, x e C0,1], s,t € [0,1], 47)
0
where the kernel U is

s(1—
Uit = {(l—s)t,t <s.

10
We phrase (47) by using the Gauss-Legendre quadrature formula with fol P(t)dt ~ Y wip(ty), where
k=1
t and wy, are the abscissas and weights respectively. Denoting the approximations of x(t;) with x; (i =
1,2,3,...,10), then we yield the following 8 x 8 system of nonlinear equations

10
5x—5— Y agxp=0,i=1,2,3.,10,
k=1
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wktk(l - ti), k<i,
ik = .
witi(1—t), i<k

The values of ty, and wy can be easily obtained from Gauss-Legendre quadrature formula when k = 8
mentioned in Table 4.

Table 4. Values of abscissas ¢; and weights w;.

i wj
0.01304673574141413996101799  0.03333567215434406879678440
0.06746831665550774463395165  0.07472567457529029657288816
0.16029521585048779688283632  0.10954318125799102199776746
0.28330230293537640460036703  0.13463335965499817754561346
0.42556283050918439455758700  0.14776211235737643508694649
0.57443716949081560544241300  0.14776211235737643508694649
0.71669769706462359539963297  0.13463335965499817754561346
0.83970478414951220311716368  0.10954318125799102199776746
0.93253168334449225536604834  0.07472567457529029657288816
0.98695326425858586003898201  0.03333567215434406879678440

O 00 NI O Ul WM.

_
o

The required approximate root is s, =~ (1.001377,...,1.006756,...,1.014515,...,1.021982,...,
1.026530, .. .,1.026530, . ..,1.021982, . ..,1.014515, .. .,1.006756, . .., 1.001377,...)T. Moreover, we have

3 3 1 1
po(t) = 9(t) = 35t ¢1(t) =14 558 93(t) = S92(t) and s(s,t) = 5 (1(s) + @1 (1))
The distinct radius of convergence, number of iterations n, and COC (p) are mentioned in Table 5.

Table 5. Comparison on the basis of different radius of convergence for Example 4.

Schemes Ry Ry R X0 p

n
NM 2.6667 13159 1.3159 (1,1,..,1) 4 4.0000
HM 2.6667 44444 26667 (19,19,.,19) 5 4.0000
M 2.6667 1.5943 15943 (2.1,2.1,.,2.1) 5 4.0000
BM 0 0 0 - - -

Equation (39) is violated with these choices of ¢;. This is the reason that R is zero in the method BM. Therefore,
our results hold only, if xg = s..

Example 5. We consider a boundary value problem from [8], which is defined as follows:

1 3 1
" 3 ! — =
t = 72t + 3t 3 + 5 t(O) 0, t(l) 1. (48)

We assume the following partition on [0, 1]
1
xo=0<x; <xp<---<xj, where xjiq :xj+h, h:?

We discretize this BVP (48) by

tiig —2ti+ i
h? !

¢ n i — i
! 2n

tl/-/ =]

=1,2, ..., j-1
Then, we obtain a (k — 1) x (k — 1) order nonlinear system, given by

h? 3 tipq — i 1
ti+172ti+ti,1f?t?f2_x.h273 il 5 d 1h7h7:0, i=1,2,...,j—1,
1
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where tg = t(xo) = 0, t1 = t(x1), ..., tj1 = t(xj_1), t; = t(x;) = 1 and initial approximation

T
t(()O) = (%, %, %, %, %, %) . In particular, we choose k = 6 so that we can obtain a 5 x 5 nonlinear system.

The required solution of this problem is

X~ (0.09029825..., 0.1987214 ..., 0.3314239..., 0.4977132..., 0.7123306...)T.
The distinct radius of convergence, number of iterations n, and COC (p) are mentioned in Table 6.

Table 6. Convergence behavior of distinct fourth-order methods for Example 5.

Methods i IFGEO) (20D <0 p

1 81(—6) 2.0 (—4)

MM 2 1.0(-23) 3.1 (-23)
3 9.1(-95) 2.4 (—94)
4 37(-379)  9.0(-379)  3.99%
1 78(—6) 1.9 (—5)

HM 2 7.6(-24) 2.4 (—23)
3 27(-95) 7.2 (—95)
4 26(-381)  63(—381)  3.9997
1 78(=6) 1.9 (—5)

M 2 76(-24) 24 (-23)
3 2.7(-95) 7.2 (—95)
4 26(-381)  63(—381)  3.9997
1 72(-6) 1.7 (—5)

BM 2 42(-24) 1.3 (-23)
3 1.9(-9) 5.2 (—96)
4 5.6(-386) 14 (—385)  3.9997

4. Conclusions

The convergence order of iterative methods involves Taylor series, and the existence of high
order derivatives. Consequently, upper error bounds on ||x; — s.|| and uniqueness results are not
reported with this technique. Hence, the applicability of these methods is limited to functions with
high order derivatives. To address these problems, we present local convergence results based on
the first derivative. Moreover, we compare methods (2)—(5). Notice that our convergence criteria are
sufficient but not necessary. Therefore, if e.g., the radius of convergence for the method (5) is zero,
that does not necessarily imply that the method does not converge for a particular numerical example.
Our method can be adopted in order to expand the applicability of other methods in an analogous
way.
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Abstract: We present a local convergence of the combined Newton-Kurchatov method for solving
Banach space valued equations. The convergence criteria involve derivatives until the second and
Lipschitz-type conditions are satisfied, as well as a new center-Lipschitz-type condition and the notion
of the restricted convergence region. These modifications of earlier conditions result in a tighter
convergence analysis and more precise information on the location of the solution. These advantages
are obtained under the same computational effort. Using illuminating examples, we further justify
the superiority of our new results over earlier ones.
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1. Introduction

Consider the nonlinear equation

F(x) +Q(x) =0, 1

where F is a Fréchet-differentiable nonlinear operator on an open convex subset D of a Banach space
E; with values in a Banach space E;, and Q : D — E; is a continuous nonlinear operator.

Let x, y be two points of D. A linear operator from E; into E, denoted Q(x,y), which satisfies
the condition

Qx,y)(x—y) = Q(x) — Q(y) 2

is called a divided difference of Q at points x and y.
Let x,y, z be three points of D. A operator Q(x,y,z) will be called a divided difference of the
second order of the operator Q at the points x, y and z, if it satisfies the condition

Qx,y,2)(y —2) = Qlx,y) — Qlx,2). ®)

A well-known simple difference method for solving nonlinear equations F(x) = 0 is the
Secant method

X1 = Xn — (F(xu_1,%2)) 'F(xn), n=0,12,..., 4)

where F(x,_1,xy,) is a divided difference of the first order of F(x) and xg, x_; are given.
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Secant method for solving nonlinear operator equations in a Banach space was explored by the
authors [1-6] under the condition that the divided differences of a nonlinear operator F satisfy the
Lipschitz (Holder) condition with constant L of type

[F(x,y) = F(u,0)|| < L(l|lx = ull + [ly —[]).

In [7] a one-point iterative Secant-type method with memory was psoposed.

In [8,9] the Kurchatov method under the classical Lipschitz conditions for the divided differences
of the first and second order was explored and its quadratic convergence of it was determined.
The iterative formula of Kurchatov method has the form [1,8-11]

Xpp1 = Xn — (F(2x0 — %1, %,-1)) " 'F(xn), n =0,1,2,. ... (5)

Related articles but with stronger convergence criteria exist; see works of Argyros, Ezquerro,
Hernandez, Rubio, Gutierrez, Wang, Li [1,12-15] and references therein.

In [14] which dealt with the study of the Newton method, it was proposed that there
are generalized Lipschitz conditions for the nonlinear operator, in which instead of constant L,
some positive integrable function is used.

In our work [16], we introduced, for the first time, a similar generalized Lipschitz condition for
the operator of the first order divided difference, and under this condition, the convergence of the
Secant method was studied and it was found that its convergence order is (1 + \/5) /2.

In [17], we introduced a generalized Lipschitz condition for the divided differences of the second
order, and we have studied the local convergence of the Kurchatov method (5).

Note that in many papers, such as [3,18-21], the authors investigated the Secant and Secant-type
methods under the generalized conditions for the first divided differences of the form

[(F(x,y) = F(w,0)) | < w(llx =yl lu—=oll) Vx,y,u0eD, Q)

where w : Ry x Ry — Ry is continuous nondecreasing function in their two arguments. Under
these same conditions, in the work of Argyros [10], it was proven that there is a semi-local convergence
of the Kurchatov method and in [22] of Ren and Argyros the semi-local convergence of a combined
Kurchatov method and Secant method was demonstrated. In both cases, only the linear convergence
of the methods is received.

We also refer the reader to the intersting paper by Donchev et al. [23], where several other relaxed
Lipschitz conditions are used in the setting of fixed points for these conditions. Clearly, our results can
be written in this setting too in an analogous way.

In [24], we first proposed and studied the local convergence of the combined
Newton-Kurchatov method

X1 = X — (F/(xy) + Q(2x, — xn,l,xn,l))’l(lf(xn) +0Q(xy)),n=012,..., (7)

where F’ (1) is a Fréchet derivative, Q(u, v) is a divided difference of the first order, xo, x_1 are given,
which is built on the basis of the mentioned Newton and Kurchatov methods. Semi-local convergence
of the method (7) under the classical Lipschitz conditions is studied in the mentioned article, but the
convergence only with the order (1 + v/5)/2 has been determined.

In [25], we studied the method (7) under relatively weak, generalized Lipschitz conditions for the
derivatives and divided differences of nonlinear operators. Setting Q(x) = 0, we receive the results for
the Newton method [14], and when F(x) = 0 we got the known results for Kurchatov method [9,17].
We proved the quadratic order of convergence of the method (7), which is higher than the convergence
order (14 1/5)/2 for the Newton-Secant method [1,26-28]

Xpa1 = xn — (F'(xn) + Q(xp—1, %)) "H(F(xn) + Q(x4)), n =0,12,..., . 8)
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The results of the numerical study of the method (7) and other combined methods on the test
problems are provided in our works [24,28].

In this work, we continue to study a combined method (7) for solving nonlinear Equation (1),
but with optimization considerations resulting in a tighter analysis than in [25].

The rest of the article is structured as follows: In Section 2, we present the local convergence
analysis of the method (7) and the uniquness ball for solution of the equation. Section 3 contains the
Corollaries of Theorems from Section 2. In Section 4, we provide the numerical example. The article
ends with some conclusions.

2. Local Convergence of Newton-Kurchatov Method (7)

Let us denote B(xg,r) = {x : ||x — xo|| < r} an open ball of radius r > 0 with center at point
xo € D, B(xp,7) C D.
Condition on the divided difference operator Q(x, y)

1Q(xy) = Q(w,v)|| < L(lx —ull + ly —oll) Vx,y,u,0€ D ©)
is called Lipschitz condition in domain D with constant L > 0. If the condition is being fulfilled

1Q(x,y) — Q' (x0) |l < L(llx = xoll + ly — xoll) ¥,y € B(xo,7), (10)

then we call it the center Lipschitz condition in the ball B(xg, r) with constant L.

However, L in Lipschitz conditions can be not a constant, and can be a positive integrable function.
In this case, if for x, € D inverse operator [F/(x,)] ! exists, then the conditions (9) and (10) for xg = x.
can be replaced respectively for

[x=yll+[lu—ol|

Q" (x:)"HQ(x, y) — Qu,0))|| < /(; L(t)dt Vx,y,u,v €D (11)

" /()1 / =l fly = |
Q" (%) (QUx y) = Q'(x:)) [ < /0 L(t)dt VYx,y € B(x.,1). 12)

Simultaneously

Lipschitz conditions (11) and (12) are called generalized Lipschitz conditions or Lipschitz
conditions with the L average.

Similarly, we introduce the generalized Lipschitz condition for the divided difference of the
second order

[u—oll
1Q"(x) MR, 2, y) — Qv %, y)) || < /0 N(#)dt Vx,y,u,0 € B(x., 1), (13)
where N is a positive integrable function.
Remark 1. Note than the operator F is Fréchet differentiable on D when the Lipschitz conditions (9) or (11) are
fulfilled Vx,y,u,v € D (the divided differences F(x,y) are Lipschitz continuous on D) and F(x,x) = F/(x)

Vx € D [29].

Suppose that equation

r 2r 2r
/ LY(u)du +/ LY (u)du + Zr/ No(u)du = 1.
0 0 0

has at least one positive solution. Denote by r( the smallest such solution. Set Dy = D N B(x4, 19)
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The radius of the convergence ball and the convergence order of the combined Newton-Kurchatov
method (7) are determined in next theorem.

Theorem 1. Let F and Q be continuous nonlinear operators defined in open convex domain D of a Banach
space Eq with values in the Banach space Ey. Let us suppose, that: (1) H(x) = F(x) 4+ Q(x) = 0 has a solution
X« € D, for which there exists a Fréchet derivative H'(x.) and it is invertible; (2) F has the Fréchet derivative of
the first order, and Q has divided differences of the first and second order on B(x.,3r) C D, so that for each
x,y,u,v €D

1) )~ Pl < [ 1)
1 Qo) — el < [ 5)
() @)~ Q< [ Mooy, 6
and for each x,y, 1,0 € Dy
IH )7 F ) - POl < [ s 0T < 1, )
)@ el < [ L s)
IH ) Q) - Qe < [ N 19)

where x? = x, + 0(x — x4), 0(x) = [lx — x|, L9, Lg, Np Ly, Ly and N are positive nondecreasing integrable
functions and r > 0 satisfies the equation

L[y Ly(u)udu + [y Ly(u)du +2r ~02r N(uwydu
1— (j(; LI (u)du + fozr LY(u)du + 2r bzr No(u)du)

(20)

Then for all xg,x_1 € B(x«,r) the iterative method (7) is well defined and the generated by it sequence
{xn }u>0, which belongs to B(x., 1), converges to x, and satisfies the inequality

[Xnt1 — x| <en:=

p()lcn) fop(x”)Ll(u)udu—&-f()p(x”)Lz(u)du+f()|‘x”7x"’l“ N(u)du||x, — xy-1]| ! ! 1)
X — Xi||.

1= (S 19 + 320 L9(u)du+ o No(u)du |, — 1 )

t t t
Proof. First we show that (1) = [ tawudu, g6 = : [ L2y, o) = : | N, fote) =

1 1t 1t
t—z/ LI(u)udu, go(t) = ?/ LY(u)du, ho(t) = ?/ Np(u)du monotonically nondecreasing with
0 0 0

respect to t. Indeed, under the monotony of L1, Ly, N we have

(%/(:z—%_/(]h)h(u)udu: (%/:4-(%—%) /Otl)Ll(u)uduz

> L(tl)(%/t]ter(%—%) /Otl)udu:Ll(tl)(%/otzf%/otl)uduzo,
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L e )

> Lz(t1)<é/ﬁtz+(é - %) ./Ot1 )du = Lz(h)(tz;t1 Hl(é - %)) =0

for 0 < t; < ty.So, f(t), g(t) are nondecreasing with respect to t. Similarly we get for h(t),fo(t), go(t)
and hy(t).

We denote by Ay, linear operator A, = F’(x,,) + Q(2x,, — x,,_1, x,_1). Easy to see thatif x,, x, 1 €
B(xx,t), then 2x, — x,_1,X,_1 € B(x4,3r). Then A, is invertible and the inequality holds

1A H (x)ll = (I = (I = H (x) 7" An)] 7 <

0(xn) 20(xn) lxn =21l -1 (22)
<(1- (/O L(l)(u)dqu/O Lg(u)du+/0 No(w)dullxn — %, -1])) -
Indeed from the formulas (14)—(16) we get
11— H (x) LAl = [H () 7H(F/ (x2) = F(x0) + Qs i) — Q3 Xu) +
o(xn) 0 ’ 1
+Q0xn, xn) = Q(2xn = xy—1, Xn-1)|) < /0 Ly(u)du + [[H (x:) 7 (Q(xs, %) —
=Q(xn, xn) + Q(xu, Xun) — Q(xn, Xp—1) + Qxn, Xn—1) — Q(2%n — Xp—1, x¥p-1)) || <
o(xn) 20(xn)
S/O L?(u)du—i—/o LY(u)du+
+HH/(X*)71(Q(XYUxnflrxn) = Q2xy — xy1, %1, %)) (Xn — 2, 1) | <
o(xn) 2p(xu) [lxn =21l
< /0 L9(u)du +/0 LY(u)du +/0 No(u)dul|x, — xy-1]|-
From the definition rj (20), we get
0 2rp 2rp
/0 Ll(u)du+/0 Lz(u)du+2r/0 N(u)du <1, (23)

since r < rg.
Using the Banach theorem on inverse operator [30], we get formula (22). Then we can write

041 — x| = [lxn — x5 — A;l(F(xn) = F(x) + Q(xn) — Q(x:)) I =

= = A7 O8) = F o)+ Q) = Q23 = 31, 501)) (i = 32)] <

, ’ 1 (xn) ’
<A H Gl e [ [ e +  (x0) 7 (+Q x.) - eh)

—Q(2xn = xp—1,%5-1)) D) 10 — x:]|-
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According to the condition (17)-(19) of the theorem we get

(?l
I1H (x.) //P W)dudt + Q(xn, x2) — An)|| =
’Cn

(xn)
_ ‘/0” L () udu + || H' (x2) = (Q(xn, %) — Q(xm, 1)+

+Q(xn/ xn) - Q(xn/ xnfl) + Q(xn/ xnfl) - Q(an - xnfllxnfl))H <

1
p(xu)

(xn)
]Qp Ly (uyudu + | H' () 71 (Q(xm, x4) — Q(xn, )|+

<

+||H/(x*)_1(Q(xn/ Xp—1, xn) - Q(an — Xpn—1,Xpn—-1, xn))(xn - xnfl)H <

() () a1
< p(lTn)/op L](u)udqu/Op Lz(u)du+/0 N () dul|xn — 31

From (22) and (24) shows that fulfills (21). Then from (21) and (20) we get
21 = xell < flxn = x| <o < max{lxo — x|, lx—1 — xl} <7

Therefore, the iterative process (5) is correctly defined and the sequence that it generates belongs
to B(x, 7). From the last inequality and estimates (21) we get lgn |xn — x| = 0. Since the sequence
n—o0

{xn}u>0 converges to x., then
[l = 1l < ll2n = 20l + [0 = 2] < 2f[xn1 = x4
and lim |[x;, —x,_1]| =0. O
n—oo
Corollary 1. The order of convergence of the iterative procedure (7) is quadratic.

Proof. Let us denote pmax = max{p(xo),p(x_1)}. Since g(t) and h(t) are monotonically
nondecreasing, then with taking into account the expressions

=: Alp(xn)/

1 o(xn) Duds — IS p(xn) w)udup(xy))  f§™ Ly (u)udup(x,)
ey o= S <

(xn) £(xn) L d " Pmax 1 d n
[ Lyt - B ) B )
0 P(xn) POmax

[E—— en =51l N (1) | 2y — 1
[ g = & (u)eullen — 311
Jo

[0 = Xn1]

ﬁ)HxO*xle N (u)dul|[x, — 1]

[lxo —x_1l

<: =: Azllxn — xp-1|

and

0(xn) 0(xn) [len =1l -1
(1- (/ L(l)(u)du+2/ Lg(u)du+/ " No(w)dul|x, —xu ) <
0 0 0

Omax 0 Pmax 0 H 0— 71H -1 .
< (17 (/0 Ll(u)dquZ/O Lz(”)d”JF'/O 0(u)du||ngx71||)) =: Ay,
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from the inequality (21) follows
%041 = %l < Ag(Arp(xn) + A20(xn) + Aslxn = Xp1[|*) [0 — ]|

or
ll2tn1 = 2l < Calltw — 2|12 + Callxw — xu—1 [l 200 — 2. (25)

Here Ay, k =1,...,4,C3,C4 are some positive constants.
Assume that the order of convergence of the iterative process (7) is not lower 2, therefore there
exist Cs > 0 and N > 0, that for all # > N the inequality holds

[l = x| = Csllu—1 — x|

Since
[0 = %11 < (e = x| + 01 = 2 [1)* < 4l|xa1 — %],

then from (44) we get
2041 — 2]l < Callxn — x*HZ +4Cq[xy-1 — x*”z”xn — x|
(26)
< (C3 +4C4/Cs)||xn — x> = Cellxn — x|

inequality (26) means that the order of convergence is not lower than 2. Thus, the convergence
rate of sequence {x, },,>0 to x, is quadratic. [

3. Uniqueness Ball of the Solution
The next theorem determines the ball of uniqueness of the solution x, of (1) in B(x., 7).
Theorem 2. Let us assume that: (1) H(x) = F(x) 4+ Q(x) = 0 has a solution x. € D, in which there exists a

Fréchet derivative H' (x.) and it is invertible; (2) F has a continuous Frechet derivative in B(x., ), F' satisfies
the generalized Lipschitz condition

o(x)
1H () THF (x) = F'(x2)l S/ LY(u)du Vx € B(x.,1),
0
the divided difference Q(x,y) satisfies the generalized Lipschitz condition
! -1 ! p(x) 0
[ ()~ (Q(x x4) = G (xe)) || < /O Ly(u)du Vx € B(xs,1),
where Ly and Ly are positive integrable functions. Let r > 0 satisfy
1 /7 T
;/ (r —u)LY(u)du +/ LY(u)du < 1.
0 0
Then the equation H(x) = 0 has a unique solution x, in B(x.,r).

Proof analogous to [27,31].

4. Corollaries

In the study of iterative methods, the traditional assumption is that the derivatives and/or the
divided differences satisfy the classical Lipschitz conditions. Assuming that L;, L, and N are constants,
we get from Theorems 1 and 2 important corollaries, which are of interest.
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Corollary 2. Let us assume that: (1) H(x) = F(x) + Q(x) = 0 has a solution x. € D, in which there exists
Fréchet derivative H'(x..) and it is invertible; (2) F has a continuous Fréchet derivative and Q has divided
differences of the first and second order Q(x,y) and Q(x,y,z) in B(x.,3r) C D, which satisfy the Lipschitz
conditions for each x,y,u,v € D

I[H () 7H(F () = F' () || < LYl = 2],

IH (x) 71 (Q(x,y) = QUu, v))II < LY([lx — ull + lly —©l)),

for x,y,u,v € Dy
IH ()~ (Q(1, x,y) — Q(v,%,y)) | < Nollu o],

IH () 7HF (%) = F' (3 + T(x = x:)) || < (1= D) Laflx = x4,
[H () 7H(Q(x,y) — Q(u,0)) || < La(l|x — ul + [ly — o),
IH' (x.) 7 (Q(u, x,y) — Q(o,x,y)|| < Nlju—ol|,
where L?, Lg, No, Ly, Ly and N are positive numbers,

2
LY42L9 + /(L9 +2L9)% + 16Ny

and r is the positive root of the equation

70

Li7/2+ Lor + 4N7?
1— L9 — 2L3r — 4Npr?

Then Newton-Kurchatov method (5) converges for all x_1,xo € B(xy,r) and there fulfills

(L1/2 4 Lo)||xn — || + Nlxp — xp_1]12

o — x| € —EE2 :
1= (L9 + 2181 — x. | + Nollxn = %-1[2)

Moreover, 1 is the best of all possible.
2. _ 2 . .
Note that value of r = 3[ improves 7 = Tl for Newton method for solving equation F(x) =
1

0 [14,32,33], and with r = 2/(3Ly + /9L3 4+ 32N) improves 7 = 2/(3L} + {/9(L})2 +32Nj) for
Kurchatov method for solving the equation Q(x) = 0, as derived in [8].

Corollary 3. Suppose that: (1) H(x) = F(x) + Q(x) = 0 has a solution x, € D, in which there exists the
Fréchet derivative H'(x.) and it is invertible; (2) F has continuous derivative and Q has divided difference
Q(x, x+) in B(x4,r) C D, which satisfy the Lipschitz conditions

I[H (x) 71 (F'(x) = F'(x)|| < LYl — 2],
IH () H(Q(x, 2:) = G (x:)) || < LYlx — x|

for all x € B(x,,r), where LY and L are positive numbers and r = Then x is the only solution in

LY +2Ly
B(xx,7) of H(x) = 0, r does not depend on F and Q and is the best choice.
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2
Note that the resulting radius of the uniqueness ball of the solution r = i improves 7 = — for
1

L
1 1 !

Newton method for solving the equation F(x) = 0 [14] and r = o improves 7 = 1 for Kurchatov
2 2

method for solving the equation Q(x) = 0 [8]. (See also the numerical examples).

Remark 2. We compare the results in [25] with the new results in this article. In order to do this, let us consider
the conditions given in [25] corresponding to our conditions (15)—(17):
For each x,y,u,v € D

I1H (x.) " (F'(x) — F (*))] < /p(x) LM u)du, 0< 0 <1, @7)
bp(x)
.4 l—ull+ly—oll
I ()7 QG y) - Quu o)l < | L, e8)
llu—ol|
I ()~ (QUuxy) — Qe xy) < [ N (e, 9)
%]Or LY (w)udu + ]Or Li(u)du + 27 '02? N (u)du 1 30)
1-— (for L (u)du + j;)zi LY (u)du + 27 027 Nll(u)du> '
X011 = xn ]| < @n. @1
It follows from (14)—(16), (17)—(19), (27)~(29), that
L3(t) < Li(h), (32)
Li(t) < Li(1), (33)
Ly(t) < Li(h), (34)
La(t) < L (1), (35)
No(t) < N(b), (36)
N(t) < N'(t), 37)
leading to
F<r, (38)
ep < ey, (39)
A< A, 1=1,234, (40)
C <G, 1=1,2346 (41)
and
Cs > Gs, (42)
e S0 Lt + [ it fo™ N @il

1— <f0P(xn) L%(u)du—&— fOZP(Xn) L%(u)du—i— fol\x,ﬁx;ﬁlH N (1) du]| x, _xn71”>
st = xull < Aa(ArpCon) + Aap () + Aslln — 31|20 — 3,1,
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or
Hanrl - x*” < C?;Hxn - x*HZ +C_4||xn - xn71”2|‘xn - x*”/ (44)
or
%011 — 2]l < Collaen — x*HZ
with
Co = (C3+4C4/Cs)
for some

Hxn - x*H > C_Suxnfl - x*HZ‘
Hence, we obtain the impovements:

(1) At least as many initial choices x_1, xg as before.
(2) At least as few iterations than before to obtain a predetermined error accuracy.
(3) At least as precice information on the location of the solution as before.

Moreover, if any of (32)—(37) holds as a strict inequality, then so do (38)—(42). Furthermore,
we notice that these improvements are found using the same information, since the functions L, L9, Ny,
Ly, Ly, N are special cases of functions L1, L%, N used in [25]. Finally, if G = 0 or F = 0, we obtain the
results for Newton’s method or the Kurchatov method as special cases. Clearly, the results for these
methods are also improved. Our technique can also be used to improve the results of other iterative
methods in an analogous way.

5. Numerical Examples

Example 1. Let E; = Ep = R%and Q = S(x,,1). Define functions F and Q for v = (v1,v,v3)T on Q by

F(v) = (e" — 1, 5103 + 0y, v3)T,
. T (45)
Q(v) = (Jo1l, [v2], [v2], |sin(wvs)])
F(v) = diag(e”b (e—1)vp+1, 1), (46)

—v1 7 =0 03—03

Q(v,7) = diag(‘ﬁgl‘flvl‘ [og] —Ja| ISin(ﬁa_)\*\Si“(%)\)

Choose:

H(x) = F(x) + Q(x),

1
IH (e) =1L =e—1,L§ =1,No = 5,

L= e,y = 1,N =
1=¢€ L2 =1, —E/

1
Ll=e¢Ll=1N! =5

Then compute:

r using (20), r = 0.1599;

7 using (30), 7 = 0.1315.

Also, 7 < r.

Notice that L? < Ly < L}, sothe improve ments stated in Remark 1 hold.
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6. Conclusions

In [1,8,34], we studied the local convergence of Secant and Kurchatov methods in the case of
fulfilment of Lipschitz conditions for the divided differences, which hold for some Lipschitz constants.
In [14], the convergence of the Newton method is shown for the generalized Lipschitz conditions for
the Fréchet derivative of the first order. We explored the local convergence of the Newton-Kurchatov
method under the generalized Lipschitz conditions for Fréchet derivative of a differentiable part of the
operator and the divided differences of the nondifferentiable part. Our results contain known parts as
partial cases.

By using our idea of restricted convergence regions, we find tighter Lipschitz constants leading to
a finer local convergence analysis of method (7) and its special cases compared to in [25].
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Abstract: The study of the dynamics and the analysis of local convergence of an iterative method,
when approximating a locally unique solution of a nonlinear equation, is presented in this article.
We obtain convergence using a center-Lipschitz condition where the ball radii are greater than
previous studies. We investigate the dynamics of the method. To validate the theoretical results
obtained, a real-world application related to chemistry is provided.
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1. Introduction

A well known problem is that of approximating a locally unique solution x* of equation
F(x) =0, (1)

where F is a differentiable function defined on a nonempty convex subset D of S with values in (),
where () can be R or C. In this article, we are going to deal with it.

Mathematics is always changing and the way we teach it also changes as it is presented in [1,2].
In the literature [3-8], we can find many problems in engineering and applied sciences that can be
solved by finding solutions of equations in a way such as (1). Finding exact solutions for this type
of equation is not easy. Only in a few special cases can we find the solutions of these equations in
closed form. We must look for other ways to find solutions to these equations. Normally we resort
to iterative methods to be able to find solutions. Once we propose to find the solution iteratively,
it is mandatory to study the convergence of the method. This convergence is usually seen in two
different ways, which gives rise to two different categories, the semilocal convergence analysis and
the local convergence analysis. The first of these, the semilocal convergence analysis, is based on
information around an initial point, which will provide us with criteria that will ensure the convergence
of an iteration procedure. On the other hand, the local convergence analysis is generally based on
information about a solution to find values of the calculated radii of the convergence balls. The local
results obtained are fundamental since they provide the degree of difficulty to choose the initial points.

We must also deal with the domain of convergence in the study of iterative methods. Normally,
the convergence domain is very small and it is necessary to be able to extend this convergence domain
without adding any additional hypothesis. Another important problem is finding more accurate
estimates of error in distances. ||x,4+1 — X» ||, |xy» — x*||. Therefore, to extend the domain without the
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need for additional hypotheses and to find more precise estimates of the error committed, in addition
to the study of dynamic behavior, will be our objectives in this work.

The iterative methods can be applied to polynomials, and the dynamic properties related to this
method will give us important information about its stability and reliability. Recently in some studies,
authors such as Amat et al. [9-11], Chun et al. [12], Gutiérrez et al. [13], Magrefian [14-16], and many
others [8,13,17-30] have studied interesting dynamic planes, including periodic behavior and other
anomalies detected. For all the above, in this article, we are going to study the parameter spaces
associated with a family of iterative methods, which will allow us to distinguish between bad and
good methods, always speaking in terms of their numerical properties.

We present the dynamics and the local convergence of the four step method defined for each
n=0,12,...by

Yn = xy —aF (x,) 1F(xy)
Zn = VYn *Cl(xn)F/(xn)ilF(yn) 2)
(o =z, — Co(xn)F'(xn) " 'F(zy)
Xup1 = zn— C3(xn)F'(x0) "'F(vs),
where « € R is a parameter, xg is an initial point and C; : R — R, i = 1,2,3 are continuous

functions given. Numerous methods of more than one step are particular cases of the previous
method (2). For example, for certain values of the parameters this family can be reduced to:

e Artidiello et al. method [31]

e Petkovic¢ et al. method [32]

e  Kung-Traub method [29]

e  Fourth order King family

e  Fourth order method given by Zhao et al. in [33]

e  Eighth order method studied by Dzunic et al. [34].

It should be noted that to demonstrate the convergence of all methods after the method (2),
in all cases Taylor expansions have been used as well as hypotheses involving derivatives of order
greater than one, usually the third derivative or greater. However, in these methods only the first
derivative appears. In this article we will perform the analysis of local convergence of the method (2)
using hypotheses that involve only the first derivative of the function F. In this way we save the
tedious calculation of the successive derivatives (in this case the second and third derivatives) in each
step. The order of convergence (COC) is found using and an approximation of the COC (ACOC) using
that do not require the usage of derivatives of order higher than one (see Remark 1). Our objective will
also be able to provide a computable radius of convergence and error estimates based on the Lipschitz
constants.

We must also realize that there are a lot of iterative methods to approximate solutions of nonlinear
equations defined in R or C [32,35-38]. These studies show that if the initial point x is close enough
to the solution x*, the sequence {x, } converges to x*. However, from the initial estimate, how close to
the solution x* should it be? In these cases, the local results do not provide us with information about
the radius of the convergence ball for the corresponding method. We will approach this question for
the method (2) in Section 2. Similarly, we can use the same technique with other different methods.

2. Method’s Local Convergence

Let us define, respectively, U(v, p) and U(v, p) as open and closed balls in S, of radius p > 0 and
with center v € Q).

To study the analysis of local convergence of the method (2), we are going to define a series of
conditions that we will name (C):

(C1) F:D C Q — Qis a differentiable function.
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We know that exist a constant x* € D, Ly > 0, such that for each x € D is fulfilled
(Cy) F(x*) =0, F'(x*) #0.
(C3) [IF'(x*) "1 (F'(x) = F'(x*))|| < Lollx — x*|

P“,_\

Let Dy := DN U(x*, —). There exist constants L > 0, M > 1 such that for each ,y € Dy
0

(Ca) [[F'(x*) 2 (F'(x) = F'(y)) | < Lllx —y|
(Cs) [IF'(x*)"1F' ()] < M.
There exist parameters +y; and continuous nondecreasing functions ¥; : [0,7;) — R such that
i=0,1,2,3:
(Co) virp <7 < I
0
and
(C7) ¢i(t) — a +oo or anumber greater than 0 as t — 'y;l. For & € IR, consider the functions

qi:[0,77) =R j=0,1,23by
M1 —af, j=0

qj(t) = o j
ML — ] Tga(t) - 9i(t), j=1,2,3
i=0

(Cs) pj:=4;(0) <1, j=0,1,23,
(Co) C;: Q) — Q are continuous functions such that for each x € Dy, ||C;(x)]| < ¢;(||x — x*||) and
(C1o) U(x*,r) C D for some r > 0 to be appointed subsequently.

We are going to introduce some parameters and some functions for the local convergence analysis
of the method (2). We define the function g on the interval [0, Lio) by

$0(t) = gy (Lt +2M11 ~ )

and parameters 7, 04 by
2(1—-M|1—ua) 2
2o+L 7 T o+l

Then, since pg = M|1 —«a| < 1 by (Cg), we have that 0 < 79 < 04, go(r1) = 1 and for each
t€[0,r1)0 < go(t) < 1. Define functions g;, h; on the interval [0, ;) by

st = 0+ 120 10

ro =

and
() = gi(t) -1

fori =1,2,3. We have by (Cg) that 1;(0) = p; — 1 < 0and by (Cs) and (C7) h;(t) — a positive number
or +co. Applying the intermediate value theorem, we know that functions k; have zeros in the interval
[0,;). Denote by r; the smallest such zero. Set

r=min{r;}, j=0,1,2,3. 3)

Therefore, we can write that
0<r<ry 4)

moreover foreachj=0,1,2,3,t € [0,r)

0<gi(t) <1 ©)
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Now, making use of the conditions (C) and the previous notation, we will show the results of
local convergence for the method (2).

Theorem 1. Let us assume that (C) conditions hold, if we take the radius r in (Cyo) that has been
defined previously. Then, the sequence {x, } generated by our method (2) and considering xo € U (x*,r) \ {x*}
is well defined, remains in the ball U (x*,r) for each n > 0 and converges to the solutionx*. On the other hand,
we see that the estimates are true:

llyn — x| < golllaen — ™[ l2ew — 2™ < [[xn — x| <7, (6)
llzn = x*[| < g1 (llxn — x"[Dl[xn — x| < llxn — 27|, @)
lon — x|l < ga(llaen — x| 2w — 27| < [y — x"| ®)

and
[[xnr1 = x* || < ga(llxn — 2™ [)oen — x| < flxn — x|, ©)

w

where the “g” functions are defined previously. Furthermore, for
(10)
the unique solution of equation F(x) = 0in U(x*, T) N D is the bound point x*.

Proof. Using mathematical induction we shall prove estimates (6) and (10). By hypothesis xo €
U(x,r) \ {x*}, the conditions (C1), (C3) and (3), we have that

IIE(x*) "1 (F'(x0) — F'(x*))I| < Lollxo — x*|| < Lor < 1. )

Taking into account the Banach lemma on invertible functions [5,7,39] we can write that F/(xp) ! €

L(S,S) and
1

F(xo) '"F(x)]| € ———.
[[E"(xo) " F'(x") || < 1= Loflxo — ]

(12)

consequently, o is well defined by the first substep of the method (2) for n = 0. We can set using the
conditions (C;) and (C,) that

F(xo) = F(xp) — F(x*) = /01 F'(x* 4+ 0(x0 — x*)) (xp — x*)d0. (13)

Remark that ||x* 4+ 60(xg — x*) — x*|| = 0||xo — x*|| < r, so x* +6(xp — x*) € U(x*,r). Then,
using (13) and condition (Cs), we have that

I[F(x*) " F(xo) || < | /: F'(x*) VF (2" + 6(x0 — x7)) (%0 — x*)db| < Mo —x*[.  (14)

In view of conditions (C;), (C4), (3) and (5) (for j = 0) and (12) and (14), we obtain that
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lyo— = 10— x* — F'(x0) ' (x0) + (1 — &) F'(x0) " F(x0)
< flxo— ¥ — F'(x0) " F(xo)l| + |1 — al | F(xo) 1/ (x*) || (x*) " E(x0) |
< FG) T G P ) T 4+ (w0 — 1)) — F(x0)) (x0 — x7)d6
11— a|Mljxy —x*| (%)
1= Lollxo —x°]
o U-x? - alMlv— |

+
2(1 = Lollxo —x*[]) = 1— Lol[xo — x|
= go(llxo = x*|)llxo — x| < [lxo — x*| <7,

which evidences (6) for n = 0 and yo € U(x*,r). Then, applying (Cg) condition, (3) and (5) (for j = 1),
(12) and (14) (for yg = xp) and (15), we achieve that

llz0 = x| < g1 (llxo = *"[)[lxo — x™[| < [lxo — 7], (16)

which displays (7) for n = 0 and zy € U(x*,r). In the same way, we show estimates (8) and (9) forn = 0
and vp, x1 € U(x*,r). Just substituting xo, Yo, Zo, Vo, X1 bY Xk, Yk, Zk, Uk, Xk41 in the preceding estimates,
we deduct that (6)—(9). Using the estimates ||x; 1 — x*|| < ¢|jx — x*|| <7, ¢ = g3(||[xo — x*||) € [0,1),
we arrive at klim xp = x" and x¢ g € U(x*, 7). We have yet to see the uniqueness, let y* € U(x*, T)
— 00
be such that F(y*) = 0. Define B = fol F'(y* + 6(x* — y*))d6. Taking into account the condition (C,),
we obtain that
1Ak —1 ] ([ nk LO * * LO
[E'Ger) (B = F'(xm))l < S lly" =" < 5T < 1. (17)

Hence, B # 0. Using the identity 0 = F(y*) — F(x*) = B(y* — x*), we can deduct that x* =
y*. O

Remark 1.
1. Considering (10) and the next value

IF' ) ()l = [IF' ()7 I+ F(x) = F/(x) |

IN

[[E (") 1 (F' (x) = F'(x*)) || +1

IN

Lollxo — x*|| +1

we can clearly eliminate the condition (10) and M can be turned into

M(t) =1+ Lot or what is the same M(t) = M = 2, because t € [0, Li)
0
2. The results that we have seen, can also be applied for F operators that satisfy the autonomous differential
equation [5,7] of the form
F'(x) = P(F(x)),

where P is a known continuous operator. As F'(x*) = P(F(x*)) = P(0), we are able to use the previous
results without needing to know the solution x*. Take for example F(x) = e* — 1. Now, we can take
P(x) = x + 1. However, we do not know the solution.
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3. Inthearticles [5,7] was shown that the radius ¢ o has to be the convergence radius for Newton’s method
using (10) and (11) conditions. If we apply the definition of r1 and the estimates (8), the convergence
radius r of the method (2) it can no be bigger than the convergence radius g o of the second order Newton’s
method. The convergence ball given by Rheinboldt [8] is

R = 37— (18)

In particular, for Ly < Ly or L < Ly we have that

OrR < QA
and 1 L
LL3 —- as 20
QA 3 Ll

That is our convergence ball ry which is maximum three times bigger than Rheinboldt’s. The precise
amount given by Traub in [28] for og.

4. We should note that family (3) stays the same if we use the conditions of Theorem 1 instead of the stronger
conditions given in [15,36]. Concerning, for the error bounds in practice we can use the approximate
computational order of convergence (ACOC) [36]

In %02 —=2n1l
X1 —X
&= M, foreachn =1,2,...
(1241 =2%n |
[len =1l

or the computational order of convergence (COC) [40]

i
Xyp1—X*
= m, foreachn =0,1,2,...
"o

g*
And these order of convergence do not require higher estimates than the first Fréchet derivative used
in [19,23,32,33,41].

Remark 2. Let’s see how we can choose the functions in the case of the method (2). In this case we have that

. S H - SR

To begin, the condition (Cs) can be eliminated because in this case we have « = 1. Then, if x,, # x*, the
following inequality holds

[ICE" () (ot — %)) 71 [F(vn) = F(x*) = F/(x*) (o0 = x)] |

!

) = Cs(xn)

Lo

< o — 712

L L
ln =)l = S llen — 2]l < Sr < 1.

Hence, we have that

IF () LB (x| < ! .

Lo
flacn — x*{| (1 — 7|\xn —x*))
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Consequently, we get that

NEW) | ) P ) ) E ) |

F(xn)
< Mlyn *Lx [ (19)
* 0 *
llaen —2*[[(1 = = [l0 — x*[])
< Mgo(lln =[]
~ 1— Lol|xn — x*|]
Similarly, we obtain
—1 ol x 1
[F(yn) ™ F'(x")]| < T ,
* 0 *
[y =21 = [y = x*)
M(l + Mlpl(‘lxn —X *H))
HF(Z”)H - 1— Lo|lxn — x*| (20)
F - Lo !
)" 1= By = x ) — 2]
—1pt/* 1
[F(zn) ™ F'(x7)]| < T ,
* 0 *
[z = x| (1 = 7 llyn — x*[))
and M .
M(]. + l/’Z(Hxn -X *H))
HF(ZH)H < 17L0Hx,,fx || (21)
F - Lo !
)7 1 g (s — ) — 7]
Let us choose C;, i = 1,2,3,4 as in [31]:
Ci(a) =1+ 2a+4a> —3a* (22)
Ca(a,b) =14 2a + b+ a* + 4ab + 3a%b + 4ab® + 4a3b — 4a°b? (23)

and
Cs(a,b,¢) = 1+42a+ b+ c+a’ + 4ab + 2ac + 4a’b + a*c 4 6ab® + 8abc — b + 2bc. (24)

As these functions, they fulfill the terms imposed in Theorem 1 in [31], So, we have that the order of
convergence of the method (2) has to reach at least order 16.
Set Mao(t)
— a(p) = Mgo(t
a=a(t) = 1— Lot/ (25)

(26)

c=c(t)= —F+—, (27)

and
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Then it follows from (19)—(24) that functions ; can be defined by

P1(t) =1+ 2a + 4a° + 3a* (28)
P2(t) = 1+2a+ b+ a* + 4ab + 3a>b + 4ab® + 4a>b + 4a°b* (29)

and
$3(t) = 14+ 2a + b+ ¢+ a* + 4ab + 2ac + 4a°b + a*c + 6ab® + 8abc + b + 2bc. (30)

3. Dynamical Study of a Special Case of the Family (2)

In this article, the concepts of critical point, fixed point, strange fixed point, attraction basins,
parameter planes and convergence planes are going to be assumed. We refer the reader to see [5,7,16,38]
to recall the basic dynamical concepts.

In this third section we will study the complex dynamics of a particular case of the method (2),
which consists in select:

Cy(xn) = F/(yn)ilF/(xn)r

and
Ca(xn) = F/(yn)ilF/(xn)

Let be a polynomial of degree two with two roots, that they are not the same. If we apply this

operator on the previous polynomial and using the Moebius map h(z) = %, we obtain

Bl—a+z)8

(-1 —z+az)¥ (1)

G(z,a) =

The fixed points of this operator are:

e 0
° (o]

e And 15 more, which are:

- 1 (related to original o).
- Theroots of a 14 degree polynomial.

In Figure 1 the bifurcation diagram of all fixed points, extraneous or not, is presented.

Figure 1. Fixed points’s bifurcation diagram.
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Now, we are going to compute the critical points, i.e., the roots of

8(—1+a—z2)72" (—1+a—2z—2%+az?)

G'(z,a) = —

(—1—z+az)°
The free critical points are: cpy(a) = —1+a, cpa(a) = # and cp3(a) = Ly (2iae W
We also have the following results.
Lemma 1.
(a) Ifa=0
(i) cpr(a) = cpa(a) = cpz(a) = —1.
() Ifa=2
i) cpi(a) = cpa(a) = cps(a) = L.
You can easily verify that for every value of & we have to cpy(x) = Cpgl(a)

It is easy to see that there is only one independent critical point. So, we assume that cp, («) is the
only free critical point without loss of generality. Taking cp, («), we perform the study of the parameter
space associated with the free critical point. This will allow us to find the some members of the family,
and we want to stay with the best members.

We are going to show different planes of parameters. In Figure 2 we show the parameter spaces
associated to critical point cp,(«). Now let us paint a point of cyan if the iteration of the method
starting in zg = cpj (a) converges to the fixed point 0 (related to root A) or if it converges to co (allied
to root B). That is, the points relative to the roots of the quadratic polynomial will be painted cyan and
a point is painted in yellow if the iteration converges to 1 (related to ). Therefore, all convergence
will be painted cyan. On the other hand, convergence to strange fixed points or cycles appears in
other colors. As an immediate consequence, all points of the plane that are not cyan are not a good
choice of a in terms of numerical behavior.

17.5 -

8.75

-8.75

-175

Il
3
2
Figure 2. Parameter space of the free critical point cps(«).
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Once we have detected the anomalies, we can go on to describe the dynamic planes. To understand
the colors we have used in these dynamic planes, we have to indicate that if after a maximum of
1000 iterations and with a tolerance of 10~ convergence has not been achieved to the roots, we have
painted in black. Conversely, we colored in magenta the convergence to 0 and colored in cyan the
convergence to co. Then, the cyan or magenta regions identify the convergence.

If we focus our attention on the region shown in Figure 2, it is clear that there are family members
with complicated behaviors. We will also show dynamic planes in Figures 3 and 4, of a family member
with convergence regions to any of the strange fixed points.

20

10

-10

—20 1

30 20 -10 0 10

Figure 3. Attraction basins associated to « = —10.

6r

Figure 4. Attraction basins associated toax = 4.25.

In the following figures, we will show the dynamic planes of family members with convergence
to different attracting n-cycles. For example, in the Figures 5 and 6, we see the dynamic planes to an
attracting 2-cycle and in the Figure 7 the dynamic plane of family members with convergence to an
attracting 3-cycle that was painted in green in the parameter planes.
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-3

—6 ! ; :
-10 -7 -4 -1 2

20F

30+

-20 L

16

—44 ‘ ‘ ‘ ‘
-25 -10 5 20 35

Figure 7. Attraction basins associated to « = 10 — 13i.

Other particular cases are shown in Figures 8 and 9. The basins of attraction for different « values
in which we see the convergence to the roots of the method can be seen.
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1.25F

0.625

—0.625

-1.25 4
-125

20625 0. 0625

125
Figure 8. Attraction basins associated to « = 0.5.

25F

1.25

-1.25}

254

25 125 0. 125 25

Figure 9. Attraction basins associated to « = —0.5i.
4. Example Applied

Next, we want to show the applicability of the theoretical part previously seen in a real problem.
Chemistry is a discipline in which many equations are handled. In this concrete case, let us consider
the quartic equation that can describe the fraction or amount of the nitrogen-hydrogen feed that is
turned into ammonia, which is known as fractional conversion and is shown in [42,43].

If the pressure is 250 atm. and the temperature reaches a value of 500 °C, the previous equation
reduces to: g(x) = x* — 7.79075x% 4 14.7445x? + 2.511x — 1.674. We define S as all real line, D as the
interval [0,1] and & = 0. We consider the function F defined on D. If we now take the functions ¢;(t)
with i = 1,2,3 and choosing the value of as « = 1.025, we obtain: Ly = 2.594..., L = 3.282.... Itis
clear that in this case Ly < L, so we improve the results. Now, we compute M = 1.441. ... Additionally,
computing the zeros of the functions previously defined, we get: rp = 0.227..., 04 = 0.236...,
rp =0.082..., 7 =0.155...,r3 = 0.245.. ., and as a result of it we get 7 = r; = 0.082.... Then we
can guarantee that the method (2) converges for « = 1.025 due to Theorem 1. The applicability of our
family of methods is thus proven.
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Abstract: In this paper, we study the semilocal convergence of the multi-point variant of Jarratt
method under two different mild situations. The first one is the assumption that just a second-order
Fréchet derivative is bounded instead of third-order. In addition, in the next one, the bound of the
norm of the third order Fréchet derivative is assumed at initial iterate rather than supposing it on
the domain of the nonlinear operator and it also satisfies the local w-continuity condition in order to
prove the convergence, existence-uniqueness followed by a priori error bound. During the study, it is
noted that some norms and functions have to recalculate and its significance can be also seen in the
numerical section.

Keywords: Banach space; semilocal convergence; w-continuity condition; Jarratt method; error bound

MSC: 65]15; 65H10; 65G99; 47]25

1. Introduction

The problem of finding a solution of the nonlinear equation affects a large area of various fields.
For instance, kinetic theory of gases, elasticity, applied mathematics and also engineering dynamic
systems are mathematically modeled by difference or differential equations. Likewise, there are
numerous problems in the field of medical, science, applied mathematics and engineering that can
be reduced in the form of a nonlinear equation. Many of those problems cannot be solved directly
through any of the methods. For this, we opt for numerical procedure and are able to find at least
an approximate solution of the problem using various iterative methods. In this concern, Newton’s
method [1] is one of the best and most renowned quadratically convergent iterative methods in Banach
spaces, which is frequently used by the authors as it is an efficient method and has a smooth execution.
Now, consider a nonlinear equation having the form

L(m) =0, (1)

where L is a nonlinear operator defined as L : B C V; — V;, where B is a non-empty open convex
domain of a Banach space V1 with values in a Banach space V, which is usually known as the
Newton—Kantorovich method that can be defined as

{mo given in B,
my = my_1 — [U(mnfl)]ilL(mn—l)f ne N,
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where L' (mm,,_1) is the Fréchet derivative of L at m,,_1. The results on semilocal convergence have been
originally studied by L.V. Kantorovich in [2]. In the early stages, he gave the method of recurrence
relations and afterwards described the method of majorant principle. Subsequently, Rall in [3] and
many researchers have studied the improvements of the results based on recurrence relations. A large
number of researchers studied iterative methods of various order to solve the nonlinear equations
extensively. The convergence of iterative methods generally relies on two types: semilocal and
local convergence analysis. In the former type, the convergence of iterative methods depends upon
the information available around the starting point, whereas, in the latter one, it depends on the
information around the given solution.

In the literature, researchers have developed various higher order schemes in order to get better
efficiency and also discussed their convergence. Various types of convergence analysis using different
types of continuity conditions viz. Lipschitz continuity condition has been studied by Wang et al.
in [4,5], Singh et al. in [6], and Jaiswal in [7], to name a few. Subsequently, many authors have studied
the weaker continuity condition than Lipschitz namely Holder by Herndndez in [8], Parida and
Gupta in [9,10], Wang and Kou in [11] are some of them. Usually, there are some nonlinear equations
that neither satisfy Lipschitz nor Hélder continuity conditions; then, we need a generalized form
of continuity condition such as w-continuity, which has been studied by Ezquerro and Herndndez
in [12,13], Parida and Gupta in [14,15], Prashanth and Gupta in [16,17], Wang and Kou in [18-20], etc.

The algorithms having higher order of convergence plays an important role where the quick
convergence is required like in the stiff system of equations. Thus, it is quite interesting to study
higher order methods. In this article, we target our study on the semilocal convergence analysis
using recurrence relations technique on the multi-point variant of Jarratt method when the third order
Fréchet derivative becomes unbounded in the given domain.

2. The Method and Some Preliminary Results

Throughout the paper, we use the below mentioned notations:

B = non-empty open subset of Vy; By C B is a non-empty convex subset; Vi, V, = Banach
spaces, U(m,b) = {n € Vq :|[n—m| < b}, U(m,b) ={n e Vy:|n—m|<b}.

Here, we consider the multi-point variant of the Jarratt method suggested in [21]

Ny = muy+ %(Pn - mn)r
On = My _YL(mn)KJnL(mn)/ (2)
Myy1 = on— [3L () Y L(my) + pu (I—3Y1(m4))] L(on),

where Y1 (my,) = [6L' (n,) — 2L (my)] 7 [BL! (ny) + L' (m4)], on = [L' (mn)] 7, pu = my — puL(my) and
I is the identity operator. In the same article for deriving semilocal convergence results, the researchers
have assumed the following hypotheses:

(A1) [lpoL(mo)|| <,

(A2)[lpoll < A,

(A3)||IL"(m)|| < P,m € B,

(AL (m)|| < Q,m € B,

(AS)IL" (m) = L' (n)|| < w([lm —nl), ¥V m,n e B,

where w : R4 — Ry, is a continuous and non-decreasing function for m > 0 such that w(m) > 0 and
satisfying w(ez) < ¢(€)w(z), e € [0,1] and z € [0, +0c0) with ¢ : [0,1] — R, is also continuous and
non-decreasing. One can realize that, if w(m) = Lm, then this condition is reduced into Lipschitz
and when w(m) = Lm1, g € (0,1] to the Hilder. Furthermore, we found some nonlinear functions
which are unbounded in a given domain but seem to be bounded on a particular point of the domain.
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For a motivational example, consider a function & on (—2,2) . We can verify the above fact by
considering the following example [22]

©)

) = {m3ln(m2) —6m2—3m+8 me (—2,00U(0,2),
0, m = 0.

Clearly, we can see this fact that 1"/ (m) is unbounded in (—2,2). Hence, for avoiding the
unboundedness of the function, we replace the condition (A4) by the milder condition since the given
example is bounded at m = 1. Thus, here we can assume that the norm of the third order Fréchet
derivative is bounded on the initial iterate as:

(BDIL" (mo)|| < A, mq € By,

where m be an initial approximation. Moreover, we also assume

(B2)[L" () — L" (n)| < w(|lm = n])) ¥ m,n € Blmo,e),

where ¢ > 0. For now, we choose ¢ = %, where 7 will be defined later and the rationality of this
choice of such & will be proved. Moreover, some authors have considered partial convergence
conditions. The following nonlinear integral equation of mixed Hammerstein type [23]

=1+ /01 Gls,t) (%m(t)% + %m(m) dt,s € [0,1], @)

where m € [0,1],¢ € [0,1], G(s, t) is the Green function defined by

is an example that justified this idea which will be proved later in the numerical application section.
In this study, on using recurrence relations, we first discuss the semilocal convergence of the
above-mentioned algorithm by just assuming that the second-order Fréchet derivative is bounded. In
addition, next, we restrict the domain of the nonlinear operator and consider the bound of the norm
of the third-order Fréchet derivative on an initial iterate only rather than supposing it on the given
domain of the nonlinear operator.

We start with a nonlinear operator L : B C V; — V; and let the Hypotheses (A1)-(A3) be
fulfilled. Consider the following auxiliary scalar functions out of which A and A function are taken
from the reference [21] and T’ and © have been recalculated:

T0) =1+ ety + [14 1 (14 3e%) 5
Q{L +31%) } ®

2(1-6 2 —0

1
AB) = m/ (6)
() = 17"%9(1+%%>+9{1+1729(1+%%)}
2

+a5 [1+179%9 1+%ﬁ)} @)
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where

AO) = g{llﬁ+<1+%%>z] ®)

Next, we study some of the properties of the above-stated functions. Let k(6) = T'(6)6 — 1.
Since k(0) = —1 < Oand k(1) ~ 1.379 > 0, then the function k(t) has at least one real root in (0, 3).
Suppose 7 is the smallest positive root, then clearly ¢ < % Now, we begin with the following lemmas
that will be used later in the main theorem(s).

Lemma 1. Let the functions T, A and © be given in Equations (5)—(7), respectively, and vy be the smallest
positive real root of T(6)6 — 1. Then,

(a)  T(0)and A(O) are increasing and T(0) > 1, A(0) > 1 for 6 € (0,7),
(b)  for6 € (0,7), ©(0) is an increasing function.

Proof. The proof is straightforward from the expressions of I',A and © given in Relations (5)—(7),
respectively. [

Define kg = x,Ag = A, 79 = PAx and {p = A(10)O(10). Furthermore, we designate the following
sequences as:

Koyl = Cnkn, )
A1 = A(t)An, (10)
Tl = PAuyikeyn = A(T)Cn T, 11)
Cut1 = A(Tu+1)O(Tu11), (12)

where 1 > 0. Some important properties of the immediate sequences are given by the following lemma.

Lemma 2. If 19 < -y and A(t0){o < 1, where 7y is the smallest positive root of T(6)0 — 1 = 0, then we have

(@)  A(ty)>land , < 1forn >0,
(b)  the sequences {x,}, {T,} and {{,,] are decreasing,
(©  T(tw)t < land A(t,)ln < 1forn > 0.

Proof. The proof can be done readily using mathematical induction. [

Lemma 3. Let the functions T', A and © be given in the Relations (5)—(7), respectively. Assume that « € (0,1),
then T(af) < T(8), Alaf) < A(0) and ®(ab) < a20(0), for 8 € (0,7).

Proof. Fora € (0,1),6 € (0,7) and by using the Equations (5)—(7), this lemma can be proved. [

3. Recurrence Relations for the Method

Here, we characterized some norms which are already derived in the reference [21] for the
Method (2) and some are recalculated here.
For n = 0, the existence of p( implies the existence of py, 19 and further, we have

2
llpo — mol| < Ko, |[no —mol| < 3%, (13)
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i.e., poand ng € U(my, px), where p = ?fgg Let R(mg) = po[L'(n9) — L' (mp)] also; since 1p < 1, we have

2 3 ! 1
R <= I+ =R < . 14
Rl < 3, |1+ 3R00)| | < 12 (19
Moreover,
-1
Nelm)l = 1= 31+ 3R0m)| - Rom)
-1
(15)
< 1|21+ 3rom)] | 1RO
1
< 1+ 2 1zoro .
From the second sub-step of the considered scheme, it is obvious that
log — mg]] < 1—|—1 Oy (16)
0ol = 21—1) "
It is similar to obtain
1 T0
_ < |z .
oo = poll < [ 372 a7)
Using the Banach Lemma, we realize that L' (119) ~! exists and can be bounded as
_ A
I (n0) M < =5 (18)
1-— 31’0
From Taylor’s formula, we have
L(og) = L(mg)+ L'(mo)(00 — mo)
1
+ [ 1m0+ (00 — o) = L' ()80 — mo). (19)
From the above relation, it follows that
K
IL(eo) | = Alw) 7 (20)

Though in the considered reference [21] the norm |[n; — 0y || has already been calculated, here
we are recalculating it in a more precise way such that the recalculated norm becomes finer than the
given in the reference [21] and its significance can be seen in the numerical section. The motivation for
recalculating this norm has been also discussed later. From the last sub-step of the Equation (2),

m—oy = 300 Yi0m) + o (1= 3¥10m) )| leo)
== oot 3 m0) L 0) 11| Ye o Loo)

On taking the norm, we have

T 0

: Lo \2 (21)
e

1 — oo < go{H 25 (14 b )}
1
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and thus we obtain
[y —mo|| < [[my — oo + [loo — mol| < T(70)xo. (22)

Hence, my € U(my,pk). Now, since the assumption {p < ( ) < 1, notice that 1p < 7 hence
I'(1) < I'(y) and it can be written as

[1— oL’ (m1)| < 1A (T0) < 1. (23)
Thus, 1 = [L'(my)] ~1 exists and, by virtue of Banach lemma, it may be written as

Ao

1-nl(w) M

ol <
Again by Taylor’s expansion along 0, we can write

L(my1) = L(On) + L' (pn) (M1 — 0n)

I3 (0n + 80z — 0n)) — L' (p)]dB(m, 31 — 00), 4

and
L (p) = L (ma) + /01 L (1 + 0(pu — 1)) A0 (p — ). (25)
On using the above relation and, for n = 0, Equation (24) assumes the form
L(my) = L(og) + L'(mo)(m1 — o)
[ mo+ 00— mo) )6 — mo) (s — )
+ [0/ G00-+00m — 00)) ~ L' (po)Jdo(m — o).

Using the last sub-step of the Scheme given in the Equation (2), the above expression can be
rewritten as

S/ (m0) = L' ()] m0) Y1 (o) (00)

1
L 8(p = 100) ) (p = ) (1111 = 01)

L(my) =

1
+/0 [L'(0n + 6(my 11 —0n)) — L,(Pn)}dg(mnﬂ —0n)-
In addition, thus,

[IL(m1)]l < ©(10) (26)

==

Hence,
lp1 —mi| < A(70)©(T0)x0 = K1

In addition, because I'(19) > 1 and by triangle inequality, we find
lpr = moll < pr,

and
< (T(70) + Go)xo < px,

2
o = ol < [y = ]+ | 3 = )
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which implies py, 11 € U(my, px). Furthermore, we have
Pllp1lllp1L(m1)]| < A%(19)O(10)T0 = 1.
Moreover, we can state the following lemmas.

Lemma 4. Under the hypotheses of Lemma 2, let ¢ = A(19){o and ¢ = ﬁ, we have

L)

3
gi < co,
n
g+l
[1a < oz,
i=0
< n 3"2]
Kn = KGO ,
n+m 3 1— gm+10.w
K < k¢'o 2
= 1o ,

wheren > 0and m > 1.

Proof. In order to prove this lemma, first, we need to derive

in < g

27)

(28)
(29)

(30)

€]

We will prove it by executing the induction. By Lemma 3 and since 7; = 079, hence forn =1,

71 = AMo)O(o1y) < 02y < goﬁl.
Let it be true for n = k, then
& < gaSk,k > 1.

Now, we will prove it for n = k + 1. Thus,

T < Ao)®(0g) < g

Therefore, {, < gagn is true for n > 0. Making use of this inequality, we have
S+

k . k .
G<Jler” = Ie* ="l k>0
i=0 i=0

i=l

—.

Il
o

1

By making use of the above-derived inequality in the Relation (9), we have

n—1
3" -1
Kn = Cn—1Kn—1 = Cn—1Gn—2knp = -+ =Ko [ [ i < xc"o" 2 ,n > 0.
i=0

With the evidence that 0 < ¢ < 1and 0 < ¢ < 1, we can say that x;, — 0 as n — co. Let us denote

k+m 3
@ = Z ¢'oz,k>0,m>1.
i=k
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The above equation may also be rewritten in the following form

3 k+m 1 ; 5
o + ¢ Z go®

k k+m
= gkUBT-‘,-gas ((D gk+m : >,

3 1— gerlo.w
@<dor [ — .
1—¢od

k
k+m k+m i ‘ 1— gm+10-w
EK,SZKgUZ <Kgcr2 — - |
i=k

IS)
A

and then it becomes

Moreover,

i=k 1- 5173k
OJ

Lemma 5. Let the hypotheses of Lemma 2 and the conditions (A1)—(A3) hold; then, the following conditions
are true for all n > 0:

(I)Ypu = [L'(my)] Lexists and | pn|| < An,

(it) [ on L (1) || < %,

(@@1) Pl ou ||| on L(mn)[| < T, 32)
(i0)|lpn — mu | < xn,

(U Hmn+l - mn” < r(Tn)Knr

(0) Mg — mol| < px, where p = r(jgg.

Proof. By using the mathematical induction of Lemma 4, we can prove (i) — (v) for n > 0. Now,
for n > 1, by making use of Relation (31) and the above results, we get

n
g1 —moll < Y llmigq — myl| < px.

|

Lastly, the following lemma can be proved in a similar way of the article by Wang and Kou [22].

Lemma 6. Letp = g(fgg and A(19)Co < 1and 1y < vy, where 7y is the smallest positive root of T(6)0 — 1 = 0;
then, p < Tlo

4. Semilocal Convergence When L’ Condition Is Omitted

In the ensuing section, our objective is to prove the convergence of the Algorithm mentioned in
the Equation(2) by assuming the Hypotheses (A1)—(A3) only. Furthermore, we will find a ball with
center g and of radius px in which the solution exists and will be unique as well together with which
we will define its error bound.

Theorem 1. Suppose L : B C V1 — V; is a continuously second-order Fréchet differentiable on B.
Suppose the hypotheses (A1)—(A3) are true and my € B. Assume that 19 = PAx and {p = A(79)O(10)
satisfy 1y < v and A(19){o < 1, where 7y is the smallest root of T(0)0 —1 = 0 and T, A and © are defined

by Equations (5)—(7), respectively. In addition, suppose U (mg, px) C B, where p = E(—ng Then, initiating
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with my, the iterative sequence {my} creating from the Scheme given in the Equation (2) converges to a zero
m* of L(m) = 0 with my, m* € U(my, px) and m™* is an exclusive zero of L(m) = 0 in U(my, % — px) N B.
Furthermore, its error bound is given by

" 1
— ol < n -1, 1
s =1 < F()eee ™7 (=), (3)

1

where o = A(10)(o and ¢ = Aw)”

Proof. Clearly, the sequence {m, } is well established in U (my, px). Now,

s —ml| - < S iy — myl| o
1 g 3BT 41) (34)
< T(w)rcko ™ 1@”7; ,
1—¢o

which shows that {1} is a Cauchy sequence. Hence, there exists m* satisfying

lim my = m"*.

k—o0

Letting k = 0, ] — oo in Equation (34), we obtain
([ —mol| < px,
which implies that m* € U(my, px). Next, we will show that m* is a zero of L(m) = 0. Because
ool ILCrn) | < llon [ [1LCr) I

and in the above inequality by tending n — oo and using the continuity of L in B, we find that

L(m*) = 0. Finally, for unicity of m* in U(my, & — px) N B, let m** be another solution of L(m) in
U (mo, 1327 — px) N B. Using Taylor’s theorem, we get

1
0=L(m")—L(m") = / L'((1—t0)m* + 0m™)do(m™* — m*).
0
In addition,

ool

‘/Ol[y((l —0)ym* +0m**) — L’(mo)}dgH

1
< PA [ (= 0)lim* = mol| + 6™ — mo|Jas
A K+i— k| =1
2 [T T T

which implies fol L'((1 - 60)m* + 0m**)d0 is invertible and hence m** = m*. O

<

5. Semilocal Convergence When L’ Is Bounded on Initial Iterate

In the current section, we establish the existence and uniqueness theorem of the solution based on
the weaker conditions (A1)-(A3), (B1) and (B2). Define the sequences as

kn+1 = éyﬂ?n/ (35)

}\VH»l = A(fn))\”’ (36)
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Tpr1 = P}\nﬂknﬂ = A(fn)gnfnr (37)

finr1 = Qhus1k2u 1 = A(T) Gy fin, (38)

1 = A1 k210 (Rys1) < D(E)P(n)atn, (39)
Cntr = D(T011)® (Tug1, i1, Tug1), (40)

wheren > 0and Q = A+ w (%) Here, we assign %y = KAy = ATy = PAx, jig = QAxK?,
g = Ax?w(x) and {o = A(%)@’ (%, fio, o). From Lemma (5), it is known that

K
[lmy, —mpl| < px < —.
w0

Therefore, m, € U(my, TLO) Similarly, for t € [0,1] and n > 1 and using Lemma (6), we get

IN

lmn + st(pn — 1) — mol| lmu — moll + | pn — mnl|

IN

n—1
Z [0 — my]| + Rn
i=0

n
< T(%) )& < px <
i=0

St =

Therefore, {my + st(pn —mn)} € U(mg, £;). This shows that the choice for e = £ is relevant.
Assume that there exists a root Ty € (0, ) of the equation

m= {Zer (%) }sz.

It is obvious that fig = OAx2, where Q = A+ w (.ﬁ) Notice that here we don’t define 7 as the

T
root of the following equation:

" [ZJF(U (1 - A(ml;(g'lg; ﬁoﬁo)) }AKZ'

It would be remembered that, for all m € U(m, %), we have

(L (mo) || + [[L"" (m) — L™ (mo) |
< A+ w(|lm—mol))
<A+4w (%) =Q.

IL" ()| =

Here, we include two auxiliary scalar functions taken from the reference [21]

0 0 0 0
O(6,1,8)  [Jy+ P+ 220

24+20+4) (3018 | %
( (12—8](79))((1—5’)7) ]A(G,n,c;‘) o
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where

. 1 8 1 6y 1
AO,1,8) = g(]ie) +Eﬁ <D1+§D2>§~ (42)

Dy = [) i ¢(s6)8(1 — 6)dsd6 and Dy = [} [\ ¢ (356) 6dsde.

Using the property of the induction and from the conditions (A1)-(A3), (B1) and (B2), the
following relations are true foralln > 0 :

(I = [L'(my,)] Lexists and || pn|| < An,

(@) [[onL(mn) || < &n,

(i) Pl on |l on L (mn) | < %,

(i) Q|| [l@nL(mu) || < fin, (43)
@)l pnllllonL (mn)|Pw(|lonL (mu)ll) < vn,

(Vi) ||y 1 — my || < T(T0)Rn,

( r(f[3

1-Go”

vii)||my 1 — mo|| < px, where p =
The second theorem of this article is based on the weaker assumptions, which is stated as:

Theorem 2. Suppose L : B C V1 — V; is a continuously third-order Fréchet differentiable on a non-empty
open convex subset By C B. Suppose the hypotheses (A1)—(A3), (B1) and (B2) are true and my € By.
Assume that Ty = PAx,jip = QA% Ty = APw(x) and o = A(%)@' (%, fio, Vo) satisfy Ty < 7y
and A(%))o < 1, where v is the smallest root of T(8)0 —1 = 0 and T,A and @' are defined by
(%)
with m, the iterative sequence {m,} created from the Scheme given in the Equation (Zé)0 Converges to a zero
m* of L(m) = 0 with my, m* € U(mg, px) and m* is an exclusive zero of L(m) = 0 in U(mg, 7 — px) N B.
Furthermore, its error bound is given by

Equations (5), (6) and (41). In addition, suppose U(mg,px) C By, where j = Then, initiating

B oy 5t 1
s < Trrgo ™™ (11 ). (4

where & = A(%y){o and ¢ = A(lf()).

Proof. Analogous to the proof of Theorem 1. [

6. Numerical Example

Example 1. Consider nonlinear integral equation from the reference [23] already mentioned in the introduction
is given as

=1+ /01 ) (%m(t)% + %m(tP) dt,s € 0,1], 45)

where m € [0,1],t € [0,1] and G is the Green’s function defined by

Gs,b) = {(1—s)t t<s,

s(1—t) s<t
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Proof. Solving Equation (45) is equivalent to find the solution for L(m) = 0, where L : B C C[0,1] —
C[0,1] :

[L(m)](s) =m(s) —1— /01 G(s,t) (%m(t)% + 16m(1§)3> dt,s € 0,1].

The Fréchet derivatives of L are given by

L"(m)no(s) = — /01 G(s,t) (%m(t)% + gm(t)> n(t)o(t)dt, n,0 € B.

Using the max-norm and taking into account that a solution m* of Equation (45) in C[0, 1] must satisfy

7

- (13 <
el —1<0,

| = B
16

ie., [[m*|| < s; = 1.18771 and ||m*|| > s, = 2.54173, where s; and s; are the positive roots of the

5
real equation t — {= — %t°> — 1 = 0. Consequently, if we look for a solution m* such that ||m*|| < s,
we can consider U(0,s) € C[0,1], where s € (s1,57), as a non-empty open convex domain. We choose,
for example, s = 2 and therefore B = U(0,2). If my = 1, then

12

8 15 15v2 | 21
looll = 5 = lpoL(mo)l| < 2= = 1" (m)]| < ==

o tm

Thus, 15 ~ 0.2505. Hence, 1I'(19) = 0.4068 < 1 and A(19){p = 0.790 < 1 (It is noticeable that, if
we choose the function I'(m) from the reference [21], then we get A(1))Zp = 1.280 > 1 which violates
one of the assumed hypotheses considered in Theorem 1 and hence this motivates us to recalculate
the function I'(m)). In addition, U(my, px) = U(1,0.5270) C U(0,2) = B. Thus, the conditions of
Theorem 1 of Section 4 are satisfied and the nonlinear Equation (45) has the solution m* in the region
{u € C[0,1] : |lu—1]| < 0.5270}, which is unique in {u € C[0,1] : |Ju — 1|| < 0.8492} N B. Hence,
we can deduce that the existence ball of solution based on our result is superior to that of Wang and
Kou in [23], but our uniqueness ball is inferior. [

Example 2. Now, consider another example discussed in [22] and also mentioned in the introduction, is given by

3 2\ a2 _
h(m)—{m In(m*) —6m* —3m+8, me (—2,0)U(0,2), (46)

0, m = 0.

Proof. Taking U(0,2) = B. Let my = 1 be an initial approximation. The derivatives of / are given by

W(m) = 3mln(m?)+2m? —12m — 3,
W' (m) = 6mln(m?) +10m —12,
" (m) = 6ln(m?)+22.

Clearly, i is unbounded in B and does not satisfy the condition (A4) but satisfies assumption
(B1), and we have

1 1
lpoll = 15 = A llpoh(mo) | = 35 = &, [H" (m)|| < 12In(4) +32 = P.
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(|1 (mg)|| = 22, |W" (m) —h" (n)|| < #\mf;d,forall m,n €U (1,#231;1(4)) .Here, w(z) =
32+12log(4)

1#132 and ¢(e) = 1. Here, 19 =~ 0.2878 and since 1T’ (1) = 0.51440 < 1, A(1p){p = 0.01742 < 1.
~ 32 T2log(d)
Thus, the assumptions of Theorem 2 of Section 5 are satisfied. In addition, thus, the solution lies in the

ball m € U(1,0.13867), which is unique in U(1,0.39592) N B. Table 1 shows the comparison of error
bounds for the considered Algorithm mentioned in the Equation 2 but with two different values of
function I'(m) (One is given in the reference [21] and the other is recalculated here). This table also
confirms that the value of the recalculated function is prominent.

Table 1. Comparison of the error bounds for Method 2.

n  With Recalculated I'(m) With I'(m) Calculated in [21]
1 0.00085294 0.0019139

2 1.4091x10~13 2.7117x10~ 11

3 3.1182x1070! 2.0135x10~48

4 2.9759%10~2%8 5.9108 x10~232

O

7. Conclusions

In this contribution, we have analyzed the semilocal convergence of a well defined multi-point
variant of the Jarratt method in Banach spaces. This iterative method can be used to solve various
kinds of nonlinear equations that satisfy the assumed set of hypotheses. The analysis of this method
has been examined using recurrence relations by relaxing the assumptions in two different approaches.
In the first approach, we have softened the classical convergence conditions to the prove convergence,
existence and uniqueness results together with a priori error bounds. In another way, we have assumed
the norm of the third order Fréchet derivative on an initial iterate, so that it never gets unbounded on
the given domain and, in addition, it satisfies the local w-continuity condition as well. Two numerical
applications are mentioned that sustain our theoretical consideration.
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1. Introduction

The split monotone variational inclusion problem (SMVIP) was introduced by Moudafi [1].
This problem is as follows:

Find a point x* € Hy such that 0 € f(x*) + By (x*) (1)

and such that
y* = Ax* € Hy solves 0 ¢(y*) + B2(v"), (2)

where 0 is the zero vector, H; and H, are real Hilbert spaces, f and ¢ are given single-valued operators
defined on H; and Hj, respectively, By and B, are multi-valued maximal monotone mappings defined
on Hj and Hj, respectively, and A is a bounded linear operator defined on H; to Hj.

Mathematics 2019, 7, 560; doi:10.3390 / math7060560 262 www.mdpi.com/journal /mathematics
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It is well known (see [1]) that

0€ f(x*) +Bi(x*) <= x* = ]V (x* = Af(x")),

and that
A% * % B * ALK * *
0€8(y") +Ba(y") <= y" =]"(y" = A8(y")), y" = Ax",
where [P .= (I+ AB;)land B (14 ABy) 1 are the resolvent operators of By and By, respectively,
A A p P Y,

with A > 0. Note that ])If] and ]fz are nonexpansive and firmly nonexpansive.

Recently, Shehu and Agbebaku [2] proposed an algorithm involving a step-size selected
and proved strong convergence theorem for split inclusion problem and fixed point problem
for multi-valued quasi-nonexpansive mappings. In [1], Moudafi pointed out that the problem
(SMVIP) [3-5] includes, as special cases, the split variational inequality problem [6], the split zero
problem, the split common fixed point problem [7-9] and the split feasibility problem [10,11], which
have already been studied and used in image processing and recovery [12], sensor networks in
computerized tomography and data compression for models of inverse problems [13].

If f = 0and ¢ = 0 in the problem (SMVIP), then the problem reduces to the split variational
inclusion problem (SVIP) as follows:

Find a point x* € Hy such that 0 € By (x") 3)

and such that
y* = Ax* € Hp solves 0 € By(y"). 4)

Note that the problem (SVIP) is equivalent to the following problem:
Find a point x* € Hy such that x* = ]fl(x*) and y* = ]fz (v"), y* = Ax*
for some A > 0.
We denote the solution set of the problem (SVIP) by (), i.e.,
Q={x"€H :0€Bi(x")and 0 € By(y*), y* = Ax"}.

Many works have been developed to solve the split variational inclusion problem (SVIP). In 2002,
Byrne et al. [7] introduced the iterative method {x,} as follows: For any x; € Hy,

Xpst = I3 (0 + YA (T2 — 1) Axy) ()

for each n > 0, where A* is the adjoint of the bounded linear operator A, v € (0,2/L), L = ||A*A||
and A > 0. They have shown the weak and strong convergence of the above iterative method for
solving the problem (SVIP).

Later, inspired by the above iterative algorithm, many authors have extended the algorithm {x;, }
generated by (5). In particular, Kazmi and Rizvi [4] proposed an algorithm {x, } for approximating a
solution of the problem (SVIP) as follows:

{”n = ]fl (xn + ynA* (])?2 —1)Axy), ©)

Xp+1 = “nfn(xn) + (1 - DCn)SVn

for each n > 0, where {a, } is a sequence in (0,1), A > 0,y € (0,1/L), L is the spectral radius of the
operator A*A, f : H; — Hj is a contraction and S : H; — Hj is a nonexpansive mapping. In 2015,
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Sitthithakerngkiet et al. [5] proposed an algorithm {x, } for solving the problem (SVIP) and the fixed
point problem (FPP) of a countable family of nonexpansive mappings as follows:

{yn = I3 (X0 + A (32 — D) Axy), .

Xn1 = &nf(xn) + (1 = 2y D)Spyn

for each n > 0, where {a, } is a sequence in (0,1), A > 0,y € (0,1/L), L is the spectral radius of the
operator A*A, f : H — Hj is a contraction, D : Hy — Hj is strongly positive bounded linear operator
and, foreachn > 1, S, : H| — Hj is a nonexpansive mapping.

In both their works, they obtained some strong convergence results by using their proposed
iterative methods (for some more results on algorithms, see [14,15]).

Recall that a point x* € Hj is called a fixed point of a given multi-valued mapping S : Hy — 2
if
x* e Sx* ®)

and the fixed point problem (FPP) for a multi-valued mapping S : H; — 2! is as follows:

Find a point x* € Hy such that x* € Sx™.

The set of fixed points of the multi-valued mapping S is denoted by F(S).

As applications, the fixed point theory for multi-valued mappings was applied to various fields,
especially mathematical economics and game theory (see [16-18]).

Recently, motivated by the results of Byrne et al. [7], Kazmi and Rizvi [4] and Sitthithakerngkiet [5],
Shehu and Agbebaku [2] introduced the split fixed point inclusion problem (SFPIP) from the problems
(SVIP) and (FPP) for a multi-valued quasi-nonexpansive mapping S : H; — 2F1 as follows:

Find a point x* € Hy such that 0 € By(x*), x* € Sx* )

and such that
y* = Ax* € Hy solves 0 € By(y*), (10)

where H; and H, are real Hilbert spaces, By and B, are multi-valued maximal monotone mappings
defined on Hj and H,, respectively, and A is a bounded linear operator defined on H; to Hj.

Note that the problem (SFPIP) is equivalent to the following problem: for some A > 0,

Find a point x* € Hy such that x* = ]}?l(x*), x* € Sx* and Ax* = ]fZ(Ax*).

The solution set of the problem (SFPIP) is denoted by F(S) N (), i.e.,

F(S)()Q = {x" € Hy : 0 € By(x*), x* € Sx* and 0 € By(Ax*)}.

Notice that, if S is the identity operator, then the problem (SFPIP) reduces to the problem (SVIP).
Moreover, if ]fl = ]fz = A = I, then the problem (SFPIP) reduces to the problem (FPP) for a
multi-valued quasi-nonexpansive mapping.

Furthermore, Shehu and Agbebaku [2] introduced an algorithm {x,} for solving the problem
(SFPIP) for a multi-valued quai-nonexpasive mapping S as follows: For any x; € Hj,

= -t

Xp+1 = “nfn(xn) + ,ann + (Sn(gwn + (1 - U)Mn)/ Wy € Sxy,
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for each n > 1, where {a,, }, {B,} and {8, } are the real sequences in (0, 1) such that

H(I}?z fI)Aanz
&y +ﬁn +op=1 o€ (Orl): N I - S ——
la* (2 = D2

where 0 < a <1, <b < 1,and {f,(x)} is the uniform convergence sequence for any x in a bounded
subset D of Hy, and proved that the sequences {u, } and {x, } generated by (11) both converge strongly
to p € F(S) N Q, where p = Pp(g)naf(p)-

In optimization theory, the second-order dynamical system, which is called the heavy ball method,
is used to accelerate the convergence rate of algorithms. This method is a two-step iterative method
for minimizing a smooth convex function which was firstly introduced by Polyak [19].

The following is a modified heavy ball method for the improvement of the convergence rate,
which was introduced by Nesterov [20]:

{yn =Xy + en(xn - xnfl)/
Xnt1 = Yn — /\an(yn)

for each n > 1, where A, > 0, 6, € [0,1) is an extrapolation factor. Here, the term 6, (x, — x,_1) is the
inertia (for more recent results on the inertial algorithms, see [21,22]).

The following method is called the inertial proximal point algorithm, which was introduced by
Alvarez and Attouch [23]. This method combined the proximal point algorithm [24] with the inertial
extrapolation [25,26]:

{yn =Xy + en(an* Tn—l)/ (12)
X1 = (I+AaT) " (yn)

for each 11 > 1, where I is identity operator and T is a maximal monotone operator. It was proven that,
if a positive sequence A, is non-decreasing, 6, € [0,1) and the following summability condition holds:

(o)
Z 911Hx71 - xn—lHZ < o, (13)
n=1

then {x, } generated by (12) converges to a zero point of T.

In fact, recently, some authors have pointed out some problems in this summability condition
(13) given in [27], that is, to satisfy this summability condition (13) of the sequence {x, }, one needs to
calculate {6, } at each step. Recently, Bot et al. [28] improved this condition, that is, they got rid of the
summability condition (13) and replaced the other conditions.

In this paper, inspired by the results of Shehu and Agbebaku [2], Nesterov [20] and Alvarez
and Attouch [23], we proposed a new algorithm by combining the iterative algorithm (11) with the
inertial extrapolation for solving the problem (SFPIP) and prove some strong convergence theorems
of the proposed algorithm to show the existence of a solution of the problem (SFPIP). Furthermore, as
applications, we consider our proposed algorithm for solving the variational inequality problem and
give some applications in game theory.

2. Preliminaries

In this section, we recall some definitions and results which will be used in the proof of the
main results.
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Let H; and Hj be two real Hilbert spaces with the inner product (-, -) and the norm || - ||. Let
C be a nonempty closed and convex subset of H; and D be a nonempty bounded subset of H;. Let
A : Hy — Hj be a bounded linear operator and A* : Hy — Hj be the adjoint of A.

Let {x, } be a sequence in H, we denote the strong and weak convergence of a sequence {x,} by
x; — x and x, — x, respectively.

Recall that a mapping T : C — C is said to be:

(1) Lipschitz if there exists a positive constant a such that, for all x,y € C,

[Tx =Tyl < afx -yl

If & € (0,1) and « = 1, then the mapping T is contractive and nonexpansive, respectively.
(2)  firmly nonexpansive if
ITx = Ty||* < (Tx = Ty, x — y)

forallx,y € C.

A mapping Pc is said to be the metric projection of Hy onto C if, for all point x € Hj, there exists a
unique nearest point in C, denoted by Pcx, such that

[l = Pex|| < [lx =yl

forally € C.
It is well known that P is nonexpansive mapping and satisfies

(x =y, Pcx — Pey) < ||Pex — Peyl?
for all x,y € Hy. Moreover, Pcx is characterized by the fact Pcx € C and
(x —Pcx,y — Pcx) <0

forally € C and x € Hj (see [6,22]).

A multi-valued mapping B; : H; — 2H1 js said to be monotone if, for all x, y € Hy, u € By(x) and

v € By(y),
(x—y,u—0) >0

A monotone mapping By : H; — 2! is said to be maximal if the graph G(By) of By is not properly
contained in the graph of any other monotone mapping. It is known that a monotone mapping By is
maximal if and only if, for all (x,u) € Hy x Hj,

(x—yu—0)>0

forall (y,v) € G(B;) implies that u € By (x).

Let By : H; — 2H1 be a multi-valued maximal monotone mapping. Then the resolvent mapping
]fl : Hy — H; associated with B; is defined by

T3 (x) o= (I+ABy) "} (x)

for all x € Hy and for some A > 0, where [ is the identity operator on Hj. It is well known that, for any
A > 0, the resolvent operator ]/1\3] is single-valued firmly nonexpansive (see [2,5,6,14]).
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Definition 1. Suppose that {f,(x)} is a sequence of functions defined on a bounded set D. Then f,(x)
converges uniformly to the function f(x) on D if, for all x € D,

fu(x) = f(x) as n— co.

Let f, : D — Hj be a uniformly convergent sequence of contraction mappings on D, i.e., there
exists p, € (0,1) such that

fa(x) = fu@)l < pnllx =yl
forallx,y € D.
Let CB(H;) denote the family of nonempty closed and bounded subsets of H;. The Hausdorff

metric on CB(Hy) is defined by
Hx, = max < sup inf ||x — y||, sup inf ||x —
(x,y) {xegyeBll vl yegxeAH yl}
forall A, B € CB(Hj) (see [18]).

Definition 2. [2] Let S : Hy — CB(Hy) be a multi-valued mapping. Assume that p € Hj is a fixed point of
S, that is, p € Sp. The mapping S is said to be:

(1) nonexpansive if, for all x,y € Hy,
H(Sx,5y) < [[x =yl

(2)  quasi-nonexpansive if F(S) # @ and, for all x € Hy and p € F(S),

H(Sx,Sp) < ||lx— pll

Definition 3. [2] A single-valued mapping S : H — H is said to be demiclosed at the origin if, for any
sequence {x,} C H with x, — x and Sx, — 0, we have Sx = 0.

Definition 4. [2] A multi-valued mapping S : Hy — CB(H) is said to be demiclosed at the origin if, for
any sequence {x,} C H with x, — x and d(x,, Sx,) — 0, we have x € Sx.

Lemma 1. [29,30] Let H be a Hilbert space. Then, for any x,y,z € Xand a, B,y € [0, 1] witha + +v =1,
we have

llacx + By + vzl|* = allx|? + Bllyl® + vllz|* — apllx = ylI* — ayllx — 2] = prylly — z|%
Lemma 2. [2,31] Let H be a real Hilbert space. Then the following results hold:
@ =yl = [1xl* = 2(xy) + ly]I*
@ x4yl =[xl + 20 y) + Iy I1>
@ lx+yl? < |x|2+20y,x +) forall x,y € H.
Lemma 3. [2,32,33] Let {a,}, {cu} C Ry, {0s} C (0,1) and {b,} C R be sequences such that

a1 < (1 —on)ay +by+c, forall n>0.

Assume Y 57 |cu| < co. Then the following results hold:

(1) Ifb, < Boy for some B > 0, then {a,} is a bounded sequence.
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(2)  Ifwe have
= . by
Y 04 =0 and limsup = <0,
=0 n—oo On
then lim,, o a,, = 0.
Lemma 4. [32,33] Let {s, } be a sequence of non-negative real numbers such that

Sut1 < (1= Ap)sp + Anty + 1

foreach n > 1, where

(@ {A}Clo1]and I 4 Ay = oo;
(b) limsupt, <0;
(© 1 >0andy;y (1, < co.

Then s,, — 0asn — oo.

3. The Main Results

In this section, we prove some strong convergence theorems of the proposed algorithm for solving
the problem (SFPIP).

Theorem 1. Let Hy, Hy be two real Hilbert spaces, A : Hy — Hy be bounded operator with adjoint operator A*
and By : Hy — 2, By : Hy — 2M2 be maximal monotone mappings. Let S : Hy — CB(Hy) be a multi-valued
quasi-nonexpansive mapping and S be demiclosed at the origin. Let {f,} be a sequence of y,-contractions
fo i Hy = Hywith0 < py < py < p* < 1land {fu(x)} be uniformly convergent for any x in a bounded
subset D of Hy. Suppose that F(S) N Q2 # @. For any xo,x1 € Hy, let the sequences {y,}, {un}, {zn} and
{xn} be generated by

Yn = X+ 0n(Xn — x4-1),

= I3 (g + WA = 1) Ayn),
Zp = §un + (1 - g)un/ U € Sxp,
Xp+1 = “nfn(xn) + ,ann + Onzn

(14)

By 2
foreach n > 1, where § € (0,1), vy := Tn% with0 < 7. < 1 < 7 <1, {6,} C [0, @) for
A n

some @ > 0and {an}, {Bn}, {6n} € (0,1) with ay + Bn + 6n = 1 satisfying the following conditions:

(C1) lim;, ooy = 0;

€@ Iy =

(C3) 0<er <Bnand0 < ey <oy,
(C4)  limy e 212, — x,1 ]| = 0.

Then {xy} generated by (14) converges strongly to p € F(S) N Q, where p = Pp(gyna f(p)-

Proof. First, we show that {x, } is bounded. Let p = Pr(5)nqf(p). Then p € F(S) N Q and so ]flp =p
and ]szp = Ap. By the triangle inequality, we get

llyn = pll = [[xn + 0n(xn — x4—1) — Pl
< llxn = pll + Onllen — 201 ]l- (15)
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By the Cauchy-Schwarz inequality and Lemma 2 (1) and (2), we get

[lyn

- P”2 = [|xn + O (xn — x5-1) — P”2

= [Jxn — PH2 +9}21Hxn - xn—lHZ + 20, (xn — p,Xn — Xp—1)

< Jlotn = pII + 6311 — x-1l|* + 200 [l — 21 |0 —

By using (15) and the fact that S is quasi-nonexpansive S, we get

[|lzn —

which implies that

[|zn —

pll = lIgon + (1 = Q)un — pll
(1-
1—

= [|¢(vn = p) + (1 = &) (un — p)|

< ¢llow —pll+ @ =) [un — pll

< ¢d(vn, Sp) + (1 =) llyn — pll

< EH(Sxu, Sp) + (1= &)[llxn — pll + Ol — x4 ]

pll-

<Cllxn = pll+ (1= llxn = pll 4+ (1= E)ullxn — xp

< llxen = pll + Onllxn — xu-all,

< (lxn = pll + Onllxn — xnle)z

= |2 = plI? +20n 100 = 25 -1ll 200 = Il + 63|20 — 21

Since ]/Ifl is nonexpansive, by Lemma 2 (2), we get

lun —p

T3 (i + 1A (32 = 1) Ayn) — p|?

Y (n + 1A = D Aya) — I3 pl1?

< lyn + 1A (32 = D) Ay — p|?

= llyn — pIP + 22IA* U2 = DAYl + 270 (yn — p, A* (32

Again, by Lemma 2 (2), we get

(yn — P,
= <A(yn -

Ux
=y
=
1

A*(J3 — 1) Ayn)

p), (I3 = 1) Ayz)

yn — A (JBLUAyn,(L\ — 1) Ay,)

AP,( 2 1) Aya) = (U3 = 1) Ayn, (3 = 1) Aya)

TXAyn — Ap, (I3 = DAya) = (32 = D Aya®

5 (1132 Ay = ApIP + 115 = 1) Ayal?

— 2 Ayn = Ap = U3 = D Ayal®) = U2 = D Ayal?
S 17 Ay — ApIP + 12— D Ayl — 1752 Ay — Ap — 1% Aya + Ayal1)
-l
S (172 Ay — Apl + 1172 = 1) Ayl = 1Ay — ApI1?) = 102 = D Aga

1
E(Illszyn — Ap|” = [ Ayn — Apl* = 32 — D Aya|?)

- I)AynHz

1
< 5 (I14yn = AplP = 1Ay — Ap|® = U5 = D Ayal?)

1
= *EH(I)?Z = 1) Ay, .
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Using (20) into (19), we get
lln = plI? < llyn — pI? +22NA* U2 = D) Ay — 1l 52 — ) Aya |
= lyn =PI = 1 (103> = D Ayall* — vl A*(J32 = 1) Aya?). 1)

By the definition of 7y, (21) can then be written as follows:

i = Pl < llyn — pI? = 7a(1 = w) U322 = DAY < llya — plI*.

Thus we have
1w = pll < llyn = pll- (22)

Using the condition (C3) and (17), we get

X1 = pll = lanfu(xn) + Buxn + 6nzn — p|l
= [lan(fu(xn) = fu(p)) +an(fu(p) — p) + Bu(xn — p) + 6u(zn — p)|l
< anll fu(xn) = fu(P) || + anll fu(p) — pll + Ballxn — pll + dnllzn — pll
< anpin[|Xn = pll + anllfu(p) — pll + Bullxn — pll + 0n(llxn — pll
+ (1= )0ullxn — xp-1ll)
< (anp™ + (B4 0n)) 1w — pll + (1 = £)0n0n|xn — xu—1ll + anll fu(p) — Pl

. 6
= (1= an (1= ") lxn = pll + (1= E)dntn > |12 = xua || + aall fu(p) = Pl
n
Since { f, } is the uniform convergence on D, there exists a constant M > 0 such that

[ fu(p) = pll < M

and set

for each n > 1. So we can choose f := T

ani= 0 = pll, bui= allfup) - pll
o 9;1 = *
Cp = (1 - g)‘snan*“x" - x"*IH’ In = lxn(l —# )

&n

By Lemma 3 (1) and our assumptions, it follows that {x, } is bounded. Moreover, {u, } and {y, } are
also bounded.
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Now, by Lemma 2, we get

%041 =PI
= llaen (fu(xn) = fu(p)) + an(fu(p) — p) + Bu(xn — p) + On(zn — pIP
< llan(fu(xn) = fu(p)) + Bu(xn — p) + 6n(zn — P)”Z +20u{fu(p) — P, Xni1 — p)
= [|Bn(xn = p) + On(zn — P)HZ +"‘$1an(xn) —fn(P)HZ
+ 200 (fu(xn) = fu(p), Bu(xn = p) + 0n(zn — p)) + 200 (fu(p) — P, Xns1 — p)
< Ballxn = pIP? + 63l|zn = pI* + 2Budn{xn — P20 — p) + azpiz||xn — plI?
+ 20 {fu(p) — P, Xuy1 — p) + 20| fu(xn) — fu(P)|Br(xn — p) + 6u(zn — p)|
< Ballxn = pl* + 63llzn — pII* + Budn (”xn = PP+ Iz = pl* = llxn *Zn”Z)
a2 o — plI? + 20nptullxn — pll (Bullxn = pll + ullzn — p)
+ 200 (fu(p) = pr X1 = p)
< Bu(Br + ) [1Xn =PI + 6u(Bu + 8n) |20 — P> = BudullXn — zall* + a2 || 20 — p|?
+ 2% (B + 0n) |3 — pII? + 20 a0 (1 = )8n60 | — x| [0 — p|
+ 200 (fu(p) — P, X1 — p)
< BB+ )1 %0 =PI + 6 (B + 8n) ([l %0 — PII* + 63120 — %01
+ 200 |20 — 21|12 — PII) — Buullxn — ZnH2 +“121V*2||xn - PHZ
+ 200w (B + Sn) 30 = P+ 20 0 (1 = €)0n0u|xn — X1 || 20 — pl|
+ 200 (fa(p) = PrXnt1 = p)
= ((1—an)® + g™ + 20 wn (1 — wn)) [0 — pl* = Budallxn — za1?
+2(1 = an (1= p* (1= 8)))0ubnl|xn = X1 [[ll%n = Pl + (1 = an) 0063 |30 — x01 [
+ 200 (fu(p) — P, Xns1 — P)- (23)

Now, we consider two steps for the proof as follows:

Case 1. Suppose that there exists g € N such that {||x, — p||};2,, is non-increasing and then
{||xn — p||} converges. By Lemma 1, we get

%011 =PI = llanfu(xn) + BuXn + Snzn — plI?
= o fu(xn) — PHz + Bullxn — PHZ + 0nllzn — P”z — &n P fu(xn) — anZ
— Y| fu(xn) _Zn”z = Buyullxn _ZnHz
< aull fu(xn) = PII* + Bullxn — pII* + Sullzn — pII?
< aul fu(xn) = pIP + Bullxn — plI> + 6u (Gllxn — plI* + (1= &) [ — pI1?)
<y fulxn) — sz + (Bn +G0n) lxn — P”2 + (1= &)nllun — PHzr

which implies that

e I € gy (o) = I+ (Bt 28— pIE = tnia = pIP). @)
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Applying (16) and (24) to (21), we get

B B
V(T2 = 1) Ayn|* = vl A*(J32 = 1) Aynl|*)
< lyn = pI* = lun — pl1?
<l — PH2 + 200 || %01 — pllllxn — pll + 62 1|xn — x4

+ g @l fun) = Pl + (Bn+80n) [l = plI* = a1 = pI)

=
n JVl

= B = bl + s o) — pIP = gl =

o= i @l I+ ks

1 2 2 2
< - _ _ _ _
< =gy 1 = PP = I = pIP) + =, (W) = pIP = llva =l
0
2 = ] (20— I+ e 3 = 0] ).

Since {||x, — p||} is convergent, we have ||x, — p|| — ||x,41 — p|| = 0 as n — oco. By the conditions
(C2) and (C4), we get

(1032 = DAYl = 1l A*(J32 = D) Ayal|?) = 0 as n — .
From the definition of 7, we get

(1= )| (3 — D) Aya|*

— 0 as n— o0
|A*(J32 = 1) Ayal|?

or »
132 — D) Aya||?

T — 0 as n — oo.
[ A* (T2 = 1) Aya||

Since
% (1B B B
1A7(3* = DAyl < AU = DAyall = AU = D Ayall,
it is easy to see that

1032 = D Ayl

(22 = 1) Aya|| < | A|| 220
* ! 1A* (%2 — 1) Ay

Consequently, we get
132 = DAya]l — 0 as n— oo (25)

and also
|A*(J32 = 1) Ayn| — 0 as n — co. (26)
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Similarly, from (23) and our assumptions, we get
[0 = 2|2
1
= m{llxn =PI = lxaer = pIP + (1= an)8067 20 — 2011

+ 2(1 — Dén(l - ]4*(1 - C)))(snen”xn - xnfl“”xfl - PH
[ (a0 (14 172) = 2(1 = (1 = an))) |20 = plI* +2fu(p) = p,xur1 — )] }

1 0 6
< gyt = pl? = llxuer = pl* + e = x| [0 (1~ an)ﬂ%;:\\xn — x|

+200 (1 = an(1 = " (1= 6)))Onllxn — plI] + n [2(fu(p) — p, xXns1 — p)
+ (an (14 p*?) = 21— p* (1 — ) [|xn — plI*]} = 0 as n — co.

Therefore, we have
X7 — zn|| — 0 as n — oo. (27)
By the condition (C2) and (27), we get

1041 = xull = llanfu(xn) + Buxn + dnzn — xul
< | fu(xn) — xu|| + 00l xn — 24]] = 0 as n — oo,

Thus we have
1xnt1 = zall < ll%ng1 — Xl + |xn — 2zu]] = 0 as n — co.
Since ]/1\31 is firmly nonexpansive, we have

l1n — plI?
= I3 (Y + 1A (32 = 1) Ayw) — T3 12
< (it — P,y + 1A (J32 — 1) Ayw — p)

1 % *
= E(”u” - P”z + lyn + A (])?2 — 1Ay, — PHZ —lun —yn — 1A (])?2 - I)Ayn||2)

2 Ul = 1P+ g — I + A2 — D) Agall® + 20y — p, A" 2 — 1) Ay
— law = yulP? = VAU = DAY ll® + 2{tn = yu, Yu A" 32 = 1) Aya))

< 2 (lyn =PI+l — I — = g+ 2000 — p, 1 A* (22— 1) Aya)

< 2 C@llyn = I~ ltn =yl + 27ltn — pllI A2 ~ 1) Aga )

< llyn— I = S llen — vl + s — I A4* G2 — 1) Ay

or
1t = yull> < 2(1lyn = P17 = 1w =PI + ulltn = pII A" (32 = 1) Ayal])- (28)
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From (28), (16), (24) and (26) and our assumptions, it follows that
10 = yull* < 2[[1xn = pII* +20u |30 — x0-1 | [l 20 = pl| + 63|30 — 2117

+ @fﬁ(“"“fn(xn) - P”z + (B +Gon)[lxn — PHZ = [[%n41 — P||2)

+yullin = pllIlA* (]3> = 1) Ayal]
1 %/ 1B
= Z[m(llxn — Pl = 1xns1 = PI?) + yullun — pIIA* (R = 1) Ayl
M 2 2
+ T e () = pIP = len = pl

6 0
+ 2y — x|l (2)|xn — p|l + oy ||y — xn,1||))] —0 as n — oo,
Xn X
that is, we have
llttn — yul| — 0 as n — oo. (29)

From y,, := x, + 0, (xy — x,_1), we get

lyn — xnll = [lxn + 00 (xn — x4-1) — xul| = “ﬂ%“xn —xn-1l,
which, with the condition (C4), implies that
lyn — xnl] = 0 as n — oo. (30)
In addition, using (27), (29) and (30), we obtain

llzn = | < [t = yull + [y — 2zall
< Nlun =yl + lyn — xull + lxn — zall = 0 as n — co.

From z;, := ¢v, + (1 — &)uy,, we get

1
¢

[on = unll = Zllzn — tn|| = 0 as n — co. @D

Thus, by (29)—(31), we also get

X0 = oull < llxn — ttn | + [[ttn — on]

< llxn = yall + lyn — unll + [[tn — val| — 0 as n — oo.

Therefore, we have
d(xn, Sx) < ||xy — 04| = 0 as n — oo. (32)

Since {x,} is bounded, there exists a subsequence {x;, } of {x,} such that x,, — x* € Hj and,
consequently, {uy,, } and {y,, } converge weakly to the point x*.
From (32), Lemma 4 and the demiclosedness principle for a multi-valued mapping S at the origin,
we get x* € Sx*, which implies that
x* € F(S).

Next, we show that x* € Q. Let (v,z) € G(By), thatis, z € By(v). On the other hand,
Up, = ]fl (Yn, + ’ynkA*(]f\32 — I)Ayp, ) can be written as

y”k + 'YnkA* (]/1\31 - I)Aynk S unk + )\Bl (unk)r
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or, equivalently,

(y”k — u"K) + ')/nkA*(])lfl - I)A]/"k
A

(S Bl(unk).

Since B; is maximal monotone, we get

(Y — ) + Y0 AT (])l\;z — I) Ay,
A

<Ufunk,27 > > 0.

Therefore, we have

(Y, — i) + Tn A (]3> — I)Aynk>

(v — 1y, z) > <v—unk, A

Yn — Uny 'YnkA*(]/l\gz - I)Aynk >

= <z;—unk,f> +<v—unk, 1 (33)

Since u,, — x*, we have

lim (v — uy,, z) = (v — %, z).
k—o0

By (26) and (29), it follows that (33) becomes (v — x*,z) > 0, which implies that
0 € By(x").

Moreover, from (29), we know that { Ay, } converges weakly to Ax* and, by (25), the fact that ]fz
is nonexpansive and the demiclosedness principle for a multi-valued mapping, we have

0 € By(AxY),

which implies that x* € Q. Thus x* € F(S) N Q. Since {f,(x)} is uniformly convergent on D, we get

limsup(fu(p) = p, xn41 — p) = limsup(fu; (p) — p, Xn 41— p)

n—o00 j—00
={f(p) —p,x"—p) <0.

From (23), we get

|01 — PH2 < (1 =2, (1= p"(1—an)) + ‘ng(l + P’*z)) [|20n — P”z — Brullxn — ZHHZ
+2(1 = an(1= (1= 8)))nbnllxn — xp—1llxn — pl
+ (1= wn)0n03 ]| X0 — X1 |1* + 20 (fu(p) — P, X1 — p)
* * —p,X -
< (1=20,(1— ) o = I+ 201 — ) L P T 2P
0 *
+a&n [574;:“"” - xn_lH(Z(l —ap(1—p"(1— é)))”xn =7l

6 N
+ ((1 - “n)“nal||xn - x,,,1||) +ay(1+p 2)||x,, - P||2]~
n

By Lemma 4, we obtain

nlgI;lO Yn =P
Case 2. Suppose that {|[x, — p[|}5-,, is not a monotonically decreasing sequence for some ng large
enough. Set T, = ||x, — p||?> and let T : B — N be a mapping defined by

T(n) :=max{k e N: k <n, T} <Tji1}
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for all n > ngy. Obviously, T is a non-decreasing sequence. Thus we have

0< l—‘T(n) < FT(VI)+1

forall n > ng. Thatis, [|xr(,) — pll < [[x¢(m)41 — pll for all n > ng. Thus limy e [|x7(,) — p| exists.
As in Case 1, we can show that

Lm (|32 = DAyl =0, lim A (3% = D) Ay |l = 0, (34)
nlgrgo ”x'((n)Jrl — Xz(n) =0 nlg]go ””T(n) — Xz(n) =0, (35)
nlglgo HUT(H) — Uz(n) =0, nlglgo er(n) — Uz(n) [ =o. (36)

Therefore, we have
d(xT(n),SxT(n)) < ||xT(n) — UT(W)H — 0 as n — oo. (37)

Since {x(,)} is bounded, there exists a subsequence {1, (,)} of {x(,)} that converges weakly to a
point x* € Hy. From ([t () — X(y)[| — O, it follows that u,(,) — x* € Hy.

Moreover, as in Case 1, we show that x* € F(S) N Q. Furthermore, since {f,(x)} is uniformly
convergent on D C Hj, we obtain that

limjup<f'r(n)(p) —PrXe(n)41 — P) <0.
From (23), we get

[xemyar = PIP < (1= 20000 (1= 1 (1 = e ())) + a2 ) (14 %)) |2y =PI
= Ben) O 1 X2 () = Ze () 12 4 202 (n) Frny (P) = Pr Xy 41 — P)
+2(1 = gy (1= " (1= 8))) O ()0 1% () — X1 | 1%y — I
A+ (1= ()0 )02 ) 1 X () — X ()1 |1
< (1= 2y (1= ")) () = PP+ 02 ) (L4 172 |3y — I
+ O ) Ol % () — X1 | (2(1 = &y (1 = ) [y —
(1= & )0 () 1% = Xe(my=11l) + 2&() Frm) (P) = P2 X1 — P).

which implies that

zaf(n)(l - V*)Hx‘r(n) - P”Z < Hx'((n) - PHZ - Hx'((n)+1 - PHZ + ’X-zr(n)(l + V*Z)”x'r(n) - P”z
+ ér(n)erll‘xr(n) — Xr(n)-1 H (2(1 - ar(n)(l - V*))”xr(n) - pH
+ (1 - ’XT(n))eT(n) Hx'r(n) — Xr(n)-1 H)
+ 2“T(n) <f‘r(n) (P) — P Xr(n)41 P>/
or

2(1 - V*)Hx‘r(n) - sz < “‘r(n)(l + V*z)”x‘r(n) - pHZ +2<f‘((n)(p) — P Xr(n)41 — p)
0

+ (s'r(n) « En; Hx'r(n) — Xz(n)-1 H (2(1 - ‘x'((n)(l - V*)) ”xT(n) - P”
0
+ (1 ‘xr(n))ar(n)arin; Hx'r(n) - xT(n)—lH)‘
T(n
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Thus we have
limsup ||x;(,) — pl <0
n—oo

and so
nlglgo Hx'r(n) —pll=0. (38)

By (35) and (38), we get
”xr(n)Jrl -pll < HxT(n)+1 - xT(n)H + ”xT(n) —pll =0, n—co.

Furthermore, for all n > ny, it is easy to see that ',y < T'r(,y4q if 1 # T(n) (thatis, T(n) < n)
because of [>Ty for T(n) + 1 < j < n. Consequently, it follows that, for all n > ng,

0<Ty < max{rr(n)/r‘r(n)Jrl} = r'r(n)+1'
Therefore, lim ', = 0, that is, {x, } converges strongly to the point x*. This completes the proof. [J

Remark 1. [22] The condition (C4) is easily implemented in numerical results because the value of ||x, — x, 1|
is known before choosing 0,,. Indeed, we can choose the parameter 6, such as

@, otherwise,

6, {min{(ﬂ,xnw;”]}, lf ”xn *xn—ln 7é 0,

where {wy} is a positive sequence such that w, = o(a,). Moreover, in the condition (C4), we can take

, @ = —and

‘X":n+l 5

0, =

@, otherwise,

. — 2 ;.
{mm{w,x”'x;’”l}, if [[xn — 41| #0,

or

. 4 1 .
6, = {mln{vwmxﬂm}' if Mlxu = xnall 0,

%, otherwise.

If the multi-valued quasi-nonexpansive mapping S in Theorem 1 is a single-valued
quasi-nonexpansive mapping, then we obtain the following;:

Corollary 1. Let Hy and Hy be two real Hilbert spaces. Suppose that A : Hy — Hy is a bounded linear operator
with adjoint operator A*. Let { f,,} be a sequence of yy-contractions f,, : H — Hy with 0 < py < ppy < p* <
1 and {f,,(x)} be uniformly convergent for any x in a bounded subset D of Hy. Suppose that S : Hy — Hy is
a single-valued quasi-nonexpansive mapping, I — S is demiclosed at the origin and F(S) N Q2 # @. For any
Xo, x1 € Hy, let the sequences {yn}, {un}, {zn} and {x,} be generated by

Yn = Xn 4 0n(xn — X4—1),

Un = Ifl (yn + 'YnA*(])l\gz = D) Ayn),
zZy = ESxp + (1 — &)up,

X1 = ®nfn(Xn) + BuXn + Onzn

(39)
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w with0 < 7 <1, <7t <1,{6,} C [0,0) for
[|A*(J32=1) Ay 12

some @ > 0and {an},{Bn},{0n} € (0,1) with ay, + Bn + 6n = 1 satisfying the following conditions:

foreachn > 1, where § € (0,1), yu := Tu

(C1) limy ooty =0;

(C2) Yo gy =00

(C3) 0<e <Buand0 < ey < by;
(€4 Timyes 2 xy — %o = 0.

Then the sequence {x, } generated by (39) converges strongly to a point p € F(S) NQY, where p = Pr(syna f(p)-

Remark 2. If 0, = O, then the iterative scheme (14) in Theorem 1 reduces to the iterative (11).

4. Applications

In this section, we give some applications of the problem (SFPIP) in the variational inequality
problem and game theory. First, we introduce variational inequality problem in [34] and game theory
(see [35]).

4.1. The Variational Inequality Problem

Let C be a nonempty closed and convex subset of a real Hilbert space H;. Suppose that an operator
F: Hy — Hj is monotone.

Now, we consider the following variational inequality problem (VIP):
Find a point x* € C such that (Fx*,y —x*) >0 forall y € C. (40)

The solution set of the problem (VIP) is denoted by I'.
Moreover, it is well-known that x* is a solution of the problem (VIP) if and only if x* is a solution
of the problem (FPP) [34], that is, for any v > 0,

x* = Pe(x* — yFx*).

The following lemma is extracted from [2,36]. This lemma is used for finding a solution of the
split inclusion problem and the variational inequality problem:

Lemma 5. Let Hy be a real Hilbert space, F : Hy — Hj be a monotone and L-Lipschitz operator on a nonempty
closed and convex subset C of Hy. For any v > 0, let T = Pc(I — vF(Pc(I — vF))). Then, for any y € T and
Ly < 1, we have

[Tx =Tyl < [lx =yl

I — T is demiclosed at the origin and F(T) = T.

Now, we apply our Theorem 1, by combining with Lemma 5, to find a solution of the problem
(VIP), that is, a point in the set I'.

let By : Hy — 2H1 and B, : Hy — 22 be maximal monotone mappings defined on H and Hp,
respectively, and A : H; — Hj be a bounded linear operator with its adjoint A*.
Now, we consider the split fixed point variational inclusion problem (SFPVIP) as follows:

Find a point x* € H; suchthat 0 € By(x*), x* €T (41)

and
y* = Ax" € H, suchthat 0 € By(y"). (42)
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Theorem 2. Let Hy and Hj be two real Hilbert spaces, A : Hy — Hj be a bounded linear operator with
its adjoint A*. Let {fy} be a sequence of py-contractions f, : Hy — Hy with 0 < p, < pp < p* <1
and {fu(x)} be uniformly convergent for any x in a bounded subset D of Hy. For any A > 0, let T =
Pc(I — vF(Pc(I — «F))) with Ly < 1, where F : Hy — Hy is a L-Lipschitz and monotone operator on
C C Hyand F(T)N QY # @. Forany xo,x1 € Hy, let the sequences {yn}, {un}, {zu} and {x,} be
generated by

Yn = X + 00 (Xn — x4-1),

Up = ,1\;1 (Yn +'YnA*(])E32 —1)Ayy),
zy = ETxpy + (1 = &)uy,

Xpi1 = &nfn(Xn) + BnXn + OnZn

(43)

1052 =1) Ay
147 (32 =) Ay 2
some @ > 0and {an}, {Bn}, {0n} € (0,1) with ay, + Bu + 6n = 1 satisfying the following conditions:

foreachn > 1, where § € (0,1), yu := Tn with0 < 7 <1, <7 <1,{0,} C [0,w) for

(C1) limy ooty =0;

(C2) Yooy =00

(C3) 0<61§ﬁn,0<62§(5n;
(C4)  limy o0 2|x, — x41] = 0.

Then the sequence {x,} generated by (43) converges strongly to a point p € F(T) N Q) = IT' N Q, where
P = Praf(p)-

Proof. Since I — T is demiclosed at the origin and F(T) = T, by using Lemma (5) and Corollary (1),
the sequence {x, } converges strongly to a point p € F(T) N (), that is, the sequence {x,} converges
strongly toapointp € I'. [

4.2. Game Theory
Now, we consider a game of N players in strategic form
G= (Pir Si),
wherei =1,---,N,p; : S = 51 X S x --- x Sy — Ris the pay-off function (continuous) of the ith
player and S; € RMi is the set of strategy of the ith player such that M; = |S;].

Let S; be nonempty compact and convex set, s; € S; be the strategy of the ith player and
s = (s1,52,- - ,sN) be the collective strategy of all players. For any s € S and z; € S; of the ith player
for each i, the symbols S_;, s_; and (z;,s_;) are defined by

o S ;:=(S x---xS§j_1xSi41 X+ x Sy) is the set of strategies of the remaining players when
s; was chosen by ith player,

o 5_;j:=(S1,-+*,8-1,5i+1, - ,SN) is the strategies of the remaining players when ith player has s;
and

o (z4,5_;):=(s1, - ,Si-1,2i,Si+1," - - ,SN) is the strategies of the situation that z; was chosen by ith
player when the rest of the remaining players have chosen s_;.

Moreover, §; is a special strategy of the ith player, supporting the player to maximize his pay-off,
which equivalent to the following:

pi(Si,s—i) = maxp;(z,s;).
Z;€S;
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Definition 5. [37,38] Given a game of N players in strategic form, the collective strategies s* € S is said to be
a Nash equilibrium point if
pi(s") = maxpi(z;, s)
z;€S;
foralli=1,--- ,Nands; € S_,.

If no player can change his strategy to bring advantages, then the collective strategies s* = (s;f, s* ,.)
is a Nash equilibrium point. Furthermore, a Nash equilibrium point is the collective strategies of all
players, i.e., s7 (for each i > 1) is the best response of ith player. There is a multi-valued mapping
T; : S_; — 25i such that

Ti(s—i) = argmax p;(z;,5;)

= {s; € S; : pi(si,5—;i) = max p;(z;,5_;)}
Z;€S;

foralls_; € S_;. Therefore, we can define the mapping T : S — 25 by
T:=Ti xThy x---xTyn

such that the Nash equilibrium point is the collective strategies s*, where s* € F(T). Note that
s* € F(T) is equivalent to s; € T(s* ).

Let H; and H; be two real Hilbert spaces, By : H; — 2H1 and B, : H, — 2H2 be multi-valued
mappings. Suppose S is nonempty compact and convex subset of H; = RMV, H, = R and the rest of
the players have made their best responses s* ;. For each s € S, define a mapping A : S — Hj by

As = pi(s) — pi(zi,s7;),
where p; is linear, bounded and convex. Indeed, A is also linear, bounded and convex.

The Nash equilibrium problem (NEP) is the following:
Find a point s* € S such that As* >0, 0 € H,. (44)

However, the solution to the problem (NEP) may not be single-valued. Then the problem (NEP)
reduces to finding the fixed point problem (FPP) of a multi-valued mapping, i.e.,

Find a point s* € S such that s* € Ts%, (45)
where T is multi-valued pay-off function.

Now, we apply our Theorem 1 to find a solution to the problem (FPP).

Let By : H; — 21 and B, : Hy — 22 be maximal monotone mappings defined on H; and Hy,
respectively, and A : H; — Hj be a bounded linear operator with its adjoint A*.

Now, we consider the following problem:
Find a point s* € H; such that 0 € By(s*), s* € Ts* (46)

and
y* = As* € Hy suchthat 0 € By(y"). (47)

Theorem 3. Assume that By and By are maximal monotone mappings defined on Hilbert spaces Hy and Hy,
respectively. Let T : S — CB(S) be a multi-valued quasi-nonexpansive mapping such that T is demiclosed
at the origin. Let {f,} be a sequence of yy-contractions f, : Hy — Hy with 0 < py < py < p* < 1and
{fu(x)} be uniformly convergent for any x in a bounded subset D of Hy. Suppose that the problem (NEP) has
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a nonempty solution and F(T) N Q) # @. For arbitrarily chosen xo,x1 € Hy, let the sequences {y,}, {un},
{zn} and {x,} be generated by

Yn = Xn + 0 (xn — X4-1),

Up = ],]fl (yn + 'YHA*(])I?Z —1)Ayn),
zn = oy + (1 — &uy, vy € Txy,
Xp1 = @ fn(Xn) + BuXn + Onzn

(48)

102 -DAyl?
m with 0 < Ty S Tn S ™ < 1, {Gn} (- [O,CL_J)fOI’
A n

some @ > 0and {an}, {Bn}, {6,} € (0,1) with ay, + By + 6n = 1 satisfying the following conditions:

foreachn > 1, where § € (0,1), vu := Tu

(CDH  limy ey =0;
€)Yy = o

(C3) 0<e <Ppand0 < ey <9y,
(C4)  limyeo %HM —x,-1] = 0.

Then the sequence {x, } generated by Equation (48) converges strongly to Nash equilibrium point.

Proof. By Theorem 1, the sequence {x, } converges strongly to a point p € F(T) N (), then the sequence
{xn} converges strongly to a Nash equilibrium point. [
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1. Introductory Notes

1.1. Background

There exist many works handling the approximate solution of linear and nonlinear integral equations.
However, tackling nonlinear integral equations would be more challenging due to the presence of
nonlinearity which might be expensive for different solvers [1,2].

Some authors discussed the asymptotic error expansion of collocation-type and Nystrom-type
methods for Volterra—Fredholm integral equations with nonlinearity, see [3] for a complete discussion on
this issue. One class of nonlinear internal equations is the mixed Hammerstein integral equations with
several application in engineering problems [2].

Since in the process of finding the solution of such integral equations, most of the time a system
of algebraic equation would occur that must be solved quickly and accurately, thus we here bring the
attention to develop and study a useful numerical solution scheme for solving nonlinear systems with
application in tackling nonlinear integral equations.

Clearly, there are some other nonlinear problems in literature which could yield in tackling nonlinear
system of equations, see e.g., [4,5].

Mathematics 2019, 7, 637; doi:10.3390/ math7070637 www.mdpi.com/journal/mathematics
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1.2. Definition

Consider a nonlinear system of equations of algebraic type as follows [6]:

ay(xq,x2,...,%m) =0,
ay(x1,X2,...,Xm) =0,

1
am(xlzxz, . -,Xm) =0,

which contains m equations with m unknowns and A(x) = (a1(x),a2(x), ..., an(x))T while a;(x), a2 (x),
..., ap(x) are the functions of coordinate. We can also write (1) using x = (x1,xp,...,X) in a more
compact form as

A(x) =0. @)

The purpose of this work is to study finding the solution of system (1) via iteration process and
discuss its application in solving nonlinear integral equations. As such, now let us briefly review some of
the existing methods for finding its simple roots in the next subsection.

1.3. Existing Solvers

The Steffensen’s scheme for solving nonlinear systems is written as follows [7]:

{ w) = x4 A(x(M), x0) ¢ R™, 3

x("+1) = x(") — [x(n)/u](");A}*lA(x(”))’ n=0,1,2,---,

which is based upon the divided difference operator (DDO). The 1st order DDO of A for the
multidimensional nodes x and y is expressed by a component-to-component procedure as follows [8]:

Ai(x1, e X Yt Ym) — Ai(x1, X0 Y Ym)
Y=Y

[,y Alij = ,1<ij<m. “)

Recall that first-order divided difference of A on R" is a mapping as follows:
[,5Al: D CR" xR" — L(R™), 5)

that reads
[y, x; A](y — x) = A(y) — A(x), Vx,y € D. (©)

Here L(-) shows the set of bounded linear functions. By considering & = y — x, one we can also
express the first-order DDO as follows [8]:

1
[x + I, x; A] = /0 A'(x + th)dt, ¥(x,h) € R" x R™. @)

Traub in [9] investigated another way based on the function J(x, H) for approximating the Jacobian
matrix of the Newton’s method and to obtain the Steffensen’s scheme based on a point-wise definition.
An improvement of (3) was given in [10,11] as follows:
Z(”) = x(”) — [x(”)’w(");A}*lA(x(")),
D) — 500 Z [300) 4p(m); 4] 14 (20, ®
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wherein

w = x L pA(x™), e R. 9)

The point in (8) in contrast to (3) is that it applies two steps and of course two m-D functional
evaluations to reach a higher rate than quadratic. Here, the idea is to freeze the DDO per cycle and
then increase the sub steps so as to gain as much as possible of order improvement, as well as some
improvements in the computational efficiency index of the scheme.

Let us also recall some of the iteration schemes having the requirement of Jacobian computation now.
The Jarratt’s iteration having fourth rate of convergence for solving (1) is given by [12]:

2(n) — () _ ZAf( =1 A(x(m),
xD) = 2 — F(BA!(21) — A/(x(1))~! (10)
(3A’(z<">) + A'(xMN A (x(0) 1A (x(1),

This fourth-order iteration expression requires the computation of two matrix inverses (based on the
resolution of linear systems) to achieve its rate, which manifest that getting higher rate of convergence in
the form of a two-step method is costly.

1.4. Motivation

All methods discussed until now are without memory; some improvements over such schemes can
be done by considering additional memory terms.

Our motivation of pursuing this aim is not only limited at tackling nonlinear systems, but a motivation
is to apply such schemes for practical engineering problems such as the nonlinear mixed integral equations,
seee.g., [13-16].

The goal in our development is to reach a higher computational efficiency using as low as possible
number of linear systems of equations and the functional evaluations. This is directly interlinked with the
concept of scientific computing and numerical analysis which gives a meaning to the investigation and
proposing novel numerical procedures.

1.5. Achievement and Contribution

The objective of this work is to present a two-step higher order scheme to solve system of nonlinear
equations. As such, we present an iteration method with memory for finding both real and complex zeros.
Our scheme does not require computing the Fréchet derivatives of the function.

1.6. Organization

We unfold this article as follows. In Section 2, the derivation and contribution of an iteration expression
is furnished. Section 3 provides an error analysis for its convergence rate. The computational efficiency of
different solvers by including not only the number of functional evaluations, but also the number of system
of involved linear equations, the number of LU (Lower-Upper) factorizations as well as the other similar
operations will be discussed in Section 4 in detail. Section 5 discusses the application of the proposed
scheme. Concluding remarks are given in Section 6.

2. A Derivative-Free Scheme

Here our attempt is to increase the computational efficiency index of (8) without imposing several
more steps or further DDDs in each cycle. To complete such a task, we rely on the concept of methods with
memory which state that the convergence speed and efficiency of iterative methods could be improved by
saving and using the already computed values of the functions and nodes.
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In fact, the error equation of the uni-parametric family of methods (8) includes a term of the
form below:
I+ BA (x) =0. (11)

The free nonzero parameter  in (11) can clearly affect not only on the domain of convergence
(attraction basins of the iterative method) but also to the improvement of the convergence order.
When tackling a nonlinear system of equations, and since « is not known, we can use an approximation
for A’(a) to make the whole relation (11) approximately zero. Therefore, we may write

B~ —Aa), (12)

wherein & is an approximation of the solution (per cycle).

It is important to discuss how we approximate the matrix  := B(")(n > 1) by employing some
estimates to —A’(a) computed via the existing data.

To improve the performance of (8) using the notion of methods with memory, we consider the
following iteration expression:

w = x(m 4 /3A(x " )
20 = x(0) — [x(), p(m); A]-1A(x(M), (13)
x(n+l)  — (n) [ (n ), (n). A]’lA(Z(")).

To ease up the implementation of the scheme with memory, let us first consider

Bi= B0 = [V, 2 A1 = MOV (), (14)
and
M=1)5(n) — A(x(m),
{ MO=D () — () (15)
Thus, now we contribute the following scheme:
B(”) = 7[w(”*])’x(”*]);A]71, n> 1,
w® = x(n) ¢ B(ﬂ)A(x(”)),n >1,
Y1) = x(1) 4 5(n), n>0, (16)
x(’H’l) y( )JF')’( )

Lemma 1. Let D C R™ be a nonempty convex domain. Suppose that A is thrice Fréchet differentiable on D,
and that [u,v; A| € L(D, D), for any u,v € D(u # v) and the initial value x(©) and the solution a are close
to each other. By considering B = —[w("=1), x("=1); A]=1 aud (") .= 1 + B(") A’(«), one obtains the error
relation below

4 o pln=1) 17)

Proof. See [17] for more details. [

To implement (16), one needs to solve some linear systems of algebraic equations. This means that at
each new step, a new LU factorization is needed, and no information can be exploited from the previous
steps. However, there exists a body of literature about recycling this kind of information to obtain updated
preconditioner for iterative solvers, [18-20]. We leave future discussion about constructing and imposing
such a preconditioner for future works in this field.
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As long as the coefficient matrices are sparse or large and sparse, a Krylov subspace method can be
employed to speed up the process. However, the merit in (16) is that the two linear systems have one same
coefficient matrix. Hence, only one LU factorization would be enough and by saving the decomposition,
one can act it to two different right-hand-side vectors to get the solution vectors per sub cycles of (16).

A challenging part of the implementation using (16) is the incorporation of B("). This is a not anymore
a constant and it should be defined as a matrix. In this paper, whenever required the initial matrix B(®) is

specified by:
O~ _ g __1
B d1ag< 1000> . (18)

The choice of the initial matrix B(*) affects directly on the whole process in order to arrive in the
convergence phase as quickly as possible. Here, (18) is in agreement with the dynamical studies of
Steffensen-type methods with memory at which the basins of attractions are larger as long as the free
parameter is close to zero.

Noting also that updating B(™) per cycle is again based on the already computed LU factorization
while it should only act on the identity matrix to proceed.

3. Rate of Convergence

It is known that via the Taylor expansion of A’(x + th) in the node x and integrating, one obtains:
1 i I 1., 1 2 1 (iv) 3 4
/ Al(x +th)dt = A'(x) + EA (x)h + gA (x)h* + ﬂA (x)h” + O(h*). (19)
0

It is here assumed that A’(«) is not singular and (") = x(") — & is called the error at the n-th iterate
and [6,21]:

pt1

e = He™" 1 0(em"), (20)

(20) is the equation of error, whereas H is a p-linear function. This means that H € L(R™,R™,..., R™).
Moreover, we consider:
e = (e, e, em)y, (21)
p times
which would be a matrix.
Before stating the main theorem, it is pointed out that if A be differentiable in terms of Fréchet concept
in D sufficiently. As in [22], the [-th differentiation of A atu € R, [ > 1, is the following [-linear function

AD W) R™ x - xR — R™, (22)
so that A (1) (vy,v9,...,0;) € R™. Ttis also famous that, for @ + i € R™ locating in a neighborhood of a

root « of (1), the Taylor expansion could be written and we have [22]:

-1
Ala+h) = A'(a) |h+ pz cll | +0@mp), (23)
1=2

wherein
Cr = 1/[A W] A (), I > 2. (24)
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One finds Cji! € R™, because A!) (x) € L(R™ x --- x R™,R™) and [A’(x)]~! € L(R™). Moreover,
for A’ we have:

Ala+h) = A'(a) +O(IP), (25)

p—1
I+ Y 1gh' !
1=2

where [ is the unit matrix of appropriate size. Here, IC;h/ =1 € L(R™).

Theorem 1. Assume that in (1), A : D C R™ — R™ is Fréchet differentiable sufficiently at any point