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The present volume contains the invited, accepted and published submissions (see [1-17]) to
a Special Issue of the MDPI’s journal, Axioms, on the subject-area of “Mathematical Analysis and
Applications II”. A successful predecessor of this volume happens to be the Special Issue of the MDPI's
journal, Axioms, on the subject-area of “Mathematical Analysis and Applications” (see, for details, [18]).
In fact, encouraged by the noteworthy success of these two Special Issues, Axioms has already started
the publication of a Topical Collection, titled “Mathematical Analysis and Applications” (Collection
Editor: H. M. Srivastava), with an open submission deadline.

In recent years, investigations involving the theory and applications of mathematical analytic
tools and techniques are remarkably wide-spread in many diverse areas of the mathematical, physical,
chemical, engineering and statistical sciences. In this Special Issue, we chose to invite and welcome
review, expository and original research articles dealing with the recent advances in mathematical
analysis and its multidisciplinary applications.

The suggested topics of interest for the call of papers for this Special Issue included, but by no
means limited to, the following keywords:

Mathematical (or Higher Transcendental) Functions and Their Applications.
Fractional Calculus and Its Applications.

g-Series and g-Polynomials.

Analytic Number Theory.

Special Functions of Mathematical Physics and Applied Mathematics.
Geometric Function Theory of Complex Analysis.

Here, in this Editorial, we choose first to briefly describe the status of the Special Issue as follows:

1. Publications: 17.
. Rejections: 22.
3. Article Type: Research Article (16); Review (1).

Authors’ geographical distribution:

Saudi Arabia (5).
Italy (3).

Taiwan (3).
Germany (2).
India (2).

Turkey (2).
Jordan (2).
Korea (2).

Axioms 2020, 9, 16; d0i:10.3390/axioms9010016 1 www.mdpi.com/journal /axioms
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Thailand (2).
Ukraine (1).
Azerbaijan (1).
Malaysia (1).
USA (1).

Iran (1).
Thailand (1).
Serbia (1).
Tunisia (1).

e © ¢ o o 0o o o o

Papers included in this volume deal extensively with various theoretical as well as applied topics
of mathematical analysis of current research interests. Some of the notable contributions in this
volume happen to have successfully addressed such topics of mathematical analysis and applications as
(for example) Hyperbolic Trigonometric Functions and Associated Polynomials, Szdsz-Mirakjan Beta-Type
Approximation Operators, Holomorphic Functions in One and More Variables, Hypergeometric Functions
and Their Generalizations, Hyers-Ulam-Type Stability Problems, Fixed Point Results, Bose—Einstein and
Fermi-Dirac Functions, Hermite-Hadamard-Type Inequalities, Elastostatics with Singular Boundary
Values, Sequence Generating Functions and Classical and Non-Classical Polynomial Sets.

I take this opportunity to thank all of the participating authors, and the referees and the
peer-reviewers, for their invaluable contributions toward the remarkable success of each of the
above-mentioned Special Issues. I do also greatly appreciate the editorial and managerial help and
assistance provided efficiently and generously by Ms. Luna Shen and many of her colleagues and
associates in the Editorial Office of Axioms.

Funding: This research received no external funding.

Conflicts of Interest: The author declares no conflicts of interest.
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Article
Repeated Derivatives of Hyperbolic Trigonometric
Functions and Associated Polynomials
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Abstract: Elementary problems as the evaluation of repeated derivatives of ordinary transcendent
functions can usefully be treated with the use of special polynomials and of a formalism borrowed
from combinatorial analysis. Motivated by previous researches in this field, we review the results
obtained by other authors and develop a complementary point of view for the repeated derivatives
of sec(.), tan(.) and for their hyperbolic counterparts.

Keywords: operators theory 44A99, 47B99, 47A62; special functions 33C52, 33C65, 33C99, 33B10,
33B15; Stirling numbers and Touchard polynomials 11B73

1. Introduction

The problem of finding closed forms for the repeated derivatives of trigonometric functions as
tangent and secant, even though being an apparently elementary issue, has been solved in relatively
recent times in ref. [1]. Inspired by this work, a significant amount of research has been subsequently
developed. In ref. [2] the proof of the results of [1] was reformulated in terms of a procedure exploiting
the “Zeons” Algebra [3]. In [4,5] the authors addressed this study by employing a class of polynomials
(the derivative polynomials (DP) introduced in refs. [6,7]) to reformulate the derivation and eventually
get a set of fairly simple formulae, providing the successive derivatives of tan, cot, sec, csc, ... along
with those of their hyperbolic counterparts.

In this note we develop a point of view not dissimilar from that of ref. [4,5]. We provide
straightforward results in terms of a single family of Legendre like polynomials and comment on the
two forms of DP introduced in [3-5].

The repeated derivatives of composite functions F(x) = f(g(x)) is a well-established topic in
calculus. The formulation of a procedure allowing the derivation of a formula comprising all the
possible cases was established in the XIX century [8] and opened important avenue of research in
combinatorics [9] and umbral calculus [10,11] as well.

The problem is particularly interesting, encompasses different topics in analysis, including special
polynomials like those belonging to the Touchard family [12] and special numbers like the generalized
Stirling forms [13,14] of crucial importance in combinatorial analysis. The repeated derivatives of the
Gaussian function are those of a composite function in which f(.) is an exponential and g(.) a quadratic
function. The relevant expression leads to the Hermite polynomials as auxiliary tool, to get a synthetic
expression for any order of the derivative [15]. Within the same context, Bell polynomials emerge
whenever one is interested in the derivatives of F(x) = & (x) [9,16,17]. The generalization to the case
of f(.), provided by a generic infinitely differentiable function, and g(.), a quadratic form, has been
discussed in refs. [18,19] where the problem has been solved by the use of generalized nested forms of
Hermite polynomials.

Axioms 2019, 8, 138; d0i:10.3390/axioms8040138 5 www.mdpi.com/journal /axioms
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The hyperbolic secant is a composite function too in which f(.) = (.)7!, g(.) = cosh(.).
In refs. [2,4,5,20] interesting speculations have been presented on the study of the relevant repeated
derivatives and of the associated auxiliary polynomials. In this paper we address the same problem,
within a different context. Before entering the specific elements of the discussion we review the
formalism we are going to exploit in this paper.

A pivotal role within the context of repeated derivatives is played by the Stirling number of
second kind [13,14]. They will be introduced using the Touchard polynomials which are defined
through the Rodriguez type formula [15,21] where, for n > 0, we set

Ta(x) = e7*(xDy)"e* @

where Dy is the derivative operator %. They can be written in explicit form by the use of the following
expression [13]

(xDy)" E So(n,r)x"CL, )

with Sy (n, ) being the Stirling number of second kind (we introduce the notation S (I, m) instead of
the usually symbol { | } ; to indicate functions domains, we will use conventional symbols as N, Z, R
for Natural, Integer or Real numbers respectively including the zero). Ref. [9,12] defined as

L m j -1 . 3)
w5 (7))
According to Equations (1) and (2), the Touchard polynomials are explicitly given by
n
= E So(n,r)x" 4)
r=0
and the numbers S (1, k) are therefore the coefficients of the polynomials.

A fairly straightforward application of the previous computational tool is provided by the
evaluation of a closed expression for higher order derivatives.

Theorem 1. We have that, Vm € N,
Dy f(e Z Sa(m,r) e f)(e*) 5)

where f\")(&) denotes the r-order derivative .

Proof. Let
In(x) = DY f(e¥), (6)
by setting e* = ¢, we find
DY f(e*) = (§Dg)" f(©) ZSz m,r) & F7(E) @)
and in conclusion we obtain "
D’”f Sa(m,r) x’f ( )

r=0
in which it is understood that f(") (e¥) = Dgf({f) le—er. O

We next define a family of auxiliary polynomials P, (x, y) and show how they can be very useful for
the computation of the repeated derivatives of tan~!(x) (we use the notation tan~!(x) for arctan(x)).
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Theorem 2. Forany x,y € R, n € N,

LJ X" 2r rn_r!
Py) = nt L ®

a family of two variable polynomials loosely ascribed to the Legendre [22,23] family, then

A _ 1 2x 1
D} (tan ](x)) “iie Py q <71+7x2'71+7x2> , Vn € Ny. 9)

Proof. We start from the computation of the quantity

1

Ky(x) = D (W) , VxeR,VneN (10)

which upon the use of the Laplace transform method can be written as

Ky (x) :DZ/ e*S(lerZ)ds:/ e*SDZe*S"zds. (11)
0 0

The n-th order derivative inside the integral sign can be explicetely worked in terms of two variable
Hermite polynomials [15]

n2rr

— ! Z y 12)

namely the auxiliary polynomials for the repeated derivatives of Gaussian functions according to
the identity

D! e = H,(—2ax, —a) e % (13)
Accordingly we find
_ s _ s g R _ xo _ g 1 _
Kn(x)—/0 e °Hy(—2xs,—s)e ds—/o e Hn< 21+x2' 1+x2>1+x2d0_
" oy n—2r 1\ (14)
_ n! E <1+X2) <1+X2> /ooefaanfrdlf _ 1 P, — 2x _ 1
14 & (n —2r)!r! 0 T2 142 142
The proof of the identity (9) is readily achieved by noting that
Dy (tan (1) = (1 (1)
14+x2)
which eventually provides
R 1 2x 1
n -1 _ — _ — _
pr (tan (x)) = K1 (1) = 17 Pat < et 1+x2>' Vn € No.
O
Corollary 1. If we introduce the further notation
K1) += 02 () (16)
T\ (1+22)

an extension of the procedure we have just envisaged allows the further results
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1 2x 1
Ky (x) = Py - ;= /
)= ey B < 142 1+x2>
n! \.%J wn72rzr r(V +n— 7‘) (17)
P(w,z) = —— , Vv e R.
" I'(v) ,g (n—2r)ir!
Proof. Vv € R
A 1 Ay 1 b 2 1 e N 2
K =D~ ) _— Dni-/ gV 1p—s(1+x%) g — 7/ sVl PN 4o —
n(¥) x<(1+x2)v> T(v) Jo r(v) Jo *
1 {e0]
= W/O s'"le S H,(—2xs, —s)e*sxzds =
1 o/ o \"' xo o 1
=_—— — “"Hy | -2 - do =
F(V)/o <1+x2> ¢ "( 1+ x2’ 1+x2>1+x2 7
wy (=22 \"72 (1
n! & <1+1’2> <1+x2) g vbn—r=1g4, _
- 2\v — 271yt e 7=
T'(v)(1+ x2) = (n—2r)tr! 0
1 (2 1
S (42 1422 1+a2)
|
Remark 1. Corollary 1 can be exploited to write the repeated derivatives of cos™ ! (x) in the form
. A 1 1 1 2x 1
n -1 _ _pn-1 — 2
D} cos™ (x) = =D} <m> = mprkl (1—x2'1—x2>' Vn € Ny. (18)

The previous examples have shown the interplay between special polynomials of the P, (x, y) and
the derivatives of the inverse of trigonometric functions.

In the following we will see that the same polynomials are of central importance for the evaluation
of the repetead derivatives of trigonometric functions. They play the role of auxiliary polynomials for
the lorentzian type functions and inverse trigonometric functions as well. The relevant elements of
contact with the DP will be discussed in the final section of the paper.

2. Higher Order Derivatives of Trigonometric Functions

The starting point of the discussion of this section is the derivation of a closed form for the
quantity D7 (sech(x)), Vm € No.

Proposition 1. Vi € Ny, Vx € [0,27],

D (sech(x)) = sech(x) i Sy (m, k) elk—1x (ex Py (— sech(x), —% sech(x)) +
k=0 (19)

kP, <f sech(x), 72% sech(x)>) .

Proof. Let
2

sech(x) = e

(20)

then, after setting e¥ = ¢, we obtain Vm € Ny
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D™ (sech(x)) = nggg <%> =2(&Dg)" (1 f§2> . (21)

The straightforward applications of the proof of the Theorem 1 yields (we omit the argument of
the P, polynomials for simplicity)

2(60)" (155 ~ 1o Lo S k) € @R +471 () @)

which, eventually, leads to

D (sech(x)) =sech(x) ) Sy(m, k) elk=1x (ex Py (— sech(x), —% sech(x)) +
k=0

1
+ kP <f sech(x), ~5ex sech(x))) .
O
We can go even further and obtain a closed form for D! (sech(x))", ¥m € N, Vv € R.

Corollary 2. Vm € N,Vv € R

D! (sech’(x)) = sech” (x) TiLy Sa(m, r) e iy (1) 0 n )!e—X(Y—S) PY (— sech(x), —% sech(x)) (23)

n—r+s
where PX (. ,.) are the polynomials in Equation (17).

By using the same techniques of the Proposition 1, Corollary 2 and the opportune identity
sec(x) = M%, we can move on and provide the higher order derivatives for other trigonometric
circular functions.

Example 1. Vin € Ny, Vx € [0,27]

D (sec(x)) = i" sec(x) i Sy(m,r) €01 (ei"Pr (7 sec(x), 72‘% sec(x)) +
r=0 (24)

+rP_q <f sec(x), 72;7 sec(x))) .

Example 2. Vm € N,Vx € [0,27] :x # 5 +km, k€ Z

D™ (tan(x)) = sé (’:) sin (x + (m— s)%) DS (sec(x)). (25)
Example 3. Vm € N,Vx € [0,2n] : x £ ki, k € Z
D (cot(x)) = Sé (?) cos (x + (m— s)%) Ds (sec (x - %)) . (26)
Remark 2. The use of the Leibniz rule in Equations (25) or (26) can be avoided by setting
tan(x):i17§2:i< 2 —1), F=e" (27)
1+& 1+&
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and eventually ending up with

D! (tan(x)) = i"*1 <sec(x) f Sy(m,r) =P, (- sec(x), —% sec(x)) - 5m,0> . (28)
r=0

where 6, is Kronecker’s delta, indeed

D (tan(x)) = i" (¢D;)" (i (%52 - 1>> =2 (Dg)" <1+1§2 - %) _
i 1 1\"
:2irn+1;§5~2(m,r) & <<H1€2><r)+ (_D(r)) _
(gt ) (B (1))

1
= jmtl (sec Z(:)Sz m,r) eX=1p, <f sec(x ),727 sec(x )) 5m,0>.
b

In the forthcoming section we will discuss the comparison with previous papers and present
possible developments along the lines we have indicated.

3. Final Comments

In the previous two sections we have dealt with a general procedure useful to derive closed
formulae for the repeated derivatives of circular and hyperbolic functions and of their inverse. We have
underscored the importance of the polynomials P, (x,y) which play a role analogous to the DP
introduced in refs. [6,7] and used in [4,5] for analogous occurrences.

The P, (x, y) are two variable polynomials defined in terms of the Laplace transform of the Hermite
Kampé dé Fériét family [24]. They have been loosely defined Legendre-like and can be reduced to
more familiar forms, by noting that

Pu(x,y) = y* P, <\/%>

B (12" 2 (= 1)t @)
n(z) =mnt r; (n —2r)tr!
with P, (z) satisfying the generating function
iiﬁpn(z):%, VhzeR:| P —tz|<1 (30)
= n! 1—tz+t
and
Anen )= L Iy o

The link with previous papers addressing the same problem treated here, in particular with that
developed in refs. References [4,5] can be obtained by using the same steps suggested by Cvijovi¢ or
Boyadzhiev. We assume that an identity of the type

10
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D¥(tan(x)) = IT,(tan(x)) (32)

with JT,(.) being not yet specified polynomials, (in refs. [4,5] they are denoted by P,(x), we have
used the capital Greek letter to avoid confusion with the P, (x, y) polynomials defined in this paper)
does holds. The polynomials IT,(.) can be determined by the change of variable tan(x) = ¢ which
allows to transform Equation (32) into

[(1+2) &) @ =@ (33)

which is a kind of Rodrigues type relation [25] defining the polynomials IT,({).
The relevant generating function can be obtained by multiplying both sides of Equation (33) by

n
ol by summing up over the index n and ending up with

~ ol tn
et[(1+§2)D¢]€ _ Z EH"@' (34)
n=0 """
The use of the Lie derivative identity [26]

o - (52

finally yields

i :T _ +tan(t)

T 1- {tan(t) (36)

which is the generating function given in [4,5].
The second family of DP can be defined by the use of the same procedure. According to refs. [4,5]
they are implicitly defined by the condition

D (sec(x)) = sec(x)Qu(tan(x)) 37)
which, by the use of the same change of variable leading to Equation (33), yields

) = (1) 0) V1 (38)

which can be straightforwardly exploited to derive the relevant properties. The use of the identity (35)
eventually yields the associated generating functions

3 _ sec(t)
V;) n! Qu(e) = 1— Etan(t) 9
which is the same reported in refs. [4,5].
By recalling that the Hoppe formula writes
Z k'f ‘(7 g(t Am,kr
ok ;) 4 (40)
Z( ) O Ops(e)), ke,
j=0 j
for the case of sec(x), we find
. m k . . .
Disec(x) = Y sec*™(x) )~ ( > 1)/ cos* =7 (x) D (cos/(x)) (41)
k=0 j=0

11
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which appears impractical since it needs the repeated derivatives of an integer power of the
cosine function.
Before closing the paper we consider worth to underscore the possible use of DP to evaluate the
derivatives of the type
Amj(x) = D (co (x)). (42)
Making the ansatz that

D} (cos/ (x)) = (=1) Ay, (tan(x)) 43)

and, by using the same procedure leading to Equation (33), we can identify the function

NS 1
Mm@ = [(1+8) D] | —— (44)
(Vi+®)
which is specified by the generating function
" 1—Ztan(t)]/
B (@) = — L= eanOL__ )
m=0 " [(1+2%) (1+tan?(1))]?
It is worth to consider the alternative assumption
Dy (cos/ (x)) = (=1)"Apj(cos(x)) (46)

which, after the change of variable § = cos(x), yields for the function A, ;(.) the operational definition

ai(@ = (—y/1-2 ;)"0 @)

The use of the Lie derivative identity [26]

e ( 1-¢ Dg)f((_f) =f (@ cos(t) —y/1—¢2 sin(t)) (48)

yields, for A, (&), the generating function

i %Am,j(f;) = (g— \/1—¢2 tan(t))jcosi(t). (49)
m=0 """

The two methods we have discussed in this paper, namely the procedure based on the DP
of refs. [4,5] or on the support polynomials P,(x,y), are complementary. There are no prevailing
reasons to prefer one or the other method. The formulae associated with the first are more synthetic
but IT,(¢), Qu(&) are not given explicitly and should be evaluated recursively (which becomes
cumbersome for larger order of the derivative). On the other side, the use of the other procedure leads
to less appealing formulae in terms of polynomials which are, however, explicitly given.
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Abstract: Approximation and some other basic properties of various linear and nonlinear operators
are potentially useful in many different areas of researches in the mathematical, physical, and
engineering sciences. Motivated essentially by this aspect of approximation theory, our present
study systematically investigates the approximation and other associated properties of a class of the
Szasz-Mirakjan-type operators, which are introduced here by using an extension of the familiar Beta
function. We propose to establish moments of these extended Szadsz-Mirakjan Beta-type operators
and estimate various convergence results with the help of the second modulus of smoothness and
the classical modulus of continuity. We also investigate convergence via functions which belong to
the Lipschitz class. Finally, we prove a Voronovskaja-type approximation theorem for the extended
Szasz-Mirakjan Beta-type operators.

Keywords: gamma and beta functions; Szdsz-Mirakjan operators; Szdsz-Mirakjan Beta type
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1. Introduction, Definitions and Preliminaries

In approximation theory and its related fields, approximation and other basic properties of various
linear and nonlinear operators are investigated, because mainly of the potential for their usefulness in
many areas of researches in the mathematical, physical, and engineering sciences. Our study in this
article is motivated essentially by the demonstrated applications of such results as those associated
with various approximation operators. With this objective in view, we begin by providing the following
definitions and other (chiefly historical) background material related to our presentation here.

For a given continuous function, f € C[0,c0), and for x € [0,00), Otto Szasz [1] defined a family
of operators in the year 1950, which we recall here as follows,

© (nx)k
Su(fix)=e ™Y ( k!) f (%) (neN:=1{1,2,3,---}), 1

k=0

This family of operators was considered earlier in 1941 by G. M. Mirakjan (see [2]). There are several
integral and other modifications, variations, and basic (or g-) extensions of the Szdsz-Mirakjan-type

Axioms 2019, 8, 111; d0i:10.3390/axioms8040111 15 www.mdpi.com/journal /axioms
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operators. These include the Bézier, Kantorovich, Durrmeyer, and other types of modifications and
extensions of the Szdsz-Mirakjan operators (see, for details, [3-15]). In particular, Gupta and Noor [6]
introduced an integral modification of the Szasz-Mirakjan operators in Equation (1) by considering a
weight function in terms of the Beta basis functions as given below.

Taf) = Lo () [ bu(0) 10 4500 (5)10), @
=1 .

where

. B 1 = (4, !
nk (£) = B(k,n+1) (14 t)n+k+l — (k—T1)1 (14 t)nth+l’
_T@IB) _ g
B(a/ﬁ)f 1—\(“+ﬁ) 78(13' )f

and (1), (£ € Ny := NU {0}) represents the Pochhammer symbol given by

i+ |1 (¢=0)

(= T00
IW AA+1)(A+2)---(A+0—1)  (LeN)

in terms of the classical (Euler’s) Gamma function I'(z) and the classical Beta function B(«, ).

Gupta and Noor [6] observed that the operators in Equation (2) reproduce not only the constant
function, but linear functions as well. Owing to this valuable property of the operators in Equation (2),
many authors investigated the different approximation properties of the summation-integral operators
in Equation (2) (see, for example, [16-18]). Gupta and Noor [6] also derived some direct results for the
operators T}, a pointwise rate of convergence, a Voronovskaja-type asymptotic formula, and an error
estimate in simultaneous approximation.

In recent years, some extensions of such well-known special functions as, for example, the classical
Gamma and Beta functions, have been considered by several authors. For example, in 1994, Chaudhry
and Zubair [19] introduced the following extension of the Gamma function,

Tp(x):= /Ooo 1 exp (—t - ?) dt (R(p) > 0). 3)

Subsequently, in 1997, Chaudhry et al. [20] presented the following extension of Euler’s

Beta function,
1
.: x—1 -l R
B, (x,y) : /Ot (1-1) exp( 7t(1_t)> dt @

(R(p) >0; R (x) > 0; R(y) > 0).

Obviously, each of the definitions in Equations (3) and (4) also remains valid when p = 0, in which
case we have the following relationships,

Io(x) =T (x) and By (x,y) = B(x,y).

16
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Ozergin et al. [21] considered the following generalizations of the Gamma and Beta functions,

TP (x) = /Omtx*1 1R (a;/s th) dt

(R(a) > 0; R(B) > 0; R(p) > 0; R(x) >0)

and

1
B('X B) (x,y) = /0 G B Uy o) <“},B}—ﬁ> dt

(R(a) > 0; R(B) > 0; R(p) >0; R(x) >0; R(y) >0),

respectively. Here, as usual, 1F; denotes the (Kummer’s) confluent hypergeometric function. It is
obvious that
T (x) =T, (x) and T (x)=T(x)
and that
By (y) =By(xy)  and B (xy) = B(xy).

Finding different integral representations of the generalized Beta function is important and useful
for later use. It is also useful to discuss the relationships between the classical Gamma and Beta
functions and their generalizations. In fact, by definition, it is easily seen that

[mwa-reen @@ >-1).

and that (see, for example, [21])
| B Gow) dp=Bx+1y+1) ©
(R(x)> -1 R(y) > —1).

Note that various further extensions and generalizations of the classical Gamma and Beta
functions, as well as their corresponding hypergeometric and related functions, were introduced
and studied by, among others, Lin et al. [22] and Srivastava et al. [23].

We now introduce the following generalization of Szdsz-Mirakjan Beta-type operators via the
above extension of the Beta function as follows,

k
* _px () 1
Snlfx) = Ze Kl Bk+2,n+1)

/ / 1+tn+k+1ep< p(lzrt)z)f(t)dtdp

for x € [0,00), and for a function f € C,[0, o), provided that the double integral in Equation (6) is
convergent when n > v. Here, and in what follows, we have

(6)

Cy0,00) :={f:feC[0,00) and [f(t)|SM(1+t)" (M>0v>0)}.
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We note that, by setting t = i in Equation (4), we get

oo x—1 1+ 2
By (x,y) :/0 uzw exp <_M> du. (7)

So, if we take in consideration Equations (5) and (7) in the definition Equation (6), then we can
say that the operators, S};, are a generalization of the operators, T, given by Equation (2).

In this article, we investigate the moments of the general Szdsz-Mirakjan Beta-type operators S;,
and find the rate of convergence with the help of the classical and second moduli of continuity. We also
derive a Voronovskaja-type approximation theorem associated with these general operators, S;;.

2. A Set of Auxiliary Results

In this section, we give the moments of Szdsz-Mirakjan Beta-type operators, S;;, defined by
Equation (6). We first recall for the S, that

Sp(L,x)=1, Sy(t,x)=x and S, <t2, x) =24+ %, 8)
just as in [1].

Lemma 1. The moments of the Szdsz-Mirakjan Beta-type operators, S, defined by (6) are given by

SH(1,x) =1, )
Sy(t,x) = x—&-% (10)

and
s;(tz,x):nflx2+nflx+n(n€1), (11)

Proof. By using the known formulas in Equation (8), we find from the definition (6) that

X «© (nx)k 1
nx
Sl = Y e T o)

=0
p1+t
/ / 1_‘_Mﬂﬂlexp)( )dtdp

— —nx l
kEOe ! k+2n+1 A By(k+1,n)dp

B Ze,nx (nx)k Bk+2,n+1)
= k' B(k+2,n+1)

=S5,(1,x)=1

18
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Forn > 1, we have

X «° (nx)k 1
nx
Sultx) = Ze ki Blkt2,n+1)

=0
tk+1 p(1+t)2
/ / 1+tn+k+1 exp<771L >dtdp

Z e (1)K 1
B k' B(k+2,n+1)

=0
/ B, (k+2,n—1)dp
0

ie (nx)* B(k+3,n)

&° K Bk+2ntl)

i" ae (XK T(k+3)T(n) T(n+k+3)
= kKl T(n+k+3) T(k+2)I(n+1)
o k42

L -

2
= Su(bx)+ = S(1,x) =x+ =
"('x)+n n(1,x) x+n

and, for n > 2, we find that

* (42 _
S”(t’x)’ze Kl Bk+2,n+1)

k+2 2
/ / 1+tt ntkrt P <_M> dt dp

Z o nx 1
N kit B(k+2,n+1)

/ B, (k+3,n—2) dp
p=0

e (m)¥ Bk+4,1—1)

e kI Bk+2,n+1)
7 ie_"x (nx)f T(k+4)T(n—1) T(n+k+3)
5 k! T(n+k+3) T(k+2)[(n+1)
_ ie,m (nx)* (k+3) (k+2)

= k! nn—1)
_n 5 5 6
=7 Su(t 'x)+7n71 Su(t,x) + (= 1) Sn(1,x)
_n 24 6 x4 6
T n-1 n—1 nn—1)

The proof of Lemma 1 is thus completed. [

Lemma 2. The central moments of the Szdsz-Mirakjan Beta-type operators, Sy, defined by Equation (6) are
given by
2
Sp(t—x,x) = o (12)

and
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2(n+2) 6

SZ(U*X)ZJ):n_l x2+n(n_1) n(n—1

X+ j =: ¢, (x).

(13)

Proof. The assertions (12) and (13) of Lemma 2 follow easily from those of Lemma 1, so we omit the

details involved. [

3. Local Approximation

Let C[0, ) be the set of all real-valued continuous and bounded functions f on [0, o), which is

endowed with the norm given by

£l = sup [f(x)]-

x€[0,00)

Then Peetre’s K-functional is defined by

Ky (f;0) =inf { |[f =gl +5]|g"]| : g € CE[0, )},

where

Ch[0,00) := {g:g € Cp[0,00) and g¢,g" € Cp[0,0)}.

There exists a positive constant C > 0 such that (see, for example, [24])

K2 (£,0) = Cawz (£,V5),

(14)

where § > 0 and w, denotes the second-order modulus of smoothness for f € Cp[0,c0), which is

defined by

wr (fiV8) = sup  sup | (x+2h) =2 (x+h) + £ (x)].

0<h=6 x€[0,00)

The usual modulus of continuity for f € Cg[0, o) is given by

w(f;0) = sup sup |f(x+h)—f(x)|.

0<h=é x€[0,00)

Lemma 3 below provides an auxiliary inequality which is useful in proving our next theorem

(see Theorem 1).

Lemma 3. Forall g € C3[0,00), it is asserted that

Si(g,%) = 2(x)] = 0u(x) 8" (%)

where

and

Si(f,x) = Sy(fx) + f(x) — f (x+ z)
for f € Cl0,00).

Proof. First of all, we find from (17) that

F(t—x,x) = St —x,x) f% -

20
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Now, by using the Taylor’s formula, we have
g(t) —g(x) = (t—x)g +/ (t—u)g" (u)
which, in view of Equation (18), yields
- _ _ t
Si(g,) - 306) = S1(0 — 2005/ () + 55 ([ (0= g w) s x)
ot x+2 2
=S (/ (t— u)g”(u)du,x) —/ <x+ = — u) ¢ (u) du.
x x n
On the other hand, as

[ - wg @) du

it
g/x [t —u|-|g" (u)| du

ot
<lg”)l [ 1t = ul du
= (=02 [g"|

and

we conclude that
S1(8,0) — ()| £ 51((t 27,0 8" + 5 118"]
-t e 1)+i> Is"]
- (e e ) I =8 7],

This is the result asserted by Lemma 3. O

We now state and prove our main results in this section.

Theorem 1. Let f € C[0,00). Then, for every x € [0, 00), there exists a constant L > 0, such that

5300~ F01 < Ln (i) 40 (12,

where wy (f;6) is the second-order modulus of smoothness, w (f;6) is the usual modulus of continuity, and
0y (x) is given by Equation (16).

Proof. We observe from Equation (17) that

1Sn(f,x) = f(¥)| =

Si(f,x) — (x)\+‘f(X)*f<X+%>‘
Sn(f—gx) — (f*g)(x)\+‘f(x)*f<"+%>‘

Si(g%) —g(x)|

+
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for g € C4[0,0). Thus, by applying Lemma 3 for g € C3[0, %), we get

IS5(f,2) — F(x)| S 411F — gl + () |8 + @ (f%)

which, by taking the infimum on the right-hand side over all g € C%[0, ) and using (14), yields
* 2
i/, - F0] S 4Kl 0) + o (12

< Lwn (f;m) +w(f;%>.

where L = 4M > 0. This evidently completes the demonstration of Theorem 1. [

Theorem 2. Let E be any bounded subset of the interval [0,00), and suppose that 0 < « < 1. If f € Cp|0, c0)
is locally Lip,, (), that is, if the following inequality holds true,

lf(y)—f)|EMly—=x*  (y€E x€0,0)),

then, for each x € [0, 00),

1S5(£,%) — F(x)] < M([ea(x)]? +2[d(x,E)]"), (19)

en (x) is given by Equation (13), M is a constant depending on « and f, and d (x, E) is the distance between x
and E defined as follows:
d(x,E) =inf{|y—x|:y € E}.

Proof. Let E denote the closure of E in [0, ). Then there exists a point x( € E such that

|x — x| = d(x,E).

By the above-mentioned definition of Lip,, («) , we get

1S:(f,x) = f()| < S5 (1f(w) = fF(0)],x)
< Su(1f(w) = f(x0)],x) + S5 (If (x) = f(x0)[, x)
< M{S;(ly — xol*, x) +[x — xo|" }
< M{S; (ly — x|* + |x = xo[*, x) + |x — x0|* }
< M{S;(ly — xo|*, %) +2|x — x0]" }.

Now, if we use the Holder inequality with

pz& and q=2 ,

we find that

30,0 — £ < M ([s3 (0 =30 )]+ 200 ]
M ([sy,(x)}% +2[d(x,E)]a> .
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We have thus completed our demonstration of the result asserted by Theorem 2. [

4. A Voronovskaja-Type Approximation Theorem

By applying Equations (5) to (7), as well as Lemma 1, we first prove the following result.

Lemma 4. It is asserted that

(20)

and
S,ﬁ(t4,x) =

4
(n—1)(n—2)(n—3) "
120n
(n-1n—-2)(n—-3)" " (n-1)(n—2)(n—3)
120
nn—1)(n—2)(n—-3)"

Furthermore, the following result holds true,

x 21)

+

3(n+6) " 4(3n% 4 32n + 12) B
(n—1)(n—2)(n—3) n(n—1)(n—2)(n—23)
12(n® +21n+18) 144(n +2)
n(n—1)(n—2)(n—23) v n(n—1)(n—2)(n—3)
120
nn—1)(n—2)(n—3)

Si((t=x)*,x) =

x (22)

_l’_

Proof. We begin by recalling the following moments of the Szdsz-Mirakjan operators,

3 2
Sn (t3, x) -4 % T % 23)

and

6x>  7x2  «x
4 _ A4
Su(thx) =+ Sy b @)

Using Equations (8) and the above formulas (23) and (24), we thus find for n > 3 that
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x)k 1
Z e X
k' B(k+2,n+1)

k43 p(1
/ / 1 +t (1 4+ f)ntk+1 ( ) dt dp

— —nx (nx d
712(:)6 K (k+2n+1 /0 Bylk+4m—-3)
_ o —nx ( ) (k+5 n— )
*gf ki Bk+2n+1)
_ i —nx ( )k r(k+5) ( 2) F(n+k+3)
“AY T K T(n+k+3) Tk+2)T(n+1)
_ ie*”x (nx)* (k+4) (k+3) (k+2)
7,(:0 k! nn—1)(n—-2)
= " Sl on Sulf?

n-Dm-2) DT G =g S

26 24
R ey T LG A gy prp A O

i 26 " 24
n—D)n—2) " nn—1)n—2)
B n? 3 12n 24 36
(n=1)(n-2) (n=1)(n-2) (n=1)(n-2)
P T
nn—1)(n—-2)"
On the other hand, for n > 4, we find that
* (14 _ = —nx (nx)k 1
S"(t’x)szg)e ki Bk+2,n+1)

tk+4 p
/ / 1 + t (1 & f)nt+k+1 < > dt dp

e - (nx)k
nx _
= ki (k+2n+1 /0 By(k+5,m
S e (nx)* B(k+6,n-3)
— nx
_k;)e ki B(k+2,n+1)
Cpx (10)8 T(k+6)T(n—3) T(n+k+3)

&° K Tntk+3) Tk+2)T(n+1)

ad - (nx)* (k+5)(k+4) (k+3) (k+2)
k! n(n—1)(n—2)(n—23)
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that is, that
. n3 141
S0 = == D G hm =g )
71n ) 154
T ne-26-3 It ey )
120
= Dm—2m =3 )
_ n’ o 2012 J
D=3 D23
1201 o 240 .
D -2)m-3) " T - Dn- 2D —3)
n 120

n(n—1)(n—2)(n-3)"
which, together, complete the proof of Lemma 4. [J

Theorem 3. Let f, f/, f'' € C,[0, ) for v = 4. Then, the following Voronovskaja-type approximation result

holds true,
2

tim {n[8307,0) ~ F0]} =27/ + (% + %) 10 25)
Proof. By Taylor’s expansion of f (t) at the point t = x, we have
£ = £+ £ () (=) + 3 f/(0) (0 =3P+ (00) (=3, 6)
where ¥(, x) is remainder term, ¥ (-, x) € C,[0, 0) and ¥ (t,x) — O as t — x.

Applying the Szdsz-Mirakjan Beta-type operators Sj; to Equation (26) and, using Lemma 2,
we obtain

Su(fx) = f(x) = f'(x) St —x,x) + % F1(x) Si((t =), x)

+85 (¥ (tx) (t—x),x)

2 1(1 , 2 27)

n+2) 6 ”
n—1 x+n(n71)>f(x)
+ S5 (¥, x) (t—x)?,x).

We now apply the Cauchy-Schwarz inequality to the third term on the right-hand side of
Equation (27). We thus find that

n

SH(¥() (1=, )] £ /25 (6= )% x) - S5 ([¥ (601 2).

Let
2

n(tx) = [¥(t,x)]".
In this case, we observe that 17(x, x) = 0 and also that #(-, x) € C,[0,00). Then, it follows that

lim {S,([¥(t,%)]%, %)} = lim {S;(y(t,x),x)} = 5(x,x) =0
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uniformly with respect to x € [0,b] (b > 0) and the following limit,

lim {n?S;((t—x)%x)}

n—oo

is finite. Consequently, we have

lim {nS;(¥(t,x) (t—x)*,x)} =0.

n—oo

Thus, in the limit when n — oo in Equation (27), we obtain

x2

tim {(n[S3(,%) — ]} =2 (1) + (G +) 170
The proof of Theorem 3 is thus completed. [

5. Concluding Remarks and Observations

We find it worthwhile to reiterate the fact that, in approximation theory and related fields,
the approximation and some other basic properties of various linear and nonlinear operators are
investigated because mainly of the potential for their usefulness in many areas of researches in the
mathematical, physical, and engineering sciences. This article has been motivated essentially by the
demonstrated applications of such results as those associated with various approximation operators.

In our present investigation, we have systematically studied a number of approximation properties
of a class of the Szdsz-Mirakjan Beta-type operators, which we have introduced here by using
an extension of the familiar Beta function B(x, ). We have established the moments of these
extended Szdsz-Mirakjan Beta-type operators and estimated several convergence results with the
help of the second modulus of smoothness and the classical modulus of continuity. We have also
investigated convergence via functions belonging to the Lipschitz class. Finally, we have proved a
Voronovskaja-type approximation theorem for the general Szasz-Mirakjan Beta-type operators.

Using the other substantially more general forms of the classical Beta function B(«, ), which
we have indicated in Section 1 of this article (see, for example, [22,23]), one can analogously develop
further extensions and generalizations of the various results which we have presented here. In many
of these suggested areas of further researches on the subject of this article, some other, possibly deeper,
mathematical analytic tools and techniques will have to be called for.
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Abstract: In this paper, for a given direction b € C" \ {0} we investigate slice entire functions of
several complex variables, i.e., we consider functions which are entire on a complex line {z° + b :
t € C} for any z° € C". Unlike to quaternionic analysis, we fix the direction b. The usage of the
term slice entire function is wider than in quaternionic analysis. It does not imply joint holomorphy.
For example, it allows consideration of functions which are holomorphic in variable z; and continuous
in variable z,. For this class of functions there is introduced a concept of boundedness of L-index
in the direction b where L : C" — R is a positive continuous function. We present necessary and
sufficient conditions of boundedness of L-index in the direction. In this paper, there are considered
local behavior of directional derivatives and maximum modulus on a circle for functions from this
class. Also, we show that every slice holomorphic and joint continuous function has bounded L-index
in direction in any bounded domain and for any continuous function L : C* — R ..

Keywords: bounded index; bounded L-index in direction; slice function; entire function;
bounded I-index

MSC: 32A10; 32A17; 32A37; 30H99; 30A05

1. Introduction

In recent years, analytic functions of several variables with bounded index have been intensively
investigated. The main objects of investigations are such function classes: entire functions of several
variables [1-3], functions analytic in a polydisc [4], in a ball [5] or in the Cartesian product of the
complex plane and the unit disc [6].

For entire functions and analytic function in a ball there were proposed two approaches to
introduce a concept of index boundedness in a multidimensional complex space. They generate
so-called functions of bounded L-index in a direction, and functions of bounded L-index in
joint variables.

Let us introduce some notations and definitions.

LetR, = (0,+), R} =[0,4+c0),0=(0,...,0),b = (by,...,b,) € C"\ {0} be a given direction,
L : C" — Ry be a continuous function, F : C" — C an entire function. The slice functions on a line
{20+ tb: t € C} for fixed z° € C" we will denote as g,0(t) = F(z* + tb) and Lo(t) = L(z° + tb).

Definition 1 ([7]). An entire function F : C" — C is called a function of bounded L-index in a direction b,
if there exists my € Z such that for every m € Z and for all z € C" one has

i k
QFEE R o

m!L"(z) = o<k<m, k'L¥(z)’
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where 0y F(z) = F(z),9pF(z) = |

9Dy, dkF(z) = dp (a{;—lF(z)), k> 2.
]

0z;

It

The least such integer number m, obeying (1), is called the L-index in the direction b of
the function F and is denoted by Ny, (F,L). If such m does not exist, then we put Ny (F,L) = oo,
and the function F is said to be of unbounded L-index in the direction b in this case. If L(z) = 1,
then the function F is said to be of bounded index in the direction b and N, (F) = Ny(F,1) is
called the index in the direction b. Let I : C — R4 be a continuous function. For n = 1,
b =1, L(z) = I(z), z € C inequality (1) defines a function of bounded I-index with the I-index
N(F,I) = Ny(F,I) [8,9], and if in addition /(z) = 1, then we obtain a definition of index boundedness
with index N(F) = Nj(F,1) [10,11]. It is also worth to mention paper [12], which introduces the
concept of generalized index. It is quite close to the bounded I-index. Let Ny, (F, L, z%) stands for the
L-index in the direction b of the function F at the point 20 i.e., it is the least integer my, for which
inequality (1) is satisfied at this point z = z0. By analogy, the notation N(f,1,2°) is defined if n = 1,
i.e., in the case of functions of one variable.

The concept of L-index boundedness in direction requires to consider a slice {z* + tb : t € C}.
We fixed z° € C" and used considerations from one-dimensional case. Then we construct uniform
estimates above all z¥. This is a nutshell of the method.

In view of this, Prof S. Yu. Favorov (2015) posed the following problem in a conversation with
one of the authors.

Problem 1 ([13]). Let b € C"\ {0} be a given direction, L : C" — R be a continuous function. Is it possible
to replace the condition “F is holomorphic in C"” by the condition “F is holomorphic on all slices z° + tb” and
to deduce all known properties of entire functions of bounded L-index in direction for this function class?

There is a negative answer to Favorov’s question [13]. This relaxation of restrictions by the
function F does not allow the proving of some theorems. Here by D we denote a closure of domain D.
There was proved the following proposition.

Proposition 1 ([13], Theorem 5). For every direction b € C"\ {0} there exists a function F(z) and a bounded
domain D C C" with following properties:

(1) Fis holomorphic function of bounded index on every slice {z° + tb : t € C} for each fixed z° € C";
(2)  F is not entire function in C";
(3)  Fdoes not satisfy (1) in D, i.e., for any p € Z. there exists m € Z and z, € D

m k
Lblz(zﬁ)l > max{abls(zlg)| 0<k< p}.

m! k!

Let D be a bounded domain in C". If inequality (1) holds for all z € D instead C", then F is called
function of bounded L-index in the direction b in the domain D. The least such integer my is called the
L-index in the direction b € C" \ {0} in the domain D and is denoted by Ny, (F, L, D) = my.

Proposition 2 ([13], Theorem 2). Let D be a bounded domain in C", b € C" \ {0} be arbitrary direction.
IfL: C" — R is continuous function and F(z) is an entire function such that (¥z° € D): F(z0 +tb) # 0,
then Ny, (F,L, D) < co.

Hence, if we replace holomorphy in C" by holomorphy on the slices {z" +tb : t € C},

then conclusion of Proposition 2 is not valid. Thus, Proposition 1 shows impossibility to replace
joint holomorphy by slice holomorphy without additional hypothesis. The proof of Proposition 2 uses
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continuity in joint variables (see [13], Equation (6)). It leads to the following question (see [14], where it
is also formulated. There was considered a case L(z) = 1).

Problem 2. What are additional conditions providing validity of Proposition 2 for slice holomorphic functions?

A main goal of this investigation is to deduce an analog of Proposition 2 for slice holomorphic functions.

Please note that the positivity and continuity of the function L are weak restrictions to deduce
constructive results. Thus, we assume additional restrictions by the function L.

Let us denote

L(z+tb) U }
A = sup su |t — | < — :
b(17) sup tl,fZEC{L(Z+t2b) I —t| < min{L(z + t;b),L(z + k,b)}

By Q}, we denote a class of positive continuous function L : C"* — R, satisfying the condition
(Vi >0): Ap(n7) < +oo, (2

Moreover, it is sufficient to require validity of (2) for one value 17 > 0.

For a positive continuous function I(t), t € C, and 1 > 0 we define A(7) = A} (7) in the cases
whenb=1,n=1,L=1. Asin[15],letQ = Q% be a class of positive continuous functions I(t), t € C,
obeying the condition 0 < A(#7) < +oo for all # > 0.

n

Besides, we denote by (a,¢) = Y. a;cj the scalar product in C", where a, c € C".
=1

Let ?-N[g be a class of functions which are holomorphic on every slices {z0 + tb : t € C} for each
z0 € C" and let H}, be a class of functions from 7—71’; which are joint continuous. The notation 0y, F(z)
stands for the derivative of the function g;(t) at the point 0, i.e., for every p € N 8{;1—" (z) = gép ) (0),
where g;(t) = F(z + tb) is entire function of complex variable t € C for given z € C". In this research,
we will often call this derivative as directional derivative because if F is entire function in C" then the
derivatives of the function g; () matches with directional derivatives of the function F.

Please note that if F € 7}, then for every p € N 9,F € Hg. It can be proved by using of
Cauchy’s formula.

Together the hypothesis on joint continuity and the hypothesis on holomorphy in one direction do
not imply holomorphy in whole n-dimensional complex space. We give some examples to demonstrate
it. Forn = 21let f : C — C be an entire function, g : C — C be a continuous function. Then f(z1)g(z2),
f(z1) £ g(2z2), f(z1 - g(2z2)) are functions which are holomorphic in the direction (1,0) and are joint
continuous in C2. Moreover, if we have performed an affine transformation

21 = boz} + b1z},
23 = byz} — b1z}

then the appropriate new functions are also holomorphic in the direction (by,b;) and are joint
continuous in C2, where by # 0, by # 0.

A function F € ﬁ]’; is said to be of bounded L-index in the direction b, if there exists my € Z such
that for all m € Z, and each z € C" inequality (1) is true. All notations, introduced above for entire
functions of bounded L-index in direction, keep for functions from 7?[{:

2. Sufficient Sets

Now we prove several assertions that establish a connection between functions of bounded
L-index in direction and functions of bounded [-index of one variable. The similar results for entire
functions of several variables were obtained in [7,16]. The next proofs use ideas from the mentioned
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papers. The proofs of Propositions 3, 4 and Theorems 1, 2 literally repeat arguments from proofs of
corresponding propositions for entire functions [7,16]. Therefore, we omit these proofs.

Proposition 3. If a function F € ?—7{; has bounded L-index in the direction b then for every z0 € C" the entire
Sfunction g,0(t) is of bounded 1 o-index and N(g,,1,0) < Np(F,L).

Proposition 4. If a function F € ﬁﬁ has bounded L-index in the direction b then
Np(F,L) = max {N(gzo,lzo) e (C”}.

Theorem 1. A function F € ;f,gg has bounded L-index in the direction b if and only if there exists a number
M > 0 such that for all z0 € C" the function g,0(t) is of bounded 1 o-index with N(g,0,1,0) < M < 400, a5 a
function of variable t € C. Thus, Ny, (F, L) = max{N(g,,L,0) : z2° € C"}.

Theorem 2. Let b € C" \ {0} be a given direction, Ay C C" such that {z+1tb : t € C,z € Ag} = C".
A function F € ﬁﬁ has bounded L-index in the direction b if and only if there exists a number M > 0 such that
forall 2° € Aq the function g, (t) is of bounded Lo-index with N(g,,L,0) < M < 00, as a function of one
variable t € C and Ny (F, L) = max{N(g,0,1,0) : 2° € Ap}.

Remark 1. An arbitrary hyperplane Ay = {Z € C" : (Z,c) = 1}, where (¢, b) # 0, satisfies conditions of
Theorem 2.

Corollary 1. If F € 7—7{1 is of bounded L-index in the direction b and jo is chosen such that b, # 0,
n
then Ny (F, L) = max{N(g,0,L0) : 2° € C”,z?0 =0}, and ifjg0 bj # 0, then Ny, (F, L) = max { N(g0,L0) :

n
Lect, Y= 0}.
=0’

n
We note that for a given z € C" the choice of z’ € C" and t € C such that } z? = 0 and
j=1
z = 20 + tb, is unique.
Theorem 3 requires replacement of the space #}, by the space ;. In other words, we use joint

continuity in its proof.

Theorem 3. Let A = C", i.e., A be an everywhere dense set in C" and let a function F € H}}. The function F
is of bounded L-index in the direction b if and only if there exists M > 0 such that for all z° € A a function
$,0(t) is of bounded 1o-index N(g,0,1,0) < M < +c0and Ny (F,L) = max{N(g,,L0) : 2° € A}.

Proof. The necessity follows from Theorem 1.

Sufficiency. Since A = C", then for every z0 € C” there exists a sequence z("), that z(") — 20 as
m — +ooand z(") € A for all m € N. However, F(z + tb) is of bounded I,-index for all z € A as a
function of variable t. That is why in view the definition of bounded I;-index there exists M > 0 that

(p) (k)
forallze A, teC,peZ+ l=" ()] gmax{‘gz ()] :nggM}.

plP(t) KUk (t)
Substituting instead of z a sequence z(") € A, z") — 20, we obtain that for every m € N

[P F(z™) + tb)]| _ { |0k F(z(") + tb)]

-~ 0<k<My,.
p!LP(z(m) 4 tb) — KILk(z0m 4-tb) ~ "~ }
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However, F and af,F are continuous in C” for all p € Nand L is a positive continuous function.
Thus, in the obtained expression the limiting transition is possible as m — oo (z") — 20). Evaluating
the limit as m — oo we obtain that forallz0 € C*, t € C, m € Z.

P 0 k 0
|0, F(z° + tb)] - |op F(z° + tb)] 0<k<M\.
p!LP(z0 4 tb) kILk(z0 + tb)
This inequality implies that F(z + tb) is of bounded L(z + tb)-index as a function of variable ¢ for
every given z € C". Applying Theorem 1 we obtain the desired conclusion. Theorem 3 is proved. [

Remark 1 and Theorem 3 imply the following corollary.

Corollary 2. Let b € C"\ {0} be a given direction, Ay C C" such that its closure Ay = {z € C" :
(z,c) = 1}, where (c,b) # 0. And let a function F € Hy, and its derivatives aﬁF € Hi forallp € N.
The function F(z) is of bounded L-index in the direction b if and only if there exists a number M > 0
such that for all 20 € Ay the function g,0(t) is of bounded l,o-index with N(g,,l,0) < M < +oo and
Np(F, L) = max{N(g,0,1,0) : 2 € Ag}.

3. Local Behavior of Directional Derivative

The following proposition is crucial in theory of functions of bounded index. It initializes series
of propositions which are necessary to prove logarithmic criterion of index boundedness. It was
first obtained by G. H. Fricke [17] for entire functions of bounded index. Later the proposition was
generalized for entire functions of bounded /-index [18], analytic functions of bounded l-index [19],
entire functions of bounded L-index in direction [7], functions analytic in a polydisc [4] or in a ball [5]
with bounded L-index in joint variables,

Theorem 4. Let L € Qp. A function F € ﬁg is of bounded L-index in the direction b if and only if for
each 17 > 0 there exist ng = ny(y7) € Z4 and Py = Pi() > 1 such that for every z € C" there exists
ko =ko(z) € Z+,0 < ko < ng, and

ax{]affp(z+tb) It < }<p1 ‘BkoF(z)‘ ®)

N/
L(z)
Proof. Our proof is based on the proof of appropriate theorem for entire functions of bounded L-index
in direction [7].
Necessity. Let N, (F; L) =N < +o0. Let [4], a € R, stands for the integer part of the number a in
this proof. We denote
q(n) = [27(N +1) (A (1))* 1] +1.

Forze C"and p € {0,1,...,4(17)} we put

‘akF(z-‘rtb)‘ py
R < <k<Nyjy,
p(1) = X{ KILk(z +tb) 1 0

|akF z+ tb)|

R" ]
(z KILK ()

P
t <
I < q(n)L
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_
WL S 1@

well-defined. Moreover,

However, |t < L=, then Ay, (%) < Ap(n). It is clear that R5(z,7), Rb(z, ) are

R‘;(z];ri) =
—max{ BRI (L) 0 <k < iy} <
Smax{%ljf%fﬂ()‘b(qr(m )) |4 < gty 0< k<N} @
gmax{%?—t)wl(/\b( )t < M(z)'0<k§N}S

S()\b(ﬂ))Nmax{lakak(*”’ \|_q u
=Rb(z, 1) (A ()Y,
‘,Z(Z 1) =
[0k F(z+1b)| (z+tb)
max{m( <>) < ot 0 Sk< N <

|0k F(z+1b)| p
Smax{k!"mzﬂb) (ho ()" 1< s 0k | <

< (Ap ())F BEEHDI ) 0<k<N ©
Smaxa Ae\1)) k) =00 > BK
N L +tb
< (Aw(n)) max{‘k}’m(éiﬂb)‘ It < oty 0<k < N}
RD (2, 1) (Ap (7))
Letkj € Z,0 < kj < N,and ; € C, |t;| < %,be such that
. 19y F(z + £b)|
R ’ = Z . 6
p(z 77) k;!Lk”(Z) ( )

However, for every given z € C" the function F(z + tb) and its derivative are entire as functions of
variables t. Then by the maximum modulus principle, equality (6) holds for t}, such that |t;] = £

~ q()L(z)"
We set t';] = ijltf,. Then

s _ (p=Dy

5= i)y @
z zZ| |ti’| _ 7
== = ey ®)

It follows from (7) and the definition of ﬁl;:fl (z,7) that

5 ~
10, F(z + b))

RP z,1) > =
pale) 2 K3 1L5 (2)

Therefore, i .
‘afj’p(u@n;)Haffp(zﬁ%b)‘

K1 (2) B )
) ”F(z—f— (tz + (5 — tz))b) ds.

0<RP(z) = RE_;(z,m) <

_ 1
KL (2) 0 s
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For every analytic complex-valued function of real variable ¢(s), s € R, the inequality
o( )‘ holds, where ¢(s) # 0. Applying this inequality to (9) and using the mean value

dg(s) < |4

theorem we obtain
Rb (Z/ to, 17) - szl (Z/ tO/ 7’/) <

- Ité—té\/
Tkl (2) Jo

_ -5l
Kz

k& IL5 (z)

0 P+ (B + (5, —E)b)|ds =

k541 ~ ~
3 F(z+ (B +s* (£ — t;))b)‘ =

K +1 S -
N R Ut Ut 2)L0)]
= L(z)(kp + 1)t — £ e+ LA

(k5 + IL T (2)

7

where s* € [0,1]. The point £, + s*(£; — f5) belongs to the set

. p1 e
{* cC: <o < L<z>}

Using the definition of boundedness of L-index in direction, the definition of 4(7), inequalities (4)

and (8), for k}, < N we have
K5 +l Tz * (12 Tz
ﬁb(z,ﬂ) _ Rb 1(2117) < |a g (Z + (tP +NS (tl’ B tp»?)'
b - T (ke + IS (2 (B + 57 (8 — B))b)
L(z+(?;+s*(t;—?;))b)>ké+l N+1
X LE)(K+1)|5 -5 < A Nt
e B +DIG-Fl <ah )
|05 F(z+ (8 +5*(t; — £))b)| N+1 N
- (0<k<Np<p——(A +HRb(z, 1) <
Xmax{ KILK(z + (B + 5% (t; — E5))b) =N =) o)™ Ry em) <
NN +1)(Ap ()Nt 15
< Bl Dl AT T ) < 3R
(z,17). Using inequalities (4) and (5), we obtain for R'; (z,1)

It follows that ﬁ}; (z,) < 213';71

R} (z,17) < 2(Ap ()N RP_1(z,1) < 2(Ap (1))*NR)_3 (2, 7).

Hence,
|0k F(z+tb)| -
max{m < o<k < N} =Rp(z1) <
<20 ) RE | (z,7) < (20 (1) PRE 4 (z0) < w0
< < (2 ())PN)IRE (2,77) =
= (2(Ap (17))2Nya(n) max{ i%iii)) :0<k<N
Letk, € Z,0<k, <N,and t, € C, || = (—b e such that
o F(z)| 90y F(2)|

koL (z)  odlen KILK(z) ’

and
|0k F(z + £2b)| = max{|9{F(z + tb)| : || < /L(2)}.
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Inequality (10) implies

k> ng k2
\abF(Z+tz~b)\ < max |9y F(z + tb)| =<
kLK (z + .b) kz!Lk:(z + tb) L(z)
[0k F(z + tb)] 3
< -2 i |t=—,0<k<N; <
—max{ MG 1) = T 0SksNes

kz
< (2(Ab(ﬂ))zw)q(ﬂ>%4

Hence,

max {|a’f;1—“(z b1 |t < 17/L(z)} <

L (z 4+ £:b)
: <
Lkz (Z) ‘ab F(Z)| —

< 20w ()™M (Ap ()N O F(2)] <
< (204w (1))N)1) (A (7)) N9 F(2)].

Thus, we obtain (3) with nyp = Ny, (F, L) and

< (2(Ap (1))PN )1

Pi(7) = (2(Ap (1))™)7 (Ap ()N > 1.

Sufficiency. Suppose that for each 77 > 0 there exist ng = ny(7) € Z4 and P; = P;(17) > 1 such that
for every z € C" there exists ko = ko(z) € Z4,0 < ko < ny, for which inequality (3) holds. We choose
7 > 1and jy € Nsuch that P; < #/0. For given z € C", kg = ko(z) and j > jo by Cauchy’s formula for
F(z + tb) as a function of one variable ¢

. ko

Ko+ j! 9y F(z +tb)
SE(z) = L / 2T 4y
b (z) 2711 J|t|=y/L(z) ti+1

Therefore, in view of (3) we have

o) _ L(z) Kk i Li(z) .k
< — 0 : = — < —_— 0
s max{\BbF(z+tb)| 1t L(z)}*pl )

Hence, forall j > jo, z € C"

o
9y F(z)]

| jkot P RYF@E| _ 8P FE) _ [9RF(E)]
(ko + j)!Lkoti (z)

(j+ko)! i ko!Lko(z) = ko!Lko(z) = ko!Lko(z)’

<

Since ko < ng, the numbers 1y = ny(17) and jo = jo (1) are independent of z and ¢, this inequality
means that a function F has bounded L-index in the direction b and Ny, (F, L) < ng + jo. The proof of
Theorem 4 is complete. [

Theorem 4 implies the next proposition that describes the boundedness of L-index in direction
for an equivalent function to L. Let L*(z) be a positive continuous function in C". We denote
L =< L*, if for some 61,65, 0 < 6; < 6, < 400, and for all z € C”" the following inequalities hold
01L(z) < L*(z) < 62L(2).

Proposition 5. Let L € Qp, L < L*. A function F € ’}-Ll’§ has bounded L*-index in the direction b if and only
if F is of bounded L-index in the direction b.
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Proof. First, itis not easy to check that the function L* also belongs to the class Q}.. Let Ny, (F, L*) < 4-co.
Then by Theorem 4 for every * > 0 there exist no(17*) € Zy and Py (7*) > 1 such that for every z € C"
and some ko, 0 < ko < np, inequality (3) holds with L* and #* instead of L and 5. But the condition
L =< L* means that for some 61,6, € R, 0 < 6; < 6, < +coand for all z € C" the double inequality
holds 61 L(z) < L*(z) < 6,L(z). Taking 1% = 6,1 we obtain

Py[3fF(z)| > max {\a’]‘JOF(z b1 |t < n*/L*(z)} >
> max {|a§0F(z+ th)|: |t < W/L(z)}.

Thus, by Theorem 4 in view of arbitrariness of #* the function F(z) has bounded L-index in the
direction b. We can obtain the converse proposition by replacing L with L*. [

Please note that Proposition 5 can be slightly refined. The following proposition is easy deduced
from (1).

Proposition 6. Let L1(z), La(z) be positive continuous functions, F € ﬁ{', be a function of bounded Ly-index
in the direction b, for all z € C" the inequality Ly (z) < Ly(z) holds. Then Ny(Ly, F) < Np(Ly, F).

Using Fricke’s idea [20], we obtain modification of Theorem 4.

Theorem 5. Let L € Q}. If there exist y > 0, ng = ng(y7) € Zy and Py = Py(n) > 1 such that for all
z € C" there exists ko = ko(z) € Z4,0 < ko < ny, for which the inequality holds

max{|9fF(z + tb)| : |t < /L(z)} < P[0 F(2)],
then the function F € 7-7{; has bounded L-index in the direction b € C" \ {0}.
Proof. Our proof is based on the proof of appropriate theorem for entire functions of bounded L-index
in direction [21].

Assume that there exist 7 > 0, ng = ng(17) € Z4 and P; = P;(17) > 1 such that for every z € C"
there exists kg = ko(z) € Z4,0 < kg < ng, for which

max{|afF(z + tb)| : |t] < szz)} < Py F(2)]. 1)
If 7 > 1, then we choose jy € N such that P; < y/0. And for ; € (0;1] we choose jy € N obeying
the inequality %Pl < 1. This jj exists because
i lko! !
Jotko! Ko Pi =0, jo — .

Got+ko)! "~ Go+1)(o+2) - (jo+ko)

Applying Cauchy’s formula to the function F(z + tb) as function of complex variable ¢ for j > jy
we obtain that for every z € C" there exists integer kg = ko(z), 0 < ko < ny, and

/ al{,OF(z +1tb)

ko-+j o
9y 'F(z) = e i dt.
=15
Taking into account (11), one has
ko-+j ; i
19y "F(z)| _ L(z) ko i L/(z) ok
— - - : = ——3 < — 9,0 .
i < p max { \E)b F(z+tb)|: |t| el Py " |8b F(z)] (12)
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In view of choice jj for # > 1 and for all j > j, we deduce

ko+7j .
B TF@ k! P ()] o IIREG) _ ORE()]
(ko +1)!To%(z) = T+ ko)t kolLo(z + 1gb) 1 kolLRo(z) ~ kolLFo(z)’

Since kg < ng, the numbers 1y = ng(y7) and jo = jo(17) are independent of z, and z € C" is
arbitrary, the last inequality means that the function F is of bounded L-index in the direction b and
No(F,L) < 1o+ jo.

If 7 € (0,1), then (12) implies for all j > jj

Oy F@ ke PFR)| _ |opF()]
(ko + )15t (2) = (j+ ko)t ylko!LRo(z) = niko!Llo(2)

or in view of the choice of jy

0y E@)| gt _RFE)| g
(ko+/)! Lroti(z) =  ko! Lko(z)

Thus, the function F has bounded L-index in the direction b, where L(z) = %Z) Then by
Proposition 5 the function F is of bounded L-index in the direction b. Theorem is proved. O

4. Bounded Index in Direction in Bounded Domain

Let D be a bounded domain in C". If inequality (1) is fulfilled for all z € D instead C", then F is
called function of bounded L-index in the direction b in the domain D. The least such integer m is called the
L-index in the direction b in the domain D and is denoted by Ny, (F, L, D) = myg. By D we denote a closure
of domain D.

Theorem 6. Let D be an arbitrary bounded domain in C", b € C" \ {0} be arbitrary direction. If L: C" —
R is continuous function, F € Hj, and (Vp € N) agz—" € Hiand (v2° € D): F(z°+1tb) # 0,
then Ny, (F,L, D) < co.

Proof. Proof of this theorem is similar to proof of corresponding lemma in [13]. For every given 2eD
we develop the entire function F(z° + tb) in power series by powers ¢

F(Z"+1tb) =} —t (13)
m=0 m:
in the disc {t € C: |t\ < L( TED) }.
The quantlty <! il is the modulus of coefficient of power series (13) at the point t = 0.

Substitute t = m Smce F € H}, for every zg € D

|op F(2°)]

() —0 (m— ),

i.e., there exists my = m(2%, b) such that inequality (1) holds at the point z = z° for all m € Z.
We will show that sup{ng: z € D} < +co. On the contrary, we suppose that the set of all values
mg is unbounded in z¥, that is sup{my: z° € D} = +o0. Hence, for every m € Z there exists z(") € D
and py, > m
QP ((m) Ik (z(m)
AEG [ IhEGE)

P0<k=m,. 14
putLPm (") wrkm) 0= ‘m} (14)
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Since {z(™)} C D, there exists subsequence z (") — z' € G as m — +c0. By Cauchy’s formula
one has

ol F(z) 1/ F(z—i—tb)dt
|t|=r

pl 2. P+l

forany p € N, z € D. Rewrite (14) in the form

max KILK(z(m))
1 F(z0") 4 1b 1 .
< Lpm (z(m) f\t|:r/L(z(”')) l (7|Zt‘pm+l ) |dt] < o max{|F(z)| : z € Dy},

k (m)
AR < f < m} -
(15)

where D, = U,..p{z € C" : [z = z*| < L‘(bz‘:) }. We can choose > 1, because F € .. Evaluating limit
for every directional derivative of fixed order in (15) as m — oo we obtain

k ’
|abF(z )| < Im

(Vk e Zy): HIE) = o

max{|F(z)| :z € D,} <0.

The passing to the limit is possible because alf,F is joint continuous. Thus, all derivatives in the
direction b of the function F at the point z’ equal 0 and F(z') = 0. In view of (13) F(z’' +tb) = 0.
This is a contradiction. [

5. Conclusions

The proposed approach can be applied in analytic theory of differential equations. It is known
that concept of bounded index allows the investigation of properties of analytic solutions of linear
higher-order differential equations with analytic coefficients. Therefore, it leads to the question of
what the additional conditions are, providing index boundedness of every slice holomorphic solutions
for linear higher-order directional derivative equations with slice holomorphic coefficients? In other
words, is joint continuity a sufficient condition?

Since there are known analogs of Cauchy’s formula for quaternionic variables and for Clifford
algebras, the authors assume that The results in this paper can be generalized in these cases, i.e., in the
case of slice holomorphic functions of quaternionic variable.
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Abstract: In the theory of generalized hypergeometric functions, classical summation theorems for
the series o Fy, 3F>, 4F3, 5F4 and 7F play a key role. Very recently, Masjed-Jamei and Koepf established
generalizations of the above-mentioned summation theorems. Inspired by their work, the main
objective of the paper is to provide a new class of Laplace-type integrals involving generalized
hypergeometric functions ,F, for p = 2,3,4,5 and 7 in the most general forms. Several new and
known cases have also been obtained as special cases of our main findings.
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1. Introduction

The generalized hypergeometric function with p numerator and g denominator parameters is
defined [1-4] as

bi, -o, by | = (b1)n- - (by)

in which no denominator parameters b; is allowed to be zero or a negative integer. If any numerator
parameter 4; in Equation (1) is zero or a negative integer, the series terminates.

In addition, here, (a), is the well known Pochhammer symbol [5] for any complex number a
defined as

(), = T e

1, (n=0,aeC\{0})
B aa+1)---(a+n—-1), (neN,aeC),

where I'(z) is the well known gamma function defined by
I(z) = / e ¥ ¥ ldx 3)
0

for Re(z) > 0.
Further, application of the ratio test shows that the series in Equation (1):
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@)
(ii)
(iii)

@)
(ii)
(iii)

converges for all finite z if p < g;
converges for |z| < 1if p =g+ 1;and
diverges forallzz #Qif p > g+ 1.

In addition, following Bromwich [6] (p. 41 and 241), Knopp [7] (p. 401) or Luke [8], it can be
shown that the ;1 F; series is

absolutely convergent for |z| = 1 if Re(y7) < 0;
conditionally convergent for |z| =1,z # 1if 0 < Re(y) < 1; and
divergent for |z| = 1if 1 < Re(#), where

p q
n = Za, — Eb]
j=1 j=1

It is not out of place to mention here that, whenever a generalized hypergeometric function
reduces to products and quotients of gamma functions, the results are very useful from the point of
view of applications. For p = 2,3,4,5 and 7 of the generalized hypergeometric function in Equation (1)
with proper choice of parameters, the results in the form of summation theorems are available in the
literature in terms of gamma function. However, for p = 6, we do not have any summation theorem
available. Thus, in this paper, we do not consider the case for p = 6. Here, we mention the following
classical summation theorems [1,2], so that the paper may be self contained.

Gauss Theorem for Re(¢c —a —b) > 0

a, b | T()T(c—a—b)
ZFI[ c 1 " T(c—a)l(c—b)

Kummer’s Theorem

P ,71' _ T(1+a—b)T(1+ 3a)
S I | TA-b+3a)(1+a)
Second Gauss Theorem
F a, b 1| _ VAI(5a+b+1))
P la+b+1) 72 T(3(a+1)T(3(b+1))

Bailey’s Theorem

El® 1—a 1| _ F(%b)l"(
b 2] T r((arn)T
Dixon’s Theorem for Re(a — 2b — 2¢) > —2

a, b, c

F
32 1+a-b, 14+a-—c

7

B F(1+3ia)(1+a-b)I(1+a—c)[(1-b—c+la)

F(1+a)[(1-b+1a)F(1-c+la)f(1+a—-b—c)

Watson’s Theorem for Re(2c —a — b) > 1

a, b, c
Ha+b+1), 2

VaAT(c+ Drd@a+b+1)(c—3(a+b-1))

3b ;1

_ )
" T+ )T+ 1) 3a— D) -1)
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e  Whipple’s Theorem for Re(b) > 0
a, 1—a, b
sb { c, 2b—c+1 ’1} (10)
a2l ()T (2b—c+1)
F(%(u +¢))T(b+ %(a —c+ 1))1"(%(1 —a+c))I(b+1— %(u +0))

e  Pfaff-Saalschiitz Theorem

a, b, -n (c—a)u(c—Db)y
3F2|:C, 1+a+bcn'1] (n

e Second Whipple’s Theorem

F a, 1+4%a, b ¢ | _Tla-b+1la-c+1) 12)
43 o, a-b+1,a—c+1’ T Ta+DT(a—b—c+1)
e Dougall’s Theorem for Re(a —c —d —e) > —1
a 1+ 1la c d e
F 7 24, ’ ’ .l 1
54{%»1, a—c+1, a—d+1, a—e+1"’ (13)
Ta—c+1)l(a—d+1)T(a—e+1)I(a—c—d—e+1)
T T@+NI(a—d—e+)l(a—c—e+1)I(a—c—d+1)
e Second Dougall’s Theorem
a, 1+La, b, ¢ d 142a—b—c—d+n, -n
7Fs 1 2 ; (14)
s, a—b+l,a—c+l,a—d+1,b+c+d—a—na+1l+n

_(a+)pa—b—c+1)y(a—b—d+1)y(a—c—d+1),
T (at1-by@a+1-cula+1—-d)ya+1—-b—c—d),

For very interesting applications of some of the above-mentioned classical summation theorems,
we refer a very popular and useful paper by Bailey [9].
In addition, for finite sums of hypergeometric series, if we use the following symbol

(rlg) {ul, . “P;z} _ i T, (ai)n i/

ptaq by, -, bq’ n:oH?:l(bi)n n!

where, for instance,
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then, by using the following relation [10],

ay, e, apog, 1
F y ;
ptq |: by, -, bq71/ m rZ:| (15)

~ T(by) - T(byq1) T(ay —m+1)---T(ap g —m+1) (m—1)!
B T(al) . --F(ap,l) F(bl — m+1) . --F(bq,l —m+ 1) zm=1

{ iy -m+1--, a1 —m+1
b—m+1 s b —m+1

m2) oy —met1,, ay g —m+1
—p-1Fg1 F ;
P q bl—m+1,~--,bq,1—m+1

}

very recently Masjed-Jamei and Koepf [11] established generalizations of the classical summation
theorems in Equations (4)—(14) in the following form:

a, b, 1
E ! ! ;1 1
32{ o m (16)

_ImI(c)f(a—m+1)T'(b—m+1)
I(@)(b)(c—m+1)
><{l"(c—m-i—1)1“(c—a—b—‘,—m—l) (’”1;2) a-—m+1,b—m+1

;1

T'(c—a)l(c—Db) - c—m+1

|

31:2{ 4 b 1 ;1] 17)

a—b+m,m

m1 LmIa—b+m(a—m+1)Ib—-m+1)

= (=1 NONONCEES))
X{ T(@a—b+1)I(1+La—m+1)) _<';lglz) a—m+1,b—m+1__1”
F(2+a—mI(m—b+ia—m+1)) a—b+1 ’
=0
B 42 as
DTG (a+ b+ )0 —m + I (b —m+1)
T(@)T(OI(—m+1+L(a+b+1))
X{ VAT(=m+1+(a+b+1)) _o e mt 1, w1 1”
T(1+ 3(a—m))T(1+ 5(b—m)) —mA1+3(at+b+1) "2

=05
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+F { s amoe-L 12 19)
:2m71F(M) (0)I'(a —m+1)I'(m —a)
IF(a)T(2m—a—1I(b—m+1)
X{ TGl—m+)IGE-—m+2) 2 { a—m+1, m—a 1}}
F(—m+1+3@+b)I(3(b—a+1)) b—m+1 "2
=y
sFs { ai,b+nl;: a—cc,+m,1m ;1} 20)
_ITm(a—b+mIa—c+mI(a+1—-mT(b+1-m(c+1—m)
N T(a)T ()T (e)T(a—b+1)T(a—c+1)
{ I(3(a+3-m)(a—b+1)I(a—c+1)I(~b—c+i(a+3m—1))
Fa+2—mI(=b+l@a+m+1)T(—c+i@a+m+1)I(a—b—c+m)
(m—2) _ _ _
_ 5 { a m;r_l;]il/m Zi,cc—’_ 1erl 1 }
=05
45 %(u?—b—i—%, 2611—1111, m ;1} @
C T(m)T(3(a+b+1)T(2c+1—m)(a+1—mT(b+1—m)(c+1—m)
T(a)T(b)T(c)T(—m + 3(a+b+3))T(2c — 2m +2)
X{ VAT(c—m+3)T(-m+1(a+b+3))I(c—La+b-1))
T+ ia—m)TA+3b-m)(c+1-L@a+m)I(c+1—L(b+m))
m=2)1  g—m+1, b—m+1, c—m+1
= ok { —ma 1+ Matb+1), 20—2m+2 }
=0
sFs [ " c, 27’12;_1 ;-fll b’m : ’ (22)

T(m)L(c)I(2b—c+1)I(m—a)l(a+1—m)I(b+1—m)
I(@a)L(b)Ir2m—1—a)l(c+1—-m)'(2b—c—m+2)
><{ r2m—2b-1 T(c—m+1)
F(—m+1+3@+o)l(-m+1+b+3@a—c+1)IE(1—a+c))
r@b—c—m+2) (m2)
T(b+1-1atc) 3h2 ! }
=Qy

a—m+1, b—m+1, m—a
m+1,2b—c—m-+2

’
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=1 1=
B (1=a)u1(1=0)m

(c—a—b+n), 1 y { (c—a)u(c—b)y
(m+2—m)y_q (c+1—m)p(c—a—b+m—1),

(’"2>{ a—m+1,b—m+1, —n }

;1

a, b, —n+m-—1,1
4 { (23)

¢, 1+a+b—c—n, m

7

— 3F
52 c—m+1,24+a+b—c—m—n

=Qg

a, Ya+m+1), b ¢ 1

F,
5 l(11+mfl),aberm,achrm,m

;=1 = (=1)"'T(m) (24)

I(2(a+m—1)(a—b+mI(a—c+mI(3(a—m+3))(a—m+1)
(@)L ()T ()T (3(a+m + 1) (3(a —m+1))
I(b+1—m)T(c+1—m) IT14+a—-b)T(14+a—rc)
Fa—b+1)l(a—c+1) {F(27m+a)l"(m+a7b7c)
2 g —m41,b—m+1, (am+3)cm+1.1}}

X

oA %(a—m—i—l) a—b+1,a—c+1

=0

a,  Ya+m+1), ¢ d e 1
%(a-i—m—l),a—c+m,a—d+m,a—e+m,m
_ l”(m)l"(%(u—&—m—1))F(a—C+m)F(a—d+m)F(a—e+m)

Ta—c+1I'(a—d+1)T(a—e+1)
Tla—m+1)I(A(a—m+3))L(c+1—mI(d+1—mI(e+1—m)
C(a)(c)I(d)T(e)I((a+m+1)T((a—m+1))

IFa—c+)l(a—d+1)T(a—e+)l(a—c—d—e+2m—1)

{F(meJra)l"(ufcfeer)l"(afdfeer)l"(ufcfder)

(’"Fz){am+1,c m+1, (afm+3)dfm+l,efm+1

> %(u—m—&-l) a—c+1, a—d+1, a—e+1

6Fs (25)

’

;1

i

=0y

a, %(a+m+1), b, ¢, d 2a—-b—c—d+2m—-14n, m—n—-1, 1
%(qumfl),afb+m,a7c+m,u7d+m,b+c+d7a+1fm7n,a+n+1,m
(%(3_‘2_7’1))111—1(1_a+b_m)m—1

(%(l_a_m))m—l(l_a)mfl
I—at+c—m)yy1(1—a+d—m)y(m+n+a—-b—c—d)y_1(—a—n)yu_
(1—b)m,1(1 Om-1(l=d)yyq(b+c+d—2a+2—-2m—n)y_1(n+2—m)y,_
{(afm+2)n(afbfc+m)n(ufbfd+m)n(u7cfd+m)n

(a—b+1u(@a—c+Dul@a—d+1)p(a—b—c—d+2m—1),

sF7 [ ; 1} (26)

=(=1)" " (m—-1)! x

(m=2)

— .F a—m+1, a—m+3), b-m+lc—m+1,d—m+1,20—b—c—d+m+n —n .1
756 %(n m+1),a~b+l,a—c+l,a—d+1,btct+d+—a+2-2m—na-m+n+2 7

=0n
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Remark 1. For other generalizations of the results in Equations (5)—(10), we refer to [12-16].

On the other hand, we define the (direct) Laplace transform of a function f(t) of a real variable ¢
as the integral ¢(s) over a range of the complex parameter s as

8(5) = L{f(ts) = [ e p(oyar @)

provided the integral exists in the Lebesgue sense. For more details, see, for instance, the works of [17]
or [18]. It is interesting to mention here that, in view of the formula

/(; e~ 1dp — T(a)s ™ 28)

provided Re(s) > 0 and Re(x) > 0, by using Equation (1), it is a simple exercise to show that the
Laplace transform of a generalized hypergeometric function ,F; is obtained as [3,19,20]:

/O LR, [‘;i Zp;wt} dt (29a)
s 7 q

y v, ay, o, Ay W
T(v)s Lp+1Fq[ by e, by s:|

provided that when p < g, Re(v) > 0, Re(s) > 0 for w arbitrary, or p = q > 0, Re(v) > 0 and
Re(s) > Re(w).
Further, in Equation (29a), if we take p = q = 1,v = b, a1 = a and by = ¢, we find that (see [20]),

00
/ estLE
0

provided Re(b) > 0, Re(s) > 0, Re(s) > Re(w) and |s| > |w|.

Finally, in Equation (29b), if we take w = %s and either c = %(u +b+1)orb=1-—a, thenitis

a, b w
.=

s (29Db)

’z; wt} dt = F(b)s*b °F {

easy to see that the o F; series appearing on the right-hand side of Equation (29b) are summable by
known summation theorems in Equations (6) and (7), respectively, and we find that

00 1 1
/ ettt |, Latlar=st r(zl)r(b)r(z(”fbﬂ)), (29¢)
0 La+b+1) 2 (3 a+ 1)L +1)
provided Re(b) > 0 and Re(s) > 0, and that
co _ 1 1
/ etap | 1st dt =s*1 r(ll a)F(zc)ll”(z(C—&-l)), (29d)
0 c 2 L(z(c+a))l(3(c—a+1))

provided Re(1 —a) > 0 and Re(s) > 0.

The results in Equations (29b) and (29¢) are very well-known in the literature and are recorded,
for example, in the work of [20].

In addition to Equation (29a), it is interesting to observe here that, when w = +s and q = p,
on similar lines, we can obtain the following result in view of the conditions of convergence of ,F;
mentioned in Section 1.

/we’SttV’lF oo Mo dr (29¢)
0 P by, e, by

_ v v,ay, e, ap,

=T(v)s Lp+1F}7|: by, o bp, +1
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provided Re(v) > 0, Re(s) > 0and Re(by +---+by —a; —--- —ap —v) > 0.

Remark 2. 1. Since there is no summation theorems for the series , F, for argument %, 1 and —1 are available

in the literature, at this moment, it is not possible to find the Laplace-type integrals for the generalized
hypergeometric function ,F,. We leave this open problem for the readers.

2. Laplace-type integrals in the case p = 2 were given by Deepthi et al. [21] and connections with fractional
integral operators were recently studied by Parmar and Purohit [22].

The aim of this paper is to provide a new class of Laplace-type integrals involving generalized
hypergeometric functions by employing the summation theorems in Equations (16)-(26). Several new
and known special cases have also been considered.

2. Laplace-Type Integrals Involving Generalized Hypergeometric Functions

In this section, we establish several new, interesting and elementary Laplace-type integrals in the
most general form, involving generalized hypergeometric functions asserted in the following theorems
that follow directly from Equations (29a) and (29¢) and the known results in Equations (16)—(26).
The results presented in this section would serve as key formulas from which, on specializing the
parameters, lead to several results, some of which are known and others are believed to be new.

[A] Laplace-type integrals involving generalized hypergeometric function , F,

The results to be established are asserted in the following theorems.

Theorem 1. For m € N, Re(s) > 0, Re(a) > 0 and Re(c —a — b+ m) > 1, the following result holds true.

/ e S, {b' 1;sif] dt =T(a)s "y, (30)
0 c, m
where () is the same as given in Equation (16).

Theorem 2. For m € N, Re(s) > 0 and Re(c —a — b+ m) > 1, the following result holds true.

/ et oF {“’ h;st} dt =10y, @31)
0 c, m
where ()1 is the same as given in Equation (16).

Theorem 3. For m € N, Re(s) > 0and Re(a) > 0, the following result holds true.

*© b 1
—st ta—1 ’ —a
t F ;—st|dt =T 0y, 32

./0 ‘ zz{a—b-i-m,m S} (a)s 2 (32)
where Q) is the same as given in Equation (17).

Theorem 4. For m € N, Re(s) > 0and Re(b) > 0, the following result holds true.

/o Y {a _ab + ml m St} dt =T(b)s™" Oy, (33)

where () is the same as given in Equation (17).

Remark 3. The reader should observe that the results given in Theorems 3 and 4 are different but obtained from
the same known result in Equation (17).
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Theorem 5. For m € Nand Re(s) > 0, the following result holds true.

@ —st a, b . _ 1
/0 et F, L_Hm, y st} dt = s 10y, (34)

where Q) is the same as given in Equation (17).
Theorem 6. For m € N, Re(s) > 0and Re(a) > 0, the following result holds true.

b, 1 1

00
—st ya—1
t FE ;=
/0 ¢ 220 (a4 b+1), m'2

st] dt =T(a)s " Qg3, (35)

where Q3 is the same as given in Equation (18).

Theorem 7. For m € Nand Re(s) > 0, the following result holds true.

o
/ Efst 21:2
0

where Q3 is the same as given in Equation (18).

a b 1
’ s st dt =s710
Ha+b+1), m'ZS} s (36)

Theorem 8. For m € N, Re(s) > 0and Re(a) > 0, the following result holds true.

/O et =1, F, {2’”}; 4 _:1’ L ;st} dt = T(a)s™ Q, 37)

where Q)y is the same as given in Equation (19).
Theorem 9. For m € N, Re(s) > 0 and Re(2m —a — 1) > 0, the following result holds true.

a, 11

/[; e~St a2, F, b ni 2st} dt =T(2m—a—1)s"T172mQ, (38)

where Q)y is the same as given in Equation (19).

Theorem 10. For m € Nand Re(s) > 0, the following result holds true.

= dm—a—11
/Oe’“ze {”’bm ”m ;zst] it =510y, (39)

where Q)4 is the same as given in Equation (19).
Proof. To establish the result in Equation (30) asserted in Theorem 1, we proceed as follows.

In Equation (2%), if we take p = q = 2, v = a,a; = b,a, = 1, by = ¢, and b, = m, considering
positive sign, we get

7 ’

/ et {b' 1;51‘} dx = s T(a) 35 [u, b, l;1} . (40)
0 c, m c, m

We now observe that the 3F, appearing on the right-hand side of Equation (40) can be evaluated
with the help of the result in Equation (16) and we easily arrive at the right-hand side of Equation (30).
This completes the proof of Equation (30) asserted in Theorem 1.
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In exactly the same manner, the results in Equations (31)—-(39) asserted in Theorems 2-10 can be

evaluated. We however omit the details. [
Corollary 1. (a) In Theorem 1, if we take m = 1,2, 3, we get the following results.

© et b _ T(a)[(c)L(c—a—Db)
/0 e L'St}dt seT(c—a)l(c—b) '

/ e st {b’ 1;st] dt
0 c, 2

_(c—DIr(a—1) [T(c-1)T(c—a—b+1) 1
oot (b-1) { [(c—a)l(c—b) }

and

00
/ et {b’ 1;st] dt
0 ¢, 3

T'(c—a)l(c—Db) c—2

2T (a)(c —2)2 {F(C—Z)F(c—a—b+2) ub+c—2a—2b+2}.

T s (a—2)2(0 - 2);
(b)  In Theorem 4, if we take m = 1,2, 3, we get the following results.

o 27 (D T(MHr(1+a—1»b
/0 et (BT()T(1+a—b)

a
;—st| dt = ,
14+a—b } stT(ta+HI(1+3a—b)

/me*“t‘b*1 F. a 1 ; —st| dt
0 22124012

~ (a—b+1)T(D) 171"(1+u7b)1“(%a+%)
T sb(a—-1)(b—-1) T(@T(la—b+3)

and

(o]
—st yja—1
t F ;=
/0 ¢ ¥2134a—b,3

_2(a—b+1);T(a) I(a)T(1+a—b)  3a+b—ab—3
T sb(a—2)2(b—2); | T(a—1)I(la—b+2) 1+a-0b [

b, 1 st] dt

(c) In Theorem 7, if we take m = 1,2,3, we get the following results.

= 1
/ Efst - 1F1
0

b L VAT (@)T(3(a+b+1))
La+b+1)2 s T(L(a+1)T(3(b+1))

oo —st ya— b/ 1 .l
/0 e st %(a+b+1),2'55t dt
_(a+b-1I(a—1) [VAT(3(a+b—1)) T
- st (b—1) I'(a)r(ip)

50

(41)

(42)

(43)
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and

(49)

b, 1 1 ]dt_ZI“(a)(a-l—b—l)(a-i-b—S)

e —st pa—1 P
/oe by, 57 (a—2)2(b — 2

" VAT (3(a+b-3)) _ab—a—-b+1
F(3(a=1)T(3(b-1)  a+b=3 [

(d)  In Theorem 10, if we take m = 1,2, 3, we get the following results.

«© —st qa— 17“.1 _ r(u)r(lb)r(l(b+1))
/o e llFl{ b '2”} dt_s”l"(%(a—o—zb))l"é(b—u—&-l))' (50)

/0 estii=1,F, [3 Y v ) L ;st} dt 1)

_2(1-b)(a) T(3(b—1))r(3b) .
s"(1—a)y | T((a+b) -1 —a+1))

and

~ 8(b— 2)aT(a)
dt = 7 (a 724)4

y TG0-1))T(3(b-2)  5a—a*+2b—10
T(3(a+b) —2)T(3(b—a+1)) 26— 2)

(52)

Similarly, other results can be obtained from Theorems 2, 3, 5, 6, 8 and 9.

Remark 4. 1. The results in Equations (47) and (50) were recorded by [23] as well as [20].
2. The proofs of Theorems 11-35 given below are straight forward and can be proven with the help of the result
in Equation (29e), thus they are given here without proof.

[B] Laplace-type integrals involving generalized hypergeometric function 3F3

The results to be established are asserted in the following theorems.

Theorem 11. For m € N, Re(s) > 0, Re(a) > 0 and Re(a — 2b — 2c + 3m) > 1, the following result
holds true.

b C, 1 a
st ya—1 ’ 7
e t 3F3 ; st dt =T(a)s 05, 53
/O a—b+m,a—c+m,m () ( )

where Q5 is the same as given in Equation (20).

Theorem 12. For m € N, Re(s) > 0, Re(b) > 0 and Re(a — 2b — 2c + 3m) > 1, the following result
holds true.

0 et b1 a, < 1 _ b
/Oe ¢ 3F3{a_b+m/a_c+m’m,st}dt—l"(h)s O, (54)

where Qs is the same as given in Equation (20).
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Theorem 13. For m € N, Re(s) > 0 and Re(a — 2b — 2c + 3m) > 1, the following result holds true.

© g a, b, c 1
F ;st| dt =s ' Qs, 55
/0 ¢ 33{a—b+m,u—c+m,ms} ° 5 (35)

where Qs is the same as given in Equation (20).
Theorem 14. For m € N, Re(s) > 0, Re(a) > 0 and Re(2c — a — b) > —1, the following result holds true.

b, c,

{ee]
—st ga—1
-1, F
/0 ¢ 33 La+b+1),2c+1—m,m

;st} dt =T(a)s " Q, (56)

where Q¢ is the same as given in Equation (21).

Theorem 15. For m € N, Re(s) > 0, Re(c) > 0 and Re(2c — a — b) > —1, the following result holds true.

* 1
/ efst o 31:3
0

where Qg is the same as given in Equation (21).

a, b, 1
Ha+b+1),2c+1—m, m

;st} dt =T(c)s™“Q, (57)

Theorem 16. For m € N, Re(s) > 0 and Re(2c — a — b) > —1, the following result holds true.

oo
/ efsf 3F3
0

where Q¢ is the same as given in Equation (21).

a, b, c
%(a+b+1),2c+lfm,m

;st] dt = s710, (58)

Theorem 17. For m € N, Re(s) > 0, Re(a) > 0 and Re(b — m + 1) > 0, the following result holds true.

/(; e—st ta—l 3F3 |:2m111, b, nill,St dt = r(a) s 07’ (59)

¢, 2b—c+1,

where Q)7 is the same as given in Equation (22).

Theorem 18. For m € N, Re(s) > 0, Re(b) > 0 and Re(b — m + 1) > 0, the following result holds true.

o dm—a—1, 1
/ et 1, {”’ meas st dE=T(b) sy, (60)
JO

¢, 2b—c+1,

where Q7 is the same as given in Equation (22).

Theorem 19. For m € N, Re(s) > 0, Re(2m —a —1) > 0and Re(b — m + 1) > 0, the following result
holds true.

« —st y2m—a—2 a, ¢ 1 a+1-2m
t F st dt=T(2m—a—1 Q 61
/0 ¢ 33|:C, 2b—c+1, m's:| (@m—a—1)s 7 ©D

where Q)7 is the same as given in Equation (22).
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Theorem 20. For m € N, Re(s) > 0and Re(b — m + 1) > 0, the following result holds true.

00
st a, 2m—a—1, b 1
F ;st| dt = Qy,
./0 ¢ 33|:C, 2b—c+1, mS s 7

where Q7 is the same as given in Equation (22).

Theorem 21. Form € N, n € Ny, Re(s) > 0and Re(a) > 0, the following result holds true.

st a1
/0 Eibt - 3F3

b, —-n+m-—1, 1 _
! ! ;st|dt =T g,
c,1+a+h—c—n,ms} (a)s 8

where Qg is the same as given in Equation (23).

Theorem 22. Form € N, n € Ny and Re(s) > 0, the following result holds true.

o0
/ efst 3F3
0

where Qg is the same as given in Equation (23).

a, b, -n+m-1
¢, 1+a+b—c—n, m

;st} dt = s71Qg,

Corollary 2. (e) In Theorem 11, if we take m = 1,2,3, we get the following results.
b, ¢ ; st

0 7stta71 E

/0 ¢ 220 14a-b, 14a—c’
_TEaT(A+a—bT(1+a—c)l(1+ta—b—c)
- 257 T(1+ a—b)I(1+a—c)T(1+a—b—c)’

dt

/0 e oFy L_Z; 2, fl,—c—&—12, 2;“} at
Ta—1)14+a—-b)(1+a—c)
st (b—1)(c—1)
y {r(g(a+1))r(1+a—b)r(1+u—c)r(§u—b—c+g) _1}
T(@I(3a—b+3)r(la—c+3)r@+a—b—c)

and

o b c, 1
/0 et R [a—b,-i-?a, P cts, 3;st] dt
- 2(11 —b+ 1)2(11 —Cc+ 1)2 F(a)
o s (ﬂ—Z)z(b—Z)z(C—Z)z
I(ia)rQ+a—b0)I(1+a—c)l(3a—b—c+4)
{r(a1)r(;ab+2)r(;ac+2)r(3+abc)

(a=2)(b=2)(c-2) 71}
(a—b+1)(a—c+1) ’

53

(62)

(63)

(64)

(65)

(66)

(67)



Axioms 2019, 8, 87

() In Theorem 14, if we take m = 1,2, 3, we get the following results.
b, )C } dt (68)

Ooefst tafl o5
/0 3a+b+1), 2

VAT (@) (c+ )T (3(a+b+1)T(c—s(a+b—1))
Sﬂr( (ﬂ+l)r( (b+1))r (Cf,(a ))r(cf%(bfl))'

® e St pa— 1 b 1
/0 AR %(u+b+l) 21,2 }dt ©9)
_(a+b71 afl) cf%)r%a+b71))r(cf%(u+b71))_l
B (T (30 e — 2)r(c - 1b)

and

e b c 1
—stp-1.F ¢ ¢ ;st| dt 7
/o ¢ 33 a4b+1), 20-2,3°° 70

_ (2c=3)(a+b—1)(a+b—3)T(a)
s7(c—1)(a—2)2(b—2),
X{ VAT(e = HT(h(a+b—3))I(e~ 3(a+b-1))
T(5(a=1))T(3(b =1)T(c— 5(a+1)T(c—3(b+1))

(a—-2)(b-2)
“ZI???*‘l}

(g) In Theorem 17, if we take m = 1,2,3, we get the following results.

./Oooefsf tafl ze |:C,12bll_,c+bl;st
_ 22 T(a)[(c)(2b — ¢ + 1)
C st T3+ )b+t a—c+1)T(3A—a+e)I(b+1—1(a+c)

dt 71)

© o an 3—a, b 1 _ (c—1)(c—2b)T(a)
/0 j— 13F3L e 2,st} = e oy 72)
{ 72320 (¢ — 1)T(2b — ¢) }
x 1 1 1 1 -1
IFGla+e)=NIb+5@a—c—1)IG1—at+c)I(b+1-3(a+c))
and
/Oooe—st ta—l 3F |:C5 2b_c+1 3 St:| Zb)—(z_ 12)) r( ) (73)
X{ T2 2T (c—2)T(2b—c+1)
F(2(a+c)—2)I(b+3(a—c—3)r (%(1—u+c)) (b+1-1(a+0)
_(@=2)B-a)(b— 2)_1}
(c—=2)(2b—c—1) ’
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(h)  In Theorem 21, if we take m = 1,2, 3, we get the following results.

st a1 -n, b ) _ T(a)(c—a)u(c—D),
./0 L1 l14a+b—c—mn,c ’St} at = s?(c)p(c—a—"b), ’ 74
a1 -n+1, b, 1
/0 et R | | (75)
_(1—-c)(c—a—-b+n)(a—1) (c—a)u(c—b)y _1
B n(l—b)s* (n(c—a—b+1),
and

® st -1 —n+2, b, 1

/0 AR l+a+b—-c—mn,c 3 st | dt 76)

2(1—c)alc—a—b+n),T(a)
st (1 *11)2(1717)2
(c—a)u(c—b)n n(a—2)(b—2)
x {(cfZ)n(cfuquLZ)n e Datb—c—n=1) *1}'

Remark 5. The results in Equations (65), (68) and (71) are known results due to Kim et al. [24].

[C] Laplace-type integrals involving generalized hypergeometric function 4Fy

The results to be established are asserted in the following theorems.

Theorem 23. For m € N, Re(s) > 0, Re(a) > 0 and Re(a —2b — 2c + 3m) > 2, the following result
holds true.

{oe]
/ efst ta—l 4F4
0

where Qg is the same as given in Equation (24).

1

,u+m+1, b, c, _

l(uz+(m—1) e m"“} dt=T(@)s™" 0o, (77)
2 ’ ’ ’

Theorem 24. For m € N, Re(s) > 0, Re(c) > 0 and Re(a — 2b — 2c + 3m) > 2, the following result
holds true.

00 1
/ E_St [ 4F4
0

where Qg is the same as given in Equation (24).

%(a—&-m—l), a—b+m, a—c+m, m

1
a, sla+m+1), b 1 ~st} dt =T(c)s™ " Qo, 78)

Theorem 25. For m € N, Re(s) > 0, Re(a +m +1) > 0and Re(a — 2b — 2c + 3m) > 2, the following
result holds true.

o0 b c 1
st py(atm=1) p & ’ ’ . _st| dt 79
/0 ¢ 4 %(a+m71),a7b+m,a7c+m, m o 79
1
:F(E(a+m+1))s_%(“+m+l)09,

where Qg is the same as given in Equation (24).
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Theorem 26. For m € N, Re(s) > 0 and Re(a — 2b — 2c + 3m) > 2, the following result holds true.

©
/ E*St 41:4
0

where Qg is the same as given in Equation (24).

a, L@a+m+1), b ¢
%(u—&—m—l), a—b+m,a—c+m, m

;st} dt =510, (80)

Corollary 3. (i) In Theorem 24, if we take m = 1,2,3, we get the following results.

0o 1
—st 4c—1 a, Z(a+2)/ b .
t F. ;—st| dt 81
./o ¢ 33{%a,a—b+l,a—c+l s 1)

I(1+a-b)[(1+a—c)(c)
ssT(1+a)T(1+a—-b—c)’

oo 1
st yo—1 a, E(ﬂ + 3)/ br 1 L
/0 ¢ by %(a+1),a—b+2,a—c+2,2' st| dt 82)

_ (I+a-b)(14+a—c)I(c) {1_F(1+afb)l“(l+a7c)}
s (a+1)(b—1)(c—1) IF(@)(24+a—b—c)

and

00 —st 40— a, l(a+4)/ br 1 .
/06 £ 4R %(u+3),2ub+3,uc+3,3'_5t}dt @3
204+a—0b)2(1+a—c)2T(c)
T st(a+2)(a—1)(b—2)(c—2),
T14+a—-b)T(1+a—c) a(b—2)(c—2) 1
{1"(1171)1"(3+a7b7c) (A+a-b)(1+a—c) }

Similarly, other results can be obtained from Theorems 23, 25 and 26.
[D] Laplace-type integrals involving generalized hypergeometric function 5Fs

The results to be established are asserted in the following theorems.

Theorem 27. Form € N, Re(s) > 0, Re(a) > 0and Re(2a — 2¢ — 2d — 2e + 3m) > 2, the following result
holds true.

Ha+m+1), c d, e 1

;st| dt 84
%(a—i—m—l),a—c+m,a—d+m,a—e+m,ms (84)

* 1
/ E_St - 5F5
0

=T(a)s " o,
where ()1 is the same as given in Equation (25).

Theorem 28. Form € N, Re(s) > 0, Re(c) > 0 and Re(2a — 2¢ — 2d — 2e + 3m) > 2, the following result
holds true.

* 1
/ efs[ = 5F5
0

=T(c)s “ o,

%(a—i—m—l), a—c+m,a—d+m, a—e+m, m

1
a, sla+m+1), d, e, 1 ;st:| it (85)

where )y is the same as given in Equation (25).
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Theorem 29. Form € N, Re(s) > 0, Re(a+m+1) > 0and Re(2a —2c — 2d — 2e + 3m) > 2, the following
result holds true.

a, c, d, e, 1
1

{ee]
/ e—stt%(zwrm—l) Fs
sla+m—=1),a—c+ma—d+ma—e+mm

;st} dt  (86)
0

1 1

=T(5(a+m+1)) sTzletmEl) 0,

where (g is the same as given in Equation (25).

Theorem 30. Form € N, Re(s) > 0and Re(2a — 2c — 2d — 2e + 3m) > 2, the following result holds true.

-0
/ e*St 5F5
0

-1
=s" (o,

1 _
s(a+m—1), c, d, e;st it 7)
—1),a—c+ma—d+m,a—e+m,m

a,
La+m

where (g is the same as given in Equation (25).

Corollary 4. (j) In Theorem 27, if we take m = 1,2,3, we get the following results.

00 1
—st a—1 c, 7((1 + 2), d, e .
t E, t| dt 88
/0 ¢ 44[%a,ac+l,ad+l,ae+l's (88)

Tl4+a—c)l(1+a—dT(1+a—e)T(1+a—c—d—e)
s T(l+a—d—e)T(1+a—c—e)T(1+a—c—d)
¢ 3@+3), d e 1 'st} dt (89)

/0 e SEs La+1), a—c+2, a—d+2, a—e+2, 2"

(I+a—-c)(1+a—d)(1+a—e)T(a)
s"(1+a)(c—=1)(d=1)(e—1)

{F(l+a—c)F(1+a—d)F(1+a—e)F(3+a—c—d—e) _1}
Fal24+a—d—e)l24+a—c—e)T2+a—c—d)

’

X

and

© sta-1 c La+a), d, e, 1
/Oe £ sks %(a—i—Z),az—c+3,u—d+3,a—e+3,3
_ 214+a—c)(1+a—d)(1+a—e)yT(a)

S (@—1)a+2)(c—2)2(d—2ale—2);
Tl4+a—c)l(1+a—dT(Ql+a—e)l(5+a—c—d—e)
{F(a71)F(3+a7dfe)l’(3+ufcfe)l’(3+afc7d)
a(c—2)(d—2)(e—2)
7(1+u7c)(1+a7d)(l+afe)}'

;st} dt (90)

Similarly, other results can be obtained from Theorems 28-30.
[E] Laplace-type integrals involving generalized hypergeometric function ¢Fg

The results to be established are asserted in the following theorems.
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Theorem 31. For m € N, Re(s) > 0and Re(a) > 0, the following result holds true.

/0 st =1 1)
F %(ﬂ+m+l), b, ¢, d 2a—b—c—d+2m—-1+n, m—n-1, 1 ot | dr
77 %(ajtmfl),a7b+m,u7C+m,a7d+m,b+c+d7a+l7m7n,a+n+1,m'

=T(a)s™" On,
where 041 is the same as given in Equation (26).

Theorem 32. For m € N, Re(s) > 0and Re(a + m + 1) > 0, the following result holds true.

0o L
/ e—stﬁ(u+m—1)>< (92)
0
a, b, c, d, 20—b—c—d+2m—1+n, m—n-—1, 1
757 |4 ;st| dt
sla+m—1),a—b+ma—c+ma—d+mb+c+d—a+l—-—m—na+n+1m

1
=I(;(a+m+1)) s2letmtl) o
where ()11 is the same as given in Equation (26).

Theorem 33. For m € N, Re(s) > 0 and Re(b) > 0, the following result holds true.

00
/ oSt b1 (93)
0

r %(u+m+1), b, ¢, d 2a—b—c—d+2m—-1+n, m—-n—-1, 1 . d

77 l(a—%—m—l)lz—b+ma—c—0—m11—d+mh—O—c—&-d—u+l—m—n11+n-§—1m'St f
2 ’ ’ 7 ’ ’ ’

= F(b) Sih Qllr
where ()11 is the same as given in Equation (26).

Theorem 34. For m € N, Re(s) > 0and Re(2a —b—c—d+2m —1+4n) > 0, the following result
holds true.

/m e—st t2a—h—c—d+2m+n—2 % (94)
0

r %(a+m+1), a, b, c, d, m—n—1, 1 cst| gt

77 %(a—o—m—l),u—b+m,a—c+m,u—d+m,b+c+d—u+l—m—n,u+n+1,m'

=T(a—b—c—d+2m—1+n)s Ra-b-c—dtam=itn) q
where ()1 is the same as given in Equation (26).

Theorem 35. For m € Nand Re(s) > 0, the following result holds true.

o0
— Ya+m a P m—n—
/ e Sf7F7[ farmin, o b o Lot (95)
0

La+m—1),a—b+ma—ctma—d+mbrcrd—a+l—m—na+n+im’

1
=s Oy,

where ()17 is the same as given in Equation (26).
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Corollary 5. (k) In Theorem 31, if we take m = 1,2, 3, we get the following results.

[Teste (96)
0

o F b, (a+2) ¢, d 2a-b—-c—d+n+1, -—-n it

676 %11,1+11 blta—clta—dbtctd—a—natnt+1’

_T@Q+a)y(a—b—c+1)yla—b—d+1)y(a—c—d+1),
T s (14+a-b)y(1+a-c)y(l+a—d)y(l1+a—-b—c—d), ’

/‘ e—st tﬂ—l 97)
0

b, Y(a+3), ¢ d, 20-b-c—d+n+3, 1-n,
- ,
><71——‘7{ L@+ 4a-blta—clta-dbtctd—a—n—Tlatn+12 ;st|dt

(b—a—-1)(c—a—-1)d—a—-1)n+2+a—b—c—d)(a+n)I(a)
ns®(1+a)(1-b)(1—-c)(1—d)(b+c+d—2a—2—n)

x{lf (a)p(a—b—c+2)y(a—b—d+2)(a—c—d+2), }
(I+a-b)y(1+a—-c)u(l1+a—-d),3+a—b—c—d),

and
® st a1
/ st g 98)
0
b, Ya+4), ¢ d 20-b-c—d+n+5 2-n 1
2
X7F7[ (n+2)3+n b3+a-c3+a—dbtc+d—a—n—-2,a+n+13 ’St}dt

_(a=2)(b—a—2)(c—a—2)(d—a—2),
T st (a+2)(1—a)2(1—b)2(1 —c)a(1 —d),
><(—a—n)y,(3—&-n-i-a—b—c—d)zl"(u)
(n—=1)2(b+c+d—2a—4—n)
(a—1Dpla=b—c+3)y(a—b—d+3),(a—c—d+3),
{(a—b+1) (a—c+Dpula—d+1u(a—b—c—d+5),

na(b—2)(c—2)(d—2)(2a—b—c+n-+3) 1
(a—b+1)(a—c+1)(a—d+1)(b+c+d—a—n—4)(n+a—1) }

+

Similarly, other results can be obtained from Theorems 32-35.

Remark 6. For evaluation of Eulerian’s type integrals involving generalized hypergeometric
functions by employing the summation theorems, Equations (16)—(26), we refer an interesting paper
by Jun et al. [25].

3. Concluding Remark

In the theory of generalized hypergeometric functions, classical summation theorems such as
those of Gauss, Gauss second, Kummer, Bailey, Dixon, Watson, Whipple, Saalschiitz and Dougall
play a key role. Applications of the above-mentioned classical summation theorems are well-known.
Very recently, Masjed-Jamei and Koepf established interesting and useful generalizations of the
above-mentioned classical summation theorems in the most general form.

In this paper, an attempt has been made for providing a list of several Laplace-type integrals
involving generalized hypergeometric functions ,F, for p = 2,3,4,5 and 7 in the most general forms
which would serve as key formulas from which, on specializing the parameters, lead to several results,
some of which are known and others are believed to be new. The results established in this paper are
simple, interesting, easily proven and may be potentially useful.
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We conclude this section by remarking that other applications of the generalized summation

theorems due to Masjed-Jamei and Koepf are under investigations and the same will form a part of the
subsequent paper in this direction.
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additive functional equation f(x1 4+ y1, X2+ Y2,..., Xn + yn) = f(x1, %2, ..., X0) + fF(Y1, Y2, -, Yn)-
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part of the stability theorem, we partially generalize the results of the stability theorems of the additive
function equations.
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1. Introduction

In 1940, Ulam [1] gave the question concerning the stability of homomorphisms in a conference of
the mathematics club of the University of Wisconsin as follows:

Let (G, -) be a group, and let (G/, -, d) be a metric group with the metric d. Given 6 > 0, does there
exist € > 0 such that if a mapping /1 : G — G’ satisfies the inequality

d(h(xy), h(x)h(y)) <6
forall x,y € G, then there is a homomorphism H : G — H with
d(h(x),H(x)) <e

forall x € G?
Next year, the Ulam’s conjecture was partially solved by Hyers [2] for the additive
functional equation.
Theorem 1. [2], Let X and Y be Banach spaces. Suppose that the mapping f : X — Y satisfies the inequality
If(x+y)—f(x)=fy)|| <& Vx,y€eX, e:constant.
Then, there exists a unique additive mapping
A(x+y) = A(x) + A(y),

such that || f(x) — A(x)|| < ¢, where the limit A(x) = limy—e0 2" f(2"x).

Thereafter, this phenomenon has been called the Hyers—Ulam stability.

Axioms 2019, 8, 76; d0i:10.3390/ axioms8020076 63 www.mdpi.com/journal /axioms
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Theorem 2. Let X and Y be Banach spaces. Suppose that the mapping f : X — Y satisfies the inequality

If(x+y) = f(x) = fFW)ll < o(lIx]” + [ly[IP) )

forall x,y € X\{0}, where 6 and p are constants with © > 0 and p # 1. Then, there exists a unique additive
mapping T : X — Y such that

I1£(x) = T < o = I @
forall x € X\{0}.

Theorem 2 is due to Aoki [3] and Rassias [4] for 0 < p < 1, Gajda [5] for p > 1, Hyers [2] for
p = 0, and Rassias [6] for p < 0.

In 1994, Gavruta [7] generalized these results for additive mapping by replacing 6(||x||” + ||ly||")
in (1) by a general function ¢(x,y), which is called the ‘generalized Hyers-Ulam stability” in this paper.

In 2001, the term hyperstability was used for the first time probably by G. Maksa and Z. Pales
in [8]. However, in 1949, it seems to have created by D. G. Bourgin [9] that the first hyperstability result
concerned the ring homomorphisms.

We say that a functional equation D (f) = 0is hyperstable if any function f satisfying the equation
D(f) = 0 approximately is a true solution of D(f) = 0, which is a phenomenon called hyperstability.

The hyperstability results for the additive (Cauchy) equation were investigated by Brzdek [10,11].

In this paper, let V and W be vector spaces, X be a real normed space, and Y be a real Banach
space. We denote the set of natural numbers by N and the set of real numbers by R.

For a given mapping f : V" — W, where V" denotes V x V x - - - x V, let us consider the additive
functional equation

fxa+yLxo+yo, .. 00 +yn) = f(x, 20, x0) + fF(Y1, Y2, Yn)s 3)

forallx;,y; € V(i=1,2,...,n).

Each solution of the additive functional Equation (3) is called an n-variable additive mapping.
A typical example for the solutions of Equation (3) is the mapping f : R* — R! given by
flxr, 22, xn) = (X1 a1i%i, Yy 82iXi, - - -, Lj—q 41;%;) With real constants a;;.

In this paper, we will prove the generalized Hyers-Ulam stability of the additive functional
Equation (3) in the spirit of Gavruta [7], and the hyperstability of the additive functional Equation (3).
2. Main Results

For a given mapping f : V" — W, we use the following abbreviation:

Df(x1,y1,%2,Y2, -, Xu, Yn) := f(x1+y1, %24+ Y2, ..., Xn +Yn)
— fx1,x2,., x0) — f(Y1,Y2,- - Yn)

for all x1,y1,%2,Y2,..., X, Yn € V. We need the following lemma to prove main theorems.

Lemma 1. Ifa mapping f : V" — W satisfies (3) for all x1,y1,%2,Y2, ..., X, yn € V\{0}, then f satisfies (3)
forall x1,y1,x2,Y2, ..., Xu,Yyn € V.
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Proof. Let x € V\{0} be a fixed element, and leti € {1,2,...,n}. For given x;,y; € V, let xgl), xi(z),

1) 2 ) )

xf =xx" =-xy, =xy  =-x if x;=0and y; =0,
s =yl =y =Ly = 2 if x; =0 and y; £0,
xl(l) = %,xfz) = %,yl@) = x,-,y,( ) = —X; if x; #0 and y; =0,
xfl) = %,xfz) = %,ylm = (k+ 1)yi,y§2) = —ky; if x; 20 and y; #0,

where k is a fixed integer, such that 3 + (k+1)y; # 0,3 — ky; # 0. Then, xl-(l), xl(z),ygl),yfz),xfl) +

yf ), 2 )—i-y e V\{0} andx >+yi(1> +x52> +y52) =x;+yforalli=1,2,...,n
Hence the equalities Df( (1) (1), L X (1),y(1)) = 0, Df(x 2),y§2),...,x£,2),y,(12)) — 0,
Df(x x1 ,xél), (2),...,x,(,1>,x< >) = 0, and Df( ¥ ,le),yg ),yg ), . ,yil),y,(f)) = 0 hold for all
X1,Y1,X2,Y2, -, Xn, Yn € V. Since the equality
Df(xlrl/lzx2,]/2,~- S X, Yn)
=Df(x{V 4y, 2P 4y @ Vg0 @@ Wy, 4P
1) (1 1) (1 2) 2
+DF, Yy, )+ D P 1Py 2 )
1) ) (1) (2 1

—Df(Xi ),xg ),xg ),xg R Df(y1 ,yg ),yg ),yg Ly )
holds for all x1,y1, X2, Y2, ..., Xn, yn € V, we conclude that f satisfies Df (x1,¥1,...,%Xn, yn) = 0 for all
X1, Y1, X2, Y2, -+ -/ Xn, Yn ceV. O

Thereafter, let i € {1,2,3,...,n}. For a given element (x1,x,...,x,) # (0,0,...,0), we can
choose a fixed element x’ # 0, such that ¥ € {xy, x3,...,x,}. Moreover, let x; @ xl( € V\{0} be the
elements defined by

V- x[,x(Z) =x; if x; #0,

=x,x7 = —x if x; =0. 4)
By using Lemma 1, we can prove the following set of stability theorems.

Theorem 3. Suppose that f : V" — Y is a mapping for which there exists a function ¢ : (V\{0})*" — [0, 0),
such that

00 m m m mn m m
Z 90(2 x1,2 ]/lr2 X2,2 yz,--.,Z Xn, 2 ]/n) <o )

27"

m=0
and
IDf(x1, y1, %2, Y2, - - - X, ) || < @(X1, 1, X2, Y2, -+ X, Yin) (6)

forall x1,y1,%2,Y2, .., Xu, yn € V\{0}. Then, there exists a unique mapping F : V"' — Y that satisfies

DF(x1,¥1,X2,Y2,-- -, Xn, Yn) =0 (7)
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forall x1,y1,%2,Y2,...,Xn, Yn € V and

2 u(2Mxq,2"xy,. .., 2Mx
IF Geu ) = F (2 | < 3 B2 0200 20) ®)
pe

forall (x1,x2,...,%,) € V'\{(0,0,...,0)}, where the function y : V" — R is defined by

u(xy, xo,..0, %)

( @ 0 2 (1 (2
o (720, ) 2 (T )

R S RS N G o DV (GG G- SO
P\ 2222 P\ 2222

forall (x1,x2,...,x,) € V'\{(0,0,...,0)}.
Proof. From the inequality (6) and the equalities

f(2x1,2x,...,2xy) — 2f (X1, X2, ..., Xp) )
=f(2x1,2x2,...,2%y) — f (xgl),xgl),...,ﬂl)) - f (xﬁz),xf),...,x;(f))

o 0 @ @ @
2 (x1, %2 ) +2f <x1 x;g) +of (xlzxgxz >
M

=

=
N=S N

+f (xgl),xél),. ..

’

SO
Ty
o
7 2 RN 2
1 2 1) (2 (1 .2
1) (2 1) _(2 1) (2 X o xy ox Xy X
:Df(x% ),x§ ),xé),x§>,...,x£, ,xs,))—ZDf <12,12,§,§ R n )
Cop (L
272727277272
cop (L A
272727272772

forall (x1,x,...,x,) € V'\{(0,0,...,0)}, we have

) -
+f (xgz),xéz),.,.,xﬁ,z)) —2f

ﬂ
)

~

f(2x1,2x0,...,2xy)
2

) 1) .(2)
SHDf (xgl),xiz),xél),xéz),...,xill),x,(f)> H +2HDf ("12 xlT % %,...,x” < > H
o (A
2 ’ 2 ’ ’ A 4
2 (2
R s B I
W(mmmwwww

p(x1,x2,.. ., xn)

Hf(xl,xz,..‘,xn) -

<

N =
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for all (x1,x2,...,%,) € V™\{(0,0,...,0)}. From the above inequality, we get the (following-
4 palces) inequality

Hf (mel, . ,2mx”) f (2m+m’xll o ,2m+m1xn) H

om om+m'
m+m'—1 f (kal,.,.,zkxn) f (2k+1x1,...,2k+1x,,>
< —
- =, 2k 2k+1
m+m'—1

w(2kxq, 2%x,, ..., 28 xy)
2k+1

< (10)

k=m

for all (xq,x2,...,x4) € V"\{(0,0,...,0)} and all positive integers m,m’. Thus, the sequence

{W}mel\! is a Cauchy sequence for all (x1,x,...,x,) € V"\{(0,0,...,0)}. Since Y is a

£(20,2™0,...,2™0)
B —

real Banach space and limy; 0 = 0, we can define a mapping F : V" — Y by

R 2Mx1,2"Mxp,...,2Mx,
F(x1,x2,...,%xn) :nlljgof( 1 o n)

for all x1,x2,...,x, € V. By putting m = 0 and by letting m' — o in the inequalities (10), we can
obtain the inequalities (8) for all (x1,x2,...,x,) € V'\{(0,0,...,0)}.
From the inequality (6), we can obtain

H Df(2"Mx1,2My1,2" %2, 2"y, . .., 2" X, 2™y )

2m - 2m

‘ < 4 (me1,2my1,2mx2, cee ,2'"x71,2myn)

for all x1,y1, X2, Y2, ..., %n,yn € V\{0}. Since the right-hand side in the above equality tends to zero as
m — oo, and the equality

. Df(2Mxq,2Myq,2Mxy,2My,, ..., 2" x,, 2™
DF(x1,¥1,X2, Y2, - -, Xn,Yu) = lim f(2"x0, 27, 2", 2"y 2" )

n—00 om

holds, then F satisfies the equality (7) for all xq,y1, ..., %, ¥» € V\{0}. By Lemma 1, F satisfies the
equality (3) for all x1,y1,x2,y2,..., X5, yn € V. If G: V" — Y is another n-variable additive mapping
that satisfies (8), then we obtain G(0,0,...,0) =0 = F(0,0...,0) and

f <2kx1,2kxz, . .,2kxn) F (kal,kaz,. . .,2’<xn>

2k 2k

|G (x1,x2,. .., xn) — F (x1,x2, ..., %) ||

G <2"x1,2kx2, . ,kan) f <2kx1,2kxz, . .,2%)

2k 2k

+

l

for all (xq,xp,...,%4) € V'\{(0,0,...,0)} and all k € N. Since }_;>_, W —0ask — oo,
we have G(x1,x2,...,%,) = F(x1,x2,..., %) forall x1,xp,...,x, € V. Hence, the mapping F is the

unique n-variable additive mapping, as desired. [

& u(2Mxy,2Mxy, .., 2" xy,)
Z 21’”

m=k

The condition x1,y1, X2, Y2, - - ., Xn, Yn € V\{0} used in the inequality (6) differs from the condition
(x1,%2,..., %) # (0,0,...,0) and (y1,y2,...,¥x) # (0,0,...,0) handled by the other authors. If the
function f satisfies the inequality (3.2) for all (x1,x2,...,x,) # (0,0,...,0) and (y1,¥y2,...,Yn) #
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(0,0,...,0), then the function f satisfies the inequality (3.2) for all x1,y1, %2, Y2,..., Xu, yn € V\{0}.
Therefore, the condition x1,y1,X2,Y2, - -, Xn, Yn € V\{0} used in the inequality (3.2) in this paper is
a generalization of the conditions used in the inequality (3.2) in the well-known pre-results ([10,11]).
This condition will apply until Corollary 1.

Theorem 4. Suppose that f : V' — Y is a mapping for which there exists a function ¢ : (V\{0})?" — [0, )
that satisfies

i (X1 Y1 X2 Y2 Xn Yn
;JZZQ’ <§'§'?’F' i 21) < 09, (11)
=

and (6) for all x1,y1,%2,Y2,--.,Xu,Yn € V\{0}. Then, there exists a unique mapping F : V" — Y that
satisfies (7) for all x1,y1,X2,Y2, ..., Xn,Yn € V and

X2 pe
IF (o) = F ()| € 1 2% (il i) 02

forall (x1,x2,...,%,) € V'\{(0,0,...,0)}, where the function p : V" — R is defined as Theorem 3.

Proof. By choosing a fixed element x € V\{0}, we can obtain

—X X —X X —X X —X
1£(0,0,...,0)] = Hsz <2m = 27127,) —Df (W,zmﬂ,...,%lvrﬂfl)
X X X X —X —X —X —X
‘Df(ﬁ'ﬁ'~~-'27'27)‘Df<27'27'~-'27'ﬁ> ‘
—X X —X X —X X —X
<2(P <2m om ’27m’27m>+(P(2111—1’2m—1""’2m—1’2m—1>

X X X —X —X —X —X
+q)<2m 2m’ : ’2111 21n)+90 Zm zm’ ) ’27’27

— 0 as m — oo,

so £(0,0,...,0) = 0. Since the equality (9) holds for all (x1,xp,...,x,) € V\{(0,0,...,0)}, the
inequality (6) implies the inequality

ot 20 (5 ) 20 (5o )

forall (x1,x2,...,%,) € V'\{(0,0,...,0)}. From the above inequality, we can also obtain the inequality

X1 Xp Xn / X1 X2 Xn
2 (Sm s r ) = 2" f B PP o
m+m"" ym-+tm m+-m

m+m'—1
X2 Xn
= kz <2k+1 2k+1 1T k41 ) 13)
m

for all (x1,x2,...,x,) € V"\{(0,0,...,0)} and all positive integers m,m’. Thus, the sequences
{2mf (zm,...,%)}mgl\; is a Cauchy sequence for all (x,...,x,) € V"\{(0,...,0)}. Since
£(0,0,...,0) = 0and Y is a real Banach space, we can define a mapping F : V"' — Y by

F(x1,x0,...,x )7hm2mf( X2 . ﬁ)

1—00 om’ 2m 7t om

for all xq,xy,...,x, € V. By putting m = 0 and by letting m' — oo in the inequality (13), we can obtain
the inequality (12) for all (x1,xp,...,x,) € V"\{(0,0,...,0)}.
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From the inequality (6), we get

om’ m’ m’ pm’ "

omp X1 Y1 X2 Y2 xn X1 Y1 X2 Y2 Xn Yn
2m — om’ gm’ ym’ ym’ """’ 2m om

for all x1,y1, X2, Y2, ..., Xn, yn € V\{0}. Since the right-hand side in the above equality tends to zero
as m — oo, then F satisfies the equality (7) for all x1,y1,X2,¥2,..., %5, yn € V\{0}. By Lemma 1, F
satisfies the equality (3) for all x1, 1, x2,¥2,...,Xu, yu € V. If G : V" — Y is another n-variable additive
mapping satisfying (12), then we obtain G(0,0,...,0) = 0= F(0,0,...,0) and

|G (x1,x2,...,xn) — F (x1,x2,...,xu) ||
<lPe (Gt ) <27 (Gt )
e Gt gt) -2 G )|
< sz (2m+1’2r9:il’ . ’%)

— 0 as k— o

for all (x1,x2,...,x,) € V'\{(0,0,...,0)}. Hence, the mapping F is the unique n-variable additive
mapping, as desired. [J

The following corollary follows from Theorems 3 and 4.

Corollary 1. Let (X, ||| - |||) be a normed space, © > 0, and let p be a real number with p # 1. Suppose that
f: X" = Y is a mapping that satisfies

IDf(x1,y1, %2, y2, s Xn, y) | < O a[[1P 4 [[lyal[1P + [l [P+ -+ [l [P+ [[yall[P) - (14)

forall x1,y1,X2,Y2,. .., Xn, Yn € X\{0}. Then, there exists a unique n-variable additive mapping F : X" — Y,
such that

4(2F +4)nf

IIf (x1,x2,...,xn) — F(x1,%2,..., %) || <W

max{|||x(||P : 1 <i<mn} (15)

forall (x1,x2,...,%,) € X"\{(0,0,...,0)}.

Proof. Put ¢(x1,y1,%2,Y2,- -, Xn,Yn) = 0(/[[x1][[F + |HJ1H\” + \HX2H|’”+ y2lllP + -+ [lxal [P +
yall[P) for all x1, y1, %2, 2, -, %, yu € X\{O}, then |||V [[], 12 ] <maxx¢o{\|\xz|\|” 11<i<
n} for all i from (4). Hence, due to i of Theorems 3 and 4, we obtain that

,“(xlrx2/~ . ~/xn)

1 (2 1) (2 M .
1 1 X ox7 xy ) x X X
=g (0,50, 50,52, .. 20, +20 (2222 2 )

] @ A A A )

8n .
,,)max{l\lxz\l\” cl<i<n}

<(2n+ 5

for all (x1,x,...,%,) € X"\{(0,0,...,0)}. Therefore, the inequality (15) can be obtained easily
from (8) and (12) in Theorems 3 and 4. [
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The following theorem for the hyperstability of n-variable additive functional equation follows
from Corollary 1.

Theorem 5. Let (X, ||| - |||) be a normed space and p be a real number with p < 0. Suppose that f : X" — Y
is a mapping that satisfies (14) for all x1,y1, %2, Y2, ..., Xn, yn € X\{0}. Then, f is an n-variable additive

mapping itself.

Proof. By Corollary 1, there exists a unique n-variable additive mapping F : X" — Y, such
that (15) for all xq,xp,...,x, € X"\{(0,0,...,0)} and DF (x1,y1,%2,Y2,.-.,Xn,yn) = 0O for all
XY X2, Y20+ X, Yn € X

Foragiven (x1,x2,...,%1) # (0,0,...,0), let x" # 0 be a nonzero fixed element in {x1,x,...,x,},
and let
®) — (m+ l)x,-,x(4> = —mx; when x; #0,
= —mx when x; = 0.
Then, we can easily show that |Hxl.<3>\|\, |Hxl(4)|\| < mP maxy, zof|||x]||F + 1 < i< n}foralli

from (4). If (xq,x2,...,x4) € X\{(0,0,...,0)}, then the equality f(x1,x2,...,%,) = F(x1,X2,...,X,)
follows from the inequalities

If(x1, 22, %) = F (31, %2, ., Xn) |
—HDf( x14),xg3>,x§> .,xsl3),x£,4)) DF (xg >,x§4),x§3>,xg4), . ,x5,3>,x,(44))
+f( x2 ,. ..,(x£,3)) +f(x£4),x§4>,...,x(4)
—F(xg ),xgg'),...,(x,(f)) 1—"(3554),952 L, X H
<o 20 max[}xl[1” - 1 gign}+Hf Xl ,x£3),...,x,(13))7F(x§3>,x§3),...,x£l3))H
Hf ,x2 ,. ..,x,(f))fF(x§4),x§4>,...,x§L4))H

4(2° + 4) .
r LT AP
m <1+2p‘2 2p|>2n9£{r’}ig{\||xl|\| :1<i<n}

as m — oo. For (x1,x2,...,x,) = (0,0,...,0), if we choose a fixed element of x € X\{0}, then the
equality f0,0,...,0) = F0,0,...,0) follows from the inequalities

1£(0,0,...,0) = F(0,0,....,0) |
=||Df (mx, —mx, mx, —mx, ..., mx, —mx) — DF (mx, —mx, mx, ..., mx, —mx)
+ f(mx,mx, ..., mx) + f(—mx, —mx,..., —mx)
— F(mx,mx, ..., mx) — F(—mx, —mx,..., —mx)||
<mP - 2n6||x||P + || f (mx,mx, ..., mx) — F(mx, mx, ..., mx)||

+ || f(=mx, —mx, ..., —mx) — F(—mx, —mx, ..., —mx)||

4(27 +4) P

as m — co. Therefore, f is an n-variable additive mapping itself. [

The following example follows from Theorem 5.
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Example 1. Let (R, | - |) be a normed space with absolute value | - |, (R, || - ||) be a Banach space with Euclid
norm || - ||, and p < 0 be a real number. Suppose that f : R" — R/ is a continuous mapping such that

IDf(x1, 1, %2, Y2, X yu) | < 061 [P+ [ya|” + [x2fP + [yalP + o+ |xa [P+ [yn]P)

forall x1,y1,%2,Y2, -, Xu, Yn € R\{0}. Then, the mapping f : R" — R given by

n n n
e, xo,. o x) = [ Y anxi, Y anixi, ., Y axi |, (16)
i=1 i=1 i=1
where ay;,ay;, . .., ay; are real constants, indicates that

f(1,0,0,...,0) = (a11,a21,--.,an),
£(0,1,0,...,0) = (412,422, - -, 4p2),

f(ol ...,0,0, 1) = (a]nz A2y - - - ruln)'
Proof. Since f : R" — R/ is a continuous n-variable additive mapping by Theorem 5, then the function
f:R" - Rlis given by (16). [

In the following theorems, we replace the domain (V\{0})?" of ¢ and Df in Theorems 3 and 4
with V2. Then, we can improve the result inequality (8).

Theorem 6. Suppose that f : V" — Y is a mapping for which there exists a function ¢ : V2" — [0,00)
satisfying (5) and (6) for all x1,y1,X2,Y2, ..., Xn, Yn € V. Then, there exists a unique mapping F : V"' =Y,
such that (7) for all x1,Y1,%2,Y2, ..., %n,Yn € V and

ad 2Mx1,2Mxq,2Mxy, ..., 2Mx,, 2" x
||f(x1,x2,.,.,xn)—F(xl,xz,...,Xn)H < ZO(P( ! 2m+1 " n) (17)
m—

forall x1,x2,...,x, € V.
Proof. The equality

f(2x1,2x0,...,2x,) — 2f (x1,X2,. .., Xn) = Df (x1,%1,%2, X2, ..., X, Xn) (18)
forall x1,xp,...,x, € V and the inequality (6) imply that the inequality

[ - L2202 200)

1
‘ §§¢(x1,x1,Xz,xz,...,xn,xn)

for all x1,x3,...,x, € V. From the above inequality, we can derive the inequalities

F @) (2 20 )
om omAm’

mtm' =1 @ (kal,kal,kaz,kaz, .. .,kan,zkxn)
<

= k+1
k=m 2

(19)

for all x1,x3,...,%, € V and all positive integers 1, m’. The remainder of the proof of this theorem
developed after inequality (19) is omitted because it is similar to that of Theorem 3. [
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Theorem 7. Suppose that f : V" — Y is a mapping for which there exists a function ¢ : V2" — [0,00)
satisfying (11) and (6) for all x1,y1,X2,Y2, ..., Xn, Yn € V. Then, there exists a unique mapping F : V"' — Y
that satisfies (7) for all x1,y1,%2,Y2, ..., Xn, Yn € V and

<)

m X1 X1 X2 Xn Xn
Ilf (xtsnoxn) = F(xg,.x0) | < )2 ‘P(2m+1'2m+1’2m+1""’2m+1’2m+1) (20)

m=0

forall x1,xa,...,x, € V.

Proof. The equality (18) for all xq,x,...,x,; € V and the inequality (6) imply that the inequality

X1 x2 Xn X1 X1 X2 Xn Xn
/X2, 2 ( ~~,*> < (—,—,—,...,—,—)
s t) —2f ) < (30,2,

for all x1,x3,...,x, € V. From the above inequality, we can derive the inequality

m m-m X2
2 f<2m Fom’ 2m> 2 f<2m+m”2m+m”" 2m+m ) H
m+m'—1
X1 X2 Xn Xn
= kz (2k+1 7 ok+17 gk+177 " ok’ ?) 1)
m
for all x1,xy,...,x, € V and all positive integers m, m’. The remainder of the proof of this theorem
developed after inequality (21) is omitted because it is similar to that of Theorem 4. [

The following corollary follows from Theorems 6 and 7.

Corollary 2. Let (X, ||| - |||) be a normed space and p be a nonnegative real number with p # 1. Suppose
that f - X" — Y is a mapping satisfying (14) for all x1,y1,x2,Y2, ..., %n, Yn € X. Then, there exists a unique
n-variable additive mapping F : X" — Y such that

260
ILf (1, x2, .o xn) = F(x1,22, ., x) || Sm(l\lﬁll\’“r\HXZI\I”+~~+I\Ixn\lll”) (22)
forall x1,xa,...,x, € X.

Proof. By putting ¢(x1, 1,2, 2, xw,yn) = 01t 117+ 1y 117 + 1ol 17 + [yl [ + -+
[xn|[|P + ||lyn]]]P) for all x1,y1, X2, Y2, ..., Xn, yn € X, then we easily obtain (22) from (17) and (20) of
Theorems 6 and 7. [

3. Conclusions

We obtained two stability results.

Theorems 3 and 4 are the generalized Hyers-Ulam stability for the additive functional Equation (3)
on V", which is a generalization for the stability of the Cauchy functional equation in papers of Aoki [3],
Rassias [4], Gajda [5], Hyers [2], and Gavruta [7].

Theorems 6 and 7 are the hyperstablity of the additive functional Equation (3) on V", which is a
generalization of the Brzdek's results [10,11] for the Cauchy functional equation.

If the function f satisfies the inequality (6) for all (xq,x2,...,x,) # (0,0,...,0)
and (y1,Y2,---,yn) # (0,0,...,0), then the function f satisfies the inequality (6) for all
X1,Y1,%2,Y2, -, Xn,Yn € V\{0}. Therefore, the condition x1,y1,x2,¥2,..., %, yn € V\{0} used in
the inequality (3.2) of this paper is a generalization of the conditions used in the inequality (6) in
well-known pre-results ([10,11]).
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1. Introduction

In [1] Filipovi¢ and Kuki¢ considered some classical contraction principles of Kannan [2], Reich [3]
and Hardy-Rogers [4] in b-metric spaces and rectangular b-metric spaces without the assumption of
continuity of the corresponding metric. The fact that a b-metric d need not be continuous must remind
us to use caution in the proofs.

As possibly more general forms of the theorems proven in [1], here we further try to, as many
authors before, generalize metric spaces. Plenty of generalizations in previous two decades were done.
Starting from 1989, b-metric spaces were introduced in [5]. After, partial b-metric spaces [6], metric-like
spaces [7] and b-dislocated metric spaces [8] have been given. For related contraction principles in the
setting of above spaces, the readers can see [9-19].

As an attempt to continue in that spirit, we initiate the concept of almost b-metric spaces.
The motivation of this initiation comes from [20] where Mitrovi¢, George and Hussain introduced
almost rectangular b-metric spaces.

2. Preliminaries

Bakhtin in [5] and Czerwik in [21] introduced b-metric spaces as a generalization of standard
metric spaces.

Definition 1 (Ref. [5,21]). Let X be a nonempty set and s > 1. The function dy : X x X — [0,+c0) isa
b-metric if and only if, for all x,{,0 € X, we have

Axioms 2019, 8, 70; doi:10.3390/axioms8020070 75 www.mdpi.com/journal /axioms
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(bM1) dy(x, ) =0ifandonly if x =,
(bM2) dy(x,¢) = dp(C, x),
(bM3) dy(x,0) < s(dp(x, ) +dp(C,0)).

(X, dy, s) is said a b-metric space and s > 1 is its coefficient.

In particular, if s = 1 then (X, d) is a standard metric space.

Recall that a sequence {),} in X, b-converges to x € X if and only if d;(xn, x) — 0 asn — oo.
{xn} is b-Cauchy if and only if dj, (X, xm) — 0asn,m — oo. If each b-Cauchy sequence is b-convergent
in X, then (X, dy, s) is said to be b-complete.

If in previous definition, we assume that only (bM1) and (bM3) hold, then we denote dj, as d; and
we call (X, dy, s) a quasi-b-metric space.

In next few lines, we make a brief overview of some well known types of contractions. Let (X, d)
be a metric space and T : X — X be such that

(Tx, T¢) < Ad(x,C), A € [0,1), a Banach type of contraction;

(Tx, TZ) < A(d(x, Tx) +d(Z,TQ)), A € [0,1), a Kannan type of contraction;

(Tx, TZ) < A(d(x, T) +d({, Tx)), A € [0, ), a Chatterjea type of contraction;

(Tx, TQ) < wad(x, Q)+ pd(x, Tx) + vd({, TZ) where a, B,y > 0O with a + 4 7 < 1, a Reich type
of contraction;

e dA(Tx,T) < ad(x,{) + pd(x, Tx) +vd({, TE) + 6d(x, TE) + ud(Z, Tx) where a, B, 7,6, > 0 with
&+ B+ v+ 6+ pu < 1,aHardy-Rogers type of contraction.

d
d
d
d

In [1] Filipovi¢ and Kuki¢ proved new theorems with additional conditions that are necessary to
prove the theorems without assumption of continuity of b-metric. Here, we cite only formulations of
those theorems and for the proofs, we refer on [1].

Theorem 1. Ref. [1] let T be a self-mapping on a complete b-metric space (X, dy,s > 1) such that

dp(Tx, TG) < Ady(x, ) + ndp(x, TX) + 65 (Z, TG),
forall x,{ € X, where A, 11,6 > Owith A +p+6 < 1and

5<1.
S

Then there is a unique fixed point of T.
Theorem 2. Ref. [1] let (X, dy, s > 1) be a complete b-metric space and T : X — X be a mapping satisfying

dp(Tx, TC) < ardy(x, ¢) + a2dy (X, TX) + a3dy (G, TE) + asdy(x, TE) + asdy (3, Tx),

forall x,{ € X, where ay, ay, as, as, as > 0 are such that a1 +a, + a3 +s(as +a5) < land a; > 1 — %
Then T has a unique fixed point.

In the sequel of this paper, we introduce almost-b-metric spaces and present the related previous
theorems in this setting. At the end, we also give some results for different type of contractions, where
the proofs cannot be reduced to the corresponding b-metrics.

3. Main Results

In this section, let us firstly introduce the concept of almost-b-metric spaces, as a class of
quasi-b-metric spaces with the additional requirement that diminishes a lack of symmetry. We set a
demand that existence of the left limit of sequence implies the existence of the right limit (bM2l) or
that existence of the right limit of sequence implies the existence of the left limit of the same sequence
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(bM2r). After that, we introduce a couple of examples of almost-b-metrics and also an example of
a quasi-b-metric, which is not an almost-b-metric. Finally, we prove Theorems 1 and 2 with the
assumption (bM2left) instead of (bM2).

Definition 2. Let X be a nonempty set and s > 1. Let dyp : X X X — [0, 400) be a function such that for all
XI gr a, XV! € X/

M1 dos(x,0) = 0iffx = ¢,
(bM21) dp(xn, x) — 0, n — oo implies g, (x, xn) — 0, n — 00,
(bM21) dgp(x, xn) — 0, n — oo implies dgp,(xn, x) — 0, n — 0,

(bM3) dy (Xr g) < S(dab (X! U) +dgp (‘7/ g) )
Then (X, d gy, s) is called an
1. l-almost-b-metric space if (bM1), (bM21) and (bM3) hold;
. r-almost-b-metric space if (bM1), (bM2r) and (bM3) hold;
3. almost-b-metric space if (bM1), (bM21), (bM2r) and (bM3) hold.
In the next two examples, we present two quasi-b-metrics, which are also almost-b-metrics.
Example 1. Let X = {0,1,2}. Choose a > 2. Consider the b-metric dyy, : X x X — [0, +00) defined by
dab(ol 0) = dab(]/ 1) = dllh (2/2) = 0/

dﬂb(lro) = 1/ dﬂh(oll) =

7

7

NIW N W

dﬂb(zrl) = 1/ dﬂb(llz) =
dp(2,0) =a, dp(0,2) =a+1.

Note that d,y, satisfies (bM1), (bM3), (bM21) and (bM2r) ( but not (bM2)). For a > 2, the ordinary
triangle inequality is not verified. Indeed,

3

dab(0,2)2a+1>3:§+ =dp(0,1) +dyp(1,2).

3
2

However, the following is satisfied for all x,y,z € X,

+2
oo (%,) < “5=(day(,2) + dap(2,¥)-

Example 2. Let X = [0, +00) and define dy, : X X X — [0, 400) as

3

(x=y)’ x=y
dab(xfy):{4(y_x)3, <y

Then (X, dgp,4) is an almost b-metric space. (bM1), (bM21) and (bM2r) are obvious. It remains to prove
that for all x,y,z, € X,
dap (X, ]/) < 4(dub (X, Z) +dap (Z/ y))

Case 1. x > yand dy(x,y) = (x — y)>. Starting from the inequality (« + )% < 4(a® + B3), we separate
the cases:

y<z<x:
dap(x,y) = (x =y’ = (x —z+z—y)°
<4((x—2)° + (y —2)°) = 4w (x,2) + dp(2,)),
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z<y<ux:
dap(x,y) = (x —y)° <4((x = 2)> + (y — 2)*)

<4((x—2)° +4(y —2)°) = 4(dap(x,2) +dap(2,y)),
y<x<z

dap(x,y) = (x —y)° <4((x —2)° + (- y)°)
<4z =0 + (2= )°) = 4(dap(x,2) + dap (2, ))-
Case 2. x < yand d,(x,y) = 4(y — x)3. Again, we separate the cases:

x<z<uy:
dy(%,y) =4(y —x)° =4(y —z+2—x)°
<44y —2)° +4(z = x)°) = 4(dap(x,2) +dap(2,1)),
z<x<y:
(%, y) = 4(y —2)* <4-4((y —2)° + (- 2)?)
=4(4(y -2’ +4(z—x)°)
<44y —2)> + (x = 2)°) = 4dap(x,2) + dwp(2,¥)),
x<y<z

dp(x,y) = 4(y —2)° <4-4((y —2)° + (2~ %)*)
=4-(4(y -2’ +4(z - x)°)
<4((z -y +4(z = 2)°) = 4dw(x,2) + dup(2,y)).

In the two previous examples, we constructed an almost-b-metric, which is also a quasi-b metric.
The next example shows that there is a quasi-b-metric d;, that it is not an almost-b-metric.

Example 3. Let X = R and defined; : X x X — [0,c0) as

(x-v)? x>y
dq(x,y)—{l c<y

As in the previous example, (bM3) and (bM1) are obvious. Notice that

1 1
dq(ﬁ,O) —0,n— o0 but dq(O,;) =1,

s0 (bM21) does not hold and it is the same for (bM2r). We conclude that (X, dq,4) is a quasi-b-metric space,
but it is not an almost-b-metric space.

There are many examples of b-metrics that are not continuous. Here, we modify one of such
examples in sense that we do not demand symmetry.

Example 4. Let A = NU {co} and defined; : A x A — [0, 400):

0, x=y
1 1 . .
T g, if x < y and one of x and y is odd and the other
is odd or oo
dq(x,y) = ; (i — %) , if y < x and one of x and y is odd and the other
is odd or oo

3, ifoneof x and y is even and the other is even or co

2, otherwise.
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Then (A, d,, %) is a quasi-b-metric space (it is also an almost-b-metric space). Note that dq is not continuous.
Indeed, dg(2n +1,00) — 0, when n — co. But, dy(2n +1,2) = 2, while dy(c0,2) = 3.

Here, we introduce some basic concepts for almost-b-metric spaces. The following notions are
quite standard and also valid in quasi-b- metric spaces.

Definition 3. Let (X, d,y,s) be an almost-b-metric space. A sequence {x, } in X is said to be

left-Cauchy  ifand only if for each ¢ > 0 there is an ng € N such that dg,(Xn, xm) < €forall n > m > ny,
which can be written as >lirn Aoy (X, xm) =0,
Nn>m—»o00

right-Cauchy if and only if for each € > 0 there is ny € N so that dg,(Xn, xm) < € forall m > n > np,

which can be writtenas  Um  d(xu, xm) =0,
m>n—o0

Cauchy if and only if for each € > 0, there is ny € N so that da,(Xn, xm) < € for all n,m > ny.

In a quasi-b-metric space, a sequence is Cauchy if and only if it is left-Cauchy and right-Cauchy.
The same is satisfied in almost-b-metric spaces. An almost-b-metric space (X, d,p, 5) is left-complete if
and only if each left-Cauchy sequence {x,} in X satisfies nlgrgo dap(Xn, x) = 0, right-complete if and
only if each right-Cauchy sequence {),} in X satisfies nlgr[}q dap(X, xn) = 0 and is complete if and only
if each Cauchy sequence in X is convergent.

In the next lemma, we will associate a b-metric to a given quasi-b-metric or an almost-b-metric.
For some kind of contractions, by virtue of this correlation, the proofs from b-metric spaces can easily
be translated into quasi-b-metric spaces and almost-b-metric spaces as their subclass.

Lemma 1. If (X, dg,s) is a quasi-b-metric space with s > 1, then (X, 1,s) is a b-metric space, where

1(x,) = dq(XrC) ‘gdq(ér)().

Proof. I(x,y) is a b-metric.

(bM1) Suppose that I(x,y) = 0. Then w = 0 and since d4(x,y) > 0, we obtain that
dy(x,y) = dg(y,x) = 0 and that is, x = y, so we conclude that [(x, y) satisfies (bM1).
(bM2) [(x,y) is symmetric by definition:

l(x,y) _ dq(xr]/) erdq(yrx) _ d!](y/x);dq(x/]/) _ l(y,x)

(bM3) Forall x,y,z, € X, the following is satisfied:

dg(x,2z) < s(dg(x,y) +dq(y,2)).

Simply, by adding the following inequality to the previous

dq(z,x) < s(dg(z,y) +dq(y,x))

and dividing the resulted sum by two, we obtain

1(x,2) < s(1(x,9) +1(3,2))-
O

Remark 1. If (X, d,p, s) is a complete almost-b-metric space, then from (bM21) and (bM2r), we conclude that
(X,1,s) is a complete b-metric space.
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The following theorems are modifications of Theorems 1 and 2 for quasi-b metric spaces and
almost-b-metric spaces. Since almost-b-metric spaces are contained in quasi-b-metric spaces, we denote
a metric by d;.

Theorem 3. Let (X, dg,s) be a b-complete quasi-b-metric space with coefficient s > 1and T : X — X bea
mapping such that
dg(Tx, Ty) < Adg(x,y) + pdg(x, Tx) 4 6dq(Ty,y), 1)

forall x,y,z € X, where A, 1,6 > 0 and
A+2-max{y, 6} <1 and max{p,dé} < % )
Then T has a unique fixed point.

Proof. From Lemma 1, we conclude that (X,1,s) is a complete b-metric space. Further, from (1),
the b-metric I(x, y) satisfies:

dq(Tx, Ty) + dg(Ty, Tx)
2

(Adg(x,y) + pdg(x, Tx) + 6dg(Ty, y))
(Ady(y, x

I(x,y) +

I(Tx, Ty) =
<

+

N

+ pdq(y, Ty) + 6dq(Tx, x))

> NIE -

(udq(x, Tx) +6dg(Tx, x)) + %(qu(y/ Ty) +6dy(Ty, y))

— N =

< Al(x,y) + 3 ~max{p,d}(dg(x, Tx) +dy(Tx, x))
1 .
+ 5 -max{p, 6}(dg(y, Ty) +dq(Ty, y))
= M (x,y) + max{p, 6}1(x, Tx) + max{u, 6 }1(y, Ty).
Now, from Theorem 1, we conclude that T has a unique fixed point. [

In the next result, we propose a Hardy—Rogers type contraction for quasi-b metric spaces and
almost-b-metric spaces.

Theorem 4. Let (X,d,,s) be a complete quasi-b-metric space with coefficient s > 1and T : X — X be a
mapping satisfying

dg(Tx, Ty) < ardy(x,y) + axdg(x, Tx) + azdg(Ty, y) + asdy(x, Ty) + asdy(Tx, y), 3)

forall x,y € X, where ay, ay, a3, ag, a5 > 0 with a; + 2 - max{ay, a3} + 2s - max{as, as} < 1and a; >
max{0,1— 2}. Then T has a unique fixed point.

Proof. From Lemma 1, we conclude that (X, ], s) is a complete b-metric space. Starting from (3), we
obtain for any x,y € X,

2I(Tx, Ty) = dg(Tx, Ty) +dy(Ty, Tx)
< mdg(x,y) + ardg(y, x) 4+ axdy(x, Tx) + axdy(y, Ty) + asdq(Ty, y)
+a3dg(Tx, x) 4 asdg(x, Ty) + asdy(y, Tx) + asdg(Tx, y) + asdy(Ty, x).
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Further, we get

1 1
I(Tx, Ty) < a1l(x,y) + > (agdy(x, Tx) + azdy(Tx, x)) + > (a2dy(y, Ty) + azdq(Ty, y))

1 1
+3 (aady(x, Ty) + asdq(Ty, x)) + 3 (aady(y, Tx) + asdq(Tx, y))
< ml(x,y) + max{ay, az}1(x, Tx) + max{az, a3 }1(y, Ty)
-+ max{ay, as }1(x, Ty) + max{ag, as}1(y, Tx).
From Theorem 2 and conditions from Theorem 4, we conclude that self-mapping T on the

complete b-metric space (X, 1, s) has an unique fixed point, say x*. Finally, according to Theorem 2,
the result follows. [

It is not difficult to see that Theorems 3 and 4 are also satisfied for s = 1. To be specific, then
(X,d,1) is a quasi-metric space, (X, 1) is a metric space, while condition (2) reduces to the well known
condition A + p 4§ < 1 for Reich type contractions, and similar for Hardy—Rogers type contractions.

The following results slightly differ from previous in a sense that we use properties (bM2l) and
(bM2r). Before we state our result, we prove an auxiliary lemma that we use it in the proof. Since the
lemma is satisfied in the quasi-b-metric spaces, it is also valid in almost-b-metric spaces, so again we
denote it by d; (having in mind that it is also valid for d ).

Lemma 2. Let {x,} be a sequence in a quasi-b-metric space (X, dq,s > 1) such that

dq(anXn+l) < /\‘dq(XrHl/Xn)/ 4)
for some A € [0, 1) and each n € N. Then {x} is a right-Cauchy sequence.

Proof. From (4), we get
dt](Xn/Xn+1) < Andq(XO/Xl)~ )

Let n,m € Nwith n < m. Then

dq (X, Xm)

s (dg (Xns Xns1) +dg (Xns1, Xm))

sdg (X Xnv1) + sdg (Xn+1, Xm)

sdg (Xns Xn+1) + Squ (Xn+1, Xns2) + 52dq (Xnt2, Xm)

sdg (Xn, Xnt1) + squ (Xn+1, Xnt2) + s3dq (Xn+2, Xn+3) + -
Sy (X2, Xm—1) + 5™y (Xm—1, Xm)

[sA 4+ 2271 4 SN2 A2 4y (30, 1)

Sy (xo, x1)
e sA)mt
A (14 (5) + (51 44 (51" 2) dp (o, 20) + 0y (10,20

s q
< sAm (sA)" 1

IN 4+ IANIA

+

IN

+

T o >dq()(0,)(1)~>0(m>1’l~>00).

Since sA < 1, we have

dg (Xn, Xm) — 0,m > n,n — oo or equivalently m>hnnl>oo dg (Xn, xm) =0,

thatis, {x,} is right-Cauchy. [
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The following result is analogue to Lemma 2 for left- Cauchy sequences.

Lemma 3. Let {x,} be a sequence in a quasi-b-metric space (X, dq,s > 1) such that

dq(XnJrl/Xn) <A dq(Xn/anl) (6)
for some A € [0, 1) and each n € N. Then {x} is a left-Cauchy sequence.

Proof. The proof follows the same steps as in Lemma 2, where, starting from (6), the condition (5) is
replaced by

dq(Xn+1,Xn) < A"dg(X1, X0)- ?)
Letn,m € Nwith n > m. Then

dg (X Xm)
S (dq (X Xm+1) + dq (Xm+1, Xm))
sdg (Xm+1, Xm) + sdq (Xns Xm+1)

< qu (Xim+1, Xm) + Squ (Xns Xm+2) + Squ (Xm+2, Xm+1)

< sdg (Xm+1,Xm) + s7d (Xm+2: Xms1) + -

+ 5" (g (s xn-1) + dg(Xn-1, Xn—2))

< [5/\"’ H2AMTL L Bamt2 s”””’l/\"’z] dg (X1, x0)
+ "I g (X, xo)

n—1
SAM (1 + (5A) + (A + ... + (5/\)"7'”72) dg (x1,X0) + (s1) dg (X1, X0)

SI’VI
SA™ (sA)"!
+ =~ 7
1—sA s

>dq (X1, x0) = 0 (n > m — o).

Since sA < 1, we conclude that
dg (Xu, Xm) — 0,n > m,m — oo or equivalently ngimm dg (Xn, Xm) =0,
thatis, {),} is left-Cauchy. O
Remark 2. It is not hard to see that Lemma 2 and Lemma 3 hold if A € [%, 1). For details, see Lemma 5 in [22].

In the proof of the next theorem, we use the assumption (bM2r), hence we state it an
almost-b-metric, and so denote the metric by d .

Theorem 5. Let (X, d,yp, s) be a right-complete r-almost b-metric space with coefficient s > 1and T : X — X
be a mapping satisfying

dab(Txf Ty) <k- max{dub(x/ y)r dub(xf Tx)/dah(y/ Ty)}/ (8

forall x,y € X, where k is such that 0 < k < 1. Then T has a unique fixed point.
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Proof. At the beginning of the proof, let us consider uniqueness of a possible fixed point. To prove
that the fixed point is unique, if it exists, suppose that T has two distinct fixed points x*,y* € X. Then
we get
dab(X*/y*) = dab(Tx*l Ty*)
< kmax{day (x7,y7), dap (x7, Tx"), dap (y*, Ty") }
= kdub(X*/y*) < dub(X*/y*)/
which is a contradiction.
For an arbitrary o € X, consider the sequence x, = Tx,—1 = T"x0, n € N. If x, = x,41 for
some 1, then x,, is the unique fixed point of T. We suppose that d,;(Xn, Xn+1) > 0 forall n € N.
We start from (8) for d,,(xn, Xn+1)- Then for any n € N, we get

dap(Xns Xn+1) = dap(TXn—1, Txn)
< k-max{day(Xn-1,Xn), dap(Xn—1, TXn—1), dap(Xn, Txn) }
= k- max{dap(Xn—1,Xn), dap(Xn—1, Xn), dap (X, Xn+1) }
= k- max{dap(Xn—1, Xn), dap(Xn, Xn+1) }-

)

I doy(Xm—1, Xm) < dap(Xm, Xm+1) for some m € N, then from (9) we get

Aoty (X Xma1) < k- dap(Xms Xm1) < Dby (X Xms1)

which is a contradiction. So, we have

dab(xﬂ/XVlJrl) <k- duh(Xrlferﬂ) forall neN. (10)

From (10) and Lemma 2 we can easily conclude that for some 1y € N,

Aoty (Xns Xm) < €

forallm > n > ng, so {x»} is a right-Cauchy sequence.

Since (X, d,p, s > 1) is a right-complete r-almost-b-metric space, we get that the sequence {x,}
right converges to x* € X, i.e., dyp(x, xn) — 0asn — oo. (bM2r) implies that d;(xu, x*) — 0
as n — oo.

The end of the proof is analogue to the standard case. From (bM3) and (8), we obtain

Finally, x* = Tx*. In the last inequality, we used property (bM2r) to obtain that dgj (x,, x*) = 0
as n — oo and also that dy, (Xn, Txn) = dap(Xn, Xu+1) — 0 asn — oo since {x,} is a right-Cauchy
sequence. [

From the previous theorem, we can draw several corollaries that are analogous to Banach, Kannan
and Reich type contraction principles, respectively.

Corollary 1. Let (X, d,y, s) be a right-complete r-almost b-metric space with coefficient s > 1and T : X — X
be such that

Banach contraction:
dop(TX, Ty) < k- dgp(x,y)
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forall x,y € X where0 < k < %
Kannan contraction:

dap (Txr Ty) < kidgp (xrfx) + kadyp (y/fy)

forall x,y € X where ky,ky > 0 such that ky +kp < %
Reich contraction:

dab (Tx, Ty) < kldub (x/y) + kzdab (x,fx) + deub (y/fy) ’
for all x,y € X where ky, k k3 > 0 such that ky + ko + ks < 1.

Then T has a unique fixed point.
The next result is analogue to Theorem 5 for left-complete /-almost b-metric spaces.
Theorem 6. Let (X, d,p,s) be a left-complete I-almost b-metric space with s > 1 and T : X — X be such that
dap(Tx, Ty) < k- max{day(x,y), dap(T, x), dap(Ty, y) }, (11)
forall x,y € X where 0 < k < % Then T has a unique fixed point.

Proof. The uniqueness of a possible fixed point is obtained the same way as in proof of Theorem 5.
For arbitrary xo € X, consider the sequence x,, = Tx,—1 = T"xo, n € N. If xy = Xy+1 for some
n, then ), is a unique fixed point of T. Hence, we suppose that d,; (X,+1, x») > 0 foralln € N.
We start from (11) for dgp, (X1, X ). Then for any n € N, using same considerations as in previous
proof, we get

dap(Xn+1, Xn) = dap(Txn, TXn—1)
< k- mux{dab(xnr?(nfl)rdﬂb(TXn/ Xn)r dab(TXn—lr Xn—l)} (12)
<k dap(Xns Xn—1)-

From (12) and Lemma 3, we can easily conclude that for some 1y € N,

dap(Xn, Xm) < €

forall n > m > ng, so {xn} is a left-Cauchy sequence.
Since (X, dgp, s > 1) is a left-complete [-almost-b-metric space, we get that the sequence {x,,} left
converges to x* € X, i.e., dgy(xn, x*) — 0, n — oo. (bM21) implies that d,; (x*, x,) — 0 as n — oo.
Finally, from (bM3) and (11), we obtain

1 * * * *
Edab(Tx X)) Sdgp(TX, Xnt1) + dap (Xn1,x7)

= dap(TxX", Txn) + dap(Xns1,x7)

<k-max{dap(x*, xn), dap(Tx™, %), dap(TXn, Xn) } + dap (X1, X*)
— k- dg(Tx*, x*), n — oo,

and so x* = Tx*. In the last inequality, we used property (bM2l) that implies d; (x*, x») — 0, n — o0
and also that dgp, (Txn, xn) = dap(Xn+1, Xn) — 0,1 — oo since {x, } is a left-Cauchy sequence. [

The previous considerations should convince the readers that many generalizations of contraction
principles may be obtained in almost-b-spaces, which are introduced here, and present a proper
subclass of quasi-b-metric spaces. As another benefit of this paper, we point out the principle applied
in Theorems 3 and 4 that elegantly proves some contractions in quasi-b-metric spaces.
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Finally, we state some open questions in the context of almost-b-metric spaces (respectively
quasi-b-metric spaces). If s = 1, we have appropriate unresolved questions in the context of
quasi-metric spaces. We present formulations for the case of a right-complete r-almost b-metric
space, noting that similar issues remain open in left-complete I-almost b-metric spaces.

Problem 1. (Generalized Ciri¢ type contraction of first order) Let (X, dy, s > 1) be a right-complete r-almost
b-metric space and T : X — X be a mapping satisfying

dap (T, Ty) < kmax {dab (x,y), QT () s (6 Ty) + o (9:T2) }

forall x,y € X where0 < k < % Then T has a unique fixed point.

Problem 2. (Generalized Ciri¢ type contraction of second order) Let (X, d,p,s > 1) be a right-complete r-almost
b-metric space and T : X — X be a mapping satisfying

dap (x, Ty) +d , Tx
o (T, Ty) < kmax (s 1,9) s (1 T) g (3, T), 20 C T L T

2s
forall x,y € X where 0 < k < L. Then T has a unique fixed point.

Problem 3. (Quasicontraction of Ciri¢ type) Let (X,dap, s > 1) be a right-complete r-almost b-metric space
and T : X — X be such that

dﬂb (Txr T]/) < kmax {dub (xry) /dﬂb (xr Tx) /dab (yf Ty) rdﬂb (xr Ty) fdab (yr Tx)} ’

forall x,y € X where0 < k < % Then T has a unique fixed point.
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Abstract: The aim of this paper is to establish some new (p, q)-calculus of Hermite-Hadamard
inequalities for the double integral and refinements of the Hermite-Hadamard inequality for
(p, q)-differentiable convex functions.
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1. Introduction

Quantum calculus is the study of calculus without limits and is sometimes called g-calculus.
In g-calculus, we obtain the original mathematical formulas when g tends to one. The beginning
of the study of g-calculus can be dated back to the era of Euler (1707-1783), who first launched the
g-calculus in the tracks of Newton’s work on infinite series. Then, in the early Twentieth Century,
Jackson [1] defined an integral, which is known as the g-Jackson integral, and studied it in a systematic
way. The subject of g-calculus has many applications in the field of mathematics and other areas
such as number theory, special functions, combinatorics, basic hypergeometric functions, orthogonal
polynomials, quantum theory, mechanics, and the theory of relativity and physics. In recent years,
the topic of g-calculus has increasingly interested many researchers. For more details, see [2-9] and
the references therein. Recently, Tung and Gov [10-12] studied the concept of (p,q)-calculus over
the intervals of [4,b] C R. The (p,q)-derivative and (p, q)-integral were defined and some basic
properties are given. Furthermore, they obtained some new result for the (p, g)-calculus of several
important integral inequalities. Currently, the (p, g)-calculus is being investigated extensively by many
researchers, and a variety of new results can be found in the literature [13-18] and the references
cited therein.

Mathematical inequalities are important to the study of mathematics, as well as in other area of
mathematics such as analysis, differential equations, geometry, etcetera.

In 1893, Hadamard [19] investigated one of the fundamental inequalities in analysis as:

f(a+b>§ 1 /a'bf(x)dxgw, &

2 b—a

which is now known as the Hermite-Hadamard inequality.

In 2014, Tariboon and Ntouyas [20] studied the extension to g-calculus on the finite interval
of (1), which is called the g-Hermite-Hadamard inequality, and some important inequalities. Next,
Alp et al. [21] approved the g-Hermite-Hadamard inequality and then obtained generalized
g-Hermite-Hadamard inequalities.
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In 2018, Mehmet Kunt et al. [22] proved the left-hand side of the (p, q)-Hermite-Hadamard’s
inequality of (1) through (p, q)-differentiable convex and quasi-convex functions, and then, they gave
some new (p, q)-Hermite-Hadamard’s inequalities.

In 2019, Prabseang et al. [23] established the g-calculus of Hermite-Hadamard inequalities for the
double integral as:

() < o [ v (= anay < LO2I0), ®

which was given by Dragomir [24]. Moreover, they obtained refinements of the Hermite-Hadamard
inequality for g-differentiable convex functions.

The aim of this paper is to present the (p, q)-calculus of Hermite-Hadamard inequalities for
double integrals (2) and refinements of the Hermite-Hadamard inequality. These are obtained as
special cases when p = 1and g — 1.

Before we proceed to our main theorem, the following definitions and some concepts require
some clarifications.

2. Preliminaries
Throughout this paper, let [2,b] C Rbe anintervaland 0 < q < p < 1be a constant. The following
definitions for the (p, q)-derivative and (p, q)-integral were given in [10,11].

Definition 1. Let f : [a,b] — R be a continuous function, and let x € [a, b]. Then, the (p, q)-derivative of f
on [a,b] at x is defined as:

ﬂDmf&):f“”**l?i?;i;@;¢(l—m@

aDMf(ﬂ) = )1(13}7 ﬂDp/qf(x)

, xFa @)

Obviously, a function f is (p,q)-differentiable on [a,b] if ;D;4f(x) exists for all x € [a,b].
In Definition 1, if 2 = 0, then (D), ;f = Dy qf, where D, 4 f is defined by:

f(px) — f(q%)
Dyof(x) = TP g, )
P []f ( ) ( p— q) X
Furthermore, if p = 1in (4), then it reduces to D, f, which is the g-derivative of the function f;
see [5].

Example 1. Define function f : [a,b] — Rby f(x) = x2+ 1. Let 0 < q < p < 1. Then, for x # a, we have:

(px+(1=p)a)®+1] = [(gx+(1—q)a)*+1
Dyl +1) =1 e s :
_ (prq)®+2ax[1—(p+q)]+a*[(p+q) 2]

(x—a) (5)

_ x(ptq)(x—a)—a(ptq)(x—a)+2a(x—a)
(x—a)

=(p+q)(x—a)+2a

Definition 2. Let f : [a,b] — R be a continuous function. Then, the (p, q)-integral on [a, b] is defined by:

[eS)

[ 10 atngt = =) —) 8 L p (L (1= )a), ©)
a n=0 P P P

for x € [a,b]. Ifa = 0 and p = 1in (6), then we have the classical g-integral [5].
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Example 2. Define function f : [a,b] — Rby f(x) = 2x. Let 0 < q < p < 1. Then, we have:

b b
S F(x) adpgx = [ 2x0dp g%

=2(p—q)(b—a) Z?:o,,'lf:l(pifilﬂ (1*;3%1)1) %)
_ 20-a)(b-al1=p—q))
pt+q ’

Theorem 1. Let f : [a,b] — R be a continuous function. Then, we have the following:

(i) an,q faxf(t) adpqt = f(x);
(i) |7 aDpaf(t) adpgt = f(x) — f(c) for c € (a,x).

Theorem 2. Let f, g : [a,b] — R be continuous functions and « € R. Then, we have the following:
(1) f,; [f(t) +g(t)] adp,qt X: faxf(t) adp,qf + faxg(t) ﬂdp,qti
(ii) fux (@f)(B)gdpqt = o [y f()ydpats N
(iii) fc flpt+ (1~ P)“)qu,qg(t) udﬁ/t = (fg)lt - fc glat+ (1~ q)”)qu,qf(t) adp,qtfo" c € (ax).

For the proof properties of Theorems 1 and 2, we refer to [10,11].
The proofs of the following theorems were given in [22].

Theorem 3. Let f : [a,b] — R be a convex differentiable function on (a,b) and 0 < q < p < 1. Then,

we have:
qa+ pb 1 pb+(1—p)a 2 (@) + pF(D)
f< p""i)SP(b—a)/ F(x) adpqx < 2P0

Theorem 4. Let f : [a,b] — R be a convex differentiable function on (a,b) and 0 < q < p < 1. Then,

a g p+q
we have:
patqb (p—q)(b—a) o1 patqb
f<p+q>+ P f<p+q>

®)

b —
p(blfu) I TP £ () atlpq

af(a)+pf(b)
ST

)

Theorem 5. Let f : [a,b] — R be a convex differentiable function on (a,b) and 0 < q < p < 1. Then,

we have:
a —a)(b— 2 b+(1—p)a
f< §b> N %J‘(#) =i TP f(x) gy g

qf(a)+pf(b)
pEa

(10)

IN

Lemma 1. Let f : [a,b] — R be a convex continuous function on [a,b] and 0 < q < p < 1. Then, we have:

f<W fupb+(1—v)a fapb+(1—p)u (r+ (1)) udp,qxudp,qy>

b+ (1— b+ (1—
< b [P O (1 1) gt

(11)

Proof. The proof of this lemma can be obtained by Definition 2 and Jensen’s inequality. [

3. Main Results

In this section, we present the (p, q)-Hermite~Hadamard inequality for double integrals and the
refinement of Hermite-Hadamard inequalities on the interval [a, b].
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Theorem 6. Let f : [a,b] — R be a convex continuous function on [a,b] and 0 < q < p < 1. Then, we have:

b b+ (1— b+(1—
f<q;:z; ) < (pb}pu)z fap +(1—p)a fﬂp +( P)af(tx+ (1= 1)9) adpgxadygy

b (1—
< W I e f(x) adlpgXadp,qy

9f(a)+pf(b)
ST

Proof. Since f is convex on [a, b], it follows that:

fltx+ (1 =ty) <tf(x) + (1 -5f(y)

(12)

(13)

for all x,y € [a,b] and t € [0,1]. Taking the double (p,q)-integration on both sides for (13) on

[a,pb+ (1 —p)a] x [a, pb+ (1 — p)a], we obtain:
fapb‘*'(l—?’)“ fupb‘*'(l—ﬁ)ﬂ F(Ex + (1= 1)) adpgXadpgy

< [P (e en ) 4 (1 - ) f(y)] adpgXadpqy

= (pb—pa) [P f(x)adp g1,

(14)

which show the second part of (12) by using the right-hand side of the (p, 4)-Hermite-Hadamard’s

inequality.
On the other hand, by Lemma 1, we have:

1 pb+(1-p)a rpb+(1-p)a
U (e S TR )

1 pb+(1—p)a rpb+(1—p)a
e Y A A TR (E P

and since:

1 pb+(1=pla rpb+(1=p)a ga+ pb
=3 t 1—1)y) adpgxadyy = .
(pb — pa)? /u /a (x J9) adpq¥adpqy p+q

This completes the proof. [

Remark 1. If p = 1and q — 1, then (12) reduces to (2), that is,

CaE=rd| [ s - sy < OO

Corollary 1. Let f : [a,b] — R be a convex continuous function on [a,b] and 0 < g < p < 1. Then, we have:

qga+ pb 1 pb+(1—pa  rpb+(1-p)a x+y
f < p+q ) = (pb — pa)? /a /{1 f 2 adpqadpqy

1 pb+(1=p)a
< W/u f(x) adpgx

< f(a) + pf(b)
- p+q

90

(15)



Axioms 2019, 8, 68

Remark 2. If p = 1and g — 1, then (15) reduces to:

() g (5 o= g1 [ e L0

which readily appeared in [25].

Theorem 7. Let f : [a,b] — R be a convex continuous function on [a,b] and 0 < q < p < 1. Then, we have:

fpb+(lfp)a fpb+(1fp>af (pxwy
a a

P
(pb—pa)? g ) aflpgXadp,qy

< Gt JO ST PO f (4 (1= D) adpgxadpgyadpat (16)

b (1—
s ﬁ I HIP £ () adlpqX.

Proof. Let g : [a,b] — R be given by:
1 pb+(1=p)a  rpb+(1—p)a
g(t) = W /u /H fltx+ (1 —t)y) adpgXadp,qy.
Forall ty,t, € [0,1] and &, B > 0 with  + B = 1, we consider:
1 pb+(1=p)a  rpb+(1-p)a
sty +p) = s | / Sty + Bra)x -+ (1= (@b + BL2) ) adpgadygy

« pot(1=pla  rpbt(1=p)a
< by / / Flhx+ (1= 1)) adpgxedpgy

B po+(1=p)a rpbt(1-pa
t b= pa? /a / flt2x+ (1= t2)y) adpgXadp.gy

= ag(t) + Bg(ta),

which show that g is convex on [0, 1]. Using Theorem 3 for the convex function g, we have:

1 pot+(1=pla ppbt(l=pla [ px + qy
—— dgxad
(pb*pﬂ)z/a / f( pta >a ey

—o P <1/p 1) oyt
g<P+q>‘P o 8 adna

1 p ppb+(1=pla ppb+(1-pa
= = /O / / Ftx + (1= 1)) adpgXadpqyadpgt

a

q8(0) + pg(1) 1 pb+(1-p)a
) _/a x) adpgx.

IN

p(p+q) p(pb —pa

This completes the proof. [
Remark 3. If p = 1and q — 1, then (16) reduces to:

(k)jiu)z/L?b/L’bf<x;y>dx‘iy§ ﬁ/gl/ab/ﬂbf(tx-&-(l—t)y)dxdydt

bia /abf(x)dx,

<

which readily appeared in [25].
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Theorem 8. Let f : [a,b] — R be a (p,q)-differentiable convex continuous function and 0 < g < p <1,
then the following inequalities:

bt (1—
0 < ﬁ fap * p)af(x) adlpgx

—p)a b —p)a
_(b—lu)z fapH(l g S FOTPR Fbx+ (1= £)y) addpgxadyqy 17)
2f(a _p)a _
<t [p £ >+Pq£(+rlqb+(1 pa) _ %fapbﬂl P f(gx + (1—q)a) ﬂdp,qx] )

are valid for all t € [0,1].
Proof. Since f is convex on J, it follows that:

fltx+ (1 =ty) <tf(x)+(1-6f(y)

forall x,y € [a,b] and t € [0, 1]. Taking double (p, g)-integration on both sides of the above inequality
on [a,pb+ (1 —p)a] x [a, pb+ (1 — p)a], we obtain:

pb+(1—p)a rpb+(1—p)a
/ L7 A (1= 0y) adpaxadyay

b+(1=pla rpb+(1-p)a
< /p+1 p /Hl ") + (1= D)) adpgxadgy

pb+(1—p)a
=p(b—a) [ F (.

Ja Ja

On the other hand, since f is (p, q)-differentiable convex on [a,b] and f’ > aDp,qf, we have:

fltx+ (1 =t)y) — f(y) > t(x —y) aDp,ef (y)

for all x,y € [a,b] and t € [0,1]. Taking the double (p, g)-integration on both sides of the above
inequality on [a, pb + (1 — p)a] x [a, pb + (1 — p)a], we obtain:

pb+(1=pla rpb+(1—p)a pb+(1=p)a
/u /u fltx+ (1 = t)y) adpgxadpqy — (pb — pa)/a f(x) adpgx

pb+(1—p)a ppb+(1-p)a
>t / / (x =)aDpg f(y) adpgXadypqy- a8)
a a
Since,
pb+(1=p)a  ppb+(1—p)a
'/“ -/a (x =y)aDp,af(y) adpgXadpqy
pb+(1—p)a 2 + b
:(Pb—Pﬂ)/a f(qx""u“f)“)ﬂdp,qx—(b—a)Z[p f(a) Wi(fq (1-p) )]

Substituting the above inequality in (18), we have:

(pb—pa) [ P ) e~ / et /”H(l*p " Ft 4 (1= 0y) adpgxadpgy
[p*f(a) + paf(pb+ (1 — p)a)] po+(-p)a
<t[w-ap fet b [ g (- g)a) s

for all t € [0, 1], which completes the proof. [
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Remark 4. If p = 1and g — 1, then (17) reduces to:

0< bi /ﬂbf(x)dxf#/b/bf(txqt(17t)y)dxdy

St[f?a) [,

which readily appeared in [25,26].

Corollary 2. Let f : [a,b] — R be a (p, q)-differentiable convex continuous function and 0 < g < p < 1.
Then, we have:

0

IN

blﬁj;zplﬂr(lfp)a f(x) adp,qx lpb+ (1-p)a /pb+ (1-p)a f <x+y

T) adp,gXadp,qgy

2 _ . _
% [P f(ﬂ)‘*'P‘irJ:(fqh‘*'(l pa) _ % jal’b+ (1-p)a Flgx+ (1—q)a) adp,qx} )

(b a) (19)

IN

Remark 5. If p = 1and q — 1, then (19) reduces to:

L - ot [ (5

[f( )10 _ / o],

b—a

y) dxdy

IN
N = @

which readily appeared in [25].

Theorem 9. Let f : [a,b] — R be a (p,q)-differentiable convex continuous function, which is defined at the
point B ¢ (4,b) and 0 < q < p < 1. Then, the following inequalities:

P
0 < gy [P F ) g — gl [P f<tx +(1- >qu?) adp g
(20)
<(1-1) {W - faf”b+(1_p)”f(qx +(1—¢q)a) adp,qx]

are valid for all t € [0,1].

Proof. Since f is convex on [a,b] and using Theorem 3, we have:

1 po+(1-p)a b
)/ f()f)c-i—(l—)?)qll—~_][J >udp,qx

p(b—a) Ja p+q
t rpb+(1=p)a qa + pb
< — d 1—t
*p(b—a)/a f(x) adpqx +( )f<p+q>
t pb+(1—p)a 1—t pb+(1—p)a
< -
< o=a £ adpgr s | £ addpgx

1 pb+(1-p)a
= 5w, /a F(2) addpgx

forallt € [0,1].
On the other hand, since f is the (p, q)-differentiable convex on [4, b], we have:

£+ -0 BE) gy > - (B 1) 1)
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Taking the double (p, 7)-integration on both sides of the above inequality on [a, b], we obtain:

Ta) [pH e f<tx+(1 V;:?) adlpgx — b plo—a) [pH 9% (x) atdpqX

(21)
1 b+(1— b
> p(b 2 ]p +(1—p)a (% 7x) aDpqaf(x)adpgx.
Since,
b+(1— b
I +(1=p)a (%795) aDpgf(x)adpqx .
22

_ fupbﬂl*p)ﬂ F(gx+ (1= q)a)adygx — (b—a) Pf(ﬂ)ﬂf}gibqﬂlfp)a)_

This completes the proof. O

Corollary 3. Let f : [a,b] — R be a (p,q)-differentiable convex continuous function and 0 < g < p < 1.
Then, we have:

(PP+pg) (b—a)+(p+2g)a+pb

b+(1—p)a
0 < %,1 fap ey f(x) adpqx — bza fa(PJrZﬂ)ﬂ?If ) f(x) adp,qgx
2(T+q) (23)
<1 [W — gL P £ 4 (1 - g)a) adp,qx] .

Theorem 10. Let f : [a,b] — R bea (p, q)-differentiable convex continuous function, which is defined at the
point p;‘—igb € (a,b) and 0 < q < p < 1. Then, the following inequalities:

_ p(p—q)(b—a) ¢ ( pa+qb
(- Sy ()

IN

blﬁ ./;zpbﬂlip)ﬂ f(x) adpgx — 5= pr (1-p)e i (f" +(1- f)pﬁgb) adpgX (24)

IN

1-1) [ﬂf(ﬂ)JrPfrEVer;(l*P)ﬂ) _ ﬁ ff“(l*r’)” flgx + (1 —q)a) udp,qx]

are valid for all t € [0,1].

Proof. The proof of this theorem follows a similar procedure as Theorem 9 by using Theorem 4. [J

Corollary 4. Let f : [a,b] — R be a (p, q)-differentiable convex continuous function and 0 < g < p < 1.
Then, we have:

f/ (pu+qb>
P+q ptaq

(PP4po) (b (ﬂ)+(2n+q)a+qb

b+ (1—
< %u fap e f(x) ,;dp,qx b a praH(Hb) f(x) ﬂdﬁr’?x (25)
2(p+q)
<1 {qf(ﬂ)ﬂf;ib;r(lfp)a) _ h%ﬂffb*(lfp)”f(qur (1-q)a) ﬂd,,/qx] )

Theorem 11. Let f : [a,b] — R bea (p, q)-differentiable convex continuous function, which is defined at the
point % € (a,b)and 0 < q < p < 1. Then, the following inequalities:
(1-1) p(p (Z+'i f/ (a+b)
b b+(1—
L S f () adpgx — g [P (ter a- t)%> atlpgx (26)

= b—a Ja

(1-1t) [f(ﬂ)'*'f(l’g'*'(l—ﬁ)ﬂ) _ ﬁ faprr(l*P)a flgx+(1—q)a) pqx]

IN
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are valid for all t € [0,1].
Proof. The proof of this theorem follows a similar procedure as Theorem 9 by using Theorem 5. [J

Corollary 5. Let f : [a,b] — R be a (p, q)-differentiable convex continuous function and 0 < g < p < 1.
Then, we have:

& (Z+r7 f, (Hb)

2p(b— a)+3u+b

< g ST () alpgx = 2 fu T FO0) adpgx @7
< § [MRHR o)  1n (PR gt (1 - g)a) adp ]

Remark 6. If p = 1and q — 1, then (20), (24), and (26) reduce to:

,bi—u/hf(x)dx / f(tx+ 1—t)”;b>d
camp[fOHO 1),

which readily appeared in [25].

Remark 7. If p = 1and q — 1, then (23), (25), and (27) reduce to:

a+3b

0< —/ floydx =4 Sﬂfb flx)dx < % {M*ﬁ/ﬂbﬂxwx},

which readily appeared in [25].

4. Conclusions

In this paper, we have obtained some new results for the (p, g)-calculus of Hermite-Hadamard
inequalities for the double integral and refinements of the Hermite-Hadamard inequality. Our work
has improved the results of [23] and can be reduced to the classical inequality formulas in special cases
when p = 1and q — 1. It is expected that this paper may stimulate further research in this field.

Author Contributions: The order of the author list reflects the contributions to the paper.
Funding: This research received no external funding.

Conflicts of Interest: The authors declare no conflict of interest.
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Abstract: In this paper, we obtain a new series representation for the generalized Bose-Einstein
and Fermi-Dirac functions by using fractional Weyl transform. To achieve this purpose, we obtain
an analytic continuation for these functions by generalizing the domain of Riemann zeta functions
from (0 < R(s) < 1) to (0 < R(s) < ). This leads to fresh insights for a new generalization of the
Riemann zeta function. The results are validated by obtaining the classical series representation of
the polylogarithm and Hurwitz-Lerch zeta functions as special cases. Fractional derivatives and the
relationship of the generalized Bose-Einstein and Fermi-Dirac functions with Apostol-Euler-No6rlund
polynomials are established to prove new identities.

Keywords: Fermi-Dirac function; Bose-Einstein function; Weyl transform; series representation

1. Introduction

The importance of the Fermi-Dirac and Bose-Einstein functions emerges from their fundamental
presence in quantum physics and related sciences. Unlike the classical mechanics of particles, where
the Maxwell distribution is used to study the velocity of classical gas molecules, the quantum gas
is analyzed by using the Fermi-Dirac and Bose-Einstein functions. The distinct particles obey
Fermi-Dirac statistics, while the indistinct particles follow Bose-Einstein statistics. All particles have a
spin in relation to the usual theory. Fermions have half-integer spin and bosons have integer spin.
The Fermi-Dirac and Bose-FEinstein distribution functions are used to analyze them in the language
of mathematics and physics. Indistinguishable particles that are not categorized through either of
the aforementioned types are called anyons. The extensions of the Bose-Einstein and Fermi-Dirac
functions interpolate between the two. Therefore, Chaudhry et al. [1] proposed that the extensions of
the Bose-Einstein and Fermi-Dirac functions may help to describe anyons. In this paper, we generalize
the results of Chaudhry and Qadir [2] by proving a general representation theorem to establish a
new series representation of the generalized Bose-Einstein and Fermi-Dirac functions. However,
we also discuss the fractional derivative, and the relationship of the generalized Bose-Einstein and
Fermi-Dirac functions with Apostol-Euler-Norlund polynomials. Before we provide our research
results, it is necessary to enlist all the basic definitions and preliminaries that are required to present
and understand this work.

Axioms 2019, 8, 63; doi:10.3390/axioms8020063 97 www.mdpi.com/journal/axioms
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2. Materials and Methods

2.1. Generalized Bose—Einstein and Fermi—Dirac Functions

During the course of our investigation, we consider the subsequent usual notations:
N:={1,2,3....}, NU{0} =Ny, Z =1{-1,-2,-3...}.

In addition, Z is the set of integers, R denotes the set of real numbers, R* denotes the set of positive
numbers, and C is the set of complex numbers, s = o + it. Gamma function I'(s) as a generalization
of factorials is also used here as a basic special function. For a detailed study of gamma and related
functions, we refer the interested reader to [3,4].

More recently, Bayad and Chikhi [5] introduced and studied the generalized Fermi-Dirac functions
given by ([5], (p. 12), Equation (45))

. L 1"( > 00 15—1,—V(x+t)
O (s %) = 17 o ‘o dt 1)

(R(x) 20, R(v) > -R(n) AR(s) > R(p) > 0whene™ £ 1)

and their series representation is given by ([5], (p. 12), Equation (46))

=)

% (FD)T (A n)e(vERnx
Oy (s, 1) = ) nl(v+p+n)°

@

n=1
For n = 1, in Equation (1) the extended Fermi-Dirac functions ([6], (p. 113), Equation (3.14)) are given
here by
Oy (s;x) = Oy (s, 1;x) 5) fg = eltJ:x‘;TX) 3)
(R(x) 20, QQ( )>-1),
and for v = 0 and u = 1 in Equation (1), the original Fermi-Dirac function is given by ([6], (p. 109),
Equation (1.12))

1 00 ts—l
For(x) = Op (5,15%) = ﬁfo ARG 20 R(6) > 0). @)

Similarly, the generalized Bose-Einstein functions ¥+ (s, o ;x), which are defined by ([5], (p. 13),
Equation (51)), are as follows

Hlo) = o
(R(x) 20, R(v) > -R(p) A ‘R( ) > %( )>0whene™=1A R(s)>0),
and their series representation is given by ([5], (p. 13), Equation (52))
o T+ n)e (Vrwtnx
Yy (s, %) := _ 6
(5, 1ix) n;l n!(v+p+n)® (©)

For p = 1, the extended Bose-Einstein functions ([6], (p. 115), Equation (4.4)) are given here by

00 4s—1 ,—Vvt
¥ (%) = ¥y (s, 15x) = %fo T dt(R(x) 20, R(v) > 1), @)

and the original Bose—Einstein function is given by ([6], (p. 109), Equation (1.13)).

1 0 ys—1
Bs1(x) =Y (s,1,x) = mj{; " dt (R(x) = 0;R(s) >1). 8)

98



Axioms 2019, 8, 63

For further study of the Fermi-Dirac and Bose-Einstein functions, we refer the interested reader
to [7-9]. The reduction and duality theorems for these functions are given by ([5], (p. 12-13))

M
Oy m(s; u+M;x) = Z Ri(M, m,—v)Oy(s—m, i;x), 9)
m=0
M
Oy(s—M;;x) = Z (—1)M_mR(M , m,—V)Oy_m(s, p+m;x), (10)
m=0
M
Fyomls mEMx) = Y Ri(M, m,—v) ¥y, (s - m, 1), an
m=0
M
Yy(s—M; wx) = Z (~DM™R(M, m, —v)¥y-m(s, 1+ m;x), (12)
m=0

respectively, where Ry(M, m,—v) and R(M, m,—v) are the polynomials having explicit
representations in terms of Stirling numbers. For examples and details see Carlitz [10,11]. More recently,
Tassaddiq [12,13] considered the A-generalized extended Fermi-Dirac functions and A-generalized
extended Bose-Einstein functions as a transformed form of Srivastava’s A-generalized Hurwitz-Lerch
zeta functions ([14], (p. 1487), Equation (1.14)). In this research, we generalize the results of Chaudhry
and Qadir [2]. To achieve this goal, it is important to briefly highlight their relationship with the zeta
functions. It should be noted that for x = 0, the Bose-Einstein and Fermi-Dirac functions are related to
the Riemann zeta functions respectively.

U(s) == Be1(0); R(s) > 1 (13)
(s)(1-217%) == F 1 (0); R(s) > 0. (14)

The polylogarithm function is an important function in the study of theory of polymers that was
introduced and investigated by Truesdell [15]

© _n
Lig(z) := ) | % (se€C, |zI< 1;R(s) >1, |z] = 1). (15)
n=1
It generalizes the Riemann zeta function, as we have
Lis(1) = ¢(1,5) = ¢(s) (R(s) > 1), (16)

and it can also be represented as an integral

. 7 00 ts—l
Lis(z) = m\f; g dt (s € C when |z|< 1; R(s) >1 and when |z| = 1). (17)

In our present analysis, we are especially interested in Lindelof’s representation of these functions
given by ([15], (p. 149), Equation (13)),

. — o0 1 n
Lis(z) = T(1-s)(logz)* ™ + X% (s — n) 182 a8)
(|logz| <2m,s#1,2,3,...,v#0,-1,-2,...,).
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The Hurwitz-Lerch zeta function ([16], (p. 27)), as a generalization of the polylogarithm, is
given by

a n
P(z,8,a) = Z (nia)s (a € C\Z ;s e Cwhen|z|< 1; R(s) >1 when |z| = 1). (19)
n=0

It has a meromorphic extension to the whole complex s-plane, while it has a simple singularity at
s = 1 of residue 1. It is also represented by ([16], (p. 27), Equation (1.6))

1 00 ys—1g-at
(z,5,a) = @fo 1_—;4 dt (lzI< 1= R(s) >0;R(a) >0;z=1=R(s)>1).  (20)
Apart from other applications, the Hurwitz-Lerch zeta function is the most general function in the
original zeta family. For example, different values of the involved parameters in (19-20) yield the
following relationships with the polylogarithm, Hurwitz, and Riemann zeta functions, respectively:

Lis(z) := Z Z—: =2zP(s,z,1), (21)
n=1
U(s,a) i= ZB (n—il-a)s — ®(s,1,a), )
((s) == Z % =d(s,1,1) = (s, 1). (23)
n=1

For our purposes, itis important to note that the Hurwitz-Lerch zeta function has a series representation

([16], (pp. 28-29))

I'(1-s) s—1

D(z,5,v) = —3 (log%)
(|logz\<27T,s¢1,2,3,...,v#:O,—l,—Z,...,)

—~ (logz)"
+ ((s—n, T
z Z::O (s—n,v) o 29

that generalizes Lindelof’s representation (18).
Further to all of the above discussion, Chaudhry et al. [17] defined a new generalization of the
Riemann zeta function in the critical strip by

Ba(s;x) := % j:o (t—x)sfl(etl_ T %)e_at dt(0< R(s) <1:x>0;a>0). (25)

The Riemann hypothesis is a well-known unsolved problem in analytic number theory [18].
It states that “all the non-trivial zeros of the zeta function exist on the line s = 1/2”. These zeros seem
to be complex conjugates and are hence symmetrical on this line. The Riemann zeta function in the
critical strip is defined and studied in [18]

o(s) ::$f0°°ts_1( ! —%)dt(0< R(s) < 1), 26)

et—1
which can be obtained as a special case of Equation (25) by putting x = a2 = 0.

2.2. A Class Reo (A, P, 0) of Functions and the Representation Theorem

More recently Chaudhry and Qadir [19] discussed some important classes of functions.
The statements of this section are taken from [19-21].

We first give a brief introduction to the function spaces H(&; 1) and H(oo;1). The elements of
H(&;m) are particular functions f € C*(0, c0) that satisfy the following conditions
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1. [ f(t)dtis well defined for T € [0, c0);
2. f(t)=0(t™M) (t—>0");
3. f(t) =O(t7%) (t > ).

Furthermore, if f(t) = O(t™%) (t — o0; & € Ra' ), then f(t) € H(oo;11). We can note that H(oo; 1) C
H(&m) (V€ € RY).
Clearly, we have

f(t) = e € H(e0,0) (b > 0). (27)
The Mellin transform of f € H(&;1) is defined by
fm(s) = MIf(t);s] := f f(H)tldt (s = o +it, n < R(s) < &). (28)
0

The fractional Weyl transform of f € H(&;0) is defined by

Q(s;x) := WIE(t)](x) == ) MI£(t + x); 8] -
fO (t+x)e~1dt = ﬁfxwf(t)(t X)*7ldt; (s =o+it, 0<R(s) <&, x>0). @9)

Considering R (s) < 0, we define the Weyl transform of w € H(&;0) as follows,
Q(s;x) == WS[f(t)](x) := (-1)" ;: (Qn+s;x)), (0<n+R(s) <§), (30)

and
Q0;x) := w(x). (31)
We can rewrite Equation (30) alternately as

Q(=s;x) := W w(t)](x) = (- )n_f—n( " w(1)](x)) 32)

= (-1)"fx(Qn-5x)) (0 <n-R(s)< & R(s) >0).

For these formulae, n > R(s) where n is the positive and smallest such integer. For s = n in
Equation (32), we get

A-nyx) = W) = (1) (0(0:)) = (1) S (@(): 8
Note that {W?} (s € C) satisfies
W [w(B)] (x) = WHQ(s;0)] (x) = Qs + wix) (34)

the multiplicative group property. For further detailed study of Weyl and related integral transforms,
we refer the interested reader to [22-24].

The space of analytic functions [20,21] as discussed by Hardy is reviewed here as follows: Let
0 <6 <T1and H(3) := {s = o +it: R(s) > -5} be the half space. Further, for an analytic function
¢(s), seH(d), suppose that 0 < A < wand

R =R(A,P,8) == {d(s) : [p(s)] < CePorAI) (35)
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is called the Hardy space of analytic functions that restricts the parameter A to lie in (0, 7r). Consider a
function ¢ € R and define

@()-fifﬂw T (=s)x"ds (0 < c < 8) 36
X om B sinrcs(b T8)x ds ¢ ! (36)

—ico

such that the kernel is majorized by

e (m=Aldg=Pey=c (x> 0). (37)

These are uniformly convergent in an interval of 0 < x < xg < X < co. Therefore, the function
d(x) is regular, and represented by the integral (36), for all positive x. We combine these classes to

define a new class of functions for our purposes. Assume that w(0) := Q(0;0) is well defined and
w(x) := Q(0;x) (x > 0). Then, w € Ro(A,P,8) iff w € H(5;0) and

QO(s; 0
(5:0) | _ ceoprar (g < R(s) < 5). 38)
T(1-5s)
Theorem 1. Let ¢ € H(5;0) and ®(s;x) (x > 0) be its Weyl transform; then, the series representation is
— P(s—1;0)(—x)"
®(s;x) :Z% (0<R(s) <5,0<x < o). (39)

Proof. Since ¢ € R (A, P, §), the inverse Mellin transform is

+ico _
P(0;x) : ﬁfﬂ; em(s)x5ds
1 +ico . _ 1 (ctico  nd(s0) —s
= Rj:—ioo F(s)(b(s,O)x Sds = ﬁj;—im mx sds (40)
(0<c<8,x>0),

well defined because the integrand is majorized by a constant multiple of e~ (" A)ItlePex—c,
Familiar Cauchy’s theorem for complex numbers is used to invert the Mellin transform in
Equation (40). The integrand has singularities of order 1 ats = -n (n = 0,1,2,3,...) with residues

w . Therefore,

(0;x) = i (_UW—T“O)"H (0<x<eP).
n=0

R (41)
Because ¢ € H(5;0), the series (41) extends uniquely for the Weyl transform as
— P(s —n;0)(—x)"
(s;x)zzm(0<x<e_p,0§‘R(s)<5). @)
n!
n=0
O
Theorem 2. Let ¢ € R (A, P,8) and
Y(t) = AT+ o(t) (n>0). 43)

Then, the Weyl transform ¥ (s; x) has a closed form representation

m ——————(0< R(s) <min(s,p);0 <x <eP). (44)

Y(s;x) = )\r(u—_s)xsfu + i (s - nr?l?)(_x)n
n=0 B
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Proof. An application of the linearity property of Weyl’s transform to Equation (43) gives

F(six) = Wb ()] (x) =AW [EH](x) + ®(s; )

(0 < R(s) < min(s,u);0 < x < eP). 45
However, (see [22], (p. 249)) we have
W0 = LT3 b (0 < R(s) < 130 < x < o). (46)
From Equations (38), (42), and (46) we arrive at Equation (44). O
Example 1. Define
o)1= -1 (t>0) @)
Note that ¢ € Reo(5,In(1/2m),8) and
D(s,0) = ¢(s) (0<R(s) <1). (48)
Hence, we have an expansion
@(o,x):ex%l—)l-(zc(ongw(0<x<zn), 49)
which is the standard result. Using
{(-n) = Ba (n=0,1,2,3,...), (50)

“n+1

we can rewrite O(s; x) in terms of Bernoulli numbers.

3. Results

Application of the General Representation Theorem to the Generalized Bose—Einstein and Fermi—Dirac and
Related Functions

In this section, we first evaluate the fractional Weyl transform for the function involved in the
integrand of generalized Bose-Einstein functions and then analytically continued this function in the
interval (0 < R(s) < p), namely the generalized critical strip.

Remark 1. To apply the general representation theorem, we first discussed analytic continuation of the
Bose—Einstein function in the critical strip. The integral representation (5) of the generalized Bose—Einstein
function ¥+ (s, w;0) can be continued to the domain, 0 < R(s) < w, where a particular case of this domain
0 < R(s) < 1is known as the critical strip for the zeta function. For R(s) > p, we may write in the usual
sense as we write for the zeta function ([18], (p. 37))

T(s)¥s (s, 1;0) —f e Llegey 1
v (S = b (ef_l)u tH s— 1

o govt (51)
— 5714y,
+ \]11 (et — 1) 33
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which is true by analytic continuation for R(s) > 0. For these values 0 < R(s) < w, we get

1 00 ts—l
S—H:f1 ™ dt, (52)
such that we can write
00 e—vt 1 o
T(s)¥s (5, 11;0) 7]0‘ (W - t—u)t 14t (0 < R(s)< 1 R(v) >0). 53)

Putting v = 0 in Equation (53), we get the representation

¥ (5500 = [ (g gt 0 < Kio) < 64

Putting v = 0; w = 1in Equation (53), the classical representation (26) for the Riemann zeta function is
recovered.

Remark 2. The series representation (24) for the Hurwitz—Lerch function is proved in ([16], (p. 28)) by using
the following steps.

1. Using the contour integral to state the involved function
2. Using the Cauchy residue theorem from complex analysis
3. Using the following identity known as Hurwitz formula [16]

0o

Us,v) =2(2m)* T (1-5) Z

sin(2rmy + Z2)

= (R(s) <0,0<v<1). (55)

In this section, we have obtained a new series representation for the generalized Bose-Einstein and
Fermi-Dirac functions. We have shown that the above stated results (18) and (24) for the polylogarithm
and Hurwitz-Lerch functions are special cases by using the fractional Weyl transform.

Theorem 3. Show that the generalized Fermi-Dirac functions have a series representation

M
L 2 oy (mMupM © T (71) "R(M, m,—v)@y_(s, u+m;0) M
Oy(s,1;x) == T(w) MZ:[] Tyu =T(w) MZZO M (56)

(0<R(s) < v#0,-1,-2,...).

Proof. The generalized Fermi-Dirac function (1) can be written as

— H) eV (t=x
@V(s,u, = tet+1 dt
e [M ] x)de (7)

= TW |00 = Ty £ Ol
which leads to the required result by using Equations (10) and (39). O

Corollary 1. The Fermi-Dirac function has a representation ([2], Equation (4.2)):

-y (FZM"‘*;}HC(*M)XM , (58)
M=0
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Proof. This result follows by putting u = 1;v = 0 in Equation (56) and using Equation (14). O

Theorem 4. Show that the generalized Bose—Einstein functions have a series representation:

Y, (S,u}X) I(p ): s) X5~ p+r( )Mgo 1) ‘YVI\ZIM 1;0) M 59)
-1

(0<R(s) < v+#0,-1,-2,...).

Proof. First, we note that the integral representation (5) can be rewritten as

T o oelet T (Y (=)
N o e e o A e

which can be rearranged as follows

T e 1 1] e
—mﬁ [(et—l)u tu+t”](t ) dt. (61)

Next, by making use of the definition of Weyl transform, we get

eVt 1 1
) — —-s|_* 2 -
¥ (somn) = W] = o0+ rogw [ oo, ®)
However, an application of the Weyl transform (46) along with an application of the general
representation theorem (39) on the left hand side of the above Equation (62) leads to the required series
representation. O

Corollary 2. The Bose—Einstein function has a representation ([2], Equation (4.7)):

(s— M)xM

Boa(x) =T(1-sp! + Z (63)

Proof. The result follows by putting u = 1; v = 0 in Equation (59) and using Equation (13). O
Remark 3. Putting n=1;,x = log% =z =¢%—x=logz, replacing v by v — 1 in (59), and using the
relation, ([6], Equation (4.5)) ¥y (s; x) = e" VXD (e, s, v 4 1), we obtain

1LY (s-M, v)““gz (logz| <2m,s#1,2,3,...,v#£0,-1,-2,...),  (64)

2V ®(z,s,v) =T(1-s)(log %)S

which is exactly Equation (24). Further, by putting v = 0, we deduce Lindelof’s representation (18) for the
polylogarithm function.

Remark 4. The use of fractional derivatives and fractional integrals has become vital to solve many physical
problems that were unsolvable otherwise, see for example [25,26]. For our interest, the Riemann—Liouville
fractional derivative is defined by ([22], (p. 70)) and [23].

D f(2)) :{ » Lfoz Z—t)“—l f(t)dt R(p) >0

22 (D)) (-1 5 R () < mim € 1), ©
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It is important to notice from integral representations (1) and (5) that the functions ©v (s, u;x) and
¥, (s, 1;x) are in effect a Riemann-Liouville fractional derivative of the Fermi-Dirac and Bose-Einstein
functions respectively given by

Oy (s, x) = ﬁ 35_1{e’x(“’1)®v (s;x)};?’\(u) >0, (66)
Oy (s,1;x) = ﬁ 95_1{6_)((“_1)@\, (s;x)};‘R(p.) > 0. (67)

Remark 5. The Apostol-Euler—Norlund polynomials EE‘”) (x;N) [27,28] are defined by the generating function

2\ s "
(/\et—Jrl) €Ut = ZOEQL) (U,’)\) m} |t| < llOg(—/\) ;A + -1 (68)

and Bernoulli-Norlund polynomials [27,28] are defined by

boM = #
() & = Y B )it < o (69)

et —

Itis important to further mention that the relation of the generalized Fermi-Dirac and Bose-Einstein
functions with Apostol—Euler-Norlund [27,28] polynomials can be established in view of integral
representations (1) and (5), respectively, as follows.

Consider ([5], Equation (47))

Oy (s,15%) = e T (s, v+ p, —e™). (70)

Now, replace v by v — u and s = —m in Equation (70); we get

Op—y (—m, w;x) = e7C(=m, w;v, —e ). (71)

X

Next, by using A = e™; @ = p in ([5], Equation (27)), we get

Op—y (—m, ;x) = e_XUF(y)Z_“EI(#) (v;e™). (72)
Similarly, by considering (5], Equation (53)) and replacing v by v — u, s = —m, we get
Yoy (—m, g;x) = e70C(=m, y ;v,e7). (73)
Next, by using A = ¢™ in ([5], Equation (27)) and using the result in the above Equation (73),
we get
Yopu (—m, ;%) = e’x”F(y)Z’“Efr'l’L) (v;—e™). (74)

For x = 0, in Equations (72) and (74), we get
oy (~m, 0) = T (2B (1) ¥ery, (-m,1;0) = T2 ER (v;-1),

which can be used in Equations (56) and (59) to obtain the representation in terms of special cases of

(n)

Apostol-Euler-Norlund polynomials Ey,” (v; ¥1). Considering the further restrictions v = u = 1, we
can get these relations in terms of commonly used Bernoulli and Euler numbers.
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Remark 6. One can note that Equation (59) may be stated alternately in terms of Stirling numbers by using
Equation (13) as follows

o (_a\MyM (_q\M-m —V)Ty-m(S , /
¥, (5 15%) = %ﬂ(pl—s)xs—qur(u)M;O( D" LoD R(ﬁ!'m' JFv-m(s , ptm0) m 75)

(0<R(s)<w v+0,-1,-2,...).

4. Concluding Remarks

One important aspect in relation to the analysis of special functions is to study their representations.
These special functions can be studied in different regions by using their series, asymptotic, and
integral representations. This fact is also important when writing simpler mathematical proofs of
known results. Here, we have provided a new series representation of the generalized Bose—Einstein
and Fermi-Dirac functions by using a general representation theorem. To accomplish this work, we
discussed an analytic continuation for these functions by generalizing the Riemann zeta function from
(0<R(s) <1)to (0 <R(s) < ). This gives new insights for a possible generalization of the Rieman
zeta function

N < o 1 1
CH(S) = @L t 1(@ - t_“) dt (0 < ‘.R(S) < LL)

and will be discussed in more detail in our future research. Our results were validated by obtaining
known series representations for the polylogarithm and the Hurwitz—Lerch zeta functions as special
cases. A comparison of the known proof of their series representation was given with this new proof.
It is hoped that the general representation theorem can also be applied to analyze other special functions.
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Abstract: The purpose of this note is to provide an expository introduction to some more curious
integral formulas and transformations involving generating functions. We seek to generalize these
results and integral representations which effectively provide a mechanism for converting between a
sequence’s ordinary and exponential generating function (OGF and EGF, respectively) and vice versa.
The Laplace transform provides an integral formula for the EGF-to-OGF transformation, where the
reverse OGF-to-EGF operation requires more careful integration techniques. We prove two variants
of the OGF-to-EGF transformation integrals from the Hankel loop contour for the reciprocal gamma
function and from Fourier series expansions of integral representations for the Hadamard product
of two generating functions, respectively. We also suggest several generalizations of these integral
formulas and provide new examples along the way.

Keywords: generating function; series transformation; gamma function; Hankel contour
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1. Introduction

1.1. Definitions

Given a sequence { f,, } ,>0, we adopt the notation for the respective ordinary generating function
(OGF), F(z), and exponential generating function (EGF), F(z), of the sequence in some formal
indeterminate parameter z € C:

F(z) = ) faz" M
n>0
F(z) = nzzo %z".

Notice that we can always construct these functions over any sequence { f, },cn and formally
perform operations on these functions within the ring of formal power series in z without any
considerations on the constraints imposed by the convergence of the underlying series as a complex
function of z. If we assume that the respective series for F(z) or F(z) is analytic, or converges absolutely,
forallz € Cwith0 < |z| < oy, then we can apply complex function theory to these sequence generating
functions and treat them as analytic functions of z on this region.

We can precisely define the form of an integral transformation (in one variable) as [1] (§ 1.4)

TIF@I0) = [ K(xkfx)ax, @

a
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for —c0o < b < a < +oo and where the function £ : R x C — C is called the kernel of the
transformation. When the function f which we operate on in the formula given by the last equation
corresponds to an OGF or EGF of a sequence with which we are concerned in applications, we consider
integrals of the form in (2) to be so-called generating function transformations. Such generating
function transformations are employed to transform the ordinary power series of the target generating
function for one sequence into the form of a generating function which enumerates another sequence
we are interested in studying.

Generating function transformations form a useful combinatorial and analytic method (depending
on perspective) which can be combined and employed to study new sequences of many forms.
Our focus in this article is to motivate the constructions of generating function transformations as
meaningful and indispensable tools in enumerative combinatorics, combinatorial number theory,
and in the theory of partitions, among other fields where such applications live. The particular
modus operandi within this article shows the evolution of integral transforms for the reciprocal
gamma function, and its multi-factorial integer sequence special cases, as a motivating method for
enumerating several types of special sequences and series which we will consider in the next sections.

The references [2—4] provide a much broader sense of the applications of generating function
techniques in general to those readers who are not familiar with this topic as a means for sequence
enumeration. A comprehensive array of analytic and experimental techniques in the theory of integral
transformations is also treated in the references [1,5]. We focus on only a comparatively few concrete
examples of integral and sequence transformations in the next subsections with hopes to motivate
our primary results proved in this article from this perspective. We hope that the discussion of these
techniques in this short note provide motivation and useful applications to readers in a broader range
of mathematical areas.

1.2. From Hobby To Short Note: OGF-to-EGF Conversion Formulas

A time consuming hobby that the author assumes from time to time is rediscovering old and
unusual identities in mathematics textbooks— particularly in the areas of combinatorics and discrete
mathematics. Favorite books to search include Comtet’s Advanced Combinatorics and the exercises and
their solutions found in Concrete Mathematics by Graham, Knuth and Patashnik. One curious and
interesting conversion operation discussed in the exercises to Chapter 7 of the latter book involves
a pair of integral formulas for converting an arbitrary sequence OGF into its EGF and vice versa
provided the resulting integral is suitably convergent. The exercise listed in Concrete Mathematics
suggests the second form of the operation. Namely, that of converting a sequence EGF into its OGFE.

In this direction, we have an easy conversion integral for converting from the EGF of a sequence
{fu}u>0, denoted by F(z), and its corresponding OGF, denoted by F(z), given by the Laplace-Borel
transform [6] (§ B.14):

LIF)(z) = F(z) = /0oo Ftz)etdt.

Other integral formulas for conversions between specified generating function “types” can be
constructed similarly as well (see Section 1.3). The key facets in constructing these semi-standard,
or at least known, conversion integrals is in applying a termwise series operation which generates a
factor, or reciprocal factor, of the gamma function I'(z 4+ 1) when z € N. The corresponding “reversion”
operation of converting from a sequence’s OGF to its EGF requires a more careful treatment of the
properties of the reciprocal gamma function, 1/T(z + 1), and the construction of integral formulas
which generate it for z € N involving the Hankel loop contour described in Section 2.

That being said, Graham, Knuth and Patshnik already suggest a curious “known” integral formula
for performing this corresponding OGF-to-EGF conversion operation of the following form [3] (p. 566):

E(2) ! /‘n F(ze™™) e dt. (3)

:Efn
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The statement of this result is given without proof in the identity-full appendix section of the
textbook. When first (re)-discovered many years back, the author assumed that the motivation for
this integral transformation must correspond to the non-zero paths of a complex contour integral for
the reciprocal gamma function. For many years the precise formulation of a proof of this termwise
integral formula and its generalization to enumerating terms of reciprocal generalized multi-factorial
functions, such as 1/(2n — 1)!!, remained a mystery and curiosity of periodic interest to the author.
In the summer of 2017, the author finally decided to formally inquire about the proof and possible
generalizations in an online mathematics forum. The question went unanswered for over a year
until by chance the author stumbled onto a Fourier series identity which finally motivated a rigorous
proof of the formula in (3). This note explains this proof and derives another integral formula for this
operation of OGF-to-EGF inversion based on the Hankel loop contour. The preparation of this article is
intended to be expository in nature in the hope of inspiring the creativity of more researchers towards
developing related integral transformations of sequence generating functions.

1.3. Examples: Integral transformations of a Sequence Generating Function

Integral transformations are a powerful and convenient formal and analytic tool which are used
to study sequences and their properties. Moreover, they are easy to parse and apply in many contexts
with only basic knowledge of infinitesimal calculus making them easy-to-understand operations which
we can apply to sequence generating functions. The author is an enthusiast for particularly pretty
or interesting integral representations (cf. [5,7]) and has taken a special research interest in finding
integral formulas of the ordinary generating function of sequence which transform the series into
another generating function enumerating a modified special sequence.

One notable example of such an integral transformation given in [8] (§ 2) allows us to construct
generalized polylogarithm-like and Dirichlet-like series over any prescribed sequence in the following
forms for integers r > 1:

_1)r—1
;0 (n {rnl),z" _ ((r i)l)! /01 log" 1 (t)F(tz)dt @

1 00
= ./0 = le ™ F (e7'z) dt.

Another source of generating function transformation identities correspond to the bilateral series
given by Lindeldf in [9] (§ 2) of the form

o0
Z f(n)z" = —%?{ 7t cot(mw) f (w)z¥dw, (5)
n=-—co r
where 7 is any closed contour in C which contains all of the singular points of f in its interior. In this
note, we will focus on integral formulas for generating function transformations of an arbitrary
sequence, { fu }n>0-

Additional series transformations involving a sequence generating function into the form of
Yuso fnz"/8(n)® for Re(s) > 1 and non-zero sequences {g(n)},>o are proved in [10,11]. Note that
the harmonic-number-related coefficients implicit to these series transformations satisfy summation
formulas which are readily expressed by Norlund-Rice contour integral formulas as well. The author
has proved in [12] so-called square series transformations providing that

L=l L_Zif (e 2L°g(‘”)} 24, gl lge] < 1. ©

n>0
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Applications of these square series integral representations include many new integral formulas
for theta functions and classical g-series identities such as the Jacobi triple product and the partition
function generating function, (g; q);,l, expanded by Euler’s pentagonal number theorem.

There are more general Meinardus methods for computing asymptotics of the coefficients of
classes of partition number generating functions of the form [13]

_bk

Y opu)z" =11 (1 — zk> , 7)

n>0 k>1

where p,, (D) denotes the number of weighted partitions of n corresponding to the parameter weights
by for k > 1. Generating functions enumerating partition function sequences of this type are related to
a known Euler transform of a sequence {a, },>1 given by [14]

Zk
1+ Y buz" ::Hﬁ = log(1+B(z))=)_ A(k ), (8)

n>1 i>1 k>1

where A(z) := Y, a,2" and B(z) := Y, b,z" are the respective OGFs of the component sequences.
In this case the right-hand-side generating function in the last equation is generated succinctly by a
g-integral for the g-beta function of the form [15]

1/t iy,
1= ) @iz = LAE

i>0

where inputting the modified generating function, A, (t) := A(t) log(z)/ (tlogt) for fixed z, into this
integral formula generates the second to last series result.

1.4. Results Proved in This Note

In this short note we provide proofs of known integral formulas providing an
ordinary-to-exponential generating function operation. We prove the following theorem using the
Hankel loop contour for the reciprocal gamma function in Section 2.

Theorem 1 (OGF-to-EGF Integral Formula I). For any real ¢ > 0, provided that F(z) is analytic for
0 < |z| < ¢, we have that

,\ ) ec+zt ) ec+lt z
Flz) = et = [ S F dt.
2) ng%)fnz —eo (C+at)nHl —eo (CH1t) <c+1t>

We also give a rigorous proof of the next integral formula relating F(z) and F(z).

Theorem 2 (OGF-to-EGF Integral Formula II). If F(z) is analytic for 0 < |z| < oy, we have that (3) holds.

Namely, we have that
= o 1 T it (,zt
F(z) = o /_ﬂF(ze ) e dt.

The proof of Theorem 2 is given in Section 3.
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2. Integral Representations of the Reciprocal Gamma Function

Since I'(z) is a meromorphic function of z with poles at the non-positive integers, it follows
that the reciprocal gamma function, 1/T(z), is an entire function (of order one) with zeros at
z=0,-1,-2,...[16] (§ 5.1). Indeed, as |z| — oo at a constant | arg(z)| < 7, we can expand

1 1 z 1 1 1
log | —— 1 51 - S
8 {F(z)} —zlogztzt ooy (Zn) 12z 736023 126025 ©)

which can be computed via the infinite products

1 (1+%) Yz < z —z/n
— =z —= =ze 1+—)e ,
Ry e )

where y & 0.577216 is Euler’s gamma constant. Classically, Karl Weierstrass called the function 1/T(z)
the “factorielle” function, and used its representation to prove his famous Weierstrass factorization
theorem in complex analysis [17] (§ 2).
For z € C such that Re(z) > 0 we have a known series expansion for the reciprocal gamma
function given by
1 2o

0 2 3 T 3
ok 2 uf=z+9z +<’Y2 12) 3+<76 7712 +C(3)>z4+---. (10)

The coefficients g in this expansion satisfy many known recurrence relations and expansions by
the Riemann zeta function. In [18] an exact integral formula for these coefficients is given by

ay = =" /00 e 'Im {(logt —17r)" } dt.
t-n! Jo
This integral formula is obtained in the reference using Euler’s reflection formula for the gamma

function given by
1 sin(mz)
Iz) =
and then applying a standard known real integral to express the gamma function on the right-hand-side
of the previous equation. Equivalently, the reflection formula can be stated as

r(1-z,

1 sin(7z)

T1+z)(1-z)  nz

2.1. The Hankel Loop Contour for the Reciprocal Gamma Function

We seek an exact integral representation for the reciprocal gamma function, not just an integral
formula defining the coefficients of its Taylor series expansion about zero in this case. To find such a
formula we must use the Hankel loop contour H; . shown in Figure 1 and consider the contributions of
each component section of the contour in the limiting cases for increasingly small J, & — 0. We prove
Theorem 1 using the next lemma derived from this contour below.
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C Y

C.(6) P = (VI =#],0)
LE(6,¢)
0] L (6,¢)

Py = (/]2 — 82|, -9)

Figure 1. The Hankel loop contour providing an integral representation of the reciprocal gamma
function when Re(z) > 0. This contour starts positively from the right, traverses the horizontal line
L (8, €) at distance 46 from the x-axis from 400 — \/|e2 — 62|, then enters the semi-circular loop about
the origin of radius ¢ denoted by C,(8) at the point P;, and then at the point P, = (/|2 — 62|, —4)
traverses the last horizontal line L (6, ¢) back to infinity parallel to the x-axis.

Lemma 1. Forany real ¢ > 0and z € C such that Re(z) > 0,

% = % /_Oo(chzt)*Ze””dt. (11)

Proof. Working from the figure, we have that [16] (§5.9)

1 . B 1 _ )z, t
T d,lgloﬁ %JHM( t) e dt (12a)
= Jim L { / + / + / } (e7™t%e7") dt. (12b)
d,e—0 2711 | JC(6) LEGe)  JLn(e)

We will first approach the contribution of the section of the contour given by C, which is a
path enclosing the origin along the circle of radius ¢ centered at (0,0). This portion of the contour is
oriented in the positive direction and begins at the point P; := (1/|¢2 — 62, 6) and ends at the point
P, := (/|e2 — 82|, —6). By parameterizing t along this circle, we obtain the real integral giving

sin ()

N _ _nj _ L2t
Ic ;= lim e iR 2t e gy — (12¢)
d,e—0 Jsin™1(-2)

since sin ! (é) = g + é% +0 (g) — 0 as ¢, ¢ independently tend to zero. Now we can easily

€
parameterize each of the sections of the contour on the horizontal lines each at distance ¢ from the x-axis.
In particular, let’s define our integrand in the complex parameters z, w as fr(z, w) = e”"™w %~ .
Then we consider the limiting cases of the following parameterizations of the two line segments
{(s,£0) :s € [\/]|e2 — 02|, T)} on LL (6, ¢) and Ly, (9, ¢), respectively, by evaluating the limit of 6, — 0
and then letting T tend to +oco:

z4(8,8t) ::\/|€27(52|:|:15+t<T7 |827(52‘) (12d)
2 (8,et) =T —/|e2—82|, fort € [0,1]. (12e)
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When we take the first small-order limits we obtain

1 1 T
: . ! . —IMzZ —2Z ,—§
lim /0 fr(ze(d,et)) -2 (8,& t)dt = —Zm/o e s TFe 0 s, (12f)

0,e—0
which by substitution provides us with the symmetric bounds of integration given by

H 1 T —IMZ,—Z,—S§ _ 0 —Z,5
Tlgr;oﬁ/o e s e %ds = + nos e’ds. (12¢g)
We then finally arrive at the stated known integral formula for the reciprocal gamma function
which holds for any fixed real c > 0. O

Proof of Theorem 1. Since we are initially motivated by finding a general conversion integral from a
sequence OGF into its EGF, we notice that we require an application of (11) termwise to the Taylor
series expansions of our prescribed generating function by setting z = 1 + 1. For example, if we assume
that our sequence OGF at hand is well enough behaved when its argument satisfies 0 < Re(z) < ¢
for some fixed choice of the real ¢ > 0 in the integral formula from above, we can sum the integrand
of (11) termwise to obtain

N » o0 ec+zf oo ec+7t z
F(z) = ——dt = F
(z) n;)fnz /_oo (c+ lt)"“d ./—oo (c+1t) <c+ lt> dt

2.2. Examples: Applications of the Integral Formula on the Real Line

We can perform the same “trick” of the generating function trades to sum a “doubly exponential”
sequence generating function when we replace the sequence OGF by its EGF in the previous equation:

Z M :/m ﬂﬁ (L) dt. (13)
= (n!)? oo (cH1t) \c+iut

Perhaps at first glance this iterated integral formula is somewhat unsatisfying since we have really
just repeated the procedure for constructing the first integral twice, but in fact there are notable special
case applications which we can derive from this method of summation which provide new integral
representations for otherwise hard-to-sum hypergeometric series.

For example, if we take the geometric series sequence case where f, = 1 for all n > 0, then we
can arrive at a new integral formula for the doubly exponential series expansion of the incomplete
Bessel function, Iy(2/z) = ¥,>02"/ (n!)? [3] (§ 5.5). In particular, we easily obtain that

IO(Zﬁ):/w et xp( z )dt. (14)

e
J—co CH1t c+iat

There is an integral representation for this function which is simpler to evaluate in the general
case given in (3). We elaborate more on this identity, its proof, and the corresponding series involving
Stirling numbers which it implies in the next section.

3. An Integral Formula from Fourier Analysis

One curious identity that the author has come across relating the OGF of a sequence to its EGF is
found in the appendices of the Concrete Mathematics reference [3] (p. 566). It states (3) without proof,
again providing that

o~ 1 T 1.
F(z) = 5 /7n F(ze ") e dt.

Finding a precise method of verifying this unproven identity is the initial motivation for this

note. Given the discussion and lead up to an integral for the reciprocal gamma function taken over
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the real line via the Hankel loop contour in the last section, the author initially assumed—and asked
with no replies in online math forums—that this computationally correct integral representation must
correspond to the non-zero components of some complex contour integral. It turns out that this
formula follows from the basic theory and constructions of Fourier analysis.

Proof of Theorem 2. Given a sequence, {f,},>0, its (mostly convergent) Fourier series is given by
f(x) = X0 fue'™. The terms of this sequence are then generated by this Fourier series according to
the standard integral formula [1,19]

fm = % /_7; f(x)e "™ dx,

for natural numbers m > 0. If we can assume that the Fourier series, f(x), or equivalently the OGF,
F(e'), is absolutely convergent for all x € [—7, 77| then we can sum over the integral formula in the
previous equation to obtain the first key component to this proof:

zMm 1 a —ix
) f';! = E/fn F(e™)e* " dx.

m=>0

The change of variables e* = z-¢™'* for fixed z shows that this formula is equivalent to the
integral formula in (3) directly by a change of variables. Also, by expanding the integrand in powers

+ix

of e=* where

s
/ erRxgy —or. Onier

-7
it is apparent that these two formulas in fact generate the same power series representation for F(z). [

Alternate Proof of Theorem 2. Another satisfyingly less analytical and more formally motivated
explanation for this behavior can be given by considering known integral formulas for the Hadamard
product of two series given in terms of the orthogonal set {e'* e o for x on the symmetric interval
(=7, 7] [2] (§ 1.12(V); Ex. 1.30, p. 85) [4] (cf. §6.3). This perspective on the formulations of these
two series allows us to swap the series variables zet*¥ i ¢*'* from the input of one function in the
product to another and similarly in the reverse direction. Thus we can effectively pick and choose
where we would like to position the generating function parameter z in each component of the
integrand—whether it be situated more naturally as an argument to F as in (3), or whether we choose
to keep it nested in the corresponding multiplier function as in the previous equation. We shall see
other examples of these integral formula variants in the next remark and following examples.

Remark 1 (Generalizations of series expansions from Fourier series). This technique of using a convergent

Fourier series and the corresponding integral operation for extracting its coefficients can be generalized to

generate many other series variants. For example, there are many zeta function and polylogarithm-related series

which are summed by modifying a polylogarithmic series of the form expanded in Section 1.2 by the reciprocal of
. . . m . . . . . .

the central binomial coefficients, (%'). In particular, in the exponential-series-based generating function cases we

have that

foz__2 /n F(e ™) [\/W—&- ze'¥ sin ™! (@)} )

=— 15
Lo (4= o7 . (4
2 [\/W+ e sin ! (‘/57)]
= 7/ F(ze™™) dx,
TJ)on (4 _ezx)3/2
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and in the geometric-series-based OGF cases we recover the exponential error function by

z" 1 _
Z ﬁ;il = T / F(e 1x)
n>0 ( n ) T J—n
_ L T —1x
= in /_nF(ze )

There are many other possibilities for constructing integral transformations for modified generating function
types. All one needs to do is be creative and consult a detailed reference of compendia such as [5,7].

ze!X / 11X
2+ e T \zeXerf < zZe )} dx (16)

elx £/ plX
2+e4\/7'£e”‘erf< 26 )]dx.

Examples: Generalizations and Solutions to a Long-Standing Forum Post

The primary goal of the first post [20] mentioned in the introduction was to eventually generalize
the integral formula in (3) to enumerate the modified EGF sequences of the form

Eoz) =Y -2
s = Tlan+b+1)’

for integers a > 1 and b > 0, or over factors of the generalized integer multifactorials defined in [21] as

.. fuz"
F,a(z) = —_—.
”’d( ) nZZO (111’1+d)!<a)

In the spirit of our realization that the integral representation in (3) is derived from a Fourier
series coefficient formula, we may similarly complete our initial goal to sum the second forms of these
series in the special cases where (a,b) = (2,0),(2,1). In particular, we can sum these cases of the
modified EGFs defined above in closed-form as explicit integral formulas in the forms

a 1 T —aty Lot
Bo(z) = o /,,,F (ze™"") e2® dt 17)

T ; 1t
B2 = o [ F () el e (,/;) .

The modified exponential series of the first type identified above are primarily summed
in closed-form using expansions of the Mittag-Leffler functions, E,;(z) := Y,>¢2"/I(an + b),
and powers of primitive a' roots of unity [16] (§ 10.46). For example, let’s take (a,b) := (3,0)
and observe that

m /3 —1/3/2 1/3
! ¢ 2 cos ( el > . (18)

E3o(t) = = 5+

30(t) %;F6m+l) 3 3 2
Then we arrive at a corresponding explicit integral representation for the modified EGF of any sequence
of the form

s 1 (7 _
F3/0(Z) = E /7711:(26 It)Eg,o (8”) dt.

4. Concluding Remarks

We have proved two key new forms of integral representations for the reciprocal gamma function
on the real line. By composition and the uniform convergence of power series for functions defined on
some disc |z| < oy, these results effectively provide us with OGF-to-EGF conversion formulas between
the generating functions for some F(z). These integral formulas for OGF-to-EGF conversion can be
applied termwise, or in analytic estimates of the asymptotic growth of the coefficients in the power
series expansions of the functions defined by the corresponding integral transformation.
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We have provided several examples of motivating cases of our so-termed generating function

transformations by integral-based methods in Section 1.3. The broader applications of these
transformation methods to other fields and phrasings of problems is certainly possible given a suitable
context waiting for a new method from which to be approached. We hope that readers come away
from this article with a new understanding of how useful and sometimes indispensable integral
transformation methods are in sequence analysis.
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Abstract: In this manuscript, we utilize the concept of modified w-distance mapping, which was
introduced by Alegre and Marin [Alegre, C.; Marin, ]. Modified w-distance on quasi metric spaces
and fixed point theorems on complete quasi metric spaces. Topol. Appl. 2016, 203, 120-129] in 2016
to introduce the notions of (w, ¢)-Suzuki contraction and generalized (w, ¢)-Suzuki contraction.
We employ these notions to prove some fixed point results. Moreover, we introduce an example to
show the novelty of our results. Furthermore, we introduce some applications for our results.
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1. Introduction and Preliminaries

Constructing new contractions and formulating new fixed point theorems are very important
subjects in mathematics since active researchers employ the existence and uniqueness of the fixed
point to solve some integral equations, differential equations, etc.

Banach was the first pioneer mathematician who constructed and formulated the first fixed point
theorem, which was called after him as the Banach contraction principle [1].

Suzuki [2] introduced a new contraction and generalized the Banach contraction principle.

In the rest of this paper, the letter d refers to a metric on a set B and f; refers to self-mappings
on B.

One of the important contractions is the Kannan contraction [3]:

d(flllrfllZ) S Dé[d(ll,flh) + d(lz,fllz)] fOI‘ all 11,12 c B,

where a € [0, 1).
Moreover, Kannan proved that if f; satisfies Kannan contraction, then f; has a unique fixed point.
In 1931, Wilson [4] generalized the notion of metric spaces to a new notion called quasi
metric spaces.

Definition 1. We call q : Bx B — [0, c0) a quasi metric if q satisfies:

(i) qlh,b)=0=15 =1
and:
(i1) q(ll,lz) < q(ll,l3) + q(lg,lz)ﬁlr all 11,12,13 € B.

(B, q) is called a quasi metric space.

Axioms 2019, 8, 57; d0i:10.3390/ axioms8020057 119 www.mdpi.com/journal /axioms
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From now on, by (B, q), we mean a quasi metric space.
Defining g, : B x B — [0, +00) via

qm(h, 1) = max{q(h, 1), q(2, 1)},

we generate a metric on B.
Recall the following definitions.

Definition 2. [5,6] The sequence (1;) converges to ] € B iftlimq(lt, )= lgn q(l,1;) = 0.
—00 n—o00

Definition 3. [6] Let (I¢) be a sequence in (B, q). Then, we say that:

(i) (1) is left-Cauchy if for any € > O, there exists ng € N such that q(I, 1) < eV t > m > n.
(i) (It) is right-Cauchy if for any € > 0, there exists ng € N such that q(Iy,1,;) < e ¥ m >t > ny.

Definition 4. [5,6] We say that (I;) is Cauchy if for any € > 0, there exists ng € N such that q(I;,1,,) < eV
t,m > ngp.

We note that (I;) in (B, ¢) is Cauchy if and only if (I;) is right and left Cauchy.
Definition 5. [5,6] We say that (B, q) is complete if every Cauchy sequence in B is convergent.

For some theorems in quasi-metric space, see [5-9].
Alegre and Marin [10] introduced the concept of modified w-distance mappings on (B, d).

Definition 6. [10] A modified w-distance (shortened as mw-distance) on (B, q) is a function p : Bx B —
[0, 00), which satisfies:

(W1) p(ll, 12) < p(ll, l3) + p(lg,lz)ﬂ)r all l],lz, l3 € B;

(W2)  p(l,.) : B— [0,00) is lower semi-continuous for all | € B; and

(mW3) for each e > 0, there exist v > 0 such that if p(Iy,1>) < vand p(ly,13) < v, then q(11,13) < € for all
Ii,I,13 € B.

Definition 7. [10] We call an mw-distance function a p strong mew-distance if p is lower semi-continuous on
its second coordinate.

Remark 1. [10] If q is a quasi metric on B, then q is mw-distance.

Lemma 1. [11] Let (a;), (Bt) be two sequences of nonnegative real numbers converging to zero. Assume that
p is mw-distance. Then, we have the following:

(@) Ifp(ly,Im) < agforany t,m € Nwithm > t, then (Iy) is right Cauchy in (B, q).
(i) Ifp (It Im) < B forany t,m € Nwith t > m, then (1;) is left Cauchy in (B, q).

Remark 2. [11] The above lemma implies that if lgm p(, 1) = 0, then (1;) is Cauchy in (B, q).
m,t—00

For some works on w-distance, we ask the readers to see [11-13].
Abodayeh et al. [14] generalized the definition of altering the distance function [15] to the concept
of the almost perfect function.

Definition 8. We call a non-decreasing function ¢ : [0,00) — [0, 00) almost perfect if ¢ satisfies:

(i) () =0ifand only if | = 0.
(it)  If (I;) is a sequence in [0, 00) such that }Lm ¢(It) = 0, then }Lmlt =0.
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2. Main Results

We begin our work with the following definition:

Definition 9. Let ¢ : RT — R be an almost perfect function and p be modified w-distance on B. We say that
p is bounded with respect to ¢ if there exists an integer A > 0 such that:

op(l,e) < Aforalll,e € B.

Definition 10. Equip (B, q) with an mw-distance mapping p. Then, we call that fi : B — B an (w, ¢)-Suzuki
contraction if there are an almost perfect function ¢ and a constant k € [0,1) such that for all I,e € X and
t € N, we have:

(1=k)p (LA'T) < p(Le) = pp(fil, fie) < kgp(l,e),
and:

(1=k)p (A1) < ple.)) = op(fie, fil) < kep(e,1).

Now, we introduce and prove our first result.

Theorem 1. Equip (B, q) with an mw-distance mapping p. Let p be bounded with respect to the almost perfect
function ¢ and fy be an (w, ¢)-Suzuki contraction mapping. Suppose that:

(i) fi is continuous,
or
(ii) ifu* € Band u* # fiu*, then:

inf{p (e,u*) + p (fre,u*):e € B} >0. (1)

Then, fi has a unique fixed point in B.

Proof. By starting with Iy € B, we produce a sequence (I;) in B inductively by putting Iy = f11; for
allt e NU{0}. Givenm, t € NU {0} with m > t, then m = t + s for some s € N. From the definition,
we have:

(I=B)plli—1,lm—1) = A =k)pli-1,lirs-1)
< plle-,lis—1)-

Therefore, we get that:
epln) = op(file-1, fi’li-1)
= op(fili-1, filtrs—1)
< kep(li—1,lt+5-1)- (2
Repeating (2) t-times, we get that:
op(l, In) < K op(lo, Is). @)

Since (B, p) is bounded with respect to ¢, then we have:
@p(lt, 1) < k' A for some integer A > 0. 4)

By letting t, m — oo, we get that:
Jim _gp(ly,n) = 0. (5)
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By the definition of ¢, we get that:
lim p(l¢, 1) = 0. (6)
t,m—o0

Since m > t, Lemma 1 implies that (/) is right Cauchy. Now, suppose that t, m € NU {0} with t > m.
Then, t = m + g for some q € N. We note that:

(1 _k)P(ltflr lmfl) < p(1m+q71r lmfl)'

Therefore, we get that:
op(llm) = @p(fili-1, fixm-1)
<M
< <k qu(ll]/l(]) (7)
op(le,Im) < K" @p(lg, Do) (8)
Since (B, p) is bounded with respect to ¢, we get that:
@p(ln, L) < k™A for some integer A > 0. 9)
By letting f, m — oo, we have:
Jim gp(lu, bn) = 0. (10
Therefore,
tim p(l 1) = 0. (11)

Since t > m, Lemma 1 implies that (I;) is left Cauchy. Therefore, we deduce that (I;) is Cauchy.
The completeness of (B,q) implies that there exists an element [* € B such that I, — I*. If f; is
continuous, then l;11 = f1l; converges to fiI*. The uniqueness of the limit ensures that f/* = [*.
Lete > 0. Since Ml}gwp(lt, Im) = 0, we choose kg € Nsuch that p(I¢,I,,) < § foralll,m > ko. The lower

semi continuity of p implies that:
p(li, 1) < lim inf p(l,,1;) < < for all n > ko.
j—oo 2

Assume that I* # f1I*. Then, by (1), we have:

inf{p(e,I") + p(fie,I*) : e € B} <inf{p(ls,I*) + p(fl;, ") : t € N}
=inf{p(l;, ") + p(lp41,1") : t € N} <,

a contradiction. Therefore, I = f11*. Now, assume that z* € B is a fixed point of f;. Therefore:
(1=kp(", fi'z") = (1 =k)p(z*, 2°) < p(z*,2%).

Thus,
op(z",2") = ep(fiz", f127) < kop(z*,z7).

Since k < 1 and ¢ is an almost perfect function, we conclude that p(z*,z*) = 0. Assume that there
exists v* € B such that v* = fiv*. Since p(z*,z*) = 0, we have:

(1—-k)p(z", fiz") = 1= k)p(z",2*) < p(z",0").

Therefore,
op(z",0") = @p(fiz", fiv") < kep(z",v").
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Thus, we have ¢p(z*,v*) = 0, and so, p(z*,v*) = 0. Hence, by (mW3), we have g(z*,v*) = 0.
Thus, v* = z*. Therefore, the fixed point of f; is unique. [

Corollary 1. Equip (B, q) with an mw-distance mapping p. Assume p is bounded with respect to ¢. Assume
foralle,| € B, we have:

op(fre, fil) < ko(p(e 1)), wherek € [0,1). 12)

Furthermore, assume that:

(i) fi is continuous,
or
(ii) ifu* € Band u* # fiu*, then:

inf{p (e,u™) + p (fre,u™) : e € B} > 0.

Then, f1 has a unique fixed point in B.

By taking the almost perfect function ¢ in Corollary 1 as follows:
¢(e) = e, we get the following result:

Corollary 2. Equip (B, q) with an mw-distance mapping p. Assume there exists A > 0 such that p(e,1) < A
foralle,| € B. Furthermore, assume that there exists k € [0, 1) such that for all e,] € B, we have:

p(fie, f1l) < kp(e, 1), wherek € [0,1).

Furthermore, assume that:

(i) f1 is continuous,
or
(ii) ifu* € Band u* # fiu*, then:

inf{p (e,u”)+ p (fre,u™) : e € B} > 0.

Then, f1 has a unique fixed point in B.

Example 1. Let B=1{0,1,2,--- ,n}, where n € N. Define p,q : B x B — [0, 40c0) as follows:

] o ife=1;
alel) = { 3e+1 ife £l

and:

_ 0 ife=1;
pled) = { 1Ge+1) ife#1.

Furthermore, define f1 : B — B by:

0 ife=0,1;
e =
h { 1 ife=2,3,---,n,

and ¢ : RT — RT by:
[ 3 -1 iflefon)
(P(l)i{ 3! ifl > n.
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Then,

1. ¢ isan almost perfect function.

2. pisan mw-distance function on q.

3. qisaquasi metric on B.

4. (B,q) is complete.

5. fisatisfies (w, ¢)-Suzuki contraction with k = %, ie, Vel € B,je N, wehave:

<1 _ %) p (e fle) < ple,) = op(fie, fil) < kgp(e,D),

and:

1 j
_ < < .
(1 \/§>P (f18,6> < plle) = gp(fil fie) < kgp(le)
Proof. The proofs of (1), (2), and (3) are obvious. To show that g is complete, let (I;) be a Cauchy
sequence in B. Then, for each t,m € N, we have:

i, ) =0
Therefore, we deduce that I; = I,,, forall t,m € {0,1,2,-- - }, but possible for finitely many. Thus, (I;)
converges in B. Hence, (B, q) is complete. To prove (5), given e,] € B, we divide our proof into the
following cases: Case (1): e = 0. Here, we have:

<1 - %)p(0,0) = <1 - %)p(@,f{e) < p(0,1) where! =0,1,--- ,n.

If I € {0,1}, then:
1

(10, fil) = gp(0,0) =0 < ( )fppw,l).

S

3
If1 € {2,3,--- ,n}, then:

op(f10, f1il) = @p(0,1) = @(%) =3t -1

Therefore,

Case (2): e = 1. Here:
(1—L> (30)7<1—i> (1, fi1) < p(1,1) where | = 0,2,3, - ,n
ﬁp/* \/gprl_p/ — Y49 s 1.
If I = 0, then we have ¢p(f1, fI) = 0. Therefore,

op(f1,f1)=0< (\%) (3% - 1).

Ifl =2,3,---,n, then:
1 1
ep(fil fil) = ¢p(0,1) = 41(5) =32-1
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Now,
pp(L1) = <p<37+1> =3% 1.

=5 1< () - (5) 0 )

Case (3): e € {2,3,--- ,n}. Here,

(1= 5 Jpten = (1= J5 Jpterfie) < pledy wheret =12,

Thus,

If | =1, then:
3 3
op(fe, f1) = pp(1,0) = (p(§> _3ion

(e1) = 3e4+1Y\ | 37-1 ife=2
eriet) =¢ 2 - 3%t if3<e<n.
op(fe, 1) =33 —1< (-

Ifl €{2,3,---,n},ec{2,3, -+ ,n}and e # I, then:

)<pp(e 1).

S\

ep(fie, fil) = ¢p(1,1) = ¢(0) = 0.

(e1) = Be+1\ [ 3% -1 if3e+1<2n
priel) =9\ 3% if3e+1 > 2n.

Similarly, we can show that:

(1- %)p (flee) < pll,e) = gp(fL, fe) < kgp(Le).

Hence, f; satisfies (w, ¢)-Suzuki contraction. Therefore, f; has a unique fixed point. [
Next, we introduce the definition of a generalized (w, ¢)-Suzuki contraction.
Definition 11. Equip (B, q) with an mw-distance mapping p. We call f1 : B — B a generalized (w, ¢)-Suzuki

contraction if there exists an ultra distance function ¢ and a constant k € [0,1) such that foralle,l € B, j € N,
we have:

(1=K)p (e fle) < ple,l) = gp(fie, fil) < kmax{gp(e, fre), gp(l, fil)},
and:
(1 =K)p (flere) < plle) = gp(fil, fre) < kmax{gp(e, fre), op(L il }.

We introduce and prove the second result:

Theorem 2. Equip (X,q) with an mw-distance mapping p. Assume that p is bounded with respect
to the almost perfect function ¢. Assume that fi is a generalized (w, ¢)-Suzuki contraction mapping.
Furthermore, suppose that:

(i) fi is continuous,
or
(ii) ifu* € Band u* # fiu*, then:

inf{p (e,u*)+ p (fre,u”):ec B} >0. (13)
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Then, f1 has a unique fixed point in B.

Proof. Start with Iy € B to construct (I,;) in B inductively by putting ;11 = f1l; for all t € NU {0}.
Given t,m € NU{0} with t < m, let m = t + j with j € N. We note that:

- k)p(lt—lrf{lffl)

A =R)pllia,ln) = (
< p(ltfl/lm—1)~

Since f; is a generalized (w, ¢)-Suzuki contraction, we have:

op(ledm) = @p(fili-1, film-1)
< kmax{‘f’p(lf—llfllt—l)r ‘Pp(lm—lzfllnz—l>} (14)
= kmax{op(li-1,1)), op(ln—1,1m)}-

Now,
(1=0pli-2,li-1) = A -k)p(li—2, fili-2)
<p(li-2,1i-1).

Therefore, we get that:

op(li-1, ) = op(fili—2, fili-1)
< kmax{pp(li-2, fili—2), ep(li—1, fili-1)} (15)
=kmax{gp(li—2,1i-1), pp(li—1,1) }

Since k < 1, we get that:

pp(l—1,1t) < kep(li—2,1i-1)- (16)
Repeating (16) t-times, we get that:
pp(li1,1t) <K Yop(lo, 1) 17)
Similarly, we get that that:
Pp(ln—1,1m) < K" op(lo, ). (18)

Using Equations (14), (17), and (18), we get:

@p(lt, 1) < kmax{k' " pp(lo, 1), k" pp(lo, 1) }. (19)

Since t < m, we get that:
op(le ) < K op(lo,1h). (20)

The boundedness property of p with respect to ¢ implies that:

ep(le,Im) < k' A for some integer A > 0. (21)
By letting t,m — oo, we get that:
Jim_gp(lt,In) = 0. (22)
Thus,
t}nlgwp(lf, L) = 0. (23)

Since t < m, Lemma 1 implies that (/;) is right Cauchy. In a similar manner, we can show that (I;) is
left Cauchy. Hence, (I;) is Cauchy. The completeness of g ensures that there exists I* € B such that
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(I¢) converges to I*. If f; is continuous, then (I;11) = (f1l¢) converges to fi1*. The uniqueness of the
limit implies that f1I* = I*. Given ¢ > 0. Since . lim p(ly, 1)) = 0, there exists ny € N such that
M —>00

p(lg, 1) < § forall t,m > ng. The lower semi continuity of p implies that:
p(le, ") < lim inf p(I4,1;) < £ for all t > ny.
i—00 2
Assume that I* # f11*, then by (13), we have:

inf{p(e,I*) + p(fie,I*) : e € B}
<inf{p(Lu, I") + p(fils, ") : t € N}
=inf{p(l;,I") + p(lp11,1") : n € N} <,
a contradiction. Therefore, [* = f1I*. Assume z* € B such that f;z* = z*. First, we prove that
p(z*,z*) = 0. Since: _
(1-kp(z" fiz") = 1= k)p(z",z") < p(2,2"),
then:
op(z",2") = gp(fiz", 1") < kop(2",2").
Since k < 1 and ¢ is an almost perfect function, then p(z*,z*) = 0. Therefore,
(1=kp(z", Ai'z") = A= k)p(",2") < p(z",1").
Therefore,
op(z"17) = op(fiz", Ail")
< kmax{gp(z*, fiz"), p(I", Ai")}

= kmax{g(p(z*,z%)), ¢(p(v",v"))}
=0.

The definition of ¢ informs us that p(z*,I*) = 0. The definition of p implies that q(z*,[*) = 0. Hence:
¢ =1 O

Corollary 3. Equip (B, q) with an mw-distance mapping p. Assume p is bounded with respect to the almost
perfect function @. Suppose that for all e, € B, we have:

op(fie, fil) < kmax{gp(e, fre), pp(l, Ail)), wherek € [0,1). 4)

Furthermore, assume that:

(i) f is continuous;
or
(ii) ifu* € Band u* # fiu*, then:

inf{p (e,u™) +p(fre,u”):e € B} > 0.

Then, f1 has a unique fixed point in B.

Corollary 4. Equip (B,q) with an mw-distance mapping p. Assume that there exists A > 0 such that
ple,1) < Aforalle, ] € B. Furthermore, assume that for all e,] € B, we have:

p(fie, f1l) < a(p(e, fre) + p(l, f1l)), where 0 < a < %
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Assume that:

(i) f1 is continuous;
or
(ii) ifu* € Band u* # fiu*, then:

inf{p (e,u™) +p(fre,u”) :e € B} > 0.
Then, f1 has a unique fixed point in B.

Proof. Define the almost perfect function ¢ via ¢(e) = e in Corollary 3. Then:

o(p(fre, fil)) = p(fre, ful)
< A(ple, fre) + p(1, fil))
< 2Amax {p(e, fie), p(l, f1) }
= 2Amax {@(p(e, fie)), (p(L, Ail))) }-
O

3. Application
In this section, we utilize Corollaries 1 and 4 to give some applications of our work.

Theorem 3. For any positive integer n, the equation:
nx" —x" ! pdnx —2=0

has a unique solution in [0, 1].

Proof. Let B = [0,1]. Defineq : B x B — R" by q(x,y) = |x — y|. Then, (B,q) is a complete quasi
metric space. Furthermore, define p : B x B — [0, 0) by p(x,y) = |x — y|. Then, p is an mw-distance
mapping. Now, equip (B, q) with p.

Define f; : B — B by:

42
flx) = m

Furthermore, define ¢ : [0, 00) — [0, c0) by:

(a) = a? ifa €0,1];
¢ - a2+% ifa>1.

Note that ¢ is an almost perfect function and p is bounded with respect to ¢. For x,y € B, we
have:

1]xm 42 ylg2f?
qu(flxlfly):ﬁ xn71+47y7171+4
1] 2xm 1oyt 2
— T AT )

R ((xz +4>21<y2 +4>2> ‘ Y

(n—1)2 :
S e PV
(n—1)

= e 9PY).
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(n-1)?

By taking k = “# and noting that f; is continuous, we conclude that f; satisfies all conditions
of Corollary 1. Thus, f; has a unique fixed point. Note that the unique fixed point of f; is the unique
solution of:

nx" — x4 anx —2 =0.

O

Example 2. The equation:
10001090 — x99 4 4000x —2 =0

has a unique solution in [0, 1].

Proof. It follows from Theorem 3 by taking n = 1000. [

Let Y be the set of non-decreasing functions 7 : R™ — R* such that 7 is Lebesgue integrable for
all compact sets in R* and:

iz
/ T(v)dv > 0 where p > 0.
Jo

Theorem 4. Equip (B,q) with an mw-distance mapping p. Assume that there exists A > 0 such that
ple,l) < Aforalle,| € B. Furthermore, suppose the following condition:

(i) fi is continuous.
(it)  There exists T € Y and « € [0,1/2) such that for all e,] € B, we have:

(fre.fil) (e.fre) (LA
/P fiefi (v)dv < 1x</p e.fre () + /P fi T(V)dv).
0 0 0

Then, f1 has a unique fixed point in B.

Proof. Let ¢ = fot T(v)dv. Then, ¢ is an almost perfect function. Corollary 4 ensures that f; has a
unique fixed pointin B. O

4. Conclusions

The notions of (w,¢)-Suzuki contraction and generalized (w,¢)-Suzuki contraction are
introduced. According to these nations many fixed point results are investigated. Some applications
are introduced on the obtained results.
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Abstract: The displacement problem of linear elastostatics in bounded and exterior domains with a
non-regular boundary datum a is considered. Precisely, if the elastic body is represented by a domain of
class C¥ (k > 2) of R® and a € W2 %1/94(3Q)), g € (1, +c0), then it is proved that there exists a solution
which is of class C* in the interior and takes the boundary value in a well-defined sense. Moreover, it is
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1. Introduction

The displacement problem (classically known as the Dirichlet problem) in linear elastostatics consists of
finding solutions to the differential system [1]

divC[Vu] =0 inQ,
u=a onodQ. @
In (1) Q is a bounded domain of R?, standing for the reference configuration of a linearly elastic body
whose unknown displacement field u = u(x) (x € Q) we are looking for, supposing it is assigned on
the boundary 9Q) through condition (1),. Concrete examples of displacement problems can be found,
for example, in [2], Chapter XIV. Using the components, (1) can be written as

9;Cijnx oy = 0,

where 0; is the derivative with respect to x; and, hereafter, the summation over repeated indexes is
understood. We suppose that the elasticity tensor C = (Cyjx), representing the material properties of
the body, is independent of the point (or, in other words, that the body is homogeneous). Recall that C
is a fourth-order tensor, that is, it is a linear map from Lin to Sym, where Lin is the linear space of all
second—order tensors and Sym is its subspace of symmetric tensors, such that C[W] = 0 for all skew
tensors W. We require that C is symmetric (or, in other words, that the body is hyperelastic), that is,

E-C[L]=L-C[E], VELEeLin )

Axioms 2019, 8, 46; d0i:10.3390/axioms8020046 www.mdpi.com/journal /axioms
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Furthermore, we require that it is strongly elliptic, that is,
(b ® C) (C[b ® C} = hicjcijhkhhck >0, Vb,c#0. 3)

Hereafter, we say that Q is of class C¥ (k > 2) if for every & € dQ) there is a neighborhood of & (on 9Q))

which is the graph of a function of class C¥. Moreover, Wr(Q), g € (1, 4+0), is the Sobolev space of all
k. . . 0

¢ € L} .(Q) such that H(PHW}W(Q) = ll9llLa) + Vi@l ooy < +o0; Wy 7(Q) is the completion of C*(Q))
with respect to || || wha(qy) and Wk (Q)),1/g+1/¢" = 1, is its dual space; Wk~ 1/94(9Q)) is the trace space
of Wki(Q) and Wi—k-1/4'4'(3Q) is its dual space.

If O is of class CK (k > 2) and a € WK-1/44(3Q)), g € (1, +o0), then (1) has a unique solution
u € WM(Q) and natural estimates hold (see [3-7]). This result also holds when the elastic body is
subjected to a body force, that is, if in place of (1); we consider the system

divC[Vu] = f inQ 4)

with f € C°(Q)).

As, in applications, the boundary data are often represented by singular fields, it is undoubtly
interesting to investigate problem (1) when a satisfies weaker regularity hypotheses.

Using the theory of layer integral equations (see [8], Chapters 2/3 and [2], Chapters IV/V) and the
Fredholm alternative (see Section 2), we prove (in Theorem 1) that if a € W2-k-1/44 (0)), then (1) has a
solution, u, expressed by a simple layer potential and, thus, taking the boundary value in a well-defined
sense. Moreover, it is unique in a reasonable function class. The result also holds for exterior domains
(see Theorem 2).

To obtain these results, we recall some established facts about simple layer potentials associated to
the system (1);.

2. The Simple Layer Potentials
For every € L1(dQ)), the field

olylx) = [ UG—Op@)de, ©

where U(x — y) is the fundamental solution to (1); (see, e.g., [9], Chapter III), defines the simple layer
potential with density 1. Recall that (see, e.g., [2,8]) v[¢] is an analytical solution of (1); in R?\ 30 and
inherits from U the following asymptotic behavior

o Vio[gl(x) = O(x| " H);
© ¥ =0 = Vio[p)) = 0(lx| 2.

If p € WE-1-1/94(3Q)), then

l[o[y] HW’W(Q) < CH‘I’Hwkflfl/w(aQ) ©®)

with ¢ independent of ¢, and the following limit exists
lim o[y](¢ —€l(¢)) = S[y](S) 7)
e—0

for almost all ¢ € 0Q) and axis [ in a ball tangent to dQ) at .
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The map
S WImaa50) — wk1/94(50) (8)

defined by (7) and representing the trace of the simple layer potential with density ¢, is continuous, so that

|‘5[lp]|‘wk4/t7/q(an) < CHV’HWFPVW(;)Q)/ O

for some constant ¢ depending only on k,gq, and Q). Moreover, S can be extended to a linear and
continuous operator
S WA (90) — w2 k144 (a00),

which coincides with the adjoint of S and defines the trace of the simple layer with density ¢ ¢
WI—k=1/0'4"(300):

olyl(x) = [ U= 0@ (10)

In (10) and hereafter, we use the notation |. B*Q f¢ to denote the duality pairing <, > between f and ¢;
that is, the value of the functional f belonging to (for instance) W—*4'(30)) at ¢ € wgf"(an).

By (6), one obtains

”77[1/)}”1/\/2%/1’(0) < Cl‘ll}'lwlfk—l/q’,q’(gﬂ)' (11)

In the next section, we will prove the existence of a solution to (1) with singular boundary values by
making use of the Fredholm alternative—we recall for the sake of completeness—applied to a suitable
functional equation translating the boundary value problem (1).

If B and D are two Banach spaces and B’, D’ are their dual spaces, a linear and continuous
map T : B — D is said to be Fredholmian if its range is closed and dimKernT = dimKern 7’ € Ny,
where T’ : D' — B’ is the adjoint of T. The classical Fredholm alternative (see [10], Chapter 5) assures us
that the equation

a = Tu]
has a solution if and only if
(¢',a) =0, V¢' € KernT'.

Moreover, the equation
a =T

has a solution if and only if
(a',¢) =0, V¢ cKenT.

3. Existence and Uniqueness of Solutions to (1) with Singular Data

We are in a position to prove the following existence and uniqueness theorem for the displacement
problem (1) with non-regular boundary data. To this end, we need the following result (Theorem 1 in [11]).

Lemma 1. Let Q) be a bounded domain of class C* (k > 2). The operator S is Fredholmian and Kern S = Kern S’ = 0.

Theorem 1. Let Q) be a bounded domain of class CK (k > 2). Ifa € W2~ %-1/19(3Q)), g € (1, +0), then, (1) has
a solution u expressed by a simple layer potential with density ¢ € W'=5=1/94(9Q)). It satisfies the estimate

HuHWZ*kﬂ(Q) <c|all W2—k=1/94(302)7 (12)
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and is unique in the class of all u € W2~%4(Q)) such that

* *
u-¢ = a-C[Vz|n, 13
Jue=[ a-civi (13)
forall ¢ € C3°(QY), where n denotes the unit normal to 9Q) (exterior with respect to Q) and z is the solution of

divC[Vz]=¢ inQ, (14)
z=0 onoQ.
Proof. In order to prove the existence of a solution to (1) in the form of a simple layer potential u = v[¢],
we have to require that the boundary condition (1), is met. Thus, in terms of the operator §’, we have to
analyse the functional equation
S'ly] = a. (15)

By virtue of Lemma 1, (15) has a solution ¢ € W!=¥~1/24(3Q)) and the field u = v[¢] is a solution
to (1) which is C* in () and satisfies (1), in the sense of (15). Let a; be a regular sequence on 0Q) which
converges to a strongly in W2~ ¥=1/44(3Q)). Let o[y j] be the solution of (1) with datum a;:

divC[Vo[y:]] =0 inQ,
Vol ”
v[zpj] =a; onoQ.
By (11) v[4;] converges to v[¢] strongly in W2-k1(Q). Let consider the scalar product of (14); and
o[y /-] and the scalar product of (16); and z. Taking into account the boundary conditions (14), and (16),,
then integrating by parts twice gives

/Q oy ¢ = /Q o] - divC[Vz] = /aQ a;-C[Vzln - /Q Voly;] - C[V3] 17)
and
0:‘/Oz-div(C[Vv[tp]-]] = 7-/QVZ-(C[VU[1[7].]]. @18)
As C is symmetric, from (17) and (18), we obtain
/Ov[tpj]-rpz/m a;j-C[Vz]n. (19)
By the trace theorem and well-known estimates for the solutions of system (14), we obtain
|y €2l < ook ICIT by o0
< ||“j‘|wz—k71/qrq(ag) |‘4"|ka2,¢;/(0)
Hence, by letting j — +o0 in (19) we obtain (13) and (12) by a duality argument. [J
We can also consider the problem
divC[Vu] =0 inQ,
u=a onoa(), 1)

lim u(x) =0,
‘x‘%{»oo
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where Q) in now an exterior domain of R3, that is, Q = R3 \ﬁ, with ) a bounded domain (see,
e.g., [12-14]). This problem is very intriguing in applications, where one has to consider, for example,
the deformations of an elastic body with some holes (defects).

With a proof analogous to the above one for bounded domains, we obtain the following result.

Theorem 2. Let Q) be an exterior domain of class CK (k > 2). If a € W2~ *"1/29(9Q)), with q € (1,+00),
then (21) has a solution u expressed by a simple layer potential with density ¢ € W1=k=1/94(9Q)). It satisfies
the estimate

Hunsz(Q) < CH“”WZ*"*VWI(BQ)/ (22)

and is unique in the class of all u € leozk’q(Q) such that

“wg=— | -C[Vz]n, 23
Jue==[ a-Civzn @)
forall ¢ € CF(Q), where n denotes the unit normal to Q) (exterior with respect to (Y') and z is the solution of

divC[Vz]=¢ inQ,
z=0 onadQ, (24)
lim z(x)=0.

|x| =400

Proof. First of all, we observe that Lemma 1 also holds for exterior domains (Theorem 1 in [11]). Thus,
we can apply the Fredholm alternative again, obtaining a solution ¢ to (15) and the corresponding solution
u = v[ip] to (21). Then, with the analogous meaning of a; and v[¢;], in place of (17) and (18), we get

/5m3,< v[g]-Pp=— /BQ a;-C[Vzln + /BBR o] C[Vz]er

(25)
= oy, VOl -CIVE)
and
0= [, = CIVolg,llex— [ Vz-CIVoly]], 26)

where By, is a ball of sufficiently large radius R containing 0Q) and e is the unit normal to its boundary
dBR. By virtue of (2), we obtain

,/ng oyl ¢ = - /aO a;-C[Vz]n + /BBR o[y;] - C[Vz]er

- /aBR z- C[Vo[p;]lex.

@7

Taking into account the asymptotic behavior of v[¢] and z, we obtain the thesis by first letting
R — 400, and then j — 4c0. [

4. Conclusions

In this paper, existence and uniqueness theorems for the displacement problem of linear elastostatics
with singular data are proved for three-dimensional bounded and exterior domains of class C¥ (k > 2).
The difficulty of the problem lies in defining the attainability of the boundary datum, which belongs to a
space of non-regular fields (namely, W2~¥~1/44(3Q)), g € (1, +0)). The proofs of the theorems make use
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of the theory of layer integral equations, of the existence and uniqueness results for regular data and of the
analysis of the trace operator associated to the simple layer potentials.

As far as the two-dimensional case is concerned, the situation is more involved (also for regular
data) because of the behavior of the fundamental solution (U(x —y) = O(In(|x — y|)). As pointed out
in [15] (see also [16]), in this case, the search for a solution in the form of a simple layer potential v[¢)]
could not lead to existence and uniqueness for degenerate-scale problems. To overcome this difficulty,
one may search for the solution in the form of a sum v[$] + ¢, with ¢ constant and [, ¢ = 0 [15].
This could be the starting point for further research into existence and uniqueness with singular data in
two-dimensional domains.
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1. Introduction

The classical Banach contraction principle is one of the most powerful and effective results in
analysis established by Banach [1], which guarantees the existence and uniqueness of fixed points in
complete metric spaces. This principle has been extended and generalized in many different directions.
One of these ways is to enlarge the class of spaces, such as partial metric spaces [2], metric-like
spaces [3], b-metric spaces [4], rectangular metric spaces [5], cone metric spaces [6], and several
others. Sometimes, one may come across situations wherein all the metric conditions are not needed
(see [7-11]). Motivated by this reality, several authors established fixed point and common fixed point
results in symmetric spaces (or semi-metric spaces).

A symmetric d on a non-empty set X is a functiond : X x X — R, which satisfies d(x,y) = d(y, x)
and d(x,y) = 0if and only if x = y, for all x,y € X. Unlike the metric, the symmetric is not generally
continuous. Due to the absence of a triangular inequality, the uniqueness of the limit of a sequence is no
longer ensured. To have a workable setting, Wilson [12] suggested several related weaker conditions
to overcome the earlier mentioned difficulties, which we will adopt to our setting. Such weaker
conditions will be stated in the preliminaries.

In 1969, Nadler [13] initiated the study of fixed points for multi-valued contractions using the
Hausdorff metric, and extended the Banach fixed point theorem to set-valued contractive maps.
The theory of multi-valued maps has applications in control theory, convex optimization, differential
equations, economics, and so on.

On the other hand, Matthews [2] introduced the concept of partial metric spaces as a part of
the study of denotational semantics of dataflow networks, and proved an analogue of the Banach
contraction theorem, and Kannan-Ciri¢ and Ciri¢ quasi-type fixed point results.

Combining the ideas involved in the concepts of partial metric spaces and symmetric spaces,
we introduce the class of partial symmetric spaces, wherein we prove existence and uniqueness fixed
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point results for certain types of contractions in partial symmetric spaces. Furthermore, with a view to
prove a multivalued analogue of Nadler’s fixed point theorem, we adopt the idea of the Hausdorff
metric in the setting of partial symmetric spaces. Finally, we use one of the our main results to examine
the existence and uniqueness of a solution for a system of Fredholm integral equations.

2. Preliminaries

In this section, we collect some relevant definitions and examples which are needed in our
subsequent discussions.
Now, we introduce the partial symmetric space as follows:

Definition 1. Let X be a non-empty set. A mapping P : X x X — Ry is said to be a partial symmetric if, for
all x,y,z € X:

(1P) x =yifand onlyif P(x,x) = P(y,y) = P(x,y);
2P) P(x,x) < P(x,y);
(BP) P(x,y) =P(y,x).

Then, the pair (X, P) is said to be a partial symmetric space.

A partial symmetric space (X, P) reduces to a symmetric space if P(x,x) = 0, forall x € X.
Obviously, every symmetric space is a partial symmetric space, but not conversely.

Example 1. Let X = R and define a mapping P : X x X = R forall x,y € X and p,q > 1, as follows:
Plxy) = lx =yl +lx —yl".
Then, the pair (X, P) is a partial symmetric space.
Example 2. Let X = R and define a mapping P : X x X — Ry forall x,y € X and p,q > 1, as follows:
P(x,y) = (max{x,y})? + (max{x,y}).
Then, the pair (X, P) is a partial symmetric space.
Example 3. Let X = [0, 1) and define a mapping P : X x X — Ry forall x,y € X and a > 0, as follows:
P(x,y) =sin|x —y| + a.
Then, the pair (X, P) is a partial symmetric space.
Let (X, P) be a partial symmetric space. Then, the P-open ball, with center x € X and radius

€ > 0, is defined by:
Bp(x,e) ={y e X: P(x,y) < P(x,x)+€}.

Similarly, the P-closed ball, with center x € X and radius € > 0, is defined by:
Bpx,e] ={y € X: P(x,y) < P(x,x)+€}.
The family of P-open balls for all x € X and € > 0,
Up = {Bp(x,€) : x € X, e > 0},

forms a basis of some topology Tp on X.
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Lemma 1. Let (X, Tp) be a topological space and f : X — X. If f is continuous then, for every convergent
sequence x, — x in X, the sequence fx, converges to fx. The converse holds if X is metrizable.

In subsequent future discussions, we need some more basic definitions, namely: Convergent
sequences, Cauchy sequences, and complete partial symmetric spaces, which are outlined in the
following;:

Definition 2. A sequence {x,} in (X, P) is said to be P-convergent to x € X, with respect to tp, if

P(x,x) = lIim P(xp, x).

n—oo
Definition 3. A sequence {x,} in (X, P) is said to be P-Cauchy if and only if lil’il P (xn, xm) exists and is
n,1m—00
finite.

Definition 4. A partial symmetric space (X, P) is said to be P-complete if every P-Cauchy sequence {x,} in
X is P-convergent, with respect to Tp to a point in x € X, such that

P(x,x) = lim P(xy,x) = Lm P(xp, xm).

n—ro0 n,11—00

Now, we adopt some definitions from symmetric spaces in the setting of partial symmetric spaces:

Definition 5. Let (X, P) be a partial symmetric. Then

(A1) nlgr(}o P(xn,x) = P(x,x) and nlgrolo P(xn,y) = P(x,y) imply that x =y, for a sequence {x, }, x, and
yin X.

(A2) A partial symmetric P is said to be 1-continuous if }}i_l}lgop(xn,x) = P(x,x) implies that
nlgr&) P(xn,y) = P(x,y), where {x,} is a sequence in X and x,y € X.

(A3) A partial symmetric P is said to be continuous lfnlgrolo P(xn,x) = P(x,x) and nlgr(}o P(xny) =P(x,y)
imply that nlgr;o P (xn,yn) = P(x,y) where {x,} and {y,} are sequences in X and x,y € X.

(A4) nlglgo’P(xn,x) = P(x,x) and ’}grc}op(xn,yn) = P(x,x) imply ’}grgop(yn,x) = P(x,x), for
sequences {xn }, {yn}, and x in X.

(A5) }Ergop(xn,yn) = P(x,x) and ,}E{,‘op(y""z") = P(x,x) imply y}gr;op(xn,zn) = P(x,x), for
sequences {xn}, {yn}, {zn}, and x in X.

Remark 1. From the Definition 5, it is observed that (A3) = (A2), (A4) = (A1), and (A2) = (A1) but,
in general, the converse implications are not true.

3. Fixed Point Results

Let (X, P) be a partial symmetric space and f : X — X. Then, for every x € X and for alli,j € N,
we define

&(P, f,x) = sup{P(f'x, flx) :i,j € N}. €y
Definition 6. Let (X, P) be a partial symmetric space. A mapping f : X — X is said to be a x-contraction if
P(fx, fy) <«P(xy), Vxy€X, )

where x € (0,1).
Now, we prove an analogue of the Banach contraction principle in the setting of partial

symmetric spaces:
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Theorem 1. Let (X, P) be a complete partial symmetric space and f : X — X. Assume that the following
conditions are satisfied:

(i) f is a x-contraction, for some x € [0,1);
(ii)  there exists xo € X such that (P, f,xg) < oo; and
(iii) either

(a)  fis continuous, or

(b) (X, P) satisfies the (A1) property.

Then, f has a unique fixed point x € X such that P(x,x) = 0.
Proof. Choose xp € X and construct an iterative sequence {x;, } by:
X1 = fxg, X2 =f2x0, X3 =f3x0,..l,xn = f"xp,...
Now, from (2) (for all 7, j € N), we have
P(f"xo, fx0) < kP ("o, f1xg).
The above inequality holds for all 7, j € N; therefore, by conditions (ii) and (1), we have
&(P, f,f"x0) < x&(P, f, f''x0).
Repeating this procedure indefinitely, we have (for every n € N)
&(P, £, f'xo) < K"S(P, f, x0). )
Let n,m € N, such that m = n + p for some p € N. Using (3), we have
P(f"xo, f*Fx0) < &(P, f, f"x0) < K"&(P, f, x0)-
As S(P, f,xp) < coand k € (0,1), we have

lim P(xp, xm) =0,

n,1—00

so that {x, } is a P-Cauchy sequence in X. In light of the P-completeness of X, there exists x € X such
that {x, } P-converges to x. Now, we show that x € X is a fixed point of f.
Assume that f is continuous. Then,

X = Jij{}oxnﬂ = f()ij{}oxn) = fx.
Alternately, assume that (X, P) satisfies the (A1) property. Now, we have
P(fxn, fx) < P(xn,x),

which, on taking 7 — oo, implies that lim P(xy+1, fx) = 0. Thus, from the (A1) property, fx = x.
n—oo

Therefore, x is a fixed point of f. To prove the uniqueness of the fixed point, let on contrary that there

exist x,y € X such that fx = x and fy = y. Then, by the definition of x-contraction, we have

P(x,y) = P(fx, fy) <xP(x,y),
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a contradiction. Hence, x = y; that is, x is a unique fixed point of f. Finally, we show that P(x,x) = 0.
Since, f is xk-contraction mapping, we have

P(x,x) = P(fx, fx) < «P(x,x).
This implies that P(x, x) < 0, implying thereby that P(x, x) = 0. This completes the proof. [
Now, we recall the definition of the Kannan-Ciri¢ contraction condition [14]:

Definition 7. Let (X, P) be a partial symmetric space. A mapping f : X — X is said to be a Kannan-Ciri¢
type x-contraction if, for all x,y € X,

P(fx, fy) < xmax{P(x, fx), Py, fy)}, @
where k € [0,1).

Next, we prove a fixed point result via Kannan-Ciri¢ type x-contractions in the setting of partial
symmetric spaces:

Theorem 2. Let (X, P) be a complete partial symmetric space and f : X — X. Assume that the following
conditions are satisfied:

(i)  f is a Kannan-Cirié type x-contraction mapping,
(i) f is continuous.

Then, f has a unique fixed point x € X such that P(x,x) = 0.
Proof. Take x¢ € X, and construct an iterative sequence {x,} by:
x1 = fxo, X2 = fxq, X3 = fox0,..., %5 = f"xq, ...

Now, we assert that lim P (xy, x,,41) = 0. On setting x = x,, and y = x,,;1 in (4), we get
n—o00

P(xn, xnt1) = P(fxn-1, fxn)
kmax{P(x,—1, fxn—1), P(xXu, fxn)}
kmax{P(x,_1,%n), P(xn, xp41)}- ®)

INIA

Assume that max{P (x,_1,xn), P(xn, Xy+1)} = P(xn, xy+1), then from (5), we have
P(xn, Xn11) < 6P (Xn, Xny1),
a contradiction (since k € (0,1)). Thus, max{P (x,_1,xn), P(xn, Xy+1)} = P(x—1, xn). Therefore, (5)

gives rise
P(xn, xpi1) = €P(xy_1,%,) foralln € N.

Thus, inductively, we have
P (xn, xp41) = k" P(x0,x1) foralln € N.
On taking the limit as n — co, we get

lim P (xp, x41) = 0. (6)

n—oo
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Now, we assert that {x, } is a P-Cauchy sequence. From (4), we have, for n,m € N,

P(xmxm) P(fxn—lrfxm—l)
kmax{P (xy—1, fxn-1), P(Xm-1, fXm-1)}

kmax{P (xy—1,%n), P(Xpu—1,Xm)}-

ININ

By taking the limit as 1, m — oo and using (6), we have

lim P(xy, xm) =0. (7)

n,1M—00
Hence, {x,} is a P-Cauchy sequence. Since (X, P) is P-complete, there exists x € X such that
li%m P (x4, x) = 0. Now, we show that x € X is a fixed point of f. By the continuity of f, we have
n—oo
= fim v = flim 50 =

Therefore, x is a fixed point of f. For the uniqueness part, let on contrary that there exist x,y € X
such that fx = x and fy = y. Then, from (4), we have

Plxy) = P(fx fy)
kmax{P(x, fx), P(y, fy)},
xkmax{P(x,x),P(y,y)}

IN A

So, either P(x,y) < «P(x,x) or P(x,y) < «P(y,y), which is a contradiction. Therefore, x is a
unique fixed point of f. Finally, we show that P(x, x) = 0. From (4), we have

P(x,x) = xP(fx, fx)
kmax{P(x, fx), P(x, fx)},
xkmax{P(x,x), P(x,x)},
kP (x,x),

ININ A

this implies that P(x, x) < 0, implying thereby that P(x, x) = 0. This completes the proof. [

Now, we present some fixed point results for Ciri¢ quasi contractions in the setting of partial
symmetric spaces. We start with the following definition.

Definition 8. Let (X, P) be a partial symmetric space and f : X — X. Then f is said to be x-weak contraction
if, forall x,y € X, and x € (0,1)

P(fx, fy) < xmax {P(x,y), P(x, fx), P(y, fy), P(x, fy), Py, fx)}. ®)
Proposition 1. Let f be a xk-weak contraction for any x € (0,1). If x is a fixed point of f, then P(x,x) = 0.
Proof. Suppose x € X is a fixed point of f. Since f is a k-weak contraction, we have that

P(x,x) = P(fx, fx)

xmax {P(x,x), P(x, fx), P(x, fx), P(x, fx), P(x, fx)}

= «max{P(x,x),P(x,x),P(x,x),P(x,x),P(x,x)}
KP(x,x),

IN

this implies that P (x, x) < 0, implying thereby P(x,x) =0. O
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Theorem 3. Let (X, P) be a P-complete partial symmetric space and f : X — X. Suppose that the following
conditions hold:

(i) fis a k-weak contraction for some x € [0,1);
(ii)  there exists xo € X such that (P, f,x) < oo; and
(iii)  f is continuous.

Then, f has a unique fixed point.
Proof. Assume xy € X, and construct an iterative sequence {x, } by:
— _ 2 _ £3 _fmn
x1 = fxo, X2 = fx0, X3 = f7x0,...,xn = f'x0,...
Let n be an arbitrary positive integer. Since f is a k-weak contraction, for all i, j € N, we have

P(fn+ix0,fn+jx0) < xmax {P(fn—1+ix0,fn—1+jxo),/P(fn—lﬂx(),fnJrixO),
fp(fn—lﬂ'xolfnﬂ'xo)’P(fn—1+ix0’fn+jx0)’p(fnflJrij’anxO)}_

Since the above inequality is true for all i, j € N, therefore by conditions (ii) and (1), we have
&(P,f, f'x0) < k&(P, f, f* 'x0).
Continuing this process indefinitely, we have, foralln > 1,
&(P, f, f*x0) < ¥"&(P, f, x0)- ©)
Now, for each n,m € N, such that m = n + p for some p € N, we have, due to (9), that
P(f"xo, fPx0) < S(P, f, f'x0) < "&(P, f, x0). (10)
Since &(P, f,x9) < o0 and k € (0,1), we have

lim P(xy,xm) =0,

n,m—r00

so {x, } is a P-Cauchy sequence in X. In view of the P-completeness of X, there exists x € X such that
{xn} P-converges to x. Now, we show that x is a fixed point of f. By the continuity of f, we have

* = g, xn = iy, ) = f.

Therefore, x is a fixed point of f. For the uniqueness part, let on contrary that there exist x,y € X
such that fx = x and fy = y. Thus, by using the condition (8), we have

P(xy) P(fx, fy)
xmax {P(x,y), P(x, fx), P(y, fy), P(x, fy), Py, fx) }

xkmax {P(x,y), P(x,x), P(y,y), P(x,y), Py, x)}.

IN

By using the property (27P), we have
P(xy) < xP(xy) < Plxy),

a contradiction, and so P(x,y) = 0; which implies that x = y. Thus, f has a unique fixed point. This
completes the proof. [J

Now, we furnish the following example, which illustrates Theorem 3.
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Example 4. Consider X = [0,1] and a partial symmetric P : X x X — Ry defined by P(x,y) = max{x,y},
forall x,y € X. Define a self-mapping f on X by

2
fx= 2%,forallx € X.

Observe that
P(fx, fy) = max{fx,fy}
N
I B

2 2
< = ==z
< 3 max{x,y} 5’P(x,y)

< Zmax {P(oy), Po fx), Py, f), Plo f), P, f0)},

forall x,y € X. Observe that f is continuous and condition (ii) holds. Thus, all the conditions of Theorem 3 are
satisfied and so f has a unique fixed point (i.e., x = 0).

Notice that this example can not be covered by metrical fixed point theorems.

Corollary 1. The conclusions of Theorem 3 remain true, if the contractive condition (8) is replaced by any one
of the following:

(i) P(fx, fy) < 5[P(x fy) + Ply, fx)];

(i) P(fx,fy)SKmaX{P x,y), P(x, fx), P(y, fy)};

(i) P(fx, fy) < xmax{P(x,y),P(x, fy), Py, fx)};
( )

P(fx, fy {p(x,y),?xfx TPy (x/fw;P(y,M};
) P(fx,fy)s«mx{m,y)M P(x, fy), Py f)

o) Pz, fy) < rmax {P(x,), P, ), Ply, ), PELP0L)

(iv)

I/\

Lo
}

4. Application

In this section, we endeavor to apply Theorem 1 to prove the existence and uniqueness of a
solution of the following integral equation of Fredholm type:

x(t) = /ﬂb G(t,s,x(s))ds + h(t) forall t,s € [a,b], (11)

where G, h € C([a,b],R) (say, X = C([a, b],R). Define a partial symmetric space P on X:

P(x,y) = sup |x(t) —y(t)|" + sup |x(t) —y(t)|, forallx,y € X, and p,q > 1.
te(a,b] tela,b]

Then, (X, P) is a complete partial symmetric space.
Now we are equipped to state and prove our result, as follows:

Theorem 4. Assume that, for all x,y € C([a,b],R),

1Glt,5,x(5)) = Glt, 5, ¥ (9] < 75 —571x(5) ~¥(3), (12)
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forall t,s € [a,b]. Then, Equation (11) has a unique solution.
Proof. Define f : X — X by

fx(t) = /ﬂb G(t,s,x(s))ds + h(t) forall t,s € [a,]].

It is clear that x is a fixed point of the operator f if and only if it is a solution of Equation (11).
Now, for all x,y € X, we have

) = O + 1720 - 0O < ([ 16(05,%(6)) - Gl y(s)lds)’
([ 1605,2(6)) ~ G5, (5) 1)’
< /b%\x@)fy(snds)”
/ 35—y () ~ () ls)’
< 7 >Pti‘[2‘2]'x o 'p</ﬂbd5>p
a2, 0 o[ )
< A(sup Ix()) —y(OF + sup [x(t) — y(1)]7).

te(a,b) te(a,b)

Thus, condition (12) is satisfied, with A = max{4, 57} € [0,1). Hence, the operator f has a
unique fixed point; that is, the Fredholm integral Equation (11) has a unique solution. [

5. Results Involving Set-Valued Map

In this section, first we extend the idea of Hausdorff distance to partial symmetric spaces.
Let (X, P) be a partial symmetric space and CB” (X) be the family of all nonempty, Tp-closed, and
bounded subsets of (X, P). Observe that A will be bounded if there exist xg € X and M > 0 such that,
foralla € A, P(xg,a) < P(a,a)+ M.

Moreover, for A, B € CBP(X) and x € X, we define:

distp(x, A) = inf{P(x,a) :a € A};
dp(A,B) = sup{distp(a,B) :a € A}; and
Op(B,A) = sup{distp(b,A) : b € B}.
Remark 2. Let (X, P) be a partial symmetric space and A a non-empty subset of X, then
a € Aifand only if distp(a, A) = P(a,a),

where A denotes the closure of A, with respect to the partial symmetric P. Also, A is P-closed in (X, P) if and
onlyif A= A

Proposition 2. Let (X, P) be a partial symmetric space. For A, B,C € CBP X, we have the following:
(i) 6p(A,A) =sup{P(a,a):aec A};

(i) Op(A,A) < dp(A,B);

(iii) B C C=6p(A,C)<dp(A,B);
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(iv) 0p(A,B)=0 = A C B;and

(v) Op(AUB,C) =max{dp(A,C),ép(B,C)}.

Proof. (i) Suppose A € CBP (X).Since a € A if and only if P(a, A) = P(a,a),
Op(A, A) = sup{distp(a,A) :a € A} = sup{P(a,a) :a € A}.

(i) Suppose a € A. By definition of the partial symmetric space, we know that P(a,a) < P(a,b),
which implies that

P(a,a) < distp(a,B) < dp(A, B).
Hence, condition (i) gives rise to
5p(A, A) < 6p(A,B).
(#ii) Suppose A, B,C € CBP(X), such that B C C. Then,
distp(x, B) < distp(x,C) foralla € X.

Thus,
BC C=6p(A,C)<ép(AB).

(iv) Suppose A, B € CBF (X), such that dp (A, B) = 0. Then,
sup{distp(a, A) :a € A} = 0= distp(a,B) = 0foralla € A.
In view of the above conditions (i) and (ii), we have
P(a,a) <6p(A,B) =0= P(a,a) =0, foralla € A.

Therefore, distp(a, B) = P(a,a) for all a € A implies that ‘a’ is in the closure of B for alla € A.
Since B is P-closed, we have A C B.
(v) Suppose A, B,C € CBP(X). Then,

dp(AUB,C) = sup{distp(x,C):x € AUB}
max { sup{distp(x,C) : x € A}, sup{distp(x,C) : x € B} }
max{dp(A,C),ép(B,C)}.

O

Next, let (X, P) be a partial symmetric space. Define
Hp(A,B) = max{ép(A, B),dp(B,A)}.

Proposition 3. Let (X, P) be a partial symmetric space. For A, B,C,D € CBP (X), we have the following:

(1H)  Hp(A,A) < Hp(A,B);
(2H)  Hp(A,B) = Hp(B, A); and
(3H) Hp(AUB,CUD)=max{Hp(A,C),Hp(B,D)}.

Proof. (1H) By condition (ii) of Proposition 2, we have

Hp(A,A) = 5p(A, A) < 5p(A,B) < Hp(A, B).
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(2H) By the definition of Hp, we have
Hp (A, B) = max{dp(A, B),0p(B, A)} = max{dp(B, A),dp(A,B)} = Hp(B, A).
(3H) By condition (v) of Proposition 2, we have

5p(AUB,CUD) = max{dp(A,CUD),ép(B,CUD)}
max{ép(A,C),ép(B,D)}

<
< max{Hp(A,C),Hp(B,D)}.

Similarly, we obtain
ép(CUD,AUB) <max{Hp(A,C),Hp(B,D)}.
Hence, by the definition of Hp, we have, forall A,B,C,D € C BP (X), that
Hp(AUB,CUD) =max{Hp(A,C),Hp(B,D)}.
O
Proposition 4. Let (X, P) be a partial symmetric space. For A, B € CBP (X), we have
Hp(A,B)=0 = A=B.
Proof. Let Hp(A, B) = 0. Then, by the definition of Hp, we have
op(A,B) =6p(B,A) =0.
Thus, by condition (iii) of Proposition 2, we get A C Band B C A, which implies A = B. O
Now, we prove the following lemma which is needed in the sequel:

Lemma 2. Let (X, P) be partial symmetric space and A, B € CBF (X). Then, forany h > 1and a € A, there

exists b € B such that
P(a,b) < hHp(A,B). (13)

Proof. First, we consider A = B. From (i) of Proposition 2,

Hp(A,B) = Hp(A,A) = 6p(A, A) = sup P(a,a).

aeA

Observe that, for any 2 € A and any & > 1, we have

P(a,a) <supP(a,a) = Hp(A,B) < hHp(A,B).
acA

Consequently, b = a satisfies the inequality (13). Now, let A # B. Then, there exists a € A such

that
‘P(a,b) > hHp(A,B) forallb € B.

Then,
inf{P(a,b) : b € B} > hHp(A,B),

so that
distp(a, B) 2 th(A, B).
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Hence,
Hp(A,B) > ép(A, B) = supdistp(a, B) > distp(a, B) > hHp(A, B),
acA
a contradiction, since h > 1. [
Recall that, if f : X — CBP(X) is a mapping, then an element x € X is said to be a fixed point of

fifx e fx.

Now, we state and prove our main result in this section:

Theorem 5. Let (X, P) be a complete partial symmetric space and f : X — CBP(X). Assume that the
following conditions are satisfied:

(i) there exists k € [0,1) such that
Hp(fx, fy) < «P(x,y) forall x,y € X;

(ii)  there exists xg € X such that S(P, f,xg) < co; and
(iii)  f is continuous.

Then, f has a unique fixed point x € X, such that P(x,x) = 0.

Proof. Suppose xg € X and x; € fxg. From Lemma 2 with i = %, there exists x, € fx; such

that P(x1,x;) < #Hp(f)(o,fxl). Since Hp(fxo, fx1) < xP(xo,x1), then P(x1,x2) < /kP(x0,x1)-
Similarly, for x, € fx; there exists x3 € fx such that

P(x2,x3) < %Hp(fxl,fxz) < VEKP(x1,x2).
Inductively, we obtain a sequence {x,} in X, such that
Y41 € fxn and P(x,01,%n) < V/KP (x4, x,_1), foralln € N.
By condition (i), for all /,j € N we have
P(f"“xO,anXo) < \/Ezp(fn—lﬁxolfn—lﬂx(]).
Therefore, by condition (ii) and (1), we have
S(P, f, f'x0) < VRS(P, f, ' 'xo).
Continuing this process, we have, for every n € N,
S(P,f, f"x0) < (V&)"&(P, f,x0). (14)
By using (3), we have, for n,m, p € Nsuch thatm =n + p,
P(f"x0, f*Px0) < &(P, f, f'x0) < (V¥)"S(P, f, x0).
Since &(P, f,xp) < o0 and k € (0,1), then

lim P(xy,xu) =0,

n,m—00
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so that {x,} is a P-Cauchy sequence in X. In view of the P-completeness of X, there exists x € X such
that {x, } P-converges to x. Therefore,
P(x,x) = ﬂlgl;o P(xn, x) = n},igloop(xn,xm) =0.
As Hp(fxy, fx) < xP(x,,x), implies that
lim Hp(fxn, fx) = 0.
Hence, x,,4+1 € fxy. Therefore,
distp (xp11, fx) < 6p(fxn, fx) < Hp(fxn, fx).

Hence,
nlgrolo distp(x,41, fx) = 0.

By the continuity of f, we obtain
distp(x, fx) = Jgigodistp(xn+1,fx) =0.

Thus, we have P(x,x) = distp(x, fx) = 0. As fx is P-closed, then we have x € fx. Hence, xis a
fixed point of f in X. This completes the proof. [

Next, we adopt the following example to demonstrate Theorem 5.
Example 5. Consider X = {0,1,2} equipped with the partial symmetric P : X x X — Ry defined by
1 2 1 2
P(xy) = E\x -yl + E(max{x,y}) , forall x,y € X.

Then (X, P) is a P-complete symmetric space. Note that {0} and {0,1} are bounded sets in (X, P). In
fact, if x € {0,1,2} then

x € {0} & distp(x,{0}) = P(x,x)

- ?)xzix2
4 4
& x=0 < xe{0}.

Hence, {0} is closed with respect to the partial symmetric P. Next,

xe{0,1} & distp(x,{0,1}) = P(x,x)

2 2
& min{%,% x—12+ %(max{x,l})z} = xZ
< xe€{0,1}.

Hence, {0,1} is also closed with respect to the partial symmetric P.
Nouw, define f : X — CBP (X) by:

f0=f1={0}and f2 ={0,1}.

Notice that f is continuous under the partial symmetric P. Now, to show that the contractive condition (i)
of Theorem 5 is satisfied, we distinguish the following cases:
Case 1. Let x,y € {0,1}. Then,

Hp(fx, fy) = Hp(0,0) =0,
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so that the contractive condition (i) satisfied.
Case 2. Let x € {0,1} and y = 2. Then, with k = % we have

Hp(fx,f2) = Hp({0},{0,1})
= max {0p({0},{0,1}),0p({0,1},{0})}
= max {distp(0,{0,1}), max{P(0,0), P(1,0)} }

- Z < kHp(x,2).

Case 3. Let x =y = 2. Then, withk = %, we have

Hp(f2,f2)

Hp({0,1},{0,1})

= 6p({0,1},{0,1})

= max {distp(0,{0,1}),distp(1,{0,1})}
= max{O,min{P(LO)/P(lrl)}}

= i < kHp(2,2).

Hence, the contractive condition (i) of Theorem 5 is satisfied for k = %
By routine calculation, one can verify the other conditions of Theorem 5. Observe that f has a unique fixed
point (namely, x = 0).

6. Conclusions

First, we enlarged the class of symmetric spaces to the class of partial symmetric spaces,
wherein we proved several results which included analogues of the Banach contraction principle, the
Kannan-Ciri¢ fixed theorem, and the Ciri¢ quasi-fixed point theorem, in such spaces. We also furnished
some examples, exhibiting the utility of our newly established results. Furthermore, we used one of
the our main results to examine the existence and uniqueness of a solution for a system of Fredholm
integral equations. Moreover, we extended the idea of Hausdorff distance to partial symmetric spaces,
and proved an analogue of Nadler’s fixed point theorem and some related results.
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1. Introduction

Let R and C denote the sets of real and complex numbers and z be a complex variable. For real or
complex parameters 2 and b, the generalized binomial coefficient

a T(a+1) a
(b ) TTe+OM@a—b+1) ( a_b> (a,beC),

I'(z) :/ ¥ le ¥ dx,
0

in which

denotes the well-known gamma function for Re(z) > 0, can be reduced to the particular case

( a ) _(=)"(=a),
n n! !

where (a);, denotes the Pochhammer symbol [1] given by

(@) = T'la+b) 1 (b=0,a € C\{0}), 1)
"7 T@ ) ala+1)..(a+b—-1) (beC,acC).
By referring to the symbol (1), the generalized hypergeometric functions [2]
a1, .. ,ap & (A1) ap) 2
F, z| = —, 2
p ‘7< bi, .. b ) k;) (b1)g---(by), K! @
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are indeed a Taylor series expansion for a function, say f,as Y. ¢} zf with ¢} = f (k) (0) /k! for which
=0

the ratio of successive terms can be written as

Cr1 (k+ar)(k+az)..(k+ap)

¢ (ktb)(k+by)(k+by)(k+1)

According to the ratio test [3,4], the series (2) is convergent for any p < g + 1. In fact, it converges
in |z| < 1for p = g+ 1, converges everywhere for p < g+ 1 and converges nowhere (z # 0) for
p > q+ 1. Moreover, for p = g + 1 it absolutely converges for |z| = 1 if the condition

q q+1
A* = Re (Zb]— Z%) >0,
j=1 j=1
holds and is conditionally convergent for |z| = 1and z # 1if —1 < A* < 0 and is finally divergent for
|zl =Tand z # 1if A* < —1.

There are two important cases of the series (2) arising in many physics problems [5,6]. The first
case (convergent in |z| < 1) is the Gauss hypergeometric function

I ( “ b ) _ 5 @ity 2
k

-0 (c)y K7
with the integral representation
a, b
2hy <
c
Replacing z = 1 in (3) directly leads to the well-known Gauss identity
a, b _T(c)T(c—a—D)

2F < c 1> = Tc—aT(c—0b) Re(c—a—1b) > 0. (4)
The second case, which converges everywhere, is the Kummer confluent hypergeometric function

_ b & (b) zF
y1F1< c Z>Z(C)I]zk!'

k=0

Z) = e Jp ¢ e

(Rec > Reb > 0; |arg(1—z)| < m), (3)

with the integral representation

_ r(c) ! - c—o—1 zt
z> 7m/0 11— 1) b-1eztgy,

(Rec > Reb > 0; |arg(l—z)| < m).

In this paper, we explicitly obtain the simplified form of the hypergeometric series

ay, .. ,0,-1, m+1
F p ,
Poa < b], /bqflr n+1 Z)

when m, n are two natural numbers and m < n.
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2. A New Identity for Generalized Hypergeometric Functions

Let m, n be two natural numbers so that m < n. By noting (1), since

(m+1)  Tk+m+1)I(n+1)  n! 1
(n+1), Tk+n+D)I(m+1)  m!(k+m+1)(k+m+2)..(k+n)

so, we have
(m+1), I'(k+m+1)I'(n+1) n! (k+1), )

Kn+1), KTk+n+D)T(m+1)  m! (k+nm)!

Hence, substituting (5) into a special case of (2) yields

F a1, e, Ap-1, m—+1
peq bl, ...,bq_l, n+1

(6)

In [7], two particular cases of (6) for m = 0 and m = 1 were considered and other cases have been
left as open problems. In this section, we wish to consider those open problems and solve them for any
arbitrary value of m. For this purpose, since

(@n = N a =)y = (1" sl

:) -

relation (6) is simplified as

F a1, v, dp-1, m—+1
P bl, .y bq—ll n+1

1 (71)”(?*'7) (l — by
z" (1 —m

=

pe(1=bg 1)
A=),

)
)

=

o (a1 — n)]-...(ap,l — n)]. -
—(G+1- . 7
x ,;l (by = 1)jee.(bgr — 1), ]! (j+1-n), @)
It is clear in (7) that
o (a3 — n)]-...(ap,l - n)]. 2 0 n—1
L G Gy 7017 = B0 - L0 =8i-5; ®)

To evaluate S} = Y (.), we can directly use Chu-Vandermonde identity, which is a special case
j=0
of Gauss identity (4), i.e.,

—m, q=p (P
F 1) =-—=% 9
2hy ( . > D, )
Now ifin (9),p=j—n+1land g = —n+1, we have
(G=n+1)m=(1—n)mkF —m, = 1) =1 =n)n i m, (10)
1-n = (L= n)k!
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Hence, replacing (10) in S] gives

>, (a1 —n)j(ap—1 —n); 5 o (—m) (=)
; (. 1—n> PRSIy i e

§_(om, <°° (a1 = m)j(ap = m); <j>k>.

= (L =n)kt \ = (b1 — n)]-...(bq,l — n)], j!

=(1—n)y

It is important to note in the second equality of (11) that (—j); = 0 forany j = 0,1,2,...

Therefore, the lower index is starting from j = k instead of j = 0. Now since

relation (11) is simplified as

g my
Si=1—n)n ; (1—n)k! (g (b1 —n)j.(bg—1 — n)], (j—k)!

a = n)r+k"'(ap—1 - n),+k Zy>

- " (—m) (—Z) o0 (
=1-n)n Z (1 fkn)kk! Z (by = 1)y gerr(bg1 — n)r+k .

On the other hand, the well-known identity
(@) = (@)k(a+k)r,

simplifies (12) as

no(=m)(ay — ) (a1 —n), (—2)f
St 1’”m§%1fm(mfn)(él 0,

(a1 —n+k),.(ap1 —n+k), Zr)
x ( (by —n+k),(bg_y —n+k), 1!
_ o (—m)yon = (a1 =), (2
_(1fn)mg(1_n) (b, — ), (liﬂ )kk k!
—n+k . ay_i—n-+k
Xp—qu—1< abll—}:q:k, IIZJS,I—ZIk ' Z>'

n
= Y. (.) in (8), we can directly use the identity
j=0

[\’]8

r=0

To compute the finite sum S3

) (4 1), (—n 41+ m);
G=mt1m = (—n+1),

(12)
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to get

= (01— n)je(3p1 — ”;;Z](]H—n)

= % (b ”) (ql_”]]'
1 (a1 = n)j(ap1 = 1) o (—n+14m);

N = =), 1 (—n ),

- (1n)m,,Fq< S ‘;p—lfn' *(”*1*)*”) ‘z) . (13)

by—mn, ..bp1—mn, —(n-1

Finally, by noting the identity
(7n+1)m _ (_1)111 n—1
m! m ’
the main result of this paper is obtained as follows.

Main Theorem. If m, n are two natural numbers so that m < n, then

Z) o ( w1 ) (—1)" =DM (1 by),,..(1 = byy),

m z" (17%1),1...(17&;7,])”

ay, .. dp_q, m+1
Pa by, .. bqfl/ n—+1

2 (=m)p(ar—n)y..(ap—1—n), \Fo 4 m—n+k .. ap—1—n +k Z) ﬂ
y k=0 (1-n)g(by—1)..(bg—1— ”) p=ita- bl —n+k, .. bQ*l —n+k k! 14
B G e e e —(n—1-m) ’Z> ,
PRI\ by —m, .. by1—mn, —(n—-1)

where {ak},’:;ll ¢ {1,2,...,n}and {bk}z;i ¢{nn—-1,...,n—m+1}.
Note that the case m > n in (14) leads to a particular case of Karlsson-Minton identity, see e.g., [8,9].

3. Some Special Cases of the Main Theorem

Essentially whenever a generalized hypergeometric series can be summed in terms of gamma
functions, the result will be important as only a few such summation theorems are available in the
literature. In this sense, the classical summation theorems such as Kummer and Gauss for » F;, Dixon,
Watson, Whipple and Pfaff-Saalschutz for 3F>, Whipple for 4F3, Dougall for 5F, and Dougall for 7Fg are
well known [1,10]. In this section, we consider some special cases of the above main theorem to obtain
new hypergeometric summation formulas.

Special case 1. Note that if m = 0, the first equality of (13) reads as

n—1 (al — n)/-...(ap,l — ﬂ)] o
& )y,

S; =
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Hence, the main theorem is simplified as

E ay, ... ﬂp,l, 1
Pa bl, bq,l, n+1

z| =n! (71)’1(!}7”) (1—b1), (1 b‘l*1)n
T (1—a1),-(1—ap1),

a—n, .., ayp_1—1n
X _1F— d
(P 15q 1( bl—l’l, ey bq,l—n

which is a known result in the literature [10] (p. 439).

n—1 (L‘ll — n)]-...(ap,l — Tl)] o
z> - ];3] 0~y —m), ]-,> ,

Special case 2. For n = m + 1, relation (13) gives S; = (—1)"m! and the main theorem therefore reads
(form+1 — m) as

F ay, .. Ap-1, m
P bl/ bq_], m+1

{1 ml (ay —m)y...(ap—1 — m)k

& (o —m) by —m), P

1 (1—=by)y (1= bygq)
— (—1)ym(p—q+1) m 9=V
Z) =D 2 (1) (L —ap 1),

(al—m+k, e Ay —m+k
-1

F,
bl—m+k, bq,l—m—i-k

q

For instance, we have [7]

ay, ...ay_1, 2
E 4
F "< by, .. bg_1, 3

am—1, ., a,-1—1
L, p
by —2) Pt 1( by—1, oy by g —1 Z)

111*2, ey a _]*2
—_ .E _ 4
p=17 1( by —2, .y byq —2

) 1)

As a very particular case, replacing p = 3 and g = 2 in the above relation yields

31-"2( a, b, 2 1)

c, 3
Special case 3. For p = q = 1, the main theorem is simplified as

(]
Y e iy e A Y B U B
=n! < " > T <€ 1h ( —(n—1) ' Z) 1h ( —(n—1)

For instance, by referring to the special case 1, we have [7,10]

1 (m—1)! m=2 i
F = — Z— _— .
1 1< . Z) | (e ]E) f

2 re)r(c—a—>b+1)

:m ((C*ﬂfrm(ab—afbfwrg)) .
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Special case 4. For p = 2 and q = 1, the main theorem is simplified as
_ _q\ntm
JF) a, m+1 A 1)\ (-1) 1
n+1 m zZn (1 - ﬂ)n

Ao (o [ ) (T 1))

in which we have used the relation 1 F ( ! z) = (1 —z)~“. For instance, by referring to the special

case 1, we have [7,10]
a, 1
2h <
m

Special case 5. For p = 3 and q = 2, the main theorem is simplified as

ay, ay, m+1 n—11\ (=1)"™ (1-b),
shy z | =n!
by, n+1 m zt (1—aq1),(1—a),

m—1)! —a m—a— = j
Z)-WW((l—z) 1_Z(a—m+1)j;!).

j=0

& (em)p(a—n)y(az—n); m—n+k a—n+k (=)t
kEO (=) (b =)y 2f1 by —n+k ) w
x . (15)
_.F ay—mn, ap—n, —(n—1—m) .
32 by —n, —(n—1)

As a particular case and by noting the first kind of Gauss formula (4), if z = 1 is replaced in (15)

then we get
gy (P (A=l
1>( v ’( m )(1—a1>n<1—az>n

g (=m)(a1—n)(aa—n); T(by—n+k)[(by—a;—ap+n—k) (—1)

r aiy, a, m+1
32 by, n+1

k

ey S G DM GO T(by—a1)T (b1 —az) k!
x [ —(n—1—m) 1
32 by —n, —(n—1)

Therefore, we get

r ai, a, m+1
32 by, n+1

ot (=1)"n!
m (1—-a1),(1-az),
ay, ap a—mn, dy—n, —m
1] 3F 1
>3Z<1—n+a1+a2—b1,1—n )

(blﬂlﬂz)nzH( 3
1
ap—n, ap—n, —(n—1—m)

by —mn, 1—n

. (16)
)

—(=D"(1 =b1)n3k2 <
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As a numerical example for the result (16), we have

1/5, 3/10, 2
3Fz<

3 72 y
 (4/5),(7/10),

4/5, 5
2 (—2),(=19/5),(=37/10);
<(1/5)4k20 (=3),(—16/5) k!
I'(4/5)T(3/10) & 19/5)( 37/10)
—(3/10), T(3/5)T(1/2) Z (—33/10)k k)‘

It is clear that the right-hand side of this equality can be easily computed and therefore the infinite
series in the left-hand side has been evaluated.
Similarly, by noting the second kind of Gauss formula [1]

1>  JAT((a+b+1)/2)

2F1< % b = ,
(a+b+1)/2 T((a+1)/2)T((b+1)/2)

relation (15) takes the form

ay, ay, m+1 |1\ G, n—1 (1-t),
3F2< 2>( B R R r=rn ey

bl, n+1
m (a7—n)(ap—n) I(—n+k+by) (-1
f 2 1 b1k nz)k . r((al7n+k+1)/g)f((azlfn+k+l)/2) 2Kkt
>< 4
g e —(n—=1-m) |4
32 by —n, —(n—1) 2

where by = (a1 +a, +1)/2.
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Abstract: In this paper, we introduce the concept of extended partial S;,-metric spaces, which is a
generalization of the extended Sj,-metric spaces. Basically, in the triangle inequality, we add a control
function with some very interesting properties. These new metric spaces generalize many results in
the literature. Moreover, we prove some fixed point theorems under some different contractions, and
some examples are given to illustrate our results.

Keywords: extended partial S,-metric spaces; S;,-metric spaces; fixed point

1. Introduction

Fixed point theory has become the focus of many researchers lately due its applications in
many fields see [1-12]). The concept of b-metric space was introduced by Bakhtin [13], which is
a generalization of metric spaces.

Definition 1 ([13]). A b-metric on a non empty set X is a function d : X*> — [0,00) such that, for all
x,y,z € X and k > 1, the following three conditions are satisfied:
(i) d(x,y) = Oifand only if x =y,
(i) d(x,y) =d(y,x),
(iii) d(x,y) < k[d(x,z) +d(z,)].
As usual, the pair (X, d) is called a b-metric spaces.

A three-dimensional metric space was introduced by Sedghi et al. [14], and it is called S-metric
spaces. Later, and as a generalization of the S-metric spaces, S;-metric spaces were introduced. In [15],
extended S;-metric spaces were introduced

Definition 2 ([15]). Let X be a non empty set and a function 8 : X> — [1,00). If the function Sg : X> — [0, 00)
satisfies the following conditions for all x,y,z,t € X:

1 Sﬂ(x/ylz) =0 lmplles X=y=2z
2. Sp(xy,2) <0(x,y,2)[Se(x,x,t) + So(y, y, 1) + So(2,2, )],

then the pair (X, Sg) is called an extended Sy,-metric spaces.

First, note that, if 6(x,,z) = s > 1, then we have an S,-metric spaces, which leads us to conclude
that every S,-metric spaces is an extended Sj-metric spaces, but the converse is not always true.

Definition 3 ([15]). Let (X, Sy) be an extended Sy-metric space. Then,

(i) A sequence {x,} is called convergent if and only if there exists z € X such that Sp(xy, X, z) goes to 0 as
n goes toward co. In this case, we write 111)1 Xy, = Z.
n 0

(ii) A sequence {x} is called a Cauchy sequence if and only if Sg(xy, Xu, X ) goes to 0 as n,m goes toward co.

Axioms 2018, 7, 87; doi:10.3390/axioms7040087 163 www.mdpi.com/journal /axioms
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(iii) (X, Sp) is said to be a complete extended Sy-metric space if every Cauchy sequence {x,} converges to
apoint x € X
(iv)  Define the diameter of a subset Y of X by

diam(Y) := Sup{Se(x,y,2) | x,y,z € Y}.

In the extended S,-metric spaces, we define a ball as follows:
B(x,€) = {y € X[ Sp(x,x,y) < e}.
Next, we present some examples of extended S;-metric spaces.
Example 1. Let X = C([a,b], (—o0, 00)) be the set of all continuous real valued functions on [a, b]. Define

So 2 X* — [0,00); Sp(x(t), y(1), (1)) = e | max{x(), y(t)} = z(1)[%,

and
0: X> = [1,00); O(x(t),y(1),2(t)) = max{|x(£)], [y(£)[} + 2(5)] + 1.

It is not difficult to see that (X, Sg) is a complete extended S,-metric spaces.
2. Extended Partial S;,-metric spaces

In this section, as a generalization of the extended S;-metric spaces, we introduce extended partial
Sp-metric spaces, along with its topology.
Definition 4. Let X be a non empty set and a function 6 : X3 — [1,00). If the function Sg : X3 — [0,0)

satisfies the following conditions for all x,y,z,t € X:

1. x=y=z ifandonlyif Se(x,y,z) = Se(x,x,x) = Se(v,y,y) = Se(z,2,2);
2. So(x,x,x) < Sp(x,y,2),
3. Sp(x,y,z) <0(x,y,2)[Se(x,x,t) + Se(y, y, t) + Se(2,2,1)],

then the pair (X, Sy) is called an extended partial Sy-metric spaces.

First, note that, if 0(x,y,z) = s > 1, then we have a partial S,-metric spaces, which leads us
to conclude that every S,-metric spaces is an extended S,-metric spaces, but the converse is not
always true.

Definition 5. Let (X, Sg) be a extended partial S,-metric space. Then,

o A sequence {xy} is called convergent if and only if there exists z € X such that Sg(xp, xn,z) goes to
Se(z,z,z) as n goes toward oo. In this case, we write n1'£1>100 Xy = Z.

o Asequence {x,}7 of elements in X is called Sg-Cauchy if limy, m Sg(Xu, Xu, Xm) exists and is finite.
o The extended partial Sg-metric spaces (X, Sg) is called complete if, for each Sp-Cauchy sequence {x,}5_,
there exists z € X such that
So(z,2,z) = linm Se(z,z,x4) = 17}1}’1 So(Xn, Xn, Xm).
o Asequence {xy}, in an extended partial S,-metric spaces (X, Sg) is called 0-Cauchy if
limn,m SG(xnr Xn, xm) =0.

o Wesay that (X, Sg) is O-complete if every 0-Cauchy in X converges to a point x € X such that Sp(x, x, x) = 0.
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Note that every extended S,-metric spaces is an extended partial S,-metric spaces, but the
converse is not always true. The following example is an example of an extended partial S,-metric
spaces which is not extended S,-metric spaces.

Example 2. Let X = C([a, b], (—o0,00)) be the set of all continuous real valued functions on [a, b]. Define

So : X = [0,00); Se(X(f),y(t),Z(f)):tSl[lr;]Imax{x(t),y(t)fZ(t)}lzf

and
0: X> — [1,00); O(x(t),y(t),2(t)) = max{|x(t)], [y(£)[} + |2(t)] + 1.

First, note that, for all x(t),y(t),z(t) and f(t) € X, we have

So(x(t),y(1),z(t)) = sup | max{x(t),y(t),z(t)}[>

tela,b)
< S\[lr;] | max{x(t), x(t), f(£) }[* + 51[4;] | max{y(t), y(t), f(D)}?
+ sup |max{z(t), z(t), f(t) }*

te(a,b]

< Se(x(8), x(8), f(£)) + So(y(t),y (1), f (1) + Se(2(t), z(¢), £())
< O(x(), (1), 2(1)[Sa(x(8), x(8), £(£)) + Sa(y(£), y (1), £(£)) + Sa(=(), 2(t), f(£))].

In the last inequality, we used the fact that, for all x(t),y(t),z(t) € X, we have 0(x(t),y(t),z(t)) > 1,
Hence, (X, Sg) is an extended partial Sy-metric spaces, but it is not an extended Sy,-metric spaces, since the self
distance is not zero.

In the extended partial S,-metric spaces, we define a ball as follows:
B(x,¢) = {y € X | Sy(x,x,y) < e}.

Definition 6. An extended partial Sy-metric spaces (X, Sg) is said to be symmetric if it satisfies the
following condition:
So(x,x,y) = Soe(y,y,x) forall x,y € X.

Theorem 1. Let (X, Sp) be a complete symmetric extended partial Sy-metric spaces such that Sg is continuous,
and let T be a continuous self mapping on X satisfying the following condition:

So(Tx, Ty, Tz) < kSq(x,y,2) forall x,y,z € X,

where 0 < k < 1 and for every xo € X we have limy, ;y—c0 0(T"x, T"x, T™) < % Then, T has a unique fixed
point say u. In addition, for every y € X, we have limy, oo T"y = u.

Proof. Since X is a nonempty set, pick xp € X and define the sequence {x,} as follows:
= Txo,xp = Tx; = T?x0, -+, xn = T"xq, - - -
Note that, by (1), we have

So(xn, Xu, ¥ni1) < kSg(xXu—1,Xp—1,%n) < -+ < K"Sg(x0, X0, X1).
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Now, pick two natural numbers n < m. Hence, by the triangle inequality of the extended partial
Sp-metric space, we deduce

So(xn, Xn, Xm) < 0(xn, Xn, xm)2k" Sg(x0, X0, x1) + 9(x,,,xn,xm)f)(x”H,xnﬂ,xm)Zk"“Sg(xo, Xo,X1)
o 0, X, X)) - - O (X1, X1, X ) 2K™ 1Sy (x0, X0, x1)
< Sg(x0, x0, x1)[0(x1, X1, X )0 (X2, X2, X )+ O(Xp—1, X—1, Xm )0 (X, X, Xy ) 2K
+0(x1, X1, Xm)0(x2, X2, X)) - - - O(xn, X0, X )0 (X1, X1, xm)Zk’”rl

e 001, X, X )0(x2, X2, Xm) -+ 0 (X2, X2, X )0 (X1, X1, X ) 2K" ).
By the hypothesis of the theorem, we have

Lim  6(xy, xn, xm) (k) < 1.

n,m—00
Therefore, by the Ratio test, the series Y 5" ; 2k TTi_; 6(x;, x;, X, ) converges. Now, let
00 n n . ]
A=Y 2k"T]6(xi,xi,x) and Ay = Y 2K T 6(xi, xi, xm).
=1 i=1 =1 =1
Hence, for m > n, we deduce that
So(xn, X, Xm) < So(x0, %0, %1) [Am—1 — An-1].

Taking the limit as n, m — oo, we conclude that {x, } is a Cauchy sequence. Since X is complete,
{xn} converges to some u € X, such that

So(u,u,u) = nlgrc}o So(u,u,x,) = n}%rgm So(xXn, Xn, Xm)-
Now, using the fact that T and Sy are continuous, we deduce that
So(Xn-+1, Xnt1, Xn41) = So(Xn41, Xnt1, Txn) = So(Txn, Ty, Txn).

Taking the limit in the above equalities, we can easily conclude that Tu = u. Hence, u is a fixed
point of T. To show uniqueness, assume that there exists v # u € X such that Tu = u and Tv = v. Thus,

Sg(u,u,v) = Sg(Tu, Tu, Tv)
< kSq(u,u,v)
< Sp(u,u,v),

which leads us to a contradiction. Therefore, T has a unique fixed point in X as desired. [J
Now, we present the following example as an application of Theorem 1.

Example 3. Let X = C([a,b], (—o0, 00)) be the set of all continuous real valued functions on [a, b]. Define

So: X* = [0,00); Sp(x(t), y(1),2(1)) = tSl[JIZ]ImaX{X(t),y(t),Z(t)}lzf

and
6: X> — [1,00); O(x(t),y(t),2(t)) = max{|x(t)], [y(t)|} + |2(t)] + 1.
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Now, let T be a self mapping on X defined by

x
Tx = 5
Note that 1

Se(Tx, Ty, Tz) < 559(x,y,z) .

In this case, we have k = % On the other hand, it is not difficult to see that, for every x € X, we have

X
T'x = 27

Thus, it is not difficult to see that

lim 6(T"x, T"x, T"x) < %

n,m—o0

Therefore, all the conditions of Theorem 1 are satisfied and hence T has a unique fixed point which is in this case 0.

Theorem 2. Let (X, Sy) be a symmetric complete extended partial Sy-metric spaces such that Sg is continuous
and T be a continuous self mapping on X satisfying

Se(Tx, Ty, Tz) < P[Se(x,y,2)] forall x,y,z € X,

where ¢ is a comparison function (i.e., ¥ : [0,+00) — [0,+00) is an increasing function such that
1131 Y"(t) = 0 for each fixed t > 0.) In addition, assume that there exists s > 1 such that, for every
n—oo

xo € Xand x € X, we have

lim 0(xy, xy, x) <
n—o00

N«

Then, T has a unique fixed point in X.

£
2s°
Let F = T" and x; = F¥(x) for k € N. Then, for x,y € X and &« = ¢, we have

Proof. Let x € X and € > 0. Let n be a natural number such that ¢ (¢) <

So(Fx, Fx, Fy) < ¢"(Sp(x,x,y))
= a(Sp(x,x,y))-

Hence, for k € N Sg(xy41, Xk11, X¢) goes to 0 as k goes toward co. Therefore, let k be such that
€
S , , —.
0 (Yes1, X1, k) < o

Note that x; € B(xy, €). Therefore, B(xy, €) # @. Hence, for all z € B(x, €), we have

So(Fz,Fz,Fxy) < a(Sg(xx, Xk, 2))
€ €
< =y" = <=
< a(e) l[)(e)<25<s
Since Sg(Faxg, Fxg, Fxi) = Sp(xg 11, X1, Xk) < % thus

So(xg, x, Fz) < 0(xk, Xp, F2)[So(xp, Xi, Xpet1) + So (xk, Xpe, Xg1) + So(Fz, Fz, Xjeyq)]

6 (xx, xx, Fz)[2Sq (xk, X, X 1) + So(Fz, Fz, x4 1)]

€ €
0 Fz)[2—+ —|.
(5000 F2) 2 + ]
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Now, taking the limit of the above inequality as k — oo, we get
Sg(Xk, X, Fz) <e.

Hence, F maps B(xy, €) to itself. Since xx € B(xy, €), we have Fx; € B(xy, €). By repeating this
process, we get
Fyl € B(xy, €) forallm € N.

That is, x; € B(xy, €) foralll > k. Hence,
So(xm, Xm, x;) < € forall m,l > k.

Therefore, {x;} is a Cauchy sequence and, by the completeness of X, there exists # € X such that
xj converges to u as k goes toward co. Moreover, u = lim xy;1 = lim x; = F(u).
k—o0 k—ro0

Thus, F has u as a fixed point. We prove now the uniqueness of the fixed point for F. Since
a(t) = ¢"(t) < tforanyt > 0, let u and 11 be two fixed points of F:

59(14/”/ ”1) = SQ(FM/ Fu/Ful)
$" (Se(u, u,u1))

= a(Se(u,u,uy))
< So(u,u,uy).

IN

Thus, Sg(u,1,u7) = 0, thatis u = u; and hence, F has a unique fixed point in X. On the other
hand, T"*7(x) = F¥(T"(x)) goes to u as k goes toward co. Hence, T"x goes to u as m goes toward co
for every x. Thatis u = ”%1310 Txy, = T(u). Therefore, T has a fixed point. [

Theorem 3. Let (X, Sp) be a complete symmetric extended partial Sy-metric spaces such that Sg is continuous,
and let T be a continuous self mapping on X satisfying the following condition:

Se(Tx, Ty, Tz) < A[Sg(x,x, Tx) + So(v,y, Ty) + Sg(z,2,Tz)] forall x,y,z € X, 1)
where A € [0, %), A # mfor every xo € X. Then, T has a unique fixed point u € X and

So(u,u,u) =0.

Proof. We first prove that if T has a fixed point, then it is unique. We must show that, if u € X is
a fixed point of T, that is, Tu = u then Sg(u,u,u) = 0.
From (1), we obtain

Se(u,u,u) = Sg(Tu, Tu, Tu) < A[Se(u,u, Tu) + Sg(u,u, Tu) + Sg(u, u, Tu))

3ASg(u,u, Tu) since A € [0, %), we have

< So(u,u,u),

which implies that we must have Sg(u, u, u) = 0 Suppose u,v € X be two fixed points, thatis, Tu = u
and Tv = v. Then, we have Sg(u, u,1) = Sg(v,v,v) = 0. Relation (1) gives

Se(u,u,v) = Sg(Tu, Tu,Tv)

A[Sg(u, 1, Tu) + Sg(u, 1, Tu) + Sg(v,v, Tv)]
2ASq(u,u,u) + ASy(v,v,0)

= 0.

IN
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Therefore, u = v. Thereby, we get the uniqueness of the fixed point if it exists. For the existence of
the fixed point, let xg € X arbitrary, set x, = T"xg and S, = S¢(Xu, Xu, X,41). We can assume S, > 0
for all n € N; otherwise, x;, is a fixed point of T for at least one n > 0. For all 1, we obtain from (1)

Sty = Se(xn, X, Xn11) = Se(Txn-1, Txy—1, Txn)
A2Sg(x—1, %51, Txy—1) + So(xn, X, Tn)]
A2Sg(xy—1, Xn—1,%Xn) + So(Xn, Xn, Xy 41)]
A2S, .+ Sp, )

IN

n—1
Therefore, (1 —A)Sy, <2AS;, . Thus,

2A

1
T2 S [0,5). )

Sp, < Sy,

n—17

27
Let g = -2 < 1. By repeating this process, we obtain

Sy, < B'bo.

Therefore, lgn Sp, = 0. Let us prove that {x, } is a Cauchy sequence. It follows from (1) that, for
n—oo
n,m e N:

Se(xn, xn,2m) = Se(Txty—1, Txp—1, Txp—1)
< A2Se(xp-1,%n-1, Txn-1) + Sp(Xm—1, Xm—1, Txm—1)]
= A2Sg(xy—1,%u—1,%n) + So(Xpm—1, Xm—1, Xm)]
= /\[ZSbH + Sbm—l}'

Thus, for every € > 0, as lijrl Sp, = 0, we can find np € Nsuch that S, | < Z and S, | < g for
n—oo

m—1

alln,m > ng. Then, we obtain 25, | +S; | < 2E + % =e€. As A < 1, it follows that Sg(x,,, X, X)) < €

m—1 — 4
forall n,m > ng. Thus, {x,} is a Cauchy sequence in X and nlgr;to So(xn, Xu, X)) = 0. By completeness

of X, there exists u € X such that
n/gg}w So(xn, xn,u) = Sg(u, u,u) = 0.

Now, we shall prove that Tu = u. For any n € N,

So(u,u, Tu) 6(u,u, Tu)[2Sg(u, u, x;41) + So(Tu, Tu, Txy)]

<
< 0(u,u, Tu)[2Se(u, 1, x,11) + A(2Sg(u, u, Tu) + S (xn, Xu, Txy))]-

Therefore, (1 — 260(u, u, Tu)A)Sg(u, u, Tu) < 26(u, u, Tu)Sq(ut, 1, X,+1) + 6(u, u, Tu)ASg(xn, X, Txn),
giving

260(u, u, Tu) 0(u, u, Tu)A
< _
So(u, u, Tu) 1~ 20(u, u, Tu)A

= W Se(xn, Xn, Txrt)~

Se(u,u,x,41) +
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Since Sp and T are continuous, we have Sg(xy, x,,, Tx,,) goes to Sg(u, 1, Tu), and n goes toward oco.

Therefore, we obtain

(1

260(u, u, Tu) 0(u,u, Tu)A
< 77 7 e
So(u,u, Tu) < 1200w, Tu))\59(u, u,u) + T—20(u,1, Tu)Asg(u’ u, Tu)
0(u, u, Tu)A 20(u, u, Tu)
-\ < =\
1—20(u,u, Tu)/\)SQ(u'u'Tu) - 1—29(u,u,Tu))\Sg(u'u'u)
20(u, u, Tu)
< — .
So(u,u, Tu) < =30, TMMSQ(u, u,u)
1 .
As A # 3000, 0, Tu) and from (2), we obtain Sg(u,u, Tu) = 0 and then Tu = u. [

In closing, we would like to present to the reader the following open questions:

Question 1. Is it possible to omit the continuity of T in Theorem 1, and obtain a unique fixed point?

Question 2. If we omit the symmetry condition of the extended partial S,-metric spaces in Theorem 2, is it
possible to prove the existence of a fixed point?
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1. Introduction

Recently, the fixed-circle problem has been considered for metric and some generalized metric
spaces (see [1-6] for more details). For example, in [1], some fixed-circle results were obtained using the
Caristi type contraction on a metric space. Using Wardowski’s technique and some classical contractive
conditions, new fixed-circle theorems were proved in [5,6]. In [2,3], the fixed-circle problem was
studied on an S-metric space. In [7], a new fixed-circle theorem was proved using the modified Khan
type contractive condition on an S-metric space. Some generalized fixed-circle results with geometric
viewpoint were obtained on S,-metric spaces and parametric N,-metric spaces (see [8,9] for more
details, respectively). Also, it was proposed to investigate some fixed-circle theorems on extended
Mj-metric spaces [10]. On the other hand, an application of the obtained fixed-circle results was given
to discontinuous activation functions on metric spaces (see [1,4,11]). Hence it is important to study
new fixed-circle results using different techniques.

Let (X, d) be a metric space and Cy,, = {x € X : d(x,x9) = r} be any circle on X. In [5], it was
given the following open problem.

Open Problem CC: What is (are) the condition(s) to make any circle Cy, , as the common fixed
circle for two (or more than two) self-mappings?

In this paper, we give new results to the fixed-circle problem using Khan type contractions and to
the above open problem using both of Khan and Ciri¢ type contractions on a metric space. In Section 2,
we introduce three types of F--Khan type contractions and obtain new fixed-circle results. In Section 3,
we investigate some solutions to the above Open Problem CC. In addition, we construct some examples
to support our theoretical results.

2. New Fixed-Circle Theorems

In this section, using Khan type contractions, we give new fixed-circle theorems (see [12-15]
for some Khan type contractions used to obtain fixed-point theorems). At first, we recall the
following definitions.

Axioms 2018, 7, 80; doi:10.3390/axioms7040080 173 www.mdpi.com/journal /axioms
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Definition 1 ([16]). Let IF be the family of all functions F : (0,00) — R such that
(F1) F is strictly increasing,
(F2) For each sequence {ay }, 4 of positive numbers, nliﬁn;oucn = 0if and only 9‘71121301-"(04") = —ov,
(F3) There exists k € (0,1) such that 1in01+¢xkF(uc) =0.
a—

Definition 2 ([16]). Let (X, d) be a metric space. A mapping T : X — X is said to be an F-contraction on
(X, d), if there exist F € F and T € (0, co) such that

d(Tx, Ty) >0 = t+ F(d(Tx, Ty)) < F(d(x,y)),
forall x,y € X.

Definition 3 ([15]). Let Fy be the family of all increasing functions F : (0,00) — R, that is, for all x,y €
(0,00), if x < y then F(x) < F(y).

Definition 4 ([15]). Let (X, d) be a metric space and T : X — X be a self-mapping. T is said to be an
F-Khan-contraction if there exist F € Fy and t > 0 such that for all x,y € X if max {d(Ty,x),d(Tx,y)} #0
then Tx # Ty and

t+ F(d(Tx, Ty)) < F <d(Tx,x)d(Ty,x) +d(Ty,y)d(Tx,y)> ,

max {d(Ty,x),d(Tx,y)}
and if max {d(Ty, x),d(Tx,y)} = 0 then Tx = Ty.

Now we modify the definition of an F-Khan-contractive condition, which is used to obtain a fixed
point theorem in [15], to get new fixed-circle results. Hence, we define the notion of an F--Khan type I
contractive condition as follows.

Definition 5. Let (X, d) be a metric space and T : X — X be a self-mapping. T is said to be an Fo-Khan type [
contraction if there exist F € Iy, t > 0 and xo € X such that for all x € X if the following condition holds

max {d(Txo, x0),d(Tx,x)} #0, 1)

then

F+ F(d(Tx,x)) < F (hd(Tx,x)d(Txo,x) +d(Tx0,x0)d(Tx,x0)> ,

max {d(Txg, x0),d(Tx,x)}
where h € [O, %) and if max {d(Txo, x0),d(Tx, x)} = 0 then Tx = x.
One of the consequences of this definition is the following proposition.

Proposition 1. Let (X, d) be a metric space. If a self-mapping T on X is an Fo-Khan type I contraction with
xp € X then we get Txy = Xq.

Proof. Let Txy # xo. Then using the hypothesis, we find
max {d(Txg, xp),d(Tx,x)} #0

and

t+ F(d(Txo, xo))

IA

d(Txo, X())
F(2hd(Tx0, XQ)) < F(d(TX(],xO)).

F <hd(Tx0/ xO)d(TXOr XO) + d(Tx()l xo)d(TxO/ xo))
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This is a contradiction since t > 0 and so it should be Txy = xo. [J

Consequently, the condition (1) can be replaced with d(Tx, x) # 0 and so Tx # x. Considering
this, now we give a new fixed-circle theorem.

Theorem 1. Let (X, d) be a metric space, T : X — X be a self-mapping and
r=1inf{d(Tx, x): Tx # x}. ()
If T is an Fc-Khan type I contraction with xo € X then Cy,  is a fixed circle of T.

Proof. Let x € Cy,,. Assume that Tx # x. Then we have d(Tx, x) # 0 and by the Fc-Khan type I
contractive condition, we obtain

4+ Fd(Txx) < F (hd(Tx, x)d(Txo, x) 4+ d(Txo, x0)d(Tx, x0)>

max {d(Txo, x0),d(Tx,x)}
F(hr) < F(hd(Tx,x)) < F(d(Tx,x)),

a contradiction since t > 0. Therefore, we have Tx = x and so T fixes the circle Cy,,. [

Corollary 1. Let (X, d) be a metric space, T : X — X be a self-mapping and r be defined as in (2). If T is an
Fc-Khan type I contraction with xo € X then T fixes the disc Dy, = {x € X : d(x,x9) < r}.

We recall the following theorem.

Theorem 2 ([12]). Let (X, d) be a metric space and T : X — X satisfy

d(x,Tx)d(x,Ty)+d(y,Ty)d(y,Tx) .
AT Ty) <4 K e ATy +dly, T £0 3
N 0 if d(x,Ty)+d(y,Tx)=0

where k € [0,1) and x,y € X. Then T has a unique fixed point x* € X. Moreover, for all x € X, the sequence
{T"x},en converges to x*.

We modify the inequality (3) using Wardowski’s technique to obtain a new fixed-point theorem.
We give the following definition.

Definition 6. Let (X,d) be a metric space and T : X — X be a self-mapping. T is said to be an Fc-Khan type
II contraction if there exist F € Fy, t > 0and xo € X such that for all x € X if d(Txo, xo) +d(Tx,x) # 0
then Tx # x and

b+ F(d(Tx,x)) < F <hd(Tx,x)d(Tx0,x) +d(Tx0,x0)d(Tx,xo)> )

d(Txg,x0) +d(Tx,x)
where h € [O, %) and if d(Txo, xp) + d(Tx,x) = 0 then Tx = x.
An immediate consequence of this definition is the following result.

Proposition 2. Let (X, d) be a metric space. If a self-mapping T on X is an Fo-Khan type 1I contraction then
we get Txp = xg.

Proof. Let Txy # xo. Then using the hypothesis, we find

d(Txo, x0) +d(Tx,x) #0
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and

. F(d(TXo,Xo)) < F (hd(TXO, xo)d(Txo, XQ) + d(TXO, xo)d(Txo, Xo))

Zd(TxO,Xo)
= F(hd(Txo,xo)) < F(d(TxO, xo)),

which is a contradiction since t > 0. Hence it should be Txy = xy. [

Theorem 3. Let (X, d) be a metric space, T : X — X be a self-mapping and r be defined as in (2). If T is an
Fc-Khan type II contraction with xo € X then Cy, , is a fixed circle of T.

Proof. Let x € Cy,,. Assume that Tx # x. Then using Proposition 2, we get
d(Txo,x0) +d(Tx,x) =d(Tx,x) # 0.

By the Fc-Khan type II contractive condition, we obtain

FEFd(Trx) < F <hd(Tx,x)d(Tx0,x) +d(Txo, x0)d(Tx, x0)>

d(Txg,x0) +d(Tx,x)
F(hr) < F(hd(Tx,x)) < F(d(Tx,x)),

a contradiction since ¢ > 0. Therefore, we have Tx = x and T fixes the circle Cy,,. O

Corollary 2. Let (X, d) be a metric space, T : X — X be a self-mapping and r be defined as in (2). If T is an
Fc-Khan type II contraction with xo € X then T fixes the disc Dy, ;.

In the following theorem, we see that the F--Khan type I and Fc-Khan type II contractive
conditions are equivalent.

Theorem 4. Let (X, d) be a metric space and T : X — X be a self-mapping. T satisfies the Fc-Khan type I
contractive condition if and only if T satisfies the Fc-Khan type II contractive condition.

Proof. Let the Fc-Khan type I contractive condition be satisfied by T. Using Proposition 1 and
Proposition 2, we get

t+ F(d(Tx, x))

IN

F <hd(Tx,x)d(Tx0,x) -+ d(Txo, x0)d(Tx, x0)>
max {d(Tx, xo),d(Tx,x)}
d(Tx, x)d(Txp, x)
= F <h d(Tx, x) )
= F(hd(Txo,x))
_ hd(Tx,x)d(Txo,x)+d(Tx0,x0)d(Tx,x0)
N < d(Txg, x9) +d(Tx, x) ) '

Using the similar arguments, the converse statement is clear. Consequently, the F--Khan type I
contractive and the F--Khan type II contractive conditions are equivalent. [

Remark 1. By Theorem 4, we see that Theorem 1 and Theorem 3 are equivalent.

Now we give an example.
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Example 1. Let X = R be the metric space with the usual metric d(x,y) = |x —y|. Let us define the
self-mapping T : R — R as

B x if [x[ <6
T x+1 i x| >6

for all x € R. The self-mapping T is both of an Fc-Khan type I and an Fc-Khan type I contraction with
F=Inx,t=In2,xg=0and h = % Indeed, we get

d(Tx,x) =1#0,

forall x € R such that |x| > 6. Then we have

In2 < In <% |x|>
= In2+Inl1 <In(hd(x,0)) = In (hd(x, x0))
d(Tx,x)d(Txo, x) +d(Txo, x0)d(Tx, xo)
<
= t+Fd(Tx,x)) <F <h max {d(Txo, xo),d(Tx,x)}
and
In2 < In (% |x|>
= In2+1In1 <In(hd(x,0)) = In (hd(x, x))
d(Tx, x)d(Txo, x) 4+ d(Txo, x0)d(Tx, xg)
<
— t+F(d(Tx,x)) <F <h A(Txo, xo) + A(Tx, x) .

Also we obtain
r=min{d(Tx,x): Tx #x} =1

Consequently, T fixes the circle Coq = {—1,1} and the disc Doy = {x € X : |x| < 1}. Notice that the
self-mapping T has other fixed circles. The above results give us only one of these circles. Also, T has infinitely
many fixed circles.

Now we consider the case if T : X — X is a self-mapping, then for all x,y € X,
x#y=d(Ty,x)+d(Tx,y) #0.

Definition 7. Let (X,d) be a metric space and T : X — X be a self-mapping. Then T is called a C-Khan type
contraction if there exists xo € X such that

d(Tx,x)d(Txo, x) +d(Txg, x0)d(Tx, xo)
d(Txo, x) +d(Tx, xp) ’

d(Tx,x) <h @

where h € [0,1) forall x € X — {xo}.
We can give the following fixed-circle result.

Theorem 5. Let (X,d) be a metric space, T : X — X be a self-mapping and Cy, , be a circle on X. If T satisfies
the C-Khan type contractive condition (4) for all x € Cy,» with Txg = xg, then T fixes the circle Cy, .

Proof. Let x € Cy,,. Suppose that Tx # x. Using the C-Khan type contractive condition with
Txg = xg, we find
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d(Tx, x)d(Txg, x) + d(Txp, x0)d(Tx, x0)
d(Txg, x) +d(Tx, xp)

hrd(Tx, x)

r—+d(Tx, xg)

hrd(Tx, x)

r

d(Tx, x)

IN

h

= hd(Tx,x),
which is a contradiction since & < 1. Consequently, T fixes the circle Cy,,. [

Theorem 6. Let (X, d) be a metric space, xg € X and T : X — X be a self-mapping. If T is a C-Khan type
contraction for all x € X — {xo} with Txg = xo, then T is the identity map Ix on X.

Proof. Letx € X — {xo} be any point. If Tx # x then using the C-Khan type contractive condition (4)
with Txy = xp, we find

hd(Tx,x)d(TxO,x) +d(Txg, x0)d(Tx, x0)

d(Txx) < d(Txg, x) +d(Tx, xp)
= AT d, x)
d(xg,x) +d(Tx, xg)
- hd(Tx,x)d(xo,x) +d(Tx, x)d(Tx, xq)

d(xg,x) +d(Tx, xo)
d(Tx, x) [d(xp, x) +d(Tx, xq)]
d(xq,x) +d(Tx, xp)
= hd(Tx,x),

= h

which is a contradiction since & < 1. Consequently, we have Tx = x and hence T is the identity map
IxonX. O

Example 2. Let X = R be the usual metric space and consider the circle Coz = {—3,3}. Let us define the
self-mapping T : R — R as

ool 2 f xe{-33}
0 if xeR—{-33} "’
forall x € R. Then the self-mapping T satisfies the C-Khan type contractive condition for all x € Cqz and
T0 = 0. Consequently, Co 3 is a fixed circle of T.

3. Common Fixed-Circle Results

Recently, it was obtained some coincidence and common fixed-point theorems using Wardowski’s
technique and the Ciri¢ type contractions (see [17] for more details). In this section, we extend the
notion of a Khan type Fc-contraction to a pair of maps to obtain a solution to the Open Problem CC.
At first, we give the following definition.

Definition 8. Let (X, d) be a metric space and T, S : X — X be two self-mappings. A pair of self-mappings
(T, S) is called a Khan type Fr s-contraction if there exist F € Fy, t > 0 and xo € X such that for all x € X if
the following condition holds

max {d(Txo, XO), d(SXQ, Xo)} 7& 0,

then

f+ F(d(Tx, Sx)) < F (hd(Tx,Sx)d(Tx,xo) +d(Tx0,Sx0)d(Sx,x0)> ,

max {d(Txo,xo),d(SxO,xo)}

where h € [O, %) and if max {d(Txo, o), d(Sxo, x9)} = 0 then Tx = Sx.
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An immediate consequence of this definition is the following proposition.

Proposition 3. Let (X, d) be a metric spaceand T,S : X — X be two self-mappings. If the pair of self-mappings
(T, S) is a Khan type Fr g-contraction with xo € X then x is a coincidence point of T and S, that is, Txy = Sxg.

Proof. We prove this proposition under the following cases:
Case 1: Let Txg = xg and Sxp # xp. Then using the hypothesis, we get

max {d(T:XO, Xo),d(SXo, XO)} = d(Sxo, xo) 75 0

and so

t+ F(d(TXO, SXO))

IN

d(Tx, Sx)d(Txo, xo) + d(Txo, Sx0)d(Sxo, Xo)
Flh
d(Sxo, XO)
= F(hd(Txo, Sxo)),

which is a contradiction since h € 0,% and f > 0.

Case 2: Let Txg # x9 and Sxg = xg. By the similar arguments used in the proof of Case 1, we get
a contradiction.

Case 3: Let Txg = xg and Sxg = xg. Then we get Txy = Sxo.

Case 4: Let Txg # xo, Sxo # xo and Txp # Sxg. Using the hypothesis, we obtain

max {d(Txo, x0),d(5x9,x0)} # 0

and so

o F(d(TxO,Sxo)) <F <hd(Tx0,Sx0)d(Txo, XQ) + d(TXO,SXQ)d(SxO,X0)> )

max {d(Txo, XO), d(S:XQ, Xo)}
Assume that d(Txg, xg) > d(Sxg, Xg). Using the inequality (5), we get

©)

. F(d(TXO,SXQ)) < F (hd(TXO, Sxo)d(TxO, xo) + d(Txo, Sxo)d(Sxo, xo))

d(Txo, xo0)

d(Txo, $x0)d(Sxo, o)
F <hd(TXO/ Sx0) +h d(Txo, xo)

< F(Zhd(TXQ, SXO)) < F(d(Txg, SX())),

which is a contradiction. Suppose that d(Tx, xg) < d(Sxo, o). Using the inequality (5), we find
t+ F(d(TXQ, SXQ)) < F(d(TXQ, SXO)),

which is a contradiction. Consequently, xy is a coincidence point of T and S, thatis, Txg = Sxo. [

Now we use the following number given in [17] (see Definition 3.1 on page 183):

(6)

M(x,y) = max {d(Sx, Sy),d(Sx, Tx),d(Sy, Ty), d(Sx, Ty) + d(Sy, Tx) } .

2

We give the following definition.

Definition 9. Let (X, d) be a metric space and T,S : X — X be two self-mappings. A pair of self-mappings
(T,S) is called a Ciri¢ type Fr s-contraction if there exist F € Ty, t > 0and xo € X such that for all x € X

d(Tx,x) >0 = t+ F(d(Tx,x)) < F(M(x,xp)).

We get the following proposition.
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Proposition 4. Let (X, d) be a metric spaceand T, S : X — X be two self-mappings. If the pair of self-mappings
(T, S) is both a Khan type Fr s-contraction and a Cirié type Fr s-contraction with xo € X then xq is a common
fixed point of T and S, that is, Txog = Sxg = Xo.

Proof. By the Khan type Fr s-contractive property and Proposition 3, we know that x is a coincidence
point of T and S, that is, Txy = Sxp. Now we prove that x( is a common fixed point of T and S.
Let Txy # xo. Then using the Ciri¢ type Fr s-contractive condition, we get

t+F(d(Txo,x0)) < F(M(xo,x0))
F <max{ d(Sxo, Sxo),d(Sxo, Txo),d(Sx0, Txo), })

d(Sxg,Txg)+d(Sxo,Txg)
2

= F(d(ng, TXO)) = F(O),

which is a contradiction because of the definition of F. Therefore it should be Txy = xy. Consequently,
X is a common fixed point of T and S, thatis, Tx) = Sxp = xo. [

Notice that we get a coincidence point result for a pair of self-mappings using the Khan type
Fr s-contractive condition by Proposition 3. We obtain a common fixed-point result for a pair of
self-mappings using the both of Khan type Fr, s-contractive condition and the Ciri¢ type Fr s-contractive
condition by Proposition 4.

We prove the following common fixed-circle theorem as a solution to the Open Problem CC.

Theorem 7. Let (X,d) be a metric space, T,S : X — X be two self-mappings and r be defined as in (2).

If d(Tx,x9) = d(Sx,x0) = r for all x € Cy, and the pair of self-mappings (T,S) is both a Khan type

Fr s-contraction and a Cirié type Fr s-contraction with xo € X then Cx,, is a common fixed circle of T and S,

that is, Tx = Sx = x forall x € Cy .

Proof. Let x € Cy,,. We show that x is a coincidence point of T and S. Using Proposition 4, we get
max {d(TXo, Xo),d(SxO, XQ)} =0

and so by the definition of the Khan type Fr s-contraction we obtain

Tx = Sx.

Now we prove that Cy,, is a common fixed circle of T and S. Assume that Tx # x. Using
Proposition 4 and the hypothesis Ciri¢ type Fr s-contractive condition, we find

t+ F(d(Tx,x)) < F(M(x, x0))
d(Sx,Sxg),d(Sx, Tx),d(Sxq, Txp),
F (max{ (5, Txg)+d(Sx0,Tx)
-z

. (max {d(Sx, so),d(55,Tx), d(Sx, x0) 42r d(xo, Tx) })

F(max{r,d(Sx,Tx),r}) = F(r),

which contradicts with the definition of r. Consequently, we have Tx = x and so Cy,, is a common
fixed circle of Tand S. [

Corollary 3. Let (X,d) be a metric space, T,S : X — X be two self-mappings and r be defined as in (2).
If d(Tx,x9) = d(Sx,x0) = r for all x € Cy,, and the pair of self-mappings (T,S) is both a Khan type
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Fr s-contraction and a Cirié type Fr s-contraction with xo € X then T and S fix the disc Dy, that is,
Tx = Sx = x forall x € Dy, ;.
We give an illustrative example.
Example 3. Let X = [1,00) U{—1,0} be the metric space with the usual metric. Let us define the self-mappings

T:X—>XandS: X — Xas
¥ if x€{0,1,3}

Tx = -1 if x=-1
x+1 otherwise
and
Lo xe{-11)
Sx = 3x if x€{0,3} ,
x+1 otherwise

for all x € X. The pair of the self-mappings (T,S) is both a Khan type Fr s-contraction and a Cirié type
Fr s-contraction with F = Inx, t = ln% and xog = 0. Indeed, we get

max{d(T0,0),d(S0,0)} =0
and so Tx = Sx. Therefore, the pair (T, S) is a Khan type Fr g-contraction. Also we get
d(T3,3) =6 #0,

for x = 3 and
d(Tx,x) =1#0,

forall x € X\ {-1,0,1,3}. Then we have
ln% < 1In9
= ln%+ln6 <1n9
— ln% +1n(d(T3,3)) < In(M(3,0))
and
Ins < Infx+1|
= ln%Jrlnl <In|x+1|
— ln% +In(d(Tx,x)) < In(M(x,0)).
Hence the pair (T, S) is a Ciri¢ type Fr s-contraction. Also we obtain
r =min{d(Tx,x) : Tx # x} = min{1,6} = 1.
Consequently, T fixes the circle Co1 = {—1,1} and the disc Dy .

In closing, we want to bring to the reader attention the following question, under what conditions
we can prove the results in [18-20] in fixed circle?
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Abstract: The aim of this paper is to establish the existence of some common fixed point results for
generalized Geraghty («, 1, ¢)-quasi contraction self-mapping in partially ordered metric-like spaces.
We display an example and an application to show the superiority of our results. The obtained
results progress some well-known fixed (common fixed) point results in the literature. Our main
results cannot be specifically attained from the corresponding metric space versions. This paper is
scientifically novel because we take Geraghty contraction self-mapping in partially ordered metric-like
spaces via a —admissible mapping. This opens the door to other possible fixed (common fixed) point
results for non-self-mapping and in other generalizing metric spaces.

Keywords: common fixed point; metric-like space; a-Geraghty contraction; triangular a-admissible
mapping

1. Introduction

Fixed point theory occupies a central role in the study of solving nonlinear equations of kinds
Sx = x, where the function S is characterized on abstract space X. It is outstanding that the Banach
contraction principle is a standout amongst essential and principal results in the fixed point theorem.
It ensures the existence of fixed points for certain self-maps in a complete metric space and provides
a helpful technique to find those fixed points. Many authors studied and extended it in many
generalizations of metric spaces with new contractive mappings, for example, see References [1-3] and
the references therein.

Otherwise, Hitzler and Seda [4] introduce the notation of metric-like (dislocated) metric space
as a generalization of a metric space, they introduced variants of the Banach fixed point theorem
in such space. Metric like spaces were revealed by Amini-Harandi [5] who proved the existence
of fixed point results. This interesting subject has been mediated by certain authors, for example,
see References [6-8]. In partial metric spaces and partially ordered metric-like spaces, the usual
contractive condition is weakened and many researchers apply their results to problems of existence
and uniqueness of solutions for some boundary value problems of differential and Integral equations,
for example, see References [9-22] and the references therein.

Additionally, Geraghty [23] characterized a kind of the set of functions & to be classified as the
functions B:[0,00) — [0,1) such that if {#,} is a sequence in [0, +o0) with B(t,) — 1, then t, — 0.

By using the function g € &, Geraghty [23] presented the following exceptional theorem

Axioms 2018, 7, 74; d0i:10.3390/ axioms7040074 183 www.mdpi.com/journal /axioms
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Theorem 1. Suppose (Y, d) is a complete metric space. Assume that T:Y — Y and B:[0,00) — [0,1) are
Sfunctions such that for all u,v €'Y,

d(Tu, Tv) < B(d(u,v))d(u,v), 1)
where B € S, then T has a fixed point and has to be unique.

The main results of Geraghty have engaged many of authors, see References [24-26] and the
references therein.

Recently, Amini-Harandi and Emami [27] reconsidered Theorem 1 as the framework of partially
ordered metric spaces and they presented taking into account existence theorem.

Theorem 2. Let (Y, d) be a partially ordered complete metric space. Assume S:Y — Y is a mapping such that
there exists ug € Y with uy < Sug and o € F such that

d(Su,Sv) < a(d(u,v))d(u,v), foranyu,v € Y withu > v. 2)

Hence, S has a fixed point supported that either S is continuous or Y is such that if an increasing
sequence {u,} — 1, then u, < u for all n.
In 2015, Karapinar [28] demonstrated the following specific results:

Theorem 3. [28] Let (Y, o) be a complete metric-like space. Assume that S:Y — Y is a mapping. If there exists
B € & such that
o(Su, Sv) < B(o(u,v))o(u,v) 3)

forallu,v €Y, then S has a unique fixed point u* € Y with o(u*,u*) = 0.

The notion of quasi-contraction presented by Reference [29], is known as one of the foremost
common contractive self-mappings.
A mapping S:Y — Y is expressed to be a quasi contraction if there exists 0 < A < 1 such that

d(Su, Sv) < Amax{d(u,v).d(u, fv),d(u, fv),d(fu,v),d(u, fo)}, (4)

forany u,v € Y.

In this paper, we show the generalized Geraghty («, 1, ¢)-quasi contraction type mapping in
partially ordered metric like space, then we present some fixed and common fixed point theorems for
such mappings in an ordered complete metric-like space. We investigate this new contractive mapping
as a generalized weakly contractive mapping in our main results, then we display an example and an
application to support our obtained results.

2. Preliminaries
In this section, we review a few valuable definitions and assistant results that will be required

within the following sections.

Definition 1. [5] Let Y be a nonempty set. A function o:Y x Y — [0, 00) is expressed to be a metric-like space
on X if for any u, v,z € Y, the accompanying stipulations satisfied:

(1) o(u,0) =0=>u=0o,
(02) o(u,v) =0o(v,u),
(03) o(u,z) <o(u,v)+0(v,z).

The pair (Y, ) is called a metric-like space.
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Obviously, we can consider that every metric space and partial metric space could be a metric-like
space. However, this assertion isn’t valid.
Example 1. [5] Let Y = {0,1} and
2, ifu=v=0;
o(u,0) = ®)
1, otherwise.

We note that 0(0,0) £ ¢(0,1). So, (Y,0) is a metric-like space and at the same time it is not a partial
metric space.

Additonally, each metric-like o on Y create a topology 7, on Y whose use as a basis of the group
of open o-balls

By(Y,e) ={ueY:| o(uv)—o(uu)|<e}, forallu,v € Yande > 0.
Let (Y, o) be a metric-like space and f:Y — Y be a continuous mapping. Then
y}grgotln =u = ,,lg{}of”" = fu.

A sequence {u, } of elements of Y is considered o-Cauchy if the limit limy, y;—co 0 (14p, ) €Xists
as a finite number. The metric-like space (Y, ) is considered complete if for each o-Cauchy sequence
{un}, there is some u € Y such that

,,ILIIJOU(””'”) =o(u,u) = n}’iglw o (ty, ).

Remark 1. [30] Let Y = {0,1}, and o(u,v) = 1 foreach u,v € Y and u, =1 for each n € N. Then, it is
easy to see that u, — 0 and u, — 1 and so in metric-like spaces the limit of a convergent sequence is not
necessarily unique.

Lemma 1. [30] Let (Y, o) be a metric-like space. Let {u,} be a sequence in Y such that u, — u whereu € Y
and o (u, u) = 0. Then, for all u,v € Y, we have limy, 0 0 (115, v) = 0 (u,v).

Example 2. [5] Let Y = Rand 0:Y x Y — [0, +o00) be defined by

o(u,v) = { 2, fu=v=0;

n, otherwise.

Then, we can consider (Y, ) to be a metric-like space, but it does not satisfy the conditions of the partial
metric space, as 0(0,0) £ ¢(0,1).

Samet et al. [31] displayed the definition of a-admissible mapping as followings:

Definition 2. [31] Let S:X — X and a:X x X — [0, 00) are two functions. Then, S is called a-admissible if
Vu,v € X with a(u,v) > 1implies a(fu, fv) > 1.

Definition 3. [32] Let S, T:X — X be two mappings and a:X x X — R be a function. We consider that the
pair (S, T) is a-admissible if

w,oeX, a(u,v) >1= a(Su,Tv) > 1and a(Tu, Sv) > 1

Definition 4. [33] Let S:X — X and w:X x X — [0, c0). Then, S is called a triangular a-admissible mapping if
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(1) Sis a-admissible,
(2) a(u,z) >1 and a(z,v) > 1 imply a(u,v) > 1.

Definition 5. [32] Let S, T:X — X and a:X x X — [0, c0). Then, (S, T) is called a triangular a-admissible
mapping if

(1) The pair (S, T) is a-admissible,

(2) a(u,z) >1 and a(z,v) > 1imply a(u,v) > 1.

Let ¥ indicate the set of functions 1:[0,00) — [0, 00) that approve the following stipulations:

(1) 1 is strictly continuous increasing,
(2) p(t)=0&et=0.

and @ indicates the set of all continuous functions ¢:[0, c0) — [0, c0) with ¢(t) > () forall > 0 and
9(0) = 0.

Definition 6. [12] Let (X,d, <) be a partially ordered metric space. Assume f,g:X — X are two
mappings. Then:

(1) Forall x,y € X are said to be comparable if x < y or y < x holds,

(2) f is said to be nondecreasing if x <y implies fx < fy,

(3) f, g are called weakly increasing if fx = gfx and gx < fgx forall x € X,

(4) f is called weakly increasing if f and I are weakly increasing, where I is denoted to the identity mapping
on X.

3. Main Results

In this section, we present the notation of generalized Geraghty (a, 1, ¢)-quasi contraction
self-mappings in partially ordered metric-like space. Then, we present some fixed and common
fixed point theorems for such self-mappings. We investigate this new contractive self-mapping as a
generalized weakly contractive self-mapping which is a generalization of the results of Reference [34].
Results of this kind are amongst the most useful in fixed point theory and it’s applications.

Definition 7. Let (X, 0) be a partially ordered metric-like space and S, T:X — X be two mappings. Then,
we consider that the pair (S, T) is generalized Geraghty (a, ¢, ¢)-quasi contraction self-mapping if there exist
XX X = [0,00), B €S, p €Y and :[0,00) — [0, 00) are continuous functions with ¢(t) < ¢(t) for all
t > 0 such that

a(x,y)p(0(S%, Ty)) < AB(H(Miy))p(Msy), ©)

holds for all elements x,y € X and 0 < A < 1, where
Myy = max{c(x,y),0(x,Sx),0(y, Ty), o (Sx,y),0(x, Ty)}.

The following two lemmas will be utilized proficiently within the verification of our fundamental
result.

Lemma 2. Ifp € ¥ and ¢:[0,00) — [0, 00) are continuous function that satisfy the condition p(t) > ¢(t) for
all t > 0, then ¢(0) = 0.
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Proof. From the assumption ¢(t) < ¢(t), since i and ¢ are continuous, we have

0 < ¢(0) = lim(t) < limp(t) = (0) = 0.

t—0 t—0

O

Lemma3. Let S, T:X — X be two mappings and a:X x X — [0, c0) be a function such that S, T are triangular
a—admissible. Suppose that there exists xy € X such that a(xg, Sxg) > 1. Define a sequence {x,} in X by
Sxop = Xopy1 and Txoy 1 = Xoyyo. Then a(xy, Xp) > 1 forall m,n € Nwithn < m.

Proof. Since a(xp,Sxp) > 1and S, T are x—admissible, we get
a(x,x1) = a(xp, Sxp) > 1.
By triangular « —admissibility, we get
a(Sxo, Tx1) = a(xy,x2) > 1

and
a(TSxg,STx1) = a(xy,x3) > 1

Again, since a(x3, x3) > 1, then
a(Sxz, Txz) = a(x3,x4) > 1
and
a(TSxy,STx3) = a(xy, Sxs) > 1.

By proceeding the above process, we conclude that a(x,,, x,1) > 1 foralln € NU{0}.
Now, we prove that a(x,, x,,) > 1, for allm, n € N with n < m. Since

{a(xn,an) >1,
a(xn+1/ xn+2) >1,

then, we have
a(xp, xpi2) > 1.
Again, since
{a(x,,,xn+2) >1
a(Xnt2,%013) > 1,
we deduce that
a(xy, xpe3) > 1

By continuing this process, we have
(X, X)) >1
foralln € Nwithm >n. O

Lemma 4. Let (X, <, 0) be a partially ordered metric-like space. Assume S, T are two self-mappings of X which
the pair (S, T) is generalized (w, , )-quasi contraction self-mappings. Fix x1 € X and define a sequence {x, }
by xop+1 = Sxon and x40 = Txpu4q forall n € N Iflimyseo 0(Xp, X 1) = 0 and the sequence {x,} is
nondecreasing, then {x,} is a Cauchy sequence.
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Proof. Since S, T are a generalized (&, 1, ¢)-quasi contraction non-self mapping, then there exist
P € ¥, ¢ € such that

a(x,y)p(o(Sx, Ty)) < AP(P(Muy))Pp(Mx,y), @)
holds for all elements x,y € X and 0 < A < 1, where

M,y = max{c(x,y),0(x,Sx),0(y, Ty), o (Sx,y),0(x, Ty) }.

Now, we show that the sequence {x,} is Cauchy sequence. Assume, for contradiction’s sake,

that {x, } isn’t Cauchy sequence. Therefore, there exist € > 0 and two subsequences {#;} and {m;}

of the sequence {x,, } such that o (x2,,, X2, ), 0 (X20, —1, X2, ) and o (xop, , X2, +1) converge to €™ when
k — oo.

ng > mg >k, U(Xanr me;fZ) <€ (T(Xan, x2mk) €. (8)

By the above inequalities and triangle inequality property, we imply that
e < o(xon, Xom) < (%o, Xomy—2) + O(X2m—2, Yo —1) + O (Xom, 1, X2 )
< €+ O—(x2mk72/ mekfl) + U(mek,l, x2mk)~

In view of limy,—yc0 0'(x, ¥,41) = 0 and letting k — oo in the above inequalities, we obtain

klg{}lo o (X2u,, Xom, ) = €. ©)

By the triangle inequality, we have

o (X2u,, X2, 41) X241, X2m;. )

o (X2u,, Xom,) ( +o(
0 (X2, Xom 1) + 0 (X2n, 41, Xomer1) + 0 (X2m 1, Xom,)
( + o

0 (X2, Xom+1) X215 Xomg+2) + O (Xon12, ¥2my ) + 20 (X2, Xomy +1)

<
<
<
< 20 (x2u, Xy 11) + 20 (X2my12, X2mg 1) + (X2, X2my, ) + 20 (X2my, Xomy +1)-

Taking the limit as k — oo in the above inequalities and using Equation (9), we get
klg{; o (X2u,, Xom, ) = ,(1520 0 (X211, Xomy ) = ,(1530 (X201, Xompt1) = €. (10)

Since xy,; 11 =< xm; and zx(xnkH, Xmy) > 1forall k € N, so by substituting x with x,, 1 and y with
Xm, in Equation (7), it follows that

1!’(‘7(xnk+1rxmk)) < Dc(xnkﬂ,xmk)l/l(U(ank,Txmk,l)) < /\ﬁ(lP(Mx,y))fP(Mx,y)r (11)
holds for all elements x,y € X and 0 < A < 1, where
g1 = max{o(xny, 1), (X, Sxn ), 0 (X -1, T —1),
U'(ankr xmkfl)r U'(Xnk, Txmk—l)}

= max{(r(xnk, Xmy—1 )/ U(xnk/ xnk+1)/ U(xmk—lr xmk)/
U(xnk+1/ Xn—1 ), ‘7(xnk/ xmk)}~
Taking the limit as k — o of the above inequality and applying Equations (9), (10), we get
=e. (12)

lim My,, «
koo 2my X2my
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Letting k — co in Equation (11) and using ¢ € @, B € S and Equation (12), we deduce that

ple) < AB(y(e))g(e)
< Agle)
< Ay(e).

This is possible only if € = 0. Which contradicts the positivity of €. Therefore, we get the desired
result. [J

Theorem 4. Let (X, ) be a partially ordered metric like space. Assume that S, T:X — X are two self-mappings
fulfilling the following conditions:

(1) (S, T) is triangular a-admissible and there exists an xo € X such that a(xg, Sxp) > 1,
(2) the pair (S, T) is weakly increasing,

(3) the pair (S, T) is a generalized Geraghty («, , ¢)-quasi contraction non-self mapping,
(4) Sand T are o-continuous mappings.

Then, the pair (S, T) has a common fixed point z € X with 0(z,z) = 0. Moreover, assume that if
x1, %2 € X such o(x1,x1) = 0(x2, x2) = 0 implies that x and x, are comparable elements. Then the common
fixed point of the pair (S, T) is unique.

Proof. Let xog € X such that a(xp, Sxg) > 1. Define the sequence {x, }in X as follows:
Xop+1 = SXoy Xopq2 = Txpuqq1 forall n > 0. (13)

Suppose that xp, # xp,41 for all n € Ny. Then, o(x2,, X2,41) > 0 for all n € Ny. Indeed, if
Xon 7 Xou+1, which is a contradiction. By using the assumption of Equations (1), (2), and Lemma 3, we

have
a(xy, xp11) >1 (14)

foralln € NU {0}.
Since the pair (S, T) is weakly increasing, we have

x1 = Sxg X TSxp = xp = Sx1 == ..xpy X TSx0; = X942 = ..
Thus, x,, < x,,41, for all n € N. Since a(x2,, X2,+1) > 1, by applying Equation (6), we obtain

Plo(xans1, X2012)) = P(0(Sx2n, Tx2041))
a(x2n, X2 41) P (0 (Sx20, TX2041))
Aﬁ(lp(MXZruerH»l))¢(MX271:x2n+1)' (15)

INIA

Set 0, = 0(X2,41, Xop+2). We have

P(o(Xan+1, X20+2)) (16)
Aﬁ(ll’(Min,xan ))¢(Mx2n/x2n+1 ) (17)

$(ou)

IA

For the rest, for each n assume that (03, # 0).

sz,,,xznﬂ = max{a(xzn, x2n+1)/‘7(x2n/ Sx2;1)/(7(x2n+1/ Tx2n+l)/ U(SXZn/ x2n+1)/ U(Xan Tx2n+1)}
= max{o(x2n, X21+1), T (X210, X2041), 0 (X241, X2042), O (X2041, X2141), 0 (X2, X2n42) }
= max{o(xau, X2141), 0 (X2041, ¥2n42), 0 (X20, X2112) }

= max{Unq,Un, Op—1+ Un}
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If for some n € N, max{c;,_1, 0y, 0,1 + 04} = 0y then from Equation (16), we find that ¢(c,,) <
Ap(0y,) which is a contradiction with respect to 0 < A < 1. We deduce max{c;,_1, 0y, 0,1 + 0y} =
max{0,_1,0,_1 + 0y }. Therefore Equation (16) becomes

P(on) < Ap(max{o,_1,0,-1+0n}).
Put

7 = max{A, %}
Thus,
P(on) < ¥B(Y(0y-1))P(0y-1), forall n € Ny. (18)

It is clear that y < 1. Therefore, the sequence {o(x,, x,+1)} is a decreasing sequence. Thus, there
exists ¥ > 0 such that

}grgoa(xn,xn+1) =r.

Now, we show that » = 0. Presume to the contrary, that is » > 0. Since € § and by using the
condition of Theorem 4 and taking the limit as k — co in Equation (18), we conclude

P(r) < AB(Y(r))gp(r) < Ap(r) < Ay(r),
which could be a contradiction. So r = 0. Then,
nlgx;lo o (xn, xy41) = 0.

Lemma 4 implies that {x, } is a Cauchy sequence and from the completeness of (X, o), then there
exists a x* € X in order that

Jijrgoa(xn,x*) =o(x*,x") = 74[1mir£100(7(x,,,xm). (19)

Whereas, S and T are continuous, we conclude

r}ijrgoa(xn+1,Tx*) = ;}ijrgov(an, Tx*) = o(Sx*, Tx"), (20)
nlgt;to o(Sx*, xy11) = nll_I;I;lo o(Sx*, Tx,) = o(Sx*, Tx™). (21)

By Lemma 1 and Equation (19), we obtain that

Jlim o(xpe1, TX®) = o(x*, Tx*) (22)
and
Jlim o(Sx%, xp11) = o(Sx7,x%). (23)

By merging Equations (20) and (22), we deduce that o(x*, Tx*) = ¢(Sx*, x*). In addition, by
Equations (21) and (23), we deduce that o(Sx*, x*) = ¢(Sx*, Tx*). So

o(x*, Tx*) = o(Sx*,x*) = o(Sx*, Tx™). (24)
Presently, we display that o(x*, Tx*) = 0. Assume the opposite, that is, o(x*, Tx*) > 0, we get

p(o(Sx*, Tx"))
A:B(IP(MX*,X* ))¢(Mx*,x* )/

P(o(x*, Tx")) (25)

IN
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where
My = max{o(x*, x*),o(x*,Sx*),o(x*, Tx*), o (Sx*,x*),0(x*, Tx*), }

max{o(x*, Tx*),o(x*, Sx*)}
)

= max{c(x*, Tx"),o(x*, Tx")}.

Therefore, from Equation (25), we get

plo(x, Tx")) < Blylo(x, Tx")))p(e(x", Tx"))
< Ap(o(x*, Tx*) (26)
< Ay(o(x*, Tx"))

Since ¢ € ¥, we have o(x*, Tx*) < Ac(x*, Tx*) which is a discrepancy. Thus, we have
o(x*, Tx*) = 0. Hence, Tx* = x*. From Equation (24), we deduce that o(x*, Sx*) = 0. Therefore,
Sx* = x*. Hence, x* is a common fixed point of S and T. To demonstrate the uniqueness of the
common fixed point, we suppose that ¥ is another fixed point of S and T. Directly, we prove that

o(x,x) = 0. Assume the antithesis, that is, o'(%, ) > 0. Since ¥ < X, we get

p(o(x,x)) = y(o(S%,Tx))
< AB(Y(o(x,%)))9(0(%, X))
< A¢(o(x, %))
< AY(o(x, %))

which is a discrepancy. Thus, ¢(%, ) = 0. Therefore, by the further conditions on X, we deduce that
x* and & are comparable. Presently, suppose that o(x*, %) # 0. Then

plo(x, %)) = y(o(Sx",Tx))
(

AN
3z
—~ =
()
= 2
* R

~ o~
=Y
o

which is a discrepancy with the condition of Theorem 4. Therefore, o(x*, %) = 0. Hence, x* = &. Thus,
S and T have a unique common fixed point. []

It is additionally conceivable to expel the continuity of S and T by exchanging a weaker condition.
(C) If {x,} is a nondecreasing sequence in X such that a(x,, x,.1) > 1 for alln € NU {0} and
Xy — u € X as n — oo, then there exists a subsequence {xy, } of {x,,} such that x,,, < u for all I.
Theorem 5. Let (X, o) be a partially ordered metric-like space. Assume that S, T:X — X are two self-mappings
fulfilling the following conditions:

) the pair (S, T) is triangular a-admissible,

) there exists an xo € X such that a(xp, Sxg) > 1,

) the pair (S, T) is a generalized Geraghty (w,, ¢)-quasi contraction non-self mapping,
) the pair (S, T) is weakly increasing,

)

(1
(2
(
(
(5) (C) holds.

3
4
5

Then, the pair (S, T) has a common fixed point v € X with o(v,v) = 0. Moreover, suppose that if

x1, %2 € X such o(x1,x1) = 0(x2,x2) = 0 implies that x1 and x, are comparable. Then, the common fixed
point of the pair (S, T) is unique.
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Proof. Here, we define {x, } as in the proof of Theorem 4. Clearly {x,} is a Cauchy sequence in X,
then there exists v € X in order that
lim x, = v (27)
n—yo0

As a result of the condition of Equation (5), there exists a subsequence {x,} of {x,} in order that
Xy, =< v for all I. Therefore, x,, and v are comparable. In addition, from Equation (13) on taking limit as
n — oo and using Equation (27), we get

lim x, =o.
n——0o0

lim Sxo, = lim xp441 =0, lim Txg, 1= lim xp,42 = 0. (28)
n——00 n——00 n——»00 n——00

From the definition of « yields that a(x,,,v) > 1 for all I. Now by applying Equation (6), we have

P(o(xan,41, Tv))

( (Sx2p, T0))
AB((Muy, 0)¢(May, 0) (9)
( Xon /U )
AY(Ma, o)

ANVANRVAN

where
My, 0 = max{ o (xo,,0),0(x2n, Sx24),0 (v, Tv),0(Sx24,0),0(x2n, TV) }
Letting I — +co and using Equations (27) and (28), we have
1111110 My, 0 = max{c (v, Sv), o (v, Tv)} (30)

Case I: Assume that lim;_,, szn,,v =o(v, To).
From Equation (30) and letting I — co in Equation (29). Then, we have

P(o(v, Tv)) < Ap(o(v, T)).

Regarding the concept of ¢, we deduce that ¢(v, Tv) < Ac(v, Tv) which is a discrepancy. Hence,
we get that 0(v, Tv) = 0. As a result of (¢7), we have v = To.

Case II: Assume that lim;_,, szn,v = 0(v,Sv). Then, arguing like above, we get v = Sv.
Thus, v = Sv = Tv. Uniqueness of the fixed point is follows from the Theorem 4. This completes
the proof. [

If weset S = T and M(x,y) = max{c(x,y),0(x,Tx),0c(y, Ty),oc(Tx,y),o(x, Ty)} in Theorems 4
and 5, then we obtain the following corollaries.

Corollary 1. Let (X, o) be a partially ordered metric-like space and a:X x X — [0,00) a function. Assume
that S:X — X holds the following:

(1) thereexists p € ¥, p € & and a continuous function ¢ : [0,00) — [0, 00) are continuous functions with
¢(t) < @(t) forall t > 0 such that

a(x,y)p(e(Sx, Sy)) < AB(Y(May))d(Mxy), (€
holds for all comparable elements x,y € X and 0 < A <1,

(2) S is triangular a-admissible and there exists an xo € X such that a(xo, Sxo) > 1,
(3) Sx <X S(Sx)forall x,y € X,
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(4) T is o-continuous mappings.

Then, S has an unique fixed point v € X with o(v,v) = 0.

Corollary 2. Let (X, 0) be a partially ordered metric-like space and a:X x X — [0,00) a function. Assume
that S:X — X holds the following:

(1) thereexists p € ¥, p € & and a continuous function ¢ : [0,00) — [0, co) are continuous functions with
¢(t) < @(t) forall t > 0 such that

a(x,y)p(o(Sx, Sy)) < AB(Y(Mry))P(Mxy), (2)

holds for all comparable elements x,y € X and 0 < A <1,
(2) S is triangular a-admissible and there exists an xo € X such that a(xg, Sxp) > 1,
(3) Sx <X S(Sx) forallx,y € X,
(4) (C) holds.

Then, S has an unique fixed point v € X with ¢(v,v) = 0.
If we take a(x,y) = 1 in Theorems 4 and 5, we have the following corollaries.

Corollary 3. Let (X, ) be a partially ordered metric-like space. Assume S, T:X — X are two mappings
holding the following:

(1) thereexists p € ¥, p € & and a continuous function ¢ : [0,00) — [0, co) are continuous functions with
¢(t) < @(t) forall t > 0 such that

P(o(Sx, Ty)) < /\ﬁ(l/’(Mx,y))‘P(Mx,y)r (33)

holds for all comparable elements x,y € X and 0 < A < 1, where

M,y = max{c(x,y),0(x,5x),0(y, Ty),0(Sx,y),0(x, Ty) }.

(2) the pair (S, T) is weakly increasing,
(3) Sand T are o-continuous mappings.

Then, the pair S, T has an unique common fixed point v € X with o(v,v) = 0.

Corollary 4. Let (X, o) be a partially ordered metric-like space, Assume S, T:X — X are two mappings holding
the following:

(1) thereexists p € ¥, p € & and a continuous function ¢ : [0,00) — [0, co) are continuous functions with
¢(t) < p(t) forall t > 0 such that

Y(o(Tx, Ty)) < AB(P(Mxy))d(Muy), (34)

holds for all comparable elements x,y € X and 0 < A < 1, where

M,y = max{o(x,y),0(x,Sx),0(y, Ty), o0 (Sx,y),0(x, Ty) },

(2) the pair (S, T) is weakly increasing,
(3) the pair (S, T) is a generalized (a, , ¢ )-quasi contraction non-self,
(4) (C) holds.

Then, the pair S, T has an unique common fixed point v € X with ¢(v,v) = 0.
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4. Consequences

If we put My, = o(x,y), then, by Theorems 4 and 5, we get the following corollaries as an
expansion of results from the literature.

Corollary 5. Let (X, ) be a partially ordered metric like space and a:X x X — [0, 00) be a function. Suppose
that S, T:X — X are two self-mappings holding the following:

(1) (S, T) is triangular a-admissible and there exists an xo € X such that a(xg, Sxp) > 1,
(2) thereexists p € ¥, p € & and a continuous function ¢ : [0,00) — [0, co) are continuous functions with
¢(t) < @(t) forall t > 0 in order that

$(o(Sx, Ty)) < AB(Y(o(x,y))p((x,y)), (35)
satisfies for x,y € Xand 0 < A <1,
(3) the pair (S, T) is weakly increasing,
(4) the pair (S, T) is o-continuous mappings.

Then, the pair (S, T) has an unique common fixed point v € X with o(v,v) = 0.

Corollary 6. Let (X,0) be a partially ordered metric-like space. Assume S, T:X — X are two mappings
holding the following:

(1) (S, T) is triangular a-admissible and there exists an xo € X such that a(xg, Sxp) > 1,
(2) thereexists p € ¥, B € & and a continuous function ¢ : [0,00) — [0, co) are continuous functions with
¢(t) < @(t) forall t > 0 in order that

¥(0(Sx, Ty)) < AB(Y(o(x,y))¢p(o(x,y)), (36)
satisfies for x,y € Xand 0 < A <1,
(3) the pair (S, T) is weakly increasing,
(4) (C) holds.

Then, the pair (S, T) has an unique common fixed point v € X with ¢(v,v) = 0.

Corollary 7. Let (X, 0) be a partially ordered metric-like space. Assume a:X x X — [0, 00) is a function and
S:X — X is a mapping holding the following:

(1) Sis triangular a-admissible and there exists an xo € X such that a(xg, Sxg) > 1.
(2) thereexists p € ¥, p € & and a continuous function ¢ : [0,00) — [0, co) are continuous functions with
¢(t) < @(t) forall t > 0 in order that

a(x,y)p(o(Sx, Sy)) < AB(p(e(x,y))9(o(x,y)), @7)
holds for all comparable elements x,y € X and 0 < A < 1,
(3) S =5(Sx),
(4) the pair (S, T) is o-continuous mappings.

Then, S has an unique fixed point v € X with o(v,v) = 0.

Corollary 8. Let (X, o) be a partially ordered metric-like space. Assume a:X x X — [0,00) is a function and
S$:X — X is a mapping holding the following:

(1) S is triangular a-admissible and there exists an xo € X such that a(xg, Sxp) > 1,
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(2) thereexists p € ¥, p € & and a continuous function ¢ : [0,00) — [0, co) are continuous functions with
¢(t) < p(t) forall t > 0 in order that

a(x,y)p(e(Sx, Sy)) < AB(p (o (x,y))p(o(x,)), (38)

satisfies for x,y € Xand 0 < A < 1,
(3) S =5(5x),
(4) (C) holds.

Then S has an unique fixed point v € X with (v, v) = 0.

Example 3. Let X = {0,1,2} and specify the partial order < on X in order that

=<:={(0,0),(1,1),(2,2),(0,2),(2,1),(0,1)}.
Take into consideration that the function S : X — X specified as

01 2
S_<110>’ 39

which increasing with respect to < . Let xo = 0. Hence, S(xo) = = S(1) = 1. Characterize
to begin with the metric like space o on X by ¢(0,1) = 1,0(0,2) ,0(1,2) = 3 and o(x,x) = 0. Then,
(X, 0) is a complete metric-like space. Let B € Sis given by B(t) = &, p(t) =t, A = Land ¢(t) = %t.
Define a function x:X x X — [0, 00) in order that

a(ry) = {1 ifx €{0,1,2}

0if otherwise.

Note that S € X and is continuous. S is a-admissible mapping. Indeed, a(Sx, Sy) = 1.
If (x,y) = (0,1), then «(0,1) = 1 and

Mo, = max{c(0,1),0(0,50),0(1,51),0(S0,1),c(0,51)}
max{c(0,1),c(0,1),0(1,1),0(1,1),0(0,1)}
max{1,1,0,1,0} = 1.

o(80,81) = o(1,1) = 0. Now

0= a(0,1)$(0(0(50,51))) < BP(Mo1))p(My) = 2B(1) = p(1) = 5 x 5 x 2 = ¢
holds.
If (x,y) = (0,2), then «(0,2) = 1 and
My, = max{c(0,2),0(0,50),0(2,52),0(S0,2),0(0,52)}

= max{c(0,2),0(0,1),0(2,0),0(1,2),0(0,0)}
= max{g,l,g,g,o} = g

(S0,52) = ¢(1,0) = 3. Now

> = 2(0,2)p(0(0(0,52))) < BH(M2))p(Mo2) = 76(5) x 2% 2 =2

holds. Similarly, for the case (x = 1,y = 2), it is simple to examine that the contractive condition in Corollary 1
is satisfied.
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All conditions (1)-(4) of Corollary 1 are satisfied. Hence S has a unique fixed point x = 1.

5. Application

The aim of this section is to give the existence of fixed points of an integral equation, where we
can apply the obtained result of Corollary 1 to get a common solution.
We consider X with the partial order < presented by:

x =y < x(t) y(t) forallt € [0,1].

Let X = C(I,R) be the set of continuous functions specified on I = [0,1]. The metric-like space
0: X x X — [0, 00) presented by

o(x,y) = sup | x(t) —y(t) |,
tef01]

for all x,y € X. Since (X, o) is a complete metric-like space. We consider the integral equation

x(b) :g(t)+/:P(t,r)f(r,x(r))dr; telo1] (40)
forall x € X.

We suppose that £:[0,1] x R — R and g:[0,1] — R are two continuous functions. Suppose that
P:[0,1] x [0,1] — [0, ) in order that

Sx(t) :g(t)Jr/o'1 P(t,r)f(r, x(r))dr; t € [0,1] (41)

for all x € X. Then, a solution of Equation (40) is a fixed point of S.
Now, We will prove the following Theorem with our obtained results.

Theorem 6. Assume that the following conditions are satisfied:
(i) There exists :X x X — [0,1) such that for all v € [0,1] and for all x,y € X
0 <[ f(r,x(r)) = f(r,y(r) 1< E0xy) | x(r) —y(r) |,
(ii) there exists B:[0,00) — [0,1) such that
Jim ) =1 = fim o =0,

and

I /01 P(t,1)E(x, y)dr [|w< (41/3(” f—y o).

Then the integral Equation (41) has a unique solution in X.
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Proof. By conditions (i) and (ii), we get

1

IS(x)(t) =Sy)(®) | = P(t,r)[f(r,x(r)) = f(r,x(r))]dr

b
< ;Ptrwrﬂ))f@MMIm

< [ PenEon) | frx(r) - fy) | dr
< [ PNEG) I xy e dr

< ofx y)/o P(t,r){(x,y)dr

< LBlolu)tny)

= SBleluy)zolxy)

— SRl ).

At that point, we have

[S(x)(#) = S(y)(1) [lw< ;ﬁ(ff(x/y)W(U(x/y))

forall x,y € X.
Thus, we obtain

7(5%,59) < 3B(0(x,)9(o(x,y)), forallz,y € X

Lastly, we specify f:X x X — [0, 0) such that

1 ifx,yeX,
a(x,y) —{

0 if otherwise.

Then, we have .
a(x,y)o(Sx,Sy) < Sp(o(x,y))o(x,y)-

Obviously, «(x,y) = 1 and a(Sx, Sy) = 1 for all x,y,z € X. Therefore, S is triangular x—admissible
mapping.

Hence, the hypotheses of Corollary 1 hold with (t) = t,A = } and ¢(t) = £. Thus, Shas a
unique fixed point, that is, the integral Equation (40) has a unique solution in X. [

6. Conclusions

We have introduced some common fixed point results for generalized («, 1, ¢)-quasi contraction
self-mapping in partially ordered metric-like spaces. We have generalized weakly contractive mapping
as we used quasi contraction self-mapping, a-admissible mapping, triangular a-admissible mapping
and 1, ¢ as strictly increasing and continuous functions. We have provided an example and application
to show the superiority of our results over corresponding (common) fixed point results. Alternatively,
we suggest finding new results by replacing the single-valued mapping with multi-valued mapping.
Furthermore, we suggest generalizing more results in other spaces like b-metric space, metric-like
space, and others. Otherwise, we suggest using our main results for non-self-mapping to establish the
existence of an optimal approximate solution.
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1. Introduction

In this survey article, a uniform method is presented for constructing the differential equations
satisfied by several sets of classical and non classical polynomials. This has been done by starting
from the basic elements of the relevant generating functions, using the monomiality principle by
G. Dattoli [1] and a general result by Y. Ben Cheikh [2]. Of course, the polynomials considered in this
paper are only examples for showing that the method works, but obviously this technique can be
theoretically extended to every polynomial set.

This method has been recently applied in several articles (see [3-9]), which include works in
collaboration with several authors. The most outstanding of them is Prof. Dr. Hari M. Srivastava,
to whom this article is dedicated.

The derived differential equations are generally of infinite order, but they reduce to finite order
when applied to polynomials.

It is worth noting that the differential equations for Sheffer polynomial sets have been studied
even with different methods (see [10-13]), but here we use only elements directly connected with the
theory of polynomials.

We start recalling, in Section 2, the definitions relevant to Sheffer polynomials, the G. Dattoli
monomiality principle, and a general result by Y. Ben Cheikh.

The classical polynomial sets, considered in Section 3, are the Bernoulli, Euler, Genocchi
and Mittag-Leffler polynomials. In Section 4, we show some new polynomial sets derived from

non-classical generating functions.

Axioms 2019, 8, 50; doi:10.3390/axioms8020050 201 www.mdpi.com/journal /axioms
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2. Sheffer Polynomials

The Sheffer polynomials {s,(x)} are introduced [14] by means of the exponential generating
function [15] of the type:

A(t)exp(xH(t)) = i sn(x) ;—n' ; (1)
n=0 :
where
A=Yt @0,

n=0 (2)
H) =Y by (ho=0).
n=0 :

According to a different characterization (see [16], p. 18), the same polynomial sequence can be

defined by means of the pair (g(t), f(t)), where g(t) is an invertible series and f(t) is a delta series:

—~, (80 #0),

f(t):ZOan, (fo=0, f1 #0).

Denoting by f~1(t) the compositional inverse of f(t) (i.e., such that f (f~1(t)) = f1(f(t)) = 1),
the exponential generating function of the sequence {s,(x)} is given by

i o (710) = T et @

so that

A(t) = ﬁ H(t) = £1(1). )

When g(t) = 1, the Sheffer sequence corresponding to the pair (1, f(#)) is called the associated
Sheffer sequence {0y (x)} for f(t), and its exponential generating function is given by

(6)

exp (xf’l(t)> = éan(x) ;—n' .

A list of known Sheffer polynomial sequences and their associated ones can be found in [17].

Shift Operators and Differential Equation

We recall that a polynomial set {p,(x)} is called quasi-monomial if and only if there exist two

operators Pand M such that

p (Pn(x)) = npy-1(x), M(Pn(")) = pus1(x), (n=12,...). @)
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D is called the derivative operator and M the multiplication operator, as they act in the same way as
classical operators on monomials.

This definition traces back to a paper by J.E. Steffensen [18] recently improved by G. Dattoli and
widely used in several applications [19,20].

Y. Ben Cheikh proved that every polynomial set is quasi-monomial under the action of suitable
derivative and multiplication operators. In particular, in the same article, the following result is proved,

as a particular case of Corollary 3.2 in [2]:

Theorem 1. Let (pn(x)) denote a Sheffer polynomial set, defined by the generating function

AW exp(xH() = L () 1y ®
where
A(t) = g)a,,t” , (@ #0), (©)
and
H(t) = ioﬁn L (Ry £0). (10)

Denoting, as before, by f(t) the compositional inverse of H(t), the Sheffer polynomial set {p,(x)} is
quasi-monomial under the action of the operators

») Y A/U(DX)] !
P = f(Dy), M= ALf(Dy)] +xH'[f(Dx)], (11)

where prime denotes the ordinary derivatives with respect to t.
Furthermore, according to the monomiality principle, the quasi-monomial polynomials {p,(x)} satisfy the
differential equation

MP pu(x) = npu(x). 12)

3. Differential Equations of Classical Polynomials
3.1. Bernoulli Polynomials

The Bernoulli polynomials are defined by the generating function

Gt x) = e%lexf, (13)
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so that
00 i’k oo k k ; i’k
G(t,x) = ZOBk(x) ﬁ = Z ;g (h) hk,hxl Il ; (14)

where by are the Bernoulli numbers.

Differential Equation of the By(x)

Note that, recalling that B, (1) = (—1)" by, the following expansion holds:

Al(t) et —tet—1 tet & t"
tA(t)i et —1 71_ef—171_n;08n(1)
(15)
=) tn
= Z:(—l)”+1 by —.
n=1 n
The shift operators for the Bernoulli polynomials are given by
]5 = Dy,
M B er _ Dxer -1 (16)
"~ Dy(ePr—1)
Therefore, by using the factorization method, we find
Theorem 2. The Bernoulli polynomials {B,(x)} satisfy the differential equation
ePx — DyePr —1
(ﬁ +xDx) By(x) = nBy(x), 17)
that is
© (_1 k+1 b
<Z()klkD§+XDX> Bu(x) =nBu(x), (18)
k=1 :
ot, in equivalent form:
n k+1 bk
Z DX+ xDy | By(x) = nBy(x). (19)

Proof. It is sufficient to expand in series the operator (17). Equation (19) follows because, for any
fixed 1, the series expansion in Equation (18) reduces to a finite sum when applied to a polynomial of
degreen. [
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3.2. Euler Polynomials
The Euler polynomials are defined by the generating function

2 Xt (20)

G(t,x) =

so that

Al = ef—i-l E kk"

x)iE(x)%i{f:()e x}
P k Tl = k—h 1 (21)

k=0

0= (o

h=0

~
o

where ¢y are the Euler numbers.

Differential Equation of the Ej(x)

Note that the following expansion holds:

Al(t) et 1 1 n
S P T T
A(t) et+1 et +1 2 = nl )

1 1 " >
=—5+5 en*:ZCn*,
2 24~ "n = nl

where cg = —1/2,and ¢,, = ¢, /2.
The shift operators for the Euler polynomials are given by

P= Dy,
R oDx (23)
M= 5
Therefore, by using the factorization method, we find
Theorem 3. The Euler polynomials {E, (x)} satisfy the differential equation
ePx D,
<— Dy 1 +xDx> Ey(x) =nE,(x). (24)
that is
<Z Sk phs 4 xDx> Eu(x) = nEq(x), (25)
or, in equivalent form:
(26)

(Z DX 4+ x D, ) Eu(x) = nE(x).
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Proof. It is sufficient to expand in series the operator (24). Equation (26) follows because, for any
fixed n, the series expansion in Equation (25) reduces to a finite sum when applied to a polynomial of

degree n. [

3.3. Genocchi Polynomials

The Genocchi polynomials are defined by the generating function

— Xt 27
G(tf x) et + 1 e, ( )
so that
Al) = ef + l Z 8k k' ’
0 tk 0 k rk i k
x):ZGk(x)E:Z Z Skn X' (28)
k=0 k=0 Lh=0
k
2 ( )8k h a,
where g are the Genocchi numbers.
Differential Equation of the Gy(x)
Note that the following expansion holds:
Al(t) et —tef+1 tet s t"+1
tA(t)i e+l 1 26” n
29)
00 tn
= dn K4
n=0 o
wheredy =1,d; = —1/2,and dy, = ¢ /2, (k > 2).
The shift operators for the Genocchi polynomials are given by
]3 = Dy,
D41 o)
T Dy(ePr41)
so that the Genocchi polynomials satisfy the differential equation
D D
emr — Dye™* +1
<W +x Dx) Gn(x) =nGu(x). (31)
Therefore, by using the factorization method, we find
Theorem 4. The Genocchi polynomials {G,(x)} satisfy the differential equation
ePr — DyePr 41
<W+XDX> Gn(x) :ch(x), (32)
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that is
o Ak ok
Y. o DE+xDy | Gu(x) = nGy(x), (33)
k=0 "
o, in equivalent form:
= Ak
Y. 71 Dx+xDx Gu(x) = nGy(x). (34)
k=0 "

Proof. It is sufficient to expand in series the operator (32). Equation (34) follows because, for any
fixed 1, the series expansion in Equation (33) reduces to a finite sum when applied to a polynomial of

degree n. [

3.4. The Mittag—Leffler Polynomials

We recall that the Mittag—Leffler polynomials [21] are a special case of associated Sheffer

polynomials, defined by the generating function

Al =1, H() = 10g%,
(35)
1+1)" 1+t - ¢
G(t,x) = (ﬁ) =exp <x log - t) = ng:o./\/l,,(x) R
Therefore, we have
A'(t) , 2 . el —1
= == = =_ - 36
A(t) 0, H(t) 1—¢27 HZ(H) = f(1) el+17 (36)
so that, for the Mittag-Leffer polynomials, we find the shift operators:
5 ePr—1 D,
me 7tanh<7) ,
(37)
. (ePx +1)2
M=x Ty =¥ [1+ cosh(Dy)] .
3.5. Differential Equation of the M, (x)
In the present case, according to the identity:
[1+ coshx] tanh (x/2) = sinh x,
we can write
~ e2Dx —1 . 38
MP:xzeT:xsmh(Dx), (38)

so that we have the theorem
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Theorem 5. The Mittag—Leffler polynomials {M,,(x)} satisfy the differential equation

x sinh(Dy) M, (x) = n M, (x), (39)
that is

i D My (x) = n My(x) (40)

AL ANy n(X)=n n{X),

= (2k+1)!
or

[LZi} D§k+1

x k;o m My (x) =nMy(x), (41)

where {”2;1] denotes the integral part of (n —1)/2.

Proof. It is sufficient to expand in series the operator (39). Equation (41) follows because, for any
fixed n, the series expansion in Equation (40) reduces to a finite sum when applied to a polynomial of
degreen. [

4. Differential Equations of Non-Classical Polynomials
4.1. Euler-Type Polynomials

Here, we introduce a Sheffer polynomial set connected with the classical Euler polynomials.

Assuming:

1
cosht’

At) = H(t) = sinht, (42)

we consider the Euler-type polynomials E, (x), defined by the generating function

1 tk
G(t,x) = cosh &P [x sinht] = Z Ei(x k (43)
Note that the Euler numbers are recovered, since we have:
G(t,0) = et o 2 Ex(0 k, , (44)

so that £,(0) = E,.

In what follows, we use the expansions

00 t2k+1 00 1+ (_1)k+1 tk
sinht = —_— = —_— | = 45)
Lo~k ( (

) tZk

coshtzz(zk)!:i<l+(21)k> It;' (46)

k=0
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Note that, in our case, we are dealing with a Sheffer polynomial set, so that, since we have
Y(t) = ¢!, the operator ¢ defined by Equation (6) simply reduces to the derivative operator Dy.

Furthermore, we have:

H'(t) =cosht,  f(t)=H(t) =log(t+ V2 +1),
so that we have the theorem
Theorem 6. The Euler-type polynomial set {E,(x)} is quasi-monomial under the action of the operators
P =log(Dy + /D2 +1), M = — tanh(arcsinh Dy ) + x arcsinh Dy (47)

(by arcsinht = log(t + V12 + 1), we denote the inverse of the function sinht), i.c.,

h L (2k)! %41
P: (—1)]{7D * ’
kg 4k(k)2(2k+1) *
. D
M= /14 D2 = (D}~ D, +2)(1+ D)2, (48)

1+ D?

. >/ 1/2
M:(xD%—Dx—i-x)Z( k/>D§k.
k=0

There is no problem about the convergence of the above series, since they reduce to finite sums

when applied to polynomials.

4.2. Differential Equation of the E,(x)

In the present case, we have

Theorem 7. The Euler-type polynomials {E,(x)} satisfy the differential equation

{

(xD? — Dy + x) i <_1k/2> D%

k=0

(49)

o k)! - -
Y gk ) Dik“} Ea() = nEa(v),
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Sy (Y@ g .
k=0 hgo( ! <k—h>4h(h!)2(2h+1) S (50)

=nE,(x).

Note that, for any fixed n, the Cauchy product of series expansions in Equation (49) reduces to a finite sum,

with upper limit | "5 |, when it is applied to a polynomial of degree n, because the successive addends vanish.
pp 2 PP poty 8

Remark 1. The first few Euler-type polynomials are as follows:

Eo(x) =1,

Ei(x) =x,

Ez(x) =x2—1,

Es(x) = x3 — 2x,

Ey(x) = x* —2x2 +5,

Es(x) = x° + 16x,

Ee(x) = x® + 5x* + 31x2 — 61,

E7(x) = &7 + 1425 4 56x° — 272x,

Eg(x) = x® +28x° 4 126x* — 692x2 + 1385,
Eg(x) = x° +48x7 + 336x> — 1280x% + 7936x,

Eqo(x) = x19 4+ 7528 + 882x® — 1490x* + 25,261x2 — 50, 521.

5. Adjointness for Sheffer Polynomial Sequences

According to the above considerations, Sheffer polynomials are characterized both by the ordered
couples (A(t), H(t)), or by (g(t), f(#)).

Definition 1. Adjoint Sheffer polynomials are defined by interchanging the ordered couple (A(t), H(t)) with
(g(t), f(t)), when writing the generating function.

Here and in the following the tilde “~” above the symbol of a polynomial set stands for the
adjective “adjoint” (see e.g., [4]).

5.1. Adjoint Hahn Polynomials
Assuming:

A(t) = sect, H(t) = tant, (51)

we consider the adjoint Hahn R, (x), defined by the generating function

tn

R (52)

G(t x) =sect exp(xtant) = Y Ru(x)
n=0

It is a Sheffer set.
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We have:

oG 1 1
Fe exp(xtant) = cost G(t,x).

Note that, in this case, we have:

A(t) = sect, H(t) = tant,

H'(t) = sec’t, f(t) = H™1(t) = arctant,
A(t) _
A(t) = tant,

so that we have the theorem

Theorem 8. The adjoint Hahn polynomial set {R,(x)} is quasi-monomial under the action of the operators

P =arctanD,,
(53)

M = tan(arctan Dy) + x sec?(arctan Dy),

o (_1\k
P = arctan D, = E % D%kH ,
k=0 (54)

M =Dy +x(1+D3) =xD2+D,+x.
5.2. Differential Equation of the R, (x)

In the present case, we have

Theorem 9. The Sheffer-type adjoint Hahn polynomials {R,(x)} satisfy the differential equation

1—

s

07+

(55)

(-1 DZHIR,(x) = nRy(x).

(xDi+Detx) ¥ 3

il
(=1

. . . .. . A 1
Note that, for any fixed n, in Equation (55), a finite sum appears, with upper limit {”T],

instead of a complete series expansion since, when this series is applied to a polynomial of degree 1,

the subsequent addends vanish.
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Remark 2. The first few values of the adjoint Hahn polynomials are as follows:

Ro(x) =

Ry(x) =

Ry(x) = x2+1,

R3(x) = x® + 5x,

Ry(x) = x* + 1422 + 5,

Rs(x) = x5 4 30x3 + 61x,

Re(x) = x0 +55x* +331x% 4 61,

Ry(x) = x7 +91x° + 12113 + 1385x,

Rg(x) = x® + 140x° 4 3486x* 4 12,284x2 4 1385,
Rg(x) = x7 +204x7 4 8526x° + 68,060x° 4 50, 521x,
Rip(x) = x10 +285x8 +18,522x° + 281,210x* + 663, 061x% + 50, 521.

Remark 3. Table of adjoint Hahn numbers

Ro(0) =1 Ri(0) =0 Ry(0) =1,
R3(0) =0 Ry(0) =5 Ro41(0) =0, Vk > 2,
Re(0) =61  Rg(0) =1385  Ryp(0) = 50,521.

Note that the sequence {1, 1, 5, 61, 1385, 50,521, ... } appears in the Encyclopedia of Integer
Sequences [22] under #A000364—Euler (or secant numbers): a(n) = number of downup permutations
of [2n].

Example 1. a(2) =5 counts 4231, 4132, 3241, 3142, 2143. - David Callan, Nov 21, 2011.

5.3. Adjoint Bernoulli Polynomials of the Second Kind

Assuming

A(t) = H(t)=¢ -1, (56)

et —17

we consider the adjoint Bernoulli polynomials of the second kind {b;(x)}, defined by the generating

function

G(t,x) = T exp [x(e' —1)] Z b (x) — . (57)

Note that, in our case, we are dealing with a Sheffer polynomial set, so that, since we have

Y(t) = ¢!, the operator ¢ defined by Equation (6) simply reduces to the derivative operator Dy.

Furthermore, we have

Alt) = H(t):etflzif, (e =1/(k+1)),
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so that we have the theorem

Theorem 10. The adjoint Bernoulli polynomials of the second kind {b,(x)} are quasi-monomials under the
action of the operators

P =log(Dy +1),

1 1 (58)
= —— - — —1 Dy+1
M log(Derl) Dx +x( x + )/
that is
; = (D
P =log(Dy+1) :k; — D/
(59)
M*;-F r— > (Dx+1)
" log(Dy +1) D, * :
5.4. Differential Equation of the by (x)
In the present case, we have
P 1
MP =1+ <x - D—) (Dx+1) log(Dx + 1), (60)
X

so that we have the theorem

Theorem 11. The adjoint Bernoulli polynomials of the second kind {b,(x)} satisfy the differential equation

_1 + (x - Di> (Dy +1) log(Dx + 1)_ bu(x) = nby(x), (61)
that is
—1+(xD 1y, +1) 3 EY DE| Bu(x) = b (%) 62)
x x kt1 * n n ’
L k=0 |

because, for any fixed n, the series expansion in Equation (61) reduces to a finite sum when it is applied to
a polynomial of degree n.

Note that, in this case, due to the presence of the operator Dy’ 1, it is necessary to consider derivatives up to
the order n + 1.
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Remark 4. The first few values of the adjoint Bernoulli polynomials of the second kind are as follows:

Eo(x) = 1,

by(x) = x— %,

by(x) =+ ¢,

Ba(x) = x° + 342,

by(x) = x* +4x3 + 242 — 3170,

bs(x) = x5+ %x‘* + %x3 + %xz,

bo(x) = x° +122° + Dx* +30x3 4+ 3x2 + 5,

bg(x) = x® + 24x7 + 30x6 + 560x° + 602x* + 168> + 4x2 — 4,

bio(x) = x10 4+ 40x° + 1548 4 3780x7 + 11,585x° + 15,540x% + 15125 x4 1 85023+

+5x% + 2,
bio(x) = x12 + 60x" +1386x10 + 15,8402 + 126148 4 307,692x7 + 493, 460x°+
+349,800x° + 85,503x* 4 4092x> + 6x% — £255.

Note that for x = 0 the generating function becomes

n
L, (©3)

t 2
G(t,0) = g1 Y b4(0) )
n=0

so that b, (0) = B, namely the nth classical Bernoulli number.

6. Conclusions

In this survey article, it has been shown that the common belonging of some polynomial sets to the
Sheffer class allows to construct, in a uniform way, the differential equations they verify. This follows
from the fact that it is possible to construct their shift operators, on the basis of general results due to
G. Dattoli and Y. Ben Cheikh.

The equations derived in such a way are, in general, of infinite order, but they reduce to finite-order
equations when they are applied to polynomials of the considered set. This means that the order of the
equation increases with the degree of the polynomial, in a similar way to what happens for the order
of the recurrence they verify.

Both classic and other polynomials—the so-called associated Sheffer polynomials—have been
examined. In fact, it has been shown that, for the polynomials of the Sheffer class, the differential
equation follows from the basic elements of their generating function, in a constructive way, using

a simple and general method linked to the monomiality principle.
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