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Abstract: This Special Issue invited researchers to contribute their original research work and review
articles on “Symmetry and Fluid Mechanics” that either advances the state-of-the-art mathematical
methods through theoretical or experimental studies or extends the bounds of existing methodologies
with new contributions related to the symmetry, asymmetry, and lie symmetries of differential
equations proposed as mathematical models in fluid mechanics, thereby addressing current challenges.
In response to the call for papers, a total of 42 papers were submitted for possible publication.
After comprehensive peer review, only 25 papers qualified for acceptance for final publication.
The rest of the papers could not be accommodated. The submissions may have been technically
correct but were not considered appropriate for the scope of this Special Issue. The authors are from
geographically distributed countries such as the USA, Australia, China, Saudi Arabia, Iran, Pakistan,
Malaysia, Abu Dhabi, UAE, South Africa, and Vietnam. This reflects the great impact of the proposed
topic and the effective organization of the guest editorial team of this Special Issue.

Keywords: Newtonian and non-Newtonian fluids; nanofluids and particle shape effects; convective
heat and mass transfer; steady and unsteady flow problems; multiphase flow simulations; fractional
order differential equations; thermodynamics; physiological fluid phenomena in biological systems

1. Introduction

In fluid mechanics, the equations that govern the flows are usually very complex, involve a
number of parameters, are inherited nonlinear in nature, and cannot be solved by traditional methods.
Due to the complexity of these equations, finding analytical or semi-analytical or even numerical
solutions is very important for many reasons, for instance, they provide a standard for checking the
imperial results. Therefore, several new techniques have been developed. We hope that this issue will
not only serve the said purpose but will also provide an overall picture and up-to-date findings to
readers of the scientific community that ultimately benefits the industrial sector regarding its specific
market niches and end users.

2. Methodologies and Usages

The Lagrangian meshfree particle-based method has advantages in solving fluid dynamics
problems with complex or time-evolving boundaries for a single phase or multiple phases. A pure
Lagrangian meshfree particle method based on a generalized finite difference (GFD) scheme is proposed
by Zhang and Xiongin [1] to simulate time-dependent weakly compressible viscous flow. The flow is
described with Lagrangian particles, and the partial differential terms in the Navier–Stokes equations
are represented as the solution to a symmetric system of linear equations through a GFD scheme.
In solving the particle-based symmetric equations, the numerical method only needs the kernel function

Symmetry 2020, 12, 281; doi:10.3390/sym12020281 www.mdpi.com/journal/symmetry1
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itself instead of using its gradient, i.e., the approach is a kernel gradient free (KGF) method, which
avoids the use of artificial parameters to solve the viscous term and reduces the limitations of using the
kernel function. Moreover, the order of Taylor series expansion can easily be improved in the meshless
algorithm. In this paper, the particle method is validated with several test cases, and the convergence,
accuracy, and different kernel functions are evaluated.

In [2], an analytical study on blood flow analysis with a tapered porous channel is presented.
The blood flow was driven by peristaltic pumping. Thermal radiation effects were also taken into account.
The convective and slip boundary conditions were also applied in this formulation. These conditions
are very helpful for carrying out the behavior of particle movement which may be utilized for cardiac
surgery. The tapered porous channel had an unvarying wave speed with dissimilar amplitudes and
phase. The non-dimensional analysis was utilized for some approximations, for example, the proposed
mathematical modelling equations were modified by using a lubrication approach and the analytical
solutions for stream function, nanoparticle temperature, and volumetric concentration profiles were
obtained. The impacts of various emerging parameters on the thermal characteristics and nanoparticle
concentration were analyzed with the help of computational results. The trapping phenomenon was also
examined for relevant parameters. It was also observed that the geometric parameters, like amplitudes,
non-uniform parameters, and phase difference, play important roles in controlling the nanofluid
transport phenomena. The outcomes of the present model may be applicable for the smart nanofluid
peristaltic pump which may be utilized in hemodialysis.

As magnetohydrodynamics (MHD) deals with the analysis of electrically conducting fluids and
the study of nanofluids, considering the influence of MHD phenomena is a topic of great interest from
industrial and technological points of view. Thus, the modified MHD mixed convective, nonlinear,
radiative, and dissipative problem was modelled over an arc-shaped geometry for Al2O3 + H2O
nanofluid at 310 K with a freezing temperature of 273.15 K by Khan et al. [3]. Firstly, the model
was reduced into a coupled set of ordinary differential equations using similarity transformations.
The impact of the freezing temperature and the molecular diameter were incorporated in the energy
equation. Then, the Runge–Kutta scheme, along with the shooting technique, was adopted for the
mathematical computations, and code was written in Mathematica 10.0. Further, a comprehensive
discussion of the flow characteristics is provided. The results for the dynamic viscosity, heat capacity,
and effective density of the nanoparticles were examined for various nanoparticle diameters and
volume fractions

Jalali et al. [4] reported on laminar heat transfer and direct fluid jet injection of oil/MWCNT
nanofluid using a numerical investigation with a finite volume method. Both slip and no-slip
boundary conditions on solid walls were used. The objective of this study was to increase the cooling
performance of heated walls inside a rectangular microchannel. The Reynolds numbers ranged from
10 to 50; slip coefficients were 0.0, 0.04, and 0.08; and nanoparticle volume fractions were 0%–4%.
The results showed that using techniques for improving heat transfer, such as fluid jet injection with
low temperature and adding nanoparticles to the base fluid, allowed for good results to be obtained.
By increasing jet injection, areas with eliminated boundary layers along the fluid direction spread in
the domain. Dispersing solid nanoparticles in the base fluid with higher volume fractions resulted
in a better temperature distribution and Nusselt number. By increasing the nanoparticle volume
fraction, the temperature of the heated surface penetrated the flow centerline, and the fluid temperature
increased. Jet injection with higher velocity, due to its higher fluid momentum, resulted in a higher
Nusselt number and affected lateral areas. The fluid velocity was higher in jet areas, which diminished
the effect of the boundary layer.

The non-Newtonian fluid model named Casson fluid was considered by Rehman et al. [5].
The semi-infinite domain of the disk was fitted out with magnetized Casson liquid. The roles of
both thermophoresis and Brownian motion were inspected by considering nanosized particles in a
Casson liquid spaced above the rotating disk. The magnetized flow field was framed with Navier’s
slip assumption. The Von Karman scheme was adopted to transform flow narrating equations in terms
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of a reduced system. For better depiction, a self-coded computational algorithm was executed rather
than the move-on with build-in array. Numerical observations via magnetic elements, Lewis numbers,
Casson, slip, Brownian motion, and thermophoresis parameters subject to radial and tangential
velocities, temperature, and nanoparticle concentration are reported. The validation of the numerical
method being used is given through a comparison with existing work. Comparative values of the local
Nusselt number and local Sherwood number are provided for the involved flow controlling parameters.

Alshomrani and Ullah [6] inspected velocity slip impacts in the three-dimensional flow of
water-based carbon nanotubes because of a stretchable rotating disk. Nanoparticles like single and
multi-walled carbon nanotubes (CNTs) were utilized. Graphical outcomes were acquired for both
single-walled carbon nanotubes (SWCNTs) and multi-walled carbon nanotubes (MWCNTs). The heat
transport system was examined in the presence of thermal convective condition. Proper variables led to
a strong nonlinear standard differential framework. The associated nonlinear framework was tackled
by an optimal homotopic strategy. Diagrams were plotted so as to examine how the temperature and
velocities are influenced by different physical variables. The coefficients of skin friction and the Nusselt
number are exhibited graphically. Our results indicate that the skin friction coefficient and Nusselt
number are enhanced for larger values of nanoparticle volume fraction.

The Darcy–Brinkman flow over a stretching sheet in the presence of frictional heating and porous
dissipation was examined in [7]. The governing equations were modeled and simplified under
boundary layer approximations, which were then transformed into a system of self-similar equations
using appropriate transformations. The resulting system of nonlinear equations was solved numerically
under velocity and thermal slip conditions by the fourth-order Runge–Kutta method and built-in
routine bvp4c in Matlab. Under special conditions, the obtained results were compared with the results
available in the literature. An excellent agreement was observed. The variation of parameters was
studied for different flow quantities of interest, and the results are presented in the form of tables
and graphs.

The Couette–Poiseuille flow of couple stress fluid with a magnetic field between two parallel
plates was investigated by Ellahi et al. [8]. The flow was driven due to the axial pressure gradient and
uniform motion of the upper plate. The influence of heating at the wall in the presence of spherical
and homogeneous Hafnium particles was taken into account. The temperature dependent viscosity
model, namely, Reynolds’ model was utilized. The Runge–Kutta scheme with shooting was used to
tackle a non-linear system of equations. It was observed that the velocity decreased by increasing the
values of the Hartman number, as heating of the wall reduced the effects of viscous forces; therefore,
the resistance of magnetic force reduced the fluid velocity. However, due to shear thinning effects,
the velocity was increased by increasing the values of the viscosity parameter, and as a result, the
temperature profile also declined. The suspension of inertial particles in an incompressible turbulent
flow with Newtonian and non-Newtonian base fluids can be used to analyze the biphase flows through
diverse geometries that could possibly be future perspectives of the proposed model.

Characteristically, most fluids are not linear in their natural forms and therefore, fractional order
models are very appropriate for handling these kinds of phenomena. In [9], the authors studied the base
solvents of water and ethylene glycol for the stable dispersion of graphene oxide to prepare graphene
oxide–water (GO-W) and graphene oxide–ethylene glycol (GO-EG) nanofluids. The stable dispersion
of the graphene oxide in the water and ethylene glycol was taken from the experimental results.
The combined efforts of the classical and fractional order models were imposed and compared under the
effect of the Marangoni convection. The numerical method for the non-integer derivative that was used
in this research is known as a predictor corrector technique of the Adams–Bashforth–Moulton method
(Fractional Differential Equation-12 or shortly, FDE-12). The impacts of the modeled parameters were
analyzed and compared for both GO-W and GO-EG nanofluids. The diverse effects of the parameters
were observed through a fractional model rather than using the traditional approach. Furthermore,
it was observed that GO-EG nanofluids are more efficient due to their high thermal properties compared
with GO-W nanofluids.
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In [10], instead of the more customary parabolic Fourier law, the hyperbolic Cattaneo–Christov
(C–C) heat flux model was used to jump over the major hurdle of “parabolic energy equation”.
The more realistic three-dimensional Carreau fluid flow analysis was conducted with the attendance of
temperature-dependent thermal conductivity. The other salient impacts affecting the considered model
are the homogeneous-heterogeneous (h-h) reactions and magnetohydrodynamics (MHD). The boundary
conditions supporting the problem are convective heat and h-h reactions. The considered boundary
layer problem was addressed via similarity transformations to obtain the system of coupled differential
equations. The numerical solutions were attained by undertaking the MATLAB built-in function
bvp4c. To comprehend the consequences of assorted parameters on involved distributions, different
graphs were plotted and are accompanied by requisite discussions in light of their physical significance.
To substantiate the presented results, a comparison with the already conducted problem is also given.
It is envisaged that there is a close correlation between the two results. This shows that dependable
results are being submitted. It is noticed that h-h reactions depict an opposite behavior compared
with the concentration profile. Moreover, the temperature of the fluid augments the values of thermal
conductivity parameters.

The aim of [11] was to present an analysis of local similarity solutions of Casson fluid over a
non-isothermal cylinder subject to suction/blowing. The cylinder was placed inside a porous medium
and stretched in a nonlinear way. Further, the impacts of chemical reactions, viscous dissipation,
and heat generation/absorption on flow fields were also investigated. Similarity transformations were
employed to convert the nonlinear governing equations to nonlinear ordinary differential equations
and then solved via the Keller box method. The findings demonstrate that the magnitude of the friction
factor and mass transfer rate are suppressed with an increment in the Casson parameter, whereas the
heat transfer rate was found to be intensified. An increase in the curvature parameter enhanced the
flow field distributions. The magnitude of wall shear stress was found to be higher with an increase in
the porosity and suction/blowing parameters.

The pressure-driven flow in the slip regime was investigated in rectangular microducts by
Ullah et al. [12]. In this regime, the Knudsen number lay between 0.001 and 0.1. The duct aspect ratio was
taken as 0≤ ε≤ 1. Rarefaction effects were introduced through the boundary conditions. The dimensionless
governing equations were solved numerically using MAPLE, and MATLAB was used for artificial neural
network modeling. Using a MAPLE numerical solution, the shear stress and heat transfer rate were
obtained. The numerical solution could be validated for special cases when there was no slip (continuum
flow), ε = 0 (parallel plates), and ε = 1 (square microducts). An artificial neural network was used
to develop separate models for the shear stress and heat transfer rate. Both physical quantities were
optimized using a particle swarm optimization algorithm. Using these results, the optimum values of
both physical quantities were obtained in the slip regime. It is shown that the optimal values ensue for the
square microducts at the beginning of the slip regime.

Unidirectional flows of fractional viscous fluids in a rectangular channel were studied in [13].
The flow was generated by the shear stress given on the bottom plate of the channel. The authors
developed a generalized model on the basis of constitutive equations described by the time-fractional
Caputo–Fabrizio derivative. Many authors have published different results by applying the
time-fractional derivative to the local part of acceleration in the momentum equation. This fractional
model approach does not have a sufficient physical background. By using fractional generalized
constitutive equations, they developed a proper model to investigate exact analytical solutions
corresponding to the channel flow of a generalized viscous fluid. The exact solutions for the velocity
field and shear stress were obtained by using Laplace transform and Fourier integral transformation
for three different cases, namely, (i) constant shear, (ii) ramped type shear, and (iii) oscillating shear.
The results are plotted and discussed.

The research article in [14] deals with the determination of magnetohydrodynamic steady flow of
three combined nanofluids (Jefferey, Maxwell and Oldroyd-B) over a stretched surface. The surface was
considered to be linear. The Cattaneo–Christov heat flux model was considered necessary to study the
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relaxation properties of the fluid flow. The influence of homogeneous-heterogeneous reactions (active
for auto catalysts and reactants) were taken into account. The modeled problem was solved analytically.
The impressions of the magnetic field, Prandtl number, thermal relaxation time, Schmidt number,
and homogeneous-heterogeneous reaction strength were considered through graphs. The velocity field
diminished with an increasing magnetic field. The temperature field diminished with an increasing
Prandtl number and thermal relaxation time. The concentration field upsurged with an increasing
Schmidt number, which decreased with an increasing homogeneous-heterogeneous reaction strength.
Furthermore, the impacts of these parameters on skin fraction, Nusselt number, and Sherwood number
are also accessible through tables. A comparison between analytical and numerical methods is
presented both graphically and numerically.

In the study presented in [15], Jeffrey fluid was studied in a microgravity environment. Unsteady
two-dimensional incompressible and laminar g-Jitter mixed convective boundary layer flow over an
inclined stretching sheet was examined. Heat generation and magnetohydrodynamic (MHD) effects
were also considered. The governing boundary layer equations together with boundary conditions were
converted into a non-similar arrangement using appropriate similarity conversions. The transformed
system of equations was resolved mathematically by employing an implicit finite difference pattern
through a quasi-linearization method. Numerical results of temperature, velocity, local heat transfer
and local skin friction coefficient were computed and plotted graphically. It was found that local
skin friction and local heat transfer coefficients increased for an increasing Deborah number when
the magnitude of the gravity modulation was unity. Assessment with previously published results
showed an excellent agreement.

The two-dimensional laminar incompressible magnetohydrodynamic steady flow over an
exponentially shrinking sheet with the effects of slip conditions and viscous dissipation was examined
by Lund et al. [16]. An extended Darcy Forchheimer model was considered to observe the porous
medium embedded in a non-Newtonian Casson-type nanofluid. The governing equations were
converted into nonlinear ordinary differential equations using an exponential similarity transformation.
The resultant equations for the boundary values problem (BVPs) were reduced to initial values
problems (IVPs) and then the shooting and fourth-order Runge–Kutta methods (RK-4th method) were
applied to obtain numerical solutions. The results reveal that multiple solutions occur only for the high
suction case. The results of the stability analysis showed that the first (second) solution is physically
reliable (unreliable) and stable (unstable).

A mathematical model of a convection flow of magnetohydrodynamic (MHD) nanofluid in a
channel embedded in a porous medium is introduced by Khan and Alqahtni [17]. The flow along the
walls, characterized by a non-uniform temperature, is under the effect of the uniform magnetic field
acting transversely to the flow direction. The walls of the channel are permeable. The flow is due
to convection combined with uniform suction/injection at the boundary. The model was formulated
in terms of unsteady, one-dimensional partial differential equations (PDEs) with imposed physical
conditions. The cluster effect of nanoparticles was demonstrated in the C2H6O2, and H2O base fluids.
The perturbation technique was used to obtain a closed-form solution for the velocity and temperature
distributions. Based on numerical experiments, it was concluded that both the velocity and temperature
profiles are significantly affected by φ. Moreover, the magnetic parameter retards the nanofluid motion
whereas porosity accelerates it. Each H2O-based and C2H6O2-based nanofluid in the suction case had
a higher magnitude of velocity as compared to the injections case.

An analytical simulation of the head-on collision between a pair of hydroelastic solitary waves
propagating in opposite directions in the presence of a uniform current was proposed by Bhatti and
Qiang [18] for an infinite, thin, elastic plate floating on the surface of water. The mathematical modeling
of the thin elastic plate was based on the Euler–Bernoulli beam model. The resulting kinematic and
dynamic boundary conditions were highly nonlinear and were solved analytically with the help of a
singular perturbation method. The Poincaré–Lighthill–Kuo method was applied to obtain the solution
of the nonlinear partial differential equations. The resulting solutions are presented separately for the
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left- and right-going waves. The behaviors of all emerging parameters are presented mathematically
and discussed graphically for the phase shift, maximum run-up amplitude, distortion profile, wave
speed, and solitary wave profile. It was found that the presence of a current strongly affects the
wavelength and wave speed of both solitary waves. A graphical comparison with pure-gravity waves
is also presented as a particular case study.

The 3D magnetohydrodynamic (MHD) rotational nanofluid flow through a stretching surface
was investigated in the study presented in [19]. Carbon nanotubes (SWCNTs and MWCNTs) were
used as nano-sized constituents, and water was used as a base fluid. The Cattaneo–Christov heat flux
model was used for the heat transport phenomenon. This arrangement had remarkable visual and
electronic properties, such as strong elasticity, high updraft stability, and natural durability. The heat
interchanging phenomenon was affected by updraft emission. The effects of nanoparticles such as
Brownian motion and thermophoresis were also included in the study. By considering the conservation
of mass, motion quantity, heat transfer, and nanoparticle concentration, the whole phenomenon
was modeled. The modeled equations were highly non-linear and were solved using the homotopy
analysis method (HAM). The effects of different parameters are described in the tables, and their
impacts on different state variables are displayed in graphs. Physical quantities like the Sherwood
number, Nusselt number, and skin friction are presented through tables with the variations of different
physical parameters.

The fractional order model is the most suitable model for representing such phenomena compared
with other traditional approaches. The forced convection fractional order boundary layer flow
comprising single-wall carbon nanotubes (SWCNTs) and multiple-wall carbon nanotubes (MWCNTs)
with variable wall temperatures passing over a needle was examined in [20]. The numerical solutions
for the similarity equations were obtained for the integer and fractional values by applying the
Adams-type predictor corrector method. A comparison of the SWCNTs and MWCNTs for the classical
and fractional schemes was investigated. The classical and fractional order impacts of the physical
parameters such as skin fraction and Nusselt number are presented physically and numerically. It was
observed that the impacts of the physical parameters over the momentum and thermal boundary
layers in the classical model were limited; however, while utilizing the fractional model, the impacts of
the parameters varied at different intervals.

A steady laminar flow over a vertical stretching sheet with the existence of viscous dissipation,
heat source/sink, and magnetic fields was numerically inspected in [21] through a shooting scheme
based Runge–Kutta–Fehlberg-integration algorithm. The governing equation and boundary layer
balance were expressed and then converted into a nonlinear normal system of differential equations
using suitable transformations. The impacts of the physical parameters on the dimensionless velocity,
temperature, the local Nusselt, and skin friction coefficient are described. The results show good
agreement with recent research. The findings reveal that the Nusselt number at the sheet surface
augments, since the Hartmann number, stretching velocity ratio A, and Hartmann number Ha increase.
Nevertheless, it reduces with respect to the heat generation/absorption coefficient δ.

The impacts of Newtonian heating and homogeneous-heterogeneous (h-h) reactions on the flow
of Ag–H2O nanofluid over a cylinder which is stretched in a nonlinear way are discussed in [22].
The additional effects of magnetohydrodynamics (MHD) and nonlinear thermal radiation are also
added features of the problem under consideration. The shooting technique is used to obtain the
numerical solution to the problem which comprises highly nonlinear system ordinary differential
equations. The sketches of different parameters versus the involved distributions are given with
requisite deliberations. The obtained numerical results are matched with those of an earlier published
work, and an excellent agreement exists between them. From our obtained results, it is concluded that
the temperature profile is enriched with augmented values of radiation and curvature parameters.
Additionally, the concentration field is a declining function of the strength of h-h reactions.

The research conducted in [23] gives a remedy for the maligned tissues, cells, or clogged arteries
of the heart by means of permeating a slim tube (i.e., catheter) in the body. The tiny size gold particles
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drift in the free space of catheters with flexible walls with coupled stress fluid. To improve the efficiency
of curing and to speed up the process, activation energy was added to the process. The modified
Arrhenius function and Buongiorno model, respectively, moderated the inclusion of activation energy
and nanoparticles of gold. The effects of the chemical reaction and activation energy on peristaltic
transport of nanofluids were also taken into account. It was found that the golden particles encapsulate
large molecules to transport essential drugs efficiently to the affected part of the organ.

The aim of [24] was to study time-dependent, rotating, single-wall, electrically conducting carbon
nanotubes with aqueous suspensions under the influence of nonlinear thermal radiation in a permeable
medium. The impact of viscous dissipation was taken into account. The basic governing equations,
in the form of partial differential equations (PDEs), were transformed into a set of ordinary differential
equations (ODEs) suitable for transformations. The homotopy analysis method (HAM) was applied to
obtain the solution. The effects of numerous parameters on the temperature and velocity fields are
explained by graphs. Furthermore, the action of significant parameters on the mass transportation
and the rates of fiction factor were determined and discussed by plots in detail. The boundary layer
thickness was reduced by a greater rotation rate parameter in our established simulations. Moreover,
velocity and temperature profiles decreased with increases in the unsteadiness parameter. The action of
the radiation phenomena acts as a source of energy to the fluid system. For a greater rotation parameter
value, the thickness of the thermal boundary layer decreases. The unsteadiness parameter rises with
velocity and the temperature profile decreases. A higher value of φ augments the frictional force
strength within a liquid motion. For greater R and θw, the heat transfer rate rises. The temperature
profile reduces with rising values of Pr.

An axisymmetric three-dimensional stagnation point flow of a nanofluid on a moving plate with
different slip constants in two orthogonal directions in the presence of a uniform magnetic field was
considered by Sadiq [25]. The magnetic field was considered along the axis of the stagnation point flow.
The governing Navier–Stokes equation, along with the equations of nanofluid for three-dimensional
flow, was modified using similarity transform, and reduced nonlinear coupled ordinary differential
equations were solved numerically. It was observed that the magnetic field M and slip parameter λ1
increased the velocity and decreased the boundary layer thickness near the stagnation point. Also,
a thermal boundary layer was achieved earlier than the momentum boundary layer with increases in
the thermophoresis parameter Nt and Brownian motion parameter Nb. Important physical quantities,
such as skin friction and the Nusselt and Sherwood numbers, were also computed and are discussed
through graphs and tables.

3. Future Trends in Fluid Mechanics

Even with the completion of this Special Issue, the material that advances the state-of-the-art
experimental, numerical, and theoretical methodologies or extends the bounds of existing
methodologies through new contributions in fluid mechanics is still insufficient. Nanofluid technology
can also help with the development of better industrial applications in fluid mechanics. As in the fields
of fluid dynamics and mechanical engineering, most nanofluids are generally not linear in character;
therefore, techniques like symmetry methods can help us to find meaningful solutions to nonlinear
resulting equations.
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Abstract: In this article, an axisymmetric three-dimensional stagnation point flow of a nanofluid
on a moving plate with different slip constants in two orthogonal directions in the presence of
uniform magnetic field has been considered. The magnetic field is considered along the axis of the
stagnation point flow. The governing Naiver–Stokes equation, along with the equations of nanofluid
for three-dimensional flow, are modified using similarity transform, and reduced nonlinear coupled
ordinary differential equations are solved numerically. It is observed that magnetic field M and slip
parameter λ1 increase the velocity and decrease the boundary layer thickness near the stagnation
point. Also, a thermal boundary layer is achieved earlier than the momentum boundary layer,
with the increase in thermophoresis parameter Nt and Brownian motion parameter Nb. Important
physical quantities, such as skin friction, and Nusselt and Sherwood numbers, are also computed
and discussed through graphs and tables.

Keywords: stagnation point flow; numerical solution; magnetic field; nanofuid

1. Introduction

The phenomenon of stagnation point flow has various uses in and aerodynamic industries. Such
flows mainly compact with the movement of fluid close to the stagnated region of a rigid surface
flowing in the fluid material, or retained with dynamics of fluid. Stagnation point has been studied
by many researchers in the past because of its wide range of applications in engineering. Initially,
stagnation point flow was analyzed by Hiemenz in 1911. He studied the two-dimensional stagnation
point flow on a stationary plate. Stagnation point flow applications include cooling of electronic devices
by fans, cooling of nuclear reactors, polymer extrusion, wire drawing, drawing of plastic sheets, and
many hydrodynamic processes in engineering applications. Stagnation point flow possesses much
physical significance, as it is used to calculate the velocity gradients and the rate of heat and mass
transfer abutting to stagnation area of frames in high-speed flows, cooling of transpiration, rustproof
designs of bearings, etc.

Recently, Borrelli et al. [1] deliberated over the impact of buoyancy on three-dimensional (3D)
stagnation point flow. They stated that the buoyancy forces tend to favor an opposite flow. Later,
Lok et al. [2] expanded on the work of Weidman [3] with buoyancy forces. They observed the discrete
results for free convection and forced convection due to a singularity rising in the convection term.
Steady oblique stagnation point flow of a viscous fluid was studied by Grosan et al. [4]. They solved
the nonlinear coupled differential equation numerically using the Runge–Kutta method. It is observed
that the location of the stagnation point depends strongly on the value of the shear parameter and
magnetic parameter. Wang [5–7] discussed the three-dimensional stagnation flow in the absence of
MHD and nanofluids on a flat plate, shrining disk, and rotating disk. Two-dimensional (2D) stagnation
flow was discussed by Nadeem et al. [8] using HAM on a stretchable surface.
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A fluid, heated by electric current in the presence of strong magnetic field, for example crystal
growth in melting, has relevance in manufacturing industries. During the fluid motion, the association
of electric current and magnetic field produces a divergence of Lorentz forces. This phenomenon
prevents the convective motion of fluid and heat transfer characteristic changes accordingly. Ariel [9]
investigated the flow near the stagnation point numerically for small magnetic fields; for large magnetic
numbers, the perturbation technique was used. Raju and Sundeep [10] proved that with an increase in
the magnetic number, there is an increase in the heat and mass transfer rates. They studied numerically
the MHD flow of non-Newtonian fluid over a rotating cone or plate.

Generally, the size of nanoparticles is (1–100 nm). Currently, nanofluids are used for drug
delivery in infected areas of the human body. Self-propagating objects containing drugs are used to
remove blood clots in sensitive areas such as the brain, eye, heart, etc. Kleinstreuer [11] discussed the
drug delivery system in humans at normal body temperature under the influence of some physical
parameters such as nanoparticle length, artery diameter, and velocity of fluid. Recently, a mathematical
model of nanofluid was developed by Choi [12]. Later, a contribution to heat transfer analysis in
nanofluid was made by Buongiorno [13]. His mathematical model dealt with the non-homogeneous
model for transport phenomena and heat transfer in nanofluids with applications to turbulence.
Saleem et al. [14] discussed the effects of Brownian diffusion and thermophoresis on non-Newtonian
fluid models, using HAM in the domain of a vertical rotating cone. Bachok et al. [15] studied the
three-dimensional stagnation flow of a viscous fluid numerically, analyzed the velocity and heat
transfer for different physical parameters, and compared three nanoparticles, namely Cu, Al2O3, TiO3.
In [16] Ellahi et al. explored the heat and mass transfer of non-Newtonian fluid in an annulus in
a porous medium using HAM. Recently, Sheikholeslami et al. [17] studied the effects of thermal
radiation on steady viscous nanofluid in the presence of MHD numerically. Khan [18] explored
Brownian diffusion and thermophoresis on stagnation point flow. He considered dual solutions for
shrinking/stretching parameters and heat transfer in the presence of buoyancy forces on a stretchable
surface. Mustafa et al. [19] investigated 3D nanofluid flow and heat transfer in two opposite directions
on a plane horizontal stretchable surface. Thermal and momentum boundary layers were discussed
using physical parameters such as Brownian motion and thermophoretic forces. Some more useful
studies related to nanofluids can be found in [20–29].

In this article, an axisymmetric 3D stagnation point flow of a nanofluid on a moving plate with
different slip constants in two orthogonal directions in the presence of uniform magnetic field has been
considered and solved numerically.

2. Mathematical Formulation

Consider a stagnation point flow of a nanofluid over a plate with anisotropic slip in a Cartesian
coordinate system, so that the x-axis is taken along the corrugations of plates, the y-axis is normal to the
corrugations, and the z-axis is considered with the axis of stagnation flow. The velocities of the moving
plate are (u, v) in (x, y) directions, respectively. A constant magnetic field is applied perpendicular to
the corrugation along the axis of the stagnation flow in such a way that the magnetic Reynolds number
is small. According to Wang [5], the potential flow far from the plate is defined as:

uux + vuy + wuz = − px

ρ
+ ν

(
uxx + uyy + uzz

)− B2
0

ρ
u, (1)

uvx + vvy + wvz = − py

ρ
+ ν

(
vxx + vyy + vzz

)− B2
0

ρ
v, (2)

uwx + vwy + wwz = − pz

ρ
+ ν

(
wxx + wyy + wzz

)
, (3)
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and the boundary conditions are:

u − U = N1μ
∂u
∂z

, v − V = N2μ
∂v
∂z

, T = Tw, C = C∞ at z = 0,

u → ax, v → ay, T → T∞, C → C∞ at z → ∞. (6)

where (u, v) are the velocity components in the (x, y) directions, ν is the kinematic viscosity, T is the
temperature, αm is the thermal diffusivity, C is the volume of nanoparticles, (ρC)p is the effective heat
capacity of nanoparticles, (ρC) f is the heat capacity of fluid, DB is the Brownian diffusion coefficient
and DT is the thermophoretic diffusion coefficient. For the non-dimensionalization, we use the
following similarity variables:

u = ax f
′
(η) + Uh(η),

v = ayg
′
(η) + Vk(η),

w = −√
aν [ f (η) + g(η)] . (7)

where η =
√

a/ν z. Using Equation (7) in Equations (5) and (6) finally we get:
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and boundary conditions are:

f
′
(0) = λ1 f

′′
(0), g

′
(0) = λ2g

′′
(0), h(0) = 1 + λ1h

′
(0), k(0) = 1 + λ2k

′
(0), f (0) = 0, g(0) = 0,

f
′
(∞) → 1, g

′
(∞) → 1, h(∞) → 1, k(∞) → 1, θ(0) = 1, θ(∞) → 0, φ(0) = 1, φ(∞) → 0. (14)

here λ1 and λ2 are the slip parameters, Pr the prantle number, Sc the Schmidt number, Nt and Nb are
thermophoresis parameter, Brownian motion parameters, respectively.

The expression for the skin friction coefficient, the local Nusselt number, and Sherwood number
for second-grade fluid are defined as:

Re1/2
x Cf = f

′′
(0), Nux Re−1/2

x = −θ
′
(0), Shx Re−1/2

x = −ϕ
′
(0), (15)
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where Rex = Uwx
ν is the local Reynolds number. The solution of above coupled nonlinear differential

equations are found numerically and discussed in the following section.

3. Result and Discussion

A system of nonlinear ordinary differential Equations (8)–(13) subject to the boundary conditions
of Equation (14) are solved numerically using the Richardson extrapolation enhancement method.
Richardson extrapolation is generally faster, and capable of handling BVP systems with unknown
parameters. The values of these parameters can be determined under the presence of a sufficient
number of boundary conditions. The solutions are discussed through graphs from Figures 1–10, and
values of physical quantities, such as skin friction and Nusselt and Sherwood numbers, are presented
in Tables 1–3.

Figures 1 and 2 show the variation of velocity profile f ′ and g′ against η for different values of
magnetic field M and slip parameter λ1. It was observed that increasing in the values of M and λ1

causes increase in the velocity profile, while boundary layer thickness reduces. Thus, these parameters
cause a reduction in the momentum boundary layer. Analysis shows that increasing the values of
these parameters to a sufficiently large level shows the monotonic behavior of velocity throughout the
whole domain. Figures 3 and 4 shows the opposite behavior of h and k with the increment of M and
λ1, such that with the increase in value of these parameters, h and k decreases.

The temperature profile for the nanofluid against different values of thermophoresis parameter
Nt and Brownian motion parameter Nb are plotted in Figures 5 and 6. As the temperature increase
within the boundary layer, the values of these parameters increase. The thermal boundary layer is
achieved earlier than the momentum boundary layer. The variation of nanoconcentration for different
values of Schmidt number Sc and Nt is presented in Figures 7 and 8, respectively. It is observed that
nanoconcentration φ decreases as the increase in Sc and boundary layer thickness decreases. Also,
with the increase in Nt, the nanoconcentration decreases. Figures 9 and 10 show the velocity profile
for different values of magnetic parameter M = 0 and for M = 2. It is observed that in the absence
of magnetic parameter M, the boundary layer thickness is larger than while M is present. M = 0 in
Figures 11 and 12 represents the results of Wang [5]. The slip parameter ratio can be defined as γ = λ2

λ1
.

Figures 13 and 14 describe the f ′(η), g′(η) for γ = 0.5. The range of γ varies from 0.2 to 10. γ = 1
represents the isotropic case where f ′(η) = g′(η) and h(η) = k(η).

Table 1 shows local Nusselt number Nux and local Sherwood number Shx for the variation of Pr

and thermophoresis parameter Nb. Here we see that with the increase of Pr, the local Nusselt number
decreases, while local Sherwood number gives opposite results, meaning Shx increases. Moreover,
with the increase of Nb, the results are again the opposite for Nux and Shx. Table 2 shows local Nusselt
number and local Sherwood number for variations of slip parameter λ1 and Brownian motion Nb.
Here it is observed that with the increase of λ1 both Nusselt number and local Sherwood number
increase. Table 3 shows the skin friction coefficient Cf for different values of λ1 and magnetic parameter
M. Note that with the increment in λ1, the value of skin friction decreases. A high value of M gives
larger values of skin friction.
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Figure 1. Variation of f ′(η) for different M.

Figure 2. Variation of g′(η) for different M.
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Figure 3. Variation of f ′(η) for different λ1.

Figure 4. Variation of g′(η) for different λ2.
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Figure 5. Variation of h(η) for different M.

Figure 6. Variation of k(η) for different M.
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Figure 7. Variation of h(η) for different λ1.

Figure 8. Variation of k(η) for different λ2.
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Figure 9. Variation of θ(η) for different Nb.

Figure 10. Variation of θ(η) for different Nt.
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Figure 11. Variation of φ(η) for different Nt.

Figure 12. Variation of φ(η) for different Sc.
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Figure 13. f ′(η) solid curves and g′(η) dashed curves for γ = λ2
λ1

= 0.5. From top: λ1 = 10, 1, 0.1.

Figure 14. h(η) solid curves and k(η) dashed curves for γ = λ2
λ1

= 0.5. From top: λ1 = 10, 1, 0.1.
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Table 1. Variation of Local Nusselt number Nux and Sherwood number Shx for different Nb and Pr.

λ1 = 1, λ2 = 1, Sc = 2, M = 2, Nt = 0.5

Nb = 0.1 Nb = 0.3 Nb = 0.5

Pr Nux Shx Nux Shx Nux Shx

5.5 0.67084 1.47332 0.45477 1.58078 0.30641 1.77542
5.6 0.66527 1.47440 0.44833 1.58438 0.29987 1.78168
5.7 0.65976 1.47546 0.44197 1.58792 0.29346 1.78781
5.8 0.65431 1.47651 0.43570 1.59139 0.28716 1.79381
5.9 0.64890 1.47754 0.42950 1.59481 0.28098 1.79968
6.0 0.64355 1.47856 0.42343 1.59816 0.27492 1.80543
6.1 0.63826 1.47956 0.41742 1.60145 0.26897 1.81105
6.2 0.63302 1.48055 0.41150 1.60468 0.26314 1.81655
6.3 0.62784 1.48152 0.40566 1.60785 0.25742 1.82192
6.4 0.62272 1.48248 0.39992 1.61096 0.25181 1.82718
6.5 0.61766 1.48342 0.39425 1.61401 0.24631 1.83232

Table 2. Variation of Local Nusselt number Nux and Sherwood number Shx for different M and λ1.

λ2 = 1, Sc = 2, Nb = 0.5, Nt = 0.5, Pr = 6.2

M = 2 M = 4 M = 6

λ1 Nux Shx Nux Shx Nux Shx

0.5 0.25129 1.78860 0.27363 1.85616 0.28527 1.88559
0.6 0.25465 1.79657 0.27603 1.86128 0.28698 1.88892
0.7 0.25737 1.80301 0.27791 1.86529 0.28829 1.89145
0.8 0.25962 1.80831 0.27943 1.86850 0.28933 1.89350
0.9 0.26152 1.81276 0.28068 1.87114 0.29018 1.89513
1.0 0.26314 1.81655 0.28172 1.87335 0.29087 1.89648
1.1 0.26453 1.81980 0.28261 1.87522 0.29146 1.89762
1.2 0.26575 1.82263 0.28337 1.87683 0.29196 1.89859
1.3 0.26682 1.82511 0.28403 1.87822 0.29239 1.89942
1.4 0.26776 1.82731 0.28461 1.87944 0.29277 1.90015
1.5 0.26861 1.82926 0.28513 1.88052 0.29310 1.90079

Table 3. Variation of Skin friction coefficient for different M and λ1.

λ2 = 1, Sc = 2, Nb = 0.5, Nt = 0.5, Pr = 6.2

M = 2 M = 4 M = 6

λ1 Cf Cf Cf

0.5 1.12177 1.36687 1.51354
0.6 1.00998 1.20285 1.31469
0.7 0.91823 1.07391 1..16200
0.8 0.84163 0.96991 1.04108
0.9 0.77675 0.88425 0.94294
1.0 0.72109 0.81248 0.86171
1.1 0.67283 0.75148 0.79336
1.2 0.63060 0.69899 0.73505
1.3 0.59334 0.65335 0.68473
1.4 0.56022 0.61330 0.64086
1.5 0.53059 0.57788 0.60227

4. Conclusions

The current paper investigated the effects of uniform magnetic field of axisymmetric
three-dimensional stagnation point flow of a nanofluid on a moving plate with different slip constants.
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The governing equations were made dimensionless and then solved using the Richardson extrapolation
enhancement method. The following are the findings of the above work:

• An increase in the magnetic field M and slip parameter λ1 causes an increase in the velocity
profile and decrease in the boundary layer thickness near the stagnation point.

• It is observed that in the absence of magnetic parameter M the boundary layer thickness is larger
than while M is present.

• The thermal boundary layer increases with an increase in the thermophoresis parameter Nt and
Brownian motion parameter Nb. It is observed that the thermal boundary layer is achieved earlier
compared to the momentum boundary layer.

• It is observed that with the increase in Sc and Nt the nanoconcentration φ decreases and vice versa.
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Abbreviations

The following abbreviations are used in this manuscript:

(u, v) velocity Components
ν kinematic viscosity
N1, N2 slip coefficient
T temperature
αm thermal diffusivity
C volume of nano particles
(ρC) f heat capacity of fluid
DB Brownian diffusion coefficient
DT thermophoretic diffusion coefficient
λ1, λ2 slip parameters
Nt thermophoresis parameter
Nb browning motion parameter
Cf skin friction coefficient
Nux local Nusselt number
Shx Sherwood number
Rex local Reynolds number
Sc Schmidt number
Pr prantle number
γ ratio of slip parameters
φ nano concentration
M magnetic parameter
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Abstract: The aim of this article is to study time dependent rotating single-wall electrically conducting
carbon nanotubes with aqueous suspensions under the influence of nonlinear thermal radiation in a
permeable medium. The impact of viscous dissipation is taken into account. The basic governing
equations, which are in the form of partial differential equations (PDEs), are transformed to a set
of ordinary differential equations (ODEs) suitable for transformations. The homotopy analysis
method (HAM) is applied for the solution. The effect of numerous parameters on the temperature
and velocity fields is explanation by graphs. Furthermore, the action of significant parameters
on the mass transportation and the rates of fiction factor are determined and discussed by plots
in detail. The boundary layer thickness was reduced by a greater rotation rate parameter in our
established simulations. Moreover, velocity and temperature profiles decreased with increases of the
unsteadiness parameter. The action of radiation phenomena acts as a source of energy to the fluid
system. For a greater rotation parameter value, the thickness of the thermal boundary layer decreases.
The unsteadiness parameter rises with velocity and the temperature profile decreases. Higher value
of φ augments the strength of frictional force within a liquid motion. For greater R and θw; the heat
transfer rate rises. Temperature profile reduces by rising values of Pr.

Keywords: unsteady rotating flow; porous medium; aqueous suspensions of CNT’s; nonlinear
thermal radiation; viscous dissipation effect; HAM

1. Introduction

The recent period of technology and science has been totally affected by nanofluids, and they
possess an important role in various engineering and machinery uses, like biomedical applications,
detergency, transferences, industrialized cooling, microchip technology and nuclear reactions.
By adding nanoparticles, mathematicians and physicists developed to a way to increase the capacity of
heat transfer in the base fluid. The investigators applied advanced techniques, like in the base fluids,
by adding ultra-fine solid particles. Heat transfer and single-phase higher thermal conductivity
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coefficients are greater in nanofluids as compared to bottom liquids. Khan [1] has examined
Buongiorno’s model with heat transfer and mass for nanofluid flow. Mahdy et al. [2] have applied
Buongiorno’s model for nanofluid flow with heat transfer through an unsteady contracting cylinder.
Malvandi et al. [3] have described flow through a vertical annular pipe. In [4–6], researchers have
examined the flow of nanofluids through a stretching sheet. Ellahi [7] has discussed nanofluid flow
through a pipe with the MHD effect. Nanofluid flow through a cone has been deliberated by Nadeem
et al. [8]. Abolbashari et al. [9] have debated entropy generation for the analytical modelling of Casson
nanofluid flow. A mixture of suspended metallic nanoscale particles with a base fluid is known as a
mixture of nanoparticles, the word nanofluid was invented by Choi [10]. Nanofluids were formulated
for heat transport, momentum and mass transfer by Buongiorno, in order to obtain four equations of
two components for non-homogeneous equilibrium models [11]. Most of the research available on
the nanofluid problem is cited in works [12–14]. Presently, in these studies, few significant attempts
have been presented for nonlinear thermal radiation [15]. Kumar et al. [15] have reported the rotating
nanofluid flow problem with deliberation of dissimilar types of nanoparticles, including entropy
generation to use the second law of thermodynamics. Nadeem et al. [16] have studied the inclusion of
nanoparticles of titanium and copper oxide, which related to the rotating fluid flow problem. Mabood
et al. [17] have studied the flow of rotating nanofluid and the impact of magnetic and heat transfer.
Shah et al. [18,19] have deliberated a rotating system nanofluid flow with hall current and thermal
radiation. Gireesha et al. [20] have examined a single-wall nanotube in an unsteady rotating flow
with heat transfer and nonlinear thermal radiation. Currently, Ishaq et al. [21] have discussed the
thermal radiation effect with respect to the entropy generation of unsteady nanofluid thin film flow on
a porous stretching sheet. In the field of nanoscience, the study of the flow of fluid with nanoparticles
(nanofluids) holds a great amount of attention. Nanofluids scattered with 109 nm sized materials
are arranged in fluids such as nanofibers, droplets, nanoparticles, nanotubes etc. Solid phase and
liquid phase are the two period systems. To augment the thermal conductivity of fluids, nanofluids
can be applied, and they thrive in stable fluids, exhibiting good writing and dispersion properties on
hard materials [22,23]. Sheikholeslami et al. [24–26] have described the significance of nanofluids in
in nanotechnology. Yadav et al. [27–29] have deliberated nanofluids with the MHD effect by using
dissimilar phenomena, further study of heat transfer enhancement, numerical simulation, stability and
instability with linear and non-linear flows of nanofluid. The Darcy–Forchheimer flow of radiative
carbon nanotubes (CNTs) in nanofluid in a rotating frame has been investigated by Shah et al. [30–33].
Dawar et al. [33] have studied CNTs, Casson MHD and nanofluid with radiative heat transfer in
rotating channels. Khan et al. [34] have studied three-dimensional Williamson nanofluid flow over a
linear stretching surface. Shah et al. [35] have described the analysis of a micropolar nanofluid flow
with radiative heat and mass transfer. Khan et al. [36,37] have discussed the Darcy–Forchheimer flow
of micropolar nanofluid between two plates. Shah et al. [38] have described MHD thin film flow of
Williamson fluid over an unsteady permeable stretching surface. Jawad et al. [39] have investigated
the Darcy–Forchheimer flow of MHD nanofluid thin film flow with Joule dissipation and Navier’s
partial slip. Khan et al. [40] have investigated the slip flow of Eyring–Powell nanoliquid. Hammed
et al. [41] have described a combined magnetohydrodynamic and electric field effect on an unsteady
Maxwell nanofluid flow. Dawar et al. [42] have described unsteady squeezing flow of MHD CNT
nanofluid in rotating channels. Khan et al. [43] have investigated the Darcy–Forchheimer flow of
MHD CNT nanofluid with radiative thermal aspects. Sheikholeslami et al. [44] have investigated the
uniform magnetic force impact on water based nanofluid with thermal aspects in a porous enclosure.
Feroz et al. [45] have examined the entropy generation of carbon nanotube flow in a rotating channel.
Alharbi et al. [46] have described entropy generation in MHD Eyring–Powell fluid flow over an
unsteady oscillatory porous stretching surface with thermal radiation. Liao [47] learned in 1992 that
this method was a fast way to find the approximate solution and that for the solution of nonlinear
problems it was a better fit.
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The main objective of this article is to investigate the augmentation of heat transfer in time
dependent rotating single-wall carbon nanotubes with aqueous suspensions under the influence of
nonlinear thermal radiation in a permeable medium. The impact of viscous dissipation is taken into
account. For the solution, the homotopy analysis method (HAM) [48–50] is applied. The effect of
numerous parameters on the temperature and velocity fields are explained by graphs.

2. Problem Formulation

We considered a three-dimensional time dependent electrically conducting incompressible
laminar rotating flow of nanofluid. Aqueous suspensions of single-wall CNTs based on water were
assumed as a nanoscale materials with a porous medium. The x, y and z variables are the Cartesian
coordinates where Ω(t) is angular velocity of the rotating fluid, which is measured about the z-axis.
The surface velocities in the x and y axes are taken as uw(x, t) = bx

(1−δt) and vw (x, t) respectively, and
ww(x, t) is the velocity in the z-axis, known as the mass flux wall velocity. The governing equations
under these assumptions are taken in the form as [4,14,18]
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The corresponding boundary conditions are given as

u = uw(x, t), v = 0, w = 0, T = Tw at z = 0
u → 0, v → 0, w → 0, T → T∞ at z → ∞.

(6)

where x, y and z, are the directions of the velocity components. The angular velocity of the nanofluid
is denoted as Ω, nanofluid dynamic viscosity is denoted as μn f , the nanofluid density is denoted as
ρn f , the nanofluid thermal diffusivity is denoted as αn f , temperature of the nanofluid is denoted as T,
Tw and T∞ denotes the wall and outside surface temperature, respectively.

The expression of radiative heat flux in Equation (5) is written as:

qr = − 4σ∗

3
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= −16σ∗

3k∗ T3 ∂T
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(7)

where the mean absorption coefficient is denoted by k∗ and the Stefan–Boltzman constant is denoted
by σ∗. By using Equation (7) in Equation (5), this produces the following equation:
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αn f ,μn f and ρn f are interrelated with φ, which is denoted as:
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The volumetric heat capacity of the CNT and base fluid is denoted by
(
ρCp

)
CNT and

(
ρCp

)
f

respectively. Nanofluid thermal conductivity is denoted as kn f , base fluid thermal conductivity is
denoted by k f , CNT thermal conductivity is denoted by kCNT , nanoparticle volume fraction is denoted
by φ, the base fluid density viscosity is denoted by ρ f and CNT density is denoted by ρCNT .

Similarity transformations are now introduce as:
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Inserting Equation (10) in Equations (2)–(6), we have:

1

(1−φ)2.5
(
(1−φ)+φ

(ρs)CNT
ρ f

) f iv − β2
0

λ f ′′ − μn f

(1−φ)2.5k∗b
f ′′

−
[
λ
(

f ′ + η
2 f ′′

)
+ f ′ f ′′ − f f ′′ − 2 Ω

b g′
]
= 0

(11)

1

(1−φ)2.5
(
(1−φ)+φ

(ρs)CNT
ρ f

) g′′′ − β2
0

λ g′ + μn f

(1−φ)2.5k∗b
g′

−
[
λ
(

g′ + η
2 g′′ )+ g f ′′ − f g′′ − 2 Ω

b f ′′
]
= 0

(12)

θ′′ + R
[
(1 + (θw − 1)θ)3θ′′ + 3(1 + (θw − 1)θ)2(θw − 1)θ′2

]
+ Ec

Pr

(
f ′′ 2 + g′2

)
− 1

Pr
[
λ

η
2 θ′ − f θ′

]
= o

(13)

The boundary conditions are written as:

f (0) = 0, f ′(0) = 1, g(0) = 0, θ(0) = 1, at η = 0
f ′(η) → 0, g(η) → 0, f (η) → 0, θ(η) → 0. at η → ∞.

(14)

Here, Ω denotes the rotation parameter and is defined as Ω = ω
b , and λ represents the

unsteadiness parameter, defined as λ = δ
b . R is radiation parameter, defined as R = 16σ∗T3

∞
3kn f k∗ . Pr

is Prandtl number, defined as Pr =
αn f
νn f

. Ec represents the Eckert number, defined as Ec = u2
w

cp(T−T∞)
.

The temperature ratio parameter is denoted by θw and θw = Tw
Tα

.

Physical Quantities of Interest

In the given problem, the physical quantities of interest are C f x, C f y and Nux, which is denoted
as:

C f x
τwx

ρ f u2
w(x, t)

, C f y
τwy

ρ f u2
w(x, t)

, Nux =
xqw

(Tw − T∞)
(15)
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The surface heat flux is denoted by qw, and τwx and τwy are surface shear stress, which are written
as:

τwx = μn f

(
∂u
∂z

)
z=0

, τwy = μn f

(
∂v
∂z

)
z=0

and qw = −kn f

(
∂T
∂z

)
+ (qr)z=0. (16)

By the use of Equations (15) and (16), then we have:

√
RexCf x =

1

(1 − φ)2.5 f ′′ (0),
√

RexCf y =
1

(1 − φ)2.5 g′(0),
Nux√

Rex
=

kn f

k f

(
−
[
1 + Rdθ3

w

]
θ′(0)

)
(17)

Rex = uwx/v is the Reynolds number.

3. HAM Solution

Liao [46,47] proposed the homotopy analysis technique in 1992. In order to attain this method, he
used the ideas of a topology called homotopy. For the derivation he used two homotopic functions,
where one of them can be continuously distorted into another. He used Ψ1, Ψ2 for binary incessant
purposes and X and Y are dual topological plane, additionally, if Ψ1 and Ψ2 map from X to Y, then Ψ1

is supposed to be homotopic to Ψ2. If a continuous function of ψ is produced:

Ψ : X × [0, 1] → Y (18)

So that x ∈ X
Ψ[x, 0] = Ψ1(x) and Ψ[x, 1] = Ψ2(x) (19)

where Ψ is homotopic. Here, we use the HAM to solve Equations (11)–(13), consistent with the
boundary restrain (14). The preliminary guesses are selected as follows:

The linear operators are denoted as L f̂ and Lθ̂ , and are represented as

L f̂ ( f̂ ) = f̂ ′′′ , Lĝ(ĝ)= g”, Lθ̂

(
θ̂) =θ̂′′ (20)

Which has the following applicability:

L f̂ (e1 + e2η + e3η2 + e4η3) = 0, Lĝ(e5 + e6η + e7η2) = 0
Lθ̂(e8 + e9η) = 0

(21)

where the representation of coefficients is included in the general solution by ei(i = 1− > 7).
The corresponding non-linear operators are sensibly selected as Nf̂ , Nĝ and Nθ̂ , and identify in

the form:

Nf̂

[
f̂ (η; ζ), ĝ(η; ζ)

]
= 1

(1−φ)2.5
(
(1−φ)+φ

(ρs)CNT
ρ f

) f̂ηηηη − β2
0

λ f̂ηη −
μn f̂

(1−φ)2.5k∗b
f̂ηη

−
[
λ
(

f̂ηη +
η
2 f̂ηηη

)
+ f̂η f̂ηη − f̂ f̂ηη − 2 Ω

b ĝη

] (22)

Nĝ

[
f̂ (η; ζ), ĝ(η; ζ)

]
= 1

(1−φ)2.5
(
(1−φ)+φ

(ρs)CNT
ρ f

) ĝηηη − β2
0

λ ĝη +
μn f

(1−φ)2.5k∗b
ĝη

−
[
λ
(

ĝη +
η
2 ĝηη

)
+ ĝ f̂ηη − f̂ ĝηη − 2 Ω

b f̂ηη

] (23)

Nθ̂

[
f̂ (η; ζ), ĝ(η, ζ), θ̂(η; ζ)

]
= θ̂ηη + R

[(
1 + (θw − 1)θ̂

)3
θ̂ηη + 3

(
1 + (θw − 1)θ̂

)2
(θw − 1)θ̂2

η

]
+ Ec

Pr

(
f̂ 2
ηη + ĝ2

η

)
− 1

Pr
[
λ

η
2 θ̂η − f θ̂η

] (24)

For Equations (8–10), the 0th-order scheme takes the form

(1 − ζ)L f̂

[
f̂ (η; ζ)− f̂0(η)

]
= p� f̂ Nf̂

[
f̂ (η; ζ), ĝ(η; ζ)

]
(25)
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(1 − ζ)Lĝ[ĝ(η; ζ)− ĝ0(η)] = p�ĝNĝ

[
f̂ (η; ζ), ĝ(η; ζ)

]
(26)

(1 − ζ) Lθ̂

[
θ̂(η; ζ)− θ̂0(η)

]
= p�θ̂ Nθ̂

[
f̂ (η; ζ), ĝ(η; ζ), θ̂(η; ζ)

]
(27)

where the boundary constrains are:

f̂ (η; ζ)
∣∣∣
η=0

= 0, ∂ f̂ (η;ζ)
∂η

∣∣∣
η=0

= 1, ĝ(η; ζ)|η=0 = 0

θ̂(η; ζ)
∣∣
η=0 = 1, ∂ f̂ (η;ζ)

∂η

∣∣∣
η→∞

→ 0, ĝ(η; ζ)|η→∞ → 0

f̂ (η; ζ)
∣∣∣
η→∞

→ 0, θ̂(η; ζ)
∣∣
η→∞ → 0.

(28)

where the embedding restriction is ζ ∈ [0, 1], to normalize for the solution convergence � f̂ ,�ĝ and �θ̂

are used. When ζ = 0 and ζ = 1, we get:

f̂ (η; 1) = f̂ (η), ĝ(η; 1) = ĝ(η), θ̂(η; 1) = θ̂(η) (29)

Expanding f̂ (η; ζ), ĝ(η; ζ) and θ̂(η; ζ) through Taylor’s series for ζ = 0,

f̂ (η; ζ) = f̂0(η) + ∑∞
n=1 f̂n(η)ζn

ĝ(η; ζ) = ĝ0(η) + ∑∞
n=1 ĝn(η)ζn

θ̂(η; ζ) = θ̂0(η) + ∑∞
n=1 θ̂n(η)ζn.

(30)

f̂n(η) =
1
n!

∂ f̂ (η; ζ)

∂η

∣∣∣∣∣
p=0

, ĝn(η) =
1
n!

∂ĝ(η; ζ)

∂η

∣∣∣∣
p=0

, θ̂n(η) =
1
n!

∂θ̂(η; ζ)

∂η

∣∣∣∣∣
p=0

. (31)

The boundary constrains are:

f̂w(0) = f̂ ′
w(0) = ĝ(0) = 0, θ̂w(0) = 0, atη = 0 (32)

f̂ ′w(∞) = ĝw(∞) = θ̂w(γ) = f̂w(∞) → 0atη → ∞. (33)

Resulting in:

� f̂
n(η) =

1

(1−φ)2.5
(
(1−φ)+φ

(ρs)CNT
ρ f

) f̂ iv
n−1 −

β2
0

λ f̂ ′′n−1 −
μn f

(1−φ)2.5k∗b
f̂ ′′n−1

−
[

λ
(

f̂ ′′n−1 +
η
2

ˆf ′′′ n−1

)
+

w−1
∑

j=0
f̂ ′w−1−j

ˆf ′′ j −
w−1
∑

j=0
f̂w−1−j ˆf ′′ j − 2 Ω

b ĝ′n−1

] (34)

�ĝ
n(η) =

1

(1−φ)2.5
(
(1−φ)+φ

(ρs)CNT
ρ f

) ĝ′′′
n−1 −

β2
0

λ ĝ′n−1 +
μn f

(1−φ)2.5k∗b
ĝ′n−1

−
[

λ
(

ĝ′n−1 +
η
2 ĝ′′

n−1
)
+

w−1
∑

j=0
gw−1−j f̂ ′′j − w−1

∑
j=0

fw−1−j ĝ
′′
j − 2 Ω

b f̂ ′′n−1

] (35)

Rθ̂
n(η) =

(
θ̂′′ n−1

)
+ R

[(
1 + (θw − 1)θ̂n−1

)3
θ̂′′ n−1 + 3(θw − 1)

(
1 + (θw − 1)θ̂n−1

)2
θ̂′n−1

]
+ Ec

Pr

(
f̂ ′′2 + ĝ′2

)
− 1

Pr

[
λ

η
2 θ̂′n−1 − f̂ θ̂′n−1

] (36)

where

χn =

{
0, if ζ ≤ 1
1, if ζ > 1.

(37)
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4. Results and Discussion

In this section, we described the physical resources of the modeled problems and their impact on
f ′(η), g(η), and θ(η), which are identified in Figures 1–13. In Figure 1, a graphical representation of
the problem is shown.

4.1. Velocity Profile f′(η) and g(η)

The influence of Ω, β, φ and λ on the velocity profile is presented in Figures 1–8. The impact
of Ω on f ′(η) and g(η) is presented in Figures 1 and 2. For greater values of Ω, f ′(η) is increased.
Actually, increasing the rotation parameter increases kinetic energy, which in result augmented the
velocity profile. Indeed, g(η) is decreased due to a greater rotation parameter rate, as compared to
the stretching rate, which had a greater rotation rate for a larger value of Ω. Hence, the velocity field
increases for larger rotation effects. Figures 3 and 4 represent the influence of φ on the f ′(η) and g(η)
profile. With an increase in φ, the velocity profile decreases. It is examined that f ′(η) and g(η) decrease
uniformly in nanofluids with a rise in φ. This is due to the detail that an increase in the φ increases the
density of the nanofluid and this results in equally slowing the fluid f ′(η) and g(η) profiles. Figures 5
and 6 describe the effect of λ on f ′(η) and g(η). It is defined in the figures that with increases in λ, the
velocity profiles decrease consistently. It is also indicated from the figures that the velocity profiles
intensify for rising λ, while we can examine an opposing influence of λ on f ′(η) and g(η) inside the
nanofluid and in the thickness of the layer. Figures 7 and 8 represent the influence of β on f ′(η) and
g(η). With increases in β, the velocity profiles of fluid film decrease consistently. It was also detected
that a rise in β resulted in a decrease in the fluid profiles f ′(η) and g(η) of the nanofluid, as well as
for the layer thickness. The purpose behind such an influence of β is for the stimulation of a delaying
body force, stated as Lorentz force, due to the presence of β in an electrically conducting nanofluid
layer. Since β suggests the ratio of hydromagnetic body force and viscous force, a larger value of β

specifies a stronger hydromagnetic body force, which has a trend to slow the fluid flow.

 
Figure 1. The influence of the rotation parameter Ω on f ′(η) when β = 0.2, φ = 0.1, λ = 0.3.
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Figure 2. The effect of the rotation rate parameter Ω on g(η) when β = 0.2, φ = 0.1, λ = 0.7.

Figure 3. The effect of nanoparticle volume friction φ on f ′(η) when β = 0.9, λ = 0.5, Ω = 0.1.

34



Symmetry 2019, 11, 207

Figure 4. The impact of nanoparticle volume friction φ on g(η) when β = 0.1, λ = 0.2, Ω = 0.7.

 
Figure 5. The influence of the unsteadiness parameter λ on f ′(η) when β = 0.9, φ = 0.1, Ω = 0.1.
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Figure 6. The effect of the unsteadiness parameter λ on g(η) when β = 0.2, φ = 0.1, Ω = 0.2.

 
Figure 7. The effect of magnetic field β on f ′(η) when λ = 0.2, φ = 0.1, Ω = 0.1.
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Figure 8. The effect of magnetic field β on g(η) when λ = 0.7, φ = 0.1, Ω = 0.1.

4.2. Temperature Profile θ(η)

The impact of θ(η) on physical parameters λ, Ec, θw, Rd and Pr is defined in Figures 9–13. Figure 9
represent the impact of λ on the θ(η) profile. Figure 9 represents that the increase in the λ momentum
boundary layer thickness decreases. Figures 10 and 11 disclosed the responses of θ(η) for θw and
Rd. The influence of Rd on θ(η) is presented in Figure 11. By increasing Rd, the temperature of the
nanofluid boundary layer area is increased. It is observed in Figure 11 that θ(η) is augmented with
a rise in the Rd. An enhanced Rd parameter leads to a release of heat energy in the flow direction,
therefore the fluid θ(η) is increased. Graphical representation identifies that θ(η) is increased when
we increase the ratio strength and thermal radiation temperature. The impact of θ(η) on Pr is given in
Figure 12, where θ(η) decreases with large value of Pr and for smaller value increases. The variation
of θ(η) for the variation of Pr is illustrated such that Pr specifies the ratio of momentum diffusivity to
thermal diffusivity. It is realized that θ(η) is reduced with a rising Pr. Moreover, by suddenly rising Pr,
the thermal boundary layer thickness decreases. Figure 13 identifies that for increasing Ec, the θ(η)

attainment is enlarged, which supports the physics. By increasing Ec, the heat stored in the liquid is
dissipated, due to the enhanced temperature, whereas θ(η) increases with increasing values of the
Eckert number and the thermal boundary layer thickness of the nanofluid becomes larger.
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Figure 9. The effect of the unsteadiness parameter (λ) on θ(η) when Rd = 0.1, Ec = 0.2, Pr = 7, θw =

1.2.

 
Figure 10. The influence of the temperature ratio parameter on θ(η) when Rd = 0.5, λ = 0.6, Pr =

6.6, Ec = 0.2.
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Figure 11. The influence of the radiation parameter (Rd) on θ(η) when θw = 0.5, λ = 0.6, Pr =

6.6, Ec = 0.6.

 
Figure 12. The influence of Prandtl number (Pr) on θ(η) when Rd = 0.5, λ = 0.6, θw = 6.6, Ec = 0.2.
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Figure 13. The impact of the Eckert number (Ec) on θ(η) when Rd = 0.4, λ = 0.6, θw = 0.6, Pr = 1.8.

4.3. Table Discussion

The effect of skin friction in the x and y directions is shown in Table 1, due to change of parameters
φ, β, λ, ρs and ρ f . We can see in Table 1 that the skin friction coefficient rises with rising values of λ,β,
ρs and φ. The skin friction coefficient decreases with increasing values of ρ f , as shown in Table 1. The

impact of Rd, θw, Pr and Ec on − kn f
k f

[
1 + Rdθ3

w
]
θ′(0) are calculated numerically. It was detected that a

higher value of Rd and θw increases the heat flux, while a higher value of Pr and Ec decreases it, as
shown in Table 2. Some physical properties of CNTs are shown in Tables 3 and 4.

Table 1. Skin friction f ′′(0) versus various values of embedded parameters.

φ β λ ρs ρf Cfx Cfy

0.1 0.3 0.5 0.4 0.4 1.80946 1.80946
0.3 2.36646 2.36646
0.5 3.23183 3.23183
0.1 0.1 1.80946 1.80946

0.3 1.83280 1.83280
0.5 1.86280 1.86280
0.1 0.1 1.80946 1.80946

0.3 1.81835 1.81835
0.5 1.82867 1.82867
0.1 0.1 1.80946 1.80946

0.3 1.82759 1.82759
0.5 1.84571 1.84571
0.1 0.1 1.80946 1.80946

0.3 1.79496 1.79496
0.5 1.78530 1.78530
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Table 2. Nusslet number versus various values of embedded parameters.

R θw Pr Ec − knf
kf [1+Rdθ3

w]θ
′
(0)

0.1 0.5 0.7 0.6 0.408170
0.3 0.452415
0.5 0.497617
0.1 0.1 0.408170

0.3 0.418514
0.5 0.429786
0.1 0.1 0.408170

0.3 0.401541
0.5 0.393572
0.1 0.1 0.408170

0.3 0.420824
0.5 0.430319

Table 3. Thermophysical properties of different base fluids and carbon nanotubes (CNTs).

Physical Properties
Base Fluid Nanoparticles

Water/Ethylene Glycol) SWCNT MWCNT

ρ(kg/m3) = 2,600 1,600
cp(J/kgK) = 425 796
k(W/mK) = 6,600 3,000

Table 4. Variation of thermal conductivities of CNT nanofluids with the diameter of CNTs.

Diameter of CNTs Thermal Conductivity of Nanofluids

50 mm 1.077
200 μm 1.078
20 μm 1.083
5 μm 1.085
50 nm 1.085

500 pm 1.087

5. Conclusions

Exploration on nanoparticle presentation has established more deliberation in mechanical and
industrial engineering, due to the probable uses of nanoparticles in cooling devices to produce an
increase in continuous phase fluid thermal performance. The radiation phenomena acts as a source
of energy to the fluid system. In this research, the time dependent rotating single-wall electrically
conducting carbon nanotubes with aqueous suspensions under the influence of nonlinear thermal
radiation in a permeable medium was investigated. The basic governing equations, in the form of
partial differential equations (PDEs), were transformed into to a set of ordinary differential equations
(ODEs) suitable for transformations. The optimal approach was used for the solution. The main
concluding points are given below:

• The thermal boundary layer thickness is reduced by a greater rotation rate parameter.
• Velocity and temperature profile decrease due to increases in the unsteadiness parameter.
• A greater φ increases the asset of frictional force within a fluid motion.
• The heat transfer rate rises for greater Rd and θw values.
• The skin friction coefficient increases with increasing values of φ and β.
• A greater value of Rd and θw increases the heat flux, while a greater value of Pr and Ec decreases it.
• By enhancing Pr, θ(η) is reduced.
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Abstract: The present study gives a remedy for the malign tissues, cells, or clogged arteries of the
heart by means of permeating a slim tube (i.e., catheter) in the body. The tiny size gold particles drift
in free space of catheters having flexible walls with couple stress fluid. To improve the efficiency of
curing and speed up the process, activation energy has been added to the process. The modified
Arrhenius function and Buongiorno model, respectively, moderate the inclusion of activation energy
and nanoparticles of gold. The effects of chemical reaction and activation energy on peristaltic
transport of nanofluids are also taken into account. It is found that the golden particles encapsulate
large molecules to transport essential drugs efficiently to the effected part of the organ.

Keywords: chemical reaction; activation energy; peristalsis; couple stress fluid; nanoparticle;
Keller-box method

1. Introduction

In any living organism peristaltic motion is mainly caused by the contraction and expansion of
some flexible organs. This applies a pressure force to drive fluids, for example, blood in veins,
urine to bladder, and transport of medicines to desired locations are a few common biological
examples. The rapid developments in nano-science have noticeably revolutionized almost every
field of life, particularly in medical sciences. The advent of nano-technology in medicines has brought
miraculous changes by reshaping the primitive methods of treatment. Nowadays, in developed
countries operations are preferably performed without involving any prunes and cuts, which was
once thought to be very complex and menacing for cancer treatment, brain tumors, lithotripsy, etc.
Regardless of many other uses of nanofluids in industrial and practical settings, the primary objective
of nanoparticles is the enhancement of heat transfer [1]. It is mainly due to their high conductivity.
In addition to the size and type of nanoparticles, other factors, such as temperature, volume fraction,
and thermal conductivity are also very important to maximize the thermal conductivity. In pursuit of
attaining such enhancement in the system, with the passage of time many useful models based on the
physical properties of the matter have been developed. On the said topic, scholars have made full use
of these models in their analyses, experiments, and conditions, which have been discussed here very
briefly. For instance, the investigation of Tripathi and Beg [2] explains the application of peristaltic
micropumps and novel drug delivery systems in pharmacological engineering. They formulated
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their study with the help of the Buongiornio nanofluid model and treated blood as Newtonian fluid.
El-dabe et al. [3] have explained the significant contribution of nanofluids in peristalsis. They produced
their results for flexible wall properties, lubrication, MHD, and porosity. As generally it is believed
that the motion of blood is likely to be non-Newtonian, therefore, Swarnalathamma and Krishana [4]
have studied the physiological flow of the blood in the micro circulatory system by taking account
of the particle size effect. They considered couple stress fluid for the given peristaltic analysis,
which is further affected by magnetic fields. The effects of channel inclination are studied by Shit
and Roy [5]. The couple stress fluid influenced by constant application of magnetic fields is used
as the base fluid. Jamalabad et al. [6] reported the effects of biomagnetic blood flow through a
stenosis artery by means of non-Newtonian flow of a Carreau-Yasuda fluid model. They carried
out a numerical simulation of an unsteady blood flow problem. Hosseini et al. [7] have presented
the thermal conductivity of a nanofluid model. To perform this investigation, the nanofluid model
is considered as the function of thermal conductivity of nanoparticles, base fluid, and interfacial
shell properties by considering temperature as the most effective of parameters involved in the
study. The most noteworthy contributions on the matter can be seen in the list of references [8–19].
Furthermore, activation energy has a key role in industries, in particular, effectively aggravating
slow chemical reactions in chemistry laboratories to improve the efficiency of various mechanisms by
adding activation energy to respective physical and mechanical processes. Mustafa et al. [20] have
proposed a chemical and activation energy MHD-effected mix convection flow of nanofluids. In this
study the flow over the vertical sheet expands due to high temperature and causes the fluid motion is
analyzed numerically. A few of the latest works related to this present work have been listed in [21–28].

In view of the existing literature, one can feel the application of nanotechnology in medical science
opens a new dimension for researchers to turn their attention towards the effective role of chemical
reaction and activation energy [29–31], since nanoparticles help in treating different diseases by means
of the peristaltic movement of blood. Such biological transport of blood helps to deliver drugs or
medicine effectively to the damaged tissue or organ. As a matter of fact, this effort is devoted to
inspecting the simultaneous effects of chemical reaction and activation energy for the peristaltic flow
of couple stress nanofluids in a single model, which is yet not available in literature, and could have
dual applications in expediting the treatment process.

2. Formulism

The inner tube is of a rigid configuration, while the outer tube is flexible in nature as shown in
Figure 1. The sinusoidal waves travel with a constant speed through its walls, due to the stress caused
by an unsteady movement of heated nanofluid through the space between both tubes. The general
form of equations governing the two-dimensional flows are given as:

Figure 1. Configuration of coaxial tubes.

Conservation of mass
∇.

→
V = 0. (1)
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Conservation of momentum

ρ f

(→
V.

→
∇
)→

V = −
→
∇P∗ + μ∇2

→
V +

[
ϕρp + (1 − ϕ)

{
ρ f (1 − βT(υ − υw))

}]
g − γ1∇4

→
V. (2)

Thermal energy

(ρc) f

(→
V.

→
∇
)

υ = k∇2υ + (ρc)p

[
Db

→
∇ϕ.

→
∇υ +

DT
υw

→
∇υ.

→
∇υ

]
. (3)

Concentration of nanoparticles

ρp

(→
V.

→
∇
)

ϕ = Db∇2 ϕ +
DT
υw

∇2υ − k2
r

(
υ

υw

)n
(ϕ − φw) exp

(−Ea

kυ

)
. (4)

One can easily identify that the last term in the momentum equation describes the velocity of
couple stress fluid involving a constant associated with the couple stress fluid γ1. The last term in
Equation (4) on the right side is known as “Arrhenius term”, which shows the effects of chemical
reaction and activation energy incorporated to a nanofluid. The radial and axial velocity components
of nanofluids are respectively defined by u(ξ, η) and w(ξ, η) in two concentric tubes, such that there
is no rotation about their axes. A peristaltic flow of a heated couple stress fluid carrying the gold
nanoparticles (GNPs) through these coaxial tubes due to the contraction and expansion of flexible walls
of the outer tube is assumed. If the two-dimensional peristaltic motion of the concerned nanofluid
is denoted by [u(ξ, η) 0 w(ξ, η)], then the Equations (1)–(4) in the component’s form will take the
following form:

u
ξ
+

∂u
∂ξ

+
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∂η

= 0, (5)
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(9)

The corresponding boundary at the extreme wall.
At the rigid wall:

(i). w(ξ) = 0,
(ii). υ(ξ) = νm,
(iii). ϕ(ξ) = ϕm.

⎫⎪⎬⎪⎭; When ξ = ξ1. (10)
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At the flexible wall:
(i). w(ξ) = 0,
(ii). υ(ξ) = νw,
(iii). ϕ(ξ) = ϕw.

⎫⎪⎬⎪⎭; When ξ = ξ2. (11)

As the unsteady peristaltic flow of nanofluids in the laboratory frame (ξ, η) is considered, thus a
wave frame (ξ∗, η∗), which moves corresponding to the wave that travels on the flexible and parallel
walls of the outer tube, is taken into account. Let “c” be the constant velocity of the wave frame,
such that:

ξ∗ = ξ; η∗ = η − ct; u∗ = u; w∗ = w − c;
υ∗(ξ∗, η∗) = υ(ξ, η, t); ϕ∗(ξ∗, η∗) = ϕ(ξ, η, t).

(12)

In view of the transformation given in Equation (10), the governing Equations (6)–(9) in wave
frame can be written as:
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(13)
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(16)

3. Results

Dealing with an unsteady peristaltic transport of couple stress fluid suspended with heated
golden nano-sized particles ends up with a system of ordinary differential equations. These differential
equations were mutually intermingled with each other, involving a nonlinear composition.
Therefore, for such complex geometry, an exact solution was not possible. This means one has to turn
to a numerical scheme suitable for tackling the said issue. In order to achieve the desired goal, first we
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have to make the entire system a non-dimensional form, by using the following transformations along
with Oberbeck-Boussinesq approximation and long wave length assumption:

ξ∗
ξ2

= ξ; η∗
λ = η; u∗

c δ = u; w∗
c = w; ξ2

λ = δ; ξ2
2 P∗
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Equations (13)–(16) in dimensionless form can be obtained as:
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Also, the corresponding boundary conditions in dimensionless form are as follows.
At the rigid wall:

(i). w
(
ξ
)
= −1,

(ii). υ
(
ξ
)
= 1,

(iii).ϕ
(
ξ
)
= 1.

⎫⎪⎬⎪⎭; When ξ = R1. (21)

At the flexible wall:
(i).w

(
ξ
)
= −1,

(ii). υ
(
ξ
)
= 0,

(iii). ϕ
(
ξ
)
= 0.

⎫⎪⎬⎪⎭; When ξ = R2. (22)

Finally, to obtain reliable solutions of Equations (18)–(20) subject to corresponding boundary
conditions given in Equations (21) and (22), the most efficient numerical approach, Keller-box
scheme, [32] is utilized. This method is much faster and more flexible to use as compared to
other methods. It has been extensively used and tested on boundary layer flows. By means of
said method, the solution can be attained by using four steps: (i) First reduce the system of equations
to a first order system; (ii) then write the difference equations by means of central differences;
(iii) now linearize the resulting nonlinear equation by Newton’s method, if needed; and (iv) finally the
block-tridiagonal-elimination technique is used to solve the linear system.

4. Discussion

This graphical section is relevant to the effectively contributing parameters, which influence axial
velocity of couple stress fluid, temperature of nanofluid, and concentration of nano sized Hafnium
particles, respectively. The involved parameters have a greater impression on the flow, namely,
couple stress parameter γ, Brownian motion Nb and thermophoresis parameters Nt, thermophoresis
diffusion Gr, and Brownian parameter Br emerging due to the presence of heat and metallic particles.
Moreover, a modified Arrhenius mathematical term yields some additional parameters, such as reaction
rate A∗, activation energy E∗, temperature difference parameter β∗, and the fitted rate constant n,
assuming the contribution of peristaltic pressure to be constant. To make this more systematic, the main
portion is further divided into four subsections.
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4.1. Axial Velocity

Axial velocity is spotted in Figures 2–4 for couple stress parameter, Brownian diffusion constant,
and Grashof number. Axial velocity, as shown in Figure 2, accelerates in response to an increases
in couple stress parameter. This is mainly due to the decrease in friction, which arises from the
particle (i.e., base-fluid particles) additives, which constitute a size-dependent effect in couple stress
fluids. In addition to the preceding remark, the rotational field of fluid particles is minimal as well.
The peristaltic motion of outer walls of the tube also contributes by rapidly pushing the fluid in the
axial direction, as Br gets numerically variated in Figure 3. Figure 4 displays a different picture of
the velocity of the fluid for the case of thermophoresis diffusion constant. The diagram basically
describes the influence of buoyancy in terms of Grashof number Gr. As one can see from Equation (17),
the buoyancy effects are mainly due to gravity and temperature difference. Therefore, increase in Gr

attenuates the fluid’s momentum by aggravating buoyant force. This brings a vivid decline in the
velocity of the fluid. Furthermore, the relation defining Gr suggests that if Gr > 0, then this physically
describes the heating of the nanofluid, while a reverse case can be expected for Gr < 0.

 

Figure 2. Axial velocity influenced by γ.

 

Figure 3. Axial velocity influenced by Br.
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Figure 4. Axial velocity influenced by Gr.

4.2. Thermal Distribution

The temperature distribution of the nanofluid in the presence of additional chemical reaction and
activation energy are portrayed in Figures 5 and 6. The variation of the Brownian motion parameter
has noticeable effects on the nanofluid temperature, as the Brownian motion is generated due the
collision of nanoparticles, driving the particles to a random motion. The collision of the particles,
whether mutual or with the fluid molecules, is enhanced by the inward contraction of the flexible
walls. Due to this factor Brownian motion parameter, Nb accumulates some additional thermal energy
in the fluid, as shown in Figure 5. The nanoparticles were further thermally charged by the increase in
Nt. It is important to keep in mind that the thermophoresis forces become stronger in the response of
larger values of Nt, which finally result in higher temperature, as seen in Figure 6. Sometimes, such
variations are credited to the thermal boundary layer thickness as well. Obviously, this increase in
fluid temperature is due to increase in the random motion of nanoparticles when the above-mentioned
parameters are increased.

 

Figure 5. Temperature influenced by Nb.
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Figure 6. Temperature influenced by Nt.

4.3. Nanoparticle Concentration Profile

The concentration of golden particles is observed in Figures 7 and 8, when the Brownian
motion parameter and thermophoresis parameter, respectively, are given higher numeric values.
The random motion of the nanoparticles is seen to be faster in response to increase in the values
of said parameters, which makes diffusion of nanoparticles rapid and fast. Therefore, rising curves
show an increase in the concentration of nanoparticles. Moreover, this contribution of Brownian
motion identifies the quick movement of hotter gold particle, from the region of higher temperature
to lower temperature. The thermophoresis forces also bring positive effects on the golden particles
by making the concentration strong against the higher numerical variation in Nt, as is noticeable in
Figure 8. With the same trend of influence, an onward surge of activation energy again gives a rise to
the golden solution. One can see in Figure 9 that the boundary layer thickness of the particles gets
depreciated when Ea is further motivated to transport the required drug or medicine to the desired
target. The Arrhenius equation, which gives the mathematical description of the introduction of
activation energy into any system, clearly reveals that the reduction in heat and acceleration of Ea

returns a low reaction rate constant. In the process, this slows down the chemical reaction and results
in higher concentration of the particles, which confirms the accumulation of gold nanoparticles at the
location of the malign tissue or organ to cured. Finally, the surge in concentration of gold particles is
evidenced by the decline in Figures 10–12. The temperature difference ratio brings a remarkable decline
in concentration of the heated nanoparticles. As the difference between the ambient fluid temperature
and wall temperature widens, the concentration boundary layer thickness expands. This thickness
resists the increase in particle concentration displayed in Figure 10. Similarly, retardation can be
witnessed for reaction rate and fitted rate constant. It can be conceived that the rise in these parameters
and constants sharpens the chemical reaction, which motivates the concentration gradient at the wall
of the inner tube. Hence, a vivid reduction in the concentration of the particles occurs, as is seen in
Figures 11 and 12).
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Figure 7. Concentration under the influence of Nb.

 

Figure 8. Concentration under the influence of Nt.

 

Figure 9. Concentration under the influence of E∗.
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Figure 10. Concentration under the influence of β∗.

 

Figure 11. Concentration under the influence of A∗.

 

Figure 12. Concentration under the influence of n.
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4.4. Trapping Phenomenon/ Streamline Configuration

Finally, the most significant phenomena relevant to any peristaltic motion in a living organism is
known as “Trapping”. Essentially, this is the appearance of a round closed bolus, which is identified
as the hallow cavity, transporting the required medication to the desired tissues or organs, as shown
in Figures 13–19. In Figures 13 and 14, one can easily notice that the fluids face less resistance when
traveling through the coaxial space, as the contours reduce in size and configuration. In contrast,
the couple stress fluid results in shrinking the streamlines and generates the circulating boluses,
as depicted in Figure 15. Isotherms of the Brownian motion parameter keep binding closer together,
which allows the bolus to expand, as established in Figures 16 and 17, whereas the thermophoresis
parameter provides extra potential for isotherms to compress the bolus inwards. Hence, the bolus
keeps getting smaller. In the last two graphs, contours are sketched in order to see how concentration
is influenced by the reaction rate constant and thermophoresis parameter. One can see in Figure 18 that
the bolus bulges out as the reaction rate constant gets stronger, whereas a reverse trend is observed for
the thermophoresis parameter in Figure 19.

  

Figure 13. Stream lines for Brownian diffusion constant. (a): For Br = 0.2; (b): For Br = 0.2.

  

Figure 14. Stream lines for Grashof number. (a): For Gr = 0.1; (b): For Gr = 0.3.
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Figure 15. Stream lines for couple stress parameter. (a): For γ = 1.0; (b): For γ = 2.0.

  

Figure 16. Isotherms for Brownian motion parameter. (a): For Nb = 1.0; (b): For Nb = 1.5.

  

Figure 17. Isotherms for Thermophoresis parameter. (a): For Nt = 0.2; (b): For Nt = 0.5.
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Figure 18. Contour plot for reaction rate constant. (a): For A∗ = 0.5; (b): For A∗ = 1.0.

  

Figure 19. Contour plot for Thermophoresis parameter. (a): For Nt = 0.2; (b): For Nt = 0.5.

5. Conclusions

A numerical investigation is carried out for the peristaltic flow of nanofluids between the gap
of two coaxial tubes with different configurations and structures. The nanofluid is composed of gold
particles, while the couple stress fluid serves as the solvent. To enhance the mutual interaction of gold
particles, or the interaction of molecules with the base fluid, additional effects of chemical reaction
and activation energy have also been taken into consideration. The performed study reveals very
informative results. Such results include that axial velocity is fully supported by the couple stress
parameter and Brownian diffusion constant, in contrast to the Grashof number. The temperature of
the nanofluid remains high for both involved parameters, which are thermophoresis and Brownian
motion parameter. Looking at the graphs of concentrations of the metallic particles, it is inferred
that activation energy, thermophoresis, and Brownian motion parameters cause an increase in the
concentration of particles, whereas temperature ratio, reaction rate, and fitted rate constants do not
support the increase. In the final portion of the graphical study, the number and size of the circulating
boluses are depicted. One can easily notice that boluses get enlarged in response to the Brownian
motion parameter, couples stress parameter, and reaction rate constant. However, a reverse trend
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is observed for the Grashof number, thermophoresis parameter, and Brownian diffusion constant.
The key finding can be summarized as:

• Strong buoyant force results in retarded axial velocity for the thermophoresis parameter.
• Peristaltic movement of the outer tube enhances the Brownian motion and raises the temperature

of the nanofluid.
• Activation energy entering the process maximizes the concentration boundary layer thickness.
• The reaction rate constant increases concentration at the catheter, which decreases the

concentration of nanoparticles.
• The thermophoresis parameter shrinks the size of the bolus by strengthening isotherms and closed

paths of concentration lines.
• The couple stress parameter and reaction rate constant give freedom to the bolus to swell by

binding the stream lines closer to each another.
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Nomenclature

V Nanofluid velocity
G Gravitational acceleration
u Radial velocity Component (fixed frame)
w Axial velocity component (Fixed frame)
u∗ Radial velocity component (wave frame)
w∗ Axial velocity component (Wave frame)
u Dimensionless radial velocity component
w Dimensionless lateral velocity component
d Amplitude of peristaltic wave
t Time
kr Rate of reaction
c Propagating velocity of wave
Nt Thermophoresis parameter
k Thermal conductivity
Nb Brownian motion parameter
Gr Grashof number
Dt Thermophoretic diffusion coefficient
Db Brownian motion coefficient
d Amplitude of peristaltic wave
t Time
R2 Dimensionless radius of outer tube
R1 Dimensionless radius of inner tube
P∗ Dimensional pressure
Br Brownian diffusion constant
A∗ Reaction rate constant
E∗ Activation energy (Dimensionless)
Ea Activation energy (Dimensional)
n Fitted rate constant
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Greek Symbols

ξ Radial direction of the flow (Fixed frame)
η Axial direction of the flow (Fixed frame)
ξ∗ Radial direction of the flow (Wave frame)
η∗ Axial direction of the flow (Wave frame)
ξ Radial direction of the flow (Dimensionless)
η Axial direction of the flow (Dimensionless)
ξ1 Radius of inner tube (Dimensional)
ξ2 Radius of outer tube (Dimensional)
→
ϕ Nanoparticle concentration (Fixed frame)
→
ν Nanofluid temperature (Fixed frame)
ϕ∗ Nanoparticle concentration (Wave frame)
ν∗ Nanofluid temperature (Wave frame)
ϕ Nanoparticle concentration (Dimensionless)
ν Nanofluid temperature (Dimensionless)
γ1 Couple stress fluid’s constant
γ Couple stress parameter

τ A ratio defined as
(ρ̃c) f

(ρ̃c)p

β∗ Temperature ratio
ρp Density of nanoparticle at reference temperature
ρ f Density of nanofluid at reference temperature
(ρc) f Heat capacity of base fluid
(ρc)p Heat capacity of particle
μ Dynamic Viscosity
ν Kinematic viscosity
λ Wavelength

α Ratio defined as k
(ρc) f

ε A constant ratio
βT Volumetric coefficient of expansion
ϕw Reference concentration
νw Reference temperature
ϕm Mass concentration
νm Fluid temperature
Subscripts

f Base fluid
p Particle
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Abstract: The aim of the present study is to address the impacts of Newtonian heating and
homogeneous–heterogeneous (h-h) reactions on the flow of Ag–H2O nanofluid over a cylinder
which is stretched in a nonlinear way. The additional effects of magnetohydrodynamics (MHD) and
nonlinear thermal radiation are also added features of the problem under consideration. The Shooting
technique is betrothed to obtain the numerical solution of the problem which is comprised of highly
nonlinear system ordinary differential equations. The sketches of different parameters versus the
involved distributions are given with requisite deliberations. The obtained numerical results are
matched with an earlier published work and an excellent agreement exists between both. From our
obtained results, it is gathered that the temperature profile is enriched with augmented values
radiation and curvature parameters. Additionally, the concentration field is a declining function of
the strength of h-h reactions.

Keywords: Newtonian heating; nonlinear thermal radiation; nonlinear stretching cylinder;
homogeneous/heterogeneous reactions; nanofluid

1. Introduction

In copious engineering processes, the role of poor thermal conductivity of certain base fluids is
considered to be a big hurdle to shape a refined product. To overcome such snag, numerous practices
such as clogging, abrasion, and pressure loss were engaged but the results were not very promising.
The novel idea of nanofluid, which is an engineered amalgamation of metallic particles with size
(<100 nm) and some traditional fluids like ethylene glycol, presented by Choi [1], has revolutionized
the modern world. Many heat transfer applications [2] such as domestic refrigerators, microelectronics,
hybrid-power engines, and fuel cells possess numerous characteristics that make them valuable because
of nanofluids. In all aforementioned applications, enriched thermal conductivity is observed whenever
some metallic particles are added to the ordinary base fluid [3]. The idea of a nanofluid with multiple
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Symmetry 2019, 11, 295

dimensions has been conversed by many researchers and scientists in the last two decades. Amongst
these, Li et al. [4] used a mixture of H2O–CuO for the enhancement of the solidification rate. The finite
element method is engaged to obtain the numerical solution of the problem. Sheikholeslami [5]
pondered over the influence of radiation and magnetohydrodynamic on the Al2O3–H2O mixture past
a spongy semi-annulus. The numerical solution of the problem is witnessed by employing the Control
Volume Finite Element Method (CVFEM). The flow of Casson nanofluid with inserted multi-walled
carbon nanotubes past a swirling cylinder was deliberated by Ramzan et al. [6] using bvp4c MATLAB
software. The said problem is pondered with impacts of entropy generation and melting heat transfer.
The flow of micropolar nanofluid with binary chemical reaction, double stratification, and activation
energy is also studied by Ramzan et al. [7]. The flow of viscoelastic nanofluid with analysis of entropy
generation past an exponential stretched surface was discussed by Suleman et al. [8]. Farooq et al. [9]
deliberated the flow of Newtonian fluid with the amalgamation of nanoparticles by utilizing the BVPh
2.0 technique and many therein [10–15].

The role of MHD is vital in abundant fluid flows and has many applications like medicine,
aerospace, nuclear reactors, MHD generators, petroleum processes, and astrophysics. The explorations
highlighting the effects of MHD may include a study by Azam et al. [16] who found the numerical
solution for the time-dependent MHD Cross nanofluid flow under the influence of nonlinear thermal
radiation and zero mass flux conditions. The flow of MHD nanofluid with thermal diffusion
and heat generation past a permeable medium over an oscillating vertical plate is perceived by
Sheikholeslami et al. [17]. Makinde and Animasaun [18] examined the MHD nanofluid flow past the
upper surface of a paraboloid of revolution with impacts of quartic autocatalysis chemical reaction
and nonlinear thermal radiation. Lu et al. [19] debated the rotating flow of 3D MHD Maxwell fluid
with a non-Fourier heat flux and binary chemical reaction using a BVP-4c MATLAB built-in technique.
The analytical technique is engaged to find the multiple solutions for MHD Jeffery-Hamel flow using
the KKL nanofluid model by Rana et al. [20]. The effect of generalized Fourier and Fick laws combined
with temperature-dependent thermal conductivity on 3D MHD second-grade nanofluid is considered
by Ramzan et al. [21]. Yuan et al. [22] established the numerical solution of MHD nanofluid flow
past a baffled U-shaped enclosure by engaging the KKL technique. The 3D flow of MHD nanofluid
with varied nanoparticles including Fe3O4, Cu, Al2O3 and TiO2 and water as the base fluid past
an exponential stretched surface was discussed by Jusoh et al. [23]. Some recent investigations
highlighting the importance of MHD may also be found in References [24–27].

The Newtonian heating or the conjugate convective flow is termed as a direct proportionate amid
the local temperature and heat transfer rate. The role of Newtonian heating is pivotal in many processes
such as heat exchanger’s designing, convective flows where heat is taken from the solar radiators,
and conjugate heat transfer around the fins etc. The four distinct categories of the heat transfer viz.
(i) conjugate boundary condition, (ii) constant or prescribed surface heat flux, (iii) Newtonian heating,
and (iv) constant or prescribed surface temperature, are given by Merkin [28]. The flow of Micropolar
fluid with Newtonian heating and chemical reaction past a stretching/shrinking sheet was studied by
Kamran and Wiwatanapataphee [29]. Mehmood et al. [30] examined the Oldroyd-B nanofluid flow
with a transverse magnetic field and Newtonian heating. The flow of Tangent hyperbolic nanofluid
under the influences of Newtonian heating, MHD and bi-convection was examined by Shafiq et al. [31].
The flow of nanofluid which is an amalgamation of the base fluid (Sodium alginate) and nanoparticles
(Silver, Titanium oxide, Copper and Aluminum oxide) with effects of radiation and Newtonian heating
past an isothermal vertical plate are scrutinized by Khan et al. [32]. Many researchers have undertaken
the impact of Newtonian heating owing to its wide-ranging practical applications [33–36].

A close review of the literature specifies that copious research is done on the subject of nanofluids
with linear/nonlinear stretching sheets in comparison to the flows past the curved stretched surfaces.
This topic gets even more limited if we talk about the flows of nanofluids past cylinders stretched in
a nonlinear way. So, our prime goal here is to ponder the nanofluid flow past a nonlinear stretched
cylinder with nonlinear thermal radiation, h-h reactions, and Newtonian heating. The nanofluid used
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here is the mixture of water and silver. The numerical simulations are conducted for the proposed
problem using the Runge–Kutta method by shooting technique. To corroborate the presented results,
a comparison with an already published article is done and an excellent correlation between the two
results is found.

2. Mathematical Modeling

Here, we assume a silver–water nanofluid incompressible flow with impacts of h-h reactions,
nonlinear thermal radiation and Newtonian heating over a horizontal cylinder which is stretched in
a nonlinear way. The magnetic field B = B0x(n−1)/2 is applied in the radial direction. Owing to our
assumption of a small Reynolds number, the induced magnetic field is overlooked (Figure 1).

Figure 1. Diagram of the flow geometry.

The homogeneous reaction for cubic autocatalysis can be written as:

A1 + 2B1 → 3B1, rate = kcab2, (1)

A1 → B1, rate = ksa. (2)

The reaction rate dies out in the outer boundary layer. The system of boundary layer equations of
the subject model is given as:

∂(ru)
∂x

+
∂(rv)

∂r
= 0, (3)
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∂u
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) + k1ab2, (7)

Accompanied by the conditions:

u|r=R = Uw(x), v|r=R = 0, ∂T
∂r

∣∣∣
r=R

= hsT, DA
∂a
∂r

∣∣∣
r=R

= ksa, DB
∂b
∂r

∣∣∣
r=R

= −ksa,

u|r→∞ → 0, T|r→∞ → T∞, a|r→∞ → a0, b|r→∞ → 0,
(8)

where Uw(x) = U0xn, and qr = 4σ∗
3k∗

∂T4

∂r = 16σ∗T3

3k∗
∂T
∂r . The numerical values of specific heat, density,

and thermal conductivity of silver (Ag) and water (H2O) are given in Table 1.
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Table 1. Thermo-physical characteristics of the base fluid and nanoparticles [1,37].

Physical Properties Water Ag

Cp (J/kg K) 4179 235.0
ρ (kg/m3) 997.1 10,500.0
K (W/mK) 0.61300 429.0

With the following characteristics:

αn f =
kn f

(ρCp)n f
, (9)

(ρCp)n f

(ρCp) f
= (1 − φ) + φ

(ρCp)s
(ρCp) f

, (10)

μn f

μ f
= (1.005 + 0.497φ − 0.1149φ2), (11)

ρn f

ρ f
= 1 − φ + φ

ρs

ρ f
, (12)

kn f

k f
= (0.9692φ + 0.9508), (13)

The use of under-mentioned similarity transformations

η = r2−R2

2R

√
Uw
ν f x , ψ =

√
UwνxR f (η), θ = T−T∞

T∞

a = a0h, b = a0g.
(14)

Satisfy the Equation (3) and convert the Equations (4)–(7) in non-dimensional form

(1 + 2γη) f ′′′ + 2γ f ′′ + (1.005 + 0.497φ − 0.1149φ2)(1 − φ + φ
ρs
ρ f
)
(
( n+1

2 ) f f ′′ − n f ′2
)

−(1.005 + 0.497φ − 0.1149φ2)M f ′ = 0,
(15)

(1 + 2γη)
( kn f

k f
+ (1 + (Nr − 1)θ)3

)
θ′′ +

(
1

2K∗
kn f
k f

+ (1 + (Nr − 1)θ)3
)

γθ′ + Pr
4K∗(

1 − φ + φ
(ρCp)s
(ρCp) f

)(
n+1

2 f θ′ − n f ′θ
)
+ 2(1 + 2γη)(Nr − 1)(1 + (Nr − 1)θ)2θ′2 = 0,

(16)

1
Sc

(1 + 2γη)h′′ + 2γh′) + f h′ − 2K
n + 1

hg2 = 0, (17)

1
Sc

(1 + 2γη)g′′ + 2γg′) + f g′ − 2K
n + 1

hg2 = 0, (18)

Supported by the boundary conditions

f (η) = 0, f ′(η) = 1, θ′(η) = −λ(1 + θ(η)), h′(η) = Ksh(η), δg′(η) = −Ksh(η) as η = 0,
θ(η) → 0, f ′(η) → 0, h(η) → 1, g(η) → 0, at η → ∞,

(19)

where λ = hs

(
ν f x/Uw

)1/2
, M =

σf B0
2

U0ρ f
, K∗ = 16σ∗T∞

3

3k∗k f
, γ =

( xν f
R2Uw

)1/2
, Nr = Tw/T∞, K = a0

2xk1
Uw

,

Ks =
ks

DA

√
xν f
Uw

and Sc =
ν f
DA

.
Here, it is expected that A1 and B1 are equivalent. From this assumption, it is inferring that DA

and DB (diffusion coefficients) are equal i.e., δ = 1, and on account of this supposition, we have

g(η) + h(η) = 1. (20)
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Equations (17) and (18) after the use of Equation (20) and the relevant boundary conditions take
the shape

1
Sc

((1 + 2γη)h′′ + 2γh′) + f h′ − 2k1

n + 1
h(1 − h)2 = 0, (21)

h′(0) = k2h(0), h(∞) → 1. (22)

The physical quantities like Skin friction factor and Local Nusselt number in non-dimensional
form are labelled as

Cf =
2τw

ρ f u2
w

, Nux =
xqw

k f (Tf − T∞)
, (23)

With τw and qw given by

τw = μn f
∂u
∂r

∣∣∣∣r=R, qw = −(
∂T
∂r

)
r=R

kn f + (qr)r=R. (24)

Equation (23), after the use of Equations (14) and (24), takes the form

Rex
1/2Cf =

(
1

1.005+0.497φ−0.1149φ2

)
f ′′ (0),

Rex
−1/2Nux =

kn f
k f

λ
(

1 + 1
θ(0)

)
.

(25)

3. Numerical Scheme

The numerical solution of Equations (15), (16) and (21) supported by the boundary conditions (19)
and (22) is found by the Shooting scheme. In the calculation of the numerical solution of the problem,
the second and third order differential equations are transformed to first order with the help of new
parameters. The selection of the initial guess estimate is pivotal in the Shooting scheme as it needs to
satisfy the equation and the boundary conditions asymptotically. We have selected the tolerance as
10−7 for this specific problem. The first order system obtained in this regard is appended below:

f (η) = y(1), (26)

f ′(η) = y(2), (27)

f ′′ (η) = y(3), (28)

f ′′′ (η) = F(3) = − 1
(1+2γη)

[
(1.005 + 0.497φ − 0.1149φ2)(1 − φ + φ

ρs
ρ f
)
(
( n+1

2 ) f f ′′ − n f ′2
)

+2γ f ′′ − (1.005 + 0.497φ − 0.1149φ2)M f ′

]
, (29)

θ(η) = y(4), (30)

θ′(η) = y(5), (31)

θ′′ (η) = F(5) = − 1

(1+2γη)

(
kn f
k f

+(1+(Nr−1)θ)3
)
⎡⎢⎢⎢⎢⎣

(
1

2K∗
kn f
k f

+ (1 + (Nr − 1)θ)3
)

γθ′

+ Pr
4K∗

(
1 − φ + φ

(ρCp)s
(ρCp) f

)( n+1
2 f θ′

−n f ′θ

)
+2(1 + 2γη)(Nr − 1)(1 + (Nr − 1)θ)2θ′2

⎤⎥⎥⎥⎥⎦, (32)

h(η) = y(6), (33)

h′(η) = y(7), (34)

h′′ (η) = F(7) = − 1
(1 + 2γη)

[
2γh′ + Sc f h′ − Sc

2k1

n + 1
h(1 − h)2

]
, (35)
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and the boundary condition becomes

y0(1) = 0, y0(2) = 1, y0(5) = −λ(1 + y0(4)), y0(7) = k2y0(6),
yinf(2) → 0, yinf(4) → 0, yinf(6) → 0.

(36)

We have chosen η∞ = 6, that guarantees every numerical solution’s asymptotic value accurately.
Here, Table 2 depicts the comparative estimates of the present model with Qasim et al. [38] in the

limiting case. Both results are found in an excellent correlation.

Table 2. Nusselt number (Rex
−1/2Nux) for numerous estimates of γ and Pr with M = 0, φ = 0.0,

λ = 0.0.

γ Pr
Rex

−1/2Nux

Qasim et al. [38] Present Result

0.0

0.72 1.23664 1.236651
1.0 1.00000 1.000000
6.7 0.33330 0.333310
10 0.26876 0.268770

1.0

0.72 0.87018 0.870190
1.0 0.74406 0.744070
6.7 0.29661 0.296620
10 0.24217 0.242180

4. Results and Discussion

In this section, we have plotted the Figures 2–11 that exhibit the influences of various parameters
like volume fraction (0.0 ≤ φ ≤ 0.3), magnetic parameter (1.0 ≤ M ≤ 4.0), nonlinearity exponent
(1.0 ≤ n ≤ 5.0), curvature parameter (0.0 ≤ γ ≤ 0.4), conjugate parameter (0.4 ≤ λ ≤ 0.7),
radiation parameter (0.7 ≤ K∗ ≤ 1.0), strength of homogeneous reaction (0.1 ≤ κ1 ≤ 1.8), strength
of heterogeneous reaction (0.1 ≤ κ2 ≤ 1.8) and Schmidt number (3.0 ≤ Sc ≤ 4.5) on involved
distributions. Figures 2–5 are drawn to portray the influence of φ, M, n and γ on axial velocity.
The impact of φ is discussed in Figure 2. For growing values of φ, the axial velocity also augments.
In Figure 3, the influence of M versus the velocity field is debated. It is perceived that the velocity
field deteriorates for escalated values of M. The Lorentz force is enforced by the strong magnetic
field that hinders the fluid’s velocity. Figure 4 illustrates the impression of n on the axial velocity.
Reduced velocity is witnessed for larger values of n. This is because higher values of n create more
collision between the particles of the fluid that hinder the fluid flow and feeble velocity if perceived.
In Figures 5 and 6, the behavior of the velocity and temperature fields for increasing values of γ is
given. It is seen that the velocity and temperature of the fluid augment for growing estimates of γ.
Larger values of γ mean a smaller radius, comparatively minimum contact region of the cylinder with
the fluid and increased heat transport. That is why augmented velocity and temperature are witnessed.
Figure 7 is drawn to depict the relation between the temperature of the fluid and the λ. It is detected
that temperature enhances for improved values of λ. In fact, the sturdier heat transfer process is
observed for larger values of λ as more heat is moved from the cylinder to the fluid. Remembering that
λ = 0 means the insulated walls and λ → ∞ constant wall temperature. Figures 8 and 9 are sketched
to elaborate the influences of K* and M on the temperature field. It is clearly perceived that temperature
enhances when both K* and M increase. The decrease in the mean absorption coefficient represents an
enriched heat transfer rate and ultimately temperature is enhanced. Similarly, a stronger Lorentz force
hinders the movement of the fluid, thus causing more collision between the molecules of the fluid that
turns into the improved temperature. In Figures 10 and 11, the behavior of the concentration profile
versus h-h reactions is depicted. The concentration diminishes for growing values of h-h reactions.
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Figure 2. Diagram of axial velocity versus φ.

Figure 3. Diagram of axial velocity versus M.

Figure 4. Diagram of axial velocity versus n.

Figure 5. Diagram of axial velocity versus γ.
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Figure 6. Diagram of the temperature field versus.

Figure 7. Diagram of the temperature field versus λ.

Figure 8. Diagram of the temperature field versus K*.

Figure 9. Diagram of the temperature field versus M.
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Figure 10. Diagram of concentration field versus k1.

Figure 11. Diagram of concentration field versus k2.

Table 3 depicts the numerical values of skin friction (−Rex
1/2Cf ) and local Nusselt number

(Rex
−1/2Nux) for numerous estimates of thee parameters. It is perceived that skin friction and Nusselt

number upsurge for growing values of solid volume friction φ and M (magnetic parameter). It is
also observed that for escalated values of curvature parameter γ and nonlinearity parameter n, both
skin friction and local Nusselt number show opposite behavior. Moreover, Skin friction and local
Nusselt number exhibit a constant trend for values of the temperature ratio parameter Nr and radiation
parameter K*.

Table 3. Numerical values of −Rex
1/2Cf and Rex

−1/2Nux for Ag–water with Pr = 6.2.

n γ φ M Nr K* −Rex
1/2Cf Rex

−1/2Nux

1.0 0.1 0.1 1.0 1.2 1.0 1.92700 0.32149
2.0 0.1 0.1 1.0 1.2 1.0 2.45720 0.30963
3.0 0.1 0.1 1.0 1.2 1.0 2.89050 0.30305
2.0 1.0 0.1 1.0 1.2 1.0 2.81410 0.28200
2.0 2.0 0.1 1.0 1.2 1.0 3.18730 0.26410
2.0 3.0 0.1 1.0 1.2 1.0 3.54330 0.25369
2.0 1.0 0.1 1.0 1.2 1.0 2.81410 0.28200
2.0 1.0 0.2 1.0 1.2 1.0 3.42830 0.31250
2.0 1.0 0.3 1.0 1.2 1.0 4.04270 0.34319
2.0 1.0 0.1 1.0 1.2 1.0 2.81410 0.28200
2.0 1.0 1.0 2.0 1.2 1.0 2.99960 0.28387
2.0 1.0 1.0 3.0 1.2 1.0 3.17070 0.28553
2.0 1.0 1.0 1.0 0.1 1.0 2.81410 0.28200
2.0 1.0 1.0 1.0 0.7 1.0 2.81410 0.28200
2.0 1.0 1.0 1.0 1.0 1.0 2.81410 0.28200
2.0 1.0 1.0 1.0 1.2 1.0 2.81410 0.28200
2.0 1.0 1.0 1.0 1.2 2.0 2.81410 0.28200
2.0 1.0 1.0 1.0 1.2 3.0 2.81410 0.28200
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5. Final Comments

In the present exploration, we have pondered over the nanofluid flow (with base fluid water
and nanoparticles as silver) past a nonlinear stretching cylinder with impacts of h-h reactions and
nonlinear thermal radiation. Additional effects of Newtonian heating and magnetohydrodynamics
have also been taken into account. A numerical solution of the dimensionless mathematical model is
achieved via the shooting scheme. The core outcomes of the present study are as follows:

• The temperature profile is a growing function of radiation and magnetic parameters.
• For larger values of the curvature parameter, augmented velocity is observed.
• The concentration of the fluid decreases for growing values of homogeneous–heterogeneous

reactions.
• For escalated values of the magnetic parameter, velocity and temperature distributions show the

opposite trend.
• The skin friction and local Nusselt number show opposite behavior for curvature and

nonlinearity parameters.

Author Contributions: Data curation, J.D.C.; Formal analysis, S.A.; Funding acquisition, M.S.; Investigation, D.L.;
Methodology, T.M.; Resources, J.D.C.; Software, M.S.; Supervision, M.R.; Validation, S.A.; Visualization, T.M.;
Writing—original draft, M.R.; Writing—review & editing, D.L.

Funding: This research was funded by National Natural Science Foundation China (No. 11571140 and 11671077),
Faculty of Science, Jiangsu University, Zhenjiang, China.

Acknowledgments: This research was funded by National Natural Science Foundation China (No. 11571140 and
11671077), Faculty of Science, Jiangsu University, Zhenjiang, China.

Conflicts of Interest: Authors have no conflict of interest regarding this publication.

Nomenclature

U along x-axis fluid velocity [m/s]
V along r-axis fluid velocity [m/s]
Uw Stretching velocity [m/s]
Ue Free stream velocity [m/s]
M Magnetic parameter
ρ f , ρs Density of fluid and solid particle respectively [kg/m3]
φ nanofluid volume fraction
τw surface shear stress [N/m2]
T∞ Ambient temperature [K]
λ conjugate parameter
σn f electric conductivity of fluid and nanofluid respectively [S/m]
γ curvature parameter
kf thermal conductivities of fluid [J/mKsn−2]
ks thermal conductivities of nanomaterial [J/mKsn−2]
δ ratio of mass diffusion coefficients
qr radiative heat flux [kg/m2]
hf convective heat transfer coefficient
Cf Skin friction coefficient
Nux Nusselt number
T Temperature [K]
Tf convective fluid temperature [K]
hs heat transfer coefficient
μn f Nanofluid dynamic viscosity [kg/msn−2]
Rex local Reynolds number
k∗ mean absorption coefficient
σ∗ Stefan-Boltzmann constant
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DA, DB diffusion coefficients [m2/s]
qw surface heat flux [W/m2]
Sc Schmidt number
kc, ks Rate constants
K* Radiation parameter
μ f Fluid dynamic viscosity [kg/msn−2]
αn f Nanofluid thermal diffusivity [m2/sn−2]
k1 Strength of homogeneous reaction
νn f nanofluid kinematic viscosity [m2/s]
k2 strength of heterogeneous reaction
R radius of cylinder [m]
B Magnetic field strength [A/m]
Nr temperature ratio parameter
A1, B1 concentrations of chemical species a, b
n Nonlinearity exponent
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Abstract: A steady laminar flow over a vertical stretching sheet with the existence of viscous
dissipation, heat source/sink, and magnetic fields has been numerically inspected through a shooting
scheme based Runge—Kutta–Fehlberg-integration algorithm. The governing equation and boundary
layer balance are expressed and then converted into a nonlinear normal system of differential
equations using suitable transformations. The impact of the physical parameters on the dimensionless
velocity, temperature, the local Nusselt, and skin friction coefficient are described. Results show
good agreement with recent researches. Findings reveal that the Nusselt number at the sheet surface
augments, since the Hartmann number, stretching velocity ratio A, and Hartmann number Ha increase.
Nevertheless, it reduces with respect to the heat generation/absorption coefficient δ.

Keywords: steady laminar flow; nanofluid; heat source/sink; magnetic field; stretching sheet

1. Introduction

The steady laminar flow and heat transfer of a viscous fluid over a vertical stretching sheet with the
existence of heat source/sink and magnetic fields has gained significant interest because of its various
usages in engineering procedures like geothermal energy extraction, glass fiber, and plasma studies, etc.
Several researchers investigated numerically MHD mixed convective stagnation point flow lengthways
a perpendicular widening piece in the presence of a heat source/sink in order to evaluate the impacts of
relevant physical parameters especially Hartmann number, Stretching velocity ratio and Biot number
on velocity and temperature profiles besides to skin friction and heat transfer properties. Using the
Runge-Kutta-Fehlberg methods joined with shooting technique [1–4]. P.R. Sharma et al. [3] analyzed
numerically the impacts of an external magnetic field. Tarek M. A. El-Mistikawy [5] focused on the flow
resulting from a linearly stretching sheet with a transverse magnetic field. A. Mohammadeina et al. [1]
investigated the impacts of thermal radiation and magnetic field on flow of CuO-water nanofluid past
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a stretching sheet characterized by forced-convection with a stagnation point with suction/injection.
S.S. Ghadikolaei et al. [4] investigated the impact of thermal radiation and Joule heating. Wubshet
Ibrahim [2] studied numerically the melting heat transfer and magneto hydrodynamic stagnation
point flow of a nanofluid pasta extending piece.

Homotopy technique and shooting method have been widely used in many studies to obtain
exact and wide-ranging analytic solution [6–9]. Arif Hussain et al. [6] focused on the thermal
and physical properties of features of MHD hyperbolic refraction of fluid flow over a non-linear
widening sheet taking into account convective boundary conditions and viscous dissipation.
Tasawar Hayat et al. [9] studied convective stream of ferrofluid owing to nonlinear widening curved
slip while M. N. Tufail et al. [7] analyzed numerically the heat transmission ended an unsteady
widening sheet for an MHD Casson fluid through viscous dissipation impacts using the homotopy
method. M. Y. Malik et al. [10] examined numerically an MHD flow of the Carreau fluid over a
stretching sheet with inconstant thickness with the Keller box method. T.M. Agbaje et al. [11] proposed
the spectral perturbation technique, which is a sequence development method which spreads the
usage of the typical trepidation methods. When joined with the Chebyshev pseudo-spectral process,
the SPM can provide higher order approximate mathematical resolutions for intricate increases faced
in perturbation patterns. Siti Khuzaimah Soida et al. [12] analyzed numerically a stable MHD flow
through a centrifugally widening or lessening floppy using the boundary value problem solver in
Matlab software.

The temperature profile behavior was investigated by several researchers. U.S.
Mahabaleshwar et al. [13] studied an MHD couple stress liquid caused by a perforated sheet
experiencing lined widening with radiation. It was found that the temperature rises as the heat
source/sink NI parameter and Chandrasekhar number Q augment [13]. M. Ferdows et al. [14] studied
a steady two-dimensional free convective flow of a viscous incompressible fluid lengthways a
perpendicular stretching sheet. The temperature profiles increase as the combined effect of porous
diffusivity and magnetic field R, perturbation parameter increase. The temperature profile augments
with the Eckert number Ec [15] and Biot number [6,13] and the magnetic field parameter, radiation
and viscous dissipation [7,8,14–17]. In fact, when variable thickness exists, the radiative heat transfer
and viscous dissipation enhance the nanofluid temperature [18]. When the unsteadiness of the
stretching sheet extends, temperature rises [19]. The fluid temperature increases with increasing of
Brownian motion, thermophoresis [20,21], temperature ratio [1] and heat source/sink parameter [3].
In the other hand, temperature drops when the Casson fluid parameter augments [7] and when the
Prandtl number increases [13,20] and as the power law increases [6]. G.S. Seth et al. [19] reported
that temperature is reduced when the stretching sheet is nonlinear. The fluid temperature declines
with higher values of velocity ratio parameter, suction/injection parameter [1,16], Hartmann number
Ha, Prandtl number Pr, thermal stratification parameter [18] or mixed convection parameter k [3].
Whereas, Kai-Long Hsiao [15] found that the temperature impact is improved in parallel with the rise
of Prandtl number.

The impacts of significant factors on the solitary velocity for stretching sheet circumstance were
discussed in many studies. Decrease in the velocity profile has been reported verses the increase of
the Casson fluid parameter [7], non-linearity restriction, flow comportment index, the magnetic field,
power law index and Weissenberg number [1,6–8]. However, the impacts of power law index and
magnetic field parameter are more significant than nonlinearity parameter and Weissenberg number [6].
The dimensionless velocity is reduced when values of volume fraction and dimensionless velocity
slip parameters augment [22]. It declines also when mass concentration parameter and permeability
parameter augment [4]. Velocity profile is reduced by the combined effect of porous diffusivity [14],
with the increase of Hartmann number and suction/injection parameter [23]. Greater values of suction
and stretching parameter m and wall thickness parameter reduce velocity profile while lead to the rise
of the volume fraction and porosity parameter [17]. The fluid velocity is improved in parallel with
increase of velocity ratio, curvature parameter, electric field parameter and material parameter [4].
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M. Ferdows et al. [14] reported that velocity profile is enhanced with the increase of the proportion
of the flow velocity constraint to stretching sheet indicator and viscosity ratio. G.S. Seth et al. [24]
reported that nanofluid velocity is reduced when the stretching sheet is nonlinear whereas when the
unsteadiness of the stretching sheet augments velocity is decreased. M. N. Tufail et al. [7] found that as
the unsteadiness parameter growths, the velocity decreases close the sheet and increases distant to
the sheet. The higher of the slight order derivative causes the quicker velocity of viscoelastic fluids
close the platter [25–32]. The temperature and velocity profile behavior was investigated by several
researchers with the effect of heat generation/absorption on MHD flow though rare of them trait
the effect of an external magnetic field and heat generation/absorption on mixed convictive flow
lengthways a perpendicular extending piece [33–37].

An inclusive analysis of the works about nanofluids is presented by Wang et al. [19,20].
The inactivity point flow of a nanofluid near a stretching sheet has been explored by Khan and
Pop [21], Mustafa et al. [22], Nazar et al. [23], and Ibrahim et al. [24]. Nadeem and Haq [29] inspected
MHD three-dimensional flow of nanofluids past a shrinking sheet with thermal radiation. They
employed Boungiorno model and considered the influences of thermophoresis and Brownian motion
on the local Nusselt ad Sherwood numbers.

This study includes a numerically solution of MHD boundary layer flow over a vertical stretching
sheet with company of heat sink/ source and magnetic fields effect. The governing equations for
the problematic have been clearly described with some appropriate changes and then explained
numerically via shooting arrangement based RKFI procedure. In this work the effects of relevant
physical indicators essentially Hartmann number, Stretching velocity ratio and Biot number on velocity
and temperature distributions in addition to the skin friction and heat transfer properties have been
investigated. Comparison of the results with research results [3,26–30] shows a good agreement as
shown in Table 1.

Table 1. Numerical results of Nusselt number—θ(0) for diverse Prandtl number when A = 1, A = 0,
Ha = 0, and δ = 0.

Pr Ramchandran
et al. [26]

Hassanien and
Gorla [30]

Lok et al.
[27]

Ishak et al.
[28]

Ali et al.
[29]

Sharma et al.
[3]

Present

1 - - - 0.8708 0.8708 0.8707 0.87078

10 - 1.9446 - 1.9446 1.9448 1.94463 1.94465

20 2.4576 - 2.4577 2.4576 2.4579 2.4576 2.4577

40 3.1011 - 3.1023 3.1011 3.1017 3.1011 3.1015

60 3.5514 - 3.556 3.5514 3.5524 3.55142 3.55148

80 3.9055 - 3.9195 3.9095 3.9108 3.90949 3.90919

100 4.2116 4.2337 4.2289 4.2116 4.2133 4.21163 4.21135

2. Problem Description

The present study deals with a viscous incompressible fluid that was analyzed through steady
laminar flow two-dimensional condition lengthways on an upright stretching sheet that was positioned
in the x track and the y axis is perpendicular to the plan of this sheet.

u is the velocity component in x direction.
υ is the velocity component in y direction.
Taking into consideration that mutually c then a are positive constants; u = ue(x) = ax represents

the unrestricted stream velocity, while u = uw(x) = cx represents the velocity when there is stretching
on the sheet.

When a heat source/sink is present, H0 is an outside magnetic field that is practically
perpendicular to the sheet.

The principal equations of continuity, momentum, and energy are written as
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∂u
∂x

+
∂υ

∂y
= 0, (1)

u
∂u
∂x

+ υ
∂u
∂y

= −1
ρ

dp
dx

+ υ
∂2u
∂y2 − σμ2

e H2
0

ρ
u + gβ(T − T∞), (2)

u
∂T
∂x

+ υ
∂T
∂y

=
k

ρCp

∂2T
∂y2 P +

Q
ρCp

(T − T∞), (3)

where

σ is the electrical conductivity,
μe is the magnetic permeability,
T∞ is the temperature of free stream,
g is acceleration due to gravity,
β is the volumetric coefficient of thermal expansion,
k is the thermal conductivity,
υ(= μ/ρ) is the kinematic viscosity, and
Tw = T∞ + bx is the temperature of the sheet.

When the superficial is heated b > 0 so that cfr4 whereas for cooled superficial b < 0 and Tw〈T∞ .
The boundary conditions are

υ = 0, u = uw(x) = cx, −k ∂T
∂y = h f (Tf − T) at y = 0,

u = ue(x) = ax, T = T∞asy → ∞,
(4)

The forces will be in equilibrium because of the presence of the hydrostatic and magnetic pressure
gradient, as mentioned below

− 1
ρ

dp
dx

= ue
due

dx
+

σμ2
e H2

0
ρ

ue, (5)

Therefore, the momentum equation turns into

u
∂u
∂x

+ υ
∂u
∂y

= ue
due

dx
− σμ2

e H2
0

ρ
(u − ue) + υ

∂2u
∂y2 + gβ(T − T∞). (6)

3. Scheme Analysis

The subsequent change and dimensionless quantities are used into equations, while taking into
account the mentioned boundary condition (4) within the solution of Equations (1) to (3), Equation (7),
obtained as:

η =

√
a
υ

y,= ψ = x
√

aυ f (η), θ(η) =
T − T∞

Tw − T∞
andu =

∂ψ

∂y
, υ = −∂ψ

∂x
(7)

Therefore, the equation of continuity is approved.
The momentum and energy equation becomes

f ′′′ + f f ′′ − (
f ′
)2

+ 1 + Ha
2(1 − f ′

)
+ λθ = 0 (8)

θ′′ + Pr
(

f θ′ − f ′θ + δθ
)
= 0 (9)

where major represents the derivative according to η,
Ha

(
= μe H0

√
σ
ρa

)
is the Hartmann number,

λ
(
= Grx

Re2
x

)
is mixed convection parameter,
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Grx

(
= gβ(Tw − T∞) x3

υ2

)
is the local Grashof number,

Rex
(
= ue(x) x

υ

)
and Pr

(
υ
x
)
, and

δ
(
= Q

ρaCp

)
represent the factor of heat generation/absorption.

The related boundary circumstances are limited to

f = 0, f ′ = c/a = A, θ′ = B(θ − 1)at η = 0
f ′ = 1, θ = 0asη → ∞

(10)

where A
(
= c

a
)

represent the rate of velocity

Also, B =
h f
k

√
υ
a .

Therefore, the Nusselt number and Skin friction are expressed by

Cf =
2τw

ρu2
e
= Re−1/2

x f ′′ (0), Nux =
xqw

k(Tw − T∞)
= −Re1/2

x θ′(0). (11)

Additionally, respectively, the wall shear stress τw and the heat flux qw are illustrated, as below:

τw = μ

(
∂u
∂y

)
y=0

, qw = −k
(

∂T
∂y

)
y=0

It is intricate to get the locked procedure explanations because calculations (8) and (9) are
significantly nonlinear. Consequently, schemes are obtained by replacing

f = f1, f ′ = f2, f ′′ = f 3, f ′′′ = f ′3, θ′ = f5, θ′′ = f ′5

Thus, the scheme of calculations becomes

f ′1 = f2, f ′2 = f3, f ′3 = f 2
2 − f1 f3 − 1 + Ha2( f2 − 1)− λ f4

f ′4 = f5, f ′5 = Pr( f2 f4 − f1 f5 − δ f4)

Depending on the next conditions

f1(0) = 0, f2(0) = A, f3(0) = s1, f4(0) = 1, f5(0) = s2 and f2(∞) = 1, f4(∞) = 0

In order to obtain stage-by-stage integration and scheming, which are determined by relying on
MATLAB software; the Runge–Kutta fourth order method with the shooting technique is actually used.

4. Stability Analysis

When there exists more than one solution in any fluid flow problem, the stability of solution is
necessary to perform in that problem. In order to perform stability analysis, we adopt the algorithm of
Merkin [33], Weidman et al. [36], and Rosca and Pop [37].

Step 1: To convert the governing Equations (2) and (3) of fluid flow in unsteady form, we have

∂u
∂t

+ u
∂u
∂x

+ v
∂u
∂y

= −1
ρ

dP
dx

+ v
∂2u
∂y2 − gβ(T − T∞)− σμe H2

0 u
ρ

(12)

∂T
∂t

+ u
∂T
∂x

+ v
∂T
∂y

=
k

ρCp

∂2T
∂y2 +

k
ρCp

(T − T∞) (13)

Step 2: To introduce a new non-dimensional time variable τ = a.t, and all other similarity
variables are also a function of τ, can be written as,
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ψ = x
√

av f (η, τ); η = y
√

a
v

; θ(η, τ) =
(T − T∞)

(Tw − T∞)
; (14)

Step 3: By applying Equation (14) on Equations (12) and (13), we have

∂3 f (η,τ)
∂η3 + f ∂2 f (η,τ)

∂η2 −
(

∂ f (η,τ)
∂η

)2
+ 1 + Ha2

(
1 − ∂ f (η,τ)

∂η

)
− λθ(η, τ)

− ∂2 f (η,τ)
∂τ∂η = 0

(15)

1
Pr

∂2θ(η, τ)

∂η2 + f (η, τ)
∂θ(η, τ)

∂η
− ∂ f (η, τ)

∂η
θ(η, τ) + δθ(η, τ)− ∂θ(η, τ)

∂τ
= 0 (16)

and the related boundary conditions are

f (0, τ) = 0; ∂ f (0, τ)
∂η = A; ∂θ(0,τ)

∂η = B(θ(0, τ)− 1),
∂ f (η,τ)

∂η → 1; θ(η, τ) → 0 as η → ∞
(17)

Step 4: To check the stability of steady flow solutions f (η) = f0(η) and θ(η) = θ0(η) will satisfy
the basic model by introducing the following functions

f (η, τ) = f0(η) + e−τ F(η, τ); θ(η, τ) = θ0(η) + e−τG(η, τ) (18)

Here, F(η, τ), and G(η, τ) are small relative to f0(η), and θ0(η). The unknown eigenvalue is γ,
which is to be found out.

Step 5: By putting Equation (18) into Equations (15) and (16) and keeping τ = 0, we have

F′′′
0 + f0(η)F′′

0 + F0 f ′′0 − 2 f ′0F′
0 − λG0 − Ha2F′

0 + γF′
0 = 0 (19)

1
Pr

G′′
0 + f0G′

0 + F0θ′0 − f ′0G0 − F′
0θ0 + δG0 + γG0 = 0 (20)

Along with boundary conditions

F0(0) = 0, F′
0(0) = 0, G′

0(0) = BG0

F′
0(η) → 0, G0(η) → 0, as η → ∞

(21)

Step 6: To relax one boundary condition into an initial condition, as suggested by
Weidman et al. [36] and Harris et al. [34]. In this problem, we relaxed G0(η) → 0, as η → ∞ into
G′

0((0) = 1. We have to solve Equation (19) and (20) with boundary and relaxed initial condition in
order to find the values of smallest eigenvalue γ.

It is worth mentioning that the negative values of γ indicate the growth of disturbance and the
flow becomes unstable. On the other hand, if the values of γ are positive, which means that the flow
is stable and shows an initial decay. The values of smallest eigenvalue are given in Table 2, which
indicate that only first (second) solution is stable (unstable).

Table 2. Smallest eigenvalue γ when λ = −0.2, Pr = 1, A < 0 (for Shrinking surface) and A > 0
(for Stretching surface).

ε Ha
γ -

1st Solution 2nd Solution

0.5 0.3 0.97533 −0.09572
0.5 0.65753 −0.06946

−0.5 0 1.34857 −0.75392
- 0.5 1.02349 −0.58327
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The bvp4c solver function has performed stability analysis. According to Rahman et al. [35], “this
collocation formula and the collocation polynomial provides a C1 continuous solution that is fourth
order accurate uniformly in [a,b]. Mesh selection and error control are based on the residual of the
continuous solution”. As we know, only the first solution is the stable and only the stable solution has
physical meaning. In these regards, the various effect of different physical parameters on velocity and
temperature profiles have been demonstrated for the first solution only. Finally, from Figure 1a,b, we
draw some graphs in order to show the existence of multiple solutions for the opposing flow case.

(a) 

(b) 

Figure 1. (a) The existence of multiple solutions for the opposing flow case different parameter A; and,
(b) the existence of multiple solutions for the opposing flow case different parameter δ.

5. Results and Discussion

A steady laminar flow above a vertical stretching sheet with the existence of viscous dissipation,
heat sink/source, and magnetic fields has been numerically explored by using of RKFI process through
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shooting scheme. In this work, the effects of pertinent physical parameters are essentially Hartmann
number, Stretching velocity ratio, and Biot number on temperature and velocity distributions; also, the
skin friction and heat transfer properties have been examined.

The effect of Hartmann number on dimensionless velocity for mutually opposing and assisting
flow are shown in Figure 2a,b respectively, with supplementary parameters are usually the regularly
of velocity ratio parameter A = 1, Heat generation/absorption coefficient δ = 1, Prandtl number
Pr = 1, and Biot number Bi = 1. It is perceived that, for assisting flow (λ > 0), the dimensionless
velocity is the maximum at the superficial of the vertical stretching sheet and it increasingly reduces
to the minimum value f ′ = 1 as it changes to gone after the superficial, while for opposing flow
(λ < 0), the dimensionless velocity is the lowest at the surface of the vertical stretching sheet and
gradually increases to the maximum value f ′ = 1, as it changes away from the superficial, this effect is
mathematically obvious in Equation (10). It is additional observed that the velocity profile decreases
with the Hartmann number for the assisting flow, whereas, it increases with the Hartmann number for
the opposing flow. Consequently, the hydrodynamic boundary layer thickness also depends upon
Ha. It is well known that the Hartmann number represents the proportion of electromagnetic force
to the viscous force, thus, in the case of assisting flow, increasing the Hartmann number means that
electromagnetic force was enhanced when compared to viscous force, which in turn Lorentz force
augments, then opposes the flow, and then reduces the velocity profile. Nonetheless, in the situation of
opposing flow, there is a reverse effect of the Hartmann number on dimensionless velocity. It should
be pointed out that, in the case of assisting flow, (λ > 0) means the heating of the fluid, therefore the
thermal buoyancy forces were enhanced. It can be interpreted on this fact that the highest value of
dimensionless velocity is near the stretched surface; however, for opposing flow (λ > 0), which means
that the fluid is consequently cooled; the thermal buoyancy forces decreases and then we realize the
lowest value of dimensionless velocity near the stretched surface. It is worthwhile to note that the
velocity profile increases with the mixed convection parameter λ for mutually case opposing and
assisting flow due to an increasing of the thermal buoyancy forces. It can be seen that, for buoyancy
opposed (λ < 0, opposing), the velocity profile will be significantly affected.

η

η

λ

δ

η

η

δ

λ

Figure 2. Variation of dimensionless velocity with Hartmann number for (a) assisting flow and (b)
opposing flow.

Figure 3a,b, respectively, show the effects of stretching velocity ratio A when stretching in
the flow and in the opposite direction, with further parameters sustaining the constant Heat
generation/absorption coefficient δ = −1, Prandtl number Pr = 1, Biot number Bi = 1, and Hartmann
number Ha = 1. It can be seen that the velocity profile increases with stretching velocity ratio when
stretching in the flow direction. Whereas, the velocity profile decreases with stretching velocity
ratio when stretching in the opposite direction, this can be attributed to the significant enhancement
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in pressure on the sheet. Furthermore, it is remarked that the velocity profile augment with mixed
convection parameter λ for both stretching in the flow direction and stretching in the opposite direction,
as proven in Figure 1. The physical reason behind this is that, by augmenting the mixed convection
parameter, the thermal buoyancy forces rise and help to push the flow in y direction, which in turn
increases the velocity profile.

η

η

λ

δ

η

η

λ

δ

Figure 3. Variation of dimensionless velocity with stretching velocity ratio when (a) stretching in the
flow direction and (b) stretching in the opposite direction.

The effects of Biot number in the presence of heat source on the dimensionless temperature for
assisting and opposing flow are shown in Figure 4a,b, respectively at Pr = Ha = A = 1. It is clear
that the temperature profile is greater at the stretching sheet surface and then exponentially lessens
along the streamwise path up to the zero value for both assisting and opposing flow; this effect is
proved and designated by the choice of boundary conditions and it is mathematically noticeable in
Equation (10). It is worthwhile to note that the dimensionless temperature augment with both Biot
number Bi and Heat generation/absorption coefficient δ for both case assisting and opposing flow;
therefore, the thermal boundary layer thickness increases. It is well known that the Biot number
signifies the proportion of heat convection to heat conduction; therefore increasing the Biot number
leads to more heat will be released to the fluid flow, which in turn augments the temperature profile.
Similarly, augmenting heat source leads to applying more heat to the fluid flow and it results in
enhancing the dimensionless temperature.

η

θ
η

δ

λ

η

θ
η

δ

λ

Figure 4. Variation of dimensionless temperature with Biot number in the presence of heat source for
(a) assisting flow and (b) opposing flow.
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Figure 5a,b, respectively, illustrate the result of Biot number in the company of heat sink on
the dimensionless temperature for assisting and opposing flow at Pr = Ha = A = 1. As expected, the
temperature profile satisfies the boundary conditions, starting with a higher value at the surface of the
sheet and then meaningfully declining to zero value when η increases. Furthermore, it is remarked that
dimensionless temperature increases with Biot number, even in the company of heat sink, as shown in
Figure 3 in the circumstance of heat basis, so it can be concluded that the temperature profile increase
with biot number independent of Heat generation/absorption coefficient δ. It should be pointed out
that, for positive values of Heat generation/absorption coefficient, δ acts as a heat source, but for a
negative value of Heat generation/absorption coefficient, δ acts as sink source, this signifies that the
dimensionless temperature reduced in case of a negative value of δ (heat sink) when compared to
a positive value of δ (heat source), as presented in Figure 3. Similarly, the thermal boundary layer
thickness decreases.

η

θ
η

δ

λ

η

θ
η

δ

λ

Figure 5. Variation of dimensionless temperature with Biot number in the presence of heat sink for
(a) assisting flow and (b) opposing flow.

Figure 6a,b, respectively, display the effects of stretching velocity ratio and mixed convection
parameter on dimensionless skin friction for both assisting and opposing flow. It is found that the skin
friction increases with the mixed convection parameter and Hartmann number Ha, although it drops
with the stretching velocity ratio for mutually opposing and assisting flow. This can be attributed to the
result of velocity profile in the boundary layer and consequently disturbs the boundary layer thickness,
as shown by Figures 1 and 2. On the other hand, the decreasing of skin friction with stretching
velocity ratio can be associated to the augmentation of the velocity; therefore, the velocity boundary
layer increases. It is well recognized that augmenting velocity means growing the Reynold number
which in turn leads to lessening viscous force regarding inertial force, consequently the dropping
in viscous force will reduce skin friction. It is valuable to mention that the effect of assisting flows
on dimensionless skin friction is slightly more pronounced than that of opposing flow, because the
pressure near to the surface is greater than not near to the surface. As observed, the skin friction
continually and significantly increases with the Hartmann number, since it represents the ratio of
electromagnetic force to the viscous force, therefore the magnetic field will increase and accordingly the
Lorentz force will oppose and push the flow to the surface, which in turn augments the skin friction.
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λ

δδ

λ

Figure 6. Variation of dimensionless skin friction with several parameters in the presence of heat source
for (a) assisting flow and (b) opposing flow.

The effects of Biot number Bi, Heat generation/absorption coefficient δ, and mixed convection
parameter λ on the dimensionless heat transfer rate for both assisting and opposing flow are illustrated,
respectively, in Figure 7a,b. It is indicates that the dimensionless heat transfer rate increase with the
Biot number and mixed convection parameter; whereas, it decreases with heat generation/absorption
coefficient for both assisting and opposing flow. Physically, this can be attributed to the increase of
temperature gradient with respect to the Biot number and mixed convection parameter, as presented
by Figures 3 and 4. However, in an unexpected and perplexing result, it can be seen that the
dimensionless heat transfer rate decrease with heat generation/absorption coefficient δ, it is well
known that Nusselt numbers represent the proportion of convection to conduction heat transfer and
in both situation assisting and opposing flow the effect of heat generation/absorption coefficient is
more pronounced in conduction more than the convection heat transfer. It is clear that the effect of
the mixed convection parameter on the heat transfer rate is slightly perceptible. Finally, the Nusselt
number at the sheet surface augments, because the Hartmann number, stretching velocity ratio A,
Hartmann number Ha, and mixed convection parameter λ increase. Though, it declines with respect
to heat generation/absorption coefficient δ.

δ

λ

δ

λ

Figure 7. Variation of dimensionless heat transfer rate with several parameters in the presence of heat
source for (a) assisting flow and (b) opposing flow.
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6. Conclusions

A steady laminar flow over a vertical stretching sheet with the existence of viscous dissipation,
heat source/sink, and magnetic fields has been mathematically explored through shooting arrangement
based RKFI procedure. A comparison of the results with research results [3,26–29] demonstrates good
agreement. The influence of relevant involved indicators on temperature and velocity, as well as the
Nusselt number and skin friction coefficient are perceived. The main results that are enclosed in this
work are concluded, as follows:

1. It is perceived that, for assisting flow (λ > 0), the dimensionless velocity is the maximum at the
superficial of the vertical stretching sheet and it gradually lessens to the minimum value f ′ = 1,
as it transfers to gone after the superficial, while for opposing flow (λ < 0), the dimensionless
velocity is the lowest at the superficial of the vertical stretching sheet and gradually increases to
the maximum value f ′ = 1.

2. The velocity profile augments with mixed convection parameter λ for both stretching in the flow
direction and stretching in the opposite direction.

3. The temperature profile is greater at the stretching sheet superficial then exponentially lessens
along the streamwise path up to the zero value for both assisting and opposing flow.

4. Skin friction increase with a mixed convection parameter and Hartmann number Ha, though it
declines by stretching speed ratio for together opposing and assisting flow.

5. The effect of mixed convection parameter on the heat transfer rate is slightly perceptible.
The Nusselt number at the sheet surface augments, because the Hartmann number, Hartmann
number Ha, stretching velocity ratio A, and mixed convection parameter λ increase. Though, it
declines according to heat generation/absorption coefficient δ.
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Abstract: In the fields of fluid dynamics and mechanical engineering, most nanofluids are generally
not linear in character, and the fractional order model is the most suitable model for representing
such phenomena rather than other traditional approaches. The forced convection fractional order
boundary layer flow comprising single-wall carbon nanotubes (SWCNTs) and multiple-wall carbon
nanotubes (MWCNTs) with variable wall temperatures passing over a needle was examined. The
numerical solutions for the similarity equations were obtained for the integer and fractional values by
applying the Adams-type predictor corrector method. A comparison of the SWCNTs and MWCNTs
for the classical and fractional schemes was investigated. The classical and fractional order impact
of the physical parameters such as skin fraction and Nusselt number are presented physically and
numerically. It was observed that the impact of the physical parameters over the momentum and
thermal boundary layers in the classical model were limited; however, while utilizing the fractional
model, the impact of the parameters varied at different intervals.

Keywords: SWCNT/MWCNT nanofluid; thin needle; classical and fractional order problems;
APCM technique

1. Introduction

This study is concerned with the enhancement of heat transfer through nanofluid, which will
play a dynamic role in the field of chemical sciences and the energy sector. The enhancement of heat
transfer through nanofluid was studied by many scientists in the field of geometry under diverse
conditions. Sparrow and Gregg [1] scrutinized the removal of humidity, using centrifugal force
procedures on a cooled rotary disk. The energy obtaining and cooling behavior of the devices mainly
depend on the heat transfer liquid used, and the lower thermal efficiency of these fluids can create
harsh restrictions for device performance. The limitations and low thermal efficiency of these liquids
delay the device performance and compression of heat exchangers. Choi [2] explored the idea of
nanofluids by utilizing small nanosized (10–50 nm) particles in base fluids. The anticipated factors
influencing the performance of nanofluids during heat transfer were: (i) thermal properties; (ii)
chemical stability; (iii) compatibility with the base fluid; (iv) toxicity; (v) accessibility; and (vi) cost.
Possible nanomaterials include metals, metal oxides, and carbon materials. Carbon materials play a

Symmetry 2019, 11, 312; doi:10.3390/sym11030312 www.mdpi.com/journal/symmetry91
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significant role in enhancing the thermal efficiency of base fluids, and carbon nanotubes (CNTs) are the
renowned family of carbons that have been used for thermal and cooling applications in recent studies.
Carbon nanotubes are further divided into two classes: single-walled carbon nanotubes (SWCNTs)
and multiple-walled carbon nanotubes (MWCNTs). Single-walled carbon nanotubes are created by
packaging a layer of carbon one-atom thick, while MWCNTs contain multiple rolled layers of carbon.
Carbon nanotubes nanofluids have many important applications in industries such as aerospace,
electronics, optics, and energy conservation, as reported by Volder et al. [3] and Terrones [4]. The
higher thermal conductivity (2000–6000 W/mK) of carbon nanotubes make them more valuable for
the augmentation of heat transfer devices. Ellahi et al. [5] investigated CNTs’ nanofluid flow along a
vertical cone under the influence of a variable wall temperature, and a comparison between SWCNTs
and MWCNTs was made in their study. Gohar et al. [6] have studied SWCNTs/MWCNTs’ nanofluid
flow over a non-linear stretching disc. The high thermal efficiency of CNTs increased the heat flux and
thermal efficiency of the base liquids as the heat fluxed, compared to other nanofluids as reported
by Murshed et al. [7,8]. Various thermal conductivity models have been proposed by researchers
for nanofluid flow problems. The appropriate and frequently-used thermal conductivity models for
CNTs were reported by Xue [9]. The flow problem which passes over a thin needle under the effect of
convection has been considered by many scholars Narain and Uberoi [10,11] and Chen [12]. Wang [13]
and Grosan and Pop [14] have deliberated the mixed convection boundary layer flows over an upright
thin needle including an intense heat source at the tip of the needle.

This study was carried out considering water-based CNT nanofluid flow over a thin needle.
Further, the variable surface temperature with forced convection comprising single walled carbon
nanotubes (SWCNT) and multi walled carbon nanotube (MWCNT) water-based nanofluid past over a
thin needle was investigated in classical and fractional models, respectively.

The integer order derivatives or the classical model of fluid dynamics investigate the flow behavior
at the integer steps, while the fractional order derivatives of the same fluid flow explore the natural
phenomena to expose the internal behavior of the fluid flow by taking the fractional values among
the integers. However, the idea of fractional calculus has been conventional for approximately three
hundred years [15–17].

In fluid mechanics, most fluids are not generally linear in characteristic and the fractional order
model is more appropriate for the illustration of such a kind of spectacle, rather than traditional
methods. Caputo [18] introduced the idea of fractional derivatives from the modified Darcy’s law
using the concept of unsteadiness. This idea was further modified by other researchers [19–21] through
the introduction of a variety of new fractional derivatives and their applications. Agarwal et al. [22]
studied neural network models using ynchronization and impulsive Caputo fractional differential
equations. Khan et al. [23] examined the fractional order solution of the Phi-4 equations using the
GO/G expansion technique. Hameed et al. [24] examined the fractional order second grade fluid
peristaltic transport in a vertical cylinder. A variety of numerical techniques have been used to find
solutions to the classical models [25–30], and these techniques have been further combined to find
solutions for fractional order problems.

The aim of this study is to analyze the force convectional CNT nanofluid flow passing over a thin
needle including the elastic heat flux. The FDE-12 method was used for the solution for the fractional
order non-linear differential equations. It is the execution of the predictor corrector method of the
Adams–Bash Forth–Moulton technique derived by Diethelm and Freed [31]. Diethelm et al. [32] found
the convergence and validity of this method for the solution of fractional order differential equations.
The solution for classical and fractional order mathematical models containing (SWCNT/MWCNT)
water-based nanofluids was obtained through the solution for fractional order systems, which was
solved by the Adams-type predictor corrector method as used in References [33,34]. The range of the
parameters in this study were selected as per the investigation by Gul et al. [35] using the BVP 2.0
package and the Optimal Homotopy Analysis Method OHAM technique. They used the 20th order
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approximation for the selected range of the parameters and obtained the minimum square residual
error. The important outcomes were presented physically and numerically.

2. Mathematical Formulation

The axisymmetric boundary layer comprising SWCNT and MWCNT nanofluids’ flow over the
surface of a thin needle, including position-dependent wall temperature at the ambient temperature
T∞ was considered. The radius of the thin needle is defined as. The surface temperature, Tw, of the
thin needle is considered heavier than Ambient temperature T∞, (Tw > T∞). The external flow velocity
of the nanofluid is considered to be ue(x). The momentum and thermal boundary layer equations
were derived in the axial and radial coordinates and all the assumption are imposed as [14]:

∂r̃ũ
∂x̃

+
∂r̃ṽ
∂r̃

= 0, (1)

(
ũ

∂ũ
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+ ṽ
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∂r̃

)
= ũe

dũe

dx̃
+ υn f

1
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∂

∂r̃

(
r̃

∂ũ
∂r̃

)
, (2)(
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∂T̃
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= αn f

1
r̃

∂

∂r̃

(
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∂T̃
∂r̃

)
. (3)

The physical conditions satisfy [14] and are defined as:

ũ = 0, ṽ = 0, T̃ = Tw at r̃ = R(x̃),
ũ = ũe(x̃), T̃ = T∞, at r̃ → ∞.

(4)

The velocity components are represented by ũ, ṽ towards the axial and radial (x̃, r̃)
directions, respectively.

ρn f is the density of the nanofluids, μn f is the dynamic viscosity of the nanofluids such that

υn f =
μn f
ρn f

is the kinematic viscosity of the nanofluid, φ is the solid particle volume fraction, kn f

is the thermal conductivity, and
(
ρCp

)
n f is the specific heat capacity of the nanofluids such that

αn f =
kn f

(ρCp)n f
. The thermophysical properties for the CNT nanofluids were presented and satisfy

Xue [9]:

ρn f = ρ f − φρ f + φρs, μn f = μ f (1 − φ)−2.5,
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(5)

To bring the basic Equations (1)–(3) into a dimensionless form, under boundary limitations, as per
Equation (4), we adopted the scaling transformations as [14]:

x = x̃/L, r = (r̃/L)Re
1
2 , R(x) = (R̃(x̃)/L)Re

1
2 , u = ũ/U∞,

v = (ṽ/U∞)Re
1
2 , ue(x) = ũe(x̃)/U∞, T = (T̃ − T∞)/ΔT.

(6)

Here, Re = U∞ L
υ f

is the Reynolds number, L is the characteristic length of the needle, R(x) is the
dimensionless radial coordinate, r is the dimensionless radius of the needle, U∞ is the characteristic
velocity, ΔT is the characteristic temperature, and x is the dimensionless axial coordinate. Bringing
Equation (6) into the basic Equations (1)–(4) cuts into the following non-linear differential form as:

∂ru
∂x

+
∂rv
∂r

= 0, (7)
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The suitable boundary conditions are:

u = 0, v = 0, T = Tw(x) at r = R(x),
u = ue(x), T = 0, at r → ∞.

(10)

Next, the similarity variables are:

ue(x) = xm, Tw(x) = xn, ψ = x f (η), η = xm−1r2, T(x) = xnΘ(η). (11)

Here, ue(x) is the dimensionless velocity of the external flow, ψ is used to demonstrate the
stream function and satisfy the continuity Equation (7). The velocity components derived from the
stream function ψ are defined as: u = 1

r
∂ψ
∂r , v = − 1

r
∂ψ
∂x . Putting η = a into Equation (11) describes

the size of the needle: r = R(x) =
√

ax(1−m), along the surface. Using Equation (11) in the basic
Equations (7)–(10), the continuity equation is satisfied characteristically, and the rest of the equations
are transformed as:

8

(1 − φ)2.5
(

1 − φ + φ
ρCNT

ρ f

) (η f ′′ )′ + 4 f f ′′ + m(1 − 4( f ′)2
) = 0, (12)

2
( kn f

k f

)
Pr
(

1 − φ + φ
(ρCp)CNT
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)(
ηΘ′)′ + f Θ′ − n f ′Θ = 0. (13)

The suitable boundary conditions are:

f (a) = 0, f ′(a) = 0, Θ(a) = 1,
f ′(∞) = 1

2 , Θ(∞) = 0.
(14)

The skin friction coefficient and the local Nusselt number satisfy [14]:

Re
1
2
x Cf = 4a

1
2 (1 − φ)−2.5 f ′′ (a), Re−

1
2

x Nux =

[
−2a

1
2

Kn f

K f

]
Θ′(a). (15)

Here, Rex = ue(x) x
v f

, is the local Reynolds number.

3. Preliminaries on the Caputo Fractional Derivatives

The useful definition of Caputo fractional order derivatives and their properties are
presented below.

Definition 1. Let a > 0, t > a; a, α, t ∈ �. The Caputo fractional derivative of order α of the function f ∈ Cn

is given by:

C
a Dα

t f (t) =
1

Γ(n − α)

t∫
a

f (n)(ξ)

(t − ξ)α+1−n dξ, n − 1 < α < n ∈ N. (16)
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Property 1. Let f (t), g(t) : [a, b] → � be such that C
a Dα

t f (t) and C
a Dα

t g(t) exist almost everywhere, and let
c1, c2 ∈ �. Then C

a Dα
t {c1 f (t) + c2 g(t)} exists almost everywhere and

C
a Dα

t {c1 f (t) + c2 g(t)} = c1
C
a Dα

t f (t) + c2
C
a Dα

t g(t). (17)

Property 2. The function f (t) ≡ c is constant and therefore, the fractional derivative is zero: C
a Dα

t c = 0. The
general description of the fractional differential equation was assumed including the Caputo concept:

C
a Dα

t x(t) = f (t, x(t)), α ∈ (0, 1). (18)

With the initial conditions x0 = x(t0).

4. Solution Methodology

The following variables were selected for the momentum and thermal boundary layer (12, 13) to
reduce the system into the first order differential equations as:

y1 = η, y2 = f , y3 = f ′, y4 = f ′′ , y5 = Θ, y6 = Θ′. (19)

The Caputo fractional order derivative applied to the first order ODE system was obtained from
(12, 13) with the efforts of the proposed variables given in Equation (19).

The fractional order system was obtained from Reference [32]:
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Equation (20) represents a matrix system of fractional order equations of an initial value problem.
Considering (α = 1), we have an integer order model or a classical model.

5. Results and Discussion

The two-dimensional forced conventional boundary layer SWCNT/MWCNT nanofluid flow for
the enhancement of heat transmission over a thin needle was examined. A comparison of the influence
of the physical constraints was studied for the integer and fractional order values

The fractional order system was solved numerically through the Adams-type predictor
corrector method.

The geometry of the problem is displayed in Figure 1. The influence of the constant m versus
velocity field f ′(η) is shown in Figures 2 and 3, for the classical and fractional order values, respectively.
The larger values of the parameter m cause lower velocity. Physically, the rising values of m enhance
the non-linearity to generate a friction force to decline the radial velocity. This decline is comparatively
fast in the fractional order scheme. Due to the high thermophysical properties, the decline effect is
comparatively rapid using the SWCNTs. The impact of φ over the f ′(η) for the integer and fractional
order values is displayed in Figures 4 and 5, respectively. The larger value of φ causes a decrease in the
velocity, and this effect is clearly larger when using the SWCNTs when compared to the MWCNTs. In
fact, the larger amount of φ enhances the efficiency of the frictional force, and as a result, the viscous
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forces become strong enough to stop the fluid motion. Again, the decline effect is stronger using
the fractional values. Figures 6 and 7 indicate the influence of the various values of the nanoparticle
volume fraction versus the temperature field. The larger value of φ raises the temperature profile,
and this effect is comparatively strong by means of the SWCNTs. In fact, the thermal conductivity of
SWCNTs is high and provides rapid thermal efficiency to enhance the temperature field.

Figure 1. The geometry of the problem.

Figure 2. The impact of m over the f ′(η) for the integer values.
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Figure 3. The impact of m over the f ′(η) for the fractional values.

 
Figure 4. The impact of φ over the f ′(η) for the integer values.
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Figure 5. The impact of φ over the f ′(η) for the fractional values.

Figure 6. The impact of φ over the Θ(η) for the integer values.
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Figure 7. The impact of φ over the Θ(η) for the fractional values.

The impact of the wall temperature profile parameter n over the Θ(η) for the integer and fractional
values are shown in Figures 8 and 9, respectively. The smaller values of n are enhancing the cooling
effect, and as a result, the temperature field declines for the integer values and this effect is reversed
for the fractional order values. The performance of the parameter n decreases the temperature field
near the surface of the needle for the fractional values α = 1, 0.95, 0.90, and this effect changes to
increase the temperature profile after the critical point, as shown in Figure 9. The impact of the Prandtl
number Pr over the temperature profile Θ(η) for the integer and fractional values is displayed in
Figures 10 and 11, respectively. The rising values of Pr causes lower values compared to the classical
model, as usually shown in the literature, but using the fractional model for the same values as the
Prandtl number, the temperature profile near the needle surface increases and declines after the point
of inflection.
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Figure 8. The impact of n over the Θ(η) for the integer values.

Figure 9. The impact of n over the Θ(η) for the fractional values.
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Figure 10. The impact of Pr over the Θ(η) for the integer values.

Figure 11. The impact of Pr over the Θ(η) for the fractional values.

The thermophysical properties of the base fluid and SWCNTs/MWCNTs are shown in Table 1.
Skin friction and the Nusselt number are the physical parameters of interest under the influence
of classical and fractional values. The classical and fractional model outputs for the skin friction
and Nusselt number are displayed in Tables 2 and 3, respectively. Both tables specify the decline in
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the numerical values using the fractional order model. The two types of CNTs were compared in
these tables for the fractional order values, and it was observed that the impact of the SWCNTs and
MWCNTs varies using the fractional model, which is completely different from the classical model,
where identical outputs occur in all cases.

Table 1. The thermo physical properties of carbon nanotubes (CNTs) and the base fluid water.

Physical Properties Density ρ(Kg/m3) Thermal Conduct k(Wm−1/k−1) Specific Heatcp(Kg−1/k−1)

Base fluid Water 997 0.613 4179

Nanoparticles SWCNT 2600 6600 425

MWCNT 1600 3000 796

Table 2. The classical and fractional order comparison for the skin fraction comprising (SWCNTs/
MWCNTs). When α = 1, 0.95, 0.90, Pr = 0.0005, φ = 0.0001, m = 0.01, n = 0.

α=1,η.
f”(a)

SWCNTs
f”(a)

MWCNTs
α=0.95,η.

f”(a)
SWCNTs

f”(a)
MWCNTs

α=0.90,η.
f”(a)

SWCNTs
f”(a)

MWCNTs

0.1 0.0988 0.0988 0.1 0.0985 0.0985 0.1 0.0982 0.0982
0.2 0.0967 0.0967 0.2 0.0960 0.0961 0.2 0.0953 0.0954
0.3 0.0938 0.0939 0.3 0.0927 0.0928 0.3 0.0915 0.0916
0.4 0.0901 0.0903 0.4 0.0886 0.0888 0.4 0.0869 0.0871
0.5 0.0856 0.0859 0.5 0.0837 0.0839 0.5 0.0815 0.0818
0.6 0.0804 0.0807 0.6 0.0781 0.0784 0.6 0.0755 0.0758
0.7 0.0745 0.0749 0.7 0.0717 0.0722 0.7 0.0688 0.0693
0.8 0.0679 0.0683 0.8 0.0648 0.0653 0.8 0.0615 0.0621
0.9 0.0606 0.0612 0.9 0.0572 0.0579 0.9 0.0538 0.0545
1.0 0.0527 0.0534 1.0 0.0492 0.0499 1.0 0.0456 0.0464

Table 3. The classical and fractional order comparison for the Nusselt number (SWCNTs/MWCNTs).
When α = 1, 0.95, 0.90, Pr = 0.0005, φ = 0.0001, m = 0.0, n = 1.

α=1,
η.

Θ
′
(a)

SWCNTs
Θ

′
(a)

MWCNTs
α=0.95,

η.
Θ

′
(a)

SWCNTs
Θ

′
(a)

MWCNTs
α=0.90,

η.
Θ

′
(a)

SWCNTs
Θ

′
(a)

MWCNTs

0.1 0.3000 0.3000 0.1 0.3000 0.3000 0.1 0.3000 0.3000
0.2 0.3000 0.2999 0.2 0.3000 0.2999 0.2 0.3000 0.2999
0.3 0.3000 0.2999 0.3 0.3000 0.2999 0.3 0.2999 0.2999
0.4 0.2999 0.2998 0.4 0.2999 0.2998 0.4 0.2999 0.2998
0.5 0.2999 0.2998 0.5 0.2999 0.2997 0.5 0.2999 0.2997
0.6 0.2999 0.2997 0.6 0.2999 0.2997 0.6 0.2998 0.2996
0.7 0.2998 0.2996 0.7 0.2998 0.2996 0.7 0.2998 0.2995
0.8 0.2998 0.2995 0.8 0.2998 0.2995 0.8 0.2998 0.2994
0.9 0.2998 0.2994 0.9 0.2997 0.2994 0.9 0.2997 0.2993
1.0 0.2997 0.2993 1.0 0.2997 0.2992 1.0 0.2997 0.2992

6. Conclusions

The SWCNT and MWCNT water-based nanofluids’ flow over a thin needle was analyzed for
the enhancement of temperature. Classical and fractional models were used to investigate the impact
of the physical parameters and for similar values for the boundary conditions. The non-linear
system was solved through the FDE-12 method. The classical and fractional results were obtained
for α = 1, and α = 0.95, 0.90, respectively. The impact of the physical parameters over the velocity
and temperature profiles in the classical model were limited, but utilizing the fractional model, the
impact of the parameters varied for different intervals. It was observed that the fractional order model
specifies the accuracy of the physical parameters more precisely considering the small interval of the
derivative between 0 and 1, which have important applications, such as for a fractional order PID
controller which may provide a more effective way to improve the system control routine; similarly,
non-Fickian transport and anomalous diffusion in porous media, polymer flows, or very high gradients
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of concentration or heat are important application areas of the fractional order derivative in the field
of engineering.

The main findings of this study are:

• Greater values of Pr cause decreases in the thickness of the thermal boundary layer when using
the classical model, but by means of the fractional model for the same values of the Prandtl
number, the thermal boundary layer near the needle surface increases and decreases after the
critical point.

• Lower values of n lead to a decrease in the temperature profile using the classical model values,
and this effect is upturned for the fractional order values α = 0.95, 0.90 near the wall and change
to an upsurge in the thermal boundary layer after the point of inflection.
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Abstract: In this paper we investigated the 3-D Magnetohydrodynamic (MHD) rotational nanofluid
flow through a stretching surface. Carbon nanotubes (SWCNTs and MWCNTs) were used as
nano-sized constituents, and water was used as a base fluid. The Cattaneo–Christov heat flux
model was used for heat transport phenomenon. This arrangement had remarkable visual and
electronic properties, such as strong elasticity, high updraft stability, and natural durability. The heat
interchanging phenomenon was affected by updraft emission. The effects of nanoparticles such
as Brownian motion and thermophoresis were also included in the study. By considering the
conservation of mass, motion quantity, heat transfer, and nanoparticles concentration the whole
phenomenon was modeled. The modeled equations were highly non-linear and were solved using
homotopy analysis method (HAM). The effects of different parameters are described in tables and
their impact on different state variables are displayed in graphs. Physical quantities like Sherwood
number, Nusselt number, and skin friction are presented through tables with the variations of different
physical parameters.

Keywords: SWCNTs; MWCNTs; stretched surface; rotating system; nanofluid; MHD; thermal
radiation; HAM

1. Introduction

Heat transfer phenomenon is important in manufacturing and life science applications,
for example in freezing electronics, atomic power plant refrigeration, tissue heat transfer, energy
production, etc. Fluids that flow on a stretched surface are more significant among researchers in
fields such as manufacturing and commercial processes, for instance in making and withdrawing
polymers and gum pieces, crystal and fiber production, food manufacturing, condensed fluid layers,
etc. Considering these applications, heat transfer is an essential subject for further investigation in
order to develop solutions to stretched surface fluid film problems. The flow of a liquefied sheet
was initially considered to obtain a viscid stream and was further extended to stretched surface for
non-Newtonian liquids. Choi [1] examined the enhancement of thermal conductivity in nanoparticles
deferrals. For the enhancement of thermal conductivity and heat transfer, Hsiao [2,3] performed a
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successful survey using the Carreau-Nanofluid and Maxwell models, and obtained some interesting
results. Ramasubramaniam et al. [4] treated a homogeneous carbon nanotube composite for electrical
purposes. Xue [5] work as presenting a CNT model for grounded compounds. Nasir et al. [6] deliberate
the nanofluid tinny liquid flow of SWCNTs using an optimal approach. Ellahi et al. [7] presented the
usual transmitting nanofluids based on CNTs. Shah et al. [8,9] investigated nanofluid flow in a rotating
frame with microstructural and inertial properties with Hall effects in parallel plates. Hayat and
others [10] examined Darcy–Forchheimer flow carbon nanotube flow due to a revolving disk. Recently,
scholars have been working on finding a rotational flow close to the flexible or non-expandable
geometries due its wide array of uses in rotating-generator systems, food handling, spinning devices,
disc cleaners, gas transformer designs, etc. Wang [11] presented a perturbation solution for rotating
liquid flow through an elastic sheet. The magnetic flux features of rotating flow above a flexible surface
was premeditated by Takhar et al. [12]. Shah et al. [13–15] studied nanofluid and heat transfer with
radiative and electrical properties using an optimal approach. Rosali et al. [16] presented a numerical
survey for flow with rotation over porous surface with exponential contraction. Hayat et al. [17] used
the non-Fourier heat fluctuation hypothesis to get a three-dimensional turning stream of the Jeffrey
substances. Mustafa. [18] discussed non-linear aspects of rotating nano-fluid flow through the flexible
plane. Sheikholeslami et al. [19] inspected the consistent magnetic and radiated effect on water-based
nanofluid in a permeable enclosure. Hsiao [20,21] researched the microploar nanofluid stream with
MHD on a stretching surface. Khan et al. [22,23] examined nanofluid of micrpoler fluid with the
Darcy–Forchheimer and irregular heat generation/absorption between two plates.

The classical Fourier law of conduction [24] is one best model for explanation of the temperature
transmission process under numerous relevant conditions. Cattaneo [25] successfully extended the
Fourier model in combining significant properties of the temperature reduction period. Cattaneo’s
work produced a hyperbolic energy equation for the temperature field which allows heat to be
transferred by transmission of heat waves with finite velocity. Heat transfer has many practical
applications, from the flow of nanofluids to the simulation of skin burns (see Tibullo and Zampoli [26]).
Christov [27] discussed the Cattaneo–Maxwell model for finite heat conduction. Straughan and
Ciarletta [28] demonstrated the rareness of the solution of the Cattaneo–Christov equation. Straughan
et al. [29] presented the heat transfer analysis for this model with a brief discussion of a solution for
the model. Recently, Han et al. [30] deliberated the sliding stream with temperature transmission
through the Maxwell fluids for the Christov–Cattaneo model. A numerical comparative survey was
also presented for the validation of their described results. The current exploration of nanofluid with
entropy analysis can be studied in References [31–36].

This paper is based on the features of the Christov–Cattaneo heat flux in rotating nano liquid.
A three-dimensional nanofluid flow is considered over a stretching surface with carbon nanotubes
(CNTs). An effective thermal conductivity model was used in the enhancement of heat transfer.
The problem was modeled from the schematic diagram with concentration. These modeled equations
were transformed into a system of non-linear ordinary differential equations. The modeled equations
were coupled and highly non-linear and were tackled by an analytical and numerical approach.
Homotopy analysis method (HAM) (a high-precision analytical technique proposed by Liao [37])
was used for the solution of the reduced system. Many researcher [38–46] used HAM due to it to it
excellent results. Various parameters are presented via graphs. Different physical parameters (thermal
relaxation time, skin friction, etc.) with the variations of other physical constraints are presented via
graphs and discussed in detail.

2. Effective Thermal Conductivity Models Available in the Literature

Maxwell’s [47] proposed a thermal conductivity model as

kn f

k f
= 1 +

3 (ς − 1) ψ

(ς + 2)− (ς − 1) ψ
. (1)

106



Symmetry 2019, 11, 331

where ς =
kn f
k f

and ψ is a volumetric fraction. Also, Jeffery [48] proposed the following model:

kn f

k f
= 1 + 3χψ +

(
3χ2 +

3χ2

4
+

9χ3

16

(
ς + 2

2ς + 3

)
+ . . . . . .

)
ψ2. (2)

where χ = (ς−1)
(ς+2) . After a little modification, Davis [49] presented a model defined as:

kn f

k f
= 1 +

3(ς − 1) ψ

(ς + 2)− (ς − 1)ψ

{
ψ + ψ(ς)ψ2 + O(ψ3)

}
. (3)

This model gives a good approximation of thermal conductivity even for a very small capacity
and is independent of the atom’s form.

Hamilton and Crosser [50] presented a particle-form-based model defined as:

kn f

k f
=

ς + (�− 1)− (ς − 1)(�− 1)ψ
ς + (�− 1) + (1 − ς)ψ

. (4)

Here � denotes the particle form used. The main limitation of the models discussed above is that
they can only be used for rotating or circular components and cannot be used for CNTs, especially for
their spatial distribution. To overcome this deficiency, Xue [5] presented a model of very large axel
relation and used it for the spatial distribution of CNTs. This model has a mathematical description
given as:

kn f

k f
=

1 − ψ + 2
( kn f

kn f −k f
ln

kn f +k f
2k f

)
ψ

1 − ψ + 2
( k f

kn f −k f
ln

kn f +k f
2k f

)
ψ

. (5)

In the present work we implement the Xue [5] model to calculate thermal conductivity.

3. Formulation of the Problem

A three-dimensional rotational flow of CNTs was carried through a linear flexible surface.
The temperature distribution was deliberated by the Xue model [5]. The compact fluid describing the
Darcy–Forchheimer relationship saturates the permeable area. The stretching surface was adjusted
in the Cartesian plane that plates associated in the xy plane. We assumed only the positive values
of liquid for z. Surface is extended in the x-direction with a positive rate c. In addition, the liquid is
uniformly rotated at a continuous uniform speed ω around the z-axis. Surface temperature is due to
convective heating, which is provided by the high temperature of the fluid Tf . The coefficient of this
heat transfer is h f . The relevant equations after applying assumptions are [13–18]:

→
u x +

→
v y +

→
wz = 0 (6)

u
→
u x + v

→
u y + w

→
u z − 2ωv = vn f

→
u zz −

vn f

K∗ u − Fu2 (7)

u
→
v x + v

→
v y + w

→
v z − 2ωu = vn f

→
v zz −

vn f

K∗ v − Fv2 (8)

ρcp
(
uTx + vTy + wTz

)
= −∇ · ϑ (9)

ϑ + λ2(ϑt + V.∇ϑ − ϑ.∇V + (∇.V)ϑ) = −k∇T (10)

uTx + vTy + wTz =
k

ρcp
Tzz − λ2

⎡⎢⎢⎣
u2Txx + v2Tyy + w2Tzz + 2uvTxy + 2vwTyz

+2uwTxz +
(

u
→
u x + v

→
u y + w

→
u z

)
Tx

+
(

u
→
v x + v

→
v y + w

→
v z

)
Ty +

(
u
→
wx + v

→
wy + w

→
wz

)
Tz

⎤⎥⎥⎦ (11)
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u Cx + v Cy + w Cz = DB Czz +
DT
T0

Tzz. (12)

The related boundary conditions are:

u = uw(x) = cx, v = 0, w = 0, − kn f Tz = h f

(
Tf − T

)
,

−kn f Cz = h f

(
Cf − C

)
at z = 0

u → 0, v → 0, T → T∞, C → C∞ as z → ∞

(13)

K is the permeability, F = Cb

xK∗1/2 is the irregular inertial coefficient of the permeable medium, Cb

represents drag constant and T∞ represents the ambient fluid temperature. The basic mathematical
features of CNTs are [5]:

μn f =
μ f

(1−φ)2.5 , vn f =
μn f
ρn f

, αn f =
kn f

(ρcp)n f
, ρn f = ρ f (1 − φ) + ρCNTφ,

(
ρcp

)
n f =

(
ρcp

)
f (1 − φ) +

(
ρcp

)
CNTφ,

kn f
k f

=
(1−φ)+2φ

kCNT
kCNT−k f

ln
kCNT+k f

2k f

(1−φ)+2φ
k f

kCNT−k f
ln

kCNT+k f
2k f

(14)

Transformations are taken as follows:

u = cx f ′(η), v = cxg(η), w = −(cv f )
1/2 f (η),

Θ(η) = T−T∞
Tf −T∞

, Φ(η) = C−C∞
Cf −C∞

, η =
(

c
v f

)1/2
z.

(15)

Now Equation (6) is identically satisfied and Equations (7), (8), (11)–(13) were reduced to

1

(1 − φ)2.5
(

1 − φ + ρCNT
ρ f

φ
)( f ′′′ − λ f ′

)
+ f f ′′ + 2Kg − (1 + Fr) f ′2 = 0 (16)

1

(1 − φ)2.5
(

1 − φ + ρCNT
ρ f

φ
) (g′′ − λg) + f g′ − f ′g − 2K f ′ − Frg2 = 0 (17)

kn f

k f
Θ′′ + Pr

[
(1 − ϕ) +

(ρcp)n f

(ρcp) f

][
Θ′ (Φ′)Nb +

(
Θ′)2Nt + f Θ′] = 0 (18)

Φ′′ + Sc f Φ′ + Nt
Nb

Θ′′ = 0. (19)

f = 0, f ′ = 1, g = 0, Θ′ = − k f
kn f

γ(1 − Θ), Φ′ = k f
kn f

γ(1 − Φ) at η = 0

f ′ → 0, g → 0, Θ → 0, Φ → 0, when η → ∞
(20)

The dimensionless parameters are defined as

λ =
v f

cK∗ , Fr =
Cb

K∗1/2 , K = ω
c , Pr =

v f
α f

, γ =
h f
k f

√
v f
c , Sc =

υ f
DB

,

Pr =
(ρ cp) f

k f
, Nb =

τ DB(Cf −C∞)
υ f

, Nt =
τ DT(Tf −T∞)

T0υ f
.

(21)

where λ represents porosity K rotation parameter, Fr signifies coefficient of is the inertia, Pr, signifies
Prandtl number, Nb is the parameter of Brownian motion, Sc signifies Schmidt number, and γ is Biot
number and Nt is the thermophoresis parameter which are defined in Equation (21).
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4. Results and Discussion

3-D Magnetohydrodynamic (MHD) rotational nanofluid flow through a stretching surface
is modeled. The Cattaneo–Christov heat flux model was used for heat transport phenomenon.
By considering the conservation of mass, motion quantity, heat transfer, and nanoparticles
concentration the whole phenomenon was modeled. The modeled equations were solved using
homotopy analysis method (HAM). Figure 1 Show the geometry of the flow pattern.

Figure 1. Schematic physical geometry.

Figure 2a–d presents the impact of λ on f ′(η), g(η) & Θ(η) and Biot number γ on Θ(η). Figure 2a
displays the deviation of f ′(η) for different numbers of λ. It was observed that greater porosity
parameter λ values indicate a decline in velocity field f ′(η). Figure 2b reflects the g(η) for dissimilar
values of the permeability constraint λ. It is detected that for greater permeability constraint λ, the
velocity field g(η) increased. Figure 2c shows the impact of permeability parameters λ on Θ(η). It is
observed that Θ(η) enhanced by increasing the permeability constraint λ for SWCNTs and MWCNTs.
Figure 2d illustrates that a greater Biot number γ yields stronger convection, which results in a greater
temperature field Θ(η) and hotter sheet wideness.

Figure 3a–d present the impact of K on f ′(η), g(η), Θ(η), and Biot number γ on Φ(η). Figure 3a
shows in what way the K affects f ′(η). A rise in K produced a lesser velocity field f ′(η) and a smaller
momentum sheet wideness of the SWCNTs and MWCNTs. Greater rotational parameter K values
resulted in greater rotational rates than tensile rates. Thus, a greater turning effect relates to inferior
velocity field f ′(η) and smaller momentum sheet wideness. Figure 3b describes g(η) for K. Larger
values of the rotation parameter K, caused a decrease in the velocity field g(η). Figure 3c illustrates Θ(η)

variations for dissimilar values of K. Greater rotational parameter K decreases the temperature field
Θ(η) and supplementary thermal layer width. Figure 3d demonstrates the concentration distribution
Φ(η) for varying Biot numbers γ. Higher values of γ indicate enhancement in Φ(η).
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(a) (b) 

  
(c) (d) 

Figure 2. Impression of λ on f ′(η), g(η) & Θ(η), and γ on Θ(η).

  
(a) (b) 

 
(c) (d) 

Figure 3. Impression of K on f ′(η), g(η) & Θ(η), and γ on Φ(η).

110



Symmetry 2019, 11, 331

The influences of inertia coefficient Fr on f ′(η), g(η), Θ(η), and Prandtl number Pr on Θ(η) are
shown in Figure 4a–d. Figure 4a shows the inertia coefficient Fr on f ′(η). It is observed that greater
values of inertia coefficients Fr resulted in the decline of f ′(η). Figure 4b depicts the effect of inertia
coefficient Fr over the velocity field g(η). For greater inertia coefficients Fr of SWCNTs and MWCNTs,
there is an increase in the velocity field g(η). The influence of the inertia constant Fr on Θ(η) is shown in
Figure 4c. Greater rates of inertia factor Fr resulted in powerful temperature field Θ(η) and additional
thermal layer thicknesses for SWCNTs and MWCNTs. Figure 4d shows that greater Prandtl number Pr

resulted in the decline of the temperature field Θ(η) of SWCNTs and MWCNTs.

  
(a) (b) 

(c) (d) 

Figure 4. Impression of Fr on f ′(η), g(η), Θ(η), and Pr on Θ(η).

The influences of nanoparticle capacity fraction φ on f ′(η), g(η) & Θ(η), Sc on Φ(η) are shown in
Figure 5a–d. Figure 5a demonstration the modification in f ′(η) of the changing nanoparticle capacity
fraction φ. It was noted that with the rise of the nanoparticle capacity fraction φ, an increase f ′(η) is
observed. Results of nanoparticle capacity fraction φ on the g(η) is shown in Figure 5b. The higher
values of the nanoparticle capacity fraction φ caused a decreases g(η). Figure 5c represents Θ(η) for
different nanoparticles volume fraction φ. It is observed that greater nanoparticle capacity fraction
φ resulted in the decline of the temperature field Θ(η). Figure 5d displays the consequence of Sc on
Φ(η) of the nanoparticles. It is noticed that an increase in Sc caused a decline in Φ(η).
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(a) (b) 

  
(c) (d) 

Figure 5. Impression of φ on f ′(η), g(η), Θ(η) and Sc on Φ(η).

Figure 6a depicts the concentration distribution Φ(η) for dissimilar values of thermophoretic
parameter Nt for SWCNTs and MWCNTs. Higher values of Nt designate the augmentation in Φ(η).
Figure 6b depicts the concentration distribution Φ(η) for the varying Brownian motion parameter
Nb of SWCNTs and MWCNTs. We noted that greater values of Nb show a reduction in Φ(η) and the
connected boundary film thickness.

  
(a) (b) 

λ

Figure 6. Impression of Nt on Θ(η) and Nb. on Φ(η).

4.1. Table Discussion

Physical values of skin friction for dissimilar values of SWCNTs and MWCNTs in the case of
different parameters for Cf x and Cf y are calculated numerically in Table 1. It was perceived that
amassed values of Fr, λ and γ increasing Cf x and Cf y for SWCNTs nanofluid. Similar results were
obtained for MWCNTs. The higher value of K reduces Cf x and Cf y for SWCNT nanofluid, while
for MWCNTs the result was opposite. Physical values for the heat and mass fluxes for dissimilar
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parameters at Pr = 7.0 are calculated in Table 2. Greater values of Fr and K augmented the heat flux as
well as the mass flux for both SWCNTs and MWCNTs. The higher value of Nt and Nb reduced the
heat flux as well as the mass flux while increasing γ decreased it for both SWCNTs and MWCNTs.

Table 1. Variation in skin friction.

Fr K λ γ −Cfx −Cfy

SWCNT MWCNT SWCNT MWCNT

0.0 0.1 0.1 0.1 1.08621 1.03466 1.24014 1.14536

0.1 – – – 1.15376 1.12687 1.27592 1.19880

0.3 – – – 1.19736 1.14350 1.34626 1.24368

0.1 0.0 – – 1.19574 1.04576 1.19574 1.13667

– 0.3 – 0.98487 0.23571 1.44073 1.17462

– 0.5 – – 0.85351 0.02547 1.61115 1.32445

– 0.1 0.0 – 0.96939 0.23419 1.10121 1.03462

– – 0.3 – 1.54123 1.45483 1.23261 1.100344

– – 0.5 – 1.68412 1.52445 1.69793 1.37352

– – 0.1 0.1 1.69222 1.57245 1.72350 1.22359

– – – 0.3 1.73432 1.62355 1.88193 1.31912

– – – 0.5 1.92365 1.81199 1.90843 1.59331

Table 2. Variation in Nusselt number and Sherwood Number at Pr = 7.0.

Fr K Nt Nb γ −Nux −Shx

SWCNT MWCNT SWCNT MWCNT

0.0 0.1 0.1 0.1 0.1 0.116964 0.231567 0.120208 0.243362

0.1 – – – – 0.116964 0.231390 0.120212 0.243021

0.3 – – – – 0.116965 0.233321 0.120212 0.243204

0.1 0.0 – – – 0.116965 0.134136 0.120202 0.243204

– 0.3 – – – 0.116966 0.134342 0.120196 0.243192

– 0.5 – – – 0.116967 0.134351 0.128786 0.243145

– 0.1 0.3 – – 0.116953 0.261532 0.13737 0.243145

– – 0.5 – – 0.116943 0.261531 0.15026 0.950126

– – 0.8 – – 0.116926 0.261530 0.118472 0.950139

– – 0.1 0.5 – 0.118451 0.156382 0.116457 0.936457

– – – 1.0 – 0.120623 0.234521 0.114607 0.934607

– – – 1.5 – 0.122502 0.267373 0.11678 0.932678

– – – 0.1 0.5 0.116945 0.234536 0.116352 0.566352

– – – – 1.0 0.116928 0.198342 0.116209 0.566209

– – – – 1.5 0.116895 0.162455 0.116198 0.526198

5. Conclusions

Three-dimensional MHD rotational flow of nanofluid over a stretching surface with
Cattaneo–Christov heat flux was numerically investigated. Nanofluid is formed as a suspension
of SWCNTs and MWCNTs. The modeled equations under different physical parameters were analyzed
via graphs for SWNTs. The following main points were concluded from this work.
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• It was observed that greater porosity parameter λ values reduced f ′(η) while increasing g(η) and
also increasing temperature field Θ(η) for SWCNTs and MWCNTs.

• Greater Biot number γ yields stronger convection, which results in a greater temperature field
Θ(η) and hotter sheet wideness.

• Greater rotational parameter K values resulted in greater rotational rates than tensile rates.
The higher value of K increased the fluid velocity.

• It was observed that greater values of inertia coefficients Fr resulted in the decline of the
velocity field.

• The higher value of the nanoparticle capacity fraction φ increased the velocity field and
decreased temperature.

• Higher values of Nt indicated enhancement in Φ(η).
• Greater values of Nb showed reduction in Φ(η).
• Larger values of Sc demoted nanoparticle concentration Φ(η).
• It was perceived that increasing values of Fr, λ, and γ increased Cf x and Cf y for SWCNT nanofluid.

Similar results were obtained for MWCNTs.
• The higher values of Nt and Nb reduced the heat flux as well as the mass flux, while increasing γ

decreased it for both SWCNTs and MWCNTs.
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Abstract: The present study discusses an analytical simulation of the head-on collision between a
pair of hydroelastic solitary waves propagating in the opposite directions in the presence of a uniform
current. An infinite thin elastic plate is floating on the surface of water. The mathematical modeling
of the thin elastic plate is based on the Euler–Bernoulli beam model. The resulting kinematic and
dynamic boundary conditions are highly nonlinear, which are solved analytically with the help of a
singular perturbation method. The Poincaré–Lighthill–Kuo method is applied to obtain the solution
of the nonlinear partial differential equations. The resulting solutions are presented separately
for the left- and right-going waves. The behavior of all the emerging parameters are presented
mathematically and discussed graphically for the phase shift, maximum run-up amplitude, distortion
profile, wave speed, and solitary wave profile. It is found that the presence of a current strongly affects
the wavelength and wave speed of both solitary waves. A graphical comparison with pure-gravity
waves is also presented as a particular case of our study.

Keywords: nonlinear hydroelastic waves; uniform current; thin elastic plate; solitary waves;
PLK method

1. Introduction

The interaction between a deformable body and a moving fluid has received remarkable
attention due to its numerous applications in offshore, polar engineering and industrial problems.
Some applications in transportation systems can be observed in the cold region, where the ice sheet is
treated as runways and roads, while air-cushion vehicles are very helpful in breaking the ice. These
kinds of problems involve various mathematical challenges and present significant difficulties in
the mathematical modeling of wave motion and ice deformation. Most of the previous theoretical
and numerical results based on linear wave theories are not applicable to large amplitude waves.
Hydroelasticity is associated with the deformation of elastic bodies due to hydrodynamics excitations,
and together, these excitations are a result of body deformation. In hydroelastic problems, the elastic
body and the fluid motion are coupled, which indicates that the deformation of the elastic body relies
on the hydrodynamic forces and vice versa. Hydroelastic problems are difficult to analyze numerically
and theoretically because, on the surface of the elastic body, hydrodynamic forces actively depend on
the accelerations of the surface displacements.

In the past few years, various theoretical and numerical studies have been presented with the
help of the Kirchhoff–Love plate theory to examine hydroelastic wave problems. For instance, Xia and
Shen [1] analyzed the nonlinear interaction between hydroelastic solitary waves covered with ice.
They used a simple perturbation method to obtain the solution for the nonlinear equations. They found
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that the wavelength, shape and celerity of nonlinear solitary waves depend on the wave amplitude.
The wave speed is less than the wave speed in an open water region. Milewski et al. [2] discussed
hydroelastic waves in deep water using a numerical method. They used a nonlinear model for an
elastic plate and particularly discussed the dynamics of unforced and forced waves. Vanden–Broeck
and Părău [3] investigated the generalized form of hydroelastic periodic and solitary waves in a
two-dimensional channel. They derived weakly nonlinear solutions using a perturbation scheme,
and fully nonlinear solutions were obtained with the help of a numerical method. Deike et al. [4]
experimentally examined the behavior of nonlinear and linear waves propagating beneath an elastic
sheet in the presence of flexural waves and surface tension. By using an optical method to derive a
full space–time wave field, Deike et al. [4] observed that nonlinear shift occurs due to tension in a
sheet by transverse motion of the fundamental mode of an elastic plate. They further noticed that the
separation between associated timescales is satisfactory at each scale of a turbulent cascade which
coincides with theoretical results. Wang and Lu [5] studied nonlinear hydroelastic waves traveling
under an infinite elastic plate on the surface of deep water through the homotopy analysis method.

In the studies mentioned above, less attention has been given to hydroelastic waves in the presence
of a uniform current. There are different reasons, i.e., thermal, wind, and tidal effects and the rotation
of the earth, why ocean currents are often produced. According to engineering applications, it is
essential to determine the behavior of current when it is required to perform refraction calculations,
examine the water particle acceleration and velocities for force calculations on ocean structures [6] and
calculate the wave height from subsurface pressure recordings. The presence of a current influences
the wave speed and affects the observed wave period and the relationship between wavelengths.
Physically, when the wave travels from one region to another region in the presence of a current,
not only will the wavelength and wave speed change but also, probably, current-induced refraction
will occur; furthermore, the wave height will be affected. Schulkes et al. [7] analyzed hydroelastic
waves in the presence of a uniform current using linear potential flow theory. Bhattacharjee and
Sahoo [8] addressed the interaction of flexural gravity waves with the wave current. They also used a
linear approach to discuss the physical features of a floating elastic plate under the impact of a current.
Later, Bhattacharjee and Sahoo [9] examined the effect of a uniform current on flexural-gravity waves
that occur due to an initial disturbance at a point. Mohanty et al. [10] explored the simultaneous
effects of compressive forces and a current on time-dependent hydroelastic waves with both single-
and double-layer fluids propagating through a finite and infinite depth in a two-dimensional channel.
They presented the asymptotic results for the Green function and the deflection of the elastic plate
using the stationary phase method. Lu and Yeung [11] examined the unsteady flexural-gravity waves
that occur due to the interaction of a fixed concentrated line load with the impact of a uniform current.
They observed that the flexural-gravity wave motion depends on the ratio of the current speed to the
group or phase speeds.

In recent decades, various authors have investigated the collision between solitary waves using
different methodologies from different geometrical aspects [12–15]. Gardner et al. [16] introduced the
inverse scattering transform method to determine the exact solution of the Korteweg–de Vries (KdV)
equation and discussed various engrossing characteristics of the collision between solitary waves.
According to this technique, one can easily obtain the solution for overtaking solitary waves, but this
technique is not suitable for determining the solution of a head-on collision process between solitary
waves. When two solitary waves come close to each other, they collide and transfer their positions and
energies with each other. After separating, they regain their original shapes and positions. During
this entire process of interaction, both solitary waves are very stable and preserve their identities.
The features of solitary waves such as striking and colliding, can only be maintained in a conservative
system. Su and Mirie [17] studied the head-on collision between two solitary waves with the help
of the Poincaré–Lighthill–Kuo (PLK) method. Later, Mirie and Su [18] again numerically studied
the head-on collision between solitary waves and observed that after the collision of solitary waves,
they recovered their original amplitudes and positions; however, a difference of less than 2% was
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observed. Dai [19] investigated solitary waves at the interface of a two-layer fluid and considered a
rigid bottom and surface of the channel. Mirie and Su [20] examined the head-on collision between
internal solitary waves using a perturbation method. With the third-order solution, they observed that
the amplitude and energy of the wave train diminish with time. Later, Mirie and Su [21] considered a
similar mathematical modeling [20] with a different asymptotic expansion and derived a modified
form of the KdV solution. They concluded that the collision process is inelastic, and a dispersive wave
train occurs behind each emerging solitary wave. Recently, Ozden and Demiray [22] explored the
work of Su and Mirie [17] with a different asymptotic assumption of the trajectory functions. The order
of the trajectory functions considered by Su and Mirie [17] is ε, where ε is the perturbation parameter
related to the wave amplitude. Ozden and Demiray [22] considered the order of trajectory functions
to be ε2 with a similar definition for ε. Marin and Öchsner [23] discussed the initial boundary value
problem for a dipolar medium using the Green–Naghdi thermoelastic theory. Some more relevant
studies on the head-on collision in single and two-layer fluids can be found in Refs. [24–28].

According to the previously published results, less attention has been given to hydroelastic
solitary waves, and no attempt has been made to analyze the head-on collision mechanism between
hydroelastic solitary waves in the presence of a uniform current. Recently, Bhatti and Lu [29] examined
the head-on collision between two hydroelastic solitary waves using the Euler–Bernoulli beam model
in the presence of compression. Therefore, the present study aims to discuss the head-on collision
between two hydroelastic solitary waves under uniform current and surface tension effects. We apply
a singular perturbation method to obtain the analytic results for the highly nonlinear coupled partial
differential equations. The PLK method is the most appropriate technique to determine the collision
properties, i.e., the head-on collision, wave speed, phase shift, distortion profile, and maximum
run-up amplitude. The resulting series solutions are presented up to the third-order approximation.
A graphical comparison with previously published results is also presented.

2. Mathematical Formulation

Consider a pair of nonlinear hydroelastic solitary waves propagating in the opposite directions
through a finite channel. A Cartesian coordinate is selected to formulate the mathematical model, i.e.,
the x-axis is proposed to lie along the horizontal direction, and the z-axis is considered to lie along
the vertical direction as shown in Figure 1. A thin elastic plate is floating on the surface of water at
z = H(x, t), and the horizontal bottom is located at z = 0. Let Uc be the intensity of an underlying
uniform current moving from left to right (Uc > 0). An opposing current is defined as that moving
from the right to left (Uc < 0). The normal velocity of the governing fluid is taken as zero. The fluid is
supposed to be incompressible, homogenous and inviscid, and the motion be irrotational. The velocity
field in terms of potential function φ(x, z, t) satisfies

∇2φ = 0, (0 < z < H). (1)

The bottom boundary condition at z = 0 is written as

∂φ

∂z
= 0. (2)

The kinematic boundary condition at the water–plate interface (z = H(x, t)) is defined as [11,29]

∂H
∂t

+ Uc
∂H
∂x

+∇φ · ∇H =
∂φ

∂z
. (3)
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Figure 1. Schematic diagram.

The dynamic boundary condition reads [11,29]

∂φ

∂t
+

1
2
(
Uc + |∇φ|)2

+ gH − T
ρ

∂2H
∂x2 +

Pe

ρ
= Bc(t). (4)

In the above equation, Uc is a uniform current, g the gravitational acceleration, ρ the density of
the fluid, and Bc(t) the Bernoulli constant which is considered to be zero. T is coefficient of surface
tension of the fluid. The expression for pressure Pe consists on the Euler–Bernoulli beam theory which
can be written as

Pe = D
∂4H
∂x4 + M

∂2H
∂t2 , (5)

where D = Ed3/[12(1 − ν2)] is the flexural rigidity of the plate, M = ρed, E Young’s modulus, d
constant thickness, ν Poisson’s ratio, and ρe the uniform mass density of the elastic plate.

With the help of Equations (1) and (2), the potential function φ(x, z, t) can be describe using the
Taylor series expansion at z = 0, we have [17]

φ(x, z, t) =
∞

∑
i=0

(−1)i z2i

(2i)!
∇2iΦ, (6)

where

φ(x, 0, t) = Φ(x, t). (7)

Using Equation (6), the kinematic and dynamic boundary condition can be obtained as

∂H
∂t

+ Uc
∂H
∂x

+∇ ·
[

∞

∑
i=0

(−1)i H2i+1

(2i + 1)!
∇2i(∇Φ)

]
= 0, (8)

∂Φ
∂t

+
1
2
(
Uc + |∇φ|)2

+ gH +
Pe

ρ
− T

ρ

∂2H
∂x2

+∑∞
i=1(−1)i H2i

(2i)!

[
∇2iΦt + Uc∇2j+1Φ +

1
2 ∑2i

j=0(−1)jC2i
j ∇j+1Φ ∗ ∇2i−j+1Φ

]
,

(9)

where

C2i
j =

(
2i
j

)
=

2i!
j!(2i − j)!

, (10)

is a binomial coefficient. The asterisk in Equation (9) indicates an inner vector product for the
multiplication of even j and odd i.
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Equations (8) and (9) can be simplified in the following form as

∂H
∂t

+ Uc
∂H
∂x

+
∂

∂x

[
HU +

∞

∑
i=1

(−1)i H2i+1

(2i + 1)!
∂2iU
∂x2i

]
= 0, (11)

∂U
∂t

+ Uc
∂U
∂x

+
∂

∂x

[
gH − T

ρ

∂2H
∂x2 +

U2

2
+

Pe

ρ
+ ∑∞

i=1(−1)i H2i

(2i)!

(
∂2iU

∂t∂x2i−1

+Uc
∂2iU
∂x2i +

1
2 ∑∞

j=0(−1)jC2i
j

∂2i−jU
∂x2i−j

∂jU
∂xj

)]
,

(12)

where U = ∂Φ/∂x is the tangential velocity at the bottom of the channel.

3. Solution Methodology

We will employ the PLK method in the ensuing section. Let us introduce the following coordinate
transformations in the wave frame, we have

ξ0 = εδk(x − Ct), η0 = εδ k̄(x + Ct), (13)

where k and k̄ are the wave numbers of order unity for the right- and left-going waves, respectively;
ε with 0 < ε  1 is a dimensionless parameter that represents the order of magnitude of the wave
amplitude. C and C are the wave speeds of the right- and left-going solitary waves. Using the method
of strained coordinates, we introduce the following transformation of wave frame coordinates with
phase functions:

ξ0 = ξ − εkθ(ξ, η), η0 = η − εk̄ϕ(ξ, η), (14)

where θ(ξ, η) and ϕ(ξ, η) are the phase functions to be deduced in the perturbation analysis.
The purpose of these functions is to obtain the asymptotic approximations which acquiesce us to
analyze the phase changes due to a collision.

According to Ursell’s theory of shallow water waves, we consider the scaling of the horizontal
wavelength as δ = 1/2. Although other values of δ are also possible, i.e., 0, 1/4, 1/8, 1, these values
have some restriction in our present case. However, these values are used by different authors [21,24,25]
to derive various forms of the KdV equation in a two-layer fluid model but fail to give a KdV equation
in our case. Later, Dai et al. [27] used δ = 0 to discuss the head-on collision among solitary waves
propagating in a compressible Mooney–Rivlin elastic rod. The value of δ plays a significant role and
mainly depends upon physical and mathematical assumptions of the governing problem.

Let

H = H0(1 + ζ), (15)

where ζ is the non-dimensional elevation of the plate–fluid interface, and H0 is the undisturbed depth
of the fluid. Considering the linear part of Equations (11) and (12), and assuming the linear solutions
of U and ζ take form of expi(kx−ωt), where ω is the wave frequency, then we have the phase speed for
the right-going wave as

Cc =
c0

χ2

(
F +

√
F2 + χ1χ2

)
, (16)

and for the left-going wave it reads

Cc =
c0

χ2

(
−F +

√
F2 + χ1χ2

)
, (17)
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where

χ1 = 1 + Γ(kH0)
4 + τ(kH0)

2 − F2, (18)

χ2 = 1 + σ(kH0)
2, (19)

c0 =
√

gH0, Γ =
D

ρgH4
0

, σ =
M

ρH0
, τ =

T
ρgH2

0
, F =

Uc

c0
. (20)

The value c0 is the phase speed for pure gravity waves in shallow water of finite depth. The
hydroelastic phase speed can be reduced for pure-gravity waves [17] by taking D → 0, M → 0, T → 0,
and Uc → 0.

For convenience, let us introduce a column vector T defined as

T =

(
ζ

U

)
. (21)

New variables are introduced in the form of the following power series:

θ(ξ, η) = θ0(η) + εθ1(ξ, η) + ε2θ2(ξ, η) + . . . (22)

ϕ(ξ, η) = ϕ0(ξ) + εϕ1(ξ, η) + ε2 ϕ2(ξ, η) + . . . (23)

C = Cc

(
1 + εac1 + ε2a2c2 + . . .

)
, (24)

C = Cc

(
1 + εbc̄1 + ε2b2 c̄2 + . . .

)
, (25)

T = εT1(ξ, η) + ε2T2(ξ, η) + ε3T3(ξ, η) + . . . , (26)

where cn and c̄n (i.e., n = 1, 2, . . . ) are beneficial for removing the secular terms during the solution
procedure; a and b are the amplitude factors.

4. Perturbation Analysis

Substituting Equation (22) into the resulting nonlinear partial differential equations, we obtain a

set of coupled differential equations with coefficients in the form of ε
3
2 , ε

5
2 , ε

7
2 , . . ., which are expressed

in a sequence as follows.

4.1. Coefficients of ε3/2

The system of first-order equations reduces to the following form as

kN
∂T1

∂ξ
+ k̄N

∂T1

∂η
= 0, (27)

where

N =

(
Ccβ− 1

c2
0 Ccβ−

)
, N =

(
Ccβ+ 1

c2
0 Ccβ+

)
, (28)

β− = −1 + F
√

χ, β+ = 1 + F
√

χ, χ =
c2

0
C2

c
, χ =

c2
0

C2
c

. (29)
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We define a matrix system to determine the solutions of the first order equations and higher order
equations. Su and Mirie [17] introduced a new form of transformation to obtain the solutions, but the
transformation fails to provide a solution for the hydroelastic wave speed (see Equation (16)). Zhu and
Dai [24] successfully used a similar methodology for a two-layer fluid model, and Dai et al. [27] used a
matrix system to examine the solutions for a single-layer fluid model.

The right and left characteristic vectors of N and N are

R =

(
1

−Ccβ−

)
, R =

(
1

−Ccβ+

)
, (30)

L =

(
1, − 1

Ccβ−

)
, L =

(
1, − 1

Ccβ+

)
. (31)

The right and left characteristic vectors in Equations (30) and (31) are introduced to determine the
solution at each order. The right characteristic vectors are helpful for obtaining the solution at each
order of approximation, whereas the left characteristic vectors are beneficial for solving the coupled
equations at a higher order. In higher-order approximations, the resulting equations are more complex
and highly coupled. It is impossible to solve the equations directly. Therefore, left characteristic vectors
are beneficial for making the coupled equations into one equation at each order of approximation.

Let us consider the solution of Equation (27) in the following form

T1 = aA(ξ)R + bB(η)R, (32)

where A(ξ) and B(η) are arbitrary functions to be determined in the next order.
The first-order solution can be written as

ζ1 = aA(ξ) + bB(η), (33)

U1 = − (
Ccβ+bB(η) + Ccβ−aA(ξ)

)
. (34)

In the above equation, by taking F = 0, the present results reduce to results similar to those
obtained by Bhatti and Lu [29] for hydroelastic solitary waves.

4.2. Coefficients of ε5/2

The system of second-order equations reduces to the following form as

Nk
∂T2

∂ξ
+ aCck (E1 A′ + E2 AA′ + E3 A′′′ + E4 A′)

+Nk̄
∂T2

∂η
+ bCck̄

(
E1B′ + E2BB′ + E3B′′′ + E4B′) = 0,

(35)

where En and En i.e., (n = 1, 2, 3, 4) are presented in Appendix A.
Let us assume a general solution of the following form

T2 = X(ξ, η)R + Y(ξ, η)R. (36)

Using Equation (36) in Equation (35), and multiplying it by L and L, we obtain

LNRk̄
∂X
∂η

+ aCck (LE1 A′ + LE2 AA′ + LE3 A′′′ + LE4 A′)

+bCck̄
(
LE1B′ + LE2BB′ + LE3B′′′ + LE4B′) = 0,

(37)
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LNRk
∂Y
∂ξ

+ aCck
(
LE1 A′ + LE2 AA′ + LE3 A′′′ + LE4 A′)

+bCck̄
(
LE1B′ + LE2BB′ + LE3B′′′ + LE4B′) = 0,

(38)

where LNR, LNR, LEn and LEn (n = 1, 2, 3, 4) represent the inner products L · N · R, L · N · R, L · En

and L · En, respectively.
The above equation is further divided into three parts namely, (i) secular terms, (ii) local terms

and (iii) non-local terms.

4.2.1. Secular Terms

Secular terms in Equation (37) are those terms which do not depend on η. The other terms cannot
be treated as secular terms, because if we integrate these terms with respect to η, then these terms
become unbounded in space and time and show a secular behavior. The secular terms are

LE1 A′ + LE2 AA′ + LE3 A′′′ = 0. (39)

Let

c1 =
1
2

, k2H2
0 = 3a, (40)

then Equation (39) reduces to the following form

γA′′′ − 3β−AA′ − A′ = 0, (41)

where

γ = − 1
β−

(
β2− + 3α

)
, α = σ − χτ. (42)

The solution of the above KdV equation is found as

A = − 1
β−

sech2 ξ

2
√

γ
. (43)

Similarly,

LE1B′ + LE2BB′ + LE3B′′′ = 0. (44)

Let

c̄1 =
1
2

, k̄2H2
0 = 3b. (45)

Then Equation (44) reduces to the following form

γB′′′ + 3β+BB′ − B′ = 0, (46)

B =
1

β+
sech2 η

2
√

γ
, (47)

where

γ =
1

β+

(
β2
+ + 3α

)
. (48)
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We have obtained a third-order KdV equation for the hydroelastic wave profile. A third-order
KdV profile was also presented by Bhatti and Lu [29] in the absence of a uniform current, i.e., F = 0.
Furthermore, the stiffness of the plate appears in the third-order approximation.

4.2.2. Non-Local Terms

The non-local terms are not secular. However, these terms are helpful for determining the phase
shifts. Therefore, we will leave these terms as they are. The non-local terms appearing in Equation (37) are

LE4 = 0. (49)

It follows that

θ0 =
b

k̄Υ

∫ η

−∞
Bdη1, (50)

where

Υ =
2β+β− −√

χχ − Sβ2−
β−(2β+ + Sβ−)

, S =
Cc

Cc
. (51)

Similarly, we have

LE4 = 0. (52)

It follows that

ϕ0 =
a

kΥ

∫ ξ

+∞
Adξ1, (53)

where

Υ =
2β−β+ −√

χχ − Sβ2
+

β+(2β− + Sβ+)
, S =

Cc

Cc
. (54)

4.2.3. Local Terms

The local terms are those terms that are helpful in examining the wave speed for the left-
and right-going solitary waves. The local terms appearing in Equation (37) can be written in the
following form

LNRk̄
∂X
∂η

+ bCck̄
(
LE1B′ + LE2BB′ + LE3B′′′ + LE4B′) = 0. (55)

Integrating the above equation with respect to η, we obtain the resulting equation after
simplification

X(ξ, η) = C1b2B +
C2b2

2
B2 +

C3b2

γ

(
B − 3β+

2
B2
)
+ C4abAB + a2 A1(ξ), (56)

where Cn (n = 1 . . . 4) are presented in Appendix B.
Similarly

LNRk
∂Y
∂ξ

+ aCck
(
LE1 A′ + LE2 AA′ + LE3 A′′′ + LE4 A′) . (57)
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Integrating the above equation with respect to ξ, we get the resulting equation after simplification

Y(ξ, η) = C1a2 A +
a2C2

2
A2 +

C3a2

γ

(
A +

3β−
2

A2
)
+ C4abAB + b2B1(η), (58)

where Cn (n = 1 . . . 4) are presented in Appendix C. The unknown arbitrary functions A1(ξ) and
B1(η) will be determined in the next order.

4.3. Coefficients of ε7/2

In the third-order system, we obtain the following equation

Nk
∂T3

∂ξ
+ aCck

(
F1 A′ + F2 AA′ + F3 A′A2 + F4

(
A′A1 + AA′

1
)
+ F5 A′

1 + F6 A′′′
1

+F7 A′ + F8 A′)+ Nk̄
∂T3

∂η
+ bCck̄

(
F1B′ + F2BB′ + F3B′B2

+F4
(

B′B1 + B′
1B
)
+ F5B′

1 + F6B′′′
1 + F7B′ + F8B′) = 0,

(59)

where Fn and Fn i.e., (n = 1 . . . 8) are presented in Appendix A.
Let us assume a general solution of the following form

T3 = X1(ξ, η)R + Y1(ξ, η)R. (60)

Using Equation (60) in Equation (59), and multiplying it by L and L, we obtain

LNRk̄
∂X1

∂η
+ aCck

[
(LF1 + LF2 A + LF3 A2 + LF7 + LF8)A′ + LF5 A′

1

+LF6 A′′′
1 + LF4

(
A′A1 + AA′

1
)]

+ bCck̄
[
(LF8 + LF1 + LF7 + LF2B (61)

+LF3B2)B′ + LF4
(

B′B1 + B′
1B
)
+ LF5B′

1 + LF6B′′′
1

]
= 0,

LNRk
∂Y1

∂ξ
+ aCck

[
(LF1 + LF2 A + LF3 A2 + LF7 + LF8)A′ + LF5 A′

1

+LF6 A′′′
1 + LF4

(
A′A1 + AA′

1
)]

+ bCck̄
[
(LF8 + LF1 + LF7 + LF2B (62)

+LF3B2)B′ + LF4
(

B′B1 + B′
1B
)
+ LF5B′

1 + LF6B′′′
1

]
= 0,

where LNR, LNR, LFn and LFn (n = 1 . . . 8) represent the inner products L · N · R, L · N · R, L · Fn and
L · Fn, respectively.

The above equation is further divided into the following three parts: (i) secular terms, (ii) local
terms and (iii) non-local terms.

4.3.1. Secular Terms

The secular terms appearing in this order are found as

(LF1 + LF2 A + LF3 A2)A′ + LF4
(

A′A1 + AA′
1
)
+ LF5 A′

1 + LF6 A′′′
1 . (63)

The above equation is simplified as

A′′′
1 − A′

1 − 3β−
(

A1 A′ + A′
1 A

)
+ (−2c2 + C6) A′ + C7 AA′ + C8 A2 A′. (64)

Upon integrating the above equation we get

A′′
1 − A1 − 3β−A1 A + (−2c2 + C6)A +

C7

2
A2 +

C8

3
A3, (65)
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where C6, C7 and C8 are presented in Appendix B.
Let

c2 =
C6

2
. (66)

Then the solution of Equation (64) can be written as

A1 = C9 A + C10 A2, (67)

where C9 and C10 are presented in Appendix B.
Similarly, we have

(LF1 + LF2B + LF3B2)B′ + LF4
(

B′B1 + B′
1B
)
+ LF5B′

1 + LF6B′′′
1 . (68)

The above equation is simplified as

B′′′
1 − B′

1 + 3β+
(

B1B′ + B′
1B
)− (

2c̄2 + C6
)

B′ − C7 AA′ − C8B2B′. (69)

Upon integrating the above equation, we obtain

B′′
1 − B1 + 3β+B1B − (2c̄2 + C6)B − C7

2
B2 − C8

3
B3, (70)

where C6, C7 and C8 are presented in Appendix C.
Let

c̄2 = −C6

2
. (71)

Then the solution of Equation (69) can be written as

B1 = C9B + C10B2, (72)

where C9 and C10 are presented in Appendix C.
This completes the solutions for Equations (56) and (58).

4.3.2. Non-Local Terms

The non-local terms appearing in this order are found as

LF7 A′ = 0. (73)

The above equation can be written as

θ1 = θ̄1,0

∫ η

−∞
Bdη1 + θ̄1,1

∫ η

−∞
B2dη1, (74)

where

θ̄1,0 =
b

θ̄1,2

[
C11 + aC12 A − C14 + aC15 A

β−

]
, (75)

θ̄1,1 =
b2

θ̄1,2

[
C13 − C16

β−

]
, (76)
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θ̄1,2 = −k̄

[
2β+β− −√

χχ − Sβ2−
β−

]
, (77)

and Cn (n = 11 . . . 16) are presented in Appendix B.
Similarly, we have

LF7B′ = 0. (78)

The above equation reduces to

ϕ1 = ϕ̄1,0

∫ ξ

+∞
Adξ1 + ϕ̄1,1

∫ ξ

+∞
A2dξ1, (79)

where

ϕ̄1,0 =
a

ϕ̄1,2

[
C11 + bC12B − C14 + bC15B

β−

]
, (80)

ϕ̄1,1 =
a2

ϕ̄1,2

[
C13 − C16

β−

]
, (81)

ϕ̄1,2 = −k

[
2β−β+ −√

χχ − Sβ2
+

β+

]
, (82)

and Cn (n = 11 . . . 16) are presented in Appendix C.
In Equation (74), all the terms appearing are similar to the first-order phase shift and show a

simple phase shift behavior except for the third term in θ̄1,0. Few terms in θ̄1,0 depend on ξ when
η → +∞; therefore, the wave profile is different before and after the collision process (see Figures 6
and 7) because θ1 enters into the argument of function A(ξ). A similar behavior has been observed for
the left-going wave.

4.3.3. Local Terms

The local terms are found as

LNRk̄
∂X1

∂η
+ bCck̄

[
(LF8 + LF1 + LF7 + LF2B + LF3B2)B′

+LF4
(

B′B1 + B′
1B
)
+ LF5B′

1 + LF6B′′′
1
]
+ aCckLF8 A′ = 0.

(83)

Integrating the above equation, we obtain

X1 =
1

C5

(
C17B + C18B2 + C19B3

)
+ a3 A2(ξ), (84)

where C17, C18 and C19 are presented in Appendix B.
Similarly, we have

LNRk
∂Y1

∂ξ
+ aCck

[
(LF1 + LF2 A + LF3 A2 + LF7 + LF8)A′ + LF5 A′

1

+LF6 A′′′
1 + LF4

(
A′A1 + AA′

1
)]

+ bCck̄LF8 = 0.
(85)
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Integrating the above equation, we obtain

Y1 =
1

C5
(C17 A + C18 A2 + C19 A3) + b3B2(η), (86)

where C17, C18 and C19 are presented in Appendix C.
In the above equation, A2(ξ) and B2(η) are the undetermined functions. For further analysis,

we will end our calculations here, and the solutions for A2(ξ) and B2(η) are neglected.

5. Analytical Results

The series solutions in the preceding section are summarized in the following form.
The interfacial elevation at the water–plate interface can be written with the help of Equations

(32) and (36), and we have

ζ = ε(aA + bB) + ε2 [X(ξ, η) + Y(ξ, η)] , (87)

where X(ξ, η) and Y(ξ, η) are defined in Equations (56) and (58).
The distortion profile can be calculated with the help of Equation (87). Therefore, the functions

that are products of B(η) and A(ξ) must be removed. For this purpose, by taking B(η) = 0 in
Equation (87), the distortion profile at the water–plate interface can be written as

ζ = aεA + ε2a2

[
C1 A +

C2

2
A2 +

C3

γ

(
A +

3β−
2

A2
)
+ a2 A1(ξ)

]
. (88)

The maximum run-up ζmax during the collision process at the water–plate interface can be
obtained by taking A = B = 1 in Equation (87), namely

ζmax

∣∣∣
A=B=1

= ζ. (89)

Following from Equations (32) and (36), the velocity at the bottom reads

U = −ε
[
Ccβ+bB + Ccβ−aA

]− ε2 [Ccβ−X(ξ, η) + Ccβ+Y(ξ, η)
]

. (90)

Using Equations (40) and (65), the series solutions for the right- and left-going wave speeds are
given by

C = Cc

(
1 +

1
2

εa +
C6

2
ε2a2 + O(ε3)

)
, (91)

C = Cc

(
1 +

1
2

εb − C6

2
ε2b2 + O(ε3)

)
. (92)

The phase shifts for the right- and left-going wave read

θ = θ0 + εθ1 + O(ε2), (93)

ϕ = ϕ0 + εϕ1 + O(ε2), (94)

where θ0, θ1, ϕ0, and ϕ1 are given in Equations (50), (53), (74) and (79), respectively.

129



Symmetry 2019, 11, 333

6. Graphical Analysis

This section describes the graphical behaviors of all the physical parameters involved in the
governing two-dimensional hydroelastic wave problem. To determine the results in a more significant
manner, Figures 2–16 depict the water–plate interface, distortion profile, wave speed, phase shift,
and maximum run-up amplitude during the collision process. We consider the physical parameters,
unless otherwise stated, E = 106 N m−2, d = 0.05 m, F = 0.3 m s−1, g = 9.8 m s−2, ρ = 103 kg m−3,
T = 0.075 N m−1, H0 = 1 m and ρe = 917 kg m−3 for the graphical results. It is worth mentioning here
that by taking σ = 0, Γ = 0, τ = 0, and F = 0 in Equations (3) and (4), the present results reduce to
those obtained by Su and Mirie [17] for pure-gravity waves.

Figure 2 shows the wave profile for different values of Γ and σ. When the effects of the elastic
plate are taken into account, then significantly changes in the wave profile are observed. The parameter
Γ is directly proportional to the plate thickness d and Young’s modulus E. When Γ and σ increase,
the plate becomes significantly stiffer, which produces a reactive force that opposes the deformation
of hydroelastic waves. Figure 3 is plotted to see the effect of the current on the solitary wave
profile. We can see from this figure that when the current is moving from right to left, F < 0;
then, the wavelength, amplitude and speed of the solitary waves are affected as shown in the region
x ∈ [−50, 0]. However, when F > 0, a similar and converse behavior is found for the second solitary
waves in the region x ∈ [0, 50]. Figure 4 shows that an increment in the surface tension parameter
τ significantly diminishes the wave profile and that the wave profile before and after the collision
process becomes narrower as the surface tension increases. Figure 5 shows a graphical comparison
with previously published results presented by Su and Mirie [17]. We can observe that when Γ = 0,
σ = 0, τ = 0, and F = 0, our results are in excellent agreement with those of Su and Mirie [17] for pure
gravity waves, which ensures the validity of the present results and the methodology used.
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0.06

Figure 2. Head-on collision between two solitary waves for different values of Γ and σ. Solid line:
Γ = 0, σ = 0; dashed line: Γ = 0.07, σ = 0.5; dot-dashed line: Γ = 0.09, σ = 1.1; dot-dot-dashed line:
Γ = 0.1, σ = 1.4.
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Figure 3. Head-on collision between two solitary waves for different values of F. Solid line: F = −0.3
(opposing current); dashed line: F = −0.1 (no current); dot-dashed line: F = 0.3 (following current);
dot-dot-dashed line: F = 0.5 (following current).
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Figure 4. Head-on collision between two solitary waves for different values of τ. Solid line: τ = 0.5;
dashed line: τ = 0.7; dot-dashed line: τ = 0.8; dot-dot-dashed line: τ = 1.

x

ζ

-50 0 50
0

0.02

0.04

0.06

0.08

Figure 5. Comparison of head-on collision between two solitary waves with previously published
results. Solid line (present results): Γ = 0, σ = 0, τ = 0, F = 0; circles (Su and Mirie [17]): Γ = 0, σ = 0,
τ = 0, F = 0; dot-dashed line: Γ = 0.11, σ = 0.09, τ = 0.01, F = 0.3.

Figures 6 and 7 show the distortion profile during the head-on collision process for F > 0 and
F < 0. In both figures, we can see that before the collision process, the wave profile is similar for
F > 0 and F < 0. We can observe from these figures that during the collision process, the wave profile
tilts backward in the direction of wave propagation. However, the wave profile remains symmetric
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before the collision process. Further, we can see that the wave profile is less affected by the following
current F > 0 compared with the opposing current F < 0. A similar behavior was also observed by Su
and Mirie [17] for pure gravity waves and Bhatti and Lu [29] for nonlinear hydroelastic waves in the
presence of a compressive force.
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Figure 6. Distortion profile for F > 0 (following current). Solid line: before collision; dashed line: after
collision.
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Figure 7. Distortion profile for F < 0 (opposing current). Solid line: before collision; dashed line: after
collision.

Figures 8–10 are plotted for the phase shift profile against different values of Γ, σ, τ and F. It can
be noted from Figure 8 that the initially phase shift profile increases due to the presence of the elastic
plate, while its behavior becomes the opposite as the wave amplitude rises. Figure 9 shows that the
phase shift profile increases for higher values of the following current (F > 0), whereas its behavior
is converse for higher values of the opposing current (F < 0). Figure 10 shows the effects of the
surface tension τ on the phase shift profile. From this figure, we observe that the surface tension results
are uniform throughout the domain, whereas the phase shift remarkably decreases due to a strong
influence of the surface tension.
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Figure 8. Phase shift vs wave amplitude. Solid line: Γ = 0, σ = 0; dashed line: Γ = 0.11, σ = 0.09;
dot-dashed line: Γ = 0.88, σ = 0.18; dot-dot-dashed line: Γ = 3, σ = 0.27.
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Figure 9. Phase shift vs wave amplitude. Solid line: F = −0.3 (opposing current); dashed line:
F = −0.1 (opposing current); dot-dashed line: F = 0.3 (following current); dot-dot-dashed line: F = 0.5
(following current).
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Figure 10. Phase shift vs wave amplitude. Solid line: τ = 0.1; dashed line: τ = 0.5; dot-dashed line:
τ = 0.8; dot-dot-dashed line: τ = 1.

Figures 11–13 show the variation of the wave speed with multiple values of Γ, σ, τ and F.
In Figure 11, we can observe that the wave speed decreases significantly when Γ increases. Furthermore,
the behavior of the left-going wave speed will be opposite to that of the right-going one. Figure 12 is
plotted to analyze the wave speed behavior for the left- and right-going solitary waves. In Figure 12,
we can easily observe that the left-going wave speed tends to diminish with the following current
F > 0, while the behavior is opposite for the right-going solitary wave. From Figure 13, we note that
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the surface tension strongly influences the wave speed. We can see that the wave speed decreases due
to an increment in the surface tension parameter τ.
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Figure 11. Wave speed vs wave amplitude. Solid line: Γ = 0.3; dashed line: Γ = 0.4; dot-dashed line:
Γ = 0.5 ; dot-dot-dashed line: Γ = 0.6.
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Figure 12. Wave speed vs wave amplitude. Solid line: F = −0.4 (opposing current); dashed line:
F = 0 (no current); dot-dashed line: F = 0.5 (following current); dot-dot-dashed line: F = 1 (following
current). Red line: left-going wave; black line: right-going wave.
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Figure 13. Wave speed vs wave amplitude. Solid line: τ = 0.1; dashed line: τ = 0.3; dot-dashed line:
τ = 0.5; dot-dot-dashed line: τ = 0.6.

Figures 14–16 present the variations in the maximum run-up during the collision process. It can
be noted from Figure 14 that the plate deflection creates an opposing force, which tends to resist
the maximum run-up amplitude. Therefore, an increment of Γ or σ tends to diminish the maximum
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run-up amplitude during the collision process. However, in Figure 15, we can see that the maximum
run-up amplitude increases for negative values of the current F < 0, whereas its behavior is similar for
higher values of the current when F > 0. It can be observed from Figure 16 that the surface tension
parameter τ significantly affects the wave speed compared with Γ, F and σ. An enhancement in the
surface tension tends to reduce the maximum run-up amplitude.
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Figure 14. Maximum run-up vs wave amplitude. Solid line: Γ = σ = 0; dashed line: Γ = 0.07, σ = 0.5;
dot-dashed line: Γ = 0.09, σ = 1.1; dot-dot-dashed line: Γ = 0.1, σ = 1.4.
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Figure 15. Maximum run-up vs wave amplitude. Solid line: F = −0.5 (opposing current); dashed
line: F = −0.4 (opposing current); dot-dashed line: F = 0.4 (following current); dot-dot-dashed line:
F = 0.5 (following current).
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Figure 16. Maximum run-up vs wave amplitude. Solid line: τ = 0.5; dashed line: τ = 1.0; dot-dashed
line: τ = 1.5; dot-dot-dashed line: τ = 2.
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7. Concluding Remarks

In this article, we analytically studied the behavior of a current in the head-on collision
process between a pair of hydroelastic solitary waves propagating in the opposite directions.
The Poincaré–Lighthill–Kuo method is successfully applied to obtain the solution for the governing
nonlinear partial differential equations. The resulting solutions are presented up to the third-order
approximation for right- and left-going solitary waves. The impact of different essential parameters
is discussed with the help of graphs and presented mathematically for the water–plate interface,
wave speed, phase shift, distortion profile, and maximum run-up amplitude during the collision
process.

A graphical comparison with previously published results is also presented, and it is found that
the present results are in excellent agreement, which ensures that the results for the hydroelastic wave
problem are correct. It is also found that the presence of a thin elastic plate significantly reduces the
amplitude of the wave profile. Furthermore, we noted that the presence of a current not only affects the
wavelength and wave amplitude but also produces a remarkable effect on the wave speed. The phase
shift markedly decreases due to the more significant influence of the elastic plate. It is also noted
that the phase shift tends to increase for the following current, whereas its behavior is converse for
the opposing current. The maximum run-up amplitude increases due to the strong influence of the
following and opposing currents. It is observed that very small tilting occurs in the distortion profile
during the collision process for positive values of the current, whereas greater tilting in the wave
profile is seen for negative current values.
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Appendix A

E1 = −ac1

(
1

−Ccβ−

)
, (A1)

E2 = −aβ−

(
2

−Ccβ−

)
, (A2)

E3 = 3a

⎛⎜⎜⎝
β−
6

Cc

(
β2−
2

+ α

)
⎞⎟⎟⎠ , (A3)

E4 =

⎛⎜⎜⎝ −abk
(
Sβ+ + β−

)
B + 2akk̄

(
Sβ+ − β−

) ∂θ0

∂η

akCc

(
bβ+β−B + k̄

∂θ0

∂η

(√
χχ − β−β+

))
⎞⎟⎟⎠ , (A4)
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E1 = bc̄1

(
1

Ccβ+

)
, (A5)

E2 = bβ+

(
2

Ccβ+

)
, (A6)

E3 = 3b

⎛⎜⎜⎝ − β+

6

Cc

(
−β2

+

2
+ α

)
⎞⎟⎟⎠ , (A7)

E4 =

⎛⎜⎜⎝ −abk̄ (β+ + Sβ−) A − bkk̄ (β+ − Sβ−)
∂ϕ0

∂ξ

bk̄Cc

(
aβ+β−A + k

∂ϕ0

∂ξ

(√
χχ − β−β+

))
⎞⎟⎟⎠ , (A8)

F1 = a2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
2γ2

(
C3Sβ+ − C3γ + C1Sβ+γ − γ2(C1 + 2c2)

)
Cc

[
c1C1Sβ+ + c2β− +

9Γχ

γ2 +
3C3σ

γ2 − 3SC3β+β−
2γ2

−9β2−
2γ2 +

3C1σ

γ
+

SC3β+

2γ
+

3Sβ+β−C1

2γ
− 3β−

4γ

−3C3τχ

γ2 − 3C1τχ

γ

]

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (A9)

F2 = a2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

[
−2

{(
Sβ+ + β−

) (
C1 +

C3

γ
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− c1

(
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3C3β−
γ

)

+
3Sβ+

γ2

(
15C3β− + 4C2γ + 3C1γβ−
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Cc

[
2Sβ+β−

(
C1 +

C3

γ

)
+ 3

(
α − c1Sβ+β−

γ2

)
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15C3β− + 4C2γ + 3γC1β−

)
+ c1Sβ+
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γ
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135Γβ−

γ2 − 45β3−
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F4 = E2, F5 = E1, F6 = E3, (A12)
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∂ϕ1

∂ξ

Cc

(
aC14 A + abC15 AB + abC16 A2 + k

(√
χχ − β−β+

) ∂ϕ1

∂ξ

)
⎞⎟⎟⎠ , (A19)

F8 = k̄
∂ϕ1

∂η

(
−2β−

Cc(β2− − S
√

χ)

)
, (A20)
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where Cn and Cn (n = 11 . . . 16) are defined in Appendixs B and C.

Appendix B

C1 = −Sβ+ + β−
2C5β−

, (A21)

C2 =
β+(Sβ+ + 2β−)

C5β−
, (A22)

C3 =
3S

C5β−

(
3β2

+ + 6α − Sβ−β+

)
, (A23)

C4 =
1

C5

(
2β+ + Sβ− +

CcΥ(χ − β2−)
β−

)
, (A24)

C5 = 2β+ − S
β−

−
√

χ
√

χ

β−
, (A25)

C6 =
1

2γ2

(
C3Sβ+ − C3γ + C1Sβ+γ − γ2C1

)− 2β−A2 − 1
β−

[
c1C1Sβ+ + c2β− +

9Γχ

γ2

+
3C3σ

γ2 − 3SC3β+β−
2γ2 − 9β2−

2γ2 +
3C1σ

γ
+

SC3β+

2γ
+

3Sβ+β−C1

2γ
− 3β−

4γ
− 3C3τχ

γ2

−3C1τχ

γ

]
,

(A26)

C7 =

[
−2

{(
Sβ+ + β−

) (
C1 +

C3

γ

)}
− c1

(
C2 +

3C3β−
γ

)
+ (15C3β− + 4C2γ

+3C1γβ−)
3Sβ+

γ2

]
− 1

β−

[
2Sβ+β−

(
C1 +

C3

γ

)
+ 3

(
α − c1Sβ+β−

γ2

)
(15C3β− (A27)

+4C2γ + 3γC1β−) + c1Sβ+

(
C2 +

3C3β−
γ

)
+

135Γβ−
γ2 − 45β3−

8γ2 +
β2−
4γ

]
,

C8 =− 3c1(Sβ+ + β−)
(

C2 +
3C3β−

γ

)
+ 15c2

1Sβ+

(
3C3β2−

γ2 +
C2β−

γ

)

−
[

45c1(3C3β− + C2γ)(2α − Sβ−β+)

γ2 + 3c1Sβ+

(
C2 +

3C3β−
γ

)
+

405χΓβ−
γ2 (A28)

+
135c1β3−

8γ2 +
27c1β2−

2γ

]
,

C9 = −4C8 + 3C7β−
9β2−

, (A29)
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C10 =
2C8

3β−
. (A30)

C11 = −c1a(C4 + C4)− (bβ− + 2aSβ+)

(
C1 +

C3

γ

)
− 3c1(b + a)

(
C4Sβ+

γ
+

C4β−
γ

)
+c1aSΥ +

c1aβ−Υ
γ

− c1bSβ+Υ
γ

+
c1aβ−

γ
+

bSβ+Υ
γ

+
bβ−Υ

γ
+

aβ−Υ
γ

,

(A31)

C12 = −2(C4 + C4)β− − 2(C4Sβ+ + C4β−) +
3c1SC4β−β+

γ
+

3c1C4β2−
γ

−2Sβ+

(
C2 +

3C3β−
γ

)
− 2β−Υ +

9c1β2−Υ
γ

,
(A32)

C13 =− 2(C4 + C4)Sβ+ − 2(C4Sβ+ + C4β−) +
9c1SC4β2

+

γ
+

9c1C4β−β+

γ
− 3Sβ2

+Υ
γ

− 2β−

(
C2 − 3C3β+

γ

)
+ 2(C4 + C4)SΥβ+ − 2Υ

(
Sβ+ + β− + C4Sβ+ + C4β−

)
(A33)

− 3c1β+β−Υ
γ

,

C14 = c1a(C4Sβ+ + C4β−) + (bβ2− + aβ2
+S2

)

(
C1 +

C3

γ

)
+ σ(3S2b − 6bS + 3a)(

C4

γ
+

C4

γ

)
+

3bβ−
2γ

(SC4 + C4) +
3bSβ+

2γ
(SC4 + C4) +

3aβ−
2γ

(SC4 + C4)

− aS2Υβ+β−

(
C1 +

C3

γ

)
+

3aβ2−Υ
γ

+
3aβ−β+SΥ

2γ
+

3bβ2
+SΥ

2γ
+

3bβ+β−SΥ
γ

+
3bβ+β−SΥ

2γ
+

3aβ+β−SΥ
2γ

− 4bβ+S2Υ
γ

+
4aβ−SΥ

γ
− 7bSβ+Υ

2γ
+

3bSβ+β−
2γ

(A34)

− 3aSβ+β−
2γ

− 3abχτ

(
b
γ
+

a
γ

)
(C4 + C4)− c1aSβ−Υ + aS

√
χχΥ

(
C1 +

C3

γ

)

− a2σΥ
γ

− a2χτΥ
γ

− τχ

(
3bΥ

γ
+

3aΥ
γ

)
− 3σ

(
bΥS

γ
+

aΥ
γ

)

− 3χτ

(
2bΥ

γ
+

bΥ
γ

+
aΥ
γ

)
+ 3σ

(
−2bSΥ

γ
+

bS2Υ
γ

+
aΥ
γ

)
,

C15 = 2β−
(
C4Sβ+ + C4β−

)
+ S2

β2
+

(
C2 +

3C3β−
γ

)
+

9β−α

γ

(
C4 + C4

)
−3ab2Sβ+β2−

2γ
+ 2β2−Υ + χΥ

(
C2 +

3C3β−
γ

)
− 9σβ−Υ

γ
− 27β−τχΥ

γ

+
9Sβ2−Υ

4γ
− 9Sβ3−Υ

γ
+

9Sβ2−β+Υ
γ

− 3β2−
γ

(
SC4β+ + C4β−

)− S2
β+Υβ−(

C2 +
C3

γ

)
+

9β3−
γ

,

(A35)
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C16 = 2c1Sβ+(C4Sβ+ + C4β−) + c1β2−
(

C2 − 3C3β+

γ

)
+

3σSc1β+

γ
(S − 2)

(C4 + C4)−
9Sβ2

+β−
4γ

+
27χτβ+

2γ
(C4 + C4)− 9Sσβ+Υ

2γ
+

9χτΥ
2γ

+ Υ

(C4 + C4) + 2Sβ+β−Υ +
9β+τχ

2γ

(
2Υ + Υ

)
+

9σβ+S
2γ

(
2Υ − SΥ

)− 9Sβ2
+Υ

4γ

+
81S2

β2
+Υ

4γ
+

63Sβ2
+Υ

4γ
+

18Sβ+β−Υ
γ

,

(A36)

C17 = b
(

LF8 + LF1 + LF7 +
LF6C8

γ

)
+ SaLF8 A′, (A37)

C18 = b

[
LF2

2
+ LF4C9 + LF5C9 + LF6

(
4C10

γ
− 3β+

2γ

)]
, (A38)

C19 = b

(
LF3

3
+ LF4C10 + LF5C10 − 5LF6C10β+

γ

)
. (A39)

Appendix C

C1 =
β+ + Sβ−

2C5β+
, (A40)

C2 =
β−(2β+ + Sβ−)

C5β+
, (A41)

C3 =
3S

6C5β+

(
6α − 3β2− − Sβ+β−

)
, (A42)

C4 =
1

C5

(
Sβ+ + 2β− +

CcΥ(χ − β2
+)

β+

)
, (A43)

C5 = 2β− − S
β+

−
√

χχ̄

β+
. (A44)

C6 =
1
2

C1 +
3C3Sβ−

6γ2 +
C3

2γ
+

3C1Sβ−
6γ

− 1
β+

[
−1

2
C1Sβ− +

9χΓ
γ2 +

3C3σ

γ2 − 9β2
+

24γ2 − 3C3Sβ−β+

2γ

2
(A45)

+
3c1σ

γ
+

3β+

4γ
− C3Sβ−

2γ
+

3c1Sβ−β+

2γ
− 3χτ

(
C3

γ2 +
C1

γ

)]
,
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C7 =

[
−2

{
(β+ + Sβ−)

(
C1 +

C3

γ

)}
+

1
2

(
C2 − 3C3β+

γ

)
+ (15C3β+ + 4C2γ

+3C1γβ+)
3Sβ−
6γ2

]
− 1

β+

[
2Sβ+β−

(
C1 +

C3

γ

)
− 3

(
α + c1β+β−

γ2

)
(15C3β− (A46)

−4C2γ + 3γC1β−)− c̄1Sβ+

(
C2 +

3C3β−
γ

)
− 135ΓS2β+

γ2 +
45S2β3

+

8γ2 +
β2
+

4γ

]
,

C8 = − 3c1(β+ + Sβ−)
(

C2 +
3C3β−

γ

)
+ 15c2

1Sβ−

(
3C3β2

+

γ2 − C2β+

γ

)
− 1

β+[
45c1β+(3C3β− − C2γ)(2α + Sβ−β+)

γ2 + 3c1Sβ+β−
(

C2 − 3C3β+

γ

)
+

405Γχβ2
+

γ2 (A47)

−135c1S2β4
+

8γ2 − 27c1β3
+

γ

]
,

C9 = −4C8 − 3C7β+

9β2
+

, (A48)

C10 =
2C8

3β+
, (A49)

C11 = c1b(C4 + C4)− 2(bSβ− + aβ+)

(
C1 +

C3

γ

)
+

(
b
Υ
+

3a
2Υ

) (
C4β+ + C4β−S

)
− bSΥ

2
+

bβ+Υ
6γ

+
aβ−ΥS

2γ
+

aβ+Υ
2γ

+
aSβ−Υ

γ
,

(A50)

C12 = 2β+(C4 + C4)− 2(C4β+ + C4Sβ−)− β−S
(

C2 − 3C3β+

γ

)
− 2β+Υ − 3β2

+Υ
2γ

− β+

2γ

(
C4β+ + C4Sβ−

)
,

(A51)

C13 =(C4 + C4)− (C4Sβ− + C4β+)− 2β+

(
C2 +

3C3β−
γ

)
+

3β−
4γ

(β+Υ + 2Sβ−Υ)

+
9β−
4γ

(C4β+ + C4Sβ−) + β−(C4 + C4)SΥ − (β+ + Sβ−)− Υ(C4β+ + C4Sβ−) (A52)

+
3SΥβ2−

4γ
,
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C14 =− c1b(C4β+ + C4Sβ−) +
(

bβ2−S2 + aβ2
+

)(
C1 +

C3

γ

)
+

3aβ−ΥS2

γ
− 3bσΥ

γ

3σ(C4 + C4)

[
b
γ
+

S2a
γ

− 2Sa
γ

]
− 3β+β−S

2

(
b
γ
− a

γ

)
+

3aβ2−ΥS2

γ
+ 3bβ2

+S2(
Υ
γ
+

1
γ

)
− 3τχ(C4 + C4)

(
b
γ
+

a
γ

)
+

bSβ+Υ
2

+ b
(

C1 +
C3

γ

)
− 3bτχΥ

γ

− 3τχ

(
bΥ
γ

+
aΥ
γ

+
2aΥ

γ

)
+ 3σ

(
b
γ
+

aS2

γ
− 2aSΥ

γ

)
− 3τ

√
χχS

(
Υ
γ
+

Υ
γ

)
(A53)

+ 3

(
bΥ
γ

+
aSΥ

γ

)
+

3
2

S
[

β+Υ
(

b
γ
+

a
γ

)
− β−Υ

γ
(Sa − b)

]
+

3bβ2
+Υ

2γ

+ 15Sβ+Υ
(

b
γ
+

a
γ

)
+

9bβ+Υ
γ

+
3aS2β−Υ

γ
+ (bc1β+ + 3c1aβ+ + aSβ−)

1
γ
(β+ + Sβ−)− bS2Υβ2−

(
C1 +

C3

γ

)
+ 3c1S2β+Υβ−

(
b
γ
+

a
γ

)
,

C15 =2β+(C4β+ + C4Sβ−) + Sβ2−
(

C2 − 3C3β+

γ

)
− 9β+σ

Υ
+

27β+χτΥ
γ

+
18β2

+Υ
2γ

(C4 + C4) +
3Sβ2

+β−
2γ

− 9β+χτ

γ
(C4 + C4) + 2β2

+Υ + χ − Sβ2−a2b
(

C2 − 3C3β+

γ

)
(A54)

Υ
(

C2 − 3C3β+

γ

)
+

3σβ+Υ
Υ

− 9β2
+Υ
γ

(1 + S)− 9β+

2γ

(
C4β2

+ + C4Sβ−
)
− 27β3

+Υ
2γ

,

C16 =Sβ−(C4β+ + C4Sβ−) + c1β2
+

(
C2 +

3C3β−
γ

)
+

3c1σS
γ

(S − 2)(C4 + C4)

+
9c1Sβ+β2−

2γ
+

9c1S2χτβ−
γ

(C4 + C4) + S2χΥ(C4 + C4) + 4Sβ+β−Υ

+
3bσβ−ΥS

2γ
− 3S2χτβ−Υ

2γ
− 9τχS2β−

2γ

(
Υ + Υ

)
+

9Sσβ−
2γ

(
SΥ − 2Υ

)
(A55)

+
9β2−ΥS2

4γ
+

18β+β−SΥ
γ

− 63Sβ2−Υ
2γ

(1 + S)− SΥβ−(C4β+ + C4Sβ−) +
9β−β+

4γ(
C4β+ + Sβ−C4

)− 9Sβ2−
2γ

(
C4β+ + Sβ−C4

)
+

9β2
+Sβ−Υ
2γ

+
9S2β2−Υ

4γ
,

C17 = a
(

LF1 + LF7 +
LF6C8

γ
+ LF8

)
+ SbLF8B′, (A56)

C18 = a
[

LF2

2
+ LF4C9 + LF5C9 + LF6

(
4C10

γ
+

3β−
2γ

)]
, (A57)

C19 = a
(

LF3

3
+ LF4C10 + LF5C10 +

5LF6C10β−
γ

)
. (A58)
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Abstract: This paper introduces a mathematical model of a convection flow of magnetohydrodynamic
(MHD) nanofluid in a channel embedded in a porous medium. The flow along the walls, characterized
by a non-uniform temperature, is under the effect of the uniform magnetic field acting transversely to
the flow direction. The walls of the channel are permeable. The flow is due to convection combined
with uniform suction/injection at the boundary. The model is formulated in terms of unsteady,
one-dimensional partial differential equations (PDEs) with imposed physical conditions. The cluster
effect of nanoparticles is demonstrated in the C2H6O2, and H2O base fluids. The perturbation
technique is used to obtain a closed-form solution for the velocity and temperature distributions.
Based on numerical experiments, it is concluded that both the velocity and temperature profiles
are significantly affected by φ. Moreover, the magnetic parameter retards the nanofluid motion
whereas porosity accelerates it. Each H2O-based and C2H6O2-based nanofluid in the suction case
have a higher magnitude of velocity as compared to the injections case.

Keywords: Permeable walls; suction/injection; nanofluids; porous medium; mixed convection;
magnetohydrodynamic (MHD)

1. Introduction

Heat transport in unsteady laminar flows has numerous real-world applications, particularly
flows in a porous channel with permeable walls, which include medical devices, aerodynamic
heating, chemical industry, electrostatic precipitation, petroleum industry, nuclear energy, and polymer
technology. Based on this motivation, many researchers have considered the porous channel problem
with suction and injection under different physical conditions. In earlier studies, Torda [1] studied
the boundary layer flow with the suction/injection effect. Berman [2] derived an exact solution
for the channel flow taking into consideration the uniform suction/injection at the boundary wall
of the channel. The suction and injection and the combined effect of heat and mass transfer on
a moving continuous flat surface were analyzed by Erickson et al. [3]. Alamri et al. [4] studied
the Poiseuille flow of nanofluid in a channel under Stefan blowing and the second-order slip
effect. Zeeshan et al. [5] reported analytical solutions for the Poiseuille flow of nanofluid in a porous
wavy channel. Hassan et al. [6] investigated the flow of H2O based nanofluid on a wavy surface.
Ellahi et al. [7] studied the boundary layer Poiseuille plan flow of kerosene oil based nanofluid fluid
with variable thermal conductivity. Ijaz et al. [8] presented a comprehensive study on the interaction
of nanoparticles in the flow of nanofluid in a finite symmetric channel. Some recent important and
interesting studies can be found in [9–12].

Magnetohydrodynamic (MHD) is referred to as the magnetic properties of the fluids under the
influence of an electromagnetic force. MHD flows have numerous applications in MHD bearings and
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MHD pumps. Many studies have been carried out on MHD flow in the literature. Abbas et al. [13]
investigated the MHD flow of Maxwell fluid in a porous channel. The convective MHD flow of
second-grade fluid was reported by Hayat and Abbas [14]. The effect of a transverse magnetic
field on different flows in a semi-porous channel was presented by Sheikholeslami et al. [15].
Ravikumar et al. [16] studied three dimensional MHD due to the pressure gradient over the porous
plate. Batti et al. [17] analyzed the heat transfer flow of nanofluid in a channel. They studied the
effect of thermal radiation and the MHD effect by using Roseland’s approximation, Ohm’s law,
and Maxwell equations. Ma et al. [18] study the MHD flow of nanofluid in a U-shaped enclosure
using the Koo–Kleinstreuer–Li (KKL) correlation approximation for the effective thermal conductivity.
Opreti [19] studied water-based silver nanofluid over a stretching sheet. They considered the effect
of MHD, suction/injection, and heat generation/absorption in their study. Hosseinzadeh et al. [20]
investigated the MHD squeezing flow of nonfluid in a channel. They presented analytical solutions
by using similarity transformation and the perturbation technique. Narayana et al. [21] developed
a mathematical model for the MHD stagnation point flow of Watler’s-B fluid nanofluid.

Nano-sized particles of (Ag) nanoparticles inside H2O-based fluids are commonly known
as silver-based nanofluids. The viscosity of the nanofluids containing metallic nanoparticles has
a much higher thermal conductivity than the nanofluids containing metallic oxide and non-metallic
nanoparticles. Because of this, the interest of researchers in investigating nanofluids containing metallic
nanoparticles has increased recently. The first exact solutions for different types of nanofluid were
developed by Loganathan et al. [22]. Qasim et al. [23] reported numerical solutions for MHD ferrofluid
in a stretching cylinder. Amsa et al. [24] investigated nanofluid flow near a vertical plate containing
five different nanoparticles. The radiative heat transfer in the natural convection flow of oxide nanofluid
was studied by Das and Jana [25]. Dhanai et al. [26]. Numerically studied the MHD mixed convection
flow of nanofluid in a cylindrical coordinate system. The MHD rotational flow of nanofluid taking
into consideration the effect of a porous medium, thermal radiation, and the chemical reaction was
presented by Reddy et al. [27]. For some other interesting studies, readers are referred to [28–40].

Motivated by the above-discussed literature, the present study focused on the MHD channel
flow of nanofluid in a porous medium with the suction and injection effect. The flow of electrically
conducting nanofluid is considered under the influence of a transverse magnetic field. The analytical
solutions for the proposed model are developed by using the perturbation method. The solutions are
numerically computed, and the influence of various flow parameters is studied graphically.

2. Problem Description

Consider a porous channel of a width, d, filled with incompressible H2O and C2H6O2 based
nanofluids with Ag nanoparticles. The channel walls are stationary with isothermal temperature
conditions. The flow in the x-direction due to the temperature gradient is shown in Figure 1. Under the
assumption of [11], the governing equations are as follows:

ρn f (
∂v
∂t

− vω
∂v
∂y

) = −∂p
∂x

+ μn f
∂2v
∂y2 −

(
σn f B2

0 +
μn f

k1

)
u + (ρβ)n f g(T − T0), (1)

(ρCp)n f (
∂T
∂t

− vω
∂T
∂y

) = kn f
∂2T
∂y2 − ∂q

∂y
, (2)

together with the following physical conditions:

v(0, t) = 0, v(d, t) = 0, (3)

T(0, t) = T0, T(d, t) = Tw, (4)
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Figure 1. Physical configuration and coordinate system.

By using Xuan et al.’s [28] model, the effective thermal conductive, kn f , and dynamic viscosity,
μn f , of nanofluids are defined as:

kn f = kstatic + kBrownian,

kstatic = k f

[
(ks + 2k f )− 2φ(k f − ks)

(ks + 2k f ) + φ(k f − ks)

]
, kbrownian =

ρsφcp f

2ks

√
kbT

3πrcμ f
, (5)

μn f = μstatic + μBrownian,

μstatic =
μ f

(1 − φ)2.5 , μBrownian =
φρs(cp)s

2ks

√
kbT

3πrcμ f
, (6)

where kb = 1.3807 × 10−23 JK−1 and 300K > T > 325K are used, φ is the nanoparticles’ volume
fraction, and rc is the radius of gyration for a number of particles. The static part in the effective
thermal conductivity is derived from Maxwell’s [29] model and the effective viscosity is derived from
Brinkman’s [30] model. Xuan et al.’s [28] model:

ρn f = (1 − φ)ρ f + φρs, (ρβ)n f = (1 − φ)(ρβ) f + φ(ρβ)s,(
ρcp

)
n f = (1 − φ)(ρcp) f + φ(ρcp)s, σn f = αn f (ρcp)n f ,

σn f = σf

[
1 + 3(σ−1)φ

(σ+2)−(σ−1)φ

]
, σ = σs

σf
,

(7)

where the numerical values of the thermo-physical of base fluid and nanoparticles are given in
Table 1 [11,31]. The radiative heat flux is given by:

− ∂q
∂y

= 4α2(T − T0), (8)

Substituting Equation (8) into Equation (2), gives:

(ρcp)n f (
∂T
∂t

− vω
∂T
∂y

) = kn f
∂2T
∂y2 + 4α2(T − T0), (9)
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The dimensionless variables:

x∗ = x
d

, y∗ = y
d , u∗ = u

U0
, t∗ = tU0

d
, T∗ = T − T0

Tw − T0
,

p∗ = d
μU0

p, ω∗ = dω1

U0
, v0 =

vw

U0
,

(10)

Table 1. Thermo-physical properties of base fluid and nanoparticles.

Model CP (kg−1 K−1) ρ (kg m−3) k (Wm−1 K−1) β x 10−5 (K−1) (σ S/m)

Water (H2O) 4179 997.1 0.613 21 5.5 × 10−6

EG (C2H6O2) 0.58 1.115 0.1490 6.5 1.07 × 10−6

Alumina (Al2O3) 756 3970 40 0.85 1.07 × 10−6

Silver (Ag) 235 10,500 429 1.89 6.30 × 107

Copper (Cu) 385 8933 401 1.67 59.6 × 106

Titanium Dioxide (TiO2) 686.2 4250 8.9528 0.9 2.6 × 106

Are introduced into Equations (1) and (9), we get:

a0

(
∂u
∂t

− v0
∂u
∂y

)
= λε exp(iωt) + φ2

∂2u
∂y2 − m2

0u + a1T, (11)

u(0, t) = 0; u(1, t) = 0; t > 0, (12)

b0

(
∂T
∂t

− v0
∂T
∂y

)
=

∂2T
∂y2 + b1T, (13)

T(0, t) = 0; T(1, t) = 1; t > 0, (14)

where:
a0 = φ1Re, φ1 = (1 − φ) + φ

ρs

ρ f
, Re =

U0d
v

, φ2 =
1

(1 − φ)2.5 , m2
0 = φ5M2,

φ5 =

[
1 +

3(σ − 1)φ
(σ + 2)− (σ − 1)φ

]
, M2 =

σf B2
0d2

μ f
, a1 = φ3Gr, φ3 = (1 − φ)ρ f + φ

(ρβ)s
β f

,

Gr =
gβ f d2(Tw − T0)

v f U0
, b2

0 =
Peφ4

λn
, Pe =

U0d
(
ρcp

)
f

k f
,

λn =
kn f

k f
=

(ks + 2k f )− 2φ(k f − ks)

(ks − 2k f ) + φ(k f − ks)
, φ4 =

[
(1 − φ) + φ

(ρcp)s
(ρcp) f

]
, b2

1 =
N2

λn
, N2 =

4d2α2
0

k f
.

The following general perturbed solutions are considered for Equations (11)—(14), the following
type of solutions are assumed:

u(y, t) = [u0(y) + ε exp(iωt)u1(y)], (15)

T(y, t) = [T0(y) + ε exp(iωt)T1(y)]. (16)

Which lead to the following solutions:

d2u0(y)
dy2 +

a0vo

φ2

∂u(y)
∂y

− m2
0

φ2
u0(y) = −a2T0, (17)

u0(0) = 0; u0(1) = 0, (18)

d2u1(y)
dy2 +

v0

φ2

∂u1(y)
∂y

− m2
2u1(y) = − λ

φ2
, (19)
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u1(0) = 0; u1(1) = 0, (20)

d2T0(y)
dy2 + b0v0

∂T0(y)
∂y

+ b2
1T0(y) = 0, (21)

T0(0) = 0; T0(1) = 1, (22)

d2T1(y)
dy2 + v0

∂T1(y)
∂y

+ (b1 − b0
.
ιω)T1(y) = 0, (23)

T1(0) = 0; T1(1) = 0, (24)

where:

m1 =

√
m2

0
φ2

,a2 =
a1

φ2
, m2 =

√
m2

0 + iωa0

φ2
, m3 =

√
b1 − iωb0.

The solutions of Equations (21) and (23) under the boundary conditions, (22) and (24),
are obtained as:

T0(y) = e−αyeα sin(βy)
sin(β)

, (25)

T1(y) = 0, (26)

where:
α =

b0v0

2
, β =

1
2

√
b0v0 − 4b1.

Using Equations (25) and (26), Equation (16) becomes:

T(y, t) = T(y) = e−αyeα sin(βy)
sin(β)

. (27)

The solutions of Equations (17) and (19) after substituting Equation (25) under the boundary
conditions, (18) and (20), are obtained as:

u0(y) = e−α2y(c5 sin h(β2y) + c6 cos h(β2y))

+a1e−αyeα [A sin(βy)− B cos(βy)]
[A2 + B2]

,
(28)

u1(y) = e−α3y(c7 sin h(β3y) + c8 cos h(β3y)) +
λ(

m2
2φ2

) , (29)

With:

α2 =
a0v0

2φ2
, β2 =

1
2

√
a2

0b2
0

φ2
2

+
4m2

0
φ2

, A = α2 − β2 − α
a0v0

φ2
− m2

0
φ2

,

B = −2αβ − β
a0v0

(φ2)3
, α3 =

v0

2φ2
, β3 =

1
2

√
v2

0
φ2

2
+ 4m2

0,

c5 =
1

sinh(β2)

[(
a1eαβ

[A2 + B2]

)
cosh(β2) +

eα2 [A sin(β)−B cos(β)]
[A2+B2]

]
c6 = − a1eαβ

[A2 + B2]
, c7 =

λ(
m2

2φ2
)
sinh(β3)

cosh(β3)− λeα3(
m2

2φ2
) 1

sinh(β3)
,

c8 = − λ(
m2

2φ2
) .

(30)
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Finally, substituting Equations (28) to (30) into Equation (16), we get:

u(y, t) = e−α2y

⎛⎜⎜⎜⎜⎜⎜⎝
(

sinh(β2y)
sinh(β2)

)⎛⎜⎜⎝
(

a1eαβ

[A2 + B2]

)
cosh(β2)

+
eα2 [A sin(β)− B cos(β)]

[A2 + B2]

⎞⎟⎟⎠
−
(

a1eαβ

[A2 + B2]

)
cosh(β2y)

⎞⎟⎟⎟⎟⎟⎟⎠
−a1e−αyeα [A sin(β)− B cos(β)]

[A2 + B2]

+ exp(iωt)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
e−α3y

⎛⎜⎜⎜⎜⎜⎜⎜⎝

⎛⎜⎜⎝
λ(

m2
2φ2

)
sinh(β3)

cosh(β3)

− λeα3(
m2

2φ2
) 1

sinh(β3)

⎞⎟⎟⎠sinh(β3y)

−
(

λ(
m2

2φ2
)) cosh(β3y)

⎞⎟⎟⎟⎟⎟⎟⎟⎠
+

λ(
m2

2φ2
)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

(31)

3. Nusselt Number

The dimensionless expression for the Nusselt number is given by:

Nu =
β1eα

sin(β1)
, (32)

4. Skin-Friction

From Equation (31), the skin friction is calculated as:

τt(t) =
a1eαβ1β2 cosh(β2)

[A2 + B2]sinh(β2)
− α2eα2 [A sin(β1)− B cos(β1)]

[A2 + B2]
+

α2a1eαβ1

[A2 + B2]

−a1eα [β1 A + αB]
[A2 + B2]

+ exp(iωt)

⎛⎜⎜⎜⎜⎝
λβ3(

(m2)
2
3(φ2)3

)
sinh(β3)

cosh(β3)−

λeα3 β3(
(m2)

2
3(φ2)3

) 1
sinh(β3)

− α3λ(
(m2)

2
3(φ2)3

)

⎞⎟⎟⎟⎟⎠.
(33)

5. Results and Discussion

In this section, the graphs of the velocity and temperature for H2O and C2H6O2 based nanofluids
containing Ag nanoparticles were plotted for different values of volume fraction, φ, and buoyancy
parameter, Gr, permeability parameter, K, magnetic parameter, M, and radiation parameter, N, for both
cases of suction and injection. The thermophysical properties of the base fluids and Ag nanoparticles
are mentioned in Table 1. For this purpose, Figures 2–19 were plotted. Figures 2–5 were prepared
to study the effects of the velocity for the cases of suction and injection of Ag in H2O and C2H6O2

based nanofluids, respectively. It was found that the velocity increases with increasing φ for both cases
of suction and injection. However, no variation is observed in the velocity of Ag in C2H6O2 based
nanofluids in the case of injection. This behavior of velocity is found to be similar qualitatively to the
results of Hajmohammadi et al. [32], however, they used Cu in water-based nanofluids.
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Figure 2. Velocity profiles for different values of φ of Ag in water based nanofluids when Gr = 0.1,
N = 0.1, rc = 20 nm, Pe = 0.1, λ = 1, M = 1, K = 0.3, v0 = 2, t = 5, ω = 0.2.

Figure 3. Velocity profiles for different values of φ of Ag in water based nanofluids when Gr = 0.1,
N = 0.1, rc = 20 nm, Pe = 0.1, λ = 1, M = 1, K = 0.3, v0 = −0.01, t = 5, ω = 0.2.

Figure 4. Velocity profiles for different values of φ of Ag in EG based nanofluids when Gr = 0.1,
N = 0.1, rc = 20 nm, Pe = 0.1, λ = 1, M = 2, K = 3, v0 = 4, t = 5, ω = 0.2.
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Figure 5. Velocity profiles for different values of φ of Ag in EG based nanofluids when Gr = 0.1,
N = 0.1, rc = 20 nm, Pe = 0.1, λ = 1, M = 2, K = 3, t = 5, v0 = −0.01, ω = 0.2.

Figures 6 and 7 are plotted for different values of Gr for both cases of suction and injection. It is
noted from Figure 6 that the velocity of Ag in water-based nanofluids increases with the increase of Gr
in the case of suction for Ag in water-based nanofluids while the velocity is decreased in the case of
injection. The velocity in Figure 6, where Gr = 0, is not linear. However, the increasing values of Gr
make it look like linear.

Figure 6. Velocity profiles for different values of Gr of Ag in water based nanofluids when N = 0.1,
Pe = 0.1, rc = 20 nm, φ = 0.04, λ = 1, M = 2, K = 3, v0 = 10, t = 5, ω = 0.2.
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Figure 7. Velocity profiles for different values of Gr of Ag in water based nanofluids when N = 0.1,
Pe = 0.1, rc = 20 nm, φ = 0.04, Re = 0.1, λ = 1, M = 2, K = 3, v0 = −1, t = 5, ω = 0.2.

Figures 8 and 9 were plotted to check the effect of K, the velocity of Ag in water-based nanofluids,
for both cases of suction and injection. One can see from Figures 8 and 9 that the effect of suction, K,
on the velocity of nanofluids is opposite to the case of injection.

Figure 8. Velocity profiles for different values of K of Ag in water based nanofluids when Gr = 0.1,
N = 0.1, Pe = 0.1, rc = 20 nm, φ = 0.04, λ = 1, M = 2, v0 = 6, t = 10, ω = 0.2.

Figure 9. Velocity profiles for different values of K of Ag in water based nanofluids when Gr = 0.1,
N = 0.1, Pe = 0.1, rc = 20 nm, φ = 0.04, λ = 1, M = 2, v0 = −0.01, t = 10, ω = 0.2.
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The effect of the magnetic parameter, M, on the velocity profile is studied in Figures 10 and 11.
For the case of suction, the Ag − H2O nanofluid’s velocity profile decreases with increasing values of
M. This effect is due to the Lorentz forces. Greater values of M correspond to stronger Lorentz forces,
which reduces the nanofluid velocity. However, this trend reverses for the injection case.

Figure 10. Velocity profiles for different values of M of Ag in water based nanofluids when Gr = 0.1,
N = 0.1, Pe = 0.1, rc = 20 nm, φ = 0.04, λ = 1, K = 0.3 v0 = 5, t = 10, ω = 0.2.

Figure 11. Velocity profiles for different values of M of Ag in water based nanofluids when Gr = 0.1,
N = 0.1, Pe = 0.1, rc = 20 nm, φ = 0.04, λ = 1, K = 0.3 v0 = −0.01 t = 10, ω = 0.2.

Figures 12 and 13 shows that the velocity profiles of Ag in Ag − H2O nanofluids increase with
the decrease of N in the case of suction. This physically means that an increase in N increases the
conduction, which in turn decreases the viscosity of nanofluids. Decreasing the viscosity of nanofluids
increases the velocity of nanofluids. However, the effect is the opposite due to the suction, whereas no
variation is observed for injection. However, the velocity of zero radiation is greater than the velocity
of nanofluids with radiation.
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Figure 12. Velocity profiles for different values of N of Ag in water based nanofluids when Gr = 0.1,
Pe = 0.1, rc = 20 nm, φ = 0.04, λ = 1, M = 1, K = 1, v0 = 7, t = 2, ω = 0.2.

Figure 13. Velocity profiles for different values of N of Ag in water based nanofluids when Gr = 0.1,
Pe = 0.1, rc = 20 nm, φ = 0.04, λ = 1, M = 1, K = 1, v0 = −1, t = 2, ω = 0.2.

The velocity profiles for different types of nanoparticles in water-based nanofluids are represented
in Figure 14. It is clear that the velocity of Ag and Cu in water-based nanofluids is greater than
TiO2 and Al2O3 in water-based nanofluids. As mentioned in previous problems, different types of
nanoparticles have different thermal conductivities and viscosities. It was concluded in our previous
problems [31,32] that metallic nanoparticles, like Ag and Cu, had smaller velocities as compared to
metallic oxide nanoparticles, like TiO2 and Al2O3, due to high thermal conductivities and viscosities.
However, the effect is the opposite to this problem because of the condition of permeable walls or
suction. Due to these situations, different velocities have been observed.

The effect of φ in Ag − H2O nanofluids on the temperature profiles is shown in Figures 15 and 16
for the cases of suction and injection. It was found that the temperature of nanofluids increases with the
increase of φ for the suction velocity whereas no significant variation is observed for the injection case.
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Figure 14. Velocity profiles for different types of nanoparticles in water based nanofluids when
Gr = 0.1, N = 0.1, Pe = 0.1, rc = 20 nm, λ = 1, M = 2, K = 3, t = 5, ω = 0.2.

Figure 15. Temperature profiles for different values of φ of Ag in water based nanofluids when
rc = 20 nm, N = 1, t = 1, v0 = 10, ω = 0.2.

Figure 16. Temperature profiles for different values of φ of Ag in water based nanofluids when
rc = 20 nm, N = 1, t = 1, v0 = −1, ω = 0.2.
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Figures 17 and 18 are sketched to show the effect of N on the temperature profiles of Ag in H2O
based nanofluids for both cases of suction and injection. The effects of different types of nanoparticles
on the temperature of H2O based nanofluids are plotted in Figure 19 for injection. It is observed that
Cu in water-based nanofluid has the highest temperature followed by Ag, Al2O3, and TiO2 in H2O
based nanofluids. This is due to the higher thermal conductivities of copper followed by Ag, Al2O3,
and TiO2 in water-based nanofluids. Due to these situations, different velocities were observed.

Figure 17. Temperature profiles for different values of N of Ag in water based nanofluids when
rc = 20 nm, φ = 0.04, t = 1, v0 = −1, ω = 0.2.

Figure 18. Temperature profiles for different values of N of Ag in water based nanofluids when
rc = 20 nm, φ = 0.04, t = 1, v0 = 10, ω = 0.2.
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Figure 19. Temperature profiles for different types of nanoparticles in water based nanofluids when
rc = 20 nm, N = 1, t = 1, v0 = −1, ω = 0.2.

6. Conclusions

The channel flow of nanofluids in a porous medium with permeable walls was studied. The focal
point of this research was to study the influence of permeable walls on momentum and heat transfer.
The permeable parameter, which physically corresponds to suction and injection, was incorporated in
both the momentum and energy equations. Expressions for the velocity and temperature were obtained.
The effects of various parameters, such as thermal Grashof number, volume fraction, different types of
nanoparticles, radiation, permeability, magnetic, suction, and injection, were studied in different plots.
The concluding remarks are as follows:

1. It was found that the velocity of nanofluids increases with an increase of the volume fraction,
radiation, and permeability parameter in the case of suction whereas an opposite behavior was
noted in the case of injection.

2. The velocity of Ag nanofluids decreases with an increase of the magnetic parameter while the
opposite behavior was noted in the case of injection.

3. The temperature of Ag nanofluids was found to decrease with an increase of φ for the extraction
of fluid from the walls whereas a very small change was observed in the case of injection.

4. Finally, it was noticed that different types of nanoparticles have different effects on the velocity
and temperature due to suction and injection.
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Nomenclature

H2O Water
C2H6O2 Ethelyn glycol
v(y, t) Velocity component in the x-direction
T(y, t) Temperature
vω > 0 Suction
vω < 0 Injection
ρn f Density of nanofluid
M Magnetic parameter
Pe Peclet number
μn f Dynamic viscosity of nanofluid
(ρβ)n f thermal expansion coefficient
g Acceleration due to gravity(
ρcp

)
n f Heat capacitance of nanofluids

kn f The thermal conductivity of nanofluid
α Mean radiation absorption coefficient
Re Reynolds’ number
Gr Grashof number
N Radiation parameter

References

1. Torda, T.P. Boundary Layer Control by Distributed Surface Suction or Injection. Bi-Parametric General
Solution. J. Math. Phys. 1953, 32, 312–314. [CrossRef]

2. Berman, A.S. Laminar flow in channels with porous walls. J. Appl. Phys. 1953, 24, 1232–1235. [CrossRef]
3. Erickson, L.E.; Fan, L.T.; Fox, V.G. Heat and mass transfer on moving continuous flat plate with suction or

injection. Ind. Eng. Chem. Fundam. 1966, 5, 19–25. [CrossRef]
4. Alamri, S.Z.; Ellahi, R.; Shehzad, N.; Zeeshan, A. Convective radiative plane Poiseuille flow of nanofluid

through porous medium with slip: An application of Stefan blowing. J. Mol. Liq. 2019, 273, 292–304.
[CrossRef]

5. Zeeshan, A.; Shehzad, N.; Ellahi, R.; Alamri, S.Z. Convective Poiseuille flow of Al 2 O 3-EG nanofluid in
a porous wavy channel with thermal radiation. Neural Comput. Appl. 2018, 30, 3371–3382. [CrossRef]

6. Hassan, M.; Marinb, M.; Alsharifc, A.; Ellahide, R. Convective heat transfer flow of nanofluid in a porous
medium over wavy surface. Phys. Lett. A 2018, 382, 2749–2753. [CrossRef]

7. Ellahi, R.; Zeeshan, A.; Shehzad, N.; Alamri, S.Z. Structural impact of kerosene-Al2O3 nanoliquid on MHD
Poiseuille flow with variable thermal conductivity: Application of cooling process. J. Mol. Liq. 2018, 264,
607–615. [CrossRef]

8. Ijaz, N.; Zeeshan, A.; Bhatti, M.M.; Ellahi, R. Analytical study on liquid-solid particles interaction in the
presence of heat and mass transfer through a wavy channel. J. Mol. Liq. 2018, 250, 80–87. [CrossRef]

9. Ali, F.; Aamina, A.; Khan, I.; Sheikh, N.A.; Saqib, M. Magnetohydrodynamic flow of brinkman-type engine
oil based MoS 2-nanofluid in a rotating disk with Hall Effect. Int. J. Heat Technol. 2017, 4, 893–902.

10. Jan, S.A.A.; Ali, F.; Sheikh, N.A.; Khan, I.; Saqib, M.; Gohar, M. Engine oil based generalized brinkman-type
nano-liquid with molybdenum disulphide nanoparticles of spherical shape: Atangana-Baleanu fractional
model. Numer. Methods Partial Differ. Equ. 2018, 34, 1472–1488. [CrossRef]

11. Saqib, M.; Ali, F.; Khan, I.; Sheikh, N.A.; Khan, A. Entropy Generation in Different Types of Fractionalized
Nanofluids. Arab. J. Sci. Eng. 2019, 44, 1–10. [CrossRef]

12. Saqib, M.; Ali, F.; Khan, I.; Sheikh, N.A.; Shafie, S.B. Convection in ethylene glycol-based molybdenum
disulfide nanofluid. J. Therm. Anal. Calorim. 2019, 135, 523–532. [CrossRef]

13. Saqib, M.; Khan, I.; Shafie, S. Natural convection channel flow of CMC-based CNTs nanofluid. Eur. Phys.
J. Plus 2018, 133, 549. [CrossRef]

14. Saqib, M.; Khan, I.; Shafie, S. Application of Atangana–Baleanu fractional derivative to MHD channel flow of
CMC-based-CNT’s nanofluid through a porous medium. Chaos Solitons Fractals 2018, 116, 79–85. [CrossRef]

161



Symmetry 2019, 11, 378

15. Abbas, Z.; Sajid, M.; Hayat, T. MHD boundary-layer flow of an upper-convected Maxwell fluid in a porous
channel. Theor. Comput. Fluid Dyn. 2006, 20, 229–238. [CrossRef]

16. Hayat, T.; Abbas, Z. Heat transfer analysis on the MHD flow of a second grade fluid in a channel with porous
medium. Chaos Solitons Fractals 2008, 38, 556–567. [CrossRef]

17. Sheikholeslami, M.; Ashorynejad, H.R.; Domairry, D.; Hashim, I. Investigation of the laminar viscous flow
in a semi-porous channel in the presence of uniform magnetic field using optimal homotopy asymptotic
method. Sains Malays. 2012, 41, 1177–1229.

18. Ravikumar, V.; Raju, M.C.; Raju, G.S.S. MHD three dimensional Couette flow past a porous plate with heat
transfer. IOSR J. Math. 2012, 1, 3–9. [CrossRef]

19. Bhatti, M.M.; Zeeshan, A.; Ellahi, R. Heat transfer with thermal radiation on MHD particle–fluid suspension
induced by metachronal wave. Pramana 2017, 89, 48. [CrossRef]

20. Ma, Y.; Mohebbi, R.; Rashidi, M.M.; Yang, Z.; Sheremet, M.A. Numerical study of MHD nanofluid natural
convection in a baffled U-shaped enclosure. Int. J. Heat Mass Transf. 2019, 130, 123–134. [CrossRef]

21. Upreti, H.; Pandey, A.K.; Kumar, M. MHD flow of Ag-water nanofluid over a flat porous plate with
viscous-Ohmic dissipation, suction/injection and heat generation/absorption. Alex. Eng. J. 2018, 57,
1839–1847. [CrossRef]

22. Hosseinzadeh, K.; Alizadeh, M.; Ganji, D.D. Hydrothermal analysis on MHD squeezing nanofluid flow in
parallel plates by analytical method. Int. J. Mech. Mater. Eng. 2018, 13, 4. [CrossRef]

23. Narayana, P.V.; Tarakaramu, N.; Makinde, O.D.; Venkateswarlu, B.; Sarojamma, G. MHD Stagnation Point
Flow of Viscoelastic Nanofluid Past a Convectively Heated Stretching Surface. Defect Diffus. Forum 2018, 387,
106–120. [CrossRef]

24. Loganathan, P.; Chand, P.N.; Ganesan, P. Radiation effects on an unsteady natural convective flow of
a nanofluid past an infinite vertical plate. Nano 2013, 8, 1350001. [CrossRef]

25. Qasim, M.; Khan, Z.H.; Khan, W.A.; Shah, I.A. MHD boundary layer slip flow and heat transfer of ferrofluid
along a stretching cylinder with prescribed heat flux. PLoS ONE 2014, 9, e83930. [CrossRef] [PubMed]

26. Khalid, A.; Khan, I.; Shafie, S. Exact solutions for free convection flow of nanofluids with ramped wall
temperature. Eur. Phys. J. Plus 2015, 130, 57. [CrossRef]

27. Das, S.; Jana, R.N. Natural convective magneto-nanofluid flow and radiative heat transfer past a moving
vertical plate. Alex. Eng. J. 2015, 54, 55–64. [CrossRef]

28. Dhanai, R.; Rana, P.; Kumar, L. MHD mixed convection nanofluid flow and heat transfer over an inclined
cylinder due to velocity and thermal slip effects: Buongiorno’s model. Powder Technol. 2016, 288, 140–150.
[CrossRef]

29. Reddy, J.V.R.; Sugunamma, V.; Sandeep, N.; Sulochana, C. Influence of chemical reaction, radiation and
rotation on MHD nanofluid flow past a permeable flat plate in porous medium. J. Niger. Math. Soc. 2016, 35,
48–65. [CrossRef]

30. Xuan, Y.; Li, Q.; Hu, W. Aggregation structure and thermal conductivity of nanofluids. AIChE J. 2003, 49,
1038–1043. [CrossRef]

31. Maxwell, J.C.; Thompson, J.J. A Treatise on Electricity and Magnetism; Oxford University Press: Oxford,
UK, 1904.

32. Brinkman, H.C. The viscosity of concentrated suspensions and solutions. J. Chem. Phys. 1952, 20, 571.
[CrossRef]

33. Ali, F.; Saqib, M.; Khan, I.; Sheikh, N.A. Heat Transfer Analysis in Ethylene Glycol Based Molybdenum
Disulfide Generalized Nanofluid via Atangana–Baleanu Fractional Derivative Approach. In Fractional
Derivatives with Mittag-Leffler Kernel; Springer: Cham, Switzerland, 2019; pp. 217–233.

34. Hajmohammadi, M.R.; Maleki, H.; Lorenzini, G.; Nourazar, S.S. Effects of Cu and Ag nano-particles on flow
and heat transfer from permeable surfaces. Adv. Powder Technol. 2015, 26, 193–199. [CrossRef]

35. Saqib, M.; Khan, I.; Shafie, S. New Direction of Atangana–Baleanu Fractional Derivative with Mittag-Leffler
Kernel for Non-Newtonian Channel Flow. In Fractional Derivatives with Mittag-Leffler Kernel; Springer: Cham,
Switzerland, 2019; pp. 253–268.

36. Ellahi, R.; Zeeshan, A.; Hussain, F.; Abbas, T. Study of shiny film coating on multi-fluid flows of a rotating
disk suspended with nano-sized silver and gold particles: A comparative analysis. Coatings 2018, 8, 422.
[CrossRef]

162



Symmetry 2019, 11, 378

37. Ellahi, R.; Alamri, S.Z.; Basit, A.; Majeed, A. Effects of MHD and slip on heat transfer boundary layer flow
over a moving plate based on specific entropy generation. J. Taibah Univ. Sci. 2018, 12, 476–482. [CrossRef]

38. Saqib, M.; Khan, I.; Shafie, S. Application of fractional differential equations to heat transfer in hybrid
nanofluid: Modeling and solution via integral transforms. Adv. Differ. Equ. 2019, 52. [CrossRef]

39. Ellahi, R.; Tariq, M.H.; Hassan, M.; Vafai, K. On boundary layer magnetic flow of nano-Ferroliquid under the
influence of low oscillating over stretchable rotating disk. J. Mol. Liq. 2017, 229, 339–345. [CrossRef]

40. Ellahi, R.; Raza, M.; Akbar, N.S. Study of peristaltic flow of nanofluid with entropy generation in a porous
medium. J. Porous Med. 2017, 20, 461–478. [CrossRef]

© 2019 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
article distributed under the terms and conditions of the Creative Commons Attribution
(CC BY) license (http://creativecommons.org/licenses/by/4.0/).

163





symmetryS S

Article

Stability Analysis of Darcy-Forchheimer Flow of
Casson Type Nanofluid Over an Exponential Sheet:
Investigation of Critical Points

Liaquat Ali Lund 1,2, Zurni Omar 1, Ilyas Khan 3,*, Jawad Raza 4, Mohsen Bakouri 5 and I. Tlili 6

1 School of Quantitative Sciences, Universiti Utara Malaysia, 06010 Sintok, Malaysia;
balochliaqatali@gmail.com (L.A.L.); zurni@uum.edu.my (Z.O.)

2 KCAET Khairpur Mir’s Sindh Agriculture University, Tandojam Sindh 70060, Pakistan
3 Faculty of Mathematics and Statistics, Ton Duc Thang University, Ho Chi Minh City 72915, Vietnam
4 Department of Mathematics and Statistics, Institute of Southern Punjab (ISP), Multan 32100, Pakistan;

jawad_6890@yahoo.com
5 Department of Medical Equipment Technology, College of Applied Medical Science, Majmaah University,

Al-Majmaah 11952, Saudi Arabia; m.bakouri@mu.edu.sa
6 Department of Mechanical and Industrial Engineering, College of Engineering, Majmaah University,

Al-Majmaah 11952, Saudi Arabia.; l.tlili@mu.edu.sa
* Correspondence: ilyaskhan@tdt.edu.vn

Received: 31 December 2018; Accepted: 8 March 2019; Published: 20 March 2019
��������	
�������

Abstract: In this paper, steady two-dimensional laminar incompressible magnetohydrodynamic flow
over an exponentially shrinking sheet with the effects of slip conditions and viscous dissipation is
examined. An extended Darcy Forchheimer model was considered to observe the porous medium
embedded in a non-Newtonian-Casson-type nanofluid. The governing equations were converted
into nonlinear ordinary differential equations using an exponential similarity transformation.
The resultant equations for the boundary values problem (BVPs) were reduced to initial values
problems (IVPs) and then shooting and Fourth Order Runge-Kutta method (RK-4th method) were
applied to obtain numerical solutions. The results reveal that multiple solutions occur only for the
high suction case. The results of the stability analysis showed that the first (second) solution is
physically reliable (unreliable) and stable (unstable).

Keywords: dual solution; stability analysis; Darcy Forchheimer model; nanofluid; exponential sheet

1. Introduction

Many environmental and industrial systems, including geothermal energy system, catalytic
reactors, fibrous insulation, heat exchanger designs, and geophysics, involve the convective flow of
through porous surfaces. The classical Darcian model extended into the non-Darcian porous medium
model includes tortuosity inertial drag, vorticity diffusion effects, as well as combinations of both
effects [1]. The Darcy-Forchheimer (DF) model is the extension or modification of Darcian flow, which
is used similarly to inertia effects. To determine the inertia effect, the velocity square term in the
momentum equation must be added, and the resultant term is known as a Forchheimer’s extension.

Flow over a porous surface is encountered in several applications, such as nuclear and gas waste
storage, hydrocarbon recovery, hydrology, soil physics, transfer in living tissues, transfer in food
products, soil mechanics, drying of the wood, and many others. Flow phenomena in the porous
surfaces are complex given the interaction between the fluid and the packing particles, fluid and the
column wall, and the particles and column wall. Muskat [2] called this interaction a Forchheimer
factor. Some of the studies involving the Darcy-Forchheimer flow have been published [3–7]. Hayat et
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al. [8] considered Darcy-Forchheimer flow over a curve stretching surface and found that the porosity
parameter produced high temperatures. Seth and Mandal [9] studied the Casson fluid in the presence
of Darcy-Forchheimer, and observed the effect of the Casson and rotation parameter on the primary
velocity. The behavior of primary velocity is reverse to the secondary velocity and close to that of the
stretching surface. Ganesh et al. [10] considered a hydro-magnetic nanofluid under Darcy-Forchheimer
flow on stretching and shrinking surfaces.

The investigation of the magnetic field impacts has many applications in the engineering,
chemistry, and physics sectors. Industrial instruments, like bearings and pumps, boundary layer
control, and magnetohydrodynamic generators are mostly affected due to interactions between a
magnetic field and an electrically conducting fluid [10–12]. Viscous dissipation is usually an ignorable
effect, but that contribution can be significant at very high fluid viscosity. The energy source usually
changes temperature distributions, which affects the rates of heat transfer. Hsiao [13] investigated
magnetohydrodynamic (MHD) flow and the effect of thermal radiation and viscous dissipation.
Sheikholeslami et al. [14] examined MHD nanofluid flow as well as heat transfer in the presence of
viscous dissipation.

Various researchers considered viscous dissipation effects in their studies [15–18]. Due to the
importance of viscous dissipation, we also considered its effect in our considered model. At a
microscopic level, in the boundary conditions, no-slip conditions are important when the flowing
fluid layer adjacent to the solid boundary reaches the velocity of the solid boundary. Yet, no-slip
conditions are not based on physical principles [19]. No-slip conditions occur in many macroscopic
flows that have been proven experimentally. Nearly two centuries ago, Navier presented the general
boundary conditions that cover the situation of slippery boundaries, where the velocity of the fluid is
proportional to the shear stress on the surface [20]. In general, velocity slip occurs when the velocity of
the fluid flow and the surface are different, indicating that different slip conditions exist when velocity,
temperature, and concentration in the fluid and surface are different from each other. Hence, slip
boundary conditions are of great importance due to their applications in the various fields of science
and the technology, such as in microchannels or nanochannels as well as in applications where the
surface is coated by a thick monolayer of hydrophobic octadecyl trichlorosilane, or when oil-moving
plates are considered [19]. Wall slip occurs in working fluids with concentrated suspensions [21].
Non-Newtonian fluids, such as polymer melts, usually show wall slip. Many researchers studied
different slip effects on fluid flow [22–27]. Motivated from the above-mentioned investigations, in this
work, we focused on the velocity, thermal, and concentration slip effects on Casson fluid flow with
Extended-Darcy-Forchheimer porous medium and viscous dissipation.

Unlike the flow over a stretching sheet, which received the attention of numerous researchers
since it was first presented by Crane [28], the flow on the shrinking surface was viewed almost 50 years
ago, in 1970, when Miklavčič and Wang [29] considered viscous flow on a shrinking sheet for the first
time. Since flow is probably not going to occur on a shrinking surface, they added sufficient suction at
a boundary to create vorticity in the boundary layer. Many researchers have considered a shrinking
surface, including Naveed et al. [30], Jusoh et al. [31], Othman et al. [32], Khan and Hafeez [33],
Naganthran et al. [34], and Qing et al. [35]. Rahman et al. [36,37] investigated Buongiorno’s model on
exponentially shrinking surfaces and found dual solutions. Some other interesting studies are given
in [38–44]. In this study, we extend the work of Rahman et al. [36,37] to a permeable shrinking surface
embedded in an Extended-Darcy-Forchheimer porous medium in the presence of viscous dissipation
and velocity, and thermal and concentration slip effects over a shrinking surface, where the occurrence
of dual solutions is possible. To produce a stable and physically reliable solution, we performed a
stability analysis. Notably, shrinking sheet flow is basically a backward flow [38] that defines physical
phenomena relatively differently from a stretching sheet.
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2. Mathematical Description of the Problem

We considered the steady incompressible two-dimensional flow of a Casson electrically conductive
nanofluid over an exponentially shrinking surface in Extended Darcy Forchheimer porous medium
along with the effects of viscous dissipations and slip conditions, as shown in Figure 1. According to
Nakamura and Sawada [39], the rheological equation of the state for isotropic and incompressible flow
of a Casson fluid are:

τij =

⎧⎨⎩
(

μB +
(

Py√
2π

))
2eij, π > πc(

μB +
(

Py√
2πc

))
2eij, π < πc

(1)

where μB denotes the plastic dynamic viscosity, Py denotes the yield stress of the fluid, π denotes the
product of deformation rate component, where π = eij. eij is the (i, j)th deformation rate component and
πc is a critical value of π, which is based on the non-Newtonian model. A Cartesian coordinate system
is considered, where the x-axis is assumed along with a shrinking sheet and the y-axis is perpendicular
to it. The uniform magnetic field of strength B0 was applied normal to a shrinking sheet. The induced
magnetic field was ignored due to the small value of the magnetic Reynolds number. According to
these conditions, the governing equations for steady Casson nanofluid flow can be written as:

∂u
∂x

+
∂v
∂y

= 0 (2)

u
∂u
∂x

+ v
∂u
∂y

= ϑ

(
1 +

1
β

)
∂2u
∂y2 − ϑϕ

K
u − b√

K
u2 − σB2u

ρ
(3)

u
∂T
∂x

+ v
∂T
∂y

= α
∂2T
∂y2 + τ1

[
DB

∂C
∂y

∂T
∂y

+
DT
T∞

(
∂T
∂y

)2
]
+

μ

ρcp

(
1 +

1
β

)(
∂u
∂y

)2
(4)

u
∂C
∂x

+ v
∂C
∂y

= DB
∂2C
∂y2 +

DT
T∞

∂2T
∂y2 (5)

Figure 1. Physical model of flow.

The associated boundary conditions related to Equations (2)–(5) are:{
v = vw, u = uw + Aϑ

(
1 + 1

β

)
∂u
∂y , T = Tw(x) + D ∂T

∂y , C = Cw(x) + N ∂C
∂y at y = 0

u → 0, T → T∞, C → C∞as y → ∞
(6)

where u and v represent velocity components in the x- and the y-directions, respectively;
ρ, β, ϑ, σ, ϕ, b, K, T, and α are the density of the fluid, Casson fluid parameter, kinematic viscosity,
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the electrical conductivity of fluid, porosity, the local inertia coefficient, porosity, permeability of the
porous medium, fluid temperature, and the thermal diffusivity of the Casson nanofluid, respectively;

and B = B0e
x
2l is the magnetic field by the constant magnetic strength B0. τ1 =

(ρc)p
(ρc) f

is the ratio between

the effective heat capacity of the nanoparticle material and the capacity of the fluid; and DT are the
coefficients of Brownian diffusion and thermophoretic diffusion, respectively; Tw = T∞ + T0e

x
2� and

Cw = C∞ + C0e
x
2� are the temperature and concentration of the wall, respectively; where T∞ and C∞

are the ambient temperature and concentration, respectively. vw = −
√

ϑa
2l e

x
2l S, where S is the suction

and blowing parameter, uw = −a e
x
l is the shrinking velocity of surface, A = A1e

−x
2l is the velocity slip

factor, D = D1 e
−x
2l is the thermal slip factor, and N = N1e

−x
2l is the concentration slip factor.

To obtain the similarity solutions, the following similarity transformations are used:

ψ =
√

2ϑlae
x
2l f (η) , θ(η) =

(T − T∞)

(Tw − T∞)
, ∅(η) =

(C − C∞)

(Cw − C∞)
, η = y

√
a

2ϑl
ex/2l (7)

The stream function ψ is written as a velocity component as:

u =
∂ψ

∂y
, v = − ∂ψ

∂x
(8)

The permeability of porous medium is taken as K = 2K0 e
−x

l . Note, the similarity transformation
is mostly used to reduce the number of variables; the resultant equations are reduced to simple form.
The similarity transformation is used to obtain the similarity solution. From a physical point of view,
the meaning of similarity solutions is that “the velocity, temperature, and concentration profiles of the
flow remain geometrically similar in each transversal section of the surface”. By applying Equations (7)
and (8) into Equations (2)–(6), the continuity equation is satisfied and momentum, energy, and the
concentration equations can be expressed as:

f ′′′ +
β

(1 + β)
f f ′′ − β(2 + FS)

(1 + β)
f ′2 − β(K1 + M)

(1 + β)
f ′ = 0 (9)

1
Pr

θ′′ + f θ′ − f ′θ + Nb∅′θ′ + Nt
(
θ′
)2

+ Ec.
(

1 +
1
β

)
( f ′′ )2 = 0 (10)

∅′′ + Sc
(

f∅′ − f ′∅
)
+

Nt
Nb

θ′′ = 0 (11)

along the boundary conditions

f (0) = S , f ′(0) = −1 + δ
(

1 + 1
β

)
f ′′ (0),

θ(0) = 1 + δTθ′(0), ∅(0) = 1 + δC∅′(0),
f ′(η) → 0, θ(η) → 0, ∅(η) → 0 as η → ∞

(12)

where M (range 0 to 0.5), K1 (0–0.2), FS (range 0.05–1.15), Pr, (0.7–2.5), Nb, (0.05–0.5), Nt, (0–0.5),
Ec, (0–0.7) and Sc (0–1) denote the Hartmann number, permeability parameter, Forchheimer
parameter, Prandtl number, Brownian motion parameter, thermophoresis parameter, Eckert number,
and Schmidt number, respectively; δ (range 0–0.5), δT (0–0.5), and δC (0–0.5) are the velocity, thermal,
and concentration slip parameters, respectively. The dimensionless quantities are defined as:⎧⎪⎪⎪⎨⎪⎪⎪⎩

M = 2lσ(B0)
2

ρa , K1 = lϑ
aK0

, FS = 2lb√
K

, Pr = ϑ
α , Sc = ϑ

DB

Nb = τ1DB(Cw−C∞)
ϑ , Nt =

τ1DT(Tw−T∞)
ϑT∞

Ec = a2

CpT0
, , δ = A1

√
ϑa
2l , δT = D1

√
a

2ϑl , δC = N1

√
a

2ϑl

(13)
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Physical quantities of interest include coefficient of skin friction, the local Nusselt number,
and local Sherwood number, which are given by:

Cf =

[
μ
(

1+ 1
β

)
∂u
∂y

]
y=0

ρa2 , Nu =
−x

(
∂T
∂y

)
y=0

(Tw− T∞)
, Sh =

−x
(

∂C
∂y

)
y=0

(Cw− C∞)

Cf (Rex)
1
2 =

(
1 + 1

β

)
f ′′ (0), Nu(Rex)

− 1
2 = −θ′(0), Sh(Rex)

− 1
2 = −∅′(0)

(14)

3. Linear Stability Analysis

Recently, many authors [39–41] investigated multiple solutions for different types of fluids under
various fluid flow conditions. From an experimental point of view, it is worth investigating if the
solutions are physically reliable. Therefore, linear stability is required to check the reliability of the
solutions. To perform stability analysis, the governing boundary layer in Equations (3)–(5) were
reduced to the following unsteady form, as suggested by Merkin [43] and Yasin et al. [38]:

∂u
∂t

+ u
∂u
∂x

+ v
∂u
∂y

= ϑ

(
1 +

1
β

)
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K
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K
u2 − σB2u

ρ
(15)
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+ u
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DB
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∂y

+
DT
T∞
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∂T
∂y

)2
]
+

μ

ρcp
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1 +

1
β

) (
∂u
∂y

)2
(16)

∂C
∂t

+ u
∂C
∂x

+ v
∂C
∂y

= DB
∂2C
∂y2 +

DT
T∞

∂2T
∂y2 (17)

where t denotes the time. A new similarity transformation is introduced:

ψ =
√

2ϑlae
x
2l f (η, τ), θ(η, τ) = (T−T∞)

(Tw− T∞)

∅(η, τ) = (C−C∞)
(Cw−C∞)

, η = y
√

a
2ϑl e

x
2l , τ = a

2l e
x
l .t

(18)

Using Equation (18), Equations (15)–(17) can be written as:(
1 + 1

β

)
∂3 f (η, τ)

∂η3 + f (η, τ)
∂2 f (η, τ)

∂η2 − (2 + FS)
(

∂ f (η, τ)
∂η

)2 − (K1 + M)
∂ f (η, τ)

∂η − ∂2 f (η, τ)
∂τ∂η = 0 (19)

∂2θ(η,τ)
∂η2 + Pr

(
f (η, τ)

∂θ(η,τ)
∂η − ∂ f (η, τ)

∂η θ(η, τ) + Nb ∂∅(η,τ)
∂η

∂θ(η,τ)
∂η

+Nt
(

∂θ(η,τ)
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)2
+ Ec.
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1 + 1

β

)(
∂2 f (η, τ)

∂η2
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− ∂θ(η,τ)

∂τ

)
= 0

(20)

∂2∅(η, τ)

∂η2 + Sc
(

f (η, τ)
∂∅(η, τ)

∂η
− ∂ f (η, τ)

∂η
∅(η, τ)

)
+

Nt
Nb

∂2θ(η, τ)

∂η2 − ∂∅(η, τ)

∂τ
= 0 (21)

along with new boundary conditions:

f (0, τ) = S, ∂ f (0, τ)
∂η = −1 + δ

(
1 + 1

β

)
∂2 f (0, τ)

∂η2 , θ(0, τ) = 1 + δT
∂θ(0, τ)

∂η , ∅(0, τ)

= 1 + δC
∂∅(0, τ)

∂η
∂ f (η, τ)

∂η → 0, θ(η, τ) → 0, ∅(η, τ) → 0 as η → ∞

(22)

To check the stability of the steady flow solutions, where f (η) = f0(η), θ(η) = θ0(η) and satisfy
the boundary value problem in Equations (9)–(12), we write:

f (η, τ) = f0(η) + e−ετ F(η, τ)

θ(η, τ) = θ0(η) + e−ετG(η, τ)

∅(η, τ) = ∅0(η) + e−ετ H(η, τ)

(23)
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where F(η), G(η), and H(η) are small relative values of f0(η), θ0(η), and ∅0(η) respectively; and ε is
the unknown eigenvalues. When we solve the eigenvalue problem in Equations (19)–(22), we have an
infinite set of eigenvalues. From that set, we chose the smallest eigenvalue. If the smallest eigenvalue
(ε) is negative, the flow is unstable and the disturbances grow, which is physically not possible.
If the smallest eigenvalue is positive, it suggests that the solution is stable and physically reliable.
Applying the relations in Equation (23) into Equations (19)–(22), the following equations are obtained:(

1 +
1
β

)
F′′′

0 + f0F′′
0 + F0 f ′′0 − 2(2 + FS) f ′0F′

0 − (K1 + M)F′
0 + εF′

0 = 0 (24)

1
Pr G′′

0 + f0G′
0 + F0θ′0 − f ′0G0 − F′

0θ0 + Nb∅′
0G′

0 + NbH′
0θ′0 + 2Ntθ′0G′

0

+2Ec.
(

1 + 1
β

)
f ′′0 F′′

0 + εG0 = 0
(25)

H′′
0 + Sc

{(
f0∅

′
0 + F0H′

0
)− (

f ′0H0 + F′
0∅0

)}
+

Nt
Nb

G′′
0 + ScεH0 = 0 (26)

subject to boundary condition:

F0(0) = 0, F′
0(0) = δ

(
1 + 1

β

)
F′′

0 (0), G0(0) = δTG′
0(0), H0(0) = δC H′

0(0),

F′
0(η) → 0, G0(η) → 0, H0(η) → 0, as η → ∞

(27)

According to Haris et al. [41], to determine the stability of Equations (24)–(27), we need to relax
one boundary condition on F′

0(η), G0(η), and H0(η). We relaxed F′
0(η) → 0 as η → ∞ into F′′

0 (0) = 1
in this problem. We fixed the all parameters to: β = 1.5, FS = 0.2, K1 = 0.1, Pr = 1, Nt = 0.15, Nb =

0.2, Ec = 0.1, Sc = 1, δ = 0.1, and δC = 0.1, and varied the values of M and δT .

4. Result and Discussion

With the help of the shooting method, the transformed ordinary differential equations (BVPs) in
Equations (9)–(11) along with the boundary conditions in Equation (12) were converted to initial value
problems (IVPs). Equations of IVPs were solved via the Runge Kutta (RK) method. Another method,
the three-stage Lobatto IIIa formula, was developed in bvp4c with the help of finite difference code.
Later, stability analysis was conducted using the bvp4c solver function. According to Rehman et
al. [36], “this collocation formula and the collocation polynomial provides a C1 continuous solution
that is fourth-order accurate uniformly in [a,b]. Mesh selection and error control are based on the
residual of the continuous solution”. The impacts of various physical parameters, such as Forchheimer
parameter, thermal slip parameter, Casson parameter, magnetic parameter, permeability parameter,
Prandtl number, Brownian motion, and thermophoresis parameter, on the flow and heat transfer
characteristics were explored. Figure 1 shows the physical model of the problem.

Figure 2 illustrates the existence of multiple solutions for the variation of suction parameter S for
three different values of the Forchheimmer parameter FS. For all three values of the Forchheimmer
parameter FS = 0.2, 0.7, 1.15, there were critical points Sci, i = 1, 2, 3, where multiple solutions
exist. From a mathematical point of view, we know that the second solution cannot be produced
experimentally, but the second solution is a part of the solution to the system of differential equations
and therefore should be considered. Overall, we focused on the investigation of the occurrence of
multiple solutions for the considered problem. From this profile, we concluded that there are only
dual solutions if suction parameter S satisfies this relation S ≥ Sci, i = 1, 2, 3. For the case of the first
solution, the skin friction coefficient decreases strictly monotonically as the Forchheimer parameter
FS increases. However, the opposite trend was observed for the second solution. Figure 3 depicts
the occurrence of multiple solutions against the values of suction parameter S for two values of
thermal slip parameter δT on heat transfer rate −θ′(0). Multiple solutions exist for the variation in
the thermal slip parameter δT = 0.1, 0.5 only when the suction parameter S ≥ Sc1 = 2.19377 and
S ≥ Sc2 = 2.19358. The heat transfer coefficient declines gradually for the variation in the thermal
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slip parameter δT against the values of suction parameter S. The occurrence of multiple solutions
for the values of mass slip parameter δC against suction parameter can be seen in the concentration
profile in Figure 4. From this profile, the critical point where multiple solutions exist is the same for
the two different values of mass slip parameter δC. The influence of Casson parameter β on velocity
profile f ′(η) for the variation in different physical parameters is shown in Figure 5. From this profile,
the velocity profile and its thickness of boundary layer increase with increasing values of the Casson
parameter for the first solution. However, the momentum boundary layer decreases for 0 ≤ η < 3,
due to the increase in a β plastic dynamic, and the viscosity increased, causing resistance to the fluid
motion. The opposite behavior was observed for the second solution.

Figure 2. Skin-friction coefficient f”(0) against suction for three values of the Forchheimer parameter FS.

Figure 3. Heat transfer rate −θ′(0) against suction for two values of the thermal slip parameter δT .
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Figure 4. −∅′(0) against suction for two values of the mass slip parameter δC.

Figure 5. Variation of velocity f ′(η) with η for several values of the Casson parameter β.

The effect of the magnetic parameter M on velocity profile is shown in Figure 6. The thickness
of the boundary layer and the velocity of the nanofluid flow are enhanced for the first solution
and reduced for the second solution by increasing the strength of the magnetic parameter.
Physically, the thickness of boundary layer decreases by increasing the values of the magnetic
parameter for the second solution because the fluid particle motion diffuses quickly into the
neighboring fluid layers as the values of M increase. Figures 7–9 depict the effect of permeability
parameter K1, velocity slip parameter, and Forchheimmer parameter FS on the velocity profile for
fixed values of various physical parameters. These profiles show that the hydrodynamic boundary
layer increases in the first solution and decreases in the second solution by increasing the strength of
the porosity. However the opposite trend was observed by increasing the Forchheimmer parameter
FS. With increasing the velocity slip parameter δ, the velocity profile for both cases (first and second
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solutions) increases gradually. Figure 10 depicts the effects of the Casson parameter on temperature
profile. The temperature and boundary layer thickness of the nanofluid flow decrease for the first
solution and increase for the second solution. We concluded that, according to the physical point of
view, due to an increase in elasticity, stress parameter thickening of the thermal boundary layer
occurred. The Prandtl number Pr effects on the temperature profile are exhibited in Figure 11.
The temperature of the Casson nanofluid decreases with increasing Pr and the thermal boundary
layer thickness decreases. The Prandtl number can be defined as “the ratio of momentum diffusivity
to thermal diffusivity”, which means a Casson nanofluid with a higher Prandtl number decreases
thermal conductivity, which causes the reduction in the thermal boundary layer thickness.

Figure 6. Variation of velocity f ′(η) with η for several values of magnetic parameter M.

 
Figure 7. Variation of velocity f ′(η) with η for several values of porosity parameter K1.
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Figure 8. Variation of velocity f ′(η) with η for several values of velocity slip parameter δ.

 

Figure 9. Variation of velocity f ′(η) with η for several values of the Forchheimmer parameter FS.
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Figure 10. Variation of temperature θ(η) with η for several values of the Casson parameter β.

 
Figure 11. Variation of temperature θ(η) with η for several values of Prandtl number Pr.

Due to the increase in the thermophoresis parameter, the temperature profile and the thermal
boundary layer of the nanofluid for the first and second solutions increase gradually (Figure 12).
With the increase in thermophoresis parameter Nt thermophoresis force increased, which helped
nanoparticles to travel from hot to cold areas. Subsequently, the temperature of the nanofluid
increased. Figure 13 shows the effects of the Brownian motion parameter Nb on the temperature
profile. This profile shows that temperature increased due to the increase in the Brownian motion
parameter; therefore, thermal boundary layer thickness increased. Temperature profile increases
as Eckert number increases; therefore, the thermal boundary layer increases gradually because an
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expansion in dissipation enhances the thermal conductivity of the flow, which upgrades the thermal
boundary layers (Figure 14). The impact of thermophoresis parameter Nt on the nanoparticle volume
fraction ϕ(η) is depicted in Figure 15. The profile of the nanoparticle volume fraction increases
with increasing values of the thermophoresis parameter Nt. Figure 16 presents the effects of the
Brownian motion parameter Nb on the nanoparticle volume fraction. This profile shows that the
nanoparticle volume boundary layer thickness decreases as Nb increases gradually. Figure 17 shows
the effects of Schmidt number on concentration profile. Concentration profiles decrease as Sc increases.
The comparison of the numerical results of our problem drawn from bvp4c and the shooting method
is outlined in Table 1; the results from both methods showed an excellent agreement. The smallest
eigenvalue ε for some values of M and δT are shown in Table 2. These values show that all values of ε

are positive for the first solution and negative for the second solution. Therefore, we concluded that
the first solution is stable while the second solution is unstable.

Figure 12. Variation of temperature θ(η) with η for several values of thermophoresis parameter Nt.

 
Figure 13. Variation of temperature θ(η) with η for several values of the Brownian motion parameter Nb.
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Figure 14. Variation of temperature θ(η) with η for several values of the Eckert number Ec.

 
Figure 15. Variation of nanoparticle volume fraction ϕ(η) with η for several values of thermophoresis
parameter Nt.
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Figure 16. Variation of concentration θ(η) with η for several values of Brownian motion parameter Nb.

Figure 17. Variation of concentration θ(η) with η for several values of Schmitt number Sc.

Table 1. Comparison between bvp4c method and the shooting method for different values of K1 and M
when β = 1.5, FS = 0.2, Pr = 1, Nt = 0.15, Nb = 0.2, Ec = 0.1, Sc = 1, δ = 0.1, δT = 0.1, and δC = 0.1.

M K1
f”(0)

bvp4c Method Shooting Method

0.5
0.1 1.636957 1.636908
0.2 1.651884 1.651959
0.3 1.666407 1.666527

0
0.1

1.552846 1.552775
1 1.707631 1.707671

1.5 1.769173 1.769238
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Table 2. Smallest eigenvalues for different values of M and δT .

M δT
ε1

First Solution Second Solution

0.5
0 0.87456 −1.04592

0.1 0.73948 −1.00248

0.7
0 0.94310 −1.294601

0.1 0.79092 −1.12253

5. Conclusions

Two-dimensional MHD flow of a Casson nanofluid over a shrinking surface in an Extended Darcy
Forchheimer porous medium with the effects of viscous dissipation, velocity, thermal, and concentration
slip were examined numerically in this study. The governing boundary layer equations were converted
into ordinary differential equations before solving them using the shooting method with the Runge Kutta
method. The numerical results showed the existence of dual solutions. To determine which solutions were
stable and unstable, stability analysis was conducted. The values of the smallest eigenvalues indicated that
only first solution was stable. We found ranges of dual solutions, solutions that depended on a suction
parameter, and no solution. Notably, as the Forchheimmer parameter FS increased, strong mass suction
was required to obtain solutions. We found that the velocity profile is indirectly proportional to the velocity
slip parameter in the first solution, and that the hydrodynamic boundary layer increases in the first solution
and decreases in the second solution by increasing the strength of the porosity.
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Nomenclature

u, v velocity components Ec Eckert number
K permeability of the porous medium C w variable concentration at the sheet
b local inertia coefficient Rex local Reynolds number
T Temperature Cf skin friction coefficient
T 0 a constant Nu local Nusselt number
T w variable temperature at the sheet S injunction/suction parameter
T∞ ambient temperature Greek letters

C Concentration β Casson parameter
C 0 a constant ε1 smallest eigen value
C∞ ambient concentration τ Stability transformed variable
Py Fluid’s yield stress ε unknown eigen value
B(x) magnetic field ψ stream function
M Hartmann number δ Velocity slip
Pr Prandtl number δT Thermal slip
DB Brownian diffusion δC Concentration slip
DT thermophoretic diffusion μB Plastic dynamic viscosity
vw suction/injection velocity ϕ Porosity
Sh local Sherwood number η transformed variable
Nb Brownian motion parameter α thermal diffusivity
Nt thermophoresis parameter π The product of the component of deformation rate with itself
Sc Schmidt number
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Abstract: In this paper, Jeffrey fluid is studied in a microgravity environment. Unsteady
two-dimensional incompressible and laminar g-Jitter mixed convective boundary layer flow over an
inclined stretching sheet is examined. Heat generation and Magnetohydrodynamic MHD effects are
also considered. The governing boundary layer equations together with boundary conditions are
converted into a non-similar arrangement using appropriate similarity conversions. The transformed
system of equations is resolved mathematically by employing an implicit finite difference pattern
through quasi-linearization method. Numerical results of temperature, velocity, local heat transfer,
and local skin friction coefficient are computed and plotted graphically. It is found that local skin
friction and local heat transfer coefficients increased for increasing Deborah number when the
magnitude of the gravity modulation is unity. Assessment with previously published results showed
an excellent agreement.

Keywords: Jeffrey fluid; laminar g-Jitter flow; inclined stretching sheet; heat source/sink

1. Introduction

Nanoparticles composed of nanosized metals, oxides, and carbon nanotubes form fluid
suspensions called nanofluids. Nanofluids are widely used in many practical applications including
nano-electro-mechanical systems and in the industrial, manufacturing and medical sectors because
compared to the conventional liquids, they are characterized by great thermal conductivities leading
to an enhanced heat transfer rate. In this context, several researches were carried out in the last few
decades to analyze theoretically and experimentally transport phenomena related to heat and nanofluid
flow while considering diverse geometries, velocity, and temperature slip boundary conditions [1–6].

The gravity impact is abolished significantly in space, but the microgravity environment is able to
reduce convective flows. g-Jitter which refers to the inertia impacts caused by the residual, oscillatory
or transitory accelerations originating after squad waves, mechanical pulsations atmospheric slog and
microgravity environments was investigated showing that microgravity is correlated to the frequency
and magnitude of the periodical gravity modulation [7–11].

One of the major concerns of gravity is the study of the controversial impact of g-Jitter
convective flow in various aspects. The impact of a gravitational field representative of g-Jitter
was investigated [12–15]. It was demonstrated that g-Jitter has a great influence on the configuration
of the three-dimensional boundary layer and the flow properties especially the skin friction and the
heat rate. It was demonstrated that the skin friction coefficient is decreased when the magnetic field
parameter rises [12,16]. Khoshnevis [17] studied the effect of residual and g-Jitter accelerations and
reported that the diffusion procedure is more probably to be affected by the low-frequency involvement
of g-Jitter. The effect of the gravity variations falls down against the rise of the forced flow velocity.
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However, fuel injection velocity has the opposite effect when it augments [16]. Kumar et al. [18] studied
the impact of gravity inflection in a couple stress liquid by using Ginzburg–Landau equations. It was
underlined that to improve the rate of heat and mass transfer, the influence of the Prandtl number;
concentration Rayleigh number; Lewis number and couple stress parameter on the Nusselt number
and Sherwood number has to be increased. Mass transfer has the opposite behavior against Lewis
quantity [15].

Magnetohydrodynamic convective boundary layer flow over an exponentially inclined permeable
stretching surface was investigated by many researchers [9–11]. Reddy numerically studied [10] the
scheme of joined boundary conditions for nonlinear ordinary differential equations. It was revealed
that the momentum boundary layer thickness is reduced when the Casson fluid parameter augments.
The thermal boundary layer thickness is improved when augmenting rates of the non-uniform heat
source or sink parameters [12].

An extensive investigation has been conducted considering the different fluid physical conditions.
Both the gravitational field and temperature gradient generate convective flows in porous and clear
media. Greater temperature can be observed in the pure field as associated to the porous field in
Couette, Poiseuille and widespread to Couette flows of an incompressible magneto hydrodynamic
Jeffrey fluid among similar platters over homogeneous porous field employing slip boundary
circumstances [18]. Convection flows of nanofluids in porous media have attracted great concern
driven by material treating and solar energy gatherer uses. Bhadauria [19] focused on the impacts
of flow and G-Jitter on chaotic convection in an anisotropic porous field. It was concluded that heat
transfer is greater in the modulated system compared to the unmodulated system. Ghosh et al. [15]
reported that sinusoidal g-Jitter leads to a flow streaming inside the porous cavity and time-dependent
rolls privileged the encloser because of variances in thermal diffusivities among the solid matrix,
wall, and fluid. The temperature profile has an opposite behavior for the Prandtl number [9,10,20]
because of the influence of the slip parameter, non-Newtonian parameter, and Hartmann number [21]
whereas it augments in parallel with the radiation parameter [4,11,12], Brinkman number, and Dufour
and Soret numbers [14]. Compared to Maxwell and Oldroyd-B nanofluids, the Jeffrey nanofluid has
superior heat transfer performance [22]. The heat transfer profile was studied in different conditions.
Sandeep et al. analyzed numerically the momentum and heat transfer profile of Jeffrey, Maxwell, and
Oldroyd-B nanofluids over a stretching surface to determine the impact of the transverse magnetic
field, thermal radiation, non-uniform heat source/sink, and suction effects. Heat transfer rate was
improved when the Biot number and suction parameter increase. The Jeffrey nanofluid has superior
heat transfer performance than the Maxwell and Oldroyd-B nanofluids [23–30].

Some interesting studies concerning the flow of Jeffrey fluid have been conducted. Hayat et al. [8]
considered a homogeneous–heterogeneous reaction in a nonlinear radiative flow of Jeffrey fluid
between two stretchable rotating disks. The velocities augment in parallel with Deborah number.
The thermal field and heat transfer rate are improved for the temperature ratio parameter.
Khan et al. [14] analytically studied the Jeffrey liquid flow related to thermal-diffusion and
diffusion-thermo characteristics using the homotopic method [31–34].

In the present work, we investigate the effects of Jeffrey fluid in a microgravity environment.
Unsteady two-dimensional incompressible and laminar g-Jitter mixed convective boundary layer
flow over an inclined stretching sheet is taken into account. The governing boundary layer
equations together with boundary conditions are converted into a non-similar arrangement using
appropriate similarity conversions. The transformed system of equations is solved numerically by
using an implicit finite difference structure with quasi-linearization technique. Numerical results
of velocity, temperature, local skin friction, and local heat transfer coefficient are computed and
illustrated graphically.
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2. Mathematical Formulation

The objective of this study is to investigate the unsteady incompressible flow of Jeffrey fluid past
an inclined stretching sheet. In this problematic, the x-axis is ranging lengthways the surface with
penchant angle γ to the perpendicular in the upward direction and y-axis is perpendicular to the
surface. The plate is characterized with a linear speed uw(x) in x-direction. The temperature and
flow of the platter varies linearly with the stretch x along the platter, anywhere Tw(x) > T∞ by means
of Tw(x) represent the temperature of the plate and T∞ representing the uniform temperature of the
ambient nanofluids.

The incessant stretching sheet is supposed to require the temperature and velocity in the
arrangement of uw(x) = cx and Tw(x) = T∞ + ax where c and a are factors with c > 0. Mutually
circumstances of reheating (Tw(x) > T∞) and cooling (Tw(x) < T∞) of the piece are considered, which
settle to assisting flow for a > 0 and opposing flow for a < 0, correspondingly. The fluid conduct
electricity in the control of a variable magnetic field B(x) = B0√

x . And finally the heat generation effect
is also considered.

In the typical boundary layer and Boussinesq calculations, the basic governing equations including
the conservation of momentum, mass thermal energy equation of Jeffrey fluid can be written as [5,6,35],

∂u
∂x

+
∂v
∂y

= 0 (1)

∂u
∂t

+ u
∂u
∂x

+ v
∂u
∂y

=
υ

1 + λ1

[
∂2u
∂y2

]
+

υλ2

1 + λ1

[
∂3u

∂t∂y2 + u
∂3u

∂x∂y2 − ∂u
∂x

∂2u
∂y2

]
+

υλ2

1 + λ1

[
∂u
∂y

∂2u
∂x∂y

+ v
∂3u
∂y3

]
+ g∗(t)βT(T − T∞) cos α − σB(x)2

ρ
u

(2)

∂T
∂t

+ u
∂T
∂x

+ v
∂T
∂y

=
k

ρcp

∂2T
∂y2 +

Q(x)
ρcp

(T − T∞). (3)

The suitable initial and boundary circumstances are prescribed as:

t = 0 : u = v = 0, T = T∞ for any x, y,

t > 0 : uw(x) = ax, v = 0 , T = Tw = T∞ + bx at y = 0,

u → 0 , ∂u
∂y → 0, T → T∞ as y → ∞,

(4)

where u and v are the speed modules lengthwise x and y axes, t represents time, and T characterizes
the temperature of Jeffrey fluid. Meanwhile, ρ is the density, υ is the kinematic viscosity, βT is the
volumetric coefficient of thermal expansion, Cp is the specific heat at constant pressure, k is the real
thermal conductivity, λ1 and λ2 are two parameters related to the Jeffrey fluid which are, respectively,
the fraction of relaxation to retardation times. It is worth mentioning that, for λ1 = λ2 = 0, and in the
absence of MHD and heat generation terms, the problem reduces to the case of a regular viscous fluid,
which is the same problem studied by Sharidan et al. (2006) [3]. The difficulty of the problematic is
abridged by involving the subsequent similarity changes [3].

τ = ωt, η =
( a

υ

) 1
2 y, ψ = (aυ)

1
2 x f (τ, η), θ(τ, η) =

(T − T∞)

(Tw − T∞)
, g(τ) =

g(t)
g0

. (5)

By employing the similarity transformations (5), Equation (1) is similarly fulfilled, and in addition,
the following transformed governing equations are obtained:
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1
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Ω = ω
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2
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2 ,

Grx = g0βT(Tw − T∞) x3

ν2 , Rex = uw(x) x
ν ,

τ = 0 : ∂ f
∂η (τ, η) = 0, f (τ, η) = 0, θ(τ, η) = 0 for any x, y,

η > 0 : ∂ f
∂η (τ, η) = 1, f (τ, η) = 0, θ(τ, η) = b

a at η = 0,

η > 0 : f (τ, η) → 0 , ∂2θ
∂η2 (τ, η) → 0, θ(τ, η) → 0 as η → ∞,

(8)

where
Pr =

μcp

k
,

The real amounts of main attention, such as the local Nusselt number, Nux and the skin friction
coefficient, Cf, are defined as

Cf =
τw(x)
ρu2

w
and Nux =

qw(x) x
k(Tw − T∞)

(9)

where the τw(x) is the wall shear stress and qw(x) is the wall heat flux given by:

τw =
μ
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(
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y=0

(10)

The following skin friction coefficient and local Nusselt number are obtained as follows:

Cf Re1/2
x = 1

(1+λ1)

[
∂2 f
∂η2 (τ, 0) + β

(
∂ f
∂η (τ, 0) ∂2 f

∂η2 (τ, 0)− f (τ, 0) ∂3 f
∂η3 (τ, 0)

)]
,

Nux
Re1/2

x
= − ∂θ

∂η (τ, 0).
(11)

3. Numerical Method

The difficulty of the problematic is abridged by involving the subsequent similarity changes
(Sharidan et al. (2006)) [3]. By employing the similarity transformations (5), Equations (1)–(3) with
boundary conditions (4) transform to Equations (6)–(8). This model will be resolved numerically using
Runge–Kutta–Fehlberg method of the seventh order (RKF7) joined with a shooting method. In the
RKF7 method, several assessments are tolerable for each stage separately. For minor precision, this
technique delivers the greatest effective outputs. A phase size Δη = 0.001 and a convergence condition
of 10−6 were employed in the numerical calculations. The asymptotic boundary conditions given by
Equation (11) were substituted using a value of 10 for the similarity variable ηmax as follows:

f ′(η, 10) = θ′(η, 10) = 0

The choice of ηmax = 10 guarantees that all mathematical solutions move toward the asymptotic
values appropriately. The other details of this method can be found in [24]. To check the accuracy of
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the current technique, the found results are compared in special cases with the results obtained by
Hayat et al. [5]. These comparisons are presented clearly in Table 1 in terms of the Num at the heat
source. A very good arrangement is established among the results.

Table 1. Assessment of the Num.

Ra Hayat et al. [5] Current

1000 5.321 5.332

10,000 5.487 5.496

100,000 7.212 7.223

1,000,000 13.946 14.101

4. Results and Discussion

Unsteady two-dimensional incompressible and laminar g-Jitter mixed convective boundary layer
flow over an inclined stretching sheet in the presence of heat source/sink, viscous dissipation and
magnetic field for Jeffrey fluid has been explored numerically by means of a shooting scheme based
Runge–Kutta–Fehlberg-integration algorithm.

Figure 1a,b present the variation of dimensionless velocity with pertinent parameters in which
Figure 1a illustrates the effect of magnetic field and g-Jitter frequency period on the dimensionless
velocity and Figure 1b shows the effect of thermal expansion coefficient and mixed convection
parameter on the dimensionless velocity. As anticipated, the velocity profile is higher for dimensionless
boundary layer thickness η = 0 then decreases significantly along the inclined stretching sheet to reach
zero, this effect is mathematically noticeable in Equation (8) which fulfills the assigned boundary
condition. Furthermore, it can be seen that the velocity profile decreases with both magnetic field and
thermal expansion coefficient while the g-Jitter frequency period and mixed convection parameter
have a negligible effect on velocity profile. Consequently, boundary layer thickness has a similar effect
and behavior as the dimensionless velocity. It is important to note that in the absence of a magnetic
field the velocity profile is maximum and declines with the application of magnetic field, this can be
elucidated by the fact that a magnetic field generates Lorentz force which leads to opposing the flow
and, therefore, reduces the velocity profile. Similarly, increasing a thermal expansion coefficient leads
to generating more thermal buoyancy that affect the velocity profile but remains a small alteration
compared to the effect of a magnetic field. Both of Figure 1a,b refer to the case of assisting flow (λ > 0)
except that in Figure 1b the mixed convection parameter increases.

η

η

τ

β

λ

α λ ε

η

η

λ

β

τ

λ α ε

Figure 1. Variation of dimensionless velocity with (a) magnetic field and g-Jitter frequency period and
with (b) thermal expansion coefficient and mixed convection parameter.
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Figure 2a,b depict the variation of dimensionless temperature with pertinent parameters in
which Figure 2a illustrates the effect of a magnetic field and g-Jitter frequency period on the
dimensionless temperature and Figure 2b shows the effect of thermal expansion coefficient and mixed
convection parameter on the dimensionless velocity. As expected, the temperature profile is higher for
dimensionless boundary layer thickness η = 0 which then decreases significantly along the inclined
stretching sheet to reach zero. This behavior is approved by the considered boundary condition
and it is accurately harmonized with Equation (8). Moreover, tt can be seen that the dimensionless
temperature variance of the velocity profile shown in Figure 1 augment slightly with both magnetic
field and thermal expansion coefficient. Additionally, the thermal expansion coefficient and g-Jitter
frequency have an insignificant effect on the temperature profile. Therefore, the thickness of the
thermal boundary layer remains uniform in respect of the studied parameters. It should be pointed out
that the overall effect of even very great magnetic fields, thermal expansion, and g-Jitter amplitudes on
the temperature profile is very insignificant.

η

θ
η

τ

β

λ

α λ ε

η

θ
η

λ

β

τ

λ α ε

Figure 2. Variation of dimensionless temperature with (a) magnetic field and g-Jitter frequency period
and with (b) thermal expansion coefficient and mixed convection parameter.

The effects of magnetic field and g-Jitter frequency on dimensionless skin friction are illustrated
in Figure 3a,b. It is perceived that the dimensionless skin friction increases with both magnetic field
and thermal expansion whereas it lessens with g-Jitter frequency. We realize that the velocity profile
decreases with magnetic field; this effect will reduce the Reynold number. It can be interpreted
from this fact that viscous force will be reduced compared to inertial force which, in turn, leads to
augment dimensionless skin friction. Similarly, and for the same reason, it can be explained in Figure 1
that thermal expansion slightly reduces the velocity and consequently augments the dimensionless
skin friction.

It is worthwhile to note that the skin friction coefficient Cf Rex-1/2 represents the velocity gradient
at the surface; therefore, the velocity gradient at the surface will grow with thermal expansion and
magnetic fields. It is very important and intriguing to note that the g-Jitter frequency period reduces
skin friction. This effect can be physically elucidated by the fact that g-Jitter generates flow creating
buoyancy forces due to the effect of vibration frequency distribution and density gradient which results
to increase the acceleration of the fluid flow, this later owing to an augmented Reynolds number and
consequently lessens skin friction.
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α ε λ
τ

β

λ

α ε λ

τ

Figure 3. Variation of dimensionless skin friction with magnetic field and g-Jitter frequency period.
(a) Assisting flow; (b) Opposing flow.

The effects of magnetic field, thermal expansion coefficient, and g-Jitter frequency period on the
local Nusselt number are shown in Figure 4a,b. It is perceived that the local Nusselt number increases
with both the thermal expansion coefficient and g-Jitter frequency period. Whereas, it decreases with
magnetic field. It is clear that in the absence of a magnetic field, the Nusselt number is maximum and
declines significantly until zero when the magnetic field augments, it can be interpreted on this fact
that the increase of the magnetic field significantly enhances conduction heat transfer which, in turn,
leads to lessening the local Nusselt number since it is well recognized that Nusselt numbers are the
ratio of convection to conduction heat transfer. It is worthwhile to note that the local Nusselt number
Nux Rex-1/2 represents the rate of heat transfer at the surface, consequently, heat transfer at the
surface will decrease with magnetic field and increase with both the thermal expansion coefficient and
g-Jitter frequency period. Applying a g-Jitter effect and increasing the thermal expansion coefficient,
respectively, leads to acceleration of fluid flow and increases the thermal bouyancy effect, and both
of them lead to increased convection heat transfer. Therefore, the local Nusselt number augments.
Finally, it is realized that the Nusselt number at the inclined sheet surface with Jeffrey fluid and in
a microgravity environment lessens with magnetic field and augments with the thermal expansion
coefficient and g-Jitter frequency period. Thus, convection heat transfer will be enhanced by g-Jitter
frequency and thermal expansion.

β

λ

α ε λ

τβ

λ

α ε λ

τ

Figure 4. Variation of dimensionless heat transfer rate with several parameters in the presence of heat
source for (a) assisting flow and (b) opposing flow.
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5. Conclusions

Unsteady two-dimensional incompressible and laminar g-Jitter mixed convective boundary layer
flow over an inclined stretching sheet in the presence of heat source/sink, viscous dissipation and
magnetic field for Jeffrey fluid has been explored numerically by means of a shooting scheme based
Runge–Kutta–Fehlberg-integration algorithm.

The results drawn from this study are mentioned as follows:

1. The velocity profile is higher for dimensionless boundary layer thickness η = 0 then decreases
significantly along the inclined stretching sheet to reach zero. In the absence of a magnetic field,
the velocity profile is maximum and declines with the application of a magnetic field

2. The temperature profile is higher for dimensionless boundary layer thickness η = 0 then decreases
significantly along the inclined stretching sheet to reach zero. The thermal expansion coefficient
and g-Jitter frequency have an insignificant effect on the temperature profile. Therefore, the
thickness of the thermal boundary layer remains uniform in respect to the studied parameters.

3. The dimensionless skin friction increases with both magnetic field and thermal expansion whereas
it lessens with g-Jitter frequency. The g-Jitter frequency period reduces skin friction; this effect
can be physically elucidated by the fact that g-Jitter generates flow creating buoyancy forces
due to the effect of the vibration frequency distribution and density gradients which results to
increase the acceleration of the fluid flow.

4. The local Nusselt number increases with both the thermal expansion coefficient and g-Jitter
frequency period. Whereas, it decreases with magnetic field. The Nusselt number at the inclined
sheet surface with Jeffrey fluid and in microgravity environment lessens with magnetic field and
augments with the thermal expansion coefficient and g-Jitter frequency period.
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Nomenclature

Bi Biot number
C Nanoparticle volume fraction
Cp Specific heat at constant pressure
Cf Local skin-friction coefficient
Dn Diffusivity of the microorganisms
DB Brownian diffusion coefficient
DT Thermophoretic diffusion coefficient of the microorganisms
f ′ Dimensionless velocity
g Gravitational acceleration
Grx∗ Local Grashof number
hf Convective heat transfer coefficient
k Thermal conductivity
Le Lewis number
Lb Bioconvection Lewis number
Nb Brownian motion number
Nr Buoyancy ratio parameter
Nt Thermophoresis number
Nux∗ Local Nusselt number
n Density of motile microorganisms
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Nnx Local density number
Pe Bioconvection Péclet number
Pex Local Péclet number
Pr Prandtl number, ν/α

qw Wall heat flux
r Local radius of the truncated cone
Rax Modified Rayleigh number
Rb Bioconvection Rayleigh number
Shx Local Sherwood number
T Temperature
u Velocity component in the x-direction
Ur Reference velocity
v Velocity component in the y-direction
wc Maximum cell swimming speed
x Streamwise coordinate
xo Distance of the leading edge of truncated cone measured fromthe origin
x* Distance measured from the leading edge of the truncated cone, x-xo

y Transverse coordinate
α Thermal diffusivity
β Coefficient of thermal expansion
γ Average volume of a microorganism
σ Motile parameter
η Pseudo-similarity variable
θ Dimensionless temperature
φ Dimensionless nanoparticle volume fraction
ψ Stream function
χ Dimensionless density of motile microorganisms
ξ Dimensionless distance
μ Dynamic viscosity
ν Kinematic viscosity
Ω Half angle of the truncated cone
ρf Density of the fluid
ρf∞ Density of the base fluid
ρp Density of the particles
ρm∞ Density of the microorganism
(ρc)f Heat capacity of the fluid
(ρc)p Effective heat capacity of the nanoparticle material
ρ Density
ψ Stream function
w Condition at the wall
∞ Condition at infinity
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Abstract: This research article deals with the determination of magnetohydrodynamic steady flow of
three combile nanofluids (Jefferey, Maxwell, and Oldroyd-B) over a stretched surface. The surface
is considered to be linear. The Cattaneo–Christov heat flux model was considered necessary to
study the relaxation properties of the fluid flow. The influence of homogeneous-heterogeneous
reactions (active for auto catalysts and reactants) has been taken in account. The modeled problem is
solved analytically. The impressions of the magnetic field, Prandtl number, thermal relaxation time,
Schmidt number, homogeneous–heterogeneous reactions strength are considered through graphs.
The velocity field diminished with an increasing magnetic field. The temperature field diminished
with an increasing Prandtl number and thermal relaxation time. The concentration field upsurged
with the increasing Schmidt number which decreased with increasing homogeneous-heterogeneous
reactions strength. Furthermore, the impact of these parameters on skin fraction, Nusselt number,
and Sherwood number were also accessible through tables. A comparison between analytical and
numerical methods has been presented both graphically and numerically.

Keywords: Magnetohydrodynamic (MHD); Jefferey, Maxwell and Oldroyd-B fluids; Cattaneo–Christov
heat flux; homogeneous–heterogeneous reactions; analytical technique; Numerical technique

1. Introduction

A fluid composed of nanoparticles is called nanofluid. Nanoparticles of materials such as
metallic oxides, carbide ceramics, nitride metals, ceramics, semiconductors, single, double or
multi walled carbon nanotubes, alloyed, nanoparticles, etc. have been used for the preparation
of nanofluids. Nanofluids have many characteristics in heat transfer, including microelectronics,
local refrigerator, cooler, machining, and heat exchanger. The idea of nanofluid was introduced
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by Choi [1]. The Fourier’s [2] recommended law of heat conduction normally works for heat
transmission features from the time it was presented in the literature. By including the relaxation
time parameter Cattaneo [3] it has improved this law and this term overwhelms the paradox
of heat conduction. Christov [4] has named this theory Cattaneo-Christov heat flux theory,
by further modifying the Cattaneo theory by exchanging the time derivative with Oldroyd-B upper
convicted derivative. Mustafa [5] scrutinized the model [4] for heat transmission in a rotating
Maxwell nanofluid flow. Chen [6] probed the influence of heat transfer and viscous dissipation of
nanofluid flow over a stretching sheet. Sheikholeslami et al. [7–11] deliberated the three-dimensional
magnetohydrodynamics (MHD) nanofluid flow in parallel rotating plates. Sheikholeslami [11–15]
analytically and numerically deliberated the applications of nanofluids with different properties,
behavior, and influences. Dawar et al. [16] examined the flow Williamson nanofluid over a stretching
surface. Shah et al. [17] examined the micropolar nanofluid flow in rotating parallel plates with Hall
current impact. Maleki et al. [18] scrutinized the non-Newtonian nanofluids flow and heat transfer over
a porous surface. Nasiri et al. [19] deliberated the smoothed particle by a hydrodynamics approach
for numerical simulation of nanofluid flows. Rashidi et al. [20] used the nanofluids in a circular
tube heat exchanger and examined the entropy generation. Safaei et al. [21] studied numerically
and experimentally the nanofluids convective heat transfer in closed conduits. Mahian et al. [22,23]
presented the advances in the simulation and modeling of the flows of nanofluids.

Due to its relaxation properties, Jeffrey, Maxwell, and Oldroyd-B nanofluids have significant
applications in the area of fluid mechanics. Ahmad et al. [24] scrutinized the flow of Jeffrey nanofluid
with Magnetohydrodynamic impact. Ahmad and Ishak [25] deliberated the flow of Jeffrey nanofluid
with MHD and transverse magnetic field impacts in a porous medium. Hayat et al. [26] probed
the Oldroyd-B nanofluid flow with heat transfer and thermal radiation impacts. Raju et al. [27]
deliberated the flow of Jeffrey nanofluid with a homogenous-heterogeneous reaction and non-linear
thermal radiation impacts. The articles that are related to Jeffrey nanofluid can be found in [28–32].
Hayat et al. [33] inspected the MHD Maxwell nanofluid flow using suction/injection. Raju et al. [34]
presented the heat and mass transmission in three-dimensional non-Newtonian nanofluid and
Ferrofluid. Sandeep and Sulochana [35] investigated the mixed convection micropolar nanofluid
flow over a stretching sheet. Raju et al. [36] deliberated the impacts of an inclined magnetic field,
thermal radiation and cross diffusion on the two-dimensional flow. Nadeem et al. [37] presented the
heat and mass transfer in Jeffrey nanofluid. Makinde et al. [38] deliberated the unsteady fluid flow
with convective boundary conditions. Sheikholeslami [39] discussed the hydro-thermal behavior of
nanofluids flow because of its external heated plates. Shah et al. [40] presented the Darcy-Forchheimer
flow of radiative carbon nanotubes in a rotating frame. Chai et al. [41] presented a review of the
heat transfer and hydrodynamic characteristics of nano/microencapsulated phase. Shah et al. [42]
examined the electro-magneto micropoler Casson Ferrofluid over a stretching/shrinking sheet.
Dawar et al. [43] analyzed the MHD CNTs Casson nanofluid in rotating channels. Khan et al. [44]
deliberated the Williamson nanofluid flow over a linear stretching surface. Imtiaz et al. [45] examined
the unsteady MHD flow due to a curved stretchable surface with homogeneous–heterogeneous
reactions. Hayat et al. [46] deliberated the flow of nanofluids with homogeneous–heterogeneous
reaction impacts over a non-linear stretched sheet with variable thickness. The recent study about
nanofluid with application can be seen [47–50].

The present work is based on an analysis of MHD flow of three combine nanofluids
(Maxwell, Oldroyd-B, and Jeffrey) over a linear stretching surface. The present model composed
of Cattaneo–Christov heat flux. The impact of homogeneous-heterogeneous reactions were taken in
this model. A boundary layer methodology was used in the mathematical expansion. The impact of
dimensionless parameters on the fluid flow have been presented through graphs and tables.
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2. Mathematical Modeling and Formulation

The incompressible electrically conducted three combined nanofluids (Jeffrey, Maxwell,
and Oldroyd-B) were confined by a linear stretched surface. The fluid flow was taken in a
two-dimensional steady state with stable surface temperature. x-axis was considered parallel to the
surface, while y-axis was orthogonal to x-axis in the chosen coordinate system. The stretching velocity
in x-axes direction was defined as Uw(x) = ζx. The conclusion of homogeneous-heterogeneous
reactions on the fluid flows of two chemical species I and J were taken in account. In the y-axis
direction a uniform magnetic field B0 was acting. The heat transmission procedure was applied
through Cattaneo–Christov heat flux theory.

In case of cubic autocatalysis, the Homogeneous reaction is [45,46]

I + 2J → 3J, rate = kcij2, (1)

While on the catalyst surface, the heterogeneous reaction has been defined by

I → J, rate = ksi, (2)

where kc, ks, I, J, i, j are the rate constants, chemical species, and concentrations of chemical species,
respectively.

In the absence of viscous dissipation and thermal radiation, the boundary layer equations leading
to the flow of viscoelastic fluids can be written as follows [47]:

ux + vy = 0, (3)

uux + vuy = −λ1
(
u2uxx + 2uvuxy + v2uyy

)
+

υ f
1+λ2

{
uyy + λ3

(
uuxyy + uyuxy + υuyyy − uxuyy

)}− σB2
0

ρ f
u,

(4)

ρcp
(
uTx + vTy

)
= −∇.q, (5)

uix + viy = DIiyy − kcij2, (6)

ujx + vjy = DJ jyy + kcij2. (7)

Here u, v, μ, ρ f , υ f are velocity components in their respective directions, dynamic viscosity,
density, and kinematic viscosity respectively. λ1, λ2, λ3 are the relaxation time, a proportion of the
relaxation to retardation times, respectively. T, σf , B0 indicated the temperature, electrical conductivity
and the transverse magnetic field.

The problem is studied based on the following conditions:

i Oldroyd-B nanofluid when λ1 �= 0, λ2= 0 and λ3 �= 0.
ii Maxwell nanofluid when λ1 �= 0, λ2= 0 and λ3 = 0.
iii Jeffrey nanofluid when λ1 = 0, λ2 �= 0 and λ3 �= 0.

The heat flux theory which was presented by Cattaneo–Christov:

q + λ1

{
∂q
∂t

+ V · ∇q − q · ∇V + (∇ · V)q + qt

}
= −k∇T, (8)

where k, q represented thermal conductivity and heat flux. Classical Fourier’s law was assumed by
setting λ1 = 0 in Equation (8). By assuming the condition (∇.V = 0) and steady flow with (qt = 0),
Equation (8) became:

q + λ1(V.∇q − q.∇V) = −k∇T. (9)
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The heat transfer equation proceeded as:

uTx + vTy + λ1ΦE = α
(
Tyy

)
, (10)

where ΦE is given as:

ΦE = uuxTx + vvyTy + uvxTy + vuyTx + 2uvTxy + u2Txx + v2Tyy. (11)

The accompanying boundary conditions were:

u = Uw(x) = ζx, v = 0, T = Tw, DIiy = ksi, DJ jy = −ksi at y = 0,
u → 0, T → T∞, i → i0, j → 0 at y → ∞,

(12)

where α = k
ρcp

indicated the thermal diffusivity, DI and DJ indicated the diffusion coefficients,
Tw denoted the temperature at the surface, T∞ for the surrounding fluid temperature and ζ for
non-negative stretching rate constant with T−1 as the dimension.

u = ζxF′(η), v = −(ζυ)
1
2 F(η), η =

(
ζ
υ

) 1
2 y,

G(η) = T−T∞
Tw−T∞

, i = i0φ(η), j = i0h(η).
(13)

Apparently the equation of continuity is satisfied and Equations (4)–(13) become:

F′′′ + κ2

(
F′′ 2 − FF′ ′′′

)
− M(1 + λ2)F′ − (1 + λ2)

{
F′2 − FF′′ + κ1

(
F2F′′′ − 2FF′F′′

)}
= 0, (14)

G′′ + Pr
{

FG′ − Ω
(

FF′G′ + F2G′′
)}

= 0, (15)

φ′′ + Sc
(

Fφ′ − Kφh2
)
= 0, (16)

δh′′ + Sc
(

Fh′ + Kφh2
)
= 0, (17)

with boundary conditions:

F = 0, F′ = 1, G = 1, φ′ = Ksφ, δh′ = −Ksφ at � = 0,
F′ → 0, G → 0, φ → 1, h → 0 at η → ∞,

(18)

In the above equations, M =
σn f B2

0
ρ f ζ indicated the magnetic field, κ1 = λ1ζ and κ2 = λ3ζ were the

Debora numbers with respect to relaxation and retardation time, Pr =
υ f
α represented the Prandtl

number, Ω = ζλ1 indicated the thermal relaxation time, Sc =
υ f
DI

is the Schmidt number, K =
kci20
Uw

indicating the homogeneous reaction strength, Ks =
ks

DI i0

√
ζ

υ f
represented the heterogeneous reaction

strength, and δ =
DJ
DI

indicated the diffusion coefficient, When DI = DJ then δ = 1 and as a result:

φ(η) + h(η) = 1. (19)

Now Equations (16) and (17) yield:

φ′′ + Sc
{

Fφ′ − Kφ(1 − φ)2
}
= 0. (20)

The subjected boundary conditions are:

φ′(0) = Ksφ(0), φ(∞) → 1. (21)

198



Symmetry 2019, 11, 439

Skin friction coefficient through the dimensionless scale is:

Re
1
2
x C fx =

(
1 + κ1

1 + κ2

)
F′′ (0). (22)

where Rex is called the local Reynolds number.
The dimensionless form of Nux and Shx were found as:

Nux = −G′(0), Shx = −φ′(0). (23)

3. Solution by Homtopy Analysis Method (HAM)

To evaluate the Equations (14), (15) and (20) with boundary conditions (18) and (21) using HAM
with the following procedure.

The initial assumptions were picked as below:

F0(η) = 1 − e−η , G0(η) = e−η , φ0(η) = e−η . (24)

The linear operators were taken as LF, LG and Lφ:

LF(F) = F′′′ − F′, LG
(
G
)
= G′′ − G, Lφ(φ) = φ′′ − φ, (25)

With the following properties:

LF(r1 + r2e−η + r3eη) = 0, LG(r4e−η + r5eη) = 0, Lφ(r6e−η + r7eη) = 0, (26)

where ri(i = 1 − 7) were the constants:
The resulting non-linear operators NF, NG and Nφ were specified as:

NF
[
F(η; τ)

]
= ∂3F(η;τ)

∂η3 + κ2

{(
∂2F(η;τ)

∂η2

)2
− ∂F(η;τ)

∂η
∂4F(η;τ)

∂4η

}
−M(1 + λ2)

⎧⎨⎩
(

∂F(η;τ)
∂η

)2
− F(η; τ)

∂2F(η;τ)
∂η2 +

κ1

(
F2
(η; τ)

∂3F(η;τ)
∂η3 − 2F(η; τ)

∂F(η;τ)
∂η

∂2F(η;τ)
∂η2

)
⎫⎬⎭,

(27)

NG
.

[
F(η; τ), G(η; τ)

]
= ∂2G(η;τ)

∂η2 +

Pr
{

F(η; τ) ∂G(η;τ)
∂η − Ω

(
F(η; τ) ∂F(η;τ)

∂η
∂G(η;τ)

∂η + F2
(η; τ) ∂2G(η;τ)

∂η2

)}
,

(28)

Nφ

[
F(η; τ), φ(η; τ)

]
=

∂2φ(η; τ)

∂η2 + Sc
{

F(η; τ)
∂φ(η; τ)

∂η
− K

(
φ

3
(η; τ)− 2φ

2
(η; τ) + φ(η; τ)

)}
, (29)

The zeroth-order problem for Equations (14), (15) and (20) were:

(1 − τ)LF
[
F(η; τ)− F0(η)

]
= τ�F NF

[
F(η; τ)

]
, (30)

(1 − τ)LG
[
G(η; τ)− G0(η)

]
= τ�G NG

[
F(η; τ), G(η; τ)

]
, (31)

(1 − τ)Lφ

[
φ(η; τ)− φ0(η)

]
= τ�φNφ

[
F(η; τ), φ(η; τ)

]
. (32)

The related boundary conditions where:

F(η; τ)
∣∣
η=0 = 0, ∂F(η;τ)

∂η

∣∣∣
η=0

= 1, ∂F(η;τ)
∂η

∣∣∣
η→∞

= 0,

G(η; τ)
∣∣
η=0 = 1, G(η; τ)

∣∣
η→∞ = 0,

∂φ(η;τ)
∂η

∣∣∣
η=0

= Ksφ(η; τ)
∣∣
η=0, φ(η; τ)

∣∣
η→∞ = 1,

(33)
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where τ ∈ [0, 1] is the embedding parameter, �F, �G,�φ that were used to control the solution
convergence. When τ = 0 and τ = 1 we have:

F(η; 1) = F(η), G (η; 1) = G(η) and φ(η; 1) = φ(η), (34)

Expanding F(η; τ), G (η; τ) and φ(η; τ) by Taylor’s series:

F(η; τ) = F0(η) +
∞
∑

q=1
Fq(η)τq,

G(η; τ) = G0(η) +
∞
∑

q=1
Gq(η)τq,

φ(η; τ) = φ0(η) +
∞
∑

q=1
φq(η)τ

q.

(35)

where:

Fq(η) =
1
q!

∂F(η; τ)

∂η

∣∣∣∣
τ=0

, G q(η) =
1
q!

∂G(η; τ)

∂η

∣∣∣∣
τ=0

and φq(η) =
1
q!

∂φ(η; τ)

∂η

∣∣∣∣
τ=0

. (36)

The �F,�G and �φ are taken in such a way that the series (35) converges at τ = 1, we have:

F(η) = F0(η) +
∞
∑

q=1
Fq(η),

G(η) = G0(η) +
∞
∑

q=1
Gq(η),

φ(η) = φ0(η) +
∞
∑

q=1
φq(η).

(37)

The following are satisfied by the qth-order problem.

LF
[
Fq(η)− χqFq−1(η)

]
= �FUF

q (η),
LG

[
Gq(η)− χqGq−1(η)

]
= �GUG

q (η),

Lφ

[
φq(η)− χqφq−1(η)

]
= �φUφ

q (η).
(38)

Which have the following boundary conditions:

Fq(0) = F′
q(0) = F′

q(∞) = 0,
Gq(0) = Gq(∞) = 0,

φ
′
q(0)− Ksφq(0) = φq(∞) = 0.

(39)

Here

UF
q (η) = F′′′

q−1 + κ2

(
q−1
∑

k=0
Fq−1−kF′′

k −
q−1
∑

k=0
Fq−1−kFiv

k

)
− M(1 + λ2)F′

q−1−

(1 + λ2)

{
q−1
∑

k=0
F′

q−1−kF′ −
q−1
∑

k=0
Fq−1−kF′′

k + κ1

(
q−1
∑

k=0
Fq−1−k

k
∑

j=0
Fk−jF

′′′
j − 2

q−1
∑

k=0
Fq−1−k

k
∑

j=0
F′

k−jF
′′
j

)}
,

(40)

UG
q (η) = G′′

q−1 + Pr

{
q−1

∑
k=0

Fq−1−kG′
k − Ω

(
q−1

∑
k=0

Fq−1−k

k

∑
j=0

F′
k−jG

′
j +

q−1

∑
k=0

Fq−1−k

k

∑
j=0

Fk−jG
′′
j

)}
, (41)

Uφ
q (η) = φ

′′
q−1 − KSc

(
q−1

∑
k=0

φq−1−k

k

∑
j=0

φk−jφj − 2
q−1

∑
k=0

φq−1−kφk + φq−1

)
, (42)
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where:

χq =

{
0, if τ ≤ 1
1, if τ > 1

(43)

4. HAM Solution Convergences

In this segment we graphically discussed the superior effect of the concerned parameters.
The convergence of Equation (36) was subjected entirely through the auxiliary constraints �F,�G,�φ.
This is a collection in a way that it controls and converges the series solutions. The optional division of
�, was plotted through �-curves F′′ (0), G′(0), φ′(0) for the 2nd ordered approximated solution of HAM.
The operational region of � is −2.2 < �F < 0.2,−2.1 < �G < −0.1,−2.4 < �φ < 0.1. The convergence
of HAM through the �-curve on velocity profile F′′ (0), temperature profile G′(0) and concentration
profile φ′(0) is presented in Figure 1.

Figure 1. The combined �-curves for F′′ (0), G′(0)and φ′(0).

5. Results and Discussion

In this segment the impact of emerging parameters on velocity function F′(η), temperature
function G(η) and concentration function φ(η) within the defined domain have been discussed.
The impact of M on F′(η) is deliberated in Figure 2. The Lorentz force theory deliberated that the
magnetic field grows at a reversed force to the fluids flow. This force reduced the momentum boundary
layer while it improved the thickness of the boundary layer. Therefore, with the escalating magnetic
field M the velocity profile F′(η) declined. From here we concluded that Jeffrey nanofluid was greatly
subjected by the magnetic field compared to the other two. In Figures 3 and 4 the impact of Pr and
Ω on G(η) were presented respectively. In Figure 3 we perceived that G(η) diminished with the
rise in Pr. Physically the thickness of the boundary layer increased with the reduction in thermal
diffusion. In addition, it can also be seen from the figure that Pr is more effective on Jeffrey and
Maxwell nanofluids compared to the Oldroyd-B nanofluid. In Figure 4 the effect of thermal relaxation
parameter Ω on G(η) has been described. From here we saw that G(η) reduced with the escalation
in Ω. This was attributable to the fact that as we escalate Ω, the material particles need more time
for heat transmission to its nearest particles. In addition, it can be stated that this material shows a
non-conducting behavior with higher values of Ω which results in a reduction in G(η). The impact of
Sc, K and Ks on φ(η) are schemed in Figures 5–7 respectively. In Figure 5 the effect of Sc on φ(η) has
been described. Schmidt number is the ratio of momentum diffusivity to mass diffusivity. Physically,
the Schmidt number is related to hydrodynamic layer’s thickness and boundary layer. The escalating
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Sc intensifies the momentum of the boundary layer flow which results in an increase in concentration
profile. It is clear from the figure that φ(η) upsurges with the rise in Sc. In Figure 6 the impact of K on
φ(η) has been described. From here we concluded that larger K results in a reduction in φ(η). This may
have been caused by the fact that the reaction rates controlled the diffusion coefficients. To a certain
extent similar results are displayed in Figure 7. In Figure 7 the impact of Ks on φ(η) has been described.
From this figure we have concluded that the growing values of Ks showed a drop in behavior in φ(η).
This results from an agreement with the general physical behavior of the homogeneous reaction K and
the heterogeneous reaction Ks. In Figures 8 and 9 the impact of M on C fx and Nux for Jeffrey, Maxwell
and Oldroyd-B nanofluids have been described. It is clear from the figures that the growing values of
M were decreasing for both C fx and Nux. The magnetic field was applied perpendicular to the flow
of fluids and had an inverse variation with the skin friction of the fluid flow. This is the reason why
the increasing magnetic field reduced the skin friction of the fluids flow. Similarly, the behavior of
the heat transfer rate was due to the growing magnetic force on the fluids flow phenomena, with the
fluid particles requiring more time to transfer the heat to the nearest particle. This was because the
heat transfer rate reduced with the escalating magnetic field. The impact of Pr and Ω on Nux for
the nanofluids flow has been described in Figures 10 and 11. From here we have concluded that the
escalation in Pr increased the heat transfer rate while the increased Ω reduced the heat transfer rate for
the nanofluids flow. Figure 12 shows the Total Residual error for the three types of nanofluid flow.

 

Figure 2. Impact of M on F′(η), when Ω = 0.5, Sc = 0.6, K = 0.8, Pr = 0.7, Ks = 0.9.

 

Figure 3. Impact of Pr on G(η), when Ω = 0.5, Sc = 0.6, K = 0.8, M = 0.1, Ks = 0.9.
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Figure 4. Impact of Ω on G(η), when Sc = 0.6, Pr = 0.7, K = 0.8, M = 0.1, Ks = 0.9.

 

Figure 5. Impact of Sc on φ(η), when Ω = 0.1, Pr = 0.7, K = 0.8, M = 0.1, Ks = 0.9.

 

Figure 6. Impact of K on φ(η), when Ω = 0.1, Pr = 0.7, Sc = 0.6, M = 0.1, Ks = 0.9.
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Figure 7. Impact of Ks on φ(η), when Pr = 0.7, Ω = 0.1, Sc = 0.6, M = 0.1, K = 0.8.

 

Figure 8. Impact of M on C fx.

 

Figure 9. Impact of M on Nux.
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Figure 10. Impact of Pr on Nux.

 

Figure 11. Impact of Ω on Nux.

Figure 12. Total residual error for Jeffery, Maxwell and Oldroyd-B nanofluids.
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Tables Discussion

In this section we have demonstrated the effect of emerging dimensionless parameters on the
presented model of nanofluids. Table 1 displayed the conclusions associated with emerging parameters
of skin fraction coefficients. This shows the impression of magenatic field parameter M on skin fraction
coefficients. The magenatic field parameter shows a reduction in the skin fraction coefficient. Table 2
demonstrated the conclusion of incipient parameters on local Nusselt numbers. The heat transfer
rate decreases with the rise in thermal relaxation parameter Ω while escalates with the increase in
Prandtl number Pr. Table 2 shows that the thermal relaxation parameter has more effect on Jefferey
nanofluids in comparison to Maxwell and Oldroyd-B nanofluids. Table 3 demonstrated the conclusion
of an emerging parameter on the Sherwood number. The Sherwood number reduces with its rise,
which upsurges with the escalation of the strength of homogeneous reaction K and the strength of
heterogeneous reaction Ks.

Table 1. Distinction in −C fx for different M.

M Ref. [47]
Present Results

for Jeffrey
Nanofluid

Ref. [47]
Present Results

for Maxwell
Nanofluid

Ref. [47]
Present Results
for Oldroyd-B

Nanofluid

1.0 1.210458 0.210462 1.504151 1.504153 1.071019 1.071022

2.0 1.431584 1.431587 1.804788 1.804791 1.248081 1.248084

Table 2. Distinction in Nux for different Ω and Pr.

Ω Pr Ref. [47]
Jeffrey

Nanofluid
Ref. [47]

Maxwell
Nanofluid

Ref. [47]
Oldroyd-B
Nanofluid

1.0 ———- 0.610394 ———- 0.595298 ———- 0.610846

1.2 ———- 0.607503 ———- 0.593311 ———- 0.607993

6.0 0.418081 0.513786 0.421167 0.511247 0.426476 0.5154367

7.0 0.439695 0.626865 0.441919 0.548966 0.447670 0.5477974

Table 3. Distinction in Shx for different Sc, K and Ks.

Sc K Ks Jeffrey Maxwell Oldroyd-B

1.2 −0.096477 −0.095593 −0.096771

1.5 −0.096782 −0.095890 −0.097081

1.5 −0.058030 −0.047238 −0.049135

1.7 −0.056699 −0.037230 −0.039262

0.5 −0.018933 −0.037233 0.012399

0.8 −0.160028 0.046603 −0.125205

6. Comparison of Analytical Solutions and Numerical Solutions

An analytical solution means an exact solution. To study the behavior of systems, an analytical
solution can be used with varying properties. Regrettably there are many practical systems that lead to
an analytical solution, and analytical solutions are often of limited use. This is why we use a numerical
approach to generate answers that are closer to practical results. These solutions which cannot be used
as complete mathematical expressions are numerical solutions. In the natural worldthere are almost no
problems that are exactly solvable, which makes the problem more difficult than all the exactly solvable
problems. There are three or four of them in nature that have already been solved, unfortunately
even numerical methods cannot always give an exact solution. Numerical techniques can handle
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any completed physical geometries which are often impossible to solve analytically. In this article
both analytical and numerical approaches are tested to solve the modeled problem. A comparison
of HAM and ND-Solve technique for F′(η), G(η) and φ(η) are deliberated in Figures 13–15 and
Tables 4–6, respectively.

Figure 13. HAM versus numerical comparison for F′(η).

Figure 14. HAM versus numerical comparison for G(η).

Figure 15. HAM versus numerical comparison for φ(η).
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Table 4. Symmetry of HAM versus numerical solutions for F′(η), when Sc = Pr = K2 = 1.0,
κ = κ1 = κ2 = λ2 = M = K = 0.1.

η
HAM
F
′
(η)

Numerical
F
′
(η)

Absolute Error
AE

0.0 3.33067 × 10−16 0.000000 3.33067 × 10−16

0.1 0.0950433 0.093334 0.002876

0.2 0.180827 0.173972 0.009647

0.3 0.258260 0.242791 0.016488

0.4 0.328165 0.300578 0.020276

0.5 0.391281 0.348033 0.019089

0.6 0.448277 0.385777 0.011828

0.7 0.499753 0.414357 0.085396

0.8 0.546251 0.434262 0.111989

0.9 0.588258 0.445923 0.142335

1.0 0.626213 0.449730 0.176483

Table 5. Symmetry of HAM versus numerical solutions for G(η), when Sc = Pr = Ks = 1.0, κ = κ1 =

κ2 = λ3 = M = K = 0.1.

η
HAM
G(η)

Numerical
G(η)

Absolute Error
AE

0.0 1.000000 1.00000 0.000000

0.1 0.915165 0.887477 0.002876

0.2 0.835725 0.775917 0.009647

0.3 0.761845 0.666195 0.016488

0.4 0.693506 0.559077 0.020276

0.5 0.630563 0.45522 0.019089

0.6 0.572791 0.355165 0.011828

0.7 0.519912 0.259342 0.250570

0.8 0.471618 0.168073 0.303545

0.9 0.427594 0.0815811 0.346013

1.0 0.387518 5.60459 × 10−9 0.387517

Table 6. Symmetry of HAM versus numerical solutions for φ(η), when Sc = Pr = Ks = 1.0, κ = κ1 =

κ2 = λ2 = M = K = 0.1.

η
HAM
φ(η)

Numerical
φ(η)

Absolute Error
AE

0.0 0.396762 0.404080 0.007318

0.1 0.429884 0.436425 0.006841

0.2 0.464667 0.468606 0.003939

0.3 0.499830 0.500349 0.000519

0.4 0.534490 0.531418 0.003072

0.5 0.568056 0.561618 0.006438

0.6 0.600146 0.590789 0.009357

0.7 0.630533 0.618810 0.011723

0.8 0.659102 0.645589 0.013513

0.9 0.685811 0.671065 0.014746

1.0 0.710675 0.695202 0.015473

7. Conclusions

In this article the MHD flow of three combined nanofluids (Jefferey, Maxwell, and Oldroyd-B)
over a linear stretched surface have been scrutinized. The problem was solved analytically by HAM.
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The convergence of HAM has been presented through graphical presentations. The concluding remarks
are as follows:

� The upsurges in magnetic field diminishes the velocity field.
� The upsurges in Prandtl number and thermal relaxation parameters diminish the

temperature field.
� The upsurges in Schmidt number upsurges the concentration field.
� The larger homogeneous reaction and heterogeneous reaction strengths falloff from the

concentration field.

Author Contributions: A.S. and Z.S. modeled the problem and wrote the manuscript. S.I., A.D. and P.K.
thoroughly checked the mathematical modeling and English corrections. W.K. and A.S. solved the problem
using Mathematica software. Z.S., S.I. and P.K. contributed to the results and discussions. All authors finalized
the manuscript after its internal evaluation.

Conflicts of Interest: The authors declare no conflict of interest.

Nomenclature

B0 Magnetic field strength (NmA−1)
C fx Skin friction coefficient
DI , DJ Diffusion coefficients
F Velocity profile
G Temperature profile
I, J Chemical species
i, j Concentration
K Strength of homogenous reaction
Ks Strength of heterogeneous reaction
k Thermal conductivity (Wm−1K−1)
M Magnetic parameter
Nux Nusselt number
Pr Prandtl number
q Heat flux (Wm−2)
Rex Local Reynolds number
Sc Schmidt number
Shx Sherwood number
T Fluid temperature (K)
Tw Surface temperature (K)
T∞ Temperature at infinity (K)
u, v Velocity components (ms−1)
x, y Coordinates
α Thermal diffusivity (m2s−1)
η Similarity variable
μ Dynamic viscosity (mPa)
υ f Kinematic viscosity (mPa)
ρ f Density (Kgm−3)
λ1 Relaxation time
λ2 Relaxation to retardation time
λ3 Retardation time
ζ Stretching rate
κ Deborah number
Ω Thermal relaxation parameter
σ Electrical conductivity (Sm−1)
φ Dimensional concentration profile
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Abstract: In this article, unidirectional flows of fractional viscous fluids in a rectangular channel
are studied. The flow is generated by the shear stress given on the bottom plate of the channel.
The authors have developed a generalized model on the basis of constitutive equations described by
the time-fractional Caputo–Fabrizio derivative. Many authors have published different results by
applying the time-fractional derivative to the local part of acceleration in the momentum equation.
This approach of the fractional models does not have sufficient physical background. By using
fractional generalized constitutive equations, we have developed a proper model to investigate exact
analytical solutions corresponding to the channel flow of a generalized viscous fluid. The exact
solutions for velocity field and shear stress are obtained by using Laplace transform and Fourier
integral transformation, for three different cases namely (i) constant shear, (ii) ramped type shear and
(iii) oscillating shear. The results are plotted and discussed.

Keywords: viscous fluid; Caputo–Fabrizio time-fractional derivative; Laplace and Fourier
transformations; side walls; oscillating shear stress

1. Introduction

The branch of mathematics that studies derivatives and integrals is called calculus, i.e., discussing
integer order derivatives and integrals. When the order of derivatives changes from integer order to real
(non-integer) order a new branch of calculus comes into being, called fractional calculus. Fractional
order derivatives occur in many physical problems for example, frequency-dependent damping
behavior of objects, velocity of infinite thin plate in a viscous fluid, creeping and relaxation functions
of viscoelastic materials, and the control of dynamical systems as mentioned in [1–4]. Fractional
calculus provides more generalized derivatives, and therefore it has more applications as compared
with the classical or integer order derivatives. Fractional differential equations also explain the
phenomena in electrochemistry, acoustics, electromagnetics, viscoelasticity, and material science [5–10].
For the last twenty years, a lot of work has been done on fractional calculus. Some authors [11–13]
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have used the formal definitions of fractional calculus like Riemann–Liouville and Caputo operators.
These definitions provide a strong basis for the modern approach of Caputo and Fabrizio who have
presented the definition without singular kernel [14].

The Caputo–Fabrizio differential operator is used by many authors to obtain exact solutions
concerning real life problems [15–17]. All the benefits of Reimann–Liouville and Caputo definitions
are also included in Caputo–Fabrizio, which is a worthy point of this definition. The Caputo–Fabrizio
definition has been used by different authors in the medical sciences for example, the cancer treatment
model and the flow of blood through veins under the effect of magnetic field [18,19]. Shah et al. [20]
investigated the exact solutions over an isothermal vertical plate of free convectional flow of viscous
fluids by using a definition of the Caputo–Fabrizio time-fractional derivative. Free convectional
time-fractional flow with Newtonian heating near a vertical plate including mass diffusion has been
investigated by Vieru et al. [21].

The effect of side walls over the velocity of a non-Newtonian fluid while the motion is produced
due to the oscillation of the lower plate has been investigated by Fetecau et al. [22]. In addition,
Haq et al. [23] have analyzed the exact solution of viscous fluid over an infinite plate using the
Caputo–Fabrizio fractional order derivatives. Most of the authors have discussed different fluids using
the fractional order differential operator defined by Caputo, Caputo–Fabrizio etc. and published many
interesting results by applying the fractional order definition only to the local part of acceleration.
Henry et al. [24] and Hristov [25,26] have suggested a generalized Fourier law for the thermal heat
flux. It is clear from their discussion that the fractional differential operator has been employed in
the constitutive relation of energy equation, rather than directly using it in the governing equation.
This approach is appealing to mathematical and physical aspects of fluid mechanics. Hameid et al. [27]
applied the definition of the fractional order derivative to the convective part of a constitutive
equation and explained their model in a very interesting way. Vieru et al. [28] have followed the
discussion presented by Hameid et al. [27] by applying the fractional derivative definition in a
constitutive equation.

Keeping in mind all the above discussions, we present this article exploring the effect of side
walls on the motion of an incompressible fluid using generalized fractional constitutive equations and
the Caputo–Fabrizio derivative through a rectangular channel.

2. Problem Formulation

Consider an incompressible fluid, which is viscous in nature, present over an infinite plate
between two parallel side walls that are at right angles to the horizontal plate as shown in Figure 1.
Initially both the plate and fluid are at rest for t = 0, after time t > 0, and the flow is generated by the
shear stress given by τ0 f (t) which engender the velocity as

V = v(y, z, t)i, (1)

where i stands for unit vector.
In the absence of the body forces and the pressure gradient in the flow direction, the linear

momentum equation in the x-direction is:

ρ
∂ux

∂t
+ ux

∂ux

∂x
+ uy

∂ux

∂y
+ uz

∂ux

∂z
=

∂τxy

∂y
+

∂τxz

∂z
(2)

Therefore, in our case, the velocity field is the advection terms in Equation (2) that are zero with
initial and boundary conditions as follows:

v(y, z, 0) = 0, f or y > 0 and z ∈ [0, l] ,
v(y, 0, t) = v(y, l, t) = 0 f or y, t > 0 ,

τxy(0, z, t) = μ CFDα
t

∂v(y,z,t)
∂y

∣∣∣
y=0

= τ0 f (t) ,
(3)
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The above relation (Equation (3)), shows the shear stress which is non-trivial, where μ

is dynamic viscosity, υ = μ
ρ , where τ0 shows the constant parameter, and it is assumed

that f (·) is a dimensionless, piecewise, continuous function such that f (0) = 0, v(y, z, t) and
∂v(y,z,t)

∂y → 0 as y → ∞, z ∈ [0, l] f or t > 0.

Figure 1. Geometry of the problem.

We have the Caputo–Fabrizio derivative operator of order α given by Zafar et al. [29]

CFDα
t [h(t)] =

1
1 − α

t∫
0

h′(s) exp
[
−α(t − s)

1 − α

]
ds for 0 ≤ α < 1. (4)

In the present paper, we consider the generalized constitutive equations with the Caputo–Fabrizio
time-fractional derivative, namely:

τxy = μ CFDα
t

(
∂v
∂y

)
and τxz = μ CFDα

t

(
∂v
∂z

)
for α ∈ [0, 1). (5)

It is known that any constitutive equation must satisfy the principle of material objectivity,
and therefore it must be frame-invariant with respect to Euclidean transformations. Yang et al. ([30],
Equation (3.1)) have formulated a constitutive equation with fractional derivatives for generalized
upper-convected Maxwell fluids on the basis of the convected coordinate system. They have proven
that the proposed constitutive equation is frame-indifferent and have studied some particular cases of
the proposed equation.

By applying the Laplace transform, the constitutive Equation (5) for the shear stress τxy can be
written in the following equivalent form:

τxy =
1

1 − α

∂v
∂y

− α

(1 − α)2

t∫
0

exp
(−α(t − τ)

1 − α

)
∂v(y, τ)

∂y
dτ, 0 < α < 1. (6)

Equation (6) is equivalent to the equation studied by Yang et al. ([30], Equation (4.5)), therefore,
the proposed constitutive equations given by Equation (5) satisfy the principle of material objectivity.

3. Problem Solution

Using Equation (5) in Equation (2), applying Laplace transform to the obtained form and
simplifying the result we get:

v(y, z, q) =
υ

(1 − α)q + α

[
∂2v(y, z, q)

∂y2 +
∂2v(y, z, q)

∂z2

]
, (7)
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where v(y, z, q) =
∞∫
0

v(y, z, t) exp(−qt)dt is the Laplace transform with respect to t.

Applying the Fourier cosine transform with respect to variable y namely v(ξ, z, q) =
∞∫
0

v(y, z, q) cos(yξ)dy and finite Fourier sine transform with respect to variable z v(ξ, n, q) =

l∫
0

v(ξ, z, q) sin
( nπz

l
)
dz, n = 1, 2, . . ., we obtain:

vsc(ξ, q) =
υ

(1 − α)q + α + υ
(

ξ2 + λn
2
) τ0

μ

√
2
π

f (q)
(−1)n − 1

λn
, (8)

where λn = nπ
l and subscript “sc” represents finite Fourier sine and inifinite cosine transforms.

For simplification, Equation (8) can be written as:

vsc(ξ, q) = τ0
μ

1−(−1)n

λn

√
2
π

f (q)
(ξ2+λn

2)
− τ0

μ
1−(−1)n

λn

√
2
π f (q)

×
[

(1−α)q+α

(ξ2+λn
2)[(1−α)q+α+υ(ξ2+λn

2)]

] . (9)

Applying the inverse Laplace transformation, we get:

vsc(ξ, t) = τ0
μ

√
2
π

1−(−1)n

λn

f (t)
(ξ2+λn

2)
+ 1

(1−α)(ξ2+λn
2)

e−A(ξ)t

×
[

τ0
μ

√
2
π

1−(−1)n

λn
(1 − α) f •(t) + τ0

μ

√
2
π

1−(−1)n

λn
α f (t)

] , (10)

where A(ξ) =
υ(ξ2+λn

2)+α

1−α .
Applying the inverse Fourier transformation, we find:

v(y, z, t) =
2
π

2
l

τ0

μ

∞

∑
n=1

(−1)n − 1
λn

sin(λnz)

⎡⎢⎢⎣ f (t)
∞∫
0

cos(yξ)

ξ2+λn
2 dξ+ [(1 − α) f •(t) + α f (t)]

∞∫
0

cos(yξ)

(ξ2+λn
2)

e−A(ξ)tdξ

⎤⎥⎥⎦, (11)

where m = 2n − 1 and l = 2h. Changing the origin by using z = z* + h,

v(y, z, t) =
2τ0

μπh

∞

∑
n=1

(−1)n+1?cos(γmz∗)
γm

⎡⎢⎢⎣ f (t)
∞∫
0

cos(yξ)
ξ2+γm2 dξ+ [(1 − α) f •(t) + α f (t)]

∞∫
0

cos(yξ)
(ξ2+γm2)

e−A(ξ)tdξ

⎤⎥⎥⎦ (12)

ignoring the * notation, keeping in view the following result:

∞∫
0

cos(ax)
b2 + x2 dx =

π

2b
e−ab, f or a > 0 Re(b) > 0,

and putting in Equation (11) we get:

v(y, z, t) = 2
h

∞
∑

n=1
(−1)n+1 τ0

μ
cos γmz

γm
f (t) e−yγm

γm
− 4

πh

∞
∑

n=1
(−1)n+1 τ0

μ
cos γmz

γm

×
[

∞∫
0

t∫
0

cos(yξ)
ξ2+γm2 f •(t − τ)e−A(ξ)τdτdξ + α

1−α

∞∫
0

t∫
0

cos(yξ)
ξ2+γm2 f •(t − τ)e−A(ξ)τdτdξ

]
where γm = (2n − 1) π

2h

. (13)
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4. Graphical Illustration and Discussions

After finding the general solution for the velocity of the fluid, we discuss three different cases
which are very useful in engineering. The obtained results are presented graphically for the three cases.
Figures 2–5 show different profiles of velocity by taking case I (constant shear) into consideration.
Figures 6–9 show the behavior of fluid velocity for case II (ramped type shear), and Figures 10–12
show the same discussion for Case III (oscillating shear).

 
Figure 2. Profiles of velocity given by Equation (14) of constant shear for different values of α,
for t = 20 s, h = 0.6 m, τ0 = −1 N/m2, ν = 0.1 m2/s, and μ = 1.4 kg·m/s.

Figure 3. Profiles of velocity given by Equation (14) of constant shear for different values of t, for α = 0.2,
h = 0.6 m, τ0 = −1 N/m2, ν = 0.1 m2/s, and μ = 1.4 kg·m/s.
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Figure 4. Profiles of velocity given by Equation (14) of constant shear for different values of h,
for t = 0.5 s, α = 0.2, τ0 = −1 N/m2, ν = 0.1 m2/s, and μ = 1.4 kg·m/s.

Figure 5. The value of h required for overlapping the velocity profiles of equation (14) and infinite
plate [29] in constant shear for t = 0.5 s, α = 0.2, τ0 = −1 N/m2, ν = 0.1 m2/s, μ = 1.4 kg·m/s,
and h > 1.5 m.

Figure 6. Profiles of velocity given by Equation (15) of ramped type shear velocity for different values
of α, for t = 0.5 s, h = 0.6 m, τ0 = −1 N/m2, ν = 0.1 m2/s, and μ = 1.4 kg·m/s.
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Figure 7. Profiles of velocity given by Equation (15) of ramped type shear for different values of t,
for α = 0.9, h = 0.6 m, τ0 = −1 N/m2, ν = 0.1 m2/s, and μ = 1.4 kg·m/s.

 
Figure 8. Profiles of velocity given by Equation (15) of ramped type shear for different values of h,
for t = 0.5 s, α = 0.2, τ0 = −1 N/m2, ν = 0.1 m2/s, and μ = 1.4 kg·m/s.

 
Figure 9. The value of h required for overlapping the velocity profiles of Equation (15) and infinite
plate [29] in ramped type shear for t = 0.4 s, α = 0.9, ν = 0.1 m2/s, τ0 = −1.5 N/m2, μ = 1.4 kg·m/s and
h ≥ 0.68.
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Figure 10. Profiles of velocity given by Equation (16) of oscillating shear for different values of α,
for t = 1 s, h = 0.6 m, ν = 0.05 m2/s, τ0 = −1 N/m2, μ = 1.4 kg·m/s, and ω = 1.

 
Figure 11. Profiles of velocity given by Equation (16) of oscillating shear for different values of t,
for α = 0.5, h = 0.6 m, τ0 = −1 N/m2, ν = 0.1 m2/s, μ = 1.4 kg·m/s, and ω = 1.

 
Figure 12. Profiles of velocity given by Equation (16) of oscillating shear for different values of h,
for t = 1 s, α = 0.5, τ0 = −1 N/m2, ν = 0.1 m2/s, μ = 1.4 kg·m/s, and ω = 1.
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4.1. Case I (Constant Shear)

Taking f (t) = H(t), where H(t) is Heaviside unit step function we find the velocity profile as:

v(y, z, t) = 2
h

∞
∑

n=1
(−1)n+1 τ0

μ
cos γmz

γm

⎡⎣ e−y γm + (1 − α)(t − α)

×e−yA Bn cos(yBn)+An sin(yBn)

cn

(√
bn

4+cn2
)

⎤⎦
− 4

πh

∞
∑

n=1
(−1)n+1 τ0

μ
cos γmz

γm

[
∞∫
0

(
e−A(ξ)t−1
(A(ξ))2 − αe−A(ξ)t

(1−α)A(ξ)

)
cos(yξ)
ξ2+γm2 dξ

] , (14)

Taking the following identity into account:

∞∫
0

cos(yξ)(
ξ2 − bn

2
)2

+ cn2
=

π

2cn
e−yA Bn cos(yBn) + An sin(yBn)√

bn
4 + cn2

,

where 2An
2 =

√
bn

4 + cn2 + bn
2 and 2Bn

2 =

√
bn

4 + cn2 − bn
2 in which: bn =

υγm
2+ α

2
υ and cn =

υγm
4+αγm

2

υ − bn
2.

Figure 2 shows that as the value of α (0 < α < 1) is increasing, the fluid velocity is decreasing.
Figure 3 shows the velocity profiles for different times, which implies that as time passages the fluid
velocity increases in constant case. Figure 4 shows the profiles of velocity for different values of h,
if we increase the distance between side walls the fluid velocity will increase while keeping the other
parameters constant. Figure 5 shows the curve of Equation (14) is overlapping as that of [29] constant
case if we increase the distance between the side walls to h ≥ 1.5, which gives our result for constant
case more validity.

4.2. Case II (Ramped Type Shear)

Taking f (t) = tH(t), we find the velocity profile as:

v(y, z, t) = 2
d

∞
∑

n=1
(−1)n+1 τ0

μ
cos γmz

γm
e−y γm

γm
+ 2

h

∞
∑

n=1
(−1)n+1 τ0

μ
cos γmz

γm
e−y A

cn

× Bn cos(yBn)+An sin(yBn)(√
bn

4+cn2
) [

t(2 − α)− t2(1 − α)
]− 4

πh

∞
∑

n=1
(−1)n+1

× τ0
μ

cos γmz
γm

[
∞∫
0

(
2 + α

(1−α)

)
e−A(ξ)t

A(ξ)
+ 1

(A(ξ))2

]
cos(yξ)
ξ2+γm2 dξ.

(15)

Figure 6 shows that by increasing the value of the differential parameter the velocity of the fluid
decreases. Figures 7 and 8 show similar behavior of t and h, as observed in Figures 3 and 4, whereas in
Figure 9, we calculated the value of h in order to validate our result in case of ramped type shear.

4.3. Case III (Oscillating Shear Stress)

Taking f (t) = sin(ωt)H(t), in Equation (13) we get the velocity profile as:

v(y, z, t) =
∞
∑

n=1
(−1)n+1 τ0

μ
cos γmz

γm

[
2
h sin(ωt) e−y γm

γm
− 4

πh

∞∫
0

{
1

(A(ξ))2+ω2

×
(
−A(ξ)e−A(ξ)t + A(ξ) cos(ωt) + ω sin(ωt) + α

1−α

×
(

ωe−A(ξ)t + ω cos(ωt) + A(ξ) sin(ωt)))} cos(yξ)
ξ2+γm2 dξ

]
.

(16)

Figures 10 and 11 show opposite behavior as compared to those of constant and ramped type
shear for α and time t parameters, and Figure 12 shows the same behavior as the previous two cases
for parameter h, i.e., distance between side walls.
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5. Conclusions

This article is presented to obtain the exact solution in general form for the velocity of the fluid
present over an infinite plate between two side walls using the definition of the Caputo–Fabrizio
of fractional order differential operator, while the motion is produced due to shear stress as τ0f (t).
The results are obtained by using Laplace and Fourier transformations for three different cases:

1. Constant shear;
2. Ramped type shear;
3. Oscillating shear.

After the above discussion we have concluded the following results.
Firstly, keeping the condition on shear the response of the fractional fluid velocity is very quick,

as compared with that of ordinary fluid velocity for all the cases. Secondly, in fractional fluid a
small change in time parameter shows a clear difference for the profiles in all the cases listed above.
Thirdly, for the above cases there are some values of h at which the motion of the fluid is unaffected by
side walls.
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Abstract: In this study, pressure-driven flow in the slip regime is investigated in rectangular
microducts. In this regime, the Knudsen number lies between 0.001 and 0.1. The duct aspect
ratio is taken as 0 ≤ ε ≤ 1. Rarefaction effects are introduced through the boundary conditions.
The dimensionless governing equations are solved numerically using MAPLE and MATLAB is used
for artificial neural network modeling. Using a MAPLE numerical solution, the shear stress and
heat transfer rate are obtained. The numerical solution can be validated for the special cases when
there is no slip (continuum flow), ε = 0 (parallel plates) and ε = 1 (square microducts). An artificial
neural network is used to develop separate models for the shear stress and heat transfer rate. Both
physical quantities are optimized using a particle swarm optimization algorithm. Using these results,
the optimum values of both physical quantities are obtained in the slip regime. It is shown that the
optimal values ensue for the square microducts at the beginning of the slip regime.

Keywords: forced convection; microducts; Knudsen number; Nusselt number; artificial neural
networks; particle swarm optimization

1. Introduction

1.1. Rarefied Gas Flows

Flows in microducts are found in microelectromechanical systems, nanotechnology applications,
therapeutic and superhydrophobic microchannels, low-pressure environments, biochemical applications
and cryogenics. The rarefaction effect can be found in microchannels and can be expressed in terms
of the Knudsen number. In this case, the deviations from continuum behavior are smaller. Therefore,
the Navier–Stokes equations can be employed with slip boundary conditions. The difference between a
fully developed flow in a rectangular duct and in a microchannel is that a rectangular microduct needs
2D analysis, whereas a microchannel entail a one-dimensional analysis.

Generally, the Navier–Stokes equations can be solved with slip boundary conditions at the microduct
walls [1,2]. Previous studies [1,2] found that the solutions were validated by the experimental data in
several microchannel flows. Otherwise, significant departures were observed between the numerical
and experimental results without applying the slip conditions. Ameel et al. [3] confirmed the statement
of Reference [1,2]. Zade et al. [4] considered variable physical properties and investigated thermal
features of developing flows in rectangular microchannels. They employed a collocated finite volume
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method and studied several channel dimensions for different values of slip parameters. They found that
variable properties show substantial changes in flow behavior. Ghodoossi and Eğrican [5] determined
the heat transfer rate using an integral method. They predicted thermal features for isothermal boundary
conditions. They noticed that, for any aspect ratio, the rarefaction had obvious effects on the heat transfer.

The effects of rarefaction on the Nusselt numbers were investigated by Hettiarachchi et al. [6] for
thermally developing flows. They noticed that these Nusselt numbers increased with the slip velocity,
and decline with the thermal jump boundary condition. The slip flow forced convection in rectangular
microchannels was also considered by Yu and Ameel [7]. It was found that the velocity slip and aspect
ratio enhance heat transfer. For rarefied gas flows, Renksizbulut et al. [8] observed exceptionally large
reductions in the friction and heat transfer coefficients. They found that these coefficients are insensible
to rarefaction effects in corner-dominated flows. Tamayol and Hooman [9] analyzed microchannels of
polygonal, rectangular, and rhombic cross-sections and showed that the Poiseuille numbers decrease
with increasing aspect ratios and Knudsen numbers for rectangular channels. Hooman [10] investigated
forced convection in microducts using a superposition approach for both thermal boundary conditions
and demonstrated that their results were valid for several cross-sections. Sadeghi and Saidi [11]
considered the rarefaction effects in two different microgeometries and demonstrated that for both
geometries, the Brinkman number reduced the heat transfer rate. In fact, the Brinkman number
measures the viscous heating effects with reference to the heat conduction. They also developed a
correlation for the Nusselt number.

Yovanovich and Khan [12] developed several slip flow models for microchannels of different
cross-sections. The slip flow in circular and other cross-sections was investigated by a number of
authors, including References [13–16]. They developed different models for envisaging the friction
factor under both developing and fully developed conditions. Duan and Muzychka [13,14] proposed
a simple model to predict the Poiseuille numbers in these microchannels. Duan and Muzychka [15]
considered slip flow in the entrance of circular and parallel plate microchannels and noticed that
the Poisseuille number depends on the Knudsen number. Yovanovich and Khan [16] modeled
the Poiseuille flow in long channels of different cross-sections. Ebert and Sparrow [17] analyzed
abstemiously rarefied gas flows in different ducts and noticed that the velocity flattened and the
friction lessened due to the slip parameter.

Baghani et al. [18] treated rarefaction effects in microducts of different cross-sections and obtained
Nusselt numbers under isothermal boundary condition. They tabulated Nusselt numbers for the
entire slip flow range of the Knudsen number. Wang [19] considered the slip flow under an isothermal
boundary condition in different ducts. It was found that both hydrodynamic and thermal boundary
conditions have substantial effects on both the Poiseuille and Nusselt numbers. Also, both parameters
showed an opposite trend with an increasing velocity slip. Beskok and Karniadakis [20] considered
internal rarefied gas flows and presented mathematical models for different regimes. To account for
heat transfer from the surface, they suggested a new boundary condition and demonstrated that it is
applicable in all flow regimes. Yovanovich and Khan [21] proposed compact models for isothermal,
incompressible slip flows in different microchannels. They used the principle of superposition in the
analysis and introduced new flow parameters. They compared their results with previous numerical
results for different cross-sections and found them in a very good agreement. Klášterka et al. [22]
obtained analytical and numerical solutions for the flow variables and demonstrated the effect of slip
parameters on the friction and heat transfer coefficients.

The above literature survey reveals that there are only a few studies related to rectangular
microducts. However, there has been no study where the numerical models are developed using
an artificial neural network (ANN) and are optimized for the duct geometry. This fact inspires us
to model our numerical results using ANN and to acquire optimized values of friction factors and
Nusselt numbers using a particle swarm optimization algorithm.
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1.2. Artificial Neural Networks

Artificial neural networks (ANNs) are mathematical models, which are inspired by biological
nervous systems [23,24]. The multilayer perceptron neural network (MLPNN) is one of the widely
known feedforward neural networks. MLPNNs have three types of layers, which are the input layer,
the hidden layers, and the output layer. Figure 1 shows the structure of MLPNN [25,26].

 
Figure 1. Structure of a multilayer perceptron neural network (MLPNN).

The activation function is defined as an output of a node or a neuron and can be written as:

Y =
1

1 + e−x (1)

where x is an input value from the input layer. Supervised learning of ANNs is useful for improving the
performance of ANN models. Several algorithms are used for the training to find the best parameters of
the neural networks [27,28]. The optimization algorithms are used to find the best values for inputs and
output weights that are parameters of MLPNNs. In this study, the particle swarm optimization (PSO)
algorithm is used to train the neural networks, because it is one of the most effective meta-heuristic
algorithms used for optimization problems. Equation (2) is the sum of squared error (SSE) function,
which was used as a fitness function for testing the performance of the ANNs [25].

SEE = ∑(Actual output − target output)2 (2)

where the target output values are determined by Equation (3), while the Actual output values are
determined by the neural network (NN) output values.

Output(yk) =
m

∑
j=1

n

∑
i=1

wjk

s

∑
k=1

w′
ki

1
1 + e−xj

(3)

where n, m, k, wjk, and w′ki represent the number of neurons in the hidden layer, number of input data,
number of neurons in input layer, number of neurons in output layer, input weight—which is between
the input neurons and hidden neurons—and output weight, which is between the hidden neurons and
output neurons, respectively.
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1.3. Particle Swarm Optimization Algorithm

The principle of the particle swarm optimization (PSO) algorithm came from the ideas of the social
behavior of bird flocks, as well as from the shoaling behavior of fish [27–29]. All solution members of
the algorithm are called particles. The particle flies by updating its velocity vectors v and position x,
by using Equations (4) and (5), respectively [30].

vik(t + 1) = vik(t) + c1 ∗ r1k(t) ∗ (yik(t)− xik(t)) + c2

∗r2k(t) ∗ (ŷk(t)− xik(t))
(4)

xi(t + 1) = xi(t) + vi(t + 1) (5)

where xi(t), vi(t), yi(t), and ŷk(t) represent the position at time t, the velocity at time t, the best
personal position (pbest) at time t, and the global best position (gbest) of population at time t respectively,
whereas c1 and c2 are the learning factors of (pbest) in interval between 0 and 2 and r1 and r2 are the
random numbers in the interval 0 to 1.

It is important to note that the other particles follow the performance of the best particle [31–34].
In addition, each particle keeps the best position that it has achieved so far. The flowchart of Figure 2
shows the steps of the present PSO algorithm [27,32,35].

 
Figure 2. Structure of the particle swarm optimization (PSO) algorithm.

Thus, the particles should move towards the best directions, and utilize useful information from
other particles along with the best particles [30,35].

In this study, the algorithm was used to find the optimal values of the Nusselt number (Nu) and
Poiseuille number (Po) corresponding to the aspect ratio and the Knudsen number in the slip flow
regime. The number of the iterations was set as 50, with initial populations 60, and c1 = c2 = 0.05 [30].

To the best of our knowledge, most of the existing analytical solutions for slip flows are limited
to fluid flow in rectangular ducts. There is a lack of literature related to heat transfer in microducts.
Furthermore, there is no study related to ANN modeling and optimization of pressure drop and heat
transfer in microducts. The aim of this paper was to cover these aspects.

2. Mathematical Model

2.1. Hydrodynamic Analysis

Let us consider a fully developed flow in a rectangular duct, as shown in Figure 3. The semi-major
and -minor axes are taken as a and b along the x- and y-axes, respectively. The aspect ratio is ε = b/a.
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The gas is assumed to flow along the z-axis. The momentum equation for the flow in a microduct can
be written as:

∂2u
∂x2 +

∂2u
∂y2 = − 1

μ

dP
dz

(6)

which is a 2D equation for the axial velocity u, uniform gas viscosity μ and constant pressure gradient
dP/dz. Due to double symmetry, only the OABCO is selected for the simulation. The velocity slip and
symmetry boundary conditions for this problem can be written as:

u = −λ
2 − σv

σv

∂u
∂y

∣∣∣∣
y=b

u = −λ
2 − σv

σv

∂u
∂x

∣∣∣∣
x=a

(7)

and:
∂u
∂y

∣∣∣∣
y=0

= 0;
∂u
∂x

∣∣∣∣
x=0

= 0 (8)

where σv is the tangential–momentum accommodation coefficient, which lies between 0.9 and 1, and λ

is the mean free path. If A is the area of cross-section and P is the perimeter of the duct, then the
hydraulic diameter, Dh can be written as:

Dh = 4A/P = 4b/(1 + ε) (9)

b
A B

CO

z

Figure 3. Schematic diagram of rectangular microduct.

At this stage, it is convenient to define the Knudsen number (the measure of rarefaction effects)
as follows:

Kn = λ/Dh ⇒ λ = 4bKn/1 + ε (10)

Following Ebert and Sparrow [17], Equations (6)–(8) can be non-dimensionalized as follows.
Let:

ξ = x/a, η = y/b (11)

The dimensionless momentum equation can be written as:

ε2 ∂2u
∂ξ2 +

∂2u
∂η2 = −1 (12)

where the axial velocity u is normalized with uo =
(

b2

μ

)∣∣∣ dP
dz

∣∣∣. Using Equation (11), dimensionless
boundary conditions can be written as:

u = − 4Kn
1+ε

2−σv
σv

∂u
∂η

∣∣∣
η=1

; 0 ≤ ξ < 1

u = − 4εKn
1+ε

2−σv
σv

∂u
∂ξ

∣∣∣
ξ=1

; 0 ≤ η < 1

∂u
∂η

∣∣∣
η=0

= 0; 0 ≤ ξ < 1; ∂u
∂x

∣∣∣
ξ=0

= 0; 0 ≤ η < 1

(13)
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The mean velocity in the duct is defined as:

u = u0

∫ 1

0

∫ 1

0
u(ξ, η) · dξ · dη (14)

The Poiseuille number Po is defined as:

Po = c f · ReDh (15)

where c f = τw/0.5ρu2 is the coefficient of friction and ReDh = uDh/ν is the Reynolds number, based
on mean velocity. For a fully developed flow, the force balance on a control volume of width dz gives:

−A · dp = τwPdz ⇒ τw = (dp/dz)(Dh/4) (16)

Thus, the dimensionless shear stress can be expressed in terms of the Poiseuille number Po:

Po = − 32

(1 + ε)2 · 1
(u/u0)

(17)

where u/u0 is the dimensionless average axial velocity in the microduct and can be determined from
Equation (14).

2.2. Thermal Analysis

For fully thermally developed and steady flow in the rectangular microducts, the energy equation
is given by:

k f

ρcp

(
∂2T
∂x2 +

∂2T
∂y2

)
= u

∂T
∂z

(18)

with temperature jump and symmetry boundary conditions:

T − Tw = − λ
Pr

2−σt
σt

2γ
1+γ

∂T
∂y

∣∣∣
y=b

T − Tw = − λ
Pr

2−σt
σt

2γ
1+γ

∂T
∂x

∣∣∣
x=a

(19)

and:
∂T
∂y

∣∣∣∣
y=0

= 0
∂T
∂x

∣∣∣∣
x=0

= 0 (20)

where Pr is the Prandtl number for the selected gas, σt is the energy accommodation coefficient, and γ

is the ratio of specific heats of gas.
Using Equation (11), the energy balance in the flow direction can be written as:

k f

ρcp

(
ε2 ∂2T

∂ξ2 +
∂2T
∂η2

)
= u

b2Q
4abρcpu

(21)

or:

ε2 ∂2T
∂ξ2 +

∂2T
∂η2 =

u
u

ε

4
Q
k f

(22)

where Q is the total energy per unit length of the duct and is assumed to be constant. Using θ =

(T − Tw)/(Q/k f ), Equation (22) can be written as:

ε2 ∂2θ

∂ξ2 +
∂2θ

∂η2 =
u
u

ε

4
(23)
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with transformed boundary conditions [17]:

θ = − 4
1+ε

Kn
Pr

2−σt
σt

2γ
1+γ

∂θ
∂η

∣∣∣
η=1

; 0 ≤ ξ < 1

θ = − 4ε
1+ε

Kn
Pr

2−σt
σt

2γ
1+γ

∂θ
∂ξ

∣∣∣
ξ=1

; 0 ≤ η < 1

∂θ
∂η

∣∣∣
η=0

= 0; 0 ≤ ξ < 1; ∂θ
∂ξ

∣∣∣
ξ=0

= 0; 0 ≤ η < 1

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
(24)

For a constant temperature jump condition, the Nusselt number can be defined as:

NuT =
∂T/∂y|wall
T − Twall

(25)

2.3. Solution Procedure

The solution procedure comprises three steps. In the first step, the numerical values of the Nu and
Po numbers are determined, corresponding to different values of ε and Kn by solving the governing
Equations (12) and (23) by a finite difference method using MAPLE, and numerical data was obtained.
In the second step, the back-error-propagation algorithm is employed to train a multi-layer perceptron
neural network (MLPNN) using the neural network toolbox in MATLAB. There are two inputs, namely,
the aspect ratio ε and the Knudsen number Kn. The corresponding outputs are the predicted values of
the Nu and Po numbers, where each output is represented by a separate model. In each model, different
input, hidden and output neurons are used. Finally, the results are optimized using PSO algorithm in
order to find the optimal values of Nu and Po without gaining to the numerical values. Accordingly,
the dimensionless partial differential equations will not use again in any stage of our work. As a result,
the PSO algorithm uses neural network models to obtain the optimum values of Nu and Po.

3. Results and Discussion

The numerical values of Poiseuille numbers for forced convection in microducts were compared
with the available data for different values of Kn in Tables 1–3. The comparison showed excellent
agreement with the available data. The predicted values of the Nusselt numbers are also provided
in Table 4 for different values of ε and Kn. To build the NN models, 70% of data was used as
the training data, 15% as the testing data, and 15% as the validation data. In NN MATLAB tools,
the back-error-propagation algorithm (an optimization algorithm) was used to determine the best
models that have the optimal errors. These models were based on the mean squared error function of
MSE = 0.00020768 and MSE = 0.00022112 for the two models, respectively, as shown in Figures 4 and 5.
The figures show that the best validation performance, in terms of the mean squared error function,
were found after 187 and 452 iterations, respectively.

Table 1. Comparison of the Poiseuille numbers for forced convection when Kn = 0.1.

ε Morini et al. [36] Sadeghi et al. [37] Present Results

0.2 9.46 9.464 9.519
0.4 8.65 8.654 8.721
0.6 8.25 8.248 8.331
0.8 8.08 8.076 8.178
1 8.04 8.033 8.159
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Table 2. Comparison of numerical and exact values of Po when Kn = 0.001.

ε Numerical Exact [38] % Difference

0.001 24.031 23.7 1.3774
0.01 23.743 23.41 1.4025
0.02 23.432 22.24 5.0871
0.1 21.259 20.95 1.4535
0.2 19.182 18.89 1.5223
0.3 17.641 17.36 1.5929
0.4 16.514 16.24 1.6592
0.5 15.712 15.43 1.7948
0.6 15.164 14.87 1.9388
0.7 14.811 14.5 2.0998
0.8 14.608 14.28 2.2453
0.9 14.519 14.17 2.4037
1 14.514 14.14 2.5768

Table 3. Comparison of numerical and exact values of Po when Kn = 0.1.

ε Numerical Exact [38] % Difference

0.001 10.944 10.9 0.402
0.01 10.862 10.82 0.3867
0.02 10.773 10.47 2.8126
0.1 10.139 10.09 0.4833
0.2 9.519 9.46 0.6198
0.3 9.056 9 0.6184
0.4 8.721 8.66 0.6995
0.5 8.487 8.41 0.9073
0.6 8.331 8.25 0.9723
0.7 8.233 8.14 1.1296
0.8 8.178 8.08 1.1983
0.9 8.157 8.04 1.4344
1 8.159 8.04 1.4585

Table 4. Numerical values of Nu for different values of Kn.

ε Kn = 0.001 Kn = 0.05 Kn = 0.1

0.001 6.1658 1.4213 0.7164
0.25 5.1047 1.7625 1.0819
0.35 4.6786 1.8996 1.2287
0.5 4.0394 2.1051 1.4488

0.65 3.8048 2.1830 1.5590
0.75 3.6485 2.2348 1.6325
0.85 3.6156 2.2745 1.6816

1 3.5662 2.3341 1.7552
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Figure 4. Best Validation Performance is 0.00020768 at iteration 187 of using MATLAB to generate the
NN model of Nu.
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Figure 5. Best Validation Performance is 0.00022112 at iteration 452 using MATLAB to generate the
neural network (NN) model of Po.

The correlation coefficients of the models are shown in Figures 6 and 7. As expected, the correlation
coefficient of the models was greater than 0.95. In addition, Figures 6 and 7 show a significant convergence
between the real values and the corresponding values that resulted from models. Accordingly, there was
enough support to believe that the models were suitable to find the estimated values of the Nu and Po
numbers. In addition, the coefficient of determination of the models was more than 0.99, which meant
that both models could represent whole target data.

For optimization, the PSO algorithm was used to find the optimal values of Po and Nu, based on
NN models. The optimal values of Po and Nu were achieved when ε = 1, and Kn = 0.001. The behavior
of Po and Nu values in the PSO algorithm is shown in Figures 8 and 9. The optimal values of the curves
were determined when the curves became stable. Accordingly, the optimal values for Nu and Po were
found in iteration number 4 and 10, respectively. Note that, the data set values were converted into
z-score values for use in the neural network toolbox in MATLAB.
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Figure 6. Correlation coefficient and the regression of the NN model values of Nu and the desired values.
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Figure 7. Correlation coefficient and the regression of the NN model values of Po and the desired values.
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Figure 8. Best performance of the PSO algorithm in terms of Nu.
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Figure 9. Best performance of the PSO algorithm in terms of Po.

4. Conclusions

In this study, the slip flow and heat transfer were investigated in rectangular microducts.
The dimensionless governing partial differential equations with slip boundary conditions were solved
numerically using MATLAB. The numerical data were used successfully for building ANN models.
The outputs of the models were the corresponding Poiseuille Po and Nusselt Nu numbers to the input
values ε and Kn. The main outcomes of the study were:
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1. The small tolerance values for the mean squared error function values and a very close correlation
coefficient of 1 in the NN models proved that the NN models were suitable to use for predicting
the Poiseuille Po and Nusselt Nu numbers.

2. Without going back to the numerical data, the proposed models were used with the PSO algorithm
to find the optimal values of Po and Nu.

3. The optimal values of Po and Nu are found when ε = 1 and Kn = 0.001.
4. The correlation coefficient of the models was greater than 0.95.
5. The optimal values of the curves were determined when the curves became stable.
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Abstract: The aim of the present analysis is to provide local similarity solutions of Casson fluid over
a non-isothermal cylinder subject to suction/blowing. The cylinder is placed inside a porous medium
and stretched in a nonlinear way. Further, the impact of chemical reaction, viscous dissipation,
and heat generation/absorption on flow fields is also investigated. Similarity transformations are
employed to convert the nonlinear governing equations to nonlinear ordinary differential equations,
and then solved via the Keller box method. Findings demonstrate that the magnitude of the friction
factor and mass transfer rate are suppressed with increment in Casson parameter, whereas heat
transfer rate is found to be intensified. Increase in the curvature parameter enhanced the flow field
distributions. The magnitude of wall shear stress is noticed to be higher with an increase in porosity
and suction/blowing parameters.

Keywords: Casson fluid; chemical reaction; cylinder; heat generation; magnetohydrodynamic
(MHD); slip

1. Introduction

Boundary layer flow on linear or nonlinear stretching surfaces has a wide range of engineering
and industrial applications, and has been used in many manufacturing processes, such as extrusion of
plastic sheets, glass fiber production, crystal growing, hot rolling, wire drawing, metal and polymer
extrusion, and metal spinning. The viscous flow past a stretching surface was first developed by
Crane [1]. Later on, this pioneering work was extended by Gupta and Gupta [2] and Chen and Char [3],
and the suction/blowing effects on heat transfer flow over a stretching surface were investigated.
Gorla and Sidawi [4] analyzed three-dimensional free convection flow over permeable stretching
surfaces. Motivated by this, the two-dimensional heat transfer flow of viscous fluid due to a nonlinear
stretching sheet was investigated by Vajravelu [5]. The similarity solutions for viscous flow over
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a nonlinear stretching sheet was obtained by Vajravelu and Cannon [6]. On the other hand, Bachok and
Ishak [7] studied the prescribed surface heat flux characteristics on boundary layer flow generated by
a stretching cylinder. Hayat et al. [8] analyzed the heat and mass transfer features on two-dimensional
flow due to a stretching cylinder placed through a porous media in the presence of convective boundary
conditions. The heat transfer analysis in ferromagnetic viscoelastic fluid flow over a stretching sheet
was discussed by Majeed et al. [9].

The study of magnetohydrodynamic (MHD) boundary layer flow towards stretching surface has
gained considerable attention due to its important practical and engineering applications, such as
MHD power generators, cooling or drying of papers, geothermal energy extraction, solar power
technology, cooling of nuclear reactors, and boundary layer flow control in aerodynamics. Vyas and
Ranjan [10] investigated two-dimensional flow over a nonlinear stretching sheet in the presence of
thermal radiation and viscous dissipation. They predicted that stronger radiation boosts the fluid
temperature field. The effect of magnetic field on incompressible viscous flow generated due to
stretching cylinder was analyzed by Mukhopadhyay [11], and it was observed that a larger curvature
parameter allowed more fluid to flow. Fathizadeh et al. [12] studied the MHD effect on viscous fluid
due to a sheet stretched in a nonlinear way. Akbar et al. [13] developed laminar boundary layer flow
induced by a stretching surface in the presence of a magnetic field. They noticed that the intensity of
the magnetic field offered resistance to the fluid flow, because of which, skin friction was enhanced.
In another study, Ellahi [14] demonstrated the effects of magnetic field on non-Newtonian nanofluid
through a pipe.

The momentum slip at a stretching surface plays an important role in the manufacturing processes
of several products, including emulsion, foams, suspensions, and polymer solutions. In recent years,
researchers have avoided no-slip conditions and take velocity slip at the wall. The reason is that it
has been proven through experiments that momentum slip at the boundary can enhance the heat
transfer. Fang et al. [15] obtained the exact solution for two-dimensional slip flow due to stretching
surface. The slip effects on stagnation point flow past a stretching sheet were numerically analyzed by
Bhattacharyya et al. [16]. The slip effect on viscous flow generated due to a nonlinear stretching surface
in the presence of first order chemical reaction and magnetic field was developed by Yazdi et al. [17].
They concluded that velocity slip at the wall reduced the friction factor. Hayat et al. [18] investigated
the impact of hydrodynamic slip on incompressible viscous flow over a porous stretching surface under
the influence of a magnetic field and thermal radiation. They predicted that suction and slip parameters
have the same effect on fluid velocity. Seini and Makinde [19] analyzed the hydromagnetic boundary
layer flow of a viscous fluid under the influence of velocity slip at the wall. They noticed that wall shear
stress enhanced with the growth of the magnetic parameter. Motivated by this, Rahman et al. [20]
discussed the slip mechanisms in boundary layer flow of Jeffery nanofluid through an artery, and the
solutions were achieved by the homotopy perturbation method.

In the recent years, the analysis of non-Newtonian fluid past stretching surfaces has gained the
attention of investigators due to its wide range practical applications in several industries, for instance,
food processes, ground water pollution, crude oil extraction, production of plastic materials, cooling of
nuclear reactors, manufacturing of electronic chips, etc. Due to the complex nature of these fluids,
different models have been proposed. Among other non-Newtonian model, the Casson fluid model is
one of them. The Casson fluid model was originally developed by Casson [21] for the preparation of
printing inks and silicon suspensions. Casson fluid has important applications in polymer industries
and biomechanics [22]. The Casson fluid model is also suggested as the best rheological model
for blood and chocolate [23,24]. For this reason, many authors have considered Casson fluid for
different geometries. Shawky [25] analyzed the heat and mass transfer mechanisms in MHD flow of
Casson fluid over a linear stretching sheet saturated in a porous medium. Mukhopadhyay [26] and
Medikare et al. [27] investigated heat transfer effects on Casson fluid over a nonlinear stretching sheet
in the absence and presence of viscous dissipation, respectively. Mythili and Sivaraj [28] considered
the geometry of cone and flat plate and studied the impact of chemical reaction on Casson fluid flow
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with thermal radiation. The impact of magnetic field and heat generation/absorption on heat transfer
flow of Casson fluid through a porous medium was presented by Ullah et al. [29]. Imtiaz et al. [30]
developed the mixed convection flow of Casson fluid due to a linear stretching cylinder filled with
nanofluid with convective boundary conditions.

The above discussion and its engineering applications is the source of motivation to investigate
the electrically conductive flow of Casson fluid due to a porous cylinder being stretched in a nonlinear
way. It is also clear from the published articles that the mixed convection slip flow of Casson fluid
for the geometry of a nonlinear stretching cylinder saturated in a porous medium in the presence
of thermal radiation, viscous dissipation, joule heating, and heat generation/absorption has not yet
been analyzed. It is worth mentioning that the current problem can be reduced to the flow over a flat
plate (n = 0 and γ = 0), linear stretching sheet (n = 1 and γ = 0), nonlinear stretching sheet (γ = 0),
and linear stretching cylinder (n = 1). Local similarity transformations are applied to transform the
governing equations. The obtained system of equations are then computed numerically using the
Keller box method [31] via MATLAB. The variations of flow fields for various pertinent parameters are
discussed and displayed graphically. Comparison of the friction factor is made with previous literature
results and close agreement is noted. The accuracy achieved has developed our confidence that the
present MATLAB code is correct and numerical results are accurate.

2. Mathematical Formulation

Consider a steady, two-dimensional, incompressible mixed convection slip flow of Casson fluid
generated due to a nonlinear stretching cylinder in a porous medium in the presence of chemical
reaction, slip, and convective boundary conditions. The cylinder is stretched with the velocity of
uw(x) = cxn, where c, n (n = 1 represents linear stretching and n � 1 corresponds to nonlinear
stretching) are constants. The x-axis is taken along the axis of the cylinder and the r-axis is measured in
the radial direction (see Figure 1). It is worth mentioning here that the momentum boundary layer
develops when there is fluid flow over a surface; a thermal boundary layer must develop if the bulk
temperature differs from the surface temperature and a concentration boundary layer develops above
the surfaces of species in the flow regime.

Figure 1. Coordinate system and physical model.
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A transverse magnetic field B(x) = B0x(n−1)/2 is applied in the radial direction with constant B0.
Further, it is also assumed that surface of cylinder is heated by temperature T f (x) = T∞ + Ax2n−1,
in which A is a reference temperature. Concentration is Cs(x) = C∞+ B∗x2n−1, where B∗ is the reference
concentration. The temperature and concentration at free stream are T∞ and C∞, respectively.

The rheological equation of state for an isotropic and incompressible flow of a Casson fluid is

τi j =

⎧⎪⎪⎨⎪⎪⎩ 2
(
μB + py/

√
2π1

)
ei j, π1 > πc,

2
(
μB + py/

√
2πc

)
ei j, π1 < πc,

Here, π1 = ei jei j and ei j is the (i, j) − th component of the deformation rate, π1 is the product
of the component of deformation rate with itself, πc is a critical value of this product based on the
non-Newtonian model, μB is the plastic dynamic viscosity of the non-Newtonian fluid, and py is the
yield stress of the fluid.

Under the above assumption, the governing equations for Casson fluid along with the continuity
equation are given as

∂(ru)
∂x

+
∂(rυ)
∂r

= 0 (1)

u
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1
β

)
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)
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∂T
∂r

= α
(
1 +

4
3

Rd

)1
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ρcp

(T − T∞) (3)

u
∂C
∂x

+ υ
∂C
∂r

= D
1
r
∂
∂r

(
r
∂C
∂r

)
− kc(C−C∞) (4)

In the above expressions u and υ denote the velocity components in x and r direction, respectively,
ν is kinematic viscosity, σ is the electrically conductivity, β is the Casson parameter, ρ is the fluid
density, φ is the porosity, k1(x) = k0/x(n−1) is the variable permeability of porous medium, g is the
gravitational force due to acceleration, βT is the volumetric coefficient of thermal expansion, βC the

coefficient of concentration expansion, α =
k
ρcp

is the thermal diffusivity of the Casson fluid, k is

the thermal conductivity of fluid, cp is the heat capacity of the fluid, Rd =
4σ∗T3∞

kk1
∗ is the radiation

parameter, Q(x) = Q0xn−1 is heat generation/absorption coefficient, D is the coefficient of mass
diffusivity, kc(x) = ak2xn−1 is the variable rate of chemical reaction, k2 is a constant reaction rate and a
is the reference length along the flow.

The corresponding boundary conditions are written as follows

u = uw(x) + N1ν

(
1 +

1
β

)
∂u
∂r

, k
∂T
∂r

= −h f
(
T f − T

)
, D
∂C
∂r

= −hs(Cs −C) at r = d (5)

u→ 0, T→ T∞ , C→ C∞ as r→∞. (6)

Here N1(x) = N0x−( n−1
2 ) represents velocity slip with constant N0, h f (x) = h0x

n−1
2 and hs(x) =

h1x
n−1

2 represents the convective heat and mass transfer with h0, h1 being constants,
Now introduce the stream function ψ, a similar variable η and the following

similarity transformations;

ψ =

√
2νc

(n + 1)
x

n+1
2 d f (η), η =

r2 − d2

2d

√
(n + 1)c

2ν
x

n−1
2 , θ(η) =

T − T∞
T f − T∞

,ϕ(η) =
C−C∞
Cs −C∞

(7)
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Equation (1) is identically satisfied by the introduction of the equation

u =
1
r
∂ψ

∂r
, υ = −1

r
∂ψ

∂x
(8)

The system of Equations (2)–(4) will take the form
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The associated boundary conditions in Equations (5) and (6) are transformed as

f (0) =
√

2
n+1 S, f ′(0) = 1 + δ

√
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2
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⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭, (12)

f ′(∞) = 0, θ(∞) = 0, ϕ(∞) = 0. (13)

In the above expressions, γ, M, K, Gr, Gm, S (S > 0 corresponds to suction and S < 0 indicates
blowing), δ, Pr, Ec, ε (ε > 0 is for heat generation and ε < 0 denotes heat absorption), Sc, Bi1, Bi2,
and R (R > 0 corresponds to destructive chemical reaction and R = 0 represents no chemical reaction)
are the curvature parameter, magnetic parameter, porosity parameter, thermal Grashof number,
mass Grashof number, suction/blowing parameter, slip parameter, Prandtl number, Eckert number,
heat generation/absorption parameter, Schmidt number, Biot numbers and chemical reaction parameter,
and are defined as
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The wall skin friction, wall heat flux, and wall mass flux, respectively, are defined by
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The dimensionless skin friction coefficient C fx =
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ρu2
w

, the local Nusselt number Nux =
xqw

α(Tf − T∞)
and local Sherwood number Shx =

xqs

DB(Cw −C∞)
on the surface along x—direction, local Nusselt

number Nux and Sherwood number Shx are given by
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where Rex =
cxn+1

ν
is the local Reynold number.
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3. Results and Discussion

The system of Equations (9)–(11) are solved numerically by using the Keller-box method [31]
and numerical computations are carried out for different values of physical parameters including
curvature parameter γ, Casson fluid parameter β, nonlinear stretching cylinder parameter n, magnetic
parameter M, porosity parameter K, Grashof number Gr, mass Grashof number Gm, Prandtl number
Pr, radiation parameter Rd, Eckert number Ec, heat generation/absorption parameter ε, Schmidt
number Sc, chemical reaction parameter R, slip parameter δ, and Biot numbers Bi1, Bi2. In order to
validate the algorithm developed in MATLAB software for the present method, the numerical results
for skin friction coefficient are compared with the results of Akbar et al. [13], Fathizadeh et al. [12],
Fang et al. [15], and Imtiaz et al. [30], and presented in Table 1. Comparison revealed a close agreement
with them.

Table 1. Comparison of skin friction coefficient f ′′(0) for different values of M with β→∞ , Bi1 →∞ ,
Bi2 →∞ , n = 1 and γ = M = K = Gr = Gm = S = δ = Rd = Ec = ε = R = 0.(

1 + 1
β

)
f ′′(0)

M Akbar et al.
[13]

Fathizadeh et al.
[12]

Fang et al.
[15]

Imtiaz et al.
[30]

Present
Results

0 −1 −1 −1 −1 −1

1 −1.4142 −1.4142 −1.4142 −1.4142 −1.4142

5 −2.4495 −2.4494 −2.4494 −2.4494 −2.4495

10 −3.3166 - - - −3.3166

Figures 2–10 are depicted to see the physical behavior of γ, β, n, M, K, Gr, Gm, δ, and S on
velocity profile. Figure 2 exhibits the variation of γ on fluid velocity for n = 1 (linear stretching)
and n � 1 (nonlinear stretching). It is noticed that fluid velocity is higher for increasing values of γ.
Since the increase in γ leads to reduction in the radius of curvature, it also reduces cylinder area. Thus,
the cylinder experiences less resistance from the fluid particles and fluid velocity is enhanced. It can
also be seen that the momentum boundary layer is thicker with increased γ when n � 1. The influence
of β on velocity profile for different values of S is depicted in Figure 3. In all cases, the fluid velocity is
a decreasing function of β. The reason is that the fluid becomes more viscous with the growth of β.
Therefore, more resistance is offered which reduces the momentum boundary layer thickness. Figure 4
elucidates the effect of n on velocity profile for M = 0 and M � 0. It is evident that increasing values of
n enhance the fluid velocity. Also, this enhancement is more pronounced when M � 0. The momentum
boundary layer is thicker when n � 1.

The variation of M for K = 0 and K � 0 on the velocity profile is presented in Figure 5. As expected,
the strength of the magnetic field lowers the fluid flow. It is an agreement with the fact that increase in
M produces Lorentz force that provides resistance to the flow, and apparently thins the momentum
boundary layer across the boundary. It can also be seen that the fluid velocity is more influenced
with M when K = 0. A similar kind of variation is observed on velocity profile for different values
of K, as displayed in Figure 6. Since the porosity of porous medium provides resistance to the
flow, fluid motion slows down and produces larger friction between the fluid particles and the
cylinder surface. The impact of Gr for M = 0 and M � 0 on velocity profile is depicted in Figure 7.
The convection inside the fluid rises as the temperature difference

(
T f − T∞

)
enhances due to the growth

of Gr. In addition, increase in Gr leads to stronger buoyancy force, in which case, the momentum
boundary layer becomes thicker. The same kind of physical explanation can be given for the effect of
Gm on velocity profile (see Figure 8). The variation of S on velocity profile for both n = 1 and n � 1 is
portrayed in Figure 9. Clearly, the fluid velocity declines when S > 0, whereas a reverse trend is noted
when S < 0. Physically, stronger blowing forces the hot fluid away from the surface, in which case the
viscosity reduces and the fluid gets accelerated. On the other hand, wall suction (S > 0) exerts a drag
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force at the surface and hence thinning of the momentum boundary layer. Figure 10 demonstrates
the effect of δ on velocity profile for K = 0 and K � 0. It can be easily seen that fluid velocity falls
with increase in δ. Since the resistance between the cylinder surface and the fluid particles rises with
increase in δ, the momentum boundary layer become thinner.

η

f '
 ( η

)

n = 1
n = 10

γ = 0.1, 0.3, 0.6, 1, 1.5

β = 0.6, M = 0.6, K = 0.5, Gr = 0.4, Gm = 0.8,
S = 0.3, δ = 0.2, Rd = 0.4, Pr = 2, Ec = 0.2
ε = 0.4, Sc = 0.62, Bi1 = 0.2, Bi2 = 0.4, R = 0.5

Figure 2. Effect of curvature parameter γ on velocity for linear (n = 1) and nonlinear n = 10
stretching parameter.

f '
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η

S = -0.5
S = 0
S = 0.5

β = 0.3, 0.6, 0.8, 3, 10, ∞

γ = 0.2, n = 5, M = 0.6, K = 0.5, Gr = 0.4, 
Gm = 0.8, δ = 0.2, Rd = 0.4, Pr = 2, Ec = 0.2
ε = 0.4, Sc = 0.62, Bi1 = 0.2, Bi2 = 0.4, R = 0.5

Figure 3. Effect of Casson fluid parameter β on velocity profile for different values of suction/blowing
parameter S.
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Figure 4. Effect of nonlinear stretching parameter n on velocity profile in the presence and absence of
magnetic parameter M.
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Figure 5. Effect of magnetic parameter M on velocity profile in the presence and absence of porosity
parameter K.
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ε = 0.4, Sc = 0.62, Bi1 = 0.2, Bi2 = 0.4, R = 0.5

Figure 6. Effect of porosity parameter K on velocity profile for different values of suction/blowing
parameter S.
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Figure 7. Effect of Grashof number Gr on velocity profile in the presence and absence of magnetic
parameter M.

247



Symmetry 2019, 11, 531

f '
 ( η

)

η

M = 0
M = 1

Gm = 0, 1, 3, 6, 10

γ = 0.2, β = 0.6, n = 5, K = 0.2, Gr = 0.5, 
S = 0.2, δ = 0.2, Rd = 0.4, Pr = 2, Ec = 0.2
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Figure 8. Effect of mass Grashof number Gm on velocity profile in the presence and absence of magnetic
parameter M.
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Figure 9. Effect of suction/blowing parameter S on velocity profile for nonlinear stretching parameter n.
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ε = 0.4, Sc = 0.62, Bi1 = 0.2, Bi2 = 0.4, R = 0.5

Figure 10. Effect of slip parameter δ on velocity profile in the presence and absence of porosity
parameter K.

Figures 11–21 are plotted to get insight on the variation of γ, β, n, M, K, S, Pr, Rd, Ec, ε, and Bi1 on
the temperature profile. Figure 11 illustrates the variation of γ on dimensionless temperature profile
for β→∞ (Newtonian fluid) and β = 0.6 (Casson fluid). It is noticed that temperature rises with
increment in γ. A thermal boundary layer thickness is also noted. Figure 12 displays the influence
of β on temperature profile for various values of S. It is noticeable that fluid temperature declines
with the increase in β for all the three cases of S. The reason is that increase in β implies a reduction
in yield stress, and consequently the thickness of the thermal boundary layer reduces. The effect of
n on temperature profile for M = 0 and M � 0 is examined in Figure 13. It is clear from this figure
that temperature is a decreasing function of n. It is also noticed that the fluid temperature thermal
boundary layer is thicker for a linear stretching cylinder (n = 1) as compared to nonlinear stretching of
the cylinder (n � 1). Figure 14 shows the variation of M on temperature profile for different values of
S. It is noticeable that stronger magnetic field rises the fluid temperature in the vicinity of stretching
cylinder. Because increasing M enhances the Lorentz force, this force makes the thermal boundary
layer thicker. The same kind of behavior is noticed for the effect of K on dimensionless temperature
profile for δ = 0 and δ � 0, as presented in Figure 15.

Figure 16 reveals the influence of S on temperature profile for n = 1 (linear stretching) and
n � 1 (nonlinear stretching). Clearly, fluid temperature falls when S > 0, whereas it rises when S < 0.
Since the wall suction offers resistance to fluid flow, the thermal boundary layer becomes thinner,
and the opposite occurs when S < 0. The variation of Pr on dimensionless temperature profile for
Ec = 0 and Ec = 0.2 is depicted in Figure 17. The Prandtl number is defined as the ratio of momentum
diffusivity to thermal diffusivity. As expected, fluid temperature drops with the growth of Pr. It is
a well-known fact that higher thermal conductivities are associated with lower Prandtl fluids, therefore
heat diffuses quickly from the surface as compared to higher Prandtl fluids. Thus, Pr can be utilized to
control the rate of cooling in conducting flows. Figure 18 exhibits the effect of Rd on the temperature
profile for different values of S. It is noticeable that the strength of Rd boosts the temperature. The larger
surface heat flux corresponds to larger values of Rd, causing the fluid to be warmer.
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Figure 19 illustrates the influence of Ec on the temperature profile for K = 0 and K � 0. It is noted
that the temperature is higher for higher values of Ec. Physically this is true, because viscous dissipation
generates heat energy due to friction between fluid particles and thereby thickens the thermal boundary
layer structure. It is also observed from this figure that in the presence of porous medium, the strength
of Ec effectively enhances the fluid temperature. The influence of ε on temperature profile for M = 0
and M � 0 is displayed in Figure 20. It is clear from this graph that the temperature is enhanced when
ε > 0 (heat generation), whereas the opposite trend is observed when ε < 0 (heat absorption). Internal
heat generation causes the heat energy to be enhanced. Consequently, the heat transfer rate rises and
thickens the thermal boundary layer. Besides, the heat absorption causes a reverse effect, i.e. the heat
transfer rate and the thermal boundary layer thickness are reduced. Figure 21 reveals the variation
of Bi1 on the dimensionless temperature profile for K = 0 and K � 0. The Biot number is the ratio
of the internal thermal resistance of a solid to the boundary layer thermal resistance. It is noticed
that fluid temperature is higher for larger values of Bi1. The reason is that increment in Bi1 keeps the
convection heat transfer higher and the cylinder thermal resistance lower. It is worth mentioning
here that when Bi1 < 0.1, the internal resistance to heat transfer is negligible, representing that the
value of k is much larger than h0, and the internal thermal resistance is noticeably lower than the
surface resistance. On the other hand, when Bi1 →∞ the higher Biot number intends that the external
resistance to heat transfer reduces, indicating that the surface and the surroundings temperature
difference is minor and a noteworthy contribution of temperature to the center comes from the surface
of the stretching cylinder.
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Figure 11. Effect of curvature parameter γ on temperature profile for Newtonian fluid β = ∞ and
Casson fluid β = 0.6.
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Figure 12. Effect of Casson fluid parameter β on temperature profile for different values of
suction/blowing parameter S.

θ 
( η

)

η

M = 0
M = 1

n = 1, 1.3, 1.8, 2.5, 3.5

γ = 0.2, β = 0.6, K = 0.2, Gr = 0.5, Gm = 0.4,
S = 0.2, δ = 0.2, Rd = 0.4, Pr = 2, Ec = 0.2
ε = 0.4, Sc = 0.62, Bi1 = 0.2, Bi2 = 0.4, R = 0.5

Figure 13. Effect of nonlinear stretching parameter n on temperature profile in the presence and absence
of magnetic parameter M.
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Figure 14. Effect of magnetic parameter M on temperature profile for different values of suction/blowing
parameter S.
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Figure 15. Effect of porosity parameter K on temperature profile in the presence and absence of slip
parameter δ.
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Figure 16. Effect of suction/blowing parameter S on temperature profile for different values of nonlinear
stretching parameter n.
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Figure 17. Effect of Prandtl number Pr on temperature profile in the presence and absence of Eckert
number Ec.
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Figure 18. Effect of radiation parameter Rd on temperature profile for different values of suction/blowing
parameter S.
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Figure 19. Effect of Eckert number Ec on temperature profile in the presence and absence of porosity
parameter K.
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Figure 20. Effect of heat generation/absorption parameter ε on temperature profile in the presence and
absence of magnetic parameter M.

θ 
( η

)

η

K = 0
K = 2

Bi1 = 0.2, 0.3, 0.5, 1, 2

γ = 0.2, β = 0.6, n = 5, M = 0.4, Gr = 0.5,  
Gm = 0.4, S = 0.2, δ = 0.2, Pr = 5, Rd = 0.4,
Ec = 0.2, ε = 0.4, Sc = 0.62, Bi2 = 0.4, R = 0.5

Figure 21. Effect of Biot number Bi1 on temperature profile in the presence and absence of porosity
parameter K.

Figures 22–31 display the variation of γ, β, n, M, K, δ, S, Sc, R, and Bi1 on concentration profile,
respectively. Figure 22 elucidates the effect of γ on concentration profile for β→∞ (Newtonian fluid)
and β = 0.6 (Casson fluid). It is found that increasing values of γ enhances the fluid concentration
and associated boundary layer thickness. Figure 23 demonstrates the influence of β on concentration
profile for M = 0 and M � 0. It is noted that fluid concentration is higher as β grows. The viscosity
of the fluid increases with increasing β, in which case the concentration rises and the concentration
boundary layer becomes thicker. The opposite behavior is noticed for the effect of n on concentration
profile for various values of S (see Figure 24). It is also observed that thickness of concentration
boundary layer shortens for large n. Figure 25 determines the variation of M on the dimensionless
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concentration profile for K = 0 and K � 0. It is seen that fluid concentration is higher for higher
values of M. As mentioned earlier for velocity and temperature profiles, fluid motion reduces due to
magnetic field and results in an enhancement in thermal and concentration boundary layer thicknesses.
A similar trend is observed for the effect of K and δ on the concentration profile, as plotted in Figures 26
and 27, respectively. The growth of both parameters offers resistance to the fluid particles and the
concentration boundary layer becomes thicker. Figure 28 shows that fluid concentration reduces when
S > 0, while it is enhanced when S < 0. Indeed, when mass suction occurs, some of the fluid is sucked
through the wall which thins the boundary layer; on the contrary, blowing thickens the concentration
boundary layer structure.

Figure 29 examines the variation of Sc (Sc = 0.30, 0.62, 0.78, 0.94, 2.57 corresponds to hydrogen,
helium, water vapor, hydrogen sulphide, and propyl Benzene) on the dimensionless concentration
profile when β→∞ (Newtonian fluid) and β = 0.6 (Casson fluid). For both fluids, an increase in Sc
reduces the fluid concentration. Since higher values of Sc lead to higher mass transfer rate, the thickness
of the concentration boundary layer declines. The effect of R on the concentration distribution for
different values of S is depicted in Figure 30. It is clear that fluid concentration drops with the growth
of R. Physically this makes sense, because the decomposition rate of reactant species enhances in the
destructive chemical reaction (R > 0). Consequently, the mass transfer rate grows and thickens the
concentration boundary layer. Figure 31 exhibits the variation of Bi2 on concentration distribution for
M = 0 and M � 0. It is noticeable that fluid concentration rises with increasing Bi2. As increase in Biot
number enhances the temperature field, the concentration field excites, making the solutal boundary
layer thicker.
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Figure 22. Effect of curvature parameter γ on concentration profile for Newtonian fluid β = ∞ and
Casson fluid β = 0.6.
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Figure 23. Effect of Casson parameter β on concentration profile in the presence and absence of magnetic
parameter M.
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Figure 24. Effect of nonlinear stretching parameter n on concentration profile for different values of
suction/blowing parameter S.
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Figure 25. Effect of magnetic parameter M on concentration profile in the presence and absence of
porosity parameter K.
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Figure 26. Effect of porosity parameter K on concentration profile for different values of suction/blowing
parameter S.
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Figure 27. Effect of slip parameter δ on concentration profile in the presence and absence of porosity
parameter K.
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Figure 28. Effect of suction/blowing parameter S on concentration profile in the presence and absence
of magnetic parameter M.
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Figure 29. Effect of Schmidt number Sc on concentration profile for Newtonian fluid β = ∞ and Casson
fluid β = 0.6.
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Figure 30. Effect of chemical reaction parameter R on concentration profile for different values of
suction/blowing parameter S.
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Figure 31. Effect of Biot number Bi1 on concentration profile in the presence and absence of magnetic
parameter M.

Figures 32–35 depict the effect of the skin friction coefficient, Nusselt number, and Sherwood
number for different values of γ, β, M, K, n, S, Ec, and R, respectively. Figure 32 reveals the variation of
wall shear stress for various values of γ, β, and M. It is noted that the absolute values of wall shear
stress increase as γ and M increase, whereas the opposite is observed for the effect of β. It is also
noticeable that the values of friction factor are negative, which shows that the stretching cylinder
experiences a drag force from the fluid particles. Moreover, the effect of γ on wall shear stress is more
pronounced for Casson fluid. The effect of K, n, and S on dimensionless skin friction coefficient is
examined in Figure 33. This figure shows that friction factor absolute values decline as K, n, and S
increase. Figure 34 portrays the variation of Nusselt number for various values of γ, β, and Ec. It is
shown that heat transfer rate drops as γ and Ec increase, whereas they increase for larger values of β.
However, the heat transfer rate is more influenced for Casson fluid. It is also noted that heat transfer
rate is negative for higher values of Ec. These negative values show that heat is transferred from the
working fluid to the stretching surface. Finally, the effect of Sherwood number for various γ, β, and R
is illustrated in Figure 35. It is found that the mass transfer rate is an increasing function of γ and R
and a decreasing function of β.

261



Symmetry 2019, 11, 531

 C
f x  (

 R
e x )1/

2

M

β = ∞
β = 0.4

γ = 0.2, 0.3, 0.4 n = 5, K = 0.2, Gr = 0.5, Gm = 0.4,
S = 0.2, δ = 0.2, Pr = 2, Rd = 0.4, 
Ec = 0.2, ε = 0.4, Sc = 0.62, Bi1 = 0.2,
Bi2 = 0.4, R = 0.5

Figure 32. Variation of skin friction coefficient for various values of Casson fluid parameter β, curvature
parameter γ, and magnetic parameter M.

 C
f x  (

 R
e x )1/

2

S

K = 0
K = 1

n = 1, 1.5, 1.8

γ = 0.2, β  = 0.6, M = 0.4, Gr = 0.5,
Gm = 0.4, δ = 0.2, Pr = 2, Rd = 0.4, 

Ec = 0.2, ε = 0.4, Sc = 0.62, 
Bi1 = 0.2, Bi2 = 0.4, R = 0.5

Figure 33. Variation of skin friction coefficient for various values of nonlinear stretching parameter n,
porosity parameter K, and suction/blowing parameter S.
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Figure 34. Variation of Nusselt number for various values of Casson parameter β, curvature parameter
γ, and Eckert number Ec.
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Figure 35. Variation of Sherwood number for various values of Casson fluid parameter β, curvature
parameter γ, and chemical reaction parameter R.

4. Conclusions

In the present study, the influence of chemical reaction on MHD slip flow of Casson fluid
due to nonlinear cylinder stretching was investigated numerically. Similarity solutions for velocity,
temperature, and concentration distributions are achieved via the Keller box method. The numerical
results of wall shear stress and heat transfer rate are also compared as a limiting case. The effect of
physical parameters, namely, unsteadiness parameter γ, Casson parameter β, nonlinear stretching
parameter n, magnetic parameter M, porosity parameter K, thermal Grashof number Gr, mass Grashof
number Gm, Prandtl number Pr, radiation parameter Rd, Eckert number Ec, heat generation/absorption
parameter ε, Schmidt number Sc, chemical reaction parameter R, suction/blowing parameter S,
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slip parameter δ, and Biot numbers Bi1, Bi2 are discussed and displayed graphically. Some interesting
observations from the present analysis are as follow:

1. The fluid velocity, temperature, and concentration are found to increase with γ.
2. The magnitude of wall shear stress and mass transfer rate increase with the growth of β, whereas

the heat transfer rate is enhanced.
3. The effect of M on fluid velocity is more pronounced when K = 0 (nonporous medium).
4. The temperature field is more influenced with increasing Ec when K � 0.
5. The velocity, temperature, and concentration distributions decrease when S > 0, while the reverse

trend is seen when S < 0.
6. The concentration boundary layer is observed to be thinner during destructive chemical reaction.
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Abstract: In the present exploration, instead of the more customary parabolic Fourier law, we have
adopted the hyperbolic Cattaneo–Christov (C–C) heat flux model to jump over the major hurdle
of “parabolic energy equation”. The more realistic three-dimensional Carreau fluid flow analysis
is conducted in attendance of temperature-dependent thermal conductivity. The other salient
impacts affecting the considered model are the homogeneous-heterogeneous (h-h) reactions and
magnetohydrodynamic (MHD). The boundary conditions supporting the problem are convective
heat and of h-h reactions. The considered boundary layer problem is addressed via similarity
transformations to obtain the system of coupled differential equations. The numerical solutions are
attained by undertaking the MATLAB built-in function bvp4c. To comprehend the consequences of
assorted parameters on involved distributions, different graphs are plotted and are accompanied
by requisite discussions in the light of their physical significance. To substantiate the presented
results, a comparison to the already conducted problem is also given. It is envisaged that there is
a close correlation between the two results. This shows that dependable results are being submitted.
It is noticed that h-h reactions depict an opposite behavior versus concentration profile. Moreover,
the temperature of the fluid augments for higher values of thermal conductivity parameters.

Keywords: Carreau fluid; Cattaneo–Christov heat flux model; convective heat boundary condition;
temperature dependent thermal conductivity; homogeneous-heterogeneous reactions

1. Introduction

Non-Newtonian fluids have gained substantial attention of researchers and scientists owing to
their widespread applications. A number of examples like apple sauce, chyme, emulsions, mud,
soaps, shampoos and blood at low shear stress may be quoted as non-Newtonian fluids. Existing
literature does not facilitate us to identify a single relation that exhibits numerous physiognomies of
non-Newtonian fluids. This is why a variety of mathematical models have been suggested, as deemed
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appropriate, to the requirement. The viscosity of the fluid plays a vital role in the chemical engineering
industry. In case of generalized Newtonian fluids, viscosity is dependent on shear stress. In some
fluids, a change up to two to three orders in magnitude may not make a visible effect in some fluids,
but its impact can’t be ignored particularly in polymer industry and lubrication processes. Bird et al. [1]
presented the idea of generalized Newtonian fluids with the idea that the viscosity fluctuates with
the shear rate. Fluid flows over a solid surface have been frequently studied and the reports revealed
that surface forces become significant on a micro level and lead to the enhanced fluid viscosity due
to fluid layering [2–5]. The major shortcoming of the Power-law model is that it does not properly
address the viscosity in case of very low or high shear rates. To overcome this hurdle, the Carreau fluid
model is introduced [6]. Contrary to the Power law model, the viscosity remains finite as the shear
rate vanishes. This is why the constitutive relation for the Carreau fluid model is more appropriate
in case of free surface flows. Owing to such important characteristics, the Carreau fluid model has
attracted researchers for many years. Chhabra and Uhlherr [7] deliberated the Carreau fluid flow over
the spheres and this concept was extended by Bush and Phan-Thein [8]. The squeezing Carreau fluid
flow past sphere is examined by Uddin et al. [9]. Tshehla [10] deliberated the flow of the Carreau fluid
over an inclined plane. The nonlinear radiation impact on the 3D Carreau fluid flow was deliberated
by Khan et al. [11]. Khan et al. [12] obtained the solution of the Carreau nanofluid flow analytically
with entropy generation. Similar explorations discussing Carreau fluid flow may be found at [13–15]
and many therein.

Flows under the influence of magnetohydrodynamics (MHD) have a wide range of applications
including thermal insulators, blood flow measurements, petroleum and polymer technologies, nuclear
reactors and MHD generators. Taking into account all such applications, many researchers have
examined the flows stimulated by magnetohydrodynamics. Waqas et al. [16] conversed micropolar
fluid’s flow with the effect of convective boundary condition and magnetohydrodynamics. He also
considered effects of viscous dissipation and mixed convection. Ramzan et al. [17] deliberated the
series solution of micropolar fluid flow in attendance of MHD, partial slip and convective boundary
condition over a porous stretching sheet. Besthapu et al. [18] calculated the numerical solution of
double stratification nanofluid flow with MHD and viscous dissipation using the finite element
method past an exponentially stretching sheet. Khan and Azam [19] explored the flow of Carreau
nanofluid under the influence of magnetohydrodynamic using a numerical technique named bvp4c.
Turkyilmazoglu [20] examined the exact solution of micropolar fluid flow with the mixed convection
and magnetohydrodynamic past a permeable heated/cooled deformable plate. Hayat et al. [21]
premeditated the flow of Oldroyd-B nanofluid in attendance of MHD and heat generation/absorption
using Optimal Homotopy analysis method HAM. Some recent attempts highlighting effects of
magnetohydrodynamic may be found at [22–25].

The importance of heat transfer is fundamental in many engineering processes like nuclear
reactors, fuel cells, and microelectronics. Thermal conductivity is considered to be constant in all such
procedures. Nevertheless, the requirement of variable characteristics is fundamental. A variation from
0◦F to 400◦F [26] in temperature is observed in such cases. Fourier law of heat conduction [27] has been
a customary gauge for years in heat transfer applications. However, a major drawback of parabolic
energy equation experiences a disruption in the beginning which prevails throughout the entire
process, which forces the researchers to look for some modification to Fourier’s law. Cattaneo [28]
proposed an improved Fourier’s law by instituting a thermal relaxation term. Later, Oldroyd’s
upper-convected derivatives [29] are considered as an alternative to the thermal relaxation time
in Cattaneo’s model. Recent attempts in various scenarios with an emphasis on C–C flux model
may encompass a study by Ramzan et al. [30], highlighting effects of the 2D third grade-fluid flow
accompanying Cattaneo–Christov heat flux and magnetohydrodynamics. Flow analysis is done in the
presence of h-h reactions and convective boundary condition. Hayat et al. [31] found an analytical
solution of Jeffrey fluid flow past a stretched cylinder with the effect of C–C heat flux and thermal
stratification. Sui et al. [32] studied upper-convected Maxwell nanofluid flow with C–C heat flux and
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slip boundary condition past a linearly stretched sheet. Liu et al. [33] discussed a fractional C–C flux
model numerically where the fractional derivative is represented by a weight coefficient.

Many chemical reactions necessitate the presence of h-h reactions. Fewer of these reactions act
at a slow pace, whereas some absolutely not except in the attendance of the catalyst. These reactions
are involved in many scenarios like fibrous insulations, production of polymers and ceramics, and air
and water pollution. The heterogeneous reactions cover the complete phase evenly and is found
in solid phase. Nevertheless, the homogeneous reactions are covered by catalysis and combustion.
The homogeneous catalyst occurs in liquid and gaseous states but heterogeneous catalyst exists
in solid form. The latest research discussing the h-h reactions effects may comprise the study by
Kumar et al. [34] who examined the irreversibility process with h-h reactions of the flow of carbon
nanotubes based nanofluid past a bi-directional stretched surface. The flow with h-h reactions of
Blasius nanofluid is pondered by Xu [35]. Sithole et al. [36] used a Bivariate spectral local linearization
method to investigate the effects of h-h reactions on the flow of time dependent micropolar nanofluid
past a stretched surface. The numerical simulations are conducted for h-h reactions and nonlinear
thermal radiation past a 3D crossfluid flow with MHD by Khan et al. [37]. In a gravity driven nanofluid
film flow, the effects of h-h reactions with mixed convection are deliberated by Rasees et al. [38].
Ramzan et al. [39,40] highlighted the time dependent nanofluid squeezing flow with carbon nanotubes
under the influence of h-h reactions and C–C heat flux, and in Micropolar nanofluid flow with thermal
radiation past a nonlinear stretched surface and many therein [40–45].

In all the aforementioned literature surveys, it is observed that either the effect of only C–C heat
flux or h-h reactions have been discussed in various geometries. Even if the simultaneous effects of C–C
heat flux and h-h reactions have been discussed, it is in the two-dimensional case. However, much less
literature is available featuring effects of both C–C and h-h reactions in 3D models. The present study
discusses the 3D Carreau fluid model in attendance of temperature-dependent thermal conductivity,
C–C heat flux and h-h reactions accompanied by the impact of convective heat with h-h boundary
conditions. A MATLAB built-in bvp4c routine is betrothed to obtain series solutions. Graphs are
drawn depicting effects of pertinent parameters on involved distributions. Validation of presented
results in the limiting case is also an additional feature of this exploration.

2. Mathematical Formulation

Let us presume a 3D flow of Carreau fluid in x- and y-directions with respective velocities
u = uw(x) = cx and v = vw(y) = dy occupying the region z = 0 under the influence of C–C heat
flux and variable thermal conductivity past a bidirectional stretching surface as shown in Figure 1.
Flow analysis is performed subject to h-h reactions with magnetohydrodynamics. Temperature at the
surface Tw is considered to be more than the temperature away from the surface T∞. A magnetic field
with strength Bo is introduced along the z-axis. Electric and Hall effects are ignored. Small Reynolds
number’s assumption needs to omit an induced magnetic field. For two chemical species A and
B, analysis is performed in the presence of h-h reactions. For homogeneous reaction, the cubic
autocatalysis is epitomized by the following expression [46]:

A + 2B → 3B, rate = kcab2. (1)

However, on the catalyst surface, the first order isothermal reaction is given by:

A → B, rate = ksa. (2)

For both the h-h reaction processes, it is assumed that temperature is constant. Governing
equations that abide by the above mentioned assumptions are given below:

ux + vy + wz = 0, (3)
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uux + vuy + wuz = νuzz

[
β∗ + (1 − β∗)

{
1 + Γ2 (uz)

2
} n−1

2
]
− σB2

o
ρ u

+ν (n − 1) (1 − β∗) Γ2 (uzz) (uz)
2
{

1 + Γ2 (uz)
2
} n−3

2 ,
(4)

uvx + vvy + wvz = νvzz

[
β∗ + (1 − β∗)

{
1 + Γ2 (vz)

2
} n−1

2
]
− σB2

o
ρ v

+ν (n − 1) (1 − β∗) Γ2 (vzz) (vz)
2
{

1 + Γ2 (vz)
2
} n−3

2 ,
(5)

ρCPV.∇T = −∇.q, (6)

uax + vay + waz = DAazz − kcab2, (7)

ubx + vby + wbz = DBbzz + kcab2, (8)

with q being the heat flux satisfying the relation

q + K1 (qt + V.∇q − q.∇V + (∇.V) q) = −∇ (αT) . (9)

Figure 1. Geometry of the problem.

Using the fluid’s incompressibility condition and Christov [29], Equations (6) and (9) take the
following form after omission of q:

uTx + vTy ++wTz =
1

ρCP
(αTz)z ,

− K1

⎛⎜⎝ u2Txx + v2Tyy + w2Tzz + 2uvTxy

+2vwTyz + 2uwTxz +
(
uux + vuy + wuz

)
Tx+(

uvx + vvy + wvz
)

Ty +
(
uwx + vwy + wwz

)
Tz

⎞⎟⎠ . (10)

The supporting boundary conditions to the given model are

u = uw (x) = cx, v = vw (y) = dy, w = 0,

−khTz = h f (Tw − T) , DAaz = ksa, DBbz = −ksa, atz = 0,

u → 0, v → 0, a → ao, b → 0, T → T∞asz → ∞, (11)

considering temperature dependent thermal conductivity ε = kw−k∞
k∞

as defined in [47].
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Taking into account the transformations

u = cx f ′ (η) , v = cyg′ (η) , w = −√
cν ( f (η) + g (η)) , α = α∞ (1 + εθ) ,

θ (η) = T−T∞
Tw−T∞

, η =
√

c
ν z, a = a0φ (η) , b = a0h (η) .

(12)

The requirement of Equation (3) is met inevitably, whereas Equations (4), (5), (7), (8), (10) and (11)
take the following form:[

β∗ + (1 − β∗)
{

1 + We2
1
(

f ′′
)2
} n−3

2
{

1 + nWe2
1
(

f ′′
)2
}]

f ′′′ + ( f + g) f ′′ − f ′2 − M2 f ′ = 0, (13)

[
β∗ + (1 − β∗)

{
1 + We2

2
(

g′′
)2
} n−3

2
{

1 + nWe2
2
(

g′′
)2
}]

g′′′ + ( f + g) g′′ − g′2 − M2g′ = 0, (14)

(1 + εθ) θ′′ + εθ′2 + Pr ( f + g) θ′ − Prλ1

(
( f + g)2 θ′′ + ( f + g)

(
f ′ + g′

)
θ′
)
= 0, (15)

φ′′ + Sc ( f + g) φ′ − Scγ1φh2 = 0, (16)

ζh′′ + Sc ( f + g) h′ + Scγ1φh2 = 0, (17)

f (0) = 0, f ′(0) = 1, g(0) = 0, g′(0) = λ,

φ′ (0) = γ2 φ (0) , θ′ (0) = −δ (1 − θ (0)) ,

ζh′ (0) = −γ2 φ (0) , f ′(∞) → 0, f ′′ (∞) → 0, g′ (∞) → 0,

g′′ (∞) → 0, θ (∞) → 0, φ (∞) → 1.

(18)

Different parameters used in the above equations are defined as follows:

γ1 =
kca2

0
c , γ2 = k

DAa0

√
v
c , Sc = ν

DA
, Pr = μCp

k , λ = d
c ,

We1 =
√

cΓ2U2
w

ν , We2 =
√

cΓ2V2
w

ν , λ1 = K1c, ζ = DB
DA

, δ =
h f
k

√
ν
c , M2 = σB2

o
cρ .

(19)

The expectation as in most applications that coefficients of chemical species A and B are of
equivalent magnitude lead us to make a supplementary presumption that diffusion coefficients DA
and DB are equivalent i.e., ζ = 1, [46]. Thus, we get:

φ (η) + h (η) = 1. (20)

Now, Equations (16) and (17) take the following form:

φ′′ + Sc ( f + g) φ′ − Scγ1φ (1 − φ)2 = 0, (21)

with boundary conditions
φ′(0) = γ2φ(0), φ(∞) = 1. (22)

The skin friction coefficient in dimensional form is

Cf x =
τxz

ρU2
w(x)

, Cf y =
τyz

ρu2
w(y)

. (23)

Dimensionless forms of Skin friction coefficient is

Cf xRe1/2
x = f ′′ (0)

[
β∗ + (1 − β∗)

{
1 + We2

1
(

f ′′ (0)
)2
} n−3

2
]

, (24)

Cf yRe1/2
x = g′′ (0)

[
β∗ + (1 − β∗)

{
1 + We2

2
(

g′′ (0)
)2
} n−3

2
]

. (25)
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3. Numerical Solutions

The software MATLAB with built-in bvp4c function is engaged to solve the system of differential
equations. It requires converting the differential equation with higher order to the first order along
with their respective boundary conditions. We have considered f as y1, g as y4, θ as y7and φ as y9

during the conversion as

y′1 = y2, y′2 = y3,

y′3 =
y2

2 + My2 − (y1 + y4) y3

β∗ + (1 − β∗)
(
1 + We2

1y2
3
) n−3

2
(
1 + nWe2

1y2
3
) ,

y′4 = y5, y′5 = y6,

y′6 =
y2

5 + My5 − (y1 + y4) y6

β∗ + (1 − β∗)
(
1 + We2

2y2
6
) n−3

2
(
1 + nWe2

2y2
6
) ,

y′7 = y8,

y′8 =
Pr K2 (y1 + y4) (y2 + y5) y8 − Pr (y1 + y4) y8

1 + εy7 − Pr K2 (y1 + y4)
2 ,

y′9 = y10,

y′10 = Scγ1y9 (1 − y9)
2 − Sc (y1 + y4) y10,

accompanying the conditions

y1 (0) = 0, y2 (0) = 1, y4 (0) = 0, y5 (0) = λ, y2 (∞) = 0, y5 (∞) = 0,

y8 (0) = −δ (1 − y7 (0)) , y7 (∞) = 0, y10 (0) = γ2y9 (0) , y9 (∞) = 1.

This MATLAB built-in routine is verified by drawing Table 1, in which the results are compared
with the previously published article in a limiting case. Previously, Khan et al. [11] have used the
same bvp4c technique to tackle the 3D Carreau fluid model. In Table 1, the Skin friction coefficients for
varied values of λ is calculated. It is found that all obtained values are in total alignment to [11].

Table 1. Comparison of − f ′′ (0) varied estimates of λ when n = 3, We1 = We2 = 0.

λ Khan et al. [11] Present (bvp4c)

0.1 1.020264 1.020264
0.2 1.039497 1.039497
0.3 1.057956 1.057956
0.4 1.075788 1.075788
0.5 1.093095 1.093095
0.6 1.109946 1.109946
0.7 1.126397 1.126397
0.8 1.142488 1.142488
0.9 1.158253 1.158253
1.0 1.173720 1.173720

In Table 2, a comparison is tabulated for various magnetic parameters and stretching ratio
parameter values against the skin friction coefficient along vertical and horizontal directions. It is
noted that the skin friction along the x-direction is gradually increasing for the mounting values of λ.
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Table 2. Comparison of − f ′′ (0) and −g′′ (0) for various values of M and λ.

λ = 0 λ = 0.5 λ = 0.5 λ = 1.0

M − f ′′(0) − f ′′(0) −g′′(0) −g′′(0)

[48] Present [48] Present [48] Present [48] Present

0.0 1.0042 1.0045 1.0932 1.0930 0.4653 0.4652 1.1748 1.1742
10 3.3165 3.3149 3.3420 3.3137 1.6459 1.6440 3.3667 3.3654
100 10.0498 10.0427 10.0582 10.0531 5.0208 5.0201 10.0663 10.0654

4. Results and Discussion

This segment is dedicated to highlight the impacts of prominent parameters on all involved
profiles. In all the figures, the solid lines show the effect of shear thickening (n > 1) fluid while
the dashed lines show the shear thinning (n < 1) fluid properties. Figures 2 and 3 are illustrated to
distinguish the impact of local Weissenberg numbers We1 and We2 on the velocity components f ′(η)
and g′(η) used for shear thickening and shear thinning fluids respectively. From these figures, it is
noted that, for the augmented estimates of We1, the velocity declines in the case of shear thickening
phenomena, while, for the shear thinning phenomena, the velocity increases. Physically, We1 denotes
the proportion between the relaxation time of fluid and increment of viscosity growth of the liquid.
For the shear thinning case, the fluid viscosity decreases; consequently, the velocity of the fluid
increases. Moreover, for the shear thickening phenomenon, the thickness of the boundary layer
escalates for higher values of We1. In Figure 3, we observed the contradictory behavior for the velocity
component g′(η). Consequently, it is also found that shear thickening fluid increases the values of We2,
which results in increasing the velocity of fluid and thickness of its related boundary layer. In Figure 4,
the effect of viscosity ratio parameter β∗ on the velocity is profile f ′(η) is discussed for the case of
shear thinning and shear thickening and keeping all other parameters fixed. An inverse relation is
observed, in the case of the shear thinning fluid and for shear thickening fluid velocity of the fluid
augmented with escalating values of the viscosity ratio parameter. Moreover, it has been observed that
the corresponding boundary layer thickness is less in the case of shear thinning fluid as compared to
the shear thickening fluid. Figures 5 and 6 depict declines in velocity profile against the mounting
values of magnetic field strength M . A decline in velocity profile is being observed because of the fact
that larger values of M enhance the Lorentz force, which increases the resistance for the fluid motion.
This decrease in the thickness of the boundary layer is more vigorous for the shear thinning of fluids.
Figures 7 and 8 exhibit the effect of stretching ratio parameter λ on f ′(η) and g′(η) velocity profiles,
respectively. In Figure 7, the mounting values of stretching ratio parameter resist the fluid flow along
the x-axis and this decline is more prominent in shear thinning fluid. Figure 8 shows the opposite
trend for the large values of λ on the velocity profile, as the velocity increases for both shear thinning
and thickening of fluids. Stretching ratio parameter is the ratio of velocity components along the y-axis
to the x-axis. An increase in λ implies the increment in the y-component of the velocity. The effect of
Prandtl number Pr on temperature field is shown in Figure 9. Temperature profile decreases for higher
values of Pr. The Prandtl number represents the fraction of momentum diffusivity to thermal diffusivity.
Thus, an increase in Pr deteriorates the thermal conductivity; ultimately, it decreases the temperature
distribution. The effect of thermal conductivity parameter ε on the temperature field is being displayed
in Figure 10. It is observed that an increase in values of ε boosts the temperature distribution. It is
an accepted truth that liquids with larger thermal conductivity possess higher temperature. The impact
of Schmidt number Sc on concentration profile is being displayed in Figure 11. The augmented
values of Sc number boosts the concentration profile and thickness of boundary layer for both the
thinning and shear thickening fluids, respectively. The Schmidt number represents the ratio of the
molecular diffusion to the viscous diffusion, and the viscous diffusion decreases upon increasing the
Sc, which enhances the mass transfer in fluid flow. In Figure 12, the thermal relaxation time parameter
λ1 is portrayed against the temperature profile. It is witnessed that, for the increasing values of λ1,
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the temperature profile and thickness of the thermal boundary layer decrease. Figure 13 portrays the
effect of Biot number δ on temperature profile. It is noticed that larger values of Biot number escalate
the temperature field. A direct relation of heat transfer coefficient with Biot number implies an increase
in temperature profile for increasing values of δ. The strength of homogeneous and heterogeneous
reactions γ1 and γ2 against concentration profile is shown in Figures 14 and 15 as reactants expend in
homogeneous reactions. Thus, a reduction in concentration profile is seen for mounting values of γ1.
This fact is shown in Figure 14. An opposite behavior for concentration distribution is observed in
Figure 15. Escalating values of heterogeneous reactions decrease diffusion and thereby decrement in
concentration is perceived for less diffused particles.
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Figure 2. Illustration of We1 versus f ′(η).
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Figure 3. Illustration of We2 versus g′(η).
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Figure 4. Illustration of β∗ versus f ′(η).
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Figure 5. Illustration of M versus g′(η).
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275



Symmetry 2019, 11, 618

0 1 2 3 4 5 6
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

f(
)

 = 0.2
 = 0.4
 = 0.6
 = 0.8
 = 0.2
 = 0.4
 = 0.6
 = 0.8

Figure 7. Illustration of λ versus f ′(η).
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Figure 8. Influence of λ on g′(η).

0 1 2 3 4 5 6

0

0.05

0.1

0.15

0.2

0.25

(
)

Pr = 0.5
Pr = 0.8
Pr = 1.2
Pr = 1.6
Pr = 0.5
Pr = 0.8
Pr = 1.2
Pr = 1.6

Figure 9. Illustration of Pr versus θ(η).

276



Symmetry 2019, 11, 618

0 0.5 1 1.5 2 2.5 3
0

0.05

0.1

0.15

(
)

 = 1.0
 = 2.0
 = 3.0
 = 4.0
 = 1.0
 = 2.0
 = 3.0
 = 4.0

n = 3.5 solid lines
n = 0.5 dashed lines

Figure 10. Illustration of ε versus θ(η).

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0.85

0.9

0.95

1

(
)

Sc = 1.0
Sc = 1.3
Sc = 1.6
Sc = 2.0
Sc = 1.0
Sc = 1.3
Sc = 1.6
Sc = 2.0

n = 3.0; solid lines
n = 0.5; dashed lines

Figure 11. Illustration of Sc versus φ(η).

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

(
)

1 = 0.1

1 = 0.2

1 = 0.3

1 = 0.4

1 = 0.1

1 = 0.2

1 = 0.3

1 = 0.4

n = 3.0 solid lines
n = 0.5 dashed lines

Figure 12. Illustration of λ1 versus θ(η).

277



Symmetry 2019, 11, 618

0 0.5 1 1.5 2 2.5 3
0

0.05

0.1

0.15

0.2

0.25

0.3

(
)

 = 0.1
 = 0.2
 = 0.3
 = 0.4
 = 0.1
 = 0.2
 = 0.3
 = 0.4

n = 3.0; solid lines
n = 0.5; dashed lines

Figure 13. Illustration of δ versus θ(η).

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0.75

0.8

0.85

0.9

0.95

1

(
)

1 = 0.1

1 = 0.4

1 = 0.7

1 = 1.0

1 = 0.1

1 = 0.4

1 = 0.7

1 = 1.0

n = 4.0 solid lines
n = 0.5 dashed lines

Figure 14. Illustration of γ1 versus φ(η).

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(
)

2 = 0.4

2 = 0.5

2 = 0.6

2 = 0.7

2 = 0.4

2 = 0.5

2 = 0.6

2 = 0.7

n = 4.0 solid lines
n = 0.5 dashed lines

Figure 15. Illustration of γ2 versus φ(η).

278



Symmetry 2019, 11, 618

5. Conclusions

In this exploration, impacts of h-h reactions on three-dimensional Carreau fluid flow is witnessed
with the presence of temperature dependent thermal conductivity and magneto-hydrodynamic past
a bidirectional stretched surface. Furthermore, the impact of C–C heat flux accompanying convective
boundary condition is also witnessed. A numerical method is betrothed to find the solution. The notable
features of the present study are appended below:

• Strength of homogeneous and heterogeneous reactions show the same decreasing trend on
concentration distribution.

• Effects of Prandtl number and Biot number on temperature field are also conflicting.
• The velocity of the fluid is in decline for a stronger magnetic effect.
• Velocity escalates for growing estimates of ratios of stretching rate.
• With an increase in the value of the Schmidt number, the concentration of the fluid is enhanced.
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Abbreviations

a, b concentrations of chemical species
A, B chemical species
a0 positive dimensional constants
B0 Magnetic field strength [kg s−2 A−1]
Cp Specific heat [J/kg K]
c, d stretching constants
C fx Skin friction coefficient
DA diffusion coefficient of species A
DB diffusion coefficient of species B
f ′, g′ Dimensionless velocities
h f Heat transfer coefficient
h dimensionless concentration due to heterogeneous reaction
K1 thermal relaxation time
k∞ ambient thermal conductivity
kc rate constant of chemical species A
ks rate constant of chemical species B
kw thermal conductivity at wall
M Magnetic parameter
n power law index
Pr Prandtl number
q heat flux
Sc Schmidth number
t time
T∞ Ambient temperature [K]
T Temperature of fluid [K]
Tw Wall temperature [K]
uw sheet velocity along x−axis [m/s]
vw sheet velocity along y-axis [m/s]
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V Velocity vector
(u, v, w) Velocity components [m/s]
uw(x) Stretching velocity along x-axis [m/s]
(x, y, z) Rectangular coordinate axis [m]
We1 Weissenberg number
We2 Weissenberg number
α variable thermal diffusivity
β∗ ratio of viscosities
γ1 Thermal Biot number
γ2 Concentration Biot number
λ ratio of stretching rates
λ1 thermal relaxation time coefficient
ν Kinematic viscosity [m2/s]
θ Dimensionless temperature
σ Electrical conductivity [m−3 kg−1 s3 A2]
μ Dynamic viscosity [kg/m/s]
η Similarity variable
ρ Density of fluid [kg/m3]
δ Deborah number
φ dimensionless concentration
ξ ratio of diffusion coefficients
� nibla operator
Γ material parameter
ε variable thermal conductivity
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Abstract: Characteristically, most fluids are not linear in their natural deeds and therefore fractional
order models are very appropriate to handle these kinds of marvels. In this article, we studied the base
solvents of water and ethylene glycol for the stable dispersion of graphene oxide to prepare graphene
oxide-water (GO-W) and graphene oxide-ethylene glycol (GO-EG) nanofluids. The stable dispersion
of the graphene oxide in the water and ethylene glycol was taken from the experimental results.
The combined efforts of the classical and fractional order models were imposed and compared under
the effect of the Marangoni convection. The numerical method for the non-integer derivative that was
used in this research is known as a predictor corrector technique of the Adams–Bashforth–Moulton
method (Fractional Differential Equation-12) or shortly (FDE-12). The impact of the modeled
parameters were analyzed and compared for both GO-W and GO-EG nanofluids. The diverse effects
of the parameters were observed through a fractional model rather than the traditional approach.
Furthermore, it was observed that GO-EG nanofluids are more efficient due to their high thermal
properties compared with GO-W nanofluids.

Keywords: integer and non-integer order derivatives; GO-W/GO-EG nanofluids; Marangoni
convection; FDE-12 numerical method

1. Introduction

Fractional order models are very useful in the study of nanofluids that contain small nanosized
particles at the rate of small intervals rather than the traditional concept of integer order derivatives.
A fractional order study has the credibility to explain the actual behavior of the physical parameters
and is possible only in the case of the small intervals. The influences of the physical parameters in the
classical models are limited and, in some cases, different from the fractional order models near the wall
surface. Caputo [1] introduced the idea of fractional derivatives from the modified Darcy’s law using
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the concept of unsteadiness. This idea was further modified by the researchers El Amin [2], Atangana
and Alqahtani [3], and Alkahtani [4] by introducing varieties of new fractional derivatives and their
applications. The fractional derivative concept can potentially be applied to the study of complicated
control system problems. Yilun Shang [5] studied finite-time state consensus problems in continuous
multi-agent systems with non-linear particles. Liu et al. [6] investigated the fixed-time event-triggered
consensus control problem for multi-agent systems with non-linear uncertainties.

Advanced energy assets are the hot issue amid engineers and researchers as a response to rising
energy demands. The base liquids have no sufficient thermal efficiency to fulfill the required demands
of the industry. The small size of metal particles are used in common solvents to improve the thermal
efficiency of the liquids. Water-, ethylene glycol-, and mineral oil-like convectional heat transfer fluids
play an imperative role in many industrial and technological approaches such as heat generation,
air-conditioning, chemical production, microelectronics, and transportation. The rate of change at
small intervals has been examined by Atangana and Baleanu [7] to investigate the physical constraints
of nanofluids for the heat transfer applications.

The physical aspects of the nanofluids and the role of the small sized nanoparticles in the
enhancement of heat transfer applications using the traditional concept were introduced by Choi [8] to
enhance the thermal efficiency of the nanofluids through nanoparticles.

The carbon family has the tendency to provide rapid cooling and fast thermal productivities.
The experimental results demonstrated for carbon materials include the results of graphite nanoparticles,
graphene oxides, and carbon nanotubes. Ellahi et al. [9] comprehensively discussed the effect of Carbon
Nanotubes (CNT) nanofluid flow along a vertical cone with variable wall temperature. The results
of both types of nanofluid can be obtained. Gul et al. [10] discussed effective Prandtl number model
influences on Al2O3−H2O and Al2O3−C2H6O2 nanofluids’ spray along a stretching cylinder. Ellahi [11]
worked on the effects of Magneto Hydrodynamic (MHD) and temperature-dependent viscosity on the
flow of a non-Newtonian nanofluid in a pipe, using the analytical solution. Ellahi et al. [12] studied
shiny film coating for multi-fluid flows of a rotating disk suspended with nanosized silver and gold
particles. Khan et al. [13] worked on the Optimal Homotopy Analysis Method (OHAM) solution of
Multi Walled Carbon Nanotubes and Single Walled Carbon Nanotubes (MWCNT/SWCNT) nanofluid
thin film flow over a nonlinear extending disc.

Hummers and Offeman [14] developed a speedy and comparatively safe technique for the
production of graphitic oxide from graphite in what is basically a crystalline substance of sulfuric acid
H2SO4, potassium permanganate KMnO4, and sodium nitrate NaNO3.

The high thermal conductivity and characteristic lubricity of graphene make it a perfect claimant
for the alteration of functional fluids. The solid particles, having an efficient thermal conductivity,
are assorted to the base fluid to enhance the overall thermal conductivity of the fluid, as depicted in
Maxwell [15]. Balandin et al. [16] examined the efficient thermal conductivity of single layer graphene
in different solvents. Wei et al. [17] were pioneers in expressing the use of graphene oxide in ethylene
glycol to enhance the thermal conductivity of ethylene glycol (EG). The graphene oxide nanosheets
were set and isolated in EG and water at 5% capacity concentrations to enhance the thermal conductivity
up to 60% compared with the base liquid EG.

Recently, Gul and Firdous [18] experimentally examined the stable dispersion of the graphene
oxide in water and then analyzed the numerical study of the graphene oxide-water (GO-W) nanofluid
between two rotating discs for the thermal applications.

Another type of convection which is used for temperature-dependent situations is called Marangoni
convection. The existence of a spontaneous interface was first reported in 1855 by Thomson [19] and
later represented in detail in 1865 by Marangoni [20] by spreading an oil droplet on a water surface,
revealing that lower surface tension will spread on a liquid with higher surface tension.

In light of the previous meaningful discussion, the aim of this study was to examine the GO-W
and graphene oxide and ethylene glycol (GO-EG) nanofluid flow under the effect of Marangoni
convection using the classical and fractional order models. The comparison of the two types of
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nanofluids was conducted to investigate the impacts of the physical parameters. The physical
and numerical outputs of the classical and fractional models were also compared and discussed.
Sheikholeslami and Ganji [21] examined the Cu–H2O nanofluid flow under the impact of Marangoni
convection. The numerical approach to find the solution of a different type of problem was previously
discussed [22–27]. The numerical scheme of Runge Kutta method of order 4 (RK-4) was used in their
study to determine the impact of the physical parameters and numerical outputs.

The published work of Gul and Kiran [18] was extended by including the GO-EG nanofluid and a
comparison of GO-EG and GO-W was made. Furthermore, integer and non-integer models h were
compared under the effect of Marangoni convection. The fractional order differential equations were
tackled numerically with the help of the Fractional Differential Equation-12 (FDE-12) technique [28–32].
A variety of numerical techniques are used to find the solutions of the classical models [33] and these
techniques are further combined for the solutions of fractional order problems. Agarwal et al. [34]
studied the neural network models using the GML synchronization and impulsive Caputo fractional
differential equations. Morales-Delgado et al. [35] worked on the analytic solution for oxygen
diffusion from capillaries to tissues involving external force effects using a fractional calculus approach.
Khan et al. [36] researched the dynamics of the Zika virus with the Caputo fractional derivative.
The physical configuration of the problem is shown in Figure 1.

Figure 1. Geometry of the problem.

2. Problem Formulation

The two-dimensional Marangoni boundary layer flow of GO-W and GO-EG nanofluids is
considered. The magnetic field is functional to the flow pattern in the transverse direction. The interface
temperature is vigilant as a function of x. Assume that both base solvents (water and EG) contain
GO nanoplatelets that are present in the thermally stable stage and no slippage. The flow under
observation can be put into the following plan for GO nanofluids [14]:

∂u
∂x

+
∂v
∂y

= 0, (1)

u
(
∂u
∂x

)
+ v

(
∂v
∂y

)
= υnf

∂2u
∂y2 −

σnfB2
o

ρnf
u, (2)

u
(
∂T
∂x

)
+ v

(
∂T
∂y

)
=

knf

(ρcp)nf

(
∂2T
∂y2

)
, (3)

where Equation (1) is the continuity equation, Equation (2) is the momentum equation, and Equation (3)
is the energy equation. Exposed boundary conditions are expressed as:
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v = 0, μnf
μ f

(
∂u
∂y

)
= −∂σ⊗∂x = σ0

(
γ∂T∂x

)
, T = T∞ + ToX2, X = x

L , at y→ 0

u = 0, T = T∞, at y→∞.
(4)

The Marangoni conditions at the interface are revealed in Equation (4), taking the surface tension
σ⊗ = σ[1− γ(T − T∞)],γ = − 1

σ

(
∂σ⊗
∂T

)
, where γ stands for the surface tension temperature coefficient

and σ represents the surface tension constant at the origin.
Also, u, v specify velocity components in the x-, y-directions. The interface and external flow of

the temperature are represented by T, T∞ respectively.
The effective ρnf,μnf, σnf, knf, (ρcp)nf

indicate the density, dynamic viscosity, electrical conductivity,
thermal conductivity, and specific heat capacity of nanoplatelets, respectively, and are defined as:

(ρcp)nf
(ρcp) f

=

[
1−φ+ (ρcp)s

(ρcp) f
φ

]
, μnf
μ f

= 1
(1−φ)2.5 , ρnf

ρ f
=

[
(1−φ) +

(
ρs
ρ f

)
φ
]
,

σnf
σ f

=
(
1 + 3(σ−1)φ

(σ+2)−(σ−1)φ

)
.

(5)

where φ is the solid volume fraction and σ f , ρ f , (ρcp) f
are the electrical conductivity, density, and

specific heat capacity of the base fluids, respectively.
The similarity transformations are considered as [14]:

η =
y
L

, ψ = υ f X f (η), u =
∂ψ

∂y
, v = −∂ψ

∂x
, T = T∞ + ToX2Θ(η). (6)

Using the aforementioned assumption and condition, Equation (1) is verified identically, whereas
Equations (2)–(4) are transformed in the following form:

μnf

μ f

ρnf

ρ f

∂ f 3(η)

∂η3 + f (η)
d f 2(η)

dη2 −
(

d f (η)
dη

)2

−M2 σnf

σ f

(
d f (η)

dη

)
= 0, (7)

(
knf

k f
+

4
3

Rd
)

dΘ2(η)

dη2 +

(
ρcp

)
n f(

ρcp
)

f

Pr
[

f (η)
dΘ(η)

dη
− 2

d f (η)
dη

Θ(η)

]
= 0. (8)

f = 0, d f 2

dη2 = −2(1−φ)2.5, Θ = 1, at η = 0
d f
dη = 0, Θ = 0, at η→∞

(9)

where M, Pr, indicate the transformation of the magnetic parameter and Prandtl number, respectively,
and are defined individually as:

M2 =
σ f B2

oL2

μop f
, Pr =

(ρcp) f

k f
. (10)

The local Nusselt number Nux is:

Nu = −2
kn f

k f

(
∂T
∂y

)
y=0

. (11)

3. Preliminaries on the Caputo Fractional Derivatives

The basic definition and properties related to non-integer or fractional derivatives derived by
Caputo are as follows.
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3.1. Definition 1

Let b > 0, t > b; b,α, t ∈ R. The Caputo fractional derivative of order α of function f ∈ Cn is
given by:

C
b Dαt f (t) =

1
Γ(n− α)

t∫
b

f (n)(ξ)

(t− ξ)α+1−n dξ, n− 1 < α < n ∈ N. (12)

3.2. Property 1

Let f (t), g(t) : [a, b]→
 be such that C
b Dαt f (t) and C

b Dαt g(t) exist almost everywhere and let
c1, c2 ∈ 
. Then C

b Dαt
{
c1 f (t) + c2g(t)

}
exists almost everywhere and:

C
b Dαt

{
c1 f (t) + c2g(t)

}
= c1

C
b Dαt f (t) + c2

C
b Dαt g(t). (13)

3.3. Property 2

The function f (t) ≡ c is constant and therefore the fractional derivative is zero: C
b Dαt c = 0.

The general description of the fractional differential equation is assumed, including the Caputo concept:

C
b Dαt x(t) = f (t, x(t)), α ∈ (0, 1) (14)

with the initial conditions x0 = x(t0).

4. Solution Methodology

The variables were selected to alter Equations (7)–(9) into the system of the first order
differential equations:

y1 = η, y2 = f , y3 = f ′, y4 = f ′′ , y5 = Θ, y6 = Θ′. (15)

The variables selected in Equation (15) were used for the classical (integer) system and
Equations (7)–(9) are settled as:

y′1 = 1, y′2 = y3, y′3 = y4, y′4 =
[
μn f ρn f
μ f ρ f

]−1[
−y2y3 + (y4)

2 +
σn f
σ f

M2y3

]
, y′5 = y6,

y′6 =
[

kn f
k f

+ 4
3 Rd

]−1
[
− (ρcp)n f

(ρcp) f
Pr(y2y6 − 2y3y5)

] (16)

with initial conditions:

y1 = 0, y2 = 0, y3 = u1, y4 = −2(1−φ)2.5, y5 = 1, y6 = u2. (17)

The first order ordinary differential equations system (15) is further transformed into the Caputo
fractional order derivatives.

The FDE-12 technique was adopted for the fractional order differential equations. The final system
and initial conditions are as follows:

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Dαηy1

Dαηy2

Dαηy3

Dαηy4

Dαηy5

Dαηy6

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
y3

y4(
μnfρn f
μ f ρf

)−1(
−y2y3 + (y4)

2 + σnf
σ f

M2y3

)
y6(

knf
k f

+ 4
3 Rd

)−1
(
− (ρcp)n f

(ρcp) f
Pr(y2y6 − 2y3y5)

)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

y1

y2

y3

y4

y5

y6

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
0
u1

−2(1−φ)2.5

1
u2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (18)
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5. Results and Discussions

The GO-W and GO-EG nanofluid flows under the effect of Marangoni convection were analyzed
using the classical and fractional models for heat transfer applications. The impact of the physical
parameters was obtained through the classical and fractional order models and compared. Moreover,
the impact of the embedded parameters, comprising GO-W and GO-EG nanofluids, was compared,
and it was observed that due to rich thermophysical properties the GO-EG nanofluid is a comparatively
better heat transfer solvent.

In the following figures, an upward arrow shows an increasing effect while a downward arrow
shows a decreasing effect.

The effect of the nanofluid volume fraction φ using the classical model versus the velocity profile
f (η) for the GO-W and GO-EG nanofluids is depicted in Figure 2. The rising values of φ lead to
enhance the velocity field linearly in the classical model. Physically, the larger amount of nanoparticle
volume fraction generates the friction force, and this force is more visible near the wall, reducing the
flow motion. However, this impact is unclear in the classical model. The increase in the flow motion
due to the rising values of φ indicates that the thermal efficiency of the nanofluid provides strength to
the flow field. Moreover, this impact is comparatively high using the GO-EG nanofluids.

 

Figure 2. The impact of φ versus classical f (η), when M = 0.1.

The effect of the nanofluid volume fraction φ using the fractional model for the same values of
φ is shown in Figure 3. Near the wall surface the velocity field falls, because near the wall surface
friction increases, which retards the velocity and increases after the critical point due to the reduction
in friction. Physically, the larger nanoparticle volume fraction generates the friction force and this force
is more visible near the wall, reducing the flow motion. This effect is clearer using the fractional model.
The impact of the increasing values of φ versus the radial velocity field f ′(η) using the integer model is
shown in Figure 4. The same effect as discussed above was observed. The larger amount of φ increases
the value of f ′(η) in the integer order model. The impact of the increasing values of φ versus the radial
velocity field f ′(η) using the fractional model is shown in Figure 5. The larger amount of φ reduces
f ′(η) in the fractional order model near the wall surface and after the point of inflection the velocity
enhances, as shown in Figure 5.
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Figure 3. The impact of φ versus fractional f (η), when M = 0.1.

 

Figure 4. The impact of φ versus classical f ′(η), when M = 0.1.
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Figure 5. The impact of φ versus fractional f ′(η), when M = 0.1.

The influence of the larger values of the magnetic parameter M versus the temperature profile
Θ(η) for the integer order and fractional order problems is shown in Figures 6 and 7, respectively. This
is due to the Lorentz force, which results in resistance to the transport phenomena. This retarding
force controls the GO-W and GO-EG nanofluid velocities, which is useful in numerous industrial
and engineering applications such as heat transferring, industrial cooling, and nanofluid coolant.
Mathematically, the magnetic parameter represents the ratio of the magnetic induction to the viscous
force. Moreover, GO-EG was found to show more dominant results than GO-W.

 

Figure 6. The impact of M versus classical Θ(η), when φ = 0.2, Pr = 6.7.
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Figure 7. The impact of M versus fractional Θ(η), when φ = 0.2, Pr = 6.7.

The impact of φ using the classical model and the fractional order model versus the temperature
profile Θ(η) for the GO-W and GO-EG nanofluids is depicted in Figures 8 and 9. The nanoparticle
volume fraction φ is basically used as the heat transport agent parameter and its increase boosts up the
temperature profile. In fact, the cohesive forces among the liquid molecules release with the increasing
amount of φ and as a result the thermal boundary layer enhancement. This effect is comparatively
efficient in GO-EG nanofluids due to their enriching thermophysical properties.

Figure 8. The impact of φ versus the integer order of Θ(η), when M = 0.1, Pr = 6.7.
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Figure 9. The impact of φ versus fractional Θ(η), when M = 0.1, Pr = 6.7.

The impact of the magnetic parameter M versus the Nusselt number Nu of integer and fraction
order problems is displayed in Figures 10 and 11, respectively. A higher value of the magnetic
parameter enhances the temperature field and reduces the Nusselt number. This effect is slightly
clearer using the fractional model for similar values of M, as shown in Figure 11. We noticed that in the
cases of GO-EG and GO-W the temperature distribution is dominant and almost completely closed.

 

Figure 10. The impact of M versus classical Nu, when φ = 0.2, Pr = 6.7.
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Figure 11. The impact of M versus fractional Nu, when φ = 0.2, Pr = 6.7.

The impact of the fractional order α = 1, 0.95, 0.90, 0.85 versus Nu for both sorts of nanofluids
is depicted in Figure 12. It was observed that the heat transfer and cooling efficiency of the GO-EG
nanofluid is comparatively higher than the GO-W nanofluid. The Nusselt number increases near the
wall surface and declines towards the free surface.

 

Figure 12. α = 1, 0.95, 0.90, 0.85 versus Nu, when φ = 0.2, Pr = 6.7, M = 0.5.

The thermophysical properties of the two sorts of nanofluids (GO-W and GO-EG) were examined
from the experimental results and are displayed in Table 1. These properties of the base fluids were
initially calculated at 25 ◦C. The thermophysical properties were examined at a different temperature
level from 25 ◦C to 40 ◦C.
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Table 1. The experimental values (thermophysical properties) of water, ethylene glycol, and graphene
oxide nanoparticles.

Model ρ (kg/m3) Cp (kg−1/k−1) k (Wm−1k−1)

Water (W) 997.1 4179 0.613
Graphene oxide (GO) 1800 717 5000
Ethylene glycol (EG) 1.115 0.58 0.1490

The numerical outputs for the heat transfer rate using the fractional order problem are displayed
in Table 2. The fractional order α = 1, 0.95, 0.90, 0.85 enhances the heat transfer rate in increasing
intervals and this effect is relatively high in the GO-W nanofluid.

Table 2. α = 1, 0.95, 0.90, 0.85 versus Nu, when φ = 0.2, Pr = 6.7, M = 0.5.

α = 1
η.

Θ
′
(0)

GO-W
Θ
′
(0)

GO-EG
α = 0.95
η.

Θ
′
(0)

GO-W
Θ
′
(0)

GO-EG
α = 0.9
η.

Θ
′
(0)

GO-W
Θ
′
(0)

GO-EG
α = 0.85
η.

Θ
′
(0)

GO-W
Θ
′
(0)

GO-EG

0.1 1.0921 1.0903 0.1 1.1039 1.1014 0.1 1.1167 1.1133 0.1 1.1304 1.1259
0.2 1.1708 1.1639 0.2 1.1845 1.1758 0.2 1.1983 1.1875 0.2 1.2121 1.1986
0.3 1.2380 1.2234 0.3 1.2504 1.2328 0.3 1.2624 1.2413 0.3 1.2736 1.2486
0.4 1.2953 1.2706 0.4 1.3051 1.2764 0.4 1.3141 1.2809 0.4 1.3221 1.2840
0.5 1.3442 1.3076 0.5 1.3509 1.3095 0.5 1.3567 1.3101 0.5 1.3617 1.3096
0.6 1.3862 1.3361 0.6 1.3899 1.3344 0.6 1.3928 1.3318 0.6 1.3952 1.3288
0.7 1.4225 1.3578 0.7 1.4235 1.3532 0.7 1.4242 1.3484 0.7 1.4250 1.3441
0.8 1.4544 1.3741 0.8 1.4534 1.3676 0.8 1.4527 1.3619 0.8 1.4527 1.3577
0.9 1.4832 1.3866 0.9 1.4809 1.3794 0.9 1.4796 1.3741 0.9 1.4800 1.3715
1.0 1.5098 1.3966 1.0 1.5072 1.3900 1. 1.5064 1.3866 1.0 1.5083 1.3872

6. Conclusions

The flow of the two types of nanofluids, GO-W and GO-EG, were analyzed for the augmentation
of temperature. Numerical and theoretical analyses were carried out under the effect of Marangoni
convection. The classical and fractional models were used to investigate the impact of the physical
parameters for similar values of the constraint. It was observed that the outputs of the physical
parameters over the velocity and temperature profiles in the classical model are limited, but in utilizing
the fractional model the effect varies in each interval. The fractional order model specifies the outputs
at the small number of intervals, leading to the accurate determination of the physical parameters,
which is very necessary for industrial and engineering applications.

The main features of this study are as follows:

• The rising values of φ lead to the linear enhancement of the velocity field, which was observed
more clearly in the non-integer case compared with the classical model.

• The increasing values of the magnetic parameter increase the temperature field and decrease the
Nusselt number. This effect is somewhat better in the fractional case compared to the integer model.

• Due to the rising values of φ, the thermal boundary layer increases and this effect is somewhat
better in the GO-EG nanofluid rather than the GO-W nanofluid.

• The cooling efficiency and heat transfer of the GO-EG nanofluid is far better than that of the
GO-W nanofluid.

• With the Lorentz force, resistance arises in the transport phenomenon. This particular phenomenon
controls the GO-W and GO-EG nanofluid velocities. Also, this effect is more visible in GO-EG
than in GO-W.

• Due to the fractional order α = 1, 0.95, 0.90, 0.85, the heat transfer rate enhances in growing
increments and this effect is far better in the GO-W nanofluid compared with the GO-EG nanofluid.
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7. Future Work

This mathematical model is extendable for future work considering gold nanoparticles, carbon
nanotubes, porous media, variable viscosity, thermal radiation, and hall effects. The fractional ordered
derivative scheme is also extendable using the Caputo–Fabrizio and Atangana–Baleanu operators.
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Abstract: The Couette–Poiseuille flow of couple stress fluid with magnetic field between two parallel
plates was investigated. The flow was driven due to axial pressure gradient and uniform motion of
the upper plate. The influence of heating at the wall in the presence of spherical and homogeneous
Hafnium particles was taken into account. The temperature dependent viscosity model, namely,
Reynolds’ model was utilized. The Runge–Kutta scheme with shooting was used to tackle a non-linear
system of equations. It was observed that the velocity decreased by increasing the values of the
Hartman number, as heating of the wall reduced the effects of viscous forces, therefore, resistance
of magnetic force reduced the velocity of fluid. However, due to shear thinning effects, the velocity
was increased by increasing the values of the viscosity parameter, and as a result the temperature
profile also declined. The suspension of inertial particles in an incompressible turbulent flow with
Newtonian and non-Newtonian base fluids can be used to analyze the biphase flows through diverse
geometries that could possibly be future perspectives of proposed model.

Keywords: couple stress fluid; Hafnium particles; Couette–Poiseuille flow; shooting method;
magnetic field

1. Introduction

Diverse forms of flow paths appear when fluid flow is diverted by debris blocking streams.
Such multiphase flows take place naturally due to the various factors on plateaus. The physical
occurrence of multiphase flows includes chemical processes, pharmaceutical, wastewater management,
and power generation. Consequently, the multiphase flows have attracted the attention of scientists
and engineers due to the frequently arising issues in industrial and mechanical problems. For instance,
couple stress fluid flow under the influence of heat between two parallel walls was examined by
Farooq et al. [1]. Mahabaleshwar et al. [2] have investigated the magnetohydrodynamics (MHD)
couple stress fluid over the flat sheet affected by the radiation. Exact solutions for the velocity were
derived using a power series method for two different models. The First case described the surface
temperature while the second case dealt with heat flux. Saad and Ashmway [3] have studied the
flow of an unsteady couple stress fluid between two plates. The fluid flows with constant motion of
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the upper plate which was initially at rest. Influence of lubrication on walls was pondered in such
a way that the couple stresses on the boundaries had no impact at all. A suitable transform helps
to obtain the velocity of fluid numerically. Akhtar and Shah [4] have presented the exact results for
three different types of fundamental flows by taking couple stress fluid as a base fluid. Khan et al. [5]
reported an incompressible flow of MHD couple stress in which thermally charged fluid was disturbed
by transversely applied magnetic fields. The unsteady Couette flow of non-uniform magnetic field has
been investigated by Asghar and Ahamd [6]. Shaowei and Mingyu [7] have devoted their efforts for the
study of the Couette flow of Maxwell fluid. Integral and Weber transforms have been used to analyze
the physical phenomenon. The Couette flow through a symmetric channel was numerically tackled by
Eegunjobi et al. [8]. Few core investigations on Couette flow [9–12] and couple stress fluid [13–15] are
listed for those working in the same regimes.

Moreover, Poply et al. [16] have examined the temperature-dependent fluid properties of MHD flow
with heat transfer. Ellahi et al. [17] have considered two different viscosity models for their investigations
of heated flow. They chose third-grade nanofluid flow through coaxial cylinders. Homotopy analysis
method is used to produce a closed form solution. In Reference [18] authors have discussed a
temperature dependent thick flow between two opposite walls of uneven configurations. The viscosity
of two-dimensional flow was assumed to be decreasing exponentially subject to temperature rise.
The study contained the simultaneous effects of radiation and a porous medium. A steady-state flow
of fourth-grade fluid in a cylinder was analyzed by Nadeem and Ali [19] and offered a comparative
analysis in it. Ellahi et al. [20] studied the thermally charged couple stress fluid suspended with
spherically homogenous metallic Hafnium particles for bi-phase flow along slippery walls. The rough
surfaces of the walls is tackled with the lubrication effects. Variation in the viscosity of viscoelastic fluid
by the Runge–Kutta technique with the shooting technique can be seen in Reference [21]. Makinde [22]
focused on the impact of viscosity on the steady fluid flow with gravitational effects. The overhead
surface was assumed to be at a constant temperature while the adjunct surface of the plate was
heated with some external source. A few core investigations for viscous dissipation can be found in
References [23,24].

Furthermore, to enhance the thermal performance, different types of nanoparticles having sizes
from 1–100 nm have been utilized in bi-phase fluids. For example, Karimipour et al. [25] have
studied the role of miscellaneous nanoparticles for heat transfer flow with MHD. Hosseini et al. [26]
repotted a unique model on thermal conductivity of nanofluids. Nasiri et al. [27] have proposed
a particle hydrodynamics approach for nano-fluid flows. Safaei et al. [28] have examined
nanoplatelets–silver/water nanofluids in fully developed turbulent flows of graphene. All said
investigations including References [29–33] end up stating that the presence of nanoparticles always
sped up the heat transfer rate.

In the current article, we aim to study the magnetized multiphase Couette-Poiseuille flow of
non-Newtonian couple stress fluid suspended by metallic particles of Hafnium with temperature
dependent viscosity. The viscosity of the base fluid is exponentially decreasing due to the heating
effects at the lower wall of the channel which is at rest. However, the motion of the upper wall causes
the multiphase (i.e., solid–liquid) transport. The contribution of the pressure gradient simultaneously
distinguishes the investigation further. The humble effort will not only speak about the mechanical
and industrial multi-phase flows but would also fill the gap yet not available in the existing literature
on the topic under consideration.

2. Mathematical Analysis

Consider a plane Couette flow between two opposite flat plates at η = ±h, as shown in Figure 1.
Flow is investigated in (ξ, η) plane in such a way that ξ-axis lies in the middle and along the plates. It is
a well-established fact [34] that when the flow is generated by the constantly moving upper plate, then
only can the unidirectional disturbance in the ξ-direction occur. The axial velocity [u, 0, 0] was along
the ξ-direction, whereas lateral velocity was in the η-direction is zero. When the metallic particles of
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Hafnium were suspended in couple stress fluid under the influence of higher temperature of the lower
wall, then the governing equations in component form [35] can be expressed as:

Figure 1. Configuration of the flow.

(i). For fluid phase
∂u f

∂ξ
= 0, (1)

∂
∂η

(
μs
∂u f

∂η

)
− η1

⎛⎜⎜⎜⎜⎝∂4u f

∂η4

⎞⎟⎟⎟⎟⎠+ CS
(1−C)

(
up − u f

)
− σB2

0

(1−C)
u f =

∂p
∂ξ

. (2)

(ii). For particle phase
∂up

∂ξ
= 0, (3)

u f = up +
1
S

(
∂p
∂ξ

)
. (4)

(iii). Energy equation

∂2Θ
∂η2 +

μs

k

(
∂u f

∂η

)2

=
η1

k

(
∂u f

∂η

)⎛⎜⎜⎜⎜⎝∂3u f

∂η3

⎞⎟⎟⎟⎟⎠. (5)

where, C denotes concentration of the particles, μs is the viscosity of solid-liquid, μ0 viscosity of the
base liquid, η1 is a material constant associated with couple stress fluid, σ is the electric conductivity
of the fluid, B2

0 is the magnetic strength, Θ is temperature, and k is the thermal conductivity of the
fluid whereas, ξ and η are, respectively, axial and lateral coordinates. Moreover, S denotes the drag
coefficient of interaction for the force exerted by particle on the fluid, and is given by Tam [36]:

S =
4.5 μ0

r
λ(C), (6)

λ(C) =
4 + 3

√
8C− 3C2 + 3C

(2− 3C)2 . (7)

where, in Equation (6) the radius of the Hafnium particles is denoted by r.
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Boundary Conditions

The flow interaction at the surfaces of the parallel plates are denoted by the following:

(i). u f (η) = 0,

(ii).
∂2u f

∂η2 = 0,

(iii).Θ(η) = Θ0.

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭; When η = −h, (8)

(iv). u f (η) = U,

(v).
∂2u f

∂η2 = 0,

(vi).Θ(η) = Θw.

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭; When η = h. (9)

By using the following appropriate quantities:

u f
U = u∗f ;

up
U = u∗p; η

h = η∗ ; ξ
h = ξ∗; μs

μ0
= μ∗ ; hp

μ0U = p∗ ; Br =
U2μ0

k(Θw−Θ0)
;

γ =
√
μ0
η1

h; M =
√
σ
μ0

hB0; m =
μ0

h2S ; Θ∗ = Θ−Θ0
(Θw−Θ0)

.
(10)

Equations (1)–(5), in non-dimensional form after neglecting asterisk can be written as

dp
dξ

=
d

dη

(
μ

du f

dη

)
− 1
γ2

⎛⎜⎜⎜⎜⎝d4u f

dη4

⎞⎟⎟⎟⎟⎠+ C
m

(
up − u f

)
(1−C)

− M2

(1−C)
u f , (11)

up = u f −m
dp
dξ

, (12)

d2Θ
dη2 + μBr

(du f

dη

)2

=
Br

γ2

(du f

dη

)⎛⎜⎜⎜⎜⎝d3u f

dη3

⎞⎟⎟⎟⎟⎠. (13)

In which, M is the Hartmann number, γ is the couple stress parameter, m is the drag constant and
Br is he Brinkman number.

3. Results and Discussion

3.1. Variable Viscosity

The Reynolds’ model for temperature dependent viscosity [37] can be defined as

μs(Θ) = μ0e−α(Θ−Θ0). (14)

In view of expression given in (10), the non-dimensional form of Equation (14), after dropping
asterisk is obtained as

μ(Θ) = e−α(Θw−Θ0)Θ = e−βΘ, (15)

where β = α(Θw −Θ0).
Obviously, for the convergence of Equation (15), β ∈ [0 1].
By Walter’ lemma, the Maclaurin’ series of Equation (15) can be linearized as

μ(Θ) = 1− βΘ. (16)
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In view of Equations (12) and (16), Equations (11) and (13) provide the set of nonlinear coupled
differential equations involving the viscosity of the fluid deeply affected by the presence of heat applied
at the wall along with a constant pressure gradient at each point of the channel (i.e., dp

dξ = P) as follows

d4u f

dη4
+ γ2β

(
dΘ
dη

)(du f

dη

)
+ γ2(βΘ − 1)

d2u f

dη2 +
M2γ2

(1−C)
u f +

γ2P
(1−C)

= 0, (17)

d2Θ
dη2 + Br(1− βΘ)

(du f

dη

)2

=
Br

γ2

(du f

dη

)⎛⎜⎜⎜⎜⎝d3u f

dη3

⎞⎟⎟⎟⎟⎠. (18)

On the same contrast, Equations (8) and (9), in view of (10), are acquired as

(i). u f (η) = 0,

(ii).
∂2u f

∂η2 = 0,

(iii).Θ(η) = 0.

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭; When η = −1, (19)

(iv). u f (η) = 1,

(v).
∂2u f

∂η2 = 0,

(vi).Θ(η) = 1.

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭; When η = 1. (20)

3.2. Numerical Procedure

The set of non-linear differential Equations (17) and (18) with the boundary conditions (19) and (20)
are solved by employing the most efficient numerical procedure consist of Runge–Kutta method and
the shooting scheme [38] using MATLAB software. It is an iterative scheme, in which each step possible
error can be successively reduced by changing higher order derivatives.

Let:
u f = f1 (21)

be the velocity of the fluid phase, then the derivatives of u f , in terms of system of first ordinary
differential equations (ODEs) can be expressed as:

f2 =
du f

dη
= f ′1, (22)

f3 =
d2u f

dη2 = f ′2, (23)

f4 =
d3u f

dη3 = f ′3, (24)

Θ = f5, (25)

f6 =
dΘ
dη

= f ′5, (26)

here the sign of prime (′) at the top indicates the derivative with respect to “η”. In view of
Equations (22)–(26) the fluid phase differential equation is transformed as:

f ′4 = γ2(1− β( f5)) f3 − γ2β( f2)( f6) −
(
γ2M2

1−C

)
f1 −

(
γ2

1−C

)
P, (27)

f ′6 =
Br

γ2
( f2)( f4) + Br (β( f5) − 1)( f2)

2. (28)
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The transformed set of conditions are given as:

(i). f1 = 0,
(ii). f2 = k1,
(iii). f3 = 0,
(iv). f4 = k2,
(v). f5 = 0,
(vi). f6 = k3.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
; When η = −1, (29)

(i). f1 = 1
(ii). f2 = k4,
(iii). f3 = 0,
(iv). f4 = k5,
(v). f5 = 1,
(vi). f6 = k6.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
; When η = 1. (30)

where k1, k2, k3, k4, k5, and k6 can be easily determined during the routine numerical procedure.

3.3. Graphical Illustration

To see the effects of physical parameters for Reynolds model on velocity and temperature,
Figures 2–6 have been displayed. The range of all physical parameters available in the existing
literatures are as follows: the range of Hartmann number is 0 < M < 1 [39], the Brinkman number
Br varies from 0.5 to 2.0 [40], the range of couple stress parameter γ is 0.5 to 2.0 [41], the range of
concentration of the metallic particles’ C is 0 to 0.2 [42], and the range of viscous parameter β lies
between 0 to 1. The role of transversely applied magnetic fields can be sighted in Figure 2. It is found
that the velocity of fluid decreases by increasing the values of Hartmann number. It is in accordance
with the physical expectation, as increased in the Hartmann number, means to strengthen the magnetic
field lines which result to impede the flow. Therefore, the obtained results validate the expected
outcomes. In Figure 3, addition of some extra metallic particles to the system that expedites the flow is
observed. It is found that velocity of fluid escalates for higher values of C. It is very much obvious as
the constant movement of the upper wall does not allow the particle to exert an extra drag force to
attenuate the base fluid motion. Thus, particle-to-particle interaction and fluid–particle interaction
gets meager, which causes the frisky movement of the Hafnium particles in the base fluid. In Figure 4,
we show that an increase in the couple stress parameter weakens the rotational field of couple stress
fluid particles. It was revealed that the velocity profile increased by increasing the values of the couple
stress parameter. It is because of friction force that fails to gain enough strength which can cause
enough resistance to slow down the celerity of the flow. Similarly, the application of heat on the
lower wall contributes in shear thinning effects which aids the fluid particles to get extra momentum.
Hence, increase in the velocity of the fluid flow is vivid in display. Figure 5 shows the impact of
decreasing viscous parameter β on the flow dynamics. In Equation (14), it can be inferred that as the
temperature difference mounts, the shear thinning effects on the viscosity of the base fluid aggravates.
This attenuation of physical property results in the increase of the celerity of the fluid and particles
movements. Figure 6 describes the role of Brinkman number Br on the temperature. It is seen that
higher values of Brinkman heats up the fluid by surging the temperature. However, the quite opposite
behavior was observed for the case of viscosity parameter as shown in Figure 7. It was revealed that
the temperature of the fluid declines for the higher values of β. This temperature decline was in fact
due to the rapid movement of the couple stress fluid.
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Figure 2. Effects of Hartmann number on the flow.

Figure 3. Effects of metallic particle concentration on the flow.
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Figure 4. Couples stress parameter affecting the flow.

Figure 5. Effects of viscous parameter on the flow.
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Figure 6. Role of Brinkman number on the temperature.

Figure 7. Role of viscous parameter on the temperature.

3.4. Validation

The numerical results are being presented in Tables 1–3. The variation in the velocities of both
phases against couple stress parameter when M = 1.0, C = 0.4, and Br = 2.0 are kept fixed are
given in Table 1 whereas the variation in the velocities for single- and two-phase flows at different
points of the domain when M = 1.0, γ = 2.0, and Br = 2.0 are specified in Table 2. The thermal
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variation at the different points of given domain when M = 1.0 can be seen in Table 3. In all three table,
one can conclude that temperature and velocities for both fluid and nanoparticles were an increasing
function of metallic particles concentration C, couple stress parameter γ, and the Brinkman number
Br. The results extracted by numerical computation were found to be in excellent agreement with
graphical illustrations and also satisfied all the subjected conditions. This provides a useful check that
the presented solutions are correct.

Table 1. Variation in the velocities of both phases for Newtonian case and couple stress fluid.

y
up

Newtonian Fluid
(γ = 0.0)

up
Couple Stress Fluid

(γ = 2.0)

uf
Newtonian Fluid

(γ = 0.0)

uf
Couple Stress Fluid

(γ = 2.0)

−1.0 1.0000 1.0000 0.0000 0.0000
−0.6 1.2000 1.3221 0.2000 0.3221
−0.2 1.4000 1.5826 0.4000 0.5826
0.2 1.6000 1.7698 0.6000 0.7698
0.6 1.8000 1.8998 0.8000 0.8998
1.0 2.0000 2.0000 1.0000 1.0000

Table 2. Variation in the velocities for single- and two-phase flows.

y
uf

Single Phase
(C = 0.0)

up
Solid–Liquid Phase

(C = 0.4)

uf
Solid–Liquid Phase

(C = 0.4)

−1.0 0.0000 1.0000 0.0000
−0.6 0.2741 1.3221 0.3221
−0.2 0.5117 1.5826 0.5826
0.2 0.7047 1.7698 0.7698
0.6 0.8618 1.8998 0.8998
1.0 1.0000 2.0000 1.0000

Table 3. Thermal variation at the different points.

y Θ

Br = 0.0
Θ

Br = 2.0
Θ

γ = 0.0
Θ

C = 0.0

−1.0 0.0000 0.0000 0.0000 0.0000
−0.6 0.2000 0.3916 0.3512 0.3578
−0.2 0.4000 0.6066 0.5629 0.5870
0.2 0.6000 0.7528 0.7095 0.7504
0.6 0.8000 0.8785 0.8446 0.8830
1.0 1.0000 1.0000 1.0000 1.0000

4. Conclusions

The Couette–Poiseuille flow of couple stress fluid in the presence of Hafnium particles was studied.
The viscous dissipation effects were also reported. Exponentially decreasing viscosity of base fluid was
presented by the Reynolds model. Transversely acting magnetic fields contributed by hindering the
bi-phase flow. The key findings are described as:

The flow of couple stress fluid resists for increasing values of Hartmann number.
The temperature effectively variates the viscosity of the fluid to cause the shear thinning effects.
The temperature of the flow mounts in response of higher values of Brinkman number.
Attenuation of the viscosity results to expedite the flows.
Viscosity parameter brings celerity in the velocity of bi-phase fluid due to high
temperature difference.
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Molecules additives of base fluid reduce the force of friction and hence in both phases the velocity
is galvanized.
Due to the immense applications of multiphase flows in industrial and pharmaceutical,
the proposed theoretical model is now available to vet relevant experimental investigations.
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Abstract: This paper aims to examine the Darcy–Brinkman flow over a stretching sheet in the presence
of frictional heating and porous dissipation. The governing equations are modeled and simplified
under boundary layer approximations, which are then transformed into system of self-similar
equations using appropriate transformations. The resulting system of nonlinear equations was solved
numerically under velocity and thermal slip conditions, by fourth-order Runge–Kutta method and
built-in routine bvp4c in Matlab. Under special conditions, the obtained results were compared
with the results available in the literature. An excellent agreement was observed. The variation of
parameters was studied for different flow quantities of interest and results are presented in the form
of tables and graphs.

Keywords: Darcy–Brinkman porous medium; viscous dissipation; slip conditions; porous dissipation;
permeable sheet

1. Introduction

The porous medium is a continuous solid phase having void spaces/pores in it. The fraction of
the void space to the total volume is named as porosity. There are plenty of porous media available
naturally and many of them are artificial. Some examples of porous medium are rocks such as
limestone, sand stone, beach sand, pumice and dolomite, lathes packed with pebbles, cloth sponge, rye
bread, foamed plastics, endothelial surface layer, catalyst pellets, gall bladder with stones, human lung,
and drug permeation through human skin. Industrial and engineering applications of flows through
porous medium have attracted the attention of researchers. Purification and filtration processes,
seepage of water in river beds, migration of pollutants into the soil and aquifers, drying of porous
materials in textile industries, the movement of moisture through and under engineering structures,
the saturation of porous materials by chemicals, and heat and mass transport in packed bed reactor
columns stand among many other applications. “Flow is linearly dependent on the pressure gradient
and the gravitational force” is known as Darcy Law. This law is generally accepted as the macroscopic
equation of motion for the Newtonian fluids in porous media at small Reynolds numbers and when
the medium is close-packed (lower permeability). However, when the pore distribution in the medium
is sparse and the pores are large, the porous medium will have large voids, giving rise to viscous
shear in addition to Darcy’s resistance. In that case, the usual viscous resistance term (Brinkman term)
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should be considered, along with the Darcy resistance term. This model is known as Darcy–Brinkman
model [1–7].

In a stretching flow, an elastic flat sheet that is stretched in its own plane with a velocity
changing with the distance from a fixed point. The sheeting material is being produced in numerous
manufacturing, industrial and engineering processes. In the manufacture of the polymer sheets,
the melt material, when pushed through an extrusion die, cools and solidifies at a distance from
the die before reaching the cooling phase. Applications of the boundary layer flow generated by
stretching sheet can also be witnessed in procedures such as spinning of fibers, glass blowing, hot
rolling, continuous casting, and in thin film flow and many others [8–14]. Boundary layer flow over a
stretching sheet in the presence of Darcy porous medium are investigated by several researchers [15–20].
Darcy–Brinkman flow over a stretching sheet was performed by Waqar and Pop [21] and Khan et al. [22].
When fluid is forced to move due to the stretching of sheet, the fluid gains some velocity as well as
kinetic energy and this kinetic energy is converted into the heat energy. In the presence of porous
medium, viscous dissipation term in energy equation is modified and this phenomenon is called
porous dissipation. In [21,22], the authors neglected the viscous dissipation effects. Moreover, even in
the case of Darcy flow, the authors neglected the porous dissipation terms in the modeling. From the
literature survey and to best of our knowledge, no one has investigated the Darcy–Brinkman flow over
a stretching sheet in the presence of frictional heating and porous dissipation.

The phenomenon of slip condition has many industrial and practical applications, especially
in microchannels or nanochannels. To study heat transfer flows more accurately, slip conditions
are required, which strongly influence fluid motion at the fluid–solid interface. Zhang et al. [23]
investigated the heat transfer performance in microchannel under the slip flow regime and constant
heat flux boundary condition by considering into account the effects of velocity slip and temperature
jump. Hooman and Ejlali [24] showed that the combined effects of temperature jump and velocity
slip on forced convection in both parallel plate and circular microchannels for fully developed gas–
liquid slip flows. Hussanan et al. [25] studied the Newtonian heating problem with additional effects
of velocity slip and free convection on heat transfer flow over a vertical plate. Liu and Guo [26]
used second-order slip condition while studying analytical solution of fractional Maxwell flow under
magnetic field. Jing et al. [27] investigated the hydraulic resistance and heat transfer rate in elliptical
microchannel with the velocity slip for different length ratios. Andersson [28] obtained the analytical
solution for the slip flow over a stretching sheet. Turkyilmazoglu [29] performed the heat and mass
transfer analysis of MHD flow over a stretching sheet in presence of velocity and thermal slip effects.
Yazdi et al. [30] studied the effects of viscous dissipation on MHD flow over a porous stretching sheet
in the presence of slip and convective boundary conditions. Hsiao [31] examined the MHD stagnation
point flow of nanofluid towards a stretching sheet with slip boundary conditions.

The aim of this paper is to investigate the Darcy–Brinkman flow over a permeable stretching
sheet in the presence of viscous and porous dissipation under the velocity and thermal slip conditions.
Governing equations are modeled and then transformed into self-similar forms using the suitable
similarity transformations. Note that, in the presence of viscous dissipation, similar solutions are very
rare. Resulting self-similar equations were solved numerically using shooting method. Comparative
study between shooting method and built in routine bvp4c [32] in Matlab was also made, to check the
accuracy of our results. Moreover, in special cases, comparison between the existing available results
was performed. The variations of pertinent parameters on the dimensionless velocity, temperature,
skin friction coefficient and local Nusselt number are illustrated and discussed.

2. Mathematical Formulation

We consider the flow of over a permeable stretching surface embedded in a porous medium. In
Cartesian coordinates, x-axis and y-axis are perpendicular to the sheet, which is being stretched with
velocity Us = αx. Let Ts = T∞ + cx2 be the temperature of sheet and T∞ be the ambient temperature
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and Ts > T∞. In the presence of viscous dissipation, governing equations under boundary layer
assumption are

∂u
∂x

+
∂v
∂y

= 0, (1)

u
∂u
∂x

+ v
∂u
∂y

=
ε2μe

ρ

(
∂2u
∂y2

)
− με

2

ρK∗ u, (2)

u
∂T
∂x

+ v
∂T
∂y

=
κ
ρCp

(
∂2T
∂y2

)
+
ε2

ρCp

⎡⎢⎢⎢⎢⎣μe

(
∂u
∂y

)2

+
μu2

K∗

⎤⎥⎥⎥⎥⎦, (3)

along with boundary conditions

u = αx + β1

(
∂u
∂y

)
, v = −V0, T = Ts + δ1

(
∂T
∂y

)
at y = 0,

u→ 0, T→ T∞ as y→∞.
(4)

In above equations, u and v are the components of velocity along x and y directions, respectively.
Introducing the similarity transformations

ξ =

√
α
υ

y, u = αxg′(ξ), v = −√αυg′(ξ), θ(ξ) = T − T∞
Ts − T∞

. (5)

Equations (1)–(3) along with boundary conditions Equation (4) are reduced to the
dimensionless forms

γg′′′ − g′2 + gg′′ − Pmg′ = 0, (6)

1
Pr
θ′′ + gθ′ − 2g′θ+ Ec

(
γg′′ 2 + Pmg′2

)
= 0, (7)

g(0) = S, g′(0) = 1 + βg′′ (0), g′(∞) = 0,
θ(0) = 1 + δθ′(0), θ(∞) = 0.

(8)

Skin friction coefficients S f x and the local Nusselt number NRx are defined as

S f x =
μ

ρU2
s

(
∂u
∂y

)
y=0

, NRx = − x
(Ts − T∞)

(
∂T
∂y

)
y=0

. (9)

In dimensionless form, quantities defined in Equation (9) take the form

S f xRe1/2
x = g′′ (0), NRxRe−1/2

x = −θ′(0). (10)

In Equations (6)–(10), dimensionless physical parameters are defined as

Dimensionless Physical Parameters Notations Definitions

Brinkmann parameter γ ε2 μe
μ

Porosity parameter Pm
με2

ραK∗

Suction/injection parameter S V0√
αυ

Prandtl number Pr μCp
κ

Eckert number Ec α2

cCp

Velocity slip parameter β β1

√
α
υ

Thermal slip parameter δ δ1

√
α
υ
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3. Solution Methodologies

The nonlinear differential Equations (6) and (7) subject to the boundary conditions in Equation (8)
were solved numerically using an efficient Runge–Kutta fourth-order method along with shooting
technique. The asymptotic boundary conditions given by Equation (8) were replaced by using a value
of 15 for the similarity variable ξmax. The choice of ξmax = 15 and the step size Δξ = 0.001, ensured
that all numerical solutions approached the asymptotic values correctly. To check the accuracy of
computed results, comparison between analytical, exact and shooting method was made for special
cases available in the literature. Moreover, for present general case results obtained by shooting method
were also compared with the built-in routine bvp4c in MATLAB. The obtained results are in excellent
agreement, which confirms the accuracy of our results.

4. Results and Discussion

We analyzed the effects of significant physical parameters on dimensionless velocity g′(ξ),
dimensionless temperature θ(ξ), skin friction coefficient S f xRe1/2

x = −g′′ (0) and local Nusselt number
NRxRe−1/2

x = −θ′(0). Table 1 presents different values of velocity slip parameter β when there is no
porous medium and sheet is impermeable. Skin friction coefficient decreases by increasing the velocity
slip parameter. In the case of no-slip i.e., when β = 0, Equation (6) admits exact solution of the form [22]

g(ξ) = S +
1
A

(
1− e−Aξ

)
, A =

S +
√

S2 + 4γ(1 + Pm)

2γ
. (11)

Table 1. Comparison between analytical solution [22] and shooting method for different values of β
when γ = 1 and Pm = 0.0, S = 0.0.

Velocity Slip Parameter β
g
′
(0) −g”(0)

Andersson [22] Present Andersson [22] Present

0.0 1.0000 1.0000 1.0000 1.0000

0.1 0.9128 0.91278 0.8721 0.87215

0.2 0.8447 0.84471 0.7764 0.77645

0.5 0.7044 0.70436 0.5912 0.59127

1.0 0.5698 0.56974 0.4302 0.43025

2.0 0.4320 0.43183 0.2840 0.28408

5.0 0.2758 0.27530 0.1448 0.14493

10.0 0.1876 0.18670 0.0812 0.08132

20.0 0.1242 0.12285 0.0438 0.04385

50.0 0.0702 0.06801 0.0186 0.01863

100.0 0.0450 0.04225 0.0095 0.00957

Table 2 shows that the numerical solution obtained by shooting method is in good agreement with
the exact solution. Moreover, we observed the skin friction coefficient Brinkman viscosity for parameter
γ, whereas an oppose behavior is noted with increasing values suction parameter S and porosity
parameter Pm. Table 3 shows that the skin friction coefficient is higher for the slip case in comparison
with no-slip case. Numerical values of local Nusselt number for different physical parameters are
presented in Table 4. Nusselt number increases by increasing Prandtl number Pr and decreases by
increasing Eckert number Ec and thermal slip parameter δ.
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Table 2. Skin friction coefficient S f xRe1/2
x = −g′′ (0) for no slip case β = 0. Comparison between exact

and numerical solution.

Physical Parameters SfxRe
1/2
x =−g”(0)

γ S Pm Exact (See Equation (11)) Numerical (Shooting Method)

1.0 1.0 0.5 1.82287 1.82287

2.0 1.0 0.5 1.15138 1.15140

3.0 1.0 0.5 0.89314 0.89324

0.5 0.0 0.3 1.61245 1.61245

0.5 1.0 0.3 2.89736 2.89736

0.5 2.0 0.3 4.56904 4.56905

2.0 0.5 0.0 0.84307 0.84336

2.0 0.5 0.4 0.97094 0.97098

2.0 0.5 0.8 1.08188 1.08188

Table 3. Skin friction coefficient S f xRe1/2
x = −g′′ (0) for slip case β = 1.0. Comparison between

Shooting method and MATLAB bvp4c.

Physical Parameters SfxRe
1/2
x =−g”(0)

γ S Pm Shooting Method bvp4c

1.0 1.0 0.5 0.610511 0.610497

2.0 1.0 0.5 0.500008 0.500006

3.0 1.0 0.5 0.439566 0.439507

0.5 0.0 0.3 0.550438 0.550437

0.5 1.0 0.3 0.712228 0.712227

0.5 2.0 0.3 0.808872 0.808872

2.0 0.5 0.0 0.406493 0.406209

2.0 0.5 0.4 0.452006 0.451987

2.0 0.5 0.8 0.485908 0.485905

Table 4. Local Nusselt number NRxRe−1/2
x = −θ′(0) when β = 1.0 and S = 0.5 Comparison between

Shooting method and MATLAB bvp4c.

Physical Parameters NRxRe
−1/2
x =−θ′ (0)

Pr Ec δ Pm γ Shooting Method bvp4c

0.7 0.5 1.0 0.4 2.0 0.456141 0.456203

1.2 0.5 1.0 0.4 2.0 0.538161 0.538197

6.8 0.5 1.0 0.4 2.0 0.738928 0.738983

3.0 0.0 1.0 0.4 2.0 0.738078 0.738124

3.0 0.6 1.0 0.4 2.0 0.642319 0.642382

3.0 1.2 1.0 0.4 2.0 0.546560 0.546591

3.0 1.0 0.0 0.4 2.0 2.208602 2.208638

3.0 1.0 0.6 0.4 2.0 0.820808 0.820821

3.0 1.0 1.2 0.4 2.0 0.504071 0.504105

3.0 1.0 1.0 0.0 2.0 0.640207 0.640288

3.0 1.0 1.0 0.5 2.0 0.566207 0.566224

3.0 1.0 1.0 1.0 2.0 0.517044 0.517133

3.0 1.0 1.0 0.4 1.0 0.619665 0.619690

3.0 1.0 1.0 0.4 2.0 0.578480 0.578501

3.0 1.0 1.0 0.4 3.0 0.546450 0.546487
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Figure 1 is plotted to see effect of Brinkman viscosity ratio parameter γ on velocity profile. It was
observed that velocity increases on increasing the values of Brinkman viscosity ratio number. This also
makes the sense because the Brinkman viscosity ratio number appears with the velocity gradient term
in the momentum equation, consequently large values of Brinkman viscosity parameter increases the
velocity. Figure 2 portrays the effects of porosity parameter Pm on the velocity profile. It was observed
that velocity and momentum boundary layer decreases by increasing porosity parameter. In Figures 3
and 4, we can see that, by increasing the suction parameter S and slip parameter β, the velocity of fluid
decreases and momentum boundary layer becomes thinner. Figure 5 displays the impact of Brinkman
viscosity number on the temperature profile θ(ξ). Thermal boundary layer is an increasing function
of γ. Increase in the suction velocity S and porosity parameter Pm decreases the fluid temperature
with in the boundary layer (see Figures 6 and 7). Figure 8 exhibits the influence of Prandtl number on
the temperature field θ(ξ). Temperature inside the boundary layer decreases with increasing Prandtl
number Pr. This is true because, by increasing Prandtl number (decreasing thermal conductivity) of
fluid, the heat transfer rate from the stretching sheet decreases and therefore thermal boundary layer
decreases. Figure 9 depicts the influence of Eckert number Ec on temperature profile. As predictable, it
is noticed that the thermal boundary layer increases with increasing values of Ec as Eckert number
increases fluid friction between the adjacent layers increases, which results in conversion of the kinetic
energy into heat energy. Figure 10 illustrates that temperature and thermal boundary layer reduces by
increasing thermal slip parameter δ.

 
Figure 1. Variation of velocity with viscosity ratio parameter γ.

Figure 2. Variation of velocity with porosity parameter Pm.
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Figure 3. Variation of velocity with suction parameter S.

 

Figure 4. Variation of velocity with velocity slip parameter β.

Figure 5. Variation of temperature with Brinkman parameter γ.
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Figure 6. Variation of temperature with porosity parameter Pm.

 
Figure 7. Variation of temperature with suction parameter S.

 
Figure 8. Variation of temperature with Prandtl number Pr.
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Figure 9. Variation of temperature with Eckert number Ec.

 
Figure 10. Variation of temperature with thermal slip parameter δ.

5. Conclusions

The present work gives the numerical solutions for Darcy–Brinkman flow over a stretching sheet
in the presence of porous dissipation and frictional heating. From the numerical results obtained, some
important conclusions are summarized:

(i) Both velocity and temperature decrease with the increase of suction parameter.
(ii) The slip parameter has high impact on skin friction coefficient as compared with no-slip condition.
(iii) Heat transfer rate is reduced due to increase in Eckert number and thermal slip parameter.
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Abstract: The present article inspects velocity slip impacts in three-dimensional flow of water based
carbon nanotubes because of a stretchable rotating disk. Nanoparticles like single and multi walled
carbon nanotubes (CNTs) are utilized. Graphical outcomes have been acquired for both single-walled
carbon nanotubes (SWCNTs) and multi-walled carbon nanotubes (MWCNTs). The heat transport
system is examined in the presence of thermal convective condition. Proper variables lead to a strong
nonlinear standard differential framework. The associated nonlinear framework has been tackled by
an optimal homotopic strategy. Diagrams have been plotted so as to examine how the temperature
and velocities are influenced by different physical variables. The coefficients of skin friction and
Nusselt number have been exhibited graphically. Our results indicate that the skin friction coefficient
and Nusselt number are enhanced for larger values of nanoparticle volume fraction.

Keywords: stretchable rotating disk; CNTs (MWCNTs and SWCNTs); velocity slip; convective
boundary condition; OHAM

1. Introduction

The investigation of liquid flow by a rotating disk has various applications in aviation science,
pivot of hardware, synthetic enterprises and designing, creating frameworks of warm power,
rotor-stator frameworks, medicinal contraption, electronic and PC putting away apparatuses, gem
developing wonders, machines of air cleaning, nourishment preparing advances, turbo apparatus and
numerous others. Von Karman [1] analyzed flow of thick fluid by a rotating disk. Turkyilmazoglu and
Senel [2] explored effects of heat and mass transport in thick liquid flow over a permeable rotating disk.
Rashidi et al. [3] dissected MHD flow of viscous liquid because of a turn of disk. Turkyilmazoglu [4]
exhibited nanoliquid flow by a rotating plate. Hatami et al. [5] examined laminar flow of a thick
nanofluid because of the revolution and constriction of disks. Nanoliquid flow because of an extending
disk is considered by Mustafa et al. [6]. Sheikholeslami et al. [7] examined nanoliquid flow by a
slanted rotatory plate. Recently Hayat et al. [8] analyzed MHD nanoliquid flow over a rotatory disk
with slip impacts.

Carbon nanotubes (CNTs) were first discovered by Lijima in 1991. CNTs have long cylindrical
pofiles such as frames of carbon atoms with diameter ranges from 0.70–50 nm. CNTs have individual
importance in nano-technology, hardwater, air purification systems, structural composite materials,
conductive plastics, extra strong fibres, sensors, flat-panel displays, gas storage, biosensors and many
others. Thus Choi et al. [9] examined anamolous enhancement of thermal conductivity in nanotubes
suspension. Ramasubramaniam et al. [10] examined homogeneous polymer composites/carbon
nanotubes for electrical utilizations. Xue [11] proposed a relation for CNT-based composites. Heat
transfer enhancement using carbon nanotubes-based-non-Newtonian nanofluids is discussed by
Kamali et al. [12]. Wang et al. [13] illustrated laminar flows of nanofluids containing single-walled
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carbon nanotubes (SWCNT) and multi-walled carbon nanotubes (MWCNTs). Hammouch et al. [14]
analyzed squeezed flow of CNTs between parallel disks. Thermal transfer upgrade in front aligned
contracting channel by taking FMWCNT nanoliquids is analyzed by Safaei et al. [15]. MHD flow of
carbon nanotubes is portrayed by Ellahi et ai. [16]. Karimipour et al. [17] dissected MHD laminar flow
of carbon nanotubes in a microchannel with a uniform warmth transition. Hayat et al. [18] represented
homogeneous-heterogeneous responses in nanofluid flows over a non-direct extending surface of
variable thickness. Unsteady squeezed flow of CNTs with convective surface was contemplated by
Hayat et al. [19]. Hayat et al. [20] likewise talked about Darcy Forchheimer flow of CNTs over a
turning plate. Further relevant investigations on nanofluids can be seen through the studies [21–25].

Motivated by the aforementioned applications of rotating flows, the underlying objective of this
article is to develop a mathematical model for three-dimensional flow of water-based carbon nanotubes
because of a stretchable rotating disk considering velocity slip effects. Thermal conductivity of carbon
nanotubes is estimated through the well-known Xue model. Such research work was not carried out in the
past even in the absence of a convective heating surface. Researchers also found that dispersion of carbon
nanotubes in water elevates the thermal conductivity of the resulting nanofluid by 100% (see Choi et al. [9]).
Both single-walled carbon nanotubes (SWCNTs) and multi-walled carbon nanotubes (MWCNTs) are
considered. Optimal homotopic strategy (OHAM) [26–35] is utilized for solutions of temperature and
velocities. Impacts of different flow variables are examined and investigated. Nusselt number and skin
friction have been analyzed graphically. Emphasis is given to the role of the main ingredients of the
problem, namely volume fraction of carbon nanotubes and a rotating stretchable disk. The benefits of
carbon nanotubes towards heat transfer enhancement are also justified via thorough analysis.

2. Mathematical Formulation

Let us assume three-dimensional flow of water-based carbon nanotubes by a stretchable rotating
disk. The disk at z = 0 rotates subject to constant angular velocity Ω (see Figure 1). Let us assume CNT
nanoparticles: SWCNTs and MWCNTs within base liquid (water). Due to axial symmetry, derivatives
of ϕ are neglected. The surface of the disk has temperature Tf , while ambient fluid temperature is
T∞. The velocity components are (u, v, w) in cylindrical coordinate (r, ϕ, z) respectively. The resulting
boundary-layer expressions are [8,20]:

∂u
∂r

+
u
r
+

∂w
∂z

= 0, (1)

u
∂u
∂r

− v2

r
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∂T
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= αn f

(
∂2T
∂r2 +

∂2T
∂z2 +

1
r

∂T
∂r

)
, (5)

with subjected boundary conditions [8]:

u = rs + L1μn f
∂u
∂z

, v = rΩ + L1μn f
∂v
∂z

, w = 0, − kn f
∂T
∂z

= h f

(
Tf − T

)
at z = 0, (6)

u → 0, v → 0, T → T∞ as z → ∞. (7)

Here u, v and w depict flow velocities in increasing directions of r, ϕ and z respectively, while
νn f = (μn f /ρn f ) stands for kinematic viscosity, αn f = kn f /(ρcp)n f for thermal diffusivity, μn f for
dynamic viscosity, L1 for wall-slip coefficient, T for fluid temperature, kn f for thermal conductivity of
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nanofluids, ρn f for effective density, kCNT for thermal conductivity of CNTs and (ρcp)n f for effective
heat capacitance of nanoparticle material. Xue [11] proposed a theoratical model which is expressed by

ρn f = ρ f (1 − φ) + ρCNTφ, μn f =
μ f

(1−φ)2.5 ,(
ρcp

)
n f =

(
ρcp

)
f (1 − φ) +

(
ρcp

)
CNT φ,

kn f
k f

=
(1−φ)+2φ

kCNT
kCNT−k f

ln
kCNT+k f

2k f

(1−φ)+2φ
k f

kCNT−k f
ln

kCNT+k f
2k f

,

(8)

where φ represents solid volume fraction of nanoparticles and n f represents thermophysical properties
of nanofluid. Table 1 describes thermo-physical features of water and CNT.

Figure 1. Geometry of the problem.

Table 1. Thermophysical features of water and carbon nanotubes (CNT).

Physical Features Water CNT

SWCNTs MWCNTs

ρ ( kg/m3) 997.1 2600 1600
k ( W/mK) 0.613 6600 3000
cp ( J/kgK) 4179 425 796

We now introduce the following transformations:

u = rΩ f ′(ζ), v = rΩg (ζ) , w = −
√

2ν f Ω f (ζ),

ζ = z
(

2Ω
ν f

)1/2
, θ(ζ) = T−T∞

Tf −T∞
.

. (9)

Expression (1) is automatically satisfied while Equations (2)–(8) yield

1
(1 − φ)5/2(1 − φ + ρCNT

ρ f
φ)

f ′′′(ζ) + f (ζ) f ′′(ζ)− 1
2

f ′2(ζ) + 1
2

g2(ζ) = 0, (10)

1
(1 − φ)5/2(1 − φ + ρCNT

ρ f
φ)

g′′(ζ) + f (ζ)g′(ζ)− f ′(ζ)g(ζ) = 0, (11)

1
Pr

kn f

k f
θ′′(ζ) +

(
1 − φ + φ

(ρcp)CNT

(ρcp) f

)
f (ζ)θ′(ζ) = 0, (12)
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with the boundary conditions

f (0) = 0, f ′ (0) = C + α
(1−φ)5/2 f ′′(0), g(0) = 1 + α

(1−φ)5/2 g′(0), θ′ (0) = − k f
kn f

Bi (1 − θ (0)) , (13)

f ′ (∞) → 0, g(∞) → 0, θ (∞) → 0. (14)

Here C stands for stretching-strength parameter, α for velocity slip number, Pr for Prandtl number
and Bi for the Biot number. These numbers are described by:

C =
s
Ω

, α = L1μ f

(
2Ω
ν f

)1/2

, Bi =
h f

k f

(
ν f

2Ω

)1/2
, Pr =

ν f
(
ρcp

)
f

k f
. (15)

Nusselt number and skin friction are defined by

Re−1/2
r Nur = − kn f

k f
θ′ (0) ,

Re1/2
r Cf =

1
(1−φ)5/2

(
f ′′ (0)2 + g′(0)2

)1/2
,

⎫⎪⎬⎪⎭ , (16)

where Rer = 2Ωr2/ν f depicts the local Reynolds number.

3. Solutions by OHAM

The optimal solutions of expressions (10)–(12) through (13) and (14) have been established by
considering optimal homotopic strategy (OHAM). The proper operators and guesses are

f0(ζ) =
C(

1 + α
(1−φ)5/2

) (1 − e−ζ), g0(ζ) =
1(

1 + α
(1−φ)5/2

) e−ζ , θ0(ζ) =
Bi( kn f

k f
+ Bi

) e−ζ , (17)

Lg =
d2g
dζ2 − g, Lθ =

d2θ

dζ2 − θ, L f =
d3 f
dζ3 − d f

dζ
. (18)

The above operators satisfy

L f
[
F∗∗∗∗

1 + F∗∗∗∗
2 eζ + F∗∗∗∗

3 e−ζ
]
= 0, Lg

[
F∗∗∗∗

4 eζ + F∗∗∗∗
5 e−ζ

]
= 0, Lθ

[
F∗∗∗∗

6 eζ + F∗∗∗∗
7 e−ζ

]
= 0, (19)

in which F∗∗∗∗
i (i = 1–7) portrays arbitrary constants. The m-th and zero-th order systems are easily

established in view of above operators. By using BVPh2.0 of the software Mathematica, the obtained
deformation problems have been computed.

4. Optimal Convergence-Control Parameters

In homotopic solutions, the non zero auxiliary variables h̄ f , hg and h̄θ determine the convergence
portion and also rate of homotopy solution. The idea of minimization has been applied by defining
averaged squared residuals errors as proposed by Liao [26].

ε
f
m =

1
k + 1

k

j=0

[
N f

(
m
i=0 f̂ (ζ) , m

i=0 ĝ (ζ)
)

ζ=jδζ

]2
, (20)
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εθ
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1
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i=0 ĝ (ζ) , m
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. (22)
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Following Liao [26]:
εt

m = ε
f
m + ε

g
m + εθ

m, (23)

where εt
m represents total squared residual error, δζ = 0.5 and k = 20. At the second order

of deformations, convergence-control parameters for SWCNTs–water have optimal values i.e.,
h f = −0.35923, hg = −0.736096 and hθ = −0.00105197 and total averaged squared residuals error
is εt

m = −0.0255367 while optimal data of convergence-control parameters for MWCNTs–water is
h f = −0.385385, hg = −0.729057 and hθ = −0.00232643 and total averaged squared residuals error is
εt

m = −0.025173. Figures 2 and 3 display error plots for MWCNTs–water and SWCNTs–water. Tables 2
and 3 show that averaged squared residuals error decreases for higher order deformations.

Figure 2. Error sketch for SWCNTs-Water.

Figure 3. Error sketch for MWCNTs-Water.

Table 2. Individual averaged squared residuals errors for single-walled carbon nanotubes (SWCNTs)–water.

m ε
f
m ε

g
m εθ

m

2 9.95225 × 10−5 2.35341 × 10−2 7.29447 × 10−7

6 4.17686 × 10−5 1.03083 × 10−2 6.04738 × 10−7

10 2.95796 × 10−5 7.24672 × 10−3 5.69806 × 10−7

14 2.37325 × 10−5 5.77429 × 10−3 5.53122 × 10−7

18 2.01939 × 10−5 4.88653 × 10−3 5.43213 × 10−7

20 1.88867 × 10−5 4.55942 × 10−3 5.39608 × 10−7
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Table 3. Individual averaged squared residuals errors for single-walled carbon nanotubes (MWCNTs)–water.

m ε
f
m ε

g
m εθ

m

2 1.0164 × 10−4 2.40503 × 10−2 7.29447 × 10−7

6 4.27165 × 10−5 1.05447 × 10−2 6.04522 × 10−7

10 3.02678 × 10−5 7.41739 × 10−3 5.69547 × 10−7

14 2.42942 × 10−5 5.91293 × 10−3 5.52829 × 10−7

18 2.06785 × 10−5 5.00567 × 10−3 5.42892 × 10−7

20 1.93426 × 10−5 4.67132 × 10−3 5.39275 × 10−7

5. Results and Discussion

The present section presents behaviors of various physical parameters like stretching-strength
parameter C, volume fraction φ, velocity slip parameter α and Biot number Bi on radial f ′ (ζ) and
azimuthal g(ζ) velocities and temperature θ (ζ) . The results are obtained for both SWCNTs and
MWCNTs. Figure 4 shows variation in the radial velocity f ′(ζ) for larger values of α. Radial velocity
f ′(ζ) shows reduction for increasing values of α. Figure 5 presents impact of stretching-strength
parameter C on radial velocity f ′(ζ). For larger values of C, the radial velocity shows an increasing
trend. Figure 6 depicts the effect of nanoparticle volume fraction φ on radial velocity f ′ (ζ). For higher
φ, the radial velocity f ′ (ζ) is increased. Figure 7 presents that how velocity slip parameter α affects
the azimuthal velocity g (ζ). It is observed that an increment in velocity slip parameter α lead to lower
g (ζ). Figure 8 depicts impact of C on azimuthal velocity g(ζ). Azimuthal velocity reduces for larger
values of streching-strength parameter. Figure 9 depicts the impact of nanoparticles volume fraction
φ on g(ζ). The azimuthal velocity g(ζ) is increased for higher estimations of φ. Figure 10 examines
that how Biot number Bi affects the temperature profile. For higher values of Bi, the temperature
field θ (ζ) is enhanced. Higher estimations of Biot number correspond to stronger convection which
produces higher temperature field and more associated layer thickness. Figure 11 highlights the impact
of stretching-strength parameter C on temperature field θ (ζ). Temperature field θ (ζ) is reduced for
increasing values of C. Figure 12 presents that how volume fraction φ affects the temperature field
θ (ζ). Higher values of φ shows an enhancement in temperature θ (ζ). Figure 13 shows the effects
of volume fraction φ and velocity slip parameter α on Re1/2

r Cf . Skin friction Re1/2
r Cf is increased for

higher estimations of φ. Figure 14 displays the behavior of the volume fraction φ and Biot number Bi
on Nusselt number Re−1/2

r Nur. The Nusselt number is enhanced for increasing values of φ.

Figure 4. Sketch of f ′ (ζ) for α.
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Figure 5. Sketch of f ′ (ζ) for C.

Figure 6. Sketch of f ′ (ζ) for φ.

Figure 7. Sketch of g (ζ) for α.
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Figure 8. Sketch of g (ζ) for C.

Figure 9. Sketch of g (ζ) for φ.

Figure 10. Sketch of θ (ζ) for Bi.
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Figure 11. Sketch of θ (ζ) for C.

Figure 12. Sketch of θ (ζ) for φ.

Figure 13. Sketch of Re1/2
r Cf for φ and α.

331



Symmetry 2019, 11, 679

Figure 14. Sketch of Re−1/2
r Nur for φ and Bi.

6. Conclusions

Three-dimensional flow of carbon nanotubes by a stretchable rotating disk with velocity slip
effects is studied. Heat transport is explained by convective heating surface. The key findings of
current research are listed below:

• Both velocities f ′ (ζ) and g (ζ) show reduction for higher values of velocity slip parameter α.
• Larger stretching-strength parameter C presents an increase in radial velocity f ′ (ζ) while opposite

trend is noticed for azimuthal velocity g(ζ) and temperature θ (ζ).
• For higher estimations of the volume fraction φ, both the velocity and temperatue field

are enhanced.
• Temperature field θ (ζ) is enhanced for larger values of the Biot number Bi.
• Nusselt number Re−1/2

r Nur is increased for larger values of volume fraction φ.
• Coefficient of skin-friction Re1/2

r Cf increases for higher volume fraction φ and velocity slip
parameter α.

• The used technique for the solution’s development has advantages over the other in the sense of
the following points:

a. It is independent of small/large physical parameters.
b. It provides a simple way to ensure the convergence of series solutions.
c. It provides a large freedom to choose the base functions and related auxiliary linear operators.

Author Contributions: All the authors contributed equally to the conception of the idea, implementing and
analyzing the experimental results, and writing the manuscript.

Funding: This project was funded by the Deanship of Scientific Research (DSR) at King Abdulaziz University,
Jeddah, under grant No. G-316-130-38. The authors, therefore, acknowledge with thanks DSR for technical and
financial support.

Conflicts of Interest: The authors declare no conflict of interest.

332



Symmetry 2019, 11, 679

Nomenclature

r, ϕ, z space coordinates [m] u, v, w velocity components [m·s−1]
ρ f fluid density [kg·m−3] μ f fluid dynamic viscosity [Pa·s]
kn f nanofluids themal νn f kinematic nanofluid

conductivity [W·m−1·K−1] viscosity [m2·s−1]
k f basefluid themal ν f kinematic fluid

conductivity [W·m−1·K−1] viscosity [m2·s−1]
α f thermal diffusivity αn f thermal diffusivity

of base fluid [m2·s−1] of nanofluid [m2·s−1]
Tf hot fluid temperature [K] T∞ ambient temperature [K]
C stretching-strength parameter kCNT CNTs thermal conductivity [W·m−1·K−1]
α velocity slip parameter φ nanomaterial volume fraction
Bi Biot number Pr Prandtl number
f ′ dimensionless velocity Nur Nusselt number
Cf skin friction coefficient ζ dimensionless variable
Rer local Reynolds number θ dimensionless temperature
CNTs carbon nanotubes F∗∗∗∗

i arbitrary constants
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Abstract: In this article, the non-Newtonian fluid model named Casson fluid is considered.
The semi-infinite domain of disk is fitted out with magnetized Casson liquid. The role of both
thermophoresis and Brownian motion is inspected by considering nanosized particles in a Casson
liquid spaced above the rotating disk. The magnetized flow field is framed with Navier’s slip
assumption. The Von Karman scheme is adopted to transform flow narrating equations in terms of
reduced system. For better depiction a self-coded computational algorithm is executed rather than to
move-on with build-in array. Numerical observations via magnetic, Lewis numbers, Casson, slip,
Brownian motion, and thermophoresis parameters subject to radial, tangential velocities, temperature,
and nanoparticles concentration are reported. The validation of numerical method being used is
given through comparison with existing work. Comparative values of local Nusselt number and
local Sherwood number are provided for involved flow controlling parameters.

Keywords: Casson fluid model; rotating rigid disk; nanoparticles; Magnetohydrodynamics (MHD)

1. Introduction

The examination of non-Newtonian fluids has received remarkable attention from researchers
and scientists because of their extensive use in industrial and technological areas. For instance,
paints, synthetic lubricants, sugar solutions, certain oils, clay coating, drilling muds, and blood as a
biological fluid are common examples of non-Newtonian fluids, just to mention a few. The fundamental
mathematical equations given by Navier–Stokes cannot briefly delineate the flow field characteristics
of non-Newtonian fluids because of the complex mathematical expression involved in the formulation
of flow problem. In addition, the relation between strain rate and shear stress is non-linear so
the single constitutive expressions are fruitless to report complete description of flows subject to
non-Newtonian fluids. Numerous non-Newtonian fluid models are exposed to explore rheological
characteristics, namely Bingham Herschel–Bulkley fluid model, Seely, Carreau Carreau–Yasuda, Sisko,
Eyring, Cross, Ellis, Williamson, tangent hyperbolic, Generalized Burgers, Burgers, Oldroyd-8 constants,
Oldroyd-A, Oldroyd-B fluid model, Maxwell, Jeffrey, Casson fluid model, etc. Researchers discussed
flow characteristics of non-Newtonian fluid models via stretching surfaces by incorporating pertinent
physical effects. Among these, Casson fluid model has many advantages as compared to rest of fluid
models. This model can be used to approximate the properties of blood and daily life suspensions.
One can assessed recent developments in this direction in References [1–15].
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The centrifugal filtration, gas turbine rotors, rotating air cleaning machines, food processing,
medical equipment, system of electric-power generation, crystal growth processes, and many others
are the practical applications of rotational fluids flow. Therefore, analysis of flows due to rotation of
solid surfaces is widely recognized by scientists, and researchers like Karman [16] firstly report viscous
fluid flow induced by rotating solid disk. A special transformation named as Karman transformation
given by him for the first time in this attempt. These transformations are utilized for conversion of
fundamental equations termed as Naviers–Stokes equations in terms of ordinary differential system.
Later on, a number of studies were given by researchers to depict the flow characteristics of both
Newtonian and non-Newtonian fluids model over a rotating disk. Preceding these analyses in 2013,
the extension of Karman problem was given by Turkyilmazoglu and Senel [17]. In this attempt they
discussed numerical results for heat transfer properties of rotating partial slip fluid flow. In 2014, the
magnetized slip flow via porous disk was reported by Rashidi et al. [18]. In addition, they discussed
entropy measurements for this case. The flow properties in the presence of nano-size particles were
discussed by Turkyilmazoglu [19]. He used numerical algorithm for solution purpose. In fact, he dealt
comparative execution to report the impact of various nanoparticles suspended in fluid flow regime.
Afterwards, tremendous attempts are given in this direction by way of both analytical and numerical
approach. One can find the concern developments on rotating flows in References [20–31].

The present article contains analysis of Casson liquid towards rotating rigid disk. The Casson
flow field is magnetized and has nanoparticles. Further, slip effects are also taken into account. The
physical model is translated in terms of mathematical model. For solution purposes, the van Karman
way of study is adopted. A computational algorithm is applied and the obtained results of involved
parameters of concerned quantities are discussed via graphs and tables. Further, the current attempt is
compared with existing literature and we found a good agreement which leads to the surety of the
present work.

2. Problem Formulation

The Casson liquid is quipped above the disk for z > 0. The constant frequency (Ω) is constant.
The semi bounded magnetized flow regime contains suspended nanoparticles. The surface is taken
with velocity slip condition. The quantities (u,v,w) are in (r,φ,z) directions. The ultimate differential
system of said problem is:

∂w
∂z

+
∂u
∂r

+
u
r
= 0, (1)

w
∂u
∂z

+ u
∂u
∂r
− v2

r
= ν

(
1 +

1
λ

)(
∂2u

∂z2 +
1
r
∂u
∂r

+
∂2u

∂r2 −
u

r2

)
− σB0

2

ρ f
u, (2)

w
∂v
∂z

+ u
∂v
∂r

+
uv
r

= ν
(
1 +

1
λ

)(
∂2v

∂z2 +
∂2v

∂r2 −
v

r2 +
1
r
∂v
∂r

)
− σB0

2

ρ f
v, (3)

w
∂w
∂z

+ u
∂w
∂r

= ν
(
1 +

1
λ

)(
∂2w

∂z2 +
1
r
∂w
∂r

+
∂2w

∂r2

)
, (4)

w∂T∂z + u∂T∂r = α
(
∂2T
∂z2 + 1

r
∂T
∂r + ∂2T

∂r2

)
+

(ρc)p

(ρc) f

[
DB

(
∂T
∂z
∂C
∂z + ∂T

∂r
∂C
∂r

)]

+
(ρc)p

(ρc) f

[
DT
T∞

((
∂T
∂z

)2
+

(
∂T
∂r

)2
)]

,
(5)

w
∂C
∂z

+ u
∂C
∂r

= DB

(
∂2C

∂z2 +
1
r
∂C
∂r

+
∂2C

∂r2

)
+

DT

T∞

[
∂2T

∂z2 +
1
r
∂T
∂r

+
∂2T

∂r2

]
, (6)

u = L
∂u
∂z

, v = rΩ + L
∂v
∂z

, w = 0, T = Tw, C = Cwat z = 0, (7)

u→ 0, v→ 0, T→ T∞, C→ C∞asz→∞, (8)
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for order reduction one can use the variables [16],

u = rΩ dF(ξ)
dξ , v = G(ξ)rΩ, w = −F(ξ)
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the surface quantities are defined as:
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3. Computational Outline

To transform the system of Equations (10)–(13) into an initial value problem one can use the
dummy substitutions:

Y2 = F′(ξ), Y3 = F′2 = F′′ (ξ), Y5 = G′(ξ), Y7 = T′(ξ), Y9 = C′(ξ), so we have
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Y1(ξ) = 0, Y2(ξ) = β F′′ (ξ) = βα1, Y3(ξ) = F′′ (ξ), Y4(ξ) = 1 + βG′(ξ) = 1 + βα2,

Y5(ξ) = G′(ξ), Y6(ξ) = 1, Y7(ξ) = α3, Y8(ξ) = 1, Y9(ξ) = α4, when ξ→ 0,
(18)
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with
Y2(ξ) = 0, Y4(ξ) = 0, Y6(ξ) = 0, Y8(ξ) = 0, when ξ→∞, (19)

here,α1, α2, α3 and α4 are initial guess values.

4. Analysis

The Casson fluid (CF) flow is considered on a rigid disk. The flow field is magnetized with
suspended nanoparticles. The said problem is controlled mathematically and a numerical solution
is offered through the shooting method. In detail, Figures 1–6 are used to highlight the variations of
both CF velocities (F′(ξ) and G(ξ)) via physical parameters, namely λ, γ, and β. Figures 1 and 2 are
plotted to examine the impact of λ on CF velocity. It is clear from Figures 1 and 2 that the CF velocity
decreases against λ.

 ξ

ξ

λ = 0.2, 0.3, 0.4, 0.5

Figure 1. Effect of λ on F′(ξ).

 

Figure 2. Effect of λ on G(ξ).
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Figure 3. Effect of γ on F′(ξ).

Figure 4. Effect of γ on G(ξ).

 

Figure 5. Effect of β on F′(ξ).
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Figure 6. Effect of β on G(ξ).

The impact of γ on CF velocity is examined and provided via Figure 3. The CF velocity decreases
for higher values of γ. This is due to activation of Lorentz force via increasing γ. Similarly, the effect
of γ on tangential velocity G(ξ) is examined and given by means of Figure 4. It is important to note
that the tangential velocity decreases for γ like radial one. The effect of β on radial velocity is offer in
Figure 5. It is noticed that the radial velocity reflects a diminishing nature for positive values of β and
the corresponding momentum boundary layer is also effected and admits decline values. Figure 6 gives
the effect of β on tangential velocity of Casson fluid parameter. It is observed that the tangential velocity
decreases for slip parameter. The Casson fluid temperature is examined and provided via Figures 7–9.
Particularly, Figure 7 is plotted against NT while Figure 8 is used to identify the influence of Pr on T(ξ).
Figure 9 reports influence of NB on T(ξ). From these figures we observed that Casson fluid temperature
increases towards NT, NB but opposite trend is testified for Pr. Figures 10–12 reports the impact of
Le, NB and Nt on C(ξ). In detail, Figure 10 paints the effect of Le on C(ξ). The Casson concertation
decreases for positive variations in Le. The C(ξ) effected significantly towards NB. Figure 11 is evident
that the NB results decline values in C(ξ) for both zero and non-zero values of β. Such decreasing
trend is due to higher values of Brownian force. The change in C(ξ) is observed towards Nt and offer
in Figure 12. The higher values of NB corresponds increasing trends in C(ξ) and related momentum
boundary layer. In this attempt the MHD Casson nanofluid flow brought by rotating solid disk in
the presence of slip conditions is examined. For comparison purpose, when Casson fluid parameter
approaches to infinity our problem absolutely match with Hayat et al. [32]. In this work they studied
nanoparticle aspects on viscous fluid flow due to rotating disk along with slip effects numerically.
We have compared the variation of both Nusselt and Sherwood numbers with their findings as shown
in Tables 1 and 2. One can see from these tables our finding match with existing values in a limiting
sense. The trifling difference is due to choice of numerical method used in both attempts. Their values
are obtained by build in command in Mathematica while we have used self-coded algorithm (shooting
method with R-K scheme) subject to Casson nanofluid flow induced by solid rotating disk. Beside
this one can extend idea to computational fluid dynamics in context of industrial and standpoints, see
References [32–42].
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Figure 7. Effect of NT on T(ξ).

 

Figure 8. Effect of Pr on T(ξ).

 

Figure 9. Effect of NB on T(ξ).
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Figure 10. Effect of Le on C(ξ).

 ξ

ξ

NB = 0.1, 0.2, 0.3, 0.4

Figure 11. Effect of NB on C(ξ).

ξ

ξ

NT = 0.1, 0.3, 0.4, 0.7

Figure 12. Effect of NT on C(ξ).
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Table 1. Local Nusselt number comparison with Hayat et al. [32].

Nu√
Rer

= − dT(0)
dξ

β γ NT Le Pr NB Hayat et al. [32] Present values

0.2 - - - - - 0.32655 0.326600

0.5 - - - - - 0.30360 0.30363

0.8 - - - - - 0.28715 0.28724

- 0.0 - - - - 0.30494 0.30502

- 0.7 - - - - 0.24421 0.24434

- 1.4 - - - - 0.17566 0.17575

- - 0.5 - - - 0.25913 0.25916

- - 0.7 - - - 0.23865 0.23879

- - 1.0 - - - 0.21010 0.21025

- - 0.5 - - 0.29633 0.29642

- - 1.0 - - 0.28954 0.28963

- - - 1.5 - - 0.28395 0.28398

- - - - 0.5 - 0.24989 0.24999

- - - - 1.0 - 0.29211 0.29224

- - - - 1.5 - 0.32286 0.32294

- - - - - 0.5 0.26341 0.26358

- - - - - 0.7 0.23677 0.23687

- - - - - 1.0 0.20056 0.20068

Table 2. Local Sherwood number comparison with Hayat et al. [32].

Sh√
Rer

= − dC(0)
dξ

β γ NT Le Pr NB Hayat et al. [32] Present values

0.2 - - - - - 0.27583 0.27593

0.5 - - - - - 0.26933 0.26945

0.8 - - - - - 0.26493 0.26498

- 0.0 - - - - 0.27000 0.27012

- 0.7 - - - - 0.25387 0.25394

- 1.4 - - - - 0.23722 0.23735

- - 0.5 - - - 0.22206 0.22215

- - 0.7 - - - 0.22539 0.22564

- - 1.0 - - - 0.22285 0.22288

- - 0.5 - - 0.21373 0.21380

- - 1.0 - - 0.30132 0.30145

- - - 1.5 - - 0.38690 0.38696

- - - - 0.5 - 0.22934 0.22944

- - - - 1.0 - 0.26624 0.26636

- - - - 1.5 - 0.31262 0.31276

- - - - - 0.5 0.30338 0.30342

- - - - - 0.7 0..31875 0..31887

- - - - - 1.0 0.32959 0.32978
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5. Closing Remarks

A Casson fluid (CF) flow yield by rotating rigid disk is considered. Both the Brownian and
thermophoresis aspects are entertained by incorporating nanoparticles. The flow characteristics are
reported numerically with the support of computational algorithm. The summary is as follows:

• CF velocities which includes [G(ξ), F′(ξ)] reflects decline trend towards β.
• CF velocities are decreasing function of λ and γ.
• CFT [T(ξ)] admits inciting nature towards both NT and NB but opposite trend is observed for Pr.
• CFC [C(ξ)] shows decline values for both Le, and NB.
• CFC [C(ξ)] reflect inciting trend for NT.
• Comparative values of HTR and MTR are provided for involved flow controlling parameters.
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Nomenclature

V = (u, v, w) Velocity field

(r, φ, z) Polar coordinates
ν Kinematic viscosity
λ Casson fluid parameter
ρ f Fluid density
σ Electrical conductivity
B0 Uniform applied magnetic field
α Thermal diffusivity
DB Brownian diffusion coefficient
DT Thermophoretic diffusion coefficient
T∞ Ambient temperature
L Velocity slip parameter
Tw Surface temperature
Cw Surface concentration
C Concentration
F′(ξ), G(ξ) Dimensionless velocities
T(ξ) Dimensionless temperature
C(ξ) Dimensionless concentration
γ Magnetic field parameter
Pr Prandtl number
NB Brownian motion parameter
NT Thermophoresis parameter
Le Lewis number
β Velocity slip parameter
Rer Reynolds number
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Abstract: In the current study, laminar heat transfer and direct fluid jet injection of oil/MWCNT
nanofluid were numerically investigated with a finite volume method. Both slip and no-slip boundary
conditions on solid walls were used. The objective of this study was to increase the cooling
performance of heated walls inside a rectangular microchannel. Reynolds numbers ranged from
10 to 50; slip coefficients were 0.0, 0.04, and 0.08; and nanoparticle volume fractions were 0–4%.
The results showed that using techniques for improving heat transfer, such as fluid jet injection with
low temperature and adding nanoparticles to the base fluid, allowed for good results to be obtained.
By increasing jet injection, areas with eliminated boundary layers along the fluid direction spread in
the domain. Dispersing solid nanoparticles in the base fluid with higher volume fractions resulted in
better temperature distribution and Nusselt number. By increasing the nanoparticle volume fraction,
the temperature of the heated surface penetrated to the flow centerline and the fluid temperature
increased. Jet injection with higher velocity, due to its higher fluid momentum, resulted in higher
Nusselt number and affected lateral areas. Fluid velocity was higher in jet areas, which diminished
the effect of the boundary layer.

Keywords: Oil/MWCNT nanofluid; heat transfer; finite volume method; laminar flow; slip coefficient;
microchannel

1. Introduction

In recent years, industrial developments have led scientists to search for methods to improve
heat transfer in heat exchangers and industrial equipment. Therefore, a new generation of cooling
fluids, called nanofluids, is used in industrial and commercial applications. Cooling fluid jet is used in
turbine blade cooling and indirect access surfaces. Metal and non-metal nanoparticles have a higher
thermal conductivity coefficient than water and lead to higher conductive heat transfer coefficients
of fluid, as well as improve the temperature distribution of the nanofluid. Experimental results
show that adding nanoparticles to the base fluid increases the heat transfer coefficient of nanofluids.
Using nanofluids is one of the novel heat transfer improvement methods with high efficiency [1–4].
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Numerous researchers have investigated the thermal or hydrodynamic performance of nanofluids
in different microchannel heat sinks [5–7]. Hang et al. [8] numerically investigated the heat transfer
performance of a microchannel heat sink with different nanofluids. Akbari et al. [9] studied laminar
flow and heat transfer parameters of water/Al2O3 nanofluid with different nanoparticle volume
fractions inside a rectangular microchannel and found that using rough surfaces in microchannel
leads to higher heat transfer. Behnampour et al. [10] numerically investigated laminar flow and
heat transfer parameters of water/AgO nanofluid with different nanoparticle volume fractions in a
rectangular microchannel and showed that by increasing fluid velocity, an optimized trade-off can be
obtained between heat transfer, hydrodynamic behavior of nanofluid, and the performance evaluation
criteria (PEC) variations. Geravandian et al. [11] numerically simulated the laminar heat transfer of
nanofluid flow in a rectangular microchannel and revealed that by increasing TiO2 nanoparticles,
heat transfer, friction coefficient, PEC, and pressure drop increase. Studies on the effect of using
cooling fluid jet injection on heated surfaces [12] and other methods to increase heat transfer, such as
using dimples, rough surfaces [13,14], and twisted tapes [15,16], have been conducted for different
industrial and experimental geometries. These studies show that by creating vortexes, uniform
temperature distribution can be obtained. Fluid jet plays an important role in cooling technologies and
by creating better mixtures of cooling fluid flow, thermal performance can be enhanced [17–19]. Chen
et al. [20] numerically and experimentally investigated the forced convection heat transfer inside a
rectangular channel for determining fluid flow and heat transfer properties. They also compared the
performance of heat sinks with solid and perforated pins and showed that by increasing the number of
perforations and their diameter, pressure drop decreases and the Nusselt number increases. In their
experiments, thermal performance of the heat sink with perforated pins was better than with solid
pins. Nafon et al. [21] experimentally studied the effects of inlet temperature, Reynolds number, and
heat flux on heat transfer properties of a water/TiO2 nanofluid jet in a semi-rectangular heat sink, and
showed that the average heat transfer coefficient of nanofluid is higher than base fluid, and the pressure
drop increases by increasing the nanoparticle volume fraction. Jasperson et al. [22] studied the thermal
and hydrodynamic performance of a copper microchannel and a pin fin microchannel and showed that
by increasing the volume rate of flow, the thermal resistance of a pin fin heat sink decreases. Zhuwang
et al. [23] studied heat transfer inside a microchannel with fluid jet and different coolants and showed
that using fluid jet results in higher heat transfer compared with ordinary parallel flows.

Few studies have investigated the thermal and hydrodynamic performance of laminar nanofluid
flow in a rectangular microchannel with cooling fluid jet injection. Therefore, the main purpose of
this study is to investigate heat transfer improvement methods, such as using nanofluid and direct
fluid jet injection. We also investigated the effect of the hydrodynamic velocity boundary condition on
the cooling performance of the microchannel. In the present numerical study, laminar flow and heat
transfer of oil/MWCNT nanofluid inside a two-dimensional microchannel with nanofluid jet injection
were simulated using a finite volume method. Cooling nanofluid jet injection in a microchannel
disturbs the thermal boundary layer and increases the heat transfer rate. The use of fluid jet injection in
various sections of the microchannel is one of the novelties of this study. Fluid flow and heat transfer
behavior are separately simulated in cases with no jets and with one, two, and three jets. The effect of
applying slip and no-slip boundary conditions on solid walls of microchannel on the flow and heat
transfer were studied.

2. Problem Definition

In the present numerical study, oil/MWCNT nanofluid flow was simulated in 0–4% nanoparticle
volume fractions and Reynolds numbers of 10 and 50. We considered different numbers of fluid jets on
the insulated bottom wall of the microchannel. The top heated wall of the microchannel had a constant
temperature of Th = 303 K. The inlet cold fluid entered from the left side of the microchannel with the
temperature of Tc = 293 K. Figure 1 shows the microchannel in the present study.
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(C) 
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Figure 1. Schematic of the studied geometry in the present numerical study. (A) Case 1; (B) Case 2;
(C) Case 3; (D) Case 4.

The length of studied microchannel was L = 2500 μm, the width of inlet jet entrance was 10 μm,
the height of microchannel was H = 50 μm, and the jet pitch was L1 = 500 μm. The velocity of the
inlet nanofluid jet at all studied Reynolds numbers was constant (Re = 10). Fluid flow and heat
transfer inside the microchannel were separately simulated in cases with no jet and with 1, 2, and
3 jets. Nanofluids with high velocity through the lower wall were injected into the micro-channel.
As the cooling fluid jet flowed on the surface, the temperature of this surface decreased. Also, in
this investigation, the effect of applying slip and no-slip boundary conditions on solid walls of the
microchannel in slip coefficients of B = 0.0, 0.04, and 0.08 were investigated. The flow was laminar,
forced, Newtonian, single-phase, and incompressible; the nanofluid was homogeneous and uniform;
and also, the radiation effects were neglected. The properties of the base fluid and nanofluid in different
nanoparticle volume fractions are presented in Table 1 [24].

Table 1. Thermophysical properties of base fluid and solid nanoparticles.

Oil MWCNT φ = 0.02 φ = 0.04

cp (J/kg K) 2032 1700 2012.9 1995.1

ρ (kg/m3) 867 2600 901.66 936.32

k (W/m K) 0.133 3000 0.5255 0.7912

μ (Pa s) 0.0289 - 0.0305 0.0321
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3. Governing Equations

Dimensionless Navier–Stokes equations for forced, laminar, steady, and single-phase nanofluid
are presented for 2-D space, which are continuity, momentum, and energy equations [25]:

∂U
∂X

+
∂V
∂Y

= 0 (1)

U
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+ V
∂U
∂Y

= −∂P
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The dimensionless equations used this study are [26]:

X = x
H , Y =

y
H , U = u

uc
, V = v

uc
, P = P

ρnfuc2

θ = T−Tc
ΔT , Re = uc×H

υf
, Pr = υf

αf

(5)

For calculating local and average Nusselt number along the microchannel walls, the following
equations are used:

Nu(X) =
ke f f

k f

(
∂θ
∂Y

)
Y=0

(6)

Nuave =
1
L

∫ L

0
Nus(X)dX (7)

The dimensionless boundary conditions are:

U = 1, V = 0 and θ = 0 for X = 0 and 0 ≤ Y ≤ 1 (8)

V = 0 and
∂U
∂X

= 0 for X = 50 and 0 ≤ Y ≤ 1 (9)

Uw = −B
∂U
∂Y

, V = 0 and θ = 1 for Y = 1 and 0 ≤ X ≤ 50 (10)

Uw = B
∂U
∂Y

, V = 0 and
∂θ
∂Y

= 0 for Y = 0 and 0 ≤ X ≤ 50 (11)

4. Numerical Details

Finite volume method [27,28] and the second-order upwind discretization method with maximum
residual of 10−6 [29,30] was used. For coupling velocity–pressure equations, the SIMPLEC [31,32]
algorithm was used. Also, the effect of nanoparticle volume fraction, Reynolds number, and jet number
on flow and heat transfer parameters were investigated; and flow parameters, temperature, and
streamlines contours are the presented.

The meshes in this study were rectangular and regular grids ranging from 25,000 to 100,000 grids
were used for Reynolds numbers of 10 and 50, 2% volume fraction, and no-slip boundary conditions
(Table 2). In order to ensure the independence of flow and heat transfer parameters from mesh number,
Nusselt number and average velocity on flow centerline were studied for different mesh numbers.
The 850 × 50 mesh number has better performance than 900 × 90, therefore, the former was used in the
present simulations.
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Table 2. Grid independence test.

Grid Size 500 × 50 750 × 75 850 × 80 900 × 90 1000 × 100

Re = 10

Nuave 0.3698 0.3401 0.3202 0.2922 0.3401
Uout(Y=H/2) 3.806 3.7740 3.7532 3.6178 3.7740

Re=50

Nuave 0.69719 0.6561 0.6178 0.5541 0.6561
Uout(Y=H/2) 3.972 3.9616 3.9578 3.9257 3.9616

Figures 2 and 3 show the validation of velocity and dimensionless flow temperature at the outlet
section of microchannel against the results of Raisi et al. [33], who investigated laminar and forced flow
of water/CuO nanofluid with different nanoparticle volume fractions in a two-dimensional rectangular
microchannel using a finite volume method. The results of Raisi et al. [33] for 3% nanoparticle volume
fraction, Re = 100, and different slip velocity coefficients were used for the validation. There is good
agreement between the results of the present study and Raisi et al. [33]. Therefore, the boundary
conditions and assumptions of this study are correct.

Uout

β∗=0−

β∗=0.1−

β∗=0−

β∗=0.1−

ϕ

Figure 2. Validation of the present numerical study with Raisi et al. [33].
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β
β
β
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ϕ

Figure 3. Validation of the present study with Raisi et al. [33].

5. Results and Discussion

In the present numerical study, the effect of nanofluid jet injection on laminar flow and heat
transfer of oil/MWCNT nanofluid for 0–4% nanoparticle volume fractions, at Reynolds numbers of 10
and 50, and different slip velocity coefficients was numerically studied. The effects of the variations of
jet number, nanoparticle volume fractions, and velocity boundary layer on solid walls of microchannel
were also studied. Reynolds number, nanoparticle volume fraction, and slip velocity coefficient
were input variables and their effect on Nusselt number, temperature domain, velocity domain, flow
parameters, and temperature contours were investigated and compared based on their local and
average values.

5.1. Streamlines and Isothermal Contours

In Figure 4, streamline contours (right side) and constant temperature contours (left side) are
shown for Re = 10, B = 0.04, and φ = 2% for cases 1, 2, 3, and 4. In these contours, the effect of fluid
motion with minimum velocity along the microchannel at different nanofluid jet injection on the heated
surface was investigated. The temperature difference between inlet cold fluid and the heated wall
improves heat transfer and creates temperature gradients. Fluid motion and its impact with the solid
walls of the microchannel creates velocity gradients in areas close to the wall. In general, fluid motion
along the microchannel leads to the creation of velocity and thermal boundary layers. Nanofluid jet
injection on fluid direction results in the elimination of velocity and thermal boundary layers. In all
contours, by increasing the number of fluid jets, areas with eliminated boundary layers become larger.
Areas with a high number of jet injections have smaller velocity boundary layers. In the cases with
more jets, due to the high volume of crossing fluid, axial velocity parameters of fluid are higher than
the cases with fewer jets.
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Isothermal line Stream function 
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Case (2) 

 
 

Case (3) 

 
Case (4) 

Figure 4. Constant temperature and streamline contours at Re = 10 and B = 0.04 for φ = 2%.

Streamline contours (right side) and constant temperature contours (left side) at Re = 50, B = 0.04,
and φ = 2% are presented in Figure 5. The effect of increasing jet number on the heated surface on
these contours is shown for cases 1, 2, 3, and 4. In the inlet areas of the microchannel and jet injection
areas is 5 times higher, contrary to Figure 4. Increasing fluid velocity decreases the thermal boundary
layer thickness. Increasing the fluid momentum results in higher crossing fluid velocity. At Re = 50, by
increasing the number of fluid jets, due to the better mixture of fluid and reduction of temperature
curve slope, a significant reduction of the thermal boundary layer thickness is observed. According to
the streamline contours, nanofluid jet injection with higher velocity results in better mixture of flow
and creation of local vortices. By increasing Reynolds number, especially in the last jet, the effect of
vertical jet injection decreases due to the higher of volumetric rate of crossing fluid and creation of a
smaller vortex behind each jet.

Isothermal line Stream function 

 
 

Case (1) 

  
Case (2) 

Figure 5. Cont.
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Case (3) 

 
Case (4) 

Figure 5. Streamlines and constant temperature contours at Re = 50 and B = 0.04 for φ = 2%.

5.2. Local Nusselt Number

In Figure 6, the local Nusselt number on the heated wall of the microchannel is shown for Re = 10,
B = 0.04, and different nanoparticles volume fractions. In this figure, we have different jet numbers
with minimum fluid velocity. Nanoparticle volume fractions were 0–4%. Heat transfer occurs because
of temperature differences between fluid and the top heated wall. The value of heat transfer has a
direct relationship with Nusselt number and temperature line slope. Uniform temperature distribution
and removal of temperature gradients are desirable and lead to higher Nusselt numbers. The local
jump in the Nusselt number in Figure 6 was because of the low temperature of the injected fluid jet on
the heated surface. In these areas, the heat transfer distribution was more uniform and the Nusselt
number increased. In all curves for Figure 6, by adding nanoparticle volume fraction, the Nusselt
number and heat transfer were significantly increased.

In Figure 7, the local Nusselt numbers at Re = 50, B = 0.04, and different nanoparticle volume
fractions are shown. In this figure, the effect of the increasing fluid velocity on Nusselt number is
compared with Figure 6. Increasing φ and the number of jets resulted in the higher Nusselt number
graphs in Figure 7. Figures 6 and 7 show the elimination of thermal and velocity boundary layers
due to the fluid jet injection, which is more significant at higher Reynolds numbers. Jet injection with
higher velocity leads to the increase of the Nusselt number due to the higher fluid momentum which
affects the lateral regions. Increasing the nanoparticle volume fraction at Re = 50, compared to Re = 10,
resulted in a significant rise of the Nusselt number. In general, the local Nusselt number on heated
walls showed that using fluid jet injection with low temperature can increase the heat transfer rate.
Compared to the primary jets, the heat transfer performance of the last jets was low, because by adding
more jets, the effects of fluid momentum and crossing fluid become more significant, which diminishes
the lateral flow by vertical jets as they need higher momentum. Therefore, in cases 2 and 3, the lateral
cooling areas were narrower.
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Figure 6. Local Nusselt number graphs at Re= 10 and B= 0.04 for different nanoparticle volume fractions.
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(C) Case (3) (D) Case (4) 
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Figure 7. Local Nusselt number at Re = 50 and B = 0.04 for different nanoparticle volume fractions.

5.3. Temperature along the Symmetry Plane

In Figure 8, local dimensionless temperature distribution on flow centerline for Re = 10, B = 0.04,
and volume fractions of 0–4% is presented. The dimensionless temperature distribution in the central
section of the microchannel was influenced by the reduction of fluid velocity and jet number for cases 1,
2, 3, and 4, and different nanoparticle volume fractions. Because of the temperature difference between
the fluid and heated surface, the penetration of the thermal boundary layer affected all areas of the
microchannel, especially the areas in the central line of flow. Figure 8 shows that increasing φ resulted
in higher thermal conductivity of the microchannel and uniform temperature distribution in all areas
of the microchannel, especially in the heated areas. Due to the higher thermal conductivity of cooling
fluid in higher nanoparticle volume fractions, temperature gradients in heated areas were diminished,
and also, the conductivity of the fluid layers was higher. Therefore, by increasing φ, heat transfer
penetrated the flow centerline, and because of the higher conductivity of the fluid layers, the fluid
temperature rose.
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Figure 8. Cont.
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Figure 8. Temperature distribution at Re = 10, B = 0.04, and different nanoparticle volume fractions.

In Figure 9, local dimensionless temperature distribution at Re= 50, B= 0.04, and 0–4% nanoparticle
volume fractions along the flow centerline are shown for cases 1, 2, 3, and 4. Increasing the number of
jets resulted in lower temperature of the fluid, and thus the dimensionless temperature graphs in the
microchannel centerlines were decreased, which was due to the reduction of temperature associated
with increased fluid velocity and transferred temperature to the flow centerline. By increasing the
velocity of injected cold fluid jet, the cold and hot fluids were better mixed. Consequently, the fluid
temperature decreased significantly. According to Figures 8 and 9, by decreasing the fluid velocity, the
fluid becomes thermally better developed, which is due to the penetration of heat to the inlet section of
the microchannel. By increasing the fluid velocity, the undeveloped length of flow at the inlet section
of microchannel increases.
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Figure 9. Temperature distribution at R e= 50, B = 0.04, and different nanoparticle volume fractions.

5.4. Axial Velocity along the Symmetric Plate

In Figure 10, dimensionless axial velocity in the flow centerline at Reynolds numbers of 10 and 50,
B = 0.0, and φ=2% were investigated. Fluid motion along the microchannel was affected by velocity
boundary layer caused by the solid walls. Contrary to the inlet velocity, fluid velocity was higher
in case 1, which was due to the effects of the velocity boundary layer along the microchannel walls.
In case 1, fluid velocity in developed areas at Re = 50 was lower than Re = 10. Fluid jet increased
the volume rate of the crossing fluid downstream of the jets compared to areas upstream of the jets.
Therefore, in cases 1, 2, and 3, fluid velocity increased in areas after the jets. In fact, high fluid velocity
decreased the size of the velocity boundary layer. The velocity curves for fluid with Re = 50 were
higher than fluid with Re = 10. In general, fluid jet eliminates the velocity boundary layer and prevents
local flow development.
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Figure 10. Axial velocity along the symmetry plane for Re = 10 and 50, B = 0, and φ = 2%.

In Figure 11, dimensionless axial velocity along the flow centerline at Reynolds numbers of 10 and
50, B = 0.08, and φ = 2% are shown. Unlike Figure 10, the slip boundary condition was applied to the
solid walls which facilitated fluid motion and reduced the velocity boundary layer on the solid walls
of the microchannel. Therefore, the velocity profile in the flow centerline for all cases of 1, 2, 3, and
4 were lower than Figure 10. According to Figures 10 and 11, increasing the slip velocity coefficient
on the solid walls of the microchannel at Re = 10 had less effect than Re = 50. At Re = 50, the lateral
mixture of flow covered more areas in the case with slip boundary conditions (BCs) compared with the
no-slip BC case. According to Figure 11, this factor resulted in the microchannel contraction which
increased the effect of jet injection areas and local axial velocity.
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Figure 11. Axial velocity along the symmetry plane for Re = 10 and 50, B = 0.08, and φ = 2%.

5.5. Average Nusselt Number on the Heated Surface

In Figure 12, the average Nusselt number at Reynolds numbers of 10 and 50, volume fractions of
0, 2, and 4%, and B = 0.04 are shown. Using fluid jet injection with low temperature and adding solid
nanoparticles to the base fluid, heat transfer was improved. Increasing the number of jets resulted
in a better mixture of cold and hot flows in the microchannel, reduction of total temperature of the
microchannel, and better cooling performance of the nanofluid. Adding solid nanoparticles to the
base fluid with higher volume fractions resulted in better temperature distribution, and the Nusselt
number increased as well. Also, increasing the Reynolds number resulted in higher fluid velocity
and better temperature distribution, especially in heated areas, and also, the average Nusselt number
increased. Among investigated cases, case 4 had the highest value of Nusselt number due to the
maximum number of cold fluid jet injection. In case 1, due to the lack of nanofluid jet injection, the
effects of thermal and velocity boundary layers became significant, and this case had the lowest heat
transfer and Nusselt number.

  
(A) Re = 10 (B) Re = 50 

ϕ ϕ

Figure 12. Average Nusselt number for Re = 10, 50; φ = 0, 2%, 4%; and B = 0.04.
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5.6. Effect of Slip Coefficient on Axial Velocity

Dimensionless axial velocity in the central line of the microchannel at Re = φ = 2% and different
slip coefficients was demonstrated in Figure 13. As it is seen, nanofluid jet injection at Re = 10 leads
to some changes in jet areas. At this Reynolds number, increasing slip velocity coefficient results in
lower fluid momentum dissipation and higher axial velocity. By increasing the slip velocity coefficient,
because of the smaller velocity boundary layer, fluid moves on the microchannel walls with less friction.
By increasing the jet number with a higher fluid velocity and volumetric rate of crossing fluid, the heat
transfer was increased.
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Figure 13. Dimensionless axial velocity at Re = 10 and φ = 2% with different slip coefficients on
solid walls.

In Figure 14, dimensionless axial velocity in the flow centerline at Re = 50 and φ = 2% for cases 1, 2,
3, and 4 are shown. Increasing the slip coefficient on the solid surfaces parallel with the fluid direction,
especially at higher Reynolds numbers, leads to the higher of fluid momentum. By increasing the slip
velocity coefficient, due to the local flow contraction and significant changes in axial fluid velocity,
fluid jet injection creates larger areas in the longitudinal direction. In Figure 14, because of the higher
value of Reynolds number, the level of graphs are higher than those in Figure 13.
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Figure 14. Dimensionless axial velocity at Re = 50 and φ = 2% with different slip coefficients on
solid walls.

In Figure 15, dimensionless axial velocity profiles at the outlet section of the microchannel at
Re = 10, φ = 4%, and slip coefficients of 0.0 and 0.08 are shown. Applying the slip coefficient on the
solid walls resulted in a slight reduction of the axial velocity. By increasing the slip velocity coefficient,
the velocity increased and the size of the velocity boundary layer on the heated surface decreased.
According to the axial velocity profiles with the no-slip boundary condition, the effects of the velocity
boundary layer was significant for the layers further away from the solid walls, and the velocity profile
was stronger in the flow centerline. Therefore, from solid walls to flow centerline, the slope of the
axial velocity variations was higher than the velocity profile with B = 0.08. Applying the slip velocity
coefficient on the solid walls resulted in lower axial velocity gradients. The slope of the velocity
curve from the walls to the flow centerline indicated lower gradients than the case with the no-slip
boundary condition. The velocity profile in the central areas of the flow confirmed this issue and the
corresponding curve had a milder slope.
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(A) Case (1) (B) Case (2) 

 
(C) Case (3) (D) Case (4) 

Figure 15. Effect of the slip coefficient on the outlet axial velocity for Re = 10 and φ = 4.

6. Conclusions

In the present numerical study, laminar flow of oil/MWCNT nanofluid inside a two-dimensional
microchannel with nanofluid jet injection was investigated. This simulation was carried out in a
two-dimensional domain for laminar and Newtonian flow and heat transfer of oil/MWCNT nanofluid,
with volume fractions of 0–4%, at Reynolds numbers of 10 and 50. Various jet numbers were used
on the insulated bottom wall of the microchannel. Results showed that nanofluid jet injection with
higher velocity leads to better flow mixture through the formation of local vortexes. In Re = 50,
by increasing the number of fluid jets, the thermal boundary layer thickness becomes smaller because of
the better mixture of fluid. Also, the temperature line slope was milder. Heat transfer occurs due to the
temperature difference between fluid and the top heated wall. Heat transfer had a direct relationship
with Nusselt number and the slope of the temperature line. Fluid jets eliminated the thermal and
velocity boundary layers, which was more significant in higher Reynolds numbers. Because of the
temperature differences between fluid and heated surfaces, penetration of the thermal boundary layer
affected all sections of the microchannel, especially areas on the flow centerline. Because of higher
conductivity of the fluid layer, by increasing the nanoparticle volume fraction, the heat transfer reached
the flow centerline and the fluid temperature increased in that area. By decreasing fluid velocity, due
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to the higher temperature penetration, the developed length of flow became shorter and the fluid
developed faster. Higher fluid velocity in areas with jets eliminated the velocity boundary layer.

Unlike the case with the no-slip boundary condition, by applying the slip coefficient on the solid
walls of the microchannel, the lateral mixture of flow at Re = 50 covered larger areas. Increasing the
Reynolds number resulted in higher fluid velocity and better temperature distribution, especially in
heated areas, and this led to higher average Nusselt number. In fluid with higher velocity, applying
the slip boundary condition on solid walls significantly increases the crossing fluid momentum.
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Nomenclature

B dimensionless slip velocity coefficient
Cp heat capacity, J kg−1 K−1

d diameter, m
H, L microchannel height and length, m
k thermal conductivity coefficient, Wm−1 K−1

Nu Nusselt number
P fluid pressure, Pa
Pr = νf/f Prandtl number
Re = ρf uc H /μf Reynolds number
T temperature, K
u, v velocity components in the x-, y-directions, ms−1

uc inlet flow velocity, ms−1

(U, V) = (u/U0, v/U0) dimensionless flow velocity in the x-, y-direction
x, y Cartesian coordinates, m
(X, Y = x/H, y/H) dimensionless coordinates
Greek symbols

α thermal diffusivity, m2s−1

β * dimensionless slip velocity coefficient
φ nanoparticle volume fraction
μ dynamic viscosity, Pa s
θ = (T − TC)/(TH − TC) dimensionless temperature
ρ density, kg m−3

ν kinematics viscosity m2s−1

Super- and Subscripts

c Cold
eff Effective
f base fluid (pure water)
h Hot
m Mean
nf Nanofluid
s solid nanoparticles
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Abstract: Magnetohydrodynamics (MHD) deals with the analysis of electrically conducting fluids.
The study of nanofluids by considering the influence of MHD phenomena is a topic of great interest
from an industrial and technological point of view. Thus, the modified MHD mixed convective,
nonlinear, radiative and dissipative problem was modelled over an arc-shaped geometry for Al2O3 +

H2O nanofluid at 310 K and the freezing temperature of 273.15 K. Firstly, the model was reduced
into a coupled set of ordinary differential equations using similarity transformations. The impact
of the freezing temperature and the molecular diameter were incorporated in the energy equation.
Then, the Runge–Kutta scheme, along with the shooting technique, was adopted for the mathematical
computations and code was written in Mathematica 10.0. Further, a comprehensive discussion of the
flow characteristics is provided. The results for the dynamic viscosity, heat capacity and effective
density of the nanoparticles were examined for various nanoparticle diameters and volume fractions.

Keywords: arched surface; nonlinear thermal radiation; molecular diameter; Al2O3 nanoparticles;
streamlines; isotherms; RK scheme

1. Introduction

The liquids regularly used in heat transfer applications, such as water, propylene glycol, ethylene
glycol, kerosene oil, engine oil and transformer oil, are extensively used in industry and in thermal
power plants. Due to their reduced thermal conductivity, these liquids do not have effective heat
transfer characteristics. However, for a great deal of industrial production, remarkable amounts of heat
are required. The thermal conductivity of the solid materials, such as different metals and oxides, is
very high in comparison with regular liquids. Thus, scientists and engineers hypothesized that the heat
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transfer in working fluids could be enhanced by mixing in the nanoparticles in above regular liquids.
Finally, Choi [1] developed a colloidal composition that has effective heat transfer characteristics,
as compared to regular fluids. Choi [1] unlocked a new innovative research area and researchers,
scientists and engineers focused on the analysis of nanofluids. Before the development of nanofluids,
heat transfer was a major problem from an industrial point of view, since considerable amounts of heat
transfer were required for a great deal of technological and industrial production, and regular liquids
failed to provide the desired amount of heat. Thermal conductivity plays a major role in the heat
transfer rate of nanofluids. Thus, several theoretical models were proposed for thermal conductivity.
The thermal conductivity model was developed by Maxwell in 1873 [2], who considered nanosized
particles, and this can be considered the origin of the concept of the nanofluids.

Several theoretical models based on nanoparticle characteristics that take into account the effects
of temperature and the shape and diameter of nanoparticles, as well as Brownian motion, have been
presented. In 1935, Bruggemann [3] constructed a thermal conductivity correlation for spherical
nanoparticles that was limited to high concentration patterns. The behavior of thermal conductivity
was developed by Hamilton [4] in 1962, who explored the effects of nanoparticle shape. In 1996,
Lu and Lin [5] proposed a model incorporating the effects of Brownian dynamics. The thermal
conductivity model for the interaction between the nanoparticles and their surrounding liquid was
developed by Koo and Kleinstreuer [6,7]. Xue [8] developed a thermal conductivity model for carbon
nanotubes. In 2005, Prasher et al. [9] found a correlation by considering the influence of convection on
the thermal conductivity of nanoparticles. In 2006, Li [10] made apparent the influence of temperature
on thermal conductivity and outlined a correlation for Al2O3/H2O and CuO/H2O nanofluids. In 2011,
Corcione [11] developed a model for Al2O3 + H2O nanofluids by incorporating the effects of freezing
temperatures. By incorporating thermal conductivity models, the above researchers presented various
models and described the heat transfer enhancement due to thermal conductivity. Some useful studies
for nanofluids are described in [12–16].

Similar to nanoparticles, carbon nanotubes also have high thermal conductivity and unique
mechanical and chemical properties. Carbon nanotubes are subcategorized as either single or multiple
walled carbon nanotubes. The concept of colloidal suspension in relation to carbon nanotubes was
presented by Iijima [17]. After the development of the thermal conductivity correlation for carbon
nanotubes, many studies were presented outlining thermal enhancement due to suspended carbon
nanotubes. Recently, Ahmed et al. [18] explored the influence of thermal radiation and viscous
dissipation on the flow of water suspended by carbon nanotubes. The effect of thermophysical
characteristics of the nanotubes on the heat transfer enhancement water over a curved surface and
non-parallel walls was described in [19,20], respectively.

Recently, the flow over an arc-shaped geometry has become a point of interest. Reddy et al. [21]
recently modified the curve-shaped flow model for nonlinear radiative heat flux. They also examined
the impact of the cross-diffusion phenomenon on heat and mass transfer. Another useful mechanism
to enhance the fluid temperature is ohmic heating, which produces extra heat in the conductor, with
electrons supplying energy to the atoms of the conductor through collisions. In 2017, Hayat et al. [22]
examined the effects of resistive heating on the curve surface flow.

A literature review revealed that there have not yet been any studies of the impact of freezing
temperatures and the diameter of nanoparticles on the flow of incompressible fluids due to the effects
of nonlinear radiative heat flux, viscous dissipation, mixed convection and Lorentz forces. This
study is presented to cover this significant gap. The nanofluids Al2O3 + H2O were used to study the
characteristics of the flow and other effective thermophysical properties, such as effective density, heat
capacity and thermal conductivity. The results for shear stress and local heat transfer are also described
and discussed comprehensively. Finally, major findings of the study is presented.
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2. Model Formulation

We considered the laminar time independent and the incompressible flow of the Al2O3 +H2O
nanofluid by taking into account the influence of a nonlinear, radiative heat flux and the imposed
variable magnetic field over an arc geometry situated in the curvilinear frame r and s. Further, the
r-axis was perpendicular, and the arc was placed in the direction of s. The velocity and magnetic field
were functions of s and mathematically described as below:

ûw(s) =
b

s−m , B̂(s) =
B0(

s0.5(m−1)
)−1

,

It was assumed that the induced magnetic field was inconsequential, and therefore was not taken
into consideration. The temperatures at the arched and the free surface were T̂w and T̂∞, respectively.
The value of m > 1 represented the flow over an arc shaped, which was nonlinearly stretched. m = 1
was for the flow of a linearly stretching geometry. Figure 1 presents the flow description in a curvilinear
frame. The flow chart of the study presented in Figure 2.

 
Figure 1. Flow description in a curvilinear frame.

Figure 2. Flowchart of the study.
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The Al2O3 + H2O nanofluid flow, incorporating the phenomena of Lorentz forces, viscous
dissipation and nonlinear radiative heat flux, is described by the following system [21]:

∂
∂r

(v̂ (r + a)) = 0, (1)

û 2 =
∂p
∂r

(r + a)
(
ρn f

)−1
, (2)

ρn f

(
v̂ ∂û∂r +

(
a

r+a

)
û ∂û∂s + û v̂

(r+a)

)
= − a

(r+a)
∂p
∂s + μn f

(
∂2û
∂r2 +

(
1

r+a

)
∂û
∂r −

(
1

r+a

)2
û

)
−

σn f B2
0û + g(ρβ)n f (T − T∞),

(3)

a
(r+a) û ∂T̂∂s + v̂ ∂T̂∂r =

kn f

(ρCp)n f

(
1

(r+a)
∂T̂
∂r + ∂2T̂

∂r2

)
+

μn f

(ρCp)n f

(
∂û
∂r − û

(r+a)

)2
−

1
(ρCp)n f (r+a)

∂
∂r (qR(r + a)),

(4)

with boundary conditions at the curve and far from the curve of:
At r = 0:

û = bsm

v̂ = 0
T̂ = Tw

⎫⎪⎪⎪⎬⎪⎪⎪⎭. (5)

At r→∞ :
û → 0
∂û
∂r → 0

T̂ → T∞

⎫⎪⎪⎪⎬⎪⎪⎪⎭. (6)

The expression for nonlinear radiative heat flux is described as:

qR = −4
σ̂

3
k̂
∂
∂r

(
T̂4

)
= −16

3
σ̂
k̂ T̂ 3 ∂T̂

∂r
, (7)

Equations (1)–(4) are the conservation of mass, momentum and energy, respectively. Further, the
Stefan–Boltzmann law and adsorption coefficient are σ̂ and k̂ , respectively. To enhance the thermal and
physical characteristics of the model, the following effective models for thermophysical characteristics
were used [23]:

ρn f =

[
(1−φ) + φρp

ρ f

]
ρ f , (8)

(
ρCp

)
n f

=

⎡⎢⎢⎢⎢⎢⎢⎢⎣(1−φ) +
φ
(
ρCp

)
p(

ρCp
)

f

⎤⎥⎥⎥⎥⎥⎥⎥⎦
(
ρCp

)
f
, (9)

μn f = μ f

⎛⎜⎜⎜⎜⎜⎝1− 34.87
(dparticle

d f luid

)−0.3

φ1.03

⎞⎟⎟⎟⎟⎟⎠
−1

. (10)

kn f = k f

⎛⎜⎜⎜⎜⎝1 + 4.4Re0.4
b

0.66
Pr

(
T

T f reezing

)10( kp

k f

)0.03

φ0.66

⎞⎟⎟⎟⎟⎠, (11)

(ρβ)n f =

⎡⎢⎢⎢⎢⎣(1−φ) + φ(ρβ)p

(ρβ) f

⎤⎥⎥⎥⎥⎦(ρβ) f , (12)

σn f = σ f

[
1 +

3(Θ − 1)φ
(Θ + 2) − (Θ − 1)φ

]
, where, Θ =

σp

σ f
. (13)
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In Equation (11), Reb shows the Reynolds number due to Brownian motion, and is described in the
following pattern:

Reb
(
μ f

)
= dpρ f ub, (14)

In Equation (14), the velocity of Brownian motion is calculated by the formula:

ub = 2Tkb
(
πd2

pμ f
)
, (15)

Here, kb is the Stefan–Boltzmann coefficient and its value is 1.380648× 10−23 (JK−1). dp represents
the molecular diameter which is calculated by the expression [24]:

d f = 6M∗
(
N∗ρ fπ

)−1
, (16)

The molecular weight of the regular liquid and Avogadro number are denoted by M∗ and N∗,
respectively. Further, the value of d f is calculated as:

d f =

(
6× 0.01801528

998.62× (6.022× 1023) ×π
) 1

3

= 3.85× 10−10 nm, (17)

Table 1 shows the data for thermal conductivity, effective density, thermal expansion coefficient,
and effective dynamic viscosity [23]:

Table 1. Thermal and physical characteristics of the fluid phase and nanoparticles at T = 310 K [23].

Properties dp (nm) ρ (kg/m3) β (1/k) cp (J/Kg K) μf (kg/ms) k (W/mk) σ (S/m)

H2O 0.385 993 36.2× 105 4178 695× 106 0.628 0.005
Al2O3 33 3970 0.85× 105 765 - 40 0.05× 106

The similarity transformations are described in the following set of equations [21]:

η =
√

b
νb f

s0.5(m−1)r

û = bsmL′
p = ρb f b2s2mP′

v̂ = − a
(r+a)

√
bνb f s0.5(m−1){0.5(m + 1)L + 0.5(m− 1)ηL′}

N = T−T∞
Tw−T∞

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
(18)

To analyze the phenomena of nonlinear radiative heat flux, the following expression was used:

T̂ = T∞(1 + (βw − 1)N) (19)

The ratio of wall and free surface temperature was denoted by βw.
The following model was attained after incorporating the similarity transformations and partial

derivatives in Equations (1)–(4):

1⎛⎜⎜⎜⎜⎝1−34.87
(

dp
d f

)−0.3

φ1.03

⎞⎟⎟⎟⎟⎠
[
(η+ K)3L′′′′ + 2(η+ K)2 L′′′ − (η+ K)L′′ + L′

]
−

[
1 + 3(Θ−1)φ

(Θ+2)−(Θ−1)φ

]
M

[
(η+ K)3L′′ + (η+ K)2L′

]
+

(
(1−φ) + φ(ρβ)p

(ρβ) f

)
α
(
(η+ K)3N′ + (η+ K)2L

)
+

{
(1−φ) + φρp

ρ f

}
K

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
0.5(1− 3m)(η+ K)(L′)2 + 0.5(m + 1)(η+ K)LL′′
−0.5(m + 1)LL′ + 0.5(m + 1)(η+ K)2LL′′′+

(η+ K)20.5(1− 3m)L′L′′

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ = 0 ,

(20)
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Rd
[
3(N′)3(1 + (βw − 1)N)2(βw − 1)(η+ K) + (1 + (βw − 1)N)3((η+ K)N′′ + N′)

]
+[

1 + 4.4Re0.4
b

0.66
Pr

(
T

T f reezing

)10( kp
k f

)0.03
φ0.66

]
((η+ K)N′′ + N′)+

PrEc⎛⎜⎜⎜⎜⎝1−34.87
(

dp
d f

)−0.3

φ1.03

⎞⎟⎟⎟⎟⎠(η+K)
((η+ K)L′′ − L′)2 = 0.

(21)

In Equations (20) and (21), L and N are the functions of η. After solving, L and N provide the velocity
and temperature distributions, respectively.

L(η) = 0, L′(η) = 1, N(η) = 1, (22)

At η→∞ :
L′(η)→ 0, L′′(η)→ 0, N(η)→ 0, (23)

Dimensionless quantities were described by the following formulas:

K = a
√

b
νb f

, Ec = b2s2m

(Cp) f (Tw−T∞)
, Rd = 16σ̂ T3∞

3k̂k f
, M =

σ f B2
0

ρ f b , Pr =
(cp) fμ f

k f
,

α = Grs
(
Re2

s

)−1
, Res = bs2

(
ν f

)−1
, Grs = s3(Tw − T∞)gβ

(
ν f

)−2
.

(24)

Moreover, the dimensional formula for skin friction and local Nusselt number were defined as:

C f = τrs
(
ρ f û 2

w

)−1
, Nus = sqw

(
k f (Tw − T∞)

)−1
, (25)

where,

τrs =

(
∂û
∂r
− û
(a + r)

)
↓ r = 0, qw = −kn f

∂T̂
∂r
↓r=0, (26)

Drawing the values from Equation (26) into Equation (25), the following dimensionless formulas
were obtained:

C f (Res)
1
2 =

1(
1− 34.87

(
dp
d f

)−0.3
φ1.03

) (L′′ (0) − L′(0)K−1
)
, (27)

Nus(Res)
− 1

2 = −
⎛⎜⎜⎜⎜⎝
⎛⎜⎜⎜⎜⎝1 + 4.4Re0.4

b

0.66
Pr

(
T

T f reezing

)10( kp

k f

)0.03

φ0.66

⎞⎟⎟⎟⎟⎠+ Rdβ3
w

⎞⎟⎟⎟⎟⎠N′(0). (28)

3. Mathematical Analysis

Highly nonlinear and coupled systems of differential equations usually possess no closed-form
solution. Our flow model for Al2O3 + H2O is a highly nonlinear fourth-order model defined at a
semi-infinite domain. Therefore, the model was tackled numerically using the Runge-Kutta scheme
[13,16,25], as the RK scheme is used for the first order initial value problem (IVP). First the following
substitutions were made and the model was reduced into first order IVP.

h1 = L, h2 = L′, h3 = L′′, h4 = L′′′, h5 = N, h6 = N′. (29)

After the successful transformation into the first order IVP, Mathematica 10.0 was used and the
system was solved successfully.
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4. Graphical Results and Discussion

This section emphasizes the flow and thermophysical characteristics of the fluid phase and
the nanoparticles of Al2O3. The values for the thermophysical characteristics were calculated at
310 K [23]. The results for the shear stress and heat transfer rate are elaborated using bar charts and are
discussed comprehensively.

4.1. Velocity and Temperature Distribution

Magnetic field phenomena are of a great significance from an industrial point of view. Many
industrial productions contain impurities that need to be removed. However, the magnetic parameter
opposes the fluid motion, and the impurities remain at the bottom and the nanofluid velocity drops.
The influence of Lorentz forces on the velocity distribution of Al2O3 +H2O nanofluids is elaborated
in Figure 3a. It was shown that the applied magnetic field opposed the nanofluid motion, and the
velocity of the Al2O3 + H2O nanofluid dropped. The velocity declined more slowly for a weaker
magnetic field, and a rapid decrement in the nanofluid velocity was observed for a stronger magnetic
field. Near the arched surface, variations in the velocity (L′(η)) were almost negligible. This behavior
of the velocity distribution was due to the friction between the surface and the nanolayer of Al2O3 +

H2O. In the successive nanolayers, the velocity field was altered significantly. These influences became
negligible far from the curve and showed an asymptotic pattern of velocity distribution at the free
surface. Figure 3b shows the velocity distribution of the parameter m. The velocity of the Al2O3 +

H2O nanofluid dropped rapidly for m in comparison with M. As the values for parameter m became
larger, the velocity decreased promptly.

 

(a) (b) 

Figure 3. Impacts of (a) M and (b) m on the velocity distribution (L′(η)).

The effects of surface curvature on the velocity (L′(η)) are elucidated in Figure 4a. Altering the
surface curvature caused the velocity to increase. For a smaller curvature, the velocity increased slowly
and then vanished asymptotically far away from the surface. Similar behavior of the velocity of the
Al2O3 + H2O nanofluid is depicted in Figure 4b. For α, a prominent behavior of the velocity was
noticed in 0.5 ≤ η ≤ 1.5. Besides this, the velocity (L′(η)) was almost inconsequential.

The temperature distribution (N(η)) for the radiation parameter (Rd) and Eckert number is
highlighted in Figure 5a,b, respectively. In Figure 5a, we can see rapid drops in the temperature that
were investigated by altering the radiation parameter (Rd). The temperature (N(η)) dropped rapidly
for a stronger radiation parameter, however at the free surface this was almost negligible and vanished
asymptotically. The Eckert number, which appeared due to viscous dissipation, played a vibrant role
in the heat transfer enhancement. These effects are elucidated in Figure 5b. It was obvious that the
temperature of Al2O3 + H2O nanofluid grew for the more dissipative nanofluid. For the larger Ec, the
temperature distribution rose rapidly.
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(a) (b) 

Figure 4. Impacts of (a) K and (b) α on the velocity distribution (L′(η)).

(a) (b) 

Figure 5. Impacts of (a) Rd and (b) Ec on the temperature distribution (N(η)).

4.2. Streamlines and Isotherms

This subsection is devoted to analyzing the behavior of the streamlines and isotherm patterns by
altering different pertinent flow parameters. Figure 6 presents the streamline pattern by a varying
magnetic parameter (M). For a smaller magnetic parameter, the streamlines were more curved near
the surface and for a stronger M, the streamlines assumed a less curved shape. At the free stream,
these streamlines became straight, since, as already mentioned for the parameter m > 1, it showed
that it was a nonlinear stretching curved surface. The streamline pattern versus m is elaborated in
Figure 7. It was noticed that by decreasing the parameter m, the streamlines assumed a more curved
pattern. The curvature parameter showed a fascinating pattern for the streamlines, in comparison with
M and m. These alterations are illustrated in Figure 8. Figure 9 depicts the flow pattern for varying α.
For a higher α, the streamlines shrank and became almost straight at the top. Figure 10 elaborates
the isotherm pattern for the radiation parameter (Rd). When there was more radiative nanofluid, the
isotherms increased, and vice versa. Further, a 3D scenario of the isotherms is depicted in Figure 11.
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(a) (b) 

Figure 6. Streamlines for (a) M = 6 (b) M = 2.

 
(a) (b) 

Figure 7. Streamlines for (a) m = 4 and (b) m = 2.

 
(a) (b) 

Figure 8. Streamlines for (a) k = 8 and (b) k = 5.
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(a) (b) 

Figure 9. Streamlines for (a) α = 6 and (b) α = 2.

 
(a) (b) 

Figure 10. Isotherms for (a) Rd = 6 and (b) Rd = 2.

  
(a) (b) 

Figure 11. 3D scenario of Figure 10; (a) Rd = 6 and (b) Rd = 2.

4.3. Thermophysical Characteristics

This subsection describes the impacts of the volume fraction factor (φ) on the effective characteristics
of the nanofluids, and the behavior of the shear stress and local heat transfer rate by varying embedded
flow parameters.

Figure 12 describes the effects of the volume fraction (φ,) and diameter of the nanoparticles on the
effective dynamic viscosity of Al2O3 +H2O. The volume fraction of Al2O3 showed a vibrant role in
enhancing the dynamic viscosity of the nanofluid. The observed high dynamic viscosity corresponded
to a greater volume fraction. On the other hand, the nanoparticle diameter (dp) induced inverse
variations in the dynamic viscosity. Increasing the diameter of the nanoparticles caused the dynamic
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viscosity to drop. This means that nanoparticles with a smaller diameter are important to enhance the
dynamic viscosity of nanofluids.

 
Figure 12. The impact of the volume fraction (φ) and the nanoparticle diameter (dp) on the
dynamic viscosity.

Figure 13 highlights the effective density (ρn f ) and heat capacity (
(
ρcp

)
n f

) of the nanofluid versus

φ. φ and ρn f were in direct proportion to each other, and the effective heat capacity dropped when φ
increased. Therefore, smaller values of φ enhanced the effective heat capacity. Due to the high volume
fraction, the colloidal suspension Al2O3 +H2O became denser, which enhanced the effective density
(ρn f ). Figure 14 highlights that the volume fraction (φ) and the effective electrical conductivity were in
inverse proportion to each other.

 
Figure 13. The impact of φ on the effective density and heat capacity.

379



Symmetry 2019, 11, 833

 
Figure 14. The impact of φ on the effective electrical conductivity.

4.4. Skin Fraction and Heat Transfer Rate

The shear stress and the local rate of heat transfer are very interesting and have attained great
significance from an industrial point of view. The radiation parameter, Eckert number, and the
curvature parameter all play a significant role in the shear stress and local Nusselt number. Figure 15
describes the heat transfer behavior for Rd, Ec, K and the volume fraction of the nanoparticles. It
was noted that the more radiative nanofluids favored the heat transfer. On the other hand, a smaller
amount of the heat transfer was noticed for a higher Eckert number. Therefore, the less dissipative
fluids similarly favored the heat transfer. For a more curved surface, a large curvature worked against
the heat transfer. At greater volume concentrations the heat transfer rate grew slowly.

 
Figure 15. The impact of various flow parameters on the local heat transfer.

Figure 16 elucidates the shear stress behavior for the mixed convection parameter (α), magnetic
parameter (M), curvature of the surface, and m. For a more convective fluid, the heat transfer increased
rapidly at the surface. The magnetic parameter (M) highlighted the reverse behavior of the shear
stress. With an increase of the parameter M, the shear stress dropped quickly, and an almost negligible
influence of m on the shear stresses was also observed. Significant alterations were pointed out for
surface curvature, as the curve was along the circle loop of radius a. Therefore, for a smaller radius,
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shear stress declined promptly. Increasing the radius of the loop caused the surface curvature to
become larger, which favored the shear stress.

 
Figure 16. The impact of various parameters on the shear stress.

5. Conclusions

The mixed convective laminar flow of water, composed by Al2O3 nanofluids in the presence
of Lorentz forces and nonlinear radiative heat flux, was examined over an arc-shaped geometry. To
enhance the heat transfer rate, a thermal conductivity model that considered the impact of freezing
temperature and molecular diameter was used. It was found that the nanofluid velocity (L′(η))
dropped for a stronger magnetic parameter (M), which is very significant from an industrial point of
view. Further, the velocity of the nanofluid increased due to the mixed convection and larger curvature
of the surface. The temperature N(η) intensified for more dissipative fluid, and an inverse relationship
between the temperature and the thermal radiation parameter was found. The dynamic viscosity
of the nanofluid increased with the volume fraction, and the diameter of the nanoparticles showed
reverse alterations for dynamic viscosity. The nanofluid became denser for a high volume fraction,
and the electrical conductivity dropped. It was found that the heat transfer reduced the surface of a
smaller curvature and intensified for larger curvatures. A more convective fluid and a larger curvature
better opposed the shear stress. Finally, when considering the influence of the freezing temperature
and the molecular diameter, the nanofluid flow model is very useful for heat transfer in comparison
with existing studies.
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Nomenclature

u Component of the velocity
a Radius
T Temperature
T∞ Temperature far from the surface
k f Thermal conductivity of the host fluid
ks Thermal conductivity of the nanoparticles
kn f Effective thermal conductivity of the nanofluid(
Cp

)
f Heat capacity of the host fluid

σs Electrical conductivity of the nanoparticles
σn f Electrical conductivity of the nanofluid
μ)_ f Dynamic viscosity of the fluid
M∗ Molecular weight
d f Molecular diameter
βw Temperature ratio parameter
Pr Prandtl number
M Hartmann number
L(η) Dimensionless velocity
Nu Nusselt number
v Component of the velocity
p Pressure
Tw Temperature at the surface
ρ f Density of the host fluid
ρs Density of the nanoparticles
ρn f Effective density of the nanofluid
(Cp)_s Heat capacity of the nanoparticles(
Cp

)
n f Heat capacity of the nanofluid

σ f Electrical conductivity of the host fluid
μn f Effective dynamic viscosity
φ Volume fraction of the nanoparticles
N∗ Avogadro number
kb Stefan Boltzmann constant
Rd Radiation parameter
Ec Eckert number
K Curvature parameter
N(η) Dimensionless temperature
C f Skin fraction coefficient
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Abstract: In this study, we present an analytical study on blood flow analysis through with a tapered
porous channel. The blood flow was driven by the peristaltic pumping. Thermal radiation effects
were also taken into account. The convective and slip boundary conditions were also applied in
this formulation. These conditions are very helpful to carry out the behavior of particle movement
which may be utilized for cardiac surgery. The tapered porous channel had an unvarying wave
speed with dissimilar amplitudes and phase. The non-dimensional analysis was utilized for some
approximations such as the proposed mathematical modelling equations were modified by using a
lubrication approach and the analytical solutions for stream function, nanoparticle temperature and
volumetric concentration profiles were obtained. The impacts of various emerging parameters on the
thermal characteristics and nanoparticles concentration were analyzed with the help of computational
results. The trapping phenomenon was also examined for relevant parameters. It was also observed
that the geometric parameters, like amplitudes, non-uniform parameters and phase difference, play an
important role in controlling the nanofluids transport phenomena. The outcomes of the present model
may be applicable in the smart nanofluid peristaltic pump which may be utilized in hemodialysis.

Keywords: peristaltic transport; tapered channel; porous medium; smart pumping for hemodialysis;
thermal radiation

1. Introduction

Peristaltic motion [1–6] is a fundamental physiological mechanism which has many applications
in bio-mechanical and engineering sciences where transport phenomena at micro/macro level occur.
This mechanism is also applicable in transporting the nanofluids without any contaminations.
The nanofluid term was first invented by Choi and Eastman [7] with reference to a conventional
heat transfer liquid retention distribution of a nanosized particle. The behavior of nanoliquid in
thermal conductivity enhancement has been observed by Masuda et al. [8] and experimental results
of nanoparticle into pure fluid may conduct to reduce in heat transfer. The closed form model for
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convective transport in nanofluids studying the thermophoresis and Brownian diffusion has been
studied by Buongiorno and Hu [9] and Buongiorno [10].

In the peristaltic pumping models, nanoliquid was introduced by Akbar and Nadeem [11].
They investigated endoscopic influences on the peristaltic motion of a nanofluid. Akbar [12] further
presented the peristaltic transport of a Sisko nanoliquid in an asymmetric channel. It was noticed
that enhances in the Sisko nanoliquid parameter axial pressure rise in the peristaltic pumping region.
The effect of nanoliquid features on peristaltic heat transfer in a two-dimensional axisymmetric channel
was discussed by Tripathi and Beg [13]. They examined that the nanoliquids incline to suppress
backflow equated with Newtonian fluids. Akbar et al. [14] discussed the magnetohydrodynamic
(MHD) peristaltic motion of a Carreau nanoliquid in an asymmetric channel. Furthermore, Beg and
Tripathi [15] introduced the double diffusion process in peristaltic pumping. They discussed the salute
and nanoparticle concentrations in their analysis. The effects of nanoparticle geometry on peristaltic
motion has been analyzed by Akbar et al. [16]. MHD peristaltic pumping with viscoelastic nanofluids
have been studied by Reddy and Makinde [17]. The velocity and slip influences on peristaltic pumping
of nanoliquids have been examined by the Akbar et al. [18]. Heat and mass transfer analysis on
peristaltic pumping through the rectangular duct was presented by Nadeem et al. [19]. Peristaltic
transport of Prandtl nanofluid through the rectangular duct was studied by Ellahi et al. [20] and with
magnetic field [21]. Hyperbolic tangent nanofluid with peristaltic pumping was implemented by
Kothandapani and Prakash [22] in the presence of a radiation parameter and inclined magnetic field.
Peristaltic pumping by eccentric cylinders has been discussed by the Nadeem et al. [23]. In similar
directions, many more investigations [24–37] on peristaltic pumping, nanofluids and non-Newtonian
nanofluids with various physical constraints and various flow geometries had been described in
the literature.

The analysis of fluid flow through porous channels or tubes had gained attention recently because
of its several applications in biomedical engineering and many other engineering areas like the flow of
blood oxygenators, gall bladder with stones, in small blood vessels, the design of filters, in transpiration
cooling boundary layer control, the flow of blood in the capillaries, the dialysis of blood in artificial
kidney, gaseous diffusion in the spreading of fatty cholesterol and artery-clogging blood clots in
the lumen of a coronary artery [38–47]. The steady laminar incompressible free convective flow of
a nanofluid over a permeable upward facing horizontal plate located in a porous medium in an
existence of thermal convective boundary condition was considered numerically by Uddin et al. [48].
Chamkha et al. [49] studied the mixed convection boundary layer flow in the existence of laminar
and isothermal vertical porous medium. The onset of convection in a horizontal layer of a porous
medium by a nanofluid was analytically studied by Kuznetsov and Nield [50]. Akbar [51] investigated
the double-diffusive peristaltic transport of Jeffrey nanoliquids in a porous region in the presence
of natural convective. Double-diffusive natural convective peristaltic flow of a Jeffrey nanofluid in
a porous channel has been analyzed by Nadeem et al. [52] and investigated the peristaltic flow of
nanofluid eccentric tubes which comprises a porous medium. Two-phase flow driven by the peristaltic
pumping through porous medium was studied by Bhatti et al. [53]. Perturbation solutions have been
obtained and it is observed that chemical reaction and Soret numbers oppose the particle concentration.
The applications of porosity can be deeply studied by using nanofluid model in [54,55].

Moreover, the no-slip condition is inadequate when a fluid revealing macroscopic wall slip is
considered and that, in general, is governed by the relation between the slip velocity and grip. The slip
condition plays significant role in shear skin, spurt and hysteresis belongings. The nanofluids that
exhibit boundary slip have vital technological purposes such as in shining valves of the artificial heart
and internal holes. The proposed mathematical geometry is very similar to the blood vessel models.
The blood vessels can be classified into three types: the largest vessels, small vessels and intermediate
blood vessels. The largest vessels are identified in the aorta and vena cava and also experience very
little heat transfer with the tissue. In addition, there are also more blood vessels that fall into this
category. The smallest vessels are noticed in place of arterioles, capillaries and venules which basically
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experience ideal heat transfer with the blood departure at tissue temperature. The intermediate blood
vessels fall in a relatively narrow band with uniformly distributed temperature. These classifications
are dependent on the amplitude of vessels and width of channel. Hence, the main purpose of this
paper is to study a theoretical analysis of peristaltic transport of a Newtonian nanofluid with slip
through a porous medium in the tapered wavy channel subject to convective boundary conditions.
The long wavelength and low Reynolds number assumptions are considered. The exact solutions are
found in the form of axial velocity from which temperature and volumetric concentration are deduced.
Computational results are illustrated and discussed in detail.

2. Mathematical Formulation

Consider an incompressible viscous nanofluid filling the porous space in the tapered wavy channel.
The heat transfer between the blood network and living tissues which passes through the channel
depends on the geometry of the blood vessel and it is important to understand the behavior of the
blood flow and the neighboring tissue nature. Let η = H1 and η = H2 be, correspondingly, the lower
and upper blood vessel boundaries of the channel. The sinusoidal waves propagating along the wavy
walls of the tapered channel are demonstrated in Figure 1 and mathematically shown as:

H2(ξ, t′) = d + mξ+ a2 sin
[
π
λ

(
ξ− ct′

)]
cos

[
π
λ

(
ξ− ct′

)]
,

H1(ξ, t′) = −d−mξ− a1 sin
[
π
λ

(
ξ− ct′

)
+ φ

]
cos

[
π
λ

(
ξ− ct′

)
+ φ

] (1)

here 2d, a1, a2, m(<< 1), λ, c, φ, are the width of the channel at the inlet, amplitudes of lower wavy
wall, amplitude of upper wavy wall, dimensional non–uniform parameter, wave length, phase speed
of the wave and phase difference varies in the range 0 ≤ φ ≤ π, φ = 0 which corresponds to tapered
symmetric channel i.e., together walls move towards inward or outward concurrently.

Figure 1. Geometry for peristaltic pumping of nanofluids through a tapered microchannel.

For an incompressible viscous nanofluid the balance of mass, momentum, nanoparticle temperature
and volumetric concentration are presented as [56–59]:

∂U

∂ξ
+
∂V
∂η

= 0, (2)

ρ f

[
∂
∂t′ + U

∂

∂ξ
+ V

∂

∂η

]
U = −∂P

∂ξ
+ μ

⎡⎢⎢⎢⎢⎢⎣ ∂2

∂ξ
2 +

∂2

∂η2

⎤⎥⎥⎥⎥⎥⎦U − μk U, (3)

ρ f

[
∂
∂t′ + U

∂

∂ξ
+ V

∂

∂η

]
V = −∂P

∂η
+ μ

⎡⎢⎢⎢⎢⎢⎣ ∂2

∂ξ
2 +

∂2

∂η2

⎤⎥⎥⎥⎥⎥⎦V − μk V, (4)
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(ρc′) f

[
∂
∂t′ + U ∂

∂ξ
+ V ∂

∂η

]
T = κ

[
∂2

∂ξ
2 +

∂2

∂η2

]
T − ∂qr

∂η + μ

[
4
(
∂U
∂ξ

)2
+

(
∂V
∂ξ

+ ∂U
∂η

)2
]

+(ρc′)p

[
DB

(
∂C
∂ξ
∂T
∂ξ

+ ∂C
∂η
∂T
∂η

)
+ DT

Tm

[(
∂T
∂ξ

)2
+

(
∂T
∂η

)2
]]

,
(5)

[
∂
∂t′ + U

∂

∂ξ
+ V

∂

∂η

]
C = DB

⎡⎢⎢⎢⎢⎢⎣ ∂2

∂ξ
2 +

∂2

∂η2

⎤⎥⎥⎥⎥⎥⎦C +
DT

Tm

⎡⎢⎢⎢⎢⎢⎣ ∂2

∂ξ
2 +

∂2

∂η2

⎤⎥⎥⎥⎥⎥⎦T, (6)

in which U, V are the components of axial velocity along ξ and η directions correspondingly, t′, d/dt′,
P, ρ f , ρp, T, κ, k, DB, DT, Tm, C and τ

(
=

(ρc′)p

(ρc′) f

)
are the dimensional time, material time derivative,

dimensional pressure, density of the fluid, density of the particle, nanoparticle temperature, thermal
conductivity, permeability of porous medium, Brownian diffusion coefficient, themophoretic diffusion
coefficient, mean temperature, nanoparticle volumetric volume fraction and the ratio of the effective heat
capacity of nanoparticle material and heat capacity of the fluid with ρ being the density. Additionally,
T0, T1, C0 and C1 are the temperature and nanoparticle volume fraction at the lower and upper walls.

3. Convective Boundary Conditions

The convective boundary conditions [60,61] are utilized using Newton’s cooling law as:

U =

√
k
α

∂U
∂η

, −kh
∂T
∂η

= hh
(
T0 − T

)
and −km

∂C
∂η

= hm
(
C0 −C

)
at η = H1, (7)

U = −
√

k
α

∂U
∂η

, −kh
∂T
∂η

= hh
(
T − T1

)
and −km

∂C
∂η

= hm
(
C−C1

)
at η = H2, (8)

where k, α, hh, hm, kh and km are the permeability of the porous walls (Darcy number), slip coefficient at
the surface of the porous walls, the heat transfer coefficients, mass transfer coefficients respectively,
the thermal conductivity and the mass conductivity.

4. Non-Dimensional Analysis

In order to depict the nanoliquid flow in the following non-dimensional measures are introduced

in Equations (1)–(8).
(
u = U

c , u =
∂ψ
∂y , v = V

c , v = −δ∂ψ∂y

)
are the velocity components in direction of(

x = ξ
λ , y =

η

d

)
, ψ is the stream function, t = ct′

λ is the dimensionless time, h1 = H1

d
and h2 = H2

d

represent the dimensionless form of the lower and upper channel, and R =
ρ f cd
μ is the Reynolds

number, p = d
2
P

cλμ is the dimensionless pressure, a = a1

d
is the amplitude of lower wavy wall, b = a2

d
is

the amplitude of upper wavy wall, m = λm
d

is the dimensionless non-uniform parameter, δ = d
λ is the

wave number, Sc = v
DB

is the Schmidt number, K = k
d

2 is the Permeability parameter, θ = T−T0
T1−T0

is the

dimensionless nanoparticle temperature, σ = C−C0
C1−C0

is the nanoparticle volumetric concentration or

dimensionless rescaled nanoparticle volume fraction, Pr =
μc f
κ is the Prandtl number, Nb =

τDB(C1−C0)
ν

is the Brownian motion parameter Nt =
τDT(T1−T0)

Tmν
is the thermophoresis parameter, Ec = c2

c f Tm
is the

Eckert number, Br = PrEc is the Brinkman number, and Rn =
16σT3

0

3kμc f
is the thermal radiation parameter

and also, applying the long wavelength and low Reynolds number approximations, we attain:

∂p
∂x

=
∂3ψ

∂y3 −
( 1

K

)∂ψ
∂y

, (9)
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∂p
∂y

= 0, (10)

(1 + RnPr)
∂2θ

∂y2 + Br
(
∂2ψ

∂y2

)2

+ (NbPr)
(
∂σ
∂y
∂θ
∂y

)
+ (NtPr)

(
∂θ
∂y

)2

= 0, (11)

∂2σ

∂y2 +
( Nt

Nb

)
∂2θ

∂y2 = 0. (12)

Equation (10) shows that p is not dependent on x. Reducing the pressure gradient term from
Equations (9) and (10), it yields:

∂4ψ

∂y4
−

( 1
K

)∂2ψ

∂y2 = 0. (13)

Additionally, it is noticed that the continuity equation is routinely fulfilled.

h1 = −1−mx− a cos(π(x− t) + φ) sin(π(x− t) + φ) and
h2 = 1 + mx + b cos(π(x− t)) sin(π(x− t))

ψ = −F
2 , ∂ψ∂y = L∂

2ψ
∂y2 , ∂θ∂y = Bhθ and ∂σ∂y = Bmσ at y = h1,

ψ = F
2 , ∂ψ∂y = −L∂

2ψ
∂y2 , ∂θ∂y = Bh(1− θ) and ∂σ∂y = Bm(1− σ) at y = h2.

(14)

where L =

√
k

dα
is the velocity slip parameter, Bh =

hhd
kh

is the heat transfer Biot number and Bm = hmd
km

is

the mass transfer Biot number.

5. Analytical Solution

The solution of the Equation (13) subject to the conditions in Equation (14) is obtained as:

ψ(y) = −(F(cosh Ny− sinhNy)(2(cosh 2Ny− sinh2Ny) − 2(cosh(N(h1 + h2)) + sinh(N(h1 + h2)))

+(h1 + h2 − 2y)N(cosh Ny + sinhNy)(cosh Nh1 + sinhNh1 + cosh Nh2 + sinhNh2)

−LN2(cosh Ny + sinhNy)(h1 + h2 − 2y) (cosh Nh1 + sinhNh1 − cosh Nh2 − sinhNh2)))

/

⎛⎜⎜⎜⎜⎝2

⎛⎜⎜⎜⎜⎝
(
2 + LN2h1 − LN2h2

)
(cosh Nh1 + sinhNh1 − cosh Nh2 − sinhNh2)

−(Nh1 −Nh2)(cosh Nh1 + sinhNh1 + cosh Nh2 + sinhNh2)

⎞⎟⎟⎟⎟⎠
⎞⎟⎟⎟⎟⎠

(15)

The integration of Equation (12) with respect to y, we obtain

∂σ
∂y

+
Nt
Nb
∂θ
∂y

= f (x). (16)

Solving Equations (11) and (12) and substituting in Equation (16) subject to boundary conditions
of Equations (14), the dimensionless nanoparticle temperature field is attained as

θ(y) = A8 + A9(cosh(A1A5Nby) − sinh(A1A5Nby)) − A3
2A4(cosh(2Ny)+sinh(2Ny))

4N2+(cosh(2A1A5NbN)+sinh(2A1A5NbN))

− A2
3A4(cosh(2Ny)−sinh(2Ny))

4N2−(cosh(2A1A5NbN)+sinh(2A1A5NbN))
− (A6β+2A2A3A4)y

A1A5Nb
,

(17)

and the nanoparticle volumetric concentration is obtained as:

σ(y) = A10 + A11y− A9Nt(cosh(A1A5Nb y)−sinh(A1A5Nb y))e−A1A5Nb y

Nb

+
A4A2

3Nt(cosh(2Ny)−sinh(2Ny))

4N2Nb−2A1A5NN2
b

+
A4A2

2Nt(cosh(2Ny)+sinh(2Ny))
4N2Nb+2A1A5NN2

b
.

(18)
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The coefficient of nanoparticle heat transfer at the lower wall is specified by

Z = h1xθy. (19)

The above mentioned constants are elaborated in the Appendix A.

6. Computational Results and Discussion

In general, exact solutions for temperature, nanoparticle volumetric concentrations and coefficient
of nanoparticle temperature depend on the value of f (x). First of all, f (x) can be influenced by hiring
for θ and σ from Equation (16). It ought to be noticed that observing the value of f (x) analytically
from Equation (16) in terms of the other parameters set is a very difficult task and it may be impossible.
Nevertheless, with the help of MATHEMATICA/MATLAB software, the numerical solutions are still
available. The numerical value of f (x) plays an important role in plotting the graphs for variation
of the streamlines, nanoparticle temperature distribution, nanoparticle volumetric concentration and
coefficient of nanoparticle temperature.

To analyze the results, instantaneous volume rate F(x, t) is considered as varying exponentially
with the relation (Kikuchi [62])

F = Θe−At, (20)

where Θ is the mean flow rate or flow constant, A is the blood flow constant. Figures 2–20 were plotted
to examine the stream function (ψ(x, y)), nanoparticle temperature (θ(y)), nanoparticle concentration
(σ(y)) and heat transfer coefficient (Z(x)). Additionally, it is noticed that the flow rate for the
non-positive and positive flow rate F < 0 or F > 0 may be according to Θ < 0 or Θ > 0. It was detected
through an experiment performed by Kikuchi [62] that the flow rate decreases exponentially with time
however mean flow rate does not depend on the structural details of the channel.

6.1. Thermal and Concentration Profiles

Effects of permeability parameter (K), slip parameter (L), mean flow rate (Θ), non-uniform
parameter (m), Brinkman number (Br), Prandtl number (Pr), heat transfer Biot number (Bh),
mass transfer Biot number (Bm), thermal radiation (Rn) and thermophoresis parameter (Nt) on
temperature profile are analyzed through Figures 2–11. In accordance with physical laws, the energy
fluency requires to destroy cancer cells greatly depends on the number of nanoparticles temperature
within the cell. Additionally, the role of this study is to improve correlations and estimation methods
for calculating magnitudes of upper and lower tapered wavy wall boundaries of heat transfer in and
around the individual blood vessels. The analysis did not consider vessel size and any experimental
values because flow oscillations due to the heartbeat are not present in these small vessels. The aim of
this study is to improve correlations and estimation methods for scheming magnitudes and upper and
lower limits of heat and mass transfer in and around individual blood vessels.

The nanoparticle temperature and concentration profiles resulted in the vessel exit are shown
in Figure 2 for three different permeability parameter values such as (K→ 0, K = 0.2, K→∞). It is
noticed, theoretically, the absence of a permeability parameter shows very few heat exchanges in
the blood vessel, but the particles movement is raised in the blood vessel. In Figure 3, we noticed
the effects of slip parameter (L) on the nanoparticle temperature and concentration profiles for fixed
values of other parameters. Three different slip parameters are used in the nanoparticle temperature
and concentration distribution such as L = 0, L = 0.1 and L = 0.2. It is important to note with the
enhancement in the velocity slip parameter, the nanoparticle temperature and concentration at any
point in the flow medium enhances, but the behavior of temperature profile decreases and at the
same time nanoparticle concentration increases when the velocity slip parameter rises. The effects
of flow constant (Θ) on nanoparticle temperature and concentration profiles are shown in Figure 4.
It is noticed that presence of a flow constant increases the nanoparticle temperature and also enhances
uniformly in the boundaries of the channel. However, the nanoparticle concentration shows the
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revised behavior in nature of temperature distribution. From Figure 5, which elucidates the effect
of the non-uniform parameter (m) on the nanoparticle temperature and concentration profiles, it is
exposed that when the non-uniform parameter increases, the nanoparticle temperature of blood
flow consistently reduces with the flow medium. The nanoparticle displacement increases with
increasing of the non-uniform parameter. These physical changes play crucial roles in the treatment of
thermotherapy. In Figure 6, the causes of Brinkman number (Br) on nanoparticle temperature and
concentration are captured. It is noticed that the temperature of the fluid increases with the increase
of Brinkman number. It is well known about nanofluids that when the nanoparticle temperature
rises, the distance between molecules increases due to cohesive force decreases. Therefore, viscosity
of nanofluids decreases when the nanoparticle temperature increases. On the flip side, absence of
Brinkman number shows the maximum displacement of the particles. The effect of the Prandtl number
(Pr) on nanoparticle temperature and concentration are depicted in Figure 7. It is observed that
with an increase in Pr, the temperature of the fluid increases. It indicates that nanofluids can have
significantly better heat transfer characteristics than the base fluids. Additionally, it is noticed that the
nanoparticle concentration decreases with increasing the Prandtl number. This indicates that enhances
in Prandtl number is accompanied by an enrichment of the heat transfer rate at the tapered wavy wall
of the blood vessel. The fundamental physics behind this can be depicted as follows. When the blood
achieves a higher Prandtl number, its thermal conductivity is dropped down and so its heat conduction
capacity is reduced. Simultaneously, the heat transfer rate at the vessel wall is enhanced. We noticed
from Figure 8 that the temperature enhances with rise of heat transfer Biot number (Bh) at the upper
portion of the channel, but the influence is reversed at the lower portion of the channel. Further,
it can be noted that the temperature at the upper wall is maximum and it reduces slowly towards the
lower wall. The small value of heat transfer Biot number shows the conduction nature, while high
values of heat transfer Biot number indicates that the convection is the main heat transfer mechanism.
Any rate of nanoparticle concentration reduces with increase of the heat transfer Biot number. Figure 9
reveals that the nanoparticle temperature and concentration enhance as mass transfer Biot number
increases. Figure 10 illuminates the influence of the thermal radiation on nanoparticle temperature and
concentration distribution. This figure highlights that thermal radiation enhances during blood flow in
the channel, thereby the nanoparticle temperature of the tapered asymmetric wavy channel is reduced
by increase of thermal radiation. Additionally, the converse situation occurred in the nanoparticle
concentration profile. It shows that the external radiation dilutes the temperature, and at the same
time movement of the particle increases. This concept may be very useful in the treatment of heart
transfer mechanism. Figure 11 illuminates a very significant influence of the thermophoresis parameter
on the nanoparticle temperature and concentration profiles. It is well known that the strength of
thermophoresis rises due to temperature gradient enhancement, which increases the blood flow in the
channel. At the same time, the nanoparticle concentration of the particle displacement reduces with
increases of the thermophoresis parameter.
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Figure 2. Nanoparticle temperature and concentration profiles θ(y) for K.
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Figure 3. Nanoparticle temperature and concentration profiles θ(y) for L.
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Figure 4. Nanoparticle temperature and concentration profiles θ(y) for Θ.
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Figure 5. Nanoparticle temperature and concentration profiles θ(y) for m.
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Figure 6. Nanoparticle temperature and concentration profiles θ(y) for Br.
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Figure 7. Nanoparticle temperature and concentration profiles θ(y) for Pr.
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Figure 8. Nanoparticle temperature and concentration profiles θ(y) for Bh.
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Figure 11. Nanoparticle temperature and concentration profiles θ(y) for Nt.

6.2. Nanoparticle Heat Transfer Coefficient

The effects of various parameters on the nanoparticle heat transfer coefficient at the upper wall
are represented in Figures 12–18. The nanoparticle heat transfer coefficients for a viscous nanofluid in
the tapered wavy channel depends on many physical quantities related to the fluid or the geometry
of the system through which the fluid is flowing. It is observed that the heat transfer coefficient is
in oscillatory behavior which may be due to contraction and equation of walls. The absolute value
of heat transfer coefficient increases with the increase of L and Br while it decreases with increasing
m, Bh, Bm, Nb and Rn.
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Figure 12. Nanoparticle heat transfer coefficient Z(x) profiles for various values of m.
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Figure 13. Nanoparticle heat transfer coefficient Z(x) profiles for various values of L.
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Figure 14. Nanoparticle heat transfer coefficient Z(x) profiles for various values of Br.
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Figure 15. Nanoparticle heat transfer coefficient Z(x) profiles for various values of Bh.
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Figure 16. Nanoparticle heat transfer coefficient Z(x) profiles for various values of Bm.
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Figure 17. Nanoparticle heat transfer coefficient Z(x) profiles for various values of Nb.
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Figure 18. Nanoparticle heat transfer coefficient Z(x) profiles for various values of Rn.

6.3. Trapping

In this subsection, the streamlines for the tapered asymmetry channels are shown in Figure 19.
The effects of the non-uniform parameter m on trapping are presented in Figure 19a,b. One can observe
that the size of the trapped bolus increases with an increase in m. The effect of slip parameter L
on trapping can be seen in Figure 19b,c. It is observed that by increasing the value of velocity slip
parameter L, the circulation of trapped bolus increases, at the same time size of the bolus is reduced.
To see the effects of permeability parameter K on trapping, Figure 19c,d was illustrated. It is noted that
an increase in the permeability parameter increases the size of channel, but the size of the trapped
bolus decreases. The streamline patterns in the wave frame for viscous nanofluid for different values
of Blood flow rate parameter Θ are shown in Figure 19d,e. It is observed that for small values of Θ
only one trapped bolus is formed. It is also observed that the bolus near the upper and lower wavy
walls increase eventually with the tapered micro channel.

6.4. Validation

The results of present mathematical model obtained by direct analytical approach were
authenticated with the numerical solutions computed by MATLAB through BVP4c command.
A validation was completed in Figure 20 and it is portrayed for nanoparticle temperature and
concentration distribution at fixed values of pertinent parameters. Additionally, it is noticed that the
analytical solution for the entire values of the tapered wavy channel width has a good correlation with
the numerical solution computed by the MATLAB. The proposed mathematical formulation has very
good correlation in axial velocity with Mishra and Rao [63] in the absence of a = 0,b = 0 and K→∞ .
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Figure 19. Streamlines when a = 0.4, b = 0.3, φ = π/2, t = 0.3, A = 0.2, (a) m = 0, L = 0.1, K = 0.1,
Θ = 1.25, (b) m = 0.1, L = 0.1, K = 0.1, Θ = 1.25, (c) m = 0.1, L = 0.15, K = 0.1, Θ = 1.25, (d) m = 0.1,
L = 0.15, K→∞ , Θ = 1.25, (e) m = 0.1, L = 0.15, K→∞ , Θ = 1.5.
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Figure 20. Comparison between numerical and present solutions for temperature and nanoparticle
volume fraction profiles.

7. Conclusions

The analytical and numerical solutions of Equations (9)–(12) were estimated for stream function,
nanoparticle temperature and concentration distribution. The expressions for nanoparticle temperature,
volumetric fraction, heat transfer coefficient profile and stream function were discussed graphically.
The following observations were noticed.
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• Nanoparticle heat transfer between the tapered walls strongly depends on Brinkman number
because the tissue presents the chief resistance to heat flow.

• Thermal radiation contains the potential to contribute a significant change in the nanoparticle
temperature distribution.

• With increasing the radiation parameter, the nanoparticle temperature and heat transfer
coefficient enhance.

• The nanoparticle temperature reduces with enhancing the Prandtl number, however, reverse
behavior is noticed for nanoparticle concentration.

• Heat transfer coefficient depends on the flow, thermal and geometrical nature of flow regime.
• The trapping phenomenon also alters with changing the magnitude of slip and permeability

parameters.
• The findings of the present models can be utilized to engineer smart peristaltic pumps which can

be applicable for transporting drugs and delivery of nanoparticles.
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Nomenclature

Symbol description Unit

(a1, a2) Dimensional amplitude of the lower and upper walls m
c Wave speed m/s
C Nanoparticle volumetric volume fraction Kg/m3

C0, C1 Nanoparticle concentration at the lower and upper walls Kg/m3

DB Brownian diffusion coefficient m/s
DT Themophoretic diffusion coefficient m2/s
d Dimensionless half width of the channel m
hh Heat transfer coefficient W/m2K (or) kg/s3K
hm Mass transfer coefficient m/s
k Permeable of porous medium H/m
k Permeability of the porous wavy wall Darcy (or) m2

kh Thermal conductivity of wavy wall W/mK
km Mass conductivity of wavy wall W/mK
m Dimensional non-uniform parameter m
P Dimensional pressures Pa (or) N/m2 (or) kg/ms2

qr Uni-directional thermal radiative flux kg/s3 (or) W/m2

t′ Dimensional time s
T Nanoparticle temperature K
Tm Mean temperature K
(T0, T1) Temperature at the lower and upper walls K
U, V Velocity components in the wave frame m/s
ξ, η Rectangular coordinates m
ρ f Density of the fluid Kg/m3

ρp Density of the particle Kg/m3

μ Dynamic Viscosity kg/m.s
κ Thermal conductivity of the fluid m2/s
λ Wave length m

404



Symmetry 2019, 11, 868

Dimensionless parameters:

α Slip coefficient at the surface of the porous walls
A Blood flow constant
(a, b) Dimensionless amplitude of the lower and upper walls
Bh Heat transfer Biot number
Bm Mass transfer Biot number
Br Brinkman number
Ec Eckert number
F Dimensionless flow rate(
H1, H2

)
Lower and upper wall boundaries of the micro- asymmetric channel

(h1, h2) Dimensionless lower and upper wall shapes in wave frame
L Slip parameter
m Dimensionless non-uniform parameter
Nt Thermophoresis parameter
Nb Brownian motion parameter
p Dimensionless pressure
Pr Prandtl number
R Reynolds number
Rn Thermal radiation
Sc Schmidt number
t Dimensionless time
(u, v) Velocity components in the wave frame (x, y)
Θ Constant flow rate
σ Dimensionless rescaled nanoparticle volume fraction
θ Dimensionless nanoparticle temperature
ψ Stream function
φ Phase difference
K Permeability parameter
δ Wave number

Appendix A

The following constants are utilized in the solution of the manuscript.

N = 1/
√

K, A1 = f (x),

A2 =
−F

(LN2h1 + 2− LN2h2)
(

cosh(Nh1) + sinh(Nh1)− cosh(Nh2) − sinh(Nh2)

)
+ (Nh2 −Nh1)

(
cosh(Nh1) + sinh(Nh1)
+ cosh(Nh2) + sinh(Nh2)

) ,

A3 =
F(cosh(N(h1 + h2)) + sinh(N(h1 + h2)))

(LN2h1 + 2− LN2h2)
(

cosh(Nh1) + sinh(Nh1)− cosh(Nh2) − sinh(Nh2)

)
+ (Nh2 −Nh1)

(
cosh(Nh1) + sinh(Nh1)
+ cosh(Nh2) + sinh(Nh2)

) ,

A4 =
BrN4

1 + RnPr
, A5 =

Pr
1 + RnPr

,

A6 =
(Bhh1−1)2A2A3A5

A1A5Nb
+

A2
2A4(cosh(2Nh1)+sinh(2Nh1))(Bh−2N)

4N2+2A1A5NbN

+
A2

3A4(cosh(2Nh1)−sinh(2Nh1))(Bh+2N)

4N2−2A1A6NbN ,

A7 = −Bh − (Bhh2+1)(A5β+2A2A3A5)
A1A5Nb

− A2
2A4(Bh+2N)(cosh(2Nh2)+sinh(2Nh2))

4N2+2A1A5NbN

+
A2

3A4(cosh(2Nh2)−sinh(2Nh2))(Bh−2N)

4N2−2A1A6NbN ,

A8 =
A7 + A8(cosh(A1A5Nbh2) − sinh(A1A5Nbh2))(Bh −A1A5Nb)

Bh
,
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A9 = A6+A7
(cosh(A1A5Nbh1)−sinh(A1A5Nbh1))(Bh+A1A5Nb)−(cosh(A1A5Nbh2)−sinh(A1A5Nbh2))(Bh−A1A5Nb)

A10 = −A13
Bm
− (Bmh2 + 1)(A12 + A13)

Bm(Bm(h1 − h2) − 2)
, A11 =

A12 + A13

Bm(h1 − h2) − 2
,

A12 = A9
(
A1A5Nt +

BmNt
Nb

)
(cosh(A1A5Nbh1) − sinh(A1A5Nbh1))

−A2
2A4Nt(Bm−2N)(cosh(2Nh1)+sinh(2Nh1))

4N2Nb+2A1A5NN2
b

−A2
3A4Nt(cosh(2Nh1)−sinh(2Nh1))(Bm+2N)

4N2Nb−2A1A5NN2
b

,

A13 = A9(cosh(A1A5Nbh2) − cosh(A1A5Nbh2))
(
A1A5Nt − BmNt

Nb

)
−Bm +

A2
2A4Nt(Bm+2N)(cosh(2Nh2)−cosh(2Nh2))

4N2Nb+2A1A5NN2
b

+
A2

3A4Nt(cosh(2Nh2)−cosh(2Nh2))(Bm−2N)

4N2Nb−2A1A5NN2
b

,
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Abstract: The Lagrangian meshfree particle-based method has advantages in solving fluid dynamics
problems with complex or time-evolving boundaries for a single phase or multiple phases. A pure
Lagrangian meshfree particle method based on a generalized finite difference (GFD) scheme is
proposed to simulate time-dependent weakly compressible viscous flow. The flow is described with
Lagrangian particles, and the partial differential terms in the Navier-Stokes equations are represented
as the solution of a symmetric system of linear equations through a GFD scheme. In solving the
particle-based symmetric equations, the numerical method only needs the kernel function itself
instead of using its gradient, i.e., the approach is a kernel gradient free (KGF) method, which avoids
using artificial parameters in solving for the viscous term and reduces the limitations of using the
kernel function. Moreover, the order of Taylor series expansion can be easily improved in the meshless
algorithm. In this paper, the particle method is validated with several test cases, and the convergence,
accuracy, and different kernel functions are evaluated.

Keywords: compressible viscous flow; symmetric linear equations; generalized finite difference
scheme; kernel gradient free; Lagrangian approach

1. Introduction

Problems of weakly compressible flows have attracted much attention in aerospace and oceanic
applications, such as wind engineering problems, turbine flow, blood flow, and water wave motion.
Accurate predictions of such flows are important in computational fluid dynamics. For fluids at low
Mach numbers, the ratio between the speed of flow and the speed of sound is extremely small, and
therefore, density fluctuations are not obvious. As a result, such a situation can be called weakly
compressible flow. Generally, there are three numerical ways to model weakly compressible flow,
namely, the Eulerian approach, the Lagrangian approach, and the hybrid approach. The Eulerian
approach solves for quantities at fixed locations in space, and the Lagrangian approach uses individual
particles that move through both space and time and have their own physical properties, such
as density, velocity, and pressure, to represent the dynamically evolving fluid flow. The flow is
described by recording the time history of each fluid particle. In the present work, we propose a pure
Lagrangian meshfree particle-based method based on a meshless finite difference scheme to solve
weakly compressible flow problems.

The Lagrangian meshfree method is rapidly advancing and has been widely used in recent years
because it can be easily adapted to modeling problems with complex or time-evolving boundaries for
single or multiple phases, such as numerical simulations of dam break flow [1], hydraulic jumps [2],
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rising bubbles [3] and coalescing [4]. The ability of this method to model non-Newtonian fluid and
large scale diffuse fluids has been demonstrated in some recent works [5,6] by introducing different
symmetric models. Moreover, because the computations are based on the support domain, which is
much smaller than the complete computational region, the ill conditioned system problem is rarely
encountered. Among all Lagrangian meshfree methods, the smoothed particle hydrodynamics (SPH)
method was one of the earliest methods developed and has been widely applied in different fields.
The SPH method was first pioneered independently by Lucy [7] and Gingold and Monaghan [8] to solve
astrophysical problems in 1977. Details of the SPH method as a computational fluid dynamics method
can be found in recent reviews [9–12] and Liu and Liu’s book [13]. Some successful applications of
this method include coastal engineering, nuclear engineering, ocean engineering, and bioengineering.
However, the accuracy of the conventional SPH method is unsatisfactory, and it is not easy to achieve
an accurate high-order SPH approach.

As a meshfree Lagrangian method, the particle distribution generally tends to be irregular in
the computations, which leads to inconsistency and low accuracy [14,15]. For that reason, in some
cases, only the first-order term of the fluid dynamics equations, the Navier-Stokes equations, is
solved, and the viscous term, which contains the second-order differential, is obtained through the
artificial viscosity with artificial parameters in the SPH method. This issue can also occur in the
incompressible SPH (ISPH) method [16]. To improve the consistency and accuracy of these methods,
different modifications have been developed. After using Taylor series expansion to normalize the
kernel function, the corrective smoothed particle method (CSPM) [17,18] and the modified smoothed
particle method (MSPH) [19] were proposed. Both methods have better accuracy than the conventional
SPH method. Nevertheless, it should be noted that both methods improve accuracy by improving the
particle approximation of the kernel gradient term, which leads to more strict requirements on the
kernel function. These requirements are related to the compact condition, normalization condition,
and delta function behavior [20] and limit the selection of the kernel function, especially when the
second-order gradient of the kernel function is required.

To avoid the solution of the gradient of the kernel function, a method with kernel gradient free
(KGF) features can be developed, as discussed in detail in [21–23]; notably, a KGF-SPH method was
proposed in 2015. When a particle method only involves the kernel function itself in kernel and particle
approximation, the kernel gradient is not necessary in the computation, and this approach is thus
referred to as a KGF method. The KGF-SPH method is used to solve for the viscous term directly
without using the artificial viscosity, and the results are good for 2D models. Another KGF method is
the consistent particle method (CPM) [24,25] for incompressible flow simulation. In the CPM, Poisson’s
equation is used in the same way as the moving-particle semi-implicit (MPS) method based on the
particle number density and the difference algorithm.

The purpose of our work is to combine a finite difference scheme and the particle method for
solving weakly compressible viscous flow problems. In the method, the flow is described with
Lagrangian particles, and the partial differential terms in the Navier-Stokes equations are represented
as the solution of a symmetric system of linear equations through a generalized finite difference (GFD)
scheme. It should be noted that this method is not a completely new method, but we will simply refer to
it as the finite difference particle method (FDPM) to simplify the description in the subsequent sections.

Meshless finite difference approximation was first discussed for fully arbitrary meshes by
Jensen [26] in 1972. Perrone and Kao [27] also contributed to the development of this method at
that time. Subsequently, a variation using the moving least squares method was proposed by Lizska
and Orkisz [28], and some recent works have been published [29–31]. The meshless finite difference
scheme or GFD approximation we used came from Benito, Urena and Gavete [32], and they provided
a discussion of the influence of several factors in the GFD scheme. A comparison between the GFD
method and the element-free Galerkin method (EFGM) in solving the Laplace equation was presented
in [33,34]. The GFD method was shown to be more accurate than the EFGM and the GFD scheme
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was used as a Eulerian meshfree method. In the present work, the GFD scheme is utilized to build a
Lagrangian meshfree particle-based method, namely, the FDPM.

The FDPM has several advantages compared with the conventional SPH. First, the method is
KGF. Only the kernel function itself and the positions of each particle are used to compute the spatial
differential through a set of symmetric linear equations. Second, the method can be easily extended to
high orders because it is based on Taylor series expansion. We show a fourth-order scheme for the
FDPM. Additionally, only a few lines of code need to change to obtain a high-order FDPM, which
is simple for users, especially when the users want to start with a low-order but fast computation.
Third, the second-order differential term can be obtained without additional limitations on the kernel
function. Thus, the viscous term in the Navier-Stokes equations can be computed directly without
introducing any artificial parameters. Fourth, the FDPM is characterized by good compatibility. Most
boundary conditions in the existing Lagrangian particle-based methods, such as the SPH and MPS
methods, can be used directly. In the present work, we focus on the evaluation of the convergence,
efficiency, and effects of the kernel function. The method is tested by modeling flow in a pipeline,
Poisseuille flow, Couette flow and flow in porous media. These classical flows are used in different
ways to solve fluid dynamics problems [35–37].

The present paper is organized as follows. In Section 2, the FDPM is given to solve the Navier-Stokes
equations. In Section 3, applications of the particle method are shown. Section 4 summarizes the
results of this work.

2. Finite Difference Particle Method for Weakly Compressible Flow

2.1. Lagrangian Form of the Governing Equations for Weakly Compressible Viscous Flow

The Lagrangian form of the Navier-Stokes equations, i.e., the continuity equation and the
momentum equation, including viscous and external forces, are defined by Equations (1) and (2),
respectively. The Lagrangian form of governing equations is as follows:

Dρ
Dt

= −ρ∇·u, (1)

Du
Dt

= − 1
ρ
∇p + vk∇2u + F, (2)

where ρ is the density, t is the time, u is the particle velocity, p is the pressure, vk is the kinematic
viscosity, and F is an external body force, such as gravity. All these variables are related to the physical
properties of fluid particles that can move in both space and time, rather than remain at a fixed position.

The material derivative is written as follows

D
Dt

=
∂
∂t
+u·∇. (3)

The equation of state for weakly compressible fluid flow is

Dp
Dt

= c2 Dρ
Dt

, (4)

where c is the speed of sound.

2.2. Generalized Finite Difference Scheme

In the FDPM, flow is described with Lagrangian particles, and the GFD approximation [32] is
utilized to solve for the spatial differential terms in the governing equations.

Consider a particle i surrounded by particles j = 1, 2, . . . , N, with all N + 1 of the particles in a
compact support domain, as shown in Figure 1. For a circular support domain, rs represents the radius
of the support domain, which is called the smoothing length in the SPH method. Particles j are white
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circles around particle i, which is the orange circle, and Ω represents the computational domain. The
closest nodes to particle i are selected as j particles, and these particles should be in the support domain
at the same time.

Figure 1. Computational domain Ω, support domain of particle i (point circle line), radius of the
support domain rs, and fluid particles (circles).

The values of an infinitely differentiable function F at the positions of particles i and j are defined
as Fi and Fj, respectively. This F can be the pressure, velocity or density of particles in the computation.
Let us expand this term as the Taylor series of F for particle i:

Fj = Fi + hj
∂Fi
∂x + kj

∂Fi
∂y +

h2
j

2
∂2Fi
∂x2 +

k2
j

2
∂2Fi
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h3
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∂x4 +

k4
j

24
∂4Fi
∂y4 +

h3
j kj

6
∂4Fi
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6
∂4Fi
∂x∂y3 + · · · ,

(5)

where Equation (5) is for two dimensions. x and y are the spatial coordinates of the particles, and hj =

xj - xi, kj = yj − yi.
For the fourth-order FDPM, ignoring the high-order terms, the approximation of F is denoted by f :

f j = fi + hj
∂ fi
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(6)

After rearranging these equations and multiplying by a kernel function W on both sides of the
equation, the sum of these expressions for all particles j is obtained:

∑N

j=1
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W
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)
= 0, (7)

where W(hj, kj, rs) is a kernel function in 2D and rs represents the size of the support domain. For W,
different kernel functions, including Gaussian, cubic spline, and quintic spline functions, can be found
in [13]. In the following equations, we use W for the kernel function.

Function G can be defined in 2D as

G( f ) =
N∑
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414



Symmetry 2019, 11, 1086

According to Equation (7), the norm of G equals 0, so we obtain:
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where

Φ = fi − f j + hj
∂ fi
∂x + kj

∂ fi
∂y +

h2
j

2
∂2 fi
∂x2 +

k2
j

2
∂2 fi
∂y2 + hjkj

∂2 fi
∂x∂y +

h3
j

6
∂3 fi
∂x3 +

k3
j

6
∂3 fi
∂y3 +

h2
j kj

2
∂3 fi
∂x2∂y +

hjk2
j

2
∂3 fi
∂x∂y2

+
h4

j
24
∂4 fi
∂x4 +

k4
j
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j k2

j
4

∂4 fi
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j

6
∂4 fi
∂x∂y3 .

(10)
Equation (9) gives us the following equation:

AD = B, (11)

where

A =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
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j W
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j k
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1
6 hjk4

j W
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1
4 h4

j W
2 ∑N

j=1
1
4 h2

j k
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j W

2 · · · ∑N
j=1

1
12 h3

j k
3
j W

2∑N
j=1

1
4 k4

j W
2 · · · ∑N

j=1
1

12 hjk5
j W

2

. . .
...

symmetric
∑N

j=1
1

36 h2
j k

6
j W

2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (12)

D =
{
∂ fi
∂x

∂ fi
∂y

∂2 fi
∂x2

∂2 fi
∂y2 · · · ∂4 fi

∂x∂y3

}T
, (13)

B =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑N
j=1( f j− f i)hjW

2∑N
j=1( f j− f i)kjW

2∑N
j=1

1
2 ( f j− f i)h

2
j W

2∑N
j=1

1
2 ( f j− f i)k

2
j W

2

...∑N
j=1

1
6 ( f j− f i)h

2
j k

3
j W

2

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
. (14)

Since matrix A is symmetrical, Equation (11) can be solved, and the solution gives the values
of the spatial derivatives in matrix D. Thus, the spatial derivatives in Equations (1) and (2) can be
obtained by solving a set of symmetric linear equations, and the material derivatives in the equations
can be integrated using a time integration scheme.
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2.3. Particle Representation for Governing Equations

Taking particle i as an example, this section gives the particle representation of the governing
equations and the solution to Equation (11). The solution includes the values of the spatial derivatives
needed in the governing equations.

The coefficients of D and B are denoted by Dm(fi) and Bm(fi), respectively, with m = 1, 2, . . . , 5.
For example, D2( fi) =

∂ fi
∂y (the second coefficient in Equation(13)), and B2( fi) =

∑N
j=1( f j− f i)kjW

2 (the
second coefficient in Equation (14)). In addition, the symmetric matrix A can be decomposed into the
upper and lower triangular matrices A = LLT. The coefficients of the matrix L are denoted by L(m, n),
with m and n = 1, 2, 3, 4, 5.

By using the GFD scheme and Cholesky factorization to solve Equation (11), we obtain the
solutions for the Lagrangian derivative terms in Equations (1) and (2) in two-dimensional form

Dρi
Dt

= −ρiD1(ui) − ρiD2(vi), (15)

Dui

Dt
= − 1
ρi

D1(pi) + vkD3(ui), (16)

Dvi
Dt

= − 1
ρi

D2(pi) + vkD4(vi) + g, (17)

where ui and vi are the velocity of particle i in two directions and

Dm( f ) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1

L(m,m)

[
Ym( f ) −∑N

n=m+1 L(n, m)Dn( f )
]

m = 1, 2, 3, 4
Y( f )

L(m,m)
m = 5

, (18)

where

Ym( f ) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
bm( f )

L(m,m)
m = 1

1
L(m,m)

[
bm( f ) −∑m−1

n=1 L(m, n)Yn( f )
]

m = 2, 3, 4, 5
. (19)

This method considers changes in density and is able to simulate flow at low Mach numbers, so it
is used to solve weakly compressible viscous flow problems. Calculations of particle motion and time
integration are performed based on second-order leapfrog integration. The equations for updating the
position and velocity of particles are

vi

(
t+

1
2

Δt
)
= vi

(
t−1

2
Δt

)
+ Δt

Dvi(t)
Dt

, (20)

ri(t+Δt) = ri(t) + Δtvi(t+
1
2

Δ t), (21)

where vi(t+ 1
2 Δ t) is the velocity of fluid particle i at time t+ 1

2 Δt, and Δt is the time step.

2.4. Artificial Particle Displacement

In simulations of flow in porous media (Section 3.5), artificial particle displacement is suggested as
a particle motion correction to avoid particles in the vicinity of the stagnation points of fluid flow [38]
and to avoid poor particle distributions [39]. Artificial particle displacement can be expressed as

δri= αri
2vmaxΔt

∑N

j=1

ri j

r3
i j

, (22)

where ri is the position of particle i, α is a problem-dependent parameter that is usually set between
0.01 and 0.1, vmax is the maximum velocity of all particles in the computational domain, rij = ri − rj
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which is the distance between particles i and j, and ri is the average distance between the neighboring
particles of particle i:

ri =
1
N

∑N

j=1
rij. (23)

It is noted that the problem-dependent parameter α should be selected carefully. This value should
be small enough not to affect the physics of the flow but also large enough to avoid the accumulation
of particles to form groups. In the present work, the value of artificial particle displacement is less
than 0.1% of the physical particle displacement for a given time step, which is consistent with the
magnitude in [40].

After moving the particles, the pressure and velocity components should be corrected by
Taylor expansion.

2.5. Boundary Conditions

Several layers of virtual particles are used to implement the boundary condition. Similar treatments
can be observed in the SPH and MPS simulations. On a flat wall, virtual particles are obtained by
extending the boundary particles to the outside of the computational region, and the distribution of
virtual particles is regular. The number of layers can be chosen according to the scale of the support
domain. Figure 2 is a sketch of the treatment of particles near the wall. i represents the particle number,
and Δx is the particle spacing.

 
Figure 2. A sketch of a simulation of an acoustic boundary using virtual particles. Fluid particles are
inside the computational domain and boundary particles are fixed on the boundary.

For a flat wall, both the no-slip and free-slip boundary conditions can be implemented using
virtual particles. For no-slip walls, the particle-based boundary conditions are as follows

pi+3 = pi+2 = pi+1 = pi, vi+3 = vi+2 = vi+1 = 0, (24)

For free-slip walls, the tangential velocity component of virtual particles is maintained the same as the
boundary particles.

For a round surface, virtual particles are established based on a radial distribution inside the
object domain with particle spacing Δx. The particle distribution is shown in Figure 3.
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Figure 3. A sketch of a simulation of an acoustic boundary with a curved surface using virtual particles.
Fluid particles are inside the computational domain and boundary particles are fixed on the boundary.

The boundary condition for a rigid wall satisfies the following equations.

pi+2 = pi+1 = pi, vi+3 = vi+2 = vi+1 = 0. (25)

Since the FDPM simulation is still based on the local support domain, most boundary conditions
in the existing Lagrangian particle-based methods, such as the SPH and MPS methods, can be used
directly or implemented with minor changes. The particle representation of no-slip, free-slip and
superhydrophobic surfaces [41–43] can be found in [44–46].

3. Applications of the Finite Difference Particle Method

3.1. Fundamental Definition

Several test cases are simulated with the FDPM based on second-order Taylor series expansion.
The numerical accuracy is evaluated by the root mean square errors (εRMS) and the maximum errors
(εMAX), which are defined as

εRMS(S) =

√
1

NT
∑NT

k=1

∣∣∣Snum(k)−Sana(k)
∣∣∣2√

1
NT

∑NT
k=1

∣∣∣Sana(k)
∣∣∣2 , (26)

εMAX(S) = max
1�k�NT

∣∣∣Snum(k)−Sana(k)
∣∣∣, (27)

where Snum(k) and Sana(k) are the numerical and analytical results of variable k, respectively. k could be
the velocity or pressure.

The convergence rate of the FDPM is evaluated based on the root mean square error convergence
rate (RERMS) and the maximum error convergence rate (REMAX) as follows:

RERMS =

∣∣∣∣∣∣ ln(εRMS(NTmax))− ln(εRMS(NTmin))

ln(NTmax)− ln(NTmin)

∣∣∣∣∣∣, (28)

REMAX =

∣∣∣∣∣∣ ln(εMAX(NTmax))− ln(εMAX(NTmin))

ln(NTmax)− ln(NTmin)

∣∣∣∣∣∣. (29)
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3.2. Unsteady Flow in a Pipeline

Unsteady flow field in the pipeline is simulated to verify the FDPM method. The theoretical
solutions of unsteady flow in a 1D pipeline (chapter 3 in book [47]) are

u =
2
γ+ 1

x
t
+ C1, (30)

p = C3

⎛⎜⎜⎜⎜⎝γ− 1
C3γ

⎛⎜⎜⎜⎜⎝−1
2

(
C1 +

2x
(γ+ 1)t

)2

+
C2

1(γ+ 1)

2(γ− 1)
+

C2(γ− 3)
γ+ 1

t
2−2γ
γ+1 +

x2

(γ+ 1)t2

⎞⎟⎟⎟⎟⎠
⎞⎟⎟⎟⎟⎠
γ/(γ−1)

, (31)

ρ =

⎛⎜⎜⎜⎜⎝γ− 1
C3γ

⎛⎜⎜⎜⎜⎝−1
2

(
C1 +

2x
(γ+ 1)t

)2

+
C2

1(γ+ 1)

2(γ− 1)
+

C2(γ− 3)
γ+ 1

t
2−2γ
γ+1 +

x2

(γ+ 1)t2

⎞⎟⎟⎟⎟⎠
⎞⎟⎟⎟⎟⎠

1/(γ−1)

, (32)

c2 =

(
γ− 1
γ+ 1

−C1

)2

− 3− γ
γ+ 1

(γ− 1)C2t−2(γ−1)(γ+1), (33)

where u0 is the flow velocity distribution and x is the coordinate along the length of the pipeline.
The coefficients (the unit can be obtained from dimensional analysis) C1 = 30.0, C2 = –1.0 × 106,
C3 = 82571.0, and γ = 1.4; moreover, the initial time is 12.5 s, and the pipe length x is 700 m.

The FDPM algorithm with a second-order Taylor truncation is used, and the time step (Δt) is
0.0029 s. The effect of viscosity in the process of fluid motion is not considered. Dirichlet boundary
conditions are used at both ends of the boundary. The velocity, pressure and density of four particles
at both ends are set based on theoretical values.

The space of the initial particle (Δx) is 5.0 m, and rs is 3.2 times Δx. The cubic spline kernel function
is used in the calculations. Table 1 provides data for comparing the numerical velocity and theoretical
solution of a particular particle at different times and positions. Notably, although the particle moves
from x = 2.48 m to x = 25.64 m, the FDPM results agree well with the theoretical values, and this result
verifies the algorithm.

Table 1. FDPM results and theoretical solutions of the position and velocity of a particle (particle
number: 70) at different times.

Time (s)
Particle Method:

x (m)
Theoretical Solution:

u (m/s)
Particle Method:

u (m/s)
Error
(10−8)

0.25 2.48 30.16201462 30.16201544 2.74
0.50 10.08 30.64615858 30.64615942 2.75
0.75 17.80 31.11956025 31.11956110 2.75
1.00 25.64 31.58265402 31.58265470 2.13

The convergence verification of the FDPM method for unsteady flow in a pipeline is shown in
Figure 4. The numerical error curves at three different moments are given using different Δx values,
and rs is 3.2 times Δx in the computation.
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(a) 

 
(b) 

Figure 4. Convergence curves of the FDPM method for 1D unsteady flow simulation: (a) Root mean
square error, see Equation (26), of FDPM simulation using different particle spacing Δx at different
time; (b) maximum error, see Equation (27), of FDPM simulation using different particle spacing Δx at
different time.

Figure 4 shows that the FDPM method displays good convergence at different times. When
t = 1.0 s, the convergence curve yields a RERMS value of 1.7 and REMAX value of 1.8.

Given that the FDPM is a KGF method, the effect of the type of kernel function on this method
is evaluated. Four types of kernel functions, including 1

r3 , Gaussian, cubic spline and quintic spline
functions, are compared through two types of errors with different rs conditions, as shown in Figure 5.
The figure shows that the maximum error of the Gaussian kernel function is larger than that of the
other methods. The errors of other types of functions are similar.

 
(a) 

 
(b) 

Figure 5. Velocity errors of the computations with different kernel functions in pipe flow modeling:
(a) Root mean square error, see Equation (26), of FDPM simulation using different smoothing length and
kernel functions; (b) maximum error, see Equation (27), of FDPM simulation using different smoothing
length and kernel functions.

3.3. Poisseuille Flow

Steady, axisymmetric Poisseuille flow between two infinite plates is a classical test model in
hydrodynamics. In this section, the model is used to verify the governing equations and the rigid wall
boundaries. Assuming that the distance between two infinite plates is L, the volume force F is loaded
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on the fluid between plates in the x direction from time t = 0. The theoretical solution of the velocity
distribution of the flow at a given time [48] is as follows.

u(y, t) =
F
vk

y(y− L) +
∑∞

n=0

4FL2

vkπ3(2n + 1)3 sin
[πy

L
(2n + 1)

]
exp

⎡⎢⎢⎢⎢⎣− (2n + 1)2
π2vk

L2 t

⎤⎥⎥⎥⎥⎦. (34)

The numerical simulation for Poisseuille flow is obtained under weakly compressible (Ma = 0.0125)
conditions. Based on reference [48], the parameters of the Poisseuille field are chosen as υk = 10−6 m2s−1,
L = 10−3 m, ρ = 103 kgm−3, and F = 10−4 ms−2, so the maximum velocity is 1.25 × 10−5 ms−1 and the
Reynold number is Re = 1.25 × 10−2. The plate boundaries at the upper and lower ends are established
using rigid walls. One layer of boundary particles and three layers of virtual particles are used.
The FDPM with second-order Taylor truncation is utilized to perform the computation. The speed
of sound c is taken as 0.001 m/s, as suggested in [49], and the time step Δt is 3.0 × 10−4 s. The initial
particle spacings Δx and Δy are both set as 5 × 10−5 m, rs is 3.2 times Δx, and the kernel function is
selected as a cubic spline function.

A comparison of the numerical and theoretical solutions of the velocity of the flow field in
the x direction at different times is shown in Figure 6. The particle velocity is obtained by bilinear
interpolation. As time increases, the positions of particles gradually change until the uniformly
distributed particles at the initial stage are completely mixed in disorder. At this time, the numerical
solution of the particle velocity is still consistent with the theoretical solution.

Figure 6. Velocity profiles of the FDPM results (stars) and theoretical solutions (lines) at different times
along the y direction (from the bottom plate to the top plate).

During the computation, the particle velocity remains symmetrically distributed and gradually
increases at different times before reaching a steady state. The velocity of particles in the middle of the
two plates is the largest due to the viscous force, and the velocity is small near the plates. The FDPM
solution is in good agreement with the theoretical solution.

Figure 7 shows the numerical error curves of the FDPM method at different times and is used to
analyze the convergence of the FDPM method. During the computation, rs remains 3.2 times Δx.
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(a) 

 
(b) 

Figure 7. Convergence curves of the FDPM computation in Poisseuille flow modeling: (a) Root mean
square error, see Equation (26), of FDPM simulation using different particle spacing Δx at different
time; (b) maximum error, see Equation (27), of FDPM simulation using different particle spacing Δx at
different time.

Figure 7 shows that εRMS and εMAX decrease as Δx decreases, which indicates that the numerical
accuracy converges with the initial particle spacing at different times. εRMS is on the order of 10−3,
indicating that the computational results agree well with the theoretical solutions. For different error
evaluation indexes, the RERMS and REMAX values of the FDPM method are approximately 1.7 and 1.8,
respectively, with good convergence at t = 1.0 s. Since the second-order Taylor expansion-based FDPM
is implemented in the test, the convergence rate is reasonable.

An error analysis of the four different types of kernel functions is conducted to analyze the
sensitivity of the FDPM method to the kernel function, as shown in Figure 8.

 
(a) 

 
(b) 

Figure 8. Velocity errors of the computations with different kernel functions in Poisseuille flow
modeling: (a) Root mean square error, see Equation (26), of FDPM simulation using different smoothing
length and kernel functions; (b) maximum error, see Equation (27), of FDPM simulation using different
smoothing length and kernel functions.

Figure 8 shows that different types of kernel functions can be used in the FDPM method and
that the differences in the calculation errors are insignificant. The calculation errors of the four types
of kernel functions from large to small exhibit the following order: Gaussian, r−3, cubic spline, and
quantic spline.
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3.4. Couette Flow

Couette flow considers the fluid flow between a stationary plate and a sliding plate. To accurately
solve the flow distribution, the viscous term and boundary flow must be solved correctly. Initially, the
two plates and the fluid between them remain stationary. At a constant speed, the upper plate begins
to slide parallel to the lower plate. Assuming that the plate spacing is L and the sliding velocity is u0,
the theoretical solution of the flow velocity over time in the direction perpendicular to the plate [48] is
as follows:

u(y, t) =
u0

L
y+

∑∞
n=1

2u0

nπ
(−1)nsin(

nπ
L

y) exp(− n2π2vk

L2 t). (35)

Couette flow is numerically simulated under weakly compressible (Ma = 0.0125) conditions.
The parameters for Couette flow are vk = 106 m2s−1, L = 10−3 m, ρ= 103 kgm−3, and u0 = 1.25 × 10−5 m/s.

The plate boundaries at the upper and lower ends are obtained using rigid walls, and the
upper plate is set with a constant velocity u0. One layer of boundary particles and three layers of
virtual particles are used. The FDPM with second-order Taylor truncation is utilized to perform the
computation. The speed of sound c is taken as 0.001 m/s, and the time step Δt is 5.0 × 10−5 s. The initial
particle spacings Δx and Δy are both set as 2.5 × 10−5 m, rs is 3.2 times Δx, and the kernel function
selected is the cubic spline function. Figure 9 shows a comparison between the FDPM method and the
theoretical solution for the flow velocity at different times.

Figure 9. Comparison of the FDPM result (stars) and the theoretical solution (lines) for the flow velocity
at different times along the y direction (from the stationary plate to the sliding plate).

Before reaching a steady state, the particle velocity near the upper plate rapidly increases due to
the viscous force, and that near the lower plate increases in a relatively slow manner. The velocity
distribution of the particles between the two plates is nonlinear.

The velocity error (εRMS and εMAX) at different times and at different Δx values is used to evaluate
the convergence of the FDPM, as shown in Figure 10.

From the numerical results, both error indexes gradually decrease with decreasing Δx, which
suggests that the numerical accuracy converges with the initial particle spacing at different times.
εRMS is on the order of 10−2, indicating that the computational results agree well with the theoretical
solution. When t = 1.0 s, the two errors result in an RERMS value of 1.7 and REMAX value of 1.8. Since
the second-order Taylor expansion-based FDPM is implemented in the test, the convergence rate
is reasonable.
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(a) 

 
(b) 

Figure 10. Convergence curves of the FDPM computations in Couette flow modeling: (a) Root mean
square error, see Equation (26), of FDPM simulation using different particle spacing Δx at different
time; (b) maximum error, see Equation (27), of FDPM simulation using different particle spacing Δx at
different time.

To analyze the sensitivity of the FDPM method to the kernel function, four different types of
kernel functions with different rs/Δx values are applied, as shown in Figure 11. Different types of
kernel functions can be used in the FDPM method, and the calculation error of the Gaussian kernel
function is larger than that of the other methods.

 
(a) 

 
(b) 

Figure 11. Velocity errors of the computations with different kernel functions in Couette flow modeling:
(a) Root mean square error, see Equation (26), of FDPM simulation using different smoothing length and
kernel functions; (b) maximum error, see Equation (27), of FDPM simulation using different smoothing
length and kernel functions.

3.5. Flow in Porous Media

In this section, the FDPM algorithm is used to simulate the flow in a simplified model of porous
media [50]. The simplified model can be seen as flow around a circular cylinder, as shown in Figure 12,
and four sides of the domain are periodic boundaries.
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Figure 12. Simplified model of porous media. The solid circle is a circular cylinder and four sides of
the domain are periodic boundaries. L is the size of the computational domain, R is the cylindrical
radius, and F0 is the volume force.

 
(a) 

(b) 

 
(c) (d) 

Figure 13. Particle distribution (solid circles) and velocity contours from the initial time to the steady
state: (a) t = 0, (b) t = 693 s, (c) t =1386 s and (d) t = 2080 s.
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The size of the computational domain L = 0.1 m, the kinematic viscosity vk = 10−6 m2s−1, the
cylindrical radius R = 2 × 10−2 m, the volume force F0 = 1.5 × 10−7 ms−2, and the speed of sound
c = 5.77 × 10−4 ms−1. Δx and Δy are 0.003 m, rs is 3.2 times Δx, Δt = 1.04 s with 2000 steps, and the
coefficient of artificial particle displacement is 0.05. A rigid wall boundary is used for the cylindrical
boundary, and a periodic boundary is used on the four sides of the computational domain. One layer of
boundary particles and three layers of virtual particles are used. The FDPM with second-order Taylor
truncation is utilized to perform the computations. The particle distribution and velocity contours at
the initial time and the final steady state are shown in Figure 13.

At the initial time, the particle distribution is regular. Then, the fluid begins to flow, and particles
are gradually scattered and evenly distributed in the computational domain.

The velocity distributions along lines 1 and 2 (dotted-dashed lines in Figure 12) are shown in
Figure 14. Both the FDPM results and finite element method (FEM) results are given to evaluate the
accuracy of the numerical method. The FEM results come from the data of figure 6 in [48].

 
(a) (b) 

Figure 14. Velocity distributions along observation lines 1 and 2 (dotted-dashed lines in Figure 12):
(a) Observation line 1 and (b) observation line 2. Lines are FEM results and solid points are FDPM
results with different particle spacing Δx.

When Δx> 0.004, the computation is not sufficiently stable and can easily collapse, so this condition
is not shown in Figure 14. When Δx = 0.0038 m, the FDPM calculation results and the FEM results at
x = 0 and 0.1 m produce significant differences. When Δx = 0.002 m, the FDPM results are similar to
the FEM results. After convergence is obtained, the results of the FDPM method are consistent with
the FEM results, which verifies the correctness of the numerical method and the boundary conditions.

A comparison of the FDPM results (Δx = 0.002 m) with different kernel functions and the FEM
reference results is shown in Figure 15. The figure shows that the FDPM results with different types of
kernel functions are comparable to the reference results and exhibit only minor differences.
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(a) (b) 

Figure 15. Comparison along observation lines 1 and 2 (dotted-dashed lines in Figure 12) between the
FDPM results (solid points) with different kernel functions and the FEM results (lines): (a) Observation
line 1 and (b) observation line 2.

3.6. Lid-Driven Cavity Flow

The lid-driven cavity flow is widely used as a benchmark test case and the model in [51] is used
to verify the method. The case is in a square cavity with a sliding plate on the upper side and three
fixed rigid walls around, as shown in Figure 16. Initially, the fluid in the cavity remain stationary. At a
constant speed, the upper plate begins to slide horizontally and the simulation is at Re = 100.

Figure 16. Schematic of the lid-driven cavity flow. The solid circle is a circular cylinder and four sides
of the domain are periodic boundaries. L is the size of the computational domain, R is the cylindrical
radius, and F0 is the volume force.

Rigid wall boundary condition is used for four sides of the cavity, and the upper plate is set
with a constant velocity u0. The size of the cavity L = 1.0 m, the kinematic viscosity vk = 0.01 m2s−1,
the sliding velocity u0 = 1.0 m/s, and the speed of sound c = 10.0 ms−1. Δx and Δy are 0.025 m, rs

is 2.7 times Δx, Δt = 0.001 s with 3000 steps, the coefficient of artificial particle displacement is 0.05,
and the kernel function selected is the cubic spline function. One layer of boundary particles and
three layers of virtual particles are used. The FDPM with second-order Taylor truncation is utilized to
perform the computations. The particle distribution and velocity contours at the initial time and the
final steady state are shown in Figure 17.
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(c) (d) 

Figure 17. Particle distribution (solid circles) and velocity contours from the initial time to the steady
state: (a) t = 0, (b) t = 1.0 s, (c) t =2.0 s and (d) t = 3.0 s.

At the initial time, the particle distribution is regular. Then, the fluid begins to flow, and particles
are gradually scattered and evenly distributed in the computational domain.

Horizontal velocity component profiles along horizontal and vertical geometric centerlines at
t = 3.0 s, respectively, are shown in Figure 18. Although the present FDPM computation employed
only 2/5 particles in the work [51], these profiles are in good agreement with the reference results.
The particle distribution shows the method works well in geometries with corners.

 
(a) 

 
(b) 

Figure 18. Horizontal Velocity distributions along horizontal and vertical geometric centerlines at
t = 3.0 s: (a) Along vertical geometric centerlines and (b) along horizontal geometric centerlines.
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4. Conclusions

In this paper, a particle method based on the GFD scheme is proposed to simulate weakly
compressible viscous flow. This approach represents the partial differential terms in the Navier-Stokes
equations as the solution of a symmetric system of linear equations. The convergence and accuracy
of the symmetric particle-based method are tested by modeling flow in a pipeline, Poisseuille flow,
Couette flow, flow in porous media, and lid-driven cavity flow. The numerical results exhibit close
agreement with the theoretical solutions and finite element results. The particle method utilizes the
kernel function itself instead of its gradient, which avoids using artificial parameters to solve for the
viscous term and reduces the limitations on the choice of kernel function. Moreover, the order of the
Taylor series expansion can easily be improved in the meshless algorithm. The convergence rate of the
particle-based calculations with second-order Taylor truncation is approximately 1.7 in the tests, and
four different kernel functions are tested and determined to be reliable.
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38. Bašić, J.; Degiuli, N.; Werner, A. Simulation of water entry and exit of a circular cylinder using the ISPH
method. Trans. Famena 2014, 38, 45–62.

39. Nestor, R.M.; Basa, M.; Lastiwka, M.; Quinlan, N.J. Extension of the finite volume particle method to viscous
flow. J. Comput. Phys. 2009, 228, 1733–1749. [CrossRef]

40. Ozbulut, M.; Yildiz, M.; Goren, O. A numerical investigation into the correction algorithms for SPH method
in modeling violent free surface flows. Int. J. Mech. Sci. 2014, 79, 56–65. [CrossRef]

41. Rothstein, J.P. Slip on superhydrophobic surfaces. Annu. Rev. Fluid Mech. 2010, 42, 89–109. [CrossRef]

430



Symmetry 2019, 11, 1086

42. Gentili, D.; Bolognesi, G.; Giacomello, A.; Chinappi, M.; Casciola, C.M. Pressure effects on water slippage
over silane-coated rough surfaces: Pillars and holes. Microfluid. Nanofluidics 2014, 16, 1009–1018. [CrossRef]

43. Bolognesi, G.; Cottin-Bizonne, C.; Pirat, C. Evidence of slippage breakdown for a superhydrophobic
microchannel. Phys. Fluids 2014, 26, 082004. [CrossRef]

44. Marrone, S.; Antuono, M.; Colagrossi, A.; Colicchio, G.; Le Touzé, D.; Graziani, G. δ-SPH model for simulating
violent impact flows. Comput. Methods Appl. Mech. Eng. 2011, 200, 1526–1542. [CrossRef]

45. Adami, S.; Hu, X.; Adams, N.; Adams, N. A generalized wall boundary condition for smoothed particle
hydrodynamics. J. Comput. Phys. 2012, 231, 7057–7075. [CrossRef]

46. Sun, P.; Ming, F.; Zhang, A. Numerical simulation of interactions between free surface and rigid body using
a robust SPH method. Ocean Eng. 2015, 98, 32–49. [CrossRef]

47. Von Mises, R.; Geiringer, H.; Ludford, G.S.S. Mathematical Theory of Compressible Fluid Flow; Chapter 3;
Academic Press: New York, NY, USA, 2004.

48. Morris, J.P.; Fox, P.J.; Zhu, Y. Modeling Low Reynolds Number Incompressible Flows Using SPH.
J. Comput. Phys. 1997, 136, 214–226. [CrossRef]

49. Liu, M.; Xie, W.; Liu, G. Modeling incompressible flows using a finite particle method. Appl. Math. Model.
2005, 29, 1252–1270. [CrossRef]

50. Fang, J.; Parriaux, A. A regularized Lagrangian finite point method for the simulation of incompressible
viscous flows. J. Comput. Phys. 2008, 227, 8894–8908. [CrossRef]

51. Khorasanizade, S.; Sousa, J.M.M.; De Sousa, J.M. A detailed study of lid-driven cavity flow at moderate
Reynolds numbers using Incompressible SPH. Int. J. Numer. Methods Fluids 2014, 76, 653–668. [CrossRef]

© 2019 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
article distributed under the terms and conditions of the Creative Commons Attribution
(CC BY) license (http://creativecommons.org/licenses/by/4.0/).

431





MDPI
St. Alban-Anlage 66

4052 Basel
Switzerland

Tel. +41 61 683 77 34
Fax +41 61 302 89 18

www.mdpi.com

Symmetry Editorial Office
E-mail: symmetry@mdpi.com

www.mdpi.com/journal/symmetry





MDPI  
St. Alban-Anlage 66 
4052 Basel 
Switzerland

Tel: +41 61 683 77 34 
Fax: +41 61 302 89 18

www.mdpi.com ISBN 978-3-03928-427-6 


	Blank Page

