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Abstract: Imposing a family symmetry on the Standard Model in order to reduce the number
of its free parameters, due to the Schur’s Lemma, requires an explicit breaking of this symmetry.
To avoid the need for this symmetry to break, additional Higgs doublets can be introduced. In such
an extension of the Standard Model, we investigate family symmetries of the Yukawa Lagrangian.
We find that adding a second Higgs doublet (2HDM) does not help, at least for finite subgroups of
the U(3) group up to the order of 1025.

Keywords: lepton masses and mixing; family symmetry

1. Introduction

At currently achievable energies, the Standard Model (SM) of fundamental interactions is a
very good working theory. However, it is commonly believed that it is only an effective theory
which at higher energies need to be modified. One of the signs of this state of things is a large
number of free parameters (more than 20) which now need to be fitted from experiments. The main
parameters are: masses, mixing angles and CP violating phases for quarks and leptons. The SM
does not explain those parameters but introduces the mechanism by means of which all particles
acquire masses by the so called Higgs mechanism. One of several proposals how to restrict number
of a free parameters in the SM is to introduce symmetry between Yukawa constants in Yukawa SM
interaction in such a way that after spontaneous symmetry breaking get masses and mixing matrix
parameters for quarks and leptons which are consistent with experience. Such symmetry is known
in the literature as a flavor symmetry [1] (but also family or horizontal symmetry). Lepton sector
and especially neutrino physics is an attractive area to search for such a symmetry due to the so called
lepton mixing matrix [2,3].

There exist direct links between the mixing and lepton masses. Charged lepton and neutrino mass
matrices Ml(ν) are diagonalized by biunitary transformations (for Majorana neutrinos (Uν)R = (Uν)∗L):

(Ul(ν))
†
L Ml(ν) (Ul(ν))R . (1)

The lepton mixing matrix UPMNS is composed from the charged lepton (Ul)L and neutrino (Uν)L
diagonalizing matrices:

UPMNS = (Ul)
†
L (Uν)L . (2)

Symmetry 2020, 12, 156; doi:10.3390/sym12010156 www.mdpi.com/journal/symmetry1
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Elements of matrix (2) are determined in various of neutrino experiments. When we impose
a family symmetry in the ordinary not extended SM, we obtain [4,5]:

Ai†
L (Ml M†

l ) Ai
L = (Ml M†

l ) , (3)

Ai†
L (Mν M†

ν) Ai
L = (Mν M†

ν) , (4)

where:
Ai

L = AL(gi) , i = 1, 2, . . . , N , (5)

are 3 dimensional representations matrices for the left handed lepton doublets for some N-order
flavour symmetry group G.

As a direct consequence of the Schur’s Lemma—since Ml M†
l and Mν M†

ν are proportional
to the identity matrix, the lepton mixing matrix UPMNS becomes trivial.

In the literature there are some ideas about how to escape from the trivialisation of a matrix (2).
One approach is to break the family symmetry group by scalar singlet—so called “flavons” (e.g., [6,7]).
Non trivial mixing can be also achieved by extending the Higgs sector by additional multiplets
(e.g., [8,9]). A proposal for the two Higgs doublet model (2HDM) [10] was widely discussed in [11].
In the most general situation, the mass generation mechanism allows couplings with various Higgs
fields. In this context, extensions of the SM assuming the existence of different numbers of doublets
and Higgs triplets are allowed. Theoretical proposals assuming the existence of two Higgs fields
are not the only possible and potentially experimentally verifiable space for applying the symmetry
implementation. In this paper, the methodology proposed previously for 2HDM only [11] is extended
to any number of additional Higgs fields.

Additionally, new forms of results, equivalent to [11], for 2HDM are given. The obtained
results depend on many phases and we present here a more detailed discussion concerning relations
between them. We hope that it may help to determine the analytical origin of these solutions.

2. Multi Higgs Doublet Description

Discussion below stands for Dirac neutrinos. To describe the coupling between lepton fields
and the Higgs field we take the n-Higgs doublet Yukawa interaction term of the form:

LY = −(hl
i)αβ L̄αLΦ̃i lβR − (hν

i )αβ L̄αLΦiνβR + H.c. , (6)

where i = 1, 2, . . . , n and α, β = e, μ, τ.
The charged lepton states lβR and neutrinos νβR are right-handed SU(2) singlets

and then the gauge doublets for the left-handed lepton and Higgs fields are:

LαL =

(
ναL
lαL

)
, (7)

Φi =

(
ϕ0

i
ϕ−

i

)
, Φ̃i =

(
ϕ−∗

i
−ϕ0∗

i

)
= iσ2Φ∗

i , (8)

where ϕ0
i and ϕ−

i are complex scalar fields in spacetime for i = 1, 2, . . . , n and σ2 =

(
0 −i
i 0

)
.

The 3 × 3 Yukawa matrices hl
i and hν

i each define the couplings of left-handed doublets
with right-handed singlets via the i-th Higgs doublet. Due to the form of the Higgs potentials,
ground states occur at non-zero ϕ, with the vacuum expectation values:

< Φi >=
1√
2

(
vi
0

)
and < Φ̃i >=

1√
2

(
−v∗i

0

)
, (9)

2
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for some complex-valued vi, where:√
|v1|2 + |v2|2 + · · ·+ |vn|2 = (

√
2GF)

−1/2 ∼ 246 GeV . (10)

Mass matrices for charged leptons and neutrinos read as follows:

Ml = − 1√
2
(v∗1hl

1 + · · ·+ v∗nhl
n) , (11)

Mν =
1√
2
(v1hν

1 + · · ·+ vnhν
n) . (12)

For some finite flavour group G, the family symmetry means that after fields transformations
(AL, AR

l and AR
ν are 3 dimensional representations):

LαL → L′
αL = (AL)α,χ LχL , (13)

lβR → l′βR =
(

AR
l

)
β,δ

lδR , (14)

νβR → ν′βR =
(

AR
ν

)
β,δ

νδR , (15)

and (AΦ is a n dimensional representation):

Φi → Φ′
i = (AΦ)ik Φk , (16)

the Lagrangian does not change:

L(LαL, lβR, νβR, Φi) = L(L′
αL, l′βR, ν′βR, Φ′

i) . (17)

Symmetry conditions can be written as an eigenproblem of a direct product of unitary group
representations to the eigenvalue 1. For any group elements we have:(

(AΦ)
† ⊗ (AL)

† ⊗ (AR
l )

T
)

k,α,δ;i,β,γ
(hl

i)β,γ = (hl
k)α,δ , (18)(

(AΦ)
T ⊗ (AL)

† ⊗ (AR
ν )

T
)

k,α,δ;i,β,γ
(hν

i )β,γ = (hν
k)α,δ . (19)

It is sufficient to check the above equations for group generators only as then they will
automatically be satisfied for all group elements.

In such a model, the invariance equations for the mass matrices are not trivial, so we avoid
the consequences of Schur’s Lemma:

AL Ml(ν)
(

AR
l(ν)

)†
=

1√
2

n

∑
i,k=1

hl(ν)
i (AΦ)i,k vk 	= Ml(ν) . (20)

The same conclusion is valid if one assumes that neutrinos have Majorana nature. In such a frame,
the Yukawa interaction Lagrangian has to be rewritten in an appropriate way (see [11]) producing
family symmetry condition in the form:(

(AΦ)
T ⊗ (AΦ)

T ⊗ (AL)† ⊗ (AL)†
)

k,m,χ,η,i,j,α,β
(hν

ij)α,β = (hν
km)χ,η . (21)

3. Two Higgs Doublet Model (2HDM) Results

As a potential flavour symmetry group G, we chose finite, non-abelian subgroups of U(3),
up to the order of 1025. This class of groups is very important in practice [12], even though there exist

3
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models in which the flavour symmetry group cannot be conceived as a subgroup of U(3) (the upper
limit on the group order was of course due to the calculation time). Using the GAP [13] system
for computational discrete algebra, with the included SMALL GROUPS LIBRARY [14] and the REPSN [15]
package for constructing representations of finite groups, we have found groups which fulfil
the requirements of our model and impose flavour symmetry on the Yukawa Lagrangian. Next we have
calculated the Yukawa matrices and created mass matrices and mixing matrices. The last step
was to check agreement with experimental data. In total we have found 10862 groups with at least
one 2 dimensional and at least one 3 dimensional irreducible representation. Only 413 of these groups
are subgroups of U(3). Either a group has at least one faithful 3 dimensional irreducible representation
(there are 173 such groups) or it has at least one faithful 1+2 reducible representation (there are 240
such groups).

3.1. Results for Dirac Combinations

All obtained solutions for Yukawa matrices for Dirac neutrinos and charged leptons
can be expressed through seven base forms. Putting ω = e2π i k / 3 and allowing any integer k value
(note that ω3 = 1 and ω2 = ω∗), the first three forms are:

h1 =

⎛⎜⎝ 0 0 1
ω2 0 0
0 ω 0

⎞⎟⎠ , h2 =

⎛⎜⎝ 0 1 0
0 0 ω

ω2 0 0

⎞⎟⎠ . (22)

The next three forms can be obtained from the above ones through a simple interchange h1 � h2.
The last, seventh form, valid only for k = . . . ,−2, 1, 4, . . . , is (note the diagonality of these matrices):

h1 =

⎛⎜⎝1 0 0
0 ω2 0
0 0 ω

⎞⎟⎠ , h2 = h∗1. (23)

Dirac neutrinos are always defined by “ordered” pairs:

{ hν
1 , hν

2 } = { h1 , ei φ h2 }, (24)

where φ are some real phases (which depend on the actual group and its representations’ combinations).
For each of such Dirac neutrinos’ solutions, there always exist two different solutions for charged
leptons, defined by the two corresponding “ordered” pairs:

{ hl
1 , hl

2 } = { h2 , e−i (δl+φ) h1 }, (25)

where δl = 0, π.
Assuming complex cx, real v1, φ1, v2, φ2 and putting:

M = cx

[
v1 ei φ1 h1 + v2 ei φ2 h2

]
, (26)

we get exactly the same set of three eigenvalues of M M† for any of the seven above Yukawa matrices
forms (note that this set of eigenvalues is invariant with respect to v1 � v2 and/or φ1 � φ2,

4
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hence we can safely use them for all cases h1 � h2, and that if v1v2 ≥ 0 then m2
1 ≤ m2

2 ≤ m2
3

when π ≤ φ2 − φ1 ≤ 4π/3 and m2
1 ≥ m2

2 ≥ m2
3 when 0 ≤ φ2 − φ1 ≤ π/3):

eigenvalues
(

M M† ) =

⎛⎜⎜⎜⎜⎜⎝
m2

1

m2
2

m2
3

⎞⎟⎟⎟⎟⎟⎠ = |cx|2

⎛⎜⎜⎜⎜⎜⎝
v2

1 + v2
2 + 2 v1 v2 cos (φ2 − φ1)

v2
1 + v2

2 + 2 v1 v2 cos (φ2 − φ1 − 2 π/3)

v2
1 + v2

2 + 2 v1 v2 cos (φ2 − φ1 + 2 π/3)

⎞⎟⎟⎟⎟⎟⎠ . (27)

The mass squared differences are (note that if v1v2 ≥ 0 then Δm2
31 ≥ Δm2

32 ≥ Δm2
21 ≥ 0

when 7π/6 ≤ φ2 − φ1 ≤ 4π/3 and Δm2
31 ≤ Δm2

32 ≤ Δm2
21 ≤ 0 when π/6 ≤ φ2 − φ1 ≤ π/3):

Δm2
21 = +2

√
3 |cx|2 v1 v2 sin (φ2 − φ1 − π/3) ,

Δm2
31 = −2

√
3 |cx|2 v1 v2 sin (φ2 − φ1 + π/3) , (28)

Δm2
32 = −2

√
3 |cx|2 v1 v2 sin (φ2 − φ1) .

In all cases M M† = M† M and then for the seventh form M M† = diag
(

m2
1, m2

2, m2
3
)

(so, no neutrino mixing is possible at all), while for the first six forms it is:

M M† = |cx|2

⎛⎜⎜⎜⎜⎜⎝
v2

1 + v2
2 v1 v2 e−i (φ2−φ1+2πk/3) v1 v2 ei (φ2−φ1−2πk/3)

v1 v2 ei (φ2−φ1+2πk/3) v2
1 + v2

2 v1 v2 e−i (φ2−φ1)

v1 v2 e−i (φ2−φ1−2πk/3) v1 v2 ei (φ2−φ1) v2
1 + v2

2

⎞⎟⎟⎟⎟⎟⎠ , (29)

and the unitary matrix that diagonalizes it (so that U† M M† U = diag
(

m2
1, m2

2, m2
3
)
) is:

U =
1√
3

⎛⎜⎜⎜⎜⎜⎝
e−2π i k / 3 e−2π i (k−1) / 3 e−2π i (k+1) / 3

1 e−2π i / 3 e2π i / 3

1 1 1

⎞⎟⎟⎟⎟⎟⎠ . (30)

Note that the U matrix does not depend on the phase difference φ2 − φ1 at all so, it will be exactly
the same for neutrinos (Uν)L and charged leptons (Ul)L. Hence, the UPMNS = (Ul)

†
L (Uν)L = I

(so again, no neutrino mixing is possible at all).
In order to directly apply the above equations to Dirac neutrinos, one should put cx → cν, v1 → v1,

φ1 → φ1, v2 → v2, φ2 → φ + φ2 (so φ2 − φ1 → φ + φ2 − φ1), while for charged leptons, one should
put cx → cl , v1 → v2, φ1 → − (δl + φ + φ2), v2 → v1, φ2 → −φ1 (so φ2 − φ1 → δl + φ + φ2 − φ1),
where we assume that the vacuum expectation values are v1 ei φ1 and v2 ei φ2 (the same for neutrinos and
charged leptons, of course). When moving between Dirac neutrinos and charged leptons, we can easily
notice that all equations are invariant with respect to v1 � v2 and the phase difference φ2 − φ1 is simply
shifted by δl = 0, π. That means that, for δl = π, all mass squared differences Δm2

ij will change signs,
so that their mass ordering schemes will be reversed, while for δl = 0 there will be no change at all.

The ratios of experimental mass squared differences for neutrinos and charged leptons are:

|Δm2
atm/Δm2

sol | ≈ (2.4 – 2.6)× 10−3/ (7.4 – 7.7)× 10−5 ≈ 33 ± 3,(
m2

τ − m2
e
)

/
(

m2
μ − m2

e

)
≈ 282.8,

(31)

and so they cannot be reproduced in this theoretical frame (they would need to be exactly equal while
they differ by a factor of about 8 to 9).

5
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Moreover, Equation (27) are not able to reproduce experimental masses of charged leptons
at all. They return, in all cases, 1 ≤ mτ/mμ ≤ 2 and requiring mμ/me ≈ 206.8 or mτ/me ≈ 3477
returns mτ ≈ mμ.

3.2. Results for Majorana Combinations

All obtained solutions for Majorana neutrinos, which do not produce a scalar mass matrix Mν,
are defined by “ordered” quadruples:

{ hν
11 , hν

12 , hν
21 , hν

22 } = { h2 , v0 ei (φ+φ0) I3 , v0 ei (δ+φ+φ0) I3 , ei (δ+2φ) h1 }, (32)

where h1 and h2 are defined by Equation (23), φ are some real phases (which depend on the actual
group and its representations’ combinations), δ = 0, π and v0 ei φ0 is a free complex parameter. For each
of such Majorana neutrinos’ solutions, there always exist two different solutions for charged leptons,
defined by the two corresponding “ordered” pairs { hl

1 , hl
2 } = { h2 , e−i (δl+φ) h1 }, where δl = 0, π

(note that δl is independent of δ so, there always exist four different combinations for each φ).
Assuming complex cν (usually denoted as g/(2M)), real v0, φ0, v1, φ1, v2, φ2 and putting

(where we assume that the vacuum expectation values are v1 ei φ1 and v2 ei φ2 ):

Mν = cν

[
v2

1 e2 i φ1 h11 + v1 v2 ei (φ1+φ2) (h12 + h21) + v2
2 e2 i φ2 h22

]
(33)

= cν

[
v2

2 ei [δ+2(φ+φ2)] h1 + v2
1 e2 i φ1 h2 + v0 v1 v2

(
1 + ei δ

)
ei (φ+φ0+φ1+φ2) I3

]
,

we find that the neutrino mass matrix Mν is a diagonal matrix and Mν M†
ν = M†

ν Mν =

diag
(

m2
1, m2

2, m2
3
)
, where:⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

m2
1

m2
2

m2
3

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= |cν|2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

v4
1 + v4

2 + 2 v2
1 v2

2 cos [δ + 2 (φ + φ2 − φ1)]

+ 4 v0 v1 v2 [ v2
1 cos (φ + φ2 − φ1 + φ0)

+ v2
2 cos (φ + φ2 − φ1 − φ0) + v0 v1 v2 ] cos (δ/2)

v4
1 + v4

2 + 2 v2
1 v2

2 cos [δ + 2 (φ + φ2 − φ1) + 2 π/3]
+ 4 v0 v1 v2 [ v2

1 cos (φ + φ2 − φ1 + φ0 − 2 π/3)
+ v2

2 cos (φ + φ2 − φ1 − φ0 − 2 π/3) + v0 v1 v2 ] cos (δ/2)

v4
1 + v4

2 + 2 v2
1 v2

2 cos [δ + 2 (φ + φ2 − φ1)− 2 π/3]
+ 4 v0 v1 v2 [ v2

1 cos (φ + φ2 − φ1 + φ0 + 2 π/3)
+ v2

2 cos (φ + φ2 − φ1 − φ0 + 2 π/3) + v0 v1 v2 ] cos (δ/2)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (34)

The mass squared differences are:

Δm2
21 = 2

√
3 |cν|2 v1 v2 { −v1 v2 sin [δ + 2 (φ + φ2 − φ1) + π/3]

+ 2 v0
[

v2
1 sin (φ + φ2 − φ1 + φ0 − π/3) + v2

2 sin (φ + φ2 − φ1 − φ0 − π/3)
]

cos (δ/2) },
Δm2

31 = 2
√

3 |cν|2 v1 v2 { +v1 v2 sin [δ + 2 (φ + φ2 − φ1)− π/3]
− 2 v0

[
v2

1 sin (φ + φ2 − φ1 + φ0 + π/3) + v2
2 sin (φ + φ2 − φ1 − φ0 + π/3)

]
cos (δ/2) },

Δm2
32 = 2

√
3 |cν|2 v1 v2 { +v1 v2 sin [δ + 2 (φ + φ2 − φ1)]

− 2 v0
[

v2
1 sin (φ + φ2 − φ1 + φ0) + v2

2 sin (φ + φ2 − φ1 − φ0)
]

cos (δ/2) }.

(35)

For δ = π (ei δ = −1), we can also reuse Equations (27) and (28), when we put cx → cν, v1 → v2
2,

φ1 → π + 2 (φ + φ2), v2 → v2
1, φ2 → 2φ1 (so φ2 − φ1 → π − 2 (φ + φ2 − φ1)). Note that the mass

ordering schemes will be reversed between δ = 0 and δ = π, which can easily be seen if one puts
v0 = 0 in Equations (34) and (35). For the corresponding charged leptons, we can also simply reuse
Equations (27) and (28), where we put cx → cl , v1 → v2, φ1 → − (δl + φ + φ2), v2 → v1, φ2 → −φ1 (so
φ2 − φ1 → δl + φ+ φ2 − φ1). As already mentioned, Equation (27) is not able to reproduce experimental

6
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masses of charged leptons at all. Moreover, as all relevant matrices are diagonal (for both neutrinos
and charged leptons), no neutrino mixing is possible at all.

4. Conclusions

Multiple Higgs doublet models are in general promising that, in order to get a non trivial lepton
mixing matrix, one will not need to explicitly break the family symmetry. However, our results
for the 2HDM are utterly negative. The big open question is why. First, we select finite, non-abelian
subgroups of U(3) which are provided by the SMALL GROUPS LIBRARY [14] in GAP [13]. Is it possible
that we miss some vital groups (due to the constrains that we impose when selecting groups or
due to the used library itself)? Then, is it possible that non trivial solutions can only be obtained
for models with more than two Higgs doublets? Finally, is it possible that the Equations (18), (19)
and (21) will always lead to only trivial solutions, even though these models seem to be free from
the consequences of the Schur’s Lemma (20)? In order to address, at least partially, the last two
questions, we are currently working on processing groups which are not subgroups of U(3) for
2HDM and on a family symmetry approach with three Higgs doublets, hoping that it will give some
positive outcome.
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Abstract: In this paper, beyond standard models are considered with additional scalar triplets without
modification of the gauge group (Higgs Triplet Model—HTM) and with an extended gauge group
SU(2)R ⊗ SU(2)L ⊗ U(1) (Left–Right Symmetric Model—LRSM). These models differ drastically in
possible triplet vacuum expectation values (VEV). Within the HTM, we needed to keep the triplet VEV
at most within the range of GeV to keep the electroweak ρ parameter strictly close to 1, down to
electronvolts due to the low energy constraints on lepton flavor-violating processes and neutrino
oscillation parameters. For LRSM, the scale connected with the SU(2)R triplet is relevant, and to
provide proper masses of non-standard gauge bosons, VEV should at least be at the TeV level.
Both models predict the existence of doubly charged scalar particles. In this paper, their production
in the e+e− collider is examined for making a distinction in the s- and t- channels between the two
models in scenarios when masses of doubly charged scalars are the same.

Keywords: theoretical physics; particle physics; beyond Standard Model; scalar sector

1. Introduction

In 2012, the discovery of the neutral scalar particle, called the Higgs boson by the ATLAS [1]
and CMS [2] collaborations, confirmed the mechanism of mass generation in the Standard Model
(SM). However, SM can be an effective theory, similarly to as it was in the past with the Fermi
four-interactions theory, and in particular, the scalar sector of the ultimate theory of elementary
particles interactions may be more complex. One of the prime goals of Beyond Standard Model theories
is a deeper understanding of neutrino tiny mass generation. An additional scalar triplet can explain the
smallness of neutrino masses via the Type II seesaw mechanism. Also, there is a long-standing excess
observed in anomalous magnetic moments of the muon which, if confirmed, cannot be explained
within the Standard Model [3]. Furthermore, there are other phenomena in the universe which cannot
be explained by the SM, that is, dark matter, baryon asymmetry, and dark energy, which call for the
SM extensions and collider studies of possible exotic signals [4,5]. Extended scalar sectors include
additional neutral and charged scalar particles. There are two ways to extend the scalar sector of the
theory: directly, adding scalar fields, or indirectly, by extending the SM gauge group, which demands
proper adjusting of the scalar sector. These additional particles can generate various lepton flavor and
number violating processes, thus leaving signatures in the experiments. There are two facts which
make them worth studying at colliders. Firstly, doubly charged scalars can produce the same sign
dilepton signals at the colliders. Secondly, they are components of the triplet multiplets, an attractive
scenario to explain neutrino masses. We focus on two popular models containing doubly charged
scalars—SM with one extra triplet multiplet (HTM) and the left–right symmetric model (LRSM).
These two models exhibit two very different scales of spontaneous symmetry breaking scales—eV

Symmetry 2020, 12, 153; doi:10.3390/sym12010153 www.mdpi.com/journal/symmetry9
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(HTM) and TeV (LRSM). Interestingly, though phenomenologically completely different, they can
produce the same type of signatures at colliders when doubly charged scalars interact with leptons.

In this work, we focus on doubly charged scalar particle production in e+e− collisions within
HTM and LRSM. Our main goal is to initialize the work in order to understand how both models can be
differentiated when the doubly charged scalar H±± would be discovered. We discuss in detail relevant
parameters of the model, carefully establishing benchmark points which give the same masses of H±±

in both models, and analyze allowed scenarios for H±± decay branching ratios and possible H±± pair
production in e+e− colliders.

1.1. Theoretical Introduction to HTM and LRSM

1.1.1. HTM

The HTM is one of the simplest extensions of the Standard Model. This model is based on the
SM gauge group SU(3)C × SU(2)L × U(1)Y. An additional SU(2)L scalar triplet is introduced in the
particle content. We are following the convention Y = 2Q − T3, where Q denotes the charge and T3 is
the third component of the isospin of the triplet. Depending on the hypercharge Y, the triplet contains
neutral, singly- and doubly-charged scalars. In the studied case, the HTM’s scalar sector is built of one
scalar SU(2)L doublet Φ (in which the SM Higgs boson is situated) and the triplet Δ with Y = 2:

Φ =
1√
2

( √
2w+

Φ
vΦ + hΦ + izΦ

)
, Δ =

1√
2

(
w+

Δ

√
2δ++

vΔ + hΔ + izΔ −w+
Δ

)
. (1)

where vΦ and vΔ denotes corresponding VEV, while w, h, z, δ are unphysical scalar fields. The physical
singly charged state can be expressed by a combination of the doublet and triplet fields, where the
doubly charged scalar field is already physical (see the Equations (A3a) and (A3c) in the Appendix A.1):

H± = − sin β w±
Φ + cos β w±

Δ , tan β =
√

2vΔ
vΦ

,
H±± = δ±±.

(2)

The doublet and triplet VEVs vΦ and vΔ are bounded by the condition:

v =
√

v2
Φ + 2v2

Δ  246 GeV, (3)

where v is the SM electroweak symmetry breaking scale.
In Appendix A.1, the other physical fields and their masses are presented. From those

considerations and from the decay h → γγ, it is known that the |MH±± − MH±| mass gap does
not overstep ∼50 GeV. That conclusion will be important for calculating the H±± decays and
branching ratios.

In the HTM, we do not introduce the right-handed neutrino fields. Neutrinos get masses due to the
Type II see-saw mechanism. As in the SM, left-handed leptons form doublets:

L� =

(
ν�
�

)
L

, [� = e, μ, τ] . (4)

Apart from the scalar potential presented in Appendix A.1, the Yukawa part of the Lagrangian
should be added:

LΔ
Y =

1
2

h��′ L
T
� C−1iσ2ΔL�′ + h.c. (5)

10
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where C is the charge conjugation operator and h��′ is the symmetric Yukawa matrix. The Yukawa
lagrangian LΔ

Y provides massive neutrinos and interaction between triplet fields and leptons,
particularly the H±± − l∓ − l′∓ vertex. In this case, the Yukawa coupling [6] reads:

Y HTM
��′ =

1√
2vΔ

V∗
PMNS diag{m1, m2, m3} V†

PMNS, (6)

where mi denotes neutrino masses, and the PMNS matrix VPMNS is parametrized as follows:

VPMNS =

⎡⎢⎣ c12c13eiα1 s12c13eiα2 s13e−iδCP

(−s12c23 − c12s23s13eiδCP)eiα1 (c12c23 − s12s23s13eiδCP)eiα2 s23c13

(s12s23 − c12c23s13eiδCP)eiα1 (−c12s23 − s12c23s13eiδCP)eiα2 c23c13

⎤⎥⎦ . (7)

This vertex depends on the neutrino parameters, where introducing neutrino masses directly
breaks the lepton number. In Section 1.2, we will analyze the impact of this vertex and the doubly
charged scalar’s contribution to the lepton-number-violating (LNV) and lepton-flavor-violating (LFV)
processes. Note that this coupling is also inversely proportional to the triplet VEV vΔ, so the constraint
coming from LFV and LNV processes will also bound vΔ.

1.1.2. LRSM

In the case of LRSM, the gauge group is extended by the SU(2)R right-handed group, where it is
now SU(3)C ⊗ SU(2)R ⊗ SU(2)L ⊗ U(1)Y [7,8]. There are a few ways to break this gauge symmetry
down to the electroweak scale. For that, new scalar multiplets are introduced. We are following [7–9]
with the scalar sector constructed of one bidoublet and two triplets with Y = 2, one under the SU(2)L
and one under the SU(2)R group:

ΔL,R =
1√
2

(
w+

ΔL,R

√
2δ++

L,R

vΔL,R + hΔL,R + izΔL,R −w+
ΔL,R

)
. (8)

Again, doubly charged scalar fields are obtained, which are already physical:

H++
1 = δ++

L ,
H++

2 = δ++
R .

(9)

For the decomposition of singly-charged and neutral ones, see [9]. The whole scalar sector consists
of two types of doubly charged scalar particles, two singly charged scalars, three neutral scalars (apart
from the SM Higgs particle), and two pseudoscalars. Their masses are analyzed in the Appendix A.2.
The LRSM realises the Type I See-Saw Mechanism. Additional right-handed neutrino fields are also
present here, and form both left- and right-handed lepton doublet multiplets under the SU(2)L and
SU(2)R group, respectively:

LiL=

(
ν′i
l′i

)
L

, LiR=

(
ν′i
l′i

)
R

.
(10)

This time, the Yukawa Lagrangian contains contributions from ΔL and ΔR [9]:

Ll
Y = −L̄c

Riσ2ΔLhMLL − L̄c
Riσ2ΔRhMLL + h.c., (11)

and again, the H±±
1,2 − l∓ − l∓ vertex depends on heavy neutrino states masses and mixing. Since no

explicit data for the mixing parameters of heavy neutrinos exists, we safely assumed that their
couplings were diagonal (possible mixings are negligible for our scalar boson studies):

11
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Y LRSM
��′ =

1√
2vR

diag{M1, M2, M3}. (12)

1.2. LFV Bounds on the Triplets VEV

The H±± − l∓ − l
′∓ vertex contributes to many LFV and LNV processes. In the Table 1 we present

the most relevant processes with corresponding experimental limits. The theoretical formulas for
branching ratios for low-energy processes used in this publication are [10]:

Table 1. Low-energy LFV processes with H±± mediation and corresponding experimental limits.

Process: Diagrams: Limits:

Radiative decay:
l → l′γ

H±±

H±±

li lk

lj

γ

li lj lk

γ

BR(μ → eγ) ≤ 4.2 × 10−13 [11]
BR(τ → eγ) ≤ 3.3 × 10−8 [12]
BR(τ → μγ) ≤ 4.4 × 10−8 [12]

Three body decay:
l → l1l2l3

li

lj

lk

ll

H±±

BR(μ → eee) ≤ 1.0 × 10−13 [13]
BR(τ → l1l2l3) ≤ ∼10−8 [14]

μ → e conversion:
μN → eN∗

μ e

N N∗

μ e

N N∗

H±±

H±±

R(μ−Au → e−Au) ≤ 7.0 × 10−13 [15]

BR(μ → eγ) = αem
192π

|(Y†Y)eμ |2
G2

F

(
1

M2
H±

+ 8
M2

H±±

)2
BR(μ → eν̄eνμ),

BR(τ → eγ) = αem
192π

|(Y†Y)eτ |2
G2

F

(
1

M2
H±

+ 8
M2

H±±

)2
BR(τ → eν̄eντ),

BR(τ → μγ) = αem
192π

|(Y†Y)μτ |2
G2

F

(
1

M2
H±

+ 8
M2

H±±

)2
BR(τ → μν̄μντ),

BR(μ → eee) = 1
4G2

F

|(Y†)ee(Y)μe |2
M4

H±±
BR(μ → eν̄ν),

BR(τ → liljlk) = S
4G2

F

|(Y†)τi(Y)jk |2
M4

H±±
BR(τ → μν̄ν) , S =

{
1 if j = k
2 if j 	= k

.

(13)

The rate of μ to e conversion in atomic nuclei [10,16,17] (Zeff, Γcapt and F(q2  −m2
μ) for the

different atomic nuclei can be found in [18]):

R(μN → eN∗) =
(αemmμ)5Z4

effZ|F(q)|2
4π4m4

Δ±±Γcapt
×
∣∣∣Y†

eμYμμ F(r,sμ)

3 − 3(Y†Y)eμ

8

∣∣∣2
F(r, sμ) = ln sμ +

4sμ

r + (1 − 2sμ

r )×
√
(1 + 4sμ

r ) ln

√
(1+

4sμ
r )+1√

(1+
4sμ

r )−1
,

r = − q2

m2
Δ±±

, sμ =
m2

μ

m2
Δ±±

.

(14)

The H±± and H± contribution to the (g − 2)μ process are presented by diagrams in Figure 1.
The analytical formulas can be found in Equations (15) (Diagram I) and (16) (Diagrams II and III) [19,20].
By ql/H we denote the lepton/scalar charge, where ml/H is the mass of the lepton/scalar particle.

12
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[
Δaμ

]
I = −ql

m2
μ|Yμl |2
8π2

∫ 1

0
dx

[ {
x2 − x3 + ml

mμ
x2
}

(
m2

μx2 + (m2
l − m2

μ)x + M2
H(1 − x)

)], (15)

[
Δaμ

]
I I, I I I = −qH

m2
μ|Yμl |2
8π2

∫ 1

0
dx

[ {
(x3 − x2) + ml

mμ
(x2 − x)

}
(

m2
μx2 + (M2

H − m2
μ)x + (1 − x)m2

l

)]. (16)

I II III

μ(k1) μ(k1 + q)H±±

γ(q)

l

μ(k1) μ(k1 + q)

γ(q)

H±±

l(r)

γ(q) γ(q)

μ(k1) μ(k1 + q)

H±

ν

Figure 1. Singly- and doubly-charged scalars’ contributions to (g − 2)μ.

2. A Case Study: Benchmark Points for the Scenario With mH±± = 700 GeV in HTM and LRSM

In this work, we examine the case when a mass of H±± is 700 GeV.
From the LHC data (see Figure 13 in [21]), to keep MH±±∼700 GeV, a doubly charged scalar’s

decays must satisfy the following conditions:

BR(H±± → ee) < 0.5 BR(H±± → μμ) < 0.3 ,
BR(H±± → eμ) < 0.5 ∑e,μ BR(H±± → ll′) < 0.7 .

(17)

The above limits apply to the doubly charged scalar particles coupling to the left-handed leptons,
but since in the LRSM we assume the degenerated case MH±±

1
= MH±±

2
, and the couplings H±±

1,2 − l − l

are equal, H±±
2 has to fulfil the same condition. Those limits were calculated assuming that the doubly

charged scalar particles decay 100% to leptons. In Section 3.2, we show that this assumption is justified
both for HTM and LRSM. Relative leptonic branching ratios do not depend on the triplet VEV, but vary
depending on neutrino parameters, as well as Majorana phases (see Figure 1 in [22]). For further
calculation, we used the neutrino oscillation data from [23,24] within the 2σ confidence level range
and Majorana phases α1,2 ∈ (0, 2π) (see the PMSN matrix parametrisation in Equation (7)).

In the case of LRSM, we covered the vR region examined by the LHC with corresponding heavy
neutrinos’ masses [25,26]. Details are discussed in Section 3.1. Regarding the scalar particles’ masses,
we constructed a scalar mass spectrum in which MH±± = 700 GeV. Corresponding parameters of
scalar potentials in both models are given in Table 2.

The mass benchmark points were constructed in order to satisfy several conditions.
For HTM, the potential stability imposed the following relation between the model

parameters [27,28]:

λ ≥ 0 , λ2 +
λ3
2 ≥ 0 , λ1 +

√
λ(λ2 + λ3) ≥ 0 , λ1 + λ4 +

√
λ(λ2 + λ3) ≥ 0 ,

|λ4|
√

λ2 + λ3 − λ3
√

λ ≥ 0 or 2λ1 + λ4 +
√
(2λλ3 − λ2

4)(
2λ2
λ3

+ 1) ≥ 0.
(18)

On the other hand, from unitarity constraints, we got [29,30]:

Max
{∣∣∣ λ2 ∣∣∣ , |λ1| , 1

2 |2λ1 + 3λ4| , |λ1 + λ4| , 1
2 |2λ1 − λ4| , |λ3 − 2λ2| , |2λ2| ,

|2(λ3 + λ2)| , 1
4

∣∣∣3λ + 16λ2 + 12λ3 ±
√
(3λ − 16λ2 − 12λ3)2 + 24(λ4 + 2λ1)2

∣∣∣ ,
1
4

∣∣∣λ + 4λ2 + 8λ3 ±
√
(λ − 4λ2 − 8λ3)2 + 16λ2

4

∣∣∣ } ≥ 16π (8π).

(19)

13
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Table 2. Exemplary benchmark points and corresponding potential parameters for HTM (vΔ = 15 eV)
and LRSM (vR = 7000 GeV) with MH±±

1,2
= 700 GeV. The scalar potential parameters are defined in

the Appendix A.1, Equations (A1) and (A6).

H
T

M μ = 1.72 × 10−7 λ = 0.519 λ1 = 0.519 λ2 = 16.7 λ3 = 0. λ4 = 0.

Mh = 125 MH = 700 MH± = 700 MH±± = 700

LR
SM

λ1 = 0.129 ρ1 = 0.00375 ρ2 = 0.00375 ρ3 − 2ρ1 = 0.015 α3 = 4.0816 2λ2 − λ3 = 0

MH0
0

= 125 MH0
1

= 10 000 MH0
2

= 606 MH0
3

= 606

MH±±
1

= 700 MH±±
2

= 700 MH±
1

= 655 MH±
2

= 10 003

The right side of the above inequality depends on the convention, whether we chose the scattering
matrix element M less than 16π (what corresponds with the 0th partial wave amplitude |a0| ≤ 1,
see Equation (1) in [30]) or 8π (|Re(a0)| ≤ 1

2 ). Figure 2 in Reference [27] presents the mass region plot
for heavy neutral scalar MH and singly charged scalar MH± allowed from potential stability, unitarity,
and the T parameter [31,32] for the triplet VEV 1 eV. The calculations for MH± and MH±± in Figure 2
using both M < 16π and M < 8π constrained the maximum |MH±± − MH± | gap, and thanks to that,
we could determine possible H±± decay channels. The mass gap should be less than MW . Taking those
results into account, we found our choice of a degenerate mass case MH±± = MH± = MH fulfilled the
potential stability, unitarity, and the T parameter restriction and bounds from h → γγ [27,32–34].

 300

 400

 500

 600

 700

 800

 900

 1000

 300  400  500  600  700  800  900  1000

M
H

±
 ±
 [G

eV
]

MH± [GeV]

Allowed by unitarity and potencial stability, |Re(a0)| < 1/2

Allowed by unitarity and potencial stability, |a0| < 1

Allowed by the T-parameter
MH± ± = MH± degenerated case

Figure 2. Singly and doubly charged scalars’ mass dependence with limits coming from unitarity,
potential stability, and the T parameter for vΔ = 1 eV.

3. Results and Discussion

In this section, we will apply determined parameters of the HTM and LRSM models and calculate
possible VEV scales, and in order to compare the two models, the H±±

(1,2) branching ratios. In numerical

calculations, fortran and Mathematica scripts were used, and the cross-section e+e− → H±±
(1,2)H∓∓

(1,2)
process was calculated using MadGraph [35].
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3.1. Limits on the Triplet VEV

The limits on the triplet VEVs come from several sources. Firstly, the additional scalar triplets
under the SU(2)L group impact the value of the ρ parameter which relates masses of W and Z bosons
with gauge SM gauge couplings [36] or gives a ratio of charged and neutral currents (see the Appendix
in [37]). Taking experimental data into account, ρexp = 1.00037 ± 0.00023, scalar triplet vΔ is restricted
from above, and the maximum VEV is of the order of 1.7 GeV. We assumed that for LRSM, the VEV of
the SU(2)L scalar triplet is equal to zero. That choice allows for avoidance of the fine-tuning problem
discussed in [8,38]. In HTM, the SU(2)L scalar triplet is restricted from the bottom by the low energy
constraints, where it is not possible to set it to zero. In Table 3, we present the lowest limit on the HTM
triplet VEV for MH±± = 700 GeV. The limits come from solutions to the relations in Equations (6) and
(7), as well as experimental data on masses and mixing of neutrinos.

Table 3. Lower limits on the triplet vacuum expectation value vΔ (in eV) for doubly charged scalar’s
mass MH±± = 700 GeV. We calculated the above results by scanning through the entire space of neutrino
oscillation parameters, that is, within a ±2σ confidence level range of mixing parameters [23,24], as well
as the whole range of Majorana phases α1,2, taking into account the cosmological neutrino mass limit
∑3

i=1 mνi < 0.23 eV [39].

NH IH

min vΔ [eV] 0.93 1.07

In the case of the SU(2)R scalar triplet VEV in LRSM, the ρ parameter was preserved if vR � κ+,
where κ+ is the SM electroweak symmetry breaking scale (see Equation (42) in [9]). On the other hand,
to provide correct masses of heavy scalars and right-handed gauge bosons, vR had to be at least at
the TeV range. As we were interested in the region potentially examined by the LHC, we needed to
restrict its value to the range vR ∈ 103 ÷ 104 GeV. As the LNV and LFV bounds discussed in Section 1.2
depend on heavy neutrino masses, using the relation between the heavily charged gauge boson’s mass
and SU(2)R triplet VEV:

M2
W2

 g2 v2
R

2
⇒ MW2  0.47 vR. (20)

We were able to find the parameter space for the triplet VEV vR and heavy neutrino masses.
For that, we used the CMS experimental data from the pp → ll jj process. Figure 6 in [25] and Figure 7
in [26] present MW2 − MN exclusion plots, assuming MW2 > MN . For convenience, we repeat them
here (see Figure 3). We used these data and exclusion plots for further analysis.

(a) (b) (c)

Figure 3. Upper limit on the pp → ll jj cross-section for different and mass hypotheses, for the electron
(a), muon (b), and taon (c) channels. The thin-dotted (blue) curves in the Figures (a) and (b) indicate
the region in (MW2 , MNi ) parameter space that is expected to be excluded at 68% CL [25,26].
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3.2. Doubly Charged Scalar Particles Decays within the LRSM and HTM

3.2.1. HTM

In the HTM model, the doubly charged scalar can decay to leptons, a W± boson, and singly
charged scalar particles. Because the singly and doubly charged scalars’ mass gap is less than MW ,
the H±± → H±H± and H±± → H±W± processes are suppressed. There are two possibilities left:
H±± → l±i l±j and H±± → W±W±. Since H±± − W± − W± is proportional to the triplet VEV vΔ,

and H±± − l±i − l±j ∼ v−1
Δ , leptonic channels dominate, from 0 up to vΔ∼105 eV (see Figure 4 in [40]),

so our assumption that doubly charged particles decay purely to leptons is valid for our benchmark
points, especially when we are interested in the low vΔ values at the range of 1 ÷ 10 eV.

3.2.2. LRSM

In the LRSM, the doubly charged scalar particles can decay to gauge bosons W1, W2, and singly
charged scalars H±

1 and H±
2 . Some of those decays are connected with vertices which are proportional

to the SU(2)L triplet VEV vL = 0 or to the W1 − W2 mixing angle ξ � 10−2 [41,42]. Also,
as MH±±

1,2
� MH±

1
(see Equation (A8h)) and MH±±

1,2
� MW2 , diagrams involving heavy gauge

bosons are suppressed for the 1.5 TeV e+e− collision energy, again, leptonic decays of doubly charged
scalar particles dominate.

3.3. Doubly Charged Scalar Particles’ Pair Production at Future High Energies

Let us consider the potential production of the doubly charged scalar particle pair at a e+e−

collision energy of 1.5 TeV. A TeV energy range of e+e− coliders has been studied intensively in
the past. Presently, the only considered scenario with such extreme collision energies of leptons is
the CLIC project [43] (in future, extreme energies may become possible in Plasma Wakefield Linear
Colliders [44]). The list of Feynman diagrams is given in Figure 4. In the s-channel, a H±± pair
production goes by scalar and gauge bosons (Figure 4a), and in the t-channel, production is connected
with an exchange of the charged lepton (Figure 4b).

For the s-channel, in two considered models, the photon, Z boson, and SM-like Higgs particles
contribute. In HTM, additional scalar H can also couple to leptons and doubly charged scalar particles,
where in LRSM, H0

1 and H0
2 also contribute. Examining couplings carefully, we can find that the scalars’

contribution to this process is negligible. In LRSM the heavy gauge Z2 boson is also present in the
s-channel.

e

e

e

e

H±±
(1,2)

H∓∓
(1,2)

H±±
(1,2)

H∓∓
(1,2)

(a) (b)

Figure 4. Feynman diagrams for the (a) s-channel and (b) t-channel pair production of doubly charged
scalar particles in the e+e− collision. The following particles contribute to the diagrams: HTM: γ, Z,
h and H (s-channel); e, μ, τ (t-channel). LRSM: γ, Z1, Z2, H0

0 , H0
1 , H0

2 (s-channel); e (t-channel). The LFV
breaking vertex H±±

1,2 − li − lj is not present since Yukawa couplings are assumed to be diagonal (see
Equation (12)).
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The t-channel diagram contains the H±±
(1,2) − l − l′ vertex, which depends on the triplet VEV (see

Equations (6) and (12)). Figure 5 presents the cross-section for the e+e− → H±±
(1,2)H∓∓

(1,2) process and its
dependence on the triplet VEVs within the HTM (left) and LRSM (right) models.
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Figure 5. Doubly charged particles’ pair production e+e− → H++H−− for MH±±
(1,2)

= 700 GeV and

CM energy 1.5 TeV. (a) Left figure is for the HTM and (b) LRSM. The choice of the parameter space is
discussed in Sections 2 and 3.1. The crossed area is excluded by (a) the LFV processes (b) and (g − 2)μ

and FCNC. The maximum for vR = 1900 GeV comes from the Z2 resonance.

As expected, the t-channel dominates for the lower triplet VEV vΔ. The shaded regions correspond
to normal (red area) and inverted (green area) neutrino mass hierarchies, with neutrino parameters
smeared within ±2σ for Majorana phases α1,2 ∈ (0, 2π), taking into account the cosmological neutrino
mass limit ∑ mνi < 0.23 eV [39]. On the other hand, taking into account LFV processes and limits
given in Table 3, we can see that triplet VEV vΔ < 1 eV is forbidden by the low energy experiments,
so the whole region where the t-channel could bring a significant contribution is excluded.

In LRSM, we studied possible triplet VEV values using LHC CMS data for possible heavy neutrino
masses Ne, Nμ and Nτ within the 68% confidence level, assuming MW2 > MNi (see Figure 3). The result
is given in Figure 5b). We assumed diagonal Yukawa couplings and no LFV in the H±±

1,2 − l − l
vertex. Still, additional constraints came from experimental data which was discussed in Section 1.2,
such as couplings Yee and Yμμ couplings which was a constraint by the (g − 2)μ experiment (see
Equations (15) and (16)), e+e− → l+l− [45], and the Møller scattering [46]. Both branching ratios
Equation (17) and FCNC limits on the scalar particles masses were also crucial in our analysis (see
Appendix A.1).

Taking the above bounds into account, we excluded the triplet VEV below ∼3600 GeV and the
parameter region where the t-channel could dominate over the s-channel. However, in contrast to the
HTM model, the t-channel’s contribution is still comparable with the s-channel, and cannot be neglected.

Regarding the s-channels, both in HTM and LRSM, this channel does not depend on the triplet VEV,
and a significant Z2 contribution is excluded by the (g − 2)μ and FCNC conditions, so a heavy gauge
boson contribution does not affect the final results for the s-channel contributions and H++

(1,2) H−−
(1,2)

pair production.
Here, we have focused on the H±± pair production process in e+e− collisions. As signals might

be observable at some regions of model parameters, in future we plan to carefully study subsequent
decays of H±±, as well as background processes. It is worth noticing that doubly charged scalars can
exhibit small decay widths, thus having long life-spans [47,48], and they do not leave any signatures
in the detector-charged tracker, or can even escape the detector. However, they can deposit energy on
different sub-detectors. Thus, they can be searched for through displaced secondary vertices analysis.
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This kind of search can be important for feeble interactions of doubly charged scalars, and can be
complementary to same-sign dilepton decay studies of doubly charged scalars with prompt decays.
Studying such scenarios is also on our agenda. Searches for heavy long-lived multi-charged particles
have already been initiated by many collider experiments, such as ATLAS, CMS, and Tevatron [49–52].

4. Summary and Outlook

In this article, we have discussed the present status of the simplest beyond-SM models which
include doubly charged scalar particles. We presented the status of experimental data relevant for the
determination of non-standard spontaneous symmetry breaking and VEVs in both models. We made
a case study for a realistic scenario when a mass of this particle is 700 GeV, taking into account all
relevant experimental constraints, and discussed its decay channels and a possibility of H±± pair
production in future e+e− colliders, as a function of allowed VEV. In HTM, the low-energy experiments,
such as (g − 2)μ, ρ-parameter, and LFV and LNV processes put stringent constraints over triplet
VEV such that vΔ � O (eV), whereas right-handed triplet VEV in LRSM was constrained by the
search for the new charged gauge boson which required vR � O (TeV), depending on the mass of
right-handed heavy neutrinos. We provided the benchmark for both the models considering the mass
of a doubly charged scalar to be 700 GeV. In the proposed e+e− colliders, the doubly charged scalar can
be produced in pairs via the Drell-Yan process, heavy neutral bosons, and BSM neutral scalars. In HTM,
pair production is dominated by the t-channel in region vΔ � O (eV), which is excluded by the low
energy experiments. In LRSM, the right-handed breaking scale vR < 3600 GeV is excluded by low energy
constraints, including FCNC, but the t-channel can still be comparable with the s-channel, and provides
appreciable contribution to the doubly charged scalar pair production, in contrast to HTM. The s-channel
contribution to the pair production process is, however, practically the same in both models for the
considered realistic benchmarks. Therefore, the conclusion is that the signals are more promising in the
case of LRSM, where the t-channel can be comparable with s-channel contributions for vR values up to
10 TeV. We plan to study such cases more carefully in the future, paying more attention to the decay
modes, background processes, and scenarios with displaced vertices. However, a more relevant option
in the context of our studies seems to be pp colliders, HL-LHC, and particularly, the FCC-hh collider,
which opens up the window for huge energies of proton–proton collisions up to 100 TeV [4,5,53].
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Appendix A

Appendix A.1. Scalar Particles within the HTM

The most general scalar potential with an additional triplet has the following form [29]:

V = − m2
Φ
(
Φ†Φ

)
+ λ

4
(
Φ†Φ

)2
+ M2

ΔTr
(
Δ†Δ
)
+
[
μ
(
ΦTiσ2Δ†Φ

)
+ h.c.

]
+

+ λ1
(
Φ†Φ

)
Tr
(
Δ†Δ
)
+ λ2

[
Tr
(
Δ†Δ
)]2

+ λ3Tr
[(

Δ†Δ
)2]

+ λ4Φ†ΔΔ†Φ ,
(A1)

where:

m2
Φ =

λ

4
v2

Φ +
(λ1 + λ4)

2
v2

Δ −
√

2μ vΔ , (A2a)

M2
Δ = −(λ2 + λ3) v2

Δ − (λ1 + λ4)

2
v2

Φ +
μ√
2

v2
Φ

vΔ
. (A2b)

The physical fields and their masses are:

H±± = δ±± (A3a)

(
G0

A

)
=

(
cos β′ sin β′

− sin β′ cos β′

)(
zΦ

zΔ

)
, tan β′ =

2vΔ

vΦ
, (A3b)(

G±

H±

)
=

(
cos β sin β

− sin β cos β

)(
w±

Φ
w±

Δ

)
, tan β =

√
2vΔ

vΦ
, (A3c)(

h
H0

)
=

(
cos α sin α

− sin α cos α

)(
hΦ

hΔ

)
, tan 2α =

2BS
CS − AS

. (A3d)

M2
H± =

(2
√

2μ − λ4vΔ)

4vΔ
(v2

Φ + 2v2
Δ) , (A4a)

M2
H±± =

μv2
Φ√

2vΔ
− λ4

2
v2

Φ − λ3v2
Δ , (A4b)

M2
A =

μ√
2vΔ

(v2
Φ + 4v2

Δ) , (A4c)

M2
h =

1
2

(
(AS + CS)−

√
(AS − CS)2 + 4B2

S

)
, (A4d)

M2
H0 =

1
2

(
(AS + CS) +

√
(AS − CS)2 + 4B2

S

)
. (A4e)

where:

AS =
λv2

Φ
2

, (A5a)

BS =
√

2μvΦ − (λ1 + λ4)vΔvΦ , (A5b)

CS =
μv2

Φ√
2vΔ

+ 2(λ2 + λ3)v2
Δ . (A5c)

We are following the notation from [29]. We express the lagrangian coefficients λ, λi, μ (see
Equation (A1)) as the functions of scalar particles’ masses:
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λ1 = − 2
v2

Φ + 4v2
Δ

M2
A +

4
v2

Φ + 2v2
Δ

M2
H± +

sin 2α

2vΦvΔ
(M2

h − M2
H) , (A6a)

λ2 =
1

v2
Δ

{
s2

α M2
h + c2

α M2
H

2
+

1
2

v2
Φ

v2
Φ + 4v2

Δ
M2

A − 2v2
Φ

v2
Φ + 2v2

Δ
M2

H± + M2
H±±

}
(A6b)

λ3 =
1

v2
Δ

{
−v2

Φ
v2

Φ + 4v2
Δ

M2
A +

2v2
Φ

v2
Φ + 2v2

Δ
M2

H± − M2
H±±

}
(A6c)

λ4 =
4

v2
Φ + 4v2

Δ
M2

A − 4
v2

Φ + 2v2
Δ

M2
H± (A6d)

λ =
2

v2
Φ

{
c2

α M2
h + s2

α M2
H

}
, (A6e)

μ =

√
2vΔ

v2
Φ + 4v2

Δ
M2

A , (A6f)

where sα and cα denote sin α and cos α (Equations (A3d) and (A5)). We used an approximation
sα = sin α ∼ 2 vΔ

v → 0 [27]. Substituting the potential parameters in Equation (A4) by Equation (A6),
relations between masses of physical states are obtained. They are not independent, and we chose
MH±± , MH and Mh = 125 GeV as external parameters for MH± and MA:

MA =

√
(v2

Φ + 4v2
Δ)(M2

Hc2
α + M2

hs2
α − v2

Δ)

v2
Φ

, (A7a)

MH± =

√√√√√
(

M2
H±± +

v2
Φ M2

A
v2

Φ+4v2
Δ
− v2

Δ

)
(v2

Φ + 2v2
Δ)

2v2
Φ

(A7b)

Appendix A.2. The Mass Spectrum in LRSM

The scalar potential for LRSM with one bidoublet and two triplets is given in Equation (25) in [9].
Scalar particles masses as functions of potential parameters are presented in Equation (A8).

M2
H0

0
 2κ2

+λ1 = 125 GeV (A8a)

M2
H0

1
 1

2
α3v2

R ≥ 10 TeV (A8b)

M2
H0

2
 2ρ1v2

R (A8c)

M2
H0

3
 1

2
v2

R(ρ3 − 2ρ1) ≥ 55.4 GeV (A8d)

M2
A0

1
 1

2
α2

3v2
R − 2κ2

+(2λ2 − λ3) ≥ 10 TeV (A8e)

M2
A0

2
 1

2
v2

R(ρ3 − 2ρ1) (A8f)

M2
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1
 1

2
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4

α3κ2
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 1

2
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[
v2

R +
1
2

κ2
+
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(A8h)

M2
H±±

1
 1

2

[
v2
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+

]
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M2
H±±

2
 2ρ2v2

R +
1
2

α3κ2
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where k+ = 246 GeV is a combination of bidoublet VEVs. H0
0 corresponds with the SM Higgs

boson, so it has a mass of 125 GeV. Neutral H0
1 and A0

1 particles intermediate the Flavor-Changing
Neutral Current (FCNC) processes [54], so their masses (Equations (A8b) and (A8e)) must be higher
than 10 TeV to suppress this effect. Some limits on the other neutral scalar particles comes from
the LEP-II experiment MH0

3
≤ 55.4 GeV (Equation (A8d)). This time, we cannot assume the mass

degeneration, and from Equations (A8g)–(A8j) it is obvious that MH±±
1

	= MH±
1

and MH±±
2

	= MH±
2

.
For MH±±

1
= 700 GeV maximum value of MH±

1
is equal to 655 GeV, so the minimum mass gap is

less than the W1 mass: MH±±
1

− MH±
1
> 45 GeV. The MH±

2
is greater than 10 TeV (to be compared

with Equation (A8b)), so we will ignore the H±±
2 → H±

2 + X decay. The whole mass spectrum and
corresponding potential parameters we used in this paper are shown in the Table 2. Those values also
fulfill the potential stability and unitarity bounds (see Equations (5)–(10) and (21) in [55]).

References

1. Aad, G.; Abajyan, T.; Abbott, B.; Abdallah, J.; Khalek, S.A.; Abdelalim, A.A.; Abdinov, O.; Aben, R.; Abi, B.;
Abolins, M.; et al. Observation of a new particle in the search for the Standard Model Higgs boson with the
ATLAS detector at the LHC. Phys. Lett. 2012, B716, 1–29. [CrossRef]

2. Chatrchyan, S.; Khachatryan, V.; Sirunyan, A.M.; Tumasyan, A.; Adam, W.; Aguilo, E.; Bergauer, T.;
Dragicevic, M.; Erö, J.; Fabjan, C.; et al. Observation of a New Boson at a Mass of 125 GeV with the CMS
Experiment at the LHC. Phys. Lett. 2012, B716, 30–61. [CrossRef]
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Abstract: We consider an anomaly free extension of the standard model gauge group GSM by an
abelian group to GSM ⊗ U(1)Z. The condition of anomaly cancellation is known to fix the Z-charges
of the particles, but two. We fix one remaining charge by allowing for all possible Yukawa interactions
of the known left-handed neutrinos and new right-handed ones that obtain their masses through
interaction with a new scalar field with spontaneously broken vacuum. We discuss some of the
possible consequences of the model.
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1. Introduction

The remarkable experimental success of the standard model of elementary particle interactions [1]
leaves very little room for the explanation of the observed deviations from it. This success story has
culminated in the discovery of the Higgs particle [2,3], which could not have happened without the
immense theoretical input to the design of the accelerator and the experiments. With this discovery,
a new era of particle physics has also arrived as there is no established model that can guide us to
new discoveries. Therefore, theories that might incorporate the existing deviations from the standard
model are desirable.

The most outstanding experimental observations that cannot be explained by the standard
model are the (i) abundance of dark matter in the universe; (ii) non-vanishing neutrino masses;
(iii) leptogenesis (Baryogenesis can be explained in the standard model provided leptogenesis occurs,
which is called lepto-baryogenesis); (iv) accelerating expansion of the universe, signaling the existence
of dark energy [4] (There are numerous other deviations of experimental results from precision
predictions, but to date none has reached the significance of discovery). In addition to (i)–(iv),
(v) inflation in the early universe is also considered a fairly established fact, although there is no direct
proof for it. All these facts have to be explained by such an extension of the standard model that
respects (a) the high precision confirmation of the standard model at collider experiments (b) and the
lack of finding new particles beyond the Higgs boson by the LHC experiments [5,6]. There is one more
feature of the standard model, the metastability of a vacuum [7,8] that does not necessarily require
new physics, but, if new physics exist, it should not worsen the stability, but possibly push the vacuum
to the stability region.

In addition to the experimental success of the standard model, it is also highly efficient being
based on the concepts of local gauge invariance and spontaneous symmetry breaking [9,10]. The only
exception of economical description is the relatively large number of Yukawa couplings of the fermions
needed to explain their masses. The generation of the fermion masses, however, is also highly efficient
in the sense that it uses the same spontaneous symmetry breaking of the scalar field to which all
other particles owe their masses. In this spirit, it is reasonable to expect that the non-vanishing
masses of the neutrinos should be explained by Yukawa couplings too. In addition, the choice of the
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gauge groups and number of family replications look arbitrary and presently these are determined by
phenomenology only.

Clearly, the neutrino masses must play a fundamental role in the possible extensions of the
standard model. As the gauge and mass eigenstates of the neutrinos differ, they must feel a second
force to the gauge interaction. The second force can be a Yukawa coupling to a scalar. Such explanation
of neutrino masses in general requires the assumption of the existence of right-handed neutrinos and
perhaps a new scalar field.

In the spirit of economy and level of arbitrariness explained above, in this article, we propose
an extension of the zoo of particles in the standard model with three right-handed neutrinos and the
gauge symmetry of the standard model Lagrangian GSM = SU(3)c ⊗ SU(2)L ⊗U(1)Y to GSM ⊗U(1)Z.
Such extensions have already been considered in the literature extensively (for an incomplete set
of popular examples and their studies, see [11–13]). In particular, it was shown that the charge
assignment of the matter fields is constrained by the requirement of anomaly cancellations up to two
free charges [14]. To define the model completely, one has to take a specific choice for these remaining
free charges. In this article, we propose that the mechanism for the generation of neutrino masses fixes
the values of the U(1)Z charges up to an overall scale that can be embedded in the U(1)Z coupling.

The difference between our proposal and existing studies is two-fold. The model proposed here
introduces a new force along the same principles as the known forces are included in the standard
model: all renormalizable terms that are allowed by the underlying gauge symmetry are present,
but no other symmetry than the extra U(1)Z is assumed. Our primary goal is not the prediction of new
observable phenomena at collider experiments, but first focus only on the unexplained phenomena
(i–iv), with respecting the observations (a) and (b). As the deviations from the standard model
are related to the intensity and cosmic frontiers of particle physics, we assume that the new U(1)Z
interaction is secluded from the standard model by a small coupling. Thus, we propose the model in a
region of the parameter space that has received little attention before.

2. Definition of the Model

2.1. Fermion Sector

We consider the usual three fermion families of the standard model extended with one
right-handed Dirac neutrino in each family (We find it natural to assume one extra neutrino in each
family although known observations do not exclude other possibilities). We introduce the notation

ψ
f
q,1 =

(
U f

D f

)
L

ψ
f
q,2 = U f

R ψ
f
q,3 = D f

R ; ψ
f
l,1 =

(
ν f

� f

)
L

ψ
f
l,2 = ν

f
R ψ

f
l,3 = �

f
R (1)

for the chiral quark fields ψq and chiral lepton fields ψl . In Equation (1), L and R denote the left
and right-handed projections of the same field (The Weyl spinors of νL and νR can be embedded
into different Dirac spinors, leading to Majorana neutrinos, without essential changes in the model.
However, the negative results of the experiments searching for neutrinoless double β-decay make the
Majorana nature of neutrinos increasingly unlikely),

ψL/R ≡ ψ∓ =
1
2
(1 ∓ γ5)ψ ≡ PL/Rψ . (2)

Then, the field content in family f ( f = 1, 2 or 3) consists of two quarks, Uf , Df , a neutrino ν f and
a charged lepton � f , where Uf is the generic notation for the u-type quarks U1 = u, U2 = c, U3 = t,
while Df is that for d-type quarks, D1 = d, D2 = s, and D3 = b. The charged leptons � f can be �1 = e,
�2 = μ or �3 = τ and ν f are the corresponding neutrinos, ν1 = νe, ν2 = νμ, ν3 = ντ .
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For a matrix U ∈ GSM ⊗ U(1)Z, the three generic fields in Equation (1) transform as

Uψ1 (x) = eiT ·α(x) ei y1β(x) ei z1ζ(x) ψ1(x), where T =
1
2
(τ1, τ2, τ3),

Uψj (x) = ei yj β(x)ei zjζ(x)ψj(x), where j = 2, 3,
(3)

and α = (α1, α2, α3), with αi, β, ζ ∈ R. The matrices τi are the Pauli matrices, yj is the hypercharge,
while zj denotes the Z-charge of the field ψj. There is a lot of freedom how to choose the Z-charges.
In this article, we make two assumptions that fix these completely. The first is that the charges do not
depend on the families, which is also the case in the standard model (Several recent observations hint
at violation of lepton flavor universality, which may be taken into account in our model by choosing
family dependent Z-charges. However, those results are controversial at present, so we neglect them).
With this assumption, the assignment for the Z-charges of the fermions can be expressed using two
free numbers Z1 and Z2 of the U quark fields if we want a model free of gauge and gravity anomalies.
The rest of the charges must take values as given in Table 1 [14].

Table 1. Assignments for the representations (for SU(N)) and charges (for U(1)) of fermion and scalar
fields of the complete model. The charges yj denote the eigenvalue of Y/2, with Y being the hypercharge
operator and zj denote the supercharges of the fields ψj of Equation (1) (j = 1, 2, 3). The right-handed
Dirac neutrinos νR are sterile under the GSM group. The sixth column gives a particular realization of
the U(1)Z charges, motivated below, and the last one is added for later convenience.

field SU(3)c SU(2)L yj zj zj rj = zj/zφ − yj

UL, DL 3 2 1
6 Z1

1
6 0

UR 3 1 2
3 Z2

7
6

1
2

DR 3 1 − 1
3 2Z1 − Z2 − 5

6 − 1
2

νL, �L 1 2 − 1
2 −3Z1 − 1

2 0

νR 1 1 0 Z2 − 4Z1
1
2

1
2

�R 1 1 −1 −2Z1 − Z2 − 3
2 − 1

2

φ 1 2 1
2 zφ 1 1

2

χ 1 1 0 zχ −1 −1

The Dirac Lagrangian summed over the family replications,

LD = i
3

∑
f=1

3

∑
j=1

(
ψ

f
q,j(x) /Djψ

f
q,j(x) + ψ

f
l,j(x) /Djψ

f
l,j(x)

)
,

Dμ
j = ∂μ + igL T · Wμ + igY yjBμ + igZ zjZμ

(4)

is invariant under local G = GSM ⊗ U(1)Z gauge transformations, provided the five gauge fields
introduced in the covariant derivative transform as

T · Wμ(x) G−→ T · W ′μ(x) = U(x) T · Wμ(x)U†(x) +
i

gL
[∂μ U(x)]U†(x)

Bμ G−→ B′μ(x) = Bμ(x)− 1
gY

∂μβ(x) Zμ G−→ Z′μ(x) = Zμ(x)− 1
gZ

∂μζ(x),
(5)

where U(x) = exp [iT · α (x)]. The gauge invariant kinetic term for these vector fields is

LB,Z,W = −1
4

BμνBμν − 1
4

ZμνZμν − 1
4

Wμν · Wμν, (6)

27



Symmetry 2020, 12, 107

with Bμν = ∂μBν − ∂νBμ ≡ ∂[μBν], Zμν = ∂[μZν] and Wμν = ∂[μWν] − g Wμ × Wν. The field strength

T ·Wμν transforms covariantly under G transformations, T ·Wμν
G−→ U(x) T ·Wμν U†(x), but Bμν and

Zμν are invariant, hence a kinetic mixing term of the U(1) fields is also allowed by gauge invariance:

− ε

2
BμνZμν . (7)

We can get rid of this mixing term by redefining the U(1) fields using the transformation(
B′

μ

Z′
μ

)
=

(
1 sin θZ
0 cos θZ

)(
Bμ

Zμ

)
sin θZ = ε . (8)

In terms of the redefined fields, the covariant derivative becomes

Dμ
j = ∂μ + igL T · Wμ + igY yjB′μ + i(g′Z zj − g′Y yj)Z′μ, (9)

where g′Y = gY tan θZ = εgY +O(ε3) and g′Z = gZ/ cos θZ = gZ +O(ε2). Thus, the effect of the kinetic
mixing is to change the couplings of the matter fields to the vector field Zμ. Note that we cannot
immediately combine the coupling factor (g′Z zj − g′Y yj) into a single product of a coupling and a
charge. We shall discuss this issue further below.

Gauge symmetry forbids mass terms for gauge bosons. Fermion masses must also be
absent because

m ψ̄ψ = m ψ̄LψR + m ψ̄RψL,

but the ψL, ψR fields transform differently under G. Thus, the G-invariant Lagrangian describes
massless fields in contradiction to observation.

2.2. Scalar Sector

To solve the puzzle of missing masses, we proceed similarly as in the standard model, but,
in addition to the usual Brout–Englert–Higgs (BEH) field φ, which is an SU(2)L-doublet

φ =

(
φ+

φ0

)
=

1√
2

(
φ1 + iφ2

φ3 + iφ4

)
. (10)

We also introduce another complex scalar χ that transforms as a singlet under GSM
transformations. The gauge invariant Lagrangian of the scalar fields is

Lφ,χ = [Dφ μφ]∗Dμ
φφ + [Dχ μχ]∗Dμ

χχ − V(φ, χ), (11)

where the covariant derivative for the scalar s (s = φ, χ) is

Dμ
s = ∂μ + igL T · Wμ + igY ysB′μ + i(g′Z zs − g′Y ys)Z′μ (12)

and the potential energy

V(φ, χ) = V0 − μ2
φ|φ|2 − μ2

χ|χ|2 +
(
|φ|2, |χ|2

)( λφ
λ
2

λ
2 λχ

)(
|φ|2
|χ|2

)
, (13)

in addition to the usual quartic terms, introduces a coupling term −λ|φ|2|χ|2 of the scalar fields in the
Lagrangian. For the doublet, |φ| denotes the length

√
|φ+|2 + |φ0|2. The value of the additive constant

V0 is irrelevant for particle dynamics but may be relevant for inflationary scenarios, hence we allow
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for its non-vanishing value. In order for this potential energy to be bounded from below, we have to
require the positivity of the self-couplings, λφ, λχ > 0. The eigenvalues of the coupling matrix are

λ± =
1
2

(
λφ + λχ ±

√
(λφ − λχ)2 + λ2

)
, (14)

while the corresponding un-normalized eigenvectors are

u(+) =

(
2
λ (λ+ − λχ)

1

)
and u(−) =

(
2
λ (λ− − λχ)

1

)
. (15)

As λ+ > 0 and λ− < λ+, in the physical region, the potential can be unbounded from below
only if λ− < 0 and u(−) points into the first quadrant, which may occur only when λ < 0. In this case,
to ensure that the potential is bounded from below, one also has to require that the coupling matrix be
positive definite, which translates into the condition

4λφλχ − λ2 > 0 . (16)

With these conditions satisfied, we can find the minimum of the potential energy at field values
φ = v/

√
2 and χ = w/

√
2 where the vacuum expectation values (VEVs) are

v =
√

2

√√√√2λχμ2
φ − λμ2

χ

4λφλχ − λ2 w =
√

2

√√√√2λφμ2
χ − λμ2

φ

4λφλχ − λ2 . (17)

Using the VEVs, we can express the quadratic couplings as

μ2
φ = λφv2 +

λ

2
w2 μ2

χ = λχw2 +
λ

2
v2 (18)

so those are both positive if λ > 0. If λ < 0, the constraint (16) ensures that the denominators of the
VEVs in Equation (17) are positive, so the VEVs have non-vanishing real values only if

2λχμ2
φ − λμ2

χ > 0 and 2λφμ2
χ − λμ2

φ > 0 (19)

simultaneously, which can be satisfied if at most one of the quadratic couplings is smaller than zero.
We summarize the possible cases for the signs of the couplings in Table 2.

Table 2. Possible signs of the couplings in the scalar potential V(φ, χ) in order to have two
non-vanishing real VEVs. Θ is the step function, Θ(x) = 1 if x > 0 and 0 if x < 0.

Θ(λ) Θ(λφ) Θ(λχ) Θ(4λφλχ − λ2) Θ(μ2
φ)Θ(μ2

χ) Θ(2λχμ2
φ − λμ2

χ)Θ(2λφμ2
χ − λμ2

φ)

1 1 1 unconstrained 1 unconstrained
0 1 1 1 1 unconstrained
0 1 1 1 0 1

After spontaneous symmetry breaking of G → SU(3)c ⊗ U(1)Q, we use the following convenient
parametrization for the scalar fields:

φ =
1√
2

eiT ·ξ(x)/v

(
0

v + h′(x)

)
and χ(x) =

1√
2

eiη(x)/w(w + s′(x)
)

. (20)
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We can use the gauge invariance of the model to choose the unitary gauge when

φ′(x) =
1√
2

(
0

v + h′(x)

)
and χ′(x) =

1√
2

(
w + s′(x)

)
, (21)

and the vector fields are transformed according to Equation (5). With this gauge choice, the scalar
kinetic term contains quadratic terms of the gauge fields from which one can identify mass parameters
of the massive standard model gauge bosons proportional to the vacuum expectation value v of the
BEH field and also that of a massive vector boson Z′μ proportional to w. We can diagonalize the mass
matrix (quadratic terms) of the two real scalars (h′ and s′) by the rotation(

h
s

)
=

(
cos θS − sin θS
sin θS cos θS

)(
h′

s′

)
, (22)

where, for the scalar mixing angle θS ∈ (−π
4 , π

4 ), we find

sin(2θS) = − λvw√
(λφv2 − λχw2)2 + (λvw)2

. (23)

The masses of the mass eigenstates h and s are

Mh/H =

(
λφv2 + λχw2 ∓

√
(λφv2 − λχw2)2 + (λvw)2

)1/2
, (24)

where Mh ≤ MH by convention. At this point, either h or H can be the standard model Higgs boson.
A more detailed analysis of this scalar sector but within a different U(1)Z model can be found in
Ref. [15] and for the present model in Ref. [16].

2.3. Fermion Masses

We already discussed that explicit mass terms of fermions would break SU(2)L ⊗ U(1)Y
invariance. However, we can introduce gauge-invariant fermion-scalar Yukawa interactions (We
distinguish the hypercharge Y from the index referring to Yukawa terms using different type of letters)

LY = − [cDQ̄L · φ DR + cUQ̄L · φ̃ UR + c� L̄L · φ �R] + h.c., (25)

where h.c. means Hermitian conjugate terms and the parameters cD, cU , c� are called Yukawa couplings
that are matrices in family indices and summation over the families is understood implicitly. The dot
product abbreviates scalar products of SU(2) doublets:

Q̄L · φ ≡ (Ū, D̄)L

(
φ(+)

φ(0)

)
Q̄L · φ̃ ≡ (Ū, D̄)L

(
φ(0) ∗

−φ(+) ∗

)
(26)

and L̄ ≡
(
ν̄�, �̄
)
. The Z-charge of the BEH field is constrained by U(1)Z invariance of the Yukawa

terms to zφ = Z2 − Z1, which works simultaneously for all three terms.
After spontaneous symmetry breaking and fixing the unitary gauge, this Yukawa

Lagrangian becomes

LY = − 1√
2
(v + h(x))

[
cD D̄LDR + cU ŪLUR + c� �̄L�R

]
+ h.c. (27)
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We see that there are mass terms with mass matrices Mi =
civ√

2
, where i = D, U, �:

LY = −
(

1 +
h(x)

v

) [
D̄L MD DR + ŪL MU UR + �̄L M� �R

]
+ h.c. (28)

The general complex matrices Mi can be diagonalized employing bi-unitary transformations.
The diagonal elements on the basis of mass eigenstates provide the mass parameters of the fermions.
Due to the bi-unitary transformation, the left- and right-handed components of the fermion field are
different linear combinations of the mass eigenstates.

The neutrino oscillation experiments suggest non-vanishing neutrino masses and the weak and
mass eigenstates of the left-handed neutrinos do not coincide. In principle, the charge assignment
of our model allows for the following gauge invariant Yukawa terms of dimension four operators
for the neutrinos

Lν
Y = −∑

i,j

(
(cν)ij L̄i,L · φ̃ νj,R +

1
2
(cR)ij νc

i,Rνj,R χ

)
+ h.c. (29)

for arbitrary values of Z1 and Z2 if the superscript c denotes the charge conjugate of the field,
νc = −iγ2ν∗, and the Z-charge of the right-handed neutrinos and the new scalar satisfy the relation
zχ = −2zνR . There are two natural choices to fix the Z-charges: (i) the left- and right-handed neutrinos
have the same charge; or (ii) those have opposite charges (We explain in Section 2.5 the reason for
considering this choice being natural). In the first case, we have

Z2 − 4Z1 = −3Z1, (30)

which is solved by Z1 = Z2, and it leads to the charge assignment of the U(1)B−L extension of the
standard model, studied in detail (see for instance, [17] and references therein). In the second case,

Z2 − 4Z1 = 3Z1, (31)

which is solved by Z1 = Z2/7. As the overall scale of the Z-charges depends only on the value of
the gauge coupling g′Z, we set Z2 freely. For instance, choosing Z2 = 7/6 implies Z1 = 1/6 and the
Z-charge of the BEH scalar is

zφ = 1, (32)

while that of the new scalar is
zχ = −1 = −zφ . (33)

While we cannot exclude the infinitely many cases when the magnitudes of Z-charges of the
left- and right-handed neutrinos differ, we find it natural to assume that Equation (31) is valid.
The corresponding Z-charges are given explicitly in the sixth column of Table 1.

After the spontaneous symmetry breaking of the vacuum of the scalar fields, Equation (29) leads
to the following mass terms for the neutrinos:

Lν
Y = −1

2 ∑
i,j

[ (
νL, νc

R

)
i

M(h, s)ij

(
νc

L
νR

)
j

+ h.c.

]
, (34)

where

M(h, s)ij =

⎛⎝ 0 mD

(
1 + h

v

)
mD

(
1 + h

v

)
MM
(
1 + s

w
)
⎞⎠

ij

, (35)

with complex mD and real MM being symmetric 3 × 3 matrices, so M(0, 0) is a complex symmetric
6 × 6 matrix. The diagonal elements of the mass matrix M(0, 0) provide Majorana mass terms for the
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left-handed and right-handed neutrinos. Thus, we conclude that the model predicts vanishing masses of
the left-handed neutrinos at the fundamental level.

The off-diagonal elements represent interaction terms that look formally like Dirac mass terms,
−∑i,j νi,L(mD)ijνj,R+ h.c. After spontaneous symmetry breaking the quantum numbers of the particles
νc

i,L and νi,R being identical, they can mix. Thus, the propagating states will be a mixture of the left-
and right-handed neutrinos, providing effective masses for the left-handed ones. Those states can
be obtained by the diagonalization of the full matrix M(0, 0), for which a possible parametrization is
given for instance in Ref. [18].

In order to understand the structure of the matrix M(0, 0) better, we first diagonalize the matrices
mD and MM separately by a unitary transformation and an orthogonal one. Defining

ν′L,i = ∑
j
(UL)ijνL,j and ν′R,i = ∑

j
(OR)ijνR,j, (36)

we can rewrite the neutrino Yukawa Lagrangian as

Lν
Y = −1

2 ∑
i,j

[ (
ν′L, ν

′c
R

)
i

M′(h, s)ij

(
ν
′c
L

ν′R

)
j

+ h.c.

]
, (37)

where

M′(h, s) =

⎛⎝ 0 mV
(

1 + h
v

)
V†m

(
1 + h

v

)
M
(
1 + s

w
)
⎞⎠ . (38)

In Equation (38), m and M are real diagonal matrices, while V = UT
L OR is a unitary matrix,

VV† = 1, so M′(0, 0) is Hermitian with real eigenvalues that are the masses of the mass eigenstates
of neutrinos. In general, M′(0, 0) may have 15 independent parameters: mi and Mi (i = 1, 2, 3),
while there are three Euler angles and six phases V. Three phases can be absorbed into the definition
of ν′L.

Assuming the hierarchy mi � Mj, we can integrate out the right-handed (heavy) neutrinos and
obtain an effective higher dimensional operator with Majorana mass terms for the left-handed neutrinos

Lν
dim−5 = −1

2 ∑
i

mM,i

(
1 +

h
v

)2 (
ν
′c
i,Lν′i,L + h.c.

)
. (39)

The Majorana masses mM,i, i.e., eigenstates of the matrix m†
DM−1

M mD, are suppressed by the ratios
mi/Mi as compared to mi. The latter has a similar role in the Lagrangian as the mass parameters of the
charged leptons, so one may assume mi ∼ O(100 keV), while the masses of the right-handed neutrinos
can be naturally around O(100 GeV), so that mi/Mi ∼ O(10−6±1) and mM,i � 0.1 eV. Thus, if mi � Mi,
then the mixing between the light and heavy neutrinos will be very small, the ν′i,L can be considered as
the mass eigenstates that are mixtures of the left-handed weak eigenstates, and whose masses can be
small naturally as suggested by phenomenological observations.

As we can only observe neutrinos together with their flavors through their charged current
interactions, it is more natural to use the flavor eigenstates than the mass eigenstates. In the flavor
basis, the couplings of the leptons to the W boson are diagonal:

L(�)
CC = − gL√

2
∑

f
νL

f /W†�
f
L + h.c. (40)
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with summation over the three lepton flavors f = e, μ and τ. The same charged current interactions in
mass basis νL,i = (UPMNS)i f ν

f
L, contain the Pontecorvo–Maki–Nakagawa–Sakata matrix UPMNS,

L(�)
CC = − gL√

2

3

∑
i, f=1

νL,i (UPMNS)i f /W† �
f
L + h.c. (41)

just like the charged current quark interactions contain the Cabibbo–Kobayashi–Maskawa matrix.
If the heavy neutrinos are integrated out, then the matrix UL coincides with the PMNS matrix.
For propagating degrees of freedom, such as in the case of traveling neutrinos over macroscopic
distances, one should use mass eigenstates νL,i and the PMNS matrix becomes the source of neutrino
oscillations in flavor space. However, in the case of elementary particle scattering processes involving
the left-handed neutrinos, one can work using the flavor basis, i.e., with Equation (40) because the
effect of their masses can be neglected.

2.4. Re-Parametrization into Right-Handed and Mixed Couplings

Having set the Z-charges of the matter fields, we can re-parametrize the couplings to Z′ using the
new coupling

g′ZY = g′Z − g′Y =
gZ − gY sin θZ

cos θZ
= gZ − εgY + O(ε2), (42)

with ε being the strength of kinetic mixing. Then, the covariant derivative in Equation (9) becomes

Dμ
j = ∂μ + igL T · Wμ + i yjgYB′μ + i

(
rjg′Z + yjg′ZY

)
Z′μ, (43)

where rj = zj − yj and its values are given explicitly in the last column of Table 1. Thus, if a U(1)Z
extension of GSM is free of gauge and gravity anomalies and the Z-charges of left and right-handed
fields are the opposite, then it is equivalent to a U(1)R extension with tree-level mixed coupling
g′ZY [19], related to the kinetic mixing parameter ε by Equation (42).

Particle phenomenology of the standard model suggests that the interaction of the fermions
through the Z′ vector boson must be suppressed significantly. The origin of such a suppression can be
either a small coupling to Z′ or the large mass of Z′. Usual studies in the literature focus on the latter
case. Here, we suggest to focus on the former possibility.

The complete Lagrangian is the sum of the pieces given in Equations (4), (6), (11), (25) and (29),

L = LD + LB,Z,W + Lφ,χ + LY + Lν
Y, (44)

with covariant derivative given in Equation (43), i.e., the kinetic mixing of Equation (7) is also taken
into account.

2.5. Mixing in the Neutral Gauge Sector

The neutral gauge fields of the standard model and the Z′ mix, which leads to mass eigenstates
Aμ, Zμ and Tμ (not to be confused with the isospin components Ti, i = 1, 2, 3). The mixing is described
by a 3 × 3 mixing matrix as⎛⎜⎝W3

μ

B′
μ

Z′
μ

⎞⎟⎠ =

⎛⎜⎝ cos θW cos θT − cos θW sin θT sin θW

− sin θW cos θT sin θW sin θT cos θW

sin θT cos θT 0

⎞⎟⎠
⎛⎜⎝ Zμ

Tμ

Aμ

⎞⎟⎠ . (45)
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For the Weinberg mixing angle θW, we have the usual value sin θW = gY/
√

g2
L + g2

Y. We introduce
the notion of reduced coupling defined by γi = gi/gL, i.e., γL = 1. Then, we have

sin θW =
γY√

1 + γ2
Y

, cos θW =
1√

1 + γ2
Y

(46)

and, for the mixing angle θT of the Z′ boson, we find

sin θT =

[
1
2

(
1 − 1 − κ2 − τ2√

(1 + κ2 + τ2)2 − 4τ2

)]1/2

,

cos θT =

[
1
2

(
1 +

1 − κ2 − τ2√
(1 + κ2 + τ2)2 − 4τ2

)]1/2

,

(47)

so tan(2θT) = 2κ/(1 − κ2 − τ2), with

κ =
γ′

Y − 2γ′
Z√

1 + γ2
Y

τ = 2
γ′

Z tan β√
1 + γ2

Y

(48)

and
tan β =

w
v

(49)

is the ratio of the scalar vacuum expectation values (not a scalar mixing angle). For small values of the
new couplings γ′

ZY and γ′
Z, implying small κ, we have

θT = κ + O(τ2, κ3) . (50)

The charged current interactions remain the same as in the standard model. The neutral current
Lagrangian can be written in the form

LNC = LQED + LZ + LT , (51)

where the first term is the usual Lagrangian of QED,

LQED = −eAμ Jμ
em Jμ

em =
3

∑
f=1

3

∑
j=1

ej

(
ψ

f
q,j(x)γμψ

f
q,j(x) + ψ

f
l,j(x)γμψ

f
l,j(x)

)
. (52)

The second one is a neutral current coupled to the Z0 boson,

LZ = −eZμ

(
cos θT Jμ

Z + sin θT Jμ
T

)
= −eZμ Jμ

Z + O(θT), (53)

and the third one is the neutral current coupled to the T0 boson,

LT = −eTμ

(
− sin θT Jμ

Z + cos θT Jμ
T

)
. (54)

In Equation (52), e is the electric charge unit and ej is the electric charge of field ψj in units of e.
In Equations (53) and (54), Jμ

Z is the usual neutral current,

Jμ
Z =

3

∑
f=1

3

∑
j=1

T3 − sin2 θW ej

sin θW cos θW

(
ψ

f
q,j(x)γμψ

f
q,j(x) + ψ

f
l,j(x)γμψ

f
l,j(x)

)
, (55)

34



Symmetry 2020, 12, 107

while the new neutral current has the same dependence on fermion dynamics with different
coupling strength:

Jμ
T =

3

∑
f=1

3

∑
j=1

γ′
Zrj + γ′

ZYyj

sin θW

(
ψ

f
q,j(x)γμψ

f
q,j(x) + ψ

f
l,j(x)γμψ

f
l,j(x)

)
. (56)

We can rewrite these currents as vector–axialvector currents using the non-chiral fields ψ f

Jμ
X = ∑

f
ψ f (x)γμ

(
v(X)

f − a(X)
f γ5

)
ψ f (x) X = Z or T (57)

with vector couplings v(X)
f and axialvector couplings a(X)

f given in Appendix A and the summation

runs over all quark and lepton flavors. Clearly, the QED current Jμ
em can also be written using non-chiral

fields in the form of Equation (57) with v(em)
f = e f and a(em)

f = 0.
As the dependence on the couplings and charges of the neutral currents in Equations (55) and (56)

are very different for different fermion fields, the only way that the standard model phenomenology is
not violated by the extended model is if θT is small, which supports the expansion used in Equation (53).
The choice for the Z-charges made in Equation (31) leads to the current Jμ

T being chiral, which we find
natural as it mixes with the other chiral current Jμ

Z according to Equations (53) and (54).
To define the perturbation theory of this model explicitly, we present the Feynman rules in

Appendix A.

2.6. Masses of the Gauge Bosons

The photon is massless, while the masses of the massive neutral bosons are

MZ = MW
cos θT
cos θW

[
(1 − κ tan θT)

2 + (τ tan θT)
2
]1/2

(58)

and

MT = MW
sin θT
cos θW

[
(1 + κ cot θT)

2 + (τ cot θT)
2
]1/2

, (59)

where MW = 1
2 vgL, and we assumed MT < MZ. Indeed, in order to have MZ within the experimental

uncertainty of the known measured value, we need θT  0, which justifies the expansions at κ = 0,

MZ =
MW

cos θW

(
1 + O(κ2)

)
 MW

cos θW
(60)

and
MT =

MW
cos θW

τ
(

1 + O(κ2)
)
 MZ′ , (61)

where we used Equation (50) and MZ′ = wg′Z. Thus, τ can also be written as the ratio of the masses of
the two massive neutral gauge bosons,

τ =
MZ′

MW
cos θW  MT

MZ
, (62)

justifying our assumption on the hierarchy of masses. In fact, unless w � v, we find MT � MZ.
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2.7. Free Parameters

There are five parameters in the scalar sector, λφ, λχ, λ, v and w that has to be determined
experimentally, while the values of μφ and μχ (at tree level) are given in Equation (18). However, it is
more convenient to use parameters that can be measured more directly, for instance,

Mh MH sin θS v = (
√

2GF)
−1/2 and tan β, (63)

of which we know two from measurements: one of the scalar masses and Fermi’s constant.
In addition to the neutrino Yukawa couplings (or neutrino masses and PMNS mixing parameters),

there are five free parameters in the model that we choose as the mass of the new scalar particle Mh or
MH (the other being fixed by the mass of the Higgs boson), the scalar and vector mixing angles sin θS
and sin θT , the ratio of the vacuum expectation values tan β and τ that is essentially the new gauge
coupling. It can be shown [16] that, requiring stable vacuum up to the Planck scale, the Higgs particle
coincides with the scalar h and according to a one-loop analysis of the running scalar couplings MH
falls into the range [144,558] GeV.

The other parameters can be expressed in terms of the free ones as follows: w = v tan β,

λφ =
1

2v2

(
M2

h/H cos2 θS + M2
H/h sin2 θS

)
,

λχ =
1

2w2

(
M2

H/h cos2 θS + M2
h/H sin2 θS

)
,

λ = sin(2θS)
M2

H − M2
h

2vw

(64)

(first indices are to be used if λφv2 < λχw2, the second ones otherwise). The new parameters in the
gauge sector can be expressed as

tan θZ =
τ − κ tan β

tan β sin θW
γ′

Z =
τ

2 tan β cos θW
γ′

Y =
τ − κ tan β

tan β cos θW
γ′

ZY =
2κ tan β − τ

2 tan β cos θW
,

κ = cot(2θT)
(√

1 + (1 − τ2) tan2(2θT)− 1
)
= (1 − τ2) sin θT + O(θ3

T) .

(65)

3. Discussion

Our hope in devising this model is to explain the established experimental observations listed in
the introduction. We envisage the following scenario:

• The lightest new particle is a natural candidate for WIMP dark matter if it is sufficiently stable.
• Majorana neutrino mass terms for the right-handed neutrinos and Yukawa interactions between

the left- and right-handed neutrinos and the BEH vacuum are generated by the spontaneous
symmetry breaking of the scalar fields as outlined in Section 2.3. This scenario provides a possible
origin of neutrino oscillations and effective Majorana mass terms for the left-handed neutrinos.

• The neutrino Yukawa terms provide a source for the PMNS matrix as shown in Section 2.3,
which can have a CP-violating phase yielding stronger CP violation in the lepton sector than there
is in the quark sector.

• The vacuum of the χ scalar has a charge zj = −1 (or rj = −1) that may be a source of the current
accelerated expansion of the universe.

• The second scalar together with the established BEH field can cause hybrid inflation.

At present, we consider these possible consequences of the model that need further studies to
find out if they fulfill. Before exploring that the model makes these explanations credible, we have to
find answer to the following question: Is there any region of the parameter space of the model that is not
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excluded by experimental results, both established in standard model phenomenology and elsewhere? Of course,
answering this question requires studies well beyond the scope of a single article.

4. Conclusions

In this paper, we collected the well established experimental observations that cannot be explained
by the standard model of particle interactions. We have then proposed an anomaly free extension by a
U(1)Z gauge group, which is the simplest possible model. We also assumed the existence of a new
complex scalar field with Z-charge only (i.e., neutral with respect to the standard model interactions)
and three right-handed neutrinos. In order to fix the Z-charges of the particle spectrum, we assumed
that the left- and right-handed neutrinos have opposite Z-charges. Thus, such a model predicts the
existence of (i) a massive neutral vector boson; (ii) a massive scalar particle and (iii) three massive
right-handed neutrinos. The left-handed neutrinos remain massless as in the standard model, but their
Yukawa interactions with the BEH field and the right-handed neutrinos provide a field theoretical
basis for explaining neutrino oscillations and predict effective Majorana masses for the propagating
mass eigenstates.

We have discussed how the new neutral gauge field Zμ mixes with those of the standard model
(Bμ and Wμ

3 ) and argued that the mixing results in a new vector boson T0 of a small mass related to the
small new gauge coupling and small mixing with the standard model vector fields. We also presented
the Feynman rules of the model in unitary gauge and collected the new free parameters.

In order for the predictions of the model be credible, we have to answer whether there is any
region of the parameter space that is not excluded by experimental results established in standard
model phenomenology or elsewhere. To answer such a question with satisfaction, studies well beyond
the scope of a single article are needed, which forecasts an exciting research project.
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Abbreviations

BEH Brout–Englert–Higgs
PMNS Pontecorvo–Maki–Nakagawa–Sakata
QCD quantum chromodynamics
QED quantum electrodynamics
SM standard model
SSB spontaneous symmetry breaking
UV ultra-violet
VEV vacuum expectation value

Appendix A. Feynman Rules

The Feynman rules of the model are obtained from the complete Lagrangian in Equation (44).
For studying the UV behaviour of the model, it is convenient to use the Feynman rules before SSB,
while for low energy phenomenology the rules after SSB are needed. In this paper, we present only the
latter in a unitary gauge. The propagators of the new fields are related trivially to those of the standard
fields. Thus, we present only the vertices, neglecting the rules related to QCD, which are unchanged.
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• Gauge field–fermion interactions Vα f̄i f j: −ieγα(C−P− + C+P+), where C± depends on the type
of the gauge boson participating in the interaction, the flavor f of fermions and family number i
and j as follows:

V f̄i fj C+ C−

γ f̄i f j e f δij e f δij
Z f̄i f j (g+f cos θT + h+f sin θT)δij (g−f cos θT + h−f sin θT)δij

T f̄i f j (−g+f sin θT + h+f cos θT)δij (−g−f sin θT + h−f cos θT)δij

W+ūidj 0
1√

2 sin θW
Vij

W−d̄jui 0
1√

2 sin θW
V†

ij

W+ν̄i�j 0
1√

2 sin θW
δij

W− �̄jνi 0
1√

2 sin θW
δij,

where

g+f = − sin θW

cos θW
e f g−f =

T3
f − sin θ2

We f

sin θW cos θW
h±f =

γ′
ZR±

f + γ′
ZY(e f − R∓

f )

sin θW
, (A1)

where R+
f = 1/2 for Uf or ν f , R+

f = −1/2 for Df or � f and R−
f = 0. The vector and axial vector

couplings of the Z0 boson read as

v(Z)
f =

1
2

(
g−f + g+f

)
cos θT +

1
2

(
h−f + h+f

)
sin θT

=

(
T3

f − 2(sin θW)2e f

)
cos θT +

(
κe f + γ′

Y(R+
f − e f ) cos θW

)
sin θT

2 sin θW cos θW

=
T3

f − 2(sin θW)2e f

2 sin θW cos θW
+ O(θT),

a(Z)
f =

1
2

(
g−f − g+f

)
cos θT +

1
2

(
h−f − h+f

)
sin θT =

T3
f cos θT − κR+

f sin θT

2 sin θW cos θW

=
T3

f

2 sin θW cos θW
+ O(θT),

while those of the T0 boson are

v(T)f =

(
κe f + γ′

Y(R+
f − e f ) cos θW

)
cos θT −

(
T3

f − 2(sin θW)2e f

)
sin θT

2 sin θW cos θW
,

a(T)f = −
κR+

f cos θT + T3
f sin θT

2 sin θW cos θW
.

(A2)

• H f̄i fj vertex: ieC, where

C = −δij
1

2 sin θW

m f ,i

MW
.
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• Sνc
R,iνR,j vertex: ieC, where

C = −δij
1

2 sin θW tan β

mνR,i

MW
.

• Gauge field interactions:

– The cubic gauge field interactions of fields V1,α, V2,β and V3,γ with all-incoming kinematics,
pμ + qμ + rμ = 0 are Γα, β, γ (p, q, r) = ieCVα, β, γ (p, q, r) , where

Vα, β, γ (p, q, r) = (p − q)γ gαβ + (q − r)α gβγ + (r − p)β gαγ,

while C depends on the type of the gauge bosons participating in the interaction as follows:

V1V2V3 C

γW+W− 1

ZW+W− cos θW

sin θW
cos θT

TW+W− −cos θW

sin θW
sin θT

– The quartic gauge field interactions of fields V1,α, V2,β, V3,γ and V4,δ are
Γα, β, γ, δ = ie2C

[
2gαβgγδ − gαγgβδ − gαδgβγ

]
, where C again depends on the type of the

gauge bosons participating in the interaction as follows:

V1V2V3V4 C

W+W−γγ −1

W+W−γZ −cos θW

sin θW
cos θT

W+W−γT
cos θW

sin θW
sin θT

W+W−ZZ −
(

cos θW

sin θW
cos θT

)2

W+W−TZ
(

cos θW

sin θW

)2
cos θT sin θT

W+W−TT −
(

cos θW

sin θW
sin θT

)2

W+W+W−W− 1
(sin θW)2

• Scalar interactions: We denote the standard model Higgs boson by H, while the new one by S .

– Cubic scalar interactions can be either of the form ie C
3! S

3 where C depends on the type of the
scalar boson participating in the interaction:

SSS C

HHH −3
2

M2
h cos2 θS + M2

H sin2 θS

sin θWMW

SSS −3
2

M2
h sin2 θS + M2

H cos2 θS

sin θWMW tan β
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or of the form ie C
2! SSS′, where C depends on the type of the S boson participating in the

interaction:
SSS′ C

HHS − sin θS cos θS
M2

H − M2
h

2 sin θWMW

SSH − sin θS cos θS
M2

H − M2
h

2 sin θWMW tan β
.

Recall that MH/h is the mass of the heavier/lighter scalar.
– The quartic scalar interactions are either of the form ie2 C

4! S
4, where C depends on the type of

the scalar bosons participating in the interaction as follows:

SSSS C

HHHH −3
4

M2
h cos2 θS + M2

H sin2 θS

(sin θWMW)2

SSSS −3
4

M2
h sin2 θS + M2

h cos2 θS

(sin θWMW tan β)2

or of the form ie2 C
2! 2!H2S2, where

C = −3
4

M2
h − M2

h
(sin θWMW)2 tan β

.

• Mixed gauge field-scalar interactions:

– The cubic gauge field-scalar interactions of fields V1,α, V2,β and S are iegαβC, where C
depends on the types of the fields participating in the interaction as follows:

V1V2S C

W+W−H MW
sin θW

ZZH MW
sin θW

(cos θT − κ sin θT)
2

(cos θW)2

TTH MW
sin θW

(sin θT + κ cos θT)
2

(cos θW)2

TZH MW
sin θW

(sin θT + κ cos θT)(κ sin θT − cos θT)

(cos θW)2

ZZS MW
sin θW tan β

(τ sin θT)
2

(cos θW)2

TTS MW
sin θW tan β

(τ cos θT)
2

(cos θW)2

TZS MW
sin θW

τ2 sin θT cos θT

(cos θW)2 .
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– Quartic gauge field-scalar interactions VαVβSS : ie2gαβC, where C depends on the type of the
gauge boson participating in the interaction as follows:

V1V2SS C

W+W−HH 1
2(sin θW)2

ZZHH (cos θT − κ sin θT)
2

2(cos θW sin θW)2

TTHH (sin θT + κ cos θT)
2

2(cos θW sin θW)2

TZHH (sin θT + κ cos θT)(κ sin θT − cos θT)

2(cos θW sin θW)2

ZZSS (τ sin θT)
2

2(cos θW sin θW tan β)2

TTSS (τ cos θT)
2

2(cos θW sin θW tan β)2

TZSS τ2 sin θT cos θT

2(cos θW sin θW tan β)2
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Abstract: Various experimentally verified values of physical parameters indicate that the universe
evolves close to the topological phase of exotic smoothness structures on R4 and K3 surface.
The structures determine the α parameter of the Starobinski model, the number of e-folds, the spectral
tilt, the scalar-to-tensor ratio and the GUT and electroweak energy scales, as topologically supported
quantities. Neglecting exotic R4 and K3 leaves these free parameters undetermined. We present
general physical and mathematical reasons for such preference of exotic smoothness. It appears that
the spacetime should be formed on open domains of smooth K3#CP2 at extra-large scales possibly
exceeding our direct observational capacities. Such potent explanatory power of the formalism is not
that surprising since there exist natural physical conditions, which we state explicitly, that allow for
the unique determination of a spacetime within the exotic K3.

Keywords: exotic R4 and cosmology; space topology changes; exotic K3; spacetime

1. Introduction

The micro-scale of the physical world and the large cosmological scales, when organised into a
single cosmological model of the universe, should be finely interrelated. Even though we do not fully
understand how these scales might intersect and interact with each other, our partial understanding
allows for important insights. In particular, we expect that the complete picture of the domain of
their common applicability would be a crucial ingredient of the successful theory of quantum gravity.
The reason is simple: The universe at large scales where gravity dominates is described by the theory
of general relativity (GR), whereas at the micro-scale the suitable theory is quantum mechanics (QM).

There are many reasons to introduce exotic smoothness. From the physics point of view
one natural reason is quantum gravity. In the last years, we developed an approach, smooth
quantum gravity, where the quantization procedure is given by a change of the smoothness
structure [1]. The approach works only for four-dimensional spacetimes and has many connections to
noncommutative geometry. Loosely speaking, the change of the smoothness structure is a quantization
of the geometry in the sense of quantum gravity. A direct consequence of this approach is the
determination of topology changes. To illustrate, let us consider a spacetime of topology S3 × R.
In the usual smoothness structure, this spacetime is foliated like S3 × {t} , i.e., the topology of the
space S3 remains constant. In contrast, a spacetime with topology S3 ×R but exotic smoothness can
also be foliated like S3 × {t} but not smoothly. The smooth decomposition of an exotic S3 ×R is a
spacetime where the spatial component changes in a complicated process. Interestingly, the change
seen as a process can be very different but the result of the change depends only on the topology of
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the spacetime. In the presented paper we construct a spacetime from first principles and show that
there are two topology changes. Interestingly, this universal feature of spacetime can be understood by
considering certain exotic R4.

The standard smoothness structure of R4 is the unique structure such that the product R×R3

is smooth. An exotic R4 is a topological 4-manifold R4 which, if smooth, is nondiffeomorphic to
the standard smooth R4. In any dimension other than 4, there exists a unique smoothness structure
on Rn, n 	= 4, the standard smooth Rn. The existence of exotic R4 was established in the 1980s and,
together with the existence of at least two families of R4s each containing uncountably infinitely many
different nondiffeomorphic R4s, are highly nontrivial mathematical facts (e.g., [2]). One such family of
small exotic R4s comprises those R4s that are embeddable in the standard R4 as open subsets while
the large exotic R4s are not embeddable in R4 and hence in S4.

The existence of such smooth exotic 4-manifolds may seem to be a purely mathematical
curiosity; however, the application to physics also discussed in this paper shows it is not. On all
(known) four-dimensional open manifolds there exist uncountably many different nondiffeomorphic
smoothness structures. Compact 4-manifods can be endowed with countably many such structures.
The main point advocated here and in our previous works is that one cannot understand the origins
of certain values of important physical parameters (cosmology, particle physics) and one cannot
understand the common domain of GR and quantum phenomena in the spacetime of dimension 4
without referring to exotic smooth 4-manifolds. Even though the current state of investigation does
not support decisively and univocally the above categorical statements, the results collected strongly
support them.

The exceptional (though quite direct) feature of exotic R4s is that they are all Riemann smooth
4-manifolds which cannot be flat, i.e., their Riemann curvature tensors are not vanishing on any exotic
R4s. From the point of view of physics, a nonzero gravitational energy density is assigned to each
exotic R4, contrary to the case of the standard R4. Recently Gabor Etesi showed that certain smooth
four-dimensional manifolds, namely the large exotic R4s, are precisely the gravitational instantons [3].
Both these facts, being a Ricci-flat gravitational instanton and carrying nonzero gravitational energy,
show that R4s indeed place themselves in the overlapping domain of classical and quantum regimes of
gravity. We will discuss the particular role played by the Ricci-flatness in the process of the generation
of masses in spacetime. This is one of the first physical effects which has been considered in the
context of exotic R4 and it is known as the Brans conjecture. It states that exotic R4s serve as sources
of an external gravitational field in spacetime [4,5]. Moreover, R4s determine noncommutative von
Neumann algebras which is not the case for the standard R4 and this is yet another indication that R4s
are properly (though somewhat mysteriously) placed in the common domain of GR and QM (e.g., [1,6]).
In recent publications [7–9] we have shown how the appearance of nonstandard smoothness on R4

and a K3 surface leads to explaining in purely topological terms the extremely tiny value of the
cosmological constant and some other cosmological parameters.

This apparent multifaceted role of exotic smoothness on R4 in physics, especially cosmology,
motivates the attempt to understand the exotic smoothness as a consequence of certain, quite general,
conditions imposed on physical spacetime of dimension 4. In what follows we explicitly state these
conditions and discuss them from the physical and mathematical points of view. Both threads
finely meet and intertwine in dimension 4 giving rise to a quite powerful explanatory framework.
In particular it appears that considering space as homology 3-spheres (including S3) is a general
fact following from the causal and Lorentzian-metric structure (for a spacetime being a smooth
4-cobordism). Exotic 4-smoothness determines such cobordisms canonically which lies in the core of the
presented approach. Finally, we overview and discuss the main results obtained within the framework.

2. Spacetime and Exotic Smoothness

In our previous work [9] we discussed a model with a compact spacetime, the K3 surface, where
the cosmic evolution was given by an open submanifold. The important feature of the model is that
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a certain exotic R4 is necessarily embedded into (a smooth version of) K3. Let us now reverse the
argumentation and consider an evolution of the cosmos which starts with a 3-sphere and allows for
spatial topology changes. As a consequence we will obtain the K3 surface with the two transitions as
discussed in [9].

Topology describes the global properties of a manifold which are invariant with regard to the
local shape or geometry. A local theory based on differential geometry like GR restricts very weakly
the topology of spacetime. Because of this ambiguity as a rule we have to set a topology of the cosmos
by hand, e.g., Einstein used the 3-sphere S3 but R3 is another common choice.

Here we will discuss the topological implications of the assumed spacetime with an exotic
smooth structure. We shall also need some further mild conditions to formulate a sufficiently useful
cosmological model. The first condition is given by the measurement data of the cosmological
background radiation of the COBE, WMAP and PLANCK experiments [10–13]. The analysis of the
spectrum by Luminet et al. [14] gives a hint of a cosmos with a finite volume which is compatible with
the Einstein cosmos S3 or any other compact model, but not with R3. Thus our first condition on the
topology of the cosmos is the following

1. The cosmos Σ is a compact 3-manifold without boundary.

Next we concentrate on spacetime. The choice of a spacetime is strongly restricted by two
demands: Smoothability and causality (including the existence of a Lorentz metric). Usually the two
conditions can be fulfilled if the spacetime M is diffeomorphic to Σ ×R with the (spatial) 3-manifold Σ,
i.e., one makes the assumption that the topology of Σ is fixed. However, it is widely believed that the
inclusion of quantum-gravitational effects enforces transitions of the (spatial) topology. We discussed
in our previous works the possibility of an exotic smoothness structure which leads necessarily to
topological transitions. To enable the topological transitions of Σ we have to model the spacetime as a
cobordism M with ∂M = Σ0 � Σ describing the nontrivial evolution (i.e., M 	= Σ ×R) from the initial
state Σ0 to the cosmos Σ at the epoch t. The cobordism M between a compact 3-manifold is also itself
compact for a finite time interval. A compact manifold M possesses a Lorentz metric if (and only if)
there exists a nonvanishing vector field, i.e., its Euler characteristic χ(M) is zero [15,16] or in case of
the cobordism the relative Euler characteristic vanishes χ(M, ∂M) = 0. Thus the second condition is:

2a. The relative Euler characteristic χ(M, ∂M) of the spacetime M is zero.

The topological censorship theorem [17] requires a simply connected spacetime. This is a necessary
condition to avoid time-loops (which are contractible in a simply connected spacetime):

2b. The spacetime M is simply connected.

Conditions 2a and 2b imply the vanishing of the relative homology groups Hk(M, ∂M) = 0 for
k = 0, 2, 3.

For let a 4-manifold M be 4-cobordism between two 3-manifolds Σ1, Σ2 such that ∂M = Σ1 � Σ2.
To determine the homology of M, one has to use the following long exact sequence of homology groups

. . . → Hk(∂M) → Hk(M) → Hk(M, ∂M) → Hk−1(∂M) → Hk−1(M) → . . .

where the maps between the homology groups are induced by the inclusions ∂M → M and M →
M/∂M. Now let us assume that M is simply connected, i.e., H1(M) = 0 (Condition 2b above). We
thus obtain the sequence

0 → H2(∂M) → H2(M) → H2(M, ∂M) → H1(∂M) → 0 (1)

where we used the Poincaré duality H3(M, ∂M) = H1(M) = Hom(H1(M),Z) = 0. For the other
terms of the sequence we get Hk(M, ∂M) = 0 for k = 0, 3 (Betti numbers b0 = b3 = 0) and
Hk(M, ∂M) = Z for k = 1, 4 (Betti numbers b1 = b4 = 1). In order to ensure the existence of a
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Lorentz metric we need M to admit a nonvanishing time-like vector field which requires the relative
Euler characteristics to vanish, χ(M, ∂M) = 0. Since χ(M, ∂M) = b0 − b1 + b2 − b3 + b4, we obtain
χ(M, ∂M) = b2. All in all, the demand that a Lorentz metric exists leads to H2(M, ∂M) = 0. Therefore
from Sequence (1) we obtain H1(∂M) = 0 = H2(∂M) and hence the boundary ∂M must be a disjoint
union of homology 3-spheres.

Thus we see that the physical conditions of the existence of a Lorentz metric (Condition 2a) and
of causality (Condition 2b) are equivalent to the following condition for the topology of the cosmos:

3. The cosmos Σ is a homology 3-sphere.

Let us summarise the points above and draw conclusions for the entire spacetime M. Interestingly,
the conditions stated above have a strong and direct connection to the smoothness structure of M.
The spacetime M is assumed to be a 4-manifold with a metric fulfilling the Einstein equation and
admitting a smoothness structure. The smoothness structure in dimension 4 is characterised by the
embedding of a certain four-dimensional submanifold A ⊂ M – the Akbulut cork. The Akbulut cork
is a contractible 4-manifold with the boundary a homology 3-sphere [18]. Now we choose an exotic
smoothness structure. This step is motivated by the generation of matter resulting from the exotic
smoothness structure (see [19,20] for instance). The smoothness of the exotic M requires that the
Akbulut cork of M possesses two homology 3-spheres as boundaries ∂A = S0 � S1 and that the initial
sphere S0 = S3 is a simple 3-sphere contained in Σ0 in agreement with the two physical conditions
(2a and 2b) above. This is precisely the point where the exotic R4 is generated: The neighbourhood
of the Akbulut cork N(A) ⊂ M as embedded in the 4-manifold M is an exotic R4 if M admits an
exotic smoothness structure (or M is exotic). Then, Conditions 1–3 lead us univocally to a simple
cosmological model:

4. The spacetime M is a smooth 4-manifold with ∂M = Σ0 � Σ, realising a cobordism between two
homology 3-spheres.

Initial state: The cosmos begins as a compact 3-manifold Σ0 without boundary (Condition 1) and
possesses the topology of a homology 3-sphere (Condition 2).

Dynamics: The spacetime is a cobordism M with ∂M = Σ0 � Σ (Condition 3). This 4-manifold is
simply connected (Condition 2b) and its pseudo-Riemannian metric (Condition 2a) is determined
by the Einstein equation. The cosmos expands from Σ0 to Σ with the scaling factor a(t)
determined by the Friedmann equation. It is interesting to note that cobordisms represent
properly spacetime in the categorical approach by John Baez [21]. In Baez’s representation the
entire category of spacetime cobordisms (between 3-space manifolds) is considered leading to
a natural connection with quantum mechanics (as in topological quantum field theory, TQFT).
Even though in our approach the smoothness structures in dimension 4 determine nontrivial
cobordisms and we do not discuss the quantum operator representation, still this would be an
interesting nontrivial task to find connections with TQFT.

Topology transition: The homology of the cosmos is an invariant (both Σ0 and Σ are homology
3-spheres, Conditions 2 and 3). The topology of the initial state Σ0 may change to Σ by a
homology-preserving transition (nontriviality of M 	= Σ ×R).

In order to firmly establish the model we now have to choose tangible candidates for Σ0 and
Σ. One can exclude that Σ0 is a point singularity because in this case we would have χ(M) = 1 (i.e.,
the time-like vector field vanishes at this singular point). However, we have seen that the Akbulut
cork of M is a cobordism between a 3-sphere S3 and a homology 3-sphere S1 and that S3 ⊂ Σ0. Thus,
it seems natural to choose Σ0 = S3:

5. The initial state Σ0 is the Einstein cosmos S3.

This choice for the initial state is further supported by Ashtekar et al. [22] where the authors
described a cosmological model with the big bounce effect (see also [23]). The model does not show a
singularity, i.e., there is no big crunch but rather contraction is followed again by expansion.
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The cork A with ∂A = S3 � S1 is a submanifold of M with ∂M = S3 � Σ. Thus S1 is in the interior
of M and Σ is the boundary. Given Σ as the state at time t one can interpret S1 as an intermediate
state Σ(t1) = S1 with t1 < t. However, according to Donaldson [24] not all homology 3-spheres
are smoothly cobordant to S3 (i.e., M with ∂M = S3 � Σ is not smooth for all Σ). There is no full
classification of such homology 3-spheres but rather a long list of counterexamples. One example
shows that there is no smooth cobordism M between S3 and one or more Poincaré spheres. A large
class of homology 3-spheres are Brieskorn spheres described as submanifolds of C3

Σ(a, b, c) =
{
(z1, z2, z3) ∈ C

4 | za
1 + zb

2 + zc
3 = 0, |z1|2 + |z2|2 + |z3|2 = 1

}
with a, b, c different prime numbers. The Brieskorn spheres are distinguished from other homology
3-spheres because they are irreducible and any homology 3-sphere is a sum of irreducible homology
3-spheres. Any irreducible 3-manifold Σ is characterized to be not splittable to the connected sum
other than Σ#S3 (prime decomposition, see [25]), i.e., irreducible Σ can only be split trivially into
Σ#S3 (diffeomorphic to Σ). Secondly, there is another splitting of irreducible 3-manifolds along 2-tori
into simpler pieces, the so-called JSJ decomposition (Jaco–Shalen–Johannson decomposition, see [26]).
The remaining pieces are called atoroidal irreducible 3-manifolds. Brieskorn spheres are the only
nonhyperbolic irreducible homology 3-spheres. As we shall see shortly, these properties are crucial for
applications in physics.

The solution of the geometrization conjecture implies that there are two important geometric
classes of topological manifolds in dimension 3: Hyperbolic and nonhyperbolic 3-manifolds. The class
of nonhyperbolic 3-manifolds is divided into seven subclasses among which there are the spherical
and Euclidean geometries. Hyperbolic 3-manifolds are very special with respect to their properties.
The main property important in this work is the rigidity of the volume for any diffeomorphism and
conformal transformation (Mostow rigidity, see [27]), i.e., the volume is a topological invariant. Any
scaling of a hyperbolic 3-manifold is an isometry or a hyperbolic 3-manifold cannot be scaled. This
fact is extremely important for the evolution of the spatial component (as given by the cobordism
M): If the intermediate state, say Σ(t1) at t0 < t1 < t, is a hyperbolic homology 3-sphere then the
expansion of the spatial component has to stop (because of the Mostow rigidity). Therefore we
have to assume that this intermediate state must be a nonhyperbolic 3-manifold. For simplicity
reasons we choose an irreducible, nonhyperbolic 3-manifold (otherwise one has a sum of irreducible
3-manifolds as an intermediate earlier state which comprises of these irreducible 3-manifolds). For this
reason the Brieskorn spheres are natural building blocks of all nonhyperbolic homology 3-spheres.
The counterexample is the Poincaré sphere Σ(2, 3, 5) which is the simplest one but cannot be used in
any smooth cobordism with S3. Moreover, the next one Σ(2, 3, 7) provides another counterexample.
The simplest Brieskorn sphere which is smoothly cobordant to S3 is Σ(2, 5, 7). Thus we look for an
exotic M with the Akbulut cork A with ∂A = S0 � S1, S0 = S3 and S1 = Σ(2, 5, 7):

6. The intermediate state Σ(t1) = S1 at t0 < t1 < t is the Brieskorn cosmos Σ(2, 5, 7).

Finally we have to choose the 4-manifold M itself. There are two points of consideration which
are important here. At first, in [19] we have shown that the transition of a standard 4-manifold to an
exotic one results in non-Ricci-flatness. If we hypothesise that all matter terms in the Einstein–Hilbert
action are only caused by exotic smoothness in the above way then the 4-manifold with its standard
structure has to be Ricci-flat. However, there are only two compact 4-manifolds with a Ricci-flat metric,
the 4-torus and the K3 surface

K =
{
(x, y, z, t) ∈ CP3| x4 + y4 + z4 + t4 = 0

}
. (2)

The 4-torus is a flat manifold that is not simply connected and so it contradicts Condition 2b,
thus from the physical point of view the K3 surface is the preferred candidate of a spacetime. This is
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further supported by the second fact of consideration: The proposed 4-manifold A with ∂A = S0 � S1,
S0 = S3 and S1 = Σ(2, 5, 7) is the Akbulut cork of a distinct 4-manifold K which is again the K3 surface.

The K3 surface is a compact 4-manifold with nonvanishing Euler characteristic and thus it admits
no Lorentz metric. Therefore, the K3 surface itself cannot be the physical spacetime. However, we
can imagine the cobordism M (with χ(M) = 0 and equipped with a Lorentz metric) embedded in
K. The submanifold M ⊂ K is determined by K if one requires that both manifolds have the same
Akbulut cork A with ∂A = S0 � S1, S0 = S3 and S1 = Σ(2, 5, 7). The choice S0 = S3 (Condition 4) is
extended to the cork of the K3 surface if one replaces K by a version of the K3 surface K = K \ D4

with boundary ∂(K \ D4) = S3, i.e., we get ∂K = ∂(K \ D4) = S3 = S0 = Σ0. Thus we arrive at the
last condition of the model:

7. The K3 surface K = K \ D4 determines the 4-manifold M with ∂M = S3 � Σ by its common Akbulut
cork. M is the physical spacetime.

Then the boundary component S3 of M agrees with ∂K and M contains also the Akbulut cork
A of K, i.e., the 4-manifold representing the first transition S0 = S3 → S1 = Σ(2, 5, 7) is the Akbulut
cork of K. Let us assume that the matter component in spacetime is caused by the exotic smoothness.
However, the exotic smoothness is not determined by the topology of the Akbulut cork A but by the
embedding of A into K. Therefore we have to determine the neighbourhood N(A) ⊂ K of A in K to
determine the smoothness structure. However, then the remaining part K \ N(A) is obtained purely by
its topology. The boundary ∂ (K \ N(A)) = S3 � Σ contains the second component Σ (as a boundary
of N(A)) which is also a homology 3-sphere (using the result of Freedman [18,28]). The topology of Σ
is partly determined by the topology of K. The reasons are the following.

Topological 4-manifolds are classified by the intersection form σ [18]. In case of our 4-manifold K,
one obtains

σK = E8 ⊕ E8 ⊕
(

0 1
1 0

)
⊕
(

0 1
1 0

)
⊕
(

0 1
1 0

)

= 2E8 ⊕ 3

(
0 1
1 0

)
= 2E8 ⊕ 3H

in the usual notation. The intersection form of the Akbulut cork A, as well as of N(A), vanishes. By the
splitting theorem in [29] one obtains

σK\N(A) = σK = 2E8 ⊕ 3H

i.e., the same intersection form. Now K \ N(A) has the boundary

∂ (K \ N(A)) = S3 � Σ

and must be a smooth 4-manifold. Especially the block structure of the intersection form is reflected by
the splitting of a 4-manifold. With these information we obtain the following general result

Σ = P#P# (K1#K2#K3) #S3 . (3)

This 3-manifold Σ is also a homology 3-sphere consisting of three principal parts: The connected
sum P#P of two Poincaré spheres, the connected sum of three irreducible homology 3-spheres
K1#K2#K3 and a 3-sphere. Of course one can omit the last 3-sphere but we keep it here as a reminder
that the 3-sphere is always present in the connected sum # not changing the diffeomorphism class.

With Decomposition (3) at hand, we are able to complete our model using all six conditions above.
It starts with a 3-sphere (Einstein cosmos), then the first transition to the Brieskorn sphere Σ(2, 5, 7)
takes place and finally it changes (second transition) to Σ = P#P# (K1#K2#K3) #S3.
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The two transitions are interpreted as inflationary phases [7,30] determining also the neutrino
masses [8]. The three irreducible homology 3-spheres K1, K2, K3 are identified with hyperbolic,
homology 3-spheres inducing the matter part of the universe [19,20] with connections [6] to the
models of Furey [31,32], Gresnigt [33], Bilson–Thompson [34,35]. The transition to the P#P part
gives the cosmological constant [9]. Then, following the logic of the cosmological standard model,
the remaining part S3 (appearing as S2 × [0, 1] in the sum above) must be the dark matter component
which will be discussed in a forthcoming paper. Finally we arrive at the picture:

• P#P causes the cosmological constant (= dark energy)
• K1, K2, K3 is responsible for the matter part (= three generations?)
• S3 or S2 × [0, 1] is associated with the dark matter (in the form of a gravitational soliton?)

3. Physical Parameters

Let us collect and discuss the results obtained on the base of our topological model of the evolving
cosmos. Exotic smoothness in dimension 4 is the main player in the model. Therefore we have
to motivate the appearance of exotic smoothness. The approach in the previous section is based
extensively on the concept of cobordism for the spacetime. Thus, one has to consider the bounadry
terms of the Einstein–Hilbert action. As starting point, let us discuss the Einstein–Hilbert action for
a 4-manifold with boundary following our work [20]. In general, for a manifold M with boundary
∂M = Σ one has the expression

SEH(M) =
∫
M

R
√

g d4x +
∫
Σ

H
√

h d3x

where H is the mean curvature of the boundary with metric h. In the following we will discuss the
boundary term, i.e., we reduce the problem to the discussion of the action

SEH(Σ) =
∫
Σ

H
√

h d3x (4)

along the boundary Σ (a 3-manifold). Following [20], Equation (4) over a 3-manifold Σ is equivalent
to the Dirac action of a spinor over Σ. Main result of [20] is the following relation between the
corresponding Dirac operators

DMΦ = DΣψ − Hψ (5)

where DΣ or DM denote the Dirac operator on the 3-manifold Σ or 4-manifold, respectively. Now Φ
must be a parallel spinor, i.e.,

DMΦ = 0 (6)

Finally we get
DΣψ = Hψ (7)

leading to ∫
Σ

H
√

h d3x =
∫
Σ

ψ̄ DΣψ
√

hd3x (8)

In our previous work [1] we discussed a foliation of the 3-manifold which extends to the cobordism
representing the topology change of the 3-manifold. There, we introduced the Godbillon–Vey invariant
as topological invariant of the foliation. This foliation of codimension one is defined by a one-form ω

(the leaves are the constant values) with integrability condition ω ∧ dω = 0. Then the Godbillon–Vey
invariant is defined by an integral over the 3-form η ∧ dη with dω = −η ∧ ω. Clearly, the foliation
will also influence the spinor defined by Equation (8). For that purpose we reinterpret the invariant
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gv = η ∧ dη as the abelian Chern–Simons form for the abelian gauge field η. Then a covariant constant
1-form ω such that

Dηω = dω + η ∧ ω = 0

defines a foliation, because the integrability condition ω ∧ dω = 0 is automatically fulfilled.
However, here we will use the coupling between the abelian gauge field η and the spinor ψ to
the Dirac–Chern–Simons action functional on the 3-manifold

SDCS =
∫
Σ

(
ψ̄ DΣ

η ψ
√

hd3x + η ∧ dη
)

with the critical points at the solution

DΣ
η ψ = 0 dη = τ(ψ, ψ)

where τ(ψ, ψ) is the unique quadratic form for the spinors locally given by ψ̄γμψ. Now we consider
a spacetime Σ × I, so that the solution is translationally invariant. Expressed differently, we choose
a spacetime with foliation induced by the foliation of Σ extended by translation. An alternative
description for this choice is by considering the gradient flow of these equations

d
dt

η = dη − τ(ψ, ψ)

d
dt

ψ = DΣ
η ψ

However, it is known that this system is equivalent to the Seiberg–Witten equation for Σ × I by
using an appropriated choice of the so-called SpinC structure. Then this SpinC structure is directly
related to the foliation. Therefore a nontrivial foliation together with the existence of Fermions induces
a nontrivial solution of the gradient system which results in a nontrivial solution of the Seiberg–Witten
equations. However, this nontrivial solution (i.e., ψ 	= 0, η 	= 0) is a necessary condition for the
existence of an exotic smoothness structure.

With these arguments we obtained a strong relation between foliations, exotic smothness and our
model for a spacetime (with spatial topology change). The origin of this foliation can be traced back to
the Einstein cosmos. As discussed in [1], this initial state S3 of the universe cannot be a smooth S3 but
rather a wild embedded 3-sphere (representing the quantum geometry of the quantum state). It is a
direct consequence of exotic smoothness. As shown in the previous section, this initial state determines
the stages of all further changes. In particular, it determines the growing of the 3-manifolds within
the topology changing process. This process is related to hyperbolic geometry so that the scaling
parameter a of the 3-manifold is part of the hyperbolic metric da2/a2 (relative to the scaling change
dϑ2 along the cobordism), i.e., we have the relation

da2

a2 = dϑ2

between the foliation of the wild embedded 3-sphere and the foliation of the cobordism (representing
the topology change) leading to the formal solution

a = a0 exp(ϑ) .

This relation is at the root of the exponential behaviour for the physical parameters, e.g., the scaling
parameter reads [9]

ϑ =
3

2 · CS(Σ)
.
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Here the embedding of the exotic R4 is important because it is directly related to the wild
embedding of the 3-sphere representing the initial state. With the arguments above, one obtains an
independent derivation of various results based on the exponential behaviour above. This shows that
the model in the previous section is completely consistent with the previous work. For completeness,
in what follows, we will present main results of this kind.

The curvature of an exotic R4 depends on the embedding into a broader manifold. Still one
can extract the invariant topological quantity of the curvature which corresponds to the embedding.
The deep result of [9] is that one finds that the topological invariant quantity of the embedding
R4 → K3#CP2 explains the tiny necessarily nonzero value of the cosmological constant (CC). Thus the
value of CC is a topological invariant corresponding to the two topology changes as in the previous
section, S3 → Σ(2, 5, 7) → P#P, and is given by the formula

ΩΛ =
c5

24π2hGH2
0

exp
(
− 3

CS(Σ(2, 5, 7)
− 3

CS(P#P)
− χ(A)

4

)
 0.7029 (9)

where quantum corrections are included (represented by 1/4th part of the Euler characteristic of the
Akbulut cork A [1] with ∂A = Σ(2, 5, 7)). CS(Σ(2, 5, 7)) and CS(P#P) are the Chern–Simons invariants
of Σ(2, 5, 7) and P#P, respectively. Thus we have a topological scenario explaining the realistic value
of CC avoiding the zero-point energies excessive contributions. The topological invariance does the
job: Such a CC value is not an additive quantity since otherwise the topological invariance would be
spoiled. We can understand this also by making use of smallness of exotic R4s as follows.

The defining property of any small R4 is its embedding into the standard R4. The invariant
topological part of the cosmological constant in this case reads [9]

(the CC of the embedding R4 ↪→ R
4) =

1
3
√

Vol2(Y∞)
exp
(
− 3

CS(Y∞)

)
(10)

where Y∞ is a 3-sphere widely embedded in R4 with the volume Vol(Y∞) and CS(Y∞) is its
Chern–Simons invariant. As noted in [9] the Chern–Simons invariant of such a sphere vanishes
and so the value of CC vanishes as well by (10). This is a quite remarkable result by itself. Every small
exotic R4 is embeddable in R4 and the curvature of R4 depends on the embedding. However, whatever
values the Riemann curvature takes the invariant parts for the embedding are always zero. Thus the
CC value vanishes for every small R4 embedded in R4.

Consider a quantum field theory defined on the Minkowski spacetime M4 and allow for the
(quantum) fluctuations of curvature which lead to a Lorentzian spacetime manifold M̃4. Even though
we do not know the precise quantum description of gravitational fluctuations we still accept the point
of view that in the semiclassical limit the zero-point energies of quantum fields give nonvanishing
contributions to the vacuum energy density in spacetime. Is it possible that the curvature of M̃4

be generated by smoothness structure on R4? Let us consider a certain exotic R4. Since it is open
we can always find a nonvanishing smooth vector field X(x) on R4 and define a curved Lorentzian
manifold M4

X (e.g., [3]). This construction depends on X(x) but since the embedding R4 ↪→ R4 varies
the Riemann curvature of R4, the curvature of the corresponding Lorentz manifold M4

X varies as
well. Thus for such a class of Lorentzian manifolds which are of the form M4

X for some R4 and a
nonvanishing vector field X on it, the corresponding invariant value of CC vanishes. This can serve as
a topological mechanism explaining the vanishing of CC on certain Lorentzian spacetime manifolds.
However, the mechanism works under a supposition that the CC contributions on flat Minkowski
spacetime generate the curvature which comes from the exotic R4 as described above. This means that
the vanishing of CC can be achieved via changing the smoothness from the standard R4 to the small
exotic R4 and subsequently considering embedding of the latter into the standard R4.

Thus we need a two-step extension of spacetime to understand the observed value of CC by
topological means (any exotic R4 is locally the standard R4): R4 → R4 and R4 → K3. In fact this
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kind of a topological approach is quite universal and a couple of other cosmological parameters
can be similarly derived as topological invariants. The following examples show the scope of the
approach [7,8].

1. The α parameter in the Starobinsky model (in the units of the Planck mass squared)

α · M−2
P =

1(
1 + ϑ + ϑ2

2 + ϑ3

6

) ≈ 10−5 where ϑ =
3

2 · CS(Σ(2, 5, 7))
=

140
3

.

2. The number of e-folds during the inflation

N =
3

2 · CS(Σ(2, 5, 7))
+ ln (8π) ≈ 51 .

3. The scalar/tensor ratio r = 12
(ϑ+ln(8π2))2 ≈ 0.0046 .

4. The spectral tilt ns = 1 − 2
ϑ+ln(8π2)

≈ 0.961 .

5. The GUT energy scale
(
the energy of the first topology change S3 → Σ(2, 5, 7)

)
ΔE1 =

EPlanck

1 + ϑ + ϑ2

2 + ϑ3

6

≈ 1015 GeV .

6. The electroweak energy scale (the energy assigned to the second topological transition Σ(2, 5, 7) →
P#P)

E2 =
EPlanck · exp

(
− 1

2·CS(P#P)

)
1 + ϑ + ϑ2

2 + ϑ3

6

≈ 63 GeV .

7. The topological bound on the sum of the three neutrino masses < 0.018 eV .

Together with the value of CC the above list strongly suggests that the topology underlying
exotic smooth 4-manifolds, like R4 and K3, might indeed shed some light on the important domains
of physics where certain crucial physical parameters remain free or theoretically undetermined. This
property of being topological invariant with respect to physical quantities indicates a fundamental
character of the approach.

Is there any fundamental symmetry leading to topologically supported physical parameters? One
indication follows from the constructions presented in this paper. Firstly, as presented in Section 2 the
4-cobordism between S3 and Σ(2, 5, 7) is a driving force for the smooth evolution of the cosmos
and it yields the cosmological inflation with the realistic e-fold number and the value of the α

parameter. The smoothness of such an evolution is restored as soon as one refers to the modified
(exotic) smoothness on R4. The entire modification is caused by the Akbulut cork with the boundary
S3 � Σ(2, 5, 7) and its embedding into R4. This suggests that diffeomorphisms invariance in dimension
4 is somehow replaced by broader cobordisms invariance. Secondly, in order to understand the role
of cobordisms between 4-manifolds let us start with recalling the following h-cobordism theorem in
dimensions greater or equal to 6.

Let W be a simply connected compact manifold with a boundary ∂M that has two
components, M1 and M2 such that the inclusions i1,2 : M1,2 ↪→ M are homotopy equivalences.
Then W is diffeomorphic to the product M1 × [0, 1] = M2 × [0, 1], where dimensions of
M1,2 ≥ 5. This means that if M1 and M2 are two simply connected manifolds of dimension
≥ 5 and there exists an h-cobordism W between them, then W is a product M1 × [0, 1] and
M1 is diffeomorphic to M2.
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In dimension 5, however, the following holds.

There exist simply connected compact cobordisms W of dimension 5 with the inclusions of

their boundary components M1,2
i1,2
↪→ W being homotopy equivalences such that W is not

diffeomorphic to the product M1 × [0, 1] (or M2 × [0, 1]) hence M1 is not diffeomorphic to
M2 being h-cobordant to it.

Thus there exists a five-dimensional smooth cobordism between nondiffeomorphic 4-manifolds
which is topologically trivial. This phenomenon indicates that something unusual is happening in
dimension 4 and in fact there follows the existence of small exotic R4s. In the particular case M1 =

3CP2#20CP2 and M2 = K3#CP2, which are homeomorphic (and certainly homotopy equivalent) but
not diffeomorphic, the 5-cobordism W5 = M1 × [0, 1] is topologically trivial but smoothly nontrivial.
Moreover, there exists the same Akbulut cork as considered previously: Ã ⊂ M1 and A ⊂ M2 (Ã
and A differ by a certain involution of the boundary ∂A) such that the neighbourhoods N(Ã) of Ã in
M1 and N(A) of A in M2 are both (different) exotic R4s. N(A) in K3#CP2 is precisely the exotic R4

leading to the realistic value of the cosmological constant and which has been referred to in this paper.
Consequently, the Akbulut cork A realises the 4-cobordism between S3 and Σ(2, 5, 7) as described in
Section 2.

Thus, four-dimensional nondiffeomorphic smooth manifolds R4s in M1 and M2, and the
possibility to attain one of them from the other via a nontrivial 5-cobordism, appears as the fundamental
’symmetry’ of a physical theory extending GR. However, here we do not investigate this interesting
point any further. It will be addressed in the future work.
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Abstract: The dark matter particle can be a QCD axion or axion-like particle. A locally over-densed
distribution of axions can condense into a bound Bose–Einstein condensate called an axion star,
which can be bound by self-gravity or bound by self-interactions. It is possible that a significant
fraction of the dark matter axion is in the form of axion stars. This would make some efforts searching
for the axion as the dark matter particle more challenging, but at the same time it would also open
up new possibilities. Some of the properties of axion stars, including their emission rates and their
interactions with other astrophysical objects, are not yet completely understood.

Keywords: axion stars; Bose stars; oscillons

1. Introduction

The QCD axion is one of the best motivated dark matter particle candidates, since it provides
a solution to the QCD strong CP problem. (For a recent review, see [1].) The QCD axion is a boson
with spin-0. It has a tiny mass and extremely weak couplings with the Standard Model particles,
as well as extremely weak self-interactions. However, axion dark matter is not simple because
axions are identical bosons. Its tiny mass indicates that if a large proportion of dark matter is axions,
the occupation numbers can be very large. Therefore, the axions can form a Bose–Einstein condensate
(BEC). The collective behavior of BEC can be very different from an ideal gas of bosons. The axion
BEC can be bound gravitationally, which are called axion stars, or bound by self-interactions, which are
called axitons. (For a recent review, see [2].) If a large fraction of the axion dark matter is in such
bound configurations, the theoretical predictions of the behavior of dark matter could be dramatically
different, which would affect the experimental searches.

The QCD axion has been strongly constrained [1]. The allowed range of axion mass has been
reduced to between 10−6 and 10−2 eV. Axion dark matter can also more generally refer to other light
spin-0 boson with a periodic potential for self-interaction. There are motivations from string theory and
astrophysics for a dark matter particle that is a very light boson with mass as light as 10−22 eV [3–5].
In this proceeding, we focus mainly on the QCD axion, but many of our results are presented in a form
that can be applied to other axion-like particles straightforwardly.

2. Axion Field Theories at Different Energy Scales

The fundamental quantum field theory for the QCD axion is an extension of the Standard Model
with Peccei–Quinn (PQ) U(1) symmetry. PQ symmetry is spontaneously broken by the ground state of
a complex Lorentz–scalar field [6–8]. After symmetry breaking, the minima of the potential are a circle
of radius fa, which is called the axion decay constant. At momentum scales of order fa, the axion field is
the Goldstone mode corresponding to excitation of the scalar field along that circle.

The axion can be described by a field theory with a real Lorentz–scalar field φ(x) at momentum
scales much smaller than fa. Its potential must have the shift symmetry with φ(x) = φ(x) + 2π fa.
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When the energy scale is below the week scale, which is about 100 GeV, the interactions between
axions and the Standard Model particles are:

αs

8π fa
φ Ga

μνG̃aμν +
cγ0α

8π fa
φ Fμν F̃μν +

1
2 fa

Jμ∂μφ, (1)

where Ga
μν and Fμν are the QCD and QED field strengths, G̃a

μν = 1
2 εμνλσGaλσ and F̃μν are the

corresponding dual field strengths, and the current Jμ is a linear combination of axial-vector fermion
currents. The specific value of cγ0 and the form of Jμ depend on the specific axion model. The QCD
field-strength term in Equation (1) is proportional to the topological charge density αsGa

μνG̃aμν/8π.
The shift symmetry of φ is guaranteed by the quantization of the QCD topological charge in Euclidean
field theory.

When the momentum scale is further below the scale of QCD confinement, which is about 1 GeV,
the gluon degree of freedom is replaced by the degree of freedoms of hadrons. Then, the axion
self-interactions from the coupling to the gluon field in Equation (1) can be described by a real potential
V(φ):

L = 1
2 ∂μφ∂μφ − V(φ). (2)

The invariance of the Lagrangian under the shift symmetry φ(x) → φ(x) + 2π fa requires the potential
V(φ) to be a periodic function of φ: V(φ) = V(φ + 2π fa). The Lagrangian is also invariant under the
Z2 symmetry φ(x) → −φ(x), which requires V(φ) to be an even function of φ.

The potential V(φ) for the axion field is determined by nonperturbative effects of QCD.
The specific form can be systematically derived order-by-order from the chiral effective field theory for
light pseudoscalar mesons of QCD and the axion [9]. The leading order potential derived from the
chiral effective field theory for the axion and pions gives the chiral potential [10]:

V(φ) = (mπ fπ)
2

(
1 −
√

1 + z2 + 2z cos(φ/ fa)

1 + z

)
, (3)

where z = mu/md is the ratio of the up quark and down quark masses. The coefficient can be calculated
by the pion mass mπ = 135.0 MeV and the pion decay constant fπ = 92.2 MeV, which are related to
ma and fa by [11]

mπ fπ =
1 + z√

z
ma fa. (4)

A next-to-leading order analysis in the chiral effective field theory gives the numerical value z =

0.48(3) [9]. With the upper and lower bounds on fa from cosmology and astrophysics, the allowed
mass range for the QCD axion is between 6 × 10−6 and 2 × 10−3 eV [1]. In this proceeding, every time
we provide a numerical value which depends on ma, we give the value in the form:

ma = 10−4±1eV. (5)

It should be understood, as the value is between 10−5 and 10−3 depending on the choice of the axion
mass. In addition to the more precise chiral potential, a popular model for the axion potential that has
been widely used in phenomenological studies is called the instanton potential:

V(φ) = (ma fa)
2[1 − cos(φ/ fa)

]
. (6)

It can be derived with a dilute instanton gas approximation [12], which cannot be improved
systematically. The field theory given by the Lagrangian in Equation (2) with the instanton potential in
Equation (6) is often called the sine-Gordon model.
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The axion field can be more simply expressed as a complex scalar field in a nonrelativistic effective
field theory (NREFT) when the energy scale is much smaller than the axion mass ma. A naive way of
deriving the NREFT is to replace the real field by the complex field ψ with:

φ(r, t) ≈ 1√
2ma

(
ψ(r, t) e−imat + ψ∗(r, t) e+imat

)
. (7)

Then, by dropping out the terms with a rapidly oscillating phase in the form of exp(inmat) with
nonzero integer n, we can get the NREFT Lagrangian:

Leff =
1
2 i (ψ∗ψ̇ − ψ̇∗ψ)−Heff. (8)

This effective Hamiltonian density depends on the field ψ and its gradients. It can be separated into
three parts: Heff = Teff + Veff + Weff, where Teff is the kinetic energy density, Veff is a function of ψ∗ψ

only, and Weff consists of all other interaction terms that also depend on gradients of ψ. An n-body
term in Heff has n factors of ψ and n factors of ψ∗, with arbitrary numbers of gradients. The kinetic
energy density Teff includes all the one-body terms:

Teff =
1

2ma
∇ψ∗ · ∇ψ − 1

8m3
a
∇2ψ∗ ∇2ψ + . . . . (9)

These terms reproduce the energy–momentum relation E =
√

m2 + p2 − m in the nonrelativistic limit.
The effective potential Veff can be expanded in powers of ψ∗ψ beginning at order (ψ∗ψ)2:

Veff(ψ
∗ψ) = m2

a f 2
a

∞

∑
n=2

vn

(n!)2

(
ψ∗ψ

2ma f 2
a

)n
. (10)

This NREFT Lagrangian can also be derived strictly by a nonlocal canonical transformation from
the relativistic real scalar Lagrangian in Equation (2) [13]. The coefficients vn are complex numbers
in general, which can be calculated by matching the scattering amplitudes at low energy [14–16].
The contributions from Feynman diagrams without an internal propogator can be summed into
a compact form, which is:

V(0)
eff (ψ

∗ψ) = (mπ fπ)
2
(

1 − z
4(1 + z)2 n̂ − 1

1 + z

∫ 1

0
dt
√

1 + z2 + 2z cos(n̂1/2 sin(πt))
)

, (11)

for chiral potential, and:
V(0)

eff (ψ
∗ψ) = (ma fa)

2
[
1 − 1

4 n̂ − J0(n̂1/2)
]

. (12)

for instanton potential, where n̂ = 2ψ∗ψ/(ma f 2
a ) is the dimensionless number density. A systematic

scheme of including the off-shell internal propagators is suggested in [14].

3. Axion Stars

3.1. Dilute Axion Stars

An axion star is a boson star made of axions. The boson star with bosons in BEC was first
considered by Tkachev [17]. The classical solutions for a boson star can be obtained by solving the
Einstein–Klein–Gordon equations for a real scalar field φ(r, t) with axion potential V(φ). The solutions
are approximately localized and periodic.
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Stable solutions exist with the energy density at the center much lower than the QCD scale. We call
these solutions dilute axion stars. The solutions of dilute axion stars can also be obtained using the
axion NREFT with Newtonian gravity. The latter is much simpler and without loss of much accuracy:

iψ̇ = − 1
2ma

∇2ψ +
[
V′

eff(ψ
∗ψ) + maΦ

]
ψ, (13a)

∇2Φ = 4πGmaψ∗ψ. (13b)

These equations are also called Gross–Pitaevskii–Poisson (GPP) equations. The number density ψ∗ψ is
much smaller compared to ma f 2

a for dilute axion stars. Thus, we can expand the effective potential
and keep only the leading term:

Veff(ψ
∗ψ) ≈ v2

16 f 2
a
(ψ∗ψ)2. (14)

Chavanis used the GPP equations with this leading term of the potential to derive simple
approximations of the basic properties of boson stars with negative v2 [18]. His results show that there
is a maximum mass for the dilute axion stars G−1/2 fa/ma.

Variational methods has been used to get simple approximations to the dilute axion stars [18–20].
One can also match asymptotic expansions to get more accurate solutions [21]. the numerical method
gives the most accurate solutions. The results below were obtained by numerically solving the GPP
equations in Equation (13). The potential Veff is either the naive effective instanton potential in
Equation (12) or the naive effective chiral potential in Equation (11) with z = 0.48.

In Figure 1, we show the dependence of the radius R99 of the dilute axion star on the mass M.
The critical point (indicated by the solid dot) separates the stable branch from the unstable branch.
When the number density at the center n0 increases, the solution moves from the left to the critical
point along the stable branch. The dilute axion star at the critical point has the largest mass. Then, as n0

keeps increasing, the solution moves from the critical point to the left along the unstable branch.
The self-interaction of axions can be ignored for the stable solutions with a mass which is much smaller
than the maximum mass. The self-interaction only plays an important role close to the critical point.
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Figure 1. Radius R99 versus mass M for dilute axion stars. The axion mass is ma = 10−4 eV. The curves
are calculated with chiral potential with z = 0.48 (black curves) or the instanton potential (gray curves).
The dots are critical points at which the dilute axion stars have the maximum masses. The dots separate
the unstable branch (dashed curve) from the stable branch (solid curve). For comparison, the boson
stars with no self-interaction are shown with a dotted line. The arrow indicates the increase of axion
star mass from the condensation of additional axions in the surroundings.

The properties of the critical point in Figure 1 are important in phenomenology. The number of
axions in the dilute axion star with the chiral potential with z = 0.48 is N∗ = 1.2 × 1057∓3 for axion
mass ma = 10−4±1 eV. (This number is smaller by the factor 0.59 for instanton potential because of
the different value of v2.) The corresponding critical dilute axion star is N∗ma = 1.1 × 10−13∓4 M�,
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with M� as the mass of the Sun. The critical radius R99∗ = 1.9 × 10−4R�, with R� as the radius of the
Sun. More properties of the dilute axion stars can be found in [2].

3.2. Dense Axion Stars

In [22], we pointed out that there could be other stable branches of axion star solutions with larger
center density. Another branch can be found by following the unstable solution from the critical dilute
axion stars in Figure 1. With a larger center density, at some point, we need to consider all terms in the
expansion of the potential Veff(ψ

∗ψ). In [22], we solved the field equation in Equation (13) with the
naive effective instanton potential in Equation (12). In [2], the results using the naive effective chiral
potential in Equation (11) are obtained, which are also shown in Figure 2. A second critical point was
found with the radius smaller by 7 orders of magnitude. The localized solutions near and beyond the
second critical point were called the dense axion stars in [22], because the mass density maψ∗ψ at the
center of the axion star becomes comparable to the QCD scale (ma fa)2.

10
-21

10
-18

10
-15

10
-12

10
-12

10
-10

10
-8

10
-6

10
-4

10
-2

M M

R
9

9
R

Figure 2. Radius R99 versus mass M for axion stars. The solutions are obtained with ma = 10−4 eV
and the naive chiral potential with z = 0.48. The stable branches (solid curves) and unstable branch
(dashed curves) are separated by critical points (labeled with black dots). The upper-left critical point
is the same as the black dot in Figure 1. A second critical point is found by following the unstable
solution to larger center density. Also shown is the Thomas–Fermi approximation (dotted curve).

For the dense axion stars near the second critical point in Figure 2, the contribution of gravity
is almost negligible. Thus, the dense axion stars near the second critical point are actually oscillons.
The oscillons are approximately localized solutions of a real scalar field, which are bound only by
self-interactions. For the chiral potential with ma = 10−4±1 eV and z = 0.48, the critical number of
axions is N∗ = 2 × 1050∓4. The critical mass N∗ma is 3 × 1010∓3 kg, and the critical radius R99∗ is
2 × 10−2∓1 m. More properties of the critical dense axion stars can be found in [2].

As shown in Figure 2, beyond the lower critical point, the mass M of the dense axion star increases
as a function of the radius R99. With larger central density, the dense axion star curve approaches the
Thomas–Fermi approximation [23], which is the straight dotted line in Figure 2. In the Thomas–Fermi
approximation, the kinetic pressure is ignored except on the surface of the stars; in the bulk, it is the
repulsive force from axion self-interaction which balances the attractive force from gravity. In [22], the
Thomas–Fermi approximation was mistakenly used to extrapolate the curve of R99 to very large values
of M. As pointed out in [24], the curve for R99 versus M actually crosses the line of the Thomas–Fermi
approximation at a small angle. Therefore, the Thomas–Fermi approximation is not a proper estimate
for dense axion stars.

4. Theoretical Issues

Below, we have listed two prominent theoretical issues on axion stars. More details can be found
in [2].
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4.1. Emission from Axion Stars

As the axion is a real scalar field, the number of axions is not conserved. Self-interactions can
convert the nonrelativistic axions into relativisitic ones. The axion stars and any other localized axion
configuration with nonrelativisitic axions, inevitably radiate axion waves with relativistic wavelengths.
As a result, the axion stars have finite lifetimes. It is important to calculate the lifetime of axion stars,
since it determines whether they can have any observational significance.

NREFT appears to give unambiguous predictions for the conversion rate of nonrelativistic axions
in axion stars into outgoing relativisitic axion waves [15]. The rate of decrease in N, the total number
of nonrelativistic axions, is described by the anti-Hermitian terms in the effective Hamiltonian. When
the number density of axions is small, such as in a dilute axion star, the loss of nonrelativistic axions is
dominated by the decay into two photons. Thus the decay rate of the dilute axion star is the same as
the decay rate of a single axion. The lifetime of a dilute axion star is therefore much longer than the
age of the universe. For dense configurations, we define the lifetime to be the time required for the
total number of axions to decrease by a factor 1/e, when it moves to the left along the lower branch
in Figure 2. In a dense axion star, the loss rate from the 4 → 2 process is approximately 5 orders of
magnitude larger than that from a → 2γ. The resulting predictions for the lifetime of the dense axion
stars are still much longer than the age of the universe [15].

The predictions of NREFT for the loss rate of nonrelativistic axions are, however, incomplete.
Surprisingly, there are loss processes for axions in the relativistic theory that cannot be reproduced by
NREFT. NREFT is expect to correctly reproduce results from the corresponding relativistic theory for
an oscillon with a small boson binding energy εb � ma as an expansion in powers of εb/ma. However,
such an expansion is blind to terms which are exponentially small in ma/εb, such as exp(−c

√
mb/εb ),

where c is some constant. Thus, we should not expect a contribution having such an exponential factor
to be reproduced by NREFT.

The contribution of loss processes whose rates have exponentially small factors can be calculated
from the asymptotic expansion for the oscillon [25]. These terms have a radiative tail in the form of
standing waves with exponentially small amplitudes that extend to infinity and have infinite energy.
Without incoming waves, the outgoing waves decrease the total number of nonrelativistic axions of
the localized part of the solution. The rate of decrease in the particle number, or equivalently the mass
M, of the oscillon with angular frequency ω =

√
1 − ε2 ma in the limit ε → 0 has the form [26]:

− dM
dt

=
A
ε2 exp(−3.406/ε) f 2

a , (15)

where the prefactor A depends on the axion potential V(φ). The sine-Gordon model is a special case
in which A is suppressed by ε2. For the sine-Gordon model in 3D, A is calculated to be 760.5 ε2 [26].

Eby et al. derived an expression for the loss rate that can be expressed in terms of the complex
field ψ(x) of NREFT [27]. Their derivation involves the matrix element of V(φ) inserted between an
initial state of N condensed axions, each with energy ω = ma − εb, and a final state consisting of N − 3
condensed axions plus an on-shell relativistic axion with energy 3ω. This can be interpreted as a 3 → 1
interaction, which is forbidden in the vacuum by conservation of momentum and energy. Their result
for the rate of energy loss [27] can be expressed in the form:

− dM
dt

=
maωk

192π f 4
a

∣∣∣∣∫ d3r eik·r
[
λ4 +

λ6ψ∗ψ

8ma f 2
a
+ . . .

]
ψ3
∣∣∣∣2 , (16)

where k2 = 9ω2 − m2
a and ψ(r) is the wavefunction of the condensed axions normalized so the number

of axions is
∫

d3rψ∗ψ. A result consistent with Equation (16) was also obtained in [28], where this loss
mechanism was referred to as “decay via spatial gradients”. Since |k| ≈

√
8 ma, the loss comes from the

small high-momentum tail of the wavefunction. For the instanton potential, its expansion in powers
of ψ∗ψ in Equation (16) can be summed up to all orders in terms of a Bessel function [27]. Eby et al.
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obtained a result for the loss rate in Equation (16) for the sine-Gordon model in the limit εb → 0 [29].
Their exponential suppression factor is consistent with Equation (15), but with the argument differing
by less than 2%. Moreover, their result for the coefficient in the prefactor is A = 2723. It is different
from the result in [26] by lacking a suppression factor of ε2.

4.2. Collapse of Dilute Axion Stars

If a dilute axion star is embedded in a gas of unbounded axions, thermalization can condense
additional axions and increase the mass of the axion star. For dilute axion stars close to the critical mass
M∗ ≈ N∗ma, where N∗ is the total number of axions in the star, further condensation of axions can
increase M to above M∗. Then, it will be unstable and collapse. The remnant of a collapsing dilute axion
star has not been understood definitely. The possibilities for the remnant after the collapse include:

• A black hole, with a Schwarzschild radius which is smaller than the critical radius R99∗ by about
15 orders of magnitude;

• A dense axion star, with a radius which is smaller than R99∗ by about 7 orders of magnitude;
• A dilute axion star, with a radius which is larger than R99∗; and
• No remnant, because of complete disappearance into scalar waves.

Chavanis considered the possibility that a collapsing dilute axion star produces a black hole
in [30]. The evolution of the axion field is obtained by solving the GPP equations for ψ and Φ
given by Equation (13) with the truncated effective potential Veff in Equation (14). He assumes the
configuration for the complex axion field ψ(r, t) can always be described by a Gaussian function, with
a time-dependent radius R(t). He found the time for collapse to R = 0 scales as (M − M∗)−1/4 if the
initial configuration is an unstable solution with mass M near M∗. Same variational methods were
used previously to study the time evolution of gravitationally bound BECs of bosons with a positive
scattering length [31].

Eby et al. also studied the collapse of dilute axion stars using a similar time-dependent variational
approximation, but with Veff given by the naive instanton effective potential in Equation (12) [32,33].
They found that the collapsing process is hindered by repulsive terms in the effective potential,
which becomes important when the radius is close to that of a dense axion star. A large fraction of
the total number of axions is lost through the emission of relativistic axions. But they were unable to
determine definitely whether the remnant is a dense axion star.

Helfer et al. studied the fate of spherically symmetric axion configurations by solving the full
nonlinear classical field equations in the framework of general relativity for axions with the instanton
potential [34]. After evolving the configurations in time, they found the remnant could be a black
hole or a dilute axion star or that there could be no remnant. Their calculations were limited to
the parameter region 4 × 10−8 < G f 2

a < 4 × 10−2 and 0.03 < GMma < 0.12. The three different
possibilities for the remnant depend on different regions of the plane of G f 2

a versus GMma. The three
regions meet at a triple point given by G f 2

a = 3.6 × 10−3 and GMma = 0.095. By extrapolating the
results of [34] to the tiny value of G f 2

a for the QCD axion, one finds that the possibilities could be a
black hole or no remnant.

Levkov, Panin, and Tkachev numerically calculated the collapse of dilute axion stars above the
critical mass with the GPP equations [35]. Their solutions approach a self-similar scaling limit with a
series of singularities at finite times t∗. Their calculation shows multiple cycles of growth of the energy
density close to the center of the star followed by collapsing. The collapse dramatically increases
the energy density near the center, followed by a burst of outgoing relativistic axion waves, which
effectively depletes the energy density near the center. Levkov et al. also found that after these multiple
cycles, the remnant is still gravitationally bound. They therefore concluded that the remnant must
ultimately relax to a less-massive dilute axion star by gravitational cooling.
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Abstract: The Grimus–Neufeld model can explain the smallness of measured neutrino masses by
extending the Standard Model with a single heavy neutrino and a second Higgs doublet, using the
seesaw mechanism and radiative mass generation. The Grimus–Lavoura approximation allows us to
calculate the light neutrino masses analytically. By inverting these analytic expressions, we determine
the neutrino Yukawa couplings from the measured neutrino mass differences and the neutrino mixing
matrix. Short-cutting the full renormalization of the model, we implement the Grimus–Neufeld
model in the spectrum calculator FlexibleSUSY and check the consistency of the implementation.
These checks hint that FlexibleSUSY is able to do the job of numerical renormalization in a restricted
parameter space. As a summary, we also comment on further steps of the implementation and the
use of FlexibleSUSY for the model.

Keywords: neutrinos; seesaw mechanism; radiative masses; spectrum calculator

PACS: 11.30.Rd; 13.15.+g; 14.60.St

1. Introduction

The last 30 years of collider physics showed an ever-increasing success for the predictions of the
Standard Model (SM) [1]. A similar statement can be said about the experimental program in neutrino
physics [2], but no unambiguous common treatment for both areas exists up to now. The masses and
the mixing of neutrinos can easily be formulated in a Lagrangian picture; nevertheless, these terms in
the Lagrangian are still considered to be “beyond the Standard Model” (BSM). Whereas the formulation
of the SM and the accurate calculations for the experimental predictions require the framework of
Quantum Feld Theory (QFT), the analysis of neutrino measurements is still done in the framework
of plain Quantum Mechanics (QM); an explanation of why QM is usually enough for the study of
neutrino oscillations can be found in [3].

The usual two explanations of the smallness of neutrino masses in the Lagrangian context are
the seesaw mechanism [4] or radiative mass generation for the light neutrinos [5–8]. In 1989, Walter
Grimus and Helmut Neufeld pointed to the possibility that both mechanisms can be comparable
for explaining the masses of the light neutrinos [9]. We call the minimal extension of the SM that
allows this feature Grimus–Neufeld Model (GNM). This minimal extension adds to the SM only
a single heavier Majorana singlet and one additional Higgs doublet. The qualitative behavior of
the GNM is described in [10]. An extended description of our approach is presented in [11]. Here,
we review shortly the features of the GNM and discuss its implementation in FlexibleSUSY [12,13],
which uses SARAH [14–17] and SOFTSUSY [18,19]. This implementation gives us a tool to check the
renormalization and the consistency of the model numerically.
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The main aim of this work is to discuss the plans for the checks of the model and the possible
modifications that can be done to the code. The first trials of the implemented code hint that, to have
only small loop corrections, the model has a natural preference for a small seesaw scale.

2. Results

2.1. Summary of Features of the Grimus–Neufeld Model

2.1.1. Lagrangian

Since the GNM is a minimal extension of the SM, we only need to give the additional parts of the
Lagrangian. These are the Majorana mass term for the fermionic singlet N

−LMajorana-mass =
1
2 N̄R MRN̂R + h.c. = − 1

2 N̄R MRCN̄�
R + h.c. , (1)

the Yukawa terms (ignoring quarks) among the lepton doublets �j, the Higgs doublets Φa, and either
the charged lepton singlets Ek or the fermionic singlet N

−LF-H = �̄jΦa(Y
(a)
E )jkEk + �̄jΦ̃a(Y

(a)
N )jN + h.c. , (2)

and the Higgs potential

−LH = V(Φa) = Yab(Φ
†
aΦb) +

1
2 Zabcd(Φ

†
aΦb)(Φ

†
c Φd) , (3)

which is just the generic two Higgs doublet potential, which we write in the Higgs basis [20],
meaning that only Φ1 has a vacuum expectation value (vev) v. N̂R in Equation (1) is the Lorentz
covariant conjugate [21] of NR = PRN, which is the right-chiral part of N.

2.1.2. Tree-Level Mass Matrices and Tree-Level Masses

As we are interested mainly in the neutrino sector, we deal only with the mass matrices of the
leptons and the Higgs bosons. For the charged leptons, the relevant Yukawa coupling is Y(1)

E , since we
work in the Higgs basis. Then, diagonalization of the charged lepton mass matrix ME,

UeL MEU†
eR = UeL(

v√
2
Y(1)

E )U†
eR = diag(me, mμ, mτ) , (4)

defines the mass eigenstates for the charged leptons and, consequently, the flavor basis for the SM
neutrino fields (νe, νμ, ντ), which are the partners of the charged leptons in the weak lepton doublets.

The mass matrix for the neutrinos in the GNM in flavor basis at tree level is the symmetric
4 × 4-matrix Mν,

Mν =

(
ML MD
M�

D MR

)
, with

ML = 03×3 at tree level

MD = v√
2
Y(1)

N
, (5)

which is only rank 2 and therefore has only two non-vanishing singular values. That means we have
the heavy mass m(0)

4 ∼ MR and only a single light, massive neutrino with mass m(0)
s coming from the

seesaw. The two other masses m(0)
o = m(0)

r = 0 are zero at tree level. The radiative mass will be mr > 0
at one-loop, but the remaining other neutrino with mass mo = 0 stays massless even at one-loop level.

Following the idea in [22,23] to formulate the 2HDM potential in terms of basis independent
physical quantities, we skip the discussion of the mass matrix of the Higgs bosons and point the
reader to the relevant literature [20,24–26]. For the tree-level masses of the Higgs bosons, we just
want to note that we take the lightest boson, h, to correspond to the boson observed at the LHC
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with the mass mh = 125.18 GeV [1]. The other Higgs boson masses are free parameters subject to the
experimental constraints.

2.1.3. Leading Order Loop-Level Masses

The observation that the predicted loop-level mass for one neutrino, mr, can be of the same order
as the seesaw generated mass m(0)

s was the main point of the paper of Grimus and Neufeld [9] in 1989.
Since the remaining neutrino stays massless at one-loop order, m(1)

o = 0, and all other particles already
have a mass (unless they are protected by an unbroken gauge symmetry), this radiative neutrino
mass is the main effect at one loop. This predicted mass mr is finite and gauge invariant, as proven
in [10,27,28] using different approaches. One loop radiative corrections affect the seesaw generated
neutrino mass m(0)

s , too. We denote the resulting mass as ms.

2.2. The Grimus–Lavoura Approximation

The full calculation of the renormalized neutrino masses for the GNM in analytic form is not
available yet. We adapt the proof of finiteness and gauge invariance of the one-loop corrections to the
effective light neutrino mass matrix from [27] and formulate the Grimus–Lavoura approximation for
calculating light neutrino masses:

• Staying in the interaction eigenstates, as defined by the charged leptons, calculate the neutrino
mass matrix Mν using Equation (5).

• The light neutrino block ML does not have a counter-term δctML = 0 at one loop level, as M(0)
L

vanishes at tree-level. The loop corrections δML, depicted by the diagrams in Figure 1, are finite
and gauge invariant, as proven in [27].

• Reducing the problem to the light neutrinos, one arrives at the effective symmetric 3 × 3 neutrino
mass matrix Mν, which has the tree-level value

Mtree
ν = −MD M−1

R M�
D , (6)

that has obviously rank 1 and will give only the neutrino mass m(0)
s . However, at one-loop, this

matrix becomes
M1-loop

ν = Mtree
ν + δMν , (7)

with
δMν = δML − δMD M−1

R M�
D − MD M−1

R δM�
D − MD M−1

R (δMR)M−1
R M�

D . (8)

With this correction, M1-loop
ν can have rank > 1.

• The approximation consists now of:

1. Assuming δMR to be irrelevant for the light neutrinos with the reasoning that MR (or m4) is
not measured. It is still a free parameter of the theory that can be adjusted as needed.

2. Observing that the corrections with δMD are subdominant, because they are suppressed
by the squares of small Yukawa or gauge couplings and additionally by the small charged
lepton masses.

3. Assuming that the loop correction δML is of the same order as the tree-level value Mtree
ν .

The result of this approximation is that we can derive analytic formulas that predict the masses of
the light neutrinos, as depending on the tree-level input parameters:

mr,s = mr,s(m2
H0

k
, ϑ1j; m(0)

4 , Y(a)
N ) , (9)

67



Symmetry 2019, 11, 1418

where m(0)
4 ∼ m4 ∼ MR. ϑ1j are the basis-independent mixing angles of the neutral Higgs fields [20].

Following Grzadkowski et al. [22], these angles can be expressed by the H0
j W+W−-couplings 1

2 g2ej as

e1 = vc12c13 , e2 = vs12c13 , e3 = vs13 , where c1j = cos ϑ1j and s1j = sin ϑ1j . (10)

Σ[2]
V (p2) =

.

.
�
p

�
p

�
p+ k

�k

α β

2 1

Σ[2]
S (p2) =

.

.
�
p

�
p

�
p+ k

�k

α β

2 1

Figure 1. Feynman diagrams contributing to the self-energies of the light neutrinos. For the correction
to the mass, the internal fermion line has to be a Majorana propagator with a mass insertion; hence,
charged particles will not contribute to δML at this loop level.

2.3. Using the Grimus–Lavoura Approximation

Since our model predicts one neutrino mass to remain zero at one-loop level (m(0)
o = m(1)

o = 0),
we can use the measured neutrino mass squared differences [2] to determine the values of the other
light neutrino masses mr,s.

Parameterizing the neutrino Yukawa couplings as

(Y(1)
N )k =

√
2mD
v u3k and (Y(2)

N )k := d u2k + d′u3k , (11)

with three orthonormal three-vectors uαk = (�uα)k, we can invert the analytic expressions of the masses,
Equation (9), and determine the parameters d and |d′|. The explicit formulas and the discussion of the
difficulties in finding solutions for |d′| can be found in [11]. The values of d and |d′| do not depend
on the three orthonormal three-vectors uαk. At tree-level, these vectors uαk can be understood as an
approximate neutrino mixing matrix ṼPMNS, as it diagonalizes the effective tree-level neutrino mass
matrix with the Takagi decomposition:

u∗
αj(Mtree

ν )jku∗
βk = (Ṽ�

PMNS)αj(Mtree
ν )jk(ṼPMNS)kβ = −diag(m(0)

o = 0, m(0)
r = 0, m(0)

s > 0) . (12)

Applying these same vectors to the effective one-loop neutrino mass matrix

u∗
αj(M

1-loop
ν )jku∗

βk =

⎛⎜⎝ 0 0 0
0 A B
0 B C

⎞⎟⎠
αβ

, (13)

we see that the effective one-loop neutrino mass matrix is rank 2, and hence provides two massive
light neutrino states. The full neutrino mixing matrix VPMNS should diagonalize the full one-loop
mass matrix

(V�
PMNS)αj(M1-loop

ν )jk(VPMNS)kβ = diag(m(1)
o = 0, m(1)

r > 0, m(1)
s > 0) . (14)

A reordering of the masses is possible, if m(1)
r > m(1)

s . For a more detailed discussion, see [11].
As a side note: The minus-sign on the right-hand side of Equation (12) comes from the convention

of the seesaw, where the seesaw rotation is written with an orthogonal matrix and the minus sign kept
to be absorbed in the phase of the light state. We do not write a minus-sign on the right-hand side of
Equation (14) following the convention of the normal singular value decomposition and the positivity
of the masses. The phase in this second case is part of the complex mixing matrix.
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Diagonalizing the reduced effective one-loop neutrino mass matrix, Equation (13), we get an
effective 2 × 2 mixing matrix that connects the full mixing matrix VPMNS with the used vectors uαk.
This finally allows us to determine the vectors uαk, Equation (11), from the measured PMNS matrix:

uαk = uαk(m4, Δm2
atm, Δm2

sol, VPMNS; m2
H0

k
, ϑ1j;

√
2mD
v , φ′ = arg[d′]) . (15)

2.4. The One-Loop Improved Lagrangian

Using the neutrino Yukawa couplings as defined in the previous subsection, the determination
of the Higgs potential parameters following Grzadkowski et al. [22], and the identification of the
singlet mass parameter with the heavy neutrino mass MR ∼ m4, we get a new parametrization of the
Lagrangian as

−L′
Majorana-mass =

1
2 N̄Rm4N̂R + h.c. = − 1

2 N̄Rm4CN̄�
R + h.c. , (16)

the Yukawa terms

−L′
F-H = �̄jΦa(Y

(a)
E )jkEk + (

√
2mD
v Φ̃1 + d′Φ̃2)u3j �̄jPRN + d Φ̃2u2j �̄jPRN + h.c. , (17)

where d and d′ are functions depending on the same parameters as uαj, Equation (15), and the
Higgs potential

−L′
H = V(Φa; Y, Z) with {Y, Z} = {Y, Z}(m2

H± , m2
H0

k
, ej, qj, q) , (18)

is expressed in terms of physical masses and couplings of the Higgs bosons.
As an advantage, more parameters of the one-loop improved Lagrangian L′ correspond directly

to measured quantities: instead of six complex parameters in two-neutrino Yukawa couplings in L, L′

contains two real selectable parameters (
√

2mD
v and φ′), two real parameters that we determine from the

measured neutrino mass squared differences (d and |d′|), and six parameters in the vectors uαj that we
determine from the measured neutrino mixing matrix VPMNS. One of the two “missing” parameters
in L′ is the vanishing one-loop level neutrino mass, and the other parameter is the undeterminable
Majorana phase of this zero-mass neutrino.

2.5. Renormalizing the GNM

The final goal of our efforts is to fully renormalize the GNM. The full renormalization will also
indicate the importance and validity of the one-loop improved Lagrangian. However, we are still far
from that goal. Only the mass renormalization of light neutrinos has been tackled in detail [28,29].
Since the full renormalization is difficult, we plan to use a spectrum calculator that performs the
renormalization numerically. A foreseeable difficulty lies in the hierarchy of the seesaw. It is hard to
have a reliable numerical implementation of the mass hierarchies of more than 10 orders of magnitude.
We found that FlexibleSUSY [13] is able to do the job if we limit the seesaw scale. Now, we can study
the renormalized model, but only numerically.

2.6. FlexibleSUSY for the GNM in a Nutshell

The primary idea of FlexibleSUSY was to numerically implement the renormalization group
running of a model between two scales and to be able to give boundary conditions on both scales.
In the case of a SUSY-GUT, one can require the low energy measured masses and couplings as one
boundary condition and the GUT constraints at the GUT scale as another boundary condition. Then,
the program tries to find a numerical solution that interpolates between the two scales and fulfills both
boundary conditions.

In our case, we do not have the high scale, and we are not interested in imposing conditions at a
scale other than our low scale. However, with the accuracy needed for today’s collider physics, one has
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to interpolate between the various scales of the different measurements that determine the masses and
couplings of the SM and also the masses and mixing parameters of the neutrino sector. That means
that the capabilities of FlexibleSUSY are needed also for implementing models that “live” only at the
low scale.

To implement a model in FlexibleSUSY, one has first to define the Lagrangian of the model with
SARAH [14–17] and check the consistency and completeness of the Lagrangian. In the next step,
FlexibleSUSY uses SARAH to produce the model code. Additionally, one has to define the boundary
conditions in a separate steering file, using the convention for the names of fields implemented in
SARAH. This step includes the definition of what is to be treated as input and what is the desired
output for the spectrum to be calculated. When this is done, one has to compile the generated code to
get the actual spectrum calculator for the implemented model.

This program can be used from the terminal with the help of input and output files in the
SLHA [30,31] format. That means writing the values of the input parameters and additional optional
arguments into the SLHA input file and the program writes from this input the SLHA output file,
which contains the mass spectrum of the model and also the decay rates of the particles of the model.

Another option to use the program is from the provided MathematicaTM [32] interface. There,
the playing around with parameters and the generation of plots become much easier, but the
comparison of results with other scientists becomes less accurate or much more cumbersome.

2.6.1. Our Achievements with the GNM in FlexibleSUSY

We succeeded to implement the basic Lagrangian of the GNM, L in Equations (1)–(3),
in FlexibleSUSY and to generate a working code. This code could qualitatively reproduce the effect
of the seesaw mechanism. However, it was difficult to find a point in the Higgs potential that gives
sensible results for the Higgs masses also at one-loop level. This might be due to our limited experience
with spectrum calculators and numerics. However, we are learning a lot of physics while trying to
figure out where the problems can come from.

2.6.2. Plans with the GNM in FlexibleSUSY

The first step is to check our implementation:

• Do we understand the tree-level correctly?
• Are the different formulations of defining the input parameters really equivalent?
• Does the GL approximation give correct neutrino masses not only at leading order, but also at full

one-loop level?
• Is the limitation of the seesaw scale a numeric artifact from the finite precision or can we find a

physical reason for the limitation?

The next step is to investigate the parameter space of the GNM at one-loop level, i.e., going
beyond the analysis of Jurčiukonis et al. [11]. The real restrictions to the model come from comparing
to measurements. We hope to recycle the FlexibleSUSY implementations of predictions of other models
that are already implemented in FlexibleSUSY. One definite goal is to work out the connection between
the low-energy observables such as (g − 2)μ, μ → 3e, and μ → eγ, which is caused by the GNM.
Another goal for the future is to work out the implications of the GNM for cosmology, where the
question might be, if the heavy singlet can be a candidate for the dark matter.

3. Discussion

The main result is the implementation and the analytic check of the Grimus–Lavoura
approximation in the Grimus–Neufeld model (GNM) to replace the Yukawa couplings with the
measured masses and oscillation parameters as the input for the model. The model itself [9] and the
approximation [33] do not try to estimate the model parameters from measurements. In addition,
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the renormalization group analysis of this model in the limit of heavy right-handed neutrinos and
heavy Higgs doublets [10] does not provide the explicit analytical and numerical analysis that is given
in [11] and is shortly recapitulated in this paper.

The additional content of this presentation compared to the one in [11] is to address the question
of the full renormalization of the GNM. The first steps in that direction were done in [29], but the
full and explicit formulation of the renormalization of the GNM is work in progress with its end still
far away.

To shorten the time to some results, we propose the use of generic spectrum calculators and
give an account on the progress achieved with FlexibleSUSY, which is such a spectrum calculator.
The final goal from both approaches, of the analytic one with fully renormalizing the model and of the
numeric one with FlexibleSUSY, is to test the GNM with measurements. To that end, we want to give
predictions that can be tested, such as correlations of low energy observables or correlations between
the decay rates of heavy particles, which are influenced by the neutrino Yukawa coupling.
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BSM beyond the standard model physics
GNM Grimus–Neufeld model
GUT grand unified theory
LHC large hadron collider
PMNS Pontecorvo–Maki–Nakagawa–Sakata matrix
QFT quantum field theory
QM quantum mechanics
SM standard model

References

1. Tanabashi, M.; Hagiwara, K.; Hikasa, K.; Nakamura, K.; Sumino, Y.; Takahashi, F.; Tanaka, J.; Agashe, K.;
Aielli, G.; Amsler, C.; et al. Review of Particle Physics. Phys. Rev. D 2018, 98, 030001. [CrossRef]

2. De Salas, P.F.; Forero, D.V.; Ternes, C.A.; Tortola, M.; Valle, J.W.F. Status of neutrino oscillations 2018: 3σ hint
for normal mass ordering and improved CP sensitivity. Phys. Lett. B 2018, 782, 633–640. [CrossRef]

3. Akhmedov, E.K.; Kopp, J. Neutrino Oscillations: Quantum Mechanics vs. Quantum Field Theory. J. High
Energy Phys. 2010. [CrossRef]

4. Schechter, J.; Valle, J. Neutrino Masses in SU(2) x U(1) Theories. Phys. Rev. D 1980, 22, 2227. [CrossRef]
5. Zee, A. A Theory of Lepton Number Violation, Neutrino Majorana Mass, and Oscillation. Phys. Lett. B 1980,

93, 389. [CrossRef]
6. Branco, G.C.; Geng, C.Q. Naturally Small Dirac Neutrino Masses in Superstring Theories. Phys. Rev. Lett.

1987, 58, 969. [CrossRef]
7. Chang, D.; Mohapatra, R.N. Small and Calculable Dirac Neutrino Mass. Phys. Rev. Lett. 1987, 58, 1600.

[CrossRef]
8. Babu, K.S. Model of ‘Calculable’ Majorana Neutrino Masses. Phys. Lett. B 1988, 203, 132–136. [CrossRef]
9. Grimus, W.; Neufeld, H. Radiative Neutrino Masses in an SU(2) X U(1) Model. Nucl. Phys. B 1989, 325, 18.

[CrossRef]

71



Symmetry 2019, 11, 1418

10. Ibarra, A.; Simonetto, C. Understanding neutrino properties from decoupling right-handed neutrinos and
extra Higgs doublets. J. High Energy Phys. 2011, 11, 022. [CrossRef]
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Abstract: In this note we present a new exponentiation scheme of soft photon radiation from charged
quasi-stable resonances. It generalizes the well established scheme of Yennie, Frautschi and Suura.
While keeping the same functional form of an exponent, the new scheme is both exact in its soft limit
and accounts properly for the kinematical shift in resonant propagators. We present the scheme on
an example of two processes: a toy model of single W production in eν scattering and the W pair
production and decay in e+e− annihilation. The latter process is of relevance for the planned FCCee
collider where high precision of Monte Carlo simulations is a primary goal. The proposed scheme is
a step in this direction.

Keywords: QED; exponentiation; W-boson

PACS: 12.20.-m; 14.70.Fm

1. Introduction

Emission of soft photons accompany every process with charged particles. Therefore proper
treatment of such emission is mandatory. These emissions happen from the external particles, decouple
from the process itself and can be resummed and exponentiated in an universal way [1]. In such
an approach the information on the photonic emission is not transmitted to the process itself. This can
pose a problem if the process includes resonant particles in the intermediate state, because any energy
loss due to photonic emission, larger compared to the width of the resonance can shift the process off
resonance and the Γ/M suppression should be visible. We will refer to it as the recoil effect. This effect
for the case of neutral resonance has been resolved with the help of coherent states in References [2,3],
and then at the level of spin amplitudes in Reference [4].

In the case of charged resonances another complication appears: the resonance is a source of the
soft photons as well. Of course, strictly speaking, the internal particles do not radiate soft photons (do
not have singularities due to such radiation), as demonstrated by Yennie, Frautschi and Suura (YFS61)
in the classical Reference [1]. However, the resonances are special – they are quasi-stable and there is
a clear separation between their production and decay. One can illustrate it with the case of lepton
τ for which the lifetime is longer than the time-scale of the production by an astronomical factor of
mτ/Γτ  3 × 1011. Resummation (exponentiation) of such emissions is the subject of this note. We will
present a solution that smoothly interpolates between two situations: for ∑ k0 < Γ we have the normal
YFS61 behaviour, i.e. internal radiation is suppressed, whereas for ∑ k0 > Γ the recoil effect is properly
accounted for. More details can be found in a recent paper [5].

We analyse two processes: the simplest toy model, eν̄e → W → μν̄μ, on which we demonstrate
the methodology; and with an eye on future e+e− collider, the full-scale process, e+e− → WW → 4 f .

Symmetry 2019, 11, 1389; doi:10.3390/sym11111389 www.mdpi.com/journal/symmetry73
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The latter process is one of a few gold-plated processes of the projected FCCee machine. In its second
phase, at the WW-threshold, the FCCee would provide about 3 × 107 WW events. That number
corresponds to a statistical error on the total cross section of 0.02%, or equivalently ΔMW  0.3 MeV
(measured from the threshold scan). The current state of the art, inherited from the LEP2 era, is 0.5–2%
for the total cross section. That means, an increase of the precision by factor of 100 is needed. The most
important part of that challenge is to calculate the O(α2) corrections to the signal process e+e− →
WW → 4 f . Exponentiation of soft radiation from Ws, which is equivalent to resummation (exact in
the soft limit) of photon interferences between production and decay stages as well as between decays
of the two Ws would encapsulate an important part of these corrections, not only to the second order
but to all orders!

There is also another, practical, and perhaps even most important, application of the soft YFS-based
exponentiation—the Monte Carlo event generators. The whole familly of such generators has emerged
from the never published note of S. Jadach [6]. All of them generate multiple sof-photon emissions
based on the classical YFS61 exponentiation. Among them one should list BHLUMI [7] and KORALZ [8].
The latter one has been then replaced by a next-generation-code KKMC [9] which includes recoil in
production-decay interferences of the Z-resonance. The partial solutions related to the charged W
bosons have been implemented in the YFSWW3 program [10] where exponentiation of the emission
in the WW pair production (ee → WW) with the recoil has been done and in WINHAC [11] in which
exponentiation of radiation in the W decay (W → f1 f2) is implemented for the single-W process.

At last, let us only touch upon the issue of QED deconvolution. The YFS approach provides for
a very convenient scheme of such a deconvolution also in higher orders. When supplied with the
treatment of resonances, it would form a complete and well defined deconvolution system.

The paper is organized as follows. In Section 2 we present the standard YFS scheme and its new
extension on the example of the simple “toy model” eν̄e → W → μν̄μ. In Section 3 we discuss the
exponentiation in the process of W-pair production and decay. In particular we show how to introduce
virtual soft-photon interferences and how to exponentiate them. The last section contains conclusions
and summary.

2. Toy Model with Single W

In this section we show, in the combinatorial language, on the simplest possible example of
e(pa)ν̄e(pb) → W → μ(pc)ν̄μ(pd), how the YFS61 procedure works and then we extend it by adding
the soft real emission from the semi-stable W boson. The combinatorial resummation presented
here differs from the original YFS61 derivation of Ref. [1] which was done with the help of Bose
symmetry principles.

2.1. Classical YFS Resummation from External Legs

The YFS61 theorem states that soft emissions are singular only from external legs. For the single
emission in a generic process M, depicted in Figure 1 we have

Mμ  M(0)(p − k)
p − k + m

k2 − 2kp + iε
γμup

k→0
=

2pμ − kμ

k2 − 2kp + iε
M(0)(p)up. (1)

M
k

p−kp

(0)

Figure 1. Kinematics of a single emission from external leg.
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This way the soft-photon current 2pμ−kμ

k2−2kp+iε (either real or virtual) decouples from the hard
process M.

Let us now consider the toy-model situation shown in Figure 2. This figure corresponds to the
following expression in which we have omitted all the details except for the photonic radiation in the
soft approximation and the propagator of the resonance (mass M includes width Γ):

M
(0)
N

μ1,...,μN
(k1, . . . , kN) 


N

∑
l=0

N!

∑
π

(
2pμ1

a
2pakπ1

2pμ2
a

2pakπ1 + 2pakπ2

. . .
2pμl

a
2pakπ1 + 2pakπ2 + · · ·+ 2pakπl

)

×
(−2pμl+1

c
2pckπl+1

−2pμl+2
c

2pckπl+1 + 2pckπl+2

. . .
−2pμN

c
2pckπl+1 + 2pckπl+2 + · · ·+ 2pckπN

)
× 1

p2
cd − M2

.

(2)

D
c

dP
b

a

W

Figure 2. The soft-photon emission from external legs in the single W toy model.

The index l corresponds to the number of photons in the initial state (a) and π denotes
a permutation of photons. In the first step we use the well known algebraical formula

∑
perm.

1
pk1(pk1 + pk2) . . . (pk1 + pk2 + . . . pkn)

=
1

pk1 pk2 . . . pkn
(3)

to get

M
(0)
N

μ1,...,μN
(k1, . . . , kN) 

1
p2

cd − M2

N

∑
l=0

N!/l!/(n−l)!

∑
π/πl/πN−l

( l

∏
i=1

2pμi
a

2pakπi

)(N−l

∏
i=1

−2pμl+i
c

2pckπl+i

)
. (4)

The expression π/πl/πN−l means that summation over separate permutations within the initial
and final photon subgroups has been carried out. The leftover sum over permutations can be rearranged
now into the sum over partitions ℘i in which each photon is labelled only as initial (a) or final (c):

n

∑
la ,lc=0

la+lc=n

n!/la !/lc !

∑
π/πa/πb/πc

=
2n

∑
℘=(a,c)n

. (5)

This brings us to the final result:

M
(0)
N

μ1,...,μN
(k1, . . . , kN) 

1
p2

cd − M2

2N

∑
℘=(a,c)N

( N

∏
i=1

2θ℘i p
μi
℘i

2p℘i ki

)
. (6)

The θi is equal to +1(−1) for the initial (final) photon. The formula (6) can also be conveniently
rewritten by turning the sum over partitions into a product, e.g., for two photons we have:

pμ1
a

pak1

pμ2
a

pak2
− pμ1

a
pak1

pμ2
c

pck2
− pμ1

c
pck1

pμ2
a

pak2
+

pμ1
c

pck1

pμ2
c

pck2
=
( pμ1

a
pak1

− pμ1
c

pck1

)( pμ2
a

pak2
− pμ2

c
pck2

)
. (7)
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This way we obtain the formula in the form of YFS61:

M
(0)
N

μ1,...,μN
(k1, . . . , kN) 

N

∏
i=1

(
2pμi

a
2paki

− 2pμi
c

2pcki

)
. (8)

Squaring and integrating over ki with the 1/N! Bose–Einstein symmetry factor leads us to the
desired exponential form. Note that, contrary to Equation (6), the formula (8) will not be valid when
the recoil effect is included, see below for more comments.

2.2. Inclusion of Emission from W Boson

Now let us extend the analysis to the situation depicted in Figure 3. We include multiple emission
of ln soft photons from an internal W line. Emissions are connected by the W propagators. If we
consider a product of two W propagators we find that it can be rewritten as a sum of two terms, each
of them being a product of a single W propagator and the soft-photon emission factor before or after
the W.

1
(Q2

0 − M2)

1
(Q2

1 − M2)
=

1
(Q2

0 − Q2
1)(Q

2
1 − M2)

− 1
(Q2

0 − M2)(Q2
0 − Q2

1)

=
1

(2k1Q0 − k2
1)(Q

2
1 − M2)

− 1
(Q2

0 − M2)(2k1Q1 + k2
1)

. (9)

D
c

dP
b

a
W W

QQQ

W

ln20

...

Figure 3. The soft-photon emissions from external legs and from the W propagator in the single W
toy model.

That formula has a simple physical interpretation: soft emission belongs either to production or to
decay phase and the W propagator knows it because its four-momentum is correctly adjusted (recoil
effect). We can now generalize it to ln emissions shown in Figure 3:

∑
permut.

1
(Q2

0 − M2)(Q2
1 − M2) . . . (Q2

ln
− M2)

= ∑
℘=(P,D)ln

∏
℘i=P

1
(Q℘ + ki)2 − Q2

℘
× 1

Q2
℘ − M2 × ∏

℘i=D

1
(Q℘ − ki)2 − Q2

℘
, (10)

where Q℘ = Q0 − ∑
℘i=P

ki = Qln + ∑
℘i=D

ki. As before, the physical picture, illustrated in Figure 4,

is clear: a set of soft emissions (interpreted as belonging to the production process) precedes the W
propagator and a second set (interpreted as belonging to the decay process) follows it. The recoil is
properly included in the W propagator.

D
c

dP
b

a
W

Figure 4. The soft-photon emission from external legs and W boson factorized into the production and
decay multiple soft-photon emissions and one W propagator.
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As for the numerators of the W propagators, in the soft limit and in the on-shell approximation
(numerators are mild functions of momenta, so accounting for the recoil is not needed), we find

DW(p)V(p, k, p − k)ρDW(p)
k→0, p2→M2

W= DW(p)(−2pρ), (11)

where V(p, k, p − k)ρ is the WγW vertex and DW(p) denotes the numerator of the W propagator.
For more emissions Equation (11) has a self-repeating structure and reduces multiple emissions into
numerators of the soft factors, i.e., ∏i 2pρi .

Combining Equation (2) with (10) and (11) we can write down the formula that corresponds to
Figure 4:

M
(0)
N

μ1,...,μN
(k1, . . . , kN) 

N

∑
la ,lc ,n=0

la+lc+n=N

n

∑
lg ,lh=0

lg+lh=n

N!

∑
π

(12)

[(
2p

μπ1
a

2pakπ1

2p
μπ2
a

2pakπ1 + 2pakπ2

. . .
2p

μπla
a

2pakπ1 + 2pakπ2 + · · ·+ 2pakπla

)
(13)

( −2Q
μπla+1
π0

2Qπlg
kπla+1

−2Q
μπla+2
π0

2Qπlg
kπla+1 + 2Qπlg

kπla+2

. . .
−2Q

μπla+lg
π0

2Qπlg
kπla+1 + 2Qπlg

kπla+2 + · · ·+ 2Qπlg
kπla+lg

)
(14)

DW(Qπlg
)

Q2
πlg

− M2
W

(15)

(
2Q

μπla+lg+1
π0

2Qπlg
kπla+lg+1

2Q
μπla+lg+2
π0

2Qπlg
kπla+lg+1 + 2Qπlg

kπla+lg+2

. . . (16)

2Q
μπla+lg+lh
π0

2Qπlg
kπla+lg+1 + 2Qπlg

kπla+lg+2 + · · ·+ 2Qπlg
kπla+lg+lh

)
(17)

(−2p
μπla+n+1
c

2pckπla+n+1

−2p
μπla+n+2
c

2pckπla+n+1 + 2pckπla+n+2

. . .
−2p

μπla+n+lc
c

2pckπla+n+1 + 2pckπla+n+2 + · · ·+ 2pckπla+n+lc

)]
. (18)

Let us explain this long formula. Lines (13) and (18) describe the standard YFS emission from the
external legs a and c, whereas lines (14), (16) and (17) describe the emissions from the W-boson. It is
important that both groups have identical structure and we can re-interpret them as the standard YFS
emission in the production phase (lines (13) and (14)) and in the decay (lines (16) and (18)). Standard
resummations can now be performed separately on the production and on the decay in complete
analogy to Equation (8).

This is possible because the recoil does not depend separately on photons from electron (muon)
and from the W boson, but only on their sum.

The production and decay parts are still interconnected by the sum over partitions of photons
between production and decay of the form of Equation (6). This leads to the final formula

M
(0)
N 

2N

∑
℘=(P,D)N

DW(Qg)

Q2
g − M2

W

N

∏
i=1

jμi
℘i ,

jμi
P =

2pμi
a

2paki
− 2Qμi

g

2Qgki
, jμi

D =
2Qμi

g

2Qgki
− 2pμi

c
2pcki

, Qg = pcd + ∑
decay

ki.

(19)

∑2N

℘=(P,D)N is a sum over partitions of photons emitted in the production and in the decay.
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3. W-Pair Production and Decay

Having explained in very detail the resummation of the real emission in the toy model, we now
proceed briefly to the resummation in the W-pair production and decay process. Let us include virtual
photons into the formulae. In the case of YFS61, shown on LHS of Figure 5, their resummation goes in
complete analogy to the real photons, and the appropriate formula for m real photons and an arbitrary
number of virtual ones, for 6 external particles, reads:

Mμ1μ2...μm(k1, k2, . . . , km) =

= M
m

∏
l=1

jμl (kl)
∞

∑
n=0

1
n!

n

∏
i=1

∫ i
(2π)3

d4ki

k2
i − λ2 + iε

Jμ
6 (ki)x ◦ J6μ(ki)

= M
m

∏
l=1

jμl (kl) eαB6 ,

B6 =
∫ i

(2π)3
d4k

k2 − λ2 + iε
J6(k) ◦ J6(k),

(20)

where
Jμ
6 (k) = ∑

X=a,b,c,d,e, f
Ĵμ
X(k),

Ĵμ
X(k) ≡ QXθX

2pμ
XθX − kμ

k2 − 2pXkθX + iε
,

JX(k) ◦ JY(k) = JX(k)JY(−k) for X 	= Y, JX(k) ◦ JX(k) = JX(k)JX(k).

(21)

The real soft-photon emissions have the familiar form of a product of the currents jμl (kl), and the
similar virtual soft-photon currents Jμ(k) are resummed.

b
f

a d

e

c

jμΠ

Π J(k) .J(−k)

c

d

e

a

b

f

1

2

3

4

5

6

D

D

1

2

8

7
9

P

U

V

Figure 5. LHS: the classical YFS61 soft photon emission in W-pair production and decay. RHS: a new
extended scheme with real and virtual emissions from Ws and all interferences, P–D and D–D.

Let us now proceed to a new, extended scheme. That scheme is illustrated on RHS of Figure 5.
We have additional real soft-photon emissions from Ws as well as all virtual soft-photon interferences
between the production and two decays. The resummation of real emissions proceeds exactly as in the
toy example as a product of currents. The virtual soft-photon emissions follow the same logics and
formulae as the real ones. The only exceptions are the issues related to the definition of the mass and
width of the resonance and the UV renormalisation. Analysis of these issues is beyond the scope of this
paper. Here we make an educated guess based on the solid principle of the cancellation of soft-photon
singularities in QED and propose the following formula for a given partition of real momenta ki1 , ki2 , ki3
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M
μ11

...μ3n3
n1n2n3 ({k}) = M0

n1

∏
i1=1

j
μi1
P (ki1)

n2

∏
i2=1

j
μi2
D1

(ki2)
n3

∏
i3=1

j
μi3
D2

(ki3)×

∞

∑
n4=0

1
n4!

n4

∏
i4=1

∫ i
(2π)3

d4ki4
k2

i4
− m2

γ + iε
JP(ki4) ◦ JP(ki4)

∞

∑
n5=0

1
n5!

n5

∏
i5=1

∫ i
(2π)3

d4ki5
k2

i5
− m2

γ + iε
JD1(ki5) ◦ JD1(ki5)

∞

∑
n6=0

1
n6!

n6

∏
i6=1

∫ i
(2π)3

d4ki6
k2

i6
− m2

γ + iε
JD2(ki6) ◦ JD2(ki6)

∞

∑
n7=0

1
n7!

n7

∏
i7=1

2
∫ i

(2π)3
d4ki7

k2
i7
− m2

γ + iε
JP(ki7) ◦ JD1(ki7)

∞

∑
n8=0

1
n8!

n8

∏
i8=1

2
∫ i

(2π)3
d4ki8

k2
i8
− m2

γ + iε
JP(ki8) ◦ JD2(ki8)

∞

∑
n9=0

1
n9!

n9

∏
i9=1

2
∫ i

(2π)3
d4ki9

k2
i9
− m2

γ + iε
JD1(ki9) ◦ JD2(ki9)

1
(pcd + K2−K7 + K9)2 − M2

1
(pe f + K3−K8 − K9)− M2 .

(22)

Km = ∑im kim is the sum of appropriate photon momenta as depicted on the RHS of Figure 5.
The recoiled W propagators do not depend on K4, K5 and K6, i.e. on the interferences P − P, D1 − D1

and D2 − D2, so the corresponding sums can be folded into the exponential form. For example:

∞

∑
n4=0

1
n4!

n4

∏
i4=1

αBP = eαBP , αBP =
∫ i

(2π)3
d4ki4

k2
i4
− m2

γ + iε
JP(ki4) ◦ JP(ki4). (23)

In order to fold the virtual sums 7, 8 and 9 we have to rearrange the W propagators which
depend on K7, K8 and K9. That can be done in the soft-photon approximation, i.e., dropping all bilinear
products of the type kikj. With the help of formulae such as

(
1 + ∑ κi

)2
 ∏(1 + κi)

2 +O(κiκj) (24)

we can write for one of the Ws

U2
2 − M2

(U2 − K7 + K9)2 − M2  ∏
i7

U2
2 − M2

(U2 − ki7)
2 − M2 ∏

i9

U2
2 − M2

(U2 + ki9)
2 − M2 , (25)

where U2 = pcd + K2 = pcd + ∑D1
ki2 . That way we have rewritten the recoiled W propagator in

a factorized form suitable for the resummation and we can write down the final formula

Mμ1...μn(k1, k2, . . . , kn) = ∑
℘∈(P,D1,D2)n

M0

n

∏
i=1

jμi
℘i (ki) eαBCEEX

10 (U℘ ,V℘) 1
U2
℘ − M2

1
V2
℘ − M2 , (26)

U℘ = pcd + ∑
℘i=D1

ki, V℘ = pe f + ∑
℘i=D2

ki.

The B10 function is defined as
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αBCEEX
10 (U, V) = αBP + αBD1 + αBD2

+ 2αBP⊗D1(U) + 2αBP⊗D2(V) + 2αBD1⊗D2(U, V),

αBP⊗D1(U) =
∫ i

(2π)3
d4k

k2 − m2
γ + iε

JP(k) ◦ JD1(k)
U2 − M2

(U − k)2 − M2 ,

αBP⊗D2(V) =
∫ i

(2π)3
d4k

k2 − m2
γ + iε

JP(k) ◦ JD2(k)
V2 − M2

(V − k)2 − M2 ,

αBD1⊗D2(U, V) =
∫ i

(2π)3
d4k

k2 − m2
γ + iε

JD1(k) ◦ JD2(k)
U2 − M2

(U + k)2 − M2
V2 − M2

(V − k)2 − M2 .

(27)

Equations (26) and (27) are the principal new result presented in this note. Equation (26) has
an identical, exponential form as the original YFS61 formula of Equation (20). The only difference is
that the B functions responsible for the virtual interferences include now ratios of W propagators, see
Equation (27). That way the recoil effect is incorporated into the scheme.

4. Summary

In this note we reviewed the soft photon exponentiation of YFS61 and proposed its extension to
the case with charged semi-stable internal resonances. We explained in a combinatorial way how the
YFS61 resummation of real radiation proceeds on an example of a toy model eν̄ → W → μν̄ and then
we introduced real radiation from the W-boson. Virtual emissions we included in a form of educated
guess based on a firm ground of cancellations of soft-photon singularities in QED. This has been done
for the full scale, FCCee motivated, process ee → WW → 4 f ermions. The result of the analysis is
a formula which generalizes the YFS61 scheme. In its form it is identical to the original one, i.e., has the
exponential form for virtual emissions and the sum over partitions for the real emissions. The difference
is in the shape of the virtual B functions which acquire dependence on the W propagators. The formula
has two basic features: it is exact in the soft-photon limit and it includes recoil of the W propagators.
The proposed exponentiation can be a solid starting point for a construction of a new generation of
Monte Carlo algorithms for the increased precision needed by the FCCee project.
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