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Preface to ”Computational Methods for Risk

Management in Economics and Finance”

The aim of the Special Issue is to highlight the relevance of computational methods in economic

and financial modeling as an alternative to conventional analytical and numerical paradigms,

bringing together both theoretical and application-oriented contributions. We received a large

number of submissions, and ultimately published the nine high quality contributions that compose

this Issue. The papers address a variety of important issues, mainly focusing on credit risk and risk

measures.

The research stream of credit risk is debated in three papers. The paper of Peter Martey Addo,

Dominique Guegan, Bertrand Hassani (Addot et al., 2018) addresses questions related to the intensive

use of deep learning systems in enterprises to predict loan default probability. Andreas Mühlbacher

and Thomas Guhr (Mühlbacher and Guhr, 2018) examine the issue of modeling credit risk for

correlated assets. Employing a new interpretation of the Wishart model for random correlation

matrices, they model non-stationary effects and show how their approach can grasp different market

situations.

Douw Gerbrand Breed, Tanja Verster, Willem D. Schutte, and Naeem Siddiqi (Breed et al., 2019)

propose a method based on weighted logistic regression to model loss given default for IFRS 9

purposes.

The Special Issue also has a number of contributions dealing with portfolio theory and risk

measures.

The first contribution of Stanislaus Maier-Paape and Qiji Jim Zhu (Maier-Paape and Zhu, 2018a)

debates the mathematical representation of the trade-off between utility and risk, thus introducing

a general framework for portfolio theory that allows a unification of several important existing

portfolio theories. The second contribution (Maier-Paape and Zhu, 2018b) provides several examples

of convex risk measures necessary for the application of the above-discussed general framework, with

a special focus on risk measures related to the “current” drawdown of the portfolio equity.

The focus is maintained on risk-based portfolios in the paper of Marco Neffelli (Neffelli, 2018),

who compares various estimators for the sample covariance matrix. Using extensive Monte Carlo

simulations, the author offers a comparative study of these estimators, testing their ability to

reproduce the true portfolio weights.

Takaaki Koike and Marius Hofert (Koike and Hofert, 2020) use Markov chain Monte Carlo

(MCMC) methods to estimate systemic risk measures and risk allocations. The efficiency of the

MCMC estimators is demonstrated in a series of numerical experiments.

The remaining contributions address practical issues: Wided Khiari and Salim Ben Sassi (Khiari

and Ben Sassi, 2019) assess the systemic risk of Tunisian listed banks by way of CoVaR; finally, Rasika

Yatigammana, Shelton Peiris, Richard Gerlach, and David Edmund Allen (Yatigammana et al, 2018)

analyze the direction of price movements under an ordered probit framework, and provide empirical

evidence based on stocks listed on the Australian Securities Exchange (ASX).

ix



All papers appearing in this Special Issue went through a refereeing process subject to the usual

high standards of Risks. I would like to thank all the authors for their contribution and all the referees

for their thorough and timely reviews. I would also like to express my gratitude to the editor of Risks,

to the Assistant Editors, and to MDPI for their support in the editorial process. I hope that this Special

Issue will help to stimulate the debate on using computational methods in economic and financial

modeling from both theoretical and applied perspectives.

Marina Resta
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Abstract: Due to the advanced technology associated with Big Data, data availability and computing
power, most banks or lending institutions are renewing their business models. Credit risk predictions,
monitoring, model reliability and effective loan processing are key to decision-making and
transparency. In this work, we build binary classifiers based on machine and deep learning models on
real data in predicting loan default probability. The top 10 important features from these models are
selected and then used in the modeling process to test the stability of binary classifiers by comparing
their performance on separate data. We observe that the tree-based models are more stable than the
models based on multilayer artificial neural networks. This opens several questions relative to the
intensive use of deep learning systems in enterprises.

Keywords: credit risk; financial regulation; data science; Big Data; deep learning

1. Introduction

The use of algorithms raises many ethical questions. Beyond the technical skills required to
understand them, algorithms require referrals to the various discussions that occurred in the past
years regarding the use of personal data and all the problems related to Big Data, particularly the
General Data Protection Regulation (GDPR) directive (GDPR (2016)) arriving 25 May 2018. During
the year 2017, a public consultation by the Commission Nationale de L’informatique et des Libertés
CNIL (2017), in France, on the use and the development of algorithms was addressed, which led to
many conferences and public meetings on artificial intelligence in France. What exactly is the problem?
People are afraid of the use of personal data and do not exactly understand the role of the algorithms
due to the fear that those algorithms will have decisional power instead of people. These questions
and the debates around these ideas are legitimate.

In this paper, we will focus on the algorithms that are used to make these decisions. Algorithms
are used in different domains with different objectives. For instance, they are used in enterprises to
recruit persons suitable for the profile proposed. Algorithms can simplify the process, make it quicker
and more fluid, etc. Nevertheless, algorithms are a set of codes with specific objectives to attain certain
objectives. For instance, in the process of recruitment, it can introduce discrimination or a specific
profile, and then, “format” the persons working in the enterprise. It is the same in the case of loan

Risks 2018, 6, 38; doi:10.3390/risks6020038 www.mdpi.com/journal/risks1



Risks 2018, 6, 38

provisions, from a bank to an enterprise, where the decision depends on the algorithm used. Thus, it is
important to understand these kinds of abuses and to find ways to control the use of the algorithms.
Indeed, in this paper, we illustrate the fact that there exist several algorithms that can be used in
parallel to answering a question, for instance, to provide a loan to an enterprise. We observe that
there exist several strategies to attain our objective of finding the choice of the variables (or features),
the criteria and the algorithm that provide an answer to the question.

In this new digital and Big Data era, transparency is necessary; it should be one that does not
stand in the way of innovation, but allows for transformation and progress. The terms associated
with this field must be ethical, transparent, well known and clear. To contribute to these objectives,
some strategic choices are necessary for the training of data experts on the use of machine learning
and deep learning algorithms, and the limitations on their usage. This paper attempts to highlight the
importance of the choice of algorithms, the choice of the parameters, the selection of relevant variables
(features), the role of the evaluation criteria and the importance of humans when it comes to the final
decision.

The novelty of this paper lies in addressing some specific questions we encounter when we want to
use Big Data and algorithms. We focus mainly on the questions related to the use of the algorithms to
solve or attain an objective. The paper Khandani et al. (2010) is the most like ours in applying machine
learning models to a large financial dataset with a focus on a single bank. Our paper is differentiated
from Khandani et al. (2010) in significant ways. The first is that, unlike Khandani et al. (2010), who focus
on the creation of a cardinal measure for consumer credit default and delinquency using a generalized
classification and regression trees (CART)-like algorithm, we focus on credit risk scoring where we
examine the impact of the choice of different machine learning and deep learning models to identify
defaults by enterprises. On the other hand, we do study the stability of these models relative to a choice
of subset of variables selected by the models.

Related approaches have been used by Butaru et al. (2016), which investigates consumers
delinquency using C4.5 decision trees, logistic regression and random forest with data from six
different banks. The work in Galindo and Tamayo (2000) tests CART decision-tree algorithms on
mortgage-loan data to detect defaults, and also they compare their results to the k-nearest neighbor
(KNN), ANN and probit models. The work in Huang et al. (2004) provides a survey of these models
and other related studies.

Although it is unclear how banks decide who to give loans to, the use of classical linear models
is well known in the banking sector. Thus, in the present exercise, we use the elastic net approach
Zhou and Hastie (2005) as a benchmark, and we compare its fitting and decision rule based on the area
under the curve (AUC), as well as root-mean-square error (RMSE) criteria with other non-parametric
models classified as machine learning and deep learning in recent literature. We have retained six
approaches: a random forest model, a gradient boosting machine and four deep learning models. We
specify the models and the choice retained (after optimization procedures) for the parameters of each
model. Besides the choice of the model, another question that arises is concerned with the choice of
the variables (or features) to decide if an enterprise is eligible for a loan or not. We have used data
provided by a European bank (thus, nothing is arbitrary in our further discussion) to analyze the way
in which the algorithms used or retained the variables.

This exercise exhibits three key points: the necessity to use (i) several models, (ii) several sets of
data (making them change to quantify their impact) and, lastly, (iii) several criteria. We observe that
the choices of the features are determinant as are the criteria: they permit one to show the difficulty of
getting a unique or “exact” answer and the necessity of analyzing all the results in detail or introducing
new information before making any decision. One very important point is the fact that the deep
learning model does not necessarily provide very interesting results. Finally, we find that tree-based
algorithms have high performances on the binary classification of problems compared to the deep
learning models considered in our analysis.
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This paper is organized as follows: In Section 2, a unified description of the algorithms that we
use is given. Section 3 discusses the criteria used to classify our results, and imbalanced datasets are
discussed. The parameters and criteria used for each model are given in Section 4 with the results,
and we use them analyze how the algorithms are used to provide a loan to a company. We also analyze
in detail the choice of the features retained by each algorithm and their impact on the final results.
Section 5 provides the conclusion.

2. A Unified Presentation of Models

The models we use in our application are now presented. We make the presentation as uniform
as possible to be able to specify, for each model, the different choices we are confronted with in (i)
parameters, (ii) stopping criteria and (iii) activation functions. References are provided for more details.

2.1. Elastic Net

Linear regression is a very well-known approach. It has several extensions; one is the Lasso
representation Tibschirani (1996), and another one includes the elastic net approach with a penalty term
that is part l1 or l2 Zhou and Hastie (2005).1 In their paper Friedman et al. (2010), describe algorithms
for the carrying out of related Lasso models: they propose fast algorithms for fitting generalized linear
models with the elastic net penalty. This methodology can be useful for big datasets as soon as the
algorithm is built to outperform execution speed. The regression modeling can be linear, logistic or
multinomial. The objective is prediction and the minimization of the predictions error, improving both
the choice of the model and the estimation procedure.

Denoting Y as the response variable and X the predictors (centered and standardized)
and considering a dataset (xi, yi), i = 1, · · · , N, the elastic net approach solves the following problem
for a given λ:

minβ0,β[
1

2N

N

∑
i=1

(yi − β0 − xT
i β)2 + λPα(β)] (1)

where the elastic net penalty is determined by the value of α:

Pα(β) = (1 − α)
1
2
‖β‖2

l2 + α ‖β‖l1 (2)

Thus,

Pα(β) =
p

∑
j=1

[
1
2
(1 − α)β2

j + α|β j|]. (3)

Pα(β) is the elastic-net penalty term and is a compromise between the ridge regression (α = 0) and
the Lasso penalty (α = 1): the constraint for minimization is that Pα(β) < t for some t. The parameter
p is the number of parameters. Historically, this method has been developed when p is very large
compared to N. The ridge method is known to shrink the coefficients of the correlated predictors
towards each other, borrowing strength from each other. Lasso is indifferent to correlated predictors.
Thus, the role of α is determinant: in the presence of the correlation, we expect α close to one (α = 1− ε,
for small ε). There also exists some link between λ and α. Generally, a grid is considered for λ as soon
as α is fixed. A lq (1 < q < 2) penalty term could also be considered for prediction.

The algorithm also proposes a way to update the computation, optimizing the number of
operations that need to be done. It is possible to associate a weight with each observation, which does

1 There exist a lot of other references concerning Lasso models; thus, this introduction does not consider all the problems that
have been investigated concerning this model. We provide some more references noting that most of them do not have the
same objectives as ours. The reader can read with interest Fan and Li (2001), Zhou (2006) and Tibschirani (2011).

3
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not increase the computational cost of the algorithm as long as the weights remain fixed. The previous
approach works for several models:

• Linear regression: The response belongs to R. Thus, we use the model (1). In that case,
the parameter of interest is α, and another set of parameters to be estimated is λ, βi. The existence
of correlation must be considered to verify if the values used for those parameters are efficient
or not.

• Logistic regression: The response is binary (0 or 1). In that case, the logistic regression
represents the conditional probabilities p(xi) through a nonlinear function of the predictors
where p(xi) = P(Y = 1|xi) =

1
1+e−(β0+xi βi)

, then we solve:

minβ0,β[
1
N

N

∑
i=1

I(yi = 1)logp(xi) + I(yi = 0)log(1 − p(xi))− λPα(β)]. (4)

• Multinomial regression: The response has K > 2 possibilities. In that case, the conditional
probability is2:

P(Y = l|x) = e−(β0l+xT βl)

∑K
k=1 e−(β0k+xT βk)

. (5)

For estimation, the parameter α must be chosen first, then the simple least squares estimates can
be used for linear regression, but a soft threshold is introduced to consider the penalty term, through
the decrementing of the parameter λ using loops. In the case of logistic regression, a least square
approach is also considered. In the case of the multinomial regression, constraints are necessary for the
use of the regularized maximum likelihood. In any case, the Newton algorithm is implemented.

2.2. Random Forest Modeling

Random forests are a scheme proposed by Breiman (2000); Breiman (2004) to build a predictor
ensemble with a set of decision trees that grows in randomly-selected subspaces of data; see Biau (2012);
Geurts et al. (2006), and for a review, see Genuer et al. (2008). A random forest is a classifier consisting
of a collection of tree-structured classifiers rN(x, βk), k = 1, ... where the βk are independent identically
distributed random variables used to determine how the successive cuts are performed when building
the individual trees. The accuracy of a random forest depends on the strength of the individual tree
classifiers and the measure of the dependence between them. For each input X, the procedure will be
able to predict, with the optimal number of trees, the output value one or zero. A stopping criteria will
be used to minimize the error of the prediction.

More precisely, the random trees are constructed in the following way: all nodes of the trees are
associated with rectangular cells such that at each step of the construction of the tree, the collection
of the cells associated with the leaves of the tree (external nodes) forms a partition of [0, 1]d, (d ≤ N).
The procedure is repeated many times: (i) at each node, a coordinate of the input is selected with the
j-th feature having a probability pj ∈ (0, 1) of being selected; (ii) at each node, once the coordinate is
selected, the split is at the midpoint of the chosen side. At each node, randomness is introduced by
selecting a small group of input features to split on and choosing to cut the cell along the coordinate.

2 Here, T stands for transpose

4
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Each randomized output tree rN is the average over all the output observations yi for which
the corresponding variables xj fall in the same cell of the random partition as X. Denoting AN(X, β),
the rectangular cell of the random partition containing X, we obtain:

rN(X, β) =
∑N

i=1 yi1xj∈AN(X,β)

∑N
i=1 1xj∈AN(X,β)

1LN

where LN = ∑N
i=1 1xj∈AN(X,β) �= 0. We take the expectation of the rN with respect to the parameter

β to obtain the estimate of rN . In practice, the expectation is evaluated by Monte Carlo simulation,
that is by generating M (usually large) random trees and taking the average of the individual outcomes.
The randomized variables βk, k > 1 are used to determine how the successive cuts are performed
when building the individual trees.

If X has a uniform distribution on [0, 1]d, then the response of the model is:

Y = ∑
j∈S

β jxj + ε,

where S is a non-empty subset of d features. With this model, we choose the following parameters:
the number of trees and the stopping criteria (called the threshold in the literature) used to choose
among the most significant variables. Depending on the context and the selection procedure,
the informative probability pj ∈ (0, 1) may obey certain constraints such as positiveness and
∑j∈S pj = 1. The number M of trees can be chosen. It is known that for randomized methods,
the behavior of prediction error is a monotonically decreasing function of M; so, in principle, the higher
the value of M, the better it is from the accuracy point of view. In practice, in our exercise, we will fit
the following non-parametric function fb on the variables to get the response Y:

Y =
1
B

B

∑
b=1

fb(X), (6)

where B is the number of trees, and a stopping criteria 10−p is used, for which p has to be chosen.

2.3. A Gradient Boosting Machine

We now consider a more global approach for which the previous one can be considered as a special
case. Using the previous notations, Y for outputs and X for different N input variables, we estimate a
function f mapping X to Y, minimizing the expected value of some specified loss function L(Y, f ).
This loss function L(Y, f ) can include squared error (Y − f )2/2, absolute error |Y − f |, for Y ∈ R1,
negative binomial likelihood log(1 + e−2Y f ) when Y ∈ (−1, 1), M-regression considering outliers
L(Y, f ) = (Y − f )2/2 if |Y − f | < δ, L(Y, f ) = δ(|Y − f | − δ/2) if |Y − f | > δ with δ a transition
point and logistic binomial log-likelihood: L(Y, f ) = log(1 + exp(−2Y f )). A general representation
could be:

f (X, (βi, ai)1,...p) =
p

∑
i=1

βih(X, ai) (7)

where the function h(X, ai) is a parametric or a non-parametric function of the input X characterized
by the parameters ai.

For estimation purpose, as soon as we work with a finite sample, the parameter optimization is
obtained using a greedy stage-wise approach solving:

(βl , al) = argminβ,a

N

∑
i=1

(L(yi, fl−1(xi) + βih(X, ai)1,...p)). (8)

5
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Thus:
fl = fl−1(X) + βlh(X, , al). (9)

Equations (8) and (9) are called boosting when y ∈ (−1, 1) and L(Y, f ) are either an exponential
loss function e−Y f or a negative binomial log-likelihood. The function h(X, a) is usually a classification
tree. The smoothness constraint defined in (8) can be difficult to minimize and is replaced by a gradient
boosting procedure (steepest-descent procedure) detailed in Friedman (2001) or Friedman et al. (2001).

2.4. Deep Learning

Neural networks have been around even longer, since early supervised neural networks were
essentially variants of linear regression methods going back at least to the early 1800s. Thus, while
learning, networks with numerous non-linear layers date back to at least 1965; also, explicit deep
learning research results have been published since at least 1991. The expression “deep learning” was
actually coined around 2006, when unsupervised pre-training of deep learning appeared through
gradient enhancements and automatic learning rate adjustments during the stochastic gradient descent.

A standard neural network consists of many simple, connected processors called neurons,
each producing a sequence of real-valued activations. Input neurons get activated through sensors
perceiving the environment; other neurons get activated through weighted connections from previously
active neurons. An efficient gradient descent method for teacher-based supervised learning in discrete,
differentiable networks of arbitrary depth, called backpropagation, was developed in the 1960s and
1970s, and applied to neural networks in 1981. Deep learning models became practically feasible
to some extent through the help of unsupervised learning. The 1990s and 2000s also saw many
improvements of purely supervised deep learning. In the new millennium, deep neural networks have
finally attracted wide-spread attention, mainly by outperforming alternative machine learning methods
such as kernel machines Vapnik (1995); Schölkopf et al. (1998) in numerous important applications.
Deep neural networks have become relevant for the more general field of reinforcement learning where
there is no supervising teacher.

Deep learning approaches consist of adding multiple layers to a neural network, though these
layers can be repeated. Discussing the matter, most deep learning strategies rely on the following
four types of architectures: (i) convolutional neural networks, which, in essence, are standard neural
networks that have been extended across space using shared weights; (ii) recurrent neural networks,
which are standard neural networks that have been extended across time by having edges that feed into
the next time step instead of into the next layer in the same time step; (iii) recursive neural networks,
which are apparently hierarchical networks where there is no time aspect to the input sequence, but
inputs have to be processed hierarchically as in a tree; and finally, (iv) standard deep neural networks,
which are a combination of layers of different types without any repetition or particular order. It is this
last type that has been implemented in this paper.

In all these approaches, several specific techniques that we do not detail here are used. They
concern (i) backpropagation, which is a method to compute the partial derivatives, i.e., the gradient of
a function. In this paper, we use the stochastic gradient descent, which is a stochastic approximation
of the gradient descent optimization and iterative method for minimizing an objective function that
is written as a sum of differentiable functions. Adapting the learning rate for the stochastic gradient
descent optimization procedure can increase performance and reduce training time. The simplest and
perhaps most used adaptations of learning rate during training are techniques that reduce the learning
rate over time. (ii) Regularization in deep learning: This approach consists of randomly dropping
units (along with their connections) from the neural network during training. This prevents units
from co-adapting too much. During training, dropout has been shown to improve the performance of
neural networks on supervised learning tasks in vision, speech recognition, document classification
and computational biology, obtaining state-of-the-art results on many benchmark datasets. It has
shown no interest in our exercise. (iii) Dimensionality reduction is usually necessary for implementing
deep learning strategies. Max pooling can be used for this objective. This was not pertinent in

6
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our exercise. For further reading, one can look at Siegelmann and Sontag (1991); Balzer (1985);
Deville and Lau (1994); and Hinton and Salakhutdinov (2006). For a complete and recent review,
we refer to Schmidhuber (2014); Angelini et al. (2008); Bahrammirzaee (2010); Sirignan et al. (2018).

The neural networks’ behavior or program is determined by a set of real-valued parameters or
weights β j. To represent it in a uniform way, we focus on a single finite episode or epoch of information
processing and activation spreading, without learning through weight changes. During an episode,
there is a partially causal sequence xj, j = 1, ..., N of real values called events. Each xj is an input,
or the activation of a unit that may directly depend on other xi, i < j through the current neural
network. Let the function f encode information and map events to weight indexes. The function f
is any nonlinear function. Thus, a classical neural network layer performs a convolution on a given
sequence X, outputting another sequence Y, the value of which at time t is as follows:

y(t) =
N

∑
j=1

f (β j, xj(t)) + ε(t)

where β j are the parameters of the layer trained by backpropagation. In our exercise, along with
backpropagation, we have used hierarchical representation learning, weight pattern replication and
sub-sampling mechanisms. We make use of the gradient descent method for optimization convergence.
The parameters we can choose are the number of layers and the stopping criteria. In the case of
an unsupervised deep learning system, regularization functions are added as activation functions.
We specify them when we analyze the datasets and the results.

3. The Criteria

There are several performance measures to compare the performance of the models including
AUC, Gini, RMSE and Akaike information criterion (AIC); in addition to different metrics like the
F-score, the recall and the precision. In this paper, we will mainly present results on the AUC and
RMSE criteria, although the results of the other metrics can be made available.

The Gini index was introduced by Gastwirth (1972) and extended by Yitzhaki (1983) and
Lerman and Yitzhaki (1984). This index, in essence, permits one to compare several algorithms. It is
based on the decision tree methodology and entropy measure. The work in Raileanu and Stoffel (2004)
discussed the possibility to compare algorithms using classification systems. From the empirical point
of view, this problem has been discussed greatly. It seems that no feature selection rule is consistently
superior to another and that Gini can be used to compare the algorithms; nevertheless, we will not
use it in the paper, focusing on the ROC curve for which the interpretation in terms of risks is more
efficient3.

For each company, we build the ROC curve. An ROC curve is then used to evaluate the quality
of the model. The ROC approach can be often associated with the computation of an error from a
statistical point of view. If we want to associate the AUC value (coming from the ROC building)
to Type I and Type II errors, we need to specify the test we consider and, thus, to determine the
hypotheses, the statistics, the level and the power of the test. In our case, the objective is to know if a
bank can provide a loan to the enterprise, in the sense that the enterprise will not default. To answer
this question, we use several models or algorithms, and the idea is to find the algorithm that permits
answering this question with accuracy. The AUC criteria are used to do it; here, we explain why.
To analyze, in a robust way, the results obtained with this indicator, we specify the risks associated
with it. When a bank provides a loan to an enterprise, it faces two types of errors: (1) to refuse a loan
to a company whose probability of default is much lower than the one obtained with the model (Type
I error); (2) to agree to provide a loan to a company whose probability of default is much higher than

3 As soon as the AUC is known, the Gini index can be obtained under specific assumptions
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the value obtained with the selected model (Type II error). We want these two errors to be as small as
possible. We compute the probability of the corresponding events under the null and the alternative
hypotheses. We assume that a bank provides a loan, and the null hypothesis is H0 : The company can
reimburse the loan, α = P[the bank does not provide a loan | the company can reimburse it] = PH0 [the
bank does not provide a loan]; this is the Type I error; thus, the alternative is H1 : The company does
not reimburse the loan, and β = P[the bank provides a loan | the company cannot pay it back] = PH1 [the
bank provides a loan]; this is the Type II error.

Considering the dataset, the bank could provide a loan as the probability of default of the target
company is sufficiently low (the model outcome has the value of one) or the bank could decide not
to provide a loan as the probability of default of the target company is not low enough (the outcome
is now zero). These outcomes, one or zero, depend on many variables that we use to compute the
risks α or β. Note that to build the ROC curve, we make α varying (it is not fixed as it is in the general
context of statistical tests). When we build the ROC, on the x-axis, we represent 1 − α, also called
specificity (in some literature). We want this number close to one4. On the y-axis, we represent 1 − β,
which corresponds to the power of the test, and we want it to be close to one. It is usually referred
to as sensitivity5. In practice, when the ROC curve is built, all the codes are done under two kinds
of assumptions on the data: the data are independent, and the distributions under the null and the
alternative are Gaussian; these assumptions can be far from reality in most cases. From the ROC curve,
an AUC is built. The AUC represents the area under the curve. How can we interpret its value? If the
curve corresponds to the diagonal, then the AUC is equal to 0.5; we have one chance out of two to
make a mistake. If the curve is above the diagonal, the value will be superior to 0.5, and if it attains
the horizontal at one, for all (1 − α), the optimal value of one is obtained. Thus, as soon as the AUC
value increases from 0.5–1, it means that we have less and less chance to make a mistake, whatever the
value of (1 − α) between zero and one (which means that the Type I error diminishes). It is assumed
that the test becomes more and more powerful as the probability for the bank to provide a loan to an
enterprise that does not default is very high. Each algorithm provides a value of AUC. To be able to
compare the results between the algorithms, we need to verify that we use the same variables to get
the outputs one or zero. If that is not the case, the comparison will be difficult and could be biased
Seetharaman et al. (2017).

Another question affects the quality of the results: it concerns imbalanced data. The presence
of a strong imbalance in the distribution of the response (which is the case for our exercise) creates a
bias in the results and weakens the estimation procedure and accuracy of the evaluation of the results.
A dataset is imbalanced if the classification categories are not approximately equally represented.
Examples of imbalanced datasets have been encountered in many fields, and some references are
Mladenic and Grobelnik (1999) or Kubat et al. (1999), among others. Several approaches are used
to create balanced datasets, either by over-sampling the minority class and under-sampling the
majority class (Kubat and Marvin (1997) or Ling and Li (1998)); diverse forms of over-sampling can
be used such as the Synthetic Minority Over-sampling Technique (SMOTE) algorithm developed
by Chawla et al. (2002). In this paper, the latter methodology has been implemented, blending
under-sampling of the majority class with a special form of over-sampling of the minority class
associated with a naive Bayes classifier, improving the re-sampling, modifying the loss ratio and class
prior approaches; see also Menardi and Torelli (2011).

The approach that we use, the SMOTE algorithm, proposes an over-sampling approach in which
the minority class is over-sampled by creating “synthetic” examples rather than by over-sampling
with replacement. The synthetic examples are generated by operating in “feature space” rather
than in “data space”. The minority class is over-sampled by taking each minority class sample and

4 In medicine, it corresponds to the probability of the true negative
5 In medicine, corresponding to the probability of the true positive
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introducing synthetic examples along the line segments joining any/all the k minority class neighbors
randomly chosen. To generate the synthetic examples, we proceed on the following path: we take
the difference between the feature vector under consideration and its nearest neighbor. We multiply
this difference by a random number between zero and on and add it to the feature vector under
consideration. This causes the selection of a random point along the line segment between two specific
features. This approach effectively forces the decision region of the minority class to become more
general. The majority class is under-sampled by randomly removing samples from the majority class
population until the minority class becomes some specified percentage of the majority class. This forces
the learner to experience varying degrees of under-sampling; and at higher degrees of under-sampling,
the minority class has a large presence in the training set. In our exercise, the rare events, n, correspond
to less than 2% of the whole sample N (n = 1731, and N = 117,019).

4. Data and Models

In this section6, we provide an overview of the data structure and models and then present the
results of model performance.

4.1. The Data

The information set contains 117,019 lines, each of them representing either a default or not a
default (binary value) of an enterprise when they ask for a loan from a bank. Default and good health
are characterized by the same 235 labeled variables that are directly obtained from the companies:
financial statements, balance sheets, income statements and cash flows= statements where the values
are considered at the lowest level of granularity. In the year 2016/2017, 115,288 lines represented
companies in good health and 1731 represented companies in default. Because of the bias created by
imbalanced data, in this exercise, we provide only results with balanced training data of the binary
classes, following the method recalled in Section 3.

After importing the data, we cleaned the variables and removed features with no pertinent
information (same value for all the enterprises; sign with no available entries like ‘NaN’ (Not a
Number), for instance) and were left with 181 variables. Then, we split the data into three subsets,
considering 80% of the data (60% for the fitting and 20% for the cross-validation), and then 20% of
these data was used for test purposes. The validation performance permits one to improve the training
approach, and we use it to provide prediction performance on the test set. In the training set, we
verify if it is a balanced dataset or not. Here it is: the value of zero represents 98.5% and the value of
one 1.5%. Therefore, the extreme events are less than 2%. Using the SMOTEalgorithm described in
Chawla et al. (2002), we obtain a balanced set with 46% zero and 53% one.

4.2. The Models

The models we use have been detailed in the previous section. We focus on seven models: elastic
net (logistic regression with regularization), a random forest, a gradient boosting modeling and a
neural network approach with four different complexities. To rank the models with respect to the
companies’ credit worthiness, the ROC curve and AUC criteria as RMSE criteria are used. An analysis
of the main variables is provided: first, we use the 181 variables (54 variables have been removed);
then, we use the first 10 variables selected by each model, comparing their performance with respect
to the models we use. An analysis of these variables completes the study.

6 The code implementation in this section was done in ‘R’. The principal package used is H2o.ai Arno et al. (2015). The codes
for replication and implementation are available at https://github.com/brainy749/CreditRiskPaper.
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4.2.1. Precisions on the Parameters Used to Calibrate the Models

To have a benchmark for comparison and replication of the results, a fixed seed is set. The models
have been fitted using the balanced training dataset.

• The Logistic regression model M1: To fit the logistic regression modeling, we use the elastic net:
logistic regression and regularization functions. This means that the parameter in Equation (1)
and Equation (2) can change. In our exercise, α = 0.5 in Equation (3) (the fitting with α = 0.7
provides the same results) and λ = 1.9210−6 (this very small value means that we have privileged
the ridge modeling) are used.

• The random forest model M2: Using Equation (6) to model the random forest approach,
we choose the number of trees B = 120 (this choice permits testing the total number of features),
and the stopping criterion is equal to 10−3. If the process converges quicker than expected,
the algorithm stops, and we use a smaller number of trees.

• The gradient boosting model M3: To fit this algorithm, we use the logistic binomial log-likelihood
function: L(y, f ) = log(1 + exp(−2y f )), B = 120 for classification, and the stopping criterion is
equal to 10−3. We need a learning rate that is equal to 0.3. At each step, we use a sample rate
corresponding to 70% of the training set used to fit each tree.

• Deep learning: Four versions of the deep learning neural networks models with stochastic gradient
descent have been tested.

1. D1: For this model, two hidden layers and 120 neurons have been implemented. This number
depends on the number of features, and we take 2/3 of this number. It corresponds also to
the number used a priori with the random forest model and gives us a more comfortable
design for comparing the results.

2. D2: Three hidden layers have been used, each composed of 40 neurons, and a stopping
criteria equal to 10−3 has been added.

3. D3: Three hidden layers with 120 neurons each have been tested. A stopping criteria equal
to 10−3 and the �1 and �2 regularization functions have been used.

4. D4: Given that there are many parameters that can impact the model’s accuracy,
hyper-parameter tuning is especially important for deep learning. Therefore, in this model,
a grid of hyper-parameters has been specified to select the best model. The hyper0parameters
include the drop out ratio, the activation functions, the �1 and �2 regularization functions
and the hidden layers. We also use a stopping criterion. The best model’s parameters yields
a dropout ratio of 0, �1 = 6, 8.10−5, �2 = 6, 4.10−5, hidden layers = [50, 50], and the activation
function is the rectifier ( f (x) = 0 if x < 0, if not f (x) = x).

We remark that regularization penalties are introduced to the model-building process to avoid
over-fitting, reduce the variance of the prediction error and handle correlated predictors. In addition,
we include early stopping criteria to avoid the issue of overfitting.

4.2.2. Results

Using 181 features, the seven models (M1 corresponding to the logistic regression, M2 to the
random forest, M3 to the boosting approach and D1, D2, D3 and D4 for the different deep learning
models) provide the ROC curve with the AUC criteria, and we also compute the RMSE criteria for
each model.

Analyzing Tables 1 and 2 using 181 variables, we observe that there exists a certain competition
between the approaches relying on the random forest (M2) and the one relying on gradient boosting
(M3). The interesting point is that the complex deep learning in which we have tried to maximize the
use of optimization functions does not provide the best models.

10



Risks 2018, 6, 38

Table 1. Models’ performances on the validation dataset with 181 variables using AUC and RMSE
values for the seven models.

Models AUC RMSE

M1 0.842937 0.247955
M2 0.993271 0.097403
M3 0.994206 0.041999
D1 0.902242 0.120964
D2 0.812946 0.124695
D3 0.979357 0.320543
D4 0.877501 0.121133

Table 2. Models’ performances on the test dataset with 181 variables using AUC and RMSE values for
the seven models.

Models AUC RMSE

M1 0.876280 0.245231
M2 0.993066 0.096683
M3 0.994803 0.044277
D1 0.904914 0.114487
D2 0.841172 0.116625
D3 0.975266 0.323504
D4 0.897737 0.113269

On the validation set, we observe that the AUC criteria have the highest value with model M3,
then model M2, then model D3, and for the four last places, the model D1, then D4, M1 and D2. If we
consider the RMSE criteria, the model M3 provides the smallest error, then the model M2, then D1 and
D4 and, finally, D2, M1 and D3. Thus, the model D3 has the highest error. We observe that the ranking
of the performance metric is not the same using the AUC and RMSE criteria.

On the test set, we observe the same ranking for the AUC and for RMSE as with the training set,
except for D1 and D4 that switch between the third and the fourth place. D3 provides the highest AUC
among the deep learning models; however, it yields the highest error.

If the gradient boosting model remains the best fit (using the AUC) with the smallest error,
we observe the stability of models on both the validation and test sets. In all scenarios, we observe that
the deep learning models do not outperform the tree-based models (M2, M3). The comparison between
the results obtained with the AUC criteria and the RMSE criteria indicate that a unique criterion is
not sufficient.

The ROC curves corresponding to these results are provided in Figures 1–4: they illustrate the
speed at which the ROC curve attains the value of one on the y-axis with respect to the value of the
specificity. The best curve can be observed on the second row and first column for the validation set in
Figure 1 and for the test in Figure 3, which corresponds to the model M3.
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Figure 1. ROC curves for the models M1, M2, M3, D1, D2 and D3 using 181 variables using the
validation set.

Figure 2. ROC curve for the model D4 using 181 variables using the validation set.
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Figure 3. ROC curves for the models M1, M2, M3, D1, D2 and D3 using 181 variables with the test set.

Figure 4. ROC curve for the model D4 using 181 variables with the test set.

Models M1–M3 and D1–D4 have all used the same 181 variables for fittings. In terms of variable
importance, we do not obtain the same top 10 variables for all the models Gedeon (1997). The top
10 variables’ importance for the models are presented in Table 3 and correspond to 57 different variables.
We refer to them as A1, ...A57 (they represent a subset of the original variables (X1, . . . , X181). Some
variables are used by several algorithms, but in not more than three occurrences. Table 4 provides a
brief description of some of the variables.
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Table 3. Top 10 variables selected by the seven models.

M1 M2 M3 D1 D2 D3 D4

X1 A1 A11 A11 A25 A11 A41 A50
X2 A2 A5 A6 A6 A32 A42 A7
X3 A3 A2 A17 A 26 A33 A43 A51
X4 A4 A1 A18 A27 A34 A25 A52
X5 A5 A9 A19 A7 A35 A44 A53
X6 A6 A12 A20 A28 A36 A45 A54
X7 A7 A13 A21 A29 A37 A46 A55
X8 A8 A14 A22 A1 A38 A47 A56
X9 A9 A15 A23 A30 A39 A48 A57

X10 A10 A16 A24 A31 A40 A49 A44

Table 4. Example of variables used in the models, where ’EBITDA’ denotes Earnings Before
Interest, Taxes, Depreciation and Amortization; ’ABS’ denotes Absolute Value function; ’LN’ denotes
Natural logarithm.

TYPE METRIC

EBITDA

EBITDA/FINACIAL EXPENSES
EBITDA/Total ASSETS

EBITDA/EQUITY
EBITDA/SALES

EQUITY
EQUITY/TOTAL ASSETS
EQUITY/FIXED ASSETS

EQUITY/LIABILITIES

LIABILITIES
LONG-TERM LIABILITIES/TOTAL ASSETS

LIABILITIES/TOTAL ASSETS
LONG TERM FUNDS/FIXED ASSETS

RAW FINANCIALS
LN (NET INCOME)
LN(TOTAL ASSETS)

LN (SALES)

CASH-FLOWS
CASH-FLOW/EQUITY

CASH-FLOW/TOTAL ASSETS
CASH-FLOW/SALES

PROFIT

GROSS PROFIT/SALES
NET PROFIT/SALES

NET PROFIT/TOTAL ASSETS
NET PROFIT/EQUITY

NET PROFIT/EMPLOYEES

FLOWS

(SALES (t) −SALES (t−1))/ABS(SALES (t−1))
(EBITDA (t) −EBITDA (t−1))/ABS(EBITDA (t−1))

(CASH-FLOW (t) −CASH-FLOW (t−1))/ABS(CASH-FLOW (t−1))
(EQUITY (t) − EQUITY (t−1))/ABS(EQUITY (t−1))

We now investigate the performance of these algorithms using only the 10 variables selected by
each algorithm. We do then the same for the seven models. The results for the criteria AUC and RMSE
are provided in Tables 5–11. Only the results obtained with the test set are provided.

All the tables showed similar results. The M2 and M3 models performed significantly
bettercompared to the other five models in terms of the AUC. The deep learning models and the based
logistic model poorly performed on these new datasets. Now, looking at the RMSE for the two best
models, M3 is the best in all cases. The highest AUC and lowest RMSE among the seven models on
these datasets is provided by the M3 model using the M3 top variables (Table 7).
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Comparing the results provided by the best model using only the top 10 variables with the model
fitted using the whole variable set (181 variables), we observe that the M3 model is the best in terms of
highest AUC and smallest RMSE. The tree-based models provide stable results, whatever the number
of variables used, which is not the case when we fit the deep learning models. Indeed, if we look at
their performance when they use their top ten variables, this one is very poor: refer to Line 4 in Table 8,
Line 5 in Table 9, Line 6 in Table 10 and Line 7 in Table 11.

Table 5. Performance for the seven models using the top 10 features from model M1 on the test dataset.

Models AUC RMSE

M1 0.638738 0.296555
M2 0.98458 0.152238
M3 0.975619 0.132364
D1 0.660371 0.117126
D2 0.707802 0.119424
D3 0.640448 0.117151
D4 0.661925 0.117167

Table 6. Performance for the seven models using the top 10 features from model M2 on the test dataset.

Models AUC RMSE

M1 0.595919 0.296551
M2 0.983867 0.123936
M3 0.983377 0.089072
D1 0.596515 0.116444
D2 0.553320 0.117119
D3 0.585993 0.116545
D4 0.622177 0.878704

Table 7. Performance for the seven models using the top 10 features from model M3 on the test dataset.

Models AUC RMSE

M1 0.667479 0.311934
M2 0.988521 0.101909
M3 0.992349 0.077407
D1 0.732356 0.137137
D2 0.701672 0.116130
D3 0.621228 0.122152
D4 0.726558 0.120833

Table 8. Performance for the seven models using the top 10 features from model D1 on the test dataset.

Models AUC RMSE

M1 0.669498 0.308062
M2 0.981920 0.131938
M3 0.981107 0.083457
D1 0.647392 0.119056
D2 0.667277 0.116790
D3 0.6074986 0.116886
D4 0.661554 0.116312
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Table 9. Performance for the seven models using the top 10 features from model D2 on the test dataset.

Models AUC RMSE

M1 0.669964 0.328974
M2 0.989488 0.120352
M3 0.983411 0.088718
D1 0.672673 0.121265
D2 0.706265 0.118287
D3 0.611325 0.117237
D4 0.573700 0.116588

Table 10. Performance for the seven models using the top 10 features from model D3 on the test dataset.

Models AUC RMSE

M1 0.640431 0.459820
M2 0.980599 0.179471
M3 0.985183 0.112334
D1 0.712025 0.158077
D2 0.838344 0.120950
D3 0.753037 0.117660
D4 0.711824 0.814445

Table 11. Performance for the seven models using the top 10 features from model D4 on the test dataset.

Models AUC RMSE

M1 0.650105 0.396886
M2 0.985096 0.128967
M3 0.984594 0.089097
D1 0.668186 0.116838
D2 0.827911 0.401133
D3 0.763055 0.205981
D4 0.698505 0.118343

In summary, the class of tree-based algorithms (M2 and M3) outperforms. In terms of the AUC
and RMSE, the logistic regression model (M1) and the multilayer neural network models (deep
learning D1–D4)) considered in this study in both the validation and test datasets using all 181 features,
we observe that the gradient boosting model (M3) demonstrated high performance for the binary
classification problem compared to the random forest model (M2), given the lower RMSE values.

Upon the selection of the top 10 variables from each model to be used for modeling, we obtain the
same conclusion of higher performance with models M2 and M3, with M3 as the best classifier in terms
of both the AUC and RMSE. The gradient boosting model (M3) recorded the highest performance on
the test dataset in the top 10 variables selected out of the 181 variables by this model M3.

Now, we look at the profile of the top 10 variables selected by each model. We denote
Ai, i = 1, · · · A57, the variables chosen by the models among the 181 original variables; we refer
to Tables 3 and 4. In this last table, we provide information on the variables that have been selected for
this exercise. For instance, model M2 selects three variables already provided by model M1. Model
M3 selects only one variable provided by model M1. The model D1 uses three variables of model M1.
The model D2 selects one variable selected by model M2. Model D3 selects one variable used by model
D1. The model D4 selects one variable selected by M1.

The classification of the variables used by each model is as follows: the variables A1, ..., A10 of the
model M1 correspond to flow data and aggregated balance sheets (assets and liabilities). As concerns
financial statement data, the model M2 selects financial statement data and detailed financial statements
(equities and debt). The model M3 selects detailed financial statements (equities and debt). The model
D1 selects financial statement data and at the lowest level of granularity of financial statement data
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(long-term bank debt). The models D2 and D3 select an even lower level of granularity of financial
statement data (short-term bank debt and leasing). The model D4 has selected the most granular data,
for instance the ratio between elements as the financial statements.

Thus, we observe an important difference in the way the models select and work with the data
they consider for scoring a company and as a result accepting to provide them with a loan. The model
M1 selects more global and aggregated financial variables. The models M2 and M3 select detailed
financial variables. The models relying on deep learning select more granular financial variables, which
provide more detailed information on the customer. There is no appropriate discrimination among the
deep learning models of selected variables and associated performance on the test set. It appears that
the model M3 is capable of distinguishing the information provided by the data and only retains the
information that improves the fit of the model. The tree-based models, M2 and M3, turn out to be the
best and stable binary classifiers as they properly create split directions, thus keeping only the efficient
information. From an economic stand point, the profile of the selected top 10 variables from the model
M3 will be essential in deciding whether to provide a loan or not.

5. Conclusions

The rise of Big Data and data science approaches, such as machine learning and deep learning
models, does have a significant role in credit risk modeling. In this exercise, we have showed that
it is important to make checks on data quality (in the preparation and cleaning process to omit
redundant variables), and it is important to deal with an imbalanced training dataset to avoid bias to a
majority class.

We have also indicated that the choice of the features to respond to a business objective (In our
case, should a loan be awarded to an enterprise? Can we use few variables to save time in this decision
making?) and the choice of the algorithm used to make the decision (whether the enterprise makes
defaults) are two important keys in the decision management processing when issuing a loan (here,
the bank). These decisions can have an important impact on the real economy or the social world;
thus, regular and frequent training of employees in this new field is crucial to be able to adapt to
and properly use these new techniques. As such, it is important that regulators and policy-makers
make quick decisions to regulate the use of data science techniques to boost performance, avoid
discrimination in terms of wrong decisions proposed by algorithms and to understand the limits of
some of these algorithms.

Additionally, we have shown that it is important to consider a pool of models that match the data
and business problem. This is clearly deduced by looking at the difference in performance metrics.
Note that we did not consider a combination of the different models. Data experts or data scientists
need to be knowledgeable about the model structures (in terms of the choice of hyper-parameters,
estimation, convergence criteria and performance metrics) in the modeling process. We recommend
that performance metrics should not be only limited to one criterion like the AUC to enhance the
transparency of the modeling process (see Kenett and Salini (2011)). It is important to note that
standard criteria like the AIC, Bayesian information criterion (BIC) and R2 are not always suitable for
the comparison of model performance, given the types of model classes (regression based, classification
based, etc.). We also noticed that the use of more hyper-parameters, as in the grid deep learning model,
does not outperform the tree-based models on the test dataset. Thus, practitioners need to be very
skilled in modeling techniques and careful while using some black-box tools.

We have shown that the selection of the 10 top variables, based on the variable importance
of models, does not necessarily yield stable results given the underlying model. Our strategy of
re-checking model performance on these top variables can help data experts validate the choice of
models and variables selected. In practice, requesting a few lists of variables from clients can help
speed up the time to deliver a decision on a loan request.
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We have seen that algorithms based on artificial neural networks do not necessarily provide the
best performance and that regulators need also to ensure the transparency of decision algorithms to
avoid discrimination in and a possible negative impact on the industry.
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Abstract: We review recent progress in modeling credit risk for correlated assets. We employ a
new interpretation of the Wishart model for random correlation matrices to model non-stationary
effects. We then use the Merton model in which default events and losses are derived from the
asset values at maturity. To estimate the time development of the asset values, the stock prices are
used, the correlations of which have a strong impact on the loss distribution, particularly on its
tails. These correlations are non-stationary, which also influences the tails. We account for the asset
fluctuations by averaging over an ensemble of random matrices that models the truly existing set of
measured correlation matrices. As a most welcome side effect, this approach drastically reduces the
parameter dependence of the loss distribution, allowing us to obtain very explicit results, which show
quantitatively that the heavy tails prevail over diversification benefits even for small correlations.
We calibrate our random matrix model with market data and show how it is capable of grasping
different market situations. Furthermore, we present numerical simulations for concurrent portfolio
risks, i.e., for the joint probability densities of losses for two portfolios. For the convenience of the
reader, we give an introduction to the Wishart random matrix model.

Keywords: credit risk; financial markets; non-stationarity; random matrices; structural models;
Wishart model

1. Introduction

To assess the impact of credit risk on the systemic stability of the financial markets and
the economy as a whole is of considerable importance as the subprime crisis of 2007–2009
and the events following the collapse of Lehman Brothers drastically demonstrated (Hull 2009).
Better credit risk estimation is urgently called for. A variety of different approaches exists,
see (Bielecki and Rutkowski 2013; Bluhm et al. 2016; Crouhy et al. 2000; Duffie and Singleton 1999;
Glasserman and Ruiz-Mata 2006; Heitfield et al. 2006; Ibragimov and Walden 2007; Lando 2009;
Mainik and Embrechts 2013; McNeil et al. 2005) for an overview. Most of them fall into the
reduced-form (Chava et al. 2011; Duffie and Singleton 1999; Schönbucher 2003) or structural-approach
class (Elizalde 2005; Merton 1974); a comprehensive review is given in (Giesecke 2004). The problem to
be addressed becomes ultimately a statistical one, as loss distributions for large portfolios of credit
contracts have to be estimated. Typically, they have a very heavy right tail, which is due to either
unusually large single events such as the Enron bankruptcy or the simultaneous occurrence of many
small events as seen during the subprime crisis. Reducing this tail would increase the stability of the
financial system as a whole. Unfortunately, the claim that diversification can lower the risk of a portfolio is
questionable or even wrong, because often, the correlations between the asset values are ignored. They are
very important in a portfolio of credit contracts, e.g., in the form of collateralized debt obligations (CDOs).
In detailed studies, it was shown that the presence of even weak positive correlation diversification fails
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to reduce the portfolio risk (Glasserman 2004; Schönbucher 2001) for first passage models and for the
Merton model (Koivusalo and Schäfer 2012; Schäfer et al. 2007; Schmitt et al. 2014).

Recently, progress has been made to analytically solve the Merton model (Merton 1974) in a most
general setting of a correlated market and even in the realistic case of fluctuating correlations between
the assets. The covariance and correlation matrix of asset values changes in time (Münnix et al. 2012;
Sandoval and Franca 2012; Song et al. 2011; Zhang et al. 2011), exhibiting an important example
of the non-stationarity, which is always present in financial markets. The approach we review
here (Schmitt et al. 2013, 2014, 2015; Sicking et al. 2018) uses the fact that the set of different
correlation matrices measured in a smaller time window that slides through a longer dataset can
be modeled by an ensemble of random correlation matrices. The asset values are found to be
distributed according to a correlation averaged multivariate distribution (Chetalova et al. 2015;
Schmitt et al. 2013, 2014, 2015). This assumption is confirmed by detailed empirical studies. Applied to
the Merton model, this ensemble approach drastically reduces, as a most welcome side effect, the number
of relevant parameters. We are left with only two, an average correlation between asset values and
a measure for the strength of the fluctuations. The special case of zero average correlation has been
previously considered (Münnix et al. 2014). The limiting distribution for a portfolio containing an infinite
number of assets is also given, providing a quantitative estimate for the limits of diversification benefits.
We also report the results of Monte Carlo simulations for the general case of empirical correlation matrices
that yield the value at risk (VaR) and expected tail loss (ETL).

Another important aspect is comprised of concurrent losses of different portfolios. Concurrent
extreme losses might impact the solvencies of major market participants, considerably enlarging
the systemic risks. From an investor’s point of view, buying CDOs allows on to hold a “slice” of
each contract within a given portfolio (Benmelech and Dlugosz 2009; Duffie and Garleanu 2001;
Longstaff and Rajan 2008). Such an investor might be severely affected by significant concurrent credit
portfolio losses. It is thus crucial to assess in which way and how strongly the losses of different
portfolios are coupled. In the framework of the Merton model and the ensemble average, losses of two
credit portfolios are studied, which are composed of statistically-dependent credit contracts. Since
correlation coefficients only give full information in the case of Gaussian distributions, the statistical
dependence of these portfolio losses is investigated by means of copulas (Nelsen 2007). The approach
discussed here differs from the one given in (Li 2000), as Monte Carlo simulations of credit portfolio
losses with empirical input from S&P 500 and Nikkei 225 are run and the resulting empirical copulas
are analyzed in detail. There are many other aspects causing systemic risk such as fire sales spillover
(Di Gangi et al. 2018).

We review our own work on how to take into account the non-stationarity of asset correlations
into credit risk (Schmitt et al. 2013, 2014, 2015; Sicking et al. 2018). To make the paper self-contained,
this review is preceded by a brief sketch of the Wishart model and a discussion of its re-interpretation
to model non-stationary correlations.

This review paper is organized as follows: In Section 2, we introduce random matrix theory for
non-stationary asset correlations, including a sketch of the Wishart model for readers not familiar with
random matrices. This approach is used in Section 3 to account for fluctuating asset correlations in
credit risk. In Section 4, concurrent credit portfolio losses are discussed. Conclusions are given in
Section 5.

2. Random Matrix Theory for Non-Stationary Asset Correlations

We sketch the salient features of the Wishart model for correlation and covariance matrices in
Section 2.1. In Section 2.2, we discuss a new interpretation of the Wishart model as a model to describe
the non-stationarity of the correlations.
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2.1. Wishart Model for Correlation and Covariance Matrices

Financial markets are highly correlated systems, and risk assessment always requires knowledge
of correlations or, more generally, mutual dependencies. We begin with briefly summarizing some of
the facts needed in the sequel. To be specific, we consider stock prices and returns, but correlations can
be measured in the same way for all observables that are given as time series. We are interested in, say,
K companies with stock prices Sk(t), k = 1, . . . , K as functions of time t. The relative price changes
over a fixed time interval Δt, i.e., the returns:

rk(t) =
Sk(t + Δt)− Sk(t)

Sk(t)
(1)

are well known to have distributions with heavy tails; the smaller the Δt, the heavier. The sampled
Pearson correlation coefficients are defined as:

Ckl = 〈Mk(t)Ml(t)〉T

Mk(t) =
rk(t)− 〈rk(t)〉T

σk

(2)

between the two companies k and l in the time window of length T. The time series Mk(t) are obtained
from the return time series rk(t) by normalizing (in some communities referred to as standardizing)
to zero mean and to unit variance, where the sample standard deviation σk is evaluated in the
above-mentioned time window. We define the K × T rectangular data matrix M whose k-th row is the
time series Mk(t). The correlation matrix with entries Ckl is the given by:

C =
1
T

MM† , (3)

where † indicates the transpose. By definition, C is real symmetric and has non-negative eigenvalues.
We will also use the covariance matrix Σ = σCσ where the diagonal matrix σ contains the standard
deviations σk, k = 1, . . . , K. Setting A = σM, we may write:

Σ =
1
T

AA† (4)

for the covariance matrix. We have to keep in mind that correlations or covariances only fully grasp the
mutual dependencies if the multivariate distributions are Gaussian, which is not the case for returns if
Δt is too small. We come back to this point.

Correlation or covariance matrices can be measured for arbitrary systems in which the observables
are time series. About ninety years ago, Wishart (Muirhead 2005; Wishart 1928) put forward a random
matrix model to assess the statistical features of the correlation or covariance matrices by comparing to
a Gaussian null hypothesis. Consider the K values Ak(t), k = 1, . . . , K at a fixed time t, which form the
K component data vector A(t)A(t) = (A1(t), . . . , AK(t))†. Now, suppose that we draw the entries of
this vector from a multivariate Gaussian distribution with some covariance matrix Σ0, say, meaning that:

w̃(A(t)|Σ0) =
1

det1/2(2πΣ0)
exp

(
−1

2
A†(t)Σ−1

0 A(t)
)

(5)

is the probability density function. We now make the important assumptions that, first, the data vectors
are statistically independent for different times t and, second, the distribution (5) has exactly the same
form for all times t = 1, . . . , T with the same covariance matrix Σ0. Put differently, we assume that
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the data are from a statistical viewpoint, Markovian and stationary in time. The probability density
function for the entire model data matrix A is then simply the product:

w(A|Σ0) =
T

∏
t=1

w̃(A(t)|Σ0)

=
1

detT/2(2πΣ0)
exp

(
−1

2
trA†Σ−1

0 A
)

.

(6)

This is the celebrated Wishart distribution for the data matrix A, which predicts the statistical
features of random covariance matrices. By construction, we find for the average of the model
covariance matrix AA†/T:

〈 1
T

AA†〉 =
∫

d[A]w(A|Σ0)
1
T

AA† = Σ0 , (7)

where the angular brackets indicate the average over the Wishart random matrix ensemble (6) and where
d[A] stands for the flat measure, i.e., for the product of the differentials of all independent variables:

d[A] = ∏
k,t

dAk(t) . (8)

We notice that in the random matrix model, each Ak(t) is one single random variable; both the
index k and the argument t are discrete. Hence, the dAk(t) is not the differential of a function,
rather it is simply the differential of the random variable Ak(t). The Wishart ensemble is based on the
assumptions of statistical independence for different times, stationarity and a multivariate Gaussian
functional form. The covariance matrix Σ0 is the input for the mean value of the Wishart ensemble
about which the individual random covariance matrices fluctuate in a Gaussian fashion. The strength
of the fluctuations is intimately connected with the length T of the model time series. Taking the formal
limit T → ∞ reduces the fluctuations to zero, and all random covariance matrices are fixed to Σ0. It is
worth mentioning that the Wishart model for random correlation matrices has the same form. If we
replace A with M and Σ0 with C0, we find the Wishart distribution that yields the statistical properties
of random correlation matrices.

The Wishart model serves as a benchmark and a standard tool in statistical inference
(Muirhead 2005) by means of an ergodicity argument: the statistical properties of individual covariance
or correlation matrices may be estimated by an ensemble of such matrices, provided their dimension
K is large. Admittedly, this ergodicity argument does not necessarily imply that the probability
density functions are multivariate Gaussians. Nevertheless, arguments similar to those that lead
to the central limit theorem corroborate the Gaussian assumption, and empirically, it was seen to
be justified in a huge variety of applications. A particularly interesting application of the Wishart
model for correlations in the simplified form with C0 = 1K was put forward by the Paris and Boston
econophysics groups (Laloux et al. 1999; Plerou et al. 1999) who compared the eigenvalue distributions
(marginal eigenvalue probability density functions) of empirical financial correlation matrices with the
theoretical prediction. They found good agreement in the bulk of the distributions, which indicates a
disturbing amount of noise-dressing in the data due to the relatively short lengths of the empirical time
series with considerable consequences for portfolio optimization methods (Bouchaud and Potters 2003;
Giada and Marsili 2002; Guhr and Kälber 2003; Pafka and Kondor 2004; Plerou et al. 2002;
Tumminello et al. 2005).

2.2. New Interpretation and Application of the Wishart Model

Financial markets are well known to be non-stationary, i.e., the assumption of stationarity is
only meaningful on short time scales and is bound to fail on longer ones. Non-stationary complex
systems pose fundamental challenges (Bernaola-Galván et al. 2001; Gao 1999; Hegger et al. 2000;
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Rieke et al. 2002) for empirical analysis and for mathematical modeling (Zia and Rikvold 2004;
Zia and Schmittmann 2006). An example from finance is comprised of the strong fluctuations of the
sample standard deviations σk, measured in different time windows of the same length T (Black 1976;
Schwert 1989), as shown in Figure 1. Financial markets demonstrated their non-stationarity in a
rather drastic way during the recent years of crisis. Here, we focus on the non-stationarity of the
correlations. Their fluctuations in time occur, e.g., because the market expectations of the traders
change, the business relations between the companies change, particularly in a state of crisis, and so
on. To illustrate how strongly the K × K correlation matrix C as a whole changes in time, we show it for
subsequent time windows in Figure 2. The dataset used here consists of K = 306 continuously-traded
companies in the S&P 500 index between 1992 and 2012 (Yahoo n.d.). Each point represents a correlation
coefficient between two companies. The darker the color, the larger the correlation. The companies
are sorted according to industrial sectors. The inter-sector correlation is visible in the off-diagonal
blocks, whereas the intra-sector correlation is visible in the blocks on the diagonal. For later discussion,
we emphasize that the stripes in these correlation matrices indicate the structuring of the market in
industrial sectors; see, e.g., (Münnix et al. 2012).
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Figure 1. Standard deviation time series for Goodyear from 1992–2018. The return interval is Δt = 1
trading day, and the time window has a length of T = 60 trading days.

Figure 2. Correlation matrices of K = 306 companies for the fourth quarter of 2005 and the first quarter
of 2006; the darker, the stronger the correlation. The companies are sorted according to industrial
sectors. Reproduced with permission from (Schmitt et al. 2013), EPLA.

Clearly, the non-stationary fluctuations of the correlations influence all deduced economic
observables, and it is quite plausible that this effect will be strong for the statistics of rare,
correlated events. In the sequel, we will show that the tails of the loss distributions in credit risks
will be particularly sensitive to the non-stationarity of the correlations. We will also extend the
Merton model (Merton 1974) of credit risk to account for the non-stationarity. To this end, we will
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now put forward a re-interpretation of the Wishart random matrix model for correlation matrices
(Schmitt et al. 2013). As mentioned in Section 2.1, the Wishart model in its original and widely-used
form is based on the assumption of stationarity. Using ergodicity, it predicts statistical properties of
large individual correlation and covariance matrices with the help of a fictitious ensemble of random
matrices. Ergodicity means that averages of one single system over a very long time can be replaced
by an average over an ensemble of matrices or other mathematical structures, which represent all
possible systems of the same kind. We now argue that the Wishart model may be viewed as an
ensemble of random matrices that models a truly existing ensemble of non-stationary covariance
matrices. The elements of this ensemble model are in a statistical sense a set of covariance matrices,
which result from a measurement. In the re-interpretation of the Wishart model the issue of ergodicity
does not arise. Two elements in this latter ensemble are shown in Figure 2; the whole ensemble consists
of all correlation matrices measured with a window of length T sliding through a set of much longer
time series of length Ttot. The size of the truly existing ensemble is thus Ttot/T if the windows do not
overlap. The average correlation or covariance matrices C0 or Σ0 are simply the sample averages over
the whole time series of length Ttot. We have K time series divided into pieces of length T that yield
the truly existing ensemble. To model it with an ensemble of random matrices, we have to employ
data matrices A with K rows, representing the model time series, but we are free to choose their length
N. As argued above, the length of the time series controls the strength of the fluctuations around the
mean. Thus, we use K × N random data matrices A and write:

w(A|Σ0) =
1

detN/2(2πΣ0)
exp

(
−1

2
trA†Σ−1

0 A
)

(9)

for the probability density function. The K × K mean covariance matrix Σ0 is the input and given by
the sample mean using the whole time series of length Ttot. This is our re-interpreted Wishart model
to describe fluctuating, non-stationary covariance or correlation matrices. Importantly, ergodicity
reasoning is not evoked here, and it would actually be wrong. It is also worth mentioning that we are
not restricted to large matrix dimensions.

Next, we demonstrate that the non-stationarity in the correlations induces generic, i.e., universal
features in financial time series of correlated markets. We begin with showing that the returns are to a
good approximation multivariate Gaussian distributed, if the covariance matrix Σ is fixed. We begin
with assuming that the distribution of the K dimensional vectors r(t) = (r1(t), . . . , rK(t)) for a fixed
return interval Δt while t is running through the dataset is given by:

g(r|Σ) =
1√

det(2πΣ)
exp

(
−1

2
r†Σ−1r

)
, (10)

where we suppress the argument t of r in our notation. We test this assumption with the daily
S&P 500 data. We divide the time series in windows of length T = 25 trading days, which is short
enough to ensure that the sampled covariances can be viewed as constant within these windows.
We aggregate the data, i.e., we rotate the return vector into the eigenbasis of Σ and normalize with the
corresponding eigenvalues. As seen in Figure 3, there is good agreement with a Gaussian over at least
four orders of magnitude; details of the analysis can be found in (Schmitt et al. 2013). To account for
the non-stationarity of the covariance matrices, we replace them with random matrices:

Σ −→ 1
N

AA† , (11)

drawn form the distribution (9). We emphasize that the random matrices A have dimension K × N.
The larger the N, the more terms contribute to the individual matrix elements of AA†/N, eventually
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fixing them for N → ∞ to the mean Σ0. The fluctuating covariances alter the multivariate Gaussian
(10). We model this by the ensemble averaged return distribution:

〈g〉(r|Σ0, N) =
∫

d[A]g
(

r
∣∣∣∣ 1

N
AA†

)
w(A|Σ0) , (12)

which parametrically depends on the fixed empirical covariance matrix Σ0, as well as on N.
The ensemble average can be done analytically (Schmitt et al. 2013) and results in:

〈g〉(r|Σ0, N) =
1

2N/2+1Γ(N/2)
√

det(2πΣ0/N)

K(K−N)/2

(√
Nr†Σ−1

0 r
)

√
Nr†Σ−1

0 r
(K−N)/2

, (13)

where Kν is the modified Bessel function of the second kind of order ν. In the data analysis below,
we will find K > N. Since the empirical covariance matrix Σ0 is fixed, N is the only free parameter
in the distribution (13). For large N, it approaches a Gaussian. The smaller N, the heavier the tails,
for N = 2 the distribution is exponential. Importantly, the returns enter 〈g〉(r|Σ0, N) only via the
bilinear form r†Σ−1r.

10−5

10−3

10−1

p
d
f

-4 0 4
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Figure 3. Aggregated distribution of normalized returns r̃ for fixed covariances from the S&P 500
dataset, Δt = 1 trading day and window length T = 25 trading days. The circles show a normal
distribution. Reproduced with permission from (Schmitt et al. 2013), EPLA.

To test our model, we again have to aggregate the data, but now for the entire S&P 500 dataset
from 1992–2012, i.e., Ttot = 5275 days; see Figure 4. We find N = 5 for daily returns, i.e., Δt = 1 trading
day and N = 14 for Δt = 20 trading days. Furthermore, a more detailed comparison with larger
datasets for monthly returns is provided in Figure 5. Here, stocks taken from the S&P 500 index and
stocks taken from NASDAQ are used. In the top left corner, the dataset consists of 307 stocks taken
from the S&P 500 index, which are continuously traded in the period 1992–2012. The other datasets
following clockwise are: 439 stocks from S&P 500 index in the time period 2002–2012, 2667 stocks from
NASDAQ in the time period 2002–2012 and 708 stocks from NASDAQ in the time period 1992–2012.
We find values around N = 20 for monthly returns. Both datasets are available at (Yahoo n.d.). There
is a good agreement between the model and data. Importantly, the distributions have heavy tails,
which result from the fluctuations of the covariances; the smaller the N, the heavier. For small N, there
are deviations between theory and data in the tails. Three remarks are in order. First, one should
clearly distinguish this multivariate analysis from the stylized facts of individual stocks, which are
well known to have heavy-tailed distributions. This is to some extent accounted for in our model, as
seen in the bottom part of Figure 4. In the top part, the tails are heavier because the time interval Δt is
much shorter. To further account for this, we need to modify the Wishart model by using a distribution
different from a Gaussian one (Meudt et al. 2015). Second, Figure 2 clearly shows that the empirical
ensemble of correlation matrices has inner structures, which are also contained in our model, because
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the mean Σ0 enters. Third, an important issue for portfolio management is that the random matrix
approach reduces the effect of fluctuating correlations to one single parameter characterizing its
strength. Hence, the fluctuation strength of correlations in a given time interval can directly be
estimated from the empirical return distribution without having to estimate the correlations on shorter
time intervals (Chetalova et al. 2015).
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Figure 4. Aggregated distribution of the rotated and scaled returns r̃ for Δt = 1 (top) and Δt = 20
(bottom) trading days. The circles correspond to the aggregation of the distribution (13). Reproduced
with permission from (Schmitt et al. 2013), EPLA.

10−4

10−3

10−2

10−1

1

p
d
f

10−4

10−3

10−2

10−1

1

p
d
f

-4 0 4

r̃
-4 0 4

r̃

Figure 5. Aggregated distribution for the normalized monthly returns with the empirical covariance
matrix on a logarithmic scale. The black line shows the empirical distribution; the red dotted line
shows the theoretical results. The insets show the corresponding linear plots. Top left/right: S&P
500 (1992–2012)/(2002–2012); bottom left/right: NASDAQ (1992–2012)/(2002–2012). Reproduced with
permission from (Schmitt et al. 2015), Infopro Digital.
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In the mathematics and economics literature, dynamic models based on Wishart processes
were introduced, involving multivariate stochastic volatilities (Gouriéroux and Sufana 2004;
Gouriéroux et al. 2009). Various quantities such as leverage, risk premia, prices of options and
Wishart autoregressive processes are calculated and discussed. These studies are related to ours,
although our focus is not on the processes, rather on the resulting distributions, because we wish to
directly model multivariate return distributions in a non-stationary setting.

3. Modeling Fluctuating Asset Correlations in Credit Risk

Structural credit risk models employ the asset value at maturity to derive default events and
their ensuing losses. Thus, the distribution that describes the asset values has to be chosen carefully.
One major requirement is that the distribution is in good accordance with empirical data. This goal
can be achieved by using the random matrix approach for the asset correlations, discussed in Section 2.
Based on (Schmitt et al. 2014, 2015), we discuss the Merton model together with the random matrix
approach in Section 3.1. In Section 3.2, we reveal the results for the average loss distribution of a credit
portfolio. The adjustability of the model is shown in Section 3.3. In Section 3.4, we discuss the impact
of the random matrix approach on VaR and ETL.

3.1. Random Matrix Approach

We start out from the Merton model (Merton 1974) and extend it considering a portfolio of K
credit contracts. Each obligor in the portfolio is assumed to be a publicly-traded company. The basic
idea is that the asset value Vk(t) of company k is the sum of time-independent liabilities Fk and equity
Ek(t), i.e., Vk(t) = Fk + Ek(t). The stochastic process Vk(t) represents the unobservable asset (firm)
value. This is indeed a weakness of the Merton model, which has often been discussed (Duan 1994;
Elizalde 2005). Here, we proceed by assuming that Vk(t) can be estimated by the observable equity
values (Eom et al. 2004) . In the spirit of the Merton model, Vk(t) is modeled by a geometric Brownian
motion. Therefore, one can trace back the changes in asset values to stock price returns and estimate the
parameters of the stochastic process like volatility and drift by empirical stock price data. The liabilities
mature after some time TM, and the obligor has to fulfill his/her obligations and make a required
payment. Thus, he/she has to pay back the face value Fk without any coupon payments in between.
This is related to a zero coupon bond, and the equity of the company can be viewed as an European
call option on its asset value with strike price Fk. A default occurs only if at maturity, the asset value
Vk(TM) is below the face value Fk. The corresponding normalized loss is:

Lk =
Fk − Vk(TM)

Fk
Θ(Fk − Vk(TM)) . (14)

The Heaviside step function Θ(x) guarantees that a loss is always larger than zero. This is necessary,
because in the case Vk(TM) > Fk, the company is able to make the promised payment, and no loss
occurs. In other words, the default criterion can be affiliated with the leverage at maturity Fk/Vk(TM).
If the leverage is larger than one, a default occurs, and if the leverage is below one, no default occurs.
The total portfolio loss L is a sum over the individual losses weighted by their fractions fk in the portfolio:

L =
K

∑
k=1

fkLk , fk =
Fk

∑K
i=1 Fi

. (15)

The aim is to describe the average portfolio loss distribution p(L), which can be expressed by
means of a filter integral:

p(L) =
∫

[0,∞)K

d[V]g(V|Σ)δ
(

L −
K

∑
k=1

fkLk

)
, (16)
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where g(V|Σ) is the multivariate distribution of all asset values at maturity time TM and Σ is the
covariance matrix, and the measure d[V] is the product of all differentials:

d[V]=
K

∏
k=1

dVk . (17)

This is equivalent to a K − 1-fold convolution, which is expressed in terms of a filter integral by means
of the Dirac delta function δ(x). We notice the complexity of the integral (16) as the losses (14) involve
Heaviside functions. The distribution g(V|Σ) is obtained by the more easily accessible distribution
g(r|Σ) where r is the return vector consisting of the returns:

rk(t) =
Vk(t + Δt)− Vk(t)

Vk(t)
, (18)

defined analogously to (1). Here, Δt is the return horizon, which corresponds to the maturity time, i.e.,

Δt = TM (19)

because we are interested in changes of the asset values over the time period TM.
The crucial problem is that the asset values show fluctuating correlations in the course of time.

This non-stationarity has to be taken into account by the distribution g(r|Σ) when larger time scales like
one year or more are considered. As described in Section 2, the random matrix approach can be used
to cope with the non-stationary asset correlations. The average asset value distribution 〈g〉 (V|Σ0, N)

is obtained by averaging a multivariate normal distribution over an ensemble of Wishart distributed
correlation matrices. Thus, we calculate the loss distribution as an ensemble average. From (16), we find:

〈p〉(L|Σ0, N) =
∫

[0,∞)K

d[V]〈g〉(V|Σ0, N)δ

(
L −

K

∑
k=1

fkLk

)
. (20)

Again, we emphasize that the ensemble truly exists as a consequence of the non-stationarity.
As a side effect of the random matrix approach, the resulting distribution depends only on two
parameters: the K × K average covariance matrix Σ and the free parameter N, which controls the
strength of the fluctuations around the average covariance matrix. N behaves like an inverse variance
of the fluctuations; the smaller the N, the larger the fluctuations become. Both parameters have to be
determined by historical stock price data.

The average asset value distribution depends on the K × K mean covariance matrix Σ0.
To circumvent the ensuing complexity and to make analytical progress, we assume an effective
average correlation matrix:

C0 =

⎡⎢⎢⎢⎢⎣
1 c c . . .
c 1 c . . .
c c 1 . . .
...

...
...

. . .

⎤⎥⎥⎥⎥⎦ (21)

where all off-diagonal elements are equal to c. The average correlation is calculated over all assets
for the selected time horizon. We emphasize that only the effective average correlation matrix C0

is fixed; the correlations in the random matrix approach fluctuate around this mean value. In the
sequel, whenever we mention a covariance matrix with an effective correlation matrix, we denote
it as an effective covariance matrix, and whenever we mention a fully-empirical covariance matrix
where all off-diagonal elements differ from another, we denote it as an empirical covariance matrix or
a covariance matrix with a heterogeneous correlation structure. Using the assumption (21), analytical
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tractability is achieved, but it also raises the question whether the data can still be described well.
To compare the result with the data, one has to rotate and scale the returns again, but instead of using
the empirical covariance matrix the covariance matrix with the effective average correlation structure
has to be applied. The results for monthly returns, using the same dataset as in Figure 5, are shown
in Figure 6. Still, there is a good agreement between the average asset value distribution with the
assumption (21) and the data. This leads to the conclusion that the approximation is reasonable.
Considering the parameter Neff, which is needed to describe the fluctuations around the effective
average correlation matrix, values around Neff = 4 are found. In contrast to the larger values around
N = 20, which describe the distributions best in the case of an empirical correlation matrix, the lower
values in the case of an effective correlation matrix with average correlation c are needed to describe
the larger fluctuations around this average. This result corroborates the interpretation of N as an
inverse variance of the fluctuations. Now, the correlation structure of a financial market is captured
solely by two parameters: the average correlation coefficient c and parameter N, which indicates the
strength of the fluctuations around this average.
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Figure 6. Aggregated distribution for the normalized monthly returns with the effective correlation
matrix on a logarithmic scale. The black line shows the empirical distribution; the red dotted
line shows the theoretical results. The insets show the corresponding linear plots. Top left/right:
S&P 500 (1992–2012)/(2002–2012); bottom left/right: NASDAQ (1992–2012)/(2002–2012). The average
correlation coefficients are c = 0.26, 0.35, 0.21 and 0.25, respectively. Reproduced with permission from
(Schmitt et al. 2015), Infopro Digital.

3.2. Average Loss Distribution

Having shown the quality of the random matrix approach, we may now proceed in calculating the
average portfolio loss distribution (20). We deduce the average distribution for the asset values
〈g〉(V|Σ0, N) from the result (13) for the returns. In the Merton model, it is assumed that the
asset values Vk(t) follow a geometric Brownian motion with drift and volatility constants μk and
ρk, respectively. This leads to a multivariate Gaussian of the form (10) for the returns, which is consistent
with the random matrix approach. Therefore, according to Itô’s Lemma (Itô 1944), we perform a change
of variables:

rk −→ ln
Vk(TM)

Vk0
−

(
μk −

ρ2
k

2

)
TM , (22)
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with Vk0 = Vk(0) and the volatilities:

ρk =
σk√
TM

, (23)

where σk is the standard deviation in connection with (2). Furthermore, we assume a large portfolio in
which all face values Fk are of the same order and carry out an expansion for large K. The analytical
result is:

〈p〉(L|c, N) =
1√

2π2N/2Γ(N/2)

∫ ∞

0
dz zN/2−1e−z/2

√
N
2π

×
∫ +∞

−∞
du exp

(
−N

2
u2

)
1√

M2(z, u)
exp

(
− (L − M1(z, u))2

2M2(z, u)

) (24)

for the average loss distribution with:

M1(z, u) =
K

∑
k=1

fkm1k(z, u) (25)

and:

M2(z, u) =
K

∑
k=1

f 2
k

(
m2k(z, u)− m2

1k(z, u)
)

. (26)

The j-th moments mjk(z, u) are:

mjk(z, u) =
√

N
ρk
√

2πTM(1 − c)

∫ F̂k

−∞
dV̂k

(
1 − Vk0

Fk
exp

(√
zV̂k +

(
μk −

ρ2
k

2

)
TM

))j

× exp

(
−

(
V̂k +

√
cTMuρk

)2

2TM(1 − c)ρ2
k/N

)
,

(27)

see (Schmitt et al. 2014). The changed variable is V̂k = (ln(Vk(TM)/Vk0)− (μk − ρ2
k/2)TM)/

√
z with

the upper bound for the integral (27):

F̂k =
1√
z

(
ln

Fk
Vk0

−
(

μk −
ρ2

k
2

)
TM

)
. (28)

The integrals in (24) have to be evaluated numerically.
To further illustrate the results, we assume homogeneous credit portfolios. A portfolio is said to

be homogeneous when all contracts have the same face value Fk = F and start value Vk(0) = V0 and
the same parameters for the underlying stochastic processes like volatility ρk = ρ and drift μk = μ.
Of course, this does not mean that all asset values follow the same path from t = 0 to maturity TM

because underlying processes are stochastic.
It is often argued that diversification significantly reduces the risk in a credit portfolio. In the

context mentioned here, diversification solely means the increase of the number K of credit contracts in
the credit portfolio on the same market. The limit distribution for an infinitely large portfolio provides
information about whether this argument is right or wrong. We thus consider a portfolio of size K → ∞
and find the limiting distribution:

〈p〉(L|c, N)

∣∣∣∣
K→∞

=
1

2N/2Γ(N/2)

√
N
2π

∫ ∞

0
dz zN/2−1e−z/2 exp

(
−N

2
u2

0

)
1

|∂m1(z, u)/∂u|z,u0

, (29)
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where u0(L, z) is the implicit solution of the equation:

L = m1(z, u0) . (30)

We drop the second argument of the first moment m1(z, u0) from (27), since we consider a homogeneous
portfolio. To arrive at the result (29), we use standard methods of the theory of generalized functions
and distributions (Lighthill 1958). We now display the average loss distribution for different K.
The model depends on four parameters, which can be calibrated by empirical data. Three of them,
the average drift μ, the average volatility ρ and the average correlation coefficient c, can be directly
calculated from the data. The fourth parameter N, controlling the strength of the fluctuations, has
to be determined by fitting the average asset value distribution onto the data. The resulting average
portfolio loss distribution 〈p〉(L|c, N) for correlation averaged asset values is shown in Figure 7.
Different portfolio sizes K = 10, 100 and K → ∞ and two different maturity times TM = 20 trading
days and TM = 252 trading days are shown. For the estimation of the empirical parameters, the
S&P 500 dataset in the time period 1992–2012 is used. The parameters for TM = 20 trading days are
N = 4.2, μ = 0.013 month−1, ρ = 0.1 month−1/2 and an average correlation coefficient of c = 0.26,
shown on the top, and for a maturity time of TM = 1 year N = 6.0, μ = 0.17 year−1, ρ = 0.35 year−1/2

and an average correlation coefficient of c = 0.28, shown on the bottom. Moreover, a face value
of F = 75 and an initial asset value of V0 = 100 are used. There is always a slowly decreasing
heavy-tail. A significant decrease of the risk of large losses cannot be achieved by increasing the size of
the credit portfolio. Instead, the distribution quickly converges to the limiting distribution K → ∞.
This drastically reduces the effect of diversification. In a quantitative manner, it is thus shown that
diversification does not work for credit portfolios with correlated asset values. Speaking pictorially,
the correlations glue the obligors together and let them act to some extent like just one obligor.

The values of the average correlation coefficient c and the parameter N also influence the average
loss distribution. The larger the average correlation c and the smaller the parameter N, the heavier are
the tails of the distribution and the more likely is the risk of large losses.
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Figure 7. Average portfolio loss distribution for different portfolio sizes of K = 10, K = 100 and
the limiting case K → ∞. At the top, the maturity time is one month; at the bottom, it is one year.
Reproduced with permission from (Schmitt et al. 2015), Infopro Digital.
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3.3. Adjusting to Different Market Situations

The non-stationarity of financial markets implies that there are calm periods where the markets
are stable, as well as periods of crisis as in the period 2008–2010; see, e.g., for the volatility
in Figure 1. Observables describing the market behavior in different periods vary significantly.
Consequently, the loss distribution, particularly its tail, strongly changes in different market situations.
Our model fully grasps this effect. The parameters, i.e., drift, volatility, average correlation coefficient
and parameter N, can be adjusted to different periods. To demonstrate the adjustability of our model
based on the random matrix approach, we consider the two periods 2002–2004 and 2008–2010. The first
period is rather calm, whereas the second includes the global financial crisis. We determine the average
parameters for monthly returns of continuously-traded S&P 500 stocks, shown in Table 1. For each
period, we take the corresponding parameters and calculate the average portfolio loss distribution;
see Figure 8. As expected, we find a much more pronounced tail risk in times of crisis. This is mainly
due to the enlarged average correlation coefficient in times of crisis. Consequently, we are able to
adjust the model to various periods. It even is possible to adjust the parameters and hence the tail
behavior dynamically.

The setting discussed here includes avalanche or contagion effects only indirectly when calibrated
to a market situation in the state of crisis. Direct modeling of contagion is provided in (Hatchett and
Kühn 2009; Heise and Kühn 2012).

Table 1. Average parameters used for two different time horizons. Taken from (Schmitt et al. 2015).

Time Horizon for Estimation K Neff ρ in Month−1/2 μ in Month−1 c

2002–2004 436 5 0.10 0.015 0.30
2008–2010 478 5 0.12 0.01 0.46
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Figure 8. Average loss distribution for different parameters taken from Table 1. The dashed line
corresponds to the calm period 2002–2004; the solid line corresponds to the global financial crisis 2008–2010.

3.4. Value at Risk and Expected Tail Loss

The approximation of an effective correlation matrix facilitated analytical progress, but importantly,
the average asset return distribution still fits empirical data well when using this approximation. We now
show that this approximation is also capable of estimating the value at risk (VaR) and the expected tail
loss (ETL), also referred to as expected shortfall. We compare the results obtained in this approximation
with the results obtained for an empirical covariance matrix. This is also interesting from the risk
management perspective because it is common to estimate the covariance matrix over a long period of
time and use it as an input for various risk estimation methods. Put differently, we are interested in
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the quality of risk estimation using an effective correlation matrix and taking fluctuating correlations
into account.

The comparison of the effective correlation matrix with the empirical covariance matrix cannot
be done analytically. Hence, Monte Carlo simulations to calculate the VaR and ETL are carried out.
For each asset, its value at maturity time TM is simulated and the portfolio loss according to (15) is
calculated. All assets have the same fraction in the portfolio. For different time horizons, the empirical
covariance matrix, volatilities and drifts for monthly returns of the S&P 500 stocks are calculated.
In addition, the parameter N is determined as described above. In the calm period 2002–2004, we find
for the empirical covariance matrix a rather large parameter value of N = 14, whereas during the
financial crisis in 2008–2010, we find N = 7. This once more illustrates the meaning of N as an inverted
variance of the fluctuations.

The relative deviations of the VaR and ETL for different quantiles of the effective covariance matrix
from the empirical covariance matrix are calculated. This is done in two different ways. First, one may
assume a fully-homogeneous portfolio where the average values for volatility and drift for each stock
are used. Second, one may use the empirically-obtained values for each stock. It turns out that in most
cases, the effective covariance matrix together with homogeneous volatility and drift underestimates the
risk. In contrast, if one uses heterogeneous volatilities and drifts and the effective covariance matrix, one
finds a satisfactory agreement compared to the full empirical covariance matrix; see (Schmitt et al. 2015).
In the latter case, the effective covariance matrix slightly overestimates the VaR and ETL in most cases.
Hence, the structure of the correlation matrix does not play a decisive role in the risk estimation. This is
so because the loss distribution is always a multiply-averaged quantity. A good estimation of the
volatilities, however, is crucial.

The benefit of the random matrix approach is shown by comparing the VaR calculated for N → ∞
and for different values of N. The case N → ∞ does not allow fluctuations of the covariance matrix.
This means that we use stationary correlations, which turn the distribution 〈g〉(V|Σ0, N) of the asset
values at maturity into a multivariate log-normal distribution. Thus, for N → ∞, the benefits of
the random matrix approach are disabled. The underestimation of the VaR by using stationary
correlations, i.e., N → ∞, is measured in terms of the relative deviation from the VaR calculated
for empirical values of N. The empirical covariance matrix and the empirical, i.e., heterogeneous,
volatilities and drifts calculated in the period 2006–2010 are used. The results are shown in Figure 9.
Here, different quantiles α = 0.99, 0.995, 0.999 are used. For the empirically-observed parameter
N = 12, the VaR is underestimated between 30% and 40%. Hence, to avoid a massive underestimation
of risk, the fluctuations of the asset correlations must be accounted for.
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Figure 9. Underestimation of the VaR if fluctuating asset correlations are not taken into account.
The empirical covariance matrix is used and compared for different values of N. Reproduced with
permission from (Schmitt et al. 2015), Infopro Digital.
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4. Concurrent Credit Portfolio Losses

In the previous section, solely one single portfolio on a financial market was considered.
Here, based on (Sicking et al. 2018), we consider the problem of concurrent portfolio losses where
two non-overlapping credit portfolios are taken into account. In Section 4.1, we discuss copulas of
homogeneous portfolios. The dependence of empirical S&P 500- and Nikkei-based credit portfolios is
discussed in Section 4.2.

4.1. Simulation Setup

We consider two non-overlapping credit portfolios, which are set up according to Figure 10,
in which the financial market is illustrated by means of its correlation matrix. The color indicates
the strength of the correlation of two companies in the market. Hence, the diagonal is red as the
diagonal of a correlation matrix is one by definition. The two portfolios are marked in Figure 10 as
black rimmed squares. Both portfolios include K contracts, which means they are of equal size and no
credit contract is contained in either portfolio. Despite the fact that the portfolios are non-overlapping,
they are correlated due to non-zero correlations in the off-diagonal squares.

�
���������

Figure 10. Heterogeneous correlation matrix illustrating a financial market. The two rimmed squares
correspond to two non-overlapping credit portfolios. Taken from (Sicking et al. 2018).

The joint bivariate distribution of the losses L(1) and L(2) of two credit portfolios:

p(L(1), L(2)) =
∫

[0,∞)K

d[V]g(V|Σ)δ
(

L(1) −
K

∑
k=1

f (1)k L(1)
k

)
δ

(
L(2) −

K

∑
k=1

f (2)k L(2)
k

)
(31)

is defined analogously to (16). Here, the upper index indicates the corresponding portfolio.
The normalized losses L(b)

k and portfolio losses L(b), as well as the fractions f (b)k for b = 1, 2 are

defined analogously to (14) and (15), respectively. The total face value Fk = F(1)
k + F(2)

k is the sum over
the face values for both portfolios. We remark that for two non-overlapping portfolios, one of the
addends is always zero.

With this simulation setup, the correlated asset values Vk(TM) for each contract are simulated
several thousand times to calculate the portfolio losses and out of them the empirical portfolio loss
copula. A copula is the joint distribution of a bivariate random variable expressed as a function of
the quantiles for the two marginal distributions. The basic idea of copulas is to separate the mutual
dependence of a bivariate random variable from the two marginal distributions to analyze the statistical
dependencies. In particular, we will analyze the copula density, which is illustrated by means of a
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normalized two-dimensional histogram. Hence, when speaking of a copula, we rather mean its
density. To obtain a better understanding of the mutual dependencies, which are expressed by the
empirical copula, it is compared to a Gaussian copula. This Gaussian copula is fully determined by the
correlation coefficient of the portfolio losses.

To systematically study the influence of different parameters on the portfolio loss copula, it is
helpful to analyze homogeneous portfolios first. The most generic features can be found by focusing
on asset correlations and drifts. The simulation is run in two different ways. First, we consider
Gaussian dynamics for the stock price returns. This means that the asset values at maturity time TM are
distributed according to a multivariate log-normal distribution. We notice that in the case of Gaussian
dynamics, the fluctuations of the random correlations around the average correlation coefficient are
zero. This corresponds to the case N → ∞. Second, we use fluctuating asset correlations, employing a
parameter value of Neff = 5 in accordance with the findings of (Schmitt et al. 2015) for an effective
correlation matrix; see Table 1. For the simulation, the parameters μ = 10−3 day−1, ρ = 0.03 day−1/2

and leverages F/V0 = 0.75 are chosen. The portfolios are of size K = 50; the maturity time is
TM = 1 year; and a market with vanishing asset correlation, i.e., c = 0, is considered. The resulting
copulas are shown in Figure 11. For N → ∞, the loss copula is constant. This result is quite obvious.
Due to the Gaussian dynamics and c = 0, the asset values are uncorrelated and statistically independent.
Therefore, the portfolio losses, which are derived from those independent quantities, do not show
mutual dependencies either. The resulting copula is an independence copula, which agrees with a
Gaussian loss copula for a portfolio loss correlation of Corr(L1, L2) = 0. In the color code, only white
appears. The difference of the empirical copula and the Gaussian copula within each bin is illustrated
by means of a color code. The color bar on the right-hand side indicates the difference between the
two copulas. The colors yellow to red imply a stronger dependence by the empirical copula in the
given (u, v)-interval than predicted by the Gaussian copula. The colors turquoise to blue imply a
weaker dependence of the empirical copula than by a Gaussian copula. White implies that the local
dependence is equal. The empirical average loss correlation calculated from the simulation outcomes
is zero and corroborates this result.

Figure 11. Average loss copula histograms for homogeneous portfolios with vanishing average asset
correlations c = 0. The asset values are multivariate log-normal (N → ∞) in the top figure and
multivariate heavy-tailed (Neff = 5) in the bottom figure. The color bar indicates the local deviations
from the corresponding Gaussian copula. Taken from (Sicking et al. 2018).
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In the bottom panel of Figure 11, the combination of c = 0 and Neff = 5 is shown. The deviations
from the independence copula are striking. They emerge because we included according to the random
matrix approach fluctuating asset correlations around the average correlation c = 0. In that way,
positive. as well as negative correlations are equally likely. Having a look at the copula histograms,
we find a significant deviation from a Gaussian copula. A Gaussian copula is always symmetric
regarding the line spanning from (0, 1) to (1, 0). Nevertheless, the portfolio loss correlation is
Corr(L1, L2) = 0.752. The deviations from the Gaussian copula, which is determined by the calculated
correlation coefficient, can be seen in Figure 11. Especially in the (1, 1) corner, which is related to
concurrent extreme losses, we see that the empirical copula shows a weaker dependence than the
Gaussian copula. We still have to answer the question why the portfolio losses exhibit such a strong
positive correlation, although the average asset correlation is set to zero in the simulation. First, as
explained above, credit risk is highly asymmetric. For example, if in a credit portfolio, one single
contract generates a loss, it is already sufficient enough that the whole portfolio generates a loss. The
company defaulting may just cause a small portfolio loss, but still, it dominates all other non-defaulting
and maybe prospering companies. In other words, there is no positive impact of non-defaulting
companies on the portfolio losses. All those non-defaults are projected onto zero. Second, the
fluctuating asset correlations imply a division of the companies into two blocks. The companies
show positive correlations within the blocks and negative correlations across them. Due to the
aforementioned fact that non-defaulting companies have no positive impact on the loss distribution,
the anti-correlations contribute to the portfolio loss correlation in a limited fashion. They would act as
a risk reduction, which is limited according to the asymmetry of credit risk. On the other side, positive
correlations within the blocks imply a high risk of concurrent defaults.

We now investigate the impact of the drift. All non-defaulting companies are projected onto
a portfolio loss equal to zero. The influence of these projections onto zero and therefore the
default-non-default ratio can be analyzed in greater detail by varying the drift of the asset values.
For example, if a strong negative drift is chosen, it is highly likely that all companies will default
at maturity.

We consider Gaussian dynamics with an average asset correlation of c = 0.3 and a volatility of
ρ = 0.02 day−1/2 and different values of μ. Figure 12 shows the resulting copulas for three different
drift parameters. In the top panel, a drift of μ = 10−3 day−1 was chosen, which leads to a non-default
ratio of 39.1% and an estimated portfolio loss correlation of Corr(L1, L2) = 0.851. One finds a
significant deviation from a symmetric Gaussian copula. In the middle and bottom panel, a drift of
μ = 3 × 10−4 day−1 and μ = −3 × 10−3 day−1 was chosen, which leads to non-default ratios of 12.8%
and zero, respectively. The estimated portfolio loss correlations increase as the non-default ratios
decrease, and one finds a correlation of Corr(L1, L2) = 0.904 and Corr(L1, L2) = 0.954, respectively.
Moreover, we see that the empirical copula turns ever more Gaussian if the percentage of non-defaults
decreases. Finally, at a default probability of 100%, the empirical loss copula is a Gaussian copula.
This is seen in the bottom panel where no color except for white appears. In the middle and top panel,
we see deviations from the Gaussian copula. Especially in the (1, 1) corner, we see that the empirical copula
exhibits a stronger dependence than predicted by the corresponding Gaussian copula. In both cases, the
statistical dependence of large concurrent portfolio losses is underestimated by the Gaussian copula.

We infer that an increase in default probability yields an increase in portfolio loss correlation.
In addition, we conclude that the loss of information, which is caused by the projections onto zero,
is responsible for the observed deviations of the statistical dependencies from Gaussian copulas.

4.2. Empirical Credit Portfolios

Now, more realistic portfolios with heterogeneous parameters are considered. To systematically
study the influence of heterogeneity only, the volatility is initially chosen to be heterogeneous.
Afterwards, we will proceed with the analysis of fully-heterogeneous portfolios. The empirical
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parameters like asset correlation, drift and volatility are determined by historical datasets from S&P 500
and Nikkei 225.

Figure 12. Average loss copula histograms for homogeneous portfolios with asset correlations
c = 0.3. The asset values are multivariate log-normal (N → ∞). The drifts are μ = 10−3 day−1 (top),
3 × 10−4 day−1 (middle) and −3 × 10−3 day−1 (bottom). The color bar indicates the local deviations
from the corresponding Gaussian copula. Taken from (Sicking et al. 2018).

In order to avoid any effect due to a specific parameter choice, the average over thousands of
simulations run with different parameter values is calculated.

We begin with investigating the heterogeneity of single parameters. Gaussian dynamics with an
average asset correlation c = 0.3 and a homogeneous large negative drift of μ = −3 × 10−3 day−1 is
considered. Due to the large negative drift, we have seen that in the case of an additional homogeneous
volatility, the resulting dependence structure is a Gaussian copula. A rather simple heterogeneous
portfolio is constructed when only the daily volatilities are considered random. For each contract, the
volatility is drawn from a uniform distribution in the open interval (0, 0.25). The resulting average
portfolio loss copula is shown in Figure 13. We again compare the average copula calculated by
the simulation outcomes with the average over the corresponding Gaussian copulas determined by
the portfolio loss correlation. Surprisingly, the single parameter heterogeneity is sufficient to cause
deviations from the Gaussian copula. The coloring shows deviations of the empirical copula from the
Gaussian copula especially in the vicinity of the (0, 0) and (1, 1) corners. We come to the conclusion
that a choice of one or more heterogeneous parameters, i.e., a large variety in different parameters for
each portfolio, alters the dependence structure from an ideal Gaussian copula. The more heterogeneous
the portfolios become, the larger the deviations from the symmetric Gaussian copula.
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Figure 13. Average loss copula histograms for two portfolios with heterogeneous volatilities drawn
from a uniform distribution in the interval (0, 0.25). The color bar indicates the local deviations from
the corresponding Gaussian copula. Taken from (Sicking et al. 2018).

So far, there are two causes for non-Gaussian empirical copulas: the loss of information, induced by
the projections of non-defaults onto zero, as well as parameter heterogeneity.

We now turn to empirical portfolios. Before starting the simulation, the empirical parameters
have to be defined. The dataset consists of stock return data from 272 companies listed on the S&P 500
index and from 179 companies listed on the Nikkei 225 index. It is sampled in a 21-year interval, which
covers the period January 1993–April 2014. To set up a realistic, fully-homogeneous portfolio, drifts,
volatilities and correlations are calculated from this empirical dataset. Moreover, in (Schmitt et al. 2013),
it was shown that annual returns behave normally for empirical asset values. To match these findings,
the Gaussian dynamics for the stock price returns is applied. To obtain an average empirical portfolio
loss copula, one first averages over different pairs of portfolios and then averages over randomly
chosen annual time intervals taken out of the 21-year period. By averaging over different pairs of
portfolios, results that are due to specific features of two particular portfolios are avoided. We consider
three different cases, which are shown in Figure 14. In the first case, which is shown in the top panel,
one portfolio is drawn from S&P 500 and the other is drawn from Nikkei 225. In the second case
(middle panel), both portfolios are drawn from S&P 500, and in the third case (bottom panel) both are
drawn from Nikkei 225.

In all three cases, we find deviations of the empirical copula from the Gaussian copula.
Especially the dependence of the extreme events is much more pronounced than by the prediction of a
Gaussian copula. This can be seen in the (1, 1) corner, where the colors indicate that the tails are much
more narrow and pointed compared to the Gaussian copula. On the other side, the tails in the (0, 0)
corner are flatter compared to a Gaussian copula. The asymmetry regarding the line spanned by (1, 0)
and (0, 1) leads to the conclusion that extreme portfolio losses occur more often simultaneously than
in the case of small portfolio losses. Hence, an extreme loss of one portfolio is very likely to also yield
an extreme loss of the other portfolio. This dependence is much stronger than predicted by a Gaussian
copula. Thus, modeling portfolio loss dependencies by means of Gaussian copulas is deeply flawed
and might cause severe underestimations of the actual credit risk.

Another important aspect of credit risk can be analyzed by considering different portfolio sizes.
So far, only rather small portfolios of size K = 50 were chosen. Increasing the size of the portfolios
leads to a rise in portfolio loss correlation. This behavior can be explained by the decrease of the
idiosyncrasies of large portfolios. Moreover, it explains why the empirical loss copulas in Figure 14
are almost perfectly symmetric regarding the line spanned by (0, 0) and (1, 1). Portfolios based on
the S&P 500 dataset with a size of K = 50 each reveal an significant average loss correlation of
Corr(L1, L2) = 0.779. Even if we decrease the size to K = 14 companies, an average portfolio loss
correlation of Corr(L1, L2) > 0.5 is found. This reveals that high dependencies among banks are not
only limited to “big players”, which hold portfolios of several thousand contracts. Furthermore, small
institutions show noticeable dependencies even though their portfolios are non-overlapping.
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Figure 14. Time averaged loss copula histograms for two empirical copulas of size K = 50. The asset
values are multivariate log-normal (N → ∞). Top: Portfolio 1 is always drawn from S&P 500 and
Portfolio 2 from Nikkei 225; middle: both portfolios are drawn from S&P 500; bottom: both portfolios
are drawn from Nikkei 225. The color bar indicates the local deviations from the corresponding
Gaussian copula. Taken from (Sicking et al. 2018).

5. Discussion

The motivation for the studies that we reviewed here was two-fold. First, the massive perturbations
that shook the financial markets starting with the subprime crisis of 2007–2009 sharpened the
understanding of how crucial the role of credits is for the stability of the economy as a whole in
view of the strong interdependencies. Better credit risk estimation is urgently called for, particularly for
rare, but drastic events, i.e., for the tails of the loss distributions. Particularly, the often claimed benefit
of diversification has to be critically investigated. Second, the ubiquitous non-stationarity in financial
markets has to be properly accounted for in the models. The financial crisis illustrates in a painful
way that decisive economic quantities strongly fluctuate in time, ruling out elegant, but too simplistic
equilibrium approaches, which fail to grasp the empirical situation.

This two-fold motivation prompted a random matrix approach to tackle and eventually solve
the Merton model of credit risk for fully-correlated assets. A proper asset value distribution can be
calculated by an ensemble average of random correlation matrices. The main ingredient is a new
interpretation of the Wishart model for correlation or covariance matrices. While it was originally meant
to describe generic statistical features resulting from stationary time series, i.e., eigenvalue densities
and other quantities for large correlation matrices, the new interpretation grasps non-stationary
correlation matrices by modeling a truly existing, measured set of such correlation matrices with an
ensemble of random correlation matrices. Contrary to the original interpretation of the Wishart model,
ergodicity reasoning is not applied, and a restriction to large matrices is not needed, either.
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According to the Merton model, stock price data instead of data on asset values can be used
to calibrate the required parameters. This is quite valuable because empirical data on asset values
are not easy to obtain, whereas stock price data are commonly available. Considering long time
horizons, the sample statistics of returns can be described by a multivariate mixture of distributions.
The resulting distribution is the average of a multivariate normal distribution over an ensemble
of Wishart-distributed covariance matrices. This random matrix approach takes the fluctuating
asset correlations into account. As a very nice side effect, the random matrix approach reduces the
number of parameters that describe the correlation structure of the financial market to two. Both
of them can be considered as macroscopic. One parameter is a mean correlation coefficient of the
asset values, and the other parameter describes the strength of the fluctuations around this average.
Furthermore, the random matrix approach yields analytical tractability, which allows one to derive an
analytical expression for the loss distribution of a portfolio of credit contracts, taking fluctuating asset
correlations into account. In a quantitative manner, it is shown that in the presence of asset correlations,
diversification fails to reduce the risk of large losses. This is substantial quantitative support and
corroboration for qualitative reasoning in the economic literature. Furthermore, it is demonstrated that
the random matrix approach can describe very different market situations. For example, in a crisis,
the mean correlation coefficient is higher, and the parameter governing the strength of the fluctuations
is smaller than in a quite period, with considerable impact on the loss distribution.

In addition, Monte Carlo simulations were run to calculate VaR and ETL. The results support
the approximation of an effective average correlation matrix if heterogeneous average volatilities are
taken into account. Moreover, the simulations show the benefit of the random matrix approach. If the
fluctuations between the asset correlations are neglected, the VaR is underestimated by up to 40%.
This underestimation could yield dramatic consequences. Therefore, the results strongly support a
conservative approach to capital reserve requirements.

Light is shed on intrinsic instabilities of the financial sector. Sizable systemic risks are present
in the financial system. These were revealed in the financial crisis of 2007–2009. Up to that point,
tail-dependencies between credit contracts were underestimated, which emerged as a big problem in
credit risk assessment. This is another motivation for models like ours that take asset fluctuations into
account.

The dependence structure of credit portfolio losses was analyzed within the framework of the
Merton model. Importantly, the two credit portfolios operate on the same correlated market, no matter
if they belong to a single creditor or bank or to different banks. The instruments to analyze the joint risk
are correlations and copulas. Correlations break down the dependence structure into one parameter
and represent only a rough approximation for the coupling of portfolio losses. In contrast, copulas
reveal the full dependence structure. For two non-overlapping credit portfolios, we found concurrent
large portfolio losses to be more likely than concurrent small ones. This observation is in contrast to a
symmetric Gaussian behavior as described by correlation coefficients. Risk estimation by solely using
standard correlation coefficients yields a clear underestimation of concurrent large portfolio losses.
Hence, from a systemic viewpoint, it is really necessary to incorporate the full dependence structure of
joint risks.
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Abstract: This paper proposes a new method to model loss given default (LGD) for IFRS 9 purposes.
We develop two models for the purposes of this paper—LGD1 and LGD2. The LGD1 model is applied
to the non-default (performing) accounts and its empirical value based on a specified reference
period using a lookup table. We also segment this across the most important variables to obtain
a more granular estimate. The LGD2 model is applied to defaulted accounts and we estimate the
model by means of an exposure weighted logistic regression. This newly developed LGD model
is tested on a secured retail portfolio from a bank. We compare this weighted logistic regression
(WLR) (under the assumption of independence) with generalised estimating equations (GEEs) to
test the effects of disregarding the dependence among the repeated observations per account. When
disregarding this dependence in the application of WLR, the standard errors of the parameter
estimates are underestimated. However, the practical effect of this implementation in terms of model
accuracy is found to be negligible. The main advantage of the newly developed methodology is the
simplicity of this well-known approach, namely logistic regression of binned variables, resulting in a
scorecard format.

Keywords: loss given default; weighted logistic regression; International Financial Reporting
Standard 9; independence assumption

1. Introduction

The International Accounting Standard Board published the IFRS 9 standard in 2014, (IFRS 2014),
which replaced most of International Accounting Standard (IAS) 39. Amongst others, it contains
impairment requirements that allow for earlier recognition of credit losses. The financial
statements of banks are expected to reflect the IFRS 9 accounting standards as of 1 January 2018
(European Banking Authority (EBA)). Banks found that IFRS 9 had a significant impact on systems
and processes (Beerbaum 2015). While the IAS 39 standard made use of provisions on incurred
losses, the financial crisis showed that expected losses, instead of incurred losses, are better used
to calculate provisioning for banks (Global Public Policy Committee (GPPC)). In addition, under
IFRS 9, the expected credit losses (ECL) should be equivalent to the lifetime ECL, if the credit risk
has increased significantly. When the converse is true, a financial entity may allow for credit losses
equal to a 12-month ECL. The ECL model is a forward-looking model and should result in the early
detection of credit losses, which is anticipated to contribute to overall financial stability (IFRS 2014).
The ECL is a function of the probability of default (PD), the loss given default (LGD) and the exposure
at default (EAD).
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In this paper, we focus on the LGD component within the impairment calculation under IFRS
9. There are many methodologies to model LGD, see e.g., Joubert et al. (2018a, 2018b) and the
references therein. These methodologies include the run-off triangle method, beta regression, survival
analysis, fractional response regression, inverse beta transformation, and Box–Cox transformation.
Most of these techniques are quite complex and very difficult to understand, including the monitoring
and validation thereof. This is confirmed by Bijak and Thomas (2018), who indicate that more than
15 different performance measures can be found in the literature concerning LGD models, possibly
due to the difficulty of modelling the distribution shape of LGD. The LGD can be modelled through
either the direct or the indirect approach. When using the direct approach, the LGD is equal to
one minus the recovery rate (De Jongh et al. 2017). The indirect approach uses two components
that are modelled separately, namely the probability component and the loss severity component.
Independent of the methodology, the LGD is always assessed over the life of the lending exposure
(Basel Committee on Banking Supervision 2015a).

Different modelling approaches are usually followed for accounts in different stages. An account
can reside in one of three stages. Stage 1 accounts are performing accounts, Stage 2 have significant
deterioration in credit risk, but are not in default, while defaulted accounts are in Stage 3 (Aptivaa 2016).

This paper describes the proposed new methodology to model the LGD for IFRS 9 purposes.
We estimated both the LGD1 and LGD2 values, where the LGD1 was applied to non-defaulted
accounts and the LGD2 to defaulted accounts. For the non-defaulted accounts (accounts in Stages 1
and 2, according to the IFRS 9 definition) we used the historically observed the LGD value (LGD1)
and segmented this value according to variables with business importance using a lookup table.
The weighted logistic regression was applied on the defaulted accounts (accounts in Stage 3, according
to the IFRS 9 definition) to obtain the LGD2. This therefore resulted in two models: one for the LGD1
and one for the LGD2. The LGD1 was applied for Stage 1 (12 months) and Stage 2 (lifetime) because,
while the PD component differentiates between 12 months and lifetime, the LGD is the loss expected
for the remaining life of the account. Since logistic regression is well known and regularly used in
banks, established monitoring metrics and governance practices have been embedded in the industry.
These metrics, as well as the methodology, are thoroughly understood by stakeholders, which leads to
a high degree of confidence in the results. Logistic regression using the scorecard format provides an
even more transparent and user-friendly technique that is easy to understand and communicate to
stakeholders. For this reason, we propose this new methodology to model the LGD for IFRS 9 purposes.

The paper consists of five sections. The modelling approach is described in Section 2. Section 3
follows with a case study where the proposed methodology is applied to a secured retail portfolio.
The effect of the dependency of the observations used in the logistic regression is tested by comparing
the results from the logistic regression with that of a generalised estimating equation (that takes
dependency into account). We also investigate whether a decision tree could outperform the weighted
logistic regression. Section 4 discusses the strengths and weaknesses of our new methodology and
Section 5 concludes.

2. LGD Methodology

This section describes the newly proposed LGD methodology. First, the methodology used to
estimate the LGD of the non-defaulted accounts is provided (LGD1) under Section 2.1, followed
by Section 2.2 that discusses the methodology employed to model the LGD of the defaulted
accounts (LGD2).

2.1. LGD1 Methodology

The LGD1 was obtained by calculating the loss as the exposure at default minus the net present
value (NPV) of recoveries, divided by the EAD. The LGD1 is typically modelled on a smaller data
sample than for the LGD2, since the loss is only calculated on accounts in Stages 1 and 2 that eventually
transition into default. The probability of transitioning from Stages 1 and 2 directly into default is
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typically very low. The data sample for LGD2 is typically much larger as it considers all accounts
in default and not only those that transition into it in a specific cohort. In this specific case study,
the discounted write-off amount served as a proxy for the NPV of recovery cash flows. A more
granular estimate was obtained by using the most important LGD drivers to segment the LGD1 values.
The historical LGD values were calculated (and averaged) per segment and the estimated LGD1
values were derived using a lookup table (see e.g., Basel Committee on Banking Supervision (2015b)).
The results of the case study are shown in Section 3.1. Note that the number of variables available to
use for the LGD2 modelling is much larger than that for the LGD1. The reason is that some of the
default related variables are not available at the LGD1 model stage, e.g., months since default.

2.2. LGD2 Methodology

We use a weighted logistic regression to model the LGD for the defaulted account including
all available data. The actual loss experienced is transformed to a binary format related to the
“fuzzy augmentation” technique commonly used to introduce “rejects” in scorecard development
(Siddiqi 2006). This means that each observation has both a target of 1 (Y = 1) as well as a target of 0 (Y
= 0). Furthermore, a weight variable is created, where the sum of the weights of these two events adds
up to the full exposure of the account at observation. This is related to Van Berkel and Siddiqi (2012)
who used a scorecard format for modelling LGD. This newly proposed methodology for LGD2 only
considers worked-out accounts. A worked-out account can either cure or be written off. Note that the
point of write-off is taken as that specific point where the institution (e.g., bank) no longer expects
any recovery. This is specifically prescribed by the reporting standard: “IFRS 7 (35F) (e): The Group
writes off financial assets, in whole or in part, when it has exhausted all practical recovery efforts and
has concluded there is no reasonable expectation of recovery. Indicators that there is no reasonable
expectation of recovery include (i) ceasing enforcement activity and (ii) where the Group’s effort to
dispose of repossessed collateral is such that there is no reasonable expectation of recovering in full”
(PWC 2017). In effect, with our methodology, all write-offs and cures are included regardless of the
time spent in default and no filter is applied on default cohort.

We calculated the LGD for accounts that cured and for accounts that were written off. The modelling
approach can be subdivided into five steps: (1) sample creation; (2) target and weight variables created;
(3) input variables; (4) weighted logistic regression; and (5) test for independence.

Note that if any accounts in the considered dataset originated as credit impaired accounts
(i.e., accounts starting in default), their loss behaviour will most likely be different from other Stage 3
accounts and should therefore be modelled separately (i.e., segment the portfolio based on this
characteristic). In this specific case study here presented, no such accounts existed.

2.2.1. Step 1: Sample Created

This approach would first need to identify all worked-out accounts (i.e., write-off, cure) over
an appropriate reference period. Note that one account can appear multiple times, but an account
will only appear once per month. This violates the logistic regression assumption of independent
observations. The effect of this dependence (Sheu 2000) is tested at the end of the paper, by comparing
a generalised estimating equation (GEE) model with the logistic regression model. In statistics, a GEE
is used to estimate the parameters of a generalised linear model with a possible unknown correlation
between outcomes (Kuchibhatla and Fillenbaum 2003).

The sample of observations was split into two datasets for out of sample testing. Evaluating the
performance of a classifier on the same data used to train the classifier usually leads to an optimistically
biased assessment (SAS Institute 2010). The simplest strategy for correcting the optimism bias is to
hold out a portion of the development data for assessment (Baesens et al. 2016), i.e., data splitting.
We therefore split the data into a training and a validation dataset. The validation data is used only for
assessment and not for model development.
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2.2.2. Step 2: Target and Weight Variables Created

Two rows (Y = 1 and Y = 0) are created for each observation (i.e., per account per month).
Each row is weighted. Cured and written-off accounts are weighted differently. Mathematically, the
weight for observation i is defined as

wi =

⎧⎪⎪⎨⎪⎪⎩ Exposurei × LGDi i f Yi = 1

Exposurei × (1− LGDi) i f Yi = 0,
(1)

where the loss given default of observation i (LGDi) is defined as

LGDi =

⎧⎪⎪⎨⎪⎪⎩P(Cure) × P(rede f ault) × LGD1.Unadj if observation i is a cured

WOi/Exposurei if observation i is written off
, (2)

where

• i is the number of observations from 1 to N;
• Exposurei is the exposure of observation i; and therefore,

EADi =
∑
∀Yi

Exposurei = ExposureiIND(Yi = 1) + ExposureiIND(Yi = 0), (3)

where IND(Yi = 1) :=
{

1 i f Yi = 1
0 i f Yi = 0

and IND(Yi = 0) :=
{

1 i f Yi = 0
0 i f Yi = 1

.

• P(Cure) is the proportion of cured observations over the total number of worked-out accounts
(over the reference period);

• P(rede f ault) is the proportion of observations that re-default over the reference period;
• LGD1.Unadj is the exposure at default (EAD) minus the net present value (NPV) of recoveries from

first point of default for all observations in the reference period divided by the EAD—see e.g.,
PWC (2017) and Volarević and Varović (2018);

• WOi is the discounted write-off amount for observation i; and
• P(Cure), P(rede f ault) and LGD1.Unadj are therefore empirical calculated values. This should be

regularly updated to ensure the final LGD estimate remains a point in time estimate as required
by IFRS (IFRS 2014).

Note that the write-off amount is used in Equation (2) to calculate the actual LGD. An alternative
method employs the recovery cash flows over the work out period. A bank is required to use
its “best estimate” (a regulatory term, e.g., Basel Committee on Banking Supervision (2019b) and
European Central Bank (2018)) to determine actual the LGD. In this case, this decision was based on
the data available. Only the write-off amount was available for our case study, not the recovered cash
flows. In Equation (2), the write-off amount needs to be discounted using the effective interest rate
(PWC 2017), to incorporate time value of money. When recoveries are used, each recovery cash flow
needs to be similarly discounted. In the case study, the length of the recovery time period exists in the
data and differs for each account. The length of this recovery time period will have an influence on the
calculation of LGD: the longer the recovery process, the higher the effective discount rate. In the case
study, we used the client interest rate as the effective interest rate when discounting.

Note that, in special circumstances, accounts may be partially written off, leading to an
overestimation of provision. This should be taken into account during the modelling process.
However, in our case study no such accounts existed.

Illustrative Example
Consider one observation with an exposure of $50,000. Assume it is a written-off account, for a

specific month, with an LGDi = 27% (based on the written-off amount divided by the exposure, i.e.,
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WOi/Exposurei). The weight variable for Y = 1 will be 27%× $50, 000 = $13, 500 and Y = 0 will be
(1− 27%) × $50, 000 = $36, 500 (see Table 1).

Table 1. Illustrative example of weight variable.

Binary Outcome (Y) Exposure Weight Variable

0 $50,000 $13,500
1 $50,000 $36,500

2.2.3. Step 3: Input Variables (i.e., Variable Selection)

All input variables were first screened according to the following three requirements: percentage
of missing values, the Gini statistic and business input. If too many values of a specific variable were
missing that variable was excluded. Similarly, if a variable had a too low value for the Gini statistic,
then that variable was also excluded. Note that business analysts should investigate whether there are
any data issues with variables that have low Gini statistics. For example, traditionally strong variables
may appear weak if the data has significant sample bias. This forms part of data preparation that is
always essential before predictive modelling should take place.

The Gini statistic (Siddiqi 2006) quantifies a model’s ability to discriminate between two possible
values of a binary target variable (Tevet 2013). Cases are ranked according to the predictions and the
Gini then provides a measure of correctness. It is one of the most popular measures used in retail credit
scoring (Baesens et al. 2016; Siddiqi 2006; Anderson 2007) and has the added advantage that it is a
single value (Tevet 2013).

The Gini is calculated as follows (SAS Institute 2017):

1. Sort the data by descending order of the proportion of events in each attribute. Suppose a
characteristic has m attributes. Then, the sorted attributes are placed in groups 1, 2, . . . , m.
Each group corresponds to an attribute.

2. For each of these sorted groups, compute the number of events
(
(#(Y = 1) j

)
and the number of

nonevents (#(Y=0)_j)in group j. Then compute the Gini statistic:

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝1−
2
∑m

j=2

(
(#(Y = 1) j ×

∑ j−1
j=1 #(Y = 0) j

)
+
∑m

j=1

(
(#(Y = 1) j × #(Y = 0) j

)
#(Y = 1) × #(Y = 0)

× 100

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠, (4)

where #(Y = 1) and #(Y = 0) are the total number of events and nonevents in the data, respectively.

Only variables of sufficient Gini and which were considered important from a business perspective
were included in the modelling process. All the remaining variables after the initial screening were
then binned. The concept of binning is known by different names such as discretisation, classing,
categorisation, grouping and quantification (Verster 2018). For simplicity we use the term binning
throughout this paper. Binning is the mapping of continuous or categorical data into discrete bins
(Nguyen et al. 2014). It is a frequently used pre-processing step in predictive modelling and considered
a basic data preparation step in building a credit scorecard (Thomas 2009). Credit scorecards are
convenient points-based models that predict binary events and are broadly used due to their simplicity
and ease of use; see e.g., Thomas (2009) and Siddiqi (2006). Among the practical advantages of
binning are the removal of the effects of outliers and a convenient way to handle missing values
(Anderson 2007). The binning was iteratively done by first generating equal-width bins, followed by
business input-based adjustments to obtain the final set. Note that if binned variables are used in
logistic regression, the final model can easily be transformed into a scorecard.

All bins were quantified by means of the average LGD value per bin. The motivation behind this
was to propose an alternative to using dummy variables. Logistic regression cannot use categorical
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variables coded in its original format (Neter et al. 1996). As such, some other measure is needed for
each bin to make it usable—the default technique of logistic regression is a dummy variable for each
class less one. However, expanding categorical inputs into dummy variables can greatly increase the
dimension of the input space (SAS Institute 2010). One alternative to this is to quantify (e.g., using
weights of evidence (WOE)—see Siddiqi (2006)) each bin using the target value (in our case the LGD
value), which will reduce the number of estimates. An example of this is using the natural logarithm
(ln) of the good/bad odds (i.e., the WOE)—see for example Lund and Raimi (2012). We used the
standardised average LGD value in each bin.

Some of the advantages of binning and quantifying the bins are as follows:

• The average LGD value can be calculated for missing values, which will allow ”Missing” to be
used in model fit (otherwise these rows would not have been used in modelling). Note that not
all missing values are equal and there are cases where they need to be treated separately based
on reason for missing, e.g., “No hit” at the bureau vs. no trades present. It is therefore essential
that business analysts investigate the reason for missing values and treat them appropriately.
This again forms part of data preparation that is always a key prerequisite to predictive modelling.

• Sparse outliers will not have an effect on the fit of the model. These outliers will become
incorporated into the nearest bin and their contributions diminished through the usage of bin
WOE or average LGD.

• Binning can capture some of the generalisation (required in predictive modelling). Generalisation
refers to the ability to predict the target of new cases and binning improves the balance between
being too vague or too specific.

• The binning can capture possible non-linear trends (as long as they can be assigned
logical causality).

• Using the standardised average LGD value for each bin ensures that all variables are of the same
scale (i.e., average LGD value).

• Using the average LGD value ensures that all types of variables (categorical, numerical, nominal,
ordinal) will be transformed into the same measurement type.

• Quantifying the bins (rather than using dummy variables) results in each variable being seen
as one group (and not each level as a different variable). This aids in reducing the number of
parameter estimates.

Next, each of these average LGD values was standardised using the weight variable by calculating
the average LGD per bin. An alternative approach could have been to calculate the WOE for each bin.
The WOE is regularly used in credit scorecard development (Siddiqi 2006) and is calculated using only
the number of 1’s and the number of 0’s for each bin. Note that our underlying variable of interest
(LGD) is continuous. However, since our modelled target variable was dichotomous, we wanted
the quantification of the bin to reflect our underlying true target, e.g., the LGD value, which ranges
from 0 to 1. This average LGD value per bin was then standardised by means of the weight variable.
The weighted mean LGD, LGDw is defined as

LGDw =

∑
i wiLGDi∑

i wi
, (5)

where LGDi is the LGD value of observation i and wi is the weight of observation i. The weighted
standard deviation LGD is defined as

sw =

√∑
i wi
(
LGDi − LGDw

)2
N − 1

, (6)
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where N is the number of observations. The weighted standardised value for LGD, LGD∗i,
for observation i will then be

LGD∗i =
LGDi − LGDw

sw
. (7)

The standardisation of all input variables implies that the estimates from the logistic regression
will be standardised estimates. The benefit is that the absolute value of the standardised estimates can
serve to provide an approximate ranking of the relative importance of the input variables on the fitted
logistic model (SAS Institute 2010). If this was not done, the scale of each variable could also have had
an influence on the estimate. Note that the logistic regression fitted was a weighted logistic regression
with the exposure as weight (split for Y = 1 and Y = 0) and therefore to ensure consistency, we also
weighted the LGD with the same weight variable as used in the logistic regression.

Furthermore, pertaining to the month since default as input variable: The model that is developed
does not require the length of default for incomplete accounts in order to estimate LGD. It assumes
that the length of default for these accounts will be comparable to similar accounts that have been
resolved. This is an assumption that can be easily monitored after implementation.

2.2.4. Step 4: Weighted Logistic Regression

A weighted logistic regression was then fitted using the available data. The log of the odds in a
weighted logistic regression is given as:

logit(pi) = ln
(

pi

1− pi

)
= β0 + βwiXT

i , (8)

where:

• pi = E(Yi = 1
∣∣∣Xi, β) is the probability of loss for observation i;

• β0, β are regression coefficients with β = {β1, . . . , βK
}
;

• Xi is the vector of the predictor variables Xi1,, . . . , XiK for observation i; and
• wi is the weight of each observation i, calculated by the actual loss amount ($s) and given in

Equation (1).

Note that in this weighted logistic regression, we estimated the regression coefficients where the
repeated observation within the same individual was assumed to be independent (i.e., disregarding
the dependence among repeated observation of the same account).

2.2.5. Step 5: Test the Effect of the Dependence Assumption

A single account would appear multiple times in our dataset (depending on the number of months
the account is present), which violates the assumption of independent observations in logistic regression.
We therefore tested the effect of this violation using a GEE that can handle the statistical dependence
of repeated data by assuming some correlation structure (Kuchibhatla and Fillenbaum 2003) among
observations. This approach estimates regression coefficients without completely specifying the joint
distribution of the multivariate responses, but the parameters of the within-subjects correlation are
explicitly accounted for in the estimation process (Sheu 2000). It is also shown in Sheu (2000) that the
GEE approach is not sensitive to the choice of correlated structure. Kuchibhatla and Fillenbaum (2003)
also found that when comparing the model fit using the GEE with that using the logistic regression,
the logistic regression overestimated the standard errors of the dependent variables.

3. Case Study: Secured Retail Portfolio from a South African Bank

This section illustrates the newly proposed LGD methodology on a secured retail portfolio from
one of the major banks in South Africa. Section 3.1 shows the results for the non-defaulted accounts
(i.e., LGD1). Then, Section 3.2 shows results for the defaulted accounts (LGD2). Note that the data was

53



Risks 2019, 7, 123

split into LGD1 and LGD2, resulting in 95% of the data in the LGD2 dataset and 5% of the data in the
LGD1 dataset. The reason for the much smaller LGD1 dataset is that very few of the “non-defaulted”
sub-set of total accounts actually defaulted. In reality, the LGD1 model is applied to the non-defaulted
portfolio (which is typically the bigger dataset), whereas the LGD2 model is applied to the defaulted
portfolio (which is typically a much smaller dataset). The datasets used for modelling therefore appear
counterintuitive to real world conditions.

3.1. LGD1 Results

The empirical observed LGD described in Section 2.1 was applied to the pre-default book, i.e.,
accounts not in default. This number was further enhanced by using segmentation variables. As it is
important that the variables used for segmentation do not change over time, the final set of variables
was selected on the basis of stability and business sense. These variables were then binned. The final
variables selected for segmentation were loan to value (LTV) at origination, channel/manufacturer
and new/old/used indicator (NOU). The channel/manufacturer variable was derived the channel and
manufacturer code. The empirical LGDs at the point of default were subsequently calculated by these
variables in a matrix type approach (lookup table). The final lookup table for accounts not in default
(Stage 1 and 2) is in Table 2. Note that the standardised LGD values are shown to protect the confidential
information surrounding this portfolio’s observed values. The final segmentation is consistent with
business sense (note the LGD separation from very negative to very positive). This lookup table
approach—separating risks into different bins (slots)—is closely related to the concept of slotting
(Basel Committee on Banking Supervision 2019a).

Table 2. Lookup table for Loss Given Default 1.

LTV Channel & Manufacturer New/Old Standardised LGD

<=1 Group 1 New −1.0553
<=1 Group 1 Old −1.00075
<=1 Group 2 New −0.87389
<=1 Group 2 Old −0.18252
<=1 Group 1 New −0.2155
<=1 Group 1 Old −0.10513
<=1 Group 3 New −0.67346
<=1 Group 3 Old 0.050902
>1 Group 1 New −0.22311
>1 Group 1 Old 0.519007
>1 Group 2 New −0.24721
>1 Group 2 Old 0.532962
>1 Group 1 New 0.365509
>1 Group 1 Old 0.957936
>1 Group 3 New 0.647134
>1 Group 3 Old 1.503425

3.2. LGD2 Results

The results are described according to the five steps discussed in Section 2.2.

3.2.1. Step 1: Sample Created

A 24-month reference period, based on business input, was used. Only worked-out accounts
were selected in this reference period. The LGD2 dataset was then split into a 70% training
(946,285 observations, 38,352 unique accounts) and 30% validation dataset (405,630 observations,
37,720 unique accounts).
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3.2.2. Step 2: Target and Weight Variables Created

Two rows (Y = 1 and Y = 0) were created for each observation (i.e., per account per month).
Each row was weighted, as described in Section 2.2.

3.2.3. Step 3: Input Variables

All input variables were screened using the following three requirements: percentage of missing
values (more than 50% missing was used as a cut-off), the Gini statistic (variables with low Gini statistic
values were excluded) and business input. All bins were quantified using the average LGD value
per bin, which was then standardised with the weight variable. Table 3 lists the binned and quantified
variables used in the weighted logistic regression. The final decision on binning was a combination
of bucket stability (CSI), logical trends as well as consistency of logical trends over time. Some of
the observations on these variables, with respect to LGD values, include (variable names indicated
in brackets):

• Higher LTV values are associated with higher LGD values (LTV).
• The higher the month on book (MOB) value for a customer, the lower the expected LGD

value (MOB).
• The more months a customer has been in default, the higher the LGD value (Default).
• Customers buying old vehicles are associated with higher LGD values (New/Old).
• Certain channels and certain manufacturers are associated with higher LGD values

(Channel Manufacturer).

Table 3. Binned input variables.

LTV LTV Range # Standardised LGD

Bin 1 LTV <=1 18188 −0.00566
Bin 2 LTV <=1.2 10461 −0.00268
Bin 3 LTV > 1.2 9703 0.004802

MOB MOB Range # Standardised LGD

Bin 1 MOB <=24 17593 0.005193244
Bin 2 MOB <=42 10431 −0.000342394
Bin 3 MOB > 42 10328 −0.006198457

Default Default Range # Standardised LGD

Bin 1 0 1043 −0.005747327
Bin 2 1 7706 −0.004411893
Bin 3 2+ 16150 −0.000289465
Bin 4 Other/Missing 13453 0.006032881

New/Old New/Old Range # Standardised LGD

Bin 1 New 15249 −0.004677389
Bin 2 Old 23103 0.004428005

Channel Manufacturer Channel Manufacturer Range # Standardised LGD

Bin 1 Group 1 3870 −0.008325
Bin 2 Group 2 5984 −0.004694
Bin 3 Group 3 26422 0.001172
Bin 4 Group 4 2076 0.011212

This binning approach (separating risks in different bins or slots) is related to the underlying
principle used in slotting (Basel Committee on Banking Supervision 2019a).
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3.2.4. Step 4: Weighted Logistic Regression

A stepwise weighted logistic regression was fitted on the dataset, with a 5% significance level.
The analyses were performed using SAS. The SAS code is provided as Supplementary Material for
reference. While the authors of this paper used SAS, users can implement these techniques using any
available analytic tool including Python and R. The final variables for accounts in default (Stage 3)
are given in Table 4. The Gini statistic on the training dataset was 45.49% and on the validation
dataset 36.04%. The difference between the training and validation Gini is quite large and could
be an indication of the model not generalising well. However, it should be acknowledged that
the Gini describes how well the model distinguishes between the two groups Yi = 1 and Yi = 0
(Breed and Verster 2017), while our underlying target is the LGD value which is a continuous value
between 0 and 1. Therefore, a better measure for both model performance and comparing training and
validation samples is the mean squared error (MSE), although several other measures could have been
used (see Bijak and Thomas (2018) for an extensive list of performance measures applicable to LGD).

Table 4. Weighted logistic regression results.

Analysis of Maximum Likelihood Estimates

Parameter (X) DF Estimate (β) Standard Error Wald Chi-Square Pr > ChiSq

Intercept 1 −1.0977 0.000012 8528907254 <0.0001
LTV (X1) 1 32.6329 0.00256 161977546 <0.0001

Months on books (X2) 1 10.3046 0.00261 15622966.5 <0.0001
Default event (X3) 1 173.9 0.00253 4709270394 <0.0001

New/Old (X4) 1 18.5934 0.00252 54593987.2 <0.0001
Channel/Manufacturer (X5) 1 17.3602 0.00248 48935118.5 <0.0001

The mean squared error was therefore calculated as follows:

MSEi =

(
L̂GDi − LGDi

)2
N

, (9)

where L̂GDi is the predicted LGD value of observation i from the model, LGDi the best estimate of the
actual LGD (as defined in Equation (1)) and where i is the number of observations from 1 to N.

The MSE for the training and validation datasets were 0.0473 and 0.0427 respectively, thus showing
a small mean squared error.

The R-square value (Bijak and Thomas 2018) was calculated as follows:

R squared = 1−
∑

i

(
L̂GDi − LGDi

)2
∑

i

(
L̂GDi − LGD

)2 , (10)

where LGD is the expected value of the actual LGD values. The R-squared value for the training and
validation datasets were 0.3202 and 0.2727, respectively.

Furthermore, it showed that the model generalises well, as it also predicted well on the validation
dataset (small difference between train and validation datasets). Here, the MSE on the training and
validation dataset are very close. Note that the MSE and the R-squared value were calculated on the
LGD values and not the standardised LGD values.

3.2.5. Step 5: Test the Effect of the Dependence Assumption

Next, we estimated the regression coefficients using the GEE, first assuming an independent
correlation structure and then with an autoregressive correlation structure of the order one. In Table 5,
the results of the GEE using an independent correlation structure are shown. The code is provided
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in the Supplementary Material for reference, although any other analytics tool could be used to fit a
GEE model.

Table 5. Generalised Estimating Equations regression results (independent correlation).

Analysis of GEE Parameter Estimates

Empirical Standard Error Estimates

Parameter (X) Estimate (β) Standard Error 95% Confidence Limits Z Pr > |Z|

Intercept −1.0978 0.0116 −1.1205 −1.0750 −94.44 <0.0001
LTV (X1) 32.6348 2.4257 27.8805 37.3891 13.45 <0.0001

Months on books (X2) 10.3055 2.3708 5.6587 14.9522 4.35 <0.0001
Default event (X3) 173.8758 1.8297 170.2897 177.4619 95.03 <0.0001

New/Old (X4) 18.5943 2.4984 13.6976 23.4910 7.44 <0.0001
Channel Manufacturer (X5) 17.3607 2.5861 12.2921 22.4293 6.71 <0.0001

The Gini on the training and validation datasets came to 45.49% and 36.04%, respectively, while the
MSE on the training and validation datasets were 0.0473 and 0.0427. We used a significance level of
5% throughout, and all six variables were statistically significant. We note that the results (parameter
estimates, Gini and MSE) are almost identical to that of the weighted logistic regression.

Next, an autoregressive correlation structure to the order of one was assumed. The results are
shown in Table 6.

Table 6. Generalised Estimating Equations regression results (autoregressive correlation).

Analysis of GEE Parameter Estimates

Empirical Standard Error Estimates

Parameter (X) Estimate (β) Standard Error 95% Confidence Limits Z Pr > |Z|

Intercept −0.7973 0.0080 −0.8131 −0.7816 −99.15 <0.0001
LTV (X1) 24.8404 1.8335 21.2468 28.4339 13.55 <0.0001

Months on books (X2) 6.8528 1.7314 3.4592 10.2463 3.96 <0.0001
Default event (X3) 129.6377 1.3393 127.0126 132.2627 96.79 <0.0001

New/Old (X4) 12.5228 1.8139 8.9677 16.0779 6.90 <0.0001
Channel Manufacturer (X5) 11.7312 1.8959 8.0154 15.4470 6.19 <0.0001

The Gini on the training data was 45.48% and on the validation dataset 36.04%, with the MSE
values being 0.0522 and 0.0406, respectively, for training and validation. Note that all six variables
were again statistically significant.

Next, the three models were compared in terms of parameter estimates, standard errors of
the estimates and on model performance. Table 7 provides the parameter estimates comparisons,
which indicate similar numbers for the weighted logistic regression (LR) and the GEE (independent
correlation). This is similar to the results found by Sheu (2000). The parameter estimates were quite
different, however, when using an autoregressive correlation matrix.

Table 7. Comparison of the parameter estimates of the three modelling techniques.

Weighted LR GEE (Ind Corr) GEE (Ar1 Corr)

β0 −1.0977 −1.0978 −0.7973
β1 32.6329 32.6348 24.8404
β2 10.3046 10.3055 6.8528
β3 173.9 173.8758 129.6377
β4 18.5934 18.5943 12.5228
β5 17.3602 17.3607 11.7312
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In Table 8 the most significant difference between using a weighted logistic regression (disregarding
the dependence among repeated observations of the same account) and using a GEE (addressing the
dependence) can be seen. The weighted logistic regression underestimates the standard error of the
parameter estimates. This is also confirmed by Sheu (2000) and Kuchibhatla and Fillenbaum (2003).
Disregarding the dependence leads to the incorrect estimation of the standard errors. Although this is
a problem from a statistical standpoint, resulting in incorrect inferences of the parameters, the practical
effect is negligible, as evident from the goodness-of-fit statistics (MSE) of the different models.

Table 8. Comparison of the standard errors of the three modelling techniques

Weighted LR GEE (Ind Corr) GEE (Ar1 Corr)

β0 0.000012 0.0116 0.0080
β1 0.00256 2.4257 1.8335
β2 0.00261 2.3708 1.7314
β3 0.00253 1.8297 1.3393
β4 0.00252 2.4984 1.8139
β5 0.00248 2.5861 1.8959

Table 9 summarises the model performance of all three models. It is interesting to note that all
three models have almost identical performance. From a practical point of view, there was no difference
in using any of these three techniques. When the model is productionalised, the bank will use the
model to predict a specific LGD value and the accuracy of this predicted LGD was almost identical
with either technique. If we suppose that the standard errors are not used by the bank, then there is no
reason to refrain from using logistic regression.

Table 9. Comparison of the model performance of the three modelling techniques.

Technique Train MSE Valid MSE Train Gini Valid Gini

Weighted logistic regression 0.04727719 0.04274367 0.45492145910 0.36039085030
GEE (independent correlation) 0.04727703 0.04274417 0.45492145910 0.36039085030

GEE (AR 1 correlation) 0.05222953 0.04062386 0.45482289180 0.36037450660

One additional issue that bears mentioning is the low number of variables in the model
itself. The banking industry prefers to see models that are consistent with how they would make
decisions—meaning models must have variables that not only make business sense, but also cover as
many of the different information types that should be considered. Typically, between eight to fifteen
variables are considered normal in the industry (Siddiqi 2017). In a business setting, it is also common
to add weaker variables, albeit those that display satisfactory correlations with the target, into the
model itself.

3.3. Additional Investigation: Decision Tree

An additional modelling technique, namely the decision tree (Breiman et al. 1984), was considered
to determine whether it could improve on the results above. First, the distribution of the actual LGD
was analysed, as shown in Figure 1 (training dataset). Note that the LGD values were standardised,
by subtracting the average and then dividing by the standard deviation. It can be seen that the LGD has
a huge spike to the left and a much smaller spike closer to the right. This bimodal type of distribution
is typical of an LGD distribution (Joubert et al. 2018a).
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Figure 1. The distribution of the standardised observed LGD (training dataset).

The decision tree (i.e., classification tree), was developed with three different settings (see the
Supplementary Material for the specific code used). First, the default settings were used. Second,
the decision tree was pruned by means of the average squared error (ASE), and lastly, a setting of “no
pruning” was used. For each of the decision trees, we used the same target variable (binary variable),
the same weight variable and the same six explanatory variables as with the other models developed
in this section. The MSE (Table 10) for the decision tree was worse than the weighted logistic regression
and the GEE models that were developed (Table 9). Note that we only show the MSE values here
and not the Gini values, because, as noted before, the MSE is a better measure to indicate model
performance of the “true” target value, i.e., the LGD values.

Table 10. Model performance of decision trees.

Technique Valid MSE

Decision tree (default settings) 0.1012884759
Decision tree (prune on ASE) 0.1002412789

Decision tree (no pruning) 0.1041756997

4. Strengths and Weaknesses of the Methodology

The method discussed in this paper presents several advantages. The first is that it is a relatively
simplistic approach. Logistic regression is a well-known technique that has a long history in the
financial services industry. In contrast, for secured products, indirect more complex methodologies
are often used. One example is using a haircut model for the loss severity component and survival
analysis for the probability component (Joubert et al. 2018b). Because logistic regression is well known
and regularly used in banks, established monitoring metrics and governance practices have been
embedded in the industry. These metrics, as well as the methodology, are thoroughly understood
by stakeholders, which leads to a high degree of confidence in the results. Logistic regression using
the scorecard format provides an even more transparent and user-friendly technique that is easy to
understand and communicate to stakeholders.
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A second advantage is that all variables are first binned and then quantified using the standardised
LGD rate in each bin. Some of the specific advantages of this type of data transformation, as noted
earlier in the paper, are:

• Better handling of missing values, and their usage in the model.
• Better way to deal with outliers by minimising their influence.
• Improved generalisation of data.
• Easier way to capture non-linear trends.
• Easier comparison across variables through the usage of standardised average LGD value for each

bin and standardised estimates.
• A reduction in the degrees of freedom introduces stability into the model.

A weakness of the weighted regression is that it disregards the assumption of independence
and this results in the statistical inference of the parameter estimates being incorrect. In particular,
the standard errors of the parameter estimates are underestimated. Yet, there is no apparent difference
in model accuracy.

5. Conclusions and Recommendation

This paper presented a new methodology to model LGD for IFRS 9 purposes, consisting of two
components. First, the LGD1 model was applied to the non-default accounts and is an empirical
value obtained through a lookup table, based on a specified reference period. This LGD1 was further
segmented across the most important variables to obtain a more granular estimate. Second, the LGD2
was applied to defaulted accounts and is estimated using an exposure weighted logistic regression.
This new methodology was tested by applying it on a real dataset, using a secured retail bank portfolio.

A comparison of this weighted logistic regression was done with GEE models to test the effect of the
dependence among repeated observation of the same account. We discovered that when disregarding
the repeated accounts, the standard errors of the parameter estimates were underestimated. However,
the practical effects of such disregard were found to be negligible.

In conclusion, we propose this new methodology to model LGD for IFRS 9 purposes based on the
following reasons mentioned in the paper:

• This methodology presents a relatively simple approach using logistic regression, which is a
well-known and accepted technique in the banking industry.

• The results are easy to interpret and understand, and when converted to the scorecard format,
provide a transparent user-friendly output.

• The method also uses transformations that offer better alternatives for dealing with issues such as
missing data and outliers.

• Most banks have well-established processes for monitoring and implementing logistic regression
models and they are well understood by stakeholders.

• From a practical perspective, there was no discernible difference in model accuracy when
comparing the logistic regression model to the GEE model or the decision tree.

From a purely theoretical point of view, we recommend using the GEE approach. However,
as some banks do not use the parameter estimates or the associated standard errors for any decisions
(e.g., variable selection), the weighted logistic regression approach may be preferable in such situations.

We suggest future research ideas to include comparing this new methodology to other LGD
modelling techniques. We could also explore alternative data transformations from the current binning
and quantification using standardised LGD rates. We also did not include any direct costs in the
calculation of the LGD, and determining how to split costs into direct and indirect components could be
a further research idea. According to IFRS 9, the LGD should include forward-looking macro-economic
scenarios (Miu and Ozdemir 2017). This has also not been considered in this paper and could be
researched in future.
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Abstract: Utility and risk are two often competing measurements on the investment success. We show
that efficient trade-off between these two measurements for investment portfolios happens, in general,
on a convex curve in the two-dimensional space of utility and risk. This is a rather general pattern.
The modern portfolio theory of Markowitz (1959) and the capital market pricing model Sharpe (1964),
are special cases of our general framework when the risk measure is taken to be the standard deviation
and the utility function is the identity mapping. Using our general framework, we also recover and
extend the results in Rockafellar et al. (2006), which were already an extension of the capital market
pricing model to allow for the use of more general deviation measures. This generalized capital asset
pricing model also applies to e.g., when an approximation of the maximum drawdown is considered
as a risk measure. Furthermore, the consideration of a general utility function allows for going
beyond the “additive” performance measure to a “multiplicative” one of cumulative returns by using
the log utility. As a result, the growth optimal portfolio theory Lintner (1965) and the leverage space
portfolio theory Vince (2009) can also be understood and enhanced under our general framework.
Thus, this general framework allows a unification of several important existing portfolio theories and
goes far beyond. For simplicity of presentation, we phrase all for a finite underlying probability space
and a one period market model, but generalizations to more complex structures are straightforward.

Keywords: convex programming; financial mathematics; risk measure; utility functions; efficient
frontier; Markowitz portfolio theory; capital market pricing model; growth optimal portfolio;
fractional Kelly allocation
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1. Introduction

The modern portfolio theory of Markowitz (1959) pioneered the quantitative analysis of financial
economics. The most important idea proposed in this theory is that one should focus on the
trade-off between expected return and the risk measured by the standard deviation. Mathematically,
the modern portfolio theory leads to a quadratic optimization problem with linear constraints. Using
this simple mathematical structure, Markowitz gave a complete characterization of the efficient
frontier for trade-off of the return and risk. Tobin showed that the efficient portfolios are an affine
function of the expected return Tobin (1958). Markowitz portfolio theory was later generalized by
Lintner (1965), Mossin (1966), Sharpe (1964) and Treynor (1999) in the capital asset pricing model

(CAPM) by involving a riskless bond. In the CAPM model, both the efficient frontier and the related
efficient portfolios are affine in terms of the expected return (Sharpe 1964; Tobin 1958).

The nice structures of the solutions in the modern portfolio theory and the CAPM model afford
many applications. For example, the CAPM model is designed to provide reasonable equilibrium prices
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for risky assets in the market place. Sharpe used the ratio of excess return to risk (called the Sharpe ratio)
to provide a measurement for investment performance (Sharpe 1966). In addition, the affine structure
of the efficient portfolio in terms of the expected return leads to the concept of a market portfolio
as well as the two fund theorem (Tobin 1958) and the one fund theorem (Sharpe 1964; Tobin 1958).
These results provided a theoretical foundation for passive investment strategies.

In many practical portfolio problems, however, one needs to consider more general pairs of reward
and risk. For example, the growth portfolio theory can be viewed as maximizing the log utility of
a portfolio. In order to address the issue that an optimal growth portfolio is usually too risky in practice,
practitioners often have to impose additional restrictions on the risk (MacLean et al. 2009; Vince 2009;
Vince and Zhu 2015). In particular, current drawdown (Maier-Paape 2016), maximum drawdown and
its approximations (De Prado et al. 2013; Maier-Paape 2015; Vince and Zhu 2015), deviation measure
(Rockafellar et al. 2006), as well as conditional value at risk (Rockafellar and Uryasev 2000) and more
abstract coherent risk measures (Artzner et al. 1999) are widely used as risk measures in practice.
Risk, as measured by such criteria, is reduced by diversification. Mathematically, it is to say these
risk measures are convex. For these reasons, considering the trade-off between general risk measures
and expected utilities are crucial in portfolio problems. In particular, including risk measures beyond
positive homogeneous risk measures allows for measuring risk by drawdown (see Maier-Paape and
Zhu (2017)), a concept to which many practitioners are sensitive.

The goal and main results of this paper are to extend the modern portfolio theory into a general
framework under which one can analyze efficient portfolios that trade-off between a convex risk
measure and a reward captured by a concave expected utility (see Section 3). We phrase our primal
problem as a convex portfolio optimization problem of minimizing a convex risk measure subject to
the constraint that the expected utility of the portfolio is above a certain level. Thus, convex duality
plays a crucial role and the structure of the solutions to both the primal and dual problems often
have significant financial implications. We show that, in the space of risk measure and expected
utility, efficient trade-off happens on an increasing concave curve (cf. Proposition 8 and Theorem 4).
We also show that the efficient portfolios continuously depend on the level of the expected utility
(see Theorem 5), and moreover, we can describe the curve of efficient portfolios quantitatively in
a precise manner (cf. Proposition 9 and Corollary 2).

To avoid technical complications, we restrict our analysis to the practical case in which the
status of an underlying economy is represented by a finite sample space. Under this restriction, the
Markowitz modern portfolio theory and the capital asset pricing model are special cases of this general
theory. Markowitz determines portfolios of purely risky assets which provide an efficient trade-off
between expected return and risk measured by the standard deviation (or equivalently the variance).
Mathematically, this is a class of convex programming problems of minimizing the standard deviation
of the portfolio parameterized by the level of the expected returns. The capital asset pricing model, in
essence, extends the Markowitz modern portfolio theory by including a riskless bond in the portfolio.
We observe that the space of the risk-expected return is, in fact, the space corresponding to the dual
of the Markowitz portfolio problem. The shape of the famous Markowitz bullet is a manifestation
of the well known fact that the optimal value function of a convex programming problem is convex
with respect to the level of constraint. As mentioned above, the Markowitz portfolio problem is
a quadratic optimization problem with linear constraint. This special structure of the problem dictates
the affine structure of the optimal portfolio as a function of the expected return (see Theorem 6).
This affine structure leads to the important two fund theorem (cf. Theorem 7) that provides a theoretical
foundation for the passive investment method. For the capital asset pricing model, such an affine
structure appears in both the primal and dual representation of the solutions, which leads to the one
fund theorem in the portfolio space and the capital market line in the dual space of risk-return trade-off
(cf. Theorems 8 and 9).

The flexibility in choosing different risk measures allows us to extend the analysis of the essentially
quadratic risk measure pioneered by Markowitz to a wider range. For example, when a deviation

64



Risks 2018, 6, 53

measure (Rockafellar et al. 2006) is used as risk measure, which happens e.g., when an approximation
of the current drawdown is considered (see Maier-Paape and Zhu (2017)), and the expected return is
used to gauge the performance, we show that the affine structure of the efficient solution in the classical
capital market pricing model is preserved (cf. Theorem 10 and Corollary 3), recovering and extending
especially the results in Rockafellar et al. (2006). In particular, we can show that the condition in CAPM
that ensures the existence of a market portfolio has a full generalization to portfolio problems with
positive homogeneous risk measures (see Theorem 11). This is significant in that it shows that the
passive investment strategy is justifiable in a wide range of settings.

The consideration of a general utility function, however, allows us to go beyond the “additive”
performance measure in modern portfolio theory to a “multiplicative” one including cumulative
returns when, for example, using the log utility. As a result, the growth optimal portfolio theory
(Lintner 1965) and the leverage space portfolio theory (Vince 2009) can also be understood under our
general framework. The optimal growth portfolio pursues to maximize the expected log utility that
is equivalent to maximize the expected cumulative compound return. It is known that the growth
optimal portfolio is usually too risky. Thus, practitioners often scale back the risky exposure from
a growth optimal portfolio. In our general framework, we consider the portfolio that minimizes a risk
measure given a fixed level of expected log utility. Under reasonable conditions, we show that such
portfolios form a path parameterized by the level of expected log utility in the portfolio space that
connects the optimal growth portfolio and the portfolio of a riskless bond (see Theorem 13). In general,
for different risk measures, we will derive different paths. These paths provide justifications for risk
reducing curves proposed in the leverage space portfolio theory (Vince 2009). The dual problem
projects the efficient trade-off path into a concave curve in the risk-expected log utility space parallel
to the role of Markowitz bullet in the modern portfolio theory and the capital market line in the capital
asset pricing model. Under reasonable assumptions, the efficient frontier for log utility is a bounded
increasing concave curve. The lower left endpoint of the curve corresponds to the portfolio of pure
riskless bond and the upper right endpoint corresponds to the growth optimal portfolio. The increasing
nature of the curve tells us that the more risk we take, the more cumulative return we can expect.
The concavity of the curve indicates, however, that, with the increase of the risk, the marginal increase
of the expected cumulative return will decrease.

Markowitz portfolio theory essentially maximizes a linear expected utility while the growth
optimal portfolio focuses on the log utility. Other utility functions were also considered in portfolio
problems. Our general framework brings them together in a unified way. Besides unifying the several
important results laid out above, the general framework, furthermore, has many new applications.
In this first installment of the paper, we layout the framework, derive the theoretical results of crucial
importance and illustrate them with a few examples. More specific results on drawdown risk measures
will appear in Maier-Paape and Zhu (2017). We arrange the paper as follows: first, we discuss
necessary preliminaries in the next section. Section 3 is devoted to our main result: a framework
to efficient trade-off between risk and utility of portfolios and its properties. In Section 4, we give
a unified treatment of Markowitz portfolio theory and capital asset pricing model using our framework.
Section 5 is devoted to a discussion of positive homogeneous risk measures under which the optimal
trade-off portfolio possesses an affine structure. This situation fully generalizes Markowitz and CAPM
theories and thus many of the conditions in Section 4 find an analog in Section 5. Section 6 discusses
growth optimal portfolio theory and leverage portfolio theory. We conclude in Section 7 pointing to
applications worthy of further investigation.

2. Preliminaries

2.1. A Portfolio Model

We consider a simple one period financial market model S on an economy with finite states
represented by a sample space Ω = {ω1, ω2, . . . , ωN}. We use a probability space (Ω, 2Ω, P) to
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represent the states of the economy and their corresponding probability of occurring, where 2Ω is the
algebra of all subsets of Ω. The space of random variables on (Ω, 2Ω, P) is denoted RV(Ω, 2Ω, P) and it
is used to represent the payoff of risky financial assets. Since the sample space Ω is finite, RV(Ω, 2Ω, P)
is a finite dimensional vector space. We use RV+(Ω, 2Ω, P) to represent of the cone of nonnegative
random variables in RV(Ω, 2Ω, P). Introducing the inner product

〈X, Y〉RV = E[XY], X, Y ∈ RV(Ω, 2Ω, P),

RV(Ω, 2Ω, P) becomes a (finite dimensional) Hilbert space.

Definition 1. (Financial Market) We say that St = (S0
t , S1

t , . . . , SM
t )�, t = 0, 1 is a financial market in a one

period economy provided that S0 ∈ RM+1
+ and S1 ∈ (0, ∞)× RV+(Ω, 2Ω, P)M. Here, S0

0 = 1, S0
1 = R > 0

represents a risk free bond with a positive return when R > 1. The rest of the components Sm
t , m = 1, . . . , M

represent the price of the m-th risky financial asset at time t.

We will use the notation Ŝt = (S1
t , · · · , SM

t )� when we need to focus on the risky assets.
We assume that S0 is a constant vector representing the prices of the assets in this financial market at
t = 0. The risk is modeled by assuming Ŝ1 = (S1

1, . . . , SM
1 )� to be a nonnegative random vector on

the probability space (Ω, 2Ω, P), that is Sm
1 ∈ RV+(Ω, 2Ω, P), m = 1, 2, . . . , M. A portfolio is a column

vector x ∈ RM+1 whose components xm represent the share of the m-th asset in the portfolio and Sm
t xm

is the portion of capital invested in asset m at time t. Hence, x0 corresponds to the investment in the
risk free bond and x̂ = (x1, . . . , xM)� is the risky part.

Remark 1. Restricting to a finite sample space avoids the distraction of technical difficulties. This is also
practical since, in the real world, one can only use a finite quantity of information. Furthermore, we restrict our
presentation to the one period market model. However, more complex sample spaces and market models such as
multi-period financial models should be treatable with a similar approach.

We often need to restrict the selection of portfolios. For example, in many applications, we consider
only portfolios with unit initial cost, i.e., S�

0 x = 1. The following definition makes this precise.

Definition 2. (Admissible Portfolio) We say that A ⊂ RM+1 is a set of admissible portfolios provided
that A is a nonempty closed and convex set. We say that A is a set of admissible portfolios with unit initial
price provided that A is a closed convex subset of {x ∈ RM+1 : S�

0 x = 1}.

2.2. Convex Programming

The trade-off between convex risks and concave expected utilities yields essentially convex
programming problems. For convenience of the reader, we collect notation and relevant results in
convex analysis, which are important in the discussion below. We omit most of the proofs that can
be found in Borwein and Zhu (2016); Carr and Zhu (forthcoming); Rockafellar (1970). Readers who
know convex programming well can skip this section.

Let X be a finite dimensional Banach space. Recall that a set C ⊂ X is convex if, for any x, y ∈ C
and s ∈ [0, 1], sx + (1 − s)y ∈ C. For an extended valued function f : X → R ∪ {+∞}, we define its
domain by

dom( f ) := {x ∈ X : f (x) < ∞}
and its epigraph by

epi( f ) := {(x, r) ∈ X ×R : r ≥ f (x)}.

We say f is lower semi-continuous if epi( f ) is a closed set. The following proposition characterizes
an epigraph of a function.
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Proposition 1. (Characterization of Epigraph) Let F be a closed subset of X ×R such that inf{r : (x, r) ∈
F} > −∞ for all x ∈ R. Then, F is the epigraph for a lower semi-continuous function f : X → (−∞, ∞], i.e.,
F = epi( f ), if and only if

(x, r) ∈ F ⇒ (x, r + k) ∈ F, ∀k > 0. (1)

Proof. The key is to observe that, for a set F with the structure in (1), a function

f (x) = inf{r : (x, r) ∈ F} (2)

is well defined and then F = epi( f ) holds.

We say a function f is convex if epi( f ) is a convex set. Alternatively, f is convex if and only if,
for any x, y ∈ dom( f ) and s ∈ [0, 1],

f (sx + (1 − s)y) ≤ s f (x) + (1 − s) f (y).

Consider f : X → [−∞,+∞). We say f is concave when − f is convex and we say f is upper
semi-continuous if − f is lower semi-continuous. Define the hypograph of a function f by

hypo( f ) = {(x, r) ∈ X ×R : r ≤ f (x)}.

Then, a symmetric version of Proposition 1 is

Proposition 2. (Characterization of Hypograph) Let F be a closed subset of X × R such that
sup{r : (x, r) ∈ F} < +∞ for all x ∈ R. Then, F is the hypograph of an upper semi-continuous function
f : X → [−∞, ∞), i.e., F = hypo( f ), if and only if

(x, r) ∈ F ⇒ (x, r − k) ∈ F, ∀k > 0. (3)

Moreover, the function f can be defined by

f (x) = sup{r : (x, r) ∈ F}. (4)

Remark 2. The value of the function f in Proposition 1 (Proposition 2) at a given point x cannot assume −∞
(+∞) and therefore {x} ×R ⊂ F.

Since utility functions are concave and risk measures are usually convex, the analysis of a general
trade-off between utility and risk naturally leads to a convex programming problem. The general form
of such convex programming problems is

v(y, z) := inf
x∈X

[ f (x) : g(x) ≤ y, h(x) = z], for y ∈ RM, z ∈ RN , (5)

where f , g and h satisfy the following assumption.

Assumption 1. Assume that f : X → R∪ {+∞} is a lower semi-continuous extended valued convex function,
g : X → RM is a vector valued function with convex components, ≤ signifies componentwise minorization and
h : X → RN is an affine mapping, for natural numbers M, N. Moreover, at least one of the components of g has
compact sublevel sets.

Convex programming problems have nice properties due to the convex structure. We briefly recall
the pertinent results related to convex programming. First, the optimal value function v is convex.

67



Risks 2018, 6, 53

This is a well-known result that can be found in standard books on convex analysis, e.g., Borwein and
Zhu (2005).

Proposition 3. (Convexity of Optimal Value Function) Let f , g and h satisfy Assumption 1. Then, the
optimal value function v in the convex programming problem (5) is convex and lower semi-continuous.

By and large, there are two (equivalent) general approaches to help solving a convex programming
problem: by using the related dual problem and by using Lagrange multipliers. The two methods are
equivalent in the sense that a solution to the dual problem is exactly a Lagrange multiplier (see Borwein
and Zhu (2016)). Using Lagrange multipliers is more accessible to practitioners outside the special area
of convex analysis. We will take this approach. The Lagrange multipliers method tells us that, under
mild assumptions, we can expect there exists a Lagrange multiplier λ = (λy, λz) ∈ RM ×RN with
λy ≥ 0 such that x̄ is a solution to the convex programming problem (5) if and only if it is a solution to
the unconstrained problem of minimizing

L(x, λ) := f (x) + 〈λ, (g(x)− y, h(x)− z)〉RM×RN (6)

= f (x) + 〈λy, g(x)− y〉RM + 〈λz, h(x)− z〉RN .

The function L(x, λ) is called the Lagrangian. To understand why and when a Lagrange multiplier
exists, we need to recall the definition of the subdifferential.

Definition 3. (Subdifferential) Let X be a finite dimensional Banach space and X∗ its dual space.
The subdifferential of a lower semi-continuous convex function φ : X → R ∪ {+∞} at x ∈ dom(φ) is
defined by

∂φ(x) = {x∗ ∈ X∗ : φ(y)− φ(x) ≥ 〈x∗, y − x〉 ∀y ∈ X}.

Geometrically, an element of the subdifferential gives us the normal vector of a support hyperplane
for the convex function at the relevant point. It turns out that Lagrange multipliers of problem (5) are
simply the negative of elements of the subdifferential of v as summarized in the lemma below.

Theorem 1. (Lagrange Multiplier) Let v : RM × RN → R ∪ {+∞} be the optimal value function of
the constrained optimization problem (5) with f , g and h satisfying Assumption 1. Suppose that, for fixed
(y, z) ∈ RM ×RN, −λ = −(λy, λz) ∈ ∂v(y, z) and x̄ is a solution of (5). Then,

(i) λy ≥ 0,
(ii) the Lagrangian L(x, λ) defined in (6) attains a global minimum at x̄, and
(iii) λ satisfies the complementary slackness condition

〈λ, (g(x̄)− y, h(x̄)− z)〉 = 〈λy, g(x̄)− y〉 = 0, (7)

where 〈·, ·〉 signifies the inner product.

Proof. See (Carr and Zhu forthcoming, Theorem 1.2.15).

Remark 3. By Theorem 1 Lagrange multipliers exist when (5) has a solution x̄ and ∂v(y, z) = ∅.
Calculating ∂v(y, z) requires to know the value of v in a neighborhood of (y, z) and is not realistic.
Fortunately, the well-known Fenchel–Rockafellar theorem (see e.g., Borwein and Zhu (2005)) tells us
when (y, z) belongs to the relative interior of dom(v), then ∂v(y, z) = ∅. This is a very useful sufficient
condition. A particularly useful special case is the Slater condition (see also Borwein and Zhu (2005)):
there exists x ∈ dom( f ) such that g(x) < y. Under this condition, ∂v(y) = ∅ holds.
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3. Efficient Trade-Off between Risk and Utility

We consider the financial market described in Definition 1 and consider a set of admissible
portfolios A ⊂ RM+1 (see Definition 2). The payoff of each portfolio x ∈ A at time t = 1 is S�

1 x.
The merit of a portfolio x is often judged by its expected utility E[u(S�

1 x)], where u is an increasing
concave utility function. The increasing property of u models the more payoff the better. The concavity
reflects the fact that, with the increase of payoff, its marginal utility to an investor decreases. On the
other hand, investors are often sensitive to the risk of a portfolio that can be gauged by a risk measure.
Because diversification reduces risk, the risk measure should be a convex function.

3.1. Technical Assumptions

Some standard assumptions on the utility and risk functions are often needed in the more technical
discussion below. We collect them here.

Assumption 2. (Conditions on Risk Measure) Consider a continuous risk function r : A → [0,+∞)

where A is a set of admissible portfolios according to Definition 2. We will often refer to some of the
following assumptions:

(r1) (Riskless Asset Contributes No risk) The risk measure r(x) = r̂(x̂) is a function of only the risky part
of the portfolio, where x� = (x0, x̂�).

(r1n) (Normalization) There is at least one portfolio of purely bonds in A. Furthermore, r(x) = 0 if and only
if x contains only riskless bonds, i.e., x� = (x0, 0̂�) for some x0 ∈ R.

(r2) (Diversification Reduces Risk) The risk function r is convex.
(r2s) (Diversification Strictly Reduces Risk) The risk function r̂ is strictly convex.
(r3) (Positive homogeneous) For t > 0, r̂(tx̂) = t̂r(x̂).

(r3s) (Diversification Strictly Reduces Risk on Level Sets) The risk function r̂ satisfies (r3) and, for all
x̂ = ŷ with r̂(x̂) = r̂(ŷ) = 1 and α ∈ (0, 1),

r̂(αx̂ + (1 − α)ŷ) < αr̂(x̂) + (1 − α)̂r(ŷ) = 1.

Condition (r3) precludes (r2s). Thus, condition (r3s) serves as a replacement for (r2s) when the
risk measure satisfies (r3). Moreover, we have the following useful result.

Lemma 1. Assuming a risk measure r satisfies (r1), (r1n) and (r3s). Then,

(a) r satisfies (r2), and
(b) f (x) = f̂ (x̂) = [̂r(x̂)]2 satisfies (r1), (r1n) and (r2s).

Proof. Let α ∈ (0, 1) and x̂ = ŷ be given. If x̂ and ŷ lie on the same ray through 0̂, say x̂ = cŷ
for some c ≥ 0, then convexity of r̂ there is clear due to (r3). For x̂ and ŷ not on the same ray and
with x̂/r̂(x̂) = ŷ/r̂(ŷ), defining λ := αr̂(x̂)

αr̂(x̂)+(1−α)r̂(ŷ) , we have 1 − λ = (1−α)r̂(ŷ)
αr̂(x̂)+(1−α)r̂(ŷ) , and since

r̂(x̂/r̂(x̂)) = r̂(ŷ/r̂(ŷ)) = 1, by (r3s), we have

1 > r̂(λx̂/r̂(x̂) + (1 − λ)ŷ/r̂(ŷ)) = r̂

(
αx̂ + (1 − α)ŷ

αr̂(x̂) + (1 − α)̂r(ŷ)

)
=

r̂(αx̂ + (1 − α)ŷ)
αr̂(x̂) + (1 − α)̂r(ŷ)

, (8)

verifying (r2) for r since r(x) = r̂(x̂) depends only on x̂ by (r1).
Clearly, f̂ (x̂) = [̂r(x̂)]2 has the properties (r1) and (r1n). Squaring (8), we derive

[̂r(αx̂ + (1 − α)ŷ)]2 < [αr̂(x̂) + (1 − α)̂r(ŷ)]2 ≤ α[̂r(x̂)]2 + (1 − α)[̂r(ŷ)]2. (9)

Furthermore, on rays {x̂ | x̂ = cŷ, c ≥ 0} due to (r3), we have f̂ (tŷ) = t2 f̂ (ŷ) and the strict
convexity of f̂ there is clear as well. Hence, the square of the risk measure satisfies (r2s).
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Remark 4. (Deviation measure) Our risk measure is described in terms of the portfolio. Assumptions (r1),
(r1n), (r2) and (r3) are equivalent to the axioms of a deviation measure in Rockafellar et al. (2006), which is
described in terms of the random payoff variable generated by the portfolio. Assumption (r1) excludes the widely
used coherent risk measure introduced in Artzner et al. (1999), which requires cash reserve, reduces risk.

Assumption 3. (Conditions on Utility Function) Utility functions u : R → R ∪ {−∞} are upper
semi-continuous functions on their domain dom(u) = {t ∈ R : u(t) > −∞} and are usually assumed
to satisfy some of the following properties:

(u1) (Profit Seeking) The utility function u is an increasing function.
(u2) (Diminishing Marginal Utility) The utility function u is concave.

(u2s) (Strict Diminishing Marginal Utility) The utility function u is strictly concave.
(u3) (Bankrupcy Forbidden) For t < 0, u(t) = −∞.
(u4) (Unlimited Growth) For t → +∞, we have u(t) → +∞.

Another important condition that often appears in the financial literature is no arbitrage (see
(Carr and Zhu forthcoming, Definition 3.5)). In the sequel, it is also useful to have two other
related concepts.

Definition 4. Consider a portfolio x ∈ RM+1 on the financial market St.

(a) (No Nontrivial Riskless Portfolio) We say a portfolio x is riskless if

〈S1 − RS0, x〉 ≥ 0.

We say the market has no nontrivial riskless portfolio if there does not exist a riskless portfolio x with
x̂ = 0̂.

(b) (No Arbitrage) We say x is an arbitrage if it is riskless and there exists some ω ∈ Ω such that

〈S1(ω)− RS0, x〉 = 0.

We say market St has no arbitrage if there does not exist any arbitrage portfolio.
(c) (Nontrivial Bond Replicating Portfolio) We say that x� = (x0, x̂�) is a nontrivial bond replicating

portfolio if x̂ = 0̂ and
〈S1 − RS0, x〉 = 0.

An arbitrage is a way to make return above the risk free rate without taking any risk of losing
money. If such an opportunity exists, then investors will try to take advantage of it. In this process,
they will bid up the price of the risky assets and cause the arbitrage opportunity to disappear. For this
reason, usually people assume a financial market does not contain any arbitrage. A trivial riskless
portfolio of investing everything in the riskless asset S0

t always exists. A nontrivial riskless portfolio,
however, is not to be expected and we will often use this assumption. It turns out that the difference
between no nontrivial riskless portfolio and no arbitrage is exactly the existence of a nontrivial bond
replicating portfolio. The three conditions in Definition 4 (a), (b) and (c) are related as follows:

Proposition 4. Consider the financial market St of Definition 1. There is no nontrivial riskless portfolio in St if
and only if St has no arbitrage portfolio and no nontrivial bond replicating portfolio. It follows that no nontrivial
riskless portfolio implies no arbitrage portfolio.

Proof. The conclusion follows directly from Definition 4.

Assuming that the financial market has no arbitrage, then no nontrivial riskless portfolio is
equivalent to no nontrivial bond replicating portfolio and has the following characterization.

70



Risks 2018, 6, 53

Theorem 2. (Characterization of no Nontrivial Bond Replicating Portfolio) Assuming the financial
market St in Definition 1 has no arbitrage. Then, the following assertions are equivalent:

(i) There is no nontrivial bond replicating portfolio.
(ii) For every nontrivial portfolio x with x̂ = 0̂, there exists some ω ∈ Ω such that

〈S1(ω)− RS0, x〉 < 0. (10)

(ii*) For every risky portfolio x̂ = 0̂, there exists some ω ∈ Ω such that

〈Ŝ1(ω)− RŜ0, x̂〉 < 0. (11)

(iii) The matrix

G :=

⎡⎢⎢⎢⎢⎣
S1

1(ω1)− RS1
0 S2

1(ω1)− RS2
0 . . . SM

1 (ω1)− RSM
0

S1
1(ω2)− RS1

0 S2
1(ω2)− RS2

0 . . . SM
1 (ω2)− RSM

0
...

...
...

...
S1

1(ωN)− RS1
0 S2

1(ωN)− RS2
0 . . . SM

1 (ωN)− RSM
0

⎤⎥⎥⎥⎥⎦ ∈ RN×M (12)

has rank M, in particular N ≥ M.

Proof. We use a cyclic proof. (i)→ (ii): If (ii) fails, then 〈S1 − RS0, x〉 ≥ 0 for some nontrivial x. By (i),
x must be an arbitrage, which is a contradiction. (ii)→ (ii*): obvious. (ii*)→ (iii): If (iii) is not true, then
Gx̂ = 0 has a nontrivial solution that is a contradiction to (11). (iii)→ (i): Assume that there exists
a portfolio x∗ with x̂∗ = 0̂, which replicates the bond. Then, 〈S1 − RS0, x∗〉 = 0. This implies that
〈Ŝ1 − RŜ0, x̂∗〉 = 0 so that Gx̂∗ = 0, which contradicts (iii).

A rather useful corollary of Theorem 2 is that any of the conditions (i)–(iii) of that theorem ensures
the covariance matrix of the risky assets to be positive definite.

Corollary 1. (Positive Definite Covariance Matrix) Assume the financial market St in Definition 1 has no
nontrivial riskless portfolio. Then, the covariant matrix of the risky assets

Σ := E[(Ŝ1 −E(Ŝ1))(Ŝ1 −E(Ŝ1))
�] = (E[(Si

1 −E(Si
1))(S

j
1 −E(Sj

1))])i,j=1,...,M (13)

is positive definite.

Proof. We note that, under the assumption of the corollary, for any nontrivial risky portfolio x̂, Ŝ�
1 x̂

cannot be a constant. Otherwise, 〈Ŝ1 − RŜ0, x̂〉 would be a constant, which contradicts St has no
nontrivial riskless portfolio. It follows that, for any nontrivial risky portfolio x̂,

Var(Ŝ�
1 x̂) = x̂�Σx̂ > 0.

Thus, Σ is positive definite.

Corollary 1 shows that the standard deviation as a risk measure satisfies the properties (r1), (r1n),
(r2) and (r3s) in Assumption 2.

3.2. Efficient Frontier for the Risk-Utility Trade-Off

We note that, to increase the utility, one often has to take on more risk and, as a result, the risk
increases. The converse is also true. For example, if one allocates all the capital to the riskless bond,
then there will be no risk, but the price to pay is that one has to forgo all the opportunities to get a high
payoff on risky assets so as to reduce the expected utility. Thus, the investment decision of selecting
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an appropriate portfolio becomes one of trading-off between the portfolio’s expected return and risk.
To understand such a trade-off, we define, for a set of admissible portfolios A ⊂ RM+1 in Definition 2,
the set

G(r, u; A) := {(r, μ) : ∃x ∈ A s.t. r ≥ r(x), μ ≤ E[u(S�
1 x)]} ⊂ R2, (14)

on the two-dimensional risk-expected utility space for a given risk measure r and utility u. Given
a financial market St and a portfolio x, we often measure risk by observing S�

1 x. The following simple
proposition is useful in linking such observations to the risk measure in Assumption 2.

Proposition 5. (Induced Risk Measure) (a) Fixing a financial market St as in Definition 1. Suppose that
ρ : RV(Ω, 2Ω, P) → [0,+∞) is a lower semi-continuous, convex and positive homogeneous function. Moreover,
assume that ρ(S�

1 x) = ρ(Ŝ�
1 x̂). Then, r : A → [0,+∞), r(x) := ρ(S�

1 x) is a lower semi-continuous risk
measure satisfying properties (r1), (r2) and (r3) in Assumption 2.

The following are two sufficient conditions ensuring ρ(S�
1 x) = ρ(Ŝ�

1 x̂) that are easy to verify:

(1) When ρ is invariant under adding constants, i.e., ρ(X) = ρ(X + c), for any X ∈ RV(Ω, 2Ω, P) and
c ∈ R. A useful example is when ρ is the standard deviation.

(2) When ρ is restricted to a set of admissible portfolios A with unit initial cost. In this case, we can see that

r̂(x̂) := ρ(R + (Ŝ1 − RŜ0)
� x̂) = ρ(S�

1 x). (15)

(b) If the financial market St has no nontrivial riskless portfolio and ρ is strictly convex, then, for a set A of
admissible portfolios with unit initial cost, r̂ : A → [0,+∞) satisfies (r2s) in Assumption 2.

Similarly, we are interested in when the expected utility x �→ E[u(S�
1 x)] of S�

1 x is strictly concave
in x. Below, we provide a set of sufficient conditions guaranteeing this. The easy proof is left to
the reader.

Proposition 6. (Strict Concavity of Expected Utility) Assume that

(a) the financial market St has no nontrivial riskless portfolio,
(b) the utility function u satisfies condition (u2s) in Assumption 3, and
(c) A is a set of admissible portfolios with unit initial cost as in Definition 2.

Then, the expected utility E[u(S�
1 x)] as a function of the portfolio x is upper semi-continuous and strictly

concave on A.

When r(x) = ρ(S�
1 x) is induced by ρ as in Proposition 5 we also use the notation G(ρ, u, A).

Clearly, if A′ ⊂ A then G(r, u; A′) ⊂ G(r, u; A). The following assumption will be needed in concrete
applications.

Assumption 4. (Compact Level Sets) Either (a) for each μ ∈ R, {x ∈ RM+1 : μ ≤ E[u(S�
1 x)], x ∈ A} is

compact or (b) for each r ∈ R, {x ∈ RM+1 : r ≥ r(x), x ∈ A} is compact.

Proposition 7. Assume that A is a set of admissible portfolios as in Definition 2. We claim: (a) Assume that
the risk measure r satisfies (r2) in Assumption 2 and the utility function u satisfies (u2) in Assumption 3.
Then, set G(r, u; A) is convex and (r, μ) ∈ G(r, u; A) implies that, for any k > 0, (r + k, μ) ∈ G(r, u; A) and
(r, μ − k) ∈ G(r, u; A). (b) Assume furthermore that Assumption 4 holds. Then, G(r, u; A) is closed.

Proof. (a) The property (r, μ) ∈ G(r, u; A) implies that, for any k > 0, (r + k, μ) ∈ G(r, u; A) and
(r, μ − k) ∈ G(r, u; A) follows directly from the definition of G(r, u; A).
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Suppose that (r1, μ1), (r2, μ2) ∈ G(r, u; A) and s ∈ [0, 1]. Then, there exists x1, x2 ∈ A such that

ri ≥ r(xi) and μi ≤ E[u(S�
1 xi)], i = 1, 2.

Then, convexity of r in x yields

sr1 + (1 − s)r2 ≥ sr(x1) + (1 − s)r(x2) ≥ r(sx1 + (1 − s)x2),

and (u2) gives

sμ1 + (1 − s)μ2 ≤ sE[u(S�
1 x1)] + (1 − s)E[u(S�

1 x2)] ≤ E[u(S�
1 (sx1 + (1 − s)x2))].

Thus,
s(r1, μ1) + (1 − s)(r2, μ2) ∈ G(r, u; A)

so that G(r, u; A) is convex.
(b) Suppose that (rn, μn) → (r, μ), for a sequence in G(r, u; A). Then, there exists a sequence

xn ∈ A such that

rn ≥ r(xn) and μn ≤ E[u(S�
1 xn)]. (16)

By Assumption 4, a subsequence of xn (denoted again by xn) converges to, say, x̄ ∈ A.
Taking limits in (16), by the upper semicontinuity of u, we arrive at

r ≥ r(x̄) and μ ≤ E[u(S�
1 x̄)]. (17)

Thus, (r, μ) ∈ G(r, u; A) and hence G(r, u; A) is a closed set.

Now, we can represent a portfolio x ∈ A ⊂ RM+1 as a point (r(x),E[u(S�
1 x)]) ∈ G(r, u; A) in the

two-dimensional risk-expected utility space. Investors prefer portfolios with lower risk if the expected
utility is the same or with higher expected utility given the same level of risk.

Definition 5. (Efficient Portfolio and Frontier) We say that a portfolio x ∈ A is efficient provided that there
does not exist any portfolio x′ ∈ A such that either

r(x′) ≤ r(x) and E[u(S�
1 x′)] > E[u(S�

1 x)]

or
r(x′) < r(x) and E[u(S�

1 x′)] ≥ E[u(S�
1 x)].

We call the set of images of all efficient portfolios in the two-dimensional risk-expected utility space the efficient
frontier and denote it by Ge f f (r, u; A).

The next theorem characterizes efficient portfolios in the risk-expected utility space.

Theorem 3. (Efficient Frontier) Efficient portfolios represented in the two-dimensional risk-expected utility
space are all located in the (non vertical or horizontal) boundary of the set G(r, u; A). Moreover, consider
admissible portfolios A, B. If B ⊂ A, then

Ge f f (r, u; A) ∩ G(r, u; B) ⊂ Ge f f (r, u; B). (18)

Proof. If a portfolio x represented in the risk-expected utility space as (r, μ) is not on the (non vertical
or horizontal) boundary of the G(r, u; A), then, for ε small enough, we have either (r − ε, μ) ∈ G(r, u; A)
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or (r, μ + ε) ∈ G(r, u; A). This means x can be improved. The inclusion (18) directly follows from
G(r, u; B) ⊂ G(r, u; A).

Remark 5. (Empty Efficient Frontier) If (α, 0̂) ∈ A for all α ∈ R and the increasing utility function u has
no upper bound, then for any risk measure r satisfying (r1) and (r1n) in Assumption 2, {0} ×R ⊂ G(r, u; A).
By Proposition 7 [0,+∞) × R ⊂ G(r, u; A), which implies that Ge f f (r, u; A) = ∅. Thus, practically
meaningful G(r, u; A) always correspond to sets of admissible portfolios A such that the initial cost S0 · x
for all x ∈ A is limited. Moreover, if the initial cost has a range and riskless bonds are included in the portfolio,
then we will see a vertical line segment on the μ axis and the efficient portfolio corresponds to the upper bound of
this vertical line segments. Thus, it suffices to consider sets of portfolios A with unit initial cost.

3.3. Representation of Efficient Frontier

In view of Remark 5, in this section, we will consider a set of admissible portfolios A with unit
initial cost as in Definition 2. By Proposition 7, we can view the set G(r, u; A) as an epigraph on the
expected utility-risk space or a hypograph on the risk-expected utility space. By Propositions 1 and 2,
the set G(r, u; A) naturally defines two functions γ : R → R∪ {+∞} and ν : R → R∪ {−∞}:

μ �→ γ(μ) := inf{r : (r, μ) ∈ G(r, u; A)} = inf{r(x) : E[u(S�
1 x)] ≥ μ, x ∈ A} ≥ 0, (19)

and

r �→ ν(r) := sup{μ : (r, μ) ∈ G(r, u; A)} = sup{E[u(S�
1 x)] : r(x) ≤ r, x ∈ A}, (20)

where we assume Assumption 4 to ensure ν is well defined, i.e., ν(r) < ∞ for all r ∈ R.

Proposition 8. (Function Related to the Efficient Frontier) Assume that the risk measure r satisfies (r2) in
Assumption 2 and the utility function u satisfies (u2) in Assumption 3. Furthermore, assume that Assumption 4
holds for a set of admissible portfolios A with unit initial cost. Then, the functions μ �→ γ(μ) and r �→ ν(r)
are increasing lower semi-continuous convex and increasing upper semi-continuous concave, respectively.
Moreover, for any (r0, μ0) ∈ Ge f f (r, u; A), (−∞, μ0] ⊂ dom(γ) := {μ ∈ R : γ(μ) < ∞} and [r0, ∞) ⊂
dom(ν) := {r ∈ R : ν(r) > −∞}.

Proof. The increasing property of γ and ν follows directly from the second representation in (19)
and (20), respectively.

The properties for the domains of γ and ν follow directly from Proposition 7.
The other properties of γ and ν follow directly from Propositions 1 and 2 since G(r, u; A) is closed

and convex according to Proposition 7.
Alternatively, we can also directly apply Proposition 3 to the second representation in (19) and (20)

to derive the convexity and concavity of γ and ν, respectively.

To describe a representation of the efficient frontier in the next theorem, we will use the exchange
operator P̂ : R2 → R2 defined by P̂(x1, x2) = (x2, x1).

Theorem 4. (Representation of the Efficient Frontier) Assume that the risk measure r satisfies (r2) in
Assumption 2 and the utility function u satisfies (u2) in Assumption 3. Furthermore, assume that Assumption 4
holds for a set of admissible portfolios A with unit initial cost. Then, the efficient frontier has the following
representation

Ge f f (r, u; A) = P̂[graph(γ)] ∩ graph(ν) (21)
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or equivalently

Ge f f (r, u; A) = {(γ(μ), μ) : μ ∈ dom(γ) ⊂ R} ∩ {(r, ν(r)) : r ∈ dom(ν) ⊂ R}. (22)

More specifically, setting

I := dom(ν) ∩ range(γ) = {r ∈ R : ∃μ with (r, μ) ∈ Ge f f (r, u; A)} (23)

and

J := dom(γ) ∩ range(ν) = {μ ∈ R : ∃r with (r, μ) ∈ Ge f f (r, u; A)}, (24)

we find that I and J are intervals and the representation

Ge f f (r, u; A) = P̂[graph(γ |J)] = graph(ν |I) (25)

holds, where γ : J → R and ν : I → R are continuous. Moreover, γ : J → I and ν : I → J are strictly
increasing, bijective and inverse to each other, i.e.,

γ ◦ ν(r) = r ∀r ∈ I and ν ◦ γ(μ) = μ ∀μ ∈ J. (26)

Proof. First, we show that the right-hand side of (21) is a subset of the left-hand side.
Let (r0, μ0) ∈ P̂[graph(γ)]∩ graph(ν). Since P̂[graph(γ)] := {(γ(μ), μ) : μ ∈ R} and graph(ν) =

{(r, ν(r)) : r ∈ R} necessarily (r0, μ0) ∈ R2. Note that, in particular, (22) holds. Using (r0, μ0) ∈ graph(ν),
we get from (20)

μ0 = ν(r0) = sup{E[u(S�
1 x)] : r(x) ≤ r0, x ∈ A}. (27)

Similarly, from (19)

r0 = γ(μ0) = inf{r(x) : E[u(S�
1 x)] ≥ μ0, x ∈ A}. (28)

With (27), we can select a sequence xn ∈ A such that r(xn) ≤ r0 and E[u(S�
1 xn)] ↗ μ0.

By Assumption 4, either {x ∈ A : r(x) ≤ r0} or {x ∈ A : E[u(S�
1 x)] ≥ μ0 − 1} is compact. Hence,

without loss of generality, we may assume that xn → x∗ ∈ A with r(x∗) ≤ r0 and E[u(S�
1 x∗)] ≥ μ0 by

the upper semicontinuity of x �→ E[u(S�
1 x)]. Note that r(x∗) < r0 would contradict (28). Thus,

r(x∗) = r0, so that (r0, μ0) ∈ G(r, u; A). Now, consider (r1, μ1) ∈ G(r, u; A). If μ1 > μ0 and
r1 ≤ r0, then

ν(r1) := sup{μ : (r1, μ) ∈ G(r, u; A)} ≥ μ1 > μ0 = ν(r0)

contradicting that ν is increasing. On the other hand, if r1 < r0 and μ1 ≥ μ0, then

γ(μ1) := inf{r : (r, μ1) ∈ G(r, u; A)} ≤ r1 < r0 = γ(μ0),

contradicting the increasing property of γ. Thus, (r0, μ0) ∈ Ge f f (r, u; A).
To conclude (21), it remains to show that the left-hand side of (21) is a subset of the right-hand

side. Let (r0, μ0) ∈ Ge f f (r, u; A) ⊂ G(r, u; A) ⊂ R2. Then, there exists some efficient x∗ ∈ A with
r0 = r(x∗) and μ0 = E[u(S�

1 x∗)]. This means both the supremum in (27) and the infimum in (28) are
attained at x∗ so that r0 = γ(μ0) and μ0 = ν(r0). It follows that

(r0, μ0) ∈ P̂[graph(γ)] ∩ graph(ν).

Since, by Proposition 8, ν and γ are convex and concave functions, respectively, they are
continuous in the interior of its domain. When Ge f f (r, u; A) is not a single point, it is therefore
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a continuous curve except for the possible finite endpoints. By Proposition 8, if Ge f f (r, u; A) contains
(r, μ), then (−∞, μ] ⊂ dom(γ) and [r, ∞) ⊂ dom(ν). Thus, if Ge f f (r, u; A) has a finite left endpoint,
we can represent it in the form (γ(μe), μe) where μe is in the interior of dom(γ). Thus, for any μ → μe+,
(γ(μ), μ) → (γ(μe), μe) so that Ge f f (r, u; A) is right continuous. Similarly, if Ge f f (r, u; A) has a finite
right endpoint, then it is left continuous at this endpoint. Finally, representation (22) implies that the
projection of Ge f f (r, u; A) onto the r and μ axises are intervals I and J, respectively, giving (23) and (24).
Moreover, the representations in (25) follow immediately. Furthermore, since Ge f f (r, u; A) contains no
vertical or horizontal lines (see Theorem 3), γ : J → I and ν : I → J are strictly increasing. Thus, both
are injective, and surjectivity follows from (23) and (24). Finally, (26) follows from (22).

3.4. Efficient Portfolios

We now turn to analyze how the corresponding efficient portfolios behave. Ideally, we would
want that each point on the efficient trade-off frontier corresponds to exactly one portfolio. For this
purpose, we need additional assumptions on risk measures and utility functions.

Theorem 5. (Efficient Portfolio Path) Consider a financial market St as defined in Definition 1 and assume
that A is a set of admissible portfolios with unit initial cost as in Definition 2. We also assume Assumption 4
holds and

(c0) there exists some x̄ ∈ A with μ̄ := E[u(S�
1 x̄)] and r̄ := r(x̄) finite.

In addition, suppose that one of the following conditions holds:

(c1) The risk measure r satisfies conditions (r1) and (r2s) in Assumption 2 and the utility function satisfies
conditions (u1) and (u2) in Assumption 3.

(c2) The risk measure r satisfies conditions (r1) and (r2) in Assumption 2 and the utility function satisfies
conditions (u1) and (u2s) in Assumption 3.

(c3) The risk measure r satisfies conditions (r1), (r1n) and (r3s) in Assumption 2 and the utility function
satisfies conditions (u1) and (u2) in Assumption 3.

Then, each point (r, μ) ∈ Ge f f (r, u; A) corresponds to a unique efficient portfolio x(r, μ) ∈ A and
the mapping (r, μ) �→ x(r, μ) is continuous on Ge f f (r, u; A) (onesided continuous at the finite endpoint(s)).
Moreover, efficient portfolios have the continuous representation r �→ x(r, ν(r)) and μ �→ x(γ(μ), μ) on
intervals I defined in (23) and J defined in (24), respectively.

Proof. Note that Assumption 4 and condition (c0) ensures that Ge f f (r, u; A) is nonempty.
We first show the uniqueness of the efficient portfolio. Suppose that portfolios x1 = x2 both

correspond to (r, μ) ∈ Ge f f (r, u; A). We consider only the case when (c1) is satisfied (and the case
when (c2) or (c3) is satisfied can be argued in a similar way). Then, by (r1) and (21), we must have
r = r̂(x̂1) = r̂(x̂2) = r(x1) = r(x2) = γ(μ) and E[u(S�

1 xi)] = μ, xi ∈ A, i = 1, 2. Note that because A
has unit initial cost, x̂1 = x̂2. Since A is convex, x∗ = (x1 + x2)/2 ∈ A. Conditions (r2s) and (u2) imply
that E[u(S�

1 x∗)] ≥ μ and due to the strict convexity of r̂ by (r1), r(x∗) = r̂(x̂∗) < γ(μ), a contradiction.
Thus, the efficient portfolio corresponding to (r, μ) ∈ Ge f f (r, u; A) is unique and we denote it by x(r, μ).
The mapping (r, μ) → x(r, μ) is well defined.

Next, we show the continuity of the mapping (r, μ) → x(r, μ). If Ge f f (r, u; A) is a single point,
there is nothing to prove. When Ge f f (r, u; A) is not a single point by Theorem 4, we can represent
all the efficient portfolios either as the image of the mapping r �→ x(r, ν(r)) on I or as the image
of the mapping μ �→ x(γ(μ), μ) on J. Suppose that x(r, μ) is discontinuous at (r̄, μ̄) ∈ Ge f f (r, u; A).
We first focus on the case when Assumption 4 (a) holds. Then, for a fixed positive number ε0 > 0,
there exist sequences μn → μ̄ (μn ↗ μ̄ if μ̄ = max(J) or μn ↘ μ̄ if μ̄ = min(J)) and such that
‖x(γ(μn), μn)− x(γ(μ̄), μ̄)‖ ≥ ε0 where

E[u(S�
1 x(γ(μn), μn))] ≥ μn and r(x(γ(μn), μn)) = r̂(x̂(γ(μn), μn)) = γ(μn). (29)
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By Assumption 4 (a), we may assume without loss of generality that x(γ(μn), μn) converges to
some portfolio x∗ with ‖x∗ − x(γ(μ̄), μ̄)‖ ≥ ε0. Furthermore, by Proposition 8, μ �→ γ(μ) is concave,
and by Theorem 4 continuous on J. Taking limits in (29) and using the upper semicontinuity of
x �→ E[u(S�

1 x)] yields

E[u(S�
1 x∗)] ≥ μ̄ and r̂(x̂∗) = γ(μ̄) = r̄. (30)

However, the uniqueness of the efficient portfolio (30) implies that x∗ = x(γ(μ̄), μ̄), which is
a contradiction. If Assumption 4 (b) holds, we can use the mapping r �→ x(r, ν(r)) on the interval I to
obtain a similar contradiction.

Remark 6. Interval I = dom(ν) ∩ range(γ) is always bounded from below by 0 because the risk measure
is always none negative, other than that, both I = dom(ν) ∩ range(γ) and J = dom(γ) ∩ range(ν) can be
open, closed, half open and half closed. They can be finite or infinite. Although various situations are possible,
we do have a precise characterization of their endpoints in the next proposition.

Proposition 9. Under the conditions of Theorem 5, define

rmin := inf[dom(ν) ∩ range(γ)] = inf I,

rmax := sup[dom(ν) ∩ range(γ)] = sup I,

μmin := inf[dom(γ) ∩ range(ν)] = inf J,

and
μmax := sup[dom(γ) ∩ range(ν)] = sup J.

Then,

rmin = inf{r(x) : E[u(S�
1 x)] > −∞, x ∈ A} ≥ 0, (31)

μmax = sup{E[u(S�
1 x)], x ∈ A} > −∞, (32)

μmin = lim
r↘rmin

sup{E[u(S�
1 x)] : r(x) ≤ r, x ∈ A} ≤ μmax, (33)

and

rmax = lim
μ↗μmax

inf{r(x) : E[u(S�
1 x)] ≥ μ, x ∈ A} ≥ rmin. (34)

Proof. We start with (31). Let r̄ := inf{r(x) : E[u(S�
1 x)] > −∞, x ∈ A}. It is clear that, for any μ,

r̄ ≤ γ(μ) so that r̄ is a lower bound for I = dom(ν)∩ range(γ), i.e., r̄ ≤ rmin. For any r > r̄, there exist
some finite μ such that

S(μ, r) := {x ∈ A : E[u(S�
1 x)] ≥ μ > −∞ and r(x) ≤ r} = ∅. (35)

By Assumption 4, S(μ, r) is compact. Thus, γ(μ) ∈ [r̄, r] is attained by some x∗ ∈ A with
E[u(S�

1 x∗)] ≥ μ. It follows that S(μ, γ(μ)) defined in (35) is nonempty and, therefore, compact by
Assumption 4. Thus, ν(γ(μ)) > −∞ implying γ(μ) ∈ dom(ν) ∩ range(γ) = I and hence γ(μ) ≥ rmin.
However, since r > r̄ was arbitrary, γ(μ) can be chosen close to r̄ implying r̄ ≥ rmin and in conclusion
r̄ = rmin.
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Note that, since r(x) is always finite, we have

sup{E[u(S�
1 x)], x ∈ A} = sup{E[u(S�

1 x)], r(x) < ∞, x ∈ A}.

Thus, the proof of (32) is parallel to that of (31). Having determined rmin and μmax, we have
rmax = limμ↗μmax γ(μ) and μmin = limr↘rmin ν(r). Hence, representations (33) and (34) directly follow
from the definitions of ν and γ, respectively.

Corollary 2. Under the conditions of Theorem 5, we have

(a) rmin ∈ I if and only if μmin ∈ J, and rmax ∈ I if and only if μmax ∈ J.
(b) If rmin ∈ I then μmin = ν(rmin) and γ(μmin) = rmin.
(c) If μmax ∈ J then rmax = γ(μmax) and ν(rmax) = μmax.
(d) (i) If rmin ∈ I and μmax ∈ J then I = [rmin, rmax] and J = [μmin, μmax].

(ii) If rmin ∈ I and μmax ∈ J then I = (rmin, rmax] and J = (−∞, μmax].
(iii) If rmin ∈ I and μmax ∈ J then I = [rmin, ∞) and J = [μmin, μmax).
(iv) If rmin ∈ I and μmax ∈ J then I = (rmin, ∞) and J = (−∞, μmax).

Proof. Let rmin ∈ I ⊂ dom(ν). Then, rmin = γ(μ̄) for some μ̄ ∈ J by Theorem 4. Since γ is an
increasing function, we have μ̄ = min J. Hence, μ̄ = μmin and rmin = γ(μmin). Then, ν(rmin) = μ̄ =

μmin follows since γ ◦ ν = id is the identity mapping on I. The converse and the case for max can be
proved analogously. This proves (a), (b) and (c). Moreover, (d)(i) directly follows from (b) and (c).

If rmin ∈ I, we show μmin = −∞. In fact, if μmin > −∞, then, for any natural number n, we can
select xn ∈ A such that r(xn) ≤ rmin + 1/n and E[u(S�

1 xn)] ≥ μmin. By Assumption 4, we may assume
without loss of generality that xn → x∗ ∈ A. Taking limits as n → ∞, we conclude that r(x∗) ≤ rmin

and E[u(S�
1 x∗)] ≥ μmin and both have to be equality. Thus, (rmin, μmin) ∈ Ge f f (r, u; A), a contradiction.

This shows (d)(ii).
Analogously, one gets that μmax ∈ J implies rmax = ∞, which shows (d)(iii) and (d)(iv).

Remark 7. Several interesting cases when Ge f f (r, u; A) has finite endpoints are discussed below:
(a) The quantity rmin is always finite and μmin may be finite as well as illustrated in Figure 1. However,

μmin may also be −∞, as Example 1 shows. A typical efficient frontier corresponding to this case is illustrated
in Figure 2.

(b) Suppose μmax is finite and attained at an efficient portfolio x(γ(μmax), μmax). Under the conditions
of Theorem 5, the portfolio κ := x(γ(μmax), μmax) is unique and independent of the risk measure. A graphic
illustration is given in Figure 3.

(c) Trade-off between utility and risk is thus implemented by portfolios x(γ(μ), μ) that trace out a curve
in the so-called leverage space introduced by Vince (2009). Note that the curve x(γ(μ), μ) depends on the risk
measure r as well as the utility function u. This provides a method for systematically selecting portfolios in the
leverage space to reduce risk exposure.

(d) If, in addition, r satisfies (r1n) in Assumption 2 and u(R) > −∞ then rmin = 0, μmin = u(R) and
x(rmin, μmin) = (1, 0̂�)� (see Figure 4).

(e) Unlike in (b), μmax finite can also happen when the efficient frontier is unbounded (see Example 2).

78



Risks 2018, 6, 53

r

μ

G(r, u; A)

Ge f f (r, u; A)

Figure 1. Efficient frontier with both rmin and μmin are finite and attained.

r

μ

G(r, u; A)

Ge f f (r, u; A)

Figure 2. Efficient frontier with μmin = −∞.

r

μ

G(r, u; A)

Ge f f (r, u; A)

Figure 3. Efficient frontier when rmin > 0 and μmax is finite and attained as maximum.

r

μ

G(r, u; A)

Ge f f (r, u; A)

Figure 4. Efficient frontier with (1, 0̂�)� ∈ A.
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Example 1. (for μmin = −∞) Consider a portfolio problem with the log utility on a financial market that
contains no bond and two risky assests (i.e., M = 2)

ν(r) := sup
x̂∈R2

{E[ln(Ŝ�
1 x̂)] : r̂(x̂) ≤ r, Ŝ�

0 x̂ = 1}. (36)

The financial market Ŝt = (S1
t , S2

t )
� (since the riskless asset is not involved in (36), it is irrelevant to the

problem) is specified as follows: Ŝ0 = [1, 1]�, Ŝ1 is a random vector on the sample space Ω = {ω1, ω2, ω3}
with P(ω1) = P(ω2) = P(ω3) = 1/3 and a payoff matrix

[Ŝ1(ω1), Ŝ1(ω2), Ŝ1(ω3)] =

[
1 3 0.5

0.5 0.8 1.2

]
. (37)

Note that, for instance with R = 1, this market has no nontrivial riskless portfolio. We use the risk measure

r̂(x̂) :=
√
(x1 − 2x2)2 + 100(2x1 + x2)2, (38)

which satisfies (r1), (r1n) and (r3s) and, therefore, Assumption 4(b) holds. Clearly, ν(̂r([1, 0]�)) > 0 and finite.
Notice that on the feasible set Ŝ�

0 x̂ = 1, i.e., x2 = 1 − x1. It follows that the risk measure

r̂(x̂) :=
√
(3x1 − 2)2 + 100(x1 + 1)2

attains a minimum rm = 50
109

√
109 at x̂m = (−94/109, 203/109)�. Observing Ŝ�

1 (ω2)x̂m < 0, we must
have rmin > rm and

μmin = lim
r↘rmin

ν(r) = −∞.

Example 2. (for μmax < ∞ and rmax = ∞ ) Consider the same risk measure as in the previous example, but
use instead the utility function u(t) = 1 − e−t. We analyze

ν(r) := sup
x̂∈R2

{E[u(Ŝ�
1 x̂)] : r̂(x̂) ≤ r, Ŝ�

0 x̂ = 1}, (39)

where the financial market is defined by

[Ŝ1(ω1), Ŝ1(ω2), Ŝ1(ω3)] =

[
1 3.6 0.5

0.5 1.2 0.3

]
(40)

on the sample space Ω = {ω1, ω2, ω3} with P(ω1) = P(ω2) = P(ω3) = 1/3. Again, on the feasible set
Ŝ�

0 x̂ = 1, i.e., x2 = 1 − x1. The portfolio as a function of x1 implies

(Ŝ�
1 (ωi)[x1, 1 − x1]

�)i=1,2,3 = [0.5, 1.2, 0.3] + x1[0.5, 2.4, 0.2].

As x1 → ∞, we can see that r̂(x̂) → ∞ and E[u(Ŝ�
1 x̂)] → 1. Hence, rmax = ∞ and μmax = 1 < ∞.

Notice that (40) with, e.g., R = 1, has an arbitrage portfolio x̂∗ = (1,−1)�, but the existence of an arbitrage
seems to be necessary in constructing such an example.

4. Markowitz Portfolio Theory and CAPM Model

Let us now turn to applications of the general theory. We show that the results in the previous
section provide a general unified framework for several familiar portfolio theories. They are Markowitz
portfolio theory, the CAPM model, growth optimal portfolio theory and leverage space portfolio
theory. Of course, when dealing with concrete risk measures and expected utilities related to these
concrete theories, an additional helpful structure in the solutions often emerge. Although many
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different expositions of these theories do already exist in the literature, for the convenience of readers,
we include brief arguments using Lagrange multiplier methods. In this entire section, we will assume
that the market St from Definition 1 has no nontrivial riskless portfolio.

4.1. Markowitz Portfolio Theory

Markowitz portfolio theory that considers only risky assets (see Markowitz (1959)), can be
understood as a special case of the framework discussed in Section 3. The risk measure is the standard
deviation σ and the utility function is the identity function. Thus, we face the problem

min σ(Ŝ�
1 x̂) (41)

Subject to E[Ŝ�
1 x̂] ≥ μ, Ŝ�

0 x̂ = 1.

We assume E[Ŝ1] is not proportional to Ŝ0, that is, for any α ∈ R,

E[Ŝ1] = αŜ0. (42)

Since the variance is a monotone increasing function of the standard deviation, we can minimize
half of the variance for convenience:

min
x̂∈RM

r̂(x̂) :=
1
2

Var(Ŝ�
1 x̂) =

1
2

σ2(Ŝ�
1 x̂) =

1
2

x̂�Σx̂ (43)

Subject to E[Ŝ�
1 x̂] ≥ μ, Ŝ�

0 x̂ = 1.

Optimization problem (43) is already in the form (19) with A = {x ∈ RM+1 : S�
0 x = 1, x0 = 0}.

We can check if condition (c1) in Theorem 5 is satisfied. Moreover, Corollary 1 implies that Σ is positive
definite since St has no nontrivial riskless portfolio. Hence, the risk function r̂ has compact level
sets. Thus, Assumption 4 is satisfied and Theorem 5 is applicable. Let x̂(μ) be the optimal portfolio
corresponding to μ. Consider the Lagrangian

L(x̂, λ) :=
1
2

x̂�Σx̂ + λ1(μ − x̂�E[Ŝ1]) + λ2(1 − x̂�Ŝ0), (44)

where λ1 ≥ 0. Thanks to Theorem 1, we have

0 = ∇x̂L = Σx̂(μ)− (λ1E[Ŝ1] + λ2Ŝ0). (45)

In other words,

x̂(μ) = Σ−1(λ1E[Ŝ1] + λ2Ŝ0). (46)

We must have λ1 > 0 because otherwise x̂(μ) would be unrelated to the payoff Ŝ1.
The complementary slackness condition implies that E[Ŝ�

1 x̂(μ)] = μ. Left multiplying (45) by x̂�(μ),
we have

σ2(μ) = λ1μ + λ2. (47)

To determine the Lagrange multipliers, we need the numbers α = E[Ŝ1]
�Σ−1E[Ŝ1],

β = E[Ŝ1]
�Σ−1Ŝ0 and γ = Ŝ�

0 Σ−1Ŝ0. Left multiplying (46) by E[Ŝ1]
� and Ŝ�

0 , we have

μ = λ1α + λ2β (48)
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and

1 = λ1β + λ2γ. (49)

Solving (48) and (49), we derive

λ1 =
γμ − β

αγ − β2 and λ2 =
α − βμ

αγ − β2 , (50)

where

αγ − β2 = det

(
[E[Ŝ�

1 ], Ŝ�
0 ]Σ−1

[
E[Ŝ1]

Ŝ0

])
> 0, (51)

since Σ−1 is positive definite and condition (42) holds. Substituting (50) into (47), we see that the
efficient frontier is determined by the curve

σ(μ) =

√
γμ2 − 2βμ + α

αγ − β2 =

√
γ

αγ − β2

(
μ − β

γ

)2
+

1
γ

≥ 1√
γ

, (52)

usually referred to as the Markowitz bullet due to its shape. A typical Markowitz bullet is shown in
Figure 5 with an asymptote

μ =
β

γ
+ σ(μ)

√
αγ − β2

γ
. (53)

σ

μ

β/γ

1√
γ

Figure 5. Markowitz Bullet.

Note that G( 1
2 Var, id, {S�

0 x = 1, x0 = 0}) = G(σ, id, {S�
0 x = 1, x0 = 0}). Thus, relationships (52)

and (53) describe the efficient frontier Ge f f (σ, id, {S�
0 x = 1, x0 = 0}) as in Definition 5. In addition,

note that (52) implies that μmin = β/γ and rmin = 1/
√

γ. Thus, as a corollary of Theorem 5, we have

Theorem 6. (Markowitz Portfolio Theorem) Assume that the financial market St has no nontrivial riskless
portfolio and E[Ŝ1] is not proportional to Ŝ0 (see (42)). The Markowitz efficient portfolios of (41) represented in
the (σ, μ)−plane are given by

Ge f f (σ, id; {S�
0 x = 1, x0 = 0}).

They correspond to the upper boundary of the Markowitz bullet given by

σ(μ) =

√
γμ2 − 2βμ + α

αγ − β2 , μ ∈
[

β

γ
,+∞

)
.
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The optimal portfolio x̂(μ) can be determined by (46) and (50) as

x̂(μ) = μ
Σ−1(γE[Ŝ1]− βŜ0)

αγ − β2 +
Σ−1(αŜ0 − βE[Ŝ1])

αγ − β2 , (54)

which is affine in μ.

The structure of the optimal portfolio in (54) implies the well known two fund theorem derived
by Tobin (1958).

Theorem 7. (Two Fund Theorem) Select two distinct portfolios on the Markowitz efficient frontier. Then, any
portfolio on the Markowitz efficient frontier can be represented as the linear combination of these two portfolios.

4.2. Capital Asset Pricing Model

The capital asset pricing model (CAPM) is a theoretical equilibrium model independently
proposed by Lintner (1965), Mossin (1966), Sharpe (1964) and Treynor (1999) for pricing a risky
asset according to its expected payoff and market risk, often referred to as the beta. The core of the
capital asset pricing model is including a riskless bond in the Markowitz mean-variance analysis. Thus,
we can apply the general framework in Section 3 with the same setting as in Section 4.1. Similar to the
previous section, we can consider the equivalent problem of

min
x∈RM+1

1
2

σ2(S�
1 x) =

1
2

x̂�Σx̂ =: r̂(x̂) (55)

Subject to E[S�
1 x] ≥ μ, S�

0 x = 1.

Similar to the last section problem (55) is in the form (19) with A = {x ∈ RM+1 : S�
0 x = 1}.

We can check that condition (c1) in Theorem 5 is satisfied. Again, the risk function r̂ has compact
level sets since Σ is positive definite. Thus, Assumption 4 is satisfied and Theorem 5 is applicable.
The Lagrangian of this convex programming problem is

L(x, λ) :=
1
2

x̂�Σx̂ + λ1(μ − x�E[S1]) + λ2(1 − x�S0), (56)

where λ1 ≥ 0. Again, we have

0 = ∇xL = (0, Σx̂(μ))− (λ1E[S1] + λ2S0). (57)

Using S0
1 = R and S0

0 = 1, the first component of (57) implies

λ2 = −λ1R, (58)

so that (57) becomes

0 = ∇xL = (0, Σx̂(μ))− λ1(E[S1]− RS0). (59)

Clearly, λ1 > 0 for x̂(μ) = 0. Using the complementary slackness condition E[S�
1 x(μ)] = μ,

we derive

σ2(μ) = x̂�(μ)Σx̂(μ) = λ1(μ − R), (60)

by left multiplying x�(μ) in (59). Solving x̂(μ) from (59), we have

x̂(μ) = λ1Σ−1(E[Ŝ1]− RŜ0). (61)
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Left multiplying with E[Ŝ�
1 ] and Ŝ�

0 and using the α, β and γ introduced in the previous section,
we derive

μ − x0(μ)R = λ1(α − Rβ) (62)

and

1 − x0(μ) = λ1(β − Rγ), (63)

respectively. Multiplying (63) by R and subtracting it from (62), we get

μ − R = λ1(α − 2βR + γR2). (64)

Combining (60) and (64), we arrive at

σ2(μ) =
(μ − R)2

α − 2βR + γR2 . (65)

Clearly, efficient portfolios only occur for μ ≥ R, since, for μ = R, the pure bond portfolio (1, 0̂�)�

is the only efficient (and risk free) portfolio. Relation (65) defines a straight line on the (σ, μ)-plane

σ(μ) =
μ − R√

Δ
or μ = R + σ(μ)

√
Δ, (66)

where Δ := α − 2βR + γR2 > 0 if

E[Ŝ1]− RŜ0 = 0̂, (67)

since Σ is positive definite. The line given in (66) is called the capital market line.
In addition, combining (61), (63) and (64), we have

x�(μ) = Δ−1[α − βR − μ(β − γR), (μ − R)(E[Ŝ�
1 ]− RŜ�

0 )Σ−1]. (68)

Again, we see the affine structure of the solution. Note that, although the computation is done in
terms of the risk function r̂(x̂) = 1

2 x̂�Σx̂, relationships in (66) are in terms the risk function σ(S�
1 x).

Thus, they describe the efficient frontier Ge f f (σ, id; {S�
0 x = 1}) as in Definition 5. In summary, we have

Theorem 8. (CAPM) Assume that the financial market St of Definition 1 has no nontrivial riskless portfolio.
Moreover, assume that condition (67) holds. The efficient portfolios for the CAPM model Ge f f (σ, id; {S�

0 x = 1})
represented in the (σ, μ)-plane are a straight line passing through (0, R) corresponding to the portfolio of pure
risk free bond. The optimal portfolio x(μ) can be determined by (68), which is affine in μ and can be represented
as points in the (σ, μ)-plane as located on the capital market line

μ = R + σ
√

Δ, σ ≥ 0.

In particular, when μ = R and μ = (α − βR)/(β − γR), we derive, respectively, the portfolio
(1, 0̂�)� that contains only the riskless bond and the portfolio (0, (E[Ŝ�

1 ]− RŜ�
0 )Σ−1/(β − γR))� that

contains only risky assets. We call this portfolio the market portfolio and denote it xM. The market
portfolio corresponds to the coordinates

(σM, μM) =

( √
Δ

β − γR
, R +

Δ
β − γR

)
. (69)
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Since the risk σ is non negative, we see that the market portfolio exists only when

β − γR > 0.

This condition is

Ŝ�
0 Σ−1(E[Ŝ1]− RŜ0) > 0. (70)

By Theorem 3,

(σM, μM) ∈ Ge f f (σ, id; {S�
0 x = 1}) ∩ G(σ, id; {S�

0 x = 1, x0 = 0}) (71)

⊂ Ge f f (σ, id; {S�
0 x = 1, x0 = 0}).

Thus, the market portfolio has to reside on the Markowitz efficient frontier. Moreover, by (68),
we can see that the market portfolio xM is the only portfolio on the CAPM efficient frontier that consists
of purely risky assets. Thus,

Ge f f (σ, id; {S�
0 x = 1}) ∩ G(σ, id; {S�

0 x = 1, x0 = 0}) = {(σM, μM)}, (72)

so that the capital market line is tangent to the Markowitz bullet at (σM, μM) as illustrated in Figure 6.

σ

μ

(σM, μM)

(0, R)

Figure 6. Capital Market Line and Markowitz Bullet.

Remark 8. Observe that Σ−1(E[Ŝ1]− RŜ0) is proportional to the optimal portfolio in (61). Thus, condition (70)
means that any optimal portfolio should have an positive initial cost. Note that (70) also implies (67).

The affine structure of the solutions is summarized in the following one fund theorem
Sharpe (1964); Tobin (1958).

Theorem 9. (One Fund Theorem) Assume that the financial market St has no nontrivial riskless portfolio.
Moreover, assume that condition (70) holds. All the optimal portfolios in the CAPM model (55) are generalized
convex combinations of the riskless bond and the market portfolio xM = (0, (E[Ŝ�

1 ]− RŜ�
0 )Σ−1/(β − γR))�,

which corresponds to (σM, μM). The capital market line is tangent to the boundary of the Markowitz bullet at
the coordinates of the market portfolio (σM, μM) and intercepts the μ-axis at (0, R) (see Figure 6).

Alternatively, we can write the slope of the capital market line as

√
Δ =

μM − R
σM

. (73)
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This quantity is called the price of risk and we can rewrite the equation for the capital market
line (66) as

μ = R +
μM − R

σM
σ. (74)

5. Affine Efficient Frontier for Positive Homogeneous Risk Measure

The affine dependence of the efficient portfolio on the return μ observed in the CAPM still holds when
the standard deviation is replaced by the more general deviation measure (see Rockafellar et al. (2006)).
In this section, we derive this affine structure using the general framework discussed in Section 3 and
provide a proof different from that of Rockafellar et al. (2006). Moreover, we provide a sufficient
condition for the existence of the master fund in the one fund theorem generalizing condition
β − Rγ > 0 (see (70)) for the existence of the market portfolio in the CAPM model. We also construct
a counter-example showing that the two fund theorem (Theorem 7) fails in this setting. Let us consider
a risk measure r that satisfies (r1), (r1n), (r2) and (r3) in Assumption 2 and the related problem of
finding efficient portfolios becomes

min
x∈RM+1

r(x) = r̂(x̂) (75)

Subject to E[S�
1 x] ≥ μ, S�

0 x = 1.

Since, for μ = R, there is an obvious solution x(R) = (1, 0̂�)� corresponding to
r(x(R)) = r̂(0̂) = 0, we have rmin = 0 and μmin = R. In what follows, we will only consider μ > R.
Moreover, we note that for r̂ satisfying the positive homogeneous property (r3) in Assumption 2,
ŷ ∈ ∂r̂(x̂) implies that

r̂(x̂) = 〈ŷ, x̂〉. (76)

In fact, for any t ∈ (−1, 1),

t̂r(x̂) = r̂((1 + t)x̂)− r̂(x̂) ≥ t〈ŷ, x̂〉, (77)

and (76) follows. Now we can state and prove the theorem on affine dependence of the efficient
portfolio on the return μ.

Theorem 10. (Affine Efficient Frontier for Positive Homogeneous Risk Measures) Assume that the risk
measure r satisfies assumptions (r1), (r1n), (r2) and (r3) in Assumption 2 with A = {x ∈ RM+1 : S�

0 x = 1}
and Assumption 4 (b) holds. Furthermore, assume

E[Ŝ1]− RŜ0 = 0̂. (78)

Then, there exists an efficient portfolio x1 corresponding to (r1, μ1) := (r(x1), R + 1) on the efficient frontier for
problem (75) such that the efficient frontier for problem (75) in the risk-expected return space is a straight line that
passes through the points (0,R) corresponding to a portfolio of pure bond (1, 0̂�)� and (r1, μ1) corresponding
to the portfolio x1, respectively. Moreover, the straight line connecting (1, 0̂�)� and x1 in the portfolio space,
namely for μ ≥ R,

x(μ) = (μ1 − μ)(1, 0̂�)� + (μ − R)x1 (79)

represents a set of efficient portfolios for (75) that corresponds to

(γ(μ), μ) = ((μ − R)r1, μ) (80)
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in the risk-expected return space (see Definition 5 and (19)).

Proof. The Lagrangian of this convex programming problem (75) is

L(x, λ) := r(x) + λ1(μ − x�E[S1]) + λ2(1 − x�S0), (81)

where λ1 ≥ 0 and λ2 ∈ R.
Condition (78) implies that there exists some m̄ ∈ {1, 2, . . . , M}, such that E[Sm̄

1 ] = RSm̄
0 . Hence,

for any μ, there exists a portfolio of the form y = (y0, 0, . . . , 0, ym̄, 0, . . . , 0)� satisfying

[
E[S�

1 y]
S�

0 y

]
=

[
Ry0 +E[Sm̄

1 ]ym̄

y0 + Sm̄
0 ym̄

]
=

[
R E[Sm̄

1 ]

1 Sm̄
0

] [
y0

ym̄

]
=

[
μ

1

]
(82)

because the matrix in (82) is invertible. Thus, for any μ ≥ R, Assumption 4 (b) with A = {x ∈ RM+1 :
S�

0 x = 1} and condition (78) ensure the existence of an optimal solution to problem (75).
Denoting one of those solutions by x(μ) (may not be unique), we have

γ(μ) = r(x(μ)) = r̂(x̂(μ)). (83)

Fixing μ1 = R + 1 > R, denote x1 = x(μ1). Then,

λ1E[S1] + λ2S0 ∈ ∂r(x1). (84)

Since r is independent of x0, we have

λ1E[S0
1] + λ2S0

0 = 0 or λ2 = −λ1R. (85)

Substituting (85) into (84) we have

λ1E[Ŝ1 − RŜ0] ∈ ∂r̂(x̂1) (86)

so that, for all x̂ ∈ RM,

r̂(x̂)− r̂(x̂1) ≥ λ1E[(Ŝ1 − RŜ0)
�(x̂ − x̂1)] = λ1(E[(Ŝ1 − RŜ0)

� x̂]− (μ1 − R)) (87)

because, at the optimal solution x̂1, the constraint is binding. Using (r3), it follows from (76) and
(86) that

r̂(x̂1) = λ1E[(Ŝ1 − RŜ0)
� x̂1] = λ1(μ1 − R) = λ1. (88)

Thus, we can write (87) as

r̂(x̂) ≥ r̂(x̂1)E[(Ŝ1 − RŜ0)
� x̂]. (89)

For t ≥ 0, define the homotopy between x0 := (1, 0̂�)� and x1

xt := (tx1
0 + (1 − t), tx̂1). (90)

We can verify that S�
0 xt = 1 and E[S�

1 xt] = R + t so that

E[(S1 − RS0)
�xt] = t. (91)
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On the other hand, it follows from assumptions (r1) and (r3) that

r(xt) = r̂(tx̂1) = t r̂(x̂1). (92)

Thus, for any x satisfying S�
0 x = 1 and E[S�

1 x] ≥ R + t, it follows from (89) that

r̂(x̂) ≥ r̂(x̂1)t. (93)

For any μ > R, letting tμ := μ − R, we have μ = R + tμ and hence xtμ = x(μ). Thus,
by inequality (93), we have r̂(x̂(μ)) ≥ tμ r̂(x̂1). On the other hand, x(μ) is an efficient portfolio
implies that r̂(x̂(μ)) ≤ r̂(x̂tμ) = tμ r̂(x̂1) yielding equality

γ(μ) = r̂(x̂(μ)) = r̂(x̂tμ) = tμ r̂(x̂1) = (μ − R)̂r(x̂1), for μ ≥ R. (94)

In other words, γ(μ) is an affine function in μ. In addition, we conclude that points (γ(μ), μ) on
this efficient frontier correspond to efficient portfolios

x(μ) = xtμ =
(
(μ − R)x1

0 + μ1 − μ, (μ − R)x̂1
)
= (μ1 − μ)(1, 0̂�)� + (μ − R)x1 (95)

as an affine mapping of the parameter μ into the portfolio space showing (79).
In addition, using r1, we can write (94) as

γ(μ) = r1(μ − R). (96)

That is to say, the efficient frontier of (75) in the risk-expected return space is given by the
parameterized straight line (80).

Corollary 3. In Theorem 10, if instead of (r3) the stronger condition (r3s) holds, then the portfolio x1 constructed
there is unique and, therefore, for each fixed μ ≥ R, the efficient portfolio x(μ) in (79) is unique.

Proof. Apply Theorem 5 with condition (c3).

Theorem 10 and Corollary 3 manifest a full generalization of Theorem 8 on the capital market
pricing model to positive homogeneous risk measures. Note that the necessary conditions on the
financial market in (67) and (78) are the same.

Remark 9. (a) Clearly, xtR corresponds to the portfolio (1, 0̂�)� with γ(R) = r̂(0̂) = 0. If x1
0 < 1, setting

μM := μ1−Rx1
0

1−x1
0

and rM := γ(μM) = r̂(x̂1)/(1− x1
0), we see that (rM, μM) on the efficient frontier corresponds

to a purely risky efficient portfolio of (75)

xM := xtμM =

(
0,

1
1 − x1

0
(x̂1)�

)�
. (97)

Since xM belongs to the image of the affine mapping in (95), the family of efficient portfolios as described
by the affine mapping in (95) contains both the pure bond (1, 0̂�)� and the portfolio xM that consists only of
purely risky assets. In fact, we can represent the affine mapping in (95) as a parametrized line passing through
(1, 0̂�)� and xM as

xtμ :=
(

1 − μ − R
μM − R

)
(1, 0̂�)� +

μ − R
μM − R

xM, for μ ≥ R, (98)

which is a similar representation of the efficient portfolios as (79). The portfolio xM is called a master fund in
Rockafellar et al. (2006). When r = σ, it is the market portfolio in the CAPM. For a general risk measure r
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satisfying conditions (r1), (r1n), (r2) and (r3) in Assumption 2, the master funds xM are not necessarily unique.
However, all master funds correspond to the same point (rM, μM) in the risk-expected return space.

(b) We can also consider problem (75) on the set of admissible portfolios of purely risky assets, namely
Ge f f (r, id; {S�

0 x = 1, x0 = 0}). Then, similar to the relationship between the Markowitz efficient frontier and
the capital market line, it follows from Theorem 10 that

G(r, id; {S�
0 x = 1, x0 = 0}) ∩ Ge f f (r, id; {S�

0 x = 1}) = {(rM, μM)}, (99)

as illustrated in Figure 7.
(c) If x1

0 = 1, then the efficient portfolios in (79) are related to μ in a much simpler fashion

(1, 0̂�)� + (μ − R)(0, (x̂1)�)�. (100)

There is no master fund as observed in Rockafellar et al. (2006) in this case. In the language of Rockafellar et al. (2006),
the portfolio x1 is called a basic fund. Thus, Theorem 10 recovers the results in Theorem 2 and Theorem 3 in
Rockafellar et al. (2006) with a different proof and a weaker condition (condition (78) is weaker than (A2) on page
752 of Rockafellar et al.). However, Corollary 3 is a significant improvement yielding uniqueness in case (r3s) holds.
This will help below when we derive a sufficient condition for the existence of a master fund, which is solely depending
on the risk measure and the financial market.

r

μ

(rM, μM)

(0, R)

Figure 7. Capital Market Line for (75) when 1 − x1
0 > 0.

We see in Remark 9 that the existence of a master fund depends on whether or not x1
0 < 1.

Below, we characterize this condition in terms of f (x̂) := [̂r(x̂)]2/2 and its Fenchel conjugate f ∗ :
RM → R, defined by f ∗(ŷ) := supx̂∈RM{〈ŷ, x̂〉 − f (x̂)}.

Theorem 11. Under the conditions of Corollary 3, assuming that f ∗ is differentiable at E[Ŝ1 − RŜ0], a master
fund exists if and only if Ŝ�

0 ∇ f ∗(E[Ŝ1 − RŜ0]) > 0.

Proof. Combining (86) and (88) and using the chain rule, we can see that

[̂r(x̂1)]2E[Ŝ1 − RŜ0] ∈ ∂ f (x̂1). (101)

By virtue of the Fenchel–Young equality (see (Carr and Zhu forthcoming, Proposition 1.3.1)),
we have

f (x̂1) + f ∗([̂r(x̂1)]2E[Ŝ1 − RŜ0]) = 〈[̂r(x̂1)]2E[Ŝ1 − RŜ0], x̂1〉, (102)

and

∇ f ∗([̂r(x̂1)]2E[Ŝ1 − RŜ0]) = x̂1. (103)
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It follows that x1
0 < 1 is equivalent to

0 < 1 − x1
0 = Ŝ�

0 x̂1 = Ŝ�
0 ∇ f ∗([̂r(x̂1)]2E[Ŝ1 − RŜ0]) = [̂r(x̂1)]4Ŝ�

0 ∇ f ∗(E[Ŝ1 − RŜ0]). (104)

The last equality is because f (tx̂) = t2 f (x̂) implies f ∗(tŷ) = t2 f ∗(ŷ).

Remark 10. We refer to Borwein and Vanderwerff (2009) for conditions ensuring the differentiability of f ∗ in
Theorem 11. In the CAPM model f (x̂) = 1

2 x̂�Σx̂ and f ∗(ŷ) = 1
2 ŷ�Σ−1ŷ. Thus, the master fund exists if and

only if
β − Rγ = Ŝ�

0 Σ−1E[Ŝ1 − RŜ0] > 0,

which exactly recovers the condition in (70) for the existence of a market portfolio in the one fund theorem
(cf. Theorem 9).

In general, for a risk measure with (r1), (r1n) and (r3s), if f (x̂) = [r(x̂)]2/2 is C2, then f (x̂) = 1
2 x̂�Σ̂x̂

where Σ̂ is the Hessian of f at 0̂. Thus, a criterion for the existence of a master fund similar to (70) holds with Σ
replaced by Σ̂.

Another very useful case is r̂(x̂) = ‖x̂‖max. It is not hard to show that the conjugate of f (x̂) = ‖x̂‖2
max/2

is f ∗(ŷ) = ‖ŷ‖2
1/2. In fact, it follows from the Cauchy inequality that ‖x̂‖2

max/2 + ‖ŷ‖2
1/2 ≥ 〈x̂, ŷ〉. Thus,

‖ŷ‖2
1/2 ≥ f ∗(ŷ). (105)

On the other hand, for any ŷ = (y1, . . . , yM)�, defining x̂t := t(sgn(y1), . . . , sgn(yM))�, we have

〈x̂t, ŷ〉 − ‖x̂t‖2
max/2 = t‖ŷ‖1 − t2/2. (106)

The maximum of the expression in (106) as a function of t is ‖ŷ‖2
1/2. It follows that

‖ŷ‖2
1/2 ≤ f ∗(ŷ). (107)

Combining (105) and (107), we arrive at ‖ŷ‖2
1/2 = f ∗(ŷ). This example illustrates that using r̂2/2 and its

conjugate often helps. In fact, f ∗ is differentiable everywhere except for the coordinate axises. However, ‖ · ‖∗max
is an indicator function on the closed set {ŷ : ‖ŷ‖1 ≤ 1} (see (Carr and Zhu forthcoming, Proposition 2.4.2)),
whose derivative is 0 at any differentiable point and, therefore, is not useful for our purpose.

Since the standard deviation satisfies Assumptions (r1), (r1n), (r2) and (r3s), the result above is
a generalization of the relationship between the CAPM model and the Markowitz portfolio theory.
We note that the standard deviation is not the only risk measure that satisfies these assumptions.
For example, some forms of approximation to the expected drawdowns also satisfy these assumptions
(cf. Maier-Paape and Zhu (2017)).

Theorem 10 and Corollary 3 are a full generalization of Theorem 8 on the CAPM and Theorem 11 is
a generalization of the one fund theorem in Theorem 9. On the other hand, in Rockafellar et al. (2006),
footnote 10, it has been noted that a similar generalization of the two fund theorem (Theorem 7) is not to
be expected. We construct a concrete counter-example below.

Example 3. (Counter-example to a Generalized Two Fund Theorem) Let us consider, for example,

min
x̂∈R3

r̂(x̂) (108)

Subject to E[Ŝ�
1 x̂] ≥ μ, Ŝ�

0 x̂ = 1,

with M = 3.
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Choose all Sm
0 = 1, so that Ŝ�

0 x̂ = 1 is x1 + x2 + x3 = 1. Choose the payoff S1 such that E[Ŝ�
1 x̂] = x1 so

that x1 = μ at the optimal solution. Finally, let us construct r̂(x̂) so that the optimal solution x̂(μ) is not affine
in μ.

We do so by constructing a convex set G with 0 ∈ intG (interior of G) and then set r̂(x̂) = 1 for x̂ ∈ ∂G
(boundary of G) and extend r̂ to be positive homogeneous. Then, (r1), (r1n), (r2) and (r3) are satisfied.

Now, let us specify G. Take the convex hull of the set [−5, 5]× [−1, 1]× [−1, 1] and five other points.
One point is E = (10, 0, 0)� and the other four points A, B, C and D, are the corner points of a square that lies
in the plane x1 = 9 and has unit side length. To obtain that square, take the standard square with unit side
length in x1 = 9, i.e., the square with corner points (9,±1/2,±1/2)� and rotate this square by 30 degrees
counter clockwise in the x2x3-plane. Doing some calculation, one gets:

A = (9, (−1 +
√

3)/4, (1 +
√

3)/4)�, B = (9, (−1 −
√

3)/4, (−1 +
√

3)/4)�,

C = (9, (1 −
√

3)/4, −(1 +
√

3)/4))�, D = (9, (1 +
√

3)/4), (1 −
√

3)/4))�.

Obviously for μ = 1, the optimal solution is x̂(1) = (1, 0, 0)� with r̂(x̂(1)) = 1/10. For μ = 1 + ε

with ε > 0 small, we have x̂(1 + ε) = (1 + ε, ε
√

3(+1 − √
3)/6, ε

√
3(−1 − √

3)/6))� (they lie on
the ray through a point on the convex combination of C and (10, 0, 0)�), and, for μ = 1 + d with
d > 0 large, we have x̂(1 + d) = (1 + d, −d/2, −d/2)� (they lie on the ray through a point on the set
{(x1, −1, −1)� : x1 ∈ (2, 5)}. Therefore, x̂(μ) cannot be affine in μ.

6. Growth Optimal and Leverage Space Portfolio

Growth portfolio theory is proposed by Lintner (1965) and is also related to the work of
Kelly (1956). It is equivalent to maximizing the expected log utility:

max
x∈RM+1

E[ln(S�
1 x)] (109)

Subject to S�
0 x = 1.

Remark 11. Problem (109) is equivalent to

max
x̂∈RM

E[ln(R + (Ŝ1 − RŜ0)
� x̂)]. (110)

The following theorem establishes the existence of the growth optimal portfolio as a corollary of
our results in Section 3. This theorem reconfirms previous results in Hermes and Maier-Paape (2017)
with somewhat different conditions and a shorter proof.

Theorem 12. (Growth Optimal Portfolio) Assume that the financial market St of Definition 1 has no
nontrivial riskless portfolio. Then, problem (109) has a unique optimal portfolio, which is often referred to as the
growth optimal portfolio and is denoted κ ∈ RM+1.

To prove Theorem 12, we need the following lemma.

Lemma 2. Assume that the financial market St of Definition 1 has no nontrivial riskless portfolio. Let u be
a utility function satisfying (u3) in Assumption 3. Then, for any μ ∈ R,

{x ∈ RM+1 : E[u(S�
1 x)] ≥ μ, S�

0 x = 1} (111)

is compact (and possibly empty in some cases).
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Proof. Since, by Assumption 3, u is upper semi-continuous, the set in (111) is closed. Thus, we need
only to show it is also bounded. Assume the contrary that there exists a sequence of portfolios xn with

S�
0 xn = 1 (112)

and ‖xn‖ → ∞ satisfying

E[u(S�
1 xn)] ≥ μ. (113)

Equation (112) implies that ‖x̂n‖ → ∞. Then, without loss of generality, we may assume xn/‖x̂n‖
converges to x∗ = (x∗

0, (x̂∗)�)� where ‖x̂∗‖ = 1. Condition (u3) and (113) for arbitrary μ ∈ R imply
that, for each natural number n,

S�
1 xn ≥ 0. (114)

Dividing (112) and (114) by ‖x̂n‖ and taking limits as n → ∞, we derive S�
0 x∗ = 0 and S�

1 x∗ ≥ 0.
Thus, we have

(Ŝ1 − RŜ0)
� x̂∗ ≥ 0, (115)

and thus x∗ is a nontrivial riskless portfolio, which is a contradiction.

Proof of Theorem 12. We can verify that the utility function u = ln satisfies conditions (u1), (u2s),
(u3) and (u4). In addition, {x : E[ln(S�

1 x)] ≥ ln(R), S�
0 x = 1} = ∅ because it contains (1, 0̂�)�. Thus,

Lemma 2 implies that problem (109) has at least one solution and

μmax = max
x∈RM+1

{E[ln(S�
1 x)] : S�

0 x = 1}

is finite. By Proposition 6, x �→ E[ln(S�
1 x)] is strictly concave. Thus, problem (109) has a unique

optimal portfolio.

Assuming one repeatedly invests in the identical one period financial market, the growth
optimal portfolio has the nice property that it provides the fastest compounded growth of the
capital. By Remark 7(b), it is independent of any risk measures. In the special case that all the
risky assets are representing a certain gaming outcome, κ is the Kelly allocation in Kelly (1956).
However, the growth portfolio is seldomly used in investment practice for being too risky. The book
(MacLean et al. 2009) provides an excellent collection of papers with chronological research on this
subject. These observations motivated Vince (2009) to introduce his leverage space portfolio to scale
back from the growth optimal portfolio. Recently, De Prado et al. (2013); Vince and Zhu (2015) further
introduce systematical methods to scale back from the growth optimal portfolio by, among other ideas,
explicitly accounting for limiting a certain risk measure. The analysis in Vince and Zhu (2015) and
De Prado et al. (2013) can be phrased as solving

γ(μ) := inf{r(x) = r̂(x̂) : E[ln(S�
1 x)] ≥ μ, S�

0 x = 1}, (116)

where r is a risk measure that satisfies conditions (r1) and (r2). Alternatively, to derive the efficient
frontier, we can also consider

ν(r) := sup{E[ln(S�
1 x)] : r(x) = r̂(x̂) ≤ r, S�

0 x = 1}. (117)

Applying Proposition 8, Theorem 5 and Remark 7 to the set of admissible portfolios
A = {x ∈ RM+1 : S�

0 x = 1}, we derive:
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Theorem 13. (Leverage Space Portfolio and Risk Measure) We assume that the financial market St in
Definition 1 has no nontrivial riskless portfolio and that the risk measure r satisfies conditions (r1), (r1n) and
(r2). Then, the problem

sup
x∈RM+1

E[ln(S�
1 x)] (118)

subject to r(x) = r̂(x̂) ≤ r, S�
0 x = 1

has a bounded efficient frontier that can be parameterized as follows:
(a) problem (116) defines γ(μ) : [ln(R), μκ ] → R as a continuous increasing convex function, where μκ :=

E[ln(S�
1 κ)] and κ is the optimal growth portfolio. Moreover, problem (116) has a continuous path of unique

solutions z(μ) := x(γ(μ), μ) that maps the interval [ln(R), μκ ] into a curve in the leverage portfolio space
RM+1. Finally, z(ln(R)) = (1, 0̂�)�, z(μκ)) = κ, γ(ln(R)) = r̂(0̂) = 0 and γ(μκ) = r(κ).

(b) problem (117) defines ν(r) : [0, r(κ)] → R as a continuous increasing concave function, where κ is the
optimal growth portfolio. Moreover, problem (117) has a continuous path of unique solutions y(r) := x(r, ν(r))
that maps the interval [0, r(κ)] into a curve in the leverage portfolio space RM+1. Finally, y(0) = (1, 0̂�)�,
y(r(κ)) = κ, ν(0) = ln(R) and ν(r(κ)) = μκ .

Proof. Note that Assumption 4 (a) holds due to Lemma 2 and (c2) in Theorem 5 is also satisfied.
Then, (a) follows straightforwardly from Theorem 5, where μmax = μκ and μmin = ln(R) are finite and
attained and (b) follows from Theorem 5 with rmin = 0 and rmax = r(κ).

Remark 12. Theorem 13 relates the leverage portfolio space theory to the framework setup in Section 3.
It becomes clear that each risk measure satisfying conditions (r1), (r1n) and (r2) generates a path in the
leverage portfolio space connecting the portfolio of a pure riskless bond to the growth optimal portfolio.
Theorem 13 also tells us that different risk measures usually correspond to different paths in the portfolio
space. Many commonly used risk measures satisfy conditions (r1) and (r2). The curve z(μ) provides a pathway
to reduce risk exposure along the efficient frontier in the risk-expected log utility space. As observed in
De Prado et al. (2013); Vince and Zhu (2015), when investments have only a finite time horizon, then there are
additional interesting points along the path z(μ) such as the inflection point and the point that maximizes the
return/risk ratio. Both of which provide further landmarks for investors.

Similar to the previous sections, we can also consider the related problem of using only portfolios
involving risky assets, i.e.,

max
x̂∈RM

E[ln(Ŝ�
1 x̂)] (119)

subject to Ŝ�
0 x̂ = 1.

Theorem 14. (Existence of Solutions) Suppose that

Si
1(ω) > 0, ∀ω ∈ Ω, i = 1, . . . , M. (120)

Then, problem (119) has a solution.

Proof. As in the proof of Theorem 13, we can see that Assumption 4 (a) holds due to Lemma 2.
Observe that, for x̂∗ = (1/M, 1/M, . . . , 1/M)�, we get from (120) that E[ln(Ŝ�

1 x̂∗)] is finite. Then,
we can directly apply Theorem 5 with A = {x ∈ RM+1 : S�

0 x = 1, x0 = 0}.
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With the help of Theorem 14, we can conclude that problem

sup
x̂∈RM

E[ln(Ŝ�
1 x̂)] (121)

subject to r̂(x̂) ≤ r, Ŝ�
0 x̂ = 1

generates an efficient frontier as well (comparable to the Markowitz bullet for u = id). However,
due to the involvement of the log utility function, the relative location of efficient frontiers stemming
from (118) and (121) may have several different configurations. The following is an example.

Example 4. Let M = 1. Consider a sample space Ω = {0, 1} with probability P(0) = 0.45 and P(1) = 0.55
and a financial market involving a riskless bond with R = 1 and one risky asset specified by S1

0 = 1, S1
1(0) = 0.5

and S1
1(1) = 1 + α with α > 9/22 so that E[S1

1] > S1
0. Use the risk measure r1(x0, x1) = |x1| (which is an

approximation of the drawdown cf. Vince and Zhu (2015)). Then, it is easy to calculate that the efficient frontier
corresponding to (118) is

ν(r) = 0.55 ln(1 + αr) + 0.45 ln(1 − 0.5r), r ∈ [0, rα
max], (122)

where rα
max = (22α − 9)/20α. On the other hand, the efficient frontier stemming from (121) is a single point

{(1, ν(1))}, where ν(1) = 0.55 ln(1 + α)− 0.45 ln(2).
When α ∈ (9/22, 9/2), the two efficient frontiers corresponding to (118) and (121) have no common

points (see Figure 8). However, when α ≥ 9/2, Ge f f (r1, ln; {S�
0 x = 1, x0 = 0}) ⊂ Ge f f (r1, ln; {S�

0 x = 1})
(see Figure 9). In particular, when α = 9/2, Ge f f (r1, ln; {S�

0 x = 1, x0 = 0}) coincides with the point on
Ge f f (r1, ln; {S�

0 x = 1}) corresponding to the growth optimal portfolio as illustrated in Figure 10.
In fact, a far more common restriction to the set of admissible portfolios are limits of risk. For this example,

if, for instance, we restrict the risk by r1(x) ≤ 0.5, then we will create a shared efficient frontier from (118) when
r is a priori restricted (see Figure 11).

r

μ

G(r1, ln; {S�
0 x = 1}) G(r1, ln; {S�

0 x = 1, x0 = 0})

Figure 8. Separated efficient frontiers.

r

μ

G(r1, ln; {S0 · x = 1})

G(r1, ln; {S0 · x = 1, x0 = 0})

Figure 9. Touching efficient frontiers.
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r

μ

G(r1, ln; {S�
0 x = 1})

G(r1, ln; {S�
0 x = 1, x0 = 0})

Figure 10. Touching efficient frontiers at growth optimal.

r

μ

G(r1, ln; {S�
0 x = 1})

G(r1, ln; {S�
0 x = 1, r1(x) ≤ 0.5})

Figure 11. Shared efficient frontiers.

Remark 13. (Efficiency Index) Although the growth optimal portfolio is usually not implemented as an
investment strategy, the maximum utility μmax corresponding to the growth optimal portfolio κ, empirically
estimated using historical performance data, can be used as a measure to compare different investment strategies.
This is proposed in Zhu (2007) and called the efficiency index. When the only risky asset is the payoff of
a game with two outcomes following a given playing strategy, the efficiency coefficient coincides with Shannon’s
information rate (see Kelly (1956); Shannon and Weaver (1949); Zhu (2007)). In this sense, the efficiency index
gauges the useful information contained in the investment strategy it measures.

7. Conclusions

Following the pioneering idea of Markowitz to trade-off the expected return and standard
deviation of a portfolio, we consider a general framework to efficiently trade-off between a concave
expected utility and a convex risk measure for portfolios. Under reasonable assumptions, we show
that (i) the efficient frontier in such a trade-off is a convex curve in the expected utility-risk space,
(ii) the optimal portfolio corresponding to each level of the expected utility is unique and (iii) the
optimal portfolios continuously depend on the level of the expected utility. Moreover, we provide an
alternative treatment and enhancement of the results in Rockafellar et al. (2006) showing that the one
fund theorem (Theorem 9) holds in the trade-off between a deviation measure and the expected return
(Theorem 11) and construct a counter-example illustrating that the two fund theorem (Theorem 7) fails
in such a general setting. Furthermore, the efficiency curve in the leverage space is supposedly an
economic way to scale back risk from the growth optimal portfolio (Theorem 13).

This general framework unifies a group of well known portfolio theories. They are Markowitz
portfolio theory, capital asset pricing model, the growth optimal portfolio theory, and the leverage
portfolio theory. It also extends these portfolio theories to more general settings.
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The new framework also leads to many questions of practical significance worthy of further
explorations. For example, quantities related to portfolio theories such as the Sharpe ratio and efficiency
index can be used to measure investment performances. What other performance measurements can
be derived using the general framework in Section 3? Portfolio theory can also inform us about pricing
mechanisms such as those discussed in the capital asset pricing model and the fundamental theorem
of asset pricing (see (Carr and Zhu forthcoming, Section 2.3). What additional pricing tools can be
derived from our general framework?

Clearly, for the purpose of applications, we need to focus on certain special cases. Drawdown
related risk measures coupled with the log utility attracts much attention in practice. In Part II of
this series Maier-Paape and Zhu (2017), several drawdown related risk measures are constructed
and analyzed.
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Abstract: The aim of this paper is to provide several examples of convex risk measures necessary
for the application of the general framework for portfolio theory of Maier-Paape and Zhu (2018),
presented in Part I of this series. As an alternative to classical portfolio risk measures such as the
standard deviation, we, in particular, construct risk measures related to the “current” drawdown
of the portfolio equity. In contrast to references Chekhlov, Uryasev, and Zabarankin (2003, 2005),
Goldberg and Mahmoud (2017), and Zabarankin, Pavlikov, and Uryasev (2014), who used the
absolute drawdown, our risk measure is based on the relative drawdown process. Combined with
the results of Part I, Maier-Paape and Zhu (2018), this allows us to calculate efficient portfolios based
on a drawdown risk measure constraint.

Keywords: admissible convex risk measures; current drawdown; efficient frontier; portfolio theory;
fractional Kelly allocation, growth optimal portfolio; financial mathematics
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1. Introduction

Modern portfolio theory due to Markowitz (1959) has been the state of the art in mathematical
asset allocation for over 50 years. Recently, in Part I of this series (see Maier-Paape and Zhu (2018)),
we generalized portfolio theory such that efficient portfolios can now be considered for a wide range
of utility functions and risk measures. The so found portfolios provide an efficient trade-off between
utility and risk, just as in the Markowitz portfolio theory. Besides the expected return of the portfolio,
which was used by Markowitz, general concave utility functions are now allowed, e.g., the log utility
used for growth optimal portfolio theory (cf. Kelly (1956); Vince (1992, 1995); Vince and Zhu (2015);
Zhu (2007, 2012); Hermes and Maier-Paape (2017); Hermes (2016)). Growth optimal portfolios
maximize the expected log returns of the portfolio yielding fastest compounded growth.

Besides the generalization in the utility functions, as a second breakthrough, more realistic risk
measures are now allowed. Whereas Markowitz and also the related capital asset pricing model
(CAPM) of Sharpe (1964) use the standard deviation of the portfolio return as risk measure, the new
theory of Part I in Maier-Paape and Zhu (2018) is applicable to a large class of convex risk measures.

Convex risk measures have a long tradition in mathematical finance. Besides the standard
deviation, for example, the conditional value at risk (CVaR) provides a nontrivial convex risk measure
(see Rockafellar and Uryasev (2002); and Rockafellar et al. (2006)), whereas the classical value at risk is
not convex, and therefore cannot be used within this framework.

Thus, in Part II, our focus is to provide and analyze several such convex risk measures related
to the expected log drawdown of the portfolio returns. In practice, drawdown related risk measures
are superior in yielding risk averse strategies when compared to the standard deviation risk measure.
Furthermore, the empirical simulations of Maier-Paape (2015) showed that (drawdown) risk averse
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strategies are also in great need when growth optimal portfolios are considered, since using them
regularly generates tremendous drawdowns (see also Tharp (2008)). Therefore, the here-constructed
drawdown related risk measures should be relevant for application in portfolio optimization, although
a thorough real-world test is not part of this paper.

Several other authors have also introduced drawdown risk measures. For instance, Chekhlov et al.
(2003, 2005) introduced the conditional drawdown at risk (CDaR) which is an application of the
conditional value at risk on absolute drawdown processes. They showed properties like convexity and
positive homogeneity for the CDaR. Later, Zabarankin et al. (2014) again used the conditional value at
risk, but this time, on the absolute drawdown on a rolling time frame, to construct a new variant of
the CDaR. Goldberg and Mahmoud (2017) introduced the so-called conditional expected drawdown
(CED), a variant of a general deviation measure which again uses the conditional value risk, but now
on pathwise maximum absolute drawdowns.

In contrast to the above literature, we here use the relative drawdown process to construct the
so-called “current drawdown log series” in Section 5 which, in turn, yields the current drawdown
related convex risk measures rcur and rcurX , the latter being positive homogeneous.

The results in Part II are a natural generalization of Maier-Paape (2013, 2018), where drawdown
related risk measures for a portfolio with only one risky asset were constructed. In these paper, as
well as here, the construction of randomly drawn equity curves, which allows the measurement of
drawdowns, is given in the framework of the growth optimal portfolio theory (see Section 3 and
furthermore Vince (2009)). Therefore, we use Section 2 to provide the basics of the growth optimal
theory and introduce our setup.

In Section 4, we introduce the concept of admissible convex risk measures, discuss some
of their properties and show that the “risk part” of the growth optimal goal function provides
such a risk measure. Then, in Section 5, we apply this concept to the expected log drawdown
of the portfolio returns. Some of the approximations of these risk measures even yield positively
homogeneous risk measures, which are strongly related to the concept of the deviation measures of
Rockafellar et al. (2006). According to the theory of Part I Maier-Paape and Zhu (2018), such positively
homogeneous risk measures provide—as in the CAPM model—an affine structure of the efficient
portfolios when the identity utility function is used. Moreover, often in this situation, even a market
portfolio, i.e., a purely risky efficient portfolio, related to drawdown risks can be provided as well.

Finally, we note that the main assumption of our market setup (Assumption 1 on the trade
return matrix T of (1)) is equivalent to a one period financial market having no nontrivial riskless
portfolios (which is a classical setup in mathematical finance since it combines the standard “no
arbitrage condition” and the “no nontrivial bond-replicating portfolio condition”—see Definition A1,
Definition A2 (a) and Theorem A2). This equivalence is a consequence of a generalized version of
Theorem 2 of Maier-Paape and Zhu (2018) and is shown in the Appendix A (Corollary A1). In fact,
the appendix provides the basic market setup for application of the generalized portfolio theory
of Part I Maier-Paape and Zhu (2018), and it is therefore used as a link between Part I and Part II.
It furthermore shows how the theory of Part I can be used with the risk measures constructed in this
paper. Nonetheless, Parts I and II can be read independently.

2. Setup

In the following text, we use a market which is given by trade returns of several investment
processes as described, for instance, in reference Vince (2009). As we will show in the appendix, such
a situation can be obtained in the classical one period market model of financial mathematics (see
Definition A1 and (A5)). For 1 ≤ k ≤ M, M ∈ N, we denote the k-th trading system by “system k”.
A trading system is an investment strategy applied to a financial instrument. Each system generates
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periodic trade returns, e.g., monthly, daily or the like. The net trade return of the i-th period of the k-th
system is denoted by ti,k, 1 ≤ i ≤ N, 1 ≤ k ≤ M. Thus, we have the joint return matrix

period (system 1) (system 2) · · · (system M)
1 t1,1 t1,2 · · · t1,M
2 t2,1 t2,2 · · · t2,M
...

...
...

. . .
...

N tN,1 tN,2 · · · tN,M

and we denote

T :=
(

ti,k

)
1≤i≤N
1≤k≤M

∈ RN×M. (1)

For better readability, we define the rows of T, which represent the returns of the i-th period of
our systems, as

ti· := (ti,1, . . . , ti,M) ∈ R1×M .

Following Vince (1992), for a vector of portions ϕ := (ϕ1, . . . , ϕM)�, where ϕk stands for the
portion of our capital invested in system k, we define the Holding Period Return (HPR) of the i-th
period as

HPRi(ϕ) := 1 +
M

∑
k=1

ϕk ti,k = 1 + 〈 t�i·,ϕ 〉 , (2)

where 〈·, ·〉 is the scalar product in RM. The Terminal Wealth Relative (TWR) representing the gain
(or loss) after the given N periods, when the vector ϕ is invested over all periods, is then given as

TWR(N)(ϕ) :=
N

∏
i=1

HPRi(ϕ) =
N

∏
i=1

(
1 + 〈 t�i·,ϕ 〉

)
. (3)

Since a Holding Period Return of zero for a single period means a total loss of our capital,
we restrict TWR(N) : G → R to the domain G given by the following definition:

Definition 1. A vector of portions ϕ ∈ RM is called admissible if ϕ ∈ G holds, where

G :=
{

ϕ ∈ RM | HPRi(ϕ) ≥ 0 for all 1 ≤ i ≤ N
}

(4)

=
{

ϕ ∈ RM | 〈 t�i·,ϕ〉 ≥ −1 for all 1 ≤ i ≤ N
}

.

Moreover, we define

R := {ϕ ∈ G | ∃ 1 ≤ i0 ≤ N s.t. HPRi0(ϕ) = 0}. (5)

Note that, in particular, 0 ∈ ◦
G (the interior of G) and R = ∂G, the boundary of G. Furthermore,

negative ϕk are, in principle, allowed for short positions.

Lemma 1. The set G in Definition 1 is polyhedral and thus convex, as is
◦
G.
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Proof. For each i ∈ {1, . . . , N}, the condition

HPRi(ϕ) ≥ 0 ⇐⇒ 〈 t�i·,ϕ〉 ≥ −1

defines a half space (which is convex). Since G is the intersection of a finite set of half spaces, it is itself

convex, in fact, it is even polyhedral. A similar reasoning yields that
◦
G is convex, too.

In the following text, we denote SM−1
1 :=

{
ϕ ∈ RM : ‖ϕ‖ = 1

}
as the unit sphere in RM, where

‖ · ‖ denotes the Euclidean norm.

Assumption 1. (no risk free investment) We assume that the trade return matrix T in (1) satisfies

∀ θ ∈ SM−1
1 ∃ i0 = i0(θ) ∈ {1, . . . , N} such that 〈 t�i0·, θ〉 < 0. (6)

In other words, Assumption 1 states that no matter what “allocation vector” θ = 0 is used, there
will always be a period i0 resulting in a loss for the portfolio.

Remark 1.

(a) Since θ ∈ SM−1
1 implies that −θ ∈ SM−1

1 , Assumption 1 also yields the existence of a period j0 resulting
in a gain for each θ ∈ SM−1

1 , i.e.,

∀ θ ∈ SM−1
1 ∃ j0 = j0(θ) ∈ {1, . . . , N} such that 〈 t�j0·, θ〉 > 0. (7)

(b) Note that with Assumption 1 ker(T) = {0} automatically follows, i.e., all trading systems are linearly
independent.

(c) It is not important whether or not the trading systems are “profitable”, since we allow short positions
(cf. Assumption 1 in Hermes and Maier-Paape (2017)).

Remark 2. It is worthwhile noting that for a trade return matrix T stemming from a classical one period
financial market (cf. Definition A1 and (A5) in the Appendix A), our Assumption 1 is equivalent to the “no
nontrivial riskless portfolio condition" of the market (see Definition A2 (a) and Corollary A1).

Lemma 2. Let the return matrix T ∈ RN×M (as in (1)) satisfy Assumption 1. Then, the set G in (4) is compact.

Proof. Since G is closed, the lemma follows from (6) yielding HPRi0(sθ) < 0 for all s > 0 which
are sufficiently large. A simple argument using the compactness of SM−1

1 yields that G is bounded
as well.

3. Randomly Drawing Trades

The ultimate goal of this paper is to construct a risk measure which is somehow related to the
drawdown risk of our financial market. It is clear how to measure the drawdown of a given equity
curve between two different time points, but so far, we only have a trade return matrix representing a
large number N of one period trade returns.

So, in order to generate equity curves, we assume that we can draw randomly and independently
from the given trade returns. Note that, in practice, the trade returns will not be perfectly independent,
but this is a good start; multi-period dependent trade returns could be investigated with a multi-period
financial market which, of course, would complicate matters even more.

Thus, we construct equity curves by randomly drawing trades from the given trade return matrix.

Setup 1. (trading game) Assume the trading systems have the trade return matrix T from (1). In a trading
game, the rows of T are drawn randomly. Each row ti· has a probability of pi > 0, with ∑N

i=1 pi = 1.
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Drawing randomly and independently K ∈ N times from this distribution results in a probability space
Ω(K) :=

{
ω = (ω1, . . . , ωK) : ωi ∈ {1, . . . , N}} and a terminal wealth relative (for fractional trading with

portion ϕ is used)

TWRK
1 (ϕ, ω) :=

K

∏
j=1

(
1 + 〈 t�ωj·,ϕ 〉

)
, ϕ ∈ ◦

G . (8)

The natural discrete equity curve related to Setup 1 is

TWRk
1(ϕ, ω) :=

k

∏
j=1

(
1 + 〈 t�ωj·,ϕ 〉

)
for times k = 1, . . . , K, which will become important in Section 5. For the time being, we work with (8).

In the rest of the paper we will use the natural logarithm, ln.

Theorem 1. For each ϕ ∈ ◦
G, the random variable Z (K)(ϕ, ·) : Ω(K) → R , Z (K)(ϕ, ω) :=

ln
(

TWRK
1 (ϕ, ω)

)
, K ∈ N, has the expected value

E
[
Z (K)(ϕ, ·)

]
= K · ln Γ(ϕ), (9)

where Γ(ϕ) := ∏N
i=1

(
1 + 〈 t�i·,ϕ 〉

)pi
is the weighted geometric mean of the holding period returns HPRi(ϕ) =

1 + 〈 t�i·,ϕ 〉 > 0 (see (2)) for all ϕ ∈ ◦
G.

Proof. For a fixed K ∈ N,

E
[
Z (K)(ϕ, ·)

]
= ∑

ω∈Ω(K)

P
({ω}) [ln

K

∏
j=1

(
1 + 〈 t�ωj·,ϕ 〉

)]

=
K

∑
j=1

∑
ω∈Ω(K)

P
({ω})[ln

(
1 + 〈 t�ωj·,ϕ 〉

)]
holds. For each j ∈ {1, . . . , K}

∑
ω∈Ω(K)

P
({ω}) [

ln
(

1 + 〈 t�ωj·,ϕ 〉
)]

=
N

∑
i=1

pi · ln
(

1 + 〈 t�i·,ϕ 〉
)

is independent of j because each ωj is an independent drawing. We thus obtain

[
Z (K)(ϕ, ·)

]
= K ·

N

∑
i=1

pi · ln
(

1 + 〈 t�i·,ϕ 〉
)

= K · ln

[
N

∏
i=1

(
1 + 〈 t�i·,ϕ 〉

)pi

]
= K · ln Γ(ϕ).

Next, we want to split up the random variable Z (K)(ϕ, ·) into “chance” and “risk” parts.
Since TWRK

1 (ϕ, ω) > 1 corresponds to a winning trade series tω1·, . . . , tωK· and TWRK
1 (ϕ, ω) < 1

analogously corresponds to a losing trade series, we define the random variables corresponding to up
trades and down trades:

Definition 2. For ϕ ∈ ◦
G we set
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Up-trade log series:

U (K)(ϕ, ω) := ln
(

max{1, TWRK
1 (ϕ, ω)}) ≥ 0. (10)

Down-trade log series:

D(K)(ϕ, ω) := ln
(

min{1, TWRK
1 (ϕ, ω)}) ≤ 0. (11)

Clearly U (K)(ϕ, ω) +D(K)(ϕ, ω) = Z (K)(ϕ, ω). Hence, by Theorem 1 we get

Corollary 1. For ϕ ∈ ◦
G

E
[
U (K)(ϕ, ·)

]
+E

[
D(K)(ϕ, ·)

]
= K · ln Γ(ϕ) (12)

holds.

Remark 3. Since in the down-trade log series, all losing trades result in a negative value (and the rest is
ignored), the expected value E

[
D(K)(ϕ, ·)

]
can be viewed as a “measure” of how much one will lose in a

fixed time horizon of K periods on average, given the condition that it is a losing trade. Clearly this is not yet
measuring drawdowns. However, it is simpler to start with this situation, and in Section 5, when we discuss
drawdowns, we benefit from our investigations here.

As in reference Maier-Paape (2018) we next search for explicit formulas for E
[
U (K)(ϕ, ·)

]
and

E
[
D(K)(ϕ, ·)

]
, respectively. By definition,

E
[
U (K)(ϕ, ·)

]
= ∑

ω:TWRK
1 (ϕ,ω)>1

P
({ω}) · ln

(
TWRK

1 (ϕ, ω)
)

. (13)

Assume ω = (ω1, . . . , ωK) ∈ Ω(K) := {1, . . . , N}K is for the moment fixed, and the random
variable X1 counts how many of the ωj are equal to 1, i.e., X1(ω) = x1 if in total x1 of the ωj’s in ω

are equal to 1. With similar counting of random variables X2, . . . , XN , we obtain integer counts xi ≥ 0
and thus,

X1(ω) = x1, X2(ω) = x2, . . . , XN(ω) = xN (14)

with ∑N
i=1 xi = K. Hence, for this fixed ω, we obtain

TWRK
1 (ϕ, ω) =

K

∏
j=1

(
1 + 〈 t�ωj·,ϕ 〉

)
=

N

∏
i=1

(
1 + 〈 t�i·,ϕ 〉

)xi
. (15)

Therefore, the condition on ω in the sum (13) is equivalently expressed as

TWRK
1 (ϕ, ω) > 1 ⇐⇒ ln TWRK

1 (ϕ, ω) > 0 ⇐⇒
N

∑
i=1

xiln
(

1 + 〈 t�i·,ϕ 〉
)
> 0 . (16)

To better understand the last sum, Taylor expansion may be used exactly as in Lemma 4.5 of
Maier-Paape (2018) to obtain

Lemma 3. Let integers xi ≥ 0 with ∑N
i=1 xi = K > 0 be given. Furthermore, let ϕ = s θ ∈ ◦

G be a vector of
admissible portions where θ ∈ SM−1

1 is fixed and s > 0.
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Then, ε > 0 exists (depending on x1, . . . , xN and θ) such that for all s ∈ (0, ε], the following holds:

(a) ∑N
i=1 xi〈 t�i·, θ 〉 > 0 ⇐⇒ h(s, θ) := ∑N

i=1 xi ln
(

1 + s〈 t�i·, θ 〉
)
> 0

(b) ∑N
i=1 xi〈 t�i·, θ 〉 ≤ 0 ⇐⇒ h(s, θ) = ∑N

i=1 xi ln
(

1 + s〈 t�i·, θ 〉
)
< 0 .

Proof. The conclusions follow immediately from h(0, θ) = 0 , ∂
∂s h(0, θ) =

N
∑

i=1
xi〈 t�i·, θ 〉 and

∂2

∂s2 h(0, θ) < 0.

With Lemma 3 we hence can restate (16). For θ ∈ SM−1
1 and all s ∈ (0, ε], the following holds

TWRK
1 (sθ, ω) > 1 ⇐⇒

N

∑
i=1

xi〈 t�i·, θ 〉 > 0. (17)

Note that since Ω(K) is finite and SM−1
1 is compact, a (maybe smaller) ε > 0 can be found such

that (17) holds for all s ∈ (0, ε] , θ ∈ SM−1
1 and ω ∈ Ω(K).

Remark 4. In the situation of Lemma 3, furthermore,

(b)*
N

∑
i=1

xi〈 t�i·, θ 〉 ≤ 0 =⇒ h(s, θ) < 0 for all s > 0 (18)

holds true since h is a concave function in s.

After all these preliminaries, we may now state the first main result. To simplify the notation, we
set N0 := N∪ {0} and introduce

H(K,N) (x1, . . . , xN) := px1
1 · · · pxN

N

(
K

x1 x2 · · · xN

)
(19)

for further reference, where
(

K
x1 x2 · · · xN

)
=

K!
x1!x2! · · · xN !

is the multinomial coefficient for

(x1, . . . , xN) ∈ NN
0 with ∑N

i=1 xi = K fixed and p1, . . . , pN are the probabilities from Setup 1.

Theorem 2. Let a trading game as in Setup 1 with fixed N, K ∈ N be given and θ ∈ SM−1
1 . Then, an ε > 0

exists such that for all s ∈ (0, ε], the following holds:

E
[
U (K)(sθ, ·)

]
= u(K)(s, θ) :=

N

∑
n=1

U(K,N)
n (θ) · ln

(
1 + s 〈 t�n·, θ 〉

)
≥ 0 , (20)

where

U(K,N)
n (θ) := ∑

(x1,...,xN)∈NN
0

N
∑

i=1
xi=K,

N
∑

i=1
xi〈 t�i· ,θ 〉>0

H(K,N) (x1, . . . , xN) · xn ≥ 0 (21)

and with H(K,N) from (19).

105



Risks 2018, 6, 76

Proof. E
[
U (K)(sθ, ·)

]
≥ 0 is clear from (10) even for all s ≥ 0. The rest of the proof is along the lines

of the proof of the univariate case Theorem 4.6 in reference Maier-Paape (2018), but will be given for
convenience. Starting with (13) and using (14) and (17), we get for s ∈ (0, ε]

E
[
U (K)(sθ, ·)

]
= ∑

(x1,...,xN)∈NN
0

N
∑

i=1
xi = K

∑
ω:X1(ω) = x1,...,XN(ω) = xN

N
∑

i=1
xi〈 t�i· ,θ 〉>0

P({ω}) · ln
(

TWRK
1 (sθ, ω)

)
.

Since there are ( K
x1 x2···xN

) = K!
x1!x2!···xN ! many ω ∈ Ω(K) for which X1(ω) = x1, . . . , XN(ω) = xN

holds, we furthermore get using (15)

E
[
U (K)(sθ, ·)

]
= ∑

(x1,...,xN)∈NN
0

N
∑

i=1
xi = K,

N
∑

i=1
xi〈 t�i· ,θ 〉>0

H(K,N) (x1, . . . , xN)
N

∑
n=1

xn · ln
(

1 + s · 〈 t�n·, θ 〉
)

=
N

∑
n=1

U(K,N)
n (θ) · ln

(
1 + s · 〈 t�n·, θ 〉

)
as claimed.

A similar result holds for E
[
D(K)(sθ, ·)

]
.

Theorem 3. We assume that the conditions of Theorem 2 hold. Then,

(a) For θ ∈ SM−1
1 and s ∈ (0, ε]

E
[
D(K)(sθ, ·)

]
= d(K)(s, θ) :=

N

∑
n=1

D(K,N)
n (θ) · ln

(
1 + s 〈 t�n·, θ 〉

)
≤ 0 (22)

holds, where

D(K,N)
n (θ) := ∑

(x1,...,xN)∈NN
0

N
∑

i=1
xi = K,

N
∑

i=1
xi〈 t�i· ,θ 〉≤0

H(K,N) (x1, . . . , xN) · xn ≥ 0 . (23)

(b) For all s > 0 and θ ∈ SM−1
1 with sθ ∈ ◦

G

E
[
D(K)(sθ, ·)

]
≤ d(K)(s, θ) ≤ 0 , (24)

i.e., d(K)(s, θ) is always an upper bound for the expectation of the down-trade log series.

Remark 5. For large s > 0, either E
[
D(K)(sθ, ·)

]
or d(K)(s, θ) or both shall assume the value −∞ in cases

where at least one of the logarithms in their definition is not defined. Then, (24) holds for all sθ ∈ RM.

Proof of Theorem 3.

ad (a): E
[
D(K)(sθ, ·)

]
≤ 0 follows from (11) again for all s ≥ 0. Furthermore, by definition,

E
[
D(K)(sθ, ·)

]
= ∑

ω:TWRK
1 (sθ,ω)<1

P
({ω}) · ln

(
TWRK

1 (sθ, ω)
)

. (25)
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The arguments given in the proof of Theorem 2 apply similarly, where, instead of (17), we use
Lemma 3 (b) to get s ∈ (0, ε]

TWRK
1 (sθ, ω) < 1 ⇐⇒

N

∑
i=1

xi〈 t�i·, θ 〉 ≤ 0 (26)

for all ω with

X1(ω) = x1 , X2(ω) = x2, . . . , XN(ω) = xN . (27)

ad (b): According to the extension of Lemma 3 in Remark 4, we also get

N

∑
i=1

xi 〈 t�i·, θ 〉 ≤ 0 =⇒ TWRK
1 (sθ, ω) < 1 for all s > 0 (28)

for all ω with (27). Therefore, no matter how large s > 0 is, the summands of d(K)(s, θ) in (22) will
always contribute to E

[
D(K)(sθ, ·)

]
in (25), but—at least for large s > 0—there may be even more

(negative) summands from other ω. Hence, (24) follows for all s > 0.

Remark 6. Using multinomial distribution theory and (19),

∑
(x1,...,xN)∈NN

0
N
∑

i=1
xi = K

H(K,N) (x1, . . . , xN) xn = pn · K for all n = 1, . . . , N

holds and yields (again) with Theorems 2 and 3 for s ∈ (0, ε]

E
[
U (K)(sθ, ·)

]
+E

[
D(K)(sθ, ·)

]
=

N

∑
n=1

pn · K · ln
(

1 + s〈 t�n·, θ 〉
)
= K · lnΓ(sθ).

Remark 7. Using Taylor expansion in (22) we, therefore, obtain a first order approximation in s of the expected
down-trade log series D(K)(sθ, ·) (11), i.e., for s ∈ (0, ε] and θ ∈ SM−1

1 , the following holds:

E
[
D(K)(sθ, ·)

]
≈ d̃(K)(s, θ) := s ·

N

∑
n=1

D(K,N)
n (θ) · 〈 t�n·, θ 〉 . (29)

In the sequel, we call d(K) the first and d̃(K) the second approximation of the expected down-trade
log series. Noting that ln(1 + x) ≤ x for x ∈ R, when we extend ln∣∣

(−∞,0]

:= −∞, we can improve part

(b) of Theorem 3:

Corollary 2. In the situation of Theorem 3 for all s ≥ 0 and θ ∈ SM−1
1 such that sθ ∈ ◦

G, we get:

(a)

E
[
D(K)(sθ, ·)

]
≤ d(K)(s, θ) ≤ d̃(K)(s, θ). (30)

(b) Furthermore, d̃(K) is continuous in s and θ (in s even positive homogeneous) and

d̃(K)(s, θ) ≤ 0 . (31)
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Proof. (a) is already clear from the statement above. To show (b), the continuity in s of the second
approximation,

d̃(K)(s, θ) = s ·
N

∑
n=1

D(K,N)
n (θ) · 〈 t�n·, θ 〉 , s > 0,

in (29) is clear. However, even continuity in θ follows with a short argument. Using (23),

d̃(K)(s, θ) = s ·
N

∑
n=1

∑
(x1,...,xN)∈NN

0
N
∑

i=1
xi=K,

N
∑

i=1
xi〈 t�i· ,θ 〉≤0

H(K,N) (x1, . . . , xN) · xn · 〈 t�n·, θ 〉

= s · ∑
(x1,...,xN)∈NN

0
N
∑

i=1
xi=K,

N
∑

i=1
xi〈 t�i· ,θ 〉≤0

H(K,N) (x1, . . . , xN) ·
N

∑
n=1

xn 〈 t�n·, θ 〉︸ ︷︷ ︸
≤ 0

(32)

= s · ∑
(x1,...,xN)∈NN

0
N
∑

i=1
xi=K

H(K,N) (x1, . . . , xN) · min

{
N

∑
n=1

xn 〈 t�n·, θ 〉 , 0

}

=: s · L(K,N)(θ) ≤ 0 .

Since
N
∑

n=1
xn 〈 t�n·, θ 〉 is continuous in θ , L(K,N)(θ) is continuous, too, and clearly d̃(K) is

non-positive.

4. Admissible Convex Risk Measures

Various different approaches have been proposed to measure risks (see, for instance, Föllmer and
Schied (2002), Chapter 4, for an introduction). For simplicity, we collect several important properties
of risk measures in the following three definitions. How these risk measures can be embedded in the
framework of a one period financial market, as used in Part I Maier-Paape and Zhu (2018), is discussed
in Appendix A.

Definition 3. (admissible convex risk measure) Let Q ⊂ RM be a convex set with 0 ∈ Q. A function
r : Q → R+

0 is called an admissible convex risk measure (ACRM) if the following properties are satisfied:

(a) r(0) = 0 , r(ϕ) ≥ 0 for all ϕ ∈ Q.

(b) r is a convex and continuous function.

(c) For any θ ∈ SM−1
1 the function r restricted to the set

{
sθ : s > 0

} ∩Q ⊂ RM is strictly increasing in s,
and hence, in particular, r(ϕ) > 0 for all ϕ ∈ Q \ {0}.

Definition 4. (admissible strictly convex risk measure) If, in the situation of Definition 3, the function
r : Q → R+

0 satisfies only (a) and (b), but is moreover strictly convex, then r is called an admissible strictly
convex risk measure (ASCRM).

Some of the here-constructed risk measures are moreover positive homogeneous.

Definition 5. (positive homogeneous) The risk function r : RM → R+
0 is positive homogeneous if

r(sϕ) = sr(ϕ) for all s > 0 and ϕ ∈ RM.
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Remark 8.

(a) Note that the risk measures from the above are functions of a portfolio vector ϕ, whereas in
classical financial mathematics, usually the risk measure is a function of a random variable. For instance,
the deviation measure of Rockafellar et al. (2006) is described in terms of the random payoff variable
generated by the portfolio vector. However, viewed as a function of the portfolio vector, it is equivalent to a
convex risk measure, as defined here (satisfying only (a) and (b) of Definition 3, but which is moreover
positive homogeneous).

(b) Another nontrivial example of a convex risk measure is the conditional value at risk (CVaR), cf. references
Rockafellar and Uryasev (2002) and Rockafellar et al. (2006).

Remark 9. It is easy to see that an admissible strictly convex risk measure automatically satisfies (c) in
Definition 3, and thus, it is also an admissible convex risk measure. In fact, if u > s > 0 then s = λu for some
λ ∈ (0, 1) and we obtain for θ ∈ SM−1

1

r(sθ) = r(λ uθ+ (1 − λ) · 0 · θ) ≤ λ r(uθ) + (1 − λ)r(0 · θ) = λ r(uθ) < r(uθ) .

Example 1.

(a) The function r1 with r1(ϕ) := ϕ�Λϕ , ϕ ∈ RM, for some symmetric positive definite matrix Λ ∈ RM×M

is an admissible strictly convex risk measure (ASCRM).
(b) r2(ϕ) :=

√
r1(ϕ) with r1 from (a) is an admissible convex risk measure which is moreover positive definite.

For instance, the standard deviation of the payoff variable generated by the portfolio return is of that form
(cf. Maier-Paape and Zhu (2018), Corollary 1).

(c) For a fixed vector c = (c1, . . . , cM) ∈ RM, with cj > 0 for j = 1, . . . , M, both,

r3(ϕ) := ‖ϕ‖1,c :=
M

∑
j=1

cj|ϕj| and r4(ϕ) := ‖ϕ‖∞,c := max
1≤j≤M

{
cj|ϕj|

}
,

define admissible convex risk measures (ACRM).

The structure of the ACRM implies nice properties about their level sets:

Lemma 4. Let r : Q → R+
0 be an admissible convex risk measure. Then, the following holds:

(a) The set M(α) := {ϕ ∈ Q : r(ϕ) ≤ α} , α ≥ 0, is convex and contains 0 ∈ Q.

Furthermore, if M(α) is bounded and M(α) ⊂ Q, we have

(b1) The boundary of M(α) is characterized by ∂M(α) = {ϕ ∈ Q : r(ϕ) = α} = ∅.
(b2) ∂M(α) is a codimension one manifold which varies continuously in α.

Proof. M(α) is a convex set, because r is a convex function on the convex domain Q. Thus, (a) is
already clear.

ad (b): Assuming M(α) ⊂ Q is bounded immediately yields
◦
M(α) = {ϕ ∈ Q : r(ϕ) < α} and

∂M(α) = {ϕ ∈ Q : r(ϕ) = α} = ∅, the latter being a codimension one manifold and continuously
varying in α due to Definition 3(c).

In order to define a nontrivial ACRM, we use the down-trade log series of (11).

Theorem 4. For a trading game, as in Setup 1, satisfying Assumption 1 the function rdown :
◦
G → R+

0 ,

rdown(ϕ) = r
(K)
down(ϕ) := −E

(
D(K)(ϕ, ·)

)
≥ 0 , (33)

stemming from the down-trade log series in (11), is an admissible convex risk measure (ACRM).
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Proof. We show that rdown has the three properties, (a), (b), and (c), from Definition 3.

ad (a): Q =
◦
G is a convex set with 0 ∈ ◦

G according to Lemma 1. Since for all ω ∈ Ω(K) and ϕ ∈ ◦
G

D(K)(ϕ, ω) = ln
(

min
{

1, TWRK
1 (ϕ, ω)

} )
= min

{
0, ln TWRK

1 (ϕ, ω)
}

≤ 0

and TWRK
1 (0, ω) = 1 we obtain Definition 3(a).

ad (b): For each fixed ω = (ω1, . . . , ωK) ∈ Ω(K) the function ϕ �→ TWRK
1 (ϕ, ω) is continuous in ϕ, and

therefore, the same holds true for rdown. Moreover, again for ω ∈ Ω(K) fixed, ϕ �→ ln TWRK
1 (ϕ, ω) =

∑K
j=1 ln

(
1 + 〈 t�ωj· ,ϕ〉

)
is a concave function of ϕ, since all summands are composed of the concave

ln–function with an affine function. Thus, D(K)(ϕ, ω) is concave as well since the minimum of two
concave functions is still concave, and therefore, rdown is convex.

ad (c): It is sufficient to show that

rdown from (33) is strictly convex along the line
{

sθ0 : s > 0
} ∩ ◦

G ⊂ RM

for any fixed θ0 ∈ SM−1
1 . (34)

Therefore, let θ0 ∈ SM−1
1 be fixed. In order to show (34), we need to find at least one ω ∈ Ω(K)

such that D(K)(sθ0, ω) is strictly concave in s > 0. Using Assumption 1 we obtain some i0 = i0 (θ0)

such that 〈 t�i0·, θ0 〉 < 0. Hence, for ϕs = s · θ0 ∈ ◦
G and ω = (i0, i0, . . . , i0), we obtain

D(K)(sθ0, ω) = K · ln
(

1 + s 〈 t�i0·, θ0 〉︸ ︷︷ ︸
< 0

)
< 0

which is a strictly concave function in s > 0.

Example 2. In order to illustrate rdown of (33) and the other risk measures to follow, we introduce a simple
trading game with M = 2. Set

T =

⎛⎜⎜⎜⎝
1 1

− 1
2 1
1 −2

− 1
2 −2

⎞⎟⎟⎟⎠ ∈ R4×2 with p1 = p2 = 0.375 , p3 = p4 = 0.125. (35)

It is easy to see that bets in the first system (win 1 with probability 0.5 or lose − 1
2 ) and bets in the second

system (win 1 with probability 0.75 or lose −2) are stochastically independent and have the same expectation
value: 1

4 . The contour levels of rdown for K = 5 are shown in Figure 1.

Figure 1. Contour levels for r(K)down from (33) with K = 5 for T from Example 2.
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Remark 10. The function rdown in (33) may or may not be an admissible strictly convex risk measure. To show
this, we give two examples:

(a) For

T =

⎛⎜⎝ 1 2
2 1
−1 −1

⎞⎟⎠ ∈ R3×2 (N = 3 , M = 2),

the risk measure rdown in (33) for K = 1 is not strictly convex. Consider, for example, ϕ0 = α · (1, 1)�∈ ◦
G for

some fixed α > 0. Then, for ϕ ∈ Bε (ϕ0) , ε > 0 small, in the trading game, only the third row results in a loss,
i.e.,

E
(
D(K=1)(ϕ, ·)) = p3 ln

(
1 + 〈 t�3·,ϕ 〉

)
which is constant along the line ϕs = ϕ0 + s · (1, −1)� ∈ Bε (ϕ0) for small s and thus, not strictly convex.

(b) We refrain from giving a complete characterization for trade return matrices T for which (33) results in
a strictly convex function, but only note that if besides Assumption 1, the condition

span
{

t�i· : 〈 t�i·, θ 〉 < 0
}
= RM holds ∀ θ ∈ SM−1

1 , (36)

then this is sufficient to give strict convexity of (33) and hence, in this case, rdown in (33) is actually an ASCRM.

Now that we have seen that the negative expected down-trade log series of (33) is an admissible
convex risk measure, it is natural to ask whether or not the same is true for the two approximations of
the expected down-trade log series given in (22) and (29) as well. Starting with

d(K)(s, θ) =
N

∑
n=1

D(K,N)
n (θ) ln

(
1 + s 〈 t�n·, θ 〉

)
from (22), the answer is negative. The reason is simply that D(K,N)

n (θ) from (23) is, in general, not

continuous for such θ ∈ SM−1
1 for which (x1, . . . , xN) ∈ NN

0 with
N
∑

i=1
xi = K exist and which satisfy

N
∑

i=1
xi 〈 t�i·, θ 〉 = 0, but unlike in (32), for d̃(K), the sum over the log terms may not vanish.

Therefore, d(K)(s, θ) is, in general, also not continuous. A more thorough discussion of this
discontinuity can be found after Theorem 5. On the other hand, d̃(K) of (29) was proved to be
continuous and nonpositive in Corollary 2. In fact, we can obtain

Theorem 5. For the trading game of Setup 1, satisfying Assumption 1, the function rdownX : RM → R+
0 ,

rdownX(ϕ) = r
(K)
downX(sθ) := − d̃(K)(s, θ) = −s · L(K,N)(θ) ≥ 0 , for s ≥ 0 and θ ∈ SM−1

1 (37)

with L(K,N)(θ) from (32) being an admissible convex risk measure (ACRM) according to Definition 3 and
furthermore, positive homogeneous.

Proof. Clearly rdownX is positive homogeneous, since rdownX(sθ) = s · rdownX(θ) for all s ≥ 0. So, we
only need to check the ACRM properties in Definition 3.
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ad (a) & ad (b): The only thing left to argue is the convexity of rdownX or the concavity of d̃(K)
(
s, θ

)
=

s · L(K,N)(θ) ≤ 0. To see this, according to Theorem 3

d(K)(s, θ) = E
[
D(K)(sθ, ·)

]
, for θ ∈ SM−1

1 and s ∈ [0, ε] ,

is concave, because the right hand side is concave (see Theorem 4). Hence,

d(K)α (s, θ) :=
α

ε
d(K)

( sε

α
, θ

)
, for θ ∈ SM−1

1 and s ∈ [0, α]

is also concave. Note that right from the definition of d(K)(s, θ) in (22) and of L(K,N)(θ) in (32), it can
readily be seen that for a fixed θ ∈ SM−1

1 ,

d(K)(s, θ)

s
=

d(K)(s, θ)− d(K)(0, θ)

s
−→ L(K,N)(θ) for s ↘ 0 .

Therefore, some further calculation yields uniform convergence

d(K)α (s, θ) −→ s · L(K,N)(θ) for α → ∞

on the unit ball B1(0) :=
{
(s, θ) : s ∈ [0, 1] , θ ∈ SM−1

1
}

. Now, assuming d̃(K) is not concave somewhere

would immediately contradict the concavity of d(K)α .

ad (c): In order to show that for any θ ∈ SM−1
1 , the function s �→ rdownX(sθ) = −s L(K,N)(θ) is strictly

increasing in s, it suffices to show L(K,N)(θ) < 0. Since L(K,N)(θ) ≤ 0 is already clear, we only have
to find one negative summand in (32). According to Assumption 1, for all θ ∈ SM−1

1 , there is some
i0 ≤ N, such that 〈 t�i0·, θ 〉 < 0. Now, let

(x1, . . . , xN) := (0, . . . , 0, K, 0, . . . , 0)
↑

i0-th place,

then,
N
∑

i=1
xi 〈 t�i·, θ 〉 = K 〈 t�i0·, θ 〉 < 0 giving L(K,N)(θ) < 0 as claimed.

We illustrate the contour levels of rdownX for Example 2 in Figure 2. As expected, the
approximation of rdown is best near ϕ = 0 (cf. Figure 1).

Figure 2. Contour levels for r(K)downX with K = 5 for T from Example 2.
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In conclusion, Theorems 4 and 5 yield two ACRM stemming from expected down-trade log series
D(K) of (11) and its second approximation d̃(K) from (29). However, the first approximation d(K) from
(22) is not an ACRM since the coefficients D(K,N)

n in (23) are not continuous. At first glance, however,
this is puzzling since E

(
D(K)(sθ, ·)

)
is clearly continuous and equals d(K)(s, θ) for sufficiently small

s > 0 according to Theorem 3, d(K)(s, θ) has to be continuous for small s > 0, too. So, what have we
missed? In order to unveil that “mystery", we give another representation for the expected down-trade
log series again using H(K,N) of (19).

Lemma 5. In the situation of Theorem 3, for all s > 0 and θ ∈ SM−1
1 with sθ ∈ ◦

G the following holds:

E
[
D(K)(sθ, ·)

]
= ∑
(x1,...,xN)∈NN

0
N
∑

i=1
xi=K

H(K,N) (x1, . . . , xN) · ln

(
min

{
1,

N

∏
n=1

(
1 + s〈 t�n·, θ 〉

)xn

})
. (38)

Proof. (38) can be derived from the definition in (11) as follows: For ω ∈ Ω(K) with (14), clearly

TWRK
1 (sθ, ω) =

N

∏
n=1

(
1 + s〈 t�n·, θ 〉

)xn

holds. Introducing for s > 0 the set

Ξx1,...,xN (s) :=
{

θ ∈ SM−1
1 :

N

∏
j=1

(
1 + s〈 t�j·, θ 〉

)xj
< 1

}

=

{
θ ∈ SM−1

1 :
N

∑
j=1

xj ln
(

1 + s〈 t�j·, θ 〉
)
< 0

}
(39)

and using the characteristic function of a set A, χA, we obtain for all sθ ∈ ◦
G,

E
[
D(K)(sθ, ·)

]
= ∑
(x1,...,xN)∈NN

0
N
∑

i=1
xi=K

H(K,N) (x1, . . . , xN) · χΞx1,...,xN (s)(θ) ·
N

∑
n=1

xn · ln
(

1 + s〈 t�n·, θ 〉
)

(40)

giving (38).

Observe that d(K)(s, θ) has a similar representation, namely, using

Ξ̂x1,...,xN :=

{
θ ∈ SM−1

1 :
N

∑
j=1

xj 〈 t�j·, θ 〉 ≤ 0

}
, (41)

we get from the definition in (22) that for all sθ ∈ ◦
G,

d(K)(s, θ) = ∑
(x1,...,xN)∈NN

0
N
∑

i=1
xi=K

H(K,N) (x1, . . . , xN) · χΞ̂x1,...,xN
(θ) ·

N

∑
n=1

xn ln
(

1 + s〈 t�n·, θ 〉
)

(42)
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holds. So, the only difference between (40) and (42) is that Ξx1,...,xN (s) is replaced by Ξ̂x1,...,xN (with the
latter being a half-space restricted to SM−1

1 ). Observing furthermore that due to (28)

Ξ̂x1,...,xN ⊂ Ξx1,...,xN (s) ∀ s > 0 , (43)

the discontinuity of d(K) clearly comes from the discontinuity of the indicator function χΞ̂x1,...,xN
, because

N

∑
j=1

xj · 〈 t�j·, θ 〉 = 0 =⇒
N

∑
n=0

xn ln
(

1 + s〈 t�n·, θ 〉
)
= 0

and the “mystery” is solved since Lemma 3(b) implies equality in (43) only for sufficiently small s > 0.
Finally note that for large s > 0, not only the continuity gets lost, but moreover, d(K)(s, θ) is no longer
concave. The discontinuity can even be seen in Figure 3.

Figure 3. Discontinuous contour levels for −d(K) with K = 5 for T from Example 2.

5. The Current Drawdown

Several authors have already investigated drawdown related risk measures, focusing mostly on
the absolute drawdown (see references Chekhlov et al. (2003, 2005); Goldberg and Mahmoud (2017);
Zabarankin et al. (2014)). However, absolute drawdowns are problematic, in particular when long
time series are observed, because then prices often vary over big ranges. We, therefore, took a different
approach and constructed a drawdown related risk measure from relative drawdowns. Whereas the
absolute drawdown measures the absolute price difference between the historic high points and the
current price, the relative drawdown measures the percentage loss between the these two prices.

We keep discussing the trading return matrix T from (1) and probabilities p1, . . . , pN from Setup 1
for each row ti· of T. Drawing randomly and independently K ∈ N times such rows from that
distribution results in a terminal wealth relative for fractional trading

TWRK
1 (ϕ, ω) =

K

∏
j=1

(
1 + 〈 t�ωj· ,ϕ〉

)
, ϕ ∈ ◦

G , ω ∈ Ω(K) = {1, . . . , N}K ,
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depending on the betted portions, ϕ = (ϕ1, . . . , ϕM) (see Equation (8)). In order to investigate the
current drawdown realized after the K-th draw, we more generally use the notation

TWRn
m(ϕ, ω) :=

n

∏
j=m

(
1 + 〈 t�ωj· ,ϕ〉

)
. (44)

The idea here is that TWRn
1 (ϕ, ω) is viewed as a discrete “equity curve” at time n (with ϕ and ω

fixed). The current drawdown log series is defined as the logarithm of the drawdown of this equity
curve realized from the maximum of the curve till the end (time K). We show below that this series is
the counterpart of the run–up (cf. Figure 4).

Figure 4. In the left figure, the run-up and the current drawdown are plotted for a realization of the
TWR “equity”-curve and, to the right, are their log series.

Definition 6. The current drawdown log series is set to

D(K)
cur (ϕ, ω) := ln

(
min

1 ≤ �≤ K
min{1, TWRK

� (ϕ, ω)}
)

≤ 0 , (45)

and the run-up log series is defined as

U (K)
run (ϕ, ω) := ln

(
max

1 ≤ �≤ K
max{1, TWR�

1(ϕ, ω)}
)

≥ 0 .

The corresponding trade series are connected because the current drawdown starts after the
run-up has stopped. To make this more precise, we fix � where the run-up reaches its top.

Definition 7. (first TWR topping point) For fixed ω ∈ Ω(K) and ϕ ∈ ◦
G, define �∗ = �∗(ϕ, ω) ∈

{0, . . . , K} with

(a) �∗= 0 in case max
1 ≤ �≤ K

TWR�
1(ϕ, ω) ≤ 1

(b) and otherwise, choose �∗ ∈ {1, . . . , K} such that

TWR�∗
1 (ϕ, ω) = max

1≤�≤K
TWR�

1(ϕ, ω) > 1 , (46)

where �∗ should be minimal with that property.

By definition, one easily gets

D(K)
cur (ϕ, ω) =

{
ln TWRK

�∗+1(ϕ, ω), in case �∗< K,

0, in case �∗= K,
(47)
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and

U (K)
run (ϕ, ω) =

{
ln TWR�∗

1 (ϕ, ω), in case �∗ ≥ 1,

0, in case �∗= 0.
(48)

As in Section 3, we immediately obtain D(K)
cur (ϕ, ω) + U (K)

run (ϕ, ω) = Z (K)(ϕ, ω) and therefore,
by Theorem 1,

Corollary 3. For ϕ ∈ ◦
G,

E
[
D(K)

cur (ϕ, ·)
]
+E

[
U (K)

run (ϕ, ·)
]
= K · lnΓ(ϕ) (49)

holds.

Explicit formulas for the expectation of D(K)
cur and U (K)

run are again of interest. By definition and
with (47),

E
[
D(K)

cur (ϕ, ·)
]
=

K−1

∑
�=0

∑
ω∈Ω(K)

�∗(ϕ,ω)=�

P
({ω}) · ln TWRK

�+1
(
ϕ, ω

)
. (50)

Before we proceed with this calculation, we need to discuss �∗= �∗
(
ϕ, ω

)
further for some fixed

ω. From Definition 7, in case �∗ ≥ 1, we get

TWR�∗
k

(
ϕ, ω

)
> 1 for k = 1, . . . , �∗, (51)

since �∗ is the first time the run-up is topped, and, in case �∗< K,

TWRk̃
�∗+1

(
ϕ, ω

) ≤ 1 for k̃ = �∗+ 1, . . . , K. (52)

Similarly to Section 3, we write ϕ = 0 as ϕ = sθ for θ ∈ SM−1
1 and s > 0. The last inequality then

may be rephrased for s ∈ (0, ε] and some sufficiently small ε > 0 as

TWRk̃
�∗+1(sθ, ω) ≤ 1 ⇐⇒ ln TWRk̃

�∗+1((sθ, ω) ≤ 0

⇐⇒
k̃

∑
j=�∗+1

ln
(

1 + s 〈 t�ωj·, θ 〉
)
≤ 0

⇐⇒
k̃

∑
j=�∗+1

〈 t�ωj·, θ 〉 ≤ 0 (53)

by an argument similar to Lemma 3. Analogously, one finds for all s ∈ (0, ε]

TWR�∗
k (sθ, ω) > 1 ⇐⇒

�∗

∑
j=k

〈 t�ωj·, θ 〉 > 0. (54)

This observation will become crucial to proof the next result on the expectation of the current
drawdown.
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Theorem 6. Let a trading game as in Setup 1 with N, K ∈ N be fixed. Then, for θ ∈ SM−1
1 and s ∈ (0, ε],

the following holds:

E
[
D(K)

cur (sθ, ·)
]
= d(K)cur (s, θ) :=

N

∑
n=1

(
K

∑
�=0

Λ(�,K,N)
n (θ)

)
· ln

(
1 + s 〈 t�n·, θ 〉

)
(55)

where Λ(K,K,N)
n := 0 is independent of θ and for � ∈ {0, 1, . . . , K − 1}, the functions Λ(�,K,N)

n (θ) ≥ 0 are
defined by

Λ(�,K,N)
n (θ) := ∑

ω∈Ω(K)
�
∑

j=k
〈 t�

ωj· , θ 〉> 0 for k = 1, . . . , �

k̃
∑

j=�+1
〈 t�

ωj· , θ 〉 ≤ 0 for k̃ = �+ 1, . . . , K

P
({ω}) · #

{
i
∣∣ ωi = n, i ≥ �+ 1

}
. (56)

Proof. Again, the proof is very similar to the proof in the univariate case (see Theorem 5.4 in
Maier-Paape (2018)). Starting with (50), we get

E
[
D(K)

cur (sθ, ·)
]
=

K−1

∑
�=0

∑
ω∈Ω(K)

�∗(sθ,ω)=�

P
({ω}) · K

∑
i=�+1

ln
(

1 + 〈 t�ωi·, sθ 〉
)

and by (53) and (54) for all s ∈ (0, ε],

E
[
D(K)

cur (sθ, ·)
]
=

K−1

∑
�=0

∑
ω∈Ω(K)

�
∑

j=k
〈 t�

ωj· , θ 〉> 0 for k = 1, . . . , �

k̃
∑

j=�+1
〈 t�

ωj· , θ 〉 ≤ 0 for k̃ = �+ 1, . . . , K

P
({ω}) · K

∑
i=�+1

ln
(

1 + s 〈 t�ωi·, θ 〉
)

=
K−1

∑
�=0

∑
ω∈Ω(K)

�
∑

j=k
〈 t�

ωj· , θ 〉> 0 for k = 1, . . . , �

k̃
∑

j=�+1
〈 t�

ωj· , θ 〉 ≤ 0 for k̃ = �+ 1, . . . , K

P
({ω}) · N

∑
n=1

#
{

i
∣∣ ωi = n, i ≥ �+ 1

} · ln
(

1 + s 〈 t�n·, θ 〉
)

=
N

∑
n=1

K−1

∑
�=0

Λ(�,K,N)
n (θ) · ln

(
1 + s 〈 t�n·, θ 〉

)
= d(K)cur (s, θ)

(57)

since Λ(K,K,N)
n = 0.

In order to simplify the notation, we formally introduce the “linear equity curve" for
1 ≤ m ≤ n ≤ K , ω ∈ Ω(K) =

{
1, . . . , N

}K and θ ∈ SM−1
1 :

linEQn
m(θ, ω) :=

n

∑
j=m

〈 t�ωj·, θ 〉 (58)

Then, we obtain, similarly to the first topping point �∗ = �∗(ϕ, ω) of the TWR-equity curve (44)
(cf. Definition 7), the first topping point for the linear equity:
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Definition 8. (first linear equity topping point) For fixed ω ∈ Ω(K) and θ ∈ SM−1
1 define �̂∗ = �̂∗(θ, ω) ∈

{0, . . . , K} with

(a) �̂∗ = 0 in case max
1 ≤ �≤ K

linEQ�
1(θ, ω) ≤ 0

(b) and otherwise, choose �̂∗ ∈ {1, . . . , K} such that

linEQ�̂∗
1 (θ, ω) = max

1 ≤ �≤ K
linEQ�

1(θ, ω) > 0 , (59)

where �̂∗ should be minimal with that property.

Let us discuss �̂∗ = �̂∗(θ, ω) further for some fixed ω. From Definition 8, in case �̂∗ ≥ 1, we get

linEQ�̂∗
k (θ, ω) > 0 for k = 1, . . . , �̂∗ (60)

since �̂∗ is the first time that the run-up of the linear equity has been topped and, in case �̂∗ < K

linEQk̃
�̂∗+1

(θ, ω) ≤ 0 for k̃ = �̂∗ + 1, . . . , K . (61)

Hence, we conclude that ω ∈ Ω(K) satisfies �̂∗(θ, ω) = � if and only if

�

∑
j=k

〈 t�ωj·, θ 〉 > 0 for k = 1, . . . , � and
k̃

∑
j=�+1

〈 t�ωj·, θ 〉 ≤ 0 for k̃ = �+ 1, . . . , K . (62)

Therefore, (56) simplifies to

Λ(�,K,N)
n (θ) = ∑

ω∈Ω(K)

�̂∗(θ,ω)=�

P
({ω}) · #

{
i
∣∣ ωi = n, i ≥ �+ 1

}
. (63)

Furthermore, according to (53) and (54), for small s > 0 , �∗ ad �̂∗ coincide, i.e.,

�̂∗(θ, ω) = �∗(sθ, ω) for all s ∈ (0, ε] . (64)

A very similar argument to the proof of Theorem 6 yields

Theorem 7. In the situation of Theorem 6, for θ ∈ SM−1
1 and all s ∈ (0, ε],

E
[
U (K)

run (sθ, ·)
]
= u(K)

run(s, θ) :=
N

∑
n=1

(
K

∑
�=0

Υ(�,K,N)
n (θ)

)
· ln

(
1 + s 〈 t�n·, θ 〉

)
(65)

holds, where Υ(0,K,N)
n := 0 is independent from θ and for � ∈ {1, . . . , K}, the functions Υ(�,K,N)

n (θ) ≥ 0 are
given as

Υ(�,K,N)
n (θ) := ∑

ω∈Ω(K)

�̂∗(θ,ω)=�

P
({ω}) · #

{
i
∣∣ ωi = n , i ≤ �

}
. (66)

Remark 11. Again, we immediately obtain a first-order approximation for the expected current drawdown log
series. For s ∈ (0, ε],

E
[
D(K)

cur (sθ, ·)
]

≈ d̃(K)cur (s, θ) := s ·
N

∑
n=1

(
K

∑
�=0

Λ(�,K,N)
n (θ)

)
· 〈 t�n·, θ 〉 (67)
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holds. Moreover, since D(K)
cur (ϕ, ω) ≤ D(K)(ϕ, ω) ≤ 0 , d(K)cur (s, θ) ≤ d(K)(s, θ) ≤ 0 and d̃(K)cur (s, θ) ≤

d̃(K)(s, θ) ≤ 0 holds as well.

As discussed in Section 4 for the down-trade log series, we also want to study the current
drawdown log series (45) with respect to admissible convex risk measures.

Theorem 8. For a trading game as in Setup 1 satisfying Assumption 1, the function rcur :
◦
G → R+

0 ,

rcur(ϕ) = r
(K)
cur (ϕ) := −E

[
D(K)

cur (ϕ, ·)
]
≥ 0 , ϕ ∈ ◦

G , (68)

is an admissible convex risk measure (ACRM).

Proof. It is easy to see that the proof of Theorem 4 can almost literally be adapted to the current
drawdown case.

Regard Figure 5 for an illustration of rcur. Compared to rdown in Figure 1 the contour plot looks
quite similar, but near 0 ∈ RM, obviously, rcur grows faster. Similarly, we obtain an ACRM for the
first-order approximation d̃(K)cur (s, θ) in (67):

Figure 5. Contour levels for r(K)cur from (68) with K = 5 for Example 2.

Theorem 9. For the trading game of Setup 1 satisfying Assumption 1, the function rcurX : RM → R+
0 ,

rcurX(ϕ) = r
(K)
curX(sθ) := − d̃(K)cur (s, θ) = − s · L(K,N)

cur (θ) ≥ 0 , for s ≥ 0 and θ ∈ SM−1
1

with

L(K,N)
cur (θ) :=

K−1

∑
�=0

∑
ω∈Ω(K)

�̂∗(θ,ω)=�

P
({ω}) · K

∑
i=�+1

〈 t�ωi·, θ 〉 (69)

is an admissible convex risk measure (ACRM) according to Definition 3 which is moreover positive homogeneous.
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Proof. We use (57) to derive the above formula for L(K,N)
cur (θ). Now, most of the arguments of the

proof of Theorem 5 work here as well, once we know that L(K,N)
cur (θ) is continuous in θ. To see that,

we remark once more that for the first topping point, �̂∗ = �̂∗(θ, ω) ∈ {0, . . . , K}, of the linearized
equity curve ∑n

j=1 〈 t�ωj·, θ 〉, n = 1, . . . , K, the following holds (cf. Definition 8 and (61)):

linEQK
�̂∗+1

(θ, ω) =
K

∑
i=�̂∗+1

〈 t�ωi·, θ 〉 ≤ 0 .

Thus,

L(K,N)
cur (θ) =

K−1

∑
�=0

∑
ω∈Ω(K)

�̂∗(θ,ω)=�

P
({ω}) · K

∑
i=�+1

〈 t�ωi·, θ 〉︸ ︷︷ ︸
≤0

≤ 0 .

Although the topping point �̂∗(θ, ω) for ω ∈ Ω(K) may jump when θ is varied in case

∑
j
i = �̂∗+1

〈 t�ωi·, θ 〉 = 0 for some j ≥ �̂∗ + 1, i.e.,

K

∑
i=�̂∗+1

〈 t�ωi·, θ 〉 =
K

∑
i=j

〈 t�ωi·, θ 〉 ,

the continuity of L(K,N)
cur (θ) is still granted since the summation is over all � = 0, . . . , K − 1. Hence, all

claims are proved.

A contour plot of rcurX can be seen in Figure 6. The first topping point of the linearized equity
curve will also be helpful to order the risk measures rcur and rcurX. Reasoning as in (53) (see also
Lemma 3) and using (61), we obtain, in case �̂∗< K for s ∈ (0, ε] and k̃ = �̂∗ + 1, . . . , K, that

linEQk̃
�̂∗+1

(θ, ω) =
k̃

∑
j=�̂∗+1

〈 t�ωj·, θ 〉 ≤ 0 =⇒
k̃

∑
j=�̂∗+1

ln
(

1 + s 〈 t�ωj·, θ 〉
)
≤ 0 . (70)

However, since ln is concave, the above implication holds true even for all s > 0 with ϕ = sθ ∈ ◦
G.

Hence, for k̃ = �̂∗ + 1, . . . , K and ϕ = sθ ∈ ◦
G

linEQk̃
�̂∗+1

(θ, ω) ≤ 0 =⇒ ln TWRk̃
�̂∗+1

(sθ, ω) ≤ 0 . (71)

Looking at (52) once more, we observe that the first topping point of the TWR equity curve �∗

necessarily is less than or equal to �̂∗. Thus, we have shown

Lemma 6. For all ω ∈ Ω(K) and ϕ = sθ ∈ ◦
G the following holds

(
see also (64)

)
:

�∗(sθ, ω) ≤ �̂∗(θ, ω) . (72)

This observation helps to order E
[
D(K)

cur (sθ, ·)] and d(K)cur (s, θ):

Theorem 10. For all ϕ = sθ ∈ ◦
G, with s > 0 and θ ∈ SM−1

1 , we have

E
[
D(K)

cur (sθ, ·)] ≤ d(K)cur (s, θ) ≤ d̃(K)cur (s, θ) ≤ 0 . (73)
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Proof. Using (50) for ϕ = sθ ∈ ◦
G,

E
[
D(K)

cur (sθ, ·)] =
K−1

∑
�=0

∑
ω∈Ω(K)

�∗(sθ,ω)=�

P
({ω}) · ln TWRK

�+1(sθ, ω)

Lemma 6≤
K−1

∑
�=0

∑
ω∈Ω(K)

�̂∗(θ,ω)=�

P
({ω}) · K

∑
i=�+1

ln
(

1 + s 〈 t�ωi·, θ 〉
)

(62)
=

K−1

∑
�=0

∑
ω∈Ω(K)

�
∑

j=k
〈 t�

ωj· , θ 〉> 0 for k = 1, . . . , �

k̃
∑

j=�+1
〈 t�

ωj· , θ 〉 ≤ 0 for k̃ = �+ 1, . . . , K

P
({ω}) · K

∑
i=�+1

ln
(

1 + s 〈 t�ωi·, θ 〉
)

(57)
= d(K)cur (s, θ) .

The second inequality in (73) follows, as in Section 3, from ln(1 + x) ≤ x (see (55) and (67)) and
the third inequality is already clear from Remark 11.

Figure 6. Contour levels for r(K)curX from Theorem 9 with K = 5 for Example 2.

6. Conclusions

Let us summarize the results of the last sections. We obtained two down-trade log series related
admissible convex risk measures (ACRM) according to Definition 3, namely

rdown(ϕ) ≥ rdownX(ϕ) ≥ 0 for all ϕ ∈ ◦
G

(see Corollary 2 and Theorems 4 and 5). Similarly, we obtained two current drawdown-related
(ACRM), namely,

rcur(ϕ) ≥ rcurX(ϕ) ≥ 0 for all ϕ ∈ ◦
G

121



Risks 2018, 6, 76

(cf. Theorems 8 and 9 as well as Theorem 10). Furthermore, due to Remark 11, we have the ordering

rcur(ϕ) ≥ rdown(ϕ) and rcurX(ϕ) ≥ rdownX(ϕ) , ϕ ∈ ◦
G . (74)

All four risk measures can be used in order to apply the general framework for the portfolio
theory of reference Maier-Paape and Zhu (2018). Since the two approximated risk measures rdownX
and rcurX are positive homogeneous, according to reference Maier-Paape and Zhu (2018), the efficient
portfolios will have an affine linear structure. Although we were able to prove a lot of results for these
for practical applications relevant risk measures, there are still open questions. To state only one of
them, we note that convergence of these risk measures for K → ∞ is unclear, but empirical evidence
seems to support such a statement (see Figure 7).
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Figure 7. Convergence of r(K)cur with fixed ϕ∗ = (ϕ∗
1, ϕ∗

2)
T =

(
1
5 , 1

5

)�
for Example 2 .

Furthermore, a variety of real-world applications should be discussed in order to verify the
practical benefit of portfolios constructed with drawdown risk measures. We intend to do this in
future work.
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Abbreviations

The following abbreviations are used in this manuscript:

ACRM Admissible Convex Risk Measure
ASCRM Admissible Strictly Convex Risk Measure
TWR Terminal Wealth Relative
HPR Holding Period Return

Appendix A. Transfer of a One Period Financial Market to the TWR Setup

The aim of this appendix is to show that a one period financial market can be transformed into
the Terminal Wealth Relative (TWR) setting of Vince (1992, 2009). In particular, we show how the
trade return matrix T of (1) has to be defined in order to apply the risk measure theory for current
drawdowns of Section 4 and 5 to the general framework for portfolio theory of Part I, Maier-Paape
and Zhu (2018).
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Definition A1. (one period financial market) Let St =
(
S0

t , S1
t , . . . , SM

t
)�, t ∈ {0, 1} be a financial market

in a one period economy. Here, S0
0 = 1 and S0

1 = R ≥ 1 represents a risk free bond, whereas the other

components, Sm
t , m = 1, . . . , M represent the price of the m-th risky asset at time t and Ŝt =

(
S1

t , . . . , SM
t
)� is

the column vector of all risky assets. S0 is assumed to be a constant vector whose components are the prices of
the assets at t = 0. Furthermore, Ŝ1 =

(
S1

1, . . . , SM
1
)� is assumed to be a random vector in a finite probability

space A = AN = {α1, . . . , αN}, i.e., Ŝ1 : AN → RM represents the new price at t = 1 for the risky assets,
with probabilities P

({αi}
)
= qi for i = 1, . . . , N.

A portfolio is a column vector x ∈ RM+1 whose components xm represent the investments in the
m-th asset, m = 0, . . . , M. Hence, x̂ = (x1, . . . , xM)�∈ RM represents the risky assets and x0 represents
the bond. In order to normalize that situation, we consider portfolios with unit initial cost, i.e.,

S�
0 x = 1 . (A1)

Since S0
0 = 1 this implies

x0 + Ŝ�
0 x̂ = x0 +

M

∑
m=1

Sm
0 xm = 1 . (A2)

Therefore, the interpretation in Table A1 is obvious.

Table A1. Invested capital portions.

x0 portion of capital invested in bond
Sm

0 xm portion of capital invested in m-th risky asset, m = 1, . . . , M

So, if an investor has an initial capital of Cini in his depot, the invested money in the depot is
divided as in Table A2.

Table A2. Invested money in depot for a portfolio x = (x0, . . . , xM)T .

Cini x0 cash position of the depot
Cini Sm

0 xm invested money in m-th asset, m = 1, . . . , M
Cini xm amount of shares of m-th asset to be bought at t = 0 , m = 1, . . . , M

Clearly (S1 − R S0)
�x = S�

1 x − R is the (random) gain of the unit initial cost portfolio relative
to the riskless bond. In such a situation, the merit of a portfolio x is often measured by its expected
utility E

[
u
(
S�

1 x
)]

, where u : R → R ∪ {−∞} is an increasing concave utility function (see reference
Maier-Paape and Zhu (2018), Assumption 3). In growth optimal portfolio theory, the natural logarithm
u = ln (cf. e.g., reference Maier-Paape and Zhu (2018), sct. 6) is used to yield the optimization problem:

E
[
ln
(
S�

1 x
)] !

= max , x ∈ RM+1,

s.t. S�
0 x = 1 .

(A3)

123



Risks 2018, 6, 76

The following discussion aims to show that the above optimization problem (A3) is an alternative
way of stating the Terminal Wealth Relative optimization problem of Vince (cf. Hermes and
Maier-Paape (2017); Vince (1995)). Using S0

1 = R, we obtain S�
1 x = R x0 + Ŝ�

1 x̂ and hence with (A2),

E
[
ln
(
S�

1 x
)]

= E
[
ln
(

R
(
1 − Ŝ�

0 x̂
)
+ Ŝ�

1 x̂
)]

= ∑
α ∈AN

P ({α}) · ln
(

R +
[
Ŝ1(α)− R Ŝ0

]�
x̂
)

.

Using the probabilities for α ∈ AN in Definition A1, we furthermore get

E
[
ln
(
S�

1 x
)]− ln(R) =

N

∑
i=1

qi ln

⎛⎝1 +

[
Ŝ1(αi)− RŜ0

R

]�
x̂

⎞⎠

=
N

∑
i=1

qi ln

⎛⎜⎜⎜⎜⎝1 +
M

∑
m=1

[
Sm

1 (αi)− R Sm
0

R Sm
0

]
︸ ︷︷ ︸

=: ti,m

· Sm
0 xm︸ ︷︷ ︸
=: ϕm

⎞⎟⎟⎟⎟⎠ .

(A4)

This results in a “trade return” matrix,

T = (ti,m) 1≤i≤N
1≤m≤M

∈ RN×M, (A5)

whose entries represent discounted relative returns of the m-th asset for the i-th realization αi.
Furthermore, the column vector ϕ = (ϕm)1≤m≤M ∈ RM with components ϕm = Sm

0 xm has, according
to Table A1, the interpretation given in Table A3.

Table A3. Investment vector ϕ = (ϕ1, . . . , ϕM)T for the TWR model.

ϕm portion of capital invested in m-th risky asset, m = 1, . . . , M

Thus, we get

E
[
ln
(
S�

1 x
)]− ln(R) =

N

∑
i=1

ln
([

1 +
〈

t�i·,ϕ
〉
RM

]qi
)

(A6)

which is a geometrically weighted version of the TWR. For qi =
1
N (Laplace assumption), this involves

the usual Terminal Wealth Relative (TWR) of Vince (1995) , that was already introduced in (3), i.e.,

E
[
ln
(

S�
1 x

)]
− ln(R) = ln

([
N

∏
i=1

(
1 +

〈
t�i·,ϕ

〉
RM

)]qi
)

= ln
([

TWR(N)(ϕ)
]1/N

)
. (A7)

Therefore, under the assumption of a Laplace situation, the optimization problem (A3) is
equivalent to

TWR(N)(ϕ)
!
= max , ϕ ∈ RM . (A8)

Furthermore, the trade return matrix T in (A5) may be used to define admissible convex risk
measures, as introduced in Definition 3, which, in turn, give nontrivial applications to the general

124



Risks 2018, 6, 76

framework for the portfolio theory in Part I Maier-Paape and Zhu (2018). To see this, note again that

according to (A4), any portfolio vector x =
(

x0, x̂�)� ∈ RM+1 of a unit cost portfolio (A1) has a one to
one correspondence with an investment vector

ϕ = (ϕm)1 ≤ m ≤ M = (Sm
0 · xm)1 ≤ m ≤ M =: Λ · x̂ (A9)

for a diagonal matrix Λ ∈ RM×M with only positive diagonal entries Λm,m = Sm
0 . Then, we obtain

the following:

Theorem A1. Let r : Def(r) → R+
0 be any of our four down-trade or drawdown related risk measures,

rdown, rdownX , rcur and rcurX, (see (74)) for the trading game of Setup 1 satisfying Assumption 1. Then,

r̂ (x̂) := r (Λx̂) = r(ϕ) , x̂ ∈ Def (̂r) := Λ−1 Def(r) ⊂ RM (A10)

has the following properties:

(r1) r̂ depends only on the risky part x̂ of the portfolio x =
(

x0, x̂�)�∈ RM+1.
(r1n) r̂ (x̂) = 0 if and only if x̂ = 0̂ ∈ RM.
(r2) r̂ is convex in x̂.
(r3) The two approximations rdownX and rcurX furthermore yield positive homogeneous

r̂, i.e., r̂ (tx̂) = t r̂ (x̂) for all t > 0.

Proof. See the respective properties of r (cf. Theorems 4, 5, 8 and 9). In particular,
rdown, rdownX , rcur and rcurX are admissible convex risk measures according to Definition 3 and thus
(r1), (r1n), and (r2) follow.

Remark A1. It is clear that r̂ = r̂down, r̂downX, r̂cur or r̂curX can be evaluated on any set of admissible
portfolios A ⊂ RM+1 according to Definition 2 of Maier-Paape and Zhu (2018) if

ProjRM A ⊂ Def ( r̂ ) , where ProjRM (x) := x̂ ∈ RM ,

and the properties (r1), (r1n), (r2) (and only for rdownX and rcurX also (r3)) in Assumption 2 of Maier-Paape
and Zhu (2018) follow from Theorem A1. In particular, r̂downX and r̂curX satisfy the conditions of a deviation
measure in Rockafellar et al. (2006) (which is defined directly on the portfolio space).

Remark A2. The application of the theory of Part I Maier-Paape and Zhu (2018) to the risk measures r = rcur

or r = rdown is somewhat more involved because due to Theorems 4 and 8, r :
◦
G → R+

0 is defined on the convex

and bounded but open set
◦
G, (cf. Definition 1). However, in order to apply, for instance, Theorems 4 and 5 of

Maier-Paape and Zhu (2018), the risk measure has to be defined on a set of admissible portfolios A ⊂ RM+1

which have moreover unit initial cost (see again Definition 2 of Maier-Paape and Zhu (2018)). In particular,
A has to be closed, convex and nonempty. To get around that problem, Theorems 4 and 5 of Maier-Paape and
Zhu (2018) can be applied to the admissible sets with unit initial cost

An :=
{

x = (x0, x̂) ∈ RM+1
∣∣∣ S�

0 x = 1 , 0 ≤ r̂ (x̂) ≤ n
}

, for n ∈ N fixed ,

with r = rcur or r = rdown and r̂ according to (A10), and to the convex risk measure

r(n) : An −→ [0, ∞) , x = (x0, x̂) �−→ r(n)(x) := r̂ (x̂) .

Again, all r(n) satisfy (r1), (r1n) and (r2) in Assumption 2 of Maier-Paape and Zhu (2018), but now with

ProjRM An ⊂⊂ Def ( r̂) =
◦
G ,
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i.e., the projection of An lies compactly in
◦
G. Note that Assumption 4 in Maier-Paape and Zhu (2018) is satisfied,

because for arbitrary, but fixed n ∈ N,{
x ∈ RM+1

∣∣∣ r(n)(x) ≤ r , x ∈ An

}
is obviously compact for all r ∈ R. So together with any upper semi-continuous and concave utility function
u : R → R ∪ {−∞} satisfying (u1) and (u2s) of Assumption 3 in Maier-Paape and Zhu (2018), Theorems 4
and 5 (c2) in Maier-Paape and Zhu (2018) can be applied and yield, for instance, an efficiency frontier in risk
utility space

G(n)
e f f := Ge f f

(
r(n), u ; An

)
⊂ G(n),

where

G(n) := G
(
r(n), u ; An

)
=

{
(r, μ) ∈ R2

∣∣∣ ∃x ∈ An s.t. μ ≤ E
[
u
(

S�
1 x

)]
, r(n)(x) ≤ r

}
⊂ R2

and each point (r, μ) ∈ G(n)
e f f corresponds to a unique efficient portfolio x = x(n)(r, μ) ∈ An. Since G(n)

e f f ⊂
G(n+1)

e f f for all n ∈ N, it is not difficult to show that

G(∞)
e f f :=

⋃
n∈N

G(n)
e f f ⊂ ⋃

n∈N
G(n) ⊂ R2

corresponds to an efficiency frontier with still unique efficient portfolios x = x(r, μ) ⊂ ⋃
n∈N

An whenever

(r, μ) ∈ G(∞)
e f f , but now for the problem

min
x = (x0,x̂)∈RM+1̂

r (x̂)

Subject to E
[
u
(
S�

1 x
) ] ≥ μ and S�

0 x = 1 ,
(A11)

where r̂ = r̂cur or r̂ = r̂down can be extended by ∞ for x̂ /∈ ◦
G. In that sense, we can without loss of generality

apply the general framework of Part I Maier-Paape and Zhu (2018) to rcur and rdown.

Remark A3. Formally our drawdown or down-trade is a function of a TWR equity curve of a K period financial
market. However, since this equity curve is obtained by drawing K times stochastic independently from one and
the same market in Definition A1, we still can work with a one period market model.

We want to close this section with some remarks on the “no nontrivial riskless portfolio” condition
of the one period financial market that is often used in reference Maier-Paape and Zhu (2018). Below,
we will see that this condition is equivalent to Assumption 1 (cf. Corollary A1) which was necessary
to construct admissible convex risk measures in this paper. To see this, we rephrase Theorem 2 of
reference Maier-Paape and Zhu (2018) slightly. Let us begin with the relevant market conditions (see
Definition 4 of Maier-Paape and Zhu (2018)).

Definition A2. Consider a portfolio x ∈ RM+1 on the one period financial market St as in Definition A1.

(a) (No Nontrivial Riskless Portfolio) We say a portfolio x is riskless if

(S1 − RS0)
� x ≥ 0 .

We say the market has no nontrivial riskless portfolio if a riskless portfolio x with x̂ = 0̂ does not exist.
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(b) (No Arbitrage) We say x is an arbitrage if it is riskless and there exists some α ∈ AN such that

(S1(α)− RS0)
� x = 0 .

We say market St has no arbitrage if an arbitrage portfolio does not exist.
(c) (Nontrivial Bond Replicating Portfolio) We say that x� =

(
x0, x̂�)

is a nontrivial bond replicating
portfolio if x̂ = 0̂ and

(S1 − RS0)
� x = 0 .

Using this notation, we can extend Theorem 2 of Maier-Paape and Zhu (2018).

Theorem A2. (Characterization of no Nontrivial Riskless Portfolio) Assume a one period financial
market as in Setup A1 is given. Then, the following assertions are equivalent:

(i) The market has no arbitrage portfolio and there is no nontrivial bond replicating portfolio.
(i)* The market has no nontrivial riskless portfolio.
(ii) For every nontrivial portfolio x ∈ RM+1 (i.e., with x̂ = 0̂), there exists some α ∈ AN such that

(S1(α)− RS0)
� x < 0 . (A12)

(ii)* For every risky portfolio x̂ = 0̂, some α ∈ AN exists such that

(
Ŝ1(α)− RŜ0

)�
x̂ < 0 . (A13)

(iii) The market has no arbitrage and the matrix

TS :=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

S1
1(α1)− R S1

0 S2
1(α1)− R S2

0 . . . SM
1 (α1)− R SM

0

S1
1(α2)− R S1

0 S2
1(α2)− R S2

0 . . . SM
1 (α2)− R SM

0

...
...

...

S1
1(αN)− R S1

0 S2
1(αN)− R S2

0 . . . SM
1 (αN)− R SM

0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ RN×M (A14)

has rank M, in particular, N ≥ M.

Proof. Clearly, (i) and (i)* as well as (ii) and (ii)* are equivalent by definition. Therefore, the main
difference of the assertion here to Theorem 2 of reference Maier-Paape and Zhu (2018) is that in the cited
theorem, the no arbitrage property is a general assumption on the market, whereas here, we explicitly
use it in the statements (i) and (iii), but not in (ii). Since by Theorem 2 of reference Maier-Paape and Zhu
(2018), for a no arbitrage market (i), (ii) and (iii) are equivalent, it only remains to show the implication

(ii) !
=⇒ the market St has no arbitrage .

To see this, we assume St has an arbitrage portfolio x∗ ∈ RM+1, although (ii) holds. Then, by
definition, x∗ is riskless, and there is some α ∈ AN such that(

Ŝ1(α)− RŜ0

)�
x̂ ∗ = (S1(α)− RS0)

� x∗ = 0 .

Hence, x̂ ∗ = 0̂ and by assumption, (ii) x∗ cannot be riskless, a contradiction.
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We come back to Assumption 1 which is a condition on the trade return matrix T in (1) and crucial
in all our applications to construct new drawdown related risk measures. If the trade return matrix T
is constructed as in reference (A4) and (A5) from a one period financial market St, then it is easy to see
that Assumption 1 is indeed nothing but the property (ii)* of Theorem A2. Therefore, we have

Corollary A1. Consider a one period financial market St as in Setup A1. Then, there is no nontrivial riskless
portfolio in St if and only if the trade return matrix T from (A4) and (A5) satisfies Assumption 1.

To conclude, in the situation of a one period financial market, the main condition in
Part I Maier-Paape and Zhu (2018) (no nontrivial riskless portfolio) and the main condition here
(Assumption 1) are equivalent. Thus, together with the results of Part I, it is possible to define and
calculate efficient portfolios based on a risk measure using relative drawdowns.
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Abstract: Portfolio weights solely based on risk avoid estimation errors from the sample mean,
but they are still affected from the misspecification in the sample covariance matrix. To solve this
problem, we shrink the covariance matrix towards the Identity, the Variance Identity, the Single-index
model, the Common Covariance, the Constant Correlation, and the Exponential Weighted Moving
Average target matrices. Using an extensive Monte Carlo simulation, we offer a comparative study
of these target estimators, testing their ability in reproducing the true portfolio weights. We control
for the dataset dimensionality and the shrinkage intensity in the Minimum Variance (MV), Inverse
Volatility (IV), Equal-Risk-Contribution (ERC), and Maximum Diversification (MD) portfolios. We
find out that the Identity and Variance Identity have very good statistical properties, also being well
conditioned in high-dimensional datasets. In addition, these two models are the best target towards
which to shrink: they minimise the misspecification in risk-based portfolio weights, generating
estimates very close to the population values. Overall, shrinking the sample covariance matrix
helps to reduce weight misspecification, especially in the Minimum Variance and the Maximum
Diversification portfolios. The Inverse Volatility and the Equal-Risk-Contribution portfolios are less
sensitive to covariance misspecification and so benefit less from shrinkage.

Keywords: estimation error; shrinkage; target matrix; risk-based portfolios

1. Introduction

The seminal contributions of Markowitz (1952, 1956) laid the foundations for his well-known
portfolio building technique. Albeit elegant in its formulation and easy to be implemented in
real-world applications, the Markowitz model relies on securities returns sample mean and sample
covariance as inputs to estimate the optimal allocation. However, there is a large consensus on the
fact that sample estimators perpetuate large estimation errors; this directly affects portfolio weights
that often exhibit extreme values, fluctuating over time with very poor performance out-of-sample
(De Miguel et al. 2009).

This problem has been tackled from different perspectives: Jorion (1986) and Michaud (1989)
suggested Bayesian alternatives to the sample estimators; Jagannathan and Ma (2003) added constraints
to the Markowitz model limiting the estimation error; Black and Litterman (1992) derived an alternative
portfolio construction technique exclusively based on the covariance matrix among asset returns,
avoiding estimating the mean value for each security and converging to the Markowitz Minimum
Variance portfolio with no short-sales. This latter technique is supported by results in Merton (1980)
and Chopra and Ziemba (1993), who clearly demonstrated how the mean estimation process can lead
to more severe distortions than those in the case of the covariance matrix.

Following this perspective, estimation error can be reduced by considering risk-based
portfolios: findings suggest they have good out-of-sample performance without much turnover
(De Miguel et al. 2009). There is a recent research strand focused on deriving risk-based portfolios
other than the Minimum Variance one. In this context, Qian (2006) designed a way to select assets
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by assigning to each of them the same contribution to the overall portfolio risk; Choueifaty and
Coignard (2008) proposed a portfolio where diversification is the key criterion in asset selection;
Maillard et al. (2010) offered a novel portfolio construction technique where weights perpetuate
an equal risk contribution while maximising diversification. These portfolios are largely popular
among practitioners1: they highlight the importance of diversification, risk budgeting; moreover,
they put risk management in a central role, offering a low computational burden to estimate weights.
They are perceived as “robust” models since they do not require the explicit estimation of the mean.
Unfortunately, limiting the estimation error in this way poses additional problems related to the
ill-conditioning of the covariance matrix that occurs when the number of securities becomes sensitively
greater than the number of observations. In this case, the sample eigenvalues become more dispersed
than the population ones (Marčenko and Pastur 1967), and the sample covariance matrix directly
affects weight estimation. This means that for a high-dimensional dataset, the sample covariance
matrix is not a reliable estimator.

To reduce misspecification effects on portfolio weights, more sophisticated estimators than the
sample covariance have been proposed, for example the Bayes-Stein shrinkage technique (James
and Stein 1961), henceforth shrinkage stems for its practical implementation and related portfolio
performance. This technique reduces the misspecification in the sample covariance matrix by shrinking
it towards an alternative estimator. Here, the problem is to select a convenient target estimator as well
as to find the optimal intensity at which to shrink towards the sample covariance matrix. The latter is
usually derived by minimising a predefined loss function to obtain the minimum distance between
the true and the shrunk covariance matrices (Ledoit and Wolf 2003). A comprehensive overview on
shrinkage intensity parameters can be found in (De Miguel et al. 2013), where the authors proposed an
alternative way of deriving the optimal intensity based on the smoothed bootstrap approach. On the
other hand, the target matrix is often selected among the class of structured covariance estimators
(Briner and Connor 2008), especially because the matrix which shrinks is the sample one. As noted
in (Candelon et al. 2012), the sample covariance matrix is the Maximum Likelihood Estimator (MLE)
under the Normality of asset returns, hence it lets the data speak without imposing any structure. This
naturally suggests it might be pulled towards a more structured alternative. Dealing with financial
data, the shrinkage literature proposes six different models for the target matrix: the Single-Index
market model (Ledoit and Wolf 2003; Briner and Connor 2008; Candelon et al. 2012; Ardia et al. 2017);
the Identity matrix (Ledoit and Wolf 2004a; Candelon et al. 2012); the Variance Identity matrix (Ledoit
and Wolf 2004a); the Scaled Identity matrix (De Miguel et al. 2013); the Constant Correlation model
(Ledoit and Wolf 2004b) and (Pantaleo et al. 2011); the Common Covariance (Pantaleo et al. 2011).
All these targets belong to the class of more structured covariance estimators than the sample one, thus
implying the latter is the matrix to shrink.

Despite the great improvements in portfolio weight estimation under the Markowitz portfolio
building framework, the shrinkage technique has only been applied in one work involving risk-based
portfolios: that of Ardia et al. (2017), who comprehensively described the impacts of variance and
covariance misspecifications in risk-portfolio weights. Ardia et al. (2017) tested four alternative
covariance estimators to reduce weight misspecification; among those, only one refers to shrinkage as
in (Ledoit and Wolf 2003), leaving room open for further research. In our work, we contribute to the
existing literature, filling this gap and offering a comprehensive overview of shrinkage in risk-based
portfolios. In particular, we study the effect of six target matrix estimators on the weights of four
risk-based portfolios. To achieve this goal, we provide an extensive Monte Carlo simulation aimed at
(1) assessing estimators’ statistical properties and similarity with the true target matrix; (2) addressing
the problem of how the selection of a specific target estimator affects the portfolio weights. We find
out that the Identity and Variance Identity hold the best statistical properties, being well conditioned
even in a high-dimensional dataset. These two estimators also represent the more efficient target

1 The majority of papers on risk-based portfolios are published in journal aimed at practitioners, as the Journal of
Portfolio Management.
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matrices towards which to shrink the sample one. In fact, portfolio weight derived shrinking towards
the Identity and Variance Identity minimise the distance from their true counterparts, especially in the
case of Minimum Variance and Maximum Diversification portfolios.

The rest of the paper is organised as follows. Section 2 introduces the risk-based portfolios
employed in the study. Section 3 illustrates the shrinkage estimator, the moves to the six target matrix
estimators and provides useful insights into misspecification when shrinkage is applied to risk-based
portfolios. In Section 4, we run an extensive Monte Carlo analysis for describing how changes in the
target matrix affect risk-based portfolio weights. Section 5 concludes.

2. Risk-Based Portfolios

Risk-based portfolios are particularly appealing since they rely only on the estimation of a proper
measure of risk, i.e., the covariance matrix between asset returns. Assume an investment universe
made by p assets:

X = (x1, . . . , xp
)

(1)

is a n × p containing a history of n log-returns for the i-th asset, where i = 1, . . . , p. The covariance
matrix among asset log-returns is the symmetric square matrix Σ2 of dimension p × p, and the
unknown optimal weights form the vector ω of dimension p × 1. Our working framework assumes
to consider four risk-based portfolios: the Minimum Variance (MV), the Inverse Volatility (IV),
the Equal-Risk-Contribution (ERC), and the Maximum Diversification (MD) upon two constraints;
no short-selling (ω ∈ �p

+) and full allocation of the available wealth (ω′1p = 1, where 1p is the vector
of ones of length p).

The Minimum Variance portfolio (Markowitz 1952) derives the optimal portfolio weights by
solving this minimization problem with respect to ω:

ωMV ≡ argmin
ω

{
ω′Σω

∣∣∣ ω ∈ �p
+, ω′1p = 1

}
(2)

where ω′Σω is the portfolio variance.
In the Inverse Volatility portfolio, also known as the equal-risk-budget portfolio (Leote de

Carvalho et al. 2012), a closed form solution is available. Each element of the vector ω is given
by the inverse of the i-th asset variance (denoted by Σ−1

i,i ) divided by the inverse of the sum of all asset
variances:

ωIV ≡
(

∑−1
1,1

∑
p
i=1 ∑−1

i,i

, . . . ,
∑−1

p,p

∑
p
i=1 ∑−1

i,i

)′
(3)

In the Equal-Risk-Contribution portfolio, as the name suggests, the optimal weights are calculated
by assigning to each asset the same contribution to the whole portfolio volatility, thus originating a
minimization procedure to be solved with respect to ω:

ωERC ≡ argmin
ω

{
p

∑
i=1

(
%RCi − 1

p

)2
|ω ∈ �p

+, ω′1p = 1

}
(4)

Here, %RCi ≡ ωicovi,π√
ω′Σω

is the percentage risk contribution for the i-th asset,
√

ω′Σω is the portfolio
volatility as earlier defined, and ωicovi,π provides a measure of the covariance of the i-th exposure to
the total portfolio π, weighted by the corresponding ωi.

Turning to the Maximum Diversification, as in Choueifaty and Coignard (2008) we preliminary
define DR(ω) as the portfolio’s diversification ratio:

2 With this we refer to the population covariance matrix, which by definition is not observable and then unfeasible. Hence,
Σ is estimated taking into account the observations stored in X: we will deeply treat this in the next section.
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DR(ω) ≡ ω′√diag(Σ)√
ω′Σω

where diag(Σ) is a p × 1 vector which takes all the asset variances Σi,i and ω′√diag(Σ) is the weighted
average volatility. By construction, it is DR(ω) ≥ 1, since the portfolio volatility is sub-additive
(Ardia et al. 2017). Hence, the optimal allocation is the one with the highest DR:

ωMD ≡ argmax
ω

{
DR(ω)

∣∣∣ ω ∈ �p
+, ω′1p = 1

}
. (5)

3. Shrinkage Estimator

The shrinkage technique relies upon three ingredients: the starting covariance matrix to shrink,
the target matrix towards which the former is shrunk, and the shrinkage intensity, or roughly speaking
the strength at which the starting matrix must be shrunk.

In financial applications, the starting matrix which is to shrink is always the sample covariance
matrix. This is a very convenient choice that helps in the selection of a proper shrinkage target: being
the sample covariance a model-free estimator that completely reflects the relationships among data3,
it becomes natural to select a target in the class of more structured covariance estimators (Briner and
Connor 2008). In addition, this strategy allows direct control over the trade-off between estimation
error and model error in the resulting shrinkage estimates. In fact, the sample covariance matrix is
usually affected by a large amount of estimation error. This is reduced when shrinking towards a
structured target which minimizes the sampling error at the cost of adding some misspecification by
imposing a specific model. At this point, the shrinkage intensity is crucial because it must be set in
such a way to minimize both errors.

To define the shrinkage estimator, we start from the definition of sample covariance matrix S.
Recalling Equation (1), S is given by

S =
1

n − 1
X′(In− 1

n 1n1′n)X, (6)

where In denotes the n × n identity matrix and 1n is the ones column vector of length n. The shrinkage
methodology enhances the sample covariance matrix estimation by shrinking S towards a specific
target matrix T:

Σs = δT + (1 − δ)S (7)

where Σs is the shrinkage estimator; δ the shrinkage parameter and T the target matrix. In this work,
we focus on the problem of selecting the target matrix. After a review of the literature on target
matrices, in the following rows we present the target estimators considered in this study and we assess
through a numerical illustration the impact of misspecification in the target matrix for the considered
risk-based portfolios.

3.1. Target Matrix Literature Review

The target matrix should fit a desirable number of requirements: First, it should be structured
much enough to lower the estimation error of the sample covariance matrix while not bringing too
much error from model selection. Second, it should reflect the important features of the true covariance
matrix (Ledoit and Wolf 2004b). The crucial question is: how much structure should we impose to fill
in the requirements? Table 1 shows the target matrices employed so far in the literature, summarising
information about the formula for the shrinkage intensity, the wealth allocation rule, and the addressed

3 The sample covariance matrix is the Maximum Likelihood Estimator (MLE) under Normality, therefore it lets data speaks
without imposing any structure.
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research question. Not surprisingly, all the papers shrink the sample covariance matrix. What surprises
is that only six target matrices have been examined: the one relying on the Single-Index market
model, the Identity matrix, the Scaled Identity, and the Variance Identity, the Constant Correlation
model and the Common Covariance model. Previously, four were proposed by Ledoit and Wolf in
separate works (Ledoit and Wolf 2003, 2004a, 2004b) and were again proposed in subsequent works,
while the Common Covariance appears only in (Pantaleo et al. 2011) and the Scaled Identity only in
(De Miguel et al. 2013).

Table 1. Literature review of target matrices. “SCVm” = sample covariance matrix. “N.A.” = not
available. “GMVP” = Global Minimum Variance Portfolio.

Reference
Matrix to

Shrink
Target Matrix

Shrinkage
Intensity

Portfolio
Selection Rule

Research Question

(Ledoit and Wolf
2003) SCVm Market Model and

Variance Identity
Risk-function
minimisation

Classical
Markowitz

problem

Portfolio Performance
comparison

(Ledoit and Wolf
2004a) SCVm Identity Risk-function

minimisation N.A.
Theoretical paper to
gauge the shrinkage

asymptotic properties

(Ledoit and Wolf
2004b) SCVm Constant Correlation

Model
Optimal shrinkage

constant

Classical
Markowitz

problem

Portfolio Performance
comparison

(Briner and
Connor 2008)

Demeaned
SCVm Market Model Same as (Ledoit

and Wolf 2004b) N.A.

Analysis of the
trade-off estimation

error and model
specification error

(Pantaleo et al.
2011) SCVm

Market Model,
Common Covariance

and Constant
Correlation Model

Unbiased estimator
of (Schäfer and
Strimmer 2005)

Classical
Markowitz

problem

Portfolio Performance
comparison

(Candelon et al.
2012) SCVm Market Model and

Identity

Same as (Ledoit
and Wolf 2003,

2004b)

Black-Litterman
GMVP

Portfolio Performance
comparison

(De Miguel et al.
2013) SCVm Scaled Identity

Expected quadratic
loss and

bootstrapping
approach

Classical
Markowitz

problem

Comprehensive
investigation of

shrinkage estimators

(Ardia et al. 2017) SCVm Market Model Same as (Ledoit
and Wolf 2003)

Risk-based
portfolios

Theoretical paper to
assess effect on

risk-based weights

In Table 1, papers have been listed taking into account their contribution to the literature as
regards the adoption of a novel target matrix estimator, the re-examination of a previously proposed
target, and the comparison among different estimators. Ledoit and Wolf popularised the shrinkage
methodology in portfolio selection: in Ledoit and Wolf (2003), they were also the first to compare the
effects of shrinking towards different targets in portfolio performance. Shrinking towards the Variance
Identity and shrinking towards the Market Model are two out of the eight estimators for the covariance
matrix compared with respect to the reduction of estimation error in portfolio weights. They found
significant improvements in portfolio performance when shrinking towards the Market Model. Briner
and Connor (2008) well described the importance of selecting the target matrix among the class of
structured covariance estimators, hence proposing to shrink the asset covariance matrix of demeaned
returns towards the Market model as in Ledoit and Wolf (2003). Candelon et al. (2012) compared the
effect of double shrinking the sample covariance either towards the Market Model and the Identity,
finding that both estimators carry on similar out-of-sample performances. De Miguel et al. (2013)
compared the effects of different shrinkage estimators on portfolio performance, highlighting the
importance of the shrinkage intensity parameter and proposing a scaled version of the Identity Matrix
as a target. Another important comparison among target matrices is that of Pantaleo et al. (2011),
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who compared the Market and Constant Correlation models as in Ledoit and Wolf (2003, 2004b) with
the Common Covariance of Schäfer and Strimmer (2005) implemented as target matrix for the first
time in finance. The authors assessed the effects on portfolio performances while controlling for
the dimensionality of the dataset, finding that the Common Covariance should not be used when
the number of observations is less than the number of assets. Lastly, Ardia et al. (2017) is the only
work to implement shrinkage in risk-based portfolios. They shrunk the sample covariance matrix
as in Ledoit and Wolf (2003), finding that the Minimum Variance and the Maximum Diversification
portfolios are the most affected from covariance misspecification, hence they benefit the most from the
shrinkage technique.

3.2. Estimators for the Target Matrix

We consider six estimators for the target matrix: the Identity and the Variance Identity matrix,
the Single-index, the Common Covariance, the Constant Correlation and the Exponential Weighted
Moving Average (EWMA) models. They are all structured estimators, in the sense that the number of
parameters to be estimated is far less the 1

2 p(p + 1) required in the sample covariance case. Compared
with the literature, we take into account all the previous target estimators,4 adding to the analysis
the EWMA: this estimator well addresses the problem of serial correlation and heteroskedasticity in
asset returns.

The identity is a matrix with ones on the diagonal and zeros elsewhere. Choosing the Identity as
the target is justified by the fact that is shows good statistical properties: it is always well conditioned
and hence invertible (Ledoit and Wolf 2003). Besides the identity, we also consider a multiple of the
identity, named the Identity Variance. This is given by:

TVId ≡ Ipdiag(S)Ip, (8)

where diag(S) is the main diagonal of the sample covariance matrix (hence the assets variances) and Ip

the identity matrix of dimension p.
The Single Index Model (Sharpe 1963) assumes that the returns rt can be described by a one-factor

model, resembling the impact of the whole market:

rt = α + βrmkt + εt, with t = 1, . . . , n,

where rmkt is the overall market returns; β is the vector of factor estimates for each asset; α is the
market mispricing, and εt the model error. The Single-Index market model represents a practical way
of reducing the dimension of the problem, measuring how much each asset is affected by the market
factor. The model implies the covariance structure among asset returns is given by:

Tsi ≡ s2
mktββ′ + Ω, (9)

where s2
mkt is the sample variance of asset returns; β is the vector of beta estimates and Ω contains the

residual variance estimates.
The Common Covariance model is aimed at minimizing the heterogeneity of assets variances

and covariances by averaging both of them (Pantaleo et al. 2011). Let varij,i=j and covarij, i =j being the
variances and covariances of the sample covariance matrix, respectively, their averages are given by:

var =
1
p

p

∑
k=1

vark,i=j;

4 In reality, we exclude the Scaled Identity of De Miguel et al. (2013) because of its great similarity with the Identity and
Variance Identity implemented in our study.
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covar =
1

p(p − 1)/2

p(p−1)/2

∑
k=1

covark, i =j;

where p is the number of securities. The resulting target matrix Tcv has its diagonal elements all equal
to the average of the sample covariance, while non-diagonal elements are all equal to the average of
sample covariances.

In the Constant Correlation model the main diagonal is filled with sample variances, and
elsewhere a constant covariance parameter which is equal for all assets. The matrix can be written
according to the following decomposition:

Tcc ≡ P diag(S)P, (10)

where P is the lower triangular matrix filled with the constant correlation parameter ρ = 1
p(p−1)/2

p
∑

i=1
ρij

for i < j and ones in the main diagonal. Here, diag(S) represents the main diagonal of the sample
covariance matrix.

The EWMA model (J. P. Morgan and Reuters Ltd. 1996) was introduced by JP Morgan’s research
team to provide an easy but consistent way to assess portfolio covariance. RiskMetrics EWMA
considers the variances and covariance driven by an Integrated GARCH process:

TEWMA,t ≡ X′X + λTEWMA,t−1, (11)

with TEWMA,0 = Ip TEWMA,t−1 is the target matrix at time t − 1 and λ is the smoothing parameter: the
higher λ, the higher the persistence in the variance.

3.3. The Impact of Misspecification in the Target Matrix

We are now going to show to which extent risk-based portfolios can be affected by misspecification
in the target matrix. To do so, we provide a numerical illustration, merely inspired by the one in
Ardia et al. (2017). Assume an investment universe made by three securities: a sovereign bond
(Asset-1), a corporate bond (Asset-2), and equity (Asset-3), we are able to impose an arbitrary structure
to the related 3 × 3 true covariance matrix5. We preliminary recall that Σ can be written according to
the following decomposition:

Σ ≡ (diag(Σ))1/2PΣ(diag(Σ))1/2

where (diag(Σ))1/2 is a diagonal matrix with volatilities on the diagonal and zeros elsewhere and PΣ

is the related correlation matrix, with ones on the diagonal and correlations symmetrically displaced
elsewhere. We impose

(Σ1/2
1,1 , Σ1/2

2,2 , Σ1/2
3,3 ) = (0.1, 0.1, 0.2)

and
(PΣ;1,2, PΣ;1,3, PΣ;2,3) = (0.1, 0.2, 0.7)

hence, the true covariance matrix is:

Σ ≡

⎡⎢⎣ 0.010 0.001 0.004
0.001 0.010 0.014
0.004 0.014 0.040

⎤⎥⎦

5 Ardia et al. (2017) imposes Asset-1 and Asset-2 to have 10% annual volatility; Asset-3 to have 20% annual volatility;
correlations between Asset-1/Asset-2 and Asset-1/Asset-3 are set as negative and correlation between corporate bonds and
equities (Asset-2/Asset-3) is set as positive. However, to better resemble real data, specifically the S&P500, the US corporate
index and the US Treasury Index total returns, we assume all three correlation parameters to be positive.
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Now assume that the true covariance matrix Σ is equal to its shrunk counterpart when δ =
1
2

:

Σ ≡ Σs =
1
2

S +
1
2

T

that is both the sample covariance matrix S and the target matrix T must be equal to
1
2

Σ and the true
target matrix is:

S ≡ T ≡

⎡⎢⎣ 0.005 0.0005 0.002
0.0005 0.005 0.007
0.002 0.007 0.020

⎤⎥⎦
with few algebraic computations, we can obtain the volatilities and correlations simply by applying
the covariance decomposition, ending up with(

T1/2
1,1 , T1/2

2,2 , T1/2
3,3

)
= (0.0707, 0.0707, 0.1414);

(PT;1,2 , PT;1,3, PT;2,3) = (0.1, 0.2, 0.7).

In this case, we can conclude that the target matrix T is undervaluing all the covariance and
correlation values.

At this point, some remarks are needed. First, as summarised in Table 2, we work out the true
risk-based portfolio weights. Weights are differently spread out: the Minimum Variance equally
allocates wealth to the first two assets, excluding equities. This because it mainly relies upon the
asset variance, limiting the diversification of the resulting portfolio. The remaining portfolios allocate
wealth without excluding any asset; however, the Maximum Diversification overvalues Asset-1
assigning to it more than 50% of the total wealth. The Inverse Volatility and Equal-Risk-Contribution
seem to maximise diversification under a risk-parity concept, similarly allocating wealth among the
investment universe.

Table 2. True weights of the four risk-based portfolios.

Asset
Minimum

Variance (MV)
Inverse

Volatility (IV)
Equal-Risk-

Contribution (ERC)
Maximum

Diversification (MD)

Asset-1 0.500 0.400 0.448 0.506
Asset-2 0.500 0.400 0.374 0.385
Asset-3 0.000 0.200 0.177 0.108

Second, assuming Σ as the true covariance matrix allows us to simulate misspecification both
in the volatility and in the correlation components of the target matrix T by simply increasing or
decreasing the imposed true values. Since we are interested in investigating misspecification impact on
the true risk-based portfolio weights, we measure its effects after each shift with the Frobenius norm
between the true weights and the misspecified ones:

‖ω̃‖2
F =

p

∑
i=1

ω̃2
i

where ω̃ = ω − ω̂.
Third, turning the discussion onto the working aspects of this toy example, we will separately shift

the volatility and the correlation of Asset-3, as done in Ardia et al. (2017). The difference with them is
that we modify the values in the true target matrix T. Moreover, in order to also gauge how shrinkage
intensity affects the portfolio weights, we perform this analysis for 11 values of δ, spanning from 0 to 1
(with step 0.1). This allows us to understand both extreme cases, i.e., when the true covariance matrix

138



Risks 2018, 6, 125

is only estimated with the sample estimator (δ = 0) and only with the target matrix (δ = 1). Remember

that the true shrinkage intensity is set at δ =
1
2

.
Moving to the core of this numerical illustration, we proceed as follows. First, for what is

concerning the volatility, we let T1/2
3,3 vary between 0 and 0.5, ceteris paribus. Results are summarised

in Figure 1, row 1. As expected, there is no misspecification in all the risk-based portfolio at the
initial state T1/2

3,3 = 0.1414, i.e., the true value. All the portfolio weights are misspecified in the range
[0; 0.1414), with the Minimum Variance portfolio showing the greatest departure from the true portfolio
weights when the Asset-3 volatility is undervalued below 0.12. The absence of misspecification effects
in its weights is due to the initial high-risk attributed to Asset-3; in fact, it is already excluded from the
optimal allocation at the initial non-perturbated state. Regarding the other portfolios, their weights
show a similar behaviour to the one just described: the Maximum Diversification weights depart
from the non-misspecified state to reach the maximum distance from the true weights of 0.4; however,
this effect dissipates as soon as the shrinkage intensity grows. The same applies for the Inverse
Volatility and the Equal-Risk-Contribution. On the contrary, when volatility is overvalued in the range
(0.1414; 0.5], the Minimum Variance is not misspecified, since Asset-3 is always excluded from the
allocation. This fact helps to maintain the stability of its weights: this portfolio is not affected by shifts
in the shrinkage intensity when there is over-misspecification. All the remaining portfolios show low
levels of misspecification due to diversification purposes. In particular, they react in the same way to
shrinkage intensity misspecification, showing an increase in the Frobenius norm especially for low
values of Asset-3 variance. A common trait shared by all the considered portfolios is that when weights
are estimated with the sample covariance, only the distance from true portfolios is at the maximum.

Figure 1. Frobenius norm between true and estimated weights; first row reports misspecification in
volatility, while second row in correlation. The surfaces’ three dimensions are: the shrinkage intensity
in y axis (from 0 to 1); the misspecification in the volatility (from 0 to 0.5) or in the correlation (from 0
to 1) in x axis and the Frobenius norm in z axis. Each column refers to a specific risk-based portfolio.
From the left to the right: Minimum Variance (MV), Inverse Volatility (IV), Equal-Risk-Contribution
(ERC), Maximum Diversification (MD), respectively.

Second, we assess the correlation misspecification impact. We let the correlation between
Asset-3 and Asset-2 (PT;2,3) vary from 0 to 1, ceteris paribus. In this case, the greatest signs of
perturbation are in the Minimum Variance and in the Maximum Diversification portfolios, while the
Equal-Risk-Contribution shows far less distortions, as presented in Figure 1, row 2. The Minimum
Variance portfolio is again misspecified in one direction: when the correlation parameter is undervalued
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and the sample covariance matrix dominates the target matrix in the shrinkage. On the other hand,
the Maximum Diversification shows the highest departure from no-misspecification levels in both
senses. However, as the Maximum Diversification it seems to benefit from high values of shrinkage
intensity. The Equal-Risk-Contribution reacts similarly to the Maximum Diversification, but with a far
lower level of misspecification, the Inverse Volatility is not affected at all by misspecification in the
correlation structure of the target matrix T. This is due to the specific characteristics of Asset-3 and the
way in which the Inverse Volatility selects to allocate weights under a risk-parity scheme.

In conclusion, with this numerical illustration, we assess the effects of target matrix
misspecification in risk-based portfolios: the four risk-based portfolios react similarly to what
previously found in Ardia et al. (2017), even if in our case, shifts originated in the target matrix.
The Minimum Variance and the Maximum Diversification portfolios are the most impacted: the
weights of the former are severely affected by volatility and covariance shifts undervaluing the true
values; the latter shows perturbations in weights when shifts are more extreme. Both portfolios
benefit from a higher level of shrinkage intensity. On the other hand, the Inverse Volatility and the
Equal-Risk-Contribution weights suffer less from both sources of misspecification. Overall, weights
are affected by shifts in the shrinkage intensity: when sample covariance is the estimator (δ = 0), the
distance from the true weights stands at the maximum level in all the considered portfolios.

4. Case Study—Monte Carlo Analysis

This section offers a comprehensive comparison of the six target matrix estimators by means of an
extensive Monte Carlo study. The aim of this analysis is twofold: (1) assessing estimators’ statistical
properties and similarity with the true target matrix; (2) addressing the problem of how selecting a
specific target estimator impacts on the portfolio weights. This investigation is aimed at giving a very
broad overview about (1) and (2) since we monitor both the p/n ratio and the whole spectrum of
shrinkage intensity. We run simulations for 15 combinations of p and n, and for 11 different shrinkage
intensities spanning in the interval [0 ; 1], for an overall number of 165 scenarios.

The Monte Carlo study is designed as follows. Returns are simulated assuming a factor model
is the data generating process, as in MacKinlay and Pastor (2000). In detail, we impose a one-factor
structure for the returns generating process:

rt = ξ ft + εt;
with t = 1, . . . , n,

where ft is the k × 1 vector of returns on the factor, ξ is the p × 1 vector of factor loadings, and εt the
vector of residuals of p length. Under this framework, returns are simulated implying multivariate
normality and absence of serial correlation. The asset factor loadings are drawn from a uniform
distribution and equally spread, while returns on the single factor are generated from a Normal
distribution. The bounds for the uniform distribution and the mean and the variance for the Normal
one are calibrated on real market data, specifically on the empirical dataset “49-Industry portfolios”
with monthly frequency, available on the Kennet French website6. Residuals are drawn from a uniform
distribution in the range [0.10; 0.30] so that the related covariance matrix is diagonal with an average
annual volatility of 20%.

For each of the 165 scenarios, we apply the same strategy. First, we simulate the n × p
matrix of asset log-returns, then we estimate the six target matrices and their corresponding shrunk
matrices Σ̂s. Finally, we estimate the weights of the four risk-based portfolios. Some remarks are
needed. First, we consider the number of assets as p = {10, 50, 100} and number of observations
as n = {60, 120, 180, 3000, 6000} months, which correspond to 5, 10, 15, 250 and 500 years.

6 http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html.
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Moreover, the shrinkage intensity is allowed to vary between their lower and upper bounds as
δ = {0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1}. For each of the 165 scenarios we run 100 Monte
Carlo trials7, giving robustness to the results.

We stress again the importance of Monte Carlo simulations, which allow us to impose the true
covariance Σ and hence the true portfolio weights ω. This is crucial because we can compare the true
quantities with their estimated counterparts.

With respect to the point (1), we use two criteria to assess and compare the statistical properties of
target matrices: the reciprocal 1-norm condition number and the Frobenius Norm. Being the 1-norm
condition number defined as:

CN(A) = κ(A) = ‖A−1‖
for a given A. It measures the matrix sensitivity to changes in the data: when it is large, it indicates that
a small shift causes important changes, offering a measure of the ill-conditioning of A. Since CN(A)

takes value in the interval [0 ;+∞), it is more convenient to use its scaled version, the RCN(A):

RCN(A) = 1/ κ(A) (12)

It is defined in the range [0 ; 1]: the matrix is well-conditioned if the reciprocal condition number
is close to 1 and ill-conditioned vice-versa. Under the Monte Carlo framework, we will study its Monte
Carlo estimator:

E[CN(Am)] =
1
M

M

∑
m=1

CN(Am) (13)

where M is the number of Monte Carlo simulations. On the other hand, the Frobenius norm is
employed to gauge the similarity between the estimated target matrix and the true one. We define it
for the p × p symmetric matrix Z as:

FN(Z) = ‖Z‖2
F =

p

∑
i=1

p

∑
j=1

z2
ij

In our case, Z = Σ̂s − Σ. Its Monte Carlo estimator is given by the following:

E[FN(Am)] =
1
M

M

∑
m=1

FN(Am) (14)

Regarding (2), we assess the discrepancy between true and estimated weights again with the
Frobenius norm. In addition, we report the values at which the Frobenius norm attains its best results,
i.e., when the shrinkage intensity is optimal.

4.1. Main Results

Figure 2 summarises the statistical properties of the various target matrices.

7 Simulations were done in MATLAB setting the random seed generator at its default value, thus ensuring the full
reproducibility of the analysis. Related code available at the GitHub page of the author: https://github.com/marconeffelli/
Risk-Based-Portfolios.
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Figure 2. The reciprocal 1-norm condition number (y-axis) as the p/n ratio moves from p
60 to p

6000
(x-axis). Each column corresponds to a specific target matrix: from left to right, the Identity (Id):
blue circle-shaped; the Variance Identity (VId): green square-shaped; the Single-Index (SI): red
hexagram-shaped; the Common Covariance (CV): black star-shaped; the Constant Correlation (CC):
cyan plus-shaped; and the Exponential Weighted Moving Average (EWMA): magenta diamond-shaped,
respectively. Each row corresponds to a different p: in ascendant order from 10 (first row) to 100
(third row).

Figure 2 illustrates the reciprocal 1-norm condition number: the matrix is well-conditioned when
the value is closer to 1, vice-versa is ill-conditioned the more it tends to zero. Overall, the Identity
and the Variance Identity stem for being always well-conditioned: across all the combinations of
p and n their reciprocal condition number is always one. Therefore, we focus our analysis on the
remaining target matrices. In the case where p = 10, the Common Covariance dominates the other
three alternatives, who perform poorly. As the number of assets increases, the reciprocal condition
number deteriorates, especially for the EWMA, which now performs worse than the others, and for
the Common Covariance, which is now aligned to the Single-Index and the Constant Correlation
model. In conclusion, excluding the Identity and the Variance Identity, the considered targets show
poor statistical properties.

Then, we turn to the study of similarity among true and estimated target matrices. Figure 3
represents the Monte Carlo Frobenius norm between the true and the estimated target matrices. The
surfaces give a clear overview about the relation among the Frobenius norm itself, the p/n ratio
and the shrinkage intensity. Overall, the Frobenius norm is minimised by the Single-Index and the
Common Covariance: in these cases, the target matrices are not particularly affected by the shrinkage
intensity, while their reactions to increases in the p/n ratio are controversial. In fact, quite surprisingly
the distance between true and estimated weights diminishes as both p and n increases. For p = 50
and p = 100, there is a hump for small p/n values; however, the Frobenius norm increases when
p
n ≥ 1. Despite the low condition number, the EWMA shows a similar behaviour to the Single-Index
and the Constant Correlation target matrices, especially with respect to p/n values. On the other
hand, it is more affected by shifts in the shrinkage parameters; the distance from the true weights
increases moving towards the target matrix. Lastly, the Identity and the Variance Identity show a
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similar behaviour: their distances from the true target matrix increase for higher values of δ and p/n.
Lastly, the Common Covariance is the most far away from the true target matrix, being very sensitive
both to high shrinkage intensity and p/n values.

Figure 3. Surfaces representing the Frobenius norm (z-axis) between the true and the estimated
target matrices, considering the shrinkage intensity (y-axis) and the p/n ratio (x-axis). Each column
corresponds to a specific target matrix: from left to right, the Identity (Id), the Variance Identity (VId),
the Single-Index (SI), the Common Covariance (CV), the Constant Correlation (CC), and the EWMA,
respectively. Each row corresponds to a different p: in ascendant order from p = 10 (first row) to
p = 100 (third row).

To conclude, the Identity and the Variance Identity are the most well-conditioned matrices,
being stable across all the examined p/n combinations. Nevertheless, the Single-Index and the
Common Covariance target matrices show the greatest similarity with the true target matrix minimizing
Frobenius norm, while both the Identity and the Variance Identity seem less similar to the true target.

4.1.1. Results on Portfolio Weights

Tables 3 and 4 present the main results of the Monte Carlo study: for each combination of p and n,
we report the Monte Carlo estimator of the Frobenius norm between the true and estimated weights.
In particular, Table 3 reports averaged Frobenius norm along with the shrinkage intensity (excluding
the case δ = 0, which corresponds to the sample covariance matrix), while Table 4 lists the minimum
values for the optimal shrinkage intensity.

In both tables, we compare the six target matrices by examining one risk-based portfolio at a time
and the effect of increasing p for fixed n. Special attention is devoted to the cases when p > n: the
high-dimensional sample. We have this scenario only when p = 100 and n = 60. Here, the sample
covariance matrix becomes ill-conditioned (Marčenko and Pastur 1967), thus it is interesting to evaluate
gains obtained with shrinkage. The averaged Frobenius norm values in Table 3 give us a general
overview about how target matrices perform across the whole shrinkage intensity spectrum in one
goal. We aim to understand if, in average terms, shrinking the covariance matrix benefits risk-portfolio
weights. On the other hand, the minimum Frobenius norm values help us understanding to what
extent the various target matrices can help reproducing the true portfolio weights: the more intensity
we need, the better the target is. In both tables, sample values are listed in the first row of each Panel.
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Table 3. Frobenius norm for the portfolio weights. Values are averaged along with the shrinkage
intensity (excluding the case δ = 0 ). For each n, the first line reports the Frobenius norm for the sample
covariance matrix. Abbreviations in use are: S for sample covariance; Id for identity matrix; VId for
Variance Identity; SI for Single-Index; CV for Common Covariance; CC for Constant Correlation and
EWMA for Exponentially Weighted Moving Average.

P = 10 P = 50 P = 100

MV IV ERC MD MV IV ERC MD MV IV ERC MD

Panel A: n = 60
S 0.834 0.1585 0.1736 0.5842 0.7721 0.0573 0.0637 0.4933 0.7555 0.0409 0.0447 0.4565
Id 0.6863 0.1425 0.1528 0.5045 0.6215 0.0559 0.0631 0.3873 0.4967 0.0404 0.0451 0.3652

VId 0.6935 0.1583 0.1732 0.5176 0.5999 0.0567 0.0634 0.4092 0.5901 0.0404 0.0445 0.3686
SI 0.838 0.1585 0.1736 0.5678 0.7685 0.0573 0.0637 0.4709 0.75 0.0409 0.0447 0.4288

CV 1.2438 0.1583 0.1731 1.011 1.1484 0.0567 0.0628 0.9381 1.1386 0.0404 0.0438 0.9185
CC 0.8353 0.1585 0.1733 0.5361 0.7808 0.0573 0.0635 0.4328 0.7663 0.0409 0.0445 0.3922

EWMA 0.8473 0.1593 0.1745 0.595 0.7811 0.0575 0.064 0.5142 0.7325 0.0411 0.045 0.4431

Panel B: n = 120
S 0.9064 0.0877 0.0989 0.4649 0.7814 0.059 0.0656 0.5065 0.6519 0.0424 0.0472 0.4332
Id 0.8157 0.087 0.0983 0.4256 0.6259 0.0613 0.0688 0.4354 0.6307 0.0389 0.0431 0.328

VId 0.8235 0.0871 0.0985 0.4284 0.6259 0.0613 0.0688 0.4354 0.489 0.0421 0.0471 0.3712
SI 0.9097 0.0877 0.0989 0.4563 0.7777 0.059 0.0656 0.4925 0.6458 0.0424 0.0472 0.419

CV 1.3269 0.0871 0.0982 0.9667 1.1806 0.0587 0.0651 1.0138 1.0974 0.0421 0.0467 0.8951
CC 0.905 0.0877 0.0988 0.4357 0.7822 0.059 0.0655 0.4636 0.6566 0.0424 0.0471 0.3856

EWMA 0.9281 0.0883 0.0996 0.4859 0.7994 0.0592 0.0658 0.5246 0.6788 0.0427 0.0475 0.4601

Panel C: n = 180
S 0.7989 0.1311 0.1423 0.5007 0.7932 0.0564 0.0627 0.4631 0.6905 0.0404 0.044 0.4065
Id 0.7206 0.1308 0.142 0.4736 0.6705 0.0562 0.0625 0.405 0.5477 0.0375 0.0399 0.3748

VId 0.7273 0.1308 0.1421 0.4757 0.6838 0.0562 0.0626 0.4127 0.5754 0.0402 0.044 0.3556
SI 0.8001 0.1311 0.1423 0.4954 0.7904 0.0564 0.0627 0.4545 0.6873 0.0404 0.044 0.3982

CV 1.2715 0.1308 0.1419 0.9961 1.2073 0.0562 0.0624 0.9988 1.1422 0.0402 0.0437 0.8705
CC 0.7957 0.1311 0.1423 0.4803 0.792 0.0564 0.0626 0.4259 0.692 0.0404 0.044 0.3672

EWMA 0.8415 0.1322 0.1435 0.526 0.8284 0.0567 0.0631 0.5005 0.7206 0.0408 0.0445 0.4429

Panel D: n = 3000
S 0.7504 0.1476 0.1596 0.3957 0.734 0.049 0.0539 0.3988 0.513 0.0384 0.0428 0.3259
Id 0.7441 0.1477 0.1597 0.3946 0.7009 0.049 0.0539 0.3872 0.4615 0.0384 0.0428 0.3096

VId 0.7437 0.1477 0.1596 0.3945 0.7043 0.049 0.0539 0.3886 0.4673 0.0384 0.0428 0.312
SI 0.7516 0.1476 0.1596 0.3955 0.7339 0.049 0.0539 0.3984 0.5123 0.0384 0.0428 0.3252

CV 1.2864 0.1477 0.1597 0.963 1.2281 0.049 0.0538 0.9954 1.1041 0.0384 0.0428 0.6822
CC 0.7488 0.1476 0.1596 0.3949 0.7316 0.049 0.0539 0.3904 0.5096 0.0384 0.0428 0.3143

EWMA 0.8563 0.1489 0.1611 0.4452 0.8161 0.0497 0.0547 0.4652 0.6244 0.0389 0.0435 0.4076

Panel E: n = 6000
S 0.9672 0.1302 0.1409 0.4821 0.5737 0.0539 0.0589 0.3481 0.5772 0.0402 0.0437 0.3436
Id 0.9496 0.1301 0.1408 0.4813 0.6095 0.0575 0.0639 0.4076 0.5449 0.0402 0.0437 0.3342

VId 0.951 0.1301 0.1409 0.4815 0.5419 0.054 0.0589 0.3401 0.5483 0.0402 0.0437 0.3354
SI 0.9688 0.1302 0.1409 0.482 0.574 0.0539 0.0589 0.3479 0.5772 0.0402 0.0437 0.3434

CV 1.4142 0.1301 0.1408 1.0034 1.1436 0.054 0.0589 0.9706 1.1422 0.0402 0.0437 0.7031
CC 0.9656 0.1302 0.1409 0.4814 0.5709 0.0539 0.0589 0.3415 0.575 0.0402 0.0437 0.3368

EWMA 1.0432 0.1312 0.1422 0.5232 0.6946 0.0547 0.0599 0.4319 0.681 0.0407 0.0444 0.4229

Starting from Table 3, Panel A, the Minimum Variance allocation seems better described by the
Identity and the Variance Identity regardless of the number of assets p. In particular, we look at the
difference between the weights calculated entirely on the sample covariance matrix and those of the
targets: the Identity and the Variance Identity are the only estimator to perform better. In fact, shrinking
towards the sample is not as bad as shrinking towards the Common Covariance. By increasing n
and moving to Panel B, similar results are obtained. This trend is confirmed in Panel C, while in
the cases of n = 3000 and n = 6000, all the estimators perform similarly. Hence, for the Minimum
Variance portfolio the Identity matrix works best at reproducing portfolio weights very similar to
the true ones. The same conclusions apply for the Maximum Diversification portfolio: when p and n
are small, the Identity and the Variance Identity outperform other alternatives. On the other hand,
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we get very different results for the Inverse Volatility and Equal-Risk-Contribution. Both portfolios
seem not gaining benefits from the shrinkage procedure, as the Frobenius norm is very similar to
that of the sample covariance matrix for all the target matrices under consideration. This is true for
all pairs of p and n. In the high-dimensional case (p = 100; n = 60), the Identity matrix works
best in reducing the distance between true and estimated portfolio weights, both for the Minimum
Variance and Maximum Diversification portfolios. On average, shrinkage does not help too much
when alternative target matrices are used; only in the case of Common Covariance is shrinking worse
than using the sample covariance matrix. All these effects vanish when we look at the Inverse Volatility
and Equal-Risk-Contribution portfolios: here, shrinkage does not help too much, whatever the target is.

Table 4. Frobenius norm for the portfolio weights. Values corresponds to the optimal shrinkage
intensity, listed after the Frobenius norm for each portfolio. We report values for the sample covariance
matrix (δ = 0) separately in the first row of each panel. For each n, the first line reports the Frobenius
norm for the sample covariance matrix. Abbreviations used are: S for sample covariance; Id for identity
matrix; VId for Variance Identity; SI for Single-Index; CV for Common Covariance; CC for Constant
Correlation and EWMA for Exponentially Weighted Moving Average.

P = 10 P = 50 P = 100

MV IV ERC MD MV IV ERC MD MV IV ERC MD

Panel A: n = 60
S 0.8340 0.1585 0.1736 0.5842 0.7721 0.0573 0.0637 0.4933 0.7555 0.0409 0.0447 0.4565
Id 0.6778 0.1424 0.1525 0.501 0.5997 0.0558 0.0624 0.3704 0.471 0.0403 0.0446 0.3462

VId 0.6689 0.1581 0.173 0.5084 0.5539 0.0565 0.0627 0.3795 0.5428 0.0402 0.0437 0.3331
SI 0.8345 0.1585 0.1735 0.558 0.7666 0.0573 0.0637 0.4633 0.7479 0.0409 0.0447 0.4195

CV 1.2392 0.1581 0.1729 0.509 1.117 0.0565 0.0627 0.3795 1.1068 0.0402 0.0437 0.3331
CC 0.8335 0.1585 0.1731 0.5081 0.7733 0.0573 0.0634 0.3795 0.757 0.0409 0.0444 0.3332

EWMA 0.8331 0.1586 0.1737 0.5852 0.7706 0.0573 0.0637 0.4953 0.7213 0.0409 0.0447 0.4395

Panel B: n = 120
S 0.9064 0.0877 0.0989 0.4649 0.7814 0.059 0.0656 0.5065 0.6519 0.0424 0.0472 0.4332
Id 0.8121 0.087 0.0981 0.4241 0.6119 0.0613 0.0685 0.4255 0.613 0.0388 0.0428 0.3111

VId 0.8121 0.087 0.0982 0.4242 0.6119 0.0613 0.0685 0.4255 0.4425 0.042 0.0467 0.3445
SI 0.907 0.0877 0.0989 0.4526 0.776 0.059 0.0656 0.4872 0.6431 0.0424 0.0472 0.414

CV 1.3269 0.087 0.0981 0.4245 1.1756 0.0586 0.0651 0.4302 1.0916 0.042 0.0467 0.3445
CC 0.9043 0.0877 0.0987 0.4241 0.781 0.059 0.0654 0.4302 0.6527 0.0424 0.0471 0.3446

EWMA 0.9052 0.0876 0.0988 0.4651 0.7797 0.0589 0.0655 0.5056 0.6554 0.0424 0.0472 0.4331

Panel C: n = 180
S 0.7989 0.1311 0.1423 0.5007 0.7932 0.0564 0.0627 0.4631 0.6905 0.0404 0.044 0.4065
Id 0.7177 0.1307 0.1419 0.4724 0.6613 0.0562 0.0624 0.3977 0.534 0.0375 0.0398 0.3645

VId 0.718 0.1307 0.1419 0.4724 0.6614 0.0562 0.0624 0.3979 0.5428 0.0402 0.0437 0.3331
SI 0.799 0.1311 0.1423 0.4929 0.7897 0.0564 0.0627 0.4515 0.6863 0.0404 0.044 0.3955

CV 1.2715 0.1307 0.1418 0.4724 1.2073 0.0562 0.0624 0.3979 1.1422 0.0402 0.0437 0.3331
CC 0.7942 0.1311 0.1422 0.4725 0.7912 0.0564 0.0626 0.3977 0.6904 0.0404 0.0439 0.3331

EWMA 0.8035 0.1312 0.1424 0.5008 0.7951 0.0564 0.0626 0.4653 0.6938 0.0404 0.044 0.4074

Panel D: n = 3000
S 0.7504 0.1476 0.1596 0.3957 0.734 0.049 0.0539 0.3988 0.513 0.0384 0.0428 0.3259
Id 0.7425 0.1477 0.1596 0.3941 0.6988 0.049 0.0538 0.3859 0.4573 0.0384 0.0428 0.3072

VId 0.7426 0.1476 0.1596 0.3941 0.6988 0.049 0.0538 0.3859 0.4573 0.0384 0.0428 0.3072
SI 0.7506 0.1476 0.1596 0.3953 0.7339 0.049 0.0539 0.3983 0.512 0.0384 0.0428 0.325

CV 1.2864 0.1476 0.1596 0.3951 1.2281 0.049 0.0538 0.3859 1.1041 0.0384 0.0428 0.3072
CC 0.7477 0.1476 0.1596 0.3946 0.7299 0.049 0.0539 0.386 0.5073 0.0384 0.0428 0.3072

EWMA 0.7615 0.1477 0.1597 0.3981 0.7439 0.0491 0.0539 0.4043 0.5263 0.0384 0.0429 0.3346

Panel E: n = 6000
S 0.9672 0.1302 0.1409 0.4821 0.5737 0.0539 0.0589 0.3481 0.5772 0.0402 0.0437 0.3436
Id 0.9486 0.13 0.1408 0.4811 0.6085 0.0575 0.0639 0.4072 0.5428 0.0402 0.0437 0.3331

VId 0.9486 0.13 0.1408 0.4811 0.5365 0.054 0.0589 0.3381 0.5428 0.0402 0.0437 0.3331
SI 0.9675 0.1302 0.1409 0.482 0.5738 0.0539 0.0589 0.3478 0.5772 0.0402 0.0437 0.3433

CV 1.4142 0.13 0.1408 0.4811 1.1436 0.054 0.0589 0.3381 1.1422 0.0402 0.0437 0.3331
CC 0.9644 0.1302 0.1409 0.4812 0.5687 0.0539 0.0589 0.3381 0.5733 0.0402 0.0437 0.3331

EWMA 0.9765 0.1302 0.1409 0.4832 0.5901 0.054 0.059 0.3561 0.59 0.0402 0.0438 0.3524
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Overall, results are in line with the conclusions of the numerical illustrations in Section 3. Indeed,
the Minimum Variance portfolio shows the highest distance between true and estimated weights,
similar to the Maximum Diversification. Both portfolios are affected by the dimensionality of the
sample: shrinkage always help in reducing weights misspecification; it improves in high-dimensional
cases. On contrary, estimated weights for the remaining portfolios are close to the true ones by
construction, hence, shrinkage does not help too much.

Switching to Table 4, the results illustrate again that the Identity and the Variance Identity attain
the best reduction of the Frobenius norm for the Minimum Variance and Maximum Diversification
portfolios. If results are similar to those of Table 3 for the former, results for the latter show an
improvement in using the shrinkage estimators. The Identity, Variance Identity, Common Covariance,
and Constant Correlation target matrices outperform all the alternatives, including the sample
estimator, minimising the Frobenius norm in a similar fashion. This is true also for the high-dimensional
case. On the contrary, the other two portfolios do not benefit from shrinking the sample covariance
matrix, even in high-dimensional samples, confirming the insights from Table 3. Lastly, we look at
the shrinkage intensity at which target matrices attain the highest Frobenius norm reduction. Those
values are displayed in Figure 4. The intensity is composed of the interval [0; 1]: the more it is close
to 1, the more the target matrix helps in reducing the estimation error of the sample covariance
matrix. Interestingly, the Identity and the Variance Identity show shrinkage intensities always close
to 1, meaning that shrinking towards them is highly beneficial, as they are fairly better than the
sample covariance matrix. This is verified either for the high-dimensional case and for those risk
portfolios (Inverse Volatility and Equal-Risk-Contribution), who do not show great improvements
when shrinkage is adopted.

Figure 4. Optimal shrinkage intensity parameters for which the Frobenius norm is minimized. Each
column corresponds to a specific target matrix: from left to right, the Identity, the Variance Identity,
the Single-Index, the Common Covariance, the Constant Correlation, and the EWMA, respectively.
Each row corresponds to a different n: in ascendant order from n = 60 (first row) to p = 6000 (fifth
row). In each subplot, the MV portfolio is blue circle-shaped; the IV is green-square shaped; the ERC is
red-triangle shaped; and the MD is black-cross shaped.
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4.1.2. Sensitivity to Shrinkage Intensity

To have a view on the whole shrinkage intensity spectrum (i.e., the interval (0; 1)) we refer
to Figure 5, where we report the Frobenius Norms for the weights (y-axis) with regard to the
shrinkage intensity (x-axis). Each column corresponds to a specific risk-based portfolio: from
left to right, the Minimum Variance, the Inverse Volatility, the Equal-Risk-Contribution, and the
Maximum Diversification, respectively. Each row corresponds to the p/n ratio in n ascending order.
For each subfigure, the Identity is blue circle-shaped, the Variance Identity is green square-shaped,
the Single-Index is red hexagram-shaped, the Common Covariance is black star-shaped, the Constant
Correlation is cyan plus-shaped, and the EWMA is magenta diamond-shaped.

Figure 5. Frobenius norm for portfolio weights with regard to the shrinkage intensity parameter, when
p = 100.

Figure 5 illustrates the case p = 100, as to include the high-dimensional scenario. Starting from
the latter (first row, n = 60), the Variance Identity is the only target matrix to always reduce weight
misspecification for all the considered portfolios, for all shrinkage levels. The Identity do the same,
excluding the ERC case where it performs worse than the sample covariance matrix. The remaining
targets behave very differently across the four risk-based portfolios: the Common Covariance is the
worst in both the Minimum Variance and Maximum Diversification and the EWMA is the worst in
both remaining portfolios. The Market Model and the Constant Correlation do not improve much
from the sample estimator across all portfolios.

Looking at the second row (n = 120), the Identity is the most efficient target, reducing the distance
between estimated and true portfolio weights in all the considered portfolios. The Variance Identity is
also very efficient in Minimum Variance and Maximum Diversification portfolios, while the remaining
targets show similar results as in the previous case. The same conclusions apply for the case n = 180.

When the number of observations is equal to or higher than n = 3000, results do not change
much. The Identity, the Variance Identity, the Market model, and the Constant Correlation are the
most efficient target matrices towards which to shrink, while the EWMA is the worst for both Inverse
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Volatility and Equal-Risk-Contribution portfolios and the Common Covariance is the worst for the
Minimum Variance and Maximum Diversification ones.

In conclusion, for the Minimum Variance portfolio, the Common Covariance should not be
used, since it always produces weights very unstable and distant from the true ones. At the same
time, the EWMA should not be used to shrink the covariance matrix in the Inverse Volatility
and Equal-Risk-Contribution portfolios. The most convenient matrices towards which to shrink
are the Identity and the Variance Identity. Overall, the Minimum Variance and the Maximum
Diversification portfolio weights gain more from shrinkage than those of the Inverse Volatility and
Equal-Risk-Contribution allocations.

5. Conclusions

In this article, we provide a comprehensive overview of shrinkage in risk-based portfolios.
Portfolios solely based on the asset returns covariance matrix are usually perceived as “robust” since
they avoid estimating the asset returns mean. However, they still suffer from estimation error when
the sample estimator is used, causing misspecification in the portfolio weights. Shrinkage estimators
have been proved to reduce the estimation error by pulling the sample covariance towards a more
structured target.

By means of an extensive Monte Carlo study, we compare six different target matrices: the Identity,
the Variance Identity, the Single-index model, the Common Covariance, the Constant Correlation, and
the Exponential Weighted Moving Average, respectively. We do so considering their effects on weights
for the Minimum Variance, Inverse Volatility, Equal-risk-contribution, and Maximum diversification
portfolios. Moreover, we control for the whole shrinkage intensity spectrum and for dataset size,
changing observation length and number of assets. Therefore, we are able to (1) assess estimators’
statistical properties and similarity with the true target matrix; (2) address the problem of how selecting
a specific target estimator affects the portfolio weights.

Regarding point (1), the findings suggest the Identity and the Variance Identity matrices hold the
best statistical properties, being well conditioned across all the combinations of observations/assets,
especially for high-dimensional datasets. Nevertheless, these targets are both not very similar to the true
target matrix. The Single-Index and the Constant Correlation target matrices show the greater similarity
with the true target matrix, minimizing the Frobenius norm, albeit being poorly conditioned when
observations and assets share similar sizes. Turning to point (2), the Identity attains the best results in
terms of distance reduction between the true and estimated portfolio weights for both the Minimum
Variance and Maximum Diversification portfolio construction techniques. The Variance Identity shows
a similar performance. Both estimators are also stable against shifts in the shrinkage intensity.

Overall, selecting the target matrix is very important, since we verified that there are large
shifts in the distance between true and estimated portfolio weights when shrinking towards different
targets. In risk-based portfolio allocations the Identity and the Variance Identity matrices represent the
best target among the six considered in this study, especially in the case of Minimum Variance and
Maximum Diversification portfolios. In fact, they are always well conditioned and outperform their
competitor in deriving the most similar weights to the true ones.

Lastly, the findings confirm that the Minimum Variance and Maximum Diversification portfolios
are more sensitive to misspecification in the covariance matrix, therefore, they benefit the most when
the sample covariance matrix is shrunk. These findings are in line with what was previously found in
Ardia et al. (2017): the Inverse Volatility and the Equal-Risk-Contribution are more robust to covariance
misspecification; hence, allocations do not improve significantly when shrinkage is used.
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Abstract: In this paper, we propose a novel framework for estimating systemic risk measures and
risk allocations based on Markov Chain Monte Carlo (MCMC) methods. We consider a class of
allocations whose jth component can be written as some risk measure of the jth conditional marginal
loss distribution given the so-called crisis event. By considering a crisis event as an intersection of
linear constraints, this class of allocations covers, for example, conditional Value-at-Risk (CoVaR),
conditional expected shortfall (CoES), VaR contributions, and range VaR (RVaR) contributions as
special cases. For this class of allocations, analytical calculations are rarely available, and numerical
computations based on Monte Carlo (MC) methods often provide inefficient estimates due to the
rare-event character of the crisis events. We propose an MCMC estimator constructed from a sample
path of a Markov chain whose stationary distribution is the conditional distribution given the crisis
event. Efficient constructions of Markov chains, such as the Hamiltonian Monte Carlo and Gibbs
sampler, are suggested and studied depending on the crisis event and the underlying loss distribution.
The efficiency of the MCMC estimators is demonstrated in a series of numerical experiments.

Keywords: systemic risk measures; conditional Value-at-Risk (CoVaR); capital allocation; copula
models; quantitative risk management

1. Introduction

In portfolio risk management, risk allocation is an essential step to quantifying the risk of each unit
of a portfolio by decomposing the total risk of the whole portfolio. One of the most prevalent rules to
determine risk allocations is the Euler princple, proposed by Tasche (1995) and justified from various
viewpoints, such as the RORAC compatibility (Tasche (1995) and Tasche (2008)) and cooperative
game theory (Denault (2001)). For the popular risk measures, such as VaR, RVaR, and ES, Euler
allocations take the form of conditional expectations of the underlying loss random vector given
a certain rare event on the total loss of the portfolio; see Tasche (2001) for derivations. We call this
rare event the crisis event.The decomposition of risks is also required in the context of systemic risk
measurement. Systemic risk is the risk of financial distress of an entire economy as a result of the failure
of individual components of the financial system. To quantify such risks, various systemic risk measures
have been proposed in the literature, such as conditional VaR (CoVaR) (Adrian and Brunnermeier (2016)),
conditional expected shortfall (CoES) (Mainik and Schaanning (2014)), and marginal expected shortfall (MES)
(Acharya et al. (2017)). These three measures quantify the risk of individuals by taking the VaR, ES,
and expectation of the individual loss, respectively, under some stressed scenario—that is, given the
crisis event. Chen et al. (2013), Hoffmann et al. (2016), and Kromer et al. (2016) proposed an axiomatic
characterization of systemic risk measures, where the risk of the aggregated loss in a financial system
is first measured and then decomposed into the individual economic entities. Due to the similarity of
risk allocations with the derivation of systemic risk measures, we refer to both of them as systemic risk
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allocations. In fact, MES coincides with the Euler allocation of ES, and other Euler allocations can be
regarded as special cases of systemic risk measures considered in Gourieroux and Monfort (2013).

Calculating systemic risk allocations given an unconditional joint loss distribution is generally
challenging, since analytical calculations often require knowledge of the joint distribution of the
marginal and aggregated loss. Furthermore, MC estimation suffers from the rare-event character
of the crisis event. For computing CoVaR, CoES, and MES, Mainik and Schaanning (2014),
Bernardi et al. (2017), and Jaworski (2017) derived formulas based on the copula of the marginal
and aggregated loss; Asimit and Li (2018) derived asymptotic formulas based on the extreme
value theory; and Girardi and Ergün (2013) estimated CoVaR under a multivariate GARCH model.
Vernic (2006), Chiragiev and Landsman (2007), Dhaene et al. (2008), and Furman and Landsman (2008)
calculated Euler allocations for specific joint distributions. Asimit et al. (2011) derived asymptotic
formulas for risk allocations. Furman and Zitikis (2009) and Furman et al. (2018) calculated weighted
allocations, which include Euler allocations as special cases, under a Stein-type assumption. Concerning
the numerical computation of Euler allocations, Glasserman (2005), Glasserman and Li (2005),
and Kalkbrener et al. (2004) considered importance sampling methods, and Siller (2013) proposed the
Fourier transform Monte Carlo method, all specifically for credit portfolios. For general copula-based
dependence models, analytical calculations of systemic risk allocations are rarely available,
and an estimation method is, to the best of our knowledge, only addressed in Targino et al. (2015),
where sequential Monte Carlo (SMC) samplers are applied.

We address the problem of estimating systemic risk allocations under general copula-based
dependent risks in the case where the copula between the marginal and aggregated losses are not
necessarily available. We consider a general class of systemic risk allocations in the form of risk
measures of a conditional loss distribution given a crisis event, which includes CoVaR, CoES, MES,
and Euler allocations as special cases. In our proposed method, the conditional loss distribution, called
the target distribution π, is simulated by a Markov chain whose stationary distribution is the desired
distribution π by sequentially updating the sample path based on the available information from
π. While this MCMC method resembles the SMC in Targino et al. (2015), the latter requires a more
complicated implementation involving the choice of forward and backward kernels, resampling and
move steps, and even MCMC in the move steps. Our suggested approach directly constructs a single
sophisticated Markov chain depending on the target distribution of interest. Applications of MCMC
to estimating risk allocations have been studied in Koike and Minami (2019), specifically for VaR
contributions. Our paper explores and demonstrates the applicability of MCMC methods to a more
general class of systemic risk allocations.

Almost all MCMC methods used in practice are of the Metropolis–Hastings (MH) type
(Metropolis et al. (1953) and Hastings (1970)), where the so-called proposal distribution q generates
a candidate of the next state based on the current state. This candidate is then accepted or rejected
according to the so-called acceptance probability to adjust the stationary distribution to be the target
distribution π. As explained in Section 3.1 below, the resulting Markov chain has serial correlation,
which adversarially affects the efficiency of the estimator. An efficient MCMC of MH type is such that
the proposal distribution generates a candidate which exhibits low correlation with the current state
with sufficiently large acceptance probability. The main difficulty in constructing such an efficient
MCMC estimator for systemic risk allocations is that the support of the target distribution π is subject
to constraints determined by the crisis event. For such target distributions, simple MCMC methods,
such as random walk MH, are not efficient since a candidate is immediately rejected if it violates the
constraints; see Section 3.2 for details.

To tackle this problem, we consider two specific MCMC methods, Hamiltonian Monte Carlo (HMC)
(Duane et al. (1987)) and the Gibbs sampler (GS) (Geman and Geman (1984) and Gelfand and Smith (1990)).
In the HMC method, a candidate is generated according to the so-called Hamiltonian dynamics,
which leads to a high acceptance probability and low correlation with the current state by accurately
simulating the dynamics of sufficiently long length; see Neal et al. (2011) and Betancourt (2017) for
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an introduction to HMC. Moreover, the HMC candidates always belong to the crisis event by reflecting
the dynamics when the chain hits the boundary of the constraints; see Ruján (1997), Pakman and
Paninski (2014), Afshar and Domke (2015), Yi and Doshi-Velez (2017), and Chevallier et al. (2018) for
this reflection property of the HMC method. An alternative method to handle the constraints is the
GS, in which the chain is updated in each component. Since all the components except the updated
one remain fixed, a componentwise update is typically subject to weaker constraints. As long as such
componentwise updates are feasible, the GS candidates belong to the crisis event, and the acceptance
probability is always 1; see Geweke (1991), Gelfand et al. (1992), and Rodriguez-Yam et al. (2004) for
the application of the GS to constrained target distributions, and see Gudmundsson and Hult (2014)
and Targino et al. (2015) for applications to estimating risk contributions.

Our findings include efficient MCMC estimators of systemic risk allocations achieved via HMC
with reflection and GSs. We assume that the unconditional joint loss density is known, possibly
through its marginal densities and copula density. Depending on the supports of the marginal loss
distributions and the crisis event, different MCMC methods are applicable. We find that if the marginal
loss distributions are one-sided, that is, the supports are bounded from the left, then the crisis event is
typically a bounded set and HMC shows good performance. On the other hand, if the marginal losses
are two-sided, that is, they have both right and left tails, the crisis event is often unbounded and the GSs
perform better, provided that the random number generators of the conditional copulas are available.
Based on the samples generated by the MC method, we propose heuristics to determine the parameters
of the HMC and GS methods, for which no manual interaction is required. Since, in the MCMC method,
the conditional loss distribution of interest is directly simulated, in contrast to MC where rejection
is applied based on the unconditional loss distribution, the MCMC method generally outperforms
the MC method in terms of the sample size, and thus the standard error. This advantage of MCMC
becomes more pronounced as the probability of the crisis event becomes smaller. We demonstrate this
efficiency of the MCMC estimators of systemic risk allocations by a series of numerical experiments.

This paper is organized as follows. The general framework of the estimation problem of systemic
risk allocations is introduced in Section 2. Our class of systemic risk allocations is proposed in
Section 2.1, and their estimation via the MC method is presented in Section 2.2. Section 3 is devoted
to MCMC methods for estimating systemic risk allocations. After a brief review of MCMC methods
in Section 3.1, we formulate our problem of estimating systemic risk allocations in terms of MCMC
in Section 3.2. HMC and GS for constrained target distributions are then investigated in Sections 3.3
and 3.4, respectively. In Section 4, numerical experiments are conducted, including simulation and
empirical studies, and a detailed comparison of MC and our introduced MCMC methods is provided.
Section 5 concludes with practical guidance and limitations of the presented MCMC methods.
An R script reproducing the numerical experiments is available as Supplementary Material.

2. Systemic Risk Allocations and Their Estimation

In this section, we define a broad class of systemic risk allocations, including Euler allocations,
CoVaR, and CoES as special cases. Then, the MC method is described to estimate systemic
risk allocations.

2.1. A Class of Systemic Risk Allocations

Let (Ω,F ,P) be an atomless probability space, and let X1, . . . , Xd, d ≥ 2 be random variables
on this space. The random vector X = (X1, . . . , Xd) can be interpreted as losses of a portfolio of size
d, or losses of d economic entities in an economy over a fixed time period. Throughout the paper,
a positive value of a loss random variable represents a financial loss, and a negative loss is interpreted as
a profit. Let FX denote the joint cumulative distribution function (cdf) of X with marginal distributions
F1, . . . , Fd. Assume that FX admits a probability density function (pdf) fX with marginal densities
f1, . . . , fd. Sklar’s theorem (Nelsen (2006)) allows one to write
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FX(x) = C(F1(x1), . . . , Fd(xd)), x = (x1, . . . , xd) ∈ Rd, (1)

where C : [0, 1]d → [0, 1] is a copula of X. Assuming the density c of the copula C to exist, fX can be
written as

fX(x) = c(F1(x1), . . . , Fd(xd)) f1(x1) · · · fd(xd), x ∈ Rd.

An allocation A = (A1, . . . , Ad) is a map from a random vector X to (A1(X), . . . , Ad(X)) ∈ Rd.
The sum ∑d

j=1 Aj(X) can be understood as the capital required to cover the total loss of the portfolio or
the economy. The jth component Aj(X), j = 1, . . . , d is then the contribution of the jth loss to the total
capital ∑d

j=1 Aj(X). In this paper, we consider the following class of allocations

A�1,...,�d ,C = (A�1,C
1 , . . . , A�d ,C

d ), A
�j ,C
j (X) = �j(Xj | X ∈ C),

where �j is a map from a random variable to R called the jth marginal risk measure for j = 1, . . . , d,
and C ⊆ Rd is a set called the crisis event. The conditioning set {X ∈ C} is simply written as C if
there is no confusion. As we now explain, this class of allocations covers well-known allocations as
special cases. For a random variable X ∼ F, we define the Value-at-Risk (VaR) of X at confidence level
α ∈ (0, 1] by

VaRα(X) := inf{x ∈ R : F(x) ≥ α}.

Range Value-at-Risk (RVaR) at confidence levels 0 < α1 < α2 ≤ 1 is defined by

RVaRα1,α2(X) =
1

α2 − α1

∫ α2

α1

VaRγ(X)dγ,

and, if it exists, expected shortfall (ES) at confidence level α ∈ (0, 1) is defined by
ESα(X) = RVaRα,1(X). Note that ES is also known as C(onditional)VaR, T(ail)VaR, A(verage)VaR
and C(onditional)T(ail)E(expectation). These risk measures are law-invariant in the sense that they
depend only on the distribution of X. Therefore, we sometimes write �(F) instead of �(X).

We now define various crisis events and marginal risk measures. A typical form of the crisis event
is an intersection of a set of linear constraints

C =
M⋂

m=1

{
h�

m x ≥ vm

}
, hm ∈ Rd, vm ∈ R, m = 1, . . . , M, M ∈ N. (2)

Several important special cases of the crisis event of Form (2) are provided in the following.

Definition 1 (VaR, RVaR, and ES crisis events). For S = ∑d
j=1 Xj, the VaR, RVaR and ES crisis events are

defined by

CVaR
α = {x ∈ Rd | 1�

d x = VaRα(S)}, α ∈ (0, 1),

CRVaR
α1,α2

= {x ∈ Rd | VaRα1(S) ≤ 1�
d x ≤ VaRα2(S)}, 0 < α1 < α2 ≤ 1,

CES
α = {x ∈ Rd | VaRα(S) ≤ 1�

d x}, 0 < α < 1, α ∈ (0, 1),

respectively, where 1d is the d-dimensional vector of ones.

Definition 2 (Risk contributions and conditional risk measures). For j ∈ {1, . . . , d}, we call A
�j ,C
j of

1. risk contribution-type if �j = E;
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2. CoVaR type if �j = VaRβ j for β j ∈ (0, 1);
3. CoRVaR type if �j = RVaRβ j,1,β j,2 for 0 < β j,1 < β j,2 ≤ 1; and
4. CoES-type if �j = ESβ j for β j ∈ (0, 1).

The following examples show that A
�j ,C
j coincides with popular allocations for some specific

choices of marginal risk measure and crisis event.

Example 1 (Special cases of A�1,...,�d ,C ).

(1) Risk contributions. If the crisis event is chosen to be CVaR
α , CRVaR

α1,α2
or CES

α , the allocations of the risk
contribution type �j = E reduce to the VaR, RVaR, or ES contributions defined by

VaRα(X, S) = E[X | S = VaRα(S)],

RVaRα1,α2(X, S) = E[X | VaRα1(S) ≤ S ≤ VaRα2(S)],

ESα(X, S) = E[X | S ≥ VaRα(S)],

respectively. These results are derived by allocating the total capital VaRα(S), RVaRα1,α2(S) and ESα(S)
according to the Euler principle; see Tasche (1995). The ES contribution is also called the MES and used
as a systemic risk measure; see Acharya et al. (2017).

(2) Conditional risk measures. CoVaR and CoES are systemic risk measures defined by

CoVaR=
α,β(Xj, S) = VaRβ(Xj|S = VaRα(S)), CoVaRα,β(Xj, S) = VaRβ(Xj|S ≥ VaRα(S)),

CoES=α,β(Xj, S) = ESβ(Xj|S = VaRα(S)), CoESα,β(Xj, S) = ESβ(Xj|S ≥ VaRα(S)),

for α, β ∈ (0, 1); see Mainik and Schaanning (2014) and Bernardi et al. (2017). Our CoVaR and
CoES-type allocations with crisis events C = CVaRα or CESα coincide with those defined in the last
displayed equations.

Remark 1 (Weighted allocations). For a measurable function w : Rd → R+ := [0, ∞), Furman and Zitikis
(2008) proposed the weighted allocation �w(X) with the weight function w being defined by �w(X) =

E[Xw(X)]/E[w(X)]. By taking an indicator function as weight function w(x) = 1[x∈C] and provided that
P(X ∈ C) > 0, the weighted allocation coincides with the risk contribution-type systemic allocation AE,...,E,C .

2.2. Monte Carlo Estimation of Systemic Risk Allocations

Even if the joint distribution FX of the loss random vector X is known, the conditional distribution
of X given X ∈ C, denoted by FX|C , is typically too complicated to analytically calculate the systemic
risk allocations A�1,...,�d ,C . An alternative approach is to numerically estimate them by the MC method,
as is done in Yamai and Yoshiba (2002) and Fan et al. (2012). To this end, assume that one can generate

i.i.d. samples from FX . If P(X ∈ C) > 0, the MC estimator of A
�j ,C
j , j = 1, . . . , d is constructed

as follows:

(1) Sample from X: For a sample size N ∈ N, generate X(1), . . . , X(N) ind.∼ FX .

(2) Estimate the crisis event: If the crisis event C contains unknown quantities, replace them with their
estimates based on X(1), . . . , X(N). Denote by Ĉ the estimated crisis event.

(3) Sample from the conditional distribution of X given Ĉ: Among X(1), . . . , X(N), determine X̃(n) such
that X̃(n) ∈ Ĉ for all n = 1, . . . , N.

(4) Construct the MC estimator: The MC estimate of A
�j ,C
j is �j(F̂X̃) where F̂X̃ is the empirical cdf

(ecdf) of the X̃(n)’s.

For an example of (2), if the crisis event is CRVaRα1,α2 = {x ∈ Rd | VaRα1(S) ≤ 1�
d x ≤ VaRα2(S)},

then VaRα1(S) and VaRα2(S) are unknown parameters, and thus they are replaced by VaRα1(F̂S) and
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VaRα2(F̂S), where F̂S is the ecdf of the total loss S(n) := X(n)
1 + · · ·+ X(n)

d for n = 1, . . . , N. By the law
of large numbers (LLN) and the central limit theorem (CLT), the MC estimator of A�1,...,�d ,C is consistent,
and the approximate confidence interval of the true allocation can be constructed based on the
asymptotic normality; see Glasserman (2005).

The MC cannot handle VaR crisis events if S admits a pdf, since P(X ∈ CVaRα) = P(S =

VaRα(S)) = 0, and thus, no subsample is picked in (3) above. A possible remedy (although the
resulting estimator suffers from an inevitable bias) is to replace CVaR

α with CRVaR
α−δ,α+δ for sufficiently

small δ > 0, so that P(S ∈ CRVaR
α−δ,α+δ) = 2δ > 0.

The main advantage of MC for estimating systemic risk allocations A�1,...,�d ,C is that only a random
number generator for FX is required for implementing the method. Furthermore, MC is applicable for
any choice of the crisis event C as long as P(X ∈ C) > 0. Moreover, the main computational load is
simulating FX in (1) above, which is typically not demanding. The disadvantage of the MC method is
its inefficiency concerning the rare-event characteristics of �1, . . . , �d and C. To see this, consider the
case where C = CRVaR

α1,α2
and �j = RVaRβ1,β2 for α1 = β1 = 0.95 and α2 = β2 = 0.975. If the MC sample

size is N = 105, there are N × (α2 − α1) = 2500 subsamples resulting from (3). To estimate RVaRβ1,β2

in (4) based on this subsample, only 2500 × (β2 − β1) = 62.5 samples contribute to computing the
estimate, which is generally not enough for statistical inference. This effect of sample size reduction is
relaxed if ES and/or ES crisis events are considered, but is more problematic for the VaR crisis event
since there is a trade-off concerning reducing bias and MC error when choosing δ; see Koike and
Minami (2019).

3. MCMC Estimation of Systemic Risk Allocations

To overcome the drawback of the MC method for estimating systemic risk allocations,
we introduce MCMC methods, which simulate a given distribution by constructing a Markov chain
whose stationary distribution is FX|C . In this section, we first briefly review MCMC methods, including
the MH algorithm as a major subclass of MCMC methods, and then study how to construct an efficient
MCMC estimator for the different choices of crisis events.

3.1. A Brief Review of MCMC

Let E ⊆ Rd be a set and E be a σ-algebra on E. A Markov chain is a sequence of E-valued random
variables (X(n))n∈N0 satisfying the Markov property P(X(n+1) ∈ A | X(k) = x(k), k ≤ n) = P(X(n+1) ∈
A | X(n) = x(n)) for all n ≥ 1, A ∈ E , and x(1), . . . , x(n) ∈ E. A Markov chain is characterized by
its stochastic kernel K : E × E → [0, 1] given by x × A �→ K(x, A) := P(X(n+1) ∈ A | X(n) = x).
A probability distribution π satisfying π(A) =

∫
E π(dx)K(x, A) for any x ∈ E and A ∈ E is called

stationary distribution. Assuming K(x, ·) has a density k(x, ·), the detailed balance condition (also known
as the reversibility) with respect to π is given by

π(x)k(x, y) = π(y)k(y, x), x, y ∈ E, (3)

and is known as a sufficient condition for the corresponding kernel K to have the stationary distribution
π; see Chib and Greenberg (1995). MCMC methods simulate a distribution as a sample path of
a Markov chain whose stationary distribution π is the desired one. For a given distribution π,
also known as target distribution, and a functional �, the quantity of interest �(π) is estimated by
the MCMC estimator �(π̂) where π̂ is the empirical distribution constructed from a sample path
X(1), . . . , X(N) of the Markov chain whose stationary distribution is π. Under regularity conditions,
the MCMC estimator is consistent and asymptotically normal; see Nummelin (2002), Nummelin (2004),
and Meyn and Tweedie (2012). Its asymptotic variance can be estimated from (X(1), . . . , X(N)) by,
for instance, the batch means estimator; see Jones et al. (2006), Geyer (2011) and Vats et al. (2015) for
more details. Consequently, one can construct approximate confidence intervals for the true quantity
�(π) based on a sample path of the Markov chain.
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Since the target distribution π is determined by the problem at hand, the problem is to find
the stochastic kernel K having π as the stationary distribution such that the corresponding Markov
chain can be easily simulated. One of the most prevalent stochastic kernels is the Metropolis–Hastings
(MH) kernel, defined by K(x, dy) = k(x, y)dy + r(x)δx(dy), where δx is the Dirac delta function;
k(x, y) = q(x, y)α(x, y); q : E × E → R+ is a function called a proposal density such that x �→ q(x, y) is
measurable for any y ∈ E and y �→ q(x, y) is a probability density for any x ∈ E;

α(x, y) =

⎧⎨⎩min
{

π(y)q(y,x)
π(x)q(x,y) , 1

}
, if π(x)q(x, y) > 0,

0, otherwise;

and r(x) = 1 − ∫
E k(x, y)dy. It can be shown that the MH kernel has stationary distribution π;

see Tierney (1994). Simulation of the Markov chain with this MH kernel is conducted by the MH
algorithm given in Algorithm 1.

Algorithm 1 Metropolis–Hastings (MH) algorithm.

Require: Random number generator of the proposal density q(x, ·) for all x ∈ E, x(0) ∈ supp(π) and
the ratio π(y)/π(x) for x, y ∈ E, where π is the density of the stationary distribution.

Input: Sample size N ∈ N, proposal density q, and initial value X(0) = x(0).
Output: Sample path X(1), . . . , X(N) of the Markov chain.

for n := 0, . . . , N − 1 do

(1) Generate X̃(n) ∼ q(X(n), ·).
(2) Calculate the acceptance probability

αn := α(X(n), X̃(n)) = min

{
π(X̃(n))q(X̃(n), X(n))

π(X(n))q(X(n), X̃(n))
, 1

}
. (4)

(3) Generate U ∼ U (0, 1) and set X(n+1) := 1[U≤αn ]X̃
(n) + 1[U>αn ]X

(n).
end for

An advantage of the MCMC method is that a wide variety of distributions can be simulated as
a sample path of a Markov chain even if generating i.i.d. samples is not directly feasible. The price
to pay is an additional computational cost to calculate the acceptance probability (4), and a possibly
higher standard deviation of the estimator �(π̂) compared to the standard deviation of estimators
constructed from i.i.d. samples. This attributes to the serial dependence among MCMC samples,
which can be seen as follows. Suppose first that the candidate X̃(n) is rejected (so {U > αn} occurs).
Then X(n+1) = X(n), and thus, the samples are perfectly dependent. The candidate X̃(n) is more likely
to be accepted if the acceptance probability αn is close to 1. In this case, π(X(n)) and π(X̃(n)) are
expected to be close to each other (otherwise, π(X̃(n))/π(X̃(n)) and thus αn can be small). Under the
continuity of π, X̃(n) and X(n) are expected to be close and thus dependent with each other. An efficient
MCMC method is such that the candidate X̃(n) is sufficiently far from X(n) with the probability π(X̃(n))

being as close to π(X(n)) as possible. The efficiency of MCMC can indirectly be inspected through the
acceptance rate (ACR) and the autocorrelation plot (ACP); ACR is the percentage of times a candidate X̃ is
accepted among the N iterations, and ACP is the plot of the autocorrelation function of the generated
sample path. An efficient MCMC method shows high ACR and steady decline in ACP; see Chib and
Greenberg (1995) and Rosenthal et al. (2011) for details. Ideally, the proposal density q is constructed
only based on π, but typically, q is chosen among a parametric family of distributions. For such cases,
simplicity of the choice of tuning parameters of q is also important.
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3.2. MCMC Formulation for Estimating Systemic Risk Allocations

Numerous choices of proposal densities q are possible to construct an MH kernel. In this
subsection, we consider how to construct an efficient MCMC method for estimating systemic risk
allocations A�1,...,�d ,C depending on the choice of the crisis event C. Our goal is to directly simulate the
conditional distribution X|C by constructing a Markov chain whose stationary distribution is

π(x) = fX|X∈C(x) =
fX(x)

P(X ∈ C)1[x∈C], x ∈ E ⊆ Rd, (5)

provided P(X ∈ C) > 0. Samples from this distribution can directly be used to estimate systemic
risk allocations with crisis event C and arbitrary marginal risk measures �1, . . . , �d. Other potential
applications are outlined in Remark 2.

Remark 2 (Gini shortfall allocation). Samples from the conditional distribution FX|CES
α

can be used to

estimate, for example, the tail-Gini coefficient TGiniα(Xj, S) = 4
1−α Cov(Xj, FS(S) | S ≥ VaRα(S)) for

α ∈ (0, 1), and the Gini shortfall allocation (Furman et al. (2017)) GSα(Xj, S) = E[Xj | S ≥ VaRα(S)] + λ ·
TGiniα(Xj, S), λ ∈ R+ more efficiently than by applying the MC method. Another application is to estimate
risk allocations derived by optimization, given a constant economic capital; see Laeven and Goovaerts (2004) and
Dhaene et al. (2012).

We now construct an MH algorithm with target distribution (5). To this end, we assume that

1. the ratio fX(y)/ fX(x) can be evaluated for any x, y ∈ C, and that
2. the support of fX is Rd or Rd

+.

Regarding Assumption 1, the normalization constant of fX and the probability P(X ∈ C) are not
necessary to be known, since they cancel out in the numerator and the denominator of π(y)/π(x).
In Assumption 2, the loss random vector X refers to the profit&loss (P&L) if supp( fX) = Rd, and to
pure losses if supp( fX) = Rd

+. Note that the case supp( fX) = [c1, ∞] × · · · × [cd, ∞], c1, . . . , cd ∈ R

is essentially included in the case of pure losses as long as the marginal risk measures �1, . . . , �d
are law invariant and translation invariant, and the crisis event is the set of linear constraints of
Form (2). To see this, define X̃j = Xj − cj, j = 1, . . . , d, X̃ = (X̃1, . . . , X̃d) and c = (c1, . . . , cd).

Then supp( fX̃) = Rd
+ and X|(X ∈ C) d

= X̃|(X̃ ∈ C̃) + c, where C̃ is the set of linear constraints with

parameters h̃m = hm and ṽm = vm − h�
mc. By law invariance and translation invariance of �1, . . . , �d,

�j(Xj|X ∈ C) = cj + �j(X̃j|X̃ ∈ C̃), j = 1, . . . , d.

Therefore, the problem of estimating A�1,...,�d ,C(X) reduces to that of estimating A�1,...,�d ,C̃(X̃) for
the shifted loss random vector X̃ (such that supp( fX̃) = Rd

+) and the modified crisis event of the
same form.

For the P&L case, the RVaR and ES crisis events are the set of linear constraints of Form (2) with
the number of constraints M = 2 and 1, respectively. In the case of pure losses, additional d constraints
e�j,dx ≥ 0, j = 1, . . . , d are imposed, where ej,d is the jth d-dimensional unit vector. Therefore, the RVaR
and ES crisis events are of Form (2) with M = d + 2 and d + 1, respectively. For the VaR crisis event,
P(X ∈ C) = 0, and thus, (5) cannot be properly defined. In this case, the allocation A�1,...,�d ,CVaR

depends
on the conditional joint distribution X|CVaR

α , but is completely determined by its first d′ := d − 1
variables (X1, . . . , Xd′)|CVaR

α , since Xd|CVaR
α

d
= (VaRα(S)− ∑d′

j=1 Xj)|CVaR
α

d
= VaRα(S)− ∑d′

j=1 Xj|CVaR
α .

Estimating systemic risk allocations under the VaR crisis event can thus be achieved by simulating the
target distribution
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πVaRα(x′) = fX ′ |S=VaRα(S)(x) =
f(X ′ ,S)(x′, VaRα(S))

fS(VaRα(S))

=
fX(x′, VaRα(S)− 1�

d′ x′)
fS(VaRα(S))

1[VaRα(S)−1�
d′ x

′∈supp( fd)]
, x′ ∈ Rd′

, (6)

where X ′ = (X1, . . . , Xd′) and the last equation is derived from the linear transformation (X ′, S) �→ X
with unit Jacobian. Note that other transformations are also possible; see Betancourt (2012).
Under Assumption 1, the ratio πVaRα(y)/πVaRα(x) can be evaluated and fS(VaRα(S)) is not required
to be known. In the case of pure losses, the target distribution πVaRα is subject to d linear constraints
e�j,d′ x′ ≥ 0, j = 1, . . . , d′ and 1�

d′ x′ ≥ VaRα(S), where the first d′ constraints come from the

non-negativity of the losses and the last one is from the indicator in (6). Therefore, the crisis event CVaR

for (X1, . . . , Xd′) is of Form (2). In the case of P&L, supp( fd) = R and VaRα(S)− 1�
d′ x′ ∈ supp( fd)

holds for any x′ ∈ Rd′
. Therefore, the target distribution (6) is free from any constraints and the problem

reduces to constructing an MCMC method with target distribution π(x′) ∝ fX(x′, VaRα(S)− 1�
d′ x′),

x′ ∈ Rd′
. In this paper, the P&L case with VaR crisis event is not investigated further, since our focus

is the simulation of constrained target distributions; see Koike and Minami (2019) for an MCMC
estimation in the P&L case.

MCMC methods to simulate constrained target distributions require careful design of the proposal
density q. A simple MCMC method is Metropolis–Hastings with rejection in which the support of the
proposal density q may not coincide with that of the target distribution, which is the crisis event C,
and a candidate is immediately rejected when it violates the constraints. This construction of MCMC
is often inefficient due to a low acceptance probability, especially around the boundary of C. In this
case, an efficient MCMC method can be expected only when the probability mass of π is concentrated
near the center of C. In the following sections, we introduce two alternative MCMC methods for
the constrained target distributions FX|C of interest, the HMC method and the GS. Each of them is
applicable and can be efficient for different choices of the crisis event and underlying loss distribution
functions FX .

3.3. Estimation with Hamiltonian Monte Carlo

We find that if the HMC method is applicable, it is typically the most preferable method to
simulate constrained target distributions because of its efficiency and ease of handling constraints.
In Section 3.3.1, we briefly present the HMC method with a reflection for constructing a Markov chain
supported on the constrained space. In Section 3.3.2, we propose a heuristic for determining the
parameters of the HMC method based on the MC presamples.

3.3.1. Hamiltonian Monte Carlo with Reflection

For the possibly unnormalized target density π, consider the potential energy U(x), kinetic energy
K(p), and the Hamiltonian H(x, p) defined by

U(x) = − log π(x), K(p) = − log fK(p) and H(x, p) = U(x) + K(p),

with position variable x ∈ E, momentum variable p ∈ Rd, and kinetic energy density fK(p) such that
fK(−p) = fK(p). In this paper, the kinetic energy distribution FK is set to be the multivariate standard
normal with K(p) = 1

2 p�p and ∇K(p) = p; other choices of FK are discussed in Appendix B.2.
In the HMC method, a Markov chain augmented on the state space E × Rd with the stationary
distribution π(x) fK(p) is constructed and the desired samples from π are obtained as the first
|E|-dimensional margins. A process (x(t), p(t)), t ∈ R on E ×Rd is said to follow the Hamiltonian
dynamics if it follows the ordinary differential equation (ODE)
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d
dt

x(t) = ∇K(p),
d
dt

p(t) = −∇U(x). (7)

Through the Hamiltonian dynamics, the Hamiltonian H and the volume are conserved, that is,
dH(x(t), p(t))/dt = 0 and the map (x(0), p(0)) �→ (x(t), p(t)) has a unit Jacobian for any t ∈ R;
see Neal et al. (2011). Therefore, the value of the joint target density π · fK remains unchanged by the
Hamiltonian dynamics, that is,

π(x(0)) fK(p(0)) = exp(−H(x(0), p(0))) = exp(−H(x(t), p(t))) = π(x(t)) fK(p(t)), t ≥ 0.

In practice, the dynamics (7) are discretized for simulation by, for example, the so-called leapfrog method
summarized in Algorithm 2; see Leimkuhler and Reich (2004) for other discretization methods.

Algorithm 2 Leapfrog method for Hamiltonian dynamics.

Input: Current states (x(0), p(0)), stepsize ε > 0, gradients ∇U and ∇K.
Output: Updated position (x(ε), p(ε)).

(1) p
(

ε
2
)
= p(0)− ε

2∇U(x(0)).
(2) x(ε) = x(0) + ε∇K(p

(
ε
2
)
).

(3) p(ε) = p(ε/2) + ε
2∇U(x(ε)).

Note that the evaluation of ∇U does not require the normalization constant of π to be known,
since ∇U = −(∇π)/π. By repeating the leapfrog method T times with stepsize ε, the Hamiltonian
dynamics are approximately simulated with length Tε. Due to the discretization error, the Hamiltonian
is not exactly preserved, while it is expected to be almost preserved for ε which is small enough.
The discretization error H(x(Tε), p(Tε))− H(x(0), p(0)) is called the Hamiltonian error.

All the steps of the HMC method are described in Algorithm 3. In Step (1), the momentum
variable is first updated from p(0) to p, where p follows the kinetic energy distribution FK so that the
value of the Hamiltonian H = − log(π · fK) changes. In Step (3), the current state (x(0), p) is moved
along the level curve of H(x(0), p) by simulating the Hamiltonian dynamics.

Algorithm 3 Hamiltonian Monte Carlo to simulate π.

Require: Random number generator of FK, x(0) ∈ supp(π), π(y)/π(x), x, y ∈ E and fK(p′)/ fK(p),
p, p′ ∈ Rd.

Input: Sample size N ∈ N, kinetic energy density fK, target density π, gradients of the potential and
kinetic energies ∇U and ∇K, stepsize ε > 0, integration time T ∈ N and initial position X(0) = x(0).

Output: Sample path X(1), . . . , X(N) of the Markov chain.

for n := 0, . . . , N − 1 do

(1) Generate p(n) ∼ FK.
(2) Set (X̃(n), p̃(n)) = (X(n), p(n)).
(3) for t := 1, . . . , T,

(X̃(n+t/T), p̃(n+t/T)) = Leapfrog(X̃(n+(t−1)/T), p̃(n+(t−1)/T), ε, ∇U, ∇K).

end for

(4) p̃(n+1) = −p(n+1).

(5) Calculate αn = min
{

π(X̃(n+1)) fK(p̃(n+1))

π(X(n)) fK(p(n))
, 1
}

.

(6) Set X(n+1) := 1[U≤αn ]X̃
(n+1) + 1[U>αn ]X

(n) for U ∼ U(0, 1).
end for
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By flipping the momentum in Step (4), the HMC method is shown to be reversible w.r.t. π (c.f. (3))
and thus to have the stationary distribution π; see Neal et al. (2011) for details. Furthermore, by the
conservation property of the Hamiltonian dynamics, the acceptance probability in Step (5) is expected
to be close to 1. Moreover, by taking T as sufficiently large, the candidate X̃(n+1) is expected to be
sufficiently decorrelated from the current position X(n). Consequently, the resulting Markov chain is
expected to be efficient.

The remaining challenge for applying the HMC method to our problem of estimating systemic risk
allocations is how to handle the constraint C. As we have seen in Sections 2.1 and 3.2, C is assumed to
be an intersection of linear constraints with parameters (hm, vm), m = 1, . . . , M describing hyperplanes.
Following the ordinary leapfrog method, a candidate is immediately rejected when the trajectory
of the Hamiltonian dynamics penetrates one of these hyperplanes. To avoid it, we modify the
leapfrog method according to the reflection technique introduced in Afshar and Domke (2015) and
Chevallier et al. (2018). As a result, the trajectory is reflected when it hits a hyperplane and the Markov
chain moves within the constrained space with probability one. Details of the HMC method with the
reflection for our application are described in Appendix A.

3.3.2. Choice of Parameters for HMC

HMC requires as input two parameters, the stepsize ε, and the integration time T. As we now
explain, neither of them should be chosen too large nor too small. Since the stepsize ε controls the
accuracy of the simulation of the Hamiltonian dynamics, ε needs to be small enough to approximately
conserve the Hamiltonian; otherwise, the acceptance probability can be much smaller than 1.
On the other hand, an ε which is too small requires the integration time T to be large enough
for the trajectory to reach a farther distance, which is computationally costly. Next, the integration
time T needs to be large enough to decorrelate the candidate state with the current state. Meanwhile,
the trajectory of the Hamiltonian dynamics may make a U-turn and come back to the starting point if
the integration time T is too long; see Neal et al. (2011) for an illustration of this phenomenon.

A notable characteristic of our problem of estimating systemic risk allocations is that the MC
sample from the target distribution π is available but its sample size may not be sufficient for statistical
inference, and, in the case of the VaR crisis event, the samples only approximately follow the target
distribution. We utilize the information of this MC presample to build a heuristic for determining the
parameters (ε, T); see Algorithm 4.

In this heuristic, the initial stepsize is set to be ε = cεd−1/4 for some constant cε > 0, say, cε = 1.
This scale was derived in Beskos et al. (2010) and Beskos et al. (2013) under certain assumptions on the
target distribution. We determine ε through the relationship with the acceptance probability. In Step
(2-2-2-1) of Algorithm 4, multiple trajectories are simulated, starting from each MC presample with the
current stepsize ε. In the next Step (2-2-2-2), we monitor the acceptance probability and the distance
between the starting and ending points while extending the trajectories. Based on the asymptotic
optimal acceptance probability 0.65 (c.f. Gupta et al. (1990) and Betancourt et al. (2014)) as d → ∞,
we set the target acceptance probability as

α =
1 + (d − 1)× 0.65

d
∈ (0.65, 1].

The stepsize is gradually decreased in Step (2-1) of Algorithm 4 until the minimum acceptance
probability calculated in Step (2-3) exceeds α. To prevent the trajectory from a U-turn, in Step
(2-2-2-3), each trajectory is immediately stopped when the distance begins to decrease. The resulting
integration time is set to be the average of these turning points, as seen in Step (3). Note that other
termination conditions of extending trajectories are possible; see Hoffman and Gelman (2014) and
Betancourt (2016).
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Algorithm 4 Heuristic for determining the stepsize ε and integration time T.

Input: MC presample X(0)
1 , . . . , X(0)

N0
, gradients ∇U and ∇K, target acceptance probability α, initial

constant cε > 0 and the maximum integration time Tmax (cε = 1 and Tmax = 1000 are set as
default values).

Output: Stepsize ε and integration time T.

(1) Set αmin = 0 and ε = cεd−1/4.
(2) while αmin < α

(2-1) Set ε = ε/2.
(2-2) for n := 1, . . . , N0

(2-2-1) Generate p(0)
n ∼ FK.

(2-2-2) for t := 1, . . . , Tmax

(2-2-2-1) Set Z(t)
n = Leapfrog(Z(t−1)

n , ε, ∇U, ∇K) for Z(t−1)
n = (X(t−1)

n , p(t−1)
n ).

(2-2-2-2) Calculate

αn,t = α(Z(t−1)
n , Z(t)

n ) and Δt = ||X(t)
n − X(0)

n || − ||X(t−1)
n − X(0)

n ||.

(2-2-2-3) if Δt < 0 and Δt−1 > 0, break and set T∗
n = t − 1.

end for

end for

(2-3) Compute αmin = min(αn,t | t = 1, 2, . . . , T∗
n , n = 1, . . . , N0).

end while

(3) Set T =  1
N0

∑N0
n=1 T∗

n !.

At the end of this section, we briefly revisit the choice of the kinetic energy distribution FK,
which is taken to be a multivariate standard normal throughout this work. As discussed in
Neal et al. (2011), applying the HMC method with target distribution π and kinetic energy distribution
N(0, Σ−1) is equivalent to applying HMC with the standardized target distribution x → π(Lx)
and FK = N(0, I), where L is the Cholesky factor of Σ such that Σ = LL�. By taking Σ to be
the covariance matrix of π, the standardized target distribution becomes uncorrelated with unit
variances. In our problem, the sample covariance matrix Σ̂ = L̂L̂� calculated based on the MC
presample is used alternatively. The new target distribution π̃(y) = π(L̂y)|L̂| where |L̂| denotes the
Jacobian of L̂, is almost uncorrelated with unit variances, and thus the standard normal kinetic energy
fits well; see Livingstone et al. (2019). If the crisis event consists of the set of linear constraints (hm, vm),
m = 1, . . . , M, then the standardized target density is also subject to the set of linear constraints
(L̂�hm, vm), m = 1, . . . , M. Since the ratio fX(L̂y)/ fX(L̂x) can still be evaluated under Assumption 1,
we conclude that the problem remains unchanged after standardization.

Theoretical results of the HMC method with normal kinetic energy are available only when C is
bounded (Cances et al. (2007) and Chevallier et al. (2018)), or when C is unbounded and the tail of π is
roughly as light as that of the normal distribution (Livingstone et al. (2016) and Durmus et al. (2017)).
Boundedness of C holds for VaR and RVaR crisis events with pure losses; see Koike and Minami (2019).
As is discussed in this paper, convergence results of MCMC estimators are accessible when the density
of the underlying joint loss distribution is bounded from above on C, which is typically the case when
the underlying copula does not admit lower tail dependence. For other cases where C is unbounded
or the density explodes on C, no convergence results are available. Potential remedies for the HMC
method to deal with heavy-tailed target distributions are discussed in Appendix B.2.
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3.4. Estimation with Gibbs Sampler

As discussed in Section 3.3.2, applying HMC methods to heavy-tailed target distributions on
unbounded crisis events is not theoretically supported. To deal with this case, we introduce the GS in
this section.

3.4.1. True Gibbs Sampler for Estimating Systemic Risk Allocations

The GS is a special case of the MH method in which the proposal density q is completely
determined by the target density π via

qGS(x, y) = ∑
i=(i1,...,id)∈Id

piπ(yi1 |x−i1)π(yi2 |yi1 , x−(i1,i2)) · · · π(yid |y−id), (8)

where x−(j1,...,jl) is the (d − l)-dimensional vector that excludes the components j1, . . . , jl from x,
π(xj|x−j) = πj|−j(xj|x−j) is the conditional density of the jth variable of π given all the other
components, Id ⊆ {1, . . . , d}d is the so-called index set, and (pi ∈ [0, 1], i ∈ Id) is the index probability
distribution such that ∑i∈Id

pi = 1. For this choice of q, the acceptance probability is always equal to
1; see Johnson (2009). The GS is called deterministic scan (DSGS) if Id = {(1, . . . , d)} and p(1,...,d) = 1.
When the index set is the set of permutations of (1, . . . , d), the GS is called random permulation (RPGS).
Finally, the random scan GS (RSGS) has the proposal (8) with Id = {1, . . . , d}d and p(i1,...,id) = pi1 · · · pid
with probabilities (p1, . . . , pd) ∈ (0, 1)d such that ∑d

j=1 pj = 1. These three GSs can be shown to have π

as stationary distribution; see Johnson (2009).
Provided that the full conditional distributions πj|−j, j = 1, . . . , d can be simulated, the proposal

distribution (8) can be simulated by first selecting an index i ∈ Id with probability pi and then replacing
the jth component of the current state with a sample from πj|−j sequentially for j = i1, . . . , id. The main
advantage of the GS is that the tails of π are naturally incorporated via full conditional distributions,
and thus the MCMC method is expected to be efficient even if π is heavy-tailed. On the other hand,
the applicability of the GS is limited to target distributions such that πj|−j is available. Moreover,
fast simulators of πj|−j, j = 1, . . . , d, are required, since the computational time linearly increases w.r.t.
the dimension d.

In our problem of estimating systemic risk allocations, we find that the GS is applicable when the
crisis event is of the form

C = {x ∈ Rd or Rd
+ | v1 ≤ h�x ≤ v2}, v1, v2 ∈ R∪ {±∞}, h = (h1, . . . , hd) ∈ Rd\{0d}. (9)

The RVaR crisis event is obviously a special case of (9), and the ES crisis event is included as
a limiting case for v2 → ∞. Furthermore, the full conditional copulas of the underlying joint loss
distribution and their inverses are required to be known as we now explain. Consider the target density
π = fX|v1≤h�X≤v2

. For its jth full conditional density πj|−j(xj|x−j), notice that

{v1 ≤ h�X ≤ v2, X−j = x−j} =

{
v1 − h�

−jx−j

hj
≤ Xj ≤

v2 − h�
−jx−j

hj
, X−j = x−j

}

and thus, for vi,j(x−j) = (vi − h�
−jx−j)/hj, i = 1, 2, we obtain the cdf of πj|−j as

FXj |(v1≤h�X≤v2, X−j=x−j)
(xj) =

FXj |X−j=x−j
(xj)− FXj |X−j=x−j

(v1,j(x−j))

FXj |X−j=x−j
(v2,j(x−j))− FXj |X−j=x−j

(v1,j(x−j))
(10)
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for v1,j(x−j) ≤ xj ≤ v2,j(x−j). Denoting the denominator of (10) by Δj(x−j), we obtain the
quantile function

F−1
Xj |(v1≤h�X≤v2, X−j=x−j)

(u) = F−1
Xj |X−j=x−j

(
Δj(x−j) · u + FXj |X−j=x−j

(v1,j(x−j))
)

.

Therefore, if FXj |X−j=x−j
and its quantile function are available, one can simulate the full

conditional target densities πj|−j with the inversion method; see Devroye (1985). Availability of
FXj |X−j=x−j

and its inverse typically depends on the copula of X. By Sklar’s theorem (1), the jth full
conditional distribution of FX can be written as

FXj |X−j=x−j
(xj) = Cj|−j(Fj(xj) | F−j(x−j)),

where F(j1,...,jl)(x(j1,...,jl)) = (Fj1(xj1), . . . , Fjl (xjl )), −(j1, . . . , jl) = {1, . . . , d}\(j1, . . . , jl) and Cj|−j is the
jth full conditional copula defined by

Cj|−j(uj|u−j) = P(Uj ≤ uj | U−j = u−j) =
D−jC(u)

D−jC(u1, . . . , uj−1, 1, uj+1, . . . , ud)
,

where D denotes the operator of partial derivatives with respect to the components given as subscripts
and U ∼ C. Assuming the full conditional copula Cj|−j and its inverse C−1

j|−j are available, one can

simulate X̃j ∼ πj|−j via

U ∼ U(0, 1),

Ũ = U + (1 − U)Cj|−j(Fj(v1(x−j) | F−j(x−j)),

X̃j = F−1
j ◦ C−1

j|−j(Ũ | F−j(x−j)).

Examples of copulas for which the full conditional distributions and their inverses are available
include normal, Student t, and Clayton copulas; see Cambou et al. (2017). In this case, the GS is also
applicable to the corresponding survival (π-rotated) copula Ĉ, since

Ĉj|−j(u) = 1 − Cj|−j(1 − uj | 1d′ − u−j), Ĉ−1
j|−j(u) = 1 − C−1

j|−j(1 − uj | 1d′ − u−j), j = 1, . . . , d,

by the relationship Ũ = 1 − U ∼ Ĉ for U ∼ C. In a similar way, one can also obtain full
conditional copulas and their inverses for other rotated copulas; see Hofert et al. (2018) Section 3.4.1
for rotated copulas.

In the end, we remark that even if the full conditional distributions and their inverses are not
available, πj|−j can be simulated by, for example, the acceptance and rejection method, or even the
MH algorithm; see Appendix B.3.

3.4.2. Choice of Parameters for GS

As discussed in Section 3.3.2, we use information from the MC presamples to determine the
parameters of the Gibbs kernel (8). Note that standardization of the variables as applied in the HMC
method in Section 3.3.2 is not available for the GS, since the latter changes the underlying joint loss
distribution, and since the copula after rotating variables is generally not accessible, except for in the
elliptical case; see Christen et al. (2017). Among the presented variants of GSs, we adopt RSGS, since
determining d probabilities (p1, . . . , pd) is relatively easy, whereas RPGS requires d! probabilities to
be determined. To this end, we consider the RSGS with the parameters (p1, . . . , pd) determined by
a heuristic described in Algorithm 5.
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Algorithm 5 Random scan Gibbs sampler (RSGS) with heuristic to determine (p1, . . . , pd).

Require: Random number generator of πj|−j and x(0) ∈ supp(π).
Input: MC presample X̃(0)

1 , . . . , X̃(0)
N0

, sample size N ∈ N, initial state x(0), sample size of the pre-run
Npre and the target autocorrelation ρ (Npre = 100 and ρ = 0.15 are set as default values).

Output: N sample path X(1), . . . , X(N) of the Markov chain.

(1) Compute the sample covariance matrix Σ̂ based on X̃(0)
1 , . . . , X̃(0)

N0
.

(2) Set pj ∝ Σ̂j,j − Σ̂j,−jΣ̂−1
−j,−jΣ̂−j,j and X(0) = X(0)

pre = x(0).
(3) for n := 1, . . . , Npre

(3-1) Generate J = j with probability pj.
(3-2) Update X(n)

pre,J ∼ πJ|−J(·|X(n−1)
pre ) and X(n)

pre,−J = X(n−1)
pre,−J .

end for

(4) Set

T = argminh∈N0

{
estimated autocorrelations of X(1)

pre, . . . , X
(Npre)
pre with lag h ≤ ρ

}
.

(5) for n := 1, . . . , N, t := 1, . . . , T
(5-1) Generate J = j with probability pj.
(5-2) Update X(n−1+t/T)

J ∼ πJ|−J(·|X(n−1+(t−1)/T)) and X(n−1+t/T)
−J = X(n−1+(t−1)/T)

−J .
end for

The RSGS kernel is simulated in Steps (3) and (5) of Algorithm 5. To determine the selection
probabilities p1, . . . , pd, consider a one-step update of the RSGS from X(n) to X(n+1) with X(n) ∼ π

and the one-step kernel

KRSGS(x, y) =
d

∑
j=1

pjπj|−j(yj|x−j)1[y−j=x−j ]
.

Liu et al. (1995, Lemma 3) implies that

Cov(X(n)
j , X(n+1)

j ) =
d

∑
i=1

piE[E[Xj |X−i]] =
d

∑
i=1

pi{m(2)
j −E[Var(Xj | X−i)]} ∝ −

d

∑
i=1

piE[Var(Xj | X−i)]),

where m(k)
j is the kth moment of πj.

For the objective function ∑d
j=1 Cov(X(n)

j , X(n+1)
j ), its minimizer (p∗

1, . . . , p∗
d) under the constraint

∑d
j=1 pj = 1 satisfies

p∗
j ∝ E[Var(Xj | X−j)]. (11)

While this optimizer can be computed based on the MC presamples, we observed that its
stable estimation is as computationally demanding as estimating the risk allocations themselves.
Alternatively, we calculate (11) under the assumption that π follows an elliptical distribution.
Under this assumption, (11) is given by

pj ∝ Σj,j − Σj,−jΣ−1
−j,−jΣ−j,j,

where Σ is the covariance matrix of π and ΣJ1,J2 , J1, J2 ⊆ {1, . . . , d} is the submatrix of Σ with indices in
J1 × J2. As seen in Step (2) of Algorithm 5, Σ is replaced by its estimate based on the MC presamples.

As shown in Christen et al. (2017), Gibbs samplers require a large number of iterations to lower
the serial correlation when the target distribution has strong dependence. To reduce serial correlations,
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we take every Tth sample in Step (5-2), where T ∈ N is called the thinning interval of times. Note that we
use the same notation T as that of the integration time in HMC, since they both represent a repetition
time of some single step. Based on the preliminary run with length Npre in Step (3) in Algorithm 5,
T is determined as the smallest lag h such that the marginal autocorrelations with lag h are all smaller
than the target autocorrelation ρ; see Step (4) in Algorithm 5.

4. Numerical Experiments

In this section, we demonstrate the performance of the MCMC methods for estimating systemic
risk allocations by a series of numerical experiments. We first conduct a simulation study in which
true allocations or their partial information are available. Then, we perform an empirical study to
demonstrate that our MCMC methods are applicable to a more practical setup. Finally, we make more
detailed comparisons between the MC and MCMC methods in various setups. All experiments were
run on a MacBook Air with 1.4 GHz Intel Core i5 processor and 4 GB 1600 MHz of DDR3 RAM.

4.1. Simulation Study

In this simulation study, we compare the estimates and standard errors of the MC and MCMC
methods under the low-dimensional risk models described in Section 4.1.1. The results and discussions
are summarized in Section 4.1.2.

4.1.1. Model Description

We consider the following three-dimensional loss distributions:

(M1) generalized Pareto distributions (GPDs) with parameters (ξ j, β j) = (0.3, 1) and survival Clayton
copula with parameter θ = 2 so that Kendall’s tau equals τ = θ/(θ + 2) = 0.5;

(M2) multivariate Student t distribution with ν = 5 degrees of freedom, location vector 0,
and dispersion matrix Σ = (ρi,j), where ρj,j = 1 and ρi,j = |i − j|/d for i, j = 1, . . . , d, i = j.

Since the marginals are homogeneous and the copula is exchangeable, the systemic risk
allocations under the loss distribution (M1) are all equal, provided that the crisis event is invariant
under the permutation of the variables. For the loss distribution (M2), by ellipticality of the joint
distribution, analytical formulas of risk contribution-type systemic risk allocations are available;
see McNeil et al. (2015) Corollary 8.43. The parameters of the distributions (M1) and (M2) take
into account the stylized facts that the loss distribution is heavy-tailed and extreme losses are
positively dependent.

We consider the VaR, RVaR, and ES crisis events with confidence levels αVaR = 0.99,
(αRVaR

1 , αRVaR
2 ) = (0.975, 0.99) and αES = 0.99, respectively. For each crisis event, the risk contribution,

VaR, RVaR, and ES-type systemic risk allocations are estimated by the MC and MCMC methods,
where the parameters of the marginal risk measures VaR, RVaR, and ES are set to be βVaR = 0.99,
(βRVaR

1 , βRVaR
2 ) = (0.975, 0.99) and βES = 0.99, respectively.

We first conduct the MC simulation for the distributions (M1) and (M2). For the VaR crisis event,
the modified event Cmod = {VaRα−δ(S) ≤ 1�

d x ≤ VaRα+δ(S)} with δ = 0.001 is used to ensure that
P(X ∈ Cmod) > 0. Based on these MC presamples, the Markov chains are constructed as described in
Sections 3.3 and 3.4. For the MCMC method, (M1) is the case of pure losses and (M2) is the case of P&L.
Therefore, the HMC method is applied to the distribution (M1) for the VaR and RVaR crisis events,
the GS is applied to (M1) for the ES crisis event and the GS is applied to the distribution (M2) for the
RVaR and ES crisis events. The target distribution of (M2) with VaR constraint is free from constraints
and was already investigated in Koike and Minami (2019); we thus omit this case and consider the five
remaining cases.

Note that 99.8% of the MC samples from the unconditional distribution are discarded for the VaR
crisis event and a further 97.5% of them are wasted to estimate the RVaR contributions. Therefore,
1/(0.002 × 0.025) = 105/5 = 20, 000 MC samples are required to obtain one MC sample from the
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conditional distribution. Taking this into account, the sample size of the MC estimator is set to
be NMC = 105. The sample size of the MCMC estimators is free from such constraints and thus is
chosen to be NMCMC = 104. Initial values x0 for the MCMC methods are taken as the mean vector
calculated from the MC samples. Biases are computed only for the contribution-type allocations in
the distribution (M2) since the true values are available in this case. For all the five cases, the MC
and the MCMC standard errors are computed according to Glasserman (2013) Chapter 1, for MC,
and Jones et al. (2006) for MCMC. Asymptotic variances of the MCMC estimators are estimated by the
batch means estimator with batch length LN := "N

1
2 # = 100 and batch size BN := "N/LN# = 100.

The results are summarized in Tables 1 and 2.

Table 1. Estimates and standard errors for the MC and HMC estimators of risk contribution, RVaR,
VaR, and ES-type systemic risk allocations under (I) the VaR crisis event, and (II) the RVaR crisis event
for the loss distribution (M1). The sample size of the MC method is NMC = 105, and that of the HMC
method is NMCMC = 104. The acceptance rate (ACR), stepsize ε, integration time T, and run time are
ACR = 0.996, ε = 0.210, T = 12, and run time = 1.277 mins in Case (I), and ACR = 0.984, ε = 0.095,
T = 13, and run time = 1.649 mins in Case (II).

MC HMC

Estimator A�,C
1 (X) A�,C

2 (X) A�,C
3 (X) A�,C

1 (X) A�,C
2 (X) A�,C

3 (X)

(I) GPD + survival Clayton with VaR crisis event: {S = VaR0.99(S)}
E[X|CVaR] 9.581 9.400 9.829 9.593 9.599 9.619

Standard error 0.126 0.118 0.120 0.007 0.009 0.009

RVaR0.975,0.99(X|CVaR) 12.986 12.919 13.630 13.298 13.204 13.338

Standard error 0.229 0.131 0.086 0.061 0.049 0.060

VaR0.99(X|CVaR) 13.592 13.235 13.796 13.742 13.565 13.768

Standard error 0.647 0.333 0.270 0.088 0.070 0.070

ES0.99(X|CVaR) 14.775 13.955 14.568 14.461 14.227 14.427

Standard error 0.660 0.498 0.605 0.192 0.176 0.172

(II) GPD + survival Clayton with RVaR crisis event: {VaR0.975(S) ≤ S ≤ VaR0.99(S)}
E[X|CRVaR] 7.873 7.780 7.816 7.812 7.802 7.780

Standard error 0.046 0.046 0.046 0.012 0.012 0.011

RVaR0.975,0.99(X|CRVaR) 11.790 11.908 11.680 11.686 11.696 11.646

Standard error 0.047 0.057 0.043 0.053 0.055 0.058

RVaR0.99(X|CVaR) 12.207 12.382 12.087 12.102 12.053 12.044

Standard error 0.183 0.197 0.182 0.074 0.069 0.069

ES0.99(X|CRVaR) 13.079 13.102 13.059 12.859 12.791 12.713

Standard error 0.182 0.173 0.188 0.231 0.218 0.187
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Table 2. Estimates and standard errors for the MC and the GS estimators of risk contribution, VaR,
RVaR, and ES-type systemic risk allocations under (III) distribution (M1) and the ES crisis event,
(IV) distribution (M2), and the RVaR crisis event, and (V) distribution (M2) and ES crisis event.
The sample size of the MC method is NMC = 105 and that of the GS is NMCMC = 104. The thinning
interval of times T, selection probability p and run time are T = 12, p = (0.221, 0.362, 0.416) and run
time = 107.880 secs in Case (III), T = 10, p = (0.330, 0.348, 0.321) and run time = 56.982 secs in Case
(IV) and T = 4, p = (0.241, 0.503, 0.255) and run time = 22.408 secs in Case (V).

MC GS

Estimator A�,C
1 (X) A�,C

2 (X) A�,C
3 (X) A�,C

1 (X) A�,C
2 (X) A�,C

3 (X)

(III) GPD + survival Clayton with ES crisis event: {VaR0.99(S) ≤ S}
E[X|CES] 15.657 15.806 15.721 15.209 15.175 15.190

Standard error 0.434 0.475 0.395 0.257 0.258 0.261

RVaR0.975,0.99(X|CES) 41.626 41.026 45.939 45.506 45.008 45.253

Standard error 1.211 1.065 1.615 1.031 1.133 1.256

VaR0.99(X|CES) 49.689 48.818 57.488 55.033 54.746 54.783

Standard error 4.901 4.388 4.973 8.079 5.630 3.803

ES0.99(X|CES) 104.761 109.835 97.944 71.874 72.588 70.420

Standard error 23.005 27.895 17.908 4.832 4.584 4.313

(IV) Multivariate t with RVaR crisis event: {VaR0.975(S) ≤ S ≤ VaR0.99(S)}
E[X|CRVaR] 2.456 1.934 2.476 2.394 2.060 2.435

Bias 0.019 −0.097 0.038 −0.043 0.029 −0.002

Standard error 0.026 0.036 0.027 0.014 0.023 0.019

RVaR0.975,0.99(X|CRVaR) 4.670 4.998 4.893 4.602 5.188 4.748

Standard error 0.037 0.042 0.031 0.032 0.070 0.048

RVaR0.99(X|CVaR) 5.217 5.397 5.240 4.878 5.717 5.092

Standard error 0.238 0.157 0.145 0.049 0.174 0.100

ES0.99(X|CRVaR) 5.929 5.977 5.946 5.446 6.517 6.063

Standard error 0.204 0.179 0.199 0.156 0.248 0.344

(V) Multivariate t with ES crisis event: {VaR0.99(S) ≤ S}
E[X|CES] 3.758 3.099 3.770 3.735 3.126 3.738

Bias 0.017 −0.018 0.029 -0.005 0.009 −0.003

Standard error 0.055 0.072 0.060 0.031 0.027 0.030

RVaR0.975,0.99(X|CES) 8.516 8.489 9.051 8.586 8.317 8.739

Standard error 0.089 0.167 0.161 0.144 0.156 0.158

VaR0.99(X|CES) 9.256 9.754 10.327 9.454 9.517 9.890

Standard error 0.517 0.680 0.698 0.248 0.293 0.327

ES0.99(X|CES) 11.129 12.520 12.946 11.857 12.469 12.375

Standard error 0.595 1.321 0.826 0.785 0.948 0.835

4.1.2. Results and Discussions

Since a fast random number generators are available for the joint loss distributions (M1) and (M2),
the MC estimators are computed almost instantly. On the other hand, the MCMC methods cost around
1.5 min for simulating the N = 104 MCMC samples, as reported in Tables 1 and 2. For the HMC

168



Risks 2020, 8, 6

method, the main computational cost consists of calculating gradients N × T times for the leapfrog
method, and calculating the ratio of target densities N times in the acceptance/rejection step, where N
is the length of the sample path and T is the integration time. For the GS, simulating an N-sample
path requires N × T × d random numbers from the full conditional distributions, where T here is the
thinning interval of times. Therefore, the computational time of the GS linearly increases w.r.t. the
dimension d, which can become prohibitive for the GS in high dimensions. To save computational
time, MCMC methods generally require careful implementations of calculating the gradients and the
ratio of the target densities for HMC, and of simulating the full conditional distributions for GS.

Next, we inspect the performance of the HMC and GS methods. We observed that the
autocorrelations of all sample paths steadily decreased below 0.1 if lags were larger than 15. Together
with the high ACRs, we conclude that the Markov chains can be considered to be converged. According
to the heuristic in Algorithm 4, the stepsize and integration time for the HMC method are selected
to be (ε, T) = (0.210, 12) in Case (I) and (ε, T) = (0.095, 13) in Case (II). As indicated by the small
Hamiltonian errors in Figure 1, the acceptance rates in both cases are quite close to 1.
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Figure 1. Hamiltonian errors of the HMC methods for estimating systemic risk allocations with VaR
(left) and RVaR (right) crisis events for the loss distribution (M1). The stepsize and integration time are
set to be (ε, T) = (0.210, 12) in Case (I) and (ε, T) = (0.095, 13) in Case (II).

For the GS, the thinning interval of times T and the selection probability p are determined as
T = 12 and p = (0.221, 0.362, 0.416) in Case (III), T = 10 and p = (0.330, 0.348, 0.321) in Case (IV)
and T = 4 and p = (0.241, 0.503, 0.255) in Case (V). For biases of the estimators, observe that in all
cases ((I) to (V)), the estimates of the MC method and the MCMC method are close to each other.
In Cases (I), (II), and (III), the true allocations are the homogeneous allocations, whereas their exact
values are not known. From the estimates in Tables 1 and 2, the MCMC estimates are, on average, more
equally allocated compared to those of the MC method, especially in Case (III) where heavy-tailedness
may lead to quite slow convergence rates of the MC method. Therefore, lower biases of the MCMC
estimators are obtained, compared to those of the MC estimators. In the case of risk contributions in
Case (IV) and (V), exact biases are computed based on ellipticality, and they show that the GS estimator
has a smaller bias than the one of the MC estimator.

Although the MC sample size is 10 times larger than that of the MCMC method, the standard
error of the latter is, in most cases, smaller than the MC standard error. This improvement becomes
larger as the probability of the crisis event becomes smaller. The largest improvement is observed
in Case (I) with the VaR crisis event, and the smallest one is in Cases (III) and (V) with the ES crisis
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event. MCMC estimates of the risk contribution-type allocations have consistently smaller standard
errors than the MC ones. For the RVaR, VaR, and ES-type allocations, the improvement of standard
error varies according to the loss models and the crisis event. A notable improvement is observed
for ES-type allocation in Case (III), although a stable statistical inference is challenging due to the
heavy-tailedness of the target distribution.

Overall, the simulation study shows that the MCMC estimators outperform the MC estimators
due to the increased effective sample size and its insusceptibility to the probability of the crisis event.
The MCMC estimators are especially recommended when the probability of the crisis event is too
small for the MC method to sufficiently simulate many samples for a meaningful statistical analysis.

Remark 3 (Joint loss distributions with negative dependence in the tail). In the above simulation study,
we only considered joint loss distributions with positive dependence. Under the existence of positive dependence,
the target density fX|vα≤S≤vβ

puts more probability mass around its mean, and the probability decays as
the point moves away from the mean, since positive dependence among X1, . . . , Xd prevents them from going
in opposite directions (i.e., one component increases and another one decreases) under the sum constraint;
see Koike and Minami (2019) for details. This phenomenon leads to the target distributions being more centered
and elliptical, which in turn facilitates efficient moves of Markov chains. Although it may not be realistic, joint
loss distributions with negative dependence in the tail are also possible. In this case, the target distribution
has more variance, heavy tails, and is even multimodal, since two components can move in opposite directions
under the sum constraint. For such cases, constructing efficient MCMC methods becomes more challenging;
see Lan et al. (2014) for a remedy for multimodal target distributions with Riemannian manifold HMC.

4.2. Empirical Study

In this section, we illustrate our suggested MCMC methods for estimating risk allocations
from insurance company indemnity claims. The dataset consists of 1500 liability claims provided
by the Insurance Services Office. Each claim contains an indemnity payment X1 and an allocated
loss adjustment expense (ALAE) X2; see Hogg and Klugman (2009) for a description. The joint
distribution of losses and expenses is studied, for example, in Frees and Valdez (1998)
and Klugman and Parsa (1999). Based on Frees and Valdez (1998), we adopt the following
parametric model:

(M3) univariate marginals are X1 ∼ Par(λ1, θ1) and X2 ∼ Par(λ2, θ2) with (λ1, θ1) = (14, 036, 1.122)
and (λ2, θ2) = (14, 219, 2.118), and the copula is the survival Clayton copula with parameter
θ = 0.512 (which corresponds to Spearman’s rho ρS = 0.310).

Note that in the loss distribution (M3), the Gumbel copula used in Frees and Valdez (1998) is
replaced by the survival Clayton copula, since both of them have the same type of tail dependence and
the latter possesses more computationally tractable derivatives. The parameter of the survival Clayton
copula is determined so that it reaches the same Spearman’s rho observed in Frees and Valdez (1998).
Figure 2 illustrates the data and samples from the distribution (M3). Our goal is to calculate the VaR,
RVaR, and ES-type allocations with VaR, RVaR, and ES crisis events for the same confidence levels as
in Section 4.1.1. We apply the HMC method to all three crisis events since, due to the infinite and finite
variances of X1 and X2, respectively, the optimal selection probability of the second variable calculated
in Step 2 of Algorithm 5 is quite close to 0, and thus the GS did not perform well. The simulated
HMC samples are illustrated in Figure 2. The results of estimating the systemic risk allocations are
summarized in Table 3.

The HMC samples shown in Figure 2 indicate that the conditional distributions of interest are
successfully simulated from the desired regions. As displayed in Figure 3, the Hamiltonian errors of
all three HMC methods are sufficiently small, which led to the high ACRs of 0.997, 0.986, and 0.995,
as listed in Table 3. We also observed that autocorrelations of all sample paths steadily decreased below
0.1 if lags were larger than 80. Together with the high ACRs, we conclude that the Markov chains can
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be considered to be converged. Due to the heavy-tailedness of the target distribution in the case of the
ES crisis event, the stepsize is very small and the integration time is very large compared to the former
two cases of the VaR and RVaR crisis events. As a result, the HMC algorithm in this case has a long
run time.

The estimates of the MC and HMC methods are close in all cases, except Case (III). In Case (III),
the HMC estimates are smaller than the MC ones in almost all cases. Based on the much smaller
standard errors of HMC, one could infer that the MC estimates are likely overestimating the allocations
due to a small number of extremely large losses, although the corresponding conditional distribution
is extremely heavy-tailed, and thus no estimation method might be reliable. In terms of the standard
error, the estimation of systemic risk allocations by the HMC method were improved in Cases (I)
and (III) compared to that of the MC method; the MC standard errors are slightly smaller than those
of HMC in Case (II). All results considered, we conclude from this empirical study that the MCMC
estimators outperform the MC estimators in terms of standard error. On the other hand, as indicated by
the theory of HMC with normal kinetic energy, the HMC method is not recommended for heavy-tailed
target distributions due to the long computational time caused by a small stepsize and large integration
time determined by Algorithm 5.

Figure 2. Plots of N = 1500 MCMC samples (green) with VaR (left), RVaR (center), and ES (right)
crisis events. All plots include the data and the MC samples with sample size N = 1500 in black and
blue dots, respectively. The red lines represent x1 + x2 = V̂aRα1 (S) and x1 + x2 = V̂aRα2 (S) where
V̂aRα1 (S) = 4.102 × 104 and V̂aRα2 (S) = 9.117 × 104 are the MC estimates of VaRα1 (S) and VaRα2 (S),
respectively, for α1 = 0.975 and α2 = 0.99.
Figure 3. Hamiltonian errors of the HMC methods for estimating systemic risk allocations with VaR,
RVaR, and ES crisis events for the loss distribution (M3). The stepsize and the integration time are
chosen as (ε, T) = (0.015, 34), (ε, T) = (0.026, 39) and (ε, T) = (5.132 × 10−5, 838), respectively.
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Table 3. Estimates and standard errors for the MC and HMC estimators of RVaR, VaR, and ES-type
systemic risk allocations under the loss distribution (M3) with the (I) VaR crisis event, (II) RVaR crisis
event, and (III) ES crisis event. The MC sample size is NMC = 105, and that of the HMC method
is NMCMC = 104. The acceptance rate (ACR), stepsize ε, integration time T, and run time are ACR
= 0.997, ε = 0.015, T = 34 and run time = 2.007 min in Case (I), ACR = 0.986, ε = 0.026, T = 39 and
run time = 2.689 min in Case (II), ACR = 0.995, ε = 5.132 × 10−5, T = 838 and run time = 44.831 min
in Case (III).

MC HMC

Estimator A�,C
1 (X) A�,C

2 (X) A�,C
1 (X) A�,C

2 (X)

(I) VaR crisis event: {S = VaR0.99(S)}
E[X|CVaR] 842465.497 73553.738 844819.901 71199.334

Standard error 7994.573 7254.567 6306.836 6306.836

RVaR0.975,0.99(X|CVaR) 989245.360 443181.466 915098.833 428249.307

Standard error 307.858 24105.163 72.568 20482.914

VaR0.99(X|CVaR) 989765.514 500663.072 915534.362 615801.118

Standard error 4670.966 54576.957 669.853 96600.963

ES0.99(X|CVaR) 990839.359 590093.887 915767.076 761038.843

Standard error 679.055 75024.692 47.744 31211.908

(II) RVaR crisis event: {VaR0.975(S) ≤ S ≤ VaR0.99(S)}
E[X|CRVaR] 528455.729 60441.368 527612.751 60211.561

Standard error 3978.477 2119.461 4032.475 2995.992

RVaR0.975,0.99(X|CRVaR) 846956.570 349871.745 854461.670 370931.946

Standard error 1866.133 6285.523 2570.997 9766.697

VaR0.99(X|CRVaR) 865603.369 413767.829 871533.550 437344.509

Standard error 5995.341 29105.059 12780.741 21142.135

ES0.99(X|CRVaR) 882464.968 504962.099 885406.811 529034.580

Standard error 3061.110 17346.207 3134.144 23617.278

(III) ES crisis event: {VaR0.99(S) ≤ S}
E[X|CES] 8663863.925 137671.653 2934205.458 140035.782

Standard error 3265049.590 10120.557 165794.772 14601.958

RVaR0.975,0.99(X|CES) 35238914.131 907669.462 17432351.450 589309.196

Standard error 2892208.689 31983.660 443288.649 3471.641

VaR0.99(X|CES) 56612082.905 1131248.055 20578728.307 615572.940

Standard error 1353975.612 119460.411 1364899.752 12691.776

ES0.99(X|CES) 503537848.192 2331984.181 25393466.446 649486.810

Standard error 268007317.199 468491.127 1138243.137 7497.200

4.3. Detailed Comparison of MCMC with MC

In the previous numerical experiments, we fixed the dimensions of the portfolios and confidence
levels of the crisis events. Comparing the MC and MCMC methods after balancing against
computational time might be more reasonable, although one should keep in mind that run time
depends on various external factors, such as the implementation, hardware, workload, programming
language, or compiler options (and our implementation was not optimized for any of these factors).
In this section, we compare the MC and MCMC methods with different dimensions, confidence levels,
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and parameters of the HMC methods in terms of bias, standard error, and the mean squared error
(MSE), adjusted by run time.

In this experiment, we fix the sample size of the MC and MCMC methods as NMC = NMCMC = 104.
In addition, we assume X ∼ tν(0, P), that is, the joint loss follows the multivariate Student t
distribution with ν = 6 degrees of freedom, location vector 0, and dispersion matrix P, which is
the correlation matrix with all off-diagonal entries equal to 1/12. The dimension d of the loss portfolio
will vary for comparison. We consider only risk contribution-type systemic risk allocations under VaR,
RVaR, and ES crisis events, as true values of these allocations are available to compare against; see
McNeil et al. (2015), Corollary 8.43. If b and σ denote the bias and standard deviation of the MC or
MCMC estimator and S the run time, then (under the assumption that run time linearly increases by
sample size) we define the time-adjusted MSEs by

MSEMC = b2
MC +

σ2
MC

SMCMC
SMC

× NMCMC
and MSEMCMC = b2

MCMC +
σ2

MCMC
NMCMC

.

We can then compare the MC and MCMC estimators in terms of bias, standard error,
and time-adjusted MSE under the following three scenarios:

(A) VaR0.99, RVaR0.95,0.99, and ES0.99 contributions are estimated by the MC, HMC, and GS methods
for dimensions d ∈ {4, 6, 8, 10}. Note that the GS is applied only to RVaR and ES contributions,
not to VaR contributions (same in the other scenarios).

(B) For d = 5, VaRαVaR , RVaRαRVaR
1 ,αRVaR

2
and ESαES contributions are estimated by the MC, HMC,

and GS methods for confidence levels αVaR ∈ {0.9, 0.99, 0.999, 0.9999}, (αRVaR
1 , αRVaR

2 ) ∈
{(0.9, 0.9999), (0.9, 0.99), (0.99, 0.999), (0.999, 0.9999)} and αES ∈ {0.9, 0.99, 0.999, 0.9999}.

(C) For d = 5, VaR0.9, RVaR0.9,0.99 and ES0.9 contributions are estimated by the MC
and HMC methods with the parameters (εopt, Topt) (determined by Algorithm 4) and
(ε, T) ∈ {(10εopt, 2Topt), (10εopt, Topt/2), (εopt/10, 2Topt), (εopt/10, Topt/2)}.

In the MC method, the modified VaR contribution E[X|CRVaR
α−δ,α+δ] with δ = 0.01 is computed.

Moreover, if the size of the conditional sample for estimating RVaR and ES contributions is less than
100, then the lower confidence level of the crisis event is subtracted by 0.01, so that at least 100 MC
presamples are guaranteed. For the sample paths of the MCMC methods, ACR, ACP, and Hamiltonian
errors for the HMC methods were inspected and the convergences of the chains were checked, as in
Sections 4.1 and 4.2.

The results of the comparisons of (A), (B), and (C) are summarized in Figures 4–6. In Figure 4,
the performance of the MC, HMC, and GS estimators is roughly similar across dimensions from 4 to
10. For all crisis events, the HMC and GS estimators outperform MC in terms of bias, standard error,
and time-adjusted MSE. From (A5) and (A8), standard errors of the GS estimators are slightly higher
than those of the HMC ones, which result in slightly improved performance of the HMC estimator
over the GS in terms of MSE. In Figure 5, bias, standard error, and MSE of the MC estimator tend to
increase as the probability of the conditioning set decreases. This is simply because the size of the
conditional samples in the MC method decreases proportionally to the probability of the crisis event.
On the other hand, the HMC and GS estimators provide a stably better performance than MC since
such sample size reduction does not occur. As seen in (B4) to (B9) in the cases of RVaR0.999,0.9999 and
ES0.9999, however, if the probability of the conditioning event is too small and/or the distribution
of the MC presample is too different from the original conditional distribution of interest, then the
parameters of the HMC method determined by Algorithm 4 can be entirely different from the optimal,
which leads to a poor performance of the HMC method, as we will see in the next scenario (C).
In Figure 6, the HMC method with optimally determined parameters from Algorithm 4 is compared
to non-optimal parameter choices. First, the optimal HMC estimator outperforms MC in terms of bias,
standard error, and time-adjusted MSE. On the other hand, from the plots in Figure 6, we see that some
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of the non-optimal HMC estimators are significantly worse than MC. Therefore, a careful choice of the
parameters of the HMC method is required to obtain an improved performance of the HMC method
compared to MC.

Figure 4. Bias (left), standard error (middle) and time-adjusted mean squared error (right) of the
MC, HMC, and GS estimators of risk contribution-type systemic risk allocations under VaR0.99 (top),
RVaR0.95,0.99 (middle), and ES0.99 (bottom) crisis events. The underlying loss distribution is tν(μ, P),
where ν = 6, μ = 0 and P = 1/12 · 1d1�d + diagd(11/12) for portfolio dimensions d ∈ {4, 6, 8, 10}.
Note that the GS method is applied only to RVaR and ES contributions.
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Figure 5. Bias (left), standard error (middle), and time-adjusted mean squared error (right) of
the MC, HMC, and GS estimators of risk contribution-type systemic risk allocations with the
underlying loss distribution tν(μ, P), where ν = 6, μ = 0, P = 1/12 · 1d1�d + diagd(11/12)
and d = 5. The crisis event is taken differently, as VaRαVaR (top), RVaRαRVaR

1 ,αRVaR
2

(middle)

and ESαES (bottom) for confidence levels αVaR ∈ {0.9, 0.99, 0.999, 0.9999}, (αRVaR
1 , αRVaR

2 ) ∈
{(0.9, 0.9999), (0.9, 0.99), (0.99, 0.999), (0.999, 0.9999)}, and αES ∈ {0.9, 0.99, 0.999, 0.9999}. Note that
the GS method is applied only to RVaR and ES contributions.
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Figure 6. Bias (left), standard error (middle), and time-adjusted mean squared error (right) of the MC
and HMC estimators of risk contribution-type systemic risk allocations under VaR0.9, RVaR0.9,0.99, and
ES0.9 crisis events. The underlying loss distribution is tν(μ, P), where ν = 6, μ = 0, P = 1/12 · 1d1�d +

diagd(11/12) and d = 5. The parameters of the HMC method are taken as (εopt, εopt) determined by
Algorithm 4 and (ε, T) ∈ {(10εopt, 2Topt), (10εopt, Topt/2), (εopt/10, 2Topt), (εopt/10, Topt/2)}. In the
labels of the x-axes, each of the five cases (εopt, εopt), (10εopt, 2Topt), (10εopt, Topt/2), (εopt/10, 2Topt) and
(εopt/10, Topt/2) is denoted by HMC.opt, HMC.mm, HMC.md, HMC.dm, and HMC.dd, respectively.

5. Conclusion, Limitations and Future Work

Efficient calculation of systemic risk allocations is a challenging task, especially when the crisis
event has a small probability. To solve this problem for models where a joint loss density is available,
we proposed MCMC estimators where a Markov chain is constructed with the conditional loss
distribution, given the crisis event as the target distribution. By using HMC and GS, efficient simulation
methods from the constrained target distribution were obtained and the resulting MCMC estimator
was expected to have a smaller standard error compared to that of the MC estimator. Sample efficiency
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is significantly improved, since the MCMC estimator is computed from samples generated directly
from the conditional distribution of interest. Another advantage of the MCMC method is that its
performance is less sensitive to the probability of the crisis event, and thus to the confidence levels
of the underlying risk measures. We also proposed a heuristic for determining the parameters of the
HMC method based on the MC presamples. Numerical experiments demonstrated that our MCMC
estimators are more efficient than MC in terms of bias, standard error, and time-adjusted MSE. Stability
of the MCMC estimation with respect to the probability of the crisis event and efficiency of the optimal
parameter choice of the HMC method were also investigated in the experiments.

Based on the results in this paper, our MCMC estimators can be recommended when the
probability of the crisis event is too small for MC to sufficiently simulate many samples for a statistical
analysis and/or when unbiased systemic risk allocations under the VaR crisis event are required.
The MCMC methods are likely to perform well when the dimension of the portfolio is less than or
around 10, losses are bounded from the left, and the crisis event is of VaR or RVaR type; otherwise,
heavy-tailedness and computational time can become challenging. Firstly, a theoretical convergence
result of the HMC method is typically not available when the target distribution is unbounded and
heavy-tailed, which is the case when the losses are unbounded and/or the crisis event is of ES type;
see the case of the ES crisis event in the empirical study in Section 4.2. Secondly, both the HMC and
GS methods suffer from high-dimensional target distributions since the algorithms contain parts
of steps where the computational cost linearly increases in dimension. We observed that, in this
case, although the MCMC estimator typically improves bias and standard error compared to MC,
the improvement vanishes in terms of time-adjusted MSE due to the long computational time of the
MCMC method. Finally, multimodality of joint loss distributions and/or the target distribution is also
an undesirable feature since full conditional distributions and their inverses (which are required to
implement the GS) are typically unavailable in the former case, and the latter case prevents the HMC
method from efficiently exploring the entire support of the target distribution. Potential remedies for
heavy-tailed and/or high-dimensional target distributions are the HMC method with a non-normal
kinetic energy distribution and roll-back HMC; see Appendix B for details. Further investigation of
HMC methods and faster methods for determining the HMC parameters are left for future work.

Supplementary Materials: An R script for reproducing the numerical experiments conducted in this paper is
available at http://www.mdpi.com/2227-9091/8/1/6/.
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Abbreviations

The following abbreviations are used in this manuscript:

i.i.d. Independent and identically distributed
pdf Probability distribution function
cdf Cumulative distribution function
ecdf Empirical cdf
GPD Generalized Pareto distribution
MSE Mean squared error
LLN Law of large numbers
CLT Central limit theorem
VaR Value-at-Risk
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RVaR Range VaR
ES Expected shortfall
MES Marginal expected shortfall
CoVaR Conditional VaR
CoES Conditional ES
MC Monte Carlo
SMC Sequential Monte Carlo
MCMC Markov chain Monte Carlo
ACR Acceptance rate
ACP Autocorrelation plot
MH Metropolis–Hastings
GS Gibbs sampler
MGS Metropolized Gibbs sampler
DSGS Deterministic scan GS
RPGS Random permutation GS
RSGS Random scan GS
HMC Hamiltonian Monte Carlo
RBHMC Roll-back HMC
RMHMC Riemannian manifold HMC
ALAE Allocated loss adjustment expense
P&L Profit and loss

Appendix A. Hamiltonian Dynamics with Boundary Reflection

In this appendix, we describe details of the HMC method with boundary reflection, as mentioned
in Section 3.3.1. Let (h, v) be the hyperplane which the trajectory of the Hamiltonian dynamics hit
at (x(t), p(t)). At this time, (x(t), p(t)) is immediately replaced by (x(t), pr(t)) where pr(t) is the
reflected momentum defined by

pr(t) = p‖(t)− p⊥(t),

where p‖(t) and p⊥(t) are such that p(t) = p‖(t) + p⊥(t) and p‖(t) and p⊥(t) are parallel
and perpendicular to the hyperplane (h, v), respectively. Afshar and Domke (2015) and
Chevallier et al. (2018) showed that the map (x(t), p(t)) �→ (x(t), pr(t)) preserves the volume and the
Hamiltonian, and that this modified HMC method has the stationary distribution π. As long as the
initial position x(0) belongs to C, the trajectory of the HMC method never violates the constraint C.
The algorithm of this HMC method with reflection is obtained by replacing the Leapfrog function call
in Step (3) of Algorithm 3 by Algorithm A1. Accordingly, the parameters of the hyperplanes need to
be passed as input to Algorithm 3.

In Step (3-1) of Algorithm A1 the time tm at which the trajectory hits the boundary (hm, vm)

is computed. If 0 < tm < 1 for some m ∈ {1, . . . , M}, then the chain hits the boundary during
the dynamics with length ε. At the smallest time tm∗ among such hitting times, the chain reflects
from (x∗, p) to (x∗

r , pr) against the corresponding boundary (hm∗ , vm∗) as described in Step (3-2-1)
of Algorithm A1. The remaining length of the dynamics is (1 − tm∗)εtemp and Step (3) is repeated
until the remaining length becomes zero. Other techniques of reflecting the dynamics are discussed in
Appendix B.1.
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Algorithm A1 Leapfrog method with boundary reflection.

Input: Current state (x(0), p(0)), stepsize ε > 0, gradients ∇U and ∇K, and constraints (hm, vm),
m = 1, . . . , M.

Output: Updated state (x(ε), p(ε)) .

(1) Update p(ε/2) = p(0) + ε/2∇U(x(0)).
(2) Set (x, p) = (x(0), p(ε/2)), εtemp = ε.
(3) while εtemp > 0

(3-1) Compute

x∗ = x + εtemp∇K(p),

tm = (vm − h�
m x)/(εh�

m p), m = 1, . . . , M.

(3-2) if tm ∈ [0, 1] for any m = 1, . . . , M,
(3-2-1) Set

m∗ = argmin{tm | 0 ≤ tm ≤ 1, m = 1, . . . , M},

x∗
r = x∗ − 2

h�
m∗ x∗ − vm∗

h�
m∗hm∗

hm∗ ,

pr =
x∗ − x − tm∗εp

ε(1 − tm∗)
.

(3-2-2) Set (x, p) = (x∗
r , pr) and εtemp = (1 − tm∗)εtemp.

else

(3-2-3) Set (x, p) = (x∗, p) and εtemp = 0.
end if

end while

(4) Set x(ε) = x and p(ε) = p + ε
2∇U(x).

Appendix B. Other MCMC Methods

In this appendix, we introduce some advanced MCMC techniques potentially applicable to the
problem of estimating systemic risk allocations.

Appendix B.1. Roll-Back HMC

Yi and Doshi-Velez (2017) proposed roll-back HMC (RBHMC), in which the indicator function
1[x∈C] in the target distribution (5) is replaced by a smooth sigmoid function so that the Hamilotonian
dynamics naturally move back inwards when the trajectory violates the constraints. HMC with
reflection presented in Section 3.3.1 requires to check M boundary conditions at every iteration of
the Hamiltonian dynamics. In our problem the number M linearly increases with the dimension d
in the case of pure losses, which leads to a linear increase in the computational cost. The RBHMC
method avoids such explicit boundary checks, and thus can reduce the computational cost of the HMC
method with constrained target distributions. Despite saving computational time, we observed that
the RBHMC method requires a careful choice of the stepsize ε > 0 and the smoothness parameter
of the sigmoid function involved, and we could not find any guidance on how to choose them to
guarantee a stable performance.

Appendix B.2. Riemannian Manifold HMC

Livingstone et al. (2019) indicated that non-normal kinetic energy distributions can potentially deal
with heavy-tailed target distributions. In fact, the kinetic energy distribution FK can even be dependent
on the position variable x. For example, when FK(·|x) = N(0, G(x)) for a positive definite matrix
G(x) > 0 and x ∈ E, the resulting HMC method is known as Riemannian manifold HMC (RMHMC) since
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this case is equivalent to applying HMC on the Riemannian manifold with metric G(x); see Girolami
and Calderhead (2011). Difficulties in implementing RMHMC are in the choice of metric G and in the
simulation of the Hamiltonian dynamics. Due to the complexity of the Hamiltonian dynamics, simple
discretization schemes such as the leapfrog method are not applicable, and the trajectory is updated
implicitly by solving some system of equations; see Girolami and Calderhead (2011). Various choices
of the metric G are studied in Betancourt (2013), Lan et al. (2014) and Livingstone and Girolami (2014)
for different purposes. Simulation of RMHMC is studied, for example, in Byrne and Girolami (2013).

Appendix B.3. Metropolized Gibbs Samplers

Müller (1992) introduced the Metropolized Gibbs sampler (MGS) in which the proposal density
q in the MH kernel is set to be q = fY |v1≤h�Y≤v2

where Y has the same marginal distributions as X

but a different copula Cq for which Cq
j|−j and Cq,−1

j|−j are available so that the GS can be applied to
simulate this proposal. This method can be used when the inversion method is not feasible since Cj|−j

or C−1
j|−j are not available. Following the MH algorithm, the candidate is accepted with the acceptance

probability (4), which can be simply written as

α(x, x̃) = min
{

c(F(x̃))cq(F(x))
c(F(x))cq(F(x̃))

, 1
}

.

As an example of the MGS, suppose C is the Gumbel copula, for which the full conditional
distributions cannot be inverted analytically. One could then choose the survival Clayton copula as
the proposal copula Cq above. For this choice of copula, qj|−j is available by the inversion method as
discussed in Section 3.4.1. Furthermore, the acceptance probability is expected to be high especially on
the upper tail part because the upper threshold copula of C defined as P(U > v | U > u), v ∈ [u, 1],
u ∈ [0, 1]d, U ∼ C is known to converge to that of a survival Clayton copula when lim uj → ∞,
j = 1, . . . , d; see Juri and Wüthrich (2002), Juri and Wüthrich (2003), Charpentier and Segers (2007) and
Larsson and Nešlehová (2011).
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Abstract: The aim of this work is to assess systemic risk of Tunisian listed banks. The goal is to identify
the institutions that contribute the most to systemic risk and that are most exposed to it. We use the
CoVaR that considered the systemic risk as the value at risk (VaR) of a financial institution conditioned
on the VaR of another institution. Thus, if the CoVaR increases with respect to the VaR, the spillover
risk also increases among the institutions. The difference between these measurements is termed
�CoVaR, and it allows for estimating the exposure and contribution of each bank to systemic risk.
Results allow classifying Tunisian banks in terms of systemic risk involvement. They show that public
banks occupy the top places, followed by the two largest private banks in Tunisia. These five banks
are the main systemic players in the Tunisian banking sector. It seems that they are the least sensitive
to the financial difficulties of existing banks and the most important contributors to the distress of
the other banks. This work aims to add a broader perspective to the micro prudential application of
regulation, including contagion, proposing a macro prudential vision and strengthening of regulatory
policy. Supervisors could impose close supervision for institutions considered as potentially systemic
banks. Furthermore, regulations should consider the systemic contribution when defining risk
requirements to minimize the consequences of possible herd behavior.

Keywords: systemic risk; value at risk; quantile regression; CoVaR; cartography

1. Introduction

Ever since the genesis of the discipline, the quest for comprehending and measuring risk has
been of paramount importance among academics. But in light of the large number of crises that
have occurred in recent years, greater emphasis has been placed on understanding and managing
the systemic risk measure. While this multidimensional concept is widely discussed in an increasing
number of papers, there is still no consensus on a unique definition of systemic risk.

Tunisia had always been considered one of the best performers in the Middle East and North
Africa (MENA) region, economically and humanely, in the run-up to the 2011 revolution. It was one
of the first countries in the region to implement a set of early structural reforms, contributing to the
success of the economy in the mid-1990s.

The Tunisian banking sector is composed of 11 deposit banks listed in the Tunisian Stock Exchange.
Three of them are public and the participation of the government in their capital is more than 36%.
No changes in the number of market players have occurred during the last five years, except for the
implementation of a second Islamic bank.

No financial institution, in the Middle East and North Africa region (MENA), has a market share
greater than 14% of total assets or loans and 16% of deposits, which is the case of Tunisian financial
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institutions. These percentages are generally much higher. BIAT, BNA and STB, the three largest banks,
hold nearly 50% of total assets, with approximately equal weight. In contrast, for example, in Morocco,
the top three banks granted 62% of loans to the economy, and the top five accounted for 81% in 2012
(Khiari and Nachnouchi 2018).

Now Tunisian’s economy is suffering from exceptionally difficult conditions. The debts crises of
the European Union have created a slowing down in goods exports, and the 14 January revolution
gave rise to a long period of instability, not to mention institutional and political uncertainty. This
worsening security situation caused a considerable drop in income in foreign currency from tourism.
The Tunisian economy has also been affected by the adverse consequences associated with the Libyan
revolution. All Tunisian’s sectors had, and are still undergoing, a challenging transition phase. This
post-revolutionary context has especially affected the banking sector, as the ability of Tunisian banks to
overcome the financial instability has become a great concern. Indeed, they have become extremely
fragile to any adverse shocks.

Improving the efficiency of the banking system and competition in the sector is based on a set of
reforms focused on the restructuring of state-owned banks, accounting for 39% of total bank assets,
strictly applying banking regulations and revising procedures to deal with the financial problems of
banks in financial difficulties.

The determination of systemically implicated financial institutions is a major concern for academics
and regulators. Although in the past systemic importance has been associated with the size of the
institution as part of the problem of being “too big to fail”, recent financial crises suggest that the
situation is more complex. The interconnection of a systemically implicated financial institution is also
identified by its interbank market links, and its effects are magnified by a strong leverage effect.

As a result, various empirical measures have been proposed to provide a more realistic view of
the systemic importance of a financial institution (Bisias et al. 2012). For example, the Conditional
Value at Risk (CoVaR) is the value at risk (VaR) of the financial system contingent on a specific event
affecting a given financial institution. The contribution of a company to systemic risk (ΔCoVaR) can be
explained intuitively by the difference between CoVaR when the company is in financial difficulty and
when the company is not.

In recent years, there has been much research on these measures of systemic risk. The studies
first show that definitions of systemic risk measures are not neutral so as to measure the impact of an
institution on the overall system. Second, some of these measures are similar to traditional quantile
and co-volatility measures. In addition, the primary measures of systemic risk are based primarily on
the accuracy of special extreme quantiles of the future yield distribution. In addition, the magnitude of
the model is largely underestimated when calculating VaR and other quantities related to the quantile
(Boucher et al. 2013), so it is difficult to put in place a correct and reliable risk ranking system (Hurlin
et al. 2012).

In this context, as an indicator of the risk level in financial institutions, VaR is widely used because
of its simplicity and transparency. However, it only measures the individual risk of financial institutions
rather than the contagion and degree of risk spread between financial institutions or financial markets.
In 2011, Adrian and Brunnermeier proposed the CoVaR method to measure the condition risk value.

This method can, not only identify the risks of financial institutions, but also solve the problem
of quantitative association between two financial institutions, so as to measure the risk spillover of
financial institutions to other financial institutions. VaR is generally known as “risk value” or “in
risk value”, which refers to the maximum possible loss of a certain financial asset (or portfolio) in a
certain period of time under a certain confidence level. If a stochastic variable R represents the return
rates of assets, VaRq is defined as the quantile q of the yield R. At present, the simplified method
of financial market data (such as stock price, CDS price difference, credit default swap, etc.) is the
most commonly used method to measure systemic risk in financial institutions, in which the Marginal
Expected Shortfall (MES) and the CoVaR are the most popular and representative methods in the
present simplified method.
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However, studies on systemic risk measures are still rare in developing economies. Our research
seeks to fill this gap by empirically analyzing systemic risk in the Tunisian banking sector in order to
determine the most systemically important banks. The principle objective is to propose a classification
that expresses, for each bank, its contribution and sensitivity to the risk of the banking system, based
on the work of Adrian and Brunnermeier (2011), in which they used CoVaR as a measure for systemic
risk. This can provide information about how banks can be subject to stricter supervision and also
which banks to prioritize for rescuing, in the event of a financial crisis.

Adrian and Brunnermeier (2011) define the CoVaR as the value at risk (VaR) of a financial
institution subordinated to the VaR of another institution. Thereby, if the CoVaR increases with respect
to the VaR, the risk of overflow also increases between the institutions. By computing the difference
between the two measures as �CoVaR, we will be able to assess the contribution and exposure of every
financial institution to systemic risk.

The innovation of this work lies in applying conditional value risk (CoVaR) to the banking field
and combining the model CoVaR with the quantile regression model. Taking the 11 listed banking
companies in Tunisia as the sample, we combine the CoVaR model and quantile regression model to
measure the spillover effect and the level of systemic risk contribution of Tunisian listed banks, so as to
provide relevant countermeasures and suggestions for preventing systemic risk.

The rest of the paper is organized as follows. Section 2 serves as a brief literature review. In
Section 3, we describe the methodology’s framework and lay out our systemic risk measures: VaR,
COVaR and ΔCoVaR estimates. In Section 4, we analyze the principal results and discussions. Lastly,
Section 5 has the conclusions, as well as the limitations of our work and future research perspectives.

2. Literature Review

Systemic risk research is mainly from the perspective of crisis, and the systemic risk which is
caused by bank run to bank operation is analyzed. Before and after the 1980s, a series of bank crises
and high contagion during the crises made the spillover effect of systemic risk widely recognized.

Several researchers have tried to develop more appropriate empirical tools to better measure
systemic risk. They believe that the classical measures used, such as beta and value-at-risk, are not
effective in assessing global contagion, as has been demonstrated in the recent financial crisis. Indeed,
many researchers believe that the most well-known classical risk measure, value at risk, is unable to
capture the systemic nature of risk, as it focuses on a single institution. It does not take into account
that an institution is part of a complex system that can generate new risks (Danielsson et al. 2011).
As a result, it does not take into account the negative impacts associated with decisions made by
other institutions.

Thus, the literature shows the emergence of new quantification measures. However, there is
still no consensus between academics and regulators on an effective tool that can be used to estimate
systemic risk more accurately.

After the financial crisis, there have been many works that have demonstrated deep research
on systemic risk and have measured systemic risk by using the CoVaR, MES, CCA and other
models. Acharya et al. (2010) used systemic expected shortfall (SES) to measure systemic risk. Their
measurement focuses on the propensity of the company to be undercapitalized when the entire financial
sector is on the left tail. The marginal expected shortfall (MES), is developed to measure financial
institutions’ contributions to systemic risk. Girardi and Ergün (2013) defined the systemic risk of
an organization as its change of CoVaR in financial distress, and estimated the links between the
system risk contributions and their characteristics of the four financial industry groups. Banulescu and
Dumitrescu (2015) used the component expected shortfall (CES) to determine systemically important
financial institutions in the United States. They break down the expected deficit and take into account
the characteristics of the company. The study covers the period from June 2007 to June 2010 and
covers the global financial crisis. The result shows that companies such as AIG, Lehman Brothers and
Merrill Lynch, which suffered important losses during the financial crisis, are systemically important
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institutions. Derbali and Hallara (2015) used the MES model to measure the systemic risk of European
financial institutions. Grieb (2015) applied the model of nonlinear factors, and logistic regression
model to measure the potential impact of hedge funds on systemic risk. Her results show that the
systemic risk of hedge fund is increasing. Reboredo and Ugolini (2015) used CoVaR method to measure
the systemic risk of the European sovereign debt markets after the Greek debt crisis, and found that
systemic risks are similar in all countries before the crisis, and the decoupling of the debt market and
the systemic risk were reduced on the whole in the European debt market after the outbreak of the
crisis. Brownlees and Engle (2017) used SRISK to measure the system risk contribution of financial
firms. They offered a ranking of institutions in the different crisis stages.

To study the exposure and contribution of systemic risk in financial institutions to financial
market, Lin et al. (2016) utilized different risk measures such as SRISK, MES, CoVaR and other methods.
Karimalis and Nomikos (2017) researched the contribution of systemic risk in European large banks by
adopting the model of Copula and CoVaR. More recently, Di Clemente (2018) adopted a model based on
extreme value theory (EVT) to analyze the contribution of individual financial institution to the risk of
the system, and showed the connection between a single financial institution and the financial system

Some Chinese scholars use CoVaR of the introduction of state variables to make an empirical
analysis for the systemic risk in 14 Chinese listed banks, and the results show that there is significant
systemic risk spillover in the listed commercial banks of China; some use the method CoVaR to measure
the systemic risk of the banking industry, and put forward the corresponding suggestions for risk
supervision; some have adopted the method CES to measure the systematic risk of the 14 listed Chinese
banks and have investigated the relationship between income of non interest and systemic risk; and
others use the quantile regression model of risk spillover effect to calculate and compare the CoVaR
value of 15 commercial banks, and find that the banking industry will have a systemic risk spillover
effect in the event of a crisis.

In addition, �CoVaR is not perforce symmetrical (i.e., the institution’s VaR contribution to the
institution’s market risk j does not necessarily correspond to the VaR contribution of j’s VaR to i’s VaR),
as shown by Adrian and Brunnermeier (2011). CoVaR’s advantage is that it can be used with any
other tail measure to assess other risks. For example, Chan-Lau (2009) follows a similar approach
and evaluates systemic credit risk by measuring the dependency of financial institutions on default
risk through a CDS spread analysis of 25 financial institutions in Europe, in Japan and the United
States. Likewise, Gauthier et al. (2010) compare some other approaches to �CoVaR to determine
banks systemic capital requirements with reference to every bank’s contribution to systemic risk.
They conclude that financial stability can be significantly improved by implementing a banking
regulatory system.

Table 1 below presents a summary of the various works cited above. Thus, it indicates for each
author the context treated as well as the systemic risk measures adopted and the results obtained.
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Table 1. A comparative table: Literature review on systemic risk measures.

Authors Context
Systemic Risk

Measures
Results

Chan-Lau (2009)
Financial institutions in
Europe, Japan, and the

United States.
�CoVaR The results indicate that risk codependence is

stronger during distress periods.

Gauthier et al. (2010) Canadian banks
A network-based

framework and a Merton
model

The authors conclude that financial stability can be
substantially enhanced by implementing a system
perspective on bank regulation.

Acharya et al. (2010) European and American
contexts SRISK and stress tests

They show that regulatory capital shortfalls measured
relative to total assets provide similar rankings to
SRISK for U.S. stress tests. On the contrary, rankings
are substantially different when the regulatory capital
shortfalls are measured relative to risk–weighted
assets. Greater differences are observed in the
European stress tests.

Reboredo and Ugolini
(2015)

European sovereign debt
markets CoVaR

The systemic risks are similar in all countries before
the crisis and the decoupling of debt market and
systematic risk were globally reduced in the European
market after the onset of the Greek debt crisis.

Grieb (2015) Asian and Russian
context

The model of nonlinear
factors, and Logistic

regression model

The authors show that the systemic risk of hedge
fund is increasing.

Kupiec and Güntay
(2016) Different countries MES and CoVar They conclude that CoVaR and MES are not reliable

measures of systemic risk.

Lin et al. (2016) Taiwan financial
institutions

Different risk measures
like SRISK, MES, CoVaR

The main results indicate that although these three
measures differ in their definition of the contributions
to systemic risk, all are quite similar in identifying
systemically important financial institutions (SIFIs).

Karimalis and Nomikos
(2017) European large banks Copula and CoVaR

They highlight the importance of liquidity risk at the
outset of the financial crisis in summer 2007 and find
that changes in major macroeconomic variables can
contribute significantly to systemic risk.

Brownlees and Engle
(2017)

Top international
financial firms SRISK They offered a ranking of institutions in the different

crisis stages.

Hmissi et al. (2017) Tunisian context CES measure They find that Tunisian public banks (STB, BNA and
BH) are the riskiest systemically banking sector.

Di Clemente (2018) European banking
system

Extreme value theory
(EVT)

They showed the connection between a single
financial institution and the financial system.

Khiari and Nachnouchi
(2018) Tunisian context CoES and MDS

methodologies

They show that public banks respectively along with
the two most important private banks hold the
leading positions in the systemic risk rankings

Duan (2019) Chinese context CoVar

Authors find that the risk spillover value of China
Pacific Insurance Company is the largest, followed by
China Life Insurance Company, Ping’an Insurance
Company of China is the last.

3. Material and Methods

This section presents the methodology used in this paper. Our main objective is to classify the
Tunisian banks according to their involvement in the systemic risk. The first part presents an overview
on the Tunisian banking sector. In the second part, we present the filtered historical simulation that we
use to compute the VaR. The second part explains conditional value at risk (CoVaR) that we use to
measure systemic risk and briefly discuss the quantile regression employed to estimate our systemic
risk measure. In the last part, thanks to CoVaR, we assess the contribution of the bank to the overall risk
(ΔCoVaRq

sys/i) as well as its exposure to aggregate shocks (ΔCoVaRq
i/system). Second, based on CoVaR’s

estimates we construct systemic risk cartography that allowed for putting forward the Tunisian banks
systemic risk involvement.

3.1. Overview of Tunisian Banking Sector

According to Hammami and Boubaker (2015), the banking sector is the lung of economic activity.
This is the case of Tunisia, where the economy is a debt-based economy. Indeed, the equilibrium
of the banking system is a health status barometer of the whole economy. Tunisian banks occupy a
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considerable place in the financial sphere, as seen by the strong synchronization of the evolution of the
TUNINDEX index with that of the TUNBANK1, as shown in the following Figure 1.

Figure 1. Evolution of the TUNINDEX and TUNBANK during the period 31 December 2012–September
2018. Source: Periodic Conjuncture Report N◦121–October 2018, Tunisian Central Bank (Banque
Centrale de Tunisie 2018).

In recent years, the banking sector has shown a disengagement from the state because of the
introduction of foreign banks to the local banking market and the entry of foreign investors into the
shareholding of local banks. The report of the Tunisian Central Bank (Banque Centrale de Tunisie 2012)
classifies the bulk of banks into three categories: Banks with a strong participation of the State (Banque
Nationale Agricole (BNA) for financing of agricultural sector, Socièté Tunisienne des Banques (STB)
which finances the touristic sector and the Small and Medium Enterprises and Banque de l’Habitat
(BH) for housing finance) (Blanco et al. 2014); Tunisian private-owned banks (Banque Internationale
Arabe de Tunisie (BIAT) Banque de Tunisie (BT), Amen Bank and Banque de Tunisie et des Emirats
(BTE)) and foreign-owned banks (Union Internationale de Banques (UIB), Union Bancaire pour le
Commerce et l’Industrie-(UBCI) BNP Paribas, Attijari Bank and Arab Tunisian Bank (ATB)). Private
and mixed-capital banks account for 70% of the Tunisian banking sector, although the role of public
banks in financing the economy remains pre-emptive. In this banking network, there are 11 banks
enjoying a certain popularity among Tunisians and are thus listed on the Tunisian stock market.

The central bank of Tunisia remains the only one responsible for the regulation of the banking
activity. It has a role in overseeing monetary policy, supervising credit institutions as well as
preserving the stability and security of the financial system. The Tunisian banking system is continuous,
well-planned, well-developed and dynamic. At the beginning of the 1990s, the Tunisian banking sector
had opened up on an international scale. This idea of liberalization, disintermediation, and disclosure
among development banks; and between the deposit banks and the development banks to set up the
universal bank, known as the “do-it-all” bank, was held on 10 July 2001.

With the political and economic uncertainty since January 2011, the Tunisian banking sector has
undergone certain development, which has affected the situation of the Tunisian market. In this sense,
Blanco et al. (2014) argue that this disturbance situation has threatened the viability of the banking
sector, which has penalized Tunisian banks.

The rating assigned to Tunisia by the global rating agencies has a downward trend. In fact, just
four days after the outbreak of the revolution, the rating agency “Fitch” located 6 Tunisian banks
(ATB, BH, STB, BNA, BH, BIAT, and AB) under supervision with a negative implication. Then, in
February 2013, “Standard and Poor’s” lowered the rating of two banks: ATB from BB to BB– (no longer
speculative) and BH went from BB– to B+ (BH went from speculative to very speculative). Then, in

1 TUNBANK (Tunis Bank) is the stock market index exclusively for the Tunisian banking sector which contains the 11 banks
listed on the stock market.
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March 2013, “Moody’s” dropped the ratings of five Tunisian banks: AB went from Ba2 to Ba3, ATB
lost two notches to move from Baa3 to Ba2, BT and BIAT became more speculative by being awarded
Ba2 instead of Ba1, and the STB went from Ba2 to B1. Finally, in 2018, the “Moody’s” rating agency
degraded the five Tunisian banks: AB, ATB, BT, BIAT and STB, with prospects going from stable
to negative.

This decline was explained by deterioration in the macroeconomic environment of the banks,
which supports not only the quality of their assets, their benefits, but also their capitalization. This
situation emerged as a major dilemma in the banking sector called “Banking Run”. Jouini and Saidane
(2014) described the phenomena experienced by Tunisian banks as a panic crisis that represents massive
liquidity withdrawals. In fact, the banking sector has remained frozen in a period of risk acceleration.
For this reason, Blanco et al. (2014) believe that Tunisian authorities have been forced to intervene in
the system to improve banking supervision, where 38% of bank assets are held by state-owned banks
and bankruptcies leading to the appearance of systemic risk.

3.2. Data Description

The sample used includes publicly listed Tunisian banks which represent 92.51 % of total assets of
the banking sector in Tunisia. Our panel contains a total of 11 banks. Unlike previous studies, which
used weekly data (Khiari and Nachnouchi 2018), the daily closing price data of eleven listed banks and
the banking industry index were selected to measure the systemic risk of Tunisian’s bank industry
from 2 January 2010 to 31 December 2018.

Tunisian’s economy is suffering from exceptionally difficult conditions. The debts crises of the
European Union have created a slowing down in goods exports, and the January 14th revolution
gave rise to a long period of instability, not to mention institutional and political uncertainty. This
worsening security situation caused a considerable drop in income in foreign currency from tourism.
The Tunisian economy has also been affected by the adverse consequences associated with the Libyan
revolution. All Tunisian’s sectors had, and are still undergoing, a challenging transition phase. This
post-revolutionary context has especially affected the banking sector, as the ability of Tunisian banks to
overcome the financial instability has become a great concern. Indeed, they have become extremely
fragile to any adverse shocks.

The sample period covers the whole period of subprime crisis, the January 14th revolution and
the macroeconomic regulation and control of Tunisian government.

The closing price of each bank is converted to the form of logarithmic yield. The formula is:

Ri,t = Ln Pi,t − Ln Pi,t−1

Figure 2 and Table 2 show, respectively, the time series of stock return of the TUNBANK index
and descriptive statistics of the 11 Tunisian banks of our panel.

 

Figure 2. Time series of stock return of the TUNBANK index.
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Table 2. Descriptive statistics of stock returns.

N Mean
Standard
Deviation

Skewness Kurtosis

AB 2235 −0.029 1.895 −21.775 797.500
ATB 2235 −0.035 1.254 −0.238 4.565

Attijari 2235 0.028 1.188 −0.098 7.265
BH 2235 −0.034 1.789 −5.047 105.419
BT 2235 −0.112 5.024 −41.939 1895.974

BTE 2235 −0.045 1.402 0.176 13.287
BNA 2235 0.009 1.551 0.452 4.082
UBCI 2235 −0.036 1.810 −6.527 158.577
BIAT 2235 0.028 1.249 0.199 4.339
STB 2235 −0.062 1.781 0.300 2132
UIB 2235 0.011 1.170 −0.948 22.974

TUNBANK 2235 0.022 0.645 −0.368 10.108

The majority of banks have negative means, with the exception of four banks: BNA, ATTIJARI,
BIAT and UIB. This perfectly reflects the financial difficulties encountered by Tunisian banks. Since this
centrally trending statistical measure is very sensitive to extreme values and can be highly contaminated
by outliers, we have computed the adjusted mean. The latter compensates this measurement by omitting
a predetermined percentage of values on the tails and computes the mean using the other observations.

The asymmetric coefficients show the asymmetry of the yield distributions. Indeed, four banks
(BIAT, BNA, STB and BTE) are skewed to the right because they have a positive asymmetry. However,
BT, UBCI, TIJARI, BH, AB, AB, UIB and ATB have a negative bias. They are therefore skewed to the left.
These banks tend to have extreme negative values. All banks have high kurtosis values, which show
the non-normality of their yield series. For UBCI, AB, BH and BT, an examination of their standard
deviation, asymmetry and kurtosis shows that these banks have the highest values for these three
indicators. They are therefore the most asymmetrical and have the widest gap between the lowest and
highest yields. We can therefore conclude that their returns are very far from the average.

This conclusion shows the importance of the third and fourth moments of the distributions. For
this reason, we have been tempted to go beyond the limited use of VaR and go further in the calculation
of CoVaR, since it provides more information on the distribution of yields in the tail.

3.3. VaR Estimation

We use the filtered historical simulation for the calculation of the value at risk (VaR) as it ensures
a good estimates quality. According to Paolella and Taschini (2008) this method is highly effective.
Indeed, it adapts perfectly to non-normal distributions, and hence, deals with asymmetric distributions
and volatility clustering. It is relatively simple to apply and requires no hypothesis regarding the
distribution of returns. This semi-parametric method was presented for the first time by Adesi et al. in
1999. It is a combination of parametric models of conditional volatilities and nonparametric methods
of simulations.

The residuals are processed using the GARCH filter in order to deal with heteroscedasticity. Then,
the standardized residual returns from the dataset are scaled in an ascending order. Here, we are
interested mainly in the 5% and 50% quantiles. VaR95% and VaR50% correspond respectively to the
worst 112 days and the worst 1117 days over the course of the sample. The VaR of bank i at quantile q is

VaRi
q,t = μt + VaRq

√
ht (1)

where in μt is the expected returns and ht refers to the standardized variances.
Applying (1) we get a series of weekly VaRi

q. The average VaRi
q,t estimates are presented

in Table 3.
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Table 3. Banks average VaRi
q,t.

Banks BT BIAT UBCI TIJARI BH UIB AB STB ATB BNA BTE

Average
VaRiq,t −0.017454 −0.020229 −0.039537 −0.015918 −0.026186 −0.015632 −0.022018 −0.029432 −0.020185 −0.023813 −0.022569

It appears that the bank with the largest VaR is the UBCI. Conversely, UIB exhibits the lowest
expected losses.

3.4. CoVaR Estimation

To measure market risk codependence, we use quantile regression since it offers a deeper analysis
than ordinary least squares. It is also known for its simplicity and robustness in exploring relationships
between variables evaluated in extreme quantiles. In fact, it takes into consideration the non-linearity of
the dependencies between the yields. Furthermore, quantile regression does not require assumptions
about the distribution of variables because it is a non-parametric method. Therefore, it avoids the
inherent bias in the assumptions of the distributions on parametric methods.

We compute the regression coefficient αq
i and βq

i using the following equation:

Xq
i,sys = αq

sys + βq
sysXsys (2)

With Xq
i,sys: the return of the bank I at quantile q conditional to the return of the banking system

Xi: the return of the banking sector.
Applied to the CoVaR, this method leads to the estimation of the loss of bank i when the system is

facing an extreme event using the following expression:

CoVARi/Xsys=VaRq
q,t = VaRi

q/Varsys
q = ˆα

sys
q + ˆβ

sys
q Varsys

q,t (3)

where VaRq,ti: VaR of institution i at q%.
The average CoVaRq,t sys/Xi=VaRq is shown in Table 4.

Table 4. Banks average CoVaRq,t sys/Xi=VaRq.

Banks BT BIAT UBCI TIJARI BH UIB AB STB ATB BNA BTE

COVaR i/sys −0.039081 −0.042360 −0.067702 −0.040310 −0.050530 −0.037090 −0.037834 −0.052711 −0.042089 −0.053175 −0.056501

As seen in Table 4 the bank that faces the largest losses if the banking sector is in financial distress
is the UBCI.

The contribution of bank i to systemic risk is:

ΔCoVaRq
sys/i = CoVaR qsys /Xi=VaR q − CoVaR qsys /Xi=Mdian

Finally, the exposure of a financial institution to system wide distress is:

ΔCoVaRq
i/system = CoVaRq

i/Xsystem=VaRq − CoVaR q
i/Xsystem=Med

We estimated the average ΔCoVaR to identify the most exposed and systemic entities in terms
of market risk, across the sample. Table 5 presents the results obtained for the ΔCOVaR’s measures.
Values included in the first column are the average contribution of each bank to systemic market risk
whereas the second represents the opposite relation as it corresponds to the average exposure of the
system’s stress to individual bank. In this sense, the former identifies the most contributor banks
to the systemic market risk, while the latter allows us to recognize the most exposed banks to the
system’s risk.
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Table 5. Banks average ΔCoVaR.

Expoure ΔCoVaRq
i/sys Contribution ΔCoVaRsys/i

AB −0.032594 −0.021378
ATB −0.036435 −0.02148

ATTIJARI −0.028878 −0.018332
BH −0.045772 −0.020545

BIAT −0.021259 −0.018508
BNA −0.036213 −0.020529
BT −0.022813 −0.015852

BTE −0.056501 −0.021164
STB −0.035057 −0.021463
UIB −0.029841 −0.019827

UBCI −0.028356 −0.022987

According to these results, it appears that UBCI is the most important contributor to system’s risk,
since it has the most negative ΔCoVaRsys/i. Hence, it can be claimed that this bank has a significant
influence on the banking system. Moreover, BTE is the most vulnerable bank to sector’s risk. It is
closely followed by the BH, ATB, BNA and the STB. Thus, it can be asserted that public banks are
the most vulnerable to the banking sector’s financial distress. Also, it is important to note that the
least exposed entity is the one among those presenting the lowest contribution (the second lowest
contribution) to the sector’s systemic risk, namely the BIAT.

3.5. Back Testing

The calculation of the CoVaR depends on the VaR of the different institutions. Thus, to ensure the
accuracy of the CoVaR, it is essential to test the VaR of all banks before calculating the CoVaR. The next
step in our work is to evaluate the accuracy of the model specification in the estimation of the VaR.
According to the Basel Committee on Banking Supervision (2010), the back-test is a statistical means
allowing for validating a model by simply comparing actual results to expected results. According
to Philippe (2007) a model of VaR must allow us to anticipate the future with precision. The most
common tests used to test the VAR model are the ones of Kupiec (1995) and Christoffersen (1998).
Kupiec (1995) uses the unconditional coverage test to check whether the numbers of exceptions in the
VaR model conform to the confidence interval on which the VaR is defined. An exception is a case
where the actual loss is greater than the estimated VaR. According to the Kupiec test, a perfect model
of VaR is the one where the expected number of exceptions is equal to the real exceptions. In addition
to the number of exceptions, Christoffersen (1998) has also tested the dispersion of exceptions. He
shows that a VaR model with clustered exceptions is not considered as an exact model because it will
not consider correlations and market volatility. In this work, we compute Kupiec (1995)’s Likelihood
Ratio (LR) tests on the empirical failure rates in order to assess the performance of our model.

Results are presented in Table 6 below:

Table 6. Value-at-risk back testing.

Short Positions

Quantile Success Rate Kupiec LRS 1 p-Value ESF 2

0.9500 0.95302 0.43762 0.50827 0.035825
0.9750 0.97002 2.1380 0.14369 0.039317
0.9900 0.98613 3.0178 0.082353 0.045175
0.9950 0.99060 6.8889 0.0086733 0.046838
0.9975 0.99284 12.890 0.00033043 0.048614

Long Positions

Quantile Failure Rate Kupiec LRS p-Value ESF

0.0500 0.033110 15.162 9.8682 × 10−5 −0.040975
0.0250 0.019239 3.3011 0.069235 −0.049888
0.0100 0.009396 0.084060 0.77187 −0.068311
0.0050 0.0062640 0.66418 0.41509 −0.085305
0.0025 0.0044743 2.8248 0.092818 −0.10279

1 LR refers to the likelihood ratio statistic. 2 ESF refers to the expected shortfall.
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As shown in this table, the computed values are the Kupiec LR test, the failure/success rate,
p-values and the expected shortfall (ESF) with significance level, α = 0.0025, 0.005, 0.01, 0.025, 0.05
and α = 0.95, 97.5, 0.99, 99.5, 99.75 for long and short positions respectively. The objective is to check
whether the failure/success rate of the model is statistically equal to the expected one. The success rate
for short position refers to the percentage of positive returns larger than the VaR prediction, while the
failure rate for the long position is the percentage of negative returns smaller than the VAR prediction.

The results show that the model performs very well. Indeed, the Kupiec LR test’s p-values show
that the model accurately predicts VaR for all cases (long and short positions and at all confidence levels).
This result clearly shows that the model is able to capture the reality of the Tunisian banking sector.

4. Discussion: The Positioning of Tunisian Banks Based on Their Systemic Risks’ Implication

The CoVaRs, as calculated in the previous section, are used to provide a comprehensive and
unified statistical profile of all Tunisian Banks according to their implication level (contribution and
exposure) in systemic risk. Thus, we set a detailed map to show the relative positioning of all banks
according to their implication into systemic risk.

In our case, we choose two dimensions that express the implication of each bank in systemic
risk. As shown in the Table 7, The first dimension (horizontal axis) indicates the bank’s exposure
(ΔCoVaRi/sys) and the second (vertical axis) points to the contribution of banks to the system risk.

Table 7. Dimensions reflecting level of involvement of Tunisian Banks in the systemic risk.

First Dimension
Horizontal Axis (Bank’s Exposure)

Second Dimension
Vertical Axis (Bank’s Contribution)

Axis ΔCoVaRsys/i ΔCoVaRqi/system

From the point of view of the graphical representation, this leads to a space where each bank is
marked by a dot and scaled according to its involvement in systemic risk. Figure 3 is the map that has
been recovered from the confrontation of the two axis (dimensions).

Figure 3. The positioning of Tunisian banks based on their systemic risks’ implication.
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In order to interpret this map, we choose to divide it into four zones according to the implication
degree of each bank in the systemic risk. This repartition is established using the mean of each series
of ΔCoVaR calculated for all the banks of the sample. The Formula used is: (min ΔCOVaR + max
ΔCoVaR)/2 Or:

∑
ΔCoVaR/11.

The results for the two formulas are given by the following Table 8. As shown in this table, the
two methods give approximately the same results:

Zone I: The lowest contributor and the highest exposed;
Zone II: The lowest contributor, the lowest exposed;
Zone III:The highest contributor and the highest exposed;
Zone IV:The highest contributor and the lowest exposed;

Table 8. Total means of ΔCoVaR.

Exposure
ΔCoVaRq

i/system
Contribution
ΔCoVaRsys/i

(min ΔCOVaR +max ΔCOVaR)/2 −0.0194195 −0.03888
∑

ΔCOVaR/11 −0.02018773 −0.03397445

A first look on this cartography shows the existence of two dimensions. The first dimension
represents the banks’ contribution to systemic risk. It indicates the systemic potential of the bank. The
second dimension is related to banks’ sensitivity to systemic risk.

It seems that the banks located in Zones III and IV are the most productive banks of systemic
risk. This implies that they contribute more to systemic risk than those in other areas. We can also
conclude that banks in Zones II and IV face less loss in the event of default by banks other than those in
Zones I and III. This particular reading makes it possible to conclude from the existence of the notion
of domination. Indeed, the graph shows two groups of banks. Banks belonging to the zones I and III
can be considered as dominated banks as they have the highest exposure levels. These banks seem
to be very sensitive to the systemic risk of other banks. Banks belonging to Zones III and IV are the
dominating banks as they have the highest contributor levels. These banks seem to impose important
systemic risk to others banks.

The results of this mapping (Figure 3) allows us to divide banks according to their involvement in
systemic risk.

The results from this cartography (Figure 3) allowed us to establish a distribution of banks based
on their involvement in systemic risk. According to this figure, the public banks (STB, ATB and BNA),
located in Zone IV, occupy the first three places because they are closest to the vertical axis. They are
followed closely by the two main Tunisian private banks, UBCI and AM. These five banks are the main
systemic players in the Tunisian banking sector. It seems that they are the least sensitive to the financial
difficulties of other banks and the biggest contributors to the distress of existing banks. Then there is
the public bank BH (located in Zone III). It should also be noted that BH and BTE are the most involved
banks, as they are located furthest to the left. According to this map the BTE and BH are substantially
involved in systemic risk as they represent the important ΔCoVaR sys/i and ΔCoVaRq

i/system measures.
On the other hand, BIAT and BT exhibit, relatively, the smallest contribution and exposure

measures as they are situated the most to the right and top; hence they are less concerned by
systemic risk.

What emerges from these results, is that those banks are the largest systemic players among the
Tunisian banks. These results involve, among other things, a rethinking of risk management practices
of these banks.

Indeed, regulators not only lack effective risk control measures for individual banks, but also
lack an effective regulatory framework to detect and measure the spread of the overall risk spillover
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of the banking sector. Consequently, this shows the limits of regulation and supervisory practices
to effectively manage risks to financial system soundness. Indeed, systemic risk and spillover of the
banking sector have had an impact on the stability of the banking sector in the country and all over
the financial system. To avoid any systemic risk, it is essential that regulators strictly supervise the
banking sector in terms of micro and macro design.

First, there is a systemic risk contagion effect in the Tunisian banking sector, which has a significant
impact on the financial market and the economy as a whole. There is a need to monitor risks and prevent
them from micro and macro perspectives. Macro prudential surveillance should be strengthened and
the systemic financial crisis caused by the increase of the risk contagion effect should be avoided.
Differentiated management should be carried out according to the impact of Tunisian banks, and
stricter supervision should be imposed to ensure the stability of the entire banking sector and thus
prevent the spread of financial risks in the event of a crisis.

Then accelerate the daily risk management. Regulators should pay particular attention to
the systemic risk contagion effect of Tunisian banks, focus on monitoring the operational risk of
systemically important banks and strictly protect themselves from extreme risks, then pass them
on to other secondary financial markets. For individual banks, they should not only focus on
their own internal risks, but also be concerned about their risk being passed on to other financial
institutions and constantly improve their risk control capabilities. Listed banks should optimize their
portfolios and minimize the spillovers of systemic risk with reference to scientific judgment of the
macroeconomic situation.

The distribution of Tunisian banks in terms of systemic risk involvement provided by this map
adds a broader perspective to the micro prudential application of regulation that includes contagion
and then formulates a macro prudential vision and strengthens regulatory policy. Supervisors could
impose close supervision for institutions considered to be potentially systemic banks. In addition,
regulations should take into account the systemic contribution when designing risk requirements in
order to minimize the adverse consequences of possible herd behavior.

5. Conclusions

This work aims to analyze systemic risk among Tunisian listed banks to determine the most
contributors and exposed institutions to the systemic risk.

In this paper, we use filtered historical simulation to estimate the VaR to compute the CoVaR
using quantile regressions. These CoVaR estimates are selected to measure the contribution of the bank
to the overall risk (ΔCoVaRq

sys/i) as well as its exposure to aggregate shocks (ΔCoVaRq
i/system). Based

on CoVaR estimates, we set a perceptual map that allows us to explain and revise banks systemic risk
in the Tunisian context.

Results suggest that the BTE and BH are substantially involved in systemic risk as they represent
the important ΔCoVaRsys/i and ΔCoVaRq

i/system measures. On the other hand, BT and BIAT exhibit the
smallest contribution and exposure measures, and hence they are the less concerned by systemic risk.

According to CoVaR estimates, public banks occupy the top positions, followed by the two largest
private banks in Tunisia. These five banks are the main systemic players in the Tunisian banking
sector. It seems that they are the least sensitive to the financial difficulties of other banks and the most
important contributors to the distress of existing banks.

This study proposes a distribution of Tunisian banks in terms of systemic risk involvement.
It aims to add a broader perspective to the micro prudential application of regulation including
contagion, proposing a macro prudential vision that strengthens regulatory policy. Supervisors could
impose close supervision for institutions considered to be potentially systemic banks. Furthermore,
regulations should consider the systemic contribution when defining risk requirements to minimize
the consequences of possible herd behavior.

However, it is important to mention that some shortcomings must be considered. First, the
estimation error of the quantile regression increases substantially in the extreme quantile of the
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distribution. In addition, it is impossible to measure VaR accurately, which makes CoVaR estimates less
accurate. Furthermore, CoVaR as regulatory policy tool is not able to differentiate between contagious
and infected banks. Second, this measure is very sensitive to current changes in VaR estimates. As a
result, companies that have portfolio returns that change more, seem to be more systemic than those
with more stable yield and higher positions in these investments. Improvements in estimation are
needed to address these gaps and can be considered as an interesting future avenue of research.

Author Contributions: Conceptualization, W.K.; methodology, W.K.; software, S.B.S.; validation, S.B.S.; formal
analysis, W.K.; investigation, S.B.S.; resources, W.K. and S.B.S.; data curation, W.K. and S.B.S.; writing—original
draft preparation, W.K.; writing—review and editing, W.K.

Funding: This research received no external funding.

Conflicts of Interest: The authors declare no conflict of interest.

References

Acharya, Viral V., Lasse H. Pedersen, and Thomas Philippon. 2010. Measuring Systemic Risk. Working paper. New
York, NY, USA: New York University.

Adrian, Tobis, and Markus Brunnermeier. 2011. CoVaR. Federal Reserve Bank of New York Staff Report, No. 348.
New York: FRBNY.

Banque Centrale de Tunisie. 2012. Rapport Annuel. Rapport de la Banque Centrale de Tunisie, Tunisie. Available
online: https://www.bct.gov.tn/bct/siteprod/documents/rapport2012.pdf (accessed on 11 December 2019).

Banque Centrale de Tunisie. 2018. Périodique de Conjoncture. Rapport de la Banque Centrale de Tunisie, No. 121.
Tunisie. Available online: https://www.bct.gov.tn/bct/siteprod/documents/Conjoncture_fr.pdf (accessed on
11 December 2019).

Banulescu, Georgiana-Denisa, and Elena-Ivona Dumitrescu. 2015. Which are the SIFIs? A Component Expected
Shortfall approach to systemic risk. Journal of Banking & Finance 50: 575–88.

Basel Committee on Banking Supervision. 2010. Basel III: A Global Regulatory Framework for more Resilient Banks
and Banking Systems. Basel: Bank for International Settlements, Available online: https://www.bis.org/publ/
bcbs189_dec2010.pdf (accessed on 11 December 2019).

Bisias, Dimitrios, Mark Flood, and Stavros Valavanis. 2012. A Survey of Systemic Risk Analytics. Annual Review of
Financial Economics 4: 255–96. [CrossRef]

Blanco, Karim, Belgheith Haifa, Neira Kaouach, and Ines Khouaja. 2014. Le Secteur Bancaire Tunisien: Evolution,
Perspectives et Défis. Tunis: La revue bancaire Amen Invest, intermédiaire en bourse.

Boucher, Christophe, Jon Danielsson, Patrick Kouontchou, and Bertrand Maillet. 2013. Risk Model-at-Risk. Journal
of Banking and Finance 44: 72–92. [CrossRef]

Brownlees, Christian, and Robert F. Engle. 2017. SRISK: A Conditional Capital Shortfall Measure of Systemic Risk.
The Review of Financial Studies 30: 48–79. [CrossRef]

Chan-Lau, Jorge. 2009. Default Risk Codependence in the Global Financial System: Was the Bear Stearns Bailout
Justified? In The Banking Crisis Handbook. Edited by Greg N. Gregoriou. New York: McGraw Hill.

Christoffersen, Peter F. 1998. Evaluating interval forecasts. International Economic Review 39: 841–62. [CrossRef]
Di Clemente, Annalisa. 2018. Estimating the Marginal Contribution to Systemic Risk by a CoVaR-model Based on

Copula Functions and Extreme Value Theory. Economic Notes 47: 1–44. [CrossRef]
Danielsson, Jon, Kevin R. James, Marcela Valenzuela, and Ilknur Zer. 2011. Model Risk of Systemic Risk Models.

Working paper. London, UK: London School of Economics.
Derbali, Abdelkader, and Slaheddine Hallara. 2015. Systemic risk of European financial institutions: Estimation

and ranking by the Marginal Expected Shortfall. Research in International Business & Finance 37: 32–40.
Duan, Xiaohua. 2019. Systematic Risk Measurement Based on CoVaR Model. International Journal Of Circuits,

Systems And Signal Processing 13: 243–50.
Gauthier, Céline, Alfred Lehar, and Moez Souissi. 2010. Macroprudential Regulation and Systemic Capital Requirements.

Working Paper 2010-4. Ottawa, ON, Canada: Bank of Canada.
Girardi, Giulio, and A. Tolga Ergün. 2013. Systemic risk measurement: Multivariate GARCH estimation of CoVaR.

Journal of Banking & Finance 37: 3169–80.
Grieb, Frederik. 2015. Systemic Risk and Hedge Funds. Social Science Electronic Publishing 49: 235–340. [CrossRef]

198



Risks 2019, 7, 122

Hammami, Yosra, and Adel Boubaker. 2015. Ownership structure and Bank Risk-Taking: Empirical Evidence fron
the Middle East and North Africa. International Business Research 18: 271. [CrossRef]

Hmissi, Bochra, Azza Bejaoui, and Wafa Snoussi. 2017. On identifying the domestic systemically important banks:
The case of Tunisia. Research in International Business and Finance 42: 1343–54. [CrossRef]

Hurlin, Christophe, Sébastien Laurent, Rogier Quaedvlieg, and Stephan Smeekes. 2012. Ranking the Systemic Risk
Measures. New York: Mimeo.

Jouini, Elyes, and Dhafer Saidane. 2014. Système bancaire en Tunisie: État des lieux et perspective. contribution à
l’ouvrage dirigé par Elyès Jouini: Tunisie L’espoir: mode d’emploi pour une reprise. Tunis: Cérès éditions.

Karimalis, Emmanouil N., and Nikos K. Nomikos. 2017. Measuring Systemic Risk in the European Banking Sector:
A Copula CoVaR Approach. European Journal of Finance 24: 944–75. [CrossRef]

Khiari, Wided, and Jamila Nachnouchi. 2018. Banks’ systemic risk in the Tunisian context: Measures and
Determinants. Research in International Business & Finance 45: 620–31.

Kupiec, Paul, and Levent Güntay. 2016. Testing for Systemic Risk Using Stock Returns. Journal of Financial Services
Research 49: 203–27. [CrossRef]

Kupiec, Paul. 1995. Techniques for verifying the accuracy of risk measurement models. The Journal of Derivatives 3:
73–84. [CrossRef]

Lin, Edward M. H., Sun Edward, and Yu Min Teh. 2016. Systemic Risk, Interconnectedness, and Non-core
Activities in Taiwan Insurance Industry. Annals of Operations Research 12: 1–25.

Paolella, Marc S., and Luca Taschini. 2008. An Econometric Analysis of emission Allowances Prices. Journal of
Banking and Finance 32: 2022–32. [CrossRef]

Philippe, Jorion. 2007. Value at Risk: The New Benchmark for Managing Financial Risk. New York: McGraw-Hill, p. 3.
Reboredo, Juan C., and Andrea Ugolini. 2015. Systemic risk in European sovereign debt markets: A CoVaR-copula

approach. Journal of International Money & Finance 51: 214–44.

© 2019 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
article distributed under the terms and conditions of the Creative Commons Attribution
(CC BY) license (http://creativecommons.org/licenses/by/4.0/).

199





risks

Article

Modelling and Forecasting Stock Price Movements
with Serially Dependent Determinants

Rasika Yatigammana 1, Shelton Peiris 2,3, Richard Gerlach 4 and David Edmund Allen 2,5,6,*

1 Central Bank of Sri-Lanka, Colombo 01, Sri Lanka; yatigammanar@hotmail.com
2 School of Mathematics and Statistics, The University of Sydney, Sydney 2006, Australia;

shelton.peiris@sydney.edu.au
3 Department of Statistics, The University of Colombo, Colombo 03, Sri-Lanka
4 Discipline of Business Analytics, The University of Sydney, Sydney 2006, Australia;

richard.gerlach@sydney.edu.au
5 Department of Finance, Asia University, Taichung 41354, Taiwan
6 School of Business and Law, Edith Cowan University, Joondalup 6027, Australia
* Correspondence: profallen2007@gmail.com

Received: 16 March 2018; Accepted: 1 May 2018; Published: 7 May 2018

Abstract: The direction of price movements are analysed under an ordered probit framework,
recognising the importance of accounting for discreteness in price changes. By extending the work of
Hausman et al. (1972) and Yang and Parwada (2012),This paper focuses on improving the forecast
performance of the model while infusing a more practical perspective by enhancing flexibility. This is
achieved by extending the existing framework to generate short term multi period ahead forecasts
for better decision making, whilst considering the serial dependence structure. This approach
enhances the flexibility and adaptability of the model to future price changes, particularly targeting
risk minimisation. Empirical evidence is provided, based on seven stocks listed on the Australian
Securities Exchange (ASX). The prediction success varies between 78 and 91 per cent for in-sample
and out-of-sample forecasts for both the short term and long term.

Keywords: ordered probit; stock prices; auto-regressive; multi-step ahead forecasts

1. Introduction

There has been a significant growth in market micro-structure research, which is concerned with the
study of the underlying process that translates the latent demands of investors into transaction prices and
volumes (Madhavan 2000). The study of the time series properties of security prices has been central to
market micro-structure research for many years. Madhavan (2000) asserts that frictions and departures from
symmetric information do affect the trading process. Furthermore, insights into future price trends provides
additional information useful in strategy formulation. As per financial economic theory, the asset returns
cannot be easily predicted by employing statistical or other techniques and incorporating publicly available
information. Nevertheless, recent literature bears evidence of successful forecasting of asset return signs;
see for example, Breen et al. (1989); Leung et al. (2000); White (2000); Pesaran and Timmermann (2004)
and Cheung et al. (2005). While having mean independence, it is statistically probable to have sign and
volatility dependence in asset returns (Christoffersen and Diebold 2006).

The knowledge of the future direction of the stock price movement provides valuable guidance
in developing profitable trading strategies. However, there is no clear consensus on the stochastic
behaviour of prices or on the major factors determining the change in prices. In this context, theories
of information asymmetry stating that private information deduced from trading causes market price
fluctuations (See Kyle 1985) became important propositions. Consequently, many market attributes
have been employed as substitutes for information in the study of security price behaviour. Price
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changes occur in discrete increments, which are denoted in multiples of ticks. It is well recognised today
that failing to treat the price process as a discrete series could adversely affect prediction results. Initially
the modeling of discrete transaction prices was done by Gottlieb and Kalay (1985). The generalisation
and variation of such a modeling framework can be found in Ball (1988); Glosten and Harris (1988);
Harris (1990); Dravid (1991) and Hasbrouck (1999). Most often, earlier studies have treated price
change as a continuous variable, primarily focusing on the unconditional distribution, ignoring the
timing of transactions, which is irregular and random. The “ordered probit model”, which was initially
proposed by Aitchison and Silvey (1957) is a useful model for discrete dependent variables, which can
take only a finite number of values with a natural ordering. Gurland et al. (1960) developed it further
and later it was introduced into the social sciences by McKelvey and Zavoina (1975), which became an
analytical tool in the financial market security price dynamics of micro-structure research. This could
be used to quantify the effects of various factors on stock price movements, whilst accounting for
discreteness in price changes and the irregular spacing of trades.

In an ordered probit analysis of the conditional distribution of price changes, Hausman et al. (1972)
recognised the importance of accounting for discreteness, especially in intraday price movements.
In such fine samples, the extent of price change is limited to a few distinct values, which may not be well
approximated by a continuous state space. Their paper investigated the impact of several explanatory
variables in capturing the transaction price changes. Importantly, the clock-time effect, measured in
terms of duration between two consecutive trades, bid-ask spread, trade size and market-wide or
systematic movements in prices based on a market index on conditional distribution of price changes
were modeled under this framework. In a more recent study, Yang and Parwada (2012) extended the
existing empirical literature on the impact of market attributes on price dynamics, utilising an ordered
probit model. Their study explored the price impact of variables such as market depth and trade
imbalance (also referred to as order imbalance in quote driven markets), in addition to trade size, trade
indicator, bid-ask spread and duration which were found to be significant in similar studies. The model
thus estimated by Yang and Parwada (2012), was able to forecast the direction of price change for about
72% of the cases, on average.

The in-sample and out-of-sample forecasts provided by the authors were based on the observed
values of the regressors in the forecast horizon. However, in generating out-of-sample forecasts beyond
one-step ahead incorporating observed values for regressors is of limited practical use, as they are not
observed priori. Developing multi-step ahead forecasts, at least for a few transactions ahead is much
more beneficial from a practical perspective, for effective decision making. However, such forecasting
evidence under this framework is seemingly absent in the literature. Therefore, in addressing this
shortcoming, this paper introduces a forecasting mechanism to generate forecasts beyond the one-step
ahead level. Towards this end, disaggregated forecasts are generated first, for each of the explanatory
variables for the period concerned. In order to generate forecasts for the regressors included, the serial
dependence structure of each of the variables is investigated and appropriate forecasting models are
fitted. Sign forecasts are subsequently generated, based on those predicted regressor values, rather than
on observed values and the estimated coefficients of the ordered probit model. These prediction results
are compared with those of the existing literature. Through the introduction of dynamic variables into
the forecasting system, the predictive capability of this approach is investigated through a study based
on the stocks of seven major companies listed in the Australian Securities Exchange (ASX).

In summary, the primary motivation of this paper is to introduce a method to enhance the flexibility
and adaptability of the ordered probit model to generate multi-step ahead forecasts of stock price
changes. Identifying and estimating appropriate univariate models for forecasting each explanatory
variable, taking their serial dependence structure into account, towards this endeavour, is the second
motivation. The third motivation is to improve on the results of Yang and Parwada (2012) in model
estimation and forecast accuracy, by reducing noise in the data used and suitably formulating variables.
Therefore, this exercise features the same stocks and almost the same independent variables that were
employed by Yang and Parwada (2012). We were able to achieve an 88 per cent plus rate of accuracy,
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on average, in the out of-sample forecasts of the direction of price changes using observed regressor
values. In addition, more than 91 per cent of in-sample estimates, on average, correctly predicted the
direction of price change. This is in comparison to the 72 per cent achieved by Yang and Parwada (2012).
It is between 78-80 per cent when predictied regressor values were incorporated.

The remainder of the paper is organized as follows. Section 2 provides a review of the ordered
probit model while Section 3 gives a description of the data and the variables used in the analysis.
This section reports the summary statistics for each variable for the chosen stocks and introduces the
relevant models for estimation and forecasting of durations, residuals and regressors. The empirical
evidence is reported in Section 4 including model estimation and diagnostics. The results of the
forecasting exercise for both in-sample and out-of-sample are presented in Section 5 and finally,
the concluding remarks are provided in Section 6.

2. A Review of the Ordered Probit Model

In a sequence of transaction prices, Pt0 , Pt1 , Pt2 , . . . , PtT occurring at times t0, t1, t2, . . . , tT the
resulting price changes multiplied by 100 is represented as an integer multiple of a tick and denoted by
Y1, Y2, . . . , YT , where Yk ≡ {Ptk − Ptk−1} × 100. The ordered probit model analyses discrete dependent
variables with responses that are ordinal but not continuous. Underlying the indexing in such models,
there exists a latent continuous metric and the thresholds partition the real line into a series of different
regions corresponding to these ordinal categories. Therefore, the unobserved latent continuous
variable Y∗ is related to the observed discrete variable Y. It is assumed that the conditional mean of Y∗

is described as a linear combination of observed explanatory variables, X and a disturbance term that
has a Normal distribution.

The ordered probit specification takes the following form:

Y∗
k = X′

kβ + εk, where εk|Xk ∼ i.n.i.d.N(0, σ2
k ), (1)

where i.n.i.d denotes that the errors are independently but not identically distributed. Xk is a q × 1
vector of predetermined explanatory variables that govern the conditional mean, Y∗

k and β is a q × 1
vector of parameters to be estimated. Here, the subscript denotes the transaction time. The observed
price change Yk is related to the latent continuous variable Y∗

k according to the following scheme:

Yk =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
s1 if Y∗

k ∈ A1

s2 if Y∗
k ∈ A2

...
...

sm if Y∗
k ∈ Am ,

(2)

where the sets Ak are comprised of non overlapping ranges of values, partitioning the continuous state
space of Y∗

k and the sj are the corresponding discrete values containing the state space of Yk, which are
called states. Let sj’s be the price change in ticks −2, −1, 0, 1, . . .. Suppose that the threshold values of
A are given as follows: ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

A1 ≡ (−∞, α1],
A2 ≡ (α1, α2],
...
Ak ≡ (αk−1, αk],
...
Am ≡ (αm−1, ∞).

(3)

The number of states, m is kept finite, though in reality price change could take any value in
cents to avoid the explosion of an unknown number of parameters. As per Hausman et al. (1972),
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the only requirement in this framework is the conditional independence of the εk’s, where all the serial
dependence would be captured by the regressors. Further, there are no restrictions on the temporal
dependence of the Xk’s. The conditional distribution of Yk , conditioned upon Xk depends on the
partition boundaries and the distributional assumption of εk. The conditional distribution in the case
of Gaussian εk is

P(Yk = si|Xk) = P(X′
kβ + εk ∈ Ai|Xk)

=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

P(X′
kβ + εk ≤ α1|Xk) if i = 1,

P(αi−1 < X′
kβ + εk ≤ αi|Xk) if 1 < i < m,

P(αm−1 < X′
kβ + εk|Xk) if i = m,

(4)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

Φ
(

α1−X′
k β

σk

)
if i = 1,

Φ
(

αi−X′
k β

σk

)
− Φ

(
αi−1−X′

k β
σk

)
if 1 < i < m,

1 − Φ
(

αm−1−X′
k β

σk

)
if i = m,

(5)

where Φ(·) denotes the standard Normal cumulative distribution function. Since the distance between
the conditional mean X′

kβ and the partition boundaries determines the probability of any observed
price change, the probabilities of attaining each state, given the conditional mean, could be changed
by shifting the partition boundaries appropriately. The explanatory variables capture the marginal
effects of various economic factors that influence the likelihood of a given state as opposed to another.
Therefore, the ordered probit model determines the empirical relation between the unobservable
continuous state space and the observed discrete state space as a function of the explanatory variables,
Xk, by estimating all the system parameters, including β coefficients, the conditional variance σ2

k and
the partition boundaries α, from the data itself.

Let Uik be an indicator variable, which takes the value 1 if the realisation of the kth observation, Yk
is the ith state si and 0 otherwise. The log likelihood function L for the price changes Y = [Y1, Y2, . . . , YT ],
conditional on the regressors, X = [X1, X2, . . . , XT ], takes the following form:

L(Y|X) = ∑T
k=1

{
U1k.logΦ

(
α1−X′

k β
σk

)
+∑m−1

i=2 Uik.log
[
Φ

(
αi−X′

k β
σk

)
− Φ

(
αi−1−X′

k β
σk

)]
+Umk.log

[
1 − Φ

(
αm−1−X′

k β
σk

)]} (6)

Hausman et al. (1972) has reparameterised the conditional variance σ2
k based on the time between

trades and lagged spread.

Models for Correlated Errors and Explanatory Variables

As mentioned in the above subsection, models with an appropriate autoregressive structure are
used as forecasting models for the explanatory variables. Autoregressive integrated moving average
(ARIMA) models of order (p,d,q) or ARIMA (p,d,q) models are used tomodel the autocorrelation in a
time series and are used to predict behaviour based on past values alone. However, certain variables
warranted the application of a simple ARIMA type model while others exhibit long range dependence,
which require autoregressive fractionally integrated moving average (ARFIMA) (p,d,q) type models
to describe their behaviour. On the other hand, forecasts of indicator variables with more than two
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categories are based on multinomial logistic regressions, where the responses are nominal categories.
The heteroscedasticity in the residuals is captured by the generalised autoregressive conditional
heteroscedasticity GARCH(p, q) model (Bollerslev 1986), following (Yang and Parwada 2012). A brief
description of each of these models are given in the Appendix.

3. Data, Variables and ACD Model

3.1. Data Description and ACD Model

The relevant data for this analysis was obtained from the Securities Industry Research Centre
of Asia-Pacific (SIRCA) in Australia. The dataset consists of time stamped tick-by-tick trades, to the
nearest millisecond and other information pertaining to trades and quotes for the chosen stocks listed
in the Australian Securities Exchange (ASX). This study is based on a sample of stock prices collected
during a three month period from 16 January 2014 to 15 April 2014. The stocks that were not subjected to
any significant structural change, representing seven major industry sectors, are included in the sample.
The selected stocks are Australian Gas Light Company (AGL), BHP Billiton (BHP), Commonwealth
Bank (CBA), News Corporation (NCP), Telstra (TLS), Westfarmers (WES) and Woodside Petroleum
(WPL) from Utilities, Materials, Financials, Consumer Discretionary, Telecommunication services,
Consumer Staples and Energy sectors respectively. All seven of these stocks are included in the study
by Yang and Parwada (2012), consisting of both liquid and less liquid assets, to minimise sample
selection biases. However, the sampling period and the sample size differ between studies. Two stocks
are not included in this paper due to the absence of transactions during the study period. Intraday
price changes extracted from tick by tick trade data forms the basic time series under consideration.
Overnight price changes are excluded as their properties differ significantly from those of intraday
price changes (See Amihud and Mendelson 1987; Stoll and Whaley 1990). The trading hours of ASX
are from 10.00 a.m. to 4.00 p.m. Due to the possibility of contamination of the trading process by
including opening and closing trades (Engle and Russell 1998), the trades during the initial 30 min of
opening and the final 30 min prior to closing are disregarded.

The following information with respect to each transaction is collected for each stock: Trade
data comprising of date, time, transaction price and trade size, quote data such as bid price and
ask price, market depth data comprising of volume at the highest bid price (best bid) and volume
at the lowest ask price (best ask) and market index (ASX200). HFD generally contains erroneous
transactions and outliers that do not correspond to plausible market activity. This is mainly attributed
to the high velocity of transactions (Falkenberry 2002). Among others Hansen and Lunde (2006);
Brownlees and Gallo (2006) and Barndorff-Nielsen et al. (2009) have paid special attention to the importance
of data cleaning. A rigorous cleaning procedure is used here in obtaining a reliable data series for the
analysis, mainly in accordance with the procedure outlined in Barndorff-Nielsen et al. (2009). To generate a
time series at unique time points, during the instances of simultaneous multiple trades (quotes), the median
transaction price (bid/ask prices) of those trades (quotes) is considered. Correspondingly, cumulative
volume of those trades (quotes) are taken as the trade volume (bid/ask volume).

In the ordered probit model, the dependent variable Yk is the price change between the kth and
k−1th trade multiplied by 100. This records Yk in cents, which however is equivalent to ticks as the tick
size of the ASX for stocks with prices of the chosen magnitude is 1 cent. In this analysis, several different
explanatory variables are included to measure their association with direction of price movement,
following Yang and Parwada (2012). Bid and ask quotes are reported as and when quotes are updated,
which necessitates the matching of quotes to transaction prices. Each transaction price is matched to the
quote reported immediately prior to that transaction. Similarly, aggregate volumes at the best bid and
best ask prices together with the ASX200 index representing the market are also matched in a similar
fashion. The bid-ask spread Sprdk−1, is given in cents, while LBAVk−1 & LBBVk−1 denote the natural
log of number of shares at best ask and bid prices respectively. LVolk−1 gives the natural logarithm
of (k − 1)th trade size. Conditional duration, ψk−1 and standardised transaction duration εk−1 are
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derived estimates by fitting an autoregressive conditional duration model (ACD (1,1)) to diurnally
adjusted duration data. A brief description of the model introduced by Engle and Russell (1998) is
presented in Appendix A. The initial record of each day is disregarded as it is linked to the previous
day’s prices and results in negative durations. TIk−1 denotes the trade indicator of (k − 1)th trade,
which classifies a trade as buyer-initiated, seller-initiated or other type of trade. Trade imbalance
TIBk−1, based on the preceding 30 trades that occurred on the same day (Yang and Parwada 2012)
(YP hereafter) is calculated as follows:

TIBk−1 =
∑30

j=1

(
TI(k−1)−j × Vol(k−1)−j

)
∑30

j=1 Vol(k−1)−j
(7)

The first 30 observations of trade imbalance (TIB) is set to zero as TIB also depends on the previous
day’s trade imbalance for these transactions.

Market index return RIndxk−1, prevailing immediately prior to transaction k is computed as
given below:

RIndxk−1 = ln(INDXk−1)− ln(INDXk−2) (8)

The sampling period and the use and categorisation of certain variables in this analysis differ from
YP. ASX200 is applied here instead of specific sector indexes as the impact of the performance of the
overall economy tends to be more significant on stock price behaviour than of a specific sector. On the
other hand, the reference point for grouping the price changes is the ‘one tick’ threshold vis a vis the
‘zero’ change. This provides a more meaningful classification of the groups, as the categorisation of
price change is based on a range of values rather than a fixed value for a certain group.

3.2. Sample Statistics

The main characteristics of the chosen variables in the analysis and how those characteristics
differ between stocks could be ascertained from the several summary statistics that are provided in
Table 1. There is considerable variation in the price level among the stocks considered in the sample.
The highest price during this period ranged between AUD 4.96 for TLS and AUD 77.87 for CBA.
The volatility of prices as indicated by the standard deviation of the percentage price change is not
very high, with the TLS recording the highest value of 7.65 per cent. For most other stocks, it is
less than 5 per cent. Average trade volume also records a substantial dispersion between the stocks,
which varied from 161 for NCP and 6983 for TLS during the period. An indication of whether a
transaction is buyer-initiated or seller-initiated is required for the empirical analysis. This measure is
useful in identifying the party most anxious to execute the trade and the actions of whom would be
reflected in terms of the bid/ask spread. The trades fall into these two categories in more or less equal
proportions across stocks and are very similar in value except for TLS. The indeterminate trades form
around 8–18% of trades, while it is 45% for TLS. The absence of asymmetric pressure from the buying
or selling side suggests that there were no events with major news impact that would have resulted in
abnormal trades and returns. This is further highlighted by zero mean returns.

The trading frequency as measured by the average duration between two consecutive trades also
varies across stocks significantly. For more liquid stocks such as BHP, CBA and WES, trades tend to
occur every 5 s or less on average. The other stocks are generally traded within 10 s. However, NCP
is traded every 25 s on average. The observed large dispersions is a characteristic inherent in trade
durations. Next, the estimation of the duration dynamics under an ACD model is considered, since the
expected and standardised durations enter the orderd probit model as two separate variables.

The estimated coefficients of the ACD (1,1) model fitted to diurnally adjusted durations is
presented in Table 2. The multiplicative error component is assumed to follow a Standardised Weibull
distribution. All the coefficients are highly significant for each of the stocks, indicating the dependence
of the expected duration on its past behaviour. It is straightforward to estimate the conditional
expected durations, ψk utilising the parameter estimates from the ACD model. The diurnal component
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was estimated using a cubic spline with knots at each half hour between 10:30 a.m. and 15:30 p.m.
The standardised durations or the unexpected durations, εk are then obtained by dividing the diurnally
adjusted durations by the conditional expected durations, which is an i.i.d. process. The parameter
estimates are based on the conditional maximum likelihood approach, using the standardised Weibull
distribution for εk. The Weibull distribution is a better choice here as opposed to exponential since
the shape parameter is statistically significant and different from unity for all the stocks. Refer to the
Appendix for the corresponding log-likelihood function.

Table 1. Descriptive statistics of the variables considered in the ordered probit model for all the stocks,
for the period from 16 January 2014 to 15 April 2014.

Statistic AGL BHP CBA NCP TLS WES WPL

Price (AUD)

Max price 16.15 39.79 77.87 20.17 5.29 43.93 39.5
Min price 14.71 35.06 72.15 16.92 4.96 40.88 36.54

Price Change (%)

Mean 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Std.dev 0.0376 0.0197 0.0124 0.0728 0.0765 0.0181 0.0183

Duration (Seconds)

Mean 9.59 3.51 3.49 24.76 8.04 4.26 5.30
Std.dev 19.01 7.37 7.56 49.91 12.47 9.08 11.08

Trade Volume

Mean 395 710 285 161 6983 281 318
Std.dev 2206 3622 2183 711 39,379 1370 1290

Shares at the Best Bid Price

Mean 4451 5498 1579 877 941,002 1841 1983
Std.dev 5027 6464 2899 1994 603,015 2504 2406

Shares at the Best Ask Price

Mean 4399 5513 1808 977 992,906 1945 2100
Std.dev 5409 7544 5053 1649 642,204 2775 2719

Market Index Returns, ASX200

Mean 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Std.dev 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001

Trade Imbalance

Mean −0.0268 −0.0119 0.0094 −0.0623 0.0094 0.0224 0.0004
Std.dev 0.4653 0.4590 0.4401 0.4863 0.5082 0.4564 0.4446

Trade Direction (%)

Buyer initiated 40.9 41.0 44.7 43.9 27.0 44.2 44.6
Seller initiated 41.6 41.0 42.2 48.1 27.6 40.6 41.9

The standardised durations are deemed weakly exogenous in the case of Australian stocks,
according to the regression results of YP. They have regressed the standardised residuals on trades,
volumes and returns for each of the stocks, which included the seven stocks of our study. On the
other hand, both these studies consider the lagged measures of duration, addressing the problem
of endogeneity to some extent. Furthermore, Dufour and Engle (2000) have treated durations as a
strongly exogeneous variable in assessing the role of time on price dynamics.

The volumes at the best bid and ask prices prevailing prior to a transaction gives a measure of
market depth. TLS has the deepest market, minimising the price impact cost for its trades. The trade
imbalance (TIB) attempts to capture the cumulative demand side and supply side discrepancy over the
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last 30 trades. TIB < 0, if seller-initiated cumulative trading volume exceeded the buyer-initiated
cumulative trading volume, during the immediately preceeding 30 trades prior to the current
transaction. On the other hand, TIB > 0, if the buyer-initiated volume was more than the seller-initiated
volume. The zero indicates either all indeterminate trades or an exact matching of selling and buying
volumes during the period. In any case, zeros are very rare. Overall, there is a insignificant trade
imbalance across all stocks. However, three stocks have a negative sign implying the selling volume
marginally exceeded the buying volume while the other four stocks have a positive sign indicating the
reverse phenomenon.

Table 2. The coefficient estimates of an ACD (1,1) model with Standardised Weibull errors fitted for the
stocks. The conditional expected duration where xk is the adjusted duration. α is the shape parameter
of the Weibull distribution.

Parameter AGL BHP CBA NCP TLS WES WPL

α0
0.3177 0.0024 0.3178 0.0348 0.0291 0.3349 0.0030

(21.92 *) (10.16 *) (32.47 *) (10.03 *) (28.82 *) (23.33 *) (6.65 *)

α1
0.3113 0.0110 0.2195 0.1476 0.2180 0.1652 0.0201

(27.91 *) (20.61 *) (41.03 *) (15.53 *) (59.84 *) (29.71 *) (18.48 *)

β
0.4764 0.9865 0.4949 0.8524 0.7820 0.5220 0.9785

(26.80 *) (1371.66 *) (40.08 *) (89.69 *) (214.64 *) (30.26 *) (747.16 *)

α
0.2523 0.4295 0.4258 0.4369 0.5756 0.4194 0.4046

(427.88 *) (726.73 *) (731.49 *) (255.94 *) (476.06 *) (672.39 *) (582.99 *)

* Significant at 99% level.

It is noticed that most of the variables exhibit serial correlation, with variables such as LVol, LBBV,
LBAV, Sprd, TI and TIB showing strong serial dependence, for all stocks. For illustration, Figures 1–3
present the time series behaviour together with the acf and pacf for a few selected variables for a
random stock, AGL.

×104
0 2 4 6 8 10 12

0

5

10

15
LVol of AGL

Lag
0 2 4 6 8 10 12 14 16 18 20

S
am

pl
e 

ac
f

-0.5

0

0.5

1
Sample Autocorrelation Function

Lag
0 2 4 6 8 10 12 14 16 18 20

S
am

pl
e 

pa
cf

-0.5

0

0.5

1
Sample Partial Autocorrelation Function

Figure 1. Time series, acf and pacf for LVol of AGL.
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Figure 2. Time series, acf and pacf for spread of AGL.
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Figure 3. Time series, acf and pacf for trade indicator of AGL.

A novel feature of this study is that unlike in YP’s study, we incorporate this feature by developing
forecasting models for each explanatory variable based on the serial dependence structure. Therefore,
Section 2 reports some useful models for capturing this feature in Xk’s and σ2

k , while details of the
forecasting exercise is discussed later in Section 5.1.
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4. Empirical Evidence

The model estimation for the direction of price change is carried out for these stocks for the period
16 January to 14 April 2014. Out of sample forecasts are generated for the last day of the sample,
on 15 April 2014 from 10:30 a.m. to 15:30 p.m.

Yk denotes the price changes between the k and (k − 1)th trades in terms of integer multiples
of ticks. The price change here is representative of the change in the observed transaction prices.
The number of states that could be assumed by the observed price changes Yk is set to 3, under the
ordered probit framework. Price increases of at least 1 tick being grouped as +1, price decreases
of at least 1 tick as −1, while price changes falling in (−1,1), taking the value 0. The choice of m is
based on achieving the balance between price resolution and minimising states with zero or very
few observations. The decision to restrict m to 3 was mainly influenced by the fact that the observed
price changes exceeding ±2 ticks was below 0.05% for most stocks. The distribution of observed price
changes in terms of ticks, over the transactions, is presented in Figure 4. Prices tend to remain stable in
more than 80 per cent of the transactions, in general. For the rest of the time, rises and falls are more or
less equally likely.
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Figure 4. Distribution of the number of trades over the three categories of price change in terms of
ticks, for all stocks during the period.

4.1. Ordered Probit Model Estimation

Prior to model estimation, all variables considered in the analysis was tested for stationarity
using an Augmented Dickey-Fuller (ADF) test, which confirmed the same, which is in agreement with
previous findings. The Ordered probit model specification depends on the underlying distribution of
the price series. The model can assume any suitable arbitrary multinomial distribution, by shifting the
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partition boundaries accordingly. However, the assumption of Gaussianity here has no major impact in
deriving the state probabilities, though it is relatively easier to capture conditional heteroscedasticity.

The dependent variable in Equation (11) below is the price change in ticks. (An explanation
of the latent continuous version of the price change was given in Section 2). The variables used in
Equation (11) were described in Section 3. Just to recap, the first three variables on the R.H.S. of
Equation (11) are three lags of the dependent variable. TIk−1 is the trade indicator; which classifies
a trade as a buyer-initiated, seller-initiated or other type of trade. SPRDk−1, is the Bid-Ask spread,
measured in cents. LVolk−1 gives the natural logarithm of (k − 1)th trade size. LBAVk−1 and LBABV
denote the natural log of number of shares at best ask and bid prices respectively. TIBk−1 is the
trade imbalance, based on the preceding 30 trades on the same day. Conditional duration, ψk−1 and
standardised transaction duration εk−1 are derived estimates by fitting an autoregressive conditional
duration model (ACD (1,1)) to diurnally adjusted duration data. The ACD (1,1) model is described in
the appendix. RIndxk−1, prevailing immediately prior to transaction k, is calculated as the continuously
compounded return on the ASX 200.

The mean equation under the ordered probit specification takes the following form:

X
′
kβ = β1Yk−1 + β2Yk−2 + β3Yk−3 + β4TIk−1 + β5Sprdk−1 + β6LVolk−1

+β7LBAVk−1 + β8LBBVk−1 + β9TIBk−1 + β10TIk−1 ∗ ψk−1
+β11TIk−1 ∗ εk−1 + β12RIndxk−1

(9)

The maximum likelihood estimates of the ordered probit model on price changes were computed
based on BHHH algorithm of Berndt et al. (1974). The estimated coefficients of the above ordered
probit system are presented in Table 3 while the corresponding z statistics are recorded within
parentheses. Most of the regressors are highly significant to the model for all seven stocks, based on
the asymptotically normally distributed z statistic (Hausman et al. 1972). The pseudo-R2 values
given at the bottom of the table show an improvement, irrespective of the number of observations,
in comparison to those of YP. A relatively higher number of significant coefficients across all stocks is
another improvement.

The first three lags of the dependent variable comes under scrutiny, first. All the lags are significant
with a 95% confidence level, with a negative coefficient for each stock. This inverse relationship with
past price changes is consistent with the existing literature, indicating a reversal in the price compared
to its past changes. Consider a one tick rise in price over the last three trades in the case of AGL,
for example, keeping the other variables constant. The subsequent fall in the conditional mean (Y∗

k )
would be 3.9448, which is less than the lower threshold, resulting in −1 for Yk. The coefficients of
the traditional variables such as the bid ask spread (Sprd), trade volume (LVol) and the market index
returns are significant for all stocks but one, in each case. The Sprd and LVol has a positive impact on
the price change across all stocks. The market index returns, based on the ASX200, as a measure of the
overall economy, generally has a significant positive impact on price changes. Overall, this is in line
with the conventional wisdom. Meanwhile, the coefficients of the trade indicator, the number of shares
at the best bid price and the number of shares at the best ask price are significant for all stocks.

The trade imbalance (TIB) between buyers and sellers has a positive impact on price change and
is statistically significant across all stocks. This phenomenon agrees well with the general inference
that more buyer-initiated trades tend to exert pressure from the demand-side, resulting in a subsequent
rise in price and vice versa. The impact of the time duration between trades is measured separately via
the two constituent components of an ACD model. One is the conditional expected duration (signed),
TIk−1 ∗ ψk−1 and the other isthe standardised innovations (signed), also referred to as unexpected
durations, TIk−1 ∗ εk−1. The signed conditional expected duration is significant for all stocks while
the unexpected component is significant for all but one. This highlights the informational impact
of time between trades in price formation. The interpretation of these measures of duration is not
straightforward as they are comprised of two components. The kind of impact those variables have
on price change will depend on the significance of the trade initiation as well as on the durations.
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One striking feature is that either both the components have a positive impact or both have a negative
impact for a given stock. Wald tests were performed to investigate the significance of duration on price
changes. The tests were conducted under the null hypotheses in which either the coefficient of the
conditional duration is zero or the coefficient of standardised duration is zero or both are jointly zero.
The resultant F statistics suggest that both the components of duration are significant for all the stocks
considered. The test results are not presented here for the sake of brevity.

The partition boundaries produced below the coefficient estimates determine the partition points
of the direction of change in the latent variable. There are three possible directions the price change
can take in terms of ticks, Yk ≤ −1, Yk = 0 and Yk ≥ +1. By comparing these boundary values with
the estimated continuous variable Y∗

k , values −1, 0 or +1 are assigned to the observed variable Ŷk.

Table 3. Coefficient estimates βi, of ordered probit model on direction of price change based on 12
explanatory variables for the selected stocks. The sampling period was 16 January 2014 to 15 January
2014. Z statistics are given within parentheses for each parameter.

Parameter AGL BHP CBA NCP TLS WES WPL

Obs. 114,318 316,547 317,761 41,085 137,323 260,954 205,651

Yk−1
−2.2281 −1.0240 −0.7915 −0.7637 −1.7745 −1.4750 −1.6261

(−72.21 *) (−130.16 *) (−119.64 *) (−54.32 *) (−53.16 *) (−143.59 *) (−113.69 *)

Yk−2
−1.1262 −0.3614 −0.3247 −0.2554 −0.9070 −0.7413 −0.8578

(−37.38 *) (−50.67 *) (−52.35 *) (−18.92 *) (−21.15 *) (−72.42 *) (−62.50 *)

Yk−3
−0.5905 −0.1142 −0.1153 −0.1405 −0.4252 −0.3533 −0.4137

(−19.79 *) (−16.65 *) (−19.56 *) (−10.50 *) (−12.21 *) (−33.69 *) (−30.20 *)

TI 0.9572 1.2730 −0.2832 −0.1256 −1.2319 0.8899 0.9831
(67.69 *) (285.32*) (−88.07 *) (−8.95 *) (−38.61 *) (165.00 *) (146.16 *)

Sprd 0.0479 0.0342 0.0078 0.0117 0.0703 0.0238 0.0261
(3.16 *) (6.71 *) (2.60 *) (1.85 **) (1.21) (0.95) (4.83 *)

LVol 0.0047 0.0090 0.0050 0.0167 0.0118 0.0060 0.0043
(1.16) (6.13 *) (3.67 *) (4.92 *) (3.04 *) (3.03 *) (1.85 **)

LBAV 0.0801 0.1019 0.0337 −0.0312 −0.0515 0.0398 0.0607
(12.36 *) (48.39 *) (20.31 *) (−6.94 *) (−4.76 *) (15.25 *) (19.05 *)

LBBV −0.0760 −0.1097 −0.0397 0.0252 0.0425 −0.0575 −0.0744
(−12.03 *) (−53.04 *) (−23.81 *) (5.66 *) (3.32 *) (−21.15 *) (−21.51 *)

TIB 0.0488 0.0647 0.0929 0.0457 0.1916 0.0986 0.0696
(2.52 *) (9.70 *) (15.89 *) (3.04 *) (9.47 *) (11.50 *) (6.77 *)

TI ∗ ψ
−0.2246 −0.3764 0.7304 0.0353 −0.0546 −0.2506 −0.2631

(−31.79 *) (−119.95 *) (203.38 *) (4.24 *) (−3.91 *) (−62.24 *) (−56.41 *)

TI ∗ ε
−0.0535 −0.0608 0.0706 0.0013 −0.0213 −0.0314 −0.0328

(−11.51 *) (−37.49 *) (55.74 *) (0.40) (−4.01 *) (−14.58 *) (−12.73 *)

RIndx 262.0988 110.1514 194.2312 307.72 −107.5324 342.8466 139.1455
(3.30 *) (2.47 *) (3.71 *) (7.49 *) (−0.87) (6.52 *) (2.72 *)

α1 −2.8628 −2.1469 −1.6552 −1.5723 −4.5651 −2.3399 −2.4639
α2 2.9999 2.1869 1.6699 1.7676 5.1375 2.2403 2.3768

Pseudo − R2 0.3203 0.3339 0.2226 0.2068 0.3223 0.2589 0.2833

* Significant at 95% level. ** Significant at 90% level.

In parameterising the conditional variance, an ARMA specification was used following YP.
Therefore, a GARCH (p, q) specification including up to two lags was used on the residual series of the
ordered probit model across all stocks. The orders p, q were selected on the basis of Akaike information
criterion (AIC). The selected parameter estimates of the fitted GARCH models are reported in Table 4.
Only some of the parameters appear to be significant with less persistence in conditional volatility for
some stocks.
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Table 4. Coefficient estimates of GARCH parameters of the conditional variance of the residuals for all
stocks. ω, constant; κ, GARCH parameters; δ, ARCH parameters

Parameter AGL BHP CBA NCP TLS WES WPL

Obs. 114,318 316,547 317,761 41,085 137,323 260,954 205,651

ω
0.4081 0.0468 0.0022 0.0598 0.0204 0.3242 0.3282

(0.3419) (0.5782) (0.4748) (0.3415) (0.1226) (0.5995) (0.4998)

κ1
0.3194 0.3803 0.9723 0.8255 0.9175 0.2445 0.2406

(0.2182) (0.3205) (46.8638) (2.4207) (2.9561) (0.2668) (0.2209)

κ2
0.5157 0.2045 0.2172

(0.4516) (0.2272) (0.2019)

δ1
0.2523 0.0429 0.0244 0.0873 0.0615 0.1735 0.1660

(0.6870) (0.9682) (1.4103) (0.6766) (0.0.2994) (1.3347) (1.1188)

4.2. Price Impact of a Trade

Price impact measures the effect of a current trade of a given volume on the conditional
distribution of the subsequent price movement. In order to derive this, Xkβ has to be conditioned
on trade size and other relevant explanatory variables. The volumes, durations and the spread were
kept at their median values while the index was fixed at 0.001 whereas trade indicator and trade
imbalance were kept at zero to minimise any bias. It is observed that the coefficients of the three lags
of Yk are not identical, implying path dependence of the conditional distribution of price changes
(Hausman et al. 1972). Consequently, the conditioning has to be based on a particular sequence of
price changes as well, as a change in the order will affect the final result. These conditioning values of
Xk’s specify the market conditions under which the price impact is to be evaluated.

The conditional probabilities were estimated under five scenarios of path dependence keeping the
other quantities at the specified values. These are falling prices (−1/−1/−1), rising prices (1/1/1),
constant prices (0/0/0) and alternative price changes, (−1/+1/−1) and (+1/−1/+1). Figures 5 and 6
exhibit the plots of estimated probabilities under the first three scenarios for all the seven stocks. The shifts
in the distribution are clearly evident for the first two cases as against the third case of constant prices.
Under the falling price scenario, the shift is more towards the right while for the rising price scenario, it is
more towards the left indicating an increased chance of price reversal after three consecutive rises or falls.
In the case of alternating prices it was revealed that prices tend to remain stable in the subsequent trade.
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Figure 5. Distribution of estimated probabilities of direction of price change conditioned on constant,
increasing and decreasing past price changes.
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Figure 6. Distribution of estimated probabilities of direction of price change conditioned on constant,
increasing and decreasing past price changes.

4.3. Diagnostics

A well specified ordinary least squares (OLS) regression would exhibit little serial correlation in
the residuals. A similar kind of test could be performed on the generalised residuals in the case of
ordered probit to test its validity, as it is not possible to obtain residuals directly (Hausman et al. 1972).
Table 5 contains the sample cross-correlation coefficients of generalised residuals with the lagged
generalised fitted values, Ŷk−j, computed up to 12 lags. Under the null hypothesis of no serial
correlation, the theoretical cross-correlation coefficients should be zero or close to zero. The reported
values are quite small, varying in the range from −0.01 to 6.19 × 10−6.

Table 5. Cross-autocorrelation coefficents v̂j, j = 1, . . . , 12 of generalised residuals with lagged
generalised fitted price changes.

Parameter AGL BHP CBA NCP TLS WES WPL

v̂1 −0.0025 −0.0002 −0.0015 −0.0004 0.0004 −0.0015 −0.0004
v̂2 −0.0057 0.0012 −0.0015 −0.0002 −0.0012 −0.0003 0.0009
v̂3 −0.0103 −0.0005 −0.0016 0.0008 −0.0008 0.0010 0.0015
v̂4 −0.0058 6.19 × 10−6 −0.0018 −0.0029 −0.0028 −0.0004 0.0013
v̂5 −0.0045 0.0006 −0.0018 −0.0022 −0.0039 0.0005 −0.0017
v̂6 −0.0056 −0.0001 −0.0020 −0.0025 0.0016 0.0031 0.0018
v̂7 0.0009 −0.0008 −0.0018 0.0002 −0.0015 0.0034 0.0001
v̂8 0.0029 0.0001 −0.0017 0.0043 −0.0039 0.0010 0.0003
v̂9 0.0001 −7.76 × 10−5 −0.0017 0.0057 −0.0023 0.0036 −0.0023
v̂10 0.0047 0.0003 −0.0015 0.0039 −0.0021 0.0030 0.0042
v̂11 0.0076 0.0020 −0.0013 0.0025 −0.0033 0.0009 0.0017
v̂12 0.0011 0.0014 −0.0011 0.0014 −0.0041 0.0024 −0.0002

5. Forecasting the Direction of Price Change

The forecasting performance of the ordered probit model fitted to the stocks is investigated.
The tests of in-sample and out of-sample forecasts provide some basis to gauge the model’s ability to
accurately forecast the future direction of price changes. Forecasts are generated under three scenarios.
In-sample probability estimates are based on the last week of the training sample from 8 April to
14 April 2014. Meanwhile, out-of-sample forecasts are based on the final day of the data series, 15 April.
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Only one day is considered for the out-of-sample performance as it is not feasible to project price
changes beyond one day with any degree of accuracy as a normal trading day contains more than 1000
transactions for all the stocks, with the exception of NCP which had only 417. Out-of-sample forecasts
are computed in two ways. One is one-step ahead forecasts based on the observed, recorded values of
the regressors and the other is the multi-step ahead, using their predicted values. The next subsection
discusses the forecast generation under the second scenario in more detail. The commonly observed
measures of forecast performance are not so relevant in this case, since the dependent variable is
categorical. However, some measures such as root mean square error (RMSE) and mean absolute
deviation (MAD) were calculated for both in-sample and out-of-sample forecasts, though they are not
reported here for the sake of brevity.

5.1. Out-of-Sample Multi-Step Ahead Forecasts with Disaggregated Predictions of Individual
Explanatory Variables

In real life, the values of the regressors are not observed priori, to forecast at least a few transactions
ahead. Unlike in YP’s study this paper develops out-of-sample multi-step ahead forecasts based on
disaggregated predictions of the regressors. Under this scenario, multi-step ahead forecasts are
generated for the entire forecast horizon, based on the estimated models, as well as 100-step ahead
rolling basis. The rolling forecasts of price change are based on similar forecasts of explanatory
variables. Towards this end, we first predict the future values of the regressors based on models that
are fitted to capture the autoregressive behaviour of each variable in the sample. Under this setup,
forecasts of price change are derived for the estimated transactions occurring on the last day of the
series, 15 April 2014. The relevant models are fitted after a careful inspection of the autocorrelation
function (acf) and the partial autocorrelation function (pacf) of the individual series, as discussed
in Section 2. The model selection among several competing models is based on the AIC for a given
regressor. In most instances, the time series of LVol shows a hyperbolic decay in their acfs and pacfs,
similar to Figure 1. Therefore, an ARFIMA type model is the preferred choice for LVol. The fractional
differencing parameter, d is always within the range of 0 to 0.5, indicating the presence of long memory.
On the other hand, most other variables such as LBBV, LBAV, TIB and Sprd have slow decaying
autocorrelations and partial autocorrelations, with the majority falling short of a hyperbola. Figure 2
gives a general perception on the behaviour observed in these variables. For these regressors, an ARMA
type model suffices for most stocks, in general. Forecasts of trade indicator are based on a multinomial
logistic regression on LBAV, LBBV, lags of Y and lags of TI, as the common contenders for the
explanatory variables. Parameter estimates of predictive models for selected variables are illustrated
in Tables 6 and 7 for the stock, AGL. The expected and unexpected durations are forecasted by the
estimated ACD model.

Table 6. Coefficient estimates of autoregressive model parameters fitted to selected independent
variables. The t statistics are given within parentheses. Illustrative examples include a long memory
and a short memory model for LVol and Sprd for the stock AGL. d, long memory parameter; φ,
AR parameters; θ, MA parameters.

Parameter LVol Spread

(ARFIMA) (ARMA)

c 0.0030 (7.30)
d 0.1867 (68.50)

φ1 0.0082 (15.72) 1.7555 (160.732)
φ2 −0.7581 (−71.06)
θ1 −0.0079 (−35.59) −1.3455 (−123.55)
θ2 0.2774 (41.16)
θ3 0.0621 (15.35)
θ4 0.0136 (3.67)
θ5 0.0052 (1.80)
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Table 7. Coefficient estimates of multinomial logistic regression model parameters fitted to Trade
indicator (TI) of AGL. The base category is 1. Z statistics are given in parentheses.

Independent Category

Variable −1 0

c 0.1449 (2.63) −1.9155 (−26.87)
dpk−1 0.2095 (5.08) 0.1128 (1.98)

lbbvk−1 −0.3146 (−60.57) −0.0746 (−10.41)
lbavk−1 0.3001 (60.42) 0.2302 (35.96)
TIk−1 −0.9664 (−119.26) −0.4632 (−42.96)

5.2. Forecast Performance of the Ordered Probit Model

The basic test of forecast errors is mainly based on the number of correct forecasts as a percentage
of total forecasts. The fitted directions of price change, Ŷk, based on the estimated coefficients are
compared with their actual counterparts for each transaction in the forecasting sample. The number
of exact tallies provide the number of correct forecasts. The in-sample forecast results illustrated in
Table 8 reports a 91% accuracy, which is a very high percentage, by any means, vouching for the
significant forecasting ability of the model. In comparison, YP achieved a percentage of 72. On the other
hand, out-of sample results are provided in Table 9. For one-step ahead forecasts based on observed
regressor values, the direction could be accurately predicted 88 per cent of the time, on average, across
all stocks. The percentage achieved by YP again is 72 per cent. Meanwhile, the performance of the
multi-step ahead forecasts based on the fitted regressor values is not as striking as in the other two
cases, as expected. Notwithstanding, percentages of 78 and 85, on average, are highly noteworthy and
are still higher than the 72 per cent of YP. The comparatively dismal performance of TLS under the first
scenario given in panel 2 (a) of Table 9 may have been influenced by a relatively small number of price
changes recorded during the period. However, the rolling forecasts show a remarkable improvement.
The ex-post forecast of this stock is slightly better than the ex-ante forecast, which is quite contrary to
the other stocks. The reverse is observed for five of the other stocks, as anticipated, while for one stock,
it is similar.

The predictions of regressors based on serial correlation structures do not provide very good long
term multi-step ahead forecasts, due to mean reversion. As a result of this, the forecasts of price change
direction, based on those fitted values may also not provide reliable long term forecasts. A single day
is referred to as longterm as the average daily transactions exceed 1000 for most stocks in the sample.
Therefore, under these circumstances, the forecast horizon is restricted to the 100 transactions of the
last day on a rolling basis, which resulted in a much better accuracy percentage of 85, in comparison
to the one incorporating all the transactions of that day. It is worthwhile mentioning that from an
individual stock’s perspective, the short term performance is better than the long term. The worst case
scenario gives around 75 per cent of out-of-sample correct forecasts, whereas it is around 85 per cent
for the in-sample predictions.

Based on predicted price movements, investors can adjust their trading positions accordingly in
formulating trading strategies, risk management, portfolio allocations etc. However, the most risky
position under these forecast scenarios would be the adverse selection (see Yang and Parwada 2012,
for more details). It is where the actual occurrence is the opposite of the predicted price movement,
with possible adverse effects on the investor’s networth. Therefore, it is worthwhile examining the
extent of the possibility of this risk of adverse selection taking place. The percentages of predictions
in the opposite direction for actual rise/fall are given in Tables 8 and 9 for in-sample predictions and
out-of-sample forecasts respectively. Generally, this risk is very small and not more than 1 per cent
across all stocks, except TLS, under all the forecast scenarios. In the case of out-of-sample forecasts,
TLS records a 50 per cent risk of adverse selection, mainly as a result of only two recorded price falls in
the forecast sample. Furthermore, altogether there are only three rises/falls in the price, giving rise to
zero correct classifications for those categories for TLS.
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The predicted conditional probabilities of the three categories of forecast price change Ŷk, −1,
0 and 1 are generated under the ordered probit system for in-sample as well as out-of-sample
forecasts. Ŷk is assigned the value of the category with the highest probability for a given transaction.
These probabilities obtained for the stock, CBA, are illustrated for 100 observations during the
forecast period, in Figures 7 and 8 to represent all the stocks, which show similar behaviour. For a
given observation, the vertical sum of the three conditional probabilities is one. In the case of both
in-sample and out-of-sample scenarios, the probabilities tend to fluctuate. However, for the majority of
observations, no price change category tends to have a probability greater than 50 per cent, in general,
resulting in lower percentages of correct classifications for rises and falls in prices. This does not
indicate a deviation from the real life behavior in prices, with respect to the overall distribution across
the three categories. Nevertheless, this phenomenon highlights a slight over prediction in that category.
A similar pattern of behaviour is observed for the forecasts with predicted regressors as well.

As discussed earlier, most of the trades do not witness heavy movements in prices. Nevertheless,
if a rise/fall in price could be foreseen in advance, investors are in a better position to create profitable
strategies or to manage risk appropriately. Since multi-step ahead predictions of opposite price
movements are rare, a forecast rise/fall would provide useful signals of future price directions.
This, when combined with the knowledge of past price paths, will aid the investor in making a more
informed decision in strategy formulation in his favour, especially towards minimising risk. However,
improving the individual forecasts of the explanatory variables will be beneficial in realising better
predictions of future price movements under this framework.

Table 8. In-sample predictions of direction of price change for the last one week period of the training
sample from 8 April 2014 to 14 April 2014.

Parameter AGL BHP CBA NCP TLS WES WPL

One Week—08/04–14/04

Observations 114,318 316,547 317,761 41,085 137,323 260,954 205,651
accuracy(%) 97.80 86.20 85.11 85.24 98.75 92.19 94.76
−1 40.00 23.79 36.03 25.48 39.29 27.11 38.45
0 99.79 98.67 98.14 98.64 99.65 99.51 99.78
+1 45.40 24.29 35.73 32.01 36.00 33.57 37.09
Actual Forecast No. % No. % No. % No. % No. % No. % No. %
−1 +1 0 0 1 0.05 6 0.32 1 0.42 0 0 0 0 0 0
+1 −1 0 0 0 0 3 0.17 0 0 0 0 0 0 0 0
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Figure 7. In-sample estimated probabilities of direction of price change for 100 observations of CBA.
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Figure 8. Out of-sample estimated probabilities of direction of price change for 100 observations of
CBA, based on actual regressor values.

Table 9. Out-of sample forecasts of direction of price change for the last day of the sample, 15 April
2014. First panel contains one-step ahead forecasts based on actual explanatory variables and the
second panel, muti-step ahead with predicted variables.

Parameter AGL BHP CBA NCP TLS WES WPL

One-Step Ahead—15/04

Observations 1151 3319 4073 417 1218 2518 3638
accuracy (%) 97.83 85.90 79.65 75.30 99.67 88.28 91.70
−1 35.29 27.40 26.80 21.54 0.00 32.54 32.77
0 99.73 98.47 97.31 96.82 99.92 98.95 99.47
+1 38.89 23.84 26.88 37.68 0.00 38.03 35.53
Actual Forecast No. % No. % No. % No. % No. % No. % No. %
−1 +1 0 0 0 0 6 1.2 0 0 0 0 2 1.2 0 0
+1 −1 0 0 0 0 1 0.2 0 0 0 0 0 0 0 0

Multi-Step Ahead—15/04

(a) All transactions
Observations 1151 3319 4073 417 1218 2518 3638
accuracy (%) 97.74 82.74 74.93 67.87 47.46 87.41 90.07

(b) 100-step ahead
accuracy (%) 97.48 83.25 80.55 74.82 79.97 89.87 92.25
−1 30.77 25.34 21.94 20.00 0.00 23.78 20.43
0 98.93 94.94 99.87 100.00 80.16 99.14 99.88
+1 38.46 29.18 23.72 23.19 0.00 27.45 25.71
Actual Forecast No. % No. % No. % No. % No. % No. % No. %
−1 +1 0 0 2 0.68 3 0.58 0 0 1 50 0 0 0 0
+1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

6. Conclusions

The future direction of stock price movements are predicted through the estimation of an ordered
probit model under an empirical setup. The study comprises of intra-day transaction data of seven
stocks representing seven industry sectors, listed on the ASX. The ordered probit specification seems to
adequately capture the price changes. All the explanatory variables are highly significant for the majority
of the stocks. Diagnostics indicate lack of serial correlation in residuals with the implication of the model
providing a good fit. The sequence of trades has an impact on the conditional distribution of price changes,
while the trade size too is important with larger volumes putting more pressure on prices.
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In improving forecast accuracy of the model, our study differs from that of YP in certain respects.
Percentage of success in predicting future direction of price movements is used as a yardstick to
measure the forecasting strength of the model. The success rate of the in-sample predictions is around
91 per cent and out-of sample one-step ahead forecasts happens to be 88 per cent. These percentages
are much higher than the respective percentage of 72 per cent achieved by YP, for both cases. Overall,
our forecasts outperform those of YP for each common stock.

Another main contribution of this study is to forecast price changes within a more practical
perspective. In real life, the values of the regressors are not known a-priori to forecast at least a few
transactions ahead. In addressing this drawback, we first predict the future values of the regressors
based on their serial correlation structures by way of appropriate models. This resulted in several
Autoregressive Moving Average (ARMA) and Autoregressive Fractionally Integrated Moving Average
(ARFIMA) type models. In a subsequent step, these disaggregated forecasts are incorporated into the
ordered probit model to generate future price change forecasts. Obviously, the 100-steps ahead short
term forecasts perform better than the longterm ones including all transactions in the forecast horizon
for most stocks. On average, the successful percentage in the long term is still a reasonable 78 per cent,
which is affected by a poorly performing stock. On the other hand, the average success rate in the
short term is around 85 per cent, which is quite remarkable.

Given the considerably high percentage of constant prices in real life, the model captures this
phenomenon, albeit with a slight bias towards predicting no change. However, the risk of adverse
selection is minimised. Nevertheless, this predictive model is useful for investors in developing
successful trading strategies, particularly towards minimising risk as this provides valuable signals
towards the future directions of price movements. The usefulness of this model to growth driven
investors could be enhanced by improving the forecasting accuracy of the independent variables
by adopting more sophisticated econometric techniques within a unified framework. In addition,
the investigation of the adequacy of the conditional variance specification may also prove useful in
improving the forecast probabilities.
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Appendix A. Models for Errors and Explanatory Variables

Appendix A.1. ACD Specification to Model Transaction Durations

The Autoregressive Conditional Duration (ACD) model analyses transaction duration, identifying
it as a conditional point process.The temporal dependence of the diurnally adjusted duration process
is captured by the conditional expected duration, ψk = E(xk|xk−1, . . . , x1), under a linear ACD(p, q)
specification and has the following form:

ψk = α0 +
p

∑
i=1

αixk−i +
q

∑
j=1

β jψk−j, (A1)

where p ≥ 0; q ≥ 0. The standardized durations

εk =
xk
ψk

are i.i.d. with E(εi) = 1. The log likelihood function for the Std. Weibull errors, is

L(x|θ) =
T

∑
k=2

α ln
[

Γ
(

1 +
1
α

)]
+ ln

(
α

xk

)
+ α ln

(
xk
ψk

)
−

[
Γ
(

1 +
1
α

)
xk
ψk

]α

, (A2)
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where α is the shape parameter of the density.

Appendix A.2. GARCH Specification to Model Heteroscedasticity

Conditional variance in the residuals (εk) of the orderd probit model, σ2
k can be estimated from

this model.
εk = σkηk, εk|Xk ∼ (o, σ2

k )

where σ2
k is the conditional volatility of εk given the past historical information, ηk is a sequence of

independently and identically distributed (i.i.d.) random variables with zero mean and variance 1
such that

σ2
k = ω +

p
′

∑
i=1

κiσ
2
k−i +

q
′

∑
j=1

δjε
2
k−j.

Appendix A.3. ARIMA Model

A series {Xk} that could be modeled as a stationary ARMA(p′′, q′′) process after being differenced
d times is denoted as ARIMA(p′′, d, q′′) with the following form:

φ(B)(1 − B)dXk = c + θ(B)ak, (A3)

where φ(B) = 1 − φ1− . . .−φp, θ(B) = 1+ θ1+ . . .+θq and ak ∼ WN(0, σ2
a ) and B is the backshift operator.

Appendix A.4. Long Memory ARFIMA Model

ARFIMA is designed to capture the long range dependence in time series. This model
extends the ARIMA model in (A3) allowing d to lie between −0.5 and + 0.5 yielding a fractionally
integrated series. ARFIMA process is said to exhibit stationary long memory if d ∈ (0, 0.5).
See Granger and Joyeux (1980) for details.

An ARFIMA(p′′, d, q′′) process has the same form as in (A3) and the operator (1 − B)d is given by

(1 − B)d =
∞

∑
k=0

Γ(k − d)Bk

Γ(−d)Γ(k + 1)
; d /∈ {1, 2, . . .}

Appendix A.5. Multinomial Logistic Regression

Multinomial logistic regression is an extension of binary logistic regression, that handles
polytomous responses. This is used to predict the response category or the probability of category
membership of a nominal outcome variable. The log odds of the outcome are modeled as a linear
combination of multiple explanatory variables.

If xk = (xk1, xk2, . . . , xkr)
′ follows a multinomial distribution with r response categories and

parameter πk = (πk1, πk2, . . . , πkr)
′, then

log

(
πkj

π∗
kj

)
= yT

k β
′
j, j = j∗

considering j∗ as the baseline category. Assuming that mth category is the baseline category (j∗ = m),
the coefficient vector is

β
′
= (β

′
1, β

′
2, ..., β

′
m−1, β

′
m+1, ..., β

′
r)
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