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Figure 16. Primordial tensor power spectrum obtained from an evolution with two bounces of different
steepness, the first one being described by C = 1, p = —400, ¢ = 2, and B = 0.4 and the second by
C* =1, u* = —400, c* = 2, and B* = 40. The Hubble parameter during inflation is Hy = 0.01.

6. Conclusions

In this article, we have clarified some general properties of the primordial cosmological tensor
power spectrum in emergent models. Following a purely phenomenological approach, we have
studied how different features in the behavior of the scale factor around the transition time (or before)
can affect the spectrum. The main results are the following;:

e inand of itself, the existence of a static phase in the remote past of the Universe does not lead to a
scale-invariant power spectrum.

o if the static phase is followed by a long enough stage of inflation, the spectrum might become flat
in the observable range of wavenumbers.

e the consequences of the details of the evolution of the scale factor around the transition time,
modeled as a mini-bounce (or anti-bounce), are not erased by inflation and appear as a “bullet”
feature in the spectrum.

e the position of the mini-bounce has only a small influence on the shape of the “bullet”, but its
steepness and amplitude control, respectively, the comobile position and the size of the bullet.

e multiple bounces can leave complex features in the spectrum. Bounces with different
characteristics might leave distinguishable imprints in the tensor spectrum.

This work establishes that non-trivial features occurring at the transition time in an emergent
universe might be detectable in the primordial tensor spectrum. The detection of the CMB B-modes is
a very active field involving big collaborations. On the ground, progress is expected from the BICEPor
POLARBEAR(now grouped into Stage 4) experiments and, in space, potentially from LiteBIRD. At this
stage, trying to detect those modes is probably the best path toward finding traces of quantum gravity
effects in the CMB. The features studied in this work may therefore be observable in the not so distant
future, if the duration and energy scale of inflation are favorable.

It would clearly be interesting to go beyond the tensor spectrum and to investigate scalar
perturbations that are currently observed. This, however, requires an explicit specific model as
the evolution of the scale factor is no longer enough to compute the evolution of perturbations.
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Abstract: We illustrate a general reconstruction procedure for mimetic gravity. Focusing on a bouncing
cosmological background, we derive general properties that must be satisfied by the function f(Cl¢)
implementing the limiting curvature hypothesis. We show how relevant physical information can
be extracted from power-law expansions of f in different regimes, corresponding e.g., to the very
early universe or to late times. Our results are then applied to two specific models reproducing the
cosmological background dynamics obtained in group field theory and in loop quantum cosmology,
and we discuss the possibility of using this framework as providing an effective field theory description
of quantum gravity. We study the evolution of anisotropies near the bounce, and discuss instabilities
of scalar perturbations. Furthermore, we provide two equivalent formulations of mimetic gravity:
one in terms of an effective fluid with exotic properties, the other featuring two distinct time-varying
gravitational “constants” in the cosmological equations.

Keywords: mimetic gravity; limiting curvature; bouncing cosmology; quantum gravity; effective
field theory

1. Introduction

The resolution of spacetime singularities is one of the main expected consequences of quantum
gravity. In cosmology, the realization of such a possibility would lead to the replacement of the Big
Bang singularity by a smooth spacetime region, e.g., a bounce, with profound implications for our
understanding of the earliest stages of cosmic expansion and of the initial conditions for our universe.
Non-singular bouncing cosmologies have been extensively studied and may represent an alternative
to the inflationary scenario [1] with specific observational signatures (see also [2]). Resolution of the
initial singularity in cosmology has been achieved in various approaches based on a loop quantization
of the gravitational field, such as loop quantum cosmology (LQC) [3,4], group field theory (GFT)
condensate cosmology [5,6], and quantum reduced loop gravity [7]; more specifically, both in LQC and
in GFT the initial singularity is replaced by a regular bounce, marking the transition from a contracting
phase to an expanding one.

One of the main open problems that is common to all background-independent approaches to
quantum gravity is the derivation of an effective field theory taking into account effects due to the
underlying discreteness of spacetime at the Planck scale. In fact, at present very little is known about
quantum gravity beyond perfect homogeneity, although efforts to include inhomogeneities in the
description of an emergent universe from full quantum gravity are underway [8-10]. One possible
alternative approach then consists of considering modifications of general relativity that can reproduce
known features of a given quantum gravity theory. The hope is that by doing so, we can gain insight
(at least qualitatively) into the consequences of quantum gravitational effects in different regimes.
In this work, we adopt the framework of limiting curvature mimetic gravity and examine in detail the
problem of reconstructing the theory from the evolution of the cosmological background, with particular
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attention to the case of a bouncing background. Such a theory should then be regarded as a toy model
for an effective description of quantum gravity [11,12] and can be used to study its phenomenological
consequences. Possible applications include e.g., the dynamics of inhomogeneous and anisotropic
degrees of freedom in cosmology, and black holes.

The idea of limiting curvature as a possible solution to the singularities of general relativity was
first envisaged in Ref. [13-16], and subsequently implemented in modifications of the Einstein-Hilbert
action including higher-order curvature invariants in Refs. [17-20]. An alternative proposal for
constructing a gravitational theory with a built-in limiting curvature scale was put forward in Ref. [21]
as an extension of mimetic gravity. This is achieved by including in the action functional a (multivalued)
potential term f depending on the d’Alembertian of a scalar field ¢. Upon closer inspection,
such a potential turns out to depend on the expansion scalar yx of a privileged irrotational congruence of
time-like geodesics, singled out by the so-called mimetic constraint [22]. On a cosmological spacetime,
f(x) reduces to a function of the Hubble rate [23]. Multivaluedness of the potential is necessary for
a consistent realization of bouncing cosmologies in this framework [22,24-26]. Non-singular black
hole solutions have been studied in Refs. [27,28].

The particular model proposed in Ref. [21] exactly reproduces the effective dynamics obtained in
(flat, isotropic) homogeneous LQC. Thus, all curvature invariants are bounded throughout spacetime
by a limiting curvature scale, which is in turn related to the existence of a critical value for the energy
density of matter at the bounce. From the point of view of quantum gravity, it is natural to require
that the limiting curvature scale be Planckian. In Ref. [12] a broader class of theories was identified
in the degenerate higher-order scalar tensor theories (DHOST) family, all reproducing the effective
dynamics of LQC; these models can be further extended by the inclusion of a term corresponding
to the spatial curvature. The relation between the model of Ref. [21] and effective LQC was further
investigated in Refs. [11,29] from a Hamiltonian perspective, showing that the equivalence holds
in the spatially flat, homogeneous, and isotropic sector; however, the correspondence is lost in the
anisotropic case. Nevertheless, even for anisotropic cosmologies the solutions of the two models are
qualitatively similar [11,29]. The mimetic model of Ref. [21] has been recently generalized in Ref. [22],
where a limiting curvature mimetic gravity theory was reconstructed so as to exactly reproduce
the background evolution obtained from GFT condensates in Ref. [5,6]; the effective dynamics of
homogeneous LQC is then recovered as a particular case for some specific choice of the parameters of
the model.

This paper has two main goals. The first one is to give a general account of theory reconstruction in
mimetic gravity, showing how essential information about background evolution (e.g., the critical energy
density, the bounce duration, and the equation of state of effective fluids) is encoded in the function f(x),
particularly in its asymptotic behavior in regimes of physical interest. The case of a generic bouncing
background is examined in detail, although our methods have a much broader applicability. We provide
general prescriptions for the matching of the different branches of the multivalued function f (), which
are necessary in order to obtain a smooth evolution of the universe, thus generalizing the analysis of
matching conditions in Ref. [22]. Our second goal is to study in detail the properties of mimetic gravity
theories with the same background evolution as obtained in non-perturbative approaches to quantum
gravity. Specifically, we analyze the model of Ref. [22] reproducing the background evolution obtained
from GFT condensates, and compare it to the special case corresponding to the LQC effective dynamics.
We study the evolution of anisotropies near the bounce in a Bianchi I spacetime, including the effects
of hydrodynamic matter with generic equation of state, thus extending the results of Ref. [21]. Asin
the model of Ref. [21], our more general results also show that the smooth bounce is not spoiled by
anisotropies, which stay bounded during the bounce era. Instabilities in the inhomogeneous sector are
also discussed. Moreover, given its relevance and simplicity, the particular case corresponding to the
effective dynamics of LQC is analyzed separately.

The plan of the paper is as follows. The formulation of mimetic gravity is briefly reviewed in Section 2.
In Section 3 we discuss the reconstruction procedure. In Section 4 we focus on the model of Ref. [22]:
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we discuss the background evolution, exhibit the form of the function f(x) and derive its expansion in
its two branches, corresponding to the region around the bounce and to a large universe. The model of
Ref. [22], which can be obtained as a particular case from our more general model, is discussed separately
due to its relevance and simplicity. Section 5 is devoted to the study of anisotropies in a bouncing
background. In Section 6 we provide an alternative description of the cosmological dynamics of mimetic
gravity in terms of two effective gravitational “constants”, both depending on the expansion rate of the
universe. In Section 7 we discuss instabilities of scalar perturbations. We conclude with a discussion of our
results in Section 8.

We choose units such that 87G = 1. Landau-Lifshitz conventions for the metric signature
(+ — ——) are adopted.

2. Mimetic Gravity and Its Cosmology

The version of mimetic gravity considered in Ref. [21] is based on the action

1
S[gw,(]), )‘/ l/’] = / d4x\/jg <7§R + /\(gwa;,(paycp - 1) +f(X) + Lm(llj/g;lv)) ’ (1)

with x = O¢. The gravitational sector consists of the metric ¢,y and the scalar field ¢. The Lagrange
multiplier A enforces the mimetic constraint

M oupovp =1. 2)

We have included a matter Lagrangian Ly, where i represents a generic matter field, coupled to
guv only and not to ¢. Due to the term f (), the action (1) represents a higher-derivative extension of
the original mimetic gravity theory of Ref. [30].!

Due to the mimetic constraint, the vector field u# = g"”0,¢ has unit norm and generates an
irrotational congruence of time-like geodesics (see Ref. [22] for more details). Thus, the theory admits
a preferred foliation? with time function ¢ = ¢ and time-flow vector field u* % = %. The quantity ),
defined above, can be expressed as x = V#u, and represents the expansion of the geodesic congruence
generated by u*. In FLRW spacetime, one has x = 3H, where H denotes the Hubble rate. It is for this
reason that the term f()) in the action (1) plays an important role in the cosmological applications
of the model, since for a homogenous and isotropic background f(x) reduces to a function of the
Hubble rate only. This is a crucial property of the model, which allows for a straightforward theory
reconstruction procedure, starting from a given cosmological background evolution. This aspect will
be analyzed in detail in Section 3.

It is worth stressing that although the action for mimetic gravity includes higher-derivative terms
through f(x), the equations of motion are second order. In fact, mimetic gravity is a particular case of
so-called DHOST, which are characterized by the absence of Ostrogradski ghost [23,35]. Nevertheless,
compared to general relativity, the mimetic gravity theory described by (1) has an extra propagating
scalar degree of freedom if fy, # 0[33,36]. Importantly, this is always a source of instabilities in the
theory, as discussed in Section 7.

The field equations read as [21]

G;u/ = T;Llpv + T;w ’ 3)

where the matter stress-energy tensor is defined as usual

The original formulation of mimetic gravity of Ref. [30] relied on a singular disformal transformation [31] (see also Ref. [23]).
An equivalent formulation with a Lagrange multiplier implementing the constraint (2) was given in Ref. [32]. The latter
represents the starting point for further generalizations of the model considered in Refs. [21,33]. See also the review [34].
Such a gauge choice corresponds to unit lapse and vanishing shift, i.e., N = 1 and N =0,
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o0 _ 2 O5m
w \/jg(gg;w ’

and the extra term in Equation (3) is an effective stress-energy tensor arising from the ¢-sector of the
action (1)

4)

Tyv = 2A0up0vg + v (X fx — f + 877 0pfx0c¢) — (O fx v + 0 fxOu) - ®)

The Lagrange multiplier A can be eliminated by solving the following equation
Ofy —2VH#(Adup) =0, (6)

which can be obtained by varying the action with respect to ¢. Equation (6) can be interpreted as
a conservation law for the Noether current associated with the global shift-symmetry of the action (1),
see Refs. [22,37]

Considering a flat FLRW model ds?> = dt* — az(t)é,-jdxidxf, the field Equation (3) lead to
a modification of the Friedmann and Raychaudhuri equations

S =ppM, %
x=f§[(p+P)+(ﬁ+P)+M}- ®)

The quantities introduced in Equations (7) and (8) are defined as follows: p and P denote the
energy density and pressure of ordinary matter, whereas § and P represent the corresponding quantities
for the effective fluid, given by

p=xfx—1r, ©)
P=—(p+ fxxx) - (10)

The properties of the effective fluid for a quadratic f(x) were studied in Ref. [37]. Lastly, we have
M= a%, where C is an integration constant for Equation (6). The quantity M represents the energy
density of so-called mimetic dark matter [30]. We note that for vanishing f the action (1) describes
irrotational dust minimally coupled to gravity, corresponding to a particular case of the Brown-Kucha¥
action [38].% Finally, we observe that the effective fluid satisfies the continuity equation

p+x(p+P)=0. (an
3. Theory Reconstruction

We henceforth consider a spatially flat, homogeneous, and isotropic universe, as described by the
FLRW line element ds? = dt? — a?(t)J; jdxi dx/. The proper time gauge N = 1 will be used throughout.
The spacetime geometry is then fully characterized by the evolution of a single degree of freedom:
the scale factor a(t). Given a theory of gravity with second order field equations, cosmological solutions
can be represented as trajectories in the plane (g, x). In general relativity, the trajectories are determined
by the Friedmann equation

1
=20 (12)

Here the quantities p; denote the energy density of different matter species. For the sake of
simplicity, we can assume that all matter species are non-interacting and have constant equation of
state parameters w;. Thus, we have p; = c,'V*("’i +1), where c; are constants depending on the initial

3 Seealso Refs. [39,40].
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conditions and V = 4 is the proper volume of a unit comoving cell. It is convenient to introduce
a new variable 5 = V1, so that the Friedmann equation can be re-expressed as

1 ).
gXZ — Zci ;71(,+1 . (13)
1

Such a parametrization is particularly useful in bouncing cosmologies, where 7 has a bounded
range. In the following, we will denote by I’ the trajectory in the (77, x) plane given by Equation (13).

Despite the derivation given above, based on the standard Friedmann equation, Equation (13) has
a broader applicability. In fact, it also holds in a more general class of modified gravity theories and
quantum cosmological models, provided that the corrections to the standard Friedmann equation can
be described—at an effective level—as perfect fluids. Such effective fluids may have exotic properties
and, depending on the model, can violate the energy conditions. This is the case, for instance, in the
effective dynamics of both LQC and GFT condensate cosmology. In fact, having a bounce requires that
both the weak and the null energy conditions must be violated due to the effective fluids. The former
violation is necessary to accommodate for a vanishing expansion, see Equation (13). The latter violation
follows instead from the requirement that ¥ > 0 at the bounce, and from the Raychaudhuri equation
including effective fluids contributions

X= _%Z(Pi""Pi)- (14)

It is important to observe that in general Equation (13) allows us to define x as a function of
only locally. In fact, in bouncing models, the function x(17) has (at least) two branches. More branches
are possible if one allows, e.g., for intermediate recollapse eras; we shall disregard this possibility in
the following for simplicity. For a universe undergoing a single bounce, the trajectory I'" has the profile
depicted in Figure 1. The bounce is represented by the point B = (#max, 0), where T and the 7 axis
intersect orthogonally. Since we are assuming a flat spatial geometry, both endpoints of I' will have
7 = 0 if the weak energy condition is satisfied for a large universe. The value of x at the endpoints is
determined by the equation of state of the dominant matter species in such a regime: for w > —1 one
has that x vanishes as # tends to zero, for w = —1 (cosmological constant) x approaches a constant
value. We note that for w +1 > 0 the two endpoints coincide with the origin; moreover, for -1 < w < 1
the trajectory I intersects the 1 axis orthogonally at the origin, whereas for w > 1 it has a cusp.

05f 7 . 05

I _10 s

Figure 1. Trajectories I' in the (17, x) plane for a (symmetric) bouncing universe. The upper half-plane
corresponds to the expanding phase, whereas the lower half-plane describes the contracting phase.
The bounce is represented by the point B, where the expansion rate vanishes, and the scale factor attains
its minimum (correspondingly # is maximized). The left figure shows the trajectory I' for a universe
filled with a scalar field (thick green line), or dust (dashed orange line); parameters are chosen so that
the two trajectories are characterized by the same critical density p. and limiting expansion rate xm.
The right figure shows the two integration contours 71, 2 used in Equation (17).
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3.1. Reconstruction Procedure

Given a background evolution as specified by the trajectory I', it is possible to apply a reconstruction
procedure that allows us to uniquely determine the function f()) in the mimetic gravity action (1).
The method illustrated in this section extends to a generic background evolution the procedure applied
in Refs. [22,25,26] and ensures that appropriate matching conditions are implemented at the branching
points.* We start by rewriting Equation (7), using Equation (9), as

2
Cli_zd ()] =
3 [ S (xﬂ - 4
The solution to this equation can be obtained by quadrature, and is given by
_x (" 3 | .
fx) = 3/A dx (1 e +ex, (16)
gt

where ¢ is an integration constant. The integral is computed along an arc of curve y C T with endpoints
A and P, representing a fixed reference point and a generic point on I', respectively.

In bouncing cosmologies, the background dynamics is characterized by the existence of a limiting
curvature scale, which is attained at the bounce. In turn, this scale is related to the existence of
a maximum expansion rate, which will be denoted by xm = mrax X, see Figure 1. In this class of

models, it is convenient to take the bounce as a reference point, i.e., A = B in Equation (16). Since
the energy density of matter is given as a function of the inverse volume, i.e., p = p(77), the explicit
computation of the integral (16) requires the determination of the inverse function 7 (). In general,
such an inverse function exists only locally. This implies that in bouncing models the function f(x)
given by Equation (16) must be multivalued as a function of x.> More precisely, in models with
a single bounce f(x) has two branching points where x attains its extrema, one in the expanding phase,
the other in the contracting phase. For a generic bouncing background f () would have three branches,
each corresponding to one of the three branches of the inverse functions 7 (). Thus, one branch f;
corresponds to the bounce phase, and two (a priori distinct) branches ff, f{ correspond to the regions
away from the bounce in the contracting and expanding phase, respectively. We will refer to the
latter as the large universe branches, characterized by x < 0. As shown in Section 3.2, for symmetric
bounces the two branches f, f{ can be identified, provided that an appropriate choice is made for the
integration constant in Equation (16).

We remark that our solution for f is continuous on I' by construction. The derivative f, is also
continuous, except at the origin x = 1 = 0.° This ensures that the energy density of the effective fluid,
Equation (9), is continuous throughout cosmic history. Thus, the matching conditions prescribed in
Ref. [22] are automatically implemented in Equation (16). As a general property of this class of models
fxx diverges at the branching points, see discussion in Section 4.

After computing the integral in Equation (16), the reconstructed action for mimetic gravity can
then be obtained by replacing x — [¢ in the result. Clearly, the value of the integration constant ¢
has no influence on the equations of motion, since the linear term contributes a total divergence to the
action (1).

We note that a different version of mimetic gravity is considered in Ref. [26] that agrees at the background level with the one
presently considered. However, the two theories will differ in general at the level of perturbations.

We observe that for models entailing a single bounce, the solution (16) is single-valued if regarded as a function of the pair
(X X)-

The fact that the origin is a singular point in the parametrization adopted here should not be too surprising: in fact,
it corresponds to the infinite volume limit of both contracting and expanding branches. In a flat universe these are clearly
two disconnected regimes.
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3.2. Bounce Asymptotics

For a symmetric bounce model, the function f()) is even, provided that an appropriate choice
of the integration constant is made in Equation (16). In fact, defining Py = (17, x) and P> = (17, —x),
with 77 and yx satisfying the background equation, one has

/;dx (1 _ 3P(:](£X))> _ /;dx (1 _ 3p(;1(£x))> . 17)

Thus, the integral is odd. The curves 771 and 7, are depicted in Figure 1. Using Equations (17)
and (16), it is then straightforward to show that setting ¢ = 0 leads to f(x) = f(—x). In the
following, we shall restrict our attention to symmetric bounce models and assume that f(x) be
even, unless otherwise stated.

The value of the function f at the bounce is independent from all other details of cosmic history.
It can be computed as a limit of Equation (16). Denoting by f; the bounce branch of the multivalued
function f, we have

Ceoxfr 3p(1(x)\ _ . X [% _3p(m(0)\ _
0 = 3 o (1= ) <im 3 o (1% ) <09
v

where p. is the critical density, i.e., the maximum of the energy density of matter, which is attained at
the bounce. Since f; is even by hypothesis, we have for xy ~ 0

1
folx) = pe+ 59 X%+ O, (19)

where we introduced the notation ¥ = (f5) ?C?C{O . Hence, it follows that the energy density of the
effective fluid at the bounce is given by § = —p.. The sign of the second derivative can be determined
by the requirement that the effective fluid must also violate the null energy condition (NEC) at the
bounce. In fact, using Equation (10) we have

p+P=—(fo)xxx <0 (20)

Since ¥ > 0 at the bounce, we conclude ¢ > 0.

NEC violation also allows us to derive an upper bound for the duration of the bounce in limiting
curvature mimetic gravity. To prove such a statement, let us assume that at the bounce the most
relevant contributions to the energy density are due to the effective fluid and to a perfect fluid with
equation of state parameter w. The condition ¥ > 0, which must be valid in a neighborhood of the
bounce, implies

p+p+p+P<0. (21)

In turn, Equation (21) implies

(1+w)pe — (fo)xxX < 0. (22)
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For first-order bounce models” during the bounce phase the expansion y is well approximated by

a linear function of time. We can estimate the time derivative of x at the bounce as y ~ &2, where T is
the bounce duration. Therefore, in this case we obtain from Equation (22)

9 Xm
TS ———. 23
~ pe(1+w) @3)
Typically, pc ~ x% and ¢ ~ O(1), so that T < xm!. When such an approximation applies,
the number of e-folds of expansion during the bounce phase is N = log (%) < O(1). These

considerations also apply to the models studied in Section 4 (see Equation (33) for the corresponding
expansion of f near the bounce). In fact, the estimate (23) agrees with the upper bound for the number
of e-folds obtained in Ref. [42] for the so-called non-interacting model. We mention that the so-called
fast-bounce models, considered e.g., in Ref. [43], are first-order bounces whose duration is much

shorter than the time-scale linked to the maximum expansion rate, i.e., such that T < )(;11 ; such

a scenario can be realized in mimetic gravity by requiring (ﬁ}% 0 < Xl
x=

3.3. Late Time Asymptotics

Considerations on the evolution of the universe at late times allow us to put restrictions on the
leading order terms of the branch f; around x ~ 0. In fact, we observe that the effective fluid is
characterized by a time-dependent equation of state parameter @, given by

w:§:—<1+fg"x>, (24)

where we used Equations (9) and (10). It is interesting to examine the case where the universe at late
times is dominated by matter with equation of state w and the effective fluid is sub-dominant, with @
approaching a constant value as x — 0. Clearly, consistency of such assumptions requires w < @.
The leading order term in the expansion of f; (x) around x =~ 0 is then given by

@+l

Alx) = A 2D, (25)

14w

where A is a constant. In fact, since by hypothesis we must leading order x ~ 172 , Equation (25)
implies § ~ '+, consistently with our assumptions.

4. Effective Approach to Quantum Gravitational Bouncing Cosmologies

In Ref. [22] the reconstruction procedure outlined in Section 3 was successfully applied to the
cosmological dynamics obtained from group field theory condensates in [5,6]. The evolution equation
for such a model can be expressed in relational form by introducing a minimally coupled massless
scalar field ¢ [44]. In fact, provided that its momentum be non-vanishing py # 0, ¢ is a monotonic
function of t and thus represents a perfect clock. For definiteness, we will assume py > 0. Using the
relational clock 1 as time, the FLRW line element can be expressed as

ds? = N2(y) dy? — a® () djdx'dx/ , (26)
where the lapse function reads as

N(p) = ()" =py'a(y) . 7)

7 The order of the bounce is defined as the positive integer 1 such that a") (t;) > 0 is the lowest-order non-vanishing

derivative of the scale factor at the bounce [41].
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We can define a relational Hubble rate as % = %, where a prime denotes differentiation with
respect to 1. The expansion y is related to H as follows

H
X:3p¢u—3. (28)

The relational Friedmann equation governing the dynamics of GFT condensates reads as (recall
V =a%)
1
w-lys b (29)

where « and 8 > 0 are parameters depending on the details of the microscopic model, see Ref. [5,6].8
An effective Friedmann equation with the same form as Equation (29) was obtained in the GFT models
of Refs. [45,46]. The first term in Equation (29) is the contribution of the massless scalar field 1,
whereas the remaining two terms represent quantum gravitational corrections; in particular, the a term
represents a correction to the effective dynamics of LQC. It must be stressed that for simplicity, we are
neglecting interactions between GFT quanta, which would contribute additional terms to Equation (29).
The cosmological consequences of interactions were considered in Ref. [42].
Changing time parametrization back to proper time and recalling 7 = V~!, we have

1, »(1, 3 ap.d
X =Py (277 +3uan 357/) : (30)

The first term to the r.h.s. of Equation (30) gives the energy density py of the scalar ¢; the quantum
gravitational corrections (second and third terms) correspond instead to effective fluids with equation
of state parameter w = 2, 3. The third term becomes important for large values of 7 (i.e., small values
of the scale factor); moreover, since f > 0 such a term violates both the weak and the NECs, and is
therefore responsible for the bounce. It must be noted that the bounce is symmetric for any choice of
parameters in this model. The equation for x is

3
=3P} (P +our®—1281") . 3D

For further details on the effective fluid description of quantum gravity corrections in the effective
Friedmann equation arising in the GFT approach, including interactions between quanta, the reader
is referred to Refs. [42,47]. For a large universe (i.e., small 1) the first term in Equation (30) becomes
the dominant one: the standard Friedmann evolution is thus recovered, and the quantum gravity
corrections are sub-leading.

The background evolution (30) can be exactly reproduced in mimetic gravity if the function f(x)

is given by [22]
d
fO) =pp(x) + 3x *3{‘7" {arctan(\lf d?) + ] : (32)

By construction, the different branches of the multivalued function in Equation (32) satisfy
matching conditions at the branching points, to ensure the regularity of cosmological evolution.
Around the bounce the following expansion holds

ZVB + 3a

) =pet 3 (e

) X+oxh, 33)

8 Itis worth remarking that « and f are defined only up to arbitrary constant rescalings of the comoving volume Vj, which

was set equal to one above. We have in general V = Vj a3, Under the transformation Vy — kVp with constant k, « and
B transform according to & — ka, p — kzﬂA Thus, the scale invariance property of the standard Friedmann equation is
preserved by the quantum corrections. In the GFT formalism such rescaling properties correspond to the invariance of the
dynamics under constant rescalings of the number of quanta, cf. Ref. [5,6].
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where V; = —3x + /942 + 6 is the volume at the bounce and p. = %. For the asymptotic expansion
of f(x) around the branching points at maximum expansion rate x| = xm, see Ref. [22]. Both f
and fy are continuously matched at the branching points. However, the second derivative fy, has
a discontinuity there: this is a general property of mimetic gravity theories with a limiting curvature
scale. Nevertheless, the effective pressure P() is guaranteed to be finite even when fy, diverges, since
Equation (8) implies

P(£xm) = —(p+P) = —(w+1)p. (34)

When the universe is large (i.e., in the regime x, 7 ~ 0) one has the expansion (disregarding the
linear term, which does not affect the equations of motion)

2 4 1
0 =5y = (<4 38) 2t -0, )

which can be rewritten as

+0(|xP), (36)

a 6a [x> (Vi +3)(V2+9aV, +10822) x*
flx) = 2 - 5 L
2Vs Vi Xm 36V3 2

where xm = ;7"* \/3+ 9—’f, and V, = % < 81a2 + 48 — 9a) is the volume at x = xm. Please note that
if & = 0, the next non-vanishing term in the expansion is O(x°).

Once the function f () has been reconstructed from a given background evolution, one can also
consider different matter species coupled to gravity. It must be pointed out that when matter species
other than a minimally coupled massless scalar field are considered, parameters such as py and Vj
in Equation (32) lose their usual interpretation. This is to be expected, since the relation between x
and 7 will be different from Equation (30) in the general case. Nevertheless, the values of the critical
energy density p. and the maximum expansion rate xm are not affected by the different matter species,
and represent universal features of the model.

Let us now assume hydrodynamic matter with constant equation of state parameter w. Comparing
Equations (36) and (25), at late times we obtain a simple description of the effective fluid corresponding
to the mimetic gravity corrections as a sum of perfect fluid contributions, each with a constant equation
of state. Specifically, we find for the third order term in Equation (36) @3 = 1 (3w + 1), whereas for the
fourth order term we have @4 = 2w + 1. Clearly, for a massless scalar field w = 1 one recovers the
effective fluid corrections given in Equation (30).

A Special Case: Reproducing the LQC Effective Dynamics

The case & = 0 is special and deserves being discussed separately. In fact, in this case one recovers
the model of Ref. [21], which reproduces the effective dynamics of LQC for a spatially flat, isotropic
universe. After locally inverting x = x(#), one finds the two branches of the function f(x)

2 1 .
fs = 3xm {1 +o 1= +qarcsm(q)} , 37)
2 1 .
fL:gxfn{ljtiqu\/lfqu\q\(arcsm\q|f7'[)} , (38)

where xm = plp\/% and we defined g = Kim to make the notation lighter. It must be noted that
Equations (37) and (38) do not make any reference to the scalar field ¢, which was assumed as
the only matter species coupled to gravity in the derivation of Equation (29) in Ref. [5,6]. Thus,
for &« = 0 the effective Friedmann equation will take the same universal form regardless of the
matter species considered. Using Equation (18), the critical energy density is determined as p. =
f5(0) = % X%, The energy density of the effective fluid can be computed using Equation (9); the result
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2
is p= —%f (] — '77 +1- qz), where the upper sign corresponds to the bounce branch and the
lower one corresponds to a large universe. After some straightforward algebraic manipulations,
the Friedmann Equation (7) can then be recast in the following form

wt=e(-7)
X =pll1=-—]), 39
=P o0 (39
where p denotes the total energy density of all matter species that are present. Similarly, using
Equations (8) and (10) we can obtain the equation for x. We have, for a general f ()

(1-3#u)x=-30+P). (40)

The bracket to the r.h.s. of Equation (40) can be evaluated using Equations (37) and (38)

3. A
1*§fxx—$71_q2—< Pc) , (41)

where we used Equation (39) in the last equality. Finally, we have

x=—36+p) (1-2). @)

Oc

Thus, the time derivative of the expansion is positive for & < p < p. (super-inflation). This is
to be contrasted with general relativity, where one always has ¥ < 0 for matter satisfying the NEC.
Equations (39) and (42) coincide with the effective dynamics of (flat, isotropic) LQC, see e.g., Ref. [4].

It is important to observe that one must change branch of f(x) when ¥ = 0 [24]. This happens
when the density reaches the value %, see Equation (42), whereby the expansion attains its extremum
x> = x%. It must be noted that in both branches, as given by Equations (37) and (38), fy, diverges as
|x| = xm; however, the effective pressure P is continuous in the limit since P = fﬁ (o +2P).

Exact solutions of the effective Friedmann Equation (39) can be derived for hydrodynamic matter
(see Ref. [21])

_1
3(1+w)

a(t) = ag (1 + zpc(w +1)%(t - tB)2> , (43)

where the origin of time has been set to have the bounce at t = 0. Provided that matter satisfies the
NEC, one finds for the bounce duration (defined to have x(T) = xm)
1
T=—7fn——~, 44
Xm(1+ ) “
which is in good agreement with the estimate given by Equation (23).
Finally, the expansions (33) and (36) for « = 0 become, respectively

fo00) = pet 222+ O, )
and Lo
fil) = —3g 7 + O (46)

5. Anisotropies near the Bounce

In this Section we generalize the analysis of Ref. [21], studying the evolution of anisotropies near
the bounce in a non-singular Bianchi I spacetime, for the model of Section 4 and in the presence of
hydrodynamic matter with generic equation of state.
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The line element of Bianchi I in proper time gauge is

ds? = df?* — (1) }_ e (dx)?, (47)

where a(t) is the mean scale factor, and the variables f(; representing the anisotropies satisfy
Y B(i) = 0. We will assume hydrodynamical matter with barotropic equation of state. Using the field
Equations (3), it can be shown that the ;) evolve according to

B +xBu =0. (48)
The solution of Equation (48) gives
A
poo_ M)
Pi)y= 3 Ok (49)

with A(;) integration constants satisfying }; A(;) = 0. The field equations lead to an effective Friedmann
equation for the mean scale factor, which includes the contribution of anisotropies

1, 1l
AU PLOR (50)

The last term of Equation (50) represents the effective energy density of anisotropies (cf. e.g., Ref. [48]),
which will be denoted by ps. Using Equation (49), we have

22

- = 1
Px 2467 (51)

having defined the shear scalar as ¥2 = Y )\%i . Thus, the contribution of anisotropies to the
modified Friedmann equation is described as a perfect fluid with stiff equation of state w = 1, as in
general relativity.

The evolution of anisotropies, as represented by the f(;), is obtained by integrating Equation (49)

dt
ﬁ(i)(t) = )\(i) / a37(t) ’ (52)

where a(t) in the integrand is a solution of Equation (50). In the remainder of this Section, we will
determine the evolution of anisotropies during the bounce phase for the function f()) given by
Equation (32). Since we are only interested in the region around the bounce, it is convenient to use the
expansion (33). The energy density of the effective fluid then reads as

. 1/2Ve+3a\ ,
0= ‘DC+3<VB+30<>X' (53)

The effective Friedmann equations in this regime can then be recast as

2
X Vs + 3 o
37< e )(pc P —px), (54)
3 /Vy+3
123 (B2 v pram) 9)
B
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At the bounce, the scale factor attains its minimum ag, and the r.h.s. of Equation (54) must vanish.
We can use this condition to determine the energy density of matter at the bounce ps (not to be confused
with the critical energy density p., which includes the contribution of anisotropies). We have

P = Pc— PB, (56)

with oy = % being the energy density of anisotropies at the bounce. The r.h.s. of Equation (54) can

be expanded around a;; taking into account that p = p; (”7‘3)3(w+1), this gives
2
X g Vet a_
3= 3< i > (ps(w +1) +2p55) (ﬂs 1) . (57)

Taking into account Equation (56), we can rewrite Equation (57) as

%zzs(wﬂ) (VB‘jBS”‘) <pc—Z:pz,B> (%—1) . (58)
The solution is
a(t) ~ ag (1 + %QZt2> , (59)
where we defined
O =(w+1) (VB;B?”X> (pC — %pw) . (60)

The solution (59) for the scale factor shows that regardless of the presence of anisotropies, the model
features a first-order bounce, according to the definition given in Ref. [41]. From Equation (59), we find
that the mean expansion rate evolves as

x(t) ~ %ta. (61)

Finally, using Equations (59) and (52) we find that the B ;) evolve linearly during the bounce

B () = By + 7,% t, (62)

where /501. are integration constants. Our solution (62) shows that anisotropies stay bounded during the
bounce, and can be kept under control by means of a suitable choice of parameters for the model. It is
interesting to compare this result with a similar one obtained in Ref. [48] for a non-singular bouncing
model based on kinetic gravity braiding theories [49].

6. Effective Gravitational Constant(s)

The cosmological background equations of mimetic gravity, Equations (7) and (8), can be recast
in an alternative form which makes no reference to perfect fluids. The effects introduced by the
function f()) in the action (1) are then included in two effective gravitational “constants” G;f /and
Gf{f , representing respectively the effective coupling of matter to gravity in the Friedmann and the
Raychaudhuri equations

1 e
3 =87G{"(x)p, (63)
x=-12nG{ (x)(o+P). (64)
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The effective couplings are functions of the expansion rate, and are defined as

81 Gy (x) = (1— % <£)>_1 , (65)

-1
87 Gy (x) = (17 %fm) : (66)

It is worth remarking that variable gravitational constants arise in this framework despite of the
fact that the action (1) contains no dilaton couplings. In fact, the reformulation provided here hinges
on the presence of a function of the expansion rate f(x).

From Equations (63) and (64), and the continuity equation for matter, we find the following
equation relating the change of G;f T over time to the difference between the two gravitational constants

Gllo=x(GI =GN (p+p). (67)

We observe that G;f 5 = G‘I’{ff if and only if f(x) = k1 x + %2 X%. In this case, the linear term
in x has no effect, while the quadratic one leads to a finite redefinition of the Newton constant
871 Gi}f f = (1 - %kz) - (see Ref. [37]); thus, in a large universe we must require ky < % to ensure that
the gravitational interaction remains attractive.” In the general case, both G;f /and Gf{f will evolve
with x. For instance, assuming that in the large universe branch one has f(x) ~ k ¥ with p > 2 to
leading order in x, leads to

SHG;ff(X) :1+3k(p—1)x}’*2, (68)
. 3 -
87 Gy (x) =1+ kp(p—1x" 2. (69)

If we assume that the universe (away from the bounce) is dominated by hydrodynamic matter
with equation of state parameter w, we have

eff 2 P2
8w G/ (t) ~1+3k(p—1) (W) , (70)
p—2
8 Gy (t) :1+%kp(p—l) (ﬁ) . (71)

The reformulation of the cosmological equations of mimetic gravity offered by Equation (63)
and (64) suggests that the coefficients of the leading order terms in the expansion of the branch f;
can be constrained using observational bounds on the time variation of the gravitational constant.
We have from Equation (70), for a small k and retaining only the main contribution (corresponding to
the radiation dominated era, w = %)

AGt’ff Gt’ff ¢ 3 p—2
Ge}:f =1- éefg(im;) ~3k(p—1) (5) (tosn)> 7. (72)
F F \*0

where f; is the age of the universe and tpy is the time of nucleosynthesis. Bounds on the
time variation of the gravitational constant G;f / can be derived from primordial nucleosynthesis:

eff
—0.10 < AG%/ < 0.13[50,51]. For a given p > 2, such a bound can be translated into a constraint

F
on k. However, such a constraint is very weak for bouncing models. In fact, if the limiting curvature

9 This must be contrasted with the case of bouncing models examined in Sections 3.2 and 4, where the coefficient of the

quadratic term must satisfy an opposite inequality in order to guarantee that gravity becomes repulsive at the bounce.
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hypothesis is made, dimensional arguments suggest that k ~ )(?nfp . This is in fact the case for the models
considered in Section 4, see Equations (46) and (36). Moreover, typically one has for the limiting value of
the expansion rate xm ~ fy 1 where #p, is Planck time. Therefore, the time variation of the gravitational

. . AGLf ! t p—2
constant is extremely small in such models —f~ ~ ( 2L .
G;f BN

A more detailed investigation of the phenomenological consequences of the time variation of G;f /
and Gf{f is beyond the scope of the present article and will be left for future work.

7. Instabilities

Our presentation of mimetic gravity would not be complete without a discussion of perturbative
instabilities. Instabilities of cosmological perturbations for the mimetic gravity theory with action (1)
have been studied in Refs. [36,52] for a generic f(); for earlier studies focused on the case of a quadratic
f see Ref. [53,54].19 Compared to general relativity, the theory has one extra propagating scalar degree
of freedom, whose speed of sound is given by

| (73)

Depending on the sign of the speed of sound, the theory has a ghost instability (for ¢ > 0) or
a gradient instability (for ¢ < 0), see references above. The propagation speed of tensor perturbations
is not affected by the term f(x) in the action (1).!!

In the following we will assume that the analytic properties of the function f()) are such as to
accommodate for a bouncing background. Some general conclusions can then be drawn on the profile
of the speed of sound as a function of the expansion, based on the results derived in Section 3.2. In fact,
around the bounce f(x) must admit the expansion (19). Moreover, since ¥ > 0 in a neighborhood
of the bounce, Equation (40) implies that we must have ¢ > %, provided that ordinary matter fields
satisfy the NEC. Thus, at the bounce we have
> ¢

=338

0, (74)
which corresponds to a gradient instability. The expansion rate attains its extremum at |x| = xm,
where two different branches of the multivalued function f () are joined together; at that point the
second derivative fy, is divergent, whereby the speed of sound squared takes the universal value
2=- % We conclude that a generic feature of bouncing models in mimetic gravity is that the bounce
is always accompanied by a gradient instability of scalar perturbations, which extends beyond the
onset of the standard decelerated expansion. The possibility that c2 may turn to positive values at
a later stage is not excluded, but depends on the details of the model, and specifically on the functional
form of the branch f; (x) corresponding to a large universe.

It is interesting to study the behavior of ¢2 in the models examined in Section 4, where a bouncing
background is explicitly realized. To begin with, let us start from the special case « = 0, which
reproduces the LQC effective dynamics for the cosmological background. The two branches f;, fi in
this case are given by Equations (37) and (38), respectively. We find, using Equations (73) and (41)

2_ 1 _2)__2p
2= 3<1j:\/1 ?)= =5 75)

It must be noted that the quadratic case is equivalent with the IR limit of projectable Hotava-Lifshitz gravity [54], see also
Ref. [55].

The situation is different in other versions of mimetic gravity, see e.g., [23] for a general analysis based on the DHOST
formulation of (extended) mimetic gravity theories.
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In the second step of (75), the upper sign corresponds to f3, whereas the lower one corresponds
to fi. We note that the speed of sound squared is always negative, has a minimum at the bounce
(cg)mm = f% when p = p, and approaches zero from below as p — 0. Given Equation (75), and recalling
that maximal expansion rate in this model is reached at p = £, it is straightforward to check the
general feature c2(+xm) = f%. We observe that c? is negative throughout cosmic history for the
model with # = 0, and approaches zero from below in the large universe branch as x tends to zero
(cf. Ref. [25]). It is interesting to compare these results with those obtained in Ref. [56] for a model based
on generalized Galileons [57], where the speed of sound squared becomes negative—although only for
a short period—around the bounce; see also Ref. [58,59] for a comparison between such effective models
and the dynamics of perturbations in LQC. In the models cited above gradient instabilities arise due to
the violation of the NEC at the bounce (see also [60] and references therein). Recently, the possibility
of establishing a theoretical no-go theorem regarding the realization of a healthy non-singular bounce
(i.e., free of pathologies such as gradient instabilities) has been discussed in the context of generalized
Galileons, see Refs. [61-63].

The example examined above is just a particular case of the model reproducing the background
dynamics of GFT condensates, studied in Section 4. In the general case, i.e., for & # 0, we have at

the bounce )
2 - = &
(C5>mm = -3 (1 + VB> . (76)

In the large universe branch instead and for x ~ 0 we have, to leading order in x

cgz%‘ 2+%‘:%. (77)

Thus, ¢ and « have the same sign in this regime. Therefore, for a < 0 the situation is qualitatively
similar to the & = 0 case examined above, with a gradient instability extending also to the large
universe branch. For & > 0 the situation is different: there is a cross-over from ¢ < 0 near the
bounce to ¢2 > 0 when the universe is large. Such a cross-over must necessarily take place after the
universe enters the phase of decelerated expansion, since c§ = —% when x = 0 (see above). Thus,
while the bounce is always accompanied by a gradient instability, the late universe branch would
be characterized by a ghost instability for « > 0. We remark that the cross-over point where ¢2 = 0

corresponds to a regime of strong coupling [54].

8. Discussion

We conclude by reviewing the main results obtained in this work and indicating directions for
future studies.

In Section 3 we illustrated in complete generality the theory reconstruction procedure for the
function f(x) in mimetic gravity. In the case of bouncing backgrounds, the implementation of the
limiting curvature hypothesis requires that f()) be multivalued. This case was carefully examined
and we gave general prescriptions to ensure continuity of f()) and its first derivative along the
cosmic trajectory; in particular, by imposing suitable matching conditions at the branching points,
both the energy density p and pressure P of the effective fluid are continuous throughout cosmic
history. We showed that local properties of the function f () are directly related to physically relevant
quantities characterizing the evolution of the cosmic background, such as the critical energy density
and the bounce duration, as well as the equation of state of the effective fluid. In particular, the latter
was shown to approach a constant value at late times, which is determined by the dominant matter
species and the leading order term in the asymptotic expansion of f() in that regime.

In Section 4 we focused on a specific model obtained in Ref. [22], where the function f(x) was
suitably reconstructed in order to reproduce the background evolution obtained from GFT condensates
in Ref. [5,6]. Quantities of physical interest were derived from local analysis of the two branches f3, fi,
using the results of Section 3. The special case corresponding to the effective dynamics of LQC for a flat,
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isotropic universe was studied in detail. As an application, we studied the evolution of anisotropies
near the bounce in a Bianchi I universe for the model of Ref. [22]: our results generalize those obtained
in Ref. [21] and show that anisotropies do not grow significantly during the bounce, and therefore do
not spoil the smoothness of the bounce. It would be interesting to compare the results obtained in the
effective approach considered here, with those of Ref. [64], where the dynamics of GFT condensates
of anisotropic quanta was studied (see also Ref. [65]). As discussed in Ref. [11,29], the evolution
of anisotropies is qualitatively similar in LQC and the corresponding mimetic gravity theory. It is,
therefore, natural to ask whether an analogous statement can be made for GFT cosmology and the
related model in mimetic gravity. We leave this question for future work. Spherically symmetric
geometries are also of interest and can be studied in the present framework by extending the analysis
of Refs. [27,28].

In Section 6 we showed that there is an interesting reformulation of mimetic gravity involving
two distinct time-varying effective gravitational constants G;f /and Gf{f , featuring respectively in the
Friedmann and the Raychaudhuri equations. Consistency of such a description with the Bianchi
identities is ensured by Equation (67), which is identically satisfied in mimetic gravity by all choices
of the function f(x). We derived the time evolution of the effective gravitational constants during
the phase of decelerated expansion for f(x) ~ x¥, with p > 2. We showed that the predicted time
variation is too small to be observed if the limiting curvature hypothesis is realized. It would be of
interest to further explore the consequences of the time variation of G;f and Gf{f in a more general
and model independent setting.

Our discussion of perturbative instabilities in Section 7 highlights some serious limitations of
bouncing models in mimetic gravity, which may hinder the possibility of using the simplest framework
with the covariant action (1) for an effective description of quantum gravity in inhomogeneous
spacetimes. The presence of gradient or ghost instabilities, which is a distinctive feature of mimetic
gravity, seems to be even more serious in bouncing cosmologies; in fact, in such models the infinite
age of the universe would offer no chance to keep instabilities under control. Remarkably, this issue
has not been much appreciated in the literature on bouncing cosmologies in mimetic gravity. Based on
the analogy with LQC (see Ref. [58]), we expect the bounce to be accompanied by a short-lived
gradient instability around the bounce affecting short-wavelength modes; however, there should
be no instabilities away from the bounce. Some proposals to cure the instabilities by means of
further modification of the mimetic gravity action have been made in Refs. [66,67]; however, their
correspondence with the effective dynamics of quantum gravity models is yet to be established and
shall be investigated in future work.
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Abstract: We study the geometry of Euclidean instantons in loop quantum cosmology (LQC) such as
those relevant for the no-boundary proposal. Confining ourselves to the simplest case of a cosmological
constant in minisuperspace cosmologies, we analyze solutions of the semiclassical (Euclidean) path
integral in LQC. We find that the geometry of LQC instantons have the peculiar feature of an infinite
tail which distinguishes them from Einstein gravity. Moreover, due to quantum-geometry corrections,
the small-a behaviour of these instantons seem to naturally favor a closing-off of the geometry in a
regular fashion, as was originally proposed for the no-boundary wavefunction.

Keywords: no-boundary proposal; loop quantum cosmology; LQC instanton

1. Introduction

Recently, the introduction of the ‘no-boundary” proposal in loop quantum cosmology (LQC), for
minisuperspace models, has unveiled a lot of interesting physical possibilities [1]. It has been shown
that the original Hartle-Hawking formulation [2], improved by an effective action which includes
corrections due to LQC, can lead to an expanded solution space due to singularity-resolution [3,4]
coming from the latter. In particular, it has been shown that not only is the probability for a de-Sitter (dS)
universe nucleating from nothing increased in such a scenario, there can now be compact, non-singular
instantonic solutions in cases where there were none in Einstein gravity. As an example, the model
of a Friedmann-Robertson-Lemaitre-Walker (FLRW) closed universe, coupled to a massless scalar
field, was considered in [1] and shown to have a nontrivial compact instanonic solution with a finite
probability for nucleation. This study has opened the doors for revisiting the original no-boundary
proposal augmented by quantum-geometry effects governing the dynamics of the early-universe
which are, in any case, expected for a meaningful UV-completion. A detailed study of such effects for
physically relevant questions such as the probability of inflation and number of e-folds predicted by
the (improved) no-boundary measure can now be answered within the purview of LQC. However,
this is not the intention of present work and shall be pursued later elsewhere.

In this work, we focus on the geometry of these Euclidean instanton solutions in LQC. This is
a necessary first step before using such solutions to consider nucleation of universes from nothing
and employing the measure provided by the associated wavefunction for predicting the probabilities
of physically interesting phenomena for the Lorentzian histories. Our starting point shall be the
(Euclidean) path integral for quantum gravity, along with the prescription that the initial conditions
are provided by the no-boundary proposal. The main new ingredient, in comparison to the original
Hartle-Hawking proposal, shall be the “effective” action appearing in the path integral derived from
LQC, as opposed to the usual Einstein-Hilbert one. (It was established in [5,6] that by replacing
the standard FLRW action by the ‘polymerized’ version of it, the path integral formulation of LQC,
in its phase space realization, retains all the crucial aspects of the quantum geometry which appear
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in the canonical LQC.) Other than this, our formalism shall be exactly the same as in the original
no-boundary proposal: We shall look only at the saddle-point approximation of the Euclidean path
integral and consider the wavefunction to be a functional of the value of the scale factor only at the final
(spatial) boundary. Moreover, as shall be obvious throughout our paper, we make a minisuperspace
approximation for all our calculations and consider the matter content to be only that due to a
cosmological constant. The latter approximation ensures that we always have a compact instantonic
solution and do not require dealing with subtleties which can give rise to Euclidean wormholes [7,8].
Since we want to show new features of the LQC instantons with respect to its geometry, as compared
to the original Hartle-Hawking ones, these approximations shall help us emphasize our main result
without unnecessarily complicating the system.

For our purposes, the effective action consists of two main types of quantum corrections specific
to LQC—the holonomy and inverse-triad modifications [9]. The first appears due to the fact that there
are no quantum operators corresponding to the connection or extrinsic curvature (in other words, the
momenta conjugate to the spatial metric) on the kinematic! Hilbert space of the theory. On the other
hand, there are well-defined operators corresponding to the holonomy (or parallel transport) of the
connection [10]. Therefore, one expresses the curvature operator in terms of these holonomies instead
of the connection itself. Classically, one can take the limit such that one recovers the expression of the
curvature written in terms of the connection from the expression given for the holonomies. However,
the geometrical operators in the full loop quantun gravity have discrete spectra for quantities such as
area and volume [11] on the kinematical Hilbert space spanned by the spin-network states, rendering
taking such a limit unviable. Therefore, one inherits an ‘area-gap’, in analogy with the minimum
energy-gap of the harmonic oscillator, from the full theory in LQC [12,13]. The main effect of this
regularization of the curvature in terms of holonomies, for symmetry-reduced models, lie in replacing
the extrinsic curvature by matrix elements of SU(2)-holonomies which are periodic functions of the
connection. Specifically, for minisuperspace cosmologies, we have H — sin(6H) /4, where H is the
Hubble parameter and ¢ is related to the area-gap.

The discrete spectra of area and volume operators also lead to other type of corrections in LQC.
The most significant of them are the inverse-triad corrections which arise from the requirement of
having a well-defined operator corresponding to the inverse of some power of the scale factor whose
spectra contains the zero eigenvalue. Naively, it is impossible to have a densely-defined operator in
such a case. However, using the aforementioned holonomy operators and what is commonly known
as the ‘Thiemann trick” in the literature, one can express the relation [14,15]

Yh, Va) = —%hém. 5

In this definition, fi := ex@ﬂ), for the momentum, p, « 4, conjugate to the scale factor g, is
precisely a SU(2)-valued holonomy operator mentioned previously. Using the usual properties of
a commutator, it is clear from this relation that one can have an operator, whose classical limit
is some inverse power of the scale factor on the RHS although we do not require any inverse
operator on the LHS [16,17]. Using this, one gets rid of the singular behaviour of any function
which contains some inverse power of a due to the replacement by these aforementioned inverse-triad
corrections. Once again, their form for minisuperspace cosmologies is rather simple, as shall be
explicitly demonstrated later.

Let us briefly summarize our main result. Conceptually, at least in the cosmological constant case,
the main effect of the LQC quantum-geometry corrections lies in the small-a behaviour of the Euclidean

1 ‘Kinematic’ here refers to the fact that the Gauss and the (spatial) diffeomorphism constraints have been solved whereas

‘physical” would imply the solution of the Hamiltonian constraint as well. For a minisuperspace model, these distinctions
are not very important since the only leftover symmetry of the system is time-reparameterization invariance.
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LQC instantons. As shall be demonstrated, due to the inverse-triad corrections, the LQC-modified
Friedmann equation is such that the solution tails off to zero at the symmetry point of the theory.
The geometry of the LQC instanton will emerge to be quite different from the original Hartle-Hawking
proposal with an infinitely stretched tail in Euclidean time; however, their topology remains the same.
Moreover, such an infinitely long tail of the instanton (in imaginary time) is not an inherent problem
since the only meaningful physical quantity is the probability of nucleation which remains finite for
this system. The interesting fact is the quantum-geometry regularization is such that this tail closes
the geometry in a regular way without requiring any additional fine-tuning even though the field
equations are heavily modified in LQC. This is suggestive of the fact that the no-boundary proposal is
robust and, if anything, such a necessary tail-off of LQC instantons to zero points towards it being
more natural in the presence of quantum-geometry corrections.

2. The Hartle-Hawking Proposal Revisited

In this section, we first briefly review the geometry of the no-boundary instantons in Einstein
gravity. In the process, we also fix our notation for the rest of the paper.

2.1. The Wheeler-de Witt Equation and Boundary Conditions

Let us consider Einstein gravity with a scalar field
" R 1
_ — 40 ™ 2 2 _
5= [ Vsart | - 3 (Ver - vie)] @
In this paper, we shall exclusively focus on a minisuperspace cosmological model [18]
ds? = o2 {sz(t)dtz + az(t)dng] , ©)
where 02 = 2/37 is some normalization constant?. Throughout this paper, we shall work with a closed

k = 1 FLRW cosmology, as is typically required for the Hartle-Hawking proposal®. By assuming the
slow-roll limit ¢ = 0, the Lagrangian can be simplified as

£= Nla 1—ﬁ —Vad 4
T2 N? ’
where V = 16V /9. From this, one can get the conjugate momentum p, = —ai/N. The Hamiltonian

is obtained by the usual Legendre transform
L =pui—NH, ®)

where

_ 1 s
H = 2{u+a Va’| . (6)

Note that we choose this normalization at this point for historical reasons and to keep the resulting equations simple.
However, we shall change this normalization later on to facilitate comparison with LQC.

The reason why one traditionally has to consider a k = 1 universe is because it is the only case which provides a potential
barrier for the tunneling of the universe from nothing. In other words, from the Friedmann equation, only for the k = 1 case
can the right hand side go to zero for certain choices of matter (a flat potential or a pure cosmological constant). However,
this can be generalized for LQC since one gets a “bounce” in all types of tolopologies for a FLRW universe. We intend to
establish this generalization in future work.

256



Universe 2019, 5, 22

On quantization, by replacing p, = —i (d/da), one gets the Wheeler-de Witt equation for the
wave function of the scale factor

d? d
{daﬁ Y- uw} ¥(a) =0, %)

where 7 is a constant due to the ambiguity in operator-ordering and
U(a) = a® (1 — sz2> . 8)

In the semi-classical regime, the ambiguity due to operator ordering is not that important and can
be ignored in a first approximation [18]. It is straightforward to see that the behavior of the system
in the classically allowed region U < 0 (hence, a > 1/+/V) and in the classically forbidden region
U > 0 (hence, a < 1/+v/V) are different. For the classically allowed region, the solution is essentially
oscillatory and can be a superposition of in-going and out-going modes; for the classically forbidden
region, the solution is a superposition of exponentially growing and decaying modes.

In order to extract a specific solution from these general solutions, one needs to impose boundary
conditions. However, quantum cosmology is a closed system in which a set of boundary conditions
cannot be determined by the environment external to the setup as is the normal practice. In general,
there is no fundamental principle to assign all the boundary conditions necessary to specify the wave
function of the universe ¥. At best, the general consensus is that these boundary conditions need to be
supplied as additional fundamental laws of nature. There are two famous, mathematically consistent
wavefunctions corresponding to the following boundary conditions:

1. The Hartle-Hawking proposal [2]—If we choose the exponentially growing mode for a < 1/+/V, then
the wave function becomes a superposition of in-going and out-going modes for a > 1/V/V.
2. The tunneling proposal [19]—If we choose the out-going mode for a > 1/+/V, then the wave function

becomes a superposition of growing and decaying modes for a < 1/v/V.

The probability of the universe nucleating from ‘nothing’ mainly depends on the contribution
from the classically disallowed (hence, quantum) regime. Therefore, the (leading-order contribution to
the) probability distribution is approximately

P(a, ¢) ~ exp (i%@) , )

where + corresponds to the Hartle-Hawking wavefunction, and — to the tunneling
wavefunction, respectively.

2.2. Euclidean Path Integral

Since there is no fundamental principle to choose a boundary condition for the universe in general,
we can look towards the path integral quantization for some guidance. In this paper, we shall take
this route of quantizing gravity in the path integral formulation instead of the canonical one outlined
above. We believe this is the most elegant presentation of the original Hartle-Hawking proposal [2]
and shall, therefore, stick to it for the LQC-modified case [1]. However, as an aside, we note that the
Wheeler-de Witt equation mentioned above transforms into a “difference” equation (of finite step-size)
in LQC resulting from a modified Hamiltonian constraint on a non-separable Hilbert space arising in
the theory. It is completely natural to ask if one might impose boundary conditions analogous to the
ones mentioned above for this difference equation in a canonical quantization [20]. We are currently
investigating if it is possible to impose the no-boundary conditions on the (minisuperspace of the)
wave function in order to solve the difference equation in LQC.
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Between two hypersurfaces (which take given values of the 3-metric and scalar field specified on
it) at the initial boundary (f;, ¢;) and the final one (f, ¢y), the (Feynmann) propagator is given by

¥ (i, ¢, ¢ = [ DlsIDlg] 15, (10)

where we sum over all geometries, allowing for topology-changes, which have the specified initial
and final boundaries. This integration is highly-oscillatory and ill-defined, and it was hoped that its
convergence properties can perhaps be improved on introducing a Wick-rotation to Euclidean time
dt = —idrt, as is often done in standard quantum field theories,

%o lh, g, ¢ = [ DIgIDlg] oWl ay

where now we sum over all Euclidean geometries and corresponding field combinations with the
given boundaries (left of Figure 1). For usual quantum field theories, this corresponds to the ground
state wavefunction. Although there is no straightforward way to define the ground state in quantum
gravity (since the action is unbounded from below), but Hartle and Hawking proposed that the above
form of the Euclidean path integral may correspond to the ground state wavefunction of the universe.

Figure 1. Left: Euclidean path integral that connects from the initial state to the final state. Right: If
two states are disconnected at the Euclidean manifold, one can consider a wave function for the only
final state.

Let us further assume that the intermediating Euclidean geometries between the initial and final
boundaries are disconnected (right of Figure 1). Especially, if we consider a closed universe (i.e., k = +1
FLRW cosmology), then the wavefunction remains well-defined if we remove the initial boundary

¥o [y, ¢1) = [ DlgIDlg] e Sels. (12)

This unique boundary condition has been given the so-called nickname no-boundary proposal,
because it has no initial boundary.

There is a lot of justifiable controversy whether this Euclidean path integral is a good
approximation of the original Lorentzian path integral or not [21-27]. However, this no-boundary
proposal, defined as an Euclidean path integral, is attractive because of several nice properties
it possesses.
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e  The Euclidean path integral can be interpreted as the partition function of a thermal system [28]
Z =Trexp (~pH) = [ DIgIDlg] eSels), (13)

where # is the quantum Hamiltonian of the system and f is the inverse of the Hawking
temperature. The right-hand side can be evaluated in the steepest-descent approximation as

Z =exp (—BF) ~ exp <+i> = A4 (14)
8V

where 7 = E — TS is the Helmholtz free energy, E and S being energy and entropy of the system,
respectively. Here, A is the area of the cosmological horizon. Since the ADM energy E is zero
for dS space, we can consistently recover the Bekenstein-Hawking entropy formula S = A/4.
This reveals that the Euclidean path integral is consistent with the expected thermodynamic
properties of gravity.

e Building on this result, one may consider other semi-classical effects in dS space as well.
The classical (Lorentzian) equation of motion for a scalar field on a fixed dS background is
given by

$=—3Hp—V', (15)

where H = 4/a. On inserting random ‘white noise” in the slow-roll limit as a thermal effect due to
Hawking temperature, one obtains the Langevin equation [29,30]

—¢ =+ ——C(1), (16)

() = o, (17)
@Eme)) = o¢t—t). (18)

Then, the probability to have the field value ¢ at t will follow the Fokker-Planck equation [31]

OP(p,t)  2v2 9 ) 3V'(¢)
) B [ () + gir(en] 19)

while the probability to have the field value initially x at t = 0 will follow the equation

PP, tx) _ 2V2 [ a0 (vasa, OP@tX)\  3V'(x) aP(¢,tx)
I 3an {V (X)ax (V (%) X ) SVIZ2(x)  ox } 20)

In the static limit, a solution that satisfies both of these equations is given by

3 3
P(¢,t|x) ~ V4() ex {777} : (1)
() Do 57001~ 570
We can interpret this as the tunneling probability of a homogeneous part of a universe that tunnels
from the field value x to ¢ via stochastic quantum fluctuations when the wavelength is of the
order of the Hubble radius.

This wave function is consistent with the Euclidean path integral approximated by the
Hawking-Moss instantons [32,33]. On further normalizing the initial boundary, one can obtain
the no-boundary wave function. Therefore, we can conclude that the Euclidean path integral
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describes the stationary limit, or thermal equilibrium, of quantum fluctuations of the Hubble-scale
wavelength modes consistently, whereas in many situations, such a thermal equilibrium is
coincident with the ground state of the system [30].

The above physical motivations are reason enough to investigate and apply the Euclidean path
integral with the no-boundary condition as the wavefuntion of the universe, not only due to its
mathematical simplicity but also due to its self-consistency in the low-energy limit with quantum field
theory in curved spacetime.

2.3. Semiclassical Approximation: Instanton Solutions

One can calculate the Euclidean path integral in the saddle-point approximation by using
Euclidean on-shell solutions, or so-called instantons, as

[ DlgiDlg] e Seivtl o s 22)

instanton
The on-shell solution in pure dS space, on imposing the no-boundary condition a(0) = 0, becomes

regular to give

a(7) = Hlo sin (Hot) , 23)

where H3 = 87tV /3. This solution reveals that at the 2(0) = 0 (“South Pole”) point, we need to impose
the condition 4 = 1 from the Hamiltonian constraint.

Inserting this solution, one can evaluate the Euclidean action. In the phase space formulation, the
action takes the form

Sp = /drﬁ - /d'r (Patt + ppp — NH) . (24)

On plugging the on-shell condition, H = 0 is automatically satisfied. Hence,

sgstanen = [ dr (pai + pgg) 25)

This solution can be analytically continued to Lorentzian time for any constant-7 hypersurface,
but after the Wick-rotation, the metric is in general complex-valued except at the @ = 0 hypersurface
(i.e., T = 7m/2Hy, left of Figure 2). If we Wick-rotate on this surface, then the metric becomes (right of
Figure 2)

a(t) = Hiocosh(Hot) , 26)

We give more mathematical details corresponding to this solution in the following section.
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----- - =X, =0
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-------------------- - 1=0

Figure 2. Left: A typical time contour over the complex time, where X = 7r/2Hj. Right: Euclidean

0 X T

and Lorentzian manifold along the given time contour.
3. Geometry of the Hartle-Hawking Instantons

We give a more detailed derivation of the schematics described for the minisuperspace model in
the previous section. The Friedmann equation (or the Hamiltonian constraint) for the k = 1 FLRW
universe, in Euclidean time, is given by

1 (da 2_87‘(112 d¢ 2 A 2
we () =5 (o) 1 (5rvm)e e

where we use the metric ds*> = N2(y7)dn? + a2(7) A0} and set G = 1 throughout*. 77 denotes the
Euclidean time parameter while reserving t for Lorentzian time, as before. We rewrite the other
relevant equation which is the scalar field equation (also, in Euclidean time)

1 (d% 3 (da\ [d¢ o
we (m) #av (i) (55) v =o. @

First of all, let us make a gauge choice and fix the lapse function N = 1. As pointed out in [34], this
can be rigorously achieved by introducing the complex variable 7(17) = [,/ di’ N(1'). Given any lapse
function, the variable T defines a complex contour on the 7-plane. Once we rewrite the above equations
in terms of the variable 7, the task of finding the no-boundary instantons is to solve these equations for
the pair of complex analytic functions a(7) and ¢(7), given the appropriate boundary conditions.

The set of equations, in terms of this new variable, can be expressed as

P=1- (% +V(9) + 87”452) = V), 29)

$+3Hp—-V'(p) = 0, (30)

where a dot refers to a derivative with respect to T and the Hubble parameter H := 4/a. The fact that
we can write the RHS of (29) as a function of the scale factor alone is only possible for the simplest
case of a massless scalar or a cosmological constant. There is always the Raychaudhuri equation
involving the second derivative of a but only two of these three equations are linearly-independent.
For our purposes of examining the on-shell Euclidean instantons, required for estimating the path
integral by its saddle-points, considering these two equations is sufficient. The usual procedure is to
solve the above equations for the ‘no-boundary’ boundary conditions [35]: a(0) = 0 and ¢(0) = 0.
The first condition is a requirement that the geometry must close in a regular fashion while the second
is a necessary condition for keeping the solution for ¢ regular as a — 0 [7,8]. It is often customary

4 Note the new normalization chosen here to facilitate comparison with LQC later on.
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to quote another condition 4(0) = 1; however, this is the consequence of the Friedmann equation.
In general, requiring that the scale factor and the scalar field take some fixed value on the final
surface, (a(tf) = b,¢(7f) = x), and some fixed value initially, (a(0) = 0,$(0) = 0), exhausts all
the conditions necessary to give a unique solution. The value of the derivative of the scalar field
must be fixed from the scalar field Equation (30) to be zero while the value of the scalar field at
the “‘South Pole’—¢(0) = ¢p—gives the one-parameter family of instantonic solutions which satisfy
the no-boundary proposal [34,35]. Additional tunings are necessary to ensure the classicality of our
universe at late-times, the details of which are unimportant for our purposes (see [34,36-38]).

If we take the pure gravity model, in the absence of any scalar field, one can analytically
solve for the Euclidean instanton to find that there is a O(5) —symmetric solution given by a(7) =
V3/Asin (\/ A/3 T) (this is Equation (23) above written in the new normalization). In the presence
of a scalar field, one requires that the potential is sufficiently flat, i.e., of the inflationary type, for the
solution to be regular. In the case of a slowly varying potential, the solution for a(7) is a deformed
version of the sine function. However, for the massless scalar field (i.e., in the absence of any potential
term at all), there are no compact instantons which would give rise to a nontrivial universe. This is
obvious from the fact that in this case, the scalar field is in the “no roll” condition and the energy
density of the universe is trivial. However, this scenario, which is beyond the scope of this paper, leads
to new solutions for the no-boundary proposal in the presence of LQC corrections [1,39].

Before going on to the LQC instantons, let us revisit the geometry of these Hartle-Hawking
instantons in Einstein gravity. (This is schematically shown in the right panel of Figure 1). Restricting
to the case of pure gravity is already sufficient to illustrate its salient features. For Lorentzian
signatures, one has the usual dS solution of Einstein’s equations with a positive cosmological constant
as ds? = —dt? + a? (+)dQ?, with ar (t) = v/3/Acosh (vA/3 t) (equivalent to (26) above in the new
normalization). To get the O(5) invariant Euclidean instanton from this result, one analytically
continues t such that T = 1y + it, where 7y is the point where a(7) reaches its maximum value.
In other words, one gets a Lorentzian dS spacetime from a Euclidean hemisphere (right of Figure 2),
by matching the two hypersurfaces across the zero-extrinsic curvature (¢ = 0) ‘bounce’ surface.
The effective potential, V(a), goes to zero on this surface. Such a sharp transition between a real
Euclidean half-sphere and a real Lorentzian part is only possible for the simplest example of a pure
cosmological constant considered in this paper. In general, in the presence of an inflationary-type
potential, the transition would be in terms of ‘fuzzy’ Euclidean instantons [34,35], whereby the
solutions would be complex in some parts [40-42]. These details, however, are not important for us
while focusing near the ‘South Pole” to exhibit the general ‘shuttle-cock’ type shape of the no-boundary
instanton in Euclidean gravity.

For the pure dS model, the Friedmann equation, in Euclidean time, takes the form a2 =1—Aa?/3
which clearly shows that as a — 0, one gets @ — 1. The geometric interpretation of this result goes as
follows. The Euclidean 4-metric, possessing the O(5) symmetry, ds*> = d? + a> dQ2 has to smoothly
close-off in a regular manner into flat space (written in spherical coordinates) ds?> = dr? + r2dQ3.
For this to happen, one has to identify a(t) ~ T asa — 0. This suggests that 2 — 1 in this limit,
as is required from the Hamiltonian constraint. However, as mentioned before, this requirement
for the derivative of the scale factor automatically follows from the constraint and is not part of the
no-boundary condition.

Let us make one last comment before presenting our new results for the LQC instantons.
The no-boundary initial condition is simply that the geometry closes off smoothly, as denoted by
a(0) = 0. This shall be important later on for the LQC instantons. If we try to solve the Friedmann
equation, we get the (famous) unique solution (23) only on imposing the no-boundary condition. Of course,
choosing the “initial” point at T = 0 is only for convenience. A priori, there is no need for such a
condition to be satisfied by the modified field equations in LQC. However, as we shall show in the
LQC case, the initial condition that compact (Euclidean) instantons in LQC go off to 2 — 0 is favored
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naturally even in the presence of quantum-geometry corrections, at least in the pure gravity case. This is
the main result of our work which we shall elaborate on in the following sections.

4. No-Boundary Instantons in LQC

In [1], it was shown how the effective LQC action modifies the instantons in the theory even
for a simple cosmological constant. Moreover, this leads to slight enhancement of the probability of
nucleation of the dS universe from nothing due to the LQC corrections. The general shape of the
instanton is reproduced in Figure 2. However, we shall only be interested in the small-a behaviour
of this LQC instanton. In particular, what emerges to be intriguing is the infinite tail of the instanton.
Although this infinite tail is in Euclidean time, and therefore not physically relevant directly, it does
have certain distinguishing features which we shall demonstrate below.

However, before proceeding with the calculations, let us clarify a conceptual issue regarding
the path integral formulation of LQC. In LQC, one often introduces ‘holonomy’ and ‘inverse-triad’
corrections in the equations of motion in a heuristic manner, adopting a semiclassical approximation.
Naively, it might seem that we are also following such a semiclassical ‘effective’ Hamiltonian as
the starting point for our path integral quantization. However, this is not correct. Following [5,6],
we first note that the rigorously defined path integral for LQC, in its phase space version, deviates
from the usual gravitational path integral in that the paths are weighted by a ‘polymerized” action
instead of the Einstein-Hilbert one. This is the crucial point for us—the relevant action for the
LQC path integral is different than the one in Einstein gravity, and it remembers the effects of
quantum-geometry such as holonomy and inverse-triad corrections. So why does it look like we
start from the heuristic quantum-corrected equations in LQC? This is due to the subtlety of taking
the saddle-point approximation of the LQC path integral. As also discussed in [5,6], the saddle-point
approximation of the LQC path integral leads to the so-called ‘semiclassical” limit, in which one
keeps the “area-gap’ (o< 19%) fixed while taking # — 0 (whereas shrinking the area-gap to zero would
lead to the Einstein-Hilbert action starting from the LQC one). Since we shall only be working in
the saddle-point approximation in this paper, the resulting equations from the LQC path integral
shall indeed be the semiclassical ones. However, this is not an ad hoc choice of including some LQC
corrections but rather the result of working in the saddle-point approximation even when starting
from the rigorous LQC path integral. We also emphasize that this is the same approximation one
usually employs for the Einstein-Hilbert path integral, whereby ignoring the higher loop corrections.
We refer the inquisitive reader to [5,6] for details on deriving the path integral for LQC along with
more analysis of these subtleties.

In this work, our main novelty would be to impose the no-boundary condition on the LQC path
integral thereby necessarily having to consider Euclidean histories, going beyond what exists in the
literature [1]. We begin with the modified Friedmann in LQC [43] due to the quantum geometry
corrections mentioned in the Introduction.

== () (58 -l [3- (02 -] = Viccta) @

where p is the contribution from a positive cosmological constant.

o= <@> A (32)

fla)) 87’
p1 = —pc [sinz(\/ﬁ/a)—(lﬂz)a%], (33)
P2 = pe {cosz(\/g/a)ﬂlﬂz)%}, (34)
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where
3 3/2
- 3
v(a) = K<4”711231> aVy, (35)
1
f@) = (3)e@lioto) =1~ ola) 11, 36)
2V2
K = —, 37
3v3v3 e
3
Pc = mr (38)
A = 2V3mly, (39)

with Vp = 1672 Although we have adhered to the conventions of [43], we have generalized their
results by adding in non-perturbative expressions for the inverse-triad corrections.

On first look, the above set of equations look rather complicated due to the different terms
involved. Here, f(a) represents the inverse-triad corrections whereas holonomy modifications show
up in p; and p,. Importantly, note that due to the presence of the inverse-triad corrections, it is always
possible to impose the no-boundary condition 2 — 0. However, to gain some intuition into the
modified equation, let us begin by setting the holonomy corrections to zero for simplicity. This would
be like taking the area gap A to zero. In this limit, A — 0, we get

s (3)8) ()

This is the modified Friedmann equation only in the presence of inverse-triad corrections. It is
easy to check that in the large a >> 1 limit, one gets f(a) =~ v(a), and therefore we get back the usual
Friedmann equation for a closed universe. However, in the 2 < 1 limit, one cannot make such an
approximation. Instead, in this limit, we get f(a) ~ v(a)?. Our aim in this work is not to solve for those
instantons which extremizes the Euclidean path integral but rather to examine its small-a behaviour.
Therefore, considering v(a) o a° and reinstating the holonomy modifications, we get the leading order
term for a ~ 0 as

a* ~ Ca?, (41)

for some constant C > 0. To obtain this result, we notice that the leading order term comes from the
ﬁz term in (31) whereas the remaining terms are subdominant. This is a term which arises only in
the quantum-corrected Friedmann equation (there is no term quadratic in the energy density in the
classical Friedmann equation). The §* term comes with an additional minus sign which leads to a
C > 0. Moreover, note that the dominant contribution in the classical case comes from the curvature
term (1/a?) whereas that term, contained in pj, is now sub-dominant. As already argued in the
previous section, the essential requirement of the no-boundary condition is the geometry should be
closed off in a regular manner and the condition on 4 should follow from the Hamiltonian constraint.
In the LQC case, the modified Hamiltonian constraint implies ¢ = 0 instead of 1. Nevertheless, V(a)
remains regular even in this case.

The above findings for no-boundary instantons in LQC in quite remarkable. In order to appreciate
this properly, let us make a few comments. Firstly, note that there was no reason that the modified
Friedmann equation have to allow for the a — 0 limit to be imposed consistently. It could easily
have been that this limit is singular in LQC. To illustrate this, let us consider only the holonomy
modifications while ignoring the inverse-triad ones. Typically, for the Lorentzian effective trajectories
such an approximation is completely justified and valid even near the ‘bounce” surface. In this case,
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the RHS of (31) has a singular term coming from ‘p10," (proportional to A?), which is absent in the
classical case. However, luckily for us, when one considers Euclidean histories as is required for
our case, one cannot ignore the inverse-triad corrections any longer. Secondly, the structure of the
modified Friedmann equation is such that the resulting instantons remain regular for all values of
T even on imposing the no-boundary condition. For a counterexample, imagine if the form of the
equation was such that 42 « a" with n > 2, in that case, the limit T — 0 would have been singular and
there would not have been consistent no-boundary instantons in the theory. Moreover, these inverse-a
modifications not only play a crucial role in ensuring that the no-boundary condition can be imposed
but also modify the geometry of these instantons to distinguish them from the Einstein gravity. It could
also have been the case that the inverse-a modifications are such that one still gets the same condition
for 4 at the South Pole. In that case, although the explicit solutions of the instantons would have been
different, there would have been no difference in the geometry of LQC and Einstein gravity instantons.
The quantum-geometry corrections in LQC conspire to ensure that we have no-boundary instantons in
the theory with such a geometry that is tapers off to the symmetry point in a novel fashion.

Concretely, the small-a solution for a is given by age‘”. Obviously, this implies that the point T = 0
is not a good point to impose the no-boundary condition. Rather both (a(7), (7)) goes to zero as
T — —oo. However, this does not represent any difficulty since this infinite stretching is in Euclidean
time and is, thus, not physically relevant directly. This novel feature of LQC instantons can be seen
from Figure 3, where the tail of the compact instanton is stretched infinitely, asymptotically tapering
off to zero. The tail does contribute to the probability of nucleation of the Lorentzian dS universe,
although the path integral and consequently the probability remains finite and well-defined in spite of
this infinitely stretched geometry.

Figure 3. Euclidean and Lorentzian manifold with loop quantum cosmology (LQC) corrections.
4.1. Numerical Results

We give some sample numerical solutions for the LQC instantons, going beyond the small-a
limit, to illustrate our claims regarding their infinite tail. Figures 4 and 5 show a typical shape of the
effective potential Vi qc(a) and its solution a(7) for the HR, respectively. This solution demonstrates
that the instanton is indeed infinitely stretched (Figure 3). The approximate behavior of the nucleation
probability is of the form (Figure 6)

527255:§+C+d10g,4+4.. (42)

2 a- As mentioned before, amax denotes

the max value the instanton takes in the Euclidean regime, on which surface we analytically continue

with a model dependent positive constant ¢, where A = 47a
to the Lorentzian regime. The above constant ¢ can easily be absorbed away in the normalization of

the probability measure and the only relevant correction due to LQC, over the Einstein-Hilbert value,
comes from the parameter d. This parameter d can be approximately expanded by d ~ 8.7 x I3,/
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(Figure 7) in terms of the fundamental parameters—Planck length and Immirzi parameter—of the

theory, as shown via numerical reconstruction.
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Figure 4. The black curve is an example of i2forA=1,G=1,and Ip; = 0.1, where the red dashed
curve is the limit of the Einstein gravity with the same amax that satisfies dmax = 0. Right is the behavior

near the a = 0 limit.
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Figure 5. Left: a(7) (red dashed curve is the limit of the Einstein gravity). Right: log a for small a limit.
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Figure 6. Left: Sp/|SSR|, where for G = 1, and Ip; = 0.1 by varying A (equivalently, varying
Ao = 1/a2,,), where S%R is the Euclidean action for the corresponding Einstein limit. Right: Sg for

the same parameters.

266



Universe 2019, 5, 22

0.7F . d
14F .
0.6f
.
0.5F 1.2p .
.
0.4F
. 1.0f .
0.3F
. .
0.2F . 0.8F .
.

0.1F . .

. L L L L L I/

. \ \ \ \ A 10 12 14 6 7

0.002 0004 0006 0008 00107 °

Figure 7. Left: By varying Ip;, one can calculate d o 112,Z numerically. Right: By varying v (with
Ip; = 0.1), one can see a linear dependence d o 1/. We can numerically conclude that d ~ 8.7 x 1127,/7.

5. Robustness of the No-Boundary Condition

In Einstein gravity, when considering a positive cosmological constant as the only matter source,
the only solution which is regular at the South Pole is given by (23). The crucial point here is that one
gets this solution for the instanton in Einstein gravity from the (Euclidean) Friedmann equation on
imposing the no-boundary condition. Interestingly, as was shown in previous section, the small-a
behaviour for the LQC instantons following the modified Friedmann equation is always of the form

a(t) o T, (43)

for some constant C. This shows that as T — —oo, we get 2 — 0 implying a natural implementation of
the no-boundary condition in LQC instantons, as a result of quantum-geometry regularizations,
at least for the simplest case of a cosmological constant. In this sense, this shows that the
no-boundary condition is robust and more natural when the Einstein-Hilbert action is augmented by
LQG corrections.

The Euclidean instantons, in this pure gravity scenario, are always going to be compact and there
is no risk of an Euclidean wormhole forming for some values of the parameter space. This conclusion
is true both for Einstein gravity as well as the LQC case. Therefore, one always gets compact Euclidean
instantons for the pure dS case in both cases. The overall conceptual picture of the nucleation of
the universe from nothing is also the same in both cases. One quantitative difference is due to the
modified equations in LQC: The ‘bounce’ surface (4 = 0), as predicted by the effective trajectories
of sharply-peaked semiclassical states, in LQC is (slightly) different from the hypersurface joining
the Euclidean and Lorentzian parts in Einstein gravity. However, the qualitative behaviour remains
the same and this difference is reflected in enhancing the probability of nucleation of the universe
manifesting as a next-to-leading-order correction in LQC. As mentioned in [1], these type of terms
can also appear in Einstein gravity from going to higher order corrections and there should be a
competition between the two terms in LQC—one appearing from radiative corrections and the other
from the inherent quantum geometry. It is thus difficult to unambiguously state that LQC enhances
the tunneling amplitude for such no-boundary universes.

6. Conclusions

It is an old expectation that mathematical consistency alone shall be sufficient to derive the
boundary conditions in quantum cosmology [44]. The form of the LQC instantons suggest that
it might indeed be possible to identify typical smooth initial conditions due to quantum-geometry
corrections. This demonstrates that one of the most fundamental proposal for the initial condition
in quantum cosmology can appear naturally in another—LQC—due to putative corrections coming
from quantum geometry. The introduction of the no-boundary proposal in LQC has also opened new
physical possibilities for the latter. Instead of replacing the big bang singularity with a deterministic
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bounce, as is predicted by semiclassical states in some restricted models of LQC, this opens up
the opportunity to allow for Euclidean trajectories leading to a bubble nucleation of our universe.
The semiclassical saddle-point approximation of the no-boundary proposal is distinct from the
semiclassical sharply-peaked states in LQC and therefore the former acts as an example of how a new
state can unveil novel features in a well-established theory. At this point, it is difficult to compare
the probability of a bounce versus that of tunneling of the universe from nothing. However, the
no-boundary proposal also provides a (set of) natural initial conditions for considering inhomogeneous
perturbations in LQC leading to effects observable from early-universe cosmology without having to
resort to ad hoc choices for the initial state.

Regarding the geometry of no-boundary instantons in LQC, we have demonstrated that the
feature of having an infinite tail distinguishes these instantons from the original Hartle-Hawking ones
in Einstein gravity. We end our discussion with a few caveats. Firstly, it has been pointed out recently
that the Euclidean path integral in gravity is not a good approximation for the original Lorentzian path
integral due to several conceptual reasons [21]. However, even if one works with the Lorentzian path
integral and applies a different mathematical trick (Pecard-Lefshetz theory) to improve its convergence,
the resulting theory typically has runaway perturbations due to the old conformal factor problem in
gravity [22-24]. Interestingly, LQC can come to the rescue of the no-boundary proposal [45], written as
a Lorentzian path integral, even in this case. However, the main physical effect from LQC responsible
for this is ‘dynamical signature-change’ [46-48], something we have ignored in this work as a first
pass. The second caveat is regarding the fact that our discussions were limited to the case of a pure
cosmological constant in this paper. Indeed, the more interesting physical scenario is that of having
a scalar field in some potential. However, preliminary investigations have already revealed that the
solution space of the no-boundary wavefunction is greatly enhanced for such a system in the presence
of LQG corrections. Finally, one can ask how physical is the fact that the tail of these instantons are
stretched to infinity? As already mentioned, this is only true in Euclidean time and therefore not
directly meaningful. However, it might even be possible that for some different gauge choice (i.e.,
N # 1), one can even avoid such an infinite stretching altogether. Nevertheless, all the interesting
effects of having such a geometry as explained in this paper would still be valid in this case. Most
importantly, no matter what the gauge choice, the remarkable conclusion that the modified Friedmann
equation in LQC not only allows for the no-boundary condition to be imposed, but also somehow
makes it more natural, seems to be robust and points towards a new paradigm in quantum cosmology
merging these two mainstream approaches.
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Abstract: Hypersurface deformation algebra consists of a fruitful approach to derive deformed
solutions of general relativity based on symmetry considerations with quantum-gravity effects,
of which the linearization has been recently demonstrated to be connected to the DSR program
by k-Poincaré symmetry. Based on this approach, we analyzed the solution derived for
the interior of a black hole and we found similarities with the so-called rainbow metrics,
like a momentum-dependence of the metric functions. Moreover, we derived an effective,
time-dependent Planck length and compared different regularization schemes.

Keywords: quantum-gravity phenomenology; hypersurface deformation algebra; loop quantum
gravity; black holes

1. Introduction

Despite tenacious and enduring efforts over many years of research, the dream of quantizing
gravity is still far from being accomplished. Various attempts, which seemed particularly promising at
their birth, were faced with insurmountable obstacles in the form of several formal complexities [1-7].
In light of this, a more pragmatic approach to the problem of quantum gravity (QG) consisted in
looking for simplified (or, better to say, effective) models, able to encode a few characteristics of what
we expect to be the theory of QG [3,8-11]. Of course, these models could not provide us with the
“final theory”, but may capture some key ingredients of QG, optimistically those that may allow us to
perform experimental tests needed to guide our intuition as well as the construction of more reliable
formal approaches to the problem. Typically, fully fledged QG approaches and more phenomenological
models moved along parallel tracks. However, in the last few years, some steps to shorten the gap
between these two complementary views have been taken.

Given the complexity and variety of the QG panorama, it is useful and common to divide
different approaches in two broad categories: covariant and canonical approaches. The former class
is based on the assumption of diffeomorphism invariance, and seems to leave no room for quantum
deformations of it. On the other hand, the canonical procedure makes the covariance of general
relativity (GR) less evident by construction [12-16] and, indeed, symmetries need to be checked directly
by means of the calculation of the Poisson brackets between gravitational constraints. Interestingly,
such a procedure has been recently proven to allow for modifications of GR covariance that preserve
a certain symmetry structure in a deformed sense [17,18]. We feel this could be insightful for the
construction of QG models, as well as the relations between different models and, hopefully, also for
its phenomenological signatures.

In particular, the approach of canonical loop QG (LQG) [14-16], that counts remarkable
accomplishments, such as singularity resolution in various cosmological and black-hole scenarios
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and a meaningful space discretization, faces major difficulties in finding quantum realization of
the Hamiltonian, difficulties that so far remained unsolved [19-21]. Given that a number of recent
analyses [22-25] have tried to circumvent such a problem by constructing canonical effective theories of
QG, analogously to what is being done for modified theories of gravity in the study of dark matter or
dark energy with several toy models. In this way, one can write modified gravitational constraints
(i.e., Hamiltonian density and momenta) which take into account quantum corrections in the form
of nonlinear modifications of phase-space variables inspired by the LQG quantization techniques.
Remarkably, at least in symmetry-reduced LQG models, it has been shown that modified constraints
still form a closed set of Poisson brackets, which is alternatively deformed with respect to the
case of Arnowitt-Deser-Misner (ADM) GR [24,26-31]. These first studies, performed within the
framework of effective LQG, have attracted renewed interest in the possibility of QG-induced
symmetry deformations, and inspired further analyses in other approaches beyond general relativity,
namely, the gravity sector of multifractional models [32], a certain class of (minimally) modified
theories of gravity in the canonical formulation [9], and finally canonical noncommutative gravity
with *-product deformations of algebra [33]. Thus, this gave additional support to claim that QG may
require a deformation of GR covariance.

Intriguingly, the possibility of symmetry deformations induced by quantum effects is not
something new in the QG research, but rather a recurring idea that, from time to time, has taken
different concrete forms in the literature. Most significantly, it is at the core of the class of models
that goes under the name of deformed (or doubly) special relativity (DSR), where the Planck
length, the characteristic scale of QG physics, is supposed to play the role of a relativistic invariant
scale, analogous to the speed of light [34-38]. Concretely, such a proposal has been realized
in the studies of noncommutative spacetime geometries where, as a consequence of spacetime
noncommutativity, the special relativistic symmetries are modified by Planckian corrections and
in some cases, most notably in the so-called x-Minkowski geometry, which is the noncommutative
spacetime dual to the x-Poincaré algebra, Mp actually represents a relativistic invariant quantity [39,40].
For the purposes of this work, it is of particular importance that, in the Minkowski limit, LQG-deformed
symmetries are consistent with the x-Minkowski noncommutative spacetime as shown by one of us in
Reference [41].

The main importance of the results on covariance derived in modified canonical models is
that they may serve to bridge the gap between LQG and observable low-energy physics. In fact,
some studies [42,43] have outlined how modified dispersion relations (MDR), i.e., Planck-scale
corrections to the on-shell relation, and a reduction of dimensions at the Planck scale [44,45]
can be derived from the modified brackets of gravitational constraints. Moreover, the analysis of
Reference [46] suggested that the type of modifications introduced in the gravitational constraints
affects directly the form of the MDR in such a way that future tests of Planck-scale departures
from special relativistic symmetries could hopefully distinguish different theoretical scenarios in
the not-too-distant future. Within the context of deformed covariance, another strategy to extract
phenomenology could be the computation of effective metrics from the LQG-deformed constraint
equations. Such an approach has already proved its richness in the case of loop quantum cosmology
where effective Friedmann-Robertson-Walker (FRW) spacetimes allowed researchers to find robust
solutions to the singularity problem as in bouncing cosmological models. Very recently, effective
line elements for black-hole models have been derived by solving deformed Einstein-like equations
implied by the deformed algebra of constraints [47,48]. This opens the way to the investigation of
semiclassical black-hole solutions with LQG corrections.

In both cases, one has to address the issue of coarse-graining at larger scales (i.e., lower energies)
the microscopic texture of the geometry, which at the Planck scale is described nonperturbatively by
quantum operators and the associated states on a Hilbert space. It is worth stressing that a satisfactory
definition of the (semi-)classical continuum limit has not been accomplished yet by working within the
full complexity of LQG formalism. However, several encouraging results have been obtained in the
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context of symmetry-reduced models. In those cases, the problem of dynamics is greatly simplified and
an analytic expression for the scalar constraint can be found. Then, semiclassical states are defined by
peaking around classical trajectories, and it has been shown that these states exponentially dominate
the partition function that sums over geometries [49]. Thus, effective models can be eventually
considered in analogy with gauge theories defined on a discrete lattice, whereby constraint operators
are regularized by some lattice parameter identified with (or close to) Planck length. As a consequence,
the continuum limit is automatically obtained once such a regulator is removed.

Here, building on the results of Reference [48], we show that LQG modifications of the black-hole
metric can be written as functions of the total radial momentum, thereby introducing an explicit
dependence of the metric on Poincaré charges as proposed in the approach of rainbow gravity
(RG) [35,36,50-53]. Such an observation we here put forward to strengthen the lacking synergy between
fundamental approaches and phenomenological toy models that can be important in order to both
improve our intuition about the formal structures required by QG theory and, at the same time,
conceive experimental tests of potential Planck-scale effects.

The paper is organized as follows: in Section 2 we review basics properties of the algebra of
gravitational constraints (or HDA) and its deformations from LQG corrections, as well as the modified
black-hole solutions derived in Reference [48]. In Section 3 we further analyze this map in order to
map the effective metric found in Reference [48] and rainbow metrics. In Section 4 we compare our
results with the ones previously found in the literature. Then, we conclude in Section 5.

2. Hypersurface Deformation Algebra

In the last decade, one of the most interesting results in LQG has been the emergence of
nonclassical spacetime structures from simplified analyses relying on effective field theory models for
QG. These departures from smooth classical spacetime manifolds can be meaningfully traced back to
quantum modifications of so-called hypersurface deformation algebra (HDA). In classical Hamiltonian
GR, the HDA is given by the following set of Poisson brackets [12,13]:

{D[M"], DIN"]} = D[L N,
{DIN‘], H[M]} = H[LzM], @)
{H[M], H[N]} = D[**(M3,N — No,M)],

which encodes covariance in the Hamiltonian formulation of classical GR. Here, D[M"] is
the momentum (or spatial) constraint that generates deformations along the three-dimensional
hypersurfaces by an amount M® (with a = 1,2, 3), while H[N] is the Hamiltonian (or time) constraint
responsible for translations along the normal direction to these hypersurfaces; finally, 1% are the
components of the inverse three metrics. More precisely, given a generic phase-space function
f(hij, 7i'l), 7'l being the gravitational momentum conjugate to the metric, one has that:

S f (hyg, ) = {f(hij),D[ﬁ]}, onf(hij) = {f(hj, 7'), HIN]}. )

The search for a quantum version of gravitational constraints represents the main objective of
the approach known as canonical quantum gravity and, so far, has not been conclusive. However,
in spite of the fact that full quantum theory is not available (mainly due to renowned difficulties in the
regularization of the Hamiltonian operator), consistency relations implied by the desire to preserve
spacetime symmetries can be used to identify an effective formulation of LQG where a consistent set of
closed Poisson brackets can be found by introducing restricted and simplified correction functions into
the Hamiltonian, which are inspired by the LQG quantization technique (see e.g., Reference [54] and
references therein).

Therefore, the first step consists of correcting the classical scalar and diffeomorphism constraints
with possible modifications motivated by LQG. There is a certain degree of arbitrariness in the specific
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choice of these correction functions, greater than what is commonly acknowledged, and this will be
discussed in some detail later on (see also Reference [46]). Nonetheless, we can fairly divide them
into two broad classes: inverse triad and holonomy corrections. Here, we consider only the latter
type of quantum (or, better to say, semiclassical) contributions. They can be motivated by the fact that
holonomies of Ashtekar connections are the basic LQG variables and, at the effective level, can be taken
into account by replacing the mean connection by a periodic function in the Hamiltonian constraint.
The former are the inverse-triad corrections that come from terms in the Hamiltonian constraint that
cannot be quantized directly, but only after being re-expressed as a Poisson bracket, a procedure
that is usually referred to as the Thiemann trick for the quantization of H[N] [55]. However, as we
already said, they are not contemplated here. One then works with (modified) classical phase-space
functionals that can be understood as the result of the evaluation of a distribution-valued operator
over an orthonormal basis in terms of spin-network states that span the Hilbert space. These quantum
corrections may or may not spoil the symmetry of classical theory under diffeomorphisms. Indeed,
one has to prove that the quantum-corrected constraints form a closed algebra, thereby eliminating the
same number of spurious degrees of freedom as in the classical theory given their role of generators of
gauge transformations. This poses the issue of anomaly freedom, which is the focus of the so-called
deformed-algebra approach to (effective) LQG [24,26-31,56,57]. The goal consists of introducing
these effective quantum corrections into the classical gravitational constraints and then computing
the Poisson brackets between them in order to check the compatibility with the symmetry under
diffeomorphism. A closure of the HDA despite the presence of holonomy corrections would imply
that symmetries are preserved, and it could be regarded as a strong hint that LQG is not anomalous.
On the other hand, any kind of modifications to the brackets (1) could signal that diffeomorphism
transformations are deformed due to “quantum” effects.
In particular, one starts from polymerizing the angular extrinsic curvature component:

[sin(oK,) 2

K5 — h(Kp) = i

/ ©)
where p is related to some scale, usually ¢p, as suggested, for instance, by the discrete spectrum of
the area operator (p is proportional to the square root of the minimum eigenvalue, or the ‘area gap’
from LQG) or on the size of the loop considered for the definition of holonomies. Clearly, the classical
regime is recovered in the limit p — 0.1 The above Substitution (3) can be justified as follows.
In quantum theory, there is no well-defined operator corresponding to the Ashtekar-Barbero
connection A, on the LQG kinematical Hilbert space. Instead, in the loop representation, a well-defined
object is the holonomy operator that is defined as parallel transport of the connection:

ha(A) = Pexp( [ éAim), @

where P is the path-ordering operator and é” is the three-vector tangent to the curve a. For our analysis,
of particular interest are the holonomies of connections along homogeneous directions, which simplify
as [25]:

hi(A) = exp(pAtj) = cos(pA)l + sin(pA)o; (5)

and do not require a spatial integration, since they transform as scalars. In fact, so far, one knows
only how to implement (local) holonomy corrections for connections along homogeneous directions

1 The fact that zero does not belong to the spectrum of the area operator in LQG is precisely the input from the full theory

which gives a nontrivial quantum geometrical effect.
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(for a negative result concerning implementation of nonlocal (extended) holonomy corrections in
spherical symmetry, see Reference [58]). In our case, this is given by Ky (= Ay cos a):

exp(pAycos zxAg)
= cos(uyKp)l + sin(pyKy) A (6)

h(r, 1)

In order to see how Replacement (3) is implied by Equation (6) one must take into account that
the scalar constraint is quantized by utilizing the Thiemann trick vE' {Kp,V} (where V is the
volume), whose quantum version contains the commutator [ht;l, V)= h(l,h(;lv — Vh(;l \7}14,. (This is
equivalent to regularizing the curvature of the connection by holonomies, with the minimum area
being the ‘area gap” from LQG.) Using Equation (6) one can easily see that products of holonomies are
given by cosine and sine functions of K. Finally, it turns out that the resulting quantum or “effective
(since we are going to ignore operator ordering issues by working in a semiclassical setting, as they
are not crucial to our goals) scalar constraint could be obtained simply making the replacement of
Equation (3). This justifies the following form of effective Hamiltonian constraint H<:

g

[sin(Kypp)] %Er +(1-T3)E? + 2| . @)

2
HO[N] = f% /BdrN {sz“” +2K,°

On the other hand, the diffeomorphism constraint remains undeformed, since spatial
diffeomorphism invariance translates into vertex-position independence in LQG, which is
implemented directly at the kinematical level by unitary operators generating finite transformations?.
As aforementioned, the crucial point of the deformed algebra approach is to ensure that the resulting
algebra of constraints remains consistent so that Poisson brackets between quantum-corrected
constraints are proportional to a quantum-corrected constraint. Such a procedure has to be performed
“off-shell”, i.e., before the quantum-corrected equations have been solved. In the case of gravity, this is
the only way to guarantee that quantum theory is fully consistent. With a rather straightforward
but lengthy calculation, one can show that gravitational constraints with LQG corrections close the
algebra nonpertubatively. Particularly remarkable is the fact that, at least for symmetry-reduced cases,
there is a unique solution to the anomaly freedom problem. In fact, the full deformed HDA is given
by [24,26-29]:

{D[M"], D[N"]} = D[LyN"],
{DIN"), H[M]} = HO[LyM], ®)
{HC[M], HO[N]} = D[Bh"*(Md,N — No,M)].

Thus, these modifications amount to a deformation of the brackets closed by the gravitational
constraints that generate space and time gauge transformations. Specifically, only the Poisson bracket
involving two Hamiltionain constraints is modified by the presence of a deformation function that
depends on the phase-space variables, i.e., § = B(hj, 7'l (or, equally, B = B(A?, E]b)), whose particular
form depends on the specific holonomy corrections considered, as well as on the symmetry reductions
implemented and so forth.

The angular component of extrinsic curvature Ky can be consistently quantized and produces
the above result. To see that, we have to briefly introduce the spherically symmetric reduction of
Hamiltonian gravity in Ashtekar—Barbero variables (see e.g., Reference [60]) in the presence of LQG
deformations. In this case, ADM foliation [13] allows a decomposition of the spacetime manifold

2 In fact, there is no well-defined infinitesimal quantum diffeomorphism constraint in LQG for the basis spin network states.

Some progress in constructing it has been achieved in Reference [59].
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as M =R x & = Mj g x S?, where My, is a two-dimensional manifold spanned by (t,7) and S?
stands for the two-sphere. Given that, the line element reads:

ds* = —N2?dt> + hy, (dr + N7dt)? + hgg[d6* + (sin(6))?d¢?], 9)

where the shift vector is purely radial, i.e., N = (N,0,0), due to spherical symmetry, and,
consequently, we are left only with radial diffeomorphisms generated by D[N'] = [ drN"H, (where H,
is the only nonvanishing component of the momentum density) and time transformations, generated
by H[N] = [drNH (where H is the Hamiltonian density). The components of the spatial metric
(hyr, hgg) can be written in terms of rotationally invariant densitized triads that are given by:

;0 ] ] ]
B 0 ()t singo 4 E (1) sin 82 + E¥(r) 52
E=E/T e E'(r)m smear +E?(r)m sm@ag +E?(r)m 39 (10)
where 7; = f%iaj represent SU(2) generators. The densitized triads are canonically conjugate to

the extrinsic curvature components, which, in the presence of spherical symmetry, are conveniently
described as follows:

K = Kitdx™ = K, (r)t3dr + Kp(r)11d6 4 Ky (r) T2 5in Od¢p . (11)

As a result, the components of the three metrics are:

_ _ (E*(n)?
hgg =E (1’) ’ hyr = T(}’) . (12)
At this point, one can show that the bracket { H[N], H[M]} in Equation (8) reads:
Er
(HOIN], HOIM]} = DB(pKy) g5z (NOM ~ MO )], (13)

where f is related to the second derivative of the holonomy-correction function, i.e., § = H'/2.
In particular, for the simplest case including only local holonomy corrections as in Equation (3)
(see also References [61,62] for a detailed construction and the related discussion), with v € R and
j =1/2, deformation p takes the form:

) - (o)

) = B =cos(20Kp). (14)

However, more complicated expressions are possible and are discussed in the next section.
As shown explicitly in Reference [48], given the modified HDA, one can then obtain Einstein-like
equations of motion with LQG corrections from

F={F,H[N] + D[M']}, (15)

with F = (E’, E‘P,K(P,Kr). For instance, the equations of motion for the two independent triads,
extrinsic curvature Ky, and the Hamiltonian constraint (that can be used to find K;) are:

E" = NVEH (Ky) + M'9,E",

. N " E¢ ’
EP = 5 (@K,,h (Kp) + ﬁh (K¢)> +0,(M'E?),

N (16)
Ko = —5 =1+ KL,

W (Kp)E'Ky + (14 h(Kp))E? = 0.
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In Reference [48], the above LQG-corrected Einstein equations have been solved explicitly for the
interior of a static black hole. The solutions for the triads read:

rs h(Kyp)

r_ 2 ¢ 'S "\
Er=#, Ef=2 T+ hK,)’ 17)
and that of the extrinsic curvature Ky is:
h(Kp) == —1 (18)
where g is the Schwarzschild radius.? Finally, the LQG-modified line element is:
1
2_ L oo 2, 2402
ds® = F(t)dt + F(t)dr® 4+ t7dQ*, (19)
with )
dh=1 B
F(t) = (2 e x:'7571> . (20)

3. Effective Rainbow Metric

In general, one has as the solution a deformed metric that depends on the spacetime co-ordinates
and on deformation parameter p. However, recently, deformation function /1(Kyp) gained a different
role. It was shown that such a function, in fact, deforms the Lorentz algebra of the spacetime found
in the flat version of the HDA described above (see Reference [41] and references therein. See also
Reference [42] for a different analysis leading to similar outcomes, i.e., deformed Poincaré symmetries
in the Minkowski limit of (8)).

For our purposes, it is of pivotal importance to find a way to write  in terms of symmetry
generators (see also References [41-43]) and, to this end, it is valuable to notice that observables of the
Brown—York momentum [63],

P= 2/ dzzvb(n,,n”b — 7,7, (21)
)

can be identified by extrinsic curvature components. In Equation (21), we have that v, = 9/9dx?,
f, is the conormal of the boundary of spatial region ¥, and 7% plays the role of gravitational
momentum (while the overbarred symbols in the above equation are the same functions but evaluated
at the boundary). From this, it is possible to establish that the radial Brown-York momentum P is
related to extrinsic curvature component K in the following way (see, e.g., Reference [43])

Ky .
VIE|
The flat case was discussed in Reference [41] in the context of DSR symmetries. In that case,

since E” is a constant, it was possible to set parameter p o |E|~1/2
function B to the generator of radial translations P;:

P = — 22)

, which allows to relate deformation

B = cos(APy), (23)

3 We omitted the solution for K, because it is not used in our analysis.
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where A is a parameter of the order of the Planck length (A ~ {p ~ 1/M p).% Such identification
allowed the authors to derive deformed relations for the symmetry generators of the flat spacetime.

That is, on one hand, this approach traces a map between DSR and the Minkowski limit of the
HDA from the point of view of deformed symmetries. On the other hand, an exact solution was
recently found of the field equations derived from a HDA for the curved case of the black-hole interior.
In principle, these two approaches are independent, i.e., there is not yet a local DSR description of the
symmetries of the deformed metric, or a metric description that emerges from this DSR proposal.

A metric description that is able to encode these aspects of the formalism is still unknown.
In this paper, we aim to contribute to this subject by describing the curved effective metric in the light of
the discovered relation between HDA and DSR. In fact, a relevant approach to the metric description
inspired by the DSR scenario conjectures that the spacetime metric determined by an observer by
measurements done with an energetic particle depends on the particle’s energy as measured by that
observer. The deformed relativistic metric description should be given in terms of a rainbow metric [50].
Therefore, we wanted to study whether the intuition of rainbow gravity finds support in this recently
found effective curved metric from HDA, when one uses the prescription that relates HDA and DSR.

3.1. Rainbow Gravity

In this subsection, we review the main aspects of the standard rainbow gravity as proposed in
Reference [50]. In this case, consider an MDR of the type:®

m* = E*f{(tpE) — p* f3 (¢pE), (24)
that can be represented by a simple norm m?
momentum space

= y"™U[p]uU[pls, where U is the map in

Ulply = (Ulplo, Ulpli) = (Ef1(¢pE), pif2(LpE)) , (25)

where Greek indices like (j, ), run from 0, ..., 4, and Latin indices like (i, j), run from 1, ..., 3.

The idea is to write this dispersion relation with an energy-dependent metric 7j/"(¢pE),
such that y"U[p],Ulpl, = 7" (LpE)pupy, which could also be generalized for a curved
spacetime. A simple way for achieving this consists in transforming the orthonormal frame as
EX = (fl(épE)eO”,fz(EpE)eI”), such that

" U[plUlply = nBe g pupy, (26)

ABg ” & . Here, indices like (A, B) run from

which defines an energy-dependent metric 7j/ ({pE) = 5
0,...,4 and ones like (I, ]) run from 1, ..., 3.
This construction can be directly generalized to curved vielbeins. In fact, if one uses the same

definition above, it is possible to construct a metric

g (toE) = n"Pejieg, @7)
whose inverse is given by

Suw(lpE) = UABé?JEBW (28)
where e ((f1 (¢pE)) 10, (fz(lpE))*leI},): this is a rainbow metric.® This way, one can use this

kind of metrlc as an mput mto the Einstein equations as an ansatz for the so-called rainbow gravity.

4 Keep in mind that its exact value also depends on quantization ambiguities [46].

We are considering ¢ = i = 1, which implies having the Planck length as the inverse of the Planck energy (p = E,’,1

6 Energy-momentum dependent metrics, like in curved momentum space have been originally considered in [64].
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For instance, a known solution [50] of the Einstein equation for the static and spherically symmetric
case is the metric

N b AT (1_2M/r):d72 r Sd02.
(f1(¢pE)) (f2(¢pE)) (f2(¢pE))

So, this is a deformation of the Schwarzschild line element by functions that depend on the
energy of the particles that probe such spacetime. Since this is a static spacetime, the energy of a
test particle is, in fact, a conserved quantity and corresponds to the generator of time translations
in this manifold, thus implying that the Schwarzschild metric is being essentially deformed by the
time-translation generator.

When crossing the horizon, the roles of the radial and the time co-ordinates change.
Such modification takes the metric from a static configuration to a purely time-dependent tensor,
which also implies that the energy acquires the role of the conserved radial momentum, i.e.,
the generator of radial translations. In fact, the metric assumes the form

(29)

— 1)1 _ 2
g = MDD ML e e, (30)

(f2(tpPy))? (fi(tpPy))? (f2(tpPy))?

In the next section, we compare this rainbow metric inside the event horizon of a black hole with
the one found from the HDA.

3.2. Momentum-Dependent Metric

Using Equation (18), we can write Equation (20) as

dKy(rs/t — 1)] -2

= { d(r/E—1) G

However, if we define G(rs/t —1) = dKy(rs/t —1)/d(rs/t — 1), which, using Equation (18),
allows us to define Ky-dependent function G (Kgp) = Goh(Ky).

Recalling the relation between the extrinsic curvature and the radial momentum (22), we are able to
define a metric that presents P,-dependent corrections. It should be stressed that, in this case,
P, corresponds to the quasilocal radial gravitational momentum, which means that it presents the
information of the test particle in this spacetime (as described in References [41,65] for deforming the
Poincaré symmetry where there is no gravitational field) and of the gravitational interaction (that was
absent in the flat case).

To illustrate this construction, let us consider some examples.

3.2.1. First Case

The most natural choice to begin our analysis is the one exemplified in Reference [48]. In this case

. 2
h(K@:M:E—l (32)
o t
with
B(Kg) = h"(Kp)/2 = cos(2pKy). (33)

From Equation (31), we can derive the co-ordinate dependence of the metric function F(¢) that
was found in Reference [48]:

o= (2 1) [t (1)) o
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However, in order to analyze this effective metric in light of rainbow gravity, we propose to
take a step back and realize that, in fact, the Schwarzschild metric gets deformed due to parameter p,
and that such deformation is proportional to 75/t — 1, which, on the other hand, equals to function
h(Kp) (by Equation (18)), which, in turn, is related to radial momentum P; by (22).

Combining these expressions, we have:

F(t,P,) = (1: - 1) [cos (ot P)]?, (35)

which implies in a rainbow-like metric:

ds* = — (r?s - >_1 [cos (ot P,)| 2 di* + (% - 1) [cos (ot P))? dr? + 12 dO2. (36)

In this case, the second horizon occurs in the phase space for ptP, = (2n+ 1)7/2,
which corresponds to t, = p%rs/ (1 + p?). In fact, this metric presents the same Penrose diagram,
as pointed out in Reference [48]. According to References [47,48], due to the deformation of the
Hamiltonian constraint in Equation (8), the time reparametrization of the theory also needs to be
modified, leading to a rescaling of lapse function N in Equation (9) as:

N — B(Ky)N = cos(20tP,)N, 37)

which leads to a Euclideanization of the metric for ptP, = (2n 4 1)7/4. For details, see Reference [47].
This rainbow metric presents some differences with respect to the usual approach presented

before (Equation (30)). For instance, there is no rainbow function in the angular sector of the line

element; this rainbow metric presents contributions from the single-particle momentum and from
the gravity sector; and the momentum P, is multiplied by pt, instead of the usual Planck length /p.
Such features are repeated in the next examples.

Indeed, we noted that holonomy corrections can be implemented in different ways. Specifically,
the polymerization function (i.e., K — f(K)) depends on some choices we can make such as:
the value of the Barbero-Immirzi parameter, the internal gauge group, and finally the spin
representation of the group. How these choices affect symmetry deformation in Equation (8) and,
perhaps, lead to different phenomenological predictions for the form of the MDR, has been recently
discussed [46]. Here, following that line of reasoning, we briefly discuss how, as the reader could
easily expect, these formal ambiguities affect the shape of these effective rainbow metrics, too.

3.2.2. Second Case

A second, rather natural, choice is represented by the complex Ashtekar variables that,
once we turn to the associated effective quantum corrections, give rise to a similar deformation function
through a sort of “Wick rotation” p — ip (see Reference [43]) of the standard SU(2) polymerization
Function (3), i.e.,

h(Kp) = p~*[sinh(0Ky)]?, (38)

producing the deformed rainbow metric

-1
ds2 = — (% —1)  [cosh (ot P)] 2df? + (% —1) [cosh (ot P,) 2 dr? + 2 dO2, (39)

In this case, since the hyperbolic cosine is never null, there is just the usual horizon for this
black hole.

3.2.3. Third Case

Although complex connection formulations of LQG are receiving restored attention in the recent
literature, it is well known that they also raise major difficulties (for instance, in the analysis of the
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observables of the theory, which need to be real valued operators) for which nobody has been able to
fully and satisfactorily account. Partial progress is given by the proposal of an “analytic continuation”
procedure (see e.g., Reference [66]), which has the advantage of preserving the reality of the spectrum of
the area operator. We direct interested readers to Reference [66]. From References [43,67], we have

7

B [sinh(pK{)]? 3 9 ([ sin(sfyp)
MKe) = = (@ 1) sin(6,) 0, (sinh(9¢)>' 40
where 0 oKy )
sinh (7> = {smh (T)} . (41)
Leading to
-1 352 + 4 !
ds? ~ — (rf -1) {1 + (pt)2 P2 — %(pt)‘l p;‘} ar (42)
s 2p2 (B3244) o aa] o2
+(%-1) {1+(pt) P2 Sa et P dr? 4 40

Until the first order, this result coincides with the second case of Section 3.2.2, which is coherent
with results reported in Reference [43] in the flat case. We considered just the second-order deformation
due to the complexity of this deformation function.

3.2.4. Fourth Case

Another possibility is represented by higher spin representations of the internal SU(2) group.
For instance, in this quantization approach to effective LQG, from Reference [46], i.e.,, j = 1 HR
(holonomy regularization) scheme for regularization, one has:

B(Kp) = [cos(pKy)] — [sin(pKy)}* — 7 sin(pKy) sin(20Ky) + 5 sin(20Kp)P,  (43)

where B(Ky) = 1" (Kg)/2. Then

s -1 7 -
ds? ~ — (% - 1) {1 — (o) P2 = (1) P;‘} ar? (44)

s _ o2 P2 L ondpt| 22 2 a2
+(t 1) {1 (p1)? P = 2 (o) P,,} dr? + 2 dO>.
We also considered just a second-order approximation, which was sufficient for our discussions.

3.2.5. Fifth Case

Now, we consider the case j = 1, but in the connection regularization (CR) scheme. In this case,
following Reference [46], we have

B(Kp) = [cos(pKy)]* — [sin(pKy)]* — g[sin(ZPK¢)]2~ (45)

Following the same procedures as the previous cases, we are led to the following line element:

1 -1
ds? ~ — (% - 1) [1 —4(pt)2 P2 + 13—6(pt)4 p;*} P (46)

16
+ (rf - 1) {1 —4(pt)2 P+ ?(pt)‘lpf} dr® + 12402
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4. Comparison with Previous Definitions

Now that we have discussed these three cases motivated by three different ways to introduce
LQG-inspired corrections into Hamiltonian GR, we recognize that, in general, we obtain metric
deformations of the type

E(t) = (5 =1) [1+&(o0)? P+ &2(pt)* P+ O (1)), 7)

where ¢; are real numbers. Obviously, the first and second cases could be exactly solved, but they also
match this form by performing a Taylor expansion. Therefore, we can characterize each of the solutions
derived from the HDA by parameters ¢;, as can be seen in Table 1 for different j-representations:

Table 1. j-representations and their {;-parameters.

j ¢1 &
1/2 -1 1/3
~i/2 1 1/3

L(—14is) 1 344
1 (HR) -1 -z
1 (CR) —4 1

The cases analyzed so far do not present deformations as odd functions; therefore, terms with
odd powers of P, cannot appear, i.e., the first-order correction appears quadratically, the second-order
correction appears in the fourth power, and so on. This could be the consequence of some symmetry
principle underlying the LQG construction that, for instance, would preserve the parity of the MDR
under transformation P, — —P,.

Originally, rainbow gravity was introduced by the so-called rainbow functions of the particle’s
energy f12(¢pE), which, in the case of the Schwarzschild metric inside the black hole, reads as
Equation (29). There are some fundamental differences with respect to our case:

e Usual rainbow function f, deforms the angular sector of the metric, i.e., the line element of unit
sphere S? is momentum-dependent in usual rainbow gravity;

e  our deforming function F(t, P;) depends on pt P, instead of the usual {pP;;

e momentum P, consists of the momentum of the single test particle and the momentum of the
gravitational field.

The last two points deserve further discussion. Regarding the second point, we are led to speculate
whether the rainbow metric inspired by the HDA is deformed by an effective Planck length given by’

e = pt. (48)

This is being generated by the presence of a deformation function on the brackets (Equation (8)).
Therefore, a possible direction that we could investigate consists of searching for a representation of
scalar-tensor theories in rainbow gravity, where Newton’s constant is a scalar field, which would
induce a variable Planck length, comparable to what we found in the present paper.

As amatter of fact, if fundamental constants like /1, G, and ¢ are functions of spacetime co-ordinates,
this behavior could be explained, as long as

Cp(t) = || g = pt. (49)

7 In the present case, co-ordinate time must satisfy ¢ < 7.
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This is an important difference with respect to previous approaches that build bridges between
energy-momentum-dependent metrics and quantum gravity, since, for the first time, we see a
deformation “parameter” that is co-ordinate-dependent in this particular context. These possible
phenomenological possibilities deserve further investigation.

Such dependence relies on the relation between radial momentum and the extrinsic curvature
given by Equation (22). For the flat case, there is no co-ordinate dependence since the triad E" is
constant, which explains why this feature did not appear in previous analysis of the HDA and DSR,
like Reference [41]. In that case, the term pt is replaced by a dimensionful parameter A of the order of
the Planck length.

In this regard, we notice that the possibility of scale-dependence of the characteristic regime at
which we should expect QG effects to be relevant is not something new in the literature. Indeed,
some kind of running of Planck-scale physics is at the cornerstones of many approaches to the QG
problem. Among them, we can count causal dynamical triangulation [68], asymptotic safety [69],
and multifractional geometries [70]. In particular, working within this latter approach, one of us [71,72]
found that the multifractional scale (i.e., the ultraviolet scale at which the spacetime dimension changes,
as it happens by construction in multifractional geometries), £, is related to the scale of the observation
at which the measurement is being performed, s, i.e., £, = 3 /s . Within a completely different scenario
and framework, here we obtained a similar outcome. Such an interesting suggestion could be worth
exploring elsewhere.

The third point, by itself, also deserves a deeper investigation about whether it is possible to
uncouple momenta contributions coming from the gravity and test particle sectors, in order to
approximate this new effective metric to the usual one from rainbow gravity, probably similarly to
what was done in Reference [73] in the context of Palatini f(R, Q) gravity (where R is the usual Ricci
scalar and Q = R*Ryy).

We close this section with a remark concerning how one could coherently make contact with
the aforementioned Minkowski limit of the deformed HDA. Since the original Schwarzschild metric
already violates Lorentz invariance, in our approach we do not need to consider deformations of the
Lorentz symmetry. We would need to be concerned about this issue if we had a Minkowski limit of
this metric. However, following the procedures of Reference [48], we cannot simply place s = 0,
because function 11(Kp) = rs/t — 1 should be a positive definite function; hence, the no-gravity limit
needs to be carefully treated, in order to work on the effective spacetime symmetries of this metric
description. However, this will be the subject for future investigations.

5. Final Remarks

Based on the recently found black-hole solution inside the event horizon from deformations of GR
due to quantum gravitational corrections [48], and on the link between the hypersurface deformation
algebra and deformed Poincaré algebra in the flat limit [41], we connected these two perspectives of the
same problem using the so-called rainbow metrics. In the present case, we found a metric description
for the solutions found in Reference [48] based on the relation between the radial triad, the extrinsic
curvature and the radial momentum given by P, = —Ky/ V/]E’|, which is on the very basis of the
linearization of the HDA in terms of DSR symmetries. Such a metric assumes the form of a rainbow
metric, in the sense that it depends on spacetime co-ordinates and on momentum P,.

We analyzed different realizations of this quantization scheme and realized that a pattern emerged
for the general form of the rainbow metric. We only have even functions of dimensionless quantity
ot Py, that we expanded in a Taylor series and collected the first two terms in Table 1.

Important differences with respect to the usual rainbow metric ansatz were found, like the
absence of a rainbow function in the line element of sphere S?. The presence of a variable, effective
Planck length that governs the deformation ¢ = pt, which is a novelty in attempts to find rainbow
metrics from quantum-gravity considerations, and the dependence of the metric on the gravitational
and single particle momenta.
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We should stress that, although effective metrics can already be found from the solution of
Reference [48], we here showed a new ansatz of rainbow metrics, given by Equations (19) and (47),
inspired by this approach. Alternative formulations of the rainbow-gravity initial proposal have been
proposed [74-82] and the issue is still under debate. Since the exact form of the semiclassical spacetime
description from quantum gravity is not yet known, we should rely on phenomenological possibilities
driven by deformation functions, like the HDA approach or rainbow-gravity models.

Another key issue on rainbow-gravity and quantum-gravity phenomenology, in general, concerns
the deformed trajectories of test particles, i.e., the geodesics of a quantum spacetime. Following an
approach similar to ours, some efforts have been pushed forward in Reference [83], and MDRs in flat
spacetime have been considered in References [41,43,46], which could, on principle, allow us to find
trajectories from the Hamilton equations. However, for our purposes, it is of pivotal importance to
find exterior or near-horizon metric solutions in order to check deviations of the geodesic equations
from GR in the direction of confronting our findings with observations and with the near-horizon
phenomenology that has been recently developed (see, for instance, Reference [84]).

As discussed in References [41,65], the deformation of the hypersurface algebra induces a
deformation of the Poincaré algebra. On the other hand, we found that the effective metric description
found in References [47,48] resembles rainbow metrics, which are historically related to the DSR
program. Therefore, we wonder whether our approach could be useful for discovering an effective
metric description of the DSR algebraic formalism, such that trajectories found from deformed
Hamilton equations are geodesics, and the deformed symmetries are generated by Killing vectors of
the metric.

Coherently passing from the “gravity-on” to the “gravity-off” geometric description while
preserving the aforementioned structures would be an important step toward a “quantum equivalence
principle”, in which the relations between the geometrical quantities in such emergent spacetime are
preserved even when considering quantum corrections.

In the future, we intend to explore this metric no-gravity limit in order to find a coherent relativistic
metric description of DSR, and to better understand the transition from curved to flat metrics in this
semiclassical approach.
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Abbreviations

The following abbreviations are used in this manuscript:

QG Quantum Gravity

GR General Relativity

LQG  Loop Quantum Gravity

ADM  Arnowitt-Deser—Misner

DSR  Doubly (deformed) Special Relativity
MDR  Modified Dispersion Relation

FRW  Friedmann-Robertson-Walker

RG Rainbow Gravity

HDA  Hypersurface Deformation Algebra
CR Connection Regularization

HR Holonomy Regularization
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Abstract: We use the method of the Lewis-Riesenfeld invariant to analyze the dynamical properties of
the Mukhanov-Sasaki Hamiltonian and, following this approach, investigate whether we can obtain
possible candidates for initial states in the context of inflation considering a quasi-de Sitter spacetime.
Our main interest lies in the question of to which extent these already well-established methods
at the classical and quantum level for finitely many degrees of freedom can be generalized to field
theory. As our results show, a straightforward generalization does in general not lead to a unitary
operator on Fock space that implements the corresponding time-dependent canonical transformation
associated with the Lewis-Riesenfeld invariant. The action of this operator can be rewritten as a
time-dependent Bogoliubov transformation, where we also compare our results to already existing
ones in the literature. We show that its generalization to Fock space has to be chosen appropriately in
order to not violate the Shale-Stinespring condition. Furthermore, our analysis relates the Ermakov
differential equation that plays the role of an auxiliary equation, whose solution is necessary to
construct the Lewis-Riesenfeld invariant, as well as the corresponding time-dependent canonical
transformation, to the defining differential equation for adiabatic vacua. Therefore, a given solution
of the Ermakov equation directly yields a full solution of the differential equation for adiabatic vacua
involving no truncation at some adiabatic order. As a consequence, we can interpret our result
obtained here as a kind of non-squeezed Bunch-Davies mode, where the term non-squeezed refers to
a possible residual squeezing that can be involved in the unitary operator for certain choices of the
Bogoliubov map.

Keywords: quantum cosmology; cosmological perturbation theory; Lewis-Riesenfeld invariant;
Bogoliubov transformation; adiabatic vacua

1. Introduction

In the framework of linear cosmological perturbation theory the Mukhanov-Sasaki equation
plays a central role. It encodes the dynamics of the Mukhanov-Sasaki variable, which is a linearized
and gauge invariant quantity that is built from a specific combination of matter and gravitational
perturbations such that the resulting expression is gauge invariant up to linear order. A way to derive
this equation is to consider the Einstein-Hilbert action together with a scalar field minimally coupled to
gravity and expand this action up to second order in the perturbations around an FLRW background.
One decomposes the perturbations into scalar, vector and tensor perturbations since these decouple at
linear order. In the scalar sector, we are left with one physical degree of freedom that can for instance
be expressed in terms of the Mukhanov-Sasaki variable denoted by v(#, x). Given this, we can express
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the scalar part of the perturbed action entirely in terms of the Mukhanov-Sasaki variable and the
corresponding equation of motion takes the following form [1]:

I z"(17) a d¢ _ [fdt
o0~ (8+ 5 o =0 0= 550 = [ 0T
where A is the spatial Laplacian, 17 denotes conformal time, a the scale factor, (1) the isotropic
background scalar field and H := %/ the Hubble parameter with respect to conformal time. Contrary
to the background quantities, the linear perturbations carry a position dependence breaking the spatial
symmetries of the FLRW background spacetime. Throughout this article we will work with the
Fourier transform of this differential equation. For each Fourier mode vy (1), this leads to a differential
equation given by:

ol () + (Hkut %)vm 0, M

where quantities with k-label corresponds to the associated Fourier transforms. The quantity in the
brackets of the Fourier transformed equation is called the Mukhanov-Sasaki frequency wy (1) and
reflects the backreaction of the matter degrees of freedom with the background spacetime. Further
commonly used gauge invariant quantities in the context of linear cosmological perturbation theory
are the Bardeen potential ®p as well as the comoving curvature perturbation R. The latter is related to
the Mukhanov-Sasaki variable v by v = zR. Whether one considers a specific gauge invariant quantity
is often influenced by the choice of a particular gauge in which these variables simplify and have an
obvious physical interpretation. For the Bardeen potential this is the longitudinal gauge, whereas the
Mukhanov-Sasaki variable naturally arises in the spatially flat gauge, where it is directly related to the
perturbations of the inflaton scalar field. More details about the construction of these gauge invariant
variables as well as the derivation of their dynamics from the perturbed Einstein equations in the
Lagrangian framework can for instance be found in Reference [2]. A similar derivation in the canonical
approach is for example presented in References [3—6]. Here we will not work in a particular gauge
but take the form of the Mukhanov-Sasaki equation in (1) as our starting point. As far as a comparison
with experimental data is concerned, the relevant quantity is the power spectrum that is defined as the
(dimensionless) Fourier transform of the real space two-point correlation function, that is in the case of
the quantized Mukhanov-Sasaki variable (0| 9(1,x),9(17,y) |0).

Obviously the power spectrum can only be determined if some initial state has been chosen with
respect to which the correlation functions are defined. The most common choice for the initial state is
the Bunch-Davies vacuum that can be uniquely selected by the conditions that it is de Sitter invariant
and satisfies the Hadamard condition. The latter requires that the corresponding two-point function
has a specific behavior in the ultraviolet, that is for short distances. If we drop the Hadamard condition,
we obtain the family of so-called a-vacua that include the Bunch-Davies vacuum. Other choices for
the initial conditions than the ones for the Bunch-Davies vacuum have been considered and their
possible fingerprints on the power spectrum have been investigated, see for instance References [7-9]
and references therein. The Bunch-Davies vacuum is selected by requiring that in the limit of 7 — —oo
the mode functions take the form of the usual Minkowski mode functions. Another method to
choose an initial state is the so-called Hamiltonian diagonalization method, where one minimizes
the expectation value (0y, | H(170) |0y,) of the Mukhanov-Sasaki Hamiltonian at one moment in time,
say 1]o. Hamiltonian diagonalization refers to the fact that at 77y the coefficients of the off-diagonal terms
involving second powers of annihilation and creation operators, respectivley, vanish for all modes.
That is, at 779 the Mukhanov-Sasaki Hamiltonian is given by the field theoretical generalization of the
standard harmonic oscillator. Considering this, a natural question to ask is whether such a Hamiltonian
diagonalization can be obtained not only instantaneously but for each moment in time and particularly
how this aspect is related to the choice of initial states. The usual form of Hamiltonian diagonalization
has been critizised in the literature, see for instance Reference [10]. In the framework considered in our
work this corresponds to the question whether there exists a canonical transformation that maps the
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Mukhanov-Sasaki Hamiltonian to the time-independent harmonic oscillator for each moment in time.
In order to work into that direction we take into account that the Mukhanov-Sasaki equation represents
a time-dependent harmonic oscillator in each Fourier mode, whereas the specific form of the time
dependence reflects the properties of the expanding background spacetime. What we are aiming at is
a transformation that maps the time-dependent harmonic oscillator to the time-independent harmonic
oscillator for each mode and all times. Defining such a transformation will only work if we consider
time-depedendent canonical transformations, that are adapted specifically to the two systems of the
time-dependent and time-independent harmonic oscillator, respectively. This is conveniently done in
the extended phase space framework outlined below.

There has been considerable interest in the study of the time-dependent harmonic oscillator, both
in a purely classical and quantum mechanical context. A distinct role in all of these considerations is
played by the Lewis-Riesenfeld invariant, which is a constant of motion with respect to the evolution
governed by a time-dependent harmonic oscillator. At the classical level, this invariant has been
considered in the context of a canonical transformation in the extended phase space [11,12] that
involves time and its momentum as canonical phase space variables among the usual position and
momentum variables. Such an extended phase space provides a convenient platform to implement
time-dependent canonical transformations. The obtained canonical transformation allows to map
the system of the time-dependent harmonic oscillator onto the system of a harmonic oscillator with
constant frequency and thus completely removes the time dependence of the Hamiltonian, which
drastically simplifies the task of finding solutions of the equations of motion after applying the
transformation. As shown in Reference [13], the invariant can also be defined in the context of
quantum mechanics. In this case the eigenstates of the invariant can be used to construct solutions of
the Schrodinger equation involving the original time-dependent Hamiltonian. Further application are
to construct coherent states of the time-dependent harmonic oscillator by means of the eigenstates of
the Lewis-Riesenfeld invariant as for instance discussed in References [13,14].

If we aim at relating the framework of the Lewis-Riesenfeld invariant to the notion of initial states
associated with the Mukhanov-Sasaki equation, we need to generalize this approach to the field theory
context. There exists already some work in this direction, see for example in References [14,15] and
references therein, although with a slightly different focus than we want to consider here, because both
of them do not apply this techniques directly to the Mukhanov-Sasaki equation in the framework of the
extended phase space, meaning that they consider different time-dependent frequencies in general and
particularly the generalization to field theory was not analyzed in very much detail in Reference [15].
The strategy we want to follow in our work is that first we consider the Lewis-Riesenfeld invariant
and the corresponding canonical transformation at the classical level for finitely many degrees of
freedom in the extended phase space, building on former work of References [11,12], who however
did not consider the quantization of the canonical transformation. In order to be able to implement
the corresponding unitary map at the quantum level, we also construct the corresponding generator
of the canonical transformation. For the reason that in the extended phase space the physical system
of the time-dependent harmonic oscillator is described as a constrained system, we construct Dirac
observables and use the technique of reduced phase space quantization to implement this unitary map
on the physical Hilbert space in a quantum mechanical setting, where it can also be formulated in
terms of a time-dependent Bogoliubov transformation. Given this setup, we could take the vacuum of
the time-independent harmonic oscillator, apply the constructed unitary map to it and obtain a in this
sense natural candidate for a vacuum state for the time-dependent harmonic oscillator, that has then
been determined directly by means of the unitary map.

The question we want to address in this article is whether we can carry this idea over from finitely
many degrees of freedom to field theory and use the Lewis-Riesenfeld invariant approach to obtain
possible candidates for initial states. In particular, we are interested in the physical properties of such
initial states and their relation to the Bunch-Davies vacuum and other adiabatic vacua. As we will
show, the most straightforward generalization to field theory is not possible because the so constructed
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map involves an infrared divergence, hence the Shale-Stinespring condition is violated. As we will
discuss, a suitable modification of the map in the infrared range can be obtained to cure the infrared
divergenes. Furthermore, as we will show, if this map is not chosen carefully for all but the infrared
modes it can also involve ultraviolet divergences strictly permitting a unitary implementation on Fock
space. Interestingly, in the context of the Mukhanov-Sasaki Hamiltonian, different choices at this level
can be related to different choices for the initial conditions of the associated mode functions. Moreover
it becomes clear that we can recover the defining differential equation for adiabatic vacua from the
Ermakov equation, where the latter is an auxiliary differential equation whose solution is needed to
explicitly construct the Lewis-Riesenfeld invariant and the corresponding canonical transformation.
This allows us to interpret the initial conditions and the result for the Fourier modes we obtain using
the method of the Lewis-Riesenfeld invariant in the context of adiabatic vacua.

This article is structured as follows: In Section 2 we introduce the framework of the extended phase
space and rederive the canonical transformation that maps the system of the time-dependent harmonic
oscillator to the time-independent one generalizing the approach in Reference [12]. The time-rescaling
that is involved in this canonical transformation naturally occurs in the extended phase space and the
physical interpretation of the Lewis-Riesenfeld invariant can be easily understood. In order to deal with
the constrained system in the extended phase space later on, we want to choose reduced phase space
quantization and thus derive the reduced phase space in terms of Dirac observables. Their dynamics is
generated by the Dirac observable associated with the time-dependent Hamiltonian. As the next step
in Section 3, we consider the quantization of the system and show that the canonical transformation can
be implemented as a unitary map on the one-particle physical Hilbert space, where our results agree
with already existing results in the literature for finitely many degrees of freedom. In order to simplify
the actual application of the unitary operator we perform a generalized Baker-Campbell-Hausdorff
decomposition by means of which we then rewrite the unitary transformation as a time-dependent
Bogoliubov map.

Afterwards we consider the generalization of our results obtained so far to field theory, discussing
the two most common cases in the literature, where one maps from a time-dependent harmonic
oscillator to a harmonic oscillator with either frequency wy = k or wy = 1. As far as the implementation
on Fock space is considered, the first choice can be implemented unitarily, whereas the second cannot
due to an ultraviolet divergence. This ultraviolet divergence is caused by a residual squeezing
operation by which the two maps differ. To avoid issues that occur for the infrared modes, we discuss a
possible modification of the map using the Arnold transformation discussed in Reference [16]. Section 6
presents practical applications of this formalism by considering the case of a quasi-de Sitter spacetime
and the corresponding Mukhanov-Sasaki equation in a slow-roll approximation. We construct the
Lewis-Riesenfeld invariant and, in the context of a quantum mechanical toy model, compute the lowest
and next to lowest eigenvalue eigenstates associated to it and analyze their properties. Finally we
summarize and conclude in Section 7.

2. Extended Phase Space Formulation and Time-Dependent Canonical Transformations

A convenient framework for implementing time-dependent canonical transformations is the
extended phase space in which also time and its conjugate momentum are treated as phase
space variables and thus transformations of them can be naturally formulated. Motivated by the
Mukhanov-Sasaki equation, we first investigate a single mode of the equation in a classical context.
This corresponds to a harmonic oscillator with time-dependent frequency. We will consider the single
mode Mukhanov-Sasaki Hamiltonian as a mechanical toy model and later generalize the results
obtained in this case to the field theory context. Our goal is to remove this explicit time dependence by
a time-dependent canonical transformation. This transformation will be defined on the extended phase
space as a symplectic map that also includes the time variable and its associated conjugate momentum
as phase space degrees of freedom.
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2.1. Time-Dependent Hamiltonians on Extended Phase Space

As a first step we reformulate the dynamics encoded in the single mode Mukhanov-Sasaki
Hamiltonian on the extended phase space, where it becomes a constrained system. Let us consider
a system with finitely many degrees of freedom where we denote all configuration variables as
q = (¢4%,---,q") and the configuration space by ¥. A time-dependent Lagrangian is then defined as
a function L : TZ x R — R. Because we want to include time among the elementary configuration
variables, closely following the work in References [11,12], we extend the configuration manifold X to
M := X x R and rewrite the action as

S[L) :/dsL(Q() t(s), <%>_1§T§> d;(sS) @

= [ ds£{q(s),t(s), dry~1dg di(s) =:S[g],
R ds ds’ ds

where we will refer to £ as the extended Lagrange function now understood as a function
on the extended tangent bundle TM that is even-dimensional and associated to the extended
configuration manifold, including the former system evolution parameter commonly referred to
as time. A non-degenerate symplectic structure on the corresponding cotangent bundle T* M, whose
elementary variables are (§,t, p, p:) can be defined as usual. This allows to establish a one-to-one
correspondence between smooth phase space functions and Hamiltonian vector fields. In complete
analogy to the conventional case, one can formulate the Euler-Lagrange equations in terms of the
extended variables by means of the variational principle, which results in equivalent equations of
motion as derived from the original action S[L]. The equations of motion for the time variable are
just given by 4t = A(s) where A(s) is an arbitrary real parameter reflecting the rescaling symmetry of
the action, thlS reflects the arbitrary parametrization of time and has no physical significance. If we
perform a Legendre transform, we realize that p; = —H(q, f, t) becomes a primary constraint since it
cannot be solved for the velocities % with!

- PP 150
H(q p,t) = 5 + 507 (),

where the Hamiltonian is a function H : T*M — R that is independent of p;. We denote this constraint
by C := p¢ + H(§, p, t). Therefore, we apply the Legendre transform for singular systems and obtain
the following Hamiltonian on the extended phase space T*M:

dg* dt

f'):p ds +ptds 3*(gpbA), 4 dt_y ( (q’p’ )ert))‘(s):/\(s)czol

where we used = to denote weak equivalence and used the definition of A(s) from above. Due to
reparametrization invariance of the extended action, there is no true Hamiltonian but a Hamiltonian
constraint C. From now on we will neglect the tilde on the top of the variables q, p to keep our notation
more compact. For the time-dependent harmonic oscillator the so-called Lewis-Riesenfeld invariant
I1r has played a pivotal role, particularly in the construction of solutions for the corresponding
equations of motion. I} g is a phase space function being quadratic in the elementary variables (q, p)
and its time dependence is encoded in a function ¢ : I € R — R. Explicitly, it is given by:

w2 a2

1 In general we could also take into account a time dependent mass in the Hamiltonian, however in the case of the

Mukhanov-Sasaki equation it is sufficient to set the mass parameter m equal to m = 1.
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Since I  is an invariant, it has to commute with the constraint C on the extended phase space?:

aILR

{1k, Clext = {ILr, H(1)} + 2 = 0. @
This carries over to a condition on the function ¢ that has to satisfy the following non-linear,

ordinary, second-order differential equation

2
(G +e?)ew -wde* =0 ®

known as the Ermakov equation. It has been shown that I; r is an invariant both at the classical
level [11] and at the quantum level [13,17]. In the following, the explicit form of I; g will be our guiding
line for finding an extended canonical transformation that removes the time dependence from the
Hamiltonian of the harmonic oscillator with a time-dependent frequency.

2.2. Extended Canonical Transformations and Hamiltonian Flows

In the framework of the extended phase space formalism we can now regard time as a
configuration degree of freedom and consequently apply a canonical transformation to implement a
time-rescaling. It is worth noting that the Mukhanov-Sasaki equation in conformal time (commonly
denoted ) takes the form of a time-dependent harmonic oscillator, however we shall refer to the time
variable as t in the context of the classical and one-particle quantum theory, respectively. We aim at
finding a symplectic map ® such that the explicitly time-dependent Mukhanov-Sasaki Hamiltonian is
mapped into an autonomous one, that is, one with time-independent frequency that we denote by wy.
During this procedure, the Hamiltonian constraint together with the Poisson structure on the extended
phase space remain invariant by construction, that is:

O:T"M—TM, § — &H=4. (6)

Correspondingly, the symplectic form Q) on T*M is invariant under the Hamiltonian flow of the
associated Hamiltonian vector field of ® that infinitesimally generates this transformation. In order
to apply this procedure to the case of the single-mode Mukhanov-Sasaki Hamiltonian, we need to
impose conditions on the explicit form of ®. We would like to preserve the functional dependence
of the Hamiltonian constraint on the one hand and keep the quadratic order in both momentum and
configuration variables on the other hand. For this purpose, we make the following ansatz, closely
related to the work presented in Reference [12]:

q Q"(q.t)

o | P | o | F@ORHG@D | gn_g @)
t T(q,t)
pr Pr(q,t,p,pt)

Note the ansatz p « P + G(q, t) ensures that the transformed Hamiltonian is again quadratic in
the new momentum, whereas the prefactor allows for a time-rescaling of the momentum variable.
Additionally, the only variable that carries a dependence on p; is the new momentum conjugate to T
denoted by Pr, which is a choice that preserves the form of the Hamiltonian constraint being linear in
the conjugate momentum of the time variable. We employ the ansatz in (7) for the symplectic map
@ and from subsequent comparison of coefficients of the two-form basis elements we obtain a set

2 The symplectic form associated with the Poisson bracket {., .}ext on the extended phase space has the form Q = d§* A dp, +

dt Adpy.
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of five coupled differential equations that determine the form of ® to be a canonical transformation.
This system of differential equations corresponds to a generalization to n + 1 configuration degrees
of freedom of the set of equations presented in Reference [12], where only the case for n = 1 was
presented. It explicitly reads:

0Q"( OF  0Ga)\  0oProT _9Q"( oF  9G,\  oPr T
at \P7agr T agt ) T agrar — agp \Por T o at ogt’
9Q"  OPraT OPr AT _3Q"
Far Tapear =% apoag Thagp =% ®)

OPrOT _ 9PraT _

dpr 9g° ' Op ot
We can get a first hint how a solution could look like when we consider the Lewis-Riesenfeld
invariant I g from Equation (3) in Section 2 above. Hence, there is a natural starting point for finding

the favored canonical transformation we are aiming at, by fixing the transformations of q and p
according to a factorization of I; . This leads to

Clah =5

Po(q,p,t) = E(pa —&(H)ga <= pa(QP,T) =

= 4(QT)=¢(HT)Q", ©)

Pa
¢(H(T))

where ¢ = 9; is the derivative with respect to the dynamical time variable. In order to proceed, we
need to find a suitable transformation for the time variable T(#) that is consistent with the system of
Equation (8) previously found. A convenient possibility is to use Euler’s time scaling transformation for
the three-body problem, recently introduced by Struckmeier [11] in the context of the time-dependent
harmonic oscillator. However, the approach in Reference [11] differs from the one outlined in this
work in the sense that we derive the explicit form of the transformation instead of making use of the
corresponding generating function. The relevant transformation of t is given by:

+E(HT))Qa, (10)

todr oT 1
T(t):= W 200 = 5= IOk (11)
where &(t) € C2(R) is an up-to-now arbitrary function with the only restriction that the above integral
needs to be well-defined. Given the explicit form of (11), we can require mutual consistency of the
transformations in (8) in order to fix the form of the transformed canonical momentum Pr. Solving
the first equation in (8) for 9, Pr and subsequently integrating the obtained expression yields the
following result:

Pr(q,pt,pi) =G (Hpr +E(DE()q - p — %(C(t)r;‘(t) +&1)) (12)

with the term ¢2(t)p; arising from an arbitrary additive constant with respect to q and the requirement
of inverse scaling behavior between t and p; according to (8). Now that we have fixed the
transformation to the new canonical coordinates, we can use the invariance of the Hamiltonian
constraint §) under the change of canonical coordinates to derive an autonomous Hamiltonian from
the original, time-dependent one:

P*H = (©*H+ PT)% - (@*H+PT)%—{% = (H(q,p,t) + p,)% =9. (13)
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In fact, using the one before the last equality sign in (13) we find an expression for ®*H:

Ho = ®H = &(t) (H(a,p.t) + pt)| ~ Py, (14)
(<1>) (ap.t)

with q, p and f considered as functions of the new variables Q, P and T via the extended canonical
transformation ®(q, p,t) defined in Equation (7). Analogous to the treatment displayed in
Reference [11], we would also like to point out the crucial property that not the bare constraint C but
the product with the Lagrange multiplier $ = AC(q, p, t, p¢) is invariant under this transformation
by construction. As a consequence, the canonical momentum Pr drops out in Hy. If we evaluate all
expressions using the inverse of ® to express q, p in terms of Q, P, we finally obtain:

Ho(Q/P,T) = [@ (b2 + w(a?) ~&(0é(a-p+ 5 (E0E) + §2<t>)q2]

(®1) (erT)

2
(% + Z%Q P+ EQ7+ w(t(T))262Q2> —¢Q-pP— % (cZéz - 536) Q> (15

gZ
T2

- %(P2+§3(§+w(t(T))2§)Q2) = %(P2+w§Q2>,

where we designed the symplectic map @ in such a way that the requirement that the term in the
brackets multiplying Q2 in Equation (15) equals w3 € R is respected. This leads to the condition that
¢(t) needs to satisfy the Ermakov differential equation, which we already encountered during the
discussion of the Lewis-Riesenfeld invariant I; g in Section 2 in (5). The so constructed map ® describes
a time-dependent canonical transformation that maps a harmonic oscillator with time-dependent
frequency w(t) onto a time-independent harmonic oscillator with constant frequency wy. The explicit
form of the map of course depends on the time dependence of w(t) but can be determined from the
Ermakov equation once w(t) is given. While in principle we could fix the frequency wy to one, as it has
been done for the form of the Ermakov equation for instance in References [13,14], we would like our
transformation @ to correspond to the identity for an already time-independent harmonic oscillator
Hamiltonian. This can only be achieved if not all time-dependent frequencies are mapped to unity,
as even a constant wy would then be transformed non trivially, resulting in a residual transformation
analogous to a squeezing operation in quantum theory.

2.3. The Reduced Phase Space Associated with T* M and the Infinitesimal Generator of ®

In this section we want to derive the infinitesimal generator corresponding to the finite canonical
transformation ® on the extended phase space T*M that we presented in the last section. This will
be relevant later on when we discuss the implementation of ® in the quantum theory. As we have
discussed, the system under consideration can be understood as a constrained system in the context
of the extended phase space. Consequently, we have two options for handling the constraint, either
we solve it in the quantum theory via Dirac quantization or we reduce with respect to this constraint
already classically and quantize the reduced phase space only. In the first place, both approaches
are equally justified from the physical perspective, so this is a choice one makes for each given
model. In our case this goes along with the selection whether we want to implement the canonical
transformation ® on the extended or reduced phase space, respectively. Firstly, as the transformation
from t to T(t) in (11) involves a time-rescaling in form of an integral, if we are not able to obtain the
antiderivative of the integrand in closed form, it will be problematic to formulate this kind of canonical
transformation in the quantum theory based on the extended phase space where t becomes an operator.
Secondly, following Dirac quantization, we need to construct a physical inner product for physical
states and this is non-trivial if the constraint is of the form C = p; + H(q, p, t) with H being explicitly
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time-dependent, a similar situation that occurs in loop quantum cosmology if we consider the inflaton
as reference matter. The final physical sector of the theory should be related in both approaches and in
the best case yield the same physical predictions. This might not be the case in general but yields some
restrictions on possible choices in the quantization procedure to match the models based on Dirac
and reduced quantization respectively. In the following we choose the reduced phase space approach
for which the initial phase space T*X can be naturally identified with the reduced phase space of our
system. In order to show this we construct Dirac observables for our constrained system by means of
the formalism presented in References [18,19] and references therein, that is based on the relational
formalism originally introduced in References [20,21]. In the extended phase space, we consider the
configuration variable t as the reference field (clock) for time and introduce the following gauge fixing
condition G := t — T = 0. G¢ together with the first class constraint C build a second class pair since
{G¢,C} = 1. The Dirac observables for all degrees of freedom except the clock degrees of freedom
(t, pt) are given by

)

GTl o0 GTl

Ogi(1) = ) H{C@p ), 0"}y Opi(0) = Y H{C(a P, 1), pa} (16)
n=0 """ n=0 """

where {A, B}, denotes the iterated Poisson bracket defined via {A, B}, := {A, {A, B}(,_1)} and

{4, B} ) := B and we have used that 4" and p, both commute with the conjugate momentum p;.

The observable map can also be applied to the clock degrees of freedom, leading to

(=S} [}

G Gr
Oi(1) =Y “HC@ptpth, =7 Op(1) =Y “H{C(aptpe) pi},y. (A7)
0 0

n=l n=

We realize that the clock t is mapped to the parameter T as expected, whereas contrary to the
deparametrized models presented in References [22-29], the physical Hamiltonian retains its time
dependence, hence p; is not yet a Dirac observable by itself. Using the properties of the observable
map we have that p; = —O¢ —H(0OS,,05,,7) and hence p; can be expressed as a function

H(qp.t)t - qt’ ~p,t
of Og,, Og ; only, where we introduced the abbreviation Og,t - ((Qqc1 Ry Oan ,) and likewise for the
momenta. This shows that (Og,w Og’,) are the elementary variables of the reduced phase space and

the degrees of freedom encoded in (¢, p;) have been reduced, which leaves us with 2n true degrees of
freedom in the physical sector of the phase space. As a consequence, we can identify the reduced phase
space with T*X and the Hamiltonian can be understood as a function from T*X x R to the real numbers.
In order to analyze the Poisson algebra of the observables we have to construct the corresponding
Dirac bracket, denoted by {.,.}*, associated to the second class system (G, C). However, for the
reason that all variables (q, p) commute with the gauge fixing condition, their Dirac bracket reduces
to the usual Poisson bracket. Given this and considering the result in Reference [19], the algebra of our
Dirac observables reads:

{054(1), 05, 4(1)} = OF, . (T) = 4.

Thus, the kinematical Poisson algebra of (q, p) and the algebra of their corresponding Dirac
observables are isomorphic, which is a big advantage for finding representations of the observable
algebra in the context of the quantum theory in Section 3. The observable map applied to a generic
phase space function f returns the values of f at those values where the clock takes the value .
Therefore, the natural evolution parameter for these Dirac observables is 7. If the constraint is linear in
the clock momenta as in our case where C = p; + H(q, p, ), then as shown in References [19,26]
the so-called physical Hamiltonian generating the T-evolution is given by the Dirac observable
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corresponding to H(q, p,t). Thus, in our case the evolution on the reduced phase space is given
by the following Hamilton’s equations:

d

C
d q”t O

d
= {05, H(Og,, O (041 05T }- (18)

qtr ptl )}/ d {O

Pat’

Lastly, by an abuse of notation we replace T by t as well as O%,t by ¢* and Ogu/t by p, in order to
be closer to the notation used in previous works in the literature and emphasize that the generator
of ® acts as a one-parameter family of transformations on configuration and momentum degrees
of freedom in T*X. When we have a look at the form of ®, we immediately recognize that the
generator G € C®(T*X x R) needs to be a polynomial of second order in the original configuration
and momentum variables, where T*% x R corresponds to the presymplectic space for explicitly
time-dependent systems as for instance used in Reference [11]. This ensures that the action of the
associated Hamiltonian vector field Xg with Xg(f) := {G, f} onto the elementary phase space
variables q and p results in a linear combination of those quantities. The explicit form of ® suggests an
ansatz in order to find G, which naturally depends on &, &, incorporating the parametric dependence
on f:

G éap)=f(Eda p+33(8dd, (19)

where the factor in front of ¢(& &) was introduced for later convenience. Application of the
exponentiated Hamiltonian vector field X; onto q and p leads to the following results:

o 1 = \\" a - )
exp{Xglg":= ) 4G, ) = (£8)"q" = /E0g, (20
n=0 """ n=0
(] 1 X 5
vt ofE0) £28) _ o—f28))8(6,6)
exp{Xghpai= b, {0 pabon =t 5 (6 )f(glé)%r @1)

with the iterated Poisson bracket defined as above. A direct comparison of the results in (20) and (21)
to the solutions of the system of equations in (8) yields the dependencies of f(&, &) and g(&, &) on ¢
and ¢, respectively:
: ;y _ 2In(8)CE
f(,¢) =In(), g ¢) = 1o
Finally, we are able to explicitly write down the generator of the extended canonical transformation
® restricted to the constraint hypersurface T*XZ x R, that is the physical sector. We call this restriction
of ®, which is a time-dependent canonical transformation on the reduced phase space, I'z from now
on. In a convenient notation, it has the following form:

(22)

258

1-¢%

In fact, this classical generator precisely corresponds to the exponential operator found in
Reference [17] for a quantized version of the time-dependent harmonic oscillator. It is worth noting
that, regardless of the choice of coordinates, G takes the same form in either q, p or Q, P, that is it
holds that G(q(Q, P), p(Q, P)) = G(Q, P). Not surprisingly, we can switch between the autonomous
Hamiltonian and the Lewis-Riesenfeld invariant in this framework, using the action of I'z on (analytical)
phase space functions, leading to:

G(&,¢,q,p) = %ln(é) (q p+p-q+h( é)q2>, h(g,&) = (23)

w? g2
Ho(Tz(q), Te(p)) = Ho(e*9q,e%p) = %((é(t)p - <'f(t)q)2 + 203 > = Iig, 24)
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Of course this was how I'¢ or rather @ was constructed in the first place. However, relation (24)
will be of importance in the quantum theory, where it is part of the time evolution operator (i.e., the
Dyson series) associated to the time-dependent Hamiltonian. Furthermore, this will allow us to
make contact to previous work and strictly derive the phase factor that was introduced by hand
in Reference [13] in order to construct eigenfunctions of the time-dependent Schrodinger equation.
Referring to the relational formalism outlined in for example, References [18,19], we reconsider the fact
that the Lewis-Riesenfeld invariant strongly commutes with the constraint C as shown in (3). Hence,
in this language I;r is a strong Dirac observable with respect to the constraint C(q, p, ¢, p;) if and
only if £(t) satisfies the Ermakov Equation (5), connecting to the results presented in Reference [13]
in the context of quantization. As a concluding remark, let us introduce e := %pz, e_ = f%qz and
h := q°p,, which amount to the generators of the classical canonical transformation I'z we derived in
the preceding section. Then these three generators form a basis of the s[(2, R) algebra, which is evident
due to the structure constants of their Poisson brackets. Hence, the exponential of these generators
(or a subset thereof) constitutes a group element of SL(2, R) and consequently the classical canonical
transformation T'¢ is a real representation of SL(2,IR) on the space of phase space polynomials or
everywhere-analytic phase space functions, respectively.

Let us briefly summarize what we have established in the previous section. Starting from an
explicitly time-dependent Hamiltonian and its associated Lewis-Riesenfeld invariant, we systematically
constructed a time-dependent canonical transformation on an extended phase space, which removes
the time dependence of the original Hamiltonian. Let us stress at this point that H(t), I;g(t) and Hy
are in fact the same object in different coordinates on the extended phase space. Consequently, we were
able to construct the associated infinitesimal generator of this symplectic map and established the
notion of a reduced phase space with the prospect of a corresponding unitary transformation in the
one-particle quantum theory. The construction of the latter will be the content of the next section.

3. Quantization: One-Particle Hilbert Space

In this section we will present the quantization of the time-dependent canonical transformation
derived in the last section on the one-particle Hilbert space. This allows to transform each mode of
the single-mode Mukhanov-Sasaki Hamiltonian into a harmonic oscillator with constant frequency.
In Section 4 we will discuss in which sense the results obtained in this section can be generalized to
field theories. The unitary implementation of the symplectic transformation we considered can be
used for constructing an analytic solution to the time-dependent Schrodinger equation in the form of a
unitary time evolution operator.

3.1. Canonical Quantization of the Time-Dependent Canonical Transformation

From the classical theory, the relevant algebra is P = (C®(T*R%),{.,.},") equipped with the
Poisson bracket and pointwise multiplication, which is the algebra of elementary variables of a classical
point-particle in d-dimensional Euclidean space. This algebra can be further extended by an involution
operation leading to the Poisson *-algebra that will be our starting point for the canonical quantization.
In the following we can restrict our discussion to the case d=1 which is sufficient for the quantization
of the single mode Mukhanov-Sasaki system. As a first step we define a quantization map Q that maps
elements of P into an abstract operator algebra Q(P). Given any two smooth phase space functions
f,8 € P wehave

Q:P—=QP), {fg — Qfg})=-i[Q(f), Q)] € QP), (25)

where we have set i = 1. Requiring that Q is function-preserving, thatis Q(F(q,p)) = F(Q(q), Q(p))
for any real function F as usually required for any quantization map, we can now directly write down
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the quantum version of the generator for the one-parameter family (i.e., time-dependent) of canonical
transformations I'z on T*X and its exponential:

2(G) =G = 71n(§)<ﬁﬁ pi+h(E, g)*) (26)

where 4, p denote elements of the abstract operator algebra Q(P). For later convenience we quantize
the inverse of I'; and hence the inverse map, that is due to the minus sign in the quantization
prescription and to be closer to existing results in the literature, since the mapping to the autonomous
Hamiltonian is classically achieved by the inverse of ®:

Q(Fgl) —exp {i[Q(g),,]} = exp {z[g,]} = exp {i adg} =: Adfg/

with ‘ad” and "Ad’ denoting the adjoint representation of the Lie algebra and the corresponding
Lie group, respectively. Now since we want to define the action of [ ¢ on some Hilbert space we
need a representation that maps the abstract operators into the set of linear operators on a Hilbert
space respecting the commutator relations of the abstract algebra, that is 7 : Q(P) — L(H)
such that 77(Q(1p)) = Ly, 7(QU{q p})) = —iln(Q(q)), 7(Q(p))] as well as 7(Q({g,q})) =
—i[(Q(q)), 1(Q(q))] and m(Q({p, p})) = —i[n(Q(p)), 7(Q(p))]. If not otherwise stated we will
work with the standard Schrédinger position representation given by (71, H = L, (R, dx)) with

1(Q) = (@) SR) = SR), (my(d)¥)(q) = 4¥(q),
Q) = () : S(R) - S(R), (nm)‘m(q):—i%(q).

Here S(R) denotes the space of Schwartz functions on R. Given the representation we can define
the action of 'z on both operators and elements ¥ in S(R) lying dense in Ly (R, dq) according to
the prescription:

: o o (im(©)"
4(0) = Ady, (m4(0)) =T m(O) Tz, ¥ = To¥:= Y —
n=0 :

V¥, 27)

where we used the abbreviation [’ =Ty (fg) to keep our notation compact. Let us briefly check that
the the adjoint action of I’z on 714(9) and 714(p) is consistent. We have:

ade, (@) = 12 S (1) " 7@ = ), e

where the iterated commutator [77, (A), Ty (B)) (n) is defined similarly to the iterated Poisson bracket
with an identity at the zeroth order. For 77,(p) we get as expected:

2n\1

Ade, (m4(7)) = it 2 (1n(@)) " my(p) + o 00 (@)™ (@, &)y (9) = @, @)

which precisely corresponds to the inverse of the transformation of g4 and p generated by the classical
Hamiltonian vector field Xg. As discussed in Section 2.3, the dynamics of the classical theory is
generated by the physical Hamiltonian H(q, p, t). Thus, we can directly consider the corresponding
Schrédinger equation in the one dimensional case that is given by

(g, 1) = 5 (7 () + POy (4) ¥ (g, )
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and unitarily equivalent to the corresponding Heisenberg equations for 7r;(q) and 7y (p). If we apply
the transformation induced by I's on the Hamiltonian and ¥, which is the natural choice since
classically, the replacement of q, p in terms of Q, P (the inverse extended map @) achieved our aim of
mapping H(t) to Hy, we end up with:

fa (3 (aap + 20, 0)) - 1 ) iE¥(a.0) =0
1. . off R
= _%rg<nq(ﬁ)2 + wz(t)n,,(q)2> - irga—f - i%] Fe¥(q,t) =0

CZ
— [L (p)* + wimg(4)? _id [:¥(q,t)=0 (30)
2z ") et o) €)=
(1., .90]-
= ?Ho — z&} I:¥(q,t) =0, (31)

with Hy := J (74(p)? + w374(4)?). In the second step, we used the t-derivative of the one-parameter
family of transformations I g, which has already been derived in References [14,17]. We can rediscover
their result by using the explicit form of the generator 7, (G) using (26) and a Baker-Campbell-
Hausdorff decomposition of I’z in the position representation. Later a similar but slightly generalized
procedure for the occupation number representation will be discussed in Section 3.2. We realize that
My in Equation (31) does not carry any explicit time dependence, hence we can construct a solution
of the Schrodinger equation in (31) by integration. Further note that the inverse square of the time
scaling function ¢(t) precisely corresponds to the Lagrange multiplier A(s) = dt/ds that is involved in
the extended classical Hamiltonian (14). Given this result we can now give an explicit solution of the
Schrodinger equation as was already shown in Reference [17]:

t
Y(q,t) = IAE exp{ — iy (Ho) /t %}f;o‘l’(q, to), ¥(q,to) € S(R)y,, (32)

with S(R);, denoting a one-parameter family of Schwarz spaces, each corresponding to a different
initial time ty. In a cosmological context, this behavior is a very natural one, as the instantaneous vacuum
on cosmological backgrounds shows an analogous behavior. Using that [; (t) = fz Hofg, the time
evolution in Equation (32) can also be rewritten as:

. ) PR ;o d
u(to,t):r}exp{ i, (AL )togz(f)}rg0 exp{ in (I )t0 52(7)}r*r¢0 33)

At this point let us further discuss the result in the quantum theory: Firstly, the integrand in the
exponential corresponds exactly to our time-rescaling transformation in (11) that we naturally obtained
in the extended phase space approach of the classical theory. Secondly, if we compare the result here to
that in Reference [13], they use the eigenstates of the Lewis-Riesenfeld invariant multiplied by a phase
factor to construct the solutions of the time-dependent Schrodinger equation. Now, if T’ gfg,o‘I’(q, to)
corresponds to an eigenstate of the Lewis-Riesenfeld invariant, then this reproduces precisely the phase
factor that was introduced in Reference [13] in a rather ad hoc manner. In fact, it can be easily shown
that fg‘f’o (g, to) for the time-independent vacuum ¥ corresponds to the time-dependent vacuum state
of the Lewis-Riesenfeld invariant as we will see later. The expression in Equation (33) corresponds
to the unique time evolution operator, that is the Dyson series associated to the time-dependent
Hamiltonian H(t), since it satisfies identical initial conditions. Moreover, U(to, t) is closely related to
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the unitary operator found in Reference [14] (see the equation above (3.15) in that reference). In our
framework, it is very natural to find the time-independent Hamiltonian in the central exponential
operator on the left-hand-side of (33). The reason for this is twofold: Firstly, the extended canonical
transformation ® maps the Hamiltonian F(t) into the time-independent one Hy by transforming
the Schrodinger equation via IA"C. Secondly, the time-rescaling that is used in the extended phase
space appears as a Lagrange multiplier in the extended Hamiltonian constraint and consequently as
the integrand in the time-evolution operator. Lastly, let us mention that compared to Reference [14]
we use a slightly different Ermakov equation here because the prefactor of ¢~3(t) in the Ermakov
equation in (5) corresponds to the squared frequency w3 of the time-independent oscillator. In the
prospects of a field theoretical treatment of this transformation, it is rather unnatural to map every

time-dependent mode wy () onto the Minkowski case wl((o) = 1 for all k as done in Reference [14].

As we will discuss later on, our choice of mapping wy(t) onto wl((o) = k is of advantage when we

analyze the implementation of the unitary map on the bosonic Fock space in Section 4.

3.2. Baker-Campbell-Hausdorff Decomposition

Explicit calculations involving the evolution operator derived in the last section turn out to be
rather tedious, even for simple initial conditions. This is due to the structure of the exponential in
fg and the associated generator, respectively. As we will show in this section, we can perform a
generalized Baker-Campbell-Hausdorff (BCH) decomposition of the operator fg that brings it into
a form that is more suitable for actual practical computations. For this purpose it is of advantage
to change the representation and henceforth work in the occupation number basis, that is with the
usual ladder operators defined as (Where we omit the explicit mentioning of the representation from

Nnow on):
1

2wy

my(@) = —=(A'+ A), m(p) =iy [ RUAT—A), [A A =1y (34)

where we set as before /1 = 1 and m = 1. Inserting these identities into the generator nq(g ) from (26)
and fg, we obtain (again without the explicit representation):

e

2w

oxp { 3 1n(@)(I(A"4" - A4) + 58 (414" 4 1A+ A4+ AA) )|
1
p

exp {% In(¢) ((1 + %)AA - (1 — %)AUV + i}iog) (/ﬁA + )) } (35)
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where we made the following redefinitions for later notational convenience:

PO P U |

o= =ATAY, o :=ZAA, 63:=ATA+ 5 |3 0u] = 4200, [0,04] =05 (36)
The coefficients are in fact explicitly time-dependent functions «(¢), A(¢), where the time

dependency is carried by the solution ¢ of the Ermakov Equation (5) as we have seen in the discussion

of the classical setup. They are defined as:

zx:ln(t;‘)(l ih(g)), A:ﬁln(g), la> > A2V E:RDI— R (37)

B 2w 2w
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After this replacement the resulting expression for I'; takes the form of a generalized,
time-dependent squeezing operation. The commutation relations in Equation (36) are those of s[(2,R),
which was already evident in the classical sector of the theory. It is straightforward to see that the
standard Baker-Campbell-Hausdorff decomposition does not work, since the iterated commutator
structure leads to infinitely many non-vanishing contributions in the well-known formula. However,
a BCH decomposition of SL(2, R) elements has been performed using analytic techniques as shown in
Reference [30]. This was done by introducing a parametric rescaling of fé and allowing a corresponding
dependence of the coefficient functions in the decomposition on this parameter. In our case, a rescaling
of the original fé leads to:

Few) = exp {u0 ] = exp {u(@(©)o- — w(@)o +iM D)) }, (38)

with an arbitrary rescaling by some parameter # € R. Let us denote the decomposed version of lA"g( )

by f z(p), with a semicolon representing a parametric dependence:

Fe(n) = exp {B+ (@ fexp {1(@m)os fexp {B- (@) } (39)

Then we aim at determining the coefficient functions B+ (& p), (& #) and B—(&; ) such that
we have Iz (yt) = Iz (). This rescaling allows us to differentiate I'z (1) and 'z (1) with respect to p.
Considering this we start with a consistency requirement for T'z(31) and I'z (1) given by:

(28) (ret) = (28 (Fetw) 40)

In the next step we will omit the arguments of the coefficient functions for the sake of a more
compact notation. Explicitly evaluating the differentials and using the unitarity of fg, we end up with
three contributions. A closer look reveals that these contributions contain the adjoint action of fg onto
the three generators of the algebra in (36), which can be easily computed due to the simple structure
of their commutators. The linear independence of the generators then leads to a coupled system of
differential equations for the coefficient functions:

9B

7= exp{ 21} - (41)
2 96

ir = % — By exp{—2'y}aﬁ—y (42)

w=2p, 5T =Bt~ expl -2} 43)

Performing a number of substitutions, this system of differential equations can be cast into the
form of a complex Riccati-type ordinary differential equation, for more details we refer the reader to the
explicit computations done in Reference [30]. An appropriate ansatz for this equation yields a solution,
subsequent resubstitution then leads to the desired BCH coefficient functions of the normal-ordered
decomposition of I'z. A similar procedure can be performed for the normal and anti-normal ordering
of both fg and I}, respectively, while we have chosen that ¢3 remains in the middle for computational
convenience. Although depending on the given initial state ¥ (g, o) at our disposal, the most useful
forms of the coefficients (or operator orderings, respectively) regarding computational convenience are
given by:
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_ ash(Ap) _ ash(Ap)
+(M) =+ X (A + i sh(Ag) ) =+ X (A — id sh(Ap)
L wsh(Ap) _ wsh(Ap)
0-(M) = ~ R ch(ap) + iAsh(Ap) M) = = A ch(an) — irsh(an)
iA iA
v() = —n (ch(ap) + S shiap) ), pl) = In (‘chlap) 5 shiam)).
normal ordering of f‘g anti-normal ordering of f}
o ash(Ap) o ash(Ap)
() = = X (am — irsh(am e+ = = X ah(an) + iAsh(dp)
. ash(Ap) B wsh(Ap)
B=(1) =+ XA — irsh(am €)=+ S h(an) + iAsh(dp)
iA i\
70 = ~1In (ch(ap) - 7 sh(aw)), ) = tn (ch(o) + 3 shiow)).
normal ordering of f; anti-normal ordering of fg

with A% := |a|? — A2 and A% > 0 for all real solutions &(t) of the Ermakov Equation (5). By fixing the
parameter i = 1, we recover the unitary transformation we initially started with. Let us note that for
an initially time-independent Hamiltonian, the decomposed transformation reproduces the identity
operator, as expected. This is due to the fact that in this case &(#) = 1, which in turn leads to a vanishing
generator. Furthermore one can explicitly check that the adjoints of the decompositions of IA“ér and f%r are
the decompositions of the adjoints, which illustrates mutual consistency and conservation of unitarity
among the obtained results. To briefly summarize this chapter, we have used analytical techniques to
perform a decomposition of the exponentiated generator in (35) into three individual contributions.
Due to the fact that we are working with unitary representations of the algebra of non-compact Lie
group with mutually non-commuting elements, this result is nontrivial and enables the realization
of computations in a compact form. Examples of applications of the Baker-Campbell-Hausdorff
decomposition of fg can be found in Sections 3.3 and 6, respectively.

3.3. Time-Dependent Bogoliubov Maps

In this section we will show that the transformation induced by the operator fg can be understood
as a time-dependent Bogoliubov transformation when applied to the ladder operators. Given the
action of fé on the elementary position and momentum operators, it can naturally be extended to the
ladder operators as well. The same applies also to the adjoint action, which is however tedious to
evaluate in the original form of the generator. Due to the possibility of decomposing the operator IA"(:
and its adjoint, we can take advantage of the result in the last section and compute the action on A and
A' with a normal and anti-normal ordered decomposition, respectively.
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Using the commutator structure of the generators in (36), we obtain:

Ady, (A) = e 7O (A- B (2)AY), @9
Adp, (A") = @ (At +e_(9)A), 45
Adpy(A) = VO (A -5, () AY), (46)
Adpy (A7) = O (AT +1(§)A), (47)

with the corresponding coefficient functions derived in the preceding section. These functions carry
an explicit time dependence via ¢(t), which is a solution of the Ermakov Equation (5) with the
time-dependent frequency of the initial Hamiltonian. In fact, the transformations of the ladder
operators in (47) look already close to that of a time-dependent Bogoliubov transformation. Whether
this is indeed the case depends on the coefficient functions involved and will be analyzed in the
following. For this purpose, let us rewrite the action of fg on these operators as a 2 x 2 matrix
representation, considering the Equations (44)—(47):

(&) h(E o)\ (A 8(EOA+h(E AT B
o ) = ) =] (48)

h(,¢) 3(6.¢)) \A h(g,)A+3(E6)A B
with the additional requirement that if [A, A*] = 14, then similarly [B, Bt] = 14 needs to hold, usually
required for a Bogoliubov transformation. In order to achieve this, we need to impose the condition

that the determinant of the matrix on the left-hand side of (48) involving g(¢&, &) and h(¢, &) is equal to
one, which amounts to:

5 A N 0 (2
BB =1y = BEO -l =1,
Applying this to the transformation in (44), we get:

<g<c,c'> h(@é))( e 0

(7 (1 — 2) L
h(Z,8) 390 —e 1B (g) e 7o) ) - <1 - ) "
Given the explicit functional form of the BCH coefficients, it can be easily shown that fg indeed
describes a time-dependent Bogoliubov transformation and the expression above equals one. For all
remaining cases this can be also shown using the same method. We are now in a situation where we
can formulate the time evolution of A, At in the Heisenberg picture, using the time-evolution operator
a(to, t). It consists of the aforementioned Bogoliubov map together with an exponential operator
involving the Lewis-Riesenfeld invariant or the autonomous Hamiltonian, respectively. The additional
exponent also carries the information of the time-rescaling encoded in the function ¢(t) and hence is
sensitive to the underlying spacetime geometry. In the following, we introduce the following notation
for the coefficient functions B4 ({(t)) = B+ (&) and B+ (E(to)) := B+(Co) involved in the decomposition
of I'z and I o, respectively. Carefully applying U(to, t) and collecting everything together, we obtain:
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~ (1) +iwn || g+ v(@) } (A= oue ")

{ )
—oxp { - (1@ —ian [ s+ 0(@) o @ (AT -5 @A), @)
{-

(7 lwo/ gz +V(€o))}(A+ *&(50)14)
—exp { = (7(2) +iwo [ e V) B (A -8 @A), (50)

Although the expressions (49) and (50) look rather complicated at first, as expected they reduce
to A, A" in the limit t — to. This can be seen by replacing t by t; in the expression above and using
the definitions of the Baker-Campbell-Hausdorff coefficients from Section 3.2. One finally observes
that all contributions apart from A or A¥, respectively, cancel upon inserting the definition of A and
using the fact that cosh?(A) — sinh?(A) = 1. In principle, these results allow to compute expectation
values for various initial conditions and investigate the behavior of these operators for the single-mode
Mukhanov-Sasaki equation. We will discuss some application of this framework in Section 6, where
we consider the derived unitary map for the single-mode Mukhanov-Sasaki equation in the context
of quasi-de Sitter spacetimes. Prior to that, in the next section we will discuss whether the results
obtained so far can be carried over to field theory, that is whether the obtained unitary map can be
extended to the bosonic Fock space.

4. Implementing the Time-Dependent Canonical Transformation as a Unitary Map on the
Bosonic Fock Space

For the reason that we were able to construct a unitary map for the toy model of the single-model
Mukhanov-Sasaki Hamiltonian, the next obvious step is to aim at a unitary implementation of the
time evolution operator U(tp, t) on the full Fock space F. Since every mode of the Mukhanov-Sasaki
equation is a time-dependent harmonic oscillator, we need to treat every mode separately and with a
different frequency, depending on the absolute value of k. Hence it is natural to equip the solution
of the Ermakov equation, which also differs from mode to mode for precisely this reason, with a
corresponding mode label, which in turn carries over to the time-dependent Bogoliubov transformation
lA"ér. In the conventional formalism, the Mukhanov-Sasaki Hamiltonian and the mode expansion of the
Mukhanov-Sasaki variable and its conjugate momentum are of the form:

= 3 ] (700 + @0, 0) @000 - S 0,), 51
N : d3k R . _ At .
(%) = '/ W(vkwmexp{zk x} + B)ag exp{ ik x}), 2)
3
(%) = [ s (Goonnenp ik x)+ 200 exp ik} ), ©3)

with dg denoting a derivative with respect to conformal time #, a(7) is the scale factor,  is the
conformal Hubble function and ¢ stands for the homogeneous and isotropic part of the inflaton scalar
field. Given the canonical commutator [6(1,x), 7,(7,y)] = i6G®)(x,y)1 together with the mode
expansion of 9(#, x) and 7, (17, x) as well as the following choice for the Wronskian

W(Uk,ﬁk) = Ukﬁi( — "Ui(ﬁk = i, (54)
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the corresponding annihilation and creation operators satisfy the commutator algebra
(1 1] = (270)°6) (e, m) 1y,

where all remaining commutators vanish. Compared to the one-particle case we obtain an additional
factor of (271)® here, which in principle needs to be considered when deriving the corresponding
Bogoliubov coefficients in (44)-(47) for the field theory case. In order to avoid to include appropriate
powers of 277 in the derivation of the Bogoliubov coefficients, as an intermediate step we rescale the
creation and annihilation operators such that they satisfy a commutator algebra that involves just the
o-function. This yields:

A= 2m) 3a,, AL:=(@m) 3al, [Ag Al] =6®) (k,m)ly. (55)

Note that we consider a quantization of the inflaton perturbation in the context of quantum field
theory on a curved background, where the background quantities are considered as external quantities
and we thus neglect any backreaction effects.

Now we can let the Bogoliubov transformation act on the rescaled operators Ay, A} and all results
obtained in the previous Section 3.3 can be easily carried over to the field theoretic case, where the
Bogoliubov transformation maps Ay, A} to a new set of creation and annihilation operators By, Bf that
fulfill the same rescaled commutation relation. Due to the linearity of the Bogoliubov transformation,
the rescaling affects both sides of the equation and thus can be easily removed and the standard algebra
we started with is restored. In the field theory the generator in the exponential of f‘lg is smeared with
the Baker-Campbell-Hausdorff coefficient functions that act as the smearing functions. The action
on the operators Ak, A; is then diagonal, because at each order of the iterated commutator, the to
be found Dirac distributions can be absorbed into the integral involved due to the smearing. Hence,
the generalization of Bogoliubov coefficients we obtained in the one-particle case in (48) to the field
theory case just consists of equipping them with a mode label. The questions that still needs to
answered is whether the so defined extension of I’X to Fock space describes a unitary map on the
latter. Fortunately, there exists a criterion whether a given Bogoliubov transformation can be unitarily
implemented on Fock space, called the Shale-Stinespring condition. A review on the Shale-Stinespring
condition with a sketched proof can be for example found in Reference [31]. The theorem essentially
states that the anti-linear part of the Bogoliubov transformation under consideration needs to be a
Hilbert-Schmidt operator. In our case, this condition carries over to the product of the off-diagonal
coefficients in Equation (48) being bounded when integrated over all of R3:

[ (@ V@, E) < 0, Tl@8) = —exp { — 7(8) 1B (&), (56)

where () and B (k) are the Baker-Campbell-Hausdorff coefficients from the decomposition in
Section 3.2, &ic(t) is the mode-dependent solution of the Ermakov equation and &} is the derivative
with respect to conformal time. At this point the advantage of rescaling the operator algebra becomes
evident, since we can copy our results from previous computations of the Bogoliubov coefficients.
A discussion on the initial conditions regarding the solutions ¢y (¢) can be found in Section 6 below,
which will provide the basis for the investigations of the finiteness of the integral over the anti-linear
part of flg. Explicitly inserting the coefficients while still keeping (i (77) in the arguments and
considering the rescaled operators such that they satisfy the same commutator algebra as in Section 3.3
leads to:

AZ 2 W2 2 1.2
+ M ae(a )> |axe|” sh™ (Ay) _ loa]* sh™(Ak)

I (8,8 = (ch2 A =
&, ) (8) AL ch*(A) + AZsh*(A) el = AR

k
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Given the former definition of #, A and A we consider the extension of these quantities to the

multi-mode case given by A = {/|ax|? — AZ. Inserting the explicit form of « and A from Equation (37)
we end up with:

2 2 2
A = lo* = A =

2_<h@m

2 2
2((4)1((0))2 ln(gk)) =In (gk)

ooy (1 - (@)
(6 <1 z(wg”)z)

Note that In?(¢,) > 0 for all modes k € R? with ||k|| # 0 and all conformal times 7 € R_ \ {0},
from which we can conclude that Ay = In(y) since we already know that Ay > 0 holds. Explicitly
substituting the definitions of ay, Ay and Ay into vy (¢, ¢), we arrive at the following integral for the de
Sitter case with &(#7) as derived in the succeeding Section 6:

1 [@wxuwr>cgﬂm—1f

3 2 3
/R3d k(&8 = /de k <1+ @)L 1=8 ) 2 Gk(n)

=5 L () - (5

1 [( (kp)> 1 > . 1( (ki) L)}
4 Jre L+ (k)2 (kp)* ) K2\ 1+ (k)2 ke ) |

This expression allows us to consider a simple power-counting procedure of the individual
contributions. For large k, the first term behaves as k~* whereas the second term decays as k~°, so there
is no divergence in the ultraviolet. For small k we observe the first term to be proportional to k~2 and
the second contribution to k4, which leads to an infrared divergence of the latter, which in turn shows
that the integral above is not finite. Consequently, the Shale-Stinespring condition is not satisfied
in our case and the Bogoliubov transformation fé cannot be unitarily implemented on Fock space
by simply extending the toy model of the single-mode case to the multi-mode case due to "infinite
particle production” between mutually different vacuum states. Interestingly, there is no issue with the
ultraviolet here but just in the infrared sector, showing that next to the large k behavior one also needs
to check whether there are occurring singularities in the infrared, as they can equally add a diverging
contributions to the number operator expectation value with respect to different vacua. It is not
obvious to us that this aspect has been considered in the recent work of Reference [15], where a similar
Bogoliubov transformation is used on Fock space. As can be seen form our analysis, the behavior of
the BCH coefficients is different for small k than it is for large k, hence it is not obvious that even if
the Bogoliubov coefficients are finite for large k this is a sufficient check in order to conclude that the
Bogoliubov transformation under consideration can be unitarily implemented on Fock space.

As discussed before at the end of Section 3.1, the most common transformation in the literature
in the context of the Lewis-Riesenfeld invariant is the one where the time-dependent Hamiltonian is
mapped to the Hamiltonian of a harmonic oscillator with frequency w,((o) = 1. For this reason we also
analyze what happens to the Shale-Stinespring condition if we do not require the time-independent

frequency to be just wl((o) = k but unity instead. This changes the solution ¢y (#7) by an additional
1

factor of k~2 if we impose similar initial conditions, that is éfq) (n) = k_%fk(n) and leads to the

residual squeezing transformation in T’ ]5 in the limit of past conformal infinity already mentioned in

Section 3.1. Considering this modification in Ciq compared to {i, we can also analyze whether the
Shale-Stinespring conditions is satisfied here. We have:
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/ [ &) 212 sq)/ 2
[, efz = [ e (B =1 (o)
- k

U o (a2 1 k=1\? 1/ (kp)> 1
T4 dek_(gk ) <k3172 k +k 1+ (kn)? k*n®

o [ e ) )

We apply a similar power counting to the two terms involved in the last line separately. For small
k the second summand in that line decays as k=3, whereas it is proportional to k~° in the limit of large
k, which yields a finite contribution in the ultraviolet and an infrared divergence. Similarly, in the
small k region at lowest order, the first summand behaves as k3 and thus is divergent in the infrared.
Furthermore, it increases linearly in k in the large k limit causing a divergence in the ultraviolet. As a
consequence, also the transformation associated with gl((sq) is not unitarily implementable on Fock
space, just as it was the case with §y. However, there is a subtle distinction between the two cases.
For ¢ we found that the infrared modes lead to a divergence, whereas this time both small and large
values of ||k|| are problematic. Let us understand a bit more in detail why it is expected that the
infrared modes can be problematic in the case of the map corresponding to . This map transforms

the time-dependent harmonic oscillator Hamiltonian with frequency wﬁ(q) =K - Z:(%) into the

Hamiltonian of the harmonic oscillator with constant frequency wl((o) = k. Hence, for k = 0 the latter
corresponds to the Hamiltonian of a free particle because here the frequency just vanishes. This aspect
has not been carefully taken into account in the map constructed so far. Therefore, in the next section
we will discuss how the map constructed up to now could be modified for the low |/ k|| modes such
that the infrared singularity can be avoided. For the map corresponding to (y, this attempt is possible
because the problematic behavior of these modes constitutes only a compact domain in the space
of modes, in contrast to the additional ultraviolet divergence involved in the map associated with
§I((Sq) . For this purpose, we will introduce the so-called Arnold transformation that has been used
already in Reference [16] at the quantum level, which is designed to perform a mapping to the free
particle Hamiltonian.

Proposal of a Modified Map for the Infrared Modes: The Arnold Transformation

In the previous section we have observed that the map fé: that maps the time-dependent harmonic

oscillator system onto the system of a harmonic oscillator with constant frequency wl((o) = k with
k := || k|| is not a unitary operator on Fock space due to an infrared divergence that occurs in the
off-diagonal trace of the Bogoliubov coefficients for the infrared modes. Given the fact that no
ultraviolet singularities arise, the strategy we will follow in this section is to consider a modification of
the map induced by fg for a finite spherical neighbourhood 1 >> |k¢|| > 0 of the infrared modes in
such a way that no infrared singularities occur. As mentioned above, the natural target Hamiltonian
we should map to in the case of the zero mode is the Hamiltonian of a free particle. At the classical level
this so-called Arnold transformation [32] was introduced in order to transform a generic second-order
differential equation, that physically describes a driven harmonic oscillator with time-dependent
friction coefficient and time-dependent frequency, into the differential equation corresponding to
the motion of a free particle. Its implementation as a unitary map at the quantum level has been
investigated for instance in Reference [16]. From our approach we can make an immediate connection
to this formalism by going back to Equation (15) that has played an important role in deriving our
classical transformation. Now if we aimed at mapping the original time-dependent Hamiltonian H(7)
onto the free particle Hamiltonian, ¢(77) would need to satisfy the harmonic equation of motion with the
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frequency wy (1) for each mode instead of the Ermakov equation, as it was presented in our case before.
As already discussed in Reference [16], one can recover the Ermakov equation when considering three
physical systems, a time-dependent and a time-independent harmonic oscillator together with the
free particle. Then one constructs the two Arnold transformations that relate the time-dependent and
the time-independent harmonic oscillator to the free particle. From combining one of these Arnold
transformation with the inverse of the second one, one obtains a map that relates the systems of the
time-dependent harmonic oscillator with the time-independent one via a time-rescaling. For more
details regarding this aspect we refer the reader to the presentation in Reference [16]. In order to be
able to discuss the approach from Reference [16] and ours in parallel, we will denote the time-rescaling
function associated with the Arnold transformation by ®@_(77). The non-zero |/k.|| modes lead to
the well-known solutions of the Mukhanov-Sasaki equation for finite ||k||, whereas for the k = 0
mode we need to find appropriate solutions. By construction, Oy_(#) satisfies the Ermakov equation
with vanishing wl((o), that is the time-dependent harmonic oscillator equation of the associated mode,
given by:

Oy, () +wi_ (1)@ (1) =0,

where we are interested in the case where wy_(77) is determined by the Mukhanov-Sasaki equation.
If we compare the time rescaling in Equation (11) with the one given in Reference [16], we obtain an
exact agreement if we take into account that the Wronskians of two solutions of the time-dependent
and time-independent harmonic oscillator, respectively, are constant and can be chosen to be identical.
Since in our work the physical system under consideration is described by a time-dependent harmonic
oscillator (that is, the Mukhanov-Sasaki equation), let us first consider this equation for arbitrary
modes k and prior to any gauge-fixing:

o) + (Hk\l2 ZH('”)v () =0 57)
k - k(7)) =0,
z()

For the particular case of a quasi-de Sitter spacetime, the explicit form of this equation can be
given in terms of the so-called slow-roll parameters. The Friedmann equations together with the
Klein-Gordon equation describing the dynamics of the background scalar field ¢ on a slow-rolling
quasi-de Sitter background can be used to rewrite the Mukhanov-Sasaki equation in a convenient way.
For this purpose we define a set of three slow-roll parameters ¢, T and «, that describe the fractional
change of H per Hubble time, the fractional chance of ¢ per Hubble time as well as the fractional
change of T per Hubble time, respectively:

S H S
© HY T eH T tH’
where a dot denotes a derivative with respect to cosmological time in these expressions. Inserting the
Klein-Gordon equation and using the Friedmann equations along with an assumed subdominance
of the second-order derivatives of ¢, we can rewrite z(1) and its derivatives in terms of ¢, T
and x. By truncating the resulting expressions after the first order in the slow-roll parameters,
the time-dependent part of the frequency wy (1) becomes:

2 ! " 2

ace  z T Z 1 2 3T 4v-—1 3 T
= —, —_ = 1 7)/ — =1 (2— 7)% , = _ —.
2= H( +5 - 172( +é) e+ e R
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Thus, the Mukhanov-Sasaki equation up to first order in the slow-roll parameters for a quasi-de
Sitter background reads:

2 _
o)+ (11 = 252 Joulo) =0 58)

Given the equation above we can read off the time-dependent frequency that we considered for
the time-dependent harmonic oscillator in our single-mode toy model approach. This is also precisely
the equation that ©(#) needs to satisfy for a given but finite ||ke||. Let us emphasize that the solutions
to Equation (58) need to be computed separately for vanishing and non-vanishing |/k||, respectively.
The real-valued solutions for | k|| > 0 are given by the Bessel functions of first and second kind,
for details the reader is referred to Section 6. If we consider the limiting case of k = 0 in the context
of the quantum Arnold transformation, we obtain the following linear differential equation with
time-dependent coefficients for the rescaling function ®@y_(#7), omitting the label for the zero mode:

402 -1 1
S0 =0 ') - (¥-)06) =0 for K| =0.

/!
O~ =4, 1

This differential equation with time-dependent coefficients can be transformed into an equation
with constant coefficients, which then again can be solved by means of the substitution y = In(|y])
and an exponential ansatz of this new variable incorporating the dependence on the effective slow-roll
parameter v. The general solution of this differential equation is given by:

O(n) =aly|" +clyl’, with r,s= %(l + \/4v2> for v2>0 (59)

From this solution we readily obtain two linearly independent solutions ®;, ®, that can be used
to construct the Arnold transformation for the k = 0 mode. Note that the differential equation above
can be also solved for v = 0 or v < 0, respectively. However, according to the parameter space of
the slow-roll parameters in Reference [33], this range is not physically reasonable and hence we only
use the result for strictly positive, real-valued slow-roll parameters. Due to the range of conformal
time (7 € R_\ {0}), the relevant solution here is the growing branch proportional to ||* with s < 0,
since the decreasing branch diverges in the limit of past conformal infinity. This then coincides
with the choice of the final time-rescaling transformation suggested in Reference [16]. We reconsider
the form of the transformation fg and insert the corresponding solution for ©y_ (1) to obtain an
analogous transformation f@ke by means of which we can transform the Schrédinger equation similar
to Equation (31) and according to:

i @0 = (P + R Om@P) ¥ = (e m(? -5 o, ¥ =0

2
207

This means that f@ke maps the time-dependent Hamiltonian for the k. mode into the
time-independent Hamiltonian of the free particle modulo a rescaling of the momentum operator. It is
important to emphasize that this unitary map can only be performed at the level of the full Schrodinger
equation, as otherwise the spectrum of the two related operators would have to be equivalent, which
is clearly not the case for the time-dependent harmonic oscillator and the free particle. It is the
time-derivative in the Schrédinger equation that is crucial for removing the term proportional to
g (4)? altogether. Furthermore we would like to stress that the time rescaling function Oy, is different
for ||ke|| > 0 and || ke|| = 0, respectively. In the first case, depending on the imposed initial conditions,
it is given by the Bessel functions of first and second kind ], (—ke#) and Y, (—ke#). In the latter case,
Oy corresponds to the above power-law solution. Unfortunately, there are some drawbacks of the
implementation of the quantum Arnold transformation with the help of f@ke. Firstly, the limit of past
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conformal infinity is not well-defined in terms of the generator G as depicted in (26), for neither of
the two cases. This especially means that we do not get an asymptotic identity map for an already
free particle (i.e., the || ke|| = O case in the limit of past conformal infinity) as we do with the initially
time-independent harmonic oscillator in the case of the original transformation ['z. Secondly, the
attempt to relate the free particle with a Lewis-Riesenfeld type invariant does not work as smoothly as
in the case of the previous map. If we construct a similar invariant in this case here for the initially
time-dependent oscillator Hamiltonian, it can be trivially factorized and has the following form:

Iir = %fgkf ”q(ﬁ)zfe)ks = %(G)ktﬂq(ﬁ) - G&”q(‘?))z = ﬁ;ﬁkcr i, = \%2(®k[”q(ﬁ) - ®L€7Tq(q))- (60)
This quantity has for example been already obtained in Reference [17] as a quantum invariant
based on orthogonal functions in a similar context. It is immediate that the above factorization is in
this sense pathological, as one can immediately see that the occurring operators ay,, ) can not be
interpreted as ladder operators due to [dy_, ﬁu = 0, since they only differ by a global sign. This can
be also seen by looking at the original invariant (24) which has an additional term proportional
to 42¢2 that is absent in the case of the Arnold transformation for ke by construction, simply
because of the lack of a term proportional to 77;(4) in the transformed free particle Hamiltonian.
Nevertheless, the transformation f®k5 is unitary for all finite times 7 and all considered modes.
However, due to the non-preservation of the commutator structure between . and [zL, itis not a
Bogoliubov transformation, hence it does not qualify as an infrared continuation of the map fg used
throughout this work.

In summary, it was not possible to find a transformation similar to fg for the infrared modes.
Regarding predictions in inflationary comsology, we are naturally interested in the large k modes,
which are properly implementable in the context of our symplectic transformation. Hence, as an
alternative to the proposed maps for the infrared, we suggest the identity map as a proper choice,
that is:

o Jeo (=il [y, PKO@E]) for K] > kel

fe= (61)
1y for k|| < [[kell,

where V. := {k € R?: |k|| > ||ke|} is the smearing domain and ) denotes the mode-dependent
generator of the Bogoliubov transformation depicted in Equation (26) and especially in (35) in terms of
annihilation and creation operators, respectively. This is possible and well-defined since the occurring
coefficients in the generator are smooth for |k|| > |/k¢|| and moreover lie in L!(V, d%k) as can be
checked by explicit integration. The reasons for choosing the identity map are twofold. Firstly, this
trivially constitutes a Bogoliubov transformation with the off-diagonal coefficients in (48) vanishing,
rendering the Shale-Stinespring integral finite, thus allowing for unitary implementability of f}:‘ on
Fock space. Secondly, the functions multiplying the off-diagonal elements in the Mukhanov-Sasaki
Hamiltonian remain unchanged compared to the standard case, which means that they can be neglected
for sufficiently early times. This is due to the fact that the effective friction term in the equation of
motion for these functions is subdominant in this regime. For details the reader is referred to the
discussion in the succeeding section.

5. Relation of the Lewis-Riesenfeld Invariant Approach to the Bunch-Davies Vacuum and
Adiabatic Vacua

In the context of the results of the previous sections, it is a natural question whether there exists
a relation of the mode functions obtained in the framework of the formalism in this work and the
ones obtained in the standard approach in cosmology. As we will show by taking time-rescaling
transformation into account, we can relate the solutions ¢y of the Ermakov equation to the mode
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functions associated with the Bunch-Davies vacuum and other adiabatic vacua. For this purpose we
consider the following form of the Mukhanov-Sasaki mode function

_ i, 7 _dt
k(1) = NicGic(17) exp | — iw / (62)
{ RG] }
corresponding to a polar representation of the complex mode vy into a real function ¢j and a complex
phase that was in a similar form already mentioned in Reference [15]. Ny is time-independent for each
mode, ¢ (1) remains arbitrary at this point and wl((o) can take the values k or 1 depending on the choice
of map that is considered. We want to show that the Mukhanov-Sasaki equation

o (1) + wig(n)oi(y) =0 (63)

expressed in terms of the polar representation exactly coincides with the Ermakov equation. Starting
from this polar representation of the mode functions we compute the second derivative and reinsert it
into the Mukhanov-Sasaki equation to obtain:

: / / (0)y2
/" = N, _.(0) 7odt ( . (0) Ck i (0) C _ (wk ) > o
o) = Nuop { iy ai(r)} A A s

We realize that summands involving &} cancel each other and the Mukhanov-Sasaki equation can
be rewritten as:

(“’1(<0))2

g =0 = o (1) + wi(7)ok(y) = 0. (65)
k

+wp ()i —

That is, we recover the Ermakov equation for the radial part of the polar representation in
Equation (62). The polar representation of the mode functions can also be obtained if we consider
how the Fourier modes transform under the time-dependent canonical transformation that relates
the time-dependent and time-independent harmonic oscillator. The mode functions in the system
of the harmonic oscillator written as a function of conformal time are given by uy(17) = Ny exp ( —

dt
()

1

iw]((O) f gi T
to the time variable T. Using that for each mode we have T; = 2, one can easily derive the
corresponding differential equation that uy (1) fulfills with respect to conformal time #. Now the
time-dependent canonical transformation rescales the spatial coordinate by ¢, L. Considering this
as well as the fact that the mode uy (17) depends on k only, the corresponding Fourier mode after
the transformation is given by v (17) = Cxuk(n), yielding again the polar representation of the
Fourier mode shown in (62), where we used how the Fourier transform changes under a scaling of
the coordinates.

A second way to obtain this result is via the explicit form of the Bogoliubov transformation
associated with the time-dependent canonical transformation. We denote the time-dependent
annihilation and creation operators of the harmonic oscillator system by by (T) = uy(T)b, and
b} (T) = m(T)b} respectively, where the time-dependent annihilation and creation operators satisfy
the Heisenberg equation associated with the Hamiltonian of the harmonic oscillator. Once more
considering the relation between T and 7 for each mode, we can also understand by (17) and b{ ()
as operator-valued functions of conformal time 7. The mode expansion in the system of the
time-dependent harmonic oscillator can be written in terms of time-dependent annihilation and
creation operators dy(17) = vy (17)dx and 4f (17) = vy (17)af, which both satisfy the Heisenberg equation
associated to the Mukhanov-Sasaki Hamiltonian. As shown in Section 4, the time-dependent canonical

). Here 1y (T) satisfies the standard harmonic oscillator differential equation with respect
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transformation corresponds to a time-dependent Bogoliubov map at the quantum level. In the notation
of the last section, this relates the two sets of annihilation and creation operators as follows:

axc(11) = 8 (&, &")bw () + (8,80 (), aic(y) = (8, 8" bi () + e (&, &) buc (1)
The explicit form of these coefficients is given by:

i

gK(6,¢) = % <<§k+ ;—k> + 2#(0)5/, Ine(2,2) = % <gk _ ;I) ~

‘. 66
i ¢ (66)

2w

Given this time-dependent Bogoliubov map, the Fourier modes in the two systems are related via

. () [1 dt
o(i7) = (8x(&, &) + (8, ")) uxe = & () = Ny exp { - lw](() 200 } (67)
k
Hence, we again recover the polar representation of the Fourier mode. At this point we did
not yet clarify the purpose of the Ny, which is intricately connected with the commutator algebra of
annihilation and creation operators as we will see. Recall the well-known (off-diagonal) form of the
Mukhanov-Sasaki Hamiltonian if we insert the mode expansions into the Hamiltonian density:

3
H= / 7(;1';3 {Fk(ﬁ)ﬁkafk + Fi()aga’ + Ex () (zaﬁak + (271)35(3)(0))}, (68)

where we used the isotropy of the mode functions due to the high degree of symmetry of the spacetime,
the invariance of the measure under reflection and the following definitions:

() i= (0})7 + wi ()}, Ei(y) = 0} + wl ()0xi. (69)

Regarding the normalization of the mode functions vy, we can transfer this condition to the polar
representation given in Equation (62) by just inserting the definition into the Wronskian. This removes
the dependence on &y completely and we can explicitly give a relation between Ny and the Wronskian
of the original mode functions:

W (o1, 1) = 2i0” NZ. 70)

This is not surprising upon closer inspection. Recall that the wl((o) in the Ermakov equation

corresponds to the time-independent frequency in the transformed Schrodinger equation.
We conveniently chose to map the Mukhanov-Sasaki frequency into just the k-dependent part,
completely removing the time dependence. This has the effect that fg becomes the identity
transformation for the case of an initially time-independent oscillator, whereas we would obtain
a residual squeezing if we mapped every mode to unity. This freedom of choice is reflected in the
explicit form of the normalization constant Ny, which depends on the choice of the oscillator frequency
in the target system in order to preserve the normalization of the mode functions and hence the
standard commutator algebra of annihilation and creation operators. Given the Mukhanov-Sasaki
Hamiltonian in the form of annihilation and creation operators in (68), we can discuss the assumptions
for the initial condition regarding the Fourier modes associated with the Bunch-Davies vacuum and

Note that the roles of ady, [zi and by, Blt are interchanged in comparison to the one-particle case considered in (48) for
notational convenience, whereas the coefficients are named analogously. Here the first set of operators belongs to the
Mukhanov-Sasaki Hamiltonian, whereas the second set is associated to the time-independent harmonic oscillator. In contrast,
in (48) the operators B, B' belong to the time-dependent system, whereas A, A' are associated with the time-independent
harmonic oscillator.
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the ones obtained in our work and compare them, consequently. First, we rewrite the Fourier mode
associated to the Bunch-Davies vacuum given by

1 i\
o () = NG (1 - H) etk (71)

in the polar representation as shown in (62) for our general solution. This yields:

BD _ ..BD () 7 dt 7;’ 1 (0 7 dt
v () = ilog |exp{ iwy, 75&(7) } = 7 1+ 7(](11)2 exp{ iwy 7512((’[) }, (72)

which corresponds exactly to the C{j 7 that we obtained from the Ermakov equation by requiring
appropriate initial conditions for ¢y which carry over to initial conditions on the Fourier mode and the
additional factor i comes from the phase of (71) compared to the one arising from the integral.

As far as the Hamiltonian diagonalization (HD) of the Mukhanov-Sasaki Hamiltonian is
concerned, one diagonalizes this Hamiltonian instantaneously at some time 79 which requires the
coefficients F and Fy to vanish at 0. In addition it can be shown that the state satisfying this
requirement also minimizes the energy at that time 7, so that requiring both does not yield to further
conditions on the state. If the requirement F, = 0 and the normalization of the Wronskian W (vy, 7y )
to W(vy, Tx) = i is satisfied, we choose the following initial conditions for the model:

HD () [oxl(0) = 5-rs and HD() o} o) = —iexlmolonlm) (9

If we consider the specefic choice 779 — —oo in this context we exactly end up with the initial
conditions usually chosen to obtain the Bunch-Davies vacuum:

1
BD(I) |vg|(—)=— and BD(I) v} (—o0) = —ikvy(—o0), 74
()|k|()m (1) v (=) ic(—o0) (74)
where we used that wy = k at g — —oo, meaning that the modes become the standard Minkowski
modes in this limit. Looking closer into the condition F, = 0 we can rewrite this non-linear differential
equations as:

wi (1)

Ro=0 < o) (v{:f( .t )v&(v)+wi(v)vk(n)) =0. (75)
wie(17)

We realize that Fi, = 0 at all times 7 requires that vy satisfies a differential equations that looks like

the Mukhanov-Sasaki equation but with an additional friction term included. For a constant frequency

wy the friction term vanishes, which for the case of de Sitter where w2 (17) = k? — 17% is given in the

limit of large k. For de Sitter the friction coefficient reads %‘t = %(kq)% and thus, depending on the
values of k and 7 it will not always be negligible, which is the reason why in the case of Bunch-Davies
one can only achieve an instantaneous Hamiltonian diagonalization. This is due to the fact that vy
satisfies the Mukhanov-Sasaki equation and at the same time needs to fulfill F, = 0, generally being
in conflict already for the simple case of a de Sitter universe. Note that in our work the Hamiltonian
diagonalization of the Mukhanov-Sasaki Hamiltonian can be obtained for each instant in time and
is not obtained by setting F (1) equal to zero but by a time-dependent unitary transformation that
involves also a time-rescaling. Now since we fixed our initial condition in the limit # — —co and,

as we will show below, the solution we obtained satisfies the differential equation for adiabatic vacua

315



Universe 2019, 5, 170

without any approximation, it is very natural that our initial conditions at 179 = —co are given by
the following;:

LR (I) [ox(10)] = INk€i(0)| = and LR (I) o} (n0) = —iwoy ok (o), (76)

8-
5

where we used again the same normalization of the Wronskian for the condition LR (II) and that

lim &y (170) = 1. Thus the initial conditions obtained here coincide with the initial conditions one
o——00

chooses for adiabatic vacua to any order as well as the ones chosen for the Bunch-Davies vacuum
where we fix them in the large k limit and for 179 — —oco. However, in our work the latter was necessary
in order that the unitary operator that implements the Bogoliubov transformation (see Equation (35))
becomes the identity operator for an already time-independent harmonic oscillator and is hence
considerably natural. Now let us discuss how the results obtained in our work are related to the
notion of adiabatic vacua. In the framework of adiabatic vacua one uses the following ansatz for the
mode functions:

n
o) = \/iv*kexl’{i / dﬁwk(m}, )

where Wy (77) is defined through the following differential equation

11 / 2
R )

where wy (17) is the time-dependent frequency, so in our case the one involved in the Mukhanov-Sasaki

Hamiltonian. If we compare the ansatz in (77) with the form of the solution for the Mukhanov-Sasaki

equation in (62), we realize that we can map the two expression for vy into each other by the substitution
(0) (0)

Cx = (wl((o)) : W, %, where we choose w,’ = kand w, * = 1, respectively to consider the case where
the Mukhanov-Sasaki Hamiltonian is mapped to the harmonic oscillator with frequency k and 1,
respectively. As shown above, rewritten in terms of §y the Mukhanov-Sasaki equation merges into
the Ermakov equation. Hence, if we express the Ermakov equation in terms of Wy we can rewrite the
Mukhanov-Sasaki equation in terms of Wy. For this we consider the second derivative ¢}, expressed in

terms of Wy.. We obtain:
0
Vor, (w;z(n) _3<w11<n>>2)
2 3 5 :
Wi () Wi (1)

2
Reinserting this back into the Ermakov equation yields:

T [ ) O Oy2
B Vel (ng(fl) _3(Wk5(f7))2> bl () i (o )? WE () = 0. (79)
2 2 2 2 Ok

wi 2 win )

é”*
b=

Wé(r]) (W)

~1 1
Multiplying the entire equation by (wl((o)) 2 W2 we end up with:

2 2 1 W1l</(77)7§ Wi (17) ?
M= i z(wkw) z(wkw)))' &0

and this agrees precisely with the defining differential equation for Wy in (78). The adiabatic condition
required for the modes in this context carries over to a condition on the large k behavior of the function
Cx, being a solution of the Ermakov equation. As usual for adiabatic vacua, they do depend on the
chosen extension to the infraed sector. In the formalism presented in this work this arbitrariness is
encoded in the choice of how the unitary transformation is modified for the modes k with ||k|| <
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||ke||. From this we can conclude that the ansatz for adiabatic vacua and the framework of the
Lewis-Riesenfeld invariant leads to equivalent solutions for possible vacuum states if one reformulates
the adiabatic condition in terms of the the solution § of the Ermakov equation. Furthermore, we can
understand our solution obtained for quasi-de Sitter and de Sitter in this context now. For the modes
associated with the Mukhanov-Sasaki equation on a de Sitter background, the adiabatic condition
needs to be satisfied for k* >> 572, that is ki > 1. Using the explicit solution for ¢ in the case of de

1

Sitter given by ¢ = (1+ —15)? we obtain lim ¢ = 1. This corresponds to lim Wy = wl((o) =k
(ki) kip—o0 kn—o0

where we only considered the map with wl((o) = k here because the second one with wl((o) =1 was not

unitarily implementable on Fock space. In the case of de Sitter, the integral can be easily computed
and the solution is given by

1

1 —ikn ,iarctan(ky,
o) = T 1+ (o i gi arctan(ky) (81)

In case the solution for Wy cannot be determined in a simple manner, one uses a WKB
approximation for the integral involved in the adiabatic ansatz in (77), yielding adiabatic vacua of a
certain order at which the expansion is truncated, see for instance [34,35] for applications. However,
since we have determined an analytical solution for the Ermakov equation for “Jl((O) = k we did not
get an approximate solution for Wy up to some adiabatic order and obtained the full solution for Wy.
This way of relating the two formalisms also provides the possibility to have a very clear interpretation
of the Fourier mode associated with the Bunch-Davies vacuum in the Lewis-Riesenfeld invariant
formalism. Now comparing the phase factors of Fourier modes associated with the Bunch-Davies
vacuum with the ones obtained from the ansatz for the adiabatic vacua in (77), we realize the following:
The Fourier modes we obtain from the Lewis-Riesenfeld invariant formalism, that agree with the
conventional one, can be understood as an adiabatic vacuum of non-linear adiabatic order, that is
without any truncation, using the relation between the Ermakov equation and the defining differential
equation for adiabatic vacua. Considering the solution in (81) in the limit k7 > 1, we realize that
these modes merge into the standard Minkowski modes up to an irrelevant phase and thus satisfy
the adiabatic condition. Note that we have chosen the normalization of the Wronskian in such a way
that the final mode functions vy agree, regardless of whether we chose the map that relates the MS
system with a harmonic oscillator to have frequency w,((o) = kor w](co) = 1, respectively. However,
our analysis shows that on Fock space, the map that intertwines between the harmonic oscillator
with w,io) = 1 and the Mukhanov-Sasaki equation cannot be implemented unitarily due to ultraviolet
divergences and thus the latter choice cannot be obtained in a natural way in the Lewis-Riesenfeld
formalism. For the reason that the solution in (81) was obtained from a unitary transformation that
maps the Mukhanov-Sasaki Hamiltonian into the harmonic oscillator Hamiltonian for all modes
k with ||k|| > |ke||, we can interpret this adiabatic vacuum as the natural one associated to this
unitary transformation.

We summarize these results of the last two sections in Figure 1 below. We have seen that we
can obtain a solution of the Mukhanov-Sasaki equation at the level of the mode functions (and find
the associated vacuum) by means of the solution of the Ermakov equation ¢y (17) combined together
with a time-dependent phase that corresponds to the time rescaling from the classical theory in
Equation (11). In our formalism we have the freedom of choosing the target frequency w]((o) as we
map our Hamiltonian, where we considered two different choices in this work here. One natural
choice is to just remove the time dependence and keep the time-independent k? term in the frequency,
which gives a transformation that is implementable for all but the infrared modes, where one can
choose to modify the map appropriately as has been discussed above. It is in this sense natural to
do so, since in the limit at past conformal infinity, this transformation is the identity as one would
expect. Contrary to that, mapping all frequencies to unity results in a residual squeezing at very

317



Universe 2019, 5, 170

early times and most importantly in an ultraviolet divergence in the integral of the Shale-Stinespring
condition. Using our results it can be shown that the non-squeezed adiabatic vacua are unitarily

inequivalent to the generalized Bunch-Davies vacuum because the time-independent squeezing map

that relates a harmonic oscillator with frequency wl((o) = k to the one with frequency wl((o) = 1 cannot

be implemented as a unitary operator on Fock space.

Mukhanov-Sasaki Hamiltonian

f":,‘ with & (170) = 1

. (0) t-indep. squeezing (0)
harm. oscillator w, ' = [/k|| 5 S harm. oscillator wy ’ =1
ml(() —1 ormf() — ||k||

— o0 _dn’ — () i@ 1 ___dy
v = N —iw e = N exp q —iw —e
K kaEXP{ e S '3§<'7’)} Kk = NicGye P{ v (gsq))zw,)}
_ WK, o) = W, o)
M= il A
Bogoliubov transformation Bogoliubov transformation

. o non-unitary . o
unitarily implementable not unitarily implementable
residual squeezing

(for || k|| < e identity map) (divergent in the ultraviolet)

(s -1
e, with 9 () = ()4

Figure 1. Graphical summary of the two different maps analyzed on Fock space.

6. Applications

6.1. Solution of the Ermakov Equation on Quasi-de Sitter Spacetime

In the following we will derive and investigate a specific solution to the Ermakov equation on a
quasi-de Sitter background. This leaves us with the opportunity to simplify this solution to the case of
de Sitter, where the solution is known and perform a quantitative comparison of the behavior of &(77)
for these two spacetimes. Our starting point is again the Mukhanov-Sasaki equation shown in (58),
which will be restated for the reader’s convenience:

4% —1
o)+ (1 = 252 o) =0

Naturally, in the limit of vanishing slow-roll parameters ¢, T and x the equation merges into the
Mukhanov-Sasaki equation on de Sitter, that is, we find that v — % — 2 as expected. Next, we will
bring the equation into a slightly different but also frequently used form. This is done by multiplying
the entire equation by 72, which is possible since 7 ranges from —co to 0, both obviously excluded.

Further, we introduce new functions w(—k#) with k = || k|| that are related to the original mode
functions by w(—ky) = \/v%? This leads to the following differential equation for w(—k):

dw(—x) | _dw(—x)
2
o2 Ty

X + (= vH)w(—x) =0, x=ky, (82)

This is an advantage because (82) precisely corresponds to the generalized Bessel differential
equation with a well-studied framework of solution techniques. Primarily, we are interested in a
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set of two linearly independent solutions of this equation in order to construct a solution for the
Ermakov equation following the path taken in Reference [36]. The most general solution to the
Bessel equation is given in terms of Bessel functions J, (—k#), Y, (—kn) of the first and second kind,
respectively. These can be rewritten in terms of Hankel functions Hﬁl) (—kn), Hﬁz) (—kn) of the first
and second kind, which are given by:

HY (ki) := Jo(=kn) + Yo (=ky),  HP (=ky) := Jo (ki) — iYy (~ky). (83)

These functions form a linearly independent set of solutions to Equation (82). Introducing
constants «, 8 € C we can give a general solution to the Mukhanov-Sasaki equation on quasi-de Sitter
by means of resubstituting v, = /=% w(—ky) and inserting the previously found basis of solutions
for the Bessel equation:

o) = /7 (B (~ky) + BHP (—k7))

Now we follow Reference [36] and can start to construct a (unique) solution of the Ermakov
equation with either the use of J,(—ky), Y, (—kn) or H, .(,1) (—kn), Hl(,z) (—kn), respectively. This can be
achieved by the following procedure, which can be straightforwardly verified by direct computation.
We have

Sk(n) = \/Akui + 2By + Civd,  AxCx — By = [|K|* Wi, vi) 72/ (84)

where 1y, vy are two linearly independent solutions of the Ermakov equation and W (1, vy ) denotes
the Wronskian determinant. As an additional ‘initial” condition next to the Wronskian, we impose
the well-definedness of the solution in the limit of past conformal infinity where for each mode the
Mukhanov-Sasaki equation reduces to an harmonic oscillator with constant frequency. The function
Cx should also solve the Ermakov equation in this limiting case of constant frequency. Consequently,
we can insert the linear independent solutions (83) into formula in (84) and investigate the behavior
for 7 — —oo. Analyzing the asymptotic behavior of the Bessel functions (and correspondingly Hankel
functions) according to Reference [37], we get:

2

H,(,l)(—k17)~ ,l—n—k,]exp{—i<k17+g(2v+1))} for  [y]>1,
2 .

Héz)(—kry)w ,l—ﬂ—k’]exp{-i-z(kq—&-g(m/—i-l))} for In| > 1.

We realize that in this limit the summand under the square root in (84) is only well-defined
for vanishing coefficients Ay, Cy such that only the mixed term remains. In order to determine the
coefficient By we need to find an expression for the Wronskian determinant of Hankel functions,
which is non-trivial to obtain in a straightforward manner. However, we know that the Wronskian
of solutions of the harmonic oscillator equation is constant in time and we have an relation for the
asymptotic behavior of the Hankel functions. Given this we have

W(y/=H (=kn), /= H (—ky)) = =y W(HED (—ky), B (~kp)). (85)
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As the next step, let us rewrite the derivative with respect to conformal time of
W(Hl(,1> (—kn), HI(,Z) (—kn)) in terms of a differential equation by the use of its anti-symmetry and
the Bessel differential Equation (82) obeyed by Hf,l), H§2>:

W/(Hgl),Hf,z)):7%W(Hﬁl),H£2>) — W(H,(Jl)(fkiy),Ht(,z)(fkq))m%, 86)

where we allowed for that the constant Dy can vary for each mode. Note that the proportionality of
the Wronskian of the Hankel functions in (86) is in accordance with the fact that it is conserved on
solutions of the Mukhanov-Sasaki equation, as seen in Equation (85). Finally, after insertion of the
asymptotic behavior of the Hankel functions, we find:

4i 4i
w(HM (=), HE (=k)) Ny T 1= D=L

Note that the Wronskian is purely imaginary, which is expected due to the negative sign of the B2
term in the condition presented in the second equation in (84) for the coefficients. If we had chosen a
different route and had taken Bessel instead of Hankel functions, we would have to choose By, = 0 for
consistency and with a corresponding purely real Wronskian determinant. As a final result, we can
determine By:

W/ (), /i HE () = 2= M ot = Be= T @)

Due to the requirement that the transformation induced by I'z should be unitary, we need By to
be chosen such that the final solution ¢y (7) is real, which is always possible in this case due to the
involved squares:

2utn) = =T o ) = T (o) (an)?) 69

Another important aspect is the correct limit at past conformal infinity, which we can immediately
deduce from the asymptotic forms of the Hankel functions above. This suggests that for each Fourier
mode (i (17) solves the Ermakov equation in the case where the Mukhanov-Sasaki frequency becomes

(0)

a constant w; = limy, 0 wi(17) = ||k]|, that is:

. L kmyp 2 _
i Gcln) = m =5 o = fim,  ssnln) = 1

At this point we still need to investigate whether given the solution ¢y (77) on quasi-de Sitter we
can rediscover the solution for de Sitter in the case of vanishing slow-roll parameters. For this purpose,
we consider the half-integer expressions for the Bessel functions:

J 1(x) = (71)"\/;“% (i) n(x)  yuen,

n+y xdx x
[2 .41/ d \"cos(x)
= (1) St (——
Yn+%(x) (-1) pd <xdx) . VnelN

Form this we obtain an expression for ¢y (17) on de Sitter where v = 3/2:

£ls) _ Jk72m<(\/§k7]cos(k77) —ésin(k;y))er <\/%kqsin(k17) +cos(k17)>2> _ 1+(,%7)2/

3
(—ky)2 (k)2
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which of course retains the same limit at past conformal infinity as the more complicated solution
for non-vanishing slow-roll parameters. The solution Cl((ds) (1) can be obtained in full analogy to the
procedure outlined above using the well-known solution for the Mukhanov-Sasaki frequency on de
Sitter. Depending on the particular choice of basis for the space of solutions, one needs to eliminate
either of the coefficients in (84) due to the required well-definedness of the limiting case || — oo.

The outcome precisely corresponds to 51((“) (17) found in the limit above.

6.2. Eigenstates of the Lewis-Riesenfeld Invariant

As a test scenario for the formalism outlined in this work we construct and analyze the explicitly
time-dependent eigenstates of the Lewis-Riesenfeld invariant. This will happen at the level of a
quantum mechanical toy-model and serve the purpose of exhibiting the mathematical convenience
of the formalism as well as the (squeezing) properties of the unitary transformation obtained in the
context of the Lewis-Riesenfeld invariant. These eigenstates can be easily found by applying the
previously obtained (inverse) Bogoliubov transformation ' g to the defining property of the vacuum,
thatis A |0) = 0. We obtain:

TTAT:IE0) = Adfg( A)TEI0) = e (A -5, () AT 0) =: BT j0) =0,

with the BCH coefficients v(¢) and ¢, (¢) determined in Section 3.2. That is, the vacuum state of
the Bogoliubov transformed annihilation operator B corresponds to the unitarily transformed initial
vacuum state. Recall that lA"g was capable of relating the time-independent Hamiltonian Hy and the
Lewis-Riesenfeld invariant I} g via the adjoint action, in other words, the Lewis-Riesenfeld invariant
factorizes in terms of B, Bt. Reexpressing the operators above in position representation we end up
with a first-order differential equation for the transformed vacuum state. Understandably, this equation
contains explicitly time-dependent coefficients due to the explicit time dependence of the Bogoliubov
transformation. We obtain the following solution for the ground state ¥ (g, 77):

1
wo \* {(i(f’(ﬂ) wo ) 2}
Yolg,n) = —— | ex — I — , 89)
oo =(zgty) e {5 ~ 2 ) ‘
where ¢'(17) denotes the derivative with respect to conformal time, we again used that the mass

m = 1 here and conveniently have set i = 1 as before. The first excited state can be obtained from
Adf} (A*)f} |0) = B*fg |0) and is found to be:

1
_ wo \* [ 2wy i&'(n) wy )

won = (w5) e { (G 2t o

Note that for a time-independent frequency w(i) = wy the solution merges into the standard
quantum harmonic oscillator since [}z and Hy coincide in this limit by construction due to (1) =
¢o = 1. The details of the underlying spacetime, that is, what determines the values of the various
slow-roll parameters enters through the solution ¢(#) of the Ermakov equation, which is sensitive to
the background via the Mukhanov-Sasaki frequency w(#) and consequently through the real index
v of the Hankel and Bessel functions in the final solution in Equation (88). The plots in Figure 2
display the absolute squares of the solutions in Equations (89) and (90), respectively, at two different

conformal times.

Considering the explicit form of the generator of the Bogoliubov transformation I'¢, we realize
that it represents a generalized squeezing operator with explicitly time-dependent coefficient functions.
These coefficient functions on the other hand are sensitive to the background spacetime via the
Ermakov equation and consequently the Mukhanov-Sasaki frequency wy (77) involved in Equation (58).
In this way it is expected that the eigenstates of the Lewis-Riesenfeld invariant, which are, up to
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a phase, eigenstates of the single-mode time-dependent Mukhanov-Sasaki Hamiltonian, show a
time-dependent spread which approaches the time-independent case for very large absolute values of
conformal time || > 1, that is, close to the Big Bang.
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Figure 2. Single-mode probability densities [¥o(q,7)|> (upper line) and [¥1(g,7)> (lower line)
according to the solutions in (89) and (90) on quasi-de Sitter for three different values of the effective
slow-roll parameter v from Equation (58), including de Sitter with v = 3/2 at two different conformal
times and with wy = k = 1. The used slow-roll parameters are to be understood as an example,
consider Reference [33] for the allowed parameter space and constraints on them according to the
Planck mission.

A comparison with the work in Reference [38] bears a strong resemblance to the eigenstate of
the Lewis-Riesenfeld invariant found there, however let us compare the results from Reference [38]
and ours in more detail. Firstly, the derivation in Reference [38] is performed in cosmological time,
whereas we have made the transition to conformal time beforehand, so the explicit occurrences
of the scale factor are absent in our work. Secondly, when having a closer look at the Ermakov
equation in Reference [38] it becomes evident that in the context of the canonical transformation T¢,
the time-independent frequency of the Hamiltonian Hj is unity. As a consequence, this means for
the case of field theory that every mode with wy (77) would be mapped to exactly the same frequency
wl((o) = 1, which modifies the solution of the Ermakov equation by an additional k_%, leading to an
ultraviolet divergence in the Shale-Stinespring condition (56) and diminishing the ability to implement
itby a separate treatment of the infrared modes with || k|| < |/k¢||. Thirdly, the authors in Reference [38]
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claim that the creation- and annihilation operators that decompose the time dependent Hamiltonian are
related to the ones associated with the Lewis-Riesenfeld invariant via a Bogoliubov transformation.
According to our analysis, while this is true, their relation is more subtle: As it is true that H(t)
can be mapped into I;r in the classical theory by means of an extended symplectic map (which
in a sense corresponds to a Bogoliubov transformation quantum mechanically), this might not be
straightforwardly implementable in the quantum theory even on the one-particle Hilbert space. It can
be implemented if and only if the time-rescaling function is chosen such that ¢(#) 2 has an analytic
anti-derivative, which is for example the case on a de Sitter background. The exponential sandwiched
between IA"} and lA"C,O in (33) can then be rewritten as the exponential of an analytic function in the time
operator, conjugate to the momentum operator p;. This is the reason why we perform a reduced phase
space quantization of Dirac observables, where this problem is absent, rather than Dirac quantization.
Consequently, the transformation I'; acts as a one-parameter (i.e., time-dependent) family of unitary
transformations on the reduced (physical) phase space. This transformation is suitable for transforming
the Hamiltonian within the Schrodinger equation into the independent one Hy, which again can be
related to the invariant f; g by means of a time-dependent Bogoliubov transformation.

7. Conclusions

In this work we used the method of the Lewis-Riesenfeld invariant in order to analyze in which
sense the dynamical properties of the Mukhanov-Sasaki equation select possible candidates for initial
states in the context of inflation. We started in the classical theory and rederived a time-dependent
canonical transformation that relates the system of a time-dependent harmonic oscillator to the
one of a time-independent harmonic oscillator, where in our case the explicit time-dependence is
determined by the frequency involved in the Mukhanov-Sasaki equation. Using this map, the entire
time dependence of the oscillator can be removed leading to a simplification as far as finding solutions
for the time-dependent system is concerned. As a first step, this was done for systems with finitely
many degrees of freedom using an extended phase space in which time and its corresponding
momentum are part of the phase space, following the work in Reference [11]. This has the advantage
that the time rescaling involved in this transformation can be naturally embedded in the framework of
the extended phase space, whereas in early work such as Reference [13], the corresponding phase factor
needs to be introduced with a less clear physical motivation. The ansatz we used employed techniques
introduced in Reference [11] and was based on an idea from Reference [12], which was generalized
to arbitrary even and finite phase space dimensions. This transformation revealed the relationship
between the Lewis-Riesenfeld invariant, the time-dependent and time-independent harmonic oscillator
Hamiltonian already implicitly used in Reference [13].

Since at the level of the extended phase space the system of the time-dependent harmonic oscillator
is a constrained system, we could choose between Dirac and reduced quantization in order to later
extract the physical sector of the quantum theory. Because the time rescaling included in the canonical
transformation involves an integral over a time interval, a Dirac quantization might be problematic
if an analytic expression for the anti-derivative does not exist. In order to circumvent this problem,
we chose reduced phase space quantization for which it was necessary to construct Dirac observables
and consider the physical phase space according to the methods introduced in References [18,19].
Fortunately, the Dirac observables satisfy the standard canonical algebra so that representations
thereof can be easily found. Their dynamics is generated by the Dirac observable associated with
the time-dependent Hamiltonian that consequently becomes the physical Hamiltonian of the system.
As a preparation for the quantum theory, we constructed the associated generator of the canonical
transformation on the physical phase space, giving rise to a corresponding flow that represents the
canonical transformation on the physical degrees of freedom. A crucial ingredient for the construction
of the Lewis-Riesenfeld invariant as well as the corresponding canonical transformation that removes
the time dependence from the Hamiltonian is a time-dependent auxiliary function () that has
to satisfy the Ermakov differential equation. This requirement ensures that the Lewis-Riesenfeld
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invariant is a quadratic polynomial in the elementary configuration and momentum variables, that can
be interpreted as a Dirac observable in the extended phase space because it commutes with the first
class constraint. Given a solution of the Ermakov equation, we can use it to construct the canonical
transformation on the finite dimensional physical phase space, whose generator is shown in (23).
For the quantum theory we first restricted our analysis to the case of finitely many degrees of
freedom and as a special case considered the one-particle Hilbert space. All results obtained in this
context can be easily generalized to more but finite degrees of freedom. On the one-particle Hilbert
space, the time-dependent canonical transformation can be implemented as a unitary operator fg
whose explicit form is given in (27). With the help of fg we can remove the explicit time dependence
of the Schrodinger equation, analogous to the treatment in Reference [17] and map it to a Schrodinger
equation involving a time-independent harmonic oscillator Hamiltonian. In this way we further
obtain a time evolution operator U (to, t) which can be shown to correspond to the Dyson series of the
time-dependent theory, consisting of three individual unitary operators. When having a closer look at
the occurring exponentials, there is an obvious explanation of the required additional phase factor in
the solutions of the Schrodinger equation in Reference [13], amounting to some function multiplying
either the exponentiated time-independent Hamiltonian or the Lewis-Riesenfeld invariant, depending
on the relative ordering we chose in U(to, t). The immediate effect of the time-rescaling &(t) becomes
evident in this exponential, as the relative phase is sensitive to the background spacetime. Each of
the operators in U(to, ) corresponds to an exponentiated unitary representation of the s/(2, R) Lie
algebra, as can be shown by explicitly evaluating the Lie brackets of the generators. For practical
computations and later applications, we used a generalized Baker-Campbell-Hausdorff decomposition
of unitary representations of non-compact groups shown in Reference [30] to decompose fg into
normal- or anti-normal ordered contributions, respectively. This gave us the possibility to rewrite the
unitary transformation fg on the one-particle Hilbert space as an explicitly time-dependent Bogoliubov
transformation, where the time dependence enters through the solution () of the Ermakov equation.
This was an important preparation for the generalization to the field theory context we were
mainly interested in in this work. The crucial criterion for the existence of a unitary implementation of a
Bogoliubov transformation on the Fock space is the Shale-Stinespring condition [31], which essentially
denotes that the product of off-diagonal entries of the Bogoliubov map needs to be Hilbert-Schmidt.
As our results show a straightforward generalization to Fock space where the time-dependent oscillator
is described by the Mukhanov-Sasaki equation and the target system is for each mode a harmonic
oscillator with constant frequency does not work because either infrared or infrared and ultraviolet
divergences occur, leading to a violation of the Shale-Stinespring condition. Here we considered two

(0)

common choices used in the existing literature, where the constant frequency is either w,
wl((o) = 1 respectively, which corresponds to two slightly different Ermakov equations in our case. Both
choices yield an infrared divergence caused by the infrared modes, whereas for the second choice
in addition an ultraviolet divergence occurs. If we compare our results obtained with the existing
results in the literature, the work in Reference [15] takes as the starting point a charged massive scalar
field in a de Sitter space time and hence the Ermakov equation in this case includes an additional
friction term and cannot directly be compared to our result. The author of Reference [15] also uses the
map to a harmonic oscillator with frequency wl((o) = k and also obtains no ultraviolet divergences for
his slightly different map. However, as far as we can see, a careful analysis of the Shale-Stinespring
condition is not presented in Reference [15] and thus we expect that, similar to our case, infrared
singularities are present. In Reference [14] the map with constant frequency w]((()) = 1 was considered
and in agreement with our results, they also obtain an ultraviolet divergence for the operator I’ z
In their work the theory is defined on a torus allowing them to isolate the zero mode and exclude it
from their analysis, hence no infrared divergences occur. Thus, we can conclude that the second choice,
where the target frequency is chosen to be wl((o) = 1, cannot be implemented unitarily on Fock space,
whereas for the first choice there might be a chance to find a unitary implementation for the first case

=k or
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(0)

with target frequency w, ' = k if we are able to consistently modify the map for the infrared modes
such that the infrared divergence are no longer present. One possibility can be to also formulate a
model where the spatial slices have the topology of a torus chosen in such a way that experimentally
one cannot distinguish between a model whose spatial slices have the topology of a torus and one
with non compact spatial slices. In this case we could also exlucde the zero mode and modify the map
for this specific mode in a way that the Shale-Stinespring condition is satisfied. The corresponding
Bolgoliubov transformation can then be defined for all but the zero mode. Note that this case further
allows to identify the background with the zero mode, as it is for example usually done in hybrid loop
quantum cosmology, see for instance Reference [39]. However, if we stick to non-compact spatial slices
we have to consider a slightly different strategy.

As possible solutions in this direction we discussed the quantum Arnold transformation
introduced in Reference [16]. The goal was to apply it to the modes below a certain infrared cutoff,
that is for the sphere with | k|| < |/ ke in Fourier space. We found that the Arnold transformation
cannot be understood as a Bogoliubov map, since it renders the creation and annihilation operators in
the transformed picture equal up to a global sign. A closer look at the involved terms shows that the
reason for this pathological behavior is the absence of a the g2 contribution in the Lewis-Riesenfeld
invariant. It is precisely this aspect that disrupts the commutator algebra and hence does not qualify
as an infrared extension of fg. Our proposal for an infrared extension is to use the identity map within
the cutoff region, the reasons are twofold. Firstly, the identity map can be trivially regarded as a
Bogoliubov transformation that exists on this sector of the Fock space. Secondly, by not altering the
form of the Hamiltonian in the infrared regime, the off-diagonal terms remain as in the standard case,
which means that they are subdominant for very early times where ki7 < 1. Hence, by adopting this
strategy we are able to define a unitarily implementable Bogoliubov transformation on the entire Fock
space as depicted in Equation (61), that performs a Hamiltonian diagonalization on all modes with
norm greater than the infrared cutoff || ke|.

In Section 5 we showed how the solution of the Ermakov equation can be used to construct a
solution of the Mukhanov-Sasaki equation and as expected, the time-rescaling plays a pivotal role
here. If we rewrite the solution to the Mukhanov-Sasaki equation in a polar representation as shown
in (62), the Mukhanov-Sasaki equation requires that the real part in the polar representation needs
to be a solution of the Ermakov equation, opening a clear connection between the two formalisms.
Following this route further, we can also recover the defining differential equation for adiabatic vacua
from the Ermakov equation, meaning that if we have a solution of the Ermakov equation given,
from this we can easily construct a non-linear solution of the adiabatic vacua differential equation,
where non-linear refers to the fact that it is a full solution without truncating the solution at any
adiabatic order. The adiabatic condition usually required in this context carries over to a condition
on the solution of the Ermakov equation for each mode. This in turn can be directly related to
specific properties of the unitary map corresponding to the time-dependent canonical transformation
between the time-dependent and time-indepdendent harmonic oscillator. Hence, there is an interesting
interplay between the characteristic properties of the unitary map and the choice of adiabatic vacua.
Considering this and the fact that we set our initial condition at the limit of conformal past infinity,
the Lewis-Riesenfeld method leads to mode functions that can be interpreted as a non-squeezed
adiabatic vacuum of non-linear order, that is without performing any truncation. The property of being
non-squeezed reflects our freedom of choice of mapping to a target frequency a)l((o) = k that causes
no residual squeezing if we apply the unitary operator to an already time-independent harmonic
oscillator. Furthermore, the time rescaling involved in the mode function becomes e~ %1 in the limit of
large (negative) conformal times, showing that the mode function obtained here are compatible with
the condition used in the Bunch-Davies case.

Finally, in Section 6 we have illustrated how the formalism we used throughout this work
can be used in terms of computing eigenstates of the Lewis-Riesenfeld invariant associated to a
particular system. In our case, this was a time-dependent harmonic oscillator corresponding to the
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Mukhanov-Sasaki equation on a quasi-de Sitter spacetime for a single mode. Together with the
construction of these eigenstates via I’ z we outlined how to find a solution ¢(#) of the Ermakov
equation with this particular time-dependent frequency w(#) corresponding to the background
geometry of quasi-de Sitter. This was done by using the asymptotic behavior of the Hankel functions
(which solve the Mukhanov-Sasaki equation on quasi-de Sitter analytically) and the fact that the
Wronskian of two linearly independent solutions of this equation is a constant. Finally, we provided a
visualization of the time-dependent squeezing operation f;; in terms of the probability densities of
two time-dependent eigenstates of [ g for different values of the slow-roll parameters, which precisely
correspond to the probability densities of solutions of the Schrodinger equation of the associated
time-dependent Hamiltonian H(t). As far as the computation of the power spectrum is concerned,
we do not expect new insights from our obtained results because what enters into the computation is
the final Fourier mode that we constructed in both cases in such a way that the results agree with the
standard result for the Mukhanov-Sasaki mode. Our results however, give new insights on whether
there exists a time-independent harmonic oscillator Hamiltonian associated with the Mukhanov-Sasaki
Hamiltonian that is unitarily equivalent in the field theory context. In future work we want to analyze
applications of this formalism to other than quasi de Sitter spacetimes. This requires in particular to find
solutions of the Ermakov equation in this more general case and analyze whether the corresponding
transformation can be implemented unitarily. Furthermore, we plan to investigate in future research
how the transformation in the classical theory on the extended phase space can be lifted to the field
theory context. This might be realizable in the framework of the Gaussian dust model presented
in Reference [26] where the dust fields can be used as reference fields for physical temporal and
spatial coordinates.
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