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Preface to “Multi-Color Laser Emission for 
the Generation of Ultrashort Optical Pulse” 
 
Rainbow Stars—Multi-Color Laser Emission for  
Science and Art 

1. Prologue: The Following Is a Nonfiction Story 

December 28, 1987:  

Shuichi Kawasaki, one of my graduate students, shouted for me to: 
"Come to the laboratory, immediately!" 

When I arrived, to my great surprise, I saw numerous laser spots twinkling 
very strongly on the screen. 

"How fantastic! How could you generate such a colorful beam, today?" I 
asked him. 

"I really don't know. I was trying to get better data for my thesis, and I 
maximized the output power of the laser which is introduced into pressurized 
hydrogen." 

I thought this is a sort of nonlinear optical phenomenon, and that I might be 
able to enhance this colorful emission by increasing the output power of the dye 
laser. However, I immediately noticed that the dial indicating the voltage applied 
to the pump laser was already in the red zone, warning of possible, serious 
damage to the excimer laser. 

"Shuichi! We might be able to slightly increase the output power by adjusting 
the emitting wavelength to the gain maximum, which might enhance this curious 
phenomenon." 

"That is not correct, although I am not sure why. These colorful spots only 
appear when the wavelength is adjusted 6–7 nm away from the maximum of the 
gain curve." Shuichi said. 

"I cannot believe it. This phenomenon can be observed only when the output 
power is at a maximum, indicating that it is generated by a type of nonlinear 
optical effect." 

He moved the laser wavelength to the maximum of the gain curve, and 
surprisingly all of the colorful spots disappeared. 

"Did you adjust the laser wavelength precisely at the center of the gain 
curve?" 

He motioned with his eyes to look at the meter, indicating the laser power.  
I realized that the power definitely increased when the laser wavelength was 
changed.  
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"Unbelievable! Is this power meter working?" I asked. 
Without saying anything, Shuichi interrupted the laser beam path. The 

needle went down to zero, indicating that the power meter was functioning 
correctly. 

"Unbelievable! This cannot be possible! How can we explain the generation of 
this colorful beam? This appears through a nonlinear optical effect that requires a 
high level of power for more efficient generation. It appears, however, only when 
the laser power is decreased slightly from the maximum. This is logically 
inconsistent." 

"Look! Totaro. I will change the laser wavelength and we can observe a 
continuous color change. This is so fantastic, and so beautiful." 

All of the colorful spots, however, disappeared when the laser wavelength 
was moved far away from the optimum.  

“Shuichi! Move the wavelength back in the opposite direction.” “Oh! so 
fantastic!” 

The spots, almost equally spaced in frequency, could be clearly seen and their 
colors changed continuously over the entire visible region. 

“Marvelous! I can see all the rainbow colors blinking like stars!"  
....Shuichi and I, two researchers with no intelligence, enjoyed ourselves by 

looking at the dramatic color changes until late at night..... 

2. Inspiration: A Sparking of the Mechanism 

When I was walking in the campus for exercise, a possible mechanism 
flashed through my mind: The reason why the multi-color emission is observed 
only when the laser wavelength is shifted 6–7 nm away from the gain maximum 
might be due to an amplified spontaneous emission (ASE). In the daily adjustment 
of the dye laser, this undesired emission, which appears at the gain maximum, 
needs to be reduced as much as possible. However, in the worst case, two laser 
emissions, i.e. an oscillating beam and ASE with a rather broad bandwidth, appear 
with comparable intensities. These emissions might interact with each other and 
produce this colorful beam, but only when the separation of the frequencies of 
these emissions satisfies some restriction arising from some property of the 
hydrogen that is used as a Raman medium. I became excited and hurried back to 
my office. 

I asked Shuichi to measure the emission spectrum of the laser and to check 
the frequency separation of the oscillating beam and ASE. The value coincided 
exactly with the rotational Raman-shift frequency of hydrogen, verifying my 
above reasoning: Four-wave Raman mixing, a sort of nonlinear optical 
phenomenon requiring a two-color beam, played an important role in the 
generation of numerous rotational Raman emissions. To remove the undesirable 
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ASE, the manufacturer of the laser developed a new cavity design, but this, 
contrary to expectations, sometimes induced a strong ASE. In addition, 
unfortunately, or I should say fortunately, Shuichi's skill in aligning the laser was 
so bad (sorry) that he generated a two-color beam efficiently, but by accident. This 
complete story, including the defect in the laser, is described in a newsletter, 
published by the manufacturer of the laser. 

3. Publication: Is Rainbow Stars the Name of a Toy? 

I was interested in publishing this finding in a scientific journal. I nicknamed 
this phenomenon, “Rainbow Stars”, because many spots with rainbow-colors 
appeared when the beam was passed through a prism and projected onto a white 
screen. However, the reviewer of the journal to which the paper was submitted 
suspected the novelty of this work and suggested removing this nickname. To 
publish the paper, I regretted deleting this word according to the reviewer’s 
suggestion. A few years later, Shuichi said to me, “Do you know the term 
“Rainbow Stars” remained in the published paper?” I immediately checked the 
manuscript and noticed that we forgot to delete the term “Rainbow Stars” in the 
figure and the editor and reviewer didn’t notice this. Shuichi and I smiled with 
pleasure (apologies to the editor and reviewer). Several years later, I found a toy 
named “Rainbow Stars” in the souvenir shop of a science museum in the USA, 
which was a set of colorful plastic plates containing a variety of phosphors to 
produce fluorescence/phosphorescence when irradiated with ultraviolet light. The 
name was registered as a trade mark but was issued after the publication of our 
paper. Because of this, I have priority in using the phrase “Rainbow Stars”. 

4. Art: Laser Illumination 

I was unable to find any applications for this rainbow-color laser. However, it 
is well known that color perception is derived from three types of cone cells in the 
human eye, each of which has different spectral responses, which are partially 
superimposed on each other. Each cone cell generates and transmits a signal, at 
which point the color is recognized by the balance of the signals. Alternatively, all 
of the frequencies of light are required for the complete reproduction of a color, as 
is recognized from a de I’Eclairage x-y chromaticity diagram. In any case, a 
monochromatic multi-color laser would be desirable for the complete 
reproduction of a color image. It should be noted that a monochromatic light, such 
as a laser, easily interferes and twinkles due to the fine speckles that are induced. 
Such illusional light, which cannot be reproduced by photographic technology, is 
used in laser light shows. Because of this, such a multi-color laser might be widely 
used, e.g. in large-scale holography for outdoor use or in artistic presentations, 
entertainment, or amusement. 
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Due to the excellent color pictures in a magazine, I joined a society of 
lightening in Japan. I submitted a paper to an international journal sponsored by 
this society, in which I reported on the development of a high-power multi-color 
laser. The article contained a picture consisting of colorful beam patterns showing 
excellent performance of Rainbow Stars. When it was published, I was very 
disappointed to find that the picture was published as a “black-and-white” image 
and I withdrew my membership from this society a few years later. 

I developed a design curriculum for undergraduate students. They made a 
variety of arts and devices for laser illumination. One such example was a 
“miracle clock” that consisted of three rotating rainbow-bars indicating the hour, 
minute, and second. Another interesting product was a picture of my face made of 
numerous optical fibers coupled with rainbow-color beams. I organized a laser 
show on the University campus, and many people came to enjoy this fantastic 
event. 

5. Mistake: A Phone Call—This Is a Nonfiction Story 

One day, I received a phone call. 
"Hi! Totaro speaking." 

"This is a phone call from the broadcast company of ..... I heard that you 
discovered a new phenomenon called Rainbow Stars. I would appreciate it if you 
could explain it to us." 

I felt very lucky. I expected that our work would be introduced to many 
people via a television broadcast, and I became nervous and excited. 

"That is not so great to call it a "discovery". I may have slightly exaggerated 
our research work when we wrote about it." 

"Could you explain the phenomenon that you found in simple terms?" 
I was afraid that he might not be able to understand terms such as 

"stimulated Raman scattering" or "four-wave Raman mixing", and even "tunable 
laser" or "spectroscopic measurement". 

"Well. When we were focusing a laser beam into hydrogen, the laser 
accidentally emitted at two wavelengths...." 

"What does "two wavelengths" mean?" 
I thought that I should be more careful and not use any complicated scientific 

words. 
"O.K. First, there were two colors, and then many colors appeared...." 

However, it became difficult to explain our research while using no scientific 
words. I was confused myself and found it difficult to re-construct my logic for 
that explanation. At that moment, a good idea occurred me. 
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"O.K. You are working in a broadcast company, and you may understand 
that all the colors are reproduced by the superposition of three primary colors. 
Rainbow Stars can produce all of the colors directly and furthermore all of the 
emissions are monochromatic." 

"What does "monochromatic" mean?" 
I started losing my temper, but I replied while attempting to control myself. 
"It means (I was meanwhile thinking) that such a laser beam can produce 

beautiful and twinkling light which can never be reproduced by current 
technologies such as television." 

(Heavens!) I immediately noticed that I had made a big mistake in telling the 
truth, like a criminal talking with Detective Colombo. 

"Thank you very much for the interesting discussion about your recent 
success. I hope to contact you for a more detailed discussion at a later time." 
My mistake was to say that Rainbow Stars cannot be reproduced by a television, 
even though he wanted to give me a chance to introduce our work to many people 
by that medium. 

Since then, no phone calls have been forthcoming from this company. 

6. Idea: No Comments from the Reviewer 

In 1992, a new idea occurred me. Rainbow Stars can be used to generate a 
series of emission lines spaced by a Raman shift frequency. Such equally-spaced 
emission lines are produced as longitudinal modes to generate mode-locked 
ultrashort pulses. The major difference from a conventional mode-locked laser is 
its wide frequency domain and large spacing between the spectral lines. When 
Rainbow Stars was used, we were able to generate extremely-short optical pulses 
at an extremely-high repetition rate. I thought this is “of course” impossible, 
because many researchers would have proposed such a splendid idea if it could 
be accomplished. However, I was really interested in knowing why this cannot be 
achieved. Then, I submitted a paper to a journal on this topic, although I foresaw 
receiving negative negative comments from the reviewer (apologies to the editor 
and reviewer of the journal). I expected to receive the following comments from 
the reviewer.  

“Thank you for sending me an interesting manuscript. However, such a 
mode-lock laser cannot be achieved as is well-known in physics. It is my honor to 
explain the reason for why you are wrong. ….. I wish you great success in your 
research field in the future, and please accept my sincere congratulations on your 
efforts in this area of research.” 

However, I shortly received a galley proof from the journal without any 
editor’s or reviewer’s comments. I was very surprised and lost the chance to 
withdraw my paper. Even after its publication, I thought that such an approach 
would be, “of course”, difficult in a real world, because we needed to generate this 
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phenomenon using a femtosecond laser with a broad spectral bandwidth to 
generate a single optical pulse, although a narrow-band laser is essential for the 
efficient generation of stimulated Raman emissions. In fact, I could not find any 
paper reporting the generation of a Raman emission using a femtosecond laser. 

7. Finding: Data Thrown in the Trash Box–This Is a Nonfiction Story 

One day, I said to one of my undergraduate students: 
“Why don’t you construct a two-color dye laser and generate rainbow-color 

emissions by focusing the beam into hydrogen. This would be very interesting for 
you.” 

I was waiting for the results of his efforts, but he appeared to have done 
nothing. Then, I asked him the reason for this disappointing effort. He replied 
that: 

“I did my work last night and confirmed the generation of rainbow-color 
emissions. However, I stopped my study because the spectral bandwidth of the 
dye laser was broad, and you told me that the spectral bandwidth must be narrow 
enough to generate multi-color emissions.” 

I was wondering about his answer and said to him: 
“This phenomenon occurs only when you use a narrow-band laser because of 

the narrow bandwidth of the Raman gain. Your reply seems to contradict this 
well-known consideration and would imply that you have not carried out the 
experiment.” 

He was slightly excited and said: 
“I assure you that I did my work last night. If you don’t think so, please look 

at the data I measured yesterday!”  
“Where are the data?” I asked. 
He pointed at a trash box in the laboratory, and I looked for the data. I 

noticed that the paper of the strip chart recorder was almost at the end of a roll 
and he stopped his work for this reason. However, a broad dye laser spectrum 
was observed, as he said. I was very surprised to see the data because he said he 
observed a Raman emission. If these findings were correct, it should be possible to 
generate Raman emissions using a femtosecond laser with a broad spectral 
bandwidth. However, I suspected his work was flawed in some way and the 
following year I asked a new undergraduate student to construct two dye lasers, 
in which the spectral bandwidths can be independently changed to study the 
effect of the spectral bandwidth on the generation of Raman emissions. 
Surprisingly, the Raman emissions were efficiently generated, even when two 
broadband dye lasers were used (I felt very sorry for the former undergraduate 
student). 
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8. Fantasy: Laser Display in the Exhibition 

We had no budget to continue our fundamental study, and I attempted to 
find applications for Rainbow Stars. On one occasion, a new technician started 
working in my laboratory. He had graduated from a technical high school and 
was 18 years old. I decided to demonstrate a multi-color laser display in an 
exhibition in Tokyo, which was 2 hours from my town by airplane and 8 hours by 
train. First, we encountered trouble in transporting a Raman cell that was 
pressurized at several atmospheres with hydrogen. We then negotiated with a 
local supplier to send a hydrogen-gas cylinder directly to the location of the 
exhibition in Tokyo. Later, we noticed that even vacuum pump oil cannot be 
transported because it contains a petroleum product. We spent more than 8 hours 
in preparation, e.g., the adjustments of a Nd:YAG laser and other optical 
components for a display. We finished all the work just before the exhibition 
started in the morning. It was very exciting, and we enjoyed this demonstration. 

I had a chance to do a laser show in Kurume City near my town, i.e., a 2-hour 
drive by car. This was a combination of Rainbow Stars and a large-scale optical-
fiber display with a size of several square meters. Several members of the 
laboratory started the installation of the equipment for generating rainbow-color 
emissions, starting at 5PM for a night-time show. However, we noticed that a 
prism that is used for beam bending was missing, which was essential for the 
success of a laser show. I made a phone call to a postdoctoral fellow and asked 
him to bring a prism immediately from the laboratory to Kurume City by driving 
a car in a freeway. As a result, we were able to demonstrate Rainbow Stars at mid-
night and were able to return to our laboratory by 2AM. 

9. Challenge: Double Rainbow!–This Is a Nonfiction Story 

I had an opportunity to purchase an ultraviolet (UV) femtosecond laser, 
which consisted of a dye laser with an excimer amplifier. I started a research 
program to generate rainbow-color emissions using a femtosecond laser. Based on 
an agreement with the manufacturer of the laser, the user was responsible for the 
operation and maintenance of the laser. However, the laser stopped working 
within a week of its installation by an engineer, who came from a foreign country. 
My graduate student and I attempted to make the repairs but this proved difficult. 
After more than one year, we noticed that one of the optical components in the 
laser was poorly designed and had a problem in its structure. I pointed this out 
and received a newly-designed component from the manufacturer. After 
replacing it, we were able to immediately operate the laser. The graduate student 
then tried to generate Raman emissions using this UV femtosecond laser. After a 
few days, I asked him: 
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“What happened?” 
“Nothing happened. I cannot even transmit the laser beam through a Raman 

cell.” 
“I think you are using borate-glass windows in the Raman cell. You should 

use fused-silica windows to transmit a UV beam.” I said. 
“I am sure that I am using fused-silica windows, and that a UV light can be 

transmitted through the Raman cell.” 
“If you are correct, please explain the reason why the UV femtosecond pulse 

cannot be transmitted through the cell.” 
“That is really puzzling to me.” He said. 
I was very disappointed to hear his senseless answer. 
I also had an opportunity to purchase a different type of femtosecond laser, 

i.e., a Ti:sapphire laser that can be operated at 10 Hz in the near-infrared (NIR) 
region. An engineer of the manufacturer said that a daily start-up of the laser 
requires 8 hours. I asked another graduate student to generate Raman emissions 
using the femtosecond laser. After several months, the graduate student came to 
me and said. 

“I was able to observe rainbow-color emissions, today!” 
“Marvelous! Don’t touch any of the components, otherwise you will lose this 

phenomenon when you are attempting to optimize the equipment.” I said. 
He immediately took a picture of the multi-color emissions. One of them 

consisted of a ring-shaped pattern, and he named this phenomenon, “rainbow 
ring”. It was sometimes possible to observe another rainbow-color emission in a 
form of a streak. He named this, a “double rainbow”. Surprisingly, or I would say, 
as naturally expected from theory, a rainbow-color emission was observed using a 
femtosecond laser. My graduate student and I were very excited by this finding 
and were pleased with our good luck. However, the situation changed 
dramatically in a few weeks. The graduate student said that the ring pattern 
originated from an optical Kerr effect and the streak from self-focusing in the 
hydrogen gas. If he is correct, how can we find Rainbow Stars? 

10. Passion: Generation of Rainbow-Colored Emissions–This Is a Nonfiction 
Story 

The graduate student using the UV femtosecond laser was enthusiastically 
continuing his work. Finally, he found the reason for why the UV pulse did not 
transmit through the Raman cell. It was due to the two-photon absorption of the 
high-intensity UV femtosecond pulse by the fused silica window. He then 
expanded the beam at the window and passed through the femtosecond beam. He 
immediately observed rainbow-color emissions, and I was very excited about this 
result. However, vibrational and rotational Raman emissions were generated 
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simultaneously, and it was difficult to exclusively generate equally-spaced 
rotational lines.  

Another graduate student using the Ti:sapphire laser was also concentrating 
his efforts on generating multi-color emissions. He shouted for me: 

“Today, I was able to generate rotational Raman emissions!” 
“Are you sure this time?” I said. 
“Absolutely, I am sure. I observed numerous twinkling spots in line when the 

beam was passed through a prism and projected onto a screen. They were equally 
spaced in frequency and were extended from the far-UV to the NIR! I was 
wondering whether I should call you immediately to look for yourself or not.” 

“When did you find them?” 
“Two o’clock”, he said. 
“AM or PM?” 
“AM”, he answered.  
(I thought I was happy not to have received his phone call at such an early 

time.) 
“How were you able to obtain this result?” I asked to him. 
“Today, I chirped the laser pulse for stretching.” 
Later, we noticed that the laser was operating under improper conditions: the 

laser had a slightly narrow spectral bandwidth (longer pulse width) although the 
engineer from the manufacturer had suggested that we should not operate the 
system under such unfavorable conditions because this might cause serious 
damage to the laser. In fact, we frequently destroyed expensive Ti:sapphire rods in 
the experiment. However, such a condition was favorable for suppressing 
undesirable effects such as self-phase modulation and self-focusing. We also 
noticed that the NIR laser was useful for the exclusive generation of rotational 
Raman emissions. 

 
11. Dream: Molecular-Optic Modulator 

One day, I was thinking about a laser cavity. I noticed that a laser consisting 
of equally-spaced frequencies can transmit through the cavity and that the 
intensity of the light can be strongly enhanced. If this is correct, all rotational 
Raman emissions can be resonated in the cavity under certain conditions. This 
consideration suggests that Rainbow Stars, a type of nonlinear optical effect, can 
be generated even using a continuous-wave (CW) low-intensity laser. This idea 
was published in a scientific journal and was also patented. In order to increase 
the intensity of the light in the cavity, it is necessary to increase the finesse of the 
cavity using a pair of mirrors with a high reflectivity, e.g., 99.98 %, and to use a 
monochromatic laser beam with a narrow linewidth, e.g., 100 kHz. We solved 
numerous problems and were able to match the laser beam and the cavity after a 
5-year effort! Eventually, we were able to generate a Stokes beam using a CW 
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Ti:sapphire laser. An optical beat formed by the fundamental beam and the 
Raman beam was measured using a laboratory-made autocorrelator. Based on 
current technology, it is possible to modulate a laser beam in the MHz region 
using an acousto-optic modulator (AOM) and in the GHz region using an electro-
optic modulator (EOM). We were able to modulate the laser beam in the THz 
region based on molecular motion. We referred to this device as a “molecular-
optic modulator (MOM)”. 

In order to generate a train of pulses, it is necessary to generate more than 
three emission lines. By carefully adjusting the laser wavelength and the cavity 
length, it was possible to generate the second Stokes beam, in addition to the 
fundamental and the first Stokes beam. A train of optical pulses, generated at 17.6 
THz, was measured using the autocorrelator. 

12. Obsession: Dispersion Compensation in the Cavity 

The spacing among the three emission lines, which consist of the 
fundamental and two Stokes beams, cannot be exactly equal because the refractive 
index changes with changing wavelengths. For this reason, the waveform of the 
pulse changes at different times. In order to solve this problem, it is necessary to 
use a coherent process such as four-wave Raman mixing (FWRM). However, 
generating an anti-Stokes beam by FWRM is a difficult task, due to unavoidable 
positive dispersion of hydrogen in the cavity. To address this issue, we developed 
a dispersion-compensated optical cavity for anti-Stokes generation. A pair of 
mirrors with negative dispersions were used and the total dispersion in the cavity 
was adjusted to zero by optimizing the hydrogen pressure and by adding a noble 
gas with different optical properties. This was not an easy task, because the cavity 
length, the laser wavelength, and the pressures of the hydrogen and xenon gases 
must be very carefully changed in a stepwise manner and be precisely optimized. 
A graduate student did his best and eventually was successful. After 4 years, he 
found the conditions needed to generate an anti-Stokes beam; the hydrogen gas 
pressure should be optimized at 530 ± 5 kPa at a xenon pressure of 140 kPa! 

In order to generate a train of the fastest optical pulses, it is necessary to 
generate a three-color beam with the largest frequency separation. When we use a 
three-primary-color laser, it would be possible to generate the highest repetition 
rate using an optical (visible) beam. Such a laser was generated using the second 
harmonic emission (532 nm, green) as a fundamental beam to generate the Stokes 
beam (683 nm, red) and the anti-Stokes beam (436 nm, blue), which supports the 
generation of a 125-THz pulse train. If necessary, a three-primary-color laser with 
better visibility could be generated using deuterium (459, 532, 632 nm). 
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13. Epilogue: What Are Rainbow Stars? 

A wide frequency domain is essential for the generation of short optical 
pulses, as is known from the uncertainty principle. The multi-color laser emissions 
generated extend from the far-UV to the NIR and might represent an approach for 
a breakthrough in the generation of ultrashort pulses beyond a 1-fs barrier. In fact, 
a sub-cycle optical pulse can be generated by this technique, which would be 
impossible to achieve using current technology such as high-harmonic generation 
producing attosecond pulses in the extreme-UV region. Therefore, an ultrashort 
laser pulse generated by Rainbow Stars could have a significant impact and result 
in scientific breakthroughs. On the other hand, it is possible to generate ultrashort 
and highly-repetitive optical pulses by focusing a CW laser beam into a cavity 
containing a Raman medium. By phase-locking in the process of FWRM, the 
repetition rate and the temporal pulse profile can be stabilized by reducing the 
phase mismatch, thus enhancing the Raman emission. In fact, a standard of the 
highly-repetitive optical pulses would be obtained by this technology. A three-
primary color laser would be interesting not only for use in a laser display but also 
for generating the fastest-repetition optical pulses. Thus, this technology has the 
potential for use in ultra-high-speed data communication.  

Rainbow Stars were introduced more than 40 times in newspapers, 
magazines, on television and front covers of textbooks. There are many funny but 
real stories about this, but I cannot disclose all of them in written form. I hope that 
I will have the opportunity to discuss this with many people in the future. 

Totaro Imasaka 
Guest Editor 
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Tunable Multicolored Femtosecond Pulse
Generation Using Cascaded Four-Wave
Mixing in Bulk Materials
Jinping He, Jun Liu and Takayoshi Kobayashi

Abstract: This paper introduces and discusses the main aspects of multicolored
femtosecond pulse generation using cascaded four-wave mixing (CFWM) in
transparent bulk materials. Theoretical analysis and semi-quantitative calculations,
based on the phase-matching condition of the four-wave mixing process, explain the
phenomena well. Experimental studies, based on our experiments, have shown
the main characteristics of the multicolored pulses, namely, broadband spectra
with wide tunability, high stability, short pulse duration and relatively high pulse
energy. Two-dimensional multicolored array generation in various materials are also
introduced and discussed.

Reprinted from Appl. Sci. Cite as: He, J.; Liu, J.; Kobayashi, T. Tunable Multicolored
Femtosecond Pulse Generation Using Cascaded Four-Wave Mixing in Bulk Materials.
Appl. Sci. 2014, 4, 444–467.

1. Introduction

Tunable, ultrashort laser pulses in different spectral ranges are powerful
tools with applications in scientific research including ultrafast time-resolved
spectroscopy [1–7], nonlinear microscopy [8–14] and laser micro-machining [15–18].
In the case of ultrafast time-resolved spectroscopy, which is widely used in the
investigation of electronic and vibrational dynamics in molecules, the absorption
peaks vary from sample to sample, and some of the molecular dynamics under
investigation take place in less than 100 fs. As a result, sub-20 fs pulses with a time
resolution high enough to observe real-time vibrational quantum beat and that are
wavelength tunable in a wide range will play a key role. Nonlinear microscopy, such
as two- or three-photon and second- or third-harmonic generation (SHG/THG)
microscopy, are technologies widely used in biological research. Two-photon
microscopy can be used in tissue imaging with a depth of several hundred µm [8,9],
and three-photon microscopy can image to a depth of 1.4 mm [10]. SHG/THG
microscopy can be used to image some biological tissues without the need for
fluorescent proteins or staining with dyes, and can achieve imaging depths of several
hundred µm due to its use of long excitation wavelengths [11–14]. The pump laser
sources used in nonlinear microscopy have pulse widths of ~100 fs or shorter, and
a visible to middle-IR spectral range [8–14]. Some spectroscopy and microscopy
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experiments, such as the multicolor pump-probe experiment [19], two-dimensional
spectroscopy [20], or multicolor nonlinear microscopy [21–23] require ultrashort
pulses with several colors.

Conventionally-used ultrashort laser sources have a spectral range of
650–950 nm (Ti:sapphire laser), 1000–1100 nm (Yb-/Nd-doped solid-state laser
or fiber laser), or 1550 nm (Er-doped fiber laser). Great efforts have
been made to extend the spectral range using nonlinear processes [24–40].
Optical parametric amplifier (OPA) and optical parametric oscillator (OPO)
technologies are among the most successful methods for generating µJ-level
pulses with spectral ranges from UV to mid-IR [32–35]. Spectrally tunable
few-cycle pulses can be generated using a noncollinear optical parametric
amplifier (NOPA) [36–40]. Commercial NOPA setups are available from several
companies, although the price is still too high for many research groups. Pulses
with broadband spectra from visible to IR (known as super continuum white
light) also can be generated through filamentation in gases, bulk media, or
fibers [41–45], although there are problems with the stability of the supercontinuum
laser pulses [46–48].

Recently, four-wave mixing (FWM) has been studied as new method for the
generation of ultrashort pulses, including few-cycle pulses, with a spectral range from
deep-UV (DUV) to mid-IR [49–66]. Among these results, the multicolored laser pulses
that can be generated using cascaded four-wave mixing (CFWM) in transparent bulk
materials are particularly attractive, due to their ultra-broadband spectral range,
large wavelength tunable range and compact configurations [54–66]. Multicolored
laser pulses generated by CFWM were first shown in semiconductor lasers in the
1980s [67]. Highly efficient multicolor (>4 color) signals were generated in a nearly
degenerate intracavity FWM experiment in a GaAs/GaAlAs semiconductor laser
with a dye laser as the pump source for both the semiconductor laser and the FWM
process. This was used as a method for quantitative determination of the third-order
nonlinear optical susceptibility of the semiconductor. Eckbreth then generated
multicolored light (>4) with a coherent anti-Stokes Raman scattering process in
several gases, and the light was used for hydrogen-fueled scramjet applications [68].
Harris and Sokolov showed that more than 13 sidebands with a spectral range from
195 nm to 2.94 µm were generated in D2 gas by using a Raman process [69]. In 2000,
Crespo and his co-workers reported multicolored (>11 color) sideband generation using
a cascaded highly nondegenerate FWM process in common glass [54]. Since then,
studies have been conducted using other materials, such as sapphire plate [55,56], BBO
crystal [57,58], fused silica glass [59], CaF2 [60], BK7 glass [60], and diamond [61,62].
These studies have carefully investigated the mechanism and characteristics of
multicolored laser pulses. The phase-matching condition of CFWM has also been
discussed and used to explain the generation of multicolored sidebands with two
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noncollinear pump laser pulses [60]. Our experiment has shown that more than
15 spectral upshifted sidebands and two spectral downshifted pulses can be obtained
with a spectral width broader than 1.8 octaves, covering the range from UV to
near-IR [55–57,59,60]. The spectra of the multicolored sidebands can also be tuned in
the broadband spectral range by adjusting the cross-angle of the two pump beams
or simply by replacing the nonlinear media [59,60]. The pulse duration of different
sidebands can be shorter than 50 fs without any extra dispersion compensation
components [55–57,59,60], and sub-20 fs pulses can be obtained when the pump pulse
chirp is carefully optimized [63]. Weigand and his co-workers also tried to recombine
and synthesize all of the sidebands, and found that few-cycle visible-UV pulses
were feasible [64,65]. The pulse energy of the first sideband can be higher than 1 µJ,
with an energy conversion efficiency of around 10% [66]. A low pump threshold for
multicolored sideband generation was reported when materials with high nonlinear
refractive indices, such as diamond [62] or nanoparticle-doped materials [70], were
used as the nonlinear medium in the experiment. A compact experimental setup
for multicolored laser pulse generation was also constructed [62]. Aside from the
one-dimensional multicolored sidebands discussed above, a two-dimensional (2-D)
multicolor sideband array can be generated when the pump intensity is increased
in various materials such as a sapphire [55,56], diamond [62], and BBO [71,72].
Characteristically, more than 10 arrays could be generated with pump energies of
several to several tens of µJ [55,56,62]. CFWM, together with beam breakup due
to ellipticity of pump beams or anisotropy of nonlinear media, are thought to be
the main mechanisms behind this new phenomenon [62,71]. However, simulations
based on the nonlinear Schrödinger equation are still needed for the phenomenon to
be fully understood.

The remainder of this paper is organized as follows. In Section 2, the
theoretical analysis for multicolored pulse generation is presented. In Section 3,
the characteristics of multicolored pulses are shown. The experimental setups are
shown in Section 3.1. In Section 3.2, the spectral characteristics are introduced, i.e.,
the spectral range of the sidebands, the spectral width of each sideband, and the
wavelength tunability of each sideband. The characterization of pulses is described
in Section 3.3. Then, the pulse energy/output power and power stability are given in
Section 3.4. Multicolored pulse generation with low pump threshold is discussed
in Section 3.5. In Section 4, 2-D multicolored sideband arrays are introduced and
discussed. Finally, conclusions and some prospects for future research directions
are given in Section 5. This article is written as a summary of recent publications
reported by the authors.
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2. Theoretical Analysis

2.1. FWM Process

FWM was found in the first decade of the laser epoch, and it has rapidly
developed in the last twenty years. FWM is a third-order optical parametric
process, in which four waves interact with each other through third-order optical
nonlinearity [73]. Three waves form a nonlinear polarization at the frequency of the
fourth wave during the FWM process. The wave functions of the four waves can be
expressed as:

Ej(r, t) = Aj(r)exp[i(kj • r − ωjt)](j = 1, 2, 3, 4) (2.1)

where, ωj and kj are frequencies and wave vectors of the four waves, and
Aj(r) =

∣∣Aj(r)
∣∣ exp[iφ(r)] is the complex amplitude.

There are two possible roadmaps of the FWM process that satisfy the conservation
of photon energies and momenta. The phase-matching condition or conservation
of photon energies and momenta can be written as: (i) ω4 = ω1 + ω2 + ω3,
k4 = k1 + k2 + k3; (ii) ω4 + ω3 = ω1 + ω2, k4 + k3 = k1 + k2.

The case (i) involves THG and third-order sum frequency generation. We are
more interested in the FWM in case (ii), where the nonlinear polarization at frequency
ω4 can be written as:

P(3)(ω4) = 3ε0χ
(3)
eff E1(ω1)E2(ω2)E3

∗(ω3)exp[i(∆k • r)] (2.2)

where χ
(3)
eff is the effective third-order nonlinear optical susceptibility, and ∆k = k1 +

k2 + k3 − k4 is the wave vector phase-mismatching in the process. By solving the
coupled-wave equations for FWM shown as follows:

dE4(ω4)

dr
=

iω4

2ε0cn(ω4)
P(3)(ω4)exp[−i∆k • r] (2.3)

we can get the optical field, E4(ω4) , of the newly generated signal.

2.2. CFWM Process

The theoretical analysis of CFWM processes for multicolored laser pulse
generation is given in [60]. The schematic of CFWM processes is shown in Figure 1a.
Two vectors, k1 and k2, correspond to the two input beams with frequencies of ω1

and ω2 (ω1 > ω2) respectively. The mth-order anti-Stokes (spectrally blue-shifted)
and Stokes (spectrally red-shifted) sidebands are marked as ASm and Sm
(m = 1, 2, 3...). Figure 1b–e show the phase-matching geometries for generating
the first three anti-Stokes sidebands (AS1, AS2, AS3) and the first Stokes sideband
(S1). Based on these phase-matching geometries, the phase-matching condition for
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the mth-order anti-Stokes sideband can be written as: kASm = kAS(m–1) + k(m)
1 −

k(m)
2 ≈ (m + 1)k(1)

1 − mk(1)
2, ωASm ≈ (m + 1)ω1

(1) − mω2
(1). Since the two input

beams are never single-frequency lasers, k(m)
1 and k(m)

2 are used instead of k1 and
k2. The values of ω1

(m), ω2
(m), |k(m)

1|, and |k(m)
2| may be different for every step

of the m FWM processes. Similarly, with k(-m)
1 and k(-m)

2 used instead of k1 and k2,
the mth-order Stokes sideband will have the following phase-matching condition:
kSm = kS(m–1) + k(−m)

2 − k(−m)
1 ≈ (m + 1)k(−1)

2 − mk(−1)
1, ωSm ≈ (m + 1)ω2

(−1)

− mω1
(−1). As the lower-order signals will participate in the generation of adjacent

higher-order signals as pump pulses, this process is called CFWM.
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Figure 1. Schematic of multicolored sidebands generation using CFWM process.
The phase-matching geometries for (a) AS1–AS3 and S1; (b) AS1; (c) AS2; (d) AS3,
and (e) S1 [60].

Based on the phase-matching condition we have expressed above, the output
parameters, such as wavelength and output angle, of the generated sidebands can
be calculated to explain and inform experimental work. In our experiments, the
wavelength range of the two pump beams were 660–740 nm (Beam 1) and 800 nm
(Beam 2). The nonlinear medium was assumed to be fused silica plate with a
thickness of 1 mm. The simulations were performed under these conditions. The
wavelength dependence of Beam 1 for optimal phase-matching on the order number
at different cross-angles is shown in Figure 2a. To fulfill the phase-matching condition,
the wavelength of Beam 1 should redshift for higher order anti-Stokes sidebands.
The wavelengths of generated sidebands for different cross-angles are shown in
Figure 2b, which clearly shows that the wavelengths of same order sidebands can be
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tunable by changing the cross-angle of the two pump beams, and the tuning range
covered the wavelength gap between adjacent sidebands. The exit angles of the
generated sidebands are plotted against the order number at different cross-angles in
Figure 2c. The difference in exit angle between the multicolored sidebands was large
enough for easy separation, even for adjacent sidebands. The dependence of the exit
angle on the center wavelength of the generated sidebands at different cross-angles
in different materials is shown in Figure 2d. The phase mismatching for the first four
anti-Stokes sidebands at two different angles, 1.87◦ and 2.34◦, are shown in Figure 2e.
The increase of the slope of the curves with the order numbers means the reduction
of the gain bandwidth for the sidebands, which was confirmed by our experiment.
The calculations based on the phase-matching condition of CFWM agree with the
experimental results, which will be given in next section.
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Figure 2. Calculated output parameters of generated sidebands. Dependence of
(a) central wavelength of Beam 1 for minimum phase-mismatching; (b) the
wavelength; and (c) the exit angles of generated sidebands on the order number at
different crossing angles; (d) Dependence of exit angle of the generated sidebands
on the center wavelength at three different cross-angles, 1.40◦, 1.87◦, and 2.57◦, in
different nonlinear media; (e) Phase mismatching of the sidebands from AS1 to AS4
at 1.87◦ and 2.34◦ in 1 mm fused silica [60].

3. Experimental Characteristics of Multicolored Pulses

3.1. Experimental Setups

Various experimental setups for multicolored laser pulse generation have been
reported in the literature. The main differences between these setups are the methods
for preparing the two pump laser beams. Crespo and his coworkers used two
femtosecond pulses from a dye-laser amplifier system, with Beam 1 (561 nm, 40 fs)
and Beam 2 (618 nm, 80 fs), and a pulse energy of 20 µJ for each beam [54]. Zhi used
two OPA systems, pumped with a commercial Ti:sapphire amplifier [61]. The SHG
signals of the signal and idler pulses from the two OPAs were used as the pump
pulses for the generation of multicolored sidebands. The central wavelength and
pulse energy of the two pump beams were 630 nm/1–3 µJ and 584 nm/1–3 µJ. There
were also some other differences, including the Ti:sapphire amplifier pulse, and the
supercontinuum generated in bulk materials [58].

We have used two experimental setups for multicolored pulse generation.
As shown in Figure 3, we used Type-1 experimental setup for most of our work.
The pump source was a 1 kHz Ti:sapphire regenerative amplifier laser system
(35 fs/2.5 mJ/1 kHz/800 nm, Micra + Legend-USP, Coherent, Santa Clara, CA,
USA). The pump laser was split into four beams for different uses. One beam
(Beam 1), with energy of 300 µJ, was focused into a krypton-gas-filled hollow-core
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fiber with inner and outer diameters of 250 µm and 3 mm, and a length of 60 cm.
The spectrum of Beam 1 broadened to a range extending from 600 to 950 nm after
transmission through the hollow-core fiber, while the pulse energy decreased to about
190 µJ, due to coupling and propagation loss. A pair of chirped mirrors and two
glass wedges were applied to compensate for the chirp of Beam 1 with broadband
spectrum. A nearly transform-limited pulse, with a pulse duration of ~10 fs, was
obtained by changing the bounce times on the chirped mirrors and the insertion of
the glass wedges. Negatively and positively chirped pulses also can be obtained for
different experiments. Beam 1 was then spectrally filtered with band-pass filters (BPF)
short-wavelength-pass filters (SPF), or long-wavelength-pass filters (LPF) in different
experiments. A concave mirror with a focal length of 600 cm was used to focus Beam 1
into the nonlinear medium (G1). Beam 2 was focused into the nonlinear medium by
a lens with a focal length of 1 m. The fourth beam (Beam 4) was used to characterize
the generated multicolored pulses with the cross-correlation frequency-resolved
optical gating (XFROG) technique [74] in a 10 µm-thick BBO crystal.
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lens with a focal length of 1 m. The fourth beam (Beam 4) was used to characterize the generated 
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Figure 3. Type-1 experimental setup. VND: variable neutral-density filter. G1: nonlinear 
medium for multicolored sidebands generation. G2: nonlinear medium for pulse 
measurement with an X-FROG system [74]. 

 

Figure 4 shows the schematic of Type-2 setup, which was used for the generation of  
low-threshold multicolored sidebands and 2-D multicolored arrays in a diamond plate. Another 
Ti:sapphire laser system (35 fs/2.5 mJ/1 kHz/800 nm, Spitfire ACE, Spectra-Physics) was used as the 

 

Figure 3. Type-1 experimental setup. VND: variable neutral-density filter.
G1: nonlinear medium for multicolored sidebands generation. G2: nonlinear
medium for pulse measurement with an X-FROG system [74].

Figure 4 shows the schematic of Type-2 setup, which was used for the generation
of low-threshold multicolored sidebands and 2-D multicolored arrays in a diamond
plate. Another Ti:sapphire laser system (35 fs/2.5 mJ/1 kHz/800 nm, Spitfire ACE,
Spectra-Physics) was used as the pump source, and a beam with pulse energy of
150 µJ was used in the experiment. A BK7 glass plate with a thickness of 3 mm
was used to spectrally broaden the laser pulse using a self-phase modulation (SPM)
process. After that, a pair of chirped mirrors (GDD) was used to compensate for the
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dispersion induced by the BK7 glass and other components. Then, the laser beam
was split into two parts, Beam 1 and Beam 2, with a beamsplitter (BS). Beam 1 first
propagated through a short-pass filter (F1, cut-off wavelength of 800 nm), was then
focused into the nonlinear medium by a concave mirror (M4) with a focal length of
500 mm. Beam 2 was spectrally filtered with a long-pass filter (F2, cut-on wavelength
of 800 nm), and then focused into the nonlinear medium by another concave mirror
(M3) with a focal length of 500 mm. The beam diameters of both Beam 1 and Beam 2
were ~300 µm on the 1 mm thick diamond plate. As no hollow fiber or gas chamber
is used, the Type-2 experimental setup occupied half the space of a Type-1 setup.
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In the experiment, the diameters of the incident beams at the position of the nonlinear media were 
measured using a CCD camera (BeamStar FX33, Ophir Optronics: Jerusalem, Israel). The pulses were 
characterized using the XFROG or SHG-FROG technique and retrieved with a commercial software 
package (FROG 3.0, Femtosoft Technologies: Chennai, India). The spectra of the pulses were 
measured with a commercial spectrometer (USB4000, Ocean Optics: Dunedin, FL, USA). To avoid 
optical damage, the intensities of the two pump beams on the surface of nonlinear media surface were 
set at least one order of magnitude lower than the damage threshold for all the media used. Neither 
damage nor supercontinuum generation were observed in any experiment.  

3.2. Spectra and Wavelength Tuning of Multicolored Sidebands 

3.2.1. Tuning the Wavelength of Sidebands by Changing Cross-Angle  

The Type-1 experimental setup was applied, and a short-pass filter with cut-off wavelength of 800 nm 
was used to eliminate the red components of Beam 1. As a result, the spectra of the two pump pulses 
were as in Figure 5. The input powers of Beam 1 and Beam 2 were 11 and 19 mW, respectively. 

 

Figure 4. Type-2 experimental setup. Focal lengths of concave mirrors, M1, M3,
and M4 are 500 mm, while that of M2 is 250 mm. GDD: chirped mirrors. F1:
longpass filter with a cut-off wavelength of 800 nm. F2: short-pass filter with a
cut-off wavelength of 800 nm. BS: beamsplitter. VND: variable neutral-density filter.
NL: nonlinear medium for multicolor pulse generation.

In the experiment, the diameters of the incident beams at the position of
the nonlinear media were measured using a CCD camera (BeamStar FX33, Ophir
Optronics: Jerusalem, Israel). The pulses were characterized using the XFROG or
SHG-FROG technique and retrieved with a commercial software package (FROG 3.0,
Femtosoft Technologies: Chennai, India). The spectra of the pulses were measured
with a commercial spectrometer (USB4000, Ocean Optics: Dunedin, FL, USA).
To avoid optical damage, the intensities of the two pump beams on the surface
of nonlinear media surface were set at least one order of magnitude lower than the
damage threshold for all the media used. Neither damage nor supercontinuum
generation were observed in any experiment.
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3.2. Spectra and Wavelength Tuning of Multicolored Sidebands

3.2.1. Tuning the Wavelength of Sidebands by Changing Cross-Angle

The Type-1 experimental setup was applied, and a short-pass filter with cut-off
wavelength of 800 nm was used to eliminate the red components of Beam 1. As a
result, the spectra of the two pump pulses were as in Figure 5. The input powers of
Beam 1 and Beam 2 were 11 and 19 mW, respectively.
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Figure 5. The spectra of the two pump beams, Beam 1 (black curve) and Beam 2  
(blue curve) [75]. 

 

Figure 6. (a) Photograph of the first ten anti-Stokes sidebands on a white paper set 1 m far 
from the nonlinear medium; (b) The spectra of AS1-AS4 with cross-angle of 2.1° for two 
pump beams; (c) The spectra of AS2 with different cross-angles; Spectra of (d) AS8-AS15 
and (e) two Stokes signals S1 and S2 with cross-angle of two pump beams set as 1.5° [59]. 

 

Multicolored sidebands were obtained when the input beams overlapped well both spatially and 
temporally, as shown in Figure 6a. These sidebands were in the same plane as the pump beams, but 
separated with different exit angles. Figure 6b depicts the spectra of the lowest four-order red-shifted 
sidebands, AS1-AS4, when the pump beam cross-angle was 2.1°. The spectral width decreased with an 
increase in the order number of the sidebands, as was predicted by the calculations, shown in  
Figure 2e. Figure 6c shows the central wavelength of AS2 with different pump beam cross-angles. The 
central wavelength of AS2 shifted from 500 nm to 625 nm, and the cross-angle increased from 1.5° to 
2.5°. This tuning range successfully surpassed the wavelength gap between AS1 and AS3, as shown in 
Figure 6b. Therefore, it was possible to tune the wavelength continuously by simple angle tuning, 

 

Figure 5. The spectra of the two pump beams, Beam 1 (black curve) and Beam 2
(blue curve) [75].

Multicolored sidebands were obtained when the input beams overlapped well
both spatially and temporally, as shown in Figure 6a. These sidebands were in the
same plane as the pump beams, but separated with different exit angles. Figure 6b
depicts the spectra of the lowest four-order red-shifted sidebands, AS1-AS4, when
the pump beam cross-angle was 2.1◦. The spectral width decreased with an increase
in the order number of the sidebands, as was predicted by the calculations, shown in
Figure 2e. Figure 6c shows the central wavelength of AS2 with different pump beam
cross-angles. The central wavelength of AS2 shifted from 500 nm to 625 nm, and
the cross-angle increased from 1.5◦ to 2.5◦. This tuning range successfully surpassed
the wavelength gap between AS1 and AS3, as shown in Figure 6b. Therefore, it was
possible to tune the wavelength continuously by simple angle tuning, without a gap
between the neighboring order sidebands. The spectra of AS8-AS15 are shown in
Figure 6d. The spectra of S1 and S2 are shown in Figure 6e. The whole wavelength
range obtained by angle tuning of all sidebands covered the near UV-visible-near
IR range from 360 nm to 1.2 µm, corresponding to more than 1.8 octaves. These
broadband spectra and large tunability are very attractive and useful from the
viewpoints of application and creating simple tuning mechanisms.
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Figure 6. (a) Photograph of the first ten anti-Stokes sidebands on a white paper set
1 m far from the nonlinear medium; (b) The spectra of AS1-AS4 with cross-angle
of 2.1◦ for two pump beams; (c) The spectra of AS2 with different cross-angles;
Spectra of (d) AS8-AS15 and (e) two Stokes signals S1 and S2 with cross-angle of
two pump beams set as 1.5◦ [59].

3.2.2. Tuning the Wavelength of Sidebands by Changing Nonlinear Media

The phase-matching condition for CFWM is kSm = kS(m–1) + k(−m)
2 − k(−m)

1 ≈
(m + 1)k(−1)

2 − mk(−1)
1, ωSm ≈ (m + 1)ω2

(−1) − mω1
(−1), as discussed in Section 2.

The wave vectors k can be written as k = n × k0, where n is the linear refractive
index of the nonlinear medium and k0 is the wave vector in vacuum. This means
that the refractive index (dispersion curve) of the medium will also influence the
phase-matching conditions. The refractive index (dispersion curve) can be adjusted
by replacing the medium with different optical properties. Figure 7 shows the
spectra of AS1 and AS3 for nonlinear media (CaF2 plate, fused silica plate, BK7
glass plate, sapphire plate, and BBO crystal) with a fixed pump beam cross-angle
of 1.8◦. By changing the media, the central wavelength of AS1 could be tuned from
640 nm to 610 nm, while the central wavelength of AS3 was adjusted correspondingly
from 490 nm to 560 nm. The spectrum of AS3 in the BBO crystal overlapped with
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the spectrum of AS1 in the CaF2 crystal, which means that spectral gaps between
neighboring sidebands can be bridged simply by replacing the nonlinear medium.
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3.3. Temporal Characteristics of Multicolored Pulses 

The pulse durations of Beam 1 and Beam 2 were measured to be 40 fs and 55 fs, respectively.  
The characteristics of the sidebands, S1, AS1, and AS2, which were generated using these two pump 
pulses are shown in Figure 8. The pulse durations of AS1, AS2, and S1 were calculated to be 45 fs, 44 fs, 
and 46 fs, respectively. The retrieved phase showed that these pulses were all positively chirped, and 
that the positive chirp induced by material dispersion of the nonlinear medium prevented shorter pulses 
from being obtained.  

 

Figure 7. Spectra of (a) AS1 and (b) AS3 of five different materials with cross-angle
of 1.8◦ [60].

3.3. Temporal Characteristics of Multicolored Pulses

The pulse durations of Beam 1 and Beam 2 were measured to be 40 fs and
55 fs, respectively. The characteristics of the sidebands, S1, AS1, and AS2, which
were generated using these two pump pulses are shown in Figure 8. The pulse
durations of AS1, AS2, and S1 were calculated to be 45 fs, 44 fs, and 46 fs, respectively.
The retrieved phase showed that these pulses were all positively chirped, and that
the positive chirp induced by material dispersion of the nonlinear medium prevented
shorter pulses from being obtained.

As discussed in [63], chirped pump pulses can be used for pre-compensation
of the positive chirp of the sidebands, resulting in even shorter pulse durations.
The principle of the process can be explained in the following way. In the CFWM
process, the m-th-order anti-Stokes sideband has the phase matching condition:
kASm = kAS(m–1) + k1 − k2 = (m + 1)k1 − mk2, ωASm ≈ (m + 1)ω1 − mω2. The m-th
(m > 0) order anti-Stokes signal can be expressed as follows, if the electric field of
two incident pulses are given as: Ej(t) ∝ exp {i[ωj0t + φj(t)]}, j = 1, 2

EASm(t) ∝ exp {i[((m + 1)ω10 − mω20)t + ((m + 1)φ1(t) − mφ2(t))]} (3.1)

If Beam 1 is negatively chirped (∂2φ1 (t) /∂t2 < 0) and Beam 2 is positively
chirped (∂2φ2 (t) /∂t2 > 0), we can obtain:

∂2φASm (t) /∂t2 = (m + 1) ∂2φ1 (t) /∂t2 − m∂2φ2 (t) /∂t2 < 0 (3.2)
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Figure 8. (a) Measured and (b) retrieved XFROG traces of S1; (c) measured and  
(d) retrieved XFROG traces of AS2 when the cross-angle was 1.87°. Retrieved temporal 
intensity profiles and phases of (e) AS1 (solid line), AS2 (dashed line) and (f) S1 [66]. 
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Figure 8. (a) Measured and (b) retrieved XFROG traces of S1; (c) measured and
(d) retrieved XFROG traces of AS2 when the cross-angle was 1.87◦. Retrieved
temporal intensity profiles and phases of (e) AS1 (solid line), AS2 (dashed line)
and (f) S1 [66].

This means that the m-th order blued-shifted field, EASm, can be negatively
chirped. As such, a nearly transform-limited pulse can be achieved, if the negative
chirp of the ASm field is precisely adjusted to correctly compensate for the dispersion
induced by the nonlinear media and other optical components used in the processes
of pulse generation and characterization. By this method, the pulse durations of
AS1 and AS2 were compressed to 15 fs and 16 fs, respectively, as shown in Figure 9.
Further optimization of the dispersion, including higher-order dispersion, is needed
to obtain truly transform-limited pulses.
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3.4. Output Power/Energy of Multicolored Pulses

Table 1 shows the average power of AS1-AS3 obtained with five different bulk
media. The external cross-angle of the two pump beams was 1.8◦, while the input
powers of Beam 1 and Beam 2 were set at 6.5 and 25 mW respectively. CaF2 had
the highest AS1 output power, and the lowest AS3 output power of all five media.
Conversely, in BBO crystal, the powers of the sidebands decreased the most rapidly
with increasing order number. This phenomenon can be explained by the different
phase-matching conditions and dispersion properties of the five materials.
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Figure 9. (a) Measured (red), retrieved (black) spectral intensity profile and retrieved 
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Figure 9. (a) Measured (red), retrieved (black) spectral intensity profile and
retrieved spectral phase (blue) of AS1; (b) Retrieved temporal intensity profile
(black), temporal phase (blue), and calculated transform-limited temporal intensity
profile (red) of AS1; (c) Measured (red), retrieved (black) spectral intensities and
retrieved spectral phase (blue) of AS2; (d) Retrieved temporal intensity profile
(black), phase (blue), and calculated transform-limited temporal intensity profile
(red) of AS2 [63].
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Table 1. The output power of AS1-AS3 with five commonly used third-order
nonlinear media. The external cross-angle of two pump beams is 1.8◦, while the
input powers of Beam 1 and Beam 2 are 7 mW and 25 mW, respectively [60].

µW CaF2
Fused
Silica

BK7 Sapphire
Plate

BBO

AS1 480 700 715 750 780
AS2 210 315 295 210 135
AS3 125 90 60 40 10

Figure 10a shows the power dependence of AS1 on the power of Beam 1, with
the power of Beam 2 fixed at 19 mW and the cross-angle set at 1.8◦. The output
power of AS1 was sensitive to the pump power with a low pump rate, and saturation
occurred when the power of Beam 1 increased to about 11 mW. Similarly, when the
power of Beam 1 was set to 11 mW and Beam 2 had a high pump power, saturation
of the output power of AS1 appeared, as shown in Figure 10b. This saturation may
have helped to obtain sidebands with high stability. The power stability of AS1
and Beam 1 were 0.95% and 0.62% in RMS, respectively, as shown in the inset of
Figure 10a.
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Figure 10a shows the power dependence of AS1 on the power of Beam 1, with the power of  
Beam 2 fixed at 19 mW and the cross-angle set at 1.8°. The output power of AS1 was sensitive to the 
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Figure 10. The power dependence of AS1 on (a) Beam 1 with power of Beam 2 fixed  
at 19 mW, and (b) Beam 2 with power of Beam 1 fixed at 11 mW. Power stabilities of AS1 
and Beam 1 in twenty minutes are shown as the insertion of (a) [59]. 

       

By optimizing the spatial and temporal overlap of the two pump beams, the maximum pulse energy 
of S1 and AS1 reached was higher than 1 µJ [66]. An even higher output power was achieved by 
enlarging the pump beam size and increasing the pump power. 

3.5. Multicolored Sidebands Generated with Low Threshold 

The polarization at frequency ωAS1 in FWM process generating AS1 can be written as: 
(3) (3) 2 *

AS1 eff 1 2( ) ( ) ( )P E E∝ω χ ω ω  (3.3) 

According to the coupled-wave equations in the FWM process, the optical field and polarization at 
frequency ωAS1 had the following relationship: 
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Figure 10. The power dependence of AS1 on (a) Beam 1 with power of Beam 2 fixed
at 19 mW, and (b) Beam 2 with power of Beam 1 fixed at 11 mW. Power stabilities
of AS1 and Beam 1 in twenty minutes are shown as the insertion of (a) [59].

By optimizing the spatial and temporal overlap of the two pump beams, the
maximum pulse energy of S1 and AS1 reached was higher than 1 µJ [66]. An even
higher output power was achieved by enlarging the pump beam size and increasing
the pump power.
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3.5. Multicolored Sidebands Generated with Low Threshold

The polarization at frequency ωAS1 in FWM process generating AS1 can be
written as:

P(3)(ωAS1) ∝ χ(3)
effE2(ω1)E∗(ω2) (3.3)

According to the coupled-wave equations in the FWM process, the optical field
and polarization at frequency ωAS1 had the following relationship:

dE(ωAS1)

dz
=

iωAS1

2ε0cnAS1
P(3)(ωAS1)e−i∆kz (3.4)

Here, ∆k is the wave vector mismatch in the FWM process. From Equations
(3.3) and (3.4), it can be seen that the intensity of AS1 becomes higher, following
the proportionality relation with the squared absolute value of the nonlinear optical

susceptibility (
∣∣∣χ(3)

e f f

∣∣∣2) of the material used.
Based on this, diamond, the nonlinear optical susceptibility of which is ~5 time

larger than that of sapphire and ~10 times larger than that of CaF2 [73], was used in
the experiment to obtain multicolored sidebands with a low threshold.

The experiment was performed with Type-2 setup shown in Section 3.1.
The spectra of two pump beams, Beam 1 and Beam 2, are depicted in Figure 11.
The two spectral positions were adjusted by tuning the angle between input beams
and filters. The retrieved temporal intensity profiles and phases of two pump pulses
are shown in Figure 12, where the Beam 1 and Beam 2 pulse durations are 81 fs, and
47 fs, respectively.
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Figure 11. The spectra of Beam 1 (black), Beam 2 (red) [62]. 

 

Figure 12. The retrieved intensity profile and phase of (a) Beam 1; (b) Beam 2 [62]. 
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The average power of Beam 1 was set to 0.855 mW, and the average power of
Beam 2 was continuously changed by a VND. Figure 13 shows the multicolored
sidebands at different pump levels. The intensities of Beam 1 and Beam 2 on
the diamond plate in Figure 13a were calculated to be 14.9 × 109 W/cm2 and
12.3 × 109 W/cm2 respectively. These were much lower than the threshold intensities
obtained previously for multicolored sideband generation in a fused silica plate, of
60 × 109 W/cm2 and 8 × 109 W/cm2 [70]. This low pump threshold for multicolored
sideband generation is important in the context of an actual experiment, because
pump lasers with high repetition frequencies, i.e., several hundred kHz to several
MHz, inevitably have a low pulse energy when used with a conventional amplifier
system. Compared to the multicolored sidebands generated with a 1 kHz amplifier,
pulses with a higher repetition frequency are more useful in nonlinear microscopy.
Low repetition frequencies make the image frame times unconventionally long and
also lead to high noise levels. Figure 13b–d show the 2D structure obtained by
increasing the power of Beam 2, a detailed discussion of which will be given in the
next section.

Figure 14 shows the spectra of generated multicolored sidebands obtained under
pump rates of 0.855 mW and 0.856 mW for Beam 1 and Beam 2, respectively. The
normalized spectra, AS1-AS5, of the two pump beams, S1 and S2, are shown in
Figure 14. The spectral width of these sidebands was broader than 10 nm, which
means that a pulse duration of <100 fs was achievable. The spectra of these sidebands
could also be continuously tuned by adjusting the cross-angle of Beam 1 and Beam 2.
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Figure 14. The normalized spectra of two pump beams, Beam 1 and Beam 2, and
several sidebands AS1-AS5, S1, S2 [62].

Table 2 shows the output power of AS1-AS5 and S1 when the average power of
Beam 1 and Beam 2 were set at 0.855 mW and 0.856 mW. The conversion efficiency
was about 1.84%, 1.99%, 0.36%, 0.15%, 0.08% and 0.05% for S1, AS1, AS2, AS3, AS4
and AS5 respectively. The power of AS1–AS4 could be increased by increasing the
pump rate, as shown in Figure 13c,d.
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Table 2. Output power of AS1-AS5 and S1 with average power of 0.855 mW and
0.856 mW for Beam 1 and Beam 2, respectively [62].

Sidebands AS1 AS2 AS3 AS4 AS5 S1

Power (µW) 34.0 6.1 2.5 1.3 0.8 31.4

4. 2-D Multicolored Sidebands Arrays

Zeng and his coworkers first observed 2-D multicolored arrays in 2006 in a
quadratic nonlinear medium (BBO crystal) with two closely-overlapped femtosecond
laser beams from Ti:sapphire amplifier and its SHG signal [71]. The cause of the 2-D
pattern was thought to be the cascaded quadratic nonlinear process, together with
spatial breakup of the quadratic spatial solitons induced by ellipticity of the input
beams. The 2-D structure could also be suppressed by another weak SHG beam.

Zhi also generated 2-D multicolored arrays in diamond plate with three pump
beams [61], attributed to the interaction of two different sets of cascaded stimulated
Raman scattering processes.

We observed a similar structure in a cubic nonlinear medium, sapphire plate,
with only two pump beams in 2008 [55,56]. 2-D multicolored arrays were generated
when pump energy was increased. Figure 15 shows the 2-D multicolored arrays
generated under various conditions. The 2-D multicolored arrays could be controlled
by changing the intensity, delay, or polarization of one input beam.
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of beam 2 of 220 µJ, (b) pulse energy of beam 2 of 250 µJ; (c) time delay of two
pump beams of 7 fs and pulse energy of beam 2 of 250 µJ; and (d) a short-pass filter
cut-off wavelength at 820 nm inserted in the Beam 1 path [55].
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We performed another experiment to study the characteristics of the 2-D
multicolored arrays in detail. The schematic of this experiment is shown in Figure 16a.
The two pump beams had a cross-angle of 1.8◦, and a beam size of 300 µm in sapphire
plate. Stable 2-D multicolored arrays were generated when Beam 1 and Beam 2
overlapped in time and space in the sapphire plate, as shown in Figure 16b. Spatially
well-separated multicolored sidebands with >10 columns and rows were observed.
The columns were approximately normal to the center row while the rows adjacent to
the center row were not parallel to each other. The 2-D multicolored array sidebands
are defined as Bm,n for convenience, as shown in Figure 16c. B0,0 and B−1,0 stand for
the two pump beams, Beam 1 and Beam 2, respectively.
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Figure 16. (a) Schematics of the generation of 2-D multicolored arrays; (b) A photograph 
of the 2-D multicolored arrays generated in sapphire plate; (c) 2-D multicolored arrays are 
defined as Bm,n, in which B0,0 and B−1,0 refer to Beam 1 and Beam 2 respectively [56]. o.a., 
optical axis. 

 

The spectra of the sidebands on the center row Bm,0 and the second column B2,n were measured,  
as shown in Figure 17. The sidebands on the central row were generated through a CFWM process, 
which is almost the same as discussed in previous sections. The center wavelengths between neighboring 
spots on the same column were approximately the same, as shown in Figure 17b. A more accurate 
experiment using pump beams with narrower spectra will help to confirm these characteristics. 

Figure 17. The spectra of sidebands on (a) the center row Bm,0; and (b) the second column 
B2,n [56]. 

        

The powers of Beam 1 and Beam 2 were set to 0.1 and 25 mW, respectively. The measured powers 
of some sidebands at this pump rate are shown in Figure 18a. The powers of sidebands on the rows of 
Bm,0, Bm,1, Bm,−1, Bm,2, Bm,−2 are shown as the star, red circle, black square, green triangle and blue 
triangle, respectively. We found that the power of the sidebands on Bm,1 and Bm,−1 were approximately 
the same as the value of m. The sidebands in Bm,2 and Bm,−2 also had this property, showing that the 
power distribution had mirror symmetry with the central line of Bm,0. The power dependence of three 
sidebands, B1,0, B2,0, and B2,1, on the input power of Beam 2 are shown in the inset of Figure 18a. 

 

Figure 16. (a) Schematics of the generation of 2-D multicolored arrays;
(b) A photograph of the 2-D multicolored arrays generated in sapphire plate; (c) 2-D
multicolored arrays are defined as Bm,n, in which B0,0 and B−1,0 refer to Beam 1
and Beam 2 respectively [56]. o.a., optical axis.

The spectra of the sidebands on the center row Bm,0 and the second column
B2,n were measured, as shown in Figure 17. The sidebands on the central row
were generated through a CFWM process, which is almost the same as discussed
in previous sections. The center wavelengths between neighboring spots on the
same column were approximately the same, as shown in Figure 17b. A more
accurate experiment using pump beams with narrower spectra will help to confirm
these characteristics.

22



Appl. Sci. 2014, 4 460 
 

Figure 16. (a) Schematics of the generation of 2-D multicolored arrays; (b) A photograph 
of the 2-D multicolored arrays generated in sapphire plate; (c) 2-D multicolored arrays are 
defined as Bm,n, in which B0,0 and B−1,0 refer to Beam 1 and Beam 2 respectively [56]. o.a., 
optical axis. 

 

The spectra of the sidebands on the center row Bm,0 and the second column B2,n were measured,  
as shown in Figure 17. The sidebands on the central row were generated through a CFWM process, 
which is almost the same as discussed in previous sections. The center wavelengths between neighboring 
spots on the same column were approximately the same, as shown in Figure 17b. A more accurate 
experiment using pump beams with narrower spectra will help to confirm these characteristics. 

Figure 17. The spectra of sidebands on (a) the center row Bm,0; and (b) the second column 
B2,n [56]. 

        

The powers of Beam 1 and Beam 2 were set to 0.1 and 25 mW, respectively. The measured powers 
of some sidebands at this pump rate are shown in Figure 18a. The powers of sidebands on the rows of 
Bm,0, Bm,1, Bm,−1, Bm,2, Bm,−2 are shown as the star, red circle, black square, green triangle and blue 
triangle, respectively. We found that the power of the sidebands on Bm,1 and Bm,−1 were approximately 
the same as the value of m. The sidebands in Bm,2 and Bm,−2 also had this property, showing that the 
power distribution had mirror symmetry with the central line of Bm,0. The power dependence of three 
sidebands, B1,0, B2,0, and B2,1, on the input power of Beam 2 are shown in the inset of Figure 18a. 

 

Figure 17. The spectra of sidebands on (a) the center row Bm,0; and (b) the second
column B2,n [56].

The powers of Beam 1 and Beam 2 were set to 0.1 and 25 mW, respectively. The
measured powers of some sidebands at this pump rate are shown in Figure 18a. The
powers of sidebands on the rows of Bm,0, Bm,1, Bm,−1, Bm,2, Bm,−2 are shown as the
star, red circle, black square, green triangle and blue triangle, respectively. We found
that the power of the sidebands on Bm,1 and Bm,−1 were approximately the same as
the value of m. The sidebands in Bm,2 and Bm,−2 also had this property, showing that
the power distribution had mirror symmetry with the central line of Bm,0. The power
dependence of three sidebands, B1,0, B2,0, and B2,1, on the input power of Beam 2
are shown in the inset of Figure 18a. During the experiment, the power of Beam 1
was amplified from 0.1 to 0.17 mW, which means that the FWM process could also
be used for parametric amplification. The power stability of several sidebands in
different arrays, measured with a photodiode, is shown in Figure 18b. The stabilities
are all in the range 0.5%–2% in RMS within 200 s.

In 2013, 2-dimensional multicolored arrays were observed with a low pump
rate in a diamond plate, as shown in Figure 13. The experimental setup was the
same as the Type-2 setup shown in Section 3.1. Increasing the pulse energy of Beam
2 to 0.856 µJ created 2-D multicolored arrays, as shown in Figure 13b. The threshold
energy was much lower than that for a sapphire plate, i.e., <2 µJ for a diamond plate
and 25 µJ for a sapphire plate [56,62]. More sidebands, lines and brighter arrays were
observed when the energy of Beam 2 was increased further, as shown in Figure 13c,d.
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and B2,1, on power of Beam 2; (b) The power stabilities of three sidebands B3,1,
B4,0 and B1,0 [56].

The mechanism for the generation of 2D structure is not yet fully clear, although
we have given some explanations based on the CFWM and beam breakup [62].
The detailed simulations of spontaneous breakup of elliptical laser beams were
performed by Majus and his coworkers [76]. They attributed this breakup to
multistep four-wave and parametric amplification of certain components occurring
in the spatial spectrum of the self-focusing laser beam. Interestingly, beam breakup
was observed even with a near circular (the ellipticity e = 1.09) input beam when the
input power was ~20 times larger than Pcr, which is defined as follows [77]:

Pcr = 3.77λ2/(8πnn2) (4.1)

Here, λ is the laser wavelength in vacuum, n is the refractive index, and n2

is the nonlinear refractive index. The pump beams have an ellipticity of ~1.2 in
the experiment, due to asymmetric focusing with several concave mirrors. The
summation of the peak powers of the two input beams is about ~60 Pcr (Pcr = 0.4 MW
for diamond plate), and would be large enough for beam breakup [76]. The
combination of this beam breakup and CFWM is the main cause of this 2-D
multicolor structure.

Beam breakup can also occur when the pump beams are circular. Dergachev
has investigated the interaction of two noncollinear femtosecond laser filaments
in sapphire both numerically and experimentally [78]. The simulation was based
on the nonlinear Schrödinger equation. The experiment was performed with a
Ti:sapphire amplifier with a pulse width of 120 fs. The two incident beams, which are
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all from the same laser source, have a cross-angle of 4.64◦. Because of the asymmetric
distributions of refractive index changes in the nonlinear material due to the Kerr
effect of the pump beams, additional “hot points” or plasma channels arise in the
plane oriented perpendicular to the pulse propagation plane with input pulse power
above 10 Pcr (corresponding to a pulse energy of 3~4 µJ). Clear beam breakup was
observed. The energy distribution of light spots at the output end can be adjusted by
tuning the phase between the two input beams.

We are working on simulations based on the nonlinear Schrödinger equation
including FWM and other nonlinear processes, such as optical Kerr effect
and multiphoton absorption, which are required for full understanding of
this phenomenon.

5. Conclusions and Prospects

In conclusion, we have investigated multicolor sideband generation based on
CFWM both theoretically and experimentally. Analysis and computer simulation
including the effect of phase-matching in FWM reasonably explain the reported
experimental results.

The main characteristics of multicolored sidebands obtained in our experiment
can be summarized as follows.

(1) Tunability in a wide spectral region.
Fifteen spectral up-shifted pulses and two spectral down-shifted emissions
were obtained simultaneously in a spectra domain that spanned more
than 1.8 octaves. The wavelengths of the sidebands could be tuned from
near-ultraviolet to near-infrared by adjusting the crossing angle between the
two input beams or by replacing the nonlinear bulk medium.

(2) Ultrashort pulse width.
The pulse width of the sidebands remained nearly unchanged for the Stokes
and anti-Stokes pulses. Nearly transform-limited compressed pulses as short
as 15 fs could be obtained when one of the two input beams was properly
negatively chirped and the other was positively chirped.

(3) High output energy.
The pulse energy of the sideband could be increased to 1 µJ, a power stability
better than 1% RMS. We expect that an even higher output power could be
generated by increasing the pump energy and expanding the spot sizes of the
two pump beams on the optical medium to avoid saturation.

We have reported the generation of multicolor sidebands consisting of 2-D
arrays, and provided some possible explanations. Beam breakup and CFWM are
responsible for this interesting phenomenon. Careful investigation using both
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simulation and experiment are still needed for complete understanding of this
new phenomenon.

Future studies into multicolored sidebands extending in the visible and near-IR
spectral regions, which are generated with pump lasers with MHz repetition rates,
would be useful in numerous applications such as nonlinear microscopy. A pulse
energy of 1 µJ for each pump pulse has been confirmed to be enough energy for
multicolor sideband generation in a diamond plate. This energy can be reduced
further, if the pump beams are tightly focused on a medium with higher third-order
nonlinearity. For example, CdSSe-nanoparticle-doped glass has 5.6 times larger
third-order susceptibility than a diamond plate, even at wavelengths far from its
resonant frequency [73].
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Fundamentals of Highly Non-Degenerate
Cascaded Four-Wave Mixing
Rosa Weigand and Helder M. Crespo

Abstract: By crossing two intense ultrashort laser pulses with different colors in a
transparent medium, like a simple piece of glass, a fan of multicolored broadband
light pulses can be simultaneously generated. These newly generated pulses are
emitted in several well-defined directions and can cover a broad spectral range, from
the infrared to the ultraviolet and beyond. This beautiful phenomenon, first observed
and described 15 years ago, is due to highly-nondegenerate cascaded four-wave
mixing (cascaded FWM, or CFWM). Here, we present a review of our work on
the generation and measurement of multicolored light pulses based on third-order
nonlinearities in transparent solids, from the discovery and first demonstration
of highly-nondegenerate CFWM, to the coherent synthesis of single-cycle pulses
by superposition of the multicolored light pulses produced by CFWM. We will
also present the development and main results of a dedicated 2.5-D nonlinear
propagation model, i.e., with propagation occurring along a two-dimensional
plane while assuming cylindrically symmetric pump beam profiles, capable of
adequately describing noncollinear FWM and CFWM processes. A new method
for the generation of femtosecond pulses in the deep-ultraviolet (DUV) based on
FWM and CFWM will also be described. These experimental and theoretical results
show that highly-nondegenerate third-order nonlinear optical processes are formally
well understood and provide broader bandwidths than other nonlinear optical
processes for the generation of ultrashort light pulses with wavelengths extending
from the near-infrared to the deep-ultraviolet, which have many applications in
science and technology.

Reprinted from Appl. Sci. Cite as: Weigand, R.; Crespo, H.M. Fundamentals of Highly
Non-Degenerate Cascaded Four-Wave Mixing. Appl. Sci. 2015, 5, 485–515.

1. Introduction

Four-wave mixing (FWM) processes result from the interplay between four
electromagnetic waves coupled through the optical Kerr nonlinearity of a medium,
given by the third-order susceptibility χ(3) [1]. Since all media, either isotropic
or anisotropic (with any kind of crystal symmetry), have a non-zero third order
susceptibility, FWM processes have a universal character. The four interacting waves
can all have the same frequency, in which case the process is degenerate and the
corresponding susceptibility is given by χ(3)(ω;ω,ω,-ω). In this case, three fields
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with frequency ω are mixed in the medium to produce another field also with
frequency ω. The energy conservation law that determines the frequency of the
newly generated field is given in this case by: ω =ω +ω−ω≡ 2ω−ω. In practice,
this process can be observed by crossing two intense pulses in a nonlinear medium
at a small angle. For incident wavevectors k0 and k1, momentum conservation
dictates that the newly generated beams will be emitted in the directions given by
k2 = 2k1 − k0 and k′2 = 2k0 − k1, as shown in Figure 1. This process can be seen as
the diffraction of the incident beams by the nonlinear index grating (laser induced
grating) produced by the same beams [2]. In bulk dispersive media this process is
intrinsically phase mismatched (see, e.g., [3]), with a mismatch given approximately
by δk = 2k(1 − cosθ) ' kθ2, where k = |k0| = |k1|. This means that the efficiency of
the process drops for increasing interaction (and hence emission) angles.

Appl. Sci. 2015, 5 486

Keywords: nondegenerate cascaded four-wave mixing; multicolored femtosecond pulse
generation; two-octave spanning spectra; few- and single-cycle coherent pulse synthesis;
broadband deep-ultraviolet (DUV) and vacuum-ultraviolet (VUV) femtosecond pulses;
femtosecond DUV pulse characterization

1. Introduction

Four-wave mixing (FWM) processes result from the interplay between four electromagnetic
waves coupled through the optical Kerr nonlinearity of a medium, given by the third-order
susceptibility χp3q [1]. Since all media, either isotropic or anisotropic (with any kind of crystal
symmetry), have a non-zero third order susceptibility, FWM processes have a universal character.
The four interacting waves can all have the same frequency, in which case the process is degenerate
and the corresponding susceptibility is given by χp3qpω; ω,ω, ´ωq. In this case, three fields with
frequency ω are mixed in the medium to produce another field also with frequency ω. The energy
conservation law that determines the frequency of the newly generated field is given in this case by:
ω “ ω ` ω ´ ω ” 2ω ´ ω. In practice, this process can be observed by crossing two intense pulses
in a nonlinear medium at a small angle. For incident wavevectors k0 and k1, momentum conservation
dictates that the newly generated beams will be emitted in the directions given by k2 “ 2k1 ´ k0

and k1
2 “ 2k0 ´ k1, as shown in Figure 1. This process can be seen as the diffraction of the incident

beams by the nonlinear index grating (laser induced grating) produced by the same beams [2]. In bulk
dispersive media this process is intrinsically phase mismatched (see, e.g., [3]), with a mismatch given
approximately by δk “ 2kp1 ´ cos θq » kθ2, where k “ |k0| “ |k1|. This means that the efficiency of
the process drops for increasing interaction (and hence emission) angles.

Figure 1. Basic geometry of nonlinear self-diffraction.

The waves can also have different frequencies, so a new field with frequency ω2 can be generated
departing from two fields with frequencies ω0 and ω1 pω1 ą ω0q. In this case, the nonlinear
polarization terms which describe diffraction from a moving laser-induced grating give rise to frequency
upshifted and downshifted pulses with frequencies ω2 “ 2ω1 ´ ω0 and ω1

2 “ 2ω0 ´ ω1, respectively,
so the output consists of four beams with different colors emitted in different directions. Penzkofer
and Lehmeier [4] analized theoretically the noncollinear phase-matched amplification of ultrashort
light pulses via four-wave mixing in isotropic media, having derived explicit expressions for the
phase-matching angles and gain.

If the fields are intense enough, the third order susceptibility χp3q can continue mixing the fields, as
long as the energy and momentum conservation laws are fulfilled for the new processes. This way, new

Figure 1. Basic geometry of nonlinear self-diffraction.

The waves can also have different frequencies, so a new field with frequencyω2

can be generated departing from two fields with frequenciesω0 andω1 (ω1 >ω0).
In this case, the nonlinear polarization terms which describe diffraction from a
moving laser-induced grating give rise to frequency upshifted and downshifted
pulses with frequencies ω2 = 2ω1 − ω0 and ω′2 = 2ω0 − ω1, respectively, so the
output consists of four beams with different colors emitted in different directions.
Penzkofer and Lehmeier [4] analized theoretically the noncollinear phase-matched
amplification of ultrashort light pulses via four-wave mixing in isotropic media,
having derived explicit expressions for the phase-matching angles and gain.

If the fields are intense enough, the third order susceptibility χ(3) can continue
mixing the fields, as long as the energy and momentum conservation laws are fulfilled
for the new processes. This way, new fields are generated via cascaded four-wave
mixing (CFWM). For noncollinear interactions, this gives rise to additional beams
that can be seen as higher orders of diffraction of the moving grating (note that
the moving grating corresponds to the spatially and temporally varying nonlinear
refractive index change inside the medium, since the medium itself is stationary in
the laboratory frame). For the degenerate case, the larger the interaction angle, the
smaller the observed number of diffracted orders (due to increasing phase-mismatch),
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but for the nondegenerate case we will see that the phase-mismatch in cascaded
processes can be reduced by proper choice of the interaction angle between the two
initial beams.

Collinear fifth-harmonic generation in a crystal as a result of cascaded processes
of a cubic nonlinearity was reported in an early work [5]. Extensive work has been
done in this field by mixing near-degenerate nanosecond laser pulses in optical
fibers and obtaining several pairs of sidebands [6–8]. Cascaded processes can also
occur with second order processes and have been observed in BBO crystals [9]
or in an hybrid form with third order processes in picosecond optical parametric
amplifiers [10].

Further progress was made when highly nondegenerate CFWM was
demonstrated by mixing femtosecond visible laser pulses with different colors.
The first demonstration was done in bulk isotropic media (thin glass slide) [11],
and resulted in the generation of multiple broadband light pulses extending from
the infrared to the ultraviolet starting from two femtosecond laser pulses in the
visible range. Nonresonant nondegenerate CFWM in the femtosecond regime was
subsequently observed and demonstrated in other nonlinear media and spectral
regions, from semiconductors pumped with mid-IR pulses [12] to gases and plasmas
pumped in the NIR to uv. In particular, Misoguti et al. [13] successfully extended
CFWM to the vacuum-uv range (down to 160 nm) using a gas-filled hollow
waveguide pumped with ω and 2ω pulses from a Ti:Sapphire laser. Raman-assisted
noncollinear CFWM has also been obtained in Raman-active media, such as diamond,
using dual color laser pulses and chirped broadband pulses (see, e.g., [14] and
references therein).

This paper gives a review of the work done by the authors in this field and
includes the experimental procedures and a complete theoretical model explaining
not only the spectral characteristics of the generated beams, but also their intensity,
spectral phases, emission angles and energies. Important examples of the application
of the generated pulses namely for the synthesis of single cycle pulses, will be
discussed, as well as the possibility of using CFWM for generating broadband light
pulses in the deep ultraviolet spectral region.

2. Basic Experiment and Interpretation

The first experiment on highly nondegenerate noncollinear CFWM was done by
H. Crespo et al. at LOA (Laboratoire d’Optique Appliquée in Palaiseau, France) [11]
and the experimental setup can be seen in Figure 2a. The laser source is a dye
laser-amplifier system delivering an orange beam (frequencyω0, λ0 = 618 nm, 80 fs)
and a green beam (frequency ω1, λ1 = 561 nm, 40 fs). Both beams are horizontally
polarized and with near-Gaussian spatial profiles (approximately 5 mm diameter).
The green beam was sent through a delay-line and both beams were coupled through
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a 50/50 beam splitter to impinge on a large section plane-convex lens (f = 30 cm) at
an adjustable small angle. The lens focuses both beams in a thin slide of BK7 glass
with 150 µm thickness at an external angle θ = 2.9◦. A thin glass slide was chosen to
minimize self-phase modulation processes and it was also placed 1 cm before the
focus of the lens to avoid laser-induced damage. At the plane of the slide both beams
had 20 µJ energy, corresponding to intensities of 1.0 TW cm−2 for the orange and
2.1 TW cm−2 for the green beam. When both beams were temporally synchronized at
the plane of the slide, a large set of multicolored beams (Figure 2b) was produced at
both sides of the incident beams, consisting of two frequency-downshifted beams (we
will call Dn the downconverted beam of order n) in the red and near infrared, as well
as 11 frequency-upshifted beams (we will call Un the upconverted beams of order n)
extending into the blue and ultraviolet regions of the spectrum. The ultraviolet beams
are seen as blue in the picture because the screen used was fluorescent, whereas
the second downconverted beam could be observed with the help of a NIR viewer.
The spectrum of the generated beams was registered by collecting the generated fan
of beams with a large aperture aluminum-coated parabolic mirror M4 to minimize
chromatic aberration and UV absorption and by sending the collimated beams to a
spectrograph equipped with a CCD camera where the resulting spectrum is given
in Figure 3. Two downconverted bands (D1 and D2) can be seen to the left of the
pump beams, while only 5 upconverted bands (U1 to U5) are seen to the right, due to
sensitivity limitations of the CCD in the blue and UV spectral ranges. All generated
orders are broadband, with bandwidths of the order of those of the pump and signal
beams (16 nm approximately) which are larger than the original laser bandwidths
(5–6 mm) due to some self- and cross-phase modulation taking place within the slide.
Energy measurements were done with a calibrated photodetector and the whole set
of newly generated beams carried about 5%–10% of the total energy of the orange
and green pulses.

The spectrum of Figure 3 can be explained, to a very good approximation, by
assuming a cascaded FWM process in the central frequency approximation. The two
pump pulses drive the χ(3) medium at the modulation frequency ωm = ω1 − ω0,
giving rise to multiple pulses with frequenciesωn =ω0 + nωm, where n is the integer
beam order and n > 1 (n < 0) denotes frequency upconverted (downconverted) pulses.
This can also be written as ωn = ωn−1 + ωm or ωn = nω1 − (n − 1)ω0. Note that
even though the total number of photons involved in a given process is 2n, this does
not correspond to the order of the corresponding nonlinearities (2n − 1), but to that
of an effective nonlinearity obtained via cascaded χ(3), i.e., third-order, processes.
Table 1 shows, in an equivalent way, how the frequencies of the different orders are
generated from the previous order plus or minus the modulation frequency.
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θ “ 2.9˝. A thin glass slide was chosen to minimize self-phase modulation processes and it was
also placed 1 cm before the focus of the lens to avoid laser-induced damage. At the plane of the
slide both beams had 20 µJ energy, corresponding to intensities of 1.0 TW cm´2 for the orange and
2.1 TW cm´2 for the green beam. When both beams were temporally synchronized at the plane of
the slide, a large set of multicolored beams (Figure 2b) was produced at both sides of the incident
beams, consisting of two frequency-downshifted beams (we will call Dn the downconverted beam of
order n) in the red and near infrared, as well as 11 frequency-upshifted beams (we will call Un the
upconverted beams of order n) extending into the blue and ultraviolet regions of the spectrum. The
ultraviolet beams are seen as blue in the picture because the screen used was fluorescent, whereas
the second downconverted beam could be observed with the help of a NIR viewer. The spectrum of
the generated beams was registered by collecting the generated fan of beams with a large aperture
aluminum-coated parabolic mirror M4 to minimize chromatic aberration and UV absorption and by
sending the collimated beams to a spectrograph equipped with a CCD camera where the resulting
spectrum is given in Figure 3. Two downconverted bands (D1 and D2) can be seen to the left of the pump
beams, while only 5 upconverted bands (U1 to U5) are seen to the right, due to sensitivity limitations of
the CCD in the blue and UV spectral ranges. All generated orders are broadband, with bandwidths of the
order of those of the pump and signal beams (16 nm approximately) which are larger than the original
laser bandwidths (5–6 mm) due to some self- and cross-phase modulation taking place within the slide.
Energy measurements were done with a calibrated photodetector and the whole set of newly generated
beams carried about 5%–10% of the total energy of the orange and green pulses.

Figure 2. (a) Experimental arrangement: BS, beam splitter; M1–M3, silver mirrors;
M4, parabolic mirror; M5, M6, aluminum mirrors. Spacing between colors not at scale;
(b) Picture of output beams as taken on a white card. Adapted from [11].

The spectrum of Figure 3 can be explained, to a very good approximation, by assuming a cascaded
FWM process in the central frequency approximation. The two pump pulses drive the χp3q medium

Figure 2. (a) Experimental arrangement: BS, beam splitter; M1–M3, silver mirrors;
M4, parabolic mirror; M5, M6, aluminum mirrors. Spacing between colors not at
scale; (b) Picture of output beams as taken on a white card. Adapted from [11].

Figure 3. Spectra of the beams in the cascade: dashed curve, original spectra of the
orange (P0) and green (P1) pump beams after crossing the glass slide but without
temporal overlap (scaled for comparison); solid curve, spectra of the simultaneously
generated beams. Adapted from [11].
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Table 1. Approximate frequencies generated by the Cascaded Four-Wave Mixing process.

Order n Frequency ωn = ω0 − nωm Equivalence

− n ω− n =ω0 − nωm = (n + 1)ω0 − nω1 ω− n =ω−n+1 − ωm
· · ·
· · ·
· · ·
−2 ω−2 =ω0 − 2ωm = 3ω0 − 2ω1 ω−2 =ω−1 − ωm
−1 ω−1 =ω0 − ωm = 2ω0 − ω1 ω−1 =ω0 − ωm
0 ω0 =ω0 ω0
1 ω1 =ω0 +ωm =ω1 ω1
2 ω2 =ω0 + 2ωm = 2ω1 − ω0 ω2 =ω1 +ωm
3 ω3 =ω0 + 3ωm = 3ω1 − 2ω0 ω3 =ω2 +ωm
· · ·
· · ·
· · ·
n ωn =ω0 + nωm = nω1 − (n − 1)ω0 ωn =ωn−1 +ωm

An approximate description of the cascaded FWM process is completed by
considering the phase-matching condition for the wave vectors of the upconverted
and downconverted beams. Let us call k0 and k1 the wave vectors of the lower
frequency (orange) and higher frequency (green) pump, whereas k−n and kn denote
the wave vector of a downconverted beam or an upconverted beam of order n
respectively. With km = k1 − k0 the modulation (or grating) wave vector, the newly
generated wave vectors are approximately given by kn = k0 + nkm, or equivalently
by kn = kn−1 + km or kn = nk1 − (n − 1)k0. We will see that approximate phase
matching can be achieved for a large number of frequency upconversion processes in
a medium with normal dispersion, whereas frequency downconversion processes are
intrinsically phase-mismatched, which explains the observed asymmetry between
the two processes. For the same reason, the contribution of backwards processes
such as kn = kn+1 − km is small and therefore can be neglected.

Table 2 shows how the wave vectors of the different orders are generated from
the previous one plus or minus the modulation wave vector.

Figure 4 shows the diagrams for the vector additions in the cascaded FWM
processes for both the upconverted and downconverted beams, along with their
exiting angles βn.
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Table 2. Approximate wave vectors generated by the Cascaded Four-Wave
Mixing process.

Order n Wave Vector kn = k0+nkm Equivalence

− n k−n = k0 − nkm = (n + 1)k0 − nk1 k−n = k−n+1 − km
· · ·
· · ·
· · ·
−2 k−2 = k0 − 2km = 3k0 − 2k1 k−2 = k−1 − km
−1 k−1 = k0 − km = 2k0 − k1 k−1 = k0 − km
0 k0 k0
1 k1 = k0 + km = k1 k1
2 k2 = k0 + 2km = 2k1 − k0 k2 = k1 + km
3 k3 = k0 + 3km = 3k1 − 2k0 k3 = k2 + km
· · ·
· · ·
· · ·
n kn = nk1 − (n − 1)k0 kn = kn−1 + km

Moreover it is possible to calculate the interaction angle θn that the main beams
should have inside the medium for phase matching to occur for a particular process
of order n, under the assumed approximation. Let us choose a coordinate frame in
which k1 = k1 × (1, 0). In this frame k0 would be given by k0 = k0 (cos θn, sin θn)
and let us have in mind that any wave vector is related with the refractive index
of the medium through ki = nr (ωi)ωi/c. Thus for the upconverted beams the
equation kn = nk1 − (n− 1) k0 is written in this coordinate system as

kn = (nk1 − (n− 1) k0 cos θn, (n− 1) k0 sin θn) (1)

Its square modulus is given by

kn
2 = n2k1

2 − 2n (n− 1) k0k1 cos θn + (n− 1)2 k0
2 cos2 θn + (n− 1)2 k0

2 sin2 θn (2)

and solving for cos (θn) we obtain

cos θn =
n2k1

2 + (n− 1)2 k0
2 − kn

2

2n (n− 1) k0k1
(3)

which is valid for the upshifts (n ≥ 2) and downshifts (n ≤ −1). With reference to
Figure 4a,b, the emission angles of the newly generated orders can be obtained
by calculating the corresponding wave vectors (e.g., k2 = 2k1 − k0 for the
first frequency-upshifted beam), with the ideal phase-matching angle given by
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Equation (3), and determining their angle with respect to the horizontal axis, which
results in

cos βn =
n2k1

2 − (n− 1)2 k0
2 − kn

2

2n (n− 1) k0k1
(4)Appl. Sci. 2015, 5 491

Figure 4. Wave vectors of the upconverted and downconverted beams generated by cascaded
four-wave mixing (CFWM). (a) upconversion processes; (b) downconversion processes;
(c) schematic of the wave vector distribution obtained by CFWM in real space.

Its square modulus is given by

kn
2 “ n2k1

2 ´ 2npn ´ 1qk0k1 cos θn ` pn ´ 1q2k0
2cos2θn ` pn ´ 1q2k0

2sin2θn (2)

and solving for cospθnq we obtain

cos θn “ n2k1
2 ` pn ´ 1q2k0

2 ´ kn
2

2npn ´ 1qk0k1

(3)

which is valid for the upshifts (n ě 2) and downshifts (n ď ´1). With reference to Figure 4a,b, the
emission angles of the newly generated orders can be obtained by calculating the corresponding wave
vectors (e.g., k2 “ 2k1 ´k0 for the first frequency-upshifted beam), with the ideal phase-matching angle
given by Equation (3), and determining their angle with respect to the horizontal axis, which results in

cos βn “ n2k1
2 ´ pn ´ 1q2k0

2 ´ kn
2

2npn ´ 1qk0k1

(4)

Hence it is possible to calculate the interaction angle between the beams inside the medium for the
different orders to appear. Thus one can chose for example the phase matching angle which optimizes
the first upconverted order. This order will be generated in optimum energy conditions and the remaining
orders will be generated less efficiently, since perfect phase-matching is not set for them. Also, it is not
possible to exactly phase-match frequency down conversion processes in media with normal dispersion,
as Equation (4) does not have a real solution, which results in the observed asymmetry between frequency
upconverted and downconverted beams. The fact that the interaction angle affects the generation of the
cascade of colors was experimentally observed [11] and the fact that angle phase-matching was achieved
thanks to the material dispersion was settled, as detailed below. Figure 5 shows the measured and
calculated wave vectors generated in the first nondegenerate CFWM experiment, where the two-color
pump beams cross in the medium at an external angle of 2.9˝. The arrows denote the pump beam
wave vectors; the ten consecutive upconverted beams appear above the horizontal axis, and the two
downconverted beams are below this axis. The open squares falling outside the dotted box are the
five upconverted beams for which only the wave vector direction was measured directly, and hence

Figure 4. Wave vectors of the upconverted and downconverted beams
generated by cascaded four-wave mixing (CFWM). (a) upconversion processes;
(b) downconversion processes; (c) schematic of the wave vector distribution
obtained by CFWM in real space.

Hence it is possible to calculate the interaction angle between the beams inside
the medium for the different orders to appear. Thus one can chose for example the
phase matching angle which optimizes the first upconverted order. This order will be
generated in optimum energy conditions and the remaining orders will be generated
less efficiently, since perfect phase-matching is not set for them. Also, it is not
possible to exactly phase-match frequency down conversion processes in media with
normal dispersion, as Equation (4) does not have a real solution, which results in the
observed asymmetry between frequency upconverted and downconverted beams.
The fact that the interaction angle affects the generation of the cascade of colors was
experimentally observed [11] and the fact that angle phase-matching was achieved
thanks to the material dispersion was settled, as detailed below. Figure 5 shows the
measured and calculated wave vectors generated in the first nondegenerate CFWM
experiment, where the two-color pump beams cross in the medium at an external
angle of 2.9◦. The arrows denote the pump beam wave vectors; the ten consecutive
upconverted beams appear above the horizontal axis, and the two downconverted
beams are below this axis. The open squares falling outside the dotted box are the five
upconverted beams for which only the wave vector direction was measured directly,

39



and hence the amplitude was extrapolated from the phase-matching conditions. The
filled circles are calculated with the phase-matching conditions, where k0 and k1 were
obtained directly from spectral and angular measurements of the pump pulses. The
open circles are the calculations for perfectly phase-matched beams and are shown
for reference only, since a cascade of such ideal processes (which would required
different angles for each process) cannot be obtained experimentally.

Figure 5. Representation of the wavevectors of all the beams in the pattern:
open squares, measured points; filled circles, calculation with the approximate
cascaded processes; open circles, calculated exactly phase-matched beams, with
the interaction angle given by Equation (3). The solid curve is a guide. Adapted
from [11].

Figure 6 shows the phase mismatch ∆kn for the optimized interaction angle
of 2.9◦ as a function of beam order n, where n > 1 (n < 0) correspond to upconverted
(downconverted) beams. The dashed curve is a calculation assuming collinear
geometry (0◦). As the interaction angle approaches 2.9◦, the wave vector mismatch
becomes clearly asymmetric, with the appearance of a region where the material
dispersion is partially compensated for by the interaction angle. Since the self-phase
modulated pump pulses have very large bandwidths, the geometry that results
in phase-matching of the nth-order beam can give rise to multiple emission for
all orders below n, provided that the maximum phase-mismatch for each order is
less than approximately three times the bandwidth of the ultrafast pump pulses
(∼1350 cm−1). We see that eleven upconverted beams and two downconverted
beams all fall inside this region, and so the phase-matching conditions can be met in
a quite relaxed way for several orders of the cascaded processes, within the frequency
range allowed by the bandwidths, and in perfect agreement which the observed

40



asymmetry between frequency upconversion and downconversion processes. Notice
that, according to this criterion, a first frequency-upshifted beam should be generated
even for a collinear interaction geometry (dashed curve of Figure 6). This is indeed
the case, which has been confirmed by measuring the spectra of the resulting collinear
and overlapping beams (with proper attenuation of the pump and signal pulses).
Experimentally, the interaction angle is adjusted for maximum overall intensity and
number of orders in the projected multicolored pattern. We expect the efficiency of a
particular process to be determined by the magnitude of the nonlinear susceptibilities,
the strength of the input fields, the phase-mismatch of any intermediate process,
and ultimately absorption for any of the fields. Moreover, we see that the optimum
yield does not necessarily occur under conditions that minimize the phase-mismatch
for the final step in the process. Cascading will take place in the presence of some
residual phase-mismatch in either the intermediate steps or the final step. The low
degree of residual phase-mismatch also allows cascaded third-order processes to
dominate over any high-order direct processes since cascaded processes will be
favored if the phase-mismatch of the intermediate steps is sufficiently low. Storage
of energy in the intermediate field then determines the conversion efficiency, similar
to the case of an intermediate resonance. Although direct higher-order processes
cannot be completely ruled out, they do not appear to take part in the observed
phenomenon, as the detailed numerical simulations presented in the next section
also demonstrate.

Figure 6. Wave-vector mismatch of the beams in the pattern: open squares,
measured points; filled circles, calculation for the cascaded processes; dashed
curve, calculation assuming collinear geometry (θ = 0◦). Adapted from [11].

The experiment and the simple description based on momentum and energy
conservation laws already show that the process is of universal character and will
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occur in any material with a third order susceptibility. Hence, all materials can
show CFWM processes. Indeed CFWM processes was shortly thereafter shown to
occur in gases [13] and later found to occur in other materials such as sapphire [15]
and in crystals [16] or using two color beams from a fundamental laser and the
output of a hollow fiber [17], which also demonstrated the intrinsic tunability of
the process. Highly nondegenerate CFWM was also shown to occur in an optical
parametric oscillator via cascaded χ(2) processes giving rise to an effective third-order
nonlinearity [18]. Recently, almost octave-spanning spectra were produced by CFWM
of two synchronized ps lasers in optical microfibers [19]. Tunable CFWM has also
been obtained by crossing two chirped pulses with the same central wavelength and
variable delay in glass [20].

3. Knowing the Fields: The Complete Theoretical Model

Although the previous reasonings based on energy and momentum
conservation allow us to understand the generation of multicolored light pulses
departing from two-color pumps by cascaded FWM processes, enabling the
estimation of the frequencies and emission angles of the generated beams, no
predictions can be made for example regarding the energy carried by each color, nor
the emission bandwidth and phase of the generated fields (including the time at
which each beam is generated). Hence, a more complete model was required, which
was developed based on the Slowly Varying Envelope Approximation (SVEA) for
the propagation of the fields in 2.5 D (propagation along a plane while assuming
cylindrical symmetry in each beam) that accurately reproduces the experimental
results. The use of two spatial dimensions is important to account for angular
phase-matching and actual beam overlapping region.

The wave equation for an electric field E (r, t) propagating in a nonlinear
medium with a polarization comprising a linear and a nonlinear term as given
by P (r, t) = PL (r, t) + PNL (r, t), is

∇2E (r, t)− 1
c2

∂2E (r, t)
∂t2 = µ0

∂2P (r, t)
∂t2 (5)

with c the velocity of light and µ0 the vacuum permeability, where we have written
the electric field as a scalar quantity, which is correct for linearly polarized fields as is
the case of our experiments. Considering that the electric field is well represented
under the SVEA approximation, i.e., E (r, t) = 1/2A (r, t) ei(k0z−w0t) + c.c., changing
the equation to the reference frame which moves with the group velocity of the pulse
(k1 = 1/vg, where vg is the group velocity of the pulse at frequencyω0), separating
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the polarization into its linear and nonlinear parts and Fourier transforming to the
frequency domain, the wave equation becomes

∂2 A(r,ω−ω0)
∂z2 + 2i [k0 + k1 (ω−ω0)]

∂A(r,ω−ω0)
∂z +[

k2 (ω)− k0
2 − 2k0k1 (ω−ω0)− k1

2 (ω−ω0)
2 +∇⊥2]A (r,ω−ω0) =

−2µ0ω
2PNL (ω) e−ik0z

(6)

This equation describes both linear and nonlinear propagation. It includes
dispersion and diffraction, as well as a particular form of PNL which includes the
instantaneous non-resonant Kerr effect and self-steepening. Note that no expansion
of the wave vector k was performed and therefore higher order terms of the
dispersion are intrinsically included. To solve the equation, it was separated in
its linear and nonlinear parts. For PNL = 0, the linear part of Equation (6) in the

paraxial approximation ( ∂2 A(r,ω−ω0)
∂z2 = 0) is given by

2i (k0 + k1 (ω−ω0))
∂A(r,ω−ω0)

∂z +[
k2 (ω)− k0

2 − 2k0k1 (ω−ω0)− k1
2 (ω−ω0)

2 +∇⊥2]A (r,ω−ω0) = 0
(7)

This linear part carries information about dispersion and diffraction and can
be solved in the frequency domain by using a (2,2) Padé approximant for wide
angle propagation.

The nonlinear part in the paraxial approximation is given by

2ik0
∂A (r,ω−ω0)

∂z
= −2µ0ω

2PNL (ω) e−ik0z (8)

The nonlinear polarization PNL can be written in terms of a slowly
varying envelope p as PNL (r, t) = 1/2p (r, t) ei(k0z−w0t) + c.c., with p (r, t) =

3/8ε0χ
(3) |A (r, t)|2 A (r, t) and is better described in the time domain. By doing

the inverse Fourier transform, we get

∂A (r, t)
∂z

=
3χ(3)

8ik0c2

[
−ω0

2 |A|2 A− 2iω0
∂ (|A|2 A)

∂t
+

∂2 (|A|2 A)

∂t2

]
(9)

where the first term on the right hand side accounts for self-phase modulation effects
and the second for self-steepening. The accurate evaluation of the self-steepening
term is essential, because the spectral span of the generated CFWM pulses is of the
same order as the central frequencies of the pumps,ω0 andω1. It should be pointed
out that no additional delayed response terms were required in order to faithfully
reproduce the experimental results. This equation can be solved by a second-order
Runge-Kutta method, which proved sufficiently accurate.
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Equations (8) and (9) are very powerful in the context of the present work and
can exhibit a very rich behavior, since they constitute a much better approach to the
process than the simple algebraic description of the previous section. Let us consider
the geometry of Figure 7 with spatial gaussian profiles A (r, t) or A (r,ω−ω0) and
transform limited pump pulses, for the two beams used in the first experiment: an
orange beam (ω0, λ0 = 618 nm, 80 fs) and a green beam (ω1, λ1 = 561 nm, 40 fs),
interacting at an internal angle of 1.93◦ (corresponding to an external angle of 2.9◦)
in a BK7 glass slide with a relative delay of 0 fs between them.
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span of the generated CFWM pulses is of the same order as the central frequencies of the pumps,
ω0 and ω1. It should be pointed out that no additional delayed response terms were required in
order to faithfully reproduce the experimental results. This equation can be solved by a second-order
Runge-Kutta method, which proved sufficiently accurate.

Equations (8) and (9) are very powerful in the context of the present work and can exhibit a very
rich behavior, since they constitute a much better approach to the process than the simple algebraic
description of the previous section. Let us consider the geometry of Figure 7 with spatial gaussian
profiles Apr, tq or Apr, ω ´ ω0q and transform limited pump pulses, for the two beams used in the first
experiment: an orange beam (ω0, λ0 = 618 nm, 80 fs) and a green beam (ω1, λ1 = 561 nm, 40 fs),
interacting at an internal angle of 1.93˝ (corresponding to an external angle of 2.9˝) in a BK7 glass slide
with a relative delay of 0 fs between them.

Figure 7. Interaction geometry.

The resulting simulated CFWM spectrum is shown in Figure 8 (black curve). We see that several
upshifted orders are generated, which are broadband and have well-defined central wavelengths.
Also, the total spectral intensity has an envelope which decays at around 400 nm and then increases
again, in agreement with the experimental observations shown in the next section. If the interaction
occurs at a slightly different angle, which is a feasible situation in an experimental setup, the efficiency
and the generated central wavelengths change, as shown in Figure 8 (collinear pumps don’t generate
more than 1–2 CFWM orders since there is no phase-matching). For angles smaller than 1.93˝, the
generated orders don’t reach so far into the UV, while for angles larger than 2˝ the overall efficiency
drops rapidly (Figure 8a). For a fixed interaction angle, different time delays between the pump and the
signal can be set, which also influences the central wavelength of the generated orders due to additional
shifts caused by cross-phase modulation and the varying amount of temporal and spatial overlap between
the two pump beams (Figure 8b). We see that for delays of ˘ 20 fs (typical reading precision of a manual
delay line) around the optimum zero delay point, the overall efficiency drops by only a small amount
(more noticeable for higher orders) since such delays are still well within the 40 and 80 fs FWHM pump
pulse durations. For delays larger than ˘ 40 fs the efficiency starts to drop significantly, as illustrated
in Figure 8b for the +40 fs case. The model also offers the possibility of spatially shifting the pumps at
the entrance of the slide. Figure 8c shows the dependence of the generated field intensity for different
spatial overlaps of the pump beams. For ˘ 50 µm shifts in the overlap of the pump beams (each 100 µm
in diameter) at the entrance plane of the medium, the overall efficiency decreases roughly by a factor of
2 with respect to the perfect overlap (0 µm) case. This is again more noticeable for the higher orders in
the ultraviolet and near-infrared regions.

Figure 7. Interaction geometry.

The resulting simulated CFWM spectrum is shown in Figure 8 (black curve).
We see that several upshifted orders are generated, which are broadband and have
well-defined central wavelengths. Also, the total spectral intensity has an envelope
which decays at around 400 nm and then increases again, in agreement with the
experimental observations shown in the next section. If the interaction occurs at
a slightly different angle, which is a feasible situation in an experimental setup,
the efficiency and the generated central wavelengths change, as shown in Figure 8
(collinear pumps don’t generate more than 1–2 CFWM orders since there is no
phase-matching). For angles smaller than 1.93◦, the generated orders don’t reach so
far into the UV, while for angles larger than 2◦ the overall efficiency drops rapidly
(Figure 8a). For a fixed interaction angle, different time delays between the pump and
the signal can be set, which also influences the central wavelength of the generated
orders due to additional shifts caused by cross-phase modulation and the varying
amount of temporal and spatial overlap between the two pump beams (Figure 8b).
We see that for delays of ± 20 fs (typical reading precision of a manual delay line)
around the optimum zero delay point, the overall efficiency drops by only a small
amount (more noticeable for higher orders) since such delays are still well within
the 40 and 80 fs FWHM pump pulse durations. For delays larger than ± 40 fs the
efficiency starts to drop significantly, as illustrated in Figure 8b for the +40 fs case.
The model also offers the possibility of spatially shifting the pumps at the entrance
of the slide. Figure 8c shows the dependence of the generated field intensity for
different spatial overlaps of the pump beams. For ± 50 µm shifts in the overlap of
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the pump beams (each 100 µm in diameter) at the entrance plane of the medium, the
overall efficiency decreases roughly by a factor of 2 with respect to the perfect overlap
(0 µm) case. This is again more noticeable for the higher orders in the ultraviolet and
near-infrared regions.

Figure 8. (a) Generated spectra for different interaction angles; (b) Generated
spectra for 1.93◦ and different relative time delays between pumps (positive delay
P1 arrives before P0, negative delay P0 arrives before P1); (c) Generated spectra for
θ = 1.93◦, 0 fs relative time delay and different entrance x-positions at the slide.

Hence it is possible to tune the generated spectra by varying the interaction
angle and/or the delay, in very good agreement with experimental observations.
This means that the terms considered in the linear and nonlinear sub-equations
are sufficient to faithfully reproduce the experimental results, as seen further
below. The experiment was repeated in a 150 µm fused silica slide to obtain more
upconverted orders in the UV and the internal interaction angle was 1.57◦. In this
situation, multiple CFWM orders were generated up to the 21st upshifted order
at 209 nm (made visible with the help of a fluorescent card) and were registered
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with a broadband fiber-coupled spectrometer, but due to spectral limitations the
measurement reached only down to 250 nm. The temporal characteristics of the
beams were measured by polarization-gating FROG (PG-XFROG). More details
about these experiments are given in the next section.

The simulations provide the time dependent field distribution at the end
of the glass slide as a function of the transverse coordinate x and frequency ω.
The corresponding total spectrum (obtained by integrating along the transverse
direction) for an interaction angle of 1.57◦ is given in Figure 9 and clearly shows
the asymmetric generation of up and downconverted orders. The efficiency of the
generated frequency upshifted pulses follows the same pattern as the experiment,
although it has a sharper cutoff after the 12th order that depends on the interaction
angle and pulse energy. This discrepancy is possibly due to experimental intensity
calibration errors, which are larger at the spectral edges.

A look at the fields inside the slide shows that all orders are practically generated
within the first 60 µm of material. The spatial resolution of the model allows
determining at which angle each of the orders is generated. This can be seen in
the θ − λ plot in Figure 10.
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Figure 9. Spectrum of the multiple CFWM orders generated in fused silica spanning
over 1.5 octaves (the two pump frequencies correspond to the two larger peaks). Dashed
line: Experimental results (see [21]), Solid line: Numerical simulation, Dotted line:
Numerical simulation for collinear pumps [22].

Figure 10. Simulated θ ´ λ spectrum of the CFWM beams, clipped at 10´6 of the
maximum [22].

The temporal characteristics of the pulses can be also calculated, since the model gives us complete
temporal and spectral information of the field. A given CFWM order can be spatially selected since
they are emitted at different angles and we can simulate its interaction with another beam, as done
in experiments for measuring the temporal duration. For instance, one can make a given generated
order interact with the beam at ω0 on a second thin slide of fused silica for different relative temporal
delays and hence numerically obtain polarization-gating cross-correlated frequency resolved optical
gating (PG-XFROG) traces. Figure 11 shows the measured and simulated PG-XFROG traces for the
second frequency upshifted beam with central frequency ω2 (top) and the first downshifted beam with
central frequency ω´1 (bottom). I, the simulation results are in good agreement with the measurements
regarding the broad bandwidth and short duration of the newly generated low-order pulses (which are
shorter than the pumps). There are however differences in the central frequency and in the chirp of
the pulses. The former can be due to several factors, from changes in the central frequency of the pumps
that can occur between experiments, to differences in the interaction angle as well as in the relative
pulse delay, all of which can result in frequency shifts, as described previously (see, e.g., Figure 8).

Figure 9. Spectrum of the multiple CFWM orders generated in fused silica spanning
over 1.5 octaves (the two pump frequencies correspond to the two larger peaks).
Dashed line: Experimental results (see [21]), Solid line: Numerical simulation,
Dotted line: Numerical simulation for collinear pumps [22].
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maximum [22].

The temporal characteristics of the pulses can be also calculated, since the model
gives us complete temporal and spectral information of the field. A given CFWM
order can be spatially selected since they are emitted at different angles and we can
simulate its interaction with another beam, as done in experiments for measuring the
temporal duration. For instance, one can make a given generated order interact with
the beam atω0 on a second thin slide of fused silica for different relative temporal
delays and hence numerically obtain polarization-gating cross-correlated frequency
resolved optical gating (PG-XFROG) traces. Figure 11 shows the measured and
simulated PG-XFROG traces for the second frequency upshifted beam with central
frequency ω2 (top) and the first downshifted beam with central frequency ω−1

(bottom). I, the simulation results are in good agreement with the measurements
regarding the broad bandwidth and short duration of the newly generated low-order
pulses (which are shorter than the pumps). There are however differences in the
central frequency and in the chirp of the pulses. The former can be due to several
factors, from changes in the central frequency of the pumps that can occur between
experiments, to differences in the interaction angle as well as in the relative pulse
delay, all of which can result in frequency shifts, as described previously (see, e.g.,
Figure 8). Regarding the latter, the simulated pulses exhibit some positive chirp
due to the nonlinear phase imposed by the pumps. This is clearer in the right plot
of Figure 12, which shows the calculated PG-XFROG traces for the synthesized
field of Figure 13. Another factor that directly contributes to the chirp of the newly
generated pulses is the initial chirp of the pump pulses. In the simulations the pumps
are assumed to be Fourier-limited, whereas in the experiments there can be slight
deviations to this condition.
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for the synthesized field of Figure 13. Another factor that directly contributes to the chirp of the newly
generated pulses is the initial chirp of the pump pulses. In the simulations the pumps are assumed to be
Fourier-limited, whereas in the experiments there can be slight deviations to this condition.

Figure 11. Experimental (measured and retrieved) and simulated polarization-gating FROG
(PG-XFROG) traces of the second frequency-upshifted pulse (top row) and first downshifted
pulse (bottom row). The retrieved pulse durations are 30.7 and 40.2 fs for the second upshift
and first downshift respectively (FROG error was 0.014 and 0.008 for a 128 ˆ 128 grid) [22].

Figure 12. Simulated PG-XFROG, clipped at 10´4 of the maximum, for the recombined and
focused CFWM field, assuming 20 fs (left) and 80 fs (right) gate pulses [22].

Figure 11. Experimental (measured and retrieved) and simulated polarization-
gating FROG (PG-XFROG) traces of the second frequency-upshifted pulse (top
row) and first downshifted pulse (bottom row). The retrieved pulse durations are
30.7 and 40.2 fs for the second upshift and first downshift respectively (FROG error
was 0.014 and 0.008 for a 128 × 128 grid) [22].
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Figure 12. Simulated PG-XFROG, clipped at 10−4 of the maximum, for the
recombined and focused CFWM field, assuming 20 fs (left) and 80 fs (right) gate
pulses [22].
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Figure 13. Recombined and focused CFWM pulses. (a) Electric field as a function of the
delay (in fs); (b) Intensity; (c) Power spectrum (logarithmic scale) [22].

Other kinds of temporal processing are also possible. For example the total electric field can be
calculated by synchronizing and spatially superimposing all the CFWM orders. Since after passing the
slide the different orders have acquired a slightly different group delays, synchronization can be achieved
by subtracting the linear phase. This is equivalent to focusing all the orders together in a point, which
would be an experimental approach for having the total field in the same region. The total electric
field obtained by this numerical procedure can be seen in Figure 12a, along with the field intensity in
Figure 12b and its power spectrum in Figure 12c. We see that in the time domain we obtain a train of
pulses separated by the pump beat period (23 fs) with the central peak having 3.1 fs in duration.

A PG-XFROG trace of this total field can also be simulated. The gate pulse can be of course arbitrarily
chosen, but it looks reasonable and informative to use one of the pump pulses as gating pulse, as done
in the experiments, namely the 80 fs pulse at ω0. The PG-XFROG trace for the complete focused set
of CFWM orders is shown in Figure 13 where the different sub-traces for the individual orders can be
distinguished (on the right). For shorter gate pulses spectral resolution is lost but temporal resolution is
improved revealing the fine temporal structure (pulse train) obtained in this case (on the left).

4. Towards Single-Cycle Pulse Synthesis

The described set of cascaded FWM orders will be a coherent broadband source provided the
different orders can be spatially and temporally overlapped. Coherent spectra that are sufficiently
broad can be used for generating few- and single-cycle pulses if properly compressed. A well-known
technique for generating high energy few-cycle pulses is the temporal compression of the broadband
supercontinuum produced by self-phase modulation (SPM) in e.g., gas-filled hollow core fibers [23]
(discrete spectra, composed of evenly spaced near-monochromatic waves can also lead to the synthesis of
a train of single-cycle optical pulses, as demonstrated using molecular modulation in a gas driven by two
independent nanosecond lasers [24]). Moreover, the central frequency of the total CFWM spectrum and
the separation between sidebands can be freely adjusted by tuning the pump frequencies, so in principle
it should always be possible to obtain the commensurate sidebands required to synthesize a train of

Figure 13. Recombined and focused CFWM pulses. (a) Electric field as a function
of the delay (in fs); (b) Intensity; (c) Power spectrum (logarithmic scale) [22].

Other kinds of temporal processing are also possible. For example the total
electric field can be calculated by synchronizing and spatially superimposing all the
CFWM orders. Since after passing the slide the different orders have acquired a
slightly different group delays, synchronization can be achieved by subtracting the
linear phase. This is equivalent to focusing all the orders together in a point, which
would be an experimental approach for having the total field in the same region. The
total electric field obtained by this numerical procedure can be seen in Figure 12a,
along with the field intensity in Figure 12b and its power spectrum in Figure 12c. We
see that in the time domain we obtain a train of pulses separated by the pump beat
period (23 fs) with the central peak having 3.1 fs in duration.

A PG-XFROG trace of this total field can also be simulated. The gate pulse can
be of course arbitrarily chosen, but it looks reasonable and informative to use one
of the pump pulses as gating pulse, as done in the experiments, namely the 80 fs
pulse atω0. The PG-XFROG trace for the complete focused set of CFWM orders is
shown in Figure 13 where the different sub-traces for the individual orders can be
distinguished (on the right). For shorter gate pulses spectral resolution is lost but
temporal resolution is improved revealing the fine temporal structure (pulse train)
obtained in this case (on the left).
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4. Towards Single-Cycle Pulse Synthesis

The described set of cascaded FWM orders will be a coherent broadband source
provided the different orders can be spatially and temporally overlapped. Coherent
spectra that are sufficiently broad can be used for generating few- and single-cycle
pulses if properly compressed. A well-known technique for generating high energy
few-cycle pulses is the temporal compression of the broadband supercontinuum
produced by self-phase modulation (SPM) in e.g., gas-filled hollow core fibers [23]
(discrete spectra, composed of evenly spaced near-monochromatic waves can also
lead to the synthesis of a train of single-cycle optical pulses, as demonstrated using
molecular modulation in a gas driven by two independent nanosecond lasers [24]).
Moreover, the central frequency of the total CFWM spectrum and the separation
between sidebands can be freely adjusted by tuning the pump frequencies, so
in principle it should always be possible to obtain the commensurate sidebands
required to synthesize a train of identical pulses. Two frequencies are commesurate
if mω0 = nω1, with m, n integers. This also means that each frequency is an exact
multiple of the frequency spacingωm =ω1 − ω0.

Let us take a deeper insight into pulse synthesis by addition of a finite number
of pulses with different central wavelengths. The pulses must have fixed relative
phases in order to produce a stable coherent superposition of fields giving rise to an
ultrashort pulse or to a train of ultrashort pulses. We also found this result in the
previous section (Figure 12), where the coherent sum and focusing of the CFWM
orders generated by numerically solving the equations of our model, resulted in a
train of ultrashort laser pulses. For the CFWM pulses this can be understood using a
simplified model based on the coupled amplitude equations between the pumps and
the generated sidebands.

Using the wave equation in the slowly-varying envelope approximation, for two
pump fields with complex amplitudes Ẽ0 = E0eiφ0 and Ẽ1 = E1eiφ1 , frequenciesω0

andω1, respectively, assuming a cubic nonlinearity, neglecting dispersion and pump
depletion, and assuming perfect phase-matching and constant coupling coefficients,
the solution for the complex amplitude Ẽn of the field with frequencyωn at the exit
of a medium with length L can be written as [21,25]

Ẽn (s) = ineinδẼ0 Jn (s)− in+1ei(n−1)δẼ1 Jn−1 (s) (10)

where s = γL is the nonlinear phase shift acquired in the medium, δ = φ1−φ0 is the
initial phase difference between pumps, Jn are the nth order Bessel functions of the
first kind, and the nonlinear coefficient is given by γ = 3ω0χ

(3)E0E1/ (2n0c), with
n0 the linear refractive index at frequency ω0 and c the speed of light in vacuum.
Equation (1) predicts well-defined phase relationships between the several CFWM
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orders, thus establishing mutual coherence between the beams. The total field in the
time domain is then

E (t) = Re

[
∑
n

Ẽn (s) e−i(ω0+nωm)t

]
(11)

From Equation (11) and using the Jacobi-Anger identity, ∑n Jn (z) exp (inθ) in =

exp (iz cos θ), we obtain

E (t) = Re
[
eiφ0

(
E0e−iω0t + E1eiδe−iω1t)

×e−is cos(ωmt−δ)
] (12)

This result is similar to the frequency-modulation (FM) solution by Harris [24]
for coherent addition of Raman sidebands in the approximation of negligible
dispersion and limited modulation bandwidth (on its hand similar to the solution
previously obtained by Lichtman et al. [6] for nondegenerate FWM of 100 ns pulses -
for which dispersion was practically negligible - propagating in 400 m long optical
fibers), with the important difference that in CFWM the synthesized pulse envelope
strongly depends on the initial phase difference δ. In molecular modulation, the
detuning between the driving frequency and the Raman transition dictates the
preparation of a phased or an anti-phased molecular state, the latter resulting in
a negative effective nonlinear coefficient γ for which the synthesized pulses could
have an approximately negative chirp and hence could be further compressed by
simple propagation in a normally dispersive medium [24]. In the present case of
CFWM, the sign of γ is independent of the pump field (and usually positive for
most optically transparent χ(3) media), but the chirp of the synthesized pulses can
nevertheless be controlled by adjusting δ alone. From Equation (12) we see that
φ0 only affects the carrier envelope phase (CEP) for the pulse train, defined with
respect to the two-color beat envelope, whereas δ is associated with net temporal
shifts and also determines the pulse chirp, as given by the oscillating nonlinear phase
term. In particular, when δ = ±π/2, the synthesized pulses can have a negative chirp.
In practice, a given phase difference can be introduced by slightly adjusting the delay
between the two (phase-locked) pump pulses without significantly affecting their
temporal overlap. Also, if the pump frequencies are commensurate, this will result in
the generation of identical pulses that are CEP-stabilized within each train (although
their CEP may change from shot-to-shot), since even though each CFWM step is
not self-CEP-stabilized, the total recombined field will be. The corresponding pulse
envelopes will also be identical from shot-to-shot, provided that the relative phase
difference δ remains constant, which is a far less stringent requirement than the need
of CEP stabilized pump pulses.
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To demonstrate the feasibility of this approach for the generation of single cycle
pulses, the basic set-up of Figure 2 was improved by using fused-silica instead of
BK7 to generate more orders in the UV, and complemented with additional optics
for pulse synthesis and measurement. This set-up is reproduced in Figure 14-I. As
in the previous case, two-horizontally polarized visible femtosecond pulses from a
dye laser-amplifier at 10 Hz were used as pumps: an orange pump with λ0 = 615 nm,
∼80 fs duration, 2 mJ energy and a green pump with λ1 = 569 nm,∼60 fs duration and
200 µJ energy. Special care was taken in using Glan-Taylor polarizers (GTPs, 100,000:1
extinction ratio) to have perfectly polarized beams, which is important not only for
the generation, but for the subsequent temporal measurements. In this laser system,
the green pump beam is directly (optically) derived from the orange pump beam:
a small portion of the orange beam is first used to generate supercontinuum in a cell
filled with deuterated water, and then the green portion of this supercontinuum is
amplified using green laser dyes. Even though supercontinuum generation and laser
action are coherent processes, the relative phase between the two pulses is not actively
locked and can fluctuate due to normal thermal and mechanical perturbations and
drifts in the system. The pulses are commensurate to within 0.2% (well within their
∼5 nm bandwidths), hence we can expect the resulting synthesized pulses to have
the same CEP within the pulse train.
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φ0 only affects the carrier envelope phase (CEP) for the pulse train, defined with respect to the two-color
beat envelope, whereas δ is associated with net temporal shifts and also determines the pulse chirp, as
given by the oscillating nonlinear phase term. In particular, when δ “ ˘π{2, the synthesized pulses
can have a negative chirp. In practice, a given phase difference can be introduced by slightly adjusting
the delay between the two (phase-locked) pump pulses without significantly affecting their temporal
overlap. Also, if the pump frequencies are commensurate, this will result in the generation of identical
pulses that are CEP-stabilized within each train (although their CEP may change from shot-to-shot),
since even though each CFWM step is not self-CEP-stabilized, the total recombined field will be. The
corresponding pulse envelopes will also be identical from shot-to-shot, provided that the relative phase
difference δ remains constant, which is a far less stringent requirement than the need of CEP stabilized
pump pulses.

To demonstrate the feasibility of this approach for the generation of single cycle pulses, the basic
set-up of Figure 2 was improved by using fused-silica instead of BK7 to generate more orders in the UV,
and complemented with additional optics for pulse synthesis and measurement. This set-up is reproduced
in Figure 14-I. As in the previous case, two-horizontally polarized visible femtosecond pulses from a dye
laser-amplifier at 10 Hz were used as pumps: an orange pump with λ0 = 615 nm, „80 fs duration, 2 mJ
energy and a green pump with λ1 = 569 nm, „60 fs duration and 200 μJ energy. Special care was taken
in using Glan-Taylor polarizers (GTPs, 100,000:1 extinction ratio) to have perfectly polarized beams,
which is important not only for the generation, but for the subsequent temporal measurements. In this
laser system, the green pump beam is directly (optically) derived from the orange pump beam: a small
portion of the orange beam is first used to generate supercontinuum in a cell filled with deuterated water,
and then the green portion of this supercontinuum is amplified using green laser dyes. Even though
supercontinuum generation and laser action are coherent processes, the relative phase between the two
pulses is not actively locked and can fluctuate due to normal thermal and mechanical perturbations and
drifts in the system. The pulses are commensurate to within 0.2% (well within their „5 nm bandwidths),
hence we can expect the resulting synthesized pulses to have the same CEP within the pulse train.
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Figure 14. Experimental setup: (I) generation of CFWM pulses; (II) pulse recombination
and synthesis; (III) pulse characterization by PG-XFROG (see text for details) [21].

The orange and green pulses are synchronized at the entrance plane of the fused silica slide FS1,
and have energies of 32 and 38 μJ, respectively, near-transform-limited durations (measured using

Figure 14. Experimental setup: (I) generation of CFWM pulses; (II) pulse
recombination and synthesis; (III) pulse characterization by PG-XFROG (see text
for details) [21].

The orange and green pulses are synchronized at the entrance plane of the fused
silica slide FS1, and have energies of 32 and 38 µJ, respectively, near-transform-limited
durations (measured using SHG-FROG), beam radii of approximately 80 and 100 µm,
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respectively, and similar intensities on the order of 2 × 1012 W/cm2 as they cross
on the slide at an angle of ≈ 3◦. Under these conditions, a fan of 20 upconverted
CFWM orders was generated up to 209 nm, as shown in Figure 15a. The total
measured energy in the cascaded beams (excluding the pumps, i.e., orders 0 and 1)
is > 6 µJ, so approximately 10% of the incident energy is transferred to the newly
generated frequencies.
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SHG-FROG), beam radii of approximately 80 and 100 μm, respectively, and similar intensities on the
order of 2 ˆ 1012 W/cm2 as they cross on the slide at an angle of « 3˝. Under these conditions, a fan of
20 upconverted CFWM orders was generated up to 209 nm, as shown in Figure 15a. The total measured
energy in the cascaded beams (excluding the pumps, i.e., orders 0 and 1) is ą 6 μJ, so approximately
10% of the incident energy is transferred to the newly generated frequencies.
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Figure 15. (a) Direct (no filtering) image of the fan of multicolored CFWM pulses as seen
projected on a phosphor-coated paper screen (the dark arrows denote the pump beams);
(b) Corresponding two-octave spectrum measured at the focal plane of mirror P2. [21].

To perform pulse synthesis all orders were collimated and recombined in a single 100 μm white light
spot using two λ/8 Aluminum-coated off-axis parabolic mirrors P1 (f = 2.54 cm) and P2 (f = 5.08 cm)
(Figure 14-II). A perforated screen was placed between these two mirrors to transmit only the central
portions of the pumps and thus have a more balanced spectrum, but no additional amplitude filtering
was performed. The total spectrum at the focal spot was measured with an intensity calibrated UV-NIR
(200–1100 nm) spectrometer, but only 15 frequency upconverted orders could be detected due to the
limited bandwidth of the mirrors, as shown in Figure 15b. All orders have been generated under
simultaneous phase-matching conditions with a fast electronic nonlinearity, so they are phase-locked
when exiting the first fused silica slide FS1. Additional propagation in air only adds negligible
second-order dispersion and hence we expect a train of few-cycle pulses to be synthesized at the focus
of P2.

Temporal characterization was done with polarization gating XFROG (PG-XFROG) using an 80 fs
pulse as the gate (Figure 14-III). This gating pulse was obtained from the main orange beam with a
50/50 beamsplitter (BS) and its polarization was rotated 45˝ with a half-wave plate. This pulse induces
birefringence in another fused silica plate (FS2) placed at the focal plane of mirror P2, where the pulse
synthesis using all CFWM orders is taking place. A second Glan-Thompson polarizer was used as
analyzer (GTA) crossed with the original GTPs, which required collimating the beams with a third
parabolic mirror P3 (f = 2.54 cm). Finally the total spectrum of the gated pulses was measured by
focusing the output of the GTA with mirror P4 (f = 5.08 cm) onto an optical fiber with a large 400-μm
core coupled to a spectrometer (FCS). The PG-XFROG trace obtained by registering the spectrum of
the gated pulses as a function of the delay of the gating pulse can be seen in Figure 16a, where up
to 13 orders could be simultaneously gated, so they were synchronized, and also practically have no
chirp. Since the gate pulse was long compared to the expected pulse train structure, information about

Figure 15. (a) Direct (no filtering) image of the fan of multicolored CFWM pulses
as seen projected on a phosphor-coated paper screen (the dark arrows denote the
pump beams); (b) Corresponding two-octave spectrum measured at the focal plane
of mirror P2. [21].

To perform pulse synthesis all orders were collimated and recombined in a
single 100 µm white light spot using two λ/8 Aluminum-coated off-axis parabolic
mirrors P1 (f = 2.54 cm) and P2 (f = 5.08 cm) (Figure 14-II). A perforated screen was
placed between these two mirrors to transmit only the central portions of the pumps
and thus have a more balanced spectrum, but no additional amplitude filtering was
performed. The total spectrum at the focal spot was measured with an intensity
calibrated UV-NIR (200–1100 nm) spectrometer, but only 15 frequency upconverted
orders could be detected due to the limited bandwidth of the mirrors, as shown in
Figure 15b. All orders have been generated under simultaneous phase-matching
conditions with a fast electronic nonlinearity, so they are phase-locked when exiting
the first fused silica slide FS1. Additional propagation in air only adds negligible
second-order dispersion and hence we expect a train of few-cycle pulses to be
synthesized at the focus of P2.

Temporal characterization was done with polarization gating XFROG
(PG-XFROG) using an 80 fs pulse as the gate (Figure 14-III). This gating pulse
was obtained from the main orange beam with a 50/50 beamsplitter (BS) and its
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polarization was rotated 45◦ with a half-wave plate. This pulse induces birefringence
in another fused silica plate (FS2) placed at the focal plane of mirror P2, where the
pulse synthesis using all CFWM orders is taking place. A second Glan-Thompson
polarizer was used as analyzer (GTA) crossed with the original GTPs, which required
collimating the beams with a third parabolic mirror P3 (f = 2.54 cm). Finally the total
spectrum of the gated pulses was measured by focusing the output of the GTA with
mirror P4 (f = 5.08 cm) onto an optical fiber with a large 400-µm core coupled to a
spectrometer (FCS). The PG-XFROG trace obtained by registering the spectrum of the
gated pulses as a function of the delay of the gating pulse can be seen in Figure 16a,
where up to 13 orders could be simultaneously gated, so they were synchronized,
and also practically have no chirp. Since the gate pulse was long compared to the
expected pulse train structure, information about the temporal structure of the traces
is lost and retrieval of the whole field with this trace is not reliable (see previous
section where a simulated PG-XFROG trace using a 20 fs gate pulse showed the fine
temporal structure). However, unambiguous retrieval of the individual orders is
possible. Figure 16b,c show the measured and retrieved PG-XFROG traces of the
first upconverted CFWM pulse and its associated temporal shape with 30.6 fs in
duration. Pulse compression and synthesis of the generated CFWM beams have also
been studied and reported by the T. Kobayashi (see, e.g., [26]) and A. H. Kung [14]
research groups.
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Figure 16. (a) Measured PG-XFROG trace of the synthesized field; (b) Measured and
(c) retrieved PG-XFROG traces of the first frequency upconverted CFWM pulse, and
(d) corresponding intensity and phase in the time domain. [21].

Adding the fields obtained for all measured orders while setting zero relative delay between each
CFWM pulse, a synthesized field is obtained. This field has a main central transform-limited pulse with
2.2 fs duration and two smaller pulses, one at each side on the main pulse, separated 25 fs from the main
pulse, which corresponds to the pump beat period. Figure 17 shows the synthesized field along with
the pulse intensity and evidences the possibility of synthesizing single cycle pulses with this technique.
The central pulse carries almost all the energy, which amounts to 5 µJ.
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Figure 17. Total field (a) Normalized electric field and (b) intensity and phase of the pulses
obtained by coherent addition of the retrieved electric fields of the 13 gated CFWM pulses.
The main peak is a 1.3-cycle, transform-limited 2.2 fs pulse. [21].

Figure 16. (a) Measured PG-XFROG trace of the synthesized field; (b) Measured
and (c) retrieved PG-XFROG traces of the first frequency upconverted CFWM pulse,
and (d) corresponding intensity and phase in the time domain. [21].

Adding the fields obtained for all measured orders while setting zero relative
delay between each CFWM pulse, a synthesized field is obtained. This field has a
main central transform-limited pulse with 2.2 fs duration and two smaller pulses,
one at each side on the main pulse, separated 25 fs from the main pulse, which
corresponds to the pump beat period. Figure 17 shows the synthesized field along
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with the pulse intensity and evidences the possibility of synthesizing single cycle
pulses with this technique. The central pulse carries almost all the energy, which
amounts to 5 µJ.
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the temporal structure of the traces is lost and retrieval of the whole field with this trace is not reliable
(see previous section where a simulated PG-XFROG trace using a 20 fs gate pulse showed the fine
temporal structure). However, unambiguous retrieval of the individual orders is possible. Figure 16b,c
show the measured and retrieved PG-XFROG traces of the first upconverted CFWM pulse and
its associated temporal shape with 30.6 fs in duration. Pulse compression and synthesis of the
generated CFWM beams have also been studied and reported by the T. Kobayashi (see, e.g., [26]) and
A. H. Kung [14] research groups.
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Figure 16. (a) Measured PG-XFROG trace of the synthesized field; (b) Measured and
(c) retrieved PG-XFROG traces of the first frequency upconverted CFWM pulse, and
(d) corresponding intensity and phase in the time domain. [21].

Adding the fields obtained for all measured orders while setting zero relative delay between each
CFWM pulse, a synthesized field is obtained. This field has a main central transform-limited pulse with
2.2 fs duration and two smaller pulses, one at each side on the main pulse, separated 25 fs from the main
pulse, which corresponds to the pump beat period. Figure 17 shows the synthesized field along with
the pulse intensity and evidences the possibility of synthesizing single cycle pulses with this technique.
The central pulse carries almost all the energy, which amounts to 5 µJ.
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Figure 17. Total field (a) Normalized electric field and (b) intensity and phase of the pulses
obtained by coherent addition of the retrieved electric fields of the 13 gated CFWM pulses.
The main peak is a 1.3-cycle, transform-limited 2.2 fs pulse. [21].

Figure 17. Total field (a) Normalized electric field and (b) intensity and phase of the
pulses obtained by coherent addition of the retrieved electric fields of the 13 gated
CFWM pulses. The main peak is a 1.3-cycle, transform-limited 2.2 fs pulse. [21].

5. Generation of Ultraviolet (UV), Deep Ultraviolet (DUV), Vacuum Ultraviolet
(VUV) and Higher-Order Harmonics by CFWM from a Standard
Titanium:Sapphire Laser Amplifier

Since the materials have usually resonances in the UV, the use of pumps in the
visible part of the spectrum means working on the normal dispersion region. Angle
phase-matching of upconverted orders in CFWM processes is possible thanks to
dispersion. The shorter the wavelength of the resonance in the material the higher
the number of upconverted orders that can be obtained, provided that the form of
the dispersion curve is adequate. In the previous results we showed how cascaded
upconverted orders comfortably reached the UV and DUV up to 209 nm departing
from orange and green pump pulses from a dye laser-amplifier. A natural extension
of the research in CFWM is trying to reach the UV, DUV, VUV or to generate high
order harmonics with more common pump colors, available in many labs, such as
the fundamental and the second-harmonic of a Titanium:Sapphire laser.

5.1. Ultrashort Pulses from the UV to the VUV by CWFM

Materials with large band gap such as alkali metal halide crystals are transparent
in the VUV, so they are candidates for generating a cascade of upconverted orders via
FWM up to the VUV, and we have tested this numerically [27]. The model developed
in Section 3 assumes isotropic materials, and some alkali metal halides have cubic
symmetry, so they are equivalent to an isotropic material and we used our model to
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test the feasibility of obtaining VUV pulses via CFWM in LiF using a pump beam at
400 nm and a signal beam at 800 nm. Equation (3) gives the internal crossing angle
with would result in perfect phase-matching of the nth order, but for pump and
signal beams as separated as a fundamental wavelength and its second harmonic, the
internal angles for successive upconverted orders is too different for a cascade to be
generated departing from only two beams, so the geometry of Figure 18 was devised,
with a pump field at 400 nm and 3 signal beams at 800 nm, the latter satisfying the
phase-matching condition for different consecutive orders.
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Figure 18. Scheme for multiple-beam CFWM with strong angular separation between pump
and signal frequencies. [27].

We consider a pump beam at 400 nm and three signal beams at 800 nm, all transform-limited with
25 fs duration and focused to a 40 µm radius spot. All pump and signal beams have an irradiance of
5ˆ1012 Wcm´2 (energy per pulse of „ 6 µJ). The pump and the three signal beams form internal angles
of 11.98, 15.65 and 20.06 degrees in a 300 µm thick LiF slide. The signal beams can be individually
delayed to optimize the VUV generation. Figure 19 shows the CFWM spectrum generated for a time
delay of 0 fs or 7 fs (for all signal beams) along with the spectrum generated by adding the individual
spectra obtained by using the pump pulse and one of the signal beams at a time, also with a time delay
of 7 fs.

Figure 18. Scheme for multiple-beam CFWM with strong angular separation
between pump and signal frequencies. [27].

We consider a pump beam at 400 nm and three signal beams at 800 nm, all
transform-limited with 25 fs duration and focused to a 40 µm radius spot. All
pump and signal beams have an irradiance of 5 × 1012 Wcm−2 (energy per pulse
of ∼ 6 µJ). The pump and the three signal beams form internal angles of 11.98, 15.65
and 20.06 degrees in a 300 µm thick LiF slide. The signal beams can be individually
delayed to optimize the VUV generation. Figure 19 shows the CFWM spectrum
generated for a time delay of 0 fs or 7 fs (for all signal beams) along with the spectrum
generated by adding the individual spectra obtained by using the pump pulse and
one of the signal beams at a time, also with a time delay of 7 fs.

In these conditions, we observe generation of CFWM beams up to the 6th
harmonic of 800 nm, with good efficiency up to the 5th harmonic. Only a slight
dependence on the time delay is seen and there is full evidence of the existence of
CFWM processes, since the VUV spectrum obtained by addition of the individual
spectra from the different pairs of pump and signal pulses is much weaker. As
already seen in section 3 the generated orders are angularly separated and due to
the fact that all three pump beams at 800 nm contribute to generate a specific order
at a slightly different interaction angle and wavelength, because of the different
phase-matching conditions, the generated orders have a complex spatial structure,
although angular selection of a specific order can always be performed. Figure 20
shows the simulated θ − λ spectrum for 7 fs and 0 fs delay. A cleaner structure and
also a better efficiency in the 4th and 5th harmonic is observed in the case of 7 fs
delay compared to perfect synchronization (0 fs delay).
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In these conditions, we observe generation of CFWM beams up to the 6th harmonic of 800 nm, with
good efficiency up to the 5th harmonic. Only a slight dependence on the time delay is seen and there
is full evidence of the existence of CFWM processes, since the VUV spectrum obtained by addition of
the individual spectra from the different pairs of pump and signal pulses is much weaker. As already
seen in section 3 the generated orders are angularly separated and due to the fact that all three pump
beams at 800 nm contribute to generate a specific order at a slightly different interaction angle and
wavelength, because of the different phase-matching conditions, the generated orders have a complex
spatial structure, although angular selection of a specific order can always be performed. Figure 20
shows the simulated θ´λ spectrum for 7 fs and 0 fs delay. A cleaner structure and also a better efficiency
in the 4th and 5th harmonic is observed in the case of 7 fs delay compared to perfect synchronization
(0 fs delay).

Figure 19. Simulated CFWM spectra in LiF. Solid (dashed) curve: spectrum generated by
the interaction of all three signal pulses at 800 nm delayed by 7 fs (0 fs) with respect to the
pump pulse at 400 nm – (see text); dotted curve: combined spectrum for three independent
simulations, each optimizing an individual consecutive harmonic generated by each pair of
noncollinear pump and 7 fs delayed signal pulses [27].

Figure 20. θ ´ λ spectrum for 7 fs (a) and 0 fs (b) relative delays between signal and pump
pulses. Insets: magnified θ ´ λ spectra for the first three upconverted orders [27].

Figure 19. Simulated CFWM spectra in LiF. Solid (dashed) curve: spectrum
generated by the interaction of all three signal pulses at 800 nm delayed by 7 fs
(0 fs) with respect to the pump pulse at 400 nm – (see text); dotted curve: combined
spectrum for three independent simulations, each optimizing an individual
consecutive harmonic generated by each pair of noncollinear pump and 7 fs delayed
signal pulses [27].
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Figure 20. θ ´ λ spectrum for 7 fs (a) and 0 fs (b) relative delays between signal and pump
pulses. Insets: magnified θ ´ λ spectra for the first three upconverted orders [27].

Figure 20. θ − λ spectrum for 7 fs (a) and 0 fs (b) relative delays between signal
and pump pulses. Insets: magnified θ − λ spectra for the first three upconverted
orders [27].
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The temporal behavior is also as expected, with the generated orders having
ultrashort durations of the order of the duration of the pump and signal pulses (31.9,
30.5, 30.1 and 20.4 fs for the third to the sixth harmonic respectively), due to the
corresponding nonlinear spectral phases. This can be seen in Figure 21. The spectrum
of all orders is broadband and assuming flat spectral phases the transform-limited
durations are much shorter than those of the pump and signal pulses, namely 8.86,
8.1, 6.0 and 4.0 fs, respectively.
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8.1, 6.0 and 4.0 fs, respectively.

Figure 21. Temporal characteristics of the generated harmonics. Solid curve: intensity;
dashed curve: phase [27].

5.2. DUV Ultrashort Pulse Generation by Highly Nondegenerate FWM

The observed fact that the generated orders are broadband deserves more attention, since the
availability of sub-300 nm DUV ultrashort pulses with energies in the range of microjoules is important
to study processes in photophysics, photochemistry and photobiology. Hence, although not a cascaded
process, we also concentrated on studying the generation of the third harmonic of 800 nm via highly
nondegenerate FWM [28]. Several techniques based on FWM in gaseous media have been employed
by other groups, from third-order difference-frequency generation (DFG) of Ti:Sapphire laser pulses
and their second-harmonic in hollow waveguides [3,29] and in filaments [30,31], to DFG of pre-chirped
pulses in dual hollow-fiber systems [32]. Direct harmonic upconversion of few-cycle femtosecond pulses
in gases [33,34] has also been performed. This last method has enabled the generation of the shortest
(sub-3-fs) DUV pulses to date [35].

The setup used for the generation of broadband pulses at 266 nm by mixing two ultrashort pulses
at 800 nm and 400 nm respectively in an isotropic solid is shown in Figure 22, along with the part for
the temporal measurement. A Titanium:Sapphire amplifier provides the fundamental signal (or idler)
pulses at 800 nm (ω) with 27 fs pulse duration, 1 mJ energy, horizontally polarized and at 1 kHz
repetition rate. The pump pulses at 400 nm (2ω) are generated in a type-I 200 µm thick BBO crystal.
To maximize the SHG, the chirp of the fundamental pulse was optimized and a refractive telescope
reduced its beam size to 5 mm. A dichroic mirror separated the pump and signal beams and a
half wave plate HWP was used to rotate the polarization plane of the signal beam by 90˝ so as to
have the polarization parallel to the pump beam, which emerges perpendicularly polarized from the
BBO crystal. Both pump and signal beams were focused with lenses to interact on a fused silica slide

Figure 21. Temporal characteristics of the generated harmonics. Solid curve:
intensity; dashed curve: phase [27].

5.2. DUV Ultrashort Pulse Generation by Highly Nondegenerate FWM

The observed fact that the generated orders are broadband deserves more
attention, since the availability of sub-300 nm DUV ultrashort pulses with energies
in the range of microjoules is important to study processes in photophysics,
photochemistry and photobiology. Hence, although not a cascaded process, we
also concentrated on studying the generation of the third harmonic of 800 nm via
highly nondegenerate FWM [28]. Several techniques based on FWM in gaseous
media have been employed by other groups, from third-order difference-frequency
generation (DFG) of Ti:Sapphire laser pulses and their second-harmonic in hollow
waveguides [3,29] and in filaments [30,31], to DFG of pre-chirped pulses in dual
hollow-fiber systems [32]. Direct harmonic upconversion of few-cycle femtosecond
pulses in gases [33,34] has also been performed. This last method has enabled the
generation of the shortest (sub-3-fs) DUV pulses to date [35].

The setup used for the generation of broadband pulses at 266 nm by mixing two
ultrashort pulses at 800 nm and 400 nm respectively in an isotropic solid is shown in
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Figure 22, along with the part for the temporal measurement. A Titanium:Sapphire
amplifier provides the fundamental signal (or idler) pulses at 800 nm (ω) with 27 fs
pulse duration, 1 mJ energy, horizontally polarized and at 1 kHz repetition rate. The
pump pulses at 400 nm (2ω) are generated in a type-I 200 µm thick BBO crystal. To
maximize the SHG, the chirp of the fundamental pulse was optimized and a refractive
telescope reduced its beam size to 5 mm. A dichroic mirror separated the pump
and signal beams and a half wave plate HWP was used to rotate the polarization
plane of the signal beam by 90◦ so as to have the polarization parallel to the pump
beam, which emerges perpendicularly polarized from the BBO crystal. Both pump
and signal beams were focused with lenses to interact on a fused silica slide FS at
an internal angle of 15.75◦ as given by Equation (3) (external angle θ = 23.2◦) for
the FWM process 3ω = 2 × (2ω) − ω. The slide was placed 2 cm before the focus
of the lenses to avoid damage. Synchronization is achieved with a delay line in the
signal branch of the setup and in the plane of the slide the signal and pump beams
had 314 µJ and 191 µJ with estimated intensities of 2.6 × 1012 and 1.2 × 1012 W/cm2,
respectively. Under these conditions we obtained 5–6 µJ DUV pulses emitted at
around 266 nm at an external angle of 7◦.
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FS at an internal angle of 15.75˝ as given by Equation (3) (external angle θ “ 23.2˝) for the FWM
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slide the signal and pump beams had 314 µJ and 191 µJ with estimated intensities of 2.6 ˆ1012 and
1.2 ˆ1012 W/cm2, respectively. Under these conditions we obtained 5–6 µJ DUV pulses emitted at
around 266 nm at an external angle of 7˝.
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Figure 22. Experimental setup for ultrashort deep ultraviolet (DUV) pulse generation
by highly nondegenerate four-wave mixing (FWM) and temporal characterization via
SD-FROG. DM: Dichroic mirror, HWP: Half-wave plate; M1-M3: Aluminum mirrors;
M4-M8: 45˝ dielectric mirrors. Inset: idler, pump and generated DUV beam, directly
projected onto a white card [28].

Figure 23 shows the spectra registered with a fiber coupled spectrometer for different delays, defining
the 0 fs delay for the situation in which higher energy pulses were obtained (6 µJ). Different broadband
spectra were obtained for delays ranging from ´99 fs to 99 fs and the dependence of the shape and
central frequency can be explained by the cross-phase modulation between the pump and idler pulses.
Integration of these spectra with reference to the energy measured for the one with 6 µJ (Figure 20, delay
0 fs) gives 1.5, 2.4, 3.85, 6.0, 4.75, 4.9 and 1.4 µJ for this series.

The spectra are broad enough (Figures 23 and 24) to support ultrashort durations and the DUV (as well
as the SHG pump pulses) were characterized by self-diffraction FROG (SD-FROG). The experimental
details can be seen in Figure 22. Two holes with 1.6 mm diameter separated by 3.5 mm were drilled
on a metallic mask and aligned so that both holes transmitted similar intensities from the central part of
the DUV beam. A relative temporal delay was set between both pulses using d-shaped mirrors and a
stepper motor stage (3.33 fs step). Both pulses were focused with an aluminum mirror (f = 200 mm) in
a second fused silica slide were a self-diffraction beam was generated and later isolated to measure its
spectrum in a fiber coupled spectrometer. Figure 25 shows the measured FROG traces and corresponding
retrievals using standard Femtosoft FROG software, which gives 27.3 fs DUV pulses with a spectral
width of 5.7 nm and a time-bandwidth-product of 0.67. The FROG measurement of the SHG pulses
resulted in a duration of 48.6 fs.

Figure 22. Experimental setup for ultrashort deep ultraviolet (DUV) pulse
generation by highly nondegenerate four-wave mixing (FWM) and temporal
characterization via SD-FROG. DM: Dichroic mirror, HWP: Half-wave plate;
M1-M3: Aluminum mirrors; M4-M8: 45◦ dielectric mirrors. Inset: idler, pump and
generated DUV beam, directly projected onto a white card [28].

Figure 23 shows the spectra registered with a fiber coupled spectrometer for
different delays, defining the 0 fs delay for the situation in which higher energy
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pulses were obtained (6 µJ). Different broadband spectra were obtained for delays
ranging from −99 fs to 99 fs and the dependence of the shape and central frequency
can be explained by the cross-phase modulation between the pump and idler pulses.
Integration of these spectra with reference to the energy measured for the one with
6 µJ (Figure 20, delay 0 fs) gives 1.5, 2.4, 3.85, 6.0, 4.75, 4.9 and 1.4 µJ for this series.

The spectra are broad enough (Figures 23 and 24) to support ultrashort durations
and the DUV (as well as the SHG pump pulses) were characterized by self-diffraction
FROG (SD-FROG). The experimental details can be seen in Figure 22. Two holes with
1.6 mm diameter separated by 3.5 mm were drilled on a metallic mask and aligned so
that both holes transmitted similar intensities from the central part of the DUV beam.
A relative temporal delay was set between both pulses using d-shaped mirrors and
a stepper motor stage (3.33 fs step). Both pulses were focused with an aluminum
mirror (f = 200 mm) in a second fused silica slide were a self-diffraction beam was
generated and later isolated to measure its spectrum in a fiber coupled spectrometer.
Figure 25 shows the measured FROG traces and corresponding retrievals using
standard Femtosoft FROG software, which gives 27.3 fs DUV pulses with a spectral
width of 5.7 nm and a time-bandwidth-product of 0.67. The FROG measurement of
the SHG pulses resulted in a duration of 48.6 fs.

Figure 23. Experimental spectra of the generated DUV signal for different delays
(separated by ∼ 33 fs) between idler and pump pulses. Negative delay: pump
arrives after idler, positive delay: pump arrives before idler [28].
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Figure 24. Broadest experimental spectrum obtained in our-set-up, capable of
supporting sub-4-fs [28].

Figure 25. (a) Experimental and (b) retrieved SD-FROG traces of the DUV pulses
(in log scale); (c) retrieved pulse in the time and (d) frequency domains [28].

The model described in Section 3 also predicts broadband generation of the
third-harmonic of 800 nm at a central wavelength of 266 nm. Using the experimental
parameters given in this section and for different internal angles θ = 15.0◦, 15.7◦

(the angle of perfect phase-matching) and 16.4◦ different broadband spectra were
obtained for different delays between pump and signal pulses. In Figure 26 (θ = 15.0◦)
we can see double band spectral structures which are enhanced in its blue portion for
negative delays and in its redder portion for positive delays. The two situations are of
course not symmetrical because of the different group velocities of the pulses, where
the idler can catch up with the pump in situations of positive delay but will always
come before the pump for negative delays. We also see that the different pulses have
chirp and the more intense ones, generated at delays of −20 fs, 0 fs and 20 fs, have a
clear positive chirp, mainly due to self- and cross-phase modulation. This positive
chirp is in agreement with the experimental results of Figure 23, where the retrieved
pulse shows also positive chirp. The calculated emission angle for the 266 nm pulse
obtained for 0 fs relative delay between pump and idler was 7.3◦, with an output

61



energy efficiency of 3.6% with respect to the pump pulse and a pulse width of 19.7 fs
(9 fs TL duration), all in reasonable agreement with the experimental results.

Figure 26. Simulated spectral intensity and phase of the generated DUV signal for
θ =15.0◦ and different delays between idler and pump pulses (The intensities in the
first and the last plots have been multiplied by a factor of 5). Negative delay: idler
arrives before pump, positive delay: idler arrives after pump [28].

For other interaction angles (θ = 15.7◦ (Figure 27) and θ = 16.4◦ (Figure 28))
higher efficiencies are obtained (12.5% and 6.9% respectively) but with narrower
bandwidths. The situation with θ = 15.0◦ seems to better represent the experimental
one. We see that the change in interaction angle from 15 to 16.4 ◦ also produces a
significant shift/tuning of the central frequency of the generated DUV pulses. This is
due to the large angular sensitivity of the geometric phase matching condition for
the highly nondegenerate FWM process involving ω and 2ω beams crossing at a
very large angle.
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Figure 27. Simulated spectral intensity and phase of the generated DUV signal
for θ = 15.7◦ and different delays between idler and pump pulses. (negative and
positive delays as in Figure 23; note the scale factors for the first and last intensity
plots) [28].

Given the rather large angles used between the interacting beams, the generated
pulse has angular chirp. Figure 29 shows the angle at which each frequency is
generated for the 0 fs delay of Figure 26. We see that the spectrum spans from 255 nm
to 280 nm only within 0.5◦, which is small enough for many applications, namely
those requiring focused pulses.

Many laboratories nowadays have Titanium:Sapphire amplifiers with pulses
longer than those used here. Our model predicts that one can still obtain 42 fs DUV
pulses when using 100 fs pump pulses interacting at 15◦, with 0 fs relative delay
and with the same intensities used in the experiment and the previous simulations,
Iω = 2.6 × 1012 and I2ω = 1.2 × 1012 W/cm2 respectively. For Iω = 2.0 × 1012 and
I2ω = 2.0 × 1012 W/cm2 29.5 fs DUV pulses were obtained. These results show that
it is possible to obtain sub-30 fs pulses starting from 100 fs pump and idler pulses,
which might be of great interest in many labs.
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Figure 28. Simulated spectral intensity and phase of the generated DUV signal
for θ = 16.4◦ and different delays between idler and pump pulses. (negative and
positive delays as in Figure 23; note the scale factors for the first and last two
intensity plots) [28].

Figure 29. Angular chirp of the generated beam for the case of 0 fs delay in Figure 5.
The intensity is given in dB with respect to the maximum intensity of the pump
pulses) [28].
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5.3. Generation of Higher-Order Harmonics by CFWM

The generation of even higher-order harmonics via CFWM, by using a
fundamental beam at 800 nm at its second harmonic at 400 nm, was suggested
and studied numerically shortly after the first experimental demonstration of
highly-nondegenerate CFWM by the same authors [25], where the simplified
analytical model further developed in [21] was also presented. Unlike usual
non-perturbative high-harmonic generation in gases, which involves ionization
and recombination of an electron wave-packet in the presence of an intense laser
field, the proposal in [25] was based on a simple perturbative model of CFWM. More
recently, Bertrand et al. demonstrated that noncollinear high-harmonic generation of
fundamental and second-harmonic ultrashort laser pulses can be fully understood in
terms of perturbative nonlinear optical wave mixing [36].

6. Conclusions

In this paper we presented an overview of our work in ultrafast
highly-nondegenerate cascaded four-wave mixing in bulk media, with emphasis on
key experimental results as well as on a detailed theoretical model of the phenomenon
that can be solved numerically. We described how to perform an experiment where,
thanks to the instantaneous third-order nonlinearity of a thin isotropic transparent
medium, two noncollinear femtosecond pump pulses with different colors can give
rise to a fan of broadband multicolored beams (both frequency upconverted and
downconverted) via cascaded four-wave mixing, with macroscopic efficiencies in the
range of 5%–10%. The newly generated beams have broad bandwidths, extending
from the infrared to the ultraviolet, with each beam corresponding to a particular
order within the cascade. A simple algebraic model based on energy and momentum
conservation laws enables calculating the optimum interaction angle for generating
a particular order n, as well as estimating the frequencies of the newly generated
beams and their corresponding emission angles.

Other important characteristics such as pulse energy, bandwidth, duration or
generation efficiency have been calculated and compared with the experimental
results by using a unique 2.5-D nonlinear propagation model developed in our
group, which takes into consideration the effects of dispersion, diffraction, self-phase
modulation and self-steepening in the SVEA approximation. With this model we
have been able to faithfully reproduce all the experiments performed so far. We then
showed how the fan of beams produced by cascaded four-wave mixing in thin
low-dispersion media, which are mutually coherent and can cover two octaves in
bandwidth, can be appropriately manipulated in experimental arrangements and
thus be used to synthesize extremely short pulses with durations in the single-cycle
regime, which was also corroborated by our theoretical model.
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A main characteristic of the generated beams is their broadband spectrum,
which can result in pulses shorter than the pump beams. This characteristic has
been deeply studied for the efficient generation and measurement of broadband
pulses in the deep-ultraviolet region by highly nondegenerate four-wave mixing of
fundamental and second-harmonic pulses from a Titanium:Sapphire laser amplifier.
Our theoretical model also anticipates the generation of multiple broadband pulses
extending into the vacuum ultraviolet by cascaded four-wave mixing in fluorides,
using a novel multiple pump beam configuration. All these results help to establish
the capability and potential of cascaded four-wave mixing for producing new sources
consisting of a set of mutually coherent broadband pulses with different colors, whose
characteristics are very difficult to obtain otherwise, based on simple nonlinear media,
and which can have numerous applications in ultrafast spectroscopy and other fields
of science and technology.
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High-Energy, Multicolor Femtosecond
Pulses from the Deep Ultraviolet to the Near
Infrared Generated in a Hydrogen-Filled
Gas Cell and Hollow Fiber
Kazuya Motoyoshi, Yuichiro Kida and Totaro Imasaka

Abstract: We investigate four-wave mixing in hydrogen gas using a gas cell and a
hollow fiber for the generation of high-energy, multicolor femtosecond (fs) optical
pulses. Both a hydrogen-filled gas cell and hollow fiber lead to the generation of
multicolor fs pulses in a broad spectral range from the deep ultraviolet to the near
infrared. However, there is a difference in the energy distribution of the multicolor
emission between the gas cell and the hollow fiber. The hydrogen-filled gas cell
generates visible pulses with higher energies than the pulses created by the hollow
fiber. We have generated visible pulses with energies of several tens of microjoules.
The hydrogen-filled hollow fiber, on the other hand, generates ultraviolet pulses
with energies of a few microjoules, which are higher than the energies of the
ultraviolet pulses generated in the gas cell. In both schemes, the spectral width
of each emission line supports a transform-limited pulse duration shorter than 15 fs.
Four-wave mixing in hydrogen gas therefore can be used for the development of a
light source that emits sub-20 fs multicolor pulses in a wavelength region from the
deep ultraviolet to the near infrared with microjoule pulse energies.

Reprinted from Appl. Sci. Cite as: Motoyoshi, K.; Kida, Y.; Imasaka, T. High-Energy,
Multicolor Femtosecond Pulses from the Deep Ultraviolet to the Near Infrared
Generated in a Hydrogen-Filled Gas Cell and Hollow Fiber. Appl. Sci. 2014, 4,
318–330.

1. Introduction

Four-wave mixing (FWM) has been investigated and used in the past few
decades to generate multicolor laser emission in various wavelength regions. In 1981,
more than 40 laser emission lines spanning from the deep ultraviolet (DUV) to the
near infrared (NIR) were generated by focusing a two-color nanosecond pulse into
hydrogen gas [1]. The generation of multicolor laser emission via FWM has hitherto
been extensively studied in deuterium and hydrogen gases [2–5] and extremely short
optical pulses with durations shorter than 2 fs have been generated [3,5] by Fourier
synthesis of the emission lines [6,7].

The generation of multicolor laser emission via FWM has also been investigated
in the femtosecond (fs) regime [8–21]. Resonant and non-resonant FWM has been
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investigated in bulk media [11,13,15–17], leading to multicolor laser emission with
a pulse energy of about 1 microjoule [17]. By employing the pre-compression
technique, multicolor emission with short pulse durations less than 20 fs has
been demonstrated [16]. Such short multicolor pulses can be used in ultrafast
spectroscopy [22–24], as well as in nonlinear optical microscopy [25]. The efficiency
of the multicolor generation can be improved by more than one order of magnitude
using gaseous media rather than bulk media. In addition, the spectral range from
the DUV to the NIR has been covered by employing Raman active gases as the
nonlinear media for FWM [9,10,12,14,20,21]. When pumping with short fs pulses
with high intensities, self-phase modulation (SPM) and cross-phase modulation
(XPM) are simultaneously induced, which results in a broad spectral width for each
multicolor emission. The broad spectral width is advantageous for generating a
short optical pulse after adequate dispersion compensation. The maximum spectral
width of each multicolor emission is limited by the frequency separation between the
center frequencies of the adjacent multicolor emission, which is determined by the
Raman shift of the medium used. When using the vibrational transition of molecular
hydrogen with a large Raman shift frequency of 4155 cm−1 [26], it is possible to
generate multicolor fs pulses with spectral widths supporting transform-limited
pulse durations of about 10 fs. Multicolor generation via the vibrational transition
has been investigated both in a hydrogen-filled hollow fiber using two-color fs
pump pulses at 800 and 600 nm [12] and in a hydrogen-filled gas cell using shorter
two-color NIR pump pulses emitting at 800 and 1200 nm [20]. These investigations
have reported multicolor laser emission covering from the DUV to NIR. The use of a
hollow fiber [12] and gas cell [20], however, has been investigated under independent
experimental conditions. Therefore, a quantitative discussion of the efficiency
of multicolor generation and the characteristics of the pulses has been hindered.
Information related to the pulse energy of each multicolor emission has not been
reported to date; these data are important for evaluating the multicolor laser pulses.

We investigate here two approaches of FWM in a hydrogen-filled gas cell
and a hydrogen-filled hollow fiber. We compare the results to analyze laser
sources of multicolor fs pulses. By maintaining the experimental parameters
at a constant—except for the gas pressure, which has been optimized in each
experiment—the two schemes can be directly compared with one other. We find
that the gas-filled hollow fiber with a longer propagation distance than that of the
gas cell does not always lead to higher efficiencies in the multicolor generation. The
gas cell gives rise to visible multicolor pulses with higher pulse energies than those
generated in the hollow fiber. On the other hand, the latter produces higher-energy
multicolor pulses in the ultraviolet range.
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2. Experimental Section

Figure 1 shows the experimental setup. A part of the NIR pulse emerging
from a Ti:sapphire regenerative amplifier (800 nm, 35 fs, 4 mJ, 1 kHz, Legend
Elite-USP, Coherent Inc., Santa Clara, CA, USA) was used as the pump source for an
optical parametric amplifier (OPA, OPerASolo, Coherent Inc., Santa Clara, CA, USA).
The OPA generated a NIR pulse at 1200 nm, whose frequency separation from the
Ti:sapphire amplifier (800 nm) was adjusted to the vibrational Raman shift frequency
of molecular hydrogen (4155 cm−1). The output of the OPA (pump 1; P1) was
spatially combined with the remaining part of the output beam of the regenerative
amplifier at 800 nm (pump 2; P2). The beam was focused with an off-axis parabolic
mirror (with a focal length of 655 mm) into a gas cell filled with hydrogen or a
fused-silica hollow fiber (core diameter, 320 µm; length, 600 mm) placed inside
a gas cell (length, 1 m) filled with hydrogen (hereafter denoted as a hollow fiber
chamber). The core diameter of the hollow fiber of 320 µm was chosen for keeping
the same focusing condition as for the gas cell, and the fiber length of 600 mm was
the maximum possible length for the hollow fiber chamber. The gas cell and the
hollow fiber chamber were equipped with 0.5-mm-thick windows made of fused
silica. The time delay between the two pulses (P1 and P2) was optimized to obtain
the highest energy in the highest-order anti-Stokes Raman emission generated at a
gas pressure of 0.4 atm. The spectra of the output beams from the gas cell and hollow
fiber chamber were measured using a multichannel spectrometer (Maya2000pro,
Ocean Optics, Dunedin, FL, USA). The spectral response was calibrated using a
deuterium-halogen light source over a wavelength range of 220–900 nm.
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3. Results and Discussion

3.1. Generation of the Multicolor Emission in the Gas Cell and the Gas-Filled Hollow Fiber

When we used a hydrogen-filled gas cell, the FWM efficiently occurred in the
vicinity of the foci at which the input beams have high intensities. The confocal
parameter (2πW0

2/λ) is a measure of the interaction length, where W0 and λ are
the beam waist radius and the wavelength of the laser beam, respectively. From the
measured focal beam diameters of P1 and P2—300 µm and 200 µm—the confocal
parameters of the beams were calculated. The value for P2 was 80 mm, which
was shorter than that of P1 (120 mm). The interaction length for the gas cell was,
therefore, estimated to be approximately 80 mm, which was shorter than that of the
hydrogen-filled hollow fiber.

The energies of the input and output pulses measured in front of the evacuated
gas cell and hollow fiber chamber are listed in Table 1. From these values, the
transmittance of the gas cell was calculated to be 90% for both P1 and P2. This value
is in good agreement with the value calculated from Fresnel losses on the surfaces of
the fused-silica windows of the gas cell. On the other hand, the throughput for the
hollow fiber chamber was calculated to be 50% and 67% for P1 and P2, respectively.
The smaller throughput for the hollow fiber may be due to coupling losses at the
entrance of the hollow fiber and the linear propagation losses inside the fiber. For
propagation of the EH11 mode inside the hollow fiber, the linear propagation loss
through the hollow fiber is calculated to be 9% at 1200 nm and 4% at 800 nm [27].
By assuming a coupling into the EH11 mode and propagation of the mode inside the
hollow fiber, the efficiency of coupling at the entrance of the hollow fiber is calculated
to be 61% and 78% for P1 and P2, respectively. The smaller coupling efficiency for
P1 than P2 arises from the too large beam diameter of P1 (300 µm) to be perfectly
coupled into the hollow fiber.

Table 1. Input and output energies of P1 and P2.

Gas Cell Hollow Fiber

Input Output Input Output

P1, 1200 nm 262 µJ 236 µJ 278 µJ 140 µJ
P2, 800 nm 245 µJ 220 µJ 252 µJ 168 µJ

The pulse durations of the input pulses were measured based on cross-
correlation frequency-resolved optical gating, which allows for the characterization
of the two unknown pulses simultaneously [28]. The pulse durations obtained
were 50–60 fs.
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The spectra of the output beams measured at different pressures for both the
gas cell and the hollow fiber chamber are shown in Figure 2. The efficiency in the
generation of the anti-Stokes emission increased with increasing gas pressure for
both cases. The spectral width of the emission increased because of SPM and XPM
induced by the intense input pump pulses [9,10,12,14]. In the case of the gas cell,
the anti-Stokes emission lines were well separated from each other in the spectrum
at pressures ranging up to 2 atm, while the spectrum became continuous above
1 atm in the case of the hollow fiber. The difference could be explained by the longer
interaction length in the hollow fiber than in the gas cell. The spectrum of the output
beam from the hollow fiber became a continuum at 2 atm, as shown in Figure 3. Even
at a pressure of 0.8 atm, the influence of the phase modulation was appreciable in the
case of the hollow fiber. An image of the output beam from the hollow fiber is shown
in Figure 4, which was taken after passing the beam through a fused-silica prism and
projecting the separated beam on a white screen. The spots are not separated from
each other because of the broad bandwidth of the emission induced by the phase
modulations. The spectral width of the anti-Stokes emission generated in the hollow
fiber supported a sub-10 fs pulse duration, even at a pressure of 1 atm; no spectral
overlap between adjacent anti-Stokes emission features was observed. Similar results
were reported by Sali et al., in which these authors used longer pump pulses emitting
at shorter wavelengths than in this work [12]. The hollow fiber thus may be able to
generate sub-10 fs multicolor laser pulses covering a wavelength region from the
DUV to NIR by relying on proper dispersion compensation for each emission feature.

Although the efficiency of the XPM is smaller and the spectral width of
anti-Stokes emission is narrower for the gas cell, the spectral widths of the multicolor
emission achieved for the gas cell at a pressure of 2 atm support transform-limited
pulse durations shorter than 15 fs. The spectral widths of the emission were
1200 cm−1 (AS1), 1300 cm−1 (AS2), 1200 cm−1 (AS3), and 1000 cm−1 (AS4). Similar
to the case of the hollow fiber, the generation of sub-20 fs multicolor pulses may be
possible after appropriate dispersion compensation.
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Figure 2. The spectra of output beams at different hydrogen pressures. (a) Gas cell;
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Figure 4. Photograph of the multicolor emission.

3.2. Energies of the Multicolor Emission

For estimation of the energy of the anti-Stokes emission, the gas cell was first
evacuated. Only P2 was focused into the gas cell and the pulse energy of P2 emerging
from the cell was measured using a power meter. The spectrum of the output P2 was
measured using a sensitivity-calibrated spectrometer, the position of which was kept
unchanged during the subsequent experimental procedure. The measured pulse
energy was divided by the integral of the spectral intensity of P2. The resulting
value is hereafter referred to as the calibration factor. The gas cell was then filled
with hydrogen gas and both P1 and P2 were focused into the gas cell. The spectrum
of the output beam from the cell was measured using the spectrometer at different
gas pressures. The integral of the spectral intensity for each anti-Stokes emission
was multiplied by the calibration factor to estimate the pulse energy of the emission.
The same procedure was repeated for the hydrogen-filled hollow fiber. Because of
the nearly continuous structure of the spectrum observed at pressures higher than
1 atm, the pulse energy could not be estimated for the hydrogen-filled hollow fiber
at high pressures.

The results of the energy estimation are shown in Figure 5. In both the
experiments using the gas cell and the hollow fiber, the energy of P2 was notably
depleted by the generation of the anti-Stokes emission. The energies of the low-order
anti-Stokes emission, i.e., AS1 and AS2, generated in the gas cell were 1.8 times
higher than those generated in the hollow fiber. This result indicates that the gas
cell is superior to the gas-filled hollow fiber in generating high-energy visible pulses.
The conversion efficiency from P2 into the anti-Stokes emission was similar in these
two cases (see the observed conversion efficiencies shown in Figure 5). This fact
suggests that if there are no propagation and coupling losses for the hollow fiber, the
anti-Stokes emission of AS1 and AS2 would have energies close to those for the gas
cell. The energies of the higher-order anti-Stokes emission, on the other hand, were
larger for the hollow fiber than those for the gas cell. The conversion efficiencies
from P2 to the anti-Stokes emission of AS5 and AS6 were three times and four times
larger than those generated in the gas cell, respectively, as shown in Figure 5c,f.

The energies of P1 and P2 for the gas cell were reduced until the output energies
were the same as those in the hollow fiber experiment (140 µJ for P1 and 160 µJ
for P2). For the energy reduction, the neutral density filters placed in the input beam
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paths were employed (see Figure 1). The filters with thicknesses of 2 mm would
not have stretched the pump pulses appreciably; each filter stretches a 35-fs pulse
at 800 nm by only 0.5 fs. The resultant spectrum of the output beam from the gas
cell pressurized at 2 atm is shown in Figure 6, together with the spectrum measured
using the hollow fiber without a reduction in the pump energy. No notable difference
was observed in the energies of the first- and second-order anti-Stokes emission
under these conditions, although the spectral intensities of the emission were higher
for the gas cell. This result suggests that the pulse energy of the visible emission
from the hollow fiber does not exceed that from the gas cell, even under the ideal
condition that there are no propagation and coupling losses for the hollow fiber.

Appl. Sci. 2014, 4 324 

 

 

emission from the hollow fiber does not exceed that from the gas cell, even under the ideal condition 

that there are no propagation and coupling losses for the hollow fiber.  

Figure 5. The pressure dependence of the energy for the output beams. (a–c) The gas cell 

and (d–f) the hollow fiber. The maximum energy obtained for each anti-Stokes emission is 

indicated together with the conversion efficiency from P2 to the anti-Stokes emission. For 

P2, the ratio of the output energy measured at a specified pressure and the output energy 

measured at 0 atm is listed in each panel.  

 

Figure 6. Spectra of the output beam from the gas cell (red solid line) and the hollow fiber 

(black solid line) measured at a pressure of 2 atm. The energies of the input pump pulses 

for the gas cell are lower than those for the hollow fiber.  

 

AS2: 14 μJ, 6%

AS3: 5 μJ, 2%

AS5, 0.8 μJ, 0.3%

AS6, 0.2 μJ, 0.1%

AS4, 2 μJ, 0.9%

AS1: 28 μJ, 18%

AS2: 8 μJ, 5%

AS3: 5 μJ, 3%

AS5, 1.6 μJ, 1%

AS6, 0.6 μJ, 0.4%

AS4, 3 μJ, 2%

(a)

(b)

(c)

(d)

(e)

(f)

0.0 0.5 1.0 1.5 2.0
0

10

20

30

40

50

60

Pressure (atm)

A
n

ti
-S

to
ke

s 
en

er
g

y 
(μ

J
)

0

50

100

150

200

250

P
u

m
p

 e
n

er
g

y
 (

μJ
)

P2: 38%

AS1: 52 μJ, 23%

0.0 0.5 1.0 1.5 2.0
0

5

10

15

20
 

Pressure (atm)

A
n

ti
-S

to
ke

s 
en

er
g

y 
(μ

J
)

0.0 0.5 1.0 1.5 2.0
0

1

2

3

4
 

Pressure (atm)

A
n

ti
-S

to
ke

s 
en

er
g

y 
(μ

J
)

0.0 0.2 0.4 0.6 0.8 1.0
0

10

20

30

40

50

60

Pressure (atm)

A
n

ti
-S

to
ke

s 
en

er
g

y 
(μ

J
)

0

50

100

150

200

250

 P
u

m
p

 e
n

e
rg

y 
(μ

J
)

0.0 0.2 0.4 0.6 0.8 1.0
0

5

10

15

20

Pressure (atm)

A
n

ti
-S

to
ke

s 
en

er
g

y 
(μ

J
)

0.0 0.2 0.4 0.6 0.8 1.0
0

1

2

3

4

Pressure (atm)

A
n

ti
-S

to
ke

s 
en

er
g

y 
(μ

J
)

P2: 29%

300 400 500 600 700 800 900
0

2

4

6

8

10

12  Hollow fiber
 Gas cell

R
el

a
ti

ve
 in

te
n

si
ty

 (
a

rb
. u

n
it

s)

Wavelength (nm)

Figure 5. The pressure dependence of the energy for the output beams. (a–c) The
gas cell and (d–f) the hollow fiber. The maximum energy obtained for each
anti-Stokes emission is indicated together with the conversion efficiency from
P2 to the anti-Stokes emission. For P2, the ratio of the output energy measured at a
specified pressure and the output energy measured at 0 atm is listed in each panel.
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Figure 6. Spectra of the output beam from the gas cell (red solid line) and the
hollow fiber (black solid line) measured at a pressure of 2 atm. The energies of the
input pump pulses for the gas cell are lower than those for the hollow fiber.

3.3. Four-Wave Mixing

The efficiency in FWM is determined by parameters such as the intensities of
the pump pulses, phase mismatch, and the interaction length. Under the assumption
that no depletion occurs for pump pulses, the intensity of the first-order anti-Stokes
emission, IAS1, can be described as [29,30]:

Appl. Sci. 2014, 4 325 

 

 

3.3. Four-Wave Mixing 

The efficiency in FWM is determined by parameters such as the intensities of the pump pulses, 

phase mismatch, and the interaction length. Under the assumption that no depletion occurs for pump 

pulses, the intensity of the first-order anti-Stokes emission, IAS1, can be described as [29,30]: = ω 2 |ε | |ε | sin (−∆β2 ) (1) 

where , c, n, n2, z, and ωAS1, are the vacuum permittivity, the velocity of light in vacuum, the linear 

and nonlinear refractive indices of the gas, the interaction length, and the angular frequency of AS1, 

respectively. The intensities of P1 (IP1) and P2 (IP2) are proportional to the square of the corresponding 

electric field amplitudes, εP1 and εP2, respectively. The phase mismatch ∆β in the equation is expressed 

as βP1 + βAS1 − 2βP2, where βP1, βAS1, and βP2 stand for the propagation constants for P1, AS1, and P2. 

The phase mismatch in the hollow fiber can be calculated by taking into account the contributions of 

the gas and the waveguide [27,29,30].  

In the generation of multicolor beams through cascaded FWM, the anti-Stokes emission is 

generated in the first step and higher-order anti-Stokes emission is then generated during the 

propagation in the gas. The energy of the first anti-Stokes emission is higher than that of the high-order 

anti-Stokes emission and it is a good measure of the efficiency of the multicolor generation.  

Figure 7. Spectra of the output beam from the hollow fiber at 0.4 atm (black solid line) and 

0.5 atm (blue solid line) and the gas cell (red solid line) at 2 atm. The spectrum is 

normalized by the intensity of the highest peak. 

 

Equation (1) can be used to calculate the gas pressure in the hollow fiber, which leads to a similar 

efficiency of multicolor generation as that in the gas cell with a pressure of 2 atm. The value of ∆βz/2 

in Equation (1) is calculated to be 0.66 rad for the gas cell and hence the value of sinc2(−∆βz/2) can be 

approximated as unity. From Equation (1) and the fact that the nonlinear refractive index is 

proportional to the gas pressure, the conversion efficiency from the pump to the first-order anti-Stokes 

emission, IAS1/IP2, is proportional to IP1IP2p
2z2, where p is the gas pressure. The output energies of P1 

and P2 in the case of the hollow fiber were 0.59 and 0.76 times smaller than those for the gas cell, 

respectively, as indicated in Table 1. The value of IP1IP2 for the hollow fiber is hence considered to be 

0.43 times smaller than that for the gas cell. From this fact, together with the ratio of the interaction 

300 400 500 600 700 800 900
0.0

0.2

0.4

0.6

0.8

1.0  Hollow fiber, 0.4 atm
 Hollow fiber, 0.5 atm
 Gas cell, 2 atm

 

N
o

rm
al

iz
ed

 in
te

n
si

ty
 (

ar
b

. u
n

it
s)

Wavelength (nm)

(1)

where ε0, c, n, n2, z, and ωAS1, are the vacuum permittivity, the velocity of light in
vacuum, the linear and nonlinear refractive indices of the gas, the interaction length,
and the angular frequency of AS1, respectively. The intensities of P1 (IP1) and P2
(IP2) are proportional to the square of the corresponding electric field amplitudes,
εP1 and εP2, respectively. The phase mismatch ∆β in the equation is expressed as
βP1 + βAS1 − 2βP2, where βP1, βAS1, and βP2 stand for the propagation constants for
P1, AS1, and P2. The phase mismatch in the hollow fiber can be calculated by taking
into account the contributions of the gas and the waveguide [27,29,30].

In the generation of multicolor beams through cascaded FWM, the anti-Stokes
emission is generated in the first step and higher-order anti-Stokes emission is then
generated during the propagation in the gas. The energy of the first anti-Stokes
emission is higher than that of the high-order anti-Stokes emission and it is a good
measure of the efficiency of the multicolor generation.
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Figure 7. Spectra of the output beam from the hollow fiber at 0.4 atm (black solid
line) and 0.5 atm (blue solid line) and the gas cell (red solid line) at 2 atm. The
spectrum is normalized by the intensity of the highest peak.

Equation (1) can be used to calculate the gas pressure in the hollow fiber, which
leads to a similar efficiency of multicolor generation as that in the gas cell with a
pressure of 2 atm. The value of ∆βz/2 in Equation (1) is calculated to be 0.66 rad
for the gas cell and hence the value of sinc2(−∆βz/2) can be approximated as unity.
From Equation (1) and the fact that the nonlinear refractive index is proportional
to the gas pressure, the conversion efficiency from the pump to the first-order
anti-Stokes emission, IAS1/IP2, is proportional to IP1IP2p2z2, where p is the gas
pressure. The output energies of P1 and P2 in the case of the hollow fiber were 0.59
and 0.76 times smaller than those for the gas cell, respectively, as indicated in Table 1.
The value of IP1IP2 for the hollow fiber is hence considered to be 0.43 times smaller
than that for the gas cell. From this fact, together with the ratio of the interaction
lengths in the hollow fiber and the gas cell (600 mm/80 mm), the gas pressure in
the hollow fiber, which provides the same value of IAS1/IP2 as for the gas cell, is
calculated to be 0.4 atm. In Figure 7, we show the spectra of the output beams from
the hollow fiber at 0.4 and 0.5 atm and the gas cell at 2 atm for comparison. Excellent
agreement is observed between the spectra for the hollow fiber at 0.4–0.5 atm and for
the gas cell at 2 atm, although no pump depletion is assumed to occur in the model
used in Equation (1).

3.4. Phase Mismatch in the Generation of High-Order Anti-Stokes Emission

In Table 2, the values of ∆βz/2 in the generation of anti-Stokes emission are
shown for the pathways with the energy conservations of −ωP1 +ωP2 +ωASN-1 −
ωASN = 0, whereωP1,ωP2,ωASN−1, andωASN are the angular frequencies of P1, P2,
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(N – 1)th-order anti-Stokes, and Nth-order anti-Stokes emission. In the calculation, the
propagation length is assumed to be 600 mm for the hollow fiber and 80 mm for the
gas cell and the gas pressures are assumed to be 1 atm and 2 atm, respectively. The
value of ∆βz/2 for AS1 is lower than π in the both cases of the gas cell and hollow
fiber. As shown in Figure 5, the conversion efficiency from P2 to AS1 saturated
at pressures higher than 1 atm and 0.5 atm for the gas cell and the hollow fiber,
respectively. The saturated conversion efficiency from P2 to AS1 was similar in
both cases (23% for the gas cell and 18% for the hollow fiber). From these facts, the
saturation would be related to the consumption of the energy for the generation of
high-order anti-Stokes emission rather than the phase mismatch. In other words,
the waveguide dispersion of the hollow fiber does not have notable influence to the
conversion efficiency from P2 to AS1. Change in the parameters of the hollow fiber,
such as use of a longer hollow fiber and a hollow fiber with a smaller core diameter,
therefore, would not lead to a higher conversion efficiency to AS1. It just shifts
the saturation pressure to a lower pressure. The energy of the visible multi-color
emission (AS1) emitted from a gas cell is therefore expected to be always higher than
that from a hollow fiber.

Table 2. Calculated value of ∆βz/2 for anti-Stokes emission.

∆βz/2 (rad)

AS1 AS2 AS3 AS4 AS5 AS6

Hollow fiber, 1 atm 1.39 4.36 8.61 14.14 21.15 29.89
Gas cell, 2 atm 0.66 1.57 2.75 4.26 6.15 8.49

The values of the ∆βz/2 are non-negligible for all the anti-Stokes emission and
exceed π, except AS1 for the hollow fiber and except AS1, AS2, and AS3 for the gas
cell. This fact does not explain the increase in the energy of the high-order anti-Stokes
emission with increasing gas pressure, which was observed in the experiment
(Figure 5c). For high-order anti-Stokes emission, other pathways therefore need
to be considered.

There are several possible pathways useful for the generation of the high-order
anti-Stokes emission. For instance, four paths—−ωP1 + ωP2 + ωAS3 − ωAS4 = 0,
−ωP2 + ωAS1 + ωAS3 − ωAS4 = 0, −ωAS1 + ωAS2 + ωAS3 − ωAS4 = 0, and −ωAS2 +
ωAS3 + ωAS3 − ωAS4 = 0—would contribute to the generation of the fourth-order
anti-Stokes emission, AS4. Among them, the phase mismatch, ∆β, is the highest
for the first pathway and lowest for the fourth pathway. ∆βz/2 is calculated to
be 1.5 rad for the fourth path in the case of the gas cell with a pressure of 2 atm.
This value is lower than π/2 and the path would contribute to the increase in the
anti-Stokes signal intensity at high pressures. Since the degree of phase mismatch
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is proportional to the gas pressure, the path most effective for the generation of the
Raman emission would change depending on the gas pressure, even under the same
experimental conditions for the propagation length and the input pulse intensities.
This effect may be of importance, particularly in the DUV, at which numerous possible
pathways are plausible for the generation of Raman emission. For the gas-filled
hollow fiber, it should be necessary to take into account the contributions from
high-order propagation modes. For several combinations of high-order propagation
modes, the gas pressure at which phase matching is satisfied becomes higher than
the phase-matching gas pressure for the lowest-order propagation modes [29–32].

3.5. Spectral Blueshift in the Ultraviolet Sidebands

A spectral blueshift was observed for the anti-Stokes emission in the ultraviolet
region when a hollow fiber was filled at pressures higher than 0.4 atm. As can be
seen in Figure 5b, the wavelengths of the emission are continuously blueshifted
with increasing gas pressure. This blueshift was not observed for the gas cell at
pressures up to 2 atm. The blueshift can be explained in terms of the pulse chirp
of each emission. In Figure 8, we calculate the group delay of each emission with
respect to P2 for (a) the gas cell and (b) the hollow fiber under the propagation mode
of EH11 after the propagation length of z = 80 and 600 mm, respectively. The results
suggest that the group delay of the high-order anti-Stokes emission in the hollow
fiber (AS4–6) significantly increases with an increase in gas pressure. The anti-Stokes
emission delayed with respect to the pump pulses would temporally overlap at
the trailing edges of the pump pulses and the phase could be modulated via XPM
induced by the pump pulses, resulting in a spectral blueshift. On the other hand, the
group delay is small in the gas cell for all orders of the anti-Stokes emission. Thus,
the group delay could have a negligible effect on the frequency of the anti-Stokes
emission in the case of the gas cell, as shown in the experimental results of Figure 2a.

The group delays of AS4, AS5, and AS6 exceed the pulse durations of the
pump pulses of 50 fs at pressures higher than 1.2 atm in the case of the hollow
fiber (Figure 8b). These delays make the interaction between pump pulses and the
high-order anti-Stokes pulses difficult for the generation of higher-order anti-Stokes
emission via FWM. For this reason, combinations of frequency components with
small phase mismatches for FWM should be effective for the generation of high-order
anti-Stokes emission at high pressures for the hollow fiber (Figure 5f).
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Figure 8. Group delay calculated for each emission against that of P2 for the gas
cell (a) and the hollow fiber (b) at different gas pressures.

4. Conclusions

We have compared two approaches using a gas cell and a hollow fiber to
generate high-energy multicolor fs pulses. The gas cell provides multicolor emission
in the visible range with higher energies than those obtained using the hollow
fiber. The pulse energies were several tens of microjoules, which were one order of
magnitude larger than those obtained based on FWM in bulk media. Because of the
simultaneous generation of SPM and XPM, the spectral bandwidth of the anti-Stokes
emission increased with increasing gas pressure. The resultant bandwidth using the
gas cell supports transform-limited pulse durations shorter than 15 fs. A broader
bandwidth was obtained for multicolor emission generated in the gas-filled hollow
fiber. In this case, multicolor laser pulses obtained in the DUV region had higher
energies than pulses obtained using the gas cell, where the energy range was a few
microjoules. The high-energy visible pulses generated in the gas cell are suitable for
spectroscopic studies in the gas phase, such as multiphoton ionization of aromatic
compounds and condensed-phase compounds. The ultraviolet pulses generated by
the gas-filled hollow fiber, on the other hand, may be applied to spectroscopy of
liquid and solid phases, such as the ultrafast transient absorption spectroscopy in
biologically significant molecules [33].
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Effect of Two-Photon Stark Shift on the
Multi-Frequency Raman Spectra
Hao Yan and Donna Strickland

Abstract: High order Raman generation has received considerable attention as
a possible method for generating ultrashort pulses. A large number of Raman
orders can be generated when the Raman-active medium is pumped by two laser
pulses that have a frequency separation equal to the Raman transition frequency.
High order Raman generation has been studied in the different temporal regimes,
namely: adiabatic, where the pump pulses are much longer than the coherence
time of the transition; transient, where the pulse duration is comparable to the
coherence time; and impulsive, where the bandwidth of the ultrashort pulse is wider
than the transition frequency. To date, almost all of the work has been concerned
with generating as broad a spectrum as possible, but we are interested in studying
the spectra of the individual orders when pumped in the transient regime. We
concentrate on looking at extra peaks that are generated when the Raman medium
is pumped with linearly chirped pulses. The extra peaks are generated on the low
frequency side of the Raman orders. We discuss how linear Raman scattering from
two-photon dressed states can lead to the generation of these extra peaks.

Reprinted from Appl. Sci. Cite as: Yan, H.; Strickland, D. Effect of Two-Photon Stark
Shift on the Multi-Frequency Raman Spectra. Appl. Sci. 2014, 4, 390–401.

1. Introduction

The nonlinear process of multi-frequency Raman generation (MRG) holds the
promise of generating high intensity pulses with duration of just single femtoseconds.
Such pulses could be used in nonlinear optical experiments for the study of molecular
dynamics. MRG generates an ultrabroad spectrum containing several discrete
frequency peaks by strongly driving a Raman transition of a molecule using two
pump pulses. The peak frequencies of the two pumps are tuned such that the
frequency difference equals the Raman frequency. This process was first observed
by Imasaka and co-workers, when they generated several vibrational and rotational
Raman orders in hydrogen, when their pump laser was tuned such that two
frequency components were output [1].

The advantage of MRG over continuum generation for short pulse generation
is that the phase only has to be corrected over several orders rather than the entire
spectrum. On the other hand, because the spectrum is discrete, it generates a train
of pulses. A pulse train of 1.6 fs pulses was obtained by simply phasing 7 Raman
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orders from hydrogen using a prism dispersion line and a liquid crystal phase
modulator [2]. An even simpler compression technique of placing a few dispersive
elements in the path has been shown to create trains of sub-fs pulses [3]. The duration
of the pulse train is given by the pulse duration of the pump pulses and so shorter
pump pulses would result in fewer pulses in the pulse train leading to more intense
pulses. The 1.6 fs pulse train was pumped in the adiabatic regime with nanosecond
long pulses. It has been shown that the MRG process can be efficient in the transient
regime, where the pump pulses have durations of the coherence time of the Raman
transition [4]. However, with short pulses, the MRG process competes with self-phase
modulation (SPM), which creates a continuum spectrum under the discrete Raman
spectra [5,6]. To avoid SPM, the short pulses are lengthened by linearly frequency
chirping the pulses. We have previously observed that, when using linearly chirped
pump pulses, extra peaks appear in the MRG spectrum of sulfur hexafluouride
(SF6) [7,8]. These peaks appear on the lower frequency side of the Raman peaks.
These red shifted peaks also appear in the MRG spectra with chirped pulse pumping
for the gas Raman media of hydrogen [5] as well as in the solid Raman medium, lead
tungstate [9], indicating that the origin of the peaks is a fundamental process rather
than being material dependent.

In order to determine if these red-shifted shoulders were simply the result
of four-wave mixing, we have measured the MRG spectra as a function of tuning
the instantaneous frequency separation [8]. We showed that the red shifted peaks
shift further to the red as the instantaneous frequency separation of the two pump
beams is reduced below the Raman frequency until the red-shift saturates. However,
the peaks do not blue shift as the frequency separation increases above the Raman
frequency, indicating that the shift is not due simply to non-resonant four-wave
mixing. If the shifted peaks are not due to non-resonant four-wave mixing then it is
most likely due to a Stark shift of the levels. Sokolov and co-workers noted that when
using long pulses in the adiabatic regime, many more Raman orders were observed
when the frequencies were tuned to be slightly closer together than the Raman
resonance frequency [10]. When the frequencies were further apart than the Raman
transition frequency, there was little difference in the generated spectra compared to
on-resonance pumping. The authors of this work noted that the enhancement was
given for in the in-phase coherent state, but not the anti-phased coherent state.

Hickman and co-authors derived the two-photon driven coherent state for
Raman generation [11]. They derived the two-photon optical Bloch equations and
showed that the states are split into two coherent states separated by the two-photon
Rabi frequency Ω', which is given by:

Ω'2 = Ω2 + ∆2 (1)
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where Vj are the electric field amplitudes of the Raman orders, αij are the transition
moments and δω is the detuning between the peak frequency separation of the
two pump beams and the Raman transition. The term I, is related to the intensity
of each MRG order and leads to a Stark shift of each molecular level through a
single-color, two-photon interaction. The small difference between the transition
moments α22 and α11, leads to a change in the Raman transition frequency. It is
this Stark shifting that leads the Raman transition to being slightly red-shifted when
pumped at high intensity and explained the Sokolov observation [10] of more Raman
orders generated with red-detuned pump beams. This Stark shift term needs to
be included in the detuning term, ∆. The interaction of the Raman transition with
adjacent Raman orders leads to the complex two-photon Rabi frequency Ωeiθ. A time
varying θ gives a frequency detuning term dθ/dt. When using linearly chirped pump
pulses, the dθ/dt term is linearly dependent on both the chirp rate and time delay
between the pulses. In Zhi’s work [9], a single linearly chirped pump pulse was split
into two identical pulses that were then combined with a time delay between the two
pulses. In this case, the pump pulses have the same peak frequency making the δω
term equal to the Raman transition frequency. The dθ/dt from the time delay was
used to cancel this detuning. In our experiments, we set the two pump frequencies
such that δω equals zero and the time delay between the linearly chirped pulses
detunes the frequencies away from the low intensity resonance. We assume the two
pump pulses have the same linear chirp.

Using the two-photon optical Bloch equations with multiple frequency inputs
has proven successful in determining the number of Raman orders in both the
adiabatic regime [10] and in the transient regime [12]. However, this multi-frequency
theory does not allow for any extra peaks to be derived because all possible frequency
components,ωj, are input and only their amplitudes, Vj grow with the Raman gain
as a function of propagation length. In order to have extra peaks grow in a theoretical
model, the input would have to be a continuum spectrum. Theoretically modeling
the observed behavior is beyond the scope of this paper. We do consider what would
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be expected from a two-photon dressed state picture for the Raman transition. To
do this, we will first consider single photon Stark shifting and look at the effect of
a weak probe beam tuned through the Stark shifted transition [13]. In his book,
Boyd has derived the case for a two-level atom, which is driven by a near resonant,
single monochromatic beam. The pump frequency is slightly red-detuned from
the transition, that is, the laser frequency is slightly less than the transition. For
red-detuning, the population would initially be in the lower coherent state. The
calculation of the absorption of a probe beam as its frequency is varied across the
transition frequency shows gain on the Stokes side of the transition at a frequency
detuning given by the one-photon Rabi frequency and loss on the anti-Stokes side
also at the frequency shift given by the Rabi-frequency. The gain on the Stokes side
is explained by a three-photon resonance between two manifolds in the dressed
state picture from the lower state in the lower manifold to the upper state of the
next highest manifold. The loss on the anti-Stokes side is the single photon resonant
absorption between two adjacent manifolds also from the lower state to the upper
state in the upper manifold. The opposite response would be expected for blue
detuning of the pump, as the upper state would now have the initial population
and so the transitions would be from the upper state to the lower state of the next
highest manifold.

Now if we consider the two-photon dressed states, each of the Raman levels
would be split into two coherent states with a separation of Ω', the two-photon Rabi
frequency because of strong laser pumping at the pump frequency ω0 and the first
Stokes frequency, ω−1. A schematic of two manifolds in a two-photon dressed state
picture is depicted in Figure 1.

The manifolds are separated by the Raman frequency. In order to efficiently
generate MRG orders, the pump beams need to be red-detuned to be resonant with
the single-color Stark shifted transition. This red-detuning leads to the lower state
of each manifold to be the initially populated state. From linear Raman scattering,
each of the MRG orders, ωj, could either amplify a Stokes order ωj−1 as depicted
in Figure 1a or could as shown in Figure 1c be amplified itself by the scattering of
the anti-Stokes orderωj+1. Other resonant interactions are also possible. The system
could be left in the higher coherent state and generate a photon at the frequency of
ωj−1 − Ω' as shown in Figure 1b. This Rabi-shifted frequency can then experience
gain through stimulated Raman scattering. On the other hand, the higher coherent
state can also be reached as depicted in Figure 1d by absorption of the Rabi-shifted
anti-Stokes frequency ωj+1 + Ω' with gain on the MRG orderωj. This would assume
that there were frequencies present atωj+1 + Ω', which could be there if a background
continuum was generated. In our previous work, where we stretched the pulses to
just 600 fs, there was a strong continuum under the Raman peaks and we observed
red-shifted shoulders and dips in the continuum spectrum on the blue side of the
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Raman orders [7]. Linear Raman scattering of the continuum spectrum can cause
gain on the red side of the MRG orders and absorption on the blue side. If the two
pump beams were blue detuned from resonance, then the upper dressed state should
be in the initially populated state and we would expect gain on the blue shifted side
of the peaks and absorption on the red side.t
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Figure 1. Diagram showing linear Raman scattering from two-photon dressed
states; (a) scattering of pump beam,ωj, to Stokesωj−1; (b) scattering of pump beam,
ωj, to Stark shifted Stokes ωj−1 − Ω'; (c) gain of pump beam, ωj by scattering of
anti-Stokes beam ωj+1; (d) gain of pump beam, ωj by scattering of Stark shifted
anti-Stokes beamωj+1 + Ω'.

2. Experimental Section

We study MRG in SF6 because it has a strong Raman vibrational transition
and because of its spherical symmetry it does not exhibit rotational lines and so we
expect the MRG spectra to be a series of Raman orders separated by a single constant
spacing. The Raman frequency in SF6 is 23.25 Thz, which would give a temporal
spacing of ~43 fs in a generated pulse train. The two pump beams are generated
in a two-color Ti:sapphire chirped pulse amplification system [14]. The laser is a
10 Hz system that can deliver 400 fs pulses with 1 mJ of energy in each color to the
experimental chamber. After the compressor the two colors are collinear. The total
energy of the two pumps was varied, by rotating a half-wave plate that was placed
before a broadband polarizer. The transmitted p-polarized light was sent to the
experimental chamber. The two colors can be individually tuned, the pulse durations
are individually compressed and the two pulses are timed by translating the back
mirror in one of the compressor lines. To avoid SPM, we leave the pulses with a

92



linear chirp by offsetting the grating separation of the compressor from the optimal
position for compression. The pulse duration is typically stretched to ~1 ps with a
positive frequency chirp, that is, the red color leads the blue. Because we are using
linearly chirped pulses, the instantaneous frequency separation of the two pulses can
easily be tuned by varying the time delay between the two linearly chirped pulses.

To determine if the dressed state picture is a reasonable explanation of the
red-shifted shoulders, we measured the spectrum as a function of instantaneous
frequency separation at three different total pump energies. The experimental MRG
system is the same as previously described [8]. We contain the nonlinear medium in
a hollow fiber to extend the nonlinear region, guide the beams and provide phase
matching. The two-color beam was weakly focused by a 300 mm focal length lens
into a 150 µm diameter, 0.5 m long hollow fiber is filled with SF6, at a pressure
1 atmosphere. We measured the MRG spectra as a function of time delay between the
two pump pulses, each having ~4 nm bandwidth and chirped to 1 ps duration, giving
a chirp rate of 2 THz/ps. The total maximum pump energy in the two pumps is 2 mJ,
with the energy equally split between the two pumps. The two pump frequencies
are peaked at frequencies 361 and 384 THz to match the Raman resonance.

3. Results and Discussion

A series of spectra measured at different time delays between the two pump
pulses with total energy of 2 mJ, is shown in Figure 2. The spectra were measured
with time delay steps of 0.333 ps. The two strong pump beams are not shown on this
figure. The lowest frequency line shown is the first anti-Stokes order. The spectral
intensity is color coded, such that the lowest intensities are light blue and the most
intense is dark red.
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Figure 2. The multi-frequency Raman generation (MRG) spectra are shown for two 
positively chirped pump pulses with total energy of 2 mJ as a function of time delay 
between the two pulses. 

 

The spectra shown in Figure 2 display a number of interesting features. First the total number of 
Raman orders is maximized when a positive time delay of 667 fs is applied. With a delay of two thirds 
of the pulse duration, the intensity in the pulse overlap region is greatly reduced and yet the nonlinear 
MRG process has been increased. With a positive delay, the instantaneous frequency separation of the 
two pumps is less than the Raman frequency. This result of increased orders for a slight red detuning 
of the pump beams agrees with the results obtained by Sokolov and coworkers, which were taken in 
the adiabatic regime [10]. It is surprising that pulse durations of just 1 ps would display the same 
behavior as the adiabatic case. With the time delay increased beyond 1 ps, the number of orders 
decreases most likely because the intensity of the pulses in the temporal overlap region has further 
decreased, but it could also indicate that there is an optimum red-detuning. Again as in the adiabatic 
case, there is no increase in orders for pump frequency separation greater than the Raman transition, 
which is given in our case for the negative time delays. The decrease in number of orders at increased 
time delay is more pronounced for negative time delays, indicating that for blue detuning, there is no 
resonant enhancement to counter the reduced nonlinearity due to the lower overlap intensity. 

Secondly, if the red-shifted shoulders were due to non-resonant four-wave mixing, we would expect 
a plot of MRG spectra as a function of time delay to show the Raman orders as vertical lines and the 
peaks from non-resonant four-wave mixing would be sloped lines, where the slope would be given by 
the chirp rate. This is not what we observe. When the time delay is negative, only the vertical lines 
appear. The spectral orders remain narrow peaks separated by the Raman frequency until zero time 
delay. At a positive time delay of 667 fs, not only is the number of orders maximized, but also the 
orders themselves are maximally broadened. The broadening is not linearly dependent on the time 
delay as would be expected with non-resonant four-wave mixing. The spectral orders do not simply 
broaden but appear to become double peaked, with a narrow line remaining at the Raman transition 
and then a broader peak to the red side. The frequency of the red-shifted spectral peak does not vary 
linearly with pulse delay. We need to look at how a two-photon Rabi frequency shift caused by 
linearly chirped Gaussian pulses would change with time delay between the two pulses. The Rabi 

Figure 2. The multi-frequency Raman generation (MRG) spectra are shown for two
positively chirped pump pulses with total energy of 2 mJ as a function of time delay
between the two pulses.

The spectra shown in Figure 2 display a number of interesting features. First
the total number of Raman orders is maximized when a positive time delay of 667 fs
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is applied. With a delay of two thirds of the pulse duration, the intensity in the
pulse overlap region is greatly reduced and yet the nonlinear MRG process has been
increased. With a positive delay, the instantaneous frequency separation of the two
pumps is less than the Raman frequency. This result of increased orders for a slight
red detuning of the pump beams agrees with the results obtained by Sokolov and
coworkers, which were taken in the adiabatic regime [10]. It is surprising that pulse
durations of just 1 ps would display the same behavior as the adiabatic case. With the
time delay increased beyond 1 ps, the number of orders decreases most likely because
the intensity of the pulses in the temporal overlap region has further decreased, but it
could also indicate that there is an optimum red-detuning. Again as in the adiabatic
case, there is no increase in orders for pump frequency separation greater than
the Raman transition, which is given in our case for the negative time delays. The
decrease in number of orders at increased time delay is more pronounced for negative
time delays, indicating that for blue detuning, there is no resonant enhancement to
counter the reduced nonlinearity due to the lower overlap intensity.

Secondly, if the red-shifted shoulders were due to non-resonant four-wave
mixing, we would expect a plot of MRG spectra as a function of time delay to
show the Raman orders as vertical lines and the peaks from non-resonant four-wave
mixing would be sloped lines, where the slope would be given by the chirp rate.
This is not what we observe. When the time delay is negative, only the vertical lines
appear. The spectral orders remain narrow peaks separated by the Raman frequency
until zero time delay. At a positive time delay of 667 fs, not only is the number
of orders maximized, but also the orders themselves are maximally broadened.
The broadening is not linearly dependent on the time delay as would be expected
with non-resonant four-wave mixing. The spectral orders do not simply broaden
but appear to become double peaked, with a narrow line remaining at the Raman
transition and then a broader peak to the red side. The frequency of the red-shifted
spectral peak does not vary linearly with pulse delay. We need to look at how a
two-photon Rabi frequency shift caused by linearly chirped Gaussian pulses would
change with time delay between the two pulses. The Rabi frequency has two terms.
The second term is the detuning, ∆, which has three terms: the single color Stark shift
which is dependent on the term I, is independent of time delay as is the detuning
between the peak frequencies, δω, which in our case is set to zero leaving only the
dθ/dt term which increases linearly in magnitude with time delay. The first term in
the Rabi frequency is given by the overlap of the amplitudes VjV*j−1 which decreases
in magnitude with time delay. The decrease is not linear with delay but certainly has
the opposite trend to the detuning and so somewhat balances the time dependence
of the detuning term. The double peak spectra then agrees with our dressed state
picture that allows gain at both the Raman transition and at the two-photon Stark
shifted transition, which would have only a small dependence on time delay.
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In both the adiabatic and transient experiments enhancement in the number of
generated orders only occurs for red-detuning because the single-color Stark shift
allows only red-detuned pulses to be resonant with the transition. We have also
observed in the transient regime, that there are no blue shifted shoulders with blue
detuning indicating that there was no transfer to the coherent Stark shifted states.
Pump radiation that is blue-detuned from the low intensity Raman frequency would
be further detuned from the Stark shifted transition.

To further confirm that the red-shifted peaks are a result of an intensity
dependent Stark shift, we performed the same experiment at lower energies.
In Figure 3, we show the time delay spectra for a total energy of 1.5 mJ and in
Figure 4, we show the spectra of the 7th to 11th anti-Stokes Raman orders at a time
delay of 0.667 ps, for three different pump energies. The total energy of the two
pumps was 1.0, 1.5 and 2.0 mJ. The spectra have been normalized so that the pump
spectrum would have a peak intensity of 1 on the vertical scale.
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Figure 3. The MRG spectra are shown for two positively chirped pump pulses, with total 
energy of 1.5 mJ as a function of time delay between the two pulses. 

 

In Figure 3, we can see that the maximum number of orders occurs at the delay of 0.333 ps.  
This time difference from the 2 mJ result is limited by the resolution of the time step. However it does 
confirm that at lower intensity, the required red-shift to remain resonant with the single-color Stark 
shifted transition is reduced. 

In Figure 4, the red shifts of the orders are larger with increased pump energy, which is expected if 
the shifts are due to two-photon Stark shifting. If the extra peaks were due to non-resonant four-wave 
mixing, the height of the peaks should increase, but not the frequency shift. The peaks that appear at 
the expected multiples of the Raman transition frequency remain narrow, but the red shifted peaks get 
broader at the higher orders. At 2 mJ, the average spacing of the red-shifted peaks is 22.7 THz,  

Figure 3. The MRG spectra are shown for two positively chirped pump pulses,
with total energy of 1.5 mJ as a function of time delay between the two pulses.

In Figure 3, we can see that the maximum number of orders occurs at the delay
of 0.333 ps. This time difference from the 2 mJ result is limited by the resolution of
the time step. However it does confirm that at lower intensity, the required red-shift
to remain resonant with the single-color Stark shifted transition is reduced.

In Figure 4, the red shifts of the orders are larger with increased pump energy,
which is expected if the shifts are due to two-photon Stark shifting. If the extra peaks
were due to non-resonant four-wave mixing, the height of the peaks should increase,
but not the frequency shift. The peaks that appear at the expected multiples of the
Raman transition frequency remain narrow, but the red shifted peaks get broader at
the higher orders. At 2 mJ, the average spacing of the red-shifted peaks is 22.7 THz,
which lies between the pump frequency separation and the Raman spacing. This
could be due to the fact that each order can produce a Stark shifted Stokes frequency,
which would result in a small shift from the Raman order. Each of these shifted
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orders can then undergo Stimulated Raman scattering at either the Raman frequency
or the Stark shifted frequency leading to broad peaks after multiple scattering events.
This broadening could also be a result of the transient nature of the Stark shifting
resulting in different shifts at different intensity points.
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Figure 4. The MRG spectra for the 7th to 11th anti-Stokes orders for three different pump 
energies. The spectral intensities have arbitrary units, but the plots are normalized to the 
pump spectrum. 

 

It is surprising that with just 1 ps pulse duration, the results agree with the nanosecond pump 
duration results, where an adiabatic transition to the coherent state is expected. We measured the MRG 
spectrum for unchirped pulses that had duration of ~400 fs with zero time delay between the pulses. 
We tuned the peak frequencies of the laser pulses to vary the frequency separation across the Raman 
resonance. We show three spectra, each with a total energy of 2 mJ in Figure 5. The top panel shows 
the spectrum for the two pumps slightly red detuned with a peak separation of 22.5 THz. The middle 
panel shows the MRG spectrum for on-resonance pumping and the bottom panel shows the spectrum 
for the blue-detuned pump frequency separation of 24.6 THz. Unlike the linearly chirped pump pulses, 
the blue shifted pumping displays blue shifted peaks. With on-resonance pumping, the first few  
orders show red-shifted peaks, but the higher orders appear at the expected Raman frequency.  
With red-detuned pumps, large red-shifted shoulders appear. 

The continuum that appears under the MRG spectra with these short pulses also changes with pump 
detuning. Although the continuum is dependent on the pump pulse duration, the continuum cannot 
simply be due to SPM of the pump beams as the largest continuum appears under the higher  
anti-Stokes Raman orders rather than under the stronger pump frequencies. The continuum appears to 
be strongest for the red-detuned pumps, indicating that the generation of the continuum is linked with 
the red-shifted shoulders. The continuum is also centered at higher frequency for the red-detuned  
pump beams. 

Figure 4. The MRG spectra for the 7th to 11th anti-Stokes orders for three different
pump energies. The spectral intensities have arbitrary units, but the plots are
normalized to the pump spectrum.

It is surprising that with just 1 ps pulse duration, the results agree with the
nanosecond pump duration results, where an adiabatic transition to the coherent
state is expected. We measured the MRG spectrum for unchirped pulses that had
duration of ~400 fs with zero time delay between the pulses. We tuned the peak
frequencies of the laser pulses to vary the frequency separation across the Raman
resonance. We show three spectra, each with a total energy of 2 mJ in Figure 5. The
top panel shows the spectrum for the two pumps slightly red detuned with a peak
separation of 22.5 THz. The middle panel shows the MRG spectrum for on-resonance
pumping and the bottom panel shows the spectrum for the blue-detuned pump
frequency separation of 24.6 THz. Unlike the linearly chirped pump pulses, the blue
shifted pumping displays blue shifted peaks. With on-resonance pumping, the first
few orders show red-shifted peaks, but the higher orders appear at the expected
Raman frequency. With red-detuned pumps, large red-shifted shoulders appear.

The continuum that appears under the MRG spectra with these short pulses also
changes with pump detuning. Although the continuum is dependent on the pump
pulse duration, the continuum cannot simply be due to SPM of the pump beams as
the largest continuum appears under the higher anti-Stokes Raman orders rather
than under the stronger pump frequencies. The continuum appears to be strongest
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for the red-detuned pumps, indicating that the generation of the continuum is linked
with the red-shifted shoulders. The continuum is also centered at higher frequency
for the red-detuned pump beams.
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Figure 5. The MRG spectra for 2 mJ, unchirped pump pulses. Pump frequencies are  
(top panel) red detuned by 0.8 THz, (middle panel) on-resonance and (bottom panel)  
blue-detuned by 1.3 Thz. 

 

In Figure 6, we have again plotted the 7th through 11th orders for both the red-shifted and  
blue-shifted short pulse pumping at three different total energies of 1, 1.5 and 2.0 mJ. The short pulse 
red-detuning of 0.8 THz is less than the red-shift of the chirped pulse at a delay of 0.667 ps, which 
corresponds to a detuning of 1.3 THz and yet the red-shifting is stronger for each of the pump energies 
with short pulse pumping compared with the chirped pumping. This is expected from Stark shifting as 
the pump intensity would be a factor of 2.5 higher for the 400 fs pulses compared to the 1 ps pulses at 
the same energy. The red-shifted shoulders are also much broader with the short pumps than with the 
long. This is mostly because the orders extend from the Raman order to the maximum shift, which for 
2 mJ, unchirped pulses equals have the transition frequency at the higher orders. The broadening 
increases with pump energy so that the orders begin to merge and create the continuum that appears 
under the higher anti-Stokes orders. The fact that the broadening is stronger with the shorter pulses so 
that the two peaks merge to one broad peak indicates that the broadening is effected by the transient 
nature of the Stark shifting. This broadening could also come from SPM and cross-phase modulation 
(XPM) between the orders. One would expect the largest SPM to occur at the pump frequency that has 
an order of magnitude more intensity and yet the pump frequencies have the narrowest spectra. 

From the lower plot in Figure 6, it can be seen that the blue shifted shoulders behave differently 
from the red-shifting in the upper plot. The position of the blue-shifted peaks is independent of pump 
energy indicating that the shift is not from the Stark effect. The average spacing of the peaks remains 
at the low intensity Raman frequency of 23.3 THz. The shifted frequency is stronger than the 
frequency at the Raman order of the pump frequency. The average shift of the peaks away from the 
Raman order is 5 THz, which is larger than the 1.3 THz detuning of the pump frequencies. The orders 
do get broader with intensity leading to a continuum under the orders. This broadening is presumably 

Figure 5. The MRG spectra for 2 mJ, unchirped pump pulses. Pump frequencies
are (top panel) red detuned by 0.8 THz, (middle panel) on-resonance and (bottom
panel) blue-detuned by 1.3 Thz.

In Figure 6, we have again plotted the 7th through 11th orders for both the
red-shifted and blue-shifted short pulse pumping at three different total energies of 1,
1.5 and 2.0 mJ. The short pulse red-detuning of 0.8 THz is less than the red-shift of
the chirped pulse at a delay of 0.667 ps, which corresponds to a detuning of 1.3 THz
and yet the red-shifting is stronger for each of the pump energies with short pulse
pumping compared with the chirped pumping. This is expected from Stark shifting
as the pump intensity would be a factor of 2.5 higher for the 400 fs pulses compared
to the 1 ps pulses at the same energy. The red-shifted shoulders are also much
broader with the short pumps than with the long. This is mostly because the orders
extend from the Raman order to the maximum shift, which for 2 mJ, unchirped pulses
equals have the transition frequency at the higher orders. The broadening increases
with pump energy so that the orders begin to merge and create the continuum that
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appears under the higher anti-Stokes orders. The fact that the broadening is stronger
with the shorter pulses so that the two peaks merge to one broad peak indicates
that the broadening is effected by the transient nature of the Stark shifting. This
broadening could also come from SPM and cross-phase modulation (XPM) between
the orders. One would expect the largest SPM to occur at the pump frequency that
has an order of magnitude more intensity and yet the pump frequencies have the
narrowest spectra.
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from SPM and cross-phase modulation between the orders, but still the pump frequencies have the 
most intensity and narrowest spectra. It is not clear at this point what causes the 5 THz shift or why it 
is this shifted frequency that then undergoes multiple Raman scattering at the low power Raman 
transition frequency. The 5 THz shifted frequency could be produced by either higher order  
non-resonant frequency mixing or by SPM/XPM. 

Figure 6. The MRG spectra for the 7th to 11th anti-Stokes orders for three different pump 
energies. The spectral intensities have arbitrary units, but the plots are normalized to the 
pump spectrum. The top and bottom plots show the spectra for pump frequency separation 
of 22.5 and 23.6 THz, respectively. Even so, the red-shift from the Raman orders is larger 
at each pump energy for the short pulses compared to the chirped pulse results. 

 

We have not observed blue shifting by time delaying chirped pulses that have peak frequency 
separation equal to the Raman transition, but we have observed blue shifted shoulders with chirped 
pulses that had peak frequencies separated by more than the Raman transition [8]. In the chirped case, 
the shift from the Raman frequency did not increase with order, which is the same as we have now 
observed with the unchirped pulses. With the chirped pumping the intensity of the blue shifted 
shoulders remained lower than the orders than appeared at Raman orders of the pump, which is 
different than what we observe with unchirped pulses. Whereas the red-shifting could occur by either 
time detuning chirped pulses or by detuning the peak frequencies, the blue shift requires that the peak 
frequencies be blue detuned, whether the pumps are chirped or not. This dependence on the peak 
frequencies suggests that the blue shift is due to a non-resonant frequency mixing process. Since the 
single-color Stark effect causes a red-detuning of the transition, this leaves the blue detuned pulses 
even further from the Raman resonance and that would allow the non-resonant frequency mixing of 
the peak frequencies to dominate. 
  

Figure 6. The MRG spectra for the 7th to 11th anti-Stokes orders for three different
pump energies. The spectral intensities have arbitrary units, but the plots are
normalized to the pump spectrum. The top and bottom plots show the spectra
for pump frequency separation of 22.5 and 23.6 THz, respectively. Even so, the
red-shift from the Raman orders is larger at each pump energy for the short pulses
compared to the chirped pulse results.

From the lower plot in Figure 6, it can be seen that the blue shifted shoulders
behave differently from the red-shifting in the upper plot. The position of the
blue-shifted peaks is independent of pump energy indicating that the shift is not
from the Stark effect. The average spacing of the peaks remains at the low intensity
Raman frequency of 23.3 THz. The shifted frequency is stronger than the frequency
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at the Raman order of the pump frequency. The average shift of the peaks away from
the Raman order is 5 THz, which is larger than the 1.3 THz detuning of the pump
frequencies. The orders do get broader with intensity leading to a continuum under
the orders. This broadening is presumably from SPM and cross-phase modulation
between the orders, but still the pump frequencies have the most intensity and
narrowest spectra. It is not clear at this point what causes the 5 THz shift or why it
is this shifted frequency that then undergoes multiple Raman scattering at the low
power Raman transition frequency. The 5 THz shifted frequency could be produced
by either higher order non-resonant frequency mixing or by SPM/XPM.

We have not observed blue shifting by time delaying chirped pulses that have
peak frequency separation equal to the Raman transition, but we have observed
blue shifted shoulders with chirped pulses that had peak frequencies separated by
more than the Raman transition [8]. In the chirped case, the shift from the Raman
frequency did not increase with order, which is the same as we have now observed
with the unchirped pulses. With the chirped pumping the intensity of the blue shifted
shoulders remained lower than the orders than appeared at Raman orders of the
pump, which is different than what we observe with unchirped pulses. Whereas the
red-shifting could occur by either time detuning chirped pulses or by detuning the
peak frequencies, the blue shift requires that the peak frequencies be blue detuned,
whether the pumps are chirped or not. This dependence on the peak frequencies
suggests that the blue shift is due to a non-resonant frequency mixing process. Since
the single-color Stark effect causes a red-detuning of the transition, this leaves the
blue detuned pulses even further from the Raman resonance and that would allow
the non-resonant frequency mixing of the peak frequencies to dominate.

4. Conclusions

We have demonstrated that when using pump pulses in the transient regime,
extra peaks occur in the multi-frequency Raman generated spectra. These peaks
occur only on the red side of the Raman orders when pumped with linearly chirped
pump pulses. The frequency shift of the red-detuned peaks does not follow the
instantaneous frequency separation of the pump pulses indicating that non-resonant
four-wave mixing is not responsible for the red-shifted peaks. On the other hand, the
amount of shift is intensity dependent, which implies that the extra peaks are a result
of Stark shifting of the Raman levels. We noted that pumping with chirped pulse
duration of just 1 ps in the transient regime gives very similar results to the adiabatic
regime where the molecular states are expected to evolve into the coherent states.
In particular, more Raman orders are generated when the instantaneous frequency
separation of the pump beams are slightly red-shifted from the Raman transition, but
blue shifting does not change the spectrum from the on-resonant pumping. Linear
Raman scattering from a two-photon Rabi frequency shifted coherent states can
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explain the generation of the red-shifted shoulders that appear in the MRG spectra.
In comparison with chirped laser pumping, unchirped pulse pumping with detuned
peak frequencies displays very different behavior. In particular, not only are the
orders red-shifted for red-detuned pumps, but the orders are blue shifted when the
pumps are blue shifted, indicating that non-resonant frequency mixing becomes a
dominant process when the pulses are unchirped. Although a two-photon Stark shift
can explain the red-shifted shoulders and also why blue shifting of the pumps allows
a non-resonant process to dominate, it remains to be determined why a constant blue
shift for all orders is observed with blue detuned peak pump frequencies.
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Continuous-Wave Molecular Modulation
Using a High-Finesse Cavity
David C. Gold, Joshua J. Weber and Deniz D. Yavuz

Abstract: We demonstrate an optical modulator at a frequency of 90 THz that has
the capability to modulate any laser beam in the optical region of the spectrum. The
modulator is constructed by placing deuterium molecules inside a high-finesse cavity
and driving a vibrational transition with two continuous-wave laser beams. The two
beams, the pump and the Stokes, are resonant with the cavity. The high intra-cavity
intensities that build up drive the molecules to a coherent state. This molecular
coherence can then be used to modulate an independent laser beam, to produce
frequency up-shifted and down-shifted sidebands. The beam to be modulated is not
resonant with the cavity and thus the sidebands are produced in a single pass.

Reprinted from Appl. Sci. Cite as: Gold, D.C.; Weber, J.J.; Yavuz, D.D. Continuous-
Wave Molecular Modulation Using a High-Finesse Cavity. Appl. Sci. 2014, 4,
498–514.

1. Introduction

Over the last two decades, we have witnessed an explosion of interest and
progress in ultrafast science [1]. Femtosecond time scale molecular dynamics
(vibrational and rotational) are now routinely probed using commercially available
laser systems. The advances in femtosecond lasers have also allowed the generation
of soft X-ray subfemtosecond pulses using the technique of high harmonic generation
(HHG) [2,3]. The frontiers of ultrafast science have now moved comfortably into the
subfemtosecond domain and electronic processes on these time scales are currently
being studied. Despite this great progress, many researchers (including us) feel that
key ingredients of ultrafast physics remain missing. We cannot yet produce optical
waveforms with the same precision and flexibility with which we can produce
electronic waveforms. We also have not yet been able to produce a coherent
optical spectrum with a large number of precise laser beams that simultaneously
cover the infrared, visible, and ultraviolet regions of the electromagnetic spectrum.
Constructing such a device, typically referred to as an arbitrary optical waveform
generator [4], has been one of the biggest unmet challenges in the field since the
invention of the laser in 1960. This device would ideally produce fully coherent
radiation ranging from 200 nanometers all the way up to 10 microns in wavelength
(a “white-light” laser).

We believe that, if constructed, such a device would have important applications
in a broad range of research areas, such as the following examples. (i) By phase
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locking the spectral components, one can synthesize subfemtosecond pulses in the
optical region of the spectrum [5–8]. Although, as mentioned above, subfemtosecond
pulses are now routinely produced in the soft X-ray region of the spectrum using
HHG, synthesizing such pulses in the more accessible optical region will increase
their utility and impact. (ii) By appropriately adjusting the phases and the amplitudes
of the Fourier components, one can synthesize arbitrary optical waveforms, such as
a square waveform or a sawtooth waveform, on subfemtosecond time scales. Such
sub-cycle pulse shaping will likely extend the horizons of coherent and quantum
control to a completely new regime [9–11]. (iii) A continuous-wave (CW) white-light
laser with narrow linewidth spectral components would allow precision spectroscopy
of a large number of molecular and atomic species [12]. Furthermore, the whole
spectrum could be locked to a reference so that the absolute frequency of each
component is known to a high precision. Using this approach, it may be possible to
construct optical clocks in different regions of the spectrum or to generate a broad
absolute frequency reference with components covering the full optical region.

One of the most promising techniques for the construction of an arbitrary optical
waveform generator is the technique of molecular modulation [13–17]. This technique
utilizes coherent vibrations and rotations in molecules to produce a broad Raman
spectrum covering many octaves of bandwidth. A subset of such a spectrum has
recently been used to synthesize optical waveforms with sub-cycle resolution [18–20].
In this technique, the molecules are driven to a highly coherent state using two intense
laser beams, the pump and the Stokes. Because of the high intensities required
for efficient modulation, experiments have traditionally been performed using
Q-switched pulsed lasers. The extension of the molecular modulation technique to
the CW domain would allow for each spectral component to have a very narrow
frequency linewidth. Such precision is required in spectroscopy and many other
applications. Over the last five years, we have been working towards accomplishing
this goal. To achieve the intensities required by the molecular modulation technique
with CW lasers, our approach has been to place the molecules inside a cavity
with a high finesse at the pump and at the Stokes wavelengths [21–27]. Our prior
experiments have demonstrated CW stimulated Raman scattering in a previously
inaccessible regime: at very low gas pressures with an established CW molecular
coherence more than two orders of magnitude larger than previously achieved [28].
Of particular importance, we have demonstrated for the first time that this approach
can produce a broad spectrum in wavelength regions where the cavity mirrors are
not reflective [29–31].

In this paper, building on our earlier work, we report two experimental results.
(i) We have constructed an optical modulator that can modulate any laser in the
optical region of the spectrum with a modulation frequency of 90 THz. The modulator
is prepared by driving a vibrational transition in molecular D2 using the resonant
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pump and the Stokes beams in the cavity. With the molecules coherently prepared,
a separate laser beam passes through the molecular gas cell and is modulated in a
single pass. (ii) We have achieved locking of two independent laser beams to the
cavity (the pump and the Stokes) and observed Raman generation as we varied the
two-photon detuning. This is the first experiment where a CW molecular modulator
is prepared using two independent laser beams. These results show considerable
promise for fully extending the molecular modulation technique to the CW domain.
Specifically, they open up the prospect of using a molecular modulator to broaden
the spectrum of a broadband laser (such as a Ti:sapphire femtosecond oscillator),
which we will discuss below.

2. Molecular Modulation

The technique of molecular modulation differs from traditional stimulated
Raman scattering [32–37] in that it relies on Raman generation in the regime of
near maximal coherence. Figure 1a shows a simplified energy level diagram
for a typical molecular system (for example, D2). Here state |a〉 is the ground
rotational-vibrational state of the molecule and state |b〉 is a particular excited
rotational-vibrational state. The two excitation lasers (the pump and the Stokes)
drive the coherence (off-diagonal density matrix element ρab) of the Raman transition.
When the driving lasers are sufficiently intense, it becomes possible to coherently
transfer almost half of the population to the excited state, thus approaching the
state of maximum coherence, |ρab| ≈ 1/2. The concept of maximum coherence
has gained considerable attention over the last two decades. It is now understood
that for nonlinear mixing processes, the generation efficiency is maximized for a
maximally coherent state [38–41]. Furthermore, because the generation process is
almost complete in a single coherence length, phase-matching is unimportant and
new beams are generated collinearly.

When the molecules are driven to a highly coherent state, they act as an efficient
frequency mixer with the modulation frequency determined by the oscillation
frequency of the molecules, νM = νpump − νStokes. For linearly polarized driving
laser beams, the driving lasers themselves can be modulated to produce higher-order
Stokes and anti-Stokes sidebands through four-wave mixing. In addition to the
driving lasers, the system can also be used to modulate any other laser beam. As
shown in Figure 1, a separate laser (called the mixing beam) with frequency ν0

can be modulated to produce frequency upshifted (anti-Stokes) and downshifted
(Stokes) sidebands at frequencies ν0 + νM and ν0 − νM, respectively. If the process
is highly efficient or a multi-pass configuration is used, a very broad Raman
spectrum can be produced with frequencies of the form ν0 + qνM (q is an integer).
Using the molecular modulation technique with pulsed lasers, several groups have
demonstrated the generation of a wide spectrum in molecular H2 and D2 [14–17]
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and have synthesized the first optical pulses to break the single-cycle barrier [18–20].
These experiments currently hold the world record for the shortest pulses ever
synthesized in the optical region of the spectrum. When the driving laser beams are
opposite circularly polarized, as is the case in Figure 1a, the generation of sidebands
from the driving lasers themselves is suppressed due to angular momentum
conservation rules [42]. In this regime, a frequency upshifted or downshifted
sideband from an appropriately-polarized mixing beam will be produced, and the
molecular medium can be used as an efficient frequency converter. Further details
regarding the molecular modulation technique can be found in a number of review
articles [43–45].

ν0 

high finesse cavity 

pump 

Stokes 

ν0+νM 

ν0 

ν0-νM hνM 

pump (σ+) 

a

Stokes (σ-) 

b

ν0+νM (σ+) 
ν0 (σ-) 

(a) (b) 

Figure 1. (a) Simplified energy level diagram. Two intense lasers, the pump and
the Stokes, drive the Raman transition and establish the molecular coherence, ρab.
The molecules can then be used to modulate any other mixing laser with frequency
ν0 to produce frequency upshifted or downshifted sidebands at frequencies ν0 + νM

and ν0 − νM, respectively. With the polarization configuration as shown, only a
frequency upshifted sideband is produced. (b) Molecular modulation with CW
laser beams. The molecules are placed inside a cavity with a high finesse at the
pump and at the Stokes wavelengths. For a sufficiently large molecular coherence,
any mixing laser incident on the cavity will be modulated. The mixing beam does
not need to be resonant with the cavity as the modulation is produced in a single
pass through the system.

2.1. Molecular Modulation with CW Lasers

Despite these exciting experiments, molecular modulation technique as
demonstrated in these experiments has significant limitations and has not yet
made a big impact on other research areas. The required laser intensities for
preparing the molecules into a maximally coherent state is quite high, exceeding
100 MW/cm2. As a result, all of those molecular modulation experiments described
in the previous paragraph have been performed using Q-switched pulsed lasers,
which have important limitations. The duty cycle of these lasers is low, less than
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1 part in 107, which severely restricts data rates. Furthermore, each sideband has
a minimum linewidth that is determined by the duration of the Q-switched pulse,
1/(10 ns) ≈ 100 MHz. This is an important limitation for precision spectroscopy
experiments where the transitions studied may have linewidths on the Hz level.
To overcome these limitations, it is important to extend the molecular modulation
technique to the CW domain.

For extending the technique to the CW domain, two approaches are promising.
One approach is to utilize the tight confinement of hollow-core photonic crystal
fibers, an approach that has been studied by Benabid and colleagues [46]. In contrast,
our approach is to place the molecules inside a cavity with high finesse at the pump
and at the Stokes wavelengths, as shown in Figure 1b. When the cavity resonance
condition is simultaneously satisfied for both laser beams, high intensities build
up inside the cavity and the molecules are driven to a highly coherent state. If
the pump and the Stokes beams are linearly polarized, higher-order Stokes and
anti-Stokes beams from the driving lasers will be produced. A separate weaker
mixing laser can also be modulated in a single pass through the system. Our scheme
was motivated by the recent pioneering experiments of Carlsten and colleagues
that have demonstrated CW Raman lasing of the Stokes beam inside a high-finesse
cavity [21–26,35]. We have extended these experiments to the regime of sufficiently
high coherence such that significant modulation can be produced in a single pass
through the system. As a result, the mixing beam does not need to be resonant
with the cavity, and any optical wavelength can be modulated. This broadband
modulation capability is critical, as it may allow for the broadening of the already
broad spectrum of a Ti:sapphire oscillator.

3. Experiment: 90 THz CW Modulator

In this section, we discuss our optical modulator with a modulation frequency
of 90 THz that is capable of modulating any beam in the optical region of the
spectrum. Optical modulators typically utilize nonlinear optical processes in crystals,
such as electro-optic and acousto-optic effects. Such modulators have recently
achieved modulation rates approaching 100 GHz; yet, due to intrinsic limitations of
electronic components, crystal-based approaches may remain unable to achieve
much higher modulation rates. In contrast, we have recently demonstrated a
modulator at a frequency of 17.6 THz using a rotational transition in molecular
H2 [30]. The experiment that we describe in this section extends our earlier result to
a higher modulation rate of 90 THz by using a vibrational transition in molecular D2.

A schematic of our experiment is shown in Figure 2. We prepare the molecules
to a highly coherent state inside a high-finesse cavity with two intense laser fields,
the pump and the Stokes, at wavelengths of 1.064 µm and 1.555 µm, respectively. The
experiment starts with locking the pump laser beam to one of the cavity modes. For
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sufficiently high intra-cavity pump laser intensity, the Stokes laser beam is produced
through Raman lasing into a cavity mode. We utilize the |ν = 0, J = 0〉 → |ν = 1,
J = 0〉 vibrational Raman transition in D2, which has a transition frequency of 90 THz.
With the molecules prepared in a coherent state, a third, weaker laser beam at a
wavelength of 785 nm passes through the system. This mixing beam is modulated to
produce frequency up-shifted and down-shifted sidebands at wavelengths of 636 nm
and 1026 nm, respectively. The mirrors of the cavity do not have a high reflectivity at
785 nm, thus the modulation is produced in a single pass through the system.

To produce the desired high power pump laser beam, we start with a
custom-built external cavity diode laser (ECDL) with an optical power of 20 mW
and a free-running linewidth of about 0.5 MHz. We amplify the ECDL output
with an ytterbium fiber amplifier centered at 1.064 µm. The amplifier produces a
linearly-polarized, single-spatial and single frequency mode output with a maximum
power of 20 W. The amplified beam is then coupled to the TEM00 mode of
the high-finesse cavity using a mode matching lens (MML). The mirrors of the
high-finesse cavity have high damage threshold coatings with high reflectivity
near wavelengths of 1.06 µm and 1.55 µm. The transmittance of the mirrors at the
two wavelengths are about 50 parts per million (ppm) and the total scattering and
absorption losses are at the level of 100 ppm. One of the cavity mirrors is mounted
on a piezoelectric transducer to allow for slight adjustments of the cavity length.
We use the Pound–Drever–Hall (PDH) technique to lock the amplifier output to the
cavity [47]. For this purpose, the ECDL passes through an electro-optic modulator
(EOM) and the cavity reflected signal is picked off with a glass slide (GS) to produce
electronic feedback to the ECDL frequency and the cavity length. The mirrors are
housed in a vacuum chamber, which is machined from stainless steel with an inner
tube diameter of 5 cm. The central 50 cm-long region of the chamber is surrounded by
a liquid N2 reservoir. Cooling the molecules reduces Doppler broadening and greatly
increases the population of the ground rotational level [14]. The mixing beam is
produced by a separate 785 nm ECDL whose output is amplified by a semiconductor
tapered amplifier. The optical power in the mixing beam before the cavity is about
100 mW. The motivation for amplifying the mixing beam is to increase the optical
power of the generated sidebands to more easily detectable levels.

Figure 3 shows the power conversion efficiency from the mixing beam to the
frequency up-shifted sideband at a wavelength of 636 nm, as the incident pump
power is varied. For this measurement, the D2 pressure is held constant at 0.3 atm.
The highest conversion efficiency that we achieve is 0.5 × 10−6. Although the
conversion efficiency is low, this is the first time CW modulation of an independent
laser at such a high rate has been demonstrated. In addition to the measurement
of Figure 3, as we vary the incident pump power, we also measure the transmitted
pump and Stokes powers through the cavity. Similar to our previous experiments,
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the transmitted pump power stays constant at about 1 mW, whereas the transmitted
Stokes power increases linearly to a maximum of about 7 mW as we increase
the input pump power. From the transmitted power measurements, we can
calculate the intra-cavity circulating intensities for the pump and the Stokes beams
using the mirror transmittance and the known cavity mode size. The maximum
calculated intra-cavity intensities for the pump and Stokes lasers are 10 kW/cm2

and 62 kW/cm2, respectively. The solid line in Figure 3 shows the calculated
conversion efficiency using the estimated intra-cavity pump and Stokes intensities.
There are no adjustable parameters in this calculation; i.e., all parameters that are
used are experimentally measured. We observe reasonable agreement between the
experimental data points and the calculations. The disagreement is likely due to the
imperfect spatial overlap of the 785-nm beam with the TEM00 mode of the cavity. This
spatial overlap is difficult to measure precisely in our experiment and the calculations
do not take this effect into account. The predicted largest value for the molecular
coherence that we achieve in this experiment is |ρab| = 2.5× 10−5.

1064nm	  ECDL	  
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785	  nm	  ECDL	  
–	  	  Mixing	  

MML	   D2-‐Filled	  HFC	  
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1555	  nm	  Generated	  
From	  Noise	  –	  	  
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Figure 2. The simplified schematic of our experiment. We start the experiment by
locking a high-power pump laser beam to one of the axial modes of the cavity. With
the pump laser locked, the Stokes beam is produced through Raman lasing. The
pump and the Stokes beams drive the molecular coherence, which can then be used
to modulate a separate 785-nm laser beam in a single pass. ECDL: external cavity
diode laser, EOM: electro-optic modulator, Yb FA: ytterbium fiber amplifier, PBS:
polarizing beam splitter, GS: glass slide, PD: photo-diode, MML: mode-matching
lens, HFC: high-finesse cavity, TA: tapered amplifier, DM: dichroic mirror, G:
grating, BB: beam block.

Currently, the conversion efficiency in this experiment is limited by the intra-cavity
pump and Stokes laser intensities. One drawback of the current experiment is that
we rely on Raman lasing to generate the Stokes beam. As a result, the pump and
the Stokes intra-cavity intensities are limited by the dynamics of Raman lasing. This
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drawback can be overcome by locking two independent laser beams to the cavity,
rather than relying on Raman lasing, an approach we discuss in the next section.
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Figure 3. The conversion efficiency from the mixing beam to the 636 nm anti-Stokes
sideband as the incident pump power is varied at a constant D2 pressure of 0.3 atm.
The solid line is a theoretical calculation without any adjustable parameters, based
on the measured transmitted powers of the pump and the Stokes beams through
the cavity.

4. Experiment: Preparing Molecules with Two Independent CW Laser Beams

In this section, we discuss our experiment where we have prepared the
molecular coherence by using two independent laser beams. Figure 4 shows the
simplified schematic of this experiment. Similar to the pump laser, the Stokes
laser system starts with an ECDL, but now near a wavelength of 1.55 µm. We
amplify the Stokes ECDL output to 20 W with an erbium-doped fiber amplifier.
A PDH setup similar to that of the pump laser keeps the Stokes beam resonant
with the cavity. When we lock both lasers to the cavity and adjust the frequency
difference of the two lasers to within about a GHz of the Raman transition resonance,
νpump − νStokes ≈ νab, the two beams efficiently drive the molecular coherence. The
established molecular coherence then mixes with the driving lasers to produce the
anti-Stokes and second Stokes sidebands at wavelengths of 807 nm and 2.94 µm,
respectively. These sidebands are only observed when the lasers are tuned to within
about 1 GHz of the Raman transition. For these experiments, we reduce the gas
pressure to a sufficiently low value such that Raman lasing on the vibrational Stokes
beam is negligible; i.e., if we lock only the pump laser to the cavity there is no
substantial Raman generation. The Raman lasing needs to be suppressed because the
Stokes beam generated through Raman lasing interferes with the cavity lock of the
1.55 µm beam. Figure 5 shows the power of the generated 807 nm anti-Stokes beam as
a function of the two-photon detuning at a molecular gas pressure of 0.01 atm. This
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pressure value is about three orders of magnitude lower than those traditionally used
in stimulated Raman scattering experiments. It is important to note that, just as in the
90 THz mixing experiment described above, the cavity mirrors do not have a high
reflectivity at the anti-Stokes wavelength, so the 807 nm beam is generated in a single
pass through the system. We generate a maximum CW anti-Stokes power exceeding
1 mW, which is an order of magnitude larger than our previous experiments that
relied on Raman lasing to generate the Stokes beam [30]. The predicted established
molecular coherence in this experiment is more than an order of magnitude higher
than what was achieved in the mixing experiment, |ρab| ≈ 1 × 10−3. Although
the established molecular coherence in this experiment is much higher, we have
not yet been able to translate this increase into an increase in the mixing efficiency
experiment of the previous section. When we increase the molecular gas pressure, the
dynamics of Raman lasing and instabilities in the locking performance substantially
reduce the intra-cavity intensities for the pump and the Stokes beams.

One of our immediate goals is to increase the established molecular coherence
and operate at higher pressures in the two-beam setup and thereby increase the
mixing efficiency. We believe that the intra-cavity intensities in our experiment are
currently limited by the large free-running linewidths of the ECDLs (about 0.5 MHz)
and by imperfect locking electronics. Due to these limitations, we are able to couple
at best 10% of the incident power in each laser beam to the cavity. To overcome these
limitations, we plan to pursue the following technical improvements in our setup
in the near future: (i) constructing better ECDLs with free-running linewidths of
about 50 kHz [48]; (ii) pre-stabilizing the ECDLs with separate low-finesse cavities so
that their free-running linewidths are considerably reduced [49]; and (iii) increasing
the bandwidth of the locking electronics and better understanding the limitations of
the feedback circuit [50,51]. With these improvements, our goal will be to achieve
intra-cavity intensities approaching the damage threshold of the mirror coatings
(about 100 MW/cm2). CW optical intensities exceeding 100 MW/cm2 inside a
high-finesse cavity have recently been experimentally demonstrated for high-quality
dielectric coatings [52]. Our experience with these coatings has been consistent
with this recent experiment since we have been able to routinely obtain intensities
exceeding 10 MW/cm2 in an empty chamber (without any molecular gas) without
any apparent degradation in mirror performance. With both the pump and the
Stokes beams locked to the cavity with circulating intensities of about 100 MW/cm2,
the established molecular coherence will be |ρab| ≈ 0.01, more than an order of
magnitude higher than what we have achieved to date. We can then use the
system to modulate a separate weak mixing laser to produce frequency upshifted
and downshifted sidebands. We would then have a 90 THz modulator with a
single-pass conversion efficiency approaching 10% over much of the optical region
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of the spectrum. As described in the next section, such an efficient broadband
modulator has exciting potential applications.
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Figure 4. Simplified schematic for the two-beam experiment. We start with two
external cavity diode lasers at the pump and at the Stokes wavelengths. Each beam
is amplified to an output power of 20 W using a fiber amplifier. The amplified
beams are then coupled to the high-finesse cavity using mode matching lenses.
We use the Pound–Drever–Hall technique to lock the amplifier outputs to the
cavity. ECDL: external cavity diode laser, EOM: electro-optic modulator, Yb FA:
ytterbium-doped fiber amplifier, Er FA: erbium-doped fiber amplifier, GS: glass
slide, MML: mode matching lens, PD: photo-diode, HFC: high-finesse cavity.
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Figure 5. The power of the 807 nm anti-Stokes beam as a function of two-photon
Raman detuning, (νpump − νStokes)− νab, at a D2 gas pressure of 0.01 atm. At these
low pressures, Doppler broadening is the dominant contribution to the linewidth.
The two-photon detuning is varied by locking either the pump or the Stokes beam
to a different cavity mode. As a result, the data points are spaced in frequency by
the free spectral range of the cavity, which is 200 MHz.
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5. Modulation of a Femtosecond Ti:sapphire Oscillator

One of the main motivations for extending molecular modulation to the CW
domain is that it would allow combining this technique with femtosecond Ti:sapphire
laser technology. The idea is that the modulator can be used to efficiently generate
sidebands on a femtosecond oscillator to produce a broad spectrum with a large
number of spectral components. This scheme was first suggested by Kien et al. [53],
and was later experimentally demonstrated with Q-switched pulsed lasers by
Marangos and colleagues [54–56]. Consider a broadband laser with power spectral
density F(ν). If this laser goes through a molecular medium that is prepared in a
highly coherent state, modulation produces sideband “replicas” of the spectrum
spaced from the original by the modulation frequency. The first Stokes and
anti-Stokes sidebands will produce replicas F(ν− νM) and F(ν + νM), the second
orders will produce F(ν− 2νM) and F(ν + 2νM), and this process could continue
until the spectrum fills the full optical range. Figure 6 shows how the scheme works
for a typical broadband Ti:sapphire laser oscillator with a spectrum that spans from
about 700 nm to 900 nm in wavelength. In this qualitative calculation, we use the
vibrational transition in D2 (νM = 90 THz) to produce sidebands and broaden the
Ti:sapphire spectrum. To show the effect more clearly, we assume 60% conversion
efficiency to each sideband, although as mentioned above, in the near future, we
will aim for about 10% conversion efficiency with |ρab| ≈ 0.01. Intensity spectra (in
linear scale) for the incident Ti:sapphire beam and for first, second, and third order
modulation are shown.

A key advantage of this approach, and the feature that sets it apart from similar
previous work, is that since the molecules are prepared with two CW lasers, the
linewidth of the molecular oscillations can be made very narrow. When the two
driving lasers are locked to the high-finesse cavity, their linewidths can be narrowed
to values much smaller than 1 kHz. This also sets the linewidth of the molecular
oscillations (i.e., the precision in the value of νM). As a result, the mixing process will
not significantly affect the spectral characteristics of the individual comb lines of the
Ti:sapphire oscillator. Many of the ideas and experiments that use stable Ti:sapphire
comb lines may be performed with the much broader spectrum of Figure 6. We also
note that the broad output spectrum of Figure 6 can form a phase-stabilized frequency
comb. This can be accomplished by adjusting the modulation frequency νM to be an
exact integer multiple of the comb-spacing of the Ti:sapphire laser. The modulation
frequency is precisely set by the frequencies of the pump and the Stokes laser beams,
νM = νpump − νStokes. The pump and Stokes laser beams can, for example, be locked
to two teeth of a separate phase-stabilized frequency-comb oscillator.
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Figure 6. Broadening the spectrum of a Ti:sapphire laser using the vibrational
transition in D2 with νM = 90 THz. Starting with a typical broadband laser
with power spectral density, F(ν), replicas of the spectrum spaced by the Raman
transition frequency are produced. Here we follow the process up to three Stokes
and anti-Stokes sidebands, i.e., the final spectrum includes contributions from
F(ν − 3νM), F(ν − 2νM), ..., F(ν + 3νM). In this calculation, we assume 60%
conversion efficiency to each sideband.

We note that throughout this section, we have assumed the Ti:sapphire laser
to be sufficiently weak such that it does not interfere with the molecular state
preparation. This assumption is satisfied for a typical femtosecond oscillator
(1 nanojoule energy per pulse, 20 femtosecond pulse width, 100 MHz repetition
rate). For many applications such as quantum control, nanojoule per pulse level
energies will not be sufficient. For such applications, an amplified Ti:sapphire system
(larger than 1 microjoule energy per pulse, about 10 kHz repetition rate) can be used
as a mixing laser. The peak power of such lasers is quite high, and these pulses
would interfere with the molecular state preparation by the pump and the Stokes
laser beams. To overcome this problem, one idea would be to chirp the pulse so
that its peak power is greatly reduced. In the spirit of the technique of chirped pulse
amplification, peak power can be dramatically reduced by stretching the pulses to
picosecond times scales. Also, for modulating amplified Ti:sapphire systems, pulsed
molecular modulators such as those utilizing photonic crystal fibers may be used [57].

We conclude this section by noting that there are other schemes that can be used
to broaden the spectrum of a Ti:sapphire laser. Early experiments used nonlinear
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self-phase modulation inside a photonic crystal fiber to broaden the Ti:sapphire
spectrum [58,59]. Recently, multi-octave broadband spectra and single-cycle
pulse synthesis have been demonstrated using a number of approaches including
coherently combining the supercontinuum output from multiple highly nonlinear
fibers and using multiple optical parametric amplifiers seeded by a common laser
source [5–8]. These are exciting developments that may eventually allow for the
synthesis of arbitrary optical waveforms. However, we believe that the simplicity and
the coherent nature of the molecular modulation process make it the most promising
route for constructing an arbitrary optical waveform generator. As mentioned before,
the molecular modulation technique was the first to synthesize single-cycle pulses
and this technique still holds the world record for the shortest pulses that have ever
been synthesized in the optical region of the spectrum [18–20].

6. Conclusions and Future Directions

In conclusion, we have discussed constructing an optical modulator at a
frequency of 90 THz that has the capability of modulating any laser in the optical
region of the spectrum. We also have discussed the initial results of our efforts to
prepare the molecular modulator using two independent lasers locked to the modes
of a high-finesse cavity. These results are significant steps towards extending the
molecular modulation technique to the CW domain. The long-term goal of our
project is to use the molecules to frequency broaden the spectrum of a Ti:sapphire
oscillator as shown in Figure 6. If successful, this approach may produce a broad
CW spectrum covering the full optical region with millions of spectral components.
We next discuss some of the exciting potential applications of such a source.

6.1. Temporal Waveform Synthesis

Once a very broad spectrum with millions of spectral components is produced,
the next challenge will be to synthesize temporal waveforms using pulse-shaping
techniques [60,61]. The full optical spectrum (from 200 nm to 10 microns) is much
broader than the typical spectra used in pulse-shaping experiments. Because of
the large bandwidth of the spectrum, arbitrary temporal waveform synthesis will
likely be a challenging task, and there are a number of open questions. To adjust
the phases and the amplitudes of components over such a broad spectrum, one
approach would be to use piezo-driven moveable metal mirrors [62–64] and to
work with a reflective geometry. These mirrors have a high reflection coefficient
over the full optical region, and recent advances in fabrication allow for a large
number of individually adjustable pixels. For the infrared region of the spectrum
where the wavelength is large, the limited range of piezo-motion might be an issue.
To overcome this limitation, an acousto-optic pulse shaper may be used for the
infrared wavelengths [65]. A key component of pulse-shaping techniques is a
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nonlinear detector that allows measurement of the synthesized waveform through
correlation studies. This is traditionally a thin nonlinear crystal where the second
harmonic signal as a function of time delay reveals the temporal structure. However,
for a very broad spectrum, crystals cannot be used; a nonlinear detector with a wide
bandwidth is required. The nonlinear processes in noble gases have a sufficiently
large bandwidth for this purpose. For example, the experiments of the Harris
group used multi-photon ionization and sum frequency generation in Xe atoms to
characterize ultrafast pulses [18].

6.2. Frequency Reference and Precision Time-Keeping

There is a growing demand for constructing clocks with improved precision.
Recent advances in optical clocks have yielded frequency stabilities exceeding 1 part
in 1015, surpassing the precision of Cs atomic clocks [66–68]. Optical clocks utilize
ultra-stable lasers that are locked to very narrow atomic transition lines. With a
CW molecular modulator, it may be possible to extend the frequency stability of an
optical clock to the full optical spectrum. As previously mentioned, a key advantage
is that since the molecules are prepared with two CW lasers, the linewidth of the
molecular oscillations can be made very narrow. The frequencies of the two driving
laser beams, νpump and νStokes, can in principle be locked to optical reference lines
(such as to two teeth of a stabilized, frequency-comb Ti:sapphire laser). As a result,
the absolute frequency of the molecular oscillations, νM = νpump − νStokes, would be
known to a very high precision (potentially approaching a precision at the level of
1 part in 1015). The idea then would be to use a frequency stabilized mixing beam so
that all mixing orders with frequencies ν0 + qνM have an absolute frequency stability
on the 1 part in 1015 level. As discussed above, we could also use a Ti:sapphire laser as
a mixing beam. For this case, if the Ti:sapphire laser is absolute frequency stabilized
(a frequency comb), the generated spectrum of Figure 6 will be an absolute frequency
reference covering the full optical region. We believe this would constitute a light
source with many exciting applications in a number of research areas. For example,
one can perform precision spectroscopy of a large number of atomic and molecular
species from a single source. One would also be able to construct optical clocks in
regions of the spectrum that are currently inaccessible.

6.3. Coherent Control

Over the last decade, quantum and coherent control has emerged as an exciting
sub-field of atomic, molecular, and optical physics [69–71]. It is now understood
that efficient control of a quantum system requires laser light with a broad spectrum
with frequencies that match as many transitions in the system as possible [72]. Using
arbitrary optical waveforms with a spectrum ranging from 200 nm to 10 µm in
wavelength, one can simultaneously control the electronic, vibrational, and rotational
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coordinates of molecules. This will facilitate the understanding of various couplings
between different coordinates of the system. For example, one possibility is to study
the ionization of a molecule as a function of the vibrational coordinate. This cannot
be done with only the soft X-ray pulses provided by HHG since their spectrum does
not have the infrared wavelengths that are needed to efficiently control the slow
vibrational coordinate.

The ability to shape the pulse beyond the slowly-varying envelope
approximation will likely extend the ideas of coherent control to a completely new
regime. Currently, because of the limited bandwidth of laser sources, coherent control
experiments are done in the quasi-steady-state regime, in which the electric field
of the laser light cycles back and forth many times before its envelope changes.
Sub-cycle pulse shaping allows true manipulation of the electric field itself instead
of just the envelope, providing a completely new tool. Up until now, sub-cycle
pulses have only been available in the THz region of the spectrum. These pulses
have been used for many pioneering experiments in Rydberg atoms in which the
Rydberg wave-packets are precisely controlled [73,74]. Extending sub-cycle pulses
to the optical region of the spectrum will extend these experiments to electronic
wave-packets with much shorter characteristic time scales. As demonstrated by the
recent exciting experiments from the HHG community [75], there remains much to
be understood about the ultrafast dynamics of electronic motion and its coupling to
other coordinates.
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Broadband Continuous-Wave
Multi-Harmonic Optical Comb Based on
a Frequency Division-by-Three Optical
Parametric Oscillator
Yen-Yin Lin, Po-Shu Wu, Hsiu-Ru Yang, Jow-Tsong Shy and A. H. Kung

Abstract: We report a multi-watt broadband continuous-wave multi-harmonic
optical comb based on a frequency division-by-three singly-resonant optical
parametric oscillator. This cw optical comb is frequency-stabilized with the help
of a beat signal derived from the signal and frequency-doubled idler waves. The
measured frequency fluctuation in one standard deviation is ~437 kHz. This is
comparable to the linewidth of the pump laser which is a master-oscillator seeded
Yb:doped fiber amplifier at ~1064 nm. The measured powers of the fundamental
wave and the harmonic waves up to the 6th harmonic wave are 1.64 W, 0.77 W, 3.9 W,
0.78 W, 0.17 W, and 0.11 W, respectively. The total spectral width covered by this
multi-harmonic comb is ~470 THz. When properly phased, this multi-harmonic
optical comb can be expected to produce by Fourier synthesis a light source
consisting of periodic optical field waveforms that have an envelope full-width
at half-maximum of 1.59 fs in each period.

Reprinted from Appl. Sci. Cite as: Lin, Y.-Y.; Wu, P.-S.; Yang, H.-R.; Shy, J.-T.;
Kung, A.H. Broadband Continuous-Wave Multi-Harmonic Optical Comb Based on
a Frequency Division-by-Three Optical Parametric Oscillator. Appl. Sci. 2014, 4,
515–524.

1. Introduction

The development of ultrafast physics has made tremendous progress in the
past decade. This includes the development of broadband coherent optical sources
which are desirable in ultrafast source development as well as in a wide range of
research areas including laser spectroscopy and quantum optics [1]. While it is
possible to produce ultrashort pulses via Fourier waveform synthesizer at optical
frequencies that leads to a periodic train of single-cycle attosecond pulses [2–4],
more attention has been given to isolated pulse generations in the femtosecond and
attosecond time domain. This is because an isolated pulse can be employed readily
for experiments in probing the electronic dynamic in atoms and molecules [5]. The
common approaches that have been utilized for generating broadband multi-octave
coherent optical sources include self-phase-modulation/cross phase-modulation of
femtosecond laser pulses in gases and solids [6,7], driving Raman resonances to
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produce sidebands by four-wave mixing with nanosecond lasers or femtosecond
lasers [8–10], synchronously pumped femtosecond optical parametric oscillators [11]
or supercontinuum seeded optical parametric amplifiers [12]. A common feature
of these approaches is that they use a high power pulsed laser as the pump source.
Although there are impressive demonstrations of using these sources as femtosecond
waveform synthesizers [13,14], stringent requirement on phase stability dictates that
the synthesized waveform easily varies with time unless elaborate feedback control
is installed in the system [13].

The opposite extreme to isolated pulses is a continuous train of sub-cycle optical
pulses. Since cw lasers are intrinsicaly more stable and are better managed than
pulsed lasers, a train of sub-cycle pulses at ~100 THz can offer unprecedented
precision and accuracy to as much as one part in 1014 in ultrafast event timing,
ranging, quantum control, and for metrologic applications. A Fourier waveform
synthesizer using a phase-locked cw laser has a main attribute that pulsed lasers
do not have. It can maintain highly precise phase and amplitude stability for
each comb component to yield waveforms that are nearly free from waveform
variation [3]. A cw periodic waveform can therefore be used to produce ultra-stable
novel shaped field potentials for trapping neutrals and charged particles and study
their short-range dynamical behavior.

There are several new developments toward a broadband coherent optical source
for the purpose of making a cw Fourier waveform synthesizer. A cavity-enhanced
molecular modulation scheme has been demonstrated [15]. The spectral components
of the molecular modulator were extended to span from 0.8 µm to 3.2 µm via
four-wave mixing in a gas medium. A 4-THz cw frequency comb at 1.56 µm based on
cascading quadratic nonlinearities has also been realized [16]. Yet the power of the
frequency bands produced in these developments are in the mW level so that their
potential applications are limited. Here we describe an approach that utilizes reliable
high power cw fiber lasers. The approach employs a master-oscillator fiber-laser
power amplifier pumped frequency division-by-three parametric oscillator [17,18] to
provide the first three comb components and then adopt quasi-phase-matched (QPM)
nonlinear mixing to generate the next three higher harmonics to give a highly-stable
commensurate six component cw comb at the watt level. The approach we describe
here encompasses advantages of QPM based parametric oscillators and frequency
conversions which are compact and have inherently high conversion efficiency.

2. Experimental Section

The schematic of our multi-harmonic optical comb is shown in Figure 1. The
watt-level frequency division-by-three singly resonant optical parametric oscillator
(SRO) cavity is a bow-tie ring cavity consisting of two curved mirrors (M1 and M2)
with a 100 mm radius of curvature, a flat mirror (M3), and an output coupler (M4).

123



The OPO crystal is a 5 mol % MgO-doped PPLN crystal (from HC Photonics) with
a length of 40 mm. The total cavity length is 500 mm. The pump, signal, and idler
waves are designed to correspond to the 3rd harmonic wave, the 2nd harmonic wave,
and the fundamental wave of a multi-harmonic optical comb. M1 and M2 have
reflectance of <2%, >99.9%, and <5% at the pump, signal and idler wavelengths,
respectively. M3 has reflectance of >99.9% at the signal wavelength. Output coupler
mirror M4 has a 0.6% output coupling at the signal wavelength.
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frequency generation (SFG), and external cavity single-pass SHG, respectively. The idler 
(the fundamental wave) SHG and a small portion of the 2nd harmonic wave are combined to 
produce an error signal for frequency control by tweaking the cavity length that is based on a 
home-made phase detection circuit, a commercial high-speed proportional integrating (PI) 
controller (New Focus LB1005) and a high voltage PZT driver (Physik Instruments  
E-501.621) shown inside the dashed box. 

 

 Figure 1. Multi-harmonic optical comb based on a frequency division-by-three
singly resonant optical parametric oscillator. The optical parametric oscillator
generates the fundamental wave (idler), the 2nd harmonic wave (signal), and the
3rd harmonic wave (pump) of the multi-harmonic optical comb. The 4th harmonic
to 6th harmonic are generated by intracavity second harmonic generation (SHG),
external cavity single-pass sum frequency generation (SFG), and external cavity
single-pass SHG, respectively. The idler (the fundamental wave) SHG and a small
portion of the 2nd harmonic wave are combined to produce an error signal for
frequency control by tweaking the cavity length that is based on a home-made phase
detection circuit, a commercial high-speed proportional integrating (PI) controller
(New Focus LB1005) and a high voltage PZT driver (Physik Instruments E-501.621)
shown inside the dashed box.

The two end faces of the MgO:PPLN crystal are optically polished and
antireflection-coated with <1%, <0.2%, and <5% reflectance at pump, signal, and
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idler wavelengths. The OPO crystal has a period of 30.8 µm and generates radiation
at 1596-nm (signal) and at 3192-nm (idler) at 92.8 ◦C when pumped at 1064 nm. The
pump laser is a cw linearly polarized, single-frequency Yb-doped fiber laser amplifier
which is seeded by a single-mode mW-level DFB diode laser that has <0.1 MHz
linewidth at 1064 nm from IPG Photonics. The pump laser is capable of producing
~15-W power with TEM00 mode and a M2 < 1.05. The cavity is designed to resonate at
the signal wave that has a focusing parameter ξ = L/b of 1 (L is the crystal length and
b is the confocal parameter). The pump beam is focused to a beam waist radius of
60 µm to mode-match to the cavity mode of the signal beam. The pump and idler exit
the cavity from M2 and the signal output is at M4. The pump and idler are separated
by a dichroic mirror for their power measurements. The idler wave is immediately
focused into a 25 mm long MgO:PPLN crystal of period 34.25 µm for SHG of the
idler to produce a beat signal with the signal wave. The purpose of the beat signal
is to lock the length of the SRO cavity. This beat signal which is detected by a fast
photodiode (EOT ET-3010) is sent to a cavity stabilization feedback circuit shown
enclosed in the dash box in Figure 1. Locking the cavity length in turn fixes the
wavelength of the signal to one of the cavity modes. A 250-µm thick intracavity fused
silica etalon is inserted between M2 and M3 to maintain single-longitudinal-mode
operation at high pump power.

The 4th harmonic to 6th harmonic waves can be generated by either intracavity
or external cavity configurations. Intracavity frequency conversion could provide
higher conversion efficiency, but the dynamic of the SRO cavity becomes more
complicated and the cavity mirrors’ coatings are more susceptible to damage. So only
the 4th harmonic comb component is generated by intracavity SHG from the 2nd
harmonic wave (SRO signal wave). The nonlinear crystal for 4th harmonic wave
generation is a 20.58 µm period MgO:PPLN crystal with a 10-mm length. The 5th
and 6th harmonic waves are generated by single pass sum-frequency generation
(SFG) of the 2nd harmonic wave and the 3rd harmonic wave (SRO signal and pump),
and SHG of the 3rd harmonic wave (SRO pump) respectively. The specifications of
these two nonlinear crystals are a 12.05 µm period MgO:PPLN crystal with 25 mm in
length and a 7.97 µm period MgO:PPSLT crystal with 30 mm in length, respectively.

3. Results and Discussion

3.1. Frequency Control of Division-by-Three OPO

When the optical parametric oscillator is operating, the frequencies of signal
and idler are 2ω + ∆ω and ω − ∆ω where ∆ω is the deviation in frequency from
the fundamental (idler) of the exact division-by-three frequency of the SRO where
the pump is at 3ω. Ideally ∆ω is to be equal to zero. For the SRO, zeroing ∆ω

is done by adjusting the temperature of the gain crystal, the intracavity etalon,
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and the length of the cavity. The primary source of non-zero ∆ω is thermal and
mechanical fluctuation of the SRO cavity length. Therefore it is necessary to track and
stabilize the cavity length. Here a cavity stabilization feedback circuit is introduced
to control the free spectral range of the SRO cavity to eliminate or minimize the
frequency deviation. In our experiment, the frequency deviation is deduced from the
interference beat signal between the frequency-doubled idler wave and the signal
wave. This beat signal is equal to {2ω + ∆ω minus 2 × (ω − ∆ω)} to give 3∆ω.
According to standard practice in cavity stabilization, we give this beat signal an
offset frequency ΩAOM of +54 MHz by passing the SRO signal beam through an
acousto-optic modulator before mixing with the idler’s second harmonic. With this
offset it is then possible to track the deviation ∆ω on both sides of ∆ω = 0 readily.
The main ICs employed in our phase detection circuit are two ultrafast comparators
(Analog Device AD96685), one phase discriminator (Analog Device AD9901) and one
differential receiver amplifier (Analog Device AD8130). The error signal from our
phase detection circuit is sent into the high-speed proportional integrating controller.
Finally, the PZT driver adjusts a PZT (mounted on M3) in accordance to output from
the proportional controller.

The quality of the stabilization control is monitored by recording the beat signal
thus produced using a radio frequency (RF) spectrum analyzer (Rohde & Schwarz
FSL3) with 100 kHz resolution bandwidth. The frequency of the recorded beat
signal is 3∆ω + ΩAOM. Histograms of the recorded frequency deviation over a
30 min period are shown in Figure 2 with and without cavity stabilization when
the temperature of the OPO crystal was set to 92.8 ◦C to achieve phase-matching in
the frequency division-by-three cw SRO. Figure 2a shows the frequency deviation,
∆v = ∆ω/2π, without cavity stabilization. The recorded deviation ∆ω centers at
131.8 MHz with a ±14.7-MHz random drift (one standard deviation). With the
stabilization circuit turned on, the frequency deviation is reduced to centering
at −76 kHz with a ±437-kHz random drift. The solid red lines in Figure 2a,b
are Gaussian fits of the distribution indicating that the source of the drifts are
randomly distributed. The drift width in Figure 2b of 437 kHz is comparable to
the frequency stability of the seed DFB diode laser of the fiber amplifier, implying
that the seed laser’s drifts may be determining the width of the stabilized source.
This result shows that by locking the seed laser to a stabilized reference-frequency
comb linked to a primary frequency standard ∆ω can be reduced to less than one Hz
and phase-stabilized eventually for waveform synthesis.
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 Figure 2. The histograms of frequency deviation from 30-min beat-wave signal
recording by a radio frequency (RF) spectrum analyzer. The solid red line is fitting
curve based on Gaussian distribution (a) without cavity stabilization. The frequency
deviation centers at 131.8 MHz with a 14.7-MHz standard deviation; (b) with cavity
stabilized feedback circuit functioning properly. The center is at −76 kHz with a
437-kHz standard deviation.

3.2. Power of Harmonic Comb Components

For a pump wavelength of 1064 nm, the generated harmonics are at 3192 nm,
1596 nm, 1064 nm, 798 nm, 638.4 nm, and 532 nm. Output power from the SRO and
subsequent harmonics produced are measured with a broadband thermopile detector
(Coherent P10). The idler power at 3192 nm is determined after its transmission
through the SHG crystal and a dichroic mirror used to block out the second harmonic
and any residual pump power. The third harmonic (residual pump) is combined with
the second, fourth, fifth and sixth harmonics that are collinear after their generation.
A Pellin Broca prism is used to disperse these harmonics before sending each into
the power meter. The harmonics power is measured as a function of the input pump
power. The results are shown in Figure 3.
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Figure 3a shows the power of the fundamental wave (idler), the 2nd harmonic wave (signal),  
the 3rd harmonic wave (residual pump power), and the 4th harmonic wave in the multi-harmonic optical 

 

Figure 3. The measured power of the multi-harmonic optical comb after Pellin Broca
prism and the dichroic mirror after idler SHG in Figure 1. Here, (a) shows the power
of the fundamental wave (idler), the 2nd harmonic wave (signal), the 3rd harmonic
wave (residual pump power), and the 4th harmonic wave which were generated
from the frequency divided-by-three SRO and the intracavity second harmonic
generation for the 4th harmonic wave; (b) shows the power of 5th harmonic wave
and the 6th harmonic wave. The 5th harmonic wave and the 6th harmonic wave
are generated from single pass sum frequency generation and second harmonic
generation, respectively.

Figure 3a shows the power of the fundamental wave (idler), the 2nd harmonic
wave (signal), the 3rd harmonic wave (residual pump power), and the 4th harmonic
wave in the multi-harmonic optical comb. The SRO’s lasing threshold is at 6 W. This
relatively high threshold is because the length of the SRO nonlinear crystal adopted
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in this experiment is shorter than used in previous experiments, and the insertion
loss from the etalon and the intracavity SHG crystal. Without these extra optics, the
SRO threshold drops to about 2 W. The maximum fundamental wave (idler), and
the 2nd harmonic wave (signal) power are 1.64 W and 0.77 W, respectively at an
input pump power of 14 W. The residual pump power (the 3rd harmonic wave) at
this input is 3.9 W. For an output coupling of 0.6% the estimated circulating signal
power in the cavity is as much as 128 W. This accounts for a respectable cw SHG
conversion of the signal to the 4th harmonic which is measured to be 0.78 W without
correcting for losses. The 5th harmonic and the 6th harmonic are obtained by single
pass wavelength mixing. Figure 3b indicates the maximum powers obtained of the
5th harmonic wave and the 6th harmonic wave are 166 mW and 114 mW, respectively.

The power achieved for the frequency division-by-three SRO is at least ten times
higher than previously reported in the literature [17]. This is the first time a cw
harmonic comb of up to six harmonics has been reported. The total harmonic comb
power of 7.4 W is unprecedented. High cw power is needed for effective phase and
amplitude management of the comb components in waveform synthesis [19] and
its subsequent applications. The multiwatt comb power that has been achieved is
expected to be sufficient for this purpose.

3.3. Simulated Waveform Synthesis with cw Harmonic Comb

The harmonic comb that is reported here has a fundamental wavelength of
3192 nm. The relative phase relationship of the harmonic comb is critical during
waveforms synthesis. A fixed phase relationship in phase-matched three wave
mixing process is φa = φb + φc − π/2, where subscripts a, b, and c represent the
identities of the three optical waves [20]. Since all components of the cw harmonic
comb in this work are generated from three wave mixing process; the deduced
phase of ωn is φn = nφ1 − (n − 1)π/2, where φ1 = (φ3 + π)/3. In this harmonic
comb, the phase of the pump, φ3 is the only unchangeable parameter in the system.
The other components’ phase will follow the phase of pump based on the deduced
relation. By managing the phase and amplitude of each comb component periodic
field waveforms of arbitrary shape could be synthesized. The calculated repetition
rate of the synthesized pulse train with this comb is ~94 THz, and has an equivalent
period spacing of 10.6 fs. The shortest pulse synthesized within each period will
be a transform-limited sub-cycle cosine pulse that has an electric field FWHM of
942 attoseconds. The FWHM of the intensity envelope of this cosine pulse is 1.59 fs.
The simulated waveforms, synthesized with the comb produced in this experiment
and when the spectral phases are adjusted to be equal, are plotted and shown as the
red curve in Figure 4. By adjusting the amplitudes of the comb components to be
equal, the narrowest pulses obtainable with this comb are plotted in blue in the figure.
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For a comb produced with a perfect divided-by-three cw SRO this pulse train
will be continuous. In reality the SRO is not perfect and there is a frequency deviation
∆ω as described in Section 3.1 above. The time duration in which the pulses in the
train will remain intact is dependent on this frequency deviation ∆ω of the SRO.
With ∆ω at one standard deviation of the present case the period of repetition of the
pattern of synthesized pulses is ~2288 ns, corresponding to the time inverse of ∆ω of
437 kHz. Figure 5 shows the evolution of the synthesized waveform at this frequency
deviation over a time span of 3000 ns, clearly indicating the pattern repeats itself
every 2288 ns. Allowing for a drop of 10% in the maximum field strength as the
criteria, then according to the numerical simulations, the sub-cycle cosine electric
field maintains its strength for over 376 ns in every cycle. Since this is for a one
standard deviation of the frequency deviation, 86% of the time this waveform has
this shape for 376 ns or longer.
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We pointed out in Section 3.1 that the residual frequency deviation is due to the drift of the seed laser. 
Hence we believe that this duration can be extended to over 1000 ns by actively stabilizing the seed laser 
of the pump in this experiment. 

 

Figure 4. Synthesized waveforms calculated for the six component comb obtained
in this experiment (red curve) and for the case where the components are reduced
to equal amplitude (blue curve) for the zero detuning case. This will produce a
continuous train of pulses of the calculated shape shown here.

We pointed out in Section 3.1 that the residual frequency deviation is due to the
drift of the seed laser. Hence we believe that this duration can be extended to over
1000 ns by actively stabilizing the seed laser of the pump in this experiment.
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Figure 5. Numerical simulations of a subcycle cosine pulse electric field generated
by this multi-harmonic optical comb with a frequency deviation of 437 kHz. The
vertical scale is the time evolution of the pulse train from 0 to 3000 ns. The horizontal
scale is the local time of the waveform displayed for about three cycles. The field
pattern shifts with a phase shift of 2π/3 every 1/3 of a period by repeats and
replicates itself in approximately 2288 ns which corresponds to the inverse of the
frequency deviation used in the simulation. Normalized electric field strength
shown here is color-coded to assist in recognition of the evolution of the field
pattern as follows: dark red regions represent the value is from 0.8 to 1.0; orange
regions represent the value is from 0.5 to 0.8; green regions represent the value is
from 0.253 to 0.5 and blue regions represent the value is from 0.0 to 0.253.

4. Conclusions

We have demonstrated a broadband cw multi-harmonic optical comb based on
a frequency divided-by-three optical parametric oscillator. The frequency deviation
is centered at −76 kHz with a fluctuation of 437-kHz in one standard deviation.
According to our numerical simulation, a stable subcycle cosine electric field pulse
can last for more than 376 ns at 437-kHz frequency deviation, which is two orders of
magnitude longer than in any synthesizing schemes that have been reported. The
output powers of the spectral components in this cw optical comb are 1.64 W, 0.77 W,
3.9 W, 0.78 W, 0.17 W, and 0.11 W which correspond to the fundamental wave to the
6th harmonics wave. The bandwidth of this multi-harmonic comb is ~470 THz. The
results show that this cw multi-harmonic optical comb can be a useful light source of
a stable optical waveform function generator.
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Autocorrelation and Frequency-Resolved
Optical Gating Measurements Based on the
Third Harmonic Generation in
a Gaseous Medium
Yoshinari Takao, Tomoko Imasaka, Yuichiro Kida and Totaro Imasaka

Abstract: A gas was utilized in producing the third harmonic emission as a
nonlinear optical medium for autocorrelation and frequency-resolved optical gating
measurements to evaluate the pulse width and chirp of a Ti:sapphire laser. Due to
a wide frequency domain available for a gas, this approach has potential for use in
measuring the pulse width in the optical (ultraviolet/visible) region beyond one
octave and thus for measuring an optical pulse width less than 1 fs.

Reprinted from Appl. Sci. Cite as: Takao, Y.; Imasaka, T.; Kida, Y.; Imasaka, T.
Autocorrelation and Frequency-Resolved Optical Gating Measurements Based on
the Third Harmonic Generation in a Gaseous Medium. Appl. Sci. 2015, 5, 136–144.

1. Introduction

Many papers report attosecond pulse generation via high-order harmonic
generation (HHG) for use in the studies of ultrafast phenomena related to electrons
in an inner-shell orbital of an atom and molecule [1]. On the other hand, an ultrashort
optical pulse approaching 1 fs, the spectrum of which is extended from the ultraviolet
(UV) to the visible (VIS) region, would be useful for studies of ultrafast phenomena
related to electrons in an outer-shell orbital, which are directly concerned with
chemical bond/reaction and are more important in chemistry. For example, a
molecular ion in mass spectrometry can be strongly enhanced by decreasing the
optical pulse width in the femtosecond regime, which is then useful for more reliable
identification of the explosive substances [2]. Several methods have been developed
for generating an extremely-short optical pulse. For example, numerous emission
lines have been generated in the entire VIS region, based on non-resonant four-wave
mixing in a thin fused silica plate. This technique has been utilized to generate
2.2-fs optical pulses [3]. On the other hand, coherent supercontinua have been
generated from the UV to near-infrared (NIR) by focusing the beam in a hollow-core
fiber filled with neon gas, and a three-channel optical field synthesizer has been
utilized to generate 2.1-fs pulse [1]. As recognized from the uncertainty principle,
a wider spectral domain is essential for the generation of a 1-fs optical pulse. The
generation of high-order Raman sidebands extending from the deep-UV (DUV) to
the NIR region was first reported in a few decays ago [4]. To date, an extremely
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wide spectral region extending from 183 to 1203 nm has been covered, based on
resonant vibrational four-wave Raman mixing in molecular hydrogen, suggesting
that the generation of a 1-fs optical pulse by a phase control of the emission lines is
possible [5].

A variety of techniques, including autocorrelation (AC) and frequency-resolved
optical gating (FROG), have been developed to measure optical pulse widths [6].
In these techniques, a nonlinear optical effect such as second harmonic generation
(SHG), self-diffraction (SD), and others have been utilized. To measure a 1-fs optical
pulse, it is necessary to use a nonlinear optical effect that is usable in a wide
frequency domain in the UV-VIS region. A GaN diode with a nature of two-photon
absorption in the VIS region (at round 400 nm) has been employed as a detector in
a fringe-resolved autocorrelator (FRAC) [7]. In a previous study, we reported on
the development of an FRAC, in which a mass spectrometer was employed as a
two-photon-response device in the DUV region (at around 267 nm) [8]. However, the
frequency domain of these techniques is limited to one octave [9]. As a result, it is
difficult to measure optical pulse widths less than 1 fs in the UV-VIS region. In order
to overcome this problem, the use of a nonlinear optical effect that can be used in the
spectral region wider than one octave would be necessary. One of the approaches
would be the use of a third harmonic generation (THG) as a nonlinear optical effect,
since it has a frequency domain of twice one octave [10]. A surface-sensitive THG
has been successfully used for the autocorrelation measurement [11,12]. Moreover,
several papers have reported on the FROG system based on THG (THG-FROG),
including the THG on the surface of a glass plate [13], in organic films [14], and in a
glass coverslip used in multiphoton microscopy [15]. The use of a solid material is
simple and easy-to-use. It is, however, difficult to transmit the THG beam generated
in the vacuum-UV (VUV) region and to reduce dispersion to negligible levels,
especially in the DUV region. On the other hand, a gas such as helium or argon
is transparent, even in the VUV region, and the dispersion sufficiently small to be
negligible. Thus, the THG in a gaseous medium would be useful for measuring a
pulse width in a wide frequency domain. To our knowledge, a THG-based technique
such as THG-FROG using a gaseous medium has not been reported to date.

In this study, we used argon or air as a nonlinear optical medium for THG to
measure the pulse width of a fundamental beam of a Ti:sapphire laser emitting
at 800 nm as a proof-of-principle experiment. Two types of AC systems, i.e.,
fringe-resolved AC (FRAC) and intensity-AC (IAC), were developed and were
utilized for measuring the pulse width. In addition, a FROG system was developed
that permits the pulse width and the chirp of the pulse to be evaluated more
accurately. The results were compared with values obtained using FRAC and IAC.
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2. Experimental Section

2.1. Fringe-Resolved Autocorrelation

Figure 1 shows a block diagram of the instrument used in this study. In
measuring an AC trace, a fundamental beam of a Ti:sapphire laser (Elite, 800 nm,
35 fs, 1 kHz, 4 mJ, Coherent) was passed through a Mach-Zehnder interferometer,
consisting of beam splitters made of BK7 plates with a thickness of 3 mm. Using
a lens (BK7) with a focal length of 300 mm, the aligned beam was focused into
argon gas contained in a cell (700 mm long, 10 mm i.d.) equipped with fused silica
windows with a thickness of 0.5 mm. The third harmonic emission generated in the
optical components such as the beam splitters was suppressed by passing the beam
through a cover glass for microscopy and was confirmed to be negligible levels by
evacuating the gas cell. The third harmonic emission generated in the argon gas was
passed through an aqueous solution of NiSO4 (500 g/L in water) to suppress the
fundamental beam; a substrate of Si was used to remove the fundamental beam of a
Ti:sapphire laser in the reported work [16]. The THG beam emitting at 267 nm was
further isolated using a monochromator and was measured using a photomultiplier
(R1332, no response at 800 nm, Hamamatsu Photonics) designed for measuring a
large optical pulse. In the experiment, the signal intensity was measured at the level
sufficiently lower than the level of signal saturation. The output signal was fed into
a boxcar integrator, and the averaged signal was recorded using an oscilloscope.
A function generator provided a signal for a piezoelectric transducer equipped with
a translational stage with a retroreflector mounted on it. An autocorrelation trace
was collected using the oscilloscope by recording the signal against the time delay
between the pulses.

2.2. Frequency-Resolved Optical Gating

A FROG trace was measured using the instrument shown in Figure 2. The
fundamental beam of the Ti:sapphire laser was separated into two parts using a pair
of D-shape mirrors to remove the dispersion arising from the beam splitters. The
beams were reflected by means of a pair of aluminum mirrors and were focused with
an off-axis parabolic mirror into a nonlinear optical medium such as argon or air.
The beam was collimated using a fused silica lens with a focal length of 10 cm and
was introduced into a slit of a monochromator (CT-10, Jasco) using a rotating mirror.
One of the THG beams, corresponding to Esig(t, τ) = E(t)2E(t − τ), was measured as
a signal. Electronics similar to those used in the FRAC experiment were employed
for measuring the third harmonic emission. The spectrum of the THG beam was
measured using the second-order diffraction of the grating to improve the spectral
resolution of the monochromator. A FROG trace was measured by scanning the
wavelength of the monochromator at different positions of the delay for one of the
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D-shape mirrors. The data were measured and analyzed using a program provided
by Femtosoft Technologies.
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autocorrelator (THG-FRAC). The orange (solid) and blue (broken) lines show the 
fundamental and THG beams, respectively. 

 

Figure 2. Experimental apparatus for THG-frequency-resolved optical gating (FROG). 

2.3. Intensity Autocorrelation 

An IAC trace was obtained using a non-collinear configuration developed for use in a FROG 
system shown in Figure 2. Thus, the instrument consists of only reflective optics except for a window 
of the gas cell, allowing a nearly dispersion-free experiment. 
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2.3. Intensity Autocorrelation

An IAC trace was obtained using a non-collinear configuration developed
for use in a FROG system shown in Figure 2. Thus, the instrument consists
of only reflective optics except for a window of the gas cell, allowing a nearly
dispersion-free experiment.
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3. Results and Discussion

3.1. Fringe-Resolved Autocorrelation

The spectral width measured for the fundamental beam of the Ti:sapphire laser
was 27 nm (420 cm−1). The Fourier-transform-limited (FTL) pulse width calculated
by assuming a Gaussian temporal profile was 35 fs, identical to the value provided
by the manufacturer of the laser. An FRAC trace is shown in Figure 3A. Suppression
of the signal to the background level by destructive interference, in addition to a full
modulation of the signal shown in the expanded view (Figure 3B), suggests the pump
beams were superimposed in generating the THG beam. The ratio of the signal and
the background was ca. 25, slightly smaller than the predicted value of 32 for an FTL
pulse using the third-order nonlinear effect such as THG [10]. Figure 3C shows the
FRAC trace calculated for FTL pulse. The observed trace is slightly wider than this
trace, suggesting the chirp of the pulse. Figure 3D shows the FRAC trace calculated
under the assumption that the FTL pulse (35 fs) is chirped to 41 fs with a group
delay dispersion (GDD) of 500 fs2, which is nearly identical to the value of GDD
(ca. 400 fs2) roughly estimated from the thickness of the optical components in the
beam path. The pulse width calculated from the IAC trace, which can be obtained by
low-pass filtering the data shown in Figure 3A, was 41 fs, which is in good agreement
with the above value. Another possible explanation for the discrepancy between the
results of (A) and (C) would be the error in the measurement of the spectrum since a
wider band width would be observed due to a finite resolution of the spectrometer,
which provides a shorter transform-limited pulse width; see a lack of small wings at
round ±50 fs in the observed data (A), which is in contrast to the calculated data (D),
suggesting that the effect of chirp is minimal.

3.2. Intensity Autocorrelation

The IAC trace observed in this study is shown in Figure 4. The full width at
half maximum (FWHM) of the trace was 44 fs, suggesting a pulse width of 36 fs [10].
This value is slightly smaller than that obtained using an FRAC system, which can
be attributed to the use of the reflective optics with no dispersion in the IAC system.
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Figure 3. Autocorrelation trace for (A) observed data (B) expanded view
(C) theoretically predicted trace for a Fourier-transform-limited (FTL) pulse
(D) theoretically predicted trace for a chirped pulse (GDD = 500 fs2). A random
noise was calculated using a computer and was added to the calculated data for
better visual comparison. In order to check the baseline level of the observed trace
(A), the laser beam was interrupted during a period of 110–130 fs in the experiment,
suggesting that the signal was suppressed to zero at the bottom of the trace.
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3.3. Frequency-Resolved Optical Gating

The chirp of the pulse can be more accurately evaluated using a FROG system.
The efficiency of THG induced in air was similar to that obtained using argon.
Because of this, air was used as a nonlinear optical medium in this study for the sake
of simplicity. Before recording the FROG trace, the THG beam pattern was measured
to properly extract the signal of Esig(t, τ) = E(t)2E(t − τ) [6]. The THG beams
corresponding to E(t)3, E(t)2E(t − τ), E(t)E2(t − τ), and E3(t − τ) could be clearly
observed by rotating the angle of the mirror (see the arrow in Figure 2). Therefore, the
intensity of the THG beam for Esig(t, τ) = E(t)2E(t − τ) was monitored for measuring
the FROG trace. The observed and retrieved data obtained for negatively-chirped,
FTL, and positively-chirped pulses are shown in Figure 5. The pulse width measured
for an FTL pulse was 32 fs, which appears to be similar to or slightly shorter than
the values obtained using IAC. On the other hand, the chirped pulse provided a
slightly longer pulse width (positive 42 fs, negative 44 fs) due to the GDD value
being calculated to be 300 fs2.

The minimal value of the pulse width measured using conventional SHG-FROG
or SD-FROG is determined by the spectral region that is usable as a nonlinear optical
medium: although a broad bandwidth spanning a multi-octave frequency domain
can be covered using a thin optical crystal, the spectral region is practically limited
to the VIS-NIR region [17]. On the other hand, SHG, which would restrict the
spectral region of THG, does not occur in an isotropic gas, and a noble gas such
as argon is transparent and has a small dispersion in the VUV to IR region. As a
result, the present approach using a gas in conjunction with THG-FROG can be
utilized to measure pulse widths in a wide frequency domain extending twice one
octave. Because of this, this technique would be applied to the measurement of an
ultrashort optical pulse less than 1 fs especially in the VUV-DUV region: it should
be noted that a higher carrier frequency is desirable for generating a shorter optical
pulse. However, in order to avoid the dispersion arising from the optics such as cell
windows, it would be necessary to use a nozzle for introduction of a rare gas (not air)
into a vacuum. Efficient generation of THG (even HHG) reported to date suggests
sufficient sensitivity of this THG-based method using a gas for the measurement of
an ultrashort pulse width.
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Figure 5. THG-FROG traces obtained for (A) negatively-chirped (B) FTL (C)  
positively-chirped pulses. The chirp of the pulse was adjusted by changing the position of 
the grating in the compressor of the Ti:sapphire laser to the value, at which the energy of 
the THG pulse decreased to a half of the value obtained using the FTL pulse. Above, 
original traces; below, retrieved data. FROG error: (A) 0.6% (B) 0.6% (C) 1%. 

4. Conclusions  

In this study, we report on the development of FRAC, IAC, and FROG systems based on THG 
using a gaseous medium. This approach can be used to measure an ultrashort optical pulse at any 
wavelength from the UV to the IR region although the emission generated by THG is located in the 
VUV-VIS region. Therefore, this technique can be applied to the lasers used in various areas of 
science and technology. 
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4. Conclusions

In this study, we report on the development of FRAC, IAC, and FROG systems
based on THG using a gaseous medium. This approach can be used to measure an
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Multicolored Femtosecond Pulse Synthesis
Using Coherent Raman Sidebands in
a Reflection Scheme
Kai Wang, Alexandra A. Zhdanova, Miaochan Zhi, Xia Hua and
Alexei V. Sokolov

Abstract: Broadband coherent Raman generation emerges as a successful method
to produce multicolored femtosecond pulses and time-shaped laser fields. In our
study, coherent Raman sidebands are generated in a Raman-active crystal, driven
by two-color femtosecond laser pulses. An interferogram of the sidebands based on
coherent Raman scattering is produced in a novel reflection scheme. The relative
spectral phases of the sidebands are obtained from the interferogram using a
numerical simulation. This enables us to retrieve the ultrafast waveform using
coherent Raman sidebands.

Reprinted from Appl. Sci. Cite as: Wang, K.; Zhdanova, A.A.; Zhi, M.; Hua, X.;
Sokolov, A.V. Multicolored Femtosecond Pulse Synthesis Using Coherent Raman
Sidebands in a Reflection Scheme. Appl. Sci. 2015, 5, 145–156.

1. Introduction

The generation of subfemtosecond pulses would extend the horizon of ultrafast
measurements to the time scale of electronic motion. Remarkable progress has
been made toward generation and characterization of ever-shorter pulses in the
short-wavelength spectral region. For example, a single isolated attosecond (as) pulse
of 67 as was composed from an extreme UV supercontinuum covering 55–130 eV
generated by the double optical gating technique [1].

On the other hand, a few-femtosecond pulse in the optical region would have
a great deal of potential in the research of ultrafast science and technology [2,3].
There have been several techniques developed to achieve sub-cycle ultrashort pulses.
For example, a subcycle field transient, which spans the infrared, visible, and
ultraviolet spectral regions, was produced with a 1.5-octave three-channel optical
field synthesizer by Wirth et al. [4]. The 2.4 fs transient was focused into a krypton-gas
cell to trigger sub-femtosecond electron motion. In another approach, based on
cascaded four wave mixing (CFWM), Imasaka’s group reported a high energy
multicolored femtosecond pulse generated in a hydrogen-filled gas cell and hollow
fiber [5]. Moreover, Kung’s group reported a multi-watt broadband continuous-wave
multi-harmonic optical comb based on a frequency division-by-three singly-resonant
optical parametric oscillator [6].

147



Another light source that delivers sub-fs pulses with a spectrum centered on
the visible region has been developed and ultimately may lead to optical arbitrary
waveform generation (OAWG) [7]. The light source is based on what has been
called “molecular modulation” [8,9], which shares visual similarities with the
approach for the generation of ultrashort optical pulses proposed by Yoshikawa and
Imasaka [10]. It has been predicted that coherent molecular oscillations can produce
laser frequency modulation (FM), with a total bandwidth extending over the infrared,
visible, and ultraviolet spectral regions, and with the possibility of sub-femtosecond
pulse compression [8]. The technique utilizes ideas of electromagnetically induced
transparency (EIT) and relies on adiabatic preparation of maximal molecular
coherence. The coherence is established by driving the molecular transition with
two single-mode laser fields, slightly detuned from the Raman resonance so as
to excite a single molecular eigenstate. Molecular oscillation, in turn, modulates
the driving laser frequencies, causing the collinear generation of a very broad
FM-like spectrum. This broadband light is inherently coherent and allows for
sub-femtosecond (attosecond) pulse compression in the visible-UV range. Although
attosecond pulses with wavelengths in the extreme ultraviolet and soft-X-ray pulses
have been obtained by high-harmonic generation (HHG), the molecular modulation
technique has the potential for generating high-energy sub-femtosecond pulses in the
soft UV range, which will enable new experiments that exploit electronic resonances
in molecules.

In recent years, several groups have made substantial advances in molecular
modulation. For example, Kung’s group achieved absolute phase control of five
discrete optical harmonics (two pump beams and three generated Raman sidebands
from H2 gas), and thus demonstrated the synthesis and measurement of ultrafast
waveforms such as square and saw-tooth fields [7]. Katsuragawa’s group reported
the carrier envelope offset control of octave-spanning Raman comb by using
dual-frequency laser radiation locked on a single laser cavity and, simultaneously,
its second harmonic [11]. Broadband spectra based on multifrequency Raman
generation were also studied in photonic crystal fiber [12] and hollow fibers
filled with SF6 [13]. Meanwhile, the molecular modulation method has been
extended to the continuous-wave (CW) domain. For example, Yavuz’s group has
studied CW—stimulated Raman scattering (SRS) inside a high-finesse cavity and
demonstrated a continuous-wave optical modulator at 90 THz [14]. Generation
of a phase-locked Raman frequency comb has been demonstrated recently in a
simple setup consisting of a microchip laser as pump source and two hydrogen-filled
hollow-core photonic crystal fibers [15].

Molecular modulation in gas produces high repetition rate, low-energy pulse
trains [16]. However, high energy, isolated pulses are generally more useful in
studies of ultrafast phenomena. To this end, we have extended the molecular
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modulation technique to a qualitatively different time regime and to a different
state of medium—Raman-active crystals driven by femtosecond pulses. We have
demonstrated the mutual coherence of the spectral sidebands generated through
molecular modulation in diamond and shown the capability to control spectral
phases in a precise and stable manner in a setup that combined manual course
adjustment of individual sideband phases with programmable pulse shaping and
fine phase (and amplitude) tuning across the full spectrum [17,18]. Recently, we
studied coherent transfer of optical orbital angular momentum in multi-order Raman
sideband generation [19,20]. The energy of the ultrafast waveform produced in the
scheme of References [17,18] is limited by the damage threshold of the pulse shaper.
In order to obtain high energy ultrafast waveforms, we design a reflection scheme
using spherical mirrors to combine the Raman sidebands [21]. The sidebands and
the driving pulses are refocused back to the Raman crystal and the relative spectral
phases are retrieved from an interferogram based on nonlinear Raman interaction.
Furthermore, using a deformable mirror (DM) to adjust the spectral phases, we
demonstrate that the setup is capable of synthesizing ultrafast waveforms using
coherent Raman sidebands.

In this paper, we review and expand on our recent work [21]. We start by
describing the algorithm used to retrieve the spectral phases from a two-sideband-
interferogram, giving the details of our theoretical simulation of Reference [21].
The method is then extended into the scenario of the interferogram composed
of more sidebands; we show the standard deviation of the simulation vs.
original interferogram.

2. Experimental Setup

The experimental setup is shown in Figure 1. We used a Ti:Sapphire amplifier,
which outputs 1 mJ per 40 fs pulse (at 1 kHz repetition rate) with central wavelength
at 806 nm. Using a beamsplitter (60:40 (R:T)), the pulse was divided into two parts.
Forty percent of the beam was used as the pump beam for Raman generation while
the other part was used to pump an optical parametric amplifier (OPA). The second
harmonic (900 nm) of the idler beam from the OPA was used as the Stokes beam
(we follow the coherent anti-Stokes Raman scattering convention and denote the
shorter 806 nm wavelength beam as pump and the longer wavelength 900 nm as the
Stokes beam). The pulses were vertically polarized. The power of the pump was
around 10 mW and the power of the Stokes was around 2 mW. The intensity of the
pump at the focus was around 2× 1011 W/cm2 [21]. Coherent Raman sidebands were
generated when the two beams were crossed on the crystal (1 mm thick synthetic
single-crystal diamond) at 3.7 degrees. The angle was theoretically calculated
under the standard phase matching conditions considering the higher order Raman
generation. It was further optimized experimentally using the generation of the
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spectrum and spatial beam profile of the sidebands. Further details on the properties
of sideband generation in diamond can be found to in Reference [22]. The robustness
of the sidebands generation in a Raman active crystal in our experimental setup has
also been studied in Reference [23]. In Figure 1, the top picture shows the Raman
sidebands generated from our Raman active crystal (the sidebands were generated
in PbWO4).Appl. Sci. 2015, 5 148 

 

 

Figure 1. Experimental setup schematic. The Raman sidebands are generated from a Raman 
active crystal. We used a spherical mirror to reflect the sidebands and the pump and Stokes 
beams back to the crystal. The top is a picture of the Raman sidebands taken by a camera. 

We designed a 2f-2f reflection scheme to characterize the relative spectral phases of the Raman 
sidebands. Specifically, we used concave spherical mirrors to reflect the beams back to the same crystal. 
In our experiment, we chose two spherical mirrors with a focal length of 10 cm and kept them about  
20 cm away from the crystal. One mirror was to reflect the pump and Stokes beams and the other was 
to reflect the higher order Raman sidebands (in this paper, AS3, AS4, AS5, AS6, and AS7 are reflected 
back to the crystal). In this configuration, the beams were re-focused back to the same spot of the crystal 
and phase matching was automatically fulfilled. Consequently, the interaction between the beams was 
maximized. The beams were re-focused back to the crystal with an offset from their incident spots such 
that two spots were just distinguishable from each other. A translation stage was used to finely adjust 
the distance between the spherical mirror and the crystal. In the experiment, the mirror used to reflect 
the sidebands was put on the translation stage. The position of the mirror that reflects the pump and 
Stokes beams was fixed. The configuration enabled us to adjust the relative spectral phases between the 
pump and Stokes beams and the sidebands. As a result, an interferogram was produced as a function of 
the relative spectral phases due to the coherent Raman interaction [21]. It was recorded with a 200 nm 
scanning step of translation stage, which corresponded to a 1.3 fs time delay between the two spherical 
mirrors. When presenting the experimental data, we converted the scanning of the translation stage to 
the relative time delay.  

 

Figure 1. Experimental setup schematic. The Raman sidebands are generated from
a Raman active crystal. We used a spherical mirror to reflect the sidebands and
the pump and Stokes beams back to the crystal. The top is a picture of the Raman
sidebands taken by a camera.

We designed a 2f-2f reflection scheme to characterize the relative spectral phases
of the Raman sidebands. Specifically, we used concave spherical mirrors to reflect
the beams back to the same crystal. In our experiment, we chose two spherical
mirrors with a focal length of 10 cm and kept them about 20 cm away from the
crystal. One mirror was to reflect the pump and Stokes beams and the other was to
reflect the higher order Raman sidebands (in this paper, AS3, AS4, AS5, AS6, and AS7
are reflected back to the crystal). In this configuration, the beams were re-focused
back to the same spot of the crystal and phase matching was automatically fulfilled.
Consequently, the interaction between the beams was maximized. The beams were
re-focused back to the crystal with an offset from their incident spots such that two

150



spots were just distinguishable from each other. A translation stage was used to finely
adjust the distance between the spherical mirror and the crystal. In the experiment,
the mirror used to reflect the sidebands was put on the translation stage. The position
of the mirror that reflects the pump and Stokes beams was fixed. The configuration
enabled us to adjust the relative spectral phases between the pump and Stokes beams
and the sidebands. As a result, an interferogram was produced as a function of the
relative spectral phases due to the coherent Raman interaction [21]. It was recorded
with a 200 nm scanning step of translation stage, which corresponded to a 1.3 fs time
delay between the two spherical mirrors. When presenting the experimental data,
we converted the scanning of the translation stage to the relative time delay.

3. Results and Discussion

In the reflection scheme, by recording the spectrum as a function of time delay,
we obtained an interferogram based on coherent Raman scattering. In this paper,
we describe our procedure to retrieve the spectral phases from the inteferogram by
using a theoretical simulation.

The experimental details were presented in Reference [21] and all the data
presented in this paper is generated from the same experimental setup. The
spectra of Raman sidebands were recorded by spectrometer (HR 4000, Ocean
Optics). The pulse durations of pump and Stokes were around 50 fs. The pulse
durations of the sidebands were a little longer than 50 fs due to the dispersion of the
crystal [17,18]. The experimental interferograms are shown in Figure 2a (The range
for the spectrometer is from 200 nm–1100 nm and in Figure 2a, we only show the
range from 500 nm–700 nm). The interferogram is recorded with an integration
time (100 ms) of the spectrometer. Therefore, the spectrogram did not display the
shot-to-shot robustness of the sideband generation. The spectrogram shows intensity
oscillations due to Raman scattering. A cross-section of the spectrogram at 562.57 nm,
which is the central wavelength of AS4, is displayed in Figure 2b. The frequency
of the intensity oscillations is roughly equal to the differences between the central
frequencies of two sidebands. The peak intensity of the pump and the Stokes beam
at the focal point were about 4 × 1011 W/cm2. These beams will induce the cross
phase modulation for the sidebands. Theoretically, the phase shift at 562.57 nm is
7.99 (it is evaluated using the parameter from Reference [24]). During the scanning,
when the pump and Stokes beams encountered the sidebands, at the first moment,
the intensity of the driving beams increased. The changing of the refractive index
is proportional to the intensity, and the spectral phase will change faster when the
beam approaches the maximum intensity. This will increase the intensity oscillation
frequency on the interferogram. Moreover, when the intensity is decreasing, the
intensity oscillation frequency will decrease. In our experiments, we have tried our
best to limit the cross phase modulation. By analyzing the spectrogram, we did not
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see significant variation of the intensity oscillation frequency. However, we could
still see that the central frequency of the sidebands is slightly shifted due to the
cross-phase modulation induced by pump and Stokes. Another nonlinear effect
which plays an important role is self-phase modulation. The high intensity of the
pump and the Stokes beams will induce self-phase modulation. It would distort their
spectral phases and also broaden their spectrum. All of these would affect the energy
and spectrum of the Raman sideband.

The goal of our simulation is to retrieve the relative spectral phases of the
sidebands from the interferogram. We emphasize that, in the experiment, the
spectrogram was recorded with an integration time 100 ms, which resulted in
averaging out the fluctuation of the phase and the energy of the sideband generation
(according to Reference [23], the deviation of the sideband’s energy is around
15% due to the shot-to-shot fluctuation). Our method is to retrieve the spectral
phase for the particular spectrogram and so far we do not consider the shot-to-shot
fluctuation in the simulation. Therefore, when judging our retrieval algorithm,
the root-mean-square (rms) deviation of the retrieved vs. original spectrogram
is important. In the experiment, the spectral phase distortion was a combined
effect resulting from the dispersion of the crystal and nonlinearities, such as cross
phase modulation [17,18,21]. The spherical aberration of the spherical mirror also
contributed to the phase distortion. To find the best value for the spectral phases, we
compared the theoretical simulation with the experimental interferogram. Therefore,
the experimental data was processed for the convenience of comparison with the
theoretical simulation. At first, to remove the experimental noise due to laser
fluctuations, the data was smoothed. Next, the interferogram was recorded by
the spectrometer with a resolution of 0.75 nm; the sampling points were not equally
distributed in the frequency domain. Thus, we used 2D bilinear interpolation
to reconstruct an interferogram from the experimental data. The reconstructed
spectrogram had data points uniformly sampled in the frequency domain with
spectral range cut down to 400 nm–700 nm, which covered the spectrum of the
sidebands used in our simulation. Between 400 nm and 700 nm, there were
250 sampling points. The reconstructed interferogram is shown in Figure 2c. The
vertical axis in the interferogram gives wavlenegth in nanometers, which is converted
fromω following λ = 2πc/ω, here, c is the speed of light. The step of interpolations
is 1 fs in the other dimension of the interferogram (which is the time delay between
the two spherical mirrors).
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Figure 2. (a) Interferogram of sidebands AS3 and AS4 recorded by spectrometer;  
(b) The cross-section of the interferogram at 562.57 nm, which is the central wavelength of 
AS 4, shows the intensity oscillation; (c) Reconstructed interferogram of AS3 and AS4 with 
the 2D bilinear interpolation; (d) Theoretical simulation of the interferogram using AS3 and 
AS4; (e) Cross-section of the interferogram from simulation (blue) and experiments (red) at 
the central wavelength of AS 3 (597.7 nm); (f) Cross-section of the interferogram from 
simulation (blue) and experimental data (red) at 562.57 nm. 

 

Figure 2. (a) Interferogram of sidebands AS3 and AS4 recorded by spectrometer;
(b) The cross-section of the interferogram at 562.57 nm, which is the central
wavelength of AS 4, shows the intensity oscillation; (c) Reconstructed interferogram
of AS3 and AS4 with the 2D bilinear interpolation; (d) Theoretical simulation of
the interferogram using AS3 and AS4; (e) Cross-section of the interferogram from
simulation (blue) and experiments (red) at the central wavelength of AS 3 (597.7 nm);
(f) Cross-section of the interferogram from simulation (blue) and experimental data
(red) at 562.57 nm.

As a demonstration of our phase retrieval algorithm, the total time delay span in
our theoretical calculation was 100 fs, which suppressed the effect of phase distortion
from spherical aberration induced by the displacement of translation stage. In the
simulation, we solved the partial differential equations that described the coherent
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Raman interaction between the Raman sidebands. We took all the sidebands as
being far from the resonance as in Reference [21]. The equations can be written as
Equation (1):
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, where α is a constant related to the spontaneous

Raman cross-section, ωs and ωp are the angular frequencies of the pump and Stokes
beams, and γ is the half-width of the spontaneous Raman line. The propagation
constant is defined as βq (ω) = η}ωqNa0 for different wavelength and the definition
of a0 and b0 can be found in References [8,21]. Eq(ω) = Aq(ω) × exp(j(ϕq(ω)+ωqtq)).
For the amplitude Aq(ω), we used the value measured by the spectrometer. We
applied the same interpolation as that in the interferogram to reconstruct Aq(ω),
whose sampling points were uniformly distributed in the frequency domain. Spectral
phase ϕq(ω) and time delay tq of the sidebands are the fitting parameters we need
to determine through simulation. The other parameters are determined by the
theoretical evaluation and optimized by the calculation. In principle, there are
infinite equations as n goes to ±∞. However, since our sidebands were AS3–AS5,
we only considered the relevant equations, including these sidebands, within the
spectral range 400 nm–700 nm. The boundary conditions are assumed to be the same
as the experimental conditions. For example, in Figure 2, in addition to AS3 and AS4,
the amplitudes Aq(ω) of all the other sidebands, AS2, AS5, AS6, AS7, and AS8, are
zero in the initial condition.

We solved the equations using the Runge-Kutta method. In order to find the
right spectral phases, we attributed the phase distortion to the dispersion of the
crystal (1 mm thick synthetic single-crystal diamond in our experiment) and the
retardation among the sidebands. By comparing the theoretical results (Figure 2d)
with the experimental results (Figure 2c), the spectral phases were optimized by
changing time delay between sidebands and the thickness of the crystal and obtained
a best fit with experimental results for a thickness of 200 µm. The thickness of the
crystal was about 1 mm, which was much larger than the 200 µm in the simulation.
In other words, the spectral phases included the effect resulting from the dispersion
of the crystal and cross phase modulation. For the results presented in the paper, we
did not consider the effect of cross phase modulation separately. The reason was
that when adding the cross-phase modulation induced by pump and Stokes fields
into the simulation, we did not see significant improvement in the simulation. The
theoretical results were also normalized in order to compare with the experimental
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data. Figure 2e,f displays the cross section of the interferogram at the central
wavelength of AS3 at 597.7 nm AS3 and AS4 at 562.57 nm, which showed that
our theoretical results fit the experimental results well. However, the results were not
perfect, as we did not separately consider the phase distortions due to the nonlinear
effects, such as self/cross phase modulation and spherical aberration of the mirrors.

The spectral phases retrieved in our simulation were relative. Thus, we
took the spectral phase of AS3 as the reference. After finding the proper phase
for AS4 using the interferogram of AS3 and AS4, we continued to retrieve the
spectral phases of AS5 from the interferogram between AS4 and AS5. With the
same method, the spectral phases of AS6 and AS7 were retrieved. Then we put
multi-sidebands with the retrieved spectral phases together and reconstructed
the corresponding interferogram to compare with the experimental result. The
theoretical interferogram and experimental interferogram of multi-sidebands are
shown in Figure 3. Figure 3a,b show the numerical results and experimental results
with sidebands AS3, AS4, and AS5. Figure 3c,d show the numerical results and
experimental results with sidebands AS3, AS4, AS5, and AS6. Figure 3e,f show the
numerical results and experimental results with sidebands AS3, AS4, AS5, AS6 and
AS7. After we normalized both the retrieved and the original spectrograms, we
calculated the total rms deviation between simulation and experimental spectrogram

as: rms =
√

1
Nt × Nω ∑

(
Isimulation (ω, t)− Iexperiment (ω, t)

)2 to be 0.0294 for our
retrieval (here ω is the frequency, t is the time delay, Nt is the total scanning
steps in time domain an, Nω is the total number in frequency domain, and
Isimulation(ω, t) and Iexperiment(ω, t) are the normalized intensities of simulation
and experiment). In Figure 4a, we show the rms deviation at a variable ω

(rms =
√

1
Nt ∑

(
Isimulation (ω, t)− Iexperiment (ω, t)

)2 , which is a sum over scanning
time steps) together with the spectral phases obtained from the retrieval. In Figure 4,
we convert ω to the wavelength following λ = 2πc/ω, here, c is the speed of light.
The retrieval method we used did not include the iteration routine. Including the
iteration in our algorithm is our future plan. The ultrafast waveform retrieved from
Figure 3e,f could be found in Reference [21]. Figure 4b is the pulse retrieved from
Figure 3 (b) (red), (d) (black), and (f) (blue). The pulses duration (full-width half
maximum (FWHM)) is 6.06 fs for five sidebands (blue), 6.10 for four sidebands (black)
and 7.37 for three sidebands (red). In principle, the five sidebands AS3, AS4, AS5,
AS6, and AS7 span the spectral range from 490 nm to 597 nm and, thereby, it is
possible to obtain a pulse whose full-width half-maximum (FWHM) is around 4 fs
with five sidebands (5 fs with four sidebands (AS3, AS4, AS5, and AS6) and 6 fs
with three sidebands (AS3, AS4, and AS5)). However, in the experiment, the spectral
phases of the sidebands were distorted due to the nonlinear effect and the pulse
duration (FWHM) retrieved from the numerical result (Figure 4a) is larger than that
of the Fourier-transform limited pulse fs. Notably, our results showed that the pulse
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duration with five sidebands (AS3–7) is close to that of four sidebands (AS3–6). This
is due to the fact that the spectral phase of AS7 is distorted too much and, thereby,
when synthesizing the waveform using AS7, the pulse duration barely changes.
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Figure 3. (a) Theoretical interferogram of AS3, AS4 and AS5; (b) Interferogram of AS3, 
AS4 and AS5, which is reconstructed with 2D bilinear interpolation from experimental data; 
(c) Theoretical interferogram of AS3, AS4, AS5, and AS6; (d) Interferogram of AS3, AS4, 
AS5, and AS6 reconstructed with 2D bilinear interpolation from experimental data; (e) 
Theoretical interferogram of AS3, AS4, AS5, AS6, and AS7; (f) Interferogram of AS3, AS4, 
AS5, AS6, and AS7 reconstructed with 2D bilinear interpolation from experimental result. 

 

Figure 4. (a) The spectral phases retrieved from the numerical simulation (black) and the 
rms deviation of the simulation vs. experiment at different wavelength (rms is evaluated 
between the normalized simulated and original spectrograms by summing over the scanning 
of time steps). (b) The pulse retrieved from the interferogram of three sidebands AS3, AS4,  
and AS5 (red line), four sidebands AS3, AS4, AS5, and AS6 (black line), and five sidebands 
AS3, AS4, AS5, AS6, and AS7 (blue line). 

 

Figure 3. (a) Theoretical interferogram of AS3, AS4 and AS5; (b) Interferogram of
AS3, AS4 and AS5, which is reconstructed with 2D bilinear interpolation from
experimental data; (c) Theoretical interferogram of AS3, AS4, AS5, and AS6;
(d) Interferogram of AS3, AS4, AS5, and AS6 reconstructed with 2D bilinear
interpolation from experimental data; (e) Theoretical interferogram of AS3, AS4,
AS5, AS6, and AS7; (f) Interferogram of AS3, AS4, AS5, AS6, and AS7 reconstructed
with 2D bilinear interpolation from experimental result.

156



Appl. Sci. 2015, 5 153 
 

 

Figure 3. (a) Theoretical interferogram of AS3, AS4 and AS5; (b) Interferogram of AS3, 
AS4 and AS5, which is reconstructed with 2D bilinear interpolation from experimental data; 
(c) Theoretical interferogram of AS3, AS4, AS5, and AS6; (d) Interferogram of AS3, AS4, 
AS5, and AS6 reconstructed with 2D bilinear interpolation from experimental data; (e) 
Theoretical interferogram of AS3, AS4, AS5, AS6, and AS7; (f) Interferogram of AS3, AS4, 
AS5, AS6, and AS7 reconstructed with 2D bilinear interpolation from experimental result. 

 

Figure 4. (a) The spectral phases retrieved from the numerical simulation (black) and the 
rms deviation of the simulation vs. experiment at different wavelength (rms is evaluated 
between the normalized simulated and original spectrograms by summing over the scanning 
of time steps). (b) The pulse retrieved from the interferogram of three sidebands AS3, AS4,  
and AS5 (red line), four sidebands AS3, AS4, AS5, and AS6 (black line), and five sidebands 
AS3, AS4, AS5, AS6, and AS7 (blue line). 

 

Figure 4. (a) The spectral phases retrieved from the numerical simulation (black)
and the rms deviation of the simulation vs. experiment at different wavelength
(rms is evaluated between the normalized simulated and original spectrograms
by summing over the scanning of time steps). (b) The pulse retrieved from the
interferogram of three sidebands AS3, AS4, and AS5 (red line), four sidebands AS3,
AS4, AS5, and AS6 (black line), and five sidebands AS3, AS4, AS5, AS6, and AS7
(blue line).

4. Conclusions

In this paper, we showed the feasibility of producing an interferogram for the
Raman sidebands, based on additional Raman interactions in a reflection scheme.
Furthermore, using the numerical simulation, it was possible to retrieve the relative
spectral phases of the Raman sidebands from the interferogram. We characterized
the relative spectral phases based on the Raman nonlinear interaction. In this
paper, we described the procedure of our phase retrieval algorithm, starting with
the interferogram for two sidebands as an example. Then we extended it to the
scenario of an interferogram obtained with more sidebands. Using the theoretical
simulation, we retrieved the ultrafast pulse with five sidebands. Our interferograms
were recorded in a reflection scheme. The ultrafast waveform would be produced
at the focal point of the spherical mirror, even though the beams did not propagate
collinearly. In principle, with a thin crystal providing sufficiently broad-band phase
matching, one could still characterize the spectral phases based on the Raman
interaction for collinear beams.
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A Simple Method for the Evaluation of the
Pulse Width of an Ultraviolet Femtosecond
Laser Used in Two-Photon Ionization
Mass Spectrometry
Tomoko Imasaka, Akifumi Hamachi, Tomoya Okuno and Totaro Imasaka

Abstract: A simple method was proposed for on-site evaluation of the pulse width of
an ultraviolet femtosecond laser coupled with a mass spectrometer. This technique
was based on measurement of a two-photon ionization signal in mass spectrometry
by translation of the prism in the pulse compressor of the femtosecond laser. The
method was applied to optical pulses that were emitted at wavelengths of 267, 241,
and 219 nm; the latter two pulses were generated by four-wave Raman mixing
using the third harmonic emission of a Ti:sapphire laser (267 nm) in hydrogen gas.
The measurement results show that this approach is useful for evaluation of the
pulse width of the ultraviolet femtosecond laser used in mass spectrometry for trace
analysis of organic compounds.

Reprinted from Appl. Sci.. Cite as: Imasaka, T.; Hamachi, A.; Okuno, T.; Imasaka, T.
A Simple Method for the Evaluation of the Pulse Width of an Ultraviolet Femtosecond
Laser Used in Two-Photon Ionization Mass Spectrometry. Appl. Sci. 2016, 6, 136.

1. Introduction

Ultrashort laser pulses have been used successfully in a variety of applications
including trace analysis of organic compounds [1]. Several techniques have
been developed to measure the pulse width of the femtosecond laser, including
autocorrelation (AC), spectral phase interferometry for direct electric field
reconstruction (SPIDER), and frequency-resolved optical gating (FROG) [2].
Among these methods, the FROG technique is widely used and has several variations
in its implementation. For example, second harmonic generation (SHG), polarization
gating (PG), or self-diffraction (SD) can be used for the nonlinear optical effect.
To expand the spectral domain to measure shorter pulse widths, third harmonic
generation (THG), cross-correlation (X), and four-wave mixing (FWM) have all been
used to date [3–6]. On the other hand, the pulse width of the UV femtosecond
laser has been measured based on autocorrelation using a sold material, e.g., a CaF2

plate, as a nonlinear optical device [7–10]. Moreover, the vacuum-ultraviolet (VUV)
laser pulse has been measured by focusing it with a near-infrared (NIR) probe pulse
into xenon to observe the cross-correlation signal of ionization [11–15]. However,
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the pulse duration would be changed by traveling even in ambient air from the
location of the device used to perform the pulse width measurement to the point
of application. Complex techniques such as attosecond streaking (AS) or FROG for
complete reconstruction of attosecond bursts (FROG-CRAB) can be used to measure
the pulse width in a vacuum chamber used for extreme ultraviolet (EUV) pulse
generation [16,17]. However, these techniques are rather complicated for use in
practical applications.

For simple on-site measurement of pulse widths, a device based on fringe-resolved
autocorrelation (FRAC) was developed, which consisted of an interferometer and a
time-of-flight mass spectrometer that was used as a two-photon-response detector to
measure a non-resonant two-photon ionization signal [18–21]. However, the laser
beam must be split into two parts and recombined after the interferometer, which
reduces the laser pulse energy and then the sensitivity of the mass spectrometer.
Also, the low-dispersion aluminum mirrors used in the interferometric system have
substantial reflection losses in the deep-ultraviolet (DUV) region. In addition, the
mass spectrometer must be operated for long periods, e.g., for periods of days,
without maintenance to compare the data from repeated measurements obtained on
the same day. Thus, it requires sufficient optical system stability for the pulse width
measurements to be performed. In fact, we tried to measure an autocorrelation trace
for a DUV pulse generated through several nonlinear optical processes combined
in series, but the attempt was unsuccessful due to low pulse energy, poor beam
quality, and instability of the laser pulse energy although performance of the
laser was sufficient for application to mass spectrometry. Therefore, a simple and
rugged instrument that does not contain an interferometer is highly desirable for
evaluation of the widths of pulses from DUV femtosecond lasers. On the other hand,
DUV femtosecond lasers have been used successfully for two-photon ionization
applications in mass spectrometry [1]. Because the dispersion caused by the optical
components or even by the ambient air cannot be negligible in the DUV region, a
device such as a prism pair must be used for pulse compression in the laser system to
generate a nearly-transform-limited pulse in the mass spectrometer [22]. It should be
noted that a technique referred to as multiphoton intrapulse interference phase scan
(MIIPS) or dispersion scan (d-can) has been reported, in which the SHG spectrum
is measured by changing the dispersion in the beam path, e.g., by translating a
wedge or prism, or changing the angle of a grating [23–29]. This method is useful
for observing a two-dimensional display of the delay (dispersion) and the spectrum,
allowing the full characterization of the chirp of the pulse. However, the use of a
crystal for SHG limits the spectral range to the NIR-visible region and also makes
the on-site measurement of the pulse width difficult.

In this study, we propose a simple method to evaluate the widths of pulses
from a DUV femtosecond laser without use of an interferometer. This technique
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is based on measurement of a non-resonant two-photon ionization signal in mass
spectrometry by translating the prism in the laser’s pulse compressor. This method
was applied to femtosecond optical pulses emitted at 241 and 219 nm, in addition
to pulses emitted at 267 nm, which were generated by four-wave Raman mixing in
hydrogen gas. The results obtained herein were compared with the transform-limited
pulse widths that were calculated from the spectral bandwidths of the laser used in
the experiments.

2. Theoretical Calculations

The electric field and intensity characteristics of an optical pulse with respect to
time (t) can be assumed to have Gaussian profiles [2].

„

Eptq “ E0e´at2
eipωt`bt2q (1)

Iptq “ |E0|
2 e´2at2

(2)

where “a” is related to the pulse duration, ∆t, as shown below, and “b” is a
chirp parameter.

c

2ln2
a
« ∆t (3)

The second-order FRAC signal can be expressed as
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where τ is the time delay between the two pulses in the interferometer [21]. This
parameter can be set to zero because the beam is not separated in this study (i.e., no
interferometer is used), and this leads to Equation (5).
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where the parameter, A, is defined as a pulse energy by the following equation.

8
ż

´8

Iptqdt “ |E0|
2
8
ż

´8

e´2at2
dt “ A (6)

When the signal intensity becomes one half of this value via a chirp of the pulse,

I2
FTLpτ “ 0q “ 2I2

CPpτ “ 0q (7)
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where I2
FTL and I2

CP are the signal intensities of the transform-limited and chirped
pulses, respectively. The following equation is then obtained.

?
aFTL “ 2

?
aCP (8)

where aFTL and aCP are the parameters that were calculated using Equation (3). Then,

∆tCP “ 2∆tFTL (9)

where ∆tFTL and ∆tCP are the pulse durations of the transform-limited and chirped
pulses, respectively. The relationship between ∆tCP and ∆tFTL can be expressed as
Equation (10) [21].

∆tCP “

d

p∆tFTLq
2
`

ˆ

ϕ2 ˆ 4ln2
∆tFTL

˙2
(10)

where ϕ2 is the group delay dispersion (GDD), which can be expressed as a
product of the group velocity dispersion (GVD) determined using the Sellmeier
equation [30,31] and the effective length of the optical material in the beam path,
` ´ `0 (see Figure 1a). Then,

ϕ2 “ GDD “ GVDˆ 2ˆ p`´ `0q (11)

where ` = (2 tan 34˝) ˆ L for a Brewster prism used at approximately 250 nm. The
factor of 2 in Equation (11) is multiplied due to a double pass of the beam in the prism.
When the dispersion is canceled by a prism pair, GDD = 0 and `0 = (2 tan 34˝) ˆ L0

where `0 and L0 are the parameters of ` and L at which the dispersion is canceled
(the two-photon ionization signal is maximal). A parameter of X can be defined as
a displacement of the prism position from the optimum location that cancels the
dispersion (i.e., GDD = 0), then X ” L ´ L0. When the intensity of the two-photon
ionization signal decreases to one half of the maximum value, L = L1/2 and then
X1/2 = L1/2 ´ L0. From Equations (9) and (10), ∆tFTL can then be rewritten as

∆tFTL “

?
4ln2
4
?

3

c

ϕ2

´

X1{2q (12)

where ϕ2 (X1/2) is the value of GDD at X = X1/2. This equation suggests that the
transform-limited pulse width can be calculated by measuring the parameter of X1/2
in the experiment.
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Figure 1. (a) Prism parameters; (b) configuration of the prisms in a pulse
compressor. Dotted arrows show the direction of displacement of the prisms.
The parameters, ` and L, are the path length of the laser beam in the prism and the
distance from the top of the prism to the laser beam, respectively. The angle of the
prism is specified in the figure. Three prisms in (b) can be manually translated by
rotating the nobs of the differential micrometers independently.

The actual pulse width is, however, broadened by several reasons: (1) an initial
laser pulse would be neither Gaussian-shaped nor transform-limited; (2) the laser
pulse would be chirped even at the optimal prism position because of the third-order
dispersion (TOD) of the fused silica of the prisms used for pulse compression; and
(3) the pulse front would be deformed by mode-change and self-focusing during
beam transmission in a hollow capillary filled with hydrogen gas (many hot spots
were observed in the beam pattern). In order to take account of the deterioration of
the laser beam, a parameter, α, can be introduced into Equation (12).

∆tREAL “

?
4ln2
4
?

3

b

αˆϕ2pX1{2q (13)

where ∆tREAL is the pulse width observed in the experiment and α is the parameter
showing the deviation from the transform-limited pulse. When TOD is only a factor
responsible for the distortion of the pulse, α can be written as 1 + TOD/GVD where

GVD “
λ3

2πc2
d2n
dλ2 and TOD “ ´

ˆ

λ

2πc

˙2 1
c

˜

3λ2 d2n
dλ2 ` λ

3 d3n
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¸
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Equations (11)–(13) lead to the following equations.

When α “ 1, ∆tFTL “

?
16ln2tan34˝

4
?

3

b

GVDˆ X1{2 (15)

When α ą 1, ∆tREAL “

?
16ln2tan34˝

4
?

3

b

GVDˆαˆ X1{2 “ ∆tFTL
?
α (16)

As shown in Equation (16), the value of X1/2 to be obtained for a
transform-limited pulse is actually expanded to a value of αX1/2 in the experiment by
some undesirable effects arising from additional chirps and deterioration of the laser
pulse. The graph showing the relationship between ∆tREAL and αX1/2 is the same
as that of ∆tFTL vs. X1/2, as shown in Equations (15) and (16). As can be recognized
from Equations (15) and (16), ∆tREAL is expanded by a factor of

?
α from ∆tFTL that

can be calculated from the spectral bandwidth of the laser beam. The parameter,
α, can be calculated from the ratio of ∆tREAL and ∆tFTL, suggesting a degree of the
deviation from the ideal transform-limited Gaussian pulse.

A train of ultrashort optical pulses is generated by superposition of the laser
emissions, which are phase-locked to each other. In this study, three beams, i.e.,
9ω (267 nm), 10ω (241 nm), and 11ω (219 nm), where ω = 4155 cm´1, were
superimposed and were then used as one of the test beams. The spectral width,
∆ωn, and the parameter, an, where n = 1, 2, 3, for each beam, were assumed to be
∆ω1 = ∆ω2 = ∆ω3 = ∆ω and a1 = a2 = a3 = a for the purposes of this study. A train
of ultrashort pulses is formed under these conditions if the three emission lines
are phase locked. Thus, the phase locking expected to occur during the process of
four-wave Raman mixing, can be confirmed by comparing the experimental data
with the simulation results. The GDD can then be expressed as follows [2,21].

ϕ2 ” GDD “
b

2pa2 ` b2q
(17)

a
2pa2 ` b2q

“ ln2p
2

∆ω
q

2
, b “

p∆ωq2 ˆ GDD
2p∆tq2

(18)

When the laser emissions are phase-locked together, I2
FRAC (τ = 0) can be

written as
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By assuming that E0,1 = E0,2 = E0,3 = 1 for simplicity,

I2
FRACpτ “ 0q “ 16

8
ş

´8

ˇ

ˇ

ˇ

ˇ

pe´a1t2
eipω1t`b1t2q ` e´a2t2

eipω2t`b2t2q ` e´a3t2
eipω3t`b3t2qq

2
ˇ

ˇ

ˇ

ˇ

2
dt (20)

165



It should be noted that the three transform-limited pulses are assumed to be
superimposed in-phase without any chirp in Equation (20). In contrast, when the
laser emissions are not phase-locked to each other (i.e., they are randomly phased),
I2

FRAC (τ = 0) can then be expressed as
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The spectral width can be assumed to be ∆ω = 2ω, although the actual spectral
shape is far beyond a Gaussian profile. The experimental data can then be compared
with the data calculated using Equations (20) and (21).

3. Experimental

An optical parametric amplifier (OPA, OPerA-Solo, <50 fs, Coherent, Inc., Santa
Clara, CA, USA) was pumped by a Ti:sapphire laser (800 nm, 35 fs, 4 mJ, 1 kHz, Elite,
Coherent, Santa Clara, CA, USA). The beam of the Ti:sapphire laser that remained for
mixing with the OPA output was used for third harmonic generation (267 nm). The
remaining fundamental beam (800 nm) and the signal beam of the OPA (1200 nm)
were spatially and temporally superimposed on each other and were focused into
a hollow capillary filled with hydrogen gas for vibrational molecular modulation.
The third harmonic emission (267 nm) was then focused into the hollow capillary to
provide frequency modulation and generate vibrational Raman emissions at 241 and
219 nm. The three-color beam (267, 241, 219 nm) was separated into three individual
beams using three dielectric mirrors (Sigma Koki, Tokyo, Japan) placed in series,
as shown in Figure 1b. The laser beams passed through three pairs of prisms for
pulse compression. The beams were then reflected by a pair of roof mirrors and were
recombined into a single beam using the dielectric mirrors. The three-color beam
was then focused by a concave mirror into a molecular beam in a mass spectrometer
(Hikari Gijyutsu Corp., Fukuoka, Japan). The energy of each pulse measured in front
of the mass spectrometer was ca. 1 µJ. In the experiment, 1,4-dioxane was introduced
into the mass spectrometer for recording of a non-resonant two-photon ionization
signal [20]. The signal intensity was measured by translating the second prism to
alter the positive dispersion in the compressor. The parameter X1/2 was determined
to be the half width at half maximum of the observed data. The spectral bandwidth
of the laser was measured using a spectrometer (Maya2000pro, spectral resolution
1.5 nm, Ocean Optics, Dunedin, FL, USA), the resolution of which was calibrated
using a mercury lamp (Ocean Optics, Dunedin, FL, USA) at 254 nm.
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4. Results and Discussion

4.1. Calculations

Figure 2 shows the dependence of ∆tREAL on αX1/2 (or ∆tFTL on X1/2), which
was calculated in the range from 2ω to 16ω (ω = 4155 cm´1) using Equation (16).
Because the dispersion increases at higher frequencies, the pulse width increases
even at the same value of αX1/2. For example, when αX1/2 = 1 mm, the pulse
width becomes 5.0 fs at 2ω and 95 fs at 16ω. Another example would be αX1/2 =
10 mm, providing pulse widths of 16 fs at 2ω and 300 fs at 16ω. Therefore, the pulse
width can be evaluated based on the observed data to show the dependence of the
two-photon ionization signal on the displacement (X) of the second prism in the
pulse compressor.
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Figure 2. Calculated dependence of the parameter, ∆tREAL, on the parameter,
αX1/2. The laser frequency, nω, is shown in the figure, where n and ω are the
order of Raman sidebands and the Raman shift frequency of molecular hydrogen
(ω = 4155 cm´1), respectively. The definitions of the parameters, ∆tREAL and αX1/2,
are given in the text.

4.2. Puse Width Evaluation

Figure 3 shows the dependence of the signal intensities measured as a function of
the prism displacement, X, for laser beams emitted at 9ω (=267 nm), 10ω (=241 nm),
and 11ω (=219 nm). Because αX1/2 = 4.9 mm at 9ω, the pulse width, ∆tREAL,
can be calculated to be 64 fs from the data shown in Figure 2. For the values of
αX1/2 = 5.6 mm at 10ω and 1.7 mm at 11ω, the corresponding values of ∆tREAL

can be calculated to be 78 and 49 fs, respectively. The spectral bandwidth was

167



measured using a spectrometer, and the estimated values were ca. 3.3, 2.9, and
2.5 nm after calibration of the resolution (1.5 nm) of the spectrometer at 9ω, 10ω,
and 11ω, respectively. From the relationship of ∆t ˆ ∆ν ě k (where k = 0.441 for a
Gaussian pulse), ∆tFTL can be calculated to be 36, 34, and 35 fs at 9ω, 10ω, and 11ω,
respectively. The parameter, α, can then be calculated to ca. 3.2, 5.3, and 2.0 for 9ω,
10ω, and 11ω, respectively. These results suggest that the anti-Stokes beam has the
shortest pulse width among them and has a slightly (1.4 times) larger pulse width
than the width expected for a transform-limited pulse.Appl. Sci. 2016, 6, x 7 of 10 
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FRAC (τ = 0), on the

parameter, X. The dots in the figure are the observed data, and a solid curve is a
guide to the eye. The parameter of X1/2 can be obtained by calculating the half
width at the half maximum of the signal peak. Laser operating wavelengths: (a) 267;
(b) 241; and (c) 219 nm.

While the spectral profile of the three-color beam composed from the three
spectral lines (267, 241, 219 nm) was far beyond the Gaussian shape, the presented
technique was applied to this type of beam on a trial basis. The predicted results
were calculated for two cases: (1) where the phases of the emissions are random;
and (2) where the emission lines are phase-locked. In the former case, a broad band
profile was obtained, as shown in Figure 4a, in which αX1/2 = 2.8 mm. In the latter
case, a very sharp peak, i.e., αX1/2 = 0.015 mm, was obtained, as shown in Figure 4b.
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The experimental data shown in Figure 4c consisted of two components, where one is
a sharp peak (αX1/2 = 0.12 mm) at the center, and the other is a broad band observed
as a pedestal. It should be noted that the signal intensity was highly sensitive to the
positions of the second prisms in the vicinity of the maximum value, and that this
result was obtained by carefully translating these prisms simultaneously after critical
optimization of their positions.
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Figure 4. Calculated dependence of the parameter, I2
FRAC (τ = 0), on the parameter,

X: (a) random phase; and (b) phase-locked; (c) Observed dependence of the signal
intensity, I2

FRAC (τ = 0), on the parameter, X. The parameter of X1/2 can be obtained
by calculating the half width at the half maximum of the signal peak. In this case, a
three-color beam emitting at 267, 241, and 219 nm was introduced into the molecular
beam in the mass spectrometer.

It is possible to consider that a sharp peak would arise from the phase-locked
components while another would arise from the phase-random components.
The former peak width (0.12 mm), corresponding to a pulse width of 11 fs, was
apparently broader than the theoretically predicted value (0.015 mm), corresponding
to a pulse width of 4.0 fs. This discrepancy is likely to arise from insufficient
precision in phase control of the three emissions, during which the prisms were

169



moved simultaneously using translation stages equipped with manually driven
differential micrometers (see Figure 1b). Another explanation for the discrepancy,
and the appearance of the pedestal, could be the spectral phase and amplitude
fluctuations between the three pulses used in this study [32].

5. Conclusions

A simple method for evaluation of the widths of pulses from a UV femtosecond
laser was proposed that was based on measurement of a two-photon ionization
signal by translation of the second prism in the laser’s pulse compressor. The pulse
widths that were observed experimentally showed reasonably good agreement with
the values that were calculated from the spectral bandwidths, which were measured
using a spectrometer. The method presented here could be applied to lasers with
shorter pulse widths by using a prism with lower TOD, e.g., a prism made of CaF2 or
MgF2. The main advantage of this method is the minimal loss of pulse energy during
measurement of the pulse width. Therefore, this technique can be used to evaluate
the widths of pulses from the UV femtosecond laser that is used as an ionization
source in mass spectrometry for practical trace analysis.
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Sum-Frequency-Generation-Based Laser
Sidebands for Tunable Femtosecond Raman
Spectroscopy in the Ultraviolet
Liangdong Zhu, Weimin Liu, Yanli Wang and Chong Fang

Abstract: Femtosecond stimulated Raman spectroscopy (FSRS) is an emerging
molecular structural dynamics technique for functional materials characterization
typically in the visible to near-IR range. To expand its applications we have
developed a versatile FSRS setup in the ultraviolet region. We use the combination
of a narrowband, ~400 nm Raman pump from a home-built second harmonic
bandwidth compressor and a tunable broadband probe pulse from sum-frequency-
generation-based cascaded four-wave mixing (SFG-CFWM) laser sidebands in a
thin BBO crystal. The ground state Raman spectrum of a laser dye Quinolon
390 in methanol that strongly absorbs at ~355 nm is systematically studied as a
standard sample to provide previously unavailable spectroscopic characterization
in the vibrational domain. Both the Stokes and anti-Stokes Raman spectra can
be collected by selecting different orders of SFG-CFWM sidebands as the probe
pulse. The stimulated Raman gain with the 402 nm Raman pump is >21 times larger
than that with the 550 nm Raman pump when measured at the 1317 cm−1 peak
for the aromatic ring deformation and ring-H rocking mode of the dye molecule,
demonstrating that pre-resonance enhancement is effectively achieved in the unique
UV-FSRS setup. This added tunability in the versatile and compact optical setup
enables FSRS to better capture transient conformational snapshots of photosensitive
molecules that absorb in the UV range.

Reprinted from Appl. Sci. Cite as: Zhu, L.; Liu, W.; Wang, Y.; Fang, C.
Sum-Frequency-Generation-Based Laser Sidebands for Tunable Femtosecond Raman
Spectroscopy in the Ultraviolet. Appl. Sci. 2015, 5, 48–61.

1. Introduction

The advent of femtosecond lasers has ushered in an exciting era of modern
quantum chemistry and molecular spectroscopy [1,2] which has provided previously
unavailable or hidden insights about structural dynamics, chemical reactivity, and
biological functionality [2–7]. The ultrafast time duration of the incident laser
pulses is key to dissect the electronic potential energy surface of the molecular
system under investigation, and a time-delayed pump-probe setup is typically
implemented to measure the system response on the intrinsic molecular timescale.
In comparison to the widely used transient absorption technique that records the
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electronic responses as a function of time, vibrational spectroscopy is intimately
related to molecular structure and the associated normal modes, making the observed
vibrational frequencies highly sensitive to the local environment of the chemical bond.
By incorporating a preceding actinic pump pulse that induces photochemistry or
other chemical reactions, vibrational transitions of the molecular system can be
tracked in real time via IR absorption or Raman processes with ultrafast IR or visible
laser pulses, typically on the femtosecond (fs) to picosecond (ps) timescale which can
report on the incipient stage of photoinduced processes.

To exploit the full potential of ultrafast vibrational spectroscopy to characterize
functional materials and biomolecules, we have developed femtosecond stimulated
Raman spectroscopy (FSRS) as an emerging structural dynamics technique that
has simultaneously high spectral and temporal resolutions [7–13]. The approach
measures the ensemble average of system response so the observed structural
evolution is insensitive to stochastic fluctuations but useful to report on functional
atomic motions that are previously challenging to measure experimentally [2,7].
The conventional FSRS technique consists of an ~800 nm, ps Raman pump pulse
from a grating-based spectral filter and a ca. 840–920 nm, fs Raman probe pulse from
supercontinuum white light (SCWL) generation [9–11]. A preceding ~400 nm or
520–660 nm actinic pump pulse from second harmonic generation or noncollinear
optical parametric amplification needs to be incorporated when the excited state
molecular transformation is studied. One limiting factor for wider applications of
FSRS is the wavelength tunability of incident pulses, particularly concerning the ps
pump-fs probe pair that performs the stimulated Raman scattering process either in
the electronic ground state (S0) or excited state (e.g., S1). Notably, different molecules
have different potential energy landscapes so the vibrational energy levels and
resonance Raman conditions vary greatly [14]. To turn FSRS into a more powerful and
versatile spectroscopic toolset readily accessible to tackle a wide range of problems in
energy and biology related fields, more technical innovations and optical advances
are warranted.

In our earlier work, we reported the implementation of cascaded four-wave
mixing (CFWM) in a thin transparent medium such as BK7 glass to generate
broadband up-converted multicolor array (BUMA) signals [15]. One of these tunable,
ultrabroad laser sidebands was used as the Raman probe in conjunction with an
800 nm Raman pump to collect the anti-Stokes Raman spectrum of a 1:1 v/v carbon
tetrachloride:ethanol mixed standard solution [16] with high signal-to-noise ratio.
We have also reported the BUMA sidebands in a 0.1-mm-thick BBO crystal at
phase-matching condition for maximal second harmonic generation (SHG) [17]. The
resultant SHG/sum-frequency-generation(SFG) assisted cascaded four-wave mixing
processes lead to fs sideband signals from ca. 350–490 nm that are simultaneously
enhanced due to χ(2) and χ(3)-based four-wave optical parametric amplification [18].
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Can this expanded versatility and tunability help expand the available optical
methods for fs Raman probe generation? Can we investigate sample systems that
primarily absorb in the UV, such as DNA/RNA molecules, metal-organic complexes
that undergo ligand-metal charge transfer upon photoexcitation, and the functionally
relevant amino acids (e.g., Trp and Tyr) in proteins and enzymes? Notably, the
near-UV probe pulse can work well in conjunction with a ps Raman pump pulse,
which is available from a second harmonic bandwidth compressor (SHBC) using
the commercially available femtosecond 800 nm laser source [19]. In addition, the
UV photoexcitation pulse at 267 nm can be readily generated from third harmonic
generation of the 800 nm fundamental pulse.

In this article, we build on our previous results and report the construction and
characterization of a versatile UV-FSRS setup incorporating both home-built second
harmonic bandwidth compressor and SFG-based cascaded four-wave mixing. We
demonstrate the feasibility of this setup in capturing the ground-state FSRS spectra of
a laser dye Quinolon 390 (7-Dimethylamino-1-methyl-4-methoxy-8-azaquinolone-2,
C12H15N3O2; Exciton Catalog No. 03900, or LD390) that has an absorption/emission
peak at 355/390 nm in methanol. By tuning the ps Raman pump wavelength
from visible (e.g., 550, 487 nm) to UV (e.g., 402 nm) and fs Raman probe
wavelength in tandem based on supercontinuum white light generation as well as the
broadband up-converted multicolor array technology, we achieve the pre-resonance
enhancement factor of >21 for the stimulated Raman modes over a wide spectral
window of >1400 cm–1. These new results showcase the utility of tunable BUMA
laser pulses in advancing the emerging FSRS technique, broadening its application
potential to expose equilibrium and transient vibrational signatures of a wider array
of photosensitive molecular systems that absorb in the UV to near-IR range [10,12].

2. Experimental Section

Our main optical setup to achieve tunable FSRS in the UV range uses a portion
of the fundamental pulse (FP) output from a Ti:sapphire-based fs laser regenerative
amplifier (Legend Elite-USP-1K-HE, Coherent, Inc.) seeded by a mode-locked
Ti:sapphire oscillator (Mantis-5, Coherent). The FP of ~1 W at 800 nm center
wavelength with 35 fs time duration (full-width-half-maximum, or fwhm) and 1 kHz
repetition rate is split into two parts with a 9:1 ratio to pump the home-built second
harmonic bandwidth compressor and the broadband up-converted multicolor array
setup, respectively (see Figure 1). In the second harmonic bandwidth compressor
section, the input beam is separated evenly into two arms, which go through reflective
grating and cylindrical lens pairs and are stretched from fs to ps pulses with opposite
chirps tuned to have the same magnitude [20]. After recombining the two arms at a
1-mm-thick Type-I BBO crystal (θ = 29.2◦) we achieve the chirp-free narrowband ps
pulse centered at ~402 nm as a result of the chirp elimination effect [21]. The time
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duration of the second harmonic pulse is characterized by the optical Kerr effect
(OKE) measurement with another 400 nm pulse from second harmonic generation
of the FP followed by prism compression (40 fs, acting as the gate pulse), yielding
a temporal profile with ~1.45 ps fwhm (Figure 2). To obtain the spectral width, we
disperse the pulse with a 1200 grooves/mm, 500 nm blaze ruled reflective grating
and image onto a CCD camera. After wavelength calibration with a mercury argon
source (HG-1, Ocean Optics) across the UV/Vis range, the fwhm of the picosecond
402 nm pulse is measured to be ~11 cm–1. This represents a time-bandwidth product
of ~15.9 ps·cm–1 that is close to the Fourier-transform limit of a Gaussian-profile
pulse (~14.7 ps·cm–1), indicating that the 402 nm pulse is largely chirp-free and can
be used as the narrowband Raman pump pulse in FSRS.

In the broadband up-converted multicolor array setup, an FP and an SCWL
(alternatively referred to as WL) pulse are loosely focused onto a 0.1-mm-thick BBO
crystal to generate multiple sidebands via SFG-based cascaded four-wave mixing [17].
The crossing angle between the two incident fs pulses is ~6◦ to achieve balance
between conversion efficiency and spatial separation of nascent sidebands [15,22,23].
The phase-matching condition of the BBO crystal is set to favor SFG. The first
sideband on either the FP (S+1) or WL (S–1) side is selected with an iris diaphragm and
used as the Raman probe (Figure 1). The pulse-to-pulse intensity stability is within
5%, which can be effectively averaged out by repeatedly collecting FSRS signals over
several minutes (see below). Notably, the highly nonlinear pulse generation does not
incur substantial intensity noise because we use low pump power to generate laser
sidebands in the background-free directions (see Figure 1) so the interference effect
with fundamental incident pulses is much reduced. Furthermore, the bandwidth
of S+1 and S–1 is measured to be ca. 1400 and 1700 cm–1, respectively, which
supports the self-compression of these CFWM-induced sidebands to fs pulses [15,17].
To potentially achieve transform-limited pulses, further compression with accurate
chirp compensation is needed [24,25].

The selected BUMA sideband and the SHBC output pulse are focused onto a
1-mm-thick quartz sample cell by an f = 12 cm off-axis parabolic mirror to avoid
introducing additional chirps (e.g., if we use a focusing lens instead). Both incident
beams pass through the sample solution containing 15 mM LD390 laser dye in
methanol (Figure 1). The Raman pump is then blocked while the Raman probe pulse
carrying the stimulated Raman scattering signal is re-collimated and focused into
the spectrograph with a 1200 grooves/mm, 500 nm blaze ruled reflective grating.
The dispersed signal is collected by a CCD array camera (Princeton Instruments,
PIXIS 100F) that is synchronized with the laser at 1 kHz repetition rate to achieve
shot-to-shot spectral acquisition. A phase-stable optical chopper (Newport 3501) in
the Raman pump beampath at 500 Hz (also synchronized with the laser) ensures
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that one Raman spectrum can be collected within 2 ms through dividing the Raman
probe profile with “Raman pump on” by “Raman pump off” (see Equation (1)).

Therefore, the recorded FSRS signal strength is typically expressed in the
stimulated Raman gain:

Raman Gain = Probe_spectrumpump-on/Probe_spectrumpump-off - 1 (1)
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Figure 1. Schematic of the UV-Femtosecond stimulated Raman spectroscopy (FSRS)
experimental setup. The fundamental laser output is split to separately pump a
home-built second harmonic bandwidth compressor (SHBC, light blue shaded
area) and a broadband up-converted multicolor array (BUMA, light violet shaded
area) based on the unique sum-frequency-generation-based (SFG-based) cascaded
four-wave mixing (CFWM) in a thin BBO crystal. A photograph of SFG-CFWM
sideband signals on a sheet of white paper is shown with the first sideband on
either side of SFG highlighted by black dotted circles. The first sideband either
on the FP side (S+1) or on the WL side (S–1) is used as the Raman probe pulse
in conjunction with the narrowband SHBC output as the Raman pump to record
anti-Stokes and Stokes stimulated Raman spectrum, respectively. The 20:80 BS
represents 20% Reflection and 80% Transmission.

We routinely collect the Raman spectrum with 3000 laser shots per point
and 100 sets, so 150,000 Raman spectra are averaged to yield the final Raman
spectrum as shown in Figures 3a and 4a with much improved signal-to-noise
ratio. Experimentally we do not observe sharp noises that affect the detection
sensitivity of the system, and the highly efficient data averaging within ~3 s for each
recorded data trace largely removes the broad baseline fluctuations of the probe
pulse (e.g., mostly up and down in intensity profile, not left and right along the
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frequency axis). All the experiments are performed at room temperature (21.9 ◦C)
and ambient pressure (1 atm). To investigate the resonance Raman enhancement
effect, we use the previously developed tunable FSRS in the visible to generate the ps
Raman pump pulse (at 487 and 550 nm) in conjunction with an fs Raman probe pulse
(to the red side of the pump) based on supercontinuum white light generation in a
2-mm-thick Z-cut sapphire plate followed by prism compression. Figure 3a displays
the detailed comparison between ground-state FSRS spectra collected at various
Raman pump-probe wavelengths, wherein the intensity noise level does not increase
significantly as Raman pump wavelength approaches the electronic absorption peak.
Figure 3b shows the computed Raman modes from density functional theory (DFT)
B3LYP calculations in the electronic ground state using 6-311G+(d, p) basis sets
for LD390 in methanol solution and the integral equation formalism polarizable
continuum model (IEFPCM-methanol), performed by the Gaussian 09 program [26].

3. Results and Discussion

The FSRS technology has been successfully applied to a number of important
photosensitive molecular systems including rhodopsin [27], bacteriorhodopsin [28],
phytochrome [29], organic dyes in solar cells [30], Fe(II) spin crossover in solution [31],
fluorescent proteins [7,32,33], and calcium-ion-sensing protein biosensors [34–36].
The main goal of this work is to construct a versatile, tunable FSRS setup that extends
the wavelength detection window to the UV regime with desired resonance Raman
enhancement. As a result, a wider range of photochemical reaction pathways can
be elucidated particularly for metal-organic complexes in solution (absorption peak
below 300 nm) and tyrosine residues in proteins (max absorption at ~276 nm) in
conjunction with a femtosecond actinic pump pulse. Because FSRS is a stimulated
Raman technique, the concomitant generation of a pair of ps-Raman-pump and
fs-Raman-probe pulses is required.

3.1. UV-FSRS Setup with SHBC and SFG-CFWM

Starting from the fs 800 nm laser amplifier system, we choose to exploit a
home-built single-grating-based second harmonic bandwidth compressor to produce
a ~400 nm, ps pulse [20] as the Raman pump. To conveniently generate an
accompanying Raman probe, we rely on the SFG-CFWM method that can be readily
tuned by varying the time delay between the two incident pulses or selecting
a different sideband on either side of the FP beam (see Figure 1, middle). The
wavelength tunability of those sidebands has been discussed in our previous
reports [15,17]. Figure 2a shows temporal characterization of the second harmonic
bandwidth compressor output at 402 nm with ~1.45 ps pulse duration (fwhm).
Figure 2b displays the relative spectral position of the narrowband Raman pump
and two distinct femtosecond BUMA sidebands from SFG-CFWM processes in a
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thin BBO crystal, S+1 and S-1, which enable the collection of anti-Stokes and Stokes
Raman spectrum, respectively. Furthermore, we have demonstrated the SFG-CFWM
sidebands spanning a broad UV to visible spectral range from ca. 350–490 nm [17],
which can be potentially pushed toward shorter wavelengths upon increasing the
pump power and/or reducing the incident beam crossing angle [23,24].
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Figure 2. Spectral characterization of the Raman pump and probe pulse pair for
FSRS. (a) Temporal profile of the narrowband Raman pump measured from optical
Kerr effect (OKE). The pulse duration of ~1.45 ps is obtained from the fwhm of the
Gaussian fit (blue solid curve) to the time-resolved experimental data points (blue
open circles). (b) Spectra of the SHBC output as the Raman pump in (a) (blue) and
the first two BUMA sidebands as the Raman probe, S+1 on the FP side (black) and
S−1 on the WL side (red), respectively.

3.2. Ground-State FSRS of Laser Dye LD390

To demonstrate the feasibility of the aforementioned UV-FSRS setup, we select
LD390 as the molecular sample system because this laser dye in methanol strongly
absorbs 355 nm light, while the solvent only has two major Raman peaks at ~1033
and 1460 cm–1. To our best knowledge, the standard or spontaneous Raman
spectrum of LD390 has not been reported, so the measurement here represents
a new spectroscopic characterization of this commercial laser dye molecule and its
vibrational motions in solution. After equal amount of solution and solvent data
collection, average and subtraction which remove most of the systematic noise and
laser fluctuation effect, the pure ground-state Raman spectrum of LD390 is shown in
Figure 3a that has a number of prominent peaks between ca. 300–1700 cm–1. These
are Stokes Raman spectra because the probe pulse is S–1 on the WL side (Figure 1)
and to the red of the pump pulse (Figure 2b). Based on the UV/Vis spectrum in
Figure 3a insert, the 402 nm Raman pump represents the closest frequency position
to the electronic absorption peak (i.e., 355 nm) among the three Raman pump
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wavelengths being used, and the pre-resonance enhancement factor reaches >21
at the 1317/1348 cm–1 peak doublet while all the other experimental conditions are
unchanged. The observed peak intensity decreases if the Raman pump wavelength
is tuned away from the electronic absorption peak position. Notably, minimal
interference below 400 cm–1 makes it feasible to study lower frequency regime of
the Raman spectrum. This likely arises from good solubility of the dye molecule in
methanol and less Raman pump scattering into the Raman probe beampath (i.e., FSRS
signal direction) [11,13].

Table 1. Ground-state FSRS vibrational peak frequencies and mode assignments
aided by calculations.

S0 calc. a (cm–1) S0 FSRS b (cm–1) Vibrational mode assignment c

665 663 Ring in-plane asymmetric deformation

711 714 Ring asymmetric breathing with N1–CH3 stretching

1068 1069 A-ring deformation and H rocking, B-ring small-scale
breathing, and N13–(CH3)2 H twisting

1312 1317 N1–C2 stretching with ring asymmetric deformation and
ring-H rocking, and (N1)–CH3 methyl group bending

1357 1348 C7–N8 stretching and A-ring H rocking, A-ring in-plane
deformation with some C9–C10 stretching

1393 1390 N1–CH3 stretching and methyl group symmetric bending,
A-ring in-plane deformation, and ring-H rocking

1613 1615 Ring C=C and C=N stretching, ring-H rocking with C2=O11 stretching
a Vibrational normal mode frequencies are obtained from DFT B3LYP calculations in S0
using 6-311G+(d, p) basis sets for LD390 in methanol with Gaussian 09 program [26]. The
scaling factor of 0.99 is used to compare the calculated frequency with experimental result.
b The experimentally observed frequencies of the ground-state Raman peaks of 15 mM
LD390 in pure methanol using tunable FSRS technology in the UV to visible range. c

Vibrational motions are assigned based on DFT calculation results. Only major vibrational
modes are listed with the atomic numbering defined in Figure 3b insert.

Since the standard Raman spectrum of LD390 is not readily available from
literature and it is useful to correlate observed peaks to characteristic nuclear motions,
we perform electronic ground-state DFT calculations in Gaussian program [26]
to facilitate vibrational normal mode assignment. The overall match between
the experimental and calculated spectrum is very good with a frequency scaling
factor of 0.99 [37]. The major vibrational modes are listed in Table 1. Notably, the
correspondence between the calculated Raman spectrum and the measured one is
not exact (Figure 3). This is understandable because the Gaussian DFT calculation
concerns an “unrestricted” single molecule in a polarizable continuum to model
solvation effects (i.e., we used IEFPCM-methanol, see above). In the real spectroscopic
measurement, the ensemble average of solvated dye molecules LD390 in methanol
solution is measured and the Raman mode polarizability is intimately determined by
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the extensive hydrogen (H)-bonding network around the chromophore. For example,
the calculated strong modes between ca. 1450–1600 cm–1 (see Figure 3b) become
much weaker in the ground-state FSRS spectrum (Figure 3a), suggesting that the
corresponding mode polarizability decreases significantly and/or mode frequency
shifts as a result of H-bonding matrix. It is also notable that the two strongest peaks
observed at ~1317, 1348 cm–1 both consist of C–N stretching and ring-H rocking
motions plus ring in-plane deformations on both aromatic rings of the dye molecule.
The large change in conjugation and electronic polarizability over the two-ring
system leads to the observed strong Raman gain in comparison to other vibrational
modes. Moreover, the amplification of the Stokes Raman spectrum primarily applies
to the solute signal but not to spectral noise, so the experimental signal-to-noise
ratio is greatly enhanced with the ~400 nm Raman pump and should be beneficial
to characterize functional materials and molecular systems with intrinsically small
electric polarizabilities [20,38].Appl. Sci. 2015, 5 55 
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Figure 3. Ground-state Stokes FSRS of LD390 in methanol. (a) Experimental
stimulated Raman spectra in S0 with the Raman pump at 550 nm (green), 487 nm
(blue), and 402 nm (violet) and Raman probe to its red side, respectively. The former
two spectral traces are enlarged by 5 times for direct comparison with the spectrum
collected with 402 nm pump. Prominent vibrational peaks are marked with
frequencies labeled in black. The UV/Vis electronic absorption spectrum is
shown in the insert. (b) Density functional theory (DFT)-based Gaussian calculated
spectrum of LD390 in methanol with a uniform peak width of 8 cm–1 (i.e., default
fwhm in the program). The molecular structure of the dye is depicted in the insert
with two aromatic rings labeled in A (orange) and B (cyan). The key atomic sites
are numbered from 1–13.
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3.3. Comparison between the Stokes and Anti-Stokes FSRS

It is notable that both the Stokes and anti-Stokes Raman spectra can be
conveniently captured by FSRS gain/loss measurement depending upon the relative
wavelengths of the Raman pump and probe pulses, while the latter can be switched
between various BUMA sidebands (e.g., shifting the pinhole position) or tuned
within the same sideband (e.g., varying the time delay between FP and WL) with
ease (see Figure 1). Based on partition functions in thermodynamics, there is less
population on the first excited vibrational state (i.e., quantum number v = 1) than that
on the ground state (v = 0). At room temperature the thermal energy 1 kBT amounts
to ~200 cm–1 so all the vibrational modes (e.g., >300 cm–1 in Figure 3a) should
display weaker anti-Stokes spontaneous Raman peaks than the corresponding Stokes
peaks particularly for high-frequency modes. In contrast, FSRS signal strength is
normalized by the probe intensity (see Equation (1)) but is typically proportional to
Raman pump power [9,39] and to the square of the SRS nonlinear coefficient for either
the Stokes or anti-Stokes signal [40,41]. Figure 4a shows that the ground-state FSRS
anti-Stokes Raman spectrum we collected using S+1 on the FP side as the probe (i.e., to
the blue of the 402 nm pump pulse in Figure 2b) is much stronger than the Stokes
spectrum. This unusual, opposite trend indicates that some other factors contribute
to the Raman signal strength beyond the Raman pump power and third-order
nonlinear polarizabilities [41]. Can it arise from resonance enhancement because
this is a stimulated Raman technique [14,42]? If so, how does the Raman pump
wavelength compare to the 0–0 vertical transition energy between the electronic
ground state and excited state of LD390 in both FSRS measurements?

We list all the anti-Stokes over Stokes peak intensity ratios in Figure 4a insert
and it becomes apparent that the two modes below 750 cm–1 have a ratio below 1.8
while the modes above 1000 cm–1 all have a ratio above 3.0. The overall trend is that
the Raman peak gets stronger as the vibrational frequency increases. Given that the
anti-Stokes process originates from the higher-lying vibrational state (e.g., v = 1) and
terminates at the lower-lying vibrational state (e.g., v = 0), this experimental trend can
be explained by the principle of resonance Raman enhancement because the 402 nm
pump pulse being used still falls short of the LD390 electronic absorption peak of
~ 355 nm (Figure 4b). As a result, for the anti-Stokes transition, the 663 (1615) cm–1

modes correspond to an “effective” Raman pump wavelength of 392 (377) nm,
making the latter Raman mode much stronger because a 377 nm pump is in closer
proximity to the 355 nm electronic gap than a 392 nm pump. This reasoning is further
corroborated by experimental data in Figure 3a, and paves the way to enhance
higher-frequency Raman modes regardless of their intrinsic electronic polarizability.
For the Stokes spectrum that starts from the ground state and ends on the v = 1 state
in S0, the vibrational transition frequency does not affect the energy relation between
the 402 nm Raman pump and the 355 nm electronic energy gap (i.e., no addition
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of the vibrational frequency can occur to bring the 402 nm Raman pump closer to
the solute S1 state, see Figure 4b), hence the intensity ratio between Raman peaks is
mostly determined by the mode-dependent polarizability [13,43].
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Figure 4. (a) Comparison between the Stokes (red) and anti-Stokes (black)
ground-state FSRS data for LD390 in methanol solution. The first-order UV-BUMA
sideband S+1/S–1 on the fundamental pulse (FP)/white light (WL) side acts as the
Raman probe for anti-Stokes/Stokes FSRS with the 402 nm Raman pump pulse,
respectively. The frequency axes are calibrated and for direct spectral comparison,
the anti-Stokes Raman shift axis as well as the Raman peak intensities are multiplied
by –1. The insert tabulates the observed peak intensity ratios of several major
vibrational modes between 600–1700 cm–1. (b) The spectroscopic origin of the
observed Raman intensity ratios can be understood by the molecular energy level
diagram of LD390. Two characteristic vibrational modes are shown (vibrational
quantum number v = 1) with the relative energy differences between various
Raman transition configurations depicted by colored vertical arrowed lines. The
numbers in brackets represent effective Raman pump wavelengths in nm unit (see
Section 3.3.).

4. Conclusions

In summary, we have developed a unique UV-FSRS setup with a home-built
second harmonic bandwidth compressor output (~400 nm center wavelength, 1.5 ps
fwhm) as the Raman pump and various broadband up-converted multicolor array
(BUMA) sideband laser pulses (ca. 360—460 nm, fs) as the Raman probe to obtain
the stimulated Raman spectrum. The BUMA signals in this work arise from
SFG/SHG-based cascaded four-wave mixing processes in a thin BBO crystal. Two
other Raman pump wavelengths are achieved using a tunable FSRS setup in the
visible range and the resultant Stokes spectrum of 15 mM LD390 in methanol
is >21 times weaker due to larger mismatch between the Raman pump wavelength
and the electronic absorption peak frequency of the laser dye. This manifests the

185



advantage of using tunable ps pulses to study molecules with different absorption
profiles over a wide spectral range. The Raman spectrum of LD390 is collected
over a ~1400 cm–1 detection window for the first time with vibrational mode
assignments aided by Gaussian DFT calculations. Using a ~400 nm ps Raman pump,
the anti-Stokes Raman spectrum turns out to be much stronger than the Stokes
spectrum mainly due to pre-resonance enhancement involving the vibrational energy
gap in S0, which is confirmed by the relative intensity ratio change between the low-
and high-frequency vibrational modes.

The versatile and compact approach of generating tunable probe pulses in
the UV should make the FSRS technology more accessible to many laboratories
for elucidation of molecular conformational dynamics in the electronic ground
state, as well as excited state upon incorporation of a preceding fs photoexcitation
pulse [10,11,13]. This methodology also paves the way to harness the broadband
tunability of multi-color laser sidebands to study molecules that primarily absorb
in the UV which include metal-organic complexes such as triphenylbismuth in
methanol solution and biomolecules such as DNA and tyrosine derivatives in water.
Related studies are currently underway.
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