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Figure 9. Smart grid’s separate fractal sets in different levels: (a) Level 1; (b) level 2; (c) level 3; (d) level
4; (e) level 5.

The increase in complexity at the level of electrical device compared to the customer plant is
stronger than that between the LV and MV levels.

Usually, the resources required to develop and purchase the different parts of a complex system
are proportional to their complexity. The fractal dimension analysis indicates that, to realize smart
grids, the highest global resources should be provided for the development and purchase of electrical
devices, followed by a continuous reduction in resources for CPs, LV and MV up to the lowest resource
allocation for the HV level.
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Figure 11. The fractal dimension D for different separate fractal levels.
3.2. LINK-Paradigm and the Associated Holistic Model

The realization of smart grids is related to a growing demand for more sensors, more
communication, more computation and more control [66]; these represent an ever-growing cornucopia
of new technologies [67,68]. Therefore, the EIA fractal pattern is combined with control schemes and
interfaces to create the smart grid paradigm, Figure 12.
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Figure 12. Overview of the smart grid paradigm.

By definition, the LINK-paradigm is a set of one or more ElAs, i.e., a grid part, storage device or a
producer device, the controlling schema and the interface.

The LINK-paradigm is used as an instrument to design a LINK-based holistic architecture.
It facilitates modelling of the entire power system from high to low voltage levels, including CPs and
includes the description of all power system operation processes such as load-generation balance,
voltage assessment, dynamic security, price and emergency driven demand response, etc. [69].
The LINK-paradigm is the fundament of the holistic, technical and market-related model of smart
power systems with large distributed energy resource (DER) shares. Figure 13a shows the technical
holistic model (the “energy supply chain net”), which extends to fractal level 4. It illustrates the links’
compositions and their relative position in space, both horizontally and vertically. In the horizontal axis,
the interconnected high voltage grids (HVGs) are arranged. They are actually owned and operated by
TSOs. The medium and low voltage grids (MVGs and LVGs, respectively) and the customer plant
grids (CPGs) are arranged on the vertical axis. MVGs and LVGs are actually owned and operated by
the DSOs, while CPGs are operated by customers.

Primary

|
LINK control. "
L _Secondary
control

Level 2. >>

rimary
3

‘onh‘cl W\,
T~ -

Level 3. L

s i
!:.:_’,:\ Secondary fg

) control ygyel g,

Secondary fontro:
A (
é

S 7 =
Primary control,

(@ (b)

Figure 13. Overview of the holistic models: (a) Technical, the “energy supply chain net”; (b) market.

By definition, an “energy supply chain net” is a set of automated power grids intended for
chain links (abbreviated as links), which fit into one another to establish a flexible and reliable
electrical connection. Each individual link or link bundle operates autonomously and has contractual
arrangements with other relevant boundary links or link bundles [70].

The holistic model associated with the energy market is derived from the technical holistic model,
the “energy supply chain net”, as shown in Figure 13b. The whole energy market consists of coupled
market areas (balancing groups) at the horizontal and vertical axes. TSOs operate on the horizontal
axis of the holistic market model, while DSOs operate on the vertical. Based on this model, not only
TSOs but also DSOs will communicate directly with the whole market to ensure a congestion-free
distribution grid operation and to take over the task of load-production balance. The owner of the
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distributed energy resources as well as the prosumers (producers and consumers of electricity) may
participate directly in the market or may do so via aggregators or local energy communities (LECs) [71].
The creation of the local retail markets (LRM) attracts the demand response bids and stimulates
investment in the LEC areas (see Section 3.3.2).

3.3. LINK-Based Holistic Architecture

When the structure of electricity supply changes radically because of many DG units, each with
the possibility of interfering with the system operation at all voltage levels, then a new architecture is
needed to utilize this added flexibility so that power system operation can remain reliable. The new
operational architecture of power systems should guarantee that it performs as expected by unifying
their whole structure and by systematizing the execution of operational tasks. The basis for the design
of the LINK-based holistic architecture is in its definition [39,72]:

Definition: A holistic power system architecture is an architecture in which all relevant components
of the power system are merged into one single structure. These components could consist of the
following: Electricity producer (regardless of technology or size, e.g., large power plants, DGs, etc.);
electricity storage (regardless of technology or size, e.g., pumped power plants, batteries, etc.); electricity
grid (regardless of voltage level, e.g., high, medium and low voltage grids); customer plants and
electricity market.

Fleshing out the holistic model into a schematic holistic architecture requires specification of the
main independent architecture elements, Figure 14. There exist three independent main power system
components, i.e., producer, storage and grid, which are the three basic elements of the architecture and
create the basis for the definition of the architecture elements. They are defined as follows:

1. Producer link is a composition of an electricity production facility, be it a generator, photovoltaic,
etc., its primary control (PC) or the producer interface. Primary control refers to control actions
that are done locally (device level) based on predefined set-points. The actual values are measured
locally and deviations from the set-points results in a signal that influences the valves, excitation
current, transformer steps, etc. in a primary-controlled power plant, transformer, etc., such that
the desired power is delivered or the desired voltage is reached;

2. Storage link is a composition of a storage facility, be it the generator of a pump power plant,
batteries, etc., its PC and the storage interface;

3. Grid link is a composition of a grid part, called a link grid, with the corresponding secondary
control (SC) and link interfaces. SC refers to control actions that are calculated based on the
grid link control area. It fulfils a predefined objective function by respecting the dynamic grid
constraints on the grid link boundaries and the static constraints of electrical appliances (PQ
diagrams of generators, transformer rating, etc.). Dynamic grid constraints are the reactive and
active power exchange on the grid link boundaries that are agreed from the corresponding grid
link operators [73]. The grid link contains SCs for both major entities of power systems—frequency
and voltage. The SC algorithm fulfils technical issues and calculates the set points by respecting
the dynamic constraints, which are necessary for stable and reliable operation. The link grid size
is variable and is defined from the area where the secondary control is set up. Thus, a link grid
may apply to a customer plant or even to a large high voltage grid area.

To overcome data privacy and cyber security challenges, a distributed LINK-based holistic
architecture is chosen [38]. Its key principle is to prohibit access to all resources by default, allowing
access only to a minimum of data. Each link has its own operator. Based on the architecture elements,
operators can be classified into three types:

(1)  Theproducer link operator operates each power plant regardless of technology and size (excluding
very small power plants, for example PVs, installed on the customer side);

(2) The storage link operator operates each storage regardless of technology and size (excluding very
small storage, for example batteries, installed on the customer side);
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(3)  The grid link operator operates the grid regardless of voltage level (excluding the customer grid).
Customers themselves are responsible for the operation of all their home elements.

EPO Producer - Lmk

Figure 14. Main elements of the LINK-based holistic architecture and the corresponding operators.

The technical/functional stage includes the conjunction of all three architecture elements in the four
fractal levels (Figure 15a)) and a standardized architecture structure encompasses the four fractal levels.
The different links communicate with each other via well-defined technical interfaces [38] “T”. This is
a detailed architecture level facilitating all technical/functional processes, which are needed to reliably
and economically operate the decentralized power system. All processes can be described by using
the unified modelling language (UML) diagrams (see Section 3.3.3). Additionally, it enables the step
into the level of management systems, i.e., the application level, to develop concrete applications, (see
details in the “Methods” section). The standardized structure of the technical/functional architecture
allows the transition to the generalized architecture level (Figure 15b), where the four fractal levels
are represented very compactly. The generalized architecture is the core of the LINK-based holistic
architecture (Figure 15c). The market surrounds it and communicates with it through the market
interfaces, “M”, by exchanging aggregated meter readings, external schedules, etc. [39]. At the holistic
level, the grid links of customer plants are removed from the generalized presentation because they are
too small to participate directly in the whole market. They may participate in the common market
through aggregators or through energy communities [71]. For the sake of privacy and cyber security, the
technical interfaces “T” are designed apart from the market interfaces “M”. The new designed holistic
architecture facilitates two operating modes: (1) Autonomous—each individual link or link bundle
operates independently by respecting the contractual arrangements with other relevant boundary
links or link bundles. All links are connected together creating a large power system; (2) autarkic or
self-sufficient—an optional operating mode, which may be applied in any link bundle that consists of at
least one grid link and one producer link or storage link as long as it is self-sufficient and self-sustaining
without any dependency on electricity imports. Restoration—an option of the autarkic operating
mode, which may be applied after a blackout during the restoration process to supply electricity
to at least the communication appliances. In order to successfully switch the operating mode from
autonomous to autarkic, a familiar resynchronization process should be established, where each grid
link has a secondary control on active and reactive power that supports the synchronization process.
Depending on the properties of the links, the resynchronization with other links may be automatic or
manual. However, resynchronization philosophies should be initially investigated to determine the
most appropriate approach.
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Figure 15. Different stages of the LINK-based architecture: (a) Technical/functional, (b) generalized and
(c) holistic.

Operators are responsible for safe, reliable and efficient operation of the power grid at all times.
The LINK-based holistic architecture supports them to achieve these goals, facilitating the execution of
a set of functions and tasks that are encapsulated in various technical/functional operational processes,
such as: Monitoring, generation-load balance [38], voltage assessment and var management [67], static
and dynamic security [38], emergency [38], price driven demand response (see Section 3.3.3), etc. Some
applications in the context of the holistic architecture are given in the following.
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3.3.1. Compact Representation of the Control-Chain Strategy

The standardized architecture of LINK-based architecture enables a compact and clear
representation of the control strategy, which is designed as a chain net. According to Section 3.2, the
latter is conceived on the X- and Y-axes. The different units of secondary control form a chain, which is
expressed below in terms of volt/var control (VVC) chain.

The VVC chain in the X-axis extends to very HV and HV grids and is presented by the following
generalized equation:

VVCX—axis

= {VVSCHV(VoltPCg‘L/TC, var(PCorLC)gg, varPCgV,varNgbGridLinkZKMv LV)}

*)

where VVSCY calculates:

e the voltage set-point VoltPCg‘L/TC for each transformer included on the HV link grid that has an
on-load tap changer (OLTC);

e the var set point varPCIgg or the switch position of varLC?‘D/ for all RDs connected on the HV
link grid;

e  the var set point varPCg V for all generators connected on the HV link grid;

e the var set point varNgbGridLinkAAﬁg Ly for all neighbour HV, MV or LV grid links when available.

While, the VVC chain in the Y-axis extends to HV, MV and LV grids and CP. It is presented by the
following generalized equation:

vveY-ais = {vvsCHY(VoltPCHY; ., var(PCorLO) Ry, varPCHY , oarNgbGridLinky, ),
VVSCMY(VoltPCY;c, var(PCorLC)gpy , varPChY , varNgbGridLinkihy ./, varCnsiY),

®)

VVSCLV(varPCES, var(PCorLC)%:‘,/ , UarPleD‘é, varNgbGridLinké‘lﬁ, varCnstwVV),
vvsce? (varPCiC"fl, vurCnsg‘l;)},

where VVSCMY calculates:

e the voltage set-point VoltPC](\)/ILVTC for the supplying transformer and for other transformers
included on the MV link grid (e.g., 34.5 kV/11 kV, etc.) that have OLTC;

e  the var set point varPC?{g or the switch position of UurLC%:‘)/ for all RDs connected on the MV
link grid;

e  the var set point varPC]gg for all DGs connected on the MV link grid;

MV
kMV,LV

respecting the var constraint on the border with HV varCns?V.

e  the var set point varNgbGridLin for all neighbour MV or LV grid links when required, while

VVSCLY calculates:

e  the var set point vurPCIL{Y) for all RDs connected on LV link grid;
e the var set point varPCLD‘é for all DGs connected on LV link grid;

e  thevarsetpoint varNgbGridLinkél‘ﬁ for all neighbour CP grid links when required, while respecting
the var constraint on the border with MV vurCnsILMVV.
VVSC calculates:

e the var set point UarPC% of the inverter connected on CP link grid; while respecting the var
constraint on the border with LV varCns(L:g Some practical applications of Equation (5) are shown
in Section 3.3.4 and in reference [74].
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3.3.2. Smart Grid and Market Harmonized Structures

The large-scale DER integration increases the efficiency of the power grid and helps with its

decarburization. In addition, their existence contributes to the LRM design, enabling their market-based
control, which in turn stimulates investment in the LEC areas.

The market-based control must take into account the technical behaviour of the smart grids

and support their safe reliable and resilient operation, while at the same time attracting the demand
response bids. This is illustrated below by describing the harmonization and coordination of the
market structure with the grid link arrangement, Figure 16. The implementation of LRMs requires
the creation of balancing group areas (BGA) within the whole market, the day-a-head market that
harmonizes with the grid links as follows:

BGA is a geographical area consisting of one or more grid links with common market rules and
has the same price for imbalance in the day-a-head market. In general, a TSO grid includes one
grid link, while the grid of a DSO may include several grid links. Additionally, all grid links
included in one BGA should be operated by one DSO (not by several DSOs).

The geographic boundaries of BGA may vary considerably and are defined by the external
boundaries of grid links contained in the BGA. Grid links may have two types of boundaries:
external and internal. The external boundaries exist between different links, which have different
owners or operators i.e., between TSO and DSO. They are subject to the data security and privacy
because of the data exchanges between two different companies. Internal interfaces are set between
different links, which have the same owner or operator, e.g., the same DSO. They are subject only
to the data security [73].

All electricity producers, storages and consumer, that are electrically connected to the grid links
belonging to the BGA participate in the same balancing group.

The grid link operators (GLO may be a TSO, DSO or LEC) should act as neutral market facilitators
having the responsibility to control and independently balance power flow fluctuations in their
own area and for the secure and reliable operation of the grid. Moreover, each GLO provides
ancillary services to the neighbor grid link areas to ensure the reliability of the electricity supply.

Whole Market; Day-a-head Market

% 7///////////////////////////////////////% — Aty
Balancing Group Area Balancing Group Area
B ,

Balancing Group 7

Market

Area A

Dypummmmmmggonnnr ////////‘/-

Storage-Link (i)

Storage-Link () -

2

V-LV_Grid-Link_1

A

roducer-Link )
=40~
=40

Storage-Link (i)

roducer-Link ()

Storage-Link ) |

Smart Grids

MV-LV_Grid-Link_2

0cal Retail Market
in Real Timy

e TN
Level 2. el3.

Level 4.

Figure 16. Harmonization of the market structure with the grid link arrangement.
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The electricity market is thus similar to the physical reality of power flows, as neighboring grids
links are physically connected anyway and electricity always takes the shortest route from producer to
consumer—across grid links and market area boundaries. The rules and methods for LRM operation
should be in line with national policies and are therefore the subject of other studies.

The harmonized electricity market structure facilitates the introduction of the demand response
process in large scale as follows.

3.3.3. Demand Response Process

This is illustrated below by describing the process of price driven demand response. The activation
of residential, commercial and small business sectors, which join the real-time pricing demand response
through already concluded contracts, may be triggered at any time. Their degree of participation in
the demand response process may be different depending on the time of the day, duration interval,
price value, etc. In the case of a surplus of electricity in the market, the electricity price decreases. All
market participants and market operators will be notified to allow them the possibility to act on time.
Figure 17 shows the information flow during price driven demand response. This enables residential,
commercial and small business sectors to perceive transparent energy prices and to contribute in the
reliable and efficient operation of electric power systems.
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Figure 17. Unified modelling language (UML) diagram of the process price driven demand response.

3.3.4. Conservation Voltage Reduction in MV Level

The proof of the concept is performed in the frame of the industrial research project ZUQDE
(central volt/var control in presence of DGs), Salzburg, Austria, based on one of the major entities of
power systems, the voltage [75,76]. The scope was fractal level 2 (MV), where the secondary control
link was realized by means of the volt/var control, Figure 18.
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Figure 18. The implemented technical/functional LINK-based architecture in the ZUQDE project.

The applied algorithm calculated the set points by respecting the constraint, which was set to the
HV/MV transformers by means of a constant cos®. The set points, reactive power Q and voltage, were
sent to all four “run of river” distributed generators (DG) and to the feeder head bus bar, respectively,
Figure 19. All relevant generators were upgraded along with the primary control, thus building up the
producer component. All distributed transformers were modelled loads. As a result, the voltage in the
Lungau region was automatically controlled and the grid was dynamically optimized in real time for
more than one year.
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Figure 19. The realized volt/var control scheme in management system level in ZUQDE project.

The voltages, power and current during the CVR switching process are shown in Figure 20.
The snapshot is made on the SCADA system of the control center. The curves of voltage in one of the
30 kV bus bars and of the active, measured on the supplying transformer level, are highlighted.

Significant in the consideration are the curves shown in blue, green and yellow. The blue curve
shows the voltage set point on the 30 kV side of the supplying transformer. At 10:18 a.m., the VVC set
in the CVR mode calculated new set points for the 30 kV bus voltage calculated new set points for
the 30 kV bus voltage and the reactive power of DGs. The voltage set point changed from 31.7 kV to
30.5 kV. This corresponds to an adjustment of the on-load tap changer by two steps. The green curve
shows the measured voltage on the 30 kV bus bar. Due to the reaction time of the OLTC, the new
voltage set point was reached after about one minute. The yellow curve shows the active power, which
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decreases from 19.9 MW to 19.0 MW. This corresponds to a reduction of the active power by 4.7%. The
light blue or turquoise curve shows that the voltage reduction results in a slight increase of the current.

Akt.Wert (P

Figure 20. Voltage and active power course during the execution of the conservation voltage reduction
(CVR) process in the ZUQDE project [76].

4. Conclusions

The definition of the architectural paradigm LINK is finally validated by the fractal analysis:
It consists of unique and independent elements that avoid misinterpretation or the need for any
changes in its definition. Its use allows the convergence of the results of various scientific works and
the implementation of smart grids on a large scale.

The fractal analysis is a suitable instrument for characterizing the heterogeneity of the smart grid
structure, as it is capable of characterizing the spatial differences within the smart grid. Based on
fractal analysis, two fractal anomalies are identified in the existing power system structure. Firstly,
1:1 transformers with voltage control capability are missing in fractal level 4. Their presence could
contribute to increased energy savings, which is a key objective under actual climatic conditions.
However, fundamental studies are needed to assess this change in the current power grid structure.
Secondly, reactive devices are missing in fractal level 3. Studies have shown that eliminating this
anomaly produces essential benefits. The fractal dimension analysis indicates that to realize smart
grids, the highest global resources should be provided for the development and purchase of electrical
devices, followed by a continuous reduction in resources for CPs, LV and MV up to the lowest resource
allocation for the HV level.

The LINK-based holistic architecture reflects the principles of the fractal. Repeating the same
structures in ever smaller dimensions greatly improves the practical relevance of the LINK solution.
The compact and clear representation of the control strategy, which is designed as a chain net, is
straightforward und understandable for every electrical engineer. The LINK-based holistic architecture
considers the entire power system from high, medium and low voltage levels, including customer
plants and the market. It facilitates the description of all power system operation processes such as
load-generation balance, voltage assessment, dynamic security processes, etc. It enables the large-scale
DER implementation, respecting data privacy and minimizing cyber security risks. The new market
structure harmonizes with the grid link arrangement, facilitating the demand response process.
The CVR process is also easy to implement.
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The realization of significant processes required for the operation of smart grids, such as demand

response and load/generation balance need further investigation to show the effectiveness using the
proposed architectural LINK-paradigm.
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Abstract: The ideal distributed network composed of distributed generations (DGs) has unweighted
and undirected interactions which omit the impact of the power grid structure and actual
demand. Apparently, the coupling relationship between DGs, which is determined by line
impedance, node voltage, and droop coefficient, is generally non-homogeneous. Motivated by
this, this paper investigates the phase synchronization of an islanded network with large-scale DGs
in a non-homogeneous condition. Furthermore, we explicitly deduce the critical coupling strength
formula for different weighting cases via the synchronization condition. On this basis, three cases of
Gaussian distribution, power-law distribution, and frequency-weighted distribution are analyzed.
A synthetical analysis is also presented, which helps to identify the order parameter. Finally, this paper
employs the numerical simulation methods to test the effectiveness of the critical coupling strength
formula and the superiority over the power-law distribution.

Keywords: large-scale; distributed generations; low-voltage active distribution network; islanded
mode; non-homogeneous model; synchronization; stability

1. Introduction

Renewable energy sources have a broad prospect in power systems these days—more and
more distributed generations (DGs) are integrated into the modern electricity grid. The distributed
generation has the advantages of being environmentally-friendly and sustainable. In addition, two
weaknesses include low output power per unit and energy output in remote areas that can not be
ignored. For one thing, the low output power per unit of solar power and wind power results in a low
capacity for one DG unit. This is why the distribution network requires a large number of installed
DGs to provide effective output power. For another thing, the remote distribution leads to power
systems usually working in the islanded operation. Different from the normal generators, there is no
rotor in the DGs such as batteries and photovoltaic units. That is to say, the frequency stability is easy
to be broken in the islanded microgrid composed of DG units without the rotating mass [1-3]. Hence,
we will address the issue of phase and frequency stability in the islanded system.

Previous studies have based their criteria for selection on the local control of a few DGs in the
ideal model [4-6]. Reference [7] shows the change of various parameters of generators in a large scale
photovoltaic system and presents two different operations to research the voltage stability in an IEEE
30-bus model with a Large-Scale photovoltaic module. Indeed, the large-scale photovoltaic module
can be considered as one high-capacity DG in the case of IEEE 30-bus, and no method of improving
stability was given in [7]. Conventionally, when the number of composed DG increases, the active
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low-voltage islanded network will face the issue of high-order, multi-dimensional, and strong coupling.
In brief, with a sharp increase in the number of DGs, the system will encounter the problem named
“Curse of Dimensionality”. Therefore, it is difficult for previous solutions that consider a few DGs to
address relevant problems in current research effectively.

We note that recently there has been some advanced complex network theory that provides the
stability analysis of large-scale network systems. It has wide applications in cyber science [8], medical
science [9], social science [10], and so on. Nevertheless, there are a few related studies on the frequency
stability of an active distribution network composed of DG units.

In addition, previous research mainly assumes that the networks are unweighted and undirected;
this means that the coupling relationship between nodes has no direction, and the strength of all
couplings is consistent. However, this assumption mismatches the characteristics of the real network
of many cases. For instance, in an active distribution network, the coupling relationship between
DGs which takes droop control is determined by the node voltage, line impedance, and droop
coefficient, where the line impedance between DGs is generally determined by the distance between
DGs. Apparently, the assumption that all DGs in the active distribution network is equidistant is
undoubtedly harsh and impractical. On the contrary, the assumption that the coupling relationship
between DGs is non-homogeneous is more realistic. Fortunately, complex network theory has made a
difference in weighted networks. Reference [11] investigates the system of Kuramoto oscillators whose
weight is related with a degree in the asymmetrical situation and comes to one conclusion that the
critical coupling strength has a positive correlation with the degree exponent. Reference [12] indicates
that the degree sequence contributes to the ability to synchronize in the mean field. Reference [13]
shows that the degree distribution of the fixed system has a negative degree correlation between
its nodes, which improves its synchronizability. Besides the weighted methods with the degree,
some other papers pay attention to the weighted methods with frequency. Reference [14] introduces
a weighting method which cares about the relationship between frequency and link to achieve
the phase synchronization. Linear and nonlinear weighting procedures are applied in mean and
heterogeneous systems to verify the method. Frequencies of symmetrical oscillators are studied in
the bipolar model built by [15], while the relationship between frequency and coupling strength is
analyzed. Reference [16] comes to the conclusion that asymmetric weights that depend on loads
make contributions to the stability of the whole system. Overall, weighted methods that are based
on the inherent qualities of the inverter nodes [17,18], i.e., node degrees [19], node loads [20],
and network’s global properties in the connection links have been discussed widely to enhance
the network synchronization in recent studies.

However, the general impact of weighted coupling on network synchronization is not studied
comprehensively, especially the weighted method. These weighted procedures above, unfortunately,
are designed only concerned with the inherent attributes of the network, i.e., the size of the nodes
degree or the edges between vertices, which limits their applications. Thus, these weighted procedures
may have a significant difference from real systems. Therefore, it is important to describe such real
weighted distribution methods in weighted networks.

Thereby, it is of great importance to study different weighted distribution methods of a distribution
network, which has not been discussed yet. This paper employs some weighted distribution
methods that are found in many realistic networks such as the link weight and investigates the
phase synchronization performance in a large-scale islanded network to pave the way for the solution
of the similar weighted distribution issues in the future. The innovations of this paper are as follows.

(1) We derive non-homogeneous models for simulating different weighted distribution methods in a
large-scale islanded distribution network.

(2) We analytically study the effects of weighted distribution methods on the phase synchronization
stability by means of explicit synchronization conditions. We illustrate our insightful results and
the utility of our approach through the critical coupling strength formula.

178



Energies 2020, 13, 1257

(3) Different from other studies focusing on the weighted distribution methods which only associate
with the inherent properties of the network, this paper adopts several realistic distribution styles
as weighted distribution methods to research the synchronization stability in the large-scale
distribution network.

The rest of this paper is organized as follows. In Section 2, we introduce correlation complex
network theory. Section 3 focuses on the modeling of weighted distribution and derivation of the
critical coupling strength formula. The numerical results and simulation analyses in Section 4 are used
to compare the network stability of different weighting methods. Section 5 concludes this paper.

2. Correlation Theory

The structure of an active distribution network can be achieved by mirroring algebraic graph
theory. Furthermore, the synchronization condition of an active distribution network will be analyzed
by order parameters that are introduced thoroughly in the following. Then, the critical coupling
strength of network stability can be obtained with the help of synchronization condition.

2.1. Graph Theory

The microgrid can be modeled as a graph G, where V= {01,6,, - - - Oy } is the set of edges while
E € V x V is the set of edges. Generally, the connected graph can be called an undirected graph
when (6;,0;) and (6}, ;) represent the same edge. The value of weight a;; defines whether the graph
is weighted (a;; # 1) or not (a;; = 1) and hence we have the associated adjacency matrix A = [a;;].
Moreover, the Laplace matrix L is a symmetric zero-sum matrix of undirected graphs, where [;; =
Y.ixjaij, lij = —ajj. The matrix L satisfies:

lij<0,i#j

N 1
lj=0i=1--,N @
=1

]

Whether the graph G is a directed graph or an undirected graph, its associated matrix is based
on a directed label, which means edge ¢ = {i,j} € E is represented by an ordered pair (i, ). In the
undirected graph, we assign an arbitrary direction to it. For the ordered pair (i, j), we define b]-e =1
if j is the sink node of edge e, b;, = —1 if i is the source node of edge ¢, and by, = 0 otherwise in the
incidence matrix B = [b;,] € R"*™. In addition, the edge (i, j) satisfy (BT X), = Xj— x;.

2.2. Synchronization Conditions

Specifically, the phase and frequency of all DG units tend to stabilize at a fixed value when t — co.
Therefore, we focus on the synchronization process of phase and frequency to research the system
stability intuitively.

If the coupling strength K between the DG nodes in a complex network is larger than the critical
value K, the DG nodes will divide into two groups, the phase of one cluster is fixed at a stable specific
frequency while the other oscillators have a drift.

The order parameter is a visual signal to show the change of phase, whose definition is:

w1
re'¥ = N Y e ()
=1

The size of r shows the percentage of stable nodes. The value is:

=% ®

N
2 ezé?j
j=1
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where r = 1 means that a system enters a stable state absolutely while r = 0 means that a system
becomes unstable.

Criterion 1 [21]: For a complex network graph G with an incidence matrix B, each pair of
interconnected oscillators {i,j} € e could enter frequency synchronization and phase convergence
|6; — 6] < v < 71/2 when satisfying

HL*w

i “BTL+LU“OO < sin(y) @)

where L' is the inverse of Laplace matrix L, w= (wy, - - - wy)T is the vector of the natural frequency
of each oscillator in the network and ||-||, ., evaluates the worst-case dissimilarity of this weighted
projection.

This paper will use this synchronization condition to obtain the critical coupling strength of
network synchronization under weighted conditions.

2.3. Critical Coupling Strength

In the previous subsection, the synchronization conditions recently mentioned in [22] have been
introduced. In different occasions, these conditions have been proven to be applicable to oscillator models.
This paper takes the Kuramoto oscillator to express the nonlinear ordinary differential equations:

é,‘ = w; + Z aij Sin(ej — 9i),i =1,2,3..N 5)
JEN;

The model can be expressed as a matrix:

6; = w — BWsin(BT6;),i = 1,2,3..N (6)

W := diag(w) is the diagonal matrix of weights. In a complex network, which determines the
stability of the system is not the absolute value of the phase but the phase difference. The network
entry synchronizes only when two phases of coupled nodes ¢ and ¢, are locked at a certain ratio,
which means [n¢; — mg@,| <constant. Therefore, the phase difference vector is ¢(t) := B'6, and the
Equation (6) can be expressed by the phase difference:

¢ = BTw — BTBW sin(¢) @)

In the above equation, the synchronous solution can be expressed as ¢=0 or ¢=¢* for a fixed
point ¢* € R".
In an analysis of [23], Fazlyab found that all fixed points of Equation (7) can be expressed as:

sin(¢*) = W'BT(BW'BT)w + W Fy 8)

where F € R"™*m=+1 jg 3 matrix whose columns span the null space of B, i.e, BF =0,y € Rm—n+1
and r is an arbitrary real number.

When F = 0 and the fixed point ¢* is unique, the particular solution W ~'BT (BW'BT)tw is
independent of r. In the special case of 7 = 0, we have that

sin(¢*) = BTLtw ©9)

provided that HBTL‘LwHoo <1

This section has proposed the theory about synchronization. The next section will analyze the
situation of different weighting methods in star topology through algebraic graph theory, and obtain
the critical coupling strength by using the synchronization condition.
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3. Weighted Distribution

The weighted distribution is not only helpful to describe the features of real networks but are also
crucial for controlling network synchronization. Three different weighting methods will be discussed
to research the phase synchronization of a large-scale islanded network in this section. This issue takes
an ideal star topology as the research object. Furthermore, a critical coupling strength formula for the
weighted star network would be proposed first in this paper.

3.1. Star Topology

The purpose of this investigation is to explore the synchronization stability of large-scale grid-tied
DG in islanded operation. Considering that most of the distribution networks are star topology [24,25],
this paper chooses star topology as the object, as shown in Figure 1. The star network is shaped by one
primary node and many branch nodes connected with it. It is characterized by high reliability, easy
operation, and easy maintenance when the branch lines fail. However, this structure will consume a
lot of metal and switchgear. Therefore, it is suitable for important construction sites with large capacity
equipment or special places with concentrated load and wet, corrosive environments [21,26,27].

Figure 1. Star topology.

Due to the practical application of the power grid, the traditional research object of multi-machine
(three to five machines) can no longer meet the actual needs. This is why this paper delivers an explicit
analysis of the network stability with large-scale grid-tied DG. The number of DG N in a Large-scale
model generally refers to N > 200, where this paper takes N as 201. There are no conventional
generators with rotors used in this model, and all DGs are photovoltaic units. The photovoltaic
community electrical diagram with star topology is depicted in Figure 2. We assume that the value of
the line impedance between load nodes and the master node is consistent, and the inverter of each
load node has the same impedance, so the impedance value between load node and the master node is

equal. Therefore, Z = Zj;,,, + Zjy» and the admittance valueis Y = % = ﬁ
me mov

$9-M-400/10,Dynl |

10/0.2KV,50Hz400kV-A
w=4%.5=1%

20v

Figure 2. Star topology electrical diagram.
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In Figure 2, each load node is only connected to the master node L1, and the impedance value
between nodes Z;; = Z + Zj;;, are equal. Therefore, the admittance matrix with star topology is

0 |Yi2| -+ [Yin|
Y, 0 :
= |
al 0
0] - b "
Z+Ziny Z+Ziny
1
‘ Z+Ziny ‘ 0
1
‘ Z+Ziny 0 (NxN)
3.2. The General Formula for Weighted Distribution
The DG units with droop control can be described as a Kuramoto oscillator [28-30]:
a0 _
B =6 = wi — wp = —m; (pi — pig) = Mipig — Mip; (1)

= m;pip — miEi Z?:l |YZ]‘E] sin (9,’ — 9])

where m;pjp=w;, wj is the rated frequency of inverter in the ith DG node. In addition, the value of w;
is chosen from the probability density function g(w). When the standard frequency is 50 Hz, we take
g(w) as the symmetric normal distribution of 50, therefore g(w)~ (50, 1).

In the above equation, the weight between DG; and DG; nodes is obtained by the droop coefficient
d;, the voltage of node E;, Ej, and the admittance ‘Y,'j |. At this point, the coupling strength

K,‘ = di |Y1]| E,‘Ej = km,‘

For the sake of simplicity, we divide the weight between the DG nodes into two parts. One is
the coupling strength k, and the other is the weight index m; that conforms to some kind of weighted
distribution. Therefore, the weight of the directed edge {i,} is determined by the weight index m;
while the weight of the edge {j, i} is determined by the weight index m;, so the weight distribution of
one network can be decided by the distribution of weight index ;. In addition, we can synchronously
adjust the size of all m; values to change the size of the weight. Thus, we have the weight diagonal
matrix W = k x diag(m), where m; is the weight when a load node is the sink node and the master
node is the source node, m; - - - m, is the weight when the master node is the sink node and a load
node is the source node. Thus, the weight distribution of the network can be simulated by adjusting
the value of the weight index:
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0 km1 e km1
kmy 0 -~ 0
A= . .
L kw00 | ogr00m)
[ (n=1)xkm; 0 -+ 0
0 kmy -+ 0
b= : : : : (12)
L 0 s ki | or oo
(n—1)xkmy kmy -+ km
km2 —km2 e 0
L=
ety 0 o =k | 01000
In a star topology whose N is 201, the incidence matrix is
1 1 --- 1 1
-1 0 0 0
B=| : i i (13)
0 0 -1 0
0 0 0 1 (201%200)

3.3. Weighted Distribution Model

Different weighting methods have different performances in different topology, but the topology
of an actual power grid is fixed and difficult to adjust. Thus, the weighting methods, which are
associated with the degree distribution and node strength, are not considered in this paper. Only the
weighting method associated with the distribution of coupling strength is considered in this paper.

In practice, the error occurs in the installation process often obey Gaussian distribution,
the weight distribution of complex network is mostly in line with the power-law distribution,
and the frequency-weighted distribution can reflect some peculiarities of the actual network.
Thus, this paper discusses the weighting methods of Gaussian distribution, power-law distribution,
and frequency-weighted network, and the aforementioned methods can be simulated by adjusting the
weight index.

3.3.1. Gaussian Distribution

At first, this paper considers the case that the weight distribution method is the same as the rated
frequency of an inverter distribution method so that the distribution function g(m) of m; is the same as
the distribution function g(w) of w;; both are Gaussian distribution. Unlike the rated frequency of the
inverter being a symmetric normal distribution of 50, the weight distribution is a symmetric normal
distribution of the y-axis. Its Kuramoto oscillator model is:

K N

0i=w; + kg(m) > ajj sin(@i — 9]),1 =1,...,N
i=1

N (14)

=w; +k|m;| ¥ a,-jsin(Bi — 9]),1 =1,...,N.
j=1

a;j = 1 when DG; has coupling relationship with DG, otherwise a;; = 0.
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3.3.2. Power-Law Distribution

Power-law distribution has extensive application in complex network theory. Barabasi and
Albert pointed out that the degree distribution of complex networks is the power-law distribution
in [31]. Then, Chunguang Li and Guanrong Chen verified that the weight distribution is a power-law
distribution in a general complex network. Furthermore, according to the research of Barrat et al.
in [32], the node strength distribution in the weighted network obeys the power-law distribution as
well. In this paper, only the weighted distribution of weights is discussed. Therefore, it is worth
mentioning that the assumed distribution function g(m) of m; satisfies the power-law distribution,
which means g(m) ~ m~F, and

. N
O=w; +kg(m) ¥ a;sin(6; —0;),i=1,..., N
L (15)

=w; +km; ) ﬂl‘]‘si_n(ei—ej),l' =1,...,N
j=1

3.3.3. Frequency-Weighted Network

The frequency-weighted network reflects the feature of several natural and social networks. In fact,
a power grid could be expressed as a Kuramoto oscillator model, and the weight of the coupling
strengths are obtained by their natural frequency. In this case, the weighted coupling coefficients are
related to DGs” own inverter rated frequency rather than the topology of a network. We added the
inverter rated frequency to the dynamic model as follows:

. k|(u,“ N . .
Oi=w; + N Za,-jsm(e,-ff)j),z:l,...,N (16)
it aij i3

3.4. Critical Coupling Strength Formula

Reference [23] pointed out that any fixed point in Equation (7) has local exponential stability
when ||¢*||, < 71/2. For the sake of simplicity, we decompose the matrix A = k x A’, where A’ is the
adjacency matrix entirely determined by weight indexes, and k is the coupling strength. The in-degree
matrix D is a diagonal matrix, whose values in each row are the row sum of corresponding rows of A
matrix. Certainly, the D matrix can be decomposed into D = k x D’, where D’ is the in-degree matrix
entirely determined by weight indexes. At the same time, the Laplacian matrix L = D — A can be
decomposed into L = k x L', where L' is the Laplacian matrix entirely determined by weight indexes.
Furthermore, Equation (9) can be decomposed into:

sin(¢*) = kBT (L) tw (17)

There is Hsin(BTf)*)Hoo = 1 when the network enters a critical stable state, and then the
critical coupling values of star topology in different weighting methods can be transformed into
the following formula:

ke = HBT(L’)*(UHOO (18)

The calculation of the critical coupling value in different weighting methods is described in detail
in Section 4.

4. Simulation

In this section, three weighted methods from above are simulated, and the proposed formula of
critical coupling (18) is verified.
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4.1. Case 1

It is inevitable that deviations will generate in the process of installing the grid-tied DG inverters
in an active distribution network, and the distribution of deviations often conforms to the Gaussian
distribution.

In this case, the assumed actual parameters are reported in Table 1:

Table 1. Related parameters in Case 1.

Type Parameter
wire type YJV-3
wire section 3 x 120 mm?
wire resistance 0.153/km
wire length 100 km
number of DG 51/101/201
wire type in inverter YJV-4
wire section in inverter 4 x 16 mm?
wire resistance in inverter 1.15/km
wire length in inverter 10 km
rated frequency of inverter 50 Hz
distribution of inverter rated frequency ~ Gaussian distribution
distribution of weight index Gaussian distribution
voltage classes 220V

4.1.1. Weighted Undirected Network

Let us now turn to the case of the undirected situation, the weight distribution of edges in this
situation conforms to the Gaussian distribution X ~ N(0,1), and source point and sink point of each
edge are arbitrary. When N takes 201, and the number of edges takes 200 in this case; meanwhile,
the distribution is depicted in Figure 3. Furthermore, Figure 4 shows the probability density function of
this Gaussian distribution, and it is obvious that the distribution law conforms to the (0,1) distribution.

node size
o
=

0 50 100 150 200
node sequence number

Figure 3. Nodes in Gaussian distribution.
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20

o o

number of node

(&

-3 -2 -1 0 1 2 3
node size

Figure 4. Probability density function of Gaussian distribution.

Thus, the ordinary differential equation of oscillator 6; is

N
O=w; +kX Y ajsin(6; —0;),i=1,...,N (19)
j=1
where X is the weight of the corresponding edge.
Turn now to verifying the critical coupling strength formula of the weighted situation proposed
in Section 3. In this case,

200
- ;X X1 o Xooo

L= % X - 0 (20)
X200 0 —Xa00 (201%201)

Furthermore, the related parameters in this case are depicted in Table 1, and the weight
k= ‘ﬁzmv‘ x E2 = % = 180. The phase and frequency stability are shown in
Figures 5 and 6, and it can be seen that the phases of DG nodes change at the same rate and the
frequency of DG nodes fixed in one constant value.

002 003 004 005
{(s)

Figure 5. Phase stabilization process of undirected network in case 1.
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Figure 6. Frequency stabilization process of undirected network in case 1.

In this paper, order parameters are used to reflect the synchronization of DGs in the network.
Figure 7 shows the relationship between the coupling strength K and the order parameter r when N
has different values, which reflect the change of network synchronization with the coupling strength.
It is obvious that the network stability is the best when the value of N is 51, followed by 101. When N
takes 201, the network has the worst stability. It can be seen that the stability of the network decreases
with the increase of N, which is not consistent with the situation in which the stability does not change
with the value of N when the star topology is an undirected network.

——— =51
0.8 ——— N=101

N=201
0.6
N
0.95
0.4 0.9

0.85
0.2 0.8
5 10
0 L L L L L
0 10 20 30 40 50
K

Figure 7. The stability of the weighted undirected network when N is 51,101,201.
4.1.2. Weighted Directed Network

Thus far, this paper has focused on an ideal situation that the weighted distribution of the
undirected edge in the network is Gaussian distribution. Let us now turn to consider the weighted
directed case. In a power grid, each DG can become not only the power transmitter but also the power
receiver. Therefore, it is of great practical value to consider the different weights of edges when they
take different directions between coupling DG nodes. That is, the edge weight is the weight index of
the master node when the master node is the source point, while the edge weight is the weight index
of the load node when the load node is the source point:

Since the inverter rated frequency of the DG unit also conforms to the Gaussian distribution,
this paper assumes that the weight distribution of edges is the same type as the distribution of inverter
rated frequency. Namely, the ordinary differential equation with the oscillator 6; is

N
9=wi+k\wi|Zaijsin(Biij),izl,...,N (21)
j=1
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This paper takes the weight index of the load node as the Gaussian distribution and the weight
index of the master node as the mean value of the weight index of each load node to realize the power
balance. Thus, there is

(m—1)*«my my - m
my —my - 0
L=
Mn 0 o =M ] g15001) @)
Y20y, 2w %
2 Mi a5 200
1y —ny e e
MMn 0 =M 100

Frequency deviation will lead to power imbalance and even instability of the whole system.
The phase and frequency stabilization processes in the directed situation are shown in Figures 8 and 9
when k = 180. Obviously, the coupling strength k in this case is much greater than the critical coupling
strength required for network stability. Let us now turn to the critical coupling strength in the case
of Gaussian distribution. When N = 201, the value of L matrix can be substituted for formula (18) to
obtain the critical coupling strength Kc = 6.7; when N is 51 and 101, the critical coupling strength
K¢ =3.7 and 4.46 can be obtained from the calculation formula, respectively. Figure 10 shows that,
when N takes 201, the network enters synchronization rapidly before K < 6.7, while the network
is nearly stable after K > 6.7. This result is basically consistent with the result obtained by formula
(4-1). Similarly, when the value of N is 51 and 101, the network becomes stable after K¢ = 3.7 and 4.46,
respectively. Thus far, two conclusions have been shown. The first is that the validity of the critical
coupling strength formula (18) in the directed weighted network is verified, and the second is that the
network stability decreases with the increasing number of nodes in the island star topology directed
weighted network.

0.02 0.03 0.04 0.05
t(s)

Figure 8. Phase stabilization process of directed network in case 1.
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Figure 9. Frequency stabilization process of directed network in case 1.
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Figure 10. The stability of the weighted directed network when N is 51,101,201.
4.2. Case 2

In particular, previous studies show that most of the nodes have a degree that is a less than
average value while a few nodes have large connections in the real network. The study of Chunguang
Li and Guanrong Chen [17] confirmed that the distribution of connection weights would follow the
power-law distribution in general actual complex networks. Thus, it is important to research the

stability of a weighting case that conforms to the power-law distribution.
In this case, the assumed actual parameters are reported in Table 2:

Table 2. Related parameters in Case 2.

Type Parameter
wire type YJV-3
wire section 3 x 120 mm?
wire resistance 0.153/km
wire length 100 km
number of DG 51/101/201
wire type in inverter YJV-4
wire section in inverter 4 x 16 mm?
wire resistance in inverter 1.15/km
wire length in inverter 10 km
rated frequency of inverter 50 Hz

distribution of inverter rated frequency
distribution of weight index
voltage classes

Gaussian distribution
Power-law distribution
220V
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4.2.1. Weighted Undirected Network

In this case, we assume that the weight distribution of 200 edges conforms to the power-law
distribution, as shown in Figure 11. Then, Figure 12 shows the probability density function diagram.
It can be seen that, with the increase of abscissa, the probability of weight distribution is lower.
Furthermore, the probability of randomly selecting a node with greater weight is negatively correlated
with the number of the same weight. The power-law index in Figure 11 is 2. The distribution of nodes
depicted as a line whose slope is negative in the double logarithmic diagram, as demonstrated in
Figure 12. This distribution has an asymptote of the black dotted line, where the exponent determines
the rate of decay.

107 -
10° 10° 102
T

Figure 11. Nodes in power-law distribution.

150

o
o

number of node
[5)]
[=)

0 20 40 60 80
node size

Figure 12. Probability density function of power-law distribution.

The weighted distribution in this case follows g(X) ~ X~#, which means that the ordinary
differential equation of oscillator 6; is

N
0=wi+kXY ajsin(6;—6;),i=1,...,N (23)
j=1
where X is the weight of the corresponding edge.
Like the weighted undirected network in case 1, the weighted distribution in this case is reflected
by the value of the edge weight, so the Laplace matrix is
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200
- ; X X X200
L — Xi -X; .- 0 (24)
X200 0 - =X

(201x201)

The same as the coupling strength value of case 1, the phase and frequency stabilization process
diagram are shown in Figures 13 and 14. In addition, the influence of different power exponents on
network stability is shown in Figure 15. Figure 15 shows the network synchronization process when
power-law index  grades -5, -3, -2, 2, 3, 5. It is obvious that the critical coupling strength of the system
when the power-law index is positive does not differ greatly, while the positive power-law index
values have significantly better stability than the negative values. This paper comes to a conclusion
that the positive and negative value of power-law index rather than the size of the Power-law index
has a key influence on the stability of the network when ignoring the deviations generated in the
calculation process.

0.02 0.03 0.04 0.05
t(s)

Figure 13. Phase stabilization process of undirected network in case 2.
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Figure 14. Frequency stabilization process of undirected network in case 2.
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Figure 15. The stability of the weighted undirected network when g is 42, £3, £5.

The simulation analysis of the different number of nodes N is shown in Figure 16. When the index
is 2, the value of N is negatively correlated with network stability. The conclusion also reflects the
analysis of the relationship between the node number and the network stability in the previous case.

1 —
4 —— N=51
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‘ 115225
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Figure 16. The stability of the weighted undirected network when N is 51,101,201(8 = 2).
4.2.2. Weighted Directed Network

Turn now to the directed weighted case. Similar to case 1, the method of adjusting the weight
index is used to complete the weight distribution conforms to the power-law distribution g(m) ~ m~F,
and the ordinary differential equation is given in the formula (25):

N

6 =w;+kg(m) Y Ajjsin(6; —6;),i=1,...,N (25)
j=1

Similar to the weighted directed network in case 1, the weight index of the master node in this

case is the mean value of the weight index of each load node considering the problem of power balance.
Therefore, the Laplace matrix in the network with 201 nodes is:
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The phase and frequency stabilization process in the directed situation are shown in Figures 17
and 18 when the value of power-law index beta is 2, and coupling strength k is 180. When the
value of the power-law index respectively takes -5, -3, -2, 2, 3, 5, the critical coupling strength K¢ of
network is respectively 1.4976, 1.4353, 1.9639, 1.4976, 1.4353, and 0.7771 by formula (18). These critical
coupling strengths are nearly consistent with the critical value depicted in Figure 19. In addition,
the weighted directed network has similar performance to the weighted undirected network, which
means that the positive power-law index value has better network stability performance than the
negative one, while the size of the power-law index value has almost no effect. Apparently, in the
case of power-law distribution, the stability of the network is obviously better than that in the case of
Gaussian distribution. When the Power-law index is 2, the network can be stable only on the condition
that the coupling strength is greater than the critical value K¢ = 0.5475.

Furthermore, the relationship between the number of DG nodes and network stability is shown in
Figure 20. The negative correlation between DG number and critical coupling strength is still evident.

003 004 005
{(s)

Figure 17. Phase stabilization process of directed network in case 2.
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Figure 18. Frequency stabilization process of directed network in case 2.
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Figure 19. The stability of the weighted directed network when f is 2, £3, £5).
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Figure 20. The stability of the weighted directed network when N is 51,101,201 (8 = 2).
4.3. Case 3

The following case will discuss the Frequency-weighted situation. The natural frequency is
inverter rated frequency in the Kuramoto oscillator model. Thus, case 3 chooses the absolute ratio

between the inverter rated frequency of one DG node and its in-degree as the weight; there is the
ordinary differential equation:

. k|wi| N . .
0=wi+ =y —— ), Aysin(6; —6),i=1,...,N (27)
Z]':1 Aij j=1
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The weighted distribution in this case is different from the previous two cases, whose weight
index is not a random value which obeys a certain distribution. The Laplace matrix in this case is

—leor] 5 b
lwa| = |wa] O 0
L= : : : : (28)
waal O 0
w0 ]

(201x201)

In case 3, the phase and frequency stabilization process diagram are shown in Figures 21 and 22,
which are similar to the above two cases. According to formula (18), the critical coupling strength of
this case is K¢ = 12.89 when N = 201, and the network synchronization progress is shown in Figure 23.

It can be seen that the weighted method in this case is not as stable as the Gaussian distribution and
the power-law distribution.

o

0.01 0.02 0.03 0.04 0.05
t(s)

Figure 21. Phase stabilization process in case 3.
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Figure 22. Frequency stabilization process in case 3.
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Figure 23. Synchronization progress when N is 51,101,201 in case 3.
4.4. Stability Analysis

Through comparing the critical coupling strength of three cases as illustrated in Figure 24, we find
that the power-law distribution has the best stability in different weighted distribution methods.
Moreover, the second largest eigenvalue A, or the eigenvalue proportion Ay /A, in adjacency matrix
A could describe the synchronization ability of the system. The network coherence is proportional
to Ay and inversely proportional to Ay /A,. Table 3 shows that the A, of power-law distribution has
the smallest value, which means it has the best synchronization ability, followed by the Gaussian
distribution and frequency-weighted distribution. Thus, the results of Table 3 and Figure 24 confirm
each other. In addition, the contrastive analysis of weighted directed network and weighted undirected
network show that the weighted directed network which conforms to the Gaussian distribution or
power-law distribution is easier to get into synchronization than the weighted undirected network.
Furthermore, by studying the network with different numbers of DG, this paper finds that the stability
of the weighted network decreases with an increase of N, which is different from the average field. For
the weighting method of power-law distribution, the size of the power-law index f is not significant to
the stability of the network, but the sign of the power-law index f is not negligible to the stability of
the network.
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Figure 24. Synchronization progress of different weighting distributions.

Table 3. Spectrum analysis.

Distribution Mode As AN ANIAL

Gaussian distribution -1.005 -557.16 554.38
Power-law distribution ~ -1.006  —436.59 433.98
Frequency-weighted =~ -1.0007 -686.99  686.51
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4.5. Further Analysis of Weighted Network in the Actually Distributed Network

Actually, the topology structure of an actual power grid network often isn’t a standard star
topology. The standard star topology is an ideal assumption. In order to verify the stability analysis
from the above subsection, we take the dynamic IEEE test systems [33] and the Iceland 189-node
distributed grid [34] as a research object. The synchronizing processes of Gaussian distribution,
power-law distribution, and frequency-weighted network are shown in Figures 25 and 26.

4.5.1. Dynamic IEEE Test Systems

Three different weighted distribution methods have been applied to the dynamic IEEE models,
including 9-bus, 14-bus, 57-bus, and 118-bus modified test systems. The diagram of coupling strength
and order parameter is shown in Figure 25, where the labels G, P, and F represent Gaussian distribution,
Power-law distribution and frequency-weighted distribution, respectively, and the network with the
Power-law distribution method always enter the stable state at first. The value of the critical coupling
strength of three weighted distribution methods in the dynamic IEEE test systems is shown in Table 4,
where each value is calculated by Equation (18). It shows that the network with the power-law
distribution method always has the least critical coupling strengths, which corresponds to the stability
performance in Figure 25.

Table 4. K. of three weighted distribution methods in different IEEE systems.

IEEE Test Systems 9-bus 14-bus 57-bus 118-bus

Gaussian distribution 34 4.2 47 56.1
Power-law distribution 1.1 1.5 10.7 16.1
Frequency-weighted 45 49 78.4 113.4
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Figure 25. Synchronization progress of different weighting methods in the dynamic IEEE test systems.
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4.5.2. Iceland 189-Nodes Distribution Grid

Figure 26 shows the results of the stability performance of three distribution methods in an Iceland
189-nodes distribution grid. It can be seen that the power-law distribution undoubtedly has the best
stability performance. Second is the frequency-weighted network. Moreover, the Gaussian distribution
needs a long process to enter synchronization. These results further support the conclusions of the
above subsection.
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Figure 26. Synchronization progress of different weighting methods in the Iceland 189-node
distributed grid.

5. Conclusions

Above all, this paper analyzes the stability of large-scale grid-tied DG in a non-homogeneous
active power network by using complex networks theory.

Then, three different weighting distribution methods, including Gaussian distribution, power-law
distribution, and frequency-weighted distribution, are analyzed. In addition, the critical coupling
strength formula for the weighted situation k. = HBT(L)erH has been proposed and verified.
The critical coupling strength obtained from this formula confg)rms to the reality when ignoring
tiny deviation.

Among the three different weighting methods, the power-law distribution has the best stability.
Moreover, the difference of power-law index value has little effect on the network stability, but the sign
of power-law index has quite an effect on the system stability. The second is the Gaussian distribution,
which is obviously less stable than the power-law distribution. Finally, the frequency-weighted
network has the worst synchronization performance, which is significantly inferior to the other two.
In addition, further analysis of the IEEE dynamic test systems and the Iceland 189-node distributed
grid has proved the better stability of power-law distribution in this paper.
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